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Abstract

There has been increasing interest in building search/index structures to perform sim-
ilarity search over high-dimensional data, e.g., image databases, document collections,
time-series databases, and genome databases. A similarity search problem involves a
collection of objects (e.g., documents, images) which are characterized by a collection
of relevant features and represented as points in a high-dimensional attribute space.

The first part of this thesis will present a new hierarchical clustering algorithm
called Antipole Clustering. The algorithm partitions the set of data objects in
clusters such that each one has diameter approximately less than a given value o.
The algorithm returns a tree structure called Antipole Tree in which the leaves are
the final clusters.

This thesis will prove that the Antipole Tree is a suitable data structure to index
a metric space in order to solve efficiently problems such as Range Search and Nearest
Neighbor Search. These are core problems in pattern recognition, where a database
D of objects in a metric space M and a query object ¢ in M are given, and one
wants to find those objects in D that are similar to ¢. A range query describes a
region in the space and asks for all points or the number of points in that region. A
k-nearest-neighbor query asks for the k nearest (most similar) objects to the query.

Several applications of the Antipole Clustering will be presented and analyzed:

e texture synthesis;
e image colorization;

e clustering of labeled graphs according to their structure;
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e discovering the genes correlations in a protein network environment.

The second part of this thesis will present, GraphGrepVF, an application-
independent method for querying a database of graphs in order to find all the occur-
rences of a given subgraph. Many applications in industry, science and engineering
share this problem, and increasing the size of the database requires efficient structure
searching algorithms. New-generation database systems, dealing with Web, XML,
network directories and structured documents, molecular database etc., often model
data as graphs. In this context, several algorithms for graph querying have been de-
veloped. In this thesis we present the GraphGrepVF algorithm by which structured
objects in the form of a graph can be retrieved efficiently. The method is an exten-
sion of two very well known techniques for graph matching: GraphGrep and VF. Our
method enumerates and hashes node-paths of the graphs data set in order to create
two fingerprints of the database. When a query has to be processed, we build its fin-
gerprints, and we use them to prune the search database. Using the first fingerprint
we prune database graphs, while using the second one we prune edges inside graphs.
In this way we drastically reduce the search space. Moreover, the graphs are smaller
than the originals. Finally, searching this small residual set for subgraph matching
will be performed by VF. GraphGrepVF has been compared with the best known
software, (GraphGrep, VF, Daylight and Frowns) and in every test GraphGrepVF
has shown better performance. GraphGrepVF has been observed to be competitive

also when inexact matching is considered.
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Chapter 1

Introduction

Data mining and knowledge discovery in databases play an important role in the
way people interact with databases, especially scientific databases where analysis
and exploration operations are essential. Often databases are defined over a metric
space, where the objects have a global distance function (the metric). There has
been enormous interest in finding efficient solutions of problems, such as clustering,
nearest neighbor and range search, 1-median, and furthest pair, for data defined over
a metric space.

In recent years the importance of large datasets manipulation has grown. The
way in which the data are presented has been influenced by the progress of science
and technology. A new problem in database research is how to deal with objects
which need to be represented as graphs that can be manipulated more efficiently. For
this reason several researchers have begun to formulate models for next generation
databases able to represent novel types of data and provide manipulation capabilities

while efficiently supporting standard searching operations.

1.1 Clustering

Clustering is a very well known problem in computer science. Given points in some

space, often a high-dimensional space, the problem consists of grouping the points



into a small number of clusters, each one containing points that are “similar” in some

sense. The problem can be defined in one of the following forms:

1. given a set S and an integer k£ > 1, find a partition of points in k classes such
that a certain function is minimized. Examples of such functions are: (a) the
sum of the distances from the cluster objects to their cluster representative (k-
median), (b) the maximum distance between the objects in a cluster (k-center),

(¢) the sum of the distances between points in the same cluster (k-clustering);

2. given a set S and a real number o, partition S in the minimum number of
clusters such that the maximum distance between two points in each cluster is

at most o (bounded diameter clustering).

Clustering was first applied many years ago, during a cholera outbreak in London,
when a physician plotted the location of cholera cases on a map, getting a plot that

looked like Fig. 1.1. Properly visualized, the data indicated that cases clustered

XX I
X

Figure 1.1: Clusters of cholera cases indicated the locations of polluted wells.

around certain intersections, where the water wells were polluted. Thus clustering,
not only exposing the cause of cholera, but also indicated how to solve that problem.

At a high level, clustering algorithms can be divided into two broad classes:



e centroid approaches. The algorithms guess the centroids or central points in

each cluster and assign points to the cluster according to the nearest centroid;

e hierarchical approaches. Assuming that each point is a cluster by itself, the
algorithms repeatedly merge nearby clusters, using some measure of how close
two clusters are (e.g., distance between their centroids) or how good a cluster
the resulting group would be (e.g., the average distance of points in the cluster

from the resulting centroid).

The problem of Clustering belongs to a class of fundamental proximity problems

which involves the distance between objects. That class also includes :

e l-median problem. Find the point which has the minimum average distance

from the others points in the data set;

e furthest pair problem. Find the pair of objects in the set having maximum

distance;

e range search problem. Given a set of objects in a metric space and a query

region, find all the points which belong to the region;

e nearest neighbor search. Given a set S of objects in a metric space and a query

object ¢, return the object of S which is closest to q.

These problems appear in many computer science areas. They have been investi-
gated for long time, and some efficient solutions have been found. Unfortunately many
applications require a higher space dimension (e.g. when the dimensionality of the
space is d = Q(logn)); in this case, algorithms for low dimensions become inefficient.
Many researchers conjecture that no efficient solutions exist for these problems when
the dimension is high enough [99]; this difficulty is called the curse of dimensionality

or, for the more general case of the metric spaces, intrinsic dimensionality.



Two of the proximity problems just described, nearest neighbor and range search,
are very frequent in pattern recognition. It is simple to prove the linearity of the
solutions for both problems on the size of the input data set, but of course the goal
is to solve them faster.

Nearest Neighbor search has been a core problem in pattern recognition since the
early sixties, when, in one of the first applications presented [58, 49], it was proven
that half the classification information in an infinite sample set is contained in the
nearest neighbor. If Voronoi Diagram [108] is used to index the space, then the
nearest neighbor problem has an optimal solution; however, in higher dimensional
spaces it becomes harder, and classical indexing methods, used for low dimensional
spaces, appear to be inadeguate.

One important application of nearest neighbor problem is in multimedia databases.
Objects (i.e. images, documents) are represented as feature vectors, and the search
for the nearest object is performed by searching for the nearest feature vector. A
typical approach to solving nearest neighbor is to map the object space in a vector
space and perform the search by using the Euclidean distance, taking into account
that certain projected distances are dominated by those in the original space. This
immersion often represents the most difficult and sensitive step because it affects the
performance of the search in terms of running time and accuracy of the results. On
the other hand, for several kinds of databases, such as genetic sequences and graphs,
other techniques, which do not make use of immersion, are possible. For example,
the editing distance is commonly used for searching databases of bio sequences [122].

Many applications involve huge data sets which have high dimensionality or in
the more general case of metric spaces, high intrinsic dimensionality. It is crucial to
solve such problems by designing algorithms that are both fast and scalable to the

size of the database.



In the first part of this thesis, we show a new data structure for clustering which is
able to perform range and nearest neighbor searches efficiently and quickly. In partic-
ular this algorithm uses the diameter and the furthest pair approximate computation
to speed up the entire process. The 1-median algorithm used return an approximate
solution in linear time which introduces a small error, as compared to the quadratic

time of an exact algorithm.

1.2 Graph Matching

Many applications need to represent data as graphs. For example in a biochemical
database, proteins are represented as labeled graphs: the vertices represent the atoms

and the edges represent the links between the atoms Fig. 1.2 (image taken from [68]).
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(a) (b)
Figure 1.2: (a) chemistry compound. (b) query containing wildcards.

Usually proteins are classified on the basis of common structures. One application
of such classification is the prediction of the functionality of a new protein fragment
(discovered or synthesized). The user queries the database and gets all the proteins
containing that particular query fragment. Queries may also contain wildcards to
perform inexact matching according to what the users want (the substitution of a
vertex or a path in the data). Solving this problem requires tools to compare different

graphs, recognize different part of graphs, and retrieve and classify them. In the



context of non-structured data (such as strings), string matching algorithms match
query words against documents extremely efficiently. Just as string matching matches
words against documents, graph matching matches query graphs against underlying
data graphs. Many efforts have been made to generalize string matching to graph
matching, but such generalization is not natural: string matching has polynomial
complexity on the database size. Graph matching has exponential complexity, and
thus belongs in a entirely different class of problems.

Three similar NP-complete problems about graph matching exists:

1. graphs isomorphism. Graphs G and H are isomorphic if there is a one-to-one
correspondence between the nodes of G and the nodes of H such that an edge
of H exists if and only if the corresponding nodes of G also are connected by

an edge of G}

2. subgraphs isomorphism. Graphs G and H;p, subgraph of H, are isomorphic if
there is a one-to-one correspondence between the nodes of G and the nodes of
H, such that an edge of H; exists if and only if the corresponding nodes of G

also are connected by an edge of G;

3. graphs monomorphism. Graphs G and H,, subgraph of H, are monomorphic
if there is a correspondence between the nodes of G and the nodes of H; such
that an edge of GG exists if the corresponding nodes of H; are also connected by

an edge of H;.

If we have a database of graphs instead of only one data graph, of course methods
to prune and speed up the matching process are used. In graphs monomorphism,
the problem we studied, a simple enumeration algorithm to find all the occurrences
of a query graph in a data graph generates all possible maps between the vertices of

the two graphs and checks whether the generated map is a match. Given that the



complexity of such an algorithm is exponential, there have been many research efforts
to reduce the cost.

First of all, researchers have been studied matching algorithms which tried to take
advantage of the particular kinds of graphs. (planar graphs, bounded valence graphs
and associate graphs). Another direction taken was to study tricks to reduce the
number of generate maps. Approximate methods with polynomial complexity but
with no guarantee to find correct solutions have been studied also.

In the second part of this thesis, a new algorithm for graph matching, called
GraphGrepVF, is presented. The new algorithm creates two data set fingerprints;
once the user gives the query, the algorithm tries to prune as many graphs in the
database as possible using the first fingerprint and as many paths as possible inside
graphs. The matching step is performed over the remaining reduced graphs. Graph-
GrepVF, moreover, deals with both exact and inexact matching using the GLIDE
query language [68, 69], which allows to the user to define his own query and to

define where an approximation must be.

1.3 Outline of the thesis

This thesis is organized into two main parts (see Fig. 1.3). In the first part, we

L-Ataxdiom il Purihist Pue—— Bandive=ai Toam o ' Crmph Creypl v niw Rlienmg Berkdoy
Prublcns Approshate d - madlon over graphs ! \h‘ _‘ g Irisdying
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Figure 1.3: Structure of the thesis.

introduce several basic concepts and solutions for problems that can be modelled



by metric spaces. This section is divided in the following chapters: 1-median and
furthest pair algorithms, the Antipole clustering, applications of Antipole clustering.

Each chapter is composed as follows:

e 1-median and diameter (furthest pair) approximated algorithms. The
concept of “randomized tournament” is introduced. Through using this con-
cept we describe a general technique to solve optimization problems in metric
spaces. This chapter contains a core technique to solve the approximate 1-
median problem and the approximate diameter problem. In particular, this
chapter introduces an approximation scheme for the diameter computation in
the Euclidean space. Moreover, we present a new, very fast approximate algo-
rithm to solve the 1-median problem in a weighted graph where the metric is

the shortest path distance.

e The Antipole clustering: a clustering scheme to index generic metric
spaces. This chapter presents the Antipole clustering method to build a data
structure called Antipole Tree. The Antipole Tree is shown to be a suitable
data structure to index a generic metric space. By using Antipole Tree, two
problems are efficiently solved: range search problem and k-nearest neighbor
problem. This method is also successfully compared with four state-of-the-art

data structures: M-Tree, MVP-Tree, List of Clusters, TSVQ.

e Applications. Four important applications of the Antipole Tree clustering are
discussed. The first one shows how the clustering can be used to support the
discover, and study of gene correlations in a protein network environment. The
second application deals with an interesting method to cluster labeled graphs
by using Antipole data structure. We address concepts about documents and
text clustering, in particular, how to map a document on a Euclidean space.

