Hydrodynamic modeling of electron

transport in silicon quantum wires

Tina Castiglione

Universita degli Studi di Napoli Federico 11
sede consorziata con

Universita degli Studi di Catania

Dottorato di ricerca in Scienze Computazionali e Informatiche
XXVII Ciclo

Tesi di Dottorato di Ricerca

COORDINATORE:
TUTOR: Prof. Orazio Muscato Prof.ssa Gioconda Moscariello



Acknowledgements

I would like to express my sincere gratitude to my advisor, Professor Orazio Muscato, for
his full and generous support on my research work throughout my Ph.D. study. Without his
guidance over the last three years, this thesis would not have been possible.

I want to thank my Ph.D. colleagues for sharing this doctorate experience encouraging each
other at the most difficult times.

I am grateful to my mother, my father, my sister and my brother-in-law for supporting me in

every situation and for their encouragement. To them, I dedicate this thesis.



Table of contents

List of figures v
List of Symbols viii
1 Introduction 1
1.1 Nanostructures and nanodevices . . . . . . . . . . .. .. .. ... .. .. 3

1.2 Low-dimensional systems . . . . . . . . . . ... ... ... ... ... 4

1.3 Quantum WIreS . . . . . v v v e e e e e e e e e 6

1.4 Properties of Silicon . . . . . .. ..o 8

1.5 Electronic band structure in SINW . . . . . ... ... o000 11

2 The Schrodinger effective mass equation 13
2.1 Quantumconfinement. . . . . . . . . .. ... e 13

2.2 Infinitely deep rectangular wires . . . . . . . . . ... ... ... ... 16

2.3 Finiterectangularwire . . . . . . . . ... .. L L L 17
2.3.1 Finite difference scheme forthe EMA . . . .. .. ... ... ... 18

2.3.2  Solution of the EMA with a variational method . . . . . .. .. .. 22

2.4 Results for the EMA equation . . .. ... .. ... ............ 23

3 Carrier scattering 26
3.1 Introduction . . . . . . . . . . . ... 26

3.2 The Electron-Phonon interaction . . . . . . ... ... ... ........ 27
3.2.1 Non-polar Optical Phonons Scattering . . . . ... ... ... .. 29

3.2.2 Acoustic Phonon Scattering . . . . ... ... ... ... 32

3.3 Scattering with impurities . . . . . . . . . ... ... oo 33

3.4 Surface roughness scattering . . . . . . ... ... ..o 34

4 Transport model for SINW 37

4.1 Kinetic transport eqUations . . . . . . . . .. ... e e 37



Table of contents iv

4.2 The Extended Hydrodynamic model . . . . . ... ... ... ....... 39
4.3 Maximum Entropy Principle . . . . ... .. ... oL 42
4.4 Closure relations for the productionterms . . . . . . ... ... ...... 44

5 Electron transport in infinitely deep SiNW having different cross-sections 52
5.1 Introduction . . . . . . . . . ... 52

5.2 Simulation results for triangular and square SINW . . . . . ... .. .. .. 53
5.2.1 Applications to the case of bulk silicon . . . . ... ... ... .. 61

5.3 Electronmobility . . . . ... ... 63

6 Self-consistent Schrodinger-Poisson-hydrodynamic solver for SiNW transistors 68

6.1 Computational method . . . . .. .. ... ... ... .. ... ... .. 69
6.1.1 TIterationscheme . . . .. .. ... .. ... ... ......... 71

6.2 Ballistictransport . . . . . . .. ... 73
6.2.1 Simulation of a triple-gate SINW transistor . . . . . .. ... ... 75

6.3 Simulation of a GAA-SINW Transistor . . . . . . ... ... ... ..... 76
6.3.1 Low-fieldmobility . . .. ... .. ... ... ........... 83

7 Conclusions 86
Appendix A Evaluation of the transition rate 88
Appendix B 3D Poisson Solver 91

References 9



List of figures

1.1

1.2

1.3

1.4
1.5

1.6

1.7

1.8

1.9

2.1

2.2

2.3

24

2.5

2.6

Schematic of a generic nanoelectronic device consisting of source and drain
contacts with a gate which controls the transfer characteristics of the active
TEZION. . o . v v v et e e e e e e e e 4

Density of states in low-dimensional systems (quantum well, quantum wire

and quantum dot respectively), compared with the 3D case (dashed lines). . 5
Two different realizations of quantum wires by etching. Illustration from [1]. 7
Diamond (left) and zinc-blende (right) structures. . . . . . . . ... .. .. 8
Brillouin zone of the face centered cubic lattice with indication of the points

and lines of high symmetry. The irreducible wedge is the polyhedron with
verticesI, K, W, X, U, L. . . . . .. . .. .. .. . . . ... 9
Energy band structure of silicon. . . . . . . .. .. ... ... oL, 10
Constant energy surface of the six valleys of the lowest conduction band in
silicon. . . . ... 10
Schematic view of a SINW. Electron transport is assumed to be one-dimensional
inthe x-direction. . . . . . . . .. ... 11

SiNW band structure calculated from the empirical tight-binding model ([11]). 12

The infinitely deep rectangular cross-section quantum wire. . . . . . . . . . 16
The rectangular cross-section quantum wire with finite barriers. . . . . . . . 18
The two-dimensional mesh for the finite different approach to the quantum

The subband energies €y, eq. (2.4) obtained with a finite difference solver,
with Ng grid points ineachaxes. . . . . ... ... .. ... ........ 24
The percentage error between the subband energies €, (2.4) obtained with a
finite difference solver and the Variational Method. . . . . . . ... .. .. 24
Eigenfunctions obtained with a finite difference solver, with N| = N, = 41

meshpoint. . . . . . . .. L 25



List of figures vi

3.1 Schematic illustrations of the atomic displacements in (a) longitudinal acous-
tic (LA) and (b) transverse acoustic (TA) phonon modes. . . . . . . .. .. 28

3.2 Schematic illustrations of the atomic displacements in (a) longitudinal optic
(LO) and (b) transverse acoustic (TO) phonon modes. . . . . . . ... ... 28

3.3 Classification of electron-phonon transitions in silicon: intra and inter valley
scattering (f-and g-type). . . . . . . . ... Lo 30

3.4 Schematic representation of the surface roughness function, including the
rms height and autocovariance length. . . . . . . ... ... ... ..... 36

5.1 Sketch of the oxidation process. The oxide is slowly removed and the
triangular section can be further reduced in a controllable way. . . . . . . . 53
5.2 e 55

5.3 The lowest four confinement energies for the square and equilateral triangle
CrOSS-SECHIONS. . .+ . v v v v v et e i e e e e e e e e e e 55

5.4 The subband linear densities p¥ and the total linear density (5.60) versus the

simulation time, for an electric field of 10 kV/cm, and equilateral triangle
CrOSS-SECHION. . . . . v v v v v it et et e e e e e 63

5.5 Velocity versus time for some values of the electric field, with L, = L, = 10
ML . b et e e e e e e e e e e e e 63

5.6 Electron energy versus time for some values of the electric field, with L, =
Ly=10nm. . . . .. ... ... 64

5.7 Electron energy-flux versus time for some values of the electric field, with
Ly=Ly,=10nm. . . ... ... ... ... ... 64

5.8 The asymptotic value of the average velocity (V(eo)) (5.64) versus the elec-
tric field for the square and the equilateral triangle cross-sections. . . . . . . 66

5.9 The bulk mobility (5.65) versus the electric field for the square cross-section,
and the mobility evaluated using the Caughey-Thomas formula (5.66). . . . 67

5.10 The bulk mobility (5.65) versus the electric field for the equilateral triangle

cross-section, and the mobility evaluated using the Caughey-Thomas formula
(5.66). . . . e 67

6.1 Cross sections of a rectangular nanowire (left) and a rectangular nanowire
transistor (right). . . . . . . . .. 70
6.2 Flowchart of the self-consistent SPsolver. . . . . . .. .. ... .. .... 71
6.3 The current (6.17) versus the gate voltage Vgsg . . . . . . . . . . ... ... 76
6.4 Cross sections of a Gate-All-Around SiNW transistor. . . . . . . ... ... 79



List of figures

vii

6.5

6.6

6.7

6.8

6.9

6.10

Charge density and total potential along the cross-section at x = 48 nm and
z=0nm,underalVgatebias. . . . . ... ... ... ... ... .....
Electron density across the nanowire at x = 48 nm. When the gate bias value
increase, the onset of volume inversion is evident. The drain-source voltage
isfixedat Vpg=0.012 V. . . . . . . .. ...
Linear density for the A and B valleys versus the simulation time. . . . . . .
The mean velocity and energy versus the simulation time, obtained with and
without SRS mechanism. . . . . .. ... ... ... . 0L
The mean energy flux versus the simulation time, obtained with and without
Surface Roughness Scattering mechanism. . . . . . . ... ... ... ...
Low-field mobility versus gate voltage, obtained with/without Surface Rough-

ness Scattering mechanism. . . . . .. ... . L L L Lo



List of Symbols

D(E) one-dimensional density of states

Dy zero-order deformation potential

D first-order deformation potential

D, acoustic deformation potential

D;, intervalley deformation potential

E(k) kinetic energy as function of the wave vector

E[¢l,E', E(y), Eyy total energy
EeIf effective field

Ers, Erp source and drain Fermi levels

Er Fermi energy
E. energy at the conduction band minimum
E, band gap energy

Ey,Ey, E;,  components of electric field
Fl“ ,FY flux of electron energy flux
GZ,” /, GYY'  overlap factor

H Hamiltonian

H, perturbation potential

I current



List of Symbols

ix

Kq deformation potential
K(x) modified Bessel function
L length of the triangle side

Ly, Ly L, lengths of the device

M sparse matrix

N(k) number of states

Ny acceptor density

Np donor density

S mean energy flux

Se entropy density

S;L , S8V linear electron energy flux
T(E) transmission coefficient
T, T» triangular domain

1 lattice temperature
U(y,z) confining potential

UY,RY,GY higher-order fluxes
V, (V) mean velocity
Vps Vp—Vs

Vp, Vs, Vg drain, source and gate voltage

Ve crystal volume

v vy linear electron velocity
Viot total potential

w mean energy

Wl“ , WV linear electron energy



List of Symbols

Zo, Ziv number equivalent valleys

AY) primed valley

Ay unprimed valley

Ay rms height

€0 permittivity of the free space

€r relative permittivity

a non-parabolicity parameter of the kinetic energy
k electron wave vector

q phonon wave vector

X qu (»2), Xﬁ (y,z) normed transversal part of the wave function

Xp.g eigenfunctions of triangular QWR
& static dielectric constant

f. v maximum entropy distribuction

h Planck’s constant/27

ho(q) phonon energy

A Lagrange multipliers

Agr correlation length

©n collision term of the 7n-th scattering

6p, v, Gw, €s moments of the collision term

&, E kinetic energy as function of the wave vector
F, l‘;,“ / average surface field

T matrix Hamiltonian

u valley index

W(Eyx) electron mobility



List of Symbols

xi

uA, uB valley mobility

uY subband mobility

Uo low field bulk mobility

Uc Caughey-Thomas mobility
UE chemical potential

Wiow low-field mobility

0(q), Wae, Wop, 0 phonon angular velocity
Y(x,y,2) normed electron wave function
p mass density

p'P(E), p*P(E), p?P(E) density of states

pA, pB total linear density for A and B valleys
P;lu pY linear electron density

Prot total linear density

g, 8;;, &y energy eigenvalue

Sg, 859 A-B valley energy minimum

Epg energy eigenvalues of triangular QWR
(0} electrostatic potential

A7Il”, My (u,1) moment of the MBTE

Wa (k) weight function

ao lattice parameter

e electron charge

f f[l electron distribution function

far fle, f “0) Maxwellian distribution



List of Symbols

xii

g(q)
80
kg

ke, Ky

vl,l,a VX

Vs

phonon distribution function
Bose-Einstein distribution
Boltzmann constant

electron wave vector components
subband index

effective electron mass

effective mass primed valley
effective mass unprimed valley
effective mass of the u-th valley
electron mass

three-dimensional electron density
integer values (quantum numbers)
electron group velocity

sound velocity

w(k,k’),wy transition rate

Acronyms / Abbreviations

Si0,
0DEG
1DEG
2DEG
BTE
BZ
CAD

CMOS

Silicon dioxide
Zero-dimensional electron gas
One-dimensional electron gas
Two-dimensional electron gas
Boltzmann Transport Equation
Brillouin zone

Computer Aided Design

Complementary metal-oxide-semiconductor



List of Symbols

xiii

EMA

FET

FinFET

Effective Mass Approximation
Field-Effect Transistor

Fin Field Effect Transistor

GAA SNWT Gate-All-Around SNWT

MBTE
MC
MEP
MOSFET
NEGF
QW
QWR
SINW
Si
SNWT
SP
SRS
TB

VLS

Multisubband Boltzmann Transport Equation
Monte Carlo model

Maximum Entropy Principle
Metal-oxide-semiconductor field-effect transistor
Non-Equilibrium Green’s Function

Quantum well

Quantum wire

Silicon Nanowire

Silicon

Silicon Nanowire Transistor
Schrodinger-Poisson system

Surface Roughness Scattering

Tight-binding method

Vapor-liquid-solid method



Chapter 1
Introduction

The study of carrier transport in semiconductor devices is of great interest for the design of
modern electron devices. In order to describe charges transport phenomena, Monte Carlo or
deterministic solver of the Boltzmann Transport equation (BTE) are widely applied, but they
are very expensive, from a computational point of view, for Computer Aided Design (CAD)
purposes. In engineering applications simpler models are routinely used. Consequently it
can be convenient to substitute the BTE with macroscopic models like drift-diffusion or
energy-transport ones. They give a less detailed description of the system, which is however
adequate to describe the more relevant properties of transport phenomena.

However, for devices with nanometric dimensions they are not more valid because high
electric field and high field-gradient conditions in the active region of the device drive the
system out of local thermal equilibrium.

In order to provide a description of such non equilibrium effects without the overhead of large
computational costs, hydrodynamic models can be used. They represent a good engineered-
oriented approach to simulate submicron devices. These models are derived from the infinite
hierarchy of the moment equations of the Boltzmann transport equation using a suitable
truncation procedure. As a consequence, the so called closure problem, arises. A good,
physically motivated way to obtain closure relations is by means of the Maximum Entropy
Principle (MEP). It allows to close the system of balance equations arising as moment
equations of the BTE. In fact, it gives a form of the distribution functions that makes the
best use of the knowledge of a finite number of moments. These new functions correspond
to the extremum of the total entropy density of the system, under the constraints that the
moments of the new distribution functions, relative to the weight functions used to obtain the
moment equations, are equal to the known moments. The advantage of this method is that

such obtained model is free of any fitting parameters.



In this work a hydrodynamic modeling of electron transport in silicon quantum wires
(QWR) is presented. In particular, hydrodynamic-like equations are derived to describe
the non-equilibrium transport of electrons in quantum wire devices. This transport model
includes necessarily the effective mass Schrodinger equation in the confining cross section

and the three-dimensional Poisson equation, which have to be solved self-consistently.

The thesis is structured as follows. In Chapter 1 an introduction to low-dimensional sys-
tems, with more focus on nanowires, is given. Additionally, a brief review to the fundamental
elements of the silicon physics is presented, as well as the electronic band structure in silicon
nanowire (SiNW), which is altered respect to the bulk silicon, is illustrated.

The Chapter 2 is dedicated to a complete description of the quantum confinement in SINW
and to the solution of the 2-D Schrodinger equation, by using both a finite difference numeri-
cal scheme and a variational method.

Chapter 3 is concerned with quantum mechanical treatments of various scattering processes
in SINW: electron-phonon interaction, scattering with impurities and surface roughness
scattering. The formulas for scattering rates are all derived starting from the Fermi’s Golden
Rule. In Chapter 4 an extended hydrodynamic transport model for SINW, by considering an
appropriate electronic band structure presented in Chapter 1, is constructed starting from the
BTE. Balance equations are obtained by choosing an 4-moments model and closure relations
for the higher-order fluxes and the production terms (i.e the moments on the collisional
operator) are obtained by using the maximum entropy distribution.

Chapter S focuses upon electron transport phenomena in infinitely deep SINW having dif-
ferent cross-sections (rectangular and equilateral triangle). A non-parabolic approximation
of the conduction band is used in order to setup the hydrodynamic model for the transport.
Applications to the case of bulk silicon are presented. The drift velocity and the electron
mobility are evaluated for square and equilateral triangle cross-sections of the wire.

Finally, the Chapter 6 is devoted to simulation results for gated SINW transistors. A detailed
description of a self-consistent 3D Poisson-2D Schrodinger solver coupled with a hydrody-
namic transport model, employed to model the electronic transport, is provided. By means of
this coupled Poisson-Schrodinger-hydrodynamic solver the low-field mobility, which is one
of the most important parameters for engineering applications, is computed.

In Chapter 7 conclusions are drawn.
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1.1 Nanostructures and nanodevices

In modern days, the increasing complexity of electronic systems is stimulating research
in developing fabrication technologies for smaller and more efficient devices. Owing to
the decrease of device dimensions, electrons are forced in spaces comparable with their
wavelength and effects have begun to be investigated. This has also caused more interest in
developing technologies for the realization of structures with dimensions in the nanometric
range. In the last decades nanotechnologies made possible the production of innovative
devices with promises of high density integration, for an exponential increasing of electronic
systems complexity.

Nanostructures and nanotechnologies are reaching important breakthroughs in single molecule
sensing and manipulation, with fundamental applications in biology and medicine. In partic-
ular, among these nanostructures, silicon nanowires are largely investigated for the central
role assumed by Silicon in semiconductor industry.

The increasing miniaturisation of the devices caused that a new aspect attracted attention, the
quantum mechanical discretisation. Consequently, there emerged in the recent years arising
interest in the study of the charge transport in so-called low dimensional or mesoscopic sys-
tems. The reason for this was not only the advances in technology which made it possible to
fabricate very small structures, but also the discovery of new molecules, like the nano-tubes.
For this reason, the study of charge transport in semiconductors is of fundamental importance
both from the point of view of basic physics and for its application to electronic devices.
Historically, the term "semiconductor" has been used to denote solid materials whose conduc-
tivity is much larger than that of insulators but much smaller than that of metals, measured at
room temperature. A modern and more precise definition is that a semiconductor is a solid
with an energy gap larger than zero and smaller than a few electron volt (up to about 3 or 4
eV). Metals do not have an energy gap, whereas it is usually larger than a few electron volt
in insulators. In order to give a meaning to the notion "energy gap", we shall review some

topics about the crystal structure of solids in the section 1.4.

