A solvable model of a tracking chamber
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Abstract
We analyze a quantum system consisting of a particle travelling in a model-environment made up
of a localised two-level subsystems. We examine the dynamics of the entanglement through which
the environment acquires information about the direction of propagation of the particle. Our study
reproduces, within a non perturbative investigation, an old result obtained by N. F. Mott in the early
days of Quantum Mechanics.
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Introduction

The subject of our investigation was first analysed in a paper by Sir Nevill Francis Mott published in
1929 [14].

Two years after the famed Solvay Congress of 1927, the 24 years old physicist, N. F. Mott, was wondering
about the appearance of classical-like tracks in a Wilson chamber (the first tracking chamber for particle
physics experiments).

According to the theory of radiating nuclei, developed by Gamow in 1928, the decay rate of an atom
emitting an a-particle is well fitted by assuming that the a-particle is described by a spherical wave
function. On the other hand an a-particle emitted by a nucleus manifests itself as a straight track in a
Wilson chamber. The words of Mott clearly express his thought: “It is a little difficult to picture how
it is that an outgoing spherical wave function can produce a straight track; we think intuitively that it
should ionise atoms at random throughout the space.”.

Mott guessed that the solution of the problem could be found considering “the a-particle and the gas [in
the Wilson chamber| together as one system”. To validate his conjecture he proposed a very simplified
model in which the gas within the Wilson chamber was composed by only two hydrogen atoms. The
nuclei of the atoms were considered fixed and the electrons interacted with the a-particle via Coulomb
forces. Using time independent perturbation theory he showed that “the atoms cannot both be ionised
unless they lie in a straight line with the radioactive nucleus”.

His approach, even though not entirely rigourous from a mathematical point of view, was undoubtedly
pioneering and largely outside the mainstream of ideas about the nature of the interaction of a quantum



particle with a macroscopic system. His work can be considered as the first attempt to investigate the
emergence of the phenomenon nowadays referred to as decoherence induced by the environment (for a
review see [9]).

We present a model of a tracking chamber in which the detectors are realised with spins (equivalently
any two level subsystem) placed in fixed positions of space and the interaction between the a-particle and
the spins is modelled by a zero range potential. The Hamiltonian is chosen among the ones characterised
in [5] for the three dimensional case. The knowledge of the resolvent and of the spectrum allows to avoid
perturbation theory.

In the same spirit of many works in the field (see e.g. [1, 2, 4, 6, 7, 8, 10, 11, 12]) our aim is to use
solvable or almost solvable models to show that the interaction with the environment drives a quantum
object to behave more classically.

We prove that given an initial state with the particle described by an outgoing spherical wave function
centred in the origin and the spins both in the state down, the probability to find, as ¢ goes to infinity,
the spins both in the state up has a maximum when the positions of the spins are aligned with the origin.

1 The model

The system we consider consists of one quantum particle in R? and two spins 1/2 placed in fixed positions
of space, we indicate with y;,y> € R? the positions of the two spins.
A spin 1/2 is described by a vector in C2. Then the natural Hilbert space for our system is

H:=L*R})®C*xC?. (1)

To define the Hamiltonian we follow what was done, in a more general setting, in [5] (see in particular
the Hamiltonians defined in Example 2). For the sake of clearness in this section we recall some notation
and we rephrase the results of [5] in the framework of a two spin system.

We indicate with a capital Greek letter a vector in H; given ¥ € H the following decomposition formula
holds

\I’Zzwg@)(g’ (2)

where ¢ indicates the two-components vector o = (01, 02) with 01, 09 = &+ and the sum runs over all the
possible choices of o1 and 3. The vector X, in C? @ C? is defined by

KXo = Xoy @ Xos (3)
where we chose x,, and X, to be the normalised eigenvectors of the Pauli matrices, &b

;» associated to
the first components of the two localised spins
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Functions 1, belong to L?(R?) for each ¢ .
We indicate with (-, -) the scalar product in H; it is defined, in a standard way, as

<\Illv \I/2> = Z(wlgﬂ/@g)Lz ; Uy, Uy e H. (5)

g

In formula (2) the choice of X, ® X0, as a basis of the space C?> @ C? is obviously arbitrary and it was
made in accordance with the particular Hamiltonian that we will use as generator of the “free” dynamics.
As it was done in [5] we start defining the self-adjoint operator H generating the free dynamics i.e. the
evolution when there is neither interaction between the particle and the spins nor interaction between
the spins.



