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Introduction

A group G is said to be a Dedekind group if all its subgroups are
normal. Obviously, every abelian group has this property, and each
Dedekind group is not too far from being abelian. In fact, a classical
result of R. Baer [1] and R. Dedekind [14] proves that a non-abelian
group G has only normal subgroups if and only if G ~ Q x A, where
Q is the quaternion group of order 8 and A is a periodic abelian
group with no elements of order 4. In these groups normality is tran-
sitive, which is not so for an arbitrary group, the alternating group
of order 4 being an example. This remark led H. Wielandt [62] to in-
troduce in 1939 the concept of “subnormal subgroup”: a subgroup
X of a group G is said to be subnormal in G if there is a finite series
of subgroups of the form

X:X0<X]<1...<1Xk:G,'

the smallest non-negative integer k for which such a series exists
being called the subnormal defect of X in G. Thus a subgroup is normal
if and only if it is subnormal with defect at most 1. Subnormality is a
concept of highest importance in group theory; for instance, a finite
group is nilpotent if and only if all its subgroups are subnormal.

The structure of infinite groups in which every subgroup is sub-
normal can be much more complicated, and in fact H. Heineken and
I.J. Mohamed (see [35]) in 1968 were the first to construct an example
of an infinite group with trivial centre in which all proper subgroups
are subnormal. On the other hand, it was proved by ].E.Roseblade[58]
in 1965 that if G is a group, and there is a positive integer k such
that all subgroups of G are subnormal with defect at most k, then
G is nilpotent and its nilpotency class is bounded by a function of k.
Although the example of H. Heineken and I.J. Mohamed shows that
groups with all subgroups subnormal are in general far from being
nilpotent, a fundamental result of W. Mohres [46] of 1990 states that
these groups are at least soluble.

In 1972, R.E. Phillips [52] generalizes the subgroup property of
“being subnormal” introducing f-subnormality: a subgroup H of a
group G is said to be f-subnormal in G if there is a finite f-series from
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H to G, that is a finite chain of subgroups
H=Hy <Hj; <..<Hn=G

such that [H; : Hi_7| < co or Hi_; < H; for everyie{l,...,n}

Obviously this definition represents a substantial generalization of
subnormality only for infinite groups and the subgroup

H=(123) x S4 x Sq4 x ...
is an example of an f~subnormal subgroup of the infinite group
G:S4><S4><S4><...

which is not subnormal.

Groups with all f-subnormal subgroups have been characterized
by C. Casolo and M. Mainardis (see [8]) in 2001; their work is based
on a generalization of the result of Mohres mentioned above. In-
deed, their main theorem proves that a group with all subgroups
f-subnormal is finite-by-soluble and their Theorem 1.4 proves that
this result is the best possible.

Furthermore, it's easy to verify that a finitely generated group
having only subnormal subgroups is nilpotent, and J.C. Lennox and
S.E. Stonehewer proved ([44], Theorem 6.3.3) that a finitely generated
group is finite-by-nilpotent if and only if all its subgroups are f-sub-
normal. It’s important to stress that in a finite-by-nilpotent group
all subgroups satisfy a stronger condition than f-subnormality. To be
more precise, in a finite-by-nilpotent group G, each subgroup has
finite index in a subnormal subgroup of G. This property has been
considered in the second chapter of this dissertation, with respect to
some “large subgroups”.

Let G be a group, H a subgroup of G and n, m two fixed non-
negative integers. If there is a subgroup Hp containing H such that
[Hy : H < m and Hp is subnormal in G with subnormal defect
at most m, then we say that H is (n, m)-subnormal in G. We order
the pairs (n, m) lexicographically and, with this ordering, if H is
(n, m)-subnormal in G for some pair (n, m), then the least such pair
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is called the near defect of H in G (see [22, 42]).

The second chapter of this thesis deals with a generalization of Ro-
seblade’s theorem mentioned above. For fixed non-negative integers
n, m we define the group class S(n, m) to be the class of all groups
of infinite rank (and the trivial groups) whose subgroups of infinite
rank are (n, m)-subnormal in G and we prove that S(n, m)-groups
are finite-by-nilpotent in a large class of generalized soluble groups.
Recall that a group G is said to have finite (Priifer) rank r = r(G) if
every finitely generated subgroup of G can be generated by at most r
elements, and r is the least positive integer with such property; if
such an r does not exist, we will say that the group G has infinite
rank.

In 1958 H. Wielandt [63] introduces the Wielandt subgroup w(G)
of a group G as the intersection of all normalizers of subnormal
subgroups of G. It is clear that w(G) = G if and only if every sub-
normal subgroup of G is normal in G and the consideration of the
infinite dihedral group proves that w(G) may as well be trivial; how-
ever, this cannot happen in a non-trivial group satisfying the minimal
condition on subnormal subgroups (see [63]). Under this hypothesis
D.J.S. Robinson [54] and J.E. Roseblade [57] proved that w(G) has
finite index in G.

In a nilpotent group G, the Wielandt subgroup obviously coincides
with the norm N(G) of the group, that was defined by R. Baer [2]
in 1935 as the intersection of the normalizers of all subgroup of
G. In 1960 E. Schenkman [59] showed that the norm of a group is
contained in the second centre of the group and so for the case of
nilpotent groups, the basic properties of the Wielandt subgroup are
known.

Using the f-subnormality we define the f-Wielandt subgroup w(G)
of a group G as the intersection of all normalizers of f-subnormal
subgroups of G. It is clear that

Z(G) < N(G) < w(G) < w(G)

where Z(G) is the centre of the group G, and an example in chapter
one will prove that W(G) can be strictly contained between N(G) and
w(G). In addition we study the behavior of the f~-Wielandt subgroup
in a residually finite group and we prove that in a group G satisfy-
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ing the minimal condition on subnormal subgroups W(G) has finite
index in G.

As already noted, normality is not a transitive relation in an arbi-
trary group. Groups in which normality is a transitive relation are
called T-groups or said to have the T-property. Obviously, every sim-
ple group has the T-property, but soluble T-groups have a restricted
structure, that was studied by W. Gaschiitz [27] in the finite case in
1957 and by D.].S. Robinson [53] in the general case in 1964. In par-
ticular, it turns out that every soluble T-group is metabelian and that
a finitely generated soluble group with the T-property is either finite
or abelian.

Inspired by a relevant result of B.H. Neumann [47] which shows
that a group has a finite commutator subgroup if and only if each
of its subgroups has finite index in its normal closure, C. Casolo [7]
in 1989 investigated the class T* of all groups in which every sub-
normal subgroup has finite index in its normal closure. In particular,
he proved that a soluble T*-group is finite-by-metabelian and that a
finitely generated soluble T*-group is abelian-by-finite.

(Note that we will denote the normal closure and the core of a sub-
group H of a group G with H® and Hg respectively.)

In a dual way, in 1995, S. Franciosi, F. de Giovanni and M. Newell
(see [26]) studied T.-groups, namely groups in which each subnor-
mal subgroup X is normal-by-finite, or, that is the same, [X : Xg| is
finite for each subnormal subgroup X of G. Using a famous result of
J. Buckley, J.C. Lennox, B.H. Neumann and H. Smith [5] proving that
a locally finite group whose all subgroups are normal-by-finite is
abelian-by-finite, it is proved that a subsoluble group, that is a group
having an ascending series with abelian factors consisting of sub-
normal subgroups, satisfying the property T,, is metabelian-by-finite
and that in a subsoluble T.-group every finitely generated subgroup
is abelian-by-finite and belongs to the class T..

In 2014 F. de Giovanni, M. Martusciello and C. Rainone defined
the normal oscillation of a subgroup X of a group G as the cardinal
number

min{|X : Xgl, IXE : X|}.

It was proved in [28] that a locally finite group in which each sub-
group has finite normal oscillation, contains a nilpotent subgroup



Introduction 11

of finite index. The third chapter of this dissertation deals with the
study of the class T(x) of groups consisting of all groups whose sub-
normal subgroups have finite normal oscillation. We prove that a
periodic subsoluble T(x)-group is metanilpotent-by-finite and that a
finitely generated soluble T(x)-group contains an abelian subgroup
of finite index.

Finally, in last chapter we show that the class of groups whose sub-
groups are f-subnormal and the group classes T*, T,, T(x) are count-
ably recognizable. Recall that a class of groups X is said to be count-
ably recognizable if, whenever all countable subgroups of a group G be-
long to X, then G itself is an X-group. Countably recognizable classes
of groups were introduced by R. Baer [3]. In his paper, Baer produced
many interesting examples of countably recognizable group classes,
and later many other relevant classes of groups with such a prop-
erty were discovered (see for instance [20],[48],[50],[51],[60] and the
more recent papers [29], [30], [31], [32]). We will here give a general
method to prove that some f-subnormality related properties have
countable character (see [25]).

Most of the notation used in this dissertation is standard and can
for instance be found in [56].






Chapter 1

A Wielandt-like subgroup

In 1972 R.E. Phillips [52] introduces a generalization of subnormality
in this way: a subgroup H of a group G is said to be f-subnormal in G if
there exists an f-series from H to G, that is, a finite chain of subgroups

H=Hy <Hj; <..<Hn=G

such that either [H; : Hi_1| < co or Hj_; < H; foreveryie {1,...,n}.

Clearly, all subgroups of a finite group are f-subnormal and therefore
it makes sense to study this property only in infinite groups.

Recall that the norm N(G) of a group G was defined by R. Baer [2]
in 1935 as the intersection of the normalizers of all subgroups of G
and, in a similar way, H. Wielandt [63] in 1958 gave the definition
of the Wielandt subgroup w(G) of a group G as the intersection of the
normalizers of all subnormal subgroups of G. He, among other re-
sults, proved that any minimal normal subgroup satisfying the min-
imal condition on normal subgroups is contained in w(G), but the
Wielandt subgroup can also be trivial as happens in the infinite dihe-
dral group.

Using the f-subnormality instead of subnormality we can define
the f-Wielandt subgroup w(G) of a group G as the intersection of the
normalizers of all f-subnormal subgroups of G. It is clear that

Z(G) < N(G) < w(G) < w(G)

where Z(G) is the centre of G and the following example proves that
W(G) can be strictly contained between Z(G) and w(G).

Let C be a cyclic group of order 7, let 0 be an automorphism
of order 3 of C and put B be the locally dihedral 2-group, that is,
B = (x) x A where A = C and x is such that a* = a~' and x? = 1.
Let © = (0), D = C x © and consider the group G = B x D.

The norm of the group B coincides with the center of B, while

w(B) =w(B) =B.

T Note that n is a non-negative integer.
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For the group D, instead, we have that
Z(D) = N(D) =w(D) = {1},

while w(D) = D.

It follows that for the group G, Z(G) = N(G) = Z(B), w(G) = B
and w(G) = G, namely, the norm, the f~Wielandt subgroup and the
Wielandt subgroup are three different subgroups of G.

In the first section of this chapter we examine some nice elemen-
tary properties of the f~Wielandt subgroup, while in the second sec-
tion we examine the behaviour of W(G) when G is a group satisfying
the minimal condition on subnormal subgroups. Our main result will
show that under such hypothesis, the f~-Wielandt subgroup has finite
index in G.



1.1 Elementary results

In 1960 E. Schenkman [59] showed that the norm of a group G is
contained in the second centre of G and hence for the case of nilpo-
tent groups the basic properties of the Wielandt subgroup are known;
for instance, the following easy lemma shows that the Wielandt sub-
group of a torsion-free nilpotent group coincides with the centre of
the group.

Lemma 1.1.1  Let G be a torsion-free nilpotent group. Then w(G) = Z(G).

PrOOF — Suppose by contradiction that there is an element x con-
tained in w(G) \ Z(G). Then there exists an element y € G such that
[x,y] # 1. The element x normalizes each subgroup of G and in par-
ticular (y)* = (y). It follows that y* = y~! and hence [x?,y] = 1.
However 1 = [x?,y] = [x,y]? and therefore [x,y] = 1. O

In 1990 J. Cossey [13] proved that even in a residually nilpotent
group G, w(G) < Z;(G) and the first new result of this section pro-
vides the same result for the f-Wielandt subgroup in a residually
finite group. Note first that if G is a group and H is f-subnormal
in G, then w(G) N"H <w(H) and if N is a normal subgroup of G,
it is easy to prove that W(G)N/N < w(G/N). Clearly in a group
with all subgroups f-subnormal the f~-Wielandt subgroup coincides
with the norm of the group and hence in the case of finite group
w(G) < Z2(G).

Lemma 1.1.2 In a residually finite group G the f-Wielandt subgroup
Ww(G) is contained in the second centre of G and, in particular w(G) is
a Dedekind group.

ProoF — Let N be a normal subgroup of G such that G/N is finite.
Since W(G/N) < Z>(G/N) we have that

W(GN G G|
and hence
W(G),G,G] < N.

This relation is true for all normal subgroups of G of finite index and
so W(G), G, G] ={1}. It follows that W(G) < Z»(G).
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Since any subgroup of W(G) is subnormal in G, any subgroup of
w(G) will be normalized by W(G). Therefore w(G) is a Dedekind
group. O

In a torsion-free residually finite group we can said more; in fact
the f~-Wielandt subgroup is abelian.

Proposition 1.1.3 Let G be a torsion-free residually finite group. Then
w(G) is abelian.