Nanostructures are generally regarded as ideal systems for the study of electronic trans-
port [1]. A nanodevice is a functional structure with nanoscale dimensions which performs
some useful operation, for example a nanoscale transistor. One can generically consider the
prototypical nanodevice illustrated in Fig. 1.1. The "device" can be considered an active
region coupled to two contacts, left and right, which serve as a source and sink (drain) for
electrons. Here the contacts are drawn as metallic-like reservoirs, characterized by chemical

potentials ug and p, and are separated by an external bias, gV4 = s — Up.
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Fig. 1.1 Schematic of a generic nanoelectronic device consisting of source and drain contacts
with a gate which controls the transfer characteristics of the active region.

The current flowing through the device is then a property of the chemical potential difference
and the transmission properties of the active region itself. A separate gate electrode serves to
change the transmission properties of the active region, and hence controls the current.

To fabricate nanodevices beyond current limits dictated by scaling, CMOS technology is
rapidly moving towards quasi-3D structures such as dual-gate, tri-gate, and FinFET structures,

in which the active channel is increasingly a nanowire or nanotube rather than bulk region.

1.2 Low-dimensional systems

When electronic processes are taking place in structures with sizes of the order of centimeters,
or even microns, one can describe what is happening with the classical physics. By changing
conditions very slightly, one can expect the results to show only very slight changes.
Instead, when the physical size of the system becomes smaller, quantum effects on electronic
properties become important and then a description via quantum mechanics is required.
These quantum effects arise in systems which confine electrons to regions comparable to
their de Broglie wavelength. When such confinement occurs in one dimension only with free
motion in the other ones, a "two-dimensional electron gas" (2DEGQG) is created. Confinement
across two directions with free motion in the third gives a "one-dimensional electron gas"
(1DEG) and confinement in all three-dimensions gives a "zero-dimensional electron gas"
(ODEQG) [2].

Artificially, confined structures are now routinely realized through advanced epitaxial growth
which consists in the deposition of atoms that continue the crystal structure of a substrate

and lithography techniques in which the relevant dimensions are smaller than the phase
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coherence length of charge carriers.

It is instructive to make some considerations about density of states in this low-dimensional
structures. The density of states is defined as the number of states per energy per unit volume

of real space [3]:
dN
E)=—. 1.1
P(E) =% (1.1)
In k-space, the total number of states N is equal to the volume of the sphere of radius k,
divided by the volume occupied by one state and divided again by the volume of real space,

1.e.
NP dmk> 11 5 47k’
73 (2r/L3L3 T3(2m)’

where the factor two accounts for the spin-degeneracy of the electrons. Then one has:

(1.2)

dN3P  aN3D gk
pP(E) = -

dE dk dE (1.3)

With the parabolic bands of effective mass theory (see sec.1.4) that gives us

12 k2 V2m*E V2m* 1
IR = YR =Yk, (1.4)
2m* h h 2VE

E

the resulting density of states of a free-electron gas in three dimensions is:
1 2m*\*?
3D
E)=—|—F E. 1.5
p()zﬂz(h2>\/— (1.5)

Thus the density of states is continual and proportional to the square root of the energy. This
results from the fact that, in three dimensions, the surface of constant energy in k-space are
spheres of radius v/2m*E /h.

,o(E)l p(E)=const L i o II'. p(E)xl.-’ﬁ = p(E)cAfE -
-1—'— |II .‘,L.___T\K i ‘ !_ | e
— WU
E = =3 : = 2
—_— — )

Fig. 1.2 Density of states in low-dimensional systems (quantum well, quantum wire and
quantum dot respectively), compared with the 3D case (dashed lines).
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If now we consider a quantum well (QW) system, which is referred to as a 2DEG structure,
the density of states follows analogously; however this time, there are two degrees of freedom
and hence the total number of states per unit cross-sectional area is given by the area of the
circle of radius k, divided by the area occupied by each state, i.e.

11 k>

NP =27k — =2 :
T or/2 2 T T 2n)?

(1.6)

With the reuse of eq. (1.3) and the relationship between E and k in (1.4), the density of states
of a 2DEG in terms of the energy writes:

p?P(E) = —. (1.7)

Thus, for a 2DEG the density of states is a constant, i.e. independent of the energy (Fig. (1.2)).
This is one of the fundamental features of electrons in nanoscale devices which make such

structures useful for applications.

1.3 Quantum wires

With the use of nanoscale lithography techniques, many variety of structures can be en-
visioned. Assuming we start with a 2DEG heterostructures, confinement of the 2DEG in
another direction, forms what is called a quantum wire, which corresponds to a quasi-one-
dimensional system. Additional confinement in the remaining direction completely confines
the motion of charge carriers, giving rise to system called quantum dots.

Among the emerging devices for the future nanoelectronic technology, semiconductor
nanowires are playing a primary role not only for their transport characteristics or for more
advanced nanodevice applications as resonant tunneling diodes, single electron transistors,
and field-effect structures but also for the other application fields such as biological and
nanomechanical sensors. Due to increasing technical difficulties in fabricating planar devices
of sub-50 nm critical dimension, one-dimensional nanowire devices have been suggested as
an alternative, to achieve a high stacking density.

Silicon nanowires can be used to fabricate vertical surrounding gate MOSFETs, resistors,
and diodes which are the primary building blocks to form high-density circuits for several
purpose. Their electrical transport properties are particularly important since controllable

and predictable conductance is vital to many nanoscale electronics applications.
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There are several methods to fabricate quantum wires, one of the major broad techniques
1s vapor-phase synthesis, in which nanowires are grown by starting from appropriate gaseous
components. An extremely popular method for the fabrication of a variety of nanowires
is the so-called vapor-liquid-solid (VLS) mechanism which uses metallic nanoparticles as
seed sites to stimulate the self-assembled growth of nanowires. The desired semiconductor
system is introduced in terms of its gaseous component and the entire assembly is heated to a
temperature beyond the eutectic temperature of the metal/semiconductor system.
Traditionally semiconductor technology is realized by a combination of high-resolution

lithography and by etching a two-dimensional electron gas structure, as shown in Fig. 1.3.

GaAs cap layer

GaAs substrate
GaAs substrate

Fig. 1.3 Two different realizations of quantum wires by etching. Illustration from [1].

However we will omit the details of fabrication of this nanowires, since the main electron

transport properties should be independent of the exact mechanism of fabrication.

The density of states in QWRs is obtained proceeding with the same argument in the
previous section. The total number of states N is equal to the length of the line in k-space
(2k), divided by the length occupied by one state (27/L) and divided by the length in real

space, i.e.
1 1 4k
NP =2x2k—2> =", 1.8
% 2n/LL 2w (1.8)

In analogy to both the bulk and quantum-well cases, let’s define the density of states for a

one-dimensional wire as:

dN'P GNP gk
p'P(E) = = —. (1.9)
dE dk dE

If the energy along the axis is described with parabolic band, the relationships eqs.(1.4) can

be reused. Finally, one obtains:

(1.10)
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This shows that the density of states of a IDEG has a square-root singularity at the origin
(see Fig. 1.2).

If there are many (n) confined states within the quantum wire with subband minima E;, then
the density of states at any particular energy is the sum over all the subbands below the point,
which can be written as:

plD(E):ims(E_Ei) (1.11)

&~ nn JE-E;
where J(x) is the Dirac delta-function.
There are many semiconductor material systems which would be suitable for fabrication
of nanowires. Quite a few have been demonstrated successfully, including silicon, silicon-
germanium, indium oxide, tin oxide, gallium-nitride. Among others and yet silicon stands
out as a clear favorite to be a practical, versatile and dominant material in modern microelec-

tronics.

1.4 Properties of Silicon

In this section general properties of bulk silicon should be discussed. The atomic structure
of silicon (Si), which is like the diamond structure, is formed by a face centered cubic
lattice with a basis composed by two identical atoms in the primitive cell, one at the corners
of the cube and a second one along the diagonal of the cube at 1/4 of its length. In
the cubic crystallographic axes, the coordinates of the atoms of the basis are (0,0,0) and
(1/4,1/4,1/4). Thus, the crystal is formed by two face centered cubic interpenetrated
structures at the distance of one fourth of the diagonal of the cube. If the two atoms in the
primitive cell are different, the crystal structure is called zinc-blende structure, which has its
name by the substance zinc-blende (ZnS). The most important materials for semiconductor
physics have either diamond structure (Si, Ge) or zinc-blende structure (GaAs, GaP, AlAs,
InAs, InSb). The two type structures are shown in Fig. 1.4.

Fig. 1.4 Diamond (left) and zinc-blende (right) structures.
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The reciprocal lattice of the face centred cubic lattice is the body centred cubic lattice. All
points closer to one of the points of the reciprocal lattice than to any other form the first
Brillouin zone (BZ). It is the analogous, in the reciprocal space, of the Wigner—Seitz cell of
direct space. The whole BZ can be generated, through symmetry operations, by the points
inside a polyhedron, called the irreducible wedge. All crystals which have a diamond or
zinc-blende structure have a truncated octahedron-shaped first Brillouin-zone, as shown in
Fig. 1.5.

ky

Fig. 1.5 Brillouin zone of the face centered cubic lattice with indication of the points and
lines of high symmetry. The irreducible wedge is the polyhedron with vertices I', K, W, X,
U, L.

Silicon band structure

The determination of the energy-wavevector relationship E (k) of a moving electron, i.e. the
energy band structure, is of great importance for the transport properties, because it deter-
mines both the velocity of each electron state, the density of states and electron scattering. In
Fig. 1.6 the energy band structure of silicon is shown.

As one can see, there is an energy region where electronics states are not found. This is a
forbidden energy region, which is termed the band gap energy E,. Electronics states are
permitted above and below this energy gap, where the bands above the energy gap are termed
the conduction bands because are responsible for the electrical conduction property of the
material, while the ones below are termed the valence bands because determine the chemical
bindings.

Upon thermal or electrical excitation, electrons from the valence band can jump to the
conduction band leaving behind holes. Therefore, the transport of charge is achieved through
both negatively charged (electrons) and positively charged carriers (holes). In the sequel the

hole motion will be neglected.
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Fig. 1.7 Constant energy surface of the six val-
Fig. 1.6 Energy band structure of silicon. leys of the lowest conduction band in silicon.

The band structure of silicon is such that the electrons which contribute to charge transport,
even at high electric fields, are those in the six equivalent ellipsoidal valleys near the X-points
in the Brillouin zone (Fig. 1.7).

In the neighbourhood of the A-th valley, the function E(k) may be approximated by a
quadratic function of k, which may assume the following form:

B h2|k|2

E(k) = oy kis assumed to vary in all R>. (1.12)

The scalar m* denotes the effective mass of the electron in the conduction band, which is

0.32m, in Silicon. m, is the free electron mass, whose value can be found in Tab. 2.1.
_ 2k
— 2m

we infer that the energy of an electron near a band minimum (of an isotropic semiconductor)

Comparing this expression with the dispersion relation of a free-electron gas, E (k)

equals the energy of a free-electron in a vacuum where the electron rest mass m is replaced
by the effective mass m*.

Expression (1.12) is referred to as the parabolic band approximation; this simple model is
appropriate for low applied fields for which the carriers are close to the conduction band
minimum. For high applied fields, the energy of carriers may be far from a band edge, and
then the E (k) relation varies non-parabolically with k. In order to account for non parabolic
effects, a more appropriate analytical fitting approximation in the sense of Kane is used:

20,12
B (1 +aB(k) ==

where « is the non-parabolicity factor (e.g. for silicon & = 0.5 eV~! for each X-valley).

(1.13)



1.5 Electronic band structure in SINW 11

1.5 Electronic band structure in SINW

As mentioned above, in bulk Silicon the lowest conduction band is formed by six equivalent
valleys near the X-point of the Brilloiun zone. In this case we have and indirect band-gap
of 1.143 eV at £ 0.85 27 /ag in the A direction with m; = 0.19, m; = 0.98 (units electron
mass), and lattice parameter ag = 5.43 A [9].

However, due to strong manifestations of quantum effects, silicon properties in low dimen-
sionality systems become different from those of the bulk material. For this reason, in
silicon nanowires the band structure is altered with respect to the bulk case depending on the
cross-section wire dimension, the atomic configuration, and the crystal orientation.

The Atomistic modeling is able to capture the nanowire band structure, including information
about band coupling and mass variations as functions of quantization ([10—14]). Atomistic
simulations are more appropriate for nanowires of a few nanometers cross-sectional sides,
due to the high variability of the involved parameters.

However, for SINW with cross-sections greater than 3 nm, Atomistic simulations using
the tight-binding (TB) approach show that the band structure is more stable [11]. For a
rectangular SINW with longitudinal direction along the [100] crystal orientation, confined in
the plane (y,z), the 1-D Brillouin zone is 1/2 as long as the length of the bulk Si Brillouin
zone along the A line (i.e. 7/ay).

The behaviour of the electrons in the plane perpendicular to longitudinal extension of the
wire is described by the effective mass equation. This leads to a split-up of the band structure
in subbands. In SINW the six equivalent A conduction valleys of the bulk Si are split into
two groups because of the quantum confinement (see Fig. (1.8)).

SiNW

Fig. 1.8 Schematic view of a SINW. Electron transport is assumed to be one-dimensional in
the x-direction.
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The subbands related to the four unprimed valleys A4 ([0 =+ 10] and [00 £ 1] orthogonal
to the wire axis) are projected into a unique valley in the I" point of the one-dimensional

Brillouin zone. Therefore Si nanowire is a direct band-gap semiconductor.

1.9

energy (eV)
P [
~ ")

=
o
T

15fF N7

1.4 . . .
-1 -0.5 0 0.5 1
wave vector (T7a units)

Fig. 1.9 SiNW band structure calculated from the empirical tight-binding model ([11]).

The subbands related to the primed valleys A, ([2100] along the wire axis) are found at
higher energies and exhibit a minimum, located at k, = +0.377 /ag (see Fig. 1.9), and the
energy gap between the A4 and A, bottom valley is 117 meV. From the energy dispersion
relation E (k) obtained from the TB, one can evaluate the effective mass m*in the parabolic
spherical band approximation, i.e.

1 10%E
- = 1.14
m* hz akZ ( )
obtaining mz2 =0.94, m24 = (.27. Nonparabolic correction to eq. (1.14) can be introduced

([12, 15, 16]) but the fitting parameter depend heavily on the particular atomic configuration.



Chapter 2
The Schrodinger effective mass equation

In this chapter a large review is dedicated to the application of the Schrodinger equation in the
effective mass approximation to the quantum wire where it is assumed that the electrons in
the direction of the linear expansion of the wire are descripted by plane waves. The effective
mass equation is solved using a finite difference numerical scheme and via a Variational
Method, which has the main advantage to eliminate discretization errors as well as to cut

down computational time with respect to a purely-numerical approach.

2.1 Quantum confinement

As already mentioned, silicon nanowires are quasi-one-dimensional structures in which
electrons are spatially confined in two transverse directions and are free to move in one
direction. The transport of charges occurs just in one dimension similar to a classical
movement in one direction. In the two other dimensions the charges are confined in a
quantum mechanical manner.

For a quantum wire with linear expansion in x-direction, and confined in the plane y-z, the
normed electron wave function y/(x,y,z) can be written in the form [1]:

eikxx

v(x,y,z) =2 (y,z>¢—L_ (2.1)

where u is the valley index (one A4 valley and two A, valleys), [ = 1, Ny,;, the subband index,
xl“ (v,z) is the envelope function of the I-th subband and p-th valley, and the term e+ /\/L;
describes an independent plane wave in x-direction confined to the normalization length,

x € [0, L], with wave vector number k.
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Let’s consider a set of conduction electrons moving in the wire. Any one electron is
subject to external confining potential U (y, z), such as by a discontinuity in the band gap at
an interface between two materials, and also to the presence of the other free electrons in
the system in which it finds itself. The simplest approximation which takes into account the
presence of many electrons, called Hartree approximation, is to assume that the electrons
as whole produce an average electrostatic potential ¢ [2]. Then a given electron feels the

resulting total potential V;,;, i.e.

Viot(x,3,2) = U(x,y) — e@(x,y,2). (2.2)

where e is the absolute value of the electric charge. The normed wave function satisfies the
two-dimensional Schrédinger equation in the Effective Mass Approximation (EMA)

2

/3
EC__*A+‘/1‘()l(x7y7Z) II/ZEII/ (23)
Zm“

where E is the total energy, E. the energy at the conduction band minimum, and m* is the
effective electron mass. By inserting (2.1) into (2.3), in each x-th cross section of the device,
one obtains the following equation for the envelope function xlit (y,2)

woo* 2 W o R
X
[— 2m2§ ((9_x2 + 8_yz> +Vior(x,y,2) X =& X EL=¢€,+ 2mﬁ +E¢ (2.4)

where 8;; is the kinetic energy associated with the confinement in the y-z plane, and & (k,) =
%’}% is the energy along the x-direction in the parabolic band approximation. In a non-
parabolic ansatz this term has to be replaced by the Kane dispersion relation eq. (1.13).

We note that, the solution of the effective mass equation (2.4) for a quantum wire in each

x-cross section of the wire, can be reduced to the solution of the following eigenvalue

equation
Hy(y,z) = €x(y,2) (2.5)
for the Hamiltonian Operator
oot 92
He [ (2 )y 26
2m;, (9y2+8z2 + ¢ (2.6)

We underline that for nanowires with diameter smaller than 4 nm, a full band treatment or
atomistic simulations are required, since the effective mass approximation is largely out of its

range of validity and is not able to provide accurate estimates of energy gaps and dispersion
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Table 2.1 Physical constants

Planck’s constant/27 h 6.58203-1016 eVs
Boltzmann constant kp 8.61722-107° eV K!
electron mass me. | 5.68555-10730 eV s2 nm 2
electron charge e -1 eV V!
absolute dielectric constant € | 8.854-10712 e/(Vm)
relative dielectric constant of Si esi | 11.7

relative dielectric constant of SiO | €,5i0, | 3.9

relations in the longitudinal direction. However, as far as an exploration of the design space
is concerned, such approach is still too computationally demanding.

