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CHAPTER 1

Introduction

In this thesis we collect some results on two problems of isoperimetric type obtained by the
author and contained in [46],[47], [48]. The first result concerns the isoperimetric problem in the
Gauss space in the class of sets F symmetric with respect to the origin, i.e. £ = —FE. We recall
that the Gauss space is the space R" equipped with the probability measure « defined by

2|2

1
'y(E):W/Ee 2 dx.

For a set of locally finite Euclidean perimeter, the Gaussian perimeter is defined by setting

1 _lel®
P,(E) = 7(%)% /B*Ee 2 dH

where 0*F is the reduced boundary of E in the sense of De Giorgi. It is well known that the

isoperimetric sets in Gauss space are the halfspaces
H,={zeR": z-w<s}

where w € S*~! and s € R. More precisely, if E is a measurable subset of R?, then

(1.1) Py (E) = Py(H, )
where the halfspace H ; is such that y(Hg ;) = v(£). Moreover, in (1.1) equality holds if and
only if £ = H ,, for some w € S"=1, up to a set of null measure. On the other hand, if one

restricts the problem to the class of symmetric sets, the characterization of the isoperimetric sets
is still open. As explained in details in the introduction to Chapter 4, it has been suggested by
several authors ([18, 40, 41, 59]) that they could be, depending on the Gaussian volume of F,
either the ball centered at the origin (or its complement) or a symmetric strip. In this thesis we
prove that for n > 2 and r € (0,y/n + 1), the ball centered at the origin is a local minimizer of
the perimeter among symmetric sets of prescribed Gaussian volume. More precisely, one has the
following quantitative inequality: Given r € (0,v/n + 1) there exist §,x > 0 such that if E = —E,
v(E) =~(B;) and v(EAB,) < §, then

Py(E) — Py(By) = ky(EAB;).

Moreover, § and x are bounded away from zero if r € [a,b] C (0,v/n + 1). This local minimality
result is optimal since in the same chapter it is also proved that if > v/n + 1 the ball B, is not
a local minimizer. Differently from what happens in higher dimension, if n = 1 we prove that
there exists rg > 0 such that if » > rg then the unique minimizer of the Gaussian perimeter among
symmetric sets of prescribed Gaussian volume is the interval centered at the origin, while if r < rg
the unique minimizer is given by Cs = (—00, s)U(s, 00), with s such that v(B,) = v(Cs). Finally, if
r =1y, the interval (—r¢, o) and its complement are the unique minimizers. The results obtained
in Chapter 4 are proven using a technique based on the second variation, introduced for the first
time in this context by Fuglede in [34], together with a selection principle introduced by Cicalese
and Leonardi in [23] as modified by Acerbi, Fusco and Morini in [1]. The use of this strategy is
based on the regularity of minimizers (and of quasi minimizers) of the Euclidean perimeter, see
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the introduction to Chapter 4 for a more detailed explanation. Note that in our case the above
strategy is more complicated. An obvious difficulty comes from the constraint that the competing
sets must be symmetric with respect to the origin. But the main source of problems is due to the
presence of possible unbounded competitors of balls.

In the fifth chapter we study a nonlocal isoperimetric problem, namely the minimization of

the functional
(1.2) I(E)=P(E) +/ / %dxdy - K/ %dw

pJE |z —y"? e |z 2
among all sets of prescribed measure, where P(F) denotes the (Euclidean) perimeter of E in the
De Giorgi sense and K is a given nonnegative constant. As explained in the introduction to
Chapter 5, this functional was proposed as a sharp interface version of the Thomas-Fermi-Dirac-
Von Weiszacker model. From the energetic point of view, here the perimeter has the role of a
cohesion force, in the sense that it tends to keep the particles close to each other, while the non
local interaction would like to spread the set as much as possible and the Coulombic attraction
tries to attract the particles to the charge fixed at the origin of the space.

This model is a variant of a simpler one where K = 0, which has been widely studied in
literature and for which various authors ([13, 43, 44, 55]) proved the characterization of global
minimizers and the non existence of the latters, depending on the volume of E. For the functional
(1.2), Lu and Otto in [49] proved that there exists a critical mass m,. such that the constrained
problem for I(E) does not admit minimizers for m > m,. In Chapter 5 of this thesis we study the
local and global minimality of balls. In particular, we prove that there exists a critical radius rg
such that if B, is the ball centered at the origin with radius r < rg, then B, is a local minimizer
of the costrained problem with respect to L! variations, while this local minimality property fails
if » > rg. Furthermore, we prove that there exists a radius r; such that if r < rq1, the ball B, is
the unique global minimizer for the functional. While the radius r; has an explicit expression, the
value of rg is characterized as solution of an algebraic equation of degree n. Both rg and r; tend
to infinity as K — oo while the quotient :—‘1) is bounded from above, for every K, by a constant
depending only on the dimension. The strategy to prove the local minimality is again a combination
of arguments based on the second variation and a sort of selection principle. Nevertheless, the non
local nature of the potential terms in (1.2) makes the use of this strategy much more delicate then
in most cases treated in literature. As result of this strategy, also for the functional I the local
minimality of B,., for r < ry, comes together with a stability estimate. More precisely, we prove
that, given r € (0, r), there exist §, C > 0 such that if E C R", |E| = |B,| and |[EAB,| < §, then

I(E) > I(B,) + C|EAB,|*.

Two introductory chapters have been added before Chapters 4 and 5. In the first of them we start
with some definitions and preliminary results which are used in the rest of the thesis. We also
give a short account of the proof of the quantitative isoperimetric inequality of Fusco, Maggi and
Pratelli ([37]), a result used in the sequel. In Chapter 3 we sketch the proof of the quantitative
isoperimetric inequality in the Gauss space given by Barchiesi, Brancolini and Julin in [5], which,
even if it is not directly used in the following, could help the reader to better understanding the
results of Chapter 4.



CHAPTER 2

The quantitative isoperimetric inequality

We start this section giving some definitions and results that will be useful for the rest of the
present thesis. First of all, we give the definition of a function of bounded variation and after that
we define the class of sets of finite perimeter. In order to do that, we follow the notation of [3].

0.1. BV functions and sets of finite perimeter.

DEFINITION 2.1. Let n > 1, 2 C R™ an open set and u € L'(Q2). We will say that u is a func-
tion of bounded variation in  iff there exist a vector valued Radon measure g = (p1, 2, - -, fn)
in © such that

(2.1) w22 _ —/ ddpi, Vo € C(Q).

The vector measure p is the distributional derivative of v and we denote it as Du. The total
variation of the measure Du is denoted, as usual, by |Du|(2) and the set of all functions of
bounded variation is denoted by BV().

Now we define the variation of w.

DEFINITION 2.2. Let u € L'(Q). The variation of u in € is indicated as V (u, Q) and is defined
as follows

(2.2) V(u, ) = sup {/ udivpdr : ¢ € C(QR"), [|¢]]lco < 1}.
Q
The following proposition gives us a characterization of the functions belonging to the space
BV(9).

PROPOSITION 2.3. Let u € LY(Q). Then u € BV(Q) if and only if V(u,Q) < oo. In addition,
V(u, ) = |Du|(2) for allu € BV(QY) and u — V (y, Q) is lower semicontinuous with respect to the
L' convergence.

Now we state two important theorems about BV functions: the first one is the analogous of
the celebrated Meyers and Serrin’s theorem while the second is a compactness result.

THEOREM 2.4. Let u € LY(Q). Then u € BV(Q) if and only if there exists a sequence
{un}tnen C C=(Q) converging to w in L' and such that

(2.3) L: lim /|Duh\dx < 00.
h—+oco Q
Moreover, the sequence can be chosen so that L = |Dul(Q).
THEOREM 2.5. Let 2 be a bounded open subset of R™ with Lipschitz boundary. Then every
sequence {up}hen C BV(QY) such that

sup {/A |up|da + |DUh|(Q)}

admits a subsequence uy )y converging in L! to a functionu € BV(Q) and Dup,x) weakly® converges
to Du* in the sense of measure.
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The last theorem we want to state about BV functions, is the so called Gagliardo Nirenberg
inequality, which is strictly related to the isoperimetric inequality.

THEOREM 2.6 (Gagliardo Nirenberg inequality). For any function u € L} (R™) there exists

loc
a real number m such that

(2.4) [lu —m]| <c¢(n)V(u,R™)

LAoT (Rn) =
If u € BV(R"), then m =0 and hence ||ul|, = &) < ¢(n)|Du|(R™)

Now we are ready to give the definition of set of finite perimeter.

DEFINITION 2.7. Let n > 1, E C R" a Borel set and 2 C R"™. FE is said to be of finite
perimeter in Q if x, € BV(Q2). The total variation of X, in © will be denoted as P(E;€), the
perimeter of E in €.

Note that if F is a smooth set, by the divergence theorem
(2.5) / divepdx = / ¢-vpdH" !, Vo € C°(Q,R™).
E OENQ
Thus, taking the supremum over ¢ with ||¢]|c < 1, we get
P(E;Q) = H"" 1 (OF).
We give now the definition of reduced boundary of a set of finite perimeter.

DEFINITION 2.8. Let E be a set of finite perimeter in 2. The reduced boundary of E in 2,
denoted by 0*F, is defined as the collection of points in © N supp|Dy | where the limit

ve(z) = — lim M
E : p—=0 | DX, (By(x))]

exists and satisfies |[vg(z)| = 1. The function vg(z) is called the generalized inner normal to F.

Note that by the Besicovitch derivation theorem we have that vg exists |Dx,|—a.e. and by
the Radon-Nikodym theorem DX, = vg|DX,| and thus for a set of finite perimeter £ we can
rewrite the Definition (2.5) as

[ dvods =~ [ (oum)Dx,| voeCHOEY.
E o0*ENQ

THEOREM 2.9 (De Giorgi). Let E C R"™ be a set of finite perimeter, then the following hold:

(1) O*E is countably (n — 1)-rectifiable, i.e., 0*E = K; N Ny where K; are compact subsets
of Ct manifolds M; of dimension n — 1 and H" 1(Ng) =0
(2) |Dxpl =H""'OE
(3) for H" l-a.e. x € K; the generalized exterior normal vg is orthogonal to the tangent
hyperplane to the manifold M; at
(4) for allx € O*E
. |ENByx) 1
lim —————— = —
P B(@)] 2
(5) for allx € O*E
n—1 * B B
lim H' (09BN By(2))

50 H1(B,) =1

Property (4) of Theorem 2.9 suggests an alternative, equivalent, definition of the reduced
boundary of E.



1. THE ISOPERIMETRIC INEQUALITY 5

DEFINITION 2.10. Let E C R™ be a measurable set and ¢ € [0,1]. We set

. |ENB.(x)|
E® = R" : lim (Z0 50
ek I B Y

. Then, the measure theoretic boundary of E is defined as 0™ E := R \ (B u E(M)
The following theorem tells us that, up to H"~! negligible sets, 9*E and 0™ E coincide.
THEOREM 2.11 (Federer). Let E be a set of finite perimeter of R™. Then
O*EC E® coME,  H YR\ (EW UE® UOE)) = 0.
The introduction of sets of finite perimeter in the De Giorgi sense has been very useful to better

understanding the isoperimetric inequality and the Plateau problem. We give now the definition
of perimeter minimizer set.

DEFINITION 2.12. Let n > 2 and 2 C R™ open. A set F is said to be a perimeter minimizer
in Q if
P(E;Q) < P(F;Q)
for all I/ C R™ such that FAFE CC Q.

DEFINITION 2.13. Given A, 79 € R, a set E is a (A, rg)-perimeter minimizer if
(2.6) P(E;B,(z)) < P(F; B.(x)) + A|[EAF)|
whenever EAF C B,(x) NQ and r < ro.

We state here the fundamental regularity theorem for (A,rg)-perimeter minimizers. Before
that we introduce the following convergence of measurable sets. We say that a sequence of measur-
able sets Ej, C R™ converges in measure in  to E if |(ERAE)NQ| — 0 as h — oo, or equivalently
if x B, — Xpin L'(€Q). The local convergence in measure is defined in the obvious way.

THEOREM 2.14 (C*7-regularity). Ifn > 2, Q C R™ is an open set and E is a (A, ro)-perimeter

minimizer in Q with Arg < 1, then QN O*E is a CY7Y hypersurface for every v < %, it is relatively

open in QNIOE and H*(OE \ 0*E) =0 for all s < 8. Moreover, if E; is a sequence of equibounded
(A, ro)-perimeter minimizers converging in measure to a C? set E, then for j large each E; is of
class C*7 and E; — E in C17.

