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Abstract

This work concerns the study of the solutions to elliptic nonlinear fractional equa-
tions involving the pseudo-differential operator v —A + m? — m. This operator
plays an important role in quantum mechanics since it corresponds to the kinetic
energy of a free relativistic particle of mass m. Physical models related to this
operator have been widely studied over the past 30 years and there exists an im-
portant literature on its properties. Most of them have been strongly influenced
by Lieb’s investigations on the stability of matter.

There is also a deep connection between v/ —A + m? — m and the theory of
stochastic processes: 'operator in question is an infinitesimal generator of a Lévy
process, called 1-stable relativistic process.

This thesis is divided into two parts.

The first part is devoted to the existence of bounded monotone heteroclinic
solutions to the problem

{ (%—m)u: —G'(u) in R

u(+oo) = +1

where m > 0, G € C**(R) is even and it has two and only two absolute minima
localized in +1. The same problem with m = 0 has been already treated by Cabré
and Sola-Morales. Our goal is to extend their results to a more general operator.
The above equation can be realized as a local elliptic equation in ]R%r together with
a nonlinear Neumann boundary condition on dR2. We exploit this fact, and by
using variational methods, we prove the existence of a solution to

{ —Av+mPv=0 R ={(z,y) eR?:y>0}

P —mv—G'(v) ondR2 ={(z,0):zeR}

odd and monotone increasing in x, with limits e™™¥ as * — Fo0o. Under the
additional assumption G”(£1) > 0, we show the uniqueness of such solution. By
a limit procedure as m — 0, we obtain the existence of a nontrivial heteroclinic

solution to the problem
{ \/—j—;u =—G'(u)in R

u(+oo) = +1



The second part of the thesis is concerned with the existence of T-periodic
solutions to the problem

{ (V=A, +m2—m)u = f(z,u) in (0,T)V

u(x + Te;) = u(x) forallz e RN, i=1,..., N’

where (e;) is the standard basis in RY, the nonlinearity f(z,u) is a locally Lip-
schitz function, T-periodic in x, satisfying the Ambrosetti -Rabinowitz condition
and a polynomial growth at rate p for some subcritical exponent 1 < p < 2% — 1.

To our knowledge, these are the first results on the periodic problems involving
fractional operators of elliptic type.

Similarly to the first part, in order to prove the existence of T-periodic solu-
tions, we exploit the fact that the square root of the operator —A +m? in (0, 7)Y
with periodic boundary conditions, can be realized as through a local problem in
(0, T)N x (0, 00). More precisely, we consider the corresponding elliptic problem in
the half-cylinder (0,7)" x (0,00) with a nonlinear Neumann boundary condition

—Av+mPv=0  in (0,7)Y x (0,00)
V|{z;=0} = U|{z;=T} on 8(0, T)N X [0, OO) .
& = mv+ f(z,v) on (0,T)Y x {0}

This problem has a variational nature and its solutions can be found as critical
points of a suitable functional associated to the elliptic boundary problem. We get
such critical points using the Linking Theorem and we study also their regularity.
Taking the limit as m — 0 in the weak formulation of the problem in the half-
cylinder, we are able to obtain the existence of a nontrivial solution to the problem

—Av =0 in (0,7)N x (0,00)
Vl{z=0} = Vjfm=ry 00 9(0,T)N x [0,00) ,
% = f(z,v) on (0,7)N x {0}

and, as a consequence, the existence of a nontrivial solution to

{ V=8.u= f(x,u) in(0,T)"

u(rx +Te;) =u(zx) forallzeRY i=1,...,N"~
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Chapter 1

Introduction and Summary of
results

1.1 Introduction

Recently, the study of fractional and non-local operators of elliptic type has at-
tracted the attention of many mathematicians. One of the reasons for this comes
from the fact that these operators frequently appear in many different areas of
research and find applications in optimization, finance, the thin obstacle problem,
phase transitions, anomalous diffusion, crystal dislocation, lame propagation, con-
servation laws, ultra-relativistic limits of quantum mechanics, quasi-geostrophic
flows and water waves. For more details and applications see [10], [11], [17], [22],
[26], [32], [33], [52], [57], [71], [76], [80] and references therein.

In this work we focus our attention on nonlocal fractional equations involving
the pseudo-differential operator

VAEmi—m (1.11)

where m is a real nonnegative number. We note that, when m = 0, reduces
to the square root of the Laplacian which has been widely studied: see for instance
[17], [18],[21], [72], [79], [80].

One of the main reasons for the study of the operator is due to its
importance in quantum mechanics. It is indeed the kinetic energy of a relativistic
particle of mass m. Such operator has been extensively studied in literature:
Herbst [44] and Daubechies [28] studied the spectral properties of the operator
VoR2EA + m2ct — SN Zped|x — Ry| ™!, Fefferman [35] considered the N-body
problem in quantum mechanics, Lieb and Yau in [5I]and [52] investigated on the
stability of relativistic matter, Frohlich and Lenzmann [38] proved the existence
of solitary waves for a pseudo-relativistic Hartree-Fock equation with a Newton
potential.
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On the other hand, there is a deep connection between v —A +m? — m and
the theory of stochastic processes: the operator in question is an infinitesimal gen-
erator of a Lévy process called the 1-stable relativistic process. For a probabilistic
approach to this operator and more general a-stable processes we refer to [7], [24]
and [68].

In this work we focus our attention on two problems.

First, in Chapter 2 we study the bounded monotone heteroclinic (or layer)
solutions to the problem

{ <\/—%—|—m2—m>u:—G’(u) in R (1.1.2)

u(too) = £1

where m > 0 and the nonlinearity G € C**(R) is even and it has two and only
two absolute minima localized in +£1.

The same problem for m = 0 has been discussed in [I7] by Cabré and Sola-
Morales. Our purpose is to generalize their results to the operator (|1.1.1)).

One of the main difficulty of the analysis of ([1.1.2)), is the nonlocal character
of the involved fractional operator. To circumvent this problem, we follow the ap-

proach in [21] (see also [17]), which consists of realizing the operator 4/ —% + m?
as the Dirichlet to Neumann operator associated to the panharmonic extension

(i.e. functions satisfying the equation —Az + m?z = 0) in the half-space. This
leads us to study the solutions to the following boundary reaction problem in R%

- 2 oy 2.
{ Av+mPv =0 inRY = {(z,y) € R?:y >0} (1.1.3)

3—5 =mv —G'(v) on IR = {(z,0): x € R}

By using variational techniques, we prove that admits a bounded solution,
odd and strictly monotone increasing in x, with limits ™" at z = +o0.
Moreover, under the additional hypothesis G”(41) > 0, we show that such solution
is unique. Taking the limit as m — 0 in 7 we are able to prove the existence
of a monotone heteroclinic solution to

{ /=Ly = —G'(u) in R . (1.1.4)

u(+oo) = +1
Second, we deal with the existence of periodic solutions to

{ (V=A, +m2—m)u = f(z,u) in (0,T)V (1.15)

u(x + Te;) = u(x) forr eRY, i=1,...,N’

when f(z,u) is a T-periodic function in z, f(x,u) is a locally Lipschitz function
satisfying the Ambrosetti-Rabinowitz condition and a polynomial growth at rate

o _ N+l
p for some subcritical exponent 1 < p < 28 — 1 = N1
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This problem has been particularly motivated by papers [18] and [70], in which
has been considered a fractional analogue of the classical boundary value problem

{ —Ayu— A= f(x,u) in§

u=>0 on 0f) ’ (1.1.6)

where Q@ C RY is a bounded domain and f(z,u) behaves like |u[P~2u for some
2<p< ]\2,—]_V2 We remind that has been also investigated with periodic
boundary conditions by using variational and topological methods; see for instance
[8], [46], [56], [67], [77] and references therein. Our aim has been to obtain an
analogue to ([1.1.6) with periodic boundary conditions, when we replace —A, by
V=27, +m?2.

Analogously to the first problem , to overcome the non-local character
of operator /—=A, +m? in (0, T)", the study of the equation (|1.1.5) is made via a
careful analysis of the following elliptic problem in the half-cylinder (0, 7")" x (0, o)
with a nonlinear Neumann boundary condition

—Av+m?v=0  in (0,7)" x (0,00)
g‘{xizo} = V|{a;=T} on a(O,T)N X [0, OO) . (117)
L =mv+ f(z,v)  on (0,7)Y x {0}
Using the Linking Theorem due to Rabinowitz, we prove the existence of solutions

to (1.1.7), T-periodic in z and we also study their regularity. Taking the limit as
m — 0 in (|1.1.7]), we prove the existence of a non trivial T-periodic solution to

{ (V=A, +m2—m)u= f(z,u) in (0,T)V (1.18)

u(z + Te;) = u(x) forreRY, i=1,...,N~

In the next section we give some applications where (|1.1.1) appears. Then we
introduce the pseudo-relativistic Schrodinger operator and we collect some results
about its main properties. Later we motivate the study of heteroclinic solutions
and periodic solutions, and we recall some known results about these problems.
Finally, we give a summary of the results contained in this thesis.

1.2 Applications

In this section we briefly describe some of the problems where the pseudo-differential

operator v —A + m? — m arises.

1.2.1 Theory of Lévy process

Let m > 0 and o € (0,2). Let (X, P*) be an R"-valued symmetric Lévy’s
process (that is a process with independent and stationary increments) having the
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following characteristic function:
E0 (X0 = ¢ Hlma e E —m] £eRY (1.2.1)

where [E* denotes the expectation with respect to the distribution P* of the process
starting from z € RY. We assume that sample paths of X;*™ are right-continuous
and have left-hand limits almost surely. The process is Markov with transition
probabilities given by P(z, A) = P*(X;"™ € A) = (A — x), where p; is the
one-dimensional distribution of X;"™ with respect to P°. It is well known that
(X", P*) is strong Markov with respect to the so-called standard filtration, see,
e.g., [12]. We call X;"™ the relativistic a-stable process.

The limiting case corresponding to m = 0, is a rotationally symmetric a-stable
Lévy process with the characteristic function e %¢!%, ¢ € RY. When a = 1 it turns
out that —L = m — v/—A + m? is the infinitesimal generator of the contraction
semigroup corresponding to th " that is, denoting with 7} = e~** with t > 0, we
have
a) Topif = To(Tyf) = Ty(Tyf), for all f € L*(RYN) and s,t > 0;

b) The function ¢ — Tif is continuous on L*(RY), that is for every f € L?(RY)
lim T f = Tofll2@yy = 0;

) [|Tif 2@y < [[fllz2@ny, for all f € L2(RY);

d) Tof = f, for all f € L*(RY);

e) If f € HY(RY), then
d Tivef —Tof
5

—T,f =lim
e—0

= —LT,
7 if

where the limit is taken in L?-sense.
Various fine properties of relativistic a-stable processes have been studied in the
last twenty years. Carmona, Masters and Simon [24] studied the decay of eigen-
functions of relativistic Schrodinger operators of the type

V-A+m?2-—m+V

where V' is the operator of multiplication by a function V. Kulczycki and Siudeja
[47] studied intrinsic ultracontractivity for the Feynman-Kac semigroup for rela-
tivistic a-stable process with generator

—((—A —I—m%)% —m)—-V
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where V' > 0 and V is locally bounded. Ryznar [68] derived sharp estimates for the
Green function of the relativistic a-stable process on C*! domains, and Grzywny
and Ryznar [43] found optimal estimates for the Green function of a half space
of the relativistic a-stable process. Chen, Kim and Song [25] established sharp
two-sided estimates on the transition density of the subprocess of X™ killed upon
exiting any C'! open sets. Park and Song [61] studied the asymptotic behavior,
as t — 0, of the trace of the semigroup of a killed relativistic a-stable process in
bounded C'! open sets and bounded Lipschitz open sets.

1.2.2 Quantum mechanics

The non-local operator (2.1.3) plays an important role in relativistic quantum
mechanics. From the relativity theory, we know that the Hamiltonian for the
motion of a free relativistic particle of mass m and momentum p is given by

p202 + m204

where ¢ denotes the speed of light. Using the usual quantization rule p — —iAV,
where h is the Planck’s constant, we get the so called pseudo-relativistic Hamilto-
nian operator and the associated Schrodinger equation

1 %—If = Hi = V—h2RA + m2cti).

Roughly speaking, we can note that, when m — 0 this equation reduces to

W _

_R22A)3
5 = (CnCN)

th
the Riesz fractional Schrodinger equation as proposed by Laskin [48]. On the other
hand, in the nonrelativistic limit, ¢ — oo, we recover the classical Schrodinger
equation as

2
lim [V —h2c2A + m2c* — mc?] = lim [ _h A+1-— 1} mc?
m

c—00 c—00 202
h2
= ——A.

2m
There is a wide literature concerned the study of relativistic Schrodinger operators
for physical models. Lieb and Yau [52] considered the quantum mechanical many-
body problem of electrons and fixed nuclei interacting via Coulomb forces with
relativistic kinetic energy (p?c® + m?c*)'/?2 — mc?. In [51] the authors continued
their work on stability of quantum mechanical relativistic matter, considering the
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Schrodinger operator for electrically neutral gravitating particles, either fermions
or bosons, in the limit of the particle number N tending to infinity, and the
gravitational constant G going to zero. Herbst [44] and Daubechies [28] discussed
the spectral properties of the operator

N
V—h2c2A + m2ct — Z Zrerlr — R~

k=1

More recently Frohlich, Jonsson, Lars and Lenzmann [3§] studied the existence
of travelling solitary wave solutions (¢, z) = e*p,(z — vt), for some p € R and
|v| < 1= ¢, of the pseudo-relativistic Hartree equation

i) = (V=A +m? —m)p — (Ja| " * [¢]*)¢ on R®.

Coti Zelati and Nolasco [27] proved the existence of positive stationary solutions
for a class of nonlinear pseudo-relativistic Schrodinger equations of the type

V—=A+m2u = pu + v|ulP"*u + o(W * u*)u on RY,

where N > 2, p € (2,]\2[—]171), p < m, v,o > 0 (but not both zero), W > 0,

W(z) =W(|z]) = 0 as [z = 0, W € L"(RY) N L>=(RY) for some r > Z.

1.3 Preliminaries

1.3.1 V-A+m2in RV

In this chapter we define the pseudo-relativistic operator v —A + m?2 — m using
Fourier transform. For more details we refer to [49] and [74]. We begin by intro-
ducing some notations that will be used throughout this work.

Let f € LY(RY). The Fourier transform of f, denoted by Ff, is the function
on RY defined by letting

Ffk) = / e 2R (1) dw (1.3.1)
RN
and the inverse Fourier transform of f is defined by
F k) = / ™k f (1) dw (1.3.2)
RN
where

N
=1

We remark that the above definitions can be extended to L*(RY) functions.
More precisely it holds the following result
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Theorem 1 (Plancherel’s Theorem). There exists a map T from L*(RY) to L*(RY),
called Fourier-Plancherel transform, such that:
(i) Tf =Ff forall f € LY(RY)N L2(RY);

(ii) [|ITfllr2@ny = |1 fllr2y) for all f € L*(RY);

(ii1) (T'f, Tg)LQ(RN) = (f, g)LQ(RN) Jorall f,g € LQ(RN);

(iv) The mapping T is an isometric isomorphism from L*(RY) onto L*(RY);
(v) For f € L*(RY), setting for each n € N

wnl) = [ s
z]<n
we have w, — Tf in L*(RY) as n — oo;
(vi) Conversely, for f € L*(RY), setting for each n € N

fulk) = / TS

we have f, — f in L*(RY) as n — oc.

With abuse of notation, we will denote again by F f the Fourier transform of
a function f € L?*(R") and with F~!f its inverse Fourier transform.

Now we introduce the Sobolev spaces H'(RY) and Hz(RY). A function f is
said to be in HY(RY) if f € L?(RY) and if there exist N functions g, ..., gy in
L*(RYN), collectively denoted by V f, such that for all p € C*(RY) andi =1,..., N

f(z) O (x)dx = — /RN gi(x)p(z)dx. (1.3.3)

RN &’Bl

The space H'(RY) can be equipped with the norm

1]y = \/ | M@F 4195wk, (13.4)

Using the Fourier transform, we can characterize H*(RY) as follows

Theorem 2. Let f € L*(RY) with Fourier transform Ff. Then f € HY(RY) if
and only if the function k v |k|F f(k) is in L*(RN). If it is in L*(RY), then

F(VI)(k) = 2mikFf (k) (1.3.5)
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and therefore
Wiy = [ 1+ 42k F ) P (1.3

As explained below, this last result allows us to obtain a useful characterization
of ||V f||z2@®n~) in terms of the heat kernel. We remark that the heat kernel is
defined on RY x RY as

lz—yl|?

e (x,y) = (4nt) M2 Tw - (t€Ry)

and its action on a function f is

@)@ = [ )y
If f € L*(RY) we can see that
F(f)(k) = e £ (k).

This last equation expresses the fact that e acts on Fourier transform as mul-
tiplication by e~t1267* T particular ' is a fundamental solution to the heat
equation u; — Ayu = 0 in R, x RV,

Then we can state the following result which explains why —A is the infinites-
imal generator of the heat kernel

Theorem 3. A function f belongs to HY(RY) if and only if f € L*(RY) and

1) = 71 Dz — (€ i)

is uniformly bounded in t.
In that case

sup I'(f) = P_I}éft(f) = ||vf||%2(RN)‘

t>0

Now we introduce the fractional Slobodeckij-Sobolev space Hz(RN).
An L2(RY) function f is said to be in H2 (RY) if and only if

!J;(x) —lJ;(f{)l € LX(RY). (1.3.7)
x—y|l 2

We endow Hz(RY) with the natural norm

1

1y = ([ W@racs [ T 0a)t s
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where )

b, = </sz /RN %dmy)? (1.3.9)

is the so called Gagliardo semi-norm of f. H 2 (R™) can be also seen as interpolation
space between L2(RY) and H'(R"); see for instance [54]. Using the Plancherel’s
Theorem we can deduce the following result

Theorem 4. Let f € L2(RY) and Ff its Fourier transform. Then f € Hz(RY)
if and only if [on [E||Ff(K)|?dk < oo. In particular, for every f € H:(RY),

111,13 g, and

1
(/ (1-+ 2[RI F (k)P (1.3.10)
RN
are equivalent norms.

From now on, we use this last characterization of Hz (RY) as definition.
We note that Hz(RY) endowed with the inner product

(F9)ghay = [ L+ 2K FTEIFg(bdk

is a Hilbert space. Using (1.3.10)) and Plancherel’s Theorem we can see that

3
S @y 2 1115

Hh @) > | f]l 2@

since 2w|k| < 3((2|k|m)? 4 1). This leads to the following chain of inclusions
H'RY) c H2(RN) c L*(RN) (1.3.11)
which implies )
L*(RY)y c H2(RY) ¢ H Y(RY),

where H=2(RY) and H~(RY) are respectively the dual spaces to Hz(RY) and
H'(RY). To be more precise, one can define the spaces H*(RY) for all s € R,

and than show that there exists an isometric isomorphism between the topological
dual to H*(RY) and H~*(R"). For details one can see [31] and [7§].

