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Abstract

Elliptic and parabolic equations arise in the mathematical description of a wide variety
of phenomena, not only in the natural science but also in engineering and economics.
To mention few examples, consider problems arising in different contexts: gas dynamics,
biological models, the pricing of assets in economics, composite media. The importance
of these equations from the applications’ point of view is equally interesting from that of
analysis, since it requires the design of novel techniques to attack the always valid question
of existence, uniqueness and regularity of solutions.

In particular, in recent years parabolic problems came more and more into the focus of
mathematicians. Changing from elliptic to the parabolic case means physically to switch
from the stationary to the non-stationary case, i.e. the time is introduced as an additional
variable. Exactly this natural origin constitutes our interest in parabolic problems: they
reflect our perception of space and time. Therefore they often can be used to model
physical process, e.g. heat conduction or diffusion process.

In this thesis I will principally concentrate on the regularity properties of solutions of
second order systems of partial differential equations in the elliptic and parabolic context.
The outline of the thesis is as follows.

After giving some preliminary results, in the 3st Chapter we consider the parabolic ana-
logue of some regularity results already known in the elliptic setting, concerning sys-
tems becoming parabolic only in an asymptotic sense. In the standard elliptic version,
these results prove the Lipschitz regqularity of solutions to elliptic systems of the type
diva(Du) = 0, with u : @ — RY, under the main assumption that the vector field
a: RN" — RN™ is asymptotically close, in C'-sense, to some regular vector field b. There-
fore, one can ask what happens when the vector field a is asymptotically close, in a C°-
sense, to the regular vector field b(§) = £. In this direction, in the parabolic framework,
the first result obtained shows that the spatial gradient of u belongs to L.

The question that naturally arises is what happens in case of power p # 2, and more in
general in case of general growth .

Regarding the general growth ¢, in Chapter [4] we study variational integrals of the type
F(u) = / f(Du)dz  foru:Q — RN
Q

where Q is an open bounded set in R”, n > 2, N > 1. Here f : R¥® — R is a quasiconvex



continuous function satisfying a non-standard growth condition:
[f(2)] < CA+e(z]), VzeRN™,

where C is a positive constant and ¢ is a given N-function (see Section for more details
about Orlicz functions). Exhibiting an adequate notion of strict W1 *-quasiconvexity at
infinity, which we call W h¥-asymptotic quasiconvexity, we prove a partial regularity result,
namely that minimizers are Lipschitz continuous on an open and dense subset of ).

In the last Chapter we deal with the study of local Lipschitz reqularity of weak solutions
to non-linear second order parabolic systems of general growth

uf - Z(A?(Du))mi =0, in Qp :=Q x (-T,0) (0.0.1)
=1

where  is a bounded domain in R”, n > 2,7 >0, u: Qr — R, N > 1 and A is a tensor
2 (1Dul)
Actually, having such result, as observed before, it is possible to prove the analogue of the
first problem (studied in Chapter [3|) in this case of nonstandard growth, considering an
operator A that is asymptotically related to .

having general growth, that is A(Du) = where ¢ is a given N-function.
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Chapter 1

Introduction

The study of partial differential equations started in the 18th century in the works of
Fuler, d’Alembert, Lagrange and Laplace as a central tool in the description of mechanics
of continua and more generally, as the principal mode of analytical study of models in the
physical science. Partial differential equations play an important role to model natural
phenomena; even more, they arise in every field of science. Consequently, the desire to
understand the solutions of these equations has always had a prominent place in the efforts
of mathematicians. One of the crucial moments was the year 1900 when David Hilbert
formulated 23 unsolved mathematical problems of the century in his famous lecture at the
International Congress of Mathematicians in Paris, one of them being the 19th:

Are the solutions of regular problems in the Calculus of Variations always necessarily
analytic?

Such problem has been solved by Ennio De Giorgi. His result deals with a linear elliptic
equation in divergence form:

div(aij(x)Dju) =0 in Q (1.0.1)

where 2 is a bounded open set in R™ and the coefficients {a;;j(z)} are assumed to be
measurable and such that

laij(z)] <L and  ag(z)Aid; > v|A]? (1.0.2)

for almost every x € Q and every A € R", with 0 < v < L < co. Equation (1.0.1)) has to
be interpreted in a weak sense: we assume that the integral equation

/ Z Qi DZ"U, Dj¢d$ =0 (103)
Q

4,j=1

is satisfied for every ¢ € C°(2).
Then we have:

Theorem 1.0.1 (De Giorgi [21]). Let u € WH2(Q) be a weak solution to the equation

under the assumptions . Then there exists a positive number a = a(n, %) >
0 such that u € C’SJ?(Q)
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John Nash [78] proved his results also for parabolic equations and few years later a different
proof was given by Moser [77]. Each of these three proofs have advantages and drawbacks,
but after more than fifty years we can certainly say that De Giorgi’s proof is outstanding
for its originality, its simplicity and for the many generalizations that were subsequently
developed to deal with nonlinear elliptic operators, parabolic operators and of minima of
variational integrals.

At the time De Giorgi published his paper, it was known, by Schauder estimates, that
for an analytic integrand a solution v € C%*(Q) to the equation is necessarily
analytic. Therefore, to solve the 19th problem it was sufficient to prove that the solution
was C1¥(€)). At this point the crucial observation is that by differentiating both sides
of the equation one gets that the derivatives D;u of the solution solve a linear elliptic
equation in divergence form with measurable coefficient. Thus to solve the 19th Hilbert
problem it was enough to prove the Holder continuity of weak solutions to ((1.0.1)).

Let us point out that the linearity of the equation (|1.0.3)) plays no role in the proof of
Theorem thus the result was extended to a vast class of general nonlinear elliptic
equations in divergence form. More precisely, if we consider the following elliptic equation
in divergence form

div a(z,u, Du) =0 (1.0.4)

under the assumptions
la(z,v,z)| < L(1+|2|P), (a(z,v,2),z) >v|z]P —L (1.0.5)

for every x € Q, v € R, z € R™ and p > 1, then Theorem holds true.
Subsequently it was observed that for functionals of the type

F(u)—/gf(a;,u,Du)dx,

whose associated Euler-Lagrange equation satisfies assumptions of the type , the
Holder regularity of minimizers follows if they are viewed as solutions to elliptic equations.
In [50] Frehse, and then Giaquinta & Giusti [53], applied De Giorgi’s method to minimizers
in a direct way, that is without using the Euler-Lagrange equation, only considering the
growth assumptions

v|z|P < f(x,v,2) < L(1+ |2P). (1.0.6)

In a number of important physical and geometrical situations u is not a scalar but a vector
and the corresponding Euler-Lagrange equation is a system. The question arose naturally
whether the previous theory extends to systems. In 1968 De Giorgi [22] constructed a
surprising counterexample to prove that the regularity theorem does not extend to the
vectorial case (N > 1): Let n > 3 and consider the following variational integral

Flu) = ;/Bl | Dul? + [i ((n — 2)0ia + n%)Daul} de. (1.0.7)

i,a=1
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Its Euler-Lagrange equation is

: AYDgw! Dogldr =0, Vo € Wy (B, R"), (1.0.8)
1
with - 21
af( .y _ y _ . Zita _ . 2B
AP () = Bapbiy + [(n = 2)bai + 1 e [ [t = 2)65; +n i |

Here 6;; denotes the usual Kronecker’s symbol. Although these coefficients are bounded
and satisfy the Legendre condition, the vector valued map

:” n { ! (1.0.9)

= T~ V= 1- j|a
Eu 2 (2n —2)2+1

which belongs to W12(B1,R") but is not bounded, is an extremal of F, hence it satisfies

the elliptic system with bounded coefficients ([1.0.8]).

The main point in De Giorgi’s example is the singularity of the matrix {afjﬁ (x)} at the

origin.  When the coefficients matrix depends on the solution, Giusti & Miranda [54]

showed that the matrix {a%ﬁ (u)} can be even analytic.

These counterexamples show that everywhere regularity results for critical points or min-
imizers of regular variational integrals are in general not possible. So, we can ask:

What kind of regularity we can expect in the vectorial case?

Let us consider the variational integral

Flu) = /Q F(Du) dz (1.0.10)

where © C R™ is an open set, n > 2, u : & — RY and N > 1. It is well known that
the convexity of f(z) with respect to z is a sufficient condition for the sequential lower
semicontinuity of F, and therefore, when it is combined with the coercivity condition, the
existence of a minimizer for F follows by the Direct Method of the Calculus of Variations.
In general the convexity is a necessary condition only in the scalar case N = 1. In
1952 Morrey [76] showed that a necessary and sufficient condition for the weak lower
semicontinuity of F is that f has to be quasiconvex. We say that a continuous function
f:RN" 5 R is quasiconvex if and only if

f(z0 + DE) dx > f(z0) (1.0.11)
B1

holds for every zy € RY™ and every smooth function ¢ : By — RY with compact support
in the unit ball By in R™.

Quasiconvexity is weaker than convexity if NV > 1, while it reduces to convexity if N = 1.
Note that it is a global condition; if f is of class C? in z, it implies the pointwise Legendre-
Hadamard condition:

Foo,p(2)E9€P2A; >0 V€ € R", VA e RV,
17
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In order to study the regularity of minimizers, it is natural to strengthen (|1.0.11]), so we
introduce the notion of uniformly strictly quasiconvex function. A continuous function
f:RN™ 5 R is said to be uniformly strictly quasiconvex if and only if

feo+ DE)da = f(aa) +vf (1+]aaf? + |DEP) |DePa (1.0.12)

Bl Bl

holds for every zg € RV™ and every smooth function ¢ : B; — RY with compact support
in the unit ball By in R".

In 1986 Evans [43], adapting the indirect approach in [51], established the first partial
regularity result for minimizers of . More precisely, he considered uniformly strictly
quasiconvex integrand f in the quadratic case, and proved that if f is of class C? with
bounded second derivatives, then there exists an open subset Q¢ C € such that |2\ Q| =0
and Du € C&?(QO, RN™) for any a € (0,1). This result was generalized by Acerbi & Fusco
[2] ( see also [I5] for the subquadratic case).

On the other hand it could be interesting to identify classes of functionals for which every-
where C1%regularity of minimizers occurs. A well known result of Uhlenbeck [88] states
that the Ch%regularity holds for minimizers if the integrand f is of the type f(|z|), for
a convex function f of p-growth, with p > 2. In [I7] Chipot & Evans proved the local
Lipschitz regularity for minimizers of under the main assumption that these func-
tionals become appropriately convex and quadratic at infinity. The heuristic idea is that
wherever the gradient of the minimizer is very large, the Euler-Lagrange equations become
elliptic and practically linear, so that good estimates are then available. Subsequently Gi-
aquinta & Modica [55] (see also [81]) obtained an analogous result for integrands with
superquadratic growth (for the subquadratic case we refer to [67]).

More recent contributions include the works [44] and [49] where the authors use vari-
ous asymptotic relatedness condition in the context of proving global Lipschitz regularity
of minimizers to certain functionals. In addition, in [83], [84] the author have recently
produced several results for problems involving asymptotic relatedness conditions; in par-
ticular they have shown higher integrability in the case of relatively general functionals,
and partial Lipschitz regularity in the case of functionals where the integrand functions
depend solely on the gradient of the minimizer. Finally, in [31] the authors established
optimal local regularity results for vector-valued extremals and minimizers of variational
integrals: the optimality is illustrated by explicit examples showing that, in the non con-
vex case, minimizers need not be locally Lipschitz. This is in contrast to the convex case,
where the authors show that extremals are locally Lipschitz continuous.

The regularity of minimizers for the functional has been intensively studied [44] 28],
29] also when the integrand f behaves asymptotically like a convex, radial Orlicz function
o with growth and coercivity conditions of the type

e(l2) < f(2) < L+ ¢(]2])) (1.0.13)

(see Section for the properties of ). Let us point out that functionals naturally defined
in Orlicz spaces are an important class of functionals of (p, ¢)-type (see [69, [70, [71] [72]).
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The regularity theory for parabolic systems is, to a certain extent, very similar to the el-
liptic one described above. As already observed, in the general vectorial case only partial
regularity results are available, provided that suitable assumptions on growth and regu-
larity of the vector field are satisfied. Partial regularity of solutions has been proved for
quasi-linear systems [50, [57) 63, [86], for non-linear systems the regularity theory was de-
veloped mainly assuming special structure on the operator (see [3] [6l, [74]) or assuming that
solutions were a priori more regular, i.e. bounded or even Holder continuous (see [75]).
Let us point out that everywhere regularity is possible only under very special (diagonal
type) structures, as for instance in the case of the p-Laplacian system [23], [75], otherwise
it fails in general, as shown by counterexamples [87]. The minimal assumptions under
which a complete study of regularity properties for non a priori regular weak solutions of
parabolic systems with linear growth were considered in [38], where the authors consider
a continuous differentiable field with uniformly bounded second derivatives.

As far as the asymptotic framework is concerned, in [66] (see also [8]) the authors consid-
ered parabolic problems of the type

up — div(y(z, t)a(Du)) = —div f(z,t) (x,t) € Q x (=T,0) =: Qp, (1.0.14)

where Q is a bounded domain in R", n > 2, T > 0 and v maps Q7 into RY. Under
appropriate assumptions on the functions v, a, f they established the local boundedness
of the spatial gradient of solutions to systems which are not everywhere parabolic, but, as
before, become parabolic only in an asymptotic sense.

In this context we can insert the first result contained in this thesis. More precisely, we
study nonlinear parabolic systems of the type (1.0.14). The main assumptions on the
vector field a : RV — RN™ are:

(H1) ais a continuous map;

(H2) there exist constants L and m such that

la(§) —a(n)| < LI§ —n| (1.0.15)

for all £, € RN™ such that |¢] + || > m;
(H3) there exists € > 0 such that a satisfies the coercivity condition

(a(€) —a(n),& —n) = L1 —e)|¢ —nl? (1.0.16)

for all £, € RNV™ such that [£] + |n| > m.
The key assumption below is that the constant e is small so that the constant in the
coercivity inequality is close to the Lipschitz constant of a. These results can be interpreted
as perturbations of classical regularity results for elliptic systems in Campanato spaces (see
[11]). The notion of weak solution adopted prescribes that a map

we CO=T,0; L3(Q,RY)) N LP(~T,0; W (Q,RY)), N >1 (1.0.17)

is a weak solution to (1.0.14)), for p > 2, if and only if

/ —upt + (y(x, t)a(Du), Do)dz dt :/ (f, Dp)dz dt (1.0.18)
Qp Qr
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holds whenever ¢ € WO1 2(Qp, RY).
We are able to prove two types of regularity results for weak solutions u to (1.0.14]). The

first one concerns the BMO regularity of Du under suitable assumptions (see Chapter [3)).
We have:

Theorem 1.0.2. Let a satisfying the assumptions (H1) — (H5). Then there exist an g9 =
eo(n, L) € (0,1) and a constant M = M (a) such that: if e € (0,20] and u € VVI})CQ(QT, RM)

is a weak solution of the system (1.0.14) in Qr, then Du € BMOioc(Qr, RV™) and there
exists a constant C' = C(n, L, distp(Q,, 0pS,)) such that

[Dul2ni, <C (M + [flemen, + ||DUHL2(Qt1)> : (1.0.19)
where Q, € Uy, € Qp are open domains.

The proof of the BMO bound is based on the fact that a can be written as a perturbation
of the identity, a(§) = £+b(€), where b(-) is a bounded function. Moreover, if the function
a is a perturbation of the identity with a function of the gradient that has a sufficiently
small Lipschitz constant outside of a large ball, a(¢) = £ + (), then this estimate can be
improved to an L°°-bound.

Theorem 1.0.3. Assume that a satisfies the conditions (H1) — (H3) and (H4'). Then
we can find an g = o(n, L) € (0,1), a constant M = M(a) and two constants ¢ and
ca depending only on n and distp (4, OpSl,), such that if u € VV&J’CQ(QT,RN) s a weak
solution of
ug — div(y(x, t)a(Du)) = — div f(z,t)  in Qp, (1.0.20)
then u € W52 (Qp, RN) and for all Qu, € Q, holds
%
\Du|2dfndt> + co.

t1

esssupg, |Du| < ¢ <M2 —I—/

As already observed, the question that naturally arise is what happens in case of power
p # 2, and more in general in case of general growth (.

Concerning the Orlicz setting, in the Chapter [4] we study variational integrals of the type
(1.0.10) where u : © — RY, © is an open bounded set in R”, n > 2 and N > 1. Here f is
a continuous function satisfying a p-growth condition:

f(2)] < CUL+e(2]), VzeRM™,

where C' is a positive constant and ¢ is a given N-function.

In order to treat the general growth case, we consider the notion of strictly W #-quasiconvexity

introduced in [27].

Definition 1.0.1 (Strict W¥-quasiconvexity). A continuous function f : RN™ — R is
said to be strictly WY -quasiconvex if there exists a positive constant k > 0 such that

f(z+ DE) da > f() + ’“Ji o1./(1DE]) da

B1
for all € € CL(By), for all z € RN™, where 4 (t) ~ t2¢"(a +t) for a,t > 0.
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We will exploit an adequate notion of strict W¥-quasiconvexity at infinity, which we will
call Wh¥-asymptotic quasiconvexity:

Definition 1.0.2 (Asymptotic W1 ¥-quasiconvexity). A function f: RN" — R is asymp-
totically W% -quasiconvez if there exist a positive constant M and a uniformly strictly
W¥_quasiconvex function g such that

f(z) = g(z2) for|z| > M.

After establishing several characterizations of the notion of asymptotic W1 ¥-quasiconvexity
(see Theorem [4.2.1]) we will prove the following result.

Theorem 1.0.4. Let zp € R™ with |z9| > M + 1, let k be a positive constant so that

| G- sEldrzg [ (g ds (1021)
By (z0) By(zo

p(ﬂf
holds for all ¢ € CH(B,RN), and let u € W¥(Q,RY) be a minimizer of F. If for some
o € Q

lim |V (Du) — V(20)]* = 0, (1.0.22)
r—0 B (w0)

where V(z) = 4/ wl‘(;')z, for all z € RN\ {0}, then in a neighborhood of xo the minimizer

u is OY% for some @ < 1.

In order to achieve this regularity result, we have to prove an excess decay estimate, where
the excess function is defined by

B(Ba(o).w) = f V(D) = (VD)) (o P
Br(zo)

In the power case the main idea is to use a blow-up argument based strongly on the

homogeneity of ¢(t) = tP. Here we have to face with the lack of the homogeneity since the

general growth condition. Thus one makes use of the so-called A-harmonic approximation

proved in [27] (see also [85], B4, B5 B7, B9] for the power case). Such tool allows us to

compare the solutions of our problem with the solution of the regular one in terms of the

closeness of the gradient.

Moreover we will prove that minimizers of F are Lipschitz continuous on an open and

dense subset of €.

More precisely we define the set of regular points R(u) by

R(u) = {x € Q : u is Lipschitz near =},
following that R(u) C € is open.

Corollary 1.0.1. Assume that f satisfies (H1) — (H5). Then, for every minimizer u €
Whe(Q,RN) of F, the reqular set R(u) is dense in .
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We remark that a counterexample [83] shows that it is not possible to establish regularity
outside a negligible set (which would be the natural thing in the vectorial regularity
theory). So, our regularity result generalizes the ones given in [83] and [16] for integrands
with a power growth condition which become strictly convex and strictly quasiconvex near
infinity, respectively.

