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A B S T R A C T

Elastomer mechanical characterization and modeling are subjects that attract the
scienti�c community since more than 50 years ago. However, despite the ample lit-
erature and the related scienti�c and industrial activity in this �eld, many di�erent
phenomena are not yet consolidated.

With this Thesis, then, the Author wants to try to �ll in some of the gaps while
trying to use a ’hybrid’ approach, for what concerns modeling and multi-axial
characterization of �lled elastomers by trying to use forefront techniques like Dig-
ital Image Correlation (DIC) —that allows to extrapolate local and quantitative
information concerning surface deformation �eld of objects, hence also stress and
strain concentration regions— together with mechanical testing machines able to
perform non-standard biaxial tests, in static and dynamic loading conditions. With
this purpose, a signi�cant part of the research activities focused on the use and the
partial redesign of some components of the BiaxTester, a planar biaxial testing de-
vice used to perform mechanical testing on polymeric materials. This machine, de-
veloped by Coesfeld Gmbh., is actually under testing phase at the Leibniz-Institut
für Polymerforschung e.V. , Dresden (IPFDD, Germany). For this reason, the re-
search activities have been partially performed at this research center, under the
joint supervision of Prof. Massimiliano Fraldi of the University of Naples ’Fed-
erico II’, Dr. Konrad Schneider of the Leibniz-Institut für Polymerforschung and of
Bridgestone TCE (Rome).

The PhD Thesis is then divided in two di�erent sections: the �rst is composed
by a brief introduction on elastomers and on active reinforcing �llers, together
with some background about mechanical properties of �lled rubbers and about
the evolution of modeling of this kind of materials. Afterwards, some remarks of
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Continuum Mechanics in a nonlinear framework are included, with the purpose
of underlining some of the aspects that will be encountered through the Thesis.

The second part of the Thesis is instead based on the di�erent research activi-
ties developed during the PhD: in Chapter 2 there is a �rst introduction to biaxial
testing and about the aforementioned BiaxTester, followed by a section regarding
the sample and clamping system optimization and the comparison of the results
obtained by using the optimized shape with some more conventional tests. In this
section, the need to redesign the measurement process and control of the bound-
ary conditions is shown to be fundamental in order to obtain reliable results in
terms of stress-strain curves; the results obtained gave then the opportunity to
choose the optimal con�guration terms of homogeneity of deformations, with the
aim of performing di�erent types of tests on such materials. Successively, a novel
approach to characterize mechanical behavior of elastomers through by imposing
a planar biaxial loading state that follows certain paths of deformation, showing
that di�erent phenomena, such as relaxation and connected dissipative phenom-
ena characteristic of the tires are not negligible in the case —as in this one— of
loads in complex combinations. With this objective, it is shown how, by imposing
displacements of the di�erent clamps in two orthogonal directions (the two direc-
tions in which it is possible to impose deformations on these samples) di�erent
resulting forces will be registered, even in limit cases in which such complex load-
ing combinations are reduced to equibiaxial loading. Moreover, it is shown how
these phenomena are gradually more pronounced when increasing the reinforce-
ment fraction and for bigger ’distances’ of the biaxial path from the one imposed
in the two orthogonal directions during the test.

Chapter 3 focuses instead on the description of the Mullins e�ect in �lled rub-
bers: for this reason, some basic knowledge about pseudoelasticity theory is given,
in order to then focus on a model able to describe di�erent phenomena found in
�lled elastomers, such as stress softening, hysteresis and residual strain after load-
ing application. This is done by following some other approaches found in litera-
ture, and by revising some parts of the Dorfmann-Ogden model, based on internal
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variables which, together with the hyperelastic modeling, allows to describe the
aforementioned phenomena.

On the basis of the previously obtained results, the last Chapter of the Thesis is
focused on the crack propagation characterization in �lled elastomers; this prob-
lem is of great interest for the scienti�c community, especially for what concern
the elastomer behavior. This is due to the crucial importance of generalizing the
concepts of stress intensi�cation and of crack growth in complex loading condi-
tions, with the objective of foresee and extend the fatigue life of �lled elastomers
undergoing cyclic solicitations also in case of complex geometries, such as car tires.
Within this framework, the BiaxTester can be an interesting instrument thanks to
its �exibility of applicable conditions; this will be shown in this work by comparing
crack propagation data obtained through conventional testing setup and through
the BiaxTester.
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Part I

I N T R O D U C T I O N

In this Section, a brief introduction on elastomers and reinforcement
is given, together with some background about mechanical properties
of �lled rubbers. After so, some remarks of Continuum Mechanics in
a nonlinear framework are included.





1
I N T R O D U C T I O N O N E L A S T O M E R S A N D C O N T I N U U M
M E C H A N I C S

1.1 a brief introduction on filled elastomers

1.1.1 Elastomers

Elastomeric materials are widely used in various industrial �elds, such as automo-
tive, aerospace or even structural engineering, thanks to their peculiar properties.
In fact, such materials are able to undergo large deformations and present a highly
non linear stress-strain response, because of their structure. Elastomers are consti-
tuted of long polymeric chains, cross-linked together in di�erent points in order
to constitute a polymeric network. This kind of structure allows the material to be
elastically stretched to a high degree of deformation without breaking.
Natural rubber, one of the most famous elastomers used today, is harvested from
the Hévéa Brasilien tree, and its properties were known also by Aztecs and Maya.
It has a milky color and was generally used as an adhesive, thanks to its sticki-
ness. However, many synthetic elastomers are used nowadays, like Styrene Buta-
diene Rubber (SBR), Nitrile Butadiene Rubber (NBR) or Ethylene Propylene Diene
Monomer (EPDM), as well as Butadiene Rubber (BR). Moreover, the di�erent poly-
mers can be used together to obtain particular properties of the �nal product, such
as better mechanical properties, more stickiness or a better resistance to abrasion.
In order to form a polymeric network, polymer hans need to react and create physi-
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4 introduction

cal and chemical entanglements. This is done through the addition of sulfur, which
completely changes the properties of such polymeric chains. The process, called
vulcanization was discovered by Charles Goodyear in 1839 [112].
As will be explained in the next section, elastomers are generally �lled with rein-
forcing material, because of their poor mechanical properties; the use of Carbon
Black and Silica is in fact quite common in order to attain material properties more
suited for their particular framework of application.

1.1.2 The �ller contribution on reinforcement of elastomers

In order to reduce costs and enhance processing e�ciency of such materials,
rubbers are generally �lled with di�erent classes of aggregates. These �llers play
also a signi�cant role in enhancing the mechanical properties of such materials,
giving �nal products with properties that are higher also by one or two orders of
magnitude.
Carbon black and amorphous silica are the most used �llers in tire industry, and
are generally used as a �ne powder with a mean particle size of about 10-100
nm (in particular, �llers with high surface area to volume ratio are preferred
because of the higher degree of interaction with the polymer chains). In particular,
these two �llers are able to enhance the mechanical properties of rubber through
interaction with the polymeric network of the elastomer, and for this reason are
classi�ed as active �llers.
The structure of such reinforcing �llers has been extensively studied through

the years, thanks to microscopy techniques such as high-resolution electron
microscopy. In particular, �llers known as carbon black are made up of complex
arrangements of spherical entities whose diameter ranges from 10 to 90 nm, as
depicted in Figure 1. The elementary black particles, known as colloidal black,
are morphologically similar to spheres made up of broken quasi-graphitic layers,
whose stacking generate a rough surface (as can be seen in the works of Donnet
et al. [25],[26]), that further enhance the �ller-rubber interactions. The resultant
three-dimensional objects are referred as structures or aggregates. These struc-
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Figure 1: Hierarchical structure of reinforcing �llers for elastomers [71]

tures can be spheroidal, ellipsoidal, linear or branched depending on the process
used for the production. Aggregates, moreover, generally assemble together to
form bigger assemblies called agglomerates; during the process of preparing a
compound, great attention is paid on the production of �lled elastomers with
the minimum amount possible of agglomerates, due to their function of failure
initiation sites.
Amorphous silica structures generally exhibit a similar complex geometry, al-
though with some di�erences on the agglomerates. In fact, the basic constituents
of silica aggregates are spherical particles (called silica pearls); however, silica
aggregates tend to form clusters due to the hydrogen bonding that keeps together
these kinds of particles. The links between silica elementary particles are con-
stituted by chemical bonds and the aggregates have dimensions in the 50–500
nm range. As for carbon black, silica aggregates cannot be broken during mixing
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but are likely to form agglomerates which in turn gives relatively loose clusters
through hydrogen bonding because of the speci�c surface chemistry of silica.
The high speci�c surface area, plays an important role in the polymer-�ller

Figure 2: Payne concept of reinforcement and di�erences in interactions between carbon
black and amorphous silica. While interaction between carbon black aggregates
is lower, reinforcement of rubber with silica aggregates results in lower �ller-
rubber interactions [26].

interaction, which results in enhancement of the mechanical properties. Moreover,
the aggregates themselves interact with each other through the polymer chains,
creating substantially rigid regions in the elastomer network able to further
enhance the properties of the compound. However, the two aforementioned
processes of reinforcement are generally in contrast, meaning that higher �ller-
�ller interactions normally lead to lower rubber-�ller interactions, because of
the di�erent nature of the two molecules. For example, carbon black particles,
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which are constituted by aggregates of graphite, lead to higher rubber-�ller
interactions because of the stronger a�nity with the macromolecules constituting
the rubber network, while amorphous silica, due to the presence its di�erent
structure, lead to a stronger inter-aggregate interaction, at the expenses of the
interaction between the silica particles and the polymer chains. In the case of
silica, this e�ect leads also to higher degree of di�culties in the processing of
the mixture of rubber and �ller, because the silica particles tend to cluster in
higher particles, dramatically lowering the e�ective surface area and the the
mechanical properties, together with the generation of defects which are generally
common in poorly-mixed compounds. The entity of the di�erent interactions in
compounds �lled with carbon black and silica are shown schematically in Figure 2.

1.1.3 Mechanical properties of �lled elastomers

As speci�ed before, the use of �llers in rubbers greatly enhance their mechanical
properties. These particles, which at �rst glance can be assumed to be spherical,
can be in fact considered as similar to rigid particles in some sort of �uid con-
stituted by the elastomer network. Starting from the dilute estimate proposed by
Einstein in 1906 [28], it is possible to consider that the viscosity increase in a New-
tonian �uid where spherical particles have been dispersed is

η = η0 (1 + 2.5φ) (1)

where η0 and η are respectively the viscosity of the pure �uid and of the suspen-
sion. In the same way, as proposed by Guth and Gold [42], for very low volume
fractions of �ller and for small deformations, it is possible to consider that the in-
crease in Young modulus (or many other properties, such as thermal conductivity
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and dielectric constant) of a �lled rubber can be related to the one of the same
un�lled rubber by the formula

E = E0 (1 + 2.5φ) (2)

which is based on the concept that, for low �ller volume fractions, colloidal carbon
black hardly assembles in bigger aggregates. The equation (2) is part of a broader
theory, where a particular property p of a suspension can be related to the property
of the main component p0 and to a power series of the concentration of the �llers
(in this case considered as spherical),

E = E0

(
1 +

N

∑
i=1

αiφ
i

)
(3)

where N is an integer. For N = 2, and for the case of spherical �llers, the equation
(3) becomes

E = E0

(
1 + 2.5φ + 14.1φ2

)
(4)

Equation (4) stays valid up to quite high values of �ller concentration, and as re-
ported in [42] can be used in order to predict the increase in mechanical proper-
ties of �lled rubber up to φ = 0.15; however, higher �ller concentrations (up to
φ = 0.3) it must be considered that colloidal carbon black can combine in carbon
black chains and agglomerates. In this case, the increment in sti�ness of the �lled
rubber is much faster, and by considering that the elementary �llers of the afore-
mentioned suspension are rod-like �ller particles, equation (3) can be specialized
with di�erent parameters and, in general, a slightly di�erent form:

E = E0

(
1 + 0.67 f φ + 1.62 f 2φ2

)
, f =

l
〈w〉 (5)

where f is the shape factor of the aggregates (equal to the major length over the
mean width), assuming that f � 1.
Although very simple, the approach adopted from Guth and Gold has been shown
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to be enough accurate, at least in �rst approximation; one clear example has
been reported in one of the works published by Guth [42] and represented in
Figure 3, where for convenience Esp = E/E0 is shown. Many phenomena are
not taken into account in this kind of model; for example, two important aspects
such as surface energy of the �llers and void volume created by the aggregates
are not included. These types of particles, in fact, can also aggregate into irregular
structures that are characterized by a large amount of void volume (within the
pervaded space), in which rubber macromolecules can be occluded, increasing
then the e�ective volume fraction of rigid particles, which can cause a deviation
from the previously described laws.
However, other than increasing the elastic mechanical properties and improving

Figure 3: Theoretical outcomes of the Guth and Gold model prediction vs. experimental
results for a styrene-butadiene rubber �lled with carbon black, as seen in [42].
The deviation from the theoretical curve of the fourth circle is on the upper side
of the curve, because of the di�erent reinforcement mechanism (at that volume
fraction, the colloidal carbon black starts to combine in carbon black chains).
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processability of the rubbers, �llers have also many other kinds of peculiar e�ects,
mainly concerning inelastic behavior, thus altering the mechanical behavior of
rubbers in many ways. Two e�ects are directly related to the presence and the
amount of �llers, namely the Payne and the Mullins e�ects. The former, also
known as Fletcher-Gent e�ect, has been discovered by Fletcher and Gent in
1954 [30] and further studied by Payne [96], and mostly regards rubber dynamic
behavior. In fact, when �lled rubber is cyclically strained, the recorded modulus
falls as the amplitude of strain increases, as can be seen in Figure 4, where it
can be seen also that, for su�ciently high cyclic strain amplitude, the Young
modulus falls at the level of un�lled rubber for any amount of �ller; moreover, it
was found that mechanical property enhancement and fall of the Young modulus
are both exponentially increased by increasing �ller loading, as seen in the work
from Payne and Whittaker [97]. Also, although partial recovery occurs almost
immediately on returning to small deformation amplitudes, complete recovery
takes months, unless the sample is heated to accelerate the recovery.
In �rst analysis, Payne e�ect has been connected to the carbon black network
breakage, as can be seen also in Figure 2, where there are also the di�erent
contributions to mechanical properties have been listed in the case of silica and
carbon black reinforcement [96].
The second phenomenon anticipated before, known as Mullins e�ect or stress

softening, concern instead rubber mechanical behavior in quasi-static loading; it
was discovered by Bouasse and Carrière [13] in 1903 and successively studied by
Mullins [83] [84]. As shown in Figure 5, in fact, it is possible to see a change (a
reduction) of the mechanical properties upon cyclic loading up to the same strain
value. Many di�erent considerations can be made about this phenomenon:

• Most of the softening, seen as a lower resulting stress for the same applied
strain, appears after the �rst load;

• Softening generally a�ects mechanical behavior for stretches lower or equal
to the maximum stretch applied;
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Figure 4: Experimental results performed by Payne [96].

• Softening increases progressively with the increasing maximum stretch;

• After a few cycles (generally in a number between 5 and 20, depending on
rubber and �ller used), the material response can be considered stable, aside
from a fatigue e�ect;

• When the stretch exceeds the maximum previously applied stretch, the ma-
terial stress–strain response returns almost at the same level as on the virgin
stress-strain behavior, after some transition around the point of maximum
stretch applied previously.

Some more aspects connected to the Mullins e�ect can be also observed in Figure
5, such as:

• Residual strain — this is not necessarily connected to the Mullins e�ect, but
upon loading, unloading and reloading it can be noticed that there is a certain
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Figure 5: Experimental results for a loading-unloading test with increasing maximum
strain on Natural Rubber (NR) with 50 phr of Carbon Black (CB).

amount of permanent set of the sample. Moreover, it seems that this perma-
nent set depends on the maximum strain reached, and not on the amount
of cycles, if the amount of permanent set generated by sample fatigue is not
taken into account;

• Hysteresis — upon loading-unloading cycles, there seems to be a rate-
independent hysteresis, which seems to not depend upon anything but pos-
itive or negative deformation rate.

These two e�ects can be further noticed also in Figure 6, where the results from
cyclic tests at slow speed are shown: four di�erent samples have been subjected
to loading-unloading cycles with transverse speeds of 50, 30, 15 and 7.5 mm/min,
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each for 25 cycles. The results show basically no dependence of the strain rate on
the hysteresis and residual strain.
Several attempts have been made in order to correctly describe and model

Figure 6: Experimental results for loading-unloading tests with di�erent transverse speeds
on Natural Rubber (NR) with 50 phr of Carbon Black (CB). It can be noted that,
although on the sample tested at 50mm/min the residual strain is slightly higher,
there is a high level of correspondence between the hysteresis cycles and resid-
ual strains of the samples tested at di�erent speeds. Moreover, the last test (7.5
mm/min) is conducted to a slightly higher displacement in order to highlight the
constancy of the hysteresis cycle also for slightly di�erent maximum displace-
ment.

the mechanical behavior of �lled rubber, both through phenomenological and
physically justi�ed models, especially in the last two decades. For example, the
works from Lion [72] and from Bergström and Boyce [9] have been pioneering
works on the subject, by introducing a damage variable able to adequately
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describe the softening, while the works from Ogden and di�erent collaborators
[70] [92] [27] introduced and developed such models in the framework of
Pseudoelasticity. Lastly, the work from zz et al. [73] seems promising also in terms
of the introduction of physically valid variables able to correctly describe such
behavior. However, this aspect will be further investigated in Chapter 3.

1.2 remarks on continuum mechanics

Elastomeric materials are characterized by a complex behavior, especially regard-
ing their response to external mechanical solicitations. For this reason, they are
generally included in the so-called nonlinear elastic materials. Mechanical mod-
eling and experimental testing of such materials should be always accompanied
by speci�c notions regarding the nonlinear framework of Continuum mechanics,
due to the importance of this framework in all the aspects of the experimental
investigations concerning elastomers.
This section tries to give some remarks about the Continuum Mechanics frame-
work, but it is by no means an exhaustive dissertation on the topic. For further
information and reading material concerning the topics covered, the works from
Cowin and Doty [22], Holzapfel [50], Ogden[91] and Ogden and Fu [99] the are
warmly suggested.

