UNIVERSITY OF NAPLES FEDERICOI|
School of Polytechnic and Basic Sciences

Department of Structur€or Engineering and Architecture
PH.D. PROGRAMME IN STRUCTURAL, GEOTECHNICAL

AND SEISMIC ENGINEERING- XXIX CYCLE
COORDINATOR: PROFE. LUCIANO ROSATI

FaBIANA DE SERIO
Ph.D. Thesis

MASONRY STRUCTURES MODELLED AS
ASSEMBLIES OF RIGID BLOCKS

TUTORS: PROF. ING. MARIO PASQUINO
PROF. ARCH. MAURIZIO ANGELILLO

2017






Acknowledgements

During the course of my studieshdve had the privileg®f knowingan exceptiondife

mentor | would like to express my deepegttitudeto Professor Mario Pasquino, who
guidedme since my bachel or 6s opdogtuqityte makethi;md t h
PhD experiencegpossible assistingne professionally angspecially humanly

My biggestgratitude goesto an extraordinary Professor, Maurizio Angelillo, who
believed in me andnotivatedmy interest in the mattewyith his invaluableadvice
knowledgs and unwavering guidance. It waschase of higntuitions and persistent
helpthat the development tiis dissertatiorhas been possible.

A speci al 0 toPrafeskor AntoniodGesyialde anty colleague Antonino
lannuzzo, our cooperation and friendship was particuilaslyiringand cheering during
these years.

I am profoundly grateful tothe Coordinator ofthis PhD course, Professor Luciano
Rosati, for his supportduring these three yeaend for the interest showed in my
research

In addition | wouldalsolike to sincerely thanthereviewess of my PhDthesis, Professor
Santiago Huerta and Professor Elio Satwaiy opinion and compliments have been very
importantto me, representing a bigncouragement to continue in tedd of scientific
research.

I am extremelygrateful for the lovingcare of my adorable husband Alessandfaor,
following me closely during thisvork experiencefor his invaluable presencand
constanencouragement and hefgwven when being far away.

| cannot forget my dedriends Mara, Silvia and Maria Grazia, for giving me all their
love and comfort and for being always there when | needed it.

Above all, | want to thankny wonderful parents, for their countless sacrifices to see me
happy for their support and encouragembethroughout my studiesand my lovely
brother and sistdor their affection and esteem towards. me

Without these people this thesis would not have been completed.

Fabiana De Serio






Abstract

The broad topic of the present workSgatics and Kinematics of masonry stures
made of monolithic blocks, thatrigid bodies submitted to unilateral constraints, loaded
by external forces, and undergoing small displacem8&piscifically, in this work, we
study the effect, in term ointernal forces, of specified loads, by using given
settlements/eigenstrains to trigger special regimes of the internal forces.

Although ourmainscope here is the analysis of masonry structures made of monolithic
pieces, and whose blocks are not likelypreak at theiinside, the theory we use applies
also to general masonry structures, such as those made of bricks or small stones. Such
structures may actually fracture everywhere at their inside, forming rigid blocks in
relative displacement among eaather. If the partition of the structure ixdd in
advance, we may search ttsplacement fieldu, which is a possible solution of a
displacement type boundary value problem, by minimizing the potential enerbthe
loads, over the finite dimensidreet of the rigid displacements of the blocks. Actually,
the functionak is linear inu, then, if the supports of the strain singularities, i.e. the
potential fractures, are fixed in advance, the minimizations ofeduces to the
minimization of a lineafunctional under linear unilateral and bilateral constraints.

This simple theory, based essentially on
cantilevered stairs, or, more precisely, to spiral stairs composed of monolithic steps with

an open wellln the present worlka case studythe triple helical staiof the convent of

San Domingos de Bonavialanalysedby employinga discrete model.

The convent of San Domingos de Bonaval, founded Hy@hinic de Guzman in 1219,

is located in the countryside of San Domingos, in the Bonaval district of Santiago de
Compostela. The majority of the buildings of the convent which are still standing, were
built between the end of XVII and the beginning of X\éenturies in Baroque style by
Domingo de Andrade. A triple helical stair of outstanding beauty and structural boldness
was also built by Andrade to connect the cloister with the stairs of the main building.
This extraordinary triple helical staircasenssts of three garateinter-woven coils,
composed of 126 steps each. The three separate ramps lead to different stories and only
one of them comes to the upper viewpoint. The steps are made of a whole stone piece of
granite; they are built in into theuter cylindrical wall for a length of 0.3 m, and set in

an inner stone rib. The steps do not apparently join (or even touch) eadbubteheir
veryend.

A likely set of given settlements of the constraints is imposed on the structure, and the
corresponding piecewise rigid displacement is found by minimizing the potential energy.
Then the dual static problem is dealt with, by identifying the equilibrium of the individual
steps and of the entire structure.



The whole calculation procedure is carried with the programming language Matlab.
After a comparative analysis of the results, in particular with reference to the internal
forces and internal moments diagrams (torsional and flexural moments, axial and shear
forces) for all the steps, a pddsi explanation of the reason wisuch bold structure is
standing safely, is given.

Keywords masonry, unilateral materials, helical stairs, rigid blocks, settlements



Summary

Chapter 1

OVERVIEW ON MASONRY STRUCTURES...........ccoo i, 1
R 0] oo [T 1
Old MAasONry CONSIIUCLIONS. .......ouuiiiieei ettt e e 1
Unilateral DENAVIOUL...........cooiiiii e 5
QuAlitY OFf MASONIY......eeiiiiiiiiiiie e 6

The model of Heyman............ccoooiiiiii e 6

1.2  The masonry arch and the line of thrust..........ccccccc s 7
L1 PSP 7
TRIUSE IN@ e 7
Safety Of the @rch.........oooo i 9

RUIES Of PrOPOITIONS......eeiiiiiiiiiiiiieie e e e e e e 9

The effect of SEttleMENtS........oouveiiii e 9

F Y =TT o VAol 1 (=T To] o DRI 10

1.3 Some hiStoriCal NOIES........ccoiiiiiiiiiee e 11
GEOMELNCAI FUIBS.....euiiiii ittt e 11
GaAlIIA. ...t 11
HOOKE ... 11

LT (=To o] o VA TR RO PPPPPPRPPPP 11

- B 1] £ =TSP PO PUPPRUPPPPPRP 13
(01U ][ A PRSPPI 13
DANYZY...c ettt a e e e e e aeaaae 13

Other contributions to the old theory.........ccccvvviiiiiiiiiii s 14
CoUIOMDL....eiiiiiie e ——————— 14
NBVIEE ...ttt e et e e e e e e e s e abbe e s 15

(@22 1] 1T | [£= o [0 PRSP 15

THE NEW thEOIY.... .t 15

1.4 Organization Of WOK........c..ueeiiiiiiiiiiice e 16

Chapter 2

UNILATERAL MODELS FOR MASONRY.....cccoiiiiiiiiiiieiievei e, 18
2.1 Unilateral material..............cooooiiiiiiiieeeeeeeee e 19
2.2 MasONry DENAVIOUL..........uuuiiiiiiiiiiiiee e e e e e e e e e 21
Local failure MOGES.....cceviiiiiiii e 21
Structural failure mechaniSMS............cceeiiiiiii e 23
Experimental teStS reSUIS.......ccoiuiiiiiiiieiiie e 23

2.3 Simplified uniaxial Models...........ccccvvviiiiieiiie e, 24
2.4  Threedimensional Simplified Models................cccccciiiiiiiiiiiiieeeeeee, 25
2.5 Elastic solutions versus Limit ANalysSiS..........cccocveiiiiieeiiiiee e 26
2.6 Refined MOUEIS......ccooiiiiiiii e 27
2.7  Mechanical behaviour, observations and numerical data................... 28



Chapter 3

NORMAL RIGID NTENSION (NRNT) MODEL..........cccccooeevviiiennnne, 32
3.1 The Rigid N@ension material............ccccceeiiiiiiiiiieniiieieee e 32
3.1.1  The boundary value problemy..........cccccvviieeeeeiiiiii e 33
3.1.2  Singular StreSs fleldS..... ... 34
3.1.3  Singular strain fields.........cccciiiiii 36
3.1.4  Stress and strain as line Dirac deltas............cccccceevviveeieen e, 37
315 ! ANEBQa aidNBaa FTdzyQUA2Yy..F2NN.dBY GA2Y
3.1.6  The equilibrium problem: statically admissiskeess fields.............. 40
3.1.7  The kinematical problem: kinertieally admissible displacement
FIRIAS e 42
3.1.8  Compatibility and incompatibility of loads and distortions............ 43
3.2 The Equilibrium problentimit AnalySis.........cccccovriiieiiiiniiiiieeee e 44
3.2.1  Theorems of Limit ANAlYSIS........uuueiriiiiiiiieeiieee e 44
3.2.2  Static Theorem of Plastic Collapse.......ccccccoecvvvveeviiiciieeneenicnnn. . 46
3.23 Limit Analysis for NRNT MaterialS...........ccocceeeeevviiieeneenincinenne 47
3.3  The kinematical problem: an energy Criterion..........ccccccveeeeeeeeeniiiiinnnd A7
3.3.1  The kinematical problem............ccccoiiiiiiiiiiiii e 48
3.3.2  The energy Criterion............ccccecvvvrriiirrreireereeeeeeeee s esesssneneeeeen 48
Chapter 4
APPLICATIONS TO STRUCTURES MADE OF RIGID.BLQCKS.....52
A1 CASE SHUAY.....eeeiiiie ettt 53
411 | S8YlFYyQa.a20.dz0.A.2. i 55
4.1.2  Continuum (Rindike) equilibrium solution...........ccccccvveveeeeeenennnn. 56
4.1.3 Geometrical and mechanical data..............cccveeviiiiiiiiiene e, 59
4.1.4 Reference SYStemMS........ccooveei i 60
4.1.5 Threedimensional Modelling...........ccccooveeiiiiiiienie e 61
416 CONSIAINTS. ...ttt e e 62
4.1.7 BN g . 66
4.1.8 Energy minimization.........cc.uveiieiiiiiiiiiee i 67
4.1.9  Saturated CONAILIONS..........cooiuiiiiieeiiiieie e 68
4.1.10 Kinematic Solution and Equilibrium..........ccc..coocvviiiiiieneeni 68
4.1.11 Identification of saturated conditions and csinuction of the C
40T 1L PP P PRSP 70
4112 RESUIS...oueiiiiiiiice e 71
4.2  Program USEINEIaCE...........uuuiiiiiiiiiiieee e 82
Chapter 5
CONCLUSIONS... .o e e e e 93
5.1 Some remarks by HUEIMA...........coooiiiiiiiiii e 93
5.2 A short discussion about this PhD wark...........ccccciiiiiiiiiienninn 94

5.3  Potentiality of the method and future developmes.............ccccccvveeenn 96



Appendix A

LINEAR PROGRAMMING ..ot e e 98

A.1 A brief INtrodUCTION. .........oiiiiii e 99

Linear EQUAlItIES.......ccccceiiiiiieeeieeeee e 99

The Decision Variables...........ccccoiiiiiiiiiiii e 99

The Objective FUNCHON..........cooiiiiiiiie e 100

The CONSITAINTS ... 100

A General Linear Programming Problem............ccccccoinnne 101

A.2 Linear Programming Problem Formulation and graphic solution101

A.3 The Fundamental Assumptions of Linear Programming............ 102

A.4 Linear Programming in Matlab..............ccccoocoiiiiniie 103

A.5 Time and Space complexity of the minimization problem........... 104
Appendix B

100 1 [ I 0 2P 106

B.1 Elastiplastic CONSHItUtIVE 1aW..........cccoviiiiiiiieiiiiiinee e 106

Anelastic body and internal variables...........cccccccvveeiiiec 106

The PIastic FIOW..........uuviiiiiiiiicie e 107

B.2 Theorems of Limit AnalySiS..........cccovvieiiiiiiiiiie e, 123

Static Theorem of Plastic Collapse.........vvvvveeiieeeiieiiiiieiiciciinns 124

Kinematic Theorem of Plastic CollapSe..........cccccveeviiiieeeeereniennen. 125

RETEIENCES......ii ittt 129

M B SIS . e e 133






Chapter 1

OVERVIEW ON MASONRY STRUCTURES

1.1 Prologue

Old masonry constructions

Advances immaterials scienckave made possibtbe designof materialsbased on the
functional optimization of the mechanical properties Through the modern
homogenizatiortechnique which describs the materialbehaviourat a macroscopic
level, taking into accounthe materialproperties at micrmr mesoscopic levelit is
possible to functionally tuning the macroscopic properties of material

Nowadaysijt is also possible teepresent the plasticigf materids, by quantifying the
dislocationof their component crystals, atolsimulate the propagation and nucleation
of fracturesin brittle materials.

In this context of progress and innovation, and where attention to seismic safety is in
continuous growth andevelopment, masonry buildings are perceilgdnost of the
modern technicianas old and unreliableonstructionsdue to the inherent weakness of
materialwhen compared to the strength and reliability of modern materials

However, when warefaced withamasonry construction, as anlara tower oa dome,
we are inevitably impressed and fascinatedtbyindeniable expressive foroghich
leadsusto preserve and keéfp as unquestionable heritafge the community[1].

Besides, as Heyman observiy, ithe fact remains that t o
slightly damaged Hagia Sophigig. 1.1), and the bombardments of the Second World

War often resulted in a medieval cathedral left standing in the ruins of a modern city. At

a much less severe level of disturbance, the contisbdils and settlements of
foundations experienced over the centuries seem to tatls® masonry structures no

real di stresso, gi ving evi ditean extraortirery t ma
stability.

Heyman notes that ancient and medieval structnesharacterized by low stresses, so

that they work at a stress level which is one or two ardémagnitude below the
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crushing strength of the material. This condition, combined with correct proportions and
geometry, magxplainthe survival of theseitid of structures through the centuries.

Masonryconstructions areindeed,massive structure@=ig. 1.2) and their safetyand
stability aremainly provided by geomset and geometricproportions of the building

(Fig. 1.3) (so that structural forces may be adequately accommoduateit,strength

plays a secondary ro{d2], [3]).

These concepts were clear to old master masons, who had an intuitive understanding of
forces and resulting stressesnsolidated through successive experiences, trials and
errors, and whose knowledge has been handed down over time, for centuries, verbally
or by drawing Fig. 1.4).

Fig. 1.1: Interior of the basilica of Hagia Sophigstanbul)
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e) 9]

Fig. 1.2: Examples of masonry constructge) Parthenon(Atene, Greedeb) Lion Gate
(Micene Greecg; c) Pantheon (Rome); d) CastafltheMountain(Andria, Italy); e) Notre
Dame Cathedral (Pars ) ; f ) St . Peterds dome (
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Unilateral behaviour

The statis of a masonry elemegan be compared to tleguilibrium of cablesas both

the cableand the masonry element are compdsgd material that can bmodelledas
unilateral. A typicald e monstrati on of this associati
masterpieces: Gaubung chains of various lengths close to each other, arranging them

so as toachieve the desired resifFig. 1.5a); then he put mirror below the built

structure, in order to perceive the effect from the bottom upwards and exploited this to
realize his architectural work&mong these, the most famasgghe Sagrada Familia, in
BarcelongFig. 1.5b).

Fig. 1.5: Sagrada Familia, Gaudi (Barcelona):
a) Catenarymode] b) View of the frontal facade

Since ancient timesmasonry buildings were builby relying on the material's
compressive strengtbnly. Masonry is indeed,an elastiebrittle composite material,
characterized by a very lotgnacity anccohesion comparei the acting forcedyoth
mortar and blocks, althougbometimesof poor quality, exhibit avery low tensile
strength, which varies based on how the blocks are relatively positionedg each
otherand how the mortar adheres to the blodkserefore, it eems safeto neglect
tensile strengttior these materialand to assuma unilateral behavig, in the sense
that masonry material is éapable to resist tensiléorces the cable behaves in the
opposite way, being abte withstand traction ango compressiotfFig. 1.6).
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Hanging Chain
Catenary Arch

\ Tension / /Compressmn

X | 0
oA

Fig. 1.6: Unilateral behaviour for cables and masonry elements

Quiality of masonry

Masonry isa composite material made of blocks and mortar. The size and the nature of
the blocks can be very different from one type of masonry to an@efl], [6]), but

what it must be understood is that the way in which the stones are put in place is not
random. Indeed, any masonry structural element is not a bunch of individual elements
arranged casually, but rather a collection of wwefjanzed units. The science of cutting

and organizing the stone pattenmiasonry is called strereotomy (sg@).

In real masonry structures, one can usually identify large planar {eigtshorizontal

joints in walls) through which large compressive forces are exerted and where, due to
friction, sliding is not possible; on planes across which the transmission of compressive
forces is feeble or absent (e.g. vertical planes in wallskttres are interlocked so as

to contrast sliding.

The basic idea is that the main objective of the construction apparatus, realized through
stone cutting geometry (stereotomy) and proper block disposition, is to avoid sliding.
For example, in a wall, slidg is contrasted by interlocking along vertical planes and by
friction on horizontal planes.

The model of Heyman

A simple way to describe the behawialescribed abovas due toHeymanwith his
model[8], condensed into three basic assumptithressmaterial is not capaktietransmit

any tensile forcefractures, which are of pure detachmestdgurwithout sliding; the
materialis rigid in compression.

