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Abstract 

The research activity carried out in PhD period focused on numerical modelling 
of the seismic response of soil embankments in near-source conditions. The 
interest on such a topic comes from the fact that in Italy and worldwide there are 
many large earth dams placed very close to active faults. In such conditions the 
seismic response of the structure could be affected by near-source phenomena. 
Worth mentioning are the case-histories of Conza Dam during the Irpinia 1980 
earthquake and Campotosto reservoir during the 2009 Abruzzo earthquake. In the 
first case, the embankment was partially jeopardized by the seismic event, being 
the dam site very close to the source ( ≈ 10 km). In the latter case, the epicenters 
of several aftershocks following the April 6, 2009 main event migrated in the NW 
direction, just below the 315-million-m3 Campotosto reservoir. In those days, the 
authorities in charge of the dam safety acted completely unprepared to face the 
emergency, due to the lack of pre-arranged predictive/interpretative tools. 

The investigated research theme is quite new in the geotechnical field. It requires 
a detailed knowledge of basic seismological aspects to properly simulate the 
seismic source and wave propagation pattern to get the input motion exciting the 
site and the embankment. 

As regards the implications in the field of civil engineering, an important feature 
of near-source phenomena is ground-motion asynchronism. This means that two 
points placed not very far each other, i.e. at a distance comparable to the 
dimensions of strategic infrastructures - as dams, road embankments, or bridges - 
may undergo quite different motion at their base (even not accounting for site 
effects). In such a context, the proper characterization of the motion at the bedrock 
level may provide a better prediction of the structure response to seismic loadings. 
This issue is crucial for large earth-dams or embankments. If the points placed at 
the base of these structures experience very different seismic motions (as expected 
in near-source conditions) significant differential settlements and fractures of the 
embankment may occur, with the consequent reduction of structure safety. 

In the first chapter the peculiarities of the near source seismic propagation will 
be illustrated referring to a detailed literature review on such an issue. At the end 
of the chapter some preliminary numerical results will be provided on typical 
embankments and simplified source models. 

In the second chapter, the mathematical formulation of the DRM approach, will 
be provided. According to DRM it is possible to divide the problem at the site 
scale from the problem of seismic motion generation which consists in the 
simulation of the source and the seismic propagation until the site of interest. Once 
known the nodal displacements, it is possible to determine the effective nodal 
forces (Bielak et al., 2003) which represent in the second model (model 2) the 



actions due to the seismic source. In this research project it was developed a novel 
algorithm to export the stiffness matrix to be used for calculating the effective 
nodal forces at the interface of the detail model at the site scale. This procedure 
has been implemented in a commercial software based on finite difference 
method. 

 In the third chapter the methodology to simulate the reference source 
mechanism (1980 Irpinia earthquake) and the propagating media on a “regional 
scale” will be illustrated. A quasi-deteministic approach will be used, in which the 
determination of the seismic motion generated by the fault will be reproduced by 
the use of the empirical Green's functions in the frequency domain (Discrete Wave 
Number Method, by Cotton & Coutant, 1997). The source model was 
reconstructed from numerous publications on 1980 Irpinia source mechanism 
(Westaway & Jackson, 1984; Westaway & Jackson, 1987; Bernard & Zollo, 1988; 
Bernard & Zollo, 1989; Cocco & Pacor, 1993).  

In the fourth chapter, the mathematical formulation necessary to solve the 
boundary value problem in the geotechnical field will be presented. Some 
constitutive models suitable to represent soil behaviour under cyclic loads will be 
briefly described. 

In the fifth chapter, the model at the “site scale” of DRM approach will be 
described. It includes an interesting case history of an earth dam that in the 1980 
Irpinia earthquake suffered huge damage, probably just due to the near-source 
seismic propagation. With the input motion provided by the large DRM model 
(step I), the seismic response of Conza dam will be evaluated. 

Comparisons will be provided between the predicted response of the dam by the 
DRM procedure and the measured one, as interpreted by Brigante (2010). 

Finally, the main differences between the DRM approach developed during the 
PhD activity, and a more traditional one (where a unique input motion is adopted) 
will be highlighted and the engineering implications discussed.  
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1. Near-Source Propagation 

1.1. Introduction 

The first part of the research activity was concentrated on the seismologic 
aspects of the problem, starting from the proper use of the terms “near-field” and 
“near-source” (or “near-fault”), according to the seismological viewpoint: 

(i) the “near-field” term refers to one of the three mathematical 
contributes  providing the motion of a point; it is called “near” because it 
extinguishes at small distance from the source; 

(ii) the “near-source” term is a more general expression referring to 
all those factors making the surface ground motion dependent on source 
features. 

From the engineering point of view will be so important to properly study the 
effects related to the latter term. 

Many literature study has been synthesized on near-source phenomena caused 
by strong earthquakes. It is worth noting that on such an issue many aspects are 
still unclear (for example, directivity effects observed in normal or inverse focal 
mechanisms). Accelerometric and velocimetric recordings acquired in different 
sites located at short distance from seismic sources, during several earthquakes 
worldwide have shown the variability of seismic motion characteristics in near-
source conditions. In particular, in the vicinity of the seismic source the presence 
of a bimodal spectral shape on at least one of the components of motion was 
observed (Somerville 2005). A significant energy content at high frequencies is 
observed, due to minor dissipation occurred during the short wave path form the 
seismic source and the site. The spectral peak at low frequencies, however, is 
probably caused by the presence of an impulsive component induced by the 
phenomenon of “forward directivity” (Somerville 2005). Other typical 
characteristics of the near-source motion are: the presence of residual 
displacements at the ground level, or evidence of the fault on the surface (“fling-
step”); high PGA, PGV and PGD values compared to those recorded far from the 
source (far-field conditions) for earthquakes with the same magnitude; the 
presence of a not-negligible vertical motion, with reference to the horizontal 
components; the almost simultaneous arrival of S and P waves due to the short  
source-site distance; further P and S waves contribute to both horizontal and 
vertical motions because the wave-fronts approach the surface with an inclination 



 
 
 
 
Chapter 1  Near-Source Propagation 

1-2  

which can be very different from the sub-vertical (as it happens for sites far from 
the focal mechanism). Finally, the frequency content of the signal depends on the 
focal mechanism, i.e. geometry and direction of fracture propagation, slip map 
and source-site relative position.  

In geotechnical earthquake engineering, it is particularly important to 
characterize both the frequency content of the seismic signal and its asynchronism 
at the bedrock. In this context, the seismic response of structures characterised by 
predominant longitudinal development (such as dams, road embankments, 
tunnels, bridges, pipelines) can be significantly influenced by kinematic and 
dynamic effects due to the near-source wave propagation. The asynchronism of 
the seismic motion at the base of an earth embankment, for example, may induce 
unsafe stresses and deformations: in the case of strategic constructions, such as 
dams and large embankments, the risk associated to the failure is very high.  

At the end of chapter, it is illustrated a study on the seismic motion induced in 
near source conditions at the base of embankments (for simplicity, reference is 
made to a typical section), for different positions of the structure with respect to 
the location and size of the rupture zone. 
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1.2. Near-Source evidences 

Ground motion close to a ruptured fault can be significantly different from 
ground motion observed far away from the seismic source. Whereas significant 
differences in acceleration-time histories may not be evident, examination of the 
velocity and displacement time histories in the near-source conditions reveals the 
special nature of the pulse-like motion due to forward-directivity (Figure 1.1).  

 
Figure 1.1   From top to bottom: acceleration, velocity and displacement time 
histories recorded at Yermo Fire Station during the 1992 Landers earthquake 
(California) and the extracted pulse associated with this ground motion (Baker, 
2007). 

 

The near-fault zone is typically assumed to be restricted within a distance of 
about 20 km from the ruptured fault. In the near-fault zone, ground motions are 
significantly influenced by the rupture mechanism and slip direction (relative to 
the site) and by permanent ground displacements deriving from tectonic 
movement (‘fling-step’). The propagation of fault rupture toward a site at a 
velocity close to the shear wave velocity of the rock, causes most of the seismic 
energy generated at the source to arrive in a single large pulse of motion, which 
occurs at the beginning of the record, as reported in Somerville et al. (1997). 
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This pulse represents the cumulative effect of almost all seismic radiation from 
the fault. The radiation pattern of the shear dislocation on the fault causes this 
large pulse of motion to be oriented in the direction perpendicular to the fault 
plane, causing the strike-normal component of the ground motion to be larger than 
the strike-parallel component (see Figure 1.2). To accurately characterize near-
fault ground motions, it is therefore necessary to specify separate time histories 
and response spectra for the strike-normal and strike-parallel components of the 
ground motion. Ground motions in the near-fault zone can exhibit the dynamic 
consequences of “forward-directivity”, “neutral-directivity”, or “backward-
directivity”. 

 
Figure 1.2   Representation of fault geometry (length, width) and spatial 
orientation (dip, strike, rake). 
 

Forward-directivity effects occur when two conditions are met: the rupture front 
propagates toward the site and the direction of slip on the fault is aligned with the 
site. This conditions can be present for both strike-slip and dip-slip events. In 
strike-slip events, forward-directivity conditions are typically larger for sites near 
the end of the fault when the rupture front is moving towards the site. In dip-slip 
events, forward-directivity conditions occur for sites located in the up-dip 
projection of the fault plane. The radiation pattern of the shear dislocation on the 
fault causes this single large pulse of motion to be oriented in a direction 
perpendicular to the fault plane.  
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 Forward-directivity produces ground motions that have large amplitudes 
and short durations (constructive interference of elastic waves). In particular, the 
rupture directivity pulse can be very strong at the end of a strike-slip fault, where 
there is little or no permanent displacement (Loma Prieta and Northridge 
earthquakes). Some near-fault velocity time-histories for the fault-normal and 
fault parallel components of motion are shown in Figure 1.3. These time histories 
refer to L’Aquila earthquake of April 6, 2009 (Chiocchiarelli & Iervolino, 2010). 

 Backward-directivity effects, which occur when the rupture propagates 
away from the site, give rise to the opposite effect: long duration motions having 
low amplitudes at long periods (with possibility of destructive interference 
between waves). The conditions required for forward directivity are also met in 
dip-slip faulting. The alignment of both the rupture direction and the slip 
direction up-dip on the fault plane produces rupture directivity effects at sites 
located around the surface evidence of the fault (or its up-dip projection if it does 
not break the surface). 

 Neutral-directivity occurs for sites located off the fault surface when the 
rupture is neither predominantly towards nor away from the site. 
The estimation of ground motions for a site close to an active fault should account 
for these special aspects of near-fault ground motions. 
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Figure 1.3   From the top to the bottom: velocity time history, extracted pulse, 
residual velocity, and displacement signal for FN (a) and FP (b) components of 
AQK recording at L’Aquila (IT) during the April 6, 2009 earthquake 
(Chiocchiarelli & Iervolino, 2010).  

 

The strike-slip case is shown in Figure 1.4, where the fault defines the strike 
direction.  The rupture directivity pulse is oriented in the strike-normal direction 
and the permanent ground displacement (“fling step”) is oriented parallel to the 
fault strike. The dip-slip case is shown in vertical cross section, where the fault 
defines the dip direction; the strike direction is orthogonal to the page. The 
rupture directivity pulse is oriented in the direction normal to the fault dip, and 
has components in both vertical direction and horizontal (strike normal) 
direction. The permanent ground displacement is oriented in the direction 
parallel to the fault dip, and has components in both vertical direction and 
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horizontal (strike normal) direction (Figure 1.4a).  
Figures 1.4 (b)-(c) show instead, the partition of near fault ground motions into 

the dynamic ground motion, which is dominated by the rupture directivity pulse, 
and the permanent ground displacement. For a strike-slip earthquake, the rupture 
directivity pulse is partitioned mainly on the strike-normal component, and the 
permanent ground displacement is partitioned on the strike-parallel component. 
If the permanent ground displacement is removed from the strike-parallel 
component, the dynamic motion is almost negligible. 

For a dip-slip earthquake (Figure 1.4b), the dynamic and permanent 
displacements occur together on the strike-normal component, and both motions 
are negligible on the strike-parallel component. If the permanent ground 
displacement is removed from the strike-normal component, a large directivity 
pulse remains. 

The dynamic and permanent components occur on orthogonal components in 
strike-slip faulting, but on the same component in dip-slip faulting. This indicates 
that separate models are needed for predicting the dynamic and permanent 
components of near-fault ground displacements at a site. The separately estimated 
dynamic and permanent components of the ground motion can be combined to 
produce a unique time history containing both effects, peculiarity which will be 
considered in the approach presented in this thesis.  
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Figure 1.4   (a) Schematic orientation of the rupture directivity pulse and fault 
displacement (“fling step”) for strike-slip (left) and dip-slip (right) faulting. 
Schematic partition of the rupture directivity pulse and fault displacement 
between the strike normal (b) and strike parallel (c) components of ground 
displacement (modified from Somerville, 2005). 

 
With reference to strike-slip faults Hisada & Bielak (2004) carried out numerical 

simulations in the frequency domain, using synthetic Green’s functions. Their 
study enhanced significant differences between surface and buried faults when 
considering the dynamic and static components of the seismic motion in near-
source stations (Figure 1.15a). 
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It was noted that: 

 the dynamic terms excite the directivity pulses in the fault normal 
components for both fault models, especially in the forward rupture 
direction (Figure 1.15a); 

 the static terms of the surface fault generate large fling steps, i.e. large 
amplitudes in the fault parallel components close to the fault. In the buried 
fault the presence of the continuous medium above the fault prevents slip 
dislocation of the fault which cannot reach the ground. 

As the site gets further from the fault, the static terms are quickly attenuated, 
whereas the dynamic terms are not. This is because the static terms consist of the 
static traction Green’s function (with order of attenuation of 1/r2). As 
demonstrated in Hisada & Bielak (2004), the dynamic terms consist of body and 

surface waves (with order of attenuation of 1/r to 1/√r). Therefore, for emerging 
faults the directions of the maximum velocities of the total waves are inclined with 
respect to the fault plane in the vicinity of the surface fault (Figure 1.15b), while 
the fling steps disappear and the directivity pulses are dominant for the buried 
fault (Figure 1.15c). In addition, Hisada & Bielak (2004) showed that directivity 
pulses, crossing sedimentary layer, assumes higher wavelengths. Practically, the 
frequency content is spread over lower periods. Conversely, no big differences 
can be seen in the fling step (i.e., the static term). 

From experimental observations, the main effect of forward directivity on the 
response spectra consists in amplification of the spectral accelerations in the range 
of periods between 0.5 and 2.5 seconds, with different dominant periods in the 
fault-normal and fault-parallel direction. For example, the spectra, obtained 
numerically by Lai et al. (2009) (Figure 1.6), show that the effects of directivity 
occur with a bi-modal shape and with a narrow band for the spectral acceleration 
peak. Usually, the directivity pulses, as seen in the 1994 Northridge and 1995 
Kobe earthquakes, have destructive effects on short- to medium-period structures, 
whereas the fling steps, as seen in the 1992 Landers and 1999 Chi-Chi 
earthquakes, may have destructive effects on long-period structures, such as high-
rise and base-isolated structures.   
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Figure 1.5   (a) Scheme of surface fault (left) and buried fault (right). Vectors of 
maximum velocities along the free surface for surface (b) and buried (c) fault 
(Hisada & Bielak, 2004). 

 

 
Figure 1.6   Response spectra highlighting the effects of forward directivity (Lai 
et al. 2009). Both components have a peak around 0.3 s, while only the fault-
normal (y) has a second peak at higher frequencies due to the pulse. 
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1.2.1. Probability of occurrence of pulselike records 

The geometric parameters used to estimate the probability of occurrence of 
pulselike records are the angle between the direction of rupture propagation and 
the wave direction from the fault to the site, and the part of the rupture surface that 
lies between the hypocenter and the site. Important effects of forward-directivity 
may result from smaller angles between the site and the fault and for larger 
fractions of the ruptured fault between the site and hypocenter (Somerville et al., 
1997). 

Different models have been developed for the prediction of pulse occurrence, 
mainly for Probabilistic Seismic Hazard Analysis (PSHA). Iervolino & Cornell 
(2008), following the pioneering work of Somerville et al. (1997), analyzed the 
time histories of the L’Aquila earthquake to assess if pulses occurred. In general, 
pulse identification is based on geometric parameters (mainly, source-site 
configuration). 

In the case of dip or oblique slip mechanisms (see Figure 1.7), the following 
variables may be defined: 

 the closest distance of the site to fault rupture (R); 

 the fraction of the rupture surface that lies between the hypocenter and the 
site (d); 

 the angle between the direction of rupture propagation and the direction 
between the hypocenter and the site ሺ߶ሻ. 

Depending on the angle ߶ between dip and hypocenter-site direction (Figure 1.7 
and Figure 1.8) there are three cases: 

 case 0 (߶ >90°): zero pulse probability; 

 case 1 (0°≤ ߶ ≤ 90°): pulse probability increasing with the decrease of ߶ 
(maximum pulse likelihood is obtained at the point where the direction of 
the dip reaches the surface, ߶ = 0°); 

 case 2 (߶ <0°): pulse probability exponentially decreasing with the increase 
of  R. 

With reference to the above defined cases 1 and 2, the function of pulse 
occurrence, P [pulse], takes the following form: 

ܲሾ݁ݏ݈ݑ݌|ܴ, ݀, ߶ሿ ൌ
݁ఈାఉ∙ோାఊ∙ௗାఋ∙థ

1 ൅ ݁ఈାఉ∙ோାఊ∙ௗାఋ∙థ
 

with ߙ (generally positive), ,ߚ  representing (generally negative) ߜ	and	ߛ
empirical coefficients. 
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It should be noted that even when the geometric conditions for forward-
directivity are satisfied, the effects of forward-directivity might not occur. This 
could happen if a station is placed at the end of a fault and rupture occurs towards 
the station, but slip is concentrated near the end of the fault. Conversely, forward-
directivity may also occur when the geometric conditions are not satisfied, such 
as for a strike-slip event where the hypocenter is at high depth and the rupture 
progresses up-dip towards a site near the epicenter of the event.  

In the same way, many velocity pulses may not be caused by directivity effects, 
but by other phenomena. For example, if a site is located near an asperity in the 
fault rupture, the waves caused by that asperity may produce a pulse at the site. 
Alternatively, constructive interference of seismic waves passing through a 
complicated earth structure, such as the edge of a geologic basin, might also result 
in velocity pulses. Although directivity effects are the presumed cause of many 
near-fault pulses, not always the signal-processing approach is able to distinguish 
between the potential causal mechanisms. 

 

 

Figure 1.7   Different cases of pulse occurrence and geometrical features 
regulating the phenomenon (Chioccarelli & Iervolino, 2010). 
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Figure 1.8   Map of the transverse fault mechanism (Imperial Valley earthquake): 
(a) contours of probability of pulse occurrence for the given rupture; (b) sites 
where pulselike ground motion was observed. With reference to oblique-slip and 
dip-slip categories of fault mechanism, the Northridge earthquake is considered: 
(c) contours of probability of pulse occurrence for the given rupture; (d) sites 
where pulselike ground motion was observed (Shahi & Baker, 2011). 

 
Recent research on the response of structures in near-fault regions has found the 

time-domain representation of ground motion to be preferable to classical 
response spectrum representation  in the frequency domain, since the latter implies 
a process with a relatively uniform distribution of energy throughout the whole 
duration of the motion. 

When the energy is concentrated in a single pulse of motion, the resonance 
phenomenon (easily detectable by response spectrum) has insufficient time to 
build-up. 

(c) (d) 
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Whereas the fault-normal component of velocity is generally well characterized 
by simple pulses, the fault-parallel pulse sometimes shows more irregular 
velocity-time histories. Nonetheless, a clearly defined pulse in the fault-parallel 
direction exists in many cases.  

A simplified representation of pulse motions using sine pulses is shown in 
Figure 1.9. The ground motions in fault-normal and fault-parallel direction are 
defined by the number of equivalent half-cycles of pulse motions (N), the period 
of each half-cycle (Tv;i) and  their  corresponding  amplitude  (Ai). 

 

 

Figure 1.9 Parameters required to define the fault-normal and fault-parallel 
components of simplified velocity pulses (Bray & Rodriguez-Marek, 2004). 

 
In addition,  the  time  lag  between  the  initiation  of  the  fault-normal  and  

fault-parallel  component  (toff )  must  also  be defined to fully represent bi-

directional horizontal shaking. Two near-fault motions with significantly time 
shift between the fault-normal (FN) and fault-parallel (FP) motions are shown in 
Figure 1.10. The differences can be found on the instantaneous values of the two 
components as shown using a horizontal velocity trace plot Figure 1.10.  
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Figure 1.10   FN and FP velocity-time histories and horizontal velocity-traces for 
two near-fault records (Bray & Rodriguez-Marek, 2004). 

 
When the time history of a near-source ground motion is used for the analysis 

of a structure, the strike-normal and strike-parallel components need to be oriented 
with respect to the strike of the fault that dominates the seismic hazard at the site. 
Indeed, both the horizontal component of motion may be important in evaluating 
the seismic response of soil deposits, because they are sensitive to bi-directional 
shaking. Nonlinear analyses of the seismic response of soil deposits to bi-
directional shaking demonstrate that local soil conditions can affect the peak 
velocity and pulse period in the fault-normal and fault-parallel direction. In fact, 
soil stiffness degradation induced by a large fault-normal component of the 
motion influence soil response in the fault-parallel direction too. Accordingly, soil 
response to bi-directional shaking affects the characteristics of the ground motion 
at the surface of a soil deposit, which in turn can affect structural performance.  

 
The number of significant cycles in the velocity-time history (due to subsequent 

replication of forward-directivity pulses or to the arrive of wave-fronts from 
other asperities) is an important parameter of ground motion, in particular, for 
soil response. It is important to note that, in general, each earthquake has a well-
defined pulse sequence associated to all possible asperities. This might be 
expected for faults that have a relatively uniform slip distribution or concentrated 
over a single zone.  

For stations in the near-fault region path effects are minimized. For an 
earthquake with highly non-uniform slip, such as the 1994 Northridge 
earthquake, the observed pulse sequence depends on the relative distance from  
the asperities. In fact, Somerville (2005) suggests that the number of half-sine 
pulses in the velocity time-history might be associated to the number of asperities 
in a fault. From the point of view of ground motion prediction, this implies that 
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the number of significant velocity pulses for a given earthquake is associated to 
the determination of slip distribution in the causative fault. This is, of course, 
difficult to estimate a priori. 

Finally, the vertical motions in the near-fault zone are important for the possible 
consequences on structural performance. Therefore also the vertical motions 
need to be estimated, because in near-source conditions the wave-front arrives at 
the surface not vertically. In these conditions, the P and S waves arriving almost 
simultaneously, produce a significant vertical motion. 

 

1.2.1.1. Wavelet Analysis 

A type of signal processing known as “wavelet analysis” is well suited for 
velocity pulse identification and extraction. The pulse wavelet can be subtracted 
from the ground motion to obtain the residual ground motion. The basic concepts 
of the method derive from the Fourier analysis. Fourier analysis represents a signal 
using a linear combination of sine waves, each one characterized by infinite time 
length and a single frequency. In contrast, wavelet analysis decomposes a signal 
into wavelets localized in time and covering a narrow range of frequencies. For 
non-stationary signals such as earthquake ground motions, it can be advantageous 
to represent the signal as a summation of wavelets rather than of stationary sine 
waves. 

Wavelets are basis functions that satisfy a certain set of mathematical 
requirements. Many wavelet prototypes can be used to decompose a signal (Figure 
1.11). The prototype function is referred to as a “mother” wavelet, and this 
function is scaled and translated in time to form a set of basis functions. The 
wavelet basis function at time t is mathematically defined as: 

Φ௦,௟ሺݐሻ ൌ
1

ݏ√
Φ൬

ݐ െ ݈

ݏ
൰ (1.1) 

where Φ  is the mother wavelet function, s is the scale parameter that dilates the 
wavelet, and l is the location parameter that translates the wavelet in time. Any 
signal f(t) can be represented as a linear combination of basis functions, and the 
corresponding coefficients are determined by the convolution integral (1.2), which 
is conceptually identical to the Fourier transform calculation.  
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Figure 1.11   Typical mother wavelets used in wavelet analysis: (a) Haar wavelet, 
(b) Gaussian wavelet of order 1, (c) Daubechies wavelet of order 4, and (d) Morlet 
wavelet. (Baker, 2007). 

 

The coefficient associated with the wavelet having scale s and position l is given 
by: 

C௦,௟ ൌ න ݂
ஶ

ିஶ

ሺݐሻΦ௦,௟ሺݐሻ݀ݐ ൌ න ݂
ஶ

ିஶ

ሺݐሻ
1

ݏ√
Φ൬

ݐ െ ݈

ݏ
൰  (1.2) ݐ݀

If the wavelets are orthogonal, then only n wavelets are needed to completely 
describe any discrete time signal of length n. The wavelet transform (discrete 
algorithm) provides the n coefficients describing the amplitude of the n wavelets 
at various scales and locations. If n is a power of 2, then an extremely efficient 
algorithm exists to perform the calculations (analogous to the fast Fourier 
transform). Further, if the mother wavelet closely represents the shape of the 
signal, then even fewer than n coefficients are needed to closely represent the 
signal. A few coefficients will be large and their associated wavelets will represent 
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the main features of the signal. The other coefficients will be close to zero because 
the associated wavelet represents relatively small features. 

If a significant portion of ground-motion time history is described by one or a 
few wavelets with large coefficients, then this will indicate the presence of a pulse 
(Figure 1.12).  

For non-pulselike records, however, the extracted pulse is typically a minor 
feature of the ground motion and the residual ground motion is nearly identical to 
the original motion. 

The correct identification of the pulse in the signal allows a large part of energy 
content to be associated to it (see cumulative squared velocity plot in Figure 1.13). 
Differently from filtering of signals, the pulse extraction does not cause any time-
shift between the original signal and extracted impulse (Figure 1.13). 

 

 

Figure 1.12   Ground-motion velocity time history of the fault-normal component 
recorded at Brawley Airport during the 1979 Imperial Valley earthquake (a). 
Wavelet transform coefficients: light shading indicates a large absolute value of 
the coefficient as function of the fixed period and time location (b) (Baker, 2007). 

 

(a) 

(b) 
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Figure 1.13   An early-arriving pulse (1979 Imperial Valley earthquake recorded 
at EC Meloland Overpass FF location). (a) Original ground motion. (b) Extracted 
pulse. (c) Cumulative squared velocities (Baker, 2007). 
 

In near-source conditions the forward-directivity and the number of pulses 
contained in a record are strongly related to slip distributions and consequently 
they are difficult to predict. 

Two checks can be done to identify if pulse-like ground motions are related to 
directivity effects: 

 the identified pulse arrives early in the ground motion (indicating that it is 
likely due to directivity effects);  

 the ground motion has a high peak velocity (small earthquakes might appear 
pulselike only because their time-history is simple but they are not affected 
by directivity). 

 

1.2.1.2. Identification of Pulse Period 

The period of the velocity pulse is an important parameter in the geotechnical 
field, as the ratio of the pulse period to the fundamental period of the soil deposit 
can greatly affect ground response. The most widely used approach to identify 
pulse period considers as pseudo-period the reciprocal of the dominant frequency 
of the wavelet used to identify the ground motion velocity pulse (i.e. the largest 
wavelet coefficient). It is straightforward to compute a pulse period in this way. 
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However, no well-defined concept of period exists for wavelets such as, instead, 
occurs for sine waves in the Fourier analysis. Also the period associated with the 
maximum Fourier amplitude of the wavelet can be used to identify the pseudo-
period. 

Sometimes, it is better not to correlate the pulse period to a single value of the 
wavelet coefficients (although the highest). After a wavelet analysis the period of 
the pulse can be identified by using the wavelet with the highest coefficient and 
those located within ± one-half of its length. 

The methods based on wavelet analysis provide accurate pulse periods, but have 
the slight disadvantage of requiring user judgment.  

The primary alternative to wavelet analysis is to select the period associated to 
the peak of velocity response spectrum of the original ground motion. 

In cases where the periods obtained from the wavelet analysis and the velocity 
spectrum methods differ significantly, the wavelet period appears to be the more 
robust estimation of pulse period. In these cases, the period with maximum 
spectral velocity is associated to the higher frequencies of the ground motion, 
whereas the wavelet pulse period is associated to the visible velocity pulse. 
Therefore, combination of the two approaches is the ideal method for determining 
the period of velocity pulses and because it provides a more consistent 
identification of the pulse period. An example is shown in Figure 1.14, where the 
peak spectral velocity of the record occurs at a period of 1.4 s, whereas the wavelet 
pseudo-period of 7.5 s closely matches the period of the pulse identified visually. 

 
Figure 1.14   (a) Velocity time histories of the original ground motion, extracted 
pulse, and residual ground motion for the 1992 Landers earthquake, recorded at 
Yermo Fire Station; (b) velocity spectra, with Tp values determined using the 
spectral velocity and wavelet analysis criteria (Baker, 2007). 
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1.2.2. Attenuation law 

The time-domain parameterization of pulse-type motions is used to develop 
attenuation relationships for ground motion parameters in cases of forward-
directivity typical of the near-fault propagation. These relationships are necessary 
for the selection or generation of ground motions in the time domain to carry out 
seismic site response analyses or dynamic analyses of buildings. As previously 
indicated, the response of soil deposits and structural systems to bi-directional 
shaking may be important and in same case, the fault-parallel component of the 
near-fault ground motion may also be required. 

The structure of the attenuation relationship is of the type: 

݈݊ሺܸܲܩሻ ൌ ܽ ൅ ௪ܯܾ ൅ ݈ܿ݊ሺܴଶ ൅ ݀ଶሻ ൅ ܵ (1.3) 

where R is the planar site-source distance; Mw is the moment magnitude; a, b, c 

and d are model parameters and S represents site effects. 
Figure 1.15 shows that the median peak ground velocities for soils are larger 

than for rocks with the difference increasing as the distance increases.  
 

 

 

PGV 
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Figure 1.15   Attenuation relationship for PGV in near-fault region. From left to 
right: all recordings, only records on soil and only records on rock (Bray & 
Rodriguez-Marek, 2004). 

 

1.2.3. Pulse period estimation 

To estimate the pulse period, the use of a linear relationship between logarithm 
of rise time and magnitude is justified, being the logarithm of the rise time a 
linear function of the moment magnitude. Thus, the relationship for pulse period 
becomes: 

݈݊ሺ ௏ܶሻ ൌ ܽ ൅ ௪ܯܾ ൅ ܵ (1.4) 

where Tv is the pulse period, Mw is the moment magnitude, a and b are model 

parameters and S represents the site effects. 
This scaling relationship (1.4) generally provides pulse period about two times 

larger than the slip rise time, which measures the duration of the slip at a single 
point of the fault. In fact, from considerations of the physics of fault rupture, the 
rise time can be seen as a lower bound of pulse period (Somerville, 1998). 

From the point of view of ground motion prediction, Figure 1.16 illustrates the 
importance of considering local site effects in the evaluation of near-fault ground 
motions. The results shown in Figure 1.16 show that for lower magnitude events 
there are longer periods at soil sites than at rock sites for events with magnitude 
lower than about 7. This difference diminishes as magnitude increases   so that 
for events with 7 < Mw < 7.5, the pulse periods at rock and soil sites are 
approximately the same. This makes very often difficult to identify with certainty 
if the pulse extracted from a recorded signal is due to directivity effect or simple 
to a site effect. 
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Figure 1.16   Relationship for pulse period (Tv) vs MW: (a) Logarithmic scale. (b) 

Arithmetic scale with a one standard deviation band superimposed (Bray & 
Rodriguez-Marek, 2004). 

 
Figure 1.17 shows FN velocity-time histories and pseudo-velocity response 

spectra for ground motions recorded at different rupture distances during the 
1989 Loma Prieta earthquake. With reference to Gilroy registration it is possible 
to observe that the fault-normal pulse sequence has the same characteristics both 
on rock and on soil, with an initial half-cycle pulse followed by two full cycles 
of motion. The corresponding pulse periods, however, vary significantly 
depending on site conditions, as indicated in Figure 1.17b, with soil sites having 
larger velocity pulse periods than rock sites. This difference highlights the need 
to account for site effects in the evaluation of near-fault ground motions. The 
longer pulse period of soil sites can lead to an increase in seismic demand for 
structures of considerable extension (i.e. dams, large embankments, etc). 
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Therefore, ground motions recorded at near-fault sites for large magnitude 
earthquakes should be assumed as the worst-case scenarios for the design of 
large structures. On the contrary, lower magnitude earthquakes may result in 
velocity pulses with periods closer to the natural period of smaller systems. In 
this case, the lower magnitude earthquake may result in larger levels of damage 
associated with the velocity pulse.  

 

 
Figure 1.17   FN ground velocities recorded in the Gilroy area during the 1989 
Loma Prieta earthquake: (a) velocity-time histories, and (b) pseudo-velocity 
spectra. Gilroy #1, Gavilan College, Gilroy #2 and #4 have rupture distances of 
11, 12, 13 and 16 km, respectively (Bray & Rodriguez-Marek, 2004). 

 
To study the effects of magnitude scaling, Somerville (2005) schematized the 
pulse signals through a simple bi-triangular form having different amplitude and 
duration (Figure 1.8a), with amplitude and pulse period provided by relations (1.3) 
and (1.4) for any magnitude. In the elastic response spectra it is underlined the 
presence of peaks related to the pulse period (Figure 1.18b-c). For spectral 
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acceleration (b), the period of the peak is about 0.7÷0.8 times the period of the 
velocity pulse, and for spectral velocity (c), the peak is at about 0.8÷0.9 times the 
period of the velocity pulse. Because the peak of the pulse does not increase very 
rapidly with magnitude, response spectra do not increase monotonically with 
magnitude at all periods, as it is the case in conventional ground motion 
interpretation (i.e. far-source conditions). Conversely, in some period ranges the 
response spectra for smaller earthquakes are stronger than the response spectra of 
larger earthquakes (Figure 1.18). 
 

 

Figure 1.18   Magnitude scaling of simple velocity pulses representing near-fault 
ground motions (a) with associated acceleration (b) and velocity (c) response 
spectra (Somerville, 2005). 

 

 

 

 

 

 

 

(a) (b) (c) 
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1.3. Near-source effects on large embankments 

In modelling geotechnical earthquake engineering problems, the subsoil border 
generally coincides with the bedrock, which is excited by a single seismic input 
motion. In this study, for taking into account the peculiarities of near-source wave 
propagation, the geometric model is considerably wider, as it includes the seismic 
source, and requires the simulation of the focal mechanism and the subsequent 
wave propagation.  

1.3.1. Numerical modelling 

The analysed problem consists of a physical domain of 200x200 km in plain and 
of a depth of 20 km (200x20 kilometres for 2D analyses). The domain is 
subdivided into two layers: the first, from the ground level down to a depth of 
250m, is made up of silt and clay of medium consistency; the second is a rigid 
substratum. Above the ground surface a trapezoidal element is placed, which 
represents the cross section of an earth dam. All the materials are characterised by 
a linear visco-elastic behaviour, with the exception of the area around the rupture 
zone along the fault; an elastic perfectly plastic mechanical model has been 
adopted at the interface between the two tectonic plates. As regards the damping 
parameters, the formulation with one-frequency control proposed by Raylegh has 
been used; in particular a damping, ߦ, equal to 0.5% at the dominant frequency of 
about 0.025 Hz, was assigned at the bedrock, while a damping equal to 5% at the 
frequency of 0.40 Hz has been adopted for the soil and the earth dam layers. Table 
1.1 and Table 1.2 show the values of some mechanical parameters of the 
constitutive models adopted for the different materials.  

Zone 
Density, 

 
(kg/m3) 

Poisson 

coeff.,  (-) 

S wave 
velocity, VS 

(m/s) 

Damping, 

 (%) 

Embankment 2000 0.30 430 5 
Soil 1900 0.30 410 5 

Rock 2750 0.20 2000 0.5 

Table 1.1   Mechanical parameters characterising the visco-elastic behaviour of 
the different materials. 
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Zone  (kg/m3)  (-) VS (m/s)  (%)
Cohesion, c 

(MPa) 

Fault 2600 0.20 635 0.5 150 

Table 1.2   Mechanical parameters of the material around the fault. 