1.2.1 Motion and Deformation of Continua

Let us consider a continuum body B, de�ned as a contiguous set of material points,
called particles. The body B is considered to be embedded in a reference frame R,
consisting of an origin O and of an orthogonal vector basis, ei = {e1, e2, e3}. The
position of a body particle P with respect to R at a reference time t0 is de�ned by
its position vector X(P); its motion vector is then the locus of points determined
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by the change of the aforementioned position vector, x (X, t). The regions occu-
pied by the body at a certain time t, denoted by Ωt, are called con�gurations. The
con�guration of a deformable body, as the one taken into account, evolves over
time, and is determined uniquely at any time. It is then conventional to set a time-
line, together with a starting time, ti = 0, which is then denoted as initial time.
The con�guration Ωti is consequently called initial coniguration, while the refer-
ence con�guration is consequently de�ned as Ωt0 (however, it is general practice
to let the initial and reference con�gurations coincide; this proposition holds also
in this work); in the same way it is possible to de�ne further con�gurations, such
as the current or deformed con�guration at the time t > 0. In general, for a certain
time tk the region Ωtk de�ned the domain of the position vector x = x (X, tk), for
every material point of the body B.
It is also possible, through the the position vectors at di�erent times, to de�ne a
one-to-one correspondence between the particle P ∈ B and the position X ∈ Ωt0 ,
namely X = κ0 (P, t); a similar correspondence can be found between the particle
P ∈ B and and the position x ∈ Ωt, which is x = κ (P, t). Consequently, it is pos-
sible to de�ne an invertible correspondence between the material point X ∈ Ωt0

and x ∈ Ωt as
x = χ (X, t)

X = χ−1 (x, t)
(6)

It is evident how motion can be expressed in di�erent ways: on one side it is in
fact possible to characterize motion with respect to the material coordinates, to-
gether with the time t, in order to describe the evolution of the particle position as
it moves (the observer moves solidarily with the body particle), using a Lagrangian
(ormaterial) approach. When instead choosing to characterize motion with respect
to the spatial coordinates (thus, by �xing the observer on a region point), the ap-
proach is called Eulerian or spatial.
The change of relative distance between di�erent points of a body B is directly
connected to deformation itself; for this reason, motion of the di�erent particles
in a body B can be directly connected to deformation. By considering coincidence
between the reference and the current con�guration, it is possible to introduce a
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displacement �eld, which creates a link between the body particles position in its
reference con�guration X and the body particle position in the current (deformed)
con�guration, x.

x = X + u (X, t) (7)

The displacement �eld de�ned in equation 7 can be decomposed into a sum of a
translational, rotational, and deformational motion. In order to focus on the behav-
ior of deformable bodies, it is necessary to consider a mathematical entity able to
exclude the �rst two aliquots connected to motion. The translational component
of motion can be excluded by considering the deformation gradient, F, de�ned as

F = [∇X ⊗ χ (X, t)]ᵀ ∀X ∈ Ωt0 (8)

Here, the symbol ∇ indicates the gradient operator, while its subscript indicates
that it is applied through the material coordinate system. The operator ⊗ is the
standard tensor product between two vectors, de�ned as [a⊗ b] = aibj. The spa-
tial inverse deformation gradient tensor is is de�ned as

F−1 =
[
∇⊗ χ−1 (x, t)

]ᵀ
x ∈ Ωt (9)

where no subscript under the nabla operator indicates that the gradient is applied
with respect to the current con�guration. The de�nitions of the deformation gra-
dient F and of its inverse F−1 come directly from di�erentiation of equations in
6, with respect to the material and the spatial coordinate system. However, by
de�ning the deformation gradient through equation 7, a di�erent (but obviously
equivalent) de�nition of F can be highlighted:

F = I + u (X, t)⊗∇X (10)

The deformation gradient is a crucial quantity in continuum mechanics, and con-
temporaneously is the �rst de�nable measure of deformation. It represents a linear
operator which generates a vector d x from the vector d X.
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Its elements are called stretches, and represent the relative change in length be-
tween a spatial and a material line element.
The determinant of the deformation gradient tensor, indicated as J, is the Jacobian
of the transformation from x to X, and thus de�nes the change in volume of the
body upon deformation

J ≡ DetF (11)

In order to maintain the �niteness of the considered body during deformation, it
is necessary that J assumes a �nite value for every admissible deformation, which
means 0 < J < ∞. In fact the relation in equation 11 can be rewritten as dv =

J dV, where no one of the two in�nitesimal volumes can vanish.
When J > 1 or J < 1, the considered body element is respectively subjected to
volumetric expansion or contraction, while when J = 1 the body undergoes an
isochoric deformation.
It is now worth to observe that generic in�nitesimal area element d a = d an,
de�ned through a surface d a and its normal unit vector n, may be obtained by the
cross product of two line elements. By employing this concept, an in�nitesimal
volume can be written as d v = d a · d x, and in the same way, d V = d A ·
d X. At this point, by using the Jacobian de�ned in equation 11, together with the
deformation gradient F, it is possible to write

d v = d a · d x = J d V ⇒ (12)

⇒ d a · F d X = J d A · d X⇒ (13)[
d a− JF−ᵀ d A

]
· d X = 0 (14)

and, since d X cannot vanish, the part in square parentheses must be equal to zero.
The relation

d a = JF−ᵀ d A (15)

is also known as Nanson formula, and maps an in�nitesimal material area d A into
a spatial area d a.
As introduced before, the deformation gradient allows to exclude the translational
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rigid motions of an object. However, it can be further decomposed into two tensors,
one related to pure rotation and another to pure deformation. This decomposition,
de�ned as polar decomposition, can be written as

F = RU = VR (16)

Here, R ∈ Orth+ is a unique rotation tensor (with the property that RᵀR =

RRᵀ = I), while U is the right stretch tensr and V is the left stretch tensor. The two
stretch tensors, both positive de�nite and symmetric (i.e. U = Uᵀ and V = Vᵀ)
and represent a pure deformation. Moreover, they can be diagonalized, and their
spectral decomposition is given by

U = λ1N1 ⊗N1 + λ2N2 ⊗N2 + λ3N3 ⊗N3 (17)

V = λ1n1 ⊗ n1 + λ2n2 ⊗ n2 + λ3n3 ⊗ n3 (18)

where λ1, λ2 and λ3 are the eigenvalues of U and V, also called principal stretches,
while Nk and nk are the correspondent eigenvectors in material and current con-
�guration. Comparison of equations 17 and 16 shows also that ni = RNi, due
to the uniqueness of the spectral decomposition. As seen also through the polar
decomposition of F, the deformation gradient tensor, although containing all the
useful information needed to describe the deformation behavior of a body, is not a
suitable deformation measure due to the presence of rotation. For this reason it is
necessary to de�ne other measures, based only on its purely deformation part, as
the left and right Cauchy-Green tensors, respectively C and b. These two tensors
are de�ned as

C = Fᵀ F = Uᵀ Rᵀ R U = U2 (19)

b = F Fᵀ = V R Rᵀ Vᵀ = V2 (20)

C and b are respectively a Lagrangian and an Eulerian strain tensor. Moreover,
thanks to their de�nition, they do not take into account for rigid body rotations.
However, these two tensors are not the only adoptable deformation measures.
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Through the years, in fact, several deformation measures have been adopted by var-
ious authors, such as the Green-Lagrange strain tensor or the Euler-Almansi strain
tensor, respectively de�ned as

E =
1
2
(C− I) (21)

e =
1
2

(
I− b−1

)
(22)

These two deformation tensors derive from the same concept applied through dif-
ferent descriptions. In fact, by considering deformation of a length d X into a length
d x, it is possible to calculate the change as d x2−d X2. In Lagrangian description,
it is possible to write

d x2 = F · d X · F · d X = d X · FᵀF · d X (23)

Then, the change de�ned before can be written as

d x2 − d X2 = d X · (C− I) · d X (24)

where the quantity in the parentheses is equal to twice the Green-Lagrange strain
tensor. In Eulerian description, it is instead possible to write

d X2 = F−1 · d X · F−1 · d X = d X · F−ᵀF−1 · d X (25)

Consequently, it is possible to write the change in length as

d x2 − d X2 = d x ·
(

I− b−1
)
· d x (26)

where the quantity between the parentheses is this time equal to twice the Euler-
Almansi strain tensor.
In 1961, B.R. Seth was the �rst to show that the previously cited strain measure are



20 introduction

specialized forms of a more general strain measure. In 1968, R. Hill [47] showed
that the aforementioned more general strain measure family could be de�ned as

Em =

 1
2m
(
U2m − I

)
m 6= 0

ln U m = 0
(27)

This relation is valid for every real m; for example, m = 1 gives the Green-
Lagrange strain tensor, as de�ned in equation 211, while m = −1 gives the Euler-
Almansi strain tensor de�ned in equation 212. Other notable strain measures are,
for example, the one obtained for m = 1/2, which is generally referred to as en-
gineering strain. For m = 0, instead, we have the Hencky strain, also known as
logarithmic strain tensor, which is de�ned through the logarithm of the eigenval-
ues of U and V as

H = ln U = ln λiNi ⊗Ni (28)

h = ln V = ln λini ⊗ ni (29)

It is worth to notice that the logarithm of a tensor exists only if the tensor itself
is diagonal; for this reason, the Hencky strain tensors (in Eulerian and Lagrangian
reference system) are de�ned only through the principal reference system (i.e. the
three directions identi�ed through the spectral decomposition of the respective
tensors). One of the major advantages arising from the use of this particular strain
measure derives directly from the logarithm properties, and is based on the addi-
tive decomposition of the applied deformation history. In fact, by considering a
deformation of a �ber, say λ, as the result of the combination of two stretches (in
this case λ1 = l/l1 and λ0 = l1/l0, where l1 can be considered as an intermediate
length of the �ber in its change of length from l0 to l), it is possible to write that
λ = λ0λ1 while the correspondent Hencky (true strain) is de�ned as

ε = ln
l
l0

= ln
l
l1

l1
l0

= ln λ1 + ln λ0 (30)
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This property becomes very useful when there re di�erent e�ects applied on the
considered body (e.g. thermal and mechanical stimuli applied), and becomes fun-
damental in biomechanical modeling, where the presence of di�erent deformation
stimuli and constraints is not a rare event.

1.2.2 Stress Measures

Upon deformation, di�erent kinds of interactions among neighboring parts of a
body arise. A way to express such interactions is to introduce the concept of stress,
which, for a deformable body, is the resulting �eld of internal reactive forces acting
between in�nitesimal surfaces within the body.
By focusing the attention on a deformable body B which occupies an arbitrary
region Ωt with a boundary ∂Ωt at a time t, it is at �rst necessary to de�ne external
forces as forces acting on parts of the boundary, and as internal forces the ones
within the interior part of the domain, in a distributed way (such as gravity).
Now, let the body (to which are applied a set of external and internal forces f)
be cut by a plane passing through a given point x ∈ Ωt; this plane, which can
be indicated as π, cuts the body in two parts. By considering interaction of the
two portions, it is possible to realize that forces are transmitted across the plane
surface.
The in�nitesimal resultant force acting on a surface element of area d a will then
be d f so that, in the point P the Cauchy surface traction can be de�ned as

t(x, t) =
d f
d a

(31)

The traction vector in equation 31 persists on all surfaces passing through the
point P that have the same normal vector n. It is possible at this point to recall
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the Cauchy stress theorem, which asserts that there exist a second-order tensor
σ(x, t) so that the traction vector t is a linear function of n, so that

t(x, t, n) = σ(x, t)n (32)

Through equilibrium of the angular momentum it also is possible to show also that
the second-order tensor σ(x, t), generally called Cauchy stress tensor, is symmetric.
It is de�ned through the Eulerian description, and can be represented as

σ(x, t) = σijni ⊗ nj (33)

By multiplying the Cauchy stress tensor by the Jacobian J it is possible to obtain
the Kirchho� stress tensor, τ

τ = Jσ (34)

Instead, by following the same treatise as for the Cauchy stress tensor through an
Eulerian description, it is possible to obtain the �rst Piola-Kirchho� stress tensor
by doing so through a Lagrangian description

P = Pijni ⊗Nj (35)

It is important to notice also that the �rst Piola-Kirchho� stress tensor is not sym-
metric. The second Piola-Kirchho� stress tensor, instead, is symmetric and de�ned
as

S = F−1P (36)

1.2.3 Constitutive Equations for Hyperelastic Materials

All the concepts introduced before are essential to characterize di�erent aspects of
kinematics and stress response, and hold for any continuum body. In order to spec-
ify how interaction in the material and its deformation behavior, it is necessary to
specify, through appropriate constitutive laws, how is it possible to mathematically
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approximate the real material response under speci�c loading condition.
For a Cauchy-elastic material (for which the stress �eld depends only on the state
of temperature and deformation at the current time t) it is possible to de�ne a con-
stitutive equation as a law that relates the Cauchy stress tensor σ(x, t) for each
x = χ(X, t) with the deformation gradient F = F(X, t). this concept can be math-
ematically expressed as

σ(x, t) = g (F (X, t) , X) (37)

where g can be considered as the constitutive equation associated with the Cauchy
stress tensor σ. The dependence with the position X of the constitutive equation g

is due to the fact that no restrictions have been applied on the material yet, and thus
g can be considered as a function varying with the position; materials that have this
feature are generally called heterogeneous. Materials for which the Cauchy stress
tensor and the density ρ0 are independent from X are instead called homogeneous,
and the next part of this section will be focused on them. For homogeneous mate-
rials, the relation in 37 can be written as

σ(x, t) = g (F) (38)

Mathematically, the constitutive law g is a tensor-valued unction of one tensor
variable F, and is generally referred to as stress relation.
At this point it is necessary to introduce the principle of material frame indi�er-
ence, which states that constitutive equations must be objective with respect to
any change of the observer. It is fundamental in this framework, because it im-
poses certain restrictions on the previously de�ned response function g that are
fundamental for the design of constitutive equations consisted with the presented
theory. In particular, any change of the observer is de�ned as a change of frame
from R = {O, ek} to R̂ =

{
Ô, êk

}
, as de�ned by

x̂ = c(t) + Q(t)x (39)
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where c(t) is the position vector de�ning O from Ô and Q(t) is a proper orthogo-
nal rigid body rotation of R relative to R̂. We shall also suppose that the reference
con�gurations of the two observers is the same, and that the time scale is also the
same, so that t̂ = t.
Under the frame change described in 39, the deformation gradient F transforms
into F̂ = QF, and the right and left Cauchy-Green deformation tensors transform
into

Ĉ = C b̂ = QbQᵀ (40)

where C = Ĉ because of the use of the same reference con�guration. Also, the
rigid body motion de�ned in equation 39 maps the region Ωt to a new region Ω̂t,
and the stress relation of equation 38 to the relation σ̂(x, t) = g

(
F̂
)
, where we

postulate that the constitutive relation is postulated to be indi�erent from the ob-
server.
By considering that, for any proper orthogonal rigid body rotation Q the defor-
mation gradient F maps to F̂ = QF and that σ̂ = QσQᵀ, it is possible to write
that

σ̂ = g
(
F̂
)
= g (QF) σ̂ = QσQᵀ = Qg (F)Qᵀ (41)

By combining the two equations, the following restriction for g is obtained

Qg (F)Qᵀ = g (QF) (42)

By then employing the right polar decomposition of F of equation 16, it is possible
to write Qg (F)Qᵀ = g (QRU), where R is the orthogonal rotation tensor. By
then assuming that Q = Rᵀ and by using the orthogonality condition for R, a
reduced form of equation 42 is obtained

g (F) = Rg (U)Rᵀ (43)

The associated stress relation is then

σ = Rg (U)Rᵀ (44)
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Equation 44 shows that the properties of an elastic material are independent from
the rotational part of F = RU if the constitutive relation is independent from the
observer.
A hyperelastic material, also known in literature as a Green-elastic material, postu-
lates the existence of a Helmholtz free energy density function Ψ de�ned per unit
volume of the body. When, in particular, the free energy function can be de�ned as
dependent on the strain state of the material independently from its strain history
(i.e. Ψ = Ψ(F)), Ψ is generally called strain energy function, or just strain energy.
For this kind of materials, it is postulated the existence of response functions g

andG of the form

P = G(F) =
∂Ψ(F)

∂F
σ = g(F) = J−1 ∂Ψ(F)

∂F
Fᵀ (45)

These response functions de�ne, in a Lagrangian or an Eulerian reference system,
the relation between deformation of the material and stress response. The deriva-
tive of Psi with respect to F denotes the gradient of Ψ, which is a second order
tensor, introduced in equation 35 as the �rst Piola-Kirchho� stress tensor. It is gen-
eral practice to consider that the strain energy function Ψ vanishes in the reference
con�guration (this condition is generally known as the normalization condition)
and, from physical observations, it comes that it increases with deformation, at-
taining then its global minimum for F = I. We can express these conditions by
writing

Ψ = Ψ(I) = 0 (46)

Ψ = Ψ(F) ≥ 0 (47)

Another important restriction applied on the constitutive equations for hypere-
lastic materials is based on one of their properties, which is called isotropy. This
property is based on the idea that the material response is the same in all directions.
This is mostly true when dealing with rubber, unless high-strain phenomena oc-
cur, like for example strain induced crystallization, which induces anisotropy (the
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material properties become function also of the material orientation).
Consequently, it is generally asserted that a material is isotropic relative to the
reference con�guration if the values of the strain energy Ψ(F) and Ψ(F∗), where
F∗ is de�ned to be the deformation gradient after any rigid motion of the system,
are the same for all orthogonal tensors Q such that F∗ = FQᵀ, which means that

Ψ(F) = Ψ(F∗) = Ψ(FQᵀ) (48)

Material isotropy allows to express constitutive laws of hyperelastic materials
through the principal invariants of its argument, thanks to the representation the-
orem for invariants.
It is quite common in fact, to �nd strain energy functions expressed as a set of in-
dependent strain invariants of the symmetric Cauchy-Green strain tensors C and
b,

Ψ = Ψ (I1(C), I2(C), I3(C)) = Ψ (I1(b), I2(b), I3(b)) (49)

where the invariants are de�ned as

I1(b) = tr b = λ2
1 + λ2

2 + λ2
3 (50)

I2(b) =
1
2

[
(tr b)2 − tr(b)2

]
= λ2

1λ2
2 + λ2

2λ2
3 + λ2

1λ3
2 (51)

I3(b) = det b = J2 = λ2
1λ2

2λ2
3 (52)

Another convenient way to express constitutive laws is through the principal
stretches. This can be done if the strain energy function Ψ is invariant with ro-
tations; in that case, it is possible to write

Ψ = Ψ (C) = Ψ (λ1, λ2, λ3) (53)

In this case the normalization condition takes the form Ψ(1, 1, 1) = 0.
Another important assumption about elastomeric materials is their incompressibil-
ity. Materials that keep their volume constant through deformation are character-
ized by the incompressibility constraint, J = 1; such materials can be referred to
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as constrained, due to the procedure that needs to be adopted in order to �nd their
correspondent strain �eld upon deformation.
For this kind of materials, the strain energy function can be assumed to be

Ψ = Ψ (F)− p(J − 1) (54)

where the scalar p serves as an indeterminate Lagrange multiplier, and can be iden-
ti�ed as a hydrostatic pressure. The scalar p, in general, can be determined through
the boundary conditions or from the equilibrium equations, and represents a work-
less reaction to the kinematic constraint on the deformation �eld.
Isotropic behavior of elastomers have been thoroughly investigated by many au-
thors under di�erent approaches as will be shown later in this section. However,
a satisfactory reproduction of the complete behavior of rubber materials (where
"complete behavior" is intended as the material response under di�erent loading
conditions). Moreover, many authors tried to highlight di�erent aspects of rubber
elasticity, focusing then more on the elegance of the approach or on the physical
justi�cation of the model.
These aspects led through the years to a multitude of hyperelastic models, which
vary in mathematical complexity, number of parameters and physical interpreta-
tion of the di�erent parameters, in addition to achievable level of model e�ciency
in terms of di�erence between the experimental data and the �tted curves. Hypere-
lastic models can be divided in groups, based on the approach adopted for their de-
velopment. The most common classi�cation among di�erent models divides them
into three categories, as also shown in the work from Marckmann and Verron [77]:

• Phenomenological models, which are issued from mathematical develop-
ments of their strain energy function; some examples are the Ogden [90]
model and the Mooney-Rivlin class of models [107, 108];

• Physically-based models, which are based on both physics of polymer chains
network and statistical methods, and are focused more on the physical justi-
�cation of the di�erent material parameters used, such as the extended tube
models from Heinrich and Kaliske [60].
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In the next sections (1.2.3.1 and 1.2.3.2) a fast overview of the principal models for
the two categories will be given, in order to give some remarks and to highlight
the di�erences among the models.

