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Introduction

This thesis deals with linear and nonlinear stability analysis of the equilib-
ria of some reaction-diffusion systems modeling epidemiological models and
convection phenomena in porous media.

Reaction-diffusion equations have been deeply studied in recent years thanks
to their several applications to ecology, biology, biochemistry, classical theory
of heat and mass transfer and so on. At first, reaction-diffusion equations
have been especially used to model chemical phenomena, but they are also
well suited to model a wide range of other kinds of dynamical processes. In
general, they can be used to describe the movement of many individuals in
a given environment or media. These individuals could be very small, such
as basic particles in physics, bacteria, cells or very large, such as animals,
humans or certain kinds of events like epidemics or rumors. In this more
general case, the state variable of the reaction-diffusion equations represents
the density function of the particles or of the individuals of a given popula-
tion spreading in a given domain. The dimension of the population density
is usually defined as the number of particles or organisms per unit area or
unit volume.

According to what happens for a chemical substance, the population size
can change either for the movement of the individual particles or for produc-

tion/killing of individuals due to physical, chemical or biological reasons.



The way in which the particles move is the result of a highly complicated
process which can be attributed to a lot of reasons, For example, to the mi-
gration processes of humans that can be for looking for a better life, for a
job, political, for religious or economical reasons and so on. Although these
reasons can be quoted as motivation to move, generally people move from
areas where the population density is higher to areas where it is lower. This
is similar to what happens in many physical phenomena like heat transfer
(from warmer places to colder ones). By making this assumption, the flux of
the population is governed by the Fick’s law.

On the other hand, the number of individuals may change because of other
reasons like birth, death, hunting and so on.

Most of the thesis deals with the analysis of some reaction-diffusion systems
modeling the spreading of an infection within a population.

In order to study infectious disease transmission, mathematical models play
a central role since they allow to predict the asymptotic behaviour of the in-
fection and, consequently, to take some actions in order to control epidemics.
When a population is not infected yet by a disease, all the individuals are
regarded as susceptibles. Introducing a few number of infected in the com-
munity, in order to know if the epidemic will die out or if it will blow up, it
would be useful to study the longtime behaviour and the stability of the so
called disease-free equilibrium (DFE). If DFE is stable, then epidemic will
decay; then, the problem to determine if endemic equilibria (equilibria with
all positive components) exist arises. When endemic equilibria exist, their
stability analysis allows to state if epidemic will persist or not.

In the present thesis, first of all, a SEIR epidemic model, under different
kinds of boundary conditions, is considered.

In classical epidemic models, the host population is supposed to be divided



into three disjoint classes: S, which are individuals susceptible to infection,
I, which are infective individuals and R which are the removed ones. How-
ever, in several cases, the disease incubation period is not negligible: that
means that the disease may require some time for individuals to pass from
the infected state to the infective one. In this case, a further class has to be
considered, the individuals exposed to infection or individuals in the latent
state ([2], [3], [52]).

A key role in epidemic models is played by the so called force of infection
or incidence rate, which is the function describing the mechanism of disease
transmission. In classical models, the incidence rate is proportional to the
product of susceptibles and infectives. However, in order to generalize the
dynamics of disease transmission, since 1970’s Capasso and his coworkers
stressed the importance to consider nonlinear incidence rates, in particular
by studying a case of cholera epidemic [8]. Since then, many authors pro-
posed peculiar nonlinear forms for the force of infection [5], [7], [26], [32], [53].
The present thesis will deal with the well known and meaningful incidence
rate g(S,1) = KIS(1 + al), where K and « are positive constants. This
functional means an increased rate of infection due to double exposure over
a short time period so that the single contacts lead to infection at a rate
K 1S whereas new infective individuals arise from double exposures at a rate
Kal?*S.

In most of epidemic models known in literature, the population is supposed
to be homogeneously distributed in the domain at hand so that there is no
distinction between individuals in one place and those in another one and
the time evolution of the disease is described through a system of ordinary
differential equations. However, in order to consider the more general case

in which the disease may spread faster in some parts of the domain then in



other ones, it is necessary to allow the variables of the model to depend on
space as well as on time and hence a reaction-diffusion model.

The same motivation justifies the introduction of a reaction-diffusion sys-
tem modeling the spreading of a cholera epidemic in a non homogeneously
mixed population. Cholera is an acute intestinal infection caused by the bac-
terium Vibrio Cholerae. The mechanism of transmission occurs, principally,
via the ingestion of contaminated food or water and only secondarily via
direct human-to-human contacts. A lot of mathematical models are devoted
to study cholera outbreaks in different parts of the world. In particular, Ca-
passo and Paveri-Fontana in 1979 studied the cholera epidemic in Bari in
1973 by introducing a system modeling the evolution of infected people in
the community and the dynamics of the aquatic population of pathogenic
bacteria. In fact, cholera diffusion is strictly linked to the interactions be-
tween individuals in the community and bacteria in contaminated water, [8].
In this thesis, the attention is focused on some reaction-diffusion systems
modeling the spreading of epidemics within a population or within interact-
ing populations.

Successively, Capasso and Maddalena in 1981, in order to let the model be
more realistic, assumed that the bacteria diffuse randomly in the habitat,
hence they analyzed a model consisting of two nonlinear parabolic equations
[9]. Since many studies found that toxigenic Vibrio Cholerae can survive in
some aquatic environments for months to years, many authors began to con-
sider the aquatic environment as a reservoir of Vibrio Cholerae in endemic
regions. Codeco in 2001 analyzed the role of aquatic reservoir in promoting
cholera outbreaks by introducing an ODE model that includes the dynamics
of susceptible population [19].

In this thesis, the above model is generalized taking into account non homo-



geneously mixed toxigenic Vibrio Cholerae reservoir in contaminated water
and dividing the total population into three disjoint classes: susceptibles,
infected and removed individuals. A central role is played by the study of
influence of diffusivity of each population on the model dynamics.

In studying the above reaction-diffusion models, the main aims are to study:

e the longtime behaviour of solutions, in particular their boundedness

and the existence of absorbing sets;

e the linear and nonlinear stability of equilibria, especially of the biolog-
ically meaningful ones, aiming to obtain the optimal result of coinci-

dence between the linear and nonlinear stability thresholds.

The method applied in order to reach the second aim is the Liapunov di-
rect method which, unlike approximate methods that are often involved in
the stability study of partial differential equations, works directly with the
system and it is potentially applicable when nonlinearities are involved. How-
ever, for the stability analysis, the central problem in using the direct method
consists in the construction of a peculiar Liapunov function which allows to
find conditions ensuring coincidence between linear and nonlinear stability
thresholds as far as the global stability when it is possible. In this thesis
a peculiar Liapunov functional, introduced by Rionero [54], [55], [62] is em-
ployed; this functional is directly linked, together with its derivative along
the perturbations, to the principal invariants of the linear operator of the
model at hand.

In this thesis, a similar Liapunov functional is also used in order to study the
linear and nonlinear stability of a vertical constant throughflow, which is a
stationary solution of a system modeling fluid motions in horizontal porous

layers, uniformly heated from below and salted from above by one salt.



The research concerned with fluid motions in porous media, due to their
large applications in real world phenomena, is very active nowadays. In fact,
porous materials occur everywhere (see for instance geophysical situations,
cultural heritage contaminant transport and underground water flow [25],
[56] and the references therein). In particular, convection and stability prob-
lems in porous layers in the presence of vertical throughflows find relevant
applications in cloud physics, in hydrological studies, in subterranean pol-
lution and in many industrial processes where the throughflows can control
the onset and evolution of convection (see [12], [13], [29], [30], [43], [44]-[46],
[50], [61], [68], [69]). In fact, the effect of vertical throughflow on the onset of
convection has been considered in many cases (the effect in a rectangular box
in [45]; the effect combined with a magnetic field in [43]; stability analysis
in a cubic Forchheimer model in [29] and when the density is quadratic in
temperature in [30]; the effect with an inclined temperature gradient in [50]).
In the present thesis the effects of both temperature gradient and salt con-
centration on the stability of a vertical flow are taken into account. Already
in [12] and [18] the authors consider both the effects. Precisely, the effect of
variable thermal and solutal diffusivities on the onset of convection for non
constant throughflows has been analyzed in [18], while in [12] the stability
of a vertical constant throughflow in a porous layer, uniformly heated and
salted from below, has been investigated. In particular, sufficient conditions
ensuring linear and global nonlinear stability in the L?—norm have been de-
termined.

In the present thesis, the more destabilizing case of horizontal porous layers
uniformly heated from below and salted from above by one salt is analyzed.
The thesis is organized as follows.

Chapter 1 is devoted to some general definitions and known results about



reaction-diffusion models, including some existence theorems.

In Chapter 2 some basic properties of dynamical systems and the basic tools
for Liapunov direct method are recalled, stressing the differences in its appli-
cations to ordinary differential equations and partial differential equations.
Chapter 3 deals with the linear and nonlinear stability analysis of the biolog-
ically meaningful equilibria of a SEIR reaction-diffusion model for infections
under mixed boundary conditions and then under homogeneous Neumann
ones and of a reaction-diffusion system modeling a Cholera epidemic.
Finally, in Chapter 4 the linear and nonlinear stability of a vertical constant
throughflow through a porous medium in a horizontal layer, uniformly heated
from below and salted from above by one salt, is investigated. By using a
new approach concerned with the Routh-Hurwitz conditions and the use of a
peculiar Liapunov functional, necessary and sufficient conditions for the lin-
ear stability of a vertical constant throughflow are determined. Furthermore,
conditions ensuring the global non linear stability for the vertical constant

throughflow are obtained.



Chapter 1

Reaction-diffusion systems

Reaction-diffusion equations have been deeply studied in recent years due to
their several applications to ecology, biology, biochemistry and the classical
theory of heat-mass transfer. At first, they have been especially used to model
chemical phenomena. In this sense, they describe how concentration of one
or more substances distributed in the space changes under the influence of
two processes: local chemical reactions, through which the substances are
converted one into each other, and diffusion, which cause the substances’
spread out in space.

Let us suppose that the substances, whose diffusion and spreading we are
interested in, occupe a domain €2 and let us assume that €2 is an open bounded
subset of R” with n > 1 (in particular, for physical reasons, we will be
interested in the cases of n = 1,2,3). Let us denote by 92 the boundary of
2 and by B an elementary volume at fixed location within the domain. Let
us introduce the function u(z,t) : Q x RT — R which is the concentration
of the chemical substance, being ¢ the time variable and x € €2 the location.
The change of the amount of a ”substance” U within the elementary volume

B is given by the flux of matter through the elementary volume boundary

10



OB plus the net production rate of a chemical species (the reaction kinetics)
in B, and so, in mathematical terms

4 u(x,t)dx:—/ J-nd8+/fdm, (1.1)
dt Jp oB B

where J is the flux density, i.e. the scalar product J - n is the net rate at
which particles cross a unit area in a plane perpendicular to n (positive in
the n direction, n being the outward-oriented normal to B on dB), and
f, the reaction kinetics, is the rate of production and degradation of the
reactant. Generally, it consists of a polynomial or rational function of
and of some parameters that represent interaction with other chemicals and
external factors.

Using the divergence theorem (assuming the underlying fields are smooth),

(1.1) becomes

%/Bu(x,t)dx:/B[—V-JJrf] dz.

If we suppose that the domain is fixed in time, we can differentiate through
the integral and, in view of the arbitrary choice of the elementary volume B

in €2, the following local conservation equation holds

ou
E——V-Jva,

for any flux transport J and any "supply” f. Obviously, the last term f may
depend on u, such as on position x and time ¢, i.e. f = f(t,z,u).

If we suppose that the instantaneous flux J is due to isotropic Fickian diffu-
sion, then J(z,t) = —D(z)V, u(x,t), where D(x) is called diffusivity and V,
is the gradient operator with respect to the x variable. Hence one obtains
the following reaction-diffusion equation for species U on a fixed domain

ou(z,t)
ot

=V (D(x)V,u(z,t) + f(t,z,u), (z,t) € QxR (1.2)

11



Now, on considering a changing in time domain €2(¢) with boundary 0Q(t),
let B(t) be an elementary volume which moves with the flow due to domain
change. Applying the conservation of matter and the divergence theorem
(being instantaneously valid at all times) to any measurable B(t), we obtain

d

— u(x,t)d:t:/ -V -J + f] du.
dt Jpw) B(t)

In view of the Reynolds transport theorem, one has that

d fro 3+ 70
— w(x,t)dr = — 4+ V. (vu)| dx
i o= [ 5

where v is the velocity field of the flow. Also in this case, the arbitrary choice

of B(t) implies

%——uV-v—Vu-v—V-J—i—f,
that, for isotropic Fickian flux, becomes
ou
T —uV-v—=Vu-v+V-(Dx)V,u)+ f,

which is the local form of the diffusion equation with convection. The term
V - v gives the local rate of volume expansion or contraction. In particular,
for incompressible flows, V- v = 0. The convection or advection term Vu - v
represents the transport of chemicals within the domain as it moves and no
relative movement of the chemicals with respect to the domain is present.

Since one is generally interested in the interaction of several particles species,
for example several chemicals {Uj,...,U,}, then equation (1.2) is replaced
by a system which describes the evolution of a vector of concentrations
u = (uy,...,u,) and now the kinetic term, f(¢,z,u) = (fi, ..., fn) is a vec-

tor describing the interaction of the species.

Reaction-diffusion equations are also well suited to model a wide range of

other kinds of dynamical processes. In general, they can be used to describe
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the movement of many individuals in an environment or media. The individ-
uals can be very small such as basic particles in physics, bacteria, molecules
or cells, or very large objects such as animals, plants or certain kind of events
like epidemics or rumors.

In this more general case, the state variable wu(z,t) represents the density
function of the particles or of the individuals of a given population spreading
in the domain €2. The dimension of the population density is usually the
number of particles or organisms per unit area (if n = 2) or unit volume (if
n = 3). We will assume that the function wu(z,t) has regularity properties,
like continuity and differentiability, which is reasonable when a population
with a large number of individuals is considered. Technically, we define the
population density function u(z,t) as follows. Let x be a point of the do-

main Q and let {B,} be a sequence of spatial regions (which have the

neN
same dimension as ) surrounding z; here B, is chosen in such a way that
the spatial measurement |B,| of B, (length, area, volume, or, mathemati-
cally, the Lebesgue measure) tends to zero as n — oo, and B, D By.1;
then

number of individuals in B,, at time ¢

u(z,t) = lim

n—so00 ‘Bn’ ’

if the limit exists.

According to what happens for a chemical substance, population can change
in two ways: the first one is that the individual particles can move around
and the second one is that new individuals may be produced or existing
individuals may be killed due to physical, chemical or biological reasons. We
shall model these two different phenomena separately.

The way in which the particles move is the result of a highly complicated
process which can be attributed to a lot of reasons. For example, the reasons

of the emigration of human can be looking for a better life, looking for a
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better job, political, economical or religious reasons. Although these reasons
can be quoted as motivation to move, generally people move from areas where
population density is high to areas where it is lower. This is similar to what
happens in many physical phenomena, like the heat transfer (from warmer
place to colder place) or the dilution of chemical in water. By making this
assumption, the vector J, that represents the flux of the population density

in this context, is governed by the Fick’s law, i.e.
J(z,t) = =D(z)Vu(z, t),

where D(x) is the diffusion coefficient at = and V, is the gradient operator
with respect to the x variable.

On the other hand, the number of particles at any point may change because
of other reasons like birth, death, hunting and so on. We assume that the
rate of change of the density function due to these reasons is f(t,z, u), which
we usually call the reaction rate.

For any elementary volume B of the domain, the total population inside B

is / u(t, ) dx and the rate of change of the total population is
B

d

7 Bu(t,x) dx.

The net growth of the total population inside the region B is

/dex

/ J(z,t) - n(x)dS,
oB

and the total out flux is

where 0B is the boundary of B and n(z) is the outer normal direction to 0B
at x. By using the same procedure as before, one obtains again the reaction-

diffusion equation (1.2). The diffusion coefficient D(z) is not a constant in

14



general since the environment is usually heterogeneous. However, when the
region of the diffusion is approximately homogeneous, we can assume that

D(z) = D, then (1.2) can be simplified to

ou
— = DA
o u+ f(t,z,u),

where A=V - (V) = g 922 is the Laplacian operator.
1<
i=1

1.1 Boundary conditions

If we consider a reaction-diffusion equation on a bounded domain 2 C R",
then we need, additional to the initial conditions, well-suited boundary con-
ditions (otherwise, uniqueness cannot be guaranteed). Let us consider the
equation

ou

E:DAu—i-f(t,x,u), t>0,2€Q (1.3)

under the initial conditions
u(z,0) = up(x), =z € (1.4)

For the existence of solutions of reaction-diffusion equations, the choice of
properly posed boundary conditions and reasonable initial data is crucial. In
general, suitable boundary conditions for the initial value problem (1.3)-(1.4)

can assume one of this form

e Neumann boundary conditions, i.e.
Vu-n="b(zxt), t>0xcd

where n is the outer normal at x € 92 and b is a prescribed function.

The homogeneous case, i.e. b = 0, corresponds to the no-flux condition:

15



it means that no particles or individuals can leave or enter the domain
Q) via the boundary. In the case of a chemical reaction, it means that
there is no additions and subtractions of any chemicals through the
boundary and all chemicals are generated inside the reactor and they
remain there.

Homogeneous Neumann boundary conditions are also meaningful in
many population ecological models. For example, if the spatial domain
of the system is an isolated island and if all living species on the island
do not attempt to emigrate, then the ecosystem of the island can be
considered as a closed one and no-flux boundary conditions can be
taken into account.

For the classical heat conduction equation = DAT | the no-flux

boundary conditions mean that the boundary is heat-insulated.

Dirichlet boundary conditions, i.e.
u="b(x,t), t>0,x¢c

where b is a prescribed function. If b = 0, these are called homogeneous
Dirichlet boundary conditions. Dirichlet boundary conditions assume
that the solution takes the value b(z,t) for each point z on the bound-
ary 02 and for any ¢ > 0. In many cases, the homogeneous Dirichlet
boundary condition makes the mathematical problem easier, but for
most chemical reactions, no-flux condition is more appropriate than
Dirichlet boundary condition. When the problem assumes the Dirich-
let boundary conditions u(x,t) = ¢, being ¢ a constant, we can think
u(x,t) takes the value ¢ for all the points outside of €. For example,
for the heat equation 8_T = DAT, constant Dirichlet conditions mean

ot

that the outside environment has a constant temperature 7.
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For ecological applications, sometimes we can assume homogeneous
Dirichlet boundary condition u(z,t) = 0 on 02, which implies that any
individual of the species cannot survive outside of or even on the bound-
ary of €. Thus, in this case, the boundary is lethal (sometimes called
absorbing) and any individual who wanders outside (due to diffusion)

is killed by the sterile exterior environment or the deadly boundary.
e Robin boundary conditions (or mixed boundary conditions), i.e.
alz,t)u+ B(z,t)Vu-n = b(z,t), t>0,z¢€ 0
with a(z,t), B(x,t) > 0 and b(z,t) prescribed functions.

Let us remark that it is also possible to combine different types of boundary
conditions on separate parts of the boundary or to consider more compli-
cated cases. In fact, here, the boundary conditions have been introduced as
linear conditions in u; however, it is also possible to have nonlinear boundary
conditions (but this makes the analysis of the reaction-diffusion system more

complicated).

1.2 Existence theorems

Theorems of local (in time) existence and uniqueness of generalized and
smooth solutions for reaction-diffusion systems are well known in literature;
moreover, when solutions are a-priori bounded, global existence can be also
obtained (see, for instance, [28], [34], [67]). Very different techniques may be
used to obtain existence results, for example comparison principles or a more
topological-functional approach.

In this section we will refer only to a comparison-existence theorem for

smooth solutions. Comparison theorem, based on the maximum principles,
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is a qualitative technique which, in the case of a single nonlinear equation,
gives existence and uniqueness theorems for initial-boundary value problem
by supplying a-priori bounds on the solution of the equation. It is capable to
extension to certain system of parabolic PDEs, but, in general, gives weaker
results (for more details we refer to [1], [67]). Among the various existence
and comparison theorems that can be established by both functional and
classical methods (see [22]), we recall the approach due to Pao [47], since
the monotone argument he adopts is constructive and in the mean time it
leads to an existence-comparison theorem for the corresponding steady-state
problem.

