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Introduction

The purpose of this thesis is the description of some important physical mech-
anisms of the four foundamental interactions and how they emerge in the
context of Connes' noncommutative geometry. This is a modern mathemat-
ical approach that generalizes the usual geometric concepts such as point,
distance, integration in a totally algebraic language. Noncommutative geom-
etry − or also spectral geometry − is a bottom-up approach describing the
well-established standard model of high-energy physics in a gravitational back-
ground given by Einstein's general relativity. Its basic ideas have been nicely
organized in a mathematical framework by Connes in the 1980s [26]. The
key elements of this new mathematical structure are three algebraic objects
- a C∗−algebra A, a Hilbert space H and a generalization of the Dirac op-
erator D - naturally appearing in some elementary applications of quantum
�eld theory. In fact, the set of quantum observables (position, time, energy)
forms an associative algebra; spinors, which describe the system, belong to
an Hilbert space and the dynamic is determined by an operator /∂, said Dirac
operator. As we will see further in the course of this dissertation, the roots of
noncommutative geometry are, therefore, inherent to quantum mechanics.

One of the outstanding issues in modern theoretical physics is the uni�-
cation of the four fundamental interactions in a single framework capable to
describe all interactions as di�erent aspects of a single theory. This uni�ca-
tion is currently being attempted in a variety of ways, among which the one
described here, where the Lagrangian of the proper classical Yang-Mills model
coupled with gravity is a natural choice in a generalize geometrical framework.

The noncommutative description of the standard model could recall the
original Kaluza-Klein theories [58, 59]. In fact, one starts with a product of
ordinary four-dimensional space-timeM with an internal space F describing
the gauge content of the theory

M× F

in which, of course, space-time itself still describes the gravitational part. The
main di�erence with Kaluza-Klein theories is that the additional space F is
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CONTENTS 5

a discrete zero dimensional space whose structure is described by a noncom-
mutative algebra, therefore, noncommutative geometry does not require the
introduction of extra space-time dimensions. We describe F by matrices yield-
ing an algebraic structure with multiplication given by ordinary matrix multi-
plication:

(AB)ij(x) =
∑
k

Aik(x)Bkj(x), ∀A,B ∈M× F

and the entries of matrices are functions of the space-timeM. The correspond-
ing matrix algebra of coordinates on F is typically MN(C) or direct sums of
its subgroups, like quaternions H . It turns out, as we will see below, that a
metric on F can also be described in terms of algebraic data. In this way, we
can fully describe the geometrical structure of M× F . We call this type of
noncommutative manifolds almost-commutative manifolds.

Let we point out the di�erence of these spaces with another type of non-
commutative spaces, such as the Moyal plane, for which the noncommutative
structure is implemented on the space-time itself:

[xµ, xν ] = i~θµν .

We stress that although such spaces �t in the framework of noncommutative
geometry - see for instance [29, 30] for the compact and [46, 47] for the non-
compact case - this is not the type of noncommutativity that we are dealing
in the following.

In this dissertation, we will give several examples of almost-commutative
manifolds of interest in physics, showing how they can improve the knowledge
of some fundamental elementary particle properties. Why the Higgs mass has
an experimental value so low? Its potential is stable? The gauge interactions
can be uni�ed into a single point? These are some questions that we will try
to answer in the course of this thesis. In some cases, like the gauge uni�ca-
tion problem, it will be su�cient to consider simple extensions of the existing
models. However, in other cases, like the correct prediction of the Higgs mass,
we will need to build a larger mathematical model that could reveal more
structure and more properties than the existing one.

In particular, after a general summary, in chapter 1, on the foundamen-
tal interactions and some related open questions, in chapter 2 we derive the
Glashow-Weinberg-Salam electroweak theory, and the full standard model in-
cluding the Higgs mechanism from noncommutative spaces. Naturally, to do
this, we �rst need to develop the mathematical framework of spectral geom-
etry, based on the concept of spectral triple, leading to the construction of
noncommutative manifolds. Then, we show how, in spectral geometry, the
three standard model interactions - electromagnetic, weak and strong - are
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coupled to the gravitational force. This is accomplished by the spectral ac-
tion principle, that is a simple counting of the eigenvalues of a Dirac operator
on M× F lower than a cuto� Λ; the spectral action allows to construct a
Lagrangian from the geometry of M× F , i.e. the right one for the standard
model, in addition minimally coupled to gravity.

Chapter 3 contains the main part of the dissertation: in the attempt to
derive the correct mass of the Higgs boson, and at the same time to solve one of
the open questions of the standard model, i.e. the instability of the electroweak
vacuum, we introduce the grand symmetry model. It is an almost commutative
model, derived from an algebra larger than the one of the standard model,
which allows to obtain an additional scalar �eld, usually called σ, coupled to
the Higgs �eld in the action. This new �eld σ both stabilizes the electroweak
vacuum and makes the computation of the mass of the Higgs compatible with
its experimental value. However, in the usual spectral triple approach, the
breaking of this grand symmetry to the standard model is accomplished by
a mathematical requirement. To overcome this limit and to cure a technical
problem of the grand symmetry, that is the appearance together with the extra
scalar �eld σ of unbounded vectorial terms, in chapter 4, we introduce Connes-
Moscovici twisted spectral triples. The twist makes these terms bounded, and
also permits to understand the breaking to the standard model as a dynamical
process induced by the spectral action. This is a spontaneous breaking from a
pre-geometric Pati-Salam model to the almost-commutative geometry of the
standard model, with two Higgs-like �elds: scalar and vector.

In the last two chapters we focus other two problems of the spectral action:
in its present form it requires the uni�cation of the three gauge couplings at a
single scale, Λ, and physical predictions are based on the value of this scale. It
is known experimentally that in the absence of new physics the three constants
do not meet in a single point, but the three lines form an elongated triangle
spanning nearly four orders of magnitude, between 1013−1017GeV . Therefore,
in chapter 5, we want to investigate whether the presence of higher dimensional
terms in the standard model Lagrangian - coming from the spectral action
expansion up to dimension six terms - may cause the uni�cation of the coupling
constants. This chapter may be read in two contexts: as an application of the
spectral action, or independently on it, from a purely phenomenologically point
of view.

On the other side in the spectral action is not clear what would happen after
the uni�cation scale, if one considers scales higher than Λ, i.e. earlier epochs.
For a theory dealing with the uni�cation of gauge theory and gravity a more
natural scale is the Planck scale. For this reason, in chapter 6, we study the
interaction between the gravitational force and the other three foundamental
interactions. In particular we show how the gravitational e�ects change the
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main running coupling constants and if they lead to a restriction on the free
parameters of the theory still compatible with the Higgs, top and neutrino
mass predictions.

In the end, a conclusion section contains some comments and future possi-
ble research topics.



Chapter 1

Standard Model, Gravity and

open questions

The Standard Model of particle physics is a gauge quantum �eld theory based
on the unitary group U(1)× SU(2)× SU(3), concerning the electromagnetic,
weak, and strong nuclear interactions, as well as classifying all the known
subatomic particles. At present, it describes all known fundamental forces,
excluding gravity. The standard model is certainly not a complete theory for
fundamental interactions. Although it has demonstrated huge and continued
successes in providing experimental predictions, it does leave some phenomena
unexplained: it does not incorporate the full theory of gravitation as described
by general relativity. It also does not contain any viable dark matter parti-
cle that possesses all of the required properties deduced from observational
cosmology. In its original formulation, it does not incorporate neutrino oscil-
lations and their non-zero masses, although one can simply extend the model
by addressing this lack, [48]

From a theoretical point of view, the standard model is an excellent labo-
ratory of study, since it is a paradigm of a quantum �eld theory which exhibits
a wide range of physics including spontaneous symmetry breaking, anoma-
lies, non-perturbative behavior, etc. It is used as a basis for building more
exotic models that incorporate hypothetical particles, extra dimensions, and
elaborate symmetries (such as supersymmetry) in an attempt to explain ex-
perimental results at variance with it.

In the following sections, we will discuss the standard model starting by its
mathematical base, i.e. the Yang-Mills gauge theory. Then we give the stan-
dard model action, explaining the electroweak model of Weinberg and Salam
and the QCD lagrangian. In �1.4, we discuss the consequences of the renor-
malization group �ow on the main coupling constants of the model without
discuss on how obtain this, since the calculation is standard and can be found

8



CHAPTER 1. STANDARDMODEL, GRAVITY AND OPEN QUESTIONS9

in any usual textbook on quantum �eld theory. Then, in �1.5 we introduce
the gravitational force, giving the basic ingredients of General Relativity and
formulating the gravitational action. Finally, in �1.6 we show how is it possible
the coupling of the gravitational �eld to the other fundamental �elds. In the
second chapter, with the spectral action approach, we can show how to put
gravitation and standard model on the same footing, deriving them from the
same principle.

1.1 Yang-Mills theories

We begin with the fermion �eld ψi transforming in some representation of
SU(N), not necessarily the fundamental one. It transforms as1 SU(N),

ψi(x) −→ Ωij(x)ψj(x) , (1.1)

where Ωij is an element of SU(N). Let τa be the generators on its Lie algebra:

[τa, τ b] = ifabcτ c, (1.2)

where the parameters fabc are called structure constants of the Lie group and
determine the Lie brackets of elements of the Lie algebra, and consequently
nearly completely determine the group structure of the group.

Essential point is that the group element Ω is now a function of space-time;
that is, it changes at every point in the space. It can be parametrized as:

Ωij(x) =
(
eiθ

a(x)τa
)
ij ⇒ ψ

′

i =
(
eiθ

a(x)τa
)
ijψj (1.3)

where the parameters θa(x) are local variables, and where τa is de�ned in
whatever representation we are analyzing.

The problem with this construction is that derivatives of the fermion �eld
are not covariant under this transformation. A naive transformation of the
derivatives of these �elds picks up terms like ∂µΩij,

(∂µψi) −→ (∂µψ
′
i) = Ωij (∂µψj) + (∂µΩij)ψj . (1.4)

In order to cancel the second unwanted term, we would like to introduce a new
derivative operator Dµ that is truly covariant under the group. To construct
such an operator Dµ, let us introduce a new �eld, called the connection Aµ:

Dµ = ∂µ − igAµ (1.5)

1‡A practical summary of the foundamental elements of group theory can be found in [60,

chap.2]
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with
Aµ(x) ≡ Aaµ(x)τa. (1.6)

If we set Aµ(x) to transform according the rule

A
′

µ(x) = ΩAµ(x)Ω−1 − i

g
(∂µΩ)Ω−1 (1.7)

then the covariant derivative of the ψ �eld is gauge covariant:

(Dµψ)′ = ∂µψ
′ − igA′µψ′

= Ω(∂µψ) + (∂µΩ)ψ − igA′µΩψ

= Ω(Dµψ). (1.8)

In�nitesimally, this becomes{
δψ = igθaτaψ

δAaµ = − i
g
∂µθ

a + fabcθbAcµ
(1.9)

Example, U(1), SU(2), SU(3)

1. As �rst example, let us consider the unitary group U(1). From this group
we recover the �eld transformation for QED. It has a unique generator,
τ , that in this case we set equal to −1. This means Ω = e−iθ(x), and the
fermion �eld transforms as

U(1) : ψ′ = e−iθ(x)ψ (1.10)

By setting the gauge coupling g equal to the usual electromagnetic cou-
pling constant e, g ≡ −e, we obtain for the covariant derivative,

Dµ = ∂µ + ieAµ . (1.11)

Then we have ∂µΩ = i(∂µθ)e
iθ and the connection Aµbecomes,

A
′

µ = Aµ +
1

e
∂µθ , (1.12)

recovering the �eld transformations for QED.

2. Now we analyze the case SU(N) = SU(2). The generators of this group
are the 2× 2 Pauli matrices τa = σa/2 whose Lie algebra is given by the
commutation rules:[

σi

2
,
σj

2

]
= iεijk

σ

2

k

, con i, j, k = 1, 2, 3. (1.13)
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Therefore, in this case2 Ω = eiθ·σ/2,

SU(2) : ψ′ = eiθ·σ/2ψ (1.14)

and the covariant derivative takes the form

Dµψ = ∂µψ −
i

2
gAµψ (1.15)

with the connection Aµ in matrix form that means

Aµ = σiAiµ =

(
A3
µ A1

µ − iA2
µ

A1
µ + iA2

µ −A3
µ

)
(1.16)

Since we have ∂µΩ = i
2

(σ · ∂µθ) Ω, it is easy to show that, for in�nitesimal
θi, the transformation (1.7) becomes

A
′

µ = Aµ − θ ×Aµ +
1

g
∂µθ. (1.17)

3. Finally, we can see the color group SU(3). Its generators are the eight
3× 3 Gell-Mann matrices τa = λa/2, whose Lie algebra obeys the com-
mutation rules: [

λa
2
,
λb
2

]
= ifabc

λc
2
, fora, b, c = 1, 2, ...8 (1.18)

the structure constants fabc are totally antisymmetric in their indices and
the only non zero components are

f123 = 1

f147 = −f156 = f246 = f257 = f345 = −f367 = 1/2

f458 = f678 =
√

3
2

(1.19)

Therefore, Ω = ei
λa

2
θa and the covariant derivative takes the form,

Dµψ = ∂µψ −
i

2
gλaAaµψ (1.20)

The connection Aµ in matrix form can be written

Aµ = Aaµ
λa

2
=

 A3
µ + 1√

3
A8
µ A1

µ − iA2
µ A4

µ − iA5
µ

A1
µ + iA2

µ −A3
µ + 1√

3
A8
µ A6

µ − iA7
µ

A4
µ + iA5

µ A6
µ + iA7

µ − 2√
3
A8
µ

 (1.21)

2The scalar product between the bold symbols means by de�nition θ · σ =
∑3
j=1 θ

jσj
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1.2 Field strength and Yang-Mills action

It is also possible to construct the invariant action for the connection �eld itself.
Since Dµ is covariant, then the commutator of two covariant derivatives is also
covariant. We de�ne this commutator as �eld strength (or gauge �eld)Gµν :

Gµν ≡
i

g
[Dµ, Dν ]

= ∂µAν − ∂νAµ − ig[Aµ, Aν ]

= (∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν)τ

a . (1.22)

Because Dµ is genuinely covariant this means that the Ga
µν tensor is also co-

variant:
Gµν → ΩGµνΩ

−1 (1.23)

Now we can construct an invariant action out of this tensor. We want an action
that only has two derivatives (since actions with three or higher derivatives
are not unitary, i.e. they have ghosts). The simplest invariant is given by the
trace of the commutator. This is invariant because:

Tr(ΩGµνS
−1ΩGµνΩ−1) = Tr(GµνG

µν) (1.24)

The unique action with only two derivatives is therefore given by:

SB =

∫
d4x

(
−1

4
TrGµνG

µν

)
=

∫
d4x

(
−1

4
Ga
µνG

aµν

)
. (1.25)

This is the action for the Yang-Mills theory, which is the starting point for all
discussion of gauge theory.

The �eld tensor Gµν , we want point out, obeys the Bianchi identities. We
know, by the Jacobi identity, that certain multiple commutators vanish iden-
tically. Therefore we have:

[Dµ, [Dν , Dρ]] + [Dν , [Dρ, Dµ]] + [Dρ, [Dµ, Dν ]] ≡ 0 (1.26)

This is easily checked by explicitly writing out the terms in the commutators.
Written in terms of the �eld tensor, this becomes:

[Dµ, Gνρ] + [Dν , Gρµ] + [Dρ, Gµν ] ≡ 0 (1.27)

It is important to stress that these are exact identities. They are not equations
of motion, nor are they new constraints on the �eld tensor.

Lastly, since ψ̄ −→ ψ̄Ω†(x) and Dµψ → ΩDµψ, we can de�ne the invariant
fermion action, coupled to the gauge �eld, as:

SF =

∫
d4xψ(iγµDµ −m)ψ (1.28)
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therefore the �nal action will be

S = SB + SF

=

∫
d4x

[
ψ(i /D −m)ψ − 1

4
TrGµνG

µν

]
(1.29)

For example, a gauge �eld theory containing the internal symmetries of the
unitary product group SU(3)× SU(2)× U(1) will take the form

S =

∫
d4x

[
iψ̄γµDµψ

]
+∫

d4x

[
−1

4
GµνG

µν − 1

4
W µνW

µν − 1

4
FµνF

µν

]
(1.30)

with Dµψ =
(
∂µ + ig1Aµ − ig22 σ·W µ − ig32 λ·Gµ

)
ψ. The standard model of

particle physics is just a gauge quantum �eld theory containing the internal
symmetries of this unitary product group. The full standard model action will
be given in the next section, together with an explanation of the form of the
Hilbert space containing the spinor ψ.

1.3 Standard model action

The standard model is the gauge quantum �eld theory based on the unitary
group SU(3)× SU(2)× U(1). It is one of the greatest successes of the gauge
revolution. At present, this model can describe all known fundamental forces,
excluding gravity.

It is given by crudely splicing the electroweak theory and the theory of
quantum chromodynamic (QCD), taking the sum of their respective actions,

Ssm = Se.w. + SQCD (1.31)

where

SQCD =

∫
d4x

[
−1

4
GaµνGa

µν +
6∑

α=1

Q̄α
i (iγµDµ −m)Qα

i

]
(1.32)

Se.w. =

∫
d4x

[
−1

4
W aµνW a

µν −
1

4
F µνFµν + iR̄γµDµR + iL̄γµDµL

]
+∫

d4x
[
DµH

†DµH −m2H†H − λ
(
H†H

)2
]

+∫
d4x

[
Ge(LφR +Rφ†L)

]
. (1.33)

In (1.32), Ga
µν are the massless Yang-Mills �eld associated to the unbroken

�color� gauge group SU(3), describing the strong interaction. The spinors Qα
i
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describe the quarks having two indices. The α index is taken over the �avors,
which labels the up, down, strange, charm, top, and bottom quarks. The �avor
index is not gauged; it represents a global symmetry. However, the quarks also
carry the important local color SU(3) index, i = 1, 2, 3. In other words, quarks
come in six �avors and three colors, but only the color index participates in
the local gauge symmetry. Synthetically,

u1 u2 u3

d1 d2 d3

s1 s2 s3

c1 c2 c3

t1 t2 t3

b1 b2 b3


(1.34)

where 1, 2, 3 are the color indeces, sometimes also labeled as R,W,B.

1.3.1 Electroweak action

The electroweak model (or Weinberg-Salam model), one of the most success-
ful quantum theories besides the original QED, is a curious amalgam of the
weak and electromagnetic interactions. Strictly speaking, it is not a �uni�ed
�eld theory� of the weak and electromagnetic forces, since we must introduce
two distinct coupling constants g and g′ for the SU(2) and U(1) interactions.
Nonetheless, it represents the one of the most important extensions of QED
in the past century. The model we explain here, di�erently from the orig-
inal work of Weinberg and Salam, takes into account also the right-handed
neutrino, since we now know they are massive particle too.

Let us consider only one leptonic generation, i.e. the doublet
(
νe
e

)
; the

same considerations hold for µ− and τ−families.
As already mentioned in (1.33), the electroweak model is described by an action
invariant under the group SU(2)× U(1) ,

Le.w. = −1

4
W a
µνW

aµν − 1

4
FµνF

µν

+iReγ ·DRe + iRνγ ·DRν + iLγ ·DL

+DµH
†DµH −m2H†H − λ

(
H†H

)2
+

+Ge(LφR +Rφ†L) . (1.35)
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with

W a
µν = ∂µW

a
ν − ∂νW a

µ + gεabcW b
µW

c
ν

Fµν = ∂µBν − ∂νBµ

DµRe = (∂µ + ig′Bµ)Re

DµRν = ∂µRν

DµL = (∂µ +
i

2
g′Bµ −

i

2
gσiW

i
µ)L , (1.36)

the isospinor L ≡
(
νL
eL

)
, containing the Weyl left-handed neutrino and elec-

tron, forms an SU(2) isodoublet with non-abelian charge Iw = 1
2
; I3

w(νe) = 1
2

e I3
w(eL) = −1

2
. This quantum number is called weak isospin charge. On the

other hand, Re ≡ (eR) and Rν ≡ (νR), containing the Weyl right-handed elec-
tron and neutrino, are both isospin singlet with charge Iw = 0 e I3

w = 0.
Therefore, these two sectors transform in a di�erent way under SU(2):

SU(2) :


L→ e

i
2
θ·σL

Re → Re

Rν → Rν

(1.37)

The quantum number associated to the abelian group U(1) is the hypercharge
Yw , which takes the values Yw = −1 for the isospinor L, Yw = −2 for Re, e
Yw = 0 for Rν , so that the experimental Gell-Mann-Nishijima relation

Q = I3
w +

Y w

2
(1.38)

holds. Therefore, the correct transformation for L, Re,Rν under U(1) will be

U(1) :


L→ e

i
2
βL

Re → eiβRe

Rν → Rν

(1.39)

The third row in 1.35 contains the scalar Higgs sector. The scalar multiplet H
is a complex isodoublet given by,

H ≡
(
H+

H0

)
(1.40)

where the doublet has charge (1, 0) which can be given by Q = I3
w +Yw/2 such

that
(
Iw = ±1

2
, Yw = 1

)
Symmetry breaking is induced by the vacuum expectation value v

〈H〉 =

(
0

v/
√

2

)
(1.41)
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After symmetry breaking, the �elds W a
µ and Bµ recombine and emerges the

physical photon Aµ, a neutral massive vector particle Zµ, and a charged doublet
of massive vector particles W±

µ :

Zµ =
gW 3

µ + g′Bµ

(g2 + g′2)1/2
≡ cosθWW

3
µ + sinθWBµ

Aµ =
gBµ − g′W 3

µ

(g2 + g′2)1/2
≡ −sinθWW

3
µ + cosθWBµ

W±
µ =

1√
2

(W 1
µ ± iW 2

µ) (1.42)

where the Weinberg angle θW is de�ned via:

cosθW ≡
g√

g2 + g′2
. (1.43)

By examining the mass sector, we can read o� the masses of the resulting
vector particles:

M2
W1

= M2
W2

=
g2v2

2

M2
Z =

M2
W

cos2θW
MA = 0

M2
H = 2λv2 (1.44)

After the symmetry breaking, the Yukawa couplings of the fourth row in 1.35
give mass to the fermions:

Me = yev/
√

2

Mν = yνv/
√

2 (1.45)

�nally, the electric charge emerges as

e = g sinθW (1.46)

1.4 Uni�cation point and instability problem

The standard model successfully incorporates all the known properties of the
strong, weak and electromagnetic forces. In 2012 there has been a great suc-
cess for it, i.e. the discovery of the Higgs boson at the LHC, giving validity
to the electro-weak theory, that is one of the most important mechanism of
the standard model. However, if on the one hand this discovery gave great
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Figure 1.1: The running of the autointeraction parameter λ and of the top
Yukawa coupling. The dashed and solid lines represent the one and two loop
respectively.

enthusiasm to the scienti�c community, on the other hand the value of the
Higgs boson mass ' 125GeV has raised some questions about the complete-
ness of the model: it leads to an instability of the electroweak vaccum [54,81],
as explained in the following.

The various couplings of the standard model run with the energy [12], as
dictated by the renormalization group. In particular let us discuss the evolution
of the auto-interaction coe�cient λ of the quartic term (H̄H)2 in the Higgs
sector. We skip the discussion on how to obtain this, since the calculation is
standard and can be found in any usual textbook on Quantum Field Theory
(see for example [60,80]).

At one-loop its running is given by:

µ
d

dµ
λ =

1

16π2

(
24λ2 −

(
3g2

1 + 9g2
2

)
λ+

3

8

(
g4

1 + 2g2
1g

2
2 + 3g4

2

)
+ 12y2

topλ− 6y4
top

)
(1.47)

and it depends on the gauge couplings (whose running is described below), as
well as ytop, the Yukawa coupling of the top quark that, in turn, runs with
equation,

µ
d

dµ
ytop =

ytop
16π2

(
9

2
y2
top −

17

12
g2

1 −
9

4
g2

2 − 8g2
3

)
(1.48)

The solution of these running with the boundary conditions given by experi-
mental values are in �g. 1.1; we have used

ytop = 0.937 , λ = 0.126 (1.49)

for MH = 125GeV at the scale of the top mass Mtop = 172.9GeV . The im-
portant aspect is the fact that λ becomes negative at a scale of the order of
1010GeV . Two loop calculations make the situation slightly worse. A negative
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λ means an instability of the vacuum, that could make the whole model in-
consistent, if it was not that the vacuum lifetime is longer than the age of the
Universe. Therefore, one says that with a Higgs mass in the range 124−126GeV
and the current central value of the top mass (173GeV), the Higgs potential
develops a metastability around 1010 − 1011 GeV, i.e. an electroweak vacuum
with a lifetime much longer than the age of the Universe.

Another important aspect of the standard model is the expectation of
the uni�cation of the three foundamental forces. In fact, at extremal high
energy the renormalization �ow shows that the three coupling constants of the
strong, weak, and electromagnetic interactions begin to converge, leading us
to suspect that all the three interactions become part of the same interaction
at a very high energy. The running of the three gauge coupling constants g1, g2

and g3 is given by the following equations [10, appendix A],

µ
dg1

dµ
= − g3

1

16π2

(
− 1

10
− 2

3
nf

)
=

g3
1

16π2

41

10

µ
dg2

dµ
= − g3

2

16π2

(
43

6
− 2

3
nf

)
= − g3

2

16π2

19

6

µ
dg3

dµ
= − g3

3

16π2

(
11− 2

3
nf

)
= − g3

3

16π2
7 (1.50)

The values of the bi's are given by the number of charged fermions nf = 6.
The two nonabelian interactions have a di�erent sign from the U(1) coupling.
At high energy they become asymptotically free. The abelian interaction has
instead a Landau pole at very high energy, well above the Planck scale. At
higher loops the functions will depend in a nonlinear way from the other cou-
plings, including the parameters of the Higgs and the Yukawa couplings. In
order to establish the running, low energy boundary conditions are necessary;
they are experimental value and for �g. 1.2 we have taken

g1 = 0.3575 , g2 = 0.6514 , g3 = 1.1221 (1.51)

at the mZ scale. Let us note that in �g. 1.2 we run
√

5/3g1 in place of g1

according to conventional SU(5) normalization. Of relevance for us is the
fact that the three coupling constants almost coincide at a single scale. The
three lines create a triangle: the values of gi go from approximatively 0.5 to
0.6. These are pure numbers and therefore the total span is about 25% of the
values. But the scale at which this happens goes from 1014GeV to 1017GeV. A
span of more than three orders of magnitude. Two and three loops calculations
do not signi�cantly alter these numbers. The presence of �new physics�, in the
form of new particles or new interactions could improve this aspect [5, 35,72].
We discuss this point, in more detail, in chapter 6 studying the interaction
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Figure 1.2: The running of gi in the standard model picture.

with gravity at energies near the Planck scale and in chapter 5 considering
the contribution of new interactions in the form of high-order operators in the
action.

1.5 Gravitation

The basic elements of the theory of general relativity can be deduced following
a path parallel to the gauge theories of Yang-Mills. The transformation group
for which the action must be invariant is no longer a unitary group SU(N),
but the group of generic transformations of coordinates.

Given a coordinate system xµ describing the space-time, a general coordi-
nate transformation is an arbitrary reparametrization of kind

xµ = xµ(xν) , µ, ν = 1, ..., 4 (1.52)

Unlike Lorentz transformations, which are global space-time transformations,
general coordinate transformations are local and they were one of the original
inspirations leading Yang and Mills to postulate local gauge theories explained
above.

