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Abstract

Clustering phenomena affect many aspects of nature and social sciences. They con-
sist in the creation of groups of correlated objects which modify the behaviour of a
given system introducing symmetries and order. As an example, in the largest scale
known to humans, cluster effects determine the formation of congregate of galaxies.
On human being scales, clustering is widely present in everyday aspects, leading to
collective social behaviours as consensus in social and technological networks and
synchronization in biological systems. In nuclear physics, clustering is one of the
most fascinating results of the Pauli exclusion principle and characterizes a large
variety of nuclear states, especially in light nuclear systems. Nuclear structures
resulting from these phenomena are quite unusual and peculiar, and their investiga-
tion is extremely important in the understanding of nuclear forces and their related
properties. As an example, cluster structures evolve from self-conjugated nuclei to
neutron-rich ones with the appearance of highly deformed structures. In the latter
case, the cluster centers are bounded together by means of extra-neutrons, which
act in a glue-like effect increasing the stability of the structure. Clustering plays
also a role in nuclear astrophysics, where it is involved in the creation of elements
in stars.

In this thesis, we experimentally investigate clustering aspects of light nuclear
systems with a multi-method approach and by using different and complementary
techniques. In Chapter one, we show how the appearance of clustering phenom-
ena is naturally encouraged by independent-particle approaches to nuclear structure
and how, for a detailed description of such aspects, further, collective models, are
required. After a comprehensive overview of theoretical models attempting to de-
scribe clustering phenomena in nuclei, such as the α-particle model, shell-like model
approaches, and microscopic models, and their predictions within physical cases
of recent interest, we make a systematic discussion of the experimental techniques
which are usually applied to point out such phenomena.

In Chapter 2 we describe the results of our experimental campaign, carried out
in different laboratories and facilities, aimed to improve the present knowledge of
clusters in light nuclei and their evolution with the neutron excess. These studies
have been performed by using nuclear reactions involving light nuclear systems. We
started from the 10Be nucleus. It is associated to a two α-like structure coupled
to two valence neutrons: it presents nice properties of symmetry. The structure
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Abstract

of this nucleus is explored by means of direct reactions which involve the popu-
lation of highly-excited states in 10Be and their subsequent in-flight decay. The
experiment was performed by using a fragmentation cocktail beam at the FRIBs
facility of INFN-LNS (Catania) and the CHIMERA 4π multi-detector. Invariant
mass techniques are used to reconstruct the spectroscopy of 10Be, giving the hint for
the existence of a new state, possibly associated to a new member of the molecular
rotational band.

While the effects of clusterization are well visible and quite well understood in
beryllium isotopes, they are much less known in carbon isotopes. For this reason,
different neutron-poor and neutron-rich carbon isotopes are here investigated, pro-
viding interesting information on the carbon isotopic chain 11,12,13,16C. 11C, as well as
13C, are studied by means of low energy compound nucleus reactions; respectively,
we measured the 10B(p,α) reaction (Ep = 0.6-1.0 MeV) and the 9Be(α,α) resonant
elastic scattering (Eα = 3.3-10 MeV) at the Tandem accelerator in Naples. We an-
alyzed the differential cross section with a comprehensive R-matrix approach, also
by including other data published in the literature. We succeeded in refining their
spectroscopy above the α-disintegration thresholds, with interesting speculation on
the existence of molecular rotational bands. The structure of the neutron-rich 16C
isotope is studied with the same experimental apparatus of the 10Be case by using
the most intense 16C beam produced up to date for nuclear physics experiments at
intermediate energies. We provide signatures of the possible existence of high-lying
excited states of this poorly known nucleus never observed before. To conclude our
studies of clustering in carbon isotopes, the Hoyle state in 12C (7.654 MeV, 0+)
was investigated via a high-precision dedicated experiment. The cluster properties
of this state are quite crucial; as an example, it has been predicted that its three
constituent α-particles may form a Bose-Einstein condensate. We proved, with an
unprecedented precision, the fully sequential decay width of this state by using the
14N(d,α) reaction at 10.5 MeV at the Tandem accelerator of INFN-LNS. To achieve a
such high precision we developed a new hodoscope detector. Our result is important
since it provides stringent constraints on microscopic theoretical calculations which
describe clustering in nuclei, as well as to nuclear astrophysics for the production of
carbon and heavier elements in the universe.

Clustering phenomena in 19F and 20Ne have been studied by means of the
19F(p,α) reaction at deeply sub-Coulomb energies (Ecm = 0.18-0.60 MeV) at the
AN-2000 Van der Graff accelerator of INFN-LNL. An analysis of angular distribu-
tions at various energies gives signatures of possible cluster structures in 19F. The
compound nucleus 20Ne spectroscopy is instead studied by means of a R-matrix
approach; the astrophysical relevance of our work is also discussed.

Chapter 3 is finally dedicated to a different, complementary, point of view in
the study of clustering phenomena: the analysis of Heavy Ion Collisions (HICs) at
intermediate energies. Cluster states, produced by overlapping zones formed in HICs
and characterized by high temperatures and low densities, can be used as a suitable
probe for nuclear structure and dynamics. We implemented a thermal model aimed

iv



Abstract

to reproduce in-flight resonance decay phenomena in HICs. This model has been
applied to the case of α-α correlations in 36Ar+58Ni central collisions data at various
bombarding energies (32-95 AMeV); they have been measured with the INDRA
4π multi-detector at the GANIL. The comparisons of data with thermal model
predictions allows us to make interesting speculations on the processes contributing
to the formation of 8Be states in such highly excited and diluted environments.
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Chapter 1

Introduction: Clusters in Nuclear
Physics

1.1 Clusters in nature and social sciences

The dynamical evolution of many body systems in nature is determined by the prop-
erties of what physicists define as potential energy. In particular, physical systems
find more convenient reaching stages characterized by lower values of the corre-
sponding potential energy, resulting in a gain in stability. A genuine effect of this
fact is often the propensity of objects, belonging to a physical system, to congre-
gate in sub-units, named as clusters. This collective phenomenon, which is called
clustering, is present in a large varieties of physical systems and in an extremely
broad range of length scales. On the largest one, the universe, it is known for ex-
ample that the pattern of galaxies in the sky is not random [1]. The study of the
survey of 2dF galaxy redshift has indeed pointed out that, as a result of the post
Big Bang inhomogeneities, matter congregates into filament-like structures, forming
superclusters of galaxies [2]. On a smaller scale, our universe shows the interesting
appearance of gravitational assemblages of stars into galaxies and planets into solar
systems, which represent an analogous example of gravitational clusters but in a
more reduced scale. On human beings scales, clustering phenomena may often in-
fluence everyday aspects, leading to peculiar collective behaviours such as consensus
in social and technological networks [3] and synchronization in biological systems [4].
The first aspect is related to the nascent field of network science [5], which involves
a quite interdisciplinary mixing of academic fields like sociology, statistics and graph
theory. The most complex social networks, the so called complex networks, involve
indeed features of social complexity.

Clustering is a fundamental aspect in the theory of complex networks, since
they show non-trivial topologies, where connections between nodes are not entirely
random. In such complex systems, the tendency of nodes of a graph to cluster
together is observed, resulting in the appearance of knit groups characterized by
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Chapter 1. Introduction: Clusters in Nuclear Physics

Figure 1.1: A group of yellow runner fishes schooling. Staying together in schools
helps to protect fish from their enemies. While a predator might easily grab a fish
by itself, it is much harder for a predator to single out a victim if a fish is surrounded
by hundreds of them.

quite large densities of ties. This trend usually significantly overcomes the average
probability of randomly established connections between nodes [6]. An example is
the graph structure induced by the friendship links in social networks like Face-
book or LinkedIn. Clustering is a fundamental aspect also in social sciences like
Economics. Clustering phenomena indeed affect the competition of companies by
increasing their productivity, by driving innovation in the field and by stimulating
new businesses [7], resulting in the spontaneous creation of interconnected busi-
nesses. The study of such agglomerations is very important, for instance, in the so
called strategic management. A particularly fascinating example is the case of the
Silicon Valley in California. In the second half of 1990s, it was the gravitational
center of a large number of computer-technology related companies and startups.
This geographical cluster effect led to a cluster effect in the labour market. In other
words, as the number of companies increased in Silicon Valley, an increasing number
of highly skilled workers decided to move there, leading to a high density concentra-
tion of technically skilled people. So the probability for companies and startups to
find good job candidates in the Silicon Valley started to become significantly higher
than any other place, giving to high-tech workers a further incentive to move there.

In computer science, clusters of computing nodes, called computer clusters, are
widely used in order to increase the performances in executing tasks with relatively
low costs and better reliability. They consist in a set of connected computers that
work together in a system in which each node executes the same task, in a way that
they can be seen as a single system.

On aspects related to life, many biological systems exhibit clustering phenomena.
Particular species of fishes, for example, are used to stay together for social reasons,
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1.1 Clusters in nature and social sciences

Figure 1.2: The bonobo, formely called the pygmy chimpanzee, is used to clusterize in
complex social groups which can amount at 30-80 units. It is a fascinating example
of how clustering in biological systems can offer evolutionary advantages.

i.e. shoaling. Shoaling is a collective behaviour of fish consisting in the formation
of a group where fishes swim independently but staying connected. They derive
many advantages from shoaling, such as higher probability to survive against preda-
tors, enhanced success in providing food or in finding a mate. Another interesting
collective behaviour involving fish is the so called schooling, where the clustered
group starts to swim in the same direction (Figure 1.1). This behaviour allows to
improved hydrodynamic efficiency and predator avoidance, and it is mandatory for
species like tuns. It represents a nice example of how biological systems recognize the
importance of clustering for evolutionary advantages [8]. Clustering behaviours are
widely present in other animal species like the bonobo, or pygmy chimpanzee. They
have quite complex social connections, grouping into communities made of 30–80
units and spreading in quite large surfaces. Despite the non-vanishing superposi-
tions of territories belonging to different groups, they behave as social units strongly
clustered (Figure 1.2). This attitude offers the advantages of limiting possible ag-
gressions between members of the community and to significantly improve their
social communication skills, leading to behaviours which are quite similar to human
ones. Finally, microscopic systems also recognize the fundamental importance of
collective behaviours and symmetry. In atomic physics, as an example, atoms clus-
ter into molecules and bindings between molecules in chemical compounds also show
the propensity to form clusters. An example is the interaction of the Acrylamide
compound with water molecules (Arc+W) forming hydrogen bonded clusters, where
strong hydrogen bonds between water play a very crucial role [9] allowing to reach
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Chapter 1. Introduction: Clusters in Nuclear Physics

optimized energy states. This acts in a loss of degrees of freedom of the atoms in
the compound, imposing more order in the system.

The world of the extremely small, such as nuclei or sub-nuclear particles, exhibit
peculiar and quite unusual clustering effects [10]. While in sub-nuclear physics the
systematic binding of quarks in sub-units, made of 3 or 2 constituents, makes it
possible the appearance of baryons and mesons, in the nuclear domain clustering
phenomena can occur between nucleons. Nuclei are indeed quite far to be static
collections of nucleons; they are highly dynamic systems where constituents, i.e.
protons and neutrons, move with velocities which amounts to significant fractions
of the speed of light. Their dynamics imposes strong correlations, originated by
quantum mechanical effects. The Pauli exclusion principle, as an example, forces
like-nucleons to couple in singlet spin state, i.e. with anti-aligned spins; so they can
minimize the repulsion originating from the Pauli principle and increase the binding
energy of the system. In such a way, the highest correlated system in nuclei is the
quartet 2p+ 2n, i.e. the so-called α particle. On a qualitative point of view it does
not surprise that the appearance of such highly correlated quartets in nuclei would
provide an energetic advantage and that, once formed, these compact sub-units can
propagate within the nuclear volume quite unperturbed and for a significant time.
This phenomenon is called α-clustering and it is one of the most fascinating aspects
of Nuclear Physics.

In this thesis, clustering phenomena in light nuclei are discussed from a multi-
method point of view. Results from our experimental campaigns, providing com-
plementary aspects of nuclear clustering, are described in Chapter 2 and Chapter 3.
The present chapter is dedicated to a general description of clustering in nuclei.
In Section 1.2, we provide an historical overview of nuclear models attempting to
describe static properties of nuclei. The generalities of the cluster model, which
will be introduced as a complementary point of view to describe certain aspects of
nuclei beyond the mean-field approach, are discussed in detail in Section 1.3, while
Section 1.4 is fully dedicated to applications of the cluster model to physical cases of
interest in modern nuclear physics. An overview of experimental techniques, which
can be used in order to unveil on the presence of clustering phenomena in light nu-
clear systems, will be described in Section 1.5. Finally, a résumé of these contents
and a general summary of the entire thesis will be outlined in Section 1.6.

1.2 Nuclear models and structure

The most important question of nuclear physics is understanding how nuclei work.
They are indeed extremely complex many-body systems where fundamental con-
stituents, i.e. protons and neutrons, are not actually fundamental particles. Protons
and neutrons are in fact aggregates of quarks. Anyway, a comprehensive analytical
description of nuclei starting from the Quantum Cromodynamics (QCD) is currently
impossible, because of the divergence of the complexity of the problem. At variance,
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1.2 Nuclear models and structure

attempts of describing nuclei as systems of nucleons have been developed starting
from the discovery of the atomic nucleus. The force governing such systems can
be seen as the residual, at the nucleons scales, of the strong interaction between
quarks, and it is therefore an effective force. Under this assumption, solving the
main problem of nuclear physics is equivalent to the resolution of the Schrödinger
equation:

H|Ψ〉 = E|Ψ〉 (1.1)

where the degrees of freedom are the spatial coordinates ~ri, spins σi and isospins
τi of each nucleon (i = 1, . . . , A), i.e. Ψ ≡ Ψ(~r1, σ1, τ1, . . . , ~rA, σA, τA) and the
Hamiltonian H, consequently, is defined as:

H = −
∑
i

~2

2m
∇2
i +

1

2

∑
i 6=j

V (i, j) +
1

3
· 1

2

∑
i 6=j 6=k

W (i, j, k) (1.2)

The particular definition of the Hamiltonian of equation 1.2 involves both a two
body term, which is related to nucleon-nucleon interactions, and a three body one,
which appear in the presence of three or more bodies. The latter is mandatory
in order to describe nuclei and it belongs from the fact that nuclear forces do not
present additivity; in other words, extra interactions, not reproducible by adding
separately each interaction, occur in the presence of more than two bodies. These
strange properties make the problem of equation 1.1 an extremely difficult problem.
This kind of approach is called ab-initio, since it starts from nucleon-nucleon and
multi-nucleon interactions. Recent developments in two-nucleon (like for example
the Argonne potential [11]) and three-nucleon potential (see the Urbana potential
[12]) have been achieved but, despite the strong effort, only a partial description of
the structure of a limited class of light nuclei, can be reasonably obtained.

In the absence of a general and comprehensive theory for the description of
nuclei, a number of nuclear models have been historically developed in order to
reproduce their properties. Each model attempts in reproducing a specific set of
properties, under peculiar (and simplifying) assumptions. In this way, different
models are able to explain different portions of our experimental knowledge about
nuclei. The first nuclear atom model was developed by Nagaoka at the very begin-
ning of the XX century [13, 14]. This model, which assumed the existence of rings
of rotating electrons around a positive charged core, brought however to difficulties
in the classical electromagnetic theory. The charged-cloud atom model was then
developed by J.J. Thomson, in order to circumvent the contradictions introduced
by the Nagaoka’s model. In the famous Thomson model, electrons where uniformly
distributed throughout a sphere of positive charge [15]. The vision given by the
Thomson model was contradicted by E. Rutherford [16] by giving the basis of the
model which opened the doors to the modern nuclear physics. According to the
Rutherford model, the positive charge of the atom had to be concentrated in an
extremely small portion of space. Whereas Thomson’s atomic cloud has the dimen-
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Chapter 1. Introduction: Clusters in Nuclear Physics

sions of the order of 10−8 cm, Rutherford’s atomic nucleus has a diameter which
doesn’t exceed 10−12 cm.

1.2.1 A first approach to nuclear structure: the liquid drop
model

The liquid drop model is historically the first model for the description of the prop-
erties of nuclei [17]. The basic idea of this model is originated in Bohr’s concept of
compound nucleus reactions. An incident particle captured by a target nucleus, to
form a compound system, shares its energy with all the nucleons quite rapidly. The
corresponding mean free path of the particle is significantly shorter than the nuclear
radius. To explain this, interactions between nucleons have to be strong and short
ranged and particles cannot be considered as independently moving. According to
this evidence, nucleons in nuclei should exhibit collective behaviours. Also the nu-
clear binding energy1 per nucleon B(A,Z)/A reflects similar properties of nuclei.
The dependence of the binding energy on the number of nucleons clearly exhibits
saturation properties typical of short range interactions. Indeed, a non-saturated
force would lead to a binding energy given by A(A−1)/2 times the nucleon two-body
interaction energy, which is in contradiction with the experimental observation of
Figure 1.3. Furthermore, nuclei present low compressibility and well defined surface
effects. All these features evidence analogies with liquids. A liquid drop model is
therefore useful in order to describe such properties of nuclear systems.

The liquid drop model is particularly suited for quantitative studies of nuclear
masses, the nuclear energy surface and the energetic of decays and nuclear reactions.
In this model, nuclei are approximated to a charged liquid drop. It is possible to
study, under such an approximation, three fundamental terms contributing to the
nuclear binding energy. The first one is the so called volume contribution and it is
responsible of the saturation of B(A,Z)/A, to values of about 8MeV±10%, observed
in the experimental data (see Figure 1.3) for A ≥ 16. This term gives:

BV = aVA (1.3)

where the arbitrary constant aV is evaluated by empirically fitting the experimental
data. The second term reflects also the short range of the force between nucleons.
This term can be seen as a correction of the previous one for the nucleons which
constitute the nuclear surface, which are only partially surrounded by other nucleons,
and, therefore, less bound. A liquid drop treatment of this term lead to:

BS = −aSA
2
3 (1.4)

1The binding energy of a system is the difference between the mass of the free constituents
and the mass of the bound system [14]. In nuclei, the nuclear binding energy of a nucleus with A
nucleons and Z protons can be calculated as follows: B(A,Z) = Z ·m(p)+(A−Z)·m(n)−m(Z,A).
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Figure 1.3: The binding energy per nucleon (B/A) as a function of the number of
nucleons A for a large variety of nuclei. The systematic of nuclear masses is taken
from [18, 19]. The insert shows a zoom of the A ≤ 28 mass region, where lines of
different colours represent the trend of B/A for each isotopic chain. They peak on
self-conjugated isotopes, which are indicated by labels, as a result of the clustering.

Coulomb effects have to be taken into account since a charge of eZ is present within
the nuclear volume. Considering, according to the model, a sphere of uniform dis-
tributed charge, the corresponding correction to the binding energy can be evaluated
by means of simple considerations of general physics (see for example [17]):

BC = −aCZ(Z − 1)A−
1
3 (1.5)

The binding energy terms of equations 1.3, 1.4 and 1.5 can be used in order to
compute, for a large variety of nuclei, the total binding energy of the system, and,
consequently the nuclear mass. In Figure 1.4, deviations of nuclear mass values cal-
culated via a drop model assumption with respect to the experimental values (see
[18, 19]) are shown as a function of the proton number Z. Nuclei have been divided
in two classes on the basis of their neutron-proton asymmetry. In particular nuclei
obtained with the condition |N − Z|/A < 0.22 (where N represents the number
of neutrons of the nucleus) are plotted in blue colour. Green points represent the
complementary set of nuclei, i.e. nuclei characterized by |N − Z|/A ≥ 0.22 values,
which present a strong neutron or proton excess. From the figure, some conclusions
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Figure 1.4: Deviations between experimental nuclear masses (taken from [18, 19])
with respect to the ones calculated by means of the nuclear drop model binding
energies as a function of the proton number Z. Green points represent nuclei with a
degree of neutron-proton asymmetry (|N −Z|/A) larger than 0.22 while blue points
are obtained by the condition |N−Z|/A < 0.22. Periodicity in the shown deviations
evidences features that go beyond a liquid drop model treatment of nuclei.

about the validity of nuclear liquid drop model can be drawn. The first is that
the description of nuclear masses becomes worst as the neutron-proton asymmetry
increases. This is typical of nuclei which are far from the stability valley2. This fact
reflects the appearance of quantum mechanical behaviours in nuclei, which are due
to the large asymmetry in these unstable configurations, with significant deviation
from a classical liquid drop assumption. Another interesting feature observed in the
Figure 1.4 (blue points) consists in the presence of systematic periodicity in the de-
viations between calculated and experimental masses. These periodicity reflects the
so-called shell closures, which represent extraordinary conditions of nuclear stability
(i.e. nuclei are characterized by extremely low masses) occurring in correspondence
of particular number of nucleons. The above mentioned aspects clearly evidence
the limitation of the liquid drop model. In the following paragraphs, further de-

2The so-called stability valley is the locus, on the (Z,N) plane, where the m(AZX) distribution,
i.e. the mass of a generic nucleus X with Z protons and N neutrons, reaches an absolute minimum
( ∂
∂Z (m(AZX))|A = 0). Nuclei close to the stability valley represent the most stable configurations.
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1.2 Nuclear models and structure

velopments of nuclear models beyond the liquid drop model will be introduced. It
will be shown how an independent particle treatment of nuclei can be useful for the
description of many of the above aspects, but also the limits of independent particle
models will be pointed out. The cluster model will be finally introduced, showing
his connections with independent particle models.

1.2.2 Towards a mean field approach: the Hartree-Fock
method in nuclei

Independent-particle approaches to nuclei and nuclear structure are largely used to
probe binding energies of nuclei, ground state properties and nuclear levels. Such
an independent particle picture assumes the existence of an average nuclear field
(the mean field) where nucleons can move almost independently from each other
and with a large mean-free path. The latter feature can be well understood and
qualitatively expalined by means of the Pauli principle. Collisions between nucleons
are indeed strongly inhibited because of the Pauli principle and, as a consequence,
nucleons describe orbits inside the nuclear volume which length is well larger than
the average dimensions of the nucleus itself. This is in strong contradiction with a
liquid drop behaviour, where instead long mean free paths were excluded.

The fact that nucleons move under an average field is instead much less obvious.
An analytical approach to the equation 1.1, consisting in the so called Hartree Fock
method3, can be used in order to approximately solve the equation.

Considering the Hamiltonian of equation 1.2, and reducing, for simplicity, the
potential to the two-body term (the approach is more general and can be applied
for any choice of the potential), one obtains for each point of the space the following
potential energy:

U(~r) =
∑
i

∫
ϕ?i (~r

′)V (~r, ~r′)ϕi(~r)d~r
′ (1.6)

where i = 1, . . . , A and ϕi is the wavefunction of the i-th nucleon. This equation
shows that, starting from a given two-body interaction, i.e. from a given potential
V , one should know the wavefunctions ϕi(~r) in each point of the space in order to
determine the average one-body field U(~r), but to evaluate ϕi one should know the
average one-body field. This problem is therefore a typical iterative problem, which
can be solved either by starting from a set of wavefunctions or a potential U(~r). The
Schrödinger equation associated to this problem follows from the application of the

3The Hartree-Fock method is an approximated method for solving Schrödinger equations,
largely used and developed in sub-atomic physics, in the presence of many-body interacting objects.
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variational principle to the equation 1.1:

− ~2

2m
∇ϕα(~r) +

A∑
i=1

∫
ϕ?i (~r

′)V (~r, ~r′)ϕi(~r)d~r
′ · ϕh(~r)

−
A∑
i=1

∫
ϕ?i (~r

′)V (~r, ~r′)ϕi(~r) · ϕα(~r′)d~r′ = εαϕα(~r)

(1.7)

where the antisymmetrization of the wave functions, written as Slater determinant
of single-particle wave functions (needed to satisfy the Pauli principle) results in the
appearance of the second additional term to the one-body field. A compact re-write
of the equation 1.7 leads to:

− ~2

2m
∇ϕα(~r) +

∫
U(~r, ~r′)ϕα(~r′)d~r′ (1.8)

where U(~r, ~r′) is the so called self-consistent field, defined by:

U(~r, ~r′) = δ(~r − ~r′)
A∑
i=1

∫
V (~r, ~r′′)ϕi(~r

′′)ϕ?i (~r
′′)d~r′′ −

A∑
i=1

V (~r, ~r′)ϕi(~r)ϕ
?
i (~r
′) (1.9)

This result is extremely important since it demonstrates, starting from a basic
nucleon-nucleon interaction, that the collective presence of all the nucleons inside
the nuclear volume leads to the appearence of a mean field. The first term of equa-
tion 1.9 is the so called Hartree field and it is a local term. The second term, a
non-local term, is related to the antisymmetrization properties of the wavefunctions
and it is called exchange term (Fock). A solution to this problem, accordingly to
the Hartree-Fock method, can be found via an iterative procedure leading, at the
convergence, to a set of wavefunctions ϕHFα (~r), to a potential UHF (~r) and to the
values εHFα .

1.2.3 The simplest independent particle model: the
Fermi-gas model

The result obtained with the Hartree-Fock method applied to nuclear systems gives
the possibility of describing nuclei as many body sistems moving under a common
potential, which can be seen as generated by the collective presence of nucleons
within the nuclear volume. Under this charming assumption, in antithesis with
the liquid drop model description, independent particle models can be developed.
The simplest one is the Fermi-gas model. In this model, nucleons are described
as elements of a fermionic gas which move in a volume of 4/3πr3

0A, equal to the
nuclear volume, and their motion is described by plane waves. Two potential wells,
for neutrons and protons, are introduced in this model. The one of protons is less
deep because of the Coulomb repulsion, to which it is associated an energy amount
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1.2 Nuclear models and structure

of EC , and extends externally the nuclear range with trend ∝ 1/r. Each energy level
can be filled with two nucleons in a singlet state, i.e. with different spin orientations.
In the limit of zero temperature (T = 0), states are fully occupied up to the Fermi
level, leading to a density of states which amounts to:

n =
V P 3

F

3π2~3
(1.10)

From this expression it is possible to estimate the highest momentum, i.e. the Fermi
momentum PF , which a proton or a neutron can have within the nucleus:

PF,n =
~
r0

(
9πN

4A

)1/3

, PF,p =
~
r0

(
9πZ

4A

)1/3

(1.11)

In the case of a self-conjugated4 nucleus, as an example, the maximum kinetic energy
associated to the less bound nucleons results to be, accordingly to the Fermi-gas
model:

EF =
P 2
F

2m
≈ 33MeV (1.12)

wich indicates that nucleons move inside nuclei with velocities which amount to
significant fractions of the speed of light, as a reflection of the Pauli principle. This
presence of a large amount of zero-point energy leads to a strong quantummechanical
pressure.

Another very interesting result that can be achieved with the Fermi-gas model
is the existence of a further term contributing to the nuclear binding energy, which
cannot be predicted by the liquid drop model (see paragraph 1.2.1): the asymme-
try term. This term reflects the amount of extra-energy (which contribute to a
reduction of the total binding energy) generated by the presence of a non-vanishing
neutron-proton asymmetry. According to the above considerations, the average ki-
netic energy associated to the zero-point motion of nucleons within a nucleus is given
by:

〈E(A,Z)〉 = 〈E(A,Z = A/2)〉+ ∆Easy (1.13)

where the first term corresponds to the total kinetic energy for a self-conjugated
configuration and the second term is the asymmetry energy. This can be expressed
in terms of (N − Z)/A and turns to be:

∆Easy ≈ 11MeV (N − Z)2A−1 (1.14)

which has to be subtracted to the total binding energy, i.e. Basy = −∆Easy.

4A self-conjugated nucleus is an even-even nucleus with equal number of protons and neutrons,
i.e. Z = N = A/2. These particular configurations can be decomposed into α particles.
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1.2.4 The nuclear shell model

The nuclear shell model was developed in the ’50s of the last century. It consists
of an independent particle model where nucleons are supposed to move under a
central potential. The main differences with the Fermi-gas model are in the use
of wave functions of particle moving in a spherically symmetrical potential instead
of plane waves. This model offers, especially in the case of light nuclear systems,
the possibility of predicting many nuclear spectroscopic properties in addition to
binding energies.

One of the principal indications that shell closure should exist in nuclei is ob-
tained by comparing the behaviour of nuclear binding energies with the analogous
picture of electrons in atoms. A clear indication of magic numbers was indeed ob-
tained while studying the trend of ionization energy of atoms as a function of the
number of atomic electrons. This systematic shows conditions of pronounced sta-
bility in correspondence of 2, 10, 18, 36, 54, 86 electron numbers, indicating rapid
variations of ionization energy while overcoming each shell closure. An interpreta-
tion to this fact is that the last electron of the configuration is much less bound,
since it starts to fill a new shell and it experiences a screening effect of the Coulomb
potential given by the more internal shells. In nuclei, discontinuities are observed,
as previously discussed, in the systematics of binding energies and masses (see Fig-
ure 1.4) leading to anomalies in total number and relative abundances of isotopes
[20] and to higher excitation energy of the first excited state of nuclei characterized
by particular Z and N numbers. These properties suggest that nuclei containing 2,
8, 20, 28, 50, 82 or 126 protons or neutrons are particularly stable, and they were
historically called magic numbers. A clear experimental evidence of these numbers
can be obtained from the analysis of the first excited states of nuclei. In particular,
in Figure 1.5 the trend of the average energy of the first excited state (< E?

first >)
is shown for doubly-even nuclei as a function of the neutron number N . From this
picture the extra-stability achieved in correspondence of magic neutron numbers
is very clear. Indeed, under the assumption of the existence of shells, the energy
required to populate the first excited state has a discontinuity in correspondence
of shell closures. Ideas supporting the shell model have received confirmation by
extremely fascinating experiments [21]. Direct observations of shell structures were
attained via (p,2p) reactions at protons energy of 50-400 MeV. Measuring the out-
going proton from 12C + p −−→ 11B + 2 p two different contributions to the total
strength were identified and associated to a proton in a s-state or p-state of the 12C
nucleus.

The hamiltonian of the shell model can be written in the form:

H =
A∑
α=1

[
Tα + V (rα)− f ~Lα · ~sα

]
(1.15)

where V (rα) is a central field which is normally chosen as a Wood-Saxon or an
harmonic oscillator potential [20, 22]. The last term is called spin-orbit coupling
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Figure 1.5: Average energy of the first excited state for doubly-even nuclei as a
function of the neutron number [17]. Neutron numbers of magic nuclei are labelled
in magenta. Peaks evidence shell closures.

and it was independently introduced by Mayer and Haxel, Jensen and Suess in 1949
[23, 24]. They demonstrated that, in order to reproduce the correct sequence of
magic numbers in nuclei, a non-central component had to be considered in the force
acting on a nucleon in the nuclear well. This non-central force depends on the relative
orientation of the angular momentum and the spin of the nucleon. In this model
they assumed that the spin-orbit force separates the motion of a nucleon with orbital
momentum l into two sub-states with total angular momentum j = l ± 1

2
, where

the level having the higher spin is the more stable. The hamiltonian of equation
1.15 does not commute with Lz and sz, while, on the contrary, it commutes with
j2 = (~L+ ~s)2, jz = Lz + sz, L2 and s2. The corresponding eigenstates are therefore
of the form |n, l, j = l ± 1

2
〉. The corresponding levels for an harmonic oscillator

potential split into:

1s1/2; 1p3/21p1/2; 1d5/22s1/21d3/2; 2f7/2; 2p3/21f5/22p1/21g9/2; . . . (1.16)

where each state of given j can accommodate 2j+1 neutrons and 2j+1 protons and
the shell closures occur at the right Z and N magic numbers seen experimentally.
The final total wave function of a nucleus depends on the coupling of the individual
angular momenta of the nucleons in each state, allowing to predict spectroscopic

13
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properties like total spin, parity, magnetic and electric moments of the whole nuclear
configuration.

The shell model is able to predict the properties of ground states for an ex-
tremely large variety of nuclei in terms of single-particle properties. In attempting
to reproduce excited states one can assume that, if the level is sufficiently close to
the ground state, it can be described via a single-particle excitation, assuming a well
compact core. The situation is anyway much more complicated in the description
of higher energy levels, where even nucleons belonging to the core can be excited
and the properties of the states cannot be described in terms of single particle exci-
tations. In the presence of multi-particle excitations, a residual interaction occurs
between nucleons participating in the excitation and a further collective term should
be considered in the compute of the excitation energy. These residual interactions
can be introduced in the shell model as a small perturbation. If one indicates with
|Ψn〉 the eigenstates of the perturbed hamiltonian H = H0 + Vij and with |ϕi〉 the
ones of the unperturbed hamiltonian H0, it is possible to re-write the first as a linear
combination of the unperturbed solutions: |Ψn〉 =

∑
i a

(n)
i |ϕi〉. From the property

of orthonormality of the |ϕi〉, it follows:{
(En − E0

j )a
(0)
j −

∑
i a

(n)
i 〈ϕj|Vij|ϕj〉 = 0∑

i[(En − E0
j )δij − 〈ϕj|Vij|ϕj〉] = 0

(1.17)

which is a system of two coupled homogeneous equations. Under the assumption
that the majority of the contributions to the |Ψn〉 are given by the first terms of the
linear combinations, it is possible to use the system of equation 1.17 to determine the
set of coefficients ani which gives the most realistic energies En and wave-functions
〈r|Ψn〉. This method was used by Zuker [25] to determine the excited states of
16O starting from a core of 12C and 4 further nucleons. The picture considered by
Zuker and collaborators in their calculations is the one proposed in Figure 1.6 (left),
where the nucleons of the core occupy the 1s1/2 and 1p3/2 shells and the 4 nucleons,
two protons and two neutrons, can be placed in the 1p1/2, 2s1/2 and 1d5/2 shells.
By choosing different combinations of 4 nucleons arrangement in these orbitals it is
possible to well reproduce the 16O levels as in Figure 1.6 (right). As an example, for
the first excited state of 16O (6.05 MeV, 0+) the result of the perturbation calculation
gives (omitting amplitudes smaller than 0.28):

|Ψ1〉 = −0.34p4 − 0.62s4 + 0.39d2(01)s2(01)− 0.40d2(10)s2 (1.18)

where the configurations xn indicate a state produced by a n-particles n-holes exci-
tation (np-nh) in the l-shell and number in parenthesis indicate the JT spin-isospin
coupling (see [25]). In other words, the wave function |Ψ1〉, relative to the first ex-
cited state of 16O, calculated starting from the residual interaction of the 4 further
neutrons, and considering a 12C core as prescribed by the shell model, exhibits a
predominant (4p, 4h) nature. The corresponding amplitude 〈α⊗ 12C|Ψ1〉 for which
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1.3 Cluster models of nuclei

the calculation is not easy and requires the use of four angular momentum coupling
coefficients, turns out to be ≈ 1, revealing a pronounced α-cluster nature of the
state.

Residual interactions leading to clustering phenomena can be also used to un-
derstand apparently anomalous low-lying levels of light nuclei [26]. For instance,
in 19F there are two possible cluster decompositions involving closed-shell nuclei.
The α-15N substructure has an inter-cluster binding energy of only 4 MeV. If one
assumes that the clusters are in a relative s-state, the corresponding spin and parity
are 1

2

−. The only cluster decomposition that one could expect from the shell model
is instead the 16O-3H substructure. It has an inter-cluster binding energy of 12 MeV
and, according to the Nilsson model5, its spin and parity are 1

2

+. The first excited
state of 19F lies at only 0.11 MeV excitation energy and it has spin-parity 1

2

−. Its
simple shell model interpretation is the excitation of a proton coming from the 16O-
like core to the Nilsson 1/2+ orbital, leaving a hole in the 1p1/2 state. This would
result in several MeV of excitation energy. Evidently, the couples of two protons and
two neutrons holding the (1/2+) Nilsson orbitals tend to form a very compact α-like
cluster, and the energy gain in forming such a α-15N sub-structure is responsible of
a large reduction of the excitation energy to a few hundreds of keV. Therefore, the
appearance of such a low lying excited state in 19F can be associated to a cluster
model joke.

These intriguing results demonstrate that cluster structures emerge naturally
while modifying the shell model including residual interaction of nucleons partici-
pating in the collective excitation. These long range correlations between nucleons
are a signature of cluster structure. Anyway, the spatial localization of clusters,
which is considered one of the most important aspects of clustering in nuclei, is not
easily describable with shell model. In the following section, an overview of theoret-
ical models trying to explain the appearance of clusters in nuclei will be presented.

1.3 Cluster models of nuclei

The main aim of nuclear models attempting to describe clustering phenomena con-
sists in the study of the spatial distribution of clusters within the nuclear volume. To
do this job it is useful to define the so-called correlation operator, which represents
the probability of finding two nucleons respectively with momentum Q(1) and Q(2)

5The A ≈20 region is characterized by strong deformations, and the ordinary shell model based
on spherical potential is no longer valid. An extension of the single-particle shell model to deformed
potentials was theoretically developed by S.G. Nilsson [26]. The main effect of (quadrupolar)
deformation results in the removal of degeneracy of spherical shell states, leading to energy-split
of sub-shells. For example, the 1d5/2 spherical shell orbital is split into three different sub-shells
(Nilsson orbitals) (1/2+), (3/2+) and (5/2+), characterized by increasingly larger energies. The
valence proton in 19Fgs holds the (1/2+) Nilsson orbital, and this explains the experimental value
of Jπ = 1/2+.
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1s1/2

1p3/2

1p1/2

2s1/2

1d5/2

12C (core)
16O

0.0 0+

6.05 0+
6.92 2+

10.34 4+

16.26 6+

Ψ0

Ψ1

Ψ2

Figure 1.6: (left) Schematic view of the picture used by Zuker and collaborators [25].
The shells 1s1/2 and 1p3/2 are the 12C, used as a core in the calculations. States of
16O (indicated in the right panel) can be predicted by changing the configurations
of the 4 extra nucleons in the shells 1p1/2, 2s1/2 and 1d5/2.

when the nucleus is in the ground state Ψ [28]:

〈i|g(~x(1), ~x(2))|f〉 ≡
∫
Q(3)

. . .

∫
Q(A)

Ψ?(~x(1), ~x(2); i;Q(3), . . . , Q(A))Ψ(~x(1), ~x(2); f ;Q(3), . . . , Q(A))

(1.19)
where each integral is extended to the whole momentum space and the compact no-
tations i and f represent two different sets of values of spin and isospin coordinates.
The diagonal terms of this operator give the probability for two nucleons to be at a
distance r = |~x| = |~x(1) − ~x(2)|. The spatial correlation of a pair of nucleons will be
then:

g(r) =
∑
i

〈i|g|i〉 (1.20)

The sum is here extended to couples of nucleons with same charge and spin (that
will be indicated in the following as congruent nucleons, and identified by the suffix
=) and to couples of nucleons which differ either for the charge or the spin or
both (non-congruent, 6=). Congruent nucleons can be in any of the four states
3(τ)±1

3(σ)±1, while non-congruent nucleons can be in any of the other 12 possible
states. The correlation operator of eq. 1.19 can be re-written in terms of the ordinary
and mixed densities, as a first approximation, neglecting any two-body interaction
between nucleons and by assuming that each nucleon wave-function is a plane wave:

〈i|g|f〉(0) =
1

A(A− 1)
· 1

16

[
〈i|1|f〉ρ(~x(1))ρ(~x(2))− 〈i|PσPτ |f〉|ρ(~x(1), ~x(2))|2

]
(1.21)
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≠
g

r

=g

r

Figure 1.7: Spatial correlations as a function of the relative distance between nucle-
ons in the case of non-congruent nucleons (left) and congruent nucleons (right). The
dashed line is the result of the calculations in which no account is taken of nuclear
interactions. The solid line is the result of the calculations via the procedure shown
in [27].

Here, Pσ and Pτ are spin and isospin projectors, while

ρ(~x) =
A

V
(1.22)

ρ(~x(1), ~x(2)) =
A

V
G(r) (1.23)

are the ordinary and mixed densities. The mixed density ρ(~x(1), ~x(2)) is connected
to the superposition of nucleon wave-functions respectively in the positions ~x(1)

and ~x(2). The function G(r) = 3
(γℵr)3 (sin(γℵr) − (γℵr)cos(γℵr)) derives from the

solution of the integral 1.19, being ℵ−1 the range of nuclear forces (≈2 fm) and
γ ≡ (9π)1/3·(ℵr0)−1

2
, with r0 the radius of a nucleon. The eq. 1.21 then becomes, for

large A values:

〈i|g|f〉(0) =
1

16V 2

[
〈i|1|f〉 − 〈i|PσPτ |f〉G2(r)

]
(1.24)
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On can obtain, under this approximation:

g(0)
= (r) =

1

16V 2
[4− 4G2(r)] =

1

4V 2
[1−G2(r)] (1.25)

g
(0)
6= (r) =

1

16V 2
[12− 0G2(r)] =

3

4V 2
(1.26)

These indicate that, even in the absence of two-body nuclear interactions, correla-
tions appear between congruent nucleons. The corresponding spatial correlation has
the trend of Figure 1.7 (right panel, dashed line). The decreasing at small values
of relative distance is the effect of the Pauli exclusion principle. In the case of non-
congruent nucleons, instead, no correlations appear and the corresponding spatial
correlation is flat, as indicated by the dashed line of Figure 1.7 (left). A simplified
nuclear interaction can be taken into account by following the method described in
[27]. This method brings to a next approximation of the spatial correlations:

g(1)
= (r) = − 1

4V 2
· br0

4π2
· 1

3
(G

(1)
ord −G

(1)
exch) (1.27)

g
(1)
6= (r) =

1

4V 2
· br0

4π2
· [2

3
(G

(1)
ord −G

(1)
exch) +

3

2
(1 + q)G

(1)
exch] (1.28)

where Gord and Gexch derive from the integral 1.19 once that a reliable nucleon-
nucleon force constituted by a ordinary and an exchange term is included. The
constant q represents the ratio between strengths of singlet and triplet components
of the force, while b is a constant related to the strength of the nucleon-nucleon
interaction [28]. The trends of g(1)

= (r) and g(1)
6= (r) are shown in Figure 1.7 with solid

lines. The effect of nuclear interaction is to widen the hole in the spatial correlation
of congruent nucleons while, in the case of non-congruent nucleons, correlations start
to manifest. These result in an accumulation of nucleons close to r = 0. The density
fluctuations due to nuclear interaction thus favour the appearance of clusters. The
simplest, and most correlated, is made by four nucleons in different spin and isospin
states, which are called α-clusters.

A second order approximation gives a correction to the nuclear energy. This
contribution (see [28]) is always negative and can be interpreted as a gain in binding
energy of the nucleus as a result of the clusterization, as observed in the systematic
of binding energies of self-conjugated nuclei of Figure 1.3 (insert). Anyway, the gain
in binding energy of a given nucleus is dependent on the particular interaction used
to create α-clusters as well as the properties of the cluster themselves. Theoretical
models in which α-clusters are recognized from the outset lead to more refined results
in the description of energetics of cluster states. In the Figure 1.8, a summary of
the historical development of such cluster models is presented.

1.3.1 The α-particle model

The first and simplest model aimed at the description of cluster states in nuclei is
the so-called α-particle model. This model was developed in 1930’s, starting from

18



1.3 Cluster models of nuclei

Figure 1.8: Historical developments of cluster models of nuclei from 1930’s.

the experimental observations of Wefelmeier [30, 31] and of Hafstad and Teller [29].
They brought out the fact that the binding energies of self-conjugated nuclei showed
local maxima, as a result of the appearance of clustering. This fact is evident in the
insert of Figure 1.3, where self-conjugated configurations clearly exhibit peaks on
the corresponding isotopic lines. Another important fact pointed out by Hafstad and
Teller was that, if one assumes an α-particle structure of self-conjugated systems,
their binding energies are linearly correlated with the possible number of connections
between α centers. This evidence supported the assumption of a geometrical model
describing these nuclei as consisting of close packing of rigid spheres (α-particles),
with a certain number of bonds (pairs of adjacent particles). In such a way, one can
describe their binding energies as the sum of the binding energy of each constituent
α-cluster and the α-binding energy, i.e. the binding energy associated to each bond
between α-particles. Figure 1.9 shows the correlation between the total binding
energy of the lightest self-conjugated nuclei and the corresponding number of bonds,
following the scheme of Hafstad and Teller, compared with the result of a linear fit.
These structures, as supposed by [29] and reported in [10], are shown in Figure 1.10
for self-conjugated nuclei up to 28Si. They are summarized in the table 1.1 together
with the empirical values of binding energies associated to α-particle bonds; the
geometrical arrangements of α-particles in the first self-conjugated systems, up to
32S, are also indicated. Empirical α-binding energies show clearly a proportionality
with the number of bonds and, as a consequence, the α-binding energy per number
of bonds is surprisingly almost constant for each system6, indicating an apparently

6The value of α-binding energy per bond of 2.130 MeV in the case of 20Ne is slightly lower than
the neighbouring nuclei ones; Ref.[32] suggests that also a squared pyramid α-configuration might
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Figure 1.9: Binding energy for the lightest self conjugated-nuclei as a function of
the number of bonds between between α-cluster centers, see [29]. The red line is
the result of a linear fit of data. Experimental binding energies are extracted from
[18, 19].

constant α-α interaction and the resilience of the α-particle constituents in the
ground states of light self-conjugated systems.

All the above mentioned experimental evidences supported the development of
the α-particle model of nuclei. This model describes self-conjugated nuclei as sys-
tems of interacting α-particles and, therefore, the development of the model his-
torically followed the theoretical study of the α-α interaction. The basic ideas of
the interaction between α particles were proposed by Wheeler [33] and were used
as a starting point in the building of the α-particle model. The theory is based on
the application of the Hartree-Fock variational method (see paragraph 1.2.2) to the
system of eight nucleons, which constituted two interacting α-particles. The vector

be used to describe the structure of 20Ne with just 8 bonds instead of the 9 bonds correspondent to
the trigonal bipyramid. In such a case, a α-binding energy per bond of 2.396 MeV would result in
better agreement with the other self-conjugated nuclei. In any case, the arbitrariness of the choice
of the particular configuration represents a limit of the model. Another qualitative interpretation
of the low value of binding energy per bond of 20Ne is given by [30, 31], and suggests that the two
extremal α-particles of the (more symmetric) trigonal bipyramid configuration are shielded from
each other by the presence of a quite compact triangular basis; hence, one should count 20Ne as
having only 8 effective bonds.
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1.3 Cluster models of nuclei

Figure 1.10: Arrangements of α-particle constituents in self-conjugated nuclei, fol-
lowing the scheme of [29], for the lightest self-conjugated systems. The number of
bonds is indicated for each geometrical configuration [10].

