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Abstract

The aim of this thesis is to explore and investigate the emergent dynamics of
complex networks through a novel and insightful experimental setup realized as
a configurable network of chaotic Chua’s circuits. In particular part of our work
has been devoted to the implementation and characterization of a "2.0 hardware
version" of it, where the interconnection network has improved greatly in its main
features. In this way the setup has been fully automatized in providing control
on network structure and coupling strength.

A large set of experiments has been carried out in networks with proportional
coupling and arbitrary topology, showing, emergent dynamics encompassing syn-
chronization, patterns and traveling waves, clusters formation. Also, the case of
dynamic coupling has been experimentally addressed. The experimental ob-
servations have been compared with theoretical results by carrying out a local
stability analysis of networks with static and dynamic links. Here we use the
Master Stability approach (MSF) and its extensions to the case where the links
are of dynamic nature (Proportional Derivative-MSF).

Last part of the work has been devoted to the experimental study of cluster
synchronization, stimulated by novel theoretical advances based on group theory
and network symmetries. A novel network structure referred as "Multiplexed
Network" has been experimentally examined, resulting in a great enhancement
in synchronization, for which no theoretical models are yet available.

10



Introduction

Numerous systems are characterized as complex where they can be seen as a
collection of interacting individuals. An important property of such complex
systems is their behavior, which might differ significantly from those of each
individual subsystem due to the interaction effect |7, 33, 51]. Examples range
from natural to man-made systems comprising network of blood vessels, neural
networks, food web networks, protein networks, electrical power distribution sys-
tems, world wide web, social and economical networks, transportation systems
and many more [34].

In particular, for human being dealing with modern life style and a con-

stantly growing globalization, it is of great importance to learn about such an
intricate world of complex systems around him. Take for instance communica-
tion and transportation networks that are in constant expansion. Consequently,
it is necessary to answer crucial questions like: how systems behave when they
are communicating to each other through a network of interconnections? Which
components (or subsystems) play a key role in the collective behavior of the whole
complex system? How to monitor and control their behavior? and how to trou-
bleshoot and avoid failures whose cascading might cause huge defragmentation
of the whole complex systems?
Answering to these questions has stimulated different disciplines based on a com-
mon and novel academic field called network science, where the complexity of
the systems is captured by a network of interacting units, which in a mathe-
matical notation is equivalent to graphs where subsystems (units) are assigned
to a set of nodes (V) and the interconnections among them are represented by
edges (L). Looking at complex systems from this perspective allows to ana-
lyze their emergent behavior, specifically as a function of the network structure
[5, 6, 24, 25, 41, 47, 53, 58, 60, 61]. In this regard complex networks and their
emergent behavior has been the main focus of many research works within the
literature in physics, engineering and biology. A particular emergent behavior
that has been widely studied is the case where the trajectories of each subsystem
asymptotically converge toward each other. This phenomena is called synchro-
nization and it has been widely studied since it has been observed in nature
when fireflies synchronize their flashes [51], in human coordination, and even in
electrical and mechanical systems like coupled metronomes and power grids



respectively.

In engineering, networks of chaotic oscillators have been considered as paradigm
for studying many complex nonlinear systems [13, 18, 32, 39, 40, 59|, and most of
the research studies have have been theoretical and numerical, due to practical
difficulties with realizing networks with large number of nodes and arbitrarily
connections. Consequently, few experimental studies have been presented [10-
12, 14, 15, 23, 26, 36-38, 45, 55, 56]. , where either small size networks with 2 or
3 nodes are considered [10, 11, 45] or scalable networks like regular nearest neigh-
bor structure in the context of cellular neural networks [55]. Correspondingly,
majority of the studies have concentrated on detecting complete synchronization,
that is, the condition when all network’s nodes converge asymptotically to the
same solution and most often the solution is identical to that of an individual
and isolated node. Therefore the pressing open problem is to study emergent
behaviors different from the classical synchronization which have been scarcely
addressed in the literature.

Thereupon, the need of exploring different dynamics emerging from complex net-
works with scalable number of nodes and arbitrary network architecture (topol-
ogy) has motivated the study presented here. The work has been carried on by
implementing a reconfigurable setup composed of Chua’s circuits which is avail-
able in the circuits laboratory of University of Napoli Federico II. The setup has
been realized the first time in 2011 for the same purpose of network studies,
where several small size networks have been examined, although mainly focusing
on occurrence of complete synchronization .

The aim of this thesis is to expand the state of the art in complex networks
of dynamical systems, by providing novel and insightful experimental results on
networks of chaotic Chua’s circuits. Contrary to previous works, we have focused
on more general emergent dynamics encompassing synchronization, patterns and
traveling waves. Particularly, we have experimentally studied cluster synchro-
nization, stimulated by novel theoretical advances based on group theory and
network symmetries. Also, the case where the coupling functions between the
nodes is dynamic has been addressed. Next, we present a list of the most relevant
contributions of the thesis.

(i) We have provided an accurate characterization and modeling of individual
Chua’s circuits. This will allow to have a detailed description of its dynam-
ics and also it is necessary to obtain a better agreement with theoretical
analysis.

(ii) We have automatized some manual configuration in the former setup. More-
over the physical resistors have been replaced by a set of digital poten-
tiometers which has transformed the setup to a compact and elegant form
in which the accuracy has been increased and the wiring volume has been
reduced. The present setup allows to study fully controllable complex net-
works with adjustable coupling links and types by which a wide rage of
dynamics emerging from such networks can be explored. A large set of
data produced by the setup can be monitored and analyzed online with
considerable less time consuming process respect to numerical simulation.



The new setup has been characterized completely and emerging of full
synchronization, further emergent dynamics like traveling waves and cluster
formation as well as role of non-adjacent links have been explored. The
experimental observations have been compared with theoretical results by
carrying out a local stability analysis of networks with static and dynamic
links. Here we use the Master Stability approach (MSF) and its extensions
to the case where the links are of dynamic nature (PD-MSF).

(iii) Unlike classical studies on synchronization, we have taken a step forward
studying other emergent dynamics, namely cluster synchronization. In par-
ticular we have observed and confirmed that clusters are highly related with
symmetries on the network topology. Specifically, we have characterized
those clusters and also we have exploited symmetries for controlling the
patterns.

(iv) We have studied the influence on synchronization when considering different
types of links in one network, i.e. coupling via resistors and/or capacitors.
We have observed that this multiplex links have a beneficial effect since
synchronization can be enhanced when resistor configuration is different
from capacitor configuration.

The rest of this work is organized as follows. In the first chapter the funda-
mentals of nonlinear dynamical systems and complex networks are reviewed. In
the second chapter the full description of the setup is given, where a modification
of the Chua’s circuit model has been proposed according to the experimental re-
alization of the setup. This modified theoretical model for Chua’s circuit is
necessary for revealing the patterns generated by the experimental setup after
loosing synchronization. In the third Chapter the experimental results obtained
by various network’s coupling is presented and in the last chapter the studies on
cluster formation in the network have been reported.



Chapter. 1

Background: nonlinear dynamical systems, complex net-

works

Interaction among several dynamical systems in a complex way can give rise to
such behaviors which cannot be understood by considering only properties of
each individual subsystems. It is quite evident how the network architecture and
the way agents communicate to each other should play a key role. To better
understand the scenario underlying complex network we first review some fun-
damental concepts. First some important definitions and properties of nonlinear
dynamical systems are given to then the focus on network modeling.

1.1. Nonlinear dynamical systems

Modeling, analysis and control of dynamical systems, specifically nonlinear ones
are the core of different engineering disciplines |29, 48|. In spite of the availability
of strong tools for analyzing dynamical linear systems, based on superposition
principle, linear systems are often unable to capture the dynamics of real sys-
tems. Sustained oscillations, amplitude dispersion of waves, natural hazards such
as earthquakes and cyclonic storms are all examples of nonlinearities. Nonlin-
ear systems have some particular phenomena that cannot be observed in linear
models [29]

i) Finite escape time: tendency of nonlinear systems state to evolve to infini
i) Finit pe ti tendency of li yst tate t lve to infinity
even in finite time,

(ii) Multiple isolated equilibria: in opposite to linear system which can have a
single isolated equilibrium point, nonlinear systems might have more than
one equilibrium point. Depending on initial conditions the solution might
converge to any of those multiple steady state operating points.

(iii) Limit cycle: nonlinear autonomous systems can oscillate with a fixed am-
plitude and frequency regardless of the initial conditions.

(iv) Subharmonic, harmonic or almost periodic oscillation: nonlinear systems
can oscillate with frequencies with one multiple or sub-multiple of forcing

14



1.1. Nonlinear dynamical systems 15

term, and also in non-periodic mode.

(v) Multiple asymptotic solution: The same nonlinear system might exhibit
different solutions for ¢ — oo.

(vi) chaos and unpredictable behavior in the presence of small variation of the
initial conditions.

A nonlinear system can be described by a set of ordinary differential equations
(ODE’s) of the form [52]

d
% —fi(w1, 22, ,2)
(1.1)
dz,,
C:;t :fn(xhl'%"' 7‘%.71)

where x; € R is the ith state variable of the system and f; : R — R for
i = {1,---,n} is a scalar smooth function. Equation (1.1) can be rewritten
in compact for as

dx

— =F 1.2

= F(x) (12)
where x = [11,22, -+ ,2,]7 € R" is the stack vector of the state variables and

F = [f1, f2, -, fa]' : R® — R" is the system’s vector field. The system’s fixed
point x*, representing the equilibrium or steady solution, is the point in which
the system’s states remain forever if the system starts at point. The equilibrium
point can be found by setting the left hand side of (1.2) to zero yielding

dx*

— =0=Fx" 1.3

> (') (13)
Given a fixed point is natural to wonder if starting from an arbitrary initial
condition the system will converge to the equilibrium or not. To that aim we
next review the fundamental concept of stability in dynamical systems.

1.1.1 Stability of solutions and attractors

The rate of the error growth corresponding to dynamical system’s solution when
one of the system’s parameters, equilibrium points, initial conditions or system’s
trajectory is perturbed is studied in the concept of stability. Roughly speaking
there are two main types of stability

(i) Structural Stability: Characterizing the qualitative behavior of a system re-
spect to varying its parameters. If the qualitative properties of a system like
number and stability of fixed points or periodic orbits remain unchanged
under small perturbation of the system’s parameters the system is said to
be structurally stable |29, 52|. By loosing structural stability the system
undergoes bifurcation (for example period multiplications of the system’
dynamic, exceeding which, result in chaos). The parameters which cause
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such transition are called bifurcation parameter and the specific value of
bifurcation parameters at which the stability changes is called bifurcation
point.

(ii) Lyapunov Stability: Here we are interested is answering the question whether
the systems will or not converge to the equilibrium point (or periodic orbit)
when the initial conditions are perturbed. Particularly, we have two types
o Lyapunov stability, global and local [29]. While local stability guarantees
convergence for a set 0 C R"”, global stability ensures convergence for any
initial condition.

Definition 1.1.1. An equilibrium point say x* of a dynamical system (1.2) is
Lyapunov stable if for any ¢ > 0 there exists 6 > 0 such that ||x(0) — x*|| < 6,
then ||x(t) — x*|| < € for all ¢t > 0. Otherwise, the equilibrium point is unstable

Definition 1.1.2. An equilibrium is attracting if in addition there exist some
d > 0 such that ||x(0) — x*|| <  implies that tlim x(t) = x*.
—00

The main and important difference of Definition 1.1.1 and Definition 1.1.2 is
that trajectories are allowed to drift away from an attracting equilibrium point
in some short time while in long term they have to converge to the equilibrium
point. However when an equilibrium is Lyapunov stable the nearby trajectories
are restricted to remain close for all the time (t).

Definition 1.1.3. An attracting equilibrium which is Lyapunov stable is called
asymptotically stable

All the above definitions determine the local stability. By expanding the
condition from the close by trajectories to equilibrium point to all trajectories in
the phase plane i.e. if an equilibrium point attract all the trajectories in the phase
space and all the trajectories in the phase space remain close to equilibrium point
then the equilibrium point is globally attracting and globally Lyapunov stable
respectively. It is worth noting that in linear systems the local stability would
satisfy the global stability as well. Through this work we have studied the local
stability whose relative analysis tools will be reviewed briefly. As long as the
perturbations are very small, the system can be approximated as a linear system
and local stability can be analyzed by linearization about the equilibrium point
as it is described in the following.

Consider system of equation 1.2, then applying small perturbations e about
the fixed point x* = [z}, x5, -+ , 2] yields

e1 =x1 — ]

e =Ty — Xy
(1.4)

en =Tp — T,

The variational equation governing the rate of decay or growth of the perturba-
tion for the i, state is

dei dﬂ?Z o
E_ dt _fl(x17x27.‘. 751771) (15)




1.1. Nonlinear dynamical systems 17

From the fact that fj(z]) = 0, and using Taylor series expansion about fixed
points equation (1.5) can be rewritten as

d fi dfi d fi
ox1 e1t 09 ezt 0Ty,

For very small perturbations the quadratic terms can be ignored; therefore, we
can rewrite the error dynamics (1.5) as

fi(el+x>(1(762+$;7 e 7en+$:) = fl(lq?m;a e 7$Z)+ €n

dx1 Oxy, Oxy,
d = 19z Ozp 0y | | (1.6)
N R T
Rl | 0x1  Oxa Oz, | LEn
A

where matrix A € R™*" ig the Jacobian matrix whose eigen values determine the
stability of the fixed point. Stable equilibrium requires decay of all disturbances
which means the real part of all eigen values of the systems must be strictly
negative. Positive real part of minimum at least one eigen value destabilize the
equilibrium point. Consequently the fixed point to which all nearby solutions
converge is called sink and the one from which all the solutions repel is known as
source and if some solutions approach to the equilibrium point and some repel
from it then the equilibrium point is saddle.

On the other hand, if the solutions end up in a closed orbits centering the
equilibrium point then is termed as center [52]. An equilibrium point whose all
eigen values of its jacobian matrix have non-zero real part is called Hyperbolic.
The qualitative behavior of the solution near to degenerate fixed points which has
at least one eigen value with zero real part are highly vulnerable tof bifurcation
since such nodes changes their properties like stability or even existence by a small
perturbation. Stability of degenerate fixed points is determined by Lyapunov
function which is not the focus of this studies.

The study of stability can be also extended to a broader type of solutions,
namely orbit. Next we give some definitions for the stability of the orbit which
would be referred as orbital stability.

Definition 1.1.4. [57] An orbit x(¢) with initial condition x(0) = xq is orbitally
stable if all orbits x(¢) with nearby initial points X9 = xo + Az remain close
to it forever. By definition x(¢) is orbitally stable if for any € > 0 there exist a
d > 0 such that [|xo(t) — %o(t)|| < J then ||x(t) — x(¢)|| < € for t >0 .