The space H %(RN ) is important in quantum mechanics, since, as explained in
Applications [1.2.2| we can consider the Hamiltonian operators of the form

V=A+m2. (1.3.12)

for a free relativistic particle of mass m.
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Firstly we give the definition of ((1.3.12) with m = 0 in terms of Fourier trans-
form. The square root of the Laplacian is defined by setting

F(V=Af) (k) = 2r|k|F f (k). (1.3.13)

for every f € H'(RY).
Similarly, the operator (1.3.12) with m > 0, is defined in Fourier space as
multiplication by \/|27k[? + m?2, that is

F(V=A+m2f)(k) = /|2rk|?> + m>F f(k), (1.3.14)
provided that f € HY(RY). To ((1.3.12) we can also associate the following

sesquilinear form

(9, V=A+m2f)2@n) = /RN Fg(k)Ff(k)\/|2km|? + m2dk

which makes sense for functions f, g € Hz (RN).

An alternative way to introduce the operators (|1.3.13]) and ([1.3.14) is that to
exploit the theory of the pseudo-differential operators.

We remind that a pseudo-differential operator is of the type
@@ DINe) = [ ole WFFRES"dk f e SEY)
RN

where S(RY) is the Schwartz space of rapidly decaying functions and o € C>®(R¥ x
RY) is a function, called the symbol of order m € N, with the property that, for
every a, 3 € NV there exists a positive constant C'(«, 3) such that

|D2Do(x,8)| < Cla, B)(1+ €))7 Vo, & e RV,

By this definition we can deduce that V=A and V—A + m? are pseudo-
differential operators of the first order, with symbols [€] and (|¢[> + m?)2 re-
spectively. For a more careful discussion about the theory of pseudo-differential
operators we refer to [45].

By (|1.3.14) follows easily that v/—A +m?2 maps H'(RY) in L?(R"). In par-

ticular, it is an isometry from Hz(RY) to H~2(R"). Indeed, using
/ Rk 4 2| F £ (k)| 2dk
RN

as Hz(R"Y)-norm, and recalling that H~z(RY) is the dual space to Hz(RY) en-
dowed with the norm

2dk,

1
Ff(k
RN \/|27Tk;|2—|—m2| Fk)!
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by (1.3.14) we deduce

1
mﬁA+meJJV=/ (
H72®N)  Jpn (/]2mk|2 + m?2
— 1A

H2 (RN)

127k |* 4+ m?) | F f(k)|*dk

that is vV—A + m? is an isometry from H2(RN) to H~z(RY).
In order to give an analogue of Theorem 3| for ((1.3.12]), we need to introduce
exp{—tv—A + m?} for m > 0.

Firstly we define the Poisson kernel for m = 0
VB ) = F e ) (@ )
_ / 6727rt\k\627rik~(a:7y)dk.
RN

This integral has been calculated explicitly, and its result is

= N+1 t
eV (z,y) = F( - )f% N (1.3.15)
2 &+ lz—y?) =

see for instance [73] for a proof of the formula ((1.3.15]). Similarly, when m > 0, we
can introduce the kernel exp{—tv/—A + m?2} defined as follows

e VTR (g y) 1= FH (e VIR (g — )
= / etV Rrklz4m? 2mik(v—y) gp.. (1.3.16)
RN

Also for this kernel we have an explicit expression, and it is given by

Wi K%(m\/ﬂ + |z —yl?) (1.3.17)

2+ |z -yl

N+1 t

e_t‘/m(x,y) :2(2) ’ [

27

for z,y € RN and t > 0. Here K, stands for the modified Bessel function of the
third kind of order » € R, and its integral representation is given by

K,(z)= %}/:%)/000 e (t + %)V_édt (x > 0).

Let us note that K, satisfies (see [34])

Ky (r) ~ LW (g)_ ast — 0 (1.3.18)
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and
K, (r) ~ \/grée’" as r — +00. (1.3.19)
As explained in [49], the formula ((1.3.17)) follows from

/ W g, — (27T>%|x|1_%<]ﬂ_1(|x|)
SN-1 2

and from
[ et = (2) ag g + ) K, (Vi T )
0

Here J,, is the Bessel function of v-th order. The above kernel is a positive, L*(RY)-
function of (z — ), and so, by Young’s inequality, it maps LP(RY) in LP(RY) for
all p > 1. Moreover, in any dimension N > 1

/N @_tm(x, y)dy = et (1.3.20)
R

since the left side of ({1.3.20]) is the inverse Fourier transform of (|1.3.17)) evaluated
at k= 0.
Now, following the proof of Theorem 7.12 in [49], we can prove that

Theorem 5. Let m > 0. A function f is in H%(RN) if and only if f € L*(RY)
and

1'C) = 16 Famy = (e 7 )]

is uniformly bounded in t, in which case

sup I'(f) = lim I'(f) = (f, V=D + m?f) 2w (1.3.21)

t>0

Moreover holds the following formulas for f € H%(RN):
(i) If m =0 then

2
(fs V=Af) 2@y = 2+ /RN/]RN ‘f|x_ |N+1’ dxdy

—r( D)y,
(ii) If m > 0 then
(f(\/ —A4+m? —m)f) 2@

N+1
/ / HE N+1| K (mlx —yl)dedy.  (1.3.23)
Wt e

by (1.3.22)
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Proof. By Theorem[d]it is sufficient to show that f € L*(R") and I*(f) is uniformly
bounded in ¢ if and only if

/RN(1 12k )| F £ (k) 2k < oo,

Note that by Plancherel’s Theorem we know that for every ¢t > 0

—tr/ 21 m2
— et |27k|2+m

t

| Ff (k) [*dk.

(1.3.24)

Since the function r~!(1—e™") is decreasing and positive for 7 > 0 we can see that

— wk|24+m?2 .
loem VPR T M:T converges monotonically to y/|27k[? + m? as t — 0.

Therefore if f € H2(RY), using the fact \/[27k]2 + m? < C(m)(1 + |2k
when m > 0, we can deduce that I'(f) is uniformly bounded in ¢ by Dominated
Convergence Theorem. Conversely, assume that I'(f) is uniformly bounded in ¢
and f € L*(RY). By Monotone Convergence Theorem follows that

%o > sup I'(f) = lim I'(f) = /RN kR 2| F £ (k)P dk

t>0

%Kf’ Piz@ny = (fre™ 35 ) ] = /RN :

that is f € Hz(RN).
Now we only prove (ii) because the proof of (i) can be found in [53].
Firstly, we observe that

I'(f) = %[(ﬂ D@y — (f, e ! 7A+m27m)67mtf)L2(RN)]

=) {(f, (1= I ) )
= I;(f)+ L5(f). (1.3.25)
It’s clear that
L(f) = m(f, [) 2@~y as t — 0. (1.3.26)

By applying ((1.3.17) and ({1.3.20]), we can see that

—mt

- @[ e rww]i)

y)|2e OV ATMEEm) (0 y)dady

2t RN

N
N+1 9
/ / yﬂ — K i1 (ma/t2 + |z — y|?)dzdy.
277 RN JRN (12 + |x —y)? 4

)
(1.3.27)

R




22

Introduction and Summary of results

Using (1.3.18), (1.3.19) and the hypothesis f € Hz(RY), we have

lim IL(f) = (%)M /RN /RN WKN;(W% —yl). (1.3.28)

t—0

Taking into account (|1.3.21)), (1.3.25)), (1.3.26)) and ((1.3.28)) we can infer that
([, V=A+m?f) 2@y =m(f, f)r2my)+
N1 _ 2
() T [ [ R el — sy

that is . O
1.3.2 vV=A+m? in (0,T)N

The operator v/ —A + m? in RV has been defined using the Fourier transform as

V—A+m2f(x) = / V127k|2 + m2F f(k)e? ™ dk. (1.3.29)
RN

Similarly, we can define the operator v—A + m? on (0,T)" via the Fourier series.
1

To do this, we have to introduce the Sobolev spaces HY. and H? of periodic func-
tions. Let C3°(RY) be the space of functions u € C>®(RY) such that u is T-periodic
in each z;, that is

u(z 4+ Te;) = u(x) forallz € RY i=1,...,N

where (e;) is the canonical basis in RY.
Let w = QT“ and we denote by

ezwk-x

for every z € RY and k € Z", the eigenfunctions and the eigenvalues of —A + m?
on (0,T)N with periodic conditions. Thus {p}}rezn is an orthonormal basis in
L2(0, )N, that is for all h, k € ZN

and A\, = w?|k[* + m?

[ e =
(0,7)N
where 6y, = 1 if h = k and zero otherwise, and

||90k||L2(0,T)N = 1.
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By Fourier expansion we know that for any function u € C3°(RY)

u(@) = Y cpr(z) (z€RY) (1.3.30)

kezZN
where
Ck = / u(z)pp(z)dz (k€ ZN)
(0,1)N

are the Fourier coefficients of u. We note that the series in (1.3.30)) is uniformly
convergent, and the derivative of u are given by

Ju _

oz, inkjckgok(x) j=1,...,N.

kezZN
It follows from Parseval’s identity that
/ V() Pde = w” ) e[k
(0.1)% kezN

This suggests that it is possible to define Sobolev spaces of periodic functions. We
denote by H. the closure of C3°(R") under the norm

Julfn = D Aelel’, (1.3.31)

kezZN

and the fractional periodic Sobolev space H2 as the closure of C3°(R”Y) under the

norm
[y =D Vaklal (1.3.32)
T kezN
1
Obviously H7 is a Hilbert space with respect to the inner product

(u,v)Hé = Z \/)\_kckak

kezZN

for u =73, ~ cror(x) and v = Y7, ;v dippr(z) belong to HZ.
The operator v/—A + m? is defined as follows: For any u € C3°(RY)

V—A+m?u= Z ck\/)\_kgok(a:). (1.3.33)

kezZN

U= Z crr and ¢ = / up,dr.

kEZN (OvT)N

where
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Then it is clear that v/—A + m? maps HL in L2(O T)N. We want to show that

V—A +m? is an isometric isomorphism from ]HI2 to its topological dual (HQ)
Firstly, we prove the following result

Theorem 6. Assume m > 0 and let (H2)* be the topological dual of H2. Then
1
(H?)* can be identified with the space

2
H;%:{h: thwk: Z %<+oo}.

kezZN kezN

Proof. Let | € (]HI:%F)* and set ¢, = () for all k € ZV.

1
Therefore, if u = >, ,~ brr € HF then I(u) = >, 4~ brcr. Now, we define
for every N € N

r)= Y A ton(r) € Hp

|k|<N
So we deduce that

= S el = 30 A el = Hlewl
T

lk|<N |k|<N

Hence

S 1w 3
Il . > A lel?)? YN eN
b = Tl (WEN )

and letting N — oo we obtain

00 > [l 43 (Z A |l ) (1.3.34)

kezN

_1
that is ¢ = {¢} € H,?. By Holder inequality we can see that

)l < (ZVA;M) (3 Miner)’

kezZN

= (3 A ted) il
k H%

kezZN

that is

_1 1
g, < (20 Aleel?)” (1.3.35)

kezN
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1

Taking into account (1.3.34) and (1.3.35) we have, for every [ € (H2)*

_ -3 2)?
Wl gt = (22 A1) (1.3.36)

kezZN

_1 _1
Conversely, for any ¢ = {¢} € Hy? such that >, ;v A, 2|ex]? < 00, we can
1
get a corresponding bounded linear functional i on H7. In fact, we may define h
1

on H2 by setting

1
if u="73%", ,~brpr € Hj. Using the Cauchy-Schwartz inequality, we get

< (2 wmk) (3 Al
kezN kezN
that is

_1 1
Ihll gy, < (32 Aetle?)”

kezZN

-

Hence h € (H2)*. Then the mapping of (H2)* onto H;? defined by

N

MﬂH%ﬂ%czﬂ@w}eH”

is linear and bijective, and from ({1.3.36]) we see that HlH = ||e H 1 O

Then we can deduce that
Theorem 7. The operator /—A +m? is an isometric isomorphism from H:%F to
its topological dual (H%)*
Proof. Let uw = Y, g~ crpr, € CF(RY). Taking into account Theorem @ and

V=A+m?u =73, ,~ eV Ak, we deduce that

VARC
V=2 +m2ul|_, = }:' k|_H|F (1.3.37)
i kezN Y

1
Now, let u € H2. By density there exists a sequence (u;) C C3*(R”) such that
1
uj — u in H; as j — oo. Using (|1.3.37)) we deduce that v/ —A 4+ m?u; converges
in ]HITQ, and we denote by v —A + m?u such limit. Therefore, vV—A 4+ m? is an

isometry from ]HI to H,2. Finally we prove the surjectivity of the operator in

_1

question. Let h = Y, ,~ hpor € Hp? and consider u = Y, _,~ %@k. Then we
1

have v € H? and v —A + m?u = h. O
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1.4 Extension problem for v/—A + m?

In this section we describe v —A + m?2 as an operator that maps a Dirichlet condi-
tion to Neumann-type condition via an extension problem. This approach is very
useful when we deal with nonlinear problems involving fractional powers of second
order partial differential operators, since it allows us to write nonlocal problems
in a local way and to apply the variational techniques to these kind of problems
(see for instance [15],[16], [17], [I8], [20], [21], [60], [72] ).

To explain this, let us start with the square root of Laplacian (—A)% in RV.
We denote by

RYM = {(z,y) e RN .y > 0}

the upper half space. Let u : RY — R be a smooth bounded function. Then there
exists a unique bounded smooth solution v to the extension problem

{ —A’U =0 n Rﬁ—’—l (1 A 1)

v=u  onJRYT"

Consider the map 7" : v — —d,v(x,0). Since —d,v(x,y) is still a harmonic func-
tion, we have that w(z,y) = —0,v(z,y) is a solution to

(1.4.2)

~Aw=0 inRY*™
w=Tu ondRYT"

Then, by applying the operator T twice

T(Tu)(y) = —g—‘y”m,m - g—;;w,m — _A,u(x,0)

that is 7% = —A,.

In [21] Caffarelli and Silvestre generalized this situation, by proving that any
fractional power of the Laplacian (and other integro-differential operators) in R¥,
can be realized as an operator that maps a Dirichlet boundary condition to a
Neumann-type condition via an extension problem on the upper half-space Rf +
Cabré and Tan in [I§] and Capella, Davila, Dupaigne and Sire in [23], proved a
similar result for (—Agq)® with zero Dirichlet boundary conditions on 0f2, when
Q) C RY is a smooth bounded domain and s € (0,1). Stinga and Torrea in [75]
showed that any fractional operator L7, where o € (0,1) and L is a nonnegative
self-adjoint linear second order partial differential operator, can be seen as Dirichlet
to Neumann operator associated to certain degenerate boundary value problem in
2 x (0,00). The precise result is the following
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Theorem 8. Let u € Dom(L?). A solution of the extension problem

—L,v+ 1‘;"% + vy, =0 inQx(0,00)
v(x,0) = u(z) on Q2 x {0}
s given by
1 °° v
o) = s [ et
" (0.9) — v(a.0) _ (=) |
. uxL,Yy) — v, _ —0) ;o N I 1-20
ZIJIE}I(I) yQo- - 40—F(O_)L 'U/(x) - 20_ }ng(l)y Uy<x7y)'

Moreover, the following Poisson formula for u holds

20 o0 oo
o Yy —tL _% dt o 1 —ﬁL —r dr
v(z,y) = 4"T(U)/O e Pu(x)e = T(o) J, e wlu(x)e T

All identities in Theorem [§ are understood in L? sense.

Now, we use the approach due to Caffarelli and Silvestre to give an alternative
definition of v/—A, +m?2, when Q = RY and Q = (0,7)". For this reason, we
distinguish two cases.

Firstly, we suppose that ) = R™. This case is very similar to that of (—A)%.
For the sake of completeness, we give the details of proof.

Let S(RY) be the Schwartz space of rapidly decaying functions in RY, that is
u € S(RY) if and only if u € C>®°(RY) and

sup |z*DPu(x)| < oo
z€RN

for all multiindex o, 3 € NV and

Y o8l
o oa

For any given function u € S(RY) there exists a unique v € S(RY*!) such that

. 2, _ . N+1
{ Av+m*v =0 inR} (1.4.3)

v(r,0) = u(zr) on IRYT! "

The solution of ([1.4.3) can be obtained taking the Fourier transform with respect to
x in the first equation in ([1.4.3)) and taking into account of the Dirichlet condition,
that is

v(a,y) = F e VI () (2).
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We can observe that
ol s //N 2k Folk, )P + | Foy(k, )2 + m?| Fo(k, ) Pdkdy
R+
=[], 227k ) Pl )Py
R

- / / 2(|27k|? + m?)e 2V RTREAmY Ty (1) 2 dkdy
RY*!

_ / Rk 4 2| Fuk)[2dk.
]RN

Taking the partial derivative of v with respect to y we can see

= / V[27E 2 + m2ePm eV |2“£‘2+m29}"u(§)d§
RN

and evaluating it at y = 0 we deduce
—g—;(x, 0) = / V2mE |2 + m2e™ T Fu(€)dé = vV —A + m2u(z).
RN

By the density of S(RY) in Hz(RY) we can deduce the result for u € Hz(RY).
Now, we assume that Q = (0,7)". Set Sy = (0,T)" x (0,00). We denote by
HY, (RYT) the completion of the space C3°(RY ™) of restrictions to Sy of infinitely

per

differentiable functions in ]Rf *1 that are T-periodic in each z;, with respect to the
H'(Sr) norm

1 Flless = | / VF@)P +m?|(z) .

Let u = Y, cpv cepr(x) € CF(RY). Then there exists a unique function v €
HY, (RY*) solving

per

—Av+m?*v =0 in (0,T)N (0 ) = Sr
U‘{mz:o} = U|{931:T} on 8(0 T) [O OO) . (1.4.4)
v(z,0) = u(z) on (0,7)" x {0}

By standard elliptic theory we deduce that v is smooth for y > 0.

We may write
y) = Z cx(y)en(z)

kezN
where ¢ (y) = f(O,T)N v(z,y)pr(z)dz. Let us note that c,(-) € H'(0,00) (since
v € HY(Sr)) and ¢,(0) = ¢, for all k € ZV.
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Then v satisfies (1.4.4) if and only if ¢ (y) = cpe ¥V for y > 0 and k € ZV.

Hence we find
v(z,y) = Y ee "V (). (1.4.5)
kezN

Now we can see that
loliyisn = [ V0P +metandy
St

=2 Z |ck|2/ Ane 2k dy
0

kezZN
= 2 lal vV
kezZN
= |u*, < oo.
H?

T

Using (|1.4.5)) and evaluating at y = 0 the partial derivative of v with respect to y,
we deduce that

—@(x,()) — Z e/ Mpn(@) = V=2 + m2u(z).

ay kezN

1
By density we obtain the result for functions u € H?.

1.5 Heteroclinic solutions

In Chapter 2 (which corresponds to [5]) we consider a fractional Allen-Cahn type

equation
(\/——2 +m?2 — ) = —G'(u) in R (1.5.1)
x2 m mu u) 1m ..

where the potential G € C**(R) is even and
G'(£1)=0and G > G(—1) = G(1) in (—1,1). (1.5.2)

We are looking for heteroclinic solutions which are increasing from —1 to 1.