The system boundary conditions consist of absorbent surfaces according to the 
treatment proposed by Lysmer and Kuhlemeyer (1969). Finally, the size of the 
mesh elements has been calibrated as a function of the shear wave velocity of each 
material, in order to be able to study the development of body waves with a 
frequency up to 7.5 Hz. Around the fault area a condensation of the mesh has been 
used. Since the propagation of the rupture is not controlled from the outside, it is 
simulated in real time, in dependence of equilibrium and congruence equations, 
failure criterion and constitutive model assigned to the region of the fault. This 
allowed us to correctly estimate the generation of an additional energy content at 
high frequencies during the propagation of the rupture at the source. 

 

Source model 

Three different geometries of the fault have been adopted (see Figure 1.19b), 
which reproduce typical active faults present in Central and Southern Italy: 

 Case 1: fault extension (“width”) equal to 5 km, positioned at a distance 
varying between 2 and 7 km from ground level;  
 Case 2: fault with extension of 10 km, positioned at a distance varying 

between 2 and 12 km from the ground surface;  
 Case 3: Fault with extension of 15 km, positioned at a distance varying 

between 3 and 18 km from the ground level.  

The angle of immersion of the faults (“dip”) has been varied between 25° and 
75°; the midpoint of all the faults is located on the axis of the geometric model 
(Figure 1.19a). Being the plan dimension of the source increasing with depth 
(from case 1 to case 3) also the expected magnitude value will be different. In 
particular, as proposed by Wells & Coppersmith (1994), were generated 
magnitude of 5.5, 6.25 and 6.5 respectively for the cases 1, 2 and 3. The starting 
point of the rupture is the deepest point of the fault and the propagation occurs 
from left to right in Figure 1.19b. The failure is a “second mode” mechanism, 
because the rupture occurs by sliding along the fault plane, with the rake (slip 
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direction) parallel to the interface and the direction equal to the propagation of the 
rupture. 

 

 

 

Figure 1.19   Physical model with the different positions of the embankment, 
relative to the three different sources examined: (a) 3D representation; (b) model 
scheme. 
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To properly simulate the rupture process at the interface, for each node of the 
source a delay between the rupture initiation at the point of nucleation and the start 
of motion in the considered node was imposed. For the estimation of the delay-
time, a speed of rupture propagation (VRup) equal to 80% of the speed of 
propagation of shear waves in the rock was considered (Aki & Richards 2002). 

In the performed analyses four different time histories (Figure 1.20) of the 
velocity vector of the upper zone of the interface (fault) were hypothesized. The 
results here shown refer to the triangular function of slip (1.5), which produces 
the higher content of high frequencies at the source. 

             t
 2

2


                   t0  and  10   

)(tf
  

 
   t




 21

2            t  and  10   

             0                            tt 0  

(1.5) 

In (1.5), is the duration of the process of rupture to a single node (rise time).  

 

Figure 1.20   Time-histories of the slip-velocity used to simulate the rupture in 
the single nodes on fault. The functions are dimensionless in area (modified from 
Hisada e Bielak, 2003). 

 

Each input node is also differentiated in terms of amplitude and duration of the 
rupture (Madariaga 1976), allowing a more realistic slip distribution on the 
extended source (decreasing slip-map, Figure 1.21).  
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Figure 1.21   Scale factor applied to the nodal velocity to simulate the different 
distribution of the rupture along the fault segment. The values are expressed in 
function of the distance from the point of nucleation. 

 

The generation of the seismic wave source was simulated by a kinematic model. 
The kinematic approach consists of inserting a velocity function at each of the 
individual nodes included in the mesh of the source (Haskell 1964). In each 
element, the failure conditions are governed by the Tresca resistance criterion 
assigned to the interface material, a criterion that is suitable to reproduce the 
mechanisms of rupture of second mode (crisis for slipping plane). The assumption 
of an elasto-plastic behaviour for the interface material has allowed to simulate 
the permanent deformations and especially to generate a content of higher 
frequencies, through the generation (local and temporary) of single plastic zones 
in the source volume. During the rupture propagation the foot-wall of the fault is 
fixed, by further internal constraints. These constraints are then removed during 
the subsequent stages of propagation of the wave front, avoiding abnormal 
reflections from the interface fault. 

 

Embankment model 

Embankments with different heights (40, 60, 80 and 100 meters for 2D model; 
20, 50 and 100m for 3D model) and having a ratio between the maximum 
horizontal extent of the cross section and the height of about 6:1 have been 
analysed. For 3D analyses, the longitudinal extension of the plant is 1km for all 
types of embankments. Hereinafter, only the analyses relating to embankments 
with a height of 100 m for 2D analyses, and 50 m for 3D analyses, will be 
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discussed, where the effects are more marked. In order to study the effect of the 
relative distance between the site (embankment) and source (fault), the 
embankment location has been progressively moved in the analyses, with the fault 
in a fixed position. The cross section of the embankment is typical of a zoned dam, 
with a clay core inside lateral coarse-grained materials, properly compacted. In 
these parametric analyses the presence of water within the dam body, which has a 
very important role in the dynamic response of the system, has not been 
considered. Nevertheless, this assumption does not significantly affects the proper 
determination of the variability of the seismic motion at the embankment base, 
which is the real object of this study. As shown in Table 1.1, for both the dam 
body and the base formations a linear visco-elastic behaviour was considered; the 
stiffness parameters have been properly reduced, in order to consider, in a 
simplified way, non-linear effects induced by the seismic excitation. In fact, in 
epicentral areas, even for earthquakes of moderate magnitude, it is possible to 
have high acceleration values and consequently significant effects of soil non-
linearity. The above simplified assumptions do not compromise the primary 
purpose of the study, which is the assessment of the seismic motion variability at 
the base of the structure, and not the assessment of the real dynamic response of 
the embankment. Further improvements of the response are possible using 
advanced constitutive models, able to reproduce the complex aspects of the 
response of soils under cyclic stresses (Sica et al. 2008). 

 

1.3.2. Parametrical analysis results 

As well known, geotechnical earthquake engineering problems are traditionally 
studied simulating the upward propagation of seismic waves from the bedrock, 
which moves simultaneously according to an applied input motion. The results of 
the present study show that this approach is ineffective when the site is close to 
the seismic source. As a matter of fact, the motion at the bedrock level is not the 
same, but differs on the bedrock surface, due to the influence of the focal 
mechanism and the travel path in the rock formation. Consequently, the motion at 
the ground surface can vary even more significantly. Hence a structure quite large 
in one or both the horizontal directions, is subjected to a non-uniform input motion 
at its base. A traditional approach generally uses only the horizontal components 
of the motion, assuming that the P waves energy contribute and the vertical 
component of the motion are negligible and therefore it is possible to consider the 
whole seismic signal as a only contribution of the waves S (that scheme is showed 
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in Figure 1.22). This hypothesis is possible in conditions far from the source, but 
is decidedly forced and inappropriate for faults close to the analysed site. 

 

Figure 1.22   Logical scheme of the two different approaches of analysis. 

 

Near-source propagation 

In Figure 1.23, with reference to the free-field conditions for each of the three 
source models of Figure 1.19b, the acceleration Fourier amplitudes calculated 
along the ground level are shown (an epicentral area between the coordinates –15 
and +15 km from the vertical axis of any faults). It is possible to observe as that 
the higher frequencies (>3Hz), typical of the near-source conditions are attenuated 
with increasing fault depth (i.e. moving from Figure 1.23a to Figure 1.23c). 
Moreover, the greater extension of the source produces a transfer of the energy 
content to the lower frequencies (0.5-1.5 Hz). 
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Figure 1.23   Fourier spectra of the horizontal (left) and vertical (right) 
accelerograms calculated on the ground level between fault distances of -15 and 
15 kilometres for all three source models. Figures a, b and c represent case 1, 2 
and 3 of Figure 1.19. The star symbols indicate the position of FFT picks. 

 

A potentiality of investigating the near-source propagation, is to assess the 
differentiation of the input along horizontal planes at fixed depth below the ground 

level. As reference was used the distortional deformation, , computed from an 
analysis of the traditional type, i.e. by propagating from the bedrock to the surface 
a single signal (suitably deconvoluted). 
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Figure 1.24 shows the distortional increases in a fixed element of the subsoil (at 
depth 50m below the ground level) with respect to the distortion obtained from a 
traditional approach. The increases are calculated as the difference between the 
deformations resulting from the analyses carried out considering the propagation 
in near-source conditions and those deriving from the traditional procedure 
(Figure 1.22). As is possible to observe, the difference between the two 
approaches is maximum for the locations closer to the fault and decreases with 
increasing the distance from the fault (Figure 1.24). That is in line with 
expectations, because at large distances from the source the hypothesis of the 
traditional approach are more consistent. 

 

Figure 1.24   2D Model. Distortional increments in elements of the subsoil placed 
at a fixed depth of 50m below the ground level and at a distance of 2.5 (red), 15 
(green) and 75 (black) km from the fault axis; the increments are reported in 
percentage of the value provided by traditional approach results. 
 

Finally, the ratio between the maximum increments , and the maximum 
reference value in the same elements of the subsoil, are reported in Figure 1.25. It 
clearly appears that the strain increments tend to significantly decrease as the 
depth of the source increases (from Case 1, grey markers, to Case 3, blue markers). 
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Figure 1.25   Maximum distortional increments in percentage of the maximum 
deformations calculated using a traditional approach, computed at different 
distances from the fault axis (2D model) and at a fixed depth of 50m below the 
ground level; grey markers are relative to the shallower source (Case 1), blue 
markers refer to deeper one (Case 3). 

 

Effects of near-source propagation on earth-embankments 

Now will be discussed some results of the performed analyses with including 
the embankments. In particular the comparison among accelerograms computed 
at different points of the embankment base, for different location of the structure 
(2D model), is illustrated in Figure 1.26. In particular Figure 1.26a and Figure 
1.26b respectively refer to two embankments placed at distances of 5 and 10 km 
from the central point of a fault segment 5 km in length. For each embankment 
three accelerograms are plotted, computed along the base at the upstream, axis 
and downstream points. The magnitude of the acceleration values slightly varies 
moving from the upstream to the downstream points of the base; the main 
difference among the three accelerograms is the significant “time delay” in their 
occurrence along the base of the embankment (going from closer up to farthest 
point of the source). Consequently, the maximum values of the three signals are 
clearly asynchronous, sometimes with considerable time delay along the base of 
the structure, especially if compared to the wave travel time in the subsoil. This 
shift of seismic accelerations at the base of the embankment implies that, at the 
same instant, the structure can undergo significantly different stresses, and even 
stresses of opposite sign (see Figure 1.26b). 
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The difference among the seismic input motions exciting the base of the 
embankment is evident in the Fourier spectra plotted in Figure 1.26c, relative to 
the three accelerograms of Figure 1.26b (embankment located at a distance of 5 
km). The shapes of the diagrams are quite similar, and the spectral content of the 
three signals is practically the same up to a frequency of about 0.6 Hz; for higher 
frequencies, the differences in amplitude of the Fourier spectra are relevant. 

 

Figure 1.26   Horizontal accelerograms along the base, for embankments at 
distances of 5 and 10 km (figure a and b respectively) from the axis of the fault 
(whose extension is 5km). (c) Fourier Spectra of the three signals. 

 
In the Figure 1.27, it is shown, instead, the horizontal and vertical accelerograms 

calculated at the base of the embankment (located at 0, 5 and 10 km from the axis 
of the fault) for a fault of 10 km. It is possible to make similar considerations to 
those previously made on the diagrams of Figure 1.26; from these further results 
also it may be noted that the vertical accelerations are high and comparable to the 
horizontal ones. In addition, from Figure 1.27c, it emerges that the peak horizontal 
accelerations in the upstream and central location of the embankment base (t = 7.4 
s) are simultaneous, while in the point placed downstream the maximum 
acceleration is attained in the opposite direction (t = 8 s). 

 

a. 

b. 
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Figure 1.27   Horizontal (left) and vertical (right) accelerograms obtained at the 
embankment base for three their different positions: (a) 0 km, (b) 5 km and (c) 10 
km from fault axis. The results are referred to the second case (10 km fault length).  

 
Further parametric analyses 

The same study discussed above has been solved also with a 3D model where 
the source is simulated as a finite fault (differently from 2D case) in the transverse 
direction (x) as shown in Figure 1.29. For each embankment the time-histories 
relative to the points indicated in Figure 1.28 were analysed. With the letters are 
represented points on the ground level sufficiently far from the embankments to 
consider free-field motion. With the numbers are indicated, instead, monitoring 
points on the external boundaries of the embankment (top and shells) for two 
embankments of the same height (h = 50m), one located in the vicinity of the fault 
(near-source, Figure 1.29a) and another far enough from it (far-source, Figure 
1.29b). As can be seen in Figure 1.30, the accelerations in far-fault conditions 
(figure b) are well below those computed in near-fault condition (figure a). 
Furthermore, the embankment displacements for sites closer to the source are 
highly diversified along the longitudinal axis. This differentiation is induced by 
the variability of the motion at the dam base. 

a

b

c
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Figure 1.28   Scheme of dam where are reported the position of monitoring points 
on free surface (letters from A to F) and dam surface (numbers from 1 to 9). 

 

Figure 1.29   Localization of study sites: (a) embankment in near-source 
conditions; (b) embankment in far-source conditions. 

 

In Figure 1.31 the contours of the vertical displacements at a fixed time (the time 
of maximum acceleration in point 5) are provided. As it is possible to observe, 
for the embankment placed near the fault (Figure 1.31a), the spatial distribution 
of the vertical displacements is less uniform than that obtained in the other case 
(Figure 1.31b). This implies higher differential displacements to which cracking 
phenomena may be related. 
 
 

a  b 
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Figure 1.30   Time histories of vertical displacements for points 2, 5 and 8 of 
Figure 1.28c for an embankment in near-source conditions (a) and in far-source 
conditions (b). 

 

Figure 1.31   Contour of vertical displacements for embankments near (a) and far 
(b) from the fault mechanism. 

 

Concluding remarks 

The performed parametric analyses evidence that in near-source conditions it is 
not correct assuming a unique seismic motion at the base (as it is usually assumed 
in the case of structures placed at considerable distances from the source). 
Accelerograms calculated at the base of the embankment clearly show a 
phenomenon of asynchronism (“delay” of the signal with the distance from the 
source): this phenomenon is of particular relevance in the case of earth dams of 
considerable spatial extension. Equally important are the effects of directivity and 
frequency content in the base signals when near-source propagation occurs. The 
specific features of the seismic motion in near-source conditions should be 
properly studied for dams placed in the vicinity of seismogenic zones, considered 
the high risk associated to these structures. 
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 Domain Reduction Method 

 Introduction 

Following some recent catastrophic earthquakes the scientific community is 
devoting particular attention to the seismic response of sites placed close to 
seismogenic faults (near-source). Indeed, the phenomena of dislocation and 
directivity, as peculiar aspects of the seismic motion in near-source conditions, 
are worth of consideration. The correct approach should account for source 
mechanism, the location of the site relative to the source and the properties of the 
solid medium interposed. The use of a global formulation can be advantageous 
even in situations in which the causative fault is not far from the region of interest. 

Despite the recent advances in the simulation of seismic boundary value 
problems and the development of physics-based 3D models for simulating 
earthquake ground motion, nowadays there are still restrictive simplifications and 
approximations in 3D simulations. A limitation is the maximum frequency that 
can be considered in media with low wave velocities (as soils). 

Many analysis methods have been proposed over the years: 

 Boundary Element and Discrete WaveNumber Methods (e.g., 
Mossessian and Dravinski, 1987; Kawase and Aki, 1990; Hisada et al., 1993; 
Sánchez-Sesma and Luzón, 1995; Bouchon and Barker, 1996). 

 Finite Differences Methods (e.g., Frankel and Vidale, 1992; Frankel, 
1993; Graves, 1993, 1996; Olsen et al., 1995; Pitarka, 1999; Stidham et al., 
1999; Sato et al., 1999) 

 Finite Elements Methods (e.g., Zienkiewicz at al., 1967; Lysmer and 
Drake, 1971; Zienkiewicz at al., 1973; Toshinawa and Ohmachi, 1992; Bao, 1998; 
Bao et al., 1998; Aagaard et al., 2001). 

BEM and DWN approach are popular for moderate-sized problems with 
relatively simple geometry and geological conditions. The last two methods, due to 
their flexibility and simplicity, are better suited for larger domains that include 
realistic basin models with highly inhomogeneous materials, near-source ground 
motion, basin structure and directivity effects. Conversely they require high 
computational time with increasing the refinement of the mesh, because the grid 
size is proportional to the lowest shear wave velocity in the model and inversely 
proportional to the maximum frequency of interest. 
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Rather than analysing simultaneously the entire domain, which includes both the 
fault and the structure, the response of a smaller region close to the structure at 
hand is worth of consideration. This is the basic principle of the Domain Reduction 
Method (Loukakis, 1988, Loukakis & Bielak, 1994, Bielak et al. 2003, Yoshimura 
et al., 2003, Scandella, 2007), which is capable of efficiently modelling 3D wave 
fields for an arbitrary earthquake source, in highly heterogeneous geological 
systems with large impedance contrasts among layers and arbitrary shapes, also 
accounting for complexity of the geological structures, such as sedimentary basins 
and ridges. 

 

 Formulation of the method 

The main advantage of the Domain Reduction Method (DRM) is the possibility 
of substructuring the original problem (Figure 2.1a) into two numerical sub-
models characterized by different scale dimensions and solved in two different 
steps (Figure 2.2). The methodology is illustrated in Yoshimura et al. (2003) and 
Bielak et al. (2003) for 3D problems of increasing physical and computational 
complexity. 

Step 1. The first model, which may span thousands of meters (Figure 2.1b), is an 
auxiliary one and represents a simplification of the real external domain. In this 
step the earthquake source and propagation path are simulated. As proposed by 
Bielak et al. (2003), a stratigraphic system (flat-layer scheme), solved by means 
of 3D Green’s function, is simulated. 

Step 2. The second model (Figure 2.1c) contains the domain of interest with 
reduced spatial dimensions (internal domain), including the structure and the 
surrounding soil. The seismic source and most of the propagation path from the 
source to the site are now excluded. The input is given as a set of equivalent nodal 
forces applied to interface elements and able to reproduce the seismic source 
modelled in the first step. 

In the following, the method proposed by Bielak et al. (2003) is recalled. 
The problem of a semi-infinite seismic region that contains localized geological 

features such as sedimentary valleys and ridges as well as seismically active faults 
is considered Figure 2.1a. The geometry is arbitrary, the material is linearly elastic 
and the earthquake excitation is prescribed as a kinematic source, defined by the 
jump of the tangential displacements across the fault, while the normal 
displacements and tractions remain continuous. Such transfer, of course, needs to 
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be performed in a way that the resulting ground motion within the region of 
interest is identical to that due to the original source (Figure 2.1c), where Pb are 
the nodal forces transmitted by Ωା onto Ω.  

These forces are localized on the fictitious surface Γ, which, as anticipated, 
divides the entire domain in the two regions Ω and Ωା, containing respectively the 
geological features of interest and  the semi-infinite exterior subdomain, which 
includes the fault (Figure 2.1b). 

Whereas the methodology is applicable to elastic and inelastic problems, in this 
paragraph only the elastic case is considered. With reference to Figure 2.1b, the 
vector field of nodal displacements defined in the interior domain Ω, the exterior 
domain Ωା and the boundary between them, ߁, will be denoted, , by ui (interior), 

ue (exterior), and ub  (boundary) respectively. In the same figure ߁ା is the outer 

boundary that truncates the original semi-infinite region and where the absorbing 
boundary conditions are applied. 

The equations of elasto-dynamics, spatially discretized by finite or spectral 
elements, can be expressed for the internal and external domain of Figure 2.1c 
respectively as follows: 

ቈ
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(2.1) 

In these equations, the matrices M and K denote the mass and stiffness matrices, 
the subscripts i and e denote the interior and exterior domain, respectively, b the 
boundary Γ. 

The summation of the previous systems yields to the traditional form of the 
equation of motion in the original domain: 
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(2.2) 
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(a) 

(b) 

                                                      

(c) 

Figure 2.1   Real seismic region. (a) Scheme of the semi-infinite seismic region, 
including the causative fault, geological structure and local features. (b) Outer 
boundary ߁ା restricts computation to a finite domain; fictitious interface ߁ divides 
region into two subdomains: Ωା	which includes the seismic source, represented 
by nodal forces Pe and Ω containing the geological features in the domain of 
interest. (c) Scheme of the region partitioned in two subdomains across the 
interface ߁ with the nodal forces Pb transmitted from Ωା	onto  Ωା (Bielak et 
al.,2003). 
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To transfer the seismic excitation from the fault to Γ, an auxiliary problem is 
considered, in which the exterior region and the material therein, as well as the 
causative fault, are identical to those of the original problem. The new interior 
domain, indicated as Ω଴, is equivalent to the domain Ωା, except for geological 
heterogeneities (replaced by the same material as the surrounding soil), 
background structure, local topographic features, etc. The problem thus defined 
over the total domain Ω଴⋃	Ω

ା is easier to solve than the original problem (Figure 

2.2a). We denote by ࢏࢛
૙,	࢈࢛

૙,	ࢋ࢛
૙ and ࢈ࡼ

૙ the  corresponding  nodal  displacements 
and interface forces, as shown in Figure 2.2b. Is worth emphasizing that the 
auxiliary model requires a mesh that is only as fine as dictated by the stiffness of 
the material of the background model. Therefore it will contain much less 
elements than the mesh including simultaneously both the external and the internal 
domain.  

After spatial discretization, the equation of motion in  Ωା  for the auxiliary 
problem can be expressed as 
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The partitioned mass and stiffness matrices, as well as Pe, are the same as in 

(2.1) because the material properties in Ωାand the earthquake source are identical 
in both cases. From the second equation in (2.3), we can now express the nodal 
forces Pe in terms of the free field motion, as follows: 

௘ܲ ൌ ௘௕ܯ
ஐశ ∙ ሷ࢛ ௕

௢ ൅ ௘௘ܯ
ஐశ ∙ ሷ࢛ ௘

௢ ൅ ௘௕ܭ
ஐశ ∙ ࢈࢛

૙ ൅ ௘௘ܭ
ஐశ ∙∙ ࢈࢛

૙ (2.4) 

Then, by substituting (2.4) into (2.2), we can solve for the displacements ui , ub  

and ue for the complete domain. This formulation offers no advantage over the 

traditional approach because (2.4) includes the terms ܯ௘௘
ஐశ ݑሷ ௘

଴ and ܭ௘௘
ஐశ ݑሷ ௘

଴	, which 
require that the free field ݑ௘

଴ be stored throughout the domain Ωା.  
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Figure 2.2 Auxiliary seismic region. (a) Entire scheme, (b) partitioned scheme 

into two substructures. The details, localized in Ω, have been replaced by a simpler 
structure (domain Ω଴). From Bielak et al. (2003). 

 
To simplify the analysis, a variable transformation is introduced, expressing the 

total displacement in the external domain ࢋ࢛ as the sum of the free field ࢋ࢛
 and ࢕

the residual field we  due to refraction within the inside region: 

ࢋ࢛ ൌ ࢋ࢛
࢕ ൅  (2.5) ࢋ࢝
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Then, substituting (2.5) into (2.2), and writing the terms that contain the free 
field on the right side, results in: 
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(2.6) 

Finally, substituting for Pe from the expression (2.4) into (2.6) the following 
system is obtained: 
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(2.7) 

The mass and stiffness matrices at the left side of the system are identical to 
those of the original problem (Figure 2.4), and the seismic forces Pe which 
simulate the fault have been replaced by the following effective nodal forces Peff: 
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These forces have the key property that they involve only the submatrices Mbe , 

Kbe , Meb , and Keb , which vanish everywhere except in a single layer of finite 

elements in Ωାadjacent to ߁. This small domain lies between ߁ and its adjacent 
surface ߁௘, as shown in Figure 2.3. 



Chapter 2                                                 Domain Reduction Method 

2-8  

 
Figure 2.3   Seismic region with two neighbouring surfaces ࢣ and ࢋࢣ on which 

effective nodal forces (࢈ࡼ
ࢋࡼ and ࢌࢌࢋ

 are applied. These forces are equivalent to (ࢌࢌࢋ

and replace the original seismic forces Pe, which act in the vicinity of the causative 
fault (Jacobo Bielak et al., 2003). 

 
Another important consequence of (2.8) is that all the waves in the exterior 

region Ωାwill be outgoing. This suggests that for solving (2.7), the size of the 
region Ωାcan be drastically reduced if one is interested only in the ground motion 
near the localized features. In numerical modelling spurious reflections from the 
external boundaries are generally unavoidable, and can lead to inaccuracies in the 
numerical results. Although these problems are reduced by the use of the Domain 
Reduction Method, it is possible to use suitable absorbing boundaries to further 
limit  spurious waves. The first results of the method were derived  in the context 
of a half-space and plane wave excitation in a slightly different form (Bielak and 
Christiano, 1984; Loukakis, 1988; Loukakis and Bielak, 1994a). The approach 
proposed in the present thesis is more rigorous and concise and incorporates 
explicitly the effect of an extended source on a finite fault. An approach similar 
to the original procedure (Loukakis, 1988) was developed subsequently by 
Aydinŏglu (1993), in the context of soil-structure interaction without explicit 
treatment of the earthquake source. Instead of using a finite-element formulation 
as former researchers, Aydinŏglu (1993) used a boundary integral representation 
for the tractions at the interface between the interior and exterior domains; to make 
the equations local at the interface, the traction was approximated in the form of 
a mass-dashpot-spring and the material outside the interface ߁ was excluded from 
the computations.  

In this thesis the approach proposed by Bielak et al. (2003), will be followed in 
combination with the finite difference method to solve the field equations. 
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Although the auxiliary problem (Figure 2.2) needs to be solved an additional 
advantage of substructuring the problem is to model just once the area of interest 
(which all details) and use the same refined mesh for different configurations of 
the source. Conversely, if we want to study more sites for a more defined source, 
the auxiliary problem remains unchanged (Yoshimura et al., 2003). 

For simplicity in the analytical formulation previously recalled, the terms related 
to damping attenuation have not been reported. The addition of linear viscous 
damping would involve new terms in (2.8), proportional to velocity and 
displacement: 
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where the terms ܥ௕௘
ஐశ and ܥ௘௕

ஐశ represent the damping matrix. 

If the formulation proposed by Rayleigh for linear visco-elastic material is 
adopted the damping matrix can be written as a linear combination of the mass 
and stiffness matrices: 

௘௕ܥ
ஐశ ൌ ௘௕ܯߙ

ஐశ ൅ ௘௕ܭߚ
ஐశ (2.10) 

and 

௕௘ܥ
ஐశ ൌ ௕௘ܯߙ

ஐశ ൅ ௕௘ܭߚ
ஐశ (2.11) 

where coefficients ߙ and ߚ can be determined from specific damping ratios ߦ௜	and 
 :௝ for two representative i-th and j-th modes, respectivelyߦ

1

2
൥

1
߱௜
ൗ ߱௜

1
௝߱

ൗ ௝߱

൩ ቄ
ߙ
ቅߚ ൌ ൜

௜ߦ
௝ߦ
ൠ (2.12) 

If both modes are assumed to have the same damping ratio ߦ, as it is generally 
assumed in  dynamic analysis, the coefficients become: 

ߙ ൌ ξ
2߱௜ ௝߱

߱௜ ൅ ௝߱
	 and ߚ ൌ ξ

2

߱௜ ൅ ௝߱
 

   
(2.13) 
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From (2.9) it is obtained: 

ࢌࢌࢋࡼ ൌ ൞

࢏ࡼ
ࢌࢌࢋ

࢈ࡼ
ࢌࢌࢋ

ࢋࡼ
ࢌࢌࢋ

ൢ ൌ ቐ

0

െሺ1 ൅ ௕௘ܯሻߙ
ஐశ࢛ሷ ࢋ

࢕ െሺ1 ൅ ௕௘ܭሻߚ
ஐశࢋ࢛

࢕

ሺ1 ൅ ௕௘ܯሻߙ
ஐశ࢛ሷ ࢈

࢕ ሺ1 ൅ ௕௘ܭሻߚ
ஐశ࢈࢛

࢕

ቑ 
  

(2.14) 

It is important to emphasize that the DRM is exact in consideration of typical 
spatial and time discretization errors. In this thesis a finite differences spatial 
formulation with second-order central differences in time has been used (Itasca, 
2012). 

In Finite Differences Method (FDM), as well as in Spectral Elements 
formulation (Scandarella, 2007), the effective forces depend only on the stiffness 
matrix, since the mass matrix (Appendix B) is naturally diagonal (Itasca, 2012), 
so that: 

ࢌࢌࢋࡼ ൌ ൞

࢏ࡼ
ࢌࢌࢋ

࢈ࡼ
ࢌࢌࢋ

ࢋࡼ
ࢌࢌࢋ

ൢ ൌ ቐ

0

െܭ௕௘
ஐశࢋ࢛

࢕

െܭ௘௕
ஐశ࢈࢛

࢕

ቑ (2.15) 

Recalling in Appendix B the expression (B.30) of the nodal forces for a single 
mesh element k (Figure B.1): 

െ ௜݂
ሺ௟ሻ
ൌ ௜ܶ

ሺ௟ሻ

3
൅
ߩ ܾ௜	 ܸ

4
െ ݉ሺ௟ሻ ൬

௜ݒ݀
ݐ݀
൰
ሺ௟ሻ

 (2.16) 

where l indicates the node label, i is the i-th component of motion, T is the stress 
tensor related  to the k-th element, f nodal force, V element volume, ߩ density, b 
gravity acceleration, m nodal mass, ݒ nodal velocity and t time. 

In equation (2.16) the stress vector components ࢀሺ௟ሻ are defined as: 

௜ܶ
ሺ௟ሻ
ൌ ௜௝ߪ

ሺ௟ሻ	 ௝݊
ሺ௟ሻ		ܵሺ௟ሻ (2.17) 

with n(l) is the external unit vector normal to the element surface S opposite to the 
node l. 

Considering time-independent term of the body forces (ߩ	ܾ௜	ܸ 4⁄ ) and being the 
mass matrix diagonal, it follows that the nodal forces, to be applied to the internal 
model, are equal to the change of the stress tensor T in the k-th mesh element: 

െ∆ ௜݂
ሺ௟ሻ
ൌ
1

3
∆ ௜ܶ

ሺ௟ሻ (2.18) 
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The total stress is then obtained from the relation: 

௜,௝ߪ
ሺ௡௘௪ሻ ൌ ௜,௝ߪ

ሺ௢௟ௗሻ ൅  ௜,௝ (2.19)ߪ∆

with new = current step and old = previous step. 
 
 

In an elastic and isotropic material behaviour, strain increments generate stress 
increments according to the linear and reversible law of Hooke: 

௜,௝ߪ∆ ൌ ܩ2 ௜,௝ߝ∆ ൅ ଶߙ ௜,௝ߝ∆  ௜௝ (2.20)ߜ

where the Einstein summation convention applies, ߜ௜௝ is the Kroenecker delta 

symbol and ߙଶ is a material constant related to the bulk modulus, K, and shear 
modulus, G, as: 

ଶߙ ൌ ܭ െ
2

3
 (2.21) ܩ

Finally, in terms of vector of nodal forces, for each element k can be written: 

െ∆ࡲሺ௟ሻ ൌ
ܵሺ௟ሻ

3
 ሺ௟ሻ (2.22)࢔ሺ௟ሻߪ∆

The incremental stress-strain relations may be expressed as 

ߪ∆ ൌ ܭ  (2.23) ߝ∆

The global stiffness matrix ܭ is calculated by applying a transformation of the 

form: 

ܭ ൌ ᇱܭ	்ܳ ܳ (2.24) 

where ܳ is a suitable 6 × 6 matrix involving direction cosines of local axes in 

global axes and ܭᇱ is the local stiffness matrix. 

In summary, the matrix ܭ is equivalent to the following formulation (for an 

isotropic linear-elastic material):  

ܭ ൌ ൥
ߣ ൅ ߤ2 ߣ 0
ߣ ߣ ൅ ߤ2 0
0 0 ߤ

൩ 	or	 ܭ ൌ ൥
௢௘ௗܧ ݇଴ܧ௢௘ௗ 0
݇଴ܧ௢௘ௗ ௢௘ௗܧ 0
0 0 ܩ

൩ (2.25) 

where ߣ and ߤ are the Lame constants, Eoed is the oedometric modulus an k0 is the 
rest lateral earth pressure. 
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 Implementation 

To better understand the physical concept related to the effective forces Peff, 
consider the following example, reported by Scandella, (2007). 

With reference to Figure 2.4, the physical interpretation of Peff for an idealised 
simple case referring to a triangular finite element. Once the free field 
displacement has been calculated, the nodal forces are derived in two steps: 

 fix the degrees of freedom at the interface nodes b (denoted by 1 in Figure 
2.4); prescribe the free field displacements at the remaining nodes e of the 
interface elements (denoted by 2 and 3 in Figure 2.4) with opposite sign; 
calculate the reaction forces at the fixed node b (1); 

 fix the degrees of freedom of all the nodes e not lying on the interface (2 
,3);  apply the free field displacements at the remaining nodes b (1); 
calculate the reaction forces at the fixed node b (1); calculate the reaction 
forces at the fixed node e (2 ,3). 

 
Figure 2.4   Idealised finite element simple case to show the physical meaning of 
the effective nodal forces at the highlighted nodes 1, 2, and 3. 

 
 
 
 
 
 
 
 
 
 
 








Node b 

Node e 
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The resulting effective forces at the three nodes are: 

ࢌࢌࢋࡼ ൌ ൞
ଵܲ
௘௙௙

ଶܲ
௘௙௙

ଷܲ
௘௙௙

ൢ ൌ 

ൌ ቐ

െሺ1 ൅ ૛࢛ଵଶܯሻߙ
࢕ െሺ1 ൅ ૛࢛ଵଶܭሻߚ

࢕ െሺ1 ൅ ૜࢛ଵଷܯሻߙ
࢕ െሺ1 ൅ ૜࢛ଵଷܭሻߚ

࢕

െሺ1 ൅ ૚࢛ଶଵܯሻߙ
࢕ െሺ1 ൅ ૚࢛ଶଵܭሻߚ

࢕

െሺ1 ൅ ૚࢛ଷଵܯሻߙ
࢕ െሺ1 ൅ ૚࢛ଷଵܭሻߚ

࢕

ቑ 

(2.26) 

As anticipated (paragraph §2.2), in the case of diagonal mass matrices, the 
equation (2.26) becomes: 

ࢌࢌࢋࡼ ൌ ൞

ଵܲ
௘௙௙

ଶܲ
௘௙௙

ଷܲ
௘௙௙

ൢ ൌ ቐ

െሺ1 ൅ ૛࢛ଵଶܭሻߚ
࢕ െሺ1 ൅ ૜࢛ଵଷܭሻߚ

࢕

െሺ1 ൅ ૚࢛ଶଵܭሻߚ
࢕

െሺ1 ൅ ૚࢛ଷଵܭሻߚ
࢕

ቑ (2.27) 

As it is possible to see in this example, without the knowledge of the stiffness 
matrices, we can still get the effective forces imposing simply, to single node of 
the internal or external interface side, the single component of the motion resulting 
from the auxiliary problem and limiting the motion to the other nodes of the 
interface elements. Similarly, if you want to speed, to generalize and automate the 
process, you can fix at 1 the various components of the unit vectors ࢏࢛

 and to ࢕
determine the individual (ܭ௜௝) components of the stiffness matrix. In this way, a 

simple linear combination of the various contributions allow to get the ࢌࢌࢋࡼ. It is 
important to highlight that, generalizing the process, we can perform only once 
the operation for the source mechanism and any site, granted that the nodal 
position of the interface elements (for congruence and also for the adjacent 
elements) is always the same. 

This procedure may be easily implemented in any commercial software provided 
that it is permitted a minimum of user interaction with the code by external 
programming (see Diana, Abaqus, Flac, etc.). 

In Figure 2.6 a simple flow chart of the algorithm developed during the thesis 
work is proposed, instead Figure 2.7 shows a schematization of its structure. 
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Figure 2.5 Interface zone between the internal and external domain, with 
representation of nodes, elements and sides. 