It is important to emphasize that, the exponential separation rate of two
initially close orbits can be quantified by the so called Lyapunov exponent A
which is defined for continuous systems as

1. Az(xg,t)

A=lim lim -In

1.7
t—00 Azg—0 Axg (17)



18  Chapter 1. Background: nonlinear dynamical systems, complex networks

while for discrete time system z,+1 = f(z,) the equation would be translated as
=

— lim = (s 1.8

A= fim Sl ) (1.8)

It is important to emphasize that for a linearized system about a equilibrium
point, the Lyapunov exponents coincide with the eigen values of its Jacobian
matrix.

Similarly to the linear case, stability of the orbits are classified according to
the sign of the Lyapunov exponent. Specifically, if the Lyapunov exponent is
negative, that is, A < 0 indicates the the orbit or equilibrium point is stable,
while A = 0 indicates a conservative system without dissipation with the state of
Lyapunov stability. Finally, A > 0 shows the unstability of the orbit.

To determine whether a system is chaotic, degree of divergence of its solution
in the presence of tiny error in initial condition can be measured using Lyapunov
Exponents. This identifies the sensitive dependence of a system. Positive Lya-
punov Exponent verifies the state of chaos in dynamical system ( i.e. diverging
to a completely different solution even if two trajectories have started from very
close initial conditions) and a system with all negative Lyapunov exponent will
have either an attracting fixed point or a periodic cycle and will not behave
chaotically [2].

1.1.2 Bifurcations

As previously mentioned, bifurcation is the transition of the structure of the
system’s dynamic when the system’s parameter has been perturbed. In fact
changing bifurcation parameter changes the system property qualitatively such
as number of system’s fixed points or their stability. Creation or destruction of
fixed point due to changing a system parameter is known as saddle node bifurca-
tion and when fixed points appear or disappear in a symmetrical pairs the term
changes to pitchfork bifurcation. Fixed points can remain while their stability
might changes which is called Hopf bifurcation where in the close vicinity of those
fixed points their stability is determined via eigen values of the Jacobian matrix
[52]. Hopf bifurcation will be recalled when Chua’s characteristic is explained.In
general those bifurcations which occurs by changes in the stability of eqilibrium
points are classified as local bifurcations in which the bifurcations mentioned
above are included.

1.2. Chua’s circuit as a paradigm for chaos

Analysis and control of non-linear systems are more complicated than linear ones
and necessitate a deep understanding of their dynamics. Accordingly the need
to study and manipulate such systems has been a motivation for the invention of
autonomous Chua’s circuit in 1983 as the first physical platform for reproducing
chaos and nonlinear dynamics. This chaotic circuit is the simplest electronic cir-
cuit which can be realized at low cost, producing rich dynamic from the periodic
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one by cascade of double period bifurcation and ending to chaos as the result of
varying its bifurcation parameters. Chua’s circuit has been used for decades and
is still a unique tool for understanding and analyzing nonlinear dynamics and
chaos. The schematic of Chua’s circuit is shown in figure 1.1a. Chua’s circuit is

R, . ,
7 7
AN Gy
ZL /
1 L Ge ; E, By
L —__C; —— Oy Ry S ven

(a) (b)
Figure 1.1: (a) Schematic of Chua’s circuit, (b) Chua’s diode characteristic

described by a set of ordinary differential equations as

di, _ 1,

at L

ducs *g[v —v }—&-iz

at Gyt Ot TR otk (1.9)
dver _ g[v —ve1) — iz(v )

dt = Ch Cc2 C1 Ch C1

where i1, vo1, Voo are the state variables corresponding to the inductor’s current
and voltages on the capacitors C1 and C respectively.G = 1/R.. It’s noteworthy
that since the first realization of Chua’s circuit, several efforts has been carried out
to generalize the circuit aiming to have the simplest synthesis which generates the
most complex dynamic. As a result among all Chua’s circuit families a canonical
form of it is realized so far by adding a resistors in series with inductor and
is called Chua’s oscillator to distinguish it from the original Chua’s circuit [9].
Chua’s oscillator is prototypical since it can reproduce any dynamics generated
by systems of continuous odd symmetric three regions piecewise linear vector

field.

1.2.1 Piecewise linear classical model

Birth of Chaos is the result of infinitely continuous stretching and folding of dy-
namical system’s trajectories. In particular, piecewise-linear circuits can generate
chaos they have at least two unstable equilibrium points to provide stretching
by one and folding trajectories by the other equilibrium point {19, 28]. Such
conditions are feasible for autonomous circuits if they satisfy three fundamental
properties listed below

(i) presence of at least one nonlinear element
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(ii) having a locally active asymptotically passive resistor
(iii) presence of at least three energy storage elements (third order system).

Presence of an ad hoc voltage-controlled nonlinear locally active resistor known
as Chua’s diode as well as three storage elements facilitate Chua’s circuit by this
properties and create the possibility of generating chaos steady state solution
by this circuit. Chua’s diode driving point characteristic shown in figure 1.1b is
characterized in such a way to exist at least two unstable equilibrium points to
satisfy the condition of generating chaos. Chua’s diode characteristic is described
by the following equations:

Geoor + El(Ga — Gb) + EQ(Gb — GC) Ey < v

Gyvct + E1(Gg — Gy) E <vc1 < B
i(ver) = § Gaven lverl| < Eq (1.10)
Gyvct + E1(Gy — Gy) —Fy <ve < —Eq

G.oon + El(Gb — Ga) + EQ(GC — Gb) vo1 < —F»

where G ,Gy < 0 and G, > 0. The outer parts G, would guarantee the even-
tually passivity of the element since for the large enough voltage across the real
resistor its absorbed power P = v * ¢ is positive and characteristic must locate
in the first and third quadrant of the v — 7 plane. However on the condition
that Chua’s attractor is bounded in the active region those outer segments will
not influence on Chua’s circuit dynamics. The normalized dimensionless form of
Chua’s equations aiming to reduce the number of parameters and scaling them
to ease the numerical analysis the equations, can be obtained by rescaling the
state variables and defining new parameters as

Vo1 Vo2 i tG
Zcl S

T B L) E.G N
- 02 02 a - @ Gc

e — - = —_ b
c =1 @ G G

(%

dr YT (1.11)

— =a(y — x) — ai(x)

where
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E E

cx+a—b+E—j(b—c) Fj<$
Ey
b -b l<ao < —
T+ a x_El
ax |z <1
i(z) = (1.12)
E

bx +b—a —Figx<—1

b b
cx—i—b—a—i—gi(c—b) m<—ﬁ

Chua’s circuit has three equilibrium points; x* and x% on the outer negative
and positive regions respectively, and xg in the origin, which are

G(Gy — Ga)E G(Gy — Gy)
G+G, * 0 GraGg, *
x = 0 x5 =10 X, = 0
Ga - GbE 0 Gb - Ga
G+G, G+G, |

All the eigenvalues of equilibrium points are shown in figure 1.2 for R, ranged
from 150092 to 2000€2 where the arrows point toward the direction of increasing
R.. By increasing R, the stability of outer equilibrium points changes since the
sign of the real part of their complex eigenvalue become positive and unstable
and results in Hopf bifurcation.
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Figure 1.2: Eigen values of Chua’s circuit’s equilibrium points (Dy indicates the
eigenvalues belong to the equilibrium point in the origin and Dy corresponds to
the equilibrium points of the outer regions whose eigenvalues are the same.)



22 Chapter 1. Background: nonlinear dynamical systems, complex networks

1.2.2 Typical complex dynamics

To find Chua’s circuit solution, piece-wise linear characteristic of Chua’s circuit
allow us to analyze each region separately, then the overall solution can be found
by putting together all of them. The first step to study system’s dynamic is
calculating the equilibrium points. Then in each region the system is linearized
about its equilibrium point where the stability of dynamics nearby the equilib-
rium point is determined by calculating the eigenvalues of the system Jacobian
matrix A. We wish to emphasize that A has one real eigenvalue \ associated
to the the eigenvector E™ and a pair of complex conjugate o + jw spanning the
corresponding eigen-plane E€. Therefore, the solution of the circuit can be ex-
pressed as the the sum of two solutions x,(¢) belonging to E" and x.(t) to E°¢
as

x,(t) = CreMxy (1.13)

X (t) = 2C.e% [cos(wt + ¢)Xer — sin(wt + @)X (1.14)

Then if A > 0,x,(t) grows exponentially other wise if A < 0,x,(t) converge
asymptotically to zero both in direction of E". For the complex conjugate pair
if 0 > 0 and w # 0,x.(t) spirals away from the corresponding equilibrium point
along the complex eigen-plane and in the opposite case i.e. o < 0,%.(t) spi-
rals toward equilibrium point along the eigen-plane E€. Table 1.1 shows Chua’s
simulated circuit solutions when R, decreases from 197082 to 1965€2, 19452 and
1915€Q2. Note that by decreasing R, the Chua’s circuit’s dynamic undergoes struc-
tural changes ranging from limit cycles to chaotic double scroll due to the changes
of the stability of the equilibrium points.

Table 1.1: Simulated Chua’s circuit dynamics for R, = 1970€2, 19652, 19452 and
19159

Inductor model
197002 196582

R 1970

For the sake of completeness we also calculate a bifurcation diagram and
Lyapunov exponent diagram of Chua’s circuit when R, is varied in a decreasingly
manner from 20002 to 16002. The results are shown in figure 1.3.
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Bifurcation map of single Chua’s circuit

Lyapunov Exponent (LE)

4t . . . ‘—
1600 1700 1800 1900 2000 1600 1700 1800 1900 2000
Rjini R

(a) (b)

Figure 1.3: Single Chua’s circuit a)bifurcation diagram b)Lyapunov exponents
diagram

1.3. Complex networks

Real world systems are mainly characterized by being the integration of inter-
acting components whose collective behavior can significantly differ from their
individuals. Underlying those complex systems there is an intricate structure of
interconnections that affects its behavior. In figure 1.4 some examples of complex
networks are shown. It is no a secret that complex systems have great benefits
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(b)

Figure 1.4: Examples of complex networks: (a) Pages on a web site and the
hyperlinks between them [35] (b) Florentine marriages network [3]

in many aspects such as spreading information in world wide web or flow of en-
ergy in power distribution networks [4]. Nevertheless these systems are highly
vulnerable and delicate since a single interacting component can have impact in
all the network and failure in one part of the systems can be spread all over
the network through the inter-connectivity and cause to black out and signif-
icant defragmentation of the whole complex systems. Therefore it is of great
importance to inspect the structure and configuration through which all the sub-
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systems interact as well as collective behavior and properties of the members
of the network. In this regard the connectivity of each complex system can be
described efficiently by a complex network { N, L} where nodes (IV) represent the
subsystems and connections are modeled by links (L).

Complex networks are strong representations of complex systems for the pur-
pose of inspecting the structure of interaction so that possibly approaching a de-
scription of collective behavior emerging from complex systems which has been a
scientific challenge for decades in network science and all the involved disciplines.
Complexity in complex Networks can be described from different standpoints
ranging from the mode and number of inter-communications among subsystems
to their intricate character. Complex networks connectivity structure can be
complicated or change over the time where some links might appear, disappear
or their features might vary. Moreover system’s components might interact dif-
ferently when the links which connect them are different in features like weight
and direction. Additionally components can be nonlinear systems or diverse and
network might be composed by non-identical systems.

1.3.1 Modeling network structure and graph theory

Different types of complex network (structured interactions) from economical to
biological and many more are being studied using graph theory by which any of
them can be modeled effectively by a graph as a mathematical description.
Graphs ¢4 = (V, L) are mathematical structures composed by two sets of ele-
ments; set of N vertices V' = {ny,na,ny} as individual units and set of k edges
L ={l,l, 1}, for 0<k < N(N —1)/2 representing the link among each pair
of nodes. l;; is the link connecting a pair of adjacent nodes ¢ and j. For exam-
ple a network of four interconnected computers is shown in figure 1.5a, while in
figure 1.5b it is shown the the graph representation ¢ with four nodes and four
vertices.

2

(a) (b)

Figure 1.5: Examples of (a) a network of computers, and (b) its graph represen-
tation.

When a graph ¢ is undirected the incident connection between each two nodes is
mutual and bidirectional (see figure 1.4b), while in directed graphs two connected
nodes are sequentially ordered i.e. [;; # lj; (see figure 1.4a). Connection from
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a node to itself (loop) and more that one link between two nodes are beyond
definition of graph and such structure is called multi-graph. Each node can be
characterized by its size which is the number of connected links to it.

Graphs can be classified by different criteria. One is the number of links in the
graph i.e. k. A graph is sparse if k < N and is dense if number of links is close to
the maximum number of links. A graph whose number of links £ = N(N —1)/2
i.e there is link between every pair of nodes, is called complete.

If for every pair of distinct nodes there exist a path linking all the nodes in the
network; then, then the graph is called connected; otherwise, it is disconnected.
We can also associate to every every link in a graph a weight, in this case the
graph is called weighted graph.

The connectivity in an un-weighted graph is represented by the Adjacency matriz
A nxn whose elements a;; = 1 if nodes ¢ and j are connected; otherwise, a;; = 0.
For undirected graphs matrix A is symmetrical, while it might be asymmetrical if
the graph is directed. Instead a weighted graph is represented by a connectivity
matrix W whose entries 0;; > 0 if nodes ¢ and j are connected and o;; = 0
otherwise.

Both connectivity and node’s degree of a graph are captured by the Laplacian ma-
triz. L € RM*N whose off-diagonal entries are given by L;; = —a;j0;;, for i#
j, while diagonal entries L;; = Z;V: 1 aj04;. It is important to emphasize that
Laplacian matrix representing undirected graphs & are symmetric and posi-
tive semi-definite matrices whose eigenvalues can be sorted in ascending order
A < A2 < --- < Ay. Note that the sum of rows and columns of the Laplacian
matrix are always zero.

1.3.2 Emerging dynamics

As mentioned earlier interacting systems behave differently from their individ-
ual dynamics when they are isolated. As a matter of fact collective behavior is
not only a function of subsystem’s dynamic but also of the structure of the net-
work through which they interact. Consider a network composed by N coupled
oscillators which can be described as

dXZ‘
dt

N
:Fi(Xi(t))+Zaijain(Xian) 1€ {1,'-- ,N} (1.15)
j=1

where x; = [z1, - ,xy] and F;(x;(t)) = [fi(xi(t)), -, fu(xi(t))] are the n-
dimensional state vector and vector field of the i, oscillator respectively. Vector
field F;(x;(t)) describe the dynamic of the ith node. The coupling strength of
each link is denoted by o0;; which is associated to nodes ¢ and j. The coupling ma-
trix A = [a;;] € RV*N describes the connectivity between nodes where a;; = 1
if nodes i and j are connected and a;; = 0 otherwise. H(x,,x;) denotes the
coupling function between nodes ¢ and j i.e the operator which connect each two
nodes.