~R joining the centers of mass of the two α-particles is treated as a parameter. The
difference between the total energy of the system and the one of the two α-particles
at an infinite distance, i.e. not interacting, gives the interaction energy. Indicating
with ~x(i) (i = 1, 2, 3, 4) the vectors from the center of mass of the first α-cluster to
its constituents, one can write the Slater determinant of such a system, considered
as an aggregate of two α-clusters by using only two distinct spatial eigenfunctions
of individual nucleons: ϕ(~x(i)) and ϕ(~R − ~x(i)) (i = 1, 2, 3, 4). They have to be
multiplied by the appropriate spin and isospin eigenfunctions. The result of the first
approximation of calculations is strongly dependent on the exchange properties and
on the distance dependence of the interaction between two nucleons. The interac-
tion energy of the two α-particles represents an attractive potential for every value
of R, and the resulting range is of the same order of the nucleon-nucleon poten-
tial; repulsive contributions will clearly dominate both at small distances, because
of the increase of kinetic energy of the 8Be system, and at large distances, where
the Coulomb repulsion is the only interaction. If the nucleon-nucleon interaction
has a sufficiently strong tail, or residual intensity, the attractive part of the α-α
potential may become strong enough to overcome the Coulomb repulsion at inter-
mediate distance; moreover, if the tail of the nucleon potential is of the ordinary
type, the attraction between α-centers will exhibit additivity properties typical of
intermolecular van der Waals forces. A simplified assumption on the nucleon inter-
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Nucleus N. of α-s Configuration N. bonds α-binding en-
ergy (MeV)

α-binding en-
ergy per bond
(MeV)

8Be 2 straight line 1 −0.092 −0.092
12C 3 triangle 3 7.275 2.425
16O 4 tetrahedron 6 14.437 2.406

20Ne 5 trigonal
bipyramid

9 19.167 2.130

24Mg 6 tetragonal
bipyramid
(octahedron)

12 28.483 2.374

28Si 7 pentagonal
bipyramid

16 38.467 2.404

32S 8 sphenoidal
bipyramid

19 45.415 2.390

Table 1.1: Geometrical configurations proposed by [29–31] for the first self-
conjugated nuclei. The number of bonds is indicated together with the α-binding
energy and the α-binding energy per bond.

action represented by a Gauss potential was introduced by Margenau [34]. As trial
wavefunctions ϕ(~x) for the variational approach, he used simple harmonic oscilla-
tor eigenfunctions involving a variational parameter. However, at a first order of
approximation, a repulsive force results in the α-α interaction at all distances, and
higher approximations are required to account for the binding energy of α-particles.
This fact reflects the closed structure of α-particle (analogous to the rare gas config-
uration in atomic systems) and it has a more general scope [35]: mutual attractions
can only manifest themselves through virtual polarization of such structures. These
features appear in the second approximation of the model. In the Margenau calcu-
lations it has been shown that attractive forces result in the second order but with
a range shorter than the first order repulsion. This feature is reversed in the case of
intermolecular forces, where the analogous term has the longer range, representing
the van dar Waals attraction. The result of this fact is that, at the second order
approximation of the α-particle model, there can be no additivity of the interac-
tion between more than two α-particles. Any simple explanation of the regularities
showed in the empirical values of the table 1.1 cannot be therefore given from the
results of α-α interaction of the Margenau’s model. These features can be explained
in terms of complicated compensations between energy terms of different orders of
approximations, involving essentially non-additive many body features of α-particle
interactions [28].

Anyway, it is important to underline that the assumption of a rigid α-structure
of the nucleus has been questioned by many authors. In fact, in finite nuclei one can
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expect to find a considerable amount of local correlations of particles that can give
rise to instantaneous α-groupings, but, because of the interaction, they continually
merge one to another without preserving their identity for any appreciable length
of time [36].

The α-particle model, as seen from the previous discussion, is not able to explain,
on a quantitative and theoretically exhaustive basis, the energies of self-conjugated
nuclei as reported in table 1.1. Anyway, more quantitative predictions can be at-
tained in describing rotations and vibrations of α-nuclei. Let us consider, as an
example, the n-th surface vibration mode of a nucleus, and be λ ≈ 2πR/n (where R
is the nuclear radius) the corresponding wave-length. If n is sufficiently small, i.e.
n ≤ A

1
3 , λ/2 is larger than the dimension of an α-cluster. Under this assumption,

the angular frequency ω can be obtained via the Rayleigh formula [28]:

ω2 = n(n− 1)(n+ 2)γs ·
4π

3
· 1

mA
(1.29)

being γs = as
4πR2 the surface tension of the nucleus, with as the surface coefficient

of the semi-empirical mass formula, R the radius of the nucleus and m the average
mass of a nucleon. For the period one can derive the approximate formula [28]:

τ ≈ n−
3
2A

1
2 · 0.4 · 10−21s (1.30)

The frailty of an α-cluster in this state can then be defined as the time t required
by such a cluster to exchange a nucleon with a part of its surroundings moving in
opposite phase. The latter is of the same order of magnitude of the time required
for a nucleon to diffuse through a distance λ/2, which can be classically determined
as [28]:

t ≈ n−2A
2
3 · 0.6 · 10−21s (1.31)

The conditions for treating the nucleus as a system of α-particles are fulfilled in
the case of rotational or vibrational states at low excitation energy. For increasing
excitation energies, α-clusters tend gradually to dissolve and the behaviour of nu-
clei as liquid droplets without cluster structures dominates. The vibrational quanta
expected for an α-nucleus according to the α-particle model can be obtained by con-
sidering the potential energy of the quasi-elastic forces responsible for the vibration
mode, taken for an amplitude corresponding to the dissociation of an α-particle,
and the value of the binding energy of this particle to the residual nucleus. For
the lightest α-nuclei, vibration quanta turn to be of the order of few MeV, which
correspond to the lowest (n = 2) mode of surface vibration of the classical liquid
drop of the equation 1.29.

Regarding the order of magnitude of rotational quanta, they can be estimated
starting from the moment of inertia IS of a spherical homogeneous distribution of
the nuclear mass:

IS =
2

5
mAR2 =

2

5
mr2

0A
5
3 (1.32)
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The corresponding rotational quanta ~2/IS are of the order of:

~2/IS ≈ 54A−
5
3MeV (1.33)

which gives hundred keV in the case of light α-nuclei and only a few keV for heavy
nuclei. The latter estimate is at least one order of magnitude lower than experimen-
tal observation on fine structures in α spectra coming from the decay of actinide
nuclei [37]. More reliable estimates can be obtained by explicitly taking into account
the appearance of α clustering in heavy nuclei [28]. Such a model assumes (in a very
simplified way) the nucleus as constituted by an ensemble of Nα α particles. The
rotation of such a structure of identical particles of a given angle ϕ can be always
replaced by a suitable displacement (translation) of the α particles [38]. This sym-
metry forbids the appearance of groups of rotational levels at too low excitation
energies, leading to predictions (of the order of 0.2 MeV for A ≈200 nuclei) much
closer to the experimental values [28].

The appearance of symmetries triggered by the α cluster structure of nuclei plays
an important role also in the case of light nuclei, where it causes a considerable
reduction in the number of low-lying levels. As an example, in the case of the
two α-particle system 8Be, only wave-functions corresponding to even values of the
angular momentum satisfy the requirement of the Bose statistics. A number of
states results indeed to be shifted to levels of excitation higher than in the spectrum
of analogous systems of nucleons without α-particle structure. At higher excitation
energies, the spectrum assumes a purely classical behaviour, merging into that of a
vibrating fluid continuum.

1.3.2 Microscopic cluster models (RGM, GCM, OCM)

Microscopic cluster models [39, 40] are based on a detailed treatment of the Pauli
principle among clusters and on a detailed description of the inter-cluster motion.
Developments of microscopic cluster models have been remarkably done in the early
1960s (see Figure 1.8) with the realization of the Resonating Group Method (RGM)
[41]. The RGM strongly influenced the evolution of cluster models in the subsequent
decades as well as the development of the Generator Coordinate Method (GCM)
[42] and the Orthogonality Condition Method (OCM) [43]. The RGM and GCM
are fully-microscopic models while the OCM is considered a semi-microscopic model,
since the treatment of Pauli blocking effects does not reflect a completely microscopic
treatment.

The basic ideas of the RGM have been given by Wheeler [41]. The description
of nuclei given in this model is that of a superposition of all possible type of nucleon
clusters, i.e. attributing to the nucleus a resonating group structure. Nucleons
are treated as spending part of their time in different configurations called groups ;
for example, they can be arranged into α-particles or into other groupings. The
method of resonating group structure is therefore in contrast with the concept of
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mean field which emerges from the Hartree-Fock procedure. The wave function built
with this method is made of a properly antisymmetrized combination of partial wave
functions, which correspond to any possible type of grouping. This wave function for
the whole nucleus, out of partial wave functions which describe the close interaction
within the individual group, clearly takes advantage from the saturation of nuclear
binding, being the largest part of the binding energy accounted by the internal
binding of each separate group. Considering a system of m protons and n neutrons,
the total wave function Ψ can be written, according to this model, as the sum
of parts, of which each term represents a particular grouping (configuration) of the
N = m+n particles. Such a term is the product of wave functions Φ, which represent
the motion of particles within each group. They are also multiplied by particular
functions of the positions and spin variables (the total angular momentum mS of
a group) F (X,mS). The F i functions are unknown and they belong to different
configurations. For instance, for the 6Li nucleus, F 1 might represent the relative
motion of a α-particle and a deuteron, while F 2 could represent a configuration of
5Li plus neutron, etc. The general expression of the anti-symmetrized wave function
assumes therefore the form:

Ψ ∝
∑
i

F i[ ~Xi(I),mSi(I); ~Xi(II)mSi(II)]Φi(I)Φi(II) (1.34)

the sum extends over all configurations of possible groupings of, for simplicity, two
clusters, indexed by i. Φi represents the wave-functions of each of the two clusters
I and II. The coefficients F i depend only on the inter-cluster coordinates ~Xi(I)−
~Xi(II), resulting in a reduction of the corresponding degrees of freedom. They
should be determined as solutions of a certain set of integral-differential equations
involving these coordinates as variables; the expression of these equations is rather
heavy and not systematic and the reliability of the model is for this reason limited to
systems involving a small number of nucleons. The RGM has been recently fruitfully
applied to describe nuclear reactions and scattering processes involving light nuclei;
in particular, for example, it is able to reproduce nicely the trend of experimental
S-factor7 of the astrophysically important 3He(α, γ)7Be reaction at very low energies
[44].

The restrictions imposed by the RGM can be overcome via the GCM. In this
model, the F i functions, describing the relative motion of clusters, are expanded over
a set of projected gaussian functions, centered at different generator coordinates Rn.

7The S-factor is an alternative way to display a reaction cross section at very low energies, free
from effects due to entrance channel penetrability. It is commonly adopted in Nuclear Astrophysics,
where reactions are measured at low incident energies. Indeed, because of Coulomb barriers in the
entrance channel, reaction cross sections usually exhibit exponential falls for decreasing energies,
leading to difficulties in representing the data. The S-factor is defined by the equation: S(E) =
1
E e

2πη(E)σ(E), where σ(E) is the reaction cross section and e2πη(E) is the inverse of the s-wave
penetrability factor.
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The wave-function of eq. 1.34 ca be rewritten as:

ΨJMπ ∝
∑
lS

∑
n

fJπlS (Rn)ΦJMπ
lS (Rn) (1.35)

where Jπ represent spin and parity of the system and M the projection of the
total spin. The first sum is extended over all values of channel spins S and angular
momenta l, while the second one runs over all generator coordinates. The fJπlS (Rn)
functions are called generator functions. Their calculation is quite systematic when
changing system, and can therefore be applied with large versatility to systems much
more complicated than in the RGM.

1.3.3 The quartet model

The quartet model aims at the description of excited states of self-conjugated nuclei
that cannot be easily described via the independent particle shell model. The picture
given in the quartet model is the existence of quartets. A quartet is a strong inter-
acting structure made of 2 protons and 2 neutrons occupying a fourfold degenerate
single particle state [45]. The separation energy of a nucleon in a self-conjugated
nucleus is much larger than the one of an α-particle. For example, while the neutron
emission threshold in 16O is 15.7 MeV, the α emission threshold is only 7.2 MeV.
This empirical evidence means that the less bound nucleon interacts strongly with
the other three which make up the emitted α-particle and much more weakly with
the rest. More in detail, in 16O, a proton of the p1/2 orbit has about 5 MeV of inter-
action energy with the 12C core and about 10 MeV interaction with the remaining
nucleons of the p1/2 orbit. In the quartet model, excited states of self-conjugated
nuclei are obtained by means of particle-hole excitations of quartet structures, char-
acterized by strong internal binding energies and weak interaction between each
others. For self-conjugated systems from 12C to 52Fe, quartets are restricted to the
(0p), (0d,1s) and (0f ,1p) shells of a spherical harmonic oscillator. The interaction
energy between two quartets across the 0p and (0d,1s) and across the (0d,1s) and
(0f ,1p) shells can be determined by the position of the first 0+ excited state of 16O
and 40Ca8, respectively, while the interaction between the (0p) and (0f ,1p) shell is
supposed to be small due to the extremely small radial overlap of the relative wave-
functions. Independently on the mass number and the number of excited quartets,
quartet-hole interactions are supposed constant in this model. Assuming 4He as the
core, one can indicate as [xyz] a generic configuration of quartets arranged in the
above mentioned shells in the following way: x quartets are in the N = 1 major
shell, y quartets are in the N = 2 major shell and z quartets are in the N = 3 major
shell. One can designate with Qx

p , Q
y
(sd) and Q

z
(pf) these configurations. Restricting

8It is known from the literature that such states have a large α-structure [45].
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1.3 Cluster models of nuclei

Figure 1.11: Terms contributing to the compute of the excitation energy of the [210]
configuration of 16O, i.e. the first excited state (6.05 MeV, 0+). The difference of
the interaction energy of the 12C [200] and the 16O [300] configurations corresponds
to the interaction energy of a hole in the N = 1 shell.

the calculation, for simplicity, to the first two orbits, N = 1, 2, one finds:

E?(Qx
pQ

y
(sd)) =E0(4x+ 4, 2x+ 2) + E0(4y + 16, 2y + 8)

−E0(4(x+ y) + 4, 2(x+ y) + 2)− E0(16, 8) + (3− x)yVp,(sd)

(1.36)

In the formula of eq. 1.36, E0(A,Z) represents the interaction energy of a nucleus
with A nucleons and Z protons, while Vp,(sd) is the interaction between y N = 2
quartets and (3−x) N = 1 holes. The latter is fixed by setting the one-quartet one-
hole excitation energy equal to the excitation energy of the first excited Jπ = 0+

state in 16O. To better clarify the above discussed method, Figure 1.11 shows
the configurations which contribute to the compute of the excitation energy, as an
example, of the first excited state (6.05 MeV, 0+) of 16O, assumed to be in the [210]
configuration. In detail eq. 1.36 becomes: E?(Q2

pQ
1
(sd)) = (E0(12, 6) − E0(16, 8)) +

(E0(20, 10)−E0(16, 8))+Vp,(sd), where the first term in round brackets represents the
interaction energy of a hole in the N = 1 shell, the second term in round brackets
corresponds to the interaction energy of a quartet in the N = 2 shell, and the last
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16O [xyz] E?(MeV)

[300] 0.0
[210] 6.06
[201] 11.1 + V
[120] 15.0
[111] 19.5 + 2V
[102] 20.0 + 4V
[030] 23.1
[021] 23.1 + 3V
[012] 23.1 + 6V
[003] 23.1 + 9V

Table 1.2: Possible 16O configurations predicted by the quartet model. Both two
shells and three shells [xyz] configurations are shown. V represents the interaction
between the (0p) and (0f ,1p) shell, here left unspecified [45].

term is the quartet-hole interaction. Table 1.2 finally reports the 16O states which
can be predicted by using the above mentioned procedure.

Much more accurate predictions concerning the spectroscopy of light nuclei as
20Ne, 24Mg and 28Si have been recently obtained by using a fully microscopical
quartet model [46], that has been extended to include quartets with arbitrary values
of isospin and angular momentum [47]. Excellent description of the low energy part
of level schemes of self-conjugated and non self-conjugated nuclei have been reported,
pointing out the importance of four-body correlations in light and medium-light
nuclei [47].

1.3.4 Molecular Dynamics (MD) models: clustering in
unstable nuclei

Molecular Dynamics (MD) many-body models are extensively used to provide direct
connections to the observable physical states [48]. These models are based on the
resolution of the Schrödinger equation by using single-particle wave functions as
Gaussian wave packets of the form:

ϕi = φ ~Xiχiτi (1.37)

where φ ~Xi represents the spatial part of the wave-function of the i-th nucleon:

φ ~Xi(~rj) ∝ e
−v

(
~rj−

~Xi√
v

)2

(1.38)

χi and τi are, respectively, the intrinsic spin function and the isospin function.
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1.3 Cluster models of nuclei

Particularly interesting for the description of clustering phenomena in nuclei is
the Antisymmetrized Molecular Dynamics (AMD) model. The AMD model was
developed by Kanada-En’yo, Horiuchi and co-workers [48–50], and it has been used
quite extensively in the description of nuclear systems beyond the N = Z line and
to investigate structures which are not easily obtained with shell model calculations.
This model is able to reproduce a big variety of nuclear properties, such as excitation
energy, radii, magnetic moments and electromagnetic transition probabilities. The
AMD wave functions are given by an antisymmetrized product (Slater-determinant)
of single particle MD functions of the type in eq. 1.37:

ΦAMD(Z) =
1√
A!

A {ϕ1, ϕ2, . . . , ϕA} (1.39)

The AMD wave function is parametrized by a set of complex parameters Z ≡
{Xni, ξi} with n = 1, 2, 3 indexing the spatial coordinates X and i = 1, . . . , A.
The Gaussian center positions Xi and the intrinsic-spin orientations ξi are treated
independently as variational parameters. The optimum wave function is determined
from the set of parameters which minimize the expectation value of the energy
E ≡ 〈Φ|H|Φ〉/〈Φ|Φ〉. The AMD model contains mean-field states as well as cluster
states, which represents one of the most powerful features of this model, allowing to
describe, in a consistent way, the coexistence of shell and cluster states [51].

Another interesting approach for the study of the structure of light nuclei is the
Fermionic Molecular Dynamics (FMD) model. The FMD wave function is of the
same type of the AMD, with the major difference regarding the width parameter,
which is chosen as common for all nucleons in the case of AMD and which can be
independently chosen for each nucleon in the case of FMD. In structure studies,
the flexibility in the treatment of the width parameters of the FMD is particularly
powerful, for example, to unveil the neutron-halo structure of neutron-rich nuclei
[52].

1.3.5 The deformed harmonic oscillator (HO)

Apart from the clear connection between clustering phenomena and energetics, a
further key ingredient, symmetries, strongly affects the appearance of clusters in
nuclei. They have impact in the collective excitation of nuclei, driving the formation
of clusters themselves via their influence on the mean-field of light nuclei [10]. These
connections between mean-field and the cluster degree of freedom can be understood
via the so called deformed harmonic oscillator model of nuclei.

The harmonic oscillator (HO) is one of the possible central potentials which can
be used in the nuclear shell model (see Section 1.2.4). In this picture, nucleons are
supposed to move in a parabolic potential, which leads to energy levels in the form:

E = ~ω(n+ 3/2) (1.40)
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where n is the number of oscillator quanta. Introducing a deformation of the po-
tential, for example along the z-axis, the oscillation frequency becomes lower along
the direction of the deformation while it is increased in the perpendicular directions.
The degeneracy of equation 1.40 is therefore removed and the new values of energy
are:

E = ~ω⊥n⊥ + ~ωznz +
3

2
~ω0 (1.41)

being ωz the oscillation frequency along the deformation axis, ω⊥ the one for oscil-
lations perpendicular to the z-axis and ω0 = (2ω⊥ + ωz). The so-called quadrupole
deformation ε2 can be expressed as:

ε2 = (ω⊥ − ωz)/ω0 (1.42)

with a total number of oscillator quanta which is the sum of those on the parallel
and perpendicular axes (nz + n⊥). Energy levels of the deformed HO are shown in
Figure 1.12 [53]. Crossings of levels in the picture represent energy values having
high degeneracy. Shell structures appear in this model in correspondence of those
energy values for which the degeneracy is maximized. As clearly visible from the
picture, shell structures which appear at ε2 = 0 (spherical nucleus) disappear as
the potential is deformed, but reappear for deformations (ω⊥ : ωz) of 2 : 1 or 3 : 1.
This occurs when the ratio of the parameters describing three-dimensional deformed
potential, (ωx, ωy, ωz), are integers. By examining the sequence of degeneracies, one
observes that the values (2, 6, 12, 20, . . . ) are repeated twice at a deformation 2 : 1
and three times for a deformation of 3 : 1, etc. An application of this model to
the case of 8Be is rather simple. Being 2 : 1 the corresponding deformation, the
levels which are labelled with degeneracy 2 are given by the quantum numbers
[n⊥, nz] = [0, 0] and [0, 1]. These levels can be occupied by pairs of protons and
neutrons coupled to a zero-spin state. The corresponding density distributions are
given by the square of the wave-functions ϕ0,0 and ϕ0,1, which correspond to the
two distinct levels. The overall 8Be density is given by the sum |ϕ0,0|2 + |ϕ0,1|2.
This is plotted in the Figure 1.13 b) as a function of the z coordinate [53]. The
feature which emerges is that the density is double humped corresponding to the
arrangement of protons and neutrons into two α-particles. The HO wave-functions
can be expressed in terms of the above basis of linearly independent states ϕi:

φα(±) =
1√
2

(ϕ(0,0) ± ϕ(0,1)) (1.43)

which corresponds to project out the point symmetry of the two clusters. The over-
lap of an isolated α-particle, φα = 1

π
e(−ω2r2/2) is found to be > 90% [53]. The square

of the two wave-functions is shown in the Figure 1.13 a) (dashed lines) together
with the overall 8Be density. What is evident is that the symmetries found in de-
generacies of deformed HO approach are present even in the density, and they give
rise to new magic numbers which are called deformed magic numbers. They have
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1.3 Cluster models of nuclei

Figure 1.12: Energy levels of the deformed harmonic oscillator as a function of
the quadrupole deformation ε2. The numbers inside circles indicate the degeneracy
of the levels in correspondence of each crossing point. Shell structure appears for
spherical configurations and 2 : 1 and 3 : 1 deformed configurations. From [53].

been largely explored in the literature in order to identify some particular cluster
partitions [10]. Rae [54] focused on details about deformed magic numbers in order
to explicitly probe the cluster decompositions. He demonstrates that these numbers
could be expressed as the sums of spherical magic numbers. The results of his work
are shown in table 1.3. This description locates at each deformation the associated
cluster structure. In correspondence of a 2 : 1 deformation, for example, superde-
formed structures should be found in 8Be (α+ α), 20Ne (16O + α), 32S (16O + 16O),
etc., while, in correspondence of a 3 : 1 structure, hyperdeformations are predicted
in 12C (α + α + α), 24Mg (α + 16O + α), etc.
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Figure 1.13: a) HO wave-functions of the form given in 1.43 shown as dashed lines.
The solid line represents the overall 8Be density |ϕ0,0|2 + |ϕ0,1|2. b) The density
corresponding to the HO configurations for 8Be (solid line). Dashed lines show the
two separate contributions |ϕ0,0|2 and |ϕ0,1|2. From [10].

1.4 Applications of cluster models

In the previous section we gave a brief summary of the ideas on which cluster models
of nuclei are based. This section is dedicated to a discussion on applications of cluster
models to physical cases of interest in nuclear physics. It is important to stress that,
even if the content of this section offers a quite comprehensive overview of the nuclei
of interest for the present thesis, and also of other particularly remarkable cases, we
are certainly far from a complete overview of the state of the art of nuclear cluster
physics, for which more details can be found, for example, in Refs. [10, 55–58].

1.4.1 Light self-conjugated nuclei: 12C, 16O, 20Ne

Since the beginning of nuclear clustering physics, self-conjugated nuclei were object
of several theoretical investigations. It became clear in the early 1960s, from the
work of Ikeda and collaborators [59], that clustering phenomena should not mani-
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Deformed
magic
numbers

Spherical
magic
numbers

Cluster configuration

ω⊥ : ωz = 2 : 1

4 2 + 2 α + α
10 8 + 2 16O + α
16 8 + 8 16O + 16O
28 20 + 8 40Ca + 16O
40 20 + 20 40Ca + 40Ca

ω⊥ : ωz = 3 : 1

6 2 + 2 + 2 α + α + α
12 2 + 8 + 2 α + 16O + α
18 8 + 2 + 8 16O + α + 16O
24 8 + 8 + 8 16O + 16O + 16O
36 8 + 20 + 8 16O + 40Ca + 16O

Table 1.3: Decomposition of deformed magic numbers in terms of spherical magic
numbers, at a deformation of 2 : 1 and 3 : 1, from [54]. The associated cluster
structure is indicated for each deformed magic number.

fest in the ground states of α-nuclei but, on the contrary, they should emerge for
increasing internal energies of the nucleus. At the point where the nucleus is sepa-
rated into its clusters, an energy which corresponds to the mass difference between
the host and the clusters is required. This semi-quantitative evidence led Ikeda in
formulating his hypothesis regarding the formations of clusters. In order to form a
cluster structure, with large probability, an excitation energy close to the nucleus
separation energy into clusters should be required. This result is summarized in the
so-called Ikeda diagram, which is shown in Figure 1.14. This diagram shows the
possible α-cluster decompositions of light self-conjugated nuclei in correspondence
of each decay threshold. In this way, there is a gradual transition from the compact
ground state to the fully N -α clustered structure. The α-particle configurations are
here shown schematically as linearly arranged, even if that is not the most stable
configuration [60]. The picture proposed in the diagram suggests that the cluster
degree of freedom is only liberated while the excitation energy of the system ap-
proaches the one of the cluster emission threshold. As an example, while 8Be has
a strongly clustered structure in its ground state, which is located at about 0.0918
MeV from the 2-α threshold, an excitation energy of about 7.27 MeV is suggested
to search for the 3-α structures in 12C.
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Figure 1.14: The Ikeda diagram [59] of self-conjugated nuclei. Possible α-cluster
arrangements, and their evolution with the excitation energy, are shown. As the
energy increases, fully N -α structures appear. The basic idea held by this diagram is
that clustering phenomena are expected to manifest, with larger probability, around
the corresponding decay threshold. From [55].

1.4.1.1 The 12C and the Hoyle state

Following the scheme of Ikeda, it does not suprise that the excitation energy region of
the 12C nucleus close to the 3-α decay threshold (7.274 MeV) is particularly interest-
ing in the comprehension of clustering phenomena in nuclei [61–63]. Carbon, as well
as beryllium isotopes, are indeed intriguing examples of clustering, because of their
3-centers and 2-centers behaviour [10, 61]. A number of models have been deployed
to understand the structure of 12C in this complicated energy region. Single-particle
approaches are for example able to describe rather well the energy of the first 2+

excited state (2+
1 , 4.44 MeV [26]), while a void in such calculations is present in the

region of the second 0+ state (0+
2 , 7.654 MeV) [64]. This state, named Hoyle state,

is crucial since it presents a well developed and quite unusual cluster configuration
[65] and also for its astrophysical relevance in the nucleosynthesis of elements [66]
(see paragraph 1.4.2).

The states of 12C close to the 3-α threshold were object of several theoretical
calculations. The α-cluster model is able, for example, to suggest the geometrical
arrangement of α-particles by varying their location and size to minimize the energy
of the system. Within this framework, Brink [67] suggested two possible α-structures
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of 12C, an equilateral triangular arrangement and a linear chain configuration. The
first was associated to the ground state while the second, where α-clusters assume
a linear shape was directly linked to the 7.654 MeV state. This idea supported
the Morinaga [68] scheme, where, based on the 3-α linear structure of the Hoyle
state, he predicted the 2+ member of the rotational band to be located at around
9.70 MeV. The subsequent rotational excitation of such a deformed structure where
instead predicted at 14.18 MeV. These two states were linked, respectively, to the
experimental 9.61 MeV and the 14.16 MeV, whose spectroscopic properties were
unknown at the time. With the increasingly precise information on 12C spectroscopy
obtained during five decades of experimental investigations, the idea of a linear chain
in 12C lost its relevance, being in striking contrast with experimental data.

Microscopic models have well reproduced the spectrum of the low-lying excited
states of 12C observed below 15 MeV. By using a fully-microscopic α-particle model,
where the Pauli principle is treated exactly, Uegaki and collaborators [62] success-
fully described such a spectrum in the GCM framework. Together with the compact
configurations usually expected in low energy nuclear states, they found a new phase
of aggregation. In a number of the states characterized by the new phase, 12C is
described as constituted by a fully dissociated 3-α weakly interacting system, where
the clusters move freely over a wide spatial region. The energy of the 0+

2 state is
well reproduced within this model, and it appears not as a chain-like state but as a
finite α-boson gas. The ground state of 12C is predicted to have a stable deformation
with a compact 3-α triangular configuration, as well as the entire rotational band
Kπ = 0+ build on it. Similar results, concerning the description of the Hoyle state
as an α-particle gas state, were attained by Kamimura [63] in his RGM microscopic
calculations.

Given the bosonic nature of the 3-α system, it is possible to assume, if the
inter-cluster separation is sufficiently large, that the internal structure of α-particles
becomes no longer so important. The condition needed to achieve this is that the
nuclear radius is large enough that an α-particle may explore (by tunnelling) the
classically prohibited region, increasing the nuclear volume. In such a circumstance,
the antisymmetrization properties of the fermionic system play a negligible role and
the system can be treated as made of 3 bosons, which may form a condensate. This
hypothesis was supported, for the 12C 0+

2 state, by electron scattering experiments
[71], which pointed out that the Hoyle state has a radius well larger (of a factor
≈ 1.5) than the one of the ground state. Microscopic calculations were developed
to describe the Hoyle state as a Bose-Einstein condensate under the framework of
the THSR (Tohsaki, Horiuchi, Schuck and Röpke) wave function [72–75]. They
succeeded in the reproduction of the charge form factor derived from electron scat-
tering experiments [72] without any arbitrary normalization. The Figure 1.15 shows
the decomposition of the THSR wave function, as a result of the calculations of
Refs. [69, 70], into its orbital components, for the ground state and the Hoyle state
in 12C. This revels that, for the Hoyle state, the THSR wave function has a strong
(≈ 70%) overlap with one of 3 α-particles in the S1-orbital, while other contributions
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Figure 1.15: Decomposition of the THSR wave function describing the 12C g.s. (left)
and the 12C Hoyle state (0+

2 , right) into its components. The 70% of superposition
with the S orbital for the Hoyle state wave function indicates a possible BEC nature.
This behaviour is not present in the g.s., where S, D and G orbitals contribute with
almost the same amplitude. From [69, 70].

are small, a clear evidence that BEC phenomena are predicted to occur in this de-
scription. The 30% of overlap with orbitals different from the S1 indicates that the
Pauli principle plays a small role in the interior region of the Hoyle state. The same
picture for the ground state (Figure 1.15) clearly indicates that BEC phenomena do
not occur in such a state, where, on the contrary, there is an almost equal contri-
bution of S, D and G orbitals, reflecting the strong influence of the Pauli principle.
FMD calculations also succeed in the reproduction of the electron scattering form
factors of [71]. They predict the Hoyle state as constituted by a dominant weakly
bounded α-particles structure, with relative positions of α-clusters which reflect a
α+8Be configuration. In such a model, antisymmetrization properties are not neg-
ligible and this is in contradiction with an hypothesis of the BEC nature of this
state.

Very recent microscopic 3-α calculations, based on the Faddeev three-body for-
malism [26], were published by Ishikawa [76]. They show the presence of three
distinct local peaks in the calculated density ρ(x, y) in correspondence of the res-
onance energy of the Hoyle state, denoted with A, B and C in Figure 1.16 (left)
and corresponding to three distinct α-clusters. This picture is the one of a strongly
clustered structure, where the inter-cluster A-B distance is reduced compared to the
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Figure 1.16: (left) Density distribution ρ(x, y) of the Hoyle state in 12 from micro-
scopic calculations based on the Faddeev three-body formalism. (right) Symmetric
Dalitz plot of Hoyle state 3-α decay (a) obtained from the calculations of the left
panel. (b) schematic explanation of the region of the plot occupied by sequential
decays (SD), Direct Decays from a Linear chain (DDL) and Direct Decay with Equal
energy (DDE). The figures are extracted from [76].

A-C and B-C distances, indicating the presence of a 8Be together with an α-particle.
The structure of the Hoyle state is found to be a weak mixture of configurations
including a possible bent-arm arrangement. This model allows to describe the decay
path of the Hoyle state. An analysis with the symmetric Dalitz plot technique (see
Paragraph 2.3 of Chapter 2), as shown in Figure 1.16 (right), points out a dominant
sequential decay (SD) mode, i.e. the decay in the α+8Be final state, contribution,
which is associated, in the plot, to an horizontal band (as shown by the Figure 1.16
(b), right panel). Other contributions, i.e. Direct Decays from a Linear chain (DDL)
and Direct Decay with Equal energy (DDE) are found to be well below 1% of the to-
tal decay width. A possible bent-arm configuration for the Hoyle state is also found
in Ref. [77] by means of an ab-initio lattice calculation. In the framework of the
lattice calculations, they found a compact triangular configuration of α-cluters for
the ground state and the first 2+ state of 12C, while, an obtuse triangular configura-
tion (bent-arm) is found to describe the structure of the Hoyle state and to provide
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Figure 1.17: Energy levels of 12C obtained from the AMD calculations of Ref. [79]
compared to the experimental one and to RGM [63] and GCM [62] results. From
[79].

evidence of the second 2+ state. The latter is linked to the rotational excitation of
the Hoyle state, which is currently one of the hot topics in nuclear physics [78].

AMD calculations of 12C structure have been performed in Ref. [79]. This model,
employed by Kanada-En’yo and von Oertzen, provides a good description of 12C
excited states for both shell model and cluster states. The corresponding energy
spectrum of 12C states is reported in Figure 1.17 (from [79]), in comparison with the
experimental one and with those obtained from, respectively, RGM [63] and GCM
[62] calculations. The latter are able to reproduce some states above threshold, but
fail in reproducing the energy of the 2+

1 state. For the Hoyle state it is found that it
is dominated by a [8Be(0+)⊗ l = 0]J=0 (α + 8Be) configuration and that it exhibits
cluster-gas features. The 2+

2 state, which is considered to be the first rotational
excitation of the Hoyle state, is found at an excitation energy of about 9.9 MeV.
The authors linked this state to the one experimentally observed in Ref. [80].

Finally, calculations made using the Algebraic Cluster Model (ACM, see for
example [83]) have been recently applied to 12C structure in [81]. In this model,
α-clusters are assumed to be the corners of an equilateral triangle. In analogy with
molecular physics, the wave-function of a symmetric object has to obey to particular
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Figure 1.18: (left) Comparisons between experimental observed states currently
assigned to the ground state and Hoyle band in 12C and (right) the calculated ones
via the ACM [81]. From [82].

symmetries that are well described in the group theory [84]. For example, for an
equilateral triangle, the D3h symmetry has to be used. Excited states of such a
structure can be constructed both through rotation of the whole triangle or through
expansions and contractions of its corners. Starting from the D3h symmetry, the
authors of Ref. [81] predicted a peculiar sequence of states, at increasing excitation
energy, having Jπ = 0+, 2+, 3−, 4± and 5−. The energies predicted by the ACM
are shown in Figure 1.18 (right) compared with the ones obtained in experimental
works (left). Two types of structures are identified: the first, with a smaller moment
of inertia, is associated to the ground state and gives rise to a rotational band
(ground band, Kπ = 0+

1 ), the second is instead much more deformed and gives rise
to the Hoyle band, i.e. the rotational band having the Hoyle state as band-head
(Kπ = 0+

2 ). The 0+ and 2+ excitations correspond to the rotation of the triangle
around an axis lying in the plane of the triangle, while states of higher order of spin
are relative to rotations around an axis perpendicular to the plane itself. The ACM
not only reproduces the ground state properties of 12C and the ground band9, but
also describes the Hoyle state and its excitations as a symmetric stretching vibration

9Hints for the presence of a triangular α-cluster configuration even in the ground state of 12C
were obtained from high precision experiments performed by the Naples and Milan groups in the ’70
[85, 86]; unfortunately, these works were largely overlooked. They measured angular distributions
of p+12C elastic scattering data at energies going from 3 to 64 MeV. At these energies, the projectile
wavelength is of the same order (some fm) of the inter-cluster separation distances, and peculiar
diffraction patterns would appear. From very accurate measurements and analysis of angular
distributions, the authors of Refs. [85, 86] quoted a 20% probability that α triangular structure
can appear even in 12C ground state and estimated an average inter-α-cluster distance of about 4
fm.
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of the equilateral triangle coupled to a rotation.
In general, the properties of the Hoyle state which are described by means of

cluster models could be better understood by means of high precision experiments.
As an example, the identification of the missing Hoyle band members is of crucial
importance, since it makes possible to experimentally extract quantities like the
moment of inertia of the rotating structure and therefore its deformation10. The 2+

member of the Hoyle band was initially identified by Itoh and co-workers [80] and
recently confirmed by Freer and collaborators [87] using inelastic proton scattering
experiments and by Zimmermann et al [88] by carbon photo-disintegration. In 2011,
the authors of [89] found evidence of a 4+ state at about 13.3 MeV and having a
width of 1.7 MeV. This state can be attributed to the 4+ member of the Hoyle band,
seen in the ACM calculations of Figure 1.18 and further confirmed in [90]. These
results, together with the theoretical studies, allow to rule out possible conjectures
about a linear chain structure of the Hoyle state.

1.4.1.2 Theoretical calculations for 16O and 20Ne

The α-particle model has been successfully applied to the case of 16O. In Ref. [91],
it is proposed a tetrahedral symmetry of 4-α particles, where the α-clusters lie
in the corners of a tetrahedron, Td symmetry. Two kinds of rotating structures,
respectively associated with 12C + α and 4α configurations, are proposed. They
should be observed, following the Ikeda scheme, around an energy of, respectively,
7.16 MeV and 14.44 MeV. The head of the Kπ = 0+

2 band (lying at 6.05 MeV
excitation energy) is linked with a quasi-planar structure. ACM calculations have
been also employed for describing the spectrum of 16O. An attempt to describe the
rotation-vibration spectrum of 4α configuration with tetrahedral symmetry is made
in Ref. [92] by means of ACM calculations. These theoretical predictions, which are
capable of describing the full dynamics of four-body clusters, show evidence for the
occurrence of this symmetry in the low-lying spectrum of 16O. Within this model,
the authors were also able to make a detailed description of energies, electromagnetic
transition rates, form factors, and B(EL) values. The 16O spectrum obtained from
these calculations is shown in Figure 1.19, where four rotational bands are identified
with different symmetries. They reproduce in a quite satisfactory way the observed
16O spectrum [93]. Other theoretical calculations involving the 16O nucleus include
the Hartree-Fock (HF) approximation [94, 95], the Nilsson-Strutinksy (NS) model
[96] and the core + α potential model [97].

The cluster structure of 20Ne is particularly remarkable, since two closed shell
nuclei are involved in its cluster decomposition (see table 1.3): the α-cluster resides
outside the 16O magic core. The simple core + α potential model of Buck and

10In a simple rigid body model, energy of rotational members belonging to a band is connected
to their total angular momentum J through the moment of inertia of the rotating structure:
EJ = ~

2IJ(J + 1). The latter can be extracted if one knows the values of excitation energies of
rotating states for different J values.
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Figure 1.19: Schematic spectrum of 16O calculated by assuming spherical top with
4-α tetrahedral symmetry. Four rotational-vibrational bands are identified, having
A- E- and F -like S4 symmetries. From [98].

collaborators provides a rather good description of a number of low-lying states
belonging to positive and negative parity bands [99]. A further improved theoretical
interpretation of these rotational bands has been given in [100], where they pointed
out the molecular nature of 20Ne in studying self-conjugated nuclei rotational bands.
They showed that the first rotational bands Kπ = 0± of 16O and 20Ne could be
unified as the twins of the same molecule-like structure of an α-particle with a
residual nucleus. In the case of 16O, the positive parity band built on the 0+

2 state
was attributed to configurations in which a 12C core is coupled with a α-particle in
the sd shell [101]. The second 16O band build on the 1− state (9.58 MeV excitation
energy) was instead explained as a result of the grazing motion of the α-particle
around the 12C core. The same picture was extended by Horiuchi and Ikeda [100]
to the detailed description of the ground state band in 20Ne (Kπ = 0+) and the
Kπ = 0− (built on the Ex = 5.80 MeV state). A summary of their results is shown
in the Figure 1.20, where the energy spectra of the Kπ = 0± rotational bands of
16O and 20Ne, calculated via a molecule-like α + residual structure, are displayed.
This asymmetric cluster molecule-like structure is also rather well described in the
framework of the AMD [102] model, from which it emerges quite naturally and
without any a-priori constraint on the arrangement of the 20 nucleons. The quartet
model has been, finally, used to probe α-like structures of 20Ne under and above the
α-decay threshold (4.73 MeV) [45–47].
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Figure 1.20: (a) Rotational spectra of a heteropolar diatomic molecule used for
comparison. (b) Energy spectra of K = 0+ and K = 0− rotational bands for: 16O
(left), 20Ne (right). They are calculated assuming a α + core molecule-like structure.
In the case of 20Ne, the K = 0+ band is built on the ground state, while the K = 0−

band has the 1− 5.8 MeV state as band-head. From [100].

1.4.2 Astrophysical relevance of clustering

Clustering phenomena assume a key role also in nuclear astrophysics, where different
scenarios of stellar nucleosynthesis can be affected by the properties of nuclear states
involved in the reactions [103]. A very interesting example is the case of 12C. It is
useful to clarify the importance of clustering in astrophysics and it is of particular
relevance for this work since it is object of one of the investigations we will discuss
in Chapter 2. 12C is one of the major constituents of living beings, and, therefore,
understanding its origins represents a challenging problem. Our knowledge traces
the origin of 12C to the so-called 3α process of stellar nucleosynthesis [104, 105].
This process occurs in stars during the helium burning stages of their evolution and
proceeds essentially via the initial fusion of two α-particles followed by the subse-
quent radiative capture of a third α to the ground state of 12C. Anyway, the reaction
rate of this process is strongly suppressed by its intermediate stage, where a 8Be is
formed. The extremely short life-time of the unbound 8Be (of the order of 10−16s)
acts indeed as a sort of bottleneck for the whole process. A non-resonant two-step
process, therefore, cannot explain the observed abundances of carbon, and conse-
quently of the heavier elements, in the universe. This fact led Fred Hoyle, in 1953,
formulate the hypothesis that the 3α process should be a resonant process, proceed-
ing through a resonant state of 12C located close to the corresponding 8Be + α decay
threshold [106, 107], as schematically shown in Figure 1.21. This state, according to
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Figure 1.21: Scheme of low-lying states of 12C. The Hoyle state (7.654 MeV, 0+)
is shown together with the corresponding 3α and α+8Be decay thresholds. The
12C(7.654)→ α+8Be decay and the possible electromagnetic transitions to the
ground state are shown. From [10].

the Hoyle hypothesis, should be characterized by Jπ = 0+, in such a way that the
centrifugal barrier of the α-capture vanishes (s-wave capture) and the second step
of the process maximizes the probability of producing 12C. The fusion probability
is further increased if one assumes a strongly clustered 8Be + α structure for the
Hoyle state. This state was then confirmed a few years later by Cook and collabo-
rators [108], and it was found to lie at 7.654 MeV, only 285 keV above the α decay
threshold, as shown in Figure 1.21.

Since three body collisions are strongly inhibited in the temperature range where
the helium burning occurs, one can conclude that the 3α process is essentially a two-
step process made of:

4He + 4He −−→ 8Be (1.44)
4He + 8Be −−→ 12C + γ (1.45)

where the second step is maximized by the fact that the 92 keV of energy required
to make such a fusion is remarkably close to the energy of the so-called Gamow
window 11 [103], which is located, as an example, at around 85 keV (60 keV width)
for a temperature of 108K. The amount of 12C that is so formed can be calculated

11The Gamow window, see the Section 2.6 of Chapter 2, corresponds to the range of energies
which mainly contribute in the compute of the reaction rate within a star. In other words, only
nuclear resonances which are approximately inside the Gamow window give a sizeable contribution
to the reaction rate.
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Figure 1.22: Evaluation of the 3α reaction rate with different methods: hyperscalar
harmonic R-matrix method (solid), the NACRE evaluation [109] (red dotted), the
Continuum Discretized Coupled Channel (CDDC) [66, 110] and the more recent
three-body Breit Wigner method BW(3B) [111]. From [111].

from the competition between α-decays of the Hoyle state (which are regulated by
the Γα partial width [103]) and radiative ones (Γrad = Γγ+Γe+e−) for the two possible
radiative transitions, e.g. gamma emission through the 2+

1 state and pair production,
which lead to the ground state of 12C (see Figure 1.21). The corresponding reaction
rate is so fully determined by the properties of the Hoyle state:

< σv >∝ ΓαΓrad
Γ

e
− ER
kBT (1.46)

being ER the energy of the Hoyle resonance, kB the Boltzmann constant and Γ the
total level width. The latter is known to be fully dominated by the α decay width, i.e.
Γ = Γα + Γrad ≈ Γα, and so it results in a dynamical equilibrium 4He + 8Be� 12C?

only broken by the small leakage to the 12C ground state given by the radiative
decays. At stellar temperatures of T ≈ 108 − 109K this process is thus dominated
by the fusion through the 8Be ground state, which is therefore regulated by the so-
called sequential decay (SD) width of the Hoyle state, which corresponds to α-decays
leading the residual 2α system under the 92 keV 8Be level. However, in astrophysical
scenarios that burn helium at lower temperatures, like for instance helium-accreting
white dwarfs or neutron stars with small accretion rate, the reaction rate of the 3α
process is completely dominated by another decay mode of the Hoyle state: the non-
resonant, or direct, α decay (DD) [110, 112, 113], where the two α particles bypass
the formation of 8Be via the 92 keV resonance. Recent theoretical calculations
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show that, at temperatures below 0.07GK, the reaction rate of the direct process is
largely enhanced with respect to the one calculated by assuming only the sequential
scenario [109]; as an example, for temperatures around 0.02GK such enhancement is
predicted to be 7-20 orders of magnitude [66, 111, 112, 114, 115]. This can be seen
in Figure 1.22, where the authors of [111] show the reaction rate of the 3α process
computed with different models in comparison with their three-body Breit-Wigner
method BW(3B), which represents the state of art of reaction rate calculations for
such a process.