 

Algoritmo 

With reference to the diagram of Figure 2.6, the first step of the algorithm is the 
definition of the used variables to store the data. It is good practice to set to zero 
the initial variable values. Firstly, to calculate the stiffness matrix, we disregard 
the body forces and, therefore, it is necessary reset the gravity. Then we must 
automate, using a set of coordinates in input provided by user, the recognition of 
the sides belonging to the interface domain (Figure 2.5). The sides will be 10 in 
total, 5 of contact with the internal domain and 5 with the external domain. To 
each side of the interface, for each node belonging to it and for each spatial 
direction, the core of the algorithm must initialize automatically displacements 
and stresses to zero in the model, fix at 1 the displacement to the reference node, 
constrain the other nodes and launch the single analysis. The symmetry properties 
of stiffness matrices may be useful to optimize the algorithm. Finally, we need to 
save the variables, possibly already in a format recognizable by the code. We 
preferred to use a MATLAB SCRIPT for the linear combination of the different 
nodal reactions with nodal displacements resulting from the analysis on the 
auxiliary problem, so we do not have to re-launch the algorithm for each type of 
source examined, because for a mesh with many nodes running time could be of 
hours, depending also on the optimization degree of the algorithm. 
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Figure 2.6 Flow chart of the algorithm to calculate the single components of the 
stiffness matrix. 
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Figure 2.7   Schematic structure of the developed algorithm.  
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  Literature examples 

In literature the DRM approach has already been used for different problems. A 
validation study performed by Yoshimura et al. 2003 is shown below, along with 
some examples of the literature. These latter are cited relative to the vulnerability 
studies of underground structures, performed by Scandella in 2007 and 
Christchurch City, performed by Guidotti in 2012. 

Studies on the seismic input definition for displacement-based analyses with the 
application of DRM were made by Smerzini in 2010 and later by the workgroup 
of the DPC-RELUIS Project 2 (2009-2012). In particular, the modelling of the 
Aterno valley response to the 2009 Abruzzo earthquake was performed (Figure 
2.8). 

Finally, in the DRM manual of GeoELSE code (Faccioli et al., 1997) an 
example, related the Aquasanta bridge (Genoa, Italy), is proposed too Figure 2.9. 

 

Figure 2.8   3D numerical mesh by hexahedral spectral elements adopted for the 
numerical simulations by GeoELSE. (a) The map highlights the fault 
discretization (b), while the bottom table summarizes the main features of the deep 
crustal model (Paolucci & Smerzini, 2011). 
 

 

 

a. b. 
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Figure 2.9   2D model of the auxiliary (a) and reduced (b) problem for the DRM 
analysis of the Acquasanta bridge (Genoa, Italy). The dark red strip represents the 
effective boundary where free field displacements are calculated (Scandelle & 
Vanini, 2007). 
 

 

 

 

 

 

 

a 

b 
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 Free-field validation (Yoshimura et al., 2003) 

To validate the method the authors realized a comparison between FEM analysis 
with Green function of a two-layer system underlain by an elastic half-space 
(Figure 2.10). The property of the layers are listed in Table 2.1 The seismic source 
is a dip-slip double couple buried at a point 1 km below the free surface. The 
strike, dip, and rake are 0°, 90°, and 90°, respectively, the seismic moment M0 
equal to 6x1015 N m (Figure 2.10). The boundary nodes were left unconstrained, 
thereby implying that the outer boundary is traction free. 

 

 

Figure 2.10   Flat-layered system used to verify the DRM, with seismic source 
and region of interest (Yoshimura et al, 2003). 

 

Layer 
Thickness Vs Vp Density 

(m) (m/s) (m/s) (kN/m3) 

1 200 250 500 20 

2 400 500 500 20 

3 ∞ 2000 500 20 

Table 2.1   Soil parameters of the layered system. 
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Figure 2.11   Layered system within region of interest. (a) Finite-element mesh 
tailored to shear-wave velocity of each layer and the half-space; (b) cross section 
on vertical plane through AA’. The bold dashed lines show surfaces ડ and 
ડࢋ	where effective forces Peff are applied in step 2 (Yoshimura et al, 2003). 

 
The solution obtained from the DRM for points on a fixed vertical that passes 

through points B and B’ (Figure 2.11) is shown in  
Figure 2.12a depicts the x component of the displacement, and  
Figure 2.12b the vertical component, at various depths. The complete wave field, 

including body and surface waves, can be clearly observed in this figure. The 
corresponding results from the Green functions evaluations are also shown in  

Figure 2.12, for comparison. Peak values, with their signs, are listed on the right 
columns for both solutions next to the synthetic seismograms. The agreement 
between the two sets of waveforms is quite good, with maximum differences in 
amplitude on the order of 5%. This is consistent with the accuracy we can expect 
from a finite element approximation, which is tailored to 10 points per 
wavelength, according to the shear-wave velocity within each element and a 
maximum frequency of 1 Hz. 
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Notice that the agreement between the finite-element solutions and the 
corresponding Green functions remains quite close down to the interface Γ, at 700 
m. Right below this point, the finite-element solution almost vanishes. The same 
behaviour is observed in Figure 2.16 for the seismograms on the free surface along 
AA’ (Figure 2.11). The difference between the results from the DRM approach 
and the Green functions does not exceed 5% at these locations, and the 

displacements beyond Γ also essentially vanish. Recall that in the outer region Ω෡ା, 
our formulation yields residual displacements; since the material is the same as 
that in the background structure for this example, we of the relation (2.5) must 
vanish. The fact that the numerical values of these residual displacements are close 
to zero provides a useful numerical check. An interesting consequence of the 

vanishing of we for this problem is that, theoretically, the outer boundary Γ෠ା must 
play no role in the solution, regardless of the absorbing boundary conditions one 
uses there. The boundary conditions (traction free) were used by the authors. The 

fact that residual displacements are Ω෡ା	barely visible confirms that for the 

validation problem the boundary condition on Γ෠ା has an insignificant numerical 
effect. Moreover, since there are no waves leaving the region of interest Ω, one 
could modify the material in the exterior region beyond a single-element thick 
layer surrounding the surface Γ௘, and the results within Ω would not change. 

Demonstrated the validity of the approach, Yoshimura et al. (2003) apply the 
methodology to two different examples below reported. 
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Figure 2.12   Synthetic seismograms for displacements along downhole line BB’ 
(Figure 2.11). The depth from free surface and shear-wave velocity of each 
material is indicated to left of seismograms. The scale, in centimeters, is shown 
above the origin of the first seismogram. Peak displacements from finite-element 
DRM simulations and corresponding values from Green’s functions calculations 
are shown to the right of the seismograms. (a) X-component; (b) Z-component 
(Yoshimura et al, 2003). 
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Figure 2.13   Synthetic seismograms for displacements along free-surface 
(horizontal) line AA’ (Figure 2.11). The distance x is measured from the origin of 
the x axis of Figure 2.10 (Yoshimura et al, 2003). 
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 Dynamic response of idealized basin and hill            
(Yoshimura et al., 2003) 

To illustrate the applicability of the method, the authors has considered two 
examples of idealized cases: (i) stratigraphy variability in a basin and (ii) presence 
of topography, as hills. 

In the first example is illustrated the applicability of DRM to more complex 
situations at the one that involves a local structure Ω with a sedimentary basin 
embedded into the same two-layer stratigraphic system considered in the previous 
section. The basin has the shape of a spherical cap and has a maximum depth of 
100 m and a 150 m radius at its intersection with the free surface, as shown in 
Figure 2.14. It has a uniform shear-wave velocity of 125 m/s, P-wave velocity of 
250 m/s, and density of 20 kN/m3. The seismic source is identical to that for the 
unperturbed flat-layered system. The resulting displacement along the line BB’ 
(Figure 2.14) are shown in Figure 2.15, together with the corresponding values for 
the background (flat-layered) structure. 

As expected, the basin has the effect of magnifying the amplitude of the free-
field ground motion. 

 

 

Figure 2.14   Homogeneous basin embedded in flat layered system. (a) Finite-
element mesh; (b) cross section through AA’ (Yoshimura et al, 2003). 
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Figure 2.15   Synthetic seismograms for displacements along down hole line BB’ 
(Figure 2.14b). The solid lines show the response with basin present. The dashed 
lines correspond to free-field motion (without the valley). The right-hand columns 
show peak values with and without basin. Traces for points within surface C 
represent total displacement; those for points outside this surface show residual 
displacements with respect to free-field surface motion of the corresponding 
points for the flat-layered system. (a) X-component; (b) Z-component (Yoshimura 
et al, 2003). 
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In the second example, the authors apply the DRM procedure to the analysis of 
topographic effects. They considered the case of a hill supported on the two-
layered system, as shown in Figure 2.16. The ground motion for two variations of 
the hill problem has been used. In the first instance, the hill is assumed 
homogeneous with the same properties as the top layer of the background 
material; in the second, the hill has a weathered surface layer 25 m thick, with the 
same properties as those of the basin in the previous example. The hill has a square 
base 350 m x 350 m, it is 100 m high, and the lateral sides have a slope of 45°. 
The seismic excitation is the same as before. The hill’s effect on the free-field 
ground motion is far from negligible. In Figure 2.17, it is seen that the prescribed 
seismic source excites primarily the fundamental mode of the hill. The peak 
amplitudes of the x  and z (directions of slip motion at the source) components of 
displacement increase from the base to the top, and the maximum peak values 
occur on the eastward side of the crest for the x component of displacement and 
on the westward side and uphill plane for the vertical component. 

 

 

Figure 2.16   Hill on flat-layered system. (a) Finite element mesh; (b) cross section 
through line AA’, which traverses the free surface of the flat-layered system and 
that of the hill. Two cases of hill are considered in the simulations: one for a 
homogeneous hill, in which its properties are the same as those of the top surficial 
layer, and the second in which the hill has a weathered layer with the same 
properties as those of the basin in Figure 2.14 (Yoshimura et al, 2003). 
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Figure 2.17   Spatial distribution of maximum value of displacement components 
of ground motion on free surface of uniform with Vs=125 m/s. (a) X-component; 
(b) Y-component; (c) Z-component (Yoshimura et al, 2003). 
 
 

 Underground structures vulnerability (Scandella, 2007) 

A complete analysis of the seismic problem has been performed, which involves 
the simultaneous effects of the seismic source, the propagation path, the 
geological site conditions, and the soil-structure interaction. The auxiliary 
problem (Figure 2.18a) simulates the earthquake source and propagation path 
effects with a model that includes both the source and a background structure 
(external domain) from which the structure has been removed and replaced by the 
same material as the surrounding soil. The reduced problem (Figure 2.18b) models 
with high accuracy only the tunnel and a reduced portion of the surrounding soil 
(internal domain). Its input is a set of effective nodal forces evaluated on the basis 
of the ground displacement from the first step and applied in a strip of elements 
(dark boundary fill in Figure 2.18). 
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Figure 2.18   Scheme of the DRM procedure applied to the “Serro Montefalco” 
tunnel case: a) analysis of the source and the wave propagation in the half-space; 
b) wave propagation in the reduced domain including soil-structure interaction. 
The dark line denotes the effective boundary (Scandella, 2007). 

 
The Ariano Irpino fault (ITGG092) has been selected as the scenario seismic 

source, because it is the closest one to the tunnel and it is characterized by an 
expected maximum magnitude Mw 6.9. It was the source of the December 5, 1456 
earthquake, one of the most important natural events of the Italian seismic history, 
and it would represent a potential event with a minimum return period of 2000 
years (DISS, 2006). 

In agreement with Improta et al. (2004), the rock profile (figure 3.13) has been 
adopted as a generalized model for the Irpinia-Lucania Apennines. 

The dynamic analysis has been performed considering a simplified circular 
tunnel characterized by an equivalent external radius of 5.85 m and a concrete 
lining thickness of 0.80 m. The mesh of the reduced problem, shown in Figure 
2.19a, is characterized by the dynamic properties listed in in Figure 2.19b. A no 
slip condition at the interface between the soil and the lining has been considered. 

Scadella (2007) performed also a simplified analysis of the transversal cross-
section applying the closed form solution developed by Corigliano et al. (2006). 

For the results, reference could be made to Scandella thesis (2007) available 
online. 
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Figure 2.19   Step II of DRM: (a) model of the reduced problem including the 
transversal A-A' cross-section of the tunnel and (b) dynamic adopted properties 
(Scandella, 2007). 

 

 Christchurch city vulnerability (Guidotti, 2012) 

To evaluate city vulnerability an estimation of the ground motion is required. If 
the site is in near source condition, we cannot ignore source effects (see chapter 
1). The three-dimensional numerical simulation was realized, inclusive the 
following features: (i) kinematic description of the seismic source, (ii) 
horizontally layered deep geological model, (iii) a simplified but realistic 
description for the Cretaceous-Cenozoic alluvial Canterbury Plains, and (iv) a 
linear visco-elastic soil behaviour. Note that in these preliminary analyses the 
authors has considered a relatively rough model for the soil behaviour, by 
assuming a linear-visco elastic constitutive law, with a quality factor Q 
proportional to frequency (further details about the implementation of the 
viscoelastic soil behaviour can be found in Stupazzini et al., 2009). 
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Different three-dimensional numerical models were built for the Christchurch 
earthquake, in order to achieve the best fit with the ground motion observations, 
combining: (i) two different kinematic seismic fault solutions, based on recent 
seismic source inversion studies, and (ii) two simplified models for the shape of 
the interface between the alluvial soft soil sediments and the rigid volcanic 
materials (Figure 2.20 b and c).  

 

 

Figure 2.20   (a) 3D mesh of the Canterbury Plains relying on the kinematic 
seismic source inversion. (b) Corresponding “Step-like” model and (c) “Smooth” 
model, with depth contours of the contact between the alluvial soft sediments and 
the rigid volcanic materials (depth in meters). Position of the Canterbury Business 
District (CBD) is also shown (Guidotti, 2012). 

 

The 3D model of the region of the South Island of New Zealand covers an area 
of approximately 60x60x20 km around the city of Christchurch, including the 
information available in the geological map Figure 2.20. The site is shown in 
Figure 2.21, where also the meshing process is illustrated. 

 

b. c. 

a. 
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As a starting point, the real configuration of the CBD has been considered, taking 
information on height and floor plan dimensions of the cluster of around 150 
buildings, in an area having a dimension of about 1 km x 1 km.  

For the results, reference could be made to Guidotti thesis (2007) available 
online. 

  
Figure 2.21   (a) Aerial view of the CBD area. The red contour defines the 
modelled area. (b) Corresponding three-dimensional model, independently 
meshed with element size around 5 m. Also foundations and soil around 
foundations are meshed. In yellow important buildings are highlighted. (c) Model 
of the CBD set into the model of the Canterbury Plains (Guidotti, 2012). 

a. 

. 

c. 

b. 
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3. Model on a Regional Scale 

3.1. Geological framework of Campano-Lucana 
platform 

Since the selected case-history (Conza dam) belongs to the Campano-Lucana 
region, in this chapter details will be provided on the geological and seismological 
features of this region. 

The Apennine mountain chain arose from the convergence between the African 
and Eurasian plates during the Cenozoic age. It belongs to the mountainous system 
of Africa that characterizes the Mediterranean area. The Apennine mountains are 
characterised by thrusts, verging towards the Adriatic foreland, which have 
involved crustal material. 

In the Southern Apennines, from west to east the main paleogeographic zones 
are the Campano-Lucana platform, the Lagonegro-Molise basins (Ionian oceanic 
basin) and the Apulian platform (Figure 3.1). To the east of the Apulian platform 
another basin developed during the Mesozoic (e.g. the East Gargano basinal 
sediments), and this was coeval to the opening of the southern Adriatic basin. The 
forward propagation of thrusts piled up the paleogeographic domains, having in 
the hanging-wall of the thrusts units originally located westward relative to the 
footwall, e.g. the Liguride units thrusting the Tuscan nappe, which in tum was 
thrust onto the Cervarola unit, mainly composed of foredeep sediments, which has 
in the following footwall the Umbro-Marchigiano basin. To the south, the 
Campano-Lucana platform was thrust onto the Lagonegrese pelagic units, which 
in turn was thrust onto the Apulian platform. This occurred because thrust planes 
were running in some cases parallel to the pre-existing paleogeographic zones. 
Compressional tectonics began in the middle Cretaceous period, continuing to the 
Oligocene with continental collision. In the Tortonian age, the rift process started, 
which caused the opening of the Tyrrhenian Basin. The volcanic activity along 
the Tyrrhenian sea from Tuscany to Campania is linked to the extensional 
tectonics that stretched the lithosphere and thinned the crust. 

The main process that determined the building of the accretionary wedge was 
the subduction of the Adriatic plate under the Apenninic chain. In the early phase, 
this subduction involved the oceanic lithosphere, and afterwards, the continental 
one. Casero et al. (1988) consider the remarkable Apennines uplift that happened 
during the Quaternary subduction of the lighter continental crust. 
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Between the late Tortonian and the lower-middle Pleistocene, the Tyrrhenian 
back-arc basin, the Apenninic chain and the foredeep migrated towards the East, 
following the hinge roll-back of the subducting Adriatic plate. 

According to Patacca and Scandone (1989 and 2007), the southern Apennines 
are an Adriatic-verging fold and thrust belt, built on the SW border of the 
continental Apulian lithosphere, in subduction towards the SW, and they 
developed from the late Cretaceous until the Quaternary. The belt is associated 
with the Tyrrhenian back-arc basin to the West and with the Bradano foredeep to 
the East (Figure 3.1). The basin-thrust-belt-foredeep system migrated eastwards, 
overlying the Apulia Carbonate Platform (ACP) and progressively involved both 
the basin and carbonate platform paleogeografic domains. From West to East, the 
main paleogeografic domains that characterize the southern Apennines are the 
western carbonatic platform, the Lagonegro basin successions and the Apulia 
Basin. 

 

Figure 3.1   (a) Geological map of the Campania–Lucania region (proposed by 
Patacca & Scandone 2007) and focal mechanisms of main large recent 
earthquakes. (b) Schematic cross-section passing through the CROP04 seismic 
line (proposed by Scrocca et al. 2005). Figure from Matrullo et al. 2013. 
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During the Middle Pleistocene the Southern Apennine wedge was uplifted and 
involved by an extensional tectonic with a NE-SW direction responsible for the 
historical and present day seismic activity (Anderson and Jackson, 1987) and 
caused the extensive volcanism on the Tyrrhenian margin of the chain. The 
tectonic style of the chain is strongly variable because the carbonate platforms 
underwent brittle deformation, with the onset of higher magnitude. The basin 
terrains, instead, underwent a ductile deformation (Menardi and Rea, 2000).  

The present structural complexity of the chain is due precisely to all these 
different palaeogeographic domains involved in the Southern Appenine thrust belt 
building (the carbonate platforms underwent brittle deformation whereas the basin 
domains underwent a ductile deformation) so as also to several deformational 
episodes that led to the formation of the chain. Since the lower-middle Pleistocene, 
the axial zone of the chain is in an extensional NE–SW regime. This regime is still 
active, as shown by the analysis of surface geological indicators, breakout and 
seismic data (Pantosti & Valensise, 1990; Frepoli & Amato, 2000; Montone et al., 
2004; Pasquale et al., 2009; DISS Working Group, 2010; De Matteis et al., 2012), 
and it is responsible for the present seismicity in Southern Apennines. 

 

3.2. Seismological framework of Campano-Lucana 
platform 

The Campania-Lucania Region in the southern Apennines is one of the highest 
seismic hazard areas in Italy (Cinti et al., 2004). It has experienced numerous 
disastrous seismic events, among which there were those of 1694, 1851, 1857 and 
1930. The most recent significant event (surface-wave magnitude of 6.9) was the 
complex normal-faulting 23 November 1980 Irpinia earthquake (Westaway and 
Jackson, 1984; Bernard and Zollo, 1989), which resulted in about 3,000 victims 
and huge damage to the historical and civil heritage. In this area the present-day 
seismicity is characterized by low-to-moderate magnitude events that are mainly 
concentrated along the seismogenic structures on which the 1980 Irpinia 
earthquake originated (Stabile et al., 2012). 

The Figure 3.2 shows the available observations on the seismic history of Conza 
della Campania and the directions of the major seismic genetic faults identified 
based on earthquakes since the fifteenth century. The seismic activity more 
recently, according to studies performed by Ascone et al. (executed on 
earthquakes from 1981 to 2005 on the Southern Apennines), is mainly 
concentrated in three areas: (i) the area of the high Irpinia; (ii) Potentino area; (iii) 
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Castelluccio area at north of Pollino. A significant seismicity also is found in the 
90s between San Giorgio La Molara, Benevento and Apice (Ascione et al., 2013). 

 

Figure 3.2   Seismotectonic scheme of the Southern Apennines. Squares are the 
historical earthquakes from  CPTI 1999 catalog, thickest squares represent the 
larger earthquakes (Mmin = 5.5). The gray rectangular boxes represent projections 
on the surface of the seismogenetic faults, dashed lines represent the transverse 
tectonic lineaments reported in the Database of Potential Source (Valensise and 
Pantosti, 2001). Figure from Vilardo et al., 2003. 

 

The regional gravity and magnetic fields in Central and Southern ltaly were used 
to reconstruct the crustal  structure  and  the  top  of the carbonatic sedimentary 
rocks (Corrado and Rapolla, 1981; Fedi and Rapolla, 1990). The only seismic data 
available in this area are some refraction and wide angle reflection profiles 
recorded in the 1970s (Italian Explosion Seismology Group, 1982). These data 
provide some indications about the depth of the Moho boundary in the transitional 
area between the Southern and Central Apennines but do not allow to define a 
detailed velocity model  of the upper crust. Regional synthesis of the upper crustal 
structure of a large  portion of Southern ltaly was realized by jointly interpreting 
geological studies and well and oil exploration seismic reflection data (Mostardini 
and Merlini, 1986; Casera  et al.,  1988; Roure  et al.,  1991). More detailed studies 
have been conducted in the studies carried out by Zollo et al. (2002) on active 
seismic tomography experiments in the Vesuvius area. 

The analysis of regional seismicity to identify and geometrically characterize 
active fault structures and estimate the present tectonic regime requires an accurate 
determination of the spatial distribution of the earthquakes. 
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The knowledge of a realistic velocity structure is necessary to prevent artefacts in 
the location of  hypocentres: inappropriate choice of the velocity model can lead to 
significant distortions and bias in the hypocentre positions. 

In the thesis work, for the simulation of ground motion near the site of interest 
(Conza della Campania - AV), a summary of the most important geological and 
seismological studies has been performed referring to the main and most detailed 
publications available (Iannaccone et al., 1998; Improta et al., 2000; Improta et 
al., 2002; Improta et al., 2003; Corciulo et al., 2007; Convertito et al., 2009; 
Cantore et al., 2010; De Matteis et al., 2010; Amoruso et al., 2011; Amoroso et 
al., 2012; Matrullo et al., 2013). 

 

Figure 3.3 The Quaternary-Volcanic–Tertiary-Mesozoic (QVTM) site geological 
classification map. The labels indicate the locations of the ISNet seismic stations 
used for stratigraphic interpretation (from Convertito, 2009). The figure also 
shows the main seismic refraction profile and shot point, according to the 
experimental campaign carried out by Iannaccone et al. (1998). 
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3.3. Modelling: 3D approach 

The structural setting of the Campania-Lucania region has been defined by 
several geological and geophysical studies, including: tomographic images 
(Amato & Selvaggi, 1993; Chiarabba & Amato, 1994; De Matteis et al., 2010), 
analysis and joint interpretation of gravity data, seismic reflection lines and 
subsurface information from many deep wells (Improta et al., 2003), seismic 
reflection analysis and investigations for hydrocarbon exploration (Mostardini & 
Merlini 1986; Patacca & Scandone 1989, 2001; Casero et al. 1991; Roure et al. 
1991; Menardi&Rea 2000; Scrocca et al. 2005). 

To define the 3-D model reference was made to the seismological models 
proposed by Iannaccone et al. (1998) and Improta et al. (2000, 2003). 

 

3.3.1. Velocity structure 

The modelling of seismic refraction data and the interpretation of the shallow 
crustal structure, up to a depth of 3÷4.5 km, derive from the study of stratigraphic, 
sonic velocity logs from oil exploration wells (Figure 3.4) and of three seismic 
profiles that cross the seismic refraction profile (Iannaccone et al., 1998; Improta 
et al., 2000). The seismic profile is 75 km long and oriented 150°N. Along this 
direction the geological structures are almost plane parallel allowing a more 
constrained interpretation of the seismic data. Six shots were fired (from S1 to S6 
of Figure 3.3) at five sites with about 15 km spacing along the Line. Each shot 
consisted of 4-7 holes drilled to a maximum depth of 45 m and loaded with a 
explosive charges. A total of 81 portable seismic stations have been used. The 
seismic stations were deployed in a variable configuration according to the two 
objectives of the experiment. 

 



 
Chapter 3                                                    Model on a Regional Scale 

3-7 
 

 
Figure 3.4   Stratigraphic and sonic velocity logs from wells located in the Sannio 
region and in the Apulia foreland. 1 — Late Tortonian–Upper Messinian thrust-
sheets-top deposits; 2 — Upper Miocene siliciclastic flysch deposits of the Molise 
Basin (S. Croce and Ielsi 2 wells) or unconformably overlying the Western 
Carbonate Platform (Taurasi and Nusco 2 wells); 3 — Molise nappe: (a) clays, 
marls and marly limestones (Cenozoic upper sequence), (b) dolomitized breccias 
and calciturbidites (Mesozoic lower sequence); 4 —Paleogene-Lower Miocene 
varicoloured clays and basinal coarse-clastic lime resediments of the Sannio 
nappe; 5 — Mesozoic lime-stones of the Western Carbonate Platform; 6 — Apulia 
Carbonate Platform: (a) Messinian anhydrites, (b) Cretaceous-Lower Jurassic 
limestones and dolomit limestones, (c) dolomites of uncertain age, (d) Triassic 
dolomites and anhydrites of the Burano formation; 7 — Lower Triassic–Permian 
clastic deposits of the Verrucano formation; 8 — main thrust plane (Improta et al., 
2000 ). 
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The main aspects of the velocity model proposed by Iannaccone et al. (1998) 
and Improta et al. (2000, 2003) are here summarized: 

a) sedimentary rocks of basin and foredeep domains provide P-wave 
propagation velocities in the 3.0÷4.1 km/s range for the Tertiary deposits and 
4.8 km/s for the Mesozoic successions; 

b) in the North-Western segment (Benevento basin, shots S1 ÷ S5, Figure 3.5b-
c-d) the surficial layer with a P-wave velocity of 3.3 km/s, corresponding to 
Tertiary portion of the Molise nappe, reaches its maximum thickness of about 
2.5 km. Through 2-D simulation with elastic finite difference method 
(Graves,1996) it was deduced that within the first 5 km north of shot point 
S3, the presence of a thin shallow layer with a thickness of 0.35 km and a P-
wave velocity of 2.0 km/s (first arrival time delays, Figure 3.5c) was detected. 
At depth of 1.5 km (gently deepens to 2.1 km of depth below shot S3) at the 
northern border a second layer has a velocity of 4.8 km/s; 

c) in the South-Eastern segment (between shots S4 and S5, Figure 3.5c-d) the 
velocity from the value of 2.8 km/s, observed at the surface, increases with a 
gradient of 0.6 s-1, reaching a value of about 3.5 km/s at the bottom of the 
layer located at a depth of 0.8 km. South of shot S4, the velocity model is 
constrained by the seismic sonic log of the Taurasi 1 (Figure 3.4) well that 
provides a higher velocity of 3.3÷3.5 km/s at a depth of 0.3÷0.8 km, due to 
the propagation in the superficial sediments characterized by lower 
velocities; 

d) according to Mostardini and  Merlini  (1986), a first seismic discontinuity  
with a velocity of 6.0 km/s observed at a depth ranging from 3.0 km to 4.8 
km along the whole profile corresponds to the top of the Meso-Cenozoic 
limestones (Apulia Carbonate Platform), as inferred from well data; 

e) higher velocities, up to 6.7 km/s, characterize the lower part of the Apulia 
Platform formed by Upper Triassic dolomites and evaporites of the Burano 
formation; 

f) a  deeper  interface (6 to 8 km deep, Figure 3.5a) marked by a velocity of 6.7 
km/s has been interpreted as a second-order discontinuity within the Apulia 
Carbonate Multilayer produced by a lithological transition between the 
Jurassic-Cretaceous carbonates and the Upper Triassic dolomites and 
evaporites of the Burano formation; 

g) the deepest discontinuity, located at a depth of 9÷11 km, has been detected 
by intermediate-wide-angle reflected arrivals. Finite difference simulations, 
performed to model the observed amplitudes, suggest the existence of a 
strong velocity inversion at the reflecting boundary. 
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The latter hypothesis is mainly supported by: 
(1) the sonic logs in Puglia area; 
(2) the seismic reflection profiles for oil exploration recorded in the Apulia 

foreland and Bradano foredeep. 

These considerations agree with the structural model of the Southern 
Apennines proposed by Mostardini and Merlini (1986), which is documented 
by 4 geological sections crossing the area of interest in NE-SW direction (from 
the Tyrrhenian to the Adriatic Sea, Figure 3.6). 

 

Figure 3.5   (a)-(d) Record section for shot point 2, 4 and 5. The data are plotted 
with normalized amplitude and reduced time scale, with a velocity reduction 
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of 6 km/s. The small letters and numbers represent, respectively, the type of 
analysed phase (d=direct, h=head waves, r=reflected) and the layer where the 
direct phase propagates or the refracted/reflected phase has been generated, 
see the numbered model in the upper figure (a). A seismic model, with the 
indication of ray path, for single shot point, are shown. Figure extract from 
Improta et al. (2000). 

 

Figure 3.6   Comparison between the model carried out by seismic refraction data 
(Iannaccone et al., 1998 and subsequent) and the four geological sections 
proposed by Mostardini and Merlini (1986). The location of the four cross-
sections is shown on the map at the bottom left. In figure, the colors indicate the 
classification of geological layers: 1 - Middle Pliocene deposits; 2 - Late 
Tortonian-Upper Messinian thrusts-sheets-top deposits; 3 - Upper Miocene flysch 
deposits unconformably overlying the Western Platform carbonates; 4 - Sannio 
and Molise nappes (Cenozoic upper sequence); 5 - Molise nappe (Mesozoic lower 
sequence); 6 -Western and Apulia Carbonate Platforms. Figure from Improta et 
al. (2000). 
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3.3.2. Final geological and geophysical consideration 

As already known from long historical seismicity records elsewhere, long-
lasting quiescence might alternate with clusters of closely spaced strong 
earthquakes. The long-term record confirms that long-lasting quiescence may 
punctuate fault activity, with major implications for seismic hazard assessment.  

The combination of information on fault evidences at the surface and the 
hypocentre locations, estimated by using weak motion events, suggests that it is 
possible a decoupling between surface and deep fault zones and that outcropping 
fault planes cannot always be straightforwardly traced down to the hypocentral 
depths of weak motions. 

 
 

3.3.3. 3D Model 

Through the DRM approach (see chapter 2) the problem was solved into two 
successive steps: an external domain with regional extension containing the seismic 
source, and an internal detailed domain with a territorial spatial dimensions greatly 
reduced and containing the site of interest. 
By implementing the main aspects of the velocity model developed by Iannaccone 
et al. (1998) and later by Improta et al (2000) and considering the four geological 
sections suggested by Mostardini & Merlini (1986), a 3D model of the Campania-
Lucania region was developed (Figure 3.6) for the simulation of focal mechanism 
and propagation of elastic waves by the DRM. In the vertical direction the various 
lithotypes of the 3D model (Figure 3.7) was obtained by a suitable interpolation of 
stratigraphic information from the geological sections (see previous paragraph 3.1), 
on the surface the model has been connected with the simplified QVTM geological 
map of (Figure 3.3). 
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Figure 3.7   3D model of the external domain realized to study the input motion 
at the Conza site. (a) Comparison between QVTM map and the geological 
formations in the 3D model. (b) Contour of mesh size used in the mesh generation 
(maximum frequency around to 1.5 Hz). (c) Mesh of the model. 

 
For the simulation of the focal mechanism, it was considered appropriate to refer 

to the fault system that generated the Irpinia 1980 earthquake. In particular, among 
several versions existing in literature, reference was made to that proposed by 
Westaway & Jackson, (1987) and Bernard & Zollo (1989).  

Compared to a one-dimensional propagation medium, the main advantage of 
using a three-dimensional geometric model is the possibility of accounting for soil 
lateral stiffness variability, different arrival times of the various phases at different 
surface points. 

The large distance between the various layer, although reproduce the arrival 
times and the maximum acceleration at various stations, do not allow to obtain a 
diffuse distribution of energy for the signals at the surface, but most of the energy 
is concentrated at the arrival of the various phases (Figure 3.8). Consequently, the 
signals at different observation points have a limited duration and an impulsive 
waveform at each arrival of any single phase. The model is not able to reproduce 
the superficial reverberations, due to local heterogeneity of a propagation medium, 
which, however, would lead to a reduction of the energy concentrated (pulse-like 
waveform), distributing such energy over time. Not even the introduction of 
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material stiffness variation (around the average value) as a function of depth (to 
simulate a non-homogeneity inside the single layer) is sufficient to overcome the 
problem, because this variability is a continuous function in the spatial domain 
and then unable to generate new interfaces. 

 

Figure 3.8   Comparison between the seismic motion (east-west component) 
recorded at the Avigliano station (a) for a weak-motion and the simulation (b) 
carried out with the stratigraphy proposed by Chiarabba et al., 2005 (see Figure 
3.12). 

 

For the superficial lithotypes a random stiffness variation in the simple elements 
of the mesh can be performed. As shown in Figure 3.9, there are no significant 
differences between the two signals obtained in the case of layers with constant or 
random varying stiffness. This is explained by the small size of the elements (10 
times less than the smallest wavelength propagated). As a matter of fact, for the 
wave front the propagation medium is essentially homogeneous with stiffness 
close to the average value (Rotili, 2012; Chiaradonna et al., 2012; Landolfi, 2013; 
Sica et al., 2014). No further improvement can be obtained by inserting a 
horizontal layer with a random variability in stiffness, generating interfaces able 
to influence the propagation of the wave front (Figure 3.9).  
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Figure 3.9   Comparison of the response on ground level of the 3D model (b) 
between a homogeneous surface layer and a spatial random varying stiffness in 
the same layer (a). The input is a wavelet with fundamental period of 4.5 s. 

 

Accordingly, the 3-D modelling may be inappropriate for earthquake site 
response analyses, where other factors characterizing a signal are meaningful such 
as: 

(i) duration; 
(ii) waveforms; 
(iii) frequency content (Fourier transform or elastic response spectrum); 
(iv) synthetic parameters (i.e. PGA, PDV, PGD, period average and dominant 

period, Arias Intensity, Root Mean Square, etc.); 
(v) number of cycles; 
(vi) time distribution of the energy content (i.e. a spectrogram or more simply 

a cumulative-energy plot, etc.). 

Duration, number of cycles, energy flux function and RMS of a signal are 
important in a problem of geotechnical engineering, because representative of 
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signal energy distribution with the time. In fact, two signals with the same energy 
content, one of pulse-like type with a higher PGA value and one with higher 
number of cycles, have totally different effects in terms of plastic strain 
accumulation in soils. In particular, the pulse signal causes less deformation for 
the limited time-span in which such deformations are accumulated (Newmark 
1965). 

No less important is the frequency content of the signal, which regulates the 
dynamic response of the system. In particular, due to the amount of RAM and 
time computing required, it impossible to use a mesh able to propagate frequencies 
above 1.5 Hz. The mesh size is determined by considering the relation k * VS / fmax, 
with k recommended less than 0.125. Such low frequencies are however not very 
significant in seismic response analysis, especially in near-source conditions 
where higher frequencies are significant in terms of energy content. These higher 
frequencies are essential for studying the asynchronism induced by a near-source 
seismic motion.  

The above shortcomings make the 3D model unsuitable to solve the first stage 
(step 1) of the DRM (§2.2) for the scope in this research. Consequently, a 1-D 
(flat and parallel layers) stratigraphic model of the Irpinia-Lucania area was 
adopted. 

 

3.4. Modelling: 1D approach 

1-D velocity models are routinely adopted in seismological studies to estimate 
seismic source parameters as focal mechanisms and earthquake location. 

3-D tomographic models are often obtained as perturbations of a 1-D reference 
model. The tomographic model are obtained by iterative methods and for this the 
results and the resolution estimates strongly depend on the choice of the initial 
model. 1-D layered velocity models are also required by several methods for the 
calculation of synthetic Green’s function, such as the widely used discrete 
wavenumber approach (Bouchon, 2003). The 1-D approach has been used in the 
present work and for this reason more details will be provided.  