Under reparametrizations, a scalar �eld transforms simply as follows:

φ(x) = φ(x) (1.53)

Vectors transform like ∂/∂xµ or dxµ. Using ordinary calculus, we can construct
two types of vectors under general coordinate transformations: covariant vec-
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tors, like ∂µ, and controvariant vectors, like dxµ:

dxµ −→ dxµ =
∂xµ

∂xν
dxν ≡

(
G−1

)µ
ν
dxν (1.54)

∂

∂xµ
−→ ∂

∂xµ
=

∂xν

∂xµ
∂

∂xν
≡ Gν

µ

∂

∂xν
(1.55)

Given these transformation laws, we can now give the abstract de�nition of
covariant tensors, with lower indeces, and controvariant tensors, with upper
indeces, depending on their transformation properties:

φ(x) = φ(x) scalar invariant

Bµ(x) =
∂xν

∂x̄µ
Bν(x) covariant vector

A
µ
(x) =

∂xµ

∂xν
Aν(x) controvariant vector

Since we have arbitrary coordinate transformations, these vectors transform
under the group GL(4), that is, arbitrary real 4× 4 matrices.

Similarly we can construct tensors of arbitrary rank or indeces. They are
objects transforming as the product of a series of �rst-rank tensors (vector):

T
ν1ν2...

µ1µ2...
(x) =

m∏
i=1

(
∂xµi

∂x̄µ̄i

) n∏
j=1

(
∂xν̄j

∂xνj

)
T ν1ν2...µ1µ2...

(x) (1.56)

For example, a controvariant tensor of rank 2, T µν , transforms as

T
µν

(x) =
∂xµ

∂xα
∂xν

∂xβ
Tαβ(x) (1.57)

We can also construct an invariant under general coordinate transformations
by contracting controvariant tensors with covariant ones

AµBµ = A
µ
Bµ = invariant (1.58)

We now introduce a metric tensor gµν that allow us to calculate distances on
the space-time. Given two points separated by the in�nitesimal distance dxµ,
the invariant scalar associated to this distance is given by

ds2 = dxµgµνdx
ν , (1.59)

if gµν is de�ned to be a second-rank covariant tensor transforming as

ḡµν(x̄) =
∂xα

∂x̄µ
∂xβ

∂x̄ν
gαβ(x) , (1.60)

then the distance ds2 is a genuine invariant.
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Now that we have de�ned how scalar, vector, and tensor �elds transform
under reparametrizations, the next step is to write down derivatives of these
�elds that are also covariant. The derivative of a scalar �eld is a genuine tensor
under general coordinate transformations:

∂

∂x̄µ
φ̄(x) =

∂xν

∂x̄µ
∂

∂xν
φ(x) (1.61)

However, as in the case of gauge transformation �1.1 , we have to de�ne a
covariant derivative, introducing new �elds, called connections which absorb
the unwanted terms of the usual derivation. The connection �eld for general
relativity is called the Christo�el symbol Γλµν . We introduce the symbol ∇µ,
which is a covariant derivative

∇µAν ≡ ∂µAν + ΓλµνAλ (1.62)

∇µA
ν ≡ ∂µA

ν − ΓνµλA
λ (1.63)

We will de�ne the transformation properties of the connection such that the
derivative of a vector becomes a genuine tensor, paralleling the situation in
gauge theories:

(∇µAν) =

(
∂xα

∂xµ
∂xβ

∂xν

)
∇αAβ (1.64)

Given the transformation law, we can, as in gauge theories, extract the trans-
formation law for the Christo�el symbol:

Γ
λ

µν(x) =
∂xα

∂xµ
∂xβ

∂xν
∂xλ

∂xγ
Γγαβ +

∂xσ

∂xµ
∂xρ

∂xν
∂2xλ

∂xσ∂xρ
. (1.65)

We see that the Christo�el symbol is not a genuine tensor, but has an inho-
mogeneous piece (we recall that the gauge �eld Aaµ also has an inhomogeneous
piece in its transformation under SU(N)).

1.5.1 General Relativity action

Now that we have de�ned the transformation properties of the �elds and con-
structed covariant derivatives, the last step is to write down the action for
general relativity and couple it to other �elds. To construct the action, we will
need to take the commutator between two covariant derivatives. In �at space,
this commutator vanishes. However, for general coordinate transformations,
we �nd that this commutator does not vanish. By explicit construction, we
�nd

[∇µ, ∇ν ]Aλ = Rρ
µνλAρ

Rρ
µνλ ≡ ∂µΓρνλ − ∂νΓ

ρ
µλ + ΓρνσΓσµλ − ΓρµσΓσνλ (1.66)
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Yang-Mills gauge theory Einstein general relativity theory

Gauge transformations on internal space Trasformazioni generiche di coordinate sullo spazio-tempo,

ψ′ = (eiθ
a(x)τa)ψ xµ = xµ(xν)

Symmetry group: unitary group SU(N), Symmetry group: general linear group GL(4),

Ω(x) = (eiθ
a(x)τa) G(x) = ∂xν

∂xµ

Connection: gauge potential, Aµ Connection: Christo�el connection, Γλµν

Aµ → Aµas in (1.7) Γλµν → Γ
λ

µνas in(1.65)

Field strength, gauge �eld Gµν Field strength, Riemann curvature tensor Rρµνλ
Gµν = [Dµ, Dν ] RρµνλAρ = [∇µ, ∇ν ]Aλ

Table 1.1: Parallels between gauge theory and general relativity

We call Rρ
µνλ the Riemann curvature tensor. From this we can see the close

analogy between the elements of gauge theory and general relativity. This
close correspondence can be synthesized in tab. 1.1.

By suitably contracting the indices in the curvature tensor, we can reduce
it to tensors of smaller rank. Contracting ρ and ν gives us a second-rank
curvature tensor called Ricci curvature tensor:

Rµλ = Rρ
µνλδ

ν
ρ . (1.67)

Finally, we can construct a genuine invariant by contracting all the indeces:

Rρ
µνλδ

ν
ρg

µλ = R (1.68)

this is called Ricci scalar.

It is also easy to calculate the transformation properties of the determinant
of the metric tensor, g. Because det(ABC) = detA detB detC, one can easly
shows: √

−g(x) = det
(
∂xµ

∂xν

)√
−g(x) (1.69)

An object that transforms like this is not a scalar in the usual sense, but we
call it scalar density.

The point is that now the product of these two is a genuine invariant:
√
−gd4x = invariante (1.70)

From this we can construct actions, ful�lling a few key condition:

1. The action must contain no more than two derivatives of gµν , or else
there are ghosts in the theory that threaten unitary.

2. The action must be invariant under general coordinate transformations.
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3. It has to give equations of motion that, in the low energy limit, reduce
to the Newton gravitational �eld equation.

The solution to these constrains is given by the celebrated Einstein-Hilbert
action, which is the starting point for all calculations in general relativity:

S = − 1

2k2

∫
d4x
√
−gR (1.71)

(one can also add the cosmological term, which is proportional to
√
−gΛcosm,

also experimentally Λcosm is very close to zero). Taking the variation of the
action, we �nd the equations of motion,

Rµν −
1

2
gµνR = 0 (1.72)

In the presence of matter �elds, we must alter this equation. We know that
scalar matter couples to gravity via the interaction

Smatter =

∫
d4x
√
−ggµνTµν ∼

∫
d4x
√
−ggµν∂µφ∂νφ (1.73)

therefore the right-hand side of the previous equation should contain the
energy-momentum tensor:

Rµν −
1

2
gµνR = −8πk

c2
Tµν (1.74)

As required by the third point above, this equation reduces to the usual New-
tonian potential equation in the limit c→∞. In this limit, the metric tensor
becomes the Lorentz metric, except for the term g00:

g00 ∼ 1 + φ (1.75)

then the φ �eld becomes the scalar potential, and Einstein's equation reduces
to Poisson's equation:

Rµν −
1

2
gµνR = −8πk

c2
Tµν → ∇2φ = 4πkρ (1.76)

where ρ is the source term. From this, one can derive the Newton's original
universal law of gravitation, that the gravitational force is proportional to the
product of the masses and inversely proportional to the distance of separation
squared.
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1.6 Gravity coupled with other �elds

The coupling of the gravitational �eld to the other �elds is possible with the
introduction of the so called vierbein.

The generally covariant action for scalar and Yang-Mills �elds is very simple
to write and is given by:

Lscalar =
1

2

√
−g
(
gµν∂µφ∂νφ−m2φ2

)
LYM = −1

4

√
−ggµσgνρF a

µνF
a
ρσ (1.77)

On the other hand, the coupling of gravity to spinor �elds leads to an im-
mediate di�culty: there are no �nite dimensional spinorial representation of

GL(4). This prevents a naive incorporation of spinors into general relativity.
There is fortunately, a trick that we may use to circumvent this problem. Al-
though spinor representations do not exist for general covariance, there are, of
course, spinorial representations of the Lorentz group. We utilize this fact and
construct a �at tangent space at every point in the space. Imagine space-time
as a rolling-hill. Then the tangent space would correspond to placing a �at
plane on each point of the hill. Spinors can then be de�ned at any point on
the curved manifold only if they transform within the �at tangent space.

We will label the �at tangent space indices with latin letters a, b, c..., while
tensors under general coordinate transformations are labeled by greek letters
α, β, µ, ν, ... The vierbein are introduced in order to marry the two sets of
indices

Vierbein: eaµ(x) (1.78)

which is a mixed tensor whose inverse is eµa(x).

The vierbien can be viewed as the square root of the metric tensor via the
following

eaµe
a
ν = gµν

eaµ = gµνeaν

eaµe
bµ = δab (1.79)

Since the Lorentz group acts on the tangent space indices, we can de�ne spinors
on the tangent space. The Dirac matrices γa do not depend by coordinates
and respect the usual commutation relation

{γa, γb} = 2ηab (1.80)

These matrices can now be contracted onto vierbeins, de�ning the coordinates
dependent Dirac matrices γµ(x),

γaeaµ = γµ(x) (1.81)
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It is easy to show that the anti-commutator between two of these matrices
yields the metric tensor:

{γµ, γν} = 2gµν(x) (1.82)

To construct the generally covariant Dirac equation we introduce a spinor ψ(x)

that is de�ned to be a scalar under general coordinate transformations and an
ordinary spinor under �at tangent space Lorentz transformations:

Coordinate transformations ψ → ψ

Lorentz transformations : ψ → eiε
ab(x)σabψ

(1.83)

It is important to note that we have introduced local Lorentz transformations
on the �at tangent space, so εab is a function of space-time.

This, of course, means that the derivative of a spinor is no longer a genuine
tensor. As before, we must introduce a connection �eld ωabµ that allows us
to gauge the Lorentz group. The covariant derivative for gauging the Lorentz
group is therefore

Oµψ = (∂µ +
1

4
ωabµ σab)ψ (1.84)

The generally covariant Dirac equation is therefore given by:

(iγµOµ −m)ψ = 0 (1.85)

and hence the action for a Dirac particle interacting with gravity is

L =− 1

2k2

√
−g R + eψ(iγµOµ −m)ψ (1.86)

where e ≡ deteaµ =
√
−g.

This new connection �eld gives us an alternative way to construct the Rie-
mann curvature tensor. By taking the commutator of two covariant derivatives,
we can construct a new version of the curvature tensor:

[∇µ,∇ν ]ψ = − i
4
Rab
µνσ

abψ (1.87)

Written out, this curvature tensor is generally covariant in µ, ν but �at in a, b :

Rab
µν = ∂µω

ab
ν − ∂νωabµ + ωacµ ω

cb
ν − ωacν ωcbµ . (1.88)

At this point, the connection �eld ωabµ is still an indipendent �eld. We can
eliminate in favor of the vierbein by placing an external constraint on the
theory:

Oµe
a
ν = ∂µe

a
ν + Γλµνe

a
λ + ωabµ e

b
ν = 0 (1.89)
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The number of independent equations in the constraint (4 × 6 = 24) equals
the number of independent components of the connection �eld, so we have
eliminated the connection �eld entirely as ab independent �eld.

The connection �eld can be calculated by rotating the various indices and
then adding and subtracting them. The �nal result is:

ωabµ =
1

2
eaν
(
∂µe

b
ν − ∂νebµ

)
+

1

4
eaρebσ

(
∂σe

c
ρ − ∂ρecσ

)
ecµ − (a↔ b) . (1.90)



Chapter 2

Spectral Geometry

In this chapter we introduce the noncommutative geometry formalism based on
Connes' spectral geometry. It is the generalization of the usual spin geometry
of Riemannian manifolds to the noncommutative case via the notion of Spectral
Triple. Its main element is a generalized Dirac operator which gives the metric
structure of the space, as well as containing information on dynamic and gauge
interactions of particles. Therefore, we give the de�nition of spectral triple
and with it we show how is it possible to build gauge theories, as example
the standard model of particle physics coupled to general relativity. All the
standard model properties, conservation laws and symmetry breaking, will be
resumed in the spectral action principle that represents the powerful predictive
tool of this theory.

2.1 Spectral triples

The basic device in the construction of noncommutative geometry is the spec-
tral triple (A,H, D) consisting of a *-algebra A of bounded operators in a
Hilbert space H - containing the identity operator - and a non-necessarily
bounded self-adjoint operator D on H with the following properties,

1. Resolvent (D − λ)−1, λ /∈ R, is a compact operator on H;

2. [D, a] ≡ Da− aD ∈ B (H),∀a ∈ A.

The spectral triple is said to be even if there is a grading Z2, i.e. an operator
γ on H, γ = γ∗, γ2 = 1, such that

γD +Dγ = 0,

γa− aγ = 0, ∀a ∈ A (2.1)

27
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If H is even then it is possible to separate

H =
(1 + γ)

2
H⊕(1− γ)

2
H = HL ⊕HR (2.2)

In general, one could ask that condition 2 is satis�ed only for a dense
subalgebra of A. Then, by the two assumptions in the de�nition above, the
self-adjoint operator D has a real discrete spectrum made of eigenvalues, i.e.
the collection λn forms a discrete subset of R and each eigenvalue has �nite
multiplicity. Furthermore, for in�nite dimensional algebras, λn →∞ as n→ 0.
Indeed, (D − λ)−1 being compact, its characteristic values µk(D − λ)−1 → 0

from which |λk| = µk(D)→∞.

Finally, the spectral triple is said to be real if there is an antilinear isometry
J (called real structure) which implements an action of the opposite algebra1

A◦ obtained by identifying b◦ = Jb∗J−1, and which commutes with the action
of A:

[a, JbJ−1] = 0 ∀ a, b ∈ A. (2.3)

The operator J must obey 1) J2 = ±I; 2) JD = ±DJ ; 3) JΓ = ±ΓJ , with
choice of signs dictated by the KO-dimension of the spectral triple [19, �2.3].

These three elements satisfy a set of properties allowing to prove Connes

reconstruction theorem: given any spectral triple (A,H, D) with commutative
A satisfying the required conditions, then A ' C∞(M) for some Rieman-
nian spin manifold M. Although we are going to discuss these conditions in
the next section, more detailed informations can be found in [28], and their
noncommutative generalization in [27].

2.2 Canonical triple over a Manifold

The �rst example of spectral triple is the canonical triple over a closed n-
dimensional Riemannian spin manifold (M, g). As elements of this triple
(A,H, D) one takes,

1. A = C∞(M) is the algebra of complex valued smooth functions onM.

2. H =L2(M, S) is the Hilbert space of square integrable sections of the
irreducible spinor bundle overM, whose rank being equal to 2n/2. The
scalar product in L2(M, S) is the usual one of the measure associated
with the metric g,

(ψ, φ) =

∫
dµ(g)ψ(x)∗φ(x) =

∫
dx
√
−g ψ(x)∗φ(x) (2.4)

1Identical to A as a vector space, but with reversed product: a◦b◦ = (ba)◦.
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with ·∗ indicating complex conjugation and scalar product, in the spinor
space, being the natural one on C2n/2 .

3. D = DM := γµ∇µ := γµ(∂µ + ωµ) is the Dirac operator associated with
the Levi-Civita connection ω = dxµωµ of the metric g.

The elements f ∈ A act as multiplicative operators on H,

(f ψ)(x) ≡ f(x)ψ(x) , ∀f ∈ A, ψ ∈ H. (2.5)

Next, let (eµa , a = 1, 2, ...n) be an orthonormal basis of vector �elds which is
related to the natural basis (∂µ, µ = 1, 2, ...n) via the n-beins components eµa ,
(1.78), so that the components {gµν} of the curved metric and {ηab} of the �at
metric are related by

gµν = eµae
ν
bη

ab , ηab = eµae
ν
bgµν. (2.6)

The coe�cients (ω a
µb) of the Levi-Civita connection of the metric g de�ned by

∇µea = ω b
µaeb, are the solutions of the equations

∂µe
a
ν − ∂νeaµ − ω a

µbe
b
ν + ω a

νbe
b
µ = 0. (2.7)

The curved gamma matrices {γµ(x)} are de�ned in terms of the �at gamma
matrices {γa} by

γµ(x) = γaeµa (2.8)

and obey the relations

{γµ(x), γν(x)} = 2gµν(x) µ, ν = 1, 2, ..., n

{γa, γb} = 2ηab a, b = 1, 2, ..., n
(2.9)

The lift ∇S of the Levi-Civita connection to the bundle of spinors is then

Osµ = ∂µ + ωsµ = ∂µ +
1

4
ωabµ γ

aγb (2.10)

The Dirac operator can be locally written as

DM = γµ(x) (∂µ + ωSµ ) = γaeµa (∂µ + ωSµ ) (2.11)

Finally, we mention the Lichnérowicz formula for the square of the Dirac op-
erator,

D2
M = Os +

1

4
R (2.12)

where R is the scalar curvature of the metric and ∇S is the Laplacian operator
lifted to the bundle of spinors,

Os = −gµν(OsµOsν − ΓρµνO
s
ρ) (2.13)
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with Γρµν the Christo�el symbols of the connection.

If the dimension of the manifoldM is even, the previous spectral triple is
even by taking for grading operator just the product of all �at gamma matrices,

γM = i−n/2γ1 · · · γn (2.14)

with n being even that anti-commutes with the Dirac operator DM,

γMDM +DMγM = 0 (2.15)

Furthermore, we have
γ2
M = 1, γ∗M = γM. (2.16)

For the canonical triple of dimension n = 4 we can also de�ne as real struc-
ture operator the charge conjugation that permutes particles and antiparticles:

JM ≡ C = iγ0γ2 ◦ complex conjugation = i


0 1 0 0

−1 0 0 0

0 0 0 −1

0 0 1 0

 ◦ cc (2.17)

Theorem 2.2.1. The canonical triple allows to characterize the manifoldM,

in fact it is possible to show that:

1. The spaceM is the structure space of the algebra Ā of continuous func-

tions onM, which is the norm closure of A.

2. The geodesic distance between any two points onM is given by

d(p, q) = sup
f∈A
{|f(p)− f(q)| : || [DM, f ] || ≤ 1}, ∀p, q ∈M . (2.18)

3. The Riemannian measure onM is given by2∫
M
f ≡ c(n) trω(f |DM|−n) , ∀f ∈ A (2.19)

c(n) ≡ 2(n−[n/2]−1)πn/2nΓ
(n

2

)
.

For the proof of the theorem we refer to [65, �5.5].

2trω is the Diximier trace de�ned as trω(T ) := lim
N→∞

1
lnN

∑N−1
n=0 µn(T ), for all compact

operators T .
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In particular, we want to stress that the canonical triple gives an algebraic
formulation of the notion of Manifold, with the commutative algebra C∞(M)

giving the points of the space and the Dirac operator de�ning the metric
structure on it:

Canonical spectral triple −→ Riemannian spinmanifold

(C∞(M), L2(M, S), DM) (M, g)
(2.20)

with the �ve items of the canonical triple (C∞(M), L2(M, S), DM; γM, JM)

enjoy the following properties:

1. J2
M = −1 in dimensions 4 (J2

M = 1 in zero dimensions)
DJM = JMD i.e. particles and antiparticles have the same dynamics,
JM γM = γM JM .

2. The so called order-zero condition

[a, JMb
∗J−1

M ] = 0 ∀a, b ∈ A. (2.21)

3. [D, a] is bounded ∀a ∈ A and

[[D, a], JMb
∗JM ] = 0∀a, b ∈ A, (2.22)

this property is called order one condition because it states that the Dirac
operator is a �rst order di�erential operator.

4. γ2
M = 1 and [γM, a] = 0 ∀ a ∈ A, allowing the decomposition H =

HR ⊕HL.

5. DγM = −γMD, chirality does not change under time evolution,

6. The chirality can be written as a �nite sum γM =
∑

i aiJa
′
iJ
−1 which is

a 0-dim Hochschild cycle. This condition is called orientability.

7. The intersection form ∩ij = tr(γMpiJpjJ−1) is not degenerate, det∩ 6= 0.
The pi are minimal rank projections in A. This condition is called
Poincarè duality. Demanding the Poincarè duality to hold requires
an even number of summands in the matrix algebra [91]
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2.3 Almost commutative manifold

In the previous section we showed how it is possible to reconstruct a Rie-
mannian spin manifold starting from the canonical triple satisfying the seven
conditions enumerated above. These conditions are promoted to axioms for
a noncommutative spectral triple de�ning a noncommutative space, schemat-
ically

Canonical spectral triple −→ Riemannian spin manifold
(C∞(M), L2(M, S), DM; JM , γM) (M, g)

↓↓
Noncommutative spectral triple −→ Noncommutative space

(A, H, D; J,Γ)

Therefore, analogously to the description of a spin manifold M, we can
describe a generally noncommutative �nite space F by a triple

F = (AF ,HF , DF ) (2.23)

here we have a �nite-dimensional complex Hilbert space HF say of dimension
N , for exampleHF = CN ; the algebraAF is a (real or complex) matrix algebra,
which acts on the Hilbert space via matrix multiplication, AF = MN(C); the
operator DF is given by a complex N × N matrix acting on HF . Moreover,
we can make this noncommutative spectral triple a real and even spectral
triple by adding a chirality operator γF , that is a N × N matrix, and a anti-
unitary operator JF , that is a N×N matrix times a complex conjugation, both
satisfying conditions similar to the noncommutative spectral triple axioms 1 -
4 - 5 of �2.2.

Technically the simplest noncommutative examples are almost commuta-
tive. To construct the latter, we need a natural property of spectral triples,
commutative or not: the tensor product of two even spectral triples is an even
spectral triple. If both are commutative, i.e. describing two manifolds, then
their tensor product simply describes the direct product of the two manifolds.

De�nition. Let M be a Riemannian spin manifold with canonical triple
(C∞(M), L2(S,M), DM; JM ,γM) and let (AF , HF , DF ; JF , γF ) be a �nite
real spectral triple. The almost commutative manifold M× F is de�ned by
the real spectral triple:

M×F =
(
C∞(M)⊗AF , L2(S,M)⊗HF , DM ⊗ 1 + γM ⊗DF ; JM ⊗ JF , γM ⊗ γF

)
(2.24)
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Figure 2.1: Intuitive graphic representation of an almost-commutative mani-

fold in which the space-time sheet − represented by C∞(M) − is split in the

two sheets of the internal space F, given by the noncommutative algebra C⊕H

In the following, we explain in more details the elements of the almost commu-
tative manifold of the standard model coupled to the general relativity given
by, [27]

M×Fsm =
(
C∞(M)⊗Asm, L2(S,M)⊗Hsm, DM ⊗ 1 + γM ⊗Dsm; JM ⊗ Jsm, γM ⊗ γsm

)
.

(2.25)

2.3.1 The algebra of the standard model

Under assumptions on the representation − irreducibility and existence of a
separating vector − it is possible to show [16] that the most general �nite
algebra in (2.23) satisfying all conditions for the noncommutative space to be
a manifold is

AF = Ma(H)⊕M2a(C) a ∈ N∗. (2.26)

This algebra acts on an Hilbert space of dimension 2(2a)2 [15,16] presented in
the next paragraph explicitly.

To have a non trivial grading on Ma(H) the integer a must be at least 2,
meaning the simplest possibility is

AF = M2(H)⊕M4(C). (2.27)

The grading condition [a,Γ] = 0, with Γ given in (2.40), reduces the algebra
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to the left-right algebra:

ALR = HL ⊕HR ⊕M4(C). (2.28)

This is basically a Pati-Salam model [79], one of the not many models allowed
by the spectral action [66]. The order one condition reduces further the algebra
to [19] (for a review see also [96])

Asm = C⊕H⊕M3(C), (2.29)

where H are the quaternions, which we represent as 2×2 matrices, and M3(C)

are 3× 3 complex valued matrices. Asm is the algebra of the standard model,
that is the one whose unimodular group is U(1)×SU(2)×U(3). The details of
these reductions can be found in [36, appendix A].

This algebra - tensorized by C∞(M) - has to be represented on a Hilbert
space of dimension 2(2 · 2)2 = 32, that is the dimension of the standard model
Hilbert space for one particle generation, as explained below.

2.4 The Hilbert space for the standard model

The standard model algebra C∞(M)⊗ (C⊕H⊕M3(C)) is represented on the
Hilbert space L2(S,M) ⊗ Hsm whose elements are 384 components vectors
given by the 4 degrees of the Lorentz spinors times the 128 quantum numbers
of the standard model gauge group:

(
νeL
eL

)
,

(
νµL
µL

)
,

(
ντL
τL

)
(eR), (µR), (τR)

(νeR), (νµR), (ντR)

(
uiL
diL

)
,

(
ciL
siL

)
,

(
tiL
biL

)
(uiR), (ciR), (tR)

(diR), (siR), (biR)

We denote a generic fermion, i.e. an element of the Hilbert space, by

ΨCIm
sṡα (x) ∈ L2(S,M)⊗ HF = sp(L2(M))⊗HF . (2.30)

The position of the indices, whose meaning is described below, is a matter
of convention, Ψ is a C384-vector valued function on M, we write some of
them as upper indices and some as lower to avoid having six indices in a row.
Note the di�erence between HF and HF : the latter is a 96 dimensional space
and its vectors are to be multiplied by spinors, while the former is the larger
384 dimensional space which exhibits explicitly the fermion doubling over-
counting. Until the end of this chapter the Hilbert space will be considered
in its factorized form involving HF , while in the next two chapters - when we
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need larger symmetries - we will use the factorized form involving HF , since
it allows to consider algebras which do not act separately on spinors and the
internal part. This means that in addition of the internal degrees of freedom
used in [17], our tensorial notation also includes spin indices s, ṡ.

The meaning and range of the various indices of ΨCIm
sṡα (x) is the following:

s = r , l

ṡ = 0̇ , 1̇
are the spinor indices. They are not internal indices in the sense that

the algebra AF acts diagonally on it. They take two values each, and
together they make the four indices on an ordinary Dirac spinor. The
index s = r , l indicates chirality and runs over the right, left part of the
spinor, while ṡ di�erentiates particles from antiparticles. In the chiral
basis one thus has3

γµ =

(
02 σµṫṡ
σµṫṡ 02

)
st

, γ5 =

(
I2 02

02 −I2

)
st

, (2.31)

where for µ = 0, 1, 2, 3 one de�nes

σµ = {I2,−iσi} , σ̄µ = {I2, iσi} (2.32)

with σi, i = 1, 2, 3 the Pauli matrices, namely σ0 = I2,

σ1 = −iσ1 =

(
0 −i
−i 0

)
ṡṫ

σ2 = −iσ2 =

(
0 −1

1 0

)
ṡṫ

σ3 = −iσ3 =

(
−i 0

0 i

)
ṡṫ

.

I = 0, . . . 3 indicates a �lepto-colour� index. The zeroth �colour� actually identi�es
leptons while I = 1, 2, 3 are the usual three colours of QCD.

α = 1 . . . 4 is the �avour index. It runs over the set uR, dR, uL, dL when I = 1, 2, 3,
and νR, eR, νL, eL when I = 0. It repeats in the obvious way for the other
generations.

C = 0, 1 indicates whether we are considering �particles� (C = 0) or �antiparticles�
(C = 1).

m = 1, 2, 3 is the generation index. The representation of the algebra of the standard
model is diagonal in these indices, the Dirac operator is not, due to
Cabibbo-Kobayashi-Maskawa mixing parameters.