Aiming to studying of collective behavior as a function of network parameters
like structure, coupling strength as well as node’s dynamics, it is often consid-
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ered a simplified model by assuming a homogeneous networks whose nodes are
nominally identical i.e. Fi(x1(t)) = Fa(x2(t)) = --- = Fn(xn(t)) = F(x4(t)).
We further assume the coupling between nodes to be bidirectional with identical
coupling strengths, that is 0;; = o for all 4,5 € {1,--- ,N}. In this case the
adjacency matrix A is symmetric whose entries are either zero or one and are
scaled by the coupling strength o. The simplified model of network (4.1) reads

dXi
dt

N
=F(xi(t) +0 Y ayH(x;,x;) i€l N (1.16)
j=1

This model is used to described many coupled oscillators [33, 51]. Depending on
the network’s features such as topology, coupling strength and dynamic of nodes,
the behavior of subsystems and their coherency respect to other members with
which they interact direct or indirect varies. Components can evolve equally and
synchronously as they pass through a transient time or keep different types of
relativity such as phase locking in oscillators known as phase synchronization.
Contrarily systems can be connected in the network but evolve in a way if they
are not physically connected to any other node.

1.3.3 Synchronization

One important collective behavior which has been the focus of many network
studies is synchronization, which is widely seen in natural and artificial net-
works. Synchronization can be as an essential property for proper functioning
of many networks when coordination is required such as power distribution net-
works and neural network of the brain for information processing [51]. There
are several definitions for synchronization regarding to the types of coordination
among nodes and some of them are been reviewed here.

Two nodes ¢ and j are considered to be completely synchronized if they converge
to the same solution as they evolve in time, i.e

lim [1xi(t) — x;(1)]| = 0 (117)

t—o00

Similarly the state of complete or asymptotic synchronization in a network hap-
pens if all nodes of a network converge to the same solution xs(t), i.e. x1(t) =
xa(t) = -+ = xn(t) = x5(t). This subspace is termed as synchronization mani-
fold S and is defined as

S:={xeRY| ||xi(t) —x;(t)]|=0Vi,jel,---,N} (1.18)
where x;(t) belongs to this synchronous manifold if
Jim (1) — x,(8)]| = 0

Complete synchronization can be seen for networks with identical nodes otherwise
in the presence of any parameter mismatch nodes can tend to a very close vicinity
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of synchronization manifold but not to the exact manifold. This tendency is
termed as Bounded synchronization which can be defined as

tlim l|Ixi(t) —x;(t)]| <e for e>0,Vie{l,---,N} (1.19)

In addition to complete and bounded synchronizations the members of a network
can reach to the same synchronization manifold by delay respect to one another,
the state known as lag synchronization i.e.

x;i(t+ 1) = x;(t)

In the coupled oscillators synchronization might appear among only oscillators
phases where all remain identical or nearly identical in phase while they are
weakly or not correlated in the amplitude [7]. All discussed synchronous states
have been studied and observed in this experimental studies which will be re-
ported in the corresponding chapter.

1.3.4 Clustering and group theory

In spite of the complete synchronization importance, transition to its opposite
state is the introduction to intricate diversities. This transition mechanism in
the network is strongly influenced by different network parameters. However the
phenomena is not completely understood yet. Recent studies have tried to shed
light on the network behavior beyond the complete synchronization [21, 42, 50].
It has been observed in many complex networks that by loosing complete syn-
chronization state, network nodes start diverging from the manifold of complete
synchronizations while partitioning into patterns of several so called clusters.
Those nodes belonging to the same clusters are synchronized while the ones from
different clusters are loosely or not correlated. We denote the synchronous tra-
jectory of each cluster as xy (t). In particular, the synchronous manifold of the
myy, cluster can be defined as

S = {x €RM| [Ix;() —x,()]| =0 VijeM)  (120)

where ZZL:l M, = N and m is the number of clusters and ;; node belongs to
myy, cluster if
Tim [[xi(t) — x4, (5] = 0

It has been revealed such clustering is closely related to the structure of the
network in particular when the structure is symmetric [42]. Fortunately, with
the aid of tools such as group theory the network elements tendency to diverge
from the global synchronous manifold and partition in sub-synchronous manifold
has been partially inferred.

1.3.4.1 Group theory

In this section the introductory group theory is reviewed following by the concept
of symmetry.

A group < G, * > is a non-empty set G with a binary operation () which satisfies
the following axioms:



28  Chapter 1. Background: nonlinear dynamical systems, complex networks

(i) Closure; Vz,ye G=zxyec G

)
(ii) Associativity; Vz,y,z€ G=zx*(y*z2)=(x*y)*z
(iii) Identity Ve €e G de€e Gor*xe=exx =1
)

(iv) Inverse Ve € Gzl e Gozxat=a"lxz=¢

For a group (G, *) identity and inverse elements are unique.

Definition 1.3.1. In addition Abelian group is a group which satisfies commu-
tativity i.e. Va,y € G = zy = yx.

Definition 1.3.2. Definition 2. For a group < G,* >, Number of elements in
the group is called order of the group denoting by |G].

Definition 1.3.3. Definition 3. For a group (G, %) if there exist a non-empty
subset H of G such that (H, ) is also a group then H is a subgroup of G . The
trivial subgroup of any group is formed by a set formed by identity element only.
Order of the subgroup is always is smaller or equal to its corresponding group
ie. |H| < |G|

Definition 1.3.4. Definition 4. The order of an element g denoted by |g| in a
group G is the smallest positive integer k such that ¢g* = e where e is the identity
element. If such k does not exist then the order of the element g is infinite.

Generally groups are classified into two groups of finite and infinite; A group G
is finite if it contains finite number of elements otherwise the group is Infinite .
Set of real numbers, rational numbers, integer numbers and complex numbers
each one under addition form a group denoted by < R, + >, < Q,+ >, < Z,+ >
and < C,+ > respectively as examples of infinite groups. < R™,. > represents
the infinite group of positive real numbers under multiplication. The finite cyclic
groups and symmetric groups are the well-known examples of finite groups.

If A group < G,* > with finite number of elements where |G| = n contains
an element g with |g| = n where there is no k& > 0 smaller such that ¢* = e.
Then the group is described as {e, g,9?,---,¢" '} where g is called a generator
of the group < G, * > and is written as G =< g >. Such a group is called cyclic
group which is an abelian group and is generated by single element g. symmetric
groups: All permutations of a set <G> composed by n elements form a group
under composition which is called symmetric group denoted by S,. The order
of S,, is n! where n is the number of elements in the group. |S,| = n! group of
network symmetries. All those symmetry operations on the network of N nodes
which leaves the network structure and dynamical equations unchanged form a
group G under composition. Symmetry operations can be identity I; where just
leave the structure unchanged, mirror reflection M, rotations of different angles
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r, or combination of these operations Group representation: Representation of
a group is a set of invertible linear transformations of vector spaces which is a
tool to represent the group elements in terms of matrices consequently indicating
the group operations by matrix multiplications [22]. Group representation is
important since it facilitates the problems of group theory by linear algebra.
Irreducible representation. If representation of a group can not be reduced to a
subspace linear transformations then is called irreducible in the other words a
group representation that has no nontrivial invariant subspaces.

Each symmetry operation g of the network can be presented by a permutation
matrix Pgy; an N dimensional binary matrix having an entry of p;; = 1 in each row
where the exchange of nodes ¢ and j does not vary the structure and 0 anywhere
else. By symmetry p;; = p;j; = 1 which implies that this P, is symmetric where
PP~! = P2 = Iy,n. The permutation matrices can be decomposed if there
exist a similar matrix M such that M~!P,M = P;, where Py is the equivalent
representation of P which is decomposed to k& matrices given by

P; 0O --- 0
0 Pg R |
P’g =1 . : y : (1.21)
k
0 0 Pg

dimension of Py is the sum of dimensions of sub-matrices of P; i.e. The orbit of
a node x; in the network topology is the set of all nodes in the network by which
ith node can be permuted leaving the topology unchanged. Consequently the
clusters in the network are identified by finding all the orbits in all representations
of symmetry groups of the network.

k
dim(P,) =) _ dim(P})
=1

Each cluster is characterized by its corresponding synchronous manifold S;, (k =
1,--- ,M where M is the number of clusters) to which all the nodes dynamics
belonging to that cluster converge. If IV is considered as the number of nodes
M = N when there is not any pair of synchronized nodes. In this work different
topology has been examined and the role of network symmetry has been explored
as well as changing parameters such as connectivity and coupling strength in the
transition from or toward global synchronization.

1.4. Metrics for detecting synchronization

Synchronization among corresponding state variables of each node can be quanti-
fied by evaluating the correlation between them where depending on the network
properties, node’s correlations can vary. In a network of oscillators complete
synchronization occurs when all network’s components oscillate with identical
amplitude and phase. We consider network (1.16) and we assume that only there
is available a scalar measurement y;(t) = I'x;(t) for each node ¢ € {1,--- ,N},
where I' is the output matrix.
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In this study two indexes have been used to compute the level of synchronization
termed as "cross correlation index (Io¢)" and "synchronization index (Ig)" which
are described below

(i) Cross correlation index (I..) has been applied to quantify the degree of
synchronization particularly the correspondence among oscillator’s phase.
N
> lyi(k) =il ly; (k) — 7]
Le(yiny) = —= (1.22)

5 () - 3 ) - 35

1
where 7; = N zgil yi(k) i=1,---,N is the mean value of the dynamic
of the i, node. If y; = yj which means y;, y; are synchronized then

Ns

> lwilk) —wl’
Le(yi, yj) = k—; =1 (1.23)
> [vitk) —ml*
k=1
Similarly I.. = —1 when two signals are opposite and I, = 0 shows no

correlation among two signals. The general form of I.. for N > 2 signals
is:

N
1 _
I.= N ;:1 Io(z,T) (1.24)

— 1
where y(k) = N

(2

M=

(vi(k) — 7i)
1

(ii) Synchronization index (I;) measures the rms distance of trajectories y;(t)
at ith node from the “average” trajectory (y(t)) expressed in percentage

N N

N s i1 k=1 |ymax - ymm‘

where N is the number of nodes (Chua’s circuits), Ng the number of (mea-
sured) samples and Ypmazr — Ymin 18 a normalizing factor for each set of mea-
surements. Such percent distance index approaches zero when all traces
are fully synchronized, and 100% when they are completely uncorrelated,
and synchronization is completely lost in phase and amplitude.

1.5. Stability analysis of synchronous solutions

1.5.1 Master stability function approach (MSF)

It is of the great importance to characterize synchronous behavior of the network
and to know when and under what conditions respect to network parameters, net-
work is able to keep the coordination among its nodes. Answering to this question
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necessitate the stability analysis of the network. A well-known approach to carry
such analysis of linearly coupled networks is Master stability function (MSF) [41]
which is a tool for stability analysis of synchronization as a function of network
topology, coupling strength, coupling function and nodes dynamics knowing only
the individual dynamic of nodes and network coupling function. This approach is
based on measuring the evolution or exponential growth rate of an infinitesimal
perturbation on the transverse subspace to synchronization manifold. The com-
mon criterion to obtain MSF is measuring the maximum Lyapunov exponent of
small fluttering of those solutions transverse to synchronization manifold. Master
stability function requires the following assumptions:

(i) the coupled nodes of the network are all identical.
(ii) all node’s output are coupled with the others through the same function.

(iii) the manifold of synchronization is invariant; any node initiate evolving from
synchronous manifold will remain in the manifold for all time t¢.

(iv) the coupling between nodes is arbitrary and is approximately linear in the
vicinity of synchronous state.

Considering equation (1.16) for a network of identical nodes which are coupled
via equal coupling strength the adjacency matrix can be replaced by laplacian
matrix L = [I;;] € RV*V as

dXZ'
dt

N
=F(z,)+0) LyH(x,), i={1,--- N} (1.26)
j=1

where L is symmetric and every row sum and column of Laplacian matrix is zero
ie.

N N

> Lij=0  which means > Lij=-Li (1.27)

i=1 j=Lji
For the system described by equation (1.26), it is assumed that there exists
a synchronous solution x4(¢) which is the same as nodes’ individual solution
ie x4(t) = x1(t) = x2(t) = ..xn(t) such that X, = F(xs). By applying an
infinitesimal perturbation on synchronous manifold dx; = x;—x, and substituting
the equation 1.26, the variational equation of this time evolving perturbation
5Xz = Xz — XS 18

d(SXi
dt

N
:F(xi(t))+aZLij(H(xj)—F(xs)> i={1,---,N}  (1.28)
j=1

applying Taylor series expansion at x; yields

N
= DF(x,)(xi — x5) + 0 Y Lij (DH(x,) + DH(x,)(x; — X)) (1.29)
j=1

d(SXi
dt




32 Chapter 1. Background: nonlinear dynamical systems, complex networks

which results in,

dXZ'

N
0 = DF(x,)0x; + 0 Y _ Li;D(H(x,))dx;, i = {1,--- , N} (1.30)

J=1

where DF(x,) and DH(x,) are the Jacobian matrices of the corresponding vector
field and coupling functions evaluated at x;. The general form of the equation
is:

dx
i (Inxn ® DF(x,) + oL ® H(x,))dx, (1.31)
where ® is the Kronecker product. éx € R™ dimensional vector of all the
perturbations of the network i.e. dx = (0x1,0x2, - ,0xy). L is the symmetric
Laplacian matrix whose eigenvector matrix is Q and satisfyies L = QAQ™!
where A is diagonal matrix of its eigenvectors. It is straight-forward to write
QQT = QTQ = I since Q is orthogonal matrix. By projecting variations dx
into the eigen-space spanned by eigen vectors of coupling matrix L i.e. (QT ®
I xn)0x = 0y, the block diagonalized form of the variational equation is

dy

= = vy © DF(x,) + 0A © DH(x.)) oy (1.32)

The generic form of equation for each can be written as

CC%’ = (DF(xs) + kDH(xs)) dy, (1.33)
for k = oA; for i = {1,..., N} where \; = {\1, Ao, -+, An} are the eigenvalues
of Laplacian matrix. The 1st block in equation associates with A; = 0 which
denotes the motion parallel to synchronous manifold i.e. trajectory of an un-
coupled oscillator, whereas \; > Ao corresponds to the perturbed motions on
the transverse synchronization manifold which are concerned for stability anal-
ysis. It is notable that the purpose of block-diagonalization is to isolate the
synchronous motion from the transverse ones in order to ease the manipulating
of those transverse manifolds and analyzing their stability. By evaluation max-
imum Lyapunov exponent A, of equation 17 for ¢ > 2 and for £ in the interval
ke < k < kp the synchronous manifold would be stable if all those transverse
motions damped down i.e for all those the maximum Lyapunov exponent would
be negative /\;, < 0 otherwise if /\, > 0 the synchronization manifold is unstable.