By solving the eq. (2.5) one finds a countable set of eigen-pairs )(l“ , 81“ , while V' is obtained
from the Poisson equation

V- leoer VO(x,y,2)] = —e(Np —Njy —n) 2.7)

where ¢ is the absolute dielectric constants, ¢, is the relative dielectric constant and Np, Ny
are the assigned doping profiles (due to donors and acceptors). All physical constants can be
found in Tab. 2.1.

The term n(t,x) is the total electron density, which depends on xﬁ:

n(r,x) =Y. Y Py ()l 0,20, (2.8)
TR
where pl“ (x,1) is the linear density in the u-valley and /-subband

2
ol et = 5 [ (e kn)ds 29)

fl“ being the electron distribution function, which must be evaluated by the transport model
in the free movement direction, described in Chapter 4.

Hence one have to solve a coupled problem formed by eqs. (2.4),(2.7) to find &g, X« In €ach
cross-section. An adaptive numerical scheme was been performed and it will be discussed in
Chapter 6.
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2.2 Infinitely deep rectangular wires

The simplest quantum wire geometry would be a rectangular cross-section (with lengths
Ly, L;) and an infinite potential outside of the region defining the wire. This is illustrated
schematically in Fig. 2.1 and can be considered to be the two-dimensional analogy to the
one-dimensional confinement potential of the standard infinitely deep quantum well [2, 3].
Within the quantum wire, the confining potential energy U is zero, while outside the wire it

Fig. 2.1 The infinitely deep rectangular cross-section quantum wire.

is infinite; thus in the latter case the wave function is zero. Hence, the Schrodinger equation
is only defined within the wire for the motion in the two confined y-z directions, i.e. equation
(2.4) (with ¢ = 0) becomes (we omit the indices ( and /):

2 %x(y,z)  9%x(y,
[_Zm*< §g2)+ gngﬂ:ZQMXUﬂ) (2.10)

The form of the potential in the Schrodinger equation allows the motions to be decoupled
further, writing [3]:

2(,2) = x(»)x(z) (2.11)
and then: 2 5 o) 2 5 @
X\ Xz

“ o X35 5 A0 G2 = 8 ()2 () (2.12)

Moreover, it is possible to separate the energy terms on the left-hand side of the eq. (2.12) in
two energy components &, = €, + &, then:
n? 2xly) R *x(z
- ot @ I - ) B < r@e) aea@: @13)

2m*
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Therefore it has to solve the following equations:

n* 02

- ot T2 (e 0), 2.14)
n* 02

- A0 D —yet) 2.15)

Dividing the first of this pair of equations by y(z) and the second by x(y) gives:

1 9%y (y)
2m*  9y? &20) (210
K2 82x(z)
2m* 072 &x(3) S

Given that the potential outside the wire is infinite, standard boundary conditions in the wave
function holds, i.e. both x(y) and x/(z) are zero at the edges of the wire.

In this way analytical solutions for the confinement energies &, , and envelope functions

2 2
A= —sin(w) —sin<”m), (2.18)
L\, V.,

K22 n? n?
g = e (L—§+L—g> [ = (ny,n) (2.19)
u y Z

% (v,7) are obtained:

where Ly and L, are the dimensions of the wire and the origin of the coordinate system has
been placed at one corner of the wire. The positive integer values ny, n, (quantum numbers)
specify the (ny,m;) subband, and the sl“ are the subband minima energies. We notice that the

wave functions fulfill the normalization condition, i.e.

Ly [L, )
/0 /O 2 0, 2)Pdydz=1. (2.20)

2.3 Finite rectangular wire

More relevant to real devices would be a rectangular cross-sectional quantum wire, but with
finite height barriers (Fig. 2.2). With this configuration it is not possible to separate the y
and z motions. Therefore, it is necessary to undertake other ways in order to solve the EMA

equation.
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Ulxy)=U

Ulx,y)=0

Fig. 2.2 The rectangular cross-section quantum wire with finite barriers.

For a fixed total potential V;,(x,y,z) in each cross-section (with x = const.) one has to solve
the eigenvalues problem (2.4). This can be achieved or by using a finite difference numerical
scheme, or by means of a Variational Method. In the next sections it will be presented both

approaches.

2.3.1 Finite difference scheme for the EMA

We derive a discretization scheme of the two dimensional Schrodinger equation using a
finite difference scheme. It is well known that the Finite Difference Methods are used to
approximate derivates to solve differential equations numerically. In particular the derivatives
are replaced with finite difference approximations on a discretized domain. For this reason
we make use of a central finite difference formula to approximate the second-order derivative
in the EMA equation and to linearize the problem. By doing so, we convert the finite well

problem to a simple eigenvalue problem.

In general the first derivative of a function f at a point x, with a small value x, can be

defined by
df _ f(x+6x)— f(x—6x)
dx 20x

i.e. the centered difference formula has an error of the second order. By using the above

+0(8x%) (2.21)

finite difference form for f'(x+ 6x) and f’(x — dx) and applying a central difference formula
for the derivative of f’ at x:
d d
de ~ d_£|x+5x - d_{:|x—5x

~ 2.22
dx? 20x ’ ( )
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we obtain the central difference approximation (of second order) of the second derivative of

f:

d*f _ f(x+28x)—2f(x)+ f(x—26x)
dx? (26x)? '

Expanding the two derivatives in terms of finite differences using this form in the original

(2.23)

Schrodinger equation and substituting the undefined small step dx for 28x, we get :

m [ x(y+6y.2) —2x(nz) + X0 — 8y,2)
- R (2.24)

220D - zé(zy)’j) bz 0|, U(y.2)x(y,2) = &.:2(%,2)-

Thus the wave function at the general point ¥ (y,z) depends upon the values at 4 neighbour-
ing points (see Fig. (2.3)). A 2D spatial mesh with the equidistant grid points x; =i - dx,
i=0,...,Ni+landy; = j-dy, j=0,...,No+11is then introduced.

—}dZ{—

b

i+Lj

A O bj | jj+]

i-1,j1

:
w’

S
>

zZ

Fig. 2.3 The two-dimensional mesh for the finite different approach to the quantum wire.
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Equation (2.24) can be written more compactly in terms of the indices given in Fig. 2.3

(five-point finite difference scheme):

R [xG+ 1)) =220 ) + 2= 1,))
2m* dy2
dz?

U<17])X(17]):8y2%(l7.]) 9 izl?"'aNlaj:lv"'7N2 (225)

+

+

which can finally be written as:

B .. : 2B 2B .. . B :

WX(WLJ)— d_y2+d_z2_U(l’]> X(Z»J)+Wl(l—171)
+dﬁzz(%(i71+1)+%(i,1—l)) =e.2x0,J) , i=1,.,N,j=1,..,Np. (2.26)
where 8 = —Zh—r;*. If we assume zero Dirichlet boundary conditions (i.e. x(x =0,y) =

x(x,y=0)=0and y(x=N;+1,y) = x(x,y = N, + 1) = 0) and considering each of the

points of the domain, we get a system of N = NN, equations:

—d%x(% 1)— <§+ % ~U(1, 1))%(1, 1)— dﬁzzxu,z) —g,.x(1,1)

_d%x(z,z) - (%Jrj—fz —U(1,2))%(1,2) —d%(%(lﬁHX(l’l)) =&:x(1,2)

B 2B 2B
—d—yZX(Nl,Nz)— d—yz—l-d—ZZ—U(Nl,Nz—l) X(Nl,Nz—l)—
d%(%(Nth)ﬂL%(Nl,Nz—Z)) =&, X (N1,N2 — 1)
B 28 2B B
—d—yQX(Nl—l,Nz)— d—y2+d—Z2—U(N1,N2) X(N1,N2)—d—Z2X(N1,N2—1):8y7zX(N1,N2)-
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The above linear system can be easily rewritten by arranged conveniently the internal mesh
nodes {(x;,y;),i=1,...,Ni,j=1,...,N>} as a column vector r(k), k = 1,...,N such that:

k=n—14m—2)(N;—2)
n:2,...,N1—1
m:2,...,N2—1

The equation (2.26), in term of the vector r, writes:

gttt 0= (35425 -v0)xe)+ Lo
p

Tz (X(r+ (N —=2))+x(r— (N —2))) =g, x(r). (2.27)

In this way our linear system of N = NN, equations, that approximate the problem in

question, can be written in this matrix form:
My(k)=¢€,.x(k), k=1,.,N (2.28)

where M € RV*V is the following sparse matrix:

) - o .. =5 0 0
-5 2 -5 o0 . =5 o0
o - 3 0 .. =5 o
: o . . 0 0 SP—
M— dy? (2.29)
_d% : 0 0 0 :
B B
-5 0 -
: 0o -5 o L -1 -5
o .. o -H . 0o -5 W

Solving the differential equation EMA means now to calculate the eigenvalues of the sym-
metric matrix M to find the energy subbands &, and their corresponding eigenfunctions
X (x,y) represented by the eigenvectors of the same matrix.
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2.3.2 Solution of the EMA with a variational method

With the Variational Method [17], the eigenvalue problem of the Hamilton operator H is

approximated by the eigenvalue problem of the matrix ¢
OV = lV7 <%ﬂ{z}{j} = <l[/{,}|H|l[/{J}>, V= (VI,VZ, ) (2.30)

where the matrix elements .77,y are expectation values of the Hamilton operator H with
respect to a set of orthonormal functions {|y(y),|¥(2}), ...} which span the Hilbert space of
H. Then the v-th approximated eigenvalue of the Hamilton operator H is the v-th eigenvalue
of the matrix 77 i.e. €&, = Ay, and the v-th eigenfunction ¥, of the Hamilton operator H is

approximates as

v wZv Py (231)

We observe that the number of the orthonormal functions that span the Hilbert space of H is
infinite. Since the number of used orthonormal functions is finite, the solutions of .7#” span
in general is a subspace of H. Hence the variational method is only an advantage if the set
of orthonormal functions is chosen appropriately so that the matrix elements %’f{i}{ j) are
easily calculable and the accuracy of the approximation can be ensured for a small number of
orthonormal functions. A good choice for a set of orthonormal functions are the eigenstates
of the two-dimensional anisotropic harmonic oscillator which are given by

W) = exp(~ PNy, (vay (e @3

2yt Jyl ! 2

m* m* o . o
a="2 p="R 0 [} = (jy,j) €NXN 233)

where jy, j, are the quantum numbers, H j},(\/ﬁ y) is the Hermite polynomial of order j,
and o the angular velocity. Then, the elements of the matrix #{; (, are formed by two
contributions:

()
Ay = 7

92 9?2
(M (a—y2+a—y2)‘w{j}>+<w%m\w>- (2.34)

@ "
VG = V| g,
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The first term can be evaluated as:

P wyé l2hy+ 1), jy =1/ 73 = Jy Oiy -2

(M~ 2—iy& 2]+  (2.35)

wy 2 G (2t D)8 o=\ = e S jm2 =\ — i 82

The second term depends on V;,(x,y,z). Let us suppose that this term reduces to a two-

dimensional finite rectangular potential well U (y,z), i.e.

Ulpt) = { 0 V(32) € [~Ly/2,Ly/2) x [~L;/2,L;/2] 2.36)

Uy otherwise

where the depth of the potential well is usually taken Uy = —4.05 eV (the work function of
Si) and Ly and L, are the lengths of the well in y and z direction respectively. In this case,
after some calculations, we have

2 U 1 1 5 5
% iy \/21V+lz+]}+] iyliz! ;! 1 €Xp |:_Z(al‘y +bLz )} X (2.37)
min(iy, jy) . ;
{ Z 2°k! ( y) (k) [Hi,+ j,—2k-1(—VaLy/2) —H; 1 j o 1(\/_Ly/2)]}

{mmzm 2kk'< )(k)[ iti—2k-1(—Vale/2) = Hiyj—o 1(\/_LZ/2>]}

If jy=0,1,...,Nyand j, =0,1,...,N; then the matrix .7 has (N, + 1)(N, + 1) rows and

columns. In the next section results for the solution of the EMA equation will be presented.

2.4 Results for the EMA equation

Just to have a comparison between the two methods solving the Schrodinger equation in the
effective mass approximation, we have taken a SINW with cross-section Ly, = L, = 10 nm,
and we have evaluated the eigenvalues with the two methods [52]. In figure 2.4 we plot the
first ten eigenvalues &, obtained with the finite difference scheme, by increasing the grid
points No = N = N, (six equivalent valleys have been considered with a single effective
mass m* = 0.32m,).

From this figure we can clearly see that the convergence is reached for N, = 141. In such
a case, the matrix dimension is 19881 x 19881 and the CPU time was = 19000 sec (using
MATLAB and an AMD Phenom II X6 1090T processor).
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If we want to obtain a similar result with the Variational Method, we have to take into account
Ny = N, = 16 quantum numbers. In this case the matrix dimension is 289 x 289 and the CPU
time was < 163 sec.

-3.55

-3.65

eigenvalue (eV)
I I
w | w |
o w4 w
[4) [oe] ol ~

1 2 3 4 5 6 7 8 9 10
# eigenvalue

Fig. 2.4 The subband energies €y, eq. (2.4) obtained with a finite difference solver, with N,
grid points in each axes.

The percentage error between the two methods is shown in figure 2.5.

0.8

# eigenvalue

Fig. 2.5 The percentage error between the subband energies €, (2.4) obtained with a finite
difference solver and the Variational Method.

In Fig. 2.6 eigenfunctions associated to the first four eigenvalues obtained with finite
difference method are plotted. Similar figures are get via variational method. The main

advantage of the Variational Method is that no discretization error is introduced, as in the
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finite difference case [18, 19], and the convergence of the results depends only on how many
quantum numbers are taken.
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Fig. 2.6 Eigenfunctions obtained with a finite difference solver, with N = N, = 41 mesh
point.



Chapter 3

Carrier scattering

3.1 Introduction

The transport of charged particles, as electrons, within the body of a perfect crystal lattice, is
caused by external electric or magnetic field forces and is attenuated by scattering. Therefore,
carrier scattering is one of the most important processes in the transport of the carriers through
the semiconductor. In this chapter, a description of carrier scattering which take into account
the presence of phonons, and their interactions with the electrons is presented. In particular
we distinguish between acoustic and optical electron-phonon scattering mechanisms, which
are both caused by deformation potentials. Nonlattice dynamic scattering processes are also

dealt with. These include ionized impurity and surface roughness scattering (SRS).

Quantum mechanical scattering is usually summarized in terms of Fermi’s Golden Rule,
which is derived from the time-dependent perturbation theory of the first order. It gives the
transition probability between two eigenstates, which are the solutions of Schrodinger wave
equation for the perturbation potential H,,. The transition rate w(k,k’), which is essential
for the description of any particle transport with a semiclassical approach, represents the
probability that an electron with wave number vector k, due to a scattering, passes into a state

with wave number vector k' in the unit time [4, 5, 7].



3.2 The Electron-Phonon interaction 27

In the case of quantum wires, one has
wik, k') = wlky, u, LK, ' 1) = w(ky, kL)

representing the probability per unit time that the state ¥ becomes the state y’

eikxx / eik;x
y(x,y,2) =%,“(y,Z)\/—L—x — V() =1 12) L (3.1)

where the indexes p and u’ indicate different valleys, [ and !’ different subbands. The
transitions rate fullfill the Fermi’s Golden rule, i.e.

27

wlke k) = (W |, |y) P S(E(W) — E(y) Fhay) (3.2)

where 0 stands for the Dirac Delta which shows that (3.2) differs from zero only if the
argument of the d-function is zero, a condition that express the conservation of energy. The
term 17 enables it that a particle of wave vector q is involved in the scattering process
(the upper sign corresponds to the absorption and the lower sign for emission).

The term E(y) express the energy given by eq. (2.4) and includes thus the possibility of
intervalley and intersubband scattering processes.The expression |(y'|H,|y)|? is the square
of the absolute value of the matrix element of the perturbation potential H,.

Equation (3.2) is the basic result of the scattering theory, which we apply to the scattering
calculation of carriers in the next sections.

3.2 The Electron-Phonon interaction

In a crystal electrons are scattered by lattice vibrations propagating in the crystal because
the periodicity of the crystal potential may be disturbed for various reasons. Because of
the difficulty of knowing the crystal potential itself, this deviation from the periodicity is
expressed in a rather phenomenological way, such as the deformation potential method. Since
the wave nature of the lattice vibrations can be quantized as phonons, the influence of lattice
vibrations on electron motions can be expressed by a quantum process that is termed the
electron-phonon interaction.

The electron-phonon interaction is one of the dominant scattering processes in submicron
semiconductor devices. Carriers in such small-sized devices can aquire high energy levels
from the high electric field applied; hence, scatterings based on the spontaneous emission of

phonons take place even though there are only a few phonons present at low temperature.
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Although the electrons in a quantum wire are confined in two dimensions and act only in one
dimension as a classical particle, we treat the phonons as bulk phonons.

The main lattice vibration are due to acoustic and non-polar optical branches. The acoustic
modes shown in Fig. 3.1 are characterised by the neighboring atoms being in phase. In
the longitudinal mode the atomic displacemnet are in the same direction as the direction of
energy transfer, while in the transverse mode the atomic displacements are perpendicular to
this direction.

® I~ r o f o f o @
) Q D q

Fig. 3.1 Schematic illustrations of the atomic displacements in (a) longitudinal acoustic (LA)
and (b) transverse acoustic (TA) phonon modes.

The longitudinal and transverse definitions also apply to the two types of optic phonon
modes as illustrated in Fig. 3.2. However, in this type of lattice vibration the displacement of

neighbouring atoms are in opposite phase [3].

rrryryrT
Fig. 3.2 Schematic illustrations of the atomic displacements in (a) longitudinal optic (LO)

and (b) transverse acoustic (TO) phonon modes.

In the sequel we shall consider the acoustic phonons in the Debey approximation, where

the dispersion relation, near the center of the Brillouin zone, is

wac(q) :Vs|q| (3.3)
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where vy 1s the sound speed. The optical phonon scattering will be treated in the Einstein

approximation, i.e.
®,p(q) = Wy = const. (3.4)

The pertubation potential H), for both these electron-phonon scattering, caused by a deforma-

tion potential, writes [5]

. h 11
— +ig-x S
H, ;qu \/2cha)q [g(q) +57F 2} (3.5)

where p is the mass density, V, the crystal volume, g(q) is the phonon distribution function
involved in the scattering, i®(q) the phonon energy obtained from the phonon dispersion
relation for Si, and

Kq = |q|Dy : First order Deformation Potential
Kq = Dy : Zero order Deformation Potential .