3The multi-index st after the closing parenthesis is to recall that the entries of the γ's

matrices are labelled by indices s, t taking values in the set {l, r}. For instance the l-row,

l-column block of γ5 is I2. Similarly the entries of the σ's matrices are labelled by ṡ, ṫ indices

taking value in the set
{

0̇, 1̇
}
: for instance σ20̇

0̇ = σ21̇
1̇ = 0.
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For the remainder of this work the generation index m does not play any role.
We will therefore suppress it and work with one generation, thus e�ectively
considering HF and HF having dimension 32 and 128 respectively.

A generic element A = {Q,M} in C∞(M) ⊗ AF (with Q ∈ C∞(M) ⊗
M2(H) and M ∈ C∞(M) ⊗M4(C)) acts as a matrix on vectors of the �nite
Hilbert space HF with index structure (2.30), it is therefore a matrix with
twice as many indices4:

A tṫCIβ
sṡDJα = δtsδ

ṫ
ṡ

(
δC0 δ

I
JQ

β
α + δC1M

I
Jδ
β
α

)
. (2.33)

Here Qβ
α evaluated at x ∈ M denotes the entries Qβ

α(x) ∈ C of the matrix
Q(x) ∈M2(H), viewed as a 4×4 complex matrix with components labelled by
the α, β �avour indices. SimilarilyM I

J evaluated at x stands for the components
of the matrixM(x) ∈M4(C), whose entries are labelled by the I, J lepto-colour
indices.

The two Kronecker δ at the beginning of the expression for A show that the
algebra acts in a trivial way (i.e. as the identity operator) on the spin indices.
In other words the �nite dimensional algebra AF acts only on the internal
indices. The two terms in the bracket act only on particles and antiparticles
respectively, as signi�ed by δC0 and δC1 . They are such that the order zero
condition holds. Note in fact that for particles the action is trivial on the
I, J indices, and for antiparticles is trivial on the α, β indices. Since the real
structure J exchanges particles with antiparticles the two A and JBJ−1 will
commute. There is no room for the representation of a larger algebra satisfying
the order 0 condition, unless more fermions are added, or one renounces to the
trivial action on the spin indices. The second possibility is the one we will
use for the grand algebra in the next chapter, when we introduce the Grand
Symmetry model.

2.4.1 The Dirac operator for the standard model

The Dirac operator D for the spectral triple of the standard model is

D = /∂ ⊗ IF + γ5 ⊗DF (2.34)

4D, J, β, have the same range as C, I, α and serve as contracting indices.
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the �nite dimensional Dirac operator DF = D0 +DR is a 96×96 matrix where5

D0 :=


08N M0 08N 08N

M†
0 08N 08N 08N

08N 08N 08N M̄0

08N 08N MT
0 08N

 and DR :=


08N 08N MR 08N

08N 08N 08N 08N

M†
R 08N 08N 08N

08N 08N 08N 08N

 .

(2.35)
The matrixM0 contains the Yukawa couplings of the fermions and the mix-
ing matrices (CKM for quarks and NPMS for neutrinos). It couples left with
right particles. The matrix MR = MT

R contains Majorana masses and cou-
ples right particles with right antiparticles. The Dirac operator is a datum of
the problem, i.e. the fermion masses (Yukawa couplings) are known quantities.
The matrix DF , is �sparse�, meaning than most of its entries are zeros. Su-
persymmetry may be described ��lling� some of these voids with the bosonic
superpartners of the fermions [95].

In tensorial notation, the charge conjugation operator J = JM ⊗ JF is

JM = iγ0γ2cc = i

(
σ2 ṫ

ṡ 02

02 σ2 ṫ
ṡ

)
st

cc = −iηtsτ ṫṡ cc, (2.36)

while

JF =

(
0 I16

I16 0

)
CD

cc, (2.37)

hence
(JΨ)CI

sṡα = −iηts τ ṫṡ ξCD δ
Iβ
Jα Ψ̄DJ

tṫβ (2.38)

where for any pair of indices x, y ∈ [1, ..., n] one de�nes

ξxy =

(
0n In
In 0n

)
, ηxy =

(
In 0n
0n −In

)
, τxy =

(
0n −In
In 0n

)
. (2.39)

The chirality Γ = γM ⊗ γF acts as γ5 = ηtsδ
ṫ
ṡ on the spin indices, and as

γF = ηCD δ
I
J η

β
α on the internal indices:

(ΓΨ)CI
sṡα = ηtsδ

ṫ
ṡ η

C
D δ

I
J η

β
α ΨDJ

tṫβ. (2.40)

The operators γF , JF and DF are such that

J2
F = I, JFDF = DFJF , JγF = −γFJF , (2.41)

meaning that the �nite part of the spectral triple has KO-dimension 6 [11,19].
The commutative part has KO-dimension 4, and the full spectral triple has
KO-dimension 6 + 4 = 10 mod 8 = 2.

5Here¯denotes the complex conjugation, † the adjoint, T the transpose.
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2.5 The spectral action principle

Given an almost commutative geometry (A,H, D; J,Γ), a �uctuation of the

metric6 [27] means the substitution of D by the gauge Dirac operator [84]

DA ≡ D + A + JAJ−1 (2.42)

where A =
∑

i ai[D, bi], with ai, bi ∈ A, is a generalized gauge potential. It is
made of two parts: a scalar �eld onM with value in AF , and 1-form �eld on
M with value in the group of unitaries of AF . In case AF = Asm is the algebra
of the standard model (discussed in �2.3.1), the 1-form �elds yield the vector
bosons mediating the three fundamental interactions, and the scalar �eld is
the Higgs �eld H.

Now, let us consider the spectral action principle [14] to derive the bosonic
action of the Yang-Mills gauge �elds coupled to the General Relativity. One
cannot construct too many invariants by using the spectral triple data. One
obvious choice is the ordinary fermionic action

SF = 〈Jψ,DAψ〉 . (2.43)

As well, one can use the operator trace Tr in H to construct invariants from
the Dirac operator alone. In this way one obtains the spectral action

SΛ (DA) = Tr

[
f

(
DA

Λ

)]
, (2.44)

where f is a function restricted only by the requirement that trace in (2.44)
exists. The function f is usually taken as a cuto� function since it has to
regularize (2.44) at large eigenvalues of D. Λ is a cuto� scale.

One can use the heat kernel expansion of an operator7D2

Tr

[
f

(
DA

Λ

)]
=
∞∑
n=0

F4−nΛ4−nan (2.45)

where F is de�ned by F (u) = f(v) with u = v2, thus F (D2) = f(D). If we
de�ne

fk =

∫ ∞
0

f(v)vk−1dv, k > 0 (2.46)

6The name comes from the fact that the substitution D → DA modi�es the metric

associated to the spectral triple. See [75] for a detailed account on this point.
7See [49,98] for a detailed overview of the heat trace asymptotics.
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then

F4 =

∫ ∞
0

F (u)udu = 2

∫ ∞
0

F (v)v3dv = 2f4

F2 =

∫ ∞
0

F (u)du = 2

∫ ∞
0

F (v)vdv = 2f2

F0 = F (0) = f(0) = f0

F−2n = (−1)nF (n)(0) =

[
(−1)n

(
1

2v

d

dv

)2

f

]
(0) n ≥ 1 (2.47)

In four dimensions the �rst four terms of the asymptotic expansion are

SΛ (DA) = Λ4F4a0

(
D2
A

)
+ Λ2F2a2

(
D2
A

)
+ F0a4

(
D2
A

)
+

1

Λ2
F−2a6

(
D2
A

)
+ . . .

(2.48)
D2
A is an operator of Laplace type, that means it can be represented as

D2
A = −(∇2 + E) , (2.49)

where ∇ is a covariant derivative, ∇µ = ∂µ + ωµ, E is a zeroth order term.
Denoting by tr the usual matrix trace one may write

a0 =
1

16π2

∫
d4x
√
gtr (1) ,

a2 =
1

16π2

1

6

∫
d4x
√
gtr [6E +R · 1] ,

a4 =
1

16π2

1

360

∫
d4x
√
gtr

[(
12R;µµ +5R2 − 2RµνR

µν + 2Rµν%σR
µν%σ

)
· 1
]

+
1

16π2

1

360

∫
d4x
√
gtr

[
60E;µµ +60ER + 180E2 + 30ΩµνΩ

µν
]
. (2.50)

Here Rµνρσ, Rµν and R are the Riemann tensor, the Ricci tensor and the
curvature scalar, respectively. The semicolon denotes covariant derivatives,
and Ωµν = ∂µων − ∂νωµ + [ωµ, ων ].

The expression for a6 is rather long (see [98]), but it simpli�es if one con-
siders a �at-space time

aflat6 =
1

16π2

∫
d4x (ΣΩ + ΣE + ΣEΩ) , (2.51)

where

ΣΩ = tr

[
− 1

90
Ωµν;τΩ

µν;τ +
1

180
Ωµν

;νΩ
;ρ

µρ −
1

30
ΩµνΩ

ντΩ µ
τ

]
, (2.52)

ΣEΩ = tr

[
1

12
EΩµνΩ

µν

]
, (2.53)

ΣE = tr

[
− 1

12
E;µE;µ +

1

6
E3

]
, (2.54)
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Taking just the contributions from a0, a2 and a4 to the expansion (2.48) one
reproduces quite well the bosonic part of the standard model action,

SΛ(DA) =

∫
d4x
√
g

1

2π2
F0

[
a(∇νH)2 + 2e(HH) + b(HH)2 +

d

2

]
+

+

∫
d4x
√
g

1

2π2
F0

[
5

3
g2

1B
2
µν + g2

2W
2
µν + g2

3V
2
µν

]
+Gravity Terms+

+

∫
d4x
√
g

[
24

π2
F4Λ4 − 2

π2
F2Λ2

(
1

2
aHH +

c

4

)]
, (2.55)

where Bµν ,Wµν andVµν are respectively the �eld strength associated with the
gauge groups U(1), SU(2) and SU(3); H is identi�ed with the Higgs �eld. The
three momenta F0, F2 and F4 can be used to specify the initial conditions of
the gauge couplings, the Newton constant and the cosmological constant. The
coe�cients a, b, c, d, and e are related to the fermionic Yukawa couplings and
Majorana mass matrix and will be written in the crude approximation where
the Yukawa couplings of the top quark ytop and the neutrino (both Majorana
yνR and Dirac yν) are dominant; in addition, we introduce the dimensionless
constant ρ de�ned by the ratio between the Dirac Yukawa couplings yν = ρytop:

a = tr
[
y∗νyν + y∗eye + 3

(
y∗topytop + y∗dyd

)]
' (3 + ρ2)y2

top

b = tr
[
(y∗νyν)2 + (y∗eye)

2 + 3
(
y∗topytop + y∗dyd

)2] ' (3 + ρ4)y4
top

c = tr
[
y∗νRyνR

]
' y2

νR

d = tr
[(
y∗νRyνR

)2] ' y4
νR

e = tr
[
y∗νyνy

∗
νR
yνR
]
' ρ2y2

topy
2
νR

(2.56)

Finally, the gravity terms, including Rµνρσ, Rµν and R, collected from (2.50)
are

Gravity terms =
1

2π2
F0

∫
d4x
√
g

[
1

30
(−18C2

µνρσ + 11R∗R∗) +
1

6
aRH̄H +

1

12
cR

]
+

− 2

π2
F2Λ2

∫
d4x
√
gR. (2.57)

In order to have the classical form for the bosonic standard model action
we require

5

3
g2

1 = g2
2 = g2

3 ≡ g

aF2Λ2 − e F0

aF0

≡ m2
0

F0g
2

2π2
=

1

4
(2.58)
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Moreover, the normalization of the kinetic term 1
2
|∇µH|2 in (2.55), leads to a

rescaling

H → H =

√
2

3 + ρ2

g

yt
H (2.59)

where g is the gauge coupling to the uni�cation scale. De�ning the auto-
interaction parameter λ0 as

F0(3 + ρ4)

2π2
y4
t ≡ λ0 (2.60)

and gathering together the de�nitions (2.58),(2.60) the action becomes,

SΛ(DA) =

∫
d4x
√
g

[
1

2
(∇νH)2 − m2

0

2
(HH) + λ(HH)2

]
+

+

∫
d4x
√
g

[
+

1

4
B2
µν +

1

4
W 2
µν +

1

4
V 2
µν

]
+

+

∫
d4x
√
g

[
−24

π2
F4Λ4 +

d

4π2
F0 −

c

π2
F2Λ2

]
+ GravityTerms.(2.61)

The fermionic action of the standard model is given by the usual de�nition

〈Jψ,DAψ〉 = 〈Jψ,Dψ〉+ 〈Jψ,Aψ〉+ 〈Jψ, JAJ−1ψ〉 (2.62)

the �rst term gives kinetic terms while the remaining ones return radiation-
matter interaction and Yukawa couplings (see [96, �6.4]). Moreover, we obtain
a relation between the fermion mass matricesM and the gauge coupling uni-
�cation g: in fact together with the rescaling of the Higgs �eld (2.59) we have
the rescatation of its v.e.v. v0, which gives mass to the fermions ,

ψ̄Hψ −→ ψ̄ (h+ v0)ψ −−→
√

2
a
g ψ̄ (h+ v0)ψ

(symmetry breaking) (rescaling (2.59))
(2.63)

since the fermion masses are given by the coe�cients in front of ψ̄ψ and Yukawa
couplings are de�ned as yfermion = mfermion

√
2/v0, we have for the top mass√

2

a
gv0 = mtop ≡

1√
2
ytv0 ⇒ yt =

2√
a
g (2.64)

since the top mass dominates the relation, it becomes

yt =
2√

3 + ρ2
g (2.65)

Some years ago the data were compatible with the presence of a single
uni�cation point Λ. This was one of the motivations behind the building
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of grand uni�ed theories. Such a feature is however desirable even without
the presence of a larger gauge symmetry group which breaks to the standard
model with the usual mechanisms. In particular, the approach to �eld theory,
based on noncommutative geometry and spectral physics [14], needs a scale to
regularize the theory. In this respect, the �nite mode regularization [3, 4, 45]
is ideally suited. In this case Λ is also the �eld theory cuto�. In fact using
this regularization it is possible to generate the bosonic action starting form
the fermionic one [6,7,61,62], or describe induced gravity on an equal footing
with the anomaly-induced e�ective action [64].

2.6 Running coupling constants from the spec-

tral action principle

The usual strategy is to use the spectral action as an e�ective action at a
�xed scale, of the order of the uni�cation scale, and to impose the additional
relations (2.60, 2.65) between the independent parameters of the standard
model as a boundary condition at that scale. One can then let these parameters
run down using the RG equations to their value at ordinary scale.

The SM running coupling constants at one loop, associated to (2.61), are
ruled by the following equations, where we de�ned the dot derivations as
16π2µ d

dµ
:

ġi =
(
big

3
i

)
with

(
b1, b2, b3 =

41

6
,−19

6
,−7

)
λ̇ =

(
24λ2 −

(
3g2

1 + 9g2
2

)
λ+

3

8

(
g4

1 + 2g2
1g

2
2 + 3g4

2

)
+
(
12y2

t + 4y2
ν

)
λ− 6y4

t − 2y4
ν

)
ẏt =

(
9

2
y2
t + y2

ν −
17

12
g2

1 −
9

4
g2

2 − 8g2
3

)
ẏν =

(
5

2
y2
ν + 3y2

t −
3

4
g2

1 −
9

4
g2

2

)
(2.66)

For our purpose one loop is su�cient, the running up to three loops can be
found in [25,69�71] and references therein. In the present case, one separately
solves the equations for the gauge coupling constants and the other couplings;
for the former, the boundary conditions are given at the electro-weak scale by
the experimental values [12],

g1(mZ) = 0.358, g2(mZ) = 0.651, g3(mZ) = 1.221 (2.67)

while for the other coupling constants λ, yt and yν we take the relations (2.60,
2.65) as boundary conditions at the cut-o� scale Λ that is the scale at which
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the spectral action lives. These boundary conditions use two free parameters:
the value of the uni�ed gauge coupling constants, g, and the ratio between the
top and neutrino Yukawa couplings ρ ≡ yν(Λ)/yt(Λ),

λ(Λ) =
4 (ρ2 + 3)

(ρ+ 3)2 g
2

yt(Λ) =

√
4

ρ2 + 3
g

yν(Λ) =

√
4ρ2

ρ2 + 3
g (2.68)

Since the coupling constants gi do not meet exactly, forming a triangle, one
takes for the uni�cation energy Λ a range of values beetwen the extremal points
of the triangle. The results, for a particular set of values of the free parameters
(g, ρ,Λ) = (0.530, 1.25, 1016GeV ), are plotted in �g. 2.2.
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Figure 2.2: The standard model running for the gauge coupling constant

(left) and the Yukawa coupling (right) in the spectral action approach for

(g, ρ,Λ) = (0.530, 1.25, 1016GeV ). The red dot indicates the starting value of

the parameters (Log10( Λ
GeV

), g) and (Log10( Λ
GeV

), λ(Λ)).

After running these couplings from uni�cation energy Λ to low energy MZ ,
we compare the values of yt(MZ) and λ(MZ) with their experimental values

yexpt (MZ) = 0.997, λexp(MZ) = 0.130 (2.69)

In �g. 2.2 we can see the good agreement between yt(MZ) predicted by the spec-
tral action and its experimental value. Very di�erent is the case for the Higgs
self-coupling λ, �g. 2.3, whose predicted value, in the spectral action approach,
is around 0.240 with a resulting Higgs mass MH =

√
2λv2 ' 170 GeV. On

the other hand, the experimental value for the Higgs mass ('125 GeV) leads
to the instability problem for the autointeraction parameter λ, which becomes



CHAPTER 2. SPECTRAL GEOMETRY 44

4 6 8 10 12 14 16
Log10HΜ�GeVL

-0.2

-0.1

0.1

0.2

0.3

ΛHΜL

Figure 2.3: On the left, the standard model running for the coupling constant

λ starting from λ(mZ) = 0.130 corresponding to MH = 125GeV . The dashed

and solid lines represent the one and two loop respectively. On the right, the

λ behaviour starting from the red point of the spectral action and culminating

in the prediction λ(mZ) = 0.240.

negative at a scale of the order of 108GeV ; two loop calculations make the
situation slightly worse as one can see on the left side of �g. 2.3.

A negative λ means an instability and renders the model inconsistent, al-
though it may just mean the presence of a long lived metastable state [33,38].
However, the spectral action model can be �xed [18,21,36,42,93] with the intro-
duction of a scalar �eld, σ, possibly coming from a larger symmetry, connected
with the �uctuations of a Majorana neutrino mass term in the action, [24,39],
as we show in next chapter with the introduction of the Grand Symmetry
model.



Chapter 3

The grand symmetry model

In the previous chapter we showed how the coupling constants of the standard
model come out to be function of the gauge coupling constants to the uni�ca-
tion scale g(Λ) and of the parameters in DF , in particular the ratio between
the top and neutrino Yukawa couplings ρ = yt(Λ)/yν(Λ). In this sense the
model predicts the Higgs and the top mass as functions of the gauge couplings
and of the uni�cation scale at which the three gauge couplings constants co-
incide. This last point is known to be true only in an approximate sense. If
one takes the uni�cation scale to be Λ = 1017GeV then one �nds - assuming
the big desert hypothesis - a Higgs mass of the order of 170 GeV. This value is
not in agreement with the recent LHC experiments [1, 23] and it was already
excluded by Tevatron [83] in 2008.

One can think of extending the model to solve this. There have been several
proposals in this sense, and some of them are reviewed in [86]. In particular
C. Stephan has proposed in [93] that the presence of an extra scalar �eld,
corresponding to the breaking of a extra U(1) symmetry, can bring down the
mass of the Higgs to 126 GeV. This model however contains extra fermions.
Earlier examples of extensions are in [77,82,87,89,90,92,94].

Recently, in [18] the noncommutative geometry model was enhanced to also
overcome the high energies instability of a Higgs boson with mass around 126
GeV, in addition to predicting the correct mass. This is done ruling out the
hypothesis of the �big desert� and considering an additional scalar �eld σ that
lives at high energies and gives mass to the Majorana neutrinos. Explicitly σ is
obtained in [18] by turning (inside the �nite dimensional part DF of the Dirac
operator) the constant-entry yR of the Majorana matrixMR into a �eld:

yR → yRσ(x) (3.1)

However, the origin of the �eld σ is quite di�erent from the Higgs. The
latter, like the other bosons, are components of the gauge potential A. They

45
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are obtained from the commutator of DF with the algebra. DF has constant
components, that is without manifold dependence, but when these numbers are
commuted with elements of the algebra they give rise to the desired bosonic
�elds. One could hope to obtain σ in a similar way, by considering yR as
a Yukawa coupling. As explained in [36, appendix B] the problem is that
in taking the commutator with elements of the algebra Asm, the coe�cient
yR does not contribute to the potential because of the �rst order condition.
This forced the authors of [18] to �promote to a �eld� only the entry yR, in
a somewhat arbitrary way. Indeed the components of DF cannot all be �elds
to start with, otherwise the model would loose its predictive power, in that
all Yukawa couplings would be �elds, and the masses of all fermions would
run independently, thus making any prediction impossible. In the following
(�3.1 and �3.2) we show that there is a way to obtain the �eld σ from yR by a
�uctuation of the metric, provided one starts with an algebra larger than the
one of the standard model.

3.1 The grand algebra

Let us restart from the most general �nite algebra that satis�es all the condi-
tions for the noncommutative space to be a manifold, eq. (2.26). The standard
model coupled with gravity is described by the case a = 2. The case a = 3

would require a 72-dimensional Hilbert space, and there is no obvious way to
build it from the particle content of the standard model. The next case, a = 4,
requires the Hilbert space to have dimension 128, which is the dimension of
HF , as de�ned in (2.30). Said in an other way, considering together the spin
and internal degrees of freedom as part of the �grand Hilbert space� HF gives
precisely the number of dimension to represent the grand algebra

AG = M4(H)⊕M8(C). (3.2)

This means that C∞(M)⊗AG can be represented on the same Hilbert space
H as C∞(M) ⊗ AF . The only di�erence is that one needs to factorize H in
(2.30) as L2(M)⊗HF instead of sp(L2(M))⊗HF , that is possible at least in a
local trivialization. It is a remarkable �coincidence� that the passage from the
standard model to the grand algebra, namely from a = 2 to a′ = 4 = 2a,
requires to multiply the dimension of the internal Hilbert space by 4 (for
2(2a′)2 = 2(4a)2 = 4(2(2a)2)) which is precisely the dimension of spinors in
a space-time of dimension 4. Once more we stress that no new particles are
introduced: AF acts on HF = C32, AG acts on HF = C128 but C∞(M)⊗AG
and C∞(M)⊗AF acts on the same Hilbert space H. Since the Hilbert space
is not changed, the Dirac operator will remain the same as in the standard
model case, eq. (2.34).
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The representation of the grand algebra AG on HF is more involved than
the one of AF on HF , given in section 2.4. In analogy with what was done
earlier we consider an element of AG as two 8 × 8 matrices, and see both of
them having a block structure of four 4 × 4 matrices. Thus the component
Q ∈M4(H) of the grand algebra gets two new extra indices with respect to the
quaternionic component of AF , and the same is true for M ∈M8(C). For the
quaternions we choose to identify these two new indices with the spinor (anti)-
particles indices 0̇, 1̇; and for the complex matrices with the spinor left-right
indices r, l introduced in �2.4. The choice is not unique: the other alternative,
characterized by indices r, l for quaternions and 0̇, 1̇ for complex matrices, is
almost equivalent to the �rst one, since leads to the same �nal result. However
in the next chapter we prefer changing representation, dealing with this last
representation for technical details explained in �4.4.

In all the cases, having both sectors diagonal on di�erent indices ensures
that the order zero condition is satis�ed, as explained below.

We have

Q =

(
Q0̇β

0̇α
Q1̇β

0̇α

Q0̇β

1̇α
Q1̇β

1̇α

)
ṡṫ

∈M4(H), M =

(
M rI

rJ M lI
rJ

M rI
lJ M lI

lJ

)
st

∈M8(C) (3.3)

where, for any ṡ, ṫ ∈
{

0̇, 1̇
}
and s, t ∈ {l, r}, the matrices

Qṫβ
ṡα ∈M2(H), M tI

sJ ∈M4(C) (3.4)

and the representation of the element A = (Q,M) ∈ AG is1:

AC t Iṫβ
DsJṡα =

(
δC0 δ

t
sδ

I
JQ

ṫβ
ṡα + δC1M

tI
sJδ

ṫ
ṡδ
β
α

)
. (3.5)

This representation is to be compared with (2.33). As before the quater-
nionic part acts on the particle sector of the internal indices (δC0 ) and the
complex part on the antiparticle sector (δC1 ). The di�erence is that the grand
algebra acts in a non-diagonal way not only on the �avour and lepto-colour
indices α, I, but also on the s and ṡ indices. The novelty is in this mixing of
internal and space-time indices: at the grand algebra level, the spin structure
is somehow hidden. Speci�cally, the representation (3.5) is not invariant under
the action of the Lorentz group (or rather of Spin(4) since we are dealing with
spin representation, in euclidean signature) as addressed in §3.3.2.

The representation of C∞(M)⊗AG is given by (3.5) where the entries of Q
andM are now functions onM. Since the total Hilbert space H is unchanged,

1To take into account the non-diagonal action of Q and M , it is convenient to change

the order of the indices with respect to (2.33). We now adopt the order: C, s, I, ṡ, α.
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there is not reason to change the real structure and the grading. In particular
one easily checks that the order zero condition holds true for the grand algebra[

A, JBJ−1
]

= 0 ∀A,B ∈ AG. (3.6)

This is because the real structure J in (2.36) acts as the charge conjugation
operator

JM = iγ0γ2cc = i

(
σ2 ṫ

ṡ 02

02 σ2 ṫ
ṡ

)
st

cc (3.7)

on the spinor indices, and as JF , eq. (2.37), in HF (where it exchanges the two
blocks corresponding to particles and antiparticles). In tensorial notations one
has

(JΨ)CI
sṡα = −iηts τ ṫṡ ξCD δI

J δ
β
α Ψ̄DJ

tṫβ (3.8)

where we use Einstein summation and de�ne

ξ =

(
0 1

1 0

)
CD

, η =

(
1 0

0 −1

)
st

, τ =

(
0 −1

1 0

)
ṡṫ

. (3.9)

Hence J preserves the indices structure in (3.5), apart from the exchange
δC0 ↔ δC1 : since Q and M act on di�erent indices, the commutation (3.6)
is assured. Notice that without the enlargement of the action of the �nite
dimensional algebra to the spinorial indices, it would have been impossible
to �nd a representation of AG which satis�es the order zero condition, unless
one adds more fermions. In this respect the grand algebra is not anymore an
internal algebra.

3.2 The Majorana coupling and the σ �eld

In the following we see how the grand algebra makes possible to have a Ma-
jorana mass giving rise to the �eld σ. Although the calculations are quite
involved, the principle is quite simple. Since we have a larger algebra, the Ma-
jorana Dirac operator needs not be diagonal in the spin indices. This added
degree of freedom enables the possibility to satisfy the order one condition in a
non trivial way, namely to still have a one form which commutes with the op-
posite algebra, but that at the same time gives rise to a �eld. In the following
we will show this analytically, all calculations have also been performed with
a symbolic manipulation program, leading to the same results.

We �rst show in �3.2.1 the e�ects of the grading condition on the grand
algebra, leading to a �rst reduced algebra. Then we work out in �3.2.2 the
most general Dirac operator DM with Majorana coupling compatible with the
grading condition and the KO dimension of the spectral triple of the standard
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model. In �3.2.3 we study the �rst order condition induced by DM and the
subsequent reduction AG → A′′G of the grand algebra. Finally we show in
�3.2.4 that DM can be �uctuated by A′′G so that to generate the �eld σ as
required by (3.1).