Heymard model is a valuable tool for the analysis of masonry structures, based on their
unilateralbehaviourFor an arh, for example, the unilateral behamiaf masonry gives,

as an effect, the thrusts correspondence of the abutments



Chapter 1- OVERVIEW ON MASONRY STRUCTURES

1.2 The masonry arch andthe line of thrust

Thrust

The essential elemesdf masonry constructiorsan be understood by studying arches.
These structureghich were invented some 6000 years ago in Mesopotangaisually
composed by individual voussatones in mutual contrast among each otlmethe
manuali La pr at i c & pwridgen byCaldHoment{sze[9]), the arches are
defined as curved structur@ghose pieces niatainequilibrium through mutual contrast

(Fig. 1.7b). Theseblocks subject to the force of gravity, transmit inclined foraémse

line of action iscontained within the msonry,andwhose vertical component increase
from the keystone to the springings, while the horizontal component remains constant
(Fig. 1.78). Then, an inclined foe; called thrust forceis transmitted dowrio the
springingsandmust be resisted by the buttresses.

Thrust line

The arch is in equilibrium if the thrust, transmitted by the stones, is contained within the
geometry of the arch; thus, a set of compressive stress equivalent to the thrust is obtained,
and the locus of the points of application of the thrust is chilhedof thrust Since the

arch is a statically redundant structure, it can be in equilibrium under infinite states of
internalstress andsuallythere exist infinite regimes of internradmpression.

The lineof thrustis exactly the opposite of tlegjuilibratedfunicular polygon of &able
that maintainghe equilibriumamongthe same forcesas discoveredy Hookeand

hi dden i n hi sUtpeadetcontsiuum fleailg, siastabitiGontiguum rigidum
inversund (1675), in which he recognized the mathdo@icorrespondence between the
suspension bridge and the masonry &Fid. 1.8).

In the centuries that foll owed, Hookebs
behaviour through new graphical tools, in particular by using the graphical analysis in
order to determine possible equilibrium statesompendium of old and new results on
masonry arches, can be found[#] and [10]. A red case, which demonstrates thipe

of equilibrium,can be observed fexxample irthe Trevd arc (Fig. 1.9), where in the
analysis,a distributed effect of the weight of the stone, rather than concentiated
assumed

For a stone voussorch, it is possible to obtain an equilibrium solution of pure
compressive forces, bgnagining that the weight of easloussoir is supported by two
compressivéorceswhich acthrough the contact surfaces between adjacent b{Baks
1.7b).

Theline of thrustcan be determined mathematicaily solving a differential equation
of the typey 6 6 = \ghkrkl is the ycoordinate of the line of thrugd,is the given lad

per unit projected length artd is the horizontal thrust. A&imple case is described in
[11], where the second ordequation of the thrust linend the value of the thrust in an
arch, areobtainedor some simple exampleBhe thrust is the main feature of the arches
and vaults, determining their structural behavj@nd, according to the thrust valtres
structures that support themust bedesigned.
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b)
Fig. 1.7: Masonry arch:
a) Etrugan voussoir arch (Durm, 1889)12] ; b) Mutual contrast effect in voussoir arch
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Remark 1 In [11], some differences between tlguilibrium of cablesand the
equilibrium ofarchesare pointed out

1. the cableisa 1d structure that changes its geometry in order to satisfy the equilibrium
with the external loads, while the arch is a 2d structure thatfain@irg unchanged
its initial shape, search inside itself a pressure line in equilibrium with the external
loads;

2. foracable, of fixed length, there is only one equilibrium geometry, while for an arch
there are infinite possible pressure lines;

3. the unilaeral condition for the cable is expressed by imposing that the axial force is
a tensile force and that this axial force is tangent to the cable, regarded as a 1d
structure, while for the arch it is required that the axial force is a compressive force
and dso that the pressure line is poytpoint inside the contour of the arch.

Safety of the arch

Therefore, in the case of a masoargh, it is possible to findrmadmissibleequilibrium
solution ifone of thanfinite lines of thrust can be foundpmpaible with the unilateral
assumptiorof the material namelyentirely containedvithin the masonryThere exists

a minimum thickness, able to contain only one thrust line. On the basis of this minimum
value, a geometric safety coefficiaran be introducedhanks to which it is possible to
assess the safety of the structure against collfgse

Rules of proportions

The aim of masonry architecture has always been to ensure that the arch waind rem
upright and that the buttressesuld absorb the thrustafely in order to guarantee the

life of the building for centuries or millennia. In this context, one wonders how the design
rules were formulated, since the scientific theory of structuresatiasallyintroduced

only in the nineteenth century.

Therewas obviously, another kind of theory, not scientific but certainly effective, based
on the geometrical rules of proportions, resgjtfrom trials and errors, artitical
observation ofhemasonry building process.

The effect of settlements

The most apparent consequence of the essentially unilateral behaviour of masonry is the
likely appearance of widespread crack pattedog to settlements or other disturbances
of the environment

Asitisobservedin[l3Ji € One coul d say that, in absenc
movements of the boundary, that is in absence of fractures, the structure is silent. When

a fracture patterappearsthe structure speaks and tells us a part of its equilibrium story.

If an ach is not fractured, the presence of the thrust is a purely speculative fact; but if
cracks open up and three hinges form at the key and at the springings, we have a plastic
hint of the force pattern. . o.

For example, the arch Fig. 1.10, subjected to its own weight, is in equilibrium, since

it is possible to find a thrust line (dashed lin€ig. 1.108) entirely contained within the

arch. If the presence of a horizontal settlement determines a mechanism ithndéch
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hinges are formed~(g. 1.10c), one of them at the extrados top and the other two at a
certain height at the intrados, next to the abutments, then the thrust line must pass through
these three hingef&i@. 1.10b).

Therefore, the settlement determines in the arch a mechanism which selects, among the
possible infinitely many thrust lines, the actual thrust line. The arch becomes a statically
determinedstructure, the thrust line is uniquely determined, and it is possible to know
the real forces which ensure the equilibrium of the structure.

NY% WY
1~ e
o »
/ \
Ll X .‘G -d ““ X
a) b)

c) d)

Fig. 1.10: Equilibrium of a masonry arch:
(a), (b) Line of thrust;
(c), (d) Collapse mechanism for a masonry arch due to settlements

An energy criterion

By considering the positigrof the hinges at the intrados as unknewthetotal energy

of the systentan be minimized with respect titesepasitions. The optimal position of
these hinge®obtained through minimization tfie potential energy , is shown inFig.

1.10d. Such position coincides with the points at which the thrustpagsing through

the extrados top hingés tangent to the intrados line (d&ig. 1.10b)

The displacement is compatible with the given settlements, the internal forces are
compressive, in equilibrium with the given load, and reconcilable with the
displacements. Then this is a simple exngf solution of a mixed boundary value

problem, for a structure made of Heymanés

1C
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1.3 Some hstorical notes

Geometrical rules

It should certainly be highlighted that the medieval builders developed a deep
understanding of masonry behaviour, although they did not know anything about
mathematics, elastic theory and strengthmaterials. However, this nestientific
approach is dicult to accept, without prejudice, by modern architects and engineers,
who instead feel more confidentth an approach based ¢the concept of strength.

Vitruvius recognizes in Ezekiel s chaptert
ancient biders in the absence of standard units, and also gives, iordisatio,
proportions for the construction. I n the

for use in monastic schools and in the masonic lodges and the rules of proportion became
theheart of the Gothic buildings. They were geometrical rules, found to be effective for
buildings whose materials worked at low stresfey.

Galileo

Galileo, in hisDiscorsi (1638) writes about the strength of materials and brilliantly
pointsout that all these rules, which were mainly proportional, were wrong from the

point of view of the strength, because of the square/cube law (that is the weight of any
structure rises with theube of the linear dimensions and the section of the members

with the square). So, stresses grow linearly with the size of the structure. Although this
condition is true and relevant for the modern structure, which are working very near the
limit stres®s it is irrelevant for all the structures in whitte stresses are very low, like
masonry structures, for {hich Galil eods |

Hooke

Hooke showed how arches worked, in a physical sense, through experiments on model
arches, and he protected his intuitive understandings into anagrams, published in 1675,
even if he could not provide the corresponding mathematical analysis. The solution of

his anagramthatsas hangs the flexible |Iine, so b
was published only after his death. However, Hooke knew that by solving the problem

of the catenary shape problem, he would at the same time found the corregjaocidin

shape able to carry the same loads in compression.

Gregory

The mathematical analysis tife catenary problem is given by Gregory in 1697, who

states that if any thrust line can be found lying within the masonry, then the arch will
stand. @rpeggparcthésvaas foll owed by Po(Figni , i
1.11), and by La HiréFig. 1.12), who invented the force polygon and the corresponding
funicular polygon for the arch and realized that a necessary condition to ensure the arch
stability was the presence of friction betwéleavoussoir interfaceso prevensliding.

11



Chapter 1- OVERVIEW ON MASONRY STRUCTURES

Fig.1.11: St. Peterds dome: Polenids h
Peterds dome[l5, 6]l eni , 1

Fig. 1.122Wedge theory, De La Hire
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Chapter 1- OVERVIEW ON MASONRY STRUCTURES

La Hire

La Hire(in his books of 1695 and 171&med to determine the value of the arch thrust,

so that the abutments could be designed and then he concluded that the arch would break
at a section, somewhere between the spri.i
devel oped. T h ee 6Gg o ntcherpotu gchf whhicrhg t he f orc
unlocks the statics of the arch, since the forces and the corresponding stress may be found
and then the stability of thehaele structure can be obtained.

Couplet
Two remarkable memoirs on arch thrusrewritten by Couplet in 1729 and 1730. In
the first work, Couplet referred to La H

the forces imposed by an arch on its centering during construction; in the second work,
by making precise assumptions aboatenial properties, he realized that voussoirs were
bound together without sliding thanks to frictiahilst no resistance to separation was
offered. In his works, he assumed that ambient stresses are so low that crushing strength
is of little importance.

Coupletbés statements are summarized i n
material, that is masonry has no tensile strength, it has an infinite compressive strength
ard sliding failure cannot occur.

Two ways of approaching any structural problem@&edonst rat ed i n Couy
namely a static approach, in which the equilibrium is applied and the thrust line is
considered, and a kinematic approach, in which a pattern of hinges determine a
mechanism of the structure. Couplet then arrivedtoagort6saf e t heor e mé,
that an arch will not collapse if the chord of half the extrados does not cut the intrados,

but lies within the thickness of the arch; he also attempted to determine the least thickness

of a semicircular arch, which could caronly its own weight, finding the ratitR equal

to 0.101, being the thickness of the arch aRdts radius, and placing at 45° the hinges
positions.Some two hundred years lgteleyman will determine the coreposition of

the hingeswhich is 31° fom the springingsand the correct ratitsR (which is 0.108,

even if these different results dotrhave a substantial effect on the analysis.

Finally, Coupletby f ol | owi ng LdeterHined taedvalue af thp abutraeath

thrust for a genericrah, and then he found that the thrust at the crown act horizontally

and could consequently evaluate the magnitude of the abutment thrust, through which
the piersdéd di mensions could be evaluated.

Danyzy

Coupletds contri but i o mmplet solutionta the peoblemfob r a
arch design, in 1732 an experimental confirmation of his approach was given by Danyzy
(see for examplEig. 1.13in which Danyzyindicaks the use of arch and buttrekser

models to investigate collap mechaniss due to support dilgcementy and by 1740

this theory could be applied more gener&diyhe analysis of masonry
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Chapter 1- OVERVIEW ON MASONRY STRUCTURES

Fig. 1.13: First experiments on the collapse of-arches with
small gypsum block modelézier (1739 [14]

Other contributions to the old theory

I n 1743, Pol eni gave his contribution in a
crackshad opened yphanks to the previous discoveries by La Hire, Couplet, Hooke

and Gregory, he determined, throughuilibrium considerations, experimentally the

thrust line and, he et.ablso suggested the installation of extra ties in ordeomdain

the horizontal thrust.

Coulomb

A big contribution to the major problems of civil engineering, that is the strexigth
beams and columns and the thrust of soil and arches, was given by Coulomb.in 1773
Co ul o solufioss were obtained by combining equilibrium equations with a
knowl edge of materi al properties. I'n parti
margnally referred to the strength of the material (masonry), being rather a search of
stability through the equilibrium, coupled by principles of maximum and minimum.
Thus, he did not examine the strength of the arch, but rather its working state, #hat is th
numerical value of the thrust.

The theory of masonry arches was rigely completed by Coulomb, who, assuming
that slip among stones was prevented by frictidated that in practice failure always
occur whena sufficient number ofiingesbetween vousss are developedCoulomb

also defined the minimum and maximum thrust values, within which the arch can be
considered stable. His work was assimilated slowly into the technical education of

14



Chapter 1- OVERVIEW ON MASONRY STRUCTURES

French engineers, as Navier; a definitive exposition of arcithess given in 1845 by
Villarceau, who developed a 6ésafebdb inver
tables, by imposing that the centre line of the arch must coincide with one of the infinite
possible thrust lines for the given loads.

Navier
ClaudeLouis Navier (1785L836) can be considered the father of the modern theory of
elasticityy Navi er 6s design philosophy invol ves

deformation and the assumption of certain boundary conditions that arise in the solution
of the problem.It was, of course, Navier's linealastic philosophy that became
paramount and was virtually unquestioned for a century and a half as the correct
approach to structural desigrhe middle third rulefor the archeswhich states that the
archis safe if the line of thrust passes within a certain fraction of the thickness, say 1/3,
arises since Naviewithin thetheory of elasticity applied to a beafimds that the stress
profile is linear; in this case, the sectionibolly compressed if theenters of pressure

are within the middle third of the section.

Castigliano

In 1879, Castigliano applied his energy theorem to masonry bridges, by assuming elastic
properties of the stone and mortar, and he obtained solutions for which the bridge did
notcrack if the thrust line fadlwithin the midile-third of the cross sectiorlowever, in

the case of masonrthetheory ofelasticity isof little help, as well as the middle third

rule; theright condition as Heyman emphasgas that the thrust linées within the
geometry of thard.

The new theory

Pippard et al(1936, 1938) showed that, referring to steel voussoirs arch, slightest
imperfections of fitwere able to transform an hyperstatic arch into a statically
determinatd threepin arch; Pippat also attempted to interpret his results by applying
principles of minimum elastic energy.

Only by the twentiethcentury, when the plastic theorems are introduced, the
6equilibriumdb approach of Pol eni , Coul om
amlied to the study of masonry construction.

The necessary assumptions for the application of plastic theory to masonry structures are
the same assumptions deaby Coupletmasonry has no tensile strengtiasonry has

an infinite compressive strength anlisig does not occur; these assumptiaresused

by Kooharian, in 1953, to prove that the analysis of masonry structures could be done in
the framework of plasticityand thathe Theorems of.imit Analysis could beemployed

[17].

Referring to a hinge opened in a voussoir constructierconsidered the yield surface

of plastic theory, by assuming that the axial Ibagas transmitted at the hinge and then

by evaluating the corresponding effective moment. Since nominal stresses are likely to
be less tharthe acceptable value of 10 per cent of the crushing strength, suggested by
Villarceau in the nineteenttentury, theportion of yield surface is usually very
restricted.
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The 6safed theorem of pl asateiequilibtatedvethhthet es t h.
loads andie within the yield surface, then the construction is safe, and cannot collapse.

The power ofhis theorem lies in the fact that if it is possible to find any one safe state,

then the structure is safe. Referring to an arch, this means that if it is possible to find,

among the infinite thrust linesneequilibratingthe applied loads aridcatedwithin the

arch profile, then the arch will not collapse under those loads and it is stable.

In generaglwhen we approach masonry constructicudject to low mean stressese
canapply design rules ensuring that the shape of the structure conformsstuafies
required by statics; these rules are purely geometric.

1.4 Organization of work

ThisPhD thesis is structured into five chapters.

In Chapter lan overview of masonry structureggigen then, the essential aspects that
characterize the behaviour wlasonry material which were the design criteria since
antiquity,aredescribedFinally, some historical notes about design criteria are exposed,
that led to themodernHeyman unilateral model, recognized as a valuable ftwol
describinghebehaviar of a broad class of masonry structures.

In Chapter 2the characteristic features of unilateral material are set out in detail, also
recalling the main experimental evidence regarding fracture modes and failure
mechanism affecting the masonry structuresdadition, the three basic assumptions of
Hey manos anaydeebnd the ressential aspects of simplified uniaxial models,
namely model zero, one and two, are exposed, referring both to the case 2D and 3D. A
mention is also made for refined models.aliyy some observations and experimental
data are reported, related to the mechanical belraefonasonry.

In Chapter 3the equations governirtge problem of NRN material (Normal Rjid No-
Tension material) are reported, stating the reasons for whielpdssible to study the
equilibrium of masonry structures with the tools offered by Limit Analysis. Starting from
the definition of the boundary value problem, singular stress and strain fields can be used
for unilateral material, such as line Dirac dslt The equilibrium problem and the
kinematical problem are described, making reference to statically admissible stress fields
and to kinematically admissible displacement fields, and also defining the compatibility
of loads and distortions.