The basic idea of this method is that, by using an upper solution or a lower
solution as the initial iteration in a suitable iterative process, the resulting se-
quence of iterations is monotone and converges to a solution of the problem.
For coupled systems of equations, the definition of upper and lower solutions
and the construction of monotone sequences depend on the quasi monotone
property of the reaction function in the system. To illustrate the method, let

us consider the following coupled system of two parabolic equations in the

form
( Ou;
(97; _Liui:fi<t7'x7u17u2) in DT
Bju; = hi(x,t) on Sy 1=1,2 (1.5)
ui(x,0) = uip(z) in Q
\

where Dy = Q x (0,7] and Sr = 9Q x (0,T], being T > 0 an arbitrary
fixed time, L; are the following uniformly elliptic operators with smooth

coefficients

2 n a
L; = t) b\ (x =12
Za . 3%8@ +; J 8% T

7,l=1

18



and

are the boundary operators, with «;, 5; (i = 1,2) nonnegative smooth func-
tions such that o; +5; > 0, ¢ = 1, 2. Moreover, let us assume that 9€2 has the
outside strong sphere property when o; = 0 and is of class C'*® when a; > 0,
that the boundary and initial functions h;, u;o(x), ¢ = 1,2 are nonnegative
smooth functions in their respective domains and that the functions f; are
Holder continuous in Dr X J; X Jo for some bounded sets J;, Jo C R.

Let us recall that a function f; = fi(uq, ..., uy) is said to be a quasimonotone
nondecreasing (respectively nonincreasing) function if, for fixed w;, f; is non-
decreasing (respectively nonincreasing) in u; for j # i. Hence, in the case of
a vector function f = (f1, f2) of two components, there are three basic types

of quasimonotone functions.

Definition 1 A function £ = (fi, f2) is called quasimonotone nondecreasing
(respectively nonincreasing) in Ji X Jy if both fi and fy are quasimonotone
nondecreasing (respectively nonincreasing) for (uy,ug) € Jy X Jo. When fi
is quasimonotone nonincreasing and fy is quasimonotone nondecreasing (or

vice versa), then f is called mized quasimonotone.

The function f is said to be quasimonotone in J; X J; if it has anyone of the
quasimonotone properties in Definition 1.

As usual, we refer to f as C'-function in J; x Jy if both f; and fo are
continuosly differentiable in (uy, uy) for all (uy,us) € J; x Jo. The function f
is called a quasi C'-function in .J; x Jy if f; is continuously differentiable in
ug and fy is continuously differentiable in wu; for all (uq,us) € J; X J. Hence,

if f is a quasi C'-function, then the three types of quasimonotone functions
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in Definition 1 are reduced to the form

af1/8U2 Z 0, afg/aul Z 0
8f1/8u2 < 0, 8f2/8u1 <0 for (ul,u2) S Jl X JQ
8f1/(9uQ S 0, 3f2/8u1 Z 0

respectively. These three types of reaction functions appear very often in
many physical problems.
For definiteness, when f is mixed quasimonotone, we always consider f; as

quasimonotone nonincreasing and f; as quasimonotone nondecreasing.

Definition 2 A pair of functions @ = (1, z), @ = (41, 0z) in C(Dr) N
CY%(D7) are called ordered upper and lower solutions of (1.5) if u > 1, if,
fori=1,2,

Biu; > hi(xz,t) > Byu; on St

Ui(x,0) > u;o(z) > u(x,0) in
and if
(1) — Loty — fi(t, @, Uy, Up) > 02> (G ) — Lyt — f1(t, @, U, 1)
(U2)t— Lotia— fo(t, @, U, Up) 202> (U2)s — Latia— fo(t, x, 4, o)
when (f1, f2) is quasimonotone nondecreasing,
(ﬁl)t_[’lal_fl(t?xaﬁlaa2)202(al)t_Llﬁl_fl(tax7ﬁlvﬁ2)
(aQ)t_LQﬂJ?_fQ(tvx7ﬂ17ﬂ2)202(ﬂQ)t_L2a2_f2(tax7ﬂl7ﬁ2)

when (f1, f2) is quasimonotone nonincreasing and

(1) — Loty — f1(t, @, Uy, ) > 0> (W) — Loty — f1(t, 2, Uy, o) (16)
(tUg)¢— Lotio— fo(t, x, Uy, Uo) > 0> (tg)y — Lotis — fot, x, Uy, Us)

when (f1, f2) is mized quasimonotone.
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In the above definition, @ and 1 are required to be in C(D7)UC?(Dr) in the
sense that their components @, @;, (i = 1,2), are in C(Dy) U CY?(Dy). The
ordering relation u > 1 is meant in the usual componentwise sense, that is
@; > 1, (i = 1,2) in Dy. Moreover, let us remark that upper and lower solu-
tions for quasimonotone nondecreasing functions are independent one of each
other and can be constructed separately. The same is true for quasimono-
tone nonincreasing functions except that the pair (@, us) and (4, ) are
independent. However, for mixed quasimonotone functions, upper and lower
solutions are coupled and must be determined simultaneously from (1.6).
The pair is sometimes referred to as coupled upper and lower solutions. Let
us suppose that, for a given type of quasimonotone reaction function, there
exists a pair of ordered upper and lower solutions @ = (41, z), @ = (U, Uz).

Let us define the sector
<ﬁ, ﬁ> = {(Ul,UQ) c C(DT) : (ﬁl,ﬁg) < (Ul,UQ) < (ﬂl,ﬂ2)} . (17)

Let us remark that, if (@, @) is contained in J; X Jo, then in the definition
of quasimonotone function it suffices to take J; x Jy = (@, q). In the sequel,
we will consider each of the three types of reaction functions in the sector
(4,0). In addition, we will assume that there exist bounded functions ¢, =
¢(z,t),i = 1,2, such that, for every (uy, us), (vi,v9) in (0, @), (f1, f2) satisfies
the one-sided Lipschitz condition

filt,z uy, us) — fi(t, x,v1,v9) > —¢y(ug —vy) when wu; >y (18
1.8

fa(t, x ur, ug) — folt, @, v1,v9) > —cy(ug — v9) when ug > vs.

To ensure the uniqueness of the solution, we also assume that there exist

bounded functions ¢; = ¢;(z,t),i = 1,2, such that, for every (uy,us), (v1,v2)
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in (@, 1), one has that

filt,z,ur,ug) — fi(t,x,v1,u) <@ (ug —vy) when wuy > v

(1.9)
fa(t, z,ur, ug) — folt, x, ur,v2) < C(ug —ve) when wuy > vs.

It is clear that, if there exist bounded functions K; = K;(z,t) such that
(f1, f2) satisfies the Lipschitz condition

\filt, x, ur, uz) — fi(t, x,v1,02)| < K (Jug — v1] + |ug — v])

for (uy,us), (v1,v2) € (@, @), (i =1,2), then both conditions (1.8) and (1.9)
are satisfied. Let us remark that in the hypotheses (1.8) and (1.9) the func-
tions ¢; and ¢;, (i = 1,2) are not required to be positive. This weakened
condition plays an important role in the study of the qualitative behaviour
of the solution. Without any loss of generality, we may assume that the
functions ¢; (i = 1,2) in (1.8) are Holder continuous in Dy. This implies that

the functions F}, F, given by
E(tawaul>u2) :Qi(.f,t)ui+fi(t,$,U1,U2), L= 172

are Holder continuous in Dr x (,0) and are monotone nondecreasing in
Defining the operators IL; by

Liw; = (ui); — Liwg + cous, 1= 1,2,
one obtains that the differential equations in (1.5) are equivalent to

]Liui = E(t,x,ul,UQ) in DT 1= 1,2
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Starting from a suitable initial iteration (u&o), ugo)), we construct a sequence

{u(k)} = { (k) u2 } from the iteration process

(

La® = B (uf, ul )

Biul® = hy(x, ) i=1,2 (1.10)

ugk) (x,0) = u;o(x).

\

It is clear that, for each k € N, the above system consists of two linear
uncoupled initial boundary value problems and therefore the existence of
{ug ), u(zk)} is guaranteed (see [47] for details). To ensure that this sequence
is monotone and converges to a solution of (1.5), it is necessary to choose a
suitable initial iteration. The choice of this function depends on the type of
quasimonotone property of (fi, f2). In the following lemmas, we will establish
the monotone property of the sequence for each one of the three types of

reaction functions.

(i) Quasimonotone nondecreasing function: For this type of quasimono-
tone function, it suffices to take either (uy,uy) or (4, Gz) as the initial
iteration (ugo), ué )) Let us denote the two corresponding sequences by
{ug ),ugk)} and {ggk),gék)} respectively where (ug ),ug )) = (U, as)

and (ul ),ug )) = (G, uz). The following lemma gives the monotone

property of these two sequences.

Lemma 1 For quasimonotone nondecreasing (f1, f2), the two sequences

{ﬂg ),Egk)} and {ggk),ggk)} possess the monotone property

—Z )

where k € N.

Proof For the proof, see [47].
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(i)

(i)

Remark 1 In the absence of an upper solution, the monotone non-
decreasing property of the sequence {g(lk),ggk)} remains true provided
that condition (1.8) holds for every bounded function (i, o). In this
case, the sequence {ggk),ggk)} either converges to some limit as k — oo

or becomes unbounded at some point in Dp. A similar conclusion holds

for the sequence {ug ),ﬂék)}.

Quasimonotone nonincreasing function: When the reaction function
(f1, f2) is quasimonotone nonincreasing, we choose (1, Ug) or (g, Us)
as the initial iteration in (1.10). Let us denote the corresponding se-
quences by {ugk), ué )} and {ggk),ﬂgk)} respectively where (ug ), ug )) =

0) (0))

(U, uz) and (u1 ,Us ') = (1, Uz). The following lemma holds.

Lemma 2 For quasimonotone nonincreasing ( f1, f2), the two sequences
{ug ), ugk)} and {ulk), ugk)} possess the mixed monotone property in the

(k)

sense that their components u; ' and ggk) satisfy relation (1.11).

Proof For the proof, see [47].

Maixed quasimonotone function: The construction of monotone sequences
for mixed quasimonotone functions requires the use of both upper and
lower solutions simultaneously. When f; is quasimonotone nonincreas-
ing and f5 is quasimonotone nondecreasing, the monotone iteration

process is given by

La® =R ( (k— 1)@9:—1)) CLal=F, (ﬂgk—1)7ﬂ§k_1)> |

(1.12)
Liuf” = F (ugk_l),ﬂék_l)> , Lou” = Fz( - ),uék_1)> ,

where (ﬂgo),ﬂgo)) = (U, u9) and (u§°),u§ )) = (l1,U9). The boundary

(k)

and initial conditions for w;"’ and gi ) are the same as in (1.10). It fol-
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lows from this iteration process that the equations in (1.12) are uncou-
pled but are interrelated in the sense that the k-th iteration {ﬂgk), ﬂgk)}
or { ggk),gék)} depends on all the four components in the previous iter-
ation. This kind of iteration is fundamental in its extension to coupled
system with any finite number of equations. The idea of this construc-

tion is to obtain the quasimonotone property of the sequences as shown

in the following lemma.

Lemma 3 For mized quasimonotone (f1, f2), the sequences {ﬂgk),ﬂék)}

and {ggk),ggk)} given by (1.12) possess the monotone property (1.11).

Proof For the proof, see [47].

The above construction of monotone sequences yelds a sequence of ordered

upper and lower solutions for (1.5), which are given in the following

Lemma 4 Let (ty,U2) ad (G, Uz) be ordered upper and lower solutions of
(1.5) and let (f1, f2) be quasimonotone and satisfy condition (1.8). Then , for
each type of quasimonotone (fi, f2), the corresponding iterations {ﬂgk),ﬂgk)}

and {ggk),gék)} gwen by Lemmas 1-3 are ordered upper and lower solutions.

Proof For the proof, see [47].

The construction of monotone sequences in Lemmas 1-3 is not limited
to the process in (1.10) and (1.12). Consider, for instance, the case where
(f1, f2) is quasimonotone nondecreasing in (a, ). Then a different process

of iteration is given by

Llugk) = Fl (t,x,u&kil),ug{*l)) R Lzugk) = F2 (t,a:,ugk),uékflv . (113)

The boundary and initial conditions for u(lk) and u(zlg

)

are the same as in

(1.10). In the above iterative scheme, the component ugk) is used in the
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second equation as soon as it is computed from the first equation. This
kind of iteration is similar to the Gauss-Seidel iterative method for algebraic
systems which has the advantage to obtain faster convergent sequences. In
the following Lemma we show the monotone property of the sequences when

the initial iteration is either an upper or a lower solution.

Lemma 5 Let (f, fo) be quasimonotone nondecreasing in (4, ). Then the

sequences {Hgk),ﬂgk)} and {ulk), Us } obtained from (1.13) with (ugo), ug )) =
(@, Us) and (ggo),ggo)) = (U, ug) and with the boundary and initial conditions

in (1.10) possess the monotone property (1.11).

Proof For the proof, see [47].

It follows by the same argument as in the proof of Lemma 5 that, if

(f1, f2) is quasimonotone nonincreasing, then the sequences {ug ), ugk)} and

{ugk),ﬂgk)} obtained from (1.13) with (ug ,uéo)) (@1, U2) and (u(lo),ﬂéo)) =
(Q1, W) possess the monotone property (1.11). In the case of mixed quasi-
monotone ( f1, f2), an improved iteration process for {ug ), ugk)} and {ugk), ug )}
is given by
Lt = F (aﬁ“”,@’“”) L) = Ry (ﬂﬁ’”,ﬂé’“‘”) ,
b = R (7). L = )

Following a similar argument as in the proof of Lemma 5, it can be shown

(1.14)

that these two sequences also possess the monotone property (1.11).

Lemmas 1-3 imply that, for each one of the three types of quasimonotone
functions, the corresponding sequence obtained from (1.10) and (1.12) con-
verges monotonically to some limit function. The same is true for the se-

quences given by (1.13) and (1.14). Let us define

lim u(k)(x,t) =u;(z,t), lim u(k)(x,t) =u,(z,t), i=1,2. (1.15)

k—o0 k—o0
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Our aim is now to show that, if conditions (1.8) and (1.9) hold, then w; =
u; = u;, i = 1,2, and u = (uq, us) is the unique solution of (1.5). The proof of
this result is based on the integral representation of the linear scalar parabolic

boundary value problems and it is contained in the following theorem.

Theorem 1 Let (4, 7s2) and (U1,Us) be ordered upper and lower solutions
of (1.5) and let (f1, f2) be quasimonotone nondecreasing in (0, 0) and satisfy
the conditions (1.8) and (1.9). Then (1.5) has a unique solution u = (uy, ug)
in (a,u). Moreover, the sequences {ﬂgk),ﬂgk)} and {ggk),ggk)}, obtained

from (1.10) with (ﬂgo),ﬂg))) = (@1, 02) and (g&o),ggo)) = (U, u2) converge

monotonically to (uy,us) and satisfy the relation
(i) < (), ul?) < (wr,w) < (@, 58) < (@n,3) in Dr (1.16)
for every k € N.

Proof For the proof, see [47].

A similar existence-comparison theorem holds also for quasimonotone

nonincreasing functions.

Theorem 2 Let (4, Us2) and (Uy,Us) be ordered upper and lower solutions
of (1.5) and let (fi, f2) be quasimonotone nonincreasing in (4, ) and satisfy
the conditions (1.8) and (1.9). Then (1.5) has a unique solution u = (uy, ug)
in (a,u). Moreover, the sequences {ﬂgk),ggk)} and {ggk),ﬂgk)}, obtained
from (1.10) with (ﬂgo),géo)) = (@1, 02) and (g&o),ﬂgo)) = (U, u2) converge
monotonically to (uy,us). The monotone property of the sequences is in the

sense of (1.11).

Finally, one obtains that an analogous existence-comparison theorem holds

for mixed quasimonotone functions.
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Theorem 3 Let (4, U2) and (U1, Us) be coupled upper and lower solutions
of (1.5) and let (f1, fa) be mized quasimonotone in (0, 0) and satisfy the
conditions (1.8) and (1.9). Then (1.5) has a unique solution u = (u,us)
in (a,q). Moreover, the sequences {ﬂgk),ﬂék)} and {ggk),gék)}, obtained
from (1.10) with (ﬂgo),ﬂgo)) = (U, u2) and (ggo),géo)) = (1, 0s) converge

monotonically to (uy,us) and satisfy the relation (1.16).

When the iteration processes in (1.10) and (1.12) are replaced by (1.13)
and (1.14) respectively, the result of Lemma 5 and similar results for quasi-
monotone nonincreasing and mixed quasimonotone functions imply that the
corresponding sequences converge to some limit functions in the same way
as in (1.15). It is easily seen from the same argument as in the proof of
Theorems 1-3 that these limits are solutions of (1.5) in accordance with the
quasimonotone property of (fi, f2). This observation leads to the following

conclusion:

Theorem 4 Under the hypotheses of Theorems 1-3, except that the iteration
processes (1.10) and (1.12) be replaced, respectively, by (1.13) and (1.14), all

the conclusions in the corresponding theorems remain true.

Remark 2 The monotone method for coupled systems of two parabolic equa-
tions can be easily extended to systems with an arbitrary finite number of

equations.
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Chapter 2

The Liapunov Direct method

Since a lot of physical systems and real world phenomena can be described
through partial differential equations, the problem of studying the properties
of the solutions of such equations has been deeply studied. In particular, the
analysis of the stability /instability of suitable solutions, for example of the
stationary states, with respect to perturbations on the initial data, allows
to predict, in such a way, the longtime behaviour of the solutions. To reach
this aim, several methods have been developed and used: most of them re-
quire linearization, truncation or other kind of approximations of the original
equations; Liapunov Direct Method, instead, deals directly with the original
system, without using approximation methods.

In this chapter, the outlines of the Liapunov’s Direct Method will be de-
scribed and some peculiar Liapunov functionals, introduced by Rionero in
[54], [55], will be used in order to investigate the stability properties of the
solutions of evolution equations, aiming to obtain the optimal result of coin-

cidence between the linear and nonlinear stability thresholds.
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2.1 Basic properties of dynamical systems

Let F be a phenomenon taking place into a domain €2 of the physical three
dimensional space R? and u: (x,t) € Q x R — u(x,t) € R" or u: (x,t) €
Ox[0,7] — u(x,t) € R", beingn € Nand T' € (0, 400), whose components
w;(x,t), (i = 1,...,n) are the relevant quantities describing the state of F.
The vector u is called the state vector.

If one finds, by experimental data, physical law and so on that there exists

a function

ou; 0%u,;
F |t x, ,—Z, J v |, g =1,...m; 1,5=1,2,3
(,xu 2. D20 ) i, n: r,s

which governs the behaviour of the time derivative of u, such that, for any

positive T'
w=F inQx(0,7T) (2.1)

holds, then the phenomenon F is modeled by the PDE (2.1) to which we

associate prescribed initial data
u(x,0) =uy(x) xe€0 (2.2)
and suitable boundary conditions
B(u,Vu) =u* on 00 x [0,7], (2.3)

where B is a given operator and u*(x,t) is an assigned vector.

The initial boundary value problem (I.B.V.P.) (2.1)-(2.3) is the mathematical
model describing the evolution of F, also called evolution equation of F.
According to the definition due to Hadamard, a given I.B.V.P. is said to be
well posed in the state space X, endowed with a suitable topology, if there
exists a solution, if this solution is unique and it depends continuously on

the initial data. A problem which is not well posed is said to be ill posed.
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Remark 3 FExzistence, uniqueness and continuous dependence of solutions
depend strongly on the choice of the underlying function spaces in which
the data are given and in which we are looking for solutions. Depending
on the problem, one might use spaces of continuosly differentiable functions
C* ((0,T) x Q) or spaces of integrable functions LP ((0,T) x Q). Thus, the
choice of functional topology in the state space is very important and it has

to be linked to the physics of the phenomenon.

In the sequel, we recall some basic concepts of the theory of dynamical sys-
tems referring to [25], [70], [72] and assuming that the I.B.V.P. (2.1)-(2.3) is

well posed.
Definition 3 A dynamical system on a metric space X is a mapping
v:(vg,t) € X xR —v(vg,t) € X (2.4)
such that
v(vo, 0) = wp. (2.5)

Usually the following additional property is required for a dynamical system

(semigroup property):
v(vo, t +7) = v(v(vg, 7),t), vy € X;t, 7 €RT. (2.6)

For example, let u(ug,t), with u(ug,0) = wug, be a global solution of the
[.B.V.P. (2.1)-(2.3). Then u is a dynamical system.
The properties (2.4) and (2.6) give to the one parameter family of operators

v(vp, -) the semigroup structure, according to the following definition:

Definition 4 A semigroup of operators on a metric space X is a one

parameter family {S(t)},~, of operators S(t) : X — X such that
S(t+s)=S5(t)S(s)

S(0) =1, (I is the identity in X).
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The equivalence between the definition of the semigroup operators {S(t)},5

and the dynamical system is immediately obtained by setting
v(vg, t) = S(t)vy o € X;t € RT.
Definition 5 Let v be a dynamical system, then the function
v(vg, ) 1t € R — v(vg, t) € X

for a prescribed vy € X, is called motion associated to the initial conditions

vy and is denoted by v(vo,t) or v(t).

If v(vg,t) = vy, Vt € R, then the motion is stationary (or steady) and vy
is an equilibrium point.

Let v and w be two motions. If
v(0) =w(0) = v(t) =w(t) Vt>0 (resp.t <0)

then the motion is unique forward (respectively backward) in time with
respect to the initial data.