3.2.1 Reduction due to grading

In a way similar to the reduction AF → ALR of �2.3.1, the grading condition
imposes a reduction AG → A′G where

A′G = (M2(H)L ⊕M2(H)R)⊕ (M4(C)l ⊕M4(C)r) . (3.10)

To see it, recall that the chirality Γ in (2.40) acts as γ5 = ηtsδ
ṫ
ṡ on the spin

indices, and as γF on the internal indices:

(ΓΨ)CI
sṡα = ηtsδ

ṫ
ṡ η

C
D δ

I
J η

β
α ΨDJ

tṫβ (3.11)

where ηCD and ηβα are de�ned as in (2.39). Changing the order of the indices −
so that to match (3.5) − one has

Γ = ηCD η
t
s δ

I
J δ

ṫ
ṡ η

β
α. (3.12)

Since the representation of AG is diagonal in the C index, the grading condition
is satis�ed if and only if it is satis�ed by both sectors - quaternionic and
complex - independently.

For quaternions, one asks [ηtsδ
I
Jδ
ṫ
ṡη
β
α, δ

t
sδ

I
JQ

ṫβ
ṡα] = 0, that is [δṫṡη

β
α, Q

ṫβ
ṡα] = 0.

This imposes

Q =

(
Q0̇β

0̇α
Q1̇β

0̇α

Q0̇β

1̇α
Q1̇β

1̇α

)
ṡṫ

(3.13)

where for any ṡ, ṫ ∈
{

0̇, 1̇
}
one has

Qṡβ

ṫα
=

(
qR

ṡ
ṫ

02

02 qL
ṡ
ṫ

)
αβ

with qR
ṡ
ṫ , qL

ṡ
ṫ ∈ H. (3.14)

Elements of the kind (3.13) generates M2(H)R⊕M2(H)L. Hence the reduction

M4(H)→M2(H)R ⊕M2(H)L. (3.15)

For matrices, one asks [ηtsδ
I
Jδ
ṫ
ṡη
β
α,M

tI
sJδ

ṫ
ṡ δ

β
α] = 0, that is [ηtsδ

I
J,M

tI
sJ] = 0.

This forces

M =

(
M rI

rJ 04

04 M lI
lJ

)
st

, (3.16)
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meaning the reduction

M8(C)→M4(C)r ⊕M4(C)l. (3.17)

Hence the reduction of the grand algebra to A′G. Notice that the grading
causes a reduction not only in the quaternionic sector, as in the case of AF ,
but also in the complex matrix part. This is because AG is not anymore acting
only on internal indices.

3.2.2 Dirac operator with Majorana mass term

We will consider a Majorana-like mass only for the right handed neutrinos. The
natural mass scale of this matrix is very high, so that it provides a natural see-
saw mechanism (although in realistic scheme the right handed neutrino mass is
somewhat lower than the Planck scale). The standard model can be considered
as a low energy limit of the theory we present in this section. We will assume
therefore that all the quantities involved in the internal Dirac operator DF ,
except the Majorana coupling, are small compared to the scale of the breaking
described here. We take advantage of the �exibility introduced by the grand
algebra and we do not assume a priori that the Majorana coupling is diagonal
on the spin indices. This means that instead of γ5⊗DF as in (2.34) we consider
a �nite dimensional matrix DM containing a Majorana mass term with non
trivial action on the spin indices. Right handed neutrinos have indices I = 0

and α = 1, so that the most general Majorana coupling matrix is

DM = R⊗DR =

(
064 DM

D†M 064

)
CD

with DM = Rtṫ
sṡ ΞI

J Ξβ
α (3.18)

where R is - at this stage - an arbitrary 4 × 4 complex matrix while Ξ is the
projector on the �rst component

Ξ =

(
1 0

0 03

)
. (3.19)

The constraints on the matrix R come from the grading condition and the
real structure. Remembering (3.12), one has that ΞI

J and Ξβ
α commute with

δI
J and ηβα, while the r.h.s. of (3.18) as a matrix in CD anticommutes with ηCD.
So DM anticommutes with Γ if and only if R commutes with γ5, meaning that
R is block diagonal

R =

(
Rrṫ
rṡ 02

02 Rlṫ
lṡ

)
st

=:

(
rṫṡ 02

02 lṫṡ

)
st

. (3.20)
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The requirement to have KO-dimension 2 mod 8 means that JDM = DMJ .
Remembering (2.38), this is equivalent to[

−i
(

04 ηtsτ
ṫ
ṡ

ηtsτ
ṫ
ṡ 04

)
CD

cc ,

(
04 Rtṫ

sṡ

R†tṫsṡ 04

)
CD

]
= 0, (3.21)

that is

(τ ⊗ η)RT −R(τ ⊗ η) = 0, (τ ⊗ η)R̄ − R†(τ ⊗ η) = 0. (3.22)

By (3.20), the �rst equation above yields (omitting the st and ṡṫ indices)(
τ 02

02 −τ

)(
rT 02

02 lT

)
−
(

r 02

02 l

)(
τ 02

02 −τ

)
= 0 (3.23)

i.e. rτ = τ rT and lτ = τ lT , whose solution is

rl̇ṡ = yRδ
l̇
ṡ , ll̇ṡ = ylδ

l̇
ṡ yR, yl ∈ C. (3.24)

The second equation in (3.22) is then satis�ed as well.

Relations (3.18), (3.20) and (3.24) give the most general Dirac operator
DM on L2(R4) ⊗ HF , with Majorana mass term, coupling the right neutrino
with its anti-particle. In tensorial notations, one has

DM = κts ΞI
J δ

ṫ
ṡ Ξβ

α where κ =

(
yR 0

0 yl

)
st

. (3.25)

By choosing yR = −yl = 1, one getsR = γ5 and one retrieves the Majorana
coupling

DM = γ5 ⊗DR (3.26)

of the standard model. However, at this stage nothing forces us to make this
choice.

3.2.3 First order condition for Majorana Dirac operator

We aim at obtaining the �eld σ as a �uctuation of DM , compatible with the
�rst order condition. By (3.5) a generic element (Q,M) of AG acts as2

A =

(
δt I
sJQ

ṫβ
ṡα 064

064 M t I
sJ δ

ṫα
ṡβ

)
CD

=:

(
Q 064

064 M

)
CD

. (3.27)

2To lighten notation, for any pairs of indices x, y and u, v we write δxuyv = δxy δ
u
v .
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As well, with B = (R,N) ∈ AG, a generic element of the opposite algebra is

JBJ−1 = −JBJ = −

(
Ñ tI
sJ δ

ṫα
ṡβ 064

064 δt I
sJR̃

ṫβ
ṡβ

)
CD

= −
(

Ñ 064

064 R̃

)
CD

(3.28)

where we de�ne

R̃ṫβ
ṡα = (τR̄τ)ṫβṡα, Ñ tI

sJ = −(ηN̄η)tIsJ = −N̄ tI
sJ. (3.29)

The �rst order condition for DM means that

0 = [[DM , A] , JBJ−1] =

[[(
064 DM

D†M 064

)
CD

,

(
Q 064

064 M

)
CD

]
,

(
Ñ 064

064 R̃

)
CD

]

=

(
064 DMMR̃− QDM R̃− ÑDMM + ÑQDM

D†MQÑ−MD†M Ñ− R̃D†MQ + R̃MD†M 064

)
CD

.

We look for solutions that satisfy the grading condition, i.e. inA′G. Inspired
by the �rst order condition for ALR and DF described in [36, appendix A], we
also impose the reductions

M4(C)r → Cr ⊕M3(C)r, M4(C)l → Cl ⊕M3(C)l (3.30)

as well as
M2(H)R → HR ⊕H′R, M2(H)L → HL ⊕H′L. (3.31)

The reduction (3.30) is obtained assuming that the components in (3.16) are
(i, j = 1, 2, 3)

M rI
rJ =

(
M r0

r0 0

0 M ri
rj

)
IJ

=:

(
mr 0

0 M ri
rj

)
IJ

mr ∈ Cr,

M lI
lJ =

(
M l0

l0 0

0 M li
lj

)
IJ

=:

(
ml 0

0 M li
lj

)
IJ

ml ∈ Cl. (3.32)

The reduction (3.31) is obtained imposing that the o�-diagonal part of Q in
(3.13) is zero:

Q =

(
Q0̇β

0̇α
04

04 Q1̇β

1̇α

)
ṡṫ

(3.33)

where

Q0̇β

0̇α
=

(
qR 02

02 qL

)
αβ

, Q1̇β

1̇α
=

(
q′R 02

02 q′L

)
αβ

qR,L ∈ HR,L, q′R,L ∈ H′R,L.

(3.34)
Finally we impose that qR and q′R are diagonal quaternions, that is

qR =

(
cR 0

0 c̄R

)
ṡṫ

, q′R =

(
c′R 0

0 c̄′R

)
ṡṫ

with cR, c′R ∈ C, (3.35)
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meaning the reduction HR ⊕ H′R → CR ⊕ C′R. We thus look for solutions of
(3.30) in

A′′G = (HL ⊕H′L ⊕ CR ⊕ C′R)⊕ (Cl ⊕M3(C)l ⊕ Cr ⊕M3(C)r) . (3.36)

Notice that we do not claim there is no solution of (3.30) outside A′′G. But for
our purposes, it turns out that it is su�cient to work with A′′G.

Under these conditions, the �rst equation coming from (3.30), namely

DMMR̃− QDM R̃− ÑDMM + ÑQDM = 0, (3.37)

has explicit components

DMMR̃ = (κts ΞI
J δ

ṫ
ṡ Ξβα)(M t I

sJ δ
ṫα
ṡβ)(δtJsI R̃

ṫβ
ṡα) = (κΞM)tIsJ (ΞR̃)ṫβṡα

=

(
yRmr 04

04 ylml

)
st

⊗
(
−d̄′R 04

04 −d̄R

)
ṡṫ

;

QDM R̃ = (δtJsIQ
ṫβ
ṡα)(κts ΞI

J δ
ṫ
ṡ Ξβα)(δtJsI R̃

ṫβ
ṡα) = (κΞ)tIsJ (QΞR̃)ṫβṡα

=

(
yR Ξ 04

04 yl Ξ

)
st

⊗
(
−cRd̄′R 04

04 −c′Rd̄R

)
ṡṫ

;

ÑDMM = (ÑtIsJδ
ṫβ
ṡα)(κts ΞI

J δ
ṫ
ṡ Ξβα)(MtI

sJδ
ṫβ
ṡα) = ((ÑκΞM)tIsJ (δΞ)ṫβṡα =

=

(
−yRn̄rmr 04

04 −yln̄lml

)
st

⊗
(

Ξ 04

04 Ξ

)
ṡṫ

;

ÑQDM = (Ñt I
sJ δ

ṫα
ṡβ)(δtJsIQ

ṫβ
ṡα)(κts ΞI

J δ
ṫ
ṡ Ξβα) = (ÑκΞ)t I

sJ(QΞ)ṫβṡα =

=

(
−yRn̄r 04

04 −yln̄l

)
st

⊗
(

cR 04

04 c′R

)
ṡṫ

(3.38)

where we de�ned the 4× 4 complex matrices

mr,l =

(
mr,l 0

0 03

)
IJ

cR,L =

(
cR,L 0

0 03

)
αβ

c′R,L =

(
c′R,L 0

0 03

)
αβ

(3.39)
with mr,ml the components ofM and cR, c′R the one of Q. Similarly we de�ne
the matrices nr,l from the components nl,r of N , and the matrices d, d′R from
the components dR, d′R of R. The matrix Ξ carries the indices I, J in the second
equation, and α, β in the third. In each equation, to pass from the �rst to the
second lines one uses (3.29).

Collecting the components and assuming that both yR and yl are non zero,
one �nds that (3.37) is equivalent to

(cR −mr)(n̄r − d̄′R) = 0, (d̄R − n̄r)(mr − c′R) = 0

(cR −ml)(n̄l − d̄′R) = 0, (d̄R − n̄l)(ml − c′R) = 0. (3.40)
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A similar calculation for the second components of (3.30) yields the same
system of equations. Thus one solution to the �rst order condition induced by
DM is to impose

cR = mr = ml and dR = nr = nl, (3.41)

meaning the reduction of A′′G to

A′′′G = HL ⊕H′L ⊕ C′R ⊕ C⊕M3(C)l ⊕M3(C)r. (3.42)

3.2.4 The σ �eld as a 1-form

We now consider the set of 1-forms
∑

iBi[DM , Ai] generated by the Majorana
Dirac operator and the algebra A′′′G above. We are interested in showing that
this set is non empty, and it is enough to consider the simplest 1-form

[DM , A] =

(
064 DMM− QDM

D†MQ−MD†M 064

)
. (3.43)

We begin with A = (Q,M) inA′G. With notations of the precedent section,
one has

DMM− QDM = (κts ΞI
J δ

ṫ
ṡ Ξβα)(M tI

sJδ
ṫβ
ṡα)− (δtJsIQ

ṫβ
ṡα)(κtsΞ

I
Jδ
ṫ
ṡΞ

β
α)

= (κΞM)tIsJ(Ξδ)ṫβṡα − (κΞ)tJsI(QΞ)ṫβṡα

=

(
yRmr 04

04 ylml

)
st

⊗
(

Ξ 04

04 Ξ

)
ṡṫ

−
(
yR Ξ 04

04 yl Ξ

)
st

⊗
(

cR 04

04 c′R

)
ṡṫ

=


(

yR(mr − cR)ΞIβ
Jα 0

0 yR(mr − c′R)ΞIβ
Jα

)
ṡṫ

032

032

(
yl(ml − cR)ΞIβ

Jα 032

032 yl(ml − c′R)ΞIβ
Jα

)
ṡṫ


st

.

By the reduction A′G → A′′′G, the component yR(mr − cR) vanishes, but the
component yl(ml−c′R) does not. This is the crucial di�erence with the algebra
of the standard model: the grand algebra allows to generate a non-vanishing
1-form associated to the Majorana Dirac operator DM , which satis�es the �rst
order condition.

Restoring the order sṡIα of the indices, the matrix above is R = Rtṫ
sṡ ΞJ

I Ξβ
α

with

Rtṫ
sṡ =


(

0 0

0 yR(mr − c′R)

)
ṡṫ

02

02

(
0 0

0 yl(mr − c′R)

)
ṡṫ


st

. (3.44)
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For anti-selfadjoint A (that is M = −M†,Q = −Q†), one obtains the self-adjoint
1-form

[DM , A] =

(
064 R
R† 064

)
. (3.45)

The conjugate action of the real structure J yields

J [DM , A]J−1 = −J [DM , A]J = −
(

064 JR†J
JRJ 064

)
(3.46)

where the charge conjugation J acts only on the spin indices. Explicitly,
omitting the factor ΞJ

I Ξβ
α in the expression of R, one gets

JR†J = ηts τ
ṫ
ṡ (RT )

tṫ

sṡ η
t
s τ

ṫ
ṡ =

(
τ ṫṡRrṫ

rṡ τ
ṫ
ṡ 04

04 τ ṫṡRlṫ
lṡ τ

ṫ
ṡ

)
st

(3.47)

= −


(
yR(mr − c′R) 0

0 0

)
ṡṫ

02

02

(
yl(mr − c′R) 0

0 0

)
ṡṫ


st

, (3.48)

that is −JR†J is obtained by permuting the components in the blocks ṡṫ of
R. As well

JRJ = ηts τ
ṫ
ṡ R̄tṫ

sṡ η
t
s τ

ṫ
ṡ = ηts τ

ṫ
ṡ (R†)tṫsṡ ηts τ ṫṡ (3.49)

is obtained from −R† by permuting the components in ṡṫ. Consequently,

DM + [DM , A] + J [DM , A]J−1 =

(
064 Mν

M†
ν 064

)
(3.50)

whereMν = RtṫsṡΞ
J
I Ξβ

α with

R =

(
yR(1 + (mr − c′R))δṫṡ 02

02 yl(1 + (mr − c′R))δṫṡ

)
st

. (3.51)

Now, considering that A is in C∞(M) ⊗ A′′G, the coe�cients mr and c′R
becomes functions on the manifold M. Taking yl = −yR = yR, one obtains
Rtṫsṡ = yRσγ

5 where
σ = (1 + (mr − c′R)) (3.52)

is now a �eld on M. In other terms, the �uctuation of DM by AG yields
the substitution (3.1). The grand algebra gives a justi�cation for the presence
of the �eld σ, necessary to obtain the mass of the Higgs in agreement with
experiment.
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3.3 Reduction to the standard model

Starting with the grand algebra AG reduced to A′G by the grading condition,
we have shown how to generate the �eld σ by a �uctuation of the Majorana-
Dirac operator DM , in a way satisfying the �rst order condition imposed by
DM . As explained below (3.25), one can choose in particular DM = γ5 ⊗DR,
where DR is the internal Dirac operator DF of the standard model in which
only the dominant term (i.e. the Majorana mass) is taken into account. In
other words, the �eld σ is generated by �uctuating the second term in the
Dirac operator (2.34) of the standard model. We now show that the �rst order
condition of the �rst term in (2.34), i.e. the free Dirac operator, yields the
reduction of the grand algebra to the standard model.

3.3.1 First order condition for the free Dirac operator

The �rst term in (2.34) is the Euclidean free Dirac operator, extended trivially
to the internal space of one generation. In tensorial notation it reads

/D := /∂ ⊗ I32 = −i δCIβ
DJα γ

µ∂µ. (3.53)

For A = (Q,M) ∈ C∞(M)⊗A′G, the commutator

[ /D,A] = −i

(
δI

J[γµ∂µδ
β
α, δ

t
sQ

ṫβ
ṡα] 064

064 [γµ∂µδ
I
J,M

tI
sJ]δβα

)
CD

(3.54)

has components (omitting the non relevant δ)

[γµ∂µδ
β
α, δ

t
sQ

ṫβ
ṡα] =

[(
08 σµṫṡ∂µδ

β
α

σµṫṡ∂µδ
β
α 08

)
st

,

(
Qṫβ
ṡα 08

08 Qṫβ
ṡα

)
st

]

=

(
08 P ṫβ

ṡα + T ṫβ,µṡα ∂µ

P̄ ṫβ
ṡα + T̄ ṫβ,µṡα ∂µ 08

)
st

(3.55)

where
P ṫβ
ṡα = (σµu̇ṡ∂µQ

ṫβ
u̇α), T ṫβ,µṡα =

[
σµṫṡ, Q

ṫβ
ṡα

]
(3.56)

and similar de�nitions for P̄ and T̄ with σ̄ instead of σ; and

[γµ∂µδ
I
J,M

tI
sJδ

ṫ
ṡ] =

[(
08 σµṫṡ∂µδ

I
J

σµṫṡ∂µδ
I
J 08

)
st

,

(
M rI

rJδ
ṫ
ṡ 08

08 M lI
lJδ

ṫ
ṡ

)
st

]

=

(
08 LIṫ

Jṡ +KIṫ,µ
Jṡ ∂µ

L̄Iṫ
Jṡ + K̄Iṫ,µ

Jṡ ∂µ 08

)
st

(3.57)
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where

LIṫ
Jṡ =

(
σµṫṡ∂µM

lI
lJ

)
, KIṫ,µ

Jṡ =
(
M lI

lJ −M rI
rJ

)
σµṫṡ,

L̄Iṫ
Jṡ =

(
σµṫṡ∂µM

rI
rJ

)
, K̄Iṫ,µ

Jṡ =
(
M rI

rJ −M lI
lJ

)
σµṫṡ. (3.58)

For B = (R,N) ∈ A′G, the commutator of [ /D,A] with JBJ given in (3.28)
is a block diagonal matrix in CD with components[

δI
J [γµ∂µδ

β
α, δ

t
sQ

ṫβ
ṡα], Ñ tI

sJ δ
ṫβ
ṡα

]
=

=

[(
032 δI

J(P ṫβṡα + T ṫβ,µṡα ∂µ)

δI
J(P̄ ṫβṡα + T̄ ṫβ,µṡα ∂µ) 032

)
st

,

(
Ñ rI
rJδ

ṫβ
ṡα 032

032 Ñ lI
lJδ

ṫβ
ṡα

)
st

]
;

[
[γµ∂µδ

I
J,M

tI
sJδ

ṫ
ṡ] δ

β
α, δ

tI
sJ R̃

ṫβ
ṡα

]
=

=

[(
032 (LIṫ

Jṡ +KIṫ,µ
Jṡ ∂µ)δβα

(L̄Iṫ
Jṡ + K̄Iṫ,µ

Jṡ ∂µ)δβα 032

)
st

,

(
δJ

I R̃
ṫβ
ṡα 032

032 δJ
I R̃

ṫβ
ṡα

)
st

]
.

(3.59)

Omitting the indices (and noticing that the P, T, P̄ , T̄ all commute with
Ñ r
r , Ñ

l
l ), the �rst components is a diagonal matrix with �rst entry

(Ñ l
l − Ñ r

r )(P + T µ∂µ) + T µ(∂µÑ
l
l ). (3.60)

The vanishing of the di�erential operator part implies either T µ = 0 or Ñ l
l =

Ñ r
r . But the expression should be zero in particular for non-constant �elds,

that is for P 6= 0. So in case one imposes T µ = 0, the vanishing of the term
in P implies Ñ l = Ñ r. In case one imposes Ñ l

l = Ñ r
r , the vanishing of the

remaining term implies either T µ = 0, or Ñ l
l = Ñ r

r = cst. The last solution is
unacceptable, it would mean that space-time is reduced to a point, hence in
any case one has both conditions: T µ = 0 and Ñ l

l = Ñ r
r . One then checks that

the other components of (3.59) vanish as well.

The only matrix that commutes with all the Pauli matrices is the identity,
therefore

T µ = 0 ∀µ⇐⇒ Q0̇β

0̇α
= Q1̇β

1̇α
and Q0̇β

1̇α
= Q1̇β

0̇α
= 0, (3.61)

meaning the breaking

M2(H)L ⊕M2(H)R → HL ⊕HR. (3.62)

Meanwhile Ñ l
l = Ñ r

r means that

M4(C)l ⊕M4(C)r →M4(C). (3.63)
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Thus
A′G → HL ⊕HR ⊕M4(C) (3.64)

where representation of the r.h.s. algebra is now diagonal on the spinorial
indices ṡ, s.

To summarize, the reduction of AG to the algebra of the standard model
is obtained as follows

AG = M4(H)⊕M8(C)

⇓ grading condition

A′G = M2(H)L ⊕M2(H)R ⊕M l
4(C)⊕M r

4 (C)

⇓ 1st-order for the Majorana-Dirac operator DM

A′′G = (HL ⊕H′L ⊕ CR ⊕ C′R)⊕ (Cl ⊕M l
3(C)⊕ Cr ⊕M r

3 (C))with CR = Cr = Cl

⇓ 1st-order for the free Dirac operator /D

Asm = C⊕H⊕M3(C)
(3.65)

3.3.2 Emergence of spin

In noncommutative geometry the topological information is encoded in the
algebra, while the geometry (e.g. the metric3) is in the Dirac operator. In
particular the Riemann-spin structure is encoded in the way this operator,
which contains the gamma matrices, acts on the Hilbert space. Without this
operator there is just an algebra which acts in an highly reducible way on a 128
dimensional Hilbert space. This is conceptually what distinguishes HF from
HF in (2.30): on C∞(M)⊗HF , the free Dirac operator (trivially extended to
the internal indices) is

/D = −iγµ∂µ ⊗ δCIβ
DJα. (3.66)

On C∞(M)⊗ HF the same operator writes

/D = −i∂µ ⊗ δCIβ
DJαγ

µ (3.67)

and the spin structure, carried by the γ matrices, is hidden among the internal
degrees of freedom. In this sense the �rst order condition, which governs

3The metric aspects of the almost commutative geometry of the standard model have

been investigated in [14,76]



CHAPTER 3. THE GRAND SYMMETRY MODEL 59

the passage from (3.67) to (3.66), corresponds to the emergence of the spin
structure.

Alternatively, a spin structure means that the vectors in the Hilbert space
transform in a particular representation under the �Lorentz� group. Since we
are dealing with spinors in the Euclidean case, the group is actually Spin(4).
It is generated by the commutators of the Dirac matrices, that act on H as

Sµν := [γµ, γν ]⊗ I(CIα)
32 . (3.68)

Let us distinguish between an element a of C∞(M)⊗AG and its representation
π(a) := A given in (3.5). For any Λ = λµνS

µν ∈ Spin(4) and A ∈ π(C∞(M)⊗
AG), let

αΛA = U(Λ)AU(Λ)∗. (3.69)

The representation (3.5) of the grand algebra is not invariant under the adjoint
action (3.69) of Spin(4) since αΛπ(a) is not in π(C∞(M)⊗AG). In this sense
the representation of the grand algebra is not Lorentz invariant, unlike its
reduction toALR which is diagonal in the spin indices. However, at the abstract
level the algebra is preserved under Lorentz transformations since the latter
are implemented by unitary operators: for any Λ one has that αΛ(π(C∞(M)⊗
AG)) is isomorphic to C∞(M)⊗AG. This suggests to view the grand algebra
as a phase of the universe in which the spin and rotation structure of space-time
has not yet emerged, only the topology (i.e. the abstract algebra) is �xed.

Let us �nally note that although the Grand Symmetry mixes space-time
and internal symmetries combining them in a non trivial way, the model does
not fall in the forbidden case of Coleman-Mandula theorem, for two reasons:
on the one hand the Grand Symmetry separates the two components of the
Lorentz symmetry and on the other hand the symmetries we are considering
are not at the S-matrix level, dealing with a spontaneously broken symmetry.

3.3.3 Fiat neutrino

The grand algebra together with the Majorana Dirac operator DM generates
the �eld σ at the right position (i.e. as required in (3.1)), respecting the �rst
order condition induced by DM . However, by (3.52) one has that σ becomes
constant when one takes into account the �rst order condition imposed by the
free Dirac operator, because (3.61) implies that c′R = cR = mr. This suggests
a scenario in which the neutrino Majorana mass is the �rst �eld to appear
and �uctuate, before the geometric structure of space-time emerges through
the breaking described in �3.3.2. In this picture, the �eld σ is viewed as a
�uctuation of a vacuum that satis�es the �rst order condition of the free Dirac
operator.
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This scenario is supported by the calculations of chapter 4 which indicate
that the �rst order condition of the free Dirac operator can be equivalently
obtained as a minimum of the spectral action. In this way, the geometrical
breaking imposed by the mathematical requirement of the theory becomes a
dynamical breaking, and the �eld σ appears as the �Higgs �eld� associated to it.
This idea has been also investigated, in the case of the standard model algebra,
in the papers [21,22]. The case of the grand algebra has been developed in [37]
and will be presented in the next chapter.

3.4 Comments

In this chapter we have shown the presence of a �next level� in noncommuta-
tive geometry, that it is intertwined with the Riemannian and spin structure of
space-time, and therefore naturally appearing at a high scale. The added de-
grees of freedom of the Grand Symmetry model are related to the Riemann-spin
structure of space-time, which emerges as a symmetry breaking very similar in
nature to the Higgs mechanism. In addition, this higher symmetry explains the
presence of the σ �eld necessary for a correct �t of the mass of the Higgs and
to cure the instability problem of the electro-weak vacuum. To summarize, the
grand algebra transfers the problem of generating σ from the noncommutative
to the commutative part of the geometry: with the algebra of the standard
model, C∞(M)⊗Asm, the �rst order condition is always satis�ed by the free
Dirac operator, the problem is all in DM . Using the grand algebra, we have
that DM = γ5 ⊗ DR both generates the �eld Ï� and satis�es the �rst-order
condition. But the free Dirac does not satis�es this condition (neither the
bounded commutator one). Of course this is not satisfactory but this suggests
interesting path to explore. Another question is whether the reduction to the
SM imposed by the �rst order condition can be understood dynamically, i.e.
by a minimization of the spectral action, and it will be the discussion topic of
the next chapter.



Chapter 4

Twisting the Grand Symmetry

In [21, 22] it was shown how to obtain σ by an inner �uctuation that does
not satisfy the �rst-order condition, but in such a way that the latter is re-
trieved dynamically, as a minimum of the spectral action. The �eld σ is then
interpreted as an excitation around this minimum.