By knowing the interaction potential H,, the squared matrix element for the deformation
potential scattering can be evaluated and then, after some algebra, the transition rate is
obtained through the golden rule (3.2) (see Appendix A):

o / hK? 11
W(k,k’)Z—h ZIGﬁﬂi(qy,qz)lzzpv"w {g(q)+§¢§} St g0 (E(W') —E(w) T hay) -
q cWq

(3.6)

The scattering mechanism can drive one electron in the same valley (intravalley) or in a
different valley (intervalley). In bulk Silicon, the intravalley scattering involves only acoustic
phonons (two types LA and TA) and they are evaluated using the First order approximation
(with the Debey approximation (3.3)) [9]. The intervalley scattering is due to six types
of phonons: three of g-type, when electrons scatter between valleys on the same axis, or
of f-type when the scattering occurs between valleys on perpendicular axes, as shown in
Fig. 3.3. The last ones are evaluated in the Zero order approximation (using the Einstein
approximation (3.4)).

3.2.1 Non-polar Optical Phonons Scattering

In Si, the non-polar optical deformation potential is the predominant interaction of carriers
with optical phonons. This may occur through intravalley scattering, or via intervalley

scattering between equivalent minima.
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(001) inter—valley (f-type)

intra—wvalley

(¥

(010}

inter—valley (g—type)

Fig. 3.3 Classification of electron-phonon transitions in silicon: intra and inter valley scatter-
ing (f-and g-type).

These phonons lead to inelastic scattering processes, since there is a significant gain or loss
of energy by the carrier during the scattering process. As known, the transport mechanism
starts by applying an external bias voltage. The electrons are accelerated by the produced
electric field, thanks to which they gain energy. We need the optical phonons to relax the
energy obtained from the electric field.

The eq. (3.6) for the optical phonons writes

1 1 ’
wo(k,K') = 5o [gﬁf 5} Y IGH ™ (ay:4:)I 8 q,, 8 (E(W) — E(y) Fhax), (3.7)
q

nD?
N 0 .
PV

In the following we shall consider the optical phonons in thermal equilibrium, then g is the
Bose-Einstein distribution, i.e.

(3.8)

1
go = -
iy
exp (kBTL) —1
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We evaluate

2
/ ()" (0,22 (1 2)e™ @445 dydz| =

Z|Gﬁlui anQZ —Z

q
r/ <x;f’>*<y,z>xl (n2)e 099 dydz [ (2l (/e 9 ay
q

and by transforming the summation into integral

Z Z 2L /dqydqz,

one obtains

27[ ZL Z/ XZ’ y7 X[ (y» )(%l/ ) (y/,Z’)xl“(y’,zl)eiiqy(y—y’)X
eiiqz(Z*z’)ddedyl dZ/dqy dq.,.

Since

/ +°° ePdg =2m8(x) (3.9)

—00

one get
VC "\* "\*
—2/5(y—y')5(Z—Z’)(%ﬁ) 02x 0v2) (g V'L (. )dydzady d7
roNA
Y Gy 0 .G Y0 vt
x qx

/!%,/ %P1 (302) zdydz——ZG,,/ (3.10)

where
Gt = [12 0P laf (3.2) Pvdz G

is the overlap factor. It determines which transitions from one valley to another are allowed
and which are forbidden.

By inserting eq. (3.10) into (3.7), observing that the sum over g, vanishes due to the delta
function, we finally obtain

2
Dy
p oLy

1 1 / /
wo(k, k') = 50 [gojuiq:ﬂ G s (E;,‘ —El”qtha)o> . sp= (3.12)
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Actually, the above expression is referred to the intravalley processes and then y = u’. The

interaction potential for intervalley scattering has a form similar to (3.12):

I 1
Wiv(kyk ) = Siv [&H— 2 + 2:| Z/H 0 <E‘u Eju —A““/ :Fhwiv> ) (313)
nD? 0 0
siv - p lvl;J Z[v, A‘uul - 8»“‘ - 8‘U,/ .

where 82 is the bottom of the energy valley, Z;, is the the number of possible final equivalent
valleys for the type of intervalley scattering under consideration. In practice, for the zero-
order intervalley scattering rate, wy has to be replaced by w;,, Dy has to be replaced by D,

and obviously p # u’.

3.2.2 Acoustic Phonon Scattering

The results is similar to eq. (3.7), supposing to change

Dy — |aD1 , oy — @4 =vq|
1 1
wae(k, k') —SaZ!GZ/” (gy,42)|d {gac( )+23F2] Stotqu. 8 (E(W) — E(w) Fhvg|q|)
(3.14)
where 5
D
5y = 2L (3.15)
pvsVe

We take into account that the acoustic phonon energy 7ivg|q| is much smaller than the electron
energy on the order of kg7;, (which is true at room temperature). Hence, acoustic deformation
potential scattering can be considered elastic. Furthemore, we assume an equipartitioned
equilibrium (Bose-Einstein) acoustic phonon distribution, thus g,.(q) can be approximated

as
kpTy,

hvsfq\

8ac(d) ~ gac(q) +1 =~ (3.16)

with the Boltzmann constant kg and the lattice temperature 77. Then eq. (3.14) writes:

27'L'D kBTL

Wae(k, k') = oAV,

LG ar:42) PO 8 (EF ). 3.17)

Again the sum over g, vanishes due to the Kronecker delta (because there is no dependence
on g,). Moreover, since w,. describes intravalley processes, it is imperative that u = u’.
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By using eqgs.((3.11)) we finally get the acoustic intravalley transition rate:

. ZﬂD%kBTL

o MBS (R pH
Wac(k7 k/) = sacG”/ 0 (El’ _El ) y  Sac = phV%Lx (3.18)

We observe that GZ,” = G#;“ but
wik, k') #w(k' k).

A possible relation between these quantities is given by the Detailed Balance Principle:

E}' —E)
. (3.19)

wlke, i, LK ' 1) = w(kl, ! U ke, D exp | —
kgT;

3.3 Scattering with impurities

Carriers in a semiconductor device are usually supplied or removed through heavily doped
regions regarded as carrier reservoirs. In such heavily doped regions, the carrier motion is
disturbed by scattering due to ionized impurities distributed randomly. This is evidenced by
two observations. One is that carriers do not acquire high energy levels from low electric
fields in heavily doped regions, and the other is that the impurity scattering is pronounced for

low-energy carriers.

For an impurity located in the position x; = (x;,y;,z;), with charge Z;e, in the unscreened
case we have )
= A P ) ) ) (3.20)
4mesr

p

where & is the static dielectric constant (9.7 &j). One obtains [1]

Zie> . .
<l//’|Hp|1[/> :ﬁe quxz/dz/dy(x;f) )(ZNKO <|qx|\/(y_yl.)2—|—(z—z,~)2> (3.21)

where g, = k, — k., and Ky(x) is the modified Bessel function. Since this process is elastic

and intravalley, from eq. (3.2) for the i-th impurity we get

27 Z:e?
wilk k/) T (27:13 L
§=X

2
7 ) |Himp(kx_k)/c7yi7Zi)|25 (E;/L _El“) (3.22)
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where

Hinp (ke Koz = [ [ avtaf Ko (=1 =0+ =202 329

In the parabolic band approximation one has:

w Ho_ § n 2, 2mt u
El/ _El - Ym* kx _kx + hz (811 - Sl ) (3.24)
S(EX —E* 6 K22 2l by | 22 s 3.25
(l/_ l)_ h2 (81’ _8l>_h2 [f(x)]v (3.25)
and then
H " _ 2 TR
o(E, —E;)= w7 2a [6(K.—+/a)+ 8 (K. ++/a)], a—kx—|—7(el —g,) (3.26)

where H (a) is the Heaviside function. The eq. (3.22) reduces

Z?e*m* H(a)
n_ 4 , I\ 2 / /
wi(k,k') = W|Hlmp(kx_kxvxl7yl)| Ja [6(ky —Va) +8(ki++a)]  (3.27)
2m* 1
a=k>+ n; (e —¢€)

If we have N, impurities in the wire, then

Wz 2 H(@)

Wimp(kak,) Z (k k),caxiayi) \/a

“~ 27r8€L2h3 Hip
For the sake of simplicity, we shall assume that the impurities are distributed uniformly along
the wire, i.e. they are located in (x,0,0) Vx € [—L,/2,L,/2], then eq. (3.28) reduces

[6(ky — v/a) + 8 (ke ++/a)]. (3.28)

Z2e* nm*

H(a)
2mell 2’

|Himp(kx - k;m 070) |2 \/a

[6(ky —va)+ 8(k ++a)].  (3.29)

W,‘mp(k, k/) =

where n; is the impurities number per unit length.

3.4 Surface roughness scattering

Surface roughness is a term generically applied to the random fluctuations of the boundaries
that nominally form the confining potential to low-dimensional systems.

On a microscopic level, roughness appears as atomic layer steps in the interface between two
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differing materials [1]. The fact that the interface is not abrupt on the atomic level, but that
variation in the actual position of the interfacial plane can extend over one or two atomic
layers along the surface, affects the transport.

In self-assembled semiconductor nanowires, roughness may be considerably more pro-
nounced than in an epitaxially grown interface. As a consequence, while roughness scattering
may be relatively weak in heterojunction 2DEG systems, in 1D wires it is a dominant effect.
In the case of perfectly smooth Si-SiO; interface, the electron wavefunctions and energy
level of each subband are obtained by solving the EMA eq. (2.4) in each x-cross section, with

Vior = Veff+U<X,y), Veff = —e(p(x,y,z) +V1m(X,y> +VSC<x7y)

where U is the confining potential, V, ¢ the effective potential composed by the electrostatic
potential energy ¢ (satisfying the Poisson equation), V;,, the image potential due to the
mismatch of the dielectric constants between Si and SiO,, Vi, the exchange-correlation
energy due to the electron-electron interaction. But practically, one must take into account

the roughness surface.

Usual models of roughness scattering rely on a semiclassical approach in which a phe-
nomenological surface roughness is parameterized in terms of its height and the correlation
length. Let us consider the wire interface along the y-z plane (whose normal is the x di-
rection). The most treatments of SRS assume that the fluctuations of the interface from its
ideal flat boundary are described by a two-dimensional roughness function A(y,z). This
fluctuation changes directly the barrier potential U, and it induces a change in the other

potentials. Therefore, the subband wave functions and energy bands depend explicitly from x.

For the 1D confinement (e.g. the quantum well), the first order complete theory can
be found in [22]. In the case of infinite confining potential, the main results is that for
silicon thickness greater than 8 nm the SRS mobility converges to the SRS bulk mobility and
moreover the contribution of V;,,,, V. can be neglected.

Following [1, 26] we shall consider a simpler SRS model,where
* Vim, Vsc are neglected (which of course is true for silicon thickness greater than 8 nm);
* SRS accounts for deformations only for the potential V. ¢ (not the wave functions);

* fluctuation depends only on z, i.e. A(z);

« the perturbation in the potential is only in the y-variable, i.e. V,rr[x,y + A(x),z].
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If we expand the potential in the y variable(with x, z constants), up to the first order in A(x)

aVeff(x>y7Z)

Verrbe,y +A(x),2] = Vesslx, y +Ax), 2| a=o + Alx)+06(2)

dy
Then the SRS matrix element is
Hsr = eff[x:y+A(x)7Z] - Veff(x7yvz> = eEy(x,y,z)A(x), (330)
19Vess e
E = — = ——. 3.31
Y(‘xvy?Z) e ay ay ( )

Assuming exponentially correlated surface roughness, in the parabolic band approximation,

one obtains [26]

_ 4v2elmy, Hia)

;LsrAz
B TR A
X

(ke — KL)2AZ +2

[t (Ey))?

[6 (k, —+/a) + 6 (K, ++/4a)],

(3.32)
2m’*
a=1Ik>+ T”(el” —e€l).
The dominant term in eq. (3.32) is the average surface field 7},
Tt (Ey) = / () (0, 2)Ey(x,v,2) %) (v,2) dydz (3.33)

which depends on the field perpendicular to the interface. The quantity Ay, is the the rms
(root mean square) height of the roughness fluctuations and A, is the correlation length
for the fluctuations. It may be interpreted as the average distance between "bumps" at the
Si-Si0O; interface as shown in Fig. 3.4.

Fig. 3.4 Schematic representation of the surface roughness function, including the rms height
and autocovariance length.



Chapter 4
Transport model for SINW

In a purely quantum approach, the most advanced transport model for the simulation of
SINW is given by Non-Equilibrium Green’s Function formalism. Another way is in the
framework of quantum kinetic theory via the Wigner function. However, in structures like
SiNW transitors having characteristic length of the order of a few tens of nanometers, the
transport of electrons along the axis of the wire can be treated semiclassically within a
good approximation. In this context, a good engineering-oriented approach is based on
hydrodynamic models formulated starting from the BTE.

The purpose of this chapter is to set up a consistent hydrodynamic model for SINW. In
particular, evolution equations for macroscopic variables like density, energy, velocity and
energy-flux are obtained by taking the moments equations of the Boltzmann equation and
closure relations for the higher-order fluxes as well as the production terms are deduced by

using the Maximum Entropy Principle of Extended Thermodynamics.

4.1 Kinetic transport equations

In low-dimensional systems, we consider the lattice with perfectly smooth boundaries, free
of impurities or other random inhomogeneities. In such ideal system the energy levels due to
disorder are small, so that crystal momentum conservation is approximately preserved. In
this framework, we can then construct a kinetic equation in which the distribution function
evolves in time under the streaming motion of external forces and spatial gradients, and the
randomizing influence of nearly point-like (in space-time) scattering events.

For the charge transport in conductors and mainly semiconductors the quantum mechanical
description became an indispensable all purpose tool. For this reason, one combines the

classical Boltzmann equation, which is originally reserved for diluted gasses, and quantum
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mechanics to establish a semiclassical description of the charge transport in semiconductors.
As concern QWRs, since the main quantum transport phenomena in SiNW transistors, at
room temperature, become significant only when the longitudinal length of these devices
are smaller than 10 nm [23], for longer channels, which is the case we are going to simulate,
the transport of electrons in the unconstrained direction can be described with semiclassical
formulations based on the 1-D Multisubband Boltzmann Transport Equation (MBTE).

As known, semiclassical transport theory is founded on the assumption that a single
carrier distribution function f(r,k,#) may be used to compute the statistical expectation value
of macroscopic quantity. In this concept, the carriers are treated as independent classical
particles. The dynamics of an ensemble of electrons belonging to the same energy band is a
rather complicated many-body problem. For this reason a kinetic description is employed.
The distribution function for the electrons in a quantum wire, with linear expansion in x-
direction, depends on the x-direction in real space, the wave vector in x-direction k, and the
time ¢, 1.€.

flu = f}“<kax:t)7

for the valley u and subband /. The MBTE reads [1]

ot ot o fH /
I R ) XAV RS 3 W M
roonu n ot
4.1)

where 7 is the Planck constant divided by 27, v, the electron group velocity, and £ eff the

effective field
_10E}
VR ok,

In the case of parabolic band we get, apart from a normalization factor for the electron mass,

10¢e!
B (1) = 5L (4.2)

the classical relation between velocity and momentum:

hk
vy = m—x (4.3)
n

while in the case of the Kane dispersion relation one finds

hk,
T (1208 (k) 4

The RHS of eq. (4.1) is the collisional operator representing the effects due to scattering with

phonons, impurities and with other electrons. It is split into two terms modeling respectively
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intravalley (with 4 = u’) and intervalley transitions (with @ # u’).

The main scattering mechanisms in a semiconductor are the electron-phonon interaction,
the interaction with impurities, the electron-electron scatterings and the interaction with
stationary imperfections of the crystal as vacancies, external and internal crystal boundaries.
In many situations the electron-electron collision term can be neglected since the electron
density is not too high. However in the case of high doping, electron-electron collisions must
be taken into account because they might produce sizable effects. Retaining the electron-
electron collision term greatly increases the complexity of the collision operator on the RHS
of the semiclassical Boltzmann equation. In fact the collision operator for the electron-

electron scattering is a highly nonlinear one, being quartic in the distribution function.

In the low density approximation (not degenerate case), the collisional term for the n-th
scattering rate writes

’ L /
CKTI [fl”mfllf ] = ﬁ /dk)/c {Wﬂ (k)/mH/?l,)kmual)fll;t ()C,k;,t) - Wﬂ (kxnualvk;ca.u'/vl/)fl“(kaxat)}

where 11 = {ac,sr,o0} for the acoustic, SR, and inelastic (intravalley) scattering, n = iv for

the intervalley scattering.

4.2 The Extended Hydrodynamic model

The most advanced transport model for the simulation of SINW is given by Non-Equilibrium
Green’s Function (NEGF) formalism, but it necessitates rather intensive computational efforts
since it requires detailed information on the propagation of the electron wave packet injected
in the device. Moreover, microscopic scattering mechanisms other than electron-phonon
interactions are difficult to incorporate into the NEGF formalism because the corresponding
self-energy terms are usually nonlocal functions of the spatial coordinate [20].

Another way is in the framework of quantum kinetic theory via the Wigner function, which
gives the macroscopic physical quantities of interest as expectation values [6, 21]. The
fundamental approach is to solve the BTE, but this is a daunting task, also from the numerical
viewpoint, because it forms an integro differential system in two dimensions in phase-space
and one in time, with a complicate collisional operator.

A crude approximation of the collisional operator can be obtained using the so called Re-
laxation Time Approximation, whose validity is limited when the scattering is elastic or
isotropic (which happens for low fields) [5]. Moreover, the microscopic relaxation time

is considered an adjustable parameter which is determined by fitting the solution to some



4.2 The Extended Hydrodynamic model 40

experimental or simulated data when available [22]. Hence, this parameter depends strongly
on the particular set of data used for the calibration.

One of the most popular approaches is to solve the BTE in a stochastic sense by Monte
Carlo (MC) methods [24, 25, 27] or by using deterministic numerical solvers [27, 26, 29].
However, the extensive computations required by both methods as well as the noisy results

obtained with MC simulations, make them impractical for device design on a regular basis.

Another alternative is to obtain from the MBTE hydrodynamic models that are a good
engineering-oriented approach. This can be achieved by obtaining a set of balance equations
by means the so called moment method. The idea is to investigate only some moments of
interest of the distribution function. The first step of the method is done by multiplying both
sides terms of the MBTE equations by a set of k weight functions and integrating them in the

k variation domain.