The forward uniqueness ensures the semigroup property.

The set {t,v(t)} with t € R, is the positive graph of the motion v and
its projection into X, that is the subset v+ = {v(t) : t € R"} is the positive

orbit or trajectory starting at vy.

Definition 6 A dynamical system on a metric space X is a C°-semigroup

if (2.4)-(2.6) and the following properties hold
v(t,-) : X — X is continuous VYt > 0;

v(-,v0) : RT — X is continuous Vv, € X.
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Remark 4 As we have just seen, a dynamical system may be generated by
an evolution equation. In the study of dynamical systems generated by PDFEs,
the existence of the operators S(t) and their properties is linked to the problem
of the existence of solutions for PDFEs and so, like for the uniqueness, it must

be proved case by case.

Let us end this section with the important notion of continuous dependence
on the initial data, that means wondering if, given a particular (basic) motion
v(vo, ), any other motion v(vy,-), starting at the same initial time from a
position v; sufficiently closed to vy, will remain as closed as desired to v(vy, )
for every finite time 7" > 0.

This is an important requirement if the mathematical model at stake de-
scribes observable natural phenomena. In fact, data in nature cannot be
conceived as rigidly fixed and the process of measuring them always involves
small errors. Therefore, a mathematical problem cannot be considered as
realistically corresponding to physical phenomena unless a variation of the
given data in a sufficiently small range leads to an arbitrary small change in
the solution.

Let v be a dynamical system on a metric space (X, d) and let B(z,r), with

x € X and r > 0, be the open ball centered at z and having radius r.

Definition 7 A motion v(v,-) of a dynamical system depends continu-

osly on the initial data if and only if
VT, e>0,35(,T) > 0:v; € B(vg,d) = v(vy,t) € B(v(vo,t),€), ¥t € [0,T).
The following theorems hold.

Theorem 5 Let v be a dynamical system on a metric space X having the
C°-semigroup properties. Then any motion depends continuosly on the initial

data.
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Proof. See [25].

Theorem 6 A motion which is not unique cannot depend continuosly on the

mitial data.

Proof. See [25].

2.2 Liapunov stability

The concept of stability can be interpreted in many different ways. In the
sequel, we will refer to the Liapunov stability with respect to perturbations
on the initial data, that means, roughly speaking, that for a sufficiently small
perturbation on the initial data, the system will remain close to the original

solution for all future times.

Definition 8 A motion v(vy,t) is Liapunov stable (with respect to perturba-

tions on the initial data) if and only if
Ve >0, 36(e) > 0: vy € B(vg,0) — v(vy,t) € B(v(vg,t),€), Vte|0,00).

A motion is unstable if it is not stable.
It results that the Liapunov stability extends the requirements of continuous

dependence to the infinite interval of time (0, c0).

Definition 9 A motion of a dynamical system v(vo,-) is said to be an at-

tractor or attractive on a setY C X if
ey = 1tlirn d[v(vg,t),v(vy,t)] = 0. (2.7)
—00
The largest set Y satisfying (2.7) is called the basin (or domain) of at-

traction of v(vy, -).

34



Definition 10 A motion v(vy, ) of a dynamical system is asymptotically
stable if it is stable and if there exists 1 > 0 such that v(vy,-) is attractive
on B(vg,01).

In particular, v(vy, -) is exponentially stable if there exists 5 > 0, A\(61) >
0, M(61) > 0 such that

v € B(vg, 1) = d[v(vo,t),v(vy,t)] < Me Md(vy,vp), Vt > 0.
If &1 = oo, then v(vg, -) is asymptotically (exponentially) globally stable.

Remark 5 Let X be a metric linear space. It is always possible to express
the stability of a given basic motion v(vy,t) through the stability of the zero

solution of the perturbed dynamical system
u: (ug,t) € X X RY — v(vg + ug, t) — v(vo, t)

where

u(ug,t) = v(vy, t) —v(ve,t)  (v1 = vy + up)
is the perturbation at time t to the basic motion v(vg,t). Indeed the definition
of stability of v(vy,-) is equivalent to

Ve >0, 35(e) > 0:ug € B(O,5) = u(uop,t) € B(O,¢), ¥t >0,

where O s the origin of X.

2.3 Liapunov direct method

In 1893 A.M. Liapunov, in order to establish conditions ensuring the stability
of solutions of O.D.Es, introduced a method based on studying the sign of the
time derivative of an auxiliary function along the solutions of O.D.Es without

determining explicitely solutions. Liapunov Direct method or Second Method
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[37] has been recognized to be very general and powerful and has been used
for over 65 years in the qualitative theory of O.D.Es (cfr. [21], [27], [35],
[74]). A first step toward the application of the Liapunov’s direct method to
P.D.Es was made by Massera [38], who extended this method to denumerably
infinite system of O.D.Es. A general stability theory based on the existence of
a Liapunov functional for the invariant sets of dynamical systems in general
metric spaces was established by Zubov [76]; other pioneering results were
due to Movchan [41].

Our aim is to introduce the fundamental ideas and problems of the Liapunov

direct method by considering its applications to some phenomena modeled

by P.D.Es.

Definition 11 Let v be a dynamical system on a metric space X. A func-
tional V : X — R is a Liapunov function on a subset I C X if V s
continuous on I and it is a nonincreasing function of time along the solu-

tions having the initial data in I.

In order to ensure that V]v(z, )] is a nonincreasing function of time, in the
sequel we will assume that V is differentiable with respect to time and that
the derivative is nonpositive. However, it is standard in literature to ensure

that V' is nonincreasing by requiring that the generalized time derivative
- .1
V= 11_r>%mf¥ {Viv(z,t)] = V(z)}, xe€l,

is nonpositive.

Assume that X is a normed linear space. By virtue of Remark 5, the
stability of a given motion can be expressed through the stability of the zero
solution of the perturbed dynamical system. Therefore, one can introduce

the direct method for investigating the stability of an equilibrium position
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only.
Denoting by F, (r > 0) the set of functions ¢ : [0,7) — [0,00) which are
continuous, strictly increasing and such that ¢(0) = 0, then the Liapunov

method can be summarized by the following theorems.

Theorem 7 Let u be a dynamical system on a normed space X and let O be
an equilibrium point. If V is a Liapunov function on the open ball B(O,r),

for some r > 0, such that
i) V(O) =0,

i) 3f € Fr:V(u) = f(llull), we B(O,r),
then O s stable.
If, in addition,

iii) g € Fp: V(u) < —g(|Jul), Yu € B(O,r),
then O is asymptotically stable.
Proof. See [25].

Remark 6 Let u be a dynamical system on X and let O be an equilibrium
point. If V is a Liapunov function on the open ball B(O,r) and is positive
definite, i.e.

V(O)=0, V(u)>0, u#0,
then the stability with respect to the measure V' of the perturbation immedi-
ately follows. If, moreover, there exists a positive constant ¢ such that, along
the solutions, inequality

Vﬁ—cV

holds, then one has

V < V(up)e ™,

i.e. the asymptotic exponential stability with respect to the measure V.
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Setting X(X,a) = {z € X : V(z) < a}, the following theorem holds.

Theorem 8 Let u be a dynamical system on X x R* and let O be an equi-
librium point. If V is a Liapunov function on the open set A, = B(O,r) N
Y(X,0), for somer >0, and

i) V(O) =0,
i) 3g € Fr: Viu) < —g[-V(u)], ue A,
iii) A. £ @, Ve > 0,
then O s unstable.

Proof. See [25].

All the above theorems are set in a normed linear space X where different
kinds of norms can be introduced.
Let us recall that two norms ||-||; and [-||, on X are equivalent if there exist
two constants ¢; > ¢, > 0 such that ¢, ||z]|, > ||z]|; > ¢ [|z||,, Vo € X.
Therefore, stability /instability properties are invariant under equivalent norms.
If X =R" ie. X is a finite dimensional space, all possible norms are equiv-
alent and so the stability does not depend on the chosen norm. This is the
case of phenomena modeled by O.D.Es.
If we consider phenomena with infinite degrees of freedom, modeled by
P.D.Es, then it can turn out that a solution is stable with respect to one
norm and unstable with respect to another one. In this case, stability de-
pends on the topology of the state space X; this is a relevant difference
between O.D.Es and P.D.Es. For a discussion about the importance of the
choice of functional topology, see [24], while for examples of topology depen-

dent stability, see [25].
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An important application of Liapunov functions is that they can be used in

order to determine some invariant sets.

Definition 12 A set A C X is positively (respectively negatively) in-
variant for the dynamical system v if v(vg,t) € A for any vy € A and t >0
(respectively t < 0).

Positively invariant sets play a fundamental role in studying the longtime
behaviour of solutions of a dynamical system; for example, if a bounded set
A C X can be shown to be positively invariant, then x € A = ~(z) € A

and hence the positive orbit v(z) is bounded.

Definition 13 A set A is attractive on an open set B D A if it is positively
invariant and

vo € B = lim dv(vy,t), Al = 0.

t—+00
An important role in the study of the asymptotic behaviuor of solutions is

also played by the positive limit sets.

Definition 14 Let v be a dynamical system on a metric space X and let
rx e X. A set Q) C X is the positive limit set of the motion v(x,t) if
Vy € Q(z) there exists a sequence (tn(y))n, tn € RT, such that

lim ¢, = o0
n—oo

lim d[v(zx,t,),y] = 0.

n—oo
In particular, Q(x) = z if x is an equilibrium point; if v(x,t) is periodic in
time, i.e. 37 : v(vy,t + 7) = v(vy,t), then Q(z) = y(z), where y(z) is the
orbit of v(x,t). In general, (z) belongs to the closure of v(z).

Information about the asymptotic behaviour of motions by means of Lia-

punov functions are provided by the following La Salle Invariance Principle.
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Theorem 9 Let v be a dynamical system on a metric space X, with the

C°-semigroup properties and let V' be a Liapunov function on a set A C X.

If
i) V(z) > —oc0 Vz € A,
i) y(x) C A,

being A the closure of A, then Q(x) belongs to the largest postive invariant
subset M* of QO = {x €A V(z)= O}. Further, if X is complete and ~y(x)
s precompact, then

: +1 —
tliglo dlv(z,t), MT] = 0.
Proof. See [35].
As remarked in [25], the La Salle Invariance Principle works very well
when X = R", but when X is an infinite dimensional space, then, in order to

use Theorem 9, one also needs conditions ensuring precompactness of positive

orbits; this is another fundamental difference between O.D.Es and P.D.Es.
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Chapter 3

On the nonlinear stability of
some reaction-diffusion models

for infections

This chapter deals with some reaction-diffusion systems modeling the spread-
ing of epidemics within a population or within interacting populations. In
order to study infectious disease transmission, mathematical models play a
fundamental role, since they allow to predict the asymptotic behaviour of in-
fection and, consequently, they can suggest some actions in order to prevent
or control the spreading of epidemic.

Numerous contributions to mathematical theory of epidemics have been given
in the last years (cfr.[5]-[7], [26], [31]-[33], [53]).

When a population is not infected by a disease yet, all the individuals are
regarded as susceptibles. Introducing a few number of infected in the com-
munity, in order to know if the epidemic will die out or if it will blow up, it
would be useful to study the stability of the so called disease-free equilibrium.

If the disease-free equilibrium is stable, then epidemic will decay. Hence, the
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problem to determine if endemic equilibria (equilibria with all positive com-
ponents) exist arises. When endemic equilibria exist, their stability analysis
allows to state if epidemic will persist.

In the first section of this chapter, a SEIR model for infections under mixed
boundary conditions is studied; in the second section the same model is an-
alyzed under homogeneous Neumann boundary conditions and, finally, the
third section deals with a reaction-diffusion system modeling the spreading
of a cholera epidemic in a nonhomogeneously mixed population. For all the
previous models, the goal is to study the longtime behaviour of solutions
(boundedness, existence of absorbing sets in the phase space,...) and to
investigate the linear and nonlinear stability of biologically meaningful equi-
libria, aiming to obtain the optimal result of coincidence between the linear

and nonlinear stability thresholds.

3.1 On the nonlinear stability of an epidemic
SEIR reaction-diffusion model under mixed

boundary conditions

3.1.1 Introduction

In classical epidemic models (cfr. [5]-[7], [26], [32], [53]), the host population
is supposed to be divided into three disjoint classes: S(t), the individuals
susceptible to infection, I(t), the infectious individuals and R(t), the removed
ones. When the infection requires some time for individuals to pass from the
infected state to the infective one, a further class has to be considered: the
exposed to the infection, i.e. individuals in the latent state E(t) (cfr. [2],
[3], [52]). A key role in epidemic models is played by the so called force
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of infection, or incidence rate, i.e. a function describing the mechanism
of transmission of the disease. In classical models, the incidence rate is
proportional to the number of infective individuals. In order to generalize
the dynamics of disease transmission, since 1970s, Capasso and his coworkers
stressed the importance to consider nonlinear incidence rates. Since then,
many authors proposed peculiar nonlinear forms for the force of infection ([5],
[7], [26], [32], [53]). In the sequel, the following well known and meaningful

force of infection is considered
g(S,I) = KIS(1+ al),

K and « being positive constants (cfr. [2], [26], [33] for details), so that an
increased rate of infection due to double exposures over a short time period
such that the single contacts lead to infection at a rate K1.S whereas new
infective individuals arise from double exposure at a rate Kal?S, is taken
into account.

Most of epidemic models known in literature are ODE systems, but in order
to consder the more general case in which the population is not homoge-
neously mixed in the domain at hand, it is necessary to allow the variables
of the model to depend on space as well as on time and hence a reaction-
diffusion model has to be considered (cfr. [10], [42], [51]). In this case, the
diffusion of individuals may be connected with searching for food, escaping
high infection risks and so on.

For these reasons in the sequel a reaction-diffusion SEIR model is introduced
and analyzed: the longtime behaviour of the solutions is studied and, in par-
ticular, absorbing sets in the phase space are determined; by using a peculiar
Liapunov function, the nonlinear asymptotic stability of endemic equilibrium

is investigated. The results are contained in paper [14].
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3.1.2 Mathematical model

Let €2 be a bounded domain in which the epidemic is diffusing. We assume
that Q0 C R? is sufficiently smooth and that the reaction-diffusion equations

governing the evolution of the infection diffusion model of SEIR type are

(% = u(Ng — S) + AS — KIS(1 + ol),

Za—jf =—(0+pE+1RAE+ KIS(1+ al), 51)
5 —(o+ p)l +0E + Al

\% =0l — pR+ AR,

with

(> 0) (i = 1,2,3,4) the diffusion coefficients,

p(> 0) the birth/death rate,

o(> 0) the recovery rate,

6(> 0) the rate at which exposed individuals become infectious,
Np = le /Q S(x,0) + E(x,0) + I(x,0) + R(x,0)] d2,

|2] = the measure of Q2

and (for biological reason)
:(x,t) e QxRY - o(x,t) e RT, Vpe{S E I, R}
To (3.1) we associate the following mixed boundary conditions

S=5 E=FE, I=I", R=R* on X xRT,
(3.2)
VS n=0, VE-n=0,VI-n=0, VR-n=0 on X* x RF,
with 02 =X UY*, Y NYX* =g, ¥ # g, n being the unit outward normal

on X* and S*, E*, I*, R* being non negative constants. Further, we suppose

that
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i) Q is of class C? (p > 2), with the interior cone property;
i) e WR2(Q)NW2(0Q), Yo e (S, E, 1, R);

i) m=7=".

3.1.3 Absorbing sets

Let us denote by 7" > 0 an arbitrary fixed time and by Qp = Q x (0,7
the parabolic cylinder, 2 being the parabolic interior of Q x [0, T] (i.e. Qr
includes the top Q x {t =T7}).

We refer here to the positive smooth solutions of (3.1) under the boundary
conditions (3.2) and the smooth positive initial data

(

S(x,0) = Sy(x), FE(x,0) = Ey(x),

x € (. (3.3)

I(x,0) = [y(x), R(x,0)= Ro(x),

\
The existence of solutions of (3.1)-(3.3) in CZ(f2r) can be proved as done in
[40].

The following theorem holds.

Theorem 10 Let (S, E, I, R) be a positive solution of (3.1)-(3.3) with ¢ €
C3Qr)NC(Qr), Vo € {S,E,I,R}. Then (S, E, I, R) is bounded according
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to

(
S(x,t) < M; = max {No, max Sy (x S*} ,
Ny + OM
E(x,t) < M, = max {“ 0 O ax(So+ Eo) (), S*+E*} :
Q
(3.4)
I(x,t) < M3 = max{ max[o( ) I*},
M.
R(x,t) < My = max {u, max Ry (x), R*} .
\ H Q
Proof. By following the procedure used in [11], let us set max S = S(xy, t1).
Qp
We have to distinguish the following cases.
1) If (x3,t1) belongs to the interior of Qr, then (3.1); implies that
08
& Ny — S) —AAS <0. (3.5)
at (Xl,tl)
Since
08
{E} t1) - [AS](letl) <0,

then (3.5) can hold if and only if
and hence if and only if S(xy,t1) < Np.

2) If (x1,t1) € 02 x [0,T), in view of the regularity of the domain €2, since
Q) verifies in any point xq € 9€) the interior ball condition, there exists
an open ball B* C Q with xo € 0B*. If S(x1,t1) > Ny, choosing the
radius of B* sufficiently small, it follows that

7AS—%—§>0 in B
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and, by virtue of Hopf’s Lemma [49], one obtains that

dS
<_) > 0.
dn (x1,t1)

d
Since d—S =0 on X* x R", it follows that (x1,¢;) € ¥ x R* and hence
n

S(Xl,tl) == S*
3) Finally, if (x1,t1) € Q x {0}, then S(xy,t1) < max So(x).

In order to prove (3.4)s, by adding (3.1); and (3.1), one obtains

IS+ E)

T uNo — (S + E) —0E +~vA(S + E). (3.6)

Let be max (S + E) = (S + E)(x2, t2).
Qr

4) If (x2,t2) belongs to the interior of Qr, then, by virtue of (3.6) and
(3.4)1, it follows

—puNo—0M; + (0+p)(S+E)—vA(S+E) <0. (37

(x2,t2)

Since

= 07 [A(S + E)](x2,t2) < 07

ot
then (3.7) can hold if and only if

En
(x2,t2)

ILLNO + 9M1

E
(5-+ E)Gent) < S

,UNO + 9M1

and hence F(x,t)+ <
0+

, V(x,1).

ILLN() + eMl
0+

following the same procedure of 2) one recovers that

(d(5d+ E)) S0
n (x2,t2)

47

5) If (x2,t2) € 002 x [0,T) and (S + E)(xa,t3) > , then, by



d(S+E)
dn
that (x2,t2) € ¥ x RT and (S + E)(x2,t2) = S* + E* and hence

E(x,t) < S(x,t)+ E(x,t) < S*+ E*, V(x,1).

Hence, in view of (3.2), since = 0 on X* x R*, it follows

6) Finally, if (xg,%2) € Q x {0}, then (E + S)(x2,t2) < m(_zzxx(SO + Ep)(x)
and hence F(x,t) < S(x,t) + E(x,t) < mgx(So + Ep)(x), V(x,1).

7) (3.4)3-(3.4)4 can be obtained by following, step by step, the same pro-

cedure of the previous cases accounting for (3.4)1-(3.4)s.

Denoting by (-,-) and ||-|| the scalar product and the norm in L?(Q) respec-

tively, the following uniqueness theorem holds.

Theorem 11 Model (3.1), under the boundary conditions (3.2) and the (pos-

itive) initial data (3.3), admits a unique positive solution.

Proof. Let (Si, Ey1, I, Ry) and (Ss, Es, Is, Ry) be two positive solutions of
(3.1)-(3.3). Setting

S=8,-S8, E=FE —-F,, I=I—-I, R=Ri—R,,

it follows that

(65 - S ~
OF L i
oI . . '
OR - - -
\E = O'I—/JJR—F"MAR,

under the initial-boundary conditions

(

S(x,0)=0, E(x,0)=0, I(x,0) =0, R(x,00=0 x€Q

—E=1I=R=0 on ¥ x Rt (3.9)

U

VS -n=VE-n=VI-n=VR-n=0 onX* xR*

\



Setting
.1 . . . .
W =2 (I8 + 11 + 1T + 1 2I7) (3.10)

by virtue of the boundedness of solutions and the boundary conditions, it
follows that the time derivative of W along the solutions of (3.8)-(3.9) is
such that

dw - . =
— S allSIP +eo(], [S] + [E] + |R]) + es(|S], [ED), (3.11)

with ¢1, ¢o and c3 positive constants.

By using Holder and Cauchy inequalities, one has

2 <
dt s oW,

being c a positive constant. Hence, it turns out that
W(t) < W(0)et vt >0.

Since W (0) = 0 and W is positive definite, one obtains

and hence the thesis follows.

Let us denote by ¥ the subset of the phase space in which solutions of
(3.1)-(3.3) are contained, i.e.