A precise knowledge of the above mentioned decay widths of the Hoyle state
is therefore required to understand its astrophysical relevance, especially for low
temperature stars, where even a small contribution of direct decays would result in
strong enhancements of the 3α reaction rate. In Section 2.3 (Chapter 2) we will
discuss the results of our experiment aimed to improve the present knowledge of
such a branching ratio.

1.4.3 Non-self-conjugated nuclei: nuclear molecules

Clustering phenomena beyond pure α-clustering appear also in the case of non-
self-conjugated nuclei. For example, in the case of neutron-rich nuclei, clustering
features are strongly influenced by the presence of extra neutrons. The first attempt
to theoretically describe clustering phenomena in non-α-conjugated systems was
made by Hafstad and Teller [29] considering a series of neutron-rich isotopes with
only one extra-neutron respect to the corresponding self-conjugated configuration:
5He, 9Be, 13C and 17O. They observed how the binding energies of these 4n + 1
nuclei depend not only on the α-α interaction, but also on the role of the extra
neutron, which reflects the additional degrees of freedom brought by the extra-
neutrons to systems. In this way, while the binding energy of 5He was reflecting the
α-n interaction, the 9Be (α + n + α) was recognized having a contribution to the
Hamiltonian from an exchange interaction. The basic description of neutron-rich
nuclei given by Hafstad and Teller was that of clustered systems in which covalent
exchange neutrons are shared between α-cores in order to increase the stability of the
structure. This behaviour presents a quite clear analogy with the case of covalent
bonding in molecules and, therefore, the extra neutrons are often called covalent
particles, while the corresponding nuclear configuration is named nuclear molecule.
They gave the basis of the treatment of clustering phenomena in non-self-conjugated
nuclei, even if significant progress has been achieved only 50 years later. As in the
case of self-conjugated nuclei, we will focus here on a limited class of examples,
which will be useful for the analysis that will be presented in Chapter 2. For a more
detailed and comprehensive review, see Refs. [10, 55] and references therein.

Nuclear molecules12 are a special class of systems which can be described in
terms of the exchange of valence particles between stable clusters. The variety

12It is important to stress that in the case of nuclei with an extra-neutron outside of the α-
centers, the analogy to molecules is a bit delicate. Indeed, the Born-Oppenheimer approximation
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Figure 1.23: Modified Ikeda diagram to account cluster structures in the presence
of extra neutrons. In analogy to the analogous diagram for self-conjugated nuclei
(Figure 1.14) cluster configuratios of neutron rich nuclei are shown in correspondence
of the emission thresholds.

of cluster structures which can be in such a way obtained for light neutron-rich
nuclei is shown in Figure 1.23. This diagram is called modified Ikeda diagram, since
it provides a scheme analogous to the one proposed by Ikeda for self-conjugated
nuclei (Figure 1.14) but extended to the case of systems with extra-neutrons. The
evolution of clustering phenomena is here described as a function of the neutron-
richness and the corresponding decay thresholds at which these structures should
appear are also shown. Carbon and beryllium isotopes are remarkable examples,
since they represent the simplest nuclear molecules constituted, respectively, by a
two-center (dimeric) and a three-center (trimeric) configuration.

[84] treats the extra-electron as a rapidly moving particle with a negligible weight. This approxi-
mation is reasonably valid for molecules, where the mass ratio of the electron to nucleus is of the
order of 10−4, but less valid in nuclear molecules, where the mass of the valence particle is of the
same order of the ones of the α-centers [36].
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Figure 1.24: Excitation energy spectrum of 10Be as a result of the variational calcu-
lations after spin-parity projection (VAP) in the AMD framework (right) compared
to the experimental one from [119] (left). Density distributions for protons (left) and
neutrons (right) are shown for each state considered as band head of a rotational
band, i.e. 0+

1 , 2+
2 , 0+

2 and 1−1 . From [120].

The exchange of neutrons between α-particle cores is an extremely important
concept which gives the basis to the treatment of the beryllium isotopic chain [61,
116]. The glue-like effect played by extra neutrons can be quite well understood by
looking at the case of 9Be. While 8Be is unbound against α-decay, 9Be is stable.
Giving the highly clustered nature of 8Be, one can assume a α+n+α structure for an
appropriate description of 9Be. The presence of a further neutron makes it possible
for the structure to be bound, and, furthermore, 9Be is the only stable beryllium
isotope. Moreover, electron scattering on 9Be has suggested a high deformation of
this nucleus, in possible agreement with a dimeric structure [117, 118]. 10Be is a
further interesting case since it can be described in terms of a symmetric nuclear
dimer with a couple of valence neutrons [61]. The AMD model provides a good
description of both shell model and molecular-like aspects, which often coexist within
the domain of light neutron-rich nuclei. In order to theoretically study low-lying
excited state of the 10Be isotope, Kanada-En’yo, Horiuchi and Doté [120] developed
variational calculations after parity and total angular momentum projection in the
framework of AMD. Results are shown in Figure 1.24 (right panel). Excited levels
are grouped into rotational bands such as K = 0+

1 , 2+
2 , 0+

2 and 1−1 . For each state,
here considered as band-head of rotational bands, proton (left) and neutron (right)
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Figure 1.25: Schematic representation of molecular orbit π (left) and σ (right) in the
case of two α-centers. In the case of a π bond, the valence neutrons lie ortogonally
to the axis of the two α-cores, while in the σ bond they lie between the α-cores.
The inter-cluster separation is much more pronounced in the σ orbital. From [120].

density distributions are shown. They indicate quite deformed shapes, as a reflection
of the 2α + 2n clustering structure. From an analysis of the single-particle wave-
functions of valence neutrons, the 0+

1 as well as the 2+ and 4+ members of the
ground band are found to be in the negative parity orbits, characterized to be π
bonds (Figure 1.25 left). In this configuration, valence neutrons lie orthogonally to
the α-centers axis which, consequently, have a less pronounced separation. On the
other hand, clustering phenomena are more evident in the 1− band and, especially,
in the 0+

2 band (built, respectively, on the 5.96 MeV 1− and the 6.18 MeV 0+ states).
The latter is characterized by significant components of positive parity orbits, which
are analogous to the σ orbit (Figure 1.25 right). In this case valence neutrons are
localized in the region in between the clusters, leading to a larger separation of
clusters and a much more developed cluster nature. These findings are in agreement
with the ones of von Oertzen [61], obtained with his dimer model of beryllium
isotopes. More recent calculations have been performed by using a microscopic
α + α + n + n model based on the molecular orbit (MO) model. Low-lying states
of 10Be were predicted by using several configurations of valence neutrons built as
combinations of three basic orbitals whose positions are determined variationally.
These orbits originate from the low-lying 3/2−, 1/2+ and 1/2− states in 9Be. The
10Be ground state together with the 0+

3 state appear to be characterized by the π
orbit of the valence neutrons. The first is therefore, in analogy with Refs. [61, 120],
rather strongly bound and it does not exhibit a particularly pronounced cluster
separation. The second 0+ state exhibits instead a large inter-cluster distance (as
in the case of the AMD calculations [120]), being characterized by a σ orbit. The
present experimental knowledge of 10Be cluster states and rotational bands is quite
controversial [121], and it will be one of the subjects of the experimental investigation
we will present in Section 2.1 of Chapter 2.

The above discussion concerning two-center nuclear molecules can be naturally
extended to the case of multi-center molecules: the so-called nuclear polymers [61].
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Carbon isotopes represent the simplest cases of nuclear polymers, since they are
constituted by 3 α-cores, and, therefore, they are a particularly significant example
of nuclear molecules with more than 2 centers [10, 55]. Along the carbon isotopic
chain, particularly remarkable examples are present among both proton-rich and
neutron-rich isotopes. In the first case, 11C is considered an interesting isotope,
being it constituted by a missing neutron with respect to the self-conjugated 12C
configuration. Kanada and collaborators proposed a systematic study of its negative
parity states within the AMD framework [122]. In this work, they succeded for the
first time in reproducing the 3/2−3 state of 11C at an excitation energy of 8.10 MeV. It
has been linked to a structure quite similar to the one of the Hoyle state in 12C, and,
therefore, considered as a gas-like state with a pronounced 2α + 3He configuration,
where the two α-clusters and the 3He are weakly interacting and spatially extended.
On the other hand, a 5/2−2 state, which is considered a non-cluster state, is found
quite at the same excitation energy. An analysis of the mirror nucleus 11B, i.e.
the nucleus obtained from 11C by exchanging of role protons with neutrons, has
revealed a correspondence between states of these two nuclei with same properties.
As an example, the above discussed 3/2−3 state of 11C is linked to the 8.56 MeV
mirror state in 11B, which presents a diluted-gas structure [123, 124]. These states
are summarized and compared to the ones of 11B in Figure 1.26, taken from [123].
Cluster states of 11C have been organized into rotational bands, and these results
are discussed in [125, 126].

The first neutron-rich carbon isotope is the 13C. As in the case of 11C, its cluster-
configurations are strongly linked to the ones of 12C, since it has only a further
neutron outside of the 12C configuration [61]. In the case of 13C, a quite large
number of theoretical papers have been published regarding its cluster structure.
Milin and von Oertzen [127] focused on parity doublets, i.e. couples of rotational
bands with opposite parity and the same structure. These bands reflect the intrinsic
asymmetry of the underlying structure (9Be + α or α + α + α + n). They proposed
two opposite parity bands, the Kπ = 3/2− built on the 9.897 MeV state and the
the Kπ = 3/2+, which has the 11.080 MeV as band-head, based on the 9Be(3/2−,
g.s.) + α structure. All the states belonging to these bands, i.e. the 5/2±, 7/2±,
9/2± and 11/2± members13 (see Figure 1.27), are found to be populated in reactions
involving α-transfer. This evidence allowed the authors to conclude that they are
strongly characterized by a pronounced α-cluster nature. The properties of these
states have also been characterized on the basis of a molecular orbital model. The
band heads are found to coincide with the two lowest states based on the three-center
molecular orbital approach. From an analysis of the moment of inertia they suggest
a linear chain arrangement of the three α-particles bound by a covalent neutron.
States corresponding to the 9Be(1/2+, 1.68 MeV) + α structure are predicted as

13Many of the Jπ assignments, especially those for high-J values, are very tentative and often
subject of debate. In Section 2.4 we will report new results on 13C spectroscopy at energies above
the α threshold.
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Figure 1.26: Comparison between the mirror nuclei 11C (right) and 11B (left) low-
lying states from [123]. An almost perfect correspondence is reported between cou-
ples of states. As an example, the 3/2−3 state of 11C, lying at 8.10 MeV, has the 8.56
MeV 3/2−3 as a correspondent in 11B. They are both characterized by a diluted-gas
cluster three-center configuration, respectively 2α + 3He and 2α + t.

well and they have been linked by the authors to possible triangular configurations.
A doublet of Jπ = 1/2± experimentally observed states lying, respectively, at 10.996
MeV and 8.86 MeV are considered as candidates for this structure. Finally, they
suggested that the distinction between linear and triangular fashions in the 13C
cluster arrangement should be linked to considerations of σ and π-orbitals for the
ground and first excited states of 9Be, in which the valence neutron occupies two
different and orthogonal configurations. 13C low-lying states have been also object
of microscopic 3α-n calculations [128–131].

High energy 13C rotational bands, based on its 3α cluster structure, were pre-
dicted by Furutachi and co-workers [129] via a 3α + n cluster model based on the
GCM wave-function. Their model is able to reproduce the energy of the ground
state of 13C but not the energies of the 5/2−1 and 7/2−1 , which belong as well to
the ground state rotational band and which are probably not consistent with the
model assumption of 3α-clusters. Two excited rotational bands are predicted to be
built on 3/2−2 (11.4 MeV) and 3/2−3 (14.5 MeV) states around the threshold energy,
called, respectively Kπ = 3/2−2 and 3/2−3 (see Figure 1.28). Both bands appear
as characterized by large moment of inertia and a pronounced cluster configuration.
The Kπ = 3/2−2 band, which is linked by the authors to the 3/2− band of [127] (blue
open squares in figure) corresponds to a bent 3α linear chain configuration, more
compact than the gas-like configurations predicted by the same model in the case
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Figure 1.27: Parity split rotational bands (K = 1/2±) based on the 9Be(3/2−, g.s.)
+ α structure, as suggested in [127] on the basis of a three-center molecular orbital
model. Energy of their rotational members is plotted as a function of J(J + 1).
They correspond to linear chain arrangements of 3 α-cores with a valence neutron.
From [127].

of 12C. A 1/2−2 state (yellow circle in Figure 1.28) is finally found around the 3α+n
threshold (12.221 MeV), but it is not linked to the previously discussed rotational
bands since it is not described by a 3α + n structure.

The possible existence of 1/2 states in 13C based on a 3α nature is extremely
important, since they can be possibly related to the coupling of a valence neutron
to the Hoyle state in 12C. AMD calculations with the constraint of the harmonic
oscillator quanta (HON) pointed out that, differently from the 1/2−2 state predicted
in [129], the 1/2−3 (Ex ≈ 18.0 MeV) has a strong 3α + n structure, giving rise
to a linear chain band (Kπ = 1/2−) with a large deformation [130]. The 1/2+

1

state identified at 14.9 MeV is associated to the Kπ = 1/2+ rotational band. The
K = 1/2± bands form a parity doublet which reflects the asymmetric intrinsic
structure of 13C* seen as a nuclear molecule. A 1/2+

2 state, lying at about 15.7 MeV
excitation energy, is associated to a large 12C(0 +

2)⊗ n(s1/2) spectroscopic factor.
This state can be interpreted as the Hoyle analog state in 13C, i.e. as the 0+

2 state
of 12C accompanied by a valence neutron in s-wave. This state has a larger radius
(2.78 fm) than the one of the ground state of 13C (2.52 fm), further confirming
its analogous nature to the Hoyle state. However, it should be noted that such a
gas-like structure is distorted by the presence of the valence neutron, which makes
the radius smaller than the one observed for the Hoyle state (2.90 fm). Another
possible Hoyle analog state is found, by means of 3α+n OCM calculations [131], at
an excitation energy of about 14.9 MeV. This state, named as 1/2+

5 by the authors of
[131], is described by a gas-like configuration with an extremely large radius (4.3fm).
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Figure 1.28: Energy of the calculated 13C rotational bands, computed from the
3α+n decay threshold (12.221 MeV) as a function of the J(J + 1). The one labeled
as Exp.Kπ = 3/2− corresponds to the one suggested by the Ref. [127] and shown in
Figure 1.27. From [129].

It is characterized by a dominant (≈ 0.6) 12C(0 +
2)⊗ n(s1/2) spectroscopic factor, as

observed in the Figure 1.29.
The last example here discussed is the case of 16C. Its possible cluster molecular-

like configurations are constituted by a symmetric three-center structure of the type
3α + 4n. This structure is the most promising candidate for a stable linear-chain
configuration because its stability against the bending motion was pointed out by
molecular-orbital model calculations [133]. Despite its importance, our present ex-
perimental knowledge of 16C is extremely poor [134], and only a few experiments
concerning its cluster configurations are reported in the literature and with extremely
low statistics [135, 136]. Very recently, a theoretical calculation, performed with the
AMD code, has been published [132]. Two kind of 3α structures are suggested, the
one with the α-clusters forming an isosceles triangular configuration and the other
where they are arranged in a linear-chain, see Figure 1.30. The latter is particularly
stable thanks to the role of the valence neutrons. In the case of the triangular config-
uration, the surrounding valence neutrons are found to occupy the sd shell, while the
linear-chain configurations are qualitatively understood in terms of 3/2−π and 1/2−σ
molecular orbits, as predicted by the molecular-orbital model [133]. Such states have
been organized by the authors of Ref. [132] in rotational bands as in Figure 1.31.
Triangular and linear rotational bands are here found to be built, respectively, on
the 8.0 MeV and 15.5 MeV states. The latter is characterized by hyper-deformation.
Only few of these states (mainly at low energies, represented by the open boxes in
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Figure 1.29: Spectroscopic factors of the 12C(JπC) + n (JπC = 0+
1 , 1

−
1 , 2

+
1 , 3

−
1 , 0

+
2 ) and

9Be(Jπ9 ) + α (Jπ9 = 3/2−1 , 1/2
−
2 , 5/2

−
1 , 1/2

+
1 ) channels for the 1/2+

5 state in 13C, Ex =
14.9 MeV. The strong (≈ 0.6) 0+

2 configuration indicates that this state is a candidate
to be the 13C Hoyle analog state. From [131].

the figure) have been experimentally observed and therefore new investigations are
needed to understand the clustering nature of this isotope, especially close to the
4He + 12Be (13.808 MeV) and 6He + 10Be (16.505 MeV) thresholds.

1.5 Techniques for the study of clusters in nuclei

Clustering phenomena in light nuclei can be experimentally probed by investigating
their spectroscopy. The spectroscopy of a nucleus consists in the knowledge of the
characteristics of its excited states, i.e. Ex, J , T , π, C2S, where Ex represents the
excitation energy of the state, J is the total angular momentum, T is the isospin, π
is the parity of the corresponding wave-function, connected to its spatial symmetry,
and C2S are the so-called spectroscopic factors. The latter are the square modules
of the spectroscopic amplitudes, which are formally connected, as better explained
below, to the decompositions of the nuclear wave-function in each possible nuclear
configuration.

These information can be obtained by means of different types of experiments
which involve nucleus-nucleus collisions at low and intermediate energies. Basically,
they can be divided into two principal categories: compound nucleus reactions, i.e.
reactions which involve the formation of a resonant state as a intermediate stage,
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Figure 1.30: Density distrubutions of 16C valence neutrons and protons as computed
by AMD calculations [132] for the ground state (a,b), the triangular configuration
(c,d) and the linear chain states (e,f). The contour lines represent the proton density,
while neutron densities are represented by the color plots. The lower panels show
the most weakly bound two valence neutrons, while the other two are shown in the
upper ones. From [132].

and reactions involving the production of a resonance as a final product of the col-
lision, whose properties can be investigated by detecting the corresponding decay
products (particle-particle and multi-particle correlations). The first case is dis-
cussed in paragraph 1.5.1, where we will give the basic ideas of the treatment of
resonances in compound nucleus reactions. A powerful method for the interpre-
tation of such experimental data, and their link to the formal quantities given by
the theory of resonances, is discussed in paragraph 1.5.2. Finally, particle-particle
and multi-particle correlation techniques, and their link to clustering aspects, are
discussed in paragraph 1.5.3.

1.5.1 Compound nucleus reactions

High-precision experiments involving the formation of a compound nucleus repre-
sent a powerful way to probe clustering in nuclei14. When a projectile nucleus a

14The concept of compound nucleus reaction was firstly introduced by Niels Bohr. According
to the Bohr idea, when the bombarding particle has sufficiently low energy, it can be absorbed by
the target nucleus, and it shares its momentum with the other nucleons of the target. The kinetic
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Figure 1.31: Calculated positive parity energy levels of 16C as a function of their
angular momentum J , up to Jπ = 12+, as obtained in [132] with the AMD model.
Open boxes indicate experimentally observed states. Ground, triangular and linear-
chain bands are represented, respectively, by circles, triangles and filled squares.

impinges on a target nucleus A at low energy, the formation of a resonant state
of the compound system C can occur. It can subsequently decay in any of the
open15 channels. Assuming that the formation of the compound nucleus C occurs
via an isolated resonance, and that there are only two open channels, a and b (the
latter corresponds to the emission of the ejectile b and the residual B, see the Fig-
ure 1.32), the expression of the cross section σ contains the properties of the excited
state of the compound nucleus through the logarithmic derivative fl of the radial
wave-function ul(r) at the nuclear boundary r = R. The expression of the radial
wave-function, solution of the Schrödinger equation outside of the nuclear surface,
has the general form (see Refs.[36, 138] for a complete derivation):

ul(r) = Au+
l (r) +Bu+

l (r)

= Ae−iδl [Gl(r) + iFl(r)] +Be−iδl [Gl(r)− iFl(r)], r > R
(1.47)

where u+
l and u−l correspond, for large distances, respectively to the incoming and

outgoing spherical wave representing the asymptotic behaviour of the nuclear reac-
tion. The quantity δl is the Coulomb phase shift. In the case of l = 0 neutrons,
Fl = krjl(kr) and Gl = krηl(kr) represents spherical Bessel and Neumann func-
tions. For a charged particle with a generic orbital angular momentum l, they
correspond, respectively, to the regular and irregular Coulomb wave-functions. Par-
ticularly important in this frame are the real quantities Sl and Pl, which are called
energy, as well as the binding energy, of the incoming particle will be converted into an excitation
energy of the system formed by the fusion of target + projectile, the so-called compound nucleus
[137].

15Open means that this channel fulfils all the conservation laws characterizing the strong inter-
action: energy, momentum, angular momentum, parity, charge, isospin, barionic number.
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respectively shift factor and penetration factor. They are completely determined by
the boundary conditions of fl outside the nucleus:

fl = R

(
1

u+
l (r)

du+
l (r)

dr

)
r=R

= R [Gl(dGl/dr) + Fl(dFl/dr) + iGl(dFl/dr)− iFl(dGl/dr)]

≡ Sl + iPl

(1.48)

where
Sl = R

[
Fl(dFl/dr) +Gl(dGl/dr)

F 2
l +G2

l

]
r=R

Pl = R

(
k

F 2
l +G2

l

)
r=R

(1.49)

These quantities depend on the wave-number k in the center of mass system, the
channel radius R and the orbital angular momentum l. For l = 0 neutrons, for
example, being F0 = sin(kr) and G0 = cos(kr) [139], they give P0 = kr and S0 = 0,
which means that the shift factor vanishes in absence of a barrier. The reaction
cross section close to an isolated resonance can be derived in terms of Pl and Sl by
means of the Breit-Wigner formula:

σ = (2l + 1)
π

k2

ΓaΓb
(E − Er)2 + Γ2

r/4
(1.50)

where Γa and Γb are the so-called partial widths for, respectively, the entrance chan-
nel and the exit channel of the reaction and they are equal to

Γa ≡ −
2(Pl(E))a

(∂fl/∂E)E0
r ,q=0

= 2P a
l (E)γ2

a

Γb = 2P b
l (E)γ2

b

(1.51)

In the equations 1.51, P a
l (E) and P b

l (E) represent, respectively, the penetrability
factors for the entrance and the exit channel. The penetrability factor appears in the
definition of the partial widths since a particle has to penetrate the barrier in order
for a reaction to occur. γ2

a and γ2
b are the so-called reduced widths, and they are easily

obtained via Eqs. 1.51 once the contributions due to the penetrability factor are
removed from the partial width value. The cross section depends on the properties
of nuclear interior through these numbers. Furthermore, they are connected to the
above mentioned spectroscopic factors C2S, whose meaning will be discussed below.

The total width of the resonance, which corresponds in first approximation to
the width of the observed resonance in the measured cross section (see the sketch
of Figure 1.32) and which is linked to the inverse of the resonance lifetime, is given
by the sum of each partial width:

Γr = Γa + Γb (1.52)
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a+A
Ethr

b+B
C

Er
r

Γ = Γa+Γb

Figure 1.32: Level scheme of a compound nucleus reaction of the type
a + A −−→ C? −−→ b + B. The resonance r is populated at an excitation energy
Er. The behaviour of the cross section for the isolated resonance is qualitatively
shown in the right pad. The width Γ of the level is the Full Width at Half Maxi-
mum (FWHM) of the resonance in the cross section as a function of the energy and
it corresponds to the sum of all the partial widths which contribute to the decay of
the state Γ = Γa + Γb.

Finally, a special attention must be given to the resonance energy Er. It is defined
as:

Er = E0
r +

Sl(E)

(∂fl/∂E)E0
r ,q=0

= E0
r − Sl(E)γ2

a (1.53)

which means that the observed resonance energy, appearing in the formulation of
the cross section in the proximity of an isolated resonance, is shifted respect to the
formal energy (or level energy) E0

r of a quantity −Sl(E)γ2
a. This fact reflects the

presence of a barrier in the entrance channel.
To understand how the above discussed quantities are linked to the nuclear

structure and, specifically, to clustering phenomena, a few details on the treatment
of particle emission from a nuclear state have to be given. Let us consider, as an
example, a possible state of 57Fe, whose wave function Ψ1 corresponds to the ground
state of 56Fe with a further neutron in the 3s1/2 orbit, i.e.

Ψ1(57Fe) = Ψ(56Fegs)Ψ(3s1/2) (1.54)

Being the 56Fe an even-even nucleus its ground state is 0+ and thus the state of
equation 1.54 would have Jπ = 1/2+. This represents a highly excited state of 57Fe
with an unbound neutron, which can be released in a nucleon-emitting process like:

57Fe −−→ 56Fegs + n(3 s1/2) (1.55)

Calling vi its velocity within the nucleus and R the radius of the nucleus, the extra-
neutron will reach the nuclear surface in a time of the order of R/vi. In correspon-
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dence of the surface, it will experience a change in the potential which can reflect it
again inside the nucleus. It is possible to demonstrate (see [140]) that on average it
will be reflected a number of times equal to vi/4ve, where ve is the velocity of the
emitted outgoing neutron. The average time required for a neutron to be emitted is
thus:

τ0 ≈
R

vi

vi
4ve

=
R

4ve
(1.56)

which is usually called Wigner limit and which results in a decay rate of λ0 = 1
τ0
. If

one now considers all the possible configurations of the type of equation 1.54 leading
to a Jπ = 1/2+ state, we have to write:

Ψi(
57Fe) =ci1Ψ(56Fegs)Ψ(3s1/2) + ci2Ψ(56Fe1−)Ψ(2p3/2) + ci3Ψ(56Fe2−)Ψ(2p3/2)+

ci4Ψ(56Fe0−)Ψ(2p1/2) + ci5Ψ(56Fe1−)Ψ(2p1/2) + . . .

(1.57)

This represents a wave-function expansion of a generic 1/2+ state i of 57Fe in the
56Fe + n configurations. All these configurations dynamically mix in such a way that
the nucleus will spend some time in each of them. The decay partial width of the
state i via neutron emission will be:

Γi = ~
∑
k

λ0kc
2
ik (1.58)

where Γi = ~λi, λ0k is the decay rate of the k-th configuration (see equation 1.56)
and the factors c2

ik, the square of the amplitudes cik, are equivalent to the fraction
of the time the nucleus spends in the k-th configuration. The sum of all these
amplitudes gives:

θ2
i =

∑
k

|cik|2 (1.59)

which corresponds to the dimensionless reduced partial widths, i.e. the ratio of the
above discussed decay partial widths to the ones at the Wigner limit θ2

i =
γ2
i

γ2
Wi

. From
the nature of the factors cik defined in equation 1.57, it follows the sum rule:∑

i

θ2
i ≤ 1 (1.60)

The consequence of equation 1.60 is that, for a generic state i decaying via neutron
emission, θ2

i ≤ 1. If the structure of the state i is fully dominated by a particu-
lar single-particle configuration, like, in our example, 56Fe + n, it will have θ2

i = 1
and one says that the corresponding decay partial width of equation 1.58 is at the
Wigner limit. The investigation of the particle emission rate of a nuclear state, and
thus of the corresponding partial width, is therefore useful to probe if a particular
configuration is dominant in the corresponding structure. This is the case of clus-
tering phenomena. So it is possible to claim a particular cluster configuration if one
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observes, when the resonance is populated by a compound nucleus reaction, a decay
partial width in the cluster channel characterized by having a significant fraction of
the Wigner limit.

The above subject not only applies to the case of l = 0 X + n configurations
(which is a simplified case because of the absence of any barrier), but also to any
other possible configuration. Its extension to the case of charged particle emission
with arbitrary l values (see Ref. [138, 140] for more details) can be obtained in
the following way. Let us assume that the compound nucleus is configured in the
resonance r and that there is only one open channel c. The corresponding wave-
function, which contributes to the emission in the channel c will be, for the above
discussion, a linear combination of radial single-particle wave-functions ucrk, each
of them contributing to a particular configuration of the compound system in the
decomposition c16:

Ψr(~R) =

[∑
k

crku
c
rk(R)

]
Ylm(θ, ϕ)

R
(1.61)

The partial width Γc of the level r can be determined as the probability flux of
the particle through the only open channel c. This number can be calculated by
integrating the quantum-mechanical current [141], through a sphere of radius R, in
the whole solid angle:

Γcr = ~
∫
dΩ

R2jdΩ = ~
∫
dΩ

R2 ~
2im

(
Ψ?
r

∂Ψr

∂r
− ∂Ψ?

r

∂r
Ψr

)
dΩ (1.62)

With some algebra (see Ref.[138]) one obtains:

Γcr =
∑
k

2
~2

mR2
P c
l (E)C2Sϕ2

ck (1.63)

with:

C2S = c2
rk (1.64)

ϕ2
ck =

R

2
|ucrk(R)|2 (1.65)

The first are called spectroscopic factors17, which are the square of the spectroscopic
amplitudes used in the linear combination of equation 1.61, while the second repre-
sent the decay rate in the channel c from each configuration k. The spectroscopic

16A channel (decomposition c) is typically formed by two particles: b + Y . The particular
configuration of a given decomposition corresponds to solve the Schrödinger equation for the single-
particle Hamiltonian describing the motion of particle b within the well generated by b+ Y . This
equation admits several (discrete) solutions that will represent a particular configuration o the
decomposition c (≡ b+ Y ).

17C2 represents the square of an isospin Clebsch-Gordan coefficient, while S is the actual spec-
troscopic factor. In the literature anyway it is usual to indicate with spectroscopic factor the whole
product C2S.
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factor, which gives the structure configuration of a state, depends on the many-
nucleon structure of the level r and it is a measure of the probability that a com-
pound state r, with a cluster configuration c, can be described by the single-particle
configuration k. From the equation 1.63 it turns out that the partial width of the
decay of a state in a particular channel is a product of three factors: (i) the probabil-
ity that the nucleons will arrange themselves in the configuration corresponding to
the final state (C2S), the probability of the particle to be emitted (∝ |ucrk(R)|2)18,
and the probability of the particle to penetrate centrifugal and Coulomb barrier
(R/2P c

l (E)).

1.5.2 R-matrix theory

In a compound nucleus reaction, the R-matrix theory can be used in order to extract,
from the experimental data of cross sections, spectroscopic properties of nuclear
states like Ex, J , π, γ2

c . The last, in particular, can be used to access the spectro-
scopic factors C2S and, consequently, to prove clustering phenomena in such sys-
tems. While a detailed treatment of R-matrix theory can be found in Ref. [143, 144],
a simplified description is given in this paragraph.

This method was firstly introduced by Wigner and developed by Wigner and
Eisenbud [145, 146]. It aims to describe the observed reactions in terms of param-
eters such as the radius a of a nuclear sphere, the energy levels and the reduced
widths, without describing the microscopic structure inside the compound nucleus.
These are normally considered as free parameters for best-fit procedures. No as-
sumptions are indeed made concerning the form of the wave-functions inside the
nuclear sphere, and only their properties at the surface r = a are employed. These
properties are expressed in terms of the logarithmic derivatives of the wave-functions
at the boundaries, which form the matrix element of the R-matrix. The theory is
therefore very general, since it is free of any physical model, except the assump-
tion regarding the formation of a compound nucleus. The R-matrix theory allows
to extend the previously discussed Breit-Wigner formula of the cross section to a
more general formulation which includes an arbitrary number of channels and an
arbitrary number of resonances, taking into account the interference effects between
resonances. The R-matrix relates the value of the wave-function in the internal re-
gion to its derivative at each channel entrance. It is defined, for an arbitrary number
of channels c, c′, as:

Rc,c′ ≡
∑
r

γrc′γrc
Er − E

(1.66)

the definition 1.66 connects the elements of the R-matrix explicitly to the energy,
since γrc and Er are energy-independent parameters. The poles of the R-matrix
occur at each value Er of energy and each of the elements Rc,c′ represents a real

18This quantity, usually set to unity in simplified calculations [142], can be more precisely
evaluated by solving the Schrödinger equation for a Wood-Saxon potential. See [138] for details.
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number. The position of the poles is furthermore independent on the channels c and
c′. In the framework of R-matrix, a channel is identified by the quantum numbers
{α(I1I2)sl, JM}, where α(I1I2) represent a specific state of excitation α of a specific
pair of nuclei 1 and 2, having spins I1 and I2, ~s = ~I1 + ~I2 is the channel spin, l is the
orbital angular momentum of their relative motion and ~J and M are the total spin
and its component along a quantization axis. For the entrance channel consisting
of a projectile and a target nucleus, one can set ~I1 = ~jp and ~I2 = ~jt, consequently:

~J = ~l + ~jp + ~jt (1.67)

Because of the degeneracy of these values, there are (2l+1)(2jp+1)(2jt+1) different
sets of spin orientations with the same probability. The cross section has therefore
to be multiplied by the relative probability that projectile and target will be found
to have a total spin J :

g(J) =
2J + 1

(2l + 1)(2jp + 1)(2jt + 1)
(1.68)

The cross section, as well as the phase shifts, can be derived from the R-matrix by
using the boundary conditions and the energy independent parameters γrc. As an
example, in the case of an isolated resonance and an arbitrary number of channels,
one can derive the so-called generalized one-level Breit-Wigner formula for a generic
reaction leading from the α channel to the α′:

σ(α, α′) =
π

k2

2J + 1

(2jp + 1)(2jt + 1)

(
∑

ls Γrc) (
∑

l′s′ Γrc′)

(E − Er −∆r)2 + Γ2
r/4

(1.69)

where Γrc = 2Pc(E)γ2
rc are the partial widths, Γr(E) =

∑
c Γrc(E) is the total width

of the resonance r and ∆r(E) =
∑

c ∆rc(E) is the total level shift. The latter is
the superposition of partial level shifts, which appeared in the formulation of the
single channel Breit-Wigner of paragraph 1.5.1: ∆rc(E) = −[Sc(E) − Sc(Er)]γ

2
rc.

Both penetration and shift factors are referred to the interaction radius. Normally
it is chosen to be as small as possible so that the quantities of the resonance the-
ory contain primarily information on the nuclear interaction. For this reason, it is
commonly taken equal to the smallest separation distance of the nuclear pair for
the reaction to occur, i.e. the channel radius R = r0(A

1/3
t + A

1/3
p ), with a radius

parameter lying in the range r0 = 1.0-1.5 fm. A simplification of equation 1.69 was
introduced by Thomas in 1951, observing that since the shift factor Sc(E) depends
only weakly on the energy, it could have been expanded in the following way:

E − Er −∆r ≈ (E − Er)
[
1−

(
d∆r

dE

)
Er

]
(1.70)

By using the result of equation 1.70, the commonly used formulation of equation
1.69, which reproduces the cross section of the α −−→ α′ cross section for an isolated
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resonance r, becomes:

σ(α, α′) =
π

k2

2J + 1

(2jp + 1)(2jt + 1)

(
∑

ls Γorc) (
∑

l′s′ Γ
o
rc′)

(E − Er)2 + Γ2
r/4

(1.71)

where the formal widths Γrc have been replaced by the observed widths Γorc:

Γorc ≡
Γrc

1− (d∆r/dE)Er
=

Γrc

1−
(∑

c′′ γ
2
rc′′

dSc′′
dE

)
Er

(1.72)

which applies also to the reduced widths. The difference between formal and ob-
served width is much more important as the reduced width of the state becomes
large.

Operatively, one uses multi-channel multi-level R-matrix formulations like [147]
to find the set of parameters Ex, J , π, γ2

c which reproduces the experimental trend
of the cross section for each channel and each process considered. Since clustering
phenomena are related to states having pronounced (i.e. close to the Wigner limit)
partial widths for α-emission (Γα), the study of compound nucleus reaction channels
which involve the emission of an α-particle, like resonant elastic scattering (RES)
(α,α), resonant inelastic scattering (α, α′), (p, α) and (d, α) reactions, is of great help
to determine the Γα partial width of a given excited state from best-fit procedures.

1.5.3 Direct reactions and correlations

In addition to compound nucleus reactions, which occur when the incident energy
is low, there is another class of nuclear reactions of particular interest for clustering:
the so-called direct reactions. This type of reactions becomes increasingly important
as the bombarding energies increase19 and they have a crucial role in revealing the
structure of nuclei both below and above the cluster decay thresholds. Particularly
relevant for this aim are transfer reactions and breakup reactions. All these reactions
have in common that the time of interaction is of the order of the time spent by the
incident particle to traverse the nuclear diameter of the target, which is typically
of the order of 10−22 s. This time is much shorter than the time required for a
system to form a compound nucleus, and this is the main difference between the
two mechanisms. Another important feature of direct reactions is that there is no
mechanism for significantly altering the direction of the momentum carried by the
incident particle. In other words, while in a compound nucleus reaction the direction
of the incident particle is changed by repeated collisions with consequently isotropic
angular distributions of the emitted particles, in direct reactions there are few (or
just one) collisions and a resulting strong asymmetry of angular distributions. The

19Evidences for direct reaction mechanisms at very sub-barrier energies have been reported in
the literature, especially in presence of a pronounced cluster structure of the reaction partners
[148, 149].
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consequence is that the direction of the emitted particles is highly correlated with
the direction of the incident momentum. The direction of the emitted particles is
for this reason peaked at the forward direction.

Transfer reactions are classified in pick-up and stripping reactions. In them, as
an incident particle passes through the nucleus, nucleons are transferred from one
to the other. Pick-up reactions are characterized by the transfer of nucleons from
the target to the projectile, while in stripping reactions nucleons are stripped off the
incident particle by the target nucleus. The disturbance of the nucleus is minimal
in these types of phenomena and, for this reason, there is a strong tendency for the
residual nucleus to be left in a state of low excitation. One important feature of all
direct reactions is the relationship between the angular momentum transferred in the
reaction and the angular distribution of the emitted particle. Normally, an angular
distribution of a transfer reaction results from a superposition of waves emanating
from all parts of the nuclear surface. This generates an interference effect which
leads to diffraction-like pattern of intensity variations. These effects are taken into
account by means of the Distorted Wave Born Approximation (DWBA) by treating
the incident and emitted particles as moving under the influence of an optical-model
potential. DWBA calculations are able to predict the dependence of the cross section
of transfer reaction processes as a function of the emission angle. Particular types
of one-nucleon transfer reaction, i.e. a stripping process that involves the exchange
of only one nucleon, are represented by the (d, p) or (d, n) reactions. The first case
involves the transfer of a neutron from the projectile to the target nucleus. Under the
assumption that the transferred neutron enters one of the orbits without otherwise
disturbing the nucleus, the angular distribution of the cross section σ(θ) can be
written as follows:

σ(θ) = C2S · σDWBA(θ) (1.73)

where C2S is the spectroscopic factor describing the degree to which the model used
in the DWBA calculation correctly describes the nuclear structure changes. An in-
teresting example is the 58Ni(d,p)59Ni one-neutron transfer reaction. If one indicates
with lt and jt, respectively, the orbital angular momentum of the transferred neutron
and its total angular momentum, the configuration of the nucleus upon its entry is:

58Nigs + n(lt, jt) (1.74)

Being the ground state of 58Ni a 0+ state if, for example, lt = 1 and jt = 3/2,
the state formed in 59Ni would be 3/2−. In general, the state is the mixing of
all the possible configurations like equation 1.74 weighted by the corresponding
spectroscopic amplitude. The probability for any particular 3/2− state of 59Ni to be
formed will be therefore proportional to the fraction of its time it spends in each of
the configurations. In other words, the wave-function for some 3/2− state i will be:

Ψ3/2(i) = θ1Ψ[58Nigs]Ψ(p3/2) + . . . (1.75)
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Figure 1.33: Angular distribution of 16O(6Li,d)20Ne α-transfer reaction for low-lying
states of 20Ne. The curves are theoretical results from DWBA calculations. From
[150].

If a particular θ2
j = 1, only one of the above terms contributes to the state i. So we

have just the model used in calculating σDWBA and, from equation 1.73, C2S = 1. In
general, each C2S referred to a particular configuration used in calculating the angu-
lar distribution via the DWBA is equal to the square of the corresponding amplitude
θ2
j . So C2S are the spectroscopic factors related to each configuration. Differently
from the use of compound nucleus reactions, where the structure configurations are
extracted from the reduced widths of states above threshold, here it is possible to
directly obtain the spectroscopic factors under a precise model assumption. This is
possible even for states which are below threshold and for which it is not possible
to define decay partial widths.

The above argument applies also to multi-nucleon transfer reactions. In particu-
lar, α-particle transfers are useful to prove clustering features of nuclear states [150].
In Figure 1.33, as an example, angular distributions of 16O(6Li,d)20Ne α-transfer re-
action are shown for the first low-lying states of 20Ne. Each state is identified by
a different value of transferred momentum L. The trend of the data exhibits the
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typical diffraction-like peaks which are reproduced by a DWBA fit following the
formulation:

σ(θ) = N · C2Sα · σDWBA,L(θ) (1.76)

Here, N is a constant factor that takes into account the degree of clustering in the
specific projectile nucleus used to induce the α transfer reaction; it can be determined
by comparing the DWBA cross section to the experimental cross section populating a
state for which the α spectroscopic factor is already known. The equation 1.76 allows
to extract the α spectroscopic factor C2Sα for each state and, as a consequence, to
investigate their cluster nature.

Breakup reactions are another class of direct reactions which allow to investigate
the possible presence of states characterized by α clustering above the emission
threshold. They consist in the excitation of a nucleus by means of the interaction
with another nucleus (via inelastic scattering or transfer primary mechanisms) above
the particle decay threshold, and the subsequent de-excitation of the excited nucleus
via particle emission. One distinguishes between projectile and target breakup, if
the nucleus that finally disintegrates is, respectively, the projectile or the target
of the collision. Normally, depending on the experimental setup used to detect
the emitted fragments, one can evidence one type of breakup or the other. As an
example, in a target breakup reaction breakup products are emitted in a large cone,
almost isotropic, and they have low energies, since the boost given by the target is
reduced, being the target almost at rest after the reaction. In a projectile breakup
reaction, on the contrary, breakup fragments are normally forward focused, because
of the boost given by the projectile, and they have higher energies. Furthermore,
one distinguishes between sequential and direct breakup. In the latter, the nucleus
suddenly disintegrates by means of the forces given by the gradient of density which
occurs during its interaction with the target [151]. In this case, breakup fragments
do not bring any significant information on the spectroscopy of the emitting nucleus.
On the contrary, sequential breakup reactions are often used to probe the structure
of nuclei. They occur via a two-step process in which the nucleus is initially excited
by means of the interaction with the target and then it asymptotically (sequentially)
breaks-up as a de-excitation process.

The spectroscopy of the nucleus prior to decay can be inspected by measuring
masses and momenta of the outgoing particles. Let us assume a sequential breakup
reaction of the type X + Y → X? + Y →

∑
i x

N
i=1 + Y , where the N breakup

fragments xi of masses mi are emitted by the intermediate resonance X?. The
quadri-momentum of the i-th fragment will be

qi ≡ (x0
i ;x

1
i , x

2
i , x

3
i ) = (Ei, p

x
i , p

y
i , p

z
i ) (1.77)

where we used its covariant components and we assumed c = 1. The usual vector
(pxi , p

y
i , p

z
i ) is the momentum of the i-th fragment, while the first component of

the quadri-vector represents its total energy Ei =
√
p2
i +m2

i . The total quadri-
momentum then will be q =

∑N
i=1 qi. The calculation of its invariant square is
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Figure 1.34: Kinematics of a sequential projectile breakup reaction of the type
X+Y → X?+Y → a+ b+Y . The primed quantities are referred to the laboratory
frame while the non-primed are in the center of mass frame. In the right panel,
vectors are only shifted to the origin for clarity reasons. θ∗ is here defined as the
angle formed by the scattered projectile X∗ with the beam axis in the reaction center
of mass. Ψ is the angle formed by the relative velocity vector of the two emitted
fragments with the beam axis.

trivial and it leads to the following quantity:
√
s = qµqµ = q0q0 − q1q1 − q2q2 − q3q3 (1.78)

which is called invariant mass and which is a relativistic invariant quantity, i.e. a
quantity which is independent on the reference frame. It represents the mass of
the particle which emitted the N fragments leading to the quadri-momentum q.
The excitation energy of X? prior to decay then is just the difference between its
invariant mass and the mass of the ground state X:

Ex =
√
s−m(X) (1.79)

The equation 1.79 allows to obtain information on the energy position of excited
states populated in a breakup reaction. This technique is called multi-particle cor-
relation and is particularly sensitive to cluster configuration, since they have pro-
nounced decay widths for the emission of constituent clusters. Similar techniques
allow also to obtain further information regarding the nuclear structure of the emit-
ting nucleus, like the spin J . For simplicity, let us consider the case of a binary
process occurring via the emission of a couple of spinless particles from the emit-
ting source X?. In such a case the reaction can be schematically indicated with
the notation X + Y → X? + Y → a + b + Y , where a and b are the correlated
breakup fragments. The process is sketched in the left panel of Figure 1.34, where
the velocity vectors of all the particles emitted in the final states are drawn. In the
center of mass of the reaction, X? and Y are emitted in opposite directions and the
same occurs in their emission center of mass frame for the fragments a and b, i.e. in
the reference frame where X? is at rest. The figure allows to define some important
quantities. The first is the angle formed by the direction of X? in the reaction center
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of mass and the incoming beam direction, which is normally called θ?. Another im-
portant quantity is the one defined by the right panel of Figure 1.34. It is the angle
formed by the relative velocity vector ~vrel = ~vb

′ − ~va
′ of the two fragments in the

laboratory frame with the beam axis, Ψ. Under the assumption that the emission of
a and b proceeds via an intermediate resonant state X?, in a semi-classical approach
the double differential cross section d2σ

dΩdΩΨ
has the following dependence on θ? and

Ψ [152, 153]:
d2σ

dΩdΩΨ

∝ |Pl(cos(Ψ + αθ∗))|2 (1.80)

where Pl is the l-order Legendre polynomial, l is the relative angular momentum of
the two emitted particles and the phase shift α corresponds to the quantity lf/J , i.e.
the ratio of the final state grazing angular momentum to the spin of the resonance
J . The equation 1.80 gives rise to ridges in the double differential cross section like
the ones of the Figure 1.35 (right panel) [153]. If one projects the data in a direction
orthogonal to the ridges, the obtained picture is the one shown in the same figure
(left panel), where the periodicity reflects the l-order Legendre polynomial. In such
a way, one obtains an indirect measurement of l and, in the case of a couple of
spinless particles, directly the J of the resonance J = l. Another commonly used
strategy to obtain the l of the emission is to restrict the data to small values of θ∗, so
that the corresponding phase shift term αθ∗ does not significantly contribute to the
angular distribution of Ψ, which can be directly fitted in terms of squared Legendre
polynomial, see for example [154].