Let H : D(H) C H — H be the operator defined as follows
D(H) := H*(R?) ® C* ® C? (6)

h? (1), A1
H::f%AJra(Jg)Jraé)); a>0. (7)

here m is the mass of the quantum particle and « is a constant with the dimension of an energy. In
formula (7) the Laplacian is intended to act on C? x C? as the identity operator and the spin operators

&M and 6" act as the identity on H2(R3)
Using the decomposition formula (2) the action of H on its domain is easily obtained

HU = Z l(— A—I—aa)z/)g

The resolvent of H, R(z) = (H — z)~}, is found to be

X3 ca=a(oy+03). (8)

Xe;  z€p(H). (9)

The spectrum of H can be derived from the spectrum of the free Laplacian
opp(H) =@ Oess(H) = 04c(H) = [—2,00) . (10)

The strongly continuous unitary group et generated by H (see, e.g., Th. VIIL.7 [15]) can be explicitly
computed, and the solution of the Schrédinger equation

d\Ift

with initial data
=0 =g 90 en (12)
is . ‘
U= e 0 =N (U)) @ e mely, (13)

g
where U? is the integral kernel of the generator of the dynamics of a free particle of mass m

1,/|2
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In order to simplify the notation, we will fix in the following 2m =1 and h = 1.

In our model of a tracking chamber the spins are detectors for the position of the particle. For this reason,
among all the Hamiltonians that are point perturbations of H we chose the simplest ones generating
dynamics where the interaction affects the evolution of both spins and the particle (see Example 2 of [5]).

As it was shown in [5] the following operator is the resolvent of a self-adjoint operator that we will indicate
with H,

Ry(2) :=R(z)+ Y (T4(2);g ;10 (®igr)®3,;  z€C\R. (15)

- i
1:9,7" 0

where the action of R(z) defined in (9), can be explicitly written as

U = Z/RS G — x’)l/)g(x’)dx’ ® X, (16)



with
ciVzlz]

G($%=2;ET;

z€ C\R", Imyz>0. (17)

Vectors %, in (15) are defined by

DF, =G — ) @ Xy ; j=1,2 )
o =(01,02), 01,02 =%,
it is easy to check that they are in H. Functions (T, (z));;7j,a/ are the elements of a 8 x 8 matrix whose
inverse is o
Ty (2)jgj7er =0 J#ia#d
(T3 (2))iogre = =G 2*(y; — yy) i#J
Ty (2)jg.ier = oy, # oy, for k # j (19)
(T4(2))jo.jor = 0j 1y 0; # ojand oy = 0y, fork #j
VZ—oa
Ty (2)jcje =

where 7 is a positive constant. Notice that for 7 — oo the resolvent R, (z) converges to the free resolvent,
R(z). In this sense ~v defines the inverse coupling strength between the particle and the spins. In
particular it is possible to show that 1/ is proportional to the inverse of the effective scattering length
of the potential between the particle and the spins.

With p(H,) we indicate the resolvent set of the self-adjoint operator H, defined via the resolvent R (z).
The domain of H, is

D(H.,) := Ran[R,(2)] = {qf =S Y@ xg €H:

U=+ Z (F’Y(Z))j_g17j’g/¢;’ (yj’)G27gg(' - yj) ® Xy; (20)

jo.j'a’

e :Z¢;®XQED(H);zEp(H7)}.

The action of H, on its domain is given by the relation
(Hy —2)¥ = (H — 2)¥%; z € p(H,). (21)

The essential spectrum of H, coincides with the (absolutely continuous) spectrum of H (see, e.g., Th.
4.1.4in [3]), Ocss(Hy) = 04c(H). The point spectrum of H., is given by the real solutions of the equation

Det [I‘,Y(z)] ~0. (22)

We stress that the Krein’s resolvent formula implies that all the entries of the inverse of each I', (z)-matrix
are analytic functions of z € p(H,).

From formulas (20) and (21) it is easily seen that a vector ¥ = 1, ® x; € D(H) such that ¢, (y;) =0

Vo and Vj is also in the domain of H.,, ¥ € D(H,), and H,¥ = HV. For this reason we call H,, a point
perturbation of H.

The following alternative characterisation of the domain of H, and of its action clarifies some details of



the interaction between the particle and the spins

ivz—aal|—y;jl|

z € .
D(H,) = {qf =Y 0N, eH: U =T +qugw ® Xy;
a Je
U* e D(H), z€ p(H,), Imy/z—acg >0, gj; €C, (23)
lim (Y0 (1) = T2 = iy,
lz—y1|—0 ’ dt|z — y1| '
. q2(0’1,:|:) .
1 _ Blnd) g
|a:—71f;\1—>0 (w(al’i)(x) dmlx — yQ\) Z’yqz(al’*)}
; etvz—aal —y;l .
H»Y\I/:H\II +ZZ%EW®X£, \IJED(H) (24.)

1,9

Following the standard terminology used for the point perturbations of the Laplacian we refer to the
constants g;, as charges. Notice that

Go = tim e =y lo(@) = D0 (04 ()5 Ve 0y) (25)

K r B
7,0

then g;, is related to the coefficient of the singular term in the point y; of the wave function part of the
state W relative to the configuration of the spins defined by ¢. It is easy to convince oneself that the
charges g;, do not depend on z.