Proor — Let a and b be elements of W(G) and let N be a normal sub-
group of finite index of G. The factor group W(G/N) is a Dedekind
group by Lemma 1.1.2 and so it is abelian or of the type Q x A,
where Q is the quaternion group of order 8 and A is a periodic
abelian group with no elements of order 4. In the first case we have
[a, b]N/N =1 since W(G)N/N < W(G/N). In the second one, instead,
we have [a2,b]N/N = 1, that is [a2,b] € N. In any case, [aZ,bl e M
for all normal subgroups M of finite index of G and so [a?,b] = 1.
By Lemma 1.1.2
1 =[a?b] =[a,b]%,

and since G is torsion-free we have [a,b] = 1. O

Furthermore the f-Wielandt subgroup of a torsion-free polycyclic
group coincides with the centre of the group. To prove this we need
to recall that in a polycyclic group G, the centralizer in G of W(G) has
finite index in G as a corollary of Theorem 1 of [13].

Proposition 1.1.4 Let G be a torsion-free polycyclic group. Then the
f-Wielandt subgroup of G coincides with the centre of G.

Proor — Let x be an element of W(G) and y € G, then there exists a
positive integer n such that y™ € Cg (W(G)). It follows by Lemma 1.1.2
that

]TL

1=ky"l=[kxvy

and hence [x,y] = 1 since the group G is torsion-free. 0



1.2 Conjugacy classes of f-subnormal subgroups

J.E. Roseblade [44, Theorem 1.7.10] and D.].S. Robinson [54] have
proved that a subnormal subgroup has only finitely many conjugates
in a group satisfying the minimal condition on subnormal subgroups.
To prove a similar result for a f~subnormal subgroup we first need to
prove that for a group is equivalent to satisfy the minimal condition
on subnormal subgroups or the minimal condition on f-subnormal
subgroups.

Proposition 1.2.1 Let G be a group that satisfies the minimal condi-
tion on subnormal subgroups. Then G satisfies the minimal condition on
f-subnormal subgroups.

Proor — Let
Gj >Gz>G3>...

be a descending chain of f-subnormal subgroups of G.

By [8, Proposition 3.1], G1 contains a subgroup R; of finite index
such that Ry is subnormal in G and certainly we may assume that
R1 < Gy. Then G,R1 /Ry >~ G2 /(G2 NRy) is finite and G, NRy is f-sub-
normal in G. Applying [8, Proposition 3.1] again, we obtain a normal
subgroup R; of finite index of G, which is subnormal in G and such
that R, < G, NRy. Continue in this way and suppose that for some
positive integer i we have constructed a normal subgroup R; of finite
index of G; which is subnormal in G and such that R; < G;NR;_1.
It follows that

Gi+1Ri/Ri = Gi11/(Git1 NRy)

is finite. Since Gi41 N Ry is f-subnormal in G there is a normal sub-
group Riy1 of Giy1 such that Gi1/Ri41 is finite, Ri1 is subnormal
in G and Ri+1 < Gi+1 NRy by [8, Proposition 3.1].

This construction gives us a descending chain

Ri 2Ry >R3> ...

of subnormal subgroups of G and the minimal condition on subnor-
mal subgroups then implies that there is a positive integer m such
that Ry = Ry for all i > m. In particular, Gy /Ry, is a finite group
and contains the descending chain

Gm+1/Rm > Gm+2/Rm Z ...
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and it follows that for some positive integer | > m we have G; = Gj1
foralli> 1
This completes the proof. 0

Since the converse implication is obvious, a group G satisfies the
minimal condition on subnormal subgroups if and only if it satisfies
the minimal condition on f-subnormal subgroups.

Theorem 1.2.2 Let G be a group satisfying the minimal condition on
subnormal subgroups and let H be a f-subnormal subgroup of G. Then H
has only finitely many conjugates in G.

ProoOF — Suppose that this result is false and let G be a group satis-
fying the minimal condition on subnormal subgroups containing an
f-subnormal subgroup which has infinitely many conjugates.
By [44, Theorem 1.7.10] this subgroup is not subnormal in G. We
choose an f-subnormal subgroup of G, X say, minimal subject to con-
taining an f-subnormal subgroup H such that [X : Nx(H)| is infinite,
and without loss of generality, we may assume that X = G. Since
G satisfies the minimal condition on subnormal subgroups, it has
the finite residual R of finite index. Put Y = HR and note that Y is
f-subnormal in G. If Y < G, then the minimal choice of G shows that
[Y : Ny (H)| is finite and since |G : Y] is finite we obtain the contradic-
tion that |G : Ny (H)] is finite. It follows that G = HR.
Let

H:HO<H1 g,,,an,1 <Hn=G

be a series of f-subnormality of H in G. Then H,,_ is f-subnormal
in G and we may assume that H,_1 # G. The minimal choice of G
shows that [H,_7 : Ny __,(H)[ is finite. If |G : Hy_1] is finite, then
we obtain a contradiction as before. Hence we may assume that
H,,_7 in normal in G. Let S be the finite residual of H,,_1, so that
S <Ny, ,(H). Then [S,H] < H.

The subgroup S is normal in G, since it is characteristic in H,,_7 and
hence the factor group G/Cg(Hn—1/S) is finite. Thus R is contained
in Cg(Hn—1/S) and [R,H;y—1] < S. It follows that

[R,H,H] < [R,Hy—q,H] < [S,H] < H.
Hence H<H[R,H]<RH = G, so H is subnormal in G and in this

case |G : Ng(H)| is finite by [44, Theorem 1.7.10], giving us a final
contradiction. O
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The following result is now immediate.

Corollary 1.2.3 Let G be a group satisfying the minimal condition on
subnormal subgroups. Then |G : W(G)| is finite.






Chapter 2

Groups with subgroups of bounded near defect

A non-empty collection X of groups is a group class if every group
isomorphic to a group in X belongs itself to X and X contains a trivial
group.

A property 0 pertaining to subgroups of a group is called absolute
if in any group G all subgroups isomorphic to some 0-subgroup are
likewise 0-subgroups. Thus 0 is absolute if and only if there exists
a group class X = X(0) such that in any group G a subgroup X
has the property 6 if and only if X belongs to X. Thus among the
most natural absolute properties we have those of being an abelian
subgroup, a nilpotent subgroup, a finite subgroup.

A subgroup property 6, instead, is called an embedding property
if in any group G all images of 6-subgroups under automorphisms
of G likewise have the property 6. Of course, any absolute property
is trivially an embedding property, but the most relevant embedding
properties, like normality and subnormality, are embedding proper-
ties which are not absolute.

If 6 is an embedding property for subgroups, a group class X is
said to control O if it satisfies the following condition: if G is any
group containing some X-subgroup, and all X-subgroups of G have
the property 0, then 6 holds for all subgroups of G.

This definition can of course be given also inside a fixed universe 4.

Clearly, the class of cyclic groups controls periodicity, and the class

of finitely generated groups controls every local property but it is
well-known that the class of finitely generated groups neither con-
trols nilpotency nor solubility and although normality is controlled
by the class of finitely generated groups it is easy to see that most
of the significant embedding properties cannot be controlled by the
class of finitely generated groups.
For instance, it is well-known that there exist unsoluble groups in
which all finitely generated subgroups are subnormal, while an im-
portant result by W. Mohres [46] shows that every group in which all
subgroups are subnormal is soluble. Therefore subnormality cannot
be controlled by the class of finitely generated groups. This failure
depends on the fact that finitely generated groups are “too small”.

Therefore it is natural to consider the problem of “how large”
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should be X-groups in order to obtain that a group class X controls
the main embedding properties, at least within an appropriate uni-
verse. M. De Falco, F. de Giovanni and C. Musella give [16] in 2014
the following definition of class of large groups.

A group class X is called a class of large groups if it satisfies the
following conditions:

e if a group G contains an X-subgroup, then G belongs to X;

e if N is a normal subgroup of an X-group G, then at least one of
the groups N and G/N belongs to X;

e X contains no non-trivial finite cyclic groups.

Let X be now a class of large groups, and let 6 be a subgroup

property. Since every group containing an X-subgroup likewise be-
longs to X, it follows that X controls 0 if and only if whenever in an
X-group G all X-subgroups have the property 6, then 6 holds for all
subgroups of G.
The easiest non-trivial example of a class of large groups is provided
by the class J consisting of all infinite groups (and the trivial groups);
however, the consideration of the locally dihedral 2-group shows that
normality, and therefore also the subnormality, cannot be controlled
by the class J, even in the universe of periodic metabelian groups.

A group G is said to have finite (Priifer) rank v = v(G) if every

finitely generated subgroup of G can be generated by at most r ele-
ments, and r is the least positive integer with such property; if such
an r does not exist, we will say that the group G has infinite rank.
In particular, a group has rank 1 if and only if it is locally cyclic; it
is easy to see that the class of groups of finite rank is closed with re-
spect to subgroups, homomorphic images and extensions, and hence
groups of infinite rank (and the trivial groups) form a class of large
groups.

In a series of recent papers (see for instance [15, 18, 21, 23, 39])
it has been proved that in a (generalized) soluble group of infinite
rank the behaviour of subgroups of finite rank with respect to an
embedding property can be neglected in many cases, so that the class
of groups of infinite rank controls such embedding property in a
suitable universe of (generalized) soluble groups.
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The first relevant theorem of this topic was obtained by M.]. Evans
and Y. Kim [23] in 2004, and deals with the control of the property
of being subnormal with defect at most k, for some fixed positive
integer k, by the class of groups of infinite rank in the universe of
X-groups.

This group class X was defined by N.S. Cernikov [11] in 1990 as the
closure of the class of all periodic locally graded groups © by the
group theoretical operators P, P, R, L (see the first chapter of [56]).

Recall that a group G is locally graded if every finitely generated
non-trivial subgroup of G contains a proper subgroup of finite in-
dex. The class of locally graded groups is rather large, it contains
for instance the locally finite groups, the locally soluble groups, the
residually finite groups, the locally (soluble-by-finite) groups and the
radical groups, and it is often considered in order to avoid finitely
generated simple groups, and in particular the so-called Tarski mon-
sters, that are infinite groups in which all proper subgroups are cyclic
of the same order.

It is easy to prove that any X-group is locally graded, and that the
class X is also closed with respect to forming subgroups; however
it is an open question whether an arbitrary locally graded group of
infinite rank must contain a proper subgroup of infinite rank but this
is true in the case of X-groups and this is an easy consequence of the
following result by M. Dixon, M.]. Evans and H. Smith (see [19]).

Proposition 2.1 Let G be a locally soluble group and suppose that every
proper subgroup of G has finite rank. Then G has finite rank.

In addition A.I. Mal’cev [45] proved the existence of an abelian
subgroup of infinite rank in a locally nilpotent group and a corre-
sponding result for locally finite groups was later proved by V.P. Sun-
kov [61]. Mal’cev’s theorem was extended by R. Baer and H. Heine-
ken [4] to the case of radical groups of infinite rank and recently the
study of generalized radical groups of infinite rank was carried out
in the papers [15, 37] (here a group is called generalized radical if it
has an ascending series whose factors are either locally nilpotent or
locally finite).

The structure of groups in which every subgroup of infinite rank is
subnormal has been investigated by L.A. Kurdachenko and H. Smith
(see [39, 40]) in 2004, who proved that locally (soluble-by-finite)
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groups with this property are soluble and all its finitely generated
subgroups are subnormal. Moreover, they were able to show that
the class of groups of infinite rank (and the trivial groups) controls
subnormality in the universe of torsion-free locally (soluble-by-finite)
groups and also in that of locally finite groups. On the other hand,
a their example proves that the class of groups of infinite rank (and
the trivial groups) cannot control subnormality even in the universe
of metabelian locally nilpotent groups.

Let G be a group, H a subgroup of G and n, m two fixed non-
negative integers. If there is a subgroup Hy containing H such that
[Hy : H < n and Hp is subnormal in G with subnormal defect
at most m, then we say that H is (n, m)-subnormal in G. We order
the pairs (n, m) lexicographically and, with this ordering, if H is
(n, m)-subnormal in G for some pair (n, m), then the least such pair
is called the near defect of H in G (see [42]). This chapter is concerned
with subgroups with near defect at most (n, m), that is, subgroups
whose near defect (ng, mp) is such that np < n and mp < m. Clearly
if H is subnormal in G of defect at most d, then H is (1, d)-subnormal
in G and every subgroup of a finite group G is (|G|,0)-subnormal
in G. J.C. Lennox [42, 43] called a subgroup almost subnormal if it is
(n, m)-subnormal for certain non-negative integers n, m, a terminol-
ogy is also used in [8, 9, 17]. In [15], (n, T)-subnormal subgroups are
called nearly normal.

Let G be a finite-by-nilpotent group and let N be a finite normal
subgroup of G such that G/N is nilpotent. Then it is clear that ev-
ery subgroup of G is of near defect at most (n, m), where n = |N|
and m is the nilpotency class of G/N. Lennox [42] proved the follow-
ing theorem (where we let v;(G) denote the ith term of the lower
central series of G).

Theorem 2.2 Let G be a group and let m,n be non-negative integers.
Suppose that every finitely generated subgroup is of near defect at most
(n, m). Then there is a function p depending only on n and m such that

Y (man) (Gl < ml.
A fuller discussion of this theorem is contained in [44].

The bounds here cannot be omitted. The Heineken-Mohamed
groups (see [35]) are not finite-by-nilpotent, even though every sub-
group is subnormal and, as Lennox points out, FC-groups have the
property that each finitely generated subgroup is of finite index in
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its normal closure, but there are FC-groups that are not finite-by-
nilpotent as the group

Dr S,

nelN
where Sy, is the symmetric group of order n.
In the absence of these bounds however something can be salvaged
and C. Casolo and M. Mainardis [8] have shown that if G is a group
in which every subgroup has finite index in a subnormal subgroup,
then G is finite-by-soluble and besides, E. Detomi was able to partly
extend the Theorem 2.2 in [17].