When the decay of a resonant state occurs via the emission of more than 2
fragments, one can use multi-particle correlation techniques to inspect the decay
path of the state, i.e. the individual20 partial widths which contribute to the global
partial width of the particular decay channel. A simple example is the decay of
a resonance in three equal-mass particles. In such a case, as for the Hoyle state
in 12C (see paragraph 1.4.2) one can expect direct resonance decays of the type
X? → y1 + y2 + y3 or sequential decays, where a two-step process occurs: X? →
y1 + Y ? → y1 + y2 + y3. If they are the only two ways for the resonance decay, the
partial width of the decay will be the sum of the direct and the sequential ones:
Γy1+y2+y3 = Γdirect + Γsequential. The symmetric Dalitz plot can be used in order to
geometrically visualize both decays and to extract their amplitudes. These plots
were introduced in particle physics by Dalitz [155] but they are widely used in in-
flight resonance decay studies of nuclei [156]. A symmetric Dalitz plot can be built
by using the kinetic energy of the three particles in the reference frame where the
parent nucleus X? is at rest. Calling Ei,j,k these values, one can define the Dalitz
plot coordinates as follows:

εi,j,k = Ei,j,k/(Ei + Ej + Ek) (1.81)

20Individual in the sense of the partial width associated to a peculiar decay pattern of a given
channel.
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Figure 1.35: (right) Double differential cross section d2σ
dΩdΩΨ

of the 12C(16O,12C12C)α
reaction. The typical ridges are well visible. (left) Projection of the differential
cross section data in a direction perpendicular to the ridges. Periodicity in such a
distribution reflects the l of the two-particle relative motion. From [153].

which are called normalized decay energies. They can be used as coordinates of a
system of axis like the one in Figure 1.36. Since the sum of each of the coordinates
is a constant, experimental points, corresponding to (εi, εj, εk) energy coordinates,
are therefore localized inside the triangle21 in figure. Furthermore, from the energy
conservation in the decay we must have εi+εj +εk = 1, which results in a constraint
that confines the data into the green circle of Figure 1.36. In the case of direct decays,
according to the phase space available, the energy can be shared with any of the
possible combinations εi,j,k, and the circle is almost uniformly filled. For the case of
sequential decays, instead, the energies of the decay have to obey to more restrictive
constraints. If one calls QI the kinetic energy shared between the particles after the
first emission X? → y1 +Y ?, from the conservation of energy and momentum in the
decay it follows ε1 = QI

MY ?

MY ?+m1
= ε, where m1 and MY ? are the masses of y1 and

Y ?. In other words, three straight bands of equations εi,j,k = ε are populated within
the circle in presence of a sequential decay of energy QI . This locus is represented
in Figure 1.36, as an example, by the red bands. A similar plot can be generated in
cartesian coordinates by using the following equations:

x =
√

3(εj − εk)
y = 2εi − εj − εk

(1.82)

21The possibility of representing such coordinates into an equilateral triangle follows from the
Viviani ’s theorem. For a generic point P inside the triangle (see the Figure 1.36), the sum of its
distances from each side of the triangle is a constant, i.e. PA+ PB + PC = const.
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Figure 1.36: A schematic view of a symmetric Dalitz plot. The three axis correspond
to the normalized energies of the three particles in their decay center of mass ε1,2,3.
The conservation of energy ε1 + ε2 + ε3 = 1 results in the data to collapse inside
the green circle. The red straight lines correspond to the three loci occupied by the
data if, for example, the decay occurs in a two-steps process (sequential).

By selecting εi > εj > εk the data collapse into the shaded region of Figure 1.36,
where the red horizontal band is associated to sequential decay processes, while the
remaining part of the sector will be populated by direct events.

1.5.4 The interplay between structure and dynamics:
heavy-ion collisions (HICs) and clusters

In the previous sections we discussed the importance of studying nuclear struc-
ture and clustering phenomena in light nuclei. Among the various experimental
techniques for studying clusters, we have discussed compound nucleus reactions
and direct reactions. In particular, particle-particle and multi-particle correlation
techniques have been introduced as a tool to explore the properties of resonances
produced in nuclear collisions. Such techniques are largely used to explore the
phenomenology associated to nuclear clusters and resonance decays also in more
dissipative processes such as heavy-ion collisions (HICs). At low (E/A < 10 MeV),
intermediate (10 MeV < E/A < 100 MeV), relativistic (100 MeV < E/A < 2 GeV)
and ultrarelativistic energies (E/A > 2 GeV), including the regime where LHC and
RHIC facilities operate, the observation of resonance properties associated to the
decay of short- and long-lived unbound states is important to study the properties
of the medium composed of portions of dilute/dense and hot nuclear matter. At
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Figure 1.37: Behaviour of the nuclear symmetry energy Esym, normalized to the
saturation one Esym(nsat) as a function of the density n/nsat for zero-temperature
nuclear medium. The blue dashed line is the calculation performed neglecting
clustering-phenomena, while the red line is the one calculated including the pro-
duction of clusters. The two predictions dramatically differ at low densities. From
[157].

intermediate energies (10 MeV < E/A < 100 MeV), the interplay of nucleon-nucleon
collision and mean field dynamics drives the time evolution of the many-body system
consisting of the colliding projectile and target nuclei. Such a system can lead to a
dilute region probing the sub-saturation density22 region of the nuclear equation of
state (EoS), around ρ/ρ0 ≈ 0.01− 0.6. Such system is also hot, with temperatures
of the order of a few MeVs. Under such conditions the system explores instability
regions where complex fragments, including α-clusters, are produced. The struc-
ture properties of these fragments and clusters and their interplays with the EoS is
presently matter of investigations. In particular, it may affect predictions on the
density dependence of the symmetry energy23 [158, 159]. A recent investigation per-
formed with a Generalized Relativistic Density Functional approach [157] has shown
that, when nuclear matter is brought at low densities and finite temperatures, corre-
sponding to conditions typically achieved during heavy-ion collisions at intermediate
energies, α-clusters appear and can significantly modify the density dependence of
the symmetry energy, see Figure 1.37. The dashed line in Figure 1.37 shows that

22The adopted value of the saturation density is ρ0 = 0.17 fm3. This is the value of barionic
density, almost constant in the nuclear interior, which is observed in ordinary nuclei.

23The symmetry energy is defined as the second derivative of the energy per nucleon E(n, β)/A
in nuclear matter with respect to the neutron-proton asymmetry β, thus representing the curvature
of the energy per nucleon in the direction of isospin asymmetry.
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Figure 1.38: Charge distributions measured in central Xe + Sn collisions with the
INDRA 4π multi-detector [161] compared to the prediction of a dynamical version of
the AMD model without cluster production (a), and with cluster production (b) and
(c). In panel (c), which shows the best fit of the data, the inter-cluster correlations
are taken into account. From [160].

the prediction of the trend of the symmetry energy in the absence of clustering
phenomena strongly deviates from the one calculated assuming the formation of
clusters (red line). The importance of α-cluster production in low density matter
is also shown by the recent work performed with the AMD transport model (a dy-
namical version of the AMD structure model already described in paragraph 1.3.4)
that explicitly introduces α-particle production as well as α-α interactions during
the dynamical evolution of the system. Figure 1.38 shows a comparison of charge
distributions measured in central Xe + Sn collisions and AMD simulations with and
without the inclusion of α-clusters and their mutual interactions and correlations.
Such comparison clearly indicates that only an explicit introduction of these cluster
aspects in the dynamical evolution of the system, panel (c) in the figure, allows one
to reproduce the experimental data [160].

By performing multi-particle correlation measurements, it is possible to observe
a large variety of resonance peaks corresponding to the decay of unbound states
produced in the dilute and hot medium. Figure 1.39 shows an example of deuteron-
α correlations measured in 40Ar + 197Au central collisions at E/A = 60 MeV, and
represented as a function of their relative momentum 24. They are associated to the
decay of excited states in 6Li. The prominent peak at low relative momentum, for
instance, is due to d-α couples emitted by the T = 0 state of 6Li at 2.186 MeV excita-
tion energy (Jπ = 3+, Γ = 24 keV). On the one hand, these resonances are expected
to display features that are strongly affected by thermal and dynamical properties
(temperature, density, time evolution and lifetimes) of the medium where they are

24In particle-particle correlation studies, correlation functions are often shown in terms of the
relative momentum of the two particles, i.e. the momentum associated to their relative motion.
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Figure 1.39: d-α correlation function, obtained in 40Ar + 197Au central collisions
at E/A = 60 MeV, shown in terms of their relative momentum. The solid curve
represents the background. Peaks are relative to excited states in 6Li. The top right
panel is a magnified view. From [162].

produced. On the other hand, the phenomenology associated to these multi-particle
correlations and their abundance has suggested that heavy-ion collision experiments
may be used as a tool for exploring the spectroscopic properties of unbound states
in light nuclei and clusters, similarly to what is done in less dissipative reactions.
Such an approach has been used in a number of investigations with the Miniball
detector [163], the LASSA array [164] and the INDRA 4π detector [165]. Heavy-ion
collisions, in this respect, offer advantages and disadvantages with respect to inves-
tigations performed with other techniques. Among the advantages we mention the
very large number of unbound states that can be produced, with high statistics, in
just one single experiment. By studying the collective and thermal properties of the
colliding system, one can produce a global bath (portion of nuclear matter medium)
where these resonances are produced and decay. By means of large solid angle cov-
erages provided by 4π detectors one can well characterize the collective properties
of the overall system (impact parameter, reaction plane, temperature, excitation
energy, etc.) and use correlation measurements to probe important aspects of the
observed decaying states, such as their energy, widths, branching ratios and spins.
In Refs. [163] and [165], the branching rations are probed for a number of important
α-cluster states. In [165], the 3α decay of 12C and other α-conjugate nuclei have
been investigated, and the same experiment has provided the possibility of study-
ing an important proton-rich isotope of C, namely 10C. This nucleus is considered
a Brunnian or Doubly-Borromean nucleus due to the fact that it has a 2α + 2p
cluster structure where any combination of three or two of its components (for ex-
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ample, 9B, 6Be, 5Li, 8Be) are all unbound and only the presence of the 4 clusters
(two αs and two protons) ensure the binding of the overall system. The experiment
has allowed to discriminate between different decay modes of 10C. In particular, it
has been shown that the sequential decay mode 10C −−→ p + 9Be −−→ p + p + 2α
dominates over the others.

An interesting method to estimate the spin of in-medium produced resonances
is shown in Ref. [164]. A central heavy-ion collision between Xe and Au nuclei is
used to produce a thermalized system and p-7Be correlation functions are measured
to determine the spin of the astrophysical important state at Erel = 0.774 MeV
in 8B. The authors show that, in such an equilibrated system, one can relate the
nuclear correlation function to the properties of the medium and to the properties
of specific resonances under study, such as spin and widths. By properly taking into
account the properties of the medium, it is therefore possible to extract spectroscopic
information about unbound states in light nuclei, thus offering an efficient technique,
complementary to light-ion reactions, to study nuclear structure. Similarly, when
the structure properties of the observed resonances are well known, one can use
correlation studies to probe the collective and thermal properties of the system. On
Chapter 3 of the present dissertation, a thermal model is introduced to show how
the observation of resonances corresponding to the decay of internal states in the
clusterized nucleus 8Be can be used to determine the temperature of the system.
Such investigation raises an important question about the interplays of structure
and dynamics in nuclear collisions.

The use of nuclear structure properties in nuclear dynamics has played an impor-
tant role in the studies concerning the nuclear caloric curve [167, 168] and, more in
general, in nuclear thermometry [166]. The caloric curve of hot nuclei was measured
for the first time in an experiment conducted at GSI by the ALADiN collaboration
aiming at studying the decay of projectile spectator systems produced in Au+Au
collisions at relativistic energies, E/A = 600 MeV [169]. Such reactions produce
spectator systems with excitation energies that range between 2 and 15 MeV per
nucleon, depending on the impact parameter. This excitation energy range spans
the region where a finite nucleus is expected to disassemble into its constituents un-
dergoing the so-called liquid-gas phase transition. As the excitation energy deposited
in such hot system increases, a change in its decay mechanism is observed. At low
excitation energies (E/A < 3 MeV) the system behaves like a hot liquid drop evapo-
rating light particles (Z = 1 and 2) or undergoing fission. At high excitation energy
(E/A > 10 MeV) the system is very hot and explodes into isolated light particles and
clusters in what is commonly assumed to be a vaporization phenomenon. In between
these two regimes (3 < E/A < 10 MeV) one crosses an average excitation energy
region around 8 MeV per nucleon, namely the average binding energy per nucleon
of finite nuclei: the observed phenomenon of multifragmentation, consisting of the
breakup of the system into a conspicuous number (N > 2) of fragments with charge
Z = 3-30 (commonly named Intermediate Mass Fragments, IMF), has been histori-
cally associated to the occurrence of a liquid-gas phase transition in nuclear matter
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Figure 1.40: p-7Be correlation function in 129Xe + 197Au central collisions at 50AMeV
fitted by assuming (left) that there are only two states at 0.774 MeV and 2.32 MeV
and by considering (right) an additional 1.4 MeV state. The result of the best fit is
represented by the solid line (obtained by assuming J = 0 for the unknown 0.774
MeV 8B resonance) while the fitted background is shown as a dashed line. From
[164].

[169]. In order to confirm this phenomenon, temperatures of the decaying projec-
tile spectators were extracted by means of different techniques. Figure 1.41 shows
the caloric curve of the already mentioned ALADiN experiment with a correlation
between excitation energy per nucleon and the temperature of the reconstructed
projectile-spectator systems. The solid symbols refer to temperatures deduced with
a method that consists of measuring the double ratios between yields of pairs of
isotopes differing by the same number of nucleons. This technique is typically re-
ferred to as isotopic thermometer [170]. The plateau at temperatures T ≈ 5 MeV
and at intermediate excitation energies of E/A = 3-10 MeV has been associated
to a signal of liquid-gas phase transition similar to the one occurring in ordinary
matter. An alternative technique to extract the temperature in HICs is obtained
by using the so-called excited state thermometer, which will be described in detail
in Chapter 3, and which is based on two-particle correlation measurements. These
correlation measurements, as it will be discussed in Chapter 3, allow one to deter-
mine the population of internal unbound states of light fragments profiting from
their internal structure properties [162]. The open symbols on Figure 1.41 show the
results obtained by using this excited state thermometer technique. The deduced
temperatures were not in agreement with the ones obtained with the isotopic ther-
mometer. They seem to remain constant over the excitation energy region where,
in contrast, isotopic temperatures increase. Such an effect may be related to the
fact that each thermometer depends on a specific measured observable. Therefore,
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Figure 1.41: The caloric curve of hot nuclei shown with a correlation between ex-
citation energy per nucleon and the temperature of the reconstructed projectile
spectator systems. The latter is obtained by means of isotopic thermometers (full
symbols) or excited state thermometers (open symbols). The differences in the ob-
served temperature trend in between the two different methods is attributed to the
sensitivity of the thermometers to different stages of the collisions. From [166].

it reflects the temperatures at which that observable achieves its freeze-out stage.
The chemical freeze-out at which light isotopes are formed and contribute to the
measured yields may occur earlier than the freeze-out of the degree of freedom asso-
ciated to the internal populations of states. Therefore, different thermometers may
reflect the temperature at different stages of the evolution of the system.

Similar results were found at MSU, where isotopic temperatures were compared
to excited state temperatures in central Kr + Nb collisions at E/A = 35-120 MeV
[171]. Figure 1.42 shows excited state temperatures (full symbols), constructed with
the decay of 4He, 5Li and 8Be unbound states, compared to isotopic temperature
obtained from the C-Li and the He-Li isotopic thermometers (open symbols), as
a function of the beam energy. It is interesting to observe that, while the He-Li
isotopic temperature follows a similar behaviour as compared to the one described
in Ref. 1.41, the C-Li isotopic thermometer gives results in a good agreement with
the ones obtained by using excited state thermometers. These differences confirm
the possible presence of an evolutionary fragmentation mechanism where a certain
hierarchy in particle species production occurs. Studying more accurately the pop-
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Figure 1.42: Excited state temperatures and isotopic temperatures as a function
of the incident energy in central Kr + Nb collisions at E/A = 35-100 MeV. The
results of the isotopic thermometer are compatible with the ones of the excited state
thermometer if one uses heavier isotopes. From [171].

ulation of internal states of isotopes, rather than simply measuring their yields,
enriches investigations on nuclear dynamics and thermodynamics. Inclusions of
structure details into transport models or as an additional secondary decay step in
so-called hybrid approaches represents an interesting perspective to improve EoS
investigations.

1.6 Summary and organization of the manuscript

In the next chapters (2 and 3) we will discuss results of new analysis on clustering
phenomena in light nuclei and in HICs at the light of the phenomenology described
in this chapter. The present thesis is not based on a single experiment but clustering
aspects in nuclei are here examined by means of a series of different experiments,
which allow to explore such fascinating phenomena by means of a multi-method and
quite comprehensive approach. We organized the manuscript as follows: in Chap-
ter 2 we discuss the experimental campaigns aimed to the investigation of cluster
configuration in light systems by means of compound nucleus and direct reactions,
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in Chapter 3 we explore clustering aspects in HICs and their interplay with the
collision dynamics. In Chapter 2, molecular two-center configurations have been in-
vestigated by means of projectile breakup reactions in the case of 10Be (Section 2.1).
Particular attention has been given to the case of carbon isotopes, which represent
a key example of clustering in nuclei. Different isotopes of carbon have been here
studied, providing a view of how clustering phenomena evolve as a function of the
neutron excess and moving from a dimeric to a three-center configuration. R-matrix
approaches of compound nucleus reactions are used to explore the structure of the
proton rich 11C (Section 2.2) and the neutron rich 13C (Section 2.4) isotopes. The
self-conjugated 12C nucleus is studied by means of multi-particle correlation tech-
niques in direct reactions populating the Hoyle state and involving its disintegration
in 3α particles. The Daliz plot technique has been used to examine the decay path
of the Hoyle state (Section 2.3). The neutron-rich 16C isotope is studied via projec-
tile sequential breakup reactions (Section 2.5). Moving to heavier self-conjugated
systems, another example here discussed is the 20Ne nucleus, which is studied via
an R-matrix analysis of low energy compound nucleus reactions data (Section 2.6).
Its astrophysical relevance is also discussed. Finally, in the Chapter 3, which con-
cludes the thesis, clustering phenomena in HICs are discussed as a complementary
approach. The interplay between structure and dynamics is inferred by developing
and using a thermal model based on α-α correlations. These aspects are investi-
gated at various incident energies in reactions involving heavy ions and compared
with results of nuclear dynamics studies.
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Chapter 2

Clustering in light systems: an
experimental campaign

The subjects of the previous chapter suggest that nuclear reactions involving light-
systems are an extremely powerful tool to explore, with high-precision, the spec-
troscopy of light nuclei and, in particular, cluster states. In this chapter we describe
the results of our experimental campaign made of a series of experiments that with
different, but complementary, approaches explore the possible existence of clustering
phenomena in a number of light isotopes of general interest in the current research
in Nuclear Physics.

2.1 10Be cluster states with breakup reactions

Sequential breakup reactions are well suited to explore the structure of unstable
nuclei, as discussed in detail in paragraph 1.5.3. In this section, we report on a new
investigation of 10Be structure by means of projectile breakup reactions induced on
CH2 target, with the aim of studying the spectroscopy of this nucleus above the
α-threshold. On an experimental point of view, spectroscopic information regard-
ing 10Be states are not free from ambiguities. Many theoretical results have been
published about the possible existence of rotational bands based on super-deformed
structures (see paragraph 1.4.3), but the experimental situation is much less clear
and not yet fully understood [172]. 0+ and 2+ members of the ground state rotational
band are known, while the identification of the 4+ state, predicted at excitation en-
ergy of about 11–12 MeV, is still uncertain [172–174]. The existence of a negative
parity rotational band, with the 5.96 MeV (1−) state as band-head, is known [55].
Near the energy threshold of 4He+6He cluster decay, the existence of a 0+ state is
reported. This state can be well described in terms of molecular α : 2n : α structure.
A rotational excitation of this super-deformed molecular structure is indicated by
the existence of a 2+ state at 7.54 MeV. The subsequent 4+ member of this molecular
band is predicted to be located at about 10.5 MeV excitation energy. The presence
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of an excited state at about 10.2 MeV has been observed in the 7Li(7Li,4He+6He)4He
reaction [175]. This state was considered by Curtis et al to have Jπ=3− by an anal-
ysis of angular correlations [176]. This assignment was subsequently contradicted
in Ref. [177] and in recent 6He+4He inverse kinematic resonant elastic scattering
experiments [121, 178], where a 4+ assignment is done. This state could therefore be
the 4+ member of the molecular rotational band. Very recently, preliminary results
obtained in a new resonant elastic scattering experiment at the ANASEN facility
[178] tentatively suggest the existence of a 6+ excited state in 10Be at about 13.6
MeV. This state could represent a new further member of the cluster band in 10Be
[179].

2.1.1 Experimental apparatus and techniques

Our experiment was performed at the FRIBs facility of INFN-Laboratori Nazionali
del Sud (Catania, Italy). Starting from a 55 MeV/nucleon 18O primary beam ac-
celerated by the LNS K-800 Superconducting Cyclotron, a fragmentation beam was
produced and delivered to the experimental hall. A 1.5 mm thick 9Be target was
used for fragment production. They were subsequently selected in magnetic rigidity
(Bρ ≈ 2.8 Tm) via the LNS-Fragment Separator, with a momentum acceptance of
∆p/p ≈ 0.01. A cocktail beam with high intensity of 16C at 49.5 MeV/u (≈ 105

particles per second), 13B (≈ 5 × 104 particles per second) and 10Be at 56 MeV/u
(≈ 4× 104 particles per second), is obtained in such a way and delivered on various
targets for physics experiments. A tagging system [180], made by a MicroChannel
Plate (MCP) detector and a Double Sided Silicon Strip Detector (DSSSD, 140µm
thick), installed along the beam line, was used to identify each incoming isotope
produced by projectile fragmentation. The identification of fragmentation products
is obtained by correlating the energy loss in the DSSSD and the time of flight (ToF)
needed to cover the flight path from the MCP to the DSSSD detector (≈ 13 meters).
Figure 2.1 shows an example of the capabilities of the tagging system. It allows to
obtain a good isotopic separation of beam particles one by one. A tracking system
based two position sensitive DSSSD was then used to determine the impinging po-
sition on the target. The beam spot size on the target was of the order of 1.5× 1.5
cm2 with a maximum angular spread of 1◦.

To induce projectile break-up reactions we used a 50 µm polyethylene (CH2)n
target. The break-up products from the 1H(10Be,4He6He),12C(10Be, 4He6He) reac-
tions were detected by using the 4π multi-detector CHIMERA [181, 182]. This
multi-detector consists of 1192 Si-CsI(Tl) telescopes, covering ' 94% of the whole
solid angle. The first stage of the telescope is constituted by a 300 µm thick sili-
con detector and it is followed by a CsI(Tl) crystal, with thicknesses ranging from
6 to 12 cm, depending on the angular position in the detector, and read-out by
a photodiode. Further details about the array and its detection and identification
capabilities are described, for example, in Ref. [182]. In our experiment we used
the first three forward rings of the CHIMERA array, covering the polar angle range
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Figure 2.1: Identification plot of the FRIBs cocktail beam. Each ion of the cocktail
beam (indicated by label) is located in a well defined region in (TOF ,∆E DSSSD)
plane. The finite resolution is due to the combination of detector resolution and
LNS-FRS momentum acceptance.

2.2◦ ≤ θ ≤ 6.4◦, with a reasonable granularity for this experiment (solid angles
covered by a single module vary from 0.133 to 0.458 msr at increasing polar angles).
As it is reported in [183], the projectile break-up cross section is forward peaked;
therefore we expect to detect a large amount of fragments coming from projectile
break-up in the present angular domain.

Si and CsI(Tl) detectors of the CHIMERA array were calibrated by using elastic
scattering of various light ion beams impinging on a polyethylene target. Large
care was dedicated to the CsI(Tl) calibration. The dependence of CsI(Tl) response
on the mass and charge of incident particles [184] has been taken into account by
using the parametrization given in [185], as discussed in detail in Ref. [186]. The
identification in mass and charge of the detected fragments was based on the ∆E-E
technique. A typical particle identification matrix is shown in Fig. 2.2, which is
obtained by correlating the energy loss of the particle in the first detection stage
(∆E) with the residual energy of the particles Eres1. The lines corresponding to
different nuclear species, from helium to carbon, are clearly identified. As seen in
the insert of Fig. 2.2, 4He and 6He can be unambiguously identified. Reasonable
isotopic identifications can be also obtained up to beryllium isotopes. In particular,
in the case of beryllium, the dominant contribution to the scatter plot comes from

1In the ∆E-E technique it is commonly used to correlate the energy loss inside a thin stage of
material to the residual energy Eres instead of the total incident energy E = ∆E + Eres. In such
a way one can use the energy signal as measured by the ADC without calibrating, thus avoiding
any further indetermination due to the calibration procedures.
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Figure 2.2: ∆E-E spectrum obtained at θlab = 3.1◦. x-axis values are proportional to
the residual energy released in the second detection stage (CsI(Tl) scintillator) while
y-axis values represent the energy loss in Si first stage ∆E detector (in channels).
The insert shows a magnified view of the same identification plot.

the 10Be line, ending with the 10Be elastic scattering peak.
In our experiment, because of the presence of various different nuclides in the

cocktail beam, we simultaneously studied different cases. In the following, we will
report on the results obtained by analysing reaction products induced by the 10Be
beam. Results obtained by selecting the 16C beam are instead discussed in Sec-
tion 2.5.

2.1.2 Experimental results: 6He-4He correlations

The excitation energy of the decaying nuclear states was obtained by analysing cor-
relations between couples of breakup fragments coming from the in-flight resonance
decay of the 10Be projectiles. The corresponding excitation energy is obtained via
the invariant mass technique by adding to the energy threshold (Eth) the measured
total kinetic energy in the emitting nucleus frame (relative energy, Erel). Details
about this technique can be found, for example, in Refs. [176, 187–190] and in para-
graph 1.5.3.

As a preliminary step, we experimentally checked the capabilities of the CHIMERA
device to perform this type of studies. For this purpose, we analysed the case of
α-α and 3α correlations. In the first case, the obtained invariant mass spectrum,
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Figure 2.3: 8Be relative energy spectrum from the α-α correlations (green points).
The red line is the result of a Monte Carlo simulation considering 8Be disintegration
from the ground state. Insert shows the 12C excitation energy spectrum obtained
from the 3α correlations. Arrows indicate the energy position of 12C known states
reported in literature. The low energy narrow peak is associated to the Hoyle state.

reported in Figure 2.3, shows a narrow peak at about 0.09 MeV, clearly compatible
with the emission from the 8Be ground state. This evidence is supported by the re-
sult of a Monte Carlo simulation (red line), obtained with the assumptions described
below. A wide bump also appears centered at about 3 MeV: it is due to the 3.04
MeV 2+ state of 8Be. A further peak is present in the spectrum at about 0.6 MeV:
it is reasonably associated to the so-called ghost peak due to the decay by neutron
emission of the 9Be 2.43 MeV 5/2− state. This peak is also present, as an example,
in [191], confirming the consistency of the procedure. Interesting results have been
obtained also from the triple coincidences. In this case we can investigate the dis-
integration of 12C via 3α emission. The corresponding excitation energy spectrum
is shown in the insert of Figure 2.3. Arrows indicate the position of known states
in 12C. In particular, the narrow peak at low energies, well separated from the large
peak at 9.64 MeV due to the 3−1 state, evidences the 3α disintegration of 12C from
the Hoyle state2.

The excitation energy of 10Be nucleus has been reconstructed via the 4He+6He
cluster break-up channel, by using two-particle correlation techniques. In Figure 2.4
we show the invariant mass (Ex) spectrum obtained from our data. The vertical
arrows in Figure 2.4 indicate the energies of 10Be excited states known in the lit-

2An inspection of the decay mode of the Hoyle state from such data shows that almost all
the decay events pass through the 8Begs formation (sequential decay). Results of a dedicated
experiment with much larger statistics and much lower background will be discussed in Section 2.3.
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Figure 2.4: 10Be excitation energy spectrum obtained from the 4He+6He decay
channel. Vertical arrows indicate the energies of known states of this nucleus. In
round brackets we plot the Jπ assignment taken from the literature. The dashed
lines represent the simulated detection efficiencies obtained by assuming hydrogen
recoil (red dotted line) or carbon recoil (orange dashed line). The green dashed-
dotted line is the uncorrelated background estimated by an event mixing procedure.
The insert shows the results of a Monte Carlo simulation obtained by considering the
contributions of the excited states listed in Table 2.1, compared to the experimental
data (black points with error bars).

erature (and reported in Table 2.1). Despite of the low statistics and the limited
relative energy resolution, they are in agreement with the present data. Particu-
larly interesting is the appearance of a bump at Ex ' 13.5 MeV. This suggests the
possible fingerprint of a new, unreported, state. To check if the observed peak can
be really ascribed to the existence of an excited state in 10Be or is due to different
effects, we evaluated the expected background (due to spurious coincidences or to a
non-resonant component) and the detection efficiency.

As a first approximation, the background can be described by considering the
contribution of uncorrelated couples of particles (event-mixing3). The background
due to event-mixing, shown in Fig. 2.4 with the green dashed-dotted line, was cal-
culated by selecting couples of 4He and 6He coming from different events of reaction
induced by all the isotopes of the cocktail beam.

The detection efficiency (dashed lines in different colours) was estimated by

3The event-mixing technique is widely used in correlation techniques [192]. In this paragraph,
we describe an extremely simple example of the use of such a technique for background estimation.
A more complex example of event-mixing analysis is instead described in Chapter 3 for the case
of HICs.
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2.1 10Be cluster states with breakup reactions

performing a Monte Carlo simulation of the CHIMERA multi-detector apparatus.
We simulated the sequential emission of a couple of 4He and 6He by inelastically
scattered 10Be nuclei. Their angular distribution in the reaction center of mass
frame was described, as suggested in the literature [183, 188, 193], by the formula:
dσ

dΩcm

∝ e−
θcm
α , where α is a fall-off factor of the order of 12-16 degrees. This

results in forward peaked emission of breakup fragments. Two different efficiency
curves have been obtained, by taking into account the interaction of projectiles with
hydrogen (red dotted curve in Figure 2.4) and carbon (orange dashed curve in Fig-
ure 2.4). The trends of the two estimated efficiency curves are different because
of the different scattering kinematics: at Ex = 10 MeV in 10Be, the limiting angle
for scattering on hydrogen is about 5.2◦, while for scattering on carbon there is no
limiting angle. Therefore, the geometrical coverage of the first three rings of the
CHIMERA array leads to higher detection efficiency in the case of hydrogen target
because of the more forward-focused kinematics. In the case of hydrogen target, in
fact, the emission angles are almost coincident with the beam axis and this results
in the formation of an almost flat region in the corresponding estimated efficiency.
Outside from this region, the efficiency is much lower. This region coincides with
the region of excitation energies, i.e. opening angle of the two-particles emission
cone, for which the two emitted fragments fall into the first three rings, maximizing
the detection efficiency. In all cases, the shapes of the event mixing background
and of the efficiency curves are very smooth and should not lead to the appearance
of spurious peaks in the relative energy spectrum. All these analyses give us the
possibility to suggest that the 13.5 MeV bump can be attributed to the decay from
an excited state in 10Be.

Another interesting point that we explored is the possible membership of this
state to the 10Be molecular rotational band. It would be indeed energetically com-
patible with the missing 6+ member of the 10Be molecular rotational band, studied
in [177], and made of the 6.179 MeV state as a 0+ member, the 7.542 MeV as a
2+ member and the 10.2 MeV state (observed also in this experiment) as a possible
4+ member. Spin and parity of the suggested 13.5 MeV state can be tentatively
estimated by angular correlation analysis in terms of Legendre polynomials, with a
procedure analogous to the one described in Refs. [152–154] and in paragraph 1.5.3
of the present thesis. Fig. 2.5 shows the |cos(Ψ′)| distribution for the 13.5 MeV
peak, where Ψ′ = Ψ + ∆Ψ , being Ψ the angle formed by the relative velocity vector
of the two detected fragments with the beam axis and ∆Ψ the phase shift correc-
tion, as discussed in Section 1.5.3. The last term can be calculated via the relation
∆Ψ = `i−J

J
θcm, where `i is the angular momentum of the dominant partial wave in

the entrance channel, J is the spin of the resonance and θcm is the inelastic scatter-
ing angle in the center of mass frame. The θcm angle can be estimated by means
of kinematics calculations; the nature of the recoiling target can be discriminated
with selections on the Q-value spectrum. Considering that, at intermediate energies,
inelastic scattering processes have essentially a direct and peripheral nature, only
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Figure 2.5: Angular correlation of 4He+6He breakup channel for the 11.8 MeV (a)
and for the 13.5 MeV (b) structures seen in the 10Be excitation energy spectrum,
compared with the expected angular distribution assuming (a) J = 4 (red line)
and (b) J = 6 (blue line). Theoretical angular distributions are corrected for the
detection efficiency, presented with the magenta dashed line. The corresponding
reduced χ2 are also indicated for each case.

a narrow window of angular momenta centred around the grazing value `g would
contribute to the scattering amplitude because of the short range of the nuclear part
of the interaction [194]. This allows us to assume `i ≈ `g as a first approximation.
The `g has been calculated with the Wilcke model [195]. For example, in the present
case we estimate `g ≈ 10~ for proton target.

The behaviour of the experimental data, shown for the 11.8 MeV bump in
the case of J = 4 assignment (Figure 2.5(a)) and for the 13.5 MeV bump in the
case J = 6 (Figure 2.5(b)) assignment, is compared with the theoretical prediction
W (θ∗,Ψ) ∝ |PJ(cos(Ψ′))|2, where PJ are the Legendre polynomials of J-order; this
theory is valid for spinless particles in the exit channel. Because all the known
excited states of 6He decay by particle emission with t1/2 = 5.8×10−21 s (a factor
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2.1 10Be cluster states with breakup reactions

Ex (MeV) Jπ Γtot (MeV)
9.51 2+ [183, 191, 197] 0.14 [176, 196]

10.6[196] 0.20 [175, 176]
11.8 (4+)[93, 196] 0.12 [93, 196]
' 13.5 (6+)[178], this work (< 0.35) this work

Table 2.1: 10Be level structure from 4He+6He break-up channel.

≈ 1012 times smaller than the typical time of flight of detected particles), the direct
detection of 6He breakup fragments entails that we are observing 6He produced in
their 0+ ground state. The theoretical curves (solid lines) have been corrected for the
calculated detection efficiency, estimated via a Monte Carlo simulation (shown by
the magenta dashed lines). Moreover, being the Legendre polynomials squared even
functions, i.e. |PJ(cos(Ψ′))|2 = |PJ(|cos(Ψ′)|)|2, we have presented the |cos(Ψ′)| dis-
tribution, instead that cos(Ψ′), in order to increase the statistics. An application of
this procedure to the 11.8 MeV state, well visible in Figure 2.4, and for which the lit-
erature suggests a possible Jπ = 4+ assignment [93, 196], is shown in the top panel.
This reasonably agrees, within the error bars, with the theoretical curve for a 4+

assignment. The discrepancies can be attributed to the presence of a not negligible
background or to contributions of close lying states with different Jπ values.

A similar analysis has been carried out for the 13.5 MeV state; in detail, ex-
perimental angular correlation has been compared with theoretical predictions for
various J values from 0 to 8. Based on χ2 analysis, the best fit of data is obtained
assuming Jπ = 6+ (χ̃2 = 0.62). Despite of the low statistics and the presence of
background, the agreement is reasonably good as visible on Figure 2.5(b).

A complete Monte Carlo simulation of the experiment, considering all the states
listed in Table 2.1 and assuming that, as a first approximation, the reaction mech-
anism leads to equal state population, has been finally performed to test the above
findings. In the simulation we have carefully taken into account the Jπ of each
state, by considering the corresponding angular correlation, as well as the expected
background due to non-resonant contributions as previously discussed. To allow a
much easier comparison, the simulated spectrum has been normalized to the area
of the experimental one. Figure 2.4 (insert) shows the result of such an analysis.
The simulated spectrum (shadowed histogram) is in nice agreement with the ex-
perimental data (black dots), confirming the good consistency of the spectroscopic
data reported in Table 2.1. These calculations point out also that, at ≈ 13.5 MeV
excitation energy, the relative energy resolution of the experimental device is ≈ 0.45
MeV. In this way we can give an upper limit of ≈ 0.35 MeV for the 13.5 MeV state
width4.

4The Wigner limit for such a ` value in correspondence of this relative energy amounts at
Γ ≈ 150 keV for a channel radius R = 1.4

(
3
√

4 +3
√

6
)
fm = 4.77 fm. Our finding appears to be

compatible with this limit.

87



Chapter 2. Clustering in light systems: an experimental campaign

It is interesting to observe that the possible existence of a 13.5 MeV 6+ state in
10Be has been suggested by the recent observations on resonant elastic scattering
reported in Ref. [178], where the Jπ of the 13.5 MeV peak is estimated by means
of R-matrix fit of experimental data. On the contrary, no evidence of such a state
has been found in a recent (18O,17O) neutron transfer investigation [198]. This
finding could indicate the α cluster nature of the 13.5 MeV state in 10Be, being
the α resonant elastic scattering and the cluster break-up techniques particularly
sensitive to evidence α cluster states (especially of molecular nature, thanks to the
pronounced α + 2n structure of 6He), while neutron transfer reactions are usually
more sensitive towards single particle excitations.

All the above mentioned results have been recently published in Ref. [199].

2.1.3 Impact of our results on successive works

Some investigations, related to our work, have been reported in the literature after
the publishing of our results [199]. Amos and co-authors [200] used a multi-channel
algebraic scattering (MCAS) method to find a representation of the spectrum of 10Be
up to more than 10 MeV excitation energy. They performed a detailed calculation
to attempt in reproducing the 6+ 13.5 MeV state suggested in our work. However,
with their model such a state appears at higher energies, close to 20 MeV. The
existence of such a state was instead confirmed by experimental observations of
Jiang et al. [201]. They used the transfer 9Be(9Be,10Be)8Be reaction at 45 MeV to
inspect excited states in 10Be up to an excitation energy of 18.80 MeV via missing
mass and invariant mass methods. They found a high-precision indication of the
existence of a state in 10Be lying at Ex = 13.5±0.10 MeV by analyzing the 6He+4He
correlations from the cluster decay of 10Be. This finding is in good agreement with
our observation and gives support to the existence of such a new state in 10Be.

2.2 The structure of 11C with the 10B(p,α)7Be
reaction

While the effects of clusterization are well visible and quite well understood in beryl-
lium isotopes (8Be, 9Be, 10Be, etc), they are much less known in carbon isotopes
(see Section 1.4). Very often the uncertainties on the structure of such nuclei do not
belong to a lack of theoretical predictions, but rather to a poor experimental knowl-
edge of the spectroscopy of excited states above their α disintegration threshold. In
the next sections, we will describe the results of four experiments aimed to improve
our knowledge of the spectroscopy of carbon 11,12,13,16C.

In the present section, experimental results on the 11C nucleus are discussed. As
stated in paragraph 1.4.3, this nucleus and its mirror 11B could be characterized by
structures 2α + t and 2α + 3He at high excitation energies. Similar configurations
could give rise to molecular bands [202]. Unfortunately, the spectroscopy of 11C at
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excitation energies above the α-threshold (Qα = −7.544 MeV) is still uncertain, and
the possible existence of clustering phenomena it this nucleus is not fully clarified.
A particularly suited method to study the spectroscopy of 11C is to analyze nuclear
reactions which lead to the formation of a compound nucleus of 11C (Sp = 8.690
MeV) at high excitation energies. Among them, to investigate this nucleus we
selected the 10B(p,α0) (Q = 1.145 MeV) together with the elastic scattering 10B(p,p).

The 10B(p,α) reaction [203–206] has a multi-disciplinary interest5. Together
with the 7Be(α,α), 7Be(α,γ), 10B(p,γ), 10B(p,p) and transfer reactions, it allows to
study the spectroscopy of the 11C compound nucleus (see, e.g. [202, 212, 213]). It
has been shown that the analysis of Γα, Γp and Γγ partial widths of 11C near and
above the α-threshold could be useful to unveil the existence of molecular states
[202, 213] in this interesting proton-rich isotope, see also paragraph 1.4.3 of the
present thesis. Partial widths can be extracted by studying excitation functions
and angular distributions by means of R-matrix theory. On the other hand, the
accurate knowledge of the 10B(p,α0) reaction S-factor at low energies (≤ 10 keV) is
fundamental to correctly describe the destruction of the 10B isotope in stars6 [215].
Recent indirect investigations with the Trojan Horse method explored the trend of
the S-factor down to zero energy [215–217]. To minimize systematic errors, these
indirect data need to be normalized to good quality direct data at high energies,
e.g. in the 1.0− 1.5 MeV region.

The 10B(p,α) reaction at low energy exhibits two different exit channels, i.e.
10B(p,α0)7Begs and 10B(p,α1)7Be0.43. Typically, a given excited state in the 11C
compound nucleus could decay to both channels α0 and α1. However, because of
the Coulomb penetrability in the outgoing channel and the phase space, at low
bombarding energies (Ep < 1 MeV) the α1 channel is strongly suppressed respect to
the α0 one [218]. For this reason, in this analysis we will focus our attention mainly
to the 10B(p,α0)7Begs reaction. The data reported in the literature concerning the
10B(p,α) reaction are quite poor, and often affected by large uncertainties. Recently,
a strong effort has been done by using indirect methods of analysis, such as the
Trojan Horse one [219–221]; the results of these analyses are discussed in Ref. [215],
where the S-factor of the 10B(p,α0) has been extracted down to zero energy. At
higher bombarding energies, the integrated cross section for summed α0 and α1

channels has been measured by Jenkin et al (Ep ≈ 3-5.5 MeV) [222] and, more

5The 10B(p,α) reaction is important in Nuclear Fusion technology [207] for the development
of new generation laser-induced aneutronic fusion reactors, based on the 11B(p,α) reaction [208–
210]. This could avoid serious radio-protection problems due to neutron flux emitted by the more
conventional d+ d or d+ t fusion reaction. Being natural boron composed by 11B at 80.1% level,
while the remaining 19.9% is 10B, the 10B(p,α)7Be reaction can occur on 10B contaminants leading
to the emission of long-living 7Be radioactive nuclei (τ ' 52.7 days). They can hit the reactor
vessel, causing important radiation safety issues. A correct estimate of the 11B enrichment level
needed to avoid radioactive hazard requires an accurate knowledge of the 10B(p,α) integrated cross
section at low energies (< 0.3 MeV) [211].

6The destruction of Li, Be, B isotopes in stars occurs at different depths, and the analysis of
the resulting atmospheric abundances can be used as a fingerprint of mixing processes [214].
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recently, by Kafkarkou et al (Ep ≈ 2−5.5 MeV) [211]. Apart from different absolute
normalizations (at 16% level), these two data sets are in good agreement. The
situation is more problematic for the intermediate bombarding energy range (Ep ≈
0.5− 2.0 MeV). In this domain, the only angle-integrated measurement reported in
the literature is described in Ref. [223]. It is obtained with the activation technique
of boron samples, which does not discriminate the α0 and α1 channels; the thick
target yields reported in Ref. [223] have been subsequently transformed into S-factor
by the nacre collaboration [109, 224]; the resulting data-set is affected by very large
error bars (of the order of 20-30%). In this energy region, other two (very old) data
sets have been reported in the literature: the data by Brown et al (Ep ≈ 0.5-1.6
MeV, in ≈ 25 keV step [225]) and by Cronin (Ep ≈ 0.8-1.7 MeV, in ≈70 keV step
[218]). They have been obtained with very refined detection devices (a magnetic
spectrometer and an electrostatic analyser, respectively). Unfortunately, the first
data set [225] reports the differential cross section (DCS) for α0 and α1 channels
obtained only at one angle (θcm ≈ 140◦), while in the second data set [218] angular
distributions are reported only for five bombarding energies, down to 1 MeV.

If we want to improve our knowledge of 11C spectroscopy, we need more accurate
data. For this reason, we performed a new measurement of the 10B(p,α0) reaction in
the bombarding energy range 0.6 - 1.0 MeV by means of the ttt3 tandem accelerator
in Naples [226–229].

2.2.1 Experimental apparatus and techniques

The experiment has been performed at the ttt3 tandem accelerator of Laborato-
rio dell’Acceleratore (LdA) of Federico II University of Naples [226–229]. Proton
beams were obtained by using a TiH compound introduced in the sputtering source.
In order to reduce pile-up effects, typical intensities of the proton beam used in
this experiment did not exceeded 1 nA. The accelerator was energy calibrated by
analysing the γ yield of the 19F(p,αγ) reaction near the 0.872 MeV resonance and
by inspecting several resonances in the elastic scattering of proton and α beams on
12C and 16O targets [230]. The maximum estimated beam energy spread was about
0.2%, and the diameter of beam spot on the target did not exceed 2 mm. The proton
energy was varied in the range 0.63-1.028 MeV, in ≈ 40 keV steps. Beam intensity
was monitored by means of a Faraday-cup and the collected charge was estimated
by a digital current integrator. The typical dead time was ≈ 1-2% maximum. The
vacuum in the scattering chamber was of the order of 10−6 mbar.