1.5.2 Extended master stability function (EMSF)

The synchronization which is treated by Master Stability approach is base on the
assumption of network of identical nodes. However, in practice, due to noise and
slight parameter mismatches of the network’s members, they tend close to the
synchronization manifold but not exactly lying in this manifold. Loss of asymp-
totic synchronization toward nearly synchronous state, respect to the scale of
parameter mismatch has been treated by Extended master stability function,
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an approach for studying synchronization in nodes with nearly identical parame-
ters. In this method a more general model of equation (1.45) has been considered
which as:

dXi
dt

N
:F(Xz’(wvui)"i_aZLiJH(Xj)? i:{lf" 7N} (1'34)
Jj=1

where p; is the parameter of iy, node and in the case of asymptotic synchroniza-
tion is uniform i.e. uy = ps = --- = uy. The parameter mismatch du; can be
1
considered as u; — i where i = N Zf\il 1. The the system is expected to stay in
a near synchronous state for some values of coupling ¢ and configuration L where
im0 ||x; — x;|| < € for € > 0. The near synchronous state z is considered as
1
the average of all individual nodes’s solutions i.e. X = — Zfi 1 X;- The small

variation of each node’s dynamic from the state X is defined as dx; = x; — X.
Consequently the variational equation will be governed by 6%; = %; — X where
by substituting the corresponding equation for each term for the specific case of
Laplacian coupling the equation will be

N
déXi
o = Flx(t), ) NZF Ni)U;Lin(X]‘) (1.35)

Using again Taylor expansion about the near synchronous state yields

djzcz = F(x,i) + DFx(x;, 1) (x; — X) + DF(x;, i) (p1; — i)
N
_% > [F(z, i) + DFs(xi, i) (x; — X) + DF5(xi, i) (1 — )]
7j=1
N
—0 " Lij(H(x) + DHx(x:)(x; — X)) (1.36)
7j=1

where DFx and DFj; are the Jacobian matrices evaluated on the average tra-
jectory and average parameter respectively. Equation (1.36) can be rewritten
as
d(SXi
dt

N
= DFx(&, 1)0%; + DF (%, 1)6p; — 0 > Liy DH(R)5x, (1.37)
j=1
From the fact that Zfil ox; = Zfil x;—Nx =0, Efil op; = vazl wi—Np =0,
and Zf\il l;j = 0 we have that the vector form of the variational equation reads

0% = Inxn ® DFg(X, i) — 0L ® DH(X)]0x + Inxn ® DF (X, 1)op.  (1.38)

If the system does not have parameter mismatch then the variational equation
is the same as the one of MSF (1.45). Next, by block-diagonalizing, yields

d5y

— = vy @ DFx(%, 1) — oP ® DH(%)]0y + Q" ® DF, (%, i)op.  (1.39)
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For each node we have that

ddyi
dt

N
= [DFx(%, i) — o\ DH()0yi + DF (X, 1) Y Qij6p;- (1.40)
j=1

where QT = [Q;] is the transverse of the eigenvector matrix and k > 2.
The variational equation would be in the following form:

ddyi
dt

= [DFx(x, i) — eDH(X)|0y; + DF (%, 1) ®. (1.41)

The extended master stability function is then a function of, individual dynamic,
coupling function, structure of the network and parameter mismatch. The stabil-
ity of the system will be obtained by the sign of its maximum Lyapunov exponent
and then by substituting ® = Z;\/:1 ¢ij0p; and € = oAy the stability will be ob-
tained for a specific topology and parameter mismatch

1.5.3 Proportional derivative master stability function (PDMSF)

Stability analysis of network coupled by dynamic component such as capacitor
and inductor has been studied by PD master stability function. In this case we
consider the network (1.16) setting the coupling function H(x;) = I'x;, where
I' €¢ RV*N ig the inner coupling matrix representing interconnections between
the state variables of each node. Then the dynamics of the network with dynamic
links can be written as

N N

=F(x;(t) + 01> LyTxj+ 03 LyTx;, i€ {l,--- N}  (142)
j=1 j=1

dXZ'
dt

which can be written in compact form as

d dx;

& Iyun® F(x)— o (LoD)x—oo (LT (22, (1.43)
dt dt

similarly to master stability function the system would be linearized around the
synchronous state followed by a diagonalization which results in the following
variational equation

dd _

where A is the matrix of eigenvalues of the Laplacian matrix L. Hence the states
equations are decoupled and the variational equation for state ith node reads

ddy;
dt

= (Tnxn — 0o\ D) " HDF(xs) + o1\ D)0y, k€ {2,--- ,N}  (1.45)

Therefore, the maximum Lyapunov exponent of the variational equation (1.45)
determines the stability of the synchronous state. If it would be negative the
state is stable otherwise is unstable.
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1.5.4 Stability of clusters

Earlier the stability of complete synchronization using the MSF approach has
been introduced. Master stability diagram shows the transition and network
parameter’s threshold by which complete synchronization remain stable for a
generic network network. Furthermore, it has been explained how by loosing
synchronization networks tend to form clusters where a single synchronous man-
ifold x bifurcate to M synchronous manifold where 2 < M < N depends on
network parameters. N represents number of nodes and M = N is the extreme
condition where there are no synchronized nodes. Stability analysis of such states
can not be analyzed with MSF since the analysis in master stability function is
based on a single state synchronous manifold which is kept apart through diag-
onalization to manipulate those states transverse to it.

However by clusters there are multi-state manifolds of synchronization for
which there should be considered M variational equations and study all trans-
verse to each synchronous manifold as It is discussed in [42]. It has to be con-
sidered also that dimension of synchronous manifold in this case is more than
that of compete synchronization. The variational equations for the Laplacian
coupled oscillators described by equation (1.26) about the synchronous manifold
of clusters is defined as:

M M
djﬁx = Z E™ ® DF (x5,(t)) + oL Z (E™)® DH(xsm(t))] ox(t) (1.46)
t
m=1 m=1
where E™ is an N dimensional matrix whose diagonal entries E]"' = 1 if ¢, node
belongs to cluster myy, otherwise ET* = 0. "M E(m) = Iy. Using the advan-
tage of group theory the equation can be block diagonalized [42] corresponding to
the cluster structure using a matrix T. The resulted block diagonalized matrix
is
/ —1 Ltran 0

L'=T"LT= [ 0 Lsyn] (1.47)
In this way the set of eigenvalues of L (0 = Ay < Ao < -+ < Ay) is divided
into two groups, each belonging to one diagonal block, Ly, , with dimension
ng, representing the synchronous subspace and Lyyqy, , with dimension nq, in-
dicating the subspace of transverse motions (with 0 eigenvalue belonging to
Lgyn), satisfying the sorting relations (0 = Aigyn < A2syn < -+ < An2syn),
(Mtran < Aatran < -+ < Apltran) With N = nj + ng [21]. The matrix M of
eigenvectors of the permutation matrix can be used as the matrix T so that

M : M~ 'P,M = P = diagonal

By projecting the state variables on space spanned by vectors of P, (defined in
(1.21)) i.e. 6y = (T ® I,,)0x%, the variational equation is

oy

M
= > I @ DF (Xgm(t)) + oL'J™ @ DH(x.m(t)) | 5y () (1.48)
m=1
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where J" is the projection of E™. Therefore linearization about synchronized
cluster states {xs1(t),xs2(t), - ,Xsm(t)} Therefore, cluster synchronization is
stable if

1. All maximum Lyapunov exponents corresponding to transverse mode would
be negative which means the stability of transverse modes.

2. The asymptotic synchronous pattern would exist in the steady state.



Chapter. 2

Description and characterization of the experimental

setup

Networks of chaotic oscillators and their complex dynamics have been widely
considered in the literature; in particular, networks with Chua’s circuits as nodes
have been commonly used to study synchronization emerging in networks of dy-
namical systems. However, most of the available results are of theoretical and
numerical nature, whereas relatively few experimental studies have been pre-
sented. This is mainly due to difficulties in the realization and operation of
networks with a large number of nodes. Indeed, most of the available experi-
mental results have been obtained for networks of two or three nodes. A larger
scalable setup has been proposed to study higher dimensional networks with a
nearest neighbor structure in the context of Cellular Neural Networks (CNNs) but
few are available for networks with a general reconfigurable structure. Moreover,
most experiments have been dedicated to investigate the complete synchroniza-
tion phenomenon, where all states of the nodes synchronize asymptotically. Few
examples are available of experimental efforts in the study of other interesting
phenomena such as phase synchronization, clustering formation, the emergence
of patterns and waves within the ensemble of oscillators. In order to overcome
such limitations, and test complex networks of chaotic oscillators having a high
number of nodes (up to 48) and having a general and reconfigurable structure,
an experimental test-bed has been realized in the Circuit Laboratory of the De-
partment of Electrical Engineering and Information Technology (DIETI) of the
University of Naples Federico II. The present chapter is dedicated to the com-
plete description and characterization of the setup. Its peculiarity, with respect
to other experimental arrangements, resides in: (i) the full and direct control of
the network structure, the link type and coupling strength; (ii) the possibility
of selecting each node main parameters; (iii) a modular high rate multichannel
acquisition section for the simultaneous analysis of the large number of variables
under observation. Figure 2.1 shows the schematic of the experimental setup
which is composed of three main modules:

(i) a set of N nodes, that are Chua’s circuits, whose parameters can be set
individually;

37
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(ii) an interconnection module through which the nodes are coupled;

(iii) a data acquisition system which allows the continuous monitoring of the
variables of interest.

The first version of the test-bed dates back to the beginning of 2011 and in the
following will be addressed as NetV11 (figure 2.2a). A newer version (NetV16)
has been completed in 2016 (figure 2.2b). The main difference between these
two versions resides in the interconnection module: in version NetV11 the links
among the nodes were established manually by properly placing a set of jumpers;
in version NetV16 the connections are fully automated and controlled directly
via Personal Computer.

U

Controlled Link Network
Controlled
Chua’s set
Chua #1 Controlled
Acquisition Board
NATIONAL
Chua #2 INSTRUMENTS
@ . : NI cDAQ-9178
. +
%% !ﬁ . NI 9215 modules
- Chua #n

Figure 2.1: schematic of experimental setup

Both setups are adapted for testing dynamically coupled networks as well where
coupling capacitors are paralled to coupling resistors. Figure 2.3 shows both
setups equipped by capacitive links where in both the capacitor values are ad-
justable manually through DIP switches. We have characterized a wide range
of capacitive links for the setup NetV16 which will be reported in the following
relative section.
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Figure 2.2: experimental setups coupled by resistors (static coupling) a) NetV11-
partially automatized b) NetV11-Fully automatic

Figure 2.3: experimental setups equipped by capacitive links a) NetV11 b)
NetV16

2.1. Description

2.1.1 Chua’s circuits as network’s nodes

For the sake of robustness and accuracy all Chua’s circuits have been realized
following the implementation proposed in [27] which results in a robust and
economical assembling of Chua’s circuits. Moreover the inductor is replaced by
the synthesis presented in [1] using inductance gyrator composed by 2 operational
amplifiers, one capacitor and 4 resistors. This implementation provides a more
accurate systems for the practical purposes such as data measurement, tolerance
and parasitic parameters’ control since the commercial capacitors are closer to
the ideal ones than those of inductors.

Figure 2.4 shows the schematic of the realized Chua’s circuit, on which the values
of components are indicated for NetV11. Table 2.1 shows the elements’ values of
Chua’s circuits applied in the second version NetV16. The equivalent inductor
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Equivalent inductor

Chua's diode

Vol

Ve2 Vet
\ /

1800

C2 c1

[l
!

Figure 2.4: schematic of experimentally implemented Chua’s circuits

synthesized by gyrator can be computed as

Leq = R7R9R10C3/R8

Table 2.1: Elements’ values of Chua’s circuit installed in second version of setup

Element value
Ry 219.790)
Ry 219.83()

Rs 22002
Ry 22k
Ry 22k}
Rg 3296.2502
Ry 1Q

Rg 1Q

Ry 329.75Q
0 54.6052
Ch 10.05nF
Cs 100.65n F'
Cs 1.03F
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2.1.2 Interconnection network

The coupling links are realized by resistors (static links) as well as capacitors or
parallel resistors and capacitors (dynamic links) with separately adjustable type
and strength. This module has been realized differently for the mentioned setup
versions which is described in the following.

1. The coupling resistive configurations for NetV11 are composed of set of
physical resistors adjustable through USB controllable digital switches DG412DJZ
and a matrix of manually controllable interconnections where two nodes can
be coupled though a coupling resistor by placing jumpers (JP) as figure 2.5a
shows. Each static coupling link consists of two digital switches DG412DJZ

iy iy i i
l_l I_l "
. . SNT4HCS95N
ith Chua ]th Chua UM245R 7| SninRegster m
USB Interface . = —
Vel Vel : oz
Rhﬂk(l,]) SNTAHG138 . .
Ve2l- V2 Docoder
DGA12007
Switch
B . e
L =L | SN7aHCS9SN
Shift Register
S e e
DGA120JZ
Swilch

(a) (b)

Figure 2.5: a) schematic of manual connection among two Chua’s circuits using
jumpers (JP) b) schematic of USB controllable digital switches adjusting physical
coupling resistors

connecting to 8 resistors which can provide 8 bit of resolution. Therefore
each coupling link can vary among 2% = 256 different scalable values. On a
single PCB, 8 coupling resistors are mounted along with their correspond-
ing switches. For each coupling resistor one shift register SN74HC595N is
mounted on the same PCB where two of shift registers are connected to a
decoder SN74HC138 for individual setting of each coupling though USB in-
terface UM245R. Figure 2.5b depicts an schematic of two coupling resistors
controlled by UM245R. Figures 2.6a and 2.6b show interconnection matrix
providing 16 connections and 8 coupling resistors on a single PCB, respec-
tively. 4 PCBs on each 8 static coupling links are mounted, are accessible
through one USB interface UM245R for the purpose of control.