In regions with strong lateral variations and irregular topographic surface, 
significant errors can be introduced by using simplified 1-D velocity models. In 
these cases, the complexity of geological structures can be represented only by 3-
D velocity models. In other cases, however, one can partially account for velocity 
lateral variations by including station and/or source terms in the location 
procedure (Douglas, 1967; Pujol, 1988; Shearer, 1997) or path-dependent 
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calibrations (Zhan et al., 2011). Geophysical and geological interpretations have 
shown (Cocco & Pacor, 1983; Westaway & Jackson, 1987; De Natale et al., 1987; 
Bernard & Zollo, 1989; Pantosti & Valensise, 1990; Pastosi et al. 1993; 
Iannaccone et al., 1998; Improta et al., 2000; Improta et al., 2002; Improta et al., 
2003; Panza et al., 2003; Corciulo et al., 2007; Convertito et al., 2009; Lancieri & 
Zollo, 2009; Cantore et al., 2010; De Matteis et al., 2010; Amoruso et al., 2011; 
Amoroso et al., 2012; Matrullo et al., 2013) that there are important lateral 
variations of the properties of the medium mainly along the direction 
perpendicular to the Apenninic belt in the upper crust. This is consistent with the 
presence of a Platform domain in the SW direction and with the basin deposits in 
the NE direction. In addition, important lithological variations may be found along 
the chain, the most relevant being an abrupt deepening of the Apulian Carbonate 
Platform in the southeastern part of the investigated region (Improta et al., 2003). 

At present the Irpinia area is characterized by several seismic swarms and low-
magnitude background seismicity (ML < 3.5) that delineates both NW–SE striking 
structures along the Apenninic chain (Irpinia fault system) and a nearby 
approximately E-W oriented transversely cutting the chain (De Matteis et al., 
2012). 

Many 1D velocity models have been developed for the Irpinia region at different 
spatial scales: for the analysis of the 1997–2002 Italian Seismic Catalogue 
(Chiarabba et al., 2005); for the study of the recent seismicity of the Lucania 
Apennines and Bradano foredeep (Maggi et al.,  2009); for the characterization of 
the aftershocks of the 1980 Irpinia earthquake (Bernard & Zollo, 1989; Amato & 
Selvaggi, 1993; De Matteis et al., 2010). These velocity models have differences 
in P-wave velocity values and in number and depth of interfaces (Figure 3.12a and 
Figure 3.13). This is due to the different tools and data used by the authors in each 
study, as well as to the actual complexity of the propagation medium. 

For the model at regional scale, several simulations were performed starting 
from the stratigraphic data available in literature (Figure 3.12). The calibration of 
the stratigraphy at regional scale was performed with reference to seismic events 
of low magnitude, to avoid that events of medium-high intensity (magnitude 
greater than 4) could affect the estimation of rock/soil stiffness. Conversely, 
medium-high seismic events may be adopted for identifying other parameters, 
such as magnitude and hypocentre of an earthquake. 

Finally, the use of seismic events of greater intensity is to be avoided since if we 
consider recordings at short distances from the source it is no possible to model 
the fault as a point source. 

We should considere an extended source and account for further uncertainties 
about: (i) fault geometry (strike & dip direction and their respective size);               
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(ii) distribution of the slip on the rupture surface; (iii) average direction of the slip; 
(iv) duration of the rise-time; (v) location hypocenter; (vi) distribution of 
isochrones on the fault surface. 

Errors due to nonlinearity of soils and factors as source-site distance, source size 
and wavelengths, could be removed (Fraunhofer approximation) by using stations 
placed at greater distances from the source. This is straightforward if the rigid 
substrate is really flat with parallel layers (i.e. one-dimensional propagation in a 
medium with low lateral inhomogeneity). This condition is generally not realistic, 
especially in Central Southern Apennines (Figure 3.3). The use of distant stations 
would lead to wavefront paths and stratigraphy not consistent with those of the real 
propagation medium between the focal mechanisms of Irpinia 1980 event and the 
reference site (Conza). 

Six earthquakes of magnitude between 1.5 and 2.5 with hypocenter within 5km 
from the event 1 (ID event 16076r of the 2013-08-16, time 03:56 UTC, ML 2.6), 
were considered. The epicenters of these earthquakes are located in the Vietri Di 
Potenza municipality, distant no more than 20 km from the site considered. 

The selected stations belong to the ISNet network (Copyright RISSC-Lab, 
Department of Physics of Federico II University and AMRA) and are distributed 
(average distance of less than 10 km) on the Campano-Lucano Apennine, in the 
south area of the first fault segment mobilized during the seismic event of 1980, 
more precisely between the towns of Lione and Sala Consilina. The epicentres are 
close to the geometric center of the ISNet monitoring zones (Figure 3.10). 

As anticipated, the back-analysis was conducted with reference to the different 
stratigraphies, published in literature and reported in Figure 3.12a and Figure 3.13.  
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Figure 3.10   Location of the station of Irpinia Seismic Network (ISNet) and the 
epicenters of considered events. 

 

3.4.1. Reference stratigraphy 

A brief summary of the original model as proposed by Matrullo et al. (2013) will 
be reported. 

The 1-D velocity model was obtained by calculating a P-wave ‘Minimum 1-D 
model’ (VELEST code, Kissling et al., 1995) through joint inversion of layered 
velocity models, station corrections and hypocentre locations, acting on a data set 
of over 1000 events occurred between 2005 and 2011, recorded at 42 seismic 
stations. Starting from the 1-D model (Figure 3.12a), a preliminary 3-D crustal 
velocity model was computed, to study the relation between station corrections 
and lateral velocity variations. Finally, refined 1-D station corrections are 

Conza 
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calculated by fixing the location of well-constrained events (Figure 3.12b). 
Moreover, by an evaluation of picking consistency on the arrival times by the 
“modified Wadati diagram” (Chatelain 1978), an average VP/VS ratio of 1.885 is 
estimated (Figure 3.11). 

 

Figure 3.11   Modified Wadati diagram for each event and pair of station (i, j). On 
axis are reported the difference between P-phase (TPi – TPj) and S-phase (TSi – TSj) 
arrival times. The black line provides the best-fitting of VP/VS ratio, while the grey 
lines show other theoretical ratios (from Matrullo et al. 2013). 
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Figure 3.12   (a) 1D P-wave velocity structures used as initial models for the 
VELEST inversion procedure. (b) Final velocity models obtained from the 
VELEST inversion procedure starting from different initial models shown in (a). 
The ‘minimum’ 1D P-wave velocity model, obtained from an “average” of the 11 
final models, is represented with a black thick line (from Matrullo et al. 2013). 

 

Figures 3.14÷3.16 show comparisons between the recorded time-histories and 
those simulated for some stratigraphy models examined in Figures 3.12a and 3.13. 
The comparisons were made also in terms of Fourier spectra (figures 3.14c÷3.16c). 
The reproduced signals are extremely simple in terms of waveforms while the 
arrival times of the different wave fronts are well simulated. 
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Figure 3.13   Comparison 1D stratigraphy between Matrullo et al. (2013), blue 
line, Lancieri and Zollo (2009), red line, and Improta et al. (2010), grey line. 
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Figure 3.14   Comparison between the north-south time histories recorded at the 
Avigliano station (a) and the simulation (b) carry out with the stratigraphy 
proposed by Amato & Selvaggi (1993, Figure 3.12). (c) FFT comparison. 
 

 
Figure 3.15   Comparison between the north-south time histories recorded at the 
Avigliano station (a) and the simulation (b) carry out with the stratigraphy 
proposed by Improta et al. (2000, Figure 3.13). (c) FFT comparison. 
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Figure 3.16   Comparison between the north-south time histories recorded at the 
Avigliano station (a) and the simulation (b) carry out with the stratigraphy 
proposed by Matrullo et al. (2013, Figure 3.12). (c) FFT comparison. 

 

3.4.2. Calibration of velocity models by using empirical Green 
functions 

The synthetic signals reproduced by the Matrullo stratigraphy, shown in Figure 
3.12b have basically pulse-like waveforms in correspondence to the individual 
arrivals of the various phases (reflected, refracted and converted waves). However, 
the reverberations caused by the superficial layers in the upper part of the earth 
crust or local anomalies attributable to bi- and tri-dimensional effects are not taken 
into account in this model. 

The duration and energy distribution (in time) of a signal is very important in the 
dynamic analysis of soil deposits and geotechnical structures, especially if we 
consider constitutive non-linear soil models. A pulse signal or a signal with 
multiple peaks in time, even if characterized by the same frequencies content, 
produce very different effects on soils and structures. This problem is crucial in the 
engineering field and should be overcome necessarily. Therefore, a random 
stratigraphic succession has been introduced in the upper layers, using a well-
known approach in literature. 
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The simulations of synthetic signals at regional scale was carried out by 
implementing an algorithm based on empirical Green’s functions (for the 
estimation of the propagation term) and a kinematic source model. The Green’s 
functions are computed using the Discrete Wavenumber Method (DWM) 
introduced by Bouchon & Aki (1977). This method introduces a spatial periodicity 
of the sources to discretize the radiated wave field, and it is based on the Fourier 
transform in the complex frequency domain to calculate the Green’s functions (see 
appendix A). Note the source and propagation terms, it is possible to determine the 
motion to the receiver by their convolution. This numerical formulation is 
implemented in the Axitra code by Coutant (1989). The code is widespread in the 
seismological field and numerous validations of the code have been performed 
(Bouchon, 2003; Amoruso et al., 2004). 

Hisada (1994, 1995) described the critical cases for wavenumber integration 
codes: source and observer with the same depth, source close to the boundary 
between two layers and source on a boundary. These conditions should be avoid 
when the source position within the 1D velocity model is estabilished. 

With reference to Q factor (defined as the reciprocal of damping ratio commonly 
adopted in geotechnical field), low values for shallow layers (Q < 100) and higher 
values for the deepest layers have been adopted, as suggested by Malagnini et al. 
in 2000 and Lancieri & Zollo in 2009. 

Figures from 3.17 to 3.25 show comparisons in terms of acceleration time 
histories and elastic response spectra for the horizontal and vertical components 
at the stations of Caggiano, Marsico Nuovo and Satriano. 

In all simulations, the source was assumed as a point (moment magnitude equal 
to 2) and the rise time was imposed equal to 0.075s. In addition, the adopted slip 
velocity function is triangular. Both on recorded signals and simulated ones a 
band-pass Butterworth filter (order 4) in the frequency range of 0.3 and 5 Hz was 
applied. 

The Matrullo model shown in Figure 3.12b was enriched with a random 
variation of stiffness in the upper part of the model considering different thickness 
where the random variability was applied: 500m, 1000m and 1500m, the range of 
imposed variation corresponds to ±50% of the P-wave velocity that the original 
Matrullo model provides at the same depth. 
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Figure 3.17   Comparison between the North-South acceleration time histories 
recorded (a) and simulated (b) at the Caggiano station and corresponding elastic 
spectra (c). Simulations were performed by implementing the original Matrullo et 
al. (2013) velocity model and the randomly modified (only in the upper part) 
version. 
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Figure 3.18   Comparison between the East-West acceleration time histories 
recorded (a) and simulated (b) at the Caggiano station and corresponding elastic 
spectra (c). Simulations were performed by implementing the original Matrullo et 
al. (2013) velocity model and the randomly  modified (only in the upper part) 
version. 
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Figure 3.19   Comparison between the Up-Down acceleration time histories 
recorded (a) and simulated (b) at the Caggiano station and corresponding elastic 
spectra (c). Simulations were performed by implementing the original Matrullo et 
al. (2013) velocity model and the randomly  modified (only in the upper part) 
version. 
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Figure 3.20   Comparison between the North-South acceleration time histories 
recorded (a) and simulated (b) at the Marsico Nuovo station and corresponding 
elastic spectra (c). Simulations were performed by implementing the original 
Matrullo et al. (2013) velocity model and the randomly  modified (only in the 
upper part) version. 
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Figure 3.21   Comparison between the East-West acceleration time histories 
recorded (a) and simulated (b) at the Marsico Nuovo station and corresponding 
elastic spectra (c). Simulations were performed by implementing the original 
Matrullo et al. (2013) velocity model and the randomly  modified (only in the 
upper part) version. 
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Figure 3.22   Comparison between the Up-Down acceleration time histories 
recorded (a) and simulated (b) at the Marsico Nuovo station and corresponding 
elastic spectra (c). Simulations were performed by implementing the original 
Matrullo et al. (2013) velocity model and the randomly  modified (only in the 
upper part) version. 
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Figure 3.23   Comparison between the North-South acceleration time histories 
recorded (a) and simulated (b) at the Satriano station and corresponding elastic 
spectra (c). Simulations were performed by implementing the original Matrullo et 
al. (2013) velocity model and the randomly  modified (only in the upper part) 
version. 
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Figure 3.24   Comparison between the East-West acceleration time histories 
recorded (a) and simulated (b) at the Satriano station and corresponding elastic 
spectra (c). Simulations were performed by implementing the original Matrullo et 
al. (2013) velocity model and the randomly  modified (only in the upper part) 
version. 
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Figure 3.25   Comparison between the Up-Down acceleration time histories 
recorded (a) and simulated (b) at the Satriano station and corresponding elastic 
spectra (c). Simulations were performed by implementing the original Matrullo et 
al. (2013) velocity model and the randomly  modified (only in the upper part) 
version. 

 
In Figures 3.17÷3.25 is possible to observe a remarkable improvement of the 

fitting on spectral components, especially at high frequencies (low periods). The 
signal reproduced by considering only the original stratigraphy of Matrullo tends 
to strongly underestimate the spectral components with respect to the recorded 
signal. In particular, this happens for the North-South component of Caggiano and 
Satriano (respectively, Figure 3.17c and Figure 3.23c), as well as for East-West 
and Up-Down components of Marsico Nuovo (Figure 3.21c and Figure 3.22c). 
The fitting considerably improves when we consider the modified stratigraphy 
model (Matrullo + random). 

In Figure 3.26 the comparison between predicted and measured signals is shown 
in terms of attenuation laws for PGV and PGA. The comparison is quite 
satisfactory. In particular, observing the data between 20 and 25 km or between 
27 and 28.5 km, two higher values of PGA and PGV are observed. These peaks 
are well reproduced by the numerical simulations for all examined models. Since 
the same trend is obtained also using the original Matrullo model, this implies that 
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there are two contributes due to reflections from deep interfaces, maybe related to 
the layers between depths of 4 and 10 km.  

 

Figure 3.26   Comparison between observed and simulated attenuation law for 
PGA (a-b) and PGV (c-d). The horizontal PGA and PGV, obtained with vector 
composition of north-south and east-west components, are shown in figure (a) and 
(c). The vertical PGA and PGV are plotted in figure (b) and (d) respectively. 

 
 
Among different random stratigraphies here considered, one defined as 

“Mastrullo + random: case 4” was selected because it minimizes the mean square 
error (cumulated on all stations and motion components) related to the spectral 
ordinates between periods 0.2-3s. Moreover, this model of velocity provides the 
highest values of the coherence function between the recorded and simulated 
signals (average value on the band of frequencies between 1 and 5 Hz, Figure 
3.27). Finally, even the error function referred to FFT amplitudes (Hamming 
window of 100 and overlap of 50%) confirms that the selected model 4 provides 
the best-fitting to recorded data. 

(a) (b) 

(c) (d) 
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Figure 3.27   Mean value of coherence function (frequency band 1÷5 Hz) between 
the recorded and simulated signals. 

 
 

3.4.3. Final considerations 

The main limitations of a synthetic reproduction of an earthquake ground motion 
are essentially related to the proper simulation of high and low frequencies of the 
signal content. 

At long periods (longer than about 1 second), strong ground motions are 
deterministic in the sense that seismological models are capable of matching not 
only the spectral amplitudes but also the waveforms of recorded long period 
ground motions, once the rupture model and the seismic velocity structure of the 
region surrounding the earthquake are known. 

At short periods (shorter than about 1 second), strong ground motions become 
increasingly stochastic in nature. Seismological models are generally capable of 
matching the spectral amplitudes of ground motions to the shorter period, but are 
generally not capable of matching recorded waveforms. 
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3.5. Source model 

The determination of the seismic source is on important aspect to determine the 
seismic hazard of a specific site. There are several approaches to face this issue 
and generally they may be distinguished in deterministic (DSHA) or probabilistic 
(PSHA) approach (Kramer, 1996). These approaches allow to determine the main 
parameters of a signal (PGA, PGV, PGD, Arias Intensity, duration, root mean 
square, the ordinates of the elastic and/or design response spectrum, etc.) and to 
perform scenario analysis using real or “artificial” accelerograms, Anyway, 
whatever the applied methodology, DSHA or PSHA, for the estimation of the 
seismic hazard (to be used for the seismic design and scenario analysis), it is 
possible to estimate only the synthetic parameters. No indication is instead 
provided on the expected waveforms at the site.  

If same procedures are almost consolidated for far-fault zones (where a single 
set of three accelerograms is able to describe the ground motion), almost nothing 
has been done to estimate the seismic hazard at bedrock in near-fault conditions. 
Many studies over the past ten years (Sommerville, 2003; Iervolino & Cornell, 
2008; etc.) have highlighted only some aspects concerning: (i) forward directivity 
occurrence; (ii) valuation of the pulse intensity; (iii) pulse period; (iv) shape of the 
elastic response spectrum and its variation in the proximity of the pulse period. 

In general, seismic hazard (on bedrock level) is evaluated at territorial scale, i.e. 
with mesh sizes of the order of kilometers or tens of kilometers. In Italy, for 
example, such assessments are made on the basis of homogeneous seismogenic 
zones in regional or sub-regional areas and are not related to the individual faults. 
In near source conditions, as already discussed in chapter 1, it is appropriate to 
assess the effects of asynchronous motions. It is therefore important to evaluate 
the variations of the synthetic parameters based on a site-specific hazard analysis. 
For some structures, it is appropriate to have, also, the spatial variability is of 
ground motion (time-histories). 

In this thesis, a determinist approach was then selected to reproduce the near-
source ground motion with the above discussed simplifications on modelling both 
source and propagation media. 
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3.5.1. Source implementation 

The source model is built by positioning a series of equally spaced, double 
couple point sources along the fault surface, each of them having the same strike, 
dip, rake and time history shape, but different intensity (moment), trigger time, 
rise time (thereby, also the maximum slip-velocity). The sum of point source 
seismic moments is set to be equal to the event seismic moment. 

In order to set parameters for the finite source model we assume that the event 
magnitude (or seismic moment), location and focal mechanism are ‘a priori’ 
known from previous estimation carried out by Bernard & Zollo (1989). 

A rough estimation of the fault length can be also derived from the event 
magnitude using the Wells and Coppersmith relationships: 

ܦܮܴ ൌ 10ୟାୠ∗ெೢ (3.1) 

ܴܹ ൌ 10ୡାୢ∗ெೢ  (3.2) 
where RLD, RW and MW are the subsurface rupture length, the downdip rupture 
width and the moment magnitude respectively, while a, b, c and d are regression 
coefficients. 

The rupture velocity (VR) is assumed constant and equal to the 80% of the shear 
waves velocity in the investigated area. 

The elementary point source spacing and their rise-time are fixed on the basis of 
the maximum frequency chosen for the numerical accelerogram computation. The 
aliasing effect is avoided by positioning the elementary sources at a distance 
smaller than the minimum wavelength given by ߣ ൌ ோܸ ௡݂௬⁄ , with fny is the 

selected Nyquist frequency. 
It was decided to use at least 6 point sources for the minimum wavelength 

(Lancieri & Zollo, 2009), and consequently the source spacing is given by relation 
Δݏ ൌ ߣ 6⁄ . 

In addition, the signals emitted from each elementary source must overlap at the 
receiver, which means  that it is necessary to verify (and correct if necessary) that 
the source duration (rise-time, rt) of each point source has to be greater than the 
time needed by the rupture front to reach each single point source (ݎ௧ ≫ ோܸ Δݏ⁄ ). 

As stated above, low quality factor values (Q) were adopted for shallow layer, 
while higher Q factor values were used for the deepest layer (Lancieri & Zollo, 
2009). 
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3.5.2. The 1980 Irpinia earthquake 

The 1980 Irpinia earthquake is one of the most studied normal faulting event in 
the world. This earthquake (Ms = 6.9), occurred in the southern Apennines, is the 
largest earthquake in Europe in the past 50 years. A detailed discussion of the 
structural and tectonic setting of this area can be found in the works of Westaway 
and Jackson (1987) and Pantosti and Valensise (1990). Surface faulting was first 
reported by Westaway and Jackson (1984 and 1987) and later recognized over a 
broader area by Pantosti and Valensise (1990). Results from these studies allowed 
the identification of a fault scarp associated with the earthquake, which has a total 
length of 38 km. Several fault fragments were identified from an analysis of the 
surface rupture and each of these was associated to a different rupture episode of 
the Irpinia earthquake (Figure 3.28a), which has been detected by the analysis of 
both teleseismic and accelerometric data. The accelerograms recorded during this 
earthquake represent an important data set for investigating the source process in 
extensional regimes. Despite its complexity, detailed reconstructions of the 
faulting process have been made by various researchers. These investigations have 
been carried out successfully thanks to the complete geophysical data set, which 
includes seismometric data at teleseismic and local distances, strong motion data, 
surface faulting observations and elevation changes during the period of seismic 
activity (Westaway and Jackson, 1987; Bernard and Zollo, 1989; Pantosti and 
Valensise, 1990). A question which is remained unsolved was the dynamic 
behaviour of slip and the rupture development on the fault plane during the 
earthquake. The solution of this problem is complicated by the high number of 
source and medium parameters, as well as the results obtained by the analysis of 
geologic, geodetic and seismometric data, because they provide important 
physical constraints for the waveform modelling. The strong motion data contain 
important information on the details of the source mechanism: they can be used 
to provide an accurate picture of the space-time evolution of the rupture process. 
A multi-disciplinary approach allows the faulting process to be reconstructed, 
with emphasis being laid on the most distinctive features of the earthquake 
complexity. The source time function obtained at teleseismic distances (distances 
of over 2000 km) (Bezzeghoud, 1987; Giardini, 1992) revealed that the rupture 
was characterized at least by three different episodes occurring at 0 s, 20 s and 40 
s. Westaway and Jackson (1987) proposed a source model based on forward 
modelling of teleseismic data that enhanced the presence of three main rupture 
episodes. The accelerograms recorded at several sites clearly show two distinct 
seismic events separated by a time lag of 40 s. The seismic radiation of the 20 s 
sub-event is not clearly visible on all the strong motion recordings because it is 
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probably superimposed on the seismic radiation of the main rupture (most of the 
stations are located towards the northwest). 

                                  

               

Figure 3.28   Irpinia 1980 earthquake fault model by Bernard & Zollo (1989). 
The event was characterized by three main rupture segments,  nucleating at 0, 20 
and 40 s. In figure (b) the red stars on grey left panels represent the nucleation 
points for three, while the bold black lines are the fault top (Lancieri & Zollo, 
2009).  
 

a 

b 
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Westaway and Jackson (1987) and Bernard and Zollo (1989) also computed the 
fault plane solutions for the 20 s and 40 s sub-events (Figure 3.28b). All these 
solutions indicate that a complex system of normal faults was activated during the 
1980 Irpinia sequence and that the amount of left-lateral strike-slip solution is 
negligible. Deschamps and King (1983) proposed a fault plane solution containing 
a significant left-lateral strike-slip component; this solution was later shown to 
rely on some ambiguous polarity readings (Westaway and Jackson, 1987). The 
location and the rupture mechanism of the 40 s fault fragment are mainly 
constrained by geodetic and strong motion data. No surface evidence of this sub-
event was recognized. Various locations and geometries have been proposed for 
this fault fragment (Crosson et al., 1986; Westaway and Jackson, 1987; Bernard 
and Zollo, 1989; Siro and Chiaruttini, 1989; Pantosti and Valensise, 1990). Even 
if the geodetic data alone cannot resolve the exact position of this fault fragment, 
there is a diffuse agreement (Bernard and Zollo, 1989; Pantosti and Valensise, 
1990) to locate the 40 s sub-event on a normal fault antithetic to the main fault 
and dipping 70°SW. The 20 s sub-event occurred along a further fault fragment 
located to the southeast of the main fault. Bernard and Zollo (1989) located this 
sub-event using the strong motion recordings. The principal controversy about this 
fault fragment concerns the dip angle. Based on surface breakage investigations 
Pantosti and Valensise (1990) proposed a dip angle of 70°, similar to that of the 
main event, while Bernard and Zollo (1989) proposed a dip angle of 20°. Clearly, 
only for the rupture geometry of the main rupture (0 s) is the agreement 
unanimous. A larger number of accelerograms are available for the main event 
than those available for the 40 s sub-event (only five accelerograms are available 
with a favourable signal-to-noise ratio) and for the 20 s sub-event (just three 
accelerograms have been associated with this sub-event). Cocco and Pacor in 1993 
have studied the evolution of the rupture process along the main fault, believing 
that no more information on the source mechanism of the 20 s sub-event may be 
extracted from the strong motion data due to the poor source coverage. The 
uncertainties on fault geometry and the paucity of accelerograms complicate also 
the theoretical modelling of the 40 s rupture. 

In order to study the distribution of the fault slip of the main event (0 s), Cocco 
& Pacor (1993) have preferred to constrain the fault geometry by using results 
from geological and geodetic investigations as well as data from aftershocks 
(Westaway and Jackson 1987, Bernard and Zollo, 1989; Pantosti and Valensise, 
1990). The goal was to model the waveforms radiated by a purely normal fault, 
dipping 60° NE with a strike of 315°. The first two sub-events were separated by 
a strong barrier that impeded a continuous propagation of the rupture from the 
southern 0 s fault fragment to the 20 s one. The rupture arrest on this barrier and 
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the following nucleation on the 20 s fault complicate any attempt to model the 
rupture propagation along the two fault fragments together as a single fault. 

It is possible to conclude that the rupture history consists of a bilateral rupture 
propagation with a variable rupture velocity. It is evident that the second 
nucleation was located 18 km away from the hypocentre. This rupture behaviour 
allows reproduction of the observed waveforms, in particular those recorded at 
Sturno, Bagnoli Irpino and Calitri stations. 

The slip velocity distribution consists of three main patches: the first one is 
located on the nucleation zone (120 cm/s) and extends to shallow depths. 

With reference only to mainshock (0 s mechanism), Cocco & Pacor (1993) have 
showed that the region of highest slip velocity was close to the rupture nucleation. 
Moreover, two other regions of high slip velocity are localized at 15 km and 22 
km away from the hypocentre, along the direction of strike. The rupture 
propagation towards the northwest was characterized by abrupt changes in rupture 
velocity. The behaviour of slip velocity along the fault is strictly related to the 
fault scarp height observed at the earth surface and seems to be controlled by the 
fault zone structure. The aftershocks are concentrated mostly close to the region 
of maximum co-seismic slip. This rupture model explains the dominant features 
of the rupture process on the assumed fault and the body-wave field radiated at 
frequencies ranging between 1 and 2 Hz. 
 

Numerical simulation 

For the scopes of this research work, reference was made for the first mechanism 
(0 s) to the inversion studies on the source by Cocco & Pacor (1993), whereas for 
the stratigraphy reference was made to the model of Bernard & Zollo (1989), 
widely accepted as the best characterization by the national and international 
scientific community. 

The seismic moment resulting from the inversion proposed (Cocco & Pacor, 
1993) is 1.9e19 N m, which is in close agreement with the value estimated by 
Bernard & Zollo (1989) for the main rupture and for the north-western extension 
(1.3e19 N m). Cocco & Pacor (1993) have analyzed the strong motion 
accelerograms of the 1980 Irpinia earthquake in order to investigate the slip 
distribution and the rupture history during this event. The rupture model was 
studied first by means of a forward waveform modelling following a trial-and-
error approach, and afterwards by applying a linearized inversion of ground 
motion waveforms. The forward waveform modelling and the spectral analysis of 
ground accelerations provided a reliable interpretation of the strong motion 
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recordings, enhancing the most important features of the radiated wave field. 
Moreover, the rupture model resulting from the forward approach was used as 
starting model for the linearized inversion. A linearized tomographic inversion 
has been used with the aim to investigate slip velocity and rupture time 
distribution on an extended fault. Unlike other studies, the fault is not subdivided 
into sub-faults. Furthermore, the fault geometry is not part of the solution.  To 
constrain the faulting mechanism, Cocco & Pacor (1993) have used the results 
obtained in other studies (Westaway and Jackson, 1987; Bernard and Zolo, 1989; 
Pantosti and Valensise, 1990; Amato and Selvaggi, 1921) mainly based on 
independent data (such as geodetic, geologic and local seismometric data). 

The spatial distribution of the dip component of slip velocity shown in Figure 
3.30 was obtained by the data inversion (Cocco & Pacor, 1993) imputed from a 
starting model (Figure 3.29a) with two patch having constant velocity slip, whose 
rupture time is shown in Figure 3.29b. 

 

 

Figure 3.29   Starting model for data inversion. (a) Rupture time (s). The rupture 
velocity is constant (2.6 km/s). The Slip velocity (b) distribution (cm/s) consists 
of two patches: the first one homogeneously covers the portion of the fault plane 
modelled with the forward approach; the second patch is located on the 
northwestern extension of the earthquake rupture (Cocco & Pacor, 1993).  
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Figure 3.30   Source model of the first mechanism (Irpinia 1980 earthquake): (a) 
slip map; (b) rupture time distribution; (c) slip velocity and (d) rupture duration 
(modify from Cocco & Pacor, 1993). 

 

Cocco & Pacor (1993) have shown that the results obtained from the waveform 
inversion indicate that the rupture was quite heterogeneous. Looking at the 
similarity of the solutions derived by the comparison of different inversion 
solutions obtained using different starting models in order to verify the effect of 
the initial conditions, the authors conclude that the results do not depend on the 
choice of the starting model. 
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Figure 3.31   Source model of the second mechanism: slip map (a) and rupture 
time distribution (b). 

 

For the second and the third sub-event of the 1980 earthquake no detailed 
information is available in literature. Simplifying assumptions were made 
accounting for the indications of Westaway & Jackson (1984, 1987) Bernard & 
Zollo (1987), Cocco & Pacor (1993), Lanceri & Zollo (2009) and Ameri et al. 
(2011). 

In particular, on the basis of experimental observations, the second mechanism 
may be considered an extension of the first mechanism, although in delayed 
trigger. Many authors argue that the slip-map of the first mechanism consists of 
two different macro-patches and a bilateral rupture (Cocco & Pacor, 1993). The 
slip-map of the first mechanism may be assumed made of a single asperity of 
semi-circular shape with maximum intensity on the North side (i.e. at the 
hypocenter), in continuity with the rupture towards the South of the mechanism 1 
(Figure 3.31). 

For the third mechanism, consistently with what suggest by Lanceri & Zollo 
(2009) to define the shake-map of the earthquake of 1980, a map of slip (Figure 
3.32) almost uniform has been considered, consisting of a roughness having size 
comparable to the characteristic length of the fault and maximum intensity at the 
hypocenter. The propagation of the rupture was assumed parallel to the strike as 
for the other two mechanisms and oriented according to Bernard & Zollo (1989). 

For the second and third sub-events, the assumed distribution of slip consists of 
one asperity, with an average intensity consistent with the seismic moment 
proposed by Bernard and Zollo (1989) and regression studies by Wells & 
Coppersmith (1994). To the assumed slip-map at low frequencies, a random 
roughness having small asperities (high frequency slip-map, lower wavelengths 
excited) with k-square (Gallovič & Brokešová, 2007) or Gaussians (Del Gaudio, 
2014) formulations or similar approaches was added. 
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Figure 3.32   Source model of the third mechanism: slip map (a) and rupture time 
distribution (b). 

 

3.5.3. Future seismic scenarios 

For the site of Conza della Campania six different seismic scenarios were 
considered. For all scenarios, the stratification of the propagation medium 
unchanged is considered (paragraphs §3.4.1 and §3.4.2). 

In constructing the future scenarios reference was made to the source mechanism 
activated during the 1980 Irpinia earthquake. In particular, the first and the third 
mechanism were considered. The second mechanism is quite far from the site and 
its contribute to the seismic motion is minor (Cocco & Pacor, 1993). 

As shown in Figure 3.33, the assumed scenarios may be divided into two groups, 
each containing three events: 

 1a, 1b and 1c reproduce the first mechanism of the 1980 Irpinia earthquake; 
 3a, 3b and 3c reproduce the third mechanism of the 1980 Irpinia earthquake. 

In the Figure 3.33 the numbers indicate the reference mechanism (1st and 3rd) 
and the letters indicate a different scenario in the adopted slip map. 
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Figure 3.33   Future scenarios, simulated in this thesis work, for dynamic studies 
on Conza dam. In figure (a) are shown the scenarios based on first Irpinia 1980 
mechanism, in figure (b) are reported the scenarios related the third event of 
Irpinia earthquake (modify by Lancieri & Zollo 2009). 
 

Six different slip maps were used. To determine these maps, for each scenario 
were added two contributions (Del Gaudio, 2014): the first resulting by large 
asperities (low-frequencies slip map, LF); the second related to a stochastic 
distribution of 2D Gaussian functions (Figure 3.34) according to the formulation: 

݂ሺݔԦሻ ൌ ݁ܣ
ି
ଵ
ఙమ
ሺ௫బሬሬሬሬԦ,௫Ԧሻ

మ

 (3.3) 

where ݔ଴ሬሬሬሬԦ and ݔԦ represent respectively the positions of the centre of the Gaussian 
and of a generic point on the fault surface; a indicates the amplitude of the slip, 
connected to the single Gaussian. It can be appropriately determined as a rate of 
the average value determined by the LF-slip map (A(L)=a * slipmean * (l-lmin)/(lmax-lmin) 
with l, lmin and lmax the patch length, min and max dimension respectively and a is 
a weighting factor). Finally, the standard deviation, ߪ, is a function of the 
wavelength related to the characteristic size of the asperities: 

ߪ ൌ
1

2
∙  ሽ (3.4)ܹ;ܮሼݔܽ݉

where L and W are the strike and dip length, respectively. 
By summing of several Gaussians, conveniently weighted on patch extension, the 
high-frequencies slip map (HF) is obtained. 
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Figure 3.34   Overlap of nine, uniformly spaced, 2D Gaussian functions (Del 
Gaudio 2014). 

 

As proposed by Del Gaudio (2014), the LF-slip map can be identified through 
inversion at low frequencies (f < 0.5 Hz) of the seismic source, while for higher 
frequencies random patches may be applied.  

A slip broadband map (0 < f ≤ 7.5 Hz) is obtained by superimposing the LF and 
HF slip distribution. The seismic moment of broadband slip map is equal to the 
sum of the seismic moments of the LF and HF components. The expected seismic 
moment is obtained from the single LF slip map, while the high-frequency 
components may be small or large, because generated by the superposition of 
random distributions. Consequently, a redistribution of seismic moment (and of 
the displacements) should be later made. 

For all scenarios the magnitude was set equal to 6.5, according to the historical 
seismicity in the Campano-Lucano Apennine. 

As the position hypocenter regards, due to the stress drop caused by the 1980 
Irpinia earthquake, the actual stress state acting on the three fault surface is now 
reduced and a stress migration (accumulation) moved along fault borders. It is 
therefore possible that a future triggering mechanism takes place on the outside of 
the pre-existing faults as already observed for San Andreas fault (Housner et al., 
1990). For each of the two mechanisms at the base of the six design scenarios, the 
hypocenter was then placed at the edges of the fault segments activated during the 
1980 Irpinia seismic sequence. An extension of the fault, outside the previously 
activated surfaces, was considered (Figure 3.33). 
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Figure 3.35   Scenario 3a. (a) LF-slip map containing three large asperities. (b) 
HF-slip map obtained by random application of 2D Gaussian functions of 
different sizes and positions. (c) Fourier amplitude of Gaussian slip distribution 
compared to an equivalent k-2 decay trend (black lines). (d) Broadband slip map 
(LF+HF) and the isochrones (black circumferences) relative to a 6.5 magnitude 
event. (e) Fourier amplitude of the final slip (figure d) compared to k-2 decay trend. 
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The planar extension was determined according to the relationships (3.1) and 
(3.2). A rupture propagation velocity of 0.8 VS has been considered to define the 
isochrones. 

For the seismic scenario 3a (Figure 3.33), in Figure 3.35 the LF and HF maps of 
slip are shown together with the isochrones and the final broadband. Finally, the 
Figure 3.36 shows the slip map of the other five scenarios simulated in this 
research work. 