The last two applications show how the Antipole Tree can be used to speed up



the synthesis of texture and the image colorization in computer graphics. The
nearest neighbor search is used as a basic step to synthesize and to colorize the

images.

The second part of the thesis presents GraphGrepVF, a new and efficient method of
graph matching that came out of the study of two well known algorithms, Graph-
Grep [68, 71, 117] and VF [46]. The chapter is entitled GraphGrepVF: a new efficient
method for exact and inexact graph matching. First of all, the chapter explains how
GraphGrep [68, 71, 117] and VF [46] work. Secondly, we show that these two methods
can be combined with a new filtering technique to create the superior GraphGrepVF.
GLIDE (Graph Llnear DEscription) [69], a graph linear query language, its seman-
tics, syntax, and reasons for use are discussed and explained. Finally we explain how

to deal with inexact matching.



Chapter 2

Basic Definitions

In this chapter, we introduce the basic definitions of all the problems discussed in the

two parts of this thesis.

Definition 2.0.1. Metric Space. A metric space is a pair (X,d) such that X
denotes the universe of valid objects and d is a function defined as follows:

d: XxX—R
with the following properties
1. positiveness. Vx,y € X d(z,y) > 0;
symmetry. Vz,y € X d(z,y) = d(y,x);
reflexivity. Vo € X d(z,z) = 0;

triangle inequality. Vx,y,z € Xd(z,y) < d(z,z) + d(z,y);

A

identity of indiscernibles. Vx,y € X if d(z,y) = 0 then x = y.

Definition 2.0.2. Range query. Given a set of objects S, a query object ¢, and a
threshold ¢, a range query retrieves all elements in S that are within distance ¢ from
q. That is {z € S|d(z,q) < t}.

Definition 2.0.3. Nearest neighbor query. Given a set of objects S, a query
object ¢, a nearest neighbor query retrieves the closest elements to ¢ in S. That is

{z € S|Vy € S d(z,q) <d(y,q)}-

10
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Definition 2.0.4. k-Nearest neighbor query. Given a set of objects S, a query
object ¢, and an integer value k£ > 0, a k-nearest neighbor query retrieves the k clos-
est elements to ¢ in S. That is {z1,... 2x € S|Vy € S /{x1,29,..., 2} d(z;,q) <
dly,q)i=1,... k}.

Definition 2.0.5. k-Medians problem. Given a set of objects .S, a finite subset M
of S, and an integer value k£ > 0, the k-medians problem asks k£ points ¢y, ca, ..., C

77777

Definition 2.0.6. Furthest Pair problem. Given a set of objects S, a finite
subset M of S, the furthest pair problem asks a pair of points A and B such that
d(A, B) > d(x,y)¥ 5,y € M.

Definition 2.0.7. Graph. A graph G is a pair of finite set (V, E). V' = {vg, vy, ..., v}
is the set of vertices in G. E = {(v;,v;) |i,j € {1,...,k}} is the set of edges in G.

Definition 2.0.8. Undirected graph. A graph G = (V, F) is called undirected if
(vi,v;) is the same of (vj,v;).

Definition 2.0.9. Directed graph. A graph G = (V| E) is called directed if the
edges have a direction. The (v;,v;) is an outgoing edge for v; and an incoming edge
for v;.

Definition 2.0.10. Labeled graph. Let L a set of labels,  : V' — L be a node
labeling function and v : E — L be an edge labeling function. Then G = (V| E, u, v)
is a labeled graph. If L is a set of integers, real numbers or any type of quantity, an
edge labeled graph is called weighted graph.

Definition 2.0.11. Dense and sparse graph. A graph is called dense if the num-
ber of edges |E| is O(|V|*), otherwise is called sparse.

Definition 2.0.12. Complete graph. A graph is called complete if it is undirected
and exists an edge between every pair of vertices. That is |E| = |V|*.
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Definition 2.0.13. Subgraph. A graph G’ = (V’, E’) is a subgraph of G = (V| F)
if V'CVand E' C E.

Definition 2.0.14. Path in a graph. A path of length £ from a vertex u to a
vertex u' in a graph G = (V| E) is a sequence (vg, vy, ...,v;) of vertices such that
u=uvg, v = v and (v;_1,v;) € Efori=1,2,... k.

Definition 2.0.15. Graphs Isomorphism. Graphs G and H are isomorphic if
there is a one-to-one correspondence between the nodes of G and the nodes of H
such that an edge of H exists if and only if the corresponding nodes of GG also are
connected by an edge of G.

Definition 2.0.16. Subgraphs Isomorphism. Graphs G and Hy, subgraph of H,
are isomorphic if there is a one-to-one correspondence between the nodes of G and
the nodes of H; such that an edge of H; exists if and only if the corresponding nodes
of GG also are connected by an edge of G.

Definition 2.0.17. Graphs Monomorphism. Graphs G and H;, subgraph di H,
are monomorphic if there is a correspondence between the nodes of G and the nodes
of H; such that and edge of G exists if the corresponding nodes of H; also are con-
nected by an edge of H;.
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Antipole Tree Indexing to Support
Range Search and K-Nearest
Neighbor Search in Metric Spaces
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Chapter 3

1-Median and Diameter (Furthest
Pair) Approximated Algorithms

Algorithms based on randomized tournaments for metric spaces have been widely
studied and analyzed in [110, 9]. This chapter is based on [110].

Let (M, d) be a metric space with distance function d : (M x M) —— R and let S
be a finite subset of M. Given k € N, the k-median problem for S is the problem to
find k points ¢y, ¢y, ..., ¢, in S which minimize ) o min,—yd(s, ¢;).

This computational geometry problem is N'P-complete (see [82]) and many ap-
proximation algorithms have been developed to solve it (see [32, 86]).

The 1-median problem, for k = 1, is therefore the problem of selecting an element
c in S which minimizes the sum ) _¢d(s,c) of all the distances from c to any other
point of the input set S. It is sometimes referred to as “centroid” selection and its
main application fields deal with both Euclidean and non-Euclidean metric spaces.

The diameter (furthest pair) problem looks for a pair of points, A and B in S
such that d(A, B) > d(x,y) Yx,y € S. This problems seems to be easier than the
l-median computation. In metric space it is not true. Also, differently from the
previous problem, this cannot be approximated with a linear randomized algorithm.

As observed in [86], we can construct a metric space where all distances among objects

are set to 1 except for one (randomly chosen) which is set to 2. In this case any

14
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algorithm that tries to give an approximation factor greater than 1/2 must examine
all pairs, so a randomized algorithm will not necessarily find that pair. Nevertheless,
we expect a good outcome in nearly all cases.

Algorithmic solutions of computational geometry problems on metric spaces are
very much affected by the high computational cost of distance calculations among ob-
jects of the space. The exact 1-median problem, for instance, has an obvious quadratic
solution in the size of the input set but even a quadratic algorithm can be prohibitive
with an extremely large size of the input. Moreover, in many applications the real
solutions are not required, in the sense that it is sufficient to compute solutions close
enough to the optimal one. The algorithms we propose here address such situations,

allowing an efficient computation of an approximate solution to both problems.

3.1 The 1-Median Algorithm

Our randomized algorithm is based on a tournament played among the elements of
the input set S. At each round, the elements which passed the preceding turn are
randomly partitioned into subsets, say Xi,..., X;. Then, each subset X, is locally
processed through a procedure which computes its exact 1-median x;. The elements
Z1,...,T move to the next round. The tournament terminates when we are left with
a single element 7, the final winner. The winner approximates the exact 1-median in
S.

A possible implementation of the above general method consists of partitioning the
elements at each round in subsets having the same size ¢, with the possible exception
of one subset whose size must lie between t and 2t — 1. In addition, we can assume
that the iteration stops when the number of elements falls below a given threshold.
Finally the quadratic “brute force” computation returns the exact 1-median of the

residual set. This is summarized in Fig. 3.1, where the local optimization procedure

WINNER (X) returns the exact 1-median in X.



16

The approximate 1-Median Selection algorithm

WINNER (X)

1 for each z € X do

2 Oz D yex Az, y);

3 Let m € X be an element such that o, = mingex(0;);
4 return m;

END WINNER.

APPROX_1_MEDIAN (5)
while |S| > Threshold do
W« 0;
while |S| > 2t do
Choose randomly a subset 7' C S, with |T'| = ¢;
S — S\T;
W — W U {WINNER (T)};
end while;
S — W U {WINNER (5)};
end while;
return WINNER (S);
END APPROX_1_MEDIAN.

O © 0O Uk W

—_

Figure 3.1: Pseudo-code of the approximate 1-Median Selection algorithm.

Notice that, each random partitioning phase can be simplified introducing efficient
pseudo-randomization methods (see [9]). It can be easily seen, in the case of unidi-
mensional Euclidean spaces, the resulting approximate algorithm reduces exactly to
the one given in [9].

A running time analysis, (see [29] for details), shows that above procedure takes

time £n + o(n) in the worst case.
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3.2 The 1-Median Algorithm over Graphs

In this section we describe a new approximated algorithm to solve 1-median problem
for graphs.

Over graphs, taking into account the shortest path distance, applying the above
approximate 1-Median Selection Algorithm is not a good idea: as described in [29],
given an input set of cardinality n = t", with r € N, the 1-Median Selection Algorithm
performs exactly %(n — 1) distance computations. So we would have to call Dijkstra
£(n—1) times where n is the number of nodes |V'| getting a complexity of O(|V[*log V')
using heaps. A very simple method to compute an exact solution is to generate the
map of all possible pairs of distances by running the AllPairShortestPath algorithm;
the 1-median node v is the node such that the sum of the distances between the
node v and each other node is miminum. The complexity of the exact method is
O(|V|*1log V') using heaps. This is the same complexity as would be gotten by using
the 1-Median Selection algorithm so it does not make sense to apply the 1-Median
Selection Algorithm.

The idea of this new method is to give importance to the nodes through which
the maximum number of shortest paths pass during the Dijkstra visit. For this the
algortihm is called Walking Path algorithm. The algorithm deals with graphs either
weighted or not and either directed or undirected.

Fig. 3.2 shows the two main routines of the algorithm. The main procedure,
WALKING_PATH, starts finding the node u with greater degree. In the next lines
the algortihm initializes S_visited to 0 and min to oco; S_visited will contain all the
nodes visited so far while min will contain the sum of the distances of the temporary
optimal solution.

Once INNER_WALKING is executed, the number of Dijkstra shortest paths

passing for the nodes adjacent to u is computed. The sum of distances from u to
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The approximate 1-Median Walking Path algorithm

INNER_WALKING (G, u, min, S_visited, v)
1 S.visited «— S_visited U {u};

2 compute the number of Dijkstra shortest paths passing for the nodes adjacents to wu;
3 sum_u < sum of distances from u to each other node;

4 if sum_u < min then

5 vV — U

6 min <— sum_u;

7 t «— adjacent node to u with maximum number of Dijkstra shortest path;

8 if t ¢ S_visited then

9 INNER_WALKING(G, t,min, S_visited, v);

10 end if;

11 strat_max < greater distance of node ¢ from u such that ¢ is not adjacent to u;

12 strat_min < smaller distance of node z from u such that z is not adjacent to u;

13 | — (strat_max—strat_min)

10 '

14 let v1 the node not adjacent to u such that the distance between u and v1 is
greater or equal than strat_min + [ and less or equal than strat_min + 20 and
vl ¢ S_visited;

15 if v1 # NULL then

16 INNER_WALKING(G,v1l, min, S_visited, v);

17 end ifj

18 let v2 the node not adjacent to u such that the distance between uw and v2 is
greater or equal than strat_min + 21 and less or equal than strat_min + 3l and
v2 ¢ S wvisited;

19 if v2 # NULL then

20 INNER_-WALKING(G, v2, min, S_visited, v);

21 end if;

22 let v3 the node not adjacent to u such that the distance between u and v3 is
greater or equal than strat_min + 3l and less or equal than strat_min + 4l and
v3 ¢ S_visited;

23 if v3 # NULL then

24 INNER_WALKING(G, v3, min, S_visited, v);

25 end ifj

26 end if;

END INNER_WALKING.