2. In the second version NetV16, physical coupling resistors are replaced by
digital potentiometers AD5293 for each, with maximum nominal resistor
of 20 and 50 k€. End-to-end resistor tolerance error is < 1%. Figure 2.10a
shows the schematic of the potentiometer. The AD5293 shift register has
16 bits data-word consisting of two unused bits, which are set to 0, followed
by four control bits (to choose the function of the software command for
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Figure 2.6: experimental setup a) interconnection matrix for 16 links b) 8 cou-
pling resistors mounted in a single PCB

Voo RESET

Ao
Viosic O
" RDAC ———
SCLK O 10, REGISTER

SERIAL
INTERFACE

Vss EXT_CAP GND

(a)

Figure 2.7: a) schematic of potentiometer AD5293 b) potentiometers applied in
the setup

example writing or reading) and 10 RDAC data bits. The RDAC register
shown in schematic controls directly the position of digital potentiometer
wiper (W). The 10-bit data in the RDAC latch is decoded to select one
of the 1024 possible settings available in potentiometer accessed by wiper
terminal. Digital programmed output resistance between the W terminal
and B terminal is obtained as,

D
1024

where D is decimal equivalent of the binary code loaded in the 10-bit RDAC
register and R4p is the end-to-end resistance. Resistance of Ryya is a
digitally controlled complementary like mechanical potentiometer which
can be calibrated to give a maximum of 1% absolute resistance error. Rap
is calculate as,

RWB(D) XRAB

1024 D

Rwa(D) = — 50— x Rap
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In the zero-scale condition, a finite total wiper resistance of 120 Q is present.
In the current setup version NetV16, maximum number of coupling resistors
are 16 realized by 16 potentiometers, each group of 8 mounted on a single
PCB.

2.1.3 Data acquisition real time analysis and control

For simultaneous, multiple data acquisition and real time processing of large sets
of electrical measured data in complex network, currently 64 variables, National
Instrument compactDAQ series instruments, as well as the LabVIEW software
for implementing the real time data processing and system control have been
used. Moreover additional to labview the system is accessible through matlab as
well.

In labview program after sampling data whose rate is 60k samples in a second,
there are two possible modes; visual and scan. In visual mode data is monitored
and coupling resistors can be changed step by step by operator while in the
scan mode operator choose a range for coupling resistors and then within that
range automatically all the values are scanned and data is saved and monitored
simultaneously. a sample of front panel of visual mode of labview is shown in
figure 2.8. As figure shows through labview the phase diagram of any single chua

=
Ew
Fms

,,,,,,,,,

Figure 2.8: monitoring data in labview-front panel

as well as relative phase diagram among chua’s state variables are monitored.
Frequency response, as a representation of dynamic structure is shown as well. all
the waveforms of Chua’s circuits upto 32 can be shown individually or merged in
order to distinguish better the state of complete synchronization. The resolution
of observing waveforms can also be changed which is useful for observing clusters.

2.2. Characterization

2.2.1 Node’s Parasitics and Tolerances

As the early step, for Chua’s diode and the op-amp equivalent inductor, an ac-
curate experimental characterization has been carried out in order to assess that
the tolerances and parasitic elements were within the prescribed ranges. Chua’s
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diode, implemented as in figure 2.4 with nominal values as therein indicated,
should theoretically give a symmetrical piecewise linear characteristic as shown
already in figure 1.1b, with the parameters reported in table 2.2.

Table 2.2: Experimental and theoretical parameters of Chua’s characteristic

Description
G.[9] Conductance —7.56.10~% | —6.89.10~* | —6.88.10~*
Gy[S] Conductance —4.09.10~% | —3.77.10~* | —3.76.10~*
G.[S] Conductance 0.0046 0.0019 0.002
E V] Break voltage +0.97 —0.988 1.008
E, V] Break voltage +6.79 —5.72 6.27
vsat [V] | Saturation voltage +7.47 —7.03 7.59

The nonlinear characteristic (v,4) of the Chua’s diode has been experimen-
tally measured with a simple characterization scheme. In figure 2.9, a comparison
between the theoretical expectation and measured samples is reported. The char-
acteristic is almost symmetric in the range [+5.7,+5.7]V (changes are lower than
2%), while sensible changes (of about 5%) can be found in the break voltage Es,
in the slope G, and the saturation voltage Viq:. These values are also differ-
ent from the theoretical nominal values that were previously calculated. The
differences can be ascribed to the adopted operational amplifiers that do not
provide, in the needed tolerance range, a symmetric output and whose positive
and negative saturation voltages slightly differ from one another. We remark that
such differences do not affect significantly our experiments because the regime
|va| > 5V was never explored.

4
+ experimental
theoretical

20 ——fit model
<
£ O
-3

s

4 s | ‘

-10 -5 0 5 10

XAVl

Figure 2.9: Chua diode characteristic

2.2.2 Characterization of node’s dynamics

Aiming to construct a physical implementation of a reconfigurable complex net-
work, to be used as prototypical model of different real complex systems, a pre-
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liminary goal has been the evaluation of the realized system when compared
with simulations. A detailed characterization of the single node dynamics as
a function of the Chua’s resistor R. value has been carried out, following the
methodology suggested in [46] for an automated experimental campaign. Typi-
cal problems in bifurcation analysis as period evaluation, transition to chaos and
attractor discriminations have been faced in the automated evaluation of the ob-
served waveforms. A global assessment of the node’s behavior has been pursued
by comparing the experimental bifurcation diagram with accurate PSpice sim-
ulations, taking into account real measured components values, parasitics and
the nonlinear element modeled by a piecewise linear resistor as described in the
previous section. The Chua resistor R is chosen as the bifurcation parameter
and the value of voltage v, (at crossing points ve.e = 0) as dependent variable.
Figure 2.10 shows the simulated (a) and experimental (b) bifurcation diagrams
obtained, respectively, in the case in which the voltage vog reaches zero with pos-
itive slope. The two maps compare satisfactorily, with major bifurcation points
in good agreement with respect to the bifurcation parameter R..

Poincaré plot - simulation 3 Poincaré plot - experimental

ve[V]

Vo1 [V]

1920 1970 2020 ’ 1800 1850 1900
Rchua [Q] Rchua [Q]

(a) (b)

Figure 2.10: poincaré map of Chua’s circuit a) simulation result b) experimental
result

A coarse classification of the observed experimental behavior of an isolated node
as a function of Rpy, is given in Table 2.3 (starting from periodic behavior (limit
cycle), a transition is observed to a double scroll attractor followed by a single
scroll one, and finally a transition back to periodic behavior).

The recorded, experimental and simulated dynamics can be observed in figure
2.11 where some representative phase portraits are shown.
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Table 2.3: Observed dynamics of an isolated node

Asymptotic behavior R pua range [Q]
Limit cycle 1667 < Reopua < 1685
Limit cycle 1885 < Reopua < 1940
Double scroll 1690 < Reopye < 1814
Single scroll 1821 < Repuya < 1943
Single scroll 1846 < Ropua < 1854
Single scroll 1858 < Repua < 1862
Period adding (T = 2) Ropua = 1866, 1872
Period adding (T = 3) Reopua = 1855, 1875
Period adding (T'=4) | Repua = 1845,1867,1868, 1873, 1876

Experiment Simulation
190192 19702

‘‘‘‘‘

Figure 2.11: experimental and simulated Chua’s circuits’ dynamics
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In this study, probing the collective dynamics of the networks for simplicity
all the Chua’s circuits are set nominally identical with R, = 18009 and 17962
in NetV11 and NetV16 respectively where they generate chaotic double scroll
attractors. The tolerance among Chua’s circuits elements is 1%. Circuit’s are
coupled through the output extracted from their state variable vo.

2.2.2.1 Modified Chua’s circuit model to reveal clusters

As it is mentioned the inductorless experimental setup has been realized by imple-
menting inductive gyrator composed of opamps. The output voltages of opamps
apply a constraint on Vg which is not considered in the commonly used model
of Chua’s circuit recalled in chapter 1. We have realized that, in the absence
of this constraint, the numerical results diverge after the network looses com-
plete synchronization. Consequently by increasing Vo, the voltage Vo1 increase
over saturation voltage and therefore it saturates for all Chua’s circuits. This
results in a significant disagreement among experimental and simulation results
of emerged dynamic after the network looses complete synchronization. Even
considerable disagreement appears with predicted MSF threshold which agrees
with experiment. When Chua’s circuit saturate the patterns generated by physi-
cal setup after loosing complete synchrony cannot be seen in the simulation. For
the agreement among experimental and simulation results it is necessary to con-
sider all the real conditions and constraints. For this purpose the Chua’s model
is modified taking in to account the gyrator restricted saturation voltage as the
following:

dvcg _ —@U
dt Cy 2
dvcg G G7
_ _ - — 2.1
TR [ver — vea) + C [vo2 — ve2) (2.1)
dUCl G 1 .
= —|vc2 — ve1] — =iV
o Cl[ c2 — ve c (Vay)
Vsat, : V01 2 Usat
Usat, : V02 2 VUsat
VO17 :’ V01 |< VUsat
Vo1 =
o V027 :‘ V02 |< Usat
Vo2 = —Vsat, - V01 < —Vsat
—VUsat, - V02 < —Usat
R R
Where Vo, = 7781)01 + (1 + 78)1}02 and Vo, = vca2 —ves
Ry Ry
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Ry

R7Ry
one. Dimensionless equations can be obtained by changing the parameters as

The corresponding iy, = ig, = Vs since the opamp is considered as ideal

before except z, 83, g7

e = —py
d
dfy = grvoa(y,2) — (L +gr)y +
-
dr_ aly —x) —al(z)
dr
_ o3 B CaGo _ ﬁ
El ) C3G ) gar G
VUsat VUsat Vsat
Vo, = , Vo, 2
B, O2 B, E, o)
Vi | Vo, |< 2at v | Vo, |
(2% O B O1> O
vo2(y, 2) = : B vo1(y, z) = ' '
_ Usat Vsat _ Usat
E, ) Oz X B, E, ) 01 X
R R
where Vo, = —5-vo1(y,2) + (1+ )y and Vo, =y —z
Ry Ry
The three equilibrium points of the circuit are as the following,
GRy(Gy — Ga) GRy(Ga = Gb) 1,
RsG7(G + Gy) ! 0 RsG7(G +Gy) "
X* = 0 Xg =0 i= 0
Ga - Gb 0 Gb - Ga
G+ Gy ! G+ Gy !

Table 1 shows the Characteristic of this model for a single Chua’s circuit. Figure

2.12 shows all the eigen values of equilibrium points for R.p,, varying from 1500€2
to 2000€) where the arrows are toward the direction of increasing Reopyq. As it is
shown in the figure by increasing R.p., the stability of equilibrium points changes
according to the change on the sign of real part of complex eigen values which
verifies the hopf bifurcaion. The characteristic of this mode is similar to the one
has reported in chapter 1 as well as the experimental results. The results show
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that as long as we are seeking the behavior of a single Chua’s circuit which is
uncoupled from any network or we are interested in the global synchronization
threshold, both models are applicable, however in order to simulate the network
of Chua’s circuit beyond synchronization threshold and reveal the patterns of
cluster generated by the present experimental setup, the constraint on the applied
opamps of gyrator has to be considered for which in this work the modified Chua’s
circuit has been proposed. In this model the real applied capacitor in gyrator
has been directly modeled and then the equivalent current to the inductor has
been obtained in a relation with Viog. This is the current flowing on Ry since the
opamps are considered ideal. Later in chapter 4 the simulation results of emergent
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Figure 2.12: Real and complex eigen values of equilibrium points in Dy origin
and D; outer region; direction of arrows are toward increasing R.puq

dynamics produced by both model when the network has lost synchronization
will be shown and compared.

2.2.3 Characterization of interconnection links

For the sake of accuracy all resistors (R; — Rig) realized by potentiometers for
both nominal resistors 20k€2 and 50k(2 have been characterized and the tolerance
has been calculated as:

max(Ray) — min(Rgy) * 100
Ray(k)

%Error(k) =
R = 1S Rl
ave r j:1 mean

1 &

k ko

RW%Zan = FZR 77«(;7)
S i=1

ng=1,---,3 k=1,---,1024 r=1,---,16
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where ng = 3 is the number of measured samples for each of coupling resistors
(R1 — Rig), r is the number of available realized resistors by potentiometer whose
maximum is 16 currently and k is range of all resistor values generated by po-
tentiometer with maximum of 1024. Figure 2.13a shows the error measured for
all potentiometers with nominal resistor R g = 20, 50k{). The measurement has
been accomplished in 2 different ways for all; first the resistors are measured
when all are decoupled from multiplexers; through which they are coupled with
Chua’s circuits, second the resistors are measured when they are all connected to
multiplexers. The result are shown in figure 2.13a. Using these potentiometers
has brought the advantage of accuracy in terms of wiring where the networks’
nodes and their interconnection have become more compact. However compared
with the first setup version for which physical resistors are used the error is not
linear. The error is more that 3% for R < 108212, between 3% and 1% for
10820 < R < 26390 and less than 1% for R > 2639Q2. We have chosen the
potentiometer of 50k€2 to explore the network dynamic according to better accu-
racy as figure 2.13a shows and wider range it provides. To avoid destruction, the

Array
25¢ * Allto All
* Ring
2r *  Star
— Potentiometer

15}

Lnaw (Riing) (mA)

0 T OM

0 1 2 3 4 45 3 10 12
Roe(Ry — Rig)2 x10 R (k)

(a) (b)

Figure 2.13: a) potentiometer characterization b) maximum current passing
through Ry;nr when the network is coupled through specific configuraations

20004000 . 05/ ﬁ' e
2 4 6

current flowing among terminal A and B, terminal W and A, and terminal W
and B has to be limited to the maximum continuous current of £3 mA. In order
to ensure that the current passing through resistors in the coupling are within
the accepted range, the maximum current passing through when the network is
configured is measured for configurations all to all (all node are connected to each
other), star (all nodes connected to one common node and not any other), ring
and array among which all to all was expected to be the most crucial because of
stronger connection. Figure 2.13b shows the results where the red line is indicat-
ing the limit current passing through potentiometer and has to stay below 3mA.
For all configurations the minimum current passing though the coupling resistors
realized by potentiometer Ry;,i is zero when all nodes in any configuration are
synchronized and most dramatic current passes though (where the jump hap-
pen in diagram) when they loos synchronization (synchronization is explained in
chapter 3).
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It is important to mention that the output resistor generated by each poten-
tiometer is not exactly equal to the one which is set as an input because of its
formula for decimal conversion. Each coupling resistor is physically connected
to multiplexer MPC508A whose pair of switches are connected at one side to
a coupling resistor and in the other side each one to a Chua’s circuit output
(ve1). Through shift register 74HC595 the corresponding multiplexer and their
switches are selected to connect a pair of Chua’s circuits. shift registers are
controlled by decoder and the whole interconnection module is addressed and
controlled though a micro-controller PIC18F4550 and USB interface by an ad
hoc Labview program as well as matlab.