1.2.3.1 Phenomenological models

As anticipated, phenomenological hyperelastic models are mostly focused on math-
ematical simplicity and in adequate description of the material behavior under
�nite strains in di�erent loading conditions. Here will be brie�y described the
Mooney-Rivlin based models, the Gent model and the Ogden model.

mooney-rivlin models Mooney [82], through observations, noted a depen-
dence of the hyperelastic constitutive behavior upon the �rst and second invari-
ants of the left Cauchy-Green strain tensors. Rivlin [107, 108] further extended
this model to a polynomial series dependent upon the two invariants, de�ning the
strain energy function of this class of models as

Ψ =
N

∑
i=0,j=0

Cij (I1 − 3)i (I2 − 3)j (55)

Here, the parameters are Cij, and C00 = 0. This model is mostly used up to the �rst
or second order, and generally not to values higher than 200% in strain. However,
expansion of this model to higher orders can give grat accuracy, at the cost of a
multitude of parameters.

gent model In order to take into account for �nite chain extensibility, Gent
[40] considered that the �rst invariant should be limited by a maximum value,
denoted as Im, and proposed the following strain energy function

Ψ = −E
6
(Im − 3) ln

[
1− I1 − 3

Im − 3

]
(56)



1.2 remarks on continuum mechanics 29

Here the parameters are E and Im. This model gives good �tting results, thanks to
the parameter Im; however, the low number of parameters may also lead, in some
cases, to a good mechanical characterization only upon some loading conditions.

ogden model Ogden [90], in 1972, proposed to derive the strain energy func-
tion Ψ through the strain invariants de�ned by I(α) =

(
λα

1 + λα
2 + λα

3 − 3
)

/α,
writing then the strain energy function as

Ψ =
N

∑
n=1

µn

αn
(λα

1 + λα
2 + λα

3 − 3) (57)

The parameters of the Ogden model are µi and αi, with i going from 1 to the
chosen N. They should follow the stability condition ∑N

i=1 µiαi > 0. The Ogden
model is characterized by a great �exibility (especially for N = 2 or N = 3), but is
also featured by a quite high number of parameters. However, in its higher forms
it is widely optimized and used in di�erent commercial �nite element software.

1.2.3.2 Physically-based models

Physical models are instead based on the �nding of correlation between the pa-
rameters used and di�erent physical properties of the material, such as the chain
maximum extensibility or the crosslink density of the elastomer. Here we brie�y
review the Neo-Hookean model and the tube models, although many others could
be cited, such as the chain model from Arruda and Boyce [6] and many of the
models derived.

neo-hookean model The neo-Hookean model is considered by many as the
most simple phenomenological model; however, it has been developed by Treloar
in 1943 [125] from di�erent considerations about molecular chain statistics. In fact,
he considered elastomeric materials as constituted by a network of long �exible
chains, randomly oriented and linked by chemical bounds at the junction points.
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Moreover, he considered a Gaussian statistical distribution to estimate the number
of chain conformations, and obtained the following strain energy density

Ψ =
1
2

nkT (I1 − 3) (58)

where n is the chain density per unit volume, k is the Boltzmann constant and T
is the absolute temperature.
Because of its simplicity, the neo-Hookean model is widely used for analytical
calculations, and leads to good agreement with experimental results for low levels
of strains (up to 50%).

tube model The tube model, developed by Heinrich and Kaliske in 1997 [46]
is based on the concept that every polymeric chain is constrained by the other
chains to stay in a tube, due to the high degree of entanglement of this kind of
polymers. The strain energy function for this model is de�ned as

Ψ = Gc I1 −
2Ge

β

(
λ
−β
1 + λ

−β
2 + λ

−β
3

)
(59)

where Gc, Ge and β are three �tting parameters, which can be connected to physics
of the polymer chains. Because of the strong limitations of this model in describing
material behavior under large strains, Heinrich and Kaliske presented some years
later a similar model, described in the next paragraph.

extended tube model In 1999, Kaliske and Heinrich [60] updated their
model to include chain extensibility, while also using a non-Gaussian distribution
to describe the polymer chain length distribution. The strain energy function pre-
sented by them is

Ψ =
Gc

2

[(
1− δ2) (I1 − 3)
1− δ2 (I1 − 3)

+ ln
(

1− δ2 (I1 − 3)
)]
− 2Ge

β

(
λ
−β
1 + λ

−β
2 + λ

−β
3

)
(60)

Here the parameters are Gc, Ge, β and δ. The last parameter, δ, allows to take into
account �nite chain extensibility.



1.2 remarks on continuum mechanics 31

While having only four parameters, this model allows to correctly describe and
predict rubber mechanical behavior under complex loading history and at high
levels of strain. In fact, it has also been judged my Marckmann and Verron [77] as
one of the best hyperelastic models for rubber materials, because of its remarkable
�tting and predictive capabilities.For these reasons, the Extended Tube model will
be used through the Thesis in order to describe hyperelastic behavior of rubber.





Part II

R E S E A R C H A C T I V I T I E S

This section deals with di�erent research activities. In Chapter 2, an
an overview of biaxial testing for rubber is presented, together with
novel approaches for mechanical characterization of �lled elastomers;
Chapter 3 describes an approach based on the model of Dorfmann and
Ogden used in order to capture some relevant aspects related to the
Mullins e�ect. Chapter 4 contains a proof of concept regarding the gen-
eralization of the Rivlin-Thomas approach to fatigue of rubbers with
respect to planar biaxial samples.





2
B I A X I A L T E S T I N G O N F I L L E D R U B B E R

2.1 introduction

2.1.1 Biaxial testing on �lled elastomers

As stated in Chapter 1, elastomers are generally tested in more than one loading
condition in order to obtain more reliable results in term of stress and strain re-
sponse to solicitations of any kind. In fact, since hyperelastic materials show a
non-linear stress-strain behavior, hyperelastic constitutive laws generally come in
with a number parameters usually higher than 2; consequently, the need to test
a material in di�erent loading conditions ensures a better characterization of the
mechanical behavior through more accurate curve �ttings.
This is a standard approach with elastomeric materials, due to the complexity of
the constitutive models used to describe the mechanical behavior of the material.
For this reason, the di�erent mechanical tests commonly applied on rubbers have
some kind of ’identi�cation names’. Moreover, thanks to the incompressibility as-
sumption, it is generally possible to de�ne the principal stretches in the di�erent
loading conditions. In particular, three tests are generally acknowledged as stan-
dard:

• Uniaxial loading, where the principal loading conditions are λ1 = λ,λ2 =

λ3 = 1/
√

λ;

35



36 biaxial testing on filled rubber

• Pure shear, with its principal loading conditions de�ned as λ1 = λ,λ2 =

1,λ3 = λ−1;

• Equibiaxial loading, in which the principal stretches are λ1 = λ2 = λ,λ3 =

1/λ2.

In the previous de�nitions the parameter λ has been used in order to de�ne the
only independent variable through which the loading is applied. A graphical rep-
resentation of the samples used in the context of this work can be found in Figure
7.
L. R. G. Treloar, one of the pioneers in the framework of mechanical testing on

Figure 7: Di�erent specimen shapes used for mechanical characterization. A) Uniaxial test-
ing sample, with a width of 2 mm; B) and C) pure shear samples, with a nominal
height of respectively 10 and 4 mm, a width of 80 mm and a thickness of 1.3
mm; D) BiaxTester squared specimens, with width and height of 77 mm and a
thickness of 1.9 mm.

rubbers, in his fundamental work concerning this �eld [126] used four di�erent
loading conditions, namely:

• 2-Dimensional extension, an equivalent of equibiaxial loading;

• Simple elongation, equivalent to the uniaxial tension;

• Pure shear ;



2.1 introduction 37

• Combined elongation and shear.

His results are today acknowledged as benchmarks in order to evaluate pre-
dictability and �tting complexity of hyperelastic models, as can be seen in the
works of Ogden et al. [93] and in the work of Steinmann et al. [122]. Marckmann
and Verron [77] also used the data from Treloar (and from Kawabata, [62]) in
order to make some sort of "ranking" of the various hyperelastic models, basing
it on di�erent parameters, e.g. the ability of the di�erent models to accurately
predict the behavior of the di�erent loading conditions.
In this framework, biaxial testing of elastomers has always been a challenging
kind of experiment, because of the complexity of the systems needed to realize the
test and measure the obtained results, although its �exibility gives the opportunity
to perform a great variety of tests, even for the imitation of complex loading
conditions. Among the �rst experiments on this kind of loading conditions we
surely �nd the ones from Treloar [126], already mentioned before, which were
performed by in�ating a rubber circular sheet clamped around its circumference
into the form of a balloon. As reported by Treloar in [127], when in�ating a
circular sheet of rubber the strain �eld can be considered biaxial only over a region
in the neighborhood of the center of the sheet, or ’pole’ of the spheroidal balloon, to
which the evaluations of the strain �eld must be limited.
Bubble in�ation technique has been extensively studied in the last decades in
order to get more reliable data through the use of new technology, such as digital
image elaboration: for example, Reuge et al. [105] used a CCD video camera as
optical extensometer and a pressure sensor to record both in�ation state and
blowing pressure, including the use of a magnetic probe in order to evaluate the
bubble thickness over pressure increase in order to validate the experimental
results obtained through the CCD camera. Starting from this kind of set-up,
Rachik et al. [100] considered di�erent strain energy functions and calculated
the correspondent parameters using both direct identi�cation procedures (using
uniaxial and equibiaxial tension test data) and inverse identi�cation techniques
from bubble in�ation and �nite element analysis, showing that the latter was a
good alternative to get material parameters thanks to the combination of di�erent
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techniques and the consequent parameter optimization. However, this technique
results to be di�cult to apply because of the high non-linearity of the solutions
obtained through direct optimization of the parameters in the �nite element
code. Later, Sasso et al. [114] used bubble in�ation technique together with a
setup composed of two cameras and a 3D particle tracking software to determine
the surface strain �eld of the in�ated rubber sheet. The processed results were
then used to �t di�erent hyperelastic constitutive models and used in a Finite
Element analysis software in order to compare the results with the experimental
observations, showing that the application of such techniques leads to results
comparable with the ones obtained through the use of ’standard’ procedures.
In the last 15 years, however, many researchers focused on two di�erent shapes

Figure 8: Cruciform specimens from Zhao et al. [133]. a) Standard cruciform specimen; b)
Cruciform specimen proposed by Zhao et al.

for biaxial testing of elastomers, which are cruciform and squared samples. To
the author’s knowledge, Chevalier et al. [18] were the �rst to use a cruciform
rubber specimen, together with an Image Correlation software, which allowed to
determine the biaxial strain �eld in this sample. Other authors, such as Sasso et al.
[115], further re�ned the Image Correlation technique to get more reliable results.
Zhao et al. [133] tried to optimize cruciform samples with the aim of improving
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the degree of uniformity of stress and strain in the test region while considering
that such experimental setup should satisfy the two following conditions: the
gripping method and the specimen itself should optimize load transfer from
the grippers to the symmetry lines of the specimen; normal stresses over the
symmetry lines should be uniform within the reference length for determining
the nominal stresses, in order to get a reliable correspondence between the
registered nominal stress and the nominal stresses in the sample. For this reason,
they proposed a new specimen design, displayed un Figure 8. Other works on
cruciform sample optimizations are, for example, the works from Hu et al. [54]
and Andrusca et al. [5]. However, cruciform specimens are known to be di�cult
to handle because of the poor uniformity of stretches in the test piece. In fact as
reported in [36], the stretch registered on the branches of such specimens is larger
than that at the center, where it is really di�cult to achieve strain values higher
than 30%.
Squared samples partially solve these kinds of problems, thanks to the di�erent
shape. However, in this case the clamping system plays an important role due to
di�erent e�ects generated by the clamps, such as compression or shear strains
in the edge portions of the sample, together with over-constraint of the sample
deformation when using clamping systems that do not have the ability to adapt
their shape to the deformation of the sample itself, as the ones used for cruciform
specimens. For the latter, clamping systems composed of small clamps and linear
rails are generally used, so that the sample edges are not necessarily constrained
to stay undeformed throughout the biaxial testing. Moreover, the deformation in
such samples can be highly inhomogeneous due to the vicinity of the clamping
system and the area to be measured: for this reason, di�erent authors tried to
solve this ind of problem in many di�erent ways. For example, Fujikawa et al.
[37] proposed to subtract the contribution of the rubber between the clamps by
using an heuristically determined equation. Later, Fujikawa et al. [36] proposed a
di�erent experimental approach, which consisted in notching the rubber sheets
between the di�erent clamping arms. This approach brought them to optimize
the shape of the cut through the employment of Finite Element software to to
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verify the e�ectiveness of the aforementioned approach. A similar approach has
been also used on the BiaxTester, as can be seen in the later sections of this Chapter.

2.1.2 Comparison of di�erent software for Digital Image Correlation

Digital Image Correlation (often referred to as DIC) is an non-contact optical tech-
nique that allows measurement of surface deformation and particle motion in a
speci�c Region Of Interest (ROI) on previously treated objects through the use of
tracking techniques and correlation analysis. This method is based on the division
of the ROI in di�erent subsections (i.e. groups of pixels, often called subsets) and
on the subsequent identi�cation of the locations of such subsections in consecu-
tive images through image processing and correlation techniques, which basically
help to somehow obtain a one-to-one correspondence between material points
in the reference and current con�gurations (respectively the �rst image and the
subsequent ones). This is done by obtaining displacement and strain information
through the transformation used to match the location of the subset in the current
con�guration. The tracking and strain identi�cation, when applied on multiple
subsets on the whole region of interest gives then a discrete displacement �eld,
which can then be translated to both strain and velocity �eld of the surface points
of the object to be analyzed. The technique was initially employed only in the case
of 2D surface mapping, however it rapidly evolved to a 3-D technique, called Stereo
Digital Image Correlation (SDIC).
The technique is based on the assumption that considering a subset as a group of
coordinate points, it is possible to �nd the transformation of the initial reference
subset points to the current con�guration. This transformation is typically con-
strained to be linear and of the �rst order –although in the case of large strains it
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is possible to consider second-order transformations, as can be seen in the work
from Lu and Cary [74]– :

x̃curi = xre fi + urc +
∂u

∂xrc

(
xre fi − xre fc

)
+

∂u
∂yrc

(
yre f j − yre fc

)
(61)

ỹcurj = yre f j + vrc +
∂v

∂xrc

(
xre fi − xre fc

)
+

∂v
∂yrc

(
yre f j − yre fc

)
(62)

where xre fi , yre f j , xre fc and yre fc are respectively the x and y coordinates of an ini-
tial reference subset point and the x and y coordinates of the center of the initial
reference subset; x̃curi and ỹcurj are, instead, the x and y coordinates of a �nal cur-
rent subset point. The subscripts (i, j) are the indices used for the relative location
of the subset points with respect to the center of the subset, as well as for corre-
spondences between subset points in the current and reference con�guration. The
subscript rc used in 61 means that the transformation is from the reference to the
current coordinate system. The di�erent parameters are then here grouped in the
vector p:

p =

{
u, v,

∂u
∂x

,
∂u
∂y

,
∂v
∂x

,
∂v
∂y

}
(63)

The objective of this kind of analysis is then to �nd the optimal p, such that the
transformation of equation 61 gives the best possible correspondence between the
reference coordinates xre fi and yre f j and the current coordinates x̃curi and ỹcurj .
This is done through correlation criteria, which allow to establish a metric for sim-
ilarity between the �nal reference subset and �nal current subset. However, this
is beyond the scope of this Thesis; for more information about these aspects, the
reader is addressed to the works from Lu and Cary [74] and the work from Blaber
et al. [10].
The two software based on this techique and used through the whole PhD work are
a commercially available software, GOM® ARAMIS, and a free toolbox for MAT-
LAB, called NCorr and developed by Justin Blaber (please refer to www.ncorr.com
and to the work from Blaber et al. [10] for more information). The two software
are di�erent in both capabilities and data handle: in fact, as for example ARAMIS
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can handle stereo images and perform SDIC, NCorr does not have this kind of
feature; moreover, the shape of the subsets handled by the two software are dif-
ferent. Moreover, while ARAMIS is a widely used software in the rubber industry,
the NCorr toolbox is fairly new, and few validations of this software under large
deformations have been performed. Due to the generally high loadings applied on
elastomers, this validation results to be an important factor. Because of this aspect,
a primary evaluation of the registered di�erences between the software has been
performed, showing that no di�erences are registered on the displacement �elds
of the two software compared. This evaluation has been performed by using the
same images of an equibiaxially stretched sample on the two di�erent software and
then comparing the displacement and deformation �elds. This comparison led to
the validation of the obtained results, as can be seen in Figure 9 for the displace-
ments and in Figure 10 for what concerns the deformation �elds.

2.1.3 The BiaxTester

The BiaxTester, produced by Coesfeld GmbH. & co. KG, is the prototype of a test-
ing machine developed in order to test squared rubber specimens under planar
biaxial loading conditions. It is actually under testing phase at the Leibniz-Institut
für Polymerforschung e.V. in Dresden.
The testing system, shown in Figure 11, is constituted by 4 electromechanical
drives, and each drive is equipped with a travel and force sensor. Each drive can
run an individual motion pro�le under certain ranges, as shown in Table 1, and
the user can choose the kind of dynamic movement from standard (e.g. sine, pulse,
rectangular, triangular and sawtooth waves) or custom-made pro�les, which can
be uploaded and inserted in the software as .csv �les, giving a great customiza-
tion for what concerns the testing phase. Moreover, the drives and the motors can
independently handle high levels of total strain applicable on the sample, together
with high frequencies in dynamic loading; however, although each motor could
move independently, it is generally suggested to always symmetrically move the
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Figure 9: Comparison of the displacement �elds obtained through ARAMIS and NCorr.
The maximum di�erence between the two displacement �elds is of about 0.7 mm
on a total imposed displacement of 30 mm (∼ 2.3% of the total displacement),
which is an acceptable result, given the substantial di�erences in the calculation
procedures of the software.

opposite motors.
Some of the most interesting features of this kind of tester are, for example, the
possibility to perform tests at arbitrary loading (and displacements) in the two
directions, and the possibility to perform quasi-static and dynamic tests on the
materials. Nevertheless, The Biaxial Tester gives the possibility to test the rubber
in a variety of di�erent loading conditions, which surely can be a useful tool to en-
hance the understanding and �tting of the complex mechanical behavior of �lled
elastomers.
This testing machine is also equipped with an infra-red video capture system, com-
posed by an IR-camera and two infrared light sources, as can be seen in Figure 11;
the camera is a a JAI® BM-500GE, a monochrome progressive scan camera with 5
megapixels resolution and GigE Vision (GE) interface, through which is possible
to automatically transfer the images on a personal computer through the Ethernet
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Figure 10: Comparison of the Green-Lagrange strain εxx obtained through NCorr and
ARAMIS. A partial smoothing of the data obtained through NCorr can be seen
on the edges, while in the rest of the sample the �elds overlap each other, show-
ing that there is almost no di�erence in the registered values.

port; the Charged Coupled Device (CCD) sensor can operate at 15 frames/second
in continuous mode. The two light sources give the possibility to contemporane-
ously take images through transmitted and re�ected light, which are needed to
respectively investigate the surface strain (or displacement) �eld and crack edge
–or length– in crack propagation analysis.
The samples mounted on the BiaxTester were initially rubber slabs with dimen-
sions 100mm x 100mm x 1mm. However, the shape of such samples have been
continuously upgraded through the years in order to get more reliable results from
the machine itself. The rubber slabs were, in fact, tightened in the clamping sys-
tem through normal screws, thus resulting in compression states and deformation
around the clamps themselves, connected to shear stresses in the same region upon
stretching of the sample. For this reason, a di�erent sample and clamping system
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Parameter Features
Load range 1-1000 N

Load speed
0.1-50 Hz
(0.1-10 Hz with displacements above 10 mm)

Maximum displacement
60 mm for each side
(120 mm in total)

IR camera
Automatic or triggered acquisition
(1 image per second)

Displacement sensor Precision of ∼0.1 mm
Load Cells Precision of 1N; maximum detectable load of 2kN

Table 1: General features of the Biaxtester produced by Coesfeld GmbH.

has been developed. The sample, as depicted in Figure 7 has an outer beaded edge
and smaller overall dimensions, so that the clamping system interferes with the
sample, resulting in lower (and in some cases negligible) compression of the sam-
ple edges. Another important upgrade has regarded the substitution of the whole
steel clamping system with a new one, completely redesigned and made of Car-
bon �ber Reinforced Polymer (CFRP) which, thanks to the low weight and the
longer rails, allows to both reach larger displacement levels and reach higher load-
ing frequencies. The old and the new clamping systems can be respectively seen
in Figures 12 and 13.