WALKING_PATH (G, min, S_visited)

find the node u with greater degree;
S_visited — {0};

min «— oQ;

INNER_WALKING(G, u, min, S_visited, v);
return v;

END WALKING_PATH.

U W N~

Figure 3.2: Pseudo-code of the approximate 1-Median Walking Path algorithm.




19

every other node is also determined, and the algorithm continues recursively only if
this sum is less than the temporary optimal min. Once v and min are updated, let ¢
be the node adjacent to u with the greatest number of Dijkstra shortest paths passing
through it. Then the algorithm proceeds recursively with the node t if £ has not been
visited yet.

So far, (line 10) we have shown the basic algorithm and the basic idea of this
method; however, sometimes, the node ¢t with the greatest number of Dijkstra shortest
path does not arrive to a good solution. In this case, the reason for the failure is that
centroids may exist that are local to a region of the graph and are not good for the
general graph. The next lines of this procedure provide a method to overcome such
a local minima.

The idea to overcome such a local minima is to build a stratification of the
nodes according to their distance from the temporary solution w. Let strat_max
and strat_min be respectively the greater and the smaller distance from u to a node
not adjacent to u. With [ we divide the space of all distances of other nodes from w in
ten strips. Empirically, taking a node in first strip ([strat-min + [, strat_min + 21]),
another in the second strip ([strat-min+2l, strat-min+3l]) and another in the third
strip ([strat_min + 31, strat_min + 4l]), it is highly probable that the path visited by
the algorithm will come out from the local minima: the error is kept low, and also
the number of nodes to visit does not grow too much.

Such an approximated algorithm is very fast and also performs very well. The
experiments performed have been executed on 100 connected sparse random graphs,
100 connected dense random graphs and 100 grid connected graphs; the number nodes
has been fixed for all the experiments to 1000. Table 3.1 shows comparisons between
the exact method and our approximated method. The second and the third column
show the average time, respectevely, for the exact method and for our approximated

method; the forth and fifth column show respectevely the average number of nodes
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our approximated method visits and the average number of nodes the exact method
visits (we remind that exact method visits 1000 nodes); the sixth column shows the
average position of the results returned by our method with respect to the exact
centroid; finally, last column shows the error.

For every graph, we have observed that our method is always faster than the exact

method and the error is kept low.

Graph Typology | Avg Exact | Avg Walking | Avg Exact Size | Avg Walking Size | Avg Pos Error
sparse random 10.20 secs 0.85 secs 1000 24.16 2.66 0.006
dense random 32.86 secs 2.65 secs 1000 27.76 3.87 0.008

grid 1.4 secs 1.2 secs 1000 105.75 1.03 0.00004

Table 3.1: Average results on 100 sparse random graphs, 100 dense random graphs
and 100 grid graphs.

3.3 Diameter (Furthest Pair) Algorithm

Here we introduce a randomized algorithm inspired by the one proposed for the 1-
median computation [29] and reviewed in the preceding section. In this case, each
subset X; is locally processed by a procedure LOCAL_WINNER which computes
its exact 1-median z; and then returns the set X;, obtained by removing the element
x; from X;. The elements in X; U X, ... U X, are used in the subsequent step.
The tournament terminates when we are left with a single set, X, from which we
extract the final winners A, B, as the furthest points in X. The pair A, B is called
the Antipole pair and their distance represents the approximate diameter of the set
S.

The pseudo-code of the Antipole algorithm, similar to that of the 1-Median algo-
rithm, is given in Fig. 3.3.

A faster (but less accurate) variant of APPROX_ANTIPOLE (S) can be used.
Such variant, called FAST_APPROX_ANTIPOLE, consists of taking X; as the
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farthest pair of X;. Its pseudocode can therefore be obtained simply by replacing in
APPROX_ANTIPOLE each call to LOCAL_WINNER by a call to FIND_ANTI-
POLE. In the next section we will prove that both variants have a linear running time
in the number of elements. We will also show that FAST _APPROX_ANTIPOLE
is also linear in the tournament size 7, whereas APPROX_ANTIPOLE is quadratic

with respect to 7.

3.3.1 Running time analysis of Diameter (Furthest Pair) com-
putation

Two fundamental parameters present in the algorithm reported in Fig. 3.3 (also re-
ported in Fig 3.1), namely the splitting factor T (also referred to as the tournament
size) and the parameter threshold, need to be tuned.

The splitting factor 7 is used to set the size of each subset X processed by pro-
cedure LOCAL_WINNER, with the only exception of one subset for each round
of the tournament (whose size is at most (27 — 1)), and the argument of the last
call to FIND_ANTIPOLE (whose size is at most equal to threshold). It is clear
that the larger values of 7 are, the better the output quality is and the higher the
computational costs are. In many cases a satisfying output quality can be obtained
even with small values for 7.

A good trade-off between output quality and computational cost is obtained by
choosing as value for 7 one unit more than the dimension that characterizes the
investigated metric space [35]. This suggestion lies on intuitive grounds developed in
the case of a Euclidean metric space R and is largely confirmed by the experiments
reported in [29]. The parameter threshold controls the termination of the tournament.
Again, larger values for threshold ensure better output quality, though at increasing
cost. Observe that the value (72 — 1) for threshold forces the property that the last

set of elements, where the final winner is selected, must contain at least 7 elements,
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The approximate Antipole Selection algorithm

LOCAL_WINNER (T)

1

return 7'\ WINNER (T);
END LOCAL_WINNER.

FIND_ANTIPOLE (T)

1

return P, P, € T such that dist(Py, Py) > dist(x,y) V x,y € T}
END FIND_ANTIPOLE.

APPROX_ANTIPOLE (S)

1
2
3
4
5
6
7
8
9
10

while |S| > threshold do
W «— 0;
while S > 2* 7 do
Choose randomly a subset T'C S : |T| = 7;
S—S\T,;
W « WU {LOCAL_WINNER(T)};
end while
S «— WU {LOCAL_WINNER(S)};
end while
return FIND_ANTIPOLE(S);
END APPROX_ANTIPOLE.

Figure 3.3: Pseudo-code of the Antipole Selection algorithm.



23

provided that |S| > 7. Moreover, in order to ensure a linear computational complexity
of the algorithm, the threshold value need to be O(m ). Consequently, a good choice
is threshold = min {7’2 -1, ]S\}

The algorithm APPROX_ANTIPOLE given in Fig. 3.3 is characterized by its
simplicity and hence it is expected to be very efficient from the computational point
of view, at least in the case in which the parameters 7 and threshold are taken small
enough. In fact, we will show below that our algorithm has a worst-case complexity
of @n + o(n) in the input size n, provided that threshold is o(y/n).

Plainly, the complexity of the algorithm APPROX_ANTIPOLE is domi-
nated by the number of distances computed by it within calls to procedure
LOCAL_WINNER. We shall estimate below such a number.

Let W(n,7,79) be the number of calls to procedure LOCAL_WINNER made
within the while-loops by APPROX_ANTIPOLE, with an input of size n and
using parameters 7 > 3 and threshold ¢ > 1. Plainly, W(n,1,9) < W(n,,1), for
any ¢ > 1, thus it will suffice to find an upper bound for W (n, 7, 1). For notational
convenience, let us put Wi(n) = W(n, 7, 1), where 7 has been fixed. It can easily be

seen that Wi(n) satisfies the following recurrence relation:

0 if0<n<2,
Wiln) =4 1 if 3 <n <27,
2]+ Wi ((r—1)-|2]) ifn>2T
By induction on n, we can show that Wi (n) < n. For n < 27, our estimate is trivially
true. Thus, let n > 27. Then, by inductive hypothesis, we have

i = (2] - [2]) < 2 e[

T T T
n

_ H.(H(T—n):n.

T

The number of distance computations made by a call LOCAL_WINNER/(X) is equal

to Zgll (1—1) = W At each round of the tournament, all the calls to procedure
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LOCAL_WINNER have an argument of size 7, with the possible exception of the
last call, which can have an argument of size between (7 + 1) and (27 — 1). We
notice that the last call to procedure FIND_ANTIPOLE made within the return
instruction of APPROX_ANTIPOLE has argument of size at most ¢. Since there
are [logT J(r=1) nw rounds, it follows that the total number of distances computed by a
call of APPROX_ANTIPOLE(S), with |S| = n, tournament size 7, and threshold

¥, is majorized by the expression

(r—1) 2r—1)2r—2) 7(r—1 V(0 —1
W(n, T, '19) . T + ’_1Og7_/(7__1) n-‘ . 2 - 2 ) + 2 )
-1
= %n + O(logn + 9?).
By taking ¢ = o(y/n), the above expression is easily seen to be @n + o(n).

Summing up, we have:

Theorem 3.3.1. Given an input set of size n € N, a constant tournament size

T >3, and a threshold 9 = o(y/n), the algorithm APPROX_ANTIPOLE performs

_7(72— Uy + o(n) distance computations. n

Concerning the complexity of the faster variant FAST _APPROX_ANTIPOLE,
we have the following recurrence relation Wi(n) = |2| + Wy (2-|2]), for n >

27. By induction on n, we can show that the number of calls to the subroutine

FIND_ANTIPOLE is Wi(n) < [25]. For n < 27, our estimate is trivially true.

Thus, let n > 27. Then, by inductive hypothesis, we have
2. |n
W) - ppm(g.m)qﬁw bﬂ
T T T T—2
< {"J R o
- L7 T—2| " |Tt-2|

Finally, much by the same arguments as those preceding theorem 3.3.1, we can

show that the following holds:
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Theorem 3.3.2. Given an input set of size n € N, a constant tournament size 7 > 3,
and a threshold ¥ = o(y/n), the algorithm FAST_APPROX_ANTIPOLE performs

;E::;gn + o(n) distance computations. ]

3.3.2 A Diameter (Furthest Pair) computation on Euclidean
spaces

In this subsection we describe an approximation algorithm for the diameter compu-
tation on the Euclidean plane. Several studies in the literature [4, 8, 77, 31] have
provided efficient algorithms for the approximate diameter computation in multidi-
mensional Euclidean Spaces. Our approach can be regarded as the binary search
version of [4]. For the sake of simplicity, we will start with a finite set of points in the
plane S. We perform the Antipole search as follows. Let (Px,,, Px,,), (Py,,, Py,,) be
four points of S having minimum and maximum Cartesian coordinates: the so called
minimum area bounding box BBoz. Notice that such four points belong to the convex
hull of the set S and all of S is included in the rectangle bounded by (Px,,.x — Px,,.x)
and (Py,,.y — Py,,.y) The two endpoints (A, B) of the diameter of such four points
constitute our Antipole pair. The Antipole distance (the pseudo-diameter) is not less
than Diagonal/ V2. This yields % > % proving that our approximation ratio
in the plane is 1 — 1/\/§

Now we describe a generalization of this method giving us an approximation al-
gorithm able to obtain an exponentially arbitrary low approximation factor ¢ for the
real diameter. We perform a 7/4 rotation of our Cartesian coordinates, which implies
a bisection of the axes, and compute the maximum and minimum coordinate points
for such two new axes. We obtain 8 points. Let A, B be the diameter of this set.
It is easy to see (middle picture in Fig. 3.4) that dist(A, B)/cos§ > diameter(S).
By iterating the bisecting process d times, we get dist(A, B)/ cos 57 > diameter(S)
(see the pseudocode in Fig. 3.5). Therefore the error introduced by the algorithm is:
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Figure 3.4: Worst cases in the first three iteration of the algorithm.

Diameter — Pseudo_Diameter
5 < ‘1
= — COS
Diameter -

2(d+2)

So we can conclude that:

Theorem 3.3.3. Let S be a set of points in the plane and let 0 < § < 1 —+/2/2.