Similar to the first version, we have realized dynamic links composed of capacitors
or capacitors and resistors where each coupling capacitor consists of 8 capacitors
parallel to each other through DIP switches and therefore providing 8 bit of res-
olution i.e 256 different values ranging from 125pF to 34nF with the step of
125pF'. Figure 2.14a depicts the schematic of coupling capacitors representing a
dynamic link which can be parallel to coupling resistors. The practical imple-
mentation of coupling capacitors are shown in figure 2.14b which are maximum
8 currently. All the capacitors composers of each link have been selected in such

nn
uy
e

Figure 2.14: coupling capacitors a) schematic b) practical implementation

a way to cover mentioned desired range. Figure 2.15 shows the characterization

result with the error has been computed as the following

max(Cy) — min(Cy)
max(C;)

Error = t1=1,---8
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Figure 2.15: coupling capacitors characterization

As figure shows the maximum error among all 8 coupling capacitors is 6.7%
in very low values and the rest remain below 4% which is acceptable for our
experiments. It is worth noting that when all the capacitors are disconnected
there is still a parasitic capacitor of DIP switches which is 2pF'.



Chapter. 3

Experiments on emergent dynamics: synchronization

and beyond

Synchronization is a process observed in a wide range of systems, from natural
ones such as fire flies lightning, biological and neural networks to artificial ones
like power grids and etc. This behavior can play a key role in proper functioning
of many systems such as power grids or information processing in the brain. How-
ever, on contrary, it can be related to disorders such as mental diseases [51, 54].
For all these reasons, among all emergent and collective dynamics of a complex
network, several studies have been focused on synchronization of the network’s
components [5, 6, 24, 25, 41, 47, 53, 58, 60, 61].

Besides, it should not be forgotten the big challenge when collective behavior in
the network differs significantly from the individual behaviors of its components.
In this regard, studying synchronization of chaotic deterministic dynamical sys-
tems is of particular importance. Chaotic systems, when coupled in a network in
addition to exhibit synchronization, might evolve in various emergent dynamics
with different structures and patterns.

This study aims to explore emergent dynamics of coupled Chua’s circuits; syn-
chronization and beyond. Moreover, the robustness of synchronization as a func-
tion of coupling is studied. We have examined various network configurations for
the purpose of inspecting synchronization mechanism as a function of network
structure, node’s number, coupling strength and parameter mismatch. Descrip-
tion of the work along with results can be found also in [31] . Studied networks
are composed of nominally identical Chua’s circuits coupled through intercon-
nection layers classified in 3 groups:

(i) Networks coupled by nominally identical undirected resistive links, termed
as diffusive static coupling with coupling function, that is network model
(126) with H(Xz) = ]__‘Xj.

(ii) Networks coupled via nominally identical undirected links, composed of a
pair of parallel resistor and capacitor named as dynamic coupling whose
dynamics are described by (1.45).

(iii) Multiplex Networks, configured heterogeneously by static and dynamic

23
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links.

This chapter will summarize the experimental results obtained through all the 3
classes of couplings discussed above. The chapter is organized in 5 sections. In the
first section the behavior of an exemplary Chua’s circuits influenced by coupling
in the network is described and the simulation results are shown. The second
section discusses the occurrence of complete synchronization in various exam-
ined networks of Chua’s circuits. This section starts with describing the master
stability function applied to network of Chua’s circuits with different coupling
functions and the calculated synchronization thresholds are compared with the
experimental results followed by. In section 3, we have considered more complex
models of interaction by using dynamic coupling (group (ii)) where the results
of experiments are shown and compared with PDMSF approach. Section 4 ex-
plains the examined networks coupled by both static and dynamic links, named
as multiplex networks, along with the acquired results in which we have observed
significant improvement of synchronization level. The final section widely demon-
strate the emerging dynamics and the mechanism that network goes through just
after loosing synchronization in both statically and dynamically coupled networks
where the results show a nontrivial patterns respect to configuration and type of
coupling in the network.

3.1. Synchronization of prototypical chaotic systems

Consider 4 identical Chua’s circuits each with its individual dynamic and gov-
erned by the following differential equation (1.9). Figure 3.1a shows the sim-
ulated phase diagram of each Chua’s circuit. In the experiment the dynamic
structure of all nodes are the same and chaotic single scroll, although they start
from different initial conditions. Figure 3.2a depicts their waveforms in time
domain 0 < t < 0.01. We are interested in observing the impact of coupling
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Figure 3.1: simulated phase diagram of 4 Chua’s circuits a) decoupled b) coupled
through resistors

on dynamics of network’s node and emergence of synchronization. For this rea-
son Chua’s circuits are coupled in an array configuration as shown in figure 3.3
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at time t; = 0.01s with a high coupling strength implemented by a resistor of
1k2. After a transient time all the Chua’s circuits converge to the same solu-
tion as it is shown in the figure 3.2a. By weakening the coupling strength at
ta = 0.03s through a 3k resistor, Chua’s circuits start loosing their agreement
and finally they reach different solutions respect to each other. Figure 3.2b shows
the steady state dynamic of all discussed intervals from the top respectively.

Vel chual
—Vcl chua2

—Vcl chua3

Vel-1
Vel-2
Vel-3
Vel-4

80084 85063 90042 95021 10
x10%
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0 0.01 0.02 0.03 0.04 0.05 0.06 0.05599 0.05699 0.05800 0.05900 0.06

(a) (b)

Figure 3.2: a)waveforms of 4 Chua’s circuits in three different conditions b)
corresponding steady state waveforms

Figure 3.3: array configuration

—Vcl chuad

The above example shows the impact of their interaction in the network with the
result that their corresponding emergent dynamics can evolve completely differ-
ent from their stand-alone behavior or can converge to the same solution for all
the coupled systems. Network configuration, node’s number and links type and
strength are all network’s parameters which strongly influence the collective or
emergent dynamics of the network.

3.2. Experiments on networks of Chua’s circuits with static cou-
pling

The network discussed in the first section is coupled through un-directed, linear
and static couplings implemented by resistors. The equation of motion can be
written as

dx =F(x)—¢L®Ix (3.1)
dt
where F(x) := [FT(x;), -- ,F (xy)]7, and x := [x],--- ,x&]" are the stack

vectors of the vector fields and states of all Chua’s circuits. L and I are the
laplacian matrix and the coupling function matrix, respectively. The coupling
strength is represented by ¢ which is uniform through all the network. As it
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is discussed in chapter 1, using master stability function (MSF) [41], synchro-
nization and its stability can be checked in such networks as a function of their
parameters through the variational equation

Figure 3.4 shows the simulation results of master stability function for different
coupling matrices I' in the network of Chua’s circuits where each individual
evolves identically in chaotic double scroll attractor. The simulation is carried on
using ode4b Matlab where the integration is run for long enough time considering

1
3 of time to as transient. Each sub-figure shows the MSF characteristic as a
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Figure 3.4: MSF diagram for simulated coupled Chua’s circuits with various
coupling functions and strengths

function of the coupling strength (o = e)\). Regions with negative maximum
Lyapunov exponent verify the occurrence of the complete synchronization. MSF
characteristic can vary among all 3 types classified as:

(i) Synchronization in the network occurs at oy, and remain forever, e.g. the
case x — x (figure 3.4).

(ii) Synchronization is reached at oy,1 and, by increasing the coupling strength,
it is lost again at oy, and never is obtained again, e.g. the case z — x
(figure 3.4).

(iii) Synchronization never occurs since the maximum Lyapunov exponent is
always positive, e.g. the case x — z (figure 3.4).
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o, = €A; is the threshold of synchronization. For coupled Chua’s circuits the
normalized coupling strength is given by ¢ = (CoR¢)/(C1 Riink)- In what follows
we consider only the case where the Chua’s circuits are coupled through their
first state variable vy which is equivalent to consider the coupling matrix as

1 00
r=10 0 0

000
The first subfigure in 3.4 shows the MSF characteristic of this case where Ay; the
second eigen value of laplacian matrix, corresponds to oy, i.e the value of the
smallest coupling resistor Ry, by which synchronization is lost.
The potential of our setup has allowed to investigate a wide range of network
configurations with different number of nodes figure 3.5 and some of the notable
results are summarized in this section.

X
+
/|

4 nodes all-to-all 4 nodes ring 4 nodes star
) o X
@ ®

4 nodes array 4 nodes 4 nodes near all

(generic)

AN
8 nodes 8 nodes 8 nodes
(generic) bipartite second near

16 nodes double array 16 nodes 4x4 matrix

Figure 3.5: Different topologies implemented experimentally using the set up

As it is described in chapter 3, setup is available in two versions. As regards
as the first version, the results of networks with 8,16,24,32 coupled Chua’s cir-
cuits have been reported, all in array and ring configurations; additionally, star
for networks of 8 and 16 Chua’s circuits has been also configured. The second
version of setup, whose maximum number of nodes is currently 8, has been used
to examine networks of 4,5,6,7,8 Chua’s circuits with various configurations ex-
ploring additionally the influence of non-local links (which connect non-adjacent
nodes) in synchronization threshold. For all of the cases, coupled Chua’s circuits
are identical with chaotic double scroll as their individual dynamics; all couplings
are uniform and undirected.
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An experimental result in which the complete synchronization has formed is
shown in figure 3.6a for the network of 8 Chua’s circuits coupled in array struc-
ture with coupling resistor Ryn,r = 431€). The phase diagram of each node is
depicted in figure 3.6b. Phase diagrams show all nodes are converging to chaotic
double scroll solution which is the solution of decoupled nodes as well. Figure
3.6c shows the relative phase diagram where vy of the first node is plotted ver-
sus voq of all nodes. Relative cross correlation computed among vey of each pair
of nodes ¢ and j is shown in figure 3.6d. Poincaré map of all nodes is shown in
figure 3.6e where the plane vos = 0 is considered as the poincaré section; results
confirm the chaotic structure of nodes’ dynamic as well as their agreement.

For the array, ring and star configurations, networks of 8,16,24 and 32 nodes have
been scanned for coupling resistor Rynr ranged from 1209 to 3k€). Figure 3.7
shows their synchronization and cross correlation index diagram in the case of
ring configuration. Vertical lines indicate theoretical threshold obtained by MSF
(corresponding by color to each network) which highly agree with the experi-
mental results. As figure shows, by increasing the number of Chua’s circuits, the
network synchronization come to be more fragile and is lost in lower coupling re-
sistors. Similar scenario is happening for the array configuration which is shown
in figure 3.8. Comparing figures 3.7 and 3.8 array configuration is more delicate
and process of loosing synchronization is more abrupt.

The experimental results for the star configuration are depicted in figure 3.9
which is different from the other two configurations since, by increasing number
of nodes, there is no shift in synchronization threshold and almost in all networks,
synchronization shows very similar characteristic. This behavior is confirmed by
MSF since the second eigen value of laplacian matrix Ay in star configuration is
always 1 regardless of the number of nodes .

Table 3.1 shows the obtained synchronization threshold values both experimental
and theoretical for discussed configurations. N represents the number of nodes,
Riink,,(MSF) and Rying,, (exp) denote the threshold calculated through MSF
and experiment respectively beyond which synchronization is lost. Considering
that the minimum coupling resistor in the setup is 1202, for some networks
(32-ring and array,16 and 24 both configured in array) which loose the synchro-
nization below this value, the experiment result is not available.

Moreover in these experimental studies the role of non-local links (the link which
connect two non-adjacent nodes) on synchronization level has been studied for
several networks. Figure 3.10a shows several configurations of networks with 6
Chua’s circuits.

Figure 3.10b shows the cross correlation index of all configurations. With regard
to synchronization, the most robust is all to all configuration and the most fragile
one is the array configuration. Configurations b and c and g in figure 3.10a show
the same synchronization characteristic and all loose synchronization for the same
value of the coupling strength. This results show the presence of nonlocal link
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Figure 3.6: 8 coupled Chua’s circuits at Ryni = 431€) reveal complete synchro-
nization a) waveforms b) phase diagram (vcy; vs. vee;) ¢) relative phase diagram
(vcir vs. ver;) d)relative cross correlation index Ie.(vcii, ve1;) €)poincaré map

among nodes 2 and 5 in topology g has not improved the synchronization compare
to configuration b in which no nonlocal links is implemented. However by adding
the second nonlocal link among nodes 3 and 6 in topology f and further among
nodes 1 and 4 in topology e, synchronization has kept improving each time.
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Figure 3.7: 8 Chua’s circuits configured in a ring a) synchronization index (Igs)
b) cross correlation index (Icc)
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Figure 3.8: array configuration of 8 Chua’s circuits a) synchronization index (Ig)
b) cross correlation index (Io¢)

3.3. Experiments on networks of Chua’s circuits with dynamic
links

For the purpose of considering further complex model of interconnection, an
additional dynamic term has been considered in the coupling of Chua’s circuits
by implementing coupling capacitors Cy;,r parallel to coupling resistors Ryjnk.
The equation of motion for this network can be written as

dx

O = (Livsny + 2L @) (F(x) — 2L @ Tx) (3.3)

where L and IT" are the laplacian and coupling function matrix respectively. &1
and ey are the coupling strengths of the proportional (resistive) and derivative
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Figure 3.9: 8 Chua’s circuits coupled in star a) synchronization index (Ig) b)
cross correlation index (Io¢)

Table 3.1: Synchronization threshold (experiment vs. MSF)

Configuration | N Ao Rlinkth(MSF) Rlinkth(exp)
8 | 0.5858 17290 183102
Ring 16 | 0.1522 4490 43182
24 | 0.0681 201€) 20982
32 | 0.0384 11392 —
8 | 0.1522 4490 43182
Array 16 | 0.0384 11392 —
24 1 0.0171 5092 —
32 | 0.0096 280 —
4 1 29490 29302
Star 5 1 2949 297902
6 1 29490 29790
7 1 29490 302782
8 1 29490 302782

(capacitive) contributions. Synchronization stability problem for this network
can be solved by PDMSF approach [8] by finding the maximum Lyapunov expo-
nent of the following variational equation

ddy;
dt

= (Tnxn + e2MT) Y DF(x) — ey Ty for i>2 (3.4)

where k1 = 1A and ko = eoA. The simulation results of PDMSF analysis for
coupled Chua’s circuits of this study is shown in figure 3.11 The black line shows
the result when ks = 0 i.e. the value of capacitor in the coupling link is zero.
The synchronization threshold is 6.1, which agrees with MSF result. The red line
shows the condition where couplings in the links are composed of only capacitors.
The threshold of gaining synchronization in the absence of Ry, is 0.3. This result
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Figure 3.10: 6 coupled Chua’s circuits a) examined configurations b) correspond-
ing cross correlation indexes Ioo for all shown configurations

shows the strong impact of Cj;, in improving synchronization in the networks.

