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Chapter 1

Introduction

The subject of this thesis is the space S of quantum states, and the language in
which (hopefully) it is written is that of differential geometry. The aim of this thesis
is to present a geometrical analysis of the structural properties of S, being them of
“kinematical” or “dynamical” character. Of course, it will be impossible to cover all
these aspects in full generality, rigour, and completeness, hence, this presentation
should be thought of as a preliminary step of a (hopefully long lasting) research
journey centered around the geometrical aspects of quantum theories.

We will focus on finite-dimensional systems, so that, from the mathematical point
of view, we can introduce geometrical structures without the need to deal with all
the technical difficulties related to the differential geometry of infinite dimensions.
From the physical point of view, finite-level systems are extensively studied, for
example, in quantum information theory, quantum optics, and quantum cryptog-
raphy, both from the theoretical and from the experimental point of view. In this
context, recent developments in problems like quantum state estimation or quantum
hypotesis testing (see [73], 26] 92] [94]), have led to the need of considering nonlinear
parametric families of quantum states (similarly to what happens in quantum op-
tics with coherent states), and nonlinear functions on quantum states, e.g., quantum
(relative) entropies. Because of the emergence of these kind of “nonlinearities” in
the realm of quantum mechanics, we believe that a study of the geometrical struc-
tures present in quantum theories will prove to be useful in order to deal with the
above-mentioned nonlinearities. Indeed, by means of the mathematical formalism
of differential geometry it is possible to deal with arbirtrary changes of coordinates
in a natural and intrinsic fashion. Furthermore, the use of differential geometry
allows us to exploit all the mathematical constructions and results developed in dif-
ferent contexts, e.g., classical mechanics, in the framework of quantum theories, thus
enalarging the arsenal of mathematical tools available. For instance, we will see in



chapter [3| how a geometrization of the GKLS dynamics of open quantum systems
makes possible to exploit LaSalle’s invariance principle, which is a classical result on
the asymptotic behaviour of dynamical systems, in the quantum context. On the
other hand, the intrinsic language of differential geometry will be used in chapter
to deal with the nonlinearities associated with the use of relative quantum entropies
(highly nonlinear functions) in the context of quantum information theory. Specif-
ically, we will develop an abstract setting in which the study of quantum relative
entropies, quantum metric tensors, as well as their symmetry properties, may be
handled without the need to resort to specific coordinate systems. As a byprod-
uct, in this scheme we will be able to perform computations in arbitrary (finite)
dimensions in a coordinate-free fashion.

The physical/mathematical background in which we will move is that of the
algebraic approach to quantum mechanics, which is unavoidably associated with
the names of Heisenberg, Born, von Neumann, and Jordan. In this approach, the
principal object of concern is an algebra A which is related to the space O of
observables (see [76]). Specifically, A is what is known as a C*-algebra, while O C A
is the space of self-adjoint elements in A. From the mathematical point of view, a
C*-algebra is defined as follows (see [28, 54, 50]):

Definition 1. A C*-algebra A is a complex Banach space (A, +,|| - ||) possessing
the following additional structures:

e an associative product structure A x A>3 (A,B) — AB € A such that:

IAB|| < [[A[[[[B]]; (1.1)

e an involution operation t: A — A such that:

(aA +0B)' =aA! + 0BT VA Bc A, (1.2)

where a,b € C and a,b € C denote their complex conjugate, and such that:

(AB) =BTAT, (A=A, |[AAT|=]A%] VA,.BcA. (13)

The element At € A is called the adjoint of A € A. An element A € A is called
self-adjoint if A = AT, and it is called normal if AAT = ATA. If A admits an
identity element 1 for the associative product structure, then, we may define unitary
elements in A as all those U € A such that UUT = UTU = 1. In the following,
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we will always consider C*-algebras possessing an identity element 1. According to
a theorem in [56], this is not a very restrictive request since we can always add an
identity element to a C*-algebra.

As said before, the space O of observables is identified with the subset in A
consisting of self-adjoint elements, that is:

O:={acA: al=a}. (1.4)

Since (aA)" = aAT, it follows that O is not a complex vector subspace of A. How-
ever, O can be endowed with the structure of real Banach space in such a way that
the Banach space structure underlying A becomes the Banach space complexifica-
tion of O (see [39, 54, 50], 60, 99]). Furthermore, we will observe that O possesses a
richer structure known as Lie-Jordan-Banach algebra structure.

In order to identify the space of quantum states, we need to introduce the notion
of state on a C*-algebra (see |28 [54], 50]):

Definition 2. Given a C*-algebra 2 with, we define a state p on A to be a contin-
uous linear functional in the topological dual A* of A such that:

pla) cRVac O, p(AAH>0VAc A, pl)=1. (1.5)

Since p is linear and p(a) € R for all observables in O, it follows that p may be seen
an element of the topological dual O* C A* of O C A.

Then, the space S of states of the physical system is identified with the space of
states of the C*-algebra A associated with the physical system, that is:

S={peD CA:p(AA) >0VA A, p(I)=1}. (1.6)

The pairing map p: O x S given by the evaluation of a state p on the self-adjoint
element a representing an observable, that is:

N(avp) = p(a) ) (17)

is interpreted as the mean value for the outcome of the measure of the observable a
when the system is in the quantum state p.

It is immediate tho see that S is a convex subset in A* (O*), that is, p1,ps € S
implies Ap; + (1 — X)p2 € S for all A € [0,1]. The convex structure reflects the
mixture property of states of a physical system, that is, the possibility of mixing
different preparation procedures with respect to a definite mixture. Since § is a
convex set, the Krein-Milman theorem assures us that it is the closed convex hull



of its extreme points. These are all those elements in S that can not be written
as the convex combination of more than one element. In the context of quantum
mechanics, they are called pure quantum states.

Since A* is the dual of a Banach space, it is a Banach space itself with respect
to the norm:

= s et (13)
AcA: Jla||<1

where £ € A*. Consequently, it is easy to show that a state p on A is such that
llpl] = p(I) = 1. The Banach space structure of A* determines a topology on A*
itself. Since § is a subset of A*, it can be endowed with the so-called relative
topology of S in A* (see [2] page 17, [00] page 88). In this topology, a set E C S is
defined to be open (closed) if it is the intersection F' NS of an open (closed) subset
F C 9} with §. The relative topology of § in A* clearly depends on the topology
on the ambient space A*. In the finite-dimensional case, we do not have to worry
because all the topologies on A* are equivalent. On the other hand, this is no longer
true in the infinite-dimensional case, and we must pay attention to what topology
we put on A*. For instance, it can be proved that S is compact subset of A* (see
[5] page 68, [28] page 53) with respect to the so-called w*-topology on A*. In the
finite-dimensional case, this topology is equivalent to the one induced by the Banach
space structure of A*, while, this is not true in the infinite-dimensional case (see
28, 53, 54, 56, [71], 96, [101]).

Once we select a quantum state p € S we may recover a Hilbert space by means
of the so-called GNS construction (see [37], and theorem 7.9.6 in [54]). This is
the way in which the Hilbert space formulation of quantum mechanics (see [55])
is shown to be equivalent to the algebraic one. What is known as the equivalence
of Heisenberg picture and Schrodinger picture. However, it is necessary to point
out that this equivalence does depend on the choice of a state p on A, and this is
particularly relevant in the case of algebraic quantum field theory (see [14], 67 68]).

Quantum dynamical evolutions are described by one-parameter family of linear
maps ®,: A* — A* such that ®,(S) C S. Depending on the explicit form of the
family &, different kind of dynamics can be described. For instance, if ®. is such
that there exists a one-parameter group {U,},cgr of unitary operators in A such
that:

(®-(p) (A)=p(ULAU,) VAcA, (1.9)

then the resulting quantum dynamical evolution is interpreted as the evolution of a
closed system. If an associative condition is satisfied but maps are not necessarily



invertible, we may have a semigroup. In chapter |3|we will give a geometrical descrip-
tion of the generators of the Markovian semigroups of evolutions of finite-dimensional
open quantum systems (see also [6l, 17, [18] 19} 28|, 29, 511 [63] [7T], 82, 101]).

Finally, the decomposition of a physical system S, into its components S, and
Sp is described by giving a decomposition of the C*-algebra A4p of the composite
system into the tensor product A, ® Ap of the C*-algebras of the subsystems. Note
that, in general, given A4p, A4, and Apg, the decomposition:

Aup = Ay ® Ap (1.10)

is not unique, and different decomposition should be thought of as different compos-
ite systems. Furthermore, we point out that, when the C*-algebras considered are
noncommutative, the composition/decomposition law of physical systems encoded
in the tensor product operation is at the heart of the genuinely quantum feature of
entanglement in composite systems.

Recently, a new line of research on quantum mechanics has been developed which
is concerned with a geometrization process of this theory (see [16], [32] 47 48], [49]
50, 58, 164, 65, 66), [85], [95]). The appearence of a geometrical attitude in quantum
mechanics should not be surprising. On the contrary, we could say that, since
the very beginning of quantum mechancis, interpretational issues were calling for
a geometrical (nonlinear) attitude towards the theory. Indeed, let us recall that,
in the Hilbert space formulation of quantum mechanics (see [55]), a correct pysical
interpretationof the (pure) states of the systems is achieved only when we realize that
they are not vectors in the Hilbert space of the system, but rays (usually represented
by normalized vectors). This means that the space of interest is not the linear space
H, rather, it is the nonlinear manifold P(H) known as the complex projective space
associated with H. This space is a Kéhler manifold and the geometrical structures
available on it encode all the essential features of quantum mechanics. The Hilbert
space H may be seen as a sort of convenient computational tool by means of which we
are able to perform explicit calculations without the need to introduce local nonlinear
coordinates on P(H). In this geometrical context, it is possible to appreciate some
of the distinguishing features of quantum mechanics from an abstract point of view,
that is, without the need to refer to some linear algebraic structure that is lost as
soon as we perform nonlinear change of coordinates. For example, the Hermitian
scalar product on H is “replaced” by a Hermitean tensor field h on P(H) such
that its symmetric part g defines a metric tensor on P(H), while its antisymmetric
part w defines a symplectic structure on P(H). The metric tensor g, known as



the Fubini-Study metric tensor, is intimately connected to a statistical notion of
distance between pure quantum states (see [100]), and this turns out to be relevant
in the context of quantum information theory as we will see in chapter [ On the
other hand, the symplectic form w allows to write unitary evolutions (Schrédinger
equation) as Hamiltonian vector fields both in the finite-dimensional and the infinite-
dimensional case (see [48, [49]). Since b, g and w are tensor fields they are covariant
with respect to arbitrary changes of coordinates on P(H).

As said before, the scope of this thesis is to present a study of the differen-
tial geometry of the space of quantum states. Of course, the subject is incredibly
vast, and presents a very huge amount of conceptual and technical difficulties. For
these reasons, and because deadlines are very intransigent entities, some choices
have been made. First of all, we decided to work only with finite-level quantum
systems, that is, systems whose associated observables are self-adjoint elements of
a finite dimensional C*-algebra. The theories of infinite-dimensional C*-algebras
and infinite-dimensional manifolds would bring in some highly nontrivial technical
difficulties related essentially to the infinite-dimensionality, and these technicalities
would somehow obscure the main structural ideas we want to expose. Roughly
speaking, the work presented here may be thought as a sort of test-drive for our
ideas in view of the generalization to the infinite-dimensional case of both quantum
mechanical systems described by infinite-dimensional C*-algebras and quantum field
theories described by nets of von Neumann’s algebras. Nevertheless, some consid-
erations on the case of a quantum mechanical systems described by the infinite-
dimensional C*-algebra B(#H) of bounded linear operators on a complex infinite-
dimensional separable Hilbert space H will be exposed in chapter [5]

Since we will deal essentially with finite-dimensional C*-algebras, it is good to
review some of the main results on the structures of such algebras. First of all, in
[54], page 74, the following theorem is proved:

Theorem 1. Every finite-dimensional C*-algebra A is x-isomorphic to the univer-
sal model C*-algebra:

A= M,,(C), (1.11)

where n; < 400 for all j, N < 400, and M,,;(C) denotes the C*-algebra of (n; xn;)
complex matrices. In particular, every finite-dimensional C*-algebra has an identity.
The *-isomorphism between A and 2A is denoted by J 4.

We will focus on studying the geometry of the space of states of the model C*-
algebra A, = M,,(C) with n > 2. The system described by 2, may be thought of



as a sort of universal model for finite-level quantum systems without superselection
sectors. It is clear that, because of theorem [I} our choice is not a dramatic limitation.
Indeed, whenever we have a finite-dimensional quantum system without superselec-
tion sectors, it will be described, in the algebraic approach, by a C*-algebra A which
is *-isomorphic to 2,,. Consequently, all the geometrical structures available on 2,
can be immediately “transported” on A by means of the s-isomorphism J 4. Fur-
thermore, again because of theorem [I} the C*-algebras 2, with arbitrary n are the
building block of a generic finite-dimensional C*-algebra A, and thus, an under-
standing of their geometrical structures is necessary to obtain an understanding of
the geometry of a generic A.

Let us take now a closer look at the structure of the thesis. The first step we will
take is to analyze the differential geometry of S in chapter 2] We will see that S is
not a differential manifold as a whole, the only exception being the two-dimensional
case in which it becomes a compact manifold with boundary, namely, the Bloch ball
([64]). However, we will be able to exhibit a partition of S into the disjoint union of
differential manifolds of different dimensions. Furthermore, all these manifolds will
turn out to be homogeneous spaces for an action of the Lie group SL(2l,,) made up
of invertible elements in 2, with determinant equal to 1. The explicit action oy of
g e SL(A,) on p € S is such that:

_plg'Ag)

To see things more clearly, let us recall that the 2A,, carries the natural Hilbert
product:

VA €, (1.12)

(A,B) = Tr(A'B) . (1.13)

This product is compatible with the structure of C*-algebra, and makes 2(,, a com-
plex Hilbert space. Then, because of Riezs theorem, we have that for every £ € 20},
we can find an element £ € 2, such that:

E(A)=(,A) VA c,. (1.14)

When £ = pis § C A, that is, it is a quantum state, it is easy to see that p € 2, is
a self-adjoint positive semidefinite matrix such that 7r(p) = 1, i.e., a density matrix.
The image in O,, C 2, of the space S of quantum states will be denoted byE| S.

In the rest of the thesis, in particular in chapter [4] we will make extensive use of the isomor-
phism between 2, (9,) and 2% (9O%), and of the one-to-one correspondence between quantum

states in § and density matrices in S.



Remark 1. There is a “canonical basis” {Eji}jr=1. n2 in A,, where Ej is the
(n x n) matriz with 1 in the (j, k) position and 0 elsewhere. A direct calculation
shows that this is an orthonormal basis inA,. From the computational point of view,
this basis will prove to be very useful, and we will exploit it often in the following
chapters.

Now, the action a,z(p) may be written in terms of the density matrix p € S
associated with p € § as:
5y = _8pg’ (1.15)
© Tr(gpsgl)
From this we deduce that p and p, have the same matrix rank. More specifically,
we will see that for every density matrices pg, p1 with equal rank k there is g €
SL(A,)such that p; = (pp)g. The space S of quantum states is then partitioned as:

S=|]s. (1.16)
k=1

where the quantum states in Sy are such that their associated density matrices have
fixed rank equal to k, and SL(2(,) acts transitively on each Sx. The space S; of
quantum states of rank 1 is precisely the space of pure quantum states.

Since the Lie group SL(2l,,) acts transitively on each Si, and we will see that
the associated isotropy subgroup Gy, of the action is closed in SL(2,), we can use
the closed subgroup theorem [2| to endow S with the differential structure coming
from the homogeneous space SL(2,,)/Gk. Accordingly, we may look at S as being
stratified by the differential manifolds S; whose dimensions depend on k.

The manifold structure on each Sy is such that the canonical action of SL(%,)
is smooth. Consequently, every subgroup of SL(2(,) acts smoothly on Sy. In par-
ticular, we will focus on the action of the subgroup SU(2l,,) made up of invertible
elements U with determinant equal to 1 and such that U~! = UT. This is a compact
Lie group (the special unitary group in n dimensions), and thus its orbits on every
Sy are embedded submanifolds. These orbits are identified by the eigenvalues of the
associated density matrices. Specifically, all the density matrices associated with
quantum states lying on the same orbit of SU(2,,) will have the same eigenvalues.
We refer to these manifolds as the manifolds of isospectral states. In the particular
case of density matrices having a single eigenvalue equal to 1 we recover the manifold
S; of pure quantum states. Therefore, pure quantum states form a homogeneous
space with respect to both SL(%,,) and its subgroup SU(2L,).

What is very interesting is that we may enlarge the action of SU(2,) to be
defined not only on & C O} but on the whole ;. In doing so, we will be able to
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relate this action with the coadjoint action of SU(L,) on the dual of its Lie algebra
(see [86] chapter 14). Accordingly, we will see that there is a natural structure of
Kéhler manifold on each orbit of SU(%,), and, in particular, on the manifolds of
isospectral states. In the case of pure quantum states, this Kahler structure coincides
with the Kéhler structure discussed above. By means of this structure we will be
able to define Hamiltonian and gradient vector fields associated with observables in
), and to show that they close on a realization of the Lie algebra of the Lie group
SL(2A,) of which SU(2L,) is a subgroup. Since the orbits of a compact group are
compact (see theorem [3) the vector fields realizing the Lie algebra of SL(2,) are
complete, and thus the realization “integrates” to a group action.

Chapter |3 will be dedicated to the geometrical formulation of the GKLS master
equation:

N N
L(p) = —[H, ] —%Z {Vivi.oh+ > vinvl, (1.17)
j=1 Jj=1
where p is the density matrix associated with the quantum statep € S, H € O,,, v, €
A, and V = Zjvzl V;r-Vj. According to [63] 82], this is the dynamical equatio for
the most general Markovian comletely-positive trace-preserving evolution of an open
quantum system described by the C*-algebra 2,,. Following the work in [42] 44],
the aim of the chapter is to present this equation of motion as an affine vector field
on the affine hyperplane T. C 9% C 2 of self-adjoint linear functionals ¢ such that
¢(I) = 1. In order to do this, we will first exploit the Lie-Jordan algebra structure
on 9, (see [76l, B, 4]) to define an antysimmetric bivector field A and a symmetric
bivector field G on OF. Let us recall that, denoting with [,] and {, }, respectively,
the commutator and the anticommutator in 2,,, the Lie-Jordan algebra structure of
£, is encoded in the two product structures:

1
2

Then, to every quantum observable a € O,, we associated a linear function fa(&) :=
&(a) on the dual space O so that the two bivector fields are defined according to:

a,b]] = “[a,b], a@b::%{a,b}. (1.18)

Adfardfo) = fran)s G (dfa,dfs) = faoh - (1.19)

These definitions are well-posed because the linear functions f, with a € £,, gen-
erate the cotangent space at each point of OF, that is, their differentials form an
overcomplete basis of the module of differential one-forms on O;,. By means of these

2A very nice account of the genesis of this equation can be found in [38].
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tensor fields we define Hamiltonian and gradient-like vector fields. Hamiltonian vec-
tor fields are tangent to ! (actually they are tangent to the manifolds of quantum
states with fixed rank, and to the manifolds of isospectral states seen as susbsets
in O), while gradient-like vector fields are not tangent to T}. Furthermore, we
find that the Hamiltonian and gradient-like vector fields associated with quantum
observables by means of the expectation value functions f, close on a realization of
the Lie algebra of the Lie group GL(2,) made up of invertible elements of 2, that
integrates to a group action. B

Then, we perform a reduction of the tensor fields A and G from OF to T}, so
that we obtain an antisymmetric bivector field A and a symmetric bivector field
R on €! such that their associated Hamiltonian and gradient-like vector fields are
by construction tangent to .. Quite interestingly, Hamiltonian and gradient-like
vector fields associated with traceless quantum observables (again by means of the
expectation value functions) close on a realization of the Lie group SL(2(,). Con-
trarily to what happens for the realization of the Lie algebra of GL(2l,) on O,,
this realization does not integrate to an action of the Lie group SL(2(,). The rea-
son is that gradient-like vector fields are “quadratic” and not complete. However,
the integral curves of both Hamiltonian and gradient-like vector fields are complete
when the initial condition is a quantum state p € §. In this case, it turns out that
the integral curves of this vector fields are tangent to the manifold Sy to which the
initial state p belongs (however, gradient-like vector fields change the spectrum of
p and thus are not tangent to the manifolds of isospectral states). This means that
Hamiltonian and gradient-like vector fields associated with quantum observables are
tangent to the manifolds of quantum states with fixed rank.

The last step is to show that the GKLS equation describing Markovian open
quantum system can be written by means of an affine vector field I' which may be
decomposed as:

I'=X.+ Y+ Zk, (1.20)

where X, is a Hamiltonian vector field on ¥} which is associated with the Hamil-
tonian part of the GKLS generator, Y}, is a gradient-like vector field on T} which is
connected to the dissipative part of the GKLS generator, and Zx is a “quadratic”
related to the dissipative part of the generator GKLS. What is particularly inter-
esting is that the gradient-like vector field Y}, and the (Kraus) vector field Zx are
not independent from one another, they must be fine-tuned so that their nonlinear
parts cancel in the sum leaving an affine vector field.

Once we obtain the geometrical formulation of the GKLS dynamics, we can im-
mediately start to exploit all the technical tools characteristics of classical dynamical
systems in the quantum context. This is done at the end of chapter [3| where we will
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see how to exploit LaSalle invariance principle (see [81], 2]) to inquire about the
asymptotic behaviour of open quantum dynamics. By means of LaSalle invariance
principle it is possible to identify a LaSalle function for a given dynamics, and this
function is essentially all we need to characterize the asymptotic behaviour of the
dynamics, that is, find the possible asymptotic equilibrium states. In particular, we
will analyze the so-called quantum random unitary semigroups, of which quantum
Poisson semigroups and quantum Gaussian semigroups are particular instances (see
[82, 78, [11]), and we will show that the purity function is a LaSalle function for the
GKLS vector field associated with these semigroups in every dimension.

In chapter 4| we will consider quantum information geometry. We will start with
a brief survey of the main ideas behind the classical theory of information geometry,
that is, the concept of parametrized manifold of probability distributions, the Fisher-
Rao metric and its uniqueness property, and the role of divergence functions as a
mean to extract geometrical structures. This will lead us to consider the case of
the information geometry of the manifold of pure quantum states S;. In this case,
we are still able to select a sort of quantum analogue of the Fisher-Rao metric
tensor, namely the Fubini-Study metric tensor. According to the results reviewed in
chapter [2| this metric tensor is the unique (up to a multiplicative constant factor)
metric tensor which is invariant with respect to the canonical action of the unitary
group on the space of pure quantum states. From the point of view of information
theory, the relevance of the Fubini-Study metric is outlined in [I00], where it is
shown that the geodesical distance function associated with the Fubini-Study metric
coincide with the notion of statistical distance between pure quantum states based
on distinguishability and statistical fluctuations in the outcomes of measurements’|
Furthermore, we will briefly review the connection between the Fubini-Study metric
tensor and the Fisher-Rao metric tensor on a submanifold of parametrized pure
quantum states exposed in [59].

Next, we will focus on the manifold S,, of invertible quantum states on 2f,,. Here,
the requirement of invariance with respect to the canonical action of the unitary
group is not enough to single out a unique metric tensor as it happens on the
manifold of pure quantum states or in the classical case. There is an infinite number
of metric tensors satisfying unitary invariance and a more general property known
as the monotonicity property (see [89, [03]). This has to do with the behaviour of
a metric tensor with respect to the class of quantum stochastic maps. Petz gave a
classification of this kind of metric tensors in terms of positive operator monotone
functions (see [93]), specifically, they found a one-to-one correspondence between

3A dynamical characterization of this divergence function in terms of the Hamilton-Jacobi
theory is given in [40} 46].
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this kind of functions and the quantum metric tensors on §,,.

As it happens in classical information geometry, it is possible to extract met-
ric tensors on §,, from two-point functions, that is, functions defined on S, x &,,.
In particular, some well-known examples of quantum relative entropies like von
Neumann-Umegaki’s relative entropy (see [98], and chapter 12 of [26]) S™(p,0) =
Tr(p(log(p) — log(0))) give rise to metric tensors on S, satisfying the monotonicity
property. Following the ideas and results exposed in [40, 41, [45], [46], we will consider
the problem of characterizing those two-point functions on S,, X S,, from which it is
possible to extract quantum metric tensors satisfying the monotonicity property. At
this purpose, we will first introduce a coordinate-free version of the algorithm used
in information geometry to extract covariant tensor fields from two-point functions.
In doing so, we will be able to introduce a class of two-point functions, which we
call potential functions, for which the usual procedures of classical information
geometry are well-posed. Furthermore, we will clarify the relationship between po-
tential functions and smooth maps between manifolds, showing that the pullback of
a potential function is a again a potential function, and that taking the pullback of
a potential function and then extract the covariant tensor fields from the resulting
potential function is equivalent to extracting the covariant tensor fields from the
starting potential function and then pull back the resulting covariant tensor fields.
All this abstract formalism, which is presented in section [4.1] will be of capital im-
portance in section [£.2] There, we will give a precise definition of the monotonicity
property for quantum metric tensors, and show that it is intimately connected to
the so-called Data Processing Inequality (DPI) for quantum divergence functions
(i.e., non-negative potential functions on S,, X S,,). Specifically, we will show that
the DPI for quantum divergence functions implies the monotonicity property for the
associated quantum metric tensors.

Finally, in section [£.3] we will apply all the abstract results of the chapter to
the study of the quantum metric tensors associated with a two-parameter family of
quantum potential functions, namely, the so-called o — z- Rényi Relative Entropies
(a — 2-RRE) inroduced in [20]. This two-parameter family of quantum relative
entropies encloses some of the well-known notions of quantum relative entropies and
information functions. For instance, von Neumann-Umegaki relative entropy, the a-
Rényi Relative Entropies, the g-quantum Rényi divergences, Tsallis quantum relative
entropies, the divergence function for the Bures metric tensor, and the divergence
function for the Wigner-Yanase metric tensor.

Finally, in chapter 5| we will review the results and ideas described in the thesis
and point out some possible future developments.
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Chapter 2

Geometry of the Space of
Quantum States

The content of this chapter is the geometry of the space S of quantum states of
the finite-dimensional model C*-algebra 2, introduced in chapter [I| The scope of
the chapter is to introduce a partition of S into the disjoint union of differential
manifolds of different dimensions, namely, the manifolds of quantum states of fixed
rank, and to study the differential structure of these manifolds. Then, we will provide
a finer decomposition of § into the disjoint union of Kahler manifolds, specifically,
the so-called manifolds of isospectral states. The point of view adopted here heavily
relies on the theory of group actions and homogeneous space.

Recall that the space of states S of 2, is defined as:

={peO;, CA:p(AAT) >0VA €A,, p(I) =1}, (2.1)

where I € 2, is the identity element. As explained in chapter [1 there is a one-to-
one correspondence between elements in 97 and elements in O,,, and we use this
one-to-one correspondence to give the following definition:

Definition 3. Given £ € A, we define the spectrum sp(§) of €, the rank rk(§)
of £, and the determinant det(&) of € to be, respectively, the matriz spectrum, the
matrixz rank, and the matriz determinant of £ € 9,, C 2A,,.

It follows from definition [3[ that S may be decomposed as:

S=|]s. (2:2)
k=1

with:



Sk :={peS:rk(p) =k} . (2.3)
We will prove that every Sy is a homogeneous space for the Lie group SL(2,)
(defined below), and that every Sy admits a structure of differential manifold. Suc-
cessively, we will see that on each manifold Sy there is an action of the compact
Lie subgroup SU(2,,) C SL(2,) (defined below) and that the orbits of this action
are embedded compact Kéahler manifolds of different dimensions. In particular, the
manifold of pure quantum states (the extremal points of the convex set §), turns
out to be a homogeneous space for both SL(2(,,) and its compact subgroup SU(2L,,).