Finally, the heorems of LimitAnalysisare set out, these being closely connected with

the compatibility of loads and, consequently, withehailibriumproblem.

The kinematic problem is solved by employing an energy approach. In particular, for

unil ater al materials, under Heymands assum
problem by minimizing the only potential energy associated with the loads.

InChaper4a si mpl e model , based essentially on
study the equilibrium of masonry structures made of monolithic pieces, in particular
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cantilevered stairs, or, more precisely, spiral stairs, composed of monolithic steps, with
anopen well are analysed.

As observed by Heyman, the basic structural action for a cantilevered stair of small flight
(quarter or half landing) is twist of individual treads, leading to shear stresses in the
masonry; such stresses are low for short staitdyécome more and more harmful than
direct compression for long flights. In a recent work by Angelillo, based on a continuous
approximation of the stair structure, it
can be combined with a Rifigke regime, gving rise to large compressive forces and

to moderate torsional torques, whose intensity reaches a plateau for long flights. A
practical confirmation of the complementarity of Heyman and fRikg stress regimes

is here obtained, for the case study oftilpde helical stair of San Domingos de Bonaval,

by employing a discrete model. In order to generate statically admissible sets of internal
forces, likely sets of given settlements of the constraints are considered and the
corresponding piecewise rigid dlacements are found by minimizing the potential
energy. The moving part of the structure is statically determined, then the dual static
problem is dealt with by solving the equilibrium of the entire structure and of the
individual steps. The whole calctitan procedure is carried out with the programming
language Matlab.

In Chapter 5the final considerations about the analysis procedure are given, highlighting
the potential for its application orderto analyselsothe equilibriumof otherkinds of
structuresmodelled as an assembly of rigid blocks.
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Chapter 2

UNILATERAL MODELS FOR MASONRY

Prologue The main aspect of masonry materials is their physiological weakness under
tensile loadingwhich may produce a sense of fear and lack of confidence iemod
engineers, especially wheiffuse crack patternsmergeat masonry surfaceé.ctually,

despite masonry material being rather weak under tensile stresses, when masonry
structures present well-proportioned geometry and load distribution, they work
essentially in a compression regime, showing only local and limited sliding on internal
surfaces and exhibiting a remarkable stabi[B}.

Besides their correct proportions and the absence of overall sliding, it is precisely their
weakness in tension which enables them to accommodate all the possible, and likely,
small changes of boundary conditions (such as those produced by ground skstilemen
small disarrangements of the stones) with displacement fields which are essentially
piecewise rigid and require barely any energy cost.

The price to pay is the appearance of widespread fracture patterns, which, at first sight,
may look as if dangets, but most of times are irrelevant and may be forgotten, even
for centuries, by closing the craclks$ructurally €.g. with thescucicuci patching
method)and covering them with plaster.

The way in which they accommodate these unavoidable disturbarittesew small

elastic deformations, scant irreversible deformations and only slight changes of the
geometry, does not compromise the equilibrium of the structure and confers to masonry
structures a peculiar stability.

This stability ismainly guaranteelly the shapghen theaverage stress levellsw, as
observed by Heymai2]. Geometrical rules of proportion weiia fact,fundamental in
ancient structural desigifas an exampléor Gothic buildingg and, when correctly
applied, lead to stablmasonry structuse(see [18], [19]). The survival through the
centuries ofincient masonry buildindgs been possible thankgheir low stress levels
and their shapdn most of the oldnasonry constructiathere isa difference of one or
two orders of magnitude between the working seess1d crushing strengtieyman
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Chapter 2- UNILATERAL MODELS FOR MASONRY

defines@orrect geometdthe shape of the structundnich guarantees that the structural
forces may somehow be accommodasadisfactorily. Then, in structures whose

materials work at low stressdhg effectiveness dhe geometrical rules is recognized
and their sthility is governed by the shap@4].

Theseconceps were clear to old master masowsoseintuitive understanding of forces
andresulting stresselsas been consolidateby trial and erro and by recording past
experiencs, into rules of constructignvhich have beehanded dowmrally and shared
secretly in msonic lodgesThe moderrclass of Architects and Enginegrghose design
approach is strongly based on the strength of materials and the calculation of,stresses
canhardly accepéa design criterion based on shageformances.

A way to overcome this difficulty is to review these ancient and medieval concepts with

a moderriwist, by adoping the unilateral model, introduced for the first time by Jacques
Hey man, in his famous a[8]tThe three fumndamental St o n
assumptions of this modekhentranslated into a continuum modighply a normality

law for stress and strain, then the analysis of masonry structures can be condbuted wit

the frame of Limit Aalysis, by applying the static and kinematic theorems on the basis

of admissible stress aistrain fields(see [13]).

2.1 Unilateral material

Heymanrefers to masonry buildings asollectionof dry stones, some squared and well
fitted, some left unworked, and placed one on another to form a stable structure; mortar,
when it is present, has the functit fill the intersticeeanddoesnot add strength to the
constructionFurthermorethe compaction under gravity of the masonry elements, which
implies a general state of compressive stress and negligible tensions, guarantees the
stability of the entire masonry constructiodeyman also pointsout that a low
background of compressive ests is essential for the stability of the masonry structure,
sinceit allows the development of friction forceshich lockthe stones against to slip

and allow the structure to maintain a certain overall shihjelow background stress

can be as low agnetenth of thecompressive strengtbf the materiglthen crushing
failure is raréy an issue[2].

The fundamental element for these structures is represented by geometrical rules of
proportion, whichhave been behind the structudgsign since antiquityand are
therefore those which guarantee the stability of masonry structures; ancient and medieval
designers, although awarermasonrycollapses, apparenttlid not pose anguestiors

about the safety factor or the collapse loatis/mancites thestudies ofVilars and other
manuscripts, which have fiuncovered some o
reconstructed rules of buildingre entirely numerical,and deal with thepractical
determination of/c , therelative proportion that one part of a building should bear to
another, the automatic determination of elevations from plans, ane sb [8]j.

A modern way toapproach the analysis of masonry structures by applying these
medieval concepts is to adopt a unilateral model, introduced for the first tidaedpyes
Heyman The model is séh his famous article 'The Stone Skeleét(1966)where some
extremelyraw, but at the same time effectivefyndamental assumptioase made
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i. masonry has no tensile strength;
ii. stresses are so low that masonry has effectively an unlimited compressive
strength;
iii. sliding failure does not occur.

With these three simplifyingypothesisHeyman obtains materialinfinitely strong in
compression, which cannot accégtsile stresses and does not admit slip

The first assumptiois quite conservative, sincendividual masonryblocks may be
strong in tension, but mortaif,any, is extremely weak in tension; thesn attempt to
impose tensile forces would pull the work apit With the firsthypothesisweassume
that the material is unilateral, that is it is incapable of withstandinglitiigesttensile
load and can also detach, witzeroenergymode, along any ternal surface, nameby
fracture line in mathematical term&r a masonry continuunthis meas that the stress
tensorT is negative semidefinite, thatitsbelongs to the am of negativesemidefinite
symmetric tensors "N "Y dthat is YO 1 0 , since only compressive stresses
are allowed.

The second assumptidgs made consideringhe low averagevalues of compressive
stressescompared to the compressive strength of the materiaditional masonry
structureshowever, as Heyman pointsit, stress concentrations are possible and may
leadlocally to splitting or surface spallin@uch distress is usually a local phenomenon
and does not normally lead to overall failure of the building; however, this statement
must bequestioned in relation to the behaviour of apparently solid walls, whah
actually consist of two skins containingubble fill [2].

With the third assumptiosliding along a fracture lines not possible As noted by
Heyman,even ifthe slippage of individual stones occurs, masonry structures generally
maintain their shape remarkably well, especially when a very small compressive pre
stress is applied, in order to avoid the slip and the general loss of coh@$iolm
mathematical termsfor a masonry continuunthis hypothesis means that the total
fracture deformatiorEane Satisfiesa normality law with respect to the coiéw & of
negative semidefinite symmetric tensors, then the tension does not work for the inelastic
deformation ad the latte is positive semidefiniteO N "Ywa .

The nosliding assumption is equivalent to assume infinite frictisee [13]), and
friction and sliding are the basic mechanismblock-block, and blockmortarblock
interactions. The main strength of the simplified unilateral model of Heyman, which
assumes that sliding is prevented and that friction is infinite, is that, even by neglecting
these two important phenomemgyich ae still the most difficult challenges of modern
Mechanicsit is still ableto provide a good prediction enasonry behaviour.

One of the primary goals for the realization of masonry structures is to avoid the sliding
phenomenon between the stones, this is achieved by placing the stone blocks according
to a particulaconstruction pattetron the horizontal planes, where compness$orces

are developed by virtue of thertical loads, the slip phenomenon is hindered by the
friction forces, while on the vertical planes, where compressive faeedow the
phenomenon is limited by interlockimgtweerthe blocks
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As said,H e y maassbiraptions translate, for unilateral continua, into a normality
assumptionSuch a rulallows to employ the two theorems of Limit Analydfse static

and the kinematic onek the years that followed, these tools have been used by many
authors (seéor example [20], [21], [22]). With these powerfulools, it is possible to
describethe behawur of large masonry structuref], while remainingher analysis
extremely simplespecifically by applying the static and kinematic theorems on the basis
of concentrate@dmissible stress and strain fields, as shown by Lucchesi in the case of
the problem of the equilibrium of masodilge, no-tension material in 2d, and by De
Faveriin the case of reinforcement problefis].

As observed by Angelilloin the context of masonry structuremly adoptingthe
unilateral assumptiomwe can correctly appreciate and interpiet fracture patterns
which are physiological in masonry and, rather than being the result of an overload, are
most ofterdue to small variations of the boundary conditionshase due téoundation
settlements ogeometricathanges of the environmef3].

Geometry and loads are in strong relation with the specific fracture pattern which
nucleates and evolves into the structime[13], Angelillo observes that in absence of

any settlements or relative movements of the boundaries, that is in absence of fractures,
the presence of the thrista masonry arcls a purely speculative fadBut if fractures

appear, in the form of a specific crack pattettre corresponding force pattecan be
derived By discretizing aunilateral masonry structure into rigid blocks, a minimal
energy criteriorcan beemployedin order to select the mechanism of the structhed

is the field of piecewise rigid displacementsponding to given eigenstia and
boundary displacementd.3].

2.2 Masonry behaviour

In the book [23], Angelillo describestwo kind of approachesthrough which the
modelling of masonry structuréspossible namely simple and refined modeBmple
modelsare based on the NBension assumption and can be applied to a large class of
masonry buildingstefined modelsre more sophisticated, since they take into account
aspects like softening and brittleness in the sg&sin laws, then they can be applied
to specifictypes of masonryfor which the material properties and the geometrical
constructive characteristics are known in detail

Thefundamentals afmasonry behaviowarerepresentetly some commoexperimental
facts which characterize the behaviafrmany kinds of masonry materias:

Local failure modes

Three different modesre recognizedrhe first one, most frequent and usually irrelevant,

is associated to the brittleness of the material and manifests itself with detachment
fractures thaseparate neatly two parts eesningly intact materiaHg. 2.1); the second

is due to high compressive loaddth shear and is a kind of mixed mode in which
fractures of detachment alteate to lines of slidingHig. 2.2); the third isdue to the
crushing of the material undesssentially purecompression and consists of finer
detachment fractures, close together and seplrgtdamaged materiaFig. 2.3) and
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is the most dangerous, since failure under compression is usually sudden; the latter two
modes occur when the load is critical or close to the collapse value.

Fig. 2.3: Crushing due t@ompression
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Structural failure mechanisms

Three different modeare describedhrough which a masonry structure, or a part of it,
may collapse. The first one is represented bghing due to compressioRi¢. 2.3); the
second, that is the most frequent under seismic loads, is ouhefrpleking(Fig. 2.4);
thethird is in-plane sheamwhich determines local failure modes of the masonry units in
their own plangFig. 2.5) such as those shownkig. 2.2.

Fig. 2.5 In-plane failure

Experimental tests results

Given the high variance, both in terms of strength and stiffness, dbelitative
experimental graph shown Kig. 2.6 can be seen as theiaxial stresslisplacement

plot of a high idealized masonry material. The main feature of masonry material is that
the tensile strength is much lower than the comsve strength ; the ratio, 7%, is
usually lower than 0.1 and can be as low as 0.01 or even, locally, vahjistingll.
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Masonry behaves essentially as an elastic material in compression upQ&o8&%f the
strength, even if the stresirain plotis nonlinear due to the earimicro-cracking d the
material, andin the postritical phaseto a sort oplastic behaviour characterized by
irreversible deformation@=ig. 2.6).

- Qe

+0c0

Fig. 2.6: Typical uniaxial behaviour

2.3 Simplified uniaxial models

In order to describe the mechanical behaviouarofdealized masonriike material,
three simplified modelsan be adopted) Model zero (RNT), 2) Model one (ENT) and
3) Model two (ML),wh er e t h ezermbq ¢tndjit iadwdsaréreferred to the
number of parameters required in each mtwleescribe the behaviour of the material

In model zero (RNT)where RNT means Rigid Nbension material,a first
approximation of the mechanical behaviour of masonry material is given, throagh a
stressstrain diagran{Fig. 2.7a) where the material is indefinitely strong and stiff in
compression and is incapable of sustainingny tensile stres§his is essentially the
model proposed by Heyman (s€d, [8]). The model is namezerosincethere are no
material parameters.dgh strength and stiffness are considered infinite in compression
and are neglected in tension, then these two parameters must not be defined in the model.
In fact, sincein this model it is assumed that the material is rigid in compression and can
elongae freely,if the bar exhibits a positive deformatiaih,can be interpreted as a
measure of fracture into the material, either sedar concentrate@ven ifthe material

has a limited repertoire of admissible stresses and strains and exhibits frattures,
uniaxial belaviour in elongation is elastid23]. Indeed,there isa univocal rehtion
between stress and strafrthe bar elongates the stress is zero, tbeen if deformations
occurs the material does not accumulate &md of energy.
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In model one (EN)l where ENT means Elastic N@nsion materialthere is only one
defined parameter, represented by the stiffness in compressiorely the elastic
modulusE (Fig. 2.7b). In this modelthe compressive strengthassumed infinite, whilst
strength and stiffness are completely neglected in tension. Morélogestain can be
positive or negativejn particular a positive strainrepresentshe fracture part of
deformation while negative strain the elastic parhe ENT materiahas a global elastic
behaviour, that istrain determinestress for any value of strai23].

In model two (M0, where MLmeans Masonr.ike material besides definedstiffness

in compressionthere isalsoa limitationin terms of strength in compressior{Fig.

2.7¢). Then, this model is useful in order to describe failurelesoand mechanisms
described abovéseeFig. 2.2, Fig. 2.3, Fig. 2.5). As can be noted ikig. 2.7c, the
material exhibits a perfectly plastic behaviour in compression with an incremental
constitutive response, the actual stress state is path dependent, that is it is determined by
the whole strain history. Moreoveine anelastic deformatigsicomposed bg reversile
fracture part anchian irreversible crushing part; hence, the matiripérfectly plastic,

due to different behaviour in tension (elastic fracture) and compression (incremental
plasticity),thenthe plastic deformations cannot be @alted by reversigthe strain[23].

In this model the elastic moduluk and the strength, in compression are defined,
while strength and stiffness in tension are neglected.

a) b) c)
Fig. 2.7: Simplified modelsa) model ze; b) model oneg) model two

2.4 Three-dimensional Simplified Models

For real applications, these three simplified modelsst beextended tathe three
dimensional spac& he NeTension assumptiamnanslatsto the condition that the stress
tensor belongs to the cone of negative semidefinite symmetric tef9or¥ (o &). The
introduction of a convenient rule for the latent part of the deformation is necessary, that
is the strain sustaining the unilateral constraint on the stress; this rule considers that no
sliding along the fracture line occurs, that is the total fracétnain satisfies a normality

law with respect to the cone of negative semidefinite symmetric tensansely

A A° 1h! B° N "Y® A Such normality law which is equivalent taj JA
m Q A N Y d), allows forthe application of the static anéhkmatic theorems of

Limit Analysis.
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The linear elastic assumptigm compressiorin modelong can be generalized in case
we refer to aisotropic materialby introducing econvenient Poisson ratio, usually set
for masonrypetween 0.1 and 0.By combining the normality law with the linear elastic
assumption in compression, the global response of model elastis as well ahiyper
elastic that is pattindependent.

The isotropy restriction alssimplifiesthe modeltwo, where besideghe definition of
thecompressive strength , the shape of the limit compressive surface must be given

Even if the RNT model is ratheaw, it is the only one appropriate for old masonry
constructions as acknowledged by manmasonry expertgamong whith Heyman
(1955),Huerta (2006and Como (2010) since the elastic models are incapable to define
correctly the initial state of the structure, due to theertainties about boundary
conditions and on the previousnstructiorhistory [23].

As recognized by Angelilld23], the elastic assumption in modelseandtwo provides

that the given settlementare accommodated by means of a small displacement
mechanism, that is a kind of rigid body relative displacement of some parts of structure
then, the stregsroduced during the nucleation and growth of the frachegeessary to
activatethe mechanismare almost completely released, and the final state can be
considered an essentiafifresdree reference state.