2.2 clamping system and specimen optimization

In order to optimize reliability of the results obtained through the BiaxTester, dif-
ferent analyses have been performed concerning the various types of deformation
and the resulting strain �eld on the sample surface. Study of the feasible sample
geometries and the need to �nd a possible optimal shape that would �t into the
—recently updated— carbon �ber clamping system led to three di�erent specimen
shapes, all displayed in Figure 14. The three shapes have two important di�erences:
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Figure 11: The BiaxTester at the Leibniz-Institut für Polymerforschung e.V.. A. Photo of the
whole system. B. Detail of the image acquisition system: 1-Light for the images
with re�ected light; 2-Light for the images T; 3-Infrared camera for image and
video acquisition.

• samples B and C present notches in between the clamping arms, in order to
avoid the necessity to take into account the deformation of these regions in
the re�nement of the force-displacement results;

• samples C are tested with a slightly di�erent clamping system, with the two
angular orthogonal clamps connected by a single upper clamp, in order to
reduce the shear phenomena on the sample corners.

It is necessary to point out that, due to the complex shape of the �nal product, the
notches were hand-made on the samples by using a die cutter, therefore no direct
study on the notch dimension was done, as for example is possible to see in the
work from Kawabata [36]; however, all the notches have a width of 2 mm.
In order to broaden as much as possible the strain �eld spectrum in the tests used
to compare the di�erent samples, a test involving as many as possible loading
con�guration has been applied. It is depicted in Figure 15, where it is possible to
see the movement on the di�erent clamps vs time and vs. each other. This kind of
loading can be divided in three di�erent regions:
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Figure 12: Detail of the old BiaxTester clamping system.

• a �rst region in which the loading can be described as simple pure shear;

• a second region in which the displacement of two opposite motors is �xed
and the transversal motors move up to reaching the same displacements of
the other motors;

• a third region in which the four motors move at the same speed, maintaining
the same level of displacement, as in equibiaxial loading.

A test like this covers di�erent aspects that are generally encountered when bi-
axially loading a rubber sample, and gave us the possibility to fully test the per-
formances of the three samples described before. Moreover, in order to evaluate in
the widest possible range the capabilities of the di�erent samples, di�erent aspects
have been taken into account for what concerns the strain �eld. In fact, every sam-
ple has been tested with the same loading condition and the same program setup
while the CCD camera, whose trigger is integrated in the "control box" of the Bi-
axTester, would take images of the samples at the same displacement values. Such
images have been analyzed with the Digital Image Correlation software GOM®
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Figure 13: Detail of the BiaxTester CFRP clamping system.

ARAMIS. Results from the DIC analysis were then re�ned in order to extract four
di�erent parameters:

• The mean of the major strain on the sample surface, λ̄1;

• the amount of surface subsets whose principal strain was close (±5% of the
calculated λ̄max) to the average value calculated before;

• The mean value of biaxiality on the sample surface,B̄, de�ned as

B = 1− (λ1 − λ2)

(λ1 − 1)
(64)

where λ1 and λ2 are respectively the �rst and the second principal stretches;

• the amount of surface subsets whose biaxiality was close (B̄± 0.05) to the
average value calculated before;
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Figure 14: Illustration of the di�erent sample shapes investigated.

This parameter has been chosen because for each loading condition applicable
on the BiaxTester it has a speci�c value regardless of the loading magnitude. In
fact it is equal to 1 for equibiaxial loading conditions, to 0 in pure shear loading
and between 0 and 1 for any other biaxial loading state. This means that, for this
particular test, the biaxiality will vary through the di�erent regions of the test as
in Figure 16. However, this parameter is not de�ned when there is no registered
strain on the images subsets, i.e. in reference con�guration, so it has been used
only as an instrument to quantitatively evaluate the strain state of the sample in
this particular case and, in general, should be carefully used.
Results from the analysis of the three samples can be seen in Figure 17, where

the two upper graphs show the mean of the major strain on the surface of the
di�erent samples and the mean biaxiality parameter obtained through the DIC
analysis. The lower graphs show, instead, the percent of the analyzed srface with
parameters close to the averages calculated before. The trends show that, on
comparison, the sample that achieves the best performances (intended as closer
to the theoretical behavior of fully homogeneous deformations on the sample
surface, as shown in Figures 15 and 16) is the sample with notches between
the clamps and interlocked angular clamps (sample C on Figure 14). On the
standard sample (sample A on Figure 14), the presence of material between the
clamps heavily a�ects the homogeneity of the deformation �eld, especially on the
borders, and in fact on this kind of sample only a small portion of it can be really
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Figure 15: Displacements along x and y direction in the benchmark test. The displacements
are shown over time and in the x-y displacement graph; the black circles repre-
sent the images taken by the camera during the test.

considered as homogeneously deformed; further analyses showed, in fact, that
only the central region, with a diameter of roughly 40mm, can be considered as
homogeneous. The behavior of the sample with notches and without interlocked
clamps (sample B in Figure 14) lies somehow in the middle: in fact, although
the notches alter the deformation behavior between the clamps, the orthogonal
stretch of the angular clamps generate a high amount of shear stresses on the
sample angles, reducing the overall region which is homogeneously deformed.
Concerning the mean values of major strain and of biaxiality, as can be seen in

Figure 17, sample C behaves better than the others with respect to higher (and
consequently closer to the theoretical value) overall major strain and biaxiality
values closer to the theoretically foreseen, displayed in Figure 16. This approach,
similar in terms of results to the work of Fujikawa et al. [36] has given many
insights about the understanding of both Digital Image Correlation techniques
and of how rubber samples behave under complex loading conditions; moreover,
the promising results obtained through the Digital Image Correlation led to
the investigation of any discrepancies between BiaxTester data and data from
conventional testing machines.
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Figure 16: Biaxiality, as de�ned in equation (64), in the benchmark test. The black circles
represent the images taken by the camera.

2.3 comparison of pure shear data from the biaxtester and the
conventional pure shear specimens

Thanks to the capabilities of the BiaxTester, it is possible to test materials over a
wide range of deformation going from Pure Shear loading (where, for incompress-
ible materials, λ1 = λ, λ2 = 1, λ3 = 1/λ) to equibiaxial loading conditions
(where, instead, λ1 = λ2 = λ, λ3 = 1/λ2). This led to the possibility of e�ec-
tively compare the data obtained through the BiaxTester with more conventional
data obtained through the use of di�erent testing machines, such as the Instron®

Electropulse E100, a dynamic testing machine. The latter was used to test pure
shear samples, as the ones depicted in Figure 7. Moreover, in order to include in
this analysis more dependence of the data upon geometry of the samples, pure
shear samples with a di�erent height-width ratios were used through the analysis.
Two particular aspects were investigated with reference to possible di�erences
among the samples: at �rst, di�erent analyses were performed through digital im-
age correlation instruments, in order to evaluate the strain �eld over the di�erent
samples surface, in order to highlight any possible e�ect due to the presence of
the edges in pure shear specimens; afterwards, di�erent comparisons were made
through stress comparison between the di�erent samples. In particular, every test
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Figure 17: Results obtained for the three kinds of samples during the test depicted in Figure
15. It is evident how, among the three di�erent samples, the one having the most
homogeneous strain �elds is the sample B (represented by higher percentage of
the sample being at the predicted major strain and biaxiality levels, as can be
seen in the two lower graphs). Moreover, the same sample presents also a more
higher level of major strain attained in the during the whole test, thus showing
a behavior closer to the theoretical one.
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has been performed at the same strain rates and with samples composed of styrene-
butadiene rubber �lled with 50 phr of carbon black; moreover, in order to exclude
any phenomenon related to di�erent vulcanization time or other phenomena pos-
sibly connected to aging, all the samples have been cut from the same vulcanized
rubber sheet, and then tested after 24 hours, while being kept at 20° C. Results from

Step Amplitude (%) BT single clamp
displacement (mm)

Instron imposed
displacement (mm)

1 10% 3.85 mm 1 mm
2 20% 7.7 mm 2 mm
3 30% 11.55 mm 3 mm
4 50% 19.25 mm 5 mm
5 70% 26.95 mm 7 mm
6 90% 34.65 mm 9 mm
7 110% 42.35 mm 11 mm
8 140% 50.05 mm 13 mm
9 150% 57.75 mm 15 mm

Table 2: Maximum amplitudes imposed on the BiaxTester and on the standard pure shear
samples in order to compare results.

digital image correlation are shown in Figure 18, where it is possible to evince that,
in the case of pure shear samples tested with the Instron Electropuls, there is an ev-
ident e�ect on the strain state at the edges of the sample; this e�ect generates com-
pressive strain state in the direction transversal to loading for approximately twice
of the initial height of the sample. This edge e�ect, noticed also by Treloar [126],
generates an inhomogeneous strain �eld along the edges of the sample, which is
generally neglected also through the use of samples with a higher ratio between
width and height. Biaxial samples, instead, seem to be not in�uenced by this kind
of e�ect, as is also shown in Figure 18 because of the clamped edges. In fact, the
material cannot undergo compressive deformation in direction transversal to load-
ing because of the clamping system; this gives to the BiaxTester samples a strain
homogeneity which is basically unachievable with a normal pure shear sample.
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Comparison of the stresses lead to almost the same conclusions: in fact, as can be
seen in Figure 19, stress-strain curves obtained through the BiaxTester are remark-
ably higher than the ones obtained through the Instron Electropulse with pure
shear specimens, as if specimens tested in the BiaxTester behave more rigidly. In
order to try to reduce this kind of e�ect, an approach also mentioned by Treloar
[126] has been adopted, which consisted in ’correcting’ the stress-strain behavior
by trying to remove the contribution of the outermost parts of the sample. This
approach consists in testing samples with di�erent widths and subtracting the re-
sultant force registered on the narrower sample from the one obtained by using
the wider one; after this, it should be in theory possible to calculate the stress act-
ing on the central part of the sample. However, this approach did not lead to any
improvement in the stress measurement, although tested by using a wide range
of sample width (ranging from 40 mm to 70 mm together with an 80 mm sample
for the ’normal’ pure shear calculations), and is not displayed here. However, as
displayed in Figure 20, the use of samples with a lower height-width ratio gives
performances which are closer to the ones obtained with the BiaxTester.

2.4 biaxial investigations along different loading paths

As anticipated before, rubber mechanical behavior has been widely investigated
also in terms of multiaxial testing; apart from the ones cited before, an interesting
work within this framework is the one from James et al. [59], where an approach
similar to the Digital Image Correlation was applied in order to accurately deter-
mine the strain state of biaxially stretched elastomers.
However, to the author’s knowledge very few works focus on the biaxial behavior
of rubbers through di�erent loading paths: up to now, in fact, a similar approach
has been applied only by Kondo et al. [65], however for a di�erent purpose and
with relatively di�erent materials (in that case, in fact, a two-step load application
was used on polyrotaxane crosslinked via cyclic molecules in order to study as-
pects of the strain-induced swelling); one of the reasons for this lack in literature
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Figure 18: Results from DIC evaluation. A) strain �eld εxx in samples with a height of 4
mm; B) variation of the strain �eld along the sample with 4 mm as nominal
height C) strain �eld εxx in samples with a height of 10 mm; D) variation of the
strain �eld along the sample with 10 mm as nominal height; E) strain �eld in
the direction transversal to loading for BiaxTester samples.
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Figure 19: Data comparison between cyclic loading of BiaxTester and conventional pure
shear samples.

probably resides in the lack of biaxial testing machines available today. In fact, al-
though biaxial testing through bubble in�ation techniques (as in the work from
Treloar [126] or the one from Reuge et al. [105]) is in general an easy way to test
such elastomers, it is not possible to truly vary the strain state of the in�ated rub-
ber sheet (apart from varying the circular clamp that ’pins’ the rubber sheet, which
theoretically should give a di�erent strain state on the pole of the in�ated surface);
also, testing with cruciform specimens seems not an option on this context because
of the di�cult correlation between the imposed displacement and the registered
strain on the sample surface, which can be done only in case of testing machines
with the possibility of controlling the displacement of the transverses through the
registered strain on the surface (which, in most cases, is not a viable way due to
the complexity of the system and to the necessity of �ne-tuning the strain �eld
calculations through real-time digital image correlation).
In case of biaxial testing of squared samples, however, this approach seems really
promising due to the high constraints imposed on the samples during the di�er-
ent deformation steps in basically any imposable loading condition, as seen in the
previous section. Moreover, this approach may lead to better understanding of the
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Figure 20: Data comparison between pure shear samples with a di�erent height-width ra-
tio, displayed in the legend.

rubber behavior and of the �ller contribution, due to the complex loading regime
imposable in this way.
For this reason, three di�erent paths have been chosen for this kind of test, as

depicted in Figure 21: in particular, path 1 may be associated to pure shear load-
ing in the �rst part, where λx = λ and λy = 1; after that, loading starts in the
orthogonal direction while clamps in the �rst one stay still (λx = λ and λy = λ).
Path 2 is instead a simple equibiaxial loading, where λx = λy = λ, and path 3
is a combination of the two, because for every step one of the two sets of clamps
stay still while the other is moving; this ’stair-like’ movement of the clamps is in
fact basically what happens in Path 1, but with more steps. Finally, Each of the test
as performed at ambient temperature, and all the di�erent tests lasted the same
amount of time (t = 120s), in order to put the samples in the same testing condi-
tions. Images taken during the tests, and subsequent strain �eld evaluation through
digital image correlation have been used to ensure that there were no deviations of
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Figure 21: The three di�erent paths in terms of displacement of the clamps in the orthog-
onal directions. Path 1 may be associated to pure shear loading in the �rst part,
and then loading in the orthogonal direction while keeping the other one �xed;
Path 2 is a simple equibiaxial loading; Path 3 is a combination of the two, and in
fact the ’stair-like’ movement of the clamps is basically what happens in Path 1,
but with more steps.

the strains from the imposed ones. Finally, every sample has been preconditioned
with 20 cycles of equibiaxial loading up to a maximum displacement of 60 mm, the
same maximum loading of the three path tests.
In order to exclude as much as possible any e�ect related to strain induced crystal-
lization, this ind of test has been performed on both rubber that crystallize under
strain, such as Natural Rubber (NR) and rubbers that are not subjected to this kind
of phenomenon, as Butadiene Rubber (BR). Moreover, in order to obtain informa-
tion about the in�uence of the compound on the behavior registered by the sensors
on the BiaxTester, the BR was mixed with NR for the third type of elastomer. All
the data described about the di�erent compounds are summarized in Table 3. The
obtained results are then shown in Figures 22, 23, 24, 25 and 26. It is possible to no-
tice, as also underlined in Table 4, that at the end of the tests (i.e. when the sample
is �nally equibiaxially loaded in all the three di�erent paths) along path 1 and 3
there is a di�erence in the orthogonal registered forces, which is then translated in
a di�erence in the nominal stresses. Moreover, this di�erence tends to increase as
the amount of �ller is increased and as the path is further from the equibiaxial load-
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Rubber code NR (phr) BR(phr) SBR (phr) CB (phr)
A 0 100 0 50
B 100 0 0 50
C 50 50 0 50
E 0 0 100 50
F 0 0 100 25

Table 3: Composition of the tested rubbers

ing condition, as noticed by doing the same experiment with Styrene-Butadiene
rubber with di�erent amounts of carbon black. Another important thing to notice,
especially in the cases of rubbers A and E, is that there seems to be some kind of
relaxation e�ect at the beginning of any loading combined with an increase in reg-
istered stress (this one due to stretching in the orthogonal direction). This e�ect,
although unexpected, is in general connected to stress relaxation of �lled rubber
under constant strain application. However, the unusual phenomenon is that this
kind of relaxation arises during loading, although in the orthogonal direction. The
results of these experiments are consistent with the ones obtained by Ellyin et al.
[29], although performed with a somewhat di�erent kind of material and at larger
deformations applied by the clamp movement.
This analysis showed that it is in general necessary to use enriched formulations

when trying to e�ectively describe mechanical behavior of complex materials, such
as rubber, especially when dealing with a combination of complex loading and
high levels of deformation. Also, this e�ect can be highly enhanced by other fac-
tors, such as complex geometries and combination of di�erent elastomers, mean-
ing that in order to describe deformation behavior of rubber tires and other com-
plex objects made of this kind of material, a great attention should be paid on the
choice of the model used, trying to never exclude phenomena that can occur, such
as stress relaxation or time-dependent phenomena; however, complex models are
often di�cult to handle because of the possible combined in�uence of the di�erent
parameters on a particular aspect of the mechanical behavior of such materials.
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Test Rubber max(σx) max(σy)

Path 1

A 1.94 MPa 2.12 MPa
B 0.81 MPa 1.03 MPa
C 1.46 MPa 1.68 MPa
E 2.47 MPa 2.77 MPa
F 1.28 MPa 1.37 MPa

Path 2

A 2.28 MPa 2.29 MPa
B 0.92 MPa 0.95 MPa
C 1.71 MPa 1.68 MPa
E 2.49 MPa 2.55 MPa
F 1.33 MPa 1.30 MPa

Path 3

A 2.26 MPa 2.20 MPa
B 0.81 MPa 0.87 MPa
C 1.67 MPa 1.69 MPa
E 2.47 MPa 2.55 MPa
F 1.31 MPa 1.30 MPa

Table 4: Results of the di�erent path tests in terms of di�erence in nominal stresses along
the two directions.
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Figure 22: Results following the di�erent paths for rubber A.
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Figure 23: Results following the di�erent paths for rubber B.



2.4 biaxial investigations along different loading paths 63

Figure 24: Results following the di�erent paths for rubber C.
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Figure 25: Results following the di�erent paths for rubber E.
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Figure 26: Results following the di�erent paths for rubber F.





3
T H E M U L L I N S E F F E C T : M AT H E M AT I C A L M O D E L I N G O F
S T R E S S S O F T E N I N G , H Y S T E R E S I S A N D P E R M A N E N T S E T I N
F I L L E D R U B B E R

3.1 introduction

Elastomers for application in the automotive and structural �eld are generally
�lled with di�erent amounts of reinforcement particles. These particles, called
’�llers’, o�er a great enhancement in terms of mechanical properties for rubber.
For example, while at ambient temperature the elastic modulus of un�lled elas-
tomers is of about 3 MPa, standard aggregates may increase the elastic modulus
of also more than ten times.
However, inclusion of reinforcement generally leads also to the increase of
di�erent other dissipative e�ects, such as viscoelastic moduli and stress softening
phenomena. Many authors tried to describe the phenomenology connected to
the addition of reinforcement in elastomer ic networks, proposing for example
models based on chain locking and slippage over the particle aggregates, such
as Houwink [53], or more complex models based on the presence of di�erent
polymeric phases in the elastomeric matrix that interact in a di�erent way with
the particle aggregates, as in the work from Fukahori [38], but up to now no
theory has been generally acknowledged as better than others, also because of the
di�culties connected to experimentally analyze the interaction among polymer
chains and aggregates.