Now, let us introduce the relevant Lie groups naturally emerging once we have
the C*-algebra 2,,. First of all, we consider the group of invertible elements of 2A,,:

GL(,) = {geA,: 3g~" € A, such that gg' =1}, (2.4)

where I € 2, is the identity operator. It is clear that GL(2l,) may be thought of
as the complex general linear group GL(n ,C), and thus it is a Lie group. Next, we
can introduce the Lie subgroup SL(2,) C GL(2,) given by:

SL(,) :={g € GL(2,): det(g) =1} . (2.5)

It is clear that SL(2(,) may be thought of as the complex special linear group
SL(n,C). Moreover, we can introduce the Lie subgroups:

UR,) :={UeGL®,): UU' =1} , (2.6)

SUL,) :={U e U,): det(U) =1}, (2.7)

and it is clear that U(%l,) coincides with the unitary group U(n), while SU(2,)
coincides with the special unitary group SU(n).

Remark 2. If we consider an infinite-dimensional C*-algebra A, we can always
define the group GL(A) of invertible elements of A, and it can be proved that this is
a Banach-Lie group (see for instance [39] page 81, [99] page 96 ), that is, a (complex
analytical) Banach manifold with a compatible group structure.

2.1 The space of quantum states with fixed rank
as a homogeneous space

Here we will introduce the differential structure on the space Sy C S of quantum
states with fixed rank by showing that each Sy is a homogeneous space for the Lie
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group SL(2,) introduced above. Let us recall the definition of orbit and isotropy
group of an action of a group on a set:

Definition 4 (Orbit and isotropy group ). Let G be a group, M a set, and let
a: G x M — M be an action of G on M. The orbit Orb(mg) of a at mg € M 1is
the set:

Orb(mg) == {m € M:m = ay(my),g € G} . (2.8)
The isotropy group G, of mg is:

Gy ={9 € G: ag(mg) =mo} . (2.9)

An orbit of G on M is then a subset of M. The collection of all orbits of G on
M gives a partition of M into disjoint subsets. Let us now take G = SL(2,) and
M = S and define an action of SL(2(,,) = SL(n,C) on S (see [65] section 6):

Definition 5. Consider the Lie group SL(2,). Then, for every g € SL(2,) and
for every quantum state p € S C OF C A, we define an action p — az(p) = pg of
SL(A,) on S setting:

_ _plg"Ag)
(ag(p)) (A) = pg(A) = g VA €A,. (2.10)

This is a left action (see definition 8 in [2] at page 328 ), that is:

(g, © 0ig, (p) = Qg (p) - (2.11)

To be sure that the action « is well defined for all g and p, we must show that
the denominator p(g'g) does not blow up and that ay(p) = p, is a quantum state.
At this purpose, we note that we can write:

p(g'e) = (p,g'eg) = Tr(pg'e) , (2.12)

where (,) denotes the inner product on 2, introduced in chapter [I] Now, since p
is positive semidefinite, there is a nonzero element A € 2, such that p = AAT, and
thus:

p(g'e) = Tr(AATglg) = (g A, gA) = |gA]” >0, (2.13)

where the last inequality follows because g A # 0 and (,) is an inner product on
2,. It is easy to see that if p is in S then a,(p) = pg is again in S. Indeed:
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n_ Pe"AATg)  p(BB)
relAAT) p(gte) p(s'g) 214)
where B = g A, and:
T
pe(l) = —pp(fg}gg)) =1. (2.15)

The one-to-one correspondence between quantum states and density matrices
implies that every p, € S is associated with p, given by:

5ot
_ gPrg
=—— 2.16
T Tr(gpe) (216)
Indeed:
(p,6'Ag)  Tr(pg'Ag)
po(A) = B A8 T8 AE)
(p,g"g) Tr(pg'e)
(2.17)
_ Tr(gps' A) :< gpg! A> VA 91
Tr(gpgf) Tr(gpet)’ "
and p; = Trg( g’j 5;1) is clearly a positive semidefinite matrix with trace equal to 1, that

is, a density matrix.

Remark 3. Note that the action « is not well defined on the whole O} . When
€ € O is not positive, then there is g € SL(A,) such that £(gg’) = 0, and thus
the denominator in the definition of o blows up. Indeed, let us look at consider
a concrete example of a two-dimensional quantum system. The density matriz &
associated with an element & € O may be written as:

£=w90" + 110", (2.18)

where the {o"} are the Pauli matrices with ¢ = 1 the identity operator. Note that
the Pauli matrices are a basis for the Lie algebra of GL(2s).
Let g € SL(As) be of the form

g =e® =e"" = cosh(a)l + sinh(a)o’ . (2.19)

It is clear that det(£) = det(g & gl). Furthermore, it is det(£) = (29)%— (21)%. Let us
now perform the following change of coordinates yo = xg + x1, y1 = o — X1, So that
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Yityo=1

Figure 2.1: The dotted line passing through the origin gives a graphical realization
of the one-to-one correspondence between points on the hyperboloid yoy, = 1 and
points on the affine hyperplane yo +y; = 1.

det(€) = yoy1. Accordingly, in the (yo,y1)-plane, every element & with glet(g) =c
is represented as a point on the hyperboloid vyoy, = c, and the action & — gégl
moves the point on this hyperboloid.

Figure 2.2: There is a point on the hyperboloid yoy, = —1 for which dotted line
through the origin intersecting the hyperboloid becomes parallel to the affine hyper-
plane yo +1y1 = 1. Consequently, the one-to-one correspondence between points on
the hyperboloid and points on the affine hyperplane breaks down.

In this framework, to divide Eg = glgl by its trace Tr(gégl) corresponds to

move the point f_g on the hyperboloid to the point Eg which s the the intersection
between the straight line yo+y1 = 1 and the straight line connecting the origin (0 ,0)
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with the fg. Then, as long as det(§) = ¢ > 0, we see that for every fg there is one

and only one such fg (see figure . However, if det(§) = ¢ < 0, there will always
be a point & for which the straight line connecting it with the origin (0,0) becomes

parallel to the straight line yo +y1 = 1 (see figure . Consequently, Eg does not
exist, and to divide & = g &g’ by its trace Tr(g&gl) is forbidden.

We want to show that Sy is a homogeneous space for SL(2l,,) with respect to
the action « restricted to S, C S. This is equivalent to prove that this action is
transitive on S:

Proposition 1. Let a: SL(2,) XS — S be as in definition[d, then, it is a(Sy) = Sk.

Proof. Take p in Sy C S, and consider py. Associated with the quantum state pg
there is the density matriz p, € 2A,,. Recall that the rank tk(pg) of pg is defined to
be the rank of py (see definition @ According to equation , it is:

_ gpg

T Tr(gpe)’ (2:20)
and, being g and g' of mazimal rank, we have that the matriz rank of pg is equal to
the matriz rank of p, and thus rk(p) = rk(py). This means that o(Sy) C Sk.

To complete the proof, we must show that, given a fized py € Sk, for every p € Sk
there is g € SL(U,) such that p = ag(po). Let us consider the element py € O,
associated with py, and the element p € O, associated with p. Then, there are
Uy, U € SUA) such that:

po=Uj (Z v |j>0<j|> U
J (2.21)
G- Ul (Z y |j><j|> U.

Where {|7)o}j=1,..n and {|j)}j=1.. n denote, respectively, the orthonormal basis of
eigenvectors of pg and p, and py and p denote the n-dimensional vectors the elements
of which are, respectively, the eigenvalues of py and the eigenvalues of p. Without
loss of generality, we may take Uy and U such that py and p have the first k elements
different form 0, and the remaining (n — k) equal to 0. The element in SU(L) con-
necting the orthonormal basis {|j)o}j=1...n with the orthonormal basis {|j)}=1,..n
will be denoted as V.
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Now, being p% and P’ strictly greater than 0 for all j < k, there exists g; > 0
such that:

P = (gm0 Vi < k. (2.22)
With the help of these numbers, we define the element G € SL(A) given by:
k n
G=> gilill+ Y ajlielil, (2.23)
j=1 j=k+1

where a; > 0 for all (k+1) < j <n and:

(H gj> - (H aj> =1. (2.24)

A direct calculation shows that:

G(Z%mm0@=2ﬁmmw (2.25)

FEventually, we have:

p=VGU,p U G VT, (2.26)
and it is clear that g =V G Uq is in SL(A). This means that:

pe(po) = w (2.27)

as required.
From this proposition it naturally follows:

Proposition 2. Let of denotes the action p — af(p) = pg of SL(A,) on Sk given
by:
p(g' Ag)
pg(A) = ——2> VA e, (2.28
: p(s'e) )

where p € Sy and g € SL(A,,). Then, Sy is a homogeneous space of SL(2,) for
every 1 < k <mn, that is, SL(2,) acts transitively on Sy for every 1 <k < n.
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Since Sy, is a homogeneous space of SL(2L,,), there is a one-to-one correspondence
between points in S, and points in the coset space SL(%,)/G,, where G, is the
isotropy subgroup of p € §;. The actual choice of p is irrelevant because isotropy
subgroups are conjugate. This one-to-one correspondence is what we need to endow
Si with a differential structure. Indeed, the so-called closed subgroup theorem
implies that, when G, is a closed Lie subgroup of SL(2(,), then SL(%,,)/G, inherits
a differential structure such that the canonical projection 7,: SL(,) — SL(,)/G,
is a smooth submersion. We can use the one-to-one correspondence between S, and
SL(A,)/G, to transport the differential structure from SL(2,,)/G, to Sy. For the
sake of completeness, we recall here the statement of the closed subgroup theorem
(see [1] page 264):

Theorem 2 (Closed subgroup theorem). Let H be a closed subgroup of the Lie
group G. Then the left coset space G/H = {gH : g € G} is a smooth manifold and
the canonical projection w: G — G/H is a submersion.

We will now show that G, is actually a closed Lie subgroup of SL(2(,). At this
purpose, recall that the actual choice of p € S is irrelevant because all the isotropy
subgroups of points in a homogeneous space are conjugate. Consequently, we will
take a particular pp € S for which the computations are easy. Specifically, we take
the element p; € Sk such that its associated density matrix is:

k
=) Ey, (2.29)
j=1

where {E;j}; k=1, » is the canonical basis in 2, introduced in chapter . Now, the
isotropy subgroup G = G, is the subgroup of SL(2,,) defined by:

Gr:={g € SL(A,): ag(pk) =i} (2.30)
and we can prove the following:
Proposition 3. Fvery element g in the isotropy subgroup Gy of px is of the form:

U B
g = : (2.31)
0D

where U € Ay, D € A,y and B is a k x (n — k) complex matriz. Furthermore, Gy,
is a closed subgroup of SL(2,).
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Proof. We start proving that Gy is a closed subgroup of SL(2L,,). Consider the
smooth map ®r: SL(A,) — Sk defined by:

De(2) = b (o). (2:32)

It is clear that Gy, = @;l(pk), that is, Gy, is the preimage of the closed set {py} by
means of a continuous map, which means that it is a closed subset of SL(,), and
thus a closed subgroup.

Now, every element g € Gy, must be such that:

5, of
gPkE =
— = [, 2.33
Tr(gprg) " (2:33)
therefore, writing:
1 I, O A B
Ok = z and g= , (2.34)
00 C D
equation (2.33) becomes:
1 AAT ACT 1 I, O
f\cai cof 00
where:
B = Tr(AA") + Tri,_(CC). (2.36)
It is clear that it must be C = 0, and that:
AAT I
—_— T — 2;
Tre(A AT k7 (2:37)

which is equivalent to A € SU (), and thus we will write it as U. Now, B and
D must be such that g is an element of SL(2.,,), that is, it is invertible and has
determinant equal to 1. According to the rules of matrix algebras, we have:

det(g) = det(U) det(D), (2.38)
and thus, it must be D € SL(A(,—r)), while B is completely arbitrary.

Remark 4. In the finite-dimensional case, we have the isomorphism between T : A, —
0% . This allows us to “transport” all the structure available on the space S C O C
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A% of quantum states to the space S C O,, C AU, of density matrices. Consequently,
we have a partition of S into the disjoint union | | Sy of manifolds Sy, of density ma-
trices with fized rank. The differential structure on each Sy, is the only one making
the one-to-one map Iy: S, — Sk, derived from the isomorphism I, a diffeomor-
phism. It is clear that, from an operational point of view, the possibility of working
with density matrices is highly desirable since we can use all the tools coming from
matriz calculus in the context of quantum states. Indeed, in chapter [ we will make
use of this instance in the context of quantum information geometry, where the pri-
mary concern is on finite-dimensional systems, and it is customary to work directly
in terms of density matrices rather than quantum states (positive normalized linear
functionals on 2A,,).

Once we have dressed every Sy with its own differential structure coming from the
group SL(2,,), we naturally have a topology on every Sy, underlying these differential
structures (see [2] page 130, and [80] page 22). However, since the space S of
quantum states is a subset of OF, we may look at every Sy as a subset of O}, and
ask about its topological properties as a subset of . Specifically, we will show
that, for 1 < k <n, & is not closed in O}, and that, for 1 <k <n, 5 is not open
in OF.

Let us start with the closedness. Consider 1 < k£ < n, and the sequence

{Pg'k)}jeN € S where p(-k) € S has the following density matrix representation:

J

A= pE,, (2.39)
r=1
where:
j+1 .
pp= -t ifr=1,.k—1,
(J+2)(k—-1)
pp— (2.40)
245’

pr=01ifr=%k+1,...n.

Since 9,, and O} are isomorphic as Banach spaces, we will work with the sequence of
density matrices { ﬁ§k)} jen € 9, rather than with the sequence of linear functionals

{pg-k)}jeN € Sk. A direct computation shows that {ﬁg»k)}jeN € 9, converges to the
element:

_(k r
P =Y P'E,, (2.41)
r=1
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with:

1
P, = ifr=1,..,k—1
s k—l or ) ?k Y

(2.42)
P.=0ifr==%k ...n,

which is clearly a density matrix with rank (£ — 1). This means that the linear

functional p(fgo uniquely associated with ﬁi’“@o can not be in Sk, and thus Sy is not
closed in O7.

Remark 5. We will see in the next section that the space 81 of pure quantum states
is a homogeneous space with respect to an action of the special unitary group SU(2,)
which is well-defined on the whole OF. Since SU(2,) is a compact group, it follows
from theorem[d that Sy is an embedded submanifold of O}, and thus, it is a closed
compact subseﬂ of OF.

Now, we will prove that Sy, is not open in O for 1 < k < n. Again, we prefer to
work in ©,, rather than with O7. This amount to consider the image of Sy in O,
by means of the isomorphism between O and O,,. A set £ C O, is open if, given
any e € F, there exists a real number € > 0 such that every point a € 9,, for which:

Tr((e —a)®) <e (2.43)

is in E. Consequently, we take a rank k£ density matrix p and the element a = p—cl
in O,,, where 0 # ¢ € R and I is the identity operator. It is clear that a is not in
Sk, for instance, Tr(a) =1 —nc# 1. Then:

Tr((p—a)?) =nc’. (2.44)

Since c¢ is arbitrary, given any real number € > 0, we can always take ¢ such that
nc? < e. This means that the image of S, in ©,, is not open, and thus S, is not
open in OF.

2.1.1 Fundamental vector fields and tangent spaces

By construction, the action o of SL(2l,,) on the differential manifold Sy, is a smooth
action, and, being &) a homogeneous space of SL(%,), there is only one orbit for
ay which is precisely the whole S.

'For the notion of embedded submanifold see [2] chapter 3 section 2, [80] chapter 2 section 2,
and [84] chapter 7.
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We may represent a tangent vector v, € T,S;, by means of an element in the Lie
algebra sl(21,) of SL(2,). In order to do this, we consider the curve o*(g;,p) =
pr € Sy starting at p defined by:

p (gi A gt>
iy = 25, 215
(et gt)
where:
g = eI with (a+1b) € sl(A,,) . (2.46)

Clearly, being SL(2l,), we have that a and b are self-adjoint matrices. If we consider
the density matrix p; associated with p;, a direct computation shows that:

e(a—l—zb)t ﬁe(a—zb)t
0, = 2.47
Pr Tr(e2t peat) (247)
where p is the density matrix associated with py = p. Consequently:
o\, - o
D) —fasib-sTia ) = Ves), (249
t=0

where {, } and [,] denote, respectively, the matrix anticommutator and the matrix
commutator. Eventually, we have the correspondence:

v, Vo= a0} +1lb. g - p Tr({a.p}) . (2.49)

Obviously, given p, the couple (a,b) of self-adjoint matrices associated with V;, €
s[(2A,,) is not unique. In the following, we will use both v, and V; to denote a
tangent vector to p.

According to the theory of actions of Lie groups we can introduce the notion of
fundamental vector field associated with the action of a Lie group on a differ-
ential manifold:

Definition 6 (Fundamental vector field ). Let G be a Lie group, and let ov: G X
M — M be a smooth left action of G on the differential manifold M. Given A € g,
where g is the Lie algebra of G, we define the fundamental vector field X € X(M)
as the infinitesimal generator of the flow o®: R x M — M given by

o (t,m) = a(exp(tA),m), (2.50)
that 1s:
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Xa(m) = (%aexI)(tA)(m))t:O (2.51)

Recalling how equation has been obtained, we realize that:

Xa(p) = V= {a, 5} +1[b.5] - 5 Tr({a, p}) (2.52)
with s[(20,) © A = a+b. Interestingly, it can be proved (see [2] page 333) that:

Proposition 4. Let G be a Lie group, and let a: G x M — M be a smooth action
of G on the differential manifold M. Then, the map g > A — Xa € X(M) is a Lie
algebra anti-homomorphism, that is:

XQA_;,_(,B =aXa +bXp , a, be R, (253)

[Xa, X8| =—X{ap. (2.54)

Referring to equation (2.45)), we see that the fundamental vector fields associated
with elements in the Lie algebra of 2, of the form A =:a with a € O,, generate an
action of the unitary group SU(2,) C SL(2,). In the next section we will study
the orbits of this action, which we refer to as manifolds of isospectral

There is a geometro-dynamical interpretation of the fundamental vector fields
of the action of SL(2,) on each S; we will see in chapter |3 where we will present
a geometrical formulation for the GKLS master equation governing the dynamical
evolution of open quantum systems (see [63, 82]). In that context, the infinitesimal
generator of the dynamical evolution is written as an affine vector field I on the
affine hyperplane T C 97 of self-adjoint linear functionals ¢ such that £(I) = 1.
The vector field I' is naturally decomposed as the sum I' = X, 4+ Y}, + Z of three
vector fields, where a,b € ,, and K is a completely positive trace preserving map
on ,,. The relevant fact is that the restriction of the vector fields X, and Y}, to the
submanifolds S, C T! of quantum states with fixed rank coincides, respectively, with
the fundamental vector fields X and Xg on S;, associated with A =zaand B=Db
for all k. The affine vector field X, will be seen to be related to the “Hamiltonian
part” of the dynamical evolution, specifically, we will see that there are a Poisson
tensor and a smooth function f, on T} such that X, is the Hamiltonian vector field
associated with f, by means of A for every a € £,,. Furthermore, X, turns out
to be tangent to the submanifold S, C Sy C T} of isospectral quantum states we
will introduce in the next section, and this means that the flow of X, preserves the
spectrum of quantum states. In particular, when Y, = Zx = 0 so that the GKLS
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vector field is I' = X,, the resulting dynamical evolution is precisely the unitary
evolution of equation ((L.9).

On the other hand, we will see that there is a symmetric bivector field R on T},
such that Y}, is the gradient-like vector field associated with fi, by means of R for all
b € O, (see definition @, and the flow of the gradient-like vector field Y}, does not
preserve the spectrum of quantum states. Furthermore, the vector fields Y}, and Zx
will be seen to be related to one another. Specifically, both of them are non-affine
vector fields on T}, and thus they must be fine-tuned so that their sum is an affine
vector field on T}.

2.2 The manifolds of isospectral states

In the previous section, it was proved that there is a transitive action o of the group
SL(2A,) on S, and thus, by the closed subgroup theorem , we gave Sy the unique
differential structure such that the action o is a smooth action. If we consider
the restriction of the smooth action a* of S L(2,) on S to the maximal compact
subgroup SU(2(,,) € SL(2,), we obtain a smooth action of SU(2,) on Sg. It is
clear that this action is not transitive on Sg, and thus we obtain a partition of each
S into orbits of SU(2,). These orbits present a very rich geometrical structure
that we will now explore.

When everything is finite-dimensional, a crucial result on the differential struc-
ture of orbits of smooth actions of Lie groups is proved, for example, in [I] (page
265):

Theorem 3. Let G be a Lie group, and let a: G x M — M be a smooth action
of G on the differential manifold M. Then, the stabilizer G,,, at mog € M 1is a
closed subgroup of G, and the orbit Orb(mg) C M is an immersed submanifold of
M diffeomorphic to the coset space G/G,,. Furthermore, if G is compact, then
Orb(myg) is a closed embedded submanifold?| of M.

In our case, it is M = S, and G = SU(2,,) is a compact Lie group. Conse-
quently, we have that every orbit is a compact closed embedded submanifold of Sy
which is diffeomorphic to SU(2,,) /G, where the isotropy subgroup G, is easily seen
to be:

G,={UcSU®,): [5,U] =0}, (2.55)

2For the notion of embedded submanifold see [2] chapter 3 section 2, [80] chapter 2 section 2,
and [84] chapter 7.
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with p € 2, denoting the density matrix associated with p. The next step is to
characterize Orb(p). The action of SU(2,) on p can be represented on p as a
matrix similarity transformation:

p— pu=UpUl=UpU L. (2.56)
Consequently, p and py have the same eigenvalues for all U € SU(2L,), even if
the n-uples of such eigenvalues can be arbitrarily ordered. Conversely, if p; and p
have the same spectrum, up to permutations, the spectral theorem for self-adjoint
matrices assures us that there is U € SU(2,) such that ps = ay(p1).
Now, being p positive-semidefinite, the n-uple of eigenvalues of p and py may
be thought of as elements in the n-dimensional simplex A,,, that is, the set of n-
uple (p1, ..., pn) of non-negative real numbers such that Z;‘:l p; = 1. On A, the
permutation group acts naturally, and we denote with o the equivalence class [p] of
p € A, with respect to this action, and write II,, for the set of all these equivalence
classes. It is then clear that each orbit Orb(p) can be labelled by a point o € I,
and we will write:

Se:={pe&: [splp)l =0}, (2.57)
and thus Orb(p) = S,.

Remark 6. When we consider the manifold of pure quantum states, that is Sy with
k =1, we have that every p € Sy is such that o = [sp(p)] = [(1,0,...,0)], and thus
S =S8,. This means that the space of pure quantum states of U, is a homogeneous
space of both the special linear group SL(2L,,) and the special unitary group SU(2,).

Remark 7. When k = n, there is an orbit of SU(,) which is degenerate, that is,
it consists of a single point. This is the orbit associated with the maximally mized
state p,. This follows from the fact that p, = %, where 1 s the identity operator
in A,. In the following, when working with the differential manifold S, we will
always implicitely assume that S, is never the (degenerate) unitary orbit through
the mazimally mized state p,.

Just as we did when we derived equation [2.49] we can provide a matrix realization
V; € su(2,) for a tangent vector v, € T,S,:

v,«— V;=1[b,p], (2.58)

where b is a self-adjoint matrix. Furthermore, it is possible to characterize the
tangent space 1,5, to p € S, by means of the fundamental vector fields of the
unitary action according to the following proposition (see, for example, [2] page
331):
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Proposition 5. Let G be a Lie group, and let a: G x M — M be a smooth action
of G on the differential manifold M. Then, the tangent space T,,0rb(myg) is:

T Orb(mg) = {Xa(m),A € g}, (2.59)
where X a is the fundamental vector field defined in [0

Proposition [9] tells us that the fundamental vector fields on S, are tangent to
the unitary orbits S, C Si. Consequently, every fundamental vector field X on
Sy defines a vector field on S, (its restriction to S,), and all these vector field are
precisely the fundamental vector fields of the canonical transitive action of SU(%,)
on S,. For the sake of notational simplicity, we shall write X for the fundamental
vector fields of the action of SU(%,) on S,. Choosing a basis {7;} in su(2(,), we
obtain the set {X;} of fundamental vector fields associated with {7;}, and this set
provides an (in general) overcomplete basis for the module of all vector fields on S, .

2.2.1 The Kahler structure

The manifolds of isospectral states have some interesting additional geometric struc-
tures. The emergence of such geometrical structures is connected with the fact that
every manifold S, is diffeomorphic to a coadjoint orbit of the special unitary group
SU(,) = SU(n). Indeed, the Lie algebra su(n) of SU(n) is the Lie algebra of
traceless anti-self-adjoint matrices with the matrix commutator acting as Lie prod-
uct, and we may identify the dual su*(n) of su(n) with the vector space of traceless
self-adjoint matrices by using the trace functional 7r(-) as follows:

E(A)=Tr(Ea) , (2.60)
where £ € su*(n) and :a = A € su(n). Then, the coadoint action of SU(n) on
su*(n) reads:

(U,8) — &y =UEU", (2.61)

When the self-adjoint matrix € is actually the density matrix p associated with the
quantum state p, it is clear that the coadjoint action coincides with the « action of
SU(,) = SU(n) on the density matrices.

The one-to-one correspondence between manifolds of isospectral states and coad-
joint orbits of SU(%,) allows us to exploit the theory of coadjoint orbits (see for
instance [86] chapter 14) in this quantum mechanical context. For example, it is
well known that coadjoint orbits of a Lie group G are always symplectic manifolds,
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that is, they always admit a symplectic form (nondegenerate closed differential two-
form). This symplectic form is known as the Konstant-Kirillov-Souriau symplectic
form, and it is invariant with respect to the natural action of GG on its coadjoint orbit
(see [86] page 455). Furthermore, in our quantum case, it is possible to prove that
every coadjoint orbit S, (except for the degenerate one) of SU(2A,,) is a Kéhler man-
ifold (see [58]), that is, apart from the Konstant-Kirillov-Souriau symplectic form
w?, there are a Riemannian metric tensor ¢° and a complex structure J7 satisfying
a compatibility condition. Specifically, the following theorem can be proved to hold
(see [64] theorem 7, theorem 8 and the paragraph just after theorem 8):

Theorem 4. Let o # [%(1, .., 1)], then, the manifold S, C Sy of isospectral quantum
states is a Kahler manifold. This means that there are a symplectic form w?, a
Riemannian metric tensor ¢° and a complex structurcﬁ such that:

FX,Y)=w (X,JY)), V X,Y€X(S,) (2.62)

All of these tensors are invariant with respect to the canonical action of SU(2L,,) on
the coadjoint orbit, that is:

puw’ =0, opg” =0, oyJ’ =0, (2.63)

where ¢y is the diffeomorphism of S, associated with the action of U € SU(U,).
From the infinitesimal point of view, denoting with X the generic fundamental
vector field of the action of SU(,) on Sy, we have:

ﬁXA (w(’) :0, EXA (g”)zO, EXA (JU):O, (264)

where L denotes the Lie derivative.
The symplectic form on every S, is given by:

(W (X, Y))(p) = wp (tfa, p2[b, pl) =2 Tr([a, p]b) =2 Tr(p[b,a]) ,  (2.65)

where p is the density matriz associated with p, and X (p) =1]a,p], Y(p) =1[b,p].

Let us denote with {|j)};=1,..n the basis of eigenvectors of the density matriz p

associated with p € Sy, and let us order the basis elements so that \! >N > >

)\", where N is the j-th eigenvalue of p. Deﬁneﬁ My, = k)| with k < l and
= |7){j|. Then, the complex structure on every S, is given by:

3A complex structure J on a manifold M is a (1,1) tensor field such that J o .J = Id J°, and
such that its Nijenhuis tensor vanishes. For more details, we refer to [26], [88], [O1].
4This may be seen as a sort of generalization of the canonical basis in 2,, defined in chapter
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(J°(X)) (p) = Jg(ala, p]) =D (M= N) (0" My +a"My) | (2.66)

k<l

where X (p) = 1[a,p|, and a = a*" My, + @My, + o/D;. Accordingly, the metric
tensor on every S, is given by:

(97(X . Y))(p) = g7 (ula, p] o[, p]) = wy (s[a, p], Iy (1[b. o)) =
_ Z (/\k . )\l) (akll_)kl +C—Lklbkl) : (2.67)

k<l

where X(p) = 1[a,p], a = a"My + a"My, + o’D;, Y(p) = 1[b,p], and b =
bklel + bklMlk + b]DJ

Remark 8. An explicit computation shows that, when we consider the space S, = &1
of pure quantum states, the complex structure J° is:

(JJ(X)) (p) = Havp] vﬁ] = {avﬁ} —2pap, (268)

where p is the density matriz associated with p, {-,-} is the matriz anticommutator,
and X (p) =a,p|. Consequently, the metric tensor g° is:

(97 (X,Y)) (p) = Tr([a,p][b, 7)) , (2.69)

where p is the density matriz associated with p, and X (p) =]a,p], Y(p) =1/b,p].
Clearly, g° is proportional to the Fubini-Study metric tensor because it is invariant
with respect to the canonical action of SU(2L,) (see chapter 4 in [26], and [58]).