By adopting the simplified models, we obviously neglect many aspects of real masonry
mechanical properties, such as damage since the egpbssif loading, which determine

a stiffness reduction and a ntimear trend irthe stressstrain plot; the brittle behaviour

in tension, because of which energy is expended to open a ttradhgt that sliding is
ruled by friction then the anelastidrains and strain rates are not purely nojpiake

fact thatductility, when present, is rather limiteahd finally thathe elastic and anelastic
responsgareanisotropicfurthermorejn the anelasticompressive behaviour, aften

initial hardeningphase,a subsequent phase sdfteningis observedunder extreme
conditions,there is also &ort of viscoelastic behaviour, since the cyclic response is
hysteretic and the strestrain plot depends on the rates; when large displacements
occur, geometriaonlinearities must be taken into account.

Some of theseore sophisticated aspects of masonry behaviour are descrgzé.in

2.5 Elastic solutions versus Limit Analysis

Once we accept the unilateral hypothesis as the basic assumoptiapture masonry
behaviour, still we have the option to consider deformabilityoimpression, that is to
adopt modeteroor modelsoneandtwo.

It should be noted that by applying the rigid unilateral model, we give up the idea of
searching the actual stress state of the structure, and ivedimmterest to the structural
safety assessment with the tools offeredhigtimit Analysis.

Indeed,the lack of information about the construction histahg presence dadtone
rearrangementand of unknown settlemnts in real structures, makdise Elastic
Analysis the wrong todio study the equilibriunof the structurecorrectly since for
overdeterminedtructuresthe elastic solution isxtraordinary sensitive to very small
variationsof these unknown condition other wordst hactua® st at e of t
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Chapter 2- UNILATERAL MODELS FOR MASONRY

could be determinedknowing exactly all the conditions that affect the solution
consideringhe detailedmaterial properties and takimgto account theompatibility of
deformationsbut, as noted by Heymaj2], it h e ¢ a c t indeddi® detetmémtli, e c a n
but only by taking account of the material properties (which mayenatgi-defined for

an assemblyof say stones and mortar), and by making some assumptions about
compatibility of deformatioii for example, the boundary conditions at the abutments of

the arch. Even then, it mubste r ecogni zed that the O6actu
ephemeral; it could in theory be determined if all the conditions affecting the solution
were known exactly, but @&ger gale, a slight earth tremor, a change in walbée will

produce a small change in the way the structure rests on its foundations, and this will
produce an entirely different equilibrium state for the structure

For this reason, the Elastic Analysis should be replaced by Limit Analykish is

based on a fundamental premise: if we take two seemingly identical structures, which in
fact have small imperfectiendifferent from each other, so they aredifferentinitial

states and they arslowly loaded up toreach thecollapsecondition we will find that

thar collapsdoads and thus thie ultimate strengtlvalues are identicalThen, wearrive

to the conclusiothatsmall initial imperfections do not affect the oitite strength of

the structureq2?].

Hencewe giveupthes ear c hactodd tsheat@® of the structur
while we focus orthe way in which this can collapse. Obviously it is not expected that

the structure really collapses, a calculation is madghich one imagines that the loads

are increased by a certain fagtbien by applying theStaticTheorem oLimit Analysis

in the context of masonry structurésmust happen that balanced stress field can be

found that is compressiyvevhich meansthat the stresses at every cresection of the

structure are less by some margin than the yield stress of the matenathereal

structurds subject to working loaiowerdthan the ultimate orseandwill notcollapse.

In fact, amoted by Heymariit he power of this safe theor

examined by the designer need not bedttteals t a if the désiger can find a way

in which the structure behaves sat[2l.sfactc

2.6 Refined models

Masomy is a heterogeneous assemblafanits and joints, being the units represented

by bricks, adobes, blocks, irregular stones and others, while mortar can be made of clay,
bitumen, lime/cement, glue or otl{see Lourego and Milani in[23]). Thus, considering

the enormousnumber of possible combinations given by the geométiynatureof

units and mortaandthearrangement of units, the first basic aspebgtalarified should
consist in what we consider as masonry mate@élcourse,the analysis ofegular
masonry structures, with a regular arrangement of unitscamdequentlya periodic
repetition of the microstructurprovides important informatiorin that sense.

Experimental tests are rather difficult. The first difficulty is represented by the fact that
the O6microscaled of the materi al i s I ar
Furthermore, the behaviour of masonry depends, besides on the composititsafdin
joints, also on the arrangement and the treatment of units, which can be polished, sawn
or artificially made with rough. Besidghge innumerable variations of masonry, the large
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scatter of in situ materiaind the impossibility of reproducing it & a specimenforced
the experimental research in the last dectmlesncentraterobrick block masonry.

Different representations are possitdee for exampld25], [26], [27]), depending on

the level of accuracy and the simplicity desirgéd) micremodelling, where the
geometry of units angints isdirectly considered and the constitutive laws are obtained
experimentally; (b) macrmodelling, where units and joints are smeared out in the
continuum and the constitutive laws are obtained experimentally; (c) homogenization,
where the micrestructure is handled mathematically in terms of geometrynaaigrial

data to obtain a smeared continuum model;sfd)ctural component models, where
constitutive laws of structural elements are direpttyvided in terms of internal forces
such as shearifoe or bending moment (and related generalized displacemestepd

of stresses and strairf23], sedig. 2.8:

Mortar Unit Toterface “Unit”

~ UnivMortar ﬁ “Joint” Composite
T /f*i

b) c)
I JC JC L] . pr—
7t L 4 § LA B &
m 78 ‘-r ' r" =SS W/
' £ ]‘ [ ; T 1,,
1l | | ] J
d) e)

Fig. 2.8: Modelling approaches for masonry:
a) representation afegular running bond masonry; b) micraodelling; c) macre
modelling; d) homogenizatior) illustrative structural component models, with beam
elements or macrblocks[23]

2.7 Mechanical behaviour, observations and numerical data

A basic aspect in the mechanical behaviour of masonry is softening,, ifhtds not
abrupt, that is it consists in a gradual decrease of the mechanical resistance under a
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continuous increase of the deformation laggpy provides to the materia sort &
ductility.

In (Fig. 2.9) the experimental behaviour of masonry under tensile and compressive
actionsis depictedwhere™Qis the tensile strengtiQis the compressive strengil) is

the tensile fracture engy andO is thecompressivdracture energySoftening is one of

the main features of material which fail due to a process of progressive internal crack
growth, like brick, mortar, stone or concrete

This phenomenon had been well identified fensile failure, as well as it had been
observed for shear failure, in which also an associated degradation of cohesion occurs;
furthermore, for compressive failyr¢éhe behaviour is governed both by local and
continuum fracturing processdgeferring to he experimental results, the shape of the
nontlinear response is also considered a parameter controlling the structural response
even if for engineering applications, this seems lesgastehan the other parameters
[23].

P o
5t Lo
= lo'
= Ia
Gy 5 la_
a) b)

Fig. 2.9: Softening and definition of fracture energy:
a) tension; b) compression

Experimental tests show hovhet properties of masonry strongbepend on its
constituentones, as well as the interface between mortar and units controjsitiie
behaviour[23]. It is also noteworthy that the bond between unit and mortar is often the
weakest link in masonry assemblages #rat the nonlinear response of the joints,
which is controlled by the unihortar interface, is one of the main features of masonry
behaviour. In particular, the unitmortar interface is affected by two different
phenomenanamelythe tensile and the shear failubescribed by Loureo et al. as
Mode | and Mde II.

The parameters needed for the tensile mode (NM)ate the bond tensile strengf®and

the bond fracture enerd®. The factors that affect the bond between unit and mortar are
highly dependent on the units, on the mortar and on the workmafisieifeurocode 6
provides indications about tisbarateristic value of théond tensile strengtfihe shear
responséMode II) of masonry joints is affected by the ability of the experimental tests
to generate a uniform stress state in the joints, since the equilibrium constraints
determines nowmniform nornal and shear stresses in the joirts.noted in [23], in

order to obtain the pogeakcharacteristics, the stress normal to the bed jointldHmi
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maintained constant during testirigxperimental resultprovide an exponential shear
softening diagram with a residual drycfion level.

The main structural masonry property is represented by the compressive strfength
masonry orthogonal to the bed joints and it is widely recodrilzat the precursor of
masonry failure is due to the different elastic properties of unit and modhtare are
different formulas, which predict the compressive strength of masonry as a function of
its components mechanical properties (Eurocode 6, OPQW, BAET70), even if they

are affected byhe direction of compressive load, the quality of mortar, the type of stone,
the masonry bond aritle masonry types.

With reference to the Italian Code for Constructions (DM 14.1.2(068)values of
strength in ompressiorfc and sheaf; of different types of coarse masonry with poor
mortar are reporteldelow(Tab.2.1).

Then, with reference to Model Code 90 (CERP, 1993), the expressions@f andGt,
namely the compressive and tensile fracture energy are given:

O pu T & T8I QY 2.1)

0 ™8 ind (2.2)

with "Qand " Qexpressed in N/mfrand"Op; in N/mm. As can be observéa Tab.2.1,
the values of tensile fracture energy are negligible, compared to the compressive ones.
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fc .ft G!,c Gf G!,c /G

Masonry Type
IN/mm*] | IN/mm’] | [N/mm] [N/mm] -]

Disarranged
masonry of 1,00 1,80]0,01 0,02|15,43 15,76/ 0,0016 0,0022|9687,34 7123,22
cobbles/boulders

Masonry of
roughhewed |2,00 3,00|0,02 0,03]15,85 16,26/ 0,0024 0,0031|6725,46 5301,74
stones

Masonry of cut

stones 2,60 3,80|0,03 0,04]16,08 16,58| 0,0033 0,0040| 4915,69 4167,12

Masonry of soft

stones 1,40 2,400,001 0,02 15,59 16,01} 0,0020 0,0027|7738,10 5981,53

Masonry of
squared stone | 6,00 8,00|0,05 0,06|17,45 18,21| 0,0046 0,0056] 3823,81 3262,38
blocks

Brickwork of solid
blocks and lime | 2,40 4,00]0,03 0,05]16,01 16,66] 0,0034 0,0046 [ 4659,94 3595,40
mortar

Brickwork of
semisolid blocks | 5,00 8,00]0,12 0,16 |17,06 18,21] 0,0091 0,0111|1881,45 1641,94
and cem. mortar

Brickworks of air

) 4,00 6,00]0,15 0,20|16,66 17,45]0,0106 0,0130]1571,86 1345,94
bricks (45%)

Brickworks of air

3,00 4,00]0,05 0,07]|16,26 16,66] 0,0049 0,0059]3309,16 2822,53
bricks (<45%)

Masonry of
concrete air- 3,00 4,40|0,09 0,12 16,26 16,82] 0,0074 0,0091] 2192,94 1855,23
blocks (45-65%)

Masonry of
concrete air- 1,50 2,00]0,05 0,06|15,64 15,85|0,0047 0,0057]3299,17 2758,88
blocks {45-65%)

Tab.2.1: Reference mechanical strength and stiffness of different types of coarse masonry
with poor mortar. Compressive and tensile strengtnfl f, compressive and tensile
fracture energy Gand G
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Chapter 3

NORMAL RIGID NO -TENSION (NRNT) MODEL

Prologue In this chapterwe adopt the simplest possible unilateraldel for masonry,
namely the Normal Rigid N@ensionmodel

The fundamental assumptions for tiBNT model,arethe netension assumption and

the nomality law of the total straifcoinciding with theanelastic sain) to the cone of
admissible stress states. Thanks to the rule of normality, the theorems of Limit Analysis
can be applied, in order to assess the ultimate capacity of masonry buildings, described
through a unilateral model.

When adoping the NoTensionassumptionthe systematic use of singular stress and
strain fieldscan be a powerful tool in trenalysis of thatructural modelSingular strains
arecommonlyusedin perfect plasticitywhile the use of singular stress fielddthough
introduced for the first time in a mathematically unconscious way éy N28](1840),

has been rigorously formutkad by LucchesiSilhaviand Zanionly in 2005 [29].

3.1 The Rigid No-Tension material

Themasonry structure is identified with the sgt m* TFm , i.e. itis considered closed
on M and opened on the rest of the bounddny being the constrained part of the
boundary The body is composed of Rigid N@nsion material, that is the strésss
negative semidefinite:

AN Yo ah (3.1)

the effective strait"=E(u) i E, is positive semidefinite:
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N Yo ah (3.2)

Y& GRY o & being the convex cones of negative semidefinite and poséividefinite
symmetric tensors arkl being the given eigenstrairand the strest does no work for
the corresponding effective straift E

noX m8 (3.3)

The effective straifE” is the latent strain, that & positive definite tensor field, which
does no work for the corresponding stress, and represents detachment f(aewires
[30).E"i s a sort of fr ea cdtdthe cohstraingdnstresa@Btli o n
In order to avoid trivial incompatible loads ), it is assumed that the tractigsatisfy
thecondition:

13 mhi Ol hlovtm 8 (3.4)
In theplane case (n=2), conditior3.]) and 8.2) can be written as follosy
off m hQGo nh (3.5)

O mhQd® ns8 (3.6)

3.1.1 The boundary value problem

We consider the typical boundary value problem (BY&?)a continuum 2d body)
whoseboundary! njis partly loadedand partlyconstrained Then we consider the
equilibrium equations and the boundary conditions for the stress field, as well as the
normality law for the inelastic strain, which arises whele@chment occurs.

It is assumed that the body™ g (here n=2), loaded by the given tractigisn the
part! m of the boundary, and subject to given displacemem the complementary,
constrained part of the boundary , is in equilibrium under the action of such given
surface displacements and tractions, besides body loaaisd distortionsg, and
undergoes displacement andlocal deformations so small that the infinitesirathin
E(u) is a proper strain measure

Thedata of the problem allectivelydenoted asl = (u, E; s, b). When eigenstrains
are considered, under the small strain assumption, the total E{tgiis decomposed
additively as follovs: E(u)=E" + E, beingE" the effectivestrain of the material.

The boundary value problem can be formulated as follows:
AFind a di s pandtbheeaties stiainsfandesteess field such that
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TN ¥ p < TN © ool ol

K A - 1 1 h KyYoah' 71é& h
-G (3.7)
Q@ "H mhiy"Yoahfs T1é& h 3.9
RIK mo, 3.9

= being the unit outward normalfto .

We introduce the sets of kinematically admissible displacemengnd of statically
admissible stresség defined as follows:

v

O INCYEBA AT ARKNYoah 1égm o, (3.10)

O ANTY@EBQAO H mhANYoa hi= 1€ dm (3.11)

"Yi"gbeing two suiible function spaces. As observed[R8], a sensible choice for these
spaces iSYk YO and™&k YO Dthat is the spaces of Special Bounded Variation and
of Special Bounded Measures. A solution of the bvp for madik@ystructures is a
triplet “INX "I A suchthatl™ O, A~ QandijJX "I T

3.1.2 Singular stress fields

If the differential equations of equilibrium are considered strang sensehe stress
field T must be differentiable and its divergence must be contin@usadopting a
variational formulationif the material is linear elastic, the minimal requestTds to
be square summable, that is:

A0 H (3.12)

For some rigid perfectlglastic materials (such as rigid unilateral materials), less regular
and even singular stresses may be admitted. The minimal request for such materials is
thatT be summable:

M AQO Hb. (3.13)
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If one admits stress fields that are only summatile set of competing functions
enlarges to bounded measures, that is to summable distribiytions

dis Hb (3.14)
which, in general, can be decomposed into the sum of two parts:
A Ay A (3.15)

wheref, is absolutely continuous with respect to the area measure (fhas ia density
per unit area) anyis the singular part.

If the stress field is summable (and also if it is square summable), it is not differentiable
in a strong sense, and theudiprium equations have to be reformulated in variational
form, e.g. through the Virtual Work equation:

ROATTQG . 1D1QI . "HI'1Qchi 1IN O, (3.16)

whereU s the set of statically admissible stress field, whose expression is:

A AN YMiE'A0 Mk €4 mmIy Yo, (3.17)

Singular stresses require also special modifications of the boundary conditions; the trace
of the stres§) on the loaded part of the boundary is not given byif fj is singular

As reported in [30], when we consider theoundary conditios related to the stress
tensor, the emerging stress vectd] onthe loaded paltm , that isits traceat the
boundary is not expressed in@auchy form'l |  fj=, unless is regular. Iffj is a

line Dirac delta of the formfy 07 3 "I " andthe line of thrust3 crosses the
boundary at a poir@ M 3 at an angle, thati$> 1 then'l i 01 8 "l Thespecial

case in which the linef thrusta is tangent tahe boundaryfm , deserves a special
attention. In such a caseven ifany stress vectdt | emergest the boundary due to

the singular stress, the boundary conditipn "I mustbe modified, sincesingular

stress concentrated arcan balance, wholly or in pathe given tractiond. Therefore,

the sign of the normal component of the tractiarigen along the boundarys not

locally restricted, and, if the boundary is localbncavepurely tangential tractions and

even tensile loads may be applied. In particufathe interface is straight, equilibrium

and material restrictions can be enforced if and orihGf 11, butthe quantity’l
is the unit tangent vector to the boundary; is still not restricted.
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3.1.3 Singular strain fields

Furthermore, we recall thatdisplacement fieldl is said to becompatibleif, besides
beingregular enougtor the corresponding infinitesimal straf’l to exist,’| satisfies
the boundary conditions on the constrainedfpayt of the boundary:

Tl dm . (3.18)

For linearly elastic bodies, on adopting a variational formulation, the usual assumption
is thatE be square summable, that is:

. (3.19)
. ADAQ @ Hb,

for some rigid, perfectly plastic (or rigid unilateral) materials, it is sufficient to assume
thatE be summable:

NAJEQ & Hb. (3.20)

As before, the set of comijiey functions enlarges to bounded measures, that is to
summabledistributions’ then the displacementcan admit finite discontinuities, i.e.