In the previous chapter, from a di�erent approach, we have shown how
to generate σ in agreement with the �rst-order condition, taking advantage
of the fermion doubling in the Hilbert space H of the spectral triple of the
SM [50,67,68]. We said that the algebra of the standard model

Asm := C⊕H⊕M3(C) (4.1)

is obtained from AF for a = 2, by the grading and the �rst-order conditions.
Starting instead with the �grand algebra� (a = 4)

AG := M4(H)⊕M8(C), (4.2)

one generates the �eld σ by a inner �uctuation which respects the �rst-order
condition imposed by the part DM of the Dirac operator that contains the
Majorana coupling yR. The breaking to Asm is then obtained by the �rst-
order condition imposed by the free Dirac operator

/D = /∂ ⊗ IF (4.3)

where IF is the identity operator on the �nite dimensional Hilbert space HF

on which acts AG.

Unfortunately, before this breaking not only is the �rst-order condition not
satis�ed, but the commutator

[ /D,A] A ∈ C∞(M)⊗AG (4.4)

is never bounded. This is problematic both for physics, because the connection
1-form describing the gauge bosons is unbounded; and from a mathematical

61
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point of view, because the construction of a Fredholm module over A and
Hochschild character cocycle depends on the boundedness of the commutator
(4.4).

In this chapter, we show how is it possible to solve this problem by using
instead a twisted spectral triple (A,H, D, ρ), [32]1. Rather than requiring the
boundedness of the commutator, one asks that there exists a automorphism ρ

of A such that the twisted commutator

[D, a]ρ := Da− ρ(a)D (4.5)

is bounded for any a ∈ A. Accordingly, we introduce in Def. 4.1.1 a twisted

�rst-order condition

[[D, a]ρ, Jb
∗J−1]ρ := [D, a]ρJb

∗J−1 − Jρ(b∗)J−1[D, a]ρ = 0 ∀a, b ∈ A. (4.6)

We then show that for a suitable choice of a subalgebra B of C∞(M)⊗AG, a
twisted �uctuation of /D+DM that satis�es (4.6) generates a �eld σ - slightly
di�erent from the one of chapter 3 - together with an additional vector �eld
Xµ.

Furthermore, the breaking to the standard model is now spontaneous, as
conjectured in the previous part. Namely the reduction of the grand algebra
AG to Asm is obtained dynamically, as a minimum of the spectral action. The
scalar �eld σ then play a role similar as the one of the Higgs in the electroweak
symmetry breaking.

Mathematically, twists make sense as explained in [32], for the Chern char-
acter of �nitely summable spectral triples extends to the twisted case, and
lands in ordinary (untwisted) cyclic cohomology. Twisted spectral triples have
been introduced to deal with type III examples, such as those arising from
transverse geometry of codimension one foliation, and have been used in var-
ious context like quantum statistical dynamical systems [51]. It is quite sur-
prising that the same tool allows a rigorous implementation in NCG of the
idea of a �bigger symmetry beyond the SM�.

The main results of this chapter are summarized in the following theorem
[37]:

Theorem 4.0.1. Let H be the Hilbert space of the standard model described

in �2.4. There exists a sub-algebra B of the grand algebra AG containing Asm
together with an automorphism ρ of C∞(M)⊗ B such that

i) T := (C∞(M)⊗ B,H, /D +DM ; ρ) is a twisted spectral triple satisfying

the twisted 1st-order condition (4.6);

1Also called σ-triple, but to avoid confusion with the �eld σ, we denote by ρ the auto-

morphism called σ in [32].
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ii) twisted �uctuations of /D + DM by B are parametrized by a scalar �eld

σ and a vector �eld Xµ;

iii) the spectral triple of the standard model is obtained from T by minimiz-

ing the potential of the vector �eld Xµ induced by the spectral action coming

from a twisted �uctuation of /D.

iv) the spectral triple of the standard model is also obtained by minimizing

the potential induced by the spectral action of a twisted �uctuation of the whole

Dirac operator /D + DM . The potential of the scalar �eld σ is minimum for

the standard model, and corresponds to the constant �eld yR.

Explicitly, B is a sub-algebra H2⊕C2⊕M3(C) of AG. Labelling the two copies
of the quaternions and complex algebras by the left/right spinorial indices l, r
and the left/right internal indices L/R, that is

B = Hl
L ⊕Hr

L ⊕ Cl
R ⊕ Cr

R ⊕M3(C), (4.7)

the automorphism ρ is the exchange of the left/right spinorial indices:

ρ ( qlL, q
r
L, c

l
R, c

r
R, m)→ (qrL, q

l
L, c

r
R, c

l
R, m) (4.8)

where m ∈M3(C) while the q's and c's are quaternions and complex numbers
belonging to their respective copy of H and C.

The chapter is organized as follows. The section 4.1 deals with the twist.
It begins with the de�nition of the twisted �rst-order condition in de�nition
4.1.1. In �4.1.1 we �x the representation of the grand algebra, which di�ers
from the one used in [36]. It is used in �4.1.2 to build a twisted spectral triple
with the free Dirac operator. In �4.1.3 the twisted �rst-order condition for DM

yields the reduction to the algebra B and the construction of the spectral triple
T . This proves the �rst point of theorem 4.0.1. In section 4.2 we compute the
twisted �uctuations DX of the free Dirac operator /D (�4.2.2), and Dσ of the
Majorana-Dirac operatorDM (�4.2.3). This yields the additional vector �eld in
eq. (4.64), and the extra scalar �eld σ in eq. (4.81), proving the second point of
theorem 4.0.1. In section 4.3, we compute the generalized Lichnerowicz formula
for the twisted-�uctuated Dirac operator in �4.3.1. The dynamical reduction of
B to the standard model by minimizing the potential of the additional vector
�eld is obtained in �4.3.2. The potential of the scalar �eld is treated in �4.3.3,
and the interaction potential between the vector and the scalar �eld in �4.3.4.
These results are discussed in the �nal section 4.5.
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4.1 Twisting the standard model

A twisted spectral triple is a triple (A,H, D) where A is an involutive algebra
acting on a Hilbert space H and D a selfadjoint operator on H with compact
resolvent, together with an automorphism ρ of A such that

[D, a]ρ = Da− ρ(a)D (4.9)

is bounded for any a ∈ A. It is graded if, in addition, there is a selfadjoint
operator Γ of square I which commutes the algebra and anticommutes with D.

Up to now the other conditions satis�ed by a spectral triple have not been
adapted to the twisted case yet. As long as the commutator between the
algebra and the Dirac operator is not involved, one can keep the de�nitions
of an ordinary spectral triple, for instance the order-zero condition. In the
1st-order condition (2.22) it is natural to substitute [D, a] with the twisted
commutator [D, a]ρ. The question is whether to twist the commutator with
Jb∗J−1 as well. As explained in [32, Prop. 3.4], the set Ω1

D of twisted 1-forms,
that is all the operators of the form

A =
∑
i

bi[D, ai]ρ, (4.10)

is a A-bimodule for the left and right actions

a · ω · b := ρ(a)ωb ∀a, b ∈ A, ω ∈ Ω1
D. (4.11)

Therefore it is natural to twist the commutator with JbJ−1. As pointed out
below in �4.1.2 and �4.1.3, this choice is also the one which is e�cient for our
purposes. Furthermore we assume that ρ is a ∗-automorphism that commutes
with the real structure J , which permits us to de�ne the twisted version of the
1st-order condition as follows.

De�nition 4.1.1. A twisted spectral triple (A,H, D, ρ) with real structure J

satis�es the twisted 1st-order condition if and only if

[[D, a]ρ, JbJ
−1]ρ = [D, a]ρ JbJ

−1 − Jρ(b)J−1[D, a]ρ = 0 ∀a, b ∈ A. (4.12)

4.1.1 Representation

For reasons discussed in �4.4 it is convenient to work with the other natural
representation of the grand algebra than we used in chapter 3. Namely instead
of (3.4) one asks that quaternions carry the chiral index s of spinors while the
complex matrices carry the (anti)-particle index:

Q = Qtβ
sα, M = M ṫJ

ṡI . (4.13)
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Explicitly, the representation of the grand algebra AG is

Q =

(
Qr
r Ql

r

Qr
l Ql

l

)
st

∈M4(H), M =

(
M 0̇

0̇
M 1̇

0̇

M 0̇
1̇

M 1̇
1̇

)
ṡṫ

∈M8(C), (4.14)

where for any s, t ∈ {l, r} and ṡ, ṫ ∈
{

0̇, 1̇
}
one de�nes

Qt
s =


Qta
sa Qtb

sa Qtc
sa Qtd

sa

Qta
sb Qtb

sb Qtc
sb Qtd

sb

Qta
sc Qtb

sc Qtc
sc Qtd

sc

Qta
sd Qtb

sd Qtc
sd Qtd

sd


αβ

∈M2(H), M ṫ
ṡ =


M ṫ0

ṡ0 M ṫ1
ṡ0 M ṫ2

ṡ0 M ṫ3
ṡ0

M ṫ0
ṡ1 M ṫ1

ṡ1 M ṫ2
ṡ1 M ṫ3

ṡ1

M ṫ0
ṡ2 M ṫ1

ṡ2 M ṫ2
ṡ2 M ṫ3

ṡ2

M ṫ0
ṡ3 M ṫ1

ṡ3 M ṫ2
ṡ3 M ṫ3

ṡ3


IJ

∈M4(C).

Here we use a, b, c, d to denote the value of the �avor index α. On the re-
maining indices, Q and M act trivially, that is as the identity operator. The
representation of A = (Q,M) ∈ AG on HF is thus

ACtIṫβ
DsJṡα =

(
δCṫI0ṡJQ

tβ
sα + δC1M

ṫI
ṡJδ

tβ
sα

)
=

(
δṫIṡJQ

tβ
sα 064

064 M ṫI
ṡJ δ

tβ
sα

)
CD

. (4.15)

One easily checks the order-zero condition (2.21): with A = (R,N) ∈ AG,
a generic element of the opposite algebra is

JAJ−1 = −JAJ =

(
−δtβsα (τN̄τ)ṫIṡJ 064

064 δṫIṡJ (ηR̄η)tβsα

)
CD

(4.16)

where the bar denotes the complex conjugate and we used

JRJ := (τ 2)ṫṡ (ηR̄η)tβsα = −δṫṡ (ηR̄η)tβsα, JNJ := (η2)ts (τN̄τ)ṫIṡJ = δts(τN̄τ)ṫIṡJ.

(4.17)
Obviously (4.15) commutes with (4.16).

The �rst statement we want to show is that the biggest subalgebra of C∞(M)⊗
AG that satis�es the grading condition [Γ, A] = 0 with A ∈ AG and has bounded

commutator with /D is the left-right algebra ALR given in (2.28).

In fact, by (2.40), for the quaternion sector [Γ, A] = 0 amounts to asking
[ηtsη

β
α, Q

tβ
sα] = 0. This imposes

Q =

(
Qr
r 04

04 Ql
l

)
st

(4.18)

where

Qr
r =

(
qrR 02

02 qrL

)
αβ

, Ql
l =

(
qlR 02

02 qlL

)
αβ

with qrR, q
r
L, q

l
R, q

l
L ∈ H. (4.19)
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For matrices, one asks [δṫIṡJ,M
ṫI
ṡJ] = 0 which is trivially satis�ed. So the grading

condition [Γ, A] = 0 imposes the reduction of AG to

BLR := (Hl
L ⊕Hr

L ⊕Hl
R ⊕Hr

R)⊕M8(C). (4.20)

For A = (Q,M) ∈ C∞(M)⊗ BLR, the boundedness of the commutator2

[ /D,A] =

(
δIJ [/∂,Q] 064

064 δβα [/∂,M ]

)
CD

(4.21)

means that

[/∂,Q] = −iγµ(∇S
µQ)−i[γµ, Q]∇S

µ and [/∂,M ] = −iγµ(∇S
µM)−i[γµ,M ]∇S

µ

(4.22)
are bounded. This is obtained if and only if Q and M commute with all the
Dirac matrices, i.e. are proportional to δtṫsṡ. For Q this means Qr

r = Ql
l in

(4.18), hence the reductions

Hr
R ⊕Hl

R → HR, Hr
L ⊕Hl

L → HL. (4.23)

For M , this means that all the components M ṫ
ṡ in (4.14) are equal, that is the

reduction
M8(C)→M4(C). (4.24)

Therefore BLR is reduced to ALR, acting diagonally on spinors. �

This result is nothing but a restatement in the peculiar representation (4.15) of
the fact that in order to have bounded commutators the action ofAG on spinors
has to be trivial, as shown with eq. (3.64). Nevertheless, it is useful to have it
explicitly, in order to understand how to get rid of the unboundedness of the
commutator. It is also worth stressing the di�erence with the representation
(3.4), for which the grading breaks both matrices and quaternions and reduces
AG to A′G. Here only quaternions are broken by the grading.

To cure the unboundedness of the commutator, the idea proposed in [37] is
to impose the reduction (4.24) by hand, and deal with the unboundedness of
[/∂,Q] thanks to a twist. This is a �middle term solution�: imposing by hand
both reductions (4.24) and (4.23) is not interesting from the grand algebra
point of view, since it brings us back to an almost commutative geometry where
spinorial and internal indices are not mixed; solving both the unboundedness
of [/∂,Q] and [/∂,M ] by a twist yields some complications discussed in �4.4.
The remarkable point is that this middle term solution is su�cient to obtain
the σ-�eld by a �uctuation that respects the twisted �rst-order condition of
de�nition 4.1.1.

2To lighten notation, we omit the trivial indices in the product (hence in the commu-

tators) of operators. From (4.13) one knows that Q carries the indices sα while γµ carries

sṡ, hence [/∂,Q] carries indices sṡα and should be written [δβα/∂, δ
ṫ
ṡQ]. As well, [/∂,M ] carries

indices sṡI and holds for [δJI /∂, δ
t
sM ].
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4.1.2 The twist and the �rst-order condition for the free

Dirac

Imposing (4.24) on the grand algebra AG reduced by the grading to BLR yields

B′ := (Hl
L ⊕Hr

L ⊕Hl
R ⊕Hr

R)⊕M4(C). (4.25)

An element A = (Q,M) of B′ is given by (4.15) where Q is as in (4.18) while
M in (4.13) is proportional to δṫṡ:

M = δṫṡM
I
J ∈M4(C). (4.26)

The algebra B′ contains the algebra of the standard model Asm, and still has
a part (the quaternion) that acts in a non-trivial way on the spin degrees of
freedom. In this sense B′ is still from the grand algebra side, even if it is �not
so grand�.

Let ρ be the automorphism of (Hl
L ⊕ Hr

L ⊕ Hl
R ⊕ Hr

R) that exchanges Qr
r

and Ql
l in (4.18), that is the exchange

Hr
R ↔ Hl

R, Hr
L ↔ Hl

L. (4.27)

This means in components

ρ

((
Qr
r 04

04 Ql
l

)
st

)
=

(
Ql
l 04

04 Qr
r

)
st

. (4.28)

Denoting by the same letter the extension of ρ to C∞(M)⊗ (Hl
L ⊕Hr

L ⊕
Hl
R ⊕Hr

R). For any µ one has

γµQ = ρ(Q)γµ, γµρ(Q) = Qγµ, (4.29)

so that

[/∂,Q]ρ = −iγµ(∇S
µQ). (4.30)

In fact, writing explicitly the δ's, one gets

γµQ =

(
δβα

(
02 σµ

σ̃µ 02

)
st

)((
Qr
r 04

04 Ql
l

)
st

δṫṡ

)
=

(
08 σµQl

l

σ̄µQr
r 08

)
st

=

((
Ql
l 04

04 Qr
r

)
st

δṫṡ

)(
δβα

(
02 σµ

σ̃µ 02

)
st

)
= ρ(Q)γµ. (4.31)

The second part of (4.29) follows because ρ2 = I while eq. (4.30) comes from

[/∂,Q]ρ = −iγµ(∇S
µQ)− i[γµ, Q]ρ∇S

µ ,
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where the second term is zero by (4.29). �

We still denote by the same letter the extension of ρ to C∞(M)⊗ B′:

ρ((Q,M)) := ((ρ(Q),M). (4.32)

Is it easy to show that (C∞(M)⊗B′,H, /D, ρ) together with the graduation

Γ in (2.40) and the real structure J in (2.38) is a graded twisted spectral triple

which satis�es the twisted �rst-order condition of de�nition 4.1.1.

To prove this, let we take A = (Q,M) ∈ C∞(M)⊗B′. The twisted version
of (4.21) is

[ /D,A]ρ =

(
δIJ [/∂,Q]ρ 064

064 δβα [/∂,M ]

)
CD

. (4.33)

From (4.26) and (4.15) M commutes with γµ, so that the second equation in
(4.22) reduces to

[/∂,M ] = −iγµ(∇S
µM), (4.34)

which is a bounded operator. By eq. (4.30), [/∂,Q]ρ = −iγµ(∂µQ) is bounded
as well. Hence (C∞(M)⊗B)′,H, /D, ρ) together with Γ form a graded twisted
spectral triple.

We now examine the twisted �rst-order condition (4.9). Let B = (R,N) ∈
C∞(M)⊗ B′. A generic element of the algebra opposite to C∞(M)⊗ B′ is

JBJ−1 = −JBJ =

(
δtβsαN̄ 064

064 δṫJṡI R̄

)
CD

(4.35)

where we used (4.16) and noticed that for R as in (4.18) and N as in (4.26)
one has

(ηR̄η)tβsα = R̄tβ
sα, (τN̄τ)ṫIṡJ = −N̄ ṫI

ṡJ. (4.36)

As well, one has

Jρ(B)J−1 = −Jρ(B)J =

(
δtβsαN̄ 064

064 δṫJṡIρ(R̄)

)
CD

. (4.37)

Thus [ /D,A]ρJBJ
−1− Jρ(B)J−1[ /D,A]ρ is a diagonal matrix with components

[δIJ [/∂,Q]ρ, δ
tβ
sαN̄ ], δβα [/∂,M ] δṫIṡJR̄− δṫIṡJρ(R̄) δβα [/∂,M ]. (4.38)

The �rst term vanishes because the only non-trivial index carries by N̄ is IJ.
The second term is (omitting the deltas and a global −i factor)(

08 σµ(∂µM)

σ̄µ(∂µM) 08

)
st

(
R̄r
r 08

08 R̄l
l

)
st

−
(
R̄l
l 08

08 R̄r
r

)
st

(
08 σµ(∂µM)

σ̄µ(∂µM) 08

)
st

=

(
08 [σµ(∂µM), R̄l

l][
σ̄µ(∂µM), R̄r

r

]
08

)
st

(4.39)

which vanishes because R only non-trivial index is αβ while
[
σ̄µ(∂µM), R̄r

r

]
is

proportional to δβα. �



CHAPTER 4. TWISTING THE GRAND SYMMETRY 69

4.1.3 Twisted �rst-order condition for the Majorana-Dirac

operator

We individuate a subalgebra B of B′ such that a twisted �uctuation of the
Majorana-Dirac operator DM in (3.26) by B satis�es the twisted �rst-order
condition. Since we are working with one generation of fermions only, in (2.35)
the Majorana mass matrixMR in DR is Ξβ

αyR, where

Ξ =

(
1 0

0 03

)
(4.40)

denotes the projection on the �rst component. Therefore

DM = γ5DR = ηts δ
ṫ
ṡΞ

Iβ
Jα

(
0 yR
ȳR 0

)
CD

. (4.41)

In this equation the product γ5DR is intended with the convention of the
footnote p.66, namely this is the tensorial notation γ5tṫ

sṡDR
βID
JαC in which we

omit the indices. In practice, this amounts to omit the tensor product symbol
in γ5⊗DR, which makes sense because of our choice of viewing the total Hilbert
space no longer as the tensor product of spinors by HF . These distinctions
may seem pedantic here, but they will be important later on, when writing the
product γµXµ for a vector �eld Xµ that no longer commutes with the Dirac
matrices: γµXµ will holds for γµtṫsṡXµ

βID
JαC, while γ

µ⊗Xµ no longer makes sense.

Now we want to show that a subalgebra of B′ which satis�es the twisted

�rst-order condition

[[DM , A]ρ, JBJ
−1]ρ = 0 (4.42)

is

B := Hl
L ⊕Hr

L ⊕ Cl
R ⊕ Cr

R ⊕M3(C). (4.43)

To show this, let us consider �rst the subalgebra

B̃ := (Hl
L ⊕Hr

L ⊕ Cl
R ⊕ Cr

R)⊕ (M3(C)⊕ C) (4.44)

of B′ obtained by asking that qlR, q
r
R in (4.19) are diagonal quaternions, namely

qlR =

(
clR 0

0 c̄lR

)
, qrR =

(
crR 0

0 c̄rR

)
with clR, c

r
R ∈ C; (4.45)

while M in (4.26) is of the form

M = δṫṡ

(
m 0

0 M

)
IJ

with m ∈ C,M ∈M3(C). (4.46)
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This means that while Q carries non-trivial indices ṡ, α, the action ofM is non-
trivial only in the I index. De�ne similarly B = (R,N) ∈ B̃ with components
dlR, d

r
R ∈ C, n ∈ C, N ∈M3(C). For any A,B ∈ B̃, one has from (4.41) where

we write
DM := ηts δ

ṫ
ṡ ΞIβ

Jα, (4.47)

and (4.15) (omitting the deltas)

[DM , A]ρ =

(
064 yR(DMM − ρ(Q)DM)

ȳR(DMQ−MDM) 064

)
CD

. (4.48)

By (4.35), (4.37) one obtains

[[DM , A]ρ, JBJ
−1]ρ =

(
064 yR

(
(DMM−ρ(Q)DM )R̄−N̄(DMM − ρ(Q)DM )

)
ȳR
(
(DMQ−MDM )N̄−ρ(R̄)(DMQ−MDM )

)
064

)
CD

.

The terms entering the upper-right components of this matrix are (omitting
a global yR factor)

N̄DMM = (N̄ΞM)ṫIṡJ(ηΞ)tβsα =

(
n̄m 04

04 n̄m

)
ṡṫ

⊗
(

Ξ 04

04 −Ξ

)
st

,

N̄ρ(Q)DM = (N̄Ξ)ṫIṡJ (ρ(Q)ηΞ)tβsα =

(
n̄ 04

04 n̄

)
ṡṫ

⊗
(

clR 04

04 − crR

)
st

,

DMMR̄ = (ΞM)ṫIṡJ (ηΞR̄)tβsα =

(
m 04

04 m

)
ṡṫ

⊗
(

d̄rR 04

04 −d̄lR

)
st

,

ρ(Q)DM R̄ = (Ξδ)ṫIṡJ (ρ(Q)ηΞR)tβsα =

(
Ξ 04

04 Ξ

)
ṡṫ

⊗
(

clR d̄rR 04

04 −crR d̄lR

)
st

,

(4.49)

where we de�ned

m :=

(
m 0

0 03

)
IJ

, crR =

(
crR 0

0 03

)
αβ

, clR =

(
clR 0

0 03

)
αβ

(4.50)

and similarly for drR, dlR and n. Collecting the various terms, one �nds that
the upper-right component of [[DM , A]ρ, JBJ

−1]ρ vanishes if and only if

(clR −m)(d̄rR − n̄) = 0, (crR −m)(d̄lR − n̄) = 0. (4.51)
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Similarly, for the lower-left component of [[DM , A]ρ, JBJ
−1]ρ one has

ρ(R̄)MDM = (ΞM)ṫIṡJ(ρ(R̄)ηΞ)tβsα =

(
m 04

04 m

)
ṡṫ

⊗
(

d̄lR 04

04 −d̄rR

)
st

,

ρ(R̄)DMQ = (Ξδ)ṫIṡJ (ρ(R̄) ηΞQ)tβsα =

(
Ξ 04

04 Ξ

)
ṡṫ

⊗
(

crRd̄lR 04

04 −clRd̄rR

)
st

,

MDMN̄ = (MΞN̄)ṫIṡJ (ηΞ)tβsα =

(
n̄m 04

04 n̄m

)
ṡṫ

⊗
(

Ξ 04

04 −Ξ

)
st

,

DMQN̄ = (ΞN̄)ṫIṡJ (ηΞQ)tβsα =

(
n̄ 04

04 n̄

)
ṡṫ

⊗
(

crR 04

04 −clR

)
st

, (4.52)

yielding the same condition (4.51). Hence the twisted �rst-order condition is
satis�ed as soon as

crR = m, drR = n, (4.53)

which amounts to identify Cr
R with C. Hence the reduction of B′ to B as

de�ned in (4.43). �

One could identify Cl
R with C, instead of Cr

R, without changing the re-
sult. As discussed before de�nition 4.1.1, one might also consider a �rst-order
condition where only the commutator with D is twisted, that is

[[DM , A]ρ, JBJ
−1] = 0. (4.54)

This is not pertinent in our case however, for this amounts to permuting R̄l
l

with R̄r
r in - and only in - the second term in (4.39), which then no longer

vanishes as soon as Rr
r 6= Rl

l.

Let us note that relation (4.42) deals only with the �nite dimensional part
of the spectral triple. However it is still satis�ed with A,B ∈ C∞(M) ⊗
B (though, strictly speaking, one can no longer talk of �twisted �rst-order
condition for DM �, for on L2(M) ⊗ C128 the operator DM does not have a
compact resolvent). On the other hand, the same is true for the subalgebra
C∞(M)⊗B and the free Dirac operator /D, as shown in �4.1.2. Therefore the
twisted �rst-order condition (4.12) with B is true for /D + DM since it is true
for /D and DM independently. This proves the �rst statement of theorem 4.0.1.

4.2 Twisted-covariant Dirac operators

The twisted spectral triple

(C∞(M)⊗ B, L2(M)⊗ C128, /D +DM ; ρ) (4.55)
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of theorem 4.0.1 solves the problem of the non-boundedness of the commutators
[ /D,A] raised by the non-trivial action of the grand algebra on spinors. But
to be of interest, this spectral triple should preserve the property the grand
algebra has been invented for, that is generating the �eld σ by a �uctuation
of DM , or a twisted version of it. As shown in this section this is indeed the
case, because although B is not so grand (it is smaller than AG), it is neither
too small (C∞(M)⊗ B still has non trivial action on spinors).

4.2.1 Twisted �uctuation

In analogy with gauge �uctuation of almost commutative geometries described
in �2.5, we call twisted �uctuation of D by C∞(M) ⊗ B the substitution of
D = /D +DM with

DA = D + A + J A J−1 (4.56)

where A is twisted 1-form

A = Bi[D,Ai]ρ Ai, B
i ∈ C∞(M)⊗ B. (4.57)

We do not require A to be selfadjoint, we only ask that DA is selfadjoint and
called it twisted-covariant Dirac operator. It is the sum DA = DX + Dσ of
the twisted-covariant free Dirac operator

DX := /D + /A + J /AJ−1 /A := Bi[ /D,Ai]ρ (4.58)

with the twisted-covariant Majorana-Dirac operator

Dσ := DM + AM + JAMJ
−1 AM := Bi[DM , Ai]ρ. (4.59)

In this section, we compute explicitly DX and Dσ, and show that they are
parametrized by a vector �eld Xµ and a scalar �eld σ.

In the following, Ai = (Qi,Mi) and Bi = (Ri, N i) are arbitrary elements
of C∞(M)⊗ B, where i a summation index and

Qi =

(
Qr
ri 04

04 Ql
li

)
st

, Mi = δṫṡ

(
cri 0

0 Mi

)
IJ

(4.60)

with3 Mi ∈M3(C) and

Qr
ri =

(
qrRi 02

02 qrLi

)
αβ

, Ql
li =

(
qlRi 02

02 qlLi

)
αβ

(4.61)

3In all this section, the components of the matrices are functions on M. To lighten

notation we write M3(C) instead of C∞(M) ⊗M3(C). The same is true for the various

copies of H and C.
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with qlLi ∈ Hl
L, q

r
Li ∈ Hr

L and

qrRi = diag (cri , c̄
r
i ), qlRi = diag (cli, c̄

l
i) with cri ∈ Cr

R, c
l
i ∈ Cl

R. (4.62)

The components Ri, N i of Bi are de�ned similarly, with

dri ∈ Cr
R, d

li ∈ Cl
R, rriL ∈ Hr

L, r
ri
L ∈ Hl

L and Ni ∈M3(C). (4.63)

4.2.2 Twisted-covariant free Dirac operator DX

The twisted �uctuations (4.58) of the free Dirac operator /D in eq. (3.53) by
C∞(M)⊗ B are parametrized by a vector �eld, /X.