2.2.2 Hamiltonian and gradient vector fields

Here we will exploit the Kahler structure of S, to introduce the notions of Hamilto-
nian and gradient vector fields associated with functions on S,. Consider f € F(S,),
then, we define its associated Hamiltonian vector field Xy and its associated gradient
vector field Y} to be, respectively, the vector fields given by:

Xp= (W) (df ), (2.70)
Yp=(97)""(df ), (2.71)

where w? and g7 are, respectively, the canonical symplectic structure and canonical
metric tensor on S, .
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Associated with every a € O, there is a function e,: O} — R:

ea(§) == &(a) = Tr(Ea) . (2.72)
We refer to e, as the expectation value function associated with a. Since S, is
a subset of O}, we may consider the canonical immersion i: S, — 9O, and take
the pullback i*(e,) of the expectation value function e, associated with a € O,,.
In the following, for the sake of notational simplicity, we shall write i*(e,y) = ea.
Expectation value functions are intimately connected to the action of SU(2L,) on

S,, indeed, we can prove the following:

Proposition 6. Let a € O, so that A := 1a is in the Lie algebra of SU(2,),
and consider the fundamental vector field Xa on S, associated with the element A
according to definition [0l Then, for every expectation value function ey, associated
with b € O, as defined above, the following equality holds:

‘CXA (€b> = €[b,a] » (273)

from which it follows that X 5 is the Hamiltonian vector field associated with —e, by
means of the symplectic structure w’, that is:

w7 (Xa,)=—de,. (2.74)
Then, every cotangent vector in TS, may be represented as dea(p) for some a € O,,.

Proof. By the very definition of Lie derivative of a function with respect to a vector
field we have:

(Exs () () = (Xnen) (0) = (5 0 (0w ()) =

= (% (Tr(exp(eta) p exp(—1ita) b))) = (2.75)

— Tr(ufa, 7] b) = Tr(prlb,a)) = eupallp).

and the first assertion is proved. The fact that X is the Hamiltonian vector field
associated with e,, where A =1a with a € O,,, can be seen as follows. Because of
pmposition@ every tangent vector v, € T,S, can be represented by Xg(p) = 1[b, p]
for some B = 1b with b € O,,. Consequently, according to equations (2.75) and
, the cotangent vector dea(p) € 1,8, acts on v, as follows:

(dea(p)) (XB(p)) = Tr(pe[a,b]) = w7 (Xalp), XB(p)) - (2.76)
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Since B =1b is arbitrary, we conclude that:

w? (Xa,-) = —dea, (2.77)

which means that X o is the Hamiltonian vector field associated with the expectation
value function —ea, where A =1a with a € O,,. Clearly, the symplectic structure w
provides us with an isomorphism between the tangent space T,S, and the cotangent
space TS, for every p € Sy, therefore, recalling proposition @ it follows from

WZ(XA(p) ) ) = _dea(p)

that every cotangent vector in TS, may be represented as dea(p) for some a € O,,.

According to proposition [, we will write X, and Y, to denote, respectively,
the Hamiltonian and gradient vector field associated with the expectation value
function e,. Note that X, is equal to the fundamental vector field X_, associated
with —A = —a. Analogously, the gradient vector field Y, = J(X,) is equal to the
gradient vector field —Ya = —J(X4). As said at the end of section [2.1] the flow of
Hamiltonian vector fields may be dynamically interpreted as the unitary evolution
of the quantum system. These dynamical evolutions describe the behaviour of a
closed quantum system, that is, a system which is isolated from its environment.
Consequently, from the point of view of the dynamics of closed quantum systems,
Hamiltonian vector fields on the manifolds of isospectral states provide the correct
geometrical framework for a complete treatment of the subject. In the case of
pure quantum states, this geometrical picture can be generalized to the infinite-
dimensional case according to the works [48, [49]. On the other hand, the necessity
to describe the dynamics of open quantum systems will bring us out of the manifolds
of isospectral states. As it will become clear in chapter [3], the correct way to achieve
a geometrization of such dynamical processes is to consider the geometry of the
space S of quantum states developed here from what may be called an “extrinsic
point of view”. Specifically, we will exploit the fact that S may be seen as a convex
body sitting in an affine hyperplane in 9, and see how the geometrical structures
of § fit into the geometrical structures available on this affine hyperplane in such a
way that the open quantum evolutions governed by the GKLS master equation can
be described by an affine vector field T'.

We will now compute the commutator among the vector fields X, Yg with
A B € su(2,). In order to do so, we must recall some important properties of the
complex structure J? on S,. First of all, we recall the definition of the Nijenhuis
tensor Np associated with a (1,1) tensor field T on a manifold M (see definition
2.10, and equation 2.4.26 in [8§]):
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Np(X,Y) = (Lrx)(T)) (V) = (T o Lx(T) (V) (2.78)

where X,Y are arbitrary vector fields on M. A fundamental result in the theory
of complex manifold is that (see [91]) the (1,1) tensor field defining the complex
structure of a complex manifold must have vanishing Nijenhuis tensor. This means
that, on every manifold of isotropic quantum states, the complex structure J? is
such that N;o = 0, which means:

(Lsrx)(J)) (V) = (J7 0 Lx (7)) (Y), (2.79)

where X,Y are arbitrary vector fields on S,. In particular, if we consider the
Hamiltonian vector field X, theorem [ assures us that Lx, J7 = 0, and thus:

(Lrxa)(J7) (V) =0 (2.80)
for every vector field Y on S,. Eventually, we can prove the following:

Proposition 7. Let A, B be generic elements in the Lie algebra su(2L,) of SU(2A,),

then, the following commutation relations among Hamiltonian and gradient vector
fields hold:

(XA, Xg]=—-Xan, [Xa,YBl=-Yap, [Ya.¥Ysl=. (2.81)

Proof. The first commutator follows directly from proposition [{] Regarding the
second commutator, we recall that Yo = J°(Xa), and that theorem[J] assures us that
Lx, J7 =0, so that:

[Xa, Y] =Lx, (J°(XB))
=(Lx,J7) (XB) +J (EXA XB) = (2.82)
=J7 ([Xa,XB]) =
as claimed. Finally, using equation (2.80) together with the fact that J% o J7 = —Id

because it is a complex structure, we obtain:

[Ya Y] =Ljo(xa) (J7(XB)) =
= (EJG(XA)(JU)) Xg+J? (ﬁja(XA)XB) = (2.83)
=J7 ([Ya,X8]) = X{a B

as claimed.
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From the commutator just computed we obtain that the family of Hamiltonian
and gradient vector fields associated with elements in the Lie algebra su(2(,) of the
Lie group SU(2,) provide a realization of the Lie algebra s[(2,) which is the com-
plexification of the Lie algebra su(2l,). Since every manifold of isospectral quantum
states is a compact manifold, Hamiltonian and gradient vector fields are complete,
and thus the realization of sl(2(,,) “integrates” to an action of SL(2,) on every
manifold of isospectral quantum states. Clearly, this action of SL(2l,,) on S, C Sk
does not coincide with the action o of SL(2,) on S, introduced in the previous
section because a* does not preserve the spectrum of quantum states.
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Chapter 3

Geometry of the GKLS equation

In this chapter we will review the ideas sketched in [44] and developed then in [42].
The central topic will be the dynamical evolutions of finite-level quantum systems
according to the GKLS master equation (see [38, 63, 82]). The main result will
be a geometrical formulation of these kind of dynamics in terms of vector fields
(dynamical systems) on a suitable affine manifold. The perspective adopted will
be that of relating the geometrical structures of the space of quantum states S
introduced in chapter |2l with the geometry of S seen as a convex body in the affine
ambient space T} defined below. The necessity of considering the space of quantum
states as sitting in some ambient space comes from the dynamics of (genuinely)
open quantum systems. Indeed, the description of dissipation phenomena leads to
consider quantum evolutions that are transversal to the manifolds of quantum states
with fixed rank introduced in chapter [2] in the sense that the rank of a quantum
states may change in time (see proposition 3 in [23], or proposition 4 in [24]). We
can manage to overcome this difficulty by enlarging our perspective looking at &
as living in some suitable ambient space which is a differential manifold. From the
mathematical point of view this is possible because S is a convex body, and thus, at
least in finite-dimensions, there are always a vector space, and an affine subspace of
it, of which S is a convex subset. In the specific case of the space of quantum states
of a quantum system with C*-algebra 2,,, the vector space is the dual O} of the
space of observables 9,, and the affine subspace T C O is the space of self-adjoint
linear functionals p such that p(I) = 1, where I € 2, is the identity operator.

If p denotes the density matrix associated with the quantum state p € S C O},
then, the generator L of the GKLS equation may be written as a linear map on
density matrices:
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_ 1

{v A ,,0} + i (3.1)

J=1 Jj=1

M=

From the mathematical point of view, equation has a clear algebraic flavour.
This follows from the fact that the most used mathematical tools in quantum me-
chanics are algebraic. However, in the last decades, something changed, and the ge-
ometrical picture of quantum mechanics has started to grow [16], 26], 32] 36], 48|, 58].
In this picture, a rich geometrical structure associated with finite-level quantum
systems naturally emerges. We have seen in chapter [2[ that the space S of quantum
state with rank equal to k£ is a homogeneous space for an action of the Lie group
SL(2,) (see also [64], 65]). Furthermore, denoting with ¢ the spectrum of the den-
sity matrix p associated with the quantum state p, the set S, of all quantum states
with the same spectrum o turns out to be a Kéahler manifold. In particular, the
space of pure states is the complex projective spaceH P(#H), which is a well-known
Kéhler manifold. Unitary evolutions are realized by means of Hamiltonian vector
fields on the manifold S, of isospectral states. However, open quantum dynamics
may change both the spectrum and the rank of a quantum state, and thus the geo-
metrical description of such dynamical processes can not be accomplished resorting
to the differential structure of S, or S;. We must be able to describe the motion
across orbits of quantum states of different rank.

At this purpose, we note that the dynamical trajectories of quantum states under
open quantum dynamics lies entirely in the set T2 C O given by self-adjoint linear
functional p such that p(I) = 1, where I € 2, is the identity operator. Consequently,
we will rely on the differential structure of T} in order to describe open quantum
dynamics by means of a vector field ' € X(%}) which will turn out to be a fine-
tuned combination of geometrically meaningful vector fields. Specifically, we will
get a decomposition of I" as (compare with the three terms in the r.h.s. of equation

(3-1)):

r=X+Y+72, (3.2)

where X is a Hamiltonian vector field the flow of which preserves the spectrum of
quantum states, Y is a gradient-like vector field whose flow changes the spectrum
but preserves the rank of quantum states, and Z is a vector field the flow of which
is responsible for the change in rank of quantum states. Interestingly, X will turn
out to be an affine vector field which need not be correlated with ¥ and Z. On
the other hand, Y and Z will turn out to be highly related. They will be nonaffine
vector fields such that their sum is an affine vector field.

!The set P(H) is a Kihler manifold even in the infinite-dimensional case [47].
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To accomplish this task, we will make use of the Lie-Jordan algebra structure
on the space of linear functions on the dual O of the space of observables O,
and exploit a symmetric and an anti-symmetric product structure on the algebra
F(Z}) of smooth functions on T}. These products allow us to define, respectively,
the gradient-like and the Hamiltonian vector field by means of the affine functions
on F(%!) associated with elements of ,,. By construction, these vector fields will
be precisely the vector fields generating the nonlinear action of SL(2,) of which all
spaces Sy, are homogeneous spaces (see chapter . Consequently, the trajectory of a
quantum state p € Sy by means of the flow of these vector fields will be completely
contained in S. The vector field Z will be constructed with the help of an affine
map on T,..

Once we have this geometrical formulation of open quantum dynamics, some in-
teresting possibile applications arise. We believe that the geometrical reformulation
of open quantum dynamics could provide some new insights on the mathematical
structure of open quantum systems, as well as the possibility of replenish the arsenal
of useful mathematical tools bringing in elements from the classical theory of dynam-
ical systems. Indeed, the mathematical results of the theory of dynamical systems,
which are mainly related to the geometrical structure of classical mechanics, become
immediately available in the quantum case because of the common mathematical
language in which classical physics and open quantum dynamics are here formu-
lated, namely, using vector fields on differential manifolds. This interplay between
the mathematical methods of classical physics and the quantum theory could help to
better understand the structure underlying quantum physics, and to provide some
useful tools in the computation of specific physical situations. Of course, this should
not lead to think that classical physics should drive our understanding of quantum
physics. It is simply a way to point out how casting physical problems pertaining to
the quantum domain into a mathematical formalism which is common to classical
physics leads us to benefit of all the mathematical results available in that formal-
ism. Clearly, the physical interpretation of these results must be consistent with
the quantum nature of the system at hand. A similar attitude, but in the opposite
direction, was pursued by Koopman [77] who reformulated the dynamical problem
of classical physics in the mathematical formalism of Hilbert spaces characteristic
of quantum mechanics.

At the end of the chapter, the geometrical formalism presented is applied to
the case of quantum Poisson semigroups, of quantum Gaussian semigroups, and
quantum random unitary semigroups (see [11, [78, [82]. It is shown that every such
dynamics admits an accumulating set, that is, the dynamical evolution of every
quantum state p tends to a non-equilibrium steady state p.. Concrete examples
show that p,, may or may not depend on the initial state p.
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3.1 Symmetric and skew-symmetric tensors on 97

In this section we will exploit the Lie-Jordan algebra structure of the space £,
(see [76, Bl [4]) of observables in order to introduce symmetric and skew-symmetric
tensor fields on O} . By means of these tensor fields, we will introduce the notions
of gradient-like and Hamiltonian vector fields associated with functions on ;. In
particular, we will see that the gradient-like and Hamiltonian vector fields associated
with linear functions close on a realization of the Lie algebra gl(2l,,) that integrates
to an action of the Lie group GL(2(,) on O .

We start with the following definition:

Definition 7 (Lie-Jordan algebra). Let (A,®) denote a real Jordan algebra, and
(A,[[,]]) a real Lie algebra. Then (A,®,[[,]]) is called a Lie-Jordan algebra iff the

following conditions hold:

e [[a;-]] is a derivation of ®:

[a,bocl]=[lla,b]]©oc+bo[a,c]; (3.3)

e the associator of ® is proportional to the Lie product:

(adb)oc—a®(boc)=]|b,[[c,a]]]]. (3.4)

The space 9,, of self-adjoint elements in 2, is naturally endowed with a Jordan
product ® and a Lie product [[,]] given by:

a®b:= (ab;——ba) : (3.5)
[, b] = 122 b2) 56)

These product structures make $,, a Lie-Jordan algebra according to the previous
definition.

Remark 9. In the infinite-dimensional case (see [28, (29, (39, (54, (56, [67]) we must
pay attention to all those aspects connected with the Banach space structure of the
C*-algebra A of the system. Indeed, A carries a norm || -|| which is compatible with
its algebra structure and its involution, so that the space O of observables becomes a
Banach space (see [3,[53, [101]). In this context, the relevant object is a Lie-Jordan-
Banach algebra (see [5,[})]), that is, a Lie-Jordan algebra (A, ®,[[,]]) which is itself
a Banach space with a norm || - || such that:
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e [[,]] is continuous;

e [[a®b|| < |la]|[|b]| for all a,b € A;
o [la®all=|la|]?® for alla € A;
e ladal|<|la®a+bob|| foralla,be A.

What we want to do now is to use the Lie-Jordan algebra structure of 9, C
2, together with the duality relation between 9, C 2, and O C 2A*, in order
to build up a symmetric and a skewsymmetric contravariant tensor field on the
linear manifold ©}. At this purpose, we note that every element a € O, may be
represented as a linear function f, on O} as follows:

fal§) = ¢&(a). (3.7)

ConverselyEL any linear function on 9; is associated with an element a € ©,,.
Defining the following product structures among linear functions:

fa®fb = fa@by (38>

[[fa s fol] == fia.p) 5 (3.9)

a direct computation shows that:

Proposition 8. The set (F(O*),®,][[,]]), where Fi(O*) C F(O*) is the space of
real linear functions on O*, and ®, [[,]] are given by (3.8) and (3.9), provides a
realization of the Lie-Jordan algebra (9,0, ][,]]).

We can now define two contravariant (2, 0) tensor fields on O} using the product
structures ® and [[,]] just introduced as follows. We first inroduce an orthornormal
basi {e'},=0,..n2-1 of O, having el = \/lﬁ Next, we denote with f, the linear
function associated with e* by means of equation (3.7). Since the differentials of
the linear functions generate the cotangent space at each point of O}, we have that
every differential one-form 6 on O} can be written as:

= 0" df,. (3.10)

2This is always true in finite dimensions where every linear space is isomorphic to its dual and
double dual, while it is no longer true for general infinite dimensional spaces which are not reflexive.

3Throughout the rest of the paper, greek indexes will run from 0 to (n? — 1), while latin indexes
will run from 1 to (n? — 1).
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Consequently, for every differential one-form 6,60, on O we define:

G(6’1 ,92) = QT ‘9; f# ® fl, 5 (311)

A(61,62) == 0705 [[f, fu]]- (3.12)

It is clear that (G is actually a symmetric tensor field because ® is symmetric, and Ais
an antisymmetric tensor field because [[, ]| is antisymmetric. Now, let f, g € F(O%),

and let A and G be the tensor fields in equations 1} and 1} We define the

following bilinear, binary product structures among functions on O%:

(fi9):==G(df;dg) . (3.13)

{fi9} :=A(df;dg) (3.14)

The second product is a Poisson bracket, while the first one is commutative but
it does not possess additional properties, unless we restrict it to a properly chosen
subspace of functions, namely, linear functions. In that case, we recover the Jordan

structure of equation (3.8)).
By means of the linear functions, we may introduce a Cartesian coordinate sys-

-----

(€)= fen(§) = ("), (3.15)

where {€"},_o n2_1 is an orthonormal basis of O,, having e = \/lﬁ It is a matter

of straightforward calculations to show that the coordinate expressions of the tensor
fields G and A are:

0 0

G=dY2" — . 3.16
o Pan © oxv (3.16)
~ 0 0
A=cV2" — N — 3.17
T Gun " Ouv (3:17)
The coefficients ¢#” are the structure constants of the Lie product [[,]] in ©,. Note

that 2¢#” are the structure constants of the Lie algebra u(2(,,) = u(n) of the unitary
group U(2,,) = U(n), and thus, they are antisymmetric in all indices. Analogously,
the coefficients d?” are the structure constants of the Jordan product ® in 9,,. The
structure constants d4 are symmetric in p,v, and we have d° = 0 and df” =

4Throughout the rest of the paper, greek indexes will run from 0 to (n? — 1), while latin indexes
will run from 1 to (n? — 1).
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%. Furthermore, the structure constants are invariant with respect to unitary

transformations, that is, the structure constants of the basis {e*} equal those of the
basis {e#}, where e* = Ue* UT with UUT = L.

Remark 10. In [43] the antisymmetric and symmetric product among quantum ob-
servables are used to introduce, respectively, an antisymmetric bivector field A and a
symmetric bivector field G on a finite-dimensional submanifold M of parametrized
pure states in P(H), where H is the complex separable infinite-dimensional Hilbert
space of the system. It turns out that, if some compatibility conditions between
the immersion of the submanifold M of parametrized pure states and the quan-
tum unitary dynamical evolution considered are satisfied, it is possible to define a
classical-like dynamics on M which is Hamiltonian with respect to A.

3.1.1 Hamiltonian and gradient-like vector fields on O}

Having at our disposal a symmetric and an antisymmetric bivector field, we may
introduce the notions of gradient-like and Hamiltonian vector fields:

Definition 8 (Gradient-like and Hamiltonian vector fields on O%). Let f be a smooth

function on O, and let G and A be as in equations and . Then, the
gradient-like vector field Yy and the Hamiltonian vector field Xy associated with f

are defined as:
Yy:=Gdf,-), (3.18)
Xy = A(df,). (3.19)

For the sake of notational simplicity, we will write Y, and Xa for the gradient-
like and the Hamiltonian vector field associated with the linear function f., where
acy,.

Interestingly enough, we can prove that the gradient-like and Hamiltonian vector
fields associated with linear functions on O} close on a realization of the Lie algebra

ol(Ay,):

Proposition 9. Let a,b € 9,,, then the associated gradient-like and Hamiltonian
vector fields satisfy the following commutation relations:

Xa , Xp] = X{fa b)) Xa, Y] = Yia b Yo, Y] = —Xa b)) - (3.20)

This means that the gradient-like and Hamiltonian vector fields associated with linear
functions close on the Lie algebra gl(2L,,) of the general linear group GL(2L,).
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Proof. Since the differentials of the linear functions generate the cotangent space
at each point of OF, it suffices to check the commutation relations by computing the

n’

action of the commutators on a generic f. with ¢ € 9,,. We start with the following
computation:

Xa, Xp)(fe) = XaXn(fe)) — Xp(Xa(fe)) =

= Xa(fiw.e)) = Xo(fifa ) = fila o ell) = fiib ffa el
According to the Jacobi identity of the Lie product we have:

[la,[[b,c]]]] —[[b.[la,c]]]] = [[[[a.b]], <], (3.21)
and thus: L B
[Xa, Xb](fe) = fittablle] = Xa,b) (fe) (3.22)
which means:
Xa, Xp] = Xab] - (3.23)

Next, we have:

Xa, Yo(fe) = Xa(Yu(fe)) — Yo(Xa(fe)) =

= Xa (fooe) = Yo(fla ) = fiia,boc] — foofa.c

Recalling that [[a,-]] is a derivation of the Jordan product ® for all a € O, we
have:

[a,boc|]]-bo[a,c]]=a,b]]®c, (3.24)
and thus:
Xa, Yol(fe) = flabjoc (3.25)
which implies:
Xa, Yp] = Yia,b] - (3.26)

Finally:

[Yaayb](fC) = Ya(Yb(fC)) - Yb<Ya(fC)) =
= Ya (beC) - Yb(fa@C) = fa®(b®0) - fb®(a®t:) .
Using equations and we get:
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a®(boc)-bo(a®c)=—]|[a,b]]c]], (3.27)

and thus:

[Ya, Yu](fe) = —fiiyapyep (3.28)

which implies:

Yo, Y] = _X[[a,b]] : (3.29)

Collecting the results, we have:

[Xa , Xp) = X{fa,b]] [Xa, Yb] = Ya b Ya, Yp] = —X[a b)) ; (3.30)

which means that the Hamiltonian and gradient-like vector fields associated with
linear functions close a representation of the Lie algebra sl(2(,,) of the general linear
group GL(2.,,) as claimed.

We will now show that the realization of the Lie algebra gl(2l,,) given in proposi-
tion |§| integrates to a right action of the Lie group GL(2(,)) on OF. At this purpose,
we consider the right action GL(2(,,) x O} 3 (g,&) = ax(§) =&, € O} given by:

&(a) = ¢&(gag) VaecO,. (3.31)

Recalling that for every £ € 9, there is ¢ € O, such that £(a) = Tr(€a), we can
write the action « on ¢ as:

&=2g'¢s. (3.32)
We are now ready to prove the following:

Proposition 10. The vector fields of the form 2 (Ya—l-gb) with gl(~A,) > A =

a+1b and a,b € O,,, are the fundamental vector fields (see deﬁm’tion@ of the right
action & of GL(2L,,) on OF given by equations (3.31) and (3.32)).

Proof. Let g € GL(,) and take gl(A,) > A = a+ b, with a,b € O,,, such that:

g =ch =P, (3.33)

At

Consider the one parameter group g, = e™", and let us compute:
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d d _
_5 t<e,u)) _ (_ Ty e(afzb)tge(aJrlb)t e ) _
(o), = (G )

t=0

— 2T (€ (" @a— [, b)) = (3.34)

=2(d 2% a, +cFa’b,) .

Then, the proposition follows after confronting this expression with the expression
of the components of 2 (Ya + Xb) obtained using equations (3.18)) and (3.19)).

From this proposition follows that the integral curves of the Hamiltonian vector
field Xamay be represented by:

%(f) = UI gUt )

with Uy = exp(:5a), therefore, if £ is a quantum state, that is £ is in S, the integral
curves starting at £ remain in S for all £ € R. On the other hand, the integral curves
of the gradient vector field Y, may be represented by:

r)/t(g) - AI gAt )
with A, = exp(%a), and thus the integral curves starting at §{ € § will exit from §
because the trace of & is not preserved. This means that Hamiltonian vector fields
are tangent to the affine submanifold T} C O containing the space S of quantum
states, while gradient-like vector fields are not tangent to T..

3.2 Symmetric and skew-symmetric tensors on T\

As we have seen in the previous section, the Jordan-Lie algebra structure of O,
allows us to construct two particular bivector fields on O7. Starting with these
bivector fields, we are able to introduce the notions of Hamiltonian and gradient-
like vector fields, and these vector fields turn out to be the fundamental vector fields
associated with a smooth action of GL(2(,,) on OF. However, this group action
does not preserve the space of quantum states S C 7, nor it preserves the affine
subspace T2 C OF of which S is a convex subset. Consequently, we want to perform
a reduction procedure for the bivector fields G and A in order to obtain bivector
fields on T}. Then, we will define gradient-like and Hamiltonian vector fields on T}
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and it will turn out that these vector fields close on a realization of the Lie algebra
s[(2,) which is closely related to the action of SL(2(,) on S seen in chapter

The set T, is an affine subspace of O, and thus its algebra of smooth func-

tions can be identified with the quotient algebra| F(9O7)/Z}, where F(9}) is the
algebra of smooth functions on 9%, and Z! C F(9?) is the closed linear subspace
consisting of smooth functions vanishing on T!. What we will do is to perform a
reduction procedure for the additional product structures {, } and (,) on the alge-
bra (F(O%),+,-) given by, respectively, equations and (3.14)), and then use
the affine structure on €} to extend the reduced product structures on functions to
bivector fields on ..

In order to perform the reduction procedure, let us briefly recall how product
structures may pass to a quotient space. First of all, let us consider a vector space
V', and a closed linear subspace W C V. It is well-known that the quotient space

E = V/W inherits the structure of a vector space:

[v1] + [ve] := [v1 + vo] . (3.35)

Now, let us endow the vector space V with a product structure - compatible with
+ so that V' becomes an algebra A = (V' ,+,-). It is clear that W is again a closed
linear subspace of A, however, as it stands it carries no information on the algebra
structure of A. This means that, in general, F = A/W will not be an algebra. If
we want £ = A/W to inherit an algebra structure, we must select W so that it is
an ideal of A. In this case we can define the following product structure on E:

[v1] - [va] = [v1 - va]. (3.36)

Indeed, expressing [v;] and [vy] as the sum of a representative of the equivalence
class with a generic element in W we have:

(v1+w1) - (Ve +ws) = vy Ve + V1 - Wo W1 - VyF W Wy = V1 Ve wip = [V1-vg], (3.37)

where wyy = vy - wo + wy - vy + wy - wy is in W for all v; and v, if and only if W is
an ideal of A.