Particular attention was devoted to the choice of the target. We used a boron
layer (38 µg/cm2 nominal thickness, isotopically enriched in 10B at 99.9% level), ob-
tained by e-beam evaporation. Because of the extreme fragility of the boron layer,
a small quantity of polyvinyl formal (C3H6O2, of the order some µg/cm2) was used
to reinforce it. It was mounted orthogonally respect to the beam axis. The stabil-
ity of target was checked all along the experiment by monitoring elastic scattering
peaks. Even if our target was specifically manufactured to reduce the amount of
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Figure 2.6: Elastic backscattering spectrum obtained at θlab=140◦ by bombarding
the target with 0.988 MeV proton beam. Note the change of the vertical scale at 0.82
MeV. The energy positions of the various scattering and reaction products due to 10B
and contaminants are shown by arrows. The energy region where α0 contributions
lie is indicated by a light red band.

contaminants, a not negligible presence of reaction products coming from residual
contaminants in the target is present in the spectrum of the reaction products. We
performed a dedicated characterization of the target by means of elastic backscat-
tering (θlab=140◦) of 0.988 MeV protons. The resulting backscattering spectrum
is shown in Figure 2.6. The presence of Li and Al is due to contaminants in the
boron powder used to manufacture the target; carbon and oxygen are due to the
polyvinyl formal layer; Cu is due to the use of a copper mortar for the boron e-beam
evaporation; and finally Cl and Ba are due to the use of BaCl2 release agent in the
target manufacturing procedure. Peaks due to these contaminants (especially the
heavier ones) largely overlap with the α0 signal, leading to strong difficulties in the
extraction of α0 yields at backward angles by ejectile energy analysis.

The discussed analysis allows to obtain a precise indication of the nature of the
contaminants present in the target. In this way we can perform a systematic study
of the possibility to distinguish the reaction products of interest from contaminant
signals at various emission angles. In Figure 2.7, we plot the result of such an analysis
in terms of kinematic curves of scattering and reaction events that can occur on the
boron target and its contaminants, when the bombarding energy is Ep=0.95 MeV.
Ei is the ejectile energy, while θlab is the detection angle. The 10B layer was assumed
to be 40 µg/cm2 thick. For simplicity, contaminants are supposed to be only at
the entrance surface of the target, but this assumption does not affect significantly
our deductions. The blue filled area indicates the angular region largely shadowed
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Figure 2.7: Kinematic curves of scattering and reaction events on boron and con-
taminants in the target obtained at Ep=0.95 MeV. Ei is the ejectile energy, while
θlab is the detection angle. The 10B layer was supposed to be 40 µg/cm2 thick. For
simplicity, contaminants are assumed to be at the entrance face of the target. The
blue filled area indicates the angular region shadowed by the target frame.

by the target frame. Kinematic curves of different scattering and reaction events
are shown in various colours. At forward angles, the ejectiles are well separated,
and they can be safely identified by their energy. At variance, we can expect a
strong overlap between the 10B(p,α0) reaction and the natBa,Cu,Cl(p,p0) scattering
products at backward angles; this effect is further amplified if we considered the
kinematical spread introduced by the finite angular opening of the detectors.

The arrangement of detectors used in the present experiment, sketched in Figure
2.8, was designed to take into account all these peculiar aspects of reaction kine-
matics. The detection system consisted of 10 silicon detectors (1× 1 cm2 collimated
area), placed at 10 cm from the target. Their energy resolution is of the order
of 0.3% for 5.48 MeV α particles. The first four silicon detectors were placed at
30◦, 40◦, 50◦ and 60◦ angles. At these forward angles, the identification of the α0

peak can be easily done, provided that the pile-up is safely reduced. An example
of spectrum obtained at 40◦ when Ep = 0.988 MeV is shown in Figure 2.9. The
10B(p,α0) peak is clearly seen at ' 1.57 MeV while a less intense 10B(p,α1) peak
can be identified at ' 1.26 MeV. The yield ratio here observed at Ep = 0.988 MeV
and θlab =40◦ (Yα1

Yα0
= 6.7± 1.0%) is in reasonable agreement with the value ≈ 5.5%

based on data reported in Ref. [218] at Ep = 1.1 MeV and θcm = 100◦. Besides the
forward ones, six silicon detectors have been further mounted at θlab = ±120◦, 140◦,
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Figure 2.8: Schematic drawing of the experimental setup.

160◦ in a symmetric displacement with respect to the beam axis. The symmetric
displacement has been obtained with mechanical and optical procedures and tested
via Rutherford scattering of a 1 MeV proton beam on barium (BaF2 thin target).
The observed left-right asymmetry is of the order of 0.6% maximum in yield and it
has been taken into account in the data analysis phase. A 3 µm thick aluminium
foil has been placed in front of three out of the six detectors (on the same side),
while the remaining have been left unshielded. The use of aluminium foils allows
to extract the yield of the α0 channel at backward angles, otherwise hidden by the
presence of other scattering products, as shown in Figures 2.6 and 2.7. More in
detail, the aluminum foil strongly slows down (or even stops) α0 particles; at vari-
ance, protons are able to punch through the foil and be detected. In such a way, to
estimate the α0 yield, one can make the difference between the left-side (unshielded
detector) energy spectrum and the right-side (shielded) one in the region of interest
where the α0 particles are expected. We indicate this method as inverse absorber
technique. To compare the shielded and unshielded detector spectra, we need firstly
to simulate the effect of aluminium absorber in the unshielded detector. To do this,
the unshielded detector spectrum has been processed with a Monte Carlo code that
simulated the effect of energy loss and straggling in the aluminium absorber, sup-
posing that all the particles hitting the detector are protons. The average energy
loss curve is taken from Ziegler [231] and straggling values are taken from the Chu
theory, as discussed in Ref. [230]. In Figure 2.10 we show, as blue solid line, the
right-side spectrum obtained at −160◦ (shielded detector) compared to the left-side
+160◦ (unshielded detector) spectrum processed with the Monte Carlo code to take
into account the absorber effect (red solid line). Figure 2.10 refers to Ep = 0.988
MeV and θlab = 160◦, but similar results are seen also at different bombarding ener-
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Figure 2.9: Ejectile spectrum obtained at θlab =40◦ when the target is bombarded
by 0.988 MeV protons. The contributions due to the various ejectiles are indicated
by arrows.

gies and detection angles. The two spectra are in very good agreement, except for
the 0.62 - 0.76 MeV proton-equivalent energy region, where the α0 contribution is
expected from kinematics (the broadening being due to the angular opening of the
detector) and energy loss considerations. Subtracting the two spectra in this region
of interest we are able to obtain the yield of α0 particles at backward angles, shown
as blue filled area in Figure 2.10. The uncertainty introduced by this procedure is
≈ 4% maximum. In this way, angular distributions can be obtained, for the first
time, in a quite wide angular domain.

2.2.2 Angular distributions, integrated cross-sections and
S-factor of the 10B(p,α0) reaction

The differential cross section (DCS) of the 10B(p,α0)7Be was estimated by using the
measured experimental α0 yields at various incident energies. We used an internal
normalization procedure, based on the simultaneously measured 10B(p,p0) yield, to
obtain DCS in absolute units. The 10B(p,p0)10B yields have been estimated by
fitting our spectra at 140◦ and 160◦ with three Gaussian curves plus a polynomial
background. The DCS of the elastic scattering 10B(p,p0) at backward angles (140◦,
160◦) have been already measured and reported in Ref. [233]; more recently, these
DCS have been carefully benchmarked and corrected in Ref. [234]. In Figure 2.11,
we report the resulting angular distributions of the 10B(p,α0)7Be reaction. At Ep 5
0.785 MeV, some points at forward angles are missing, because of the overlap with
the pile-up peak. At Ep = 1.010 MeV, our angular distribution is compared with
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Figure 2.10: Ejectile spectra obtained at θlab = ±160◦ when the target is bombarded
by 0.988 MeV protons. Blue line: detector preceded by aluminium absorber. Red
line: unshielded detector. In this case the original spectrum has been processed
with a Monte Carlo technique to simulate the effect of the aluminium absorber.
Blue filled area: subtraction of the two spectra in the energy region where the
10B(p,α0) contribution is expected.

the one reported by Cronin [218] at 1 MeV. In their overlap region a reasonable
agreement between the two data sets can be observed; this finding gives consistency
to the experimental methodology applied in the present analysis. To our knowledge,
before this work, the 1 MeV angular distribution of Ref. [218] was the only one
available in the literature in the Ep ≈ 0.5-1.0 MeV domain. At lower energies
(Ep ≈ 0.15-0.45 MeV), angular distributions have been reported by Youn et al [235].
Interestingly, angular distribution shapes of our lowermost energy data (Ep < 0.7
MeV) and of the higher-most energy data by Youn et al (Ep > 0.37 MeV) are
similar, pointing out the presence of non-negligible 2nd-order terms in the Legendre
Polynomial fit of data. The peculiar shape of these angular distributions could be
due to the excitation of a state in 11C by a proton reaction with ` 6= 0, as discussed
in more details in the following.

To derive angle-integrated cross sections from the experimental data, we fitted
the above discussed angular distributions with Legendre polynomials. The `-order
of these polynomials reflects the partial waves of the reaction. In the bombarding
energy domain explored in the present measurement, we can assume that only low-`
partial waves are contributing (` 5 2). This allows us to limite the maximum order
of the polynomials used in the fit. In detail, we used Legendre polynomial up to
the 4th order in the Ep = 0.827-1.028 MeV range, and up to the 2nd order in the
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Figure 2.11: Angular distributions of the 10B(p,α0)7Be reaction, as a function of the
proton energy. Vertical bars represents statistical errors. Blue squares report angular
distribution data obtained by Cronin [218] at 1 MeV. Green dashed lines: R-matrix
calculations of angular distributions obtained by using the resonance parameters
reported in the literature [202, 212, 213, 215, 232]. The absolute cross section scales
have been multiplied by the scaling factors indicated in the figure for ease of display.
Red solid lines: R-matrix calculations of angular distributions (mb/sr) obtained by
using parameters reported in Table 2.2, columns 3-10, that have been derived from
the data fit procedure described in paragraph 2.2.3.
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Figure 2.12: 10B(p,α0)7Be astrophysical S-factor. Blue dots: present data (vertical
bars: statistical errors; grey band: non-statistical errors). Green stars: data by
Brown et al [225] as reported in [109, 224]. Black triangles: data by Roughton et al
[223] as reported in nacre [109] and nacre2 [224].

Ep = 0.630-0.785 MeV range. The resulting S-factor is shown in Figure 2.12 (blue
full dots), as a function of the center of mass energy Ecm. Vertical bars indicate
statistical uncertainties, while the grey band indicates non-statistical ones (coming
from the internal normalization procedure). We reported also, for comparison, data
taken from the literature and reported in the compilations nacre [109] and nacre2
[224]. They are derived from Brown et al data (green stars) [225] and from Roughton
et al [223] data (obtained using the thick target activation method; black triangles).
Our data are ≈ 30% lower than Roughton et al ones [109, 223, 224]. Interestingly,
the data sets point out the presence of a broad bump at Ecm ≈ 0.65 MeV. The
presence of such a bump could reflect the excitation of some resonant state in 11C at
Ex ≈ 9.36 MeV not reported up to date. The list of 11C excited states at Ex ≈ 9-11
MeV is reported in Table 2.2; Ex and Jπ values reported in the first two columns
are taken from the literature [202, 212, 213, 232].

2.2.3 R-matrix fit of data and the spectroscopy of 11C

We tried to improve the spectroscopy of 11C excited states at Ex ≈ 9-11 MeV by
performing a R-matrix fit of the present experimental data and also of other data
reported in the literature. In particular, S-factor data of the 10B(p,α0)7Be reaction
derived from the present measurement and those of Refs. [218, 225, 236] (Figure
2.13a), the DCS data of the 10B(p,α1)7Be0.429 reaction at 90◦ (Figure 2.13d) and the
elastic scattering 10B(p,p0)10B DCS at 130◦ and 150◦ from Refs. [233, 234] (Figure
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2.13b-c) have been simultaneously used to perform a comprehensive R-matrix fit.
In details, the 10B(p,α0)7Be S-factor in the bombarding region between 0.5 and 2.5
MeV has been obtained by complementing our data with the ones derived from the
literature. Unfortunately, as discussed above, in this energy domain very few data
have been reported up to date. The thick target yield data obtained by Roughton
et al [223] and used by the nacre collaboration [109] supply the sum of α0 and
α1 channels; for this reason we did not include these data in the systematic of the
10B(p,α0)7Be reaction. Apart from this measurement, the other data reported in the
literature are DCS taken at various angles (mainly at about 90◦ in the laboratory
frame) [218, 222, 225, 236]. Angular distributions reported by Cronin [218] in the
1.0-1.63 MeV domain point out the presence of small anisotropic effects, of the
order of ± 10% or lower. Therefore, in absence of more comprehensive data and as
a first approximation, we calculated the 10B(p,α0)7Be angle-integrated cross section
by using the DCS at θlab ≈ 90◦ of Cronin [218] and Overley and Whaling [236] and
assuming isotropy. It is interesting to note that these two data sets agree in their
overlap region (at about Ep ≈ 1.5-1.6 MeV). We used also the data by Brown et
al [225] (DCS at θlab ≈ 137.8◦) in the Ep ≈ 0.5-1.2 MeV domain; we discarded the
Ep > 1.2 MeV data because of the possible presence of systematic errors in this
energy region, as pointed out by Brown et al themselves [225] and Cronin [218].
The data by Brown et al have been subsequently normalized to our cross section
scale; with a common scaling factor of ≈ 0.76, our data and Brown et al ones
are in agreement. An overall ±10% uncertainty, taking into account for possible
anisotropies in angular distributions, has been assigned to the σ(E) data obtained
from Cronin [218], Overley and Whaling [236] and Brown et al [225] data. They are
reported, as S-factor, in the panel (a) of Figure 2.13 as green stars (Overley and
Whaling), black triangles (Cronin) and white diamonds (Brown et al). Our data are
reported as blue dots (with statistical errors). A reasonable consistency between all
data sets is observed. The list of 11C excited states at Ex ≈ 9-11 MeV is reported
in Table 2.2; Ex and Jπ values reported in the first two columns are taken from the
literature [202, 212, 213, 232]. Finally, 10B(α,α0) elastic scattering data, published
by Refs. [202, 237], have not been considered in the global fit because of strong
differences between them.

To perform the R-matrix fit of all these data sets we used the R-matrix code
azure2 [147, 238]. The channel radii have been estimated with the formula R =

1.4× (A
1/3
1 +A

1/3
2 ) fm [213]. In the fit procedure, we allow the overall normalization

of the elastic scattering data by Refs. [233, 234] to be slightly varied within 15%.

We started to calculate the scattering and reaction cross sections by including
excited states of 11C at 8.699, 9.20, 9.65, 9.78, 9.97, 10.083, 10.67 MeV [202, 212,
213, 232]. The used resonance parameters (Ex, Jπ and partial widths) were taken
from the literature, namely from [202, 212, 213, 215, 232]. A grey dashed line in
Figure 2.13(a) shows the results of such a calculation for the 10B(p,α0)7Be reaction
channel. The overall agreement is not satisfactory (χ̃2 ≈ 24) especially at low ener-
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Figure 2.13: (a) S-factor of the 10B(p,α0)7Be reaction derived from the present
experimental data and from the DCS data taken from Refs. [218, 225, 236], as
discussed in the text. (b,c) 10B(p,p0)10B DCS at 150◦ and 130◦ respectively, taken
from [233, 234]. (d) 10B(p,α1)7Be DCS at 90◦ from [218]. In all panels, red lines
indicate the result of the global R-matrix fit.

gies (Ex < 9.7 MeV); strong disagreements are also observed for the other channels
here investigated (not reported in Figure 2.13(b-d) for clarity reasons). We verified
that a change of the sign of interference between the two 5/2+ states at low energy
does not lead to an improvement of the data fit. We performed also angular dis-
tribution calculations at the various energies here studied. The results (in absolute
units) are shown as green dashed lines in Figure 2.11. They have been multiplied
by the factors given by labels in the Figure 2.11 for clarity reasons. A strong dis-
agreement, both in shape and in absolute values, is observed especially at the lowest
energies (Ep < 0.7 MeV). With the level scheme given in the literature, this region
is dominated by the tails of the very broad 9.20 MeV 5/2+ state (Ep = 0.56 MeV,
Γlab = 0.55 MeV) and of the 9.64 MeV (3/2−) state (Ep = 1.05 MeV, Γlab = 0.23
MeV). The observed disagreement puts in question these assignments. Indeed, the
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Ex
(MeV)

Jπlit Γlittot Ex
(MeV)

Jπ `α0 Γp0 Γα0 Γα1 Γtot Ref.

9.20 5/2+ 500±90 [202, 212, 213, 232]
9.36 (5/2−) 2 4 235 239 this work

9.65 (3/2−) 210±40 9.65 (3/2−) 0 45 223 268 [202, 212, 213, 218, 232]
9.78 (5/2−) 240±50 9.80 5/2− 2 12 116 4 132 [202, 212, 213, 232]
9.97 (7/2−) 120±20 9.98 7/2− 2 498 66 4 568 [202, 212, 232]
10.08 7/2+ ≈230 10.02 7/2+ 3 13 105 1 119 [202, 212, 213, 218, 232]

10.10(5/2+) 147 36 183 this work
10.68 9/2+ 200±30 10.67 9/2+ 3 126 37 163 [202, 212, 213, 232, 236]

Table 2.2: (first 3 columns) 11C states reported in the literature ([232] database)
in the 9MeV < Ex < 11MeV excitation energy domain. (columns 4-10) 11C spec-
troscopy obtained from the R-matrix fit of the angle-integrated cross section data
set of this work and shown in Figure 2.13. Round brackets indicate tentative Jπ
assignments.

difficulties to describe DCS of the 7Be(α,α0)7Be and 10B(p,α0)7Be reactions with a
very broad 5/2+ state placed at 9.20 MeV have been pointed out by other works
[202, 213]. These findings underline the need of a revision of 11C spectroscopy in
this excitation energy region.

In our fit procedure, the resonance energy Ex and the partial width of states
were allowed to vary within reasonable values (i.e. the resonance energy Ex should
not overcome some tens of keV with respect to the value reported in the literature
[232] and the partial widths should not overcome the corresponding single particle
(Wigner) limit, defined as ΓW = 2P`γ

2
W , where γ2

W = 3~2

2µR2 [142]). The contribution
of the 8.699 MeV state is found to be negligible in the presently explored energy
domain, while the 9.20 MeV state falls outside the region here investigated. The Jπ
assignments of the 9.65, 9.78, 9.97, 10.083, 10.67 MeV states were fixed to the values
reported in the literature [202, 212, 213, 232]. Because of the already discussed
problems in the description of low energy experimental angular distributions, we
included in the fit the presence of a state in the Ex = 9.3-9.4 MeV region, and
we tried different Jπ assignments. Further, to simultaneously describe the resonant
peak at about 10.1 MeV in the 10B(p,α1)7Be0.429 DCS and the broad bump at about
10.1 MeV in the elastic scattering DCS, we suggest to introduce a 5/2+ state at
10.1 MeV, having only Γp0 and Γα1 partial widths. This assumption is supported by
the systematic energy shift (about 0.1 MeV) observed between the peaks in DCS of
reaction or scattering experiments involving 11C compound nucleus and having α0

or α1 exit channels. As an example, both Brown et al and Cronin [218, 225] pointed
out an energy shift of about 0.1 MeV in the 10B(p,α0) and 10B(p,α1) DCS; Cronin
[218] observed that these two peaks could in principle be due to different states of
11C. In more recent times Yamaguchi et al [202] reported 7Be(α,α0) and 7Be(α,α1)
scattering data and, despite the low statistics, a similar shift appears possible. The
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result of such a fit gives a reasonably good description of all channels here studied:
it is represented by solid red lines in Figure 2.13(a-d). In particular, a χ̃2 ≈ 1.2
is obtained for the 10B(p,α0) reaction. The good overall description, in terms of
shapes and absolute cross sections, of the angular distributions at Ep < 0.827 MeV
(Figure 2.11, red solid lines) suggests a tentative (5/2−) assignment for the 9.36
MeV state. The parameters obtained by the fit procedure are reported in Table 2.2,
columns 3-10. The exclusion of the 9.36 MeV state from the fit leads to a much
poorer description of the experimental data in the Ecm < 1 MeV region, as shown
in Figure 2.13a by the blue dotted line for the (p,α0) channel (χ̃2 ≈ 8). In general,
Γα0 values are of the order of 10− 30% of the corresponding Wigner limits, except
for the 9.36 MeV (5/2−) state (Γα0

ΓW
≈ 0.7); this large α-width suggests a pronounced

α-cluster nature of this state. For simplicity, in the present analysis we have not
considered the possible presence of a direct contribution in the (p, α0) cross section
at low energies [239]; its presence could modify the Γp and Γα0 values here quoted.

Finally, it is interesting to observe that the experimental angular distributions
at higher energies (Ep > 0.9 MeV) are poorly reproduced by R-matrix calculations
performed with the parameters reported in Table 2.2. These discrepancies could be
explained by considering different Jπ assignments for the 9.64 and 9.78 MeV states,
that have been tentatively reported in the literature as (3/2−) and (5/2−), respec-
tively [232]. Unfortunately, the present data on angular distributions explore only
very partially the bombarding energy region between the resonance peaks, and there-
fore no definite conclusions can be drawn. New measurements of the 10B(p,α0)7Be
reaction with finer energy steps and with broader bombarding energy and angular
ranges, together with extended measurements of α+7Be elastic scattering cross sec-
tions, would allow to obtain finer conclusions on the spectroscopy of 11C. Finally,
the results discussed in this Section have been recently published in Ref. [240].

2.2.4 Impact of our results on successive works

The 10B(p,α0) cross section here measured is in very good agreement with the results
of a subsequent experiment of Caciolli and collaborators [241]. They measured the
total cross section of the 10B(p,α0)7Be reaction in the energy range Ecm = 250-1182
keV by using the activation method at INFN-LNL. Furthermore, the existence of
the 9.36 MeV (5/2−) and 10.15 MeV (5/2+) states in 11C has been very recently
confirmed in a new global R-matrix fit performed by Wiescher et al. in Ref. [242].
The authors of [242] selected our work as the most comprehensive R-matrix analysis
of the 11C nucleus published in the literature up to date and used our fit parame-
ters as a starting point for their fitting procedures. They reported a level scheme
quite similar to the present one (Table 2.2). Another extremely recent R-matrix
calculation is reported in Ref. [243]. In this work, indirect data obtained with the
Trojan Horse Method (THM) allowed to complement the existing data sets down
to energies of astrophysical interest, e.g. in the range 5 keV ≤ Ecm ≤ 1.5 MeV.
The result of the complete R-matrix analysis in the low energy range gives further
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Figure 2.14: 11C negative parity (Kπ = 3/2−) rotational band proposed in Ref. [202].
The 3/2−, 5/2−, 7/2− and hypothetical 9/2− members (open symbols) are indicated
in [202], while the black filled triangle represents the 9.63 MeV 5/2− state proposed
in our work [240].

hints on the consistency of the existence of the 9.36 MeV (5/2−) state. Further-
more, an improved normalization of indirect data was obtained by using our values
of astrophysical S-factor in the energy range explored in the present work [240].

Finally, a naive speculation coming from the present analysis. A new negative-
parity rotational band (Kπ = 3/2−) in 11C was proposed in Ref. [202]. The band-
head of such a band is the 8.10 MeV state (3/2−). The second member is considered
by the authors to be the 9.78 MeV 5/2− state. The subsequent member is indicated
to lie at 11.03 MeV, as shown by their R-matrix fit, that reports a state with
a possible 7/2− Jπ value. Their systematic predicts even a further 9/2− member
which could be located at around 13 MeV. The authors of [202] proposed two possible
states as candidates for this high-spin member, either the 12.65 MeV or the 13.4 MeV
state. The members of this band were associated to a cluster 2α-3He configuration.
Interestingly, if one includes the 9.36 MeV 5/2− state, as observed in our analysis,
in the rotational band described in Ref. [202] (black filled triangle in Figure 2.14),
one observes a linear correlation better than the one obtained by including the 9.78
MeV state as 5/2− member, as suggested in [202]. Giving the pronounced α-nature
of the 9.36 MeV state, one can naively speculate that this state could be the 5/2−

member of such a molecular rotational band. A linear extrapolation of this band
would result in the presence of a 13.4 MeV state as the 9/2− member. Experimental
investigations near this excitation energy are therefore required to confirm such a
speculation.
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2.3 Clustering in 12C: the decay path of the Hoyle
state

Exploring the structure of 12C is extremely fascinating, since it is strongly linked
to the existence of α-clusters in atomic nuclei and to the interplay between nuclear
structure and astrophysics. As discussed in paragraph 1.4.2 of Chapter 1, an inter-
esting state of the 12C nucleus, the so-called Hoyle state, lies at an excitation energy
of 7.654 MeV. The structure properties of the Hoyle state are quite unusual and
their investigation represents one of the most important open problems in modern
nuclear physics. In particular, it is known that its decay mode is dominated by
the α sequential decay (SD), but a precise measurement of its direct decay (DD)
width is required to constraint theoretical models attempting to describe its cluster
structure (a detailed description of these models and their recent results is given in
paragraph 1.4.1 of the present thesis). From the astrophysical point of view, the
SD of the Hoyle state is important in stars which burn helium at low temperature
(T < 0.08 GK, see paragraph 1.4.2 for details).

Despite of the importance of a precise knowledge of its decay modes, no definitive
conclusions can be at present drawn from an experimental point of view regarding
the Hoyle state in 12C. Recently, a quite large number of experiments have been
carried out to explore how the Hoyle state decays via 3α emission, i.e. what is the
direct decay rate relative to the sequential one. An upper limit to the direct decay
branch was first given by Freer et al. in 1994 [244]. In their work they reported that
the branching ratio (BR) of the Hoyle state decay bypassing the 8Be ground state
was lower than 4%, i.e. (Γα−Γα0)/Γα < 0.04. Here Γα indicates the global α decay
width and Γα0 is the partial width of the α emission leading to the ground state
of 8Be. More recently, Raduta et al. [245] reported a result in strong contradiction
with the previous one, finding a rather high value (17 ± 5%) of direct BR. Such
contrasting results stimulated a series of new experiments aimed at determining the
actual value of the direct decay BR of the Hoyle state. New upper limits of 0.5%
(95% C.L.) and 3.9% (99.75% C.L.) were obtained by Kirsebom et al. [156] and by
Manfredi et al. [246] respectively. Two more recent experiments by Rana et al. [247]
and Morelli et al. [248] suggested non-zero values of direct decay BR, respectively
of (Γα−Γα0)/Γα = 0.91± 0.14% and 1.1± 0.4%. Finally, thanks to a high statistics
experiment, Itoh et al. [249] determined an improved upper limit of the direct BR
of 0.2% (95% C.L.). It is important to underline that, as discussed in [244, 249],
the use of strip detectors introduces the presence of a non-vanishing background,
that reduces the sensitivity in measuring the small signal of the direct decay BR
Taking into account the importance of fully understanding α clustering effects in the
nuclear structure of 12C, it is mandatory to improve our knowledge of the direct-to-
sequential decay BR of the Hoyle state, since theoretical estimations of this quantity
are given at the 0.1% level, i.e. well below the most recent upper limit reported in
the literature [51, 249].
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2.3.1 Experimental technique: the 14N(d, α)12C reaction

To account all the above discussed issues, and to shed light on the direct to sequential
BR of the Hoyle state, we performed a new high-precision and high statistics exper-
iment. The basic idea of our investigation was to populate 12C nuclei in their Hoyle
state and then to detect, with a high resolution apparatus, their decay through 3α
emission. The decay path of the Hoyle state can be in such a way studied via invari-
ant mass techniques and the use of the Dalitz plot, as discussed in paragraph 1.5.3
of the present thesis. In this work, we used the 14N(d, α)12C nuclear reaction. A
10.5 MeV deuteron beam was provided by the 15 MV tandem accelerator of the
INFN-LNS (Catania, Italy). As a detection apparatus we used the combination of
a ∆E-E telescope and a high granularity hodoscope detector. We completely re-
constructed the kinematics of the reaction by simultaneously detecting the four α
particles emitted in the final state, namely the α ejectile, used to tag the excitation
of the 12C residue at its Hoyle state (E∗ = 7.654 MeV), and the three α particles
from by the Hoyle state decay.

The hodoscope detector, named superOSCAR, is a modified version, specifically
built for this experiment, of the OSCAR hodoscope [250]. While the OSCAR device
is based on two-detection stage modules (see Appendix A.0.4), the superOSCAR
hodoscope consists in only one detection stage, which corresponds to 4 OSCAR
modules without the first detection stage and arranged as a square of 2 × 2 mod-
ules. It was designed to ensure the detection of the three α particles coming from
the Hoyle state decay with the highest possible efficiency and to avoid the artificial
introduction of background. This is achieved by using a system of independent sili-
con detectors. The independency of detection cells allow to obtain an unambiguous
particle tracking, free from track misassignment previously seen in similar experi-
ments performed with DSSSDs [249]. Globally our hodoscope is constituted by 8×8
independent silicon pads (1 cm2, 300 µm thick). It is placed in such a way that its
center is aligned with the axis of the 12C(7.654) three α emission cone, when the
corresponding α tagging ejectile is detected by the ∆E-E telescope.

The 12C excitation energy spectrum, reconstructed from the measurement of ki-
netic energy and emission direction of the particles detected in the ∆E-E telescope,
is shown on Figure 2.15 by the blue line. Only particles stopping in the first detec-
tion stage are selected, allowing to strongly reduce contaminations from (d,d) and
(d,p) reactions on the target constituents. This technique, named anti-coincidence
telescope technique, was previously used, in the same reaction, in Ref. [251]. In the
present work, a 100 µm silicon stage, followed by a thick 1500 µm silicon is used
as ∆E-E anti-coincidence telescope. We made a systematic study of the reaction
contaminants which are expected when deuterons impinge on any of the possible ele-
ments present in the target. The anti-coincidence telescope allows to exclude largest
part of events due to the contaminants simply by imposing the anti-coincidence of
the first and the second detection stage of the telescope. The excitation energy spec-
trum reduces to the filled one if we select events with 4-particles in coincidence, i.e.
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Figure 2.15: 12C excitation energy spectrum reconstructed from the measured mo-
mentum of particles detected by the ∆E-E anti-coincidence telescope (blue line).
Labels are used to indicate the energy and spins of well-known states of 12C. (filled
histogram) Same spectrum obtained by selecting 4-particles coincidences.

by selecting events where 3 particles are detected in coincidence by the hodoscope.
This spectrum exhibits a pronounced peak at Ex = 7.654 MeV, corresponding to
the energy position of the Hoyle state, while background as well as other peaks are
strongly suppressed. For the subsequent analysis, events are selected by gating on
the Hoyle peak and on the corresponding four-particle total energy spectrum, which
unambiguously identifies the reaction channel of interest.

In Figure 2.16 we report (full dots) the 12C excitation energy spectrum obtained
by an invariant mass analysis of ternary coincidences inside the hodoscope, assum-
ing that they are α particles7. The red dashed line is the result of a complete
Monte Carlo simulation of the effect of the detection system on the reconstruc-
tion of the three α particles resulting from the in-flight decay of the Hoyle state.
To produce this result we consider four α particles fully reconstructed events from
14N(d, α2)12C(7.654) reaction simulated data. In our simulation we have taken into
account both the profile of the beam on the target and the angular distribution of
the emitted α ejectile, as reported in [252] at the same incident energy. The geom-
etry of the detectors and their energy resolution are also taken into account in the
simulation. The result of the simulation is in excellent agreement with the exper-
imental data, confirming the unambiguous reconstruction of this physical process.
The invariant mass of the Hoyle state is determined with a resolution of about 47

7The possible amount of events different from the 14N(d, α2)12C(7.654) reaction (4α) is strongly
suppressed thanks to the great sensitivity of the apparatus to this specific reaction channel, even
without identifying in charge and in mass the three particles in the hodoscope.
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Figure 2.16: Three particle invariant mass spectrum (12C Ex) gated on the Hoyle
peak of Figure 2.15. Experimental points are compared with the result of a Monte
Carlo simulation of the 14N(d, α2)12C(7.654), which details are explained in the text.
Events under the peak centered at 7.654 MeV are due to the decay of the Hoyle state.
The evaluated background level is about 0.036%.

keV (FWHM), while the center of the distribution is in agreement with the posi-
tion of the Hoyle state within an indetermination smaller than 1 keV. Four-α fully
detected events are thus selected by means of a further bi-dimensional cut on the
Q-value and on the invariant mass of the three α-particles. In such a way we obtain
a number of about 28000 decay events of Hoyle state, an amount well higher than
any other previous investigation. This plot is particularly useful since it allows to
estimate the amount of background events, i.e. spurious events which are topologi-
cally compatible with the events of interest. The background level is extremely low
thanks to the stringent constraints on the data, the sensitivity of the apparatus to
the physical process and the unambiguous particle track identification achieved by
the use of the hodoscope. It can be evaluated by inspecting the right and left sides
of the spectrum; it amounts to about 0.036% of the total number of selected events.

2.3.2 Analysis of the direct α-decay width of the Hoyle state

Details about the three-α decay mechanisms of the Hoyle state can be studied by
using the symmetric Dalitz plot, as explained in paragraph 1.5.3 of Chapter 1.
This technique is particularly suited to geometrically visualize the decay pattern
into three equal-mass particles by using the cartesian coordinates of equation 1.82,
where εi,j,k (the normalized energies of the three particles in their decay frame) are
selected so that εi ≥ εj ≥ εk. In Figure 2.17 we show the Dalitz plot obtained from
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(a) Exp. Data

Φ(c) 100% DD

(b) 100% SD

Figure 2.17: Experimental symmetric Dalitz plot (a) compared with Monte Carlo
simulations of (b) 100% SD and (c) 100% DDΦ decays. Further details on the
simulation procedure are explained in the text. Simulated SD events result in an
horizontal band and the effect of our experimental apparatus is expected to not
introduce any significant contamination outside this band, as instead observed in
previous works [244, 249].

the experimental data selected with the above discussed procedure (a) compared
with the analogous plot constructed with simulated 100% sequential decay (SD)
data (b) and the 100% DDΦ data (c). Simulated data have been obtained with the
same prescription used to construct Figure 2.16. In this Dalitz plot representation,
a sequential decay (SD) mechanism would populate a uniform horizontal narrow
band, while a spread of events along the whole plot region would be observed in
the case of DDΦ (the direct decay into the available phase space). The plots of
Figure 2.17(b) and (c) are particularly useful to characterize the expected distortion
introduced by the experimental apparatus on the analysis to discriminate the decay
mechanism. In particular, two significant conclusions can be extracted from these
plots. First, the effect of the detection device on the three α reconstruction results
only in a broadening of the SD band, without introducing a significant background
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Figure 2.18: εi distribution, i.e. the largest energy among the normalized decay
energy of the three α particles in their emitting reference frame. Experimental data
(green circles) are compared with the result of a Monte Carlo simulation (red dashed
line) where we assumed 100% sequential decay (SD).

contamination in the region outside the band. This result demonstrates that we
are able to distinguish between the two mechanisms, for the first time, with an ex-
ceptionally low background level. In previous investigations [249], the Dalitz plot
constructed with simulated sequential decays shows the presence of data points out-
side the above mentioned horizontal band, thus containing ambiguities and leading
to a reduced sensitivity on direct decay contributions. This difficulties arise from
the misassignment of particle tracks inside the strip detectors used in their experi-
ment, as the authors of Ref. [249] state. Our experiment is free from such problems
thanks to the use of an hodoscope of independent detectors free of pixel assignment
ambiguities, which helps to unambiguously disentangle sequential and direct decays.
A second, very important conclusion can be deduced by comparing the behaviour
of the experimental Dalitz plot of Figure 2.17(a) with the simulated ones. An ex-
cellent agreement with the simulated SD horizontal band is clearly seen, while only
few counts populate the region outside the SD band.

A more quantitative analysis can be achieved by inspecting the εi distribution,
i.e. the distribution of the largest energy among the εi,j,k normalized energies [249].
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The εi distribution is shown by the green points of Figure 2.18. These values are
expected to lie, in the case of a DDΦ decay, between 0.33 (when particles share an
equal amount of the decay energy) and 0.67 (when one α is emitted in the opposite
direction of the other two). In contrast, a value of about 0.506 is expected for a SD
mechanism. In order to estimate the BR of direct decays contributing to the width of
the Hoyle state, we have compared the experimental data with the result of a Monte
Carlo simulation assuming 100% of SD (red dashed line on Figure 2.18). From
an analysis of this spectrum, it is possible to identify an extremely small amount
of counts not reproduced by the SD simulation. They correspond to background
events falling into the selection of Figure 2.16 and, eventually, to a signal of DD.

Starting from the observed experimental data, we can determine the lower and
upper limits of the DD BR, by assuming that both the DD and background counts
are regulated by the Poisson statistics [253]. In doing this evaluation, we follow
the Feldman and Cousin’s approach to the analysis of small signals described in
Ref. [254], and we carefully take into account the different expected detection effi-
ciencies for DD and SD decay, as determined with Monte Carlo simulations. The
lower limit is found to be compatible with zero. Therefore we quote an upper limit
on the BR of the direct three α decay of 0.043% (95% C.L.). This value is about
a factor 5 lower than the state of the art experiment [249] and it is in agreement
with the previous results by Freer et al. [244], Manfredi et al. [246], Kirsebom et
al. [156] and Itoh et al. [249], introducing an improvement of about a factor 5 with
respect to the previous most statistically significant work [249]. These results pro-
vide important information about the α cluster structure of 12C Hoyle state and can
be useful for theoretical models attempting to reproduce its structure. They have
also a significant astrophysical impact. Indeed, the further reduction of the upper
limit of direct decay implies that calculations of the triple-α stellar reaction rate at
temperatures lower than 108 K should to be correspondingly revised [66, 110].

2.3.3 Impact of our results on successive works

The results on the direct decay width of the Hoyle state here discussed have been
recently published in Ref. [255]. An independent and almost simultaneous work was
performed by the Birmingam group, and published in Ref. [256]. They used inelastic
scattering of α-particles on 12C to populate the Hoyle state, and then they used an
array of four DSSSDs detectors to study their corresponding disintegrations. They
place an upper limit of 0.047% of the total events to the direct decay width of the
Hoyle state. This result is in excellent agreement with ours, being achieved with a
completely different experimental technique. Both results of Refs. [255, 256] have
been the object of a recent Viewpoint in Physics [257].
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2.4 Clustering in 13C with α + 9Be reactions

Despite strong theoretical efforts made to clarify the structure of 13C, as largely
discussed in paragraph 1.4.3, experimental data on the spectroscopy of this nucleus
at excitation energies above the α emission threshold are quite fragmentary and
often characterized by contrasting Jπ assignments that prevent any firm conclusions
on the structure of this nucleus. There is a class of nuclear reactions which could help
to clarify the present situation8, like, for example, the α+9Be elastic and inelastic
resonant scattering [259–265], the 9Be(α,n)12C reactions [266–268], the n+12C elastic
and inelastic scattering [269–271], and transfer reactions such as the 9Be(6Li,d)13C?

case [272–274].
Among the various possible reactions channels, α+9Be scattering has been sug-

gested to be one of the best ways to populate molecular states in 13C [265] because of
the well pronounced molecular structure of 9Be target nucleus [55, 118]. In Ref. [260],
the structure of 13C in the Ex ≈ 13.3-14.5 MeV range has been explored, with this
reaction, by performing fits of experimental excitation functions at several angles
with predictions based on the Blatt-Biedenharn formalism [36]. In more recent
times R-matrix calculations have been performed by Freer et al [265] to understand
the complexity of the 13C spectroscopy above the α-threshold. They succeeded in
measuring the 9Be+4He elastic scattering in inverse kinematics. The R-matrix fit
of one excitation function at θcm ≈180◦ allowed to revise the Jπ assignments and
the partial width values of several 13C states in the Ex ≈ 13.3-16.2 MeV range. In
particular no clear evidences of the 9

2

± members of the molecular bands suggested
in Ref. [127] have been found.

2.4.1 Selection of reaction data-set

In the context of the present thesis, we perform, for the first time, a comprehensive
R-matrix calculation of several reaction channels involving the structure of 13C as a
compound system. We included in our calculations elastic scattering (α0) differential
cross sections (DCS) obtained at several backward angles, inelastic scattering DCS
to the first excited state (α1, corresponding to Ex = 1.684 MeV) in 9Be obtained at
θlab = 70◦, and integrated cross sections of 9Be(α,n0)12C and 9Be(α,n1)12C reactions.

The largest part of data used in the present R-matrix analysis derives from
an experiment performed at the ttt3 tandem accelerator in Napoli, Italy [229].
Beams of doubly-ionized 4He bombarded a self-supporting 9Be target (122 µg/cm2

thick). The beam energy was varied in 60 keV steps, covering the Eα ' 3.5-10 MeV
domain. An array of collimated silicon detectors placed at various angles was used as
a detection apparatus. With this apparatus, elastic scattering DCS were measured
at 160◦, 150◦, 135◦, 110◦ in the laboratory frame. In the present dissertation we
are interested in the details concerning the R-matrix description of the data. For

8A review of results concerning 13C spectroscopy is reported in Ref. [258].
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Figure 2.19: Ejectile energy spectrum observed in α+9Be collisions at Eα =9.24
MeV and θlab = 70◦. The small peaks at high energies are due to contaminants in
the target. The group of peaks at 1.5-4 MeV is attributed to the inelastic scattering
channels α1 (9Be at Ex =1.684 MeV, blue line), α2 (9Be at Ex =2.429 MeV, green
line) and α4 (9Be at Ex =3.049 MeV, black dashed line). The yellow line represents
the assumed background. The red solid line shows the fit of inelastic peaks.

this reason we will not give further details about the experiment, which have been
reported in Ref. [229]. As an example, a typical ejectile energy spectrum obtained
at Eα = 9.24 MeV and θlab = 70◦ is shown in Figure 2.19. The most intense peak is
associated to the elastic scattering of α particles on 9Be nuclei. The two small peaks
at higher energies are due to scattering events on carbon and oxygen contaminants in
the target, as discussed in Ref. [229]. Particularly interesting is the low-energy group
of peaks (E ≈ 2-4 MeV). It is attributed to inelastic scattering processes on 9Be. The
energy positions of peaks at E ≈ 3.3, 2.7 and 2.2 MeV agree with predictions based
on kinematics and energy loss calculations for α +9 Be inelastic scattering events,
exciting the 1.684 (α1), 2.429 (α2) and 3.049 MeV (α4) states of 9Be. Contributions
due to α +16 O inelastic scattering to this part of the energy spectrum are ruled
out because of kinematics, while contributions due to α +12 C are expected to be
observed up to E ≈ 1.9 MeV. Furthermore, we verified via a detailed kinematic
calculation that the maximum energy of α particles coming from the break-up of
excited 9Be nuclei is outside the region of inelastic scattering peaks. The yield of
the 9Be(α,α1)9Be1.68 inelastic scattering channel is deduced by fitting the low energy
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part of the spectrum in Figure 2.19. We assumed the presence of inelastic peaks
(parameterized with gaussian functions) due to the 1.684 (blue line), 2.429 (green
line) and 3.049 MeV (dashed line) states in 9Be, summed on a smoothly-varying
background of exponential shape (yellow line)9. The result of the fit procedure
is reported in Figure 2.19 as red solid line. With this procedure we succeeded
in measuring DCS for the 9Be(α,α1)9Be1.68 inelastic scattering. It is also possible
to estimate DCS for 9Be(α,α2)9Be2.43 and 9Be(α,α4)9Be3.05 inelastic channels, but
because of the possible contamination due to the 2.78 MeV state, they have not
been included in the present fit procedure. Uncertainties in elastic scattering DCS
are taken from Ref. [229], while for inelastic scattering we evaluated uncertainties
by summing in quadrature statistical and non-statistical errors. Since low energy
states can play a role also in the high energy part of excitation functions [242], we
complemented our elastic scattering DCS data-set with data at θcm = 160◦,150◦

taken from Ref. [261] and covering the energy range Eα ' 1.0-1.7 MeV. During
the R-matrix fit procedure, we allowed the presence of small normalization factors
(within 15% from unity) to take into account for eventual absolute normalization
errors in the original data set of Ref. [261].

To give firm constraints to our R-matrix fit, we included in the fit 9Be(α,n)12C
reaction cross section data. We used absolute integrated cross section data for n0

(i.e. associated with the 12C in the ground state) and n1 (i.e. 12C in the 4.44 MeV
state) channels taken from Ref. [275] for the energy range Eα ' 1.4-3.5 MeV, and
from Ref. [276] for the energy range Eα ' 2-7.5 MeV. In the case of the n0 channel,
the two data sets of Refs. [275, 276] are in reasonable agreement in their overlap
region, while for the n1 channel a disagreement in the absolute cross section scales
is seen. To match the two datasets at low energies, we normalized the n1 data of
Ref. [276] by a 0.52 factor.