Iterating the algorithm for i = 0,--- [log < — 2] the algorithm returns an

arcco§(1—5)
Antipole pair A, B (say Pseudo-Diameter) which approzimates the diameter with an
error less than 9. [ |

Experiments in n-dimensional Euclidean spaces show that the Antipole pair dis-
tance is fully comparable with the first iteration of the above Pseudo_Diameter al-
gorithm, for tournaments with subset size t = n + 1. This suggests that one could
calculate the intrinsic dimension n of a metric space S and then use tournaments of

sizet = n+ 1.
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Let BBox = {Px,,, Px,,, Pv,,, Pv,,} be the minimum bounding box of S;
V= {{S}th
for: = 1to [m—ﬂ do
V' = ROTATE_SET (V, 5%7);
Let BBO'rQinrl = {PXm,PXM,PYm,PYM}
be the minimum bounding boxes of the rotated sets in V’;
V « Set catalog of V’;
BBox = BBox U BBoux;;
end for
return FIND _ ANTIPOLE(BBOX);
END DIAGONAL.

Figure 3.5: Pseudo-Diameter Computation.
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Chapter 4

The Antipole Clustering: A
clustering scheme to index generic
metric spaces

Clustering techniques have been studied in statistics, machine learning and database.
Each community focuses on different aspects of clustering. These techniques are able
to identify clusters in a very large data set, but usually they do not deal with the
efficiency of data search and data retrieval.

Recently clustering technique in high-dimensional spaces for efficient indexing have
been explored. The well-known problem in such cases is the one about the curse of
dimensionality. One solution to high dimensional settings consists in reducing the di-
mensionality of the input space. Traditional feature selection algorithms select certain
dimensions in advance. Methods such as Principal Component Analysis (PCA) [61]
transform the original input space into a lower dimensional space by constructing
dimensions that are linear combinations of the given features. While PCA may suc-
ceed in reducing the dimensionality, the new dimensions can be difficult to interpret,
making it hard to understand clusters in relation to the original space. Anyway this
scheme is not designed to tackle the search efficiency problem that this study focuses

on.

28
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Here we present the Antipole Clustering method. It is an indexing scheme designed
to support Range search query and Nearest Neighbor search query.

Range and k-nearest neighbor searching are core problems in pattern recognition.
Given a database S of objects in a metric space M and a query object ¢ in M, in a
range searching problem the target is to find the objects of S within some threshold
distance to ¢, whereas in a k-nearest neighbor searching problem, the k elements of S
closest to ¢ must be produced. These problems can obviously be solved with a linear
number of distance calculations, by comparing the query object against every object
in the database. However, the goal is to solve such problems much faster.

We combine and extend ideas from the M-Tree, the Multi-Vantage Point structure,
and the FQ-Tree to create a new structure in the “bisector tree” class, called the
Antipole Tree. Bisection is based on the proximity to an “Antipole” pair of elements
generated by a suitable linear randomized tournament. The final winners a, b of such
a tournament are far enough apart to approximate the diameter of the splitting set.
If dist(a,b) is larger than the chosen cluster diameter threshold, then the cluster is
split. The proposed data structure is an indexing scheme suitable for (exact and
approximate) best match searching on generic metric spaces. The Antipole Tree
compares very well with existing structures such as List of Clusters, M-Trees and
others, and in many cases it achieves better results. The Antipole Tree has been

widely analyzed also in [110].

4.1 Introduction

Searching is a basic problem in metric spaces. Hence, much efforts have been spent
both in clustering algorithms, which are often included in the searching process as
a preliminary step (see BIRCH [142], DBSCAN [55], CLIQUE [6], BIRCH* [64],
WaveClusters [119], CURE [76], CLARANS [103]) and in the development of new
indexing techniques (see, for instance, MVP-Tree [22], M-Tree [41], SLIM-Tree [89],
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FQ-Tree [140], List of Clusters [33], SAT [101]; the reader is also referred to [35]
for a survey on this subject). For the special case of Euclidean spaces, one can
see [5, 67, 14], X-Tree [11] and CHILMA [124].

We combine and extend ideas from the M-Tree, MVP-Tree, and FQ-Tree struc-
tures together with randomized techniques coming from the approximate algorithms
community [9], to design a simple and efficient indexing scheme called Antipole Tree.
This data structure is able to support range queries and k-nearest neighbor queries
in generic metric spaces.

The Antipole Tree belongs to the class of “bisector trees” [35, 28, 104], which are
binary trees whose nodes represent sets of elements to be clustered. Its construction
begins by first allocating a root r and then selecting two splitting points ¢y, ¢s in the
input set, which become the children of r. Subsequently, the points in the input set
are partitioned according to their proximity to the points ¢y, co. Then one recursively
constructs the tree rooted in ¢; associated with the partition set of the elements closer
to ¢;, for i =1,2.

A good choice for the pair (¢, ¢2) of splitting points consists in maximizing their
distance. For this purpose, we propose a simple approximate algorithm based on
tournaments of the type described in [9]. Our tournament is played as follows. At
each round, the winners of the previous round are randomly partitioned into subsets
of a fixed size 7 and their 1-medians® are discarded. Rounds are played until one
is left with less than 27 elements. The farthest pair of points in the final set is our
Antipole pair of elements.

This chapter is organized as follows. In the next section, we give the basic defini-
tion of range search and k-nearest-neighbor queries in general metric spaces and we

briefly review relevant previous work, with special emphasis on those structures which

'We recall that the 1-median of a set of points S in a metric space is an element of S whose
average distance from all points of S is minimal.
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have been shown to be the most effective, such as List of Clusters [33], M-Trees [41]
and MVP-Trees [22]. The Antipole Tree is described in Section 4.3. In section 4.4,
we present a procedure for range searching on the Antipole Tree. Section 4.5 presents
an algorithm for the exact k-nearest neighbor problem. The Antipole Tree is exper-
imentally compared with List of Clusters, M-Tree and MVP-Tree in Section 4.6. In
particular, cluster diameter threshold tuning is discussed. An approximate k-nearest
neighbor algorithm is also introduced in Section 4.7 and a comparison with the version
for approximate search of List of Clusters [27] is given with a precision-recall analy-
sis. In Section 4.8 we deal with the problem of the curse of dimensionality. Indeed in
high dimension, linear scan for uniform data sets may become competitive with the
best searching algorithms. However most of the real world data sets are non-uniform.
We successfully compare our algorithm with linear scan in non-uniform data sets of
very high dimensional Euclidean spaces. Next, in section 4.9 the secondary memory
management is discussed and comparisons with M-Tree are showed. Finally, in sec-

tion 4.10 we show how to deal with the dynamic updates.

4.2 Basic Definitions and Related Works

Let M be a non-empty set of objects and let dist : (M x M) — R be a function

such that the following properties hold:
1. Va,y € M) dist(x,y) > 0 (positiveness);
2. (Va,y € M) dist(z,y) = dist(y,z) (symmetry);

3. (Vo € M) dist(z,x) =0 (reflexivity),
Ve, y € M) (x #y — dist(x,y) > 0) (strict positiveness);

4. Vzx,y, z € M) dist(x,y) < dist(z, z) + dist(z,y) (triangle inequality);
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then the pair (M, dist) is called a metric space and dist is called its metric function.
Well known metric functions include Manhattan distance, Euclidean distance, string
edit distance, or the shortest path distance through a graph. Our goal is to build a
low cost data structure for the range search problem and k-nearest neighbor searching

in metric spaces.

Definition 4.2.1. (Range query). Given a query object q, a database S, and a
threshold t, the Range Search Problem is to find all objects {o € D|dist(o,q) < t}.

Definition 4.2.2. (k-Nearest Neighbor query). Given a query object q and an integer
k > 0, the k-Nearest Neighbor Problem is to retrieve the k closest elements to q in S.

Our basic cost measure is the number of distance calculations since these are often
expensive in metric spaces, e.g. when computing the editing distance among strings.
Three main sources of ideas have contributed to our work. The FQ-Tree [140], an
example of a structure using pivots (see [35] for an extended survey), organizes the
items of a collection ranging over a metric space into the leaves of a tree data structure.
Viewed abstractly, FQ-Trees consist of a vector of reference objects r1,--- ,7, and a
distance vector v, associated with each object o such that v,[i] = dist(o,7;). A query
object ¢ computes a distance to each reference object, thus obtaining a v,. Object o
cannot be within a threshold distance ¢ from ¢ if for any 4, v,[i] > v,[i] +t. That is,
even if o is closer to ¢ than r;, ¢ cannot be closer to o than t.

We use a similar idea except that our reference objects are the centroids of clusters.
M-Trees [41, 39] are dynamically balanced trees. Nodes of an M-Tree store several
items of the collection provided that they are “close” and “not too numerous”. If one
of these conditions is violated, the node is split and a suitable sub-tree originating
in the node is recursively constructed. In the M-Tree, each parent node corresponds
to a cluster with a radius and every child of that node corresponds to a subcluster
with a smaller radius. If a centroid x has a distance dist(z, q) from the query object

and the radius of the cluster is 7, then the entire cluster corresponding to x can be
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discarded if dist(z,q) >t +r.
We take the idea that a parent node corresponds to a cluster and its children nodes are
subclusters of that parent cluster from the M-Tree. The main differences between our
algorithm and the M-Tree are the construction method, that clusters in the M-Tree
must have a limited number of elements, and the search strategy as our algorithm
produces a binary tree data structure.

VP-Trees [128, 141] organize items coming from a metric space into a binary tree.
The items are stored both in the leaves and in the internal nodes of the tree. The

¢

items stored in the internal nodes are the “vantage points”. To process a query
requires the computation of the distance between the query point and some of the
vantage points. The construction of a VP-Tree partitions a data set according to the
distances that the objects have with respect to a reference point. The median value
of these distances is used as a separator to partition objects into two balanced subsets
(those as close or closer than the median and those farther than the median). The
same procedure can recursively be applied to each of the two subsets.

The Multi-Vantage-Point tree [22] is an intellectual descendant of the vantage
point tree and the GNAT [23] structure. The MVP-Tree appears to be superior
to the previous methods. The fundamental idea is that, given a point p, one can
partition all objects into m partitions based on their distances from p, where the
first partition consists of those points within distance d; from p, the second consists
of those points whose distance is greater than d; and less than or equal to ds, etc.
Given two points, p, and py, the partitions aq, - - - , a,, based on p, and the partitions
bi,---, b, based on p, can be created. One can then intersect all possible a- and
b-partitions (i.e. a; intersect b; for 1 < i < m and 1 < j < m) to get m? partitions.
In an MVP-Tree, each node in the tree corresponds to two objects (vantage points)
and m? children, where m is a parameter of the construction algorithm and each

child corresponds to a partition. When searching for objects within distance ¢ of
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query point ¢, the algorithm does the following: given a parent node having vantage
points p, and py, if some partition Z has the property that for every object z € Z,
dist(z,p,) < d, and dist(q,p,) > d, + t, then Z can be discarded. There are other
reasons for discarding clusters, also based on the triangle inequality. Using multiple
vantage points together with pre-computed distances reduces the number of distance
computations at query time. Like the MVP-Tree, our structure makes aggressive use
of the triangle inequality.

Another relevant recent work, due to Chévez et al. [33], proposes a structure called
List of Clusters. Such list is constructed in the following way: starting from a random
point, a cluster with bounded diameter (or limited number of objects) centered in
that random point is constructed. Then such a process is iterated by selecting a
new point, for example the farthest from the previous one, and constructing another
cluster around it. The process terminates when no more points are left. Authors
experimentally show that their structure outperforms other existing methods when
parameters are chosen in a suitable way.

Other sources of inspiration include [25, 43, 60, 74, 118, 116, 89, 101].

4.3 'The Antipole Tree

Let (M, dist) be a finite metric space, let S be a subset of M and suppose that
we aim to split it into the minimum possible number of clusters whose radii should
not exceed a given threshold o. This problem has been studied by Hochbaum and
Maass [83] for Euclidean spaces. Their approximation algorithm has been improved
by Gonzalez in [75]. Similar ideas are used by Feder and Greene [56] (see [109] for an
extended survey on clustering methods in Euclidean spaces).

The Antipole clustering of bounded radius o is performed by a recursive top-down
procedure starting from the given finite set of points S and checking at each step if

a given splitting condition ® is satisfied. If this is not the case, then splitting is not
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performed, the given subset is a cluster, and a centroid having distance approxima-
tively less than o from every other node in the cluster is computed by the procedure
described in Section 3.1.