Now, let us consider the algebra (F(O7),+,{}). It is a matter of straightfor-
ward calculation to show that Z! is an ideal with respect to the product structure

SIn general, if V is the vector space F(M) of smooth functions on a differential manifold M,
and W is the closed subspace Zy; of smooth functions vanishing on a submanifold ¥ C M, we
obtain E = F(M)/Zx = F(X) [33].
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{,} given by equation (3.13)), that is, {f, ¢} € Z! whenever f is in Z!. This means
that on the quotient space F(9})/Z! = F(T}) we have the product structure { };:

{1 lolh =U{r g} (3.38)

We can now use the product structure {, }; to construct a contravariant bivector
field on €!. In order to do so, we identify the elements of the quotient space
F(9O3) /T,y with functions in F(T}). If {2#},—0, n2—1 is the Cartesian coordinates in
97 associated with the orthonormal basis {e*}, o _,2_1 introduced before, then the

affine subspace T} may be identified with all those elements in O having 2° = \/Lﬁ

Remark 11. What we have done here, is to select an origin in the affine subspace
TL . namely, the point & such that 2°(€) = == and 27(€) = 0 for all j # 0. Interest-

NG
ingly, this point corresponds to the mazimally mized state.

Denoting with i: T} — ©OF the canonical immersion, we note that the pullback
[ = é—% + Aj 27 of a linear function f = A, z* € F(O}) by means of i is an affine
function on T}. Consequently, we can select (n? — 1) of them, say f/ = x7, such that

their differentials form a basis of the cotangent space T¢ Tl at each point £ € T!.
An explicit calculation shows that:

{(F7, = d" fl. (3.39)

-----

bivector field A setting:

AAf7dffy = {7 fho=d" 1 (3.40)
The explicit expression of A in the coordinate system associated with {f7};_1 .24
is:
0 0

_ gk Y 9
A=cla' oo (3.41)

When we try to proceed similarly for G, we immediately find that Z! is not an
ideal for the product structure (,) by equation (3.14). Our proposal to deal with
this situation is to modify G so that Z! becomes an ideal for the product structure
associated with the new tensor field. In doing so, we will lose the Jordan-Lie algebra
structure on the linear functions on O, Indeed, when we modify G, the resulting
symmetric product will no longer be the Jordan product realized on linear functions,
nor will it be compatible with the antisymmetric product {, } associated with A.

Let us consider the following tensor field on O;:
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N o 9
R _ (224 g
72.—G—A®A—dox—awu®axy

where A = z# % is the Euler vector field representing the linear structure of O*.

A direct calculation shows that Z! is an ideal for the product structure ((,)) on
functions associated with R by means of:

~A®A, (3.42)

((f.9)) =R (df,dg) . (3.43)

For future reference, we note that the gradient-like vector fields associated with R
are:

Yy =R(df,-) =G df,) = A(f) A=Y, - A(f)A. (3.44)

Remark 12. If we focus on affine functions f, with a € 9,,, we immediately see
that:

<<faufb>> = faob — fa fb- (345)

If a = b, then ((fa, fa)) is the variance of a. Moreover, it is clear that linear
Junctions are no longer an algebra with respect to the product structure associated
with R, let alone a Jordan algebra.

Now, we can proceed in complete analogy with what has been done for { } and A
in order to obtain a symmetric product structure (,); on F(%!), and the symmetric
contravariant tensor field R on T} given by:

< 5k 0 0
RI(d{kl’l—F?)@@@—A@A (3.46)

— 9
where A = 27 7.

3.2.1 Hamiltonian and gradient-like vector fields on T}

Now that we have the tensor fields A and R on ¥}, we can proceed and define
gradient-like and Hamiltonian vector fields in analogy with definition [8}

Definition 9 (Gradient-like and Hamiltonian vector fields on T!). Let f € F(T}),

and R and A be as in equation and . Then, the gradient-like vector

field Yy and the Hamiltonian vector field Xy associated with f are defined as:
Y= R(df5) (3.47)
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Xp=A(df;-) . (3.48)

For the sake of notational simplicity, we will write Y, and X, for the gradient-
like and the Hamailtonian vector field associated with the affine function f., where
acy,.

Writing £ = \/igeo + 27e;, the explicit expressions of the gradient-like and Hamil-
tonian vector fields associated with the affine function f, = \“/—%—Fajxj , wherea € 9,
are:

- 0 ; 5k a,; 0 :
~k k1
Ya: Tr(a@&e)%—faA:(dg JTCLJ‘—F TLJ) @—JTJCLJ'A, (349)
Xa =" 2la; %. (3.50)

Note that the gradient-like vector fields contain a quadratic term with respect to
the coordinate system {z*},—; .2 ; adapted to T.. Moreover, note that the 0-
component of a does not play any role in the definition of X, and Y,. In particular,
the Hamiltonian and gradient-like vector fields associated with f, are everywhere
vanishing whenever a = age’.

There is a very interesting relation between the vector fields Xa, %a, X, and Y,.
To see this, recall that the vector fields on O are derivations of the pointwise product
of F(9O?). Any such derivation, say 13, defines a derivation D of the quotient algebra
(with respect to the pointwise product) if and only if D(Z!) C Z! [33], indeed, we
can define:

D([f]) = [D(f)]. (3.51)

It is then clear that Hamiltonian vector fields Xa and gradient-like vector fields %V(a
define derivations of F(9%)/Z!. Once we identify T} C O as the affine subspace
1

characterized by 2°(¢) = —=, it follows from a direct computation that the derivation

associated with §§a is the Hamiltonian vector field X, associated with a by means of
A, and the derivation associated with Y, is the gradient-like vector field Y, associated
with a by means of R.

We will now prove that Hamiltonian and gradient-like vector fields on ! as-

sociated with traceless elements in £, close on a realization of the Lie algebra of
SL(A,):
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Proposition 11. Let a,b € O, be such that Tr(a) = Tr(b) = 0. Then the
associated gradient-like and Hamiltonian vector fields on T) satisfy the following
commutation relations:

[Xa, Xb] = X b [Xa, Yb] = Yia b [Ya, Y] = = X[ja b)) - (3.52)

This means that the gradient-like and Hamziltonian vector fields associated with affine
functions close on the Lie algebra sl(2A,,) of the special linear group SL(2A,).

Proof. Since the affine functions f, are enough to generate the cotangent space at
each point, we will compute the commutators simply evaluating them on the affine
functions themselves. For the Hamiltonian vector fields we have:

[Xa ) Xb](fC) - Xa(Xb(fC)) - Xb<Xa(fC)) -
= Xa(/f1b,el) — Xo(flia.el) = Sita b} — Sl lia.c) »

where we have used:

Xa(fo) = Adfa,dfo) = {fa: fot1 = fiap)- (3.53)

It 1s easy to see that:

[a.[[b,c]}]] = [[b,[[a,c]]]] = [[[la,b] <], (3.54)
from which it follows that:
[Xa, Xu](fe) = fiapy ) = Xfap(fe) (3.55)
and thus:

[Xa, X = X{ja b - (3.56)

Before computing the commutator between Hamiltonian and gradient-like vector
fields, let us note that:

. YL, ,
Ya(fo) = R(dfa,dfp) = d¥a;by + —2% — 2iq; 2k, . (3.57)
Now, the Jordan product a ® b reads:
ik 0 ik 1 7% a;by, 0 ik !
a®b=d"a,b, e =dajbye’ + d"a;b e = —2=¢e" +d"ajbye’, (3.58)

vn
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where we used d?o =0,dy = %, and the fact that a and b are traceless. Comparing

equation with equation it follows that
Ya(fb) = fa@b - fafb . (359)

Computing the commutator, we have:

[Xa 5 Yb](fc) = Xa(Yb(fc)) - Yb(Xa(fc)) = Xa (fb@c - fbfc) - Yb(f[[a,c]]) -

= fllapoc] — fe fia,p] — fo fila.c] — foo[a.c] + fofia.d =
= Jiia.poc]] — fe fifa b)) = foofa.d) -

A direct computation shows that:

[a,b®c]]—-b®][a,c]]=a,b]]®c, (3.60)
and thus:
[(Xa, Yu](fe) = fiabljoc — fia.b] fe (3.61)
which means:
[Xa Yo = Yiab) - (3.62)

Finally, noting that:

Ya (fb®c - fbe) = fa®(bGC) - fabeDc - fc (fa®b - fafb) - fb (faCDc - fafC)

we have:

[Ya ) Yb](fc) = Ya(Yb(fc)) - Yb(Ya(fc>> =Y, (fb@c - fbfc) -Y (fa@c - fafC) =

- fa®(bGJC) - fafb@c - fc (faQb - fafb> - fb (fa®c - fafc) -

— foo@ae) + foface + fo (faob — fafb) + fa (foee — fofe) = —fila,b] <
where, 1 the last equality, we used equation . FEventually, we get:

Ya, Yo = —X(ab) - (3.63)

Collecting the results we have:
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[Xa, Xb] = X{a ] [(Xa,Ys] = Y b Ya, Yo] = —X{a b, (3.64)

which defines a realization of the Lie algebra sl(2A,,) of the special linear group
SL(,) as claimed.

One could be tempted to say that the realization of sl(2,) by means of Hamil-
tonian and gradient-like vector fields associated with affine functions, integrates to
a right action of SL(2(,) on T! just as it happens for the realization of gl(2l,) on
OF (see equation ) However, this is not the case. What happens is that
the gradient-like vector fields in equation are, in general, not complete, and
thus the Lie algebra realization does not integrate to an action of the Lie group
(see remark . What is very interesting though, is that on the positive elements of
T! that is, the quantum states, these vector fields are complete, and their flow is
precisely the action « of definition [B}

Proposition 12. Leta,b € O be such that Tr(a) = Tr(b) = 0. Then, the evolution
pt of the quantum state p € S along the flow of X, + Yy, is defined by:

plgee gl)
p(g: 8l)
where A = a+1b € sl(A,,) so that g, = exp(3A) is in SL(A,) for all t.

pi(e)) = , (3.65)

Proof. Let us start recalling that p = \/Lﬁeo + 2'e;, and compute:

dpi(e’)
dt

» —p(ace) —p(([e’,b]]) — p(e?) pla) =
5 ay,

= d 2lay, + + 7 2y, — apa® 2t (3.66)

The proposition follows from the comparison between equation with equations
3.49) and . Note that if p is not a quantum state (p is not positive), we
can not use equation to define p; because the denominator may explode (see
remark @

It is clear that Hamiltonian and gradient vector fields on T} are tangent to every
manifold Sy, of quantum states with fixed rank. Furthermore, comparing proposition
12 with the results of subsection 2.1.1] on the fundamental vector fields of the action
of SL(2,) on Sk, we realize that the restriction of the vector field (Ya + Xp) to
the submanifold S C T} coincides with the fundamental vector field X5 associated
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with A = 222, Consequently, the integral curves y;(p) of (Ya + Xp) starting at
p € S are clearly complete, and they lie entirely in the space S of quantum states in
the sense that if p € Sk then v(p) is in S for all t € R. In particular, the integral
curves of Xy, lie entirely in the set of isospectral states, and thus X}, may be thought
of as the vector field generating the unitary part of a quantum dynamical process.
On the other hand, the integral curves of Y, + X}, are generically transversal to the
set of isospectral states, however remaining entirely in the set of quantum states
with fixed rank. Clearly, since Y, contains nonlinear terms, its integral curves can
not represent linear quantum dynamical processes. Indeed, in the next section we
will see that if we combine Y, with a properly defined vector field Zx, then the vector
field Ya + Zx may be thought of as representing the dissipative part of a quantum
dynamical process.

Example 1 (Two-level quantum system). To illustrate our general arguments we
consider the example of a two-level quantum system. To make contact with the
widespread notation for qubit, we will here drop the requirement of orthonormality
for the basis {e!},—o,. 3 and {e,},o... 3 and consider the orthogonal basis generated
by the Pauli matrices:

00:((1) ?) 01:((1) [1)) (3.67)
022(3 _OZ> 03:((1) _01) (3.68)

This choice will affect some numerical factors in the coefficients cZk and d¥. How-
ever, from the practical point of view, it is a convenient choice because of the peculiar
properties of the Pauli matrices. The self-adjoint element & € ©,, associated with
£ €O is written as:

Ez%(o“rx-a), (3.69)

and it is the density matriz associated with a quantum state if and only if |x|*> < 1.
In this case, 8 has only two strata, namely, S; and S, and it is a proper manifold
with boundary. As shown in [6])] this is the only case in which S is a differential
manifold with a smooth boundary. Specifically, S is the 3-dimensional solid ball and
the two strata are the surface of the ball, that is, the pure states; and the open interior
of the ball, that is, the mixed states. It should be noticed that while pure states are
represented by a compact manifold without boundary, the stratum of mized states is
bounded but not compact, and its closure is the whole space of quantum states S.
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It is easy to work out the explicit expressions for the structure constants of the
anti-symmetric product [[o*, 0"]] and the symmetric product o* ® o", and, once this
has been done, the expressions for R and A read:

S0 0
_ sik _
R=§" 5@ ap —ABA, (3.70)
A = —E‘ij l’l% A % s (371)

where e{k 15 the Levi-Civita symbol. Gradient vector fields associated with the affine
Junction f,, are:

0 )
while Hamiltonian ones read:
- 0
X; = —€" 2 P (3.73)

Together they close on the Lie algebra of SL(2ly) = SL(2,C). Furthermore, the
Hamiltonian ones are tangent to the sphere of radius r for all r > 0:

Ly,r? = —*alak =0, (3.74)
while the gradient ones are tangent only to the sphere of radius r = 1 (the pure
states), in fact we get:

Lyr®=(1—r*)a’. (3.75)

This instance reflects the fact that the manifold of pure quantum states is a homo-
geneous space for both SU(,,) and SL(A,) for every n.

3.3 Evolution of open quantum systems as an affine
dynamical system

The mathematical description of (Markovian) open quantum systems was initiated
in the pioneriing works [63] and [82]. In these papers, the explicit form of the most
general master equation governing the Markovian dynamics of a finite-level quantum
system was found. The theoretical and experimental richness of the theory of open
quantum systems is continuously growing, and the important increase in the level of
experimental control on quantum systems has led to a wide number of experimental
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realizations of open quantum systems in different fields of physical applications. For
instance, in quantum optics; in atomic and molecular physics; and in mesoscopic
physics.

An open system can be thought of as a physical system S which is not closed,
that is, it is interacting in some way with an environment E. From the conceptual
point of view, one may hope to be able to consider a new physical system T', which is
the sum of S and F, so that T becomes a closed system. This conceptual attitude is
corroborated by a number of mathematical results, both in classical, and quantum
physics. Indeed, given a classical system S the dynamical evolution of which is
described by means of a vector field X on some carrier manifold M, it is always
possible to find a symplectic lift X of X to the cotangent bundle T M, so that X
becomes a Hamiltonian vector field, that is, X describes a closed classical system
[15, I]. On the other hand, the state p of a (finite-level) quantum system S with
Hilbert space Hg, may be described by a density operator in the space B(Hg) of
bounded linear operators on Hg. Here, the evolution of a closed system corresponds
to the unitary evolution:

P,(p) = U, pUT, (3.76)

with U, a unitary operator for all 7. An open system is described by a semigroup
.. of completely-positive trace preserving (CPTP) maps from B(Hs) into itself. In
this context, Stinespring theorem [97] states that every completely-positive trace-
preserving map K(p) from B(Hg) to itself can be obtained in three steps. First,
we have to consider the tensor product Hg with an auxiliary Hilbert space Hpg.
According to the general postulates of quantum mechanics [55], Hg ® H g represents
the Hilbert space of the composite system S + E. Once we have the composite
system, we let it evolve by means of a unitary evolution depending on the explicit
form of K. Finally, we project the evolved state back from Hs® Hg to Hg to define
an evolution from Hg into Hg.

Although these prescription seems clear cut, its practical implementation suffers
of some limitations. Indeed, it is often the case that the environment is so com-
plicated that a complete knowledge of the actual state describing it is impossible.
Consequently, it is impossible to determine the evolution of the composite system
because we do not know the initial state of the composite system. Furthermore, it
is very likely that our knowledge of the explicit form of the interaction between the
system and its environment is uknown to us. What we actually have, is only an ef-
fective dynamics on the subsystem S. The Gorini-Kossakowski-Sudarshan-Linbland
equation (or GKLS for short) [63], 82] describes precisely the most general form for
the generator of a finite-level open quantum system from the perspective of the
effective dynamics. For an interesting exposition of the technical and conceptual
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development of the ideas that have led to the discovery of the GKLS equation we
refer to [3§].

Recalling that, in the finite-dimensional case, every £ € 97 is uniquely related to
an element £ € O,,, the GKLS generator L of a linear quantum dynamical process
can be expressed as the linear operator (see [63] [82]):

L) =-2[[H,(]] -Voi+K(©)), (3.77)

where H € O, v; € /,,, V = Zjvzl V;Vj, and the linear map K is a completely-
positive map:

N
KE) =Y vjévl with N<(n®-1). (3.78)
j=1

In the finite-dimensional case, according to [63][82], this is the most general form for
the generator of a dynamical process which is linear, completely positive and trace
preserving (CPTP).

The integration of the equations of motion associated with L gives a one-parameter
semigroup {®,} of completely-positive maps @, : § — S for 7 > 0, such that & is
the identity transformation. Actually, {®,} is well-defined and differentiable for all
7 € R on the whole 9%, but, for 7 < 0 it fails to preserve positivity, hence, it maps
quantum states out of S. N

We will now analyze the vector field I' = Zy, associated with the GKLS generator

-----

-----

Definition 10 (Linear vector field associated with a linear map). Let A(§) =
ALgV e, be a linear map from O} to itself, and let {z"} be the Cartesian coordi-

77777

0% associated with A as follows (see [33] chapter 2 and 3):

0
Ly = Al gV — . .
A v ¥ o (3.79)
Its action on linear functions reads:
Za(fo)(§) = fo(A(£)) = AL b (3.80)

It is a matter of straightforward calculation to prove that:
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Proposition 13. Let A, B be linear maps from O, to itself, then:

Zasp = Za+Zs. (3.81)

The GKLS generator L is a linear map from O to itself, therefore, we may
define its associated linear vector field I' = Z;, on O}, by means of definition .

Proposition 14 (GKLS vector field on O%). Let L be the GKLS generator of equa-

tion . Then:

f = Xa + Yy + Zg (382)
where ?Ea 18 the Hamiltonian vector field associated with a = —2H by means of K,
the gradient-like vector field Yy, is the one associated with b = —V by means of

G, and Zx is the linear vector field associated with the CPTP map IKC by means of
3.79,).

Proof. Let us start writing:

L(¢) =2[[H.£]] - VOE+K(E) = —2Cu(§) — Av(€) +K(€), (3.83)
where the linear maps Cg and Ay are given by:

Cu(§) :=[H,{]] =t hya, e,

and

Av(€) =V o =d"V,z,e° .

According to deﬁmtion and recalling that 9% > ¢ = z"e, and O, 3 £ = x, €
with o# = 0" x,,, we have:

v o 0 %
ZCH = C'g_ hVSE @ = XH, (384)
Zay = dV,ao Ly (3.85)
AV o v ax“ VvV, .

where we have used the coordinate expressions of Hamiltonian and gradient-like vec-
tor fields given by equations (3.50) and (3.49). Since L is a linear combination of

the three linear maps Cu(§), Av(§), and KC(£), the results follows from proposition
[Z3.
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Our aim is to define a vector field on T} representing the GKLS generator L.

We will construct such a vector field by means of a reduction procedure applied to
.

Proposition 15 (GKLS vector field on T!). The linear vector field r defines a
derivation, say T, of the algebra F (). Furthermore, T’ will decompose into the sum
of three vector fields all of which, spearately, define derivations of F(T)). Specifi-
cally, we have:

I'=X,+ Y, + Zg, (3.86)
where X, 1s the Hamiltonian vector field associated with a = —2H, Yy, s the
gradient-like vector field associated with b = —V = Zj V;r- v;, and Zx is a vec-

tor field associated with the linear map K(£) = Zj V; fv;r

Proof. We have to prove that Ly Zsi C Iz, where Isy C F(9;) is the ideal of
smooth functions vanishing on ..

Let us start recalling equation , so that we can introduce the gradient-like
vector field ?b associated with the symmetric bivector field R:

Yy =Yy — f A. (3.87)
From this, it follows that Yy, = Yy, + /o 5, and thus:

ff:Xa—f—Yb—FZ;{:Xa—l—?b—f—‘fbg—i—Z}CEga+§(b+z:;c. (388)

We already know that §§a and i)?b define, separately, derivations of F(TL). In par-

ticular, we know that the derivation associated with Xy is the Hamiltonian vector
Jield Xa, while the derivation associated with Yy, is the gradient-like vector field Yy,.
In order to better understand Zy, we start writing the map K(&) as:

K(&) =Tr (K(&eo) € +Tr (K(&)ex) e °) + B(£), (3.89)
where we have used the fact that e, (e”) = ( e ) From this equation it follows
that:

Zi =Ta+Lp. (3.90)

Nezt, we look at the map A:

ZTr(vjﬁv eg)e —ZTr(v ;€ >7_f\\,/(7_§) e’. (3.91)
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Recalling that Ty = T — fv E, we have:

ZK—ZA—FZB—va—fv(% l’)@ fvzx @—FZB. (392)
0 1

The first term in the RHS clearly vanishes when we are on the hyperplane z° = 7

representing €. in OF. This means that it defines a derwation of F(T)) corre-
sponding to the zero vector field. Furthermore, since the second and third terms in
the RHS have no component along 8%0, they define, separately, derivations of the
algebra F(TL), that is, vector fields on L. We denote with Zg the vector field on
TL which is associated with the vector field Zg on O, and with fyA the vector
field on T} which is associated with the vector field fv xka%k on O*. Recalling that
Or 3¢ =xate, and O, > & = x, € with x* = 6" x,, the coordinate expression of
7 reads:

Zo=Krar 2y (K(e,)e") o* 2 (3.93)

B gk a oxk’ '

where e, = 0,,e", & = §;.e;, and 2° = \/iﬁ 1s implicitely assumed. In the end, Z,C
defines a derivation of F(T}) given by:

Zix =2 — fvA. (3.94)
Now:
[ =X, + Yy + Ze
is the sum of three vector fields defining, separately, derivations of F(TL), and thus,
[ itself defines a derivation of F(T}) which we denote with T.
FEventually, we find that the quantum dynamical evolution generated by the GKLS

generator L of equation 1s described by the following GKLS vector field I on
T

'=Xa+ Y, + Zx. (395)

By construction, the integral curves of X, + Y}, starting at p € S C S remain
in S, and thus, it is the vector field Zx which is responsible for the change of the
rank of a quantum state.

Note that Zx, as well as Y}, contains a quadratic term with respect to the
quadratic terms cancel out in the sum Y}, + Zi, and thus, the GKLS vector field I’
representing a linear quantum dynamical process is an affine vector field on %;.
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Remark 13. Inspired by the explicit form of Zx, we will give a general prescription
to associate a vector field on T} with a CPTP map on O, Let

A8 = Z a;al

be a CPTP map from O, to O,,. Next, define A*: O, — O,, as follows:
A€ =) alfa;. (3.96)

It is clear that A* is a completely-positive map according to Choi’s theorem [35].
Now, we set:

0
(AR P k
ZA = (A#J] — X fAﬁ(e0)> %, (397)
where 2° = -= is implicitely assumed. Note that this way of associating a vector

n

field Z4 on T} with a CPTP map A on 9,, is completely unrelated with A being the
CPTP map of some GKLS generator.

As said before, both Y}, and Z4 contain, in general, nonaffine parts with respect
to the coordinate system {xk}k:1,_..7n2_1 adapted to T!. This means that their sum
Yy, + Z4 is, in general, a nonaffine vector field on T!. However, if we take

N
b=-Y viv;, (3.98)
j=1
and
— N —
A =) viEv, (3.99)
j=1

then the nonaffine terms in Y}, and Z4 cancel each other, and Y}, + Z4 becomes an
affine vector field. This is precisely what happened in the construction of the GKLS
vector field I' of equation . We can not describe a linear quantum dynamical
evolution using the vector field I' = X, + Y}, + Z4, where a,b and A are completely
arbitrary. The linearity requirement for the evolution, which is equivalent to I" being
an affine vector field on T}, forces us to fine-tune Y}, and Z4 using equations

and (3.99).
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Example 2 (Phase damping of a qubit). We will now give the explicit expression
of the GKLS wvector field associated with the quantum dynamical process known as
the phase damping of a qubit. For the notation, we refer to example [1}

The GKLS generator for the phase damping is given by equation with
H=0, N=1, andv=v, = /70"

L&) =—(§—0d°¢0”) . (3.100)
To compute the GKLS wvector field I', note that a = 2H = 0 implies X, = 0, and,
since =b =V =viv =n~0y, it is Yy, = 0. It follows that I = Zx.
Now:

Tr (K(&)or) =~Tr (0’6o’ er) =2y x50, — v sk (3.101)
and fyv =y, which means: :
0 0
_ _ 1 2
The flow @, generated by I' reads:
1
o, (&) = 5 (00 + exp(—277) (z' 01 + 2%02) + 2°03) | (3.103)

and it is clear that this dynamics only affects the phase terms (off-diagonal terms)
of & represented by its components along o1 and oy. All the quantum states lying
on the a3 axis are fived points of the dynamics, and it is clear that every initial
state will evolve towards its projection on the x® axis. Indeed, from the geometrical
point of view, the integral curves of I' are radial lines in a two-dimensional plane
orthogonal to the x3-axis. Therefore, the dynamical evolution of every initial state
is always transversal to the spheres centered in x' = a?> = 2% = 0. These spheres
represent isospectral quantum states, hence, the dynamics will change the spectrum
of the quantum states giving rise to dissipation.

Note that, for 7 < 0, the flow of I' takes a quantum state p out of S, and
thus, from the point of view of the space of states S, I' generates a one-parameter
semagroup of transformations.

Example 3 (Energy damping of a qubit). Let us now look at the dynamical evolution
of a qubit associated with a GKLS generator having H =0, N =1, and v = v, =

V7 (0! +107):

L&) =-Voi+y(c+w?) £ (o! —w0?) . (3.104)
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Now, a=2H =0 = X, =0 as for the phase damping, however, b = =V = viv =
—29(0% — 03), and thus the gradient-like vector field Yy, reads:

0
Yy = 29 <$ — 8 A) , (3.105)
with A the dilation vector field, and we see that it has a quadratic term. As stated
before, we will see that the vector field Zx contains a quadratic term which will cancel
the quadratic term of Yy,. This is a concrete instance of the fine-tuning between Yy,
and Zx imposed by the requirement of linearity for the quantum dynamics.

Now, we have:

Tr(vEvlan) = 3 (I (vl )+ T (vo'vi o)) -

= 2’7 ($l(51l5k1 + 52l5k2 - (52) + 5]93) (3106)
and fv = 2v (1 — 2?). Therefore:

Z =27 (1—-2°) % -2y (1-2%) A. (3.107)

Collecting the results we obtain the following form for the GKLS vector field:

I'=Zc+ Y, =2y (xl%joQ%) —1—47(1—903) %
v & v (3.108)

3
= 2fyA+2”y(2 x ) R
where A = o' 52 + a2 525 + 23 5% is the dilation vector field on R®. The quadratic
terms in Zx and Yy canceled out, and we are left with an affine vector field as it
should be. We stress the fact that this cancellation occurs because of the fine-tuning
between Zx and Yy imposed by the linearity requirement for the quantum evolution.

Looking at T', we immediately see that it has a single fived point, specifically,
the pure state ps, = %(00 + 03). Furthermore, we realize that T is the sum of the
GKLS vector field of the phase damping with the vector field 4y (1 — x3) %. These
two vector fields commute, and thus the flow ®, of their sum can be written as the
composition of their flows. The specific expression is:

D, (&) = (00 +e 7 (xlal + x202) + (674'” (x3 — 1) + 1) 03) . (3.109)
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The asymptotic behaviour of this dynamics is quite interesting. Indeed, every initial
state evolves toward the common asymptotic pure quantum state po, = %(00 + 03).
On the one hand, if we start from an initial mized quantum state, the dynamical
evolution may be read as a “purification” process, which, however, is accomplished
only in the limit T — 400. On the other hand, if we start from an initial pure
quantum state, the dynamaics will immediately destroy its purity turning it into a
mized state, and then it will start to “purify” it again. We see here a “collapse” and
“revival” phenomenon.

3.3.1 LaSalle principle and asymptotic behaviour

Now that we have written the GKLS generator of a linear quantum dynamical
process in terms of a vector field I on the affine manifold T}, we are able to use
all the tools from the theory of dynamical systems in the quantum context. This
will help us, for example, in analyzing the stability properties of a given quantum
dynamical process.