In last decades a considerable effort has been devoted to the study of hetero-
clinic (or layer) solutions to fractional problems of elliptic type.

When m = 0 and the nonlinearity G(u) = 25 (cos(wu) + 1), the above problem
is called Pierls-Nabarro problem, and it appears as a model of dislocations in
crystals; see [59], [64], [80]. Taking m = 0 and G(u) = $(1 —u?)? , the problem
reduces to the fractional counterpart of more famous Allen-Cahn equation
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which was originally introduced by Allen and Cahn in [1] to describe the motion
of anti-phase boundaries in crystalline solids.

On the other hand, the study of the problem ([1.5.1]) is also due to the attempt
to generalize the following conjecture due to De Giorgi [29]:

Conjecture 1 (De Giorgi’s conjecture). Let u € C*(RY) be a solution of
—Au=u—uinRY (1.5.3)

such that
lu| <1 and Oyu >0

in the whole RN . Is it true that all level sets {u = \} of u are hyperplanes, at least
if N <8.

If u satisfies this property, we will say that u is one dimensional. Semilinear
Equation is called Allen-Cahn equation, and it models phase transition.
The conjecture has been proven for N = 2 by Ghoussoub and Gui in [42], and
then by Ambrosio and Cabre in [4] for N = 3, even for more general double well
potentials. For 4 < N < 8, under the additional assumption

lim wu(z’,ry) = £1 for all 2/ € RV !
TN —Foo

it has been established by Savin in [69]. A counterexample to the conjecture for
N > 9 has been proven by Del Pino, Kowalczyk and Wei in [30].
In fractional setting, one consider the problem

(—=A)*u = f(u) in RY (1.5.4)

where s € (0,1) and f(u) is a locally Lipschitz function satisfying the assumptions
(1.5.2). In an interesting article, Toland [80] has found that the unique bounded
heteroclinic solution (up to translations) to

[ d? 1
oAl = sin(ru) in R
T 7r

2
u(z) = — arctan z.
7r

is given by

Cabré and Sola Morales [I7] established existence, uniqueness, symmetry, varia-
tional properties, and asymptotic behavior of heteroclinic solutions to (|1.5.4]) when
N =1and s = % They proved that the assumption on (G is a necessary and
sufficient condition to the existence of heteroclinic solutions in dimension N = 1.
Under the additional hypothesis f'(£1) < 0, they showed that the solution is
unique up to translations. More precisely their result can be stated as follows
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Theorem 9. ([17]) Let f € C**(R) and G' = —f. Then there erists a layer

solution to
2

if and only if G satisfies the assumptions (1.5.9). If f'(£1) < 0, then the layer
solution is unique up to translations.

The proof of the existence of layer solutions is of variational type. The authors
construct a sequence of local minimizers u’, each one increasing in z, defined in a
half-ball B}, which vanishes in the origin and satisfying certain elliptic problems
with mixed boundary conditions. When R goes to infinity, «f converges to some
solution u of . Using the local minimality and the assumptions , they
deduce that the limits of u at infinity are £1, and so that u is a heteroclinic
solution to (1.5.5)).

When N =1 and s € (0,1), Cabré and Sire [I5] [16] proved the existence of
heteroclinic solutions to under the assumptions on G. They used
methods similar to those introduced by Cabré and Sola Morales in [I7]. The same
result has been proven by Sire and Valdinoci [72], using a different approach based
on a geometric inequality of Poincaré type.

In chapter 2 we follow the approach introduced in [I7] to study heteroclinic
solutions to the fractional equation . In particular, by a limit procedure as
m — 0, we rediscover the Theorem [9

1.6 Periodic solutions

In Chapter 3 (which corresponds to [6]) we study the periodic solutions for a
pseudo-relativistic Schrodinger equation

(\/—Ai—i-m2 — m)u = f(x,u) in (0, 7)Y (1.6.1)
where the nonlinearity f(z,u) satisfies the following hypotheses:
(f1) f(w,t) is locally lipschitz-continuous in RV +1;
(f2) There exist a;,ay > 0 and p € (1,2 — 1):
If(z,t)| < a; +astfP VteR VzeRY;

(£3) limyp—o f(‘f[t) = 0 uniformly in z € RV ;
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(f4) There exist p > 2 and r > 0 such that 0 < pF(z,t) < tf(z,t) for all |t| > r
and for all z € R, where F(z,t) = fot f(x,s)ds ;

(f5) f is T-periodic in x: that is f(z+ Te;, t) = f(z,t) for all z € RVt € R and
1=1,...,N;

(f6) tf(z,t) >0 for any z € RY and t € R.

By (f3) we deduce that u = 0 is a trivial solution to (1.6.1)). The hypothesis (f4)
gives information about the behavior of f(x,u) and F(x,u) at u = co. Indeed, a
straightforward computation shows that, by (f4), there exist two constants a,b > 0
such that

F(x,u) > alul* — b for z € RY and t € R. (1.6.2)

Since p > 2, and (f4) imply that F(z,u) grows superquadratically and
f(z,u) grows superlinearly as |u| — oo. As a model for f we can take f(z,u) =
g(z)|ulP~ u, where g is a smooth positive T-periodic function. We observe that
hypotheses (f1) — (f4) are standard when we deal with superlinear second order
elliptic partial differential equations. For instance Ambrosetti and Rabinowitz [3]
proved, via Mountain Pass Theorem, that there exists a nontrivial solution to the
following elliptic boundary value problem

- ZZj:l(aij (T)Ug,; )e; + c(x)u = f(z,u) inQ
u=20 on 0F) ’

where 2 C RY is a smooth bounded domain, the a;; are continuously differentiable
in Q with Holder continuous first derivatives, and ¢(x) is Holder continuous in {2
with ¢ > 0. For a more wide discussion about these types of problem see [67], [77]
and [81] and references therein.

In the classical literature, the existence of periodic solutions to ODE and PDE,
has been investigated by many authors in different way, by using variational and
topological techniques and geometrical approaches. In particular, motivated by ce-
lestial mechanics, an enormous interest has been addressed to the study of periodic
solutions to the Hamiltonian systems. The variational treatment of these systems
goes back to Poincaré [62], who used the least action principle to study the closed
orbits of a conservative system with two degree of freedom. Related to the prob-
lem of the existence of geodesics for dynamical systems, Lusternik-Schnirelman
[55] and Morse [58] introduced the Critical Point Theory on manifold.

Nevertheless, for a long time, it was considered hopeless to approach the exis-
tence problem for periodic solutions of

p = _HQ(p7q7t)
{ i = Hy(p.q.t) (1.6:3)
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oe equivalently

:=JH,z (1.6.4)
0 —Id
Id 0
associated functional

where J = is the symplectic matrix on R?V, as critical points of the

2T 2T
I(z) = / p-qdt— H(z)dt
0 0

defined for z = (p,q) € Hz(S',R2Y). The reason is that this functional is un-
bounded from below or from above. In fact, the quadratic form

2
(p,q)—>/ p-qdt
0

has infinitely many positive and negative eigenvalues. Surprisingly, Rabinowitz [65]
was able to overcome these difficulties by using minimax and approximate tech-
niques. Later, Rabinowitz [66] introduced a new variational method, the Linking
Theorem, to extend the results obtained in [3] to study semilinear elliptic boundary
value problems, and together with Benci [§] developed some critical point theorems
for indefinite functionals. These and other variational methods were subsequently
introduced also to study periodic solutions of Hamiltonian systems and second
order differential equations; see for instance [56] and [77].

To our knowledge, there are not existence results of periodic solutions to non-
local equations involving the operator v —A + m? — m with m > 0. Our main
purpose will be, then, to prove the existence of periodic solutions for a fractional
Schrodinger equation, by applying the Linking Theorem due to Rabinowitz to the
corresponding extension problem.

1.7 Summary of results

In this section we present the main results of this thesis.
The first result concerns the study of the existence of bounded monotone hetero-
clinic solutions to the problem

d2 .
( —m—l—mQ—m)u: —G'(u) inR (1.7.1)
u(too) = £1
or equivalently the study of bounded solutions to the problem
—Av+mPv=0 inR%
{ ® = mv—G'(v) ondR2 "’ (1.7.2)
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monotone increasing in z and with limits +£e™"¥ as x — +oo. Here the potential
G € C*%(R) is even and satisfies the assumptions (L.5.2).

The proof of the existence of a solution to ((1.7.2)), with the above mentioned
properties, follows the approach introduced in [I7]. We find such a solution as the
limit, as R — +oo, of the solutions of the following elliptic problem with mixed
boundary conditions

—Avft + mZft =0 in Qp = (—R, R) x (0,400)
85’—5 = moft — G'(vf) on Qg := (—R,R) x {0} . (1.7.3)
vVE(£R,y) = ™™ on 07O = {—R, R} x [0, +00)

The solutions of ((1.7.3]) are obtained as minimizers of the following functional

1 2 2,2 m [, f
Eq,.(v) = 5//9 |Voul*+mv dl‘dy—g/Rv (x,O)dm—/RG(v(x,O))—G(l)dx
n _ _

(1.7.4)
defined on the space

Cur(Qr) = {v e H' (Qg) : Jv| < e ™ v(—z,y) = —v(z,y) and v® = v on 97 QR}
(1.7.5)

where

arctanr  _.

R
ut(r,y) = ————e
(z,9) arctan R

The minimizers are shown to be monotone increasing with respect to x. The fact
that GG is even and the minimizers odd, allows us to easily show that the limit
as R — 400 is a solution to , strictly increasing in x and different from
the trivial solutions v(z,y) = e~™¥. We suspect that, as in [I7], one can find a
nontrivial solution to also without assuming G to be even, but we have not
been able to prove it. Finally, under the additional assumption G”(£1) > 0, we
obtain the uniqueness of solution by using the sliding method.
The first main result can be stated as follows

Theorem 10. Let m > 0. Let G be an even C**(R) function with o € (0,1), and
suppose that G satisfies .

(I) Then there exists a heteroclinic solution of which is odd and strictly
INCreasing.

(II) If, in addition, G satisfies
G (1) > 0, (1.7.6)

then this solution is unique.
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In order to show the existence of a heteroclinic solution to ((1.7.1)) with m = 0,
we prove the following identity similar to the one obtained in [17]

+oo 02 _ 2 — m2y2 m

Glo(x,0)) — G(1) = / =% (e, )t + To?(w,0)  (177)
0

which holds for every bounded solution v(z,y) to such that v(z,0) — £1

as x — +oo. When m < 1, the Cllgf—norms of solutions v,,, of are controlled

by a constant independent from m. Using the fact that |v,(z,y)| < e™™¥ and the

interior gradient estimates for the harmonic functions, we deduce that

(Vo (z,y)] <

¢ ! for (z,y) € Ri

for some constant C independent from m. As a consequence, we can pass to the
limit as m — 0 in and (1.7.7] -7 so we find a weak bounded solution v to the
problem

_ — ; 2
{ Av =0 in R (1.7.8)

2 ——G's) on R
which satisfies the identity ((1.7.7] - with m = 0. Using this informations and

NG (B — 0 asz — +oo (see Lemma 2.3 in [I7]), by assumptions on G
follows that

Theorem 11. Under the same assumptions of Theorem[10, there exists a strictly
increasing heteroclinic solution u to

— / 1
{V Au = G() mk (1.7.9)
(£00) =
The second main result concerns the study of solutions to
(V=A, +m2—m)u= f(x,u) in (0,T)V (1.7.10)
u(x + Te;) = u(x) forallz e RY, i=1,.... N’ o

or equivalently the solutions to the problem

—Av+m?v =0 in (0,7)Y x (0,00) = Sy
V|{z;=0} = U|{z;=T} on a(O,T)N X [O, OO) = 0rST . (1.7.11)
P = mo+ f(z,v) on (0, 7)Y x {0} = 0°Sy

which are T-periodic in z. Here the nonlinearity f(z,t) satisfies the hypotheses
(f1) — (f6). The problem ([1.7.11)) has a variational nature, and its solutions can
be found as critical points of the functional

1
== // (Vo2 + m2vdady — m v?(x,0)dz — / F(z,v(x,0))dz
2 ST 2 (OvT)N (OvT)N
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defined on the space X%, which is the closure of the set of C*°(RY ™) functions
v(z,y), T-periodic in x, under the H!(Sr)-norm

xm = // Vo2 + m2*vidady.
St

Let us observe that X7 can be splits into two subspaces

10113

Y7 =<e™ > and ZT = {v e X} : / v(z,0)dz = 0}

0,7~

where dim Y7' < oo and Z7 is the orthogonal complement of Y/ with respect to
the inner product in X7'. Then, we show that 7, satisfies the hypotheses of the
Linking Theorem, that is

1. Jn <0on Y7

2. There exist p > 0 and A > 0 such that
inf{Jn(v) : v € Zy and |[v|[xm = p} > X > 0; (1.7.12)
3. There exists z € X with [|z]|x» = 1, and there exist B > p,d > 0 and
R’ > 0, such that

maxjm =0 and sup TIm(v) <6, (1.7.13)

where
Ap i ={v=y+sz:y e YT |[yllxp < R,0<s < R}

and its boundary

OAT = {v=y+sz € AT : ||yl|lxp = R,0 < s < Ror ||yl|lxn < R',s € {0, R}};

4. T, satisfies the Palais-Smale condition.
Hence, for every m > 0, we can find a function v, € X' such that
Tm(Um) = ap and T (vy,) = 0
where the critical value «,, is defined as

Q= inf max J,,(v(v))

YEPT veEAT

and
Pt = {y € C' (AT, XT") : v = Id on DA}

In particular we also study the regularity of these critical points of 7,,. There-
fore we are able to state the following main result
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Theorem 12. Letm > 0 and let f : RN — R be a function satisfying (f1)—(f6).
Then there exists at least a function u,, € CH*(RYN) for some a € (0,1), T-periodic

in x which satisfies the problem (1.7.10).

If we assume m € (0,mg), then we can estimate the critical levels «,, indepen-
dently from m. Hence there exist two constants A\,0 > 0, independent from m,
such that

A< Tn(v) <6 (1.7.14)

Taking the limit as m — 0 in the problem ({1.7.11)) andNeXploiting (1.7.14]) we can
—N+1
infer that there exists a non trivial solution v € Cl’a(R++ ) NC(RY*) to

—Av=0 in (0,7)" x (0,00) = Sr
V{z;=0} = U|{z;=T} on 8(0, T)N X [0, OO) = aLST . (1.7.15)
P = f(z,v) on (0,7)N x {0} = 9°Sr

This last result can be summarized as follows

Theorem 13. Under the same assumptions of Theorem there exists a non
trivial T-periodic solution u € CL*(RY) to

—Au = f(z,u) in (0,T)N
{ u(z +Te;) = u(x) forallz eRY, i=1,... N~ (1.7.16)
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Chapter 2

Existence of heteroclinic solutions
for a pseudo-relativistic
Allen-Cahn type equation

We study the existence and uniqueness of heteroclinic solutions to non-linear Allen-

Cahn equation
(\/—d—2+ 2— ) =—G'(u) in R
T2 m?2 —m|u u) in

where G is a double-well potential. We investigate such a problem using vari-
ational methods after transforming the problem to an elliptic equation with a
nonlinear Neumann boundary conditions. By passing to the limit as m — 0 in the
above equation, we show the existence of a monotone heteroclinic solution to the
corresponding equation involving the square root of the Laplacian.

2.1 Introduction

This section is devoted to the study of the nonlinear problem

{ (\/—%%—mQ—m)u:—G’(u) in R (2.1.1)

u(—o00) = —1,u(4+00) =1

where the potential G € C?(R) is even and it has two, and only two, absolute
minima in the interval [—1, 1] located in +1.

This problem involves the operator v —A + m? in one dimension. Let us re-
mark here that in recent years the study of nonlinear equations involving a frac-
tional Laplacian (—A)® has attracted the attention of many mathematicians. Caf-
farelli, Roquejoffre, Sire [19] and Caffarelli, Salsa, Silvestre [20] have investigated
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free boundary problems, Silvestre [71] has obtained some regularity results for the
obstacle problem, Felmer, Quaas and Tan [37] have studied the existence, regular-
ity and symmetry of positive solutions for some nonlinear problem in the whole
space. Cabré and Sola-Morales [I7] and then Sire and Valdinoci in [72] studied an
analogue of the De Giorgi conjecture for the equation

(=A)*u = f(u) in RY (2.1.2)

when a € (0,1) and f is a locally Lipschitz function. Cabré and Sire in [15] [16]
established necessary and sufficient conditions on the nonlinearity f so that the
equation (2.1.2)) admits solutions monotone increasing in one of its variables (they
also study existence of radial solutions having a limit as |z| — o).

The fractional operator which appears in (2.1.1)) can be defined using Fourier
transform F by the formula

< _dd_; +m?Ju(z) = F (VAT P4 m?) Fu() (@), (2.1.3)

which is well defined for all functions v € H'(R).
As explained in more details in the subsection 1.1 below, problem ([2.1.1)) can
be studied via the nonlinear boundary value problem

{ —Av+m?v=0 in R2

% — mv—G'(v) ondR2,

(2.1.4)

where R% = {(z,y) € R? : y > 0} is the half plane, OR? = {(z,y) € R} : y = 0},
v(z,y) is a real valued function. Indeed, using the approach due to Caffarelli and
Silvestre in [21], the operator is equivalent by the Dirichlet to Neumann
operator for the operator —A + m? on R2.

The purpose of this paper is to study bounded solutions of which are
monotone increasing from —1 to 1. These solutions, called heteroclinic o layer
solutions, can describe phenomena of phase transition, and in this connection their
existence and behavior have been investigated by many authors. Let us recall in
particular that when m = 0 and G(u) = (1 + cos(wu)), the problem (2.1.1]) is
called the Peierls-Nabarro problem and it appears as a model of dislocations in
crystals (see [59], [64], [80] and references therein).

Taking m = 0 and G(u) = (1 — u?)?, the problem (2.1.1)) reduces to the
fractional counterpart of more famous Allen-Cahn equation which was originally
introduced by Allen and Cahn in [I] to describe the motion of anti-phase bound-
aries in crystalline solids.

Our work has been motivated by the paper of Cabré and Sold Morales [17], in
which they study the problem

V—=Au = —G'(u) in RY, (2.1.5)
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where the potential G is as above. They proved existence and uniqueness of layer
solutions when N = 1 and obtain important results about symmetry, variational
properties and asymptotic behavior of heteroclinic solutions in any dimension.

In order to state our main result, we introduce some notation. We say that a
function u € C?(R) is a heteroclinic solution of if

(H1) w(z) solves ([2.1.1));
(H2) u(—o00) = —1 and u(+o0) = 1;
(H3) u/(—o00) = u/(4+00) = 0.