REMARK 2.15. The estimate on the Hausdorff dimension of the singular set in Theorem 2.14
is sharp. Indeed, in dimension 8 the Simon’s cone defined as

C = {(a,y) € R x R : [o]? = [y}
is a minimal surface whose singular set has Hausdorfl dimension equal to 0, see [63],[12] for the
original proof and [27] for a new and short proof of the same result.
1. The isoperimetric inequality
We start this section stating the geometric form of the isoperimetric inequality.
THEOREM 2.16 (Isoperimetric inequality). Let n > 2, m > 0 and r such that |B,.| = m. Then
(2.7) P(E) > P(B,)

for all sets of finite perimeter E such that |E| = m. Furthermore, equality holds if and only if
E = B,(xg) for some xy € R™.
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REMARK 2.17. The isoperimetric inequality can be restated in an analitic way: for every set
of finite perimeter and finite measure F the following inequality holds:

(nwy) 7 |E|"" < P(E).

If we apply the Gagliardo-Nirenberg inequality to the characteristic function of a set of finite
perimeter we get
n—1
|E| 7 <c¢(n)P(E).
This observation suggests us that the best constant in the Gagliardo Niremberg inequality is

e(n) = (nwy) w.

The isoperimetric inequality has been investigated for many years by very famous mathemati-
cians and it has been proved in several ways. Around the beginning of the last century, Bonnesen
in [14] proved that in the plane the isoperimetric inequality can be stated in a stable way. Later,
Osserman in [61] continued the study of the stability of the isoperimetric inequality calling this
kind of inequalities after Bonnesen. In dimension higher than two, the optimal Bonnesen type
inequality has been proved by Fusco, Maggi and Pratelli in [37] and it is stated as follows.

THEOREM 2.18 (The sharp quantitative isoperimetric inequality). Let n > 1. There exists a
constant y(n) such that for every measurable set E of finite measure

(2.8) D(E) > v(n)a(E)?,

where D(E) and «(E) are scaling invariant quantities called, respectively, the isoperimetric deficit
and Fraenkel asymmetry and are defined as
P(E) - P(B,) [ IBAB(z)
DFE) = —"FX———~ E):= inf {———=
(E) PE) () := inf ]

where |B,| = |E|.

After the paper [FMP], the study of the stability of isoperimetric inequalities has become an
important branch of the modern analysis, see [F] for the main generalizations of the problem.

1.1. The quantitative isoperimetric inequality. In this section we give a sketch of the
proof of the quantitative isoperimetric inequality done by Fusco, Maggi and Pratelli. To this end,
we now introduce the Steiner symmetrization of a set. For x € R", we will use the notation
x = (2/,y) with 2/ € R""* and y € R*.

Given a measurable set E C R", we define the essential projection of E over the the first &k
coordinate hyperplanes, for all 1 <k <n—1 as

m(E)T = {2/ e R"*: H*{y e R"(«,y) € E}) > 0}.

With rg(z’) we denote the radius of the k dimensional ball having the same H* measure of
E, ={y € R*: (2,y) € E}. The Steiner symmetral of E of codimension k is defined as

(2.9) ES ={(z',y): 2’ € aH(E),|y| < rp(z)}.

Note that if F has finite perimeter then the same is true for E*, see [6]. Observe also that by Fubini’s
theorem we have that |E| = |E®|, while the perimeter decreases under Steiner symmetrization (see
[6]). Let vg(z') = H¥(Ey) and pg(z') = HF1(0* (EL)).

THEOREM 2.19. Let E C R* be a set of finite perimeter and let E® its Steiner symmetral of
codimension k. Then for any Borel set U C R*—*

(2.10) P(ES;U x R*) < P(E;U x R¥)
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Moreover,

P(E®%;U) = /U VrEs(@)? 4 |Vog(z')2dz’ + | D3vg|(U).

In particular, if k =n — 1 we have

2(n—2)

(2.11) P(ES; U) = /U \/(n — I)Qwﬁv(t) =1 +'(t)2dz’ + |D*vg|(U),

Since the quantities involved in the quantitative isoperimetric inequality are scaling invariant,
we prove it when |F| = |B|. The first thing to prove is that we can reduce ourselves to the case of
equibounded sets.

LEMMA 2.20. There exists two constants. |, C depending only on n such that given any set of
finite perimeter E, with |E| = |B|, there exists a measurable set F such that F C [=1,]]" = Q,
|F| = |B| and
(2.12) D(F) < CD(E), a(F) < a(F)+ CD(E).

The proof of this lemma is technical and it is not the key point of the proof of the quantitative
isoperimetric inequality. Thus we will skip it. Before going on, we state two useful lemmas: the

first one is a qualitative result while the second lemma, although easy to prove, will be a very
powerful tool for the rest of the proof.

LEMMA 2.21. Letl > 0. For any e > 0 there exist § > 0 such that if E C Q, , |E| = |B| and
D(E) <6 then a(E) < e.

The proof of this lemma is not hard. It may be obtained with a contradiction argument and
using the compactness theorem for BV functions. Next, following the terminology introduced in
[37], we say that E C R™ n is an n-symmetric set if it is symmetric with respect to the n coordinate
hyperplanes.

LEMMA 2.22. Let E be an n—symmetric set with |E| = |B|. Then

More over, if E is also convex

The next step is to show that we may reduce to a n—symmetric set. Given a hyperplane
H, we consider the two half spaces HT, H~ in which R" is divided by H and denote by 7z the
reflection about H. Let E be a measurable set divided by the hyperplane H in two parts of equal
volume. Then consider the two halves in which E is divided by H: EN H* and EN H~ and the
sets obtained by adding to each half its symmetral with respect to H, i.e.

(2.13) Et = (EnHYUrg(ENH"), E-=(EUH )Nrg(ENH").

By construction, |E*| = |E~| = E|. Moreover, it is not hard to show that

(2.14) P(EY)+ P(E7) <2P(E), hence D(E*)<2D(E),

with the first inequality possibly being strict. Thus, if for some universal constant C'(n) one has
a(E) < C(n)a(ET) or «a(E)<C(n)a(E™)

iterating this estimate we would immediately get (2.15). Unfortunately, this does not hold. The
next proposition provides the right strategy.
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PROPOSITION 2.23. There exist § and C, depending on n, such that if E C @, |E| = |B| and
D(F) <4, given any two orthogonal hyperplanes Hy, Hy dividing E in four parts of equal measure
and the four sets B+, E2i defined as (2.13) with H replaced by Hy and Hs, respectively, we have
that at least one of them, call it E satisfies the estimate

(2.15) a(E) < Coa(E)

PROOF. Step 1. Let Ef, E;,ES, E; be the four sets obtained by reflecting E around the
two orthogonal hyperplanes H; , Hy dividing F in parts of equal measure. Let Bii the respective
optimal balls for each of the sets Eii, for ¢ = 1,2 and observe that for each

win |[FAB(2)| < |[BABY| = [(BAB}) 0 | +|(EAB)H; |
<|(BABS) NH;| + |(EAB ) H; | + (B AB ) H; |
(2.16) = JUBABF|+ |BAB; | +|Bf AB;)
where in the last equality we used the symmetry of Eli We now claim that if we show that
(2.17) |BIAB;| < 16(1Bf AET| + By AE] )
for i = 1 or i = 2 we are done. Indeed, if it holds for i =1

min [FAB(x)| < 0((FABF) 0 H | +|(BAB)H] |) < 27|B|(a(EY) + (D)),

thus proving (2.15) with Cp = 54 and E equal to Ef or E .
Step 2. Assume by contradiction that

(2.18) |BAB; | > 16(|B;" AE;"| + |B; AE; |)
for ¢ = 1,2 and introduce the following unions of half balls
Sy =(Bf nH})U(B; NH,).
Then, by (2.18) we get
i=2

1 1
2.19 S1ASy| < |S1AE| + |S:AFE| = - BYAB; | < — BfAB;|.
(2.19) [S1A8:[ < |S1AE| + |SAE] 2;|1 Z|<32;|1 i |
Using Lemma 2.21, given ¢ > 0 we can chose Jp small enough such that E is e-close to its
optimal ball and the same happens for each EZjE This implies that the center of the four balls for
the symmetral sets are close to each other, thus each region H N H must contain almost one
quarter of the balls Bii. Then, if §y is small enough,
BYABj
(BraBg) n (g | > PR
and then
|Bf N By | <|Bf NBS|+|By NBy| <16|51AS,|
and in a similar way that |By N By | < 16|S;ASs|. This inequality combined with (2.19) leads to
a contradiction. 0

THEOREM 2.24. There exist § and C, depending only on n, such that if E C Qq, |E| =
|B|, D(E) <6, then there exists an n-symmetric set F' such that F C Qq, |F| = |E| and

(2.20) a(E) < Ca(F), D(F) < 2"D(E)
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PROOF. Take §; = 6,2~ ("~ | where §y is chosen as in Proposition 2.23. By applying this
proposition n — 1 times to different pairs of orthogonal directions and recalling (2.14) we find a set
E, with |E| = |B| such that

a(E) < Gy~ 'a(B), D(E) < 2" D(E).

Moreover, by translating E and relabeling the coordinate axes, if needed, we may assume without
loss of generality that E is symmetric about all the coordinate hyperplanes {z; = 0},...,{z,_ | =
0}. In order to get the last symmetry we take a hyperplane H orthogonal to e, dividing E into
two parts of equal measure and consider the corresponding sets E*,E’. Again, by translating E
in the direction of e, if necessary, we may assume that H = {z, = 0}. As before we have

D(E*) < 2D(E) < 2"D(E).

To control the asymmetry of E¥ observe that since F is symmetric with respect to the first n — 1
coordinate hyperplanes, £+ and E are both n-symmetric so we can use Lemma 2.22 to get

o(B) < S[0(E*) +a(E7]

Thus, at least one of the sets EE has asymmetry index greater than %a(E). Therefore, denoting
by F this set, we have

D(F) <2D(E) < 2"D(E) and o(E) < Cr 'a(E) < 3¢ ta(F).

Finally, the inclusion F' C @q; follows immediately from the construction performed in the proof
of Proposition 2.23 and the one performed here. O

From the results obtained in the previous section it is clear that in order to prove the quan-
titative isoperimetric inequality (2.8) we may assume without loss of generality that there exist
do € (0,1) and I > 0 such that

(2.21) |[E|=|B|, ECQ, D(E)<d, FE isn-symmetric.

In fact, since a(E) < 2 it is clear that if D(E) > § (2.8) follows immediately with y(n) = 4/do.
Thus, if §q is sufficiently small Lemma 2.20 and Theorem 2.24 tell us that we may assume without
loss of generality that E is contained in some cube of fixed size and that it is n—symmetric.
Therefore, throughout this section we shall always assume that E satisfies the above assumptions.

The next step consists in reducing the general case to the case of an axially symmetric set, i.e.,
a set E having an axis of symmetry such that every non-empty cross section of E perpendicular
to this axis is an (n — 1)-ball. To this aim we recall that the Schwarz symmetral of a measurable
set E with respect to the x,, axis is defined as

E*={(z,t) e R" ' xR:t € R, |a| <rp(t)}

where rg(t) is the radius of the (n — 1)-dimensional ball having the same measure of the section
E; , that is H" Y E}) = w,_1re(t)" L.

PROPOSITION 2.25. Let E € Q; be an n symmetric set with D(E) < &y and |E| = |B|. If
n =2 orifn >3 and the quantitative isoperimetric inequality (2.8) holds true in R"~1, then there
exists a constant C(n) such that

(2.22) |EAE*| < C(n)\/D(E) and D(E*) < D(E)

We will only prove this proposition in the case n > 3, where the induction assumption is used,
since in the case n = 2 the proof is similar and actually simpler. So this lemma is telling us that
once we are reduced to consider equibounded n-symmetric sets, arguing by induction we can prove
the quantitative isoperimetric inequality only studying axially symmetric sets.
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PRrOOF. The second inequality in (2.22) follows immediately from the fact that |E*| = |E| and
P(E*) < P(E). In order to prove the first inequality, we start assuming that

(2.23) H' '{x = (2/,y) € O*E : vy (x) =0}) = 0.

Using the expression of the perimeter in (2.11), the isoperimetric inequality and Holder inequality
one can get

P(E) = P(B) > P(E) = P(E) > | ng (W — \Job 1 ( ) i
:/ P — P dt
r V/Ph + (V)2 + Vph + (vp)?