First of all, let us recall that the fixed points of the dynamical evolution asso-
ciated with the GKLS vector field I' are all those points & such that I'(§;) = 0.
Denoting with @, the flow of I, we have that ®,(&;) = & for all 7. Fixed points
are of primary interest in the stability theory of fixed points of dynamical systems.
Essentially, given a fixed point £y, stability theory consists of understanding the long
time behaviour of the dynamical trajectories with initial conditions belonging to a
neighbourhood of ;. The literature on the subject is mainly focused on classical
physical systems. What is interesting, is that the geometric reformulation of quan-
tum dynamics we have achieved in the previous section allows us to make good use
of the results of stability theory directly in the quantum case. We do not want to
enter into a detailed and exhaustive discussion of the stability theory of quantum
dynamical evolutions. Our main scope is to show how the geometric formulation of
the GKLS dynamics can be used to gain physical intuition on quantum situations
using mathematical tools coming from classical physics.

Let us start recalling the so-called LaSalle invariance principle (see [81] 2]):

Theorem 5. Let B be a finite-dimensional Banach space, and let M C B be a finite-
dimensional differential manifold. Consider the smooth dynamical system associated
with the complete vector field I'. Let ) be a compact set in M that is invariant under
the flow ®, of I' for 7 > 0. Let F': M — R be a smooth function such that F' > 0
on €1, and assume that:

LrF <0 (3.110)
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on 2. Let Sy be the largest invariant set in Q, for T € R, where LrF = 0. If
m € (), then:

i () — ) =0 3.111)
where || - || is the norm of B . In particular, if S is an isolated fized point of T, it

s asymptotically stable.

We call a function F' satisfying the hypotesis of theorem [5| a LaSalle function
for the vector field I'. In the following, we will see how theorem [5| may be applied
to the quantum case at hand, namely, how to find LaSalle functions for the GKLS
dynamical evolutions. Referring to theorem , we will take B = 9% M = %! T the
GKLS vector field of the semigroup at hand, and 2 = §, where S is the space of
quantum states. As usual, we will denote with p a generic quantum state in S.

Example 4 (Energy damping of a qubit II). Let us consider the GKLS evolution
of example [3:
0 0 0
_ 1 2 3

We already know that every initial quantum state p tends asymptotically to the pure
state poo = %(Uo + 03). Consequently, it is reasonable to suppose that the distance
between a quantum state and po, decreases along the dynamical trajectories, that
18, 1t is a LaSalle function for I'. The notion of distance we are referring to is that
associated with the Banach space structure of Oo and obsp, specifically, the so-called
trace distance:

D(&,n) == Tr((E—0)(E—1)) . (3.113)

We will now show that, in accordance with the results of example[3, the function:
F(&) == D(¢, po) (3.114)
is a LaSalle function for I'. At this purpose, let us note that:

§ip ) aF — 223

F(&) := D(€, poc) = = : (3.115)
and let us compute:
_ 3_F j o 1\2 212 _.3\2
£FF_6ij = —y((z")? + (z*)* + 2(1 — 2%)?) . (3.116)
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It is clear that LrF < 0 for every £ € O3, and thus, in particular, for every quantum

state p € S. According to theorem [J, the function F is a LaSalle function for T,

and the set Sy, is the largest invariant set in S characterized by the fact that:
LrF|g =0. (3.117)

It is immediate to see that LrF = 0 if and only if 23 = 1, which means that
Seo = {pc}, With pe = 5(00 + 03) as expected.

We will now consider the function:

_x© 1)
pig) = X&) THE)

where x(&) = Tr(£?) is the purity function. This is a smooth function on T; such
that F'(p) > 0. It is connected to the so-called linearized entropy function:

(3.118)

Su(§) =1 =x(§) =1 -2F(). (3.119)

We will analyze the so-called quantum random unitary semigroups, of which quan-
tum Poisson semigroups and quantum Gaussian semigroups are particular instances
(see [82, 78, [11]), and we will show that the purity function is a LaSalle function for
the GKLS vector field associated with these semigroups in every dimensionl The
GKLS generator L for the quantum random unitary semigroups is characterized by
the following form [I1] :

n?—1 r<n?-1
L) =-2H{]-Voli+> aefe+s Y pUUT-B,  (3.120)
j=1 j=1

where H € 2, is self-adjoint, o, are non-negative real numbers, {p;};—1 , is a
probability vector, {€’},;_; _,2_; is an orthonormal set of self-adjoint operators in
A, V= Z;‘i}l ajes, and Uj is unitary for all j.

We will break the problem in steps. We will start analyzing the so-called quan-
tum Poisson semigroups. These form a subclass of the quantum random unitary
semigroups for which H=10, a; =0, 8 =1, and r = 1:

L) =—-£+UeUh. (3.121)

6Note that the energy damping of the qubit studied in examples [3| and 4| does not belong to
this class of GKLS evolutions.
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Next, we will consider “positive linear combinations” of quantum Poisson semi-
groups, and add to them a Hamiltonian term. After the quantum Poisson semi-
groups, we will focus on the so-called quantum Gaussian semigroups. Again, these
semigroups form a subclass of the quantum random unitary semigroups. Their
GKLS generator is characterized by H =0, p; =0, a; =1 and «; = 0 for j > 2:

L) =-—vol+viv. (3.122)

We will proceed considering “positive linear combinations” of quantum Gaussian
semigroups, and adding to them a Hamiltonian term. Finally, we will consider the
general case of quantum random unitary semigroups.

From this result we conclude that quantum random unitary semigroups always
minimize the (trace) distance between a given quantum state and the maximally
mixed state p,,, indeed, it is easy to see that the distance between the maximally
mixed state p,, and every quantum state p always decreases on the dynamical tra-
jectories of the quantum random unitary semigroups because F' is a LaSalle function
for these evolutions. To see this, consider the distance function D(¢, p,,), where p,
is the maximally mixed quantum state. Recalling that p,, = %, we have:

_ ~ 2 _ 1
D(&, pm) = TT’((f - ﬁm)z) =Tr (52) - ETr (f) + )’ (3.123)
from which it follows that on quantum states:
1
and thus:
Lr (D€, pu))ls = Lr (2F(©)]5 <0, (3.125)

where I' is the GKLS vector field associated with a quantum random unitary semi-
group.

Quantum Poisson semigroups

Quantum Poisson semigroups are characterized by a GKLS generator L with H = 0,
and with a single, unitary Kraus operator v = U [82] [78] [11]:

L) =-£+UEU". (3.126)

Since V = UTU = 1, it follows from equation (3.49) that the gradient-like vector
field Y} in the GKLS vector field I' describing L is zero. Being H = 0, the Hamil-
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tonian vector field X, is zero too, and we are left only with the vector field Zj.
Concerning this vector field, we note that fyv = 1, so that:

Zg =Zp—A. (3.127)
Then, we note that:
B() =Tr(UcU'e;,) e" | (3.128)
and thus (see equation (3.93)):
F:ZK:ZB—A:Tr(UelUTék)xl%—A. (3.129)

An easy calculation, shows that the fixed points for the dynamical system associated
with I' are all those £; such that [U,&;] = 0, in particular, the maximally mixed
state p = j—% = % is a fixed point for every choiche of the operator U. We will show

that F'(§) is a LaSalle function for I

Proposition 16. The function:

F) = (3.130)

is a LaSalle function for the GKLS vector field I' of equation representing a
quantum Poisson semigroup.

Proof. Writing

1 1 4
p — %eo + p* e ﬁeo + .Tjej 5 (3131)

it 18:

Flp) = L 4 02 (3.132)

Pr= o 2 '
Therefore:
oF ,
)

Consequently:
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OF

EFF|p = I It = 5jk:cj (Tr (U e UT ék) xt— xk) =
(3.134)
=Tr(Up. U p.) —Tr(p.p.) .
By direct computation, we see that:
Tr(UpU'p) —Tr(pp) =Tr (Up,U'p,) —Tr (ps ps) - (3.135)
Writing py = U pU*, we have:
CoF|, = Tr (v p) — Tr (57) (3.136)

The expression Tr (py p) on the RHS is nothing but the Fuclidean scalar product, in
the Euclidean vector space O*, between the vectors py and p. Analogously, Tr (pp) =
|p|? is the scalar product between p and itself. Therefore:

LrF|, = lpul lp| cos(®) — |pf*, (3.137)

where 0 is the angle between p and py. Being py = U pUT, it follows that |py| = |p|
and thus:

LrF|, = |pl* (cos(d) —1) <0, (3.138)

where the equality holds if and only if py = p. This means that theorem [J applies,
and thus F' is a LaSalle function for I' as claimed.

According to theorem [f], the accumulating set S, is the largest invariant subset
in:

E = {p €8: LrF|, = 0} . (3.139)

From equation , we have that F coincide with the intersection of the space
of states & with the set of fixed points of the GKLS vector field I'. Since every
p € E is a fixed point, the set E is an invariant set for the dynamics, and thus
E = S. From the practical point of view, we can see that S, is the intersection of
the commutantﬂ Cy of U with the space of states S. The comutant Cy is a vector
space (actually, an algebra with respect to the operator product) the dimension dy
of which depends on the degenerancy of the spectrum of U. Specifically, it is:

"The commutant Ca of A € B(H) is the set of all elements in B(#H) commuting with A.
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dy = (d;)?, (3.140)

where m is the number of different eigenvalues of U, and d; denotes the degenerancy
of the j-th eigenvalue of U. Consequently, the more degenerancy in the spectrum
of U, the bigger is the accumulating set S..

Example 5 (Phase damping of a qubit revisited I). Let us come back to the phase
damping studied in example[d. Because of the peculiar properties of the Pauli matri-
ces, we have that v is unitary when we set v = 1. The GKLS vector field in equation

becomes:

0 0
=—2(s'— 2 - 141
(I Ozl +z axZ) ’ (3.141)
and its associated flow P, is:
1
O, (€) = 5 (00 + exp(—27) (¢'01 + 2°03) + 203) . (3.142)

2

It is easy to see that the set S, is precisely the intersection between the x3-axis and
the Bloch-ball. Furthermore, from the explicit form of ®. it follows that the initial
state p tends to the state ps which is the projection of p onto the x3-axis.

We can go a little further and analyze the “positive linear combinations” of
quantum Poisson semigroups with a Hamiltonian term. These are all those quantum
dynamics characterized by a GKLS generator L for which H # 0, v; = o;U; with
U; unitary and «; € C for all j.

N N
L&) =-2[[H,{]] =) loPd+ ) o, U; UL (3.143)
j=1 j=1

Again, there is no gradient-like contribution in the GKLS vector field I', however,
being H # 0, there is a Hamiltonian contribution. An explicit calculation shows
that (see equation (3.93)):

I = o|’T; — 2Xu =
J J

J

) )
= oyl (Tr (Uj e Ul ék> ! o A) —27r ([H,e]] &) 2! PR (3.144)

J

68



where T'; is the GKLS vector field of the quantum Poisson semigroup associated
with U;. The fixed points of I' are now all those §; such that:

> P (U U = &) =2([H, ] (3.145)

J

Proposition 17. The function:

F¢) = (3.146)

is a LaSalle function for the GKLS vector field T of equation (3.144)).

Proof. Because of the linearity of the Lie derivative, we have:

LoF|, =Y oyl <[,FjF\p) —2 Ly Fl, . (3.147)
J

The Lie derivative of the function F' with respect to Xy is easily seen to be zero. To
see this, recall that the flow of the Hamiltonian vector field Xy s given by

®,(€) = exp(—17H) € exp(eH), (3.148)

and thus & and ©.(£) have the same spectrum (see definition[d) for all 7. Now, we
can write

F(&) =) X,
k
with i the k-th eigenvalue of &, from which it follows that
F(§) = F(2-(€))

for all T, which is equivalent to Lx, F = 0. Consequently:

£FF|p = Z ’CYj|2 (‘CF]‘F}p> -2 ‘CXHF‘p =
’ . (3.149)
= 5 Jas 21l (cos(t;) — 1) <0,
J

where 0; 1s the angle between p and py, = U; [)U}. This means that theorem@
applies, and the proposition is proved.
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Note that the Lie derivative in equation (3.149)) is zero if and only if p commutes
with Uj for all j, and thus:

E = {p €8: LrF|, = o} , (3.150)

coincides with the intersection of & with the intersection of the commutants Cy;.
The accumulating set S, is then the largest invariant set in E, and the maximally
mixed state is always in S,,. Clearly, S highly depends on the spectral properties
of the unitary operators U;. One could be tempted to say that the Hamiltonian part
plays no role in this discussion since the Lie derivative of the LaSalle function with
respect to the Hamiltonian vector field vanishes. However, we know that S, C F
must be an invariant set with respect to the total dynamics of the system, and the
Hamiltonian part of I obviously takes part in determing the explicit form of the
dynamical trajectories.

Remark 14. In the qubit case, it is enough to take N = 2 with vy, vy any couple
of different Pauli matrices (except the identity) in order for S, to coincide with the
singleton represented by the maximally mixed state.

Example 6 (Phase damping of a qubit, revisited II). Let us come back to the phase
damping studied in example[d, and denote with Ty its GKLS vector field. We want

to understand what happens when we add a Hamiltonian term to the GKLS wvector
field T'y. The resulting GKLS vector field is:

I'=X,+Ty. (3.151)

Now, let us write the most general expression for the Hamiltonian vector field X,:

) 0
Xa = (thL‘Q — thES) @ + (thEl — h1$3) @ + (hll’Q — hgl’l) @ s
where a = —2H = —2h, 0. Recall that the fized points of I'y are all those points
& such that [U,&] =0, while the fized points of Xa are all those points & such that
H,&] =0. A direct computation shows that:

(3.152)

) 0
2.3 1.3
[Xa,FU]—hI' @‘i‘h.ﬁ @ (3153)
From this, it follows that [Xa,Ty] = 0 if and only if H = hzo®. In this case, all the
points in E are fized points of I' because]U ,H] = 0. Consequently, E = S, exactly

as in example [J.
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On the other hand, if H = hio' +hyo?, the situation changes drastically. Indeed,
let us take hy =1, hg = h3 = 0. The GKLS vector field becomes:

0 0
_ 9.1 _ 2., .3
I'=-2z Eys 2 (a: +x ) 92 + 222 9
_ .:1:114—:;52 0 Y 31_‘_2 , 0 (3.154)
B Ox! Ox? Ox? a3

This vector field has a single fixed point, namely, the maximally mized state p,, = %
It is clear that T is the sum of two vector fields, one representing a rotation in
the ? — x® hyperplane, the other representing a dilation in the ' — x> hyperplane.
Howewver, since these vector fields do not commute, the flow of ' is not the simple

composition of the flows of these two vector fields. The explicit form of @, reads:
( 131(7') — .Il e—27'

o) =4 ¥(1) = —e7 (w (b‘n(}” — cos(v/3 T)) + 2 Sin(\/37)> . (3.155)

20r) = o (2 (i 2 (2 1 oty

Now, the set E consits of all those quantum states p commuting with U. It is
clear that, given p € E, it is ®.(p) € p if and only if p = pn, wiht py, = 300 the
mazimally mized state. Otherwise, p is mapped outside E by the dynamical evolution
®,. This means that the largest invariant set in E is the singleton {p,}, and we
conclude that Soo = {pm}. The Hamiltonian term X, has thus changed the long-time
behaviour of the dynamics making the maximally mized state the limiting point of
the dynamical evolution of every quantum state p.

Quantum Gaussian semigroups

A quantum Gaussian semigroup [82] 78, [I1] is characterized by GKLS generator L
having H= 0, N =1 and v = v; self-adjoint:

L) =V 0&+viv, (3.156)
An explicit calculation shows that the GKLS vector field is (see equations ([3.49)

and (3.93)):
I'=Zc+Yy=(Tr(vé&ve") —Tr(v?&e')) — (3.157)
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where we have used the notation:

1 1 .
_ - ia.
f = \/ﬁeo + 5* \/HEO +x €;. (3158)
Since:
Tr(véver) =Tr(véver) + %Tr (v?e*) (3.159)
and:
Tr(v'Eet) = Tr(v'E.e) + - Tr(v'e") (3.160)

we may write the GKLS vector field I" as follows:

I'=(Tr(véive) — Tr(v’Ee")) R (3.161)
x
The fixed points of I' are all those {; such that:
Tr(v [&,v] &) =0 Vk=1,n"—-1. (3.162)
Proposition 18. The function:
T 2
F(¢) = r2(£ ) (3.163)

is a LaSalle function for the GKLS vector field ' of equation (3.101)).

Proof. By direct computation we have:

LrF|, = S’ (Tr(vpve®) — Tr(vipe®)) = Tr(vpvp.) — Tr (v’ pps) |

(3.164)
where we have used equation for the derivative of F. Since:
1
Tr(vpvp)=Tr(vpvps,) +—=Tr(vpv), (3.165)
n
and:
1
Tr(v?pp) = Tr(v’pp.) + —Tr (v’ p) , (3.166)
n

we may write:
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LrF|,=Tr(vpvp)—Tr (v?p?) . (3.167)

Note that the first and second terms in the RHS are both positive real numbers. Now,
the first term in the RHS is the inner product

(pvIvp)a, = Tr((pv)'vp) = Tr(v v p)
between pv and v p. Analogously, the second term in the RHS is the inner product
(pv|pVv)a, = |pv|? between pv and itself. Being (pv|v p)a, real and positive, we
may write:

(Vv p)a, = |pv] v pl cos(), (3.168)

where 0 is the angle between pv and v p. Furthermore, since:

val? = Tr((vp)vp) = Tr(pv?p) = Tr(v?p®) = |pv[*, (3.169)

we have:

LrF|, = |pv||vp] cos(d) —|pv[* = |pv|* (cos() — 1) <0, (3.170)
and thus, theorem [J applies, and the proposition is proved.

If we want to consider the quantum semigroup with GKLS generator:

L&) =—2[[H,¢{]] —V@§+Z aj|?v; Ev;, (3.171)

with V = Z;\le |aj|*v?, we may proceed in complete analogy with what has been
done for the GKLS generator of equation ([3.143)), to obtain:

Proposition 19. The function:

F(§) = (3.172)

s a LaSalle function for the GKLS vector field I' associated with the GKLS generator
of equation (3.171)).

Essentially, the Hamiltonian term will not contribute to the Lie derivative of
the function F', while the vector field Y}, 4+ Zx will be decomposed as a positive
linear combination of vector fields representing the GKLS vector fields of Gaussian
semigroups, and thus, the Lie derivative of F' with respect to I' will be always
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negative when evaluated on the space § of quantum states. This means that F' is a
LaSalle function according to theorem

Similarly to what happens for quantum Poisson and quantum Gaussian semi-
groups, the explicit form of the accumulating set S, requires a case by case analysis.
However, the maximally mixed state will always be in S..

Quantum random unitary semigroups

As said before, the GKLS generator L for a quantum random unitary semigroups is
characterized by the following form [11] :

n?2—1 r§n2—1

L) =-2H]-VOi+ Y aeléel+5 > pUEUL-pe,  (3.173)
j=1 j=1

where H € 2, is self-adjoint, «, f are non-negative real numbers, {p;};=1 ., is a
probability vector, {e’ }iz1..m2-1 is an orthonormal set of self-adjoint operators in

A,, V= Z;i;l ajei, and Uj is unitary for all j. It is clear that we may write L as:

LE) = 2 &+ Y adb@+8 S nih@® (174

where LjG is the GKLS generator of a quantum Gaussian semigroup, and ng is
the GKLS generator of a quantum Poisson semigroup. From this decomposition, it
follows that the GKLS vector field I' may be written as:

n2—1 r§n2—1

P=Xa+ Y alL+8 Y plh (3.175)
j=1 j=1

where Fé is the GKLS vector field of the quantum Gaussian semigroup with gener-
ator Lé, and Pﬁ; is the GKLS vector field of the quantum Poisson semigroup with
generator L{D. From this, it naturally follows that the maximally mixed state is a
fixed point for every such I' being it a fixed point for X, Fé and I’gj. Furthermore,
we immediately have the following:

Proposition 20. The function:

F(¢) = (3.176)
is a LaSalle function for the GKLS vector field T of equation
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Proof. It follows from proposition[17 and proposition 19,

Again, the explicit form of S, requires a case by case analysis, but the maximally
mixed state will always be in S..

Let us close this chapter with the following observation. Consider the case in
which 2(,, decomposes as the tensor product of N C*-algebras, that is, the quantum
system at hand is the composition of N quantum systems. Regardless of the explicit
form of the decomposition of 2l,,, the maximally mixed state p,, is always a separable
state (precisely, a product state), furthermore, it is in the set S, of asymptotic
quantum states for every quantum random unitary evolution on 2,. In all those
cases in which the maximally mixed state is the only asymptotic quantum state,
that is, So, becomes the singleton {p,,}, we have that every initial quantum state
p, being it a separable or an entangled state, evolves towards the separable state
pm- Consequently, we conclude that the dynamics of the system destroys quantum
entanglement.
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Chapter 4

Information geometry of the
manifold of invertible quantum
states

In this chapter we will explore the differential geometry of the manifold S,, of in-
vertible quantum states from the point of view of information geometry. The ideas
and results presented here may be seen as a reformulations of those exposed in
[40], 4T, 45] [46]. Recent experimental and theoretical developments in situations like
quantum optics and quantum computing have led to an increasing attention towards
the geometry of information theory for finite-level quantum systems. In this context,
the geometrical picture of the space S of quantum states presented in chapter [2| can
be exploited to give an abstract (coordinate-free) presentation of quantum informa-
tion geometry. Roughly speaking, we will first introduce a coordinate-free algorithm
to extract covariant tensor fields of order (0,2) and (0, 3) from two-point functions.
Then, we will analyze how these two-point functions behave under smooth maps
between manifolds. These will help us formalize the notion of monotone quantum
metrics on the manifold of invertible quantum states, and its connection with the
so-called data processing inequality for quantum divergence functions. The use of
quantum relative entropies as divergence functions in quantum information geome-
try is now well-estabilished (see [20} 26, [70]), and the geometrical methods developed
in chapter [2] and expanded here allow us to consider a coordinate-free theoretical
framework to work with these functions. Indeed, at the end of the chapter we will
compute the family of monotone quantum metric tensors associated with the family
of (¢ — z)-Rényi relative entropie{], introduced in [20], in any finite dimension with-

! Differently from the notation used in [20], in this work we use the parameter ¢ instead of «,
following the notation adopted in [83]. This relabelling of the parameter helps to compare our
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out introducing particular coordinate charts on the manifold of invertible quantum
states. In the following, we denote with S, the image of S, in ©,, C 2, by means
of the isomorphism between O,, and O} . According to remark[4] all the geometrical
structures on §,, can be perfectly transported on §,. To make contact with the ex-
isting literature on finite-dimensional quantum information geometry, we will work
here directly in terms of density matrices in S, rather than on quantum states in
S,. In this way, computations will be easier since we will perform them by means
of matrix algebras.

The principal object of interest in classical information geometry is a manifold
M C P(x) of parametrized probability distributions on a sample space x. This
manifold is naturally endowed with a distinguished metric tensor grg, the so-called
Fisher-Rao metric tensor (see [9] chapter 2, [34] chapter IT section 11). This metric
tensor is the only metric tensor which is equivariant with respect to the category
of Markov morphisms characteristics of classical probability theory. Among other
things, classical information geometry deals with the problem of state estimation,
statistical inference, and decision theory. The Riemannian geometry of M associated
with the Fisher-Rao metric tensor grgr plays an important role in all these problems.

In this context, the Fisher-Rao metric tensor may be extracted starting from
a divergence function S. This is a smoothﬂ function on M x M (a two-point
function) such that D(my,ms) > 0 for all (my,my) € M x M, and such that
D(my,mgy) = 0 is equivalent to m; = my, that is, D vanishes only on the diagonal.
A paradigmatic example of classical divergence function is the so-called Kullback-
Leibler divergence function Sk (€,n) (see [9] chapter 3):

pleo) o (B8 dco) (1)

q(n,x)

where £,n € M, p,q € P(x), and u is a measure on y such that p and ¢ are
absolutely continuous with respect to it. Once we have a divergence function S(§,7),
the components of the Fisher-Rao metric tensor are:

Skr(&,n) 3:/

X

S
3Ly

08
 Onionk

oS

gir(§) =

&=n
where {7 0¥} is a cordinate chart on M x M which is adapted to the product

structure of the manifold. In general, equation (4.2)) need not define the components
of a tensor, however, as it will be thoroughly discussed in the following section, this

&=n &=n

results with those in [83].
2 According to [87] it suffices for D to be of class C2.
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is always the case when S is a divergence functionﬂ By using third derivatives
of S it is possible to introduce a covariant (0,3) tensor T', called the skewness
tensor, from which a family, parametrized by a real number «, of dually-related
affine connections can be defined (see [8] chapter 4). From a local point of view, the
Christoffel symbols I'}}; of an affine connection I'* of the parametrized family are
expressed as:

o «Q
gkl — P?kz D) T (43)

where F?kl are the Christoffel symbols of the Levi-Civita connection associated with
the Fisher-Rao metric tensor. The duality relation is expressed by the fact that:

Lz (9rr(X,Y)) =g9rr (VZX,Y) + grr (X,VEO‘Y) , YX,)Y,ZeX(M), (4.4)

where V¢ and V™% are, respectively, the covariant derivatives of I'* and I'™“.

Divergence functions often arise as suitable generalizations of the concept of
distance between probability distributions. They also appear in connection with
explicit problems of statistical inference, and some of them may be thought of as
being relative-entropies. This latter observation will be of capital importance in the
context of the information geometry of the invertible quantum states.

In the quantum case, things are more complicated. First of all, the relevant object
is the space S of quantum density matrices. According to the results of the previous
sections, S is not a differential manifold as a whole, rather, it is the disjoint union
of differential manifolds of different dimension, that is, the manifolds of quantum
states with fixed rank. Among all of them, two are the most studied, specifically,
the manifold S; 2 C'P(n) of density matrices associated with pure quantum states,
and the manifold S, of invertible density matrices.

Regarding the manifold of pure quantum states, we have seen that it is a homo-
geneous space for two different groups, the complex special linear group SL(2,) =
SL(n,C), and the special unitary group SU(2,) = SU(n). In the latter case, we
have seen that S; can be endowed with the structure of a Kihler manifold, that is,
there are a metric tensor g, a symplectic form w, and a complex structure J on &
such that:

W(X,Y)=g(X,JY)), VX,YcX(S). (4.5)

3Tn section we will introduce the class of potential functions as a more general class of
two-point functions from which it is possible to extract covariant tensors using a coordinate-free
algorithm.
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In this case, the metric tensor ¢ is known as the Fubini-Study metric tensor, and
it is the unique (up to a constant factor) metric tensor on S; which is invariant
with respect to the action of the special unitary group on S;. In some sense, the
Fubini-Study metric tensor on S; plays a role similar to that of the Fisher-Rao
metric tensor of classical information geometry. For instance, Wotters (see [L00]) has
shown that an operational definition of statistical distance between pure quantum
states based on distinguishability and statistical fluctuations in the outcomes of
measurements naturally leads to the geodesical distance function associated with
the Fubini-Study metric. A dynamical characterization of this statistical distance
function in terms of the Hamilton-Jacobi theory is given in [40), [46], where it is
shown that Wotter’s statistical distance is precisely Hamilton principal function
(see chapter VII of [79]) for the metric Lagrangian associated with the Fubini-Study.
An abstract characterization of this distance-like function which is based only on
purely operational concepts and which is independent of the quantum mechanical
framework can be found in [30, BI]. Unfortunately, there is no canonical notion
of skewness tensor on S;, and the topological nature of S;, which is completely
determined by the fact that it is a compact Kahler manifold of constant curvature,
points out the fact that the manifold of pure quantum states does not admit flat
dual connections (see [21], 22]).