Otherwise, if ® is satisfied then a pair of points {A, B} of S called the Antipole
pair is generated by the algorithm described in 3.3 and is used to split S into two
subsets S, and S obtained by assigning each point p of S to the subset containing
the endpoint closest to p of the Antipole {A, B}. The splitting condition ® states
that dist(A, B) is greater than the cluster diameter threshold corrected by the error
coming from the Euclidean case analysis described in 3.3.2. Indeed the diameter
threshold is based on a statistical analysis of the pairwise distances of the input set
(see Section 4.6.2) which can be used to evaluate the intrinsic dimension [35] of the
metric space. The tree obtained by the above procedure is called an Antipole Tree.
All nodes are annotated with the Antipole endpoints and the corresponding cluster
radius; each leaf contains also the 1-median of the corresponding final cluster. Its

implementation is described in Section 4.3.1.

4.3.1 The Antipole Tree data structure in general metric
spaces

The Antipole Tree data structure can be used in a generic metric space (M, dist)
where dist is the distance metric. Each element of the metric space along with its
related data constitutes a type called object. An object O (Fig. 4.1 (a)) in the
Antipole data structure contains the following information: an element x, an array
Dy storing the distances between x and all its ancestors (the Antipole pairs) in the
tree, and a variable D¢ containing the distance from the centroid C of x’s cluster. A
data set S is a collection of objects drown from M. Each cluster (Fig. 4.1 (b)) stores

the following information:

e centroid, C, the element that minimizes the sum of the distances from the other
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dius
Clrist

Figure 4.1: (a) A generic object in the Antipole data structure. (b) A generic cluster
in the Antipole data structure.
cluster members;
e radius, Radius, containing the distance from C' to the farthest object;
o member list, Cp;s, storing the catalogue of the objects contained in the cluster;
o size of Cr;q, Size, stored in the cluster.
The Antipole data structure has internal nodes and leaf nodes.

e An internal node stores (i) the identities of two Antipole objects A and B, called
the Antipole pair of distance at least 20 apart, (ii) the radii Rad4 and Radp
of the two sub-sets (5S4, Sp obtained by splitting S based on their proximity to
A and B respectively), and (iii) pointers to the left and right sub-trees left and
right;

e A leaf node stores a cluster.

To build such a data structure, the procedure BUILD (see Fig. 4.2) takes as
input the data set S, a target cluster radius o, and a set ) (empty at the beginning).
The algorithm starts by checking if () is empty and if so, it calls the sub-routine
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The Build Antipole Tree algorithm

BUILD(S, o, Q)

00 ~J O U i W N

16
17
18
19
20
21

if @ = 0 then
Q — ADAPTED_APPROX_ANTIPOLE(S,0);
if @ = () then // splitting condition ® fails
T.Leaf — TRUF;
T.Cluster — MAKE_CLUSTER(S);
return T
end if;
end if;
{AB} — @;
T.A — A;
T.B — B;
Sa — {0 eS| dist(O,A) < dist(O,
Sp — {0 € S| dist(O, B) < dist(O,
for each O € S;
O0.Dy «— O.Dyu
{(A, dist(0, A)), (B, dist(O, B))};
end for each;
T.Rady «— maxpeg, dist(O, A);
T.Radp <« maxopc g, dist(O, B);
T.left — BUILD(S4,0,CHECK(S4,0,4));
T.right — BUILD(Sg,0,CHECK(Sg,0,B));
return T,
END BUILD.

B)};
A)};

MAKE_CLUSTER(S)

N O U W N

Cluster.C — APPROX_1_MEDIAN(S);
Cluster.Radius < maxy ¢ g dist(x, Cluster.C)
Cluster.Crist — S \ {Cluster.C'};
for each = € Cluster.Cpis;

x.Do — dist(z, Cluster.C);
end for each;

return Cluster;
END MAKE_CLUSTER.

Figure 4.2: The algorithm Build Antipole Tree and routine MakeCluster.



38

ADAPTED_APPROX_ANTIPOLE,? which returns an Antipole pair. Then the
Antipole pair is inserted into (). Next, the algorithm checks if the splitting condition
is true. If this is the case, the set S is divided into S4 and Sp, where the objects
closer to A are put in S4 and symmetrically for B. Otherwise a cluster is generated.
The other subroutine used in BUILD is CHECK which checks whether there is an
object O in Sy (or Sp) that may become the Antipole of A (or B), by using the
distances already computed and cached. If an Antipole is found, it is inserted into
@ and then the recursive call in BUILD skips the computation of another Antipole
pair.

The routine MAKE_CLUSTER (Fig. 4.2) creates a cluster of objects with
bounded radius. This procedure computes the cluster centroid C' with the randomized
algorithm APPROX_1_MEDIAN and then computes the distance between each O
in the cluster and C.

The data structure resulting from BUILD is a binary tree whose leaves contain
a set of clusters, each of which has an approximate centroid and the radius, based
on that centroid, is less than o. Fig. 4.3 (a) shows the evolution of the data set
during the construction of the tree. At the first step, the pair A, B is found by the
algorithm ADAPTED_APPROX_ANTIPOLE, then the input data set is split into
the subsets S, and Sg. The second step proceeds as the first for the subset containing
A while, for the subset containing B, it produces a cluster since its diameter is less
than 20. The third and final step produce the final clusters for the subsets containing
Ay and B;. Fig. 4.3 (b) shows the corresponding Antipole data structure.

Construction time analysis

Let us compute the running time of each routine. Building the Antipole Tree takes

quadratic time in the worst case. For example, let us consider a metric space in which

2Notice that this algorithm is a variation of FIND_ANTIPOLE that stops when a pair of objects
with distance greater than 20 is found, otherwise it returns an empty set.
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Figure 4.3: A clustering example (a) in a generic metric space and (b) the corre-
sponding Antipole data structure.
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the distance between any pair of distinct objects is 20 + 1. In this case, if the subsets
S4 and Sp have size 1 and |S| — i respectively, where i is the i-th recursive call, then
the complexity becomes O(n?). Notice that ADAPTED_APPROX_ANTIPOLE
will take constant computational time in this case because all the pairwise distances

are supposed to be strictly greater than 20.

4.4 Range Search Algorithm

The range search algorithm takes as input the Antipole Tree T, the query object
q, the threshold ¢, and returns the result of the range search of the database with
threshold ¢. The search algorithm recursively descends all branches of the tree until
either it reaches a leaf representing a cluster to be visited or it detects a subtree that
is certainly out of range and therefore may be pruned out. Such branches are filtered
by applying the triangle inequality. Notice that the triangle inequality is used both
for exclusion and inclusion. The use for exclusion establishes that an object can be
pruned, thus avoiding the computation of the distance between such an object and
the query. The other usage establishes that an object must be inserted, because the
object is close to its cluster’s centroid and the centroid is very close to the query

object (see Figs. 4.4 and 4.5 for the pseudocode).

4.5 K-Nearest-Neighbor Algorithm

The k-nearest neighbor search algorithm takes as input the Antipole Tree T, the
query object ¢, and the k parameter indicating the number of objects requested. It
returns the set of objects in S which are the k-nearest neighbors of ¢q. Hjaltason
and Samet in [81] propose a method called Incremental Nearest Neighbor to perform
k-nearest neighbor search in spatial databases. Their approach uses a priority queue

storing the subtrees that should be visited, ordered by their distance from the query



RANGE_SEARCH(T, ¢, t, OUT)

1

19
20
21

if (T.Leaf = FALSE) then
Dy « dist(q, T.A);
Dp « dist(q, T.B);
if (D4 < t) then
OUT «— OUT U {T.A};
end if;
if (Dp < t) then
oUT «— OoUT U {T.B},
end if;
q.Dy « q.Dy U {D4,Dp};
if (Do < t+T.Rad,) then
RANGE_SEARCH(T.left, q, t, OUT);
end if;
if (DB < t+ T.RadB) then
RANGE_SEARCH(T.right, q, t, OUT);
end if;
q.Dy — q.Dy \ {Da,Dp};
return;
else // leaf case
OUT «— OUTU {VISIT_CLUSTER(T Cluster, q, t, OUT)};
end if;
END RANGE_SEARCH.

Figure 4.4: The Range Search Algorithm.
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VISIT_CLUSTER(Cluster, q, t, OUT)
q.Dc — dist(q, Cluster.C');

2 if (¢.Dc < t) then

3 OUT <« OUT U {Cluster.C};

4 end if;

5 if (¢.Dc > t + Cluster.Radius) then
6

7

8

—_

return;

end if;

if (¢.Dc < t — Cluster.Radius) then
9 OUT «— OUT U Cluster;
10 return OUT;
11 end if;
12 for each O € Cluster.Cr;s; do
13 if (¢.Dc > t + O.D¢) then

14 continue;

15 end if;

16 if (¢.Dc <t — O.D¢) then

17 oUT «— OUT U {0}

18 continue;

19 end if;

20 if (ﬂ(dq € ¢.Dy and dp € ODv)‘
dg >t + doord, <t— dp)then

21 if (dist(q,0) < t) then

22 OoUT — OUT U {0}

23 end if;

24 else

25 if (d; <t — dop) then

26 oUT «— OUT U {O};

27 end if;

28 end if;

29 end for each;
30 return OUT;
END VISIT_CLUSTER.

Figure 4.5: The Visit Cluster algorithm.
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object. The authors claim that their approach can be applied to all hierarchical data
structures. Here we propose an application of such a method to Antipole Tree.

The algorithm described below uses two different priority queues. The first one
stores the subtrees of the Antipole data structure which may be visited during the
search (left sub-tree, right sub-tree or leaf); the second one keeps track of the objects
that will be returned as output.

The incremental nearest neighbor algorithm starts by putting the root of the
Antipole Tree in the priority queue pQueue. Then it proceeds by extracting the
minimum from the priority queue. If the extracted node is a leaf (cluster) it visits
it. Otherwise it decides to visit each of its subtrees on the basis of the subtree’s
radius, the distance of the Antipole endpoint from the query, and a threshold t by
applying the triangle inequality. The threshold ¢, which is initialized to oo, stores
the largest distance from the query ¢ to any of the current k-nearest neighbors.
Subtrees which need to be visited will be put in the priority queue. All current k-
nearest neighbors found are stored in another heap outQueue in order to optimize
the dynamic operations (such as insertions, deletions and updates). Figs. 4.6 and 4.7

summarize the pseudocode.

4.6 Experimental Analysis

In this section we evaluate the efficiency of constructing and searching through an
Antipole Tree. We have implemented the structure using the C programming lan-
guage under Linux operating system. The experiments use synthetic and real data

sets. The synthetic data sets are based on those ones used by [22]:

e uniform 10-dimensional Euclidean space (sets of 100000, 200000, ..., 500000
objects uniformly distributed in [0, 1]*°);

e clustered 20-dimensional Euclidean space. More precisely a set of 100000 objects
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K_NEAREST_NEIGHBOR(T, g, t, outQueue, k, pQueue)
Enqueue(pQueue, Tree, NULL);
while NotEmpty(pQueue) do
node = Dequeue(pQueue);
if (node.leaf = TRUE) then
KNN_VISIT_CLUSTER(node, q, t, outQueue,k);
else
D, — CHECK(q, node.A, t, outQueue);
Dp «— CHECK(q, node.B, t, outQueue);

9 Enqueue(pQueue, node.left,D 4-node. Rad 4 );
10 Enqueue(pQueue, node.right,Dp-node. Rad g);
11 end ifj
12 end while;

END K_NEAREST_NEIGHBOR.

—_

CO J O U i W N

Figure 4.6: The incremental k-nearest neighbor search algorithm.

CHECK(q, O, t, OUT)
Do — dist(q,O);
if (JOUT| < k) then
HEAP_INSERT(O, OUT);
t — HEAP_EXTRACT_MAX(OUT);
else
if (Do < t) then
HEAP_INSERT(O, OUT);
t — HEAP_EXTRACT_MAX(OUT);
end if;
end if;
return Dp;
END CHECK.