 
Figure 3.36   Slip map of the other five scenarios simulated. From figure (a) to 
(e), the scenarios 1a, 1b, 1c, 3a and 3c are shown. The corresponding isochrones 
are indicated with black lines. 
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 Boundary Value Problem 

 Coupled formulation 

Let the particles of the medium move with velocity ሾݒሿ. In an infinitesimal time 
dt, the medium experiences an infinitesimal strain determined by the translations 
 may be ,ߦ ,and the corresponding components of the strain-rate tensor ݐ݀	௜ݒ
written as: 

௜௝ߦ ൌ
1

2
൫߭௜,௝ ൅ ௝߭,௜൯ (4.1) 

where partial derivatives are taken with respect to components of the current 
position vector [x]. 

The equations of motion (4.7), together with the definitions (4.1) of the rates 
of strain, constitute nine equations in fifteen unknowns (6 + 6 components of the 
stress and strain rate tensors and 3 components of the velocity vector). Six 
additional relations are provided by the constitutive equations that define the 
behavior of the particular material at hand. Soil behavior is usually expressed in 
the form: 

ሾුߪሿ௜௝ ൌ ,௜௝ߪ௜௟൫ܪ ,௜௝ߦ  ൯ (4.2)ߢ

in which ൣ  ,(௜௝ߪ) ௜௝൧is the co-rotational stress-rate tensor, [H ] is a function of stressߪු

strain-rate (ߦ௜௝) and history of loading (κ). The co-rotational stress rate [ුߪ] is equal 

to the material derivative of the stress as it would appear to an observer attached 
to the material point and rotating with it at an angular velocity equal to the 
instantaneous angular velocity [߱] of the material. Its components are defined as: 

ሾුߪሿ௜௝ ൌ
௜௝ߪ݀

ݐ݀
െ ߱௜௞ߪ௞௝ ൅  ௜௞߱௞௝ (4.3)ߪ

in which ݀ሾߪ	ሿ/݀ݐ is the material time derivative of ሾߪ	ሿ, and ሾ߱ሿ	is the rate of 
rotation tensor. 
 

 
The differential equations describing the fluid-mechanical response of a porous 

multi-phase material are summarized below. 
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4.1.1. Darcy’s Law 

The fluid transport is described by Darcy’s law and for a homogeneous, isotropic 
solid and constant fluid density, this law is given in the form: 

௜ݍ ൌ െ݇௜௟	 ෠݇ሺ௦ሻൣ݌ െ	ߩ௙ ௝ݔ ݃௝ ൧௟
 (4.4) 

where qi is the specific flow vector, p is pore pressure, k is the tensor of absolute 

permeability of the medium, ෠݇ሺ௦ሻ is the relative permeability which is a function 

of fluid saturation s, ߩ௙ is the fluid density, gi is i-th component of the gravity 

vector g. For saturated/unsaturated flow the air pressure is assumed to be constant 
and equal to zero.  

 

4.1.2. Balance Laws 

For small deformations, the fluid mass balance may be expressed as 

െݍ௜,௜ ൅ ௩ݍ ൌ
ߞ߲

ݐ߲
 (4.5) 

where qv is the volumetric fluid source in [1/sec], and ߞ is the variation of fluid 

content or variation of fluid volume per unit volume of porous material due to 
diffusive fluid mass transport, as introduced by Biot (1956). 

The balance of momentum has the form: 

௜௝,௜ߪ ൅ ௜݃ߩ ൌ ߩ
݀߭௜
ݐ݀

 (4.6) 

where ߩ ൌ ሺ1 െ ݊ሻݏߩ ൅  are the ݓߩ and 	ݏߩ is the bulk density, and ݓߩ	ݏ	݊
densities of the solid and fluid phase, respectively. Note that ሺ1 െ ݊ሻݏߩ 
corresponds to the dry density of the matrix,	ρd (i.e., ρ = ρd +n s ρw ). 

If the acceleration dv/dt is zero the equation (4.6) provides static equilibrium 
of the medium, and so it reduces to: 

௜௝,௝ߪ ൅ ݅݃ߩ ൌ 	0 (4.7) 
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4.1.3. Equilibrium equation of the liquid phase 

The variables that govern the fluid diffusion in a porous medium are the pore 
pressure, p, saturation, s, and mechanical volumetric strains, ߳. In particular, the 
response equation for the pore fluid constitutive equation is formulated as: 

1

ܯ

݌߲

ݐ߲
൅
݊

ݏ

ݏ߲

ݐ߲
ൌ 	
1

ݏ
ሺݍ௩ െ ௜,௜ሻݍ െ ߙ

߲߳

 ݐ߲
(4.8)

 

where n is the porosity, M is the Biot modulus [N/m2] and ߙ is the Biot 
coefficient (Appendix C). 

The coupled deformation-diffusion process is formulated within the 
framework of the quasi-static Biot theory. Various types of fluids, including 
gas and water, can also be represented. 

 

4.1.4. Range of applicability of the different coupled formulations 

Zienkiewicz et al. (1980), starting from the generalized Biot theory, derived two 
simplified formulations  applicable only if the actions induced by the external 
loads are such that the inertial terms are, all or in part, negligible: 

• u-p formulation, in which the inertial terms of the fluid displacement relative 
to soil are neglected; 

• quasi-static or consolidation formulation, in which all inertial terms are absent. 

In relations (4.9), (4.10) and (4.11) display the equilibrium equations of the fluid 
phase, respectively, for the complete, reduced and quasi-static formulation: 

complete 

n

w
uwkgp i

fifiijifi


   1

,  
(4.9)

 

u-p  

f
ijfijijfijiiijij K

p
nukgkpk


  ,,,, )()()( 

 (4.10)
 

quasi-static 

f
ijfijiiijij K

p
ngkpk


  ,,, )()( 

 (4.11)
 

where k is the mean permeability, Kf the water bulk modulus, u the soil 
displacement and w the relative soil-water displacement. 
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With reference to the one-dimensional problem shown in Figure 4.1, in which 

is represented a periodic force tieqq   on the surface of a homogeneous elastic 

medium on impermeable layer, Zienkiewicz et al. (1980) established the limits 
of the use of various treatises (Figure 4.2). In particular, they are referred to the 

dimensionless values: 1  function essentially of the permeability (k) of the 

porous medium; 2  function of the ratio between the speed of load application 

(pulsation  ) and the dominant frequency of the system (1/ T̂ ). Always in 
Figure 4.2 have been identified three areas of applicability of the various 
formulations of the theory of Biot: 

 Zone I: slow phenomena, where we can also apply the quasi-static 
formulation (in addition to the other two); 

 Zone II: phenomena of average speed, in which we can apply the 
reduced u-p formulation (in addition to complete formulation); 

 Zone III: fast phenomena, in which only the complete Biot formulation 
can be applied. 

We can also see that for 
2

1 10 the soil behaviour can be considered 

completely drained, while the case of behaviour completely undrained we have 

for 
2

1 10 . 

The above concepts have been particularized for the application problem of this 
research, and it has been found that at least a u-p formulation must be used. The 

latter differs from equation (4.11) only for the term ijfij uk ,)(  . 

A simple algorithm that added up step by step on the pore pressure of the single 

node the ijfij uk ,)(   value, calculated with reference to the values of the 

previous step, was developed to switch the u-p formulation, starting from the 
quasi-static case (4.11). 
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Figure 4.1 Scheme of the model analyzed by Zienkiewicz et al. (1980). 
Homogeneous layer subject at a periodic force on the surface. 
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Figure 4.2 Areas of validity for different formulations of the Biot theory. 
(Zienkiewicz et al, 1980). 

 

 Soil constitutive law 

Soils can rarely be described as ideally elastic or perfectly plastic, but simple 
elastic and plastic models form yet the basis for the most traditional geotechnical 
engineering calculations. With the advent of cheap powerful computers the 
possibility of performing analyses based on more realistic models has become 
widely available. One of the aims of this paragraph is to describe the basic 
ingredients of a soil model and to demonstrate pro and cons of different type of 
soil models in numerical analyses. Such analyses are often regarded as 
mysterious black boxes but a proper appreciation of their worth requires an 
understanding of the features of the constitutive models on which they are based. 

 

4.2.1. Simplified models 

4.2.1.1. Hysteretic model 

The equivalent-linear method has been in use for many years to calculate 
wave propagation (time histories and response spectra) in soil and rock under 
seismic excitation. The method does not directly capture any nonlinear effects 
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because it assumes linearity during the solution process; strain-dependent 
modulus and damping functions are only roughly taken into account considering 
an equivalent deformation for the entire signal (as in Shake, QUAD4, etc.), in 
order to approximate some effects of nonlinearity (damping and material 
softening). Although fully nonlinear codes ( e.g. Abaqus, Diana, GeoMadrid 
for FEM code, and Flac for DEM)  are capable - in principle - of modeling the 
correct physics, they are difficult to be applied in routine computations. One 
reason is that the available constitutive models are too complicated and, then, 
there is the need for a long calibration process to define all parameters.  

A further motivation to use a hysteretic damping model is to overcame the need 
for additional damping to avoid numerical spurious oscillation.  

 
Formulation 

Nonlinear stress/strain response implies stiffness modulus degradation. If we 
consider an ideal soil, in which the stress depends only on strain (not on the 
number of cycles or time), we can derive an incremental constitutive relation 

from the degradation curve, described by 
ఛത

ఊ
ൌ  ௦, where ߬̅ is the normalizedܯ

(on G0) shear stress, ߛ is the shear strain and Ms is the normalized secant 

modulus. 

߬̅ ൌ  (4.12) ߛ௦ܯ

Once defined the normalized secant modulus, the normalized tangent modulus 
may be written as: 

௧ܯ ൌ
݀߬̅

ߛ݀
ൌ ௦ܯ ൅ ߛ

௦ܯ݀

ߛ݀
 (4.13) 

The incremental shear modulus in a nonlinear simulation is then given by G0 * 
Mt , where G0 is the small-strain shear modulus of the material. 

Note that the Masing rule is used when applying the formulation presented in 
(4.13). For the first loading cycle, both stress and strain axes are scaled by one-
half compared to those for subsequent cycles. 

 



 
Chapter 4  Boundary Value Problem 

4-8  
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Figure 4.3 Shear stress vs shear strain predicted by  mens the hysteretic model for 
three different imposed shear strains: (a) 0.1%, (b) 1% and (c) 10%. 

 

Many hysteresis models are developed by noting that the S-shaped curve of 
modulus versus logarithm of cyclic strain can be represented by sigmoidal curves. 

The sigmoidal curves are monotonic within the defined range of strains and have 
the appropriate asymptotic behavior, this makes the functions well-suited for the 
purpose of representing modulus degradation curves. In this model formulation, 
the secant modulus, MS, can be expressed as: 

௦ܯ ൌ ௢ݕ ൅
ܽ

1 ൅ ܮሺെሺ݌ݔ݁ െ ௢ሻ/ܾሻݔ
 (4.14) 

where a, b, xo and yo are parameters regulating the curvature and position of the 

G/G0 –   curve, to calibrate on experimental data. In equation (4.14), the strain 
variable is hidden in L which is logarithmic strain with base 10. 
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4.2.1.2. Damage Model 

Under seismic loads, irreversible volumetric strains of the soil skeleton may 
occur due to grain rearrangement. If the voids are filled with fluid, then the 
pressure of the fluid increases, and the effective stress acting in the soil 
decreases.  

This mechanism has been modelling by Finn (1975), and later noted by Byrne 
(1991) who provided a simplified version of the Finn empirical equation, that 
relates the increment of volume decrease, Δ߳௩ௗ, to the cyclic shear-strain 
amplitude, ߛ: 

Δ߳௩ௗ
ߛ

ൌ ݌ݔଵ݁ܥ ቆെܥଶ ൬
Δ߳

ߛ
൰ቇ (4.15) 

where C1 and C2 are model parameters. The author suggests to express ܥଶ as 

function of ܥଵ, according to ܥଶ ൌ
଴.ସ

஼భ
, so  (4.15) that only one parameter is 

required. Byrne (1991) has noted that, C1, can be derived from relative densities, 
Dr, as follows. 

ଵܥ ൌ 7600ሺܦ௥ሻ
ିଶ.ହ (4.16) 

Further, using an empirical relation between Dr and the normalized standard 

penetration test values, ሺ ଵܰሻ଺଴: 

௥ܦ ൌ 15ሺ ଵܰሻ
ଵ/ଶ

଺଴
(4.17) 

then, 

Cଵ ൌ 8.7ሺNଵሻ
ିଵ.ଶହ

଺଴
(4.18) 

In the three-dimensional case (4.15) should be expressed in tensorial notation. 
The six strain components are as follows: 

ϵଵ ൌ ϵଵ ൅ Δeଵଶ (4.19) 

ϵଶ ൌ ϵଶ ൅ Δeଶଷ (4.20) 

ϵଷ ൌ ϵଷ ൅ Δeଷଵ (4.21) 

ϵସ ൌ ϵସ ൅
ሺΔeଵଵ െ Δeଶଶሻ

√6
(4.22) 
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ϵହ ൌ ϵହ ൅
ሺΔeଶଶ െ Δeଷଷሻ

√6
(4.23) 

ϵ଺ ൌ ϵ଺ ൅
ሺΔeଷଷ െ Δeଵଵሻ

√6
(4.24) 

Denoting the previous point by superscript (◦), and the one before that with 

(◦◦), the previous unit vector, ݊௜
௢ , in strain space is computed: 

߭௜ ൌ ߳௜
௢ െ ߳௜

௢௢ (4.25) 

ݖ ൌ ඥ߭௜߭௜ (4.26) 

݊௜
௢ ൌ

߭௜
ݖ

 (4.27) 

where subscript i takes the values 1 to 6, and repeated indices imply summation. 
The projection d of the new vector, ߳ଵ െ ߳௜

௢, from the old point to the new 
point is given by the dot product of the new vector with the previous unit vector: 

݀ ൌ ሺ߳ଵ െ ߳௜
௢ሻ݊௜

௢ (4.28) 

Using the rule that d must be negative, the new strain segment corresponds to 
a reversal compared to the previous segment. It is important to monitor the 
absolute value of d and do the following calculation when it passes through a 
maximum, dmax, provided that a minimum number of timesteps has elapsed (to 
prevent the reversal logic being triggered again on transients that immediately 
follow a reversal). This threshold number of timesteps is controlled by the 
latency, which is set to 50.0 in the runs. 

ߛ ൌ ݀௠௔௫ (4.29) 

߳௜
௢௢ ൌ ߳௜

௢ (4.30) 

߳௜
௢ ൌ ߳௜  (4.31) 

Having obtained the engineering shear strain, we insert it into (4.15) and obtain 
Δ߳௩ௗ. It is then possible to update ߳௩ௗ, as follows, and save it for use in (4.15). 

߳௩ௗ ൌ ߳௩ௗ ൅ Δ߳௩ௗ (4.32) 

We also save one-third of  Δ߳௩ௗ and revise the direct strain increments input to 
the model at the next cycle: 

Δ߳ଵଵ ൌ Δ߳ଵଵ ൅
Δ߳௩ௗ
3

 (4.33) 
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Δ߳ଶଶ ൌ Δ߳ଶଶ ൅
Δ߳௩ௗ
3

 (4.34) 

Δ߳ଷଷ ൌ Δ߳ଷଷ ൅
Δ߳௩ௗ
3

 (4.35) 

One effect that has been shown to be very important is the effect of rotation of 
principal axes: volume compaction may occur even though the magnitude of 
deviatoric strain (or stress) is kept constant. Such rotations of axes occur 
frequently in earthquake situations.  
 

4.2.2. Advanced soil constitutive models: overview 

A constitutive model is a mathematical description of the stress–strain 
relationship for a given material. Conventional plasticity models require the 
definition of: (i) the yield surface, (ii) the flow rule or plastic potential and (iii) 
the hardening rule including strain hardening and yield surface translation rules. 
The complexity of a constitutive model depends on the type of material to be 
simulated. However, unlike structural materials (e.g., concrete, steel), soil 
behaviour is governed by the presence of water in addition to solid (soil particles). 
The complex nature of clays cannot be simulated satisfactory by simple models 
(e.g., von Mises, Mohr-Coulomb), as their behavior is known to be dependent on 
confining pressure and over-consolidation ratio (OCR), and they exhibit a 
significant degree of anisotropy in the in-situ state. The dependence on confining 
pressure and to some extent on OCR can be simulated by the Modified Cam-Clay 
model (MCC) (Roscoe and Burland, 1966), which is based on Critical State Soil 
Mechanics (CSSM) theory developed at Cambridge University (Roscoe and 
Poorooshasb, 1963; Roscoe et al., 1963, 1958). 

Over the years, a number of constitutive models have been developed to simulate 
the cyclic loading of cohesive and non-cohesive soils (with emphasis, for these 
last, on cyclic mobility and/or flow liquefaction), which may be divided into 
several categories depending on their fundamental characteristics, such as multi-
surface models (e.g. Iwan, 1967; Mròz, 1967 and 1969; Prevost, 1978; 
Cubrinovski & Ishihara, 1998; Yang et al., 2003; Yang & Elgamal, 2008), two-
surface models (e.g. Poorooshasb & Pietruszczak, 1986; Manzari & Dafalias, 
1997; Gajo & Wood, 1999; Papadimitriou et al., 2001; Papadimitriou & 
Bouckovalas, 2002; Loukidis & Salgado, 2009), bounding surface models (e.g. 
Hachiguchi & Ueno, 1977; Wang et al., 1990; Li et al., 1999, Li, 2002) and 
generalized plasticity models (e.g. Pastor  et al., 1990; Iai et al., 1992; Ling & Liu, 
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2003; Ling & Yang, 2006). Furthermore, there are models that are built on 
classical elastoplasticity by complementing it with key constitutive concepts, like 
the multi-laminate concept (e.g. Park & Byrne, 2004), an endochronic 
densification law (e.g. Lopez-Querol  &  Blazquez, 2006), the middle surface 
concept (e.g. Yang et al., 2006), the disturbed state concept (e.g. Park &  Desai, 
2000) and the multiple-mechanism concept (e.g. Aubry et al., 1982; Hujeux, 1985; 
Aubry et al., 1990). In addition to the above, there are models that go beyond 
elastoplasticity, like the hypoplastic ones (e.g. Bauer & Wu, 1993). These models 
postulate that the stress-strain rate relationship depends not only on the current 
stress state but also on the stress rate itself. In accordance with this concept, the 
dependence of the plastic strain rate direction on the stress rate direction has been 
introduced. Hypoplastic constitutive models have been developed since 1980’s 
and now they have established a solid base for an alternative description of soil 
behaviour, without an explicit definition of yield and potential surfaces (Pastor  et 
al., 1990). Recent hypoplastic models (Iai et al., 1992; Yang et al., 2003) include 
the concept of critical states and have been successfully adopted for solving 
different boundary value problems within coarse-grained soils. The progress of 
hypoplastic models for fine-grained soils has been delayed. Rate-dependent (Li et 
al. 1999; Yang & Elgamal, 2008) and rate-independent (Manzari & Dafalias, 
1997; Papadimitriou et al., 2001) hypoplastic models for clays may be very 
promising. 

One of the main aspects of soil behaviour, incorporated in many elasto-plastic 
constitutive models, is the presence of a surface in the stress-porosity space which 
bounds all possible stress states (state boundary surface). Hypolastic models do 
not incorporate the state boundary surface explicitly in the mathematical 
formulation. However, as demonstrated by Hashiguchi & Ueno (1977) for a 
particular hypoplastic model developed for clay, state boundary surface is 
implicitly predicted by the constitutive equation. 

Iwan (1967) and Mròz (1967, 1969) independently, have been the first to 
introduce models with several surfaces, enclosing each other, of progressively 
larger size. As the stress point reaches a larger surface, the stiffness reduces, 
resulting in increased hysteretic work. A bounding surface framework, presented 
for metals by Dafalias and Popov (1975) and then incorporated for soils by 
Dafalias (1986b), Dafalias and Herrmann (1986), and Anandarajah and Dafalias 
(1986), is another approach to simulate plastic deformations within the yield 
surface. Unlike in the models by Iwan and Mròz, stiffness change within the yield 
surface is continuous in the bounding surface formulation. In addition, the 
formulation does not require storing in memory a finite number of surfaces for 
better simulation of stiffness reduction for the stress states inside the yield surface. 
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The bounding surface framework is popular due to its simplicity and has been 
incorporated into different models to simulate soil response. In the bounding 
surface formulation, the yield surface is replaced by a bounding surface, which 
accounts for loading history. The bounding surface allows development of plastic 
deformation for the stress states inside it. A Simple ANIsotropic CLAY plasticity 
(SANICLAY) model developed by Dafalias (1986a), Dafalias et al. (2006) allows 
simulations of induced anisotropy by incorporation of rotational and distortional 
hardening in a so-called yield surface, which encloses the very small elastic 
domain.  

Although  these  models  present  the  foregoing  differences  in their fundamental 
characteristics, the most recent ones usually share constitutive ingredients that 
have offered improved simulations. Specifically, since the mechanical response of 
sand is characterized by infinite normal consolidation lines (NCL) depending on 
the initial conditions of void ratio and confining pressure, the critical state 
constitutive models that retained the unique NCL idealization from clay response 
had difficulties in producing quantitatively accurate simulations for all initial 
conditions. Hence, the introduction of the state parameter ߰ of Been & Jefferies 
(1985) in constitutive equations, either implicitly (by Jefferies, 1993, for 
monotonic loading) or explicitly (by Manzari & Dafalias, 1997, for both 
monotonic and cyclic response), allowed the use of a single set of model constants 
for successful simulations for any initial void ratio or confining pressure. 
Thereafter, this concept has been implemented in many constitutive models 
regardless of their fundamental characteristics (e.g. the bounding surface model 
of Li et al. (1999), the two-surface model of Papadimitriou & Bouckovalas (2002), 
Dafalias & Manzari (2004) and the generalized plasticity model of Ling & Yang 
(2006)). 

In addition, various functions of integrals of strain histories during the shearing 
phase have appeared in the literature as scalar multipliers of the plastic modulus 
(e.g. in the generalized plasticity model of Pastor et al., 1990). Such a plastic 
modulus multiplier was first explicitly related to evolving sand fabric by 
Papadimitriou (1999) and Papadimitriou et al. (1999) in their integrated approach 
to account, not only for the densifying effect related to contractive phases of 
shearing, but also for the opposite effects related to dilation. In parallel, focusing 
merely on sand fabric evolution due the dilation, Dafalias & Manzari (1999) 
proposed a scalar multiplier of the dilatancy aiming primarily on accurately 
simulating the cyclic mobility phase of shearing. This constitutive concept related 
to evolving sand fabric has continued to appear in the literature, in different forms 
of scalar multipliers of either the plastic modulus (e.g. in generalized plasticity 
models by Ling & Liu, 2003; Ling & Yang, 2006; in two-surface models 
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Papadimitriou et al., 2001; Papadimitriou & Bouckovalas, 2002), or of the 
dilatancy (e.g. in multi-surface models Yang et al., 2003; Yang & Elgamal, 2008; 
in two-surface models Dafalias & Manzari, 2004), or as an endochronic 
densification law (Lopez-Querol & Blazquez, 2006). 

Given the foregoing recent advances, many constitutive models are now able to 
simulate the hysteretic response of sands for small to medium shear strains 
(Vucetic, 1994) and to reproduce the excess pore pressure build-up in undrained 
loading under large cyclic shear strains, as well as the well-known ‘‘butterfly’’ 
shaped loops in the effective stress path that are related to cyclic mobility. 
Nevertheles, quantitative accuracy of the response for all cyclic strain levels with 
the same set of model constants has been demonstrated by Papadimitriou et al. 
(2001) and Papadimitriou & Bouckovalas (2002), who adopted the constitutive 
two-surface model of Manzari & Dafalias (1997), and introduced two key 
constitutive elements: (a) a Ramberg-Osgood type non-linear hysteretic 
formulation of the “elastic” moduli, that governs shear modulus degradation and 
hysteretic damping increase for small to medium cyclic shear strains, and (b) a 
scalar multiplier of the plastic modulus, as defined in Papadimitriou et al. (1999) 
and Dafalias & Manzari  (2009), which governs soil response from medium to 
large cyclic shear strains. 

Although many plasticity based models have been proposed for soils, alternative 
approaches, same in contrast with the plasticity theories were developed such as 
these based on thermodynamic frameworks (Coleman and Gurtin, 1967 and 
Lubliner, 1972). 

Ziegler (1983) introduced the concept that a constitutive model of a deformable 
solid may be completely defined by the use of two potential functions: energy and 
dissipation. These two functions allow the constitutive low to be written in a 
compact and consistent framework for the computation of the stress-strain 
response. Collins and Houlsby (1997) developed an approach called 
“hyperplasticity” theory which adopts Ziegler’s concept. These hyperplastic 
models have been developed only in the late 90s and even now encounter many 
difficulties to replace more established theories, such as the Generalized and 
Bounding Surface Plasticity models. 

A summary of the main aspect of the Generalized and Bounding Surface 
Plasticity will be reported, following the work  of Zienkiewicz et al. (1999) and 
Papadimitriou et al. (2001), respectively. 
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4.2.2.1. Generalized plasticity 

In the following, boldface characters will be used for tensors, uppercase (such 
as D) denoting fourth-order tensors Dijkl and lower case (such as a) for second-
order tensors ߪ௜௝. 

It is convenient to use a vector matrix representation of tensorial magnitudes in 
numerical  computations; fourth-order tensors corresponding to matrices and 
second order tensors to vectors.  
The convention for products and its matrix equivalence is: 

:ܣ ܤ ≡ ௜௝௞௟ܤ௜௝௞௟ܣ 	vs ܤܣ	 ≡  ௜௝ (4.36)ܤ௜௝ܣ

Double dot denotes contracted product in last two indexes. 
The response of the material does not depend on the velocity, whereby the stress 

varies the relationship between the increments of stress and strain can be written 
as: 

݀߳ ൌ Φሺ݀ߪሻ (4.37) 

Where  Φ is a function of the increment of the stress tensor ݀ߪ and variables 
describing the “state” (or history) of the material. This is a general relation 
embracing most nonlinear, rate-independent constitutive laws. 

An inverse form is: 

dσ ൌ Ψሺdϵሻ	 ሺ4.38ሻ	

As the material response does not depend on time, 
߳݀ߣ ൌ Φሺߪ݀ߣሻ 

where ߣ ∈ Ըା is a positive scalar (Darve 1990). 
Consequently, Φ is a homogeneous function of degree 1, which can be written 

as: 

Φ ൌ
∂Φ

∂ሺ݀ߪሻ
: 	ሺ4.39ሻ ߪ݀

 
 
from which the increments of stress and strain are related by: 

݀߳ ൌ :ܥ  ߪ݀

ߪ݀ ൌ :ܦ ݀߳ 
ሺ4.40ሻ	

where: 
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C ൌ
∂Φ

∂ሺ݀ߪሻ
ሺ4.41ሻ	

is a fourth-order tensor, homogeneous, of degree zero in ݀ߪ. Before continuing, 
some basic properties of C will be described. 

We will consider a uniaxial loading-unloading-reloading test schematized in 
Figure 4.4 where the Constitutive tensor C is a scalar, the inverse of the slope at 
the point C. 

As can be seen, the slope depends on the stress level, being smaller at higher 
stresses. However, if we compare the slopes at points A1, A2 and A3, they are not 
the same, and C depends on past history (stresses, strains, modification of material 
microstructure, etc.) 

Taking a closer look at point C, it can be seen that, for a given point, different 
slopes are obtained in “loading” and “unloading”, which implies a dependence on 
the direction of stress increment.  

This dependence is only on the direction, as C is a homogeneous function of 
degree zero on ݀ߪ. 

Therefore, in this simple one-dimensional case, it is possible to write for loading: 

݀߳௅ ൌ :௅ܥ  (4.42) ߪ݀

and for unloading: 
݀߳௎ ൌ :௎ܥ  ߪ݀

 
Figure 4.4   General stress-strain behaviour (Zienkiewicz et al, 1999). 

If we consider an infinitesimal cycle followed by ݀ߪ, the total change of strain 
is not zero. This kind of constitutive law, (4.43), has been defined by Darve (1990) 
as incrementally non-linear. 

݀߳ ൌ ݀߳௅ ൅ ݀߳௎ ൌ ሺܥ௅ െ :௎ሻܥ ߪ݀ ് 0 (4.43) 
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There are several alternatives to introduce the dependence on the direction of the 
stress increment, among which it is worth mentioning the multilinear laws 
proposed by Darve and co-workers in Grenoble (Darve and Labanieh, 1982), or 
the hypoplastic laws of Dafalias (1986) or Kolymbas (1991). However, the 
simplest consists of defining in the stress space a normalized direction n for any 
given state of stress, such that all possible increments of stress are separated into 
two classes, loading and unloading: 

݀߳௅ ൌ :௅ܥ ߪ݀ for ݊: ߪ݀ ൐ 0             (loading) 

݀߳௎ ൌ :௎ܥ ߪ݀ for ݊: ߪ݀ ൏ 0             (unloading) 
(4.44) 

Neutral loading corresponds to the limit case for which: 

:࢔ ࣌ࢊ ൌ ૙ (4.45) 

This is the starting point of the Generalized Theory of Plasticity, introduced by 
Zienkiewicz and Mroz (Mroz & Zienkiewicz, 1985) and later extended by Pastor 
and Zienkiewicz (Zienkiewicz,  Leung & Pastor, 1985; Pastor et al., 1985, Pastor; 
Zienkiewicz & Chan 1990). 

Introduction of this direction discriminating between loading and unloading 
defines a set of surfaces which is equivalent to those used in Classical Plasticity 
as will be shown later, but these surfaces need never be explicitly define. 

Continuity between loading and unloading states requires that constitutive 
tensors for loading and unloading are of the form: 

௅ܥ ൌ ௘ܥ ൅
1

௅ܪ
݊௚௅ ∙ ݊ (4.46) 

 and 

௎ܥ ൌ ௘ܥ ൅
1

௎ܪ
݊௚௎ ∙ ݊ (4.47) 

where ngL and ngU are tensors of unit norm, different for each model because 
regulate the behavior of them, and HL/U two scalar functions defined as loading 
and unloading plastic moduli. 
 
 

The strain increment can be decomposed into two parts: 

݀߳ ൌ ݀߳௘ ൅ ݀߳௣ (4.48) 

If Ce is elastic tensor, one obtained: 

݀߳௘ ൌ ௘ܥ ൅ ߪ݀  (4.49) 



 
Chapter 4  Boundary Value Problem 

4-19  

and 

݀߳௣ ൌ
1

௅/௎ܪ
൫݊௚௅/௎ ∙ ݊൯:  (4.50) ߪ݀

We note that irreversible plastic deformations have been introduced without the 
need for specifying any yield or plastic potential surfaces, nor hardening rules. All 
that is necessary to specify are two scalar functions HL/ U and three directions, ngL/V  

and n. 
To account for softening behaviour of the material, i.e., when HL is negative, 

definitions of loading and unloading have to be modified as follows: 

݀߳௅ ൌ :௅ܥ ߪ݀ for 	 ݊: ௘ߪ݀ ൐ 0 ሺ݈݃݊݅݀ܽ݋ሻ 

݀߳௎ ൌ :௎ܥ ߪ݀ 	for		 ݊: ௘ߪ݀ ൏ 0 ሺ݈݃݊݅݀ܽ݋ሻ 
(4.51) 

where ݀ߪ௘ is given by: 

௘ߪ݀ ൌ ሺܥ௘ሻିଵ: ݀߳ (4.52) 

In the case of cyclic loading, to obtain the values of HL, n and ng, suitable 
interpolation rules are used. In particular, n is interpolated from –n to n using a 
linear law. The direction of plastic flow is obtain again by defining a suitable 
dilatancy at C, dCg which is interpolated from an initial value dg0 to: 

݀௚஽ ൌ ሺ1 ൅ ௚ܯሻ൫ߙ െ  ஽൯ (4.53)ߟ

The initial value of the dilatancy at the reversal point dg0 is given by: 

݀௚଴ ൌ ሺ1 ൅ ௚ܯሻ൫ߙ െ  ஻൯ (4.54)ߟ௚ܥ

 
Figure 4.5   Interpolation rule with reference at plastic surface. Zienkiewicz et 

al, 1999). 
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Where the constant Cg (0 < Cg < 1) varies with the density, being dose to zero 
for medium-loose   sands. 

The plastic modulus is interpolated between an initial value Hu0 and its final 
value at the image point on the mobilized stress surface HD.  

The initial value can be assumed to be infinite to decrease a possible 
accumulation of plastic strain under very low amplitude cycles. 

ܪ ൌ ௎଴ܪ ൅ ݂ሺܪ஽ െ  ௎଴ሻ (4.55)ܪ

where f is an interpolation function depending on the relative position of the 
points B, C and D and which is 1 when C and D coincide. Concerning the rule to 
obtain the image stress point D, there are several alternative possibilities. For 
instance, it can be obtained as the intersection of the straight line joining the 
reversal and the stress point with the mobilized stress surface, as depicted in 
Figure 4.6. 

This interpolation law provides a smooth transition between unloading to 
reloading. In fact, unloading may be considered as a new loading process. It is 
important to remark that direction of plastic flow and unit vector n will not be 
functions of the stress state only, but of the past history as well. 
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4.2.2.2. Bounding surface: theory and model 

If the number of surfaces is reduced to two, i.e., the outer or consolidation and 
the inner or yield, a field of hardening moduli can still be described by prescribing 
the variation between both surfaces. This model was independently proposed by 
Krieg (1975) and Dafalias and Popov (1975), and evolved to what is known today 
as “Bounding Surface Theory” (Dafalias and Herrmann, 1982; Dafalias, 1986; 
Wang Dafalias and Sben 1990; Kaliakin and Dafalias 1989 and Bardet, 1989). 

A similar approach, the “sub-loading surface model” was proposed by 
Hashiguchi and Ueno (1977) and Hashiguchi, Imamura and Ueno (1989). 

On the bounding surface, plastic strain develops according to classical plasticity 
theory, with directions n and ng given by the normals to the bounding and plastic 
potential surfaces, and the plastic modulus obtained through application of the 
consistency condition describing material hardening or softening properties. In the 
case of loading processes beginning at the bounding surface, the results coincide 
with those of classical plasticity. However, for loading processes inside it, such as 
many occur in cyclic loading, the difference is that bounding surface models are 
able to introduce plastic deformations by using some interpolation rules relating 
the stress point C (Figure 4.6) to an image PBS of it on the BS (Figure 4.6). Simple 
interpolation rules were proposed by Dafalias and Herrmann (1982), and by 
Zienkiewicz, Leung and Pastor (1985). 

 
Figure 4.6   Bounding surface interpolation rule. (Zienkiewicz et al, 1999). 
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Then, to obtain the image point PBS, a line was drawn passing through the origin 
and point P, its intersection with the bounding surface being taken as the image 
point. Directions n and ng in P were assumed to be those at P and the plastic 
modulus was interpolated according to a simple law: 

௅ܪ ൌ ௅ܪ
஻ௌ ൬

଴ߜ
ߜ
൰
ఊ

 (4.56) 

where ࢾ is the distance from the origin to the stress point P, and ࢾ૙ the distance 
between the origin and the image point PBS,  being a parameter of the model 
(Figure 4.6). 

The main shortcoming of early BS models was their inability to reproduce 
plastic deformations which develop when unloading, and it was overcome within 
the more general framework of generalized plasticity (Pastor, Zienkiewicz and 
Leung, 1985). Hence, the model was of bounding surface type for loading, but 
plastic deformations during unloading were introduced within the more general 
framework of generalized plasticity. A further step was given by Pastor, 
Zienkiewicz and Chan, introducing a full generalized plasticity model in Pastor 
and Zienkiewicz (1986) and Pastor, Zienkiewicz and Chan (1990), which was 
applied by the authors to reproduce the behaviour of both cohesive and frictional 
soils under monotonic and cyclic loading. 

 

Model outline 

As shown in Figure 4.7, the yield surface has the form of an open wedge with 
the apex at the origin of axes, and its yield function is given by (Manzari and 

Dafalias 1997) where  ࣁ ൌ
ࢗ

࢖
ൌ	p = deviatoric stress ratio; and scalars m and ࢻ= 

tangents of angles related to the opening and the location of the bisector of the 
yield surface, respectively. While m remains constant throughout shearing, the 
value of ࢻ changes for shear paths that cause plastic strains. In other words, 
isotropic hardening is neglected, while kinematic hardening is incorporated via 
the evolution of ࢻ. Scalar s is an auxiliary parameter taking the value of s = +1 
when ሺࣁ െ ሻࢻ ൒ ૙, and s = -1 in the opposite case. Hence, its use in (4.57) 
replaces the cumbersome േ sign, a useful analytical tool for subsequent equations 
as well. 
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Figure 4.7   Model Surfaces in p-q Space. 