Remark 15. An interesting connection between Fubini-Study and Fisher-Rao metric
tensors has been given in [59]. There, a quantum system is described by means of a
Hilbert space H and the pure states of the system are then rays in H conveniently
parametrized by rank-one projectors operators. Given a nonzero |¢) € H we may
associate with it the rank-one projector operator by means of the map:

. ) (¥
DR (4.6)

The Fubini-Study metric tensor on pure states may be pulled-back on Ho (the Hilbert
space without the zero vector) by means of the map . The result is a symmetric
tensor, say G.

Now, let H be realized as the space of square-integrable functions on some config-
uration space x, and consider a subset of wave functions parametrized by means of
points in M, that is, ¥(x ,m) with m € M. Writing the wave function in its polar
form, we obtain:

d(x,m) = p(x,m)e ™, (4.7)

where p(x,m) is a probability distribution on x for every m € M. The main result
of the paper, is then to show that the pullback of the symmetric tensor G on the
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parameter manifold M is made up of three different contributions. Two of them
depend on the phase function o(x,m), while the third one depends only on the
probability function p(x ,m). Quite interestingly, the term depending only on p(x,m)
coincides with the classical Fisher-Rao metric tensor on M that we would have
obtained starting directly with the immersion of m — p(z,m) as an immersion of
M into the space P(x) of probability functions on x, and proceeding as is done in
classical information geometry (see [9] chapter 2). In a certain sense, the quantum
contribution to the classical Fisher-Rao metric tensor is encoded in the phase part
of the wave functions representing pure quantum states (see [[1|] for an application
of this ideas to some simple cases of geodesical motion on parametrized manifolds of
pure quantum states).

On the other hand, the manifold S, of invertible density matrices does not have
a preferred notion of metric tensor. Specifically, while in the case of pure states
the requirement of invariance with respect to the canonical action of the special
unitary group SU(2l,) unavoidably leads to a unique (up to a constant factor)
metric tensor g, the Fubini-Study metric tensor, this is no longer true for invertible
quantum states. Indeed, it is possible to prove (see [89, 03]) that there is an infinite
number of metric tensors on S, satisfying the invariance requirement with respect
to the special unitary group SU(2l,). Actually, all these metric tensors do satisfy
a more general property known as monotonicity property. This property is
related with the behaviour of metric tensors with respect to a class of maps which
plays a role analogous to the Markov maps in classical probability theory. Roughly
speaking, these maps represent quantum stochastic transformations, and are often
associated with coarse graining procedures or randomization procedures (see [72] and
[73]). Then, to require that a metric g satisfies the monotonicity property means,
essentially, to require that the notion of geodesic distance between quantum states
naturally associated with g does not increase under quantum stochastic maps. In
section [4.2) we will introduce the mathematical definition of the quantum stochastic
maps, and the rigorous formulation of the monotonicity property for a quantum
metric tensor ¢ on S,. What we will find is that these notions acquire a well-
defined meaning only when we consider not a single quantum system, but a family
of quantum systems of increasing dimensions, very much like it happens in the
finite-dimensional classical case (see [34] chapters I and II).

The existence of an infinite number of quantum metric tensors satisfying the
monotonicity property may be thought of as a concrete instance in which the com-
plexity of the physics of quantum systems manifests itself. Contrarily to the classical
case, the relevant notion of metric tensor is no longer unique, and the explicit choice
of some specific metric tensor should be made in accordance with the specific prob-
lem at hand. Nevertheless, it is important to give a sort of general classification
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of the quantum metric tensors satsfying the monotonicity property. This is done
in [93], where it is provided a one-to-one correspondence between positive oper-
ator monotone functions and quantum metric tensors satisfying the monotonicity
property. This correspondence is constructive in the sense that, given a positive
operator monotone function f, an explicit expression of the associated metric tensor
gy 1s given.

The fact that, both in the classical and quantum case, it is possible to extract a
metric tensor from a divergence function plays no role in the analysis given in [93].
However, quantum divergence functions play a central role in quantum information
theory (see [20, 92]). An example of such quantum divergence is given by the so-
called von Neumann-Umegaki relative entropy (see [98], and chapter 12 of [26]):

5™(p,0) = Tr(p(log(p) —log(2))) (4.8)

This quantum divergence function may be thought of as the quantum generalization
of the Kullback-Leibler divergence function used in classical information geometry.
In the asympotic, memoryless setting, it yields fundamental limits on the perfor-
mance of information-processing tasks (see [70]). Analogously to what happens for
the classical case, it is possible to compute the metric tensor associated with this
quantum divergence, and the result is a quantum metric tensor satisfying the mono-
tonicity property. A natural question is then what are the properties a quantum
divergence function must satisfy in order to extract from it a quantum metric tensor
satisfying the monotonicity property. We will provide a partial answer to this ques-
tion in section [£.2] where we will use the results of section [4.1]to express a connection
between the so-called data processing inequality (DPI) for a quantum diver-
gence function S and the monotonicity property of the metric tensor g extracted
from S. Specifically, we will prove that DPI implies monotonicity property. Quite
interestingly, the very definition of the DPI is centered around the behaviour of
quantum divergence functions with respect to the class of quantum stochastic maps
with respect to which the monotonicity property of metric tensors is formulated.
We will give an explicit definition of the DPI in section where we will find that
a correct definition of DPI can be done only when we consider a family of quantum
systems of increasing dimensions.

As a concrete application of the abstract scheme presented in section and [4.2]
we will compute the covariant metric-like tensor associated with the two-parameter
family of two-point functions introduced in [20], and known as ¢-z-Rényi Relative
Entropies (¢-z-RRE):
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_ 1 _4 _l=q _q\* 1 _a _1=q\*
Sq=(p,0) = q_110g<T7“(p2z 0+ p?z) ) = q_110g<Tr<pz 0= ) ) . (49)

According to [20], by suitably chosing the values of the parameters, it is possible
to recover well-known examples of quantum divergence functions. For instance, the
q-Rényi Relative Entropies are recovered when z — 1:

S41(p,0) = 5.(p. 0) = Snp(p. 0) = —7log (Tr(p2™)) ,  (410)

the g-quantum Rényi divergences are recovered when z — ¢:

o am e o am 1 s
SpalP,0) =1 57,(p, 0) = Sgrp (P, 0) = q_llog(Tr@ g p)) ;o (411)

the von Neumann-Umegaki relative entropy is recovered when ¢,z — 1:

S1(7,0) = lim 57.(5,0) = Siy(p,0) = Tr(plog(p) —log(@))) . (412

The data processing inequality for the ¢-z-RRE was studied in [25] 57, 61], [69], and
it is not established yet in full generality. The results of these analysis are well
summarized in [20].

For computational purposes, it is convenient to consider the following regular-
ization of the logarithm (q-logarithm):

1
=14

log, () (x'71—1) with lim log, (7) = log(z) . (4.13)
q—1

Inspired by Petz (see [93]), we will consider this function rescaled by a factor 1/¢,
so that the resulting function will be symmetric under the exchange of ¢ — (1 — ¢q).
With a slight abuse of notation, we will denote the resulting two-point function with
the same symbol of the ¢-z-RRE, that is:

Sr.(p.0) = ﬁ 1-m(sta=) ] (4.14)

and we will call it modified ¢g-z-RRE. Since the analysis of the DPI involves only
the trace functional (see [20] and references therein), we are ensured that the DPI
for the modified ¢-z-RRE holds whenever it holds for the ¢-z-RRE.
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Again, by suitably varying the parameters ¢ and z, we are able to recover well-
known examples of quantum divergences. In the limit z — 1, it is possible to recover
the expression for the Tsallis relative entropy in [83]:

1
n (5 3\ ._1; n (5 3\ = Qn (5 3\ _ o ~q -1—q
Sq,l(ﬂ?@) : igl%sq,z(pvg) —STs(pag) q(l _q) |:1 Tr (p 0 ):|7 (415)
in the limit z = ¢ — 1, we recover the von Neumann-Umegaki relative entropy:

11(p,0) = lim 57.(p,0) = Sin(p,0) = Tr(p(log(p) —log(e))) ,  (4.16)

in the limit z = ¢ = 1/2, we recover the divergence function of the Bures metric
tensor:

NI

S11(p.0) = lim S7.(p,0) = S5(p,0) = 4[L ~Tr (po)
2=q—5

1. (4.17)

N3

1
2

and, finally, in the limit 2 = 1 and ¢ — 1/2, we recover the divergence function of
the Wigner-Yanase metric tensor (see [62]):

n a5 A : n (= =\ — Qn - = _1 1
511(p 0):= lim S5.(p,0) = Siyy(p.0) =4[1 = Tr (p2 22)]. (4.18)
z=1l,q—5
All these special cases belong to the range of parameters for which S, is actually a
quantum divergence function satisfying the DPI. Consequently, in accordance with
the result of sections [£.2] the family of associated quantum metric tensors satisfies
the monotonicity property.

In order to perform all the calculations in a coordinate-free way, and regardless
of the dimension of the quantum system considered, in section [4.3| we will introduce
an unfolding space M,, for the manifold S, of invertible density matrices. This
unfolding space is the direct product of the unitary group U(2l,) and the open
interior A2 of the n-dimensional simplex A,,. We will show that there is a surjective
submersion 7, : M,, = S, so that, according to the results of section , we obtain a
potential function on M,, by taking the pullback of S, , to M,, by means of 7,,. Then,
since M,, is a parallelizable manifold, we will exploit its global differential calculus
to perform computations, in any dimension, without introducing coordinates. The
final result will be a symmetric tensor on M, which will be decomposed in the sum
of two symmetric tensors, one which “lives” on the unitary group U(2l,), and the
other one which “lives” on the open interior A2 of the n-dimensional simplex A,
and coincides with the Fisher-Rao metric tensor on A%.
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4.1 Covariant tensors from two-point functions

Here we will provide an intrinsic definition of the coordinate-based formulae used
in information geometry to derive a metric tensor and a skewness tensor from a
divergence function (see [7] chapter 1, [9] chapter 2 and [87]) according to the results
in [45]. Essentially, we will recast most of the well-known material on divergence
functions and their symmetry properties using the intrinsic language of differential
geometry. This will provide very useful when dealing with quantum information
geometry, where we have to take in consideration nonlinear manifolds. The first
step will be that of introducing the notions of left and right lift of a vector field,
along with the diagonal immersion of a manifold into its double. Then, after some
important properties connecting the diagonal immersion with the left and right lifts
are proved, we introduce a coordinate-free algorithm to extract covariant tensors of
order (0,2) and (0, 3) from a two-point function. This will lead us to define the class
of potential functions. These are two-point functions generalizing the concept
of divergence functions of classical information geometry. Finally, we will analyze
how potential functions behave with respect to smooth maps between differential
manifolds.

Let M be a differential manifold, T'M its tangent bundle, and 7: TM — M the
canonical projection. A point in the tangent bundle T'M is a couple (m ,v,,), where
m € M, and v,, € T,,M is a tangent vector at m. Note that, in general, T'"M is
not a cartesian product, hence, the notation (m,v,,) should be treated with care
because the second factor v, is not independent from the first one. A vector field
X € X(M) may be thought of as a derivation of the associative algebra F(M) of
smooth functions on M, or as a section of the tangent bundle 7'M, that is, a map
X: M — TM such that 70 X = idys (see [2] chapter 4). In the latter case, we may
write the evaluation of a vector field on m € M as X(m) = (m,v).

Let M x M denote the so-called double manifold of M. There are two canonical

projections pr;: M x M — M and pr;: M x M — M acting as:

ri(my,me) :=m
pl( 1 2) 1 (4‘19)

prr(my ,ms) == ms.
Given f € F(M), we may define the following functions on M x M by means of pr

and pr,.:

fir M xM—=R, fi=prf

4.20
fer M xM—=R, f.=prf. ( )
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This means that on M x M we have identified two different subalgebras of F(M x M),
the left and the right subagebras:

Fi(M x M) :={fye F(M x M): 3f € F(M) such that f, == f}
(4.21)
Fo(M x M) :={f. € F(M x M): 3f € F(M) such that f, =nf} .

The tangent space T(m, mo)M X M at (mq,my) € M x M splits into the direct

sum T, M & T, M (see [2] page 147). Accordingly, we may write the evaluation of
a vector field X € X(M x M) at (mq,ms) as:

X(my,ma) = (mq, v, ;ma, vy ). (4.22)

This motivates the following:

Definition 11. Let X € X(M) be a smooth vector field. We defined the left and
right lift of X to be, respectively, the vector fields X;, X, € X(M x M) defined as:

X;(my,ma) = (my, v ;m2,0), (4.23)

X, (m1,ma) = (my,0;ma, vy ). (4.24)

By direct computation, it is possible to prove the following:

Proposition 21. Let X, Y € X(M), and f € F(M), and denote with L the Lie-
derivative. The following equalities hold:

X, Y] = ([X,Y]),, XK. Y]=(X)Y]),, [X,Y]=0, (4.25)

(X =1X, (fX)r=fX, Lxfr=Lxfi=0. (4.26)

There is a natural immersion i4 of M into its double M x M given by:

M > m—ig(m)=(m,m)e Mx M. (4.27)

The map 74 allows us to immerse M in the diagonal of its double, and, by means
of the pullback operation, gives an intrinsic and coordinate-free definition of the
procedure of “restricting to the diagonal” used in information geometry. Indeed,
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the pullback of a function to a submanifold can be identified with the restriction of
the function to the submanifold. Note that the same is not true for covariant tensors
of higher order for which a "restriction” in the sense of evaluation at specific points
is always possible, however this does not coincide with the value that the pulled-back
covariant tensor will take at the same point as an element of the submanifold.

By using the tangent functor it is possible to associate vector fields on M with
vector fields on M x M along the immersion iy of M into M x M. We have the
following proposition:

Proposition 22. Let X € X(M), then X is ig-related to X; + X,., that is (see [2]
page 235):

Tid oX = Xlr 9] id, y (428)
where X;, = (X + X)), and Tiy denotes the tangent map of i4.

Proof. By direct computation, we have:

Tigo X(m) = Tig(m,vy) = (m,vy ;m,v)), (4.29)
Xy 0 ig(m) = Xpp(m,m) = (m, vy, ;m, v, , (4.30)

and the proposition follows.

Now, we are ready to introduce the coordinate-free algorithm to extract covariant
(0,2) tensor from a two-point function. In order to do so, we define the following
maps:

Definition 12. Let S € F(M x M). We define the following bilinear, R-linear
maps from X(M) x X(M) to F(M):

au (X , Y) = Z:l (LXZLYZS) s Grr (X s Y) = ’LZ (LXTLYTS) s (431)
gir (X ) Y) = Z:l (LXZLYTS) ) gri (X ) Y) = Zjl (LX’I’LYZS) : (432)

Notice that, at the moment, these maps do not have definite symmetry prop-
erties. To prove that these maps give a coordinate-free version of the formulae
for metric-like tensors used in information geometry, we start with the following
proposition:

Proposition 23. Consider the maps in definition[I3. Then:

1. i, gr are covariant (0,2) tensors on M, and g,,(X ,Y) = g (Y, X);
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2. gu is a symmetric covariant (0,2) tensor on M if and only if:

it (L, S) = 0 VX € X(M); (4.33)

3. G is a symmetric covariant (0,2) tensor on M if and only if:

it (Lx,S) =0 VX € X(M). (4.34)

Proof. To show[l] we have to show that g, and g, are bilinear with respect to vector
fields, and F(M)-linear. We start with g;.. According to pmposition we have:

glr(fX + LY, Z) = ig (szXerthzLZrS) . (4'35)
The linearity of the pullback, together with the properties of the Lie derivative, imply:

iq (Lpxany, Lz, S) = iy (filx,Lz,S) + iy (hiLy,Lz,S) . (4.36)

Since Lx, Lz, S and Ly, Ly, S are smooth functions, we have that

iy (fi Lx,Lz,S) = iyfiig (Lx, Lz, S) ,
Z:; (fl LYzLZrS) = Z:;fl Z:; (LYILZrS> )

and thus:

gr(fX +hY ,Z) = fi(Lx, Lz, S) + hily(Ly,Lz,5) = f 9. (X , Z)+ h g, (Y , Z) .
(4.37)
According to last equality of proposition we have Lx, f, = Lx, fi = 0 for all X
and f. Taking this equality into account, we may proceed as above, and show that:

glr(Zan + hY) = fglr(ZvX) + h’glr(Z>Y)' (438)

This proves that g, is a covariant (0,2) tensor field on M. With exactly the same
procedure, we can prove that g, is a covariant (0,2) tensor field on M. Finally, the
equality g1 (X ,Y) = g.1(Y , X) follows from direct computation.

To show[d, again, we have to show that gy is bilinear with respect to vector fields,
and F(M)-linear. The linearity and F(M)-linearity on the first factor are proved
analogously to the previous case. Concerning the second factor, we start with the
following chain of equalities:

gll(Z ) fX + hY) - Z?l (LZszzXz+thzS> - Z:l (LZz (flLXzS)) + Z:;l (LZZ (hlLYlS)) -
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=iy (Lz, fi Lx,S) + iy (filz, Lx,S) + iy (Lz, by Ly, S) + iy (h Lz, Ly, S) =
=iy (Lz, fi) iy (Lx,S) + fou(Z, X) + iy (Lz,h) iy (Ly,S) + hgu(Z,Y). (4.39)
It is then clear that:

gu(Z, fX+N0Y)=fou(Z,X)+hgu(Z,Y) (4.40)

15 equivalent to:

ig (Lz, Ji) ig (Lx,S) + iq (Lz ) ig (Ly,S) = 0. (4.41)
Being f and h arbitrary functions, equation[{.41] is satisfied if and only if:

it (Lx,S) =0 VX € X(M) (4.42)

as clavmed. Now, we prove that g; 1s a symmetric tensor:

gu (X ,Y) =1} (LxLyS) =i} (LyLxS) + i} (Lx vS) = iy (LyLgS) = gu (Y, X) ,

(4.43)
where, in the last passage, we have used the first equality of proposition [21. With
ezactly the same procedure we can prove 3,

Interestingly, when S satisfies condition (4.33)) and condition (|4.34]), the covariant
tensor fields are all related to one another. In order to clearly see this, we recall the
following proposition (see [2] page 239):

Proposition 24. Let ¢: N — M be a smooth map between smooth manifolds. Let
X € X(N) and Y € X(M) be ¢-related, that is T¢po X =Y o ¢, then:

Lx¢*(f)=0¢"(Ly [) VfeF(M). (4.44)
This means that X and Y agree along the image of N into M. In particular,
since X € X(M) is ig-related to X; + X,., we have that:

Lxig(f) =ig(Lxx. ) VfeF(MxM). (4.45)
Now, we are ready to prove:

Proposition 25. Let S be a smooth function on M x M satisfying condition (4.33])
and condition (4.34). Then, all the maps in definition define covariant (0,2)
tensor fields on M, and it holds:

gu = Grr = —Gir = —Gri - (4.46)

In particular, all these tensor fields are symmetric.

88



Proof. According to definition[13, we have:

gu (XY) 4+ g (X,Y) =45 (Lx, Ly, v, S) = i (Ly,+v, Lx, S) + 05 (Lix, vi4v,) S)

= Z:; (LYlJ’_Y’I‘LXl S) =Ly Zfi (LXl S) =0,
(4.47)

where we used the fact that [X;,Y,] = 0 because of the third equality in proposition
that S satisfies condition (4.33), and equation (4.45)). This proves that gy = — gy

Proceeding analogously, we obtain g, = —gy. Then, being gy and g, symmetric (see
proposition [23), and being g, (X ,Y) = g (Y, X) (see proposition [23), we obtain
9ir = Gri, and thus gy = G-

Remark 16. Note that conditions (4.33)) and (4.34) are are not equivalent to
i%(dS) = 0. For instance, take M =R, and

We have:

dS = xzdx — ydy,

and thus ©;dS = 0, while, an easy calculation shows that

» . 0
ig(Lx,S) =2 #0 Zle:%a
and
in(Lx,S)=—-y#0 ifX *2
d Xr y T @y .

It can be checked that the maps gy and g, associated with S do not define tensor
fields because they are not F(M)-linear in the second factor.

Motivated by proposition 25, we give the following definition:

Definition 13 (Potential function). Let S be a smooth function on M x M. We
call S a potential function if it satisfies condition (4.33) and condition (4.34)),
that is:
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it (Lx,S) =0 VX € X(M),
(4.48)
it (Lx,S) =0 VX € X(M).

We denote with g the symmetric covariant (0,2) tensor field associated with S (see
proposition .

We stress that proposition [25| gives necessary and sufficient conditions for S to
give rise to a (unique) symmetric covariant (0,2) tensor field on M. This gives a
formal and intrinsic characterization of potential functions.

To make contact with the coordinate-based formulae of information geometry, we
introduce coordinate chart {z?} on M, and a coordinate chart {¢’, @’} on M x M.
Then, we have:

0 0 , 0

X:Xj(x)%, Xl:Xj(q)a—qj, X, = X(Q) =—. (4.49)

Consequently, it is easy to see that:
0%S , 0%S
= [ — J B (2 2
g (aqa'aqk> Aot s dr (aQa'an)

and these expressions are in complete accordance with the ones used in information
geometry (see [7] chapter 1, [9] chapter 2 and [87]).

da? @, dz", (4.50)
d

. 0S8
J k_ _
ddz ®s dx ([“)qJO k>

d

Remark 17. If S is not a potential function, we can not define the tensor gy,
or the tensor g,.., or both. However, we can always define the tensors g, and g,;.
These tensors will not be symmetric, and we can decompose them into symmetric
and anti-symetric part. For example, let M = R?, let {27};-01 be a global Cartesian
coordinates system on M, and let {¢7 ,Q};—01 be a global Cartesian coordinates on
M x M. Consider the function:

S0 Q" Q) = —5 (@~ QP + (¢~ Q) +4°Q —q'Q") . (45)

An explicit calculation shows that:

gir = d2° ® da2® + do' @ dz' + da® A dat . (4.52)

The coordinate expressions in equation (4.50)) allow us to give a “local” charac-
terization of potential functions:
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Proposition 26. A function S € F(M x M) is a potential function according to
deﬁm’tion if and only if every point (m ,m) on the diagonal of M x M s a critical
point for S.

Proof. The proof follows upon comparing the local expression for (m,m) to be a
critical point for S with the coordinate expressions of condition (4.33|) and condition
[@.34) in the coordinate system {¢’,Q’} introduced before.

This characterization of potential functions allows us to better understand what
kind of tensor field is g. Specifically, resorting to the theory of multivariable calculus
it is possible to prove the following proposition:

Proposition 27. Let S be a potential function on M x M. Then:

1. g is positive-semidefinite if and only if every point on the diagonal is a local
minimum for S. In particular, g is a metric if and only if every point of the
diagonal is a nondegenerate local minimum for S;

2. g 1s negative-semidefinite if and only if every point on the diagonal is a local
mazximum for S.

It is now easy to see the relation between the class of potential functions in-
triduced here and the class of divergence functions of classical information geometry:

Definition 14 (Divergence function). A smooth function S on M x M such that:

S(ml,mg)ZO, S(ml,mg):() <~ My = Mo, (453)

is called a divergence function.

According to proposition S is a potential function (see definition and
thus it gives rise to a symmetric covariant (0,2) tensor field g on M. According to
proposition 27], the tensor field g is positive-semidefinite.

In information geometry, divergence (contrast) functions give rise to metric ten-
sors by means of the second derivatives, and to symmetric covariant (0, 3) tensors
by means of third derivatives. These tensors are referred to as skewness tensors.
We will now give an intrinsic definition for these skewness tensors using again Lie
derivatives. Let S be a potential function on M x M. For j = 1,...,8, define the
following maps T; : X(M) x X(M) x X(M) — F(M):

TVX,Y,Z) =i (Lx,Ly, Lz, S), To(X,Y,Z) =14 (Lx, Ly Lz, S),  (4.54)
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T3<X, Yv, Z) = ZZ (LXLLYZLZT S) 5 T4(X, Y, Z) : 22 (LXTLYTLZZ S) > (455)
Ts(X,Y,Z) =i (Lx, Ly, Lz, S) . Ts(X,Y,Z) =i} (Lx, Ly, Lz, S) ,  (4.56)
TH(X,Y,Z) =iy (Lx, Ly, Lz, S) , T3(X,Y,Z):=1;(Lx, Ly,Ly S), (4.57)

Following the line of reasoning developed above, patient but simple calculations
show that:

Tw(X.,Y,2)=T(X.,Y ,Z2)-Th(X,Y ,Z), (4.58)
Tsy(X,Y,2)=T3(X,Y ,Z) - Tu(X,Y ,Z), (4.59)
Tse(X,Y ,2) =T5(X,Y ,2) = Ts(X ,Y , Z), (4.60)
Tos(X,Y ,2) =THX,Y ,Z) - Tu(X,Y , Z) (4.61)

are actually tensors fields on M. Recalling that X is i4 related to X; + X,., and
applying equation (4.45]), we have:

TU(X,Y ,2Z)+To(X,Y ,Z) =i (Ly,ox, Ly, Lz, S) = Lxg(Y , Z), (4.62)

TZ(X7Y7Z) + T5(X7YJZ) = Z;; (LXerXrLYrLZr S) = LXg(Y7Z)7 (463>

and thus 719 = Tsg. Similarly, it can be shown that T34 = T7g. Furthermore:

T3(X7YaZ)+T5(X7Y>Z) = ljl (LXILYlJ’_YT‘LZT S) = LY g(X ) Z)+g ([X7Y] aZ) 5 (464)
T4(X7YaZ)+T6<X7Y ) Z) = Z; (LX’I‘LYZJ’_YTLZT S) =Ly g(Xaz)+g ([X?Y] aZ) ’ (465)
and thus T34 = —T5, from which it follows that

Tlg = T56 = —T34 = —T78 . (466)

This means that we can define a single symmetric tensor field T of order 3 on M
starting with a potential function S. For instance, we set:

T(X i Y s Z) = Z:; (LXZLYZLZT S - LXTLYTLZl S) . (467)
We have thus proved the following proposition:

Proposition 28. Let S be a potential function on M x M. Then, all the maps
defined in equations (4.58), (4.59), (4.60), and (4.61)) define the same symmetric
covariant (0,3) tensor field T on M.
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For the sake of simplicity, we write T as in equation (4.67). In the coordinate
charts {27} and {¢’, @’} introduced above, we have:

938 93S ,
T — : S da? @, dz* @, dz! 4.
(8q38qk8Ql anﬁQkﬁql)d 7 ®sdr” @, dx’, (4.68)

and this expression is the one coventionally used in information geometry for the
skewness tensor in information geometry (see [9] chapter 2 and [87]).

4.1.1 Potential functions and smooth mappings

Now that we have a formal intrinsic characterization for potential functions, we may
ask what happens to a potential function through the pullback operation. This will
be of capital importance when we analyze the monotonicity properties of metric
tensors on the space of invertible quantum states.

Suppose ¢: N — M is a smooth map between differential manifolds. Let 7y
and 7,; denote, respectively, the diagonal immersions of N and M into their doubles
N x Nand M x M. Let ®: N x N — M x M be the map defined by:

(n,n) = ®(n,n) = (é(n),pn)). (4.69)
A direct calculation shows that:
Furthermore:

Proposition 29. Let X € X(N) be ¢-related to Z € X(M), that is, Tpo X = Z o ¢.
Then X, is ®-related to Z;, that is, T®oX; = Z; 0P, and X, is ®-related to Z,, that
is, T®PoX, =7Z,0P

Proof. By hypotesis, it is Tpo X = Z o ¢. We want to cast this equality in a more
useful form. We start noting that:

TooX(n)=To(n,vy)=(s(n), Tud(vy)) , (4.71)
Zod(n) = Z(6(n)) = (6(n) ,v5) (4.72)
from which it follows that Tpo X = Z o ¢ implies:
Tod(vy ) = vy - (4.73)
Now, we have
TO(n1,vp, 512 ,Vny) = (S(11) , Ty @(vny) 3 9(n2) s Ty d(vny)) (4.74)
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and thus:
TP o Xy(ny,ns) = TO(ny,v;) ,n2,0) = (¢(n1), Tn, vy, ) ;d(n2),0) . (4.75)

On the other hand:
Zy o ®(ny,ng) = Zu(p(n1) , p(na)) = ((n1) , 07,5 d(n2) ,0) . (4.76)

Plugging equation (4.73) into equation (4.76), and then comparing equation (|4.76))
with equation (4.75) we obtain:

TdoX, =70 (4.77)

as claimed. Proceeding analogously, we prove that X, is ®-related to Z,. This
completes the proof.