The last Chapter of the thesis deals with a recent problem I am facing with. It concerns the
local Lipschitz regularity of weak solutions to non-linear second order parabolic systems
of general growth

up — Z(A?(DU))M =0, in Qp:=Q x (-T,0) (1.0.23)
=1

where Q is a bounded domain in R”, n > 2, T >0, u: Qr — RN, N > 1 and A is a tensor

having certain Orlicz-type growth that generalize p-growth.

/
D

In particular we focus on A$(Du) = SO|(|DTDU§,

u k2
In the model case ¢(s) = sP, for some p > 1, ((1.0.23)) gives the evolutionary p-Laplacian.
This reveals that ((1.0.23)) is a natural generalization of the p-Laplacian. Under suitable hy-
potheses (see Chapter , by using a Moser type iteration for systems with general growth
conditions, we prove the local Lipschitz regularity of the spatial gradient of solutions to

(1.0.23)). More precisely:
Theorem 1.0.5. Let u be a weak solution to . Then Du € L (Qp, RN™). More-

loc
over for every Qr, € Qr the following a priori estimate holds with the constant ¢ depending

on n and on the characteristic of

where ¢ is a given N-function.

2

) 1+2
sup |Dul® < c(/ @(]Du|)dz) +c.

Rg Qry
Finally, let me observe again that having such result, it is possible to prove the analogue
of the first problem in the case of nonstandard growth, considering an operator A that is

asymptotically closed to ((1.0.23)).
The content of the Chapter and |5| corresponds to the papers [58], [59] and [60].



Chapter 2

Preliminaries

This chapter is devoted to a brief exposition of the theory of function spaces that provide
the analytic framework for the study of PDEs. There are the Morrey and Campanato’s
spaces, and the Orlicz’s space.

2.1 Notation

We start with some remarks on the notation used throughout the whole work. Let €2 C R"
be a bounded domain; with xy € R”, we set

B, (x0) = B(zo,r) :={x e R" : |[x —xg| <7}
the open ball of R"™ with radius » > 0 and center xg.
In the following Q7 will denote the parabolic cylinder Q x (=T, 0), where ' > 0. If z € Qrp,
we denote z = (x,t) with x € Q and ¢t € (—7,0). When dealing with parabolic regularity,

the geometry of cylinders plays an important role. We shall deal with parabolic cylinder
with vertex (xg,tp) and width r > 0 given by

Q,(z0,t0) := B(xo, ) x (tg — 2, o).
We also consider cylinders with width magnified of a factor § > O:
Qs (w0, to) = B(wo, 0r) X (tg — 6717, tp).
given a cylinder Q = B x(s,t), its parabolic boundary is
0pQ = (B x{s})U (9B x|[s,1]).

The parabolic metric is defined as usual by

distp (2, 20) := /|2 — xo|? + [t — to]
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whenever z = (z,t), 20 = (w0, t0) € R*"1.
A function u : Q — RY is called Holder continuous with exponent o on € if there exists
a constant ¢ € (0, +00) such that for all points x,y € Q the estimate

u(z) = u(y)| < el —y[*

is satisfied. The Hoélder seminorm of u is defined by

u(z) — u(y)|
U] 0,0 rNY (= SUp ———— .
[ ]C (2,RN) o pen ’m — y|a
TFY

The Holder space C*(Q, RY) consists of all functions v € C*(Q, RY) for which the norm

[ullgra@rry = Z sup | D u(z)| + Z [DBU]COva(Q,RN)
181<k *< |8/=k

is finite. Here 8 = (51,...,0n) € N" denotes a multiindex of lenght |3| = 81 + - -+ + .
The Sobolev space W*P(Q, RY) is given by

WEP(Q,RN) := {u € LP(Q,RY) : DPu e LP(Q,RY) V|B| <k},
where DPu is the weak derivative of u. Moreover by Wéc P(, RYN) we denote the closure

of C°(Q,RY) in the space WHP(Q, RY).
The integral average of a function u on X C R™ measurable subset with positive measure

is given by )
(u)x :]iu(:r)dz = X /Xu(x)dz

where |X] is the n-dimensional Lebesgue measure of X.

2.2 Parabolic spaces

We introduce spaces of functions that exhibit different regularity in the space and time
variables.
Let p,q > 1. A function f defined and measurable in Q7 belongs to LP4(Qr) = LY(—T,0; LP(2))

if 1
0 % q
I fllzpacr) = / </ |f!pdx> dt | < oo.
—r \Jo

Also f € L{»¥(Qp) if for every compact subset K of  and every subinterval [t1,t2] C

(=T,0) )
(/: (/K|f|pda;>pdt>}’ < 0.
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Whenever p = ¢ we set LP4(Qr) = LP(Qr), Lip(Qr) = LY, (Qr) and || f|lzrep) =

loc
1fllze@r)-
Let us consider the Banach spaces

VPA(Qp) = L®(=T,0; LP(Q)) N LY(=T,0; Wh1(Q))
and

VP(Qr) = L(=T,0; LP(Q)) N LY(=T,0; W, /()
both equipped with the norm, u € VP(Qr),

[wllvrar) = esssup_pepcq 00 Dl Le@) + DUl Laar)-

When p = ¢ we set VPP(Qp) = VP(Qr) and VPP (Qr) = VJ(Qr). Both spaces are
embedded in L"(Qr) for some r > p.

2.3 Morrey and Campanato spaces

In the sequel we will use the Morrey and Campanato spaces.
Let © C R™ be a bounded open set satisfying the following property: there exists a
constant A > 0 such that for all zg € Q, p < diam Q2 we have

|By(20) N0 > Ap".
Let p>1, A > 0.

Definition 2.3.1. The Morrey space LP(Q,RY) is the subspace of all functions u in
LP(Q,RN) satisfying

-
Hu‘|]zp,)\(Q7RN) ‘= sup p / ‘U|pdl’ < 0. (2.3.1)
9;)0;52 By (z0)N2

It is clear that condition (2.3.1)) only depends on the behavior for small radii, i.e. we can
fix po > 0 and replace the definition of ||u||]2m(9 ) With

sup / |u|Pdx.
T EQ B (z0)NQ
0<p<po

It is easily seen that H“Him( is a norm, and that the space LP*(Q, RY) is complete.

QRN)
Definition 2.3.2. We denote by LP(Q,RYN) the Campanato space of all functions u in
LP (S, RN such that

[U]ZP,)\(QV]RN) = Sue% p_A/B (2010 lu — (U)BP(:UO)FWQVJd$ < 0. (2.3.2)
zo p(Z0
p>0



20

Preliminaries

The quantity [u]zp vy is a seminorm in LPA(Q,RYN), equivalent to

sup p~* inf / |lu — &Pd.

ERIS Y £€RN BP(IO)mQ

p>0
Equipped with the norm || - || .».x gy defined in lb the Morrey space LPA(Q,RY) is
a Banach spaces for all p > 1 and A > 0. Furthermore, the Campanato space £P*(Q,RY)
is a Banach spaces endowed with the norm || - [[zo.aryy = | o ey + [lrea (@ rN)-

Proposition 2.3.1. For 0 < )\ < n we have LP(Q) = LPA(Q).

The Campanato space £57(Q, RY) has a special role and is usually denoted by BMO(2, RY),
the abbreviation for bounded mean oscillation. It is smaller than any Lebesgue space
LP(Q,RN) with p < oo but still containing L>(92, RY) as a strict consequence. Further-
more, the spaces Ep”\(Q, RY) with n < A < n+p are known as the integral characterization
of Holder continuity functions (see [11]):

Theorem 2.3.1 (Campanato). Forn < A < n+p and a = ’\;% we have LPA(Q) =

C%(Q). Moreover the seminorm

1s equivalent to [u]gm(ﬂ).
If A\ >n+p and u € LPA(Q), then u is constant.

2.4 Orlicz spaces

The following definitions and results are standard in the context of N-functions (see [82]).

Definition 2.4.1. A real function ¢ : [0,00) — [0,00) is said to be an N-function if
©(0) = 0 and there exists a right continuous nondecreasing derivative ¢’ satisfying ¢'(0) =
0, ¢'(t) >0 fort >0 and tlim ¢/ (t) = oo. Especially o is conver.

—00

The concept of N-function generalizes the power function ¢(t) = %tp. Now, let us

generalize its Holder conjugate étq, q = 1%‘ To this end, for a non-decreasing real

function ¢ let us denote with ¢~! its generalized right-continuous inverse, given by

0 1(t) ;= sup{s € [0,0) : ¢(s) < t}. Now we introduce

Definition 2.4.2. A complementary function to an N -function ¢ is

t
S(t) = /0 ()1 (s) ds.
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Moreover * is again an N-function and for ¢ > 0 it results (¢*)'(t) = (¢')71(t). Note
that ¢* (£) = sup,>o(st — p(s)) and (¢*)* = .

The assumption widely used in order to study regularity for systems with Orlicz growths
is the following

Definition 2.4.3. We say that an N -function ¢ satisfies the Ay-condition (we shall write
w € Ay) if there exists a positive constant C' such that

©(2t) < Cp(t) forallt>0.

We denote the smallest possible constant by Aa(p).

We shall say that two real functions ¢ and o are equivalent and write 1 ~ o if there
exist constants cj,ca > 0 such that c101(t) < @a(t) < copi(t) if t > 0.

Since p(t) < ¢(2t) the Ag-condition implies ¢(2t) ~ (t). Moreover if ¢ is a function
satisfying the Ag-condition, then ¢(t) ~ ¢(at) uniformly in ¢ > 0 for any fixed a > 1. Let
us also note that, if ¢ satisfies the As-condition, then any N-function which is equivalent
to ¢ satisfies this condition too.

If o, p* satisfy the Ag-condition we will write that Ag(p, ¢*) < co. Assume that Aa(p, ¢*) <
oo. Then for all § > 0 there exists ¢s depending only on As(p, ¢*) such that for all s,¢ > 0
it holds that

ts <0(t)+cs9"(s).
This inequality is called Young’s inequality. For all £ > 0
t < M B (") () < 2
t /(t> /
— — | < op(t) <ty (t
59 (5) S elt) ste(t)

w(gp*t(t)) <'(t) < w(2@z(t)>-

Therefore, uniformly in ¢ > 0,

p(t) ~ 1o (), @ (' (1) ~ @(t), (2.4.1)
where constants depend only on As(p, ¢*).

Definition 2.4.4. We say that an N-function ¢ is of type (po,p1) with 1 < py < p; < o0

if
p(st) < Cmax{s?, sP }p(t) Vs, t>0. (2.4.2)

The following Lemma can be found in [27] (see Lemma 5).

Lemma 2.4.1. Let ¢ be an N-function with ¢ € Ag together with its conjugate. Then @
is of type (po,p1) with 1 < py < p1 < 0o where py and p; and the constant C depend only

on Aa(p, ).
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If ¢ is an N-function satisfying the As-condition, by L¥()) and W1#() we denote the

classical Orlicz and Orlicz-Sobolev spaces, i.e. u € L¥(Q2) if and only if / o(|u]) dr < 0o
Q

and v € WH?(Q) if and only if u, Du € L?(2). The Luxembourg norm is defined as

follows:
HUHLv(Q)=inf{>\>0:/<p<|u(;)|>dx§1}.
Q

With this norm L#(£2) is a Banach space.
Moreover, we denote by I/VO1 () the closure of C2°(£2) functions with respect to the norm

ullwie) = llulle@) + 1Dull Le (o)
and by W=1¢(Q) its dual.

Throughout this thesis we will assume that ¢ satisfies the following assumption.

Assumption 2.4.1. Let ¢ be an N-function such that ¢ is C1([0,+00)) and C?(0, +c0).
Further assume that

¢'(t) ~ t" (2). (2.4.3)

We remark that under this assumption Ax(¢, ¢*) < oo will be automatically satisfied,
where As(p, ") depends only on the characteristics of .
For given ¢ we define the associated N-function v by

U(t) = ViR ().

Note that

1 (¢ 't 1 (¢ "(t
W) = - w(%+1 ') 1 w(%+1 V()
2\ ¢'(t) o 2\¢') t
It is shown in [25] (see Lemma 25) that if ¢ satisfies Assumption then also ¢*, ¢ and
Y* satisfy Assumption and ¢ (t) ~ /" (t).
We define tensors A and V in the following way
A(z) = D®(z)
V(z) = D¥(2),
where ®(z) := (]z]) and ¥(2) := (|z]).
Connections between the tensors A and a N-function ¢ are given by the the following
lemma ( see [25] Lemma 21).

Lemma 2.4.2. Let ¢ satisfying Assumption then A(z) = gp’(|z!)é for z # 0,
A(0) = 0 and A satisfies

(2.4.4)

| A(z1) = A(22)] < e¢”(|21] + |22]) |21 — 22 (2.4.5)
(A(z1) — A(22), 21 — 22) > C"(|21] + |22])]21 — 22)?, (2.4.6)

for z1, 29 € RN™,
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The same conclusions of Lemma holds with A and ¢ replaced by V and 1.
Now, let us consider a family of N-functions {¢,}q>0 setting, for t > 0,

¢
eolt) = [ s with g0 = @lat 0
The following lemma can be found in [25] (see Lemma 23 and Lemma 26).

Lemma 2.4.3. Let ¢ be an N-function with ¢ € As together with its conjugate. Then
for all a > 0 the function g is an N-function and {pq}a>0 and {(¢a)* }a>0 ~ {80;/(,1)}@0
satisfy the Ay condition uniformly in a > 0.

Let us observe that by the previous lemma ¢, (t) ~ t¢/(t). Moreover, for t > a we have
©a(t) ~ @(t) and for t < a we have @, (t) ~ t2¢"(a). This implies that ¢,(st) < cs2pq(t)
for all s € [0,1], a > 0 and ¢ € [0, a].

The following lemmas can be found in [25] (see Lemma 24 and Lemma 3).

Lemma 2.4.4. Let ¢ satisfy Assumption m Then, uniformly in z1,ze € R™, |z1| +
|22‘ >0

¢ (lz1] + [22]) |21 — 22| ~ o1, (I21 — 22]),
¢ (|z1] + [z2l) |21 — 22f* ~ 12y (21 — 22)).
The following result show how one can interchangeably use A, V and (.

Lemma 2.4.5. Let ¢ satisfy Assumption and let A and V be defined by .

Then, uniformly in z1,zy € RN,
(A(z1) = A(z2), 21 — 22) ~ [V(21) = V(22)” ~ 12y (21 — 22)),
and
A1) — A(za)| ~ @],y (121 — 22l).
Moreover

(A(z1), 21) ~ V(21)]* ~ @(|21]),
| A(21)] ~ ¢'(|21]),

uniformly in z, € RN™,

2.5 The method of A-harmonic approximation

In this section we present the A-harmonic approximation technique which is inspired
by Simon’s proof of the regularity theorem of Allard and which extends the method of
harmonic approximation in a natural way to bounded elliptic operators with constant
coefficients. In the partial regularity theory this approach was first implemented by Duzaar
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& Grotowsky [34] and since then it has been applied to various situations concerning partial
regularity of solutions to elliptic and parabolic problems.
Let us consider

div(a(Du)) =0 in Q (2.5.1)

where a : RV? — RV™ ig a Cl-vector field such that
|Da(z)| < L and  (Da(2)\,\) > v|A)? (2.5.2)

for all z, A € RN¥" with 0 < v < L. In this setting, a weak solution to (2.5.1)) is a map
u € WH2(Q,RY) such that

/Q (a(Du), Dé) dz = 0 (2.5.3)

for every ¢ € C°(Q,RY).

The regularity statement is that if « € W1H2(Q,RY) is a weak solution to , that
is a solution in the usual distributional sense as in , then there is an open subset
Qo C Q such that

u € CH(Qo,RY) for every a < 1 and |\ Qo| = 0. (2.5.4)

This is actually called partial regularity of solutions.
Let us recall the following definition:

Definition 2.5.1. Let A be a bilinear form with constant coefficients satisfying
VA2 < AN and Az, \) < Liz||A| (2.5.5)

for all 2z, € RN v >0 and L > 0. A map v € WLQ(B,,,]RN) is called A-harmonic in
the ball B, C R™ if it satisfies

A(Dv,D¢ydx =0  for all ¢ € C=(B,,RY). (2.5.6)
B

Roughly speaking, an .A-harmonic map in B, is just a weak solution to a constant coeffi-
cients elliptic system in the ball B,. Now, the basic idea for proving partial regularity of
solutions is to linearize the system around suitable averages of the gradient, in a
small ball B,(x¢), provided z is a Lebesgue’s point for Du, that is

1i Du— (D w0y |2dz = 0. 2.5.7
Ly Bp(mo)l u — (Du)p, ()| "dz (2.5.7)

In fact, it can be proved that the regular set ¢ is exactly the set of Lebesgue’s point of
the gradient Du, from which the full measure property |2\ Q| = 0 immediately follows.
In order to achieve this, the idea is to consider the solution v to the system with constant
coeflicients:

div[Da((Du)g,(ze))Dv] = 0 in By,(zo) (2.5.8)
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assuming that B,(zo) is sufficiently small. Setting A := Da((Du)p,(4,)) we have that v
is an A-harmonic function, that is smooth in the interior of B,(xo) by classical regularity
theory [11]. At this point, if we prove that the original solution u to ([2.5.1)) is close enough
to a solution v to , then we may hope that the good regularity estimates available
for v are in some sense inherited by u, and we can conclude with the partial regularity.
We have the following

Lemma 2.5.1 (A-harmonic approximation lemma). Consider fized constants 0 < v < L,
and n, N € N with n > 2. Then for any given € > 0 there exists 6 = 0(n, N,v,L,e) €
(0,1] with the following property: For any bilinear form A satisfying (2.5.5), and for any
u € WHh2(B,(x0), RY) (for some B,(wo) C R"™) satisfying

p"]i ( )\Du|2da; <1, (2.5.9)
p\Z0

and being approximatively A-harmonic in the sense that

‘p”][ A(Du, Dé)dz| < 6 sup |Dg| (2.5.10)
Bp(fBO) Bp(ro)

holds for every ¢ € C°(B,(xo), RY), there exists an A-harmonic map

heH= {w € Wh2(B,(20), RY) : P_n][ |Dw[*dx < 1}
By (o)
that is
div(A Dh) =0 in  By(xo),
satisfying
p_n—z][ h — u|2 dx < e. (2.5.11)
Bp (o)

By using this Lemma we can conclude there exists an .A-harmonic function v that is
strongly close to u in the sense of

][ v — uf? de < €%,
By (xo)

and then in turn we would conclude with the regularity of u.
Let us observe that Lemma still works (see [40]) when considering a bilinear form
that satisfies, instead of (2.5.5)), the strong Legendre-Hadamard ellipticity condition:

Ala®@b,a@b) > kalal*[b]?

for every a € RV, b € R™ and for some constant k4 > 0.
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In [27] the authors give a generalization of the .A-harmonic approximation Lemma in Orlicz

D*f(Q)
¢"(1Q1)

(@) < Ce(lQ)),

and is strictly W1 ¥#-quasiconvex. Let us observe that the strictly Wh%-quasiconvexity of
f implies the following strong Legendre-Hadamard condition:

spaces. In particular, they considered A =

where ¢ is a given N-function and f

has a ¢-growth, that is

D*f(Q)(n®&n &) = kap"(1Q)InI* €1

for all n € RY, ¢ € R” and Q € RV \ {0}. Given a function u € W2(Bg), we want to
find a function h that is A-harmonic and is close to u. In particular, we are looking for a
function h € WhH2(Bg) such that

—div(A Dh) =0 in Bg
h=u on OBg

Let w := h — u, then w satisfies

{ —div(A Dw) = —div(A Du) in Bg (2.5.12)

w =70 on OBg
The approximation result is the following;:

Theorem 2.5.1. Let Br @ Q and let B C Q denote either B or Bag. Let A be strongly el-
liptic in the sense of Legendre-Hadamard. Let 1) be an N -function with As(1),9*) < 0o and
let s > 1. Then for every e > 0, there exists § > 0 depending on n, N, ka, | A|, Aa(1), 1)
and s such that the following holds: let u € WY¥(B) be almost A-harmonic on Br in the
sense that

[ (4D, ds| < 5f 1Dl e D5,
Br B

for all § € C§°(Br). Then the unique solution w € Wol’d’(BR) of satisfies

]iRw(WR') dx +]£R U(|Dwl)dz < & K]{m ¢S(|Du)dm>i +]é¢(|pu’)dx] ,



Chapter 3

Bmo regularity for asymptotic
parabolic systems with linear
growth

In this Chapter we prove local regularity results for the spatial gradient of weak solutions
to non-linear problems under the assumption that the involved operator becomes appro-
priately parabolic at infinity. More precisely, we study nonlinear parabolic systems of the

type
ug — div(y(x,t)a(Du)) = —div f(z,t) (x,t) € Q x (=T,0) =: Qp (3.0.1)

where € is a bounded domain in R™, n > 2, T'> 0 and « maps Qrp into RV,
The main assumptions on the vector field a : RN® — RN™ are:

(H1) a is a continuous map;

(H2) there exist constants L and m such that

|a(§) — a(n)] < L|§ =] (3.0.2)

for all £, € RY™ such that |¢] + 5| > m;
(H3) there exists € > 0 such that a satisfies the coercivity condition

(a(€) —a(n),& —n) = L(1 —)|¢ —n|?

for all £, € RY™ such that |£] + |n| > m.
The notion of weak solution adopted prescribes that a map

u € CO(=T,0; L*(Q,RY)) N LP(=T,0; W' (2, R™Y)), N >1 (3.0.3)

is a weak solution to (3.0.1)), for p > 2, if and only if

/Q —upt + (y(x, t)a(Du), Do)dz dt :/ (f, Dp)dz dt (3.0.4)

Qr
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holds whenever ¢ € WO1 ’2(QT, RM).