2.4.2 Results of R-matrix fit of data

In this paragraph we discuss the R-matrix fit of the experimental data sets described
in paragraph 2.4.1. As for the 11C case discussed in Section 2.2, we used the multi-
channel, multi-level R-matrix code azure2 [147, 242] to fit the data. The maximum
order of partial waves contributing to the reaction or scattering events was set to
` = 8. The channel radii used in the R-matrix calculation are computed by the
formula R = 1.4 × (A

1/3
1 + A

1/3
2 ), being A1 and A2 the mass number of the two

particles constituting the reaction channel. Concerning the DCS obtained with the
Naples experiment, we included within the fit procedure the effects due to the finite
target thickness, as implemented into azure2 [147]; for this reason, the energy scale

9Concerning inelastic scattering events populating the very broad state at 2.78 MeV in 9Be, it is
very difficult to distinguish them in the present analysis because of the limited energy resolution.
After all, this state was never observed in inelastic scattering experiment of α particles on 9Be
according to the nndc database [196].
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Elitx Jπlit Ex Jπ Γ Γα0 Γα1 Γn Refs.
11.75 3/2− 11.75 3/2− 116 3 - 113 [258]
11.97 5/2+ 11.97 5/2+ 152 65 - 87 [258, 261]
12.13 5/2− 12.17 5/2− 199 28 - 171 [258]
12.14 1/2+ 12.33 1/2+ 230 40 - 190 [258]
12.44 7/2− 12.45 7/2− 222 16 - 206 [258, 271]
13.28 3/2− 13.05 3/2− 546 153 - 393 [258, 260, 265]
13.41 9/2− 13.41 9/2− 84 21 - 63 [258, 260, 265]
13.57 7/2− 13.49 7/2− 417 114 - 303 [258, 265]
13.76 (3/2, 5/2)+ 13.63 5/2+ 743 623 - 120 [258, 260]
14.13 3/2− 14.13 5/2− 94 94 - - [258, 260, 265]

14.17 7/2+ 6 6 - - [260]
14.39 (1/2, 5/2)− 14.27 7/2− 392 185 - 207 [258, 265]
14.58 (7/2, 9/2)+ 14.36 9/2+ 322 70 - 252 [258, 265]
14.63 14.64 7/2− 361 279 - 82 [258, 268]
14.98 (7/2−) 15.04 5/2+ 964 830 - 134 [258, 267]
15.27 9/2+ 15.27 3/2+ 1201 1061 - 140 [258, 268]
16.08 (7/2+) 16.09 3/2+ 365 233 55 77 [258]

16.27 5/2− 1596 1503 87 6
16.40 5/2+ 17 2 14 1
16.64 5/2− 1501 1294 10 152
16.67 7/2+ 904 633 2 -

16.95 16.89 9/2+ 635 501 86 4 [258]
16.91 3/2− 1080 703 257 120
17.23 3/2+ 393 280 - 113

17.36 17.24 3/2− 215 184 20 11 [258]
17.52 5/2+ 2153 1834 86 233

17.92 17.86 7/2− 477 457 - 20 [258]

Table 2.3: 13C level structure derived from the R-matrix best-fit of 4He+9Be elastic
and inelastic scattering data and 9Be(α,n)12C reactions. First two columns: sum-
mary of literature data, published before 1990, as reported in Ref. [258]. Third,
fourth and fifth columns: Ex, Jπ and Γtot values of 13C excited states as obtained in
the present work. Sixth, seventh and eighth columns: Γα0 , Γα1 and Γn partial width
values obtained in the present work. Nine-th column: references to states already
reported in the literature.
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Figure 2.20: 9Be(α,α0)9Be DCS at laboratory angles of 160◦, 150◦, 135◦ and 110◦.
Data are taken from [229]. The energy scale here shown represents the center of
mass energy calculated starting from the α particle bombarding energy. Effects of
finite target thickness have been taken into account in the R-matrix fit. Red lines
represents the results of the simultaneous multi-channel R-matrix best-fit on the
whole data set here investigated. Green dashed line: R-matrix best-fit without the
3/2− state at 15.27 MeV. Blue dotted line: R-matrix best-fit without the 5/2− state
at 16.27 MeV. Magenta dash-dot line: R-matrix best-fit without the 5/2− state at
16.64 MeV.

of DCS obtained from the Naples experiment here reported is directly derived from
the bombarding energy, without taking into account the energy loss at mid-target.

The starting parameters of our fit were set by using the ones suggested by the
table of states reported in Ref. [258], updated with the more recent findings de-
scribed in Ref. [265]. The presence of several angles and of a wide energy range of
elastic scattering DCS and the inclusion of inelastic scattering and neutron reaction
channels allow us to discriminate between contrasting Jπ assignments reported in
the literature. Furthermore, the large body of data here used allows us to unveil
the presence of broad states that can be missed when only one reaction channel
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and data in small energy and angular ranges are analyzed. When necessary, Jπ
assignments tentatively reported in the literature have been changed to describe in
the best possible way all the details of excitations functions.

Results of the best fit procedure are summarized in Table 2.3, together with
previous findings reported in the literature. Red solid lines drawn in Figures 2.20,
2.21, 2.22, 2.23, 2.24, 2.25 of this thesis show the results of the best-fit procedure.
The overall agreement with data is quite satisfactory, also in consideration of the
high complexity of 13C level scheme. Depending on the reaction channel, the reduced
χ2 goes from ≈ 0.6 up to ≈ 2. In the next paragraphs we discuss in more details
the spectroscopy of 13C as obtained from the present R-matrix fit procedure.

2.4.2.1 Resonances in the Ecm =1-2 MeV region

In the Ecm = 1-2 MeV region, the presence of excited states in 13C leads to the
appearance of a marked local minimum in the α0 channel (Figure 2.21) and to the
presence of several peaks in the n0 and n1 neutron channels (Figure 2.22). The
small peak seen at Ecm ' 1.11 MeV in the n0 excitation function is attributed to the
presence of a 3/2− state at 11.75 MeV, already seen in n+12C scattering experiment
[258]. Ref. [258] reports for this state a neutron branching ratio Γn

Γtot
= 0.80 ± 0.08

and a total width of 129 ± 40 keV. In our fit procedure, we found Γn0

Γtot
= 0.97 and

Γtot = 116 keV, in reasonable agreement with the literature.

At Ecm ' 1.33 MeV, both the n0 and n1 cross sections show a maximum, while
the elastic channel shows a marked dip. In the literature, Saleh et al [261] have
attributed the dip in the elastic cross section to the effect of a 5/2+ state at 11.97
MeV. Also previous n+12C scattering and 9Be(α,n)12C reactions experiments report
such a state, even if with a tentative 7/2− assignment in the latter case. The data
here considered are very well reproduced with a 5/2+ state at 11.97 MeV. Our total
neutron branching ratio ( Γn

Γtot
≈ 0.57) is in good agreement with the value quoted

in the literature (0.51 ± 0.06, [258]). The width of this state (152 keV) and the Γα
partial width (65 keV) are in agreement with the values reported in Ref. [261] (180
and 72 keV respectively).

At Ecm ' 1.53 MeV, the n0 cross section shows a bump that has been attributed,
in our analysis, to the presence of a 5/2− state at 12.17 MeV. In this energy region,
the literature reports four states (with different Jπ and Γtot values) separated by
just few tens of keV [258]. Among them, we can find also a 5/2− state at 12.13
MeV, even if its total width (80± 30 keV) and neutron branching ratio (0.43± 0.06)
are different from our estimates. Interestingly, in a more recent work, Wheldon et al
[272] measured with a refined coincidence technique the total width and branching
ratios of this state, finding Γtot = 219 keV and Γn

Γtot
≈ 1, values in agreement with

the present ones.

115



Chapter 2. Clustering in light systems: an experimental campaign

Figure 2.21: Low-energy 9Be(α,α0)9Be
DCS at center of mass angles 160◦ and
150◦. Data are taken from Ref. [261].
Red lines are the results of the R-matrix
best-fit on the whole data set here inves-
tigated.

Figure 2.22: Excitation functions of the
9Be(α,n0)12CGS and 9Be(α,n1)12C4.44

angle integrated reaction cross section.
Black dots: data from [275]; blue stars:
data from [276]. 15% average uncertain-
ties have been used for both data sets.
Red lines are the results of the simulta-
neous multi-channel R-matrix fit on the
whole data set here investigated.

At slightly higher energies (Ecm ' 1.79 MeV), a shoulder appears on the n0

excitation function. A good reproduction of data is achieved by including a 1/2+

excited state at 12.33 MeV having only α and n0 branches. The effect of adding this
state can be seen in Figure 2.23, where the green dashed line shows the results of
the best fit without including this state. We see a pronounced disagreement with
the n0 data, while the effect is less evident in the elastic channel. A 1/2+ state at
12.14 MeV has been reported in the literature, even with a total width larger and a
neutron branching ratio smaller than the present ones.

Finally, the last state contributing to this energy region is a 7/2− at 12.45 MeV. It
is responsible of the bump clearly visible in the 9Be(α,n1)12C4.44 excitation function
at Ecm ' 1.83 MeV. A 7/2− state at 12.43 MeV was reported in the literature [258].
The quoted total width (114± 40 keV, [258]) is not far from the present result (222
keV), even if the neutron-decay branching ratio is lower than the present one. It is
anyway interesting to underline that in an older work studying the 12C(n,n′γ)12C4.44

reaction [271], a value Γtot = 220 keV was reported, in nice agreement with the
present one.
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2.4 Clustering in 13C with α + 9Be reactions

Figure 2.23: (upper panel) Zoom of 9Be(α,n0)12C integrated cross section data (see
Figure 2.22). Green dashed line: R-matrix best-fit without the inclusion of the
1/2+ state at 12.33 MeV. Red solid line: R-matrix best-fit with all the parameters
of Table 2.3. (lower panel) The same of upper panel, but for the 9Be(α,α0)9Be DCS
at θcm = 160◦.

2.4.2.2 Resonances in the Ecm =2-3 MeV region

This energy domain is mainly dominated by structureless shapes of both elastic (see
[260]) and neutron cross sections. This fact, coupled to the use of the rarefied data
points of Ref. [276] for the n0 and n1 channels, makes the spectroscopic investigation
quite difficult. A broad 3/2− 13.05 MeV state has to be included to reproduce the
hole in the n0 cross section around Ecm ≈ 2.6 MeV and to explain the corresponding
shoulder in the n1 channel at similar energies. The need to include a broad 3/2−

state at 13.28 MeV was pointed out by Ref. [260] and subsequently also in the more
recent Ref. [265] by analyzing α +9 Be elastic scattering data. The total width
obtained with the present R-matrix analysis (548 keV) is larger than the previous
estimates of Refs. [260, 265].

At Ecm ' 2.76 MeV, a peculiar shape of α0 and n1 excitation functions appears,
as it can be seen in Figures 2.24 and 2.22. By analyzing their α +9 Be elastic
scattering data, Goss et al [260] attributed this effect to the excitation of a high
spin state (tentatively 9/2−) in 13C at 13.41 MeV (with a Γtot = 58 keV). The
appearance of a resonance at this excitation energy with similar width was also
reported in 12C(n,n′γ)12C4.44 experiments [271]. In their more recent analysis, Freer
et al [265] included a 9/2− state at 13.43 MeV, but with a width much smaller than
the present one. They also suggested that a 7/2+ assignment for this state could
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reproduce a resonance having ≈ 60 keV width at Ecm ' 2.76 MeV, in agreement
with the experimental data. Thanks to the use of DCS at different angles, we can
investigate this question in more detail. A nice reproduction of elastic scattering
DCS at all angles and of the narrow peak in the n1 integrated cross section is obtained
by including in the level scheme a 9/2− state at 13.41 MeV, having Γtot = 84
keV, and branching ratios Γα0

Γtot
≈ 0.25, Γn0

Γtot
≈ 0.29, Γn1

Γtot
≈ 0.46. The α0 and the

n0 + n1 branching ratios quoted in [260] are in nice agreement with the present
ones. Finally, we checked the possibility that the 13.41 MeV state could have 7/2+

assignment. If we adopt such a Jπ value for the state at 13.41 MeV, having Γtot
and partial widths equal to the previously mentioned ones, the associated R-matrix
calculations are reported as blue dashed lines in Figure 2.24. The disagreement with
experimental DCS α0 data at two representative angles10 is evident. We checked
also the possibility that, in the case of a 7/2+ assignment, Γα0 > Γn0,Γn1 with the
constraint Γtot = 84 keV; also in this case calculations and experimental data for the
α0, n0 and n1 channels largely disagree. Therefore, from the present work, a 9/2−

assignment is deduced for the state at 13.41 MeV.

2.4.2.3 Resonances in the Ecm =3-3.75 MeV region

α +9 Be elastic scattering data in this energy region are characterized by a very
broad bump (Ecm ' 2.9-3.4 MeV), followed by a narrower peak (Ecm ' 3.5 MeV)
and a broad local minimum (Ecm '3.85 MeV), as clearly visible in Figure 2.20. The
evolution with the angle of the broad bump is very evident, and it is a useful tool to
determine Jπ values of states contributing in this energy region. We find that two
broad states are needed to simultaneously reproduce the α0, n0 and n1 excitation
functions: a 7/2− state at 13.55 MeV and a 5/2+ state at 13.64 MeV. Similar findings
are reported by Freer et al [265], even if the Γtot and the branching ratio values seem
to be inverted between the two states.

A good reproduction of the α0 channel data is seen at all angles, as well as a
reasonable reproduction of the n0 and n1 channels is seen. Probably the small gap
between data and fit in the n1 channel could be reduced by taking into account also
a non-zero branching to the n2 reaction channel. In this energy region, Wheldon
et al [272] reported the presence of a state at 13.78 MeV having a quite narrow
width (117 keV). According to [272], this state has sizable branches to the α0 and
n1 channels. In principle, the presence of such a state can help to reduce the gap
in the n1 channel mentioned before, especially in the Ecm ' 3.11 MeV region. The
absence of a pronounced (and narrow) structure near this energy value in the α0

channel data makes quite difficult to evince the presence of such a state from the
present analysis.

The peak at Ecm ' 3.5 MeV has been reproduced, following the suggestions
by Goss et al, by using two close-lying states at 14.13 MeV (5/2−) and 14.17 MeV

10Data at 137.9◦ in the center of mass frame are taken from the relative data by Goss et al. [260]
and normalized to match our cross section scale.
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Figure 2.24: (upper panel) Zoom of 9Be(α,α0)9Be DCS data at θlab = 160◦ (see
Figure 2.20). Blue dashed line: R-matrix best-fit where we changed the Jπ value of
the 13.41 MeV state from 9/2− to 7/2+. Total and partial width values used in the
case of a 7/2+ assignment for the 13.41 MeV state are the same as those reported
in Table 2.3 for the 13.41 MeV 9/2− state. Red solid line: R-matrix best-fit with
all the parameters of Table 2.3. (lower panel) The same as upper panel, but for the
9Be(α,α0)9Be DCS at θcm = 137.9◦, data taken from Goss et al. [260].

(7/2+). Concerning the 5/2− state, its Γtot value (94 keV) is in reasonable agreement
with the ones quoted by Goss et al (75 keV) and Freer et al (124 keV). Furthermore,
a vanishingly small neutron width is observed in all the investigations. In agreement
with Goss et al, we found that the largest part of the α0 width is due to the ` = 4
partial wave. Concerning the 7/2+ state, as suggested by Goss et al, we included it
to reproduce the shape of the Ecm ' 3.5 MeV peak at all angles. Anyway, we find
a width much smaller than Ref. [260] one.

The broad local minimum (Ecm ' 3.85 MeV) seen in the α0 excitation functions
at all angles is due to the presence of a 7/2− state at 14.27 MeV, interfering with the
neighboring states and with the Coulomb background amplitudes. In Ref. [258], a
negative parity state is reported at a close energy (14.39 MeV), with J = 1/2 or 5/2
tentative assignments. In more recent times, a 7/2− state at 14.4 MeV was reported
in Ref. [265] but with a Γtot value quite smaller than the present one. Our value
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(Γtot = 392 keV) agrees with the one quoted in Ref. [258] (Γtot = 280 ± 70 keV)
within two standard deviations.

2.4.2.4 Resonances in the Ecm =3.75-5.5 MeV region

In this region, the α0 elastic scattering data show two very broad bumps. In the
neutron emission channels also some broad structures appear. To simultaneously
describe all the data, we used four (mainly broad) states. The first two ones are
a 9/2+ state at 14.36 MeV and a 7/2− state at 14.64 MeV (the last one with a
dominant ` = 4 component in the α0 channel). Two states with the same Jπ

assignments and similar Γtot values are reported in Ref. [265], even if their resonance
energies are shifted back by ≈ 300 keV. Signals of the existence of a state near
14.63 MeV were reported in the study of α +9 Be → n1 +12 C? DCS [268]. In
our investigations we found Γn1 � Γn0 , in qualitative agreement with the findings
of [268]. A narrow resonance having ` = 4 has been observed at 14.7 MeV in
9Be(6Li,d)13C transfer reactions [277, 278]; also these findings could be in qualitative
agreement with present ones concerning the existence of a 7/2− state at 14.64 MeV.

Two very broad states (a 5/2+ state at 15.04 MeV and a 3/2+ state at 15.27
MeV) are needed to reproduce the behavior of elastic scattering DCS in the region
Ecm ' 4-5.5 MeV. The interference of these two states reproduces very well the
bump in the Ecm ≈ 4.7-5.4 MeV region. The green dashed line of Figure 2.20 shows
the behavior of the R-matrix best fit if the 3/2+ state at 15.27 MeV is not included
in the level scheme; the disagreement at all angles is evident. Both such states show
large Γα partial width, but the associated reduced width γ2

α are well lower than the
single-particle limits (`=3, θ2

α ' 0.33 for the 15.04 MeV state; and ` = 1, θ2
α ' 0.22

for the 15.27 MeV state).

2.4.2.5 Resonances in the Ecm =5.5-6.8 MeV region

In this high energy region, α0 DCS show a quite smooth behavior, with the exception
of two pronounced dips at Ecm ' 5.52 MeV and Ecm ' 6.5 MeV. Also the α1 channel
shows some structures, see Figure 2.25 (e.g. a wing at Ecm ' 5.8 MeV) that are
very useful to study the high energy part of 13C level scheme. In this high energy
region, the spectroscopy of 13C reported in the literature is particularly poor [258].
Eleven states have been introduced in the present work to simultaneously fit all the
reaction and scattering channels here studied. For some of the states, we allowed
the possibility of having non-zero strength in the α2 inelastic channel.

The dip at Ecm ' 5.52 MeV is due to the 16.09 MeV 3/2+ state. In the literature,
the presence of a state at Ex ' 16.1 MeV with Γtot of the order of 200-300 keV
has been reported by analyzing both the 9Be(α,n)12C reaction and 12C(n,n)12C
scattering data. The deep minimum, seen in the α0 channel at θlab = 110◦ at
Ecm ' 6.51 MeV, is due to the interferences between two close-lying states at 17.23
(3/2+) and 17.24 (3/2−) MeV. We verified this finding by removing them from the
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Figure 2.25: 9Be(α,α1)9Be1.68 DCS data at θlab = 70◦. The red line represents the
R-matrix best-fit on the whole data set here investigated. The dotted yellow line
is the R-matrix best-fit without the inclusion of the 3/2+ state at 16.09 MeV. The
dashed azure line is the R-matrix best-fit without the inclusion of the 5/2− state
at 16.27 MeV. The dotted blue line is the R-matrix best-fit without the inclusion
of the 5/2+ state at 16.40 MeV, responsible of the wing at Ecm ' 5.8 MeV. The
dashed green line is the R-matrix best-fit without the inclusion of the 9/2+ state at
16.89 MeV. Finally, the dash-dotted magenta line is the R-matrix best-fit without
the inclusion of the 3/2− state at 17.24 MeV.

level list in the R-matrix calculation; in this case, the deep minimum will be not
reproduced at all.

The wing at Ecm ' 5.8 MeV in the α1 inelastic channel can be attributed to
a narrow 5/2+ state at 16.40 MeV. The blue dotted line of Figure 2.25 represents
the result of the R-matrix best-fit without the 16.40 MeV state: the wing in the
excitation function disappears.

Apart from the presence of such dips and wings, the global behavior of α0 and
α1 excitation functions in this energy region is determined by the contributions of
four broad states (Γtot > 1 MeV). Their mutual interference and their interference
with Coulomb amplitudes allow to describe the overall trend of data. In Figure
2.20 we report, in different colors, the effect of removing some of these states from
the R-matrix calculation. A much poorer agreement with data is seen in all cases.
Furthermore, we checked the possibility that the two broad 5/2− states at 16.27 and
16.64 MeV can balance out their effects. Results of the present R-matrix calculation

121



Chapter 2. Clustering in light systems: an experimental campaign

performed without including both these states do not reproduce the high energy
part of the data.

The spectroscopic information on the highest excitation states obtained with the
present R-matrix analysis is not fully reliable, since the range of the present data
is limited. At bombarding energies larger than the ones here investigated, Eα > 10
MeV, α+9Be elastic scattering DCS have been reported at several backward angles
in Ref. [259]. The presence of broad resonant-like structures characterizes the DCS
pattern up to Eα ≈ 20 MeV. Even if their nature was not definitely understood, they
were attributed to direct reaction mechanisms, such as the optical model resonance
phenomenon [259]. In this frame, it is also possible that the broad states appearing
in the high excitation energy domain of our R-matrix analysis indicates the onset
of such direct effects. New investigations of α +9 Be reactions at high energies can
help to better clarify this aspect.

2.4.3 Impact of our data on molecular bands

The broad body of spectroscopic data obtained in the present work allows us to
draw some considerations on the structure of 13C, in particular on the existence
of molecular rotational bands. Our findings can be indeed compared with theo-
retical predictions regarding the structure of such bands, which are described in
paragraph 1.4.3. As a first point, we fix our attention on negative parity states
on the light of the proposed molecular rotational band of Ref. [127]. In our mea-
surement we do not have access to the first two members of such a rotational band
(3/2− at 9.897 MeV, sub-threshold, and 5/2− at 10.818); at variance, we see well
the contribution of the 7/2− state at 12.45 MeV. For this state, we found a rela-
tively small value of the dimensionless reduced α width θ2

α = γ2
α

γ2
αW

(γ2
αW = 3~2

2µR
is

the Wigner single-particle limit, as already defined in Section 2.2 for the 11C case),
of the order of 0.05. Concerning the 14.13 MeV state, we discard the possibility,
suggested in Ref. [127], to be a 9/2− state. The 5/2− assignment here reported,
in agreement with Refs. [260, 265], appears to be very solid. Otherwise, a closer
inspection of states in Table 2.3, points out the presence of a 9/2− state at 13.41
MeV. This state has a sizable dimensionless reduced α width (θ2

α = 0.26) and we
could suppose that it belongs to the negative parity molecular bands, as shown in
Figure 2.26. In this hypothesis, a reasonable fulfilment of the rotational band rule
Ex = ~2J(J+1)

2= + const. is seen (the coefficient of determination is r2 = 0.973 in our
hypothesis and r2 = 0.998 for the suggested molecular band of Ref. [127]). It is
interesting to note that, if our hypothesis is true, such a molecular band will have
a slope coefficient ~2

2= ' 171 keV. This value is very close to the one ( ~2

2= ' 163 keV)
that can be extracted by a linear fit of theoretical data related to the Kπ = 3/2−2
molecular band of Ref. [129]. The gcm model used in Ref. [129] suggests that the
large value of the moment of inertia associated to the Kπ = 3/2−2 band could be
related to the presence of an obtuse-triangle configuration of the three α-particles
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Figure 2.26: 13C Kπ = 3/2− band and the hypothetical Kπ = 3/2+ band as ob-
tained from our R-matrix fit of data. The open symbols represent the 3/2− and
5/2− members of the Kπ = 3/2− molecular band suggested in [127], which lie out-
side from the energy region here explored. The green and blue symbols represent,
respectively, the states here associated to the negative parity Kπ = 3/2− band and
to an hypothetical positive-parity molecular band. The green dashed line is obtained
by a best-fit of the Kπ = 3/2− states, while the blue one is a simple translation of
the previous.

constituting the nuclear molecule. Being this hypothesis very intriguing, it certainly
deserves further attention both from experimental and theoretical points of view.
Finally, contrary to the conjecture of [127], no evidence of high-energy states with
Jπ = 11/2− is seen in our work.

The situation is more complicated for positive parity states. Of all the states
belonging to the positive parity molecular band of Ref. [127], only the 5/2+ level at
11.97 MeV is seen. This state has a sizable dimensionless reduced α width, θ2

α = 0.27,
and therefore it could have an α-cluster nature. A 9/2+ state (θ2

α ≈ 0.1) is reported
at 14.36 MeV (see Table 2.3). If we suppose that both such states belong to an
hypothetical positive parity molecular band, as suggested in Figure 2.26, a slope
parameter ~2

2= ' 150 keV is found, similar to the one reported for the negative parity
band. If this naive hypothesis would be true, the missing 7/2+ member should be
at around 13 MeV, corresponding to Ecm ≈ 2.35 MeV. Indeed, the Ecm ≈ 2-2.5 MeV
energy domain corresponds to a quite delicate region of the data set used for the
present R-matrix analysis. This energy domain is at the matching between the two
neutron data sets of Refs. [275, 276]. Furthermore, if one looks to the α+9Be elastic
scattering DCS from Refs. [260, 262–264] (the only that cover this energy region), a
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structureless behavior is seen, making challenging the observation of (broad) states.
New accurate measurements of α +9 Be elastic scattering DCS and of 9Be(α,n)12C
reaction cross sections in the energy region Eα ≈ 2.0-3.5 MeV are clearly required
to improve the spectroscopic picture reported in the present work.

2.5 Clustering in 16C: towards the dripline

In Chapter 1, the importance played by valence neutrons in giving more stability
to cluster structures in light nuclear systems was discussed. A quite interesting
example of such phenomena is constituted by neutron-rich isotopes of carbon, and, in
particular, by 16C. This nucleus has recently attracted a large interest because of the
possible appearance of linear and triangular molecular structures, which have been
predicted by means of AMD calculations [132], see also Section 1.4.3. Unfortunately,
on the experimental point of view, the spectroscopy of 16C is practically unknown
above the α disintegration threshold [109, 135, 136]. Very few experimental data
(and with low statistics) have been reported at excitation energy values around the
cluster disintegration thresholds at 16.5 MeV (6He+10Be) and 22.9 MeV (8He+8Be)
[196, 279]. We are therefore not able to understand the structure of 16C by comparing
the theoretical calculations with the present experimental data. For this reason,
we decided to study the spectroscopy of 16C via sequential breakup into its cluster
components at the FRIBs facility of INFN-LNS. The results of this work are reported
in the following paragraphs of the present section.

2.5.1 Experimental results

The experimental apparatus here used was identical to the one used for the present
studies of 10Be spectroscopy. It is described in detail in Section 2.1. 16C beams
were delivered by the FRIBs facility of LNS; the breakup fragments due to reactions
on CH2 target were detected by the CHIMERA array. In our experiment, we investi-
gated the following breakup channels: 1H,12C(16C,6He10Be), 1H,12C(16C,6He6He4He).
They involve both two-body and three-body decompositions of 16C.

As discussed for the 10Be case, the excitation energy of 16C before decaying can
be deduced from the invariant mass of the breakup fragments. Inspecting 6He-10Be
correlations, we found the spectrum reported in Figure 2.27(a). In this case, due to
the very low accumulated statistics, we cannot reasonably estimate the background
contribution with the event-mixing procedure as in the case of 10Be. Indeed, a simi-
lar analysis on a so limited data set would result in the possible creation of artificially
induced correlations and the following appearance of spurious peaks in the simulated
background spectrum. The presence (even with a poor statistics) of a narrow peak
at about 20.6 MeV represents the possible signature of an unreported excited state
in 16C. The red and orange dashed curves are the simulated detection efficiency by
assuming hydrogen or carbon recoil respectively. To evaluate such efficiencies, we
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Figure 2.27: (a) 16C excitation energy spectrum obtained from the 10Be+6He break-
up channel. Orange dashed line: Monte Carlo simulated detection efficiency ob-
tained by assuming 12C recoils. Red dotted line: Monte Carlo simulated detection
efficiency obtained by assuming 1H recoils. Details on the Monte Carlo calculations
are discussed in the text. (b) 16C excitation energy spectrum obtained from the
10Be+6He break-up channel, as reported in Ref. [136]. (c) 16C excitation energy
spectrum obtained from the 10Be+6He break-up channel, as reported in Ref. [135].

developed a Monte Carlo code based on the generation of breakup events, by using
an exponential functional form of the inelastic scattering angular distribution [183].
Simulated events are then filtered with a software replica of the CHIMERA detector
in the configuration used in the present experiment. The efficiency curves exhibit
quite smooth trends. Therefore the peak at Ex = Erel +Eth ≈ 20.6 MeV should not
be caused by effects related to the detection efficiency. Another interesting point is
that also previous works [135, 136] show a yield enhancement at about 21 MeV of 16C
excitation energy, as evident in the insert of Figure 5. Our data are characterized
by higher statistics as compared to previous experiments. In this excitation energy
region, theoretical calculations of Ref. [132] have predicted the possible presence
of various 6+ states, members of two triangular bands and of a linear chain band.
Unfortunately, given the low statistics collected in our experiment, we cannot com-
pletely rule-out a phase-space decay without assumption of any resonance in 16C
and we are unable to investigate the angular correlation for the 20.6 MeV bump.

Finally, it is also possible to explore the structure of 16C via three-body cluster
break-up channels. Following the suggestions of the literature [135], we studied the
6He+6He+4He break-up channel, which gives a very small number of coincidences.
We made a Q-value analysis of these counts. It consists in the construction of the
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corresponding Q-value spectrum, i.e. the spectrum of the kinetic energy difference
between the final channel 6He+6He+4He+recoil and the initial channel 16C+target.
Such spectrum should peak at the Qgggg (−23.914 MeV), which represents the Q-
value in the case the four final fragments are left in their ground states. The Q-value
spectrum for these events, obtained by assuming hydrogen recoils, shows a broad
bump centred around theQgggg value. Including all the selected 6He+6He+4He triple
coincidences, without any cut on the Q-value spectrum, we found the invariant mass
spectrum shown with blue dashed line in Figure 2.28. In the same Figure, we show
as a green filled histogram the same relative energy spectrum gated within the Q-
value window Q = Qgggg ± 30 MeV. Despite the very low statistics, the excitation
energy spectrum shows an enhanced yield at about 34 MeV. The effect of the gate
on the Q-value seems to slightly reduce the yield in proximity of the 34 MeV peak
and completely cut the coincidence yield over 40 MeV. This finding could point out,
very tentatively, the possible presence of resonant structures of 16C around 34 MeV
characterized by a non-vanishing α decay width. This high-energy region has been
also studied in Ref. [132], indicating the possible presence of the 12+ member of the
linear chain bands discussed in Section 1.4.3 of Chapter 1.

Because of the very low statistics, this finding needs (and stimulates) further
investigations. If the existence of a high-energy state in 16C, visible via three body
break-up, will be confirmed, it would be the first indication of three-body clus-
ter disintegration of 16C, since the literature does not provide the evidence of this
extremely rare process [135].

2.5.2 Consequences of our investigation on successive works

The above discussed findings and the publication of Ref. [199] triggered the de-
velopment of a new, higher statistics, experiment at the FRIBs facility [280]. In
this experiment, whose analysis is still in progress, we improved the invariant mass
reconstruction by coupling CHIMERA with a new high granularity hodoscope, FAR-
COS [281], placed at forward angles. This angular region is of extreme importance
because of the inverse kinematics. From the new experiment we expect to obtain
firmer spectroscopic information on light nuclei far from the stability line and to
confirm the present findings.

The present work was mentioned also in subsequent theoretical papers as a con-
firmation of the findings of the AMD model regarding linear chain configurations
in 16C [282–284]. Finally, in a recent experiment [285] by means of the SAMURAI
spectrometer at RIKEN, the disintegration of 16C in the 12Be + 4He channel was
studied. Preliminary results of invariant mass analysis starting from 12Be+4He frag-
ments point out the formation of a possible level of 16C at about 21 MeV excitation
energy, which would be compatible with our result.
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Figure 2.28: 16C excitation energy spectrum for the three body 6He+6He+4He break-
up channel. The black dashed histogram represents the excitation energy spectrum
obtained without cuts on the Q-value. The green filled histogram is obtained by
gating the reconstructed Q-value (assuming hydrogen recoils) in the range Q =
Qgggg ± 30 MeV.

2.6 Cluster structures in 20Ne and 19F and their
role in the 19F(p,α)16O reaction

20Ne is one of the self-conjugated nuclei for which many investigations have been
performed in both very old and recent times. In particular, cluster structures of
the type 16O + α and 12C + 8Be have been predicted for different 0+ states [286].
Furthermore, it is particularly remarkable the fact that the emission thresholds of
1α (4.73 MeV) and 2α (11.89 MeV) are much lower than the proton and neutron
emission thresholds (12.884 MeV and 16.864 MeV, respectively). The shell closure
of the 16O core (doubly magic) and the residual interaction of the further 4 nucleons
(2p and 2n) of the Nilsson sub-shell (1/2)+ make such 4 nucleons strongly bounded.
For this reason, even for low excitation energies of 20Ne (Ex > 4.73 MeV), the
simultaneous emission of this strongly correlated system of 4 nucleons is energetically
more convenient respect of a single nucleon to be excited to a superior shell (e.g.
the 2s1/2 or 1d3/2). In fact, the only bound states of 20Ne (below the α-emission
threshold) are the 2+ and the 4+ states, lying respectively, at 1.63 MeV and 4.25 MeV
excitation energy, which are due to a collective rotation of the 20Ne deformed ground
state rather than single-particle excitations. Similar arguments can be discussed for
19F (see the cluster model joke, paragraph 1.2.4 of Chapter 1), which has the α-
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emission threshold at only 4.01 MeV, while 8 MeV and 10.43 MeV are respectively
required to emit a proton or a neutron.

The study of the 19F(p,α)16O reaction (Q = 8.114 MeV), where both 19F, as
target nucleus, and 20Ne, as a compound nucleus, are involved, allows to obtain
crucial information on the above discussed aspects. In particular, it allows to explore
the influence of clustering phenomena both in the population of resonant states in
20Ne and in the appearance of direct effects (which can be related to the cluster
structure of the 19F nucleus) affecting the reaction cross section [149, 287]. Indeed,
as previously mentioned in paragraph 1.2.4, two possible cluster sub-structures of
19F characterize its ground state and its first excited state, namely the 16O-3H and
the α-15N ones. When 19F is bombarded by very low energy protons, the presence
of such low-lying cluster configurations could favour the direct capture of the proton
by the 19F nucleons outside of the core. This would result in the direct formation of
α-16O substructures, with the appearance of a forward-backward asymmetry in the
(p, α) angular distributions. Moreover, at such low bombarding energy, one can even
expect that the 16O-3H cluster structure of the 19F ground state could experience
polarisation phenomena, resulting in a local decreasing of the p-19F Coulomb barrier,
with the consequence of an enhancement of the reaction cross section that can mimic
the presence of a direct contribution.

Another interesting motivation which leads to an accurate investigation of the
19F(p,α0)16O reaction at energies far below the Coulomb barrier is related to its
astrophysical importance [103, 138]. In massive stars, the competition between
19F(p,γ)20Ne and 19F(p,α)16O in the hydrogen burning phase determines the quan-
tity of catalytic material that is lost in the CNO cycles and becomes available for
the NeNa one [103, 288, 289]. The most recent experimental work on this subject is
Ref. [289], suggesting that at the lowermost energies (T < 0.1 GK) the α0 channel
dominates over the other open reaction channels (i.e. απ, where the residual 16O
nucleus is left in its first excited state, and αγ, where the α emission is accompa-
nied by the subsequent γ de-excitation of the residual 16O?). Furthermore, fluorine
nucleosynthesis is an open issue of modern astrophysics, and it has been suggested
that 19F(p,α)16O reactions can play an important role in the destruction of fluorine
in hydrogen-rich environments like for example Asymptotic Giant Branch (AGB)
stars11 [290, 292, 294]. The accurate knowledge of the 19F(p,α)16O reaction rate
around the AGB Gamow window (Ecm ≈ 27-94 keV at T ' 0.04 GK) is there-
fore of crucial importance for modeling nucleosynthesis in these stars [292] and may
help to solve large discrepancies between stellar model predictions and experimental
observations [290].

11Nowadays, the AGB stars are believed to be the main sites of fluorine production [290].
Anyway, in the case of thermally-pulsing AGB stars, extra-mixing of material through the zone of
radiative energy transport above the hydrogen shell (often referred as deep mixing or cool bottom
processing phenomena) can occur [291]. This may lead to important alteration of the isotopic
composition of stellar outer layers [292], exposing material at temperatures high enough to activate
the 19F(p,α)16O reaction [293, 294].
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Despite its relevance in studying clustering phenomena in nuclei and its im-
portance in astrophysics, the behaviour of the 19F(p,α0)16O cross section is largely
uncertain, especially at low energies, as early noted in Refs. [295, 296]. The Nu-
clear Astrophysics Compilation of Reaction Rates (nacre) [109] extrapolated the
S-factor from direct data available in the literature in the Ecm = 0.46-2.54 MeV
energy domain [297–301]. At lower energies, unpublished data [302] referred in
[148, 149] exist, and were not included in the nacre compilation as possibly af-
fected by normalization problems [109]. More recently, two experimental works
have been reported. The first one explores the low energy region by using the Tro-
jan Horse Method (thm) [220, 292]. The authors argue the possible existence of
resonances leading to a significant increase of the reaction rate at energies of stellar
interest [292]. The second one is a direct measurement carried out in the energy
range Ecm = 0.577-0.982 MeV [228], that partially covers the lowermost energy data
by Breuer [299]. In that work, a good agreement with Breuer [299] and Caracciolo
et al [300] direct data was observed [228] suggesting that the non-resonant part of
the S-factor at low energies might be larger than the nacre extrapolation.

In the following paragraphs, our direct experimental measurement of 19F(p,α0)16O
S-factor in the Ecm = 0.18-0.60 MeV range is described. In this low-energy region,
to our knowledge, no direct experimental data have been previously published. The
lowermost energy region of the new experimental data set is close to the upper limit
of the Gamow window at T = 0.04 GK, and partially covers the Ecm ≈ 50-300
keV energy interval needed for accurate modeling of the nucleosynthesis scenarios
in post-AGB stars [292].

2.6.1 Experimental details

The experiment was performed at the an2000 Van de Graaf accelerator of Labora-
tori Nazionali di Legnaro (LNL) of Padova, Italy. The energy calibration of the pro-
ton beam was determined by measuring with a LaBr3(Ce) crystal the γ-ray yield of
the 19F(p,αγ)16O reaction around the resonance at 340 keV, and by using a previous
calibration point obtained by studying the γ-ray yield of the 27Al(p,γ)28Si reaction
around the resonance at 992 keV. This calibration has been frequently checked dur-
ing the experiment and further benchmarked by considering the position of 0.484,
0.594 and 0.669 keV resonances in the yield curve of the α2 line (associated with the
6.13 MeV state in 16O) measured with a silicon detector at θlab = 160◦. A further
check was the shape analysis of the dip in the elastic scattering differential cross
sections 12C(p,p0)12C at θlab = 160◦ in the Ep = 450 keV region. The two methods
give consistent results within ≈ 1 keV. From the measured width of the 340 keV
resonance (Γ = 2.4 keV [93]) in the 19F(p,α2)16O yield it is possible to estimate a
beam energy resolution of ≈ ±2.5 keV.

In this experiment, the proton beam intensity ranged from 0.3 to 0.9 µA. The
target consisted of a CaF2 layer (30 µg/cm2 thick) evaporated onto a natural carbon
backing (20 µg/cm2 thick) and was frequently changed to avoid degradation. Tar-
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get thickness was determined during evaporation by means of the resonating quartz
method and was subsequently cross-checked by means of elastic backscattering anal-
ysis with proton beams at several energies; the resulting overall accuracy is ≈ 3%.
Repeated measurements at the same energy allowed to check the target stability all
along the experiment. The elastic backscattering spectra indicate a natural stoichio-
metric ratio of the CaF2 layer, in agreement with [288, 303]. The effect of target
thickness has been carefully taken into account according to the procedure outlined
in Ref. [103].

The detection system consisted of 12 silicon detectors mounted at various polar
angles and placed at 10-12 cm from the target center into a scattering chamber
in which a copper rod cooled to liquid nitrogen temperature was placed in order to
reduce carbon build up effects. The chamber was kept, during the whole experiment,
at high vacuum conditions, i.e. better than 10−6 mbar, while the beam current
was measured by means of a Faraday cup placed behind the target and a −300 V
suppression voltage was applied to reduce secondary electron effects. The detectors,
300 µm thick, have 1 × 1 cm2 active area. The angular resolution was estimated
to be ' 2.8◦, similar to the one in Ref. [298]. Solid angles were determined by
geometry with an accuracy better than 3%. A thin aluminium absorber (8 µm thick)
was placed in front of the silicon detectors in order to suppress scattered protons
[228, 298]. Figure 2.29 shows, as an example, the spectrum obtained at a detection
angle θlab=20◦ for proton energy Ep = 0.347 MeV. A very low background is seen
in proximity of the 19F(p,α0)16O peaks, and analogous results are obtained in the
whole bombarding energy domain here investigated. Peaks due to reactions on the
main target contaminants are indicated in the figure. In particular, no appreciable
contamination is due to the close-lying 11B(p,α0)8Be reaction. In this case, indeed,
the energy resolution of experimental spectra (≈ 0.2 MeV FWHM) is better than
the energy separation of the 11B(p,α0)8Be and 19F(p,α0)16O peaks at all angles and
bombarding energies (≈ 0.7 MeV in the most unfavourable case).

As already mentioned, a tightly collimated (≈ 4 mm2) detector was placed at
θlab = 160◦ to detect backscattered protons. In the right panel of Figure 2.29 we
show a spectrum obtained with this silicon detector at Ep = 0.347 MeV bombarding
energy. In this way it was possible to make a check of the absolute cross section scale
for several bombarding energies. In fact, at low energies, the p+Ca elastic scattering
cross section can be theoretically predicted [230]. The analysis of the p+Ca elastic
backscattering peak at various energies (including low energy points in the 0.25-0.35
MeV domain) leads to elastic cross section estimates in agreement with Rutherford
predictions (taking into account electron screening effects, of the order of 1% [230])
within ≈ 7%; this number can be assumed as the maximum overall non-statistical
error on the absolute cross section scale.

Figure 2.30 (panels a-d) displays present experimental angular distributions (red
dots) together with data available from the literature. In the Ep ≈ 0.3-0.4 MeV
interval only the very old data (in arbitrary units) by McLean, Ellett and Jacobs
[304] exist. Here, they have been normalized to our cross section and shown for com-
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Figure 2.29: (Left panel) Experimental spectrum at θlab = 20◦ and Ep = 0.347 MeV
with the Al absorber. Kinematics and energy loss considerations allow to identify the
peaks due to the various reactions.(Right Panel) Experimental spectrum obtained
at θlab = 160◦ and Ep = 0.347 MeV by using a tightly collimated unshielded silicon
detector. For clarity, the elastic peak and the pile-up region is scaled by a ≈ 500
factor. A magnified view of elastic scattering peaks is reported in the insert. The
shadow region indicates electronic threshold.

parison in Figure. The shapes of these angular distributions are in good agreement
with our results. In the same energy region, unpublished results by Lorenz-Wirzba
[302] have been quoted in Refs. [148, 149]. These data at Ep = 0.35 MeV have been
normalized (by a factor 2) to our cross section scale and are shown as blue triangles
in Figure 2.30a. A good agreement between the shapes of angular distributions is
observed. In Ref. [109] it was hypothesized that the cross section values of the low
energy part of this data set could be underestimated. In Figure 2.30e, we show a
comparison of the excitation functions at 140◦ and 135◦ from the present measure-
ments and data from Refs. [148, 302], respectively. A reasonable agreement is seen
at Ep > 0.4 MeV, while at low energies the cross section data from Refs [148, 302]
have a different slope. It is interesting to note that discrepancies respect to the cross
section data of Ref. [302] have been reported also by other authors in unpublished
works, see the review paper [296]. Finally, figures 2.30(c,d) show the angular distri-
butions obtained at Ep = 0.482 and 0.612 MeV, together with the data by Breuer
[299] normalized to our cross section scale. The agreement between the two data
sets is quite good.
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Figure 2.30: (Panels a-d) Angular distributions of the 19F(p,α0)16O reaction at Ep =
0.327, 0.387, 0.486 and 0.616MeV . Red dots: Present data. Red lines: Legendre
polynomial fits. Black stars: data from Ref. [304]. Blue diamonds: data from
Ref. [299]. Blue triangles: data from Ref. [302]. Data from Refs. [299, 302, 304] have
been normalized to our cross section scale as discussed in the text. (e) Excitation
function obtained in this experiment at 140◦ (red dots) compared with data reported
at 135◦ in Ref. [148] (blue triangles).
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2.6.2 Angular distribution analysis and R-matrix fit of data

A strong forward-backward asymmetry of the angular distributions is seen in the
Ep = 0.2-0.5 MeV region. This effect can be explained in two different ways. It can
be attributed to interference effects between opposite parity close-lying resonances
[298–300] or to the onset of direct processes at sub-Coulomb energies; these direct
effects could be triggered by cluster structures in the 19F target nucleus [148, 149,
305]. To investigate these aspects we analyzed angular distributions in terms of
cosine polynomials [298, 300]. The trend of the Ai coefficients deduced from the
fit of experimental data (truncated to the 4th order) is reported in Figure 2.31 (left
and right panels). The smooth behavior of the A0 and A2 terms in the Ep = 0.3-0.5
MeV region can be mainly due to direct processes, while the broad bump of the
A4 term in the Ep = 0.3-0.5 MeV region can be attributed to the excitation of the
broad 2+ cluster state in 20Ne (Ecm = 0.251 MeV, Ex = 13.095 MeV, Γ = 162
keV [93, 306]). At variance, the overall forward anisotropy (see Figure 2.30 (a,b))
observed at low energies seems mainly due to direct reaction mechanisms, which
could be triggered by the above mentioned cluster structure of 19F. In particular,
on a naive way, we can expect that a strong t+ 16O-like configuration for the 19Fgs
target would favour forward asymmetries in the 19F(p,α) angular distributions in
a direct reaction scenario. Also the α + 15N cluster structure, predicted for the
0.11 MeV excited state of 19F (due to the cluster model joke) can play a role, if
one assumes that the process involves more than one step, where one intermediate
step passes through this low-lying state. It can lead to the appearance of a forward
peaked contribution in the angular distributions at low energies, because of the
strong exchange forces involved [149]. Anyway, the situation is more complicated if
we go into the details of possible theoretical explanations. All these speculations,
triggered by the observed anisotropies in the angular distributions, point out the
importance of understanding the cluster structure of light nuclei and stimulate the
need of detailed theoretical calculations that couple the cluster structure with the
reaction mechanism at low energies.

The cross section σ(E) was obtained by integrating angular distributions over
4π for each value of incident energy here explored. The analytical form of the
angular distribution trend was taken to be the best-fit to experimental angular
distributions in terms of 4th order Legendre polynomials. In fact, at these very low
energies, only s, p and d partial waves are expected to mainly contribute [298–300].
Figure 2.32 (upper panel) displays, as blue dots, the calculated astrophysical S-
factor. Statistical errors are represented by error bars, while the grey band indicates
non-statistical ones. Our results are plotted together with the ones from [298–300]
as reported in nacre [109], shown as triangles, diamonds and stars respectively.
Empty blue circles show more recent data of Ref. [228]. The green dashed line is
the non-resonant nacre S-factor extrapolation [109]. Present results are in good
agreement with the lowermost energy data of [228]. The inspection of Figure 2.32
suggests the appearance of several structures as a consequence of the excitation of
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Figure 2.31: Evolution with the energy of the Ai coefficients of cosine power fit of
experimental angular distributions obtained in the present experiment. Error bars
are statistical. Note the change of vertical scale in the left and right panels.

various resonances in the compound nucleus, sitting on a continuous background
given by direct processes.