With the help of proposition [29| we are able to analyze the behaviour of potential
functions with respect to smooth maps. Specifically, we have the following:

Proposition 30. Let ¢: N — M be a smooth map between smooth manifold, and
let : N x N — M x M be defined as ®(ny,n2) = (¢p(n1),0(n2)). Let S be a
potential function on M X M then ®*S s a potential function on N x N, and the
symmetric covariant tensor extracted from ®*S is equal to the pullback by means of
¢ of the symmetric covariant tensor extracted from S.

Proof. Suppose that S is a potential function on M x M. Take a generic X € X(N),
and consider a vector field Z € X(M) which is ¢-related to X. Then:

Z*N (Lxlq)*S) = Z*Nq)* (LZZS) = ((I) (6] ZN)* (LZZS) ==
= (ipg0 @) (Lg,S) = ¢* iy (Lz,5) =0,

where we used equation (4.45)), pmposz'tz'on equation (4.70), and condition (4.33)).

In a similar way, it is possible to show that i% (Lx, ®*S) = 0, and this means that
®*S' is a potential function on N x N.

Denote with gn the symmetric covariant tensor field on N generated by the po-
tential function ®*S, and with Z (W) the vector field on M which is ¢-related to X

(Y ). Recalling equation (4.45]), pmpositz'on and equation (4.70), we have:

gN(X ) Y) = ZTV (LXlLYch)*S> = Z*N(I)* (LZZLWZS) =
= (P oiyn)" (Lz,Lw,S) = (ing 0 ¢)" (Lz, Lw,S) =

(4.78)
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= ¢*Z7\/[ (LZzLWzS) = ¢* (gM(Z > W)) .
Being gn(X,Y) a function, we may evaluate it at n:
(gn(X,Y)) (n) = (&7 (gu(Z,W))) (n) =
= (002, W) (6(0) = 9l atey ( Zguy + W) (4.79)

Now, by the very definition of the pullback ¢* gy we have:

((¢"9a0) (X, Y)) (1) = garlom) (65X o) » DY |on)) - (4.80)
Being Z and W ¢-related to, respectively X and Y, we have:

Z gy = 0Xlowy s Wlhny = &Y oty » (4.81)

and thus the symmetric covariant tensor we can extract from ®*S coincides with the
pullback ¢* gy we can extract from S.

We are now in the position to say something about the connection between the
symmetry properties of g and the symmetry properties of the potential function
S with which it is associated. Let G be a Lie group acting on M by means of
diffeomorphisms ¢, with g € G. Then G acts on M x M by means of the maps
D, (Mg, ma) 1= (pg(m1), pg(m2)). Let S be a potential function on M x M. It then
follows from proposition [30] that:

(659 — 9) (X,Y) = =i (Lx, Ly, (S — ®:9)) = 0. (4.82)

From this equation we conclude that if S is invariant under the action of G on
M x M associated with the action of G on M, then

(aﬁ;g — g) (X,Y)=0 VXY eX(M), (4.83)

and thus G is a symmetry group for the metric-like tensor g associated with S, that
is:

bgg=g VgeG. (4.84)

4.2 Quantum divergence functions and monotonic-
ity

We will now use the geometric tools developed in the previous section in order to

define the monotonicity property for quantum metric tensors, to define the data
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processing inequality (DPI) for quantum divergence functions, and to prove that
quantum divergence functions satsifying the data processing inequality give rise
to quantum metric tensors satisfying the monotonicity property. Essentially, the
monotonicity property is a quantum version of the so-called invariance criterion
of classical information geometry (see [7), 134]), where classical stochastic mappings
are replaced with quantum stochastic mappings. Consequently, we will introduce
the notion of quantum stochastic mapping according to [93]. These class of maps
plays a prominent role not only in the definition of the monotonicity property for
quantum metric tensors, but also for the definition of the data processing inequality
for quantum divergence functions.

Let us start denoting with Ny the set of natural number without {0} and {1},
and considering the family {S, },en, of manifolds of invertible density matrices. The
notion of quantum stochastic map is then formulated in terms of completely-positive
trace preserving (CPTP) maps on 2,:

Definition 15. Let ¢: A, — A, be a CPTP map with n,m € Ny. According to
[93], we say that ¢ is a quantum stochastic map if:

¢ (Sn) €S- (4.85)

Note that the family of quantum stochastic map form a category precisely as the
family of classical stochastic map (see [34)], chapter I and II).

In Holevo’s books [72] and [73] there is an interesting discussion on the theo-
retical and operational relevance of the class of quantum stochastic maps. Once
we have fixed this class of maps between invertible density matrices, we are ready
to give a definition of the monotonicity property for quantum Riemnnian metric
tensors. Clearly, since the family of quantum stochastic maps may connect systems
with different dimensions, we must not consider a single tensor field defined on the
manifold of invertible density matrices of a single quantum system, but, rather, a
family of tensor fields.

Definition 16. The family {g" }nen,, where each g" is a covariant tensor on S, for
each n € Ny, satisfies the monotonicity property if:

9"(X, X) = (¢%g™) (X, X), (4.86)

for all X € X(S,,) and for all quantum stochastic maps ¢. By the very definition of
the pullback operation, the monotonicity property is equivalent to:

7"l (X, X1,) 2 0"l (0:-Xlug - - Xlog) (487
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where p € S,,.

Remark 18. Note that, in principle, the elements in the family {g" },en, are generic
covariant tensor fields, that is, they need not be symmetric, nor invertible, nor having
positivity properties.

Roughly speaking, the monotonicity property for a family of quantum Rieman-
nian metric tensors ensures that the notion of geodesical distance between invertible
density matrices, as encoded in the family of quantum Riemannian metric tensors,
does not increase under quantum stochastic maps. We will now rephrase the mono-
tonicity property of the family {¢"},en, in terms of the behaviour, with respect to
quantum stochastic maps, of the family {S™},en, of two-point functions from which
{g" }nen, is extracted.

Proposition 31. Consider the family of two-point functions {S"}nen, on {S, x
Sptnen,, and suppose that the family {g"}nen, of covariant tensors on {S,}nen,,
extracted from {S™}nen, according to the third map in definition satisfies the
monotonicity property of definition . Let ¢: S, — S, be a stochastic map, and
let®: S, xS, =S, xS, be defined as:

®(p,0) = (¢(p), 0(2))- (4.88)

Then, setting Sg™ = (S™ — ®*S™), the monotonicity property of {g" tnen, 1S equiv-
alent to:

g™ (X, X) = —i, (Lx,Lx,Sg™) > 0 (4.89)
for all X € X(S,)) and for all stochastic maps ¢.

Proof. According to proposition[30, we know that ¢*g™ is the covariant tensor field
generated by the divergence function ®*S™. This means that we may write:

(¢°g™) (X, Y) = —iy, (Lx, Ly, ®"5™) (4.90)
where we used the third map in definition[13. Again, using definition [13, we write:

9" (X,Y)=—i; (Lx,Ly,S") . (4.91)

Comparing these two equations, it then follows that:

9"(X, X) = (¢"g™) (X, X) (4.92)

18 equivalent to:
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ggm(X s X) = —Z:(L (LXZLXTng) = —Z; (LXZLXT (Sn - CI)*Sm>> Z 0 (493)
as claimed.

As anticipated before, there is a very interesting connection between this result
and the so-called data processing inequality (DPI) for quantum divergences:

Definition 17. Let {S"},en, be a family of two-point funcions on {S, X S, }nen,-
We say that {S™}nen, satisfies the DPI if:

S"(p,0) = 5™ (¢(p) . ¢(0)) (4.94)
for all p, 0 and for all stochastic maps ¢.

The operational meaning of this inequality is to ensure that the information-
theoretical content encoded in the family of quantum two-point functions does not
increase under quantum stochastic maps. Then, the following proposition shows
that the DPI “implies” the monotonicity property:

Proposition 32. If the family {S™ }nen, of quantum divergence functions on {S, x
S }nen, satisfies the DPI, then, the family {g" }nen, of symmetric covariant tensor
fields we can extract from {S™},en, satisfies the monotonicity property.

Proof. The function ®*S™ is a potential function because S™ is a potential function
(see proposition @) According to the DPI, we have:

S (p,0) = S"(p,0) — 2"5™(p,0) =
— 5"(5,8) - S"(6(p) . 6(2)) = 0. (4.95)
From this, we conclude that Sék is a non-negative potential function vanishing on
the diagonal of S,, X S,,. This means that every point on the diagonal of S, X S, is a

local minimum for Sg™. Then, according to proposition[27 the symmetric covariant
tensor gg™ it generates is positive-semidefinite. In particular it is:

gm(X,X)>0. (4.96)

According to proposition this is equivalent to the monotonicity property for the
family {g" }nen,, and the proposition is proved.

The result expressed in proposition |32l may be seen as a sort of generalization to
the quantum case of the invariance criterion of classical information geometry (see
[7], chapter 3 and 6). Furthermore, the abstract coordinate-free framework in which
proposition 32| is contextualized may prove to be useful for a generalization to the
infinite dimensional case.
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4.3 Quantum metric tensors from modified (¢—z)-
Rényi relative entropies

Here we will actually compute the symmetric covariant tensors associated with the
modified (¢ — z)-Rényi relative entropy of equation . We want to perform
calculations without referring to explicit coordinate systems, therefore, we will un-
fold the manifold S, of invertible density matrices to the more gentle manifold

M, = SURL,) x A where A? is the open interior of the n-dimensional simplex
A, that is:

Ag::{ﬁeR":pf>o, ij:1}. (4.97)
j=1
This manifold is parallelizable since it is the Cartesian product of parallelizable
manifolds, and thus, we have global basis of vector fields and differential one-forms
at our disposal. We will use these basis to perform coordinate-free computations in
any dimension. However, before entering the description of these basis, we want to
explain why M, may be thought of as an unfolding manifold for S,. To do this,
let us consider an invertible density matrix p € S,,. It is well known that  can be
diagonalized, and that its eigenvalues are strictly positive and sum up to one. This
means that, denoting with 7€ A% a vector the components of which coincide with
the eigenvalues of p, we can find a U € SU(2,,) such that:

where pg is a diagonal matrix in the sense that its only nonzero components with
respect to the canonical basis {E;;};r—o,. n-1) of &, introduced in chapter [1| are
those relative to {Ejj}jzom(n_l). It is clear that every py can be identified with a
point 7 in A? and viceversa. This one-to-one correspondence is given by the map

po =P Ejj;.

Remark 19. [t is important to point out that the correspondence between py and
p explicitely depends on the choice of the basis {Ej.}j—o. . (n—1) as a reference basis.
For instance, if we consider a multipartite system for which:

Ay = Q) An, , (4.99)
j=1

where N = nyny---n,, the canonical basis in Ay s made up of separable elements
with respect to the decomposition of ™. Consequently, the reference density matrix
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po associated with the probability vector p is separable, and this clearly has conse-
quences with respect to the entanglement properties of the system. Specifically, when
we unfold the density matriz p into the couple (U ,p), all the information regarding
the entanglement properties of p will be encoded in U because p’ is associated with
the separable density matriz pg.

The diagonalization procedure for p € S, provides us with a map:

T SURL)XAY — S,

- o . (4.100)
(U,p) = m(U,p) =Upy U' with py = p'Ej;.
Obviously, the map 7, is a surjection because for a given p € S, there is an infinite
number of elements (U, p) € M,, such that «,(U,p) = p. It is in this sense that
we think of M,, as an unfolding manifold for S,. Now that we have the map 7, we
proceed to prove the following:

Proposition 33. The map m,: M,, — S, is a surjective submersion, and the kernel
of its differential at (U ,p) € M,, is given by (1H ,0), where H is a self-adjoint matriz
such that [H , py] = 0.

Proof. The surjectivity of the map =, follows from the spectral decomposition for
every density matriz p. To prove that w, is a submersion, we consider the following
curve v on M,,:

(U, p) = (Uexp(itH), pi) (4.101)
where H is self-adjoint and traceless, and p; is any curve in the interior of the
n-simplex AS starting at py = p and such that %‘ = a with Zj a’ = 0. The

differential:

of m at (U, p) is then:

dy(U, p)
(T7n) . p) (T

d _
to) = 4 (Uexp(utH) po (1), exp(—tH)U') _ = (4.102)

=U (+[H, o] + «'E;;) U'.

The tangent space T,S, at p = U py U is the space of traceless self-adjoint matrices,
and 1t 1s clear that every such element can be written in the form
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U («[H, po] + ¢'Ej;) UT.

This means that m, is a submersion at every (U,p) € M,,. Furthermore, it follows
that the tangent vector (1H, @) at (U, p) is sent to the null vector 0 at p = U py UT
if and only if @ =0 and [H, py] = 0.

The global differential calculus on M,, is easily defined considering the projection
maps:

prsua,): Mn = SURL,) x A) = SURLL,), (U,p) = prspa,)(U,p) = U,
prao: M, = SU,) x A) = AV (U, p) = prag (U, p) = 7.
(4.103)

Then, since SU(2,,) is a Lie group, we have, for instance, a basis of gloabally defined

.....

77777777

we can take the pullback of every 67 by means of prgy ) and obtain a set of globally
defined differential one-forms on M,,. With an evident abuse of notation, we will

.....

an “overcomplete” basis of differential one-forms as follows. First of all, we define
n functions P7: AY — R: ' '
p— Pl(p)=p. (4.104)

This functions are globally defined and smooth, and thus their differential dP’/ = dp’
are globally defined differential one-forms. Clearly, we have n of them, and since
dim(A%) = n—1, these one-forms are not functionally independent. Indeed, it holds:

P => p=1, (4.105)
j=1 i=1
and thus:

zn: dP? = zn: dp/ =0. (4.106)
j=1 j=1

.....

of the module of one-forms on A?, that is, for every differential one-form w on A,
it always exists a decomposition:

w=uw;dp’, (4.107)
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where w; € F(A?). This is the sense in which {dp’};—;_ , is an overcomplete
basis for the space of differential one-forms on AY. Now, similarly to what we
have done for SU(2,), we consider the pullback of dp’ by means of prao, and
we obtain a set of globally defined differential one-forms on M,,. Again with an
abuse of notation, we will keep writing this set as {dp’};—1__,. Eventually, the set
({67} =1, m2 1,{dp7 }i=1..n) is a basis of the module of differential one-forms on

n-

Now that we have the global basis for a differential calculus on M,, (for all n), we
may proceed with the explicit computations. First of all, we consider the modified
(¢ — z)-Rényi relative entropy of equation (4.14)):

5000 = e [1- T (2 F) (4.108)

and take its pullback to M,, x M,, by means of the map:

IL,: M, x M, =S, xS, (4.100)
(Uaﬁl avaﬁQ) — (Wn(U7p1) (V ﬁ)) . '
The result is the following function on M,, x M,,:
1
n 5. 7Y = - _ T -
D (U V) = s (1 Tr[((UpoU) (Vg Vh5 ) ]) . (4.110)

where gy = p|Ej; and gy = pjE;;. At the moment, we do not know if Dy, is a
potential function, but we can always extract a covariant tensor field from it by

computing (see proposition .

9y (X,Y) = i3 (Lx, Ly, Dj) . (4.111)

Here, we will discuss the result of the computations and simply refer to subsection
431 for all the details. The final result is:

n n —1
gp. = o+ 0l = padinp, @ dInp, + Z Cint @0F,  (4.112)
a=1 ]k 1

where {p, }a=1,.n denote the eigenvalues of p, the coefficients Cj, are given by:
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Cio= > EagR[MIP M), (4.113)
a,f=1

with M jo‘ﬁ being numerical coefficients depending on the choice of a basis in the Lie
algebra of U(,,), and with:

] ]

9 q
(P — P3) (P& — P3)(Pa” —P5" )
- :

Eop = T T (4.114)
(pé —pj)
It turns out that the coefficients Cj; are symmetric in j and k, and thus g7, is a
symmetric tensor. Furthermore, the sum over j and k in Eq. does not involve
the basic left-invariant 1-forms dual to the Cartan subalgebra. Indeed, the only
terms which contain the left-invariant 1-forms associated with the Cartan subalgebra

are those with a = 8 which have vanishing coefficients Cjj.

Whenever the parameters ¢ and z are such that the modified ¢, 2-RRE S}, of
equation is a divergence function in the sense of definition , we have that
Dy, is a non-negative potential function, and that gj', is a positive-semidefinite
symmetric covariant tensor field which is the pullback of the positive-semidefinite
symmetric covariant tensor field on S, extracted from S}, (see proposition 30| and
proposition . Recalling that g, , does not contain the basic left-invariant 1-forms
dual to the Cartan subalgebra, and since dp; and ¢’ are basis elements, we conclude
that the kernel of g, is given by the span of the vector fields dual to the left-
invariant 1-forms associated with the Cartan subalgebra. According to proposition
, these vector fields are m, related with the null vector field on S,,. This means
that g7, is the pullback to M, of a symmetric invertible tensor on S,, that is, a
Riemannian metric tensor on the space of invertible density matrices.

If the values of ¢ and z for which S, is a divergence function are such that
{S¢ . }nen, satisfies the DPI, then the family of symmetric tensors {g; , }nen,, where
gy . 18 given by equation , is the pullback to {M.,, }nen, of a family of quantum
Riemannian metric tensors on {S, },en, satisfying the monotonicity property. In
particular, according to the formulae in the introduction of this chapter, the family
of metric tensors associated with the von Neumann-Umegaki relative entropies, with
the Tsallis relative entropies, with the Wigner-Yanase skew informations, and with
the Bures divergences, all satisfies the monotonicity property.

Equation (4.112) points out another interesting fact. The first term in the ex-
pression of g, . is precisely the Fisher-Rao metric tensor related to the component
of the “classical” probability vector g = (p1,...,p,) identified with the diagonal
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elements of the invertible density matrix. Consequently, since the monotonicity
property is connected to the DPI, since the DPI depends on the explicit values of ¢
and z, and since the Fisher-Rao contribution to g}, does not depend on (g, 2), the
“obstruction” to the monotonicity property is completely encoded in the unitary
contribution to gy ..

4.3.1 Explicit computations

Here we will perform the detailed computation of the covariant tensor field:

9y (X, Y) = —ij(Lx, Ly, D} ) | (4.115)

where:

_
q(1—q)

with py = diag(py) and gy = diag(pz). At this purpose, we start setting:

D (U5 Vi) = (1= [(Uauh (vavh=)]) . @i

1-g

= oV, Vi (4.117)

A=pt=Up U . B=y

Since z € R, it can take both integer and noninteger values. Therefore, in order to
have a well defined expression, we consider the analytical expansion of the function
(AB)* with respect to the identity, say:

(AB)* =) cu(2)(AB—1)". (4.118)
n=0
Let us notice that, as stressed in [20], even if AB = ﬁ% §¥ is not Hermitian, the
spectrum of AB coincides with the spectrum of BA = (AB)' for A and B Hermitian
operators as in (4.117). This ensures that the spectrum of AB is real and hence
(AB)? as a function of z does not have nonanalyticity branches and can be expanded
as in (4.118]).
Next, we consider:

LXZ LYT Tr [(A B)Z] = i cm(z) LX; LYT Tr [(AB — ]l)m] . (4119)

m=0
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Using the Leibniz rule together with the cyclic property of the trace and with the
relation Ly, = ty,d which is valid on functions, we have:

Ly, Tr[(A Zcm YLy, Tr | (AB—1)...(AB—-1) | =

-~

m

_ f: en(2) Tt (A (iy,dB) (AB—1)""' 4+ (AB —1) A (iy,dB) (AB—1)"2 +

m=0

+oo 4 (AB—1)" A (iy,dB)) =

— i ((AB —1)"" A (iy,dB)) (4.120)

where we used the fact that iy, dA = 0 because A depends only on the elements of
the left factor of M,, x M,,. Then:

Ly, Ly, Tr[(AB)* chm z) Ly, Tr ((AB]I)...(AB]I)A(iYTdB)) =

m—1
= Z mem(z) [Tr ((AB —1)™ 7! (ix,dA) (iv,dB)) + Tr ((ix,dA) B (AB —1)™2 (iy,dB) +

+ (AB —1) (ix,dA) B(AB—1)""? A (iy,dB) +--- + (AB — 1) ? (ix,dA) B A (iy,dB))] =
= 2Tr ((AB)*! (ix,dA) (iv,dB)) +

+ i mcm(2) Z Tr ((AB —1)* (ix,dA) B(AB —1)""*"* A (iy,dB)) , (4.121)

where we used the fact that ix,dB = 0 because B depends only on the elements

of the right factor of M,, x M,,, and, in the first term of the last equality, we have
used the relation

chm (AB —1)"! (4.122)

for the first-order derivative of a analytlcal function. The metric is then:

9g-(X,Y) = (1= q)iZ [Tr (AB)™" (ix,dA) (iv,dB))] +
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+ ﬁiz > mem(z) z_j Tr ((AB —1)* (ix,dA) B(AB — 1) A (iy,dB)) | . (4.123)
m=0 a=0

In order to perform computations for a generic N-level system it is useful to use
the canonical basis {Ejj};x=1,.n of 2, introduced in chapter 1| The left-invariant
Maurer-Cartan 1-form U~'dU can be then written as:

U dU = io0" = iBE,z0*" (4.124)

where {04 } o n2-1 denote the basis for the u(2l,,) algebra with oo = I, {0*},—g 21
the dual basis of left-invariant 1-forms. The matrices o can be expressed into the
standard basis as a linear combination of the E,s matrices with complex coeffi-

Cientsﬂ say:

N
o= M E, , MPecC (4.125)
a,f=1

from which, according to Eq. (4.124]), it follows that:
N2-1

60°% = > M6k (4.126)

k=0
The complex coefficients M, # have to satisfy the following propert:
M =MP  Yk=0,...,N* -1 (4.127)
as can be seen by taking the Hermitian conjugate of Eq. (4.125]) which yields:

4For instance, in the U(2l2) case we have:

(10 (01 (0 —i (1 0
0= 1) *T\10) 27\ o) 7\ \o 41
(10 (01 (0 0 (00
7'11—00,7'12—00,7'21—1077'22—01-

00 =Ti1+ T2, 01 =Ti2+To1, 02 =1i(T21 —T12), 03=T11 —Ta2

from which, by imposing the equality (4.124]), it is easy to see that

Therefore

911 — 90 _'_93, 912 — 91 _ 2-92’ €21 — 91 +i92, 922 — 90 _ 93 .

"Here M} 5 denotes the complex conjugate of M. . A,
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oL = M,?B (Tag)T = Mls‘ﬁrﬁa = M,faTﬂa , (4.128)
where we have used the fact that the ¢’s are Hermitian and the property of the real
matrices E according to which (Eqes)’ = (Eas)" = Eg,.

Remark 20. More precisely, when we write the left-invariant 1-form U=tdU in the
standard basis as in , we are exploiting the fact that the o matrices provide a
basis both of the vector space underlying the w(2(,)) Lie algebra and of its complezifi-
cation. Consequently, we are able to consider suitable complex linear combinations
to express the basis matrices of u(A,) in terms of the E,p and to recast then the
matriz-valued Maurer-Cartan 1-form U~*dU in terms of the E,g and the 1-forms
0% given in . This 1s just a computational trick which allows to simplify the
calculation of the metric and in the end we should check that it does not introduce
any additional information by rewriting the resulting expression of the metric in
terms of the basic left-invariant 1-forms on the group.

The diagonal density matrix py can be written in terms of the E basis as:

= PaBaa , (4.129)
a=1

where the p, denote the n eigenvalues of py satisfying the constraint Tr(pg) =

Y o Pa =1, and the sum (4.129) involves only the diagonal matrices E,,. Moreover,
(4.129))

by using the decomposition (4. and the commutation relations:
[Eap, Earpr] = dpaEap — dpaBars (4.130)
we have:
[U~dU, py) =i Z 0l (4.131)

for any power p of py. Consequently, we have:

Ly, pt = dp* (%) = U (4p* () U + U [(UldU((x))) ,p* ] UT =
7=z a a 4.132
= g Z UE,. UTpozz dpoz(Xl) +UZXL;(pé pé)E ﬂeaﬁ(XI)UT ( )
Ly 5" =dg" = (Y,) =V (d@%‘](m)) VitV [(VTdV(Yr)) ,@1?’} vi=
_ g — isa - . (4.133)
IS VEw Vipa - dpa(Y) + Vid By —Bam JEapn®(Y,) VT,
@ a,B
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Y o1 PaBaq. Now, coming back to the expression (4.123]) for the

where gy =
tensor:
[Tr (AB)* (ix,dA) (iv,dB))] +

z

g0 (X,Y) = i
oY) = gy

m—2

1
+ ) m cpm(z Tr (AB —1)° (ix,dA) B (AB 1™ 2 A (iy.dB
g [ e T (48 - 1) ) 848 1 (0
we focus on the first term in the RHS, and, using (4.133)) and (4.133)) and performing

the pullback along 74, we obtain

N ZEmpa? dpa(X) +1 (0 — pa)Eas 0°°(X) | -
q(1—q) .8
’ (4.134)
dpV —HZ = p;z E, 0" )>>

Z E, pv

(=
It is easy to see that the terms with dp,(X) - 07(Y) and 6*%(X) - dp,(Y) vanish

indeed:
1—q 17
(e =27 ) T (B o B,y dpa(X) - 07(Y) = 0, (4.135)
aﬂ’y,u 6ﬁu5ﬁa5av
z—1 1— q z q q
- Z pu” Py ” pé)?r (Eup Eag Ewldp“/O/) ' GQB(X) =0. (4.136)
aﬂvu 5#75:1567
On the other hand, the terms with dp,(X) - p,(Y) and 0°°(X) - 7*(Y) are
1
Z Z pa_l dpa(X> : dpa<Y) ) (4137)
(4.138)

S pat )07P(X) (Y

1 —q) Z pa
Concerning the second term in the RHS of (4.123]), using (4.133) and (4.133]) and

performing the pullback along 74, we obtain
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m—2
1_q chm az_;JTr( -1 (

1—g

a,p

Z Eqa pa dpa(Xl) +1 Z( V2] pé)Eaﬁ GQB(X)) ’

Po” (P§ ; —m 2: (1_ ZEWPW — dpv(y)"‘iZ(P:bzq_P;Z(Z)Ewgw(y))> :

Yok

(4.139)

Again, it is easy to see that the terms with dp,(X) - 7*(Y) and 0°°(X) - dp, (V)
vanish, and we are left with the term in dp,(X) - dp.(Y):

2 > D mlm—1)cn(2) (pi — 1) 2pa = dpa(X) - dpa(Y) =
e (4.140)
— D v dpa(X) - dpa(Y),

where we have used the expression:

> 1
z2(z —1)( Z m(m — 1) cp(2)(pa — 1)™ 2

(4.141)
m=0

for the second-order derivative of an analytical function, and the term in 6%%(X)
OH(Y):
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b=0

(4.142)

(4.143)

(4.144)

(4.145)

(4.146)

in the second equality; the expression for the finite sum of a geometric series:
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m—2 1 1

1 —a™m™ G — 1
o= , with z = pl (4.147)
- 1—2z pé -1

in the third equality, and the expression:

o0
z—1

Z mcm(z)(pé — )™ = 2pa” (4.148)

m=0

for the first-order derivative of an analytical function in the last equality.

Collecting the terms in dp, (X)-dp.(Y") (equations (4.137)) and (4.140))) we obtain:

1 _ z—1 _
Gz (XY) = 2 D pat dpalX) - dpa(Y) 4 =D po dpa(X) - dpo(¥) =
"1
= —dpa(X) - dpa(Y).
a=1 Pa
(4.149)
From this it follows that:
n 1 n
Gr =D o 4pa ® dpa = > padinp, @ dlnp, (4.150)

a=1 a=1

which is the Fisher-Rao metric related to the component of the “classical” proba-

bility vector p'= (py,...,p,) identified with the diagonal elements of the invertible
density matrix.