We are able to prove two types of regularity results for weak solutions u to . The
first result concerns the BMO regularity of Du under the further assumptions:

(H4) ~: Qr — R is measurable and satisfies the non-degeneracy condition

O0<v<y()<L V(x,t)€Qr
and moreover defining

w(p) = sup  |y(=z,t) —(y,s)|
t,se(—T,0)
x,y€B,(20)CQ

there exists a > 0 such that
w(p) < cp®. (3.0.5)
(H5) f is BMOjoe(Qp, RV™).
More precisely, it holds:

Theorem 3.0.2. Let a satisfying the assumptions (H1) — (H5). Then there exist an g9 =
eo(n, L) € (0,1) and a constant M = M(a) such that: if e € (0,e0] and u € W22 (Qp, RY)

loc

is a weak solution of the system in Qr, then Du € BMOy,.(Qr, RN™) and there
exists a constant C' = C(n, L, distp(Q,, 0pS,)) such that

[Dulamin, < CM + [floma, +1Dull2(0,,)),
where 4, € U, € Qp are open domains.

Next, if we replace hypotheses (H4) and (H5) with
(H4") Functions ~(-) and f(-) are measurable, v(-) satisfies the non-degeneracy condition

O0<v<~()<L Yzt e€Qr
and moreover defining

w(p) = sup "')/(.%',t) - ’Y(yv 8)‘ + ’f(l',t) - f(y7 S)’ (306)
t,s€(—=T,0)
z,y€B,(x0)CQ
there exists a > 0 such that
w(p) < ep®. (3.0.7)

we obtain the following Lipschitz-regularity result:

Theorem 3.0.3. Assume that a satisfies the conditions (H1) — (H3) and (H4'). Then
we can find an g9 = eo(n, L) € (0,1), a constant M = M(a) and two constants ¢ and
¢ depending only on n and distp(,, OpSl,), such that if u € VVI})’CQ(QT,]RN) is a weak
solution of the system (m) in Qr then u € Wl’OO(QT,RN) and for all Q, € Qy, holds

loc

N

esssu Dul < M? + Dul?dzdt + co.
Pqy, | Du|

t1
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3.1 Estimate for a comparison map

Let us now consider, in a fixed cylinder Q, = Q,(x,ty) € Qp, the unique weak solution
v € WH2(Qp,RY) to the Cauchy - Dirichlet problem

{ vy — div[y(wo,to)Dv] =0 in Q, (3.1.1)

v=u on OpQ,
(see [23]). The central result of this section is the following:

Proposition 3.1.1. Let a satisfy the assumptions (H1) — (H3) and suppose that it holds
(H4) — (H5). Ifu € VVI}J’S(QT,RN) is a weak solution of the system in Qp, fized
(x0,t0) € R, there emists a constant ¢ = c(n, N, v, L) such that

/ |Du — Du|*dz <

T

cLL(U—f%F+AFﬁk+5/)ﬂmf%Dme%z+Ck;1%ﬂ&XL|Dm%4.
(3.1.2)

Proof. We will follow some ideas contained in [31]. For simplicity we assume L = 1. In
view of hypotheses (#2) and (H3) we find

((a(§) = &) — (a(n) —n),§ —n)
=(a(§) —a(n),E—n) —(E—n,{—n)
>(1-e)le—n?—|¢—nf
= —el¢ —n?

and

[a(€) — &) = [a(n) = nl* = |[a(§) — a(n)] — [¢ —n]|?
=la(¢) — a(n)]* + 1€ = n* — 2{a(&) — a(n), & —n)
<|E—nfP+ 16 —nl* =201 —e)l¢ —nl
= 2¢l¢ —nf?

for all £, € RV™ such that [£] + || > m.
Defining e(£) = a(&) — & we have, if |£] + |n] > m

le(€) —e(n)|* < 2el¢ —nf®
= le(€) — e(n)] < V2el¢ — 1|
that is e(¢) is a Lipschitz function with constant v/2e.

Let g be the v/2e-Lipschitz extension of the restriction of e to RN™\ B(0,m) to all RN™ and
let b(€) = e(&) — g(€). Now, b(-) has compact support, is continuous and b € L>®(RN™). So
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we have a reformulation of the equation (3.0.1) as a perturbation of the operator defined
in ((3.0.1)):

— div[y(z, t)Du + v(z,t)b(Du) + v(z,t)g(Du) — f] =0 (3.1.3)

with
9(€) — g(n)| < V2el¢ —n| V& neRNT (3.1.4)
()] < M V¢ e RN (3.1.5)

Now, for tg — r? < s < ty and & > 0 small enough, we choose

1 fortg—r2<t<s
¢(t) = %(t—s—s) fors<t<s+¢ (3.1.6)
0 for s+ <t <t

and let p(z,t) = (u — v)(, where v is the unique weak solution of (3.1.1]).
In the weak formulation of (3.1.1)) and (3.1.3)) respectively we formally use the test function
© obtaining

/ [—vpt + (v(z0,t0) Dv, Dip)] dz = 0 (3.1.7)

T

and

/ —ugr + (4(2, ) Du + ~(z, ) (b(Du) + g(Du)) — f, D)) dz = 0. (3.1.8)

r

Subtracting from we obtain
L/[—W—%0%+%7@JHMDu%+ﬂDuH—fJMNdz
+/[W@ﬁDu—%meDwD@MZ=Q

using the definition of ¢ we deduce

/[ (1 — ) (u — 0)iC — [u— ]G] dz

/Q [b(Du) + g(Du)] — f,¢(D(u —v))dz
—l—/QT (2o, to)]Du, (D(u — v))dz

+/ Y(zo,t0)D(u —v),(D(u—v))dz =0
Q.
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that is

/ [ — v) (= 0)eC — [t — 02 + ({0, to) D — ), ¢D(u — v))]dz =

r

/ (f — A, t)(b(Du) + g(Du)), (D(u — v)dz

r

- / ([v(z,t) = (20, to)| Du, (D (u — v))dz.

r

After performing manipulations it follows that

V/ |D(u—v)\2§dz :/ (f — fo, —v(x,t)b(Du),(D(u — v))dz
QT QT
= [t 0) = 5o, )l(Du). ¢ D~ v)) s

T

- / (40, 10)[9(Du) — g((Du)g, )], CD(u — v))dz

T

- / (1, £) — (0, £0)] D, CD(u — v))dz

T

< /Q 1f = fo, — (@, (Dw)[|D(u — v)| dz
+ / (2, £) = (20, t0) | (D) | D(u — v)|d=
T /Q +(w0, t0)lg(Du) — g((Du)o, )| D(u — v)| dz

+ / (1) — (0, to) | Dul [ D (s — v)] dz

=TI +I1T+1IT+1V.

We proceed with the estimation of I: by Holder inequality, (3.1.5) and (#4) it find out
that

r=<(/, 1f = fa. - v(awf)b(zvu)r?dz)é (/ D= i)

< (2 [ 1= sa i rb<Du>|2dz)% ( /L D~ o))

S(Q/Q |f—fgr]2+M2dz)2</Q |D(u—v)|2dz>2.

To evaluate the second addendum we take into account that g is a Lipschitz function and
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hypothesis (H4):

1< ([ i) = 2ot Plawpas) ([ b= o)’
T Q'I‘
1 1
2 2
< («0) [ taouas)" ([ 10w-opa:)
QT QT
1 1 1
2 2 2
< <25w2(7“)/ \Du|2dz) (/ |D(uv)|2dz) + (c/ |D(uv)|2dz> .
Qr Q. Q,
Using Holder inequality and (3.1.4]) we find
1< ([ laon) - g ) ([ 106 - wpiz)’

’ 1 ' 1

2 2

< (28/ Du — (Du)QTsz) (/ \D(u—v)\zdz) .

QT QT
Estimate for IV: by hypothesis (H4)
1 1
2 2
v < ([ et =stentPioaa:) ([ D= o)
i Qr

(w0 [, |Du\2dz>5 (. ‘DW_WZ)?

Combining estimates obtained we conclude with

J

DO < 3 [ (= fo P+ 1) ds

6¢e
2

T

3(2 1
|Du — (Du)g, |*dz + (ij)wQ(r)/ |Du|?dz
Qr

r

that is (3.1.2)).

3.2 BMO regularity for spatial gradient

This section is devoted to the proof of the Theorem [3.0.2]

3.2.1 A few lemmas

We start with a preliminary result due to Campanato [12]:
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Lemma 3.2.1. Let v be a solution of the equation
vy — div(ADv) =0 in Q,(zo, o)

with A constant matriz. Then for any 0 < p < r, we have

n+2
/ |Dv|?dz < c<£> ! / | Dv|?dz (3.2.1)
Qp(z0,t0) r Qr(z0,t0)
and
9 p n+4 9
[ o= Do eanPas<e(2) [ (Do (Do)g Pl (3:22)
Qp(zo,to) r Qr(zo,to)

where ¢ is a positive constant depending only on n.
Next Lemma (see for instance Lemma 1 in [20]) plays an important role for the iteration:

Lemma 3.2.2. Let a,d >0, A>0, B>0, 5 €[0,«). Then there exists £9,C > 0 such
that for every function ® nonnegative and nondecreasing defined on [0,d] and satisfying
the inequality

®(0) < (A(ﬂ)a +K)q>(R) +BR® Yo,R:0<o<R<d
R
with K € (0,¢eq] it holds that
®(0) < CoP(dPP(d)+ B) VYo:0<o<d.

3.2.2 Proof of Theorem [3.0.2]

Now we are able to prove the BMO regularity of the gradient of solutions to ((3.0.1]).
In a fixed cylinder Q, = Q, (o, ty) € Qr we apply (3.2.2) with 7 € (0,1)

| 1Do= (D)o Pz < ert [ Do (Do, i

Tr Qr

the triangle inequality and (3.1.2)) to obtain
| 1Du-(Duo, Fa:

— / \Du— Dv+ Do— (Dv)a,, + (Dv)a., — (Du)o., [*dz

s3[/ |Du — Duf*dz + / Dv — (Dv)o,, Pdz + / (Dv)a,, — (Du)o,, [*dz
Tr Q‘r'r

Tr

§6/ |Du—Dv[2dz+3/ |Dv — (Dv)g., |*dz
Q’I‘ TT

gc/Q (|f—fQT|2+M2)dz+c(5+7"+4>/ |Du — (Du)g, |*dz

r

+ c(2e + 1)w2(r)/ | Dul?dz. (3.2.3)

T
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Moreover using again (3.1.2)) and the fact that

/ ]Du—(Du)QT\zsz/ |Du|?dz

T T

we have

/ |D(u —v)?dz <
Q

gc[/ (|f—fQT|2+M2)dz+€/ \Du|2dz+(2€+12)wg(T)/ Du|2dz]

Q, r r

_ (2e + 1)w?(r)

_. [/QT(\f—fQT]2+M2)dz+ (e + B /Q Du\zdz]

:cl/Q (]f—fQTIZ+M2)dz+62(26+w2(7’))/ ]Du\de. (3.2.4)

Taking p < r in (3.2.4), using triangle inequality and (3.2.1)), we deduce

/ |Dul?dz <

Q

< 2/ |D(u—v)|2dz+2/ |Dv|?dz
Qp Qp

n+2
< 2/ ID(u—v)Pdz +2( ") / | Do|?dz
Qp r Q,
+2
gz/ ID(u—v)Pdz + 2¢(2)" [2/ yD(u—v)y2dz+2/ Dul?d:]
Q, r Qr Qr

9 p n+2 9
< 03/ |D(u — v)] dz+04<7) / | Dul|“dz
Q, " Q,

n+2
< 05/ (If — er|2 + Mg)dz + (2066 + c6w2(r) + 04(/)) ) / |Du]2dz
QT Qr

r

< C57“n+2_6R8][Q (‘f_fQT|2+M2)dz+ (C7E+C?¢u2(7")

n+2
+cy (B) >/ | Du|?dz.
r o,

Fixed ¢ < g9 and 7 < Rg such that c7e + c7w?(r) < &g, by Lemma we have
/ |Dul?dz < ¢p? <Raﬁ/ | Du|?dz + B) <cp? (3.2.5)
Q, 9OR,

for all 5 < n+ 2 and for all 0 < p < Ry (in particular 8 = n + 2 — §, where ¢ will be
choosen in an appropriate way).
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At this point we want to prove that there exist a constant C' = C(n, L) such that for all
QRry, = Qr,(70,t0) € Qr and p € (0, Ry) the following estimate holds:

][ |Du — (DU)QP|2dZ
9

< ¢ <M2 + [.ﬂ%,n;ﬂtl +][
ORr

where Q, = Q,(xo, ) and

e = s ][ f — fo, [2d=.
Qp

(z0,t0) €
p€(07RU)

|Du — (Du)op, 2dz + C’) (3.2.6)

0

Now we define a function &:
®: (0,Rp) — [0,00)

putting
®(R) = / |Du — (Du) g, |*dz.
ORr
Such @ is non-decreasing and for 0 < p < s < Ry, by (3.2.3)), satisfies the following;:
o) = [ IDu~ (Du)o, s

P

Sc/g (I = fo.? + M?)dz

- [c€+ (p>n+4} /Q |Du — (Du)g, |*dz

S

+c(2e + 1)w2(s)s"+2wn][ | Dul?dz

s

= csmt? [][Q 1 = fo.Pdz+ M?| + [ec +3(Z)

+c(2e + 1)w2(s)s"+2wn][ | Dul?dz.

s

"as)

Taking 0 < s < Ry and 7 € (0,1) we have
®(75) < cs"? [][ |f — fo.l?dz + M2] + [CE + 3T"+4} D(s)
Qs

+c(2e + 1)w2(s)s"+2wn][ | Du|?dz

s

_n+2 _ 2 2 n+d [ CE
—cs [][stf fQS]dz+M]+3T 1o

+c(2e + 1)w2(s)s”+2wn][ |Dul*dz. (3.2.7)

s
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Let 7 = ﬁ and &y = 7"+, Then, for £ € (0,&y) we have
ce 4a[ CE +4 _ . n+3
Tn+4+1<c+1:>37-n [Tn+4+1}<37-n (C+1)7Tn

and so (3.2.7)) becomes

®(75) < 52 [][ \f — fo.|?dz + MQ] + 7" T3(s)

s

+ c(2e + 1)w2(8)8"+2wn][ | Dul*dz. (3.2.8)
Qs
By induction, for all j € N:
j+1 1 gnr2f T
(r71s) < (72 T as)

J
o swp [ 1f = fo s+ ) 307070
0<s<Ro s i—0
J
+ 6(26 + 1)wn Z Ti(n+2)+(ji)(n+3)(j+1)(n+2)w2(7_i8)][ |Du\2dz}
=0 Tis

Now it holds

i A
I SO
i 1=0

1
-2l —1)

Employing hypothesis (H4) and using (3.2.5)
i
ZTi<n+2>+<j—i><n+3)—(j+1>(n+2>w2(Tz's)][ | Dul2d:
=0 Q

J o ) o272 g2a
< Z FUn+2)+(j 1) (n+3)—(j+1)(n+2)

=0

2a+0 J
< _Us 3 i-ilnts-2a5)
— Sn+2wn7-n+2

=0

S /¢ PN
Fitnt2) gnrzg, 70

Taking into account that § =n + 2 — § and choosing § = 2a we deduce
J
ZTi(n+2)+(ji)(n+3)(j+1)(n+2)w2(7_is)][ \Duldz

i=0 i

J
C .
S n—+2 ZT]_Z
WnT
n i=0

I
T w21 - 1)
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Finally
, A it
(r71s) < ()2 T as)
m e [][ S |f = fo.lPdz + Mﬂ + m} (3.2.9)
Let p € (0, Ry) and choose j € N such that
TRy < p < 7Ry, (3.2.10)

Then (3.2.9) becomes
— j+1_P
®(p) = <I><7- Tj+1>

141
< (Tj+1 p >n+2{7—j+1(7—]+ >n+2¢ p
— Ti+1 p i+l
C

- - . 2 M2
Tn+2(1_7.) sup [][ ’f st’ dz + +

0<s<Ro s

+

Using the facts

ij“ < 2 by (3.2.10)
j:i
Pt < (RLO)”Q <1 by B210)
we have
. 1
(p) <p H{W@(RO)

C

- _ 2 2
+T"+2(1—7-) sup [][S|f fo. |dz+ M*| +

0<s<Rp

dividing by | Q, | we get

1 1
— <———®(R
pn+2wn (P) = T"+2R6‘+2wn ( 0)
¢ 2 2
+ —5— sup [][ f—fo,|7dz+ M~| +
T2(1 —7) 0<s<Ro s | o.!

that is (3.2.6)).