In this way, starting from the transport equation (4.1) one can obtain balance equations
for macroscopic quantities associated to the flow. By multiplying the equation (4.1) by a
weight function W4 (k,) and integrating over 2/(27)dk,, one finds:

8]\71“ aft 2 ot
2n) / Vavu— J PR fEeff / Vi fl —dle; =

8t
2
Y k) Gl fildket s Y | Valtk) Glff Sk @5)
(27 nl’/ n nu#u’l’/ Y
where
M“:i/w (k) f (x, Ky 1)k (4.6)
l (2717) R A\Rx)J ] s Ry X .

are the moments relative to the weight functions 4. By integrating by parts, and supposing
that f tends to zero sufficiently fast as k — oo, we obtain

=L dk,+ —— Eeff / 2 dk, =
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We have choosen a 4-moments model with
h2k2 ky

=) o S



4.2 The Extended Hydrodynamic model 41

In this way one obtains, from eq. (4.7), the following balance equations in the unknown
(VWS

ap;  dp/'V}')
L4 —p! Z%p L +p Y Cplu,lu',l)
ot dx Un'#u

(4.8)
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where
2
pf = an / f1(x,ky,t)dky  linear electron density, (4.12)
2
b
ky,t)vydk, i lect locity, 4.13
f (27r pl /fl X,k 1) vy inear electron velocity. (4.13)
Wl“ = — / fl X,ky,1)Edk, linear electron energy, (4.14)
(27r Pl
S;‘ :(2_7r_/fl x,ky,t)Evydk,  linear electron energy flux, 4.15)
Pz

Fl“ — _(2717 p_“ /R f[‘ (x, kx,t)vifdkx flux of electron energy flux, (4.16)
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while
@ (w1 —/ WL 1 d 4.17)
Go(u, L'l / WLF 1 v dk (4.18)
G (.11, 1) = 2——/ WL )6 dky (4.19)
Golw, L'l —2——/ W vy (4.20)

are the moments of the collision term.
In the previous expressions 11 = {ac, sr,0} with g = p’ for intravalley scattering, n = iv with

u # p’ for intervalley scattering.

4.3 Maximum Entropy Principle

The PDEs system (4.8)-(4.11) is of hyperbolic type and it is not closed because the number of
unknowns exceeds the number of equations. Therefore closure relations must be introduced.
The closure problem consists in finding constitutive relations in terms of the fundamental
variables for the extra fluxes and the production terms.

The determination and validity of the closure relations just in the 3D bulk case, have given
rise a large debate during these years (see [30] for an overview), especially for the description
of the hot-carrier effects. In this context, the production terms have been usually approx-
imated with macroscopic relaxation terms, where a separate macroscopic relaxation time
is introduced for every moment of the scattering operator. The key point is the determina-
tion of these relaxation times, which can be obtained or by fitting with homogeneous field
measurements (when available) or MC simulations. As these parameters are extracted from
homogeneous data, their validity for realistic devices is still an open issue. Regarding to
the higher-order moments, they have been determined or by heuristic considerations or by
suitable assumptions on the distribution function, which need a fitting with MC data.
Another way to tackle these problems is by means of the Maximum Entropy Principle of
Extended Thermodynamics [31-33], in which the distribution function used to calculate the
higher-order moments and the production terms is assumed to be that which maximizes the
entropy under the constraints of the given set of moments.

The MEP leads to a systematic way for obtaining constitutive relations on the basis of the

information theory [59, 60], as already proved successfully for 2D nanoscale structures
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[34, 35], and for simulating the 3D electron transport in sub-micrometric devices, in the case
in which the lattice is a thermal bath with constant temperature [36—39] or when the phonons
are off-equilibrium [40—43].

Recently, a hydrodynamic modeling for silicon quantum wires has been developed and for a
review the reader is referred to [44—46].

We underline that the distribution function obtained with the MEP is an approximation of the
real one but, from the other side, this distribution is useful to determine analytically without
any fitting procedure the higher-order moments and the production terms. In this way a
consistent model with a physical basis is obtained, whose validity must be assessed with

experimental data or MC simulations.

In a semiconductor electrons interact with phonons describing the thermal vibrations
of the ions placed at the points of the crystal lattice. We assume that the electron gas is
sufficiently dilute, then the entropy density can be taken as the classical limit of the expression
arising in the Fermi statistics, i.e.

2
Se(l) =~ L 0P [ (Fogs! — )k @20

The proposed expression of the entropy combines quantum effects and semiclassical transport
along the longitudinal direction, by weighting the contribution of each fl“ with the square
modulus of the xl“ (y,z,t) arising from the Schrédinger-Poisson subsystem. According to
the MEP, if a given number of moments My (u,!) are known, the distribution functions fl“ ,
which can be used to evaluate the unknown moments, correspond to the extremum of the

total entropy density under the constraint that they yield the known moments, i.e.
2 L/ (k) 1 d ke = My (1, 1) 4.22)
(275) R IVA X)J] X — A .u“7 . .

If we introduce a set of Lagrange multipliers A4, the problem to maximize S, under the

constraints (4.22) is equivalent to maximize

2 .
S =S~ Y Y Mlxf nz.1)? {@ / S dbe —Ma(u,1) | - (4.23)
wl A R

So doing we shall obtain the following distribution function:

. 1
ﬁ:ama),zzgzwm (4.24)
B A
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va=(Lva,&,6v) o da= (A kedf ksl ke ) (4.25)
By inserting the previous equations in (4.22), we obtain
My = My(An) (4.26)

which define implicitly the Lagrange multipliers. In order to invert the above relations, we
shall perform an expansion around the local thermal equilibrium. In fact, at local equilibrium,
f must reduce to the Maxwellian. This means

A‘IMV‘E = A‘ZIJS’E = Ov )‘luw‘E - (427)

1
kpTy
Then we consider the vanishing Lagrange multipliers of higher order respect to equilibrium,

by introducing the smallness parameter 7:

A=Ay AF=Tdf (4.28)

The inversion problem (4.26) has been tackled for the first time in [55] obtaining, up to the

first order in 7 (for simplicity we shall omit the indexes u, [):

f:exp <_2—B—7LW@@) {1—7(1‘/1/4—15\/5)}4—@’(12) . (4~29)

The Lagrange multipliers are determined by imposing the constraint (4.22)

Al M 1
S T/ B Ay = = (4.30)
kp /4m’>&‘,Vlﬂ 2W;

M _ 51’)’121 H ;kl H AU m/i Vlia m;‘; SU (4.31)

(4.32)

4.4 Closure relations for the production terms

In order to close the system we need functional relations for the production terms, which can
be evaluated by using the MEP distribution function (4.29).
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Closure for the electron number production

Co(u L, 1) =Cp(u, L, w1 (ac) +Cp (1, 1) (sr) +Cp (1,1, 1, 1) (0) (4.33)

where

, 2
cgp(l-lal,lial)(rl) = m/ﬂk(gn[fluﬂfl’f]dkx , 1N :{(lC,S}”,O} (4.34)
and
(L 1)) = —— [ Gulf*, ¥ ]dk 4.35
p(“» Tl )(IV) (27_[) R lv[fl ’fl’] X ( )

Evaluation of €, (u,l, 1u,1')(0)

This is an intravalley inelastic scattering mechanism, where the scattering rate is given by

eq. (3.12). After long calculations, one obtains

S L + + _ _
P} Cp(p,1,1,1')(0) :%ﬁ {goGﬁl“AUf;“(A”,““) +(go+ 1) GHR A FF (A —
- - + +
goGhlt A EH (AL — (g0+1)Gﬁf‘A217,“(A”,““)} (4.36)
where
hZ(kX)Z
o H —A 212
+up w |27 A / " < 2m, > heky
At (A) =Py | i &P | Sy exp | — dk, (437
A p<2W;‘> o oy P\ w4 @97
2my; -
hZ(kx)z
2 +<><>H< T —A> h2k2
Ayit(a) =pf! —7; / £ exp | ——2 | dky (4.38)
‘/Vl 0 hZ(kx)Z N 4m21‘/Vl
2m;§
and
A,j;“” =€, —¢€ Thay. (4.39)

Evaluation of ¢, (u,l,u,!")(ac)

This is an intravalley elastic scattering mechanism, where the scattering rate is given by
eq. (3.18). We obtain

Sqc L
Pl Cou, 1, 1) (ac) = === { Gy T — Gy Ty (4.40)
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where
) pu
27 A\ e H ( — Ay ) W2 k2
T =00 =pexp | =L, / exp | ———5 | dke (441
‘4/[/ 2‘/‘/[/ 0 hzk% up 4m;§ ‘All/
2m, A
2w [t I ) n2i?
T = — / exp <—*—x# dk, (4.42)
W, h2 12 (ky)? Auu 4my Wy
2’"# i
and
A =gl —g'. (4.43)

Evaluation of €, (1,1, u,")(sr)

This is an intravalley elastic scattering mechanism, where the scattering rate is given by
eq. (3.32). We get

4e2 L A2 \/m

Pl (W, 1) (s7) = —— — VK
n*2nwf

(71 Pl 1, (AU WE) 415 (o W) = ZH P [ (- WP 1] (-t W]}
(4.44)

X

where

&

o H (& +al) exp <_W>

LAy W = / A& (4.45)
0 2mu sr [\/_:IZ /£+All’:| +2 @@[@@_'_A”/]

Evaluation of €, (u,l,u’,1") (iv)

This is an intervalley inelastic scattering, where the scattering rate is given by eq. (6.23).
The result is similar to the eq. (4.36) (obtained for an intravalley, inelastic scattering) with
W # u’ but supposing to change eq. (4.39) into

xtup' o p
Alll i l/ _81 :tha),v—l—Au/’u (446)
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where Ay, is given in eq. (6.23). Then we obtain

. S; L ! + / ~1 ! / ! - /
p['uCP (‘u,l,‘u/,l/)(l\/) :%ﬁ {go G#I“All’t; IJ(A”/“” ) + (g0+ I)G#[uAllﬁ “(All’u'u ) -

! _ I _ !/ i + ! ~+ !
20GMY AL (ALY — (go+ 1) GHF A B (A1 )} 4.47)

/ 2 A Feo o hk
Alilﬁ H(a)=pf Z/ exp <—“/> / 2/4 exp | — —7 | 4k
VVI/ 2“’1/ 0 ;lm]i)% —A 4mu’Wl’
%
12 (ky)?
o H —A 272
! 2 [ ( 2m] ) Ik

Ayt (&) =p}' _u/ - exp |~ | dks

‘/Vl 0 hZ(kx)Z N 4m’u‘/Vl

¥
ZmM

Closure for the production of electron energy

%W(uvhual/) = %W(u,l,u,l’)(ac) +%W(“=l7ual/)(sr) +ng(ﬂ,l,‘u,l/)(0) (4.48)

where 5
Gw(u,L,w,1')(n) :@/R(%nm“,ﬁf]dkx , N ={ac,sr,o0} (4.49)
and :
G L)) = o | SGalfl A Tk (4.50)

We observe that, with respect to eqs. (4.34)-(4.35), there is an extra &, and by multiplying

all the previous integrals by &, similar results hold.

Closure for the production of electron crystal momentum

CKV(.ualmuvl/) = %V(“vlmuvl/)(ac) +C€V(,u'vlnual/)(sr) +(5V(‘u'7lnuall)(0) (4.51)

where

2 [ Tk
Cg\/(ualv.uul/)(n) = @/Rm_*%n [fl'u%fll;t]dkx T {ClC,Si’,O} (4.52)
u
and
. 2 [ hke o
Gy (w1, W, 1) (iv) = %/Rm_*%[ﬁ Sk (4.53)
i
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Evaluation of €y (u,l,u,1')(0)

For this production term, the scattering rate is given by eq. (3.12). We get

P Cr (L p,1)(0) = Qi (WP Vi + Qb W )py'S) (4.54)
where
QI (kY — Sop Ly AGHE 5 N A 1 JoRM 455
(W )—7E 1w _4WI“(V”' iy )+4(Wl"‘)2(5”' + ") (4.55)
QI iy — Sop Ly AGHE 1 O a1 1 JoRM 4.56
s (Wi )—FQ 1w 4(Wlu)2( vir Ty ) — 12(Wlu)3<sn/ +lgpt) | (4.56)
W (k)? iuu)

LI feL2 (PO +mk2H< om0 o (R
viryr T« u 80 2 2 X p Am* i X
my \ W, 0 R (k)? _ AEpu my, Wi

2, A
u
7 (k)* iuu)

e _ no|am T 1y k4H( 2, A A Jk
s’ o 2\ WE go+2 3 X e “WH x
my ! 0 h;(ki)z —AHE Mt

my, /

Evaluation of €y (u, [, u,!")(ac)

This is an intravalley inelastic scattering process, where the scattering rate is given by
eq. (3.18). We get

Pl Gy (w1, 1) (ac) = AL (W)pf VI + AL (Wi )pfs! (4.57)
where
i iy _ Sac ALy pp S cpp b

Auz/(Wl )—7W I _é_lF”' +WL”/ (4.58)

pp gty _ Sac MLe | 1y 1 B
AW, )_727rWl“G”/ LWIMFIZ' _WLH/ (4.59)

(k) AHH

2 +°°H< om; —An/) w2\ nk?
Ei Wi = | / - exp | — 0 | “Edk (4.60)

Widoo e 4wl )

2my, 174
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AIJ'“

mH )
[ W“ 2 /+ 2m 11 exp <_ G
AZ/“ 4my W,

h2k2 h3k4
X ) 2 dk 4.61)
2m IJ

ll’
2’"#

Evaluation of 6y (u,l,u,1")(sr)
This is an intravalley elastic scattering process, and from egs. (3.32) we get

,/_ 2 Qor A2
TR [V 0t -

Cv(u,l,um,l)(sr) =
v(u, L, ) (sr) = TR
* 52
Ve Ay lsrAS, i LA o
oW \Zh P [Qv V) 4+ QsS)] (4.62)
where
15
Q =—i7[1 (A WG =0)+ I (A W“,]—o)] _
8 (2w
3
Zﬁ[’ (AW = 1)+ I (A W =) (4.63)
I/Vl 2
. 15z i
Qy 8 (ZWM)% |:_ (A#;ivwl 7]_0)+I§L2(A#;1,W/ ,]_0)i| —
ll
3 V& [Ty TR T ML ol
Fys [ T (ABE WE = 1)+ T (AR Wt j = 1)] (4.64)
l/
3 VE
= d i s, (A W= 0) I (A W j = 0)] +
T
—2(2\;;)3 [1 (AW =)+ I (A W = 1)} (4.65)
l
. 3 VT .
QS: 4(2Wﬂ)% |:_ (A#IM’W’ 7]_0)+I+(A;t;u7wl v.]_o):| +
Nz 3
T AW = )+ T (A W = 1)) (4.66)

202Wi)3
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Joo CIti | (g_Auu) (28 (——2mfwu>
Ig, (A W ) = / — e L dE (4.67)
OB Ve Je-Mt] 42 (E-N)
&
- oo ETH (6 — At exp (‘ 2mWE )
+ ABU gl 1 uW
ISZ(AIII 7VV]/ 7]) _/0 ot A2 d& (468)
U sr

i [\/?i\/é”—Aﬁf‘}2+2 \E Ay

Evaluation of &y (u,1,1’,1")(iv)

This term is similar to the eq. (4.54) (obtained for an intravalley inelastic scattering) but with

U # u' and supposing to change eq. (4.39) into
R — g eh s haoyy + Ay (4.69)
where Ay, 1s given in eq. (6.23), we obtain
piCy (.1, 1) (iv) = QU (W v + bl (wi)pl' st (4.70)

where

up poty _ Sop Ly g/ S | 1 —pp'
Qi (W, )—7gh 1w [_4Wlu(lvzz' 1y )+4(Wlu)z(1szz' +lgp )| 47D

! S L / 1 ETITU / ! /
lel;’ (‘/Vl’u) _ 2op _th,u:u [—(1 up +I+/¢/~‘) 3(151;/“1 —f—I;;;/t“ )] (4.72)

T 27 1l 4<VVZIJ)2 Vil Vil 12(‘/‘/[/-‘)
. 3 LN e H (hz(kx)z Aiuﬂ’) e
' T o0 my, A
)55 A il g0+ =+~ k)zc iz exp | — X | dk,
i\ Wi 0 \/ Rl pup mi W,
2my, i
W2 (k)?  aEup
Ly B 2w 11\ = H ( 2y~ A ) n2 i
I.," = — g0+ £t = k exp | — dk,
Sl 2 1 ) 2 Amr WH
my ! 0 \/ (k) AEup Mt
2my, i

Closure for the production of electron energy-flux

Cs(u,lp,l') =Cs(u, 1,1, (ac) + Cs(u, 1,1, 1) (sr) +Es(u, L, pm,1') (o) (4.73)
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where
2
CgS(.u’alv.ual/)(n) = %/Rv#g(gn [fluﬂfl’l’L]dkx T {aC,SV,O} 4.74)
and
2 :
G, L,p' 1) (iv) = 2 /R vuECu [ £ |dke (4.75)

We observe that, with respect to eqs. (4.52)-(4.53), there is an extra &', and by multiplying
all the previous integrals by &, similar results hold.



Chapter 5

Electron transport in infinitely deep
SINW having different cross-sections

5.1 Introduction

The aim proposed in this chapter is to investigate electron transport properties for SINW
having different cross-sections of the wire. We shall focus ourselves in the square and
equilateral triangle shape of the wire. In particular quantum wires with equilateral triangle
cross-sections have received lots of attention by researchers during the last decade [47—
49] because they represent a step toward the employment of non planar structures for the
realization of integrated circuits.

The triangular shape of the wire allows strong reduction of the wire dimensions by successive
thermal oxidation steps, as confirmed also by numerical simulations [50, 51]. It has been
shown that by starting from a trapezoidal section, obtained by silicon anisotropic etching, a
lateral oxidation bring to a triangular section which is very suitable for further strong and
well controlled reduction of the dimensions by silicon oxidation [51]. Moreover electrical
simulation confirmed that the electric field is stronger on the corners of triangular section and
that low doped wires can be easily driven in inversion state with an accumulation of carriers
at the corners of the section [50].