Collecting the terms in *°(X)-07*(Y") (equations (4.138) and (4.142))) we obtain:

z—1 q q 1—g 1—gq

GLCY) = s D () (7 —pa” )E(X) )+
af

1 z—1 z—1 q q 1-g 1-g
2 P; (ps™ —pa™ ) (05 —pa) (pg" —pa” )| o
TPl e 0°7(X) - 0%(Y) =
Ay p; — pa
q q 1—q ]
_ 12 )Z (pﬂ_poz)(pﬁl_pal(pﬁ —Pa” ) 6°%(X) - 95 (Y .
Q( —dq o8 pé _.pé

(4.151)



Let us now rewrite this expression in the basis of left-invariant su(%2l,)-valued 1-
forms. In order to do this, let us introduce the shorthand notation for the coefficients:

q

(Pa — ps) (P& — )(
F

.Q

1—q
paz —DPg° )

)

5a5 =

T e R s.t. 504,8 = gﬁa . (4152)
(pa —p

Then, gyl can be written as

grl = —q a Z Eap 07 @ 07
‘”3 ! (4.153)
=— "N &0 207 + 07 @ 9P
61(1 —q) aﬁzl )
Using now the expression (4.126)) of the % in terms of the 6/ we have:
n?2—-1 n
| — 5 (M + MM ) 67 6" 11
94,2 o + ® 154
Jk=1la,p= 1
from which, according to the property (4.127)), it follows that:
n?—1
= Cin 0 @ 0", 4.155
ng q<1 q kzl jk & ( )
Js
with:
i /
Cit = Y Eap R[MIPMI] . (4.156)

a,f=1

The coefficients C;, in Eq. depend only on the eigenvalues of the density
matrix p and on the transformation matrices relating the two basis. Moreover, the
C;, are symmetric with respect to the exchange of j and k (ie., Cj = Ci;) and,
being the £,5 defined in Eq. real, they are also real.

Eventually, summing equations (4.150)) and (4.155)) we obtain the expression of
the tensor gy .
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n n?—1

n o nl n|| __ & ! ) j k
gr.=giz + 90l =>" padlnp, ® dlnp, + 0=0 Q)];l Cirt? @ 6% . (4.157)

a=1
Note that the sum over 7 and k in Eq. does not involve the basic left-invariant
1-forms dual to the Cartan subalgebra. Indeed, the only terms which contain the
left-invariant 1-forms associated with the Cartan subalgebra are those with a = 3
which have vanishing coefficients Cjy.
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Chapter 5

Conclusions

Now that we have reached the final chapter of the thesis, it is time to pause and
comment on the ideas exposed in view of future developments. We will focus on two
main branches of possible future developments, specifically, “the geometry of en-
tanglement of quantum states in finite dimensions”, and “the geometry of quantum
states in infinite dimensions”. There would be a third branch, namely, “the geom-
etry of entanglement of quantum states in infinite dimensions”, but we will simply
ignore it because it presents a huge amount of technical difficulties, and, what is
more, it necessarily depends on the previous development of the first two branches.

Before discussing possible future developments, let us briefly recall the content
of the previous chapters. The overall focus of the thesis was the study of the geo-
metrical structures available on the space S of quantum states of a quantum system
the observables of which are the self-adjoint elements in the finite-dimensional C*-
algebra 2, introduced in chapter [I} In chapter [2] we presented the geometry of the
space S of quantum states of the model C*-algebra 2,, introduced in chapter [} The
attitude towards the problem was of group-theoretical character. According to the
work in [64] 65, 66], we selected the Lie group SL(2L,) of invertible elements with
unit determinant in 2(,,, and showed that it acts on the space S of quantum states
in such a way that S is partitioned into the disjoint union:

S= |i| Si
k=1

of orbits Sy of SL(2,). The orbit S consists of quantum states with fixed rank
equal to k (see definition [3)), and it is a homogeneous space for SL(2(,) admitting
the structure of differential manifold for every k = 1,...,n. Except the case n = 2,
in which it is a manifold with boundary (the so-called Bloch ball), the space S of
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quantum states does not admit the structure of differential manifold as a whole.
In particular, all the orbits Sy have different dimension (increasing as k increases).
From the topological point of view, it is worth to mention that the manifold S&;
of pure quantum states is a compact submanifoldﬂ of ©F while the manifold &,
of invertible quantum states is an open submanifoldﬂ of the affine hyperplane T}
of self-adjoint linear functionals £ in OF such that {(I) = 1. By construction, the
action of SL(2,) on S is smooth, and we used this fact to analyze the orbits in
Sj; of the compact subgroup SU(2,,) C SL(2,,) made up of unitary elements with
unit determinant in 2A,,. All the orbits of SU(,), except the one passing through
the maximally mixed state, are Kahler manifolds. In particular, the manifold &;
of pure quantum states turns out to be a homogeneous space for both SL(2,) and
SU(2,), and its Kéhler structure is widely studied in the literature.

In chapter |3| we presented here a geometric formulation of the dynamics of open
quantum systems governed by the GKLS master equation (3.77) (see [63],182]). The
geometrization consists in describing the infinitesimal generator of these dynamical
processes as an affine vector field T’ on the affine hyperplane T in O consisting
of self-adjoint linear functionals £ on 2, such that £(I) = 1. By construction, I" is
written as the affine combination of three vector fields, namely, a Hamiltonian vector
field Xy associated with the Hamiltonian operator H in equation by means
of a Poisson tensor A on T} a gradient-like vector field Yy associated with the pos-
itive operator V in equation by means of a symmetric bivector field R, and
a vector field Zx associated with the completely-positive map K in equation .
The decomposition of I' is adapted to the geometry of the space § of quantum states
when we thought of as a compact convex body in ;. In particular, Hamiltonian
and gradient-like vector fields provide a realization of the Lie algebra sl(2(,,) of the
special linear group SL(2l,) on T “integrating” to a nonlinear action only on the
space S of quantum states. In particular, every Hamiltonian and gradient-like vec-
tor fields on € are tangent to the manifolds Sy, of quantum states with fixed rank,
and their restrictions are related to the fundamental vector fields of the canonical
action of SL(A,) on S, constructed in chapter 2] The flow of the vector field Z
turns out to be responsible for the change of rank of quantum states characteristic
of dynamical evolutions of open quantum systems. Interestingly, it is found that
Xy is completely unrelated to the vector fields Yy and Zix. On the other hand, the
linearity of the GKLS generator L implies that the vector field I' is affine, and this

IThis follows from the fact that it is an orbit of the canonical action of the compact group
SU(,) on OF (see section .

2This follows from the fact that it is the complement of the inverse image of the closed set
{0} € R by means of the smooth function det (see definition .
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requires a fine tuning between Yy, and Zx so that their sum preserves the affine char-
acter of I'. After having introduced the vector field I', we proceded to analyze the
long-time behaviour of the so-called quantum random unitary semigroups, of which
quantum Poisson semigroups and quantum Gaussian semigroups are particular in-
stances (see [11], 78, 82]). The analysis is carried out exploiting LaSalle’s invariance
principle (see [2, 81]), an exquisitely classical tool that proves to be particularly
useful in the quantum context thanks to the geometrical structures introduced on §
in chapter [2] and chapter [3] The explicit result is that, in any finite dimension, the
purity function x(p) := Tr(p*) always decreases along the dynamical trajectories of
quantum random unitary semigroups, and allows for a characterization of the set of
asymptotic quantum states of the dynamics generated by I' as the set of quantum
states for which the Lie derivative of x with respect to I' vanishes. Interestingly,
the maximally mixed state is always an element of the set of asymptotic quantum
states for every possible I' associated with a quantum random unitary semigroup in
any finite dimension, and, in some cases, it is the only element in that set. From
the point of view of entanglement this has an interesting consequence. Indeed, given
any decomposition of the quantum system described by 2, in terms of its quantum
subsystems, the maximally mixed state is always a separable state (actually, it is a
product state). Consequently, the dynamics of the quantum random unitary semi-
groups destroys the entanglement of the initial quantum state, and this could have
interesting consequences at the level of experimental applications. A more thorough
analysis of this and related istances will be the subject of future work.

In chapter 4| we studied the information geometry of the manifold &, of invertible
quantum states. The main idea was to exploit the geometrical structures on § and
introduced in chapter [2| to provide a coordinate-free treatment of quantum infor-
mation theory which is well-suited in order to deal with situations where nonlinear
changes of coordinates are naturally used like, for instance, when considering non-
linear parametrized submanifolds of quantum states in problems of state estimation.
We started introducing an abstract framework for extracting, in a coordinate-free
way, covariant tensor fields on a generic differential manifold M starting from two-
point functions on M x M. This led us to define the class of potential functions
as all those two-point functions for which the coordinate-free extraction algorithm
works. This family of functions turns out to generalize the class of divergence
(contrast) functions of classical information geometry (see [9]) used as a mean to
extract metric tensors. Next, we reviewed the notion of quantum stochastic maps,
the so-called monotonicity property for quantum metric tensors, and the so-called
Data Processing Inequality (DPI) for quantum divergence functions in the abstract
framework just introduced. Both the monotonicity property and the DPI are for-
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mulated in terms of the behaviour of a family of relevant objects (metric tensors in
one case, and quantum divergence functions in the other) with respect to the action
of quantum stochastic maps. The coordinate-free formalism introduced allows us to
point out a deep connection between the monotonicity property for quantum metric
tensors and the so-called Data Processing Inequality (DPI) for quantum divergence
functions. Specifically, we showed that “DPI implies monotonicity property” (see
proposition . Eventually, we computed the quantum metric tensors associated
with the family of (ov — 2z)-Rényi relative entropies introduced in [20]. In order to
perform calculations in any dimension without introducing coordinates, we decided
to exploit the diagonalization procedure for density matrices to unfold the manifold
S, of invertible quantum states to the better-behaved manifold M,, = U(2,,) x A%,
where A? is the open interior of the n-dimensional simplex. This manifold is paral-
lelizable and we can exploit its global differential calculus to perform coordinate-free
calculations. The final result is a symmetric covariant tensor on M, which is the
pullback of a metric tensor on §,, satisfying the monotonicity property. The symmet-
ric covariant tensor field on M,, decomposes as the sum of two objects, one which
“lives on” U(2,,) and depends also on A%, and the other one which “lives” and
depends only on A%. Quite interestingly, the latter coincides with the Fisher-Rao
metric tensor on AY characteristic of classical information geometry.

Now, we will collect some final comments and perspectives on future work. Let
us start with some comments on the geometry of entanglement of quantum states in
finite dimensions. Even though in this thesis we have not dealt with entanglement
and separability, we feel that the geometrical approach presented will be particu-
larly useful because entangled states constitute a “nonlinear” subset of the space of
quantum states. From the experimental point of view, entanglement seems to be
a particularly useful resource for example in quantum computation and quantum
cryptography, and we believe that a more geometrical understanding of the phe-
nomenon could reflect in a sensible broadening of the set of tools by means of which
it is possible to manipulate and exploit entanglement.

For the sake of simplicity, let us consider a bipartite system of distinguishable
particles. From the mathematical point of view, we are chosing a decomposition of
the C*-algebra of the total system into the tensor product:

AAB — gt @ AL (5.1)

where 204 and A2 are the C*-algebras of the two subsystems. The map:

AV A ARl e AP
AB

nm?

gives a realization of 2 as a sub-C*-algebra of A28 and the observables of the form
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A ®1Ip with A € 2, are called local observables on the subsystem A, and similarly
for 2AB. From the physical point of view, we may think of local observables as all
those observables pertaining exclusively to a single subsystem.

A quantum state p € S4B on A48 is said to be a product state if:

p(A®B)=p(Ax1p)p(ly®B) VAcA? VBcAZ. (5.2)

It is easy to see that this is equivalent to the density matrix p associated with p
being decomposable as:

p=pa®pp, (5.3)

where ps and pp are, respectively, density matrices on A4 and AZ. Note that this
decomposition is unique. Considering convex combinations of product states we
obtain the so-called separable states, that is, a state p is said to be separable if it
can be decomposed as a convex combination of product states. In particular, this is
easily seen to be equivalent to the density matrix p of p admitting a decomposition
as:

=Y 0. (5.4
J

where ,5% and ﬁ% are, respectively, density matrices on A2 and 2AZ for all j, and
p; > 0 with ) ipi=1 Clearly, the space of separable quantum states is a convex
set. Note that, unlike for product states, the decomposition of a separable state
into a convex combination is in general not uniqueﬂ If p is a pure quantum state,
the notions of separable state and product state coincide, while, if p is not pure,
then, all product states are separable but the converse does not hold. A quantum
state p € S4B which is not separable is called entangled. The set of entangled
states is highly nonlinear being it the topological complement of the convex set
of separable states in the convex set SAZ. From the operational point of view,
the measure of local observables on separable states dos not exhibit correlations
between subsystems, while the measure of local observables on entangled states
does present correlations among subsystems. These kind of “nonlocal” correlations
between subsystems are characteristic of quantum mechanics, and led Schrodinger
to point out entanglement as “the” characteristic feature of quantum mechanics. A
proper discussion on the physical meaning of entanglement requires the introduction
of a mathematical model for measurement operations, and this is out of the scope

3The only convex sets with the property that all their elements admit a unique decomposition
as convex combinations are the simplexes.
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of this brief chapter, hence, for a detailed discussion on the operational and physical
meaning of entanglement we refer to [26] (in particular chapter 15), and [74], as well
as references therein.

Geometrical methods have already proven to be useful in the context of quantum
entanglement, see for instance [10], 64} 65, [75], and references therein. One interesting
result is the geometrical decomposition of the manifold S{*Z of pure quantum states
of a bipartite system of distinguishable particles into submanifolds of separable
and entangled states. It turns out that the manifold of separable pure states is
the Cartesian product Si* x SP of the manifold of pure quantum states of the
subsystems. The pullback to 8! x SP of the canonical symplectic form on S{AP
coincides with the product of the symplectic forms of the pure quantum states of
the subsystems. The pullback of the canonical symplectic form to the manifolds of
entangled states presents a kernel, and the dimension of this kernel may be used as
a sort of geometrical measure of entanglement. Indeed, the manifold of maximally
entangled states turns out to be a Lagrangian submanifold of the manifold of pure
quantum states of the composite system. Furthermore, similar results hold for the
Fubini-Study metric tensor.

Since the space of pure quantum states is the only manifold of quantum states
with fixed rank possessing a canonical symplectic structure and a canonical metric
tensor, it is difficult to directly extend the line of reasoning leading to these results to
the case of mixed quantum states. Nevertheless, we could try to apply the Lie group
theory approach to the geometry of quantum states in the context of entanglement
in order to understand the structure of the space of separable and entangled mixed
states of fixed rank. As an illustrative example, let us briefly consider what happens
for product states. The map:

SLEAL) x SL(AB) > (ga,8p) = g4 ® gp € SL(ALE) (5.5)

gives a realization of the Lie group SL(A2) x SL(2AB) as a Lie subgroup of SL(AA5).
By means of the canonical action a of SL(AAB) on SAP we obtain an action of
SL(AA) x SL(AB) on the quantum states of the composite system:

P Pgacen

plgh ®gh Ags®gp)
plgh ® gl g4 ® gp)

In terms of density matrices we have:

Peaces(A) = VA € A0

15 = ﬁgA®gB
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ga®gppgh @ el
Tr (gA ®Rgppgh ® gE)

It is clear that this action preserves product states. If we define the product state
p € S with density matrix p = pa ® pp to have (A, B)-rank equal to (ka, kg) when
rk(pa) = ka and rk(pp) = kg, it is immediate to see that, according to the results
of chapter[2} the action of SL(2) x SL(AZ) on SAPF is transitive on product states
with fixed (A, B)-rank. In particular, since the rank and the (A, B)-rank coincide
when we consider pure product states or invertible product states, we conclude
that pure product states and invertible product states are homogeneous spaces of

SL(AA) x SL(AB).

Pgacgp =

Concerning the geometry of the GKLS dynamical evolutions in the context of
composite systems, we already pointed out that the analysis pursued in chapter
has shown that, in some cases, the the long-term behaviour of the so-called quantum
random unitary groups destroys entanglement because all the initial states evolve
towards the maximally mixed state, which is the only asymptotic quantum state
of the dynamics and it is a product state. Accordingly, a characterization of the
asymptotic states of open quantum dynamics in relation to the geometry of separable
and entangled states could present some useful insight on possible experimental
implementations of open system dynamics as a way to manipulate entanglement
and/or separability of quantum states. This, in turns, may reveal useful in the
context of quantum information theory and quantum computation. A possible way
to proceed would be to analyze the bivector fields A48 and R4? associated with the
Lie-Jordan algebra structure of 928 = 02 ® OF in terms of the bivector fields A,
RA and AP, RP associated, respectively, with the Lie-Jordan algebra structures of
O4 and OB,

From the point of view of information geometry, an iteresting development would
be to analyze the relation between quantum divergence functions, their associated
metric tensors, and the submanifolds of separable/entangled states. For instance, it
is customary to require quantum divergence functions (quantum relative entropies)
to satisfy the additivity property. Specifically, given a family {S™} yen, of quantum
divergece functions and two product states p,w € SAB with associated density
matrices p = p4 ® pp and © = 04 ® Wp, then {SV}yen, is required to satisfy (see
120]):

S"M(p,w) = S"(pa,wa) + S™(pp ,0B) .- (5.6)
According to the abstract framework exposed in chapter [4, the additivity property

120



implies that on the manifold of invertible product states the pullback of the metric
tensor associated with the metric tensor extracted from S™" is the “sum” of the
metric tensors extracted frm S™ and S™. To see this, let us consider the product
manifold S x 82 of invertible density matrices on the two subsystems. Being a
product manifold, we may decompose its tangent bundle into the direct sum of the
tangent bundle of S4 and SZ. A generic vector field X on S x SE can be written
as:

X=f "X+ fP X, (5.7)

where X, and Xp are, respectively, vector fields along S4 and SZ, while f# and
fB are functions on S x SZ. Now, let us denote with J,,, the immersion of the
manifold 7! x S in the manifold S/\Z of invertible density matrices of the composite
system given by:

(PasPB) = Tnm(Pa, pB) = pa® pp. (5.8)

Because of the additivity property for S™", its pullback D™ to S4 x SE by
means of the double of the map J,,, (see equation (4.69)) reads:

Dnm(ﬁA)ﬁB;a}A7<DB) :Sn(ﬁAaajA)+Sm(ﬁB7@B)‘ (59)
Consequently we can extract from D™™ the following symmetric covariant tensor G

(see definition [I2] and proposition [23)):

G(X,Y) = —ZZ (LXlLYTDnm) p—
— % (Ly, Ly, S" + Ly, Ly, S™) = (5.10)
=9"(Xa,Ya) +9"(Xp,Yn),

where ¢" and ¢™ are the metric tensors extracted, respectively, from S™ and S™.
This is structurally similar to what happens with the Fubini-Study metric tensor in
the case of pure quantum states, and it would be interesting to understand what
happens in the case of separable and entangled states. On the one hand, quantum
divergence functions and their associated metric tensors may be used to investigate
the geometry of composite systems. On the other hand, the geometry of composite
systems may help in characterizing particular information-theoretic properties of
quantum divergence functions and quantum metric tensors.

Since we considered only finite-dimensional systems, it is natural to ask what
can be generalized to the infinite-dimensional case, and how can we perform this
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generalization. Concerning the geometrical structures on the space of quantum
states presented in chapter , we point out that the group GL(A) of invertible
elements of an infinite-dimensional C*-algebra A is a Banach-Lie group, that is, a
(complex and real analytical) Banach manifold with a compatible group structure,
and its Banach-Lie algebra is precisely A (see for instance [39] page 81, [99] page
96). Furthermore, the map p — ag(p) = p,y, where g € GL(A) and with p, defined
by (see equation ([2.10))):

_ r(gfAgh)
pe(A) = p(ghg)

can be proved to be an action of GL(A) on § C ©* C A*. Having an action of
the Banach-Lie group GL(A) on S, we may try to exploit the differential geometry
of Banach-Lie groups (see [27, 139, [80, 99]) to endow the orbits of GL(A) in S with
the structure of a Banach manifold. At this purpose, we note that, in the infinite-
dimensional setting, the closed subgroup theorem [2]is not valid. Specifically, even if
it is true that the orbit Orb(p) of o through p is in one-to-one correspondence with
the coset space GL(A)/G,, where G, is the isotropy subgroup of p with respect
to a, the coset space GL(A)/G, is a real Banach manifold if and only if G, is a
real Banach-Lie split subgroup of GL(A) (see [27] page 105, and [99] page 136),
and this, in infinite dimensions, is a more stringent requirement than being a closed
subgroup. If GL(A)/G, is a real Banach-Lie split subgroup of GL(A), then we
can endow Orb(p) with the structure of a real Banach manifold. Obviously, it is
not necessarily true that the isotropy subgroup of every quantum state p € S is
a Banach-Lie split subgroup of GL(A) when A is a generic infinite-dimensional
C*-algebra.

As an illustrative example, let us consider the case where A is the C*-algebra
B(H) of all the bounded linear operators on the complex separable (infinite-dimensional)
Hilbert space H. Let us denote with Ty the set of bounded linear operators on H
having fixed finite rank N. Note that Ty is a subset of the space TE(H) of trace-class
operators on H. For every positive p € Ty such that Tr(p) = 1 (density operator)
there is a normalf state p € S such that:

VAec A, (5.11)

p(A)=Tr(pA) YA ecB(H). (5.12)

Note that p is faithful, that is, p(A) = 0 <= A = 0. According to the spectral
theory of compact operators (see [96]), there is a decomposition:

4This functional is continuous in both the norm topology and the ultraweak topology on B(H).
Furthermore, |[p|| = ||p[|1, where [|p[[x = tr(|p]).
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H=H,oH

with dim(#H,) = N < +oo and a countable orthonormal basis {|e;) } adapted to this
decomposition such that p can be written as:

p= ij\ejﬂej!, (5.13)

with p/ > 0 and 37, p/ = 1. We will now show that the action of GL(A) on S
is transitive on the set of normal states associated with density operators in Ty.
Indeed, let py be associated with the density operator py € Tn such that p; = % for
all j =1,..,N, and let p; € Ty be an arbitrary density operator. Let {|e})} and
{lej)} be the orthonormal basis adapted to the decompositions H = H,, @ H,. and
H="H, @ Hjl associated with, respectively, po and p;. The operator p; may be
written as:

N
pr=_ plejel- (5.14)
j=1
Now, let us define the following mapP| 7:
l€) — d’le]), (5.15)

with a/ = \/;{ for j =1,..,N,and ¢/ = 1 for j > N + 1. Being {[e;)} and {|e])}
orthonormal basis, we can extend this map by linearity so that it becomes a linear
map from H to itself. A straightforward calculation shows that 7" is bounded, and
thus there is an element g € A = B(H) representing T. Since p} > 0 for all j, it is
immediate to check that g admits an inverse, and thus it is an element of GL(.A).
Now, if g € A, then the range of g py is certainly contained in the range of py. Being
g invertible, its action on the range of py does not have kernel, and thus the rank of
g po is the same as that of py. With a similar reasoning, we conclude that the rank
of g pog' is the same as that of py. Furthermore, a direct calculation shows that:

5. ol

g0 g _

- =Dy, 5.16
Tr(gpog) ' (5.16)

which means p; = (pg)s, and we find that the action of GL(A) is transitive on the
spaces of normal states associated with density operators with fixed rank.

SThere is no summation on the index j.
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We will now show that the set Sj of quantum states associated with density
operators with rank equal to k can be endowed with the structure of a real Banach
manifold. In accordance with the above discussion we will do so by showing that
the isotropy subgroup G, of p is a Banch-Lie split subgroup of GL(.A). An element
K in the isotropy subgroup G, is characterized by the fact that:

KpKf
Tr(KpKt)’
Now, bounded linear operators on H are completely and uniquely determined by
their matrix elements with respect to an orthonormal basis of H ([3] chapter /7.26
p. 48). This means that we can look at them as infinite-dimensional matrices, and
manipulate them using the rules of matrix algebra. Consequently, proceeding as in
proposition |3 it is easy to see that every K € G, is of the form:

K:(g g) (5.18)

where U € U(H,), B € B(H}) and C € W with W = (H1)®N. A direct com-

putation shows that every element k in the Lie algebra g, of G, can be written

as:
H ¢
k= < 0 A ) , (5.19)

where H is a self-adjoint matrix, while ¢ and A are complex, infinite-dimensional
matrices’] According to [99] (page 129) the closed Banach-Lie subgroup G, of the
Banach-Lie subgroup GL(.A) is a Banach-Lie split subgroup if and only if the closed
subalgebra :

p= (5.17)

g ={A e A: exp(tA) e G, Vt € R}, (5.20)

is a split subspace of A, and for every neighbourhood V of 0 € g,, exp(V) is a
neighbourhood of the identity element in G,. Direct inspection shows that for every
neighbourhood V' of 0 € g,, exp(V) is a neighbourhood of the identity element in
G,. Therefore, in order for GL(A)/G, to carry a manifold structure, we must show
that g, is a split subspace of A.

At this purpose, let us define §, to be the subset of A made up by all those
elements F such that their matrix representation with respect to the orthonormal
basis {|e;)} is:

6Clearly, the matrices H, c and A must be such that k is a bounded linear operator on H ([3]
chapter I1.26 p. 48).
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F:<§8), (5.21)

where B is a self-adjoint matrix, and d is a complex, infinite-dimensional matrix[].
It is clear that f, is a vector subspace of A, and that f,Ng, = . We will now show
that f, is closed. To see this, let us note that for every F is in §, if and only if for
every [¢) € H, we have F[¢) = 0. Now, let us take sequence {F,} € f, such
that it converges to F in 4. This means that for every € > 0 there exists a n € N
such that:

|IF, — F|| < ¢ (5.22)

for all n > n. Now, suppose F ¢ f,. Then, there is [¢)-) € H, such that F|¢) =
|¢) # 0. Consequently:

IF, = F|| > ||(Fn = F) ||| = o] (5.23)

From the arbitrariness in the modulus of [¢-) and |¢), we conclude that either {F,}
does not converge to F, or F € §,. This means that f, is closed in A. The whole
Lie algebra A of GL(A) can thus be decomposed as A = g, @ f,, where g, and f,
are closed subspaces of A having null intersection, which means that g, is a split
subspace of A, and f, is a complement of g, in A.

Eventually, according to [27] (page 105) and [99] (page 136), GL(.A)/G, acquires
the structure of a real Banach manifold modelled on the Banach space f,, and we
can transport this differential structure on the orbit Sy of GL(2) in S as claimed.

We hope to be able to extend these results to orbits through generic quantum
states on A = B(H), and to be able to work out some results in cases in which
A is no longer B(H) but some other example of infinite-dimensional C*-algebra.
For instance, the case of factors of type I1l; would be relevant for quantum field

theoryf|

Once we have a more thorough understanding of the geometry of the space of
quantum states in infinite dimensions we could start to study the infinite-dimensional
analogue of quantum information geometry using some of the well-known examples
of quantum relative entropies that are naturally formulated in the context of C*-
algebras without any assumption of finite-dimensionality (see [12] [13, [70} 92], O8]).

"Again, the matrices B and d must be such that F is a bounded linear operator on H ([3]
chapter I1.26 p. 48).

8 At this purpose, some topological results have been presented in [52], where the action of the
unitary group U(A) on the space of states of a factor of type III; von Neumann algebra 4 has
been analyzed.
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The geometrical structures introduced in chapter |3[in relation with the dynamical
evolutions of open quantum systems depend on the Lie-Jordan algebra structure of
$,,. In the infinite-dimensional case, the space £ of observables is a Lie-Jordan-
Banach algebra, which may be thought of as an infinite-dimensional counterpart
of a finite-dimensional Lie-Jordan algebra. Consequently, a natural direction of
investigation would be to understand to what extent the constructions of chapter
generalize to the infinite-dimensional case. Furthermore, a careful analysis of
LaSalle’s invariance principle (see [81]) suggests that a generalization to the case
of arbitrary Banach spaces may be feasible. This would give us a very important
tool for the study of the asymptotic behaviour of infinite-dimensional dynamical
systems, both quantum and classical.

To conclude, what the author has learned during his PhD experience may be
summarized by saying that “the search for an ever increasing level of geometrization
of quantum mechanics (and quantum theories in general) seems to be a promising
route to take”.
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