“| can be a function with bounded variatidh.’Awere the whole gradient 6&f, the
summability ofAwould entail:"I ¥ & @, exactly.SinceAis only the symmetric part

of 1”1, "I must belong to a larger spade’On) . The strain corresponding ‘tois again a
bounded measure:

s . (3.22)
which, in general, can be decomposed into the sum of two parts:
A A A (3.22)

where'A is absolutely continuous with respect to the area measure (Has ia density
per unit area) an@ is the singular parfA has support on the union of a set of linear 1d
measure (the jump set @) and aset of fractional measures

If In 6 Om, that is”l can be discontinuoughe undary conditioril  "IT T m
makes no sensé& way to keep alive thboundary conditiorof Dirichelet type is to
identify the masonry body with the sgt  Fim) , rather han withthe domairm (usually

an open setiand to assume tha8t must comply with the constraifit "l on theskin

T m , admitting possible singularities of the strain at the constrained bouridteany,
from here onwe identify the masonry body withe set” F) .
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Given the displacement fieltlof 0, by taking the gradient &f, in a classical sense’l

is regular,and in a generalized sensé€liis singular,the strainA“l is derived.Vice
versa, ifAof 6 is given, the possibility of integrating the componétsto get (possibly
discontinuous) componentd of "I, is submitted to the necessary compatibility
conditions (also sufficient ifjis simply connected):

Ofp ©Opf ¢O; 1th (3.23)

where a comma followed by an index, sgymeans differentiation with respectdo.

Only admitting discontinuous displacements this condition can be interpreted in a
generalized sense and applied (with some care), also to discontinuous, and even singular,
strains.

The c¢class of functions that c alargelsiaceit s ed
includes both continuous and discontinuous and even singular fields. In particular,
singular strain fields are associated to piecewise linear discontinuous displacements,
whilst singular stress fields can be interpreted as the internasfadsing in 1d
structures located inside the 2d structlmethe present work, we refer to a specific set

of functions contained in this large class, namely the set of piecewise rigid
displacements.

3.1.4 Stress and strain as line Dirac deltas

When we adopinilateral models for masonry materials, it makes sense to admit singular
stresses and strains, that is stress figldad strain field$Athat can be concentrated on
lines, named lineDirac deltas These distributionsare not functions in a strict
mathematicabense since they assign finite values to all poiats m, except to those
belonging to a set of lines of Tm , to whichinfinite values are associateinyway,

these infinite values must be such that these stresses or strains be surhatdble, t

dis bh o b, (3.24)

or, in other words) and’Amust be bounded measures. We @all the set of bounded
measures on)’ TFm . Line Dirac delta are special bounded measu[23].

Hence we restrict to consider stress and strain fiaktseingspecial bounded measures,
namely Dirac deltas with support on a finite number of regular arcs.

Regardinghestrain, special displacement fields of bounded variation can be considered.
In particular, restricting to discontinuous displacement fieldshaving finite
discontinuities on a finite number of regular ascghe strainA”l is composed by
regular parfA , that is a diffuseleformation overm) 3, and a singular pat, in the

form of Dirac delta, concentrated an
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We can interprethe jump of’l along3 as a fracturesinces is the crack surface that
separates the body into two parts(seeFig. 3.1) andthe jump of’l represents the
relative translation of the two parts

Fig. 3.1: Discontinuous displacement along a straight line
unit tangent and normalmto G [23]

On such line, the jump &F can be expressed as follgw
dla 1 "1, (3.25)

where"landi are the unit tangent and normalat@nd”l is the displacement on the
side of3 wherel points The jump of'l can be decomposed into normal and tangential
components:

Yo d1ad hYo  d16018 (3.26)

Moreover on any crackhe unilateral restriction about th@n-conmpenérability of
matter requireghat conditionY0 1 must hold. The strain’A corresponding taa
piecewisaigid displacementield “l is zero everywhere am 3 and is singular on:

AT s a0f &i gwm gym' &1 R (3.27)

whergl 3 is the line Dirac delta with support ani is the unit normal t@, "lis the
unit tangent t@, andz0 is the amplitude of the fracture.

Regardinghe stressif the stress field is nan-singular (sayj ¥ 0 n) ), on a possible
discontinuity lines, for equilibrium, the stress emergiog3 must be continuoudhen,
at any regular point af, denotingwith m the unit normal t@, the stres§ must satisfy
thefollowing condition:
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n Qi , (3.28)

wherelj is the stress on the sidewherei points.Then, iff ¥ 0 m, the possible
jumps offj must be restricted to the partiphotemerging ors. If fj is singular, say a
Dirac delta ors, also the part aff emerging ors can be discontinuous.

The unbalanced emerging stress:
| 1] n i, (3.29)
in equilibrium,must be balanced by the stress concentrated(seeFig. 3.2).

qds
N(s)

\/,,,ds ?

7

Fig. 3.2: Stress singularity: forces acting on the cutvg23]

Referring for notations td-ig. 3.2, the representation of the singular garbf fj on s,
is:

R 001 3@, (3.30)

wherel i is the intensity of the axial lodd, 3 is the line Dirac delta with support on
3, and’lis the unit tangent t8; therefore g must be zero i8 is straightIf the material
is No-Tension, he unilateral assumption on stress implies the condition:

0 i T, (3.31)

that means that only compressive axial forces are admitted along the interface

315Airybds stress function f or mt

In absence of body forcels<0), the equilibrium equations admit the following solution
in terms of a scalar functide
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Y @ hY @ h'Y @ 8 (3.32)

This is the genefasolution of the equilibrium equations, if the loads se#balanced
on any closed boundary delimitimg(see [31]). The boundary conditiorfj T I on
T m , mustbe reformulated in terms &f Denotingx(s) the parametrization bf) with
the arc length, theoundary conditiomon F are:

.. 2 Q0 . - (3.33)
Oi a i haUSI €8mh

in which'Q '10Q Uis the normal derivative df at the boundary (that is the slopeFoin

the direction ofn) and& i FE i are the moment of contact and the axial force of
contact produced by the tractioiid , on a beam structure having the same shape of

T m and cut at the point T8

Regular and singular equilibrated stress fields can be derived by stress functions meeting
the prescribetboundary conditiomn F and'Q 10Q 0 The projection of a fold of onm

is called folding line and is denot&dth 3. On a fold off, the second derivative &

with respect to the normal to the folding lines, is a Dirac delta with support an
Therefore, along the Hessiad (F) of the stress functioR is a dyad of the form:

§'0 Y'Osiai h (3.34)
whereY "Gis the jump of slope df in the direction of the normél to 3. Recalling the
Airydéds relation, the corresponding singul a
R 0673 &"IA (3.35)

where the axial contact fordeis given by:

5 = 08 (3.36)

3.1.6 The equilibrium problem: gtically admissible stress fields

A stress fieldj is saidstatically admissibléor aNRNT body when it isin equilibrium
with the body forcéHand the tractiond on Fim , that is it is an equilibrated stress field,
and also satfies the unilateral condition (2,3or equivalenthycondition (2.5 in a plane
caseThen, the set of statically admissible stress fields:

O ANTYm igQ@O H A= ¢ am MY Yodh (3.37)
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where"Ym is a functionspaceof convenient regularity, whicior RNT materials, can
be assumed as tlset of bounded measurésm - m. The set of functions which
compete forequilibrium for NRNT materialsis so large that the search shtically
admissiblestress fieldbecome®asier

The equilibrium is imposed imariational form in order to reformulate the differential
equations for noismoothij, this can be done hysing the Virtual Work PrincipléThus,
we introduce the set of virtual displacements:

0 1°1N"Y m i &8 ¢&m h (3.38)
the stress field) is in equilibrium with the force systefiiH if and only if:

AN "HD I RIATTT ApIvq+8 (3.39)

"Y m is a functiorspaceof convenient regularity and,fif¥ O m, condition"Y m
0 m occurs which ensures the possibility of computing the internal virtual work.

Referring to any statically admissible stress figldhe domainm m° Fm can be
partitioned as follows:

m oNmigdn mhQ'®o mh (3.40)
m oM misdd i TAQG T h (3.41)
m oNmiad) m 8 (3.42)

Hence by representinghestress fieldl through the following spectral decomposition:

n .1 ai L L al h (3.43)
the setm) containsbiaxid compressiyest[eses (s h, 1), the setm contains
uniaxial compression strees(f] ,, 1 ai h, 1) and the sat) is inert.The form and

the regularity of these regions depend on the smoothndsamd even in the case in
which these regions degenerdtg admitting bounded measurdbat is Dirac deltas
with support on a finite number of regular grdee domaim) m° TFim can be still
partitioned in this way.
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In absence of body forces, we can express a statically admissible stresefietihg
to a scalar functi on thHe unilateeaincenditiomforthg siress f un c t
field fj, in the plane casean be rewritten as follosy

o @ @ nNhAAO @@ Q@ mh (3.44)

Then sincethe HessiaH(F) of F is negative semidefinitéhe stress functioR must
be concavethus in absence of body forcge equilibrium problem for &lo-Tension
materialtranslats into the search of a concave functienwhose slope and value are
specifiedon the part m of the boundary.

3.1.7 The kinematical problem: lnematically admissible displacement fields

Whena displacement field satisfies the boundary conditioits "l on the constrained
part! m of the boundary, such that the effective strain A"l ‘A is positive
semidefinite it is definedkinematically admissibléor aNRNT body, and it is denoted
K:

O INTYm ig&8l 1EgmhA AT ANYodh (3.45)

where”Ym is a functionspaceof convenient regularitandm)  m° T .

Since for a Normal Rigid No-Tension material we can consider discontinuous
displacements, it can be assumed that the funspan€Yn) is represented by the set

of functions of bounded variatiprthat is for example functions”l admitting finite
discontinuities, which consist in finite jumps on a finite number of regular arcs.

Since the derivative ¢f does not exist in a classical sense, and the tratewnfim is

not well definedwe reformulate the relation betwedhandl in a weak form by
imposing the compatibility in a variational form, namely by using the Complementary
Virtual Work Princige. Hence, we introduce the set of virtual stress field:

O TANTY m iaQy]  hi- €qdm h (3.46)

the displacement field is compatible witithe kinematical dataIhA if and only if

42



Chapter 3- NORMAL RIGID NGTENSION (NRNTMODEL

e e e g (3.47)
1At Jl 110 JA TAJATTHIANT O

where"Y n) is a function space of convenient regularityve consider, as in the case
of linear elasticity, thatl ¥ "O m), then conditioiY m 0 m guaranteethatthe
internal virtual work is finitelf "I ¥ " 6m, the possibility of computing the internal
virtual work is ensured by conditi6N mp  6Jm.

3.1.8 Compatibilityand incompatibilityof loads and distortions

The loads "IFH and the distortions’IiA represent thelataof a general BVP for a
NRNT body. For NRNT materials, tie equilibrium problemand the kinematical
problem that is the search of admissible strasd displacemerfields for given data,
are urtoupled exceptwhen we refer tahe conditionwhich implies that thenasonry
materialdo not dissipate emgy; that isfj JA

“ RH a € Qi
“TINA QQi 061 0 QE ¢

When we refer to AIRNT material, the existence of statically admissible stress fields
for given loads and kinematicalbdmissible displacement fields for given distortion is
submitted to particular conditions, named compatibility conditions of the data. Hence,
we define compatible loads, the dat#iH for which the set of statically admissible
stress field H is not epty, as well as compatible distortions, the d4tBA such that

the set of kinematical admissible displacement field K is not empty:

TEQH € 6 1) O o 0 h (3.48)
BQE a N BN 8 (3.49)

Hence, we can check the compatibility of loads and distortions by constructing a
statically admissible stress field and a kinematically admissible displacement field.
However,the compatibility of/band /B is necessary but not sufficient to prove the
exisence of a solution to the BVP foNd&RNT material, since also the material restriction
about the absence of intehaiéssipation must be satisfied

There is alsorindirectway to verify the incompatibility of loads and distortions, which
implies to considethe sets:
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A AINYmM i88QAT hRX €& mmMIv Yod (3.50)

0J IOV Ym i 8871 €2m hA"IJN"Yoah (3.51)

which canreduce to theorresponding null stress and strain fiesdtsH®° and K°°,
depending on the geometry of the boundafyhe loads and of the constraints.

The incompatibility of bads can be assesseifollows:

JEQG € & 1) & otiQBEQUJ i 88OEIXO 1 h (3.52)

JBQDE G n o OO IQQ) | BIBHMIO 1 8 (3.53)

The incompatibility of loads implies the absence of equilibrium and the possibility of
indefinite acceleratiorfor the structure; the incompatibility of distortions implies the
absence of zero energy mode®ugh which the kinematical data can be accommodated.

3.2 The Equilibrium problem : Limit Analysis

As we have seen, the boundary value problem for madiker¢{NRNT) materials can

be split in two problems, that is the kinematical problem and the equilibrium problem.

The first consists in the search of a kinematically admissible displacement field, that is
a displacement field belonging to the set K, the latter carisishe search of a statically
admissible stress fields, that is a stress field belonging to the set H.

Considering the equilibriurproblem for a structurenade ofNRNT material (that is a
structure occupyinthe domainmy subject to the action of body loddt$constrained on

the parffm) of the boundary and loaded by given tractidnga the remaining paifin ),

we observe that the material restrictions defining NRNT materials are sufficiethiefor

theorems of LimitAnalysisto be valid

The theorems of Limit Aalysis are strictly connected ttee compatibility of load data
"IFH (see§ 3.1.8, as it will be seen belovin what follows we give a short account of

the theory on which the theorems of Limit Analysis are constructed.

3.2.1 Theorems of Limit Analysis

We refer to perfecthplastic materials, characterized by an associate plastic potential,
according to the normality law and the stability postulate by Drucker: such materials are
briefly defined asormal materialor stable materials
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In Appendix B the basic ingredients of kinematics, balance laws and material
restrictions characterizing perfectly plastic materials are given in detail. Who is already
familiar with the Plasticity theory can skifppendix B and read directly what follows.
When we consider an elaspitastic material, stresses cannot grow indefinitely, since
they cannot exceed the yielding limits; for this reason, the body lBadd the tractions

"I cannot be indefinitely amplified.

We now introduce some definitions.

We defineplastic collapsea state for which the structure, in whole or in part, suffers an
unbounded acceleration driven by the given lodli$1. The fact that the loads drive the
acceleration is attested by a positive value of the kinetic energy of the system.

We observe that during collapse both the strains and the displacements grow indefinitely
either over the whole structure or in a part oflite part of the displacemengffi, which
indefinitely growsat collapsedndthe allied strainsjlefines a collapse mechanism

The stress fieldl is calledstatically admissible stress figlid it satisfies the equilibrium
equations 3.54) and the boundary equatiorsg5):

T ” 5 g N s (3-54)
—— w Th N wh
Tw
. & 1 h vt dh (3.55)
as well as théeasibility condition:
"Qa nth (3.56)

being¢ the outwarchormalto &, whose boundary 1s @

We call admissibleloads the load system“IiH which is in equilibrium with the
admissible stress field . The set "IRHid is said to be equilibrated. The collapse load
system "IFH and the stresd at collapse, represent thdmissible loagension system
IRHA determined under thepllapse of the structure.

The stress fieldl is calledstatically safe stress fielor safe stress fieldf it satisfies
the equilibrium equations3(54 and the boundary equation3.85, and also the
compatibility condition:

Qd  mh (3.57)
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and the load systeniHh| , which is in equilibrium with this safe stress figisl said
safe load system

We consider thdisplacementate field I , which satisfieshe kinematic conditionsn
the constrained boundary of the domdin

Tl h oNtTwh (3.58)

The corresponding infinitesimadtrains rate field, which satisfies the kinematic
conditions with’l are expressed as follgw

5 ) . 3.59
STL‘T—‘ hoov1 s (3-59)

The set "l IR is saidkinematicallyadmissible strairdisplacement fieldor briefly
admissible kinematism

3.2.2 Static Theorem of Plastic Collapse

Part I. If a load progranis assigned, the existence of a statically safe stresgfieltbr
eachinstant of the load program, is a sufficieondition so that the plastic collapse will
not occur

Part Il. The structure cannot stain an external load systemtlifere is not even an
admissible stress distributidh . In such a case, indeed, #guilibrium is not possible
unless we violate the yielding limit. Hencellapse willoccur

The Theorems of Limit Analysis can be enunciated through a very intuitive and

discursive wayas follows

I.  The structure does not collapse under an assignedadwalition, if there exist

at least one statically admissible stress field which is in equilibrium with the

external load.