For the fixed non-negative integers n, m we define the group class
S(n, m) to be the class of all groups of infinite rank (and the trivial
groups) whose subgroups of infinite rank are (n, m)-subnormal in G.
It was already shown in [15, Theorem B] that a generalized radical
group of infinite rank in which every subgroup of infinite rank is
nearly normal in G is finite-by-abelian.

The aim of this chapter is to prove that S(n, m)-groups are finite-
by-nilpotent in the class X, and this a generalization of the theorem
of Evans and Kim mentioned above.

The following section deals with some preliminary results show-
ing in particular that X-groups in the class S(n, m) are soluble-by-
finite. We shall often implicitly use the facts that subgroups and fac-
tor groups of S(n, m)-groups which are themselves of infinite rank
are also S(n, m)-groups.






2.1 Preliminary results

The first result of this section is well-known, here there is a proof.

Lemma 2.1.1 Let G be an X-group of infinite rank. Then G contains a
proper subgroup of infinite rank.

ProoF — Suppose, for a contradiction, that every proper subgroup
of G has finite rank. If G is finitely generated then, since G is locally
graded, there exists N < G such that G/N is a non-trivial finite group
and clearly N has infinite rank, a contradiction. Thus G is not finitely
generated and it follows that every finitely generated subgroup of
G has finite rank. A result of N.S. Cernikov [11] implies that G is
locally (soluble-by-finite) so, by [18, Theorem], G has a locally solu-
ble subgroup H of infinite rank. Using [19, Lemma 1] H is a proper
subgroup of G, a contradiction which completes the proof. 0

Corollary 2.1.2 Let G be an X-group of infinite rank whose proper sub-
groups of infinite rank are (n, m)-subnormal for some non-negative integers
n, m. Then G contains a proper normal subgroup N of infinite rank.

ProoF — Let H be a proper subgroup of G of infinite rank, which
exists by Lemma 2.1.1. Then either H® or Hg are proper normal
subgroups of infinite rank. 0

Lemma 2.1.3 Let G be an X-group in the class S(n, m). Then G is not
perfect.

ProoF — Suppose for a contradiction that G is perfect. By Corol-
lary 2.1.2 there is a proper normal subgroup N of G of infinite rank
and every subgroup of G containing N is (n, m)-subnormal. Hence
G/N is finite-by-nilpotent by Theorem 2.2 and indeed there is a func-
tion p = pu(m+n) such that v,,(G/N) has order at most n!. Since G is
perfect this implies that G/N has order at most n!, for each such nor-
mal subgroup N. Consequently the finite residual, R, of G satisfies
|G/R| < nl.

Since R has infinite rank and inherits the hypotheses, it contains
a proper normal subgroup of infinite rank, K say. Since R has no
proper normal subgroups of finite index R/K is finite-by-nilpotent
and certainly not perfect, so R’ # R. Then G/R’ is divisible-by-finite.
If R’ has infinite rank, then G/R’ is finite-by-nilpotent and since G
is perfect it follows that G/R’ is finite, so R = R’, a contradiction.
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Hence R’ has finite rank and R/R’ is divisible of infinite rank. Let
T/R’ be the torsion subgroup of R/R’. If T/R’ has infinite rank, then
so does the socle S/R’. Therefore G/S is finite-by-nilpotent and hence
is finite, since G is perfect. This is a contradiction, so T/R’ has finite
rank as does T and R/T is a torsion-free divisible group of infinite
rank.

Factoring, we may assume that T =1 and that R is an infinite di-
rect product of copies of the additive group of rationals. Since G/R
is finite, there is a finitely generated subgroup F such that G = RF.
Then FNR is normal in G and FR/R is finite, so FN R is a finitely gen-
erated abelian group and hence has finite rank. Factoring by FNR
we may assume that G = R x F, where F is now finite. By Maschke’s
theorem R is completely reducible as a QF-module (see [36, Corol-
lary 5.15]), so R = A x B, where A, B are normal subgroups of G
of infinite rank. In particular, G/A inherits the hypotheses on G, so
G/A is finite-by-nilpotent and clearly not finite. Hence G cannot be
perfect, a final contradiction. O

Theorem 2.1.4 Let G be an X-group in the class S(n,m). Then G is
soluble-by-finite.

PrOOF — Let p = p(m +n) as defined in Theorem 2.2. Suppose first
that y.(G) has infinite rank and let

= ﬂ {N <G | N has infinite rank}.

Then ' < v, (G). Now if M has infinite rank and M <« G, then by The-
orem 2.2 [y, (G/M)| < n!, so [y, (G) : yu(G)NM| < nl. If also N<G
has infinite rank, then by Remak’s theorem v, (G)/(y.(G)N"MNN)
is isomorphic to a subgroup of

Yul(G)/(yu(G)NM) xvu(G)/(yu(G)NN)
so is finite. Hence M N N has infinite rank also, so
Yu(G) iy (G)NMNN|[ < nl.

From this we deduce that |y, (G) : T| < n!. Hence I has infinite
rank so, by Lemma 2.1.3, it is not perfect. Consequently '’ has fi-
nite rank, otherwise I' < I'". By the theorem of N.S. Cernikov [11]
the group F =T' is almost locally soluble. If S is the locally solu-
ble radical of F, then G/Cg(F/S) is finite, so Cg(F/S) has infinite
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rank, whence I' < Cg(F/S). Hence [F,T] < S so, in particular, F/S is
abelian and hence F = S. Consequently F is locally soluble of finite
rank. By [56, Lemma 10.39] there is a non-negative integer k such
that F(¥) is a periodic hypercentral group and a direct product of
Cernikov p-groups.

Let R be the divisible part of F(*) and note that without loss of
generality we may assume R=1, so the p-primary components of F(¥)
are finite. If P is such a p-primary component, then G/Cg(P) is finite.
Thus Cg(P) has infinite rank, so P < F < T < Cg(P) and hence P
is abelian. Consequently F(¥) is abelian, so F is soluble. Then T is
soluble. Since G/T is finite-by-nilpotent it is nilpotent-by-finite by a
well-known result of P. Hall (see [56, Theorem 4.25] for example).
Hence G is soluble-by-finite.

If yu(G) has finite rank, then it is almost locally soluble by [11].
Let F be the locally soluble radical of y.(G) and note, using the re-
sult [56, Lemma 10.39], that F has a periodic hypercentral G-invariant
subgroup L with Cernikov primary components such that F/L is sol-
uble. Again, we may suppose, without loss of generality, that L has
finite primary components. If X is a finite characteristic subgroup
of L, then G/Cg(X) is finite and Theorem 2.2 implies that

Yu(G)/yu(G) N Ca(X)l < nl.

It is then easy to see that also [y, (G) : v.(G) N Cg(L)] < nl. Since
G/FNCg(L) is finite-by-nilpotent, it follows that it is also soluble-by-fi-
nite. Then G is soluble-by-finite, since clearly F N Cg(L) is soluble. O

We next prove a very elementary result which nevertheless is very
useful.

Lemma 2.1.5 Let G be a group and suppose that A, B are (n, m)-subnor-
mal subgroups of G. Then A N B is an (n?, m)-subnormal subgroup of G.

Proof — There are chains of subgroups
A<AR<IAL_1<9--<dA1<9A) =G

and
B<Bm<Bm_19---<B1<By =G,

where |Am @ Al,IBm : Bl < n. It is clear that for each i we have
Ai;1NBis1 <A;{NB;y and also that |A;, N By : ANB| < n?, so the
result follows. O
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The next lemma is very useful for the proof of the main result of
this chapter and we shall quite often use it without explicitly men-
tioning it.

Lemma 2.1.6 Let G be a group, let H be a subgroup of G and let
A= A] X Az X e

be a subgroup of G of infinite rank that is direct product of infinitely many
H-invariant subgroups of finite rank. Suppose that there exists k such that

ANH<AT XAy X ... X Ax.

Then there is a subgroup C = Cy x C; of A such that Cy, C; are H-invari-
ant subgroups, each of infinite rank, such that HNC = 1.

Recall that a group G is called a Baer group if it is generated by
abelian subnormal subgroups. It is easy to show that the property
of being a Baer group is equivalent to the requirement that all cyclic
subgroups (or even all finitely generated subgroups) of G are subnor-
mal. Any Baer group is locally nilpotent, and in any group G, there
is a largest Baer subgroup, the so-called Baer radical of G.

The final part of this section deals with the locally finite version of
our main result, whose proof being somewhat simpler than that of
the general case. Notice that we shall say that the subgroup H of a
group G is finite-by-subnormal when it is (n, m)-subnormal for some
non-negative integers n, m.

Lemma 2.1.7 Let G be an X-group of infinite rank in which every sub-
group of infinite rank is finite-by-subnormal. If G contains a periodic abelian
subgroup C of infinite rank, then the finite subgroups of G are finite-by-
subnormal. Furthermore, if G is an S(n, m)-group, then every finite sub-
group of G is (n?, m)-subnormal in G.

Proor — By hypothesis the subgroup C has finite index in a subnor-
mal subgroup X of G and so its core in X, Cx, is an abelian subnormal
subgroup of infinite rank of G, so is contained in the Baer radical B
of G.

The torsion subgroup T of B has infinite rank since it contains C.
Let X be a finite subgroup of G. By [33, Theorem 1], T contains a
subgroup H that is an infinite direct sum of non-trivial X-invariant



Preliminary results 31

subgroups. Using Lemma 2.1.6, there are X-invariant subgroups Hj,
H, of H of infinite rank such that H; N"H, =1 and XN (H; x Hy) = 1.

Consider X x (H7; x Hy) and let S; = X x Hy and S, = X x Hy.
Then S7 (respectively S;) has finite index in a subnormal subgroup Kj
(respectively K;) of G. It follows that X = S1 N S, has finite index in
the subnormal subgroup K; N K. The last part of the statement fol-
lows easily using Lemma 2.1.5. 0

Corollary 2.1.8 Let G be a periodic X-group in the class S(n, m). Then G
is finite-by-nilpotent. Indeed, h’u(m+n2) (G)| < (n2)L.

Proof — By Theorem 2.1.4, G is soluble-by-finite, while by [4, Theo-
rem 6.3] G has a proper abelian subgroup of infinite rank. Let H be a
finitely generated subgroup of G, so H is finite and, by Lemma 2.1.7,
is also (n?, m)-subnormal in G. Theorem 2.2 now implies that G is
finite-by-nilpotent. 0






2.2 Proof of the Main Theorem

This section starts showing that the Baer radical of an X-group in the
class S(n, m) is nilpotent.

Lemma 2.2.1  Let G be a locally nilpotent S(n, m)-group. Then there is a
function f such that G is nilpotent of class at most f(m +n).

Proor — Let Y be a subgroup of G of infinite rank, so there is a
subgroup X such that [X : Y| < n and X is subnormal of defect at
most m in G. Let N = Yx, the core of Y in X. Then X/N is a finite
nilpotent group, so Y/N is a subnormal subgroup of X/N of defect
at most 1, since [X : Y| < n. Hence Y is a subnormal subgroup of G
of defect at most m 4 n. By the theorem of Evans and Kim [23] G is
nilpotent of which is a function of m 4 n. 0

Lemma 2.2.2 Let G be an X-group in the class S(n, m). Then the Baer
radical of G is nilpotent.

Proor — The group G is soluble-by-finite, by Theorem 2.1.4, so G
has an abelian subgroup of infinite rank, by [4, Theorem 6.3] and
hence an abelian subnormal subgroup of infinite rank. Since the Baer
radical B of G is a locally nilpotent it follows that B is nilpotent by
Lemma 2.2.1. O

Lemma 2.2.3 Let G be a group and F a finitely generated subgroup. Sup-
pose that A and B are subgroups of G such that A < Z(B), A has finite
rank, B/A has infinite rank and [B, F] < A. Then Cg(F) has infinite rank.

Proor — Let F be generated by elements g1, ..., gn and consider the

maps
$i:beB— [b,gi] € A.

By hypothesis ¢; is a homomorphism whose kernel is Cg(gi). Then
B/Cg(gi) has finite rank and therefore

B/Cg(F) =B/ () Cslgi)
i=1

has finite rank. It follows that Cg(F) has infinite rank. O

A simple induction now proves the following corollary.
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Corollary 2.2.4 Let G be a group, let F a finitely generated subgroup
and N an F-invariant subgroup of G of infinite rank. Let A and B be two
central terms of a finite central F-invariant series of N such that A has finite
rank while B has infinite rank. If [B, F] < A, then Cn(F) has infinite rank.

The proof of the following proposition is based on that of
[41, Lemma 1.16].

Proposition 2.2.5 Let G be a S(n, m)-group, let g be an element of G
and let A be a torsion-free abelian (g)-invariant subgroup of G of infinite
rank. If gA has infinite order, then (g9) is (n2, m)-subnormal in G, for
some prime ¢ or q = 1.

ProoF — Let E = A ®7 Q. We regard E as a right Q(g)-module. It is
well-known that A ~ A ®yz Z. Let 1 # ¢ € A. Set

C = (0)!9) = cZ{g)

and

D = cQ(g).