Our main result is the following:

Theorem 14. Let G be an even C**(R) function with o € (0, 1).
We assume that:

G'(£1)=0 (G1)
G(s) > G(—-1) =G(1) for all s € (—1,1). (G2)
(I) Then there exists a heteroclinic solution of which 1s odd and strictly

INCreasing.

(II) If, in addition, G satisfies
G"(£1) > 0, (G3)

then this solution is unique.

The proof of the existence of a heteroclinic solution is variational. Following
the approach used in [17] we look for a solution of (2.1.4). We find such a solution
as the limit, as R — +oo of the solutions of the following elliptic problem with
mixed boundary conditions

—Av+mPv=0 (z,y) € (—R,R) x (0,+00)
P = mu — G'(v) fory =0 . (2.1.6)
v(£R,y) = e ™ for y € (0, 400)

Let us remark here that this approximate problem is quite different from the one
used in [17]. Solutions of are found as minimizers of a suitable functional
on a space of odd functions. The minimizers are shown to be odd and monotone
increasing from —1 to 1. The fact that G is even and the minimizers odd allows
us to easily show that limit as R — 400 is a odd solution and in particular that
is not one of the trivial solutions u(z) = £1. We suspect that, as in [17], one can
find a nontrivial solution also without assuming G to be even, but we have not
been able to prove it. Finally the uniqueness of solution is obtained under the
additional assumption (G3), and its proof follows the lines of the proof of Lemma
5.2 in [I7].
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2.1.1 Local realization

Proceeding as in [21], we can characterize the operator as the Dirichlet to
Neumann map:

For any given function u € S(RY) there is v € S(RY ™) (here S is the Schwartz
space of rapidly decaying functions and RY*" = {(z,y) € RV : y > 0}) such
that

{ —Av+m?Pv=0 in Rf“ (2.17)

v(z,0) =u(r) on ORYT.

Solving the equation in (2.1.7)) via Fourier transform we get
v(z,y) = / 2k Ty (k)e~ VI gL (1 y) € RYH (2.1.8)
RN

and

—@(m, 0) = ™k 127k |2 + m2 Fu(k)dk
ay RN
= V—A+ m?u(z).
Then, the non-local pseudo-differential equation
V—A+m2u=mu—G'(u) zeRY

is equivalent to the following elliptic Neumann boundary value problem

{ —Av+m*v =0 in Rf“ (2.1.9)

P —mv—G'(v) on dRYT.

2.1.2 QOutline of the article

Our paper is organized as follows: In the first section we give some results on
the regularity of solutions of , we prove that their gradient tends to zero at
infinity and provide the proof (i7) of the Theorem [14} In the second section we
study the existence of weak solutions of certain Neumann-Dirichlet problems in
the strips; this analysis will be useful to construct a sequence of functions which
tends to an increasing layer solution; Finally, the last section is devoted to the
proof () of the Theorem [14]

Notation 1. Let S = (o, ) x (0,+00) be a strip in R?. We define

PS={a<r<pB,y=0}
0"S ={r=a,y>0}U{zr =B,y >0}
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We also denote

Bf ={(z,y) eR*:y > 0,|(z,y)| < R}
I'%h = {(z,0) € OR% : |z| < R}
It ={(z,y) eR*:y>0,|(z,y)| = R}.

Finally, we denote by H(S) the usual Sobolev space equipped with the norm

ull sy = \/IIVUH )+ m?[ul]Z
equivalent to the standard one, and
Hj 5 (S)={ve H'(S):v=0 on 9*S}

that is the set of v € H'(S) such that v belongs to the closure in H'(S) of C'(S)
functions with compact support in S Ud°S.

2.2 Properties of solutions

We begin to provide some results on the properties of solutions of the problem

(2.1.4)). First we observe that the weak and bounded solutions of (2.1.4)) are C%
up to the boundary R?, that is:

Lemma 1. Let o € (0,1) and R > 0. Let u € L>(Bj,) N HY(B}) be a weak
solution of

{ —Au+mPu=0 in B} (22.1)

% =mu—G'(u) sul%

with G € C**(R). Then u € C’2’Q(F) and ||u||02a(g) < Cg where Cg is a
constant depending only on o, R and on upper bounds for ||ul[ By and G ||croe-

Finally, if u is a bounded weak solution of ”) we have that Vu € L*(R2)
and D*u € L*(R3).

The proof of the above Lemma can be obtained along the lines of the Lemma
2.3 in [I7]. For the sake of completeness we give a sketch of the proof.

Proof. Let v(z,y) = [ u(z,t)dt for (z,y) € B4R Then v is a weak solution of

{ —Av+m?v =g(x) in B, (2.2.9)

v(z,0) =0 sulf,”’
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where g(x) = mu(z,0) — G'(u(x,0)). Considering the odd reflections of v and g
across {y = 0} we have that v,qq satisfies

2 .
—Avodd +m Vodd = Yodd 111 B4R.

Since voqq and goqq belong to LP(Byg) for any p < oo, by WP regularity theory
we deduce that v € W*P(BJ) C C’l’o‘(EgR) for p sufficiently large. Using the fact

that v, = u, we get u € CO’O‘(EQR) and |[[u] 0,0 < CR, for some constant C

BT
depending only on a, R, ||u||s and ||G’||se. Novx(/, 3slﬁlce G' € C and v € C% in
E;R, the boundary C2® regularity for (2.2.2) and the above C%° estimate for u
leads to u € C’LO‘(EJR) and the corresponding estimate ||ul|, ., By S C%. Finally
considering the Dirichlet problem satisfied by the tangential derivative v, and the
boundary C** regularity for such problem, we obtain that u, = v,, € C**. Hence
using the fact that u,, = m?u — (v;)y., we can conclude that u € CQ’Q(FJ};) and
||l o2 (B < (% for some constant C depending only on «, R and on upper
bounds for |G’||c1.« and Hu||Loo(B;). Finally, let u be a weak bounded solution of
([2.1.4). By previous estimates in every half-ball By (0,y), we deduce that Vu and
D?u are bounded in R2 N {0 < y < 1}. Now, let U(z,y,2) = u(z,y) cos(mz).
Since U is harmonic in R? x R, using the interior estimates for harmonic functions
in the ball By(z,y,0) C R? x R we can see that

C )
Vu(e. )| = Ve Ule,.0) < llullo in 2

and
!

C .
|D2U<I,y)‘ = ’D(Qx,y)U<x7yao)| < ?HUHOO m Ri

for some positive constants C' and C’. Then we can conclude that Vu and D?u
are bounded in R%. ]

Now, we prove a maximum principle of the type Phragmen-Lindelof :
Lemma 2. Let v € C*(R%) N CY(R2) be a solution of the equation
—Av +2mdyv = 0 in RZ
such that [v| < Ce™ in R%. Then

infv = inf v and supv = supw. (2.2.3)
R OR%, R2 oR2
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Proof. Subtracting a constant from v, we can suppose that v is non negative on
the boundary OR?%, and we need to show that v > 0 in R3.

Consider the function w = %, where

Y(z,y) = ™ log v/ 2% + (y + 2)?

and we remark that 1 is positive and solves the equation —Ay + 2md,» = m?y
in R%. We note that w and v have the same sign, w(z,y) — 0 as |(z,y)| — oo
and w satisfies the equation

— Aw + 2moyw + (—Ay + 2m8y1p)% —2mVuw - %w =0in R2. (2.2.4)

If w were negative at some point in Ri, then it achieves its negative minimum at
some point (xg, yp) € R.
Consequently we obtain

(—Aw + 2mo,w + (—Ay + 2m8y¢)% —2mVuw - %) (zo,Y0) <0

and this contradicts the (2.2.4). Therefore we have proved that infRi v = iﬂfaRi .
Similarly we obtain the relation for sup considering a possible internal maximum
point of w.

[]

Next result shows that the solutions of the problem ([2.1.4]) with limits in -
direction on OR?, are such that their gradient converges towards zero when z tends
to infinity, and that the limits of solutions are zeros for G'.

Taking into account the previous lemma, we are able to prove the forthcoming

Theorem 15. Let u € C*(R2) N CY(RZ) be a bounded solution of the problem

_ 2, _ 2
{ Au+mu=0 in R (2.2.5)

% —mu—G'(u) on IR

with G € C**(R). Assume that limy 10 u(0,y) = L.
Then we have

(i) €™ [u(z, y)| < |[u(0,)]|p=(oz2) V(z,y) € RZ;
(i) G'(L-) = G'(Ly) =0 ;
(iii) For every fized R > 0,
le™u = Lall poe (5t 20y — O as @ — £o0
and

€™ uy + mLiHLoo(Bg(x,o)) + HUzHLoo(Bg(x,o)) — 0 as x — *oo.
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Proof. Let z(z,y) = e™u(z,y). Then z is a solution of the problem
—Az+2md,z=0 inR%
{ % = —G'(z) on JR? (2.2.6)

and it verifies |z| < Ce™ and lim,_, 4 2(z,0) = Ly. By Lemma [2| we have

1nfz<z<supzlnR
8R2 8R2
and hence we obtain (7).
Now for ¢ € R, consider the function

u'(z,y) = u(z +t,y),

which is a solution of the problem ([2.2.5)).

We prove that G'(L,) = 0.

If by contradiction G'(L;) # 0 then using Lemma [I| we obtain an estimate
C%**(B¥) for u' (and so for z') uniform in ¢, for every S > 0. Hence there exists
a sequence (z'*) which converges in C2.(R2) to some function z € C>*(R2) and
it solves (2.2.6). By hypothesis on the limits, we have Z = L, on dR? and using
the Lemma [2| we deduce that z = Ly in RY.

Therefore 0 = 22(z,0) = —G'(2(z,0)) = —G'(L,) and this contradicts the
assumption G'(Ly) # 0. Similarly, one can show that G'(L_) = 0.

Now we prove that

€™ = Lt || oo (4 (2,0)) T [1€™ 8y + MLt oo (55 00y T+ HutxHLoo(B;(m,o)) — 0
as t — +oo and for every fixed R > 0, which is equivalent to prove that
[ LiHLoo(Bg(x,o)) + ||Z?j —m(z' — Li)”Loo(ng(x,o)) + ||Zi||Loo(B§(x,0)) — 0

as t — Foo and for every fixed R > 0. Arguing by contradiction, assume that
there exist R > 0,2 € R, e > 0 and a sequence t,, — +oo such that

12" = L | oo (B 0y 125" =2 = L)l poe B2 (w0 T 128" £ (B w0y = € (22.7)

for every n. Since u'" are solutions of (2.1.4 unlformly bounded in all the half-
space R? indipendently of ¢,,, Lemma gives C’2 @(BE) estimates for u'" (and so for
Zn) uniform in n and for every S > 0. Hence, for a subsequence that we still denote
by 2", we have that z'» converges in C?_(R2) to some function z € C2%(R2).
Then as before z = Ly on 0R? and by Lemma [2| we have z = Ly in R3. This

contradicts , and so we have the assertion.
O
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Finally, we conclude this section proving the uniqueness ((ii) of the Theorem
of the solutions of the Neumann problem (2.1.4)) in all of R?.
We need to show the following Lemma :

Lemma 3. Let z € C*(R%) N CY(R2) be a bounded function in R% satisfying:

{ —Az+2moyz =0 in ]Ri

9 — —d(x)z on OR%

where d(x) is some bounded function, and also
v(z,0) — 0 as |z| — 0. (2.2.8)
Assume that there exists a nonempty set H C R such that
2(x,0) >0 fory € H and d(x) > 0 for x ¢ H. (2.2.9)
Then z > 0 in @

Proof. By Lemma [2| we know that inngF z = infaRz+ z. Arguing by contradiction,

assume that there exists a point (o, %) in RZ such that z(z, o) < 0.

If inf]RQ+ z = 0, then the minimum of z is a achieved at (zg,yo). If inf]Rz+ z =
infaRz+ z < 0, using , there exists a point (z1,0) at which the minimum of z
is achieved. In both cases we conclude that z admits a nonpositive minimum at
a some point (z9,ys). By the strong maximum principle, we cannot have yo > 0,
since z is not identically constant (recall that z(z,0) > 0 for x € H). Then ys = 0.
Since z(z2,0) < 0, we have that xo ¢ H and so d(z3) > 0. Using Hopf’s Lemma
we deduce that 0 > 9 (z,,0) = —d(z2)z(z2,0), and this gives a contradiction . [

Proof of (II) Theorem[14. Under the assumptions (G1), (G2) and (G3), we want
to prove that if u; and us are two solutions of

_ 2, _ 2
{ Au+m?u=0 inR?% (2.2.10)

% — mu—G'(u)  on IR%
satisfying |u;| < e, lim, 400 ui(2,0) = £1, O,u; > 0 in @ (1 =1,2), then
they agree. To do this, we prove that u; < ub in R% for every ¢ > 0. This will be

enough to conclude the proof because letting t — 0 we deduce u; < us in @ and
interchanging u; and uy we conclude that u; = us.
Since G”(£1) > 0, there exists 0 < 7 < 1 such that

G">0in (—1,—7)U (7, 1).
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By the hypothesis on the limits, there exists a compact interval [a,b] in R such
that

ui(x,0) € (=1,—7) ifz<a
ui(x,0) € (1,1) ifx>b"

Since ub solves (2.2.10)), ub — u; is a solution of the problem

—A(ul —uy) + m2(ub —uy) =0 in R%
(ub—u1) ¢ " ; ) (2.2.11)
=2 =m(uhy —uy) — d'(z)(uy —uy) on IR
where )G ()
0 if (uh —wuy)(z,0) =0
Note that d' is a bounded function (G’ is Lipschitz) and (ub — uy)(z,0) — 0 as
|x| = 0.

We claim u; < ub for ¢ > 0 large enough. We take ¢t > 0 sufficiently large
such that u;(z,0) < ub(z,0) for x € [a,b]. This is allowed since u;(z,0) < 1 and
ub(x,0) — 1 ast — +oo. We aim to apply Lemma [3| to the function v(z,y) =
e (ub — uq)(x,y) with H = (a,b) U{y € R : (ul — u1)(z,0) > 0}.

Clearly v(z,0) > 0 in H. We prove that d* > 0in R — H.

Let + ¢ H. We distinguish two cases: If x > b then z +¢t > b and so
uy(z,0),ub(x,0) > 7. If < a then uy(z,0) < —7, and since y ¢ H we deduce
ub(x,0) < uy(x,0) < —7. Hence d'(z) > 0 in both cases, and by Lemma [3| we
have uf, — uy > 0 in RZ.

We show that

if t >0 and u; < ul then uy # ub. (2.2.12)

We recall that by hypothesis d,u; > 0. Suppose t > 0 and u; = ub. Then

ur(—t,0) = ub(—t,0) = uz(0,0) = 0. Since u;(0,0) = 0, it results that (—¢,0) and

(0,0) are zeros of u;. But this is impossibile since u; is strictly increasing in x.
Now we prove that

if uy < ub for some ¢t > 0, then u; < ub™ for every p small enough . (2.2.13)

Using and the strong maximum principle we have u; < u} in @

Let K; be a compact such that for z ¢ K, |ui(z,0)| > 1 — 7 and |uj(z,0)| >
1—7Z. Recall that (uj—uy)(z,0) > 0in K;. By continuity and the existence of limits
at infinity, we have that (u5™ — u;)(x,0) > 0 for x € K, and |uy™(2,0)| > 1 — 7
for x ¢ K, for every |u| small enough.

Now we can apply Lemma 3| to v(z,y) = ™ (us™ — uy)(z,y) with H = K,
since d't* > 0 outside K;. We obtain ub™ —u; > 0.
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By (2.2.13) we deduce that {t > 0 : u; < ub} is a nonempty, closed and open
set in (0, +00) and hence coincides with it.

Therefore we can conclude u; < v for all ¢ > 0.

2.3 Minimizers of the Dirichlet - Neumann Prob-
lem in the strips

In this section we provide a result on existence of weak solutions for certain Neu-
mann problems in the strips Q with given Dirichlet boundary conditions on 9.
Let Q = Qg = (=R, R) x (0,00) C R3 be a strip and R > 1. We remark some
notations:

’V={-R<r<Ry=0}

and
"Q={zx=-R,y>0}U{z =R,y >0}
Let u be a C*(Q) function such that Vu € L*(Q) and |u| < e™™ and u(—z,y) =

—u(z,y) in Q, and let G € C**(R) be an even function which satisfies (G1) and (G2).
We introduce the energy functional

Eq(v) = %//Q]VU\Z + m*vidrdy — n v (z,0)dx + /8 [G(v(z,0)) — G(1)]dx

2 Jooq 00

in the set

Co() ={ve H(Q) :jv] <e ™ ae. in Qv =uond,
v(=z,y) = —v(z,y) in Q}.

This set is a closed convex subset of the affine space
H, () ={ve H(Q) :v=uon 07Q, v(—x,y) = —v(z,y) in Q}.
Hence H,(Q) is the set of functions v € H'(€) odd in x such that v — u belongs

to Hy 5. (2). We can observe that [|v||%: ) — m[v[72g0g) = 0 for every v € H'(S),
where S = («a, 8) x (0,400) is a strip.
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In fact given v € C}(R?) we have

B B 0
m/ |U(x,0)|2dx:m/ dx Oy lv(z,y)|*dy
[e [e —+o00
B oo 1 B p+oo 1
< 2m(/ / \v|2d:cdy) ’ (/ / |(9yv|2dxdy> ’ (2.3.1)
[ 0 o 0
B8 ptoo B ptoo
§m2/ / |v\2dxdy—|-/ / |0,v|*dzdy (2.3.2)
«@ 0 @ 0

B ptoo B ptoo
< m2/ / |v|2dxdy+/ / |Vv|*dxdy (2.3.3)
« 0 o' 0

and by density we obtain [|v[|}: g, — m[v[72p0g) > 0 for every v € H'(S). Hence
the quadratic form of the functional, that is

Qv) = // Vol + m*vidzdy — m v?(z,0)dr
Q 200

is positive and continuous with respect to H'-norm.
Finally we set

lelle = /ol s) = mlvagos)

We observe that, in general, || - || is not a norm in H*(€2), since ||v||. = 0 does not
imply v = 0.

In fact taking the equalities in (2.3.1)), (2.3.2)), (2.3.3)) we have that v(z,y) is a
function of y alone, |[v[|72qy = m®|[v|[]2q) and v; = Cv*. These conditions force
to be v(x,y) = ce”™¥ for some ¢ € R.

Theorem 16. Let Q = (—R, R) x (0,400) be a strip in R2 and u € C*(Q)NH ()
such that |u] < e ™ and u(—z,y) = —u(z,y) in Q. Let G € C**(R) be an even
function, with o € (0,1). Suppose that the potential G verifies (G1) and (G2).
Then the functional Eq admits a minimizer w in C,(Q) . In particular w is a
weak solution of the problem

—Aw +m?*w =0 in 2
% — mw — G'(w)  on N . (2.3.4)

ov
w=1u on 070

The assumptions G'(+1) = 0 implies that —e™™¥ and e~ are solutions of the
Neumann- Dirichlet problem in ([2.3.4]).