2
1
> /\/pg—p%dt)
<R o 7 Vg + ()7 dt

S (VI + 05

Therefore, since D(E) < éo < 1 we have P(E*) < P(F) < 2P(B). Thus, observing that pg > pg-
we obtain

VD(E) > C/R \/ (p% — pg.)dt > C/R VPeVPE + pE-\/ (PE — PE-)/PE-dt
(2.24) > \/ic/R V(pE — pE+)/pE-dt

where ¢ is a dimensional constant. Now observe that since (E*); is a (n — 1)-dimensional ball of
radius rg(t) with H"~! measure equal to H""1(E;), the ratio

(pE — PE~)
PE~

is the isoperimetric deficit in R*~! of E,. Since by assumption, the quantitative isoperimetric
inequality holds true in R”~!, we have

) (pE — PE*)

PE~

where a,,—1(E}) is the n—1 dimensional Fraenkel asymmetry of F;. Since E} is an (n—1)-symmetric
set laying on an (n — 1)-hyperplane, thanks to Lemma 2.22 we infer

pe(t pE* t)) LHH((E)A(E))
Vyln=1) | —/————2 > a,_1(E - .
\/ P VB 2 3T (B,
Therefore, plugging the last 1nequahty in (2.24) and using Fubini’s theorem we have

n— l l n—1 * ’
-1

’Y(TL -1 > O[n—l(E’t)2

where in the second last 1nequahty we used that E C Q;. This proves (2.22). To conclude the
proof, suppose (2.23) does not hold. Then, we can approximate F with a sequence of sets E},
converging to E in measure obtained by rotating a little F so that so that (2.23) holds true for all
E}. The conclusion follows observing that the sequence Ej converges to E* in measure and (2.22)
holds for all the sets Ej,. O

We need a further reduction before proving the inequality (2.8). The proof of this lemma can
be found in [35].
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LEMMA 2.26. There exist two universal constants C' and §, depending only on the dimension
n, such that for every open bounded C*° set E with D(E) < § there exist a connected component
F of E such that |F| > |E|/2 ,

a(E) < a(F)+ CD(E), and D(F) < CD(E).

PROOF OF THEOREM 2.18. As observed before, it is enough to prove the Theorem when (2.21)
holds for a sufficient small ¢ that will be specified during the proof. Moreover, we may assume
without loss of generality that the set E is C°°. Otherwise by a standard approximation procedure,
see for instance the proof of [3, Th. 3.42], we may find a sequence of n-symmetric smooth open sets
E}, converging in measure to E, |Ej| = |E| for all h, P(E)) — P(E), satisfying the assumptions
(2.21) with [ possibly replaced by 2I. Then the quantitative isoperimetric inequality for E will
follow from the same inequality for Ej,. Finally, we can also assume that F is connected, otherwise
choosing dg possibly smaller we apply Lemma 2.26 and consider the open connected component F
with |F| > |E|/2. Observing that F' is n—symmetric as well, we may replace E with AF, where A
is chosen such that |\F| = |E|. Consider the strips S = {z : |z,| < v2/2} and S' = {z : |z;] <
V/2/2}. Since B € SUS’, one of the two strips, say S, must contain half of the measure of B/E.
Therefore

|[EAB| < 4|(B\ E)NnS]|.
Assume n = 2 or n = 3 and that (2.8) holds true in dimension n — 1. Then
|Bla(E) < 3|[EAB| < 12|(B\ E) N S| < 12|[EAE*| +|(BAE*) N S| < C(n)y/D(E) + 12| BAE"|
where we used Lemma 2.24. Thus, the proof will be done if we prove
|BAE*| < C(n)\/D(E).

Set v(t) :== H" Y (E* N {z, =t} and w(t) = H" (BN {z, = t}. By an approximation argument
we may assume that v(t) is a Wb function (a priori, it is just BV), and thus absolutely continuous.
Using that D(E*) < dg, by Lemma 2.21 «(FE*) is small too- Then, comparing v(t) with w(t) one
can find that there exists co(n) such that v(t) > ¢o for all t € [~v/2,1/2]. The next step is based
on a optimal transportation argument.

Let 7 = 7(t) be the monotone increasing function from (—a,a) to (—1,—1) such that

/_too v(s)ds = /_7:) w(t)dt

Differentiating the above inequality

(2.25) (t) =

and then 7 is in W>!(—a,a) (and then locally Lipschitz) since v is in W1 (R). Thanks to the

loc

equation above, we have

(EAE*)N S| = /|w )= o(t)|dt = /|w Vo (1)t

S/I|w(t) |dt—|—/|w ()|dt
< C(n) / [t — ()] + |11 - ~(H)]}de] < C(n) / 11— (0)|dt

where we used that, by symmetry, 7(0) = 0 and then

t—71(t)=t—0—(7(t) — 7(0) < /0 (1—7'(t))dt.
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To complete the proof, the last thing to prove is
/ |1 —7'(t)|dt < C(n)\/D(E*.

I
For that, let T': (—a,a) x R"~! — R be defined as follows:

n—1 1

w(T(ﬂ?n))) T
T(x) = ( zie; + T(xp)en.

2 o)

Note that T maps the level set EN{x,, = t} to the level set BN{x, = t}. Fora.ez € (—a,a)xR"~?

n—1

divT(z) = ' (2) 1/ (P =1) +

Tp)>n

Using that lim;_,,— v(+bd) = 0 and the divergence theorem we have

P(E¥) 2/ T -vg-dH" ' = lim T vg-dH" ' =
OE* b=a” JoE*N|z,|<b
lim divldx = / divTdz.
b=a” J Bz, |<b *

Then using that |E*| = | B| and the above inequality
P(E*)— P(B) > /*(dlvT—n) = / (T’(xn)l/(" ) "y, —n) dz

:/_11;@)( (’;lj(i . n) dt
:/27(1}@)(”_1+T()n/(n D (1) (0 1>>dt

/t)l/(n—l)
“ () 3
> [ e
—a

where we used coarea formula and the fact that the function ¢t — (n — 1) +t" — nt — (1 — )2
has a strict minimum for ¢ = 1 in [0, +00). Setting o(t) = 7/(1)*/("~1) from the above chain of
inequality we get

/2v|1 —o|dt < \/(/Z g(l — O’)th) \//2110(# < C(n)D(E),

where we used that v < (20)" 4, 7(a) = 7(—a) = 1 and thus

1 n. 1
a a = 71 a =1
/ vodt < (/ " 1dt> ( v 2dt) ( T/dt> = ZﬁC(n).
To conclude, we observe that sup,c; 7 < A(n) < 1. Indeed,
|E* N {z, > V2/2}| > |BN{z, > V2/2}| — 3|Bla(E*) > ¢(n) — 3|Bla(E*) > ca(n),
provided that a(E*) is small enough, and
|E* N {z > V2/2} = [BN {zn > 7(V2/2)}] < C(n)(1 ~ 7(v2/2))

and then 1 — 7(1/2/2)C(n). Since 7 is a strict increasing function we get the desired bound. Note
that (2.25) yields sup,c; 7/(t) < C(n) and then

/1|T 71|dt§C’/Iv|afl\ < C(n)\/D(E).




CHAPTER 3

Gauss space

1. The isoperimetric inequality in Gauss space

In this section we will recall the basic properties and definitions about Gauss space. For n > 1,
we indicate by v(F) the Gaussian measure of the set E, i.e.

1 lz|?
Y(E) = 77/ e 2 dx.

In analogy with the Euclidean case, the perimeter in Gauss space is defined via the divergence
theorem as

P“v(E) =

1 o2
)2 sup {/E(divcp —p- x)e_%da? T € CEO(Q)}

Note that if E is a smooth set, using the divergence theorem, we easily get that

1 |z|?
P,(E)= —— L
7(E) (2m)= /(me "

Before stating the isoperimetric inequality in this framework, let us introduce some notation. Given
weS" ! and ! € R, we set

H, ={zeR":z-w=1}, Hilz{xER":x-WZl}, H;’l:]R"\H:,l.

We define the function ® : R — (0,1) as

1 s ¢
@(5) = m/ eiédt

Then, given any s € R and w € S*~!

52

V(Hy) = @(s), Py(Hy) =e™ 7

w,s w,s
Then the Gaussian perimeter of an halfspace with Gaussian volume 7 is

_ @71(7,)2
2

I(r):=e

The isoperimetric problem in Gauss space states that among all sets of prescribed Gaussian volume,
the halfspace minimizes the Gaussian perimeter. This result has been proved by several authors
(see [8], [53]) , while the proof that halfspaces are the unique minimizers has been first obtained
in [17].

THEOREM 3.1 (Gaussian isoperimetric inequality). Let a € (0,1) and E C R™ a measurable
set. Then

(3.1) Py(E) > I(v(E)).

Moreover, the equality holds if and only if E is an halfspace.

13
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As in the Euclidean case, a very natural question concerns the stability of the isoperimetric
inequality (3.1). This problem has been studied by several authors, see [53], [22], [5]. Before
stating the theorem, we introduce the analog of the Fraenkel asymmetry for the Gauss space, i.e.

A(B) = min y(EAHJ,)
vesSn—1 ’
where s is such that v(E) = y(H] ). A first non optimal stability result is the following.

THEOREM 3.2. Let n > 2. For any r € (0,1) there exists a positive constant C(n,r) such that
if E is a measurable set with v(E) = r, then

2
(32) PB) 2 1)+ 5
If n =1, we have
Py(E) > I(r) + CLT) g -

AE) B NE)

The proof of the above result is due to Chianchi, Fusco, Maggi and Pratelli in [22] and is
based on an accurate estimate of the Ehrhard symmetrization. Indeed, in the mentioned paper the
authors first gave a proof of the classic isoperimetric inequality in Gauss space, and then, inspired
by the proof of the quantitative isoperimetric inequality in the Euclidean space, they start with a
reduction argument which allow them to reduce to the case of (n — 1)-symmetric sets.

REMARK 3.3. If one computes the right hand side of (3.1), one discovers that it does not
depend on the dimension n. This suggested that the constant in (3.2) should be independent on
n. This is, indeed, true and it has been proved by Barchiesi, Brancolini and Julin in [5], using a
functional involving the Gaussian perimeter and the Gaussian baricenter.

Here we present the main steps of the proof of the optimal inequality in Gauss space given in
[5]. The key point of this proof is a smart choice of the test function in a suitable functional given
by the Gaussian perimeter and the baricenter. The idea is to show that if one perturbs a set along
the normal with initial velocity proportional to one the coordinates of the normal, this deformation
reduces the Gaussian perimeter. This argument leads to a dimension reduction which allows the
authors to reduce to the one dimensional case. Note that the difference between this reduction
argument and the one provided by the Ehrard symmetrization in [22] is that in the latter paper at
every dimension reduction a new constant, possibly depending on the dimension, appears. On the
contrary, the use of the second variation in [5] allows the authors to reduce to the one dimensional
case without creating any new constant.

Before starting the proof, we now fix some notation. Given a smooth manifold M embedded
in R™, let X be a smooth vector field on it. Since we are assuming M to be smooth we can extend
X in a neighborhood of M, say U, and with an abuse of notations we still denote the extension
by X. Then we may calculate the differential of X in U and project it on the tangent plane to the
manifold. We call this projection the tangential differential, which will be denoted as D,X. More
explicitly

D, X =DX — (DXvy) Qv
where ® denotes the tensor product. From this, we define the tangential divergence of X as the
trace of the tangent differential:

div, X = TraceD, = divX — (DXvu) - var.
For a function u € C*° (M), we can define the tangential gradient similarly as

D;u = Du— (Du-vr)v.
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Note that given a basis {e;}1<i<n of R™ we set
0iu=Dru-e; = De,u— Dy, uvas - €,

where D,,,u stands for Du - vps. In case that no ambiguity occurs, we will write v and v; instead
of vy and vy - €.
From this, we define the tangential laplacian, i.e. the Laplace Beltrami operator, as

Aru=div,(Dyu) = 5i(;u).
i=1

Since M is smooth, the normal vector field v, is also smooth and we can define the mean curvature
Hj; at a point x as

Hy(x) = divvp (),
while the sum of the squares of the principal curvatures is given by

|Bar|? = Trace(Drvar, Drva).

The tangential divergence theorem states that given a vector field X € C°(M,R™)
/ divXdH" ! = / Hy X -vpyrdH™
M M

When M is the boundary of a set E C R", we will always use E as subscript instead of OF and
we will drop the subscript if the dependence on the set is clear from the context.

1.1. Proof. In order to prove the sharp quantitative isoperimetric inequality in Gauss space,
we introduce the functional

(3-3) F(E) = Py(E) + /m/2b(E)[,

where
|z|2

b(E):(%_l)g/Exe > dx

is the baricenter of the set E with the Gaussian weight and € a positive constant that will be chosen
later. In this section we will study the problem

(3.4) min{F(E), E CR", y(E) = ®(s)},

where s < 0 is given. It is important to note that the baricenter can be seen as an ”antiperimeter”,
in the sense that its modulus is maximized when the set F is an halfspace. Indeed, let b; be the

modulus of the baricenter of the halfspace H ; (it does not depend on w) and let E be a set with

the same Gaussian volume of H; ;. Then if w = —% , we have

B(E)| — by = —(b(E) + bew) - w = _/

E
= —/ T - wdy +/
E\HS H

because the last integrals are both negative. We now state the Gaussian isoperimetric inequality

x-wd7+/ - wdy
H,

w,s

J;-wd'y:—/\ (x-w—s)d’y—i—/ (x-w—s)dy<0
B\H3 . H

w,s w,s

proven in [5].