Suppose first that Annz ) (c) = (0). Then C ~ Z(g) has infinite rank.
Let q be a prime and write

Z(g) =Z(g") DZ(gV)g®...®Z(g%)g9 .
It follows that
C=Aqx(Aq)9x...x (Aq)9""

where Aq = (c){9"). The subgroups Aq and AJ are (g9)-invariant
subgroups of infinite rank. Since

(g7) = (gNAqgN(g)(Aq)?

it follows that (g9) is (n?, m)-subnormal in G, using Lemma 2.1.5.

Hence we may suppose that Anng 4 (c) #(0), so Anng gy (c) # (0),
for all 1 # ¢ € A. Since D ~ Q(g)/Anng4)(c) then dimgD is finite,
so C has finite rank and is a finitely generated Z(g)-module. Hence
[56, Corollary 1 of Lemma 9.53] may be applied to deduce that C
contains a free abelian subgroup L such that C/L is periodic and
n(C/L) is finite. Hence C is minimax and if aj,...,an € A, then
(ar, ..., an)<9> is minimax.
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Let A1 = (aq )<9> for some element a; € A. Then A/A; has infinite

torsion-free rank so we may choose two infinite cyclic subgroups
(azA7) and (a3zAq) such that

(a2A1, azAq) = (a2A7) x (azAq).

Let Ay = (A, ay, a3><9>, so 1o(A2/A7) > 2. In this way we can con-
struct an ascending chain of (g)-invariant subgroups

(h=Ap<A;<...
such that A, is a finitely generated Z(g)-module and
To(Ans1/An) Z2n+1.

A result of P. Hall [56, Lemma 5.35] implies that the factors A, 1/An
satisfy Max-(g) and so have finite torsion subgroups.

Clearly, A contains a free abelian subgroup C; such that A{/C;
is Cernikov. We let 7 be the (finite) set of prime divisors of (n?)! and
let o be the complement of 7t(A1/Cy) U7t in the set of all primes. Let
p1 € 0. Then A;/CY}" is the direct product of its p-component P /C}’
and its p’-component Q/CY". It follows that A; /Al is a non-trivial
Cernikov group of finite exponent and hence is finite. Set By = AT

Since A,/A1 has finite torsion subgroup, it follows that
A2/B1 =S§/B1 & U/By,

where S/B is the (finite) pj-component of A, /B, containing A7/B;.
Let s =|S/B1l, so (A2/B1)?* is contained in U/B7. Arguing as before,
but in (A,/B1)*, we can find a prime p, # p1 with p, € o such that
A, /B; is finite of rank greater than 2, where we set B, = (A,)P2B;.
Moreover B, N A7 = By. Continuing in this way, we can construct an
ascending series

of (g)-invariant subgroups satisfying the conditions:
(1)
(it)

)

Bn < An and A, /By is finite of rank at least n;
Bn+1 NAn =Bn,

(iil) |Im(An/Bn)l = n.
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LetE =Upn>1An and B =Un>1Bn. Then E/B = Uy > 1ARB/B and

Consequently, E/B is a periodic group of infinite rank such that
nt(E/B) is infinite, so it is a direct sum of infinitely many (g)-invariant
subgroups. Set H = E(g). Using Lemma 2.1.6 and Lemma 2.1.5, if
L/B is a finitely generated subgroup of H/B of finite rank, we deduce
that L/B is (n%, m)-subnormal in H/B. By Theorem 2.2, H/B has a fi-
nite normal subgroup F/B of order at most (n?)! such that H/F is
nilpotent of class bounded by a function of m and n only. Since
A1B/B ~ A;7/Bj, an elementary abelian pi-group, has order rela-
tively prime to that of F/B, it follows that A;B/B - (gB) is nilpotent,
so [A1,t g < BNA; =By = A} for some integer t depending only
on m and n. We note that p; was an arbitrary prime in o so, setting

L= () (A9,

qec

we have [A1,t g] < Lj. Then, from A? NC; = CY, we have

LinCy = ﬂ C? =(1).
qgeo

Since A1/Cj is periodic, it follows that Ly = (1) and, as

it follows that (A4, g) is nilpotent. In particular, C¢(g) # (1), so the
centre of H is non-trivial.

It is easy to prove that H/Cg(g) is torsion-free. If Cg (g) has infinite
rank, then H/Cg(g) is nilpotent by Theorem 2.2, whence so is H. If
Ce(g) has finite rank, then H/Cg(g) satisfies the hypotheses of the
proposition so, as above, either H/Cg(g) is nilpotent or the centre
of H/Cg(g) is not trivial. Continuing in this way, we can prove that
H is hypercentral and hence locally nilpotent. By Lemma 2.2.1, H is
nilpotent in any case.

Using Corollary 2.2.4 we find that Cg(g) has infinite rank in any

case. Finally, using Lemmas 2.1.6 and 2.1.5 it follows that (g) is

(n?, m)-subnormal in G. O
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Lemma 2.2.6 Let G be a torsion-free S(n, m)-group. Suppose that G has
a nilpotent subgroup N such that G/N is infinite cyclic. If G = N(g), then
CnN (g®) has infinite rank for some natural number s.

Proor — Choose a non-negative integer 1 such that Z;(N) has finite
rank while Z;1(N) has infinite rank. Using Proposition 2.2.5, there
is a natural number s such that (g5Z(N)) is (n?, m)-subnormal in the
group Z141(N)/Zy(N) - (g*Z(N)). Since a torsion-free almost cyclic
group is abelian it follows that Z;1(N)/Z;(N) - (g*Z;(N)) is locally

nilpotent and so even nilpotent by Lemma 2.2.1. Hence

Z111(N)/Zy(N)

has a subgroup A/Z(N) of infinite rank such that [A, g°] < Z;(N), by
Corollary 2.2.4. A further application of Corollary 2.2.4 now shows
that Cn(g®) has infinite rank. O

Lemma 2.2.7 Let G be an X-group in the class S(n, m) and suppose that
the torsion subgroup T of the Baer radical B of G has finite rank. Then G is
finite-by-nilpotent. Indeed, [y, (1 1n2)(G)| < (n?)!.

Proor — First recall from Lemma 2.2.2 that the Baer radical B of an
S(n, m)-group is nilpotent. We prove that G/B is periodic, and so
locally finite, by Theorem 2.1.4. Suppose, for a contradiction, (g) is
an arbitrary infinite cyclic group such that BN (g) = (1).

By Lemma 2.2.6 B/T contains an abelian subgroup A/T of infinite
rank such that [A, gl] < T for some natural number 1.

We apply Corollary 2.2.4 to A{(g'). Then Ca(g') has infinite rank.
Therefore it contains an abelian subgroup of infinite rank and using
Lemma 2.1.6 and Lemma 2.1.5 we see that (g!) is (n?, m)-subnormal
in G, so there is a natural number t such that (g') is subnormal in G.

In this way we have proved that G/B is periodic.

Now let F be an arbitrary finitely generated subgroup of finite rank.
Let c be the nilpotency class of B and consider the series

1<Z1(B)NT<...<Z(B)NT=T=Cy<Cy<...<Cc =B,

where C;/T is the centre of B/T and so on. There is an index i such
that C; has finite rank while C;,; has infinite rank. Since FB/B is
finite each subgroup of Ci;1/C; has only finitely many conjugates
in FCi4+1/Cy and [15, Lemma 6] implies that FC;1/C; contains an
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infinite direct sum of F-invariant subgroups of finite but unbounded
ranks. Since F is polycyclic-by-finite, Lemmas 2.1.6 and 2.1.5 may be
applied to deduce that FC; /C; is (n2, m)-subnormal in G. This clearly
holds for all finitely generated subgroups of finite rank of FC;1/C;j,
so FCi11/C; is finite-by-nilpotent, using Theorem 2.2. Hence there is
an FC;/Cj-central finite series in the torsion-free subgroup Ci;1/Cj.
Using Corollary 2.2.4 we find that there is an abelian subgroup A;/C;
of infinite rank which is FC; /C;-central and so [A1, F] < C;. A further
application of Corollary 2.2.4 shows that F is (n?, m)-subnormal in G
and since F is an arbitrary finitely generated subgroup of finite rank,
it follows that G is finite-by-nilpotent, again by Theorem 2.2. 0

If all primary components of the torsion subgroup T have finite
rank, then we can obtain bounds similar to those given in Lem-
ma 2.2.7.

Lemma 2.2.8 Let G be an X-group in the class S(n, m) and suppose that
the torsion subgroup T of the Baer radical B of G has infinite rank. If G is
not finite-by-nilpotent, then T contains a primary component of infinite
rank.

ProorF — By Lemma 2.2.2, B is nilpotent and, by Theorem 2.1.4, G is
soluble-by-finite. We suppose that the result is false and for each
prime p let T, be the p-component of T. Let F be a finitely generated
subgroup of G of finite rank and let L be a soluble subgroup of F of
finite index. Then L is a finitely generated soluble subgroup of G of
finite rank, so it is minimax. Hence F is also minimax. Thus TNFis a
periodic soluble minimax group, so is a Cernikov group.

Let 7t be the set of primes not dividing the orders of the elements
of TNF and let K be the direct product of the T, with p € . Then
KNF={1}. It follows that K is a direct product of two subgroups,
each of infinite rank, so Lemma 2.1.5 implies that F is (n2, m)-sub-
normal in G. Theorem 2.2 now shows that G is finite-by-nilpotent.
This proves the result. 0

For the next result we need some information about modules over
Principal Ideal Domains and we here give a brief discussion of the
ideas we need (see [38], for example, for a more account).

Let R be a Principal Ideal Domain, which is not a field, and let A
be an R-module. For each maximal ideal P of R, let

Ap={ac A :aP™ =0, for some n € N}
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and for each natural number n, let
Apn]:={a€ A : aP™ =0}

Then Apn] < Apn+1], for alln € N and Ap = [J,,enArml. If
{Pi}ie1 is the set of distinct maximal ideals of R, then it is well-known
that Ap, N (Z#i Apj) = 0. If C is a simple R-module, in which the
action of R is not trivial, then C ~ R/P;, for some i € I and the
R-injective envelope of C is denoted by Cp. e, the Priifer Pi-module.
As with abelian group theory

Cp,= ~ lim {R/PI" | n € N}

and every proper R-submodule of Cp ~ is isomorphic with the cyclic
module R/PT, for some n € IN.

If P; = yR, then Cp, = has a subset of elements, {a, | n € N}, such
that a;y = 0,an 11y = an, for eachn € N and Cp,o ~ [J,cn anR.
As in abelian group theory, if Ap[l] = C; @ --- & Cy, where Cj is a
simple R-module for 1 <i<n, then Ap, =E1 ©---®Ey, where Ej is
a Priifer Pi-module, or Ej ~ R/ P?lj, for some my e N, 1 <j <n.

Let IF, denote the field with p elements. It is well-known that the
group ring F,(g) is a Principal Ideal Domain with infinitely many
maximal ideals, when (g) is an infinite cyclic group.

Proposition 2.2.9 Let G be an X-group in the class S(n, m)-group and
let A be a normal elementary abelian p-subgroup of G of infinite rank. Then
G is finite-by-nilpotent.

PrOOF — Let B be the Baer radical of G. Note that B is nilpotent using
Lemma 2.2.2. We prove that G/B is locally finite. Let g € G be such
that (gB) is infinite and consider the group H = A x (g). If the centre
of H has infinite rank, then using Lemma 2.1.5, we deduce that (g) is
(n?, m)-subnormal in G. Then there is a natural number k such that
(g®) is subnormal in G and hence g* € B. Therefore we may suppose
that the centre of H has finite rank. In this case, if gl is central in H,
for some 1 # 0, then we may use Lemmas 2.1.6 and 2.1.5 to show that
(g") is (n?, m)-subnormal in G. It follows that g € B, for some k # 0.
Hence we may assume the centre of H is finite.

Consider A as a [F(g)-module. If Ap # 0 for infinitely many max-
imal ideals P of [F,(g), then Lemmas 2.1.6 and 2.1.5 imply that (g) is
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(n?, m)-subnormal in G. Then, as earlier, (gB) is finite, a contradic-

tion.

Hence we may assume that there are only finitely many non-trivial
subgroups of type Ap. Suppose that all elements of A have finitely
many conjugates in H. Then there is a prime ideal Q such that Ag has
infinite rank. If Ag[n] has infinite rank, then each of its subgroups
has finitely many conjugates in H and [15, Lemma 6] shows that
A contains an infinite direct sum of (g)-invariant subgroups X; of
increasing ranks. By Lemma 2.1.5 (g) is (n2, m)-subnormal and, as

earlier, (gB) is finite, again a contradiction.

Suppose none of the subgroups Ag[n] has infinite rank. By our
comments above Ag[l] = C; @...® Cy, where C; is a simple
F, (g)-submodule and Ag = Eq1 @...® En where either E; is a Priifer
module or is cyclic. Since A is infinite, then at least one of the Ey, Eq,
say, is a Priifer module. Hence there are elements aj,a;,a3,... of A
and an element y € F(g) such that ajy = 0 and a,, 1y = an. Then
C = (aiFp(g) | i € IN) is IF,, (g)-divisible. The (g)-invariant subgroup
A1 ={ay, a2><9> is finite so [(g) : C<g>(A1 )| is also finite.

Let (x) =C(g (A1) and note that C is an Fp(x)-module that is
F}, (x)-divisible. Since aj, a; € Ca(x) we have

CQﬂ]Fp<X>[1] =D1®Dy®...4Dy

where k > 2. Then Cqnp, (x) is a direct sum of at least two Priifer
submodules, say Ej o and Ej 1, both of which have infinite rank, be-
ing infinite elementary abelian subgroups. Using Lemma 2.1.5, (x) is
(n?, m)-subnormal in G and again (gB) is finite.