Proof. We define the following extension of G(t) :

G . JGH =G i -1<i<
1o if |t] > 1
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and we consider, for every v € H,({2), the energy functional

1 —
= // (Vo2 + m*v*dady — m v*(x,0)dz —I—/ G(v(x,0))dx.
2 Q 2 Y H0Q

Note that any minimizer w of Eq in H,(Q) such that |w| < e ™ is also a
minimizer of Eq in C,(Q2). For this reason we minimize the functional Eq in
H, (). First of all we prove the boundedness of minimizer sequences:

Lemma 4. Let (w,) C H,(2) be a minimizing sequence for Eq. Then it is bounded
in H'(Q).

Proof. By (2.3.2)) it follows that
0,vl|?
Falv) > 1021720
2
for every v € H'(Q), and so for every n € N

We show that (w,) is bounded in L?*(Q). Take w € C*(Q) odd in z such that
supp(w —u) C QU 9°Q is compact.
Then

w?(z,y) = w*(—R,y) +/ O, (t,y)dt
-R

<e Iy 2/ Oyw(t,y)w(t,y)dt

-R
and integrating this equality over (—R, R) we have
R R 1, R 1
/ w?(z,y)dr < 2R[2 (/ axw2(x,y)dx> (/ w%x,y)dw) + e—me]'
-R -R -R
Using the Young’s inequality we obtain
R

R R R
/ w?(x,y)dr < 2Re™ ™ 4 — (/ axw2(x,y)dx> +4Re </ w?(, y)dx)
R € N-Rr -R

and integrating over (0, +oc) we deduce

+o00 +o0
1—4R5/ dy/ :Eydx<——|——/ dy/ Opw?(, y)du.
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Choosing ¢ = the above relation becomes

8R’

+o00 2R +o00
/ dy/ xydx<—+16R2/ dy/ Opw? (x, y)dw,

and substituting w,, in the place of w we obtain
||wn||r2¢) < CR for all n € N. (2.3.5)

Now we prove that (9,w,) is bounded in L?*().
For this reason we consider for every y > 0

¢(y) = /R w?(x,y)dz.

—R

where w € C'(Q) odd in z such that supp(w — u) C QU 9°Q is compact. Since
w € H'(Q) we deduce that ¢ € W1(0,00) C L>(0, c0) and

R
/_ w?(z,0)dz = ¢(0) < |16l (0.00)

R
:C’[/ dy)ay</ 2(x,y)dx —I—’/ xydx
+o0 +o00
<C/ / lw||0, demdy—i—/ / dedy

< Cllloll @10yl + 1wl 3
< O[5l + S0yullae + ||w||%2(m}

where in the last inequality we exploited the Young’s inequality. Therefore, by
density, we obtain

1
[wnlzzony < €| gl lwnllfa + 519yl By + lwal o) (2.3.6)
Taking into account that
\\aywnrr%2 ) = mlwnf2 g < Folwn) < C

and by estimate we have

€ 1
(1 - —c) 18,0320y < (5= +1) !Iwn!|%2<m +C.
Choosing ¢ in appropriate way and using the estimate we find
|[0ywy||r2(0) < C"R.
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Now, we can observe that Egq is weakly lower semicontinuous with respect to
H,-norm, since H,(Q) € L*(9'Q?) and G(s) is a nonnegative continuous function,
so using Lemma , we deduce that Fq admits a minimum w in H,(2).

Since G is a continuous function (G € C22), Eq is a C* functional in H, ().
Making first-order variation of Fq at the minimum w we obtain that w is a weak

. . —

solution of l) with G’ replaced by G .

To finish the proof we need to prove that —e™¥ < w < e™™ a.e. in ().

Let, for every t € R

pri=w+ (e —P)

where
(w—e ™)t
Yy = —2

Consider the real-valued function

(w + e‘my)_'

and 1_ = 5

E(t) = Eq(ypy) for t € R.

Since w is a minimizer of Fq and ¢; € H, (), we observe that £(¢) has a minimum
at t = 0. Then, recalling that G (s) = 0 for |s| > 1, we obtain

= [ TV =iyttt — oy dedy —m [t~ o) da
[ Gl —v)ds
= // 2|Vih i |? — me ™0nb, + mPwip, dedy —m wi, dx

890

/ / 2|Vh_ |2 — me ™ob_ — mPwip_ dxdy +m wip_ dx

200
= 2[|[¥+ |l + [[¥-Ile]
2l — |2 (2.3.7)
Using the facts ||v]| = 0 implies v(z,y) = Ce™™¥ and (2.3.7) we have

— oMY+ —my\—
(=) wre™) L,
2 2

But (w—e ™)t — (w+e ™) is odd in x, hence (w—e ™))" = (w+e ™),
that is |w| < e,
O



Existence of heteroclinic solutions for a pseudo-relativistic Allen-Cahn type
equation

2.4 Existence of heteroclinic solutions

This last section is dedicated to the proof of (i) Theorem[14 We will use Theorem
through which we will construct a sequence of functions which converges to a
bounded solution u(z,y) of (2.1.4), increasing with respect to = and u(z,0) — %1
as * — £00. The proof of forthcoming Theorem 1 is a modification of the one of
Lemma 6.2 in [I7].

Proof of (I) Theorem[14, We remember that G € C**(R) satisfies the following
properties:

Giseven ,G'(—-1)=G'(1)=0and G > G(—1) =G(1) in (—1,1).
Our aim is to prove that there exists a solution u(z,y) of the problem

—Au+mPu=0 inR%
% —mu—G'(u) on JRZ

such that ,
—e ™ <u<e ™ in R,

lim wu(x,0) = +1,

r—Fo0
Jz,u > 0 on 0Ri.

To reach this, we construct a sequence of functions (u) which are solutions of
particular Neumann-Dirichlet problems in the strips of the form (=R, R)x (0, +00),
and every uf' is such that u® is C?* in the strip up to the boundary, |uff| <
e=™ . u®(0,0) = 0 and 9, u”® > 0.

For R > 1, let Qr = (—R, R) x (0,+00). Consider the function

arctan x

vfi(z,y) e ™ for (x,y) € Qp.

" arctan R
Since G'(—1) = 0 = G'(1), by the Theorem (16| we know that exists a minimum u”
of Eq,, in the set C,r(Qg).

We remark that u® is a weak solution of

—Auff+m2uf =0 in Qn
‘%—f =muf — G'(uf)  on 0°Qx (2.4.1)
uft = oft on 0T Qg

First of all we show that uf® is C%*(Q2z); to do this we proceed as in the proof
of Lemma 2.10 in [17]. It will be sufficient to study the regularity of uf in a
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neighborhood of each of the two corners of the strip Qg; for simplicity we only
look the corner on {x = R}, because the other one is treated in the same way.
Consider the odd reflection of u® across the segment {x = R} and say

R JuR(zy) it-R<z<R
Upga (T, Y) = m R : .
2¢e™ —u'(2R—x,y) HfR<z<3R

We prove that uf; is a weak solution of the problem:

—Aull, +mPul, =0 in {-R<z<3R,y>0}

87“5‘;“ = mul,, + h(z) on {—R <z < 3R,y =0}
ul, =0l on {y >0,z =—Rorz=23R}
where
iL(l‘) L —G'(u®(z,0)) if —-R<z <R
" | G'(wR@2R—1,0) ifR<z<3R

Let S = (=R, 3R) x (0, 400). Take ¢ € C'(S) such that ¢ =0 on 0*S. Then the
function n(z,y) = p(z,y) — (2R — x,y) defined for every (z,y) € Qg is such that
n € C'(Qg) and n = 0 on TQr. Hence, since u® is weak solution of (2.4.1)), we
have

/ Vul Voo +m*ul odedy —m ultpodr — / hodz =
S 808 808

= / VulVn + m*ulndxzdy — m uPndx + / G’ (u™)nda
On Q5

0g

3R 400 3R
+ / V(2e ™)V + m?(2e”™) pdxdy — 2m/ odx
r Jo R

3R p+oo 3R
:/ / (—2me ", + 2mPe" ™) dxdy — Zm/ wdx
r Jo R

3R 3R
:2m/ wdxr — Qm/ wdr =0
R R

as required.
We study the regularity in (R, 0) considering the function

Y
UP (2, y) = / W, )t
0

and the Dirichlet problem that it solves:
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—AUR + m2U" = mult (2,0) + h(z) in {—R <z <3R,y>0}
UR(z,0) =0 on {-R<z<3Ry=0}"

Since h is bounded, we obtain that ul, is C% up to {—R < z < 3R,y = 0}.
But this leads to uf,,(R,0) = 1 in the classical sense, and using the hypotesis that
G'(1) = 0, we deduce that h is a C%* function.

Finally using Schauder estimates we obtain that u%,; is C** up to {—-R <z <
3R,y = 0}. As a consequence G'(uf*(x,0)) is C*((—R, R]). Hence, its extension
his a C1*(—R,3R) function. Considering the Dirichlet problem satisfied by UyR
we attain that UJ* € C** and so —u} = (U}),, —m*u* € C%*. Therefore we can
conclude that uf* € C%“ in a neighborhood of (R,0) in {y > 0}.

Now we prove that

[uf| < e™ in Qr U Qg

Consider the nonnegative function w(z,y) = e ™ — uf{(z,y). Observe that w
satisfies the equation —Aw + m?w = 0 in Q. Hence, if there exists a point
(zo,Y0) € Qg such that w(xg,yo) = 0 then, by the maximum principle, w = 0 but
this is a contradiction, because of w(0,0) = 1 — uf(0,0) = 1.

If (z0,0) € 0°Qp is such that w(zy,0) = 0, by Hopf’s Lemma we deduce that
9 (19,0) < 0 while 22(z9,0) = m — muf (o, 0) + G'(u(xo,0)) = 0, because of
G'(1) = 0. Therefore it’s true that u® < e™™¥ in Qp U °Qg.

Similarly we can prove that uff > —e™™ in QzrUO°Qx considering the function
w(z,y) =e ™ +ul(z,y) > 0.

Finally we show that d,u® > 0in Qx. For this purpose we extend u’ to be
identically e=™¥ on [R, +00) X (0, +00), and for ¢ > 0 consider the function

uR’t(L y) = uR(:Jc +t,y) for (z,y) € Qx.

For 0 <e <1, let
Qre=(—R,R—¢) x (0,400).

Fixed € > 0, we are going to prove

u <ufin Qg , for every t > ¢. (2.4.2)

R Rt

Since u' is continuous in (g, we obtain that u™" is continuous in Qp. for

every t > e. Besides exploiting —e™™¥ < uff < ™™ in [0,+00) x (—R, R) and

uf® = vf* on 0tQp we deduce

R

ul < ul

su 0t Qg , for every t > e. (2.4.3)

But u' = ™™ in Qg for ¢ large, and so (2.4.2)) holds for ¢ large enough.
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Now we consider the set of ¢’s such that ¢ > ¢ and holds. By continuity
of u® and u® follows easily that such set is closed.

At this point we only need to prove that the above set is also open. For this,
we suppose that uf < w7 in ﬁR,g for some 7 > . Assume that uR<£L‘0,y0) =
uB7 (20, 10) at some point (zg,y0) € Qr..

Then, by , we have (79, y0) € QrUQr . and, in particular, u™™(xq, yo) =
uf(z9,70) € (—e™™,e™). Note that both u™ and u! are solutions of the same
Neumann problem. By the maximum principle and Hopf’s Lemma they must
agree everywhere and this contradicts ([2.4.3)).

Hence u® < w7 in ﬁRﬁ and, by continuity, the same inequality will be true
for every t > ¢ in a neighborhood of 7.

We take (x,y) € Qpg; then (z,y) € Qg for every e small enough. From
applied with t = ¢, we obtain uf(z,y) < u®*(z,y) for every small € > 0. Letting
e — 0, we deduce that d,u’*(z,y) > 0.

Now we want to construct a subsequence of (uf*) which converges to a solution

u of the problem ([2.1.4]) such that |u| < e™™¥ u(z,0) — +1 asx — oo and

9,u > 0 . To obtain this, we show that the functional is uniformly bounded in ',

that is

Lemma 5. For every R > 1 results
Eq,(uf) <C (2.4.4)

for some constant C' independent of R.

R

Proof. Since u™ is a minimum for the functional we have that

EQR(UR) < EQR (UR)'
We estimate the || - ||.-norm of v as follows

1011 @y =m0 L20002,)

= // Vo2 + m? (o) dzdy — m (v (z,0))*dz
Qr QR
6—2my

arctan? r 1
= )y E————— LT dxd
//QR arctan® R (1+ 22)? arctan®* R Y
/ arctan®
—m ————dx
a0, arctan” R

! /R ! ! de < C (2.4.5)
2m J_p (1 +22)2arctan® R~ —
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where in the last inequality we exploited

R R
/ 1 1 d < C'/ dz
_r (1 +2?)?arctan’? R _p (14 22)?

R
e/
=C <arctanR—|— 1 +R2>
< CI//.

Next, by (G1) and (G2), and using Mean Value Theorem we have

G(s) — G(1) < C(1 + cos(ms)) for all s € [—1,1]

™

for some constant C' > 0. Hence, remarking that ——"—

> 2, we deduce

Gh(x,0) — G(1) < C{l + cos (77%)}

arctan R
< C{1 + cos(2arctan )}

= (O(2cos?(arctan z))
20
1422

from which follows

R R R dx
—G(1 <C <C. 2.4.6
| ety —capa=c [ < (2.4.6)
Putting together (2.4.5)) and (2.4.6)) we prove ([2.4.4)).
0

Hence we can conclude the proof of the Theorem as follows.

Fix R > 0. Since |[uff| < e7™, Lemma |1| gives C**(B},) estimates for uf,
uniform for R > 4R'.

Using we have |[uf||..s,, < C where Sp = (—4R',4R’) x (0,400), and
since |u(z,0)] < 1, we obtain [[u”||g1(s,,) < C + cR'. Then we can extract a
subsequence (uf) such that u® converges in €2 (R2) and weakly in H,(R%)
(where H# denotes the space of the functions in H' of the strips of the type
(0,00) x (e, B)) to some function u € C72(RZ)NHL(R?) as j — oo. Consequently

loc

u is a solution of the problem ([2.1.4]) such that
lul < e ™, u(0,0) =0 and du > 0 in RY.

Since u(0,0) = 0, we have |u| # e ™ and hence |u| < e, by the strong
maximum principle. Note that +1 are solutions of the problem since G’(£1) = 0.
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By monotonicity of (0, -) we know that there exist [, [, such that

—1<l_<l, <1

and
xll)rfoo u(z,0) = ly.
Since v is odd in = we have that [_ = —[,. Moreover [, > 0 since u(-,0) is

increasing in x and u(0,0) = 0. Note that [ is positive. Indeed, if I, = 0 then
u(+,0) = 0 and so

+oo +oo
/ Glu(z, 0)) — G1))dz = / G(0) — G(1)]dz = 0.
But this is impossible since using Lemma 5| and Fatou Lemma we can see that

/ +oo[G(u(x, 0)) — G(1)]dz < C. (2.4.7)

o0

Hence [, € (0,1]. Let us show that I, = 1. Arguing by contradiction, assume that
I, <1 (2.4.8)

By (G2) and continuity of G we deduce that there exist § > 0 and a neighborhood
J of [, such that
G(s) —G(1) > 6 forall s € J. (2.4.9)

Recalling that u is non-decreasing in x, we have that there exists k € R such that,
if x > k, then u(x,0) € J. Therefore, from (2.4.7) and (2.4.9)) we obtain

C> / G, 0) - 61 da (2.4.10)
> /k G, 0) - G da (2.4.11)
> /m 5 da = +o0, (2.4.12)

and this contradiction proves that {; = 1. Finally, since dyu is a nonnegative

solution of
{ —AO,u +m?0,u =0 in R%

% = mdyu — G"(u)d,u on OR% ’

by the strong maximum principle and u(z,0) — +1 as x — o0, we deduce that
Oyu > 0in Ri. O
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Remark 1. We can observe that lim, 1. u(z,y) = £e™™ for every y > 0. In
fact by monotonicity of u with respect to x, we know that there exists the limits
L*(y) € [—e7™,e"™] as © — Foo. Since u(x,0) — £1 as v — oo, we have
that L*(0) = £1. Now, let u*(x,y) = u(x + k,y) for every k € N. Since u”
is bounded independently of k, by Lemmdl we can extract a subsequence which
converges locally to some function u™ satisfying

—Au® + m?u™ = 0 in RZ
% =mu™ = G'(u®)  on ORY. (2.4.13)
u®(z,0) =1 on OR%

But u™(z,y) = L*(y), so we deduce that Lt (y) = ™™ for everyy > 0. Similarly
we can prove that L~ (y) = —e™™ for every y > 0.

2.5 Heteroclinic solutions for m =0

In this section we prove that is possible to take the limit as m — 0 in the problem
(2.1.4). We start proving the following

Theorem 17. Let u be a layer solution of the problem . Then for allm >0

00 72 _ 02 _ 2022
Uy — Uy — MU

Glu(z, 0)) — G(1) = /0 . (. )dy + 5u(w,0). (251)

Proof. Consider the function

too g2 — ug — m?u?
v(z) = / 5 (2, y)dy.
0

and we show that v is well defined in R.