C(2e+1) }

TH2(1 —71)

since ® is non- decreasing

C(2e +1)
=)

C(2e +1)
wpT2(1 —71)’

Let § = 1 distp(,, Op,) > 0 we may choose, for all (zg,tp) € (,, a radius Ry > § such

that QRO = QRo(aj07t0) C Qtl'
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Since
1 2
RMT2 . | Du — (DU)QRO’ dz

wn dtg 0
1
< — / |Dul*dz
Ry™wn Jag,

1
< — Dul?dz,
> 5n+2wn /Qt1’ U| z
the inequality ([3.2.6)) becomes
4

][Q |Du — (Du)g,|*dz < C[M2 + [ e, + = /Qt |Dul?dz + C
1

P

and taking the supremum over all Q, C €, we obtain the assertion.
Let us remark that in (3.2.5)) we proved the following result that will be useful later:

Lemma 3.2.3. Under the same assumptions of Theorem[3.0.9 there exist an ey such that
if € < g, then for every 0 < p < R we have that

/ |Dul?dz < ¢p® VB <n+2.

P

3.3 L™ spatial gradient regularity

3.3.1 An intrinsic estimate

From now on:

wy(p) == sup  [y(z,t) —(y,s)|
t,s€(=T,0)
x,y€B,(x0)CQ
Wf(p) = sup |f($7t) - f(y7 S)|
t,se(—T,0)

z,y€B,(x0)CN

and recalling the definition of w(-) in (3.0.6)) we have

[ws (0] + [wr (p)]* < [w(p)]*. (3.3.1)

The following Lemma is a key ingredient in the proof of the L* estimate for the system
(3.0.1); the proof is due to Dolzmann, Kristensen and Zhang (see Lemma 3.2 in [31]):

Lemma 3.3.1. Assume that e : RN™ — RN s globally Lipschitz continuous with constant
L and there exists €, m > 0 such that

le(€) —e(n)| <ele —nl V& n € RY™ :|g| + [n| > m.
Let M = @ Then, for all & € RN™ and all X > 0 with A2 + [£|> > M? we have

le(€) — (&)l < e(l€ =&l +A) V& e RY™ (3.3.2)
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Now we prove a key estimate:

Theorem 3.3.1. Suppose that e(§) = a(§) — & is globally Lipschitz with constant L and
assume that there exist constants m,e > 0 such that

le(€) —e(n)| <el¢—n| VY& eRN™ (¢ + [n| > m.

Then we find an g9 = €9(n) € (0,1) and a constant M = M(a) such that if € € (0,e9) and
u € I/I/I})’CQ(QT,RN) is a weak solution of

ug — div(y(x,t)a(Du)) = —div f in Qp,
then there exist a constant ¢ = ¢(n, N,v, L) such that
/ |D(u —v)2dz <
Or
<c [52/ \Du— (Du)QR|2dz+w§(R)/ DuPdz + A(R)| Qrl|.  (333)
Or Or
Proof. Fix (xg,tp) € Qr and a parabolic cylinder Qr = Qr(xo,t9) € Qr, and suppose
that

][ ]Du|2dz > M?
Or

where M = ‘/sz is the same of Lemma
Define

Using the fact that
} 1Du= (DujogPdz = f |DuPdz - (D)o,
Or Or

we have \2 + [£]? > M2, so we can apply Lemma obtaining

le(§) — e(§o)| < (€ — ol + A). (3.3.4)

Let v € WH2(Qp,RY) the unique weak solution of (3.1.1). We test the weak form of
(3.1.1) and (3.0.1)) with ¢ = (u—v)(, where ( is defined in (3.1.6)); this is possible modulo

a standard use of Steklov averages.
It find out that:

/ —vpr + (Y(x0,to)Dv, D) dz = 0 (3.3.5)
Qr
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and

/Q [—upe + (v(z )a(Du), Dg) — (f(x,1), Dg)] dz = 0. (3.3.6)
R
By subtracting (3.3.5)) from (3.3.6) we obtain
[ =)+ (12 a(Du) (o, o) Dv. D)
R
= (f(z,1), Dp)] dz = 0,
taking into account that a(Du) = e(Du) + Du we have

/Q =1 = 0) (1 — )¢ — [u— v¢ + ((z, ) e(Du) — e((Du)o,)], (D — v))

+ (y(z,t) Du — y(x0,t0) Dv, (D (u — v))
— (f(x,t) — f(wo,t0), (D(u —v))]dz =0

that is

/Q [t — ) = )€ — [ — 02, + ( (. £)[e(Du) — e(Du) @i)], (Dl — v))

+ ([v(z, 1) = v(wo, t0)| D, ¢D(u — )) + (y(20,t0) D(u — v),{D(u — v))
— (f(z,t) — f(xo,t0),(D(u —v))] dz = 0.

As a consequence we also have

v [ 1D 0Pcds == [ G tle(Du) - e((Duoyl Dl - ) dz
Or Or
- /Q (e, 1) — Ao, t0)] Du, ¢ D(u — v)) d
+ / (1) — f(zo,to), CD(u — v)) dz
Or

< [ le(Du) — e((Du)gp)||D(u — v)| dz

ORr

+ [ v(x,t) = (w0, to)||Dul|D(u — v)| dz
Or

+ [ |f(z,t) = f(2o,t0)||D(u —v)|dz
Qr

= I+ IIT+1II.

We estimate separately the integrals.
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Estimate for I: applying (3.3.4), Holder inequality and triangle inequality we find

I< E/Q (|Du — (Du)gy| + AN)|D(u — v)|dz

< (52 /QR(]Du— (D)o, | +)\)2dz>% (/QRu)(u—u)sz)é

< (252 /QR(\DU— (zau)QRy?+A2)czz>é (/QR |D(u—v)|2dz>2

On the other hand Hélder inequality gives

IT < wv(R)/ |Du||D(u — v)|dz

Qr

< (w2 [ \Dusz)% (L D(u—vwdz)é

To evaluate the last addendum we use hypothesis (H4’)

(/QR D — v)|2d,z>é |

Combining the previous estimates and keeping in mind the definition of A we conclude

ol

IIT < (w}(R)| Qr )

with
/ [D(u—v)|* <
Qr
i 3wi(R 3w?(R)| Q
<% [ (1Du— Doy + X2)dz + %g)/ |Dul?dz + M
Y on v Or v
652 BWZ(R)
Or On
3w} (R)| Qr |
L
—° [62/ IDu— (Du)ay e +2(R) [ (D + ()] @ l]
Or On
that is (3.3.3)). -

3.3.2 Proof of the Theorem [3.0.3

In this section we will prove Theorem [3.0.3| using the inequality proved in last section
together with Lemma and Lemma [3.2.3

Using (3.2.2) with 7 € (0, 1), the inequality (3.3.3)), the fact that

| (Dvo,— (Dwoufdz< [ 1Du- Doz,
QTR QTR
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and the triangle inequality we have

[ 1pu- (Duo, P
QTR

= [ 1Du= Do+ Do~ (Du)o., + (Do), - (Du)a. s
QTR

<c {/ |Du — Dv|*dz +/ |Dv — (DU)QTR’2d2:|
Q‘I’R QTR
<c {52/ |Du — (Du)g,|*dz +w3(R)/ |Dul?dz + wfc(R)] Or @
Qr Qr
+ CT"+4/ |Dv — (Dv) g, |*dz
Qr

< c<€2 + T"+4) / |Du — (Du)g,|*dz
Q

R

+CW3(R)/Q |Dul?dz + cw}(R)| Qr .
R

Furthermore, using (3.3.1)), we infer

2
/ [Du — (Du)g,x2dz < 7 2e( g +72) / |Du — (Du)g,,*dz
Qrr T Or

+ 6ew?(R) / \Dul2dz + 6cw?(R)| On|
Or

and dividing by | Qg | we have

2
][ |Du — (Du)g, ,|*dz < c( ,12 + 72)][ |Du — (Du) gy |*dz
Orr a ORr

C Cc

- wQ(R)][Q Dude o (R). (3.3.7)

For each fixed 8 < 1 we can find 79 and &g such that

82 2

0
S TS (3.3.8)

6
€5 = 7'5”2(2 — 792).

Choosing ¢ € (0,gp) there exists 7 € (0, 1) such that (3.3.7) becomes

for

f 1Du- (Duo, Pz <
QTR

c

C
A R) ][Q | Duldz +
R

<60{ |Du— (Du)g,|*dz+ W

Or

2(R). (3.3.9)

TTL
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At this point we iterate the decay estimate. Fixed Q, € Qi € Qr, let d = distp(Qy,, Oph, ).
Let (wg,t9) € 4, be an L%Lebesgue point of Du:

Du(zg,tp) = lim Dudz
p—0 Qp

lim |Du — (Du)g,|dz =0
p—0 Qp

where Q, = Q,(xo, to).
Now we define an appropriate radius Ry in the following way:
if][ |Du|?dz > M? for all R € (0,d], then let Ry = d;

Qr

if][ |Du|?dz < M? for some R € (0,d], then we set
Qr

Ry = inf{O <R< d:][ |Du|?dz < MZ}.
Or

We note that for every p > Ry it happens that][ |Dul?dz < M?.

<

If Ry = 0 we have that

2
| Du(zxg, to)|* = lim][ Dudz‘
pA)O Qp

<lim 4 |Dul*dz < M?
p—)O QP
SO |Du(ﬂfo,t0)| < M.

If 0 < Ry <dthen][
QRO

0,d] : JCQR, |Dul?dz < M2} we have that][ |Dul?*dz < M?, so for all R < Ry it follows

R

|Du|?dz = M? by continuity. Moreover for all R € {R €

]l |Dul?dz > M?.
QR
Finally, if Ry = d then

1 1
|Dul?dz = / |Dul?dz < / | Du|?dz
][QRO wnd"+? QRr, wnd"+? Qg

and for all R < d we have][ |Du|?dz > M?.

Q
This means that for 0 < Ry SR d we have

1
][ |Du|?dz < max { M2, 2/ |Dul?dz p =: A
QRO wnd”+ Qi
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and for all R € (0, Ro),][ |Du|?*dz > M?.
Or
Consequently from (3.3.9) with 7 € (0,1):

|Du — (Du)g ;. %dz
QTjRO e
< a][ Du—(Du)g, ,, [*dz+ — w2(7j130)][ | Duld=
erflRO 0 T ij71R0
+ Tn+2w2(7-j71R0)
and by iteration
][ |Du — (Du)g iR dz < Gj][ |Du — (DU)QRO |*dz
iR, e QR
c =2 c i1

i 2 A R DuPdz + —o5 > 0w Ry, (3.3.10)

i=0 Qiji—lRo i—0

We estimate separately the last two terms.

Using hypothesis (H4'), relation (3.3.8) (from which 72 < ), Lemma and taking
into account that 8 =n + 2 — § we deduce

j—1
= ZHW(TJ"HRO)][ |Dul?dz <
T i=0 Q. j—i-1g,

20(j—1—1) P2« ,6’ 1—i) pB
Z . O r2a(i—1-1) R? (U-1-9) R 0
- 7—7L+2 T(n+2 j—1— z)RTH-Q

’VL

_ f; R2o+B- (n+2)292 (2a-+B—(n+2))(j—1—1)
TV 20,
=0

#me 1-i) 2958
7—n+2w R5 20 5
=

~ ]_1

C 2a [ . 2a—46
O a2 N i)

é 0(]_1) 20/2 )
_ 2a—4
T”+2wnRg 2o g1t

IN

IN
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and choosing § < 2a we have

j—1
i3 20w R \Duf*dz
[ Q j—i-1p,
C pli—1)22
- T”+2wnRg_2°‘ 1 pl-2%2
S Cle(]_l) 2a2—6 .

Similarly, keeping in mind (3.0.7)), we have

j—1

j—1
¢ i j—1—i C X i 2a(i—1-i) p2a
n+2 ZO w (T Ro) < n+2 ZB T2 RS
i=0 i=0
«@ Jj—1
C Ry gi+al(i—1-i)
- nt2
i=0
j—1
CR3* i 1) X pill—o)
< SR 0tTh 0
i=0
C Ry g0 Y a(i-1)
- nt2 1 - Pl = CQH :
Then (3.3.10) becomes
|Du — (Du)g ;. ?dz <
QTjRO 0
< 07 ][ |Du — (Du) gy, |*dz + C19U—D25 | opgal—1), (3.3.11)
QR

Now, by triangle inequality

‘(DU)QT]‘RO‘ = ‘(DU)QT]‘RO - (DU)QRO + (DU)QRO‘

J
< ‘(DU)QROI + z; |(DU)Q_,¢RO - (DU)QTFlRO |
i=
and taking into account that
1 1
(Du)gg,| < (IDul)gg, < (IDuf*)}, <A

and

(D)o, ~ Do,y | = [ Duds—f (Do, d:
0 0 Q. ing o) 0

Ti_lRO

1
< Du— (D
. D= (D

Ti71R0

|dz

Ti_lR()
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we conclude

-

2
‘Du - (DU)QTi—1RO ’2d2’>

<abg !t :
< 2+Tn+2‘ g

=1 TiflRD
1 1 J i—1 2a—§ i—9 i—92 %
< A%+ [9% A+ CLo* T2 4 0yl >]
Tn+2
=1
< Az + Az + G 1 I Cy 1
B VBTR2(1 =) VB2 gt gt VB2 03 (1 - 02)
= A2C+C.
Finally it find out that
| Du(zo, to)| = jlggo(DU)QTjRo
< Jim [(Du)g ;. |
<A:C+C

SC(MQ—i—/Q |Du\2dz>§+é’

t1

and this concludes the proof.



Chapter 4

Partial Regularity Results for
Asymptotic Quasiconvex
Functionals with General Growth

In this Chapter we study variational integrals of the type
F(u) = / f(Du)dz for u:Q — RN
Q

where 2 is an open bounded set in R™, n > 2, N > 1 and f is a continuous function
satisfying a yp-growth condition:

fI S CA+e(l2]) ¥z eRM,

where C' > 0 and ¢ is a given N-function.
We will consider the following definition of a minimizer of F.

Definition 4.0.1. A map v € WH?(Q,RY) is a W'¥-minimizer of F in Q if
Flu) < Flu+¢)
for every £ € WOL‘P(Q,RN).

As already observed, the quasiconvexity was originally introduced for proving the lower
semicontinuity and the existence of minimizers of variational integrals of the Calculus of
Variations. In fact, assuming a power growth condition on f, quasiconvexity is a necessary
and sufficient condition for the sequential lower semicontinuity on W1?(Q,RV), p > 1 (see

[1] and [68]). In the regularity theory a stronger definition, the strict quasiconvexity, is
needed, a notion which has nowadays become a common condition in the vectorial Calculus

of Variations (see [43],[2], [15]).

In order to treat the general growth case, we consider the notion of strictly W1 #-quasiconvexity
introduced in [27] (see also [9]).
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Definition 4.0.2 (Strict Wh%-quasiconvexity). A continuous function f : RN — R is
said to be strictly W1 -quasiconvex if there exists a positive constant k > 0 such that

f(z+ DE)da > f() + k]é o1./(1DE]) dx

B1
for all € € CL(By), for all z € RN™, where 4 (t) ~ t2¢"(a +t) for a,t > 0.

We will exploit an adequate notion of W1 ¥-quasiconvexity at infinity, which we will call
Whe-asymptotic quasiconvexity:

Definition 4.0.3 (Asymptotic W1 ¥-quasiconvexity). A function f: RN" — R is asymp-
totically W% -quasiconvex if there exist a positive constant M and a uniformly strictly
WY quasiconvex function g such that

f(z) = g(2) for|z| > M.

We note that in recent years a growing literature has considered the subject of asymptotic
regular problems: regularity theory for integrands with a particular structure near infinity
has been investigated first in [I7] and subsequentely in [55], [81], [18], [30], [67], [80], [46],
[49], [29], [31].

We deal with the problem wondering if, when you localize at infinity the natural assump-
tions to have regularity, this regularity breaks down or not. It is the same question faced
in [7] and [4], where you do not require a global strict convexity or quasiconvexity assump-
tion: all the hypotheses are localized in some point zp and you obtain that minimizers are
Holder continuous near points where the integrand function is ”close” to the value zg.

Thus, after establishing several characterizations of the notion of W¥-asymptotic quasi-
convexity (see Theorem 4.2.1)) we will prove the following result.

Theorem 4.0.2. Let zg € R™ with |z9] > M + 1 so that holds in B,(xo), let

u € WHP(Q,RN) be a minimizer of F, and V(z) = %Z. Assume that f satisfies
(H1) — (H5).
If for some xg € Q
lim |V (Du) —V(2)|* =0 (4.0.1)
r—0 By (20)

then in a neighborhood of xg the minimizer u is C% for some @ < 1.

In order to achieve this regularity result, we have to prove an excess decay estimate, where
the excess function is defined by

E(Br(z0), u) = ]{3 VD0 — (VD) P

In the power case the main idea is to use a blow-up argument based strongly on the
homogeneity of ¢(t) = tP. Here we have to face with the lack of the homogeneity since the
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general growth condition. Thus one makes use of the so-called A-harmonic approximation
proved in [27] (see also [85) 34 35 37, B9] for the power case). Such tool allows us to
compare the solutions of our problem with the solution of the regular one in terms of the
closeness of the gradient.

Moreover we will prove that minimizers of F are Lipschitz continuous on an open and
dense subset of €.

More precisely we define the set of regular points R(u) by

R(u) = {z € Q: u is Lipschitz near z},
following that R(u) C € is open.

Corollary 4.0.1. Assume that f satisfies (H1) — (H5). Then, for every minimizer u €
Whe(Q,RN) of F, the reqular set R(u) is dense in .

We remark that a counterexample of [83] shows that it is not possible to establish regularity
outside a negligible set (which would be the natural thing in the vectorial regularity
theory). So, our regularity result generalizes the ones given in [83] and [16] for integrands
with a power growth condition which become strictly convex and strictly quasiconvex near
infinity, respectively.

4.1 Assumptions and Technical Lemmas

4.1.1 Assumptions

The specific assumptions we are considering are now listed:
Let f: R¥™ — R be such that
(H1) f e CHRN") NC*HRN™\ {0});
(H2) Vz € RV™, [f(2)] < C(1+ (2]));
(H3) f is asymptotically W h%-quasiconvex;
(H4) Vz € RV"\ {0}, [D*f(2)| < C¢"(|2]);
(H5) Vz1, 20 € RYV™ such that |z| < %]z2| it holds
|D?f(22) = D*f(z2 + 21)| < C¢"(|22])] 22 7|z

Remark 4.1.1. Due to hypothesis (H2), F is well defined on the Sobolev-Orlicz space
Whe(Q,RY).

Let us also observe that Assumption (H5), that is a Hélder continuity of D*f away from
zero, has been used to show everywhere reqularity of radial functionals with p-growth (see

[29]). We will use it in Lemma below.
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4.1.2 Technical Lemmas

For 21,20 € RN™ 0 € [0, 1] we define zp = 21 +0(z2 — 21). The following fact can be found
in [3] (see Lemma 2.1).

Lemma 4.1.1. Let 8 > —1, then uniformly in 21, z2 € RV™ with |21| + |22] > 0, it holds:

1
/ 1261 d6 ~ (|2 + |2a])’.
0

Next result is a slight generalization of Lemma 20 in [25].