Il. The structure does collapse under an assigned load condition, if there exist at
least one kinematicallgdmissible mechanism such that the power dissipated

inside the material is lower than the power produced by the external loads.
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3.2.3 Limit Analysis for NRNT Materials

TheStatic Theoremstates that the load datiiH do not produce collapsi there exists
at least ondalancedstress field of pure compression and balancing the load tiéita

TheKinematical heoremstates that the given loagsoduce collapséf there exiss at

least one kinematically admissible displacement figlfor which the load dataliH
perform positive work. Such a displacement field, that is -alidong, neshortening
deformationsatisfying homogeneous boundary conditions on the constrained part of the
boundary, represents a possible collapse mechalmghis casethestructure is not in
equilibrium and will accelerate.

3.3 The kinematical problem: an energy criterion

With the NRNTmodel, the problem of equilibrium, that is the search of a statically
admissible stress field, and the kinematical probtbat,is the search of a kinematically
admissible displacement field, are essentially uncoupled, then they can be treated
separately.

The only equation which couples them is the condition that the internal work density
must be zero; then we say that tlduson of the equilibriunproblemis reconcilable

with the solution of the kinematicakoblem if the stress corresponding to the former
does, point by point, zero work for the strain corresponding to the latter. Actually, the
kinematical problem is not completely independent of the equilibrium one. When a
mechanism due to settlements or distotids activated in a part of the structure, that
part becomes statically determined and the reactive forces in that part can be obtained
from the equilibrium equations. This behaviour is illustrated with a simple exan®le in

1.2

Although he kinematical dataliA are not at all secondary for masonry analysis, for
which fractures and craslare associated to compatible mechanism provoked by such a
kind of actionstheydo not appear into the theorems of Limit Analysis, then they are
irrelevant for the assessment of structural safer@gsassuming indeed,that the
unilateral material is rigid in compression, cannot withstand any tensions aod is n
dissipative the reference equilibrium geomeisynot affected by the kinematical data;
this is also a consequence of the small displacement assumption.

Then, whethesettlementsare considered or natinder the action of given loadise
structural geometry in stabl€his condition is particularly advantageous, since most of
the time the kinematical data are not known in detail, as the external fdozesver, n

real problems, the effect of these d#aassociated to a specific crack pattemnich
implies acompatible mechanisthatcan be deduced through an inverse analysis.
Moreover, among all the infinite possible kinematically admissible displacement fields,
the special mechanism activated by the kinematical 8é#&, also depends on the load

data "IFH.
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3.3.1 The kinematical problem

Regarding the kinematical probleifhthe kinematical data cannot be adjusted through a
compatible mechanisnthat is a neshortening, nesliding displacement complying with
the boundary constraints, the structure must defarensay that the problem does not
admit a solutionThen we can recall the existence and-agistence theorems.

Compatibilitytheorem The kinematical data|iA are compatible if there exists at least
one displacement field which is kinematicallyadmissible, complyingvith the NRNT
restrictionsandsatisfyingthe given boundary conditions.

Incompatibilitytheorem The given kinematical datali/A are not compatible if there
exists a statically admissible stress field, whose eigenstressll negative, which
perforns positive work for these data.

Remark 2. It can be observed that tksmematical and the equilibriuproblems can be
incompatible, in the sense thlabth the setst, 'O can beempty In particular, the
compatibility of theequilibrium problenis the key issue of the two theorems of Limit
Analysis, which deal with the possibility of collapse of the structure.

3.3.2 The energy criterion

In the case study here analysed, it is assumed th&driematical and the equilibrium
problems are both compatible, that is the 8et©are not voidand that collapse is not
possible. A trivial case of compatibility of the kinematical problem and equilibrium
problem occurs when the displacement datath@dbad data are zero respectively.

When trying to solve the kinematical problem, the problem arises of selecting, among
the possibly many kinematically admissible displacement fields, responding to the given
kinematical data (settlements and distortjpnthe ones that guarantee also the
equilibrium of the loads imposed on the structure. For elastic, and even for some elastic
brittle materials, these states, that we can call solutions of the boundary value problem,
can be found by searching for the minim of some, suitably defined, form of energy.

For elastiebrittle materials this energy is the sum of the potential energy of the loads, of
the elastic energy and of the interface energy necessary to activate a crack on an internal
surface (sed32], [33], [34]). For elastic materialét is the sum of the potential energy

of the |l oads and of the el inisjusttlce patemt@lr gy . F
energy of the loads.

Then we may search a displacement field which is the solution of the kinematical
boundary value problem, by minimizing the potential energgf the loads over a
convenient function set, namely the set of piecewise rigid displacer@antsminimum
problemis formulated as follows:

fiFind adisplacement fiel¢ JN U, such that
5 0 [ E§ 0,0 (3.60)

ON
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where

5 "l T131Qi "HOIA A (3.61)

is the potential energy of the given loads.

The numerical approximation of the solution of the kinematical problem is the object of
somepapers gee [35], [36], [37], [38]). A trivial example of the application of the
energy criterion to a simple structure composed of rigid blocks, is simogtn2.

The proof of the existence of the minimizZéd of s "I for "IN 0, is a comfex
mathematical question, as observed3i]. On assuming that theénematic problenis
compatible (thati® 1 , what we can easily show is that:

a. Ifthe load is compatible (that® 1) the linear functionad 6 is bounded from
below.

b. If the triplet "IHA"IJ MJ is a solution of the bvp, it corresponds to a weak
minimum of the functionad "I .

Proofs.

a. If the load is compatiblehen there exists a stress figjd' "Q through which the
functionals "I defined onb, for any’I ¥ 0, can be rewritten dsllows:

5 0 CToIQi L THIIQO
. . . (3.62)
TR OIQi . RAJAT QG

"I i being the trace off at the boundaryAssuming that the displacement data are
sufficiently regular (say continuous), beifigfi a bounded measuyré¢he integral

viy 31 Qiis finite; then, sincél ¥ "Y® aand’AN "Y® ¢, the volume integral is
nonnegative, and “l is bounded from below.

b.If "IFA"II FJ is a solution of the bvp, then, for afty U, we can write
8l 8 "IJ . 07 Qi "HOTT IIQ®

o . . (3.63)
RIDAT A1 Q6

Theresuls "I s "IJ T h! "I~ O, follows formnormality (see[39]).

The physical interpretation of the above result is the following. Since the displacement
field solving the bv.p corresponds to a statevaéakminimum for the energy, then it is
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a neutrally stable equilibrium state, in the sense that the transitioditfer@nt state
requires a nomegative supply of energy.

Based on the minimum principle, if treguilibrium problemis compatible and the
kinenatical problemis homogeneous| is a minimum solution. Indeed, in such a
case

5 "l TOIQI CHOIQ® RJAT Qb (3.64)

i being any element 60 Since theight-handside of (3.6} is non-negative s T

is the minimum ok and’l is a minimizer of the potential energy. Notice that, in
this case, anij M "Ois a possible solution in terms of stress, S mtfor any

n.

An approximate solution of the minimum problem can be obtained, by restricting the
search of theninimum in the restricted class of piecewise rigid displaceménthis

case, the infinite dimensional space is discretized by considering a finite partition of the
domainminto a numbeM of rigid piecesm with 'Q pH8 f) such that the sum of the
relative perimeterd m s a finite quantityThe boundaryfim of these rigid pieces)

is composed im segments, whose extremities are denoted with 0 and 1 and whose
length is'TbThe segments, calledinterfacesconsist of the common boundaries between
both two inner adjacent elemersd an inner element and the constrained boundary.
Hence, we refer to thminimum problem where the displacement variabkelong to

a partitioned set, that'iEN 0

s | ETs "I 8 (3.65)

In this case, we represent the generic piecewise rigid displacement through the vector
of 6M components, represented by thd figid body parameters of translat®and
rotations of the elements, for which the assumption about positive semidefinite strain
must hold. When we refer fmecewise rigid displacementhich are the most frequent

and evident manifestation of masonry deformation in real masmmstructionsthe

strain is concentrated along the interfagesnd on eachinterface,we consider the
unilateral conditions and the absence of sliding among blddies.associated stress
vector mussatisfythe negative semidefinite condition, thattisnust be a compressive
stress field.

As pointed out in [40], fhepiecewise rigid displacementare not at all simple
displacement fields for a continuum, and are usually ruled out in the standard numerical
codes for fluids and solids which are employed to handle the complex boundary value
problems of continuum mechanics. The main difficulty witliscdntinuous
displacements, besides the managing of the singularity of strain for deformable
materials, is the fact that the location of the support of the singularity (that is of the jump
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set of the di spl ace me nThij lattersseeisdiscusged wittvn i n
the aid of some simple exampiaghe forthcoming papef36].

The situation becomes simpler if the interfaces between rigid parts can be fixed in
advance, as iactually the case for masonry structures composed by monolithic blocks.
In such a caseve may search the piecewise rigid displacement field by minimizing the
potential energy of the loads applied to a known structure, formedMY diven rigid
blocks in unilateral contact without sliding with the soil and among each other. We can
consider, as primal variable, the vectbof the rigid body parametersNbin space
problems) of the structure; the functiomalis linear in’l, then he minimization ofs
reduces to the minimization of a linear functional under linear unilateral and bilateral
constraints. Such a problem is an easy problem of convex analysis that céretde so
with Linear Programmingsee [40], [41], [42)).
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Chapter 4
APPLICATIONS TO STRUCTURES MADE OF RIGID

BLOCKS

Prologue The main mechanical aspect of masonry structurethas essentially
unilateral behaviour. Such structures may actually fracture everywhere at their inside,
forming rigid blocks in relative displacement among each other. Such piecewise rigid
body displacements in masonry are physiological, and ratherthbaresult of over
loading, are most likely the direct product of small changes of the dispéat type
boundary conditions.

It can be observed as, while for a standard-deéermined structure, subject to bilateral
constraints, the effect of small settients and eigenstrains has a high probability of
determining a substantial change of the internal forces, a structure subject to unilateral
constraints, even if heavily oveonstrained, is more prone to compensate the effect of
large settlements withoany increase of the internal forces, through the mobilization of
zero energy modes.

Furthermore, for a standard structure the existence of an equilibrium solution can be
ensuredonly by virtue of its geometry and constraints and, if zero energy modes are
admitted, the possibility of maintaining the equilibrium solution is severely restricted.
Instead, for unilateral structures the equilibrium solution depends only on the loads and
the coexistence of equilibrium solutions and of zero energy dissipation migoka

such as piecewise rigid displacements, is usually the rule.

When a mechanism due to settlements or distortions is activated in a part of the structure,
that part becomes statically determined and the reactive forces in that part can be
obtained fronthe equilibrium equations.

Here a simple model, based essentially on
equilibrium of masonry structures made of monolithic pieces, in particular cantilevered
stairs, or, more precisely, spiral stairs, compagedonolithic steps, with an open well
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are analysedl'he modellingof masonry structures made of monolithic blocks, through
distinct element methods, has become popular in recent yeargl83e¢44]).The case

of cantilevered stairs is analysed with a discrete element approach by RiBéagirid

the forthcoming papef45].

As obseved by Heyman in his papd#6], the basic structural action for a cantilevered
stair of small flight (quarter or half landing) is twist of individual treads, leading to shear
stresse in the masonry; such stresses are low for short stairs, but become more and more
harmful than direct compression for long flights. In a recent work by AngdWlid,

based on a continuous approximation of the stair structure, it is shown as the torsional
Heymands mechani sm c anLkdregime, @iviigirisedodargeyi t h
compressive forces and to moderate torsional torques, whose intensity reachessia plat
for long flights.

In the present work, we obtain a practical confirmation of the complementarity of
Heyman and Rirdiike stress regimes, for the case study of the triple helical stair of San
Domingos de Bonaval, by employing a discrete model. In dadgenerate statically
admissible sets of internal forces, likely sets of given settlements of the constraints are
considered and the corresponding piecewise rigid displacements are found by
minimizing the potential energy. The moving part of the strectisr statically
determined, then the dual static problem is dealt with by solving the equilibrium of the
entire structure and of the individual steps. The whole calculation procedure is carried
out with the programming language Matlab.

4.1 Case study

The present work concerns the study of the equilibrium and of the effect of settlements
in structures made of monolithic blocks; in particular, as an illustration of the method,
we consider the case study of the triple helical stair of the convent of @aimdds de
Bonaval, built by the Galician Baroque architect Domingo de Andrade, in the XVII
century. The convent of San Domingos de Bonaval, founded by St. Dominic de Guzman
in 1219, is located in the countryside of San Domingos, in the Bonaval district of
Santiago de Compostela.

This triple helical staircase consists of three separate interwoven coils, that lead to
different storeys; only one of them reaches the upper viewpoint. Each step of the stair,
made of a whole stone piece of granite, is built theoouter cylindrical wall foa depth

of 0.3 m (sed-ig. 4.1). The steps are not in contact among each other but at their inner
end, where they form a rib dnthe giling is presentKig. 4.1d).
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c) d)
Fig. 4.1. Convent of San Domingos de Bonaval:
a), b), c) View of the triple helical stair; d) Detail of the steps

For what concerns the application of the unilateral model to vaults, the existing more
recent literature is rather vast; apart from the production of the school of Salerno,
originated bythe paper on the Lumped Stress MetHd8], and applied to vaults in the
papers by Fraternali et g49], Angelillo & Fortunato [5], Fraternali[50], and recently

by Angelillo et al in [51], we recall the pioneering work by O'Dwy¢52], and the
works by Block [53], Block et al [54], Vouga et al [55], De Goes et al[56], Block

and Lachauef57], Miki et al. [58] and Mamo and Rosat{59].

The equilibrium of helical stairs with an open well is formulated and applied to some
case studies if47], [60], [61].

The equilibrium of the staircase shownFig. 4.1 is studied by Angelillo in[47], by
appl yi ng moétel jormaasodrgmaterial (rigid stension), and considering that
each step behaves as a beam, supported and built in torsionally at the outer wall, and
simply supported at the inner rib, a structural element which can transmit only contact
compressivdorces.
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411 Heymandés solution

As observed by Heymaf#6], the basic structural action for a cantilevered stair for small
flight (quarter or half landing), is represented by twist of individual steps, which leads to
shear stresses in the masonry; such stresses are low for short stairs, but become more
harmful than direct compression for long flights.

Heyman considers that each step is supported by the step below on the free edge and it
is inserted ito the wall on the other edge, hence he models each step as a simply
supported bearfFig. 4.2). Considering that in the centroid of each stép applied the

load P, he obtains the reactive forces at the edges, equal to P/2. Proceeding from the top
to the bottom, the equilibrm on the second step is given by the forces applied in the

four edges of the step, then each step is subject to a terque-0 A

Fig. 4.2: iThe mechanics of PM&sonry stair:

The forces acting on the step 2 are given by the forces on the step 1 and that of the step
2, and so on. Thus, on the generic step, denotingwittihe step at the top of the stair,
and withWthe selfweight of the step, we have the following stress values:

. 7. . (4.1)

As can be seen, the bending moment is the same of that of a sinpplgrted beam,
while the torque linearly increases from the top to the bottom of the stair. It is evident
that this kind of model is valid only for stairs of modest heights, otherwise we could have
torque values too high for the steps near the groundghwirduld lead to their break.
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4.1.2 Continuum (RingLike) equilibrium solution

In a recent work by Angelilld47], based onrmapproximation of the stair structungth

a 2d curved continuupit is shown as the torsional mechanism, described by Heyman,
can be combined with a Ririgke regime, which determines large compressive forces
and to moderate torsional torques, whose intensity reaches a plateau for ldag fligh

In [47] the stair is considereals a helical surface, composed by radial segments AB
(representing the steps) and by a helical arch (representing the rib), on which the steps
transmit part of the load. The outer edge of the step is insettethexwall, where a
bending and torsionalpport is considered, while the inner edge of the step is simply
supported onop of the step below, this contact is modelled as a unilateral coGtact.
assuming that the stair is a membrahe,stresses concentrate on a surface (as a fan of
uniaxial stesses) and on a line, namely the internalfig. 4.3).

H=817m

Fig. 4.3: Unilateral 2d and 1d curved structures where compressive stresses and stress
resultants are concentrated

According toHeyma® behaviour the steps transmit to the line struct@eto which
the end points A of the steps are attached, a force, per unit leitgttiafcted vertically:
N RKE, and a resisting moment, per unit lengthGfdirected radiallyi 1 1. A
vertical loadg=q(A) is applied to the spiral arclvhilsta moment equal and opposite to
the distributed momentiue to the step load offset aacting onG, can be transmitted
by the steps to the wall, through torsional internal contact montedé®d the structure
Ghas no bending resistance and can transmit only contact forces R sugrdat,
since the materiaé unilateral.

From the equilibriumwe obtainthe internal generalizestresses, that the shear V(s),
the bending moment Ms) andthe torsional moment Ms) per unit length in the
membrane
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wheren is the constant load, is theinternal radius, is the angle of the stepndn is
the slope of the spiral.

As described in 8.1.1 Heyman assumes that the loads Q(A) are transferred from the
upper steps to the lower steps through vertical forces applied at the contact points
between the. The forces transmitted to the stdyy the upper stepl and by the lower

stepi+1 are vertical forces balanced with the vertical load dubdcsted and form a
torque,representing a torsional moment acting on the step. The torque value increases

on proceeding from the upper steps to the lower steps and prodsitksthe stegshear

stresses (that is tensile stresses) that remain low if the torque is not too high.