By Lemma |I| we know that |Vu|,|D*u] < C in Ei. Now let U(x,y,z) =
u(z,y) cos(mz) and observe that U is harmonic in R? x R and |U| < 1. Using the
interior estimates for the first and the second derivatives for harmonic functions
in the ball By(z,y,0) C R x R, we deduce that

!/

C C
Vu(z,9)l = VeypUle,y, 0)] < 7 and |D*u(z,y)| = |DE, ) Uz, y,0)] < 7

(2.5.2)
for some constants C' and C’ independent of m. Hence we can see that

!

|Vu| < yi 1 and |D*u| < (2.5.3)

y? +1
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hold in R%. Therefore v is well defined. Integrating by parts and using the fact
that u is a solution of (2.1.4) we have

V(x) = /OJFOO(UIUM — Uy — MPun,) (7, y)dy (2.5.4)
:/0 OO<_uﬂfuyy — Uylye ) (2, y)dy (2.5.5)
= (upuy)(z,0) = % <—%u2 + G(u)) (,0). (2.5.6)

Therefore v(z) + Zu*(x,0) — G(u(x,0)) + G(1) = const = C for all z € R.
Now we want to compute the value of constant C.
Fix R > 0. By Theorem [15] (2.5.3) and |u| < ™™ we can see that

R 2 _ 02 — m2u?
v(z) + % < lim sup{ / S (z,y)dy + %’
0

+’/+OO u - mhe x,y)dy‘}

|z|—o00

+o0 02 _ 2 — m2u2
— ‘/ m2e 2™ dx + %‘ —i—limsup‘/ - y2 (z,y)dy

|z]—o0

+oo 02 — 02 — m2u?
= e 2mi 4 hmsup‘/ v Y (x,y)dy‘

< Me-amR | ¢ + Me=2mR 40 a5 R — 400
-2 (R+1)2 4 '

Therefore, using the facts that u(z,0) — £1 as + — +oo and G(1) = G(—1),
we find that C' = 0. [l

Now we suppose that 0 < m < 1 and we denote by u,, a heteroclinic solution
to (2.1.4). By Lemmaand [t | oo g2y < 1, we know that fixed R > 0, we have
+

ltmllpea gty < C(R, o [|G| oo (1), |G [ 2o (1=1,17)) (2.5.7)

for some constant C'(R, o, ||G’||zeo(=1,1)): ||G”|| Lo ((-1,1))) independent of m. Hence

Uy, converges to some function u € C2*(RZ) in C? (R2) as m — 0 such that

u; > 0, u(0,0) =0, |u| <1 and u is a weak solution to the problem

{ Au=0 in Ri
81/

—G'(u) on JRZ. (2.5.8)



Existence of heteroclinic solutions for a pseudo-relativistic Allen-Cahn type
equation

By interior gradient estimates for harmonic function we have
C .
|V, (z,y)] < g in Ri
for some constant independent of m (see (2.5.2)) of the Theorem [17]). Using the

estimate (2.5.7) in the ball Bf (, 0) we obtain Vu,, is bounded in R, N{0 <y < 1}
by a constant independent of m. Therefore we can deduce that Vu,, is bounded

in @i and in particular we find

c .
|V, < ; in R?, (2.5.9)

+1

for some constant C' independent of m. Then using |u,| < e in @, (12.5.9)
and the Dominated Convergence Theorem we can pass to the limit as m — 0 in

the formula (2.5.1]), and we obtain

400 ,,2 _ 5,2
Uy — U

G(u(,0)) — G(1) :/0 S (wy)dy V€ R (2.5.10)

Since u is increasing in x, there exist the limits u(x,0) — I4 € [—1,1] as * — +o0.
Now we argue by contradiction. Assume [, < 1. By Lemma 2.3 in [I7] we
know that ||VU||LO<>(B§(¢,0)) — 0 as |z| — oo, for every R > 0 fixed. Moreover
we know that |Vu| < % holds in R%. Thus, taking the limit as z — +o0 in
(2.5.10) we deduce that G(I+) — G(1) = 0. But this gives a contradiction since
G(ly) > G(1). Similarly we can prove that [_ = —1. Finally, using the fact that
u, 1S a nonnegative solution to

_ : 2
{ Atg =0 in R (2.5.11)

Qs — —G"(u)u, on IR2.

and that u(z,0) — +1 as x — +o0, we can see that u is strictly increasing in z.



Chapter 3

Periodic solution for a
pseudo-relativistic Schrodinger
equation

We study the existence and the regularity of non trivial T-periodic solutions to
the following nonlinear pseudo-relativistic Schrodinger equation

(m - m)“(ﬂf) = f(z,u(x)) in (0,T)¥ (3.0.1)

where 1" > 0, m is a non negative real number, f is a regular function satisfying
the Ambrosetti-Rabinowitz condition and a polynomial growth at rate p for some
1 < p < 28 —1. We investigate such problem using critical point theory after
transforming it to elliptic equation in the infinite half-cylinder (0, 7)Y x (0,00)
with a nonlinear Neumann boundary condition. By passing to the limit as m — 0
in (3.0.1)) we also prove the existence of a non trivial T-periodic weak solution to
(13.0.1) with m = 0.

3.1 Introduction

In this paper we are concerned with periodic solutions for a nonlinear pseudo-
relativistic Schrodinger equation. Particularly, we are looking for a function u
satisfying the nonlinear problem

{ (V=87 = m)u(@) = f(z,ul@)) in (0,7)" = [I%,(0,7) (3.1.1)

u(lx+Te;) =u(z) forallz e RN i=1,...,N

where T' > 0 is fixed, m > 0 and (e;) is the canonical basis in R".
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The operator v/—A, +m? is defined as follows: let u € C3°(RY), that is u is
infinitely differentiable in RY and T-periodic in each variable.
Then v has a Fourier series expansion:

iwk-x

u(z) = che (z € RY)

where

w=—and ¢, = — u(z)e”“*dr (k€ ZV)

T VTN Jorw~
are the Fourier coefficients of u.
The operator v —A, + m? is defined by setting

zwkx
V=Ar+m2u= Z ck\/w2|k‘|2—|—m2 (3.1.2)
kezZN
For uw =}, ./~ i \/2%1 and v =), /o~ dj \Z/MTL;, we have that
v) = Z Vw2 k|2 + m2cdy,
kezN

can be extended by density to a quadratic form on the Hilbert space

iwk-x

e

Hm:{u: Ch c L*(0,T)V w?|k|?2 +m? ey <oo}
ERCED Sptes Y VAR

kezZN kezN

We assume that the nonlinear term f : RY xR — R in equation (3 satisfies
the following conditions:

(f1) f(x,t) is locally Lipschitz - continuous in RY x R;
(f2) There exist a;,a; > 0 and p € (1,2% — 1)such that
1f(2,t)]| < ay+agft|P VtER Vo cRY.
Here the critical exponent 2¢ is infinite if N =1 and - if N > 2;
(f3) limy o (| 7 ) — 0 uniformly in z € RV ;

(f4) There exist p > 2 and r > 0 such that 0 < pF(z,t) < tf(x,t) for all [t| > r
and for all z € RY, where F(x,t) fo z,s)ds ;
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(f5) f is T-periodic in each variable x;, that is f(z + e, T,t) = f(z,t) for every
re€RY teRandi=1,...,N;

(f6) tf(x,t) >0 for any x € RY and t € R.

We remark that the hypothesis (f3) guarantees that possesses the trivial
solution u = 0. The hypothesis (f4) gives information about the behavior of
f(z,u) and F(x,u) at u = co. Indeed, a straightforward computation shows that,
by (f4), there exist two constants ag,as > 0 such that

F(z,u) > as|ul" — a4 for € RY and t € R. (3.1.3)

Since pu > 2, and (f2) imply that F(z,u) grows superquadratically and
f(z,u) grows superlinearly as |u| — co. As a model for f we can take f(z,u) =
g(z)|u|P~'u, where g is a smooth positive T-periodic function. We observe that
hypotheses (f1) — (f4) are standard when we deal with superlinear second order
elliptic partial differential equations: see for example [67], [77] and [81].

The non-local operator /—A, + m?2 in RY plays an important role in relativis-
tic quantum mechanics. Indeed the Hamiltonian for a (free) relativistic particle of
momentum p and mass m is given by

Cle’2 + m2ct

and with the usual quantization rule p — —iAV, we get the so called pseudo-
relativistic Hamiltonian operator and the associate free Schrodinger equation
0 N
z’a—q’f — H = /—R2A, + m2ct .
Then choosing h = ¢ = 1 we obtain the operator above mentioned. For a dis-
cussion of the main properties of the operator /—A, + m? we refer to [49]. For
physical models involving this operator one can see the works of Lieb and Yau
[51], [52] where in the first they study boson stars and in the second the stability
of relativistic matter. More recently Frohlich, Jonsson and Lenzmann [3§] study
the existence of solitary wave solutions of the pseudo-relativistic Hartree equation

i) = (V—=Ag +m? —m)y — ([ * [¢[*)) on R,

(see also [27], B9, [40] for related models).

From a probabilistic point of view, the operator —(v/—A, + m? —m) is strictly
connected with the potential theory: it is the infinitesimal generator of a Levy
process, the so called the 1-stable relativistic process (see [24], [68]).

Recently the study of nonlinear equations involving a fractional Laplacian
(—A,)" has attracted the attention of many mathematicians, since it appears in
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many different contexts as phase transitions, optimization, finance, minimal sur-
faces and others. Caffarelli, Roquejoffre, Sire [19] and Caffarelli, Salsa, Silvestre
[20] investigated free boundary problems of a fractional Laplacian. Silvestre [71]
obtained some regularity results for the obstacle problem of the fractional Lapla-
cian. Cabré and Sold Morales [17] studied an analogue of the De Giorgi conjecture
for the equation

(—A)u = —G'(u) in RN (3.1.4)

1

when a = § and G € C*(R) has only two absolute minima. The same problem

with @ € (0, 1) has been studied by Sire and Valdinoci in [72] and Cabré and Sire
in [I5], [16]. Cabré and Tan [I8] proved the existence of positive solutions to the

problem
V=2, u = |ulf in
u =10 on 0f2 (3.1.5)
u>0in

where Q@ C R" is a smooth bounded domain and 1 < p < &£ (if N > 1), and
Servadei and Valdinoci [70] dealt with the existence of non-trivial solutions of the

following problem:

{ (—AL)*u — du= f(z,u) in (3.1.6)

u=01in RV \ Q
where 0 C RY is a Lipschitz bounded domain, s € (0,1), A is a real parameter
and f(z,u) is a Carathéodory function which behaves like u|ul[P~2 for some 2 <

p < N2iv23 We can note that the above problems 1’ and |D can be seen as

the the fractional analogue of the classical problem

{ —Ayu— = f(x,u) in Q (3.1.7)

u = 0 on 0f.

This last problem has been also investigated with periodic boundary conditions
by using variational and topological methods; see for instance [§], [46], [56], [67],
[77] and references therein.

The aim of the present paper is to study an analogue to (3.1.7) with periodic
boundary conditions, when we replace —A, by v—A, + m2.

The first result is the following:

Theorem 18. Let m > 0. Let f : RN*! — R be a function verifying the conditions
(f1) — (f6). Then there exists at least a function u,, € CH*(RYN) for some a €
(0,1), T-periodic which satisfies the problem )

One of the main difficulty of the analysis of the problem (3.1.1)) is the nonlocal
character of the involved operator. To circumvent this hitch, we use the approach
proposed by Caffarelli and Silvestre [21], which consists to realize the nonlocal
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problem (3.1.1)) into a local problem in one more dimension via the Dirichlet-
Neumann map. As explained in detail in section 3 below, for v € H7* one can find
a unique weak solution v € X7 to the problem
—Av+m?v=01in 8¢ = (0,7)" x (0,0)
V|{z;=0} = V|{x;=T} O1l (9LST = 8(0, T)N X [O, —I—OO) (3.1.8)
v(z,0) = u(x) on °Sy = (0, T)N x {0},
where the boundary condition on d°Sr is in the sense of trace, and X2 is defined

as the completion of functions COO(]Rf“) and T-periodic in each x;, with respect

to the norm
v||3. = Vol|? + m?v? dzdy.
xm Y
St

Note that in (3.1.8)) the notation vj(z,—0y = V|{z,=1} on ISy means

v(xy, o, 21,0, T4, 2N, Y) = 0(T, i1, T Ty, - TN, Y)
for every i € {1,..., N} and y > 0.
Furthermore,

— lim @(x,y) =+ —A, + m?u(z) in (H})",

y—0t Oy

in a weak sense. In order to find solutions of (3.1.1)) and to prove their regularity,
we will exploit this fact and look for solutions v € X7 to

—Av+m?v=0in Sy

V|{z;=0} = V|{z;=T} ON ISt (3.1.9)
% = mv + f(z,v) on 9°Sr.

The variational structure of the problem (3.1.9) allows us to obtain the existence of
T-periodic solutions v,, through known variational methods, namely the Linking
Theorem. Such solutions are obtained as critical points in X' of the functional

Jm associated to (3.1.9)), that is
1
TIm(v) = = // |Vo|? + m*o? dedy — n lv|? dw — / F(z,v)dz.
2J) s, 2 Joosy Sy

When m is sufficiently small, we are able to prove uniform estimates on critical
levels «, of the functionals 7,,. These estimates allows us to deduce uniform
estimates on the solutions v,,, and so we can pass to the limit as m — 0 in (3.1.9).
As a consequence we can show the existence of a nontrivial T-periodic solution to
the problem

{ V=Buu(@) = f(r,u(2)) in (0,T)" (3.1.10)

w(lx +Te;) =u(z) forallz e RN i =1,..., N,

This result can be stated as
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Theorem 19. Under the same assumptions of Theorem we can find a non
trivial T-periodic weak solution to the problem (3.1.10).

The paper is organized as follows. In the Section 2 we give some basic results
concerning the fractional space HY' and the nonlinear term f. In the Section 3
we show that it’s possible to transform the problem in a Neumann elliptic
problem. In the Section 4 we prove the existence of weak solutions of the elliptic
problem through the Theory of Critical Point. In the Section 5 we study
the regularity of above critical points and we give the proof of Theorem[I8 Finally,
in the last section we find a nontrivial periodic solution to the problem ((3.1.10)).

3.2 Preliminaries

In this section we collect preliminary facts for future reference. Firstly we denote
the upper half-space in RV*! by

RV = {(z,y) e RV 1z e RNy > 0}

Let Sy = (0,7)N x (0,00) be the half-cylinder in RY™ with basis 9°Sy =
(0, 7)Y x {0} and we denote by 9;Sr = 9(0, )" x [0, +00) its lateral boundary.
With ||v||zr(s,) we will always denote the norm of a function v(z,y) in L"(Sr) and
with |v|-o 7~ the norm of a function u(z) in L"(0,T)N.

Let u € C3°(RY); that is u € C*(RY) and u is T-periodic in each z;, that is

u(z + Te;) = u(x) forallz € RY i =1,..., N.

Then we know that for all z € RY

iwk-x

e
u(z) = Z Ch——,
kezZN ™
where 5 .
T .
w=— and ¢ = —/ w(z)e “rrde (ke zN
T =TT Sy ez

are the Fourier coefficients of u. We define the fractional Sobolev space HY' as the
closure of C*(RY) under the norm

Ul = > VPR +m? . (3.2.1)

kezZN

When m = 1, we set Hy = Hi and || - |lm, = [| - [l Now we introduce the
functional space X7 defined as the completion of

CERYY) = {v e XYY s v(a + Tegy) = v(,y)

for every (z,y) € RVt i = 1,...,N}
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under the norm

o] g :/5 |Vu|* + m*vidady. (3.2.2)
T

If m =1, we set Xp = Xp and || |[x, = [|-[|xs,. We begin proving that it’s possible
to define a trace operator from the space X7 to the fractional space H7':

Theorem 20. There exists a bounded linear operator Tr : X7 — HY' such that
(1) Tr(v) = v|gos, for allv e C%O(Rﬂ\:—“) NX7;
(i3) |Tr(v)|mm < |[v]|xm for every v € X7;

(113) Tr is surjective.

Remark 2. Sometimes, with abuse of notation, we will denote Tr(v) by v(-,0).

Proof. Let v € C3*(RY™) N X, Then using the Fourier series we can write

iwk-x — N1

v(x,y) = ch(y)\/T_NinRJr ,

keZN

where ¢, (y) = \/%—N f(O,T)N v(z,y)e “kedy.

Note that ¢ € C*([0,00)) N H'((0,00)), therefore cx(y) — 0 as y — oo, for all
k € ZV. By the Fundamental Theorem of Calculus and using the Holder inequality
we have

(O = / N %wk(y)ﬁdy
= —2/000 ck(y) e (y)dy

<o [T latran) ([

Multiplying both members by \/w?|k|? + m?, using the Young inequality and sum-
ming over Z", we obtain

S Vet m e 0) < Y / (PR 42 () + I ) Py, (323)

keZN kezN

o

chy)Pdy) .
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Thanks to Parseval Identity, we have

Hmwzzlmww (3.2.4)

keZN

Vo] [72(s,) = Z/O w?|k[?|ex (y)|*dy, (3.2.5)

kezZN

mmwzzlmww (3.26)

kezZN

Taking into account (3.2.3)),(3.2.4)),(3.2.5) and (3.2.6) we obtain

10lBen = Vo [Z2(sy) + vylZ2(sy) + M 0llZ2gsy
= 3 [ (P ) et + k)]
kezZN 0
> ) VW?lkP 4 m? e (0)]. (3.2.7)
kezN

By density we deduce that (3.2.7) is verified for each v € X7'. This allows us to
say that is well defined a bounded linear operator

Tr: X7 — HP.

Finally we prove that Tr(X}') = H?, that is Tr is surjective.
iwk-x

Let u(z) = > cun ¢S € Hp where ¢ are the Fourier coefficients of w.
Consider the function

iwk-x
v(z,y) = Z ckf/T_N e~ VIR +m2y (3.2.8)

kezZN

which is clearly smooth for y > 0. We want to show that v € X7' and Tr(v) = u.

Observe that v is T-periodic in each z; and v solves —Av 4+ m?v = 0 in Sp.
Moreover v(z,y) — u(z) as y — 07 in L?(0,T)N. In fact fixed € > 0, there exist
0. > 0 and k. € N such that

for 0 <y < 9..

Z |Ck|2 < % and Z |Ck|2(1 B e—\/wZ\k|2+m2y> <

|k|>ke k| <ke

DO ™
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Thus for every 0 < y < d.

’U("y) B u(')|%2(0,T)N = Z \Ck\z(l — e*\/myy

k| <ke
S
K] > ke
€ 2
<z+ ) lalP<e
|k|>ke

Let us check that v € X7'. By Parseval Identity we can see that

10l = [IVavllT2(sp) + vyl ey + mPlvllizs,,)

) Z |ck|2<w2|k|2 +m2>/ 6—2\/w2k2+m2ydy
keZN 0

= ) VW?kP +m? e’ < oo. (3.2.9)

kezN

This proves that HY* C Tr(X7).

Then we have the following compact embedding:

Theorem 21. Let 1 < ¢ < 2f for N >2 and1 < ¢ < oo for N =1. Then Tr(X7F)
is compactly embedded in L1(0,T)N.

Proof. By Theorem [20| we know that Tr(X%) is embedded with continuity in H'\.
To conclude the proof, it’s enough to prove that H7 is compactly embedded in
L0, T)N.

iwk-x 2N

Let u = ) yepv e € Hy. Fix 577 < r < 2 and let 7/ be its conjugate
exponent, that is % + % = 1. By Holder inequality we can see that
1 1
(X leil) = (3 leul (VPR + ) (VaPRE ) 5)
kezN kezN
2—1r
< ulgn ( > (VW?lk]? + m?)‘ﬁ> v (3.2.10)
kezZN

and the last series is finite since r > ﬁ—ﬂ\rfl By Theorem of Hausdorff and Young

[82] we deduce that u € L' (0,7)N and

1 71 D\
|u’LT'(0,T)N < (W) <Z |ck| ) . (3.2.11)

kezZN
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Hence, by (3.2.10) and (3.2.11)), we have
1
|| Lao,ryy < C( Z |ek]? /w2 k|2 + m2> ’ (3.2.12)

kezN

holds for every 2 < q < 2. Using (3.2.12)) and interpolation inequality we obtain
that for all ¢ € [2,2F)

1-9
|| Lago,ryn < C’U|i2(o,T)N ( Z ek 2/ w?| k|2 + m2> , (3.2.13)

kezN

for some real positive number 6 € (0, 1).
At this point we prove that H* ccC L*(0,7)", for any N € N.
Let v/ — 0 in HY. Then

lim |c}|*y/w?[k2+m2 =0 VkecZV (3.2.14)
J—00

and

> IdPVWRkP+m? < C VjeN. (3.2.15)

kezN

Fix £ > 0. Then there exists v > 0 such that (w?|k|2 +m?)~2 < e for [k| > v. By

(13.2.15)) we have
ST =S 1P+ Y I
kezZN |k|<v |k|>v
=Y 1P+ D I Pk + m?) (w? k]2 + m?) 7
|k|<v |k|>v

<> |dP +Ce.

|k|<v

By (3.2.14) we deduce that }_, , c]|? < ¢ for j large. So w/ — 0 in L2(0,T)V.