Lemma 4.1.2. Let ¢ be an N-function with As({p, px}) < 0o; then, uniformly in z1, z2 €
RN™ with 21| + |22 > 0, and in p > 0, it holds

¢ (n+ 1z +2)) /1 o (1 + |z9|)d9
B+ |z1] + |22 R

From the previous lemmas we derive the following one.

Lemma 4.1.3. Let ¢ be an N-function satisfying Assumption|2.4.1. Then, uniformly in
21, 29 € RN™ with | 21| + |22] > 0, and in p > 0, it holds

11
/ / te" (1 + |21+ stza]) ds dt ~ " ( + |21] + |22).
o Jo
Proof. Using ¢'(t) ~ t¢"(t), applying twice Lemma and taking into account that

A |21+ |21+ 22 ~ p+ |z + |22

and ¢'(2t) ~ ¢'(t), we obtain

1 1 1 1 /

t
//tw”(u+\zl+stzQy)dsdt§c/ / (Pt |t stza)) L
070 o Jo  plz stz

@' (1 + 2] + 21 + |21 + 22])
A+ |z1] + 21| 4 |21 + 29
RAUSSCARSE))
p+ |z1] + |22
<" (p+121] + |22l).

Similarly, for the other inequality, we have
1 1 1 1 /
t
/ / to" (1 + |21 + stzo|) dsdt > c/ / +P (1 + |21 + stzo) ds di
070 o Jo  ptlz stz
1 /
S C/ @ (14 |21 + |21 + t22))
0

t dt
A |z1| + |21+t

2 C
(1 +[21] + |22

1
2 / @+ |z21| + 21 + tzo|) tdt,
0
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where, in the last line, we used that ¢(t) ~ t¢'(¢).
Due to the Jensen inequality, we go ahead and we obtain

1 1 1
c
to" (1 + |21 + stzo|) dsdt > ® </ (u+|z1] + |21 + tz2|)tdt)
/o /o (et Taal + 1222 7 o

Ik o+ |z1| + |22])

> C
T (2] + |22
CSO/(M + |21] + [22])
w21 + |22
> c@"(p+ |21] + [22)),

thanks also to the equivalence between (2t) and ¢(t), ¢(t) and t'(t), and ¢'(t) and
to" (t). O

Remark 4.1.2. From the previous lemma we easily deduce that

1 1
/ / to" (V1 + |21 + stz|?) dsdt ~ " (1 + |z1] + |22]),
0 0

since @' (t) ~ t@"(t), ¢’ is increasing and ¢'(2t) ~ ¢'(t).

The following version of the Sobolev-Poincaré inequality can be found in [25] (Theorem
7):

Theorem 4.1.1. Let ¢ be an N-function with Ag(p, ¢*) < 0o. Then there exist o € (0, 1)
and k > 0 such that, if B C R™ is a ball of radius R and u € W% (B,RYN), then

Lo () go < (f pouyar)

The following two lemmas will be useful later.

Lemma 4.1.4. Let ¢ satisfy Assumption and po,p1 be as in Lemma[2.7.1. Then
for each n € (0,1] it holds

Plal(t) < Cn' P o (t) + 1|V (a) — V(b)2,
(1) * () < Cn' =) () + 0V (a) = V(b)[?

for alla,b € R", t > 0 and p = min{py, 2}, § = max{p1,2}. The constants depend only on
the characteristics of .

For the proof see Lemma 2.5 in [26].

Lemma 4.1.5. Let ¢ be an N-function satisfying Assumption and let us consider
the function z € RVN™ s o(\/1 + |2|2). Then, uniformly in y, z € RN™ it holds

(D*o(\V/1+ 12+ 92 )y, y) ~ " (V1412 + 92|yl
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Proof. We can see that

z+
Do(v/1+ 2+ y2) =/ (V1+ [z +yP) Y

V1tlz+y?
and
zZ+y zZ+y
D*o(/1+ |z 4+y)?2) =" (V1+ ]2 +y?)
Vitlz+yP  V1+|z+yP?
(V14 |z+y|?) z+y z+y
+ I—
Vi+z+yP Vitlz+yP  V1+]z+yP

where I € RV is the identity matrix. Therefore

= 2
(Do TT T 7 ),9) = ¢ (VI T gp) et vul

1+ |z +yl?
YW1+ +y?) [ o 2ty
- s |V e
1+ [z +yl 1+ |z+y|
. . [(z + v, 0)? >
Using Assumption [2.4.1| and the fact that ———=— < |y|* we deduce
2
1+ |z + vyl
+y,y)?
D2o(/TF 2 137 < u¢f““5K34447
(Dre(VI+lz+yP )y < ¢ (VI+ 2+ 9P ) mm s
z+y, )
+ 0" (V1+ |z +y? 2_ ety yl
¢ R 1wy oo
< CY" (V1 + [z +yP)lyl
Similarly,
(D*o(V1+ |z +y?)y,y) >
+1,9))? [(z + v, y)I?
> VI raP) Ul | oo AT R | - Kt w !
> ¢"( | m>1+v+yp @' ( 2+ y?) (lyl 152+ yP?
= T TPl + (- O (VT e+ ) T 2l
1+ |z +yl?
> CY"(V1+ 1z +yP)lyf

4.2 Characterization of asymptotic W1 ¥-quasiconvexity

In this section we will establish some characterizations of asymptotic W1 ¥-quasiconvexity.
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Theorem 4.2.1. Each of the following assertions is equivalent to the asymptotic Wh¥-
quasiconvezity of a function f : RN™ — R:

(i) If f is C? outside a large ball there exists a uniformly strictly W¥-quasiconvex
function g which is C? outside a large ball with

L D) - Dg(2)]

A ) (421)

(i) If f is locally bounded from below, then there exist a positive constant M and a
uniformly strictly W1 -quasiconvex function g such that

f(2) =g(2) for|z| > M

and
g < f onRN™

(iii) If f is locally bounded from above, then there exist a positive constant M and a
uniformly strictly W1 -quasiconvex function g such that

f(2) =g(2) for|z| > M

and
g>f onRN™,

(i) If f satisfies (H2) there exist positive constants M, k, L such that

f(z + Deydr > f(2) + k][ o1 (IDE]) de (4.2.2)
B B1

for |z| > M and &€ € C°(B1,RY), and
[ (22) = f(z1)| < Llza = 22|9" (1 + |2] + |22]) (4.2.3)

for all |z1|, |z2| > M.

Proof. The proof stands on four steps.

Step 1: We want to prove that f asymptotically W1¥-quasiconvex is equivalent to (i). Let
us show that (i) implies the asymptotic W ¥-quasiconvexity of f, the other implication
being evidently true.

Let g be as in (i). We may assume that f, g are C?(RV? \E%) and taking h = f — g we

have that h € C2(RN" \E%) In particular, by (4.2.1)) it holds

D?h
lim | ()]

Jm S =0 (4.2.4)
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Our aim is to prove that

|Dh(z)] B
A e (425)
and
b))
|21|Hoo 202 0. (4.2.6)

Let us consider |z| > 1. Take Z: , then |Z| =1 and

Dh(z)| 1 el ]
i < Wd[/|Dh@+uz Dz =l de + DA )
/quﬂ G- e+,
MEriz—2) @0
UD%(E iz - D) P (F B,
+ = — s |z —Z| dt
[ﬁlw<v+wz D)
D)
202D
=T7+TT+TIT7T.
Estimate for Z:
0| (75 u+t 9D,
Z<§2,¢ il AR
\D%wﬂ Ve i
<<§grwﬂm)wwz 7t = 1)l - vy
DR 1
SUp ") e ¥ e ks
D) 1 g 1
‘<§3w<|ogﬂuow(1+ z\>

Taking into account that
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and using Lemma we can find py > 1 and C' > 0 such that

(D) = o (%) <c (ﬁ) o(12).

Then we obtain
/ |z|—1
J(1+ w?) f ) e <o VEL
¢'(I21) (\/]2])po

At this point, using (4.2.4]) and (4.2.7), we can conclude that Z — 0 as |z| — 4o0.
Now we estimate Z7:

— 0 as |z| = oo. (4.2.7)

D*h)| [P SEttE-R),
o \yliu\l/)r ¢"(lyl) / J0e) P A
o Dh) 1 s z| — 2| —
S\y|>\pﬁ " (lyl) #'(12 I)/1z|90 (L + (|2l = 1))(J2] = 1)t
< sup DOt (o141 - 1)

o ) @ (2D g

20 1) U I E
) 2D [“’(' ) 9”<” >]

2 —|—
sup 1D hiy)]| l— —+—— ( ) — 0 as |z] = o0

= /!
‘y|>\/m ® (|y|)
where we used (4.2.4) and (4.2.7)) to conclude.

Finally

17T < (| e max|Dh( )| = 0 as |z| = oo.

Analogously we also obtain (4.2.6]).

We can see that if M
p®(|2])
|z| = 0.

Taking into account (4.2.4)),(4.2.5)) and (4.2.6)), fixed v > 0, that we will choose later, there
exists M >> 1 such that if |z| > M then

|D*h(z)|

— 0 as |z| - oo for i = 0,1,2, then —————
@1 +12])

[D?h(2)] < v (1 + 2])
|Dh(z)] < v (1+]2])
()] < ve(l +[2]).



56

Partial Regularity for Asymptotic Quasiconvex Functionals...

Let us consider a cut-off function 7 defined by

[N

if |z| > 2

n<1 ifl< |z <2
1
0 if |z] < 1.

0
n
Ui

Set
Q := max {sup |Dn|, sup ]D27]|}
RNn RNn
and let us consider nas(2) = n(377). Then we have

o
M+1

|Dnu| < and | D*ny| <

>
(M +1)%
Let @ := npsh; then for M < |z| < 2M we have

D@ (2)| < [D*nas(2)||R(2)] + 2| Dias (2)|| DR(2)| + s (2)] | D*h(2)]

Taking into account the previous estimates, (2.4.1)), (2.4.3) and M < |z| < 2M, we have

vo 2vae "

|D*®(z)] < m@(l +2]) + m@ (L4 |2) + v (1 + |2])
vo 2va "

< W(l + |2))? + m(1 +lz) +v| "1+ 2|

= v (1 + |z2|).
In particular we can conclude that
|D2®(2)| < A" (14 |z|) Vze RN

Let € € C2°(B1); we can write
1
B(z + DE) = ®(2) + (DB(z), DE) +/ (1 — t)(D?® (= + tDE) DE, DE) dt.
0

Integrating over By and by using (4.2.8]), (2.4.3), Lemma the fact

14+ |2| +|DE+ 2| ~ 1+ |z] + | DE|

(4.2.8)

(4.2.9)
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and @4 (t) ~ ¢ (a + t)t* we get
]{31 B(z + DE) dz = ]{3 <I>(lz) do +]il (DD(2), DE) da
+]il /0 (1— t)iD2<I>(z +tDE)DE, DE) dtdx
> a(2) _]{31 /0 (11— D2 (= + tDE))|| De|? dtda
> d(z) — /\V]él /0 (1 —t)¢"(1 + |2 +tDE)|)| DEP? dtdx

1
¢ (1 + |z +tDE|) )
> d(z) — A 71 DEP dtd 4.2.10
= () Vcsl/o 1+ |z +tDE| [Del ! ( )

‘1 D
zcb(z)—Auc][ AUt |2+ IDEF 2 pyee gy
B, 1+ [z +|DE+ 2|

/(14 |2 +|De)
2 (=) - AJi EREERY

|DE|? dtda

> ®(2) — vef. (14 ]2| + [ DEDIDE da

> ®(2) = vef. pripa(1D8) da.

Let us take G := g + ® with g uniformly strictly W1 ¥-quasiconvex with constant k > 0
and ® satisfying (4.2.10)). Consequently

G+ De)do > G(:) + (k: - )\Vc>]il 1412 (| DE) da

—G()+ ,;]i 1411 DE]) da

where k > 0 if we choose v < %
Thus G is uniformly strictly W1 #-quasiconvex with constant & > 0 and G(z) = f(z) for
|z| > 2(M + 1). This proves the asymptotic quasiconvexity of f.

Step 2: We want to prove that f asymptotically W1¥- quasiconvex is equivalent to (ii),
and it suffices to prove that asymptotic W¥-quasiconvexity of f implies (ii). Assume
f asymptotic W1 - quasiconvex, i.e. there exist a positive constant M and a uniformly
strictly Wl ¥-quasiconvex function g such that f(z) = g(z) for |z| > M.

Now g is locally bounded and f is locally bounded from below, so we have that

o= sup [g(z) - f(2)] < .
|2|<M

Let R > M and 7 be a C°(Bg) function, non-negative on R¥™ and such that

|D?n(2)| < v¢”(1+ |z|) on RY™ and n(z) > o for 2| < M (4.2.11)
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where v will be chosen later. Let £ € C2°(By); then we can write

1
n(z + DE&) =n(z) + (Dn +/0 (1 —t)(D*n(z + tDE)DE, DE) dt

Integrating over B; it holds, by (4.2.11] m,

]{31 n(z+ DE)dx = ]{5‘1 n(z) dx ~|—]{31 (Dn(z), D€) dx
1
+][ / (1= t)(D*n(= + tDE)DE, DE) dtdz
Bi1 JO
1
+]{31 /0 (1 —)|D*n(z + tDE)|| DEJ* dtda (4.2.12)
Z) + V]il /01 90//(1 + ’z + thmD§|2 dtde
<n(z)+ I/C][ 011121 DE]) dz
By

where we used, as before, ¢'(t) ~ t¢"(t), Lemma [4.1.2} (4.2.9) and @, (t) ~ ©"(a + t)t?
Now taking G = g — n, with g and 7 satisfying 11.0.12: and (4.2.12)), we have

Gz + DE)dx > G(2) + k]i 1412/ (1 DED da

B1

where k& > 0 if we choose v = % This means that G is uniformly strictly Wh¥- qua-

siconvex. But 7(z) > a > g(z) — f(2) and n(z) = g(z) — G(z), so G(z) < f(z) for
|z| < M.

Step 3: The proof is similar to the previous one.

Step 4: Assume that f is a Borel measurable function, satisfying (H2). Since quasiconvex
functions are locally Lipschitz (see [45]), we can see that (i7) implies (iv). So it suffices to
show that a function satisfying (iv) is asymptotically W1 #- quasiconvex.

Assume that f satisfies (iv) and consider the function

F(z) = f(2) —ep(v/1+[2]?)

for z € RN™. Here € > 0 will be chosen later appropriately. Now we prove that F' satisfies
(4.2.2) and (4.2.3)).
Let £ € C2°(By). Since f satisfies (4.2.2)), we can write

][ F(z+ D¢)dx = f(z+D§)dx—€][ o(v/1+ |z+ DEJ?) dx
B B1 B
> f(z)+ k:]{g @12 (DE) dx — 5]i o(\V/1+ |z + DE?) dx (4.2.13)

= F(z) + k:]i ¢12(DE) da 5][ [P(VT+Tz+ DEP) - o(V1+]2P)] da.

B1
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Note that

1 1
+/ / HD*(/1+ |2+ stDEP) DE, DE) dsdt.
0o Jo

Thus integrating over B; and applying Lemma Remark and " (a+1)t? ~ @q(t)
for a,t > 0, it follows that

£ [pV T+ D8 — oV T+ P dx = . (De(VT+T:P). D) o

B1

1 1
2 2
+J{3/ / t(D?p(\/1+ |z + stDE[?)DE, DE) ds dt dx

1 1
gc][ / / to"(\/1+ |z + stDE[2)|DE|? ds dt da:
By 70 /0 (4.2.14)

< c]é (1 + || + | DE)| DEP da
< C]i o1412(1DE]) da
gc]é o121 DE) dac

for |z| sufficiently large. Using together (4.2.13]) and (4.2.14)), and choosing € small enough,

we have

][ Flz+ DE)dn > F(2) + K][ o1 (IDE]) dz.
B By

Moreover, taking into account that f satisfies (4.2.3) we deduce, for |z1], |z2| > M,

|F(22) = F(z21)] < |f(22) = f(z0)[ +ele(V1+ |21?) — (V1 +[22/?)]
< Llzz — 21|’ (1 + [21] + |22]) + elo(V1+ [21]?) — (V1 + [2]?)]

< (L A+ o)z — 219’ (1 + |21] + |22]).

Next we let

G(z) := inf {]{31 F(z+ D¢)dx - € € C?(B1,RN)}

for z € RV™. With this definition we have that G(z) < F(z) on R¥" and G(z) = F(z) for
|z| > M. Now our aim is to prove that G is locally bounded from below.
Fix z € RV™ such that |2] < M + 1 and take z € R¥"such that |z = 2(M + 1). We have

F(z + D¢) dw :][

B1
=1+1]

[F(z—l—Dg)_F(z—i—Dﬁ)]dac—i—][ F(z+ D¢)dx

Bl Bl
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Since F satisfies (4.2.2)) we get
I :][ F(Z+ D¢)dx > F(z) + k:][ oz (|DE]) da.
81 Bl

Now we estimate I:

1
[I=— F DE) — F(z+ D& d
vl /{ gy [FG DO = G+ D) ds
+ / [F(z + DE) — F(z + DE)] dx} _ L in+n)
{|DE[>3(M+1)} | By |

To estimate I; we use the fact that F is locally bounded: I; > C. Regarding I» we take
into account that F satisfies (4.2.3)), then we apply Young’s inequality, ©*(¢'(t)) ~ ¢(t)
and the Ay condition to deduce

B- | [F(=+ DE) — F(z+ DE)] da
{ID¢|>3(M+1)}

=1 2 =3¢/ (1 + |2 + D€ + |7 + De|) da
{ID€|>3(M+1)}

> —Léc/ <,0(1+|Z—|—D§|—|—|z+D£|)daz—LC5/ o(|z —z|) dz
{IDEl>3(M+1)) {IDEl>3(M+1))

> Léc/ o(1+ 2| + |DE|) dz — C;
{IDEl>3(M+1))

> -Lée | e1417(1DEl) d — C
{IDEl>3(M+1))

where in the last inequality we used ¢y z(|DE|) ~ (1 + [Z] + |D¢]) since |DE| > 1 4 [Z].
Putting together estimates on Iy, Iy and I1, taking into account that yjz((t) ~ ¢14z(t)
and choosing ¢ suitably we have

]{3 Pz + DE)dx > —Co o (IDEN) dz + F(z) + k:]{g o (IDEl) dz — C

{IDg[>3(M+1)}
> —C.

So we get G(z) > —C for |z] < M + 1. Moreover for |z| > M + 1 we gain
G(z) = f(2) —ep(V1+[2) 2 =C(1 + ¢(l2])

and this proves the local boundedness of G from below.
By Dacorogna’s formula E| we have that G coincides with the quasiconvex envelope QF' of
F', and thus it is quasiconvex.