Figure 5.1 shows a simulation of an oxidation process for a trapezoidal section. The oxide
growth proceeds from the top and the sloping sides of the section. If the minor base and the
thickness are correctly designed, a triangular silicon cross section is formed after a suitable
oxidation time. A gate on top of the wire that wraps the device and a silicon substrate which

behaves as a back gate, act on the triangular silicon core.
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Top wrapped Al gate
0, 0, /
Silicon dioxide

— Silicon core

=

\ Si back/ back gate

Fig. 5.1 Sketch of the oxidation process. The oxide is slowly removed and the triangular
section can be further reduced in a controllable way.

5.2 Simulation results for triangular and square SINW

In this section simulations results for infinitely deep SINW with various cross-sections (trian-
gular and rectangular) are presented [53]. These results have been obtained by assuming the
six valleys (in the Brillouin zone) as equivalent and a single valley model is then employed
(with single effective mass m* = 0.32 m,). Moreover for the our applications we shall con-

sider the so called bulk case.

We assume that the cross-section A of the wire is surrounded by an oxide which gives
rise to an infinitely deep potential barrier,

0 (yz)€A
U(y,z) = 5.1
0:2) { o~ otherwise. SR

In such a case analytical relations for the confinement energies €, and envelope functions
Xux can be obtained from eq. (2.4) (with ¢ = 0), according to the shape of the cross-section.

In particular, in the case of rectangular cross-section they have been found in the section 2.2:

hZTEz ng n2

2 . (T 2 . (nmw
Xy (9:2) = 4 | [y sin (Ly—yy) \/ L sin (z—zz) ny,n; € N. (5.3)

The overlap factor G" is (by eq. (3.11)):

I {1 | 1sin((n, —n/y)ﬂ:)} {1 , Lsin((n; —n;)ﬂ)} | (5.4)

2 (ny—ny)m 2 (n,—n)m
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being Ly, L, the rectangle dimensions, and v = (ny,n;), v/ = (n/y,nlz)

By using group theory arguments [58], in the case of equilateral triangle cross-section,

one obtains:

NG [ (4p71'z) (2p7tz> (an'y)}
,2) = sin —2sin cos| — | |, =1,2,3,... 5.5

Xpa(1,2) = 3;‘%{008 {Z”Lﬂ} i {%]
— cos {MLW} sin {%} cos [M] i {% ] }

q=1,2,3,.... p=qg+1,9+2,q+3,... (5.6)

where L is the length of the triangle side. The above eigenfunctions fulfill the normalization

condition, i.e.

/ /T Xpg2)Pdydz =1, 5.7)

where T' = Ty U T5 is the triangular domain (see Fig. 5.2):
Ti={(r2) ER®:0<y<L/2,0<2< V),

T={(yz) eR::L/2<y<LO0<z<V3(L—y)}

The energy eigenvalues related to eqs (5.5) and (5.6) are given by

82?2
Epg = W(p2+pq+q2)7 q=0,1,2,..., p=q+1,q+2,q+3,... (5.8)

Let us define v = (p,q), v/ = (p’,q’); after long but straightforward calculations, one obtains:

o ] " 443,
if p# p’ and p' # 2p then G"V' = 35

o if p=p/then G"V = 13—0\{—5;

« if p' =2p and the G*"' = 103,

We shall compare two SiINW having square and equilateral triangle cross-sections, in
such a way both have the same area (A = 100 nm?) choosing L, =L, =10 nm and
L=20/v/3~15.19 nm.
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Fig. 5.2

In figure 5.3 we plot the lowest four confinement energies for the square and equilateral

triangle cross-sections. We observe that the energy levels are higher in the triangular case
[53].

0.25 T T T T T

—<— Triangular SINW
—+&— Square SINW
0.2 4

energies (eV)
o
=
o
1

o
=
T

!

0.051 1

1 15 2 25 3 3.5 4
# subband

Fig. 5.3 The lowest four confinement energies for the square and equilateral triangle cross-
sections.

As concern the description of the transport along the axis of the wire we have constructed
a extended hydrodynamic model such as one presented in the previous chapter, including

scattering of electrons with acoustic and non-polar optical phonons and by considering, this
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time, a non-parabolic approximation for energy band [54]. It is well known that the parabolic
band approximation of the conduction band is not fully adequate in order to describe high
energy phenomena. A more accurate analytical approximation to the band structure is given
by the Kane dispersion relation.

We propose a set of moment equations comprising the balance equations for pV, V'V,
WYV, SV given by egs. (4.13)-(4.16). By integrating the MBTE with respect to k, and by
choosing yyu = (1, vy, &, vyéy) (4-moments model), with & given by eq. (1.13) and v, given

by eq. (4.4), one obtains the following moment system

apY  (p'VY)

St =P ZC"" (5.9)
vy Vv \'288%
vl
\% \% VvV Vv
8(pafV )+a(%xs )y preE v =pr Y. (5.11)
v/
a(vaV) a(vaV) € v v _ v vv/
5 T TP E.G'=p ;CS , (5.12)

The terms UV, RV, GV, FV are the higher-order fluxes

U = iiv/ Fol ke 1) V2 dks, (5.13)
/ Foloket) 52 av" (5.14)

Gn pv/fv kst gVX)dkx, (5.15)

FY = %?/Rfv(x,kx,t)vxé‘;dkm (5.16)

while Cy V/,C‘g",,C“,{,V/,CSY", are the moments of the collision term of the MBTE equation.
In order to close the system of PDEs (5.9)-(5.12), we use the distribution function arising
from the MEP, as in section 4.3:

1%

)
7y =exp <—E—/1W ){1—r(/1vvx+zs AL (5.17)
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where the quantities (A, Ay}, i‘)’ , /Alg’ ) are known functions of the moments {p", V¥V WV SV}

AY whpY ) di
A g TP v 5.18
kB g<\/ 2m*d0 dO ( )
Av m*dy ( v v
=————|—p1ST+mV ), (5.19)
Y 21(p} - popn)

m*d()

M=
27(py — pop2)

(—prV +poSV) : (5.20)
d, and p, being

o0
/ gr 1F200 oA dé,, (5.21)

\/ 1+a£
—|—<x7
pn—/ VO AE) o awE)dé. (5.22)

1 +206%
For the evaluation of the integrals we have expressed dk, in terms of &y, i.e.
V2m* 14206

dk, = dé&. 5.23
2n \/&(1+ o) -2

By using the MEP distribution function (5.17) we evaluate the unknown functions appearing

in the balance equations by integration. In this way the higher-order flux terms are determined

2 po R ho 2 p
v _ “~ 0 v _ \% _ <l
\% \% v v Iy
G'(W)=rU"(W)+N"(W), NY(W) :%d_ (5.25)
0
where oo Py
h, = / & exp(—Aw &) dé&., (5.26)
0 (14+208) /61 +aé)

and also closure relations for the production terms are obtained.

Closures for the productions terms

¢ Production of electron number

In this case we have:

/ 2 e A A / !
preyY = ﬁ; /R G fy fl e = p¥CYY (0p) +p"CYY (ac),  (5.27)
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/ op LoV 2
va;‘)/v (Op) S Lop =XV = {GV vp

- O oo+ oo+ ) 2|

vaf; [g IO( A, Ay) + (g0+1)lg( W,,Z,W)}}, (5.28)

/ S L \/ / /pv
val‘)/v (ClC) = = 2ith {GV Y d I[())( VV/7A‘X/> - va d_OI[())(_AVVUA’VY/)
(5.29)
A?/:V/ ey —& Lhwy, Ayy =&y —E&y,

where

Xp(—Aw &) déx

n(A LA ):/+oognH(y1(1+ay1)) L4+20(6+4) 14208
s Aw YOVEFA Tt a(b+A) VE(T+ad)

with s,, and s, given by eqgs. (3.12),, (3.18), respectively. H(x) is the Heaviside
function and y; = & + A.

* Production of electron crystal momentum

/ 2 A A ! !
p'CYY = X [ Galie ol = C (0p) +p"CYY (@), (5.30)
n
v
p'CyY (op) = Zp— (Q}"’ VV+ QY S") , (5.31)
P1—DPopP2
\%
pVC¥V ((lC) = zp— <A¥v VY +A¥v Sv> . (532)
P1—PoD2

Finally (5.30) writes

v
preyy = P (w’w AR S") (5.33)
Pl —PopP2
where
%vv’ _ Qi/v’ —l—A}/V/, %vv’ _ Q;v’ _|_A§/v’7 (5.34)
with
/ Son L 2m* /
o =26 L o 8, 20+ ot DRG] 539)

. [gow(AW,,w) (80 + 1>1V<AW,M>] }
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/ L./ 2m* /
ay” Sl B oy o 8 A+ (a0 D] 5360
o 0B B )+ (00 DI85, 20
and
/ S L \/
AYV == Znh |:p21V( VV“A‘V\{/)_pll‘l/(Avvl’k‘»)]’ (5.37)
! L \/2 * !
A&/v = %GW {—Pllg(Avv’alv‘(/)+POI\1/(AVV’77LV‘{/)}» (5.38)
where
Feo 1420ty (o@}c(lJrocéa)
(A, A :/ E"H(yo(1+ w8 déE,,
) = [ S HO0( -+ o)) =N e () di
(5.39)

yo=2&y—A.
* Production of electron energy

/ 2 A A / /
p'Cy ==Y | EIfv, flEedke=p CyY (0p)+p"Cy’ (ac),  (5.40)
27 T JR

op Ly 2m
va‘YVv (Op) S POpTX NV & {GV vp

o O oy 8324 (04 1) 50|

_va’z |:g [1( v/’lW) (go—Fl)I;( v’?A’W):|}7 (5.41)

/ S L\/Zm* / pvl /p
va‘){;v (aC):%{vad_OIW(Avvﬁlv‘(/) va d() p( AVVU)L’VY/)}
(5.42)
where
oo 14+20(8+A)
Iy (A, A :/ H 1+o E+A X
w (A, Aw) A (1 ( Y1)V T aZ )
142068

" _exp(—Awéi)dé,. (543
@(Ha@)“p( wEr) (5.43)
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60

* Production of electron energy-flux

/ 2 !/ !/
p'Cg” :ﬂ;/li(gﬂ[fv,fv’]gx\}xdkxzpv s (op) +p"Cs" (ac).

(5.44)

The results are similar to the production of crystal momentum (5.30), supposing to add

the factor & in the integrand function. Hence

v
pVCg‘/V (OP) — 5 p (QTVV VV _|_Q§VV SV)’

P1—DPoDP2
v / /
p'CgY (ac) = P a— pp 5 (ATW VY ATV SV).
1 — POP2

Finally (5.44) writes

pv gv’ _ zp—v (%*vv’vv_'_%*vv’Sv)
P1—DPoDP2
where
JZ{*vv’ _ QTVV' +ATW/ %;*vv’ _ szv _|_A*vv '
with
wvy! SopLyV2m* / _
lev :%GVV {pz |:g01‘1/(AVV/’A‘}(/) (g0+1)lv(A V,’A‘}(/):|
— D1 |: OIV(AV\/U)’%)_'_(gO—{_ I)IV( VV/’)VW>:| }
vy Son L \/277’!* / .
szv :% GVV { _pl |:g01‘l/(AVV/7A%) (g0+ I)Iv(A V/7A‘¥):|
+P0{g01\/( oo Mv) + (g 0+1)Iv( vv/vlw)}}
and
vy SacLyV2m* /
AIW = %va [P21\1/<Avv’7lv\i//) _pll\%(AVV’u}LV‘l}/)] )
v SacLa/T
37 = L o7 1) B )+ o By )|

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)
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5.2.1 Applications to the case of bulk silicon

The previous results will be now applied to test the model in the case of bulk silicon. As
known the simulation of the bulk semiconductor constitutes the basic step in the analysis of
semiconductors devices.

The physical situation is represented by a SINW homogeneously doped to Np = 10'8 cm 3
(with N4 = 0) and sufficiently long in such a way the neutrality charge condition hold, i.e.
n— Np + N4y = 0. Then, by assuming Neumann boundary conditions at the oxide interface,

and Dirichlet boundary conditions at the cathode and anode

d
a_(p :07 (P(anuz) :Oa (p(vayuz) :€Vb (553)
o4

where n is the unit vector normal to dA, the Poisson equation (2.7) gives

evy,

(P(x,y,z) = L_x‘ (554)

The EMA equation (2.4) with (6.3) and (5.54), gives

eVy  Hk2
EVX =&yx+ L_xx+ 2m:

+E. (5.55)

where the confinement energies €, and the envelope functions )y, are given by the previous
formulas (5.2)-(5.6), and the force acting of the electrons (4.2), reduces to the usual electric

field
1 &EVX . Vb

e dx L,

We have performed a numerical integration of our hydrodynamic model in the stationary

E,= (5.56)

homogeneous case with a constant electric field E, along the x direction. In this case
the spatial dependence is dropped and then the unknowns (p", V¥, WY, SV) depend only
on the time. Therefore the balance equations reduce to a set of ordinary differential equations.

The initial data are the equilibrium values obtained with a global Maxwellian i.e.

n2k2
W—FEW‘FEC—HE) (5.57)

f[l‘/}[(kx) = exp(— ks,
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where g is the equilibrium chemical potential and 77, the lattice temperature. By inserting
the eq. (5.57) into (2.9), (4.14)-(4.16) after simple calculation we get

1
vV(0)=0, WY(0)= EkBTu §V(0)=0 (5.58)
exp < =t )
p"(0) = AND—B_L8 (5.59)
Lvexp (55t )
Let us define the following average quantities:
Pror = va total linear density, (5.60)
\%
vVv
V= vap— mean velocity, (5.61)
tot
Yyp'wY
W= p— mean energy, (5.62)
tot
Lvp"Ss"
S = p— mean energy flux. (5.63)
tot

For the our applications we have considered v = 1,2, 3,4. In fact, the numerical experiments
indicate that it is sufficient to take into account only the first four subbands since the other
ones are very scarcely populated.

In figure 5.4 we plot the subband linear densities versus the simulation time for the equilateral
triangle cross-section of the wire with an electric field of 10 kV/cm. The linear density in the
forth subband is about 5% of the total linear density as a confirmation that the inclusion of
further subbands has a negligible effects.

In the figures 5.5-5.7 the average values of velocity, energy, energy-flux, as function of
simulation time are reported, for some values of the electric field and for a SINW having
a square cross-section. We can observe that the stationary regime is reached in a few
picoseconds. Moreover during the transient period the average velocity overshoots its
asymptotic value, that is the value attained in the stationary case (this effect is more evident
by increasing the strength of the electric field). Similar results have been obtained also in the
triangular case.

All constants and parameters which are used in the our simulation are listed in Tab.5.1.
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Fig. 5.4 The subband linear densities p" and the total linear density (5.60) versus the
simulation time, for an electric field of 10 kV/cm, and equilateral triangle cross-section.
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Fig. 5.5 Velocity versus time for some values of the electric field, with L, = L, = 10 nm.

5.3 Electron mobility

The mobility is one of the most important parameters that determine the performance of
a field-effect transistor. In semiconductors, carriers are accelerated by the presence of an
electric field and achieve an average velocity determined by the carrier scattering processes.

At low electric field, the carrier drift velocity is proportional to the electric field strength, and
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Fig. 5.6 Electron energy versus time for some values of the electric field, with L, = L, = 10
nm.
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Fig. 5.7 Electron energy-flux versus time for some values of the electric field, with L, = L, =
10 nm.

the proportionality constant is defined as the mobility. Hence a higher mobility material is
likely to have higher frequency response, because carriers take less time to travel through the
device. When the fields are sufficiently large, non linearities in the mobility is observed and
the velocity approaches a constant value known as the saturated drift velocity. In fact, the

scattering of the carriers with the lattice, the impurities, and the surface is more active for
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Table 5.1 Simulation parameters for single valley model

Quantity Symbol Value
non-parabolicity parameter o 0.5 ev-!
effective mass m* 0.32 m,

mass density p 2.33 g/cm’
mean sound velocity Vs 6.96 10° cm/s
lattice temperature 53 300 K
acoustic deformation potential D, 9 eV
non-polar optical deformation potential Dy 11.410% eV/em
optical phonon energy hay 63 meV
donor doping Np 1018 cm™

higher fields, and the charges lose the energy gained by the electric field.

In figure 5.8 values for the drift velocity, obtained in the stationary regime, versus the
electric field in the square and triangular case are shown. The average drift velocity is defined
as

Yyp'vY
V() ==X
V(1)) Y oV

As expected, by increasing the electric field, the velocity is no longer to increase in propor-

Cov=1,..4 (5.64)

tion to the electric field. It approaches a constant value of saturated drift velocity. For silicon

the saturation velocity is about 107 cm/sec.

We have investigated the bulk mobility in the non parabolic band case. It is defined as

_ Xvp'u’

,ou = : (5.65)
oo M

H(Ey)
where p" is the subband mobility. In the figures 5.9 and 5.10 we plot the bulk mobility as
function of the electric field for the triangular and square cross-sections. In the same figures,
we have compared the mobility obtained by means of our hydrodynamic model, with the
mobility given by the Caughey-Thomas formula [8]

1

21—z
Ue = o {1 + (“OE") ] (5.66)

Vs
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Fig. 5.8 The asymptotic value of the average velocity (V(eo)) (5.64) versus the electric field
for the square and the equilateral triangle cross-sections.

where 1y = pu(Ey = 10 V/cm) and vy is the average drift velocity for high fields. From
the above figures we notice that, for low fields (< 1000 V/cm), the mobility is constant
whereas, for high fields, the mobility decreases because the scattering processes become
more active. Similar results have been obtained, in the square case, using the more expensive
MC simulations in [24]. We notice also that the value obtained for the low field mobility in
the triangular cross-section case (ty = 600 cm? V/sec) is bigger than that obtained in the
square case (Ug =412 cm? V/sec).

In order to explain this behaviour, we notice that the confinement factor G"V is smaller in
the triangular case with respect to the square case. Consequently the scattering rates (3.12),
(3.18) are reduced and then one has an enhancement of the mobility [53].
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Fig. 5.9 The bulk mobility (5.65) versus the electric field for the square cross-section, and

the mobility evaluated using the Caughey-Thomas formula (5.66).
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Fig. 5.10 The bulk mobility (5.65) versus the electric field for the equilateral triangle cross-
section, and the mobility evaluated using the Caughey-Thomas formula (5.66).



Chapter 6

Self-consistent
Schrodinger-Poisson-hydrodynamic
solver for SINW transistors

As already explained, the physical model used for the description of the two dimensional
quantum confinement in the cross section of a quantum wire consists of a nonlinear Poisson
equation coupled with an eigenvalue problem for Schrodinger’s equation. The solution of the
Schrédinger equation, in particular, provides subband energies and wave functions which
are used to evaluate a three-dimensional charge density. This charge density influences the
electric potential obtained as a solution of the Poisson equation, which in turn affects the
EMA. Additionally, an appropriate transport model based on a hydrodynamic approach to
the solution of semiclassical Boltzmann equation is taking into account.