Then using HP cC L*(0,7)" and (3.2.13) we can conclude that HZ is com-
pactly embedded in L(0,T)Y for every ¢ € [2,2F).

O

Remark 3. It’s possible to prove the existence of a continuous embedding HT C
L0, T)N for any q < 2* ( see for instance [9]).

Finally, we give some elementary results which will be used in the sequel. We
use the growth conditions (f2), (f3) and (f4) to deduce some bounds from above
and below for the nonlinear term and its primitive. This part is quite standard
and the proofs of the following Lemmas can be found in [67] (see also [70]).
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Lemma 6. Let f: [0,T]Y x R — R satisfying conditions (f1)-(f3). Then, for any
e > 0 there exists C. > 0 such that

|f(z, )| < 2elt] + (p+ DOt Vt € RVx € [0, TV (3.2.16)

and
|F(x,t)] < elt]* + CJt|P™ vt e RVx € [0, 7). (3.2.17)

Lemma 7. Assume that f: [0, TV x R — R satisfies conditions (f1)-(f4). Then,

there exist two constants az > 0 and ay > 0 such that

F(x,t) > as|t|* —ay YVt € RVx € [0,T]V. (3.2.18)

3.3 Problem in the cylinder

In this section we will show that it is possible to transform the problem in
an elliptic problem with Neumann condition on the boundary (0,7)" x {0} and
periodic conditions on the lateral boundary of the cylinder.

More precisely we prove the following

Theorem 22. Let u € H7}'. Then there exists a unique v € X' solution to the
problem
—Av+m?v =0 1in Sy
V{wi=0} = V{{ai=T} ON OLSr (3.3.1)
v=1u on O°Sy

where the last boundary condition on 0°Sy is in the sense of trace.
In addition

— lim vy(z,y) = V—A, + m2u(zx) in (H})". (3.3.2)

y—0t

iwk-x

Proof. Let u(z) = 3, cpv oS € CF (RY). Consider the following minimizing
problem:

inf{// IVo|? + m?vidady : v € X and Tr(v) = u} (3.3.3)
St

By lower weak semi-continuity of the X7'-norm and by Theorem we can
find a minimizer v € X7'. Moreover from the strict convexity of the functional
in (3.3.3)), we can see that this minimizer is unique. It follows that v is a weak

solution to
—Av+m?v=0in Sy

'U|{:1:¢=O} = U\{xi:T} on 8LST . (3.3.4)
v =wu on Sy
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By standard elliptic regularity, we deduce that v is smooth for y > 0. We may

iwk-x 7zw

write v(z,y) = >, cpn ck(y)eﬁ, where ¢, (y f(o )N v(x,y) T ¢~ _"dx. Since u is
the trace of v, ¢4(0) are the Fourier coefﬁ(nents of u. Moreover, for any k € ZV,
cx(y) satisfies the equation

— d(y) + (WPk]? +m?)er(y) = 0 for y > 0. (3.3.5)

Therefore we deduce that

zwk X

=) ¢ e e~ V@R Em2y, (3.3.6)

kezZN

Hence

(3.3.7)

v 5 zwk:v
= — lim v,(z,y) Z e/ w |k;|2—|—m2

ov ‘(O,T)N x{0} y—0+ ot VT

= /—A, + mPu. (3.3.8)

and similarly as in (3.2.9)), we obtain

ol = > VW2 lk2+m? el = July,. (3.3.9)

kezZN

By density we get the desired result. O

We will call v the extension of u, and we will denote it by ext,,(u).
Hence to study the problem it’s equivalent to study the solutions v € X7
to the problem
—Av+m?v=0in Sy
’U‘{xi:o} = U|{x¢=T} on GLST (3.3.10)
& = mu + f(z,v) on &°Sr.

More precisely, we will say that v € HYp is a weak solution to if and only if
its extension v = ext,,(u) € X7 is a weak solution to (3.3.10)), that is if

/s (VvVn—i—van)dacdy:/ [mou(z,0) + f(z,v(z,0))|n(x,0)dr (3.3.11)

(0,1~

holds for all n € X7
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3.4 Linking solutions

In this section we prove the existence of weak solutions to the problem (3.3.10]) by
using the Linking Theorem due to Rabinowitz [67]:

Theorem 23. Let (X,||-||) be a real Banach space with X =Y @ Z, where Y
is finite dimensional. Let J € C*(X,R) be a functional satisfying the following
conditions:

e J satisfies the Palais-Smale condition,
e There exist n,p > 0 such that

inf{J(v) : v € Z and ||v|| =n} > p,

e There exist z € 0B1NZ, R> p and R’ > 0 such that
J <0 ondA

where
A={v=y+sz:yeY,||y|| <R and 0 < s < R}

and
OA={v=y+sz:yeY,|ly]|=R orse{0,R}}.

Then J possesses a critical value ¢ > p which can be characterized as

¢ = inf max J(7(v))

where

I'={y€eC(A X):v=1d on0A}.

Let us consider the following functional

Tnlw) = 5l

5@ - m|v|%g(0’T)N] - / F(z,v(z,0))dx
0,7~

for v € X7, First of all we can observe that 7, is well defined and 7, € C'(X%)
by Theorem [20]and by assumptions on f . Moreover, using Theorem [20, we deduce
that the quadratic part of 7, is non-negative, that is for every v € X7

m lv(z,0)*dx < // |Vo|? + m*vdzdy. (3.4.1)
(O)T)N ST
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Indeed this inequality is satisfied by each function in H?! of the cylinder. In fact for
every function v € C! such that v(z,y) — 0 as y — +oo and for every ¢q € [2, 2]
we have

/ lv(x,0) |qd:c—/ dx/ —]v:c y)|%dy
(0,7)N 0,7)N +oo
<q// ()"
St
1
<q/ \vxy[”ldxdy // )
ST ST

where in the last inequality we have exploited the Cauchy-Schwartz inequality.
Then taking ¢ = 2 and using 2ab < a® + b? for all a,b > 0, we deduce that

(z,y ‘dxdy

vl < 2m [ ot loyote. ) dody

< 2m||U||L2 sollOyvl|r2sy) (3.4.2)
< 10y0l[72(sp) + mPl[vlZ2(sp) (34.3)
< ||VUH%2(3T) ""’nQHUH%%STy (3.4.4)

By density we obtain that (3.4.1)) holds for every function in H'(Sr). As shown
in [5], we can observe that

||v] @ - m|v|%2(07T)N = 0 if and only if v(z,y) = ce™™ (3.4.5)

for some constant c E R. In fact, taking the equality in 3.4.3)) and (3 -,

e e tht s = Cob ol ooy b o1 = ) o st
h € H'(0,00). These conditions force to be v(z,y) = ce™™¥ for some ¢ € R
We note that X7 admits the following decomposition

Xy =Yr @z
where Y7' =< e > | dim Y7} < oo and

Z?:{UGXI’?:/ v(x,O)dxzo}.
(0,7~

Now we give some lemmas to prove Linking hypothesis:

Lemma 8. The functional J,, is nonpositive on Y.
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Proof. If v € Y, then ||U||§grz@ - m|v|i2(0 r~ = 0. Moreover F(z,0) = 0 and by
hypothesis (f6) we know that t4F(xz,t) = ¢f(z,t) > 0 for all ¢ € R. Therefore
F(z,t) is increasing with respect to ¢ > 0 and decreasing with respect to ¢ < 0,
that is F(x,t) > 0 for every z € [0,T]Y, t € R. Hence J,, is nonpositive on
Y. O

Lemma 9. There exist 0y, pm > 0 such that
inf{J(v) : v € Zy and ||[v||xm = Nm} > pm > 0. (3.4.6)

Proof. Firstly, we prove that there exists a constant C' > 0 (depending eventually
on m and T) such that

10112 == [lolfen — mlvlZeoryn = Cllvllip (3.4.7)

for every v € Z7 (that is |[ - |[c is equivalent to [| - [|x» on ZT').
By contradiction suppose that there exists (v,,) C ZJ such that

n||val|? < ||vn||§g? for all n € N. (3.4.8)

Assuming that ||v,||xm = 1 we deduce that v, converges weakly in X7t to some
function v € Z (Z is weakly closed). Then using (3.4.8) we obtain

1
0<|lvg|le <= —=0asn— +4oo
n

and so 1
[Un|r20,7)N — —= as n — +o0.

vm
Therefore 0 < |[v||e < liminf, o ||vn|le = 0, and in view of (3.4.5), we have
v =ce ™. But v € Z}, hence ¢ = 0 and this gives a contradiction because of
|U|L2(O,T)N = \/L'rin > 0.

Now, we are able to prove (3.4.6). In fact, by Theorem 21} (3.4.1)),(3.4.7) and

(3.2.17)) we can see that for all v € Z7

= Sl = mlolaord = [ Plaola,0))ds
0,7~

—_

Im(v)

Q

1
> §||v||§§}” - 5|U|i2(0,T)N - C€|U|Z£—:+1(O,T)N

Q

€
> Sl — vl — cellolliy

Then, choosing € € (0, %), we can find 7, p,, > 0 such that

inf{J(v) : v € Zy and ||v||xm = m} = pm > 0.
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Lemma 10. There exist z € 0B1 NZT and R, > nm, R, > 0 such that

max J,, = 0 and sup J,, < 0o,
OAT AT

where
AT ={v=y+sz:yec Y7, |[yllxn <R, and 0 < s < Ry}

and
OAT ={v=y+sz € AT :|lyllxn = R;, or s € {0, Ry }}.

Proof. By Lemma [8| we know tat 7, is nonpositive on Y7'.

Let
al w
w(z,y) = | | sin(wz;)e”™ and z =
g ||w|]xp
We note that z € Z7, ||z||x» = 1 and
2N 7?2
|2l — ml2[720 )y = INA L TR ¢ >0.

Then for every v € Y D Rz

|U|gu(0’T)N > C/(/(O . le + sz(m,0)|2dx>

=’ (/ *dx +/ s%|2(x, 0)|2dx>
0,7)N (0,17)N

_ C/(TNCQ + C//S2>g

> (P + 52)2. (3.4.9)
Therefore , if v = ce™™¥ + sz € Y @ Rz, using (3.2.18) and (3.4.9) we have

s 2 2
Tu0) = ey = mleaan] = [ P vy

2
2
$* + a, TN — a3C(s* + )" (3.4.10)

122
2

122
2

<

Q

- <a3‘U’zu(o,T)N - G4TN)

<

| Q

Hence o
Iy + s2) < 582 + as TN — a3C's*,

and so we can find R,,, > n,, such that 7,,,(y+sz) < 0 for every s > R,,, and y € Y.

Let 0 < s < R,,,. By (3.4.10), there exists R/, > 0 such that J,,(y + sz) < 0 for

every ||yllxm = VmT¥|c| > R;,. Finally J,,(v) < CR;, +asT" forv e Ap. O
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To obtain the existence of a critical value of 7, we must prove the Palais-Smale
condition, that is:

Lemma 11. Let ¢ € R and let (v,) C X' be a sequence such that
TIm(vp) = ¢ and T (v,) = 0 as n — oo. (3.4.11)

Then (vy,) has a strongly convergent subsequence in X'.

Proof. We begin proving that (v,,) is bounded in XJ.
Fix g € (i, 3). By Lemma |§| applied with ¢ = 1 we have

‘/ /Bf(xavn)vn_F(fL',Un)de“ S
0, 7)N{Jvn (x,0)[<r}

<((28+ 1) + Ci(p +2)rP™HTN =: kg (3.4.12)

and

‘ / F(x,vn)dx‘ < (12 4+ OpPtHTY = (3.4.13)
O1)¥N{jvn(z.0)|<r}

Then, using (3.4.1), (3.4.11), (3.4.12)), (3.4.13) and (3.2.18) we have, for n
sufficiently large

¢+ 1+ ||onllxg = Ton(vn) = B < Ty (vn), v >=
1
= (§ - ﬁ) [HUTLHngG - m|vn|%2(07T)N] + / ﬁf(ﬂj" 'Un)'Un — F(x7 'Un)]dﬂf

[
.1

2 / [ﬂf(‘ra Un)vn - F(.CE, 'Un)]dx
0, 17)N

[Bf(z,v,)v5 — F(z,v,)]dz

[07T)Nﬁ{|vn(170)|2r}

+ / (Bf(x,v,)v, — F(x,v,)]dx
0,7)NN{|vn(z,0)|<r}
> (us - 1) | F(r,v,)dz — g
(0,7)N 0 {|vn (2,0)|>7}
> (u8=1) [ Pl = (18 = D~
(0,7)N

= (up —1) /(0 i, F(x,v,)de — K (3.4.14)

> (Mﬁ - 1)[a3lvn|lzu(0,T)N - a4TN] - K

_NE=2
> (uf — 1)[a3|vn|’£2(07T)NT N ay TV — k. (3.4.15)
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where in the last inequality we have used Holder inequality.
Hence, exploiting (3.4.14)) and (3.4.15])

0l Bt = 2 (0n) + mfvalZe s +2 / Pz, v)dz
(0,1)N

2
< Oy + Co(1+ G+ [|vn|[xm)» + (L +c+ [vallxm)

2
puB—1
< Cy + Cs[vn|[xp

and so (v,) is bounded in X}J'. Going if necessary to a subsequence, we can
assume that v, converges weakly to some function v € X7.
Moreover, by Theorem [21], up to a subsequence, we have

vn(-,0) = v(-,0) in L0, T)Y (3.4.16)
v (-,0) = v(-,0) a.e. in (0, 7)Y (3.4.17)
|vn(z,0)] < h(z) ae. in (0,T)" for n € N, for some h € LPT1(0, T)N. (3.4.18)

By hypotheses (f1)and (f2), by (3.4.16)-(3.4.18) and taking into account the Dom-
inated Convergence Theorem we get as n — oo

/ f(z,v,(x,0))v,(x,0)dx — f(z,v(z,0))v(x,0)dx (3.4.19)
(0,7)N 0,7~
and
/ f(z,v,(x,0))v(x,0)de — f(z,v(x,0))v(z,0)d. (3.4.20)
(CHUR (CHUR

Exploiting the facts J' (v,) — 0, v, — v in X2, v,(z,0) — v(z,0) in L2(0,T)N
and (3.4.19) we can see that as n — oo

T (p)v, — 0= ||UnH§ng — m|vn|%2(0,T)N — o f(z,v(z,0))v(x,0)dx
0,

and
T (0n)v = 0= |[0] |3 — m|0lF20 1yv = /( ” f(z,v(z,0))v(z,0)d.
0,7

So [|valxm — [[v]|xm as n — oo. Finally using ||v,||xz — [|v[|xm and v, — v in
X7 we obtain

[lon = vl = llvnlfip + [10]lzp — 2 < vn,v >xp— 0.
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Taking into account Lemma [§, Lemma [9, Lemma [10] and Lemma [11] we can
state:

Theorem 24. There exists at least one weak solution v,, € X' to the problem

G310

3.5 Regularity of solutions

This section is devoted to study the regularity of weak solutions to the problem

(13.3.10). We begin proving the following result:

Lemma 12. Let v € Xip be a weak solution to

—Av+m?v=0inSr
U|{:p¢:0} = U\{xi:T} on GLST (3.5.1)
% = g(z,v(x,0)) on S

where g(z,v(z,0)) = mv(z,0) + f(z,v(z,0)). Then v(-,0) € L0, T)N for all
q < 0.

Proof. If N = 1 the thesis follows by Theorem 21} Let N > 2. Now we proceed
as in the proof of Theorem 3.2. in [27]. We know that

//5 Vou(z,y)Vn(z,y) +m*v(z, y)n(z,y)dedy :/ g(x,v)n(x,0)dx (3.5.2)

(0,7)N

for all n € X2, Let w = vv3’ where vg = min{|v|, K}, K > 1 and § > 0. Then
w € X7 and using the fact that v is a critical point for 7, we deduce that

0= // VoVw + m*owdrdy —m vwdr — / flz,v)wdzx. (3.5.3)
Sr 0,17)N

(0,1~
By direct computation we see

/ IV (vv})|Pdady = // v V| 2dedy + // (28 + B2 |Vv|2dxdy
St St Dk T
(3.5.4)
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where D+ = {(z,y) € St : |v(x,y)| < K}. Combining these facts we find that

||UUK||Xm = // (o) P + m**0?P dedy
St
= // P11V + m2v?)dedy + // ZB 1 + 6)1} PV dady
St Dy, r 2

s //s P11Vl + mPu d:cdy—i—//D 28022 |V dxdy}

=cg [/s VoV (v02?) + mPv(vvf )d$dy]

IN

= CB/ mo?vel + f(z, v)ov?ldx (3.5.5)
(0N

where cg =1 + g Using Lemma |§| with € = 1 we get
mo?vy + f(z,v)ov2l < (m+ 2)v*0 + (p+ 1)Ci|wP~ w02, (3.5.6)
We also have that
0Pt = Xgoi<y [0 Xqogs 0P < TR
where h € LY (0,T)N. In fact if (p — 1)N < 2 then

/ X{jojs1y [N < / X{p>13 0[P dr < 0o
01N 0,1)N

while if 2 < (p— 1)N we have that (p— 1)N € [2, 2%5]. Therefore we have proved
that there exist a constant ¢ = m + 2 + (p + 1)C; and a function h € LY (0,T)",
h > 0 and independent of K and [ such that

mu*v?l + f(x,0)ovsl < (c+ h)v*ir. (3.5.7)
As a consequence
v |2, < ¢ / (¢ + h)v*v?Pdx. (3.5.8)
Klixm 8 01N K
Taking the limit as K — oo (v is increasing with respect to K) we get
ol By < cen [ P e [ s (35.9)
(0,7~ (0,7~

For any M >0, let Ay ={h < M} and Ay = {h > M}. Then

(3.5.10)

/(0 MO0 < Ml gy + DI
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1

where ¢(M) = (fA2 hNdx>ﬁ — 0 as M — oo. Taking into account (3.5.9),
(13.5.10)), we have

M2 < esle+ MNP oy + coe QDI P e (35.11)

Choosing M large so that e(M)csC% < 3, using Theorem , Remark |3 and
(3.5.11)) we obtain

1P 21 g gy < ColIII B < 2Chcs(e+ Mol Papy.  (3512)

Then we can start a bootstrap argument: since v(-,0) € LT we can apply (3.5.12))
2

(B1+1)2N

2N
with 8 + 1 = %5 to deduce that v(-,0) € L~ ~—1 (0,7)N = L&-02(0,T)".