The corresponding R,k and Cink to k1 and ks respectively for Chua’s circuit is
calculated as

R.Co )\ Chr — koCy
Clkl link — AQ

For the purpose of inspecting the effect of different configurations; coupled through
dynamic links, in improving synchronization level, the two topologies shown
in figure 3.12 have been implemented and their emergent dynamics have been
explored. As figure shows, both topologies are composed of 8 identical nodes
(Chua’s circuits) and the coupling links are set to be uniform. Each link is real-
ized by a pair of parallel coupling resistor Ry;,r and capacitor Cpni. The second
eigen value of laplacian matrix Ao is 0.2509 for the first topology (a) and 0.2384

Rk =
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Figure 3.11: PDMSF diagram for k; varying from 0 to 7 and ks varying from 0
to 0.5

for the second one. Capacitors for all the links vary from 2pF to 20nF" with the
step of 500pF where for each capacitor coupling resistors are scanned from 1202
to 20k€2 with the step of 2501).

s

Figure 3.12: topologies implemented to dynamically coupled Chua’s circuits

Two dimensional PDMSF diagrams are shown for both topologies in figure 3.13
where regions with positive maximum Lyapunov exponent show the ranges for
which synchronized solution is unstable and cannot occur, whereas regions identi-
fied by negative maximum Lyapunov exponent are those with stable synchronous
solution. The two networks are examined by the experimental setup for the cou-
pling range mentioned above. Cross correlation and synchronization index of two
experimentally tested networks are evaluated and the results are compared with
the simulated ones as well as PDMSF diagram in figure 3.13. Figure 3.14 shows
synchronization indexes for topology (a) obtained by simulation and experiment.
Similarly for topology (b) synchronization indexes are shown in figure 3.15.
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Figure 3.13: simulated PDMSF for a)topology a b)topology b

The simulation and experimental results show for both topologies that, when the
coupling capacitors are very small, the synchronization threshold highly agrees
with the threshold obtained by MSF approach in which the couplings are static
i.e there are no capacitors in the links. Experimental threshold of loosing syn-
chronization for both topologies (a) and (b) when Cj;r = 2pF (This amount is
the parasitic capacitor in the DIP switches which parallel the capacitors in each
link to the coupling resistors ) is 9822 while the threshold obtained by MSF
for Clinr = 0 are 7402 for topology (a) and 7032 for topology (b). By further
increasing the value of coupling capacitors the correlation level is improved ac-
cording to the appearance of blue regions in Ig and Io¢c which shows increasing
of the synchronization level. Furthermore network topology (a) is showing better
result since the blue region in synchronization diagram is wider.

It is worth noting, as it is already mentioned in chapter 1, that cross correlation
index verifies the phase synchronization and it does not guarantee the equality
of amplitudes, whereas synchronization index (Ig) measures both phase and am-
plitude agreement and this is the reason why in experimental Io¢ diagram there
are more uniformly colored blue regions compared to Ig.

Surprisingly, although the overall appearance of synchronization diagrams ob-
tained by experiment is similar to simulation results, plotting the individual
waveforms of chua’s circuits reveals a poor agreement with theory and sim-
ulation. As an example, figure 3.16 shows both simulated and experimental
waveforms of network topology (a) with Cpr = 18.19nF and Ry, = 684112,
located by pink arrow in both experimental Ig and Ioc diagrams of topology
(a). Recalling PDMSF diagram in figure 3.14a the region with coupling capac-
itor Cinr = 18.19nF is a totally stable region far beyond threshold of gaining
synchronization. According to theory in this region certainly, all chua’s circuits’
solutions have to synchronize completely in a chaotic double scroll solution of an
individual node. However figure 3.16a obtained by experiment shows only phase
correlated waveforms but not complete synchronization. For the same coupling,
figure 3.16b obtained by simulation shows complete synchronization and chaotic
double scroll solution which agrees with theoretical results. Such disagreement is
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Figure 3.14: evaluated synchronization level for the topology shown in figure
3.18a a) synchronization index ([g)-simulation results b) cross correlation in-
dex (Ioc)-simulation results c)synchronization index (Ig)-experimental results
d)cross correlation index (Io¢)-experimental results

caused by super sensitivity of the system with respect to initial conditions: cur-
rently the initial condition of the state variables of the examined network cannot
be controlled physically. For proving the high influence of initial conditions on
network synchronization and solution structure we have examined the network
topology (a) coupled through Cj;r = 34nF (theoretically 100% stable synchro-
nized region) and Ry, being varied from 1209 to 50k€2 in two conditions: in
the first test we have scanned all the resistors continuously whereas in the sec-
ond test, before varying the coupling resistor in each step, the coupling links are
isolated from the network automatically for 1 second (a time much bigger than
time constant). We have seen that in the first test in some specific threshold the
network looses synchronization and the dynamic immediately changes to periodic
with significant partitioning: some nodes oscillate in positive region and some in
negative region, as shown in figure 3.16a. In the second test, the network has
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Figure 3.15: synchronization level evaluated for the topology shown in figure
3.18b a) synchronization index (Ig)-simulation results b) cross correlation in-
dex (I¢c)-simulation results c)synchronization index (Ig)-experimental results
d)cross correlation index (Io¢)-experimental results

become more robust in keeping synchronization: eventually looses the synchrony
and jumps to periodic solution but, immediately, recovers it. Figure 3.17 shows
the cross correlation acquired from both tests. This results shows the coexis-
tence of two solutions depending on initial conditions; such a result should be
studied deeply by analyzing the basin of attraction for such network. Therefore,
the presence of small parameter mismatches, parasitic terms and uncontrollable
initial condition, which are not considered in PDMSF approach has narrowed
experimental synchronization from complete to phase synchronization.

3.4. Experiments on networks with multiplex links

Networks in reality might be coupled through different types of links, leading to
multiplex networks. In this study we refer to multiplex networks as those whose
couplings do not have the same types in all over the network, i.e. laplacian matrix
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Figure 3.17: cross correlation index of topology a acquired under two text con-
ditions; first the coupling resistor is scanned continuously and the second test is
detaching all the coupling links for 1 second before each scan of coupling resistor

describing the resistive coupling (L ges) is different from laplacian coupling matrix
representing capacitive(dynamic) coupling among nodes (Lcqp). Therefore the
equation of motion is governed by

dx

E - (InNXnN + 52LCap ® I‘)_l(ﬁ(x) — €1LRes ® FX) (3'5)

The examined topologies are those shown in figure 3.12; topologies a and b can
be combined in such a way that Chua’s circuits are coupled by resistors through
topology a and by capacitors through topology b and vice-versa. Figures 3.19
and 3.20 show the synchronization and cross correlation indexes for both cases
obtained by experimental results. Figures show that the synchronization level
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Figure 3.18: topologies implemented to multiplex coupled Chua’s circuits a,b)
8 Chua’s circuits are configured by resistors through topology represented by
laplacian matrix Lges and at the same time coupled by capacitors through Lcq),

compared to dynamically coupled network topologies a and b, is improved and
multiplex topology a shows even a better results.
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Figure 3.19: multiplex network coupled via resistors and capacitors with topol-
0gy a (LRes) and b (Lcgp) respectively a) synchronization index Ig b) cross
correlation index Ioo
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Figure 3.20: multiplex network coupled via resistors and capacitors with topol-
ogy b (Lpes) and a (Lcqp) respectively a) synchronization index Ig b) cross
correlation index Ioo

This types of networks can be studied in network control and robustness prob-
lems. However they have not considered theoretically yet.

3.5. Further emergent dynamics: patterns and traveling waves

Beyond complete synchronization, interestingly the experiments show a non-
trivial mechanism of synchronization loss which differs depending on the type
of configurations and coupling links. Through this transition a rich variety of
dynamical behaviors can be observed such as clustering and spatiotemporal pe-
riodic patterns and waves. Some of the results are reported and discussed in
[17, 31, 43, 44] as well. In this section the most notable dynamics in the network
with static couplings discussed in section 3.2 are presented.

The first reported case is nominally identical 24 chua’s circuits configured in
array with uniform static links. It is observed that, by loosing synchronization,
nodes start partitioning into various clusters and converge to solutions different
from complete synchronous solution. Figure 3.21 shows this network with two
different coupling strength.

As figure 3.21a depicts each 2 nodes are in one partition or cluster. Moving from
the center of network i.e. nodes 12 and 13, outwards, the amplitude of oscillation
has increased. By varying the coupling resistor to 334 (figure 3.21b) number
of nodes in each cluster is doubled. poincaré diagrams in figures 3.21 (c-d) show
this partitioning clearly. This mechanism has been repeated for networks with
array configuration with different numbers of nodes. In chapter 5 cluster syn-
chronization is discussed more extensively.
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Figure 3.21: 24 Chua’s circuits coupled in a ring a) waveform at coupling resistor
Ryink = 2450 b) Rk = 3340 C) poincaré diagram at Ry, = 2252 d) Riink. =
334%)

Mechanism of synchronization loss in ring of 24 Chua’s circuits is shown in fig-
ure 3.22. In this case all nodes keep a close correlation after loosing complete
synchronization (figure 3.22a) which is termed as lag synchronization since the
solution of all nodes will be the same after applying a suitable phase shift.

In figures 3.22(b-¢) the emergent of spatiotemporal periodicity is shown. Figures
3.22(b-c) show travelling waves rotating clockwise and couter-clockwise. By fur-
ther increasing the coupling resistance in figure 3.22(d) waveforms can be viewed
as superposition of two waveforms of rotating clockwise and counter-clockwise
3.22(b-c). The similar patterns have formed by increasing the coupling resistance
to 431Q2 with increasing the frequency of rotation. Figure 3.23 shows Poincaré
diagram, and relative cross correlation index for coupling resistors Ry, = 431€2
where spatial periodicity is evidenced as well as node’s clustering. Similar behav-
ior has been observed in network with different number of nodes coupled in ring.
Figure 3.24 shows mechanism of period doubling for ring of 24 nodes coupled
with Rlink = 9820.

Distinctively in star configuration by loosing complete synchronization the central
node’s amplitude continues deteriorating as it is shown for star network of 8



3.5. Further emergent dynamics: patterns and traveling waves 71

Ring Rlink = 23490 Ring Rlink = 30992

—

Ver
z
w.

Ver

i3

FRORNGNBOORN®ANIDNDOORNG S

FR®ORGN®BOO0

AA_A..i !
0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
time(s) time(s)

(a) (b)

Ring Riin. = 3349 Ring Riini. = 345Q

o

Y—— |
S S5
z iy i it
0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
time(s) time(s)

(c) (d)

Ring Ry = 431Q

ot AN 0 A S o
i)

Vor

ZZZ

0 OOFNWANONOOORNW &

AT A
o e o 0 R S )
5 A
g Ay v Y ey T oo v e
iAo oA

1 AN N

(AT

0 0.01 0.02 0.03 0.04
time(s)

()

Figure 3.22: emergent dynamics of 24 coupled Chua’s circuits in ring with Rynk
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Chua’s circuits in figure 3.25 which is along with varying the solution structure
from chaotic to periodic.
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Figure 3.24: phase diagram of 24 Chua’s circuits configured in ring with Ry, =
9820
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Figure 3.25: waveforms of 8 Chua’s circuits coupled in star configuration for
different coupling resistors Ry a) 31532 b) 39062



Chapter. 4

Experiments on cluster synchronization

Recent studies show that structural symmetry (automorphism) strongly affects
the emergent dynamics of the network in the sense that structurally equivalent
nodes in the network can synchronize and form clusters while diverging from
other nodes belonging to different clusters [42]. This behavior is known as clus-
ter synchronization.

Many of network structures are symmetric in which some specific nodes are topo-
logically equivalent i.e. they can be mapped to each other without changing the
network topology. The set of all structurally equivalent nodes of network’s graph
form an orbit [30]. On the other hand permutation of network’s nodes which
leaves the structure unchanged is called automorphism or symmetry. The set
of all network’s automorphisms form a group G under composition of permuta-
tions. Each automorphism or symmetry can be represented by a permutation
matrix P, a symmetric matrix with all row-sums and column-sums equal to 1.
The entries of this matrix are 0 and 1 where p;; = pj; = 1 if nodes ¢ and j can
be mapped to each other without changing the structure otherwise p;; = 0. It is
straightforward to obtain PP~! = P2 =1.

Using computational group theory all the automorphisms of a network can be
computed. An important property of an automorphism is preserving the adja-
cency matrix i.e. AP = PA. This implies that nodes with the same equation
of motion including the coupling term, if starting from a synchronized state, will
remain synchronized. In this regard knowing the automorphism of a network
graph can be helpful in predicting related patterns of clusters. However clusters
might be unstable so that cannot be observed, which has motivated recent stud-
ies addressing the stability analysis of clusters. [42, 49].

This Chapter presents the experiment and simulation results of exploring cluster
synchronization in various topologies based on the mentioned assumption that
cluster formation is closely related to the symmetric structure of the network
[20, 21, 42].

The examined networks are composed of nominally identical chaotic Chua’s cir-

73
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cuits coupled by resistors. Our aim is to investigate the emergence of clusters
and the conditions for their persistence in real experimental conditions where the
initial conditions of all nodes are random, without being controlled.

Such studies can be considered as further steps towards understanding the influ-
ence of network structure on its emergent behavior, specifically synchronization
and failure mechanism in complex networks such as electrical power grids or neu-
ral networks in the brain and consequently network robustness.

For the sake of simplicity we have implemented a network composed of 5 nodes
as the main topology which has gone through 4 different tests. In the first exper-
iment all the coupling strengths of the main network have been varied equally
and its dynamics has been monitored. In the second and third experiments, one
link is removed to observe the effect of varying structural symmetries on the
formation of clusters. Finally in the last experiment, one coupling strength has
been changed while the remaining couplings have been kept fixed.

In the following section we report the first three examined cases mentioned above
where we have investigated the influence of different structural symmetries on
network dynamics. The second section will describe pattern control related to
the last experiment, where we aim to probe the influence of varying one coupling
link’s strength on revealing all the possible patterns of clusters related to topo-
logical symmetry. In the last section we report the simulation results comparing
the original model of Chua’s circuit and the modified one as discussed in the
second chapter.