S ={(S,E,I,R) € [R*]*:
(3.12)
ISI* + BN + 1" + |RI* < (MF + M3 + M3 + M3) |9} .

Setting
E=|S =S+ |E—E|*+|lI - I'|” + ||k - R*|
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and

(

\

a; = 2u [1 — (NO + S*)El} , Qg = 2(9 -+ /.L)(l — E*€2),

az = 2(0' + /L)(]. — 1*63), ay = 2,LL(]. — R*€4),

by = 2|9
by = 2|9
by = 2|9
by = 2|9

[11(Ng + S*
% + KMlMg(Ml + S*)(l + O./Mg):| s
1

w KM, My(Ms + E*)(1 + aMg)} , (3.13)
(0 + @)

€3

*

+ OMy(Ms + I*)} ,
LR

+ O'Mg(M4 + R*):| ;
€4

where ¢; are positive constants (i = 1,2, 3,4), the following theorem holds.

Theorem 12 Choosing

then Ve > 0 the manifold

Y. ={(S,E,I,R) € [RT]*:

( 1 1
0< < 0< < —
(3.14)
0< L 0< L
L g3 < ]—*7 €4 < R*a
(3.15)

b
IS = S+ 15~ B 41 - I+ R - R < 1+ |

is an absorbing set for (3.1), with

d:min{al,ag,ag,a4}, 6:b1+b2+b3+b4

Proof. Let

p1=S, p2=E, p3=1 @4=R.
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Multiplying (3.1); for (p1 — ¢f) and integrating over €2, it follows that

1d

5@“901 - 90>f||2 = NNO/(% - @T)dQ - M/ <P1(901 - Sﬁ) dQd+
Q 0

ﬂ/ﬂ(wl—s@’{)ﬁ(%—wi) dQ—K/Qsogcm(lJrasos)(sol—sO’{) dg2.
In view of Holder and generalized Cauchy inequalities, it turns out that

* * 3 * |Q|
[ o= dn < llor - willal} < zillen - il + 2
Q
€1 being a positive constant. Applying the divergence theorem, taking into

account of the boundary conditions (3.2), and by virtue of (3.4), one has

d * *
= llen —@i? < —ar |lpr — 4I° + b, (3.16)

with a; and b such as in (3.13)1,(3.13)5 .

Analogously, multiplying (3.1); for (p; — ¢}) (i = 2,3,4) and integrating
over 2, by using Holder and generalized Cauchy inequalities, applying the
divergence theorem, taking into account of the boundary conditions and in

view of (3.4), one obtains
d * * .
£||90i_90i“2 < —ay ||90i_g0i||2+bi> 1=2,3,4 (317)

with a; and b;, (i = 2,3,4) such as in (3.13).
Choosinge; (i =1,2,3,4) such as in (3.14) and adding (3.16) and (3.17);,(: =
2,3,4), one has

dE

< _—aE +0b. 3.1
a =T (3.18)

Now, let us prove that (3.18) guarantees that (3.15) is positively invariant
and attractive.

Let’s start to prove that, Ve > 0, X, is positively invariant.

The trajectories corresponding to the initial data in ., i.e.

E(0) = <1+2%)§€Ea, (n=12..)
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could escape from 3. if and only if there exists ¢* such that

Et*)=(1+4¢) b

57
() o
(N dt )y

By virtue of (3.18), it follows that

;

dE - -
(%) <-amr)+5- e <0,
t J

so that Y. is positively invariant.

In order to prove that Y. is an attractor, by integrating (3.18), one obtains
E(t) < BE(0)e™™ +

Let B a bounded set of the phase space. Then there exists a positive constant

M such that M = sup E. Hence, from
B

b b
Me ™+ - =(1+¢)-,
a a
it turns out that, for
_ 1. aM
t>f=-In—,
a €

every trajectory starting from B reaches Y. and remains there indefinitely,
so that X, is also an attractive set.
We remark that, since by virtue of (3.12) the solutions belong to ¥, obviously,

one can choose B C ¥ and hence ¥, C X.

Remark 7 In view of Theorem 12 we can confine ourselves to study the

longtime behaviour of system (3.1) taking the initial data belonging to X..
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3.1.4 Equilibria and preliminaries to stability

Denoting by Rg the basic reproduction number in absence of diffusion, Ry is

given by
R N K
SN CEANICEN)
and setting
K 2
R =4/— R; =2R] — R}
1 O‘;“/, 2 1 1>

the following remark holds.
Remark 8 [t can be easily shown that
i) Ry < 1if and only if R} < R},

i) Ry < 1.

The biologically meaningful equilibria (S, E, I, R) of (3.1) are the non-negative
solutions of the system

p(Ng — S) — KIS(1 +al) =0,

—~(0 4 p)E + KIS(1 + al) =0, (3.19)

—(oc+pu)[+0E =0,

\af—uR:O.

The following two kinds of solutions arise.

i) DISEASE-FREE EQUILIBRIUM:
System (3.1) admits the equilibrium (S, E1, I1, R1) = (N, 0, 0,0) which

- from biological point of view - means that no infection arises.

ii) ENDEMIC EQUILIBRIA:

The biologically meaningful equilibria (endemic equilibria) of (3.1) are
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the positive stationary constant solutions (S, E, I, R) of (3.1). Tt is

easily verified that, solving (3.19), one obtains

s O+plot+p) = otpz 5 oz
KO(1+al) ’ 6 o

where I has to verify the equation
al> + bl +c =0,

with

a=Ka>0, b:Ma<Rf—RO>, c=u(l- Ry,

A =b* — dac = pa(paRy + K + 2/ Kpa)(Ry — R3).

We have to distinguish the following three cases.
1) If Ry < 1, then ¢ > 0. Since
A>0 & Ry > Rj,

and

R;>0 & R} <2

it follows that

and hence (3.21) admits two real negative solutions;

(3.20)

(3.21)

(3.22)

(3.23)

if R} > 2or {R5 < Ry with 1 < R} < 2} then {b >0, A > 0}

- if {R} < Ry with R} < 1} then {b <0, A > 0}, hence (3.21)

admits two real positive solutions;

- if {Ry < R with R} < 2} then A < 0, i.e. (3.21) does not

admit real solutions;

- if {Ry = R} with 1 < R} < 2} then {b >0, A =0}, so there

are not any endemic equilibria;
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- if {Ry = R} with R} < 1} then {b < 0, A = 0} and hence
there exists a unique endemic equilibrium.

2) If Ry = 1, then ¢ = 0 and the existence of endemic equilibria
depends on Rj. In fact, when R} = 1, accounting for (3.22),,
(3.22)3, (3.22)4, one has A = b = ¢ = 0 and hence do not exist
endemic equilibria. When R; # 1, (3.21) admits the non null so-
lution I = —2 that, by virtue of (3.22);, (3.22), is biologically

meaningful, i.e. T >0, iff RY < 1.

3) If Ry > 1, then, by virtue of (3.22)3-(3.22),, one obtains that
¢ < 0and A > 0. Hence in this case, (3.21) admits a unique real

positive solution.
The previous results can be summarized in the following theorem.
Theorem 13 System (3.1)
i) always admits the disease free equilibrium (S1, Eq, I, R1) = (No, 0, 0,0);

i) admits a unique endemic equilibrium if

Ry > 1, (3.24)
or
Ry=1,
(3.25)
Ry <1;
or
Ry=R; <1,
? (3.26)
Ry <1
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iii) admits two endemic equilibria if

Ry < Ry <1,
(3.27)
R} <1;

iv) does not admit any endemic equilibria in the other cases.

In the sequel, let (3.24) or (3.25) or (3.26) holds true. In this case (3.1)
admits a unique endemic equilibrium (S, £, I, R). Setting

(3.1) reduces to

r
% = an Xy + a1 X + a3 X + 14Xy + 7AX, — F(X1, X;)
% = a2 X1 + anXs + a3 Xs + a2 Xy + 7AX> + F(X3, X;) (3.28)
% = a31 X1 + a32Xo + a3z X3 + a3 Xy + 13AX3

L % = an X1 + X + a3 X3 + a4 Xy + 14AX,

where
(

aH:—[,u+K_f(1 —|—Oéj)], CL12:0, CL13:—K‘§<1 +20éj), CL14:0,
a21:KI_(1 —|—Oé]_), aggz—(e—i—ﬂ,), a23:K§(1 +20é]_), CL24:0,
az =0, azxp=0, azz=—(0+ ), azs=0, (3.29)

as1=0, as=0, ay3=0, auu=—L,

| F(X1, X5) = KX5[(1+ 2a0) X, + aX3(S + X))

To (3.28)-(3.29) we add the boundary conditions

;

X, =0 on X xXRT

i=1,2,3,4. (3.30)

VX, n=0 on X*xRT
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Denoting by W*(Q2) the functional space defined by
d
W*(Q)= {(p e WhH( Q)N Wh2(99Q) : p=0 on LxRT, ﬁ:o on X~ x]R*} ,

our aim is to study the stability of (S, £, I, R) with respect to the perturba-
tions (Xl, XQ, Xg, X4) S [W*(Q)]4

3.1.5 Linear stability of endemic equilibrium

Remark 9 We remark that the infimum

[Vell®

o
A= el

(3.31)

exists and is a real positive number ([4], [67]);

Adding and subtracting the term a+; X; to equation (3.28);, (i = 1,2,3,4),
and setting

ailr — O_é’}/ 0 a13 O
a Qgg — QU a 0
e — 21 22 Y 23 ,
0 ass asz — a3 0
0 0 43 agq — QY4

in order to analyze the linear stability of the endemic equilibrium, and hence
of the null solution of the perturbation system (3.28), we have to find condi-
tions ensuring that all £* eigenvalues have negative real parts. The charac-

teristic equation of L£* is
P\ — (CL44 — 5(74)]()\3 — Il/\2 -+ IQ)\ — I3) == 0, (332)

where I, Iy, I3 are the principal invariants of the matrix

aj; — avy 0 a13
Jr = 7
= 21 Qo9 — Q7Y @23
0 aso ass — a3
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and are given by

(

I; = traceJ* = ay + az + azs — a(2y + v3),
I app—ary 0 app—ary a3 Q22 —Qry a3
2 p—
a1 Q29— Qry 0 a33—Qys a32 a33—Qys
a;; —ary 0 a3
Iy =detJ" = a1 (99 — QY (23
\ 0 a3z a3z — QY3

Accounting for (3.32), the eigenvalues of L* are given by the three roots of

the characteristic equation of J*
N TN+ I —I3=0 (3.33)

and by

(44 — QY4

where, in view of (3.29), ayy—ay, < 0. Passing now to the equation (3.33), as
it is well known, the necessary and sufficient conditions guaranteeing that all
the roots of (3.33) have negative real part are the Routh-Hurwitz conditions
[39]

I, <0, I3<0, I;I,—I3<0. (3.34)

Obviously (3.34) require necessarily that I > 0. If one of (3.34) is reversed,
then there exists at least one eigenvalue of J* with positive real part and

hence the null solution of (3.28) is linearly unstable. Denoting by I*, A* the
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e . . azy — Qy a23 ,
principal invariants of the matrix , l.e.

a32 a3z — QY3

I* = A99 + Q33 — O_é(’)/ —+ 73),

(3.35)
A* = @%yy3 — a(yass + V3a22) + az0a33 — aszazs,
it follows that
4
I1 = a1 — d’}/ + I*, IQ = ((111 — d’y)I* + A*,
I3 = (a1 — ay)A* + ai3a91a32, (3.36)
Il:[g — I3 = ((111 — 5&’7 + I*>(a11 — O_é’y):[* + A*I* — 13A21Q32.
\
The following theorem holds.
Theorem 14 [f
A" >0, (3.37)

then the endemic equilibrium is linearly stable.

Proof Let us remark that in view of (3.36) and (3.29), if A* > 0, then the

Routh Hurwitz conditions (3.34) are verified and the thesis follows.
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3.1.6 Nonlinear stability of endemic equilibrium

Introducing the scalings p; (i = 1,2,3,4) (u; are positive constants to be

chosen suitably later) and setting

;

X; = ,uiUia U= (Ub Us, Us, U4)T> F:(F1>F27F3a F4)T,

F:F(,ulUl,,ug,Ug): K,ugUg[(l + 2&]_)/“(]1 + Oé[thg(g + ,M1U1)],

(3.38)
- 1 = ~ 1 =
F1: —F—F’Y(AUl + @Ul), F2 = —F+ ’Y(AUQ + O_CU2>,
H1 H2
Fg = ’)/3(AU3 -+ O_éUg), F4 = ’74(AU4 + C_¥U4),
(3.28) reduces to
ou - .
- = LU+F. (3.39)
where L is
by 0 b1z 0
E _ b21 b22 b23 0
0 b3 b3z O
0 0 Obuz ba
with
bii: Qg5 — O_é’yi, bij:&aij, ) % j (340)

(2

The boundary conditions (3.30) become
U;=0 on YxR" VU -n=0, on Y'xR" i=1234 (3.41)

Hence the problem to find conditions guaranteeing the stability of (S, E, I, R)
is reduced to determine conditions guaranteeing the stability of the null so-

lution of (3.39)-(3.41). Remarking that, by virtue of (3.35) and (3.40), one
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obtains that A* = 622b33 — b23b32 = b22b33 — 230432 and Setting

.

Ay = A* + (bs2)? + (bs3)?

Ag = A* + (b22)2 + (b23)2

\AS = baabsa + bagbss,

in order to study the nonlinear stability of endemic equilibrium, let us intro-

duce the Rionero-Liapunov functional (see [54],[55] for details)
1 2 1 2
W =Sl +V + S U4ll%,

where

1

V=3

[A*(|U2|1? + [|Us]|?) + [|b22Us — bsoUs||* + [|basUs — bssUs ] .

which is positive definite if A* > 0.

The time derivative of W along the solutions of (3.39) is

W = by ||Us||2+ T A*(|Us |2+ Us|?) +baa || Us|| 2+ Arboy (Us, Us)+

+ (—Asbo1+013) (Ur, Us) +by3 (Us, Uy) +P1 + Do,
(3.42)

b, = v < Ul,AUl—i-OéoUl >—|—<A1UQ—A3U3,"}/<AU2+CY0U2) >
+ <A2U3 —AgUQ,’}/g(AUg + Oé()Ug) >—|—’}/4< U4, AU4+060U4 >, (343)

1 . 1 - 1 3
@2 = — << Ula —F > +— < A1U27F >+—< A3U3’ —F >
M1 2 K2

with F given by (3.38),.
The following Lemmas hold.

Lemma 6 If

A" >0 and (v+73) |As| <24/ A1 Asy7s, (3.44)
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then there exists €, € (0,1) such that Ve € (0,¢€)
1 < =y VU + a7 [Ur])* = Ase [ VUs[|* + Ayysaie [Us]* . (3.45)

Proof. By using the divergence theorem, by virtue of the boundary condi-
tions (3.41) and in view of Poincaré inequality (3.31), from (3.43); it follows
that

Oy < —[|[VUL|* + ay |UL||* — Asyse | VUs||* + Agysae | Us|| + @7,

being € a positive constant and

O =—Ayy | VUL[|* = | As| (y+73) (VUs, VUs) = Ayys(1—e) | VU] "+ (3.46)
+A17a || Us|* +|As| a(y-+73) (Uz, Us)+ Asys(1—e)a || Us||*.

Since (3.44), implies that there exists €; € (0,1) such that Ve € (0,¢)

|As] (7 +73) = 20/ (1 — &)y 134142, |As] (7 +73) < 24/ (1 — €)7734, As,

by following the same procedure used for the proof of Lemma 3.2 in [54], one

obtains that ®* < 0 and hence the thesis follows.
Lemma 7 There exists a positive constant M(Q) such that
By < M(Q)IUPHITa >+ 1Usl*) 2 (VT >+ [V Us |+ [T [P+ [ Vs ).

Proof. In view of (3.43)s and (3.38), and since from (3.4) and (3.38); one

obtains

it turns out that

(I)g <c < U12, ‘U3| > +co < |U1|,U3? > +c3 < ‘U2|, ’U1U3‘ >+ (3 47)

+cy4 < |U2|,U32 > +tc5 < |U3|,U?? >,
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where

4

c1 = k(14 2al) s,
2

2
c2 = koS5 4 A ka3 1| A k(1 + 20D) 22 4| 45| kb2
H1 ) 2 H2

2 2
cg = Atk(1+ Zaf)ulug, cy = AlkaS%, cs = | As] kaS%.
2 2

\ H2

By virtue of the Holder and embedding inequalities
<Ifl,g* ><IIfINlgllZ, gl < Ka@)IVallP+llgll?],  Ki(Q) >0,

and in view of Cauchy inequality, from (3.47) it follows that

Oy < |Us]| (|17 + IVULIP) + me T (TP + (VTR P +
+ ||| (UL + VUL + na [T (1Us)) + | VUs|P) +
+ 15 |Usl (U] + |V Us|P)

being

. 1 1
ni = Ki(Q)c;, i =1,2,5 n3= §CSKI(Q) Ny = (503 +C4) Ky (Q).

Hence the thesis follows with M () = max. 1.

i=1,...,

Remark 10 We remark that, setting

A* A*
P==5, 4= + [(522)2 + (bag)?® + (b32)* + (533)2} ;
it follows that
p([U2]* + |Us]*) <V < q([|Ua* + [|Us]?). (3.48)

The following lemma holds.

Lemma 8 Setting

a*yys + ay(o 4 p) + ays(0 + p) Ny
= |1+ = =, 3.49
G (0 + p)(o + p) S(1 4 2al) (3-49)
then
A* >0 < Ry < (. (3.50)
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Proof. By virtue of (3.20), (3.35) and (3.49), one has that

e 0+ 0o+ p)

S(1+2al)[¢ — Rl (3.51)
No
and hence (3.50) immediately follows.
The following theorem holds.
Theorem 15 If and only if
Ry < Cl and (’7 + ’}/3) |A3| <2 AlAQ’}/’}/g, (352)

then the null solution of (3.28)-(3.30) is (locally) nonlinearly, asymptotically

stable with respect to the L*(2)-norm.

Proof. By virtue of Lemma 6 and Lemma 7, in view of (3.40); and by using

the generalized Cauchy inequality, from (3.42) it follows that

W < —lau U2 = [T[A*(| U + [|Us]|?) — |aaa | U]+
— Y |VUL|? = Aoyse | VUs||* + Agyaae || Us|)* +

A%G%W% 9 1 2
— =" U —|I*| A" ||U
+ AT WP+ 5117 A R + (3.59)
a2 1
+  (Asbor+013) (Ur, Us) + 43”32 HU3H2+_’CL44’HU4H2+
2| a1y 2

+ M QUL PHUs|PHIUs|2) 2 (VUL |PH Y Us | PH U PH U 1)

Choosing the positive scalings such that

(
—Asby1 +b13 =10
Aladpd 1

- = = > -
a1 22| A* 2’%1’ (3.54)
2,2
1
|I*|A*_ CL43[1,32 >—|I*|A*
\ 2lag|pg — 2
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1.e.

(MQ _ a13H343
Y ay (522(132#% + 1733@23#%)
M2 (A* + b§3) agﬂﬁﬂ%

>
27| At an |13 + adyad pd

02> ]a43\2 2
T agg| [ 17472

€ min €
4A2d’73 o ’

from (3.53) it turns out that

and choosing

W < fou 0P 31 A" NP+ 05]1)~ 5 laal 4]+
—V IV = Axyse [ VU +
M) (N PH T PHTSI) (I TV T 2 T ).
Therefore, setting

AT
2

hl = min {M, } ) h2 = min{’Ya 6142’73}7

one has that

. h
W< —31(||U1||2+||U2||2+||U3||2+||U4||2)—h2(||VU1||2 +HIVUs [+
M () (N PHI Dl H Us|12)2 (VUL H Y Us | HI U [ Us 12).

By virtue of (3.48), it turns out that
W < =(61 = &W2)W — (hy = &W2)([VUL|2 + VU ?),
with

Si=hymin {1, 1/2¢}, 6, =M (Q) max{V2, p~*/?}, 63=M(Q) max{2v/2, p~>/2}.
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Hence, if
W2 (0) < min {0y/ds, ho/82} |

applying recursive arguments, it follows that

Wg—f(W, K = const. >0

and hence the thesis follows.

3.2 On the stability of a SEIR reaction diffu-
sion model for infections under Neumann

boundary conditions

3.2.1 Introduction

In this section, we want to reconsider the model introduced in the prevoius
one [17]. In particular, while in the prevoius case it is supposed v; = 79, i.e.
that both susceptible and infected individuals have the same diffusion coeffi-
cient, in the present case we reconsider the problem in the more general case
v1 # 2 which, a priori, is biologically the more realistic case. Furthermore,
differently from the previous case, we assume that the infection at stake re-
quires to put in quarantine. From mathematical point of view, it means that
one has to consider the homogeneous Neumann boundary conditions. More-
over, since the quarantine hospitals normally can have many floors, it seems

to prefer to embed the problem in a three-dimensional domain.