In particular, one has

DX = /D + /X (4.64)

with

/X := −iγµXµ , Xµ :=

(
Xµ 064

064 −X̄µ

)
CD

, (4.65)

where we de�ne the bounded-operator valued vector �eld4

Xµ := δIJ ρ(Ri)∇S
µQi − δβα N̄ i∇S

µM̄i (4.66)

which commutes with γ5 and twisted-commutes with γν, that is for all µ, ν one

has

γµXν = ρ(Xν)γ
µ, γµρ(Xν) = Xνγ

µ. (4.67)

The last equation is direct consequences of de�nition (4.66) and eq. (4.30),
while the commutation of Xµ with γ5 is a consequence of the breaking of AG
by the grading condition and can be checked explicitly using (4.61) and (4.15).

To check eq. (4.64), let we take Ai = (Qi,Mi) and Bi = (Ri, N i) in B, one
gets from (4.33), (4.34) and (4.29)

/A = −iBi[ /D,Ai]ρ = −i
(
δIJ γ

µρ(Ri)∇S
µQi 064

064 δβα γ
µN i∇S

µMi

)
CD

(4.68)

where we used that N i commutes with γµ and Riγµ = γµρ(Ri) (see eq. (4.29)).
By eq. (2.38) one gets

J /AJ−1 = −J /AJ = i

(
δβα γ

µN̄ i∇S
µM̄i 064

064 δIJγ
µρ(R̄i)∇S

µQ̄i

)
CD

(4.69)

4To lighten notations we omit the parenthesis around ∂µQi and ∂µM̄i: the latter are

bounded operators and act as matrices, not as di�erential operators.
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where we used that J anti-commutes with the γ's matrices and commute5

with ∇S
µ so that, inserting J 2 = −I before ∇S

µ , one obtains

J (γµN i∇S
µMi)J = γµ(JN iJ )∇S

µ(JMiJ ) = γµN̄ i∇S
µM̄i,

J (γµρ(Ri)∂µQi)J = γµ(J ρ(Ri)J )∇S
µ(JQiJ ) = γµρ(R̄i)∇S

µQ̄i. (4.70)

In both equations above the last term comes from (4.17), noticing that ρ(Ri)

and Qi are now diagonal in the st index and so commute with η, while Ni,Mi

are proportional to δṫṡ, hence commute with τ . Summing up (4.68) and (4.69),
one obtains

/A + J /AJ−1 = −iγµXµ (4.71)

with Xµ as in (4.66). �

At the end of this section we show that DX is selfadjoint if and only if for

any µ = 0, 1, 2, 3 one has

ρ(Xµ) = −X†µ. (4.72)

and we called it twisted-covariant free Dirac operator.

In fact, in the st indices, Xµ is a block diagonal matrix which is proportional
to δṫṡ,

Xµ = δIṫ
Jṡ

(
Ril

l∇S
µQ

r
ir 04

04 Rir
r∇S

µQ
l
il

)
st

− δβtṫαsṡN̄
i∇S

µM̄i =: δṫṡ

(
Xr
µ 032

032 X l
µ

)
st

,

(4.73)
thus

γµXµ =

(
032 σµX l

µ

σ̃µXr
µ 032

)
st

, (γµXµ)† =

(
032 σµ(Xr

µ)†

σ̃µ(X l
µ)† 032

)
st

= γµρ(X†µ),

(4.74)
where we used that Xµ commutes with the σ's matrices and (σµ)† = σ̃µ.
Therefore γµXµ is selfadjoint i�

σµ(Xr
µ)† = σµX l

µ. (4.75)

Since Tr σ̄νσµ = 2δµν and both Xr
µ and X l

µ are proportional to δṫṡ, the partial
trace on the ṡṫ indices of the above equation, where both side have been
multiplied by σ̄λ, yields (Xr

µ)† = X l
µ for any µ, that is

X†µ = ρ(Xµ). (4.76)

Eq. (4.72) is obtained noticing that DX is selfadjoint if and only if iγµXµ is
selfadjoint, that is γµXµ is anti-selfadjoint. �

5{J , γµ} = i(γ0γ2γ̄µ + γµγ0γ2) = 0 because γ̄µ = −γµ for µ = 1, 3, γ̄µ = γµ for

µ = 0, 2. That J commutes with the spin covariant derivative ∇Sµ is a classical result, see

e.g. [97, Prop. 4.18].
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4.2.3 Twisted-covariant Majorana-Dirac operator Dσ

Twisted �uctuations of the Majorana-Dirac operator DM are parametrized by
a scalar �eld σ. To show that, we begin by a short calculation in tensorial
notations.

For A = (Q,M) ∈ B with components cr, cl ∈ C as in (4.62), one has

[DM , A]ρ =

(
02 yR(cr − cl)S

ȳR(cr − cl)S ′ 02

)
CD

δṫṡ ΞβJ
αI (4.77)

where

S =

(
1 0

0 0

)
st

, S ′ =
(

0 0

0 1

)
st

. (4.78)

The above twisted commutator is obtained computing explicitly (4.48) with
notations (4.50) and omitting yR and ȳR:

DMM−ρ(Q)DM = (ΞM)ṫIṡJ(ηΞ)tβsα − (Ξδ)ṫIṡJ (ρ(Q)ηΞ)tβsα (4.79)

=

(
m 04

04 m

)
ṡṫ

⊗
(

ΞI
J 04

04 −ΞI
J

)
st

−

(
Ξβα 04

04 Ξβα

)
ṡṫ

⊗
(

clR 04

04 −crR

)
st

=


(

(m− clR) ΞβJ
αI 0

0 (m− clR) ΞβJ
αI

)
ṡṫ

032

032

(
−(m− crR) ΞβJ

αI 0

0 −(m− crR) ΞβJ
αI

)
ṡṫ


st

DM
†Q−MD†ν = (Ξδ)ṫIṡJ (ηΞQ)tβsα − (ΞM)ṫIṡJ(ηΞ)tβsα (4.80)

=

(
Ξβα 04

04 Ξβα

)
ṡṫ

⊗
(

c̄rR 04

04 −ȳRclR

)
st

−
(

m 04

04 m

)
ṡṫ

⊗
(

Ξ̄I
J 04

04 −Ξ̄I
J

)
st

=


(

(̄crR −m) ΞβJ
αI 0

0 R̄(crR −m) ΞβJ
αI

)
ṡṫ

032

032

(
−(̄clR −m) ΞβJ

αI 0

0 −(̄clR −m) ΞβJ
αI

)
ṡṫ


st

.

Identifying crR with m following (4.53) yields the result in (4.77), where we
drop the index R to match notation (4.62). �

Now let us derive the selfadjoint twisted �uctuation (4.59) of the Majorana-
Dirac operator DM = γ5DR by C∞(M) ⊗ B. We call it twisted-covariant

Majorana-Dirac operator having the form

Dσ = σγ5DR (4.81)

where
σ = (I + γ5φ) (4.82)
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with φ a real scalar �eld.

To �nd the result (4.81), let Bi = (Ri, N i) as in (4.63). From eq. (4.77)
one gets

AM = Bi[DM , Ai]ρ = φ

(
02 yR S
ȳR S ′ 02

)
CD

δṫṡ ΞJβ
Iα (4.83)

where
φ := dir(cri − cli). (4.84)

One has J (Sδṫṡ)J = −Sδṫṡ and J (S ′δṫṡ)J = −S ′δṫṡ. Hence

JAMJ
−1 = −JAMJ = φ̄

(
02 yRS ′
ȳRS 02

)
CD

δṫṡ ΞJβ
Iα (4.85)

so that

DM+AM+JAMJ
−1 =

(
02 yR (ηts + φS + φ̄S ′)

ȳR (ηts + φS ′ + φ̄S) 02

)
CD

δṫṡ ΞJβ
Iα .

(4.86)
It is selfadjoint if and only if φ = φ̄. Then

Dσ := DM + AM + JAMJ
−1 =

(
04 yR(γ5 + φI4)

ȳR(γ5 + φI4) 04

)
CD

ΞJβ
Iα ,

(4.87)

= (γ5 + φI)DR.

Factorizing by γ5, one gets the form of (4.81). �

The results expressed by eq. (4.64) and (4.81) prove the second statement of
theorem 4.0.1. The �eld σ in (4.82) is slightly di�erent from the one obtained
in (3.52) by a non-twisted �uctuation of DM by Asm⊗ C∞(M), that is in the
form:

σ = (1 + φ)I. (4.88)

4.3 Breaking of the grand symmetry to the stan-

dard model

We give a justi�cation of the third and fourth point of theorem 4.0.1 by com-
puting the spectral action for the twisted-covariant Dirac operator

DA = DX +Dσ, (4.89)

where DX and Dσ have been obtained by twisted �uctuation of /D and DM in
(4.64) and (4.81). The full proof can be found in [37] where it is shown that
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the potential part of this action is minimum when the Dirac operator /D+DM

of the twisted spectral triple is �uctuated by a subalgebra of C∞(M) ⊗ B
which is invariant under the automorphism ρ. The maximal such sub-algebra
is precisely the algebra C∞(M)⊗Asm of the standard model. Indeed by (4.32)
an element (Q,M) of B is invariant by the automorphism ρ if and only if

ρ(Q) = Q, (4.90)

which means Hr
R = Hl

R and Cr
L = Cl

L, that is (Q,M) ∈ Asm.

We begin establishing the generalized Lichnerowicz formula for DA and
then we study the potential for the vector �eld, the scalar �eld, and their
interaction.

4.3.1 Lichnerowicz formula for the twisted-covariant Dirac

operator

We de�ne
/X := −iγµXµ, /ρ(X) := −iγµρ(Xµ). (4.91)

These are selfadjoint operators since by (4.67) and (4.72) one has

/X
†

= iX†µγ
µ = −iρ(Xµ)γµ = −iγµXµ = /X, (4.92)

and similarly for /ρ(X). The same is true for

/̄X := −iγµX̄µ, /ρ(X̄) := −iγµρ(X̄µ). (4.93)

Similar equations hold for the �eld σ, by extending the automorphism ρ to
B(H) as the conjugate action of the unitary operator that exchanges the indices
l and r in the basis of H. Doing so, one gets ρ(γ5) = −γ5, that is

ρ(σ) = I− γ5φ. (4.94)

Thus σ twisted-commutes with γµ - asXµ in (4.67) - for the anti-commutativity
of γµ and γ5 yields

γµσ = ρ(σ)γµ, γµρ(σ) = σγµ. (4.95)

The standard model algebra Asm is the subalgebra of B invariant under the
twist. To measure how far the grand symmetry is from the SM, we introduce
as physical degrees of freedom the �elds

∆(X)µ := Xµ − ρ(Xµ), ∆(σ) := (σ − ρ(σ))DR. (4.96)
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Both are selfadjoint, ∆(X)µ by eq. (4.72), ∆(σ) because σ and DR are self-
adjoint and commute. Moreover, by (4.67) and (4.95) one has

{γµ,∆(X)ν} = {γµ,∆(σ)} = 0, (4.97)

while γ5 commuting with Xµ and σ guarantee that[
γ5,∆(X)ν

]
=
[
γ5,∆(σ)

]
= 0. (4.98)

We write

ρ(Xµ) :=

(
/ρ(X) 064

064 −/ρ(X̄)

)
CD

, ∆(X)µ := Xµ − ρ(Xµ), (4.99)

and in agreement with (4.64) and (4.65) written as

/X = −iγµXµ =

(
/X 064

064 − /̄X

)
CD

, (4.100)

we also de�ne the selfadjont operators

/ρ(X) := −iγµρ(Xµ), /∆(X) := /X− /ρ(X). (4.101)

Finally, we let
Dµ := ∂µ + ad Xµ (4.102)

denotes the covariant derivative associated with the connection Xµ.

Using the above de�nitions, we want to show that the square of the twisted-
covariant Dirac operator (4.89) is

D2

A = − (γµγν∂µ∂ν + (αµX + αµσ)∂µ + βX + βXσ + βσ) (4.103)

where

αµX := i
{
/X, γµ

}
, βX = iγµ(∂µ /X)− /X/X, (4.104)

while
αµσ := iγµγ5∆(σ), βσ := −σ2D2

R, (4.105)

and
βXσ := iγµγ5 (Dµ(σDR) + ∆(σ)Xµ) . (4.106)

To prove eq. (4.103) we can start from D2

A = D2
X + D2

σ + {DX , Dσ} . By
(4.64), the �rst term is

D2
X = −γµ(∂µ + Xµ) γν(∂ν + Xν)

= −γµγν∂µ∂ν − i
{
/X, γµ

}
∂µ − iγµ(∂µ /X) + /X/X

= − (γµγν∂µ∂ν + αµX∂µ + βX) . (4.107)
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By using eq. (4.64) one has

{DX , Dσ} = −i {γµ∂µ, Dσ} − i {γµXµ, Dσ} . (4.108)

From the expression ofDσ given in (4.81), using (4.95) and {γ5, γµ} = [γ5,σ] =

0, one gets

{γµ∂µ, Dσ} =
{
γµ∂µ, γ

5σDR

}
= γµγ5∂µσDR − γµγ5ρ(σ)DR ∂µ,

= γµγ5 (∂µσDR) + γµγ5∆(σ)DR ∂µ. (4.109)

Similarly, using that γ5 commutes with Xµ, hence with Xµ, one has

{γµXµ, Dσ} =
{
γµXµ,σγ

5DR

}
= γµXµσγ

5DR + σγ5DRγ
µXµ,

= γµγ5[Xµ,σDR]ρ = γµγ5 ([Xµ,σDR] + ∆(σ)Xµ) . (4.110)

Summing (4.110) and (4.109), and using the de�nition (4.102) of Dµ, one
rewrites (4.108) as {DX , Dσ} = −(αµσ∂µ + βXσ). Finally from (4.81) one has
D2

σ = −βσ. �

Remarkably the contributions αµσ of the anti-commutator of DX and Dσ

to the order one part of D2
A depends on σ only, and not on X. The same is

true for βσ. The contributions α
µ
X and βX of DX depend on X only, and not

on σ. Thus in the Lichnerowicz formula for D2
A, that is

D2
A = −∇µ∇µ − E (4.111)

with
∇µ = ∂µ +

1

2
gµν(α

ν
X + ανσ), (4.112)

the bounded endormorphism E is the sum

E = EX + Eσ + EXσ (4.113)

of three terms:
EX := βX −

1

4
αX · αX −

1

2
∂µα

µ
X , (4.114)

which depends only on X,

Eσ := βσ −
1

4
ασ · ασ −

1

2
∂µασ, (4.115)

that depends only on σ, and an interaction term

EXσ := βXσ −
1

4
(αX · ασ + ασ · αX) . (4.116)

The endomorphisms EX , Eσ and EXσ can be written in terms of the physi-
cal degrees of freedom ∆(σ), ∆(X)µ de�ned in (4.96) which permit to measure
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how far the twisted spectral triple (4.55) is from the spectral triple of the SM,
(the complete calculation can be found in [37, �5.3])

EX =
1

2
γµγν (Fµν +Dν ∆(Xµ) + ∆(X)µ∆(X)ν) , (4.117)

EXσ = iγµγ5

(
Dµ(σDR)− 1

2
[Xµ,∆(σ)] +

1

2
{3Xµ −∆(X)µ,∆(σ)}

)
(4.118)

Eσ = ∆(σ)2 − σ2D2
R −

i

2
γµγ5∂µ∆(σ). (4.119)

where
Fµν := (∂µXν)− (∂νXµ) + [Xµ,Xν ] (4.120)

is the �eld strength of Xµ

Summing up these terms, one obtains from (4.111)

D2
A = −gµν∇µ∇ν −

1

2
γµγν (Fµν +Dν ∆(X)µ + ∆(X)µ∆(Xν))

+ σ2D2
R −∆(σ)2 − iγµγ5

(
Dµ(σDR)− 1

2
Dµ∆(σ)

)
− i

2
γµγ5 {3Xµ −∆(X)µ,∆(σ)} . (4.121)

One may be puzzled by the presence of two distincts covariant derivatives
in the Lichnerowicz formula for DA: ∇µ in the Laplacian and Dµ that encodes
the dynamics of ∆(X)µ and ∆(σ). In the non-twisted case this is the same
covariant derivative which play both role. However, because we switch gravita-
tion o�6 and consider the �at case, in the heat kernel expansion of the spectral
action the covariant derivative ∇µ only appears through the term ∇µ∇µE (in
a4). The latter is interpreted as a boundary term (see [31, Remark 1.155]) and
we shall not take it into account here. Doing so, only one covariant derivative
remains, Dµ. This makes sense from our perspective: the �elds ∆(X)µ and
∆(σ) are viewed as �excitations� generated by the twist, living on a back-
ground gauge theory with connection 1-form Xµ; so their dynamics is encoded
by Dµ, not by ∇µ.

The remaining Seeley-de Witt coe�cients are a0, which is not a�ected by
the twist and is interpreted as the cosmological constant (which recently turns
out to be quantized, see [20]) and the integral of the trace of E (in a2) and E2

(in a4) for E given in (4.113). In other terms the potential is the part of

V := Λ2f2 TrE +
1

2
f0TrE2 (4.122)

6Our aim in this chapter is to understand how the twist allows to generate the �eld σ.

That is why for simplicity we consider the �at case. The curved case, which should be

similar, will be studied elsewhere.
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that does not depend on the covariant derivative Dµ. We analyze it below,
dividing it into three pieces: the potential V (X) of the vector �eld, V (σ) of
the scalar �eld, and a interaction potential V (X,σ).

4.3.2 The vector �eld and the breaking to the standard

model

The potential V (X) is the part of V that depends on ∆(X)µ and no on its
derivative, that is

V (X) = Λ2f2 TrE0
X +

1

2
f0Tr (E0

X)2, (4.123)

where E0
X := 1

2
γµγν∆(X)µ∆(X)ν is read in (4.117). One rewrites it as

E0
X =

1

2
/∆

2
(X), (4.124)

thanks to (4.97) which guarantees that γν anti-commutes with ∆(X)µ for all
µ.

In the following we want to show that the potential V (X) is never negative

and vanishes i� ∆(X)µ = 0 for any µ.

In fact, since /∆(X) is selfadjoint, E0
X and (E0

X)2 are positive. Thus their
trace is never negative, and vanishes if and only if E0

X = (E0
X)2 = 0. This

condition is equivalent to
∆(X)µ = 0 ∀µ. (4.125)

Indeed, since {γν ,∆(X)µ} = 0 one has

Tr (γµγν∆(X)µ∆(X)ν) = Tr (γµ∆(X)µ∆(X)νγ
ν) = Tr (γνγµ∆(X)µ∆(X)ν)

(4.126)
where the last equality comes from the tracial property. Therefore

TrE0
X =

1

4
(Tr (γµγν∆(X)µ∆(X)ν) + Tr (γνγµ∆(X)µ∆(X)ν)),

=
1

2
gµν Tr(∆(X)µ∆(X)ν) =

1

2

∑
µ

Tr
(
∆2(X)µ

)
. (4.127)

Since ∆(X)µ is selfadjoint, ∆2(X)µ is positive. Its trace is never negative and
vanishes if and only if ∆(X)µ is zero. The same is true for the sum in (4.127),
meaning that Tr E0

X - hence E0
X - vanishes if and only if ∆(X)µ = 0 for all µ.

In conclusion, since f0 and f2 are positive numbers we can say that the
potential V (X) is never negative. �
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Condition (4.125) is equivalent to ∆(X)µ = 0 for any µ. To obtain the
breaking to the standard model, one can check that the vanishing of ∆(X)µ,
that is the invariance of Xµ under the twist, implies the invariance of its
components Ri, Qi [37, �5.4]

4.3.3 The scalar �eld

The part of the potential containing only the extra scalar �eld and not the
vector �eld is

V (σ) := Λ2f2 TrE0
σ +

1

2
f0 Tr (E0

σ)2, (4.128)

where
E0

σ := ∆2(σ)− σ2D2
R (4.129)

is read in (4.119). Compared to V (X) which contains only ∆(X)µ and not Xµ,
the potential V (σ) contains both σ and ∆(σ). This gives two possibilites for
minimizing:

Either one considers only ∆(σ) as degree of freedom. The potential then
reduces to

V (∆(σ)) := Λ2 f2 Tr(∆2(σ)) +
1

2
f0 Tr(∆4(σ)). (4.130)

Since ∆(σ) is selfadjoint, this potential is positive and vanishes if and only if
∆(σ) = 0. Going back to the the de�nition 4.96 of ∆(σ), this means

σ = ρ(σ) = I. (4.131)

Or one may prefer to take into account the whole potential (4.128) taking
as degree of freedom the �eld φ but we omit the proof that can be found
in [37, �5.5]

The invariance (4.131) of σ under the twist implies that Dσ = DM , so that
one is back to the Dirac operator of the standard model. However this does not
imply the reduction of the algebra to the one of the standard model. Indeed,
from (4.84) the vanishing of φ means crR = clR, so that the bigger subalgebra
of C∞(M)⊗ B for which any �uctuation yields a ρ-invariant σ is

C∞(M)⊗ (Hl
L ⊕Hr

L ⊕ C⊕M3(C)), (4.132)

which contains, but is di�erent from C∞(M)⊗Asm.

4.3.4 Interaction potential

The interaction term V (X,σ) between the scalar and the vector �elds, as
calculated in [37, �5.6], has the following form

V (X,σ) :=
1

2
f0 Tr (E0

Xσ)2 + f0 TrE0
XE

0
σ. (4.133)
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with

E0
Xσ :=

i

2
γµγ5 {Hµ,∆(σ)} with Hµ := 3Xµ −∆(X)µ (4.134)

In [37] it is shown that the whole potential V (X)+V (σ)+V (X,σ) is never
negative and it is zero if and only if both the scalar �eld σ and the vector �eld
∆(X)µ are zero. This proves the point iii) in theorem 4.0.1.

4.4 Twist and representations

We discuss the choices made in the construction of the twisted spectral triple
of the standard model: the intermediate solution consisting in imposing by
hand the reduction M8(C)→ M4(C), and the representation of AG.

4.4.1 Global twist

Instead of reducing by hand BLR to B′ by imposing the reduction M8(C) →
M4(C), one could twist BLR as well. This means �nding an automorphism ρ

of M8(C) such that

σµM ∂µ − σ(M)σµ∂µ = 0, σ̄µM ∂µ − σ̄(M)σ̄µ∂µ = 0. (4.135)

Using σµσ̄ν∂µ∂ν = ∇2, the �rst expression yields

σ(M) = σµMσ̄ν
1

∇2
∂µ∂ν . (4.136)

The right-hand side of (4.136) has to be understood in the context of the
pseudo di�erential operator theory of which a very sketchy overlook can be
found in [65, appendix F]. This does not de�ne an automorphism of C∞(M)⊗
AG. Indeed, writing Tµν ≡ 1

∇2∂µ∂ν and M
µν
1 ≡ σµM1σ̄

ν , one gets

σ(M1)σ(M2) = (Mµν
1 Tµν)

(
Mαβ

2 Tαβ

)
(4.137)

= Mµν
1

[
Tµν ,M

αβ
2

]
Tαβ +Mµν

1 Mαβ
2 TµνTαβ, (4.138)

= σ(M1M2) +Mµν
1

[
Tµν ,M

αβ
2

]
Tαβ (4.139)

where we compute

Mµν
1 Mαβ

2 TµνTαβ = σµM1σ̄
νσαM2σ̄

β 1

∇2

1

∇2
∂µ∂ν∂α∂β

= σµM1M2σ̄
β 1

∇2
∂µ∂β

= σ(M1M2). (4.140)
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A possible solution is to look for a ? product such that

σ(M1) ? σ(M2) = σ(M1 ? M2), (4.141)

that would encode the intrinsic mixing between the manifold (space-time) and
the matrix part (gauge sector) that is the core of the Grand Symmetry. This
would also force us to consider an algebra A0 of pseudo-di�erential operators
bigger than C∞(M)⊗AG. This point is particularly interesting if one believes
that almost commutative geometries are an e�ective low energy description of
a more fundamental theory, based on a �truly� non-commutative algebra (that
is with a �nite dimensional center). This idea has been often advertised by
D. Kastler, and it could be that A0 is not so far from the �noncommutative
salmon� he aims at �shing. All this will be investigated in future works.

The reason why we choose the representation (4.13) instead of (3.4) as in
�3.1 is that while it is right that (4.136) is still in M4(C), it would not be true
for an element Q = Qṫβ

ṡα ∈ M2(H) that σµQσ̄ν is still in M2(H). However, all
the results presented in this work would also be true with the representation
(3.4), as explained in the next paragraph.

4.4.2 Invariance of the constraints

The grand algebra in the representation (4.13) is broken by the grading to
(3.10)

A′G = M2(H)L ⊕M2(H)R ⊕M l
4(C)⊕M r

4 (C). (4.142)

To have bounded commutators with /D, we impose by hand that quaternions
act trivially on the ṡ index, yielding the reduction to

A′ := HL ⊕HR ⊕M l
4(C)⊕M r

4 (C) (4.143)

whose elements are (Q,M) where

Q = δtṫsṡ

(
qR 02

02 qL

)
αβ

, M =

(
M l

l 04

04 M r
r

)
st

with qr ∈ H,M l
l ,M

r
r ∈M4(C).

(4.144)
The twist ρ is still de�ned as the exchange of the left and right part of spinors,
but it now acts on the matrix part

ρ(M) =

(
M r

r 04

04 M l
l

)
st

. (4.145)

This guarantees that

[ /D,M ]ρ = (/∂M) + [γµ,M ]ρ = (/∂M) (4.146)



CHAPTER 4. TWISTING THE GRAND SYMMETRY 85

is bounded, so that (C∞(M)⊗A′,H, /D +DM ; ρ) is a twisted spectral triple.
The twisted �rst-order condition for /D is checked as in �4.1.2.

For the twisted �rst-order condition imposed by DM , one �rst consider the
subalgebra of A′

Ã := HL ⊕ CR ⊕M l
3(C)⊕ Cl ⊕M r

3 (C)⊕ Cr (4.147)

obtained by asking

qR =

(
cR 0

0 c̄R

)
with cR ∈ C (4.148)

in (4.144) and

M r
r =

(
mr 02

02 Mr

)
IJ

, M l
l =

(
ml 02

02 Ml

)
IJ

with Mr,Ml ∈M3(C), mr,ml ∈ C.