Then, the Heymands sobrhoderatdlght, otheswise thereiwduldf o r s
be too high torque values, gmbnsequety, undesiedtensile stresses.

It is evident that another solution is necessary. For this rea@sori47], with the
continuumsolution,t he combi nati on of Hey marikes r es L
behaviouiis consideredFig. 4.4).

Heyman + Ring-Like
R(i-1) Ql
aw, [ @D B Al I
Ak o .10} r /T

(i+1)

R(i+1)

Fig. 4.4 Coupling of -Hkebemwioutsig7] and Ri ng

Considering th&ing-Like behaviourthere is an axial contact forge . Gtangent to

the spiral arcl. Moreover, the steps, besides the vertical [adN E acting onGand
defined per unit length @, transfer to the spiral arch at each point dB, a distributed
compressive force r (defined per unit of lengthGfcontained inside the steps and
belonging to the pland e , that isO OE Ol.

From the equilibrium, we obtain a constant axial force N, which is tangent to the spiral
archG. We also have radial forces inside each step, whose slope is edual te: .

The components of these radial forces, contained in the steps, are:

o N, O — — (4.2)

’

Then, the axialorce is:
4.3
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This solution is valid for stairs constrained at both ends, or equivalently, to stairs whose

ends are subject to convenient compressive axial forces.

Therefore,one is forced o use the Heymanés equilibriun
springing from the top of amplitu¢le , and the Ring.ike solution in the remaining part

of the stairThe minimal amplitude ofthesectgi n whi ch t he Heymanos
be adopteds determined by the condition that the force transmiftexh the first sector

(free at the upper enth) the second sector must be a normal force tangent to the spiral

archG

In order to transform the vertical force, transmitted by the first sector in correspondence

of the amplitude in a force tangent to 0, the hor
horizontal force is transmitted to the outer villas a compressive f (Fig. 4.5).

Fig. 4.5: Transmission of forces within the stair:
a) Equilibrium of forces at the end of the fisgictor; b) Minimal amplitude of the first
sector; c) Equilibrium of horizontal forces due to the compressive fdroa B sector of
amplitude(? proceeding fronthe top [47]

With this combined solution, limited shear and tensile stresses into the steps and also
limited compressive stresses into the centraarédobtainedwhatever be the flig of
the helical stair

The main result of the analysis presented[47] is that the regime of torsion that is
present in the upper, free part of the stair, can be gradually substitutesRigg-Like
stress regime whicktabilizes and becomessentially independent of the length of the
stair.

One of the scopes of the present work is to provide a practical confirmation of the
analytical solution presented [#7], by employing a discrete modet the staiy formed

by M rigid pieces, which are the steps of the stair. The solution of this complex multi
body model, in terms of displacements and internal forces, represents a nice example of
the application of the energyiterion, and confirms the general validity of the proposed
approach for the analysis of discrete structures, whose pieces are in unilateral contact,
without sliding, among each other.
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4.1.3 Geometrical and mechanical data

The helical stair is characterized by a height of a complete lagdingg® X , by an
outerradiu®@ ¢& 1 andaninnerradiu® p8t1i ; each landing contains 42 steps,
the rise of each step 5 T o , the step angle s T® T oA fhe width of the
step at the inner and outer boundaries are respectiiely T 1 ob pand /b

@ 1 d @and the length of the built in end is 0.3qFiy. 4.6 andFig. 4.7).

-

R

r™ ‘LR
> 6 v
Lr: *

Fig. 4.6: Basic geometry of the stair

0,19m

Fig. 4.7: Dimensions of the step

The steps we consider are made of monolithic stones. In particular, in the case study, the
material of the stone is granite. We recall here the main mechanical properties of Galician
granite (se€gf47]):

» pX®Bd &  compressive strength;

, P@O® tensile strength:;

¢WwWO &  shearstrength;

0O ¢TO0® Youngds modul us;
"¢ X M density;

To To Do o To
s
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4.1.4 Referencesystems

Different referenceystemskig. 4.8) are introduced, in order to facilitate the writing of
the constraint conditions. In particular, we consider three different reference systems, as
described below:

1. G: Global Systemwhose agin is in the centre of the helix at ground level and
whose zaxis is coincident with the axis of the helix and is directed upward; this
system is used for describing the glbgeometry of the staiF{g. 4.8d).

2. S: Local Systepchosen in such a way that its origin is in the middle point of the
upper outer edge of the step, the first axis is directed radially and represents the axis
of symmetry fo the step, as seen from above; tkexis is directed along the upper
outer edge; finally, the third axis is vedl and directed upwardBi¢. 4.8b).

3. K: Local Sysem whose origin is in the point N, theaxis is directed radially, the
z-axis parallel to the-axis of the global systent{g. 4.8c).

a) b)

step

N M Y

—

‘YI-.M

| {
|
{Xin Y Xk

©)
Fig. 4.8: Reference Systems: a) Global System &;lljcal System S,
¢) Local System K
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4.1.5 Three-dimensionalModelling

The first aspect i s the thegraggramthis iodoneof t h
referring to the&Globalreference systerklence, thdelical equation is built starting from

R (outer radius) and H (height of a complete landing of the hétixwing the
dimensions of the step, a couple of points is located on the helical equation, by using the

— angle, in order to identify the width of the step (plan viefipally, the

correspondent upper points are determined, by adding the rise ¥ahestep to the
previous pointgFig. 4.9).

H=817m

e

Fig. 4.9: 3D views of the triple helical stairs

Consequently e nodeshat belong to theisible part of the stepnd alsdo the socket
partare builf each sp is modelled with 150des Since we consider that the steps
behave as rigid blocks, we also identify the relative centroids, wheireown weight

can beapplied(Fig. 4.10).
10
2 14
k 11

1

Fig. 4.10: Discretization of the step

Once defined the geometry of the staig, need to model the movement of the steps in
order toallow them to move accordingly to our assumptions.
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In order to do it, v define the displacement variables for the steps; since we assume that
the structure is composed by rigid blocks, that is each step behaves as a rigid monolithic
block, it is possibleo evaluatehow each step movdsy referring tothe displacements

and rotationsf the relative centroids; then we defthe primal variables of our analysis,

that is theLagrangian parametersf the mechanical system, namely the six rigid body
displacenents the three translation¥, &, & and the three rotations ,» ,+ ) which
describe the infinitesimal translation and rotation, referred to the centroids of each step,
expressed in th&lobal reference system.

Given the fact that those movenmeate just theoretal, and in any casgtheywill be
limited to fewdecimetrest maximum, we can assume #meall displacema and small
angles hypothesis; this allswsdefine the displacement rule for the generic node P of
the stepwith a linear equation ireference to the rotwanslation ofts centroid:

[ V)
30 6 0 60 %0200 wd
6 0
Y T . . (4.9
® . Tt ez 0 wd
() . . Tt

whereD is the node labelQis the centroidd "O is the translation vector of the centroid
and%o. "0 is the skew matrix of infinitesimal rotation about the centr@id andw "O
are the coordinates of nodBsand G. Finally, we introduce the vector of rigid body
displacement of the whole structure as:

6 opmimMik P (P Bk P P 5 8 (45

¢

Moreover we need t@xpress thesdisplacemergin all referencesystems introduced
Being theGlobal system the canonical basis, for any valid basthedisplacement rule
for the generic node can be written with the followingule:

30 6 0 30 O 0. (4.6)
The important facis that the displacemerd is still a function of the displacement

variables,Y, @, w,+ ,+ ,* , referred to thé&lobal systemThis approach allows us
to compare displacements of nodes belonging to different steps.

4.1.6 Constaints

For simplicity, the contact among blocks is condensed into 15 contact nodes for each
step.Depending on the node to which we refer, we can consider that the displacement is
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prevented in both directions just in one of themin the first case hilateral constraint
is necessary, which is expressed by equality, while in the latter case, a unilateral
constraint can be employed, expressed by inequality.

The generic constraint is defined as foltow
YO ® P OQa O@iEd@dd O'Q
4.7)

PO Qa OOQE ibdai OQt

where'(s the index of one of the three ax@ss the generic node to which the constraint
condition is applied;Y 0 represents the displacement of ndden the directioriQand

is the constant term.

The constraint conditioran bedefined in the more convenient local or global reference
system G, S K). At the constrainedboundary,these constraint conditionake into
account the effect of possible settlements.

The constraint conditionsummarized ifrig. 4.11, are grouped as follows:

a. For each steg)we consider the absolute constraint conditions:
A Equalities expressed in theSLocal System representing the bilateral
constraints for nodes lrackets:

Qp8 Y Or6  mh (4.8)
Q8 Y Of6  mh (4.9)
Theseequalities are written both for nodes D and A, as two case studies are here

analysed, and convey the condition that node D (or A) cannot displace in the
horizontal plane, that is behaves as a bilateral horizontal support.

A Inequalities, expressed in the&s-Local System representing the unilateral
constraints for nodes in brackets:

0E @BRY 6 @ (settlement) (4.10)
QE B7Y O  mh (4.11)
NE BNY Ce (settlement) (4.12)
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Q& BY 6 - (tolerance) (4.13)
Q¢ @8NY 6 - (tolerance) (4.14)
0L @Y b6 - (tolerance) (4.15)
Q¢ MY 6 - (tolerance) (4.16)
NE @BAY 6 © (settlement) (4.17)

Theseconditions take into account the fact that the part of the step inserted into

the wall presents inevitably a backlash, therefore, we considered free
movements for each node in specific directions to account for this clearance. In
particular, node A can me freely along the positive direction 3 and can drop

to the quantity ¢ node D can move freely alotige positivedirection 3 starting

from its | ocal reference position; nod
direction3and canriseuptothequgnts; nodes B, C, B6, Co6 c
along thelocally inwarddirection 2 and move laterally up to the quanéty

node AO6 can mtbevnegativalirecidn § and tan nisg up to the

gquantity .

b. For the ground stepve consider the absd&iconstraint condition expressed by an
inequality, in the S-Local System representing the settlement of the unilateral
constraint for node in brackets:

0E @Y 0 &) (settlement). (4.18)

Thisinequality conveys the assumption that at the base of the helical stair it is likely
that a vertical settlement shows up; therefore, node M can drop of the quantity c
The order of magnitude of ¢s chosen in such a way that the small displacement
hypothesis applies.

c. For all other stepave also consider the relative constraint condition, expressed by
inequalitieswritten in theK-Local Systemrepresenting the unilateral constraints for
nodes irbrackets:

0L @Y 0 YO - (tolerance), (4.19)
Nt MB Y O Y 0 - (tolerance), (4.20)
NEMBYD YO 8 (4.21)

These inequalities convey the condition that in the horizgitale the relative
displacement between node M of the si¢prid node N of the stepl) is allowed

in a neighbourhood of siz®, so small that the small displacement hypothesis is
verified, while along the vertical direction this relative displacement must be equal
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to zero, so as to realize contact betwdertwo nodes, through which the reactive
force can be transmitted.

Constraints valid for all the steps Constraint valid only for the step at ground level
9.u3(M) 2-c;
Equalities (bilateral constraints):

1.us(A/D)=0 Constraints valid for the all the steps except the ones

2. uy(A/D)=0 at ground level

inequalities (unilateral constraints): 9. uy(M)-us(Npred) € & g G
1.uy(A) 2- 10. uy(M) - ul(Nprec) 2-& )

2.u3(D) 2 11, u3(M) - us(Npred) 2 0

C Y

Fig. 4.11: Bilateral and unilateral constraints conditions considered
at the nodes of each step

Different sets of settlement and clearance values are considered, according to the small
displacement hypothesishe values of tolerances and settlements adopted in this
application are reported in (4.2204.26). Tolerances and settlements have onerastie
magnitude difference, namely:

W YyPpm a (vertical settlement downward at node [ (4.22)
of the socket)

© opm & (vertical settlement downward for the  (4.23)
ground step)

© ePpT A (vertical settl eme(429
of the socket)

- pPpm & (horizontal tolerance in the socket) (4.25

- opm «a (tolerance betweenMnd N1 nodes at  (4.26)

step to step conta&)
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As previously stated, in order to facilitate the writing of some constraint conditions, such
as those related to points M and N, in which we consider the presence of two pendulums
in the horizontal plane (inclined at an arigjeg relative to the yaxis ofthe S-Local

Systerj) theK-Local S§stemis used. One of the axes of tid_ocal Systencoincides

with the axis of the pendulum, along whichréaction is explicated~{g. 4.8c). Writing

the constraint conditions in Matlab, the position of the point to which they relate and the
direction of movement prevented are specified. These two vectors are successively used
to determine the point of application and the direction of the corresponding reaction
vector.

As stated at the beginning of this work, the mititly structure of the stair is a highly
statically indeterminate scheme, in the sense that the number dfl@assictions is
largely greater than the number of balance equations. When a mechanism is activated by
the settlements, the moving part of the structure becomes a one degree of freedom
mechanism and becomes statically determined, then it is possibleve e forces

which ensure the equilibrium of the structure through the balance equations. Then, if we
can imagine or predict a likely scenario for the settlements, we can obtain a hint of the
possible equilibrium regime of the structure. In this padicapplication,we consider

two types of possible settlements, that we call settlements and tolerances, having one
order of magnitude difference among each other.

The proper settlements, which we assume present in the form of a vertical displacement
ofthenode at the base of the stair and of ve
wall socket, are larger. The tolerances, which simulate a small clearance in the horizontal

plane, at the wall socket and at the step to step contact, are smaller.

Accordng to the small displacement hypothesis, we considered different sets of
reasonable settlements of the internal and of the external constraints of the stair, that is
small relative movements of the steps at the wall and at the central rib. The settlements
are imposed both as displacements of the ground step and as backlashes, assigned to the
nodes in the socket (the results of the present work are refertieel values described

in 8 4.1.6. These settlements are likely to occur either during construction or a short
time after construction.

4.1.7 Energy

In general, for an elastarittle structure, the energy is the sum of three quantities: the

potential energy of the loads, the elastic energy and the interface energy necessary to
activate a crack on an internal surface. The material considered inglstuahsresponds

to the hypothesis of Heymanés model, in th
sliding holds at contact between parts considered as rigid. Consequently, the energy
guantity is represented, as said before, by the potential emeagsociated to the own

weight of the steps:

8 a Gyy h (4.27)
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where @ "Q is the weight of each step @ X 1 Jtand Y is the vertical
displacement of the centroid of each step. The search of the solution of the boundary
value problem, that is the displacement field compatible with the settlements imposed
on the structure, is done through the minimization of the potemégy of the loads.

Since in this case we consider rigid block displacement fields, the contribution of the

el astic energy i s zer o.isnbndissipdtierimirersense Hey
that the stress makes -mmrk for the corresponding strai The nedissipation
assumption implies, in particular, that there cannot be stress across a detached fracture
line, and, dually, that there cannot be a fracture at a point across a surface if, at that point,
there is compressive streggoss the interte [23]. Then, the interface energy necessary

to activate a crack on an internal surface is zero.

4.1.8 Energy minimization

The minimization problem is set in Matlab. Being Mattaprogramming language that
operates on matrices, the previous constraint equalities and inequalities are converted
into matrix form and then a linear programming problem is solved. The solution of the
minimum problem is performed with a linear programgnioutine, through a function

built in Matlab and called 'linprog’, whose signature is set in the form:

6 & @® h
4 QEQe | C@BO 6 @ @ h (4.28)
a w 6h
where:
6 @ o h constraintonditions written as #qualities (4.29
& o o h corstraint conditions written as equalities (4.30
a @ o h upperand lower limits of the varisox (4.31)

and the function to be minimize2 w is represented by the potential energy
associated to the loads imposed on the structure.

The 'linprog' function of Matlabecommends in its documentation, for minimization
problems, the use of the 'Interior Point' or of the 'Efiadplex' algorithms, which are

the fastest and use less memory space than the other algorithms. In particular, the Interior
Point algorithm is ch@n, which is a largecale algorithm that uses linear algebra rules

and that doesot require either to store or to operate on the entire matrix that defines the
problem. This is possible as it works on sparse matrices and uses sparse linear algebra

67



Chapter4 - APPLICATIONS TO STRUCTURES MADE OF RIGID BLOCKS

calcdations, when it is possible, making the calculation procedure particularly
performing, both in terms of quality of solution and of execution timing. Medicate
algorithms work on the entire matrix and use dense linear algebra formulas; then, for
large poblems, such as the present, full matrices occupy a memory space that requires
high computing time.

4.1.9 Saturated conditions

In the case at hand we always have inequalities written withi tbecondition, since
ALi nprogo f urequirds theequalities sral inégaalities conditions written
in this form. Considering, for example, the unilateral constraintwin Fig. 4.12, that
admits infinite solutions in the HIT interval, we are interested, among all the
infinite solutions, to spot the one for which the condition &is met which implies
that, in an iterative optimization procedure, the value of the x variabfeotgrow any
longer.

Fig. 4.12 Unil ater al condition x O a

In our case this means that the displacement in a particular direction has reached a limit,
physically represented by the wall or by any other type of obstacle, such as the adjacent
treador the limit clearance. We consider this condition particularlyré@sing, because

it shows that a contact has been realized, through which the internal forces can be
transmitted. From now we cahturated inequalitiethe inequalities which are satisfied

as equalities at the end of the optimization process.