The limits for |z — y;| — 0 in (23) define a sort of boundary conditions for the wave function part of
vectors in D(H). The particular form the boundary conditions take in (23) indicate that the interaction
is local, inasmuch as both conditions refer to each y; separately.

2 Scattering theory

To analyse the state of the system when ¢ goes to infinity we will make use of the scattering theory. In
this section we introduce some notation and we state the main results about scattering theory for the
pair of Hamiltonians H., and H.

Since R, (z) — R(z) is a finite rank operator the wave operators

Wj: =g _tlégloo eiH.ytefth (26)

exist and are complete (see, e.g., [13]).

Proposition 1. Assume that (ly1 — y2|y) ™! < 1 and 4? > « then there are not eigenvalues embedded
in the continuous spectrum.

Proof. By a direct calculation one can show that

9 2z + 2a ’ 9 2z — 2«
Det[l‘y(z)} = (7 +\[(47r)t> <’Y +\[(47T)2

Then the following series expansions hold for the eigenvalues, A; and A2, of H,

M o=a— a2+ (@)t +0((ly1 — v2l7)72)

) +O((Jyr — y2|7)7?) - (27)

(28)
Ay = —a— /a2 + (4m9)  + O((lyr — v217) %) ,
for 42 > o both A\; and Ay are less than —2av. O



In the following we will assume that the hypothesis of proposition 1 are satisfied, in this way we will
avoid the occurrence of eigenvalues embedded in the continuous spectrum for the Hamiltonian H.,.
With L?([o a, o0), Q) we indicate the Hilbert space with scalar product

(¢17¢2)L2([gg,oo),ﬂ) ::/ dA/gldwE()Hw)wQ()‘aw) (29)

where (2 is the solid angle.
Define the map

‘7:’7 :H_>®L2([an 00)79) (30)

Fy¥ = Pz, v) = P (31)

where
A—ao)i | , s
(D%()Vw) :(7%})4 el Araow: & Xa"_
42 -
: (32)
) e~V A—ad |-y
+ Y (T (W) eV A ————— @ Xy |; AZoa, A>0da,
j/,gl7j 47-‘-| ) _y]’|
and
N—ao)i| , sz
@%(A,w) :( %g)4 67' A—aow ®Xa'+
4rs
33)
| JaT Xy (
+ 3 (T W) etV E el LA A>oa, A<d'a,
il Ty
with
Ly (A)jrorjo = lim (T (A —i€)) ot jo - (34)

Under the assumptions of proposition 1 the essential spectrum of H., is only absolutely continuous and
coincides with [a g, +00). We denote by P, (g, ) the projector on the continuous part of the spectrum
of H,. The map F, is unitary on H.(H.,), where Hao(H,) = Py, (m,yH, and its inverse is

.7:7_1 : @LZ([ngoo)vg) - HGC(H"/) (35)

F g = Z/o: dAAd@g(A,@&g(A,@. (36)

Define the map F : H — @L2([Qg, 00), Q)

where

A—ao)i |
oe(w) = AT iiase g v Asoa, (38)
7I9



the map F is unitary on H and its inverse is 1 : @, L*([c a, 00),Q) — H

F P = Z/j dA/decpz(A,wwz(A,w). (39)

The wave operator W;l is given by

wil=r1F, (40)
and it is unitary from H,.(H,) to H. Given ¥ € Ho,.(H.,), W' satisfies
tligrnoo [e” W — e HIW || = 0. (41)

3 Asymptotic estimates

Consider the initial state
0=’ @ X _y; withy%(z) = ¢°(|z]). (42)

In our setting 1°(|z|) is a spherical wave function travelling out from the origin O.

In the spirit of the result of Mott we want to show that the large-time probability of having both spins
flipped is maximal if the spins lie on a straight line passing through the origin. We assume that the initial
state is orthogonal to the eigenfunctions of H,, i.e.,

Po,.cn,)¥o=¥o. (43)

Define ¥* := e "*#+* W0 we denote by w'(fJﬁJr) the function

Y41y = (T X Hezece - (44)
The asymptotic probability to find both the spin in the state up is
P = Ml e (45)

Let us denote by %y(R) the open ball in R?, with center in the origin and radius R.

Proposition 2. Take U like in (42). Assume that WO satisfies condition (43) and that supp[y°] C
Bo(R), with R < ly;|, j = 1,2. Assume moreover that (|y1 — yo|y) ™' < 1, 72 > a and |ya| = |y1] + 6,
with 6 > 0 and 6 < |ya|. Then & has its mazimum in correspondence of the minimum of |y1 — ya|.