Suppose now that there exists a € A such that M = (a){9) has
infinite rank, and set L = (a){9)(g). We consider M as an F, (g)-mod-
ule. Then M ~ F(g)/I where I = Anng_(gy(a). If I # (0), then
F,(g)/1 is finite, so a has only finitely many conjugates in L, which
is a contradiction. Therefore we may assume that I = (0) and in this
case M ~ [F,(g). Let q be a prime. Then

Fp(g) =Fp(g9) ©Fp(g9)g@...@F,(gh)g9 .
It follows that

M =Mgq x (Mq)9 x...x (Mgq)9"



Proof of the Main Theorem 41

where Mg = (a){9%). The subgroups Mg and Mg are (g9)-invariant
and infinite, so (g9)Mq and (g9)(Mq)9 are subgroups of infinite
rank. Since their intersection is (g9), we have that (g9) is (n?, m)-sub-
normal in G, using Lemma 2.1.5 and once again (gB) is finite.

Consequently G/B is periodic, so is locally finite since G is soluble-
by-finite, by Theorem 2.1.4. Furthermore, B is nilpotent and A has
infinite rank. There exists i such that (Z;,1(B)NA)/(Zi(B) N A) has
infinite rank while Z;(B) N A has finite rank (and so it is also finite).
It is now easily proved, using [15, Lemma 6] and Theorem 2.2 that
G/(Zi(B) N A) is finite-by-nilpotent, since each subgroup of

(Zi41(B)NA)/(Zi(B)NA)

has finitely many conjugates in any finite extension of it. Conse-
quently G is finite-by-nilpotent. 0

Lemma 2.2.10 Let G be an X-group in the class S(n, m) and let T be a
nilpotent p-subgroup of G of infinite rank. Then G is finite-by-nilpotent.

ProOF — There are G-invariant subgroups A < B of T such that B/A
is an elementary abelian p-group and A has finite rank. Then A is
Cernikov and its divisible part D is central in A of finite index p”,
say. Hence A’ is finite, as is C/A’ = (A/A’)[p"]. It suffices to show
that G/C is finite-by-nilpotent, so we may assume that C is trivial.
In this case A is divisible of finite rank, so it is contained in the cen-
tre of B. If b € B, then [b,B] ~ B/Cg(b). Since A < Z(B), B/Cg(b) is
elementary abelian and [b, B] < A, so [B/Cg(b)| < pl, where 1 is the
rank of A. Hence B is a BFC-group, so B’ is finite. Factoring, we may
assume B is abelian and note that then B[p] is infinite. The fact that G
is finite-by-nilpotent follows using Proposition 2.2.9. 0

As corollary of these results follows the main result of this chapter.

Corollary 2.2.11  Let G be an X in the class S(n, m). Then G is finite-by-
nilpotent.

Finally, note that in Corollary 2.1.8 and Lemma 2.2.7 we can spec-
ify bounds for the order of the finite subgroups obtained and the
nilpotency class of the corresponding factor group. We can also spec-
ify bounds when T does not contain a primary component of infinite
rank. However the proof of Proposition 2.2.9 makes such a bound
appear unlikely in general.






Chapter 3

Groups whose subnormal subgroups have finite
normal oscillation

Let G be a group, and let X be a subgroup of G. The normal oscillation
of X in G is the cardinal number

min{|X: Xgl,1X% : X|\.

Clearly, X is normal in G if and only if it has normal oscillation T,
and in particular, a group has the T-property if and only if all its
subnormal subgroups have normal oscillation 1. Moreover, X has fi-
nite normal oscillation in G if and only if either X has finite index
in its normal closure X€ or it is finite over its core Xg; in particular,
finite subgroups and subgroups of finite index have finite normal
oscillation. It has recently been proved that any locally finite group
whose subgroups have finite normal oscillation contains a nilpotent
subgroup of finite index (see [28]).

The aim of this chapter is to study the class T(*) consisting of all
groups in which every subnormal subgroup has finite normal oscilla-
tion. Of course, T(x) contains both group classes T*and T, (see [7, 26]).
In the following section, the behavior of certain groups of automor-
phisms which play a central role in the study of the class T(x) will be
studied.

Note that in this chapter we will denote the finite residual of a
group G with p%(G).






3.1 Automorphisms

Recall that an automorphism of a group G is called a power automor-
phism if it maps every subgroup of G onto itself. The set of all power
automorphisms PAut(G) of a group G is an abelian normal subgroup
of the full automorphism group Aut(G) of G, which is naturally in-
volved in the study of soluble groups with the T-property; in fact,
if G is a T-group and A is any abelian normal subgroup of G, then
G induces by conjugation on A a group of power automorphisms.
We refer to [12] for a detailed description of the behavior of power
automorphisms.

Let G be a group, and let I' be a group of automorphisms of G.
If X is any subgroup of G, the TM-oscillation of X is defined as the
cardinal number

min{X : Xp|, X" : X},

where
Xp=(1XY and X' =(XY|yel).
yer

Of course, I" is contained in the group PAut(G) if and only if all
subgroups of G have IN-oscillation 1. Moreover, if Inn(G) denotes the
group of all inner automorphisms of G, the normal oscillation of X in
G coincides with the Inn(G)-oscillation of X. In particular, a group G
has the T(x)-property if and only if all its subnormal subgroups have
finite Inn(G)-oscillation.

In this section, there are some lemmas on groups of automorphisms
which determine finite oscillation for all subgroups of the group;
they will be relevant for the proofs of our main results on gener-
alized soluble T(x)-groups.

This first elementary lemma shows in particular that if a subgroup
P of type p™ of a group G has finite oscillation with respect to a
subgroup I" of Aut(G), then P is fixed by T".

Lemma 3.1.1x Let G be a group, and let T be a group of automorphisms
of G. If X is a subgroup of G which has finite I'-oscillation, then the finite
residual of X is T-invariant. In particular, if X has no proper subgroups
of finite index, then it is T-invariant.

Proor — Obviously, the finite residual of a group coincides with the
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finite residual of any of its subgroups of finite index. Therefore either

p3(X)=p5(X")  or  p%(X) =p%(Xr),
and hence the finite residual of X is I'-invariant. O

The main results of this section deal with the case of automor-
phism groups of abelian p-groups (where p is a prime number).

Lemma 3.1.2 Let A be an abelian p-group (where p is a prime num-
ber) and let B be a residually finite subgroup of A. If T is a locally fi-
nite group of automorphisms of A such that every subgroup of finite index
of B contains a T-invariant subgroup on which T does not act as a group
of power automorphisms, then there exists a subgroup of A which has infi-
nite T-oscillation.

Proor — By hypothesis, I' is not a group of power automorphisms
of A, and so there exists an element a; of A and an automorphism
v1 € T such that (a1)Y" # (ay). Put It = (y1) and consider the finite
subgroup E1 = (a7)"1 of A. Since B is residually finite, it has a sub-
group of finite index By such that E; N By = {1} and I" does not act
as a group of power automorphisms on the largest I'-invariant sub-
group Cp of By. Thus there exist elements a; of Cy and v, of I such
that (ay)Y2 # (ay). Of course, I = (y1,v2) is a finite subgroup of T,
and E; = (a7, az)'2 is a finite subgroup of A of order at least p*+3,
where p¥ is the order of a;. Let B, be a subgroup of finite index of
B1 such that E; N B, ={1}; clearly, I' does not act as a group of power
automorphisms on the largest I'-invariant subgroup C; of B;. The it-
eration of this argument allows to construct two increasing sequences
(En)nen and (M)nen of finite subgroups of A and T, respectively,
and a decreasing sequence (B, )neN of subgroups of finite index of B,
satisfying the following conditions:

e M= (Y1,---,¥n)

e En=(aj,...,an)™ and [Ey| > p+2n—T
e (an)’™ # (an)

e En,NBr={1}and a1 € (Bn)r =Cn.

Put
E = DrneN<an>,
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and suppose first that the I'-invariant subgroup Er has finite in-
dex in E, so that there exist positive integers r and s with v < s
and Era, = Eras. Thus arag ' belongs to the I'-invariant subgroup
ErNnC,_1, so that also (aras_1 )Y lies in

ErnCi 1 <ENCq = Drn2r<an>/

and hence
—T\yYr _ AK€ £t
(arag )" =avaga; - a;),
where ij,...,1; are integers larger than r and different from s, and
the exponents A, i, €1, ..., &¢ are suitable integers. Therefore,

£t

Yrq— A — qYrqHaEl
al"a, _cztsfcztsai]‘--a1t

belongs to E; N B, = {1}, which is impossible as (a;)Y" # (a,). It
follows that Er has infinite index in E. Assume now that the index
|ET : E| is finite, p™ say. Clearly,

ENEmyr =(a1) x - x(am) X (@m+1),

and so
r
[Emg1:{(ar, ..., am, amy1) <[E :E[=p™,

which is impossible because E,, 1 has order at least pkt2m+1,

This contradiction shows that also the index |[E" : E| is infinite, and
hence the subgroup E has infinite -oscillation. 0

Lemma 3.1.3 Let A be a reduced abelian p-group, and let T be a group of
automorphisms of A such that all subgroups of A have finite ™-oscillation.
If B is an infinite subgroup of A which has no non-trivial T-invariant sub-
groups, then there exists a finite T-invariant subgroup C of B' such that
I induces a group of power automorphisms on B' /C. In particular, each
element of B" has finitely many images under the action of T and BT = BC.

ProoOF — Since B has finite M-oscillation and By = {1}, the index
IBT : B| must be finite. Assume for a contradiction that B contains
an element b admitting infinitely many images under the action of T,
so that the subgroup (b)' is infinite. Then U = (b)" N B is an infinite
group of finite exponent, and so there exist subgroups V and W such
that U = VW, VNW = (b) and both indices [U : V| and |U : W| are
infinite. Obviously, Vi = Wr = {1} and hence V and W have finite
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index in (b)" = VI' = WT It follows that (b)" = VI N W' is a finite
l-invariant subgroup of A, and this contradiction shows that each
element of B has only finitely many images under the action of T.
Clearly, the same property also holds for all elements of B'.

Let X be any infinite subgroup of B". Then also X N B is infinite,
and so it has finite index in (X N B)". Moreover, there is a finite
subgroup Y of B" such that X = (XN B,Y), and Y' is finite by Dietz-
mann’s Lemma, so that also the index |X" : X| is finite. Application
of Lemma 2.9 of [7] yields now that B" contains a finite I'-invariant
subgroup C such that I' induces a group of power automorphisms
on B /C. O

The following result will be used in the study of T(x)-groups, in
order to produce elements admitting only finitely many conjugates.

Lemma 3.1.4 Let A be an abelian p-group (where p is a prime number)
and let T be a locally finite group of automorphisms of A such that all sub-
groups of A have finite T'-oscillation. Then A contains a non-trivial element
which has only finitely many images under the action of T.

ProOOF — Assume for a contradiction that the statement is false. Then
the group A cannot satisfy the minimal condition on subgroups, and
so its socle S is an infinite I'-invariant subgroup. Clearly, A can be re-
placed by S, and hence it can be assumed without loss of generality
that A has exponent p. Since A has no finite non-trivial I'-invariant
subgroups, it follows from Lemma 3.1.3 that every infinite subgroup
of A contains a non-trivial I'-invariant subgroup. On the other hand,
all subgroups of A have finite I'-oscillation, and so an application
of Lemma 3.1.2 yields that A contains a non-trivial '-invariant sub-
group W on which I' induces a group of power automorphisms.
Clearly, each element of W has only finitely many images under the
action of ', and this contradiction proves the statement. 0

The next step is the study of automorphism groups of torsion-free
locally nilpotent groups. Note that the next lemma is non-trivial only
in the case of elements of infinite order.

Lemma 3.1.5 Let G be a group, and let T be a group of automorphisms
of G. If x is an element of G such that the cyclic subgroup (x) has finite
I-oscillation, then the index |(x) : (x)r| is finite.

PrOOF — It can obviously be assumed that the subgroup (x) has
finite index in (x)". Then there is a positive integer m such that
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((x)7)™ is contained in (x), and hence also in (x)r-.
As (x)' is cyclic-by-finite, the factor group (x)"/({x)")™ is finite, and
so also the index [(x) : (x)r] is finite. 0

Lemma 3.1.6 Let G be a torsion-free locally nilpotent group. If x is an
element of G and vy is an automorphism such that (x™)Y = (x™) for some
positive integer n, then (x)Y = (x).

ProofF — As (x™) is infinite cyclic, we have (x™)Y = x°™, where
e = £1 and so x™ belongs to the center of the group (x,xY). Then
(x,xY)/Z({x,xY)) is finite, so that the commutator subgroup (x,xY)’
is finite by the celebrated Schur’s theorem (see for instance [56]
Part 1, Theorem 4.12) and hence (x,xY) is abelian.
Therefore,

(XTI = xR MY = T,

and so x¥ = x€. The lemma is proved. 0

Lemma 3.1.7 Let G be a torsion-free locally nilpotent group, and let T be
a group of automorphisms of G such that every subgroup of G has finite
I-oscillation. Then T is a group of power automorphisms of G.