 

݂ ൌ
ݍ

݌
െ ߙ ∓ ߟ െ ߙ െ ݉ݏ ൌ 0 (4.57) 

Besides the yield surface, the model incorporates the use of three more surfaces: 
the critical state, bounding and dilatancy surfaces. As shown in Figure 4.7, all 
three surfaces have the form of open wedges with the apex at the origin of the p-
q axes. In Figure 4.8, a viewing of the projection on �-plane of the model surfaces 
is shown. 
Their shape for triaxial compression is fully defined by slopes Mc, Mb, and Md 

(collectively ࢉࡹ
 Similarly, their shape for triaxial extension is fully defined .(࢈,ࢊ,ࢉ

by slopes ࢋࡹ
ࢋ,ࢉࡹ Following Manzari and Dafalias (1997), slopes .࢈,ࢊ,ࢉ

ࢉ  are constant 

model parameters. On the contrary, ࢋ,ࢉࡹ
࢈  and ࢋ,ࢉࡹ

ࢊ are continuous functions of ࢋ,ࢉࡹ
ࢉ  

and the ever-changing value of the state parameter 
 :as ࣒

௖,௘ܯ
௕ ൌ ௖,௘ܯ

௖ ൅ ݇௖,௘
௕ 〈െ߰〉  (4.58) 

௖,௘ܯ
ௗ ൌ ௖,௘ܯ

௖ ൅ ݇௖,௘
ௗ ߰  (4.59) 

where ࢋ,ࢉ࢑
࢈  and ࢋ,ࢉ࢑

ࢊ = model parameters and 〈 〉	are the Macauley brackets 

yielding: 〈࡭〉 ൌ 〈࡭〉 if A > 0 and	࡭ ൌ ૙ if ࡭ ൑ ૙. It is noted that (4.58) without the 
Macauley brackets was first proposed by Wood et al. (1994). Although  

ࢋ,ࢉࡹ
 could be more complicated for greater accuracy [e.g., Li et ࣒ dependence onࢊ,࢈
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al. (1999) and Li and Dafalias (2000)], the linear form of (4.58) and (4.59) is 
considered adequate for the present needs. 

 

Figure 4.8   Model surfaces and mapping rule in the ࣊-plane of the deviatoric 
stress ratio space. 

 

The strain increment ࢗ,࢖ࢿࢊ is deconvoluted into ࢗ,࢖ࢿࢊ
ࢋ  and ࢗ,࢖ࢿࢊ

࢖ , the elastic and 

the plastic components. Alternative subscripts p and q denote the volumetric and 
deviatoric parts of each strain component. For any effective stress increment (dp, 
dq), the elastic strains are given by 

௤ߝ݀
௘ ൌ

ݍ݀

௧ܩ3
			 (4.60) 

௣ߝ݀
௘ ൌ

݌݀

௧ܭ
	 		 (4.61) 

where Kt and Gt = tangential bulk and shear moduli, respectively. 
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The plastic strain components are given by 

௤ߝ݀
௣
ൌ ඨݏ

2

3
〈ܮ〉  (4.62) 

௣ߝ݀
௣
ൌ ௤ߝห݀ܦ

௣
ห  (4.63) 

where the scalar D = dilatancy coefficient used to define the flow rule of the 
formulation, and the scalar L = loading index, given by 

ࡸ ൌ ࢙
࢖

࢖࢑
ࣁࢊ  (4.64) 

In (4.64), ݀ߟ is the incremental change of the deviatoric stress ratio ߟ ൌ  ,݌/ݍ
and Kp is the plastic modulus. Note that the Macauley brackets in (6) ensure that 

nonpositive values of L lead to ݀ ௣,௤ߝ
௣

ൌ 0. Practically, the sign of L determines the 

loading conditions: L > 0 for loading, L < 0 for unloading, and L = 0 for neutral 
loading. 
 
 

Non-linear hysteretic “elastic” moduli 

Departing from Manzari and Dafalias (1997), the tangential elastic moduli Kt 
and Gt are interrelated via a constant elastic Poisson’s ratio ࣇ. Furthermore, Gt 
decreases smoothly during shearing similarly to the widely used nonlinear 
hysteretic stress-strain relation of Ramberg and Osgood (1943). In particular, the 
tangent shear modulus is expressed as 

௧ܩ ൌ
௠௔௫ܩ
ܶ

 (4.65) 

The maximum value of shear modulus Gmax is given by a generalization of the 
well-established formula of Hardin (1978) as 

௠௔௫ܩ ൌ
௔݌ܤ

0,3 ൅ 0,7݁ଶ
൬
݌

௔݌
൰
଴,ହ

 (4.66) 

where B = model parameter. 
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The value of scalar T is given by 

ܶ ൌ

ە
ۖ
۔

ۖ
ۓ ૚ ൅ ૛൬

૚

૚ࢇ
െ ૚൰ቆ

ࣁ| െ |૙ࣁ

૚ࣁ
ቇ , ࢚࢙࢘࢏ࢌ ࢍ࢔࢏ࢊࢇ࢕࢒

૚ ൅ ૛൬
૚

૚ࢇ
െ ૚൰ቆ

ࣁ| െ |ࡾࡿࣁ

૛ࣁ૚
ቇ , ࢊ࢔ࢇ	ࢊࢇ࢕࢒࢔࢛ ࢊࢇ࢕࢒ࢋ࢘

ۙ
ۖ
ۘ

ۖ
ۗ

൑ ૚ ൅ ૛൬
૚

૚ࢇ
െ ૚൰ (4.67) 

where ߟௌோ and ߟ଴= deviatoric stress-ratios at the last shear reversal (SR) and at 
consolidation, respectively. Scalars a1 and ߟଵare parameters whose physical 
meaning will be described below. SR for the elastic strain formulation is defined 
at a point where the deviatoric strain increment ݀ߝ௤ changes sign (i.e., when 

ቂ݀ߝ௤
ሺ௜ሻ
௤ߝ݀	

ሺ௜ିଵሻ
ቃ, where (i-1) and (i) denote successive steps in the forward 

integration scheme).  
For the shear loop of Figure 4.9, which is characterized by a deviatoric stress ratio 
amplitude ߟ௖ ൑  analytical integration leads to the following expression for the ,ߟ
secant shear modulus ratio: 

௦ܩ

௠௔௫ܩ
଴ ൌ

1

1 ൅ ቀ
1
ܽଵ
െ 1ቁ ቀ

௖ߟ
ଵߟ
ቁ

 (4.68) 

Since ߟ஼ ൌ ሺܩௌ/ܩ௠௔௫
଴ ሻሺܩ௠௔௫

଴ ଵߟ ௖ andߛ଴ሻ݌/ ൌ 2ܽଵሺܩ௠௔௫
଴  .ଵߛ଴ሻ݌/

 

Figure 4.9   Analytical Estimation of Elastic Deviatoric Stress-Strain Relation 
(Gmax = Const). 
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Plastic modulus 
The plastic modulus Kp in (4.64 is related to the distance from the bounding 

surface ݀ௗ as 

௣ܭ ൌ ௕݄௙݄݀݌
௕  (4.69) 

The scalar parameters p, hb, and hf are nonnegative, so that the sign of Kp is 
governed by the sign of db.  

 

 Dynamic numerical formulation 

Numerical distortion of the propagating wave can occur in a dynamic analysis as 
a function of the modelling conditions. Both the frequency content of the input 
wave and the wave-speed characteristics of the system will affect the numerical 
accuracy of wave transmission. Kuhlemeyer and Lysmer (1973) show that, for 
accurate representation of wave transmission through a model, the spatial element 
size, ∆݈, must be smaller than approximately one-tenth to one-eighth of the 
wavelength associated with the highest frequency component of the input wave: 

∆݈ ൑ ൬
1

10
ൊ
1

8
൰  ௠௜௡ (4.70)ߣ

where ߣ௠௜௡ is the wavelength associated with the highest frequency component of 
the input motion and stiffness property of soil media (ߣ௠௜௡ ൌ ௌܸ ௠݂௔௫⁄ ). 

For dynamic input with a high peak velocity and short rise-time, the 
Kuhlemeyer and Lysmer requirement may necessitate a very fine spatial mesh and 
a corresponding small timestep. The consequence is that reasonable analyses may 
be prohibitively time- and memory-consuming. In such cases, it may be possible 
to adjust the input by recognizing that most of the power for the input history is 
contained in lower-frequency components. By filtering the history and removing 
high frequency components, a coarser mesh may be used without significantly 
affecting the results. 

The aspect relative to the timestep determination is faced in detail in the appendix 
with references to the dynamic soil-fluid coupled formulation (§C.2). 
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4.3.1. Dynamic loading and boundary conditions 

When the ground is modeled with a discrete model using the technique of finite 
element or finite difference techniques there is the problem to represent an 
infinite domain with a model of finite size. 

Compared to the real domain, the discretized model is delimited by fictitious 
borders which in the mathematical model should reproduce the same actions 
coming from the indefinite excluded domain. The problem becomes particularly 
difficult when dynamic problems should be analyzed, as the boundaries of the 
model must also ensure the correct transmission of energy outside the discretized 
domain (radiative condition). 

In seismic problems borders must not alter the input signal which generally is 
applied in the nodes of the lower boundary of the model. 

In modeling dynamic problems, the borders may be classified in absorbent or 
non-absorbent: the former reproduce the radiative condition, the latter not. 

Non-absorbent, or elementary bordes, are fixed if they impose a condition of 
zero displacement (Dirichlet condition) along the border nodes or free if they 
impose a condition of zero force (Neumann condition). 

In the first case, the reflected wave has the same amplitude but opposite phase 
with respect to the incident wave. 

In the second case the reflected wave has the same amplitude and phase of the 
incident wave. 

Viscous frontiers, proposed by Lysmer & Kuhlemeyer (1969), are local borders 
that absorb only the volume waves (P and S) with plane wave front acting 
normally to the border. They provide an exact solution for the one-dimensional 
(vertical) propagation of volume waves in a linear elastic medium. 

 

Viscous boundaries  

If a subsoil with horizontal stratification is hit by a plane wave front which 
propagates in the vertical direction, the problem geometry can be considered one-
dimensional. 

Assume, also, that the medium is linearly elastic, with a single-phase and neglect 
volume forces. 
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Figure 4.10   One-dimensional propagation of bulk waves. (Zienkiewicz et al., 
1980) 

 

In these hypotheses, the equilibrium equation (4.6) reduces to the following 
expression: 

௜௝,௜ߪ െ ߩ
݀߭௜
ݐ݀

ൌ 0 (4.71) 

that in the reference system (x, y) of Figure 4.10a, may be expressed in the two 
equations: 
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The stress, xy  and yy ,  may be expressed through the elastic relationships: 

y

u
G x

xy 


  (4.74) 
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yy 


  (4.75) 

where G and ܭഥ indicate respectively the shear stiffness and the oedometric 
modulus of soil. 

The equations (4.72) and (4.73) then become: 
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Equation (4.76) represents a shear wave that propagates with velocity  


G

Vs  . 

It is the sum of an in-going shear wave, which travel in the positive direction 

along y ( Ixu ), and out-going shear wave, which travel in the negative direction (

Oxu ): 

)()( tVyutVyuu SOxSIxx   (4.78) 

Similarly, equation (4.77) provides a P-wave which travels with velocity 


K

V p   . 

It is the combination of an incident wave 
Iyu and an out-going wave 

Oyu  for 

which we have: 

)()( tVyutVyuu POyPIyy   (4.79) 
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To the border CD the waves that propagate into the interior of the model must 

be canceled while outgoing waves  Oxu  and 
Oyu  should remain unchanged 

(radiative condition). 
This condition can be reproduced by imposing that along the border CD 

tangential stress xt  and a normal stress yt  act according to the following 

relationships: 

t

u

V

G
t x

S
xyx 


  (4.80) 
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V

K
t y

P

yyy 


   (4.81) 

Conditions (4.80) and (4.81) correspond to position two viscous dampers in the 
tangential and normal direction to the border (Figure 4.10b). 

The expressed radiative condition can also be applied to bi or tri-dimensional 
geometries placing the viscous dampers in each node of the border but, differently 
from the one-dimensional case, the radiative condition is not exact since it does 
not simulate the correct transmission of waves impinging obliquely at the border. 

 

4.3.2. Dinamic Damping 

When performing dynamic analyses, it is preferable to add a damping term 

௜ܨ
஽	ழ௟வ in the equation of motion (B.31 in the appendix) to mitigate spurious 

oscillations produced by the numerical algorithm. The relation (B.31), therefore, 
becomes: 

௜ܨ
ழ௟வ ൅ ௜ܨ

஽	ழ௟வ ൌ ழ௟வܯ ൬
݀߭௜
ݐ݀
൰
ழ௟வ

݈ ൌ 1, ݊௡ (4.82) 
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Considering ܨ௜
ழ௟வ as the sum of surface forces Ti, volume Bi and actions Pi, 

equation (4.82) may be written as: 

with ܨ௜
஽	ழ௟வ opposite sign of ܨ௜

ழ௟வ. 
It is possible to define this term as a function of nodal velocity in the following 

way: 

௜ܨ
஽ ழ௟வ ൌ ழ௟வ߭௜ܥ

ழ௟வ		 			 ݈ ൌ 1, ݊௡ (4.84) 

The damping matrix ܥழ௟வ can be defined as a linear combination of the mass 
matrix and damping, according to the classical formulation of Rayleigh: 

C ൌ ߙ M ൅  K (4.85)	ߚ

where   and   are numerical coefficients chosen to minimize the high 

frequency oscillations induced numerically by the numerical algorithm. 

The adoption of the damping matrix C  can be useful when the level of induced 
deformation is very low and the hysteretic damping of the soil and viscous effects 
of the fluid cannot eliminate the spurious oscillations of the system, with 
abnormal generation of a significant energy content at higher frequencies. Such 
high frequencies can be controlled by adding a damping term which is function 
of the velocity vector, the intensity of which is strongly influenced by the 
presence of high frequencies. However, if the constitutive model contains an 
adequate representation of material hysteresis that occurs in a real material, no 
additional damping would be necessary. The Raylingh damping formulation is 
unpopular with code users because it often involves a drastic reduction in time step 
and a consequent increase in solution time. 

Hysteretic damping may be used also conjunction with other damping schemes 
(as Rayleigh damping).  

In the thesis a hysteretic damping formulation defined hysteretic damping was 
adopted. It is respectful of the Masing criteria (1926) and associated to reproduce 
soil modulus degradation with increasing the strain level (§4.2.2).  
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5. Model at the Site Scale 

5.1. Introduction 

In this chapter, the analysis performed in the second step of the DRM 
procedure (Chapter 2) will be described, namely those related to the detailed 
model at the site scale. The case-history of the Conza dam has been selected 
because it is located very close to the fault system of the 1980 Irpinia 
earthquake and as a result suffered huge damage. 

The topic of the present work is to clarify whether the observed damage on 
the Conza dam could have been amplified by possible effects of the near-
source propagation the dam experienced. 

As highlighted in §1.3.2 with reference to simple embankments, higher shear 
strains and a strong asynchronism of the seismic motion at the base are 
expected compared to what could occur to an embankment located in far-fault 
conditions. With the proposed innovative approach, the seismic motion at the 
base of the detailed model is derived from simulating the seismogenic fault 
acting in the area (step I of DRM) and then from transmission of the actions to 
each node of the boundary of the small model (step II of DRM). 

During the PhD research activity a unified approach was developed and 
validated, in which the seismic motion is not obtained from the “outside” by 
selecting natural accelerograms (spectrum-compatible) from a general 
database where different source mechanisms are included, but obtained 
directly from the model. 

In the field of earth dams the use of advanced models presupposes the 
reliability of the analysis, i.e., the ability to reproduce the observed behavior 
of the dam in the most salient aspects. 

In particular, it is important to mention: 

- The possibility to model the different phases of the dam life with 
continuity, introducing the seismic event in the normal  exercise of the 
dam (Sica, 2001); 

- The possibility to reliably interpret the temporal and spatial evolution 
of the quantities measured on the dam body and derive from them, 
variables not measured or unmeasurable, which are equally important 
for assessing dam safety. 
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Rigorous analysis in effective stresses allows to highlight the real behavior 
of the dam body and of the foundation against expected seismic scenarios and 
to highlight the real resources or deficiencies of the structure, taking into 
account a number of factors that simplified analysis neglect.  

Due to the importance of earth dams the mathematical and numerical 
procedures that should be selected to analyze their seismic response must be 
consistent with the analysis objectives. In the case of earth dams the analyses 
should be primarily aimed to verify safety against the watertightness risk. 
Earthquakes can induce negligible effects or decrease dam watertightness. The 
severity of the seismic-induced effects mainly depends on the characteristics 
of the earthquake and vulnerability of the structure. 

The phenomena of global instability, embankment compaction, break of the 
watertightness element, liquefaction or localized erosion, are dangerous effects 
that an earthquake could cause to earth dams. The above seismic damages, 
should be verified individually through different simplified procedures or at 
once through advanced modelling. 

The pseudo-static (Terzaghi, 1950; Ambraseys, 1960; Seed and Martin, 
1966) and the pseudo-dynamic approach (Newmark, 1965; Makdisi and Seed, 
1978) have been adopted in the past to check the phenomena of global 
instability and seismic performance of earth dams, respectively. In addition, 
empirical correlations have been used to verify liquefaction occurrence (Seed 
and Idriss 1971; Iwasaki et al., 1982; and Boulounger & Idriss, 2004). 

The recent developments of refined constitutive models that account for 
important features observed at the soil volume scale (non-linearity, non 
reversibility, dependence on loading history, hysteresis, effect of number 
cyclic loading) and the implementation of coupled dynamic formulations 
(Chapter 4) in robust numerical algorithms and computer codes, provide more 
refined tools to simultaneously analyze the various aspects related to the 
seismic response of earth dams. These approaches are suitable to describe the 
overall response of dams since they provide predictions in terms of stress, pore 
pressures and strains. 

It is important to enhance that the static and dynamic response of an earth 
dam are jointly connected since soil behavior strongly depends on the history 
of previous loading. 
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The application of an advanced modelling in general has the following well-
known drawbacks: 

- the need to define several parameters of the soil constitutive laws. Often 
field and laboratory tests that are available are of the traditional type and 
inadequate for the purpose; 

- the difficulty in convergence of the numerical algorithm that implements 
high degree of “non-linearity”, the latter included not only in the soil 
constitutive law but also in the adopted field equations;  

- the variability of the spatial domain during the simulation of the 
construction phases;  

- the variability of the static and hydraulic boundary conditions during the 
simulation of the construction and operational phases; 

- the introduction of different seismic accelerations in any point of the 
boundary of the small DRM domain during the simulation of the seismic 
stage. 

All this could generate long calculation time even with high performant 
computers that are available nowadays. Moreover the need of back-analysing 
the observed response of the dam to quantitatively define the soil parameters 
required, to bypass the lack of a proper geotechnical characterization, could 
make a very onerous overall computation. 

At the end of this chapter, after having modelled the selected case history to 
reproduce its static and seismic response to the 1980 Irpinia earthquake 
accounting for the source simulation described in Chapter 3, the prediction of 
the dam response to future seismic scenarios will be provided (§5.5.2.2). These 
scenarios have been (§3.5.3) modelled with the same procedure adopted for 
the 1980 Irpinia earthquake. The important aspect to stress is that these further 
predictions of dam response accounts for the memory of the 1980 event. 
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5.2.  “Conza della Campania” dam 

The Conza dam has been deeply investigated by Brigante (2010) who 
interpreted the monitoring data of the static and seismic response of the 
structure from construction to 2002. Reference is made to this previous work 
to derive the required information necessary for the scope of the present 
research. 

The Conza dam is a zoned earth dam located in the Irpinia region in the core 
of the Southern Apennines (Italy) around 20 km north of the third mechanism 
of the 1980 Irpinia earthquake. 

It is characterized by a maximum height equal to 46 m. The maximum water 
storage of the reservoir is of about 77 million m3, for a plan dimension of 5x3 
km. 

 

Figure 5.1   Cross Section of the Conza dam: A) original section, B) final 
section. Different zones: 1) core, 2) filters, 3) shell, 4) alluvial material, 5) 
foundation clay (Brigante, 2010). 

 

The construction work began in May 1979 and were soon suspended after the 
1980 earthquake.  

The Conza Dam is an interesting case (and not rare for the Central Southern 
Apennines) of a dam subjected to a seismic event of high intensity with the 
epicenter located close to the site. (Figure 5.2). 



 
Chapter 5  Model at the Site Scale 

5-5 
 

 

Figure 5.2   Location of Conza Dam and faults activated during the 1980 
Irpinia event (INGV). 

 

At the time of the 1980 seismic event, the embankment was partly achieved: 
the shell reached about 420m a.s.l. and the core about 415 m a.s.l.. Therefore, 
in correspondence with the main section, the total height was approximately 
18 m. However, in correspondence to the center of the longitudinal axis and 
for a length of approximately 120m (section 4), the dam height resulted 5 
meters lower (Figure 5.4). 

The damage caused by the Irpinia earthquake was very evident: settlements 
and cracks suffered by the dam body. The interpretation of measurements, 
carried out by Brigante (2010), highlights that the 1980 earthquake caused 
significant permanent settlements: at the foundation level of the order of 40 cm 
and about 60 cm at the top of the dam. 

Lower settlements were measured along the section 4 which, as stated above, 
is in correspondence with the dam portion of lower height at the time of the 
1980 earthquake (Figure 5.3). 

Conza reservoir 
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Figure 5.3   Embankment and foundation settlements in correspondence to the 
instrumented sections of the Conza Dam (Brigante, 2010). 

 
The construction work started again in June 1985 until1992. The impounding 

stage started in 1993. 
The original design did not contemplate seismic actions since the site was not 

considered prone to high seismic hazards before 1980. 
Therefore, after the 1980 earthquake, the design was reconsidered and dam 

geometry suitably changed to account for seismic actions (Figure 5.4). 
A new experimental campaign on dam soils was performed (7 dilatometric 

verticals in the core, 6 cross-hole tests and geophysical investigations with the 
seismic refraction method made in the shells and foundation). 

The new design was done in respect of the regulations in force at the time 
(Ministerial Order dated 24/03/1982).  
The position of the core resulted no more centered with respect to the vertical 
axis of symmetry of the cross-section. 

 

Figure 5.4  Conza della Campania dam during the construction of the 
embankment (www.prolococompsa.it and wikimapia.org). A lower height of 
the embankment is observed in the middle (section 4 of Figure 5.5). 
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During the first and second construction stage, the Conza dam was equipped 
with: (i) USBR cross-arms inside the core to measure settlements along 6 
verticals (see Figure 5.5); (ii) piezometric cells for measurement of pore 
pressures and tension cells placed at the vertical 2, 4 and 6. 

USBR cross-arms and open standpipe piezometers were also installed in the 
downstream shell of the embankment. 

 

Figure 5.5   Plan view of the Conza Dam with indication of the instrumented 
sections. 

 

5.3. Soil materials of the earth dam 

Core 

The material is  “silt-clay” with medium-high plasticity (Ip ≈ 20%). 
The core was created with layers of height at 0.5 m. 

The dry unit weight S,opt and the water content wopt at the optimum of the 
Proctor are respectively around 17 kN/m and 22%. 

The permeability was estimated of the order of 10-10 m/s. 

For the core, in addition to traditional geotechnical characterization from 
tests conducted during the construction work, 7 dilatometric tests were carried 
out after the seismic event of 1980. Also, an oedometric test on a sample 
retrieved at a depth of 1.7 m was carried out. 

The angle of friction has been derived (see Brigante, 2010) from empirical 
correlations with the plasticity index (Jamiolkowski et al. 1979) and a value of 
25° was cautiously adopted. 

For the remaining parameters, the literature values were firstly adopted and 
then changed by a back-analysis of the observed dam response during 
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construction and seismic-stages, as suggested in previous interpretations of 
other case-histories (Sica, 2001; Sica et al. 2008; Sica & Pagano, 2009). 

For the core and cofferdam, the non-linear variation of the initial stiffness 
with the main effective stress p’ is expressed by the following relation: 













rp

p
GG

'
10  (5.1) 

where pr is a reference pressure (1 MPa), G1 is the initial stiffness at the 
reference confining pressure pr and   regulates the variation of G0 with  p’ 
(or depth). G1 and   should be calibrated with experimental results and they 
were assumed equal to 554 MPa and 0.3 respectively. As deduced from the 
experimental law obtained on Camastra dam (Pagano et al., 2008). This dam 
has the same typology of Conza with almost the same features of core soils and 
construction techniques. To determine E0 the elastic relation 

00 )'1(2 GE   has been used, with a value of the Poisson coefficient  ‘  

of 0.3. 

Regarding the G/G0 –   curves of the cofferdam and core, reference was 
made to resonant column (RC) tests performed on the soil of the Marana 
Capicciotti dam (Cascone & Rampello, 2003; Rampello et al., 2009), having a 
grain size and plasticity index similar to the materials of the Conza core. 

 

Shell 

The shells may be classified as “sandy gravel”. 
The material has been placed by layers of 0.8m in height. 
The dry unit weight and the water content at the optimum of Proctor standard 

are 23 kN/m and 3% respectively. 
The permeability is of the order of 10-5 m/s. 

For the estimation of the mechanical properties at low strain the cross-hole 
tests carried out after the Irpinia 1980 earthquake were considered. 

No further experimental tests exist and literature values were adopted for all 
the other geotechnical properties. These values have changed during the back 
analysis of the observed response to calibrate soil stiffness at larger strains. 
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For the shells and the toe drain, the elastic stiffness at small strain is expressed 
by the following relations: 

 
  1)(10

'
 



r

e
p

p
fGG  (5.2) 

where p’ represents the mean effective stress, pr is a reference pressure (1 
MPa), f(e) is the void index function proposed by Hardin & Richart (1963), G1 
and   are parameters to be calibrated with experimental results (G1 ≈ 8 MPa 

and = 0.75). To determine E0 a value of the Poisson coefficient of 0.2 has 
been assumed. 

 

Filters 

The material adopted for the filters comes from alluvium used for the 
construction of the shell after appropriate sieving (dmax = 10mm). 

The mean value of permeability was equal to about 5x10-5 m/s, which is of 
the same order as the material used for the shells. 
 

Foundation 

The foundation soils of the embankment are the so-called “blue-gray clay” 
formation, typical of the Ofanto river valley. This formation is inorganic clay 
of medium high plasticity with wL between 45% and 75% and Ip between 25% 
and 50%. 

 
The physical properties of the foundation soils of the Conza dam are as 

follows: 
 natural unit weight ( ) of 23 kN/m3; 
 natural water content ( ) 15%; 
 porosity 25%; 
 degree of saturation between 97% and 99%. 

Above the gray-blue clay there is an alluvial layer with a thickness of about 
5 m, characterized by the soils of the shells. 

Undrained triaxial tests (UU) on samples retrived at a depth of 0.8 m provides 
cu around 1000 kPa. 

 The friction angle ’ has been assumed equal to 20°, as indicated in the 
original design of the dam. The effective cohesion (150 kPa) was desumed 
from triaxial tests in neighboring sites. 
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After the earthquake of 1980 cross hole tests and one oedometric test (on a 
sample taken at a depth of one meter) were conducted on the foundation soils. 

The VS values estimated by cross-hole test vary from 800 m/s to 1000 m/s. 
In the numerical analysis, a linear variation of VS with depth was assumed. 

The parameters of stiffness at large strain levels were obtained during the 
back-analysis on the construction phase. 
 
 

5.4. Numerical modeling 

5.4.1.  Geometry 

The Conza dam has been analyzed by a three-dimensional model. For the 
case at hand, the use of a 3D model is not justified by the complexity of the 
geometry (as the case of Camastra or Menta dam), or by the variability of the 
foundation level along the longitudinal axis, or by the narrow shape of the 
valley (see El Infiernillo dam). 

For the Conza dam, for instance, the foundation level at the base of the 
embankment is horizontal and the considerable extension in plan (about 850m) 
makes the stiffening effects exerted by the abutments negligible, as highlighted 
by Gazetas (1987) by comparing the results of 2D vs 3D dynamic analyses of 
dams in narrow canyon valleys. 

The choice of a three-dimensional model fulfils the objectives of the present 
research, that is, to investigate the dynamic response of the dam under a near 
source propagation by differentiating the input motion in all nodes of the dam 
basement. 

As enhanced in the previous chapters, asynchronous motions may reduce the 
inertial stresses (Bilotta et al., 2010) but may increase the spatial variability of 
strains and consequently of settlements in the dam body. Differential 
settlements due to asynchronous motions at the dam base (higher than those 
evaluable by traditional approaches) increase the risk of crack formation. 
Cracks may be dangerous as regards both shell stability and watertightness of 
those dam elements assuring it (core in zoned dams, upstream mat in CFR 
dams, etc.). For dams, even the operation limit state should be verified to assure 
the functionality of the dam. In this case small differential settlements can limit 
the use of pipelines, tunnels of inspection, other hydraulic organs or, moreover, 
promote piping inside small cracks. 
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To highlight the importance of accounting for variability of the motion at the 
dam base, it is worth noting that greater the extension in plan of the structure, 
the expected variability of the seismic motion at the base is greater. The 
occurrence of asynchronous motion, indeed, is related to the wavelength 
associated to the earthquake and propagation media. In near-source conditions 
high frequencies prevail, which induce shorter wavelengths comparable (or 
minor) to the characteristic dimensions of the dam. Indeed, in the case of large 
dams both longitudinal and cross-sections may be affected by the sway motion 
due to short wavelengths. 

 

The 3D geometry of the site model and its discretization (II step of the DRM) 
are shown in Figure 5.6. 

Figure 5.7 shows the interface surfaces between the external and internal 
domain with the effective forces Peff computed according to Bielak et al. (2003) 
formulation. 

The discretization of the domain ensures that there are at least 810 elements 
for wavelength, with higher values in correspondence of the dam body, 
according to the equation (4.70). 
Since the extended external model of the DRM (step 1) does not allow ground 
notion to generate with frequencies higher than 5÷7 Hz, the discretization of 
the internal domain was regulated on fmax = 7.5 Hz, consistently with the outer 
domain. 
 

 

a



 
Chapter 5  Model at the Site Scale 

5-12 
 

                 
Figure 5.6   (a) Details of the site model including the Conza dam. (b) 
Discretized model with indication of the external and internal domain together 
with the interface zone between them. 

 

 
Figure 5.7   Interface zone with analytical formulation of the effective forces 
according to Bielak et al. (2003). 

 

b
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5.4.2.  Interaction between the phases 

As the interaction between the soil phases in the various zones of the dam 
regards, the fine-grained materials (core and filters) were modelled by a two-
phase coupled formulation (§4.1), while the coarser materials of the shells were 
treated by a decoupled approach assuming a completely drained behaviour (no 
phase interaction). 
The drawback of a two-phase formulation is the inability to account for those 
peculiar phenomena of partially saturated soils such as:  

 undrained compressibility; 

 collapse due to saturation of the shells during the first filling of the 
dam. 

In the case-history of Conza, the hypothesis of complete saturation, however, 
is very plausible since the initial degree of saturation is higher than 90% on 
average.  

 

5.4.3.  Constitutive models 

Recalling the two steps of the DRM approach, in the following paragraph 
details will be provided on the constitutive law adopted for each zone of the 
reduced model, which at the site scale includes the Conza dam. 

For elements belonging to the interface zone between the internal and 
external domain, a linear visco-elastic law acquired. For all other materials 
present in the model an elastic plastic behaviour was assigned. 

Both for fine-grained and coarse-grained materials of the dam, the initial 
shear stiffness (G0), was related to the confining pressure (p’ ). At the start of 
each analysis stage G0 (p’) was updated. 

For the coarse-grained materials of the shells a traditional Mohr-Coulomb 
model was adopted. 

For the fine-grained materials of the core, two different models have been 
considered: one for the static and another for the dynamic analysis. 

Under static or quasi-static loading conditions a modified version of the 
Mohr-Coulomb elasto-plastic model was adopted. This version has a cap 
which defines the elastic region on the hydrostatic axis in stress space. In 
addition to the parameters of the Mohr-Coulomb model (angle of friction, 
cohesion, traction cut-off and dilatancy), the cap version has an additional 
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parameter which is analogous to the parameter pc0 of the Cam-clay model. It 
was evaluated through the available oedometric test, by computing the OCR 
in the core material. The Mohr-Coulomb with cap allows for better simulation 
of the construction stage of the dam but it is not suitable for dynamic analyses. 
For this reason, the Finn model was added, for core material, to the Mohr-
Coulomb elasto-plastic law. In particular, for the estimation of residual 
volumetric strain the relation proposed by Byrne (1991) was used (§4.2.1.2). 

The use of two different models for the core is possible because an identical 
formulation of yielding and resistance criterion is adopted. 

Finally, the behaviour of the material from small to medium strains is 
controlled by a hysteretic model as function of the shear strain induced each 
instant by the earthquake. shows the comparison between the reference 
experimental data (Cascone & Rampello, 2003) and those obtained using the 
hysteretic model (§4.2.1.1). Table 5.1 provides the values adopted to fit the 
experimental data. 

In Table 5.2 the values obtained fitting the G/G0 – curve, for coarse-grained 
materials proposed by Costanzo et al. (2011) on experimental data of Melito 
dam (Lirer, 2008), has been reported. Figure 5.9 shows the curve related to the 
parameters of Table 5.2. 

For the filters, the shear modulus reduction curves have been referred to the 
data in the literature (Seed et al., 1986). 
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Figure 5.8   G/G0 –  curves for fine grained materials: experimental data 
(scattered indicators) on Marana Capacciotti dam (Cascone & Rampello, 2003) 
and simulation with the hysteretic damping model (continuous curves). 

 

Parameter a b x0 y0 
Silt & clay - mean 0.925 -0.365 -1.315 0.075 

Sandy clay 0.95 -0.26 -1.555 0.05 
Fine alluvium 0.975 -0.35 -0.875 0.025 

Table 5.1   Parameters adopted for the hysteretic model of the core. 
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Figure 5.9   G/G0 –   curves for the shells: experimental data (large-strain, 
p’=400 kPa) Melito dam (points), simulation with the hysteretic damping 
model (blue line) and literature functions (red and green lines). 

 

Parameter a b x0 y0 
rockfill 1.025 -0.600 -1.850 0.01 

Table 5.2   Parameters adopted for the hysteretic model of the shells. 

 

5.4.4.  Static stages before the 1980 seismic event 

Construction of the Conza dam embankment has been simulated in 
accordance with the real loading history desumed from work reports.  

Before starting the construction phase of the dam embankment, a geostatic 
stresses field was generated in the foundation with a gravity load procedure. 

The dam construction consists of the activation of one row of elements for 
each step of construction for a total number of 6 horizontal layers with 
thickness from 5 to 7 meters. 

Any layer activation was realized by the following steps:  

 application of the well-known procedure called “dense liquid method”  
for which the behaviour of the material is assimilated to that of a liquid 
having its own weight but no stiffness. This latter is later restored at 
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the activation of the following soil layer. In this way, the analysis 
reproduces the stress and strain induced in the dam by the real loading 
history distribution (Mattar and Naylor, 1988). 
At this stage average value of the soil stiffness for each layer are 
adopted by “gravity loading procedure”; 

 introduction of material stiffness dependency on the mean effective 
stress p’. Such phase has been coded in different subroutines written 
by the built-in programming language of the  adopted analysis code; 

 Regeneration of the stresses acting on the embankment and 
foundation, according to the new stiffness and strength distribution;  

 Modification with the previously defined subroutines of strength and 
stiffness distribution according to the new distribution of stresses;  

The weight of the layer had been applied in a very short period of time 
(vertical portion of the step function). 

Before moving to the next construction step, a phase of consolidation 
(horizontal portion the step function) has been applied, which corresponds to 
the actual placement of the layer. 

The impounding stage started in September 1992, almost 11 years after the 
1980 earthquake and 4 years after the end of the II construction stage. 

The simulation of the reservoir impounding has been done by: 

 applying  water pressure on the upstream side of the dam assuming a 
hydrostatic distribution regulated by to the current level of the 
reservoir; 

 initialization of the pore pressure (hydrostatic pressure) in the nodes 
of the wet boundary; 

 applying the stress ( hwn   ) along the upstream side of the shell to 

have (together with the hydraulic condition) zero effective stresses on 
the wet boundary of the dam. 
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5.4.5.  Dynamic stage 

The dynamic analysis has been made by means the same mathematical and 
numerical modelling used for the simulation of the static phases. 