3.2.2 Mathematical model

Let © be a regular domain of class C? (p > 2), with the interior cone property.

Let us consider the reaction-diffusion model of SEIR type (3.1) governing
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the evolution of an infection in €2 with all the parameters having the same
meaning of the previous section.

To (3.1) we add the following homogeneous Neumann boundary conditions
VS n=0, VE-n=0, VI-n=0, VR-n=0 on9dQ xR (3.55)

being n the unit outward normal on 0f).

Let us define
1
N = / [S(x, 1) + E(x, 1) + I(x,£) + R(x, £)] dL,
Q
i.e. the population size at time ¢t. The following theorem holds.

Theorem 16 The total population size in ) is constant for all time, i.e.
N(t) = No, vt > 0. (3.56)

Proof. By adding (3.1)1, (3.1)2, (3.1)3, (3.1)4 and integrating over €2, one
has

d
o | (STE+I+R) dQ:uNony—u/(SJrEJrHR) A0t

Q Q
(3.57)

+71/ASdQ+72/ AEdQ+73/ AIdQ+fy4/ AR dS).
Q Q Q Q
In view of the boundary conditions (3.55), the divergence theorem leads to
/A@dQ:/V-VgOdQ: Veo-ndE =0, Vpoe{S E, I, R},
Q Q o9
hence (3.57) becomes

%N(t) + uN () = pho. (3.58)

Integrating (3.58), one easily obtains (3.56).
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3.2.3 Absorbing sets

Let us denote by T' > 0 an arbitrary fixed time and by Qr = Q x (0, 7]
the parabolic cylinder, Q7 being the parabolic interior of Q x [0,T] (i.e. Qr
includes the top Q x {t =T}).

We refer here to the positive smooth solutions of (3.1) under the boundary

conditions (3.55) and the smooth positive initial data

(

S(x,0) = Sp(x), F(x,0) = Ey(x),

x € Q. (3.59)

I(x,0) = [)(x), R(x,0)= Ry(x),

\

The following theorems hold.

Theorem 17 Model (3.1), under the boundary conditions (3.55) and the
(positive) initial data (5.59), admits a unique positive solution in C3(Qr) N
C(Qr).

Proof. The existence of solutions of (3.1), (3.55), (3.59) can be proved as
done in [40] and the uniqueness as done in [14].
In order to obtain a L*°-norm estimate of the solution, let us recall a result

of [48].

Lemma 9 Let us consider the parabolic system

;ﬁ; — Au; = fi(x, t,u), x€Qt>0i=1,..,1
Yi_ e dNt>0

ov

u;(z,0) = ud(x) x €}

where u = (U1, ..., u), ud € C’(Q) ,i = 1,...,0 and assume that, for each

k=1,...,1, the functions fy satisfy the polynomial growth condition

!
| fe(z,t,u)| < ClZ|ui’q+62 (3.60)

=1
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for some nonnegative constants ¢, and co and positive constant q. Let py be
n
a positive constant such that py > 5 max{0,q — 1} and 7(u°) be the mazimal

0. Sup-

existence time of the solution u corresponding to the initial data u
pose that there exists a positive constant Cp,(u®) such that [ Ol ooy <
Cho(u®), Vt € (0,7(u”)), then the solution u exists for all time and there is a

positive constant Coo such that [[u(-, t)|| e @) < Coo(u?), Vt € (0,00).

Theorem 18 Any positive solution (S, E,I,R) of (3.1), (3.55), (3.59) is
bounded, i.e. there exists a positive constant C, depending on the nonnegative

initial data (So(x), Eo(z), lo(z), Ro(x)) such that, ¥t € (0, 00)
1S Co Ol ooy + HEC D)l ooy + I O oo ) + HRE )| ooy < C- (361

Proof. By following the procedure used in [11], let us set max S = S(x,t).
Qp

We have to distinguish the following cases.

1) If (x1,%1) belongs to the interior of Qr, then (3.1); implies that

@ — u(Ng — §) —yAS < 0. (3.62)
ot (x1,t1)
Since
oS
7)., =0 <0

then (3.62) can hold if and only if
and hence if and only if S(x1,t1) < Np.

2) If (x1,t1) € 002 x[0,T), in view of the regularity of the domain €2, since

Q2 verifies in any point xg € J€) the interior ball condition, there exists
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an open ball B* C Q with xo € 0B*. If S(x1,t;) > Ny, choosing the

radius of B* sufficiently small, it follows that

7AS—%—§>O in B

and, by virtue of Hopf’s Lemma [49], one obtains that

dsS
(—) > 0.
dn (x1,t1)

Since Z—S = 0 on 0 x R it follows that S(xy,t1) > Ny is not possible.
n
3) Finally, if (x1,t1) € Q x {0}, then S(x1,1) < max Sp(x).
Q

Hence,

1S, )] foe < My = maX{No,mngo(x)}, Vit > 0; (3.63)

moreover, in view of (3.63) and of the Young inequality, one obtains that the

nonlinear term ¢(S,1) = K15(1 + o) has a polynomial growth such that
9(S, 1) < e1I? + ¢, (3.64)

being ¢; = KM, <a + %) and ¢y = %KMI. Therefore, (3.64) implies that
the hyphotesis (3.60) of Lemma 9 holds with ¢ = 2. In order to apply
Lemma 9 with py = 2 to the model (3.1), (3.55), (3.59), let us first estimate
the L?-norm of each component of the solution (S, E, I, R) with respect to
the spatial variable.

In order to do this, multiplying (3.1); by S(x,t) and integrating over €2, by

using the divergence theorem and the boundary conditions (3.55), it follows

that 14
—— 52d9+71/|v5|2 dQ+u/Sde:
:MNO/SdQ—/KISQ(HaJ) dsQ.
Q Q
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In view of (3.63), (3.65) implies that

1
th S2dQ+u/SQdQ§MNOM1, vVt >0
and hence
1d 2 —2ut 2 Ml
dQ) < K dQ)+ —, Vit > 0. )
> S e /QSO —f—u,V_O (366)

In order to estimate the L?-norm of E(x,t) with respect to the spatial vari-
able, let us set

V(x,t) = S(x,t) + E(x,t)
so that, adding (3.1); and (3.1)2, one has

ov

m._%AV+Qw ¥2)AS + uNg — (0 + )V + 68S. (3.67)

Multiplying (3.67) by V and integrating over €2, by virtue of the divergence
theorem and of the boundary conditions (3.55) it follows that

1d
2dt

(72 — ) /VS-VVdQ+uNO/VdQ+9/SVdQ, vt > 0.
Q Q Q

V2d£2+72/|VV| dQ+(9+u)/V2dQ_
Q (3.68)

In view of the Cauchy inequality, for any ¢ > 0, one obtains that

B 2
(72—71)/VS-VVdQ§ ﬁ/ VV|? dQ+M/ IVS|* dQ, (3.69)
Q 2 Jo 272 0
20+p [ s KNG 19|
N, dQ < o N .
i WAVX <= béV’ + (3.70)
and
2
Q/SVng 20+M/V2dﬂ+ f /SQdQ. (3.71)
Q 4 Q 20 + 1 Q

Taking into account (3.69), (3.70) and (3.71), and by virtue of (3.66), (3.68)
implies that

d

v%m
di +“/

EVRY
V2d0 < M/ VS| dQ + ma, (3.72)
Q 2 Q
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being my, =

2u2NZ Q| 20°N, | M 26>
L No [ 267N O My /Sng.

20+ 20+ 20+ Jg
Moreover, (3.72) is equivalent to

( /VQdQ) /|VS\ dQ + mqe, (3.73)

then, by integrating (3.73) from 0 to t, one has

V2 < e [ V(x,0)*dQ+

Q
UVRY: ¢

L =) / { / VS| dﬂ] dr + L.
Y2 0o L/ 2

On the other hand, multiplying (3.65) by e** then integrating from 0 to ¢

(3.74)

and using (3.63), one obtains that

t t
1/ [e d /S2d§2} dT—l-u/ [e“T/SZdQ] dr+
2 0 d'T 0 Q
t

+'71/ |:€ /’VSF dQ:| dT§N0|Q|M16Mt.
0 Q

Integrating by parts, one has that
¢ d
/ {e pm /Szdﬁldr = 52d /SQdQ—I—
0 T Q (3.75)
— u [ 52 dQ} dr;
0
therefore, from (3.75) it turns out that
t
271/ {e‘”/ VS|’ dQ} drg/Sng+2N0M1 Qe V>0, (3.76)
0 Q Q
By virtue of (3.76) and (3.66), (3.74) implies that
2
/VQdQ < /(s§+Eg) dQ+M/S§dQ+
0 0

Q ) 27172
N0|Q|M1(71—72) —i—ﬂ Vi > 0
27172 w -

Setting

N0|Q|M1(’Y1 —’72)2 m1
+ I
27172 1%

N 2 2 (’Yl - 72)2 2
My = (SO—{—EO) dQ) + ———— Sg d€) +
0 27172 Q

Y
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one obtains that
/E2d9g/(5+E)2 dQ:/VdeSMg, vt > 0. (3.77)
Q Q Q

Now, multiplying (3.1)3 by I, integrating over 2 and using the divergence

theorem and the boundary conditions (3.55), one obtains that

1d

- IQdQ:—(a+u)/[2dQ—|—9/E[Q—72/ IVIP dQ;  (3.78)

by virtue of the generalized Cauchy inequality and of (3.77), (3.78) implies

that
1d 62 62 M.
~e IQng—/EQdQ—“+”/PdQ§ 2 —U+“/12d9.
Hence, it follows that

/ I?dQ < Ms Vt>0 (3.79)

Q
being
0% M,
M;= [ I2dQ+ ———.
’ /g ° (0 + 1)>?

Following the same procedure for the forth equation (3.1)4, one has that
/ R*dQ< My Vt>0 (3.80)
Q
where

62 M,

p*

M4:/R3d£2+
Q

In view of (3.66), (3.77), (3.79) and (3.80) and applying Lemma 9 with py = 2,
the thesis follows.

Let us denote by (-, -) and [|-|| the scalar product and the norm in L?*(),
respectively. The following theorem holds.
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b
Theorem 19 FEvery ball of radius bigger than — is an absorbing set, with
a

a =2,
b=2|Q|C? (u+0+ 0+ K(1+aC)).
Proof. Multiplying (3.1); for S, (3.1), for E, (3.1)3 for I and (3.1), for R,

integrating over (2 and adding member by member, it follows that

1d
37 (ISIHUEIH NI +IRI) = o [ § d2—pl S+ [ S5 do

—K/152<1 +al)dQ—(0+p) ||EH2+72/EAEdQ+

Q Q

+K/]SE(1+aI) 40— (o + 1) ||I||2+9/EIdQ+
Q Q

—Fyg/ mfdmo/ IRdQ—u|]R||2+74/RARdQ.
Let us dgﬁne ' '
H = |SIP+IEIP+11°+ | RI*
Applying the divergence theorem, taking into account of the boundary con-

ditions (3.55) and by virtue of (3.61), one obtains
dH -
— < —aH +b
a =TT

and hence, following the same procedure used in Theorem 12, Theorem 19

holds.

3.2.4 Equilibria and preliminaries to stability

Let us denote by Ry the basic reproduction number in absence of diffusion,
Nob K
(0 +p)(o+p)
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and let us set
K
Ri=,/—, R,=2R —R’.
| an
The biologically meaningful equilibria (S, E, I, R) of (3.1) are the non-negative

solutions of the system

(

w(Nog —S) — KIS(1+al) =0,
—(O+pu)E+ KIS+ al) =0,

—(0+p)I+0E=0,

\O‘j — uR =0.
The following two kinds of solutions arise.

i) DISEASE-FREE EQUILIBRIUM:
System (3.1) admits the equilibrium (S, E1, I1, R1) = (N, 0,0,0) which

- from biological point of view - means that no infection arises.

ii) ENDEMIC EQUILIBRIA:
The biologically meaningful equilibria (endemic equilibria) of (3.1) are

the positive stationary constant solutions (S, E, I, R) of (3.1).
The following theorem holds.
Theorem 20 System (3.1)

i) always admits the disease free equilibrium (Sy, Eq, I, R1) = (No, 0, 0,0);

i) admits a unique endemic equilibrium if

Ry > 1, (3.81)
or
Ry =1,
(3.82)
R < 1



or

RO - R* < 1,
? (3.83)
R} < 1;
iii) admits two endemic equilibria if
Ry < Ry <1,
? (3.84)
Ry < 1;

iv) does not admit any endemic equilibrium in the other cases.

Proof. For the proof, see that one of Theorem 13.

Let (3.81) or (3.82) or (3.83) holds true. In this case (3.1) admits a unique
endemic equilibrium (S, £, I, R). Setting

(3.1) reduces to

(
0X
(9_151 = a1 X1 + a1 Xo + a3 X5 + a1s Xy + nAX, — F(X4, X3)
0X
(9_152 = a1 X1 + a2 Xa + a3 X35 + a2 Xy + 1 AXs + F(X1, X3)

& (3.85)

o az31 X1 + azeXo + azs X3 + a3 Xy + 13AX;

0X,4

5 = g1 X1 + a1 X9 + as3X3 + asa Xy + 71AXy
\

where

.

an=—{p+ KI(1+al)], a;2=0, a;3=—KS(1 + 2al), a;4=0,
aglsz(l +Ozj>, CLQQ:—(Q—l-/L), CL23:K5<1 +20[j>, CL24:0,
as1 =0, az=0, azzs=—(0+p), as =0, (3.86)

as1=0, as=0, as3=0, au=—p,

F(Xl,Xg) = KXg[(l + 2041:)X1 + CYXg(S’ + Xl)]

\

76



To (3.85)-(3.86) we add the boundary conditions
VX, ) n=0 on 9 xRT i=1,23,4. (3.87)
Denoting by W*(€2) the functional space defined by
W*(Q)= {(,0 c Wh2(Q) N Wh(09) : g—i:o on O xR, /Qgde = 0} ,
our aim is to study the stability of (S, E, I, R) with respect to the perturba-

tions (Xl,Xg,Xg,X4) € [W*(Q)]4

3.2.5 Linear stability of endemic equilibrium

Remark 11 We remark that the infimum

[Vell®

.
A= el

(3.88)

exists and is a real positive number ([4], [67]);

Adding and subtracting the term av;X; to equation (3.85);, (i = 1,2,3,4),

and setting

ay — ayy 0 a3 0
I a1 Qog — QY2 93 0
0 aso ags — Q73 0 7
0 0 (43 Qqq — QY

in order to analyze the linear stability of the endemic equilibrium, and hence
of the null solution of the perturbation system (3.85), we have to find condi-
tions ensuring that all £* eigenvalues have negative real parts. The charac-

teristic equation of L£* is
A — (agg — @74)](N* — T)A? 4+ T — I3) = 0, (3.89)
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where Iy, Io, I3 are the principal invariants of the matrix

ai; —am 0 a3
Jr = %
- 21 Q22 — Q79 a23
0 aso ass — a3

and are given by

(

I, = traceJ " = a1 + as + ass — a(yn + Y2 +73),
a1 —am 0 a1 —am a3 (22 — QY a3
I,=
a1 (22— QY2 0 az3— Qa3 azo azz—ary3
ap; —am 0 a13
— * _
Iy =detJ" = a1 a2 — QY2 a3
0 a32 a3z — QY3

\

Accounting for (3.89), the eigenvalues of L* are given by the three roots of

the characteristic equation of J*
N TN+ I —I3=0 (3.90)

and by

(44 — QY4

where, in view of (3.86), ays — a4 < 0. Passing now to the equation (3.90), as
it is well known, the necessary and sufficient conditions guaranteeing that all
the roots of (3.90) have negative real part are the Routh-Hurwitz conditions
39]

I, <0, I3<0, I;I,—I3<0. (3.91)
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Obviously (3.91) require necessarily that Iy > 0. If one of (3.91) is reversed,

then there exists at least one eigenvalue of J* with positive real part and

hence the null solution of (3.85) is linearly unstable. Denoting by I*, A* the
a2 — QY2 a23

principal invariants of the matrix , l.e.
32 azz — ay3

I* = agp + ass — a(y2 +73),

(3.92)
A* = @Py9y3 — a(2a33 + Y3a02) + A22a33 — G23a32,
it follows that
4
Iy =an —ay + I Iy = (a;; —an)I* + A%,
I3 = (a1 — an)A* + aizazass, (3.93)
Il:[g — I3 = ((IH — 64’71 + I*>(CL11 — O_é’yl):[* + A*I* — 13Q921Q32.
\
The following theorem holds.
Theorem 21 If
A" >0, (3.94)

then the endemic equilibrium is linearly stable.

Proof Let us remark that in view of (3.93) and (3.86), if A* > 0, then the

Routh Hurwitz conditions (3.91) are verified and the thesis follows.
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3.2.6 Nonlinear stability of endemic equilibrium

Introducing the scalings p; (i = 1,2,3,4) (u; are positive constants to be

chosen suitably later) and setting

(

XZ:MZUM U: (U17U27U3)U4)T7 F:(F17F27F37F4)T7

FIF(MlUl,/LgUg)I Klu,gUg[(l + 2041_)/1,1[]1 + Oé,LLgUg(g + ,ulUl)],

(3.95)
- 1 - B - 1 = _
Fi= —F+v (AU + aly), Fo = —F + % (AU, + als),
H1 H2
Fy = 73(AUs + aUs), Fy = (AU, + aly),
(3.85) reduces to
ou - -
i LU+ F, (3.96)
where L is the Jacobian matrix
bu 0 bz 0
[ ba1 baz boz 0
0 b3 b33 O
0 0 biz bus
with
bii= @i — avi, bz’j:&aijﬁ LF (3.97)
The boundary conditions (3.87) become
VU;-n=0, on 00 xR" i=1,2734. (3.98)

Hence the problem to find conditions guaranteeing the stability of (S, E, I, R)
is reduced to determine conditions guaranteeing the stability of the null so-

lution of (3.96)-(3.98). Remarking that, by virtue of (3.92) and (3.97), one
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obtains that A* = 622b33 — b23b32 = b22b33 — 230432 and Setting

.

Ay = A* + (bs2)? + (bs3)?

Ag = A* + (b22)2 + (b23)2

\AS = baabsa + bagbss,

in order to study the nonlinear stability of endemic equilibrium, let us intro-

duce the Rionero-Liapunov functional (see [54], [55] for details)
1 2 1 2
W =Sl +V + S U4ll%,

where

1

V=3

[A*(|U2|1? + [|Us]|?) + [|b22Us — bsoUs||* + [|basUs — bssUs ] .

which is positive definite if A* > 0.

The time derivative of W along the solutions of (3.96) is

W = by ||Us||2+ T A*(|Us |2+ Us|?) +baa || Us|| 2+ Arboy (Us, Us)+

+ (—Asbo1+013) (Ur, Us) +by3 (Us, Uy) +P1 + Do,
(3.99)

being

d, = 7 < Ul,AU1+@U1 >+<A1UQ—A3U3,72(AU2+@U2) >+
+ < AUz —A3Us, v3(AUs 4 aUs) > 4y, < Uy, AUs+alUs >, (3.100)
1

_ 1 _ 1 _
Oy= — < U, —F >+— < AU, F > +— < A3U3, — F >,
M1 H2 H2

with F given by (3.95)s.
The following Lemmas hold.

Lemma 10 If

A" >0 and (’}/2 + ’}/3) ‘Ag‘ < 24/ AlAQ’yg’yg, (3101)
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then there exists €, € (0,1) such that Ve € (0,¢€)
01 < = VO + @ [0F = Asyse [ VU3 + Aprsdie [Us]*

Proof. By using the divergence theorem, by virtue of the boundary condi-
tions (3.98) and in view of Poincaré inequality (3.88), from (3.100) it follows
that

® < =1 |[VUI* + am [0 |]° — Agyse | VU] + Azysaie [[Us]* + @,

being

O =—A1y |VUs|*— | As| (va+73) (VUs, VUs) — Axys(1—e€) | VU3 ||+
+A 1720 || Us|* +] As| @(vya+73) (Usz, Us)+Axya(1—e€)a || Us||*.

Since (3.101), implies that there exists €; € (0,1) such that Ve € (0,¢)

|As| (2 +73) = 20/ (1 — €1)y2y3A14s,  |As] (v2+73) < 20/(1 — €)72734; Ag,

by following the same procedure used for the proof of Lemma 3.2 in [54], one

obtains that ®* < 0 and hence the thesis follows.
Lemma 11 There exists a positive constant M(Q2) such that
By < M(Q)IUPHITa >+ 1Usl%) 2 (VT >+ [V Us |+ [T 2+ [ Vs ).