67
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Cyclic loading and unloading of �lled rubber samples show, in fact, many di�erent
dissipative phenomena, such as stress softening upon reloading, hysteresis and
residual strain. The stress softening, commonly referred as Mullins e�ect due to
the his pioneering studies on the phenomenon [84]. This kind of e�ect is basically
a change in material sti�ness upon the �rst elongational deformation of the
rubber sample. As can also be seen in Figure 27, this e�ect seems to be directly
dependent on the maximum strain achieved, and in fact the material returns to
the original stress-strain behavior if stretched more than before in its loading
history. The tress softening e�ect is generally connected to the amount of �ller in
the elastomer, and is usually considered to be negligible for un�lled elastomers
[24], and depends directly on the amount and on the size of the aggregates used
to enhance the mechanical properties of �lled rubber. Moreover, for a certain
amount of cycles (generally 10-20) the stress reduction at a given strain on each
successive cannot be considered as negligible, especially between the �rst and
second cycle, while afterwards the loading-unloading cycles can be considered
stable until other phenomena, such as fatigue e�ects, incur through micro-crack
nucleation and growth (but generally such phenomena happen at more than 104

cycles [80]).
As already anticipated, residual strain and hysteresis are intrinsically connected

to Mullins e�ect, because all those three phenomena arise only in �lled rubber,
and again directly depend on the amount of �ller. Both e�ects appear in the same
way as stress softening e�ect: in fact, they can be considered stable at the same
time and are generally not seen in un�lled rubber; however, this kind of hysteresis
seem to be independent from the displacement rate of the test itself, as shown in
28.
The stress softening seems to be generally connected to a change in the polymer
chain con�guration with respect to the �ller particles, as many authors (as
reported in [24]) underlined during the years with di�erent physical explanation
of the phenomenon. For example, Blanchard and Parkinson [11] explained the
Mullins e�ect through the use of the concept of bond ruptures. By considering
that the pre-strain induces the rupture of the weaker bonds (physical bonds) at
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Figure 27: Experimental data.

the rubber–particle interface, they assumed that further pre-strain could break
the stronger bonds (chemical bonds). This idea has been used as a base to develop
some kind of physical interpretation of the phenomenon also by Bueche [14],
which also interpreted the Mullins softening as rupture of the stronger bonds
within chains linking two particles, by considering the particles as rigid and
by applying an a�ne displacement between the centers of the particles, thus
concentrating high levels of strain on the molecular chain itself. This explanation
justi�ed also the absence of this phenomenon in un�lled rubbers by considering
that, in the case of a molecular network, shorter chains are not subjected to
over-stretch because of the di�erent arrangement of the junctions between the
chains.
Filled elastomers, however, show also another interesting behavior: in fact,
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under certain conditions, healing has been observed through the recovery of the
permanent set or the return to initial values of the stress at �xed strain or of the
complete stress–strain response. Mullins [83] studied the stress recovery of a �lled
natural rubber previously stretched up to 420%. For that, after various recovery
periods, he measured the stress at an elongation of 200% and compared it to the
stress measured on the material stretched to the same elongation for the �rst time
(virgin material), showing a temperature-dependence of the recovery. At high
temperatures, Harwood and Payne [45] studied the stress-recovery in un�lled
natural rubber depending of the type of crosslinking,showing that the recovery
depends on the type of crosslinking and may be almost complete for monosul�de
crosslinked and carbon to carbon crosslinked vulcanizates. Therefore, the physical
phenomena taking place during the Mullins softening can be recovered with a
high temperature or a solvent exposure. In usual conditions at room temperature,
this healing can be neglected and the Mullins e�ect can be considered as a
damaging process, which is how it is introduced in the phenomenological models.
However, the physical explanation proposed by Bueche [14] does not take into
account for any recovery, because of its irreversible nature, so it is not considered
anymore as a reasonable explanation for the Mullins e�ect.
One of the most interesting approaches able to justify these experimental
observations seems to be the one given by Houwink [53], which connects the
Mullins e�ect to a relative slipping of molecules on the �ller surface during the
�rst extension. After slippage, the new bonds would be of the same physical
nature as the original ones, but would appear at di�erent places along the rubber
molecules. This causes a con�guration change and a lower mechanical response
up to the maximum stretch approached previously by the elastomer, changing
also the material entropy, which could be restored by a temperature increase. This
approach has also been validated by Clément et al. [20] through observations
via atomic force microscopy during uniaxial tension tests on silica-�lled PDMS,
showing also that a higher degree of stress softening is observed in materials
containing a non-homogeneous distribution of silica, because of larger local
strains in regions with high silica concentrations.
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Vacuole formation has been another theory behind the stress softening, but
di�erent authors through the years discredited it for two main reasons: on one
side, in fact, the generation of vacuoles during prestretch should automatically
generate a substantial increase in volume during prestretch while on the other
side this e�ect would be practically irreversible. Kraus et al. [67] and Dannenberg
et al. [23] carried out some swelling tests to ascertain the extent of bond rupture
in pre-stretched �lled rubbers, and both groups measured a rather small change
in the network density compared to the relatively large stress softening observed.
The amount of bond ruptures at the rubber–particle interface, in fact, seemed
moderate and could not lead to the generation of a non negligible amount of
vacuoles in the network, thus being the main source of the Mullins softening.
Lately, instead, the theory given by Klüppel and Schramm [64] seems to be
the most interesting under various points of view, regarding both mechanical
behavior, volume constancy and the possibility to recover from previous softening.
The authors proposed to attribute the main source of the stress-softening to the
rupture of carbon-black structure, especially for highly reinforced materials.
Moreover, this theory is di�cult to extend to the case of un�lled crystallizing
rubbers.
This kind of approach would explain in a straightforward way the behavior of
rubber �lled with carbon black and the rubber recovery at high temperatures,
shown by Mullins (1948), Laraba-Abbes et al. (2003), Harwood and Payne (1966),
but is not easily applicable for rubber �lled by silica, due to the strong chemical
bonding between this kind of aggregate and the molecular chains: in fact, while
in rubber �lled with carbon black the �ller-polymer interactions can be attributed
to physical bonding (i.e. Van der Waals interactions), the bondings between
silica particles and elastomer macromolecules are generally stronger bonds. This
phenomenon can dramatically in�uence crack propagation behavior of �lled
elastomers, mainly because, while advancing in the material, the crack in�uences
the strain state of the neighboring region by softening it. Other dissipative
phenomena, as for example the rubber viscoelasticity, can actually in�uence the
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crack propagation behavior in di�erent ways, generating hysteresis and relaxation.

3.2 mathematical formulation

3.2.1 The framework of pseudoelasticity

Let us consider a body B occupying a certain portion of space, Ω, with X de�ning
the position vectors of each material point. After the deformation the body will
occupy the region Ωd, while the material point is deformed to the position x. The
deformation gradient F is then de�ned as

F =
∂x
∂X

(65)

Following the approach adopted by [92] and [27], let us consider that the re-
sponse of the aforementioned body is de�ned through an energy density function
W = W(F, η1, η2) which depends not only on the deformation gradient F, but
also on a certain number of internal variables, ηi.
The nominal stress, here taken as �rst Piola-Kirchho� stress tensor, P, is then de-
�ned as

P =
∂W
∂F

(F, η1, η2) (66)

for a compressible material, and as

P =
∂W
∂F

(F, η1, η2)− pF−1 (67)

for an incompressible material. Here, p is the hydrostatic pressure and works as
a Lagrange multiplier, and ensures incompressibility. Moreover, Cauchy stress σ

can be connected to P through the Piola transformation, giving respectively

σ = F
∂W
∂F

(F, η1, η2) (68)
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œ = F
∂W
∂F

(F, η1, η2)− pI (69)

for a compressible and incompressible body.
In the context of pseudoelasticity, as previously stated by [70], the internal vari-
ables ηi are not necessarily required to be continuous, while the energy function
W, which we will refer to as pseudo-energy function throughout the paper, is re-
quired to comply with the condition of objectivity, i.e. it cannot be a�ected by
superimposed rigid body translations or rotations.
In the previously named context, other than the equilibrium equation

∇X · P = 0, ∀X ∈ Ω (70)

where the operator∇X de�nes the two di�erent conditions must be satis�ed at the
equilibrium and in absence of body forces throughout the space region occupied
by the body

∂W
∂η1

(F, η1, η2) = 0,
∂W
∂η2

(F, η1, η2) = 0 (71)

These equations come directly from the application of the calculus of variations on
the energy functional, in order to allow smooth solutions for F and x, while leav-
ing the possibility for η1 and η2 to be non-smooth through the space region Ω, e.g.
allowing η1 and η2 to undergo discontinuities or even to jump, as also seen in [70].

3.2.2 The pseudo-energy function

The framework described before allows for a wide range of models to be used. For
example, by sticking to the work of Dorfmann and Ogden [27], it is possible to
choose a pseudo-energy function of the form

W(F, η1, η2) = η1W0(F) + (1− η2)N(F) + φ(η1, η2) (72)
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Here, W0 represents a suitable strain energy density able to correctly describe the
mechanical behavior of the material on the virgin loadings (i.e. any loading higher
than the maximum loading ever experienced by the material), N0 is another suit-
able function, introduced to better describe the residual strain on the material upon
unloading, while η1 and η2 are the aforementioned internal variables. The function
φ(η1, η2), instead, is generally called dissipation function, and is directly connected
to the amount of energy dissipated by the body while loading and unloading. More-
over, the combination of the pseudo-energy function (72), together with the con-
dition (71), gives some restrictions on the shape that the internal variables can
assume: on this point of view, the dissipation function itself gives the direct restric-
tions.
In order to separate the contributions of stress softening and residual strain, it is
generally considered that the dissipation function φ(η1, η2) can be additively de-
composed in the two dissipation functions φ1(η1) and φ2(η2). In order to keep
into account that the material properties can change after loading of the material
up to a certain degree, the variables η1 and η2 are needed to be able to switch
between active or inactive, under certain conditions: the objective is, in fact, that
these variables are active when the deformation in the material is lower than the
one previously attained, and inactive, or equal to 1, when the material undergoes
deformation states higher than before. This change may, for example, be induced
when unloading is initiated. During virgin (or primary) loading η1 and η2 are in-
active and are set to be equal to one, which in the primary loading translates as

W0(F) = W(F, 1, 1) (73)

From this point onward, every term with subscript 0 will be referred to conditions
in which the variables η1 and η2 are inactive.
When η1 and η2 are active, instead, we can suppose that equations 71 can be solved
in order to get the shape of the two internal variables in terms of the components
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of the deformation gradient F.
By considering an isotropic response of the material, it is possible to assume that

W(F, η1, η2) = W(λ1, λ2, λ3, η1, η2) (74)

Equation 74, allows us to write equation 71 in a di�erent form:

∂W
∂η1

(λ1, λ2, λ3, η1, η2) = 0,
∂W
∂η2

(λ1, λ2, λ3, η1, η2) = 0 (75)

where it is by assuming that it is possible to explicitly express the dependency of
η1 and η2 upon the principal stretches as

η1 = η1(λi, λj, λk) η2 = η2(λi, λj, λk) {i, j, k} = {1, 2, 3} (76)

As in equation 73 we indicated with the subscript 0 every condition in which η1

and η2 are inactive, we will indicate as w(λ1, λ2, λ3) any energy function with
active η1 and η2:

w(λ1, λ2, λ3) = W(λ1, λ2, λ3, η1(λ1, λ2, λ3), η2(λ1, λ2, λ3)) (77)

As previously introduced, whether or not the internal variables are active, the prin-
cipal Cauchy stresses for an incompressible media are given by

σi = λi
∂W
∂λi
− p, i ∈ {1, 2, 3} (78)

By considering the isotropy constraint, the equilibrium condition on the internal
variables in equation 71 and upon di�erentiation of equation 72 with respect to
both η1 and η2, we obtain the two conditions

W0(λ1, λ2, λ3) +
φ(η1, η2)

η1
= 0

N(λ1, λ2, λ3) +
φ(η1, η2)

η2
= 0

(79)
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By taking into account incompressibility of the media and the possibility to com-
pletely determine the in-plane principal stretches (i.e. by de�ning a certain loading
condition, as de�ned in chapter 1), it is possible to reduce the dependence of the
pseudo-energy function to only one of the stretches. By considering, for example,
uniaxial tension as loading condition and incompressibility of the medium, it is
possible to write

Ŵ(λ, η1, η2) = W(λ,
1√
λ

,
1√
λ

, η1, η2) (80)

where the circum�ex symbol ˆ indicates that a certain loading condition has been
identi�ed and that it is possible to �nd a combination between the three principal
stretches.
As we anticipated before, in order to separate the contributions of stress softening
and residual strain, the dissipation function φ(η1, η2) can be additively decom-
posed in φ1(η1) + φ2(η2). Inserting this in Equation 79 we obtain:

W0(λ1, λ2, λ3) + φ′1(η1) = 0

−N(λ1, λ2, λ3) + φ′2(η2) = 0
(81)

Together with the identi�cation of a certain loading condition and by including
incompressibility, further di�erentiation of the equations in 81 with respect to λ

will then give

∂Ŵ0

∂λ
= −∂η1

∂λ
φ′′1 (η1)

∂N̂
∂λ

= −∂η2

∂λ
φ′′2 (η2)

(82)
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Following the approach of Ogden and Roxburgh [92], it is now necessary to choose
the analytical form of the damage function φ1 and φ2, which are subject to the
following constraints:

φ1(1) = 0 φ2(1) = 0

−φ′1(1) = W0(λ1, λ2) φ′2(1) = N(λ1, λ2) (83)

φ′′1 (η1) < 0 φ′′2 (η2) < 0

Equations in 83 respectively come from the equation 73, equations 81 and
from the de�nition of stress softening itself, after some considerations on
equations 82. It is important to remember that, as the aim is to model the stress
softening in �lled rubber (together with other di�erent phenomena, such as hys-
teresis and permanent set), it is appropriate to let η1 and η2 vary in the range (0, 1].

3.2.3 The damage functions

Let us consider a certain strain state, identi�ed by the �rst two principal stretches
as equal to λ1m and λ2m; by considering incompressibility we can de�ne the third
principal stretch as equal to (λ1mλ2m)

−1. As in the work from Dorfmann and
Ogden [27], we choose the function φ1 so that its derivative is

− φ′1(η1) = µm tanh−1 [r (η1 − 1)] + Wm (84)

where Wm is the pseudo-energy function associated with the strain state identi�ed
by the three principal stretches

{
λ1m, λ2m, (λ1mλ2m)

−1
}

. Moreover, this particu-
lar strain state is chosen to be the one corresponding to the strain state at which
unloading started from a primary loading curve; for the whole unloading phase,
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the value of m. By inserting the suggested function for φ′1 into the �rst equation of
81, we obtain the analytical expression for η1

η1 = 1− 1
r

tanh

(
Wm − Ŵ0(λ)

µm

)
(85)

As reported in the work from Dorfmann and Ogden [27] the second internal vari-
able η2 can be de�ned as

η2 = tanh

(Ŵ0(λ)

Wm

)α(Wm)
 · tanh−1(1) (86)

where α(Wm) is generally de�ned as a function dependent on Wm, generally
de�ned as α(Wm) = a + b Wm.
These two internal variables are needed to model the mechanical behavior of �lled
rubber under cyclic loading, with the objective of e�ectively describe mechanical
behavior in terms of stress softening and permanent set. However, the use of
variables as de�ned up to now is not enough in order to better describe also other
phenomena connected to the Mullins e�ect, such as hysteresis. Consequently, a
di�erent form of the internal variables must be used in order to better describe
material behavior.

3.2.4 Rubber hysteresis - Di�erences between loading and unloading

As previously seen, cyclic loading of rubber generates at �rst a softening of the ma-
terial itself, leading to a stabilization of the mechanical properties after a certain
amount of cycles. However, this stabilized behavior generally comes with hystere-
sis in the loading cycles. This hysteresis seems to be dependent upon the strain
rate starting from a certain level of strain, while seems to be completely indepen-
dent from it for lower values of strain rate, i.e. for low enough values of strain rates,
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the loading-unloading cycles remain constant regardless of the imposed strain rate.
This e�ect can also be seen in �gure 28, where a sample of where the results from
cyclic tests at slow speed of an SBR sample �lled with 50 phr of carbon black are
shown: four di�erent samples have been subjected to loading-unloading cycles
with transverse speeds of 50, 30, 15 and 7.5 mm/min, each for 25 cycles. The re-
sults show basically no dependence of the strain rate on the hysteresis and residual
strain.
In order to model this behavior, it is not possible to use the same internal variables

Figure 28: Pure shear loading tests on Butadiene Rubber with 50 phr of carbon black. The
di�erent colors show tests performed at di�erent strain rates; it is evident how
the hysteresis cycle remains basically constant regardless f the di�erent strain
rates.

as previously de�ned. However, it is convenient to modify η1 in order to take into
account also this ind of e�ect. In particular, by de�ning η1 as follows, it is possible



80 the mullins effect

to widen the range of phenomena taken into account by this internal variable. In
particular, it is possible to choose η1 as

η1 = 1− 1
r

tanh
[

Wm − W̃0 (λ)

µ[m + c f (λ, λm, λINV)]

]
(87)

where c is a parameter, while f (λ, λm, λINV) is a suitable function depending on
the actual stretch, the maximum stretch achieved during loading and the mini-
mum stretch of the actual loading phase to which the material is subjected. In our
particular case, the function has been chosen to be

f (λ, λm, λINV) = (λ− λINV) (λ− λm) (88)

where λINV is the minimum stretch reached in the last monotonic loading portion
of the loading history.

3.3 application of the model

Combination of the pseudo-energy function to represent loading and unloading in
equation 72 and of equation 66, together with the consideration that it is possible
to exclude from such model gives the �rst Piola-Kirchho� tensor component in a
generic loading condition as

P11 = η1Ŵ ′0(λ) + (1− η2)N̂′(λ) (89)

As stated in equation 73, when rubber is loaded on a primary loading curve the
internal variables are inactive; in this case it is possible to de�ne the quantity in
equation 89 as

P11 = Ŵ ′0(λ) (90)

In order to model material response during primary loading, the extended tube
model from Kaliske and Heinrich [60] has been chosen. This model, based on a
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physically-motivated framework, treats polymeric chains as constrained to remain
in a tube formed by the surrounding chains. It takes into account may aspects, such
as limited chain extensibility and entanglement density, through the use of a non-
Gaussian distribution for the chain length, and some aspects of percolation theory
to properly de�ne the constraints to which polymeric chains are subjected. The
potential assumes the form

W(λ1, λ2, λ3) =
Gc

2

[(
1− δ2) (I1 − 3)
1− δ2 (I1 − 3)

+ ln
(

1− δ2 (I1 − 3)
)]

+ 2
Ge

β2

3

∑
A=1

(
λ
−β
A − 1

)
(91)

In this hyperelastic model, the parameters are Gc, Ge, δ and β, while I1 represents
the �rst invariant of the right Cauchy–Green deformation tensor, C. This model
has been acknowledged as one of the best hyperelastic models in terms of number
of parameters and for its ability to physically give meanings to the di�erent pa-
rameters, as can be seen in the work of Marckmann and Verron [77]. The response
connected to residual strain behavior is instead described by means of a modi�ed
Neo-Hookean model

N(λ1, λ2, λ3) =
1
2

[
ν1

(
λ2

1 − 1
)
+ ν2

(
λ2

2 − 1
)
+ ν3

(
λ2

3 − 1
)]

(92)

When unloading is initiated from any point on the primary loading path, the vari-
ables η1 and η2 become active and the energy function, together with the stress,
changes continuously. However, f (λ, λm, λINV), as de�ned in equation 88 is equal
to 0 in both those cases, because in the primary loading curve λ = λm and in the
unloading curve λ = λINV . During reloading, however, this part of the internal
variable η1 activates, and thus describes the hysteretic behavior to the material.
In order to test the e�ciency of the model, pure shear loading-unloading tests on
Butadiene rubber have been chosen. This rubber, �lled with 50 phr of carbon black,
was not prestretched and was tested 24 hours after the vulcanization process. In
order to �t all the parameters of the model, available in table 5, three di�erent
steps were needed: at �rst, the parameters of the hyperelastic model have been
obtained through �tting of a material stretched up to failure in uniaxial and pure
shear loading condition; afterwards, a �tting for the other parameters (except for
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the reloading parameter c) through nonlinear least squares data �tting on an un-
loading curve. After this, a third �tting procedure gave the last parameter for the
model. The results are shown in table 5 and in �gure 29.
The results show good agreement between the experimental and the modeled

Figure 29: Comparison of the experimental stress-strain curve of Butadiene rubber �lled
with 50 phr of carbon black with the response obtained through the Ogden-
based model.

data, on both unloading and reloading. However, it is important to note that cyclic
loading introduces an anisotropy in the material. Up to now, this is not taken into
account in this model, and if the material is then subsequently loaded to a di�erent
stretch in another direction, the material will respond as if it was isotropic. This
aspect, taken into account for example in the works of Rebouah et al. [101, 102],
where a model based on anisotropization of the model proposed by Göktepe and
Miehe [43] has been extended to anisotropic behavior by using the discretization
in 42 spatial directions proposed by Bažant and Oh [8].
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Parameter Value
Gc 0.9403 MPa
Ge 0.3125 MPa
β −0.0024
δ 0.1255
ν1 1.739 · 10−5

ν2 0.2408
ν3 0.25
a 1.5666
b 1.8917
m 0.8738
r 19.624
c 59.701

Table 5: Parameters �tted in order to obtain the stress-strain response in �gure 29.