PrROOF — Let v be any element of I'. If x is an arbitrary element of
G, the index [(x) : (x)r| is finite by Lemma 3.1.5, and so in particular
(x)Y = (x)™ for some positive integer n. It follows from Lemma 3.1.6
that (x)Y = (x), and hence v is a power automorphisms of G. 0

In the next section we will analyze the structure of T(x)-groups.
Among other results, we shall prove that any periodic soluble
T(x)-group contains a metanilpotent subgroup of finite index, and
that all finitely generated soluble groups with the T(x)-property are
abelian-by-finite; moreover, it will be shown that torsion-free soluble
T(x)-groups are abelian.






3.2 T(x)-groups

Let G be a group, and let X be a subgroup of G which has finite nor-
mal oscillation. Then it is clear that X has finite normal oscillation in
every subgroup Y of G such that X <Y, and that XN/N has finite nor-
mal oscillation in G/N for each normal subgroup N of G. It follows
that the class T(x) is closed with respect to subnormal subgroups and
homomorphic images.

As a direct consequence of Lemma 3.1.1, we have the following infor-
mation concerning Priifer subgroups of T(x)-groups.

Lemma 3.2.1  Let G be a T(x)-group. Then the finite residual of any sub-
normal subgroup of G is normal. In particular, all subnormal subgroups of
type p*> of G are normal.

Lemma 3.2.2 Let G be a T(x)-group, and let
K= Drie1Ky
be a periodic normal subgroup of G, where 7(K;) N7t(K;) = 0 if i # j. Then

there are only finitely many indices i € I such that K; contains a subnormal
subgroup which is not normal in G.

Proor — Let [y be the set of all indices i such that K; contains a
subnormal subgroup which is not normal in G, and for each i € I,
let X; be a subnormal subgroup of defect 2 of K;. Put

X = (Xi|1i€lp) =Drier,Xi,
so that
Xg =Dric1,(Xi)g  and  X© =Drig X{.
As X is subnormal in G, and
(Xi)g < Xi < (X1)€

for all i in I, it follows that the set I is finite, because X has finite
normal oscillation. O

Of course, all subgroups of a Baer T-group are normal, and it
is also known that any Baer group in the class T* U T, is nilpo-
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tent (see [7, 26]). The next statement shows that this result can be
generalized to the case of T(x)-groups.

Lemma 3.2.3 Let G be a Baer group with the T(x)-property. Then G is
nilpotent.

PrOOF — Assume for a contradiction that the group G is not nilpo-
tent. If x is any element of infinite order of G, the cyclic normal
subgroup (x)g is infinite by Lemma 3.1.5 and so it is contained in
the center Z(G), because G is locally nilpotent. Thus the factor group
G/Z(G) is a periodic counterexample to the statement, and hence
without loss of generality it can be assumed that G is periodic. In
particular, G is the direct product of its Sylow subgroups, and it fol-
lows from Lemma 3.2.2 that all but finitely many of such factors have
the T-property, and so are Dedekind groups. Therefore, there exists a
prime number p such that the Sylow p-subgroup of G is not nilpotent,
and hence we may suppose that G is a p-group.

As the Baer group G is not nilpotent, it cannot be a Cernikov group,
and so it does not satisfy the minimal condition on abelian subnor-
mal subgroups (see [55], Theorem E). Thus G contains an infinite
abelian subnormal subgroup U of exponent p, and the subgroup U
can be chosen even normal in G, because it has finite normal oscil-
lation. Application of Lemma 3.1.4 with I' = G/Cg(U) yields that U
contains a non-trivial element u which has only finitely many con-
jugates in G. Then the normal subgroup (u)€ is finite, and hence
Z(G) # {1}. Since the hypotheses are inherited by homomorphic im-
ages, it follows that each non-trivial homomorphic image of G has a
non-trivial center, and so G is hypercentral.

Now, let A be a maximal abelian normal subgroup of G, so that
Cg(A) = A, and let B be a basic subgroup of A. As the subnor-
mal subgroup B of G has finite normal oscillation, there exists a
residually finite G-invariant subgroup By of A such that A/Bj is
finite-by-divisible, and so also divisible-by-finite. On the other hand,
every divisible normal subgroup of a periodic Baer group lies in the
center (see for instance [56] Part 1, Lemma 3.13), and hence the sub-

group
Z/By=A/BoNZ(G/By)

has finite index in A/By.

It follows from Lemma 3.1.2 that By contains a subgroup V such
that the index By : V| is finite and G induces a group of power au-
tomorphisms on the core Vg of V. Moreover, by Lemma 3.1.3 the
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normal closure V€ contains a G-invariant subgroup N such that
NVg/Vg is finite and G induces a group of power automorphisms
on V& /NV(. The intersection

C=Cg(VG)NCa(NVG/Ve)NCa(VE/NVG)INCG(Bo/VE)NCG(A/Z)

is a normal subgroup of finite index of G, and C/A is nilpotent, be-
cause it is isomorphic to a group of automorphisms of A stabilizing
a finite series. On the other hand, A is contained in Zg(C), so that
C is nilpotent and G is nilpotent-by-finite, which is impossible. This
contradiction proves that all Baer T(x)-groups are nilpotent. 0

Recall that a group G is subsoluble if it has an ascending series with
abelian factors consisting of subnormal subgroups. Although for a
finite group (or even for a group satisfying the maximal condition)
the properties of being soluble or subsoluble are equivalent, it turns
out that there exist infinite subsoluble groups which have no abelian
non-trivial normal subgroups. It is easy to prove that a group G is
subsoluble if and only if the upper Baer series of G (i.e., the ascend-
ing series defined by transfinite induction of the consecutive Baer
radicals) terminates with G. Note also that if G is a subsoluble group
and A is its Baer radical, then Cg(A) < A.

In [7] C. Casolo proved that a soluble T*-group is finite-by-metabe-
lian and in [26] S. Franciosi, F. de Giovanni and M.L. Newell proved
that a subsoluble T.-group is metabelian-by-finite; the aim of the fol-
lowing theorems is to generalized these results obtaining a similar
theorem for a subsoluble T(x)-group.

Theorem 3.2.4 Let G be a periodic subsoluble T(x)-group, and let A be
the Baer radical of G. Then A is nilpotent and G’'A /A is finite, so that G is
nilpotent-by-finite-by-abelian.

Proor — The Baer radical A of G is nilpotent by Lemma 3.2.3, and so
A /A is the Baer radical of G/A’ by Philip Hall’s nilpotency criterion
(see for instance, [56] Part 1, Theorem 2.27). Moreover, it is clearly
enough to show that the statement holds for the factor group G/A’,
and hence without loss of generality it can be assumed that A is
abelian.

It follows from Lemma 3.2.2 that there are finitely many prime
numbers p1,...,pt such that G induces by conjugation a group of
power automorphisms on the g-component A4 of A for each prime
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q #p1,...,Pt, and in particular [A4, G’] = {1} for all such q.

Let B; be a basic subgroup of Ay, fori=1,...,t, so that A}, /B; is
divisible. Since B; has finite normal oscillation in G, it follows that
there exists a residually finite G-invariant subgroup B} of A, such
that A, /B is finite-by-divisible, and so it contains a divisible char-
acteristic subgroup D;/B} such that A, /D; is finite. Notice here
that D;/B} is a direct product of G-invariant subgroups of type p$°
by Lemma 3.1.1, and hence G’ acts trivially on it. Application of
Lemma 3.1.2 yields that BY has a subgroup of finite index X; such that
G acts as a group of power automorphisms on the core Y; = (Xi)g.
Moreover, it follows from Lemma 3.1.3 that XiG contains a finite
G-invariant subgroup Nj such that G induces a group of power auto-
morphisms on XiG /NiYi. In particular, G’ acts trivially on XiG /N Y.
As the groups Ap, /Dy, B¥/XE, and Nj are finite, it follows that G’
contains a normal subgroup of finite index K; stabilizing the series

{13<Y; <NY; <XE <BF<Di <Ay,

and so the group K;/Cx, (Ap,) is nilpotent. Of course, the intersection

is a normal subgroup of finite index of G’. Moreover,

t
ﬂ Ck,(Ap;) =Ck(A) <A

i=1

and so the factor group K/A is nilpotent. But A is contained in a
term with finite ordinal type of the upper central series of K, so that
K itself is nilpotent and hence it is contained in A. Therefore,

G'A/A~G'/G'NA
is finite. O

It is well known that if G is any group with a finite commutator
subgroup, then also the index |G : Z;(G)| is finite (see for instance,
[56] Part 1, Theorem 4.25). Therefore, Theorem 3.2.4 has the following
consequence.
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Corollary 3.2.5 Let G be a periodic subsoluble T(x)-group. Then G is
metanilpotent-by-finite, and so also soluble.

Now, it will be considered the case of non-periodic subsoluble
T(x)-groups. Here, a group is said to be of dihedral type if it is a semidi-
rect product (x) x A, where A is a non-trivial torsion-free abelian
group and x is an element of order 2 such that a* = a~! forall a € A.

Theorem 3.2.6 Let G be a subsoluble T(x)-group, and let T be the largest
periodic normal subgroup of G. Then the factor group G/T is either abelian
or of dihedral type.

Proor — The replacement of G by the factor group G/T allows to
assume that G has no periodic non-trivial normal subgroups, so
that it follows from Lemma 3.2.3 that the Baer radical A of G is a
torsion-free nilpotent group. Then all subgroups of A have finite nor-
mal oscillation in G, and an application of Lemma 3.1.7 yields that
G induces a group of power automorphisms on A. It follows that
G/Cg(A) has order at most 2. As Cg(A) < A, we have in particular
that A is abelian and so Cg(A) = A.

Suppose that G is not abelian, so that |G : A| = 2, and we may
consider an element g € G\ A. Then a9 = a ! forall a € A, and
hence g =1 and G = (g) x A is a group of dihedral type. 0

Corollary 3.2.7 Let G be a subsoluble torsion-free T(x)-group. Then G is
abelian.

From the last corollary, it follows that both a subsoluble torsion-free
T*-group and a subsoluble torsion-free T.-group are abelian, as noted
by S. Franciosi, F. de Giovanni and M.L. Newell in [26] for T,-groups;
furthermore combining Theorems 3.2.4 and 3.2.6, we obtain the fol-
lowing information, where 91 denotes the class of nilpotent groups.

Corollary 3.2.8 Let G be a subsoluble T(x)-group. Then G is soluble and
contains a subgroup of finite index which is in the class N3.

The last result shows that finitely generated soluble T(x)-groups
are almost abelian, as is the case of the soluble finitely generated
T*-groups and the subsoluble finitely generated T.-groups (see re-
spectively, [7] and [26]), and should be seen in relation to the fact
that a finitely generated soluble T-group is either abelian or finite.



56 Subnormal subgroups with finite normal oscillation

Theorem 3.2.9 Let G be a finitely generated soluble T (x)-group. Then G
contains an abelian subgroup of finite index.

Proor — Assume for a contradiction that the statement is false, and
let Q) be an arbitrary chain of normal subgroups of G such that G/N
is not abelian-by-finite for each element N of Q). Put

w= J N

NeO

and suppose that the factor group G/W is abelian-by-finite. Then
G/W is finitely presented, and so W is the normal closure of a finite
subset, which is of course impossible. Therefore, G/W is not abelian-
by-finite, and an application of Zorn’s lemma yields that G contains a
normal subgroup M which is maximal with respect to the condition
that G/M is not abelian-by-finite. As G/M is a counterexample to
the statement, it can be assumed without loss of generality that all
proper homomorphic images of G are abelian-by-finite.

Let T be the largest periodic normal subgroup of G. Then G/T is
abelian-by-finite by Theorem 3.2.6, so that T # {1} and hence the Baer
radical A of T is a non-trivial nilpotent normal subgroup of G. As-
sume that A’ # {1}, so that the factor group G/A’ is abelian-by-finite
and G is nilpotent-by-finite; it follows that G is polycyclic, so that T is
finite and hence G is finite-by-abelian-by-finite and so even abelian-
by-finite. This contradiction shows that A is an infinite abelian group.
As G/A is finitely generated and abelian-by-finite, we have that A is
the normal closure in G of a finite subgroup X. In particular, A has fi-
nite exponent, and so it contains two infinite subgroups H and K such
that HN K = X. Then HE = K& = A, and hence both indices [HE : H|
and |KS : K| are infinite. On the other hand, all subgroups of A have
finite normal oscillation in G, so that Hg has finite index in H and
K¢ has finite index in K. In particular, the normal subgroups Hg and
K¢ of G are not trivial, and hence the factor groups G/Hg and G/Kg
are abelian-by-finite. Moreover, the intersection Hg N Kg is finite, so
that G is finite-by-abelian-by-finite, and hence also abelian-by-finite.
This last contradiction completes the proof. 0



3.3 An open problem

In [27] W. Gaschiitz proved that a subgroup of a finite soluble
T-group is still a T-group. In the infinite case D.J.S. Robinson [53]
showed that each soluble T-group of type 1 (namely, a non-abelian
group such that Cg(G’) is not periodic) has a subgroup which is
not a T-group. However H. Heineken and J.C. Lennox in [34] proved
that a subgroup H of finite index of a T-group G is still a T-group
if it contains some term of the derived series of G. Generalizing this
result, C. Casolo proved that a subgroup of finite index in a T*-group
is again a T*-group (see [6]).

Theorem 3.3.1  Let G be a group T*-group and let H and L be subgroups
of G such that H < L. If H is subnormal in L and L has finite index in G,
then |HE : H| is finite.