Proof. In view of (3.100); and (3.95) and since from (3.61) and (3.95); one

obtains

it turns out that

b, < < U12, |U3| > +co < ’Ul‘aU?? > +c3 < |U2|7 |U1U3| >+ (3 102)

+cy < |U2’,U3? > +c5 < |U3|,U§ >,

82



where
( —
¢ = k(1 + 2ad)ps,

2 2
¢y = koS8 4 AkaCE 1) A5 k(1 + 2aD) 22 4 45| ka2
H1 ) ) 2 H2

2
C3 = Alk(l + 20[]’)“1“37 Cy = Alk;ozg'lﬁ, Cy; = |A3| k?()é;g&
L 2 2 M2

By virtue of the Holder and embedding inequalities
<Ifl,g* ><IIfINlgllZ, gl < Ka@)IVallP+llgll?],  Ki(Q) >0,

and in view of Cauchy inequality, from (3.102) it follows that

Oy < o |Us]| (|17 + IVULIP) + me [T (0] + VTR +
+ ||| (UL + IVULP) + na [T (1Us)) + | VU|P) +
+ 15 |Usl (U] + |V Us|P)

being

. 1 1
n; = K1<Q)Cia 1= 1a 2757 N3 = §C3K1(Q)a Ny = (503 + C4) K1<Q)

Hence the thesis follows with M () = max. 1.

i=1,...,

Remark 12 We remark that, setting

A* A*
pP==5, 4= + [(522)2 + (bag)?® + (b32)* + (533)2} ;
it follows that
p([U2]* + |Us]*) <V < q([|Ua* + [|Us]?). (3.103)

The following lemma holds.

Lemma 12 Setting

aPyyys + ave(o + p) + ays(0 + p) No
|1y _ _ 3.104
S (0 + p)(o + ) S(1+2al) (3.104)
then
A*>0 < Ry < (. (3.105)
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Proof. By virtue of (3.92), (3.86) and (3.104), one has that

6+ p)(o + 1)

P
A = W

S(1+2al)[¢ — Rol,

and hence (3.105) immediately follows.
The following theorem holds.

Theorem 22 [f and only if
Ry <G and (72 +3) |As] < 2¢/A1Asy273, (3.106)

then the null solution of (3.85)-(3.87) is (locally) nonlinearly, asymptotically
stable with respect to the L*(2)-norm.

Proof. By virtue of Lemma 10 and Lemma 11, in view of (3.97) and by
using the generalized Cauchy inequality, from (3.99) it follows that

W < —lan| ||T0]12 = [T*A*(|Ua|2 + |Us)|?) — |aaa] [ Ua] >+
— N IVUL? = Aayse |VUs |2 + Asysae ||Us||* +

Afaz i3
23| I*| A*
+  (Asbor +b13) (Uy, Us) +

1 * *
+ IO+ S A U + (3.107)

aiz&ﬂ%
21044“&
+ M UL PHIUPHUs )2 (VUL IPHIV Us|[PH UL PH Us ).

1
2 2
U5 ["+ 5 laaal [1Ual]” +

Choosing the positive scalings such that

(
—Asby1 +b13 =10
Aladpd 1

- - >
ol = g4~ 51l
2,2
1
|I*|A* o CL43[1,32 > —|I*|A*
\ 2|aglpg ~ 2
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1.e.

(MQ _ a13H343
Y ay (522(132#% + 1733@23#%)
M2 (A* + b§3) agﬂﬁﬂ%

>
27| At an |13 + adyad pd

02> ]a43\2 2
T agg| [ 17472

€ min €
4A2d’73 o ’

from (3.107) it turns out that

and choosing

W < fou 0P 31 A" NP+ 05]1)~ 5 laal 4]+
—71 VU = Agrse | VU5 "+
M) (N PH T PHTSI) (I T2 T ).
Therefore, setting

A*| T
2

hl = min {,LL, } ) h2 = min{’)/h 614273}7

one has that

. h
W< —31(||U1||2+||U2||2+||U3||2+||U4||2)—h2(||VU1||2 +HIVUs [+
M () (N PHI Dl H Us|12)2 (VUL H Y Us | HI U [ Us 12).

By virtue of (3.103), it turns out that
W < =(61 = &W2)W — (hy = &W2)([VUL|2 + VU ?),
with

Si=hymin {1, 1/2¢}, 6, =M (Q) max{V2, p~*/?}, 63=M(Q) max{2v/2, p~>/2}.
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Hence, if

W2 (0) < min {0y/ds, ho/82} |

applying recursive arguments, it follows that

WS—IN(VV, K = const. > 0

and hence the thesis follows.

3.3 A reaction-diffusion system modeling Cholera
dynamic under mixed boundary condi-

tions

3.3.1 Introduction

In this section the problem studied in [16], aimed to analyze the spread of
Cholera in an heterogeneous environment, is reconsidered.

Cholera is an acute intestinal infection caused by the bacterium Vibrio cholerae
(V. cholerae). The mechanism of transmission occurs, principally, via inges-
tion of contaminated food or water and, secondarily but more rarely, via
direct human-to-human contacts [65]. In the developed world, seafood (in
particular consuming contaminated oysters and shellfish) is the usual cause,
while in the developing world it is more often water. Generally, the incuba-
tion period lasts from less than one day to five days. Symptoms are watery
diarrhea and vomiting that can quickly lead to severe dehydration and death
if treatment is not promptly given. Without treatment the case-fatality rate
for severe cholera is about 50%, [63]. Only 1% to 30% of V. cholerae infec-
tions develop into severe cholera cases, [64]. People with lowered immunity

(for example people with AIDS or malnourished children) are more likely to
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experience a severe case if they become infected.

Cholera is endemic in many parts of the world such as Asia, India, Africa
and Latin America. It affects 3-5 million people and causes 100.000 — 130.000
deaths a year as of 2010, [71]. The primary therapy consists in re-hydrating
infected people in order to replace contaminated water in the organism and
correct electrolyte imbalance. However, prevention strategy is strongly rec-
ommended by the World Health Organization (WHO). It provides water
purification, sterilization of all materials that come in contact with cholera
patients, improvements in sanitation systems and in personal hygiene. These
measurements minimize human contact with contaminated water and con-
sequently spread of the epidemic. Till now, the preventive care consists in
active immunization by mean of vaccines. Injectable vaccines are given by
two intramuscular or subcutaneous inoculations. Protection lasts not more
than six months and it is not complete. Because of the high side effects, this
kind of care is actually deterred. Oral vaccines are available by two prepara-
tions. The first (Orochol) can be given to people being more than two years
old. Efficiency is for 60-90%, it starts after seven days and can last up to two
years (boosters have to be given every six months). The second preparation

(Choleriz) is given in two doses far-between two weeks. Efficiency is in 65%.

In order to study infectious diseases transmission, the mathematical mod-
els play a central role. In fact, although they represent only an approximation
of the problem (they consider only some variables that are involved in the
phenomenon), they allow to obtain estimation about the spread of epidemics.
In this way it is possible to predict the asymptotic behaviour of infection and,
consequentially, to take some actions in order to control epidemics. When

a population is not infected by a disease, all the individuals are regarded as
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susceptibles. Introducing a few number of infected in the community, in or-
der to know if the epidemic will die out or if it will blow up, it would be useful
to study the stability of the so called disease-free equilibrium. If the disease-
free equilibrium is stable, then epidemic will decay. In general, the problem
to determine if endemic equilibria (i.e. equilibria with positive components)
exist, arises. When endemic equilibria exist, their stability analysis allows
to state if epidemic will persist. A lot of mathematical models for infectious
diseases are devoted to study cholera outbreak in different parts of the world.
In particular Capasso and Paveri-Fontana in [8] studied the cholera epidemic
in Bari (Italy) in 1973 by introducing a system modeling the evolution of
infected people in the community and the dynamics of the aquatic popula-
tion of pathogenic bacteria. In fact, cholera diffusion is strictly linked to the
interactions between individuals in community and bacteria in contaminated
water. Successively, Capasso and Maddalena in [9], in order to let the model
be more realistic, assumed that the bacteria diffuse randomly in the habitat.
Hence they analyzed a model consisting in two nonlinear parabolic equa-
tions under boundary conditions of the third type. Many studies (see, for
example, [20]) found that toxigenic V. cholerae can survive in some aquatic
environments for month to years. This suggests to believe that the aquatic
environment may be a reservoir of toxigenic V. cholerae in endemic regions.
Codeco in [19] analyzed the role of aquatic reservoir in promoting cholera
outbreak by introducing an ODE model that includes the dynamics of the
susceptible population. Three possible scenario, when cholera comes into a
new place, have been analyzed: no outbreak (cholera-free); an outbreak fol-
lowed by few waves (epidemic pattern); an outbreak followed by subsequent
outbreaks that can assume a seasonal pattern (endemic pattern). Tian and

Wang in [71] introduced a fourth equation in order to study the evolution of

88



removed individuals.

In [9], the above mentioned models have been generalized taking into account
of non-homogeneously mixed toxigenic V. cholerae reservoir in contaminated
water and dividing the total population in three disjointed and not homoge-
neously mixed classes (susceptibles - infected - removed) in order to study -
among other things - the role of diffusivity of each population on the model

dynamics.

3.3.2 Mathematical model

Let Q C R3 be a smooth convex domain in which cholera is diffusing. Let
us suppose that the population is divided in three disjointed classes: S, the
susceptibles; I, the infected; R the removed and let us denote by B the
concentration of toxigenic V. cholerae in water (cells/ml). The physics of
the problem leads to suppose that S, I, R, B are positive, smooth functions.
Further, we suppose that these functions depend on time as well as on space.
The reaction-diffusion equations which, as far as we know, appear to be new

in the existing literature and govern cholera disease, are

(0S5
ol
T BA(B)S — (0 + p)I + 1Al
(3.108)
0B
— =el — (up —p)B + 13ADB,
ot
OR
\E = U[—[LR—{—’MAR
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In comparison with existing models in literature, the additional diffusion
terms 1 AS, 2 A, v3AB, v4AR have been introduced in order to take into

account the possibility of each constituent to move in the environment. In

(3.108)
B

St B
is the probability to catch cholera, [66], where Kp (cells/ml) is the constant

A(B)

indicating the half saturation rate and it is linked to the concentration of
V. cholerae in water that yields 50% chance of catching cholera. The con-
stants appearing in (3.108) are positive and have been specified in Table 3.1.

Furthermore, according to [19] and [75], it is supposed that pg > 7p.

Symbols Description Units
Ny total population size at time ¢t = 0 person
Vi diffusion coefficients (i=1,2,3,4) t=! m?
U birth/death rate t~1
o recovery rate t!
B loss rate of bacteria t!
B growth rate of bacteria t!

e = % contribution of each infected person to the population | cells/ml t~*

of V. cholerae person—!
P rate at which bacterias are produced by an cells t71
infected individual person !

volume of contaminated water in infected individual ml

15} contact rate with contaminated water t!

Table 3.1: Description of the constants appearing in (3.108)
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The diffusion coefficients ~;, (i = 1,2,3,4) in model (3.108) are strictly
linked to the possibility of population to move in the environment. Generally
v (i =1,2,3,4) are such that v; # 7;, (i # j) and depend on the poor hygiene
state, on the country in which the disease is developed.

Let us associate to (3.108) the following mixed boundary conditions

S=8* I=I", B=B* R=R" on Y¥xRT,
(3.109)

VS - n=VI-n=VB-n=VR-n=0 onY* xR,
\

with 02 =X UYX*, X NYX* =g, ¥ # &, n being the unit outward normal
on X* and S*, I, B*, R* being non negative constants. In the sequel we shall

assume that:
(i) © C R? is a smooth domain having the internal cone property;

(i) ¢ € W2(Q) n W'2(09Q), Vo € {S,I,R, B}, where W2(A) is the
Sobolev space H'(A) = {f € L*(A)/Df € L*(A)}.

To (3.108), (3.109) we associate smooth, non-negative initial data
©(x,0) = po(x) with x € , Vo € {S,1, B, R}. (3.110)
Let us define
N(t) = ﬁ /Q S(x ) + T(x,1) + R(x, )] d2,
the population size at time ¢ (|€2| is the measure of 2). Hence
Np = ﬁ /Q S(x,0) + I(x,0) + R(x, 0)] dO.

Let us denote by T' > 0 an arbitrary fixed time and by Qr = Q x (0,7]

the parabolic cylinder, Q7 being the parabolic interior of Q x [0,T] (i.e. Qg
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includes the top Q x {t =T7}). Let be I'y = 9Q x (0,7). Therefore, the
parabolic boundary of Qp, T'y = I'r U {09 x {t = 0}}, includes the bottom
and vertical sides of €2 x [0, 7], but not the top. The following theorem holds.

Theorem 23 Model (3.108)-(3.110) admits a unique positive solution in
CH(Qr) N C(Qr),

Proof. For the proof we refer to [47].

Theorem 24 Let (S,I,B,R) € [C*(Qr) N C(Qr)]* be a non negative so-
lution of (3.108)-(3.110). Then Yo € {S,I,B, R}, ¢ is bounded according

to

(

S(x,t) < max Ng,mgxso(x),s*} = My,

(3.111)

R(x,t) < max {EMg,m_ax Ry(x), R*} = My.
i Q

\

Proof. By following the procedure used in [11], let us set max S = S(x1,t1).
Qp

We have to distinguish the following cases.

1) If (x1,t1) belongs to the interior of Qr, then (3.108); implies that
{05

E — (N(] — S) — ’YlAS < 0. (3112)

(x1,t1)

Since

oS
5]y ST <0
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then (3.112) can hold if and only if

[1(No = S)] sy 1) > 0
and hence if and only if S(x1,t1) < Np.
2) If (x1,t1) € Iy then S(x1,t1) < max Sy(x).
s

3) If (x1,t1) € 002 x (0,T), then in view of the regularity of the domain €2,
since {2 verifies in any point xg € 02 the interior ball condition, there
exists an open ball D* C Q with xo € 9D*. If S(x1,t;) > Ny, choosing

the radius of D* sufficiently small, it follows that

nAS — % >0, in D",

and by virtue of Hopf’s Lemma, [49], one obtains that

d
G
N/ (xi,t0)

as
Since T 0 on X* x Rt it follows that (x,¢;) € X x RT and hence
n

S(Xl,tl) = S5".

Now let us prove (3.111)s. Let us set max I = I(xa,%2). As in the previous
Qp

case, we have to distinguish three cases.

17) If (x2,t2) belongs to the interior of Qr, then (3.108)2 and (3.111); imply

that
oI
ot (xart)
Hence, following the same procedure used in 1), one obtains that I(xs,t2) <
P M.
o+

2') If (x2,t2) € I'r then I(x9,ts) < max Io(x).
Q
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B

o+
procedure used in 3), one recovers that (3.111), holds.

3) If (xg,t2) € 02 x (0,T) and I >

My, then, by following the same
1

Let us set max B = B(x3,t3) and let us distinguish three cases.
Qrp

17) If (x3,t3) belongs to the interior of Qr, then (3.108)3 and (3.111), imply
that

B
{8— —eMs + (up — 75)B — 3AB < 0. (3.114)

ot (xs.13)

Since
0B
{E]( t =0 [AB](xs,ts) <0,
x3,t3)

M.
then (3.114) can hold if and only if B(xs,t3) < e
KU —TB
27) If (x3,t3) € I'r then B(xs,t3) < max By(x).

Q

M.
37) If (x3,t3) € 02 x (0,T) and B > 6—2, then, by following the same
U — TR
procedure used in 3), one recovers that (3.111)3 holds.

Let us prove (3.111);. Setting max R = R(x4,t4), let us distinguish three
Qp

cases.

177) If (x4, t4) belongs to the interior of Qr, then (3.108)4 and (3.111)y imply

that
OR
- —0M2+MR—’Y4AR < 0. (3115)
ot (xarta)
X4,l4
Since
OR
{51 =0, [AR](X4¢4) <0,
(x4,ta)
. . UM2
then (3.115) can hold if and only if R(xy4,3ts) < o

277) If (x4,t4) € 'y then R(xy4,t4) < max Ro(x).
Q
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M.
377) If (x4,t4) € 002 x (0,7) and R > u, then, by following the same
v

procedure used in 3), one recovers that (3.111),4 holds.

3.3.3 Equilibria and preliminaries to stability

A fundamental role in disease-diffusion is played by the basic reproduction
number, usually denoted by Ry, which is linked to the ability of disease to
invade a population and it is defined as “the expected number of secondary
cases produced by a typical infected individual during its entire period of
infectiousness in a completely susceptible population”, [23]. The basic re-
production number, for model (3.108), has been estimated by Codeco in [19]
and Tian and Wang in [71] in the case of S, I, R, B depending only on time.

It is given by
. N()Be
~ Kp(ps —7p)(0+p)

Hence, as one is expected, Ry grows up with § and e, i.e. with the contact

Ry (3.116)

rate with contaminated water and contamination of aquatic environment of
each infected person. Ry behaviour with respect to Kpg is showed in figure

3.1.

0.006+

Ry 0.003t

0 500000000 1000000000
K3p

Figure 3.1: Reproduction number in the case Ny = 10000, 8 =1, e =10, 0 =
0.2, p=0.0001, up — 7 = 0.33

The biologically meaningful equilibria of (3.108) are the non-negative so-
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lutions (S, I, B, R) of the system

( BS
p(No — S) — 5m =0,
BS
15} —(c+p)l =0,
Kp+ B SR (3.117)

el — (up —mp)B =0,

\O’I —uR=0.
It is easy to remark that (3.117):
i) always admits the disease-free equilibrium (S1, I1, B1, R1) = (Ny, 0,0, 0)

which - from biological point of view - means that all individuals are

susceptibles and no infection arises;

ii) if and only if Ry > 1, admits a unique endemic equilibrium (i.e. a

solution with positive components)

( Kp(o 4 p)(us — mp)(6 + pRo)

% Be(B+ 1) |
_ 1wKp(ps —78) 0,
I, = B+ 1) (Ro — 1),
(3.118)
B, = gfu (Ro— 1),
. O'KB([LB — 7TB) B
= g ol

Our aim is to find the best conditions guaranteeing the linear and nonlin-
ear stability of the two constant equilibria when (3.109) holds. Let (S, I, B, R)

be a biologically meaningful equilibrium of (3.108). Setting

X, =8-S, Xo=I-1, X3=B-B, X,=R-R, (3.119)



model (3.108) becomes

(90X, _
ot 1(No — X1 = S) + mAXy — Bf (X3, X3),
0X 7
8_; = Bf(X1,X3) — (0 + p)(Xo + I) + 1A X,
(3.120)
0X, = D
a—tg — e<X2 —+ [) — (/jJB — 7TB)<X3 + B) +73AX37
0X = 5
\6_-1;4 = O'(XQ —|—]> _/L(X4+R) +’74AX47
where _ _
X1 +9)(Xs+ B
f(X1, X3) = K25t B)
Kp+ X3+ B
To (3.120) we append the following initial-boundary conditions
X, =0 on X x RT,
i=1,234 (3.121)

VX;-n=0 onX*xRT,
\
Denoting by W*(€2) the functional space defined by
W Q)={p € C{(Qr)NC(Qr) : ¢ =00on ExR", Vo -n=0on S*xR*},

our aim is to study the stability of (S, I, B, R) with respect to the perturba-
tions (Xl, Xg, Xg, X4) € [W*(Q)]4

Remark 13 We remark that the infimum

2
a(@) = inf 1V

3.122
seilo Toll? (38.122)

exists and is a real positive number (cfr. [4], [67]).

97



In view of the Mac-Laurin expansion

SB B KgS
X1, X3) = _ 4 _ X+ —27 X, — F(X, X3),
S (X1, Xs) Kg+B  Kp+B ' (Kgp+B)2 ° (X1, Xs)
with
KpX 0, X, + 5)X
F(Xl,X?,): B3 — (11 )3_ _X1,
(Kp+ 61 X35+ B)? [ (Kp + 61X5 + B)
(0<01<1).

Hence system (3.108) becomes

.
0X
a—tl = alle + a12X2 + CL13X3 + CL14X4 + 'YlAXl_BF(Xla X3)
0X.
8_252 = an X1 + a2 Xo + a3 X3 + 421Xy + 1 AXo+BF (X4, X3) (3.123)
ox |
a_t?’ = az1 X1 + a3 X + a3 X3 + a3 X4 + 138 X;3
0X
61&4 = a1 X1 + agXo + a3 Xz + anuXy + 7 AXy
\
where
r 53 > 5KBS
a1 =— u+ = |, a12=0, a13=———==, a14=0,
1= (i g ) e g e
B (0 + 1) BKES 0
Uy = ————  Ggy=—(0 A3 = =5, Qoa =
=% B W= g+ gy (3.124)

as1 =0, ase=e, agz3=—(pp — 1), ass=0,

\a41:0, ag2=0, a43=0, ag=—p.