4
FAT I G U E T E S T I N G O F E L A S T O M E R S W I T H T H E
B I A X T E S T E R

4.1 introduction on fatigue testing on elastomers

As stated in Chapter 1, withstanding very large strains without permanent defor-
mation or fracture is what makes rubber one of the best suited materials for appli-
cations that involve abrasion, dampening or severe regimes of deformation, such
as tires, vibration isolators, seals, belts, medical devices, footwear and many oth-
ers. However, all of these application share a common need that can be translated
in long term durability of the material itself. In this framework, aspects such as
mechanical fatigue and crack growth in �lled elastomers is a crucial point of the
behavioral analysis of these materials. In order to �nd a solution for this issue, a
great e�ort has been made in the recent years from both the industrial and the
academic point of view, in order to identify the principal phenomena occurring
in elastomers during fatigue and describe in some way the connection between
physical parameters obtained from material testing and the e�ective behavior of
materials under complex loading conditions in real situations.
Generally, fatigue failure processes involve two distinct phases, respectively char-
acterized by a time frame in which cracks nucleate in regions that were initially
free of macroscopic cracks and another, successive phase in which the nucleated
cracks grow to the point of failure. In order to characterize this kind of behavior, dif-
ferent models for the prediction of fatigue life of elastomers have been developed

85
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through two di�erent approaches: one os based on the prediction of crack nucle-
ation life, through the history of quantities that are de�ned at a material point,
such as stress and strain; the second, instead, is based on fracture mechanics and
focuses on predictions regarding growth of a particular crack, given its initial ge-
ometry and energy release rate history.
Of the two mentioned approaches, crack growth analysis is mostly based on the
second. It explicitly considers preexisting cracks or �aws and is based on the study
of the advancement of such cracks while subjecting the material to a certain load-
ing. Gri�th [41], one of the pioneers in this �eld, proposed a fracture criterion
based on an energy balance including both the mechanical energy of a cracked
body, and the energy associated with the crack surfaces. His approach was later
developed in the �eld of crack growth in metals by Irwin [57] and Rice [106]. Origi-
nally, the approach used with rubber was based on the prediction of static strength
needed to let the crack propagate, as seen in the works of Rivlin and Tomas [109],
and in many other works, such as the one of Lindley [95] and the one of Lake and
Yeoh [69], but in the late 1950s Thomas [124] extended this approach to analyze
crack growth under cyclic loading. In particular, he found a square-law relation-
ship between peak energy release rate and crack growth rate for un�lled natural
rubber.
The hypothesis of Gri�th about crack growth was that the advancement was due
to the conversion of a structure’s stored potential energy to surface energy associ-
ated with new crack surfaces. In the case of glass, he also showed that the surface
energy associated with the crack faces of a broken glass �lament was equal to
the elastic energy released by the fracture. In the framework of crack propagation
in rubbers, however, the energy released from the surrounding material is spent
on both reversible and irreversible processes to create the new surfaces [5,25,80].
In any case, the energy release rate is considered to be the change in the stored
mechanical energy dU, per unit change in crack surface area dA. This quantity,
de�ned as tearing energy is generally associated with the symbol T, and is de�ned
as

T = −dU
dA

(93)
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Initially, calculation of the tearing energy was applied only in the analysis of rub-
ber specimens under static loading [109], however Thomas [124] extended this
approach also to crack growth under cyclic loading, �nding that the maximum en-
ergy release rate achieved during a cycle determined the crack growth rate.
Three di�erent samples (shown in Figure 30) are generally tested in order to obtain
information about the crack propagation behavior of rubber:

• single edge cut, simple tension specimens; in this kind of sample, the energy
release rate T depends on the gauge section strain energy density W, the size
of the crack a, and a strain-dependent parameter k, experimentally de�ned
by Lindley [95] as

T = 2 k W a k =
2.95− 0.08ε

(1 + ε)1/2 (94)

• single edge cut, planar tension specimen; for this kind of specimen, similar
in shape to the pure shear samples, the energy release rate T assumes a
particularly simple form, dependent on the elastically stored energy density
of the sample (W) and on the height of the unloaded sample, h

T = Wh (95)

However, some conditions should be respected in order to use it;

• trouser specimens; for this kind of sample, energy release rate T depends on
the applied force F, the extension ratio l and strain energy density W in the
“legs” of the specimen, the specimen thickness t, and the “leg” width b

T =
2 F λ

t
− bW (96)

However, few investigations of multiaxial fatigue of rubber are reported in the
literature: some of the works about this topic are, for example, the works of Mars
and Fatemi [129] [79] and and the work from Poisson et al. [98]. This is due
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Figure 30: Standard samples used for crack propagation experiments and subjected to a
cyclic displacement history ranging from 0 to d. A) single edge cut, simple ten-
sion specimen (a is the crack length); B) single edge cut, planar tension specimen,
with l equal to the nominal height of the sample; C) trouser specimen, where
each arm has a width equal to b.

to the di�culty of extending the commonly used criteria for the evaluation of
the tearing energy in more complex loading conditions, such as biaxial loading.
For this reason, this work will focus on the comparison of the results obtained
through the use of standard single edge cut, planar tension specimens and the
use of the Rivlin-Thomas [109] approach, and speci�cally of the calculation
of the tearing energy as in equation 95, with the results obtained by using
the same approach on BiaxTester specimens, in order to assess the capabilities
of this mechanical tester on a kind of ’benchmark test’ for this kind of experiments.
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4.2 materials and methods

In order to validate the Rivlin-Thomas approach on the BiaxTester samples, a com-
parison of the results obtained with di�erent single edge notched, planar tension
specimens have been chosen. In particular, two di�erent types of pure shear spec-
imens have been used, together with squared BiaxTester samples, as depicted in
Figure 7 with an edge notch. The dimensions of such specimens are described in
Table 6. The set-up and the speci�cations for the test of rubber specimens is de-

Testing machine Width Height Thickness Initial crack length
Instron 80 mm 10 mm 1.3 mm 20 mm
Instron 80 mm 4 mm 1.3 mm 20 mm
BiaxTester 77 mm 77 mm 1.9 mm 25 mm

Table 6: Rough dimensions of the tested specimens.

scribed in tables 8 and 9. Calculation of crack growth over cycles for the di�erent
samples has been done using a custom-built MATLAB script, which evaluates the
horizontal advancement of crack through the use of black-white images. Moreover,
the calculation of the elastically stored energy in the sample has been performed
by testing the same specimens as in the propagation analysis without notches, at
the same displacement ranges of the di�erent crack propagation tests, in order to
exclude phenomena connected to di�erent accuracy of multiple testing systems.
Moreover, all the tests (the ones for the evaluation of crack propagation and the
ones used to calculate the elastically stored energy) have been performed at 2 Hz.
Regarding the elastically stored energy, it has been calculated by integrating the
last unloading curve of a 100 cycles test, in order to both exclude stress softening
phenomena and dissipated energy from the calculation, and dividing it by the total
sample volume. The rubber used for this kind of analysis is instead described in
table 7. Styrene-butadiene rubber has been chosen because of its low strain harden-
ing e�ect and for the practically negligible strain induced crystallization, while the
di�erent amounts of carbon black can be used as a benchmark in order to compare
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Rubber code SBR CB
JD 100 25
JE 100 50

Table 7: Materials used for the crack propagation experiments.

the obtained results with data available in literature. Moreover, in order use the
Rivlin-Thomas approach on the di�erent kinds of specimens, sample deformation
�elds need to comply with certain criteria, as de�ned by Rivlin [109].
If we consider a single edge cut, planar tension specimen as the one in Figure 30,
it is possible to distinguish between di�erent strain regions. In fact, as the sample
is deformed in a direction transversal to the de�ned width of the sample, and this
width is su�ciently large, the region at the left of the notch (region A) is substan-
tially undeformed while the region on the other side of it (region B) is in a state
of pure shear loading (de�ned by λ1 = λ , λ2 = 1 , λ3 = λ−1), while the regions
of the notch (C) and the sample edge on the opposite side with respect to the cut
are in a complex loading state. Then, an increase in the cut length of amount dc
(measured in the undeformed state) merely shifts the state of strain in the region C
in a direction parallel to the cut, causing the region A to grow at the expense of the
region B. Consequently, the growth of a crack by a quantity dc transfers transfers a
volume of the test piece of dimensions h · t · dc (where h is the undeformed height
of the sample and t is its thickness) from a pure shear state to an undeformed strain
state. Moreover, this is valid under the assumption of self-similar crack growth, as
de�ned by Freund [35].
In order to validate the assumptions of self-similar crack growth and about the
di�erent strain regions on the samples, di�erent Digital Image Correlation evalu-
ations have been performed on the samples. Some explanatory images of the eval-
uations performed can be found in Figure 31, where longitudinal and transversal
strain �elds for the di�erent samples are shown. It is clear that, for all the three
samples, there is a region loaded only longitudinally next to the notch (shown as a
green region on the transversal strain), while longitudinal strain show that at the
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other side of the crack there is a practically unloaded region (the dark blue regions
in the longitudinal strains). These evaluations were performed at the maximum
imposed deformation on the sample (found for the two di�erent kinds of rubbers
in tables 8 and 9), and consequently also the lower strain regimes satisfy two cri-
teria described above.

Rubber D
TESTING MACHINE INSTRON BIAXTESTER

SAMPLE
10 mm

SAMPLES
(JD10)

4 mm
SAMPLES

(JD04)

SQUARED
SAMPLES

(JD77)
MIN. AMPLITUDE 60% 120% 20%
MAX. AMPLITUDE 120% 180% 30%
PRESTRAIN 30% 30% 10%
FREQUENCY 2Hz 2Hz 2Hz
DYN. LOADING Sine Wave Sine Wave Sine Wave

Table 8: Speci�cation of the di�erent tests performed in order to evaluate crack propaga-
tion characteristics of rubber JD.

4.3 results and discussion

Partial results from the fatigue tests are shown in Figure 32 and 33. There is some
scattering in the obtained results, especially in terms of crack speed. However, a
greater number of tests should lead to better results in terms of data consistence.
As expected, there is agreement between the presented data, although there is
partial discordance in the calculation of the power laws for the points �tting.
The whole set of data is then displayed in Figure 34, where also the global trend
curves are shown. Here, it can be noticed that the results trend is in accordance
with data presented in literature by Lake and Lindley [68], where it can be seen
that, as also underlined by Mars and Fatemi [78], the addition of carbon black to
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Figure 31: Transversal and longitudinal strain �elds of the di�erent types of samples tested.
It is easy to notice that all the three types
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Rubber E
TESTING MACHINE INSTRON BIAXTESTER

SAMPLE
10 mm

SAMPLES
(JE10)

4 mm
SAMPLES

(JE04)

SQUARED
SAMPLES

(JE77)
MIN. AMPLITUDE 70% 140% 20%
MAX. AMPLITUDE 140% 220% 40%
PRESTRAIN 30% 30% 10%
FREQUENCY 2Hz 2Hz 2Hz
DYN. LOADING Sine Wave Sine Wave Sine Wave

Table 9: Speci�cation of the di�erent tests performed in order to evaluate crack propaga-
tion characteristics of rubber JE.

rubber compounds can have a pronounced strengthening e�ect.
In fact it seems that the e�ect of �ller on fatigue properties produces e�ects
such as pronounced changes on sti�ness and hysteresis properties and crack tip
blunting, deviation and branching induced by inhomogeneity of the rubber-�ller
composite. However, there are also some e�ects related to agglomeration of
�ller particles, which result in increased e�ective initial �aw sizes: these phe-
nomena are in fact generally in competition, and the �lled elastomers have a
non-monotonic correspondence between increase in tearing energy and increase
in �ller concentration. Moreover, SBR typically reach the maximum tearing
energy for an amount of carbon black particles between 30 and 60 phr, as reported
by Auer et al. [7].
The presented results show a proof of concept regarding the extension of the

classical pure shear (in the case of a single edge cut, planar tension specimen)
specimen to di�erent geometries, as in the case of the BiaxTester samples. The
clamping system of this mechanical device, together with techniques such as
Digital Image Correlation and di�erent custom-made scripts to evaluate crack
growth and elastically stored energy, show the feasibility of this approach, at
least in the case of comparable loading conditions. An interesting approach, that
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Figure 32: Results obtained through the application of the Rivlin-Thomas approach on the
di�erent rubber samples, using as material SBR with 25 phr of carbon black.

can be in general connected to this framework would be to try to apply di�erent
methods for the tearing energy evaluation, such as for example the J-Integral
approach proposed by Rice [106] and Cherepanov [17], at �rst in standard loading
conditions and then try to verify this approach in more general (and more
consistent with real complex loadings) biaxial loadings.
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Figure 33: Results obtained through the application of the Rivlin-Thomas approach on the
di�erent rubber samples, using as material SBR with 50 phr of carbon black.

Figure 34: Combination of the results obtained with the two kinds of rubber. As seen also
in the work of Lake and Lindley [68] (also reported in the review of Mars and
Fatemi [78]), tearing energy tends to increase with the increase of reinforcing
�ller.





5
C O N C L U S I O N S

A novel investigation of mechanical behavior of �lled rubber has been proposed,
concerning biaxial non-standard characterization and modeling of di�erent dissi-
pative e�ects. The overall work has been developed following three di�erent areas:

• biaxial non-standard mechanical characterization of �lled elastomers, in or-
der to highlight di�erent phenomena such as anisotropic stress relaxation
under complex loading conditions;

• an operative description of the stress softening and other related phenomena,
such as permanent set and hysteresis;

• a constant comparison of the proposed techniques with standard ones, in
order to highlight feasibility and possible development of novel approaches
able to overcome di�erent problems encountered in mechanical and fatigue
characterization of elastomers.

This approach, together with the use of techniques such as Digital Image Corre-
lation and novel mechanical testing machines, such as the BiaxTester, allowed
to get interesting results relative to many of the studied aspects. For example,
in Chapter 2 the insights about sample and clamping system optimization led
towards di�erent deductions about the importance of the surface strain �eld in
biaxial testing of elastomers, as well as path dependence showed at the end of the
same Chapter has been an impressive insight in mechanical description of �lled
elastomers.
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Chapter 3, instead, led to many interesting observations about induced anisotropy
in this kind of materials. In fact, although as a future prospect, the anisotropy
aspect of rubber remains an interesting �eld that needs to be investigated.
However, the developed model itself showed many �exibility and can in general
be adapted to model also other aspects of rubber and, in general, of many soft
materials. Similar models are, for example, of great interest also in the framework
of biological tissues.
In Chapter 4, other aspects related to a di�erent feature of �lled elastomers have
been investigated, together with the validation of an approach that could, in
future, be generalized in order to e�ciently improve fatigue characterization of
this kind of materials. Investigation of crack propagation for �lled SBR, in fact, can
be further extended by using a multiaxial criterion for rubber fatigue life, together
with the use of biaxial testing machines able to better simulate and describe real
cyclic stress conditions, leading towards better characterization of the di�erent
phenomena related to crack propagation and strain intensi�cation around the
crack tip. Furthermore, Digital Image Correlation can be also employed in order
to get more information about the correspondence between crack propagation
and strain �elds around the crack tip for elastomeric materials, leading towards a
better description of many phenomena that are yet to be deeply investigated in
this �eld.
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A P P E N D I X





A
S T R E S S - S H I E L D I N G , G R O W T H A N D R E M O D E L I N G O F
P U L M O N A R Y A R T E R Y R E I N F O R C E D W I T H C O P O LY M E R
S C A F F O L D A N D T R A N S P O S E D I N T O A O R T I C P O S I T I O N

A version of this Appendix has been published in Biomechanics and Modeling in
Mechanobiology:

Nappi, F., Carotenuto, A. R.,DiVito, D., Spadaccio, C., Acar, C., and Fraldi, M.
(2016). Stress-shielding, growth and remodeling of pulmonary artery reinforced
with copolymer sca�old and transposed into aortic position. Biomechanics and
modeling in mechanobiology, 15(5), 1141-1157.

a.1 introduction

The application of principles of tissue engineering through the use of biore-
sorbable materials is increasingly considered an attractive and valid alternative
for cardiovascular structures replacement [118]. Speci�c studies have been also
focused on the development of drug-releasing vascular bioresorbable prosthesis
able to ameliorate and accelerate processes of endothelialization and vascular
regeneration using manufacturing techniques which allow for both a permissive
action on the biology of the vessel [119] and the realization of graft able to bear
signi�cant hemodynamic loads [16].
Recently, an innovative approach involving the use of �brillar sca�old made
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Figure 35: Left (top): Sketch of the main biomechanically relevant features of the pul-
monary autograft and the reinforcement. Right (top): Nominal (�rst Piola-
Kirchho�) hoop stress versus circumferential stretch in artery and vein-like
materials. Left (bottom): elastic reaction pressure against external vessel radius
dilation exhibited by GORE-TEX auxetic reinforcement during pulmonary au-
tograft growth and deformation. Right (bottom): in-time mass degradation of
bioresorbable polydioxanone (PDS) structure.

with polydioxanone (PDS) for the reinforcement of the pulmonary artery in a
model of Root Ross operation in the growing lamb has been employed [85–87].
In particular, it might reliably speculate that the temporary interaction between
the bioresorbable reinforcement and the PA might have orchestrated a complex
process of vascular remodelling based on a balance between in�ammation and
extracellular matrix production resulting, after biomaterial resorption, in an
arterial-like vessel still biologically alive and capable of growth [121]. Indeed,
the biomaterial on a side accompanied and accelerated the naturally occurring
pressure-load adaptation phenomena attenuating the pressure load exerted on
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the pulmonary artery and compensating the tendency to dilation preventing
aneurysmal degeneration, but on the other, still permitted and respected somatic
growth of vascular structure over time [88].
The observations discussed by Hörer et al. [56] concerning the di�erential
potential of dilation at the various segments of the aorta, i.e. annulus, Valsalva
sinuses (0.5 mm/year) and sinutubular junction (increase of 0.7-0.9 mm/year),
outlined the need to study the biomechanical changes of pulmonary artery
reinforcements in their di�erent parts. This induced to reconsider their design
with the aim to better adapt to the normal physiology of the aortic root improving
the resistance of the zones, which are meant to majorly su�er from dilatative
degeneration. The mechanical stress associated to progressive overstrain of the
pulmonary artery under systemic pressure might in fact a�ect PA integrity and
the endothelialization process [120]; therefore, in this context, prevention of the
graft stretching is crucial.
To deeply understand the on animal experiments, support the in vivo results
and overcome some unresolved surgical issues, the biomechanical response (in
terms of growth and remodeling) of pulmonary arteries subjected to systemic
pressure have been investigated through the use of a mathematical model, to
thus analyze the e�ects of an innovative prosthesis system realized by combining
resorbable and auxetic synthetic materials. In fact, as underlined in the last years
by Holzapfel [51], soft tissues share many aspects of their mechanical behavior
with rubber-like materials, which are the main subjects of this Thesis, including
their behavior under �nite strain, induced anisotropy, heterogeneity and di�erent
aspects related to inelasticity, e.g. viscoelasticity and residual stresses. In particu-
lar, the PA composite reinforcement enveloping the arterial walls (intima, media
and adventitia) is constituted by a biodegradable sca�old made of polydioxanone
(PDS), integrated with an external GORE-TEX weave (expanded polytetra�uo-
roethylene, e-PTFE) whose structure is characterized by a negative Poisson’s ratio
(see Figure 35). The proposed biomechanical model seems to provide the positive
e�ects of the synergy of these two synthetic materials, that accommodate mechan-
ical loads guaranteeing graft integrity, controlling the progressive graft dilation,
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allowing regional somatic growth and preventing dilatative degeneration [75, 103].