Proor — Proceed by induction on the subnormal defect n of H in
L. For n = 0 the assert is obvious, so let n = 1. The subgroup
HNLg is subnormal in G and then |(HNLg)S : HNLg| is finite.
If W= (HNLg)S we have also W < Lg. Now, [HW/W| is finite and
Ng(HW) > L, it follows that |G : Ng(HW)| is finite too. By Dietz-
mann’s Lemma, (HW/W)S/W is finite. In particular, I(HW)S : HW/
is finite. Now, since the index [HW : H| = |W : HN Lg]| is finite,
|(HW)G : H] is finite too and it follows that [HS : H| is finite.

Let now n > 1, and T = HL; then, by the case discussed above,
ITG : T| is finite. The subgroup H is subnormal of defect n —1in T
and by inductive hypothesis and the fact that T® is a T*-group, the
index [HT" : H] is finite. Moreover the subgroup HT® is subnormal
in G and then |(HTG)G : HTG| is finite; it follows that I(HTG)G :H|is
finite and so |HE : H| is finite too. O

Corollary 3.3.2 A subgroup of finite index in a T*-group is again a
T*-group.

In a dual way, S. Franciosi, F. de Giovanni and M.L. Newell in [26]

have easily proved an analogous result for the T.-groups.

Theorem 3.3.3 Let G be a T.-group, and let X be a subgroup of finite
index of G. Then X is a T.-group.
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Proor — Let H be a subnormal subgroup of X. Then HN X is sub-
normal in Xg and so also in G, so that (HNXg)/(HNXg)g is finite.
Since HN X has finite index in H, it follows that H/Hg is finite. In
particular H/Hx is finite, and X is a T.-group. 0

It seems to be reasonable that a similar result should indeed be
obtained for the T(x)-groups, however, we did not manage to prove
it.

Open problem: Let G be a T(x)-group, and let X be a subgroup of
finite index of G. Is X still a T(x)-group?



Chapter 4

Countable character of subnormal-like subgroups

A class of groups X is said to be countably recognizable if, whenever
all countable subgroups of a group G belong to X, then G itself is
an X-group. Countably recognizable classes of groups were intro-
duced by R. Baer [3].

The so-called local classes are of course countably recognizable: a
group class X is local if it contains all groups in which every finite
subset lies in some X-subgroup. It is clear that any variety of groups
is itself a local class, and so the property of being soluble of bounded
length and that of being nilpotent of bounded class are both local.
Although the class 91 of nilpotent groups and the class & of soluble
groups are not local, it is easy to see that they are at least countably
recognizable (see for instance [29, Lemma 2.1]).

A famous theorem of A.I. Mal’cev may be applied to prove that
many relevant group classes are local (see [56, Chapter 8], for a de-
scription of these methods). In particular, starting from suitable se-
ries of the members of a local system of a group G, Mal’cev’s result
allows to construct a new series of G. For instance, it follows that if ‘B
is any variety, then the class of all groups admitting a series whose
factors are in B is local.

On the other hand, Mal’cev theorem does not allow to control the
order type of the new series, and the aim of this chapter is to provide
a general method to construct finite series of a group G based on
suitable finite series of the countable subgroups of G.

Let B1,...,B¢ be finitely many varieties of groups and consider a
subset M of {—1,—2,...,—t}. Put

Q= [J (Mu{on*

keN

and let ¢ € Q. If £ is a non-empty initial segment of IN, a sub-
group H of a group G is said to be (q,X)-subnormal in G if there
exists a (q, X)-chain from H to G, i.e., a finite chain of subgroups

H=Hy <Hj <...<Hn=G0G,
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where q = (q1,...,qn) and for each i € {1,...,n} we have that
Hi :Hi_4le X
if q;=0, while H;_; isnormal in H; and H;/H;_; €54, when q; #0.
Define a partial order < in Q by setting
(q1,.-.,dm) =q<49"=(q},...,q;,) (n,meN)
if and only if m < n and there is a strictly increasing function
e:{1,....m}—{1,...,n}

such that q; = q:pm forie{1,..., m}. This means that, q < q’ if and

only if one can go from q’ to q by removing some components. Note
that every subset of Q has an element which is <-minimal.

Fix now a non-empty initial segment X of IN. We will then speak
of g-subnormality and gq-chains instead of, respectively, (g, X)-subnor-
mality and (q, X)-chains.

The main result of this chapter is the following:
Theorem Let G be a group, H a subgroup of G and q=(q1,...,qx) € Q.
If HN C is g-subnormal in C for every countable subgroup C of G, then H
is p-subnormal in G, for some p < q.

Let X and Q) be group classes. We shall denote by X2) the prod-
uct of X and 2), i.e. the class consisting of all groups G containing
a normal X-subgroup N such that the factor group G/N belongs
to 2. It seems to be unknown under which hypotheses the product
of two countably recognizable classes is likewise countably recogniz-
able. On the other hand, this problem has a positive solution in the
case of varieties, since it is well-known that the product of two vari-
eties is again a variety (see for instance [49]). Moreover, if {Bnnen
and {€y }neN are sequences of group varieties, then [29, Lemma 2.1]
implies that the class of groups

() (Ue)= U (nes)

is countably recognizable. Furthermore, the class of groups with a
finite series (of bounded length) whose factors belong to |J,,cpn Bn
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is also countably recognizable. It follows for instance that the class
of metanilpotent groups, and more generally that of soluble groups
of bounded Fitting length is countably recognizable. Notice also that
the class of poly-B groups is countably recognizable for any group
variety ‘B.

As a consequence of the Theorem, we generalize the above results
proving, for instance, that the class of all groups with a finite series
whose factors are either finite or belongs to a given variety is count-
ably recognizable.

The range of applicability of the Theorem and its method is not lim-
ited to properties of this type. In fact, in the last section of the chapter
we prove that many different properties defined by subnormality-
like conditions can be countably detectable. In particular, it turns
out that all group classes and subgroup properties considered in
[7, 8, 24, 26] have countable character: this is, for instance, the case
of f~subnormality, the property T*, the property T. and the property
T(x).






4.1 Proof of the Theorem

This section deals with the proof of the main result, that is labelled
as Theorem 4.1.1.

Theorem 4.1.1  Let H be a subgroup of a group Gand q = (q1,...,qi) €Q.
If HN C is g-subnormal in C for every countable subgroup C of G, then H
is p-subnormal in G, for some p < q.

Proof — Let C be the set of all countable subgroups of the group G.
For each C € C, there is a qc € Q such that qc < q, HN C is q¢c-sub-
normal in C and qc¢ is <-minimal with respect to these properties.
Set

Cp={CeC:qc =y}

for all p € Q. Suppose that, for each p < g, there is a C, € € which
is not contained in any element of C,. Then, the countable sub-
group (Cp : p < q) is not contained in any element of

Uer=c,

p=<q

which is a contradiction. Therefore, there exists p < g in Q such
that Cy is a countable system of G.

For each C € €y, there is a p-chain from HN C to C with a smallest
number of infinite jumps, say s(C). If C; < C, are elements of Cy,
then s(Cq) < s(C3), and hence, the set

{s(C) : C e €y

has a largest element s = s(C ). Thus, whenever C € Cpand C > C Ly
it follows that s(C') = s(C), which also means that the number of
finite jumps is the same, say f;. Let now for convenience

Cp={C>C':Ceey.

Suppose that fj # 0. For each C€C], there is a p-chain from HN C
to C having fj finite jumps and, under this condition, such that the
sum j(C) of the orders of its finite jumps is the smallest possible.
Again, it can be easily proved that, if C; < C, are elements of el
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then j(Cq) < j(Cz). Suppose that the set
J={(C): Ceey}

does not contains a largest element. Then there is a strictly increasing
sequence of numbers

IC) <j(C) <... <G < ...

and the countable subgroup (C; : i € IN) is contained in a a suitable
element C,, of G;. However, this is a contradiction, since it should
be j(Cx) = j(Ci) for each i€ IN. Therefore, ] has a largest ele-
ment j = j(C?). Notice that we have j(C?) =j(C), whenever C e G;
and C > C2. Clearly,

2 2. 1
e2={C>c?:Ccee)

is still a countable system of G and for every countable subgroup
Cof G%, there exists a p-chain

Sc tHNC=Hpc<Hjc<...<Hpc=C

in which the orders of the finite jumps corresponding to the 0-com-
ponents of p are bounded by

1 = min{j, sup(Z)}.

Given 8¢, we define a binary relation R¢c on C by setting x Rc y if

and only if
ﬂ Hic < ﬂ Hic.
iZXEHilC i:yGHi/C

The relation R¢ can be encoded as a function
fc: CxC—{0,1}
such that fc(x,y) = 1if and only if xRc y.
Applying now Lemma 8.22 of [56], it follows that there is a func-

tion
f:GxG—{0,1}
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having the property that, for every finite subset

{X]/---/Xm}

of G x G, there exists C € G% such that x; € C x C and f(xi{) = fc(xi)
fori=1,..., m. From this function we go back to a binary relation R
setting xRy whenever f(x,y) = 1, for each x,y € G. Our next step in
the proof is to describe some properties of R in order to construct a
suitable chain from H to G.

We claim that R is a total and transitive relation. In fact, if x,y
are elements of G, then thereisa C € G% such that fc(x,y) = f(x,y)
and fc(y, x) = f(y, x). However, the construction of R¢ shows that ei-
ther fc(x,y) =1 or fc(y,x) = 1. Therefore R is total. The transitivity
can be proved in a similar way.

Another relevant property of R is that, given n+2 arbitrary el-
ements X1,...,Xn42 of G, there are two of them which are each
other in relation. In fact, assume for a contradiction that x;Rx;1
and x;i1 Kx;, for each i €{1,...,n—2}. Then there is C € G% such
that fc(xyx, xn) = f(xk, xn) forall h,k € {1,...,n+ 2} and hence

XiRcxipr  and xi41 REX;,

for i e{1,...,n—2}, which cleary is a contradiction. Since we have
already shown that R is total and transitive, it follows that the above
property holds.

Finally, it can be proved that, for x,y, z € G with xRz and yXRz, one
has xy*1 Rz. As before, thereisa C € (f’% such that

1

fC(XU_ IZ’) = f(X‘J_]/Z), fC(X/Z) = f(x‘l Z) = 1/ fC (y/ Z) = f(U/Z) =1.

1 1

Again, the costruction of R¢ shows that f(xy~
which is what was claimed.

z)=fclxy™',z) =1,

We can now proceed to construct the quoted chain from H to G.
Define by recursion a sequence of elements {xi}icn, of G by put-
ting xo = 1, and, by choosing xi41 as an R-minimal element of G
such that x{Rx;,1 and x;,1Rx;, if there exists such an element and
by setting xiy1 = x; otherwise. By the above properties of R, this
sequence stops after at most n steps, and for each i =0, ..., n the set

H; ={x € G| xRx;}
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is a subgroup of G. Notice that H, = G. If hy, h, are arbitrary ele-
ments of H, there is C € G% such that

fc(hy, h2) = f(hy, hy).

On the other hand, by the construction of S¢, it follows that hyRch;,
and so f(hy,hy) = 1, which means that hyRh,. Therefore H is con-
tained in Hp. Suppose by contradiction that there exist g € G\H such
that gR1. Then fc(g,1) =1 for some C € G%. However, by construc-
tion, no element of C\(HN C) is in relation with an element of HN C.
This contradiction proves that Hy = H.

Assume that H < G and let
Sg :H=Hp<...<Hph =G (mgn)

be the above constructed chain (here m < n). Take e; € Hi{\H;i_1
fori=0,..., m, with the convention that H_;={. Suppose by contra-
diction that 8§ does not correspond to any p’-chain with

p =P P <P

Then, for each p’ < p, the jump (H;_1, H;) does not correspond to p/{
for some positive integer i < n. If pi' = 0, we take elements

Yt Yt € Hy

such that
yh/p/y;’;, gHi 1 Vhke{l,... 1+1},

and define
Vo ={Yjp0 Unpbip | VK ET, L L T)),

Suppose instead that p/ < 0 and that H;_; is not normal in H;.
Then there are elements wy,/ 1 and wy > in H; such that

w /,2
wpllz,wp,ﬁ gHi_7 and wy ;€ Hig.
In this case, we put

w /,2
Vp/ = {Wp/,], Wp//l, Wp,; }
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Finally, if p/ < 0 and H;j_j is normal in H;, there is a word 0,/
defining B_,,; and elements
Z1,plre-- ’th/,p’

in H; such that

ep/(zw/, .o .,th,,p/)

does not belong to H; 1. In this case, define V, to be the set
{zj,ep/(zw/, .. "th/,p’) | j = 1,.. .,tp/}.

Let
V=] Vp
p'=<p
and put
Uu=vufies,...,emt

There exists C € C‘f% such that f and fc act in the same way on U.
All elements of U which are in relation one another, are also in rela-
tion one another in relation with a unique ey, for some k =0,..., m.
It follows that all these elements lie in a set of the form KZ\K!,
where (K',K?) is a jump of Sc. If we take the components of p corre-
sponding to these jumps ordered from HN C to C, we obtain a new
element p” € Q such that

(p1,--po)=p" <p.

Therefore, there is i < m such that the jump (H;_7, H;) does not cor-
respond to p;’ and V,» C U. However, all elements of Hi\H;_; are
doubly in relation one another and also with e;, and hence they are
contained in the set L2\L!, where (L',L2) is the jump of S§c corre-
sponding to p{’. On the other hand, the relations between the ele-
ments of U show that this is impossible. The statement is proved. O






4.2 Main consequences

Notice first that if we choose H = {1} in the statement of Theo-
rem 4.1.1, and with a suitable choice of the varieties defining Q, we
obtain that the property of being finite-by-abelian-by-finite is count-
ably recognizable (see also [29], where other proofs of this fact are
discussed).