2Nk
Applying (3.5.12)) again, after k iterations, we find v(-,0) € LN-9%(0, 7)Y and so
v(+,0) € L0, T)N for all q € [2,00). O

Now we are ready to show that the weak solutions of (3.3.10) are Holder con-
tinuous together with their partial derivatives up to the boundary of the cylinder
(hence in the whole of the upper half-space).

Theorem 25. Let v € X7p be a weak solution to the problem

—Av+m?v =0 in Sr
V{wi=0} = V{zi=T} ON OLST (3.5.13)
% - g(ﬂ?,U(I‘, 0)) on aOST,

where g(x,v(z,0)) = mv(x,0) + f(x,v(z,0)). Assume that v is extended by peri-
odicity to the whole RY ™. Then v € Cl’a(ﬁfﬂ) NC®(RY™) for some a € (0,1).

Proof. We proceed with a useful method introduced by Cabré and Sola Morales
in [I7], which consists of using the auxiliary function

w(x,y) = /Oyv(x,s)ds. (3.5.14)

Then w weakly solves

—Aw + m?w = g(z,v) in S
W|{z;=0} = W|{x;=7} ON 6LST (3515)
w =0 on 0°Sy.

Denoting again by w the T-periodic extension of w with respect to x to the
whole RY, we can prove that w satisfies

/ VwVn + m*wn dedy = // g(x,v)ndzdy (3.5.16)
RYT!

N+1
R+
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for all n € C>°(RY ™), that is w is a weak solution to the Dirichlet problem

—Aw + m*w = g in R
{ w =0 on ORY . (3:5.17)
Let n € C*(RY™) and 7 = (T,...,T). Then we can see that
/ | vl Vate,n + mtute, e, dady
/ /Vw z,y)Vn(z,y) + m*w(z, y)n(z, y)drdy (3.5.18)
Tk

kezN

where T, = (0, 7)Y + k7 and k7 is a shortcut for (k'T,... kNT). Note that in
this sum only a finite number of terms are not equal to zero since n is assumed
to have a compact support. Making the change of variable x + k7 — x in T}, and
using the T-periodicity of w and g, we obtain

/T / Va(z,y)Vn(z,y) + mPw(z, (e, y) dudy

kezZN

Z/OT / Vw(z,y)Vn(z + kt,y) + m*w(z, y)n(z,y) dedy

kezZN

:/ / Vw(z,y)Vib(x,y) + m*w(z, y)y(z,y) dedy

/ / (x,v)Y(z,y) dedy

0,T)N

/ / (x,v)n(x + k7,y) dedy
0,T)N

// (x — kr,v)n(x,y) dxdy
kezN VT

:/RN/O o(z, v)n(z, y) dedy (3.5.19)

where we have set ¢(x,y) = >, ;v n(x+k7,y). Clearly this function is admissible
since it is indefinitely differentiable, T-periodic in x and it vanishes near y = 0.
Therefore taking into account (3.5.18) and (3.5.19) we deduce (3.5.16).

Denote by woqq and goqq the extension of w and g to the whole RV*! by odd
reflection with respect to y. Then w,4q satisfies the equation

kezN

— Awoaa + M*Woda = Goaq in D'(RV). (3.5.20)
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By Lemma (12| we know that goqq € L _(RY*1) for all ¢ < co. Using Theorem 3

loc

in [14] we have woag € W2I(RN*1) for all ¢ < co. In particular wyge € CH*(RN*)

for some a € (0,1). Therefore, w € W2I(RY) ncho(RYH!) and so v = w, €
Wiee R N COX(RYH).

Using (f1) we deduce that g € C**(RY). By elliptic boundary regularity
for the Dirichlet problem (3.5.17) we obtain that w € C*>*(RY*!), and hence

v =w, € CL*(RYT"). Finally v satisfies

/ Vol y) Ve, y) + m*u(e, y)n(e, y)dedy = 0 (3.5.21)
Rf“

for all n € C°(RY ™), so we can conclude that v € C=(RY ).
[l

Proof. (of Theorem This is an immediate consequence of Theorem and
Theorem [25] O

3.6 Proof of Theorem 19

Consider the following family of functionals depending on m € (0, %)

1

Tnf0) = 511

by~ bl = [ Flaola,0)de
0,1~

In the previous section we proved that the functional 7, satisfied the hypotheses
of Linking Theorem, in this way we obtained, for all fixed m > 0, the existence of
a function v,, € X7 such that J (v,,) = 0. In general the estimates obtained on
critical levels were dependent on m. Now we want to show that it’s possible to take
the limit as m — 0 in the problem (3.1.1)). For this we need estimates on critical
levels independently of m. Therefore we will prove the following properties:

1. There exist p > 0 and A > 0 independent of m such that
inf{Jm(v) : v € Zy and |[v|[xm = p} > A > 0; (3.6.1)

2. There exists z € X with ||z||xm = 1, and there exist R > p,d > 0 indepen-
dent of m and R], > 0, such that

max 7, = 0 and sup J,(v) <6, (3.6.2)

OA AT

where
Ap i ={v=y+sz:y e Y7 |[yllxp < R,,,0<s < R}
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We remind that

X7 =Yr @z

where Y7 =< e™™ > and Zf = {v € X : [ 1~ v(z,0)dz = 0}.

Then, letting

Q= inf max J,(7v(v)),

YEPT veEATR

where

= {7 € C°(A},X}) : v = Id on AT},

Wededucebyand -} that A < a,, <0 for 0 <m < 3.

We start proving . Firstly we show that it’s possible to obtain the

uniform estimates in m for the norm | - |, with 2 < r < 2*.

Let v € Z7 and € > 0. We denote by ¢, the Fourier coefficients of the trace
of v. Then, taking into account that ¢y = 0 and using the trace inequality (i7) of

Theorem 20|, we have

| T (0) |72 (0,7)N = Z |ex]?

|k|>1

1
= VW?E]? + m?|e]?
W
k|>1
1 2
= [T () lizp

1
vl

IN

IA

Now we want to prove that for every v € Z and 2 < r < 2*
[T (V)| Lm0,y < Clv]xem,

for some constant C' > 0 independent of m.

(3.6.3)

(3.6.4)
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Fix 2 < r < 2% and let p’ be its conjugate exponent. Taking into account
co =0, (3.2.10)), (3.2.11)) and trace inequality (i7) of Theorem [20] we can see that

1

|Tm(v)|Lr(o,T)N < (\/%)3—1<Z ’Ck|r’>7

[k|>1
< T T (0) i (3 (VPR +m2) 77 ) ™ |
[k|>1
N /
T—W(2—r) , =
< (32 167 ) ™ Tl
\/Z [k|>1
N / /
T2 (2=7") N S
< —<Z B2 ) 7 ol (3.6.5)
\/E [k|>1
and the last series is finite since =~ 7 < r < 2.

Therefore we are able to estlmate the functional 7, from below. By Lemma [6]
and exploiting (3.6.3) and (3.6.4) we can see that for every 0 <m < §

1
Tnlv) = 3 llelf: = mloBar) = [ Fla,o(e,0)da
(0,7)N
1 1
2 5[”””%@ — mlv|7 (0] — 8|U|L2 o)y — Celv I;z;rl (0,T)N
1 m
> _____ m Cl p+1
> (5= 5= — =)ol — Clvlig
1« 2 Mol [P
> (7 = ) Il — Clllig
Choosing 0 < ¢ < %, we have that b := ;11 —£>0.

1

Let p := (2_2’,’,) . Then, for every v € Zj such that ||v||xm = p

2

b/ b\
> b2 ¥ as LA
Tnlv) 260" = Gy 2 (20{)) A

In this way we can deduce that o, > A for every 0 <m < %.

Now we prove (3.6.2]). Let w(z,y) = sz\il sin(ww;) —= and z =t

y+1 [[wl[xm *
We can note that

w2, = (g)N{/OOO ﬁdy + (N 4 m?) /0°° ﬁdy}

and so ||wl[%, € LN, LD 4 w2N + <] = [C7, 0]
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Then for every v = ce™™¥ + sz € YP @Rz, using 0 <m < ¢

=

|U|l]f#(0T)N > TN (/ |c+sz(:zc,0)|2d:1:>5
’ 01N

=TV (/ *dx +/ 52|z(x,0)\2d3:)
(0,1~ (0,7~
_ NE=2 1 /T\N
=TT (g)

_NBE=2 . 2 1 T\N B
> TN mln{;,ﬁ<§> } (Ilylp + 5%)8 (3.6.6)

SIS

o ~—
W

where in the last inequality we use ||y|[%, = mT™c.

Hence, if v = ce™™ 4 sz € Y} @ Rz, using (3.2.18) and (3.6.6))

82
Tnl0) = 5 [Iellg = mlsBae] = [ Plao)ds
(0N

2
S

< E - (a3|U|Zu(07T)N - a4TN)
2

s
) + a TV — aslc+ sz|’zu(07T)N

e 2 1 /T\N
§32+a4TN—a3T_NTQmin{;,E<§> }

=

(s* + lyll3)?. (3.6.7)
As a consequence
jm(y + SZ) S 82 + a4TN - a36(Ta #)Suy

and so we can find R > p such that 7, (y + sz) < 0 for every s > R and y € Y.
Let 0 < s < R. By (3.6.7)), there exists R/, > 0 such that J,,(y+ sz) < 0 for every
[yllxe > Ry, Thus Jpn(v) < R* + TV =: § for v € AT

Now we can verify that it’s possible to take the limit as m — 0 in (3.1.1)). Fix

B e (i, %) and we proceed as in the first part of Lemma . Using the facts that



3.6 Proof of Theorem

TIm(Um) = am <6 for all m € (0, %) and J;,(vy,) = 0 we have

§ > Tm(vm) — B < T (V) Uy >=
1
= (5 - ﬁ) [va‘g{g@ - m|®m’%2(o,T)N] +/ [5f(:v, vm)vm — F(;c’vm)]dx

0,7~

Z / [ﬁf($7vm)vm - F(l’, Um)]d$
(0,7~

> (uf — 1)/ F(z,vy)dx — K (3.6.8)
(01N
> (:uﬁ - 1)[a3|UMIlZu(0,T)N - a4TN] -k
n—2
> (up — 1)[&3|Um|’l£2(0’T)NT_NT —ayTN] — k. (3.6.9)

By (3.6.9) we deduce the boundedness in L? of the trace of v,,, that is
’Um’LQ(O,T)N S K(é) (3610)
Taking into account J,,,(v,,) < 4§, (3.6.10) and (3.6.8) we obtain

IV omlZasyy < llomllZ

= 2Jp () + m|vm|%2(0’T)N + 2/ F(x, v (z,0))dz
(0,7)N

<26+ %K(é) +O(6) = K'(5). (3.6.11)

Moreover, if ¢} are the Fourier coefficients of v,,(-,0), by the trace inequality (i7)
of Theorem R0 we can see that

K'() > llomlidy > loalfy > 270 37 Jkllef?, (36.12)
kezZN

and so, using we obtain that vy, (+,0) is bounded in Hy.

Now we prove that it is possible to estimate v,, in L} (Sr) by a constant
independent of m.

Fix a > 0. Since v,, € C'(Sr) (see Theorem , we have that for any = €
[0, 7] and y € [0,

y
U2, y) = vp(x,0) +/ OyUm(, s)ds.
0

By using (|a| + |b])? < 2]a]? + 2|b|? for all a,b € R we obtain

Yy 2
onl ) < 2on(w, 0P +2( [ By0(z 9)1ds)
0
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and applying the Hélder inequality we deduce
y
lom (2, )2 < 2[|vm(x,0)|2 + (/ 10, 0m (2, s)|2ds)y]. (3.6.13)
0
Integrating over (0,7)" x (0, «) and exploiting (3.6.10) and (3.6.11)) we have

||UmH%2((O,T)N><(O,a)) < 20‘|Um‘%2(0,T)N + CYQH@,,UmH%z(gT)
< 20K (0)* + *K'(9).

Therefore we can extract a subsequence, that for simplicity we denote again by
(vm), and there exists v € L2 (Sr) such that Vv € L?(S7), v, — v in L2 (S7),
Vo, = Vo in L*(Sr) and v,,(+,0) = v(+,0) in L*(0, 7)Y as m — 0. Now we know
that v, satisfies

/ VU,V + m2v,n dedy = / (Mo, (z,0) + f(x,v,(x,0))|n(z,0) de
St (0,T)N

(3.6.14)
for every n € X7'. Let ¢ € Xr and & € C*([0, 00)) such that
£=1 if0<y<1
0<E<1 ifl<y<?2 (3.6.15)

E=0 ify > 2.

We set Egr(y) = (%) for R > 1. Then choosing n = ¢{r € X7 in (3.6.14) and

taking the limit as m — 0 we have

// VoV (p€r) dedy = / f(z,v(x,0))p(z,0) de. (3.6.16)
St

0,7~

Hence taking the limit as R — oo we deduce that v verifies

// VoV dzdy — / f(z,v(x,0))p(x,0) de =0 Vo € Xp.
St (0,T)N

Now we want to prove that v # 0. Let (y) € C*([0,00)) defined as in (3.6.15));
then v € X7, Hence

0=< jr/n(vm)>€7f >

= / Vo,V (&v) + m*v,évdedy —m vm(z,0)v(x,0) de
Sr (0,T)N

- /(0 T)N (@, vm(@,0))v(z, 0) dz
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and as m — 0 we find
0 :/ VoV (&v) dxdy—/ flz,v(x,0))v(z,0)d. (3.6.17)
Sr 0,1)N
Now, using the facts J,,(v;n) > A and < J (vyn), U >= 0, we can see that

20 < 2 (0m) + lon oy +2 [ Faun(@,0) do
(0,7)N

= ol = mlom 202y + / F (s 0 (2, 0) o, 0) d
(0,7)N

and taking the limit as m — 0 we obtain

o\ < / (@, v(z, 0))o(z, 0) da. (3.6.18)
0,7~
Taking into account ([3.6.17]) and (3.6.18]) we deduce that
0<2\ < / f(z,v(z,0))v(x,0)de = / VoV (&v) dxdy (3.6.19)
(OvT)N ST

and so v # 0.

3.7 Regularity for m =0

In this section we study the regularity of the solution v to

—AU =0 n ST
Ol(z;=0y = V|{z=1y om LS . (3.7.1)
% = f(z,v) on °Sr

In particular we prove that v € CLa(@fH) N C=(RYTY). Firstly, we show that

v(-,0) € L0, T)N for every q < oo, making the appropriate modifications in the
proof of Lemma [12]

Assume N > 2 and m € (0, mg). Let w,, = vmvifK where vy, x = min{|vy,|, K},
K >1and 8 > 0. Then w,, € X7 and using the fact that v,, is a critical point
for J,, we deduce that

0= / YV, Vw,, + m2v,wndrdy —m VW dr — / [z, vp)wyde.
St (0,T)N (0,T)N
(3.7.2)
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By direct computation we see

// |V(vmv,ﬁn7K)|2dxdy = // vffK|va|2dxdy+// (25+52)UifK|va|2dxdy
ST ST DK,nL
(3.7.3)

where Dy, = {(x,y) € Sr : |vm(x,y)| < K}. Combining these facts we find that

lontlizg = [ [ 1900nt700F + mte oy
T

= // 02 |V |? + m2v? ] dzdy + // 2,6(1 + é)vfnﬁK Vo, [2dady
ST 7 DK,m 2 ,
< g [// 02 |V om|? + m2v? ] dady + // QﬂvffK|va|2da:dy}
ST ' DK,m '
= cg [/ i VUmV(vmvsz) + m2vm(vmvifK)dxdy}
T
= 05/ mo2 02+ [ (@, 0n) om0 o da (3.7.4)
0.7 ’ ’

where cg =1 + g > 1. Using Lemma @ with e = 1 we get
mv;vifK + f(z, Um)vmvffK < (m+ 2)@,2”2135,{ +(p+ 1)C’1|vm|p_1v2vffK. (3.7.5)

Since v, converges strongly in LY®=1(0, T)" (because of N(p — 1) < 2%), we can
assume that, up to subsequences, there exists a function z € LN®=Y(0, T)V such
that |v,,| < 2z in (0, 7)Y, for every m < my.

Therefore, there exist a constant ¢ = my + 2 + (p + 1)C} and a function h €
LY(0, 7)Y, h > 0 and independent of K, m and 3 such that

mv?v?? 4+ f(x, vm)vmvsz <(c+ h)vfnvffzK on 9'Sy. (3.7.6)

m - m,K
As a consequence
llomvp, w3 < ca / (c+ h)v2vl da. (3.7.7)
(0,1~
Taking the limit as K — 0o (v, k is increasing with respect to K) we get

loml* 2, < e / ERCCE I /
(0,T)N

o Aoy PPV dz. (3.7.8)
07

For any M > 0, let Ay ={h < M} and Ay = {h > M}. Then

/( )Nh!vm\w*”dxservm\ﬁ“liz@,m+e<M>va|ﬁ“ ropy  (379)
0,7 ’
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where (M) = WAz )Y = 0as M — . Taking into account (3.7.8]), (3.7.9)),
Az

we have

|||Um|ﬁ+1||§§$ < cglc+ M)l[on|"* %Q(O,T)N + Cﬁg(Mﬂ|Um|ﬁ+1|izﬁ(o,T)N‘ (3.7.10)

Now, using the Proposition 2.1 in [9], we know that for every function w € C*(RY)
satisfying — f(o TN w(z)dx = 0, there exists p > 0 such that

|w|L23i OTN —p’ |k||b/‘6|2
(
| |0

where b, are the Fourier coefficients of w.
Therefore, for every w € C3°(RY), we can see that

(W[t gy < 12 > K|kl + w0z
|20

where p1 and ps are two positive constants.
Using this last fact and taking into account (3.7.10]) and Theorem we deduce

that

[lom |13

L2%(0,T)N N1||Um|5+lli2(o,T)N < N3‘|Um|6+1‘12ﬂlgl
< ol o 2
< feale + M) lom " Bagguryy
+ cge(M)[[v] "7 ok (3711

where p3 > 0 is independent from m.
Choosing M large enough so that cguse(M) < 1, by (3.7.11)) we obtain

[[vm] 712 < 2[csps(c+ M) + ]| |vnl* a7 (3.7.12)
L (0,1)N )N

Now we can use a bootstrap argument. Taking S = 0 in (3.7.12)) and using ({3.6.10))

we infer that (co = 1)

[Vl 3t .y < 2lhis(c + M) + ] K2(6) =: Ko. (3.7.13)

that is v(-,0) € L¥,

By applying |i with 3+ 1 = &5 (that is f = ) and using (3.7.13)

we have that

||’Um’ |L2ﬁ(OT) < 2[Cﬁﬂ3<C+M)+M1]KO = Kl;
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_2N?
that is v(-,0) € L&-9Z(0, T)N. )
After k iterations, we find v(-,0) € Lﬁ(O,T)N for all k € N, so v(-,0) €
L0, T)N for all ¢ € [2,00).
Finally, to deduce that v € Cl’a(ﬁf“) N C®(RY™) for some a € (0,1),
it’s enough to follow the lines of the proof of Theorem with m = 0 and
g(m,v(x,())) = f(I,U(CL’,O)).
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