4.1.10Kinematic Solution and Equilibrium

The kinematical problem, formulated as a minimum problem, is solved by linear
programming, and finally is reded to the following matrix form:

81 nh (4.32)

where:
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A § is the kinematic matrix, whose sizegis @& andn is the number of the steps;
A 0 is the displacements vector (unknown), whose sige is p;
A nis the settlements vector (known), whose sizgis p.

Once the solution of the problem, that is the minimizer of the potential energy, is
obtained, then the Static matrix S is constructed by means of the transposition of the
Kinematic one, recalling the stafkinematic duality, so th&8 # . The Static matx,

thus obtained, allows the resolution of the equilibrium problem:

Y2 "Q mh (4.33

where:

A "is the Static matrix, whose sizegs @€ ;
A i is the reactive force vector (unknown), whose sizgis p;
A Qs the active force vector (known), whose sizeggtis p.

From the Static problem, defined above, the vector of the unknown reactions is obtained:
i Y OB (4.39)

Once the forces exerted by the bonds are selected and calculated, it is fmssibjaute
the stress resultant inside the stair, in terms of contact forces, bending moments and
torque, using the following vector formulas:

Contact forces
[ QU v, QQ,h (4.35

where:

A is thecross section along¢ xaxis of theS-Local S/stem fromthewall interface
till the endof the stepdefinedbetween Gand L;

A 0 are thevertices of the step;

A "QU arethereactive forces on the step;

A B QU isthesum of all forces at the right of the section x;

A

0 @ 'Q Qw is theweight of the part of the step at the right of the section x;
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Bending moments and torque

a o QU O 0 0, Q ® , QQh (4.36)

where:

A O s thecentroid of the cross section x;

A 'Q is theunit vector along the symmetrical axis of the step, approximated (with a
factor ofp 1t ) with the direction of the segmei@ "O;

A 'Q is theunit vector along the-axis of theGlobal System

4.1.11Identification of saturated conditions andonstruction of the C matrix

The resulting solution, calledso, complies with the equalities and inequalities that
characterize the minimization function4.28. Subsequently, the inequalities
transformed into equalities are identified through the solutign

Recallingthat Aineq represents the rows of the original matrix Wat refers only to
inequalities andksel is the solution of the minimization problettie first step is the
evaluation of a new column vector, haniedy so defined as follow

& b @ h (4.37)

once obtainebineq_so) the identification of the set of rowdor which holdthe following
condition, is possible:

O . . pm 8 (4.38)

h . h

Once identified these rows, they are selected #Bg matrix and are used to create a
new matrix, called\neq_sat Thenit is possible to reconstruct the kinematic matrix of the
problem, simply by assembling the matrix of coefficients of the saturated inequalities
Aineq_sat just found, with that of the coefficients of the equaliies

5
o (4.39)

In the same wayhe displacement and settlements vectors are obtained:

& (4.40)
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4.1.12 Results

Two cases are analysed, the first in whifdr each stepthe horizontal bilateral
constraint is located in vertex A; the second in which it is located in vertex D. For these
two cases, considering as given the same set of settlements, the optimization algorithm
provides a minimum solution and the corresponditzgically determined structure is
identified. Since under the effect of the settlements that we consider, all the steps are
mobilized, the whole structure becomes statically determined, then the evaluation of all
internal forces is possible through thatistkinematic duality.

Since n the case at harttie threehelical flightsdo not interact with each othehe
behaviar of eachlight is independent from that of the othdrencethe analysisan be
carried outjust referringto one of them Whenthe bilateral horizontal constraint is
considered in vertex A, the optimization algorithm producesridgehic output depicted
in Fig. 4.13

Fig. 4.13 Graphic output of the optimization algorithm

In particular Fig. 4.13shows the structure in itsitial (blue lines) andinal (green lines)
displaced condition and the activated unilateral constraints along the horizontal plane
(represented byed circleg and along the-axis (represented bsed pointg, that is the
points where the internal forces are acting on the struanfercing equilibrium. The
concept of activated constraints is particularly interesting and is describddlif® §

In order to visualize easily and rapidly thaturated inequalities for each tread, that is
the internal forces exerted by the unilateral constraintaoim ead, the graphic ig.
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4.14, referred to one ohe coils of the stair composed by three complete helix rounds
(that is126 steps)is employed.

Saturated Inequalities

Treads

Inequalities Ind

@

X

Fig. 4.14: Saturated inequalities for all the 126 treads
(horizontal bilateral constraint imodeA)

On thex-axis,the numbers from 1 to 11 identify, for each treadjribdex related to the
unilateral constraint conditionsn they-axis, the step number, ordered from 1 to 126
(from bottom to top) is reportedor the set of unilateral constraints sed.%.6. The
filled dots represent the saturated inequalities, whieeempty dots represent the non
saturated inequalities. Then, some interesting considerations can be made.

As we can observeodeD (2ndcolumn) always exhibits its maximum possible vertical
settlement, that is it remains on the ground, winitgteA (1stcolumr) does not reach
the mhimum value of vertical displacement (that is settlemgnthoreover,nodeM
reaches the given settlement, that is valjdar the first tread at the floor level (9th
columnfor the first tread), and for the other 125 treads the contact alongakie z
betweemodeM of ibr enaddN 60 f 116 e (addlurdifor treads from 2 to
126) always occurs. FinallppdeM o f ibr emaddN 6o f 116 ,e ade ppar at e f 1
each other in the horizontal plane (8tiumnfor treads from 2 to 126).

The infinitesimal clearance that we admit fmmdesM and N in the horizontal plane is
imposed so that the unilateral inequalities 9 or 10 can be easily verified as equalities,

72



Chapter4 - APPLICATIONS TO STRUCTURES MADE OF RIGID BLOCKS

making possible to evaluate the emerging internal forces in tiwdes(see tle red
arrows inFig. 4.15andFig. 4.16, representing the activatedernal forces

Saturated Inequalities

Treads

10 GROUND STEP 53

o
<
rr 11111 r1ror1r 1111111 11 1 1rrrr1rrr1rr1r 171717

3 4 5 6 7 8 9 10 11 12
Inequalities Index

Fig. 4.15. Emerging internal forces in nodes D and M
(horizontal bilateral constraint imodeA)

=}

In addition, looking at the 4th, 5th and @blumns which are referred to the part of the

tread that is inserted into the wall socket, we can observe that for the first 1 htvdads

C touches the wall (5tbolumn); for the treads from 18 to 28odeB touches the wall,

whilst, for all the others treadspdeC 6 t ouc h e s ,forlihe soukatlpdrt.theT h u s
internal forcesare applied either inodesB o r FigC416).(

73



Chapter4 - APPLICATIONS TO STRUCTURES MADE OF RIGID BLOCKS

Saturated Inequalities

GENERIC STEP. RURNCEEES- SEEEE SERED: SEEEE:-SEEEE: SRR

Inequalities (unilateral constraints):
LuylA) 206 o3l R E o E B
u

Treads

1 2 3 4 5 6 7 8 9 10 " 12
Inequalities Index

Fig. 4166 Emer ging internal forces in node
(horizontal bilateral constraint imodeA)

.
©
emMT T T T T T T T T T T T T T T T T T T T T T T T T T T T T T 17T

This particular behaviour is due to the sudden change of strategy chosen by the
optimization algorithm, which looks for the minimwsuolution by applying an adaptive
strategy in terms of displacement and rotation of the centroids of the treads. This can be
seen from the rotation trend of thentroids along saxis inFig. 4.17 (highlighted part

in the box), where a change of direction of the rotation océussmilar behaviour is

also observed for translations of the centréidg. 4.18).
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Rotations about X-axis

.

0,004
Phil

0,006

Treads

0

Rotations about Y-axis

(

0,01 0,02
Phi2

0,03

Treads

-0,01

Rotations about Z-axis
130
125
120
115
110
105
100
95
90
85
80
75

-0,005 0

Phi3

0,005

Fig. 4.17: Trend of the angles of rotation about the centroids
(horizontal bilateral constraint imodeA)

Displacement along X-axis

:

Treads
@
]

0 0,001 0,002

Dx

0,003

Treads

-0,004

Displacement along X-axis

130
125
120
115
110
105
100
95
90
85
80
75
70
65
60
55
50
45
40
35
30
25
20
1
10
5
0
0,002 0

Dy

0,002

Treads

-0,02

Displacements along Z-axis
130

125
120
115

110
105

-0,015  -0,01

Dz

-0,005 0

Fig. 4.18 Trend of the displacement of the centroids
(horizontal bilateral constraint imodeA)

75



Chapter4 - APPLICATIONS TO STRUCTURES MADE OF RIGID BLOCKS

This sudden change is also due to the fact that we have a saturated inequality- on the z
axis fornodeD (2ndcolumn), that is an equaii in nodeD, and also a bilateral constraint

in the horizontal plane farodeA, defined in the initial constraint condition of this first
case. Thus, the algorithm needs to satisfy two bilateral constraints in two diffederst

that is a mathematical condition very restricting. For this reason, a second case is
analysed, where the bilateral constraint in the horizontal plane is positionedeD,

so that this sudden change is mitigated.

We remember that these bilateral coaists are defined by the user irtinitial setting
and represergqualities that are always active, while the activation of the inequalities
along the zaxis depends on the solution found by the optimization algorithm.

When the bilateral constraint imrsidered innode D, the optimization algorithm
produces theutput shown ifFig. 4.19, in terms of saturated inequalities:

Saturated Inequalities
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Fig. 4.19: Saturated inequalities for the 126 treads
(horizontal bilateral constraint imodeD)
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As for the previous casejode D always exhibits its maximum possible vertical
settlement, that is it remains on the ground, whitgteA does not reach the minimum
value of vertical displacement (that is settlemet kloreover,nodeM reaches the
maximum settlement@t the ground, and for the other 125 treads the contact along z
axis betweemodeM o f i©r enaddN of thetred i-l® al ways occur
nodeM of br ecdeN ®@f t hl® sepadabde from each
plane(Fig. 4.20).
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Chapter4 - APPLICATIONS TO STRUCTURES MADE OF RIGID BLOCKS

In addition referring to the part of the tread that is inserted in the wall socket, we can
observe thaffor the first 14 treadsiodeC touches the wall, then for all the others treads
nodeB touches the wallFig. 4.20).

GENERIC STEP _— Saturated Inequalities

Inequalities (unilaterol constraints): 125

Treads

GROUND STEP

Inequalities{unilateral constraints):
1uylA) 2-¢,

:
“os € Gzo0n m aof--@- BB f B R R

CENAnEwN

o
&4
T TT LI T I el T ESL S T ETR T LT L E T B

1 3 4 5 6 7 8 0 1" 12
Inequalities Index

Fig. 4.20: Emerging internal forces in node
(horizontal bilateral constraint imodeD)

This behaviour is due tbe fact that the treads rotate in the horizontal plane, that is round
the zaxis, first in clockwise and then counter clockwise directions. In this second case
the sudden change of strategy of the optimization algorithm is not so evident, thus the
trends of displacement and rotation of the centroids are more uniformfingaas can

be seen iFig. 4.21 andFig. 4.22. For this reason, we choose to continue the analysis
for this second case.
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Rotations about X-axes

Rotations about Y-axes

Rotations about Z-axes

130 130 130
125 125 125
120 120 120
115 115 115
110 110 110
105 105 105
100 100 100
95 95 95
90 90 90
85 85 85
80 80 80
75 75 75
3 70 g 70 2 70
g 6 g o5 8 65
= 60 = 60 = 60
55 55 55
50 50 50
45 45 45
40 40 40
35 35 35
30 30 30
25 25 25
20 20
15 15 15
10 10 10
5 5 5
o 0 5]
-0,002 0 0,002 0,004 0,006 0 0,01 0,02 0,03 -0,005 0 0,005 0,01
Phil Phi2 Phi3
Fig. 4.21: Trend of the angles of rotation about the centroids
(horizontal bilateral constraint imodeD)
Displacement along X-axes Displacements along Y-axes Displacements along Z-axes
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Fig. 4.22 Trend of the displacement of the centroids
(horizontal bilateral constraint imodeD)

At the end of the optimization process, the kinematical problem solution is obtained,
which consists in the translations and rotations values of the centroid of each step. Then,
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it is possible to obtain the Static Matrix S, by means of transposition #finleenatic

one, through statikinematic duality. From the Static probigethe vector of unknown
reactive forces is obtained and consequently it is possible to calculate the internal stress
resultants.

An example of the representation of atdee forces & given inFig. 4.23, where the
internal forces which guarantee the equilibrium of step 44 are reported. The
corresponding bending momealbout axis 2 is shown iRig. 4.24. Considering the
internal forces of the entire stas also possible to evaluate the global trend of the stress
resultants, the most meaningful for us being the axial force and torpietedl in the
graphs ofFig. 4.25.

r-32722
Rx:-2445

45561
R0 el
Ry:0

Rz-45561

Fig. 4.23: Internal forces (tread 44)
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Fig. 4.24: Bending moment about axis 2 (tread 44)
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Fig. 4.25: Stress resultants for 3 complete rounds (126 treads).
a) Torque b) Axial force
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As can be noted iRig. 4.25, if we examine the diagrams from the top to the bottom of

the stair, we can observe that the axial force gradually increases up to a certain step (the
16th step from the bottom), after whiithstabilizes around a constant value, while the
torque initially increases with a linear trend up to the first 10 steps, then it stabilizes up
to a certain step (the 16th step from the bottom), as happens for the axial force, and then
it increases again.

The complementarity between these two stresses can be noted; this gives a practical
confirmation of the solution in the contimon obtained by Angelillo iN47]; indeed, we

can observe a smooth combination between
which the torque is considered as the prevalent stress regime, and theékRingdel,

which produces the increase of axial forces.

Comparing t he nHvighmansidérs a lisearlinaréasemf torque, with the
equilibrium solution here obtained, it
the first steps, and then the gradual substitution of the Rikegbehaviour as proceed)

from top to bottom(Fig. 4.26).
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Fig. 4.26: Torque for Heyman and for the discrete with settlement solution

Treads

Ring-Like

Furthermore, as said, for the steps near the ground legelt af boundary effect,
deserving further studies, can be also noted.
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Moreover,t is noteworthy that the maximum torque and the shear stress values obtained
with our solution (M=1,2 kNm,t=5,38 MPa) are far less than that obtained using the

He y maauims (M=11,22 kNmt=50,27 MPa), the difference being of one order of
magnitude. In the case at hand we can estimate a shear stress value compatible with the
shear strength of the material (se€ 83.

For what concerns the bending moment diagram, theeaanvalues at the ends are due

to the eccentricity between the pressure line and the axis along which the bending
moment is evaluated. Besides, the vahigbe bending moment in the vertical plane of

the steps are of the same order of those of a simply supported beam and are very low
(s=0,0016 MPa) with respect to the tensile strength of the mateeialsd.1.3.

4.2 Program user-interface

The results seen above, are takisingthe program developed for this wotk. this
paragraph, the usémnterface of the program and all the possible functions are presented.
When the program starts, all the minimization problem is carried out automatically
because the geometrical parameters cannot be modified by the user at thiSstage

the initial results are obtaingd selection screen is displayed to the uB#y. (4.27),
allowing both to deepen certain types of analysis (referring to a single step), and
manipulate results in an appropriate manner, through graphical display or export of data
in .csv files.

In the control panedre reported the parameters used for the analysis, in particular the
number of steps (that is 126 if we consider three complete landing of the helical stair)
and the value of assigneetdements. Then, five function buttoae availale:

Saturated inequalities;

Displacements;

Rotations;

Step analysis;

Stress.

E I ]
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n Cantrol Panel l i ot
File Edit View Inset Tools Desktop Window Help k.

Treads: 126 c1:0.00800 c2:0.03000 c3:0.00500 e:0.00030 j0.00100

‘ Analysiz 1. Saturated Inequalities ‘

‘ Analysis 2. Displacements ‘ ‘ Analysis 1. Step Analysis ‘

‘ Analysis 3. Rotations ‘ ‘ Analysiz 2. Stress ‘

Fig. 4.27: Control Panel of Matlab program

Each of these buttons allows access to one or more of the methods describethadyove.
can be activated in any ordes everyone does independgmerations. Now we proceed
to analyze in detail what offers each function.

Saturated inequalities

The first function Fig. 4.28) is used tmbtain graphics and 3D models, with graphical
representation of the results (settlements, saturated inequality, etc.).

u Control Panel l o ot
File Edit View Inset Tools Desktop Window Help o

Treads: 126 c1:0.00800 c2:0.03000 c3:0.00600 e0.00030 [0.00100

‘ Anatysis 1. Saturated Inegualities L
"\

‘ Analysiz 2. Displacements. ‘ Analysiz 1. Step Analysis ‘

‘ Analysis 3. Rotations ‘ Analysis 2. Stress ‘

Fig. 4.28 Saturated inequalities command

The graphin Fig. 4.29 represents the saturated inequalities for each step, and uses a
convenient representation with full or empty circles in the-stegualitygraph. The 3D
model fig. 4.30) makes clear the spatial poiited)of stair where a contact is realized,

by adopting a differentiated representation accordinga@tan on whicka contact is
made; in blue is drawn the stair in its original position, in green its translated position.
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Fig. 4.29: Saturated and nosaturated inequalities

Fig. 4.30: View of the spatial contact points
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