Proof. Define 09 := W_:llllo and U! = e tHIQ0
From formula (41) one obtains

; t_ gt — 1 to_ ot _
Jim ([0 — Wil = dim Y ey — e =0 (46)
then
,lim [0y —Yaolliz=0  Va. (47)
Since 4 4
e M0 =" (UMy)) @ e A, (48)

g

with Ut = e~ “=2)* and U? is unitary in L?(R®), by using the result stated in equation (47), we have
that
7= tli+moo ”wf+,+)HL2 - tginoo ||1ptt17(4r,+)||L2 = ||¢2,(+,+)”L2 = ||(W;1‘I’O)(+,+)||L2 : (49)



From the definition of W;*

+oo 2
[Vl = [ da| [ an [ dos D @w)(@l D w), v0) (50)
R3 2« Q
+o00o 2
:/ d)\/ dw‘(@ﬁf?”(A,w)ﬂ/% (51)
2« Q

where ¢(+:7) comes from the definition of F~1, see equation (39), and

e

# P s d ) = O 2 iz, (52)

4ma

To obtain equation (51) from (50) we used the fact that

/IR?’ & 2 /;ood/\/gdw’f(k,w)r- (53)

From the definition of the generalised eigenfunctions (32), we have that for A > 2«

+o0 5
/ d/\/ dwe ™) (25 M, w) FN, w)
2c Q

A—2a)i — ! A v oiVATZalz—y,|
Pt A\ w), w0 :7( (F )\) e’ )‘*26‘“’-”7/ de————%(|2]) . 54
(B0, 00 = SRS (W), T [ et (6

Let us pose

FOslue = [ a0 ) (55)
Hyir]) == rT—— z|).
! R3 Ar|z — yy|
-1 -1 -1
By a direct calculation one can verify that (1"7()\))1__’1++ = (1"7()\))2__72++ and (1"7()\))1__’2++ =
-1
(1"7 ()\))277’1++. Let us denote by
A = (T, ) r,o)
( ).—( +( ))1”’1%—( +( ))277’2++ (56)
-1 -1
BO\) = (FA,(/\))l__72++ - (FV(A))Q__71++ (57)
Under the assumptions, supp[to] C Bo(R) and R < |y;|, j = 1,2, we obtain
ei\/)\+20é‘yj/|
FXslyjl) = ————f(\), (58)
|y,
where n
1
FO) = e [ dlal ol sin(VAT Zalel)uJa) 59
Then
A — 2« e~ WA—2awyi +ivA+2aly: | e~ VA= 20wy +ivAT2alys|
P (N, w), U2 =222 F(A 2A)\< >+
(@D (), W) =22 )R A - -
efi\//\72awy1+i\/)\+2a|y2| efi\/)\f2awy2+i\/)\+2a\y1\ 2
+ B()\)( )
|2 [y




Under the assumption (Jy; — y2|y) ™' < 1 one can see that A(A) = O((ly1 — y2|7) %) while B(\) =
O((ly1 — y2l7)™"), in particular

e~ VAl —v2l(470)3 1
((477)2 = VAVA+ 2a) ((477)2 = VAVX = 2a) [y1 — v2|y

By assuming that |ya| = |y1| + 0, with § > 0 and 0 < |y, and taking into account (61) one obtains the
following estimate for the probability &2

B(A) = - +O((ly1 —y2lm™?) - (61)

o 864m)" /°° VA —2a|f(V) "
ly212|y1 — y2|? Jaa ((4mv)2 + \/X\/W)2((47r’y)2 + VAV = 2a)2 (62)
sin(v/ A — 2aly; —y2|)) 5
X [ 1+ cos(VA+2ad dA+ O((lyr — y21v) ™72, (6/|y2])) -
R T (1 ) (/o)
The statement of the proposition follows from the fact that the function
1 sin(v A — 2aL)
— (1 VA + 2a0) — o222
2 ( + cos(V A + 2a0) N ) (63)
is decreasing in L. O

Proposition 2 indicates that if the positions of the spins are such that |ya| = |y1]|+9 with § > 0 and § < |ys|
then the probability to find both the spins in the state up has a maximum when their distance |y; — y|
is minimum. In particular this indicates that if the distances |y1| and |yz2| are fixed the configuration in
which the probability £ has a maximum corresponds to the configuration in which the spin are aligned
with the origin.

0.02 T T T

0.01

0 I | 1 | I
0 /32 /16 0

In figure it is plotted the probability &2 when the initial state is of the form

|z)2

Q/JO(M) — Nﬂ N = # (64)
|z V2si

with s > 0 and kg > 0, in a setting in which |y;| and |yz| are fixed. On the a-axis of the plot there is the
angle 6 between y; and yo, the plot clearly shows that the probability has a maximum when 6 = 0.
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