In [I9] Theorem 5 it is assumed that there exists a quasiconvex function from below F, and the
verification of this hypothesis is not immediate in our situation. However, we may still apply the Theorem
since the missing hypothesis is only needed to conclude that G is locally bounded from below. Moreover,
by (2.4.2) we can say that ¢(|z|) < c(1+ |2[P1), p1 > L.
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Finally we can prove that

9(2) = G(2) + ep(\/1+ |2]2) forz e RV™

is a uniformly strictly W1 ¥-quasiconvex function.
By the quasiconvexity of G we get

]ig(z—i-Df)da:: g G(z+D§)dx+€][B o(v/1+ |z + DEJ?) dx
> G(2) + ep(v/1+ |z[2)—l—5]i [(VTH =+ DEP) — o(VI P)] de

— 4() + 6]{3 [(VTH T+ DEP) — (/17 [2P)] d
Using Lemma Remark and ¢, (t) ~ ¢ (a + t)t? it holds
£, [oV T+ D) — ol VTP e =
1 11
:][ (Dp(\/1 4 [2]?), DE) dx +][ / / t(D*p(\/1 + |z + stDE[2) DE, DE) dsdtdx
B1 B1JO 0

1 1
:][ / / t(D*o(\/1 + |z + stDE|2) DE, DE) dsdtdx
By JO 0

1 1
ZCJ[ / / t¢"(\/1+ [ + stDEP)| DEJ? dsdtda
Bi1Jo JO
= C][ @"(1+ |2| + | Dg|)| DE? da
B

> rya(IDE do
B
We deduce that g is uniformly strictly W¥-quasiconvex, i.e.

][ g(z + D) dx > g(z) + Ec][ P14z (|1DE]) dz.
B B

Moreover we have that g(z) = f(z) for |z| > M + 1. This proves that f is asymptotically
quasiconvex.

O

4.3 Caccioppoli estimate

The starting point for the investigation of the regularity properties of weak solutions is a
Caccioppoli-type inequality.
We need the following Lemma (see Lemma 10 [27]):
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Lemma 4.3.1. Let ¢ be an N-function with ¢ € Ag, let 7> 0 and let h € LY (Ba,(20)).
Further, let f : [5,7] = [0,00) be a bounded function such that for all § < s <t <r

h(y)
fe)<or@+A [ (TE) d

where A >0 and 0 € [0,1). Then
r A (y)]
$(5) scEmaa [ () a

Theorem 4.3.1. Let u € VVli)f(Q) be a minimizer of F and let Br be a ball such that
Bor € Q). Then

lu—q|
soz(!Du—Zl)dfCSC/ P dz
/BR 12| - H( 7 )

for all z € RN™ with |z| > M and all linear polynomials ¢ on R™ with values in RY such
that Dq = z.

Proof. Let 0 < s < t and consider By C By C §2. Let n € C°(B;) be a standard cut-off
function between B, and By, such that |Dn| < ;4.
Define £ = n(u — q) and ¢ = (1 — n)(u — q); then D + D¢ = Du — =.

Consider

T /B [FCe + D)~ 5(2) de

By hypothesis f is asymptotically W1 #-quasiconvex, and by Theorem we know that
f satisfies (iv), so for |z| > M we have

7> k/ o1 (IDE]) de. (4.3.1)
Bt
Moreover

T /B (= + DE) — f(Du)+ f(Du) — f(Du— DE) + f(Du — DE) — f(2)] de

_ /B £+ D€) ~ flz+ DE+ DO e+ [ [(Dw) ~ f(Du~ DO

Bt
+ / [f(z+DC) — f(2)] de =Ty + o + Z5.
By
Note that Zs < 0 since v is a minimizer. Let us concentrate on Z;:

1
T :—/Bt/o Df(z + D¢ + 0DC)DC dfd.

Analogously concerning 73, we have

1
Ig:/Bt/O Df(z+6D()DC df dx.
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Thus we obtain that

1
L+T :/B / [Df(z 4 0DC) — Df(z + D¢ + 0DC)] DC dfdx

1

/ [Df(z+60D¢) — Df(z)+ Df(z) — Df(z+ D& + 0DC)] D¢ dfdx
Bt J0O

—

1

/ [Df(z + 0D¢) — Df(2)] D¢ dodw

Bt J0

//1 [Df(z + D¢+ 0DC) — Df(2)] D¢ dfdz
B JO

—

from which

1
T+, < /B /0 Df(= +6DC) — Df(2)]|DC| dbde

1
+/ / |Df(z+ D&+ 60DC) — Df(z)||D¢| dfdzx.
Bt JO

By using hypothesis (#4) and Lemma we have

1
| [ s+ 600) - Ds () 106) v
B JO
1 1
2 —
S/B/O /O ID2f(t= + (1 — t)(z + 6DC)| |9DC| | DC| ddfda
1 1
1" _ 2
gc/&/o /0 &' ([tz + (1 — t)(= + 0DC)|) | De|2dtdbde

<e / "@2l2] + |2 + DC|) |D¢2da
B:

o] + 124 DC)
c D(|“dx.
/Bt P+ =+Dg D¢

IN

Taking into account the Ay condition for ¢ and ¢4 (t) ~ ¢”(a + t)t2, it follows that

¢'(I2 +1D¢))
2|+ |D(|

<e /B (2] + D¢ D¢ 2de

1
/ / IDf(z+0DC) — Df(2)||DC| ddz < c/ \DC2da
Bt 0 Bt

<o /B o1 (1DC])da:
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Analogously we can deduce

1
//|Df(Z+D£+9D€)—Df(z)||D(|d9dm§
B: JO

1 1
2 J—
</Bt/0 /0 |D%f(t(z + DE + 0DC) + (1 — t)2)| | DE + 0DC| | D¢| dtdfda

IN

1 1
c/B/O/Ow”(\t(z—l—D{—l—QD()+(1—t)z\)\D§—|—0DC|\DC|dtd0d:r
<e /B (2| + |De| + |DC)) (1DE| + |DE]) |DC| de
<e /B o/, (1DE| + D¢ |D¢| de
<e /B ol (IDE | DC| da + ¢ /B ol (1D¢]) D¢ da
< /B PDE DG d ¢ /B p(IDC da

where in the last line we used the equivalence ¢/ (t) ~ t¢”(a + t) and the fact that

¢/ (1D€| + |D¢)) < el (IDE]) + el (|DC))-
Applying Young’s inequality for ¢, we have

L4+T<c /B o1 (1DC]) da: + ¢ /B ol (1DEN |D¢) da
SC/B <P|Z(DC\)d$+C5/B wz|(\D§!)dw+Cé/B ©12(1DC]) d

<C; [ puDC)do s [ (D€ e
Bt Bt
Taking into account (4.3.1) and choosing ¢ such that k — ¢é > 0 we conclude
[ eunenas < [ o0q) de

Now, by the definition of ¢ we have D{ = (1 — n)(Du — z) — Dn(u — ¢q) and we can note
that D = 0 in Bs. Moreover using the convexity of o), and the fact that |Dn| < ;%;, we
have

1D < g1 (1= IDu = 21+ - lu—al) < cppaDu = 2D + ooy (=),

t—s

Hence

/ o1 (IDEN dx < C / o1 (1DC)) dz
B: B\ Bs

< c/ ¢Z|(|Du—z\)da:+c/ @2 <|1Z_q|> dx.
B\ Bs Bt - S
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Thus we have
/ o1 (1D — 2] dz = / o1 (IDE]) dx
Bs Bs
< / o121 (|DE]) da
B:

< c/ ¢Z|(|Du—z\)dx+c/ Pz <]1;—q]> dx.
Bt \ Bs Bt -5

We fill the hole by adding to both sides the term c/ @12/ (| Du — z|) dz and we divide by
B

S

c+ 1, thus obtaining

c lu —q
Du—2|)de < —— Du—2|)dx +C d
/BSSD|Z|(’ u Z‘) x_C'i‘l/Bt(pIZ(‘ U z’) x + /13t¢|z|(t_8> x

u—q
:)\/ ¢Z|(|Du—z\)dx+o¢/ Dz <‘t‘> dx
B: B -5

where A := -5 <1 and @ > 0. Now we can apply Lemma m to get the desired result.
]

An immediate consequence of the previous result is the following:

Corollary 4.3.1. There exists a € (0,1) such that for all minimizers u € WH%(Q) of F,
all balls B with Bar € Q, and all z € RN™ with |z| > M

]{33 [V(Du) — V(2)]?dz < ¢ <][BQR \V(Du) — V(z)|2adx> -

Proof. By using Lemma [2.4.5, applying Theorem with ¢ such that (v — q)s,, =0
and Theorem [£.1.7] we have

][ |V(Du) — V(2)|*dz < c][ @12 (| Du — z|) dz
Br Br
'l
Sc][ |2 dx
Ban ||( R )
<c(f wemiou-sha)’
Bar

<e %R WV (Du) — V(z)|2adac> ’

Using Gehring’s Lemma we deduce the following result.
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Corollary 4.3.2. There exists s > 1 such that for all minimizers u € WH9(Q) of F, all
balls Br with Bar € Q, and all z € RN™ with |z| > M

<]{3R [V (Du) - V(Z)|28dl“) < c]im \V(Du) — V(z)da

4.4 Almost A-harmonicity

In this section we recall a generalization of the A-harmonic approximation Lemma in
Orlicz space (see [27]).

We say that A = (A%ﬁ ) ij=1,..~ is strongly elliptic in the sense of Legendre- Hadamard if
) :17 ,n

Ala®b,a®b) > kalal2|b|?

holds for all a € RV, b € R™ for some constant k4 > 0. We say that a Sobolev function w

on Bg is A-harmonic if
—div(ADw) =0

is satisfied in the sense of distributions.
Given a function u € WH2(Bg), we want to find a function h that is A-harmonic and is
close to u. In particular, we are looking for a function h € W12(BR) such that

—div(ADh) =0 in Bpg
h=u on OBg

Let w := h — u, then w satisfies

{ — div(ADw) = —div(ADu) in Bg (4.4.1)

w=0 on 0Bgr
We recall Theorem 14 in [27]:

Theorem 4.4.1. Let B € Q and let B C Q denote either Bg or Bag. Let A be strongly el-
liptic in the sense of Legendre-Hadamard. Let 1 be an N -function with As(1),1*) < oo and
let s > 1. Then for every e > 0, there exists 6 > 0 depending on n, N, k., | A|, Az(1), ")
and s such that the following holds: let u € Wl’d’(f)’) be almost A-harmonic on Bg in the
sense that

. ADu D) s < 6. 1Dl ) DE s
Br B

for all § € C§°(Br). Then the unique solution w € Wol’dj(BR) of satisfies

J{gﬂ(@) et JQRW!DW@“ <e (]{3 ) zﬁﬂDu)dac)1 . ¢(|Du])dx] .

The following results can be found in [27].
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Lemma 4.4.1. Let Bg C R™ be a ball and let u € WY9(Bg). Then

][ V/(Du) — (V(Du)) gy 2 ~ ][ V(Du) — V((Du)s,) P
Br Br

Lemma 4.4.2. Let z := (Du)p,,. For all € > 0 there exists 6 > 0 such that for every
u € WH#(Q) minimizer of F and every Br such that Bag € Q, and for

][ \V(Du) — (V(Du))p,,|*dr < 6 |V (Du)|?dz
Bar Bagr

1t holds

D?f(2)(Du 2D de] <o) [Du— sl delDEllieie, (142)

’ Br Bar

for every £ € C°(BR).

4.5 Excess decay estimate

Following the ideas in [3] we will prove the following Lemma.

Lemma 4.5.1. Let 29 € R™ such that 29| > 1. Let f € C*(Bay(20)) be strictly W+-
quasiconvex at zy, that is

[ 1o+ DO = faa)ldo = k [ o1y (1DE)) de (45.)
B B
holds for all ¢ € CH(B,RYN). Then, there exists p > 0 such that for all z € B,(z)
[1G+09 - N> 5 [ g(De)ds (452)
B B

holds for all £ € CH(B,RN).
Proof. Let
wy 1= sup {|D?f(z1) — D*f(22)| : 21, 22 € Bo(20), |21 — 22| < p}

and fix z such that |z — 29| < p < §.
For n € RN™, define

G(n) = f(z+n) = f(z0 +n).
By using we have

/B (= + DE) — f(2))di =
_ /B (20 + DE) — f(z0)] da + /B (= + DE) — flz0 + DE) + f(z0) — F(2)] da
> & [ (D)) da+ [ [GDE) - G(0) — (DG(0). DY) d

B B
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Now we split B as
X:{:ceB: | D¢| g%} and Y:{xEB: | D¢| >%}
Let us observe that
1
G(Dg) = G(0) = (DG(0), D&) = Z(D*G(0.D&) DS, D)

with 6 € (0,1). Moreover if 2 € X then |D¢| < §, so z 4 D¢ € B,(20). Hence

[ 1608) - 610) - DGODE dr = . [ (D*G(oDE)DE, DE) o
X 2 Jx
>~ [ 1D*#(:+0D€) - D*f (0 + 6D9) | D
X
w
> -7 /X |DEPda

CcCWw
> =50 | & (ol +DED|DE

Ccw
> 222 [ g1 (1DE)do
X

where we used the fact that on X we have

¢ (|z0] + | DE]) S ¢'(1)
lzo| + D]~ |20 + §

¢"(|z0] + |DE[) > ¢ > 0.

Let us define
H(z,x) = f(z + D&(x)) — f(2) — (Df(2), D§(x))
so that
/Y (H (=, 2) — H(z,2)] dz — / G(DE) — G(0) — (DG(0), De)] da.

Y

We can see that
/ |H(z,2) — H(20,2)|dz < / |z — 20|| D, H (T, 2)|dx
Y Y

<o| [ 1ps(+ D9 - i)l ds+ [ 10277 |1DEl d
= p[Z +17].
Now we estimate Z. We use hypothesis (H4), Lemma and the fact that

7]+ D+ 7| ~ || + | DE]
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to get

1
7 D? D&)||D
s/y/0| f(r +tDE€)|| DE] dtdx

1
/! D D
g/y/o (|7 + tDE))|De| dda

27| + |De)
<e | Ferripe el =

<o | ¢l + DEDIDE] d
where in the last inequality we used |7| + |D¢| < |z] + |z0| + | D] < p + 2|20| + |DE| <

c(|zo| 4 |DE|) as well as |7| + |DE| > 14 § =: ¢, on Y, if p is small enough.
Analogously, we estimate ZZ:

T < /Y o' (7])|DE| dz
<o /Y (20| + | DE))| DE| dac

since | 7] < |z] 4 20| < ¢([20] + [DE])-
On the other hand, since on Y

¢ (|20] + 1 DENIDE| < e’ (l20] + [DEN)(|20] + | DE])DE]
< e(|20], 0)¢" (20| + | DE])| DEI?
< ¢(|20l, 0) @1z (1DE]),

we can say that
/ (G(DE) — G(0) — (DG(0), D) d > & / 010 (IDE)
Y Y

where ¢ depends on the characteristics of ¢, o and |2z9|. Choosing p such that % +cp < 5
we have the result.
O

In the sequel we assume that zgp € R", with |z9| > M + 1, so that (4.5.2) holds in B,(2o)
with p < 1.
We define the excess function

E(Br(zo),u) = ]{3 VD0 — (VD) o P

The main ingredient to prove our regularity result is the following decay estimate:
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Proposition 4.5.1. For all € > 0 there exists 6 = d(g,p) > 0 and B € (0,1), such that,
if u is a minimizer and if for some ball Br(xo) with Bag(xo) € Q the following estimates

E(Bar(zo),u) <6 oo \V(Du)|2dx, |(DU)82R(xo) —20l <p (4.5.3)
2R (Z0

hold true, then for every T € (0, %]
E(BTR(HT()), u) < CTﬂ(ETinil + 1) E(BQR(l'O), u)
where C' = C(p,n) and it is independent of €.

Proof. Let ¢ be a linear function such that (v — ¢)B,, = 0 and z := Dq = (Du)g,,. Let
w:=u—gq. Fix e > 0 and § as in Lemma [£.4.2] then w is almost A-harmonic with
D*f(2)

—¢"(2)
of Legendre-Hadamard, since for every a € R" and b € R”

. Let us observe that by Lemma [4.5.1| such A is strongly elliptic in the sense

z ¢"(|20])
—(a®b,a®b) > D) la|?|b]* > c|a|?|b]?

for zop € R™ with |z9| > 1 and z such that |z — 29| < p, where ¢ depends on zg, p and .

Let h be the A-harmonic approximation of w with h = w on 0 Bg. At this point we can
apply Theorem and conclude that, for |z| > M, h satisfies

7{33 ¢1./(|Dw — Dh|)dz < & [<]{3R @5 (| Du — 2|) d:v)i +]€32R ¢1./(|Du — z]) d:c]

where s is the same exponent of Corollary
Applying Lemma [2.4.5 and Corollary [£.3.2] we have

1

<]{; P (1D =) d“"U)i =¢ <]i V(Du) — V(z)|25dx> S

< c][ |V (Du) — V(2)|*dx
Bar
from which, taking into account that z = (Du)g,, and using Lemma we have

][ (,D‘Z|(|DU)—Dh|)dl‘ Sec][ |V(DU)—V(2)‘2dgE

Br Bagr

< ][ V(Du) — (V(Du)) gy P (45.4)
Bar

= &c E(BQR, u)
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Now we want to compute E(B;g,u). Applying Lemma Lemma and Lemma
E.I.4 we get

E(Bop,u) = ]i V(Du) — (V(Du))s. . dz

< c][ V(Du) — V((Dh)s.., + 2)2da
Brr

<cf Gon, rei(1Du — (DR, ~ 2l) da

TR

- ]{3 Pl(oms. 4 (IDw = (Dh)s, 4|) do
TR

< Cn]é o1./(|Dw — (Dh)s, o|)d + n]i V(Dh)s,  + 2) — V(2) P

=1+171.

Using Jensen’s inequality, (4.5.4)), the fact that

sup |Dh — (Dh)g, | < CT][ |Dh — (Dh)p,| dz
BTR BR

(see [51]), the convexity of ¢, and the Ag-condition, we have
< Cn][ @)z (|[Dw — Dh|) dz + Cn][ @2 (|[Dh = (Dh)3, ) dz
B-,-R BTR
< CnT_nE E(BQR, u) + 077(10|z| <T][ |Dh — (Dh)3R| dx) .
Br

Taking into account that ¢, (st) < csg,(t) for all @ > 0, s € [0,1] and ¢ > 0, using Jensen
inequality and (4.5.4) we have

Ple| (T]iR |Dh — (Dh)Bg| dw) <

< ety <]i |Dh — (Dh)g,,| d:c)
R

< ety (]{3 |Dh — Dw| dx +]i |Dw — (Dw)g,,| da:)
R R
< Ty <]{; |Dh — Dw| dx) + TP (ﬁ |Dw — (Dw)gy| d:c>
R R
< CT][ @12 (|Dh — Dw|) dx + CT][ @12/ (|Du — (Du)p,|) dv
BR BR

< CTEE(BQR,U) + CT][ ¢‘Z|(|Du - (DU)BR’) dx
Br

< cteE(Bag,u) + cTE(Bag, u)
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where in the last inequality we used

]{3 (1D (D) o < ¢ ]i gDy~ 2o o ]{3 0111 — (Du)gg]) da

R
< cE(Bag,u) + ¢y <‘]{3R[Du — 7] de
< cE(B2g,u) + C]i @12 ([Du — 2|) dx
< cE(Bag, u). ’
So we have
T < Cp1 "eE(Bar,u) + Cyre E(Bag, u) + Cy, 7 E(Bag, u).