Adding and subtracting the term a~; X; to equation (3.120);, (i = 1,2,3,4)

introducing the scalings pu; (i = 1,2,3,4) (u; are positive constants to be

98



chosen suitably later) and setting

(

Xi — ,U/th U = (UIJ U27 U37 U4)T7

BKpusUs _ (91M1U1+§)M3U§
(KB+91,U,3U3+B)2 KB + 91LL3U3 + B

F=BF(uUy, u3Us)= 11Uy

N ~ I =
Flzu—F—‘—’)/l(AUl_FdUl), F2:_//L_F+72(AU2+07U2)7
1 2

ﬁ:s — v3(AUs + als), Fy = v4(AU, + aUy), F=(Fy, Fy, Fy, Fy)T,

(3.125)
(3.120) reduces to
a—? = LU+ F, (3.126)
where L is the Jacobian matrix
bu 0 bz 0
i ba1 baz boz 0
0 b3 b3z O
0 b 0 bu
with
bi = i — v, by = ay, i # (3.127)
The initial-boundary conditions (3.121) beconie
(Ui =0 on X x RT,
i=1,2,34 (3.128)

VUZn:O on x* XR+,
\
The problem to find conditions guaranteeing the stability of (S, I, B, R) is

reduced to determine conditions guaranteeing the stability of the null solution

of (3.126)-(3.128).
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3.3.4 Linear stability analysis of biologically meaning-

ful equilibria

The null solution of (3.126) is linearly stable if and only if all the eigenvalues

of L have negative real parts. The characteristic equation of L is given by

(b — AN = TN+ T\ — I3) = 0,
where I;, (i = 1,2, 3) are the principal invariants of the matrix

by 0 b3
Ly = bai by bag
0 D32 b33

and are given by

(

Il = tracefq = b11 + b22 + b33 = )\1 + /\2 + )\3,

b;; O b1 bis baa  bos
I, = + + =
ba1  ba 0 bss bza a3

= b11(baa + b33) + baabss — bagbsa = A1( A2 + A3) + A2 A3,

\:[3 = detil = bll(b22b33 - b23b32> + b13b21b32 = )\1)\2>\3~

Accounting for (3.129), the eigenvalues of L are given by \;, (i =

solutions of

)\3— Il)\2—|—I2)\— 13 :O,

and

)\4 = b447
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where, in view of (3.127)9, Ay = byq < 0. Passing now to the equation (3.130),
as it is well known, the necessary and sufficient conditions guaranteeing that

all the roots of (3.130) have negative real part, are the Routh-Hurwitz con-

ditions (cfr. [39]):
I, < 0, I3 < 0, I, - I3 < 0. (3131)

Obviously (3.131) require necessarily that Io > 0. If one of (3.131) is reversed,
then there exists at least one eigenvalue of L with positive real part and

hence the null solution of (3.126) is linearly unstable. Denoting by I*, A*
baa b3

the principal invariants of the matrix , l.e.
bsz b33

I* = byg + b3z, A" = bagbsg — bagbsa,

it follows that

(

I =bi + I Ip=0uI"+ A% I3 =011 A" + bigbaibso,
) (3.132)

\1112 — I3 = (b1 + I*)by I* + A*T* — bi3bo1 bsa.

Setting

bi3ba1bga — b1 I*(b1y + I¥)

et 0l (L AX =
(— 0)7 2 T* 9

(3.133)
the following lemma holds.
Lemma 13 The Routh-Hurwitz conditions are verified if and only if

A* > max {A], A5}. (3.134)

Proof. In view of (3.132), (3.131) are equivalent to

(

by +I* <0, b1 A" + bigbaibsy < 0,
(3.135)

(bll + I*)bHI* + A*T* — b13b21b32 < 0.

\
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From (3.127), since I* < 0, it easily follows that (3.135); is always satisfied
while (3.135)2-(3.135)3 are verified if and only if (3.134) holds.

Setting

alye(ps —mp) +y3(0 + 1) + a2y
(0 +p)(us — 7p)

from lemma 13, the following two theorems hold.

Ry=1+ , (3.136)

Theorem 25 The disease-free equilibrium is linearly stable if and only if

Ro < R, (3.137)

Proof. Substituting (5, I, B, R) = (Ny,0,0,0) in (3.127), one has that

4
N,
by =—(u+am), biz= —725[(307 by = 0,
N,
622 = —(O' + 12 + 56’72), b23 = H3ﬁ 0, (3138)
pa K
b3y = &6, bss = —(up — Tp + ay3).
\ M3
Hence
Nye
A* = (0 + p+ ay)(up — g + ays) — BKO =
B
_ (U+N)(NB_WB> 1_R0+O‘[’YQ(HB—7TB>+'73<0-+,U)+04'72'73] _ (3139)

(0 +u)(up — 7B)

= (0 + u)(up — 78) (R — Ro)
and

AT = 0, A; = —bn(bn + I*) < 0. (3140)
In view of (3.140), it follows that
max{Aj], A5} = 0.
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Hence (3.134) is verified if and only if
A* >0, (3.141)
i.e., by virtue of (3.139), if and only if (3.137) holds.

Theorem 26 When the endemic equilibrium exists, it is always linearly sta-

ble.

Proof. Substituting (S, I, B, R) = (Sa, I, Bs, Ry) in (3.127), one has that

(bn _ B+ )R+ oy (B 4 ph)
B+ nRy ’
by — a0+ p)(up —mp)(B+ 1)
pe(B + pRo) ’
(3.142)
pBu(Ry — 1) ~
byy = ————->, by =—
21 1208 + iiRo) 22 (0 + p+ av),
by = —2bis, by ="e, by = —(up — s + a).
\ 125] M3
Hence
B - (o4+p)(p—7B)(B+1)
Ar= - - =
(o+p+ay:)(up—mp+ays) B+ uRy
(3.143)
+ —mg)(Ro—1 -
and
(o OB+ (o + ) — 75) (Ro — 1)
L7 (B4 pRo)[uRo(B + 1) + am (B + pRo)]
(3.144)
2
A;Z_ 2K1R0+K2R0+K37 (< 0)’
\ (B4 pRo)?[o + p+ pp — 7B + a(y2 +93)]
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where K;, (i = 1,2,3) are positive constants given by

Ky =p*(o+p+pp—mp+a(y2+7s)) {an|o+p+up—mp+a(n+y2+ys)

+B+p)[B+p+o+pu+ps—75+aly+y2+ ) +anl},

Ky =ppflo+p+ps — 7+ alye +v3)] [@(B+ p)(y + 72 +93)+

+ an(B+ p) +2av1(0 + p+ pp — g+ a(y + 72 +73))] +

+ B+ ) (ps —7B)* + (B+w) (o + p+ ps —mp)lo + p+ aly, +3)}

and

Ky =p*am|o+p+pupg—mp+a(ye+7s)llo+ut+pus—mp+alyn+y2+7s)H

+Bu(up — ) (0 + p)(B + p).

Since (Ss, I, Bo, Rs) exists if and only if Ry > 1, then, from (3.143) and
(3.144);, it turns out that

A*>0, Al <O. (3.145)

In view of (3.144), and (3.145), it follows that (3.134) is always satisfied.

3.3.5 Nonlinear stability analysis of biologically mean-
ingful equilibria

In epidemic disease models, the nonlinear analysis of the biologically mean-

ingful equilibria has to be investigated in order to take into account the
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contribution of nonlinear terms. Many papers find that the conditions en-
suring the linear stability of equilibria are only sufficient to guarantee the
nonlinear stability. Hence, the problem to find if there exists coincidence be-
tween linear and nonlinear stability thresholds, arises. In this section we will
prove that, for the biologically meaningful equilibria of (3.108), there is co-
incidence between linear and nonlinear stability thresholds. To this end, let

us introduce the Rionero-Liapunov functional (see [54], [55] for more details)
1 2 1 2
W= SIOI" +V + S U4l
2 2
where
1
V= B [A*(| U2 + [|Us]1?) + [|b22Us — bs2Us||* + ||basUs — bssUs||?] -

Remark 14 Let us remark that if (S, I, B, R) = (Ss, I, B, Ry) then A* > 0
and V., W are positive definite. If (S, I, B, R) = (Np,0,0,0) then (3.187) is
equivalent to require that A* > 0 and hence to guarantee that V and W are

positive definite.
The time derivative of W along the solutions of (3.126) is

W = by ||Us |2+ T A*(|Ua |2+ Us|?) 4+ baa || Usl| 2+ Arbay (Us, Us)+

(3.146)
+ (—Asba1+b13) (U, Us) +bao (Uz, Ug) + P14 Do,
being
(
A = A+ b§2 + b:2337 Ay = A* + b2, + 533, As = baobsy + basbss,
o, = v < Ul,AU1+5£U1 >+<A1U2-A3U3,’72(AU2+07U2) >4 ( )
3.147

+ <A2U3 —AgUQ,’)/g(AUg + C_YUg) >4y < U4, AU4+O_JU4 >,

1 _ 1 _ 1 _
Py = — <UL, F>+— < AUy, F > —— < A3U3, F >,
L 1 2 H2

with F given by (3.125)s.
The following Lemmas hold.
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Lemma 14 If
A" >0 and  (72+73) |4s] < 2¢/A1As727s, (3.148)
then there exists €, € (0,1) such that Ve € (0,¢€l)
Oy < = VUL + am [[UL]* — Ayse [[VUs|* + Agvsae||Us]*. (3.149)

Proof. By using the divergence theorem, by virtue of the boundary con-
ditions (3.128) and in view of Poincaré inequality (3.122), from (3.147), it
follows that

O < —41 VUL + am |UL|P = Aoyse |V Us||* + Agysae ||Us||” + @7,

being

O =—Av ||VU2H2—‘A3‘ (Y2+73) (VU2 VU3) — Axys(1—¢) ||VU3”2+

(3.150)
+ A 1720 | Us|)* +| As| @(vya+73) (Usz, Us)+Axya(1—e€)a || Us||*.

Since (3.148), implies that there exists €; € (0, 1) such that Ve € (0,¢)

|As| (e +73) = 2v/ (1 — €1)2v3A1 42, |As] (v2+73) < 2¢/(1 — €)7273A1 Ao,

by following the same procedure used for the proof of Lemma 3.2 in [54], one

obtains that ®* < 0 and hence the thesis follows.

Lemma 15 There exists a positive constant M(QQ) such that
By < MU+ Ua|l*+1Usl|%)2 (VU + IV U]+ 1T+ 1 Us 1)

Proof. By virtue of (3.111), (3.119), (3.125);, the following inequalities hold

a.e. in

91,u1U1+5:6’1X1+5=91(5—5)+5:915+(1—91)§§M1
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and

Kp +91/J3U3+B = KB—i—QlB—f— (1 —Ql)B > Kp.
Therefore, it turns out that

(I)Q <c < |U1’,U32 > +co < U12,|U3‘ > +c3 < ’U2|,U§ > +

(3.151)
+cy < |U2|, |U1U3| > +c5 < |U3|,U3? >,
where )
_ p3BMy pps |As| B 3B
G = 2 + y, Co = ——,
p1 g p2Kp Kp
Cy = 3 A1 M, = paps A s = 13| As| BM;
\ pe K% peKp po K%

By virtue of the Holder and embedding inequalities
<Ifl,g* =< I/ gllz,  Nglli < B @IVl +lgl’],  Ki() >0,

and in view of Cauchy inequality, from (3.151) it follows that

©2 < o |UN (101 + IV UsI) + me US| (10 + IV Us[%) +

+ s | U2l (1Us)1* + IV Us)I*) + na || Vsl (102 + IV ULP) +
+ s [ Usll (I10s]* + IV Us]1%)
being
. 1 1
ni=Ki(Q)ei, 1=1,2,5, ny= (03 + §C4> Ki() and 1y = §C4K1(Q)-
Hence the thesis follows with M(Q) = max_ij;.
Remark 15 We remark that, setting
A* A*
P=5s 4= 5 + [(522)2 + (bag)? + (b32)® + (533)2] ;
it follows that
PG| + 1Us)1%) <V < q((|T]* + [[Us]1%)- (3.152)
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The following theorem holds.

Theorem 27 The disease-free equilibrium and the endemic equilibrium are

nonlinearly stable if and only if they are linearly stable, i.e.

i) the disease-free equilibrium is nonlinearly stable if and only if

Ry < R}, (3.153)

ii) the endemic equilibrium is always nonlinearly stable when it exists (i.e.

when Ry > 1).

Proof. Necessity follows by remarking that, if one of the Routh-Hurwitz
conditions is reversed, then there is linear instability. Passing to prove suffi-

ciency, let us distinguish the two cases.

i) Accounting for the disease-free equilibrium, from (3.127) and (3.124)
it follows that by; = 0; moreover, the condition (3.153) is equivalent to
require that A* > 0. Hence, by virtue of Lemma 14 and Lemma 15 and
by using the generalized Cauchy inequality and (3.127), from (3.146)
it follows that

W < —lau| |U112 = || A*(|U2]|* + |U3]1?) = |aaa] |Ua]?+
— Y1 [|[VUL|? = Aayze || VUs||* + Apyzae |Us|)> +
a%&ug 2 1 * * 2
+ gt 10 + 517 |A (|05 +

QM%JI*LA*
B A AT A e
2 |a44|u4 2
1
+ M QUL PH|Ua | PHUs1?) 2 (| VUL PHIV Us | H UL PHI Us (1)
(3.154)
Choosing the positive scalings such that
2 I* A* 2 ]* A*
M_g _ | a1 | |2 | 7 M_g _ | @4 |2 | (3.155)
2% ais 273 D)
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and choosing

€ min €
4A2d’)/3 o ’

from (3.154) it turns out that

. 1 Lo 1
W<— |laqs] HU1H2—1!I |A*(| 022+ | Us] 1) — 5 |asal || Ua|>+
1 [VUL|* = Ayyse | VU3 || >+

+M(Q) (UL PH|Ua = Us (1) 2 (VUL [PV Us || 2H] U [H| Us 1)
(3.156)

Therefore, setting

AT
2

h1 = min {|CL11| R |a44| s } 5 h2 — min{717 EA273}7

one has that

. h
W <= (10 P HI O P HTs [PHIT P -he (VO + VU5 +
M Q) (NUPHITN>H U 2)2 (VU PH Y Us [PHI T PH U 1)

By virtue of (3.152), it turns out that
W < = (01 = W)W — (hy — W 2)([VUL|? + | VUs]?),
with
Sy =hymin {1, 1/2q}, do=M () max{v/2, p~/?}, 3= M (Q) max{2v/2, p~/?}.

Hence, if

W2 (0) < min {0y/8s, ho/8s} |

applying recursive arguments, it follows that

W< —KW, K = const. > 0

and hence the thesis follows.
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ii) Accounting for the endemic equilibrium, the condition guaranteeing its
existence, i.e. Ry > 1, is equivalent to require that A* > 0. Hence,
by virtue of Lemma 14 and Lemma 15 and by using the generalized

Cauchy inequality, from (3.146) it follows that

W < —lau | [|U:]]2 = [I*|A*(|Ua|? + |Us)|?) — |aaa] [|Ual*+
— | VUL|? = Agyse | VUs|* + Agysae | Us||* +

IR 2y L A 02 4 (< Ayt bas) (0, U +
QM%JI*LA* 2
R A AT A
2 aqq| pii 2
1
+ M QYU PHIUPHIUs|1?) 2 (IV UL PHIV Us [ PHI UL I Us| )
(3.157)
Choosing the positive scalings such that
(
—Asby +b13 =0
Aag it 1
- = - > —_
ol = o~ g 1o
a2,y 1
]* A* _ 4212 > Zla
\| | 2\a44|u?1 2| 44|
1.e. ) o
'/~L2 _ (13Ha M3
! a21a32b22 43 + ag1a23b33 113

27\ A% Jan | pd + adya3, il

2 9
Ao b3

|aaal [1%] A*

{ine )
e<ming ———, € ¢,

4A20_é’}/3 ’

2
My >
\

and choosing

from (3.157) it turns out that (3.156) holds and the proof follows as in

the previous case.
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Remark 16 Summarizing the results contained in Theorem 27, we remark

that:

i) in the absence of diffusion, Ry = R =1 is a bifurcation parameter for
the disease-free equilibrium. In this case, when Ry is slightly greater
than 1, then the disease-free equilibrium loses its stability and a globally
stable endemic equilibrium (not existing for Ry < 1) arises. This is

called forward bifurcation;,

ii) in presence of diffusion, Ry = R is a bifurcation parameter for the
disease-free equilibrium. When 1 < Ry < Rj there is coexistence of
disease-free and endemic equilibrium which are both stable. In a neigh-

borhood of Rj the following scenario is verified:

— for Ry < Rj, a stable disease-free equilibrium coexists with a stable

endemic equiltbrium;

— for Ry > R§, the disease-free equilibrium becomes unstable while

the endemic equilibrium remains stable.

In this case a backward bifurcation is verified.
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Chapter 4

On the stability of vertical
constant throughflows for
binary mixtures in porous

layers

The research concerned with fluid motions in porous media, due to their large
applications in real world phenomena, is very active in the nowadays. In fact,
porous materials occur everywhere (see for instance geophysical situations,
cultural heritage, contaminant transport and underground water flow [25],
[56] and the references therein). Generally, they are analyzed by mean of
reaction-diffusion dynamical systems of P.D.Es, which, as it is well known,
play an important role in the modeling and analysis of several phenomena. In
particular, convection and stability problems in porous layers in the presence
of vertical throughflows find relevant applications in cloud physics, in hydro-
logical studies, in subterranean pollution and in many industrial processes

where the throughflows can control the onset and evolution of convection
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(see [12], [13], [29], [30], [43], [44]-[46], [50], [68], [69]). In fact, the effect
of vertical throughflow on the onset of convection has been considered in
many cases (the effect in a rectangular box in [45]; the effect combined with
a magnetic field in [43]; stability analysis in a cubic Forchheimer model in
[29] and when the density is quadratic in temperature in [30]; the effect with
an inclined temperature gradient in [50]). The present section, which deals
with the results contained in the paper [15], is devoted to study the effects
of both temperature gradient and salt concentration on the stability of a
vertical flow. Already in [12] and [18] the authors consider both the effects.
Precisely, the effect of variable thermal and solutal diffusivities on the onset
of convection for non constant throughflows has been analyzed in [18], while
in [12] the stability of a vertical constant throughflow in a porous layer, uni-
formly heated and salted from below, has been investigated. In particular,
sufficient conditions ensuring the linear and the global nonlinear stability in
the L?2—norm have been determined.

In the present section, we will analyze the more destabilizing case of hori-
zontal porous layers uniformly heated from below and salted from above by
one salt and, by using a new approach concerned with the Routh-Hurwitz
conditions, necessary and sufficient conditions for the linear stability of a
vertical constant throughflow will be determined. Furthermore, conditions
ensuring the global non linear stability for the vertical constant throughflow

have been obtained.

4.1 Introduction and mathematical model

Let Oxyz be an orthogonal frame of reference with fundamental unit vectors

i,j, k (k pointing vertically upwards). The model describing the fluid motion
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in a horizontal porous layer of depth d, uniformly heated from below and

salted from above by one salt, in the Darcy-Oberbeck-Boussinesq scheme, is

given by
( 7
Vp = —2v = prgk,
V.-v=0,
(4.1)
oT
E—FV'VT:KTAT,
oC
kg +v-VC = KCAO,
where
pr=poll —arp(T = Ty) + ac(C — Cy)), (4.2)

is the fluid mixture density and

p = pressure field, T" = temperature field, v = seepage velocity,

C = solute concentration field, y = dynamic viscosity, k = permeability,
po = reference density, Ty = reference temperature,

Cy = reference solute concentration, —gk = gravitational acceleration,
ar = thermal expansion coefficient, o = solute expansion coefficient,

Kr = thermal diffusivity, Ko = solute diffusivity.

To (4.1) we append the boundary conditions

(

T(xaya()?t) :TLa T(.I,y,d,t) :TU7
(4.3)

C(may70>t) = CL7 C(l’,y,d, t) = CU:
\
where Ty, Ty, Cr,, Cy are positive constants such that T, > Ty and C, < Cy

(i.e. the layer is uniformly heated from below and salted from above).
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On considering the following dimensionless variables

( / X KT / d ’ k(p + pogz)
= =4t —— — M I
X da d2 y V KTV’ p [LKT ’
T = (T - Ty)T, C' = (C - Cy)C, (4.4)

-~ arpogkd : acpogkd :
T = 5 C - )
\ pKr (T, — Ty) pKrLe(Cy — Cp)

where L, = Kr/Kc is the Lewis number, system (4.1), omitting all the

primes, reduces to

§
Vp=—-v+ (RsT — RsO)k,,
V-v=0,
(4.5)
oT
— VT = AT
5 +v-V ,
L, <a—C+V-VC) = AC,
L ot
where
T
R2 = M is the thermal Rayleigh number,
pKr
(4.6)

Lekdpoacg|oC|

R% =
KT

is the solute Rayleigh number,
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being 0T = Ty, — Ty and 6C = Cf, — Cy. The boundary conditions (4.3)

become

(

T(x,y,0,t) = (T, —To)T, T(x,y,1,t) =Ty —To)T,

C<x7ya Oat) = (CL - 00)07 0(957?/, 17t) = (CU - C())C’

A throughflow solution of (4.5)-(4.7) is given by

(

v =Qk, (@ = const,

pH(2) = i — Q=+ Ry / T*(€)de — R / C*(€)de,

\

where pj is a constant.