We performed an R-matrix fit of present data and data from Ref. [228]. The
Ex, Jπ and Γcm resonance parameters have been fixed to the literature values ([93,
228, 292]). As in Refs. [228, 292], the high energy part of S-factor data is described
by the excitation of the Ecm = 0.801, 0.739, 0.697 MeV states. The low energy
part of data has been reproduced by considering the Ecm = 0.382 MeV state (3−,
Γcm = 53 keV, [292]), the broad Ecm = 0.251 MeV cluster state (2+, Γcm = 162 keV)
[93, 306], and the Ecm=0.204 MeV state (4+, Γcm = 18 keV, [292]). We included
in the fit the previously observed Ecm = 0.113 MeV (2+, Γcm = 38 keV, [292])
state. The resonances at Ecm = 0.113, 0.204 and 0.382 MeV have been observed
with the thm [292] while the resonance at Ecm = 0.251 MeV has not been seen
before. We assumed Γtot ≈ Γα, which is a good approximation since at energies
well below the Coulomb barrier, Γp are severely suppressed by penetrability and,
consequently, can be neglected in the calculation of the Γtot. The shape of the non-
resonant background has been taken from nacre [109]. The only free parameters
of the fit were the scaling factor of the non-resonant background and the Γp of the
0.251 MeV state. The result of fit procedure is reported as red solid line in Figure
2.32. The χ̃2 is 0.97 with 36 d.o.f; the fit describes reasonably well the trend of
experimental data in a wide energy domain. The partial widths and, in particular,
the Γp values are given in [292]. The resonance parameters of the 251 keV peak, not
observed in [292], are Γα ≈ 160 keV and Γp ≈ 1.4× 10−5 keV, as obtained from the
fit procedure. The scaling factor of the non-resonant background is 1.16± 0.04.
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Figure 2.32: (Upper panel) S-factor of the 19F(p,α0)16O reaction at low energies
(. 1 MeV). Blue solid dots: experimental data obtained in this work (error bars:
statistical errors; grey band: non-statistical errors). Black triangles: direct data by
[299]. Blue empty circles: data by [228]. Green stars: data by Isoya et al [298] as
normalized by nacre [109]. Black empty diamonds: data by [300]. Green dashed
line: non-resonant extrapolation reported in nacre [109]. Red line: result of R-
matrix best-fit of present data and data by Ref. [228]. White band within the red
lines: confidence band of the fit. (Lower panel) Reaction rate calculation (expressed
as ratio to nacre) obtained from the R-matrix fit of the S-factor.
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The broad bump in the 0.2-0.4 MeV region can be attributed to the constructive
interference between the 0.113 and 0.251 MeV 2+ states superimposed on the direct
non-resonant background; the contribution of the 0.382 MeV 3− state is instead
quite small. Our analysis allows to exclude the opposite interference pattern option
(i.e. destructive interference in the 0.3-0.5 MeV region and constructive in the 0.1-
0.2 MeV one) because in this case any attempt to better reproduce the experimental
trend between 0.3 and 0.6 MeV would result in a worse agreement at energies below
≈ 0.3 MeV. Indeed, the reduction of the astrophysical factor due to the destructive
interference above 0.3 MeV cannot be recovered by increasing the non-resonant
contribution, as the fitting curve would dramatically overestimate the S-factor below
0.3 MeV, even taking into account the large errors affecting data in this energy
region.

The present R-matrix fit of S-factor data allows us to compute the corresponding
stellar reaction rate per couple of particle 〈σv〉. This gives us an idea of the efficiency
of such a reaction for various astrophysical environments. We evaluated the ratio of
our calculated reaction rate to the one calculated by using the nacre extrapolation
[109] as a function of the temperature. This can be computed by using the following
formulation [103]:

〈σv〉 =

(
8

πµ

) 1
2
(

1

kBT

) 3
2
∫ +∞

0

S(E)e
− E
kBT e2πη(E)dE (2.1)

Here µ is the reduced mass of the entrance channel, kB is the Boltzmann constant
and T is the temperature of the astrophysical site where the reactions occur. The
two exponential factors are respectively the Maxwell-Boltzmann kinetic energy dis-
tribution and the barrier penetrability. S(E), i.e. the astrophysical S-factor, is
obtained by connecting the experimental point via a polygonal line. The result of
this calculation is shown in the lower panel of Figure 2.32. To evaluate the errors
due to ambiguities on the modelling of the non-resonant contribution adopted in
the R-matrix fit, we fixed our attention on two different models, the s-wave pro-
ton capture estimation used by nacre (green dashed line of Figure 2.32) and the
finite-range dwba calculations of Yamashita and Kudo [149]. If we perform the
R-matrix fit by choosing the functional form given by the dwba model respect to
the nacre one, the resonance parameters remain essentially unaltered, with the
low-energy part of the S-factor differing by ≈ 20% from the fit obtained by assum-
ing the nacre non-resonant contribution. Taking into account this main source of
ambiguity, we conservatively assumed a 20% error level on the S-factor evaluation
and therefore on the reaction rate calculation. On average, the reaction rate is a
factor ≈ 1.4 larger than the corresponding nacre evaluation. Local enhancement
at T ≈ 0.4 GK can be mainly attributed to the 0.251 MeV state and its interference
with the 0.113 MeV state. The bump at T ≈ 0.08 GK is originated by the 0.113 MeV
state, as seen with the indirect measurement of Ref. [292]. The larger reaction rate
observed at temperatures typical of AGB stars should lead to a more efficient 19F
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destruction by extra-mixing processes. This finding goes in the direction of recent
experimental observations of fluorine abundance in metal-poor AGB stars [290, 293]
and can contribute to solve the puzzle of fluorine nucleosynthesis in AGB stars [307].

2.6.3 Impact of our results on successive works

Now that these new direct data are available [308], the authors of [292] performed
a new analysis of the indirect data assuming a different level identification, where
the 0.251 MeV state plays a more important role. They show that the thm data
can be reasonably fitted by introducing into the modified R-matrix code the 0.251
MeV resonance in spite of the 0.204 MeV one, by using the same reduced widths as
in the present work for the 0.251 MeV state.

A more recent THM experiment succeded to investigate the 19F(p,α) reaction
with an improved energy resolution [309]. In these data, a more evident contribution
of the 0.251 MeV state to the cross section is seen, in nice agreement with our
findings.

It is worth nothing that our work stimulated a scientific proposal to the new
Jinping Underground laboratory for Nuclear Astrophysics (JUNA) facility that is
currently under development in the Jinping Mountains of Sichuan, China [310]. The
extremely low background of this laboratory makes it a perfect place to explore the
19F(p,α) reaction at very low bombarding energies (Ecm < 0.2 MeV). This will allow
to obtain a better knowledge of the reaction rate at temperatures lower than 0.1
GK.
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Chapter 3

Clustering in HICs as a link between
structure and dynamics

In paragraph 1.5.4 of Chapter 1, it has been mentioned how particle-particle and
multi-particle correlations in heavy ion collisions can represent a powerful probe to
study structure and clustering in light systems and their interplay with nuclear dy-
namics. In the present chapter, we describe the development of a thermal model to
reproduce the formation and the in-flight decay of resonances in HICs at intermedi-
ate energies. This model, which is valid under the assumption of a unique source of
particle emission in thermal equilibrium, allowed us to perform a systematic particle-
particle correlation analysis of 36Ar+ 58Ni collisions at bombarding energies from 32
AMeV to 95 AMeV. The here discussed methods can provide fundamental informa-
tion on the behaviour of the nuclear force under different conditions of density and
temperature, i.e. on the Equation of State (EoS) of nuclear matter.

We organize the present chapter as follows. In Section 3.1, we introduce the
concept of correlation function in the general case of multi-particle correlation stud-
ies and we give a further characterization of the expected dynamics for a central
HIC, which is the scenario of the present investigation. After introducing a thermal
model for correlations in HICs, we briefly discuss the role of final state interactions
and HBT effects. In Section 3.2, we describe an in-flight decay simulation code
in a specific experimental case. Finally, predictions of the model are compared to
experimental α-α correlations in 36Ar + 58Ni collisions from 32 AMeV to 95 AMeV
studied with the INDRA 4π multi-detector.

3.1 Further details on correlations in HICs

Heavy Ion Collisions at intermediate energies are often used to produce states of
nuclear matter at densities and temperatures far from saturation. Such conditions
do not occur in ordinary terrestrial environments and characterize more extreme
scenarios like supernovae explosions [311], neutron stars [312] or other fascinating

139



Chapter 3. Clustering in HICs as a link between structure and
dynamics

Figure 3.1: Schematic qualitative description of a central HIC at intermediate en-
ergies. A unique system, source of particles, is expected to be formed, after a first
stage of fast pre-equilibrium emission. The compact object experiences then an
expansion, which allows to study, by means of the secondary decays of unbound
nuclear states, hot and diluted phases of nuclear matter.

objects in the cosmos. The qualitative schematic description of Figure 3.1 helps
understanding such a complex picture. In the figure, a typical central HIC at in-
termediate energies is schematically shown. Nuclear matter which is formed in the
overlapping zone between projectile and target is initially compressed and nuclear
stopping occurs. In this hot phase, pre-equilibrium emission of particles and γs,
which occurs over a short time scale (of the order of 10-50 fm/c), anticipates the
expansion of a thermally equilibrated nuclear medium. Such a system experiences
decreasing temperatures and densities, finally leading to a hot (T ≈ 4-6 MeV) and
diluted (ρ . /2ρ0) nuclear medium. In this stage of the collision complex fragments
are produed and carry information about the sub-saturation density regions of nu-
clear matter under laboratory controlled conditions. Produced fragments can be
excited to unbound states, which can subsequently decay inducing the so-called sec-
ondary decays. These emissions are characterized by time scales significantly longer
and, typically, of the order of several thousands and millions of fm/c. Correlation
studies involving the decay of resonances for fragments produced in-medium may
give the opportunity to study unbound states of stable and unstable light nuclei,
as well as the space-time and thermal properties of the medium in which such reso-
nances are produced.

It is useful to define the two-particle correlation function. Assuming two par-
ticles 1 and 2 having momenta ~p1 and ~p2 (in the center of mass of the couple),
the two-particle coincidence yield

∑
Y12(~p1, ~p2) represents the yield of two particles

having momentum ~p1 and ~p2 detected in coincidence in the same event with relative
momentum ~q and total momentum ~P :∑

Y12(~p1, ~p2) = C12[1 +R(~q, ~P )]
∑

Y1(~p1)Y2(~p2) (3.1)

where R is the so-called correlation function, a function of the relative momentum
~q = 1

2
(~p1−~p2) and of the total momentum ~P = ~p1 +~p2. The two-particle coincidence

yield Y12(~p1, ~p2) is summed over all the couples of detectors 1 and 2 and the couples
~p1, ~p2 which provide the vector ~q.

∑
Y1(~p1)Y2(~p2) represents the production of the
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single yields, Y1 and Y2, if particle 1 and 2 being detected with momenta ~p1 and ~p2,
respectively. It is therefore expressed as the sum, with the same prescription of the
previous, of products of single-particle yields. C12 is a normalization constant chosen
so that R = 0 at large relative momentum values. The most common way to perform
particle-particle and multi-particle correlation studies is the use of the so-called
angle-averaged correlation function, that consists in integrating equation 3.1 over the
relative angle between the vectors ~q and ~P . The corresponding correlation functions
only depend on the magnitude of the relative momentum if one also integrates over
the magnitude of the total momentum P :∑

Y12(~p1, ~p2) = C12[1 +R(q)]
∑

Y1(~p1)Y2(~p2) (3.2)

From an experimental point of view, the product of single-particle yields
∑
Y1(~p1)Y2(~p2)

is constructed via an event-mixing procedure: particles 1 and 2 are taken from two
different events. The corresponding correlation function assumes therefore the form:

R(q) + 1 =
Y coinc(q)

Y mix(q)
(3.3)

which is different than unity in the presence of correlations between particles 1 and 2,
while it assumes value equal to unity in the absence of correlations. Correlations be-
tween coincident particle pairs can be induced by their mutual nuclear and Coulomb
interaction and by their quantum statistical symmetries in they are identical.

3.1.1 The thermal model for correlations in central HICs at
low and intermediate energies

We developed a simulation code for the description of two-body in-flight resonance
decays in central heavy ion collisions based on a thermal model of two-particle
correlations.

The basic assumption of the model is that a unique source is created in the
central collision and such a source is at thermal equilibrium. Then one can assume
a temperature T for the source itself. A certain amount of light nuclei resonances
is produced in the thermally equilibrated medium. In our model, the population
of internal states in the decaying nuclides is determined by the temperature of the
system. We call this temperature excited state temperature [162, 313–315]. It is
important to point out, as discussed in Ref. [313], that such a temperature may differ
from the one measured by means of other techniques such as the double isotopic yield
ratios [170]. Also, excited state temperatures determined from the decay of different
nuclear species may differ from another. Indeed, thermometers in HICs may be
sensitive to different stages of the fragment formation and emission.

Let us consider a system contained in a volume V ; the corresponding two-particle
density of states is approximated by the equation [316]:

ρ(P, q) ≈ ρ0(P ) · ρ(q) (3.4)
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As in the previous paragraphs, P and q are, respectively, the amplitude of the
total and relative momentum of a generic pair of particles. ρ0(P ) = V P 2/2π2 is
the density of states associated with the motion of their center of mass, while ρ(q)
depends only on relative motion. The latter, at the first order of approximation,
can be written as:

ρ(q) = ρ0(P ) + ∆ρ(q) (3.5)

The first component, ρ0(P ), is a plane-wave density of states for particles with spins
s1 and s2. It is given by the equation

ρ0(q) = (2s1 + 1)(2s2 + 1)
V q2

2π2
(3.6)

The latter term, ∆ρ, is an interaction term. It can be written, in the simplified case
of non-identical particles, as [316]:

∆ρ(q) =
1

π

∑
J,α

(2J + 1)
∂δJ,α
∂q

(3.7)

Here, J represents the total angular momentum of the interaction of the two parti-
cles, while δJ,α is the scattering phase shift for each channel α. This term, differently
from the plane-wave density of states, does not depend on the volume of the system.
Equation 3.4 can be rewritten introducing the previous prescription as follows:

ρ(P, q) ≈ ρ0(P )ρ0(q)[1 +R(q)] (3.8)

The two-particle correlation function R(q) is here defined by:

R(q) =
2π

(2s1 + 1)(2s2 + 1)V q2

∑
J,α

(2J + 1)
∂δJ,α
∂q

(3.9)

Equation 3.9 does not depend on the temperature of the system. Under the above
discussed thermal equilibrium hypothesis, the single-particle yield of the i-th particle
of the system with a momentum pi follows instead a Boltzmann distribution of the
type:

Yi(pi) ∝ ρ0(pi)e
−Ei/T (3.10)

while, for the probability to find simultaneously a particle 1 with momentum p1 and
a particle 2 with momentum p2, having total momentum P and relative momentum
q, one finds:

Y12(p1, p2) ∝ ρ0(P, q)e−(E1+E2)/T (3.11)

142
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Within this thermal model, the two-particle correlation function therefore depends
only on the volume of the system and it is independent on the temperature1, while
the two-particle coincidence yield is affected by the temperature of the system. In
the thermal model, the probability that a nucleus is at an excitation energy E is
given by:

dn(E)

dE
∝ e−E/T∆ρ(E) (3.12)

where ∆ρ(E) is the above discussed density of states and e−E/T is the so-called
Boltzmann factor. In the case of resonances dominating the energy dependence of
the partial-wave scattering phase shift, the density for the unbound states can be
written as a sum of Breit-Wigner terms and equation 3.7 can be rewritten as:

∆(ρ)(E) ∝
∑
i

(2Ji + 1)Γi/2π

(E − Ei)2 + Γ2
i /4

(3.13)

where the sum is extended to all nuclear levels i contributing to the formation of the
particular nucleus under study. The probability to observe the nucleus populated at
an excitation energy in the interval E, E+dE decaying into the channel c is finally:[

dn(E)

dE

]
c

∝ e−E/T
∑
i

(2Ji + 1)Γi/2π

(E − Ei)2 + Γ2
i /4

Γc,i
Γi

(3.14)

where Γc,i is the partial decay width of the state i into the channel c and Γc,i
Γi

is the
decay branching ratio into this channel. In the case of two non-overlapping states,
H and L, separated by an energy ∆E = EH − EL, the ratio of their populations
before decaying will be, according to this model:

RL,H =
YL
YH

=
2JL + 1

2JH + 1
e−∆E/T (3.15)

In other words, the ratio of the population of the low energy state to the one of the
high energy state depends only on structure properties of the two states (i.e. their
spins, JL and JH , and their energy separation, ∆E) and on the temperature, T , of
the medium in where the levels are populated.

3.1.2 The In-Flight Decay Simulation Code

The following step consists in studying how the initial population of the states prior
to decay affects the yields of the experimentally observed peaks. In other words, a

1It is important to point out that this represents only a rough approximation, since it has been
proved that the correlation function can depend on the temperature in the case of collective motion
[164, 317]. In fact, the presence of a collective motion, e.g. a radial expansion which depends on
the position coordinates of the particles in the medium, may induce the appearance of an artificial
effective temperature in the uncorrelated background which can lead, in the presence of resonances,
to an alteration of the corresponding correlation function. This effects are not taken into account
in our model and will be introduced in a successive improved version.

143



Chapter 3. Clustering in HICs as a link between structure and
dynamics

detailed simulation code which explicitly describes the in-flight decay of resonances
produced under the thermal model assumption, accounting also the configuration
of the used detector, is required to predict the yields in eq. 3.15. They can be
reconstructed by studying the corresponding two-particle correlation function of the
particular exit channel involved. Let us assume, to clarify this step, that a nuclear
specie X is produced in a nuclear medium at temperature T . The states of the
unbound system which contribute to the formation of X are numbered from 1 toM ,
and their corresponding spectroscopic properties are indicated as Ei, Γi, Γi,c. Here,
Ei represents the energy of the i-th state of Γi total width. Γi,c is instead the partial
width of the i-th state into the decay channel c. The observed yield Y C

N (E), as a
function of the excitation energy of the emitting nuclei, can be easily written, with
this prescription, in the following way:

Y C
N (E) = N

∫ [
ηc(E,E

′)e−E
′/T
] N∑
i=1

(2Ji + 1)Γi/2π

(E − Ei)2 + Γ2
i /4

Γi,c
Γi
dE ′ (3.16)

In equation 3.16, N is an arbitrary constant and the integral is extended over all
excitation energies E ′ that contribute to the formation of the unbound system. The
factors in square parenthesis is the product of the Boltzman factor, which gives a
weight to any possible excitation energy according to the thermal hypothesis, and
the matrix elements ηc(E,E ′). The latter, as it will be discussed in more detail in the
following paragraph for the case of the INDRA 4π multi-detector, connects theoreti-
cal values of excitation energy E ′ of the nucleus to the corresponding experimentally
reconstructed value E in the emitting channel c by means of the corresponding de-
tection efficiency. In other words, if one assumes an excitation energy E ′ of the
emitting nucleus before decaying in the channel c, this will be reconstructed by the
detector as E (taking into account any possible distortion introduced by the detec-
tor to the observed particles, according to reaction kinematics and the energy and
angular resolution of the detector itself) with an efficiency ηc(E,E ′). The second
part contains all the structure properties of the states involved in the formation of
the decaying system. It is the sum, over each state of the X nucleus, of the product
of the probability that the i-th state decays through the channel c, Γi,c/Γi, weighted
for the probability that it is populated at an excitation energy E ′.

3.1.3 HBT interferometry in Nuclear Physics

Two-particle correlations at low relative momentum provide information on a num-
ber of properties of collisions between heavy nuclear systems. Besides the possibility
of deducing temperatures via the above-mentioned thermal model approach, one can
study also the space-time properties of the collision system. This research field, usu-
ally named intensity interferometry or HBT femtoscopy, has been the object of a
large number of investigations in the last decades.

HBT interferometry was originally introduced in astronomy (in 1950s by Han-
bury Brown and Twiss, HBT). Such techniques were extensively used to extract
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Figure 3.2: A schematic explanation of the HBT effect in astronomy. Two sources
of photons A and B are separated by a distance D = |~ra − ~rb| and are seen at a
distance L by the detectors 1 and 2 (at a mutual distance d). The interference
pattern observed at the detectors allows to infer the distance between the stellar
sources.

unknown separations (source size) of astrophysical objects. Differently from am-
plitude interferometry that suffers uncontrollable contributions from atmospheric
distortions, HBT is based on intensity interferometry [318]. Let us assume that two
sources of photons A and B are located at a relative distance D as it is schemati-
cally illustrated on Figure 3.2. If one detects the emitted photons by means of the
detectors 1 and 2, placed at a distance L from the sources and at a mutual distance
d, one can define the following quantity:

R(~k1, ~k2) =
〈n12〉
〈n1〉〈n2〉

− 1 (3.17)

Here 〈n12〉 is the two-photon coincidence yield, i.e. the probability to detect two
photons with wave numbers ~k1 and ~k2 respectively in the detectors 1 and 2. The
denominator of eq. 3.17 represents instead the product of single-photon yield in the
detectors 1 and 2. All the quantities which contribute to this equation are propor-
tional to the absolute square of the amplitudes, and, therefore, HBT interferometry
is insensitive to phase shifts introduced by atmospheric disturbances [319]. The
quantity described in the equation 3.17 is called two-photon correlation function.
The physical basis of the HBT is that two photons may have a non-zero correlation
function because of the symmetrization of their wave-functions. This is a conse-
quence of the quantum nature of identical particles [141, 320]. The link between
the correlation function for two-photons and the spatial properties of the emitting
source is clear if one considers the simplified case of simultaneous photon emission
from two distant point sources located at ~ra and ~rb. Assuming that the propagation
occurs in vacuum, the coincidence rate of two photons ~k1 and ~k2 in the detectors 1
and 2 is proportional to the symmetrized two-photon wave-function, normalized to
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the incident fluxes:

〈n12〉(~k1, ~k2) =
1

2

∣∣∣ei~k1·~ra+i~k2·~rb + ei
~k1·~rb+i~k2·~ra

∣∣∣2
= 2cos2

[
1

2
(~k1 − ~k2) · (~ra − ~rb)

] (3.18)

The correlation function therefore depends on the relative momentum of the two
detected photons ~q = 1

2
(~k1 − ~k2) and on the spatial separation of the two sources

~D = (~ra−~rb). The correlation function in the case of a simultaneous emission from an
extended and incoherently emitting source is finally obtained by integrating eq. 3.18
over the spatial extent of the source.

The ideas of Hanbury Brown and Twiss have been extended later to subatomic
particles such as photons, pions and various fermions and bosons. There is an es-
sential difference between HBT in astronomy and in subatomic physics: whereas in
astrophysics the emission can be assumed to be stationary during the observation
time, in nuclear physics the system is evolving with time. Therefore the study of
correlations between particles probes both the spatial and time extension of a sub-
atomic source. As an example, intensity interferometry has been successfully applied
to the study of angular correlations between pions emitted in proton-antiproton an-
nihilation processes at energies of 1 GeV by Goldhaber and collaborators [321].
They found that the probability of coincident identical pions was strongly affected
by their quantum mechanical properties, i.e. the Bose-Einstein statistics. The cor-
responding correlation function showed indeed an enhancement corresponding to
zero relative momentum q = 0, and the width of such a maximum was linked to
the interaction volume [322]. These measurements further stimulated efforts in the
development of HBT interferometry to nuclear cases. Shuryak [323] showed that the
effects observed by Goldhaber et al. in the pion-pion correlation function could be
interpreted in terms of HBT intensity interferometry. The shape of the correlation
function depends not exclusively on the geometrical size of the emitting source, but
also on the dynamics of the source. More in details, the mean-life of the emitting
pion source affects such a correlation function. Sources of particle emission evolve
indeed in extremely short time-scales (of the order of 10−22-10−18 s) when compared
to the time required for the particles to be detected. An historical step in such a
development was made by S.E. Koonin with his seminal work [324]. He proposed
in 1977 that proton-proton correlation functions could be used as a tool to explore
the emission sources in nuclear collisions involving heavy systems at intermediate
energies (E = 20-100 AMeV). Since protons are fermions, an effect opposite to
the one pointed out in the case of pairs of pions was observed, resulting in a re-
duction of the coincidence yield at small values of relative momenta, as a result
of the antysimmetrization properties of the two-fermion wave-function. The two-
proton correlation function depends also on the Coulomb and nuclear final state
interactions (FSI) between them. While the Coulomb FSI is repulsive, the second
is attractive at very short ranges and vanishes when the relative distance exceeds a
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certain range of few fm’s. These effects modify the shape of the correlation function.
They depend on the relative distance between the particles and therefore they are
more effective when the emission points of the two particles are close enough in the
source. FSI contribute to increase the sensitivity of correlation functions to the size
of the emitting source as well as to a detailed description of multi-fragmentation phe-
nomena and the liquid-gas phase transition in nuclear matter. In 1990s, correlation
studies have been extended to the case of complex particles such as deuterium-α,
α-proton, α-α or even to the case of the so-called Intermediate Mass Fragments2
(IMFs) [317, 325, 326].

3.1.4 Characterization of the emitting source

Since the nuclear and Coulomb interactions depend on the relative position between
the two interacting particles, the shape of the correlation function peaks is strongly
sensitive to the size of the two-particle emitting source. To be more precise, the shape
of correlation function peaks due to the nuclear FSI and of the anti-correlation hole3

at small relative momentum due to the Coulomb FSI, are determined by the space-
time extent spanned by the two-body system in the fragmenting system. Thanks to
these properties, intensity interferometry, for example involving two-proton correla-
tions, have been largely used to probe the space-time properties of sources produced
in HICs. Protons are indeed the most abundantly produced particles in a HIC
at intermediate energies and for this reason one can expect to study their correla-
tion function with high statistics at all incident energies. From a theoretical point of
view, the two-proton correlation function can be computed by means of the so-called
Koonin-Pratt equation [327]:

R(q) + 1 =

∫
d~rS(~r)K(~r, ~q) + 1 (3.19)

here S(~r) represents the probability that two particles are emitted at a mutual
space-time distance r, calculated at the time when the last particle is emitted.
This quantity is connected to the spatial extension of the emitting source. K(~r, ~q)
is the so-called angle-averaged kernel. It is obtained from the radial part of the
antisymmetrized two-proton relative wave-function by using the following relation:

K(~r, ~q) = |Ψq(r)|2 − 1 (3.20)

where Ψq(r) is the radial part of the proton-proton scattering wave-function [328].
The kernel contains all the information about the antisymmetrization of the proton-
proton wave function, as well as their mutual Coulomb and nuclear final-state in-
teractions.

2With Intermediate Mass Fragments (IMFs) we define charged fragments with 3 ≤ Z ≤ 30.
3The anti-correlation hole consists in a reduction of the two-particle coincidence yields at small

values of relative momentum due to their mutual Coulomb repulsion.

147



Chapter 3. Clustering in HICs as a link between structure and
dynamics

One can obtain information on the space-time extent of a nuclear emitting source
basically solving equation 3.19, namely extracting the profile of the source function,
S(~r). One can then obtain the geometrical extension of the emitting source function
once the kernel is known theoretically. Since the emission of particles is generally
distributed over a finite time window, the source function is affected by a space-time
ambiguity and will appear deformed in the direction defined by the total momentum
vector [329]. In angle-averaged approaches one can use the source function to infer
the relative contributions from dynamical emissions (occurring over short time scales
and at early stages of the collisions) and from evaporative and secondary decay
contributions (which slowly characterize the later stages of the collisions) [330].

Even if different approaches have been used in the literature to extract informa-
tion on the source function, a commonly adopted strategy is to consider S(r) as a
normalized single gaussian function, where the width σ of the distribution is an es-
timate of the space-time extent of the source. These gaussian approaches are rather
simple, since they depend only on the source radius. Another approach that allows
to study the shape of the correlation function is the imaging tecnique [331]. The
basic idea behind it is to extract the source function S(~r) by a numerical inversion
of the Koonin-Pratt equation 3.19, without any a-priori assumption about its pro-
file. Theoretical attempts have been performed in order to extend the Koonin-Pratt
formalism to cases involving the emission of more complex particles like α-particles.
α-α correlation studies offer important future perspectives in this respect.

3.2 Application of the thermal model to α-α
correlations in 36Ar + 58Ni with the INDRA 4π

multi-detector

The developed thermal model is useful to study the decay of resonances measured
by high resolution arrays, such as FAZIA [332] and HiRA [333]. The latter is charac-
terized by high angular resolution. The analysis that we performed with INDRA is
limited by its geometry (e.g. its angular resolution). However, it represents a good
starting point for future high resolution analyses. With this premise, in the follow-
ing paragraphs of the present section, dynamical properties of HICs at intermediate
energies will be studied by means of α-α correlations in 36Ar + 58Ni reactions and
with the previously discussed thermal-model simulation code.

3.2.1 The INDRA experimental filter

The in-flight resonance decay model described in the previous paragraph allows us
to characterize the emission and decay of light nuclei resonances produced in HICs
(under a thermal equilibrium assumption) for an arbitrary couple of emitted frag-
ments. The model also accurately describes the detector distortions induced to the
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Figure 3.3: Geometrical scheme of the INDRA 4π multi-detector (cut along the
beam axis). Rings of detectors, coaxial with the beam axis, cover specific region
of polar angle. Rings are numbered from 1 to 17 and the minimum and maximum
polar angle covered by each ring is indicated. From [334].

observed phenomenon when experimentally reconstructed, allowing a direct compar-
ison of simulated data to experimental ones. The effect of the detector is included in
the ηc(E,E ′) matrix introduced in equation 3.16. To adapt the model to a specific
case of interest it is therefore needed to build such a matrix. In this paragraph, a
specific example of α-α correlations reconstructed in 36Ar + 58Ni collisions from 32
AMeV to 95 AMeV with the INDRA 4π multi-detector is discussed. Such a sys-
tematics is important since it allows us to deduce information on how α-clustering
phenomena may affect the production of light particles at various conditions of den-
sity and temperature of the medium, and what one can learn about the reaction
dynamics from light particle correlation studies.

The experiment was performed at the Grand Accélérateur National d’Ions Lourds
(GANIL) laboratory to study 36Ar + 58Ni collisions at 32, 40, 52, 63, 74, 84 and
95 AMeV. The INDRA multi-detector was used to detect the produced particles
and fragments. It is constituted by 336 independent detection cells which cover
geometrically 90% of the 4π solid angle. These detectors are grouped in a series
of 17 rings, each of them containing a number of cells from 8 to 24 arranged in an
axially-symmetric configuration around the beam axis, as outlined by Figure 3.3.
Except for the detectors of the first ring, which cover smaller polar angles (from 2◦

to 3◦) and which are constituted by phoswich scintillators, each detection unit is
composed by three detection stages: an ionization chamber, a silicon layer and a
CsI(Tl) scintillator. The thickness of such layers depends on the polar angle. This
apparatus allows us to track and identify the charge of particles and fragments with
a low detection threshold (≈ 1 AMeV) and up to Z = 50. Isotopic separation is
obtained up to Z = 3. A photograph of the apparatus is shown in Figure 3.4,
where the ring arrangements of the detectors are clearly visible. More details about
the present apparatus can be found in Ref. [334].

The in-flight resonance decay model can be applied to the case under investi-
gation, by building the η(E,E ′) matrix. It is affected clearly by the geometrical
arrangement of the detectors and their intrinsic energy resolution, but also by the
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Figure 3.4: A photo of the INDRA 4π multi-detector.

kinematic of resonance emission and by the specific decay channel chosen. For this
reason, the starting point of the construction of the detector matrix consists in the
development of an event generator which is able to reproduce the observed resonance
emission in the case here considered.

One can assume that, in the collision events to be investigated, 8Be nuclei are
statistically emitted. They subsequently decay into a couple of α-particles which
are then reconstructed by the detector. To study how the detector affects the ideal
relative momentum spectrum of the couples of α-particles, one can start from the
8Be (emitting nucleus) energy and angular distributions expected for the present
collision. They can be obtained by inspecting the experimental data, assuming that
they do not differ significantly from the ones observed for other detected beryllium
stable isotopes such as 7Be and 9Be. According to the suggestions of literature, the
energy spectrum of a nuclear species produced in a collision at a particular angle
θ can be parametrized in terms of the sum of Maxwellian moving sources [335,
336]. In other words, we are assuming that a certain number of different emission
sources in thermal equilibrium are created in the collision and that they evaporate
according to the Maxwell-Boltzmann statistics. Since they are not produced at rest,
the evaporated particles and fragments have to be boosted with a velocity which
depends on the source motion. The yield of beryllium isotopes emitted at an angle
θ in the laboratory frame within an elementary solid angle dΩ and with kinetic
energy E ∈ [Elab, Elab + dElab] can be thus described by the equation:

Y (Elab, θ) =
3∑
i=1

Ni

√
Elab − EC ×

exp

[
−
Elab − EC + ES,i − 2

√
(Elab − EC)ES,i × cosθ
Ti

]
(3.21)
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Figure 3.5: Maxwellian moving-source fit of Be energy spectra, obtained at various
angles with the INDRA 4π multi-detector measured in 36Ar + 58Ni collisions at 74
AMeV. The experimental data are shown by blue points with statistical error. Each
panel is relative to a different ring of the INDRA multi-detector. The red line is the
result of the simultaneous fit with the formula shown in equation 3.21.

where the sum is extended over three different emitting sources4. Here Ti indicates
the apparent temperature of the i-th source emitting particles of charge Z while

4In the present analysis, we are assuming that only one emission source is created in such
central collisions. Anyway, since the result of the Maxwellian moving-source analysis is here used
only as event generator, without any intent of proving the physical properties of the collision, and
to obtain a better fit of the data, we extended the number of emission sources to three, similarly
to the case of less dissipative collisions studied in Refs. [335, 336].
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Figure 3.6: η(E,E ′) matrix used to simulate the effect of the detector for α-α
correlations in 36Ar + 58Ni collisions at 74 AMeV. For convenience, it is shown in
terms of the relative momenta. The one-dimensional efficiency distribution, as a
function of qfilter, obtained for a fixed value of theoretical momentum qtheor, allows
to estimate the resolution with which the relative momentum qtheor is reconstructed
by INDRA.

ES,i = (1/2)mv2
S is the non-relativistic kinetic energy of a particle having mass

m and velocity equal to the one (vS,i) of the i-th source in the laboratory frame.
EC = ZEcoul is a term representing the energy needed by the particle to overcome
the Coulomb barrier. Ni is finally a normalization coefficient which determines the
weight of each contribution to the emission spectrum. Equation 3.21 is used to
reproduce the trend of the experimental data obtained at various angles with the
INDRA multi-detector by selecting a specific class of collisions events (see the next
paragraph for further details of the event selection). An example of the result of
our multi-parametric fit is reported in Figure 3.5 for the case of 7Be energy spectra
measured in 36Ar + 58Ni collisions at 74 AMeV incident energy. Here each panel is
representative of a particular ring of the INDRA multi-detector and, therefore, of
a specific angle in the laboratory frame. The energy spectra for each ring shown
in the picture are normalized to the solid angle covered by the ring to be directly
compared with the formula 3.21. The red lines, which represent the results of our
best-fit procedure, reasonably reproduce the trend of the data for each detection
angle. The formula is more general as it allows us to extend the expected angular
and energy distributions also outside from the measured regions.

The result obtained via the best-fit procedure on the beryllium energy spectra
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data are here used to generate randomly extracted 8Be fragments. For a theoret-
ical excitation energy E ′ of a generated 8Be, one can simulate the decay in two
α-particles according to the available phase space. The momenta of the so obtained
α-particles are then processed by a detailed geometrical simulation of the INDRA
multi-detector. In this simulation we take into account any dead zone of the detec-
tor and we reject events in which two α-particles hit the same detection cell. The
detector matrix η is shown in Figure 3.6 in terms of the relative momenta for α-α
correlations in 36Ar + 58Ni collisions at 74 AMeV. qtheor represents the theoretical
value of relative momentum while qfilter is the reconstructed one. A locus corre-
sponding to qtheor ≈ qfilter, where the majority of the counts lie, is clearly visible.
Minor contributions are also localized outside this band reflecting possible disconti-
nuities in the emission direction reconstruction due to the finite number of detection
cells. This matrix is particularly useful even for a rapid evaluation of the effect
of the detector in the invariant mass reconstruction of such pairs of particles. In
fact, for a fixed value of theoretical relative momentum qtheor, one can inspect the
corresponding η(qfilter, qtheor) distribution. The width of this distribution is a mea-
surement of the resolution of the detector in measuring the qtheor relative momentum
in the selected break-up channel. Figure 3.6 shows that the INDRA detector tends
to deform significantly the reconstructed qrel values due to its very limited angular
resolution. Significant improvements of these techniques can be obtained with more
segmented detector arrays such as LASSA [337] or HiRA [333].

By means of the detector matrix shown in Figure 3.6, we computed formula 3.16.
As structure parameters we considered the ground state (Ex = 0, Jπ = 0+, Γ =
0.0068 MeV, Γα/Γ = 1.00, qrel = 18.49) and the first excited state of 8Be (Ex = 3.04,
Jπ = 2+, Γ = 1.5 MeV, Γα/Γ = 1.00, qrel = 108.0). The result of the calculation
is shown in Figure 3.7 for different values of temperature T from 1 to 12 MeV.
Each line, in a different colour, represents the expected α-α correlation, as observed
by INDRA considering 36Ar + 58Ni collisions at 74 AMeV, for a specific value of
temperature. As it is clearly visible, the second peak, which is associated to α
decays of the first excited state of 8Be, becomes more pronounced as the temperature
increases. For higher values of temperature (starting from T ≈ 6 MeV) the shape
of the α-α correlation yield saturates, making it difficult to distinguish between
different temperatures. These calculations can be easily used in order to construct
a calibration curve of the excited-state thermometer based on the population of
8Be ground state and its first excited state. By using equation 3.15, we can finally
replace the initial population YL and YH of the lower and higher energy states here
considered with the reconstructed ones NL and NH , as they are experimentally
determined. They can be deduced by a simple integration5 of the spectrum of
Figure 3.7 for different values of temperature. The result is shown in Figure 3.8,

5For the present analysis we used reasonable integration limits deduced from Figure 3.7.
The corresponding intervals are [0MeV/c, 50MeV/c] for the 8Be ground state peak and
[50MeV/c, 304MeV/c] for the 3.04 MeV state peak.
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Figure 3.7: Simulated α-α relative momentum spectrum in 36Ar + 58Ni collisions at
74 AMeV via the model here described. The detector distortions introduced by the
detection with INDRA are carefully taken into account via our detailed event filter.
The calculation is repeated for different values of temperature, shown in different
colours.

where black points represent the simulated values above discussed and the red line
is the result of a best-fit using equation 3.15. The calibration curve, which has been
constructed for each colliding system of our systematics, allows us to extract the
temperature of the medium in which the resonances are produced by experimental
measurement of the yields of the observed peaks in the α-α correlations. Finally,
as previously pointed out, the present thermometer becomes less sensitive to high
values of temperatures. This fact is even more clear considering the trend of the
calibration curve shown in Figure 3.8. While for high NL/NH values, i.e. low
temperatures, the calibration curve is only smoothly variable, indicating a good
sensitivity of the thermometer, for high temperatures the curve is almost vertical.
In other words, a large variation in temperature results in a negligible variation for
the relative ratio of the two peaks, making this thermometer poorly sensitive to
high values of temperature. The sensitivity of the thermometer to such temperature
values can be increased, for example, by considering a couple of states with a larger
energy distance ∆E. Among them, we mention the 5Li thermometer [162, 171, 313],
whose ground and first excited states differ by about ∆E = 16 MeV. We do not use
this thermometer due to the limited statistics for d-3He correlations, which makes it
difficult to extract the population of the first excited state of 5Li. Also the limited
angular resolution and granularity of the INDRA array make it difficult to well
isolate the peaks corresponding to the decay of 5Li states.
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Figure 3.8: Calibration curve of the excited-state thermometer of 8Be ground state
and first excited state (α-α correlations). NL/NH is the ratio of the observed peak
integrals of respectively low and high energy peak here considered, obtained by
means of our simulation code. The thermometer is less sensitive to high values of
temperature.

3.2.2 Analysis of α-α correlations in 36Ar + 58Ni systematics
from 32 AMeV to 95 AMeV

The above discussed method has been used to perform a systematic analysis of α-
α correlations in 36Ar + 58Ni collisions. As it was previously anticipated, central
collision events are selected. The centrality selection has been obtained by means
of a cut on the transverse energy spectra of Z = 1, 2 particles. This cut is based on
an intuitive fact: as the impact parameter decreases (more central collisions), the
dissipation of energy increases with the effect of releasing much more energy in the
direction orthogonal to the beam axis and with a more abundant emission of light
particles. This can be studied by summing all the kinetic energies of hydrogen and
helium particles associated to their motion on a plane orthogonal to the beam axis,
Et12. The cuts we used on Et12 are shown in table 3.1 for each of the incident energies
here considered; we report also the minimum values of such observable, E?

t12. Events
are selected by means of the condition Et12 > E?

t12, where E?
t12 increases with the

incident energy as shown in table 3.1. These cuts are determined by means of the
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Colliding system E?
t12 (MeV)

36Ar + 58Ni 32 AMeV 183
36Ar + 58Ni 40 AMeV 221
36Ar + 58Ni 52 AMeV 285
36Ar + 58Ni 63 AMeV 352
36Ar + 58Ni 74 AMeV 421
36Ar + 58Ni 84 AMeV 479
36Ar + 58Ni 95 AMeV 550

Table 3.1: Centrality selection cuts for the 36Ar + 58Ni collisions here investigated.
The second column reports the minimum Et12 values here selected calculated with
the Cavata method and relative to a reduced impact parameter b̃ ≤ 30%.

Cavata method6 [338], and they correspond to a sufficiently high degree of centrality
(b̃ ≤ 30%). b̃ is here the so-called reduced impact parameter, calculated as the ratio
of the impact parameter to the sum of the nuclear radii in the entrance channel
b̃ = b/(Rt +Rp).

We constructed α-α correlation functions for each value of the incident energy.
As an example, in Figure 3.9 we show the experimental two-α coincidence yield
obtained in central collisions at 74 AMeV as a function of the relative momentum
qrel. The spectrum shows a maxwellian-like overall shape fall off due to couplings
of non-resonant pairs of particles. Two yield enhancements are visible in the left
side of the spectrum, which correspond to low relative momentum values, for which
one can expect the appearance of resonances in the 8Be emitting nuclei. Such en-
hancements are better visible in the insert, where a zoom of the left side is reported.
In this plot, together with the two-particle coincidence yield spectrum (blue line)
we plot the expected non-resonant background (red dashed line). This is evaluated
by means of event-mixing techniques and is normalized as previously discussed (see
paragraph 3.1.3). We attribute the yield of the blue spectrum exceeding the one of
the uncorrelated spectrum to the α decays respectively from the ground state of 8Be
and its first excited state (Ex = 3.04 MeV). The first of the two peaks is deformed,
and it could be the superposition of the ground state contribution with the 9Be
ghost peak (as previously observed in the analysis of paragraph 2.1 in Chapter 2 of
the present dissertation). Finally, we used labels to indicate the expected position
of such peaks in the insert.

In Figure 3.10 we report the corresponding correlation function, obtained with
equation 3.3, at the same incident energy of Figure 3.9. It is obtained by the ratio
of the two-α coincidence yield to the event-mixing spectrum. The error bars are

6The Cavata method links the reduced impact parameter b̃ to the sum of the Et12 yield spectra
in the following way: b̃ =

√
1
N

∫ E?
t12

Emax
t12

Y (Et12)dEt12, where the integral is extended from the
maximum of the spectrum Emaxt12 to the E?t12 value.
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Figure 3.9: Experimental two-α coincidence yield, as a function of the relative mo-
mentum, for 36Ar + 58Ni collisions at 74 AMeV obtained for central events with the
INDRA 4π multi-detector. The insert shows a zoom of the low relative momentum
part of the spectrum. Here the red line is the evaluated non-correlated background
estimated via our event-mixing procedure. Arrows and labels indicate the position
of expected peaks.

only due to statistical errors in the numerator of equation 3.3, since the error on
the uncorrelated background is made arbitrarily small by increasing its statistics in
the event-mixing spectrum. This figure allows to clearly observe contributions of
nuclear-interaction correlations. In particular, the insert in figure reports a zoom of
the region of the peak corresponding to the decays from the 3.04 MeV state in 8Be.