—_
— O © 00 O O Wi -

—_

Figure 4.7: A procedure for checking wheter the object O should be added to the
OUT set.
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obtained in the following way: by using uniform distributions, take 100 random

spheres and select 1000 random points in each of them.
The real data sets are respectively:
e aset of 45000 strings chosen from the Linux dictionary with the editing distance;
e a set of 42000 images chosen from the Corel image database with the metric Lo;

e high dimensional Euclidean space sets of points corresponding to textures of

VISTEX database [1] with the metric Ly.

For each experiment, we ran 100 random queries: half of them were chosen in the

input set, the remaining ones in the complement.

4.6.1 Construction Time

We measure construction time in terms of the number of distance computations and
CPU time on uniformly distributed objects in [0,1]!°) as described above. Fig. 4.8
(a) illustrates a comparison between the Antipole Tree, the MVP-Tree, and the M-
Tree, showing the distances needed during the construction. Data were taken again in
[0, 111 with size from 100000 to 500000 elements. The cluster radius o used was o =
0.625, as found by our estimation algorithm described below. We used the parameter
settings for MVP-Trees and M-Trees suggested by the authors [22, 39]. Fig. 4.8 (a)
shows also that building the Antipole Tree requires fewer distance computations than
the M-Tree but more than the MVP-Tree. The difference is roughly a factor of 1.5.
Fig. 4.9 shows that the difference in construction costs can be compensated by faster
range queries on less than 0.2% of the entire input database. Thus, unless queries
are very rare, the Antipole Tree recovers in terms of queries cost what it loses in

construction. Experiments proving this fact are reported in Section 4.6.3.
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Figure 4.8: Construction complexity using uniformly generated data. (a) It is mea-
sured by the number of distance computations needed by the Antipole Tree with
cluster diameter 1.25 vs M-Tree and MVP-Tree. (b) CPU time in seconds needed to
build the Antipole Tree.
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Figure 4.9: Number of range queries, as a fraction of the data set size, which are
sufficient to recover the higher cost of Antipole Tree construction with respect to
MVP-Tree construction.
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Fig. 4.8 (b) shows the CPU time needed to bulk load the proposed data structure;
it also shows that the CPU time needed to construct the Antipole Tree grows linearly
in many cases. Because the MVP-Tree entails sorting, it requires at least O(nlogn)

operations (though not distance calculations) to build the data structure.

4.6.2 Choosing the best cluster diameter

In this section we discuss how to tune the Antipole Tree for range queries. We measure
the cost by the number of distance calculations among objects of the underlying metric
space.

Before the Antipole data structure can be used, it needs to be tuned. To tune the
Antipole Tree, we must choose the radius o of the clusters very carefully by analyzing
the data set properties. In what follows we will show that optimal cluster radius
depends on the intrinsic dimensionality of the underlying metric space.

We performed, as described before, our experiments in 10 and 20 dimensional
spaces with uniform and clustered distributions having size 100000. However, the
methodology of finding the optimal diameter can be applied to other dimensions and
arbitrary data sizes.

Figs. 4.10 (Uniform) and (Clustered) show that across different values of the
threshold ¢ of the range search, the best choice of the cluster diameter is 0.625 for the
uniform data set and 2.5 for the clustered one.

Experiments with real and synthetic data showed that choosing the cluster diam-
eter 10% less than the median pairwise distance value gives, regardless of the range

search threshold, a quite surprising result.

4.6.3 Range search analysis and comparisons

In this section we present an extensive comparison among the Antipole Tree, the

MVP-Tree, the M-Tree, and List of Clusters in terms of the number of distance
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computations for range queries. The number of distance computations required by
each query has been estimated as the average value in a set of 100 queries. In order
to perform a fair comparison with the three competing data structures, MVP-Tree,
M-Tree, and List of Cluster, we have set their implementation parameters to the best
values according to the ones suggested by the authors. For the MVP-Tree, in [22]
it is shown that its best performance is achieved by setting the parameters in the

following way:

1. two vantage points in every internal node v; and wvs.
2. m? = 4 partition classes. Four children for each pair of vantage points.
3. k = 13 maximum number of objects in a leaf node.

4. p unbounded, the size of the vector storing the distances between the objects in
a leaf and their ancestors in the tree (the vantage points). Such a vector is used
during the range search to discard objects without having to compute their dis-
tance from the query object. Notice that the higher is the dimension of such a
vector the more distances from vantage points can be used to prune candidates
and this improves the performance of the MVP-Tree in terms of distance com-

putations. For this reason, we have set this parameter to its maximum value:

the height of the MVP-Tree.?

For the M-Tree implementation, we made use of the BulkLoading® algorithm [39].
The two parameters needed to tune the data structure in order to obtain better
performance are the minimum node utilization and the secondary memory page size.
The best performance observed during the search was obtained with minimum node

utilization 0.2 and page size S8K.

3We are grateful to T. Bozkaya and M. Ozsoyoglu for providing us the program to generate the
input for the clustered data set.

4We are grateful to P. Ciaccia, M. Patella, and P. Zezula for providing us the source code of the
M-Tree.
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Concerning List of Clusters, we used fixed bucket size according with heuristics
p3 and pb suggested by the authors in [33]. p3 consists of choosing the center of the
i-th cluster as the furthest element from the (i — 1)-th center, whereas p5 picks the
element which maximizes the sum of distances from previous centers.

In the first experiment (Fig. 4.11) we compare the four data structures in a uniform
data set taken from [0, 1]* with n = 10, varying the query threshold from 0.1 to 0.8,
and using a data set of size 300000. For the Antipole, we used two different cluster
radii o: 0.5 and 0.625, respectively. Antipole Tree performs better than the other
three data structures computing less distances during the search.

Notice that using a query threshold from 0.1 to 0.7, we capture in the output
data set from 0% to 1% of the elements of the entire data set (0.8 captures the 3%
of the entire set). Fig. 4.12 shows that with query thresholds from 0.4 to 0.6 we save
between 10% and 70% of the distance computations, which in the figure is indicated

as the gain percentage.

180000 : : :
MVP-Tree ——
160000 | M-Tree -
Antipole Tree 20 =1 -
- 140000 r| Antipole Tree 26 =1.25 = e
Qo List of Clusters ---=--- s
2 120000 -
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g 80000 |
IS L
4 60000
S 40000 | L
20000 [ x,/:t"" /’;;:."r%"""”
g - T
0 1 1 1 1 1
01 02 03 04 05 06 07 038

Query Threshold

Figure 4.11: Comparisons in R using 300000 randomly generated vectors. The
query threshold goes from 0.1 to 0.8.

The next set of experiments (see Fig. 4.13) was designed to compare the four

data structures in different metric spaces: the clustered Euclidean space R?°, a string
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Figure 4.12: Each picture shows the number of distances computed by the compared
data structures using threshold from 0.4 to 0.6. The respective gain percentage (per-
centage of distances saved) of the Antipole Tree w.r.t. the MVP-Tree, the M-Tree,
and the List of Clusters is also plotted.
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Figure 4.13: (top) Comparisons of Antipole Tree vs. MVP-Tree, M-Tree, and List of
Clusters in a clustered space from R?® varying the query threshold from 0.1 to 1, with
cluster radius 2. (middle) Antipole Tree vs. MVP-Tree, M-Tree, and List of Clusters
using an editing distance metric with cluster radius 5. (bottom) Antipole Tree vs.
MVP-Tree, M-Tree, and List of Clusters using a set of image histograms with cluster
radius 0.4.
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space under an editing distance metric, and an image histogram space with an L,
distance metric. The corresponding data sets are: 100000 clustered points, 45000
strings from the Linux dictionary, and 42000 image histograms from the Corel image
database,” respectively. Results show a 30% of savings in distance computations.

Since List of Clusters reportedly works well in high dimension, in Fig. 4.14 we show
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Figure 4.14: A comparison between Antipole Tree and List of Clusters using real
database in R (left) and R?*7 (right).

a comparison in range search in very high dimension Euclidean Space R*" and R?7,
with a database size 3000 obtained from the VISTEX [1] texture database. Notice
that by using the query thresholds depicted in Fig. 4.14 the output set captures from
0% to 5% of the elements of the entire data set in R and from 0% to 10% of the
elements of the entire data set in R?67. Antipole Tree shows a better behavior w.r.t.

List of Clusters tuned with the best fixed bucket size we noticed.

4.6.4 K-Nearest Neighbor comparisons

In the Fig. 4.15 we present a set of experiments in which the K_ NEAREST _NEIGHBOR
algorithm is compared with the M-Tree and the List of Clusters. Notice that we

®Obtained from the UCI Knowledge Discovery in Databases Archive, http://kdd.ics.uci.edu
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compared the Antipole Tree with just the M-Tree and List of Clusters because the
k-nearest neighbor search is not discussed for the MVP-Tree (see [22]). As de-
scribed in Section 4.6.3, we choose uniform and clustered data in R and R?°. Each
data set has size 100000. We run the K. NEAREST _NEIGHBOR algorithm with
k =1,2,4,6,8,10,15,20 using one hundred queries for each experiment (half belong-
ing to the data structure and half not). Using the Antipole Tree we save up to 85%
of distance computations.

Concerning experiments in very high dimension, in Fig. 4.16 we show a comparison
with List of Clusters using a data set of 3000 elements in Euclidean R" and R267

from VISTEX [1]. Antipole Tree clearly outperforms List of Clusters.

4.7 Approximate K-Nearest Neighbor search Via
Antipole Tree

When the dimension of the space becomes very high (say > 50) all existing data
structures perform poorly on range and k-nearest neighbor searches. This is due to
the well known problem of the curse of dimensionality [87]. Lower bounds [36] show
that the search complexity exponentially grows with the space dimension. For generic
metric spaces, following [34, 35], we introduce the concept of intrinsic dimensionality:
Definition 4.7.1. Let (M, dist) be a metric space, and let S C M. The intrinsic

I

2%, where pg and ¢% are the mean and the variance of its
S

dimension of S is p =
histogram distances.

A promising approach to alleviate, at least, the curse of dimensionality is to con-
sider approximate and probabilistic algorithms for k-nearest neighbor search. In
some applications, such algorithms give acceptable results. Several interesting algo-
rithms have been proposed in the literature [34, 40, 100, 66]. One of the most suc-
cessful data structure seems to be the Tree Structure Vector Quantization (TSVQ).

Here we will show how to use the Antipole Tree to design a suitable approximate
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Figure 4.15: k-nearest neighbor comparisons. (a) 100000 uniformly generated points
in [0,1]'°. (b) 100000 points from R?® generated in clusters. (¢) Comparisons using
the image histogram database.
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Figure 4.16: k-nearest neighbor search using real data from the VISTEX database in
dimension R*" and R2%7,

search algorithm for the nearest neighbor search. A first simple algorithm, called
BEST_PATH_SEARCH, follows the best path in the tree from the root to the
leaf, and returns the centroid stored in the leaf node. This algorithm uses the same
strategy of the TSVQ to find quickly an approximate nearest neighbor of a query
object.

In what follows we present a set of experiments where TSVQ and Antipole Tree
are compared. The experiments refer to uniformly generated objects in spaces whose
dimension ranges from 10 to 50. For each input data set one hundred queries were
executed. In order to evaluate the quality of the results, we run the exact search first.

Then the error § is computed in the following way:

_ |di5t(00pt7 q> - dist(OTSVQ/Antipolw Q)|

5 diSt(Oopta Q)

In Fig. 4.17 (a) the errors introduced by the two approximate algorithms in uniformly
generated set of points (upper figures) and clustered set of points (lower figures) are
depicted. On the other hand, Figs. 4.17 (b), (d) show the number of distances

computed by the two algorithms.