Contrary to the case treated in the previous chapter, in which an infinite potential outside of
the region defining the wire is considered, more realistic nanowire devices would be with a
finite height barriers. In this case, analytical solutions of the EMA are not longer found and
then a purely numerical approach is required.

Our intention in this chapter is to investigate electron transport phenomena in gated SINW
transistors with a quadratic cross section. For this purpose, a self-consistent solution method
for the Schrodinger-Poisson system will be soon presented.

Precisely, in section 6.2 a triple-gate SINW transitor will be simulate by assuming the charge
transport in a ballistic regime [52]. Finally, in section 6.3 simulation results for a Gate-All-
Around SiNW transistor are exposed by using an extended hydrodynamic model for the
transport along the unbound direction of the wire [68, 70]. The low-field electron mobility,
which is a fundamental parameter for engineering applications, will be also evaluated for this

kind of device and the surface roughness effects on the mobility will be discussed.
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The simulator developed to calculate the low-field mobility has two components: the first is
a self-consistent 3D Poisson-2D Schrodinger solver and the second is a 1D hydrodynamic
transport model.

6.1 Computational method

First of all, let us summarize the connections among the equations describing the quantum
confinement for a nanowire and then we present a specific self-consistent solution algorithm.
The spatial confinement for a quantum wire with linear expansion in x-direction is governed

by the Schrodinger-Poisson system (SP)

( Hip)x!'[0) =€ 0] 1 [0]

12 (92 32)
H(Q|=—5= | 55+ 55 | +Via(x,,
(o] ZmM (8)72 + 02 + Vior (x,¥,2)

(6.1)

\ [6 V(p(x,y,z)] = _e(ND —Ng— I’l[(P])

| o), y,2,0) = L Xupp (6,0) 1, [0) (0, 2,1) 2

The eq. (6.1); is the Schrodinger equation in the Effective Mass Approximation (EMA),
which it has been proven adequate down to the 3 nm wire width [12]. Eq. (6.1)3 is the
Poisson equation, where ¢ is the permittivity and Np, N4 are the donor and acceptor density.
The electron density n[¢] is given by eq. (6.1)4, where p;' (x,t) is the linear density in the -
valley and /-subband which must be evaluated by the transport model (hydrodynamic/kinetic)

in the free movement direction.

Simultaneous solutions of system (6.1) are usually found numerically in an iterative
fashion [27, 61-63]. The solution gives the self-consistent electrostatic potential ¢, as well
as the eigenvalues (or subband energies) 8;; and the eigenvectors (or electron envelope
wavefunctions) xﬂ as a function of the unconfined x direction.

Finally, the total electron energy in the p-valley and /-subband is

El' =€ +& (k) +E.

122 (6.2)
é'a(kx)[l + (xé‘)(kx)] = ﬁ
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where E is the bottom of the conduction band, and & is the non-parabolicity factor (zero in

the parabolic case).

For the our applications we shall consider a nanowire which is a silicon parallelepiped
with rectangular cross section surrounded by a SiO, barrier. In a nanowire we have two
contacts: catode and anode. A Silicon Nanowire transistor (SNWT) has a similar structure,
but there are three contacts: source, gate, drain. As schematically plotted in Fig. 6.1, the

nanowire transistor is a nanowire with an added gate.

Quantum Wire Quantum Wire
Transistor

n-doped Si
Si02
Gate

Fig. 6.1 Cross sections of a rectangular nanowire (left) and a rectangular nanowire transistor
(right).

The descriptions of the wire and the wire transistor differ only in the boundary conditions
of the Poisson equation. The boundary conditions of the wire are Neumann boundary
conditions and the boundary conditions of the wire transistor at the gate are Dirichlet
boundary conditions.

Let us consider the parallelepiped IT = [a,b] X [c,d] X e, f], where x is the free direction of
the transport, then

Ly=(b—-a) , Ly=(d—c) , L;=(f—e).

The internal parallelepiped IT; = [a,b] X [c1,d;] X [e1, f1] C IT is filled by Si whereas the
remaining part CII = {IT —IT;} is filled by SiO,. The confining potential is so defined

Ulns) = ;]0 ch(y,Z)‘G{[C’d]X[e,f]}—{[cl,ch]x[61,f1]} 63)

In Fig. 6.2 the flowchart of the our implemented algorithm for the solution of Schrodinger-
Poisson system is shown. At beginning, we look for the thermal equilibrium solution, which
is obtained when no voltage is applied to the contacts and no current flows. With the electron
density and the electrostatic potential obtained at equilibrium, we solve the Poisson equation

and then the Schrodinger equation with the new potential is solved in each cross section,
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providing the subband energy 8;; and the transverse wave function of each subband xl‘; which

are used to compute the electron density. The entire procedure is iterated until a stopping

Thermal equilibrium solution

criterium is fulfilled.

n(eq)[(ﬁ], 40(eq)

3D Poisson equation

2D Schroedinger equation
(for each x)

" n
e X.
Electron density calculation

nlg]

G

Fig. 6.2 Flowchart of the self-consistent SP solver.

6.1.1 Iteration scheme

The SP system (6.1) forms a coupled nonlinear PDEs, which it is usually solved by an
iteration between Poisson and Schrodinger equations. Since in a simple iteration by itself

does not converge, it is necessary to introduce an adaptive iteration method [61].

First of all, the parallelepiped IT = [a, D] X [c,d] X [e, f] is discretized in the usual way,

i.e.
h—
Xi=a+(i—1)«dx , i=1:Ny | dx:Nx_al
: . d—c
yi=c+(j—1)xdy , j=1:N, |, a’y:Ny_1
f—e

zw=e+(k—1)xdz , k=1:N, , dz=
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The procedure start using the equilibrium solution, i.e
n0 = pla) q)(O) - (p(eq).
1. FOR m =0 : Niter
solve Poisson equation with a predicted density 7
V. [E v(p<m+1>} — —e(Np — Ny —ii[plm+1) (m)])
(6.4)

(0" — p)

e, o(m] = nlm) exp[ ksT]

(m—i—l)(

and one obtains ¢ X, V,2)-

2. For each x, solve eigenvalue problem for Schrédinger’s equation (we omit the i valley

index to simplify the notation).

H[(p(m+l)]xl():n+1) _ gl(xm+1) xl(xm+l)

and find ¢V (v,2), (m 1) (»,2).

Ix Ix

3. Evaluate the exact density

(m+1)
m NpLyL &,
where
g(eq) _81(;‘1)
= zl:exp[ ol }
4. TF
-]
H”l(lH)Hw < tol

EXIT (end / loop) ELSE continue

m—m+1 , GOTO 1

We remark that if |
(9" — ™)

1
kpTy, <

(m+1)

(6.5)

(6.6)

(6.7)

(6.8)



6.2 Ballistic transport 73

we can expand the exp function, and then the eq. (6.4), writes

(m)
A [6 v(p<m+1>} — eI Np— Ny —nm — Y pms1) glm)) (6.9)
kBTL

The Poisson equation is treated by a central finite difference scheme as well as the
effective mass equation. Neumann boundary conditions for the non-contacted parts of the
wire and Dirichlet boundary conditions for the source, drain and gate contacts, respectively
have been considered. We develop a Poisson solver based on a finite difference scheme in
Appendix B. A discretization scheme of the two dimensional EMA equation using central

differencing has been already presented in the Chapter 2.

6.2 Ballistic transport

In the simplest case of transport in small structures, one may assume that the particles move
through the active region without scattering. This transport is termed ballistic transport. If
the channel size of the device is far larger than the scattering length, carriers undergo a large
number of scattering processes which result in the diffusive carrier motion. If the channel
device size is further decreased to less than the scattering length, ballistic carrier motion
dominates the transport. The upper limit of the channel size to have a ballistic regime is an
open question. Experimental results obtained in deeply scaled silicon MOSFETs [66] have
shown that the carrier transport is near ballistic for channel sizes lesser than 50 nm.

For the our study, here we have considered a single valley model and the optimistic case
of fully ballistic transport. The electrons are in equilibrium with their injecting reservoir
(source or drain) which adsorbs and feed carriers into the channel without reflections. The
charges are injected into the channel with unity probability, if their energy in the longitudinal
direction is larger than the maximum subband energy €,,. Then the carriers are transferred
from the source to the drain without being scattered, and by neglecting tunneling effects. The
source to drain current I can be evaluated with use of the method proposed in Landauer’s
formula [67], which is expressed as a sum of many one-dimensional subband components.
Each subband current component flowing in one direction is given by the product of the
unit charge, the number of carriers flowing into the subband per unit time, the transmission
coefficient of the subband, all integrated over the carrier energy. The number of carriers
flowing into the subband is further expressed by the product of the input carrier group
velocity, the density of states, and the probability that the state is occupied by the carrier.

In the not-degenerate case, the probability of carrier occupancy is given by the Maxwellian
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distribution function with the source Fermi level on the source side, and that with the drain
Fermi level on the drain side of the subband. Both current directions, the one from the source

to the drain and that in the opposite direction, should be considered. Then we have
I= D(Ey) Ey,Ers) — £ (Ey,Erp)} T(Ey)dE 6.10
eZ v {fv ( Vs FS) fv ( Vs FD)} ( v) v (6.10)

where v, = Tik,/m* is the group velocity, e the electron charge and Dy (Ey) is the one-

dimensional density of state (1.11) coming out in the first chapter:

(6.11)

T(Ey) is the subband transmission coefficient which, in the ballistic transport, implies

(6.12)

T(Ey) = 1 if E,> 8{‘,/1“)“ = max, Eyy
Vi 0 otherwise

In the not-degenerate case the equilibrium distribution function is the Maxwellian, i.e.

(6.13)

Ev - EF
kpTr,

f\geq) (Ev;EF) o< €Xp (—

where EF is the Fermi energy and 77, the lattice temperature. Erg, Erp are the source and
the drain Fermi energies respectively. If Vp and Vg are the applied voltage biases at the drain
and source respectively, Vpg = Vp — Vs then Epp = Ers — qVps.

The Fermi energy is obtained by imposing charge neutrality along each cross-section of the

// (x,y,2 dydz—//ND Na)dydz (6.14)

and, if we suppose that the doping depends only on the longitudinal dimension x, we obtain

el 1)

€X
7 [Np(x) — Na(0)] LyL. & ksl

device, i.e.

Er(x) = —kBTLlog{ (6.15)

The equilibrium linear electron density (2.9) is evaluated using eqs. (6.11), (6.13), (6.15)

Evx
(eq) (eq) eXp( "BTL)
Py 1 (x) = /Dv(va>fv VdE,, = (Np —NA)LyLz

Y., exp (_ k?ﬁ)

(6.16)
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Then by easy calculations eq. (6.10) reduces to

2e ghax Ers Erp
1 = —kgT; — — | — — . 6.17
hm B L;exp( kBTL> {exp<k3TL> eXP(kgTL ( )

6.2.1 Simulation of a triple-gate SiINW transistor

We have considered a SINW transistor with a parallelepiped shape, having square cross-
section with dimension L, = L, = 10 nm and longitudinal dimension (i.e. the free transport
direction) L, = 120 nm. The device consists in an internal parallelepiped filled by Si (having
dimension 8 x 8 nm?) surrounded by SiO, of 1 nm thickness, producing the confining
potential (2.36). Its structure has three gate electrodes. In fact, in the last decades Multigate
nanowires were studied to investigate the impact of increasing the number of gates on the
control of the short channel effect which is important in nanoscale devices [71].

The silicon, in the internal parallelepiped, is doped in the n™ region with NBL =108 cm™3
and in the n region with Np = 10'6 cm™3, with a regularization at the two junctions given by

a hyperbolic tangent profile, i.e.

L N- _ _
ND(x):Ng—W{tanh(x xl)—tanh(x xz)} (6.18)

N N

where s = 5 nm and z; = 10 nm, z; = 80 nm. The bottom of the parallelepiped (for x = 0) is
the source contact, and the top (for x = 120 nm) the drain contact. The triple-gate contact
surrounds three faces of the parallelepiped with an extension 20 < x < 100 nm. The applied
biases are Vg =0, Vp = 0.5 V and Vj; is considered variable.

The simulation procedure here performed is similar than one described in the previous
section. It is the following:

* the EMA equation (2.4) is solved with V;,; = U in each cross-section (x = const.),
obtaining the subband energies €y, and envelope functions ¥y ..

* These functions are used to evaluate the charge density (2.8) in equilibrium condition,
i.e. with py given by eq. (6.16).

* The Poisson equation (2.7) is solved leading to a new V;,; = U —é€V.

* If the new V;,; does not coincide sufficiently well with the old one, we start a further
loop by solving the EMA equation with the new confining potential until the maximum

difference between these two quantities is smaller than a predetermined tolerance.
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Fig. 6.3 The current (6.17) versus the gate voltage Vs
e For each v-th subband, we evaluate 834‘”‘ = max, €y, and finally the current (6.17) is
obtained.

The simulation results are shown in figure 6.3. This characteristic curve, obtained in the
ballistic approximation, gives us an upper limit to the the performance of this device, and the
chosen approximations ensure a very good trade off between accuracy and computational
resources required.

6.3 Simulation of a GAA-SINW Transistor

As integrating smaller sized high performance electronic devices have become a key point
over the past decades, innovative transistor designs have emerged. Chip-to-wafer density
has to remain high to be competitive so size reduction is still a burning issue and non-planar
devices are part of these brand new products. As a consequence, multigate field-effect
transistors (FET) have been developed. They are considered an interesting alternative to the
conventional planar technology because of their improved gate control. In such new gate
architecture, the Gate-All-Around (GAA) SNWT, where the gate encircles the nanowire
channel, have recently emerged as a promising device to replace the conventional planar
metal oxide semiconductor field effect transistors (MOSFETSs) providing better electrostatic

control with reduction of short channel effects and a higher current capability [64, 65].
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In the model here considered, an appropriate electronic band structure for SINW obtained
by tight-binding simulations, presented in sec. 1.5, has been adopted. As already mentioned,
in SINW the six conduction valleys in the conduction band split up into two groups.The un-
primed valley A4, resulting from the four degenerate valleys whose long axis is perpendicular
to the x-direction, two primed valleys A, A resulting from the two degenerate valleys whose
long axis is parallel to the SINW. But the two valleys Ay, A, are symmetric with the same
mass (see figure 1.8), and then they can be considered equivalent. Hence, in the following,
we shall deal with a two valley model, the valley A = A4 and the valley B = Ay = A}, This

equivalence in the valleys introduces the following scattering rules, i.e.

( intravalley, acoustic, elastic A < A

valleyA { intravalley, inelastic A — A (f — scattering,Z;, = 2) (6.19)

intervalley, inelastic A — B (f — scattering,Z;, = 2)

intravalley, acoustic, elastic B <« B

valley B { intervalley, inelastic B —A (f —scattering,Z;, =2) (6.20)

| intravalley, inelastic B — B (g —scattering,Zo=1)

Scattering with intravalley acoustic and intervalley optical phonons, as well as with
surface roughness have been accounted for in our simulations. Let us briefly summarize the

scattering rates included in the model, widely discussed in the Chapter 3.

For intravalley elastic scattering (acoustic in the equipartioned case), one obtains:

o 27FD¢21C kBTL

Wac (key o LK 1, 1) = 50c Gl 8 (Eff —EJ') 5 Sac = omiL, 1 H=AB) 62D

Supposing the phonons to be in thermal equilibrium, the intervalley scattering rate, writes

1 1 ' '
Wiv(kauylak,/wulal/) = Siy |:giv+§:|:§:| GZ,“(S(E# _El“_Alu/,L’ZFhwiv> (622)
D>
Siy = Y Zivy Ay =€0—€y, ' =(AB)  (623)

p wiva
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For intravalley inelastic scattering, the eq. (6.22) is still valid supposing to have u = t/, i.e.

1 1 D3
wo (ke 1, LK 1, 1) = 50 [gﬁfﬂ G 8 (Ey —Ef Fhay), so= 5 Lo 624

The SRS is an intraband scattering mechanism and it depends on the electric field normal to
the surface. Since the cross section of our wire is a rectangle, we have two contributions, one
along to the y-direction and the other along to the z-direction. Hence

wer(k, K') = wyr(k, K, Ey) + wer(k, K, Ez). (6.25)

The SRS rate writes:

lsrA?r
(ky—k,)2AZ 42

Wsr(k)cnuvlakfw.u7l/) = Ssr [yll;/”(Ey)]za(Eﬁ_Elu)a Ssr =
The contribution for wy,(k,k’, E) is similar to eq. (6.26), supposing to change Ey, — E..
All constants and parameters which are used in the simulation are listed in Tab. 6.2.

As case of study we consider a GAA-SINW transistor whose structure is schematized in
figure 6.4. The gate electrode, which encircle the nanowire channel, is assumed to be metallic,
so that there is no potential drop inside the gate, and depletion effects are not considered.
The channel of our device is homogeneously doped to Np = 3 10'> cm ™3 and it is very long
(Ly = 120 nm) with respect to the transversal dimensions (L, = L, = 10 nm). In such a case
the moment system (4.8)-(4.11) reduces to a set of ordinary differential equations with the
time as the only independent variable to be coupled to the SP system (6.1).

The wire is surrounded by a silicon oxide layer whose thickness 7,, is 1 nm and we

assume that this oxide gives rise to a deep potential barrier:

0 if(y,z) €Q
U(y,z) = (6.27)
3.1eV otherwise.

where 3.1 is the height of the energy barrier at the Si-SiO, interface.

First of all let us consider the thermal equilibrium regime where no voltage is applied
to the contacts, i.e. Vg = Vp = V5 = 0, and no current flows. In such a case the electron
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Fig. 6.4 Cross sections of a Gate-All-Around SINW transistor.

distribution function is the Maxwellian

W2 K2

s el e — g
£ (k) = Noexp | — 2L (6.28)
kpT

where ur is the Fermi level, 83 is the valley energy minimum, 7 the electron temperature
which we shall assume to be the same in each subband and equal to the lattice temperature.
The condition of zero net current requires that the Fermi level must be constant throughout
the sample, and it can be determined by imposing that total electron number equals to the

total donor number in the wire. Then the linear electron density at equilibrium writes

t(eq) 0

(eq)

. NpL,L —& V€0 , - —g .V —¢

pﬂm@ZGdf“%_jﬁ_%,jmzﬁ/%“%_7ﬁfﬁ.mM)
H,

The simulation procedure involves the following steps:

* SP system (6.1) is solved by using eq. (6.29) withVp =Vs=V5;=0and V;,; =U. A
spatial grid of Ny = N, =41 and N, = 11 points has been adopted.