Now we estimate ZZ; taking into account that

sup | Dh| <][ |Dh|dzx,
Br

TR

using Jensen’s inequality, and (4.5.4) we obtain

17 < cn]i @12 (|(Dh)B, g|) dx
TR

< enp <]i |Dh!d$>
R

< engp <]{3 |Dh — Dw|dz %—]{g |Dw\d$>
R R

< engp (JZB ]Dh—Dw]dx) +cnep) <][B ]Du—z\dm)
R R

< 677][ ¢2|(|Dh — Dw|) dx + 077][ @12/ (|Du — 2]) dz
BR BR
< cne E(BQR7U) +cn E(BQRa u)
Putting together estimates for Z and ZZ we have

E(Brg,u) < CE(Bag,u) [Cp7 e+ Cpre+ Cym+neti],

1
. _ (0% - 3
choosing = 7%, and consequently C,, = 1) with a < p’i— R we have

E(Brgr,u) < CTB(ET_n_l + 1) E(Bagr, u)

where f = min{a,1 —a(p—1)}.



4.5 Excess decay estimate 73

Proposition 4.5.2. Let v € (0,1). Then there exists § that depends on v and on the
characteristics of ¢ such that: if for some ball Br(xzg) C Q

E(BQR(mo),u) S 5 ‘V(D’U,)de, |(D’U,)32R($O) — ZO‘ < B (4.5.5)

Bar(zo) 2
hold, then for any p € (0,1]

E(Bpr(zo),u) < cp"” E(Bar(wo), ) (4.5.6)
where ¢ depends on the characteristics of .

Proof. Let A(e,7) = CtP(e7™""! + 1) where C depends on the characteristics of ¢ and

on n. Let € = ¢(7) such that
™\ 1
<mind (=) ,-%.
A(€,T)_H11n{<2> ,4}

Let 0 = d(7) such that Proposition holds true and so small that are verified

n

(1+7'_5)5% < and ¢

3 ‘0«.
S

3

1%
<3
2

| =

where ¢ and p will be specified later.

With these choices we can prove that the inequalities in hold when we replace Baogr
with B, g, the first one being necessary to obtain the first inequality following exactly the
lines of the proof of Proposition 28 in [42].

Concerning the second inequality we first observe that

[(Du)s, = 20l < [(Du), 5 = (D) + 5.

Moreover, taking into account that ¢ is of type (po,p1) and using Lemma for some
p > 1 we get

(D)., — (D), < ][ |Du — (D), | da

BTR

1
(£ 1pu- o, lras)”
B‘I‘R ’
1

p
][ Pl(Du)s, | [ PU — (DU)ngldfc>
BTR

IN

IN
o
<

<e(f W) - <V<Du>>3w|2dm>’l’
< (£ wwn - <v<Du>>BzR|2da:)’l’

1
1 p 1)
< S0 (f wiwpas)” <
TP Bar TP
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where in the last inequality we use that by Lemma and Jensen inequality

(f \vwm&m~f o(|Dul) dy
BQR(I)

Bag(z)
> (ﬁmm | Dl dy) (4.5.7)
> o(|(Du)sal) = w(M) > 0. (45.8)

So, the smallness assumptions in (4.5.3]) are satisfied for B;r. By induction we get

T)’Y/Bk 1

#(515000) < () )

which is the claim.

Proof of Theorem[{.0.3. By Jensen inequality and Lemma [2.4.5 we have

Plz0) ([(DU) B, () — 201) < @)z (]{3 | Du — z dy)

r(T

<f opIDu- )y
Br(z)

< c][ |V (Du) — V(20)|2dy
Br(x)
from which by (4.0.1) we can conclude that

’(DU)B2R(96) —z0| <p
for a suitable R > 0. Moreover by Lemma Jensen’s inequality, (4.5.7), and (4.0.1))

we get

E(Bar(),u) S][ [V(Du) — V(z)|*dy < 6 [V (Du)*dy.
Bag(x) Bag(z)

Hence we have that the assumptions of Proposition [£.5.2] are verified in a neighborhood
of zg, say in Bs(xg). Then by (4.5.6) we have

E(Byr(x),u) < cpP E(Byr(z),u) Va € Bs(axo)

and by Campanato’s characterization of Holder continuity we deduce that u € C1¥(B(z0))
for some @ < 1.
U

For u € W% (Q,R"Y), we define the set of regular points R(u) by
R(u) = {z € Q: u is Lipschitz near =} .

It follows that R(u) C € is open. Finally we prove the following partial regularity result.
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Proof of Corollary[4.0.1 Using the characterization (iv) of Theorem we can find
M > 0 such that the assumptions of Theorem are satisfied near every zg € RV :
|z0| > M. By Theorem we have that u € C1® near every zo € € that satisfies

lim \V(Du) — V(z20)]?dz =0

r—0 Br(z0)

and these points z¢ belong to R(u).
By contradiction assume that some x € € is not contained in W; then in a neighborhood
of x we cannot find zp as before. Thus, V(Du) is essentially bounded by M on this
neighborhood and w is Lipschitz near x. Consequently x € R(u) and we have reached the
desired contradiction.

O
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Chapter 5

Lipschitz regularity for a wide
class of parabolic systems with
general growth

This last Chapter concerns the local Lipschitz regularity of weak solutions to non-linear
second order parabolic systems of general growth

ul — zn:(A?(Du))xi =0in Qp:=Q x (-T,0) (5.0.1)
=1

where Q is a bounded domain in R”, n > 2, T > 0, u : Q7 — RN, N > 1 and A is a tensor

having certain Orlicz-type growths that generalize p-growth.

/
D
In particular we focus on A§(Du) = Muo‘

|Du|
©'(s)

s
gives the evolutionary p-Laplacian.

where ¢ is a given Orlicz function, and

we assume that is increasing. In the model case p(s) = sP, for some p > 1, (5.0.1

Definition 5.0.1. A function u € L?(—T,0; W% (Q,RY)) is a weak solution for m
if
/ e — (A(Du), Do) dz = 0 (5.0.2)
Qr

is satisfied for all testing function ¢ € CX(Qp, RN).

For the existence of weak solutions to problem with full space gradient, we refer for instance
to Elmahi & Meskine [41], Theorem 2.

By using a Moser type iteration for systems with general growth conditions, we prove the
local Lipschitz regularity of the spatial gradient of solutions to ([5.0.1)). More precisely:
Theorem 5.0.1. Let u be a weak solution to . Then Du € L (Qr,RN™). More-

loc
over for every Qr,(z0) € Qr the following a priori estimate holds with the constant ¢
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depending on n and on the characteristic of @

2
n

1+
sup |Du*<c (/ o(|Dul) dz) +c. (5.0.3)
Q% (20) QR (20)

5.1 Technical lemmas

The following lemmas will be useful for the proof of the main Theorem.

Lemma 5.1.1. By using the representation A (§) = gp'(|£|)fg‘, for all €, € RN™ we have
D7 D AKOXN] ~ ¢ ((EDIAP. (5.1.1)

7;7j7a76
Proof. Let us compute Dgg.Af‘(f):
J

TRA(3), &€
D o — " 2 5 5 _ J
g O =P T g P~ e

where ¢;; denotes the Kronecker’s symbol. Now for all {, A € RN

Y 7)\ 2 / 7)\ 2
5 Dapien = )AL 4 £ [ LENET
ijeB
By using (2.4.3) and taking into account that ‘<§\%?2>’2 < |A|? we have
1 a)\ 2 " ’)\ ?
5 Dgaron) < (SR + e e - L2
1,5,0,8
< ep"(IEDIN
Moreover, on the other hand
" a)\ 2 /! ’)\ §
5 D] = o s EAE 4 cren [1ap - KD

1,5,0,8
> ep"(IE) I
O
Lemma 5.1.2. Let ¢ be an N-function satisfying Assumption and let v > 0.

Then, for every 8 > 0, there exists a positive constant C, independent of v depending only
on the characteristic of @, such that for all s > 0

28] = (errivem)
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Proof. Integrating by parts and applying (2.4.3) we have

/\/ng_lm/ ¢/ (Q) d¢
:g%{{zwr ¢ SO(C)E_%lJrl/O#j%dC}

90/
4 /) — lim : w% go'<<> i

_2fy+ 5230 2fy—|—1 V' ¢
2 1

= Ttz./ /(=140 (C) d

i1 Vel 27+1/ ¢ ) d.

Thus

2y+1+c 41 ;
2y+1 / \/427 dg_z +1 V)
/ L B
[/ CQW dC] > ms’wi 90/(3)> .

5.2 Proof of the main result

from which

In this section we prove the boundedness of the spatial gradient of solutions to (5.0.1)).
To achieve this result, we will use a Moser type iteration for systems with general growth
conditions. Fundamental to start this procedure is the following result due to [10], which
allows us the existence of spatial second derivative of solutions to :

Theorem 5.2.1. If A satisfies (2.4.5) and (2.4.0), then a local weak solution u to

— div(A(Du)) =0,

i Qp satisfies the following estimate

|Du(z, t)|>dz +/ |DV (Du)|*dzdt

essSuPy e (—7,0) / Qr(20)
{20

Br(z0)
C

< o /Q _ etipu) + ] e

for any r < R and concentric parabolic cylinder Q,(20), Qr(z0) € Q.

(5.2.1)
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Proof of Theorem[5.0.1] Let 0 < p < R and zyp = (zo,%0). By using Theorem we
can differentiate ([5.0.1)) with respect to xy:

- (PO,

i=1

from which for all ¢ = (¢%) € W&’Q(QT,RN) we have

/ —Ugy, Pt + Z ngAf‘(Du)ugkquﬁg‘i dxdt = 0. (5.2.2)
fr ijap

Let x € CL(Bgr(x0)) be a cut-off function in space such that

in B,(zo) (5.2.3)

and let 7. € C*(R) be a cut-off function in time such that, with € > 0 being arbitrary

n.=1 on (tg — p?,7)

ne =0 on (=T tg — R?) U (1 +¢,0)

0<n()<1 onR (5.2.4)
1 on (1,7 +¢)

t
(e)i] < 557 on (tg — R% tg — p?)

where 7 € (tg — p?,tp) such that 7 + ¢ < to.
Taking into account Theorem it is lawful to take as test function in (5.2.2)

¢* = |Dul*ug, x*(2)nZ (t),

where v > 0 and k = 1,...,n is fixed. Then it results
0= /Q () - [(’DUFW)t ug‘i‘kuanf + |Du]27u§k(ugk)t n? + ‘DUFWngugk 2):] x2dzdt
R\Z0

—i—/ 2| Dul* 12y Z DﬁgA?(Du)ugkx,(]Du\)xiugk dxdt
Qr(20) g ’

+/Q . | Dul? 2> Z DEfA?(Du)ugkwjugkxj dzdt
f=0 g8
+/Q . 2| Du*'n?x Z Dng?(Du)ugkwjuﬁkxxi dxdt
R 0 i7j7a7ﬁ
=I+I1T+11T+1V.
(5.2.5)
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Now we estimate I. Let us observe that

to
| Pt dede = [ lde [ (DuP sl
Qr(z0) Br(zo) to—R?
:/ X2|Du\27(ugkugkng)tdazdt
QRr(20)
from which

I = / X2\Du]27ugk (ugk)t 773 dxdt
Qr(20)

1 t/ d 2r+2, 1 29+2
=— — (| Du* 202 ?)dxdt — / | Du|*72(n?); x* dadt
2(y+1) Qr(z0) dt 2(v+1) QRr(20) t

1

= —W /Q | D2 (n2), x* dadt
R ZO

to—p? 1 T+e
= | Du[2*2(n?) X2 dadt — ——— / / Dul2*2(n2) x? dadL.
’Y+1 /BR xo)/t ‘ ( E) 2(7—’_1) Br(zo) J7 ’ ‘ 8)

Taking into account the definition of 7. we have that

= / / ]Du\27+2 (n:)¢ x> dmdt—i—i ][ | Du|>7 2. X dadt.
’Y—i_l BR CIZ()) to—R?2 BR $0

Exploiting the definition of A$*(Du) we compute

o

" / a . B ’
Dy A (Du) = {*0 (1Duf) _ ¢ WMD] ugu, ' (1Du))

U u u U i€
D Dul2 | |D Du| &€
By using the fact that (|Dul),, = Z Uga: Uy we infer
k,a
7]7 7B
B /
¢"(|Dul) — ¢'(|Dul) Ug Uz g (| Duf)
pu— —_ g D D
I: ’Du‘ |Du’2 1'7% |Du] uxﬂ?k xk ’ ‘)Sﬁz \Du| guzzxk Ty ’ u‘)
now we sum over k =1,...,n and we obtain
> D DepAi(Dujug o v, (1Dul),
k ija.pB
¢"(|Dul) — ¢'(|Dul) / 2
= [ Dul Dup Zu;?k(IDUkaugi(lDUI)xi+¢(|DUI)Z[(IDUI)%] (5.2.6)

i

[ AP S ] st




82 Lipschitz regularity for a wide class of parabolic systems with general growth

By Cauchy-Schwarz inequality we have

ZEUMW < Y () Y (1Dula)” < [DuP[D(| D) (5.2.7)

7, 3

Putting together (5.2.6) , and - we obtain

27\Du|27*1 Y DEﬁAa(Du) 0, (IDu);uf, davd

Tq Py
,Jaﬂ

"(|Dul)
27\Du|271 x{ o Z[Z% (IDul)s }
o

MPZE%MW+MMWWWWﬁ

¢"(|Dul)
2/ 2y| D it T { u$ (|Dul|)» } dxdt > 0
Qr(20) | Dul ; Z

Estimate for IV: applying Cauchy-Schwarz inequality we infer
|[IV] <

§2/ |Du|2777§[ Z DggA (Du)uf Uz, o uxm} [Z Dga.A (Du) Xz, g, Xa; U xk d:z:dt
Qr(z0) 0,408 0,408

=

1 2 2
<3 / |Dul 2 ) DggAO‘(Du) e UGy davclt
Qr(z0)

i,5,0,8

+2/ | Du|?n? Z DEBA (Du) Xa; U, Xa; xkdmdt
Qr(z0) T

1
= 511 +2 / D2 Y Do AT (D) 05, Xy 05, vt
Qr(20) N

So ((5.2.5)) becomes

’Y+1/B ][ | Du|? 2y, x? dadt
RxO

1
+2/ | Dul>'n2?2 Z DggA (Du)uf Uz, o, Uz, Al
Qr(20)

nIes (5.2.8)

1 to=r*
—_—— Dul*"2\? dzdt
" Y+ 1R =P Jspao) /t [Dul™x

+2/ | Du|*7n? Z DfaA (Du)xz,u mkxxyumkdxdt
Qr(20) N
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Now observe that by ((5.1.1)

2
/Q (Z)\Du| Tn? Z DgﬁA (Du) Xz ug, Xz, wkdacdt
R%0 i.5,00,8

<c [ DuPTRR (| Dul)| Dy dod.
Qr(20)

«

By Cauchy-Schwarz inequality we have |(|Dul),|* < Zk’a(uxﬂk)2 foralli=1,...,n from
which |D(|Du|)|? < |D?ul?, so by using this last fact and (5.1.1)) we get

/ |DulPn2x® > Dgg.A“(Du) 0 e UG, ddt
Qr(z0) 65,0

> / D" (| Dul) | D(| D) derd.
Qr(z0)

So ((5.2.8]) becomes
1/ ][ DuPT ot dedt - | DuP (DU Dl deds
Y+ 1 JBg(xo) Qr(20)

1 /to_ 242 2
< —— | Du|*"*x? dwdt + /
v+1 |R—p‘2 Bg(zo) Jto ’R—,O|2 Qr(20)

and by passing to the limit as ¢ — 0 we have

1

v+1 Br(zo)
R S S
T Y+ 1R pf?

D) do e [ D (Dul)| DD dad
QRr(20)

C

/ | Du|22x2 dadt + R / | Du|?2" (| Du)) dzdt,
Qr(20) |R—p Qr(z0

from which

sup / x| Du|*7 2 dm—l—c/ | Dul*"x?¢" (|Du|)|D(| Dul)|? dzdt
TE(to—R?t0) J Br(xo) Qr(20)

¢
~|R—pl?

Clr 4 1) (5.2.9)

|R = pf?

s):/OSHCQWSOIéQdC Vs > 0.

/ |Du2 22 daedt + ——— / | Du2 24" (| Du|) dxdt.
Qr(20) Qr(20)

Let us define

| Dul**2" (| Dul )| Dx|* dadt
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We can observe that by Holder inequality, and ([2.4.3) we get

[F(s)? < ( / S c27dc> < / s 9”'50 dc>

827+1 s 90/(0
= 2y + 1/0 ¢ d

< ¢t /S ¢'(¢)
0

< 21, / Qe

0
< esHY (s)

2’\/—1—2@//(8).

<cs
Moreover

D(xF(|Dul)) = Dx F(|Dul) + x F'(|Du[)D(|Du|)

©'(|Dul)
— Dy F(|D D2y N2
x F(| U|)+X\/| ul Dl

D(|Dul)

and by using (2.4.3) we deduce

o' (|Du
IDOF(DU) < 2 [ IDAPF(Du) + 3 Duf S 2 DD

< 2¢ [|Dx*[Dul*"*2¢" (| Dul) + x*| Duf*'¢" (| Dul)| D(| Dul ) |*] -

Integrating over Qr(zp) and taking into account (5.2.9)), we have

/ ID(xF(|Dul)) 2dadt <
Qr(z0)

Qr(20)

< 20/ |Dx|2|Du27+2¢"(|Du|)dxdt+20/ X2]Du|274p"(|Du|)|D(|Du|)|2d:ndt
r(20)

C(y+1)
T [R—pf?

/ |DU|2’Y+2@”(|DU|) dl‘dt + ﬁ ‘DU|2’Y+2X2 dl’dt
Qr(z0 R — p?| QRr(20)

(5.2.10)
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Now, applying Holder and Sobolev inequalities, (5.2.9)) and finally (5.2.10) we get

/ |Du| 2% F2(| Dul)dzdt
Qp(=0)
/ / (x| Dul) 2723 (xF(|Dul))?d
to—p?
2
2*
( (x|Dul) Wda:) (/ <><F<|Dur>>2*dx>
tO ,0 Bp(zO)
s( sup / XQ\Dqux) / D((F(|Dul))|?dzdt
te(to—p?,to) ¥ Bp(xo) Qr(z0)

1+
C 1

< (M / | Du|?7*2 dadt + ‘C](g +p|§ / |Du|27+2<p”(|Du|)d:cdt>
- Qr(20) - Qr(20)

(5.2.11)

S

2
n

By using Lemma with 8 =2 and ¢'(s) ~ s¢”(s) we have

F*(|Dul) > 5 [Dul* 1/ (|Dul) =

C
RS 5 DU+ (Dul)

T (2 + 1)

and by the previous estimate we get

/Q DU D)
p(20

2n 1+2

2y 4 1)ns2 ! !