a.2 mathematical modeling

a.2.1 Preliminary remarks on mechanics and growth of blood vessels

In the last decades, biomechanical behavior and mechanobiology of cells, tissues
and organs have been intensively investigated, with the aim of discovering key
feedback mechanisms governing the ways in which cascades of chemical signals
are transmitted within the hierarchically organized living structures and interplay
with physical events at di�erent scale levels [34]. Continuum Mechanics has deeply
contributed to develop this research area and to meet related challenges, by mainly
creating the physically and mathematically consistent ground on which large de-
formation, stresses, evolving constitutive laws, growth, remodeling and morpho-
genesis do interact [4],[22],[48].
Within this framework, by essentially starting from an approach proposed by [49]
and [52] in some recent milestone works on biomechanics of arterial walls, it is
here constructed an ad hoc non-linear mathematical model for PA, by incorporat-
ing tissue growth, remodeling, large deformations and hyperelasticity.
Going in medias res, let us consider the body B(0,0) in its reference stress-free con-
�guration, with dV0 indicating its volume elements and X the position of each
material point. The evolution of the elastic body can be entirely described by the
motion vector x = x (X, t) that maps the material points X ∈ B(0,0) onto spatial
points x at any time t through the de�nition of the deformation gradient F de�n-
ing an application between the two tangent spaces. This deformation gradient can
be written by also accounting compatibility with the body particles displacement
�eld u (X, t) ∈ C2(B(0,0)) as:

F = ∇Xx (X, t) = I + u (X, t)⊗∇X (97)
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where ∇ is the nabla operator (the subscript indicating the space to which it is
referred), while ⊗ is the dyadic product. It is standard argument to consider the
deformation gradient as composed by di�erent aliquots, respectively responsible of
growth, elastic load-induced deformations and residual stress-associated stretches.
The most common structure adopted to describe these contributions is a multiplica-
tive decomposition in a way that F = FeFg (see e.g. [110]): herein Fg represents
a volumetric growth tensor and Fe the elastic tensor ensuring compatibility and
taking into account both elastic load-induced deformation and residual stresses.
As a matter of fact, the presence of self-equilibrated stresses can be traced if, af-
ter cutting out a ring from a blood vessel tract, it contracts (or dilates) along the
cylinder generator to release the elastic energy associated to axial stresses and/or
if a nonzero opening angle α is measured after cutting the cylindrical ring along
its generator to relax hoop stresses [39, 52]. Material points X are then mapped
through the reference con�guration towards �rst non-compatible grown interme-
diate con�guration Bt

g in which they occupy position xg (X, t) ∈ Bt
g and then

onto the current loaded con�guration B(t,s), being here denoted by the position
vectors x (X, t) (see Figure 36). In this con�guration, t denotes the ordinary long
timescale that follows the growth process (which is of the order of days or months),
whereas s indicates the short timescale at which typically mechanical equilibrium
is reached. Also, volume elements in these con�gurations are dVg = JgdV0 and
dv = JedVg = JdV0, with Jg = det Fg, Je = det Fe and J = det F = Jg Je,
respectively. Coherently with experimental observations, the body is assumed to
be elastically incompressible, so that Je = 1 and dv = dVg or J = Jg; this also
implies that density ρ does not change, growth being purely volumetric [76]. As
a consequence, by introducing a source (or sink) term rg and by neglecting mass
�uxes, the mass balance equation can be expressed as:

J̇g =
1
ρ

Jgrg, or F−1
g : Ḟg = rg (98)

where dot denotes the material time derivative and rg = ρ−1rg accounts for the
mass supply/removal due to the growth process which describes how the body
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Figure 36: Sketch of the biomechanical model of reinforced pulmonary autograft under
aortic systemic pressure including ab origine self-equilibrated (residual) stresses,
growth, remodeling and elastic deformation.

evolves. In general, the growth may depend on di�erent factors, such as the avail-
ability of metabolic energy needed for activating the biological process [39, 128]
and other internal conditions, de�ning the type of interaction among biomaterial
constituents and in situ stresses, that is known to inhibit (or eventually enhance)
selected cellular processes at the basis of the growth mechanisms [3]. In addition,
due to axis-symmetry of geometry and loads of the problem at hand, the growth
is also expected to be symmetrical and the growth tensor can be thus taken in
diagonal form:

Fg = Diag
{

J
1−ζ

2
g , J

1−ζ
2

g , Jζ
g

}
(99)

ζ being a coe�cient deputed to catch possible tissue growth anisotropies along
the longitudinal direction and in the vessel cross-section plane.
By neglecting inertia terms, balance of linear momentum can be written by making
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reference to both unstressed and current (grown and elastically deformed) con�g-
urations as follows (see e.g. [22])

∇X · P = −b̂, ∀X ∈ B(0,0) (100)

P ·N = t̂, ∀X ∈ ∂B(0,0) (101)

or

∇x · σ = −b, ∀ x ∈ B(t,s) (102)

σ · n = t, ∀ x ∈ ∂B(t,s) (103)

where b and b̂ respectively represent the body force vector in the current con�gu-
ration and its pulled-back version, analogous arguments being applied, by recalling
the Nanson’s formula, for geometrically interpreting tractions t and t̂, as well as
the outward normal vectors N and n to the body surfaces, in the reference and cur-
rent con�gurations. In (102) σ (x, t) represents the Cauchy stress, while P (X, t)
is the �rst Piola-Kirchho� (or nominal) stress, these two second order tensors –
which coincides under small deformations– being related to each other through
the Piola transform:

P = JσF−T (104)

Furthermore, in order to faithfully reconstruct the biomechanical constitutive be-
havior of the vessel, the strain energy density ψ is here considered as a function
of the elastic deformation tensor Fe and of a vector γ containing nγ remodeling
parameters describing the average microstructural changes occurring at the ma-
terial particles as a consequence of growth and deformation processes. Hence, by
following the approach proposed in [94], the total elastic energy referred to the
initial con�guration takes the form:

Ψ =
∫
V0

Jgψ (Fe, γ)dV0 (105)
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with V0 = measure(B(0,0)). In absence of thermal e�ects, the application of the
second law of thermodynamics and the localization theorem lead to derive the
dissipation inequality and, in turn –through the standard Coleman’s method [21]–
the Piola-Kirchho� and Cauchy stress tensors as follows:

P = Jg
∂ψ

∂Fe
F−T

g and σ =
∂ψ

∂Fe
FT

e (106)

Finally, once a total energy (105) directly dependent on the remodeling variables
γ has been introduced, the reduced dissipation inequality allows to write the re-
modeling evolution equation in the following form:

γ̇ = cγ

(
K− Jg

∂ψ

∂γ

)
, cγ ≥ 0 (107)

cγ being a non-negative term (either constant or not) accounting for the charac-
teristic remodeling time, and K representing a proper remodeling work conjugate
vector which can be also interpreted as a sort of drag force (see Appendix B)
associated to the remodeling process [94].

a.2.2 In�ation and growth-associated stresses in vessel walls

From a geometric viewpoint, a blood vessel can be seen as a thick-walled hollow
(composite) cylinder, each layer exhibiting elastic anisotropy as a result of the tis-
sue microstructure (see Figure 35). From the mechanical standpoint, several works
can be found in literature where the problem of determining the elastic response of
composite cylinders under di�erent load conditions is approached and analytically
solved [31], also in case of anisotropy [32] and for general inhomogeneous media
[33]. However, pressure regimes and growth generally induce large deformations
in the blood vessels and therefore non-linear models are required (see for instance
[52] and [19]). Within the non-linear theory of elasticity, and by making reference
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to the geometrical symmetries, the unstressed reference con�guration B(0,0) can
be then described in terms of cylindrical coordinates by the region:

Ri ≤R ≤ Ro,

0 ≤Θ ≤ (2π − α) , (108)

0 ≤Z ≤ L

where Ri and Ro indicate the inner and the outer radii of a relaxed and excised
con�gurations, L is the vessel trunk length and α is the opening angle, a measure
of the elastic energy imprisoned within the material before ideally cutting the ves-
sel to go back to a virtual stress-free reference con�guration and due to ab origine
self-equilibrated (residual) stress (see Figure 36). Analogously to the pure in�ation
problem, under the hypotheses of axis-symmetry of both loads (i.e. the systemic
aortic blood pressure) and growth, the deformed in situ con�guration can be in-
stead described by the region:

ri ≤r ≤ ro,

0 ≤θ ≤ 2π, (109)

0 ≤z ≤ l

with θ = hΘ and h = 2π/ (2π − α). This also implies that the deforma-
tion gradient can be helpfully written in terms of principal stretches, i.e. F =

λrRer ⊗ eR + λθΘeθ ⊗ eΘ + λzZez ⊗ eZ. By taking into account the residual
stress-induced opening angle, growth and elastic deformations, the total stretches
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are univocally determined by starting from the relation dv = JgdV0 accounting
the elastic incompressibility, thus obtaining:

λrR =
∂r
∂R

= J1−ζ
g

R
rhλezZ

λθΘ = h
r
R

(110)

λzZ =
l
L
= Jζ

gλezZ

where the axial stretch time-history λzZ may be assumed to be prescribed, for
example deriving it from experimental observations [85]. In particular, by consid-
ering that in situ vessels exhibit residual axial strains which allometrically increase
as the overall body grows, a possible form of the stretch λzZ can be faithfully de-
scribed by means of the following evolution function:

λzZ (t) =
λ

f
zZ + λi

zZ
2

+

+
λ

f
zZ − λi

zZ
2

tanh (ωz (t− tz)) (111)

where λi
zZ and λ

f
zZ represent the initial and the �nal observed stretch ratios, while

tz and ωz are a characteristic time and a suitable frequency constant, respectively.
Furthermore, by virtue of the elastic incompressibility constraint, the following
relation for the radius r at the current time can be derived:

r =

√
2

hλezZ

∫ R

Ri

J1−ζ
g

(
R
)

RdR + r2
i =

=

√
J1−ζ
g

R2 − R2
i

hλezZ
+ r2

i (112)

in which the assumption of uniform growth tensor has been introduced, according
to recent literature works [104, 130].
By following the work by [52], arteries can be mechanically modeled by consid-
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ering a two-layer hollow cylinder, the inner and the outer layers representing the
tunica media and the tunica adventitia, respectively, the mechanical contribution
of the tunica intima being negligible. Both of them can be constitutively charac-
terized by a strain energy function made of an isotropic part and an anisotropic
contribution which accounts for the �bers orientation. Hence, by also introducing
a suitable Lagrange multiplier qξ to take into account the elastic incompressibility
constraint, the strain energy functions reads as:

ψξ =ψ
ξ
iso (I1) + ψ

ξ
aniso (I4, I6) =

=
kξ

0
2
(I1 − 3) +

kξ
1

2kξ
2

∑
i=4,6

(
ekξ

2

(
Iξ
i −1

)2

− 1

)
+

− qξ (Je − 1) (113)

where ψ
ξ
iso and ψ

ξ
aniso (I4, I6) respectively characterize the mechanical response of

the volumetric part and the response of the vessel (elastic and collagen) �bers; the
superscript ξ = {m, a} denotes media and adventitia, while kξ

0,1,2 are suitable ma-
terial constants, being kξ

0 related to the volumetric response. The above introduced
energy densities are then written as a function of the invariants [52]:

I1 = Tr Ce

Iξ
4 = Ce :

(
aξ
+ ⊗ aξ

+

)
(114)

Iξ
6 = Ce :

(
aξ
− ⊗ aξ

−

)
where Ce = FT

e Fe is the left Cauchy-Green tensor and aξ
+,− = cos βeΘ± sin βeZ

represent the �bers directors lying within the media and the adventitia. The appli-
cation of the Piola transform (106)2 returns the expression for the Cauchy stress
tensor, connected to (113) by the relationship:

σξ = J−1
g PξFT =

∂ψξ

∂Fe
FT

e − qξI (115)
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Then, by rewriting (102)1 in absence of body forces and in the current con�guration
as ∇x · σξ = 0, the sole non-trivial equilibrium equation to be satis�ed is:

dσ
ξ
rr

dr
+

σ
ξ
rr − σ

ξ
θθ

r
= 0 (116)

Direct integration of this equation –separately written for both media and adven-
titia– combined with the condition describing the inner deformed radius once the
tractions on the walls are prescribed, gives:

σa
rr (ro)− σm

rr (ri) = ∆p = (117)

= ∑
ξ

∫
Iξ

J
ζ−1

2
g

(
h

r
R

∂ψξ

∂λθΘ
− ∂r

∂R
∂ψξ

∂λrR

)
∂r
∂R

dR
r

with Im = [Ri, Ri + Hm] and Ia = [Ri + Hm, Ro], Hm representing the thick-
ness of the tunica media. By prescribing continuity of radial stresses and of dis-
placements at the vessel layers interface, the corresponding interface radius in the
deformed con�guration can be determined by employing the relation

rH =
√

r2
i + J1−ζ

g h−1λ−1
ezZHm (Hm + 2Ri) (118)

The pressures σa
rr (ro) and σm

rr (ri) are instead related to the external loading
condition through the Cauchy’s theorem (102)2 or σξ · nξ = tξ , ∀x ∈ ∂Bξ .
From the computational standpoint, it is worth to highlight that, once the loading
conditions have been assigned, the equilibrium relation (117) can be analytically
solved for each �nite time step during which growth can be assumed constant,
in this way reducing to the sole unknown ri and thus obtaining the deformed
con�guration through (112).
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a.2.3 Biomechanics of reinforced pulmonary artery transposed into aortic position

As already said, by testing an ad hoc designed prosthesis system made of a com-
bined bioresorbable sca�old and an auxetic reinforcement, some of the present au-
thors have recently successfully pioneered a large animal model of transposition
of pulmonary artery in systemic pressure load. This experimental in vivo study,
aimed to replicate actual clinical scenarios, has enabled to observe a physiological
arterialization of the reinforced pulmonary vessels transposed into aortic position
[85, 88, 121], resulting in PA medial thickening and matrix rearrangement (see Fig-
ure 37).
To biomechanically support these in vivo experimental �ndings and gain insights
into possible enhancements of PA reinforcements design criteria, a mathematical
model is built up by incorporating vessel growth, remodeling and large elastic de-
formations of both biological and synthetic materials.
Three theoretical simulations of experimental interest have been then performed,
that is the benchmark case of reference aorta, the not-reinforced pulmonary artery
and the PA reinforced with both an e-PTFE (GORE-TEX) auxetic cladding and a
PDS bioresorbable sca�old, these three models being all subjected to the action of
systemic pressure.
With reference to the theory presented in the previous Sections, some additional
key features have been introduced to faithfully describe the above mentioned
cases.
First of all, the e�ect of the blood vessel structural remodeling on the tissues elas-
ticity has been analyzed and thus mathematically described in terms of change of
mechanical properties. To make this, suitable remodeling parameters γm and γa

have been introduced to guide the evolution of bulk moduli km
0 and ka

0 of media and
adventitia, respectively. As a result, the tunics energy densities become explicitly
dependent on them, i.e. ψ

ξ
iso = ψ

ξ
iso
(

I1, γξ
)
, so mimicking the temporal elastic

properties changes also experimentally observed by [58]. Also, with reference to
(107), the role of the remodeling enhancers K is assumed to be played by the av-
erage levels of energy densities occurring in the aortic layers in a physiological



114 stress-shielding, growth and remodeling of pulmonary artery

Figure 37: A-B) Surgical implant. A. Bioresorbable reinforcement; B. Control. C-D) Hema-
toxylineosin staining. C. Bioresorbable reinforcement. Note remnants of PDS. D.
Control. Note medial disruption and in�ammatory in�litrates; E-F) PicroSirius
red staining. E. Bioresorbable reinforcement compact collagen organization: the
”elastic zone” of the vessel and less pronounced cellular in�ltrate. F. Control. Dis-
persed collagen �bers; G-H) Mallory staining; G. Bioresorbable reinforcement.
Elastin deposition (pink). H. Control. Presence of collagen (blue); I-L) MMP-9 im-
munohistochemistry. I. Bioresorbable reinforcement. Note MMP-9 overexpres-
sion in the PDS group indicating active matrix remodeling phenomena. L. Con-
trol.

situation, in this manner interpreting the remodeling as an energy-driven process
which dynamically responds to energy supplies with tissue structural changes –
over selected timescales– to accommodate stress and strain and in turn minimize
energy, a logic to which many biomaterials seem to obey if subjected to remodel-
ing [22].
For the sake of simplicity, the parameters γξ have been here considered as volume
averaged values, so that the equation (107) can be written in the following scalar
form:

γ̇ ξ = cγ Jg

(
ψ

ξ
A,iso −

∂ψ
ξ
V

∂γξ

)
(119)
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where cγ ≥ 0 is a dimensional constant which takes into account the character-
istic long-term timescale of remodeling (ranging from about 4000 h to 40000 h, as
reported by [132]), whereas ψ

ξ
A and ψ

ξ
V respectively denote the energy functions

specialized for the aorta and the PA trunk subjected to a volume averaging process
(see the synoptic Table 11 for the adopted material parameters):

ψ
ξ
A,V =

1
V0

∫
V0

ψ
ξ
A,VdV0 (120)

Furthermore, to accurately model the reinforced PA case, how degrading polydiox-
anone (PDS) mesh and e-PTFE external armor do cooperate and in-time support
the vessel walls must be additionally mathematically described. With reference to
the PDS structure, this is indirectly done by mechanically enriching the adventitia
with an augmented time-dependent bulk modulus decreasing in time according to
a selected experimentally based degradation law. In this way, the updated adventi-
tia bulk modulus, say κa

0, takes the form:

κa
0 = γa (t) ka

0 + (φ (t))ν ks
0 (121)

where ks
0 constitutes the PDS contribution to the overall (reinforced) adventitia

bulk modulus, φ (t) is a degradation law which describes the sca�old volume frac-
tion pauperization1 (according to the actual PDS mass bioresorption program in
a six-months period, see e.g. [89]), here chosen as (see Figure 35, right-bottom
graphic):

φ (t) =
φ0

1 + ω1eω2(t−ts)
(122)

where φ0 is a constant representing the initial PDS volume fraction which
accounts for the porosity of the sca�old [12] while ν is a dimensionless, strictly
positive (typically between 1 and 3) penalization power, employed to have as a
result the well-known less than proportional sti�ness increase with the material

1 There is thus a direct e�ect of the PDS pauperization on the growth, remodeling and in turn on the
overall elastic properties of the adventitia, but not vice versa, that is growth and remodeling do not
a�ect (or perturb) the PDS degradation law.
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volume fraction of a porous representative volume element [22, 66].
Also, in (122), ts accounts for a characteristic in�ection time and ω1 and ω2

represent constants to be set in order to �t the experimental PDS degradation
curve [111], [12], [81]. In this way, the model accurately catches the role exerted
by the PDS sca�old in terms of vessel wall sti�ening, at the early stages of growth
the PDS mesh supporting the pulmonary artery to resist to higher systemic
blood pressures –so avoiding excessive strain in turn provoking high stress and
�nally aneurysms– then progressively degrading and slowly accompanying the
autograft toward possible remodeling and arterialization-like processes.