20



57

35 — ‘
Antipole Tree0 =05 ——
TSVQ ——x—
3 L 4
e}
_ 257 1 2
(<] e 2
a  2f 1 E
& e
z S 15¢ 1
< it
1+t E 2
O 10 1
05 ’\ S Antipole Tree 6 =05 —— |
TSVQ ——x—
0 L L L 0 L T T
10 20 30 40 50 10 20 30 40 50
Space Dimension Space Dimension
4 90
L ] I
35 80 I ]
Antipole Tree —— L
L 4 s _ | T]VO s N
_ 3 % 70 L TSV
g o25¢ 1 g
w 5 60t i
o
% il ] 8 50
9] Q [ il
S o
< 8
-‘é’ 40 4
30 1
20 L L
1 2 3 4
o (o]

Figure 4.17: A comparison between the approximate Antipole search and TSVQ
search. (a) shows the average error introduced by the two algorithms in uniformly
generated points with ¢ = 0.5 varying the space dimension from 10 to 50. (b) shows
the number of distances computed. (c) shows the average error introduced using
points generated in clusters of space dimension 20 varying the cluster radius o. (d)
shows the corresponding number of distances needed.
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The experiments clearly show that the Antipole Tree improves on TSVQ. We
think that this is due to the better position of the Antipole pairs.

A more sophisticated approximation algorithm to solve the k-nearest neighbor
problem can be obtained by using the K. NEAREST _NEIGHBOR algorithm. The
idea is the following: for each cluster reached during the search, the algorithm com-
pares the query object with the cluster centroid without taking into consideration the
objects inside it.

This search is slower than the BEST _PATH_SEARCH but is more precise and
can be used to perform k-nearest neighbor search. Fig. 4.18 (a) shows a set of

experiments done in uniform spaces in dimension 30 with radius ¢ set to 1 and 1.5.
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Figure 4.18: An experiment with the approximate k-nearest neighbor algorithm in
dimension 30. In (a) the average error is showed. (b) depicts the gain percentage in
the number of distance computations.

In approximate matching, precision and recall [93] are important metrics. Follow-
ing [93], we call the k-nearest neighbor elements of a query ¢: the k golden results.
Then, the recall after quota distances can be defined as the fraction of the k£ top

golden elements retrieved fixing a bound, called quota, in the number of distances
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that can be computed during the search. The precision is the number of golden

elements retrieved over the number of distances computed. On the other hand if
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Figure 4.19: (left) Analysis of curse of dimensionality using Antipole Tree from di-
mension 30 to 50. Number of distances needed fixing the recall. (right) Comparisons
using the image histogram database between the Antipole Tree and List of Clusters
w.r.t. approximated k-nearest neighbor. The recall varying the quota is depicted.

the recall R is fixed (i.e. 50%), the R-precision (precision after R recall) gives the
number of distances which must be computed to obtain such recall. We performed
precision-recall analysis between Antipole Tree and the approximate version of List
of Clusters [27]. Experiments in Fig. 4.20 made use of 100000 elements of dimension
30. We fixed several quotas and recalls ranging from 7000 to 42000 and from 0.5 to
0.9 respectively. Results clearly show that Antipole Tree gives precision-recall factors
better than List of Clusters (with fixed bucket size). Fig 4.19 (left) makes the same
comparison but using Image histogram database, also it illustrates (right) the effect of
curse of dimensionality in precision-recall factor analysis for the Antipole Tree using

uniformly distributed objects in Euclidean spaces of dimension ranging from 30 to

50.

1600
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Figure 4.20: Comparing Antipole Tree and List of Clusters w.r.t approximated K-
nearest neighbor. In (a) Recall varying the quota. (b) Number of distances compu-
tation with fixed recall.

4.8 A comparison with linear scan

In this section we present a set of experiments in which we compare the proposed data
structure with a naive linear scan. We used a set of very high dimensional Fuclidean
data sets. Such data sets were obtained from a set of textures taken from the VISTEX
database [1]. Starting from a given texture, the data sets of tuples were built in the
following way: for each pixel p in the texture we considered, per color channel, half
of its h x h neighborhood (see [133] for more details). We obtained data sets of
dimension ranging from 63 to 267. Results, which are plotted in Fig. 4.21, show that
the proposed data structure outperforms the linear scan in such high dimensional

data sets. We have also noticed that the intrinsic dimension of these spaces goes from

5 to 10.
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Figure 4.21: Comparing Antipole Tree and linear scan w.r.t. k-nearest neighbor (left
side) and range search (right side) in R?7 top, R*7 middle, and R% bottom.



62

| Field | size (in byte) |
A1 Antipole Node sizeof(Object)
Ay Antipole Node sizeof(Object)
R4, Subset radius 4

R4, Subset radius 4
Left pointer to the left subtree 4
Right pointer to the right subtree | 4

Table 4.1: Internal node information together with the byte needed by each field.

| Field | size (in byte) |
C' Centroid sizeof(Object)
ClList Member List sizeof(Object) X |ClLis|
D, Ancestor’s distance vector for each object | 4 x|D,|
R Cluster radius 4

Table 4.2: Leaf node information together with the byte needed by each field.

4.9 Secondary Memory management

As reported in [110], despite growing main memories, it is often not possible to hold
the entire database in main memory. Access methods need to integrate secondary and
tertiary storage in the same way. For multidimensional spaces several papers have
been presented (see [62] for an extended survey). On the other hand for generic metric
spaces just the M-Tree [41] and next the SLIM-Tree [89] deal with the secondary
storage problem.

Even if the Antipole Tree data structure is a binary tree designed for main memory in
this section we present a secondary memory representation of such a data structure.
In the Antipole Tree data structure we have two kind of nodes: internal nodes and

leaf nodes.
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Figure 4.22: Representation of an Antipole Tree in main memory.

LevelsfromOtoh
Levelsfrom h+1

Figure 4.23: Representation of an Antipole Tree in secondary memory.

The internal nodes as reported in table 4.1 (taken from [110]) store information rel-
ative to the antipole objects. Each Antipole internal node needs 2 x sizeof(Object)+
16 byte. A leaf node (see table 4.2 (taken from [110])) of the Antipole Tree store a clus-
ter of objects. The size of a leaf node is (Cpiq+1) x sizeof (Object)+Clriq x| Dy | x4+4.

The strategy we use to represent the tree in secondary memory was to represent
the Tree by level in disk page. Fig. 4.22 (taken from [110]) depicts an Antipole Tree
where the first h levels are captured inside a dashed box. These h levels of the tree
are relative to internal nodes of the tree and in our representation will be stored in a
suitable disk page.

In order to evaluate how many levels can be stored in a single disk page, suppose
that each page allow us to store a certain amount of kilobyte m. We can observe we
do not need to store the pointer of each node in the page but we need to store the
children’s pointers for the last level of the Antipole. We call A the maximum depth of
the tree stored which can be stored in a single disk page. Using this information we

want to obtain the depth h as function of the page size m. Notice that the number
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of pointers we need to store in a page are at most 2"*! and given that an address

requires 4 byte, we can write:

h
m—4x 2" = Z 2 x [2x sizeof (Object)+8] = (2" —1)x [2x sizeof (Object)+8];
i=0

then we obtain:

2" % [8 42 x sizeof(Object) + 4] = m + 8 + 2 x sizeof (Object);
n  m+8+2xsizeof(Object)
24+ 4 x sizeof(Object)

oo m+ 8 4+ 2 x sizeof(Object)
— 8\ 204 x sizeof(Object)

Levels of the tree stored in a disk page
~

Levels of the tree stored in a disk page
@

0 5 10 15 20 25 30 35 40 45
Disk page size in KB Space Dimension

(a) (b)

Figure 4.24: Tree levels inside a disk (internal) node function of (a) page size (b)
space dimension.

If we suppose that the objects are in a multidimensional space R* we obtain that
sizeof(Object) = nx4 and Fig. 4.24 (a) (taken from [110]) shows the maximum depth
which can be stored in a single page while Fig. 4.24 (b) (taken from [110]) shows the

maximum depth with respect to the space dimension.
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For the leaf nodes of the Antipole Tree in the secondary memory representation
instead of store all the distance from the ancestor for each database object O we can
maintain just the distances between the object and the cluster centroid. Each cluster
will need (1 4 Cpist) X (sizeof(Object) 4+ 4). Furthermore in a disk page of size m

will be store more clusters in order to reduce the fragmentation.

MAKE_TREE(Dataset S, Diameter o, AntipoleFile fp)
@@ — RAND_ANTIPOLE(S,0);
{AB} « @;
if dist(A, B) < o then

return MAKE_CLUSTER(S, fp);
end if;
MAKE_NODE(S, 7,0,Vset, fp);
for each X € V,,; do

MAKE_TREE(X, o, fp);

end for each;
return;

END MAKE_TREE.

O © 00O T W -

[

Figure 4.25: Antipole Tree construction on secondary memory.

To build the Antipole Tree on secondary memory we used the recursive procedure
of Fig. 4.25(taken from [110]). It makes use of the function MAKE_NODE (see
Fig. 4.26 (taken from [110])) to construct an internal page (I_.PAGE) recursevely
until the maximum depth (say MAXDEPTH) is reached. MAKE_NODE returns
a set of subsets of S (say Vi) and for each subset X € Vi is called recursively
MAKE_NODE. The MAKE_CLUSTER function builds a disk page storing the
all cluster informations.

Fig. 4.27 (taken from [110]) shows an Antipole Tree and its secondary memory rep-

resentation.
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MAKE_NODE(Dataset S, Diameter o, int Cgeptn, set Vier, AntipoleFile AP file, int [ PAGE)
@ «— RAND_ANTIPOLE(S,0);
{AB} « @;
if dist(A, B) < o then

Viet + Vser US;

return;
end if;
if Cgeptn < MAXDEPTH then

S; — {0 € S|dist(0,A) < dist(O, B)};
9 Sy — S\ Sy
10 ADD_DATA(Q,I_.PAGE);
11 MAKE_NODE (S}, 0,Cgepth, + 1,Vier, AP file, I_ PAGE);
12 MAKE_NODE (S, 0,Cgepth + 1,Vser, AP file, I_ PAGE);
13 else
14 Vet «— Vet U S;
15 return;

END MAKE_NODE.

CO ~J O U i W N+

Figure 4.26: Internal disk page node construction.

4.9.1 Searching in Secondary memory via Antipole Tree

As widely discussed in [110], the Antipole Tree in secondary memory allows range
search as the one presented for the main memory. The visit starts from the root page
of the tree. The internal structure of a disk page is an Antipole Tree and comparisons
based on triangle inequality can be applied. Once the page is accessed a catalog
containing the pages which need to be visited is returned and the search proceeds
starting from the first element in the catalog.

A preliminary experimentation of this technique (see Fig. 4.28 (taken from [110]))
was done using a uniformly generated data set from R with 100 queries with disk
page size 4kb. The average number of I/O needed (the number of disk pages) to
perform the search were computed and the results obtained were compared with the

one obtained by using the M-Tree. As can be seen from the picture the Antipole Tree
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Figure 4.27: (a) An Antipole Tree main memory representation with 8 clusters. (b)
Antipole Tree secondary memory representation with MAXDFEPTH = 1, storing up

to 3 clusters in each leaf.
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Figure 4.28: Range search queries in secondary memory using Antipole Tree and
M-Tree: (a) Database size 100000, (b) Database size 200000.

needs much less /O accesses than the M-Tree to perform range search.

4.10 Dealing with Dynamic Updates

The construction of the Antipole Tree we presented builds the data structure from
scratch. Thus it is suitable when data is static. In several applications databases
change dynamically due to insertions and deletions of objects. As reported in [110],
here we discuss an approach to make the Antipole Tree able to deal with dynamic
insertions. Notice that we do not deal with the deletion problem because we use the
assumption that objects will be never removed from the database.

The process to insert an object into the Antipole Tree proceeds as follows. Starting
from the root it follows the best path in the tree as performed during the approximate
search seen in section 4.7. During the search process the object O will be closer to one
of the antipole objects (say A) but can have distance from A greater than Rad,, in
such a case we update Rad, = dist(A, O). The search goes until a cluster is reached,
then the distance between the object O and the cluster centroid C' is computed.

Depending on this distance two cases might occur:
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1. the distance is less than o then the object is inserted into the cluster;

2. the distance is greater or equal than ¢ and the cluster is splitted into two new

clusters introducing one new internal node and one new leaf node.