< % / |Du|2(7+1)dxdt+/ | Du[*0 D" (| Dul) dwdt :
|R — pl Qr(z0) Qr(20)

/
D
Let us observe that, for |[Du| > 1 then " (|Du|) > W > ¢'(1) = ¢ > 0, so we get
/ | Dul?0+Y) dadt
Qr(20)
= / | Dul?0F) dadt + / | Du|?0*Y dedt
Qr(z0)N{|Du|<1} Qr(z0)N{|Du|>1}
< | Qr(z0)| + c/ | Du*0 V" (| Dul) dadt
Qr(z0)N{|Du|>1}

< | Qnlz0)| + c/ | DU+ o (| Dul) dadt

Qr(20
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Thus we have

/Q (20) | DuPO+ D204 (| Du) ddt <
p 20

\ 5.2.12
. {c(27+1)n2+2+1 (5212)

1+2
Du?0Ft D" (| Dul) dedt .
et DU+ (| Dul)

[l Qr(20)| +C
Qr(z0)

Lel og:=1 + e FOI' some vyp > O, we set
1 2 i+1 i+1 1

Define R; = %(1 + %) and take p = R;11 and R = R; in (5.2.12). We define ®; =

Jor z0) | Du20i D " (| Du|) dedt, and B; = 2v; + 1, thus we have

cI)i—f—l < Ci+15i2+aq);7 + Ci+l/8i2+0_

Iterating we get

B, g < Zk—olizk+1)o H B (2+0)7* 5371, (aF—1) ot

+ ZQZ{;ZI(JLQ Xhmoli—k+1)o H 5(2+a ok

k=0

Now,

log (H l8(2+0’ o ) Zlog( (2+0)o > _ (2 —|—U)ZUk log(ﬁi—k)
k=0

by the definition of 8 we get B;_1 < 2(70 + 1)o**1, thus

i i
24+0)o .
log (H B( i ) <(2+4+0) logUZak(Z —k+1)+(2+0)log(2(v0+1)) Zak
k=0 k=0 k=0
A i+l .
<coth 4 6071 < co'tl,
o—1

From which
H BRI < e
hl < .

Hence we can infer

By < MTTRGT 4+ MO i+ 1),
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Now,

Sl sitl Sitl

(I):ff+1+1> < Mmtﬁﬂ”*ﬁl) —}—Mm(z—i— 1)@

and by the definition of +; we have that v;4.1 +1 — 400 as i — 400, so we have

_ 1
<1>2W+1+” < M2<v0+1)(1)2(70+1) + MQ("ro+1)( 4 1)2 TG0+ |

Hence we can infer

PR - A,

o+l
sup |Dul? < ¢ / | Du|?0+24" (| Dul) d= +ec. (5.2.13)
Q@(Zo) QR (20

Let us consider the estimate (5.2.11f) with v = 0:

/ |Dul|= F2(|Dul)dz < % / |Du2dz+/ | Du|?¢" (| Dul) dz
Q,(z0) |R— pl Qr(20) Qr(20)

by Lemma [5.1.2| we infer

[ PR Dz < § S | Qulao) + / IDu6"(|Du) d
Q,(20) ‘ ’ Qr(z0)

Choosing 9 = =, an average of the last estimate Wlth and 3|) implies
g
sup |Duf* < ¢ / |Dul>¢”"(|Dul)dz | + ¢
Q Ry (20) QR (20)
2

<c / o(|Du|)dz | +ec.
QR (20)

1+2

n



88 Lipschitz regularity for a wide class of parabolic systems with general growth




Bibliography

1]

E. Acerbi & N. Fusco, Semicontinuity problems in the calculus of variations, Arch.
Rational Mech. Anal. 86 (1984), 125-145.

E. Acerbi & N. Fusco, A regularity theorem for minimizers of quasiconvez integrals,
Arch. Rational Mech. Anal. 99 (1987), 261-281.

E. Acerbi & N. Fusco, Regularity for minimizers of non quadratic functionals:the
case 1 < p < 2, J. Math. Anal. Appl. 140 (1989), 115-135.

E. Acerbi & N. Fusco, Local regularity for minimizers of nonconvez integrals, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. 16 (1989), no. 4, 603-636.

E. Acerbi, G. Mingione & G.A. Seregin, Regularity results for parabolic systems
related to a class of non-newtonian fluids, Ann. Inst. H. Poincaré Anal. Non Lineaire,
21 (1) (2004), 25-60.

E. Acerbi & G. Mingione, Gradient estimates for a class of parabolic systems, Duke
Math. J. 136 (2) (2007), 285-320.

G. Anzellotti, M. Giaquinta, Convex functionals and partial reqularity, Arch. Ration.
Mech. Anal. 102 (1988), 243-272.

V. Bogelein, Global gradient bounds for the parabolic p-Laplacian system, Proc. Lond.
Math. Soc. 111 (2015), no. 3, 633-680.

D. Breit & A. Verde, Quasiconvex variational functionals in Orlicz-Sobolev spaces,
Ann. Mat. Pura Appl. (4) 192 (2013), 255-271.

J. Burczak & P. Kaplicky, Interior reqularity of space derivatives to an evolutionary,
symmetric p-Laplacian, arXiv:1507.05843

S. Campanato, Equazioni ellittiche del II ordine e spazi £>*, Ann. Mat. Pura Appl.
69 (1965), 321-381.

S. Campanato, Fquazioni paraboliche del secondo ordine e spazi L2’9(Q,5), Ann.
Mat. Pura Appl. 73 (1966), 55-102.



90

BIBLIOGRAPHY

[13]

[14]

[15]

[18]

[19]

[20]

22]

23]

[24]

S. Campanato, Differentiability of the solutions of nonlinear elliptic systems with
natural growth, Ann. Mat. Pura Appl. 131 (1982), no. 4, 75-106.

S. Campanato, On the nonlinear parabolic systems in divergence form. Hélder con-
tinuity and partial Hélder continuity of the solutions, Ann. Mat. Pura Appl. 137
(1984), no. 4, 83-122.

M. Carozza, N. Fusco & G. Mingione, Partial regularity of minimizers of quasi-
convex integrals with sub quadratic growth, Ann. Mat. Pura Appl. 175 (1998), no.
4, 141-164.

M. Carozza, A. Passarelli Di Napoli, T. Schmidt & A. Verde, Local and asymp-
totic reqularity results for quasiconvex and quasimonotone problems, Q. J. Math. 63
(2012), 325-352.

M. Chipot & L.C. Evans, Linearization at infinity and Lipschitz estimate for certain
problems in the Calculus of Variations, Proc. Roy. Soc. Edinburgh Sect. A 102
(1986), 291-303.

G. Cupini, M. Guidorzi & E. Mascolo, Regularity of minimizers of vectorial integrals
with p — q growth, Nonlinear Anal. 54 (2003), 591-616.

B. Dacorogna, Quasiconvezity and relazation of nonconvex problems in the calculus
of variations, J. Funct. Anal. 46 (1982), 102-118.

J. Danecek, O. John & J. Stara, Structural conditions guaranteeing C-reqularity
of weak solutions to nonlinear second-order elliptic systems, Nonlinear Analysis 66
(2007), 288-300.

E. De Giorgi, Sulla differenziabilita e l’analiticita delle estremali degli integrali mul-
tipli regolari, Mem. Accad. Sci. Torino Ser. IIT 3 (1957), 25-43.

E. De Giorgi, Un esempio di estremali discontinue per un problema variazionale di
tipo ellittico, Boll. Unione Mat. Ital., IV. 1 (1968), 135-137.

E. Di Benedetto, Degenerate Parabolic Equations, Universitext, Springer-Verlag,
New York, 1993, xv+387 pp.

L. Diening , D. Lengeler , B. Stroffolini & A. Verde, Partial reqularity for minimizer
of quasi-convez functional with general growth, STAM J. Math. Anal. 44 (2012), no.
5, 3594-3616.

L. Diening & F. Ettwein, Fractional estimates for non-differentiable elliptic systems
with general growth, Forum Math. 20 (2008), 523-556.

L. Diening , P. Kaplicky , S. Schwarzacher, BMO estimates for the p-Laplacian,
Nonlinear Anal. 75 (2012), 637-650.



BIBLIOGRAPHY

91

[27]

L. Diening , D. Lengeler , B. Stroffolini & A. Verde, Partial reqularity for minimizer
of quasi-convez functional with general growth, SIAM J. Math. Anal. 44 (2012), no.
5, 3594-3616.

L. Diening, B. Stroffolini & A. Verde, FEverywhere reqularity of functionals with ¢-
growth, Manuscripta Math. 129 (2009), 449-481.

L. Diening, B. Stroffolini & A. Verde, Lipschitz regularity for some asymptotically
convez problems, ESAIM:COCV 17 (2011), 178-189.

G. Dolzmann & J. Kristensen, Higher integrability of minimizing Young measures,
Calc. Var. 22 (2005), 283-301.

G. Dolzmann,J. Kristensen & K. Zhang, BMO and uniform estimates for multi-well
problems, Manuscr. Math. 140 (2013), 83-114.

F. Duzaar & A. Gastel, Nonlinear elliptic systems with Dini continuous coefficients,
Arch. Math. (Basel) 78 (2002), 58-73.

F. Duzaar, A. Gastel & J.F. Grotowski, Partial reqularity for almost minimizers of
quasi-convez integrals, SIAM J. Math. Anal. 32 (2000), 665-687.

F. Duzaar & J.F. Grotowski, Optimal interior partial regularity for nonlinear elliptic
systems: The method of A-harmonic approzimation, Manuscripta Math. 103 (2000),
267-298.

F. Duzaar, J.F. Grotowski & M. Kronz, Regularity of almost minimizers of quasi-
convex variational integrals with subquadratic growth, Ann. Mat. Pura Appl. (IV)
184 (2005), 421-448.

F. Duzaar & M. Kronz, Regularity of w-minimizers of quasi-convex variational in-
tegrals with polynomial growth, Differential Geom. Appl. 17 (2002), 139-152.

F. Duzaar & G. Mingione, The p-harmonic approximation and the reqularity of p-
harmonic maps, Calc. Var. Partial Differential Equations 20 (2004), 235-256.

F. Duzaar & G. Mingione, Second order parabolic systems, optimal reqularity, and
singular sets of solutions, Ann. Inst. H. Poincaré Anal. Non Lineaire 22 (2005),
705-751.

F. Duzaar & G. Mingione, Harmonic type approximation and lemmas, J.Math. Anal.
Appl. 352 (2009), 301-335.

F. Duzaar & K. Steffen, Optimal interior and boundary reqularity for almost mini-
mizers to elliptic variational integrals, J. reine angew. Math. (Crelles J.) 546 (2002),
73-138.

A. Elmahi & D. Meskine, Parabolic equations in Orlicz spaces, J. London Math. Soc.
72 (2005), 410-428



92

BIBLIOGRAPHY

[42]

[43]

[44]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

L. Esposito , F. Leonetti & G. Mingione, Sharp regularity for functionals with (p,q)
growth, J. Differ. Equ. 204 (2004), 5-55.

L.C. Evans, Quasiconvezity and partial reqularity in the calculus of variations, Arch.
Rational Mech. Anal. 95 (1986), 227-252.

K. Fey & M. Foss, Morrey reqularity results for asymptotically convex variational
problems with (p,q) growth, J. Differ. Equations 246 (2009), 4519-4551.

M. Focardi, Semicontinuity of vectorial functionals in Orlicz-Sobolev spaces, Rend.
Istit. Mat. Univ. Trieste vol. XXIX (1997), 141-161.

M. Foss, Global reqularity for almost minimizers of nonconver variational problems,
Ann. Mat. Pura Appl. 187 (2008), no. 2, 263-321.

M. Foss, A. Passarelli di Napoli & A. Verde, Global Morrey reqularity results for
asymptotically convex variational problems, Forum Math. 20 (2008), no. 5, 921-953.

M. Foss, A. Passarelli di Napoli & A. Verde, Morrey regularity and continuity results
for almost minimizers of asymptotically convex integrals, Appl. Math. 35 (2008),
335-353.

M. Foss, A. Passarelli di Napoli & A. Verde, Global Lipschitz regularity for almost
minimizers of asymptotically convexr variational problems, Ann. Mat. Pura Appl.
189 (2010), no.4, 127-162.

J. Frehse, A note on the Hélder continuity of solutions of variational problems, Abh.
Math. Semin. Univ. Hamb. 43 (1975), 59-63.

M. Giaquinta, Multiple integrals in the Calculus of Variations and Nonlinear Elliptic
Systems, princeton Univ. Press, Princeton, 1983.

M. Giaquinta & E. Giusti, Partial reqularity for the solutions to nonlinear parabolic
systems, Ann. Mat. Pura Appl. 47 (1973), 253-266.

M. Giaquinta & E. Giusti, On the regularity of the minima of variational integrals,
Acta Math. 148 (1982), 31-46.

E. Giusti & M. Miranda, Un esempio di soluzioni discontinue per un problema di
minimo relativo ad un integrale regolare del calcolo delle variazioni, Boll. Unione
Mat. Ital., IV. Ser. 1 (1968), 219-226.

M. Giaquinta & G. Modica, Remarks on the regularity of the minimizers of certain
degenerate functionals, Manuscripta Math. 57 (1986), no. 1, 55-99.

M. Giaquinta & M. Struwe, An optimal regqularity result for a class of quasilinear
parabolic systems, Manuscr. Math. Z. 36 (1981), 223-239.



BIBLIOGRAPHY

93

[57]

[58]

[59]

[60]

[61]

[62]

[64]

[65]

[66]

[67]

M. Giaquinta & M.Struwe, On the partial reqularity of weak solutions of nonlinear
parabolic systems, Math. Z. 179 (1982), 437-451.

T. Isernia, BMO regularity for asymptotic parabolic systems with linear growth, Dif-
ferential Integral Equations 28 (2015), no. 11-12, 1173-1196.

T. Isernia, C. Leone & A. Verde, Partial reqularity results for asymptotic quasiconver
functionals with general growth, (accepted for publication on Annales Academizse
Scientiarum Fennicee), Preprint. arXiv:1601.07806.

T. Isernia, C. Leone & A. Verde, Lipschitz reqularity for a wide class of parabolic
systems with general growth, (in preparation).

T. Iwaniec, "The Gehring lemma’, Quasiconformal mappings and analysis (Ann Ar-
bor, MI, 1995), Springer, New York, (1998), 181-204

0O.A. Ladyzenskaja, V.A. Solonnikov & N.N. Ural’ceva, Linear and quasilinear equa-
tions of parabolic type, vol. 23., American Mathematical Society, Providence, Rhode
Island, 1968.

A. Koshlev, Regularity Problem for Quasilinear Elliptic and Parabolic Systems, Lec-
ture Notes in Math., vol. 1614, Springer, 1995.

J. Kristensen & G. Mingione, The singular set of minima if integral functionals,
Arch. Ration. Mech. Anal. 180 (2006), 331-398.

J. Kristensen & G. Mingione, The singular set of Lipschitzian minima of multiple
integrals, Arch. Ration. Mech. Anal. 184 (2007), 341-369.

T. Kuusi and G. Mingione, New perturbation methods for nonlinear parabolic prob-
lems, J. Math. Pures Appl. 98 (2012), 390-427.

C. Leone, A. Passarelli di Napoli & A. Verde, Lipschitz regularity for some asymp-
totically subquadratic problems, Nonlinear Anal. TMA 67 (2007), no. 5, 1532-1539.

P. Marcellini, Approximation of quasi-convex functions, and lower semicontinuity of
multiple integrals, Manuscripta Math. 51 (1985), 1-28.

P. Marcellini, Regularity of minimizers of integrals of the Calculus of Variations with
non standard growth conditions, Arch. Ration. Mech. Anal. 105 (1989), 267-284.

P. Marcellini, Regularity and existence of solutions of elliptic equations with p,q-
growth conditions, J. Differ. Equations 90 (1991), 1-30.

P. Marcellini, Regularity for elliptic equations with general growth conditions. J.
Differ. Equations 105 (1993), 296-333.

P. Marcellini, Everywhere regularity for a class of elliptic systems without growth
conditions, Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV. Ser. 23 (1996), 1-25.



94

BIBLIOGRAPHY

73]

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[83]

G. Mingione, Bounds for the singular set of solutions to non linear elliptic systems,
Calc. Var. 18 (2003), 373-400.

M. Misawa, Partial regularity results for evolutional p-Laplacian systems with natural
growth, Manuscripta Math. 109 (2002), no. 4, 419-454.

M. Misawa, Local Hélder reqularity of gradients for evolutional p-Laplacian systems,
Ann. Mat. Pura Appl. 181 (2002), no. 4, 389-405.

C.B. Morrey, Quasi-convexity and the lower semicontinuity of multiple integrals,
Pacific J. Math. 2 (1952), 25-53.

J. Moser, A New Proof of de Giorgi’s Theorem Concerning the Regularity Problem
for Elliptic Differential Equations, Comm. Pure Appl. Math. 13 (1960), 457-468.

J. Nash, Continuity of solutions of parabolic and elliptic equations, Amer. J. Math.
80 (1958), 931-954.

J. Necas & V. Sverdk, On regularity of solutions of nonlinear parabolic systems, Ann.
Scuola Norm. Super. Pisa Cl. Sci. 18 (1991), no. 4, 1-11.

A. Passarelli di Napoli & A. Verde, A regularity result for asymptotically convex
problems with lower order terms, J. Convex Anal. 15 (2008), no. 1, 131-148.

J.P. Raymond, Lipschitz reqularity of solutions of some asymptotically convex prob-
lems, Proc. R. Soc. Edinb., Sect. A 117 (1991), 59-73.

M. Rao and Z. D. Ren, Theory of Orlicz spaces, Monographs and Textbooks in Pure
and Applied Mathematics 146 Marcel Dekker, Inc., New York (1991).

C. Scheven & T. Schmidt, Asymptotically reqular problems II: Partial Lipschitz con-
tinuity and a singular set of positive measure, Ann. Scuola Norm. Sup. Pisa CI. Sci.
8 (2009), no. 5, 469-507.

C. Scheven & T. Schmidt, Asymptotically reqular problems. 1. Higher integrability,
J. Differ. Equations 248 (2010), 745-791.

L. Simon, Theorems on Regularity and Singularity of Energy Minimizing Maps, Lec-
tures Math. ETH Ziirich, Birkhauser Verlag, Basel, 1996.

M. Struwe, On the Hélder continuity of bounded weak solutions of quasilinear
parabolic systems, Manuscripta Math. 35 (1981), 125-145.

M. Struwe, A counterexample in regularity theory for parabolic systems, Czech. Math.
J. 34 (1984), 183-188.

K. Uhlenbeck, Regularity for a class of nonlinear elliptic systems, Acta Math. 138
(1977), 219-240.



	Introduction
	Preliminaries
	Notation
	Parabolic spaces
	Morrey and Campanato spaces
	Orlicz spaces
	The method of A-harmonic approximation

	Bmo regularity for asymptotic parabolic systems with linear growth
	Estimate for a comparison map
	BMO regularity for spatial gradient
	A few lemmas
	Proof of Theorem 3.0.2

	L spatial gradient regularity
	An intrinsic estimate
	Proof of the Theorem 3.0.3


	Partial Regularity for Asymptotic Quasiconvex Functionals...
	Assumptions and Technical Lemmas
	Assumptions
	Technical Lemmas

	Characterization of asymptotic W1,-quasiconvexity
	Caccioppoli estimate
	Almost A-harmonicity
	Excess decay estimate

	Lipschitz regularity for a wide class of parabolic systems with general growth
	Technical lemmas
	Proof of the main result
	References