* Then, the quasi-equilibrium regime is considered, where a very small axial electric
field frozen along the channel (1000 V/cm) is applied, and we turn on the gate. In such
a case the system is still in local thermal equilibrium, the distribution function is the
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Maxwellian, but some charge flows in the wire. The linear density writes

U
Mol o el -

u
P =—r ksT

The iteration scheme described in section 6.1.1 starts using the equilibrium solution, i.e.

p(eq)
81x

,n'®@_ V() found in the previous step. The energy subbands 8;; in eq. (6.30)
are now get by solving self-consistently SP system (6.1) with V¢ =0.012 V, Vp =0V

,VG:Vg.

» Repeat iteration until the new electron density does not coincide sufficiently well with
the old one (see eq. (6.8)).

* Once the self-consistent global solution is reached, the following profiles from the

Poisson-Schrodinger solver are exported into the hydrodynamic model:

(a) Potential profile (used in the calculation of SRS);

(b) Energies g;fc and wave functions xl” of each subband for both valleys (used in the
calculation of all scattering rates);

(¢) The linear density pl” in each valley (used as initial condition for the hydrodynamic
system).

Finally, the hydrodynamic ODEs system is solved with the following initial conditions

1
o u_ B
Vi=0 , W _EkBT , 8 =0.
Figure 6.5 shows the distribution of charge density (6.1)4 and the total potential (2.2) along
the cross section at x = 48 nm and z = 0 nm. A surface inversion layer is formed, similar to
a usual MOSFET channel with the electron density peak 1 nm from the oxide interface. The
bandbending at the interface forms the quantum well for the electrons.

Figure 6.6 shows the variation of the electron density with increasing gate values V,.
When the gate value increase from 0.02 V to 1 V, a volume inversion layer occurs. For small
voltage values carriers are located in the center of the Si body. For higher values of V, the
distance of the electrons from the gated parts of the wire increase and a volume inversion
occurs. At high fields from the gate, the SR effects increase whereas the mobility decrease

due to the onset of volume inversion.
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Fig. 6.5 Charge density and total potential along the cross-section at x =48 nm and z =0

nm, under a 1V gate bias.

Vg=0.02 V

density (cm‘s)

Vg=0.5V

density (cm™3)

z (nm) 5 -5

Vg=0.3V

density (cm ™)

iy iy

Pl
i
e

Vg=1V

f
;
\

density (cm‘s)

s

\

P\

y (nm) z (nm) S 5

y (nm)

Fig. 6.6 Electron density across the nanowire at x = 48 nm. When the gate bias value increase,
the onset of volume inversion is evident. The drain-source voltage is fixed at Vpg = 0.012 V.
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In figure 6.7 the total linear density for the A and B valleys (i.e. p4 =Y plA, pf =
Y plB )versus the simulation time is plotted. One can note a depletion of the higher B valley.
In fact the electrons change valley according to the intervalley scattering mechanism given
by eq. (3.12). The scattering from A to B happens if the electron energy is greater than a
certain threshold, whereas the converse is more probable. If we apply a small electric field
(1000 V/cm) in the wire, the electrons, at the beginning of the simulation, cannot gain enough
energy to jump from A to B, whereas it is more probable that the opposite will happen.
As the simulation time increases, the electrons in A gain enough energy (i.e. they have a
slightly increase of the mean energy) to activate the jump from A to B and, in the stationary
regime, an equilibrium state is reached.

w
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Fig. 6.7 Linear density for the A and B valleys
versus the simulation time.

In the figures 6.8-6.9 we show the mean velocity, energy and energy-flux respectively
versus the simulation time, obtained with and without SRS mechanism by fixing V, = 1 V.
One observes that the stationary regime is reached in a few picoseconds for the velocity and
energy-flux, in about ten picoseconds for the energy. The dependence on the SRS mechanism
is clearly understood.
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Fig. 6.8 The mean velocity and energy versus the simulation time, obtained with and without
SRS mechanism.
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Fig. 6.9 The mean energy flux versus the simulation time, obtained with and without Surface
Roughness Scattering mechanism.

6.3.1 Low-field mobility

Finally, we have investigated the low-field mobility which, as measured in long-channel
devices at low fields, has a surprisingly strong influence on the performance of short-channel
devices [69]. For this reason, it is still used as a figure of merit for benchmarking different
technology options and device architectures.

In particular we analyze the effects of phonons and SR scattering on the mobility. After an
uniform electric field along the channel of 1 kV/cm is fixed, we compute the mobility as ratio
between the average electron velocity, evaluated in the stationary regime, and the driving

field, i.e.
B uApA+“BpB

Uy = A_ LV s_ LiVP

31
; E. E. (6.31)
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where 4, u® are the mobilities in the respective valleys.

The average electron velocity has been obtained with the following steps: a) we fix V,
and solve the Schrodinger-Poisson system (6.1); b) once this solution has been obtained, the
energies 81“ and and wave functions xl“ for each subband are exported into the hydrodynamic
model, and the linear density pl“ is used as initial condition; c) the hydrodynamic model

4.8-4.11 is solved and, in the stationary regime, the average velocity has been calculated.

In table 6.1 results for the A and B valley mobility, obtained with and without the SRS
mechanism, are presented. The difference between these values proves that the SRS is a key
mechanism in the SINW device performance. In the above table we can notice that mobility

in the A-valley is bigger with respect to that obtained in the B-valley.

Table 6.1 low-field mobility (in cm? / V s)

A B

n u Hiow
no SRS 556 | 62 | 430
with SRS | 131 | 42 | 108

Since the mobility depends (inversely) on the effective mass, the valley splitting reduces the
mobility along the axis of the wire (in the B-valley where the effective mass is 0.94), but
quantum confinement increases mobility in the transverse direction (in the A-valley where

the effective mass is 0.27).

In figure 6.10 we show the low-field mobility as function of the gate voltage V,, obtained
by including/excluding the SRS mechanism.
As one can note, the inclusion of SR scattering has a strong effect on the mobility. For high
gate values, the mobility is strongly reduced than the mobility evaluated taking into account
only phonons (acoustic and non-polar) scattering. In fact, surface roughness scattering is the
most important cause of mobility degradation in conventional MOSFETs at high transverse
fields.
These results are in agreement with those obtained using the more expensive Monte Carlo

methods or deterministic schemes for solving the transport part [24-28].
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Fig. 6.10 Low-field mobility versus gate voltage, obtained with/without Surface Roughness

Scattering mechanism.

Table 6.2 Simulation parameters for two valley model

Quantity Symbol Value

effective mass A = Ay valley [11] my 0.27 m,

effective mass B = A, valley [11] my 0.94 m,

average sound speed Vs 910 cm/sec
acoustic-phonon deformation potential Dy 9 eV
intravalley deformation potential g-scat [27] Dy 1.110° eV/em
intravalley phonon energy [27] hay 63.3 meV
number equivalent valleys [27] Zy 1

intervalley deformation potential f-scat [27] D;, 2108 eV/cm
intervalley phonon energy [27] ha;, 47.48 meV
number equivalent valleys [27] Zi 2

A valley energy minimum [11] 82 0

B valley energy minimum [11] eg 117 meV
rms height [27] Agr 0.3 nm
correlation length [27] Asr 1.5 nm




Chapter 7
Conclusions

The main goal of this dissertation involves the study of electron transport phenomena in
silicon quantum wires by using a hydrodynamic approach to describe the transport along the
free motion direction of the wire, coupled with the Schrodinger-Poisson system, governing
the spatial confinement. In this hydrodynamic model, macroscopic balance equations are
obtained as moment equations of the BTE for electrons in semiconductors. The constitutive
relations needed to have a closed system of balance laws are deduced by resorting to MEP.
In this method the distribution function used to close the system is assumed to be that
which maximizes the entropy under the constraints of the given set of moments. By using
the maximum entropy distribution one obtains explicit constitutive relations for the higher-
order fluxes and the production terms with the advantage that all transport coefficients are
completely determined without any fitting procedure.

In our research activity, we were interested in employing in the model the exact nanowire
band structure, which is altered from that of bulk silicon due to the Brillouin zone folding,
and in including into the transport model the main scattering mechanisms in SINWs, such
as scattering with intravalley acoustic and intervalley optical phonons and with surface
roughness.

The first stage of the work focused on simulations of infinitely deep SINWs having different
cross sections, in the case of bulk silicon and by assuming a non-parabolic approximation for
the conduction band. In particular, the results for the electron mobility are in agreement with
MC simulation ones.

The second part of the work was devoted to simulate gated SINW transistors by using a
coupled Poisson-Schrodinger-hydrodynamic solver. For this purpose an adaptive iterative
method which self-consistently solves the coupled system of Schrodinger and Poisson
equations has been developed, by choosing as numerical solution approach a finite difference

scheme.
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By means of this self-consistent simulator, important transport properties, such as the low-
field mobility, have been investigated and effects of SRS on the mobility have been discussed.
The obtained results are in good agreement with the other numerical simulations known in
literature.

In conclusion, this extended hydrodynamic model is a promising tool for modeling transport

phenomena in SINWs.



Appendix A

Evaluation of the transition rate

We want to evaluate the transition rate (3.6) according to the Fermi’s golden rule. If we
substitute eqs. (3.5), (3.1) into (3.2) we obtain

K h 1 1
H ; kx K. Agy)x g iz(quJrq 2) —
(W |H, ) = Z/ 2 e v, |80 3 F 5|
. 0 K h 1 1
K% K +i(qyy+q:2) i(ke—ky+q.)x 24 —
Xq‘,/(%y) y2)x) (v,2) e dde/e I \/ZpVCa)q [g(Q)Jrﬁ 2} dx

l h 1 11 [ i
Z/ X)) (3,2)e 0tz ddeZK \/vacwq {g(q)+§¢E]L—x/e("x bkadx gy,

qy4z
(A.1)

The last integral can be solved easily. Since we are considering a long device in the x-direction
L, > Ly,L,, then we can perfom the limit

1 L/ / sin [ & (ky — k. &
lim — eMbhEa) gy = lim Lb( k)] (A2)
Li—+eo Ly J_1,)2 Lioteo Z(ky — ki £qy)

and in order the matrix element to be non-vanishing, the exponential argument must be zero,
ie.

L,/2
/ 2 gttt ) dx = Syt (A.3)
Lx LJ\/Q, XY XxX
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where the previous symbol is the Kronecker delta. Then eq. (A.1) becomes

/ h 1 1
<V] ‘ PW/> q,;q 5 ?kxvqx 1 (Q}HQZ) q 2chwq g( )+ 2 T5 2 ( )
G (gy,q:) = / () 0,22 (v,2) X032 gy iz (A-5)

!
where GZ,“ i(qy, q.) € Cis called form factor. Now, we convert the summation into integrals

[3] .
Z — —x/dqx
qx 27
L.LL, h 1
Hy|ly) = Ky — =
(V'[Hply) = /Skxj:qx7k G(gy,9z) \/ZpVC(oq {g(q)+ 5 F 2}dq
LxLyLz/ h 1 1
, =K
o3 | OuranGlay.a:)aa)da ,  alq) q\/2chwq g(a)+5F3

Since |z|> = 7*z,Vz € C one has

L.L,L.\> .
W) = (525 ) { [ 806 g} { [ o 6o patpian | -

L.L,L.\*
( T Z) / G™(dy92)G(Py, P2) Ot q, &, Orp 1, 0(a) (p) dadp

(A.6)
Let us perform the integration over p; firstly, i.e.

L.LL
873

2
W) P = (525 [ 600006000 p)8 s @) dadpdp. [ 3., se(p)dp -

LiL,L;\*
( Xy Z) /G*(CI}MCIz)G(pyvpz)ékxiqhk;OC(q)dqdpydpza(pwpmj:(k)/c_kx))

83
(A.7)

and we suppose [3]

G(py, P2) 0Py, pz, £ (K — kx)) = G(qy,q2) gy, 4z, £ (k;, — kx)) 8 (g — pz) 8 (gx — px)-
(A.8)
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Eq. (A.7) becomes

(W [Hp|w) [ = (ﬂ)z

83

/ G*(ay,9:)G(qy, 42) O, gk, 4Gy, Gz, (K — ki) )t(q) 8 (q; — pz) 8(q; — po)dadpydp, =

LLyL;\*
(B25) [ 6000960008050, 2K~ ) @) (29)

If we perform and integration over k. we get

[ 1) Pt = () [ (61,0000, a0 .00 (@) o -

LiL,L. X
(ML) [0 tga06ia.0. 0@ do (.10

8n3

and this is the wanted result.

In following we shall use the accepted result in the literature [5], i.e.
2
th

2ch 0y

200+ 5 7 3| S8 (EW) ~ E(v) F )

(A.11)

w(k,k') = ZIGZ/“ (4y,2)]



Appendix B

3D Poisson Solver

The equation for the potential ¢(“+1), in non-dimensional form, is the following:

v (er(x,y,Z)WP(’“)) =B {n(” (x,3,2) [fp”“) - <P(”} — Np(x,, Z)}

The potential is assigned on the gate, on the bottom and top surfaces (Dirichlet condition),
while on the rest of the boundary we assume that the derivative of q)(l“) along the normal
direction of the boundary is zero (Neumann condition). Therefore, the problem for the
potential (p(l“) can be written as:

_v. <8r(x,y,z) Vq)(l“)) Ao —fF @ Q (B.1)

(P(l+]) =¢ on Dyoom Ul top Ul gate (B.2)
3§0(l+1)

on =0 on JQ- (rbottom U 1—‘top U l—‘gate) ) (B.3)

where . = ~Bn)(x,y,2), £ = B{n0(x,5,2) )+ Np(x,7.2) }, @ = [a,b] x [e,d] x [e. ],
Dhottom = [a,b] x [c,d] x{e}, Tiop = [a,b] X [c,d] X { [}, Tgate = {(x,,2) € 9Q: 21 <z <22}

The domain Q is split into two subdomains €; and €, such that
Q;={(x,y,2) €Q: x" <x <™,y <y <y™}

(Where a < x* < x™ < b, c <y* <y"™ <d) and Q, = Q — Q;. The coefficient function
&-(x,y,z) is discontinuous across I' = dQ; — dQ and therefore the standard central finite-
difference method (that is second order accurate on regions with smooth solutions) cannot be
used to discretize Eq. (B.1) close to the interface dQ;, since there is a jump in the derivative
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of qo(l“) across the interface that would degrade the order of accuracy. In order to employ
a finite-difference method that maintains the second order of accuracy, a proper interface

condition must be considered:

(I1+1) (I+1)
lim (s,a(p ) —  lim (e,a"’ ) , (B.4)
Qi3(x.y2) = (1.5.2) on Qe3(x2)—(%.5.2) dn

where (X,y,Z) € I" and n is the normal direction to IT".

Finite-Difference discretization of the potential equation

The domain Q is discretized by a uniform Cartesian grid:
(xi,yj,zk), i=0,...,n, j= 0,...,m, kZO,...,p, (B.S)

where x; =a+iAx, yj =c+ jAy and zx = e+ kAz, with Ax = (b—a)/n, Ay = (d —c)/m
and Az = (f —e)/p. The Cartesian grid is chosen in such a way that x* = x;«, x™ = x;«,
y* =y, ¥ =y for some integers 2 < i* < i <n—2,2 < jF < <m—2.

The unknown function @1

is therefore represented by a grid function defined over
the cartesian grid (B.5), namely by a vector ¥ € R+ Dm+1)(p+1) - The approximation of
o (x;,y j,2k) is represented by the s-th component of the vector ¥, with s = 1+i+ (n+
1)j+ (n+1)(m+ 1)k. We observe that the relation s = 1 +i+ (n+1)j+ (n+1)(m+ 1)k
represents a one-to-one map between the grid and the set of the first (n+1)(m+1)(p+1)

integers, i.e.:

M {0, 0y x{0,...,m} x{0,....p} —{1,....(n+ 1) (m+ 1) (p+1)},
where (i, j,k)=1+i+(n+1)j+(n+1)(m+1)k. (B.6)

In the following, we can use the notation v;j; to refer to the vector component vy, with
s=AM(i, ], k).

The vector V is found by solvinga (n+1)(m+1)(p+1) x (n+1)(m+1)(p+ 1) linear
system obtained as follows. Let s be a generic integer such that | <s < (n+1)(m+1)(p+1)
and let (x;,y;,2x) be the grid point corresponding to .# ~1(s). If (x;, ¥js2k) € Tvbottom UTop U
I'gate the s-th equation of the linear system is obtained from the Dirichlet boundary condition
B.2:

Vijk = Q(Xi,yj,2k)-
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If (xi,yj,2k) € 0Q — (Fbottom UTop U Fgate) the s-th equation of the linear system is obtained
by discretizing the Neumann boundary condition (B.3) on (x;,y;,zx) with second order

accuracy as follows (assume that i = 0, since the other cases are treated similarly):

3vojk —4vijk+Vvaik

2Ax 0

— 3vojk—4v1jk+v2jk =0.

If (xi,yj,2x) € T the s-th equation of the linear system is obtained by discretizing the interface
condition (B.4) on (x;,y;,zx) with second order accuracy as follows (assume that i = i*, since
the other cases are treated similarly):

3vie jk = Ak Vs gk 3V E A1k — Ve gk

2Ax 2Ax 0

For all the other grid points, namely (x;,y;,zx) internal to ©; or Q,, the s-th equation of
the linear system is obtained by discretizing (B.1) on (x;,y;,zx) with central second order

accuracy as follows:

I B
(28i,j,k (@ et A_Zz) + lijk) Vi,jk

e VY S VY S o Vi OO Y o VX
sz i—1,j.k sz i+1,j.k Ay2 i,j—1.k Ay2 i,j+1.k
Eijk—1/2 € jk+1/2
7.]7 l7J7
T AR ekl T T A Vgl = fijks (B.7)

where € jx = €(Xi,Yj,2k)» €i11/2,jk = E(Xi+AX/2,yj,2), Aijik = A (X, Y75 2x)s fijk = f (X0, Y5 2)-
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