The following statement is instead a special case of a more general
result proved in [29].

Corollary 4.2.1  Let X be a variety of groups. Then the class X of all
groups containing an X-subgroup of finite index and the class X of all
groups containing a finite normal subgroup with X-factor group are count-
ably recognizable.

In order to extend the range of applicability of the Theorem 4.1.1
we need the following result, in which Q is the set defined in the first
section of this chapter.

Corollary 4.2.2 Let G be a group, and let H be a subgroup of G such that
for each countable subgroup C of G there exists ¢ € Q such that HN C
is q-subnormal in C. Then H is p-subnormal in G for some p € Q.

PrOOF — Suppose by contradiction that the statement is false. Then
it follows from the Theorem 4.1.1 that for each q € Q there is a count-
able subgroup C4 of G such that HN C4 is not g-subnormal in C,.
Let C be the countable subgroup generated by all C4’s with q € Q.
By hypothesis, there is a ¢’ € Q such that HN C is q’-subnormal in C,
which is a contradiction since HN C/ is not q’-subnormal in C/. O

As an immediate consequence of Corollary 4.2.2, we obtain the
following result.

Theorem 4.2.3 Let G be a group, and let H be a subgroup of G such
that HN C is f-subnormal in C, for each countable subgroup C of G. Then H
is f-subnormal in G.

As an application of Corollary 4.2.2 for H = {1} and of [29, Lem-
ma 2.1] we have the following result.

Theorem 4.2.4 Let {B},cN be a sequence of varieties of groups. Then the
class of all groups admitting a finite series whose factors either are finite or
belong to | J,,cn Bn is countably recognizable.
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A g-chain is said to be normal if all its terms are normal in the
group. In these circumstances a normal subgroup H of a group G
will be said g-normal if there is a normal g-chain from H to G. It
is easy to see that, with minor changes in the proofs, in the above
statement normality can be replaced by g-normality, obtaining thus
the following result.

Theorem 4.2.5 Let {BnjneN be a sequence of varieties of groups, then
the class of all groups admitting a finite normal series whose factors either
are finite or belong to | J,, e Bn is countably recognizable.



4.3 Subgroup properties

Let © be a subgroup property. In the following, it will be often writ-
ten HOG or “H is a ©@-subgroup of G” whenever H is a subgroup of
a group G and H has the property © in G. Following [29], we say
that © has countable character if a subgroup Y of an arbitrary group G
is a ©®-subgroup of G whenever O holds in G for all countable sub-
groups of Y.

Suppose now that © is such that H9K follows from H@G, for an
arbitrary group G and two its subgroups H < K. In this case, it can be
easily proved that © has countable character if, given a group G and
a subgroup H, we have H9G whenever HN C @ C for all countable
subgroups C of G. If © satisfies this latter property, we shall say
that © has strong countable character.

It is clear that, if © is actually an absolute property, then the con-
cepts of countable character, strong countable character and count-
able recognizability coincide. However, in general, they may not co-
incide. In fact, let © be the embedding property defined in the follow-
ing way: HeG if and only if |G : H| < Ny. Obviously, © has countable
character, but the consideration of any uncountable group shows that
this character is not strong.

It was recently proved in [30] that the property of being closed
in the profinite topology has strong countable character. The Theo-
rem 4.1.1 gives directly a further contribution to the list of properties
of strong countable character, adding the property of being q-sub-
normal for a given set Q. In particular, choosing B to be the class
of all groups, X = {1} and M ={—1} we get that the property of
being subnormal and that of being subnormal of bounded defect
have both strong countable character (see also [29, Theorem 2.4]). On
the other hand, Theorem 4.2.3 shows the strong countable character
of f-subnormality. The aim of this section is to prove that many other
subgroup properties have strong countable character. We first prove
some corollaries of Theorem 4.1.1.

Corollary 4.3.1 Let G be a group, and let H be a subgroup of G. If
H N C has finite index in a subnormal subgroup of C, for each countable
subgroup C of G, then H has finite index in a subnormal subgroup of G.

Proo¥ — For each countable subgroup C of G, denote by 1(C) the
smallest subnormality defect of a subnormal subgroup L of C such
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that HN C < L and HN C has finite index in L. Clearly, 1(C7) < 1(C3)
whenever Cy and C; are countable subgroups of G such that C; < C,.
Therefore the set of all 1(C)’s ranging on all countable subgroups C
of G has a largest element, 1 = 1(Cx) say. If C is any countable
subgroup of G, also the subgroup (C, Cx) is countable and clear-
ly 1((C, Cx)) = 1(Cx) = L It follows that HN C has finite index in
a subnormal countable subgroup C of subnormal defect at most 1.
An easy application of the Theorem 4.1.1 now gives the result. 0

The following result can be proved similarly. Note that in both
corollaries it is possible to add restrictions on the subnormality de-
fect and on the finite index.

Corollary 4.3.2 Let G be group and let H be a subgroup of G. f HN C is
subnormal in a subgroup of finite index of C, for each countable subgroup
C of G. Then H is subnormal in a subgroup of finite index of G.

We prove now that both the property of having finite index in the
normal closure and that of having a finite number of conjugates have
strong countable character.

Corollary 4.3.3 Let G be a group and H a subgroup of G such that HN C
has finite index (has index at most m, for some fixed positive integer m) in
its normal closure in C, for each countable subgroup C of G. Then H has
finite index (has index at most m) in its normal closure in G.

Proor — Fix B to be the class of all groups, £ = IN and M = {—1}.
Then, applying the Theorem 4.1.1 for ¢ = (0,—1), we get that H is
either of finite index in G, or is normal in G, or has finite index in a
normal subgroup of G. In every case, H has finite index in its normal
closure.

If m is any positive integer, and £ = {1, ..., m}, the same argument
proves the other point of the statement. 0

Corollary 4.3.4 Let G be a group and H a subgroup of G such that HN C
has a finite number of conjugates in C, for each countable subgroup C of G.
Then H has a finite number of conjugates in G. Moreover, if HN C has at
most m conjugates in C, for each countable subgroup C of G, and for a fixed
positive integer m, then H has at most m conjugates in G.

Next lemmas deal with the countable character of some further
embedding properties.
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Lemma 4.3.5 Let G be a group and let m be an element of N U{No}. If H
is a subgroup of G such that (HN C)< : (HN C)¢| < m for each countable
subgroup C of G, then [H® : Hg| < m.

ProOOF — Suppose first that m # Ny and assume by contradiction
that |[HS:Hg|>m. Then there are elements x1,...,xm of HE such
that xix;1 ¢ Hg for all i # j € {1,..., m}. Hence there exist ele-

ments ¢(i,j) such that xix;1 ¢ H9(11) Therefore we can find a count-

able subgroup L of G containing the elements g(i,j), for i # j, and
such that x1,...,xm belong to (HN L)L. This clearly implies that

((HAD)": (HAL)L > m,
a contradiction. The proof is similar for m = No. 0

Notice that part of the above proof can be used to show that the
property of being finite (of bounded order) over the core has strong
countable character. The next lemma proves that the property of hav-
ing finite normal oscillation has strong countable character.

Lemma 4.3.6 Let G be a group and let m be an element of IN U{X}. If H
is a subgroup of G such that, for each countable subgroup C of G, the sub-
group HN C has normal oscillation strictly smaller than m in C. Then H
has normal oscillation strictly smaller than m in G.

PrOOF — We assume that m is finite (the proof is similar for m=xy).
Suppose for a contradiction that IHG : Hl > m and [H : Hg| > m.
Let x1,...,xm be elements of H such that x{Hg # xjHg if i # j, and
put

X=(X1,.-+,Xm)-

For all elements i and j of {1,..., m} such that i1 #j € {1,..., m} there
exists an element ¢(i,j) of G such that x;1xj does not belong to the
subgroup H9(13). On the other hand, as [H® : H| > m, there are count-
able subgroups Y of H and Z of G such that X < Y and the normal clo-
sure YZ contains a subset W = {wq, ..., wm} for which wiH # wiH,
whenever wi # wj. Then

C=(Y,Zg(i,i);i#je{l,....m}

is a countable subgroup of G, and it is obvious that the normal oscil-
lation of HN C in C larger than m, a contradiction. O
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Let G be a group. We say that a subgroup H has the x property
in G if there is a subnormal subgroup Hy of G such that Hyp < H and
the index |[H : Hpl is finite. Groups in which all proper subgroups
have the x property have been studied by C. Casolo and M. Mainar-
dis [8]. This section ends by sketching how to use the method of the
Theorem 4.1.1 in order to prove that x has strong countable character.

Lemma 4.3.7 Let G be a group and let H be a subgroup of G such that,
for each countable subgroup C of G, there is a subnormal subgroup Hp c
of C, such that Ho c < HN C and Hy ¢ has finite index in HN C. Then G
has a subnormal subgroup Ho such that Hy < Hand |[H : Hp| < oo.

ProOF — Let C be the set of all countable subgroups of G, and let
C € C. There exists a subnormal subgroup H/ o,c of C such that H) -
is contained in HN C and Hp ¢ has smallest subnormal defect, s(C )
say, in C, and among these the smallest index in HN C, f(C) say. As
in the proof of the Theorem 4.1.1, we can find a countable system el
of G such that, for each C;,C, € €' we have

s(C1)=s(Cz) and f(Cy)=f(Cy2).
For each C € @', consider the series
Hoc <HNC=H;c <Hyc=C
and the series of normal closures of Hp ¢ in C
Hoc =Koc <...<Kyc=C.

Define now two binary relations Rj ¢ and R, c on C by put-
ting xR1 cy if and only if

ﬂ Hic < ﬂ Hic,

i:x€H;ic i:yeH;c

and, we set xR, cy if and only if

(] Kic< () Kic.

i:XGKi,C iiyEKi,C
We can encode these two relations in a function

f: C X C —>{0,]/2/3}/
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in such a way that f(x,y) = 1 whenever xR cy and xR2cy. Now,
applying Lemma 8.22 of [56], it follows that there is a function

f:GxG—1{0,1,2,3}

having the property that, for every finite subset {x1,...,xm} of G X G,
there exists a C € €' such that x; € C x C and f(x;) = fc(xq) for
all i = 1,...,m. From this function we go back to two binary rela-
tions Ry and R, on G. Each of these relations has the analogous of
the properties mentioned in the proof of the Theorem 4.1.1. Hence,
we can define two series in G:

and

Since
Ho={ge G :gRi1} and Kog={ge G : gRyl},
it is easy to show that Hyp = K. It can be also proved that K; is nor-

mal in Kj;1, and that Hp is a subgroup of finite index in H. This
completes the proof. 0






4.4 Group properties

In [8], C. Casolo and M. Mainardis called S-groups, the groups in
which every subgroup is f-subnormal. Here we show that the class
of S-groups, the class of T*-groups, the class of T.-groups and, the
class of T(x)-groups, are countably recognizable, as well as the other
classes of groups defined below (see also [7], where they were intro-
duced).

e The class of L-groups: a group G is said to be a L-group if for
every subgroup H of G there is a subnormal subgroup Hy of G
with Hy < H and [H : Hp| finite.

e The class of T -groups, for m € IN: a group G is said to be
a Ty-group if every subnormal subgroup of G has finite index
at most m in its normal closure.

e The class of V-groups: a group G is said to be a V-group if every
subnormal subgroup H of G has finitely many conjugates. This
clearly is equivalent to require that the normalizer of H has
finite index in G.

e The class of Vi,-groups, for m € IN: a group G is said to be
a Vm-group if every subnormal subgroup H of G has at most
m conjugates. This clearly is equivalent to require that the nor-
malizer of H in G has index at most m.

e The class of U-groups: a group G is said to be an U-group if
IHS : Hg] is finite for every subnormal subgroup H of G.

e The class of U, -groups, for m in IN: a group G is said to be
an U -group if [HG : Hg| is at most m for every subnormal
subgroup H of G.

e The class of T™-groups, for m € N: a group G is said to be
a T™-group if [H : Hgl is at most m for every subnormal sub-
group H of G.

e The class of T(m)-groups, for m in IN: a group G is said to be
a T(m)-group if either |[H : Hg| < m or [HS : H| < m for every
subnormal subgroup H of G.
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First, we introduce a lemma which enables us to pass from the strong
countable character of the embedding properties to the countable
recognizability of some group classes.

Lemma 4.4.1 Let = be an embedding property with strong countable char-
acter and © any subgroup property such that XN H is a ©-subgroup of H
whenever X is a ©-subgroup of a group G and H < G. Then the class of
groups with all @-subgroups satisfying = is countably recognizable.

Proor — Let G be a group and suppose that each countable sub-
group of G has all its @-subgroups satisfying =. Take an arbitra-
ry ©-subgroup H of G. Then HN C is both a ©-subgroup and a =-sub-
group of C for each countable subgroup C of G. The strong countable
character of = now implies that HZG. The statement is proved. 0

Our final corollary is a trivial application of Lemma 4.4.1 and re-
sults of the previous section.

Corollary 4.4.2 The group classes S,L,T*, Ty, V, Vi, U, Uy, T, T,
T(x) and T(m) are all countably recognizable, for m € IN.

The above corollary should be compared with some analogous re-
sults in the last part of [31]. Finally, we remark that if X is a sub-
group closed class of groups, it follows from the same results that,
for instance, the class of groups in which all X-subgroups are f-sub-
normal is countably recognizable. In particular, notice that the class
of groups with all abelian subgroups f-subnormal is countably recog-
nizable.
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