The initial state of the dynamic analysis in terms of stresses, pore pressures 
and soil model internal variables comes from the static analysis. In such a 
context, dynamic analyses have continuity with the static analysis, thanks to a 
unified approach where time is a variable of the problem such as it occurs in 
reality. 

The input motion for the dynamic analysis has been derived from the 
application of DRM (step I) and thus a diversified motion was applied to each 
node of the interface zone between the external and internal domain (Figure 
5.6). 

All along the boundary of the reduced model the effective forces, determined 
by step I of DRM, have been applied. These are able to reproduce the effect 
induced by the seismic source (present only in the outer model) on each node 
of the interface zone. 

The external part of these interface elements has already considered an 
absorbent boundary. In fact, if the domain part present uses one level of higher 
damping, fixed or free borders can be used in place of the absorbing boundary 
conditions (ABCs) without committing significant errors (Bielak et al., 2003; 
Scandarella, 2007; Smerzini, 2010). Besides, in the thesis to reduce the effect 
of reflections at the boundaries (other the ABCs), a double value of damping 
in the external domain has been preferred to include. 

At the bottom and lateral boundary of the reduced model, absorbing 
elements, coherently to Lysmer & Kuhlemeyer (1969) formulation, were 
placed to reproduce the radiative condition (§4.3.1). To enable the latter, 
during the simulation of the earthquake, all degrees of freedom of the boundary 
nodes had been released, being blocked during the previous static phase. 

The analyses were performed using an explicit integration method, in which 
the time step is calculated as the minimum time employed by the wavefront to 
traverse the elements of the mesh (i.e. the ratio between the minimum size and 
the VS). For example, the analysis of a seismic event with a total duration of 

80 seconds requires the execution of about 800’000 time steps (t 
approximately equal to 10-4s), equivalent to more than 24 hours of processing 
with the available calculation tools. 
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To characterize the free oscillations of the dam, the dynamic analysis has 
extended beyond the actual duration of the seismic solicitation, for an interval 
of time approximately equal to the 1/3 of the actual duration of the earthquake. 
This time had considered sufficient to reach a stationary conditions so that no 
further accumulating plastic strains and excess pore pressures in the dam core 
occur. 

In the analysis, a modest viscous damping is also used of the Rayleigh type, 
to improve the numerical stability of the analysis. This contribution is defined 

by a minimum damping ratio min , that for this type of problems is taken 

typically close to unity, and the frequency associated with it, which is assumed 
equal to the fundamental frequency of the deposit, determined by a preliminary 
linear analysis (natural period around 0.6s). 

 

Difference between the proposed approach and the traditional one 

To evaluate the effect of the near-source propagation on the seismic response 
of the selected dam, a traditional approach has also been applied in order to 
compare predictions obtained from both solutions. 

The seismic input motion (in the x, y and z) was applied only at the lower 
border of the detailed model, thus simulating a sub-vertical propagation 
(Figure 5.10). 

The external domain (step I DRM) provided the input motions at all nodes of 
the interface zone and for the traditional approach just one time-history was 
selected: in correspondence of the reduced model base (point 6 of Figure 5.18). 

Having to compare the two approaches in the same conditions and 
geometrical discretization (so that the diversity of the results can not be 
attributed to the geometry or size of the mesh used) the use of a common model 
was mandatory. 

In the traditional approach, beyond the application of the dashpots, along the 
lateral boundary of the model, the free-field motion has been imposed (Itasca, 
2005).  
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Figure 5.10   Model used for traditional analysis. The free field boundary 
conditions used solely in this approach are reported in blue. 

 

5.5. Results of the performed simulation 

5.5.1.  Static analysis 

Due to the lack of a suitable experimental characterization on Conza Dam 
soils, typical of most case-histories of dams built in the last century, a back-
analysis has been made by updating soil stiffness (at medium-large strain 
level), trying to fit the settlements measured during the first (before the 1980 
Irpinia earthquake) and the second ( after the 1980 earth) construction stage. 

Figures 5.11 to 5.16 show some results of the simulation of the static stage in 
terms of vertical displacements (Figures 5.11-5.12), of pore pressures (Figures 
5.13 to 5.15) and vertical stress states (Figure 5.16). 

In Figure 5.12, the high settlement values in the middle of the dam include 
also the 1980 seismic-induced settlement. 

Boundary conditions: 
free field  
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In Figure 5.17 the shear stiffness contour in function of the stress state in 
three different conditions is shown: final of first and second construction and 
of maximum reservoir. 
 

 

Figure 5.11   Contour of vertical displacements relative to the first construction 
phase: (a) cofferdam realization; (b) excavation of the foundation plane; (c) 
and (d) construction layer by layer of core, filters and shells. 

 

 
Figure 5.12  Contour of vertical displacements relative to the second 
construction phase: (a) and (b) different analysis steps; (c) final construction. 
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Figure 5.13   Contour of pore-pressure relative to the first construction phase: 
(a) Cofferdam realization; (b) excavation of the foundation plane; (c) and (d) 
different construction steps of core, filters and shells.  

 

 

 
Figure 5.14    Contour of pore-pressure relative to the second construction 
phase: (a) and (b) different construction steps; (c) final step of construction; 
(d) zoom, for final step, relatively to the core. 
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Figure 5.15   Pore-pressure at the end of the reservoir filling.  
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Figure 5.16    Vertical effective stress: (a) step before the Irpinia earthquake; 
(b) final step of construction; (c) end of reservoir filling.  
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Figure 5.17  Shear stiffness: (a) before the Irpinia earthquake; (b) end of 
construction; (c) maximum water level. 

 

5.5.2. Dynamic analysis 

The results of the dynamic analysis refer to the simulation of the 1980 Irpinia 
earthquake and of future seismic scenarios. 

For the sake of clarity, the points shown in Figure 5.18 will be adopted to 
discuss the variability of the input motion at the roof of the bedrock in reduced 
model of DRM. 

In Figure 5.19 acceleration time histories in x-direction relative to the six 
nodes reported in Figure 5.18 are shown. A strong variability in ground motion 
can be observed. 

 

Figure 5.18   Reference points: points from 1 to 4 belong to the DRM interface 
on the outcropping bedrock; point 6 is placed on the foundation level in 
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correspondence of the central section of the dam; point 5 is placed at the bottom 
of the DRM interface below point 6. 

 

 
 

 

Figure 5.19 Acceleration time-histories in x direction for the selected 
monitoring points. a) total time history; b) window on the first mechanism and 
c) on the third mechanism. 
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It is worth noting that all time histories are characterized by a higher PGA 
during the third mechanism of the 1980 Irpinia earthquake. This is apparently 
unexpected considering the higher magnitude of the first mechanism. This 
behavior could be justified invoking the shorter distance between the dam and 
the source of the third mechanism (Chapter 3). If reference is made, for 
example, to the time history of point 6, a similar response is also detectable on 
the recording available at Calitri station during the 1980 Irpinia earthquake, 
being also Calitri as Conza, closer to the third mechanism of the 1980 source. 

The registrations of Calitri (Figure 5.20) present lower amplitude in 
comparison to simulations obtained in Conza since a greater distance between 
the source and former site exists. 

 
 
 

 
Figure 5.20   Acceleration time history recorded at Calitri during the 1980 
Irpinia earthquake, projected along the x direction of the DRM model. 
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Figure 5.21 Comparison between the acceleration time history (along x 
direction) for point 6 of the DRM model and Calitri registration of Irpinia 
earthquake. 

 

 

Figure 5.22 Comparison between the acceleration time history (Up-Down 
component) for point 6 of the DRM model and Calitri registration of Irpinia 
earthquake. 
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Figure 5.23  Comparison between the Fourier spectra of the signal (x 
component) recorded at Calitri in 1980 (black line) and simulated by DRM 
(point 6). 

 

 

Figure 5.24   Comparison between the Fourier spectra of the signal (Up-Down) 
recorded at Calitri in 1980 (black line) and simulated by DRM (point 6). 
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The same consideration made for x components of the motion may be 
observed for the other two components (y and z). 

In particular, the Up-Down components (Figure 5.22), simulated (point 6) 
and recorded (Calitri), are comparable to the horizontal ones as expected in 
near-fault conditions (Figure 5.21). 

In Figure 5.23 and 5.24 the Fourier spectra of the accelerograms, related to 
Figure 5.21 and 5.22 respectively, are shown and a good agreement of spectral 
shape are highlighted. 

This assures the proper simulation of the source mechanism by DRM 
approach. 

 

 Effects of the 1980 Irpinia earthquake on the dam embankment 

In Figure 5.25 the vertical displacements after the simulation of the Irpinia 
earthquake are shown. In the figure higher settlements can be observed in 
correspondence of the connection between the dam and the western abutment. 
Settlements between 70 and 80 cm (red shade) were computed. 

Conversely slightly lower vertical displacements are found on the eastern 
abutment. From the global view of the seismic-induced displacements with the 
DRM approach, it emerges that the western part of the dam body together with 
the abutment suffers a huge subsidence phenomenon, more pronounced than 
for the eastern part. These displacements are co-seismic, further deformations 
in the dam body and foundation are expected during the post-seismic 
consolidation due to dissipation of excess pore water pressures. 

From Figures 5.25 and 5.26 it is possible to observe a portion of the central 
part of the dam (section 4) that is lower height, since it was not yet built at the 
time of the 1980 Irpinia earthquake.  

Figure 5.26 shows the vertical displacement computed according to the 
traditional approach, by adopting a unique input motion at base of the dam, or 
better at the roof of the bedrock (motion of point 6 in Figure 5.18). 
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Figure 5.25  Computed vertical displacements due to the Irpinia earthquake 
by the DRM proposed approach. 

 

 

Figure 5.26  Computed vertical displacements due to the Irpinia earthquake 
by the traditional approach. 
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The comparison between Figures 5.25 and 5.26 highlights important 
differences between the two approaches. In particular, the DRM approach 
provides:  

 comparable vertical displacements of the dam body, for intensity and 
trend, with the experimental measures; 

 settlements growing in west direction; 

 maximum seismic-induced displacement in correspondence to section 
6 of the embankment; 

 settlements of the foundation level about 20 cm lower than settlements 
in crest. 

Instead, the traditional approach provides:  

 reduced values of the vertical displacements of the dam body 
(maximum value about 40 cm); 

 settlements growing in the middle of the embankment; 

 maximum displacement in correspondence to section 4; 

 settlements of the foundation level of about 20 cm; 

 about zero settlements in section 1 and 6. 

In Figure 5.25, the maximum settlement corresponds, unexpectedly, to the 
lower part of the dam body in 1980 (section 4). This unexpected response 
predicted only by the DRM approach may be justified by comparing the results 
of computed settlements with those measured at the time of 1980 earthquake 
and interpreted by Brigante (2010). 

From Figure 5.27 a good agreement between settlements measured in 
correspondence to the foundation and crest of the embankment with 
settlements predicted by the proposed DRM approach can be observed. 

The trend of computed settlements along the longitudinal axis of the dam 
reproduces the observed values in all monitored sections fairly well (higher 
values towards section 6, that is, the western abutment). 

Conversely, in the case of the traditional approach (Figure 5.28) the 
computed settlements do not fit the measured trend. The maximum settlements 
in the foundation and at the embankment crest are about 50% lower than the 
measured ones. 
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Figure 5.27  Comparison between numerical solution (proposed approach) and 
experimental data. The red line represents the simulated crest settlements in 
the longitudinal section, while the thin black line represents the foundation 
settlements. Red and black points represent the crest and foundation 
observation, respectively. 
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Figure 5.28  Comparison between numerical solution (traditional approach) 
and experimental data. The red line represents the simulated crest settlements 
in longitudinal section, while the thin black line represents the foundation 
settlements. Red and black points represent the crest and foundation 
observation, respectively. 

 
It is important to emphasize that both the DRM and traditional analyses have 
been carried out adopting the same geometry, mesh and constitutive laws of 
materials. Accordingly the variation of the results is all attributable to the 
seismic input, which in the DRM approach is diversified for each node of the 
interface elements (Figure 5.7) between the external and internal domains. 

Figures 5.29 and 5.30 show the time histories of vertical displacements for 
six points along the longitudinal axis (points from A to F) and 3 points on the 
cross-section N°4 (points G, C and H) for the DRM and traditional approach, 
respectively. 
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Figure 5.29   Time-history of vertical displacements computed for some points 
along the boundary of the dam in the DRM approach. (a) Point location, (b) 
results along the longitudinal section and (c) in the cross-section 4 (H-C-G). 
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Figure 5.30   Time-history of vertical displacements computed for some points 
along the boundary of the dam in the traditional approach. (a) Point location, 
(b) results along the longitudinal section and (c) in the cross-section 4 (H-C-
G). 
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In both approaches, however, is the first mechanism of the 1980 event to 
induce the higher permanent deformation while no further contribution is given 
by the third mechanism whose seismic intensity at the site is even higher than 
that of the first mechanism (Figures 5.19 and 5.20). This aspect acts as a kind 
of “memory” effect that soil exhibits. Further accumulation of plastic strains 
occurs only if stress states much higher than those experienced by the dam 
during the first mechanism of the 1980 event will be induced. 

Figure 5.31 accounts for PGA amplification (in respect to dam foundation) 
of the x-component of acceleration, in correspondence to the six monitored 
cross-sections of the dam. Higher amplification is found at the cross sections 
n. 3 of the dam where PGAs of 0.55g are computed with the DRM approach. 
The dashed line in Figure 5.31 highlights the variability of the input motion at 
the base of the dam, variability that, as stated up to now, only the DRM 
approach may account for. 
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Figure 5.31   Peak ground acceleration along the dam boundary (red line) and 
foundation (black dashed line) in correspondence to the six monitored cross-
sections. 
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During the 1980 Irpinia earthquake, permanent settlements of the dam body 
and of the valley were measured. No information is available on the seismic-
induced pore water pressures in the dam core (the dam was not yet impounded 
at that time). Predictions carried out by the DRM approach combined to the 
Finn-Byrne constitutive model of the core soils (§ 4.2.1.2) provides excess 
pore water pressures (Figure 5.32) of 230 kPa and 160 kPa at the core base 
(point A) and middle height (point B) respectively. 

 

Figure 5.32   Pore-pressure history for two nodes in the core during the Irpinia 
earthquake simulation. 

 

Once again as observed for settlements, it is possible to see a rapid 
accumulation of pore pressures during the first mechanism of the 1980 Irpinia 
earthquake and a lower contribute of the third mechanism. These predictions 
should be corroborated in the future by suitable laboratory investigation on 
core soils to calibrate the amount of excess pore water pressures on the number 
of cycles. 
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 Future seismic scenarios 

As anticipated in Chapter 3, scenario analyses were carried out to evaluate 
dam response in its actual configuration (maximum dam height and reservoir 
level). In particular, six seismic scenarios are considered: (i) three slip-maps 
for the first mechanism of the Irpinia earthquake (scenarios 1a, 1b and 1c); (ii) 
three slip-maps for the third mechanism (scenarios 3a, 3b and 3c). 

Figures 5.33 and 5.34 show time histories and Fourier spectra of the 
accelerograms (x-direction) for point 6 (Figure 5.18) of section 3. It is worth 
noting that any other point could have been selected but the choice of point 6 
was motivated by the fact that its motion was adopted as reference one in 
performing the dynamic analysis of the dam by means of the traditional 
approach. 

From Figures 5.33 and 5.34 it emerges that the two seismic mechanism (1 
and 3) at the foundation of the dam provides almost the same PGA 
(0.35÷0.38g) but duration of the strong motion stage and Fourier spectra 
(Figure 5.34) may be different with the obvious consequences on seismic-
induced deformation in the embankment and abutments. 
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Figure 5.33   Time histories of x-acceleration at point 6 for mechanism 1 (a) 
and mechanism 3 (b). 
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Figure 5.34   Fourier spectra of x-acceleration at point 6 for mechanism 1 (a) 
and mechanism 3 (b).  

 
With reference to section 3 of the dam, Figure 5.35 plots the peak 

accelerations at the base and along the dam boundary. A PGA amplification of 
about 1.5 is found again, as computed for the 1980 event (but with a lower 
height of the embankment). This response may be justified considering that in 
Figure 5.35 the amplification factor is primarily affected by topography effects 
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of the dam (H=50m) while in 1980 amplification of the signal (Figure 5.31) 
may be primarily due to the low stiffness of the embankment layers (G0 (p’)).  

 
Figure 5.35   Peak acceleration (x-direction) at the base (dashed line) and along 
the dam boundary (red line) of cross-section 3 and for the 6 simulated seismic 
scenarios. 
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In Figure 5.36, the contours of the vertical displacements of the dam for the 
six scenarios considered are provided. The maximum settlement does not 
exceed 10 cm which is much lower than the value estimated and observed 
during the 1980 earthquake with a minor height of the dam embankment. This 
response may be justified by several factors: 

(i) modified geometry of the dam after the 1980 event designed to account 
for seismic actions; 

(ii) hardening of soils which “remember” the shaking of the 1980 
earthquake. Further analyses were carried out in time sequence with the 
real events (1980 earthquake, construction, impounding, consolidation). 

In dependence of the seismic scenarios, different settlement contours are 
plotted (Figure 5.36) and it is not straightforward to establish the most critical 
scenario for the dam body. However, a trend may be envisaged. Higher 
settlements are computed in the west side when mechanism 1 triggers. 
Conversely, mechanism 3 is more dangerous for the eastern part. In addition, 
for a fixed source mechanism, a different slip-map can affect the system 
response. For example, the slip-maps with the maximum value of slip 
concentrated at higher depth, due to the different radiative path, tend to 
generate subsidence mainly in the middle of the embankment (see scenarios 1c 
and 3b). 
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Figure 5.36   Vertical displacements computed in the dam by the DRM 
approach with the six simulated seismic scenarios. 

 

In Figure 5.37, the same scenarios were reproduced with the traditional 
approach. In this case, no significant difference is found between the various 
scenarios. Maximum settlements are around 2-3 cm generally in 
correspondence of the central part of the dam. 
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Figure 5.37   Vertical displacements computed in the dam by the traditional 

approach with the six simulated seismic scenarios.  
 

To assure the reliability of the predicted dam response to the simulated 
seismic scenarios, the estimated settlements of the Conza dam in its actual 
configuration were compared to the experimental data collected by Swaisgood 
(2003) on a worldwide dam database. It is worth noting that most dams 
considered by Swaisgood (2003) in its database experienced near-source 
seismic propagation. For earthquakes with high magnitudes (M=5.8÷8.3) most 
dams are placed within 20 km from the seismic source. 
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The settlement predictions obtained for Conza dam with the DRM approach 
(variability of the input motion) is consistent with the observed response for 
an earthquake magnitude of 6.5 (1980 first mechanism). The traditional 
approach provides dam permanent settlements much lower than those 
associated with the magnitude of simulated earthquake (Figure 5.38). 

 

Figure 5.38  Chart for estimating crest settlement (modification from 
Swaisgood, 2003). In green the range of the results carried out by the DRM 
approach is reported. In red the prediction range related to the traditional 
approach is showed. 
 



 



Final remarks 

Accelerometric and velocimetric recordings acquired in different sites 
located at a short distance from seismic sources, during several earthquakes 
worldwide, have shown the variability of seismic motion characteristics in 
near-source conditions. In particular, in the vicinity of the seismic source the 
presence of a bimodal spectral shape on at least one of the components of 
motion was observed (Somerville 2005). A significant energy content at high 
frequencies is observed, due to minor dissipation occurred during the short 
wave path form the seismic source and the site. The spectral peak at low 
frequencies, however, is probably caused by the presence of an impulsive 
component induced by the phenomenon of “forward directivity” (Somerville 
2005). Other typical characteristics of the near-source motion are: the presence 
of residual displacements at the ground level, or evidence of the fault on the 
surface ("fling-step"); high PGA, PGV and PGD values compared to those 
recorded far from the source (far-field conditions) for earthquakes with the 
same magnitude; the presence of a not-negligible vertical motion, with 
reference to the horizontal components; the almost simultaneous arrival of S 
and P waves due to the short  source-site distance; further P and S waves 
contribute to both horizontal and vertical motions because the wave fronts 
approach the surface with an inclination which can be very different from the 
sub-vertical (as it happens for sites far from the focal mechanism). Finally, the 
frequency content of the signal depends on the focal mechanism, i.e. geometry 
and direction of fracture propagation, slip map and source-site relative 
position. 

In geotechnical earthquake engineering, it is particularly important to 
characterize both the frequency content of the seismic signal and its 
asynchronism  at the bedrock. In this context, the seismic response of 
structures characterised by predominant longitudinal development (such as 
dams, road embankments, tunnels, bridges, pipelines) can be significantly 
influenced by kinematic and dynamic effects due to the near-source wave 
propagation. The asynchronism of the seismic motion at the base of an earth 
embankment, for example, may induce unsafe stress states. 

  

 



As already pointed out by Corigliano et al. (2011), the earthquake response 
analysis in near-source conditions can not be separated from the simulation of 
the source mechanism and of the propagation process, since the variation of 
seismic motion along the boundary of the analysis domain is closely related to: 
(i) the geometry of the source (extension in plan and corners of the strike and 
dip); (ii) the direction and value of the sliding average; (iii) the position and 
number of asperities on the fault surface; (iv) the mean rise-time; (v) the site-
source distance; (vi) the propagation medium (number of layers and the 
mechanical properties of each layer); (vi) to the extension of the study area. 
All these aspects were considered to reconstruct the seismic motion in each 
node at the border of the interest domain. This seismic motion will naturally 
be different from that that occurred in 1980 but equivalent from the 
engineering point of view. For this aim, a calibration of the 1D velocity model 
of the propagation medium, between the site and the source, has been realized, 
through the use of empirical Green functions. When the boundary value 
problem also contains the source mechanism over the structure of interest, the 
calculation times are notoriously long, because the size of the mesh elements 
is regulated by the maximum frequency of the signal that wants to propagate 
in the domain in exam. Furthermore, the need to simulate the presence of the 
interstitial fluid and the inelastic behavior of the soil, also through constitutive 
models which are not overly complex, makes the numerical simulation more 
expensive. To address this problem, in the context of the research project the 
approach called Domain Reduction Method (DRM), proposed by Bielak et al. 
in 2003, is defined. With this procedure it is possible to decouple the study of 
the dynamic response of the structure from the problem of the generation of 
the seismic motion at bedrock level. The first (model 1), containing the source 
and a simplified stratification (one-dimensional) of the subsoil; the second 
(model 2), detailed, containing the real topography of the site, as well as the 
structure object of study (earth dam). 

In the thesis the mathematical-numerical modeling of a representative case 
study has been addressed. The choice is on the Conza della Campania dam, as 
it is positioned in a very short distance from the first and third fault segment of 
the 1980 Irpinia earthquake. This latter has hit the dam when was still in the 
construction phase (height of the embankment less than half of the maximum 
of the project), causing total settlements in axis to the core around 70 cm, of 
which about 50% is attributable to the settlements of the foundation plan. In 
fact, looking at the monitoring data interpreted by Brigante (2010), it is 
possible to see that the settlements induced by the earthquake along the 



longitudinal axis of the dam are not constant, but they grow in a west direction, 
that is moving to the right shoulder. There are not conditions to justify the 
variation of the profile of the deformation measured along the longitudinal axis 
of the dam (no significant variations of the foundation level and stratigraphy). 
Therefore, the possibility of a non-uniform seismic motion at the site (for 
reduced distance from the Irpinia earthquake fault system) has been 
investigated. For this aim, the dynamic response of the dam with a three-
dimensional model, contemplating the effects of asynchronous motion to the 
base of the dam, was simulated. To verify the effects of seismic motion 
diversification at the base of large embankments located near the source, it is 
possible to compare the estimates of the seismic response of a dam through the 
innovative approach developed with the traditional methodology, valid in far-
fault conditions. This latter assumes the use of a single set of 3 accelerograms 
(one for each component of motion) to be inserted at the lower border of the 
model.  

 A comparison between the monitoring data of the effects induced by the 
1980 earthquake and the numerical predictions obtained, shows that the 
integrated model is able to reproduce, much more realistically, the response 
that the Conza dam expressed following the Irpinia earthquake, with 
settlements of a higher magnitude in the vicinity of the west abutment to the 
centreline. The results of the analysis show that, at equal mechanical properties 
of materials, the diversification of the seismic input at the base of the dam may 
have caused an increment of seismic-induced deformation, and a non-uniform 
distribution along the longitudinal development of the dam body, an effect that 
is reflected in the experimental data. 

 

 

 

 

 

 

 

 



Future earthquake scenarios, with the same magnitude of the 1980 
earthquake, induced low permanent displacements in the dam body. The 
justification is related to the important “memory” effect the 1980 earthquake 
preserved in the soil. 

Comparing innovative and traditional approaches, an increase of settlement 
(up to three times) is observable in the use of the DRM approach. It is 
important to underline that the traditional approach does not provide 
comparable values (underestimating the damage) with the relationships 
between maximum settlement, magnitude and PGA proposed by Swaisgood 
(2003) on a database of monitored dams. 

 

As further improvements of the performed study, an extended source model 

is required by setting up a 3D refined scheme of Campano-Lucano 

Apennine, enough realistic at high frequencies. 
For the model at the site scale, the analyzes were carried out by assigning to 

the materials of the reference dam a constitutive model able to simulate only 
some salient aspects of the response of soils under cyclic and dynamic loading. 
A further advancement of scientific research in this field could be the use of 
advanced constitutive models, which can better simulate the nonlinear 
response of the soil from small to large strain levels (Bounding Surface 
Plasticity).  



 



 



 
Appendix A                  Discrete Wavenumber Method formulation 

A-1 
 

A. APPENDIX.                             
Discrete Wavenumber Method 
formulation (Bouchon, 2003) 

A.1. Introduction 

The evaluation of Green’s functions for elastic media is an important topic in 
several fields such as seismology or acoustics. Since the pioneering work of 
Lamb (1904), many approaches have been proposed to evaluate the response of 
elastic solids to excitation due to transient point sources. The methods proposed 
for the calculation of the Green’s functions are, however, often very complex 
and, in many cases, only provide approximate solutions. The discrete 
wavenumber method, introduced by Bouchon and Aki (1977), provides a way to 
accurately calculate the complete Green’s functions for many problems. 

The principle of the method may be traced back to Rayleigh (1896, 1907), who 
demonstrated that waves reflected by a sinusoidally corrugated surface propagate 
only at discrete angles that he referred to as the orders of the spectrum. 

 The existence of discrete orders in the horizontal wavenumber spectrum is an 
immediate consequence of the periodicity of the reflecting surface. Aki and 
Larner, (1970), extended Rayleigh’s approach to study the scattering of plane 
waves in the vicinity of a periodic irregular surface with the use of complex 
frequency. In the same way, the discrete wavenumber (DWN) method introduces 
a spatial periodicity of sources to discretize the radiated wave field, and relies on 
the Fourier transform in the complex frequency domain to calculate the Green’s 
functions. 
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A.2. Principle of the Method 

We shall begin with a short consideration of the 2-D case, as the principle of 
the method is easier to describe in this case. The steady-state radiation from a 
line source in an infinite homogeneous medium can be represented as a 
cylindrical wave or, equivalently, as a continuous superposition of homogeneous 
and inhomogeneous plane waves. Therefore, denoting by x and z the horizontal 
and vertical axes in the plane normal to the line source, any variable such as 
displacement or stress can be written in the form 

,ݔሺܨ ;ݖ ߱ሻ ൌ ݁௜ఠ௧ න ݂ሺ݇, ሻ݁ି௜௞௫ݖ
ஶ

ିஶ

݀݇ (A.1) 

where x is the frequency and k is the horizontal wavenumber. Equation  (A.1) 
still holds for an extended two-dimensional source located in a medium which is 
homogeneous in any horizontal plane. 

When the medium is finite or vertically heterogeneous, the integral kernel has 
poles and singularities, and the integration over the horizontal wavenumber 
becomes mathematically and numerically complicated. One simple way to 
overcome these difficulties is to replace the single-source problem, whose 
solution is expressed by (A.1), by a multiple-source problem where sources are 
periodically distributed along the x axis.  

Then, equation (A.1) is replaced by: 

,ݔሺܩ ;ݖ ߱ሻ ൌ න ݂ሺ݇, ሻݖ
ஶ

ିஶ

݁ି௜௞௫ ෍ ݁௜௞௠௅
ஶ

௠ୀିஶ

݀݇ (A.2) 

where L is the periodicity source interval and the eixt term accounts for time 
dependence. 

Equation (A.2) reduces to: 

Gሺx, z; ωሻ ൌ
2π

L
෍ fሺk୬, zሻ

ஶ

୬ୀିஶ

eି୧୩౤୶ (A.3) 

with ݇௡ ൌ
ଶగ

௅
݊, which in turn, if the series converges, can be approximated by 

the finite sum equation 

,ݔሺܩ ;ݖ ߱ሻ ൌ
ߨ2

ܮ
෍ ݂ሺ݇௡, ሻݖ

ே

௡ୀିே

݁ି௜௞೙௫ (A.4) 
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In moving from equation ((A.1) to equation (A.4), we have greatly reduced the 
calculation. In so doing, however, we have changed the problem from one of a 
single source, to one involving an infinite number of periodic sources, as 
illustrated in Figure A.1. The DWN method calculates equation (A.4), that is 
,ݔሺܩ ;ݖ ߱ሻ, instead of evaluating equation (A.1). 

The second stage of the method is to retrieve the single-source solution from 
the multiple-source problem that we have solved in the frequency domain. This 
would be straightforward if we could calculate the continuous Fourier transform 
of G, as we could then isolate the single source solution in the time domain, 
provided that we have chosen an appropriate value for L. 

 In practice, however, we can only calculate G for a certain number of 
frequencies and use the discrete Fourier transform to obtain the time domain 
solution. Thus, on one hand we deal with a signal which has an infinite time 
response (because of the infinite set of sources), while on the other hand, we use 
the discrete Fourier transform, which yields a signal of finite duration ܶ ൌ
 where ∆߱ is the angular frequency sampling used in calculating G. This ,߱∆/ߨ2	
can indeed be accomplished by performing the Fourier transform in the complex 
frequency domain: 

݃ሺݔ, ;ݖ ሻݐ ൌ න ,ݔሺܩ ;ݖ ߱ሻ݁௜ఠ௧
ஶା௜ఠ಺

ିஶାூఠ಺

݀߱ (A.5) 

where ߱ூ denotes the constant imaginary part of the frequency and is chosen 
such that: 

݁ఠ಺் 		൏൏ 1 (A.6) 

This last equation ensures the attenuation, over the time window T, of the 
previously infinite time response solution. Thus, provided that we have chosen L 
large enough so that no disturbance arrives at the receiver ሺݔ,  ሻ from the nextݖ
closest source in the time window of interest T, the time-domain single-source 
solution ݂ሺݔ, ;ݖ  ሻ is obtained from the frequency-domain multiple-sourceݐ	
calculation ܩሺݔ, ;ݖ 	߱ሻ by: 

݂ሺݔ, ;ݖ ሻݐ ൌ ݁ିఠ಺௧ න ,ݔሺܩ ;ݖ ߱ሻ݁௜ఠೃ௧݀߱ோ

ஶ

ିஶ

 (A.7) 

where the integral is computed by using the FFT. 
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Figure A.1  Physical interpretation of the DWN method. The single source is 
replaced by an infinite array of sources distributed horizontally at equal interval 
L. For a given radiation wavelength k, corresponding to a specific frequency of 
excitation, the elastic energy is radiated in discrete directions h only (Bouchon, 
2003). 

 

Equation (A.6) shows that ߱ூ is only a function of the length of the time 
window T considered. The results should not be sensitive to the particular value 
of ߱ூ chosen, as long as it provides enough attenuation for the disturbances 
which arrive after the time window of interest T to be negligible. Values in the 
range: 

߱ூ ൌ ൤െ
ߨ

ܶ
,െ

ߨ2

ܶ
൨ (A.8) 

are recommended for most applications. 
It is worth noting here that disturbances which arrive in the time range ሾܶ, 2ܶሿ 

will be attenuated by ݁ఠ಺் , while disturbances in the time range ሾ2ܶ, 3ܶሿ will 
be attenuated by ݁ଶఠ಺், and so on. The choice of ߱ூ  may also be justified by the 
fact that the frequency spectrum ܩሺ߱ሻ is not discrete, as would be the case with 
real frequencies, but is continuous with a bandwidth proportional to ߱ூ (Larner, 
1970). Choosing values in the range of relation  (A.8) implies that the bandwidth 
of the spectral lines is of the order of the frequency interval. Thus, the calculated 
signals may also be considered as resulting from a nearly continuous sampling 
of the frequency domain. Figure A.2, we present a comparison of the numerical 
results obtained through these equations with an analytical solution. The case 
considered involves an explosive line source in a half-space, as it is one of the 
rare cases where an analytical solution exists (Garvin, 1956). The comparison 
shows the high accuracy of the DWN method. 
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A.3. Discretization in Various Coordinate Systems 

The simplest type of elastic source in three-dimensions is an isotropic point 
source. The wave field radiated by such a source can be conveniently represented 
by the displacement potential, which, for a steady-state excitation, is given by: 

߶ሺܴ;߱ሻ ൌ
െ ௦ܸሺ߱ሻ

ܴߨ4
݁௜ఠሺ௧ିோ/ఈሻ (A.9) 

where ܸ ௦ is the volume change at the source and a denotes the compressional  wave 
velocity. 
In the shallow earth, where boundaries are nearly horizontal and where the 
medium properties change primarily with depth, using this spherical wave 
representation would be cumbersome, so we must express the wave field in more 
appropriate coordinate systems. 

One possibility is to use a Cartesian system with the z axis running vertically. 
In such a system, the wave field is expressed as a double integral over the two 
components of the horizontal wavenumber, kx and ky, through the Weyl integral 
(Lamb, 1904; Aki and Richards, 1980): 

߶ሺݔ, ,ݕ ;ݖ ߱ሻ ൌ

ൌ
݅ ௦ܸሺ߱ሻ

ଶߨ8
න න

1

ߥ

ஶ

ିஶ

ஶ

ିஶ

݁ି௜ఔ|௭|݁ି௜௞ೣ௫݁ି௜௞೤௬݀݇௫݀݇௬ 
  

(A.10) 

with 

ߥ ൌ ඨ
߱ଶ

ଶߙ
െ ݇௫

ଶ െ ݇௬
ଶ							݉ܫሺߥሻ ൏ 0 

where the origin of the coordinate system is taken at the source, and the 

݁௜ఠ௧	dependence is understood. 
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Figure A.2 Comparison between numerical and analytical solutions for the 
surface displacement due to a buried explosive line source with step-function time 
dependence. Computations are made for a Poisson ratio of 0.25 and a ratio of 
distance R to source depth equal to 10. ߬ ൌ ߙݐ	 ൌ ܴ, where t is time and ߙ is the 
compressional wave velocity. The analytical displacements are infinite at the time 
of  P -wave arrival (߬ ൌ 1). (Bouchon, 2003). 

 

The generalization of the previous results from 2-D to 3-D is straightforward 
and leads to the following expressions (Bouchon, 1979): 

߶ሺݔ, ,ݕ ;ݖ ߱ሻ ൌ
݅ ௦ܸሺ߱ሻ

௬ܮ௫ܮ2
෍ ෍

1

ߥ

ே೤

௡೤ୀିே೤

ேೣ

௡ೣୀିேೣ

݁ି௜ఔ|௭|݁ି௜௞೙ೣ௫݁ି௜௞௡೤௬ (A.11) 

with 

݇௡௫ ൌ
ߨ2

௫ܮ
݊௫, ݇௡௬ ൌ

ߨ2

௬ܮ
݊௬,	 

for which the corresponding multiple-source problem is a periodic array of 
sources distributed at equal intervals Lx in the x direction, and Ly in the y 
direction. In many wave propagation problems, the elastic wave field may also 
be conveniently expressed in a cylindrical coordinate system with z as the 
vertical axis. 
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 The wave field is then represented as an integral over the horizontal 

wavenumber through the Sommerfeld integral: 

߶ሺݎ, ;ݖ ߱ሻ ൌ
݅ ௦ܸሺ߱ሻ

௬ܮ௫ܮ2
න

݇

ߥ

ஶ

଴

ሻ݁ݎ଴ሺ݇ܬ
ି௜ఔ|௭|݀݇ (A.12) 

with ߥ ൌ ට
ఠమ

ఈమ
െ ݇ଶ,					݉ܫሺߥሻ ൏ 0 and where J0 denotes the zeroth order Bessel 

function. 
The discretization of this equation can also be achieved by replacing the single 

source by a periodic arrangement of sources which, in this case, consists of the 
original point source plus an infinite array of circular sources centered around 
the point source and distributed at equal radial interval L (Bouchon, 1981). This 
physical arrangement leads to: 

߶ሺݎ, ;ݖ ߱ሻ ൌ
݅ ௦ܸሺ߱ሻ

2
෍

݇௡
଴ߥ

ே

௡ୀ଴

ሻ݁ݎ଴ሺ݇௡ܬ
ି௜ఔ೙|௭|݀݇ (A.13) 

with ݇௡ ൌ
ଶగ

௅
݊. 