(4.149)
Let B = (R,N) ∈ B̃ be another element of Ã, with components dr, nr, nl ∈ C
and Nr,Nl ∈ M3(C). The double twisted commutator [[DM , A]ρ, JBJ

−1]ρ is
an o�-diagonal matrix with components

(DMM −QDM)R̄− ρ(N̄)(DMM −QDM), (4.150)

(DMQ− ρ(M)DM)N̄ − R̄(DMQ− ρ(M)DM). (4.151)

One has

ρ(N̄)DνM = (ρ(N̄)ηΞM)tIsJ(Ξδ)ṫβṡα =

(
n̄lmr 04

04 −n̄rml

)
st

⊗
(

Ξ 04

04 Ξ

)
ṡṫ

,

ρ(N̄)QDν = (ρ(N̄)ηΞ)tIsJ (QΞ)ṫβṡα =

(
n̄l 04

04 −n̄r

)
st

⊗
(

cR 04

04 cR

)
ṡṫ

,

DνMR̄ = (ηΞM)tIsJ (ΞR̄)ṫβṡα =

(
mr 04

04 −ml

)
st

⊗
(

d̄R 04

04 d̄R

)
ṡṫ

,

QDνR̄ = (ηΞ)tIsJ (QΞR̄)ṫβṡα =

(
Ξ 04

04 −Ξ

)
st

⊗
(

cRd̄R 04

04 cRd̄R

)
ṡṫ

,

(4.152)

where we de�ned

mr :=

(
mr 0

0 03

)
αβ

, ml :=

(
ml 0

0 03

)
αβ

, cR =

(
cR 0

0 03

)
IJ

(4.153)

and similarly for nr, nl and dR. Collecting the various terms, one �nds that
(4.150) is zero if and only if

(cR −mr)(d̄R − n̄l) = 0, (cR −ml)(d̄R − n̄r) = 0 (4.154)
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which are the same constraints (4.51) coming from the other representation.
The same is true for (4.151), using

R̄ρ(M)Dν = (ρ(M)ηΞ)tIsJ (ΞR̄)ṫβṡα =

(
ml 04

04 −mr

)
st

⊗
(

d̄R 04

04 d̄R

)
ṡṫ

,

R̄DνQ = (ηΞ)tIsJ (R̄ΞQ)ṫβṡα =

(
Ξ 04

04 −Ξ

)
st

⊗
(

cRd̄R 04

04 cRd̄R

)
ṡṫ

,

ρ(M)DνN̄ = (ρ(M)ηΞN̄)tIsJ(Ξ)ṫβṡα =

(
ml n̄r 04

04 −mr n̄l

)
st

⊗
(

Ξ 04

04 Ξ

)
ṡṫ

,

DνQN̄ = (ηΞN̄)tIsJ (ΞQ)ṫβṡα =

(
n̄r 04

04 −n̄l

)
st

⊗
(

cR 04

04 cR

)
ṡṫ

. (4.155)

Solving (4.51) by asking mr = cR, that is identifying Cr and CR with a single
copy Cr

R of the complex numbers, one reduces Ã to

A := HL ⊕ Cr
R ⊕ Cl ⊕M l

3(C)⊕M r
3 (C). (4.156)

This algebra plays for the representation (3.4) the same role as the algebra
B for the representation (4.13). Repeating the computation of �4.2.3, one �nds
a scalar �eld similar to σ. Thus, except for the hope of a global twist described
in �4.4.1, there is at the moment no motivation to prefer one or the other of
the two natural representations of the grand algebra.

4.5 Comments

Let us summarize our results by the following chain of breaking, to be compared
with (3.65):
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AG = M4(H)⊕M8(C)

⇓ grading condition

BLR = (Hl
L ⊕Hr

L ⊕Hl
R ⊕Hr

R)⊕M8(C)

⇓ bounded commutator for M8(C)

B′ = (Hl
L ⊕Hr

L ⊕Hl
R ⊕Hr

R)⊕M4(C)

⇓ 1st-order for the Majorana-Dirac operatorDM

B = (Hl
L ⊕ Cr

L ⊕Hl
R ⊕ Cr

R)⊕M3(C)⊕ C with C = Cr
R

⇓ minimum of the spectral action

Asm = C⊕H⊕M3(C)

Starting with the �not so grand algebra� B, one builds a twisted spectral
triple whose �uctuations generate both an extra scalar �eld σ and an additional
vector �eld Xµ. This is a Pati-Salam like model - the unitary of B yields
both an SU(2)R and an SU(2)L, together with an extra U(1) - but in a pre-
geometric phase since the Lorentz symmetry (in our case: the Euclidean SO(n)

symmetry) is not explicit. The spectral action spontaneously breaks this model
to the standard model, in which the Lorentz symmetry is explicit, with the
scalar and the vector �elds playing a role similar as the one of Higgs �eld. We
thus have a dynamical model of emergent geometry.

The idea that the scalar �eld σ is associated to the spontaneous breaking of
a bigger symmetry to the standard model had been also implemented in [21],
where the standard model symmetry does not come from a bigger algebra,
but follows from relaxing the �rst-order condition. It would be interesting
to understand to what extend the twisted �uctuations presented here are a
particular case of those inner �uctuation without �rst oder condition. More
generally, the structure of the set of twisted �uctuations and of the associated
twisted-gauge transformations of A needs to be worked out.

The twist ρ is remarkably simple, and its mathematical signi�cance should
be studied more in details, in particular how it should be incorporated in the
axioms of noncommutative geometry, like the orientability condition where the
commutator with the Dirac operator plays a crucial role. Also, the physical
meaning of the twist is intriguing: the un-twisting of B forces the action of
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the algebra to be the same on the left and right components of spinors. In
this sense the breaking of the grand algebra to the standard model is a sort of
�primordial� chiral symmetry breaking.



Chapter 5

Gauge uni�cation

The coupling constants of the three gauge interactions run with energy, as
seen in �1.4. The ones relating to the nonabelian symmetries are relatively
strong at low energy, but decrease, while the abelian interaction increases. As
already explained in chapter 1, at an energy comprised between 1013−1017 GeV
their values are very similar, around 0.52, but, in view of present data, and in

absence of new physics, they fail to meet at a single scale. Here by absence
of new physics we mean extra terms in the Lagrangian of the model. The
extra terms may be due for example to the presence of new particles, or new
interaction, like the supersymmetric models which can alter the running and
cause the presence of the uni�cation point [74].

Since the gauge uni�cation is a foundamental statement of the spectral
action approach, in this chapter we want to investigate whether the presence
of higher dimensional terms in the standard model action − dimension six
in particular − may cause the uni�cation of the coupling constants. This
work may be read in two contexts: as an application of the spectral action, or
independently on it, from a purely phenomenologically point of view.

From the spectral point of view, as shown in �2.5, the spectral action is
solved as a heath kernel expansion in powers in the inverse of an energy scale.
The terms up to dimension four reproduce the standard model qualitatively, as
shown in �2.6, but the theory is valid at a scale in which the couplings are equal.
The expansion gives, however, also higher dimensional terms, suppressed by
the power of the scale, and depending on the details of the cuto�. This �xes
relations among the coe�cients of the new terms. The analysis in this chapter
gives the conditions under which the spectral action can predict the uni�cation
of the three gauge coupling constants.

On the other side, it is also possible to read this part at a purely phe-
nomenological level, using the spectral action as input only for the choice of

89
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the subset of all possible higher dimensions terms in the action, and as a guide
for the setting of the low energy values for the couplings of the coe�cients
of the extra terms. We show that the presence of these terms enables the
possibility of a uni�cation.

In both cases the scale of uni�cation Λ is considered the cuto�, and we run
the theory below it. We assume, therefore, that perturbation theory is valid.
There appears a hierarchy problem. From the point of view of the spectral
action this implies a rather strange (though admissible) cuto� function. From
a phenomenological point of view this entails either unnaturally large dimen-
sionless quantities, or the presence of a new intermediate scale, Γ, which is not
however the limit of validity of the e�ective theory, but it gives a guide to the
magnitude of the coe�cients of the new terms. The latter option is, of course,
more desirable and we will discuss it below.

In section 5.1, we present the new dimension six operators, in addition to
the standard model action, coming from the Seely-deWitt coe�cient (2.51) of
spectral action expansion (the complete calculations can be found in [35]). In
section 5.2 we give the new renormalization group equations at one loop, due
to the dim-6 operators; then, we show how these new operators a�ect the SM
phenomenology. In section 5.3 we run the renormalization group equations to
study the new coupling constants behavior, checking the possibility to improve
the gauge uni�cation point. A �nal section contains some comments and open
questions.

5.1 Dimension six operators

As explained in chapter 2 the Lagrangian of the standard model can be ob-
tained from �rst principles using the spectral action, which is a regularized
trace, with Λ appearing as the cuto�. The relevant point is the fact that the
spectral action requires the coupling constants of the three gauge groups to
be equal at a scale Λ, which is also the cuto� of the theory. There is no need
for a uni�ed gauge group at the scale Λ, which in fact may signify a phase
transition to a pre geometric phase [63], although larger symmetries are also
possible, for example the grand symmetry of chapter 3 or other ones [21].

As seen in �2.5, the spectral action is an expansion in inverse powers of Λ2,
and it enables the presence of a set of new dimension six operators. Dimension
�ve operators, which violate lepton number, and do not change the properties
of the Higgs boson are not present in the expansion. The spectral action also
gives relations among the coe�cients of the required dimension six operators,
which are described in [35, appendix A].
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A complete classi�cation of the dimension-six operators in the standard
model is given in [53]. There, it is shown that there are 59 independent oper-
ators, preserving baryon number, after eliminating redundant operators using
the equations of motion. Here we consider only the following dimension-six
operators, mixing the gauge �eld strength and the Higgs �eld. They are the
ones coming from the spectral action expansion1:

L(6) = CHBHH BµνB
µν + CHWHHWµνW

µν + CHVHHVµνV
µν +

+CWWµνW
ναWµ

α + CVVµνV
ναVµ

α + CH
(
HH

)3
(5.1)

The coe�cients Ci have the dimension of an inverse energy square. The spec-
tral action �xes their value at the cuto� Λ. To these terms we have to add a
coupling between the Higgs, the W and the B which is absent in the spectral
action at scale Λ, but is dynamically created. With the couplings considered
here no other term is induced.

5.2 Coupling Constants RGEs

In this section we give the new renormalization group equations (RGEs) at
one loop due to the dimensions-6 operators in the Lagrangian (5.1). Although
the choice of the dimension six operators and some of characteristics of the
Lagrangian are coming from the spectral action, this section can be read in-
dependently of it.

The full one-loop contributions to the SM running for dimension six oper-
ators have been calculated in [2,52,55,56]. The modi�cations to the standard
model RGEs are given by the following new terms to be added to the rhs
of (2.66):

δġ3 = −4m2
Hg3CHV

δġ2 = −4m2
Hg2CHW

δġ1 = −4m2
Hg1CHB

δλ̇ = m2
H

(
9g2

2CHW + 3g2
1CHB + 12CH + 3g1g2CHWB

)
δẏt,ν = 0 (5.1)

1See [35, appendix A] for the complete derivation.
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and the RGEs for the dim-6 coupling constants are given by

ĊHB = CHB

(
12λ+ 2

(
3y2

t + y2
ν

)
+

85

6
g2

1 −
9

2
g2

2

)
+ 3CHWBg1g2

ĊHW = CHW

(
12λ+ 2

(
3y2

t + y2
ν

)
− 47

6
g2

1 −
5

2
g2

2

)
+ CHWBg1g2 − 15CWg

3
2

ĊHV = CHV

(
12λ+ 2

(
3y2

t + y2
ν

)
− 3

2
g2

1 −
9

2
g2

2 − 14g2
3

)
ĊHWB = CHWB

(
4λ+ 2

(
3y2

t + y2
ν

)
+

19

3
g2

1 +
4

3
g2

2

)
+ 2g1g2 (CHB + CHW ) + 3CWg1g

2
2

ĊW =
29

2
CWg

2
2

ĊV = 15CV g
2
3

ĊH = CH

(
108λ+ 6

(
3y2

t + y2
ν

)
− 9

2
g2

1 −
27

2
g2

2

)
− 3CBg

2
1

(
g2

1 + g2
2 − 4λ

)
+

+ 3CWg
2
2

(
12λ− 3g2

2 − g2
1

)
+ CHWB

(
12λg1g2 − 3g3

1g2 − 3g1g
3
2

)
(5.2)

Although the spectral action does not contain explicitly the term CHWBH
2WµνB

µν ,
due to the unimodular condition, the coupling constant CHWB is however in-
duced by the running of CHB, CHW and CW .

In the framework of the spectral action these equations are solved with
boundary conditions at the cut-o� scale Λ given by the coe�cients appearing
in the sixth Seeley-De Witt coe�cient [35, appendix A]:

CHB(Λ) = − f6

16π2Λ2

4 (3ρ2 + 17)

9 (ρ2 + 3)
g4 , CHW (Λ) = − f6

16π2Λ2

4

3
g4 , CHV (Λ) = − f6

16π2Λ2

16

3 (ρ2 + 3)
g4 ,

CH(Λ) = − f6

16π2Λ2

512(ρ6 + 3)

3 (ρ2 + 3)3 g
6 , CW (Λ) = − f6

16π2Λ2

26

15
g3 , CV (Λ) = − f6

16π2Λ2

26

15
g3 .

(5.3)

The coupling CHWB is set to zero at the cut-o� scale CHWB(Λ) = 0 since it
does not appear in the spectral action.

In (5.3) g ≡ g3(Λ) = g2(Λ) = 5
3
g1(Λ) is the value of the gauge coupling

constants at the cut-o� scale which, therefore, is identi�ed with the uni�ca-
tion scale. These two constants, g and Λ, together with the ratio ρ and the
parameter f6 appearing in the spectral action, will be the four free parameters
of this model.

There are also constraints at low energy to satisfy. The values of the gi's
are known at the scale of the top mass with very high precision, and the
parameters λ and the yt are related to the Higgs and top mass. As we said
earlier, the spectral action requires a positive value of λ at the cuto� scale Λ,
(2.68), and without the �eld σ, it predicts a mass of the Higgs at 170 GeV.
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However, the presence of higher-order operators in the action alters the form
of the usual coupling constants, leading to a new phenomenology which we
outline in the following section.

5.2.1 New phenomenology

In this section, following [2, �5] we give the main modi�cations to the SM
phenomenology due to the dim-6 Lagrangian, i.e. the new form of the observ-
ables measured at the electroweak scale. The new operators, in fact, alter the
de�nition of the SM parameters at tree level in several ways.

First of all, we focus on the e�ects of the dimension-six Lagrangian on
the Higgs mass mH and the self-coupling λ. The dim-6 operator CH(H†H)3

changes the shape of the scalar doublet potential at order CHv2 to

V (H) = −m
2

2
H†H + λ

(
H†H

)2 − CH
(
H†H

)3
(5.4)

generating the new minimum〈
H†H

〉
=

1

3CH

(
λ−

√
λ2 − 3CHλv2

)
' v2

2

(
1 +

3CHv
2

4λ

)
≡ v2

T

2
(5.5)

in the second line we have expanded the exact solution to �rst order in CH .
Therefore the shift in the vacuum expectation value is proportional to CHv2,

which is of order f6
v2

Λ2 . On expanding the potential (5.4) around the minimum
and neglecting kinetics corrections,

H =
1√
2

(
0

h+ vT

)
, (5.6)

we �nd for the Higgs boson mass

m2
H = 2λv2

T

(
1− 3CHv

2

2λ

)
(5.7)

At the same time the gauge �elds and the gauge couplings are also a�ected by
the dim-6 couplings.

In the broken theory the X2H2 operators (with X being any �eld strength)
contribute to the gauge kinetic energies, through the Lagrangian terms

(LSM + L6)kin = −1

4
BµνB

µν − 1

4
VµνV

µν − 1

4
W3

µνW
µν
3 −

1

2
W+
µνW

µν
− + (5.8)

+
1

2
v2
T

(
CHBBµνB

µν + CHWWµνW
µν + CHVVµνV

µν − CHWBW
3
µνB

µν
)
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while for the mass terms of the gauge bosons, arising from (DµH)†(DµH), we
have

(LSM + L6)mass =
1

4
g2

2v
2
TW

+
µνW

µν
− +

1

8
v2
T

(
g2W

3
µ − g1Bµ

)2 (5.9)

The mass terms coming from the kinetic term of the Higgs has been ignored
since while the operators H6 produces a shift of order CHv2/λ (see eq. (5.7)),
the kinetic operators produce a shift of order Ckinv2 (see [2]) which will be
negligible if CH and Ckin are of the same order.

The gauge �elds have to be rede�ned, so that the kinetic terms are properly
normalized and diagonal,

Gµ = Gµ
(
1 + CHV v

2
T

)
, Wµ =Wµ

(
1 + CHWv

2
T

)
, Bµ = Bµ

(
1 + CHBv

2
T

)
,

(5.10)
so that the modi�ed coupling constants become

ḡ3 = g3

(
1 + CHV v

2
T

)
, ḡ2 = g2

(
1 + CHWv

2
T

)
, ḡ1 = g1

(
1 + CHBv

2
T

)
, (5.11)

and the products g1Bµ = ḡ1Bµ etc. are unchanged. Therefore, the electroweak
Lagrangian is

L = −1

4
BµνBµν −

1

4
W3

µνW
µν
3 −

1

2
W+

µνW
µν
− −

1

2

(
v2
TCHWB

)
W3

µνBµν

+
1

4
ḡ2

2v
2
TW+

µνW
µν
− +

1

8
v2
T

(
ḡ2W3

µ − ḡ1Bµ
)2 (5.12)

The mass eigenstate basis is given by, [2, eq. 5.21],[
W3

µ

Bµ

]
=

[
1 −1

2
v2
TCHWB

−1
2
v2
TCHWB 1

] [
cosθ̄ sinθ̄
-sinθ̄ cosθ̄

] [
Z3
µ

Aµ

]
, (5.13)

with θ̄, rotation angle, given by

tanθ̄ =
ḡ1

ḡ2

+
v2
T

2
CHWB

[
1− ḡ2

1

ḡ2
2

]
. (5.14)

The photon remains massless and the W and Z masses are

M2
W =

ḡ2
2v

2
T

4
,

M2
Z =

(ḡ2
1 + ḡ2

2)v2
T

4
+

1

2
v4
T ḡ1ḡ2CHWB (5.15)

The covariant derivative has the form

Dµ = ∂µ + i
ḡ2√

2

[
W+

µ T
+ +W−µ T−

]
+ igZ

[
T3 − sinθ̄2Q

]
Zµ + iēQAµ, (5.16)
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where Q = T3 + Y and the e�ective couplings become,

ē =
ḡ1ḡ2√
ḡ2

1 + ḡ2
2

[
1− ḡ1ḡ2

ḡ2
1 + ḡ2

2

v2
TCHWB

]
= ḡ2sinθ̄ −

1

2
cosθ̄ḡ2v

2
TCHWB ,

ḡZ =
√
ḡ2

1 + ḡ2
2 +

ḡ1ḡ2√
ḡ2

1 + ḡ2
2

v2
TCHWB =

ē

sinθ̄cosθ̄

[
1 +

ḡ2
1 + ḡ2

2

2ḡ1ḡ2

v2
TCHWB

]
,

sinθ̄2 =
ḡ2

1

ḡ2
1 + ḡ2

2

+
ḡ1ḡ2 (ḡ2

2 − ḡ2
1)

ḡ2
1 + ḡ2

2

v2
TCHWB . (5.17)

Considering (5.17) and (5.15), the experimental values for theW and Z masses
and couplings �x ḡ1,ḡ2,vT , CHWB.This procedure consists of solving 4 equations
in 4 variables: the unique solution of this system is given by the classical values
for ḡ1,ḡ2 and vT , i.e.

ḡ1 = 0.358, ḡ2 = 0.651, vT = 246GeV (5.18)

while the dim-6 parameter CHWB must give negligble corrections to the stan-
dard results. This means the product v2

TCHWB has to be, at least, of the order
10−3, i.e. CHWB . 10−7GeV −2.

5.3 Running of the constants

In the following section we run the renormalization group equations, presented
in � 5.2, to study the modi�cation of the coupling constants behavior, due
to the dim-6 operators. We check the possibility, for these new terms, to
give a gauge uni�cation point and to return values for the coupling constants
compatible with the spectral action predictions.

5.3.1 Renormalization group �ow

One can run the equations of the renormalization group in two directions. A
�bottom-up� running assumes boundary values for the various constants at low
energy (usually the Z or top mass) and runs toward higher energies. This is the
way �g. 2.2 has been obtained. On the contrary the spectral action is de�ned
at the high energy scale Λ, and its strength lies in the fact that it speci�es the
boundary conditions of all constants there. Therefore a �top-down� approach
is more natural. Here, we follow a combined approach.

We start at the scale Λ in the range 1013−17 GeV. At this energy we give
the boundary values given by the spectral action. In particular we use for the
dimension six terms the values we have presented in eq. (5.3). The top-down
running depends on four other parameters (described below) and gives a set
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of values for all of physical parameters at low energy. The parameters we
�nd are not too distinct from the experimentally known ones, but there are
discrepancies. As it should be: the heat kernel expansion is akin to a one loop
calculation and, apart form any other incomplete aspect of the theory, it would
be unreasonable to �nd the correct values for all parameters. The values one
�nds are however close to the experimental ones for the three gi and yt, while
as remarked earlier λ, which is the parameter appearing in the Higgs mass, is
o� by nearly a factor two. The top-down running gives a set of values of the
dimension six couplings Ci at MZ .

We then performed a bottom-up running to see if the presence of the new
terms could give a uni�cation point, and we found that in several cases it
does. As boundary conditions we used the experimental values for the gi's and
yt and the low energy values of the Ci's obtained in the top-down running.
The case of λ deserves a little discussion. Since the experimental and spectral
action values are quite di�erent, the qualitative behavior in the two cases are
di�erent. On the other side, it is known that the problem is �xed by the
presence of another �eld (σ), which we do not discuss in this thesis. We have
therefore performed our analysis in the two cases, i.e. the value of λ obtained
by the spectral action, and the experimental one. The strategy we followed is
synthesized in Table 5.1.

Λ scale RGEs−→ MZ scale MZ scale
RGEs−→ Λscale

In:{eq. (5.3)} In:{Ci(MZ), gexpi }
Out:{Ci(MZ)} Out:{Ci(Λ), gi(Λ)}︸ ︷︷ ︸ ︸ ︷︷ ︸

top-down running bottom-up running

 (5.1)

Table 5.1: Resolution scheme adopted for the renormalization group �ow. Varying

Λ, g, ρ and f6 we solve the RGEs, starting from the uni�cation scale Λ down to the

MZ scale, and we use the resulting values for the dim-6 parameters together with

the experimental values for the usual dim-4 couplings gexpi , λexp, yexptop to run again

toward high energies.

The second case, in which we used the experimental values as initial con-
ditions, can be considered on a purely phenomenological basis, to show that
higher dimension operators may cause uni�cations of the constants at one loop.
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5.3.2 Top-Down running

In the spectral action model we have four free parameters: the value of the
gauge coupling constants at the uni�cation, g. The value of the cut-o� and
uni�cation scale, Λ. The ratio between top and neutrino Yukawa couplings, ρ.
The momentum f6 which will �x the new physics scale Γ. This last parameter
appears as coe�cient to the dimension six operators with the combination
f6/Λ

2, and therefore e�ectively de�nes a new energy scale. This scale is an
artifact of the spectral expansion, and does not signal the onset of new physics.
It does however give a measure of the scale at which the new term will play a
role.

All parameters have a particular range in which we expect they could be
chosen. From the SM running of the gauge coupling constants we know g is
expected around 0.55 ± 0.03, while Λ has a more signi�cant range between
1013 GeV and 1017 GeV. The ratio ρ between the top and neutrino Yukawa
couplings should be expected of O(1). The value of the parameter f6 requires a
separate discussion. From the internal logic of the spectral action its �natural�
value would be of order unity, or not much larger. Such a value would however
make the corrections to the running totally irrelevant. The parameter appears
with a denominator in Λ2, and the corrections are often quadratic in this
ratio. On the other side, from the phenomenology of electroweak processes
it can be expected the e�ects of these new physics terms on the measured
signal strength for H → γγ decay, whose measured value is given by ATLAS
and CMS [1, 23]. To obtain comparable data the new physics scale has to be
�xed around Γ ∼ 1 − 10 TeV. This leads to expected values for the dim-6
coe�cients Ci around 10−6 − 10−8GeV−2 . The range for f6 will be ∼ Λ2/Γ2,
i.e. 1020−28. Given the fact that the cuto� function is undetermined in the
scheme, such numbers are allowed, although a more physical explanation of
their size would be preferable. The spectral action, given by an expansion valid
below the uni�cation scale, gives a framework to use a perturbative expansion
valid beyond the scale of new physics, although it does not explain it. From
the spectral point of view this is a weak point, the presence of such a high
value for f6 is very strange and creates an unnatural hierarchy with the other
coe�cients.

Since the point of the calculation was to verify the possibility of uni�cation,
the top-down calculation has been performed with the aim of obtaining values
which would be a good starting point for the bottom up calculation. We did
search for the best solutions for the range of parameters above. We performed
�rst a coarse search to restrict the range, and then optimized the input pa-
rameters to �nd a good uni�cation point. For the scope of this chapter, i.e. to
show that dimension six operators could give uni�cation, this is su�cient.
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The boundary conditions at MZ for the subsequent bottom-up run ap-
proach are the experimental values for the gi and yt, and the values obtained
from the top-down for the Ci's. In the case of λ we have the two choices:
either the values obtained from the top down, or the one from experiment.
Since these two are di�erent, in the following we present both cases.

Spectral action value for λ

In the following table we describe the values of the free parameters we used
which will enable the best uni�cation.

Table 5.2 shows, for various values of Λ, the parameters used for the top-
down running, and the value of the couplings at low energy, shown as ratio
with respect to the experimental value, corrected as described in the previous
section: γi = gi(MZ)

ḡexpi
and γt = yt(MZ)

yexpt
. The values for λ are not shown since, for

the reasons described above, they are not signi�cant.

Λ GeV g(Λ) ρ(Λ) f6
16π2Λ2Gev−2 γ1 γ2 γ3 γt

1014 0.580 1.6 4.8 10−6 1.0 1.0 1.0 1.0

1015 0.570 1.9 7.3 10−6 0.98 1.0 1.0 1.0

1016 0.550 1.9 6.9 10−6 0.95 0.99 1.0 1.0

1017 0.540 2.0 8.3 10−6 0.93 0.97 1.1 1.0

Table 5.2: The values of the coupling constants at MZ compared with the ex-

perimental values for the top-down running. The values of the free parameters

are optimized for the subsequent bottom-up run.

Note that the choice of parameters has been made to optimize the sub-
sequent bottom-up running. The amount of variations with respect to the
experimental values for the couplings could be made smaller with a di�erent
choice of g, f6 and ρ. This top-down running gives values for the Ci's, which
are shown in Table 5.3.

One can see that with the choice of parameters, mainly f6, the Ci's are in
the range expected by a new physics scale of the order of 1 TeV.

Experimental value for λ

The values described above are made with parameters which are natural in
the framework of the spectral action, but from the phenomenological point
of view, since we now have the mass of the Higgs, and therefore the value
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Λ CHWB CW CV CHV CH CHB CHW
1014 1.1 10−7 −5.8 10−7 −2.7 10−7 −1.1 10−6 3.8 10−8 −1.7 10−7 −7.5 10−7

1015 1.4 10−7 −8.1 10−7 −3.3 10−7 −1.4 10−6 5.6 10−8 −2.1 10−7 −9.9 10−7

1016 1.2 10−7 −6.7 10−7 −2.6 10−7 −1.3 10−6 4.2 10−8 −1.7 10−7 −8.2 10−7

1017 1.3 10−7 −7.4 10−7 −2.5 10−7 −1.4 10−6 4.6 10−8 −1.7 10−7 −8.8 10−7

Table 5.3: The values of the coe�cients of the dimension six operators at MZ .

The values of the free parameters are the ones in Table 5.2. All Ci's are in

GeV−2.

of λ(MZ), we can also perform the analysis using as boundary condition the
experimental value. As in the previous subsection the parameters are chosen
in such a way to optimize the subsequent bottom-up run. Tables 5.4 and 5.5
are the counterparts of 5.2 and 5.3 for the case optimized for uni�cation using
as input the experimental value of λ at MZ . Of course some principle like the
spectral action must be operating in the background, to make sense of the fact
that we are running the theory above the scale Γ all the way to the uni�cation
point.

Λ GeV g(Λ) ρ(Λ) f6
16π2Λ2Gev−2 γ1 γ2 γ3 γt

1014 0.580 1.1 1.1 10−5 0.98 0.95 0.80 1.0

1015 0.560 0.7 8.3 10−6 0.98 0.96 0.85 1.1

1016 0.550 1.0 9.6 10−6 0.98 0.96 0.89 1.1

1017 0.540 0.9 8.3 10−6 0.99 0.98 0.95 1.2

Table 5.4: The values of the coupling constants at MZ compared with the ex-

perimental values for the top-down running. The values of the free parameters

are optimized for the subsequent bottom-up run. The initial value of λ(MZ)

is the experimental one.