THEOREM 3.4. There exists an absolute constant c such that for every s € R and for every
set E C R™ with v(E) = ®(s) the following estimate holds:

(3.5) B(E) < c¢(1+ s*)D(E).
B(E):= min [b(E)—b(H,,)|

wesn—1
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The next proposition tells us that the quantitative isoperimetric inequality in Gauss space
is true provided that we are able to prove that halfspaces with the correct mass are the only
minimizers of F.

(3.6)

PROPOSITION 3.5. Let E C R™ be a set with v(E) = ®(s)

S {2@<—|s|>

. Then B(e) > 6745
V(EAHS )

2 ~2
ifb(E) =0

, where

with w = —b(E)/|b(E)|.

otherwise,
The asymmetry 8 has been introduced in [29] where the author proved a similar estimate but
without control on the constant of the right hand side.
PROOF. Since &(F) = &(R™\ E), it is enough to consider the case s < 0. Consider the function

N
f(s)=e - /_Ooe dt.
2®(s) and thus if b(E) =0

Differentiating the function f(t), one easily get that f is a nonnegative function. Then e~

s2
T >
67% e%

E)=b,= > a(E)>.
BE) = b = S > S—a(B)

Assume now b(E) # 0 and, up to a rotation that b(E) = —[b(E)|e, and call H = H_ .. Let a;

and as be positive numbers such that

1 s 2 1 staz 2
EFE\H)=— e 2dt = — e = dt.
wevH) = = =/

Set now ET := E\H, E- :=ENH, Ft :=R" ! x [s,5s+az), F
F = FtUF~. By the definition of a; and as, y(F) =

Hence, using that y(ET) = (E*) provides v(F* \ E*) = v(E* \ F*). Moreover,
B(E) - B(F)
(xn — 85— a2)d’7 +/

:=R" ! x (—00,5 —ay) and
= / (_xn +s5+ a2)d’7
E+\F+ FH\E+

O(s), y(F'F) = y(ET) and y(F7) = y(FT).

+/ (a:nfs+a1)d’y+/ (—zp+s—a1)dy>0
E-\F~ F-\E~-

because all the integrands are positive. At this point, using that for a fixed s <0

s 2

: . 2

g(t) = / (—zp, +s)e” 2 day, — <
s—t

s (22 2
e 2 da:n)
(L
s2
is a nonnegative function in (0, 0), it is not hard to show that S(F) > ez ~(E \ H)?, which is of
course equivalent to the thesis thanks to the above inequality and to the fact that 2y(E \ H) =
v(EAH).

:/xndv—/ Tpdy
E F

O
Instead of studying the functional F, it is more convenient to study the functional

G(B) = Py (E) + /1 /2€p(E) > + /7/201(E) — &(s)].

The problem we want to solve is now to minimize G without a volume constraint. The existence

of minimizers comes directly from a standard compactness argument and the lower semicontinuity
of the Gaussian perimeter under the LlloC convergence. The next proposition ensures us that a
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minimizer of F enjoys good regularity properties and this allows us to calculate the Euler equation

of G.

PROPOSITION 3.6. Let E be a minimizer of G. Then the reduced boundary 0*F is a relatively
open, smooth hypersurface and satisfies the FEuler equation

Hg —x-v+4+eb-x =\
where b =b(F) and v = vg. Here X is a suitable constant such that |\| < A.

The regularity result stated in the above proposition follows from the fact that a minimizer of
G is also a (A, r) minimizer of the perimeter. A proof of this fact for a similar functional will be
given in the next chapter, where also the first and second variations will be calculated.

PROPOSITION 3.7. Let E be a minimizer of G. The quadratic form associated with the second
variation satisfies

2

£ >0

dHn—l
Var Joop O

J¢] = /BE (ID+¢|> = |Bg|?¢* — ¢* +e(b-v)¢”) dHI ! +

for all ¢ € C§°(O*E) such that

O E

pdHI " =0.
O*E

Next, we introduce a space more flexible than C2°(9*E). To this aim, let us define the space
H1(8*E) as the closure of C§°(8* E) with respect to the norm lullmz = [[ullzz + [[Drul[pz. For a
general manifold that space can be even empty, the reason comes from the fact that dealing with
Gauss space one always expect to have non compact manifold as solution of isoperimetric problems,
thus if the singular set of the manifold is not small enough we can not expect to approximate even
constant functions. In our case, since for a minimizer E the dimension of the singular set is not
greater than n — 8, we can conclude that H$ contains a large and interesting set of functions.

PROPOSITION 3.8. Let E be a minimizer of F and H% as above. If u € C®(8*E) is such that
||ullz < 00, then u € HY(0"E).

This proposition is proved by approximation: the main point is to prove the existence of a
sequence of Lipschitz functions with compact support (i : 0*F — R such that
1
(3.7) Gk = L, |[DrGullr2 071y < T
Note that since we want to prove that the constant of the quantitative isoperimetric inequality in
the Gauss space does not depend on the dimension n, it is important that the estimates above do
not depend on n as well.

PROOF OF THEOREM 3.4. First of all, let us fix

2

VI %

andA = ———

e
©6(1 4+ A2) VTd(s)
Step 1. The first thing to prove is that for every w € S*~1

(3.8) €

/ (- w)?anrt < B2 p et

Using Hy as competitor for F, the minimality of E' and the definition of €, we get

s

P,(B) < F(H,) = P(H.) + =/ G/ (H)P < 1oe %



18 3. GAUSS SPACE

and then by the Gaussian isoperimetric inequality, if r is such that ®(r) = v(E), we have

1 1 13 52
bl < |b(H,)| = —=P(H,) < —P,(E) < e~ 7,
which yields
1
3.9 bl < =
(39) elbl <

from the definition of ¢ in (3.8). Since 9*F is smooth, if we choose a Lipschitz vector field X
multiply the Euler equation by X - v and integrate by parts we get
/ (div, X — X -z)dH" — 5/ zn X - vdH =\ X - vdH" N
O*E O*E O*E
Let (x be the sequence of Lipschitz functions with compact support given by Proposition 3.8,
weS"and X = (gwxw with z,, = x - w and plug this vector field in the above equation. Then,
using Young inequality, we get
n— 1 n—
| @t weopggangt - ¢ [ @i
O*E o E
<Oty 2 [ GiDagla
o*E O*E
1
< A?P,(E) + —/ w2 CrdHy ™! +4/ | DG [P ML
2JoE o E
This yields
3 1
7/ a2 RdHI T < 7/ zoCRdHI ™+ (A + 1) Py (E) +4/ 1D Cr|dH2
8 Jok 8 Jop o F
Since the right hand side does not depend on w, we can take the maximum over w € S*~! and
pass to the limit as k — oo to get the thesis:
1 2 gam—1,0,2 13 o -2
fx, < [ a0+ DP(B) < L),

where we used that |A] < A.

Step 2. With Step 1 in our hands, we want now to get rid of the last addend of the second
variation. The aim now is to get that for every ¢ € Hi, with |, B ¢)d7{§—1 =0,

(310) [ (10002 1856 = 56— el ) ary =0
o0*E

By the definition of H! there exists a sequence ¢, € Cg°(9*E) such that ¢}, — ¢ in the H. sense.
Note that this implies that a; = fa*E ¢kd7{§’1 — 0 and then up to replace ¢ with ¢ — ar, we
may assume [, o dpdH? 1 = 0. If wy, is such that

— / wopdHI - wy = / Loy ORAHE Y,
o*E oO*E

from step 2 and Holder inequality we get
2

qﬁkxd?{:{’* !
O*E

st CEd,H;l_ !
O*E

13 K
< / al, dHI PrdHl " < 3([\2 +1)e T prdHI "
O*E 0*E O*E

Then using Proposition 3.7

13
(3.11) / (ID-¢xl* = |Be|* — ¢ +e(b- v)¢*)dHI " > C (A2 41)e T prdHI
o*FE

3V2r oE
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and then letting & — oo, this immediately yield (3.10) by the definition of €. Note that from (3.10)
we can infer that

/ |Bg|*¢*dH2 "' < C <
O*E

which together with Proposition 3.8, gives

qs?cm:*w/ |DT¢|2dH:1),
O*E O*E

/ |B2dHr ! < oc.
o*E

Step 3. In this step, using some well known geometric equations and Proposition 3.7 we will prove
that halfspaces are the only minimizers of F. First of all, note that since up to rotation we can
assume that b(E) = |b(E)e,, then

= =2
vie” 2 dH = [ zje 2 =0
O*E E
for all j € {1,2,...,n —1}. Moreover,

/ I/jd,H271 < / |BE|2d’Hff1 < o0
O*E O*E

and then v; € H% (0*E). Differentiate the Euler equation with respect to J; to get
0;H —6;(x-v)+ed;(b-x)=0.
Using the well known equations, for j # n,
Arv; = 7|BE|2V]' +6;H, 6j(x-v)=D;vj-x and 6z, = vy,
we arrive at
(3.12) Arv;—Drvj-x = —\BE\Ql/j — elblypy;.

Take (j as in Proposition 3.8, multiply (3.12) by (xv; and then use the divergence theorem to get

/B*E Gl|Bl? + elbi )t = = | Guy(Arvy = Dy )iy
. 2
- O*ECijdiVT(DTVje_%)dHZ;_l =
. 2
=— /E)*EdivT(Ckl/jDTl/je*%dHffl + . D (Crv; ~D.,-I/j)d7‘[::71

:/ VjDTCk . DTdeHzil +/ Ck‘DTVj|2dH:;71~
O*E o*E

Then from (3.7) we obtain
5
18 Joex

which implies v; = 0 H" '-a.e., for j # n. Actually, using the De Giorgi structure theorem, one
can prove that 0F = 0*F and then FE is smooth.

To prove that E is a halfspace we are left to show that E is connected. Assume by contradiction
that OF = I'y UT'y with I'y, I's disjoint, closed manifolds. Let a; < 0 < as be real numbers such
that the function ¢

vidH"t >0,

¢(z) _ {al, €T € Fl

a2, xz ey
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satisfies faE (bd?-lffl = 0. Using ¢ as test function in (3.10) we get
)
/ (|BE|2¢2 + —¢* + 5|b1/n¢2) dH" ! <.
B 18

and this is clearly a contradiction since ¢ # 0. Using that by step 1 £]b] < %, we conclude

1
Bol2 4+ 1 ¢2dyn—1 >0
/8*13 (| d +36>¢ 20

which is clearly false since ¢ # 0. The last thing to prove is that E has the correct Gaussian
volume. Since we already know that the minimizer E must be a halfspace, the last thing to check

is that the function .

e
2421

has a minimum for ¢ = s, which can be checked by recalling the definition of € and A in (3.8). O

ft)=e 5 + — _AV2r|(t) — B(s)].



CHAPTER 4

Symmetric Gaussian Problem

Another interesting question in Gauss space is the following: Among n-symmetric sets with
prescribed Gaussian volume, which one is the isoperimetric figure ¢ The above question is known
in literature as Symmetric Gaussian Problem (SGP). The main difficulty coming from this prob-
lem is that all the classical methods known to be working for the Gaussian isoperimetric problem,
seem to fail in this contest: for instance, the Ehrard symmetrization ([28], [22]) and the Ornstein-
Uhlenbeck semigroup argument ([4]) do not look feasible. The first issue one meets is to understand
which could be an appropriate conjecture. This problem is stated as an open problem in [18] and
[32]. Since in [15] Barthe proved that if one replaces the standard Gaussian perimeter by a certain
anisotropic perimeter, the solution of the isoperimetric problem among n-symmetric sets is the
symmetric strip or its complement, it looks natural to think that the strip or its complement are
the solutions to the SGP. Later on other authors ([18, 59]) suggested instead that the perime-
ter minimizer was the ball centered at the origin or its complement. This latter conjecture was
disproved by Heilman in [40]. In the same paper he also shows that for very small masses the
one dimensional balls centered at the origin maximize the Gaussian noise stability, a result that
in particular implies the minimality of these balls among symmetric sets. On the other hand still
Heilman, in the more recent paper [41], showed that at least for sets of Gaussian measure 1/2, or
close to this value, the corresponding symmetric strip cannot be a minimizer. The results proved
in [41] suggest instead that the minimizer could be a cylinder C' whose boundary, after rotation,
is given by 0C = rS*¥ x R * for some r > 0 and 0 < k < n. In the following we will argue as
in [46] to prove that the ball, in general, is not the correct candidate as solution of the minimum
problem: the result we will provide is that if » > v/n + 1, then B, cannot be the optimal shape for
the Gaussian perimeter among symmetric sets with v(E) = v(B,). Moreover, we will prove that
the ball is a local minimizer for the Gaussian perimeter. Our Theorem 4.1 is closely related to a
well known conjecture, known as Symmetric Gaussian Problem, see [40].