The comparison between the two geometric source arrangements resulting in 
discretizations (A.11) and (A.13) is shown in Figure A.3 

Once the source radiation has been decomposed, through equations (A.4), 
(A.11), or (A.13), into a superposition of waves propagating with discrete 
wavenumbers, the effect of plane boundaries and flat layers is taken into account 
by using, for each horizontal wavenumber component, the corresponding plane-
wave reflection and transmission coefficients at the medium surface and 
interfaces, and summing up all the wavenumber contributions. This is best done 
by calculating, for each wavenumber involved in the source radiation, the 
corresponding reflectivity and transmissivity matrices of the layered medium 
(Kennett, 1974; Kennett and Kerry,  1979; Muller, 1985). The truncation of the 
wavenumber series is easily determined  for each frequency by a simple  
convergence  criterion  which  compares  the   new wavenumber contribution to 
the current sum of the series, and stops the calculation when the new contribution 
becomes negligible. 
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Figure A.3 Geometries of source-receiver configurations leading to the 
discretization: a circular source array for the k discretization scheme and a 
rectangular network for the (kx , ky) discretization method. Source 1 is the original 
single-source problem. The black dot shows the receiver location (Bouchon, 
2003). 

 

The accuracy of the two discretization schemes (A.11) and (A.13) can be 
measured by comparing synthetic seismograms obtained using these equations, 
as the two schemes are independent. 

This is done in Figure A.4, where the similitude of the results demonstrates the 
accuracy  of the DWN method. In most applications, the k discretization scheme 
will be preferred over the kx, ky scheme because it involves only one summation 
and the resulting calculation is faster. One such application is displayed in Figure 
A.5. 

For other types of problems, other schemes of discretization may be devised. 
For instance, in the case of a source in a borehole, common in exploration 
geophysics, it is convenient to use, for equation (A.9), the expression: 

߶ሺݎ, ;ݖ ߱ሻ ൌ
െ ௦ܸሺ߱ሻ

ଶߨ4
න ሻ݁ݎߥ଴ሺܭ

ି௜௞௭݀݇
ஶ

ିஶ

 (A.14) 

with ߥ ൌ ට
ఠమ

ఈమ
െ ݇ଶ, ሻߥሺ݉ܫ ൏ 0, where (r, z) are cylindrical coordinates 

centered at the source and z runs along the borehole axis, k is now the vertical 
wavenumber (in the case of a vertical borehole), and where K0 denotes the 
zeroth-order modified Bessel function of the second kind. 
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Figure A.4   Comparison of surface displacements obtained using the k and (kx, 
ky) discretization schemes for an explosion in a layer over a half-space model. The 

source-time function is 
ଵ

ଶ
ሾ1 ൅ ݊ܽݐ ݄ሺݐ/ݐ଴ሻሿ with ݐ଴ ൌ  First motions are up .ݏ	0.1	

and away from the source (Bouchon, 2003). 

 



 
Appendix A                  Discrete Wavenumber Method formulation 

A-10 
 

 

Figure A.5 Comparison of the vertical short-period seismograms synthesized 
(upper trace) and observed (lower trace) at four stations for a small earthquake in 
central France. The epicentral distance of each station is indicated. The 
propagation model used in the calculation consists of four crustal layers 
overlaying a mantle half-space. The source is a double-couple point with the 
mechanism of the earthquake and located at a depth of 10 km. The slip time 
dependence is a ramp function with a rise time of 0.2 s (Bouchon, 1982a). 

 

The discretization of this expression, which was introduced by Cheng and 
Toksöz (1981), yields: 

߶ሺݎ, ;ݖ ߱ሻ ൌ
െ ௦ܸሺ߱ሻ

ܮߨ2
෍ ሻ݁ݎ௡ߥ଴ሺܭ

ି௜௞೙௭

ே

௡ୀିே

 
(A.15) 

 

and corresponds to a periodic arrangement of point sources distributed at interval  
L along the z axis. 

Expression (A.15) is convenient to use in a borehole environment because, in 
this form, cylindrical boundaries of the borehole, tubing, mud casing, and/or 
borehole tool can be taken into account through propagator matrices or 
reflectivity/transmissivity matrices similar to the ones in flat layer media. An 
example of such a calculation is displayed in Figure A.6. 
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A.4. Case of a Generalized and Extended Source 

We now consider the case where the point source is a force with Cartesian 
components Fx, Fy,  Fz. We express its radiation in a discretized form similar to 
(A.13). We assume again that the cylindrical coordinate system is centered at the 
source and that the z axis is vertical. We have for the compressional and rotational 
potentials: 

߶ሺݎ, ,ߠ ;ݖ ߱ሻ ൌ

ൌ
1

ଶ߱ߩܮ2
൥݊݃ݏሺݖሻܨ௭ ෍ ݇௡ܬ଴ሺ݇௡ݎሻ݁

ି௜ఔ೙|௭|

ே

௡ୀ଴

െ ݅൫ܨ௫ cos ߠ ൅

൅ ௬ܨ sin ൯෍ߠ
݇௡
ଶ

௡ߥ
ሻ݁ݎଵሺ݇௡ܬ

ି௜ఔ೙|௭|

ே

௡ୀ଴

൩ 

߰ሺݎ, ,ߠ ;ݖ ߱ሻ ൌ

ൌ
1

ଶ߱ߩܮ2
൥݅ܨ௭ ෍

݇௡
௡ߛ
ሻ݁ݎ଴ሺ݇௡ܬ

ି௜ఊ೙|௭|

ே

௡ୀ଴

൅ ௫ܨሻ൫ݖሺ݊݃ݏ cos ߠ

൅ ௬ܨ sin ൯෍ߠ ሻ݁ݎଵሺ݇௡ܬ
ି௜ఊ೙|௭|

ே

௡ୀ଴

൩ 

߯ሺݎ, ,ߠ ;ݖ ߱ሻ ൌ

ൌ ݅
௬ܨ cos ߠ ൅ ௫ܨ sin ߠ

ଶߚߩܮ2
෍ ሻ݁ݎଵሺ݇௡ܬ

ି௜ఊ೙|௭|

ே

௡ୀ଴

 

(A.16) 

with ߛ௡ ൌ ට
ఠమ

ఉమ
െ ݇௡

ଶ, ௡ሻߛሺ݉ܫ ൏ 0 and ݊݃ݏሺݖሻ ൌ ݖ	ݎ݋݂	1 ൐ 0, ሻݖሺ݊݃ݏ ൌ

െ1	݂ݎ݋	ݖ ൏ 0 where ߩ is the density, ߚ the shear-wave velocity, and J1 is the 
Bessel function of the first order. 
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Figure A.6 A comparison between (a) actual and (b) synthetic full waveform 
acoustic log microseismograms in a limestone formation. The source is a pressure 
point located in a fluid-filled cylindrical borehole. Parameters used are ߙ ൌ

ߚ ,ݏ/݉݇	5,95	 ൌ 	3,05
௞௠

௦
, ߩ ൌ 	2,3 for the geological formation, and ߙ ൌ

ߩ	 ,ݏ/݉݇	1,83	 ൌ 	1.2 for the fluid. The borehole radius is 6.7 cm. The synthetic 
microseismogram is calculated by discretizing the source radiation in the vertical 
wavenumber domain (Cheng et al., 1982). 

 

Any type of elastic source can be represented by a combination of point forces. 
In particular, a generalized point source is commonly represented in seismology 
by its moment tensor mij where mxx, myy, and mzz represent three force dipoles 
oriented along the Cartesian axes, while mxy = myx, mxz = mzx, and myz = mzy are 
double couples with force oriented along the first axis index and arm along the 
second axis index. Expressions for the radiation from an arbitrary moment tensor 
source can then be obtained by linear operations on equations (A.16). 

Of particular interest is the radiation from a double-couple source, as such a body 
source is equivalent to a point of shear dislocation. Denoting by (sx,  sy, sz) the 
components of the unit vector in the slip direction and by (nx, ny, nz) those of the 
normal to the fault, the corresponding moment tensor components are: 
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݉௜௝ ൌ െ݌݈݅ݏߤሺ߱ሻ∆ܵ൫ݏ௜ ௝݊ ൅  ௝݊௜൯ (A.17)ݏ

where ߤ is the rigidity and ∆ܵ is the elementary fault surface on which slip occurs.  
The simplest way to calculate the elastic radiation from an extended source is 

usually to represent the source by a superposition of elementary point sources. 
Although analytical expressions of the radiation can sometimes be derived in the 

frequency-wavenumber domain for particular cases, the point-source 
superposition is generally more versatile. In the case of an earthquake, for 
instance, the fault can be discretized into a two-dimensional array of double-
couple points distributed on the fault plane at a spacing smaller than the shortest 
wavelength considered in the problem. Each point radiates with a phase delay 

݁ି௜ఠ௧ೝ, where tr denotes the time for rupture to propagate from the hypocenter to 
the particular fault location. Slip amplitude and duration may vary at each point. 
The summation of all the elementary contributions is done in the frequency-
wavenumber domain, and does not affect the calculation of the 
reflection/transmission and reflectivity/transmissivity matrices. One important 
aspect of the DWN method is that the method calculates the complete elastic wave 
field, including both static and dynamic contributions (see §1.2). 
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B. APPENDIX.                         
Numerical DEM formulation          

(Itasca, 2012) 

B.1. Introduction 

The analyses in this thesis were carried out at the University of Sannio with 
FLAC3D(*) code (Itasca, 2012). 

In the performed analyses, the considered boundary value problem has been 
solved by implementing the following ingredients: a finite difference technique 
combined to a discrete model approach and to a dynamic solution. 

 Finite-difference technique: first-order space and time derivatives of a 
variable are approximated by finite differences, assuming linear variations of the 
variable over finite space and time intervals, respectively.  

 Discrete-model approach: the continuous medium is replaced by a discrete 
equivalent system, in which all forces involved (inertial, body and surface forces, 
internal source, etc.) are concentrated at the nodes of a 3D mesh representing the 
analysis domain. For the purpose of defining velocity variations on given space 
intervals, the medium is discretized into constant strain-rate elements of 
tetrahedral shape (Figure B.1) whose vertices are the nodes of the 3D mesh.  

 Dynamic-solution: the inertial terms in the equations of motion are used 
as numerical means to reach the equilibrium state of the system under 
consideration. The equations of motion for a continuum are transformed into 
discrete forms of Newton’s law at the nodes. The resulting system of ordinary 
differential equations is then solved numerically using an explicit finite difference 
approach in time domain. 

 

 

                                                 
(*) Prof. F. Guadagno and Dr. P. Ravellino are gratefully acknowledged for coordinating the 
purchase of the Flac 3D license under the auspicious of the GEMME Project.  
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B.2. Finite Difference Approximation to Space 
Derivatives 

The finite difference formulation components of the strain-rate tensor for the 
tetrahedron are derived below as a preliminary step to derive the nodal 
formulation of the equations of motion. The tetrahedron nodes are identified by 
number from 1 to 4 and, by convention, face n is opposite to node n (Figure B.1). 

 

Figure B.1   Tetrahedron. 

 

By application of the Gauss divergence theorem to the tetrahedron, we can 
write: 

න ௜,௝ܸ݀ݒ ൌ න ௜ݒ ௝݊݀ݏ
ௌ௏

 (B.1) 

where the integrals are taken over the volume and the surface of the tetrahedron, 
respectively, and [n] is the exterior unit vector normal to the surface. 

For a constant strain-rate tetrahedron, the velocity field is linear, and [n] is 
constant over the surface of each face. Hence, after integration, (B.1) yields: 

௜,௝ݒܸ ൌ ෍߭̅௜
ሺ௙ሻ

௝݊
ሺ௙ሻ
ܵሺ௙ሻ

ସ

௙଴ଵ

 (B.2) 

where the superscript (f) relates to the value of the associated variable on face 
f , and ߥത௜ is the average value of velocity component i. 
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For a linear velocity variation, we have: 

߭̅௜
ሺ௙ሻ

ൌ
1

3
෍ ௜ݒ

௟

ସ

௟ୀଵ,௟ஷ௙

 (B.3) 

where the superscript ( f ) relates to the value at node l. 
Substitution of  (B.3) in (B.2) yields, reorganizing terms by node contribution: 

௜,௝ݒܸ ൌ
1

3
෍ݒଵ

௟ ෍ ௝݊
ሺ௙ሻ
ܵሺ௙ሻ

ସ

௙ୀଵ,௙ஷ௟

ସ

௟ୀଵ

 (B.4) 

If we replace ݅ݒ by 1 in  (B.1) we obtain, by application of the divergence 
theorem: 

෍ ௝݊
ሺ௙ሻ

ସ

௙ୀଵ

ܵሺ௙ሻ ൌ 0 (B.5) 

Using this last relation, and dividing (B.4) by V , we get: 

௜,௝ݒ ൌ െ
1

3ܸ
෍ݒ௜

௟
௝݊
ሺ௟ሻ

ସ

௟ୀଵ

ܵሺ௟ሻ (B.6) 

and the components of the strain-rate tensor may be expressed as: 

௜,௝ߦ ൌ െ
1

6ܸ
෍ቀݒ௜

௟
௝݊
ሺ௟ሻ
൅ ௝ݒ

௟݊௜
ሺ௟ሻ
ቁ ܵሺ௟ሻ

ସ

௟ୀଵ

 (B.7) 
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B.3. Nodal Formulation of the Equations of Motion 

The nodal formulation of the equations of motion will be derived below by 
application of the theorem of virtual work. Approximations on the form of the 
nodal inertial terms will be made by using those terms as means to reach the 
solution corresponding to the equilibrium equations (4.2). 

Fixing time, t , we consider an equivalent static problem governed at any 
instant in time by the equilibrium equations: 

,݆݅ߪ ݆ ൅ ݅ܤߩ ൌ 0 (B.8) 

with body forces defined as (see (4.1)): 

௜ܤ ൌ ߩ ൬ܾ௜ െ
௜ݒ݀
ݐ݀
൰ (B.9) 

In the framework of the finite difference approximation adopted here, the 
medium is represented by a continuous assembly of constant-strain tetrahedral 

subjected to body forces [B]. The nodal forces [f ]n, with n = (1,4), acting on a 
single tetrahedron in “static” equilibrium with the tetrahedron stresses and 
equivalent body forces, are derived by application of the theorem of virtual 
work. After application of a virtual nodal velocity ߜሾݒሿ݊ (it will generate a linear 
velocity field ߜሾݒሿ and a constant strain-rate ߜሾߦ	ሿ inside the tetrahedron), we 

equate the external rate of work done by the nodal forces [f ]n and body forces 
[B] with the internal work rate done by the stresses	݆݅ߪ under that velocity. 

Whereas the superscript refers to the nodal value of a variable and considering 
Einstein summation convention on indices i and j, the external work rate may 
be expressed as: 

ܧ ൌ ෍ݒߜ௜
௡

௜݂
௡ ൅ න ௜ܤ௜߭ߜ

௏

ସ

௡ୀଵ

ܸ݀ (B.10) 

while the internal work rate is given by: 

ܫ ൌ න ௜௝ܸ݀ߪ௜௝ߦߜ
௏

 (B.11) 

Using (B.7), we can write, for a constant strain-rate tetrahedron: 

ܫ ൌ െ
1

6
෍ቀ߭ߜ௜

௟ߪ௜௝ ௝݊
ሺ௟ሻ
൅ ߜ ௝߭

௟ߪ௜௝݊௜
ሺ௟ሻ
ቁ

ସ

௟ୀଵ

ܵሺ௟ሻ (B.12) 
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The stress tensor is symmetric, and defining a vector T l with components: 

௜ܶ
௟ ൌ ௜௝ߪ ௝݊

ሺ௟ሻ
ܵሺ௟ሻ (B.13) 

we obtain: 

ܫ ൌ െ
1

3
෍߭ߜ௜

௟

ସ

௟ୀଵ

௜ܶ
௟ (B.14) 

After substitution of (B.9) in (B.10), the external work rate may be expressed as 
follows: 

ܧ ൌ ෍߭ߜ௜
௡

௜݂
௡

ସ

௡ୀଵ

൅ ௕ܧ ൅  ூ (B.15)ܧ

where Eb and EI are the external work-rate contributions of the body forces ܾ݅ߩ 
and inertial forces, respectively. For a constant-body force ܾ݅ߩ inside the 
tetrahedron, we can write:  

௕ܧ ൌ ௜ܾߩ න ௜߭ߜ
௏

ܸ݀ (B.16) 

while EI  may be expressed as: 

ூܧ ൌ െන ௜߭ߜߩ
݀߭௜
௏ݐ݀

ܸ݀ (B.17) 

According to the finite difference approximation done earlier, the velocity field 
varies linearly inside the tetrahedron. To describe it, we adopt a local system of 
reference axes ݔଵ

ᇱ , ଶݔ	
ᇱ , ଷݔ	

ᇱ , with origin at the tetrahedron centroid, and write: 

௜߭ߜ ൌ ෍ ௜߭ߜ
௡

ସ

௡ୀଵ

ܰ௡ (B.18) 

where Nn (with n = 1,4) are linear functions of the form: 

ܰ௡ ൌ ܿ଴
௡ ൅ ܿଵ

௡ݔଵ
ᇱ ൅ ܿଶ

௡ݔଶ
ᇱ ൅ ܿଷ

௡ݔଷ
ᇱ  (B.19)  

and ܿ଴
௡, ܿଵ

௡, ܿଶ
௡, ܿଷ

௡ (with n = 1,4) are constants determined by solving the systems 
of equations: 

ܰ௡൫ݔଵ
ᇱ௝
, ଶݔ

ᇱ௝
, ଷݔ

ᇱ௝
൯ ൌ  ௡௝ (B.20)ߜ

where ݆݊ߜ  is the Kronecker delta. By definition of the centroid, all integrals of 

the form: ׬ ௝ݔ
ᇱ

௏
ܸ݀	vanish, and substitution of (B.18) for ݅ݒߜ in (B.15) yields, 
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using (B.19): 

௕ܧ ൌ ௜ܾߩ ෍ ௜߭ߜ
௡ܿ଴

௡ܸ

ସ

௡ୀଵ

 (B.21) 

Using Cramer’s rule to solve (B.20) for ܿ଴
௡,we obtain, taking advantage of the 

properties of the centroid: 

ܿ଴
௡ ൌ

ଵ

ସ
              (B.22) 

From (B.21) and ((B.22), we may write: 

௕ܧ ൌ ෍ߜ

ସ

௡ୀଵ

߭௜
௡ ௜ܸܾߩ

4
 (B.23) 

Also, substitution of (B.18) for ݅ݒߜ in (B.17) gives: 

ூܧ ൌ െ෍ߜ

ସ

௡ୀଵ

߭௜
௡ න ௡ܰߩ

௏

݀߭௜
ݐ݀

ܸ݀ (B.24) 

Finally, with expressions (B.23) for Eb and (B.24) for EI , (B.15) becomes: 

ܧ ൌ ෍ߜ

ସ

௡ୀଵ

߭௜
௡ ቈ ௜݂

௡ ൅
௜ܸܾߩ

4
െ න ௡ܰߩ

݀߭௜
௏ݐ݀

ܸ݀቉ (B.25) 

For static equilibrium of the tetrahedron in the framework of the equivalent 
problem, the internal work rate (see ((B.14)) equals the external work rate 
expressed by (B.25) for any virtual velocity. Hence, we must have, rearranging 
terms: 

െ ௜݂
௡ ൌ

௜ܶ
௡

3
൅
௜ܸܾߩ

4
െ න ௡ܰߩ

௏

݀߭௜
ݐ݀

ܸ݀ (B.26)  

For small spatial variations of the acceleration field around an average value 
inside the tetrahedron, the last term in (B.26) may be expressed as follows: 

න ௡ܰߩ
݀߭௜
௏ݐ݀

ܸ݀ ൌ ൬
݀߭௜
ݐ݀
൰
௡

න ௡ܰߩ

௏

ܸ݀ (B.27) 
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For constant values of ρ inside the tetrahedron, and using the properties of 
the centroid mentioned above (see (B.19)) and (B.22), we may write: 

න ௡ܰߩ
݀߭௜
௏ݐ݀

ܸ݀ ൌ
ܸߩ

4
൬
݀߭௜
ݐ݀
൰
௡

 (B.28) 

In the context of this analysis, the mass 
ఘ௏

ସ
 involved in the above inertial term is 

replaced by a fictitious nodal mass mn, whose value will be determined below in 
order to ensure numerical stability of the system on its route to equilibrium. 
Accordingly, (B.28) becomes: 

න ௡ܰߩ
݀߭௜
௏ݐ݀

ܸ݀ ൌ ݉௡ ൬
݀߭௜
ݐ݀
൰
௡

 (B.29) 

and (B.26) may be written as: 

െ ௜݂
௡ ൌ

௜ܶ
௡

3
൅
௜ܸܾߩ

4
െ݉௡ ൬

݀߭௜
ݐ݀
൰
௡

 (B.30) 

The equilibrium conditions for the equivalent system may now be established 
by requiring that, at each node, the sum of the statically equivalent forces, −[f ], of 
all contributing tetrahedra and nodal contributions [P ] of applied loads and 
concentrated forces be zero. To express those conditions, we adopt a notation 
where a variable with superscript <l> refers to the value of the variable at a node 

with label l in the global node numbering. The symbol [[.]]<l> is used to 
represent the sum of the contributions at global node l of all tetrahedra meeting at 
that node. With those conventions, we may write the following expressions of 
Newton’s law at the nodes: 

௜ܨ
ழ௟வ ൌ ழ௟வܯ ൬

݀߭௜
ݐ݀
൰
ழ௟வ

݈ ൌ 1, ݊௡ (B.31) 

where nn is the total number of nodes involved in the medium representation, the 

nodal mass M<l> is defined as: 

ழ௟வܯ ൌ ൣሾ݉ሿ൧
ழ௟வ

 (B.32) 

and the out-of-balance force [F ]<l> is given by: 

௜ܨ
ழ௟வ ൌ ൥൤

௜ܶ

3
൅
௜ܸܾߩ

4
൨൩

ழ௟வ

൅ ௜ܲ
ழ௟வ (B.33) 

This force is equal to zero when the medium has reached equilibrium. 
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B.4. Explicit Finite Difference Approximation to 
Time Derivatives 

Taking into consideration the constitutive equations, chapter 4 (equation 4.2), 
and the relation (B.7) between deformation rate and nodal velocities, (B.31) may 
be expressed formally as a system of ordinary differential equations of the form: 

݀߭௜
ݐ݀

ழ௟வ

ൌ
1

ழ௟வܯ
௜ܨ
ழ௟வ ∗ 

∗ ቀݐ, ൛߭௜
ழଵவ, ߭௜

ழଶவ, ߭௜
ழଷவ, … . , ௜߭

ழ௣வ
	ൟ
ழ௟வ

, ቁߢ ܮ ൌ 1, ݊௡ 

(B.34) 

where the notation {}<l> refers to the subset of nodal velocity values involved in 
the calculation at global node l (see (B.31)). In FLAC3D, this system is solved 
numerically using an explicit finite difference formulation in time. In this 
approach, the velocity of a material node is assumed to vary linearly over a time 
interval Δݐ, and the derivative on the left-hand side of (B.34) is evaluated using 
central finite differences, whereby velocities are stored for times that are displaced 
by half timesteps with respect to displacements and forces. Nodal velocities are 
computed using the recurrence relation: 

		߭௜
ழ௟வ ൬ݐ ൅

Δݐ

2
൰ ൌ ߭௜

ழ௟வ ൬ݐ െ
Δݐ

2
൰ ൅

Δݐ

ழ௟வܯ
௜ܨ
ழ௟வ ∗ 

∗ ቀݐ, ൛߭௜
ழଵவ, ߭௜

ழଶவ, ߭௜
ழଷவ, … . , ௜߭

ழ௣வ
ൟ
ழ௟வ

,  ቁߢ

(B.35) 

In turn, the node location is similarly updated using the central finite difference 
approximation, 

௜ݔ
ழ௟வሺݐ ൅ Δݐሻ ൌ ௜ݔ

ழ௟வሺݐሻ ൅ Δ߭ݐ௜
ழ௟வ ൬ݐ ൅

Δݐ

2
൰ (B.36) 

It can be shown that first-order error terms vanish when the finite difference 
scheme embodied in (B.35) and (B.36) is used (i.e., the scheme is second-order 
accurate). 

Nodal displacements are calculated in the code from the relation: 

௜ݑ
ழ௟வሺݐ ൅ Δݐሻ ൌ ௜ݑ

ழ௟வሺݐሻ ൅ Δݑݐ௜
ழ௟வ ൬ݐ ൅

Δݐ

2
൰ (B.37) 

with  u<l>(0) = 0. 
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C. APPENDIX.                                 
Numerical Time-Step estimation 

C.1. Uncoupled and Coupled Formulation 

When planning a simulation involves coupled flow, the time scale associated 
with the processes should be estimated. Knowledge of the problem time scales 
help in the assessment of maximum grid dimension, minimum element size and 
timestep. In addition, if the time scales of the different processes are very different, 
it may be possible to analyze the problem using a simplified (uncoupled) approach.  

Time scales may be estimated using the definitions of characteristic time given 
below. 

 
Characteristic time of the mechanical process 

௖ݐ
௠ ൌ ඨ

ߩ

௨ܭ ൅ ܩ4/3
 ௖ (C.1)ܮ

where Ku is the undrained bulk modulus, G is the shear modulus, ߩ is the mass 

density, and Lc is the length characterizing the coupled flow (characteristic 

length). 
 
Characteristic time of the diffusion process 

௖ݐ
௙
ൌ
௖ܮ
ଶ

ܿ
 (C.2) 

where Lc is the characteristic length (Lc= volume of flow domain/area of flow 

domain), and c is the diffusivity defined as mobility coefficient k divided by 
storativity S: 

ܿ ൌ
݇

ܵ
 (C.3) 
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For a coupled, saturated, deformation-diffusion analysis, S is the elastic storage 
and c is the true diffusivity or generalized coefficient of consolidation defined as: 

ܿ ൌ
݇

1
ܯ
൅

ଶߙ

ܭ ൅ 3/ܩ4

 (C.4) 

Where M is the Biot modulus, ߙ is Biot coefficient (M = Kf /n with 1 = ߙ for 

incompressible grains), K is the drained bulk modulus. 

There are some properties worth noting on the above definitions. 

1. In an explicit integration scheme, timestep corresponds to the shortest 
time needed for the perturbation to propagate from one gridpoint to the next. 
The magnitude of the timestep can be estimated using the smallest element 
size for Lc in equation (C.2). It is important to note that the explicit fluid flow 

timestep is calculated basing on fluid diffusivity, even in a coupled simulation. 
The timestep magnitude may be thus estimated from the formula by 
substitution in (C.2), and using the smallest zone size Lz for Lc - i.e.: 

Δݐ ൌ ݉݅݊ ቆ
௭ܮ
ଶ

ܯ݇
ቇ (C.5) 

2. In a coupled flow problem, the true diffusivity is controlled by the stiffness 
ratio Rk (i.e., the stiffness of the fluid versus the stiffness of the matrix): 

ܴ௞ ൌ
ܯଶߙ

ܭ ൅ ܩ4/3
 (C.6) 

With this definition for Rk , (C.4)  may be expressed in the following two forms: 

ܿ ൌ ܯ݇
1

1 ൅ ܴ௞
 (C.7) 

ܿ ൌ
݇

ଶߙ
൬ܭ ൅

4

3
൰ܩ

1

1 ൅
1
ܴ௞

 (C.8) 

If Rk is small (compared to 1), (C.7) shows that the standard explicit timestep 

(see (C.5)) can be considered as representative of the system diffusivity. 

If Rk is large (i.e., M is large compared to ሺܭ	 ൅ 2ߙ/3ሻ/ܩ4	
	
ሺݎ݋	ܭ௙ 	൐൐

	ሺܭ	 ൅  3ሻ݊ሻሻ,  the explicit timestep will be very small and the diffusivity/ܩ4
problem will be controlled by the matrix (see (C.5) and (C.8)). The value for 
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M (or Kf ) can be reduced in order to increase the timestep and reach faster 

steady-state computationally. (C.8) indicates that if M (or Kf ) is reduced such 

that Rk = 20, then the diffusivity should be within 5% of the diffusivity for 

infinite M (or Kf). Whereby the time scale is respected with the same 

accurateness. 

If the matrix is very stiff (or the fluid highly compressible) and Rk is very small 

(<< 1), the diffusion equation for the pore pressure can be uncoupled, since the 
diffusivity is controlled by the fluid (Detournay and Cheng, 1993).  The modeling 
technique will depend on the driving mechanism (fluid or mechanical 
perturbation): 

1. In mechanically driven simulations, the pore pressure may be assumed to 
remain constant. In an elastic simulation, the solid behaves as if there is no fluid; 
in a plastic analysis, the presence of the pore pressure may affect failure. This 
modeling approach is adopted in slope stability analyses.  

2. In pore-pressure driven elastic simulations, volumetric strains will not 
significantly affect the pore-pressure field, and the flow calculation can be 
performed independently. The fluid modulus (M or Kf ) must be set to zero 

during mechanical cycling, to prevent additional generation of pore pressure. 

If the matrix is very soft (or the fluid incompressible) and Rk is very large 

(>> 1), then the system is coupled, with a diffusivity governed by the matrix. 
The modeling approach will also depend on the driving mechanism. 

In mechanically driven simulations, calculations can be time-consuming. It 
may be possible to reduce the value for M (or Kf ), such that Rk = 20, without 

significantly affecting the response. 

In most practical cases of pore-pressure driven systems, experience shows 
that the coupling between pore pressure and mechanical fields is weak. If the 
medium is elastic, the numerical simulation can be performed with the flow 
calculation in flow-only mode and then in mechanical-only mode (with fluid 
modulus set to zero) to bring the model to equilibrium. 

Finally, it is important to note that, in order to preserve the true diffusivity 
(and hence the characteristic time scale) of the system, the fluid modulus M 
(or Kf ) must be adjusted to the value 
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during the flow calculation (see (C.4)), and to zero during the mechanical 
calculation to prevent further adjustments by volumetric strains (Berchenko 
1998). Note that, in any case, Kf should not be made higher than the physical 

value of the fluid (2 × 109 Pa for water). 
 
 

C.2. Dynamic Formulation 

The finite-difference formulation is identical to that described in Chapter 4, 
except that “real” masses are used at gridpoints rather than the fictitious masses 
used for optimum convergence in the static solution scheme. Each tetrahedral 
sub-zone contributes one - quarter of its mass (computed from zone density and 
area) to each of the four associated gridpoints. In finite-element terminology 
this is equivalent to use a diagonal mass matrix. 

The calculation of critical timestep is: 

௖௥௜௧ݐ∆ ൌ ݉݅݊ ൝
ܸ

ܣ௣ܥ
௙
ൡ (C.11) 

where Cp is the p-wave speed, V is the tetrahedral sub-zone volume, and 

௠௔௫ܣ
௙

	is the maximum face area associated with the tetrahedral sub-zone. The 
min{} function is taken over all elements. A safety factor of 0.5 is used, because 
(C.11) is only an estimate of the critical timestep. Hence, the timestep used for 
dynamic analyses, ∆ݐௗ, when no stiffness-proportional damping is used, is: 

ௗݐ∆ ൌ  ௖௥௜௧/2 (C.12)ݐ∆
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If stiffness-proportional damping is used, the timestep must be reduced, for 
stability. Belytschko (1983) provides a formula for critical timestep, ∆ݐఉ, that 

includes the effect of stiffness-proportional damping:  

ఉݐ∆ ൌ ൜
2

߱௠௔௫
ൠ ቀඥ1 ൅ ଶߣ െ  ቁ (C.13)ߣ

where ߱௠௔௫ is the highest eigenfrequency of the system, and ߣ is the fraction 
of critical damping at this frequency. Both ߱௠௔௫ and ߣ are function of an 
eigenvalue solution, but can be estimated through: 

߱௠௔௫ ൌ
2

ௗݐ∆
 (C.14) 

ߣ ൌ
ߚ0.4

Δݐௗ
 (C.15) 

Given: 
ߚ ൌ  ௠௜௡/߱௠௜௡ (C.16)ߦ

where ߦ௠௜௡and ߱௠௜௡are the damping fraction and the angular frequency 
specified for Rayleigh damping. The resulting value of Δݐఉ is used as the 

dynamic timestep if stiffness-proportional damping is in operation. 

 

C.3. Dynamic Multi-stepping (Itasca, 2012) 

The maximum stable timestep for dynamic analysis is determined by the largest 
material stiffness and smallest zone in the model (see (C.11)). Often, the stiffness 
and zone size can vary widely in a model (e.g., in the case of a finely discretized 
stiff structure located on a soft soil). A few zones will then determine the critical 
timestep for a dynamic analysis even though the major portion of the model can 
be run at a significantly larger timestep.  

A procedure known as dynamic multi-stepping is available in some FEM and 
DEM codes with explicit formulation of time-integration, to reduce the 
computation time required for a dynamic calculation. In this procedure, zones 
and gridpoints in a model are ordered into classes of similar maximum timesteps. 
Each class is then run at its timestep and information is transferred between zones 
at the appropriate time. 
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Dynamic multi-stepping uses a local timestep for each individual gridpoint and 
zone. At the start of an analysis, the grid is scanned and the local stable timestep 
for each gridpoint, Δݐ௚௣ , is determined and stored. The value of Δݐ௚௣ depends 

on size, stiffness and mass of the neighboring sub-zones (as shown in (C.11) ), 
attached structural elements and interfaces. The global timestep, Δீݐ , is 
determined as the minimum of all Δݐ௚௣, as in the standard formulation. 

Integer multipliers, Mgp , to the global timestep are then determined for each 

gridpoint according to the algorithm illustrated by the flow chart in Figure C.1. 
This algorithm ensures that multipliers are powers of 2. In the current 
implementation, Mgp is set to 1 for nodes that are assigned a null material model, 

connected to structural elements, attached to other gridpoints, or part of a quiet 
boundary. All zones are then scanned, and an integer multiplier, Mz, is calculated 

for each zone as the minimum of the multipliers for the four surrounding 
gridpoints. 

 

Figure C.1   Flow chart for determination of gridpoint multiplier, Mgp. 

 
Calculations for a zone (i.e., derivation of new stresses from surrounding 

gridpoint velocities; accumulation of gridpoint forces from stress components) 
are only performed every Mz timesteps. In all expressions involving a timestep, 

the global timestep is replaced by Δܯீݐ௭. 
Calculations for a gridpoint (i.e., derivation of new velocities and 

displacements from gridpoint force sums) are only performed every Mgp 
timesteps; otherwise, the force sums are reset to zero, which is normally done 
after every motion calculation. In all expressions involving a timestep, the global 
timestep is replaced by Δܯீݐ௚௣. 
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The effect of the prescriptions described above is to skip calculation of selected 
gridpoints and zones, thereby speeding up the overall calculation. The use of 
gridpoint and zone multipliers (Mgp and Mz, respectively) ensures the following 

characteristics: 

1. The force sum at each gridpoint is composed of component forces from each 
connected zone at the same point in time. The simultaneous nature of the 
component forces is guaranteed by the fact that multipliers are powers of two. 
Arbitrary integral multipliers would not have this characteristic. 

2. Velocities seen by a zone (at the four surrounding gridpoints) are not updated 
between zone updates. This is guaranteed by the fact that the zone multiplier is 
the minimum of the surrounding gridpoint multipliers. Since stress increments 
are derived from strain and displacement increments, the displacement 
contribution of a gridpoint is felt by a zone at each update, even though the 
gridpoint is updated less frequently than the zone. In short, the total displacement 
increment of the gridpoint is divided into Mgp / Mz equal parts. 

This scheme is accurate for dynamic simulations that represent waves with 
frequencies well below the natural frequencies of individual elements, condition 
guaranteed by the relation between wavelength and critical timestep. 
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