On the other hand, the role played by the e-PTFE auxetic structure –that is
somewhat complementary to that of PDS– has been modeled to reproduce an
initial auxetic-induced relatively low contribution to vessel elastic resistance
against load pressure, becoming the con�nement e�ect increasing as tissue grows
up, moving outward the external PA radius. From the mathematical point of view,
this is translated into an elastic reactive pressure transmitted at the PA outer
cylindrical surface as the external radius expands (see Figure 35, left-bottom
graphic). Therefore, by imaging the e-PTFE net as an external layer simply
described by an exponential strain energy potential whose structure is similar to
that in (105), and assuming that no external pressure is applied on this layer, the
following relationship can be established [49]:

σn
rr (ro) = −

∫ λo

λe

1
λ2

TλZ − 1
∂ψn

∂λT
dλT, (123)

ψn =
kn

1
kn

2

(
ekn

2(In
4−1) − 1

)
(124)

given that In
4 = In

6 = λ2
T cos2 ηn + λ2

Z sin2 ηn, ηn being the mesh half-angle.
In equation (123) λT and λZ denote the azimuthal and the longitudinal stretches
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which completely describe the deformation of the auxetic net, whose associated
deformation gradient is thus

Fn = Diag
{

RLn

rnln
,

rn

R
,

ln
Ln

}
(125)

By taking λZ = ln/Ln to be constant, the condition at the interface ro = r (Ro)

immediately gives λZ = Jζ
gλezZ and the e-PTFE structure motion rn can be de-

scribed similarly to (112) and related to the vessel outer radius as written down:

rn =

√
R2 − R2

o
λZ

+ r2
o =

√
J−ζ
g

R2 − R2
o

λezZ
+ r2

o , (126)

where

ro =

√
J1−ζ
g

R2
o − R2

i
hλezZ

+ r2
i (127)

Hence, the equations (112) and (126) allow to derive the square stretches at the the
boundary as a function of ri:

λ2
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o

R2
o
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(128)

λ2
e =

r2
e

(Ro + Hn)
2 = (129)

=
1

(Ro + Hn)
2

(
J−ζ
g

Hn (2Ro + Hn)

λezZ
+ r2

o

)
where Hn is the initial auxetic armor thickness. The equilibrium equation
σn

rr (ro) = σa
rr (ro) to be satis�ed at the interface ro then gives the possibility

of �nding, by integrating (123), the actual pressure that the armor applies on
the adventitia by elastically reacting to the vessel deformation and growth. In
particular, by performing the substitution x = kn

2
(

In
4 − 1

)
, it is possible to
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compactly write:

σa
rr (ro) = −po =

kn
1e−Q cos2 ηn

λZ

∫ xe

xo

ex+Q

x + Q
dx =

=
kn

1e−Q cos2 ηn

λZ
(Ei (xe + Q)− Ei (xo + Q)) (130)

with Q = 1− kn
2λ2

Z sin2 ηn− kn
2λ−1

Z cos2 ηn and Ei (x) representing the exponen-
tial integral function, while xe = x

(
λ2

e
)

and xo = x
(
λ2

o
)

are both functions of
the updated vessel outer radius ro (or equivalently ri) through (128)1 and (128)2,
that is:

xe + Q = kn
2 cos2 ηn

(
λ2

e − λ−1
Z

)
xo + Q = kn

2 cos2 ηn

(
λ2

o − λ−1
Z

)
(131)

Lastly, all the in silico simulations (in detail discussed below) are conducted by
assuming the growth to obey a typical logistic pro�le, a law largely encountered
in the literature to describe many di�erent growth dynamics of living systems, at
di�erent scale levels, and hence widely adopted among biologists to �t related ex-
perimental data [61]; as a consequence, in order to consider the direct e�ect of the
experimentally observed growth of the lambs discussed in [85] on the mechanical
analysis of the vessels alone and the reinforced PA system, it is here proposed to
transpose the logistic growth assumption also to the tissue scale, as a �rst step also
hypothesizing a stress-uncoupled growth as a simplifying rationale to mimic the
physiological growth curve. Thus, the equation (98) can be explicitly given in the
form:

J̇g = cg Jg

(
1−

Jg

Jmax
g

)
(132)

where Jmax
g represents a prescribed upper bound reference value, in the present

case evaluated on the basis of the (allometrically scaled) body size achieved by the
adult animal model with respect to the initial size [85–87], while cg ≥ 0 is a proper
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growth rate (see e.g. [44]).
With respect to the case of reference artery, only physiological growth during a
six-month period with no internal remodeling has been assumed: also, for both the
cases of reference artery and not reinforced PA, the analyses have been conducted
by considering the presence of the sole systemic aortic pressure, thus prescribing
to the biomechanical models zero external loads at the outer radius and internal
pressure pi –typically of the order of 100-120 mmHg– assumed to be constant
during the time step of the analyses. As a result, the equation (117) becomes:

pi = (133)

∑
ξ∈{m,a}
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2
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with which the two above mentioned cases can be distinguished and separately
treated by specializing the strain energy functions through proper assignments of
di�erent intrinsic parameters, so that ψ

ξ
A and ψ

ξ
V can be recognized as representa-

tive of aorta and pulmonary artery (vein-like) materials, respectively.
On the other side, by making reference to the above proposed theoretical strategy
for describing how the bioresorbable sca�old and the auxetic structure do cooper-
ate to reinforce the pulmonary autograft, the balance equation (117) reads as:

pi − po = (134)
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∫
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Finally, the equations (132) and (133) constitute the system to be solved for analyz-
ing the reference aorta, in which the sole unknowns are the growth term Jg and
the inner radius ri; the same equations have to be coupled with (119) to model the
not reinforced PA biomechanical response. Analogously, to simulate the biome-
chanical behavior of the reinforced PA, the equations (134), (132) and (119), which
incorporate the remodeling parameters γa and γm responsible for arterialization
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phenomena, have to be instead used.
From the numerical standpoint, the simulations to be conducted for reference
artery, pulmonary artery and reinforced autograft, require suitable material and
geometric parameters, in detail reported in Table 11. For the sake of clarity, the
parameters have been divided in di�erent sections regarding the di�erent model
constituents: both aortic and pulmonary artery constitutive parameters have been
deduced from [15, 52, 94, 131], the opening angle value being instead referred to the
range proposed by [1]. The geometric parameters have been extrapolated by the
ex vivo data obtained throughout the experimental observations (see the Appendix
A). Lastly, the material parameters concerning both the PDS and the e-PTFE volu-
metric response have been determined from the in�ation compliance data reported
in literature [12, 63, 113, 116, 117, 123].

a.3 results and discussion

The analyses have been performed by implementing the above detailed biome-
chanical models in the computational software program MATHEMATICA®. Here,
the partial di�erential equations governing the problems have been solved ana-
lytically in space, for each time step, and hence the complete solution found by
numerically integrating over the whole six-month observation period related to
the animal model [85].
The obtained results highlight that, although the PA tracts were initially the same
from a physiological and a constitutive point of view, under the systemic blood
pressure their behavior signi�cantly diverges in the two cases, i.e. reinforced and
not reinforced vessels. In fact, results show that the cooperation between biore-
sorbable PDS sca�old and permanent e-PTFE auxetic structure plays a crucial role
in preventing a fateful yielding of the vessel, wall intrinsic mechanical properties
in absence of reinforcement being absolutely inadequate to both respond to the
new imposed aortic pressure regimes and limit large deformations prodromal to
aneurismal complications. In particular, theoretical outcomes, illustrated in Figure
38, clearly show a marked di�erence among reference aorta, PA alone and PA with
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prosthesis, in terms of pressure-induced initial burst dilatation and �nal associated
vessels diameters, a fact also quantitatively con�rmed by experimental observa-
tions [85] and summarized in Table 10. Theoretical predictions are indeed in very
good agreement if compared with experimental data, except for a slight underes-
timation of not reinforced PA sizes, mainly related to the fact that, in absence of
prosthesis, actual strains are not purely due to combined elastic deformation and
growth, additional inelastic strains being kindled by locally occurring irreversible
(i.e. visco-elastic-plastic and damaging) phenomena, as can be seen by direct ob-
servations (Figure 40). The analytical curves also underline a speci�c non-linear
trend, in terms of vessel diameters time-history, which shows a sort of asymptotic
behavior that furnishes an upper bound to vessel growth in proximity of body
adulthood, a phenomenon otherwise unforeseeable on the basis of the sole ini-
tial (at one day) and �nal (at six months) observations and qualitatively crucial to
envisage a successful prognosis of the PA reinforcement also when this surgical
protocol is applied to young human patients.
As a matter of fact, the not reinforced PA excessively dilates during the time win-
dow considered, passing from an initial diameter of about 29.5 mm –measured in
the �rst days– to a diameter of about 38.1 mm, after six months. Moreover, the ac-
tual deformation pro�les of the not reinforced PA go o� the vessel from the tube-
like shape, by losing the axis-symmetry of the response assumed in the present
theoretical model, as can be observed from the angiographic measures (Figure 39),
as well as from in situ (Figure 37) and explanted ex vivo vessel trunks (Figure 40).
On the contrary, in the doubly reinforced PA, the mathematical model demon-
strates that the prosthesis system overall works as a sort of "relay race", by guar-
anteeing the handover of the bearing structure functions from the PDS sca�old (at
the early stages of tissue growth and remodeling) to the e-PTFE armor, initially
"dormant" as a consequence of the typically low sti�ness exhibited by stress-free
auxetic structures at small strains. In this way, the mechanical shielding of the
lapse vessel con�nes the radial expansion and simultaneously allows to the pul-
monary artery to remodel its tunics for attaining an adequate level of mechanical
properties (e.g. elastic bulk moduli, see Figure 42). Finally, once the bioresorbable
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sca�old has completed its degradation program and the strengthened vessel walls
can actively respond to the systolic pressure, the e-PTFE structure accompanies PA
media and adventitia toward their progressive aortic somatic growth, by stretch-
ing its weave to gain sti�ness and e�ectively con�ne further vessel expansion, so
avoiding tissue prolapse and aneurismal degenerative phenomena.
Furthermore, Figure 38 also shows that the mathematical model predicts a "gain"

Figure 38: Left: Evolution of the outer diameters (continuous lines represent theroetical
outcomes while markers are experimental measures). Right: Vessels thicknesses
provided by the simulations at day 1 and at day 180 when the vessels are either
in position or excised.

Day 1 Day 180
Experimental Analytical Experimental Analytical

Reference Aorta 13.0–16.4 13.1 17.0–21.0 21.0
Composite Reinforcement 14.0–20.0 16.3 25.0–33.0 27.2
No Reinforcement 25.0–33.0 24.2 34.3–42.0 36.1

Table 10: Comparison of the external diameters (expressed in mm) - experimental obser-
vations vs analytical predictions

of the reinforced grown PA to be measured in terms of wall thickness occurring
when the PA tracts are ideally excised and relaxed, as well as when the vessels are
subjected to the in situ in�ation pressure, so highlighting an e�ective thickening
of the reinforced graft after the observation period that can be directly related to
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Figure 39: A,B,E,F) Angiographic images. A. Not reinforced PA at day 1; E. Not reinforced
PA at day 180; B. Reinforced PA at day 1; F. Reinforced PA at day 180. Note the
uniformity of the vessel pro�le in case of reinforcement (B,F) and loss of phys-
iological shape, prone to aneurismal complication (A,E). C,D,G,H) Ecographic
images (vessel cross sections). C. Not reinforced PA at day 1; G. Not reinforced
PA at day 180; D. Reinforced PA at day 1; H. Reinforced PA at day 180. Note the
severe diameter dilation in the not reinforced case (C,G).

actual PA arterialization.
It is worth to notice that the estimated Cauchy (actual) stresses, predicted by the
mathematical model at 180 days and illustrated in Figure 41, bring to light further
aspects that may help to better understand the actual e�ects of both PDS sca�old
and e-PTFE armor in reinforced PA on growth and elastic response of the vessel
to systemic pressure. In fact, from the stress pro�les illustrated in Figure 41, it
can be inferred (and somewhat quanti�ed) the mechanical role of the prosthesis
system and, in particular, of the GORE-TEX structure. The e�ective pressure dif-
ference between the internal systolic push and the external armor con�nement
de facto determines a "stress shielding" phenomenon which maintains the stress
distribution over the PA thickness su�ciently uniform, by also forcing the stress
level in the tunica media to be moderate with respect to the physiological one in
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Figure 40: A. Not reinforced PA trunk with aneurismal formation (analysis after the break
at 3 months); B. PA reinforced with knitted polydioxanone resorbable copolymer
sca�old (explanted at 6 months): note the homogeneous vessel pro�le denoting
the success of the implant.

the (ticker and sti�er) reference aorta, in this way creating a safe state of stress
settling at about 100 kPa. On the contrary, from theoretical outcomes, the not re-
inforced PA exhibits equivalent (von Mises) and circumferential (hoop) stresses in
the tunica media with peaks of about 800 kPa, a value su�ciently high and close to
tissue stress threshold to determine mechanically critical states and invite yielding
processes potentially undergoing aneurismal degeneration.
Also, Figure 41 shows the non-linear pressure-diameter curves one would virtu-
ally measure in the three cases examined (reference aorta, reinforced and not-
reinforced PA) at 180 days, if an ex vivo in�ation test were performed. It can be
there noticed how the not reinforced PA experiences strong dilatation in a low
range of in�ation pressures –below 50 mmHg– with the external diameter achiev-
ing pathological dimensions before the curve exhibits a theoretical hardening. The
behaviors of reference and reinforced pulmonary arteries are instead di�erent, and,
in both the cases, the diameters dilation at systemic pressure is in good agreement
with the experimental observations in the animal model [85].
In particular, by comparing pressure-diameter curves for reinforced and not rein-
forced PA, it emerges from the results a signi�cantly and qualitatively di�erent me-
chanical response in the two cases, the former exhibiting much smaller variations
of the outer diameter than the latter, within the same pressure interval, say in the
order of tens kPa. In the reinforced PA, this initial sti� behavior can be attributed
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Figure 41: Cauchy stress pro�les along the wall thicknesses in reference aorta (top-right),
reinforced (bottom-left) and not reinforced (top-left) Pulmonary Autografts,
with related pressure-diameter curves at 180 days for the grown vessels (bottom-
right).

to the balancing between the internal push and the e-PTFE external pressure due
to the GORE-TEX elastic reaction to the vessel expansion. After that, a region of
approximately proportional dilatation is observed, followed by an elastic harden-
ing at higher pressures due to the combined e�ect of the intrinsic hardening of
the vessel walls related to stress levels and reorientation of elastic �bers and the
increasing sti�ness of the auxetic material induced by severely dilated armor ele-
ments.
It is �nally worth to notice that, albeit the sti�er behavior of reinforced PA exhib-
ited in Figure 41 in terms of pressure-diameter is theoretical derived at 180 days
–thus in absence of PDS– the e�ect of the bioresorbable sca�old is implicitly taken
into account by the model through the (at six months registered) PA arterializa-
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tion, a result biomechanically due to the stress shielding, initially ensured by the
biodegradable PDS and �nally stabilized by the con�ning action of the GORE-TEX
structure. The concrete consequence of this interplay can be explicitly traced in
the proposed mathematical model by analyzing the results in terms of in-time re-
modeling of average wall bulk moduli k0. In Figure 42 the comparison between
reinforced and not reinforced PA intrinsic sti�ness variation during the six-month
is for this purpose shown.

Figure 42: Evaluation of the bulk moduli remodeling in reinforced and not reinforced PA.

a.4 conclusions

In the framework of Tissue Mechanics and by making reference to arterial walls
where growth, remodeling, large deformations and stresses do interact through
feedback mechanisms, an ad hoc mathematical model has been presented to sup-
port the in vivo results on animals subjected to the Ross operation, i.e. the use of
autologous pulmonary artery to replace diseased aortic valve.
The theoretical outcomes, related to the modeling of the structural changes of re-
inforced pulmonary artery grafts under systemic pressure regimes, have shown
that a virtuous biomechanical cooperation between biological and synthetic ma-
terials takes place, "stress-shielding" guiding the physiological arterialization of
the vessel walls, consequently determining the overall success of the autograft
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system. The modeling has in fact theoretically demonstrated that in doubly rein-
forced PA, the prosthesis system de facto works as a sort of "relay race", by guar-
anteeing the handover of the bearing structure functions from the PDS sca�old (at
the early stages of tissue growth and remodeling) to the e-PTFE armor, initially
"dormant" as a consequence of the typically low sti�ness exhibited by stress-free
auxetic structures at small strains. In this way, the mechanical shielding of the
lapse vessel contains the radial expansion and simultaneously allows to the pul-
monary artery to remodel its tunics for attaining an adequate level of mechanical
properties. Once the bioresorbable sca�old has completed its degradation program
and the strengthened vessel walls can actively respond to the systolic pressure, the
e-PTFE structure accompanies PA media and adventitia toward their progressive
aortic somatic growth, by stretching its weave to gain sti�ness and to e�ectively
con�ne further vessel expansion, so avoiding tissue prolapse and aneurismal de-
generative phenomena. From the engineering point of view, all the results have
essentially shown a very good agreement when compared with experimental data,
also quantitatively, thus encouraging the use of the mathematical model for better
understanding the speci�c biomechanical dynamics and designing possible new
criteria and strategies for optimizing PA prostheses and successfully applying the
surgical protocols to human patients.
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Symbol Unit Value References
Aorta PA
Media Adventitia Media Adventitia

Material Parameters
k0 [kPa] 51.1 5.1 16.7 1.67 [1, 2, 3]
k1 [kPa] 18.6 1.86 4.9 0.49 [1, 2, 3]
k2 [-] 17.4 1.74 0.839 0.711 [1, 4]
β [deg] 29 62 29 62 [4]
Geometrical Parameters
H [mm] 0.8 0.4 0.667 0.333 E. O.
Ri [mm] 7.8 9.5 E. O.
α [deg] 91 120 [5]
λi

zZ [-] 1.7 1 [4, E. O.]
λ

f
zZ [-] 2 2 [6, E. O.]
PDS Parameters
ks

0 [kPa] 267 [7]
ν [-] 1.34 [8]
φ0 [-] 0.25 [9]
ω1 [-] 0.07 F./A. P.
ω2 [-] 0.05 F./A. P.
ts [day] 30 [10]
ePTFE Parameters
kn

1 [kPa] 1000 [7, 11, 12, 13, 14]
kn

2 [-] 0.4 F./A. P.
Hn [mm] 0.2 [15]
ηn [deg] 26 F./A. P.
Growth-Remodeling data
Jmax
g [-] 3.375 [16, 17, 18]

ζ [-] 0.133 F./A. P.
cg [day−1] 0.025 [19, 20]
cγ [kPa−1 day−1] 8.64×10−5 [21]
ωz [day−1] 0.02 F./A. P.
tz [day] 90 F./A. P.

Table 11: Synoptic table of data and employed parameters
References: 1. [94] ; 2. [131] ; 3. [15] ; 4. [52] ; 5. [1] ; 6. [2] ; 7. [116] ; 8. [66] ;
9. [12] ; 10. [111] ; 11. [63] ; 12. [123] ; 13. [113] ; 14. [117] ; 15. [134] ; 16. [86] ;
17. [87] ; 18. [85] ; 19. [55] ; 20. [44] ; 21. [132]. E. O. - Experimentally Observed
Parameters. F./A. P. - Fitting/Assumed Parameters
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