THEOREM 4.1. Letn > 2 and o € (0,1/2). There exist & and k such that if r € [o,v/n + 1—0],
E is a set of locally finite perimeter with E = —E, v(E) = v(B,) and v(EAB,) < §, then

(4.1) P,(E) — Py(B,) > k(n,0)y(EAB,)?

Let us now comment briefly on this result. First, observe that Theorem 4.1, beside stating
the local minimality of balls B, when r € (0,v/n + 1), provides also a quantitative estimate of
the isoperimetric gap Py(FE) — Py(B;) in terms of the square of the measure of the symmetric
difference between E and B,. In this respect this inequality is close to the recent quantitative
isoperimetric inequalities in Gaussian space proved in [5], [37], [63], [54],[29]. Note also that the
constant x in (2) is uniformly bounded from below when r is away from 0 and y/n + 1. In addition,
Proposition 4.4 shows that the result above is sharp in the sense that if r > /n + 1 then B, is
never a local minimizer for the perimeter. Also the power 2 is optimal, as it can be easily checked
with an argument similar to the one used for the quantitative inequality in the Euclidean case, see
[35, Section 4]. However, balls B, are not in general global minimizers among symmetric sets with
the same Gaussian measure, at least if r is sufficiently small, see Proposition 4.11.

21
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Finally, in the 1-dimensional case we show that B, is always a local minimizer of the perimeter
among symmetric sets with the same Gaussian measure, see Section 4. Moreover, balls are the
unique global minimizers for r > rg, where 7 is the unique positive number such that

gL
var |, 2
while R\ B, is the unique global minimizer when 0 < r < 7.

We conclude this introduction with a few words on the proof of Theorem 4.1, which is achieved
following the strategy introduced in this context by Cicalese and Leonardi in [23] and later on
modified in [1]. More precisely, we first prove inequality (4.1) for nearly spherical sets, i.e., sets
that are close in C* to a ball B, with the same Gaussian volume and symmetric around the origin.
Then we extend it to the general case with a contradiction argument based on the regularity theory
for sets of minimal perimeter, see a more detailed account of this strategy in Section 3, before the
proof of Theorem 4.1. Note that in our case the above strategy is more complicated. An obvious
difficulty comes from the constraint that the competing sets must be symmetric with respect to the
origin. However the main source of problems is represented by possible unbounded competitors of
balls.

0.1. Nearly spherical sets. A set ' C R" is said to be nearly spherical if there exist a ball
B, and a Lipschitz function v : S*~1 — (—1/2,1/2) such that

(4.2) E={y=tre(1+u(z)): 2cS" 1 0<t<1}.

In the following, given any function v : S"~! — R, we shall always assume that u is extended to
R™\ {0} by setting u(z) = “(\%)
It is easily checked that if E' is defined as in (4.2) then its Gaussian measure and it Gaussian
perimeter are given, respectively, by the two formulas below
,’,.n

@3 B = g [+ u@ye

_ 222 A tu(x)?
2 X

rn=t |Dru(x)]? _r20tu)?

(4.4) P‘Y(E) = ——0 /Sn_l(l +U(£U))n_1 1+ (1+ u(z))?

d;y_[n—l7
(2m) =

where D,u stands for the tangential gradient of u on S*~1.
When E is a measurable set such that v(E) = v(B,) we shall often use the following notation

(4.5) Dy (E) = (20)"/2[P,(E) — Py(B,)]

to denote its Gaussian isoperimetric deficit with respect to the ball B,.

Next theorem states that if r is smaller than a critical radius depending on the dimension,
the Gaussian isoperimetric deficit of a nearly spherical set symmetric with respect to the origin is
strictly positive and the following Fuglede type estimate holds.

THEOREM 4.2. Letn > 2 and r € (0,/n+1). There exist € € (0,1/2), depending on n and
r, and ko, depending only on n, with the following property. If E is a nearly spherical set as in
(4.2) with ||ullw1,@sn-1) < €, symmetric with respect to the origin and such that v(E) = v(B,),
then

(4.6) Py(B) = Py(By) 2 kor" ™ (n + 1 = 1) [[ullfy(gnr).-

PrROOF. Step 1. Fix r € (0,v/n+1). Using the expression of P,(E) provided in (4.4) we
may split
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n/2 n—1 n-1 —r20tw? |DTU‘2 n—1
D, (E) = (2m)"?[Py(E) — Py(B,)] = (1+uw) e 2 1+ T 1) dH
gn-1 (1+u)

r2(14w)? 2
2

i /Sn_l {(1 +u) e - e_%]d’;'-["_l

-2 -2
(4.7 = le T L+ lem T L.

Observe that I+t > 1+ % — % for all ¢ > 0. Therefore, from the smallness assumption
[ullwi,oe(gn-1y < € < 3, we get

2 2 D u|2
I = 1 n—1_—r*(ut+u”/2) 1 ‘7'7 —1)d n—1

1 1 |D;ul> 1 |Dyul* _
> 1 n—1_—r%(utu?/2) (7 T - T ) dH™ 1
/Sn_l( Fu)"e sU+u? sarwi)

1 1
(48) > (5705)/8 ) e D D 2 ap > (i—cs)/S Dl dH L,

n—1

for some constant C' depending only on n, but not on r. Concerning the integral term I, we have,
by Taylor expansion,

I = / [(1+w)n—temm" (wru?/2) 1] gpn-t
S§n—1

1.2 n—1 (n—l)(n—Q)_ A r 2 19/n—1
=(n-1 T>/§n71udH +[f (n 5) +E} Snilu dH"™ + Ry,

where the remainder term R; can be again estimated by Ce||u||3, for some constant C' depending
only on n. Therefore, recalling the previous estimate (4.8) and the equality in (4.7) we have

7‘2 ].
ri=meT D(E) > 5/ |Dyul>dH™ 4+ (n—1— r2)/ udH"!
S§n—1 S§n—1
(n—1)(n—2) N 2 gq/m—1 2
(4.9) + [ 5 - (n - 2) + 2} s u”dH""" — Cellul[j2gn-1y-

To estimate the integral of w in the previous inequality we are going to use the assumption that
the Gaussian measures of E and B, are equal. This equality, using (4.3), can be written as

1 1242 (112 2,2
/ ! dt/ [(1 +u)e” R ] dH" 1 =0
0 sn—1

Using again Taylor expansion, we then easily get

1 2,2 .
0= / tnflef 3 dt/ [(1 + u)nefrztz(u+u2/2) . 1] danfl
0 Sn—l

! 242 -1 (2n+1)r3* it
:/ t"lem 2 dt/ [(n—erQ)qu (n(n ) _@n+lr + r—)ug} dH" ' + Ry
0 Sn—1

2 2 2
(4.10)
B o n(n — 1ay, B (2n+ 1)r?b,  rieu\ o ne1
7/871’71 [nan =20+ (1 S R+ R,

where we have set

1 1 22 1 L 1 5 22
an = | t"lem 2 dt, by = [ t"tle~ 2 dt, cn= | t"Tem 2 dt
0 0 0
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and where the remainder term R is estimated as before

(4.11) |Ro| < CellullZ2(gnry-
A simple integration by parts gives that
7‘2 7‘2 ’V‘2
_ nap, e 7 ~nn+2)a, (n+2)e”T e T
b = 2 g2 Cn = A - o T2

Thus, inserting the above values of b,, and ¢, into (4.10) we immediately get that

—1 =92 -2
(4.12) / wdH ! = —u/ W dH ' — eT Ry,
Sn—l 2 Sn—l

Then, substituting in (4.9) the integral of u on S"~! by the right hand side of the above equality,
we obtain the following estimate

2 1 — 1472
(4.13) r'~"e= D (E) > 5/ Dyl dprt - P

/ u2 dHn_l —CEHUH%;VLz(Sn—l)-
sn—1 2 sn—1

Step 2. For any integer k > 0, let us denote by yi 4, i = 1,...,G(n, k), the spherical harmonics
of order k, i.e., the restrictions to S*~! of the homogeneous harmonic polynomials of degree k,
normalized so that ||yxi||z2@n-1) = 1, for all k > 0 and i € {1,...,G(n,k)}. The functions ys;
are eigenfunctions of the Laplace-Beltrami operator on S~ ! and for all k and ¢

—Agn-1Ypi =k(k+n— 2)yi,; -

Therefore if we write

oo G(n,k)
U= Z Z ak,iYk,i, where ag; :/ uyk,id’anl,
k=0 i=1 sn—t
we have
o G(n,k) oo G(n,k)
(4.14) lullFa@nty =D Y aii |[Drullfagny =Y k(k+n—2) > aj;.
k=0 i=1 k=1 i=1

Note that since E is symmetric with respect to the origin, we have that u is an even function, hence
in the harmonic decomposition only the terms with k even will appear. In particular a;; = 0 for
all i = 1,...,n. Note also that from (4.12) and (4.11) we have

(4.15) \a071| < CgHu”Lz(Sn—l).

Thus, from (4.13),(4.14) and (4.15) we have
G(n,k)

1—n 2 1 o s n—1+7? SRS 2 2
T e 2 D’Y(E) Z 52[6’(/1’%*7172) : am— fz Z ak7i700€||u||w1,2(5n_1)
k=2 =1 k=2 =1
G(n,2) 0o G(n,k)
n+1—r? 1
= f Z a%l—i—i [k(k—l—n—2) — (’I’L—l—?“Z)] Z ai,i_CO‘€||UH%/VL2(S"*1)’
1=1 k=2 =1
00 G(n,k)
> co(n+1—1?%) Z k(k+n—2) Z ar; — COE||UH%V1,2(STL71)7
k=2 =1

for some positive constants cp, Cy depending only on n. Using again (4.15) and the fact that
a1; = 0 for ¢ = 1,...,n, from the previous inequality we deduce that there exist two constants
c1,C1 > 0 depending only on n such that

2
Tl—VleTDV(E) >c(n+1-— TZ)HUH%VL%SHA) - 015”“”%/[/12(8"*1)'
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From this inequality (4.6) immediately follows provided that we choose

(1 ca(n+1—1?)
. < min{L 1=
(4.16) 0 <& < min 5 20,

The following uniform estimate is a straightforward consequence of the previous theorem.

COROLLARY 4.3. Letn > 2 and ro € (0,v/n+1). There exist € € (0,1/2), k1 > 0, depend-
ing only on n and ro, such that if r € (0,r9] and E is a nearly spherical set as in (4.2) with
llullwioe -1y <, then

(4.17) P,(E) — P,(B,) > kir """y (EAB,)>.

PROOF. Fix ry and a nearly spherical set F as in the statement. Then, arguing as in the proof
of (4.10), we get

n 121212 (142 21012
v(EABﬂZ(zT)"/\(Hu)"e‘ B s
T2 JB
n 1
= U [ a0 |1 wre P g gyt
(2m)z Jo sn—t
(4.18) < Cn)m / | M,
Snfl

where in the last inequality we have used the assumption that [|u|ly 1,0 (gn-1y < 1/2. Then, choosing

£ = Il’llll{1 401(71—’_ L _r(z))}a

2 20,
where ¢; and Cj are as in (4.16), from (4.18) and (4.6) we get at once
C(n)rmtt
2
Y(EAB;)” < n1—r2 [Py(E) - Py(B,)],
for a suitable constant C'(n). Hence (4.17) follows. O

Consider the isoperimetric problem in the Gaussian space
(4.19) min{ P, (E) : (E) = m}
for some fixed m > 0. The Euler-Lagrange equation associated to the minimum problem (4.19)
(4.20) Hp—z-vg=2X on OF,

where Hyg is the sum of the the principal curvatures of the boundary of E and X is a suitable
Lagrange multiplier. Observe that B, is a solution of (4.20), hence a critical point of the isoperi-
metric problem (4.19) for all » > 0. Theorem 4.2 shows that if 0 < 7 < v/n + 1 then B, is also
a local minimizer for the isoperimetric problem with respect to small variations, close to B, in
C' and symmetric with respect to the origin. In this respect the above theorem is sharp since if
r > +/n+ 1 then B, is never a local minimizer for the Gaussian perimeter under the constraints
v(E) =m and E = —F, as it can be shown by a simple second variation argument.