For the secondary memory version of the Antipole Tree the insertion follows the
same approach. The algorithm looks for the leaf disk page containing the cluster by
traversing the tree. When the page is reached wether the cluster needs to be splitted

or the its dimension exceeds the available size in the disk page two cases are possible:

1. if the father of such a page is full, then a new internal disk page must be
allocated, the addresses stored inside the father page must be updated and
this new internal page will contain the address of a new leaf page that will be

inserted to store the cluster;

2. if the page is not full, then the new antipole obtained by splitting the cluster
will be inserted into it and the address pointing the leaf nodes will be updated.



Chapter 5

Applications

This chapter will introduce four successful applications of the Antipole Clustering.
These applications lie in different computer science areas. The first one deals with
the Biolnformatic area; given a protein network, we use the Antipole clustering to
group the proteins according to their connections. Next we will present an innovative
technique to cluster a set of labeled graphs.

The two final applications lie in the field of computer graphics. We use the Antipole
clustering and its nearest neighbor algorithm to solve the two problems of texture
synthesis and the image colorization. A texture is an image which has a pattern
characterizing it. The pattern of the texture or the texture sample can be used to
synthesize a new image that, when perceived by a human viewer, seems to be gener-
ated by the same underlying stochastic process. Texture synthesis has applications
in image compression and image zooming. In the image colorization application the
Antipole clustering is used to transfer colors from a source image (colored) to a des-

tination image (gray-scaled).

70
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5.1 Protein Interaction Network

Recent advances in proteomics technologies such as two-hybrid, phage display and
mass spectrometry have created the possibility of developing a detailed map of biomolec-
ular interaction networks. Initial mapping efforts have already produced a wealth
of data. As the size of the interaction set increases, databases and computational
methods will be required to store, visualize, and analyze the information in order to
effectively aid in knowledge discovery. In this section, the Antipole Clustering will
be used as a graph clustering algorithm that detects densely connected regions in
large protein-protein interaction networks that may represent molecular complexes.
Recent papers published in Science and Nature, among others, describe large-scale
proteomics experiments that have generated large data sets of protein-protein inter-
actions and molecular complexes [57, 127]. Protein structure [38] and gene expression
data [90] is also accumulating at a rapid rate. Bioinformatics systems for storage,
management, visualization and analysis of this new wealth of data must keep pace.

Currently, most proteomics data is available for the model organism Saccha-
romyces cerevisiae, by virtue of the availability of a defined and relatively stable
proteome, full genome clone libraries [136], established molecular biology experimen-
tal techniques and an assortment of well designed genomics databases [37, 97, 48].
Predicting molecular complexes from protein interaction data is important because
it provides another level of functional annotation above other guilt-by-association
methods. Since sub-units of a molecular complex generally function towards the
same biological goal, prediction of an unknown protein as part of a complex also
allows increased confidence in the annotation of that protein.

Algorithms for finding clusters, or locally dense regions, of a graph are an ongoing
research topic in computer science and are often based on network flow/minimum

cut theory [59, 72] or more recently, spectral clustering [102]. We present a simple
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scheme to find such regions. In a protein network, the nodes of the graph (protein)
are the objects of the metric space where the metric is the shortest path distance. In
our discussion we will assume that the protein network will be a connected graph.

The Antipole algorithm, given the radius o, starts to create clusters of proteins
in which nodes inside will be at distances no greater than 0. Now, executing the
Antipole algorithm again with different radii we can obtain clusters that are bigger
or smaller according to ¢. In this way we will be able to understand how far apart
the proteins are and if there is any relationship between them.

We have just described the case which occurs when one considers only one kind
of edges, where there are only hops, not weights; if x is the distance between two
nodes a and b, it means that x edges exist to go from a to b following the shortest
path. Of course, in a protein network, each protein may have several kinds of edges.
In this situation we simply weight the edges according to their importance and the
Antipole will be built by considering the weights of the edges rather than the hops.
For example if nodes a and b have three different edges 77,7, and T3, the edges will
be removed and replaced by a new edge with weight Z?:o w(T;). Now, if a and b are
x distance apart, it means that a shortest path of weight x from a to b exists.

This work is still in progress with NYU bioresearchers, and no report is ready yet;
however, thanks to the speed of the Antipole clustering building, interesting results

have already shown the possibility of predicting important proteins functions.

5.2 Graphs Clustering

In the last few years, developing algorithms for clustering data represented by graphs
has been recognized as a problem in the pattern recognition community [24]. Never-
theless, graph clustering is still an open problem for two reasons. First, exact graph
matching problems, i.e. subgraph isomorphism, maximum common subgraph, etc.,

are NP-complete. So exact graph clustering algorithms using graph matching are
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extremely time consuming. Second, the proper distance metric between graphs is a
matter of debate.

Spectral methods try to represent the most interesting properties of the input
graphs using vectors, thus reducing the graphs clustering problem to a problem in a
vector space [18, 19, 91]. In this paper, a new spectral method taking advantage of
text retrieval concepts is presented.

Text retrieval (see [94, 51, 13, 92]) has focussed on the need to locate textual
information efficiently. Widely-researched text searching method (see [51]) involves
modelling a text collection in document-term matrix, and evaluating a document’s
relevance to a query using a linear algebraic dot product. In a term-document ma-
trix A, Ali,j] gives the number of occurrences of term j in document i. Queries
are normally represented as a bit vector over the same set of terms. The similarity
between document vectors (the rows of document-term matrices) can be found by
their inner product. This corresponds to determining the number of term matches
(weighted by frequency) in the respective documents. Another commonly used simi-
larity measure is the cosine of the angle between the document vectors. This can be
achieved computationally by first normalizing (to 1) the rows of the document-term
matrices before computing inner products. Singular Value Decomposition (SVD) has
been shown to work well for text retrieval in several recent works [52, 84]. Singular
Value Decomposition achieves rank reduction as follows.

Large document-by-term matrices have a significant amount of redundant data.
Removing this information allows a more precise and efficient search. However, given
that in this paper we will only show a tecnique to map graphs in a k-dimensional
space, without performing any kind of search, the Singular Value Decompositon, will
not be used. Latent Semantic Indexing (LSI, [85]) attempts to project term and
document vectors into a lower dimensional space spanned by the true “factors” of

the collection. This uses a truncated Singular Value Decomposition (SVD) of the
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term-document matrix.

Subdue is another method to capture essential structure information from graphs.
The Subdue substructure discovery system ([2]) discovers repetitive subgraphs in a
labeled graph representation by using the minimum description length principle. Ex-
periments show Subdue’s applicability to several domains, such as molecular biology,
image analysis and computer-aided design.

In this section, GraphClust, a new algorithm for clustering labeled graphs, will
be presented. The problem of mapping the graphs as feature vectors is solved by
creating some substructures such that the frequency of substructure j in the graph ¢

is stored at A[i, j]. After this, the rows of the matrix A are finally clustered.

5.2.1 Design

GraphClust assumes that the nodes of the database graphs have an identification
number and a label. Edges are unlabeled (for purpose of this paper).
GraphClust deals with either directed or undirected graphs. The substructures

can be discovered in two ways:

e by using the AllPairShortestPath algorithm; in this case, for each graph of the
dataset and for each vertex v, all the shortest paths of length 1 up to a small

constant [, are generated from v.

e by using the Subdue substructure discovery system ([2]); in this case, for each
graph g of the dataset, Subdue finds common or approximately common sub-

structures of g.

A matrix having a number of columns equal to the number of the found sub-
structures and a number of rows equal to the number of the graphs in the dataset is
created. Each entry A[i, j| equals the number of times in which the substructure j is

contained in the graph 1.



1

Basic Algorithm

GRAPHCLUST_BAsIc(DataBase)

- - - Start first step - - -
Creates substructures of the data graphs;
- - - End first step - - -

- - - Start second step - - -
Creates a matrix A having as number of rows, the number
of data graphs, and as number of columns, the number of
substructures;
for each graph ¢
Fills the entry A[i, j] with the number of occurrences
of substructure j in the graph ¢;
end for each;
- - - End second step - - -

- - - Start third step - - -
Clusters the rows of A;

- - - End third step - - -
end GrRAPHCLUST_BASIC.

Figure 5.1: GraphClust. the three steps of the basic algorithm.

5
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Subdue is more suitable when the graphs in the database have few labels compared
to the number of nodes. In that case, there is a high chance of common substructures.
If AllPairShortestPath is run, it finds for each graph all the paths of length 1 up to a
small constant [, and therefore it creates more columns in the matrix A than Subdue.
For example, on chemical compounds, where usually there are not so many nodes and
edges, Subdue provides a better solution. For time-critical applications or graphs with
many edges, AllPairShortestPath should be used because it takes less time.

Once the matrix A is built, there are two possible clustering algorithms to use:
one is the k-means algorithm in which the user chooses the number of clusters £ to
create; the other is the Antipole Clustering [30] in which the user chooses a “tightness”
measure (an integer value in the range 1 to 4) where the higher the measure the
smaller the cluster radius and hence the larger the number of generated clusters.
Antipole clustering is much faster than k-means even if it is not possible to know
a-priori the number of clusters that will be created. The metric distance used in both
clustering algorithms just described can be either the Euclidean distance or the inner
product. The Euclidean distance has an intuitive appeal as it is useful for evaluating
the similarity of objects in a multidimensional space.

The three steps of the basic GraphClust algorithm are shown in Fig. 5.1. In
table 6.2, a matrix obtained from the patterns generated by applying the AllPair-
ShortestPath algorithm, with [, = 3 to the dataset in Fig. 6.1, is shown.

5.2.2 Algorithms

It turns out that GraphClust consists of 16 different algorithms broken down along
the four binary dimensions described in the section 5.2.1. The main concept of Graph-
Clust is the mapping of the data graphs into k-dimensional vectors. To perform this
step we have introduced the concept of substructures and the methods used to find

these substructures.
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A C A B
B A C
(a) (b)
Figure 5.2: Dataset of two graphs.
Graph (a) Graph (b)

Initial Node Substructures generated | Initial Node | Substructures generated
top-left A {A,AC,AB,ABA} A {A,AB,AC}
B {B,BC,BA,BA} B {B,BA,BAC}
bottom-right A | {A,AB,ABC,ABA} C {C,CA,CAB}
C {C,CA,CB,CBA}

Table 5.1: Patterns generated from the dataset of Fig. 6.1 using AllPairShortestPath

with [, = 3.

A | AC| AB | ABA | B | BC | ABC | BAC
graph (a) | 2 | 2 4 2 1] 2 2 0
graph (b) | 1 | 2 0 110 0 2

Table 5.2: Matrix generated from the pattern of Table 6.1.
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In this section, the algorithms used by GraphClust in the three steps of its main
procedure will be discussed.

Subdue discovers interesting and repetitive subgraphs in a labeled graph rep-
resentation using the minimum description length principle; Subdue discovers sub-
structures that compress the original data and represent structural concepts in the
data. By replacing previously-discovered substructures in the data, multiple passes
of Subdue produce a hierarchical description of the structural regularities in the data.
Subdue uses a computationally-bounded inexact graph match that identifies similar,
but not identical, instances of a substructure and finds an approximate measure of
closeness of two substructures when under computational constraints. In addition to
the minimum description length principle, other background knowledge can be used
by Subdue to guide the search towards more appropriate substructures. Once the
substructures and the matrix A have been created, the clustering is performed by
the k-means or Antipole clustering method. In our implementation of k-means, k
centroids are computed by using the Gonzalez (see [74]) algorithm, and, then, the
remaining vectors are assigned to the closest centroid.

As already seen in 4 the randomized algorithms used by Antipole clustering makes

its construction much faster than k-means’s.

5.2.3 Complexity

Here is a description of the worst case complexity for the three steps of Graph-
Clust. Let |D| the number of graphs in a database D. The first and the second
steps of the algorithm depend on which algorithm is used to create the patterns. If
AllPairShortestPath is used, then the complexity of the first step is (’)(ZLD‘(VZ»?’)),
where V; are the nodes of the graph ¢; in this case the complexity of the second
step is O(|D||words| ZLD|(nimé”)), where |words| is the number of patterns gener-

ated. If the Subdue algorithm is used, then the complexity of the first step becomes
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O(ZLM(Z?ﬂbS(Mnstj X gm;))), where ninst; is the maximum possible number of
non-overlapping instances for 