One can see that with respect to the previous case the values of the γ's are
slightly worse, showing that in this case the result of the top-down running
spectral action �predictions� are o�. This is not surprising because for the
subsequent running (for which these values are optimized) the connections
with the spectral action are weaker. One can notice that the values for the
couplings in the two cases are not drastically di�erent.
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Λ CHWB CW CV CHV CH CHB CHW
1014 2.3 10−7 −1.4 10−6 −7.3 10−7 −2.9 10−6 9.4 10−8 −4.4 10−7 −1.6 10−6

1015 1.5 10−7 −9.0 10−7 −4.5 10−7 −2.4 10−6 6.1 10−8 −5.7 10−8 −1.3 10−6

1016 1.6 10−7 −9.3 10−7 −4.0 10−7 −2.6 10−6 6.1 10−8 3.7 10−7 −1.1 10−6

1017 1.3 10−7 −7.3 10−7 −2.6 10−7 −3.1 10−6 4.9 10−8 8.6 10−7 −8.6 10−7

Table 5.5: The values of the coe�cients of the dimension six operators at MZ .

The values of the free parameters are the ones in Table 5.2. All Ci's are in

GeV−2.

5.3.3 Bottom-up running

In this section we present the result of the running from low to high energy,
with the parameters chosen to have the three coupling constants meet near a
common value in the range 1014 − 1017 GeV. As in the previous subsection we
�rst discuss the case in which the boundary condition for λ is the one obtained
from the running of the spectral action.

Spectral action value for λ

A good solution is one for which the common intersection is the starting point
for the top-down running, and the Ci come back to the original values given
by the spectral action. We optimized our search for the uni�cation, therefore
the fact that the values of the Ci �come back� to the same order within a
factor of two or so, and are not o� by an order a magnitude, is a check. The
coe�cient CHWB is not present at the Λ scale in the spectral action, in this
case one should expect it to be smaller than the other. A further check is the
value of the top Yukawa at Λ which should be close to the value determined
by the spectral action. The results for the coupling constants are in Table 5.6.
The quantities δgi(%) indicate (in percent) how di�erent is the value of the
runned constants (gruni ) with respect to the original spectral action value g(Λ)

we started with, as shown in Table 5.2.

δgi% =
|gruni (Λ− g(Λ)|

g(Λ)
× 100 (5.2)

with an analogous de�nition for δyt.

One can see that for the smaller values of Λ ' 1014 − 1015GeV , one �nds
a good uni�cation point, while for higher values the uni�cation is worse. This
can also be seen in Figs. 5.1 and 5.2 for the two extreme cases of 1014 and
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Λ δg1% δg2% δg3% δyt% δλ%

1014 1.4 2.1 0.17 0.30 4.1
1015 3.3 0.02 0.54 3.6 4.7
1016 7.8 0.078 0.97 6.4 2.3
1017 13 1.7 1.1 6.6 3.9

Table 5.6: The percent variation of the values of the three coupling constants

and the top Yukawa coupling compared with the initial values of the top-down

run.
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Figure 5.1: Running of the auto-interaction parameter λ(on the rigth) and

gauge coupling constants (on the left) in the presence of dimension six opera-

tors (thick lines) and their standard behaviour (dashed lines) for Λ = 1014GeV.

The values of the parameters are discussed in the text. The red dot indicates

the starting value of the parameter. The dashed lines are the values of the gi's

in the standard model.

1017GeV respectively, compared with the standard model running. In the �rst
case there is a good uni�cation, while in the second case the point at which
the constants meet is some way o� the initial energy. The values of the Ci's
at the scale Λ are usually close to the one we started with in the top-down
running, checking the consistency of the model. In particular CHWB, which
was zero, is constantly about one order of magnitude smaller than the other.
We show this in Table 5.7 for the two extreme values of Λ. Also in this case,
the lower value for Λ fares slightly better.

Experimental value for λ

If one ignores the spectral action, and trusts it only in that it gives some
boundary values for the dimension six operator coe�cients, then the bottom-
up running can be performed independently. In this subsection we present,
therefore, the running of the coupling constants using as boundary conditions
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Figure 5.2: Same as in �g. 5.1 for Λ = 1017GeV.

Λ = 1014 CHWB CW CV CHV CH CHB CHW
Spec. Act. 0 −3.0 10−6 −3.0 10−6 −5.2 10−7 −3.7 10−6 −8.1 10−7 −7.3 10−7

Run 1.3 10−8 −1.5 10−6 −1.6 10−6 −5.5 10−7 −6.8 10−6 −6.7 10−7 −9.2 10−7

Λ = 1017 CHWB CW CV CHV CH CHB CHW
Spec. Act. 0 −4.2 10−6 −4.2 10−6 −5.4 10−7 6.9 10−6 −1.0 10−6 −9.4 10−7

Run 5.0 10−8 −2.4 10−6 −1.9 10−6 −6.5 10−7 7.5 10−6 −8.7 10−7 −7.2 10−7

Table 5.7: Comparison of the values of the coe�cients of the dimension six

operators at Λ. The second and �fth line are the initial values of the top-down

running, as predicted by the spectral action for Λ = 1014. The third and the

last lines refer to the 1017 case. All Ci's are in GeV−2.

at MZ the experimental values for the gi, yt, λ, (eq. 2.67, 2.69), and the values
of Table 5.5 for Ci's and we check if the uni�cation is possible. As we can
see from �g. 5.3, for two di�erent uni�cation scales, the answer is positive if
one relaxes the values of the dim-6 coe�cients with respect to that suggested
by the spectral action. In fact, in this case, the value of the γ's are slightly
di�erent from 1, as shown in table 5.4, but these allow to correct the uni�cation
point within an error of 1%, as summarized in Table 5.8.

Λ(GeV ) δg1% δg2% δg3%

1014 0.62 0.74 1.0
1015 1.4 0.38 0.56
1016 1.2 0.50 0.50
1017 0.14 0.98 1.1

Table 5.8: The percent variation of the values of the there coupling constants

compared with the initial value of the uni�cation point.
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Figure 5.3: Gauge couplings uni�cation for two di�erent uni�cation scale Λ =

1014GeV (left) and Λ = 1017GeV (right) if one relaxes the spectral action

boundaries.

5.4 Comments

In this chapter we have studied the e�ects of the sixth order terms appearing
in the spectral action Lagrangian. We have veri�ed that the presence of these
terms, with a proper choice of the free parameters, could cause the uni�cation
of the three constants at a high energy scale. Although the motivation for this
investigation lies in the spectral noncommutative geometry approach to the
standard model, the result can be read independently on it, showing that if
the current Lagrangian describes an e�ective theory valid below the uni�cation
point, then the dimension six operator would play the proper role of facilitating
the uni�cation. In order for the new terms to have an e�ect it is however
necessary to introduce a scale of the order of the TeV, which for the spectral
action results in a very large second momentum of the cuto� function.

We note that we did not require a modi�cation of the standard model
spectral triple, although such a modi�cation, and in particular the presence
of the scale �eld σ, could actually improve the analysis. From the spectral
action point of view the next challenge is to include the ideas currently come
from the extensions of the standard model currently being investigated. From
the purely phenomenological side instead a further analysis of the e�ects of
the dimension six operators for phenomenology at large, using the parameters
suggested by this work, can be a useful pointer to new physics.

In the next and �nal chapter we will see another approach to solve the gauge
uni�cation problem, that is by considering the e�ects of the gravitational terms
on the renormalization �ow of the gauge coupling constants



Chapter 6

Foundamental forces and Gravity

In chapter 3, with the Grand Symmetry model, we have shown it is possible to
extend the standard model by including an additional singlet scalar �eld that
stabilizes the running coupling constants of the Higgs �eld. This singlet scalar
�eld is closely related to the right-handed Majorana neutrinos, conferring them
mass, and leading to the prediction of the seesaw mechanism which explains
the large di�erence between the masses of neutrinos and those of the other
fermions. The model presented in �3 suggests the possibility of a further
extension in the construction of a noncommutative manifold, going one step
higher, in a sort of noncommutative geometry grand uni�cation: it is pointed
out that there could be a �next level� in noncommutative geometry, intertwined
with the Riemannian and spin structure of space-time, where the singlet-scalar
�eld arises. Accordingly, it naturally appears at high scale, near to the Planck
scale.

A possible framework for describing interactions at energies and momenta
below the Planck scale is given in [85, 88]. In this part of the thesis we
check the possibility to extend the uni�cation scale up to the Planck scale
MP ≡

√
~c/GN ' 1019GeV, including not negligible gravitational e�ects. For

a theory dealing with the uni�cation of gauge theory and gravity, a more nat-
ural scale is the Planck scale. The usual strategy is to use the spectral action
as an e�ective action at a �xed scale, of the order of the uni�cation scale,
and to impose the additional relations between the independent parameters of
the standard model. Then, using the renormalization group (RG) equations,
one can let these parameters run to their value at low scales and evaluate the
Higgs, the top and neutrino masses. The question here is: what is the predic-
tive power of this extended model with exchange of gravitons at the Planck
scale? We want to see how the gravitational e�ects change the main running
coupling constants and if they lead to a restriction on the free parameters of
the theory still compatible with the Higgs, top and neutrino mass predictions.

104
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In [40] Marcolli and Estrada carried out a similar analysis within the asymp-
totic safety scenario with Gaussian matter �xed point; di�erently from us, they
have not considered the e�ect of the scalar �eld σ introduced in [18] , which
is necessary to reproduce the seesaw mechanism and to have the correct value
for the Higgs mass.

This chapter is organized as follows. In section 6.1 we extend the derivation,
from the spectral action principle, of the full standard model bosonic action
coupled to gravity to a model containing also the singlet scalar �eld σ. In
section 6.2, the gravitational contributions to the three gauge couplings, not
negligible at the Planck scale, are presented. In section 6.3, it is shown how
the gravitational e�ects change the RG equations of the Yukawa and self-
interaction Higgs couplings leading to a restriction of the free parameters of
the theory compatible with the Higgs and top mass. Section 6.4 contains a
summary of these results and some comments.

6.1 Higgs-singlet scalar potential and Gravity

After the breaking due to the grand symmetry, the Majorana coupling yR in
the �uctuated Dirac operator (2.42) is multiplied by a singlet scalar �eld σ.
This change means the turn of the constant-entry yR of the Majorana matrix
MR into a �eld, eq. (3.1). In this way, the relations for the Seeley-DeWitt
coe�cients (2.50) are slightly modi�ed leading to the standard model action
plus a new singlet scalar �eld coupled to gravity [17, eq. (5.49)]:

SB =
24

π2
F4Λ4

∫
d4x
√
g − 2

π2
F2Λ2

∫
d4x
√
g

[
R +

1

2
aHH +

1

4
cσ2

]
+ (6.1)

+
1

2π2
F0

∫
d4x
√
g[

1

30

(
−18C2

µνρσ + 11R∗R∗
)

+
5

3
g2

1B
2
µν + g2

2W
2
µν + g2

3V
2
µν

+
1

6
aRHH + b

(
HH

)2
+ a(∇µH)2 + 2eHHσ2 +

1

2
dσ4 +

1

12
cRσ2 +

1

2
c (∂µσ)2] + ...

in addition to eq. (2.61), here we have the singlet-scalar �eld σ, related to
the neutrino Majorana mass which allows to reproduce a seesaw mechanism
of type I as described in [19]. Furthermore, this σ �eld lowers the standard
model Higgs mass to its experimental value.

As already shown in �2.5, it is more transparent to work with the rescaled
�elds

H →
(√

2

3 + ρ2
g

)
H

ytop
; σ → (2g)

σ

yνR
(6.2)
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so that the spectral action for scalar �elds and gravity reduces to

SB =
24

π2
F4Λ4

∫
d4x
√
g− 2

π2
F2Λ2

∫
d4x
√
g
[
R+ g2H2 + g2σ2

]
+

1

2π2
F0

∫
d4x
√
g

[(
4

3 + ρ2

)
g4H4+

+2(∇µH)2 + 8g4 2ρ2

3 + ρ2
H2σ2 + 8g4σ4 + 2g2 (∂µσ)2 +

1

3
g2R

(
H2 + σ2

)]
. (6.3)

In the action above, we have neglected the additional gravitational term given
by the Weyl curvature. This term is sub dominant to the Einstein-Hilbert
term at the uni�cation scale [73]. It could be shown [19] that the running of
this term changes by at most an order of magnitude at lower scales, so we can
assume that it remains sub dominant and neglect it in the �rst approximation.
Moreover, we are neglecting the quadratic term in R.

As in (2.58), we set the coe�cient F0 to be 1
2π2F0 = 1

4g2
to obtain the

normalization of the gauge �elds kinetic terms and the Higgs-singlet potential
plus gravity reduces to

V (H, σ;R) =
1

4

(
λHH

4 + λσσ
4 + 2λHσH

2σ2
)
− 2g2

π2
f2Λ2

(
H2 + σ2

)
+

1

12
R
(
H2 + σ2

)
− 2

π2
f2Λ2R +

24

π2
f4Λ4 (6.4)

where λH , λσ, λHσ are de�ned in terms of g, that is the value of the three
coupling constants at the uni�cation scale,

λH ≡ ρ4 + 3

(3 + ρ2)2 4g2 ; λHσ ≡
2ρ2

ρ2 + 3
4g2 ; λσ ≡ 8g2 . (6.5)

The usual strategy, at this point, is to use the spectral action as an e�ective
action at a �xed scale, of the order of the GUT scale ' 1017GeV, and to
impose the additional relations (6.5) between the independent parameters of
the standard model as a boundary condition at that scale. In this case we will
use a di�erent strategy by shifting the uni�cation scale to the Planck scale
MP . Hence, we want to study the framework in which general relativity is
quantized for small �uctuations around a �at space-time, and the Planck scale
becomes the real uni�cation scale of all physical interactions. In this extension
of the spectral action to higher energy scales, we will include the contribution
of gravitons exchange in the running coupling constants. Of course, these
contributions will not be signi�cant for low energies and they will be only
important near the Planck scale. By using these new RG equations, we can
let the standard model parameters run to their value at low scale and test the
predictive power of the model: we will obtain a constrain of the free parameters
of the theory still compatible with the Higgs and top mass prediction.
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Figure 6.1: A typical Feynman diagram at one-loop for a gravitational pro-

cess contributing to the gauge coupling renormalization. Double lines represent

gravitons. Curly lines represent gluons. The three-gluon vertex � is propor-

tional to gi, while the gluon-graviton vertex • is proportional to E/MP .

6.2 Gravitational correction to the gauge cou-

pling constants

A possible framework for describing interactions at energies and momenta
below the Planck scale is given in [85]. The dynamics for a non-Abelian gauge
�eld coupled to gravity is given by the action,∫

d4x
√
g

[
1

k2
pl

R− 1

4g2

(
5

3
g2

1B
2
µν + g2

2W
2
µν + g2

3V
2
µν

)]
(6.6)

where the momentum F2 is used to specify the initial conditions of the Planck
constant, 2

π2F2Λ2 ≡ 1
k2pl
≡ M2

P/16π. The form of the gravitational correction
can be determined on a general basis, involving in the one-loop Feynman di-
agrams of interest a gluon vertex dressed by the exchange of gravitons (see
�g. 6.1).

Since the gauge boson vertex has strength gi and gravitons couple to the
energy-momentum tensor with a dimensional coupling ∝ 1/MP , dimensional
analysis implies that the running of couplings in four dimensions will be gov-
erned by a Callan-Symanzik β function of the form [85, eq. 19]

β(gi, E) =
bi

16π2
g3
i + ag

E2

M2
P

gi , con bi =

(
41

6
,−19

6
,−7

)
(6.7)

where the �rst term represents the usual standard model contribution, and
the second includes the gravitational correction. Initial values of gi are set
with the experimental values at MZ ' 91GeV: g1(MZ) = 0.3575, g2(MZ) =

0.6514, g3(MZ) = 1.221. The numerical value of ag, also called anomalous

dimension, is determined by a detailed calculation described in [85] leading to
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Figure 6.2: Including gravity at one-loop, the couplings remain uni�ed near

1017 GeV, but evolve rapidly to zero at high E.

ag = −3/π, which we can rewrite ag = − 3
16π2k

2
plM

2
P . The negative sign of this

coe�cient means that the gravitational correction works in the direction of
asymptotic freedom: it forces the couplings to decrease at large energy, as it is
shown in �g. 6.2. At one-loop order, when gravity is ignored, the three gauge
couplings evolve like the inverse logarithm of E (dashed curves); when gravity
is included, see the solid lines, the couplings evolve rapidly towards weaker
coupling at high E. Of course, its e�ect only becomes quantitatively important
when the energy approaches the Planck scale, and gravitons exchanges are no
longer negligible. We �nally note that the three gauge coupling constants
approximately assume the same value, about zero, from E ≥ 3 × 1019GeV.
Near the Planck scale E ' 1019GeV the three gauge couplings are not exactly
equal: we have g1(Λ) = 0.372, g3(Λ) = 0.386 and g2(Λ) = 0.396.

6.3 Renormalization group equations with grav-

itational corrections

The running of the Higgs mass with the presence of a scalar �eld has been
studied in [18]. However, the RG equations for the matter sector have to be
adapted via the addition of the anomalous dimensions of the running param-
eters, that take into account the contribution of gravity [88],

dxi
dt

= βSMxi + βgravxi
(6.8)

where xi are the running parameters, βSMxi is the Standard Model beta function
for xi and βgravxi

is the gravitational correction. The latter is of the general form,
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βgravxi
= axi

E2

8πM2
P

xi(t) (6.9)

In our analysis, we use an estimate of the anomalous dimensions as suggested
in [88]: axj are �xed to 1 for the Yukawa couplings and to 3.1 for the self-
interaction couplings of the scalar �elds.

For the analysis of the renormalization group �ow we shall expand the
approach presented in [57,96] with the presence of gravitational contributions.
Let MR be the Majorana mass for the right-handed tau-neutrino. By the
Appequist-Carazzone decoupling theorem [9], we can distinguish two di�erent
energy domains: E > MR and E < MR.

For high energies E > MR, the renormalization group equations are given
by [8, eq. 15], [70, eq. B.4] and [71, eq. B.3], adapted via the addition of the
gravitational contributions described above

dytop
dt

=
ytop
16π2

(
9

2
y2
top + y2

ν −
17

12
g2

1 −
9

4
g2

2 − 8g2
3

)
− aytop

E2

8πM2
P

ytop

dyν
dt

=
yν

16π2

(
3y2

top +
5

2
y2
ν −

3

4
g2

1 −
9

4
g2

2

)
− ayν

E2

8πM2
P

yν

dλH
dt

=
1

16π2

(
24λ2

H −
(
3g2

1 + 9g2
2

)
λH + 2λ2

Hσ +
6

16

(
g4

1 + 2g2
1g

2
2 + 3g4

2

))
+ aλH

E2

8πM2
P

λH .

dλHσ
dt

=
1

16π2

(
6y2

top + 2y2
ν −

3

2
g2

1 −
9

2
g2

2 + 12λH + 6λσ + 8λHσ

)
λHσ + aλHσ

E2

8πM2
P

λHσ

dλσ
dt

=
1

16π2

(
8λ2

Hσ + 18λ2
σ

)
+ aλσ

E2

8πM2
P

λσ (6.10)

with E = E(t) = mZe
t. Below the threshold E = MR, the tau-neutrino

Yukawa coupling is replaced by an e�ective coupling [8, eq. 14]

κ = 2
y2
ν

MR

, (6.11)

which gives an e�ective mass ml = 1
4
κv2

0 to the light tau-neutrino. In the
range 0 < E < MR the renormalization group equations for λσ and λHσ are
the same, whereas the ones for ytop,yν , and λH are replaced by

dytop
dt

=
1

16π2

(
9

2
y2
top −

17

12
g2

1 −
9

4
g2

2 − 8g2
3

)
− ayE

2

8πM2
P

ytop

dκ

dt
=

1

16π2

(
6y2

top +
1

36
λH − 3g2

2

)
κ− ayE

2

8πM2
P

κ

dλH
dt

=
1

16π2

(
24λ2

H −
(
3g2

1 + 9g2
2

)
λH + 2λ2

Hσ +
6

16

(
g4

1 + 2g2
1g

2
2 + 3g4

2

)
+

+12y2
topλ− 3y4

top

)
+
aλHE

2

8πM2
P

λH (6.12)
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The numerical solutions to the coupled di�erential equations (6.10) to (6.12)
depend on three input parameters: (1) the uni�cation scale Λ; (2) the Ma-
jorana mass MR which produces the threshold in the renormalization group
�ow; (3) the ratio ρ between the Dirac Yukawa couplings of the top quark and
neutrino.

The scale Λ, usually taken at the uni�cation Λ12 = 1013GeV or Λ23 =

1017GeV i.e. the two extreme points in which g1 = g2 and g2 = g3, is now
shifted to the Planck scale where, due to the gravitational corrections, the
three gauge couplings come together asymptotically free. We will determine
the numerical solution from (6.10) to (6.12) for a range of values of ρ, Λ and
MR. The initial conditions of the running parameters at the scale Λ are given
by (6.5) plus those for ytop and yν :

ytop(Λ) =
2√

3 + ρ2
g2(Λ), yν(Λ) =

2ρ√
3 + ρ2

g2(Λ) . (6.13)

The e�ective mass of the light neutrino is determined by the e�ective coupling
κ and we choose to evaluate this mass at the scale MZ . Moreover, the running
mass of the top quark to the ordinary energies is given by

Mtop =
1√
2
ytopv0 (6.14)

where v0 ' 246GeV is the vacuum expectation value of the Higgs �eld.

For the Higgs mass, we have to use the new relation due to the presence of
the new scalar �eld [18, eq. 35],

MH(MH) = v0

√
2λH(MH)

(
1− λ2

Hσ(MH)

λH(MH)λσ(MH)

)
(6.15)

while the scalar-singlet σ mass is proportional to its vacuum expectation value
w0, near the Planck scale according to us, through [18, eq. 34], M2

σ = 2λσw
2
0 +

2v2
0λ

2
Hσ/λσ.

The results of the renormalization procedure for the Higgs and top mass
in terms of the three parameters ρ, Λ, MR are shown in �g. 6.3 and 6.4. In
�g. 6.3 we see the Higgs and top mass values in terms of ρ for seven di�erent
values of Λ and MR �xed: the Higgs mass around 125GeV and the top mass
around 173GeV suggest a consistent choice of Λ not over 1.0 1019GeV . In
�g. 6.4 it is shown the behavior of the two masses in function of Λ for eight
di�erent values of ρ withMR �xed: also in this case, we can see that the Higgs
mass around 125GeV suggests an appropriate choice of ρ not over 1.0 whereas
the top mass does not impose any constrain. Moreover, both MH and Mtop

behaviors become ρ independent for ρ ≤ 0.1. Furthermore, it is possible to
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Figure 6.3: Higgs and top mass in function of the parameter ρ for seven di�erent

values of Λ.We can see that the Higgs mass around 125GeV and the top mass around

173GeV constrain Λ not over 1.0 1019GeV .

Figure 6.4: Higgs and top mass, changing the uni�cation parameter Λ for eight

di�erent values of ρ. Also in this case we can see that the Higgs mass around 125GeV

suggests an appropriate choice of ρ not over 1.0 whereas the top mass does not impose

any constrain. Moreover both MH and Mtop behaviours become ρ-independent for

ρ ≤ 0.1

verify that the parameter MR is not important for the mass prediction since
MH and Mtop grow very slowly for its changes. Therefore, in the end, we have
a sensible reduction on the choice of the three parameters values.

6.4 Comments

In chapter 3 and 4, the new singlet-scalar �eld σ, responsible for the stability
of the Higgs boson, has been derived spontaneously from an high symme-
try breaking that occurs at the Planck scale (that means w0 ' MP ), mixing
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Figure 6.5: Neutrino light mass, changing the Majorana right mass value in the

range 1018Gev − 1019Gev, for �ve di�erent values of ρ and the uni�cation scale Λ

�xed. We can see that the neutrino mass has a very low value, of the order of µeV .

Its value increases for increasing ρ and for decreasing MR.

space-time spin and gauge degrees of freedom. In this chapter we checked
the possibility to extend the uni�cation scale up to the Planck scale with the
presence of the new scalar �eld non-minimal coupled to gravity.

Then, we deduced a restriction of the free parameters of the theory com-
patible with the Higgs and top mass: in particular, we have to take the
parameters ρ < 1 and Λ not over 1019GeV. However, this constrain leaves
some open questions: for Λ . 1019GeV the three coupling constants are
not exactly the same, although very close: e.g. for Λ = 1019GeV we have
g1(Λ)2 = 0.138, g3(Λ)2 = 0.148 and g2(Λ)2 = 0.156. Actually, we shall take at
least Λ & 3.0 × 1019GeV to have g2(Λ)2 = g3(Λ)2 = g1(Λ)2 = 0.003 and then
consistently use the spectral action at the �xed uni�cation scale.

Moreover, we have a neutrino mass problem which now becomes too small
since its light mass ml = 1

4
κv2

0 is in�uenced by MR in the denominator of κ
as in (6.11); as shown in �g. 6.5 for MR ' 1018GeV the neutrino mass has
a very low value of the order of µeV . In order to rise the neutrino mass to
few electron-volt, just two actions are possible: (1) increasing the ρ value, but
nevertheless there is an upper limit imposed by the Higgs and top mass; (2)
lowering the value of the Majorana right mass MR to 1014GeV . This second
possibility seems to indicate that the Majorana right mass (proportional to
the σ v.e.v. w0) responsible for the seesaw mechanism, cannot live at too high
energy scales. This observation suggests that we cannot naively identify the
scalar �eld σ of the grand symmetry breaking [36] with the �eld that gives mass
to the Majorana right neutrino; otherwise, there may be some mechanisms that
contribute to lower its mass, as in the case of neutrinos. Furthermore, a more
punctual analysis is required to investigate the phenomenological consequences
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of this new and intriguing picture.



Conclusions

In this dissertation, we have pointed out there is a �next level� in the context
of the noncommutative geometry approach to the physical fundamental inter-
actions, that is intertwined with the Riemannian and spin structure of space-
time. In fact, the added degrees of freedom of the Grand Symmetry model
are related to the Riemann-spin structure of the manifold, which emerges as a
symmetry breaking very similar in nature to the Higgs mechanism. Moreover,
we have shown that this higher symmetry has important physical consequences
since it explains the presence of the σ �eld necessary for a correct �t of the mass
of the Higgs and to cure the instability problem of the electro-weak vacuum.

The presence of the Grand Symmetry will have also other phenomenologi-
cal consequences which should be investigated. The breaking mechanisms we
described in chapter 3 and 4 are just barely sketched, we only looked at the
group properties. A more punctual analysis should reveal more structure, as
already partially emerged by the Twisted Grand Symmetry model in which,
for example, the new vector �elds Xµ emerged. The study of these additional
degrees at very high energies should alter the running of the coupling constants
and open a new scenario for a sort of a "primordial" chiral symmetry breaking.

It is known that, although the spectral action requires the uni�cation of
interactions at a single scale, the usual grand uni�ed theories, such as SU(5)
or SO(10), do not �t in the noncommutative geometry framework, and are
possible only renouncing to associativity [41, 99]. However, we have shown
that is possible to improve the uni�cation scheme considering new interactions
in the spectral action expansion, as explained in chapter 5, or taking into
account gravitational contributions up to the Planck scale. The framework is
certainly not complete since some open questions remain, for example the �ne
tuning problem for the dim-six coe�cients or the energy scale of the σ �eld
with its relation to the Majorana neutrino mass.

The results presented in all this work, as is common in this model, are cru-
cially depending on the Euclidean structure of the theory. This is particularly
important as far as the role of chirality and the doubling of the degrees of
freedom is concerned. A Wick rotation is far from simple in this context, and

114
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the construction of a Minkowskian noncommutative geometry is yet to come
(for recent works see [13,43,44,78]).
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