PROPOSITION 4.4. Letn > 2, v > v/n+ 1 and k a positive integer. For every € > 0 there
exists a function u € C(S*™1), with ||ul|crgn-1) < € such that the corresponding nearly spherical
set

(4.21) E={y=tre(1+u(x)): €S 0<t<1}
is symmetric with respect to the origin, y(E) = v(B,) and P,(E) < Py(B,).
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PrOOF. Fixr > v/n + 1, a positive integer k and € > 0. Given an even function ¢ € C*>°(S"~1)
such that

(4.22) /SH o(z)dH" 1 =0,

let X € C°(R™;R™) be a vector field such that X(—z) = —X(z) and
=2
e x —
(4.23) X(z) = —ncp(—)r for z € Ba \ B.
I Y
Let ® be the flow associated to X, that is the unique C* map ® : R™ x (—1,1) — R"™ such that
for all z €e R" and t € (—1,1)

0P

(4.24) E(m, t) = X(®(x,1)), @(z,0)=uz.
Set By = ®(-,t)(B,) for all t € (—1,1). Since ¥(x,t) = —P(—xz,t) is also a solution to (4.24),
by uniqueness we have that ®(—xz,t) = —®(z,t), hence each E; is symmetric with respect to the

origin. Moreover, there exists § > 0 such that for [t| < § the set E; is a nearly spherical set as in
(4.21) and the corresponding function u satisfies [ul[cx(gn-1) < €. We claim that we can choose ¢
so that (E;) = v(B,) for [t| < J. To see this, let us choose § > 0 so that Br CC E; CC B,.. Then,
see [51, Prop. 17.8], for all ¢t € (—4,9)

d 1 lzo|2
—Y(Et) = == X -vbem 2 L
dtV( t) 2m)% Jom, v—e
The equality v(E;) = v(B,) will follow by observing that the integral on the right hand side of
the above formula vanishes for all ¢ € (=4, ). Indeed, if ¢ > r/2 is such that B, CC E}, from the
divergence theorem, recalling (4.22) and (4.23), we have

||

Xovpe Fdn = x.le S ann? +/ div (Xe™ %) da
IE, 9B, |z E/\B,

L e o o

Set now p(t) = (2m)% P,(E;) for t € (—4,5). Using the formula for the first variation of the
perimeter, see [51, Th. 17.5], the divergence theorem on manifolds and (4.22), we have

E3

2 o2
p(0) = / (div, X — X -z)e™ "% dHm ! = / (X L H - X x)e—% dH !
OB, OB, |

z|
i G =)ol et o

Thus, in order to conclude the proof it will be enough to show that we may always choose
satisfying (4.22) and such that p”(0) < 0.

To this aim, let us evaluate p”’(0). Note that the general formula for the second variation of the
Gaussian perimeter is quite complicate, see for instance [5, Eq. (17)]. However in our case, since
B, satisfies the Euler-Lagrange equation (4.20), it simplifies a lot. Indeed, see [5, Prop. 3] we have

2
|z]

2(X . uaB,r)2 - (X VB,,.)Q}G_ . dr}_[n—l’

> —|Bg,

P(0) = /a DX )
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where |Bp, |? is the sum of the squares of the principal curvatures of B,. Hence,

r 0= [, oG - 2o ) ol o

s

ez i 9 3 n — 1 ) B ) -
-1 /SvH (Tg |Drp()] - o(z)? — p() )d?-[ .

N

Then, choosing ¢ = ys, where ys is any homogeneous harmonic polynomial of degree 2, normalized
so that ||lyal|z2(sn-1) = 1, (4.22) is obviously satisfied and from the above formula we get

2
e (2n n—1 1)_(n+1—r2)67

thus concluding the proof. O

0.2. L'-local minimality. In this section we show how to derive from Theorem 4.2 the L*-
local minimality of balls centered at the origin with sufficiently small radii. Our proof follows the
strategy devised in [1] with a few difficulties due to the fact that in the Gauss space the presence
of a density in the measure v does not allow us to reduce the proof to the case of bounded sets as
it happens in the Euclidean case.

We now introduce a functional that will be used in the proof of the L!-local minimality of the
ball. Given r > 0 for every set E of locally finite perimeter we define

(4.25) J(E) = Py(E) + My (EAB;) + Az |y (E) — v(By),

where A1, Ay > 0. Next lemma, which is the counterpart in our setting of [1, Lemma 4.1], shows
that if A; is sufficiently large, then the unique minimizer of J among all sets of locally finite
perimeter E is the ball B,..

LEMMA 4.5. Let n > 2. There exists Co(n) > 0 such that if r > 0, Ay > Co(r + %) and
Ay >0, then B, is the unique minimizer of J among all sets E C R™ of locally finite perimeter.

PROOF. Let n: R — [0,1] be a smooth function such that n = 0 outside the interval (1/3,3),
7 =1 on the interval (1/2,2). Fix r > 0 and denote by X, the vector field

X (z) = n(@) é—‘ for all x € R™.
Then
J(E) - J(B,) > / X, vgdH] ™ — X, -vp, dHI 7' + My(EAB,)
B dB,

= / (divX, — X, z) dy— / (divX, — X, - x) dy+ Av(EAB,)
E B.

= / (divX, — X, - z) dy+ Ay(EAB,).
EAB,

Since by construction ||div X, — X, - z||oc < Co(2 +r) for some constant Cyy depending only on n,
the result immediately follows. O

One difficulty in the proof of L'-local minimality of the balls B, for small radii is that the
Gaussian measure is not scaling invariant. The following simple lemma is a helpful tool to deal
with this issue.
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LEMMA 4.6. Letn > 2, 0 € (0,1/2). For every ¢ > 0 there exists § < o/2 depending only on
e,n, o, such that for all r € [07 vn + 1] and 7 € (0,9)
(4.26) Py(By) = Py(Br—r) < €P’Y(H;“5(r,-,—))ﬂ

where the half space H s(r,7) is such that fy(He_n o(r T)) =v(B;) — v(Br_r).

ProOOF. For r € [U, vn+ 1|, we set

_s(rm)?

f(r,r)=e 2 for0<t<r,  f(r,0)=0.

Then, for 0 < 7 < ¢/2 we have

)2
Py(B,) = P(,(Br_y)  mw, rlemT — (r—r)le ST
P'y(HS_(rﬂ_)) (271')"7_1 f(7"7 T) - f(’l", O)
Therefore, by the Cauchy’s mean value theorem there exists ¢ € (0, 7), such that
neg _ =972 n o (r=9)?
(4.27) P’Y(BT) _P(V(BT—T) _ nn —(n—1)(r —9) € 24 (r=9) 2
: - B n-l s(r, 8
P’Y (Hems(r;r)) (27T) 2 —S(’f‘, ﬁ)e_(TW 87’(79' (7’7 19)

On the other hand, since by definition

1 s(r,7) 2 nw r t2
— e~ T dt = . t"leT T dt
V2m [m (2m)= ~/T77 ’

differentiating this equation with respect to 7 we have that

0s W,

n—1

ar Y= (2m)" =

s(r,9)2—(r—9)2
2

(r—9)" e

Thus, inserting this value in (4.27) we have

P’Y(BT> - P(“/(Brf‘r) _ —(n—1)+(r— 79)2
Py(H, ) —s(r,0)(r — )
< 2
T -0t <7<Br) - ’Y(Brfﬁ» (’I“ - 19)
2 4

S S (Cn)de = —e 1 (Cm)r)e’

for a suitable constant depending only on n. Then the conclusion follows since ®~!(7) — —oco as
T—0T. O

As in [1] the proof of Theorem 4.1 uses heavily the regularity theory for area minimizing sets.
For the reader’s convenience we recall the relevant definitions and the main results that we need
in the sequel.

DEFINITION 4.7. Let E C R”™ be a set of locally finite perimeter, w,ry > 0 and let Q be
an open subset of R™. We say that E is a (w, ro)-quasiminimizer of the (Euclidean) perimeter in
Q if for every ball B,(z) C Q with ¢ < 79 and any set F' of locally finite perimeter such that
EAF CC B,(x)

(4.28) P(E; By()) < P(E; By(x)) + w"
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Note that this notion of minimality is slightly weaker than the (), r¢)—minimality defined in
Definition 2.13 where on the right hand side of (4.28) the term wp™ is replaced by A|EAF|, where
A is a fixed positive constant. Nevertheless, the regularity theory for perimeter minimizers carries
also to quasiminizers. In particular we have the following two results. For the first one we refer to
[67, Th. 1.9], see also [51, Th. 21.14]. For a proof of Theorem 4.9 the reader may see [23, Prop.
2.2] or [51, Th. 26.6]. Note that when dealing with a set of finite perimeter F we always tacitly
assume that F is a Borel set such that its topological boundary OF coincides with the support of
the perimeter measure, i.e.,

OF ={x € R": 0 < |EN By(x)] <wypr" for every r > 0},
see for instance [51, Prop. 12.19]. Observe that

(4.29) Ej, converge locally in measure to E = (Ex) = v(E) as h — oo.

THEOREM 4.8. Let Ej be a sequence of (w,ro)-quasiminimizers in Q converging locally in
measure to a set of locally finite perimeter E. Then the two following properties hold:

(i) if xp, € OER, NQ and xp, — x € Q, then x € OF;
(ii) if © € OE N, then there exists a sequence xy, such that x, € OE, NQ for all h and x, — x.

We will also need a regularity theorem stating that if F' is a perimeter quasiminimizer, suffi-
ciently close in L' to a smooth open set E, then F is indeed C1* close to E.

THEOREM 4.9. Let Ej, be a sequence of equibounded (w, ro)-quasiminimizers in R™, converging
in R™ to a bounded open set E of class C2. Then, for h large enough Ej, is of class Clz and

OB, ={z + ¢Yp(x)vg(z) : x € OF}
with ¥, — 0 in CY* for all o € (0, 3).

We are now ready to prove our main result. Roughly speaking it states that if B, is a ball whose
radius is below the critical value v/n + 1, then it is a local minimizer of the Gaussian perimeter
among all sets with the same Gaussian measure and symmetric with respect to the origin. Moreover
this local minimality property holds with a uniform quantitative estimate, provided r is away from
0 and from v/n + 1.

Before giving the proof of this theorem, let us briefly describe its strategy. We argue by
contradiction assuming that there exists a sequence of symmetric sets Ep,, with v(Ey) = (B, ),
such that e, = y(ERAB,,) — 0 as h — oo, for which the inequality (4.1) is violated. At this
point, as first observed in this context by Cicalese and Leonardi in [23], one may replace the sets
E}, with a new sequence F},, still violating inequality (4.1), but converging in C1“ to a ball Br.
This leads to a contradiction with the local minimality property of Bz, provided the constant « is
sufficiently small. The new sequence F}, is obtained by minimizing the functionals

(4.30) In(F) = Py(F) + M|y (FAB;,) — en| + A2|y(F) = v(By, )],

for suitable Ay, Ao > 0, among all subsets of R” symmetric with respect to the origin. The choice of
this particular functional is inspired by a similar one first introduced in [1] and later on successfully
modified in [10], [11], [16], [36]. To get the C1* convergence of the minimizers F}, we prove that
they are also (w, rg)-quasiminimizers of the Euclidean perimeter in every ball B, a fact that in our
case is not completely trivial, since each Fj, minimizes the functional J; only among sets which are
symmetric with respect to the origin. At this point, if we knew that the sets Fj, were equibounded,
the C1* convergence would follow immediately from Theorem 4.9. However, there is no reason
why this should be true and to overcome this difficulty we have to show that even if the Fj may
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be unbounded they all split into two regions, a bounded one which converge in C1® to the ball By
and another one of small mass which disappears at infinity.

PRrROOF OF THEOREM 4.1. Throughout this proof we are going to use the following notation.
Given a measurable set E we denote by r(F) the radius of the ball centered at the origin such that

(4.31) Y(E) =v(Brm))-

Step 1. We argue by contradiction assuming that there exists a sequence Ej of sets symmetric
with respect to the origin, with v(Ep) = (B, ), 1 € [0,v/n + 1 — o], such that

(4.32) en=7(EnAB,,) 0, Py(Ey) - Py(By,) < kel

for a suitable x that will be fixed later in the proof. Let us fix
1 ~
(433) A > C()(\/ n+1+ E), Ay > max{SAl, C},

where Cj is the constant provided in Lemma 4.5 and Cisa constant, depending only on n and o,
that will be fixed later.
For every h we consider the following minimum problem

(4.34) min {Jh(F) : F'= —F, F has locally finite perimeter},

where J, is the functional defined in (4.30).

The existence of a minimizer for the the problem in (4.34) is readily proved by observing that
any minimizing sequence is compact with respect to the local convergence in R™ and recalling the
lower semicontinuity of the perimeter and the continuity of the Gaussian measure, see (4.29), with
respect to the local convergence in R™.

Let us now assume, without loss of generality, that r, — 7 for h — oo and observe that the
minimizers F}, converge locally in L' to Br. In fact, since by the minimality of F},

P,(Fy) < Py(Ep) < C(n),  forall h,

we have, see [3, Th. 3.39], that up to a (not relabelled) subsequence, they converge locally in R™
to some set of locally finite perimeter F. We claim that F' = By. To see this let us take a set of
locally finite perimeter E, symmetric with respect to the origin. By the minimality of F} we have
that

P’Y(Fh) + Alh/(FhABTh) - Ehl + A2|7(Fh) - ’V(BT;L)
Recalling (4.29), from the previous inequality we get immediately that

Py(F) + My (FABy) + As|y(F) = v(Br)| < Py(E) + My(EABy) + As|y(E) — v(By).