A more detailed analysis of the observed two-particle coincidence yield is any-
way required in order to disentangle the nuclear correlation yield from any other
contribution which dominates the experimental yield reported in Figure 3.9. It can
be reasonably assumed that it is constituted by the overlap of the following contri-
butions: ∑

Y12(~p1, ~p2) = Ynuc(q) + Yuncorr(q) + Ycoul(q) (3.22)

In equation 3.22, Ynuc(q) represents the yield of nuclear correlated pairs of particles,
i.e. the two-particle coincidence yield that would be obtained in the presence of res-
onance decay only without Coulomb repulsion between them. This is the quantity
which has to be obtained in order to make comparisons with the one simulated by
using equation 3.16. A certain number of particle pairs which do not belong to 8Be
in-flight decays are even present in the total yield. They are represented by the sec-
ond term of equation 3.22. As it was discussed above, we estimate this contribution
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Figure 3.10: Two-α correlation function, as a function of the relative momentum,
obtained for 36Ar+ 58Ni at 74 AMeV with the INDRA multi-detector. The red solid
line corresponds to the Coulomb anti-correlation function Rcoul(q) + 1 as obtained
from the analysis of Figure 3.11. Dashed red lines represent the upper and lower
limits of such contributions. The insert is a zoom of the relative momentum region
of the 3.04 MeV state in 8Be.

by using the event mixing analysis of pairs of αs. A last term, Ycoul has to be taken
into account in the analysis of the two-particle coincidence yield. It corresponds
to the spectrum one would obtain for independently emitted α-pairs mutually in-
teracting via Coulomb FSI. Such repulsive interaction induces a suppression of the
particle-particle coincidence yield at small values of relative momentum. This effect
plays an important role as it overlaps with those regions of spectrum where reso-
nances are observed. This term has been estimated by using the phenomenological
expression [339]:

Rcoul(q) + 1 = 1− e−
(
q2

b

)d
(3.23)

Here, it is given in terms of the corresponding correlation function, which has
values ≤ 1. This expression represents a Coulomb anti-correlation term, since it
tends to 1 for large values of q and it is smaller than 1 at small relative momenta.
b and d are two free parameters that can be fixed in order to reproduce the trend
of experimental data. Since the spectrum of Figure 3.10 is clearly dominated by
resonances, the use of such a correlation channel to constrain the Coulomb term of
the correlation function makes the convergence of formula 3.23 difficult. Instead, one
can use such formulation to reproduce the correlation function of non-resonant pairs
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Figure 3.11: IMF-IMF correlations in 36Ar + 58Ni central collisions at 74 AMeV, in
terms of the reduced velocity. The green line represents the result of a best-fit of
data using the empirical formulation of equation 3.23. Blue and red lines are the
limit of the confidence band resulting from the fit.

of particles, which are therefore exclusively dominated by the Coulomb interaction.
Correlation involving couples of IMFs are suited for that purpose, since they do
not exhibit marked resonant behaviours. In Figure 3.11 we show the IMF-IMF
correlation for central 36Ar+ 58Ni collisions at 74 AMeV. The typical Coulomb hole
is clearly visible, as an effect of the above discussed mutual repulsion at small values
of relative momenta. Data are here reported as a function of the reduced velocity,
vred = q

µ
√
Z1+Z2

, which represents the amplitude of the relative velocity to the square
root of the sum of the charges. The advantage of such a representation of the data
is that the corresponding correlation function, which is only affected by the charge
of the fragments, does not depend on the particular couple of IMFs considered
and can be extended to any different couple of particles simply transforming the
vred in the relative velocity. Other approaches used to determine the line-shape
of the purely Coulomb correlation function consist of studying non-resonant light
particle correlations. On the one hand, such approach would be more appropriate
to extract the α-α Coulomb background. On the other hand, the limited angular
resolution of INDRA makes it difficult to measure the shape of the Coulomb anti-
correlation in light particle correlations. Heavier particle pairs with Z > 2 undergo
stronger mutual Coulomb repulsion, inducing wider Coulomb holes in the correlation
functions extending over larger qrel values that are more easily measured. The green
line shown in Figure 3.11 represents the best-fit obtained by using equation 3.23 and
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Figure 3.12: α-α coincidence yield obtained by subtracting the uncorrelated yield
and the coulomb anti-correlation effects. Error bars reflect the usual error propaga-
tion procedure applied to equation 3.24. The red solid line is the result of a best-fit
including the sum of two gaussians and a lorentzian. Dashed lines are the extremes
of confidence of our indetermination band due to the uncertainty in the estimation
of the Coulomb effects. Lines of different colours are finally used to show, separately,
the contribution of each of the peaks considered.

the above discussed prescriptions. A weaker or stronger assumption on the Coulomb
strength results, respectively, in the blue and red lines shown in figure. They can
be considered as delimiting a confidence band which includes the assumed Coulomb
correlation function. The result of the best-fit, together with its confidence band, is
shown in terms of α-α relative momentum in Figure 3.10 with solid and dashed red
lines.

One can finally disentangle the nuclear part of the observed two-particle coin-
cidence yield from the ones associated to uncorrelated pairs of particles and the
Coulomb anti-correlation by a simple application of the following equation:

Ynuc(q) =
∑

Y12(~p1, ~p2)− [Rcoul(q) + 1]Yuncor(q) (3.24)

Figure 3.12 shows the result of this analysis. In the figure, the solid black points
represent the trend of the estimated nuclear yield by using the average value of
the calculated Coulomb background. Error bars are calculated via the usual error
propagation applied to equation 3.24. Peaks are here clearly visible. They are
associated to the ground state and first excited state of 8Be, while the peak at
around 35 MeV/c is the previously mentioned ghost peak due to 9Be decay. A
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Figure 3.13: α-α coincidence yield from the method of equation 3.24. Data are
shown in different panels for each of the energies here explored (the case of 74
AMeV is reported, separately, in Figure 3.12). The line representing the best-fit of
the data (for an average Coulomb strength assumption) is shown.

superposition of two gaussians, to account for the shape of the first two peaks,
and a lorentzian are used to reproduce the trend of the data. The choice of different
curves reproducing different peaks is imposed by the largely different peak widths. In
fact, while the experimental resolution clearly dominates the two narrow low energy
peaks, altering the original lorentzian-like shape, the width 3.04 MeV state of 8Be
is sufficiently large to make the effect of the detector on its shape less significant.
Lines of different colours are used in the figure to show separately the single-state
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contributions which better reproduce the data. The red solid line is the result
of our best fit procedure, in good agreement with the experimental points. Red
dashed lines represent the result of an analogous best-fit procedure but considering
minimum and maximum Coulomb background. They give the idea of the confidence
band here introduced, reflecting the uncertainty in the estimation of the Coulomb
effects.

Finally, to complete our systematics, in Figure 3.13 we show the results of a
similar analysis for all the other energies explored here. The same horizontal and
vertical scales are here used to allow an easier comparison of all the spectra. By
looking at the entire systematics, one clearly observes an average decreasing of the
total yield of α-α correlation. This may be consistent with a preferential production,
as the energy increases, of lighter particles instead of more complex fragments like
beryllium, with a subsequently reduction of the accumulated statistics.

3.2.3 Discussion on the reaction dynamics

By inspecting the best-fits of the systematics of Figs. 3.12 and 3.13, one can extract
the population of the observed α-α peaks associated, respectively, to the ground
state and the 3.04 MeV state in the decaying 8Be. Thanks to the calibration curves
constructed by our model (Figure 3.8 gives as an example, the thermometer cali-
bration curve at 74 AMeV incident energy) one can infer, as previously stated, the
excited-state temperature of the 8Be. Quite interestingly, we find that the observed
NL/NH ratio is not consistent, for any of the bombarding energies here explored,
with a thermal model description. More in details, we observe an extra-population
of the peak associated to the 3.04 MeV state with respect to the ones predicted
by the model for such a mechanism. This is clearly visible in Figure 3.14, where
we report the experimental NH/NL yield ratio as a function of the incident energy.
The red stars, which represent the experimental data, do not agree with any excited
state temperatures extracted via the thermal model, that are shown in the figure
as solid lines of different colours. We observe, as previously stressed, a saturation
of the thermometer sensitivity for high temperatures, which results in a reduced
distance between the theoretical lines close to T = 5 MeV. This evidence pushes us
to formulate some hypothesis, which help us in understanding how the production
of α-cluster states is affected by the reaction mechanism and to infer about the
properties of the medium in which the explored resonances are produced.

The thermal model seems to under-predict the population of the second peak in
the α-α correlation function in a way that cannot be explained by a temperature
effect. It is difficult to provide an explanation for such an effect. Previous studies
have attributed difficulties in predicting simultaneously more than one peak in a
correlation function to an effect of collective motion [317]. In that work, however,
correlation functions, rather than coincidence yields, were studied. Furthermore,
it was shown that the line-shape distortion consisted of over-predicting lower-lying
resonances, opposite to what is observed here in α-α correlations. This was the
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Figure 3.14: Experimental α-α yield ratios (NH/NL) as a function of the incident
energy compared with the results of the pure thermal model. The experimental
points are represented by red stars while in different tonality of green we show the
present theoretical predictions for medium-temperatures in the range 1.0 Mev ≤
T ≤ 5.5 MeV.

case of the d-α correlation function measured in Xe+Au collisions at 50 AMeV,
where standard intensity interferometry techniques require a modification including
effects of position-momentum correlations due to collective motion [317]. In the case
explored in the present thesis, the difficulty in reproducing the overall line-shape
of the nuclear two-alpha coincidence yield may arise from the hypotheses behind
the thermal model described at the previous section. From the point of view of
HBT prescriptions of the correlation function, the shapes of wide resonance peaks
are the most suited to probe the space-time extent of the source profiting from
FSI. This is the case, for example, of the peak at 20 MeV/c relative momentum
in p-p correlations and the one at 84 MeV/c in d-α correlations. Very narrow
peaks are difficult to be treated as a probe of the space-time extent of the two-
particle emitting source because their shape is almost entirely determined by the
finite angular resolution of the experimental setup. The same is true for the first peak
in the α-α correlation function, shown on Figure 3.10. In contrast, the wide peak
corresponding to the short-lived resonance at 3.04 MeV has a shape that can be used
to deduce space-time information on the emitting source via the Koonin-Pratt model.
In this work we do not proceed on using this interferometry technique. This would
require solving the Koonin-Pratt equation after having calculated the uneasy two-α
scattering wave function, K(~r, ~q) of eq. 3.19. We consider this as an opportunity
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for future investigations that require higher statistics (best interferometry analyses
require gate on total momentum magnitude and on the angle between relative and
total momentum vectors, thus being very demanding in statistics) and important
theoretical implementations. However, we still use the concept of nuclear FSI to try
to speculate on the α-α correlation spectra measured at various energies.

In the above discussed thermal model, it is supposed that a certain number of
8Be nuclei is statistically present in the nuclear medium and at thermal equilibrium.
Their emission is therefore statistical and what we observe is their subsequent decay
into couples of α-particles. Anyway, being the colliding nuclei relatively light, and
given the possible intrinsic cluster nature of the self-conjugated projectile 36Ar, one
can image that α-like-particles are abundantly emitted. Moreover, α-particles are
known to be produced by other resonances and secondary decays. A number of free
α-particles may then exist within the thermally equilibrated medium. If the density
of these α-particles is sufficiently high, one may imagine that they could experience
a resonant scattering process in the medium. In other words, two α-like-particles
may collide to populate one of the states of 8Be that then decays into a couple of
α-particles. This elastic scattering process is resonant (RES) since an intermediate
resonant state is produced, ant it is formally not distinguishable from the decay
process of a thermally equilibrated 8Be that we supposed in our model. These
rescattering and resonance regeneration effects, due to α-α final state interactions,
have also been discussed in ultra-relativistic HICs to describe resonance decays [340].
They are also the basis of using HBT with peaks generated by the nuclear FSI. One
can imagine that a certain contribution to the peaks integral shown in Figs. 3.12
and 3.13 could be ascribed to RES processes instead of to the mechanism supposed
in our model. The cross section of two-αs RES through a state in 8Be characterized
by spin J , resonance energy Er and total width Γ = Γα is given, in a simplified way,
by [142]:

σRES(E) =
2J + 1

(2S + 1)(2I + 1)

π

k2

Γα(E)Γα(E)

(E − Er)2 + Γ2/4
(3.25)

where spin of projectile and target S = 0 and I = 0 in the case of two α-particles. E
represents here the energy of the relative motion α-α of the entrance channel while
k/
√
E = µ/

√
A × 0.2187 × 1013cm−1MeV−1/2 gives the wave-number associated to

the two-αs. The reduced mass µ is expressed in units of a.m.u. and E in units
of MeV, A = 4 is the mass number of the α. To take into account the Coulomb
penetrability, we included in the partial width the factor e−2πη(E), where η(E) =

(1/137)ZαZα
√

µc2

2E
is the Sommerfeld parameter, which represents the probability

of two α-particles to tunnel through the barrier7. Equation 3.25 can then be used to
compute the expected reaction rate per couple of particle of the RES process 〈σv〉
separately for each of the two states of 8Be here involved. In Figure 3.15 we show

7As a first approximation, we neglect the centrifugal barrier present when two α-particles
populate the 3.04 MeV 2+ state, that would require a R-matrix penetrability calculation as outlined
in Chapter 1.
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Figure 3.15: Ratio of the reaction rate 〈σv〉 for the α-α resonant elastic scattering
(RES) through the 3.04 MeV state to the one obtained assuming it occurs through
the ground state of 8Be, as a function of the temperature of the medium. In the
region of temperatures explored in HICs at intermediate energies, the α-α RES via
the 3.04 MeV state of 8Be is more than 5× 105 times favoured than the one passing
through the ground state.

the ratio 〈σv〉3.04/〈σv〉gs of such values computed, respectively, for the 3.04 MeV
state and the ground state of 8Be as a function of the medium temperature. In the
whole temperature domain that one can expect to explore in intermediate-energy
HICs (2 MeV < T < 5 MeV), the value of this ratio is of the order of 106. In other
words, if two α-particles experience a RES in these conditions of temperature, the
probability to populate the 3.04 MeV as intermediate stage is 106 times larger than
the one associated to the ground state. This would results, clearly, in an increasing of
the α-α correlation yield in correspondence of the 3.04 MeV state in 8Be. Secondary
decays of heavier isotopes may also contribute in populating states in 8Be nuclei, thus
introducing some additional complication to the problem. However, the presented
result may be used to explore more detailed properties of the nuclear medium. As
an example, if one knows the temperature of 8Be from an independent technique,
one can quantitatively estimate, by means of the present prescription of eq. 3.25,
the extra-yield observed for the 3.04 state with respect to the one predicted by
our thermal model approach. Taking into account the time of disintegration of the
nuclear medium, as well as its volume, one may deduce the α-particle density in the
medium, which is involved in the absolute reaction rate calculation. Due to limited
statistics, it is difficult to investigate further the observed effects. For example,
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Figure 3.16: IMF-IMF correlation function, as a function of the reduced velocity, for
central 36Ar+58Ni collisions at 40 AMeV. Data are separately shown for the forward
(v‖ > vcm, blue points) and the backward (v‖ ≤ vcm, green points) region of emission.
The width of the Coulomb hole, at small values of relative velocity, indicates the
different time-scale of the emission in the two separated regions. The bump observed
at vred ≈ 0.03 in the backward region correlation function is attributed to the
evaporation of a large fragment, not present in the forward region.

these light collision systems may be characterized by non-equilibrium features and
anisotropies in particle emissions that may require more stringent event selection
criteria.

This can be seen for example inspecting IMF-IMF correlation functions pro-
duced in such collisions. Figure 3.16 shows, as an example, the IMF-IMF correla-
tion function obtained at 40 AMeV, with the same central event selection used for
the present analysis. The blue spectrum is relative to fragments associated to the
forward emitting region while the green one is associated to the backward region.
They are distinguished by the conditions v‖ > vcm (forward part) and v‖ ≤ vcm
(backward part), where v‖ is the component of the velocity vector of the fragments
along the beam axis and vcm is the velocity of the reaction system. The two cor-
relation functions differ significantly. In the case of emissions occurring from the
forward region, the corresponding Coulomb hole appears to be larger than the one
observed in the backward region. This is the hint of a shorter forward disintegration
time-scale as compared to the one observed in the backward region. These differ-
ent observed time scales suggest non-isotropic emission that questions the validity
of a purely thermal equilibrium. Also, the resonances studied are characterized by
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different lifetimes. Their decay and recombination mechanisms may reasonably be
affected by the different fragmentation time-scales revealed by Figure 3.16 and asso-
ciated to different kinematic regions. Another interesting fact that one can deduce
from Figure 3.16 is that a weak bump, not appearing in the IMF-IMF correlation
function associated to the forward part, seems to appear in the backward corre-
lation function at about vred ≈ 0.03. Similar bumps have been associated in the
literature (see Ref. [341]) to the presence of charge asymmetry with a significantly
large fragment which evaporates smaller fragments. Such an asymmetry in frag-
ment emission is clearly not observed in the forward region. These findings agree
with the recent analysis of Ref. [342] on the same data analyzed here, where it has
been shown that 36Ar + 58Ni collisions at central impact parameters are character-
ized by a fast-disassembling (named jet-crumbling effect) of the forward direction
(projectile rapidity) through the target, without strongly perturbing the latter. In
this scenario, while the projectile would experience a dissipative transparency effect,
the target would be characterized, after the collision, by a heavy system which can
evaporate light fragments. Such a mechanism clearly differs from the hypothesis of
full stopping and equilibrium, implicit in our model assumptions. These dynam-
ical aspects stimulate efforts also in transport model implementations in order to
improve both α-production and multi-α interactions and correlations. As already
discussed in paragraph 1.5.4, investigations on the EoS and on the density depen-
dence of the symmetry energy may profit from such efforts aimed at implementing
dynamics/structure interplays in the time evolution of the system.
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Omnium hominum quos ad amorem
veritatis natura superior impressit
hoc maxime interesse videtur: ut,
quemadmodum de labore antiquorum
ditati sunt, ita et ipsi posteris
prolaborent, quatenus ab eis
posteritas habeat quo ditetur.

Dante Alighieri
De Monarchia, I 1

In the present thesis we explored clustering phenomena in light nuclear systems
with a multi-method approach. We performed an experimental campaign to probe
such aspects in a variety of light nuclei for which the experimental information is
not well established in the literature and which represent particularly remarkable
examples of clusters in nuclei.

Possible evidences of α molecular structure have been obtained by studying the
neutron-rich isotope 10Be. It has been investigated at the FRIBs facility of INFN-
LNS by using a fragmentation beam at intermediate energies. As experimental
technique we used particle-particle correlations in sequential breakup events and
the CHIMERA 4π multi-detector. 6He-4He correlations allow us to link peaks in
the reconstructed invariant mass spectrum to previously known excited states of
10Be and to suggest the existence of a new (tentatively assigned) 6+ state at about
13.5 MeV. This state can represent a possible member of a molecular band associated
to the α:2n:α structure in 10Be.

Carbon isotopes 11,12,13,16C are studied in different experiments with the aim to
contribute in the understanding of how clustering phenomena are affected by the
neutron-excess. The neutron-poor 11C isotope was investigated via the 10B(p,α)
reaction at bombarding energies Ep = 0.6-1.0 MeV, where very few and fragmentary
data have been reported in the literature. The experiment was performed at the
Laboratorio dell’Acceleratore (LdA) of the University of Naples Federico II. Results
of our measurements were interpreted by comprehensive R-matrix analysis of differ-
ential cross section and angular distributions. A good description of both S-factor
and angular distributions in the Ex ≈ 9.3-9.5 MeV domain is achieved by includ-
ing a (5/2−) 9.36 MeV state in the previously used level scheme. This state, never
observed in previous works and which seems characterized by a pronounced α struc-
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ture, allows to reach a satisfactory description of shapes of angular distributions and
absolute cross sections data.

The neutron-rich 13C is investigated via 9Be(α,α) resonant elastic and inelas-
tic scatterings at the LdA of Naples in the Eα = 3.3-10 MeV bombarding energy
domain. A comprehensive R-matrix analysis of several reaction channels involving
α and neutron emission has been performed. For the first time, we succeeded in
simultaneously fitting α0 resonant elastic scattering data at four angles, α1 inelastic
scattering data and 9Be(α,n0)12C, 9Be(α,n1)12C reaction cross section data. Our
analysis provides refined information on the 13C spectroscopy in a quite large en-
ergy range where previous spectroscopic information was poorly known and giving
a contribution in the understanding of 13C Kπ = 3/2± parity doublet molecular
bands.

To study the structure of 16C, for which almost no information is previously
reported in the literature above the α-threshold, we benefited of the presence of
various nuclear species in the fragmentation beam used for the 10Be investigation.
In particular, the intensity of the 16C present in our beam is the largest available
for nuclear physics experiments at these energies. We used the same technique and
apparatus of the above discussed 10Be case. In this case we report evidence of a
possible molecular state in 16C at about 20.6 MeV excitation energy in the 6He-10Be
correlations. A small but non-vanishing yield is also observed in the 6He+6He+4He
three-body correlation.

We investigated the Hoyle state (7.654 MeV, 0+) in 12C via a high-precision and
high-sensitivity experiment. We performed the up to date largest statistics mea-
surement of the direct decay width of such state by using the 14N(d,α)12C reaction
at 10.5 MeV incident energy at the Tandem accelerator of INFN-LNS. To reach an
extremely low background level, which is a requirement to disentangle direct decays
of the Hoyle state, we developed a new hodoscope detector of independent silicon
cells. We succeed to place an upper limit to direct decays of the Hoyle state of
0.043% (95% C.L), which is almost 5 times lower than previous state of the art
measurements. Such a result provides a stringent constraint to theoretical models
attempting to describe the structure of the Hoyle state and clustering phenomena
in light systems as well as to nuclear astrophysics, where this state is involved as
key state in the nucleosynthesis of carbon and heavier elements in the universe.

Clustering phenomena in 19F and 20Ne are explored with the 19F(p,α)16O reaction
in the energy range Ecm = 0.18-0.60 MeV at the AN-2000 Van der Graff accelerator of
INFN-LNL. A systematic analysis of the measured angular distributions at very low
energies points out the appearance of direct reaction mechanisms possibly triggered
by the presence of cluster 16O-3H and α-15N structures of 19F in its ground state.
The spectroscopy of the compound nucleus 20Ne is significantly improved thanks
to a R-matrix analysis of data that we obtained in the experiment. In particular
the present data point out the role played at low energies by the 0.251 MeV state
(not observed before and characterized by a large α-decay partial width) and by the
0.113 MeV state. The corresponding stellar reaction rate turns out to be significantly
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larger (1.5-2 times larger) than currently adopted low-energy extrapolations.
Finally, to probe the role played by clusters in the interplay between nuclear

structure and dynamics, we studied the production of light clusters in 36Ar + 58Ni
heavy ion central collisions. They have been detected with the INDRA 4π multi-
detector at various incident energies from 32 to 95 AMeV at GANIL. We analyzed α-
α correlations, produced in such collisions, by using a thermal model which describes
the production and decay of resonant states produced in the overlapping region
between projectile and target. We observe a significant extra-population of the
3.04 MeV state in the emitting 8Be that we attribute to α-α final state interactions
occurring in the hot and diluted nuclear medium produced in the collisions.
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Appendix A

A new device for future clustering
and correlation studies: OSCAR

A.0.4 Detector’s layout

OSCAR (hOdoscope of Silicons for Correlations and Analysis of Reactions) [250]
is conceived to be a modular hodoscope, based on two segmented silicon detection
stages. They are optimized to detect and identify, with high resolution, low energy
light particles emitted in nuclear reactions. The main features of this detector are
the compactness and the high versatility, given by plug-and-play connections and
embedded pre-amplifiers, and the low identification thresholds, thanks to use of a
thin silicon detector as a first stage followed by 16 independent silicon pads.

More in detail, the first detection stage is a SSSSD (nominally 20 µm thick)
type 2M detector manufactured by Micron Semiconductor, operated at a depletion
voltage of 2.5 V. On the front side, an aluminium metallization segments the silicon
surface into 16 strips, having a pitch of 3.125 mm with an inter-strip of 0.125 mm
nominal value. An inspection of the detector at the optical microscope confirms,
within a few percent, these nominal values. The rear side is instead constituted by a
single surface with a uniform aluminium metallization layer. A detailed investigation
of the interface zone between an Al strip and the adjacent inter-strip region has been
performed thanks to the use of a non-destructive analysis based on Atomic Force
Microscopy (AFM). The height distribution of a ≈ 46 × 46µm2 wide area at the
interface is shown in Figure A.1 in a colour scale, indicating the relative height
distribution in the analysed region. It evidently appears the presence of a deep
canal (blue region), ≈ 10µm wide, that separates the Al metallization of each strip
(yellow region) from the SiO2 layer of the inter-strip region (light green region). The
three dots are due to micro-metric dust grain on the detector surface. The presence
of this narrow (≈ 10µm) and deep (≈ 200nm from the inter-strip layer average level)
canal is attributed to the manufacturing technique of the detector. If we reasonably
assume that the bottom of the narrow canal corresponds to the entrance side of the
active detection volume, we can give an estimate of about 680±40 nm for the SSSSD
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Figure A.1: Atomic Force Microscopy
(AFM) profiling of a ≈ 46 × 46µm2

area at the interface between an Al
strip and the insterstrip region. The
yellow area corresponds to the Al
strip, the green area to the interstrip
region. The blue canal is due to the
peculiar manufacturing technique of
the Si strip detector. The colour scale
indicate relative heights between the
various parts of the detector.

Figure A.2: Frequency histogram
of the relative height distribution (in
nm) in the region analyzed with the
AFM technique. The colour scale vi-
sually corresponds to the three re-
gions shown in the bi-dimensional
plot.

dead entrance layer, on the basis of the height distribution histogram of Figure A.2.

A connector collects 16 electric lines from the front side of the detector. These
lines are displaced in the ceramic frame to minimize cross-talk effects at levels lower
than 1%. In the front side they are connected to the active areas of each strip by
means of bonds while, in the rear side, only two of them have a bonding connection
and the whole surface is maintained to ground. In order to minimize the electronic
noise, the strip detector is connected, by means of a short flat cable, with a charge
sensitive pre-amplifier model NPA-16FE, manufactured by the Net Instruments and
installed inside the vacuum chamber. It has a sensitivity of 45 mV/MeV and it was
especially designed to work in vacuum, with a low power consumption (< 900 mW)
and an aluminium box as heat sink. This compact pre-amplifier works with GND
and ±6 V service voltages given via a 5+5 pin service connector together with a
common bias for the 16 silicon strips. To polarize the silicon we used a bias voltage
of 3.0 V, operating in over-depletion regime. In these conditions we observed total
leakage currents not exceeding 10 nA with all the strips simultaneously biased. The
output signals of the pre-amplifier are then connected, by means of 2 groups of SCI
coaxial cables, to 16 repetitions of a NIM front-end electronics with a spectroscopy
amplifier.
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The second detection stage consists of 16 independent silicon pad detectors man-
ufactured by the Hamamatsu company with an active area of 1 cm2 and a ceramic
package. The width of the ceramic frame is 1.4 mm except for the bottom side, for
which a 3.2 mm frame is required to host the connection pins. The silicon pads are
welded, with a tolerance of about 0.1 mm, on a printed circuit board (first layer
of Figure A.3), manufactured by the INFN-Sezione di Napoli, containing electronic
lines for the Si-pad connections. To minimize the cross-talk level, each detector has
an independent ground line parallel to the corresponding signal line. The SSSSD
is anchored to the board containing the silicon pads as in Figure A.4, while the
board is connected, by means of two SMC Type-Q connectors, to a second board
with embedded pre-amplifiers. This type of plug-and-play connection allows, with
great versatility, to easily couple the detector stages with the pre-amplifiers board.
Two sets of 8 Hamamatsu H4083 charge sensitive pre-amplifiers with 22 mV/MeV
sensitivity and a low power consumption (150 mW maximum) are connected to the
rear board by means of 9-pin single-line type connectors. A ±6 V service voltage
is given to the pre-amplifiers with two lemo connections on the rear side of the
board, while a further lemo connection is also present to deliver a pulser signal to
the electronic channels of the silicon pads. The signals from the second detection
stage are collected via SCI connectors and delivered to a 16 channel Mesytec spec-
troscopic amplifier with integrated logic lines for generating the trigger signals and
the corresponding gate for the acquisition system. Each pre-amplifier is dressed
with a special material, thermally conductive and electrically insulating, in order
to optimize the thermal contact with a copper heat sink, used as passive cooling
system. It is clearly visible in the photo of Figure A.4, where the complete version
of the OSCAR prototype.

The geometry of OSCAR is determined by the possible crossings between strips
and pads. In particular, all the possible reduced overlap of a pad and the corre-
sponding strip identify 64 ∆E-E pseudo-telescopes. A detailed geometrical scheme
is described in Figure A.5, where the active area of each pad is represented by red
squares, while blue lines delimit the active areas of each strip.

As visible from the figure, strips and pads are not exactly in geometrical match-
ing. For example, the upper and lower parts of the second detection stage are not
completely covered by the first stage. This explains the decreasing in the yield for
the first and last rows of pseudo-telescopes observed in Figure A.6, which displays
the number of identified particles for each pseudo-telescope obtained during a test
experiment of OSCAR with heavy ion reactions (see paragraph A.0.5 for further de-
tails). A reduction of the active detection area is also expected for the first and last
pseudo-telescopes of each quartet formed by a given pad and 4 consecutive strips,
because of the overlap with the ceramic frame of the pads, as seen in Figure A.5.
This results in the yield trend shown in Figure A.6, where the population of the first
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Figure A.3: A schematic view of
the second detection stage of OS-
CAR. The rear board contains two
series of 8 compact charge sensitive
pre-amplifiers to collect signals from
16 silicon pads welded on the front
board.

Figure A.4: A picture of the OS-
CAR device in the complete config-
uration. The strip detector and the
first detector board are bounded with
4 screws, while the detector stages are
connected to the rear board via two
SMC Type Q connectors. The pas-
sive heat sink is visible in the photo.

and last pseudo-telescope of each quartet is significantly lower than the central ones,
reflecting the previously discussed geometrical details. In Figure A.7 we report a
lego-plot analogous to Figure A.6 but obtained with a Monte Carlo procedure where
a complete simulation of the OSCAR geometry is considered. The two plots are in
nice agreement, indicating that the relative efficiency in the detection, observed for
the various pseudo-telescopes, can be mainly attributed to pure geometrical effects.
Furthermore, the average reduction of the yield for decreasing strip numbers, seen
in the experimental spectrum of Figure A.6, can be attributed to the kinematics of
nuclear collisions involved, being the polar detection angle increasingly larger while
the strip number decreases (see Section A.0.5 for details about the present test ex-
periment). This effect, that requires an accurate modelling of the reaction dynamics,
is not included in the simulation for simplicity.

A.0.5 Detector characterization

A first test, aimed to probe the energy resolution and general capabilities of the
silicon pads, has been carried out for the second detection stage standalone by
means of a three peaks α-source. α particles with energies of the order of 5.5 MeV
are indeed stopped in 300µ m of silicon, and a measure of their total energy is
possible. A pulse shape inspection with a digital oscilloscope of signals processed
by the spectroscopy amplifiers allows to estimate the signal/noise ratio and also the
level of the cross-talk between connection lines. In particular, we obtained average
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Figure A.5: A schematic view of the OSCAR telescope. The active area of each
strip is delimited by a blue line, while each pad of the second detection stage is
represented by a red square. Black lines represent the limits of the epoxy frame.
Each pseudo-telescope is indicated by a label (#strip,#pad).

noise levels of the order of 0.3% of signal amplitudes (and not exceeding 0.6% level)
when the pads were irradiated by 5.48 MeV α particles at a rate of ≈ 300 Hz on the
whole pad layer. These very low noise values indicate that the resolution of pads is
not strongly affected by cross-talk, thanks to the above discussed electronic design
of the boards.

A test of the cooling systems of pre-amplifiers has been also done by keeping the
detector working under vacuum for a few days. The measured temperatures at both
the SSSSD and Si-pads pre-amplifiers reached a saturation value of, respectively,
≈ 30◦ C and ≈ 40◦ C after 24 hours.

The capabilities of OSCAR in terms of isotopic and energy resolution have been
tested in several ways. In a first experiment, OSCAR was used to detect fragments
and light charged particles in Ca+Ca collisions at 35 MeV/nucleon. 40Ca and 48Ca
beams were accelerated by the superconductive cyclotron K-800 of INFN-LNS, im-
pinging on 40Ca and 48Ca targets. OSCAR was placed at θ = 55◦ in the laboratory
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Figure A.6: Identified particle yield
distribution on the (#strip,#pad)
plane with experimental data taken in
the test experiment described in Sec-
tion A.0.5.
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Figure A.7: Simulated detec-
tion efficiency represented on the
(#strip,#pad) plane. The plot is
obtained by filtering flight directions
isotropically generated with a Monte-
carlo code simulating the geometrical
set up and the characteristics of the
OSCAR detector.

frame at a distance of 103 cm from the target, while, simultaneously, the 4-block
configuration of the FAZIA array was used at forward angles.

A typical ∆E-E plot obtained in this experiment is shown in Figure A.8 for a
pseudo-telescope of OSCAR. Here Eres is the residual energy measured in the Si-
pad while ∆E is the corresponding signal in the strip detector. As clearly visible,
lines corresponding to light nuclei are highly populated while, essentially due to
kinematics, the statistics is lower for heavier ions. Particles with different Z values
are unambiguously identified up to the punch-through points (except for the Z = 1
isotopes, for which the lines overlap the punch-through line of 4He before their
punch-through points), and a nice isotopic separation is also evident.

It is important to specify that with the term identified particle we indicate a
couple of signals (∆E and Eres) for which it is possible to reconstruct an unambiguous
track inside OSCAR. The construction of tracks is based on a specific geometrical
coherence algorithm, and we define unambiguous a track when it is the only one
that is possible to construct with each used signals, as above discussed.

Energy calibrations for each strip and pad were obtained from punch-through
points of various isotopes, assuming a total thickness given by the sum of the thick-
ness of the Si-pad detectors and the measured thickness of the SSSSD (see par. 2.3)
in correspondence of the pseudo-telescope analysed. Calibrations have been com-
plemented also by using a 3-peak α-source, taking also into account the dead layer
quoted in the previous paragraph. These particles are close to the punch-through
in the SSSSD stage and therefore they release a large part of their energy in the
first detection stage, while only weak signals are produced in the second stage; this
allows to extend the calibration of the second stage at lower energies.
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Figure A.8: ∆E-E plot for a pseudo-telescope of the OSCAR device. In the y-axis
we report the signals released in the SSSSD stage, while in the x-axis we report the
residual signals in the pads stage.

In Figure A.9 we report results concerning the detection of 4He nuclei. Blue
points come from a dedicated run in which OSCAR was irradiated by a 3-peak α-
source containing a mix of 239Pu, 241Am and 244Cm isotopes (Eα = 5.1 MeV, 5.5
MeV and 5.8 MeV). As visible, α particles occupy three different regions of the 4He
line, reflecting the three different energies of the source. Furthermore, the lower
energy peak is partly cut. This effect is due to the identification threshold. Indeed,
α particles of ≈ 5 MeV are at the limit of identification of OSCAR, and, for this
reason, only the most perpendicular flight directions can give signals in the second
stage.

In the insert of Figure A.9 we show the spectrum obtained by summing the
calibrated energy signals of the two stages for the α-source data. The red region
indicates the part of the spectrum affected by the identification threshold. For the
5.5 MeV peak we can estimate a global energy resolution of ≈ 70 keV FWHM,
indicating the good performances of the detector.

In Figure A.10 we report the experimental identification thresholds of the OS-
CAR array for H, He, Li and Be isotopes; they correspond to the punching-through
energies in the 20 µm first silicon stage for each identified nucleus and for each
pseudo-telescope. We plot experimental values as a function of the ideal ones, tak-
ing only into account the thickness of the first detection stage (as experimentally
measured, see next subsection). Error bars in the theoretical values of thresholds
are calculated taking into account the detector non-uniformities, and they lie in the
interval 3–5% depending on the type of particle and the gradient thickness in the
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Figure A.9: ∆E-Eres plot for nuclei identified as 4He. Blue points represent data
taken during a calibration run in which the OSCAR device was irradiated by means
of a 3-peaks α-source. The insert shows an energy spectrum obtained for 4He de-
tected in the calibration run. The area coloured in red represents the energy region
in which we observe a suppression of the yield due to the experimental identification
limit at low energies.

SSSSD zone identifying a given pseudo-telescope. Experimental thresholds (y-axis)
are determined from the starting points of each reconstructed energy distribution;
for these values we assumed a maximum (conservative) indetermination of 3% in
agreement with the uncertainties in the energy calibrations and in the assignment of
the spectra starting points. The behaviour of the experimental points (in different
colours for different isotopes) does not evidence any sizeable systematic divergence
from the ideal trend Eexp

thr = Etheor
thr shown by the bisector line (dashed red line), in-

dicating negligible effects due to electronic non-linearities as well as to the entrance
dead layer.

A.0.6 Non-uniformity of the ∆E stage

When ultra-thin Silicon detectors are used, it is mandatory to fully characterize their
thickness uniformity [343, 344]. To this aim we performed a dedicated experiment
to obtain a precise characterization of the thickness of the first detection stage
of the OSCAR detector. The SSSSD was mounted on a movable support which
allowed to set, with a micro-metric accuracy, the spatial position of the SSSSD
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Figure A.10: Correlations between expected theoretical and experimental identifica-
tion thresholds for different identified isotopes (see the legend) and for each pseudo-
telescope. Error bars in the experimental values (≈ 3%) accounts for indeterminacy
on the energy calibration, while the calculated theoretical ones (3–5%) are affected
by the indeterminacy of the detector thickness. The red dashed line represents the
ideal trend for Eexp

thr = Etheor
thr .

respect to a mono-isotopic α-source. A high resolution Si detector was placed in
axial correspondence to the source, with the SSSSD placed between them. The α-
source and the Si detector were both collimated with circular brass diaphragms of
1.0 mm radius. The thickness of the SSSSD was determined in different points of
silicon surface, with 1µm maximum uncertainty, by measuring the residual energy
of α particles passing through the silicon layer and using energy loss routines.

Energy calibration of the Si detector was obtained by using α particles with
different energies. A 239Pu, 241Am, 244Cm α-mixed source was used to obtain high
energy calibration points, while a 241Am α-source followed by a calibrated 10.0±0.5
µm Al foil was used to complement the calibration data set with a lower energy
point.

With this apparatus, we were able to measure the SSSSD thickness in different
points of its surface with 2 mm spatial indeterminacy. We performed 64 measure-
ments at positions corresponding to the centres of each pseudo-telescope. The de-
tector thickness for each point was calculated using the LISE++ software [345] from
the measured residual energies. In doing this, we assumed that the whole SSSSD
(including the thin Al layers used for electrical contacts) is made by silicon. Results
are shown in Figure A.11, where the measured thickness is indicated in µm by the
grey scale, and in the 3-dimensional representation of Figure A.12. Both figures
indicate the presence of strong variation of the thickness, that reaches a minimum
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Figure A.11: Bi-dimensional distri-
bution of the SSSSD thickness in the
(#strip,#pad) plane. The grey scale
indicates the thickness, numbers are
expressed in µm.

Figure A.12: SSSSD thickness charac-
terization in the cartesian coordinates
frame. The y-axis increases for in-
creasing pad number while the x-axis
is perpendicular to the strips direc-
tion. Thickness levels are expressed
in µm and are represented on the z-
axis. The picture puts in evidence
the strong thickness gradient observed
in correspondence of the right bottom
corner of the detector.

in the right-bottom corner of the SSSSD. This effect is attributed to the difficulties
of manufacturing very thin (and large) slices of silicon. Thickness varies from 11.5
µm to 25.6 µm, pointing out a non-uniformity level well larger than the nominal
one (±5 µm).

We estimate also how the isotopic resolution is affected by the SSSSD non-
uniformities. In fact, the thickness uniformity of the ∆E layer directly affects the
∆E-E identification capability of a telescope. A way to quantify this effect is to
correlate the isotopic resolution as a function of the thickness gradient.

An estimate of this gradient was obtained by carefully measuring the thickness
of SSSSD at 10 positions along a given strip, thus obtaining an accurate thickness
profile of a single strip. We selected the strip #14, that is sufficiently far from the
border of the SSSSD, and has the maximum thickness excursion. The results were
then interpolated with a polynomial function f(x, y), being y the position along
the pad row of Figure A.11, i.e. along the strip length, and x the one along the
strip number axis. The thickness gradient along the direction of the strip can be
deduced by partial derivative of this function: ∂f/∂y. For each pseudo-pixel we
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Figure A.13: Mass identification resolution σA (in unity of number of masses) as a
function of the degree of non-uniformity of the first silicon stage, expressed as the
thickness gradient along the strip direction ∂f/∂y in µm/mm. Each ∂f/∂y value is
given in correspondence of each pseudo-telescope center identified by the same strip.
Different isotopes are reported in different colours as indicated in the legend.

have considered the value that the derivative assumes in the corresponding center.
To quantify the isotopic resolution, we transformed the points of the ∆E-E scat-

ter plot into mass spectra. To this aim we used an analytical method [346]. Firstly,
we find a set of parameters of a Bethe-Bloch based function that reproduce the
shape of each line in the ∆E-E plot; secondly, we consider the distance of each
experimental point in the ∆E-E plane with the corresponding analytical line. For
a given isotope, an estimate of the mass resolution is thus obtained as the σA of
its mass distribution extracted from a gaussian fit. We report in Figure A.13 σA
(in unities of number of masses) as a function of the thickness gradient ∂f/∂x (in
µm/mm). As expected, the trend indicates an increase of the σA values for each
isotope as the non-uniformity level increases. More precisely, we observe that a
uniformity better than 0.3 µm/mm is mandatory to obtain a good identification of
isotopes up to 4He when we use a module of OSCAR. Above this value the Z = 1
lines merge together, while we can still estimate σ4He because of the very low 3He
emission respect to 4He. Unfortunately, this type of analysis can not be performed
on Li and Be isotopes because of the low collected statistics.

A.0.7 Channeling effects in ∆E detector

While ions move inside a silicon crystal, atomic planes could line up offering to the
ions preferential ways to pass through the crystal with a reduced interaction with
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Figure A.14: Channeling effect stud-
ied from the residual energy spec-
trum, for one of the measured
points (open circles). The blue
line represents the normal (unchan-
neled) contribution to the spectrum,
parametrized with a gaussian curve.
Channeling events are associated to
the non-gaussian tail of the spectrum
(red area).

Figure A.15: Evolution of the per-
centage of channeling events as a func-
tion of the detector thickness.

atomic electrons and nuclei. This effect is known as channeling, and results in a
reduction of the expected energy loss [347]. As shown in Ref. [348], the evaluation
of such effects is very important for particle identification and for the design of
new silicon detectors. In fact, in the ∆E-E technique, channeling effects introduces
fluctuations that worsen the isotopic resolution.

The presence of channeling effects can be seen by inspecting the shape of α
particle energy spectra after passing through the ∆E stage. To do this we used
the same geometrical set-up described in the previous paragraph and an 241Am α
source. A typical energy spectrum is displayed on Figure A.14; it corresponds to a
region of the ∆E detector having 21 µm thickness. In absence of channeling, this
spectrum should have a gaussian shape due to the statistical nature of the energy loss
mechanisms for thick layers; at variance, in presence of channeling, a high energy
tail appears. Indeed, this last case is experimentally observed. To estimate the
relative yield of the channeling events, we performed a gaussian fit (blue solid line)
of the experimental points (open circles); the upper limit of the fit region was set
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around the right half-maximum point of the spectrum. The channeling yield was
then estimated by subtracting the gaussian component from the experimental data.
This contribution is reported on Figure A.14 with the red spectrum.

The percentage of channeling events is, in this case, 15 ± 3%; this value is in
reasonable agreement with the ones estimated in [349] for similar silicon thickness
and a similar geometrical setup. An overall view of the percentage of channeling
events as a function of the silicon thickness is reported in Figure A.15. Even if the
error bars are quite large, we see a correlation between the thickness of the silicon
detector and the percentage of channeling events, at least in the thickness domain
here explored (12-22 µm). This finding is in agreement with the one of Ref. [349]
and seems to indicate that the channeling plays a minor role in the case of ultra-thin
detectors (< 15 µm).

A.0.8 Correlations: the case of α-α correlation and the
reconstruction of 8Be

Particle-particle and multi-particle correlations are topics of great interest in heavy
ion collisions [319, 328]. They allow not only to investigate on the structure of
resonant states produced in nuclear collisions but also on the space-time properties
of the nuclear medium itself. In this paragraph we report on the possibility of taking
advantage from the good energy resolution and angular segmentation of the OSCAR
hodoscope to investigate the decay of resonances produced in Heavy Ion collisions by
means of the invariant mass technique (paragraph 1.5.3). In particular, we discuss
the reconstruction of 8Be via the α-α correlation. In Figure A.16 we show the α-α
invariant mass spectrum obtained by selecting couples of α particles; to increase
the statistics we summed events from all the colliding systems. For simplicity, we
show it in terms of relative energy, i.e. the kinetic energy of the particles in the
reference of the emitting source, which is defined as Erel = w −

∑
mi, being w the

invariant mass of the system and mi the mass of the ith particle. As expected, we
found a peak centered at about 90 keV, which corresponds to the ground state of
8Be produced in the collisions. Unfortunately, due to the limited angular coverage
of the hodoscope, placed at a distance of 103 cm from the target, we collected low
statistics and we are not sensitive to the first excited state of 8Be, located at around
3 MeV. If a couple of α particles is emitted from the latter state we are indeed not
able to simultaneously detect the two particles, being the corresponding kinematical
cone larger than the angular acceptance of our detector.

The distance from the target to the OSCAR hodoscope is therefore a param-
eter of fundamental importance to be taken into account, for correlation studies,
since it regulates not only the efficiency in the reconstruction of resonances but also
the relative energy resolution. Being OSCAR a modular device, designed to be in-
stalled with high versatility in different configurations, a precise study of the above
mentioned aspects as a function of the distance from the target is required to fully
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Figure A.17: (a) Resolution in the re-
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σ of a gaussian fit, as a function of
the distance of OSCAR from the tar-
get. (b) Same plot for the efficiency,
normalized to the point at 5 cm. A
value of 0.02% is reached at 110 cm.

characterize the powerful of the device.

To this aim we developed a Monte Carlo simulation of the geometry of OSCAR,
used as a filter to process simulated 8Be decays data. To produce the set of sim-
ulated events we have considered a flat angular distribution of the emitting 8Be
nuclei, having values of momentum extracted uniformly from 500 MeV/c to 1200
MeV/c, as suggested by the reconstructed 8Be momentum spectrum derived from
the experimental data of Figure A.16. The results of our simulation are reported
in Figure A.17. The upper panel shows the relative energy resolution in the recon-
struction of the ground state of 8Be as a function of the distance from the target.
With resolution we indicate the σgauss of a gaussian fit reproducing the ground state
peak seen in the invariant mass spectrum. Varying the distance from 5 cm to 110
cm we observe a decrease of the resolution from about 31 keV to about 9 keV, which
represents a very good value. The simulation shows also that the expected resolution
saturates for values of distance higher than 80 cm. This effect can be attributed to
the reduced number of pseudo-telescopes which contribute to the spectrum; in fact,
when the distance is larger the kinematical cone of the emitted particles becomes
wider compared to the size of the detector. In the bottom panel we show the effi-
ciency in the reconstruction of such resonance as a function of distance. In this case
we have normalized the values to 100% at 5 cm from the target. The plot reveals a
strong decrease of the geometrical efficiency with the distance. In correspondence of

204



Appendix A. A new device for future clustering and correlation
studies: OSCAR

110 cm it reaches 0.02% of the value observed at a distance of 5 cm. Such plots are
useful to fix the optimal distance for studying the decay of a particular resonance,
and the versatility of OSCAR allows to reach a good balance between efficiency and
resolution.
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