4.1. Cluster synchronization and network structural symmetry

The networks of interest are those discussed in chapter 3.1 which are composed
of nominally identical nodes evolving in double scroll chaotic regime when un-
coupled. The couplings are static and identical, implemented by resistors which
couple each pair of adjacent Chua’s circuits through their voy. For the sake of
simplicity the topology shown in figure 4.1a has been examined. This network
has two orbits {1} and {2,3,4,5} which means that nodes 2,3,4 and 5 can be
mapped to each other without changing the structure of the network and node 5
can be mapped to itself only. Consequently the axis shown by dashed red lines
in figure 4.1b denotes two symmetry operations represented by permutation ma-
trices P; permuting nodes 2 and 5 as well as 3 and 4 and Py permuting nodes 2
and 3 to each other and nodes 4 and 5, written as:
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Discussed network has been examined in four different ways: (i) varying all cou-
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pling resistors Rk equally; (ii) and (iii) removing one link (figure 4.6(a,b)) and
consequent change of the symmetries; (v) varying the coupling strength of only
one link Ry, (2—5) and leave the rest of couplings fix in 10k (figure 4.9). In the
first three cases network is unweighted (the coupling strength among nodes are
considered identical) and the last case is weighted network(with heterogeneous
coupling strength). Here we report the results of the first three tests. The un-
weighted networks’ equation of motions is governed by equation (3.1)

Cluster formation of the network has been investigated by the resistors being
scanned from 120€) the region of complete synchronization to 50k€) where syn-
chronization is lost. The correlation among nodes are quantified by the cross cor-
relation index (Icc) which is shown in figure 4.1c. Synchronization is lost experi-
mentally at Ry (ezp) = 903382 The vertical red line shows the theoretical thresh-
old of synchronization calculated by MSF approach which is Ry,arsr) = 8846€2.
The cross correlation index shows sudden jump just after loosing synchronization
where its decrease shows the network transition towards the state of uncorrela-
tion among Chua’s circuits. Figure 4.2 shows the network’s dynamic when all

(a) topology a

Network topology(a)

1
&
0.6 i% *
o) *
O *
< o
0.4r
*
0.21 - ]
0 w
10 20 30 40 50
Rlink

()
Figure 4.1: a-b) network topology c¢) cross correlation index
nodes are synchronized. Just after the threshold of loosing synchronization nodes

2, 3,4 and 5 remain correlated while dynamic of node 1 is sensibly different (figure
4.3a). By further increasing the coupling resistance other solutions, even with
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different structure appear (Figure 4.3(b-d)). Although the network is structurally
symmetric but no proper cluster synchronization corresponding to the mentioned
symmetry axis appear. The proof can be seen through relative synchronization
index shown in figure 4.4 among discussed expected clusters.

Network topology (a)  Rlink = 9033

0.075 0.08 0.085 0.09 0.095
time(s)

Figure 4.2: waveforms vo; of Chua’s circuits of network topology of figure 4.1
coupled by Ryjnr = 90332
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Figure 4.3: waveforms of Chua’s circuits’s state variables voy for network topol-
ogy of figure 4.1 coupled by Ry a) 90822 b) 14.111k€Q ¢) 40.381kQ d) 50k2

For theoretical investigation of synchronization mechanism (from stability to in-
stability ) additionally maximum Lyapunov exponent of all transverse modes
dy; (i > 2) through MSF has been evaluated where the network is linearized
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about the complete synchronous state which is assumed to be the solution of an
isolated node when is detached from the network i.e xg = %; = F(x;). Figure
4.5 depicts all maximum Lyapunov exponents corresponding to the transverse
modes of the network i.e. dy; (¢ > 2) which are 4. The first mode represents
the synchronous manifold dy; whose maximum Lyapunov exponent is always
positive due to the chaotic behavior of Chua’s circuits. Black vertical dashed line
Ryp, corresponds to the threshold of synchronization below which all the trans-
verse modes damp due to negativity of their maximum Lyapunov exponents and
therefore synchronous state is stable. Beyond threshold as figure shows third
transverse mode first followed by the second one loose their stability and by fur-
ther increasing Ry;,x transverse modes 4 and then 5 loose their stability as well
at 15k€2 due to positive value of their maximum Lyapunov exponent. This means
beyond Ry the dimension of the network solution increase since all nodes do not
converge to the same solution anymore as shown in figure 4.3.

In the next experiment Rj;,,(1—3) has been disconnected as shown in figure 4.6a:
Symmetry axis changes since now nodes 1-5 and 2-4 can be permuted without
changing the structure. By switching Ry;,p1-3) t0 Ryjnr(1—4), topology shown in
figure 4.6b has been examined whose symmetry enables permuting of nodes 1-2
and 3-5 while topology remain unchanged. Figure 4.7 shows the cross correla-
tion index of the two topologies where synchronization experimentally is lost at
Ry, = 6396€2. Unlike cross correlation index of the topology shown in figure
4.1a which decrease rapidly, the transition mechanism in both topologies in figure
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Figure 4.5: maximum Lyapunov exponent of all transverse modes dy; (i > 2)
in network of figure 4.1

4.6 is smoother. The red vertical line corresponds to the theoretical threshold
evaluated by MSF which is 5.896k€) for both networks since their connectivity
matrix is similar i.e. their eigen values are the same. Relative cross correlation

(a) topology b (b) topology ¢

Figure 4.6: a) network topology a with link 1 — 3 disconnected b) network topol-
ogy a with link 1 — 4 disconnected

indexes of clusters corresponding to symmetries of topologies in figure 4.6 are
shown in figure 4.8.

Relative cross correlation index among pairs of (1-5) and (2-4) is shown in figure
4.8a just after loss of global synchronization where both clusters have formed. By
increasing the value of coupling resistance, cluster synchronization among nodes
1 and 5 is weakened at 9.483k() without disturbing cluster of nodes 2 and 4.
Cluster 1 and 5 is lost also at 10.5k€2. By further increasing of coupling resis-
tance cluster synchronization among nodes 2 and 4 is retained in a wide range
from 21.29%€2 to 36.13k€2. Similarly in figure 4.8b it is observed the formation of
symmetry related clusters where by increasing coupling resistor one cluster has
been lost while other cluster has remained synchronized.
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4.2. Cluster synchronization in weighted networks

As it was explained the expected clusters related to discussed symmetries in the
main topology under the first test did not appear. Here we present an experiment
through which by varying the strength of only one non-local link the network
dynamic is scanned and clusters related to symmetry come to exist and remain
stable in specific range of coupling. The network topology is shown in figure 4.9
where is the same as the main topology with keeping all the coupling strength
fixed and identical at 10k and vary link 2 — 5 i.e 095 # 0i; 1,5 # 2,5. The
coupling resistor Rk (2,5) has been varied from 1202 to 50k(2, the link is dashed
in figure 4.9. The equation of motion of this weighted network is

N
=F(xi(t) + > oija;LiH(x;) i€ {l,--- N} (4.1)
j=1

dXi
dt

where o;; and a;; are the coupling strength and the adjacency indicator between
nodes ¢ and j.
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Figure 4.9: network topology (d) all the couplings are set at 10k except
Ryink(2—5) which is varying from 1209 to 50k(2

This network never reaches complete synchronization since in the case of equal
links the coupling strength is already beyond the complete synchronization thresh-
old. Cross correlation index shown in figure 4.10a verify the absence of complete
synchronization however still keeping high average value of 0.8 in a wide range
(12092 to 20k%2).

Figure 4.10b shows the maximum Lyapunov exponents of all transverse modes
of this network. The first transverse mode is always unstable which verifies that
global (complete) synchronization never occurs in this configuration since for
having complete synchronization according to MSF approach all the transverse
modes have to be stable and negative. Therefore all the network nodes converge
not to a single manifold of synchronization but to several. Figure 4.11 shows
the dynamics of network nodes in Ry, = 98Q2 where node number 1 evolve in a
solution different from the other 4 which have remained correlated. By further
increasing the coupling resistance at 6530€2 indicated by L; in figure 4.10b the
third transverse mode loose stability and this condition will remain. The modes
4 and 5 have remained stable for all coupling resistors, however their maximum
Lyapunov exponent for high values of resistor tend to remain constant. To un-
derstand all the network behavior and solutions, network has to be linearized
about all those cluster synchronous manifold. Here we obtain information only
about the global synchronous manifold. It is worth noting that unlike the first
three experiment in this experiment network is unweighted. By varying the link
among nodes 2 and 5 the ordering of tranverse manifild obtained from block di-
agonalization of coupling matrix changes [62]. This is shown in figure 4.10(c,d)
for both permutations P; and Ps.

Through figure 4.12 the complete synchronization and the cluster synchronization
are compared. Cluster synchronization related to permutations P; and Py are
shown separately in figure 4.13. Figure shows in the beginning, when the coupling
resistance is low, cluster pattern of 3-4 and 2-5 form, by further increasing this
cluster switch to other pattern 2-3 and 4-5 which can be seen in the zoomed
subfigure. Increasing the resistance retain the first pattern of cluster i.e. 2-5 and
3-4. From 20 to 40 k€2 a sub cluster of the second pattern appear which are nodes
4-5 where 2 and 3 remain uncorrelated. Finally in very high resistance nodes 2
and 3 retain their synchronization stronger than 4 and 5 and so they keep the
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Figure 4.11: network topology (d) waveforms vy at Ry, = 9802

second pattern of cluster related to permutation Ps.
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Network topology(d)

*
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Rlink(275) (kQ)

Figure 4.12: cross correlation index of complete and cluster synchronization in
network topology (d)

Network topology(d)

10 ZO’N 30 40 50
Riink(2—s5) (k)
Figure 4.13: cross correlation index of cluster patterns 2—5,3—4 and 2—3,4—5
clusters in network topology (d)

4.3. Simulation results

Discussed networks have been simulated as well by adopting Chua’s circuit model
firstly introduced in chapter 1. The coupled differential equation of the network
has been solved using matlab ode45 solver. The simulation results in unsynchro-
nized region do not show any agreement with the experiment. Similarly odelbs,
0de23s and ode23tb have failed to reach an agreement to the experiment since
by loosing synchronization the amplitude of v.; increase above saturation volt-



4.3. Simulation results 83

age for all nodes and as a result what appears is saturated vy and the patterns
which appear in the experiment do not emerge. Figure 4.14 shows the waveforms
of the network topology (a) simulated by chua’s model shown in chapter 1 for
Ryink, = 8kS) when the network is synchronized and Ry;n, = 12k€) where the net-
work is supposed to loose synchronization according to the threshold is reported
in the previous section.

The network topology shown in figure 4.1 has been simulated for the same values

Network topology (a ik = 12kQ
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Figure 4.14: network topology (a) simulation results using the 1st model of
Chua’s circuita) a) Ryjnk = 8k b) Ryjnk = 12kQ

by the modified model of Chua’s circuit which are shown in figure 4.15. Figure
4.16 depicts individually all the state variables of the network at Ry = 12kQ.
Simulated cross correlation indexes for topology a in figure 4.1, obtained by
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Figure 4.15: network topology (a) simulation results using the the modified model
of Chua’s circuita) a) Ryjinx = 8k b) Ryjnk = 12k

both classical and modified model, are shown in figure 4.17. According to cross
correlation indexes in figure 4.17, clearly the classical model cannot reveal clus-
ters and indicate synchronization for all values. In this regard the experimental
setup has played an important role in showing the clusters and the necessity of
modification in mathematical model of chua’s circuit for revealing clusters.
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Network topology (a) [modified model] Rjjnr = 12kQ
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Figure 4.16: modified Chua’s circuit simualtion result for Ry,r = 12k a) ve
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Figure 4.17: cross correlation index of network topology of figure 4.1 a) simulated
by classic model of Chua’s circuit b) simulated by modified model of Chua’s
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Conclusions, discussion and research prospect

Contributions and notable achievements

We have presented novel experimental results of emerging dynamics in a complex
network of interacting nonlinear oscillators, from a setup that has been recognized
as a not trivial in the landscape of current research [16]. Collecting such results
from a real physical implementation has been an important tool to demonstrate
the robustness of many theoretically predicted phenomena, and at the same time
a way to get them almost in real time, as compared to simulations. Moreover it
has been demonstrated the feasibility, with present day data acquisition technol-
ogy, to deal with the contemporaneous acquisition and control of relatively fast
varying signals (up to 64 up to now) in this context.

Main contribution of this PhD work have been:

(i) the accurate characterization of the setup, both in the chaotic nodes and
the interconnection network;

(ii) the contribution to the realization of updated version of the setup with new
structure, range and resolution for the interconnection network;

(iii) the realization of extended measurement campaigns on synchronization
thresholds for several topologies and both static and dynamic links;

(iv) the proposal and the effective use of the setup for new experimental studies
on clustering;

(v) the proposal and the effective use of the setup for new experimental studies
on PID and Multiplexed synchronization;

In particular, as consequence of the accurate characterization, in Chapter 2 some
corrections to the Chua’s circuit model have been proposed, required for better
catching collective behaviors (beyond complete synchronization) in the network,
whereas the previous standard model caused significant disagreement between
simulation and experiment.

In chapter 3 we showed the experimental results of complete synchronization

occurring in several topologies networks (statistically covering the range of pos-
sibilities) with homogeneous coupling, as a function of coupling strength and
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network topology. The results evidenced a high agreement with MSF theoretical
approach, validating the latter in a vast experimental range. Then such experi-
mental range has been extended to even more realistic networks, by considering
dynamic and complex links, with a more questionable agreement to theoretical
predictions, which leaves open space to new research. We have also experimen-
tally shown an improvement on synchronization level though using dynamic and
complex coupling. In the same chapter we experimentally show a wide range of
remarkable behaviors emerging in the network beyond complete synchronization.
In fact through the experimental setup we have not restricted synchronization to
the complete one and we have covered different types as lag and phase synchro-
nization, as well as cluster formation in the network.

Finally, in chapter 4, we showed the physical implementation of symmetric net-
works where their symmetry cause partitioning networks’ nodes correspondingly.
It is shown how symmetries can be at the origin of different patterns, that (de-
pending on coupling) result stable, and consequently can be formed and experi-
mentally observed.

Open problems and future works

Apart from the above-described specific achievements, this study revealed the
high potential of the considered experimental setup, that can be used in a plenty
of exploratory multipurpose studies. Expandability of the setup as well as its
configurability, make it capable for testing larger complex networks, especially
in the area of clustering. Moreover, an expected new version based on FPGA
control section will largely extend the capability of studying distribute dynamical
control issues.

Some open problems are in the area of theoretical approach to examine the sta-
bility of networks with complex links, for which we get some experimental (and
numerical) results, but no theory is available to compare with.

Some future work, at the present in the form of a research proposal, is to study
nearly synchronous clusters caused by approximate symmetries in the network.
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