< Jh(E)

Hence, recalling the first inequality in (4.33), Lemma 4.5 yields F = B-.

Note that for every Br there exist w > 0,79 € (0,1) such that, for h large, the sets Fj are all
(w, r)-quasiminimizers in Bgr. The proof of this latter property is given in Lemma 4.10 below.
Step 2 We claim that for h large

(4.35) WFLAB,,) = T

To this end observe that by the minimality of Fj,, the inequality in (4.32) and Lemma 4.5 again,
we have

Py(Fp) + My (FRABy, ) — enl + Aoy (Fi) = v(Br, )| < Py(En)

(4.36) < P(B,,) + ker. < Py(Fy) + My (FLAB,,) + ke
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If v(FRAB,,) > €1/2, inequality (4.35) is trivially satisfied. Otherwise, if Y(FRAB,,) < €,/2,
from (4.36) we deduce

K
Eh — ’Y(FhABrh)) S "}/(FhABrh) + Afl{:‘%

Hence, the claim (4.35) follows for h sufficiently large, since e, — 0 by (4.32).
Since y(F,) may be different from ~(B,, ), it is convenient to consider the balls B, (g, defined as
n (4.31). From (4.35) and (4.36), recalling the second inequality in (4.33), we have for h large

’Y(FhABTh)

A K
Y (Fp) = v(By,)| € =(FRAB,,) + —é3 < 5

Ao Ao
Thus, we may estimate, for h large
7(FhABTh) < ’Y(FhABT(Fh)) + '7(Br(Fh)ABTh)

V(FhABTh)

= Y(FhABy(r,)) + [7(Fr) = v(Br,)| < v(FLABy(£,)) + 5

Therefore, recalling (4.35), we have

(4.37) Y(FyABy,) < 29(FaABy(p,)), hence v(FyAB,x,)) > %’“

From (4.36) and the second inequality in (4.37) we have with some easy computations

Py (Fn) + Ao|y(Fh) = v(By,)| < Py(By,) + 6457 (FuAB (5, )
Py(By(r,,) + [Py(Br,) = Py(By(r,))] + 6467 (FiABy (1, ))?
Py(By(,))) + C(n)lrn — r(Fy)| + 64k7(FhAByp,) )?
Py(By(r,)) + C(n,0)|¥(Br(r,) = Y(Bry )| + 6467 (FLAB, (5, )%,

for a suitable constant C depending only on n and o. Therefore, recalling that Ay > C by (4.32),
we end up by proving that also the sets F}, satisfy a ‘reverse’ quantitative inequality as the one in
(4.32), with a possibly bigger constant

(438) P'y(Fh) < P’y(Br(Fh))) + 64KV(FhABT(Fh))2'

Note that if we knew that the F} were equibounded we would have by Theorem 4.9 that they
were converging in C'1'® to the ball Br and, taking » sufficiently small, from (4.38) we would get a
contradiction to (4.17), thus concluding the proof. Instead, since it may happen that the sets Fj,
are unbounded or that they are not equibounded, we split them as follows

Gn = Fp N By, Ly = Fy \ By.
Clearly, the G}, converge in L' to By, while y(Ly,) — 0 as h — oo. Moreover, since
Y(ERAB (1)) < Y(FRAGH) + Y(GhABa,)) +Y(Bra,)ABr(r,))
= v(GrAByc,)) + 2v(Lp),
from (4.38) we conclude that
(4.39) Py(Fn) < Py(By(r,))) + Co[y(GhABy(G,))* + (L),

for some universal constant C's not even depending on n.
Step 3. We claim now that for h large

(440) Fyn ( n+1 \ B ) 0.

To prove this we argue by contradiction assuming that for infinitely many h the intersection
Fy, N (Byy1 \ By) is not empty. On the other hand, since Fj, N B,, is converging in R" to By, we
have that for h large also (B,11 \ By) \ F is not empty. Therefore, there exists an increasing
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sequence hj — oo such that for any k there exists zx € 9F), N (Bny1 \ Bn) (note that since
the sets F}, are quasiminimizers of the perimeter in every ball Br, they are of class C' and thus
OF}, coincides with the topological boundary). Passing possibly to another, and not relabelled,
subsequence we may assume that z — x for some x € B,,+1 \ B,. But this is impossible since by
Theorem 4.8 the point = should belong to 0Br.

Note that (4.40) yields in particular that

(441) Gy C Bn, L, CcR" \ Bn+1.

As an immediate consequence of the above inclusions we have that the sets G, are quasiminimizers
of the Euclidean perimeter in R™.

Another consequence of (4.41) is that for h large P,(Fy,) = Py(Gr) + Py(Ly). Thus, from (4.39)
we get that for h large

Py(Gh) < Py(Br(r,)) — Py(Ln) + Car[¥(GhABra,))? +v(Ln)?).

Now, let s, € R be such that y(H;, ) = v(Lp). From the inequality above and the Gaussian
isoperimetric inequality we have

P’Y(Gh) < P’Y(Br(Fh)) - P’Y(Hi ) + CQH['Y(GhABT(Gh))Q + 'V(Hen,Sh)2]~

€n,Sh
In turn, using (4.26) with € = 1/2 to estimate P, (B, (p,)), we have that for h sufficiently large

1

(4.42) Py(Gh) < Py(Brn) = 5Py (He, 5,) + Can[V(GrABy(G,))* +1(He, 4, )%).

€n,Sh

Finally, observe that
V(H,, s)
im ——
S——00 P,Y(H;“S)
Therefore, from (4.42) we may conclude that for h sufficiently large

=0.

(4.43) P,(Gh) € Py(B,(a,)) + Cokv(GhAB,(G,))*

Now, since the sets G}, are converging to By in R", by Lemma 4.9 they also converge in C*® to
B?, i.e.
OG, = {x(1 +up(z)) : x € OBF}
where uj, — 0 in C1*(dBz). Thus, still denoting by u;, the 0-homogeneous extension of the above
functions uy, we conclude that
(1 4+ up(x)) — r(Gh)
7(Gh)

Ghz{y:tr(Gh)x<l+ ) : wES”_1,0§t<1},

where, since 7(Gp) — T,

(14 up(x)) — r(Gp)
r(Gp)

Thus, by (4.17) we conclude that for h sufficiently large

—0  in Cbe(S™).

lm K
Py(Gh) — Py(Bu(a,)) = k17(Gr) " "(GhAByc,))? > T ;)LH Y(GrABG,))%
n 2
which contradicts (4.43) if we choose
K1
Co(n+1)"F

Hence the conclusion follows by this contradiction. O

Kk <
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The arguments used in the proof of next lemma are similar to the ones used for the standard
perimeter. However, in our case the proof is more involved due presence of the constraint F' = —F
in the minimum problems (4.34).

LEMMA 4.10. Let n > 2 and o € (0,1/2) as in Theorem 4.1. Moreover, let Fj, be a sequence
of minimizers of the problems (4.34), with Fj, converging locally in R™ to a ball Br, with T €
[0,v/n +1—0]. There exists ho such that for every ball Br, with R > 1, there exist w,ro > 0, such
that Fy, is a (w,rg)-quasiminimizer in By for all h > hy.

PrOOF. Step 1. Let us fix R > 1. We start proving that there exist 1,9 > 0, depending on
R, such that if z € 0F, N Bg, o < r1, then

(4.44) |Fnp N By(z)| < (wy, —9)o".

To this end, let us observe that if x € R™, o > 0 and G is a set of locally finite perimeter with G =
—G, such that F,AG CC B,(z) U B,(—x), then from the minimality inequality J,,(F}) < Jp(G)
we get
Pfy(FM Bg(x) U BQ(_x)) < P’y(GQ Bg(x) U Bg(_x)) + (A1 + M)V (FLAG).

From this inequality, setting

1 . 7@ 1 _ lyl?
—— min e "2, M(z,0) = —— max e ,
(27‘(’)5 yEB,(x) (2’/T)7 yEB,(x)

we immediately get the following inequality for the Euclidean perimeter

m(z, 0) P(Fy; Bo(x) U Bo(—1)) < M(z, 0) P(G; Bo(2) U Bo(—1)) + (A1 + A2) M (, 0)| FL AG].

m(zx, 0) =

Thus, dividing both sides of this inequality by m(x, ¢0) and observing that if 0 < ¢ < 1 we have
(M (z, 0) — m(x, 0))/m(z, 0) < Cp, for some constant C' depending on R, we get that
(445)  P(Fy By(x) U By(—2)) < (1 + Co)P(G: By(w) U By(—a)) + C'|FRAG.
Recalling that F;,AG CC B,(z) U By(—x) from the standard isoperimetric inequality we get

|FWAG| < |B,(z) UB,(—2)|* |FyAG|™ < nw,oP(FyAG; By(z) U By(—x))

< nwn 0[P (Fy; Bo(x) U Bo(—)) + P(G; By(x) U Bo(—1))],

where the last inequality follows by using the precise expression of the reduced boundary of the
symmetric difference of two sets of finite perimeter, see [51, Th. 16.3]. Inserting this inequality in
(4.45) we conclude that there exists x > 1 depending only on n, A; and As and R such that for
all0 < p <1
(4.46) (1 — x0)P(F); By(x) UB,y(—x)) < (14 x0)P(G; By(x) U Bo(—1x)).

Let us now fix € R” and 0 < ¢ < 1/ and set G = F}, U (By (z) U By (—x)) for some 0 < ¢’ < p.
Note that G is an admissible comparison set since G = —G. With this choice of G, using again the
precise expression of the reduced boundary of the difference between two sets of finite perimeter,
see again [51, Th. 16.3], from (4.46) we easily obtain that

(1= xQ)P(Fui By(w) U By(~2)) < (14 x0) [H" ™ (F” N0(By () U By(~2))

+ P(Fn; (By(2) U By(—2)) \ (By () U By (1)),
where F; ,50) denotes the sets of points in R™ where F}, has density 0. From this inequality, letting
o — o, we deduce that if 0 < p < 1/, then
2(1+x)

(4.47) P(Ey, By(@)) < =

H'H(FY N 0B,(z)).
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Let us now fix x € 0Fy. In this way, setting m(g) = |B,(x) \ Fr|, we have that m(o) > 0 for
all o > 0. Since m/(p) = H"_l(F}EO) N OB,(z)) for a.e. o > 0, from (4.47) we get that for all
2€(0,1/x)

m() < 22N ey
where k,, is the constant of the Euclidean relative isoperimetric in balls, see for instance [3,
Eq. 3.43]. Integrating this inequality we then get that for all 0 < o < 1/x

| By(2) \ Frl > 90",

hence (4.44) follows.
Step 2. Let us now prove that there exists an integer hg such that

(448) |B% \Fh| =0 for all h 2 ho.

To prove this inclusion we argue by contradiction assuming that there exists a strictly increasing
sequence hy, of integers such that [Bg \ F,, | > 0 for all k. On the other hand, since the sets [, N Bg
are converging in R” to Bg, we have also that [Bg N F}, | > 0 for all k sufficiently large. Thus,
from the relative isoperimetric inequality on balls we have that for all k large P(Fhk_;B%) > 0,
hence there exists a point z € 0F},,. Without loss of generality we may assume that the sequence
Tp, converges to a point # € Bg. We now apply (4.44) with R=1 and 0 < ¢ < min{r,0/2}.

From the local convergence of F}, in R™ and we then have
| Bo(2)| = lim [Fy, N By(xk)| < (wn —9)0".
From this contradiction (4.48) immediately follows.
Step 3. Let us now fix R > 1 and set 7o = min{o/4,1/x}, where x is the constant in (4.47)
(note that this constant depends on R but not on h). Let us consider a ball By(z) C Bpg, with

0 < p <79, and a set G of locally finite perimeter such that Fj,AG CC B,(x), for a given h > hy.
Assume first that |z| > 0/4 and observe that in this case B,(x) N By(—z) = (). Then, define

G = [F'\ (By(z) U B,y(—))] U (G N By(x)) U (=G N By(—x)).
By construction, the set —G’ = G’ and, inserting it in (4.45) we immediately get that
P(Fy; By(x)) < (L+ Co)P(G; By(x)) + C'|FLAG].
Adding Cp to both sides of this inequality and recalling (4.47) we have

2Co(1
(1+ Co)P(Fp; B,()) < (14 Co)P(G; B,(z)) + f(_;ZX)H’Ll (F” N 0B,(x)) + C'|FLAG.
Dividing this inequality by 1 4+ C'¢ we immediately get that
(4.49) P(Fp; By(x)) < P(G; By(x)) + we",

for a suitable w depending only on n, x, A1, As and R.
If |z| < o/4, recalling the inclusion (4.48), we have that P(F}; B,(z)) = 0 and thus (4.49) holds
trivially. This concludes the proof of the lemma. U

Now we want to show that B, is not a global minimizer among symmetric sets with prescribed
Gaussian measure, at least if r is small. To this end, we set Cs = R™ \ By, and for every r > 0 we
denote by s(r) the unique number such that

r 2 o0 12
(4.50) / t"leT T dt = / t" e T dt
0 s(r)
In other words, s(r) is such that y(B,) = v(Cs())
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PropOSITION 4.11. For every n > 2 there exists rg > 0 such that
(4'51) P’y(cs(r)) < P’Y(Br)

for every r < rg.