Setting

u=v-v", 0=T-T ©I'=C-C* 7n=p-—p" (4.9)
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system (4.5) becomes
(

Vr=-u+ (RT9 — Rsr)k,

V-u=0,
(4.10)
00 00
a5 +u-Vl=—fi(2)w —Q& + Ad,
or o 1
\E +11VF = fg(Z)w— Qa + L—EAF,
where u = (u, v, w) and
_ort QR re?? oot QR gel??
hi(z) = 0z 1—eQ”’ f2(2) = = 0z 1—elQ (4.11)
To (4.10) we append the boundary conditions
w=0=0I'=0 on z2=0,1. (4.12)

In the sequel, we will assume that

i) the perturbations u = (u,v,w), 0, " are periodic in the = and y direc-

2 2m
tions of periods — and —, respectively;
ay Qy

2 2
i) Q= [0, —W} X {O, —W} x [0, 1] is the periodicity cell;
iii) u,v,w,d,T belong to W%2(Q), Vt € R* and can be expanded in Fourier

series, uniformly convergent in €2, together with all their first derivatives

and second spatial derivatives.

Remark 17 Let us observe that, when the throughflow tends to zero (Q—
0), (4.8) reverts to the conduction solution

. R _
vi=0, Ti(2)=-Rpz—T(Ty—Ty), Ci(z)= Lsz—C(CO—CL). (4.13)

e
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4.2 Absorbing sets

Let us denote by
e (-,-) and [|-|| the scalar product and the norm in L?(Q), respectively;
o fi(r) =max{0, f(x)}, [f-(2)=max{0,—f(x)} where f: R —R.
Lemma 16 Let (u,0,T) € [W*2(Q)]° be a solution of (4.10)-(4.12). Then
0=0+0, T=T+T n QxR* (4.14)

with
o<1, |T<t, (4.15)

and 0, T' decreasing functions of t such that

[0C ] < {110 = 1)ll + 110 + 1)} g ™™,

(4.16)
\ TGO < LT = D[ + 1T+ 1)} mge™,
where
nZWQmiH{I,Lie}. (4.17)

Proof. The proof can be found in [70].
Lemma 17 Let (u,0,T) € [W*2(Q)]° be a solution of (4.10)-(4.12). Then
[ul] <Rz 0] + Rs [IT] (4.18)

Proof. The proof can be found in [12].
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Lemma 18 Let (u,0,T) € [W*2(Q)] be a solution of (4.10)-(4.12). Then

d
3. Q01 + 101 < == (1o1° + - 1) +
Q| Rre® QI RrRse™ 2T o
UM ()
+_2’€Q_1|(RT+R5)+ 2’€L5Q_1‘ _HQH +
[QI Rgel? |Q| RrRse? ] 2
el sC 2 B TST )12
+_2kLQ__H(RT+ Rs) + 22— 1] 1T

(4.19)

Proof. On multiplying (4.10)3 by 6, (4.10)4 by I, integrating over 2, adding

the two resulting equations and on applying the divergence theorem, one has

ld 9 6)2 PQ B

/f1 w9dQ~|—/f2 Jwl dQ — Q 82(92—1—1“2) dQ2+
~I90) = TP
L.
By virtue of (4.10)y and (4.12), the divergence theorem leads to

/Qu V(f) dQE/Qu V(F2> dQE/i(eur?) dQ = 0.

By using the boundedness of fi(z) and f3(z), one obtains

(
QR re? Q|Rre?
IR — — [ Gunan < R o,
QRgeLe QRgeLe
o) <o = [t an < S
\
By virtue of (4.21)-(4.22) and Poincaré inequality, it follows that
ld |QIRre® |Q|Rse™?
0> + ||T 0| + —F—— r
57 (017 +T1°) < Q@ — ’H ul|[|6]f + ehe@ — 1!” ul |||+
2
_221002 — T2,
01" = Z- I
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(4.23)



On applying the Schwartz inequality, the thesis holds in view of Lemma 17.

Theorem 28 The set
Y= {(U@T) e W22Q)" (10— D4l + [0+ 1)l <n,
(4.24)
I0 = 1)4 )|+ I+ 1)) < n, Jull < (Rr + Rs)(1€2UF +n)}
being |Q| the measure of Q0 and n given by (4.17), is an absorbing set of
(4.10)-(4.12) for the solutions (u,0,T) € [W22(Q)]°.

Proof. The proof can be found in [12].

4.3 Independent unknown fields

The main boundary value problem (b.v.p.)

.

Vr=—-u+ (RTH - Rgr)k, in Q,

¢ V-u=0, in Q (4.25)

szﬁzeo, on 2z=0,1,

has been studied in details in [12], [57],[58]. For the sake of completeness, we
recall here some main results.

Let L3(£2) be the set of functions ¢ : (x,t) € Q x Rt — ¢(x,t) € R such
that

i) ¥ belongs to L*(), Vt € RT, together with its first derivatives and
second spatial derivatives;

s 2
ii) ¢ is periodic in the x and y directions of periods — and —, respec-
Ay ay
tively and

[¥]:=0 = []:z1 = O; (4.26)



iii) 4 can be expanded in Fourier series absolutely uniformly convergent in
Q, Vt € RT, together with all its first derivatives and the second spatial

derivatives.

Since the set {sin(nmz)}, .y is a complete orthogonal system for L*([0,1])
under the boundary conditions (4.26), then, Vb € L3(2), there exists a
sequence {zlzn(x, Y, t)} such that

neN

= an(:ﬂ,y, z,t) = Z@Zn(a:, y,t)sin(nmz), (4.27)
n=1 n=1

being the series appearing in (4.27) absolutely uniformly convergent in 2.

In view of the periodicity in the x and y directions, one obtains that
Z A11/}n = —(121/171, Awn = _gnwn;
g (4.28)

0? 0?
a?=a2+a2, &, =a>+n*n?, A=

\ * v’ ’ 8:152 8_y2

Lemma 19 Let (u,0,T") - with w,0,T" € L5(Q2) - be a solution of the b.v.p.
(4.25). Then (w,0,T) is solution of the b.v.p.

Aw = RTA19 — RSAlf, m Q,
(4.29)
w=0=1I=0, on z=0,1.

Proof. The proof can be found in [57].

Lemma 20 Let (wy,0,,T,) € [Li(Q)] verifying the boundary conditions
(4.29)y, ¥Yn € N. Then the three components of u, solution of (4.25), are
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given by

(

w—anxy,zt :i(RT& n Rga

\ n=1 n

Proof. The proof can be found in [57].

Since 0,1, w € L3(2), on setting

(

0, = 0, (x,y,t)sin(nrz),

I, =T, (z,y,t)sin(nrz),

Wy, = Wy (z,y,t)sin(nrz),

\

the following theorem holds.

1 94
u = Zun (z,y,2,t) Z (. y,1) d sin(nmz),

—~a Ox dz
- 1
v = Zvn (x,y, 2,t) 2.5 %yy’t)diz sin(nmz),

2
r).

(4.30)

(4.31)

Theorem 29 Let w,,0,,I, € L5(Q), Yn € N. Then a complete orthogonal

system of solutions of the b.v.p. (4.25) is given by

4
Rra? Rea®
wn T Qn - = - Fn bl

&n €n

W 1 82wni N 0%wy,,
\ " 0xdz  0yoz
Proof. The proof can be found in [57].

J) + wyk.

(4.32)

Remark 18 We remark that, in view of (4.32), the independent unknown

fields are reduced to 6 and T'.
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4.4 Auxiliary linear stability

Linearizing (4.10)3 and (4.10)4, by virtue of (4.27), (4.28)3 and (4.30)3, one

has
o 0, 0, v*.- V6o,
= =L, — (4.33)
o\ r, r, v . VT,
with
n bn
£, = | @ 0l (4.34)
Cn(z) dn(z)
and

( an(2) = (fl( Z?Ta +£n) ;o ba(2) = fl(zé:zsa_’

¢ (4.35)

o () 2B R R <fz()Rsa i)
| @O T A0 & L™

To (4.33), we associate the “linear auxiliary system”

0, 0,
9 — L, (4.36)

ot r, r,

where £, is given by (4.34). The equation governing the eigenvalues of £, is
N — T\, + A, =0, (4.37)

where )

A ( ) detﬁ = an n bncn - )\ln)\Qna
(4.38)

I.(2) =trl, = ap + dyy = Aip + Aon-
Denoting by S* = N x Rt x [0, 1], the Routh-Hurwitz conditions, necessary
and sufficient to guarantee that all the roots of (4.37) have negative real part

Vn € N, are
A,(z) >0, I.(2) <0, VY(n,d? z) € S*, (4.39)
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1.e.

iglf A,u(z) >0, sup I,(z) <O. (4.40)
- .

If one of the (4.40) is reversed, then the null solution of system (4.36) is

unstable.

The following lemmas hold.

Lemma 21 The conditions

Q L LeQ
% > %Rg < 472, when Q > 0,
e@ — ele@ —

(4.41)

Q
e? —1

LeQ

R < An®, when Q < 0,
eleQ — 177

RE +

guarantee that (4.40); holds.

Proof. In view of (4.35) and (4.38)y, it follows that, A, > 0,V(n,a?, z) € S*,
if and only if

1 1
L—g;i + fo(2)Rsa® + = fi(z2)Rra® > 0,¥(n,a?, z) € S*. (4.42)

Let
G(z) = [f1(2)|Rr + [ f2(2)|Rs Le, (4.43)

then (4.42) becomes

& .
G(z) < Pl V(n,a? z) € S*. (4.44)
2
Since  min =% = 4n?, (4.44) is equivalent to
(n,a2)eNxRt @
max G(z) < 47 (4.45)
z€]0,1]

By virtue of (4.11), from (4.43) one obtains that

Q2€QZ
Q-1

272, LQz
2 QLeeQ 2

G/(Z) RT + m S (446)
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and hence, by remarking that

;

G'(z) >0,Vz€1[0,1] when @ >0,
(4.47)

G'(2) <0,Vz€[0,1] when @ <0,

\

one obtains

( Qe? _,  L.Qel?
ﬁgﬁ G(z)=G(1) = eQ——lRT + TR S, when @ > 0,

(4.48)

max G(z) = G(0) = @ LQ

2
| z€00,1] () Q_1 7+ LQ—lRS’ when @ < 0,

and the thesis follows.

Lemma 22 The conditions

( Qe Qe?

2 2
Q—l T+T_1RS<47T <1+

1
L_) , when @ > 0,
(4.49)
Q 9 Q
e? — 1RT - ele@ — 1

R?g<47rz(1+ ), when @) < 0,

b4|>_.

\ e

guarantee that (4.40)s holds.

Proof. By virtue of (4.35) and (4.38),, it follows that, I,, < 0, ¥(n,d?, 2) €
S*, if and only if

filz ZQTG +&+ %Zw + Lif” > 0,¥(n,a% z) € S*. (4.50)
Let
H(z) = | fi(2)|Rr + | fo(2)|Rs, (4.51)
then (4.50) becomes
H(z) < iz <1 + Lg) (4.52)
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1.e.

1
H(z)<4m® (1+ — ). 4.53
Zme[%?l(] (2) < 47 ( + Le> (4.53)
In view of (4.11), from (4.51) one obtains that
QQeQz ) QQLeeLeQz
H/(Z) = eQ 1 T m g- (454)
Since
.
H'(z) >0,Vz€[0,1] when @ >0,
(4.55)
H'(2) <0,Vz€0,1] when @ <0,
\
it follows that
( LeQ
_ _ Qe? _, Qe 2
zIne[%,)f}H<Z> =H(1) = o 172T + MRS’ when @ > 0,
S (4.56)
max H(z) = H(1) = © R3 + LR% when @ <0
[ z€(0,1] eQ —1 ele@ — 1777 ’
and the thesis is proved.
In the case () > 0, on setting
(
1—e? 4n? (@ — 1
— (Le-1)Qp2 =7
Rl—eLeQ_lLee RS+Q ( oQ )7
(4.57)
1—e@ | 1
_ (Le=1)Qp2 4 =7 —
e G [ )]
the following theorem holds.
Theorem 30 If and only if
R3 < min(R1, Rs), (4.58)

then the null solution of system (4.36) is stable.
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Proof. The proof follows very easily by virtue of Lemmas 21 and 22.

In the case () < 0, on setting

(
1—e9 ,  4m? 0
Rg eLeQ_lLeRS_‘_U(e —1),
(4.59)
1—e? _, 4rn? 0 1
= 1) (14—
\7—\),4 eLQ—lRS Q (e )( +Le),
the following theorem holds.
Theorem 31 If and only if
R2 < min(Rs, Ry), (4.60)

hen the null solution of system (4.36) is stable.

Proof. The proof follows very easily by virtue of Lemmas 21 and 22.

Remark 19 We remark that, in the case L, > 1,

1—e@ 472 [e@ —1
_ — = = (Le-1@Q _ 2 _
Rl RQ eLeQ — 16 (Le 1)RS LeQ < 6Q ) < O, (461)
and
1—e@ 472
Ry —Ry= m(Le —DRE - .0 (e? —1) <. (4.62)

Hence the necessary and sufficient conditions guaranteeing the linear stability
of the null solution of system (4.36), when L. > 1, become

.

RZ <Ry, when Q >0,
(4.63)

R2 <R3, when @Q<DO.
\
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4.5 Auxiliary evolution system of the n-th
Fourier component of perturbations

We start this Section by proving a uniqueness theorem for (4.10).

Theorem 32 The problem (4.10) under the initial boundary conditions

u(x,0)=u"(x Zuno 7(x,0)=79(x) = Zﬂno(x),
0(x,0)= 00 (x)= i&no(x), I'(x,0)=T"(x) = ifno(x), (4.64)
\w:9:F:O on z=0,1,

admits a unique solution (u,7,0,T) € [W22(Q)]°.
Proof. Let (uy, m,6;,T1) and (ug, w2, 02, T's) be two solutions of (4.10) under
the initial boundary conditions (4.64). Setting

u = u; — Uy, 9:01—92, FzFl—Fg, =T — M9, (465)

from (4.10) it follows that

(

Vr=—-u+ (RTH — Rgr)k,

V-u=0,
(4.66)
00 00
E + up - V9 +u- VQQ —fl(z)w - Q@ + A@,
or o 1
— r r —Q— + —ATD
\at—i—ul VI +u- VIl = fo(z)w Q8Z+Le ,
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with

w=60=0,=0I'=Iy=0 on z=0,1.

On setting
1
E =5 (101° +IT1F)

in view of Theorem 28 and by virtue of (4.19), one obtains
E(t) < Ege™, a= const >0

and hence

Ey=0 = E()=0, VteR"

and the thesis follows.

(4.67)

(4.68)

(4.69)

(4.70)

Let (1,7, d,T) be solution of the (nonlinear) initial boundary value prob-

lem (i.b.v.p.)

V.i=0,

%-Fu Véz—ﬁ(z)w—Q@—i-AQ,
a _ or 1
\E%-u VF—fg(z)w—Qa— L—EAF,

(4.71)

(4.72)



with @, 00 TO of type (4.64).

By virtue of the results of the previou sections, it follows that (4.71)-(4.72)

is equivalent to

AN R ANERY
217 =y, S A i PR
ol ) ="\ ¢ vt VT -Vl

under conditions (4.72).
For any n € N, let us associate to (4.73), under the initial boundary condi-

tions (4.72), the “auziliary system”, linear with respect to p;,

n n v*- Vo, u- Vo,
% L N Pl ) L DR

Pan Pon v*e. v@?n . V902n

cl

under the i.b.c.

(901n)t:0 = ér(zo)> (SOQn)t:O = f‘gzo),

(4.75)

O1n = Yon = 0, on z=0,1,
\

©in (1 = 1,2), being unknown functions of (z,y,z,t) and u = u(z,y, z,t)
divergence free vector determined by solving (4.73) under (4.72) and hence
to be considered known. The following theorem holds (cfr. [36], [59], [60] for

more details).

Theorem 33 Let (@15, p2n) be a solution of (4.33)-(4.75), ¥n € N. Then
the series Z ©1n and Z Yo, are convergent and it follows that

n=1 n=1

Z ©O1n =0, Z on =T, (4.76)
n=1 n=1

being (0,T) solution of (4.71)-(4.72).
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Proof. In the case v* = 0 the proof is given in [36]. Its generalization in the

case v* # 0 can be found in [12].

Remark 20 In view of Theorem 33, it follows that the asymptotic stability
of the null solution of (4.71)-(4.72) is guaranteed by conditions, independent
of n, ensuring the asymptotic stability of the null solution of (4.33)-(4.75),.

4.6 Absence of subcritical instabilities and global
nonlinear stability

In order to study the nonlinear stability of the null solution of (4.33), let us
consider the standard L?(2)-energy

E=) _E, (4.77)
n=1
where
1
E, =5 [l + llpanll®] (4.78)

being i a positive scaling to be suitably chosen later. The time derivative of

E,, along the solutions of (4.33) is given by

dg” = /Q [1anet, + (b + o) P1npan + dnps,] A+
(4.79)
—% /Q(uﬁ Vi, +1-Ves,)dQ.
The following lemma holds.
Lemma 23 Conditions (4.41) guarantee that
I € RT : (uby +¢,)* — 4pand, <0, VneN, Vze[0,1]. (4.80)

131



Proof. Let us consider
F(n,2) = (uby + cn)? — dpand,, (4.81)
ie.
F(n,2) = b2(2)u® + 2[bn(2)cn(2) — 20, (2)dn (2)|p + 2 (2). (4.82)

From (4.35), b,(2) < 0and ¢,(2) <0 Vn €N, Vz € [0, 1], then, since (4.41)
guarantees that A,,(z) > 0,Vn € N,Vz € [0, 1], one obtains

an(2)dn(2) — bu(2)cn(z) > 0 = an(2)d,(2) > by(2)en(2) > 0. (4.83)

Hence

b (2)en(2) — 2a,(2)d,(2) <0,

(4.84)
A, = [bn(2)cn(2) = 2a,(2)dn(2)]? = bu(2)?cn(2)? > 0.
Let us define
( 2a,d, — by — \/4a2d% — 4a,b,cnd,
. - v (>0).
(4.85)
2a,d,, — byc, + \/4a2d? — 4a,b,c,d,
i = & (>0).
and )
ﬂ = Sup ILL17L7
(n,2)ENX[0,1]
(4.86)
[0 = inf )
L a (W)le%x[o,u Hzn
Since(p, 1) C (., ft2,,), ¥n € N, Vz € [0, 1], on choosing
1€ (i1 1), (4.87)
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it follows that
F(n,z) <0, VYneN,Vzel0,1] (4.88)

and the thesis follows.

Theorem 34 If condition (4.58) (in the case Q@ > 0) or (26) (in the case
Q < 0) holds, then the vertical throughflow (4.8) is globally nonlinearly stable

in the E-norm.

Proof. Since E, is positive definite ¥n € N and Vz € [0, 1], the stability of
(4.8) is guaranteed if (4.79) is negative definite ¥n € N and Vz € [0,1]. In
view of the boundary conditions (4.75),, the divergence theorem leads to
/ a- Vi, dQ) = / - Vs, dQ = 0. (4.89)
Q Q

Let us remark that, either (4.58) or (4.60) guarantee that

sup a,(z) <0, supd,(z) < 0. (4.90)

S+ S+
In fact, since (25) and (26) guarantee that the Routh-Hurwitz conditions
(4.40) hold, then

an(2)dn(z) > by(2)cn(2), (4.91)
hence
an(2)d,(2) >0 (4.92)
and, in view of (4.40)s,
an(z) + d,(z) < 0. (4.93)

Collecting (4.92) and (4.93), one obtains (4.90). Hence, on choosing u as
dE, . : : :

in (4.87), one obtains that 7 ® negative definite and the null solution of

(4.71) is globally nonlinearly stable with respect to E-norm.
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Remark 21 Let us underline that the condition ensuring the stability of the
null solution of the linear auxiliary system (4.36) also ensures the nonlinear
global stability of the null solution of (4.71) under the boundary conditions
(4.72)5. In fact, by virtue of the boundary conditions

0,=T, =0, onz=0,1, (4.94)

the divergence theorem leads to

/ GV VE, 0 = / Fov VI, dO = 0,
Q Q

(4.95)
/enﬁ-vendaz/rnﬁ-vrndﬁzo.
Q Q

Hence, there is no contribution of the terms v* - V0,, v* - V[, u - V0,
a- VI, to the E-norm and, as one is expected, such terms can be avoided at

least in the E-energy.

Remark 22 We remark that, since

¢

lim R; = lim R3 = —R% + 477,
Q—0t Q—0—

(4.96)

R2 1
lim Ry = lim R4E—LS+47T2 <1+L—),

| @—0F Q—0~ e e

the necessary and sufficient condition guaranteeing the linear stability of the

conduction solution (4.13) becomes, as expected,

2 1
R% < min {—Rg + 47, —% + 47 (1 + L—> } : (4.97)
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