ProOOF. Differentiating (4.50) with respect to r, we have

n—1 _r2 n—1 752(” /
(4.52) r"TleT T = =" (r)e” 2 s'(r)
In order to show that P, (B,) > P, (C() for r small enough, using (4.52) we evaluate the quotient
as follows
2
P, (B, n—lg=t
(4.53) 2(Br) _ e e = ()
P’Y(CS(T)) snl(r)em =2
Since lim,_,g+ s(r) = 400, lim,_,g+ s'(r) = —oo. Then there exists rg > 0 such that if » < ro we
have s'(r) < —1. Therefore
P’Y (BT’) /
= 1
PW(CS(T)) s (r) > )

hence (4.51) follows.
O

0.3. The 1-dimensional case. In this section we shall briefly discuss the 1-dimensional
case. Beside being much simpler, this case exhibits quite different features. Before stating the
local minimality result we recall that in one dimension a set of locally finite perimeter is locally
the union of a finitely many intervals.

PROPOSITION 4.12. Let n = 1. For every r > 0, there exists § = d(r) such that if E CR is a
set of locally finite perimeter, 0 < v(B,AFE) <, E = —FE and v(E) = v(B,), then

(4.54) P,(E) > P,(B,)
Moreover, there exists ro such that:

(a) if r > ro then B, is the unique global minimizer of the perimeter among all the sets E
such that E = —E and v(B,) = v(E).

(b) if r < 1o then Cy = (—00, —s) U (s, +00) is the unique global minimizer of the perimeter
among all the sets E such that E = —E and v(B,) = v(Cs) = v(E).

(¢c) if r = ro, then both By, and Cy, are global minimizers.

PROOF. The proof is quite easy, and it is based on the minimality property of the halfline.
Fix any r > 0 and E such that v(E) = v(B,). Since a set of locally finite perimeter is locally the
union of a finite number of intervals, the generic symmetric set E will be of the type

M M
E = J(~bi,—ai) U | J(ai,b:i) U (~a,a)
i=1 =1

forsome 0 <a<a; <by <---<a;<b;<...,with M € NU{oco} and by, € (0, 0].
Take R > r such that R # a;, R # b;, Vi € N and such that b; < R < a;41 for some j € N. Using
the isoperimetric inequality it is easy to check that if H_g is a halfline such that

Y(H ) = 59(E\ Br),

then
P,((ENBr)UCs) < Py(E).
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Therefore we may assume without loss of generality that
k k
(4.55) E = (=00, =b) U | J(=bi, —a:) U | J(ai, bi) U (=a,a) U (b, +00)
i=1 i=1

where k = max{i € N:b; < R} and v(E) = v(B,).
Observe that if 0 < a < r then

—V;TPW(BT) —e T <e T < —VQWPW(E)
and thus (4.54) follows. On the other hand, since v(E) = v(B;), a = r if and only if F = B,..
v(Bz)

Therefore we are left with the case @ = 0. In this case we fix 0 < —52- and let v(B,AE) < 6.

This last inequality implies that a; < % In fact, if a1 > g, we would have

V2 LI “ 2 /2
—W'y(B%) :/ e da §/ e < 7TW(EABT) <
0 0

~[§
3

[ME]

5 v(Bg).

This contradiction shows that a; < g, hence P, (B,) < P,(E).
Let us prove (a). Let rg > 0 be such that

1 /m ey ]
— e T = —.
Vo J_p, 2
Let r > ro and assume by contradiction that there exists a set E such that F = —F, v(E) = v(B,)
and P,(F) < Py(B,). Arguing as before we may assume

k
(4.56) E = (—00,=b) U | J(=bi,—a;) U | J(ai, b:) U (b, +00)
i=1 i=1
for some a7 > 0. Let s > 0 be such that
1 1 2
—Y(F) = — e " dx
510 = —= [
and consider Cs = (—00, —s) U (s,00). Using the isoperimetric inequality and the fact that a; > 0
we have
P,(E) > Py(Cs).
Since v(Cs) = v(B,) > 4 we have that s < r and thus
P,(B,) < Py(Hs) < Py(E).

Assume now r < 1. In this case P,(Cs) < P,(B,) since r < s. Hence B, cannot be a global
minimizer.

In case (b) the proof that Cs is a global minimizer among all the symmetric sets follows by the
same argument as in (a).

Finally if r = 1o, Py(B,,) = Py(C},) and both minimize the Gaussian perimeter among symmetric
sets. O

We want to emphasize that this argument applies only when n = 1 because of the rigidity of
the structure of the sets of locally finite perimeter and because in one dimension the measure of
the perimeter of the ball is a strictly decreasing function of the radius . On the other hand, for
n > 1 the measure of the perimeter of the ball is increasing for » < v/n — 1 and decreasing for
r>+/n—1.

The previous minimality result holds indeed also in a quantitative form. The simple proof of
this property uses an argument of [22].
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PROPOSITION 4.13. Let n = 1. For every r > 0 there exists 6(r) > 0 such that for any E C R,
E=—FE, v(E)=~(By) and y(EAB,) < §(r) there exist a positive constant C(r) such that

(4.57) P,(E) - P,(B,) > C(r)v(EABT)\/log <@)

PROOF. First, note that it is enough to prove the inequality in the case P, (E)—Py(B,) < do(r),
for some positive dg to be chosen later. Let £ C R be a set of locally finite perimeter. As before, we
may assume without loss of generality that E is of the form (4.56). Let §(r) be as in Proposition
4.12. We have 2 cases: a =0and r > a > 0.

Let a = 0. Since y(EAB,) < 4, as before we have that a; < § and then

P,(E) - Py(B,) > ™5 — e = f(r).

e
Then, we set do(r) = f(r). With such a choice of dy(r) we are immediately reduced to the case
a > 0.

Let 0 < a < r. Since v(EFAB,) < ¢, arguing as in the proof of Proposition 4.12, we have that there
exists € > 0 such that a > r —e. Let K. such that

o0 t2 a t2
\/227_/]( e~ 2dt=~(FE) — \/%/_a e~ 2 dt
If we set B/ = (—a,a) U Ck,, we have P,(E') < P,(F) and v(E'AB,) > v(EAB,) and then it is
enough to estimate the isoperimetric gap for E’. For that, we recall the two elementary inequalities
proved in [22]

52

oo 2 _sZ
(4.58) / e 2dt < % for s >0
and
© 5 =%
(4.59) e"Tdt > v for s > 1.
s s

Since v(E'AB,) = 2v(Ck.), from the definition of Ck, and the two inequalities above and the
fact that K. — oo we deduce

K2 K2
e~z e 2
4.60 ——— < v(F'AB,) < ——,
( ) 421K, g ) V21K,
while for the isoperimetric deficit
P,(E') - P,(B, a2 2 .2
(4.61) 5 (E) > o (Br) e +6_KT e
Since

o2 2 T T T a |m
eT 7T —e T = / te” 7 dt > a/ e"zdt = a[W(BTABa) = \/77(E’ABT)
i i 2 2\ 2

and thanks to (4.60),
P,(E') - P,
2
From the first inequality in (4.60) we get

(Br) > V21K~ (E'AB;)

2
> e—KE
IK. —

which can be read also as K. > , /m and that immediately gives the desired result.







CHAPTER 5
Liquid drop

Another isoperimetric problem which has attracted the interest of many researchers is the one
related to the liquid drop problem. Namely, the aim is to minimize the following energy

(5.1) I(E)=P(E)+/E/Emdxdy_K/E|x|%

among all sets of fixed measure, where £ C R™ and K > 0. The perimeter here has the role of
a cohesion force, in the sense that it tends to keep the particles close to each other while the non
local interaction would like to spread the set as much as possible and the Coulombic attraction
tries to attract the particles to the charge fixed at the origin of the space.

1. The case K=0

One of the earliest scientist to investigate this problem was Gamow in 1928, see [38], when he
proposed a model for a nucleus made by a-particles very similar to a water-drop held together by
surface tension. This mathematical model had a great success because of his flexibility. In fact it
has been used to model the mechanism of nuclear fission (see [24], [25], [56], [62]), the behavior of
a variety of polymers when they are quickly cooled ( see [26], [39], [45], [52], [58], [60], [65]) and
many physical situations (see [19], [21], [30], [57]) and in particular to . To better understand the
physics behind, let us spend few words about the last phenomena, for a deeper explanation see [2]
and [20].

A diblock copolymer molecule is a linear chain consisting of two subchains (made of two
different monomers, say A and B) joined covalently to each other. Below a critical temperature,
even a weak repulsion between unlike monomers A and B induces a strong repulsion between the
subchains, causing the subchains to segregate. However the chemical bond between them prevent
a macroscopic segregation. Rather, in a system of many such macromolecules, the immiscibility of
these monomers drives the system to form structures which minimize the surface area separating
the unlike monomers and this tendency to separate the monomers into A and B-rich domains is
counter balanced by the entropy cost associated with a chain. Because of this energetic competition,
a phase separation on a mesoscopic scale with A and B-rich domains emerges. Roughly speaking,
we are dealing with a system where two materials are bonded by a strong connection, but having
big "sets” of the same material costs too much.

One of the main difficulty that one finds trying to minimize I(F) is that the symmetrization
techniques fail: while the Steiner symmetrization decreases the perimeter, since it is enclosing the
particles it is reasonable to think that it increases the nonlocal interaction. In fact, a simple use
of Hardy inequality gives that for any set F with |E| = |B,|, E not equal to a ball,

V(E) < V(B,).

39
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This maximizing property of the ball makes the variational problem highly nontrivial. In [44], the
authors studied the three dimensional problem

(5.2) Ia(m):EingN{P(E)—&—/E/Eﬁdxdy, |E| =m}

where « € (0,3). What they discovered is that for every a € (0, 2), there exists my = mg(«) such
that if m < mg the ball of the proper radius is the only solution of the isoperimetric problem. Ac-
tually, they proved that the global minimimality of the ball for small masses holds up to dimension
n=7,if a € (0,n —1). In the same paper, they also prove that for « € (0,2) and n = 3 there
exists a value m; = my(«) such that for m > my the infimum I, (m) is not achieved. The main
tool to prove nonexistence when a nonlocal competing term appears is the use of density estimates
in order to have a priori bounds for the energy of a minimizer. We would like to stress that to
find an upper bound is not the problem. In fact, as Knupfer and Muratov pointed out, for every
a € (0,3) there exists a constant C' such that I,(m) < C'm whenever m is bigger than a fixed
quantity. The main problem is to find a proper lower bound: the isoperimetric inequality in the
analytic form immediately yield that I,(m) > Cym3 and then

2
m3 < Cam

which does not give any information for m big enough. Thus, to find a better exponent for the lower
bound one needs to find a fine estimate from below for the repulsion of the minimizer. The main
tool for that is the use of uniform density estimates. The procedure essentially goes like follows:
first of all one notes that a minimizer needs to be a connected set, then one shows a uniform density
estimate that together with the connectedness gives an upper bound for the diameter of the set of
the type diam(F) < Cm and then one estimates the double integral present in the definition of
the problem. Unfortunately, this procedure works only for o < 2.

For o > 2 nothing about the nonexistence is known yet. The reason why the problem becomes
more difficult when « is close enough to the dimension of the ambient space comes from the fact
that the repulsion term starts to be more alike a local interaction term, and it is not trivial even
to understand if a thin and long “sausage-shaped” set has less or more energy than the union
of many balls placed far away from each other. At the same time, independently from Knupfer
and Muratov, Julin in [42] proved the global minimality of the ball in every dimension for small
masses. The techniques are a little different but they are in the same spirit: while in [44] they
use the quantitative isoperimetric inequality, Julin used an improved version of the quantitative
isoperimetric inequality provided by himself in the same paper.

After the two papers of Knupfer and Muratov, several authors tried to generalize their result.
In particular here we will briefly discuss about two papers which came out almost at the same time:
the first one due to Bonacini and Cristoferi and the second one by Figalli, Fusco, Maggi, Millot
and Morini. In [13], Bonacini and Cristoferi studied the same functional in the n dimensional case
with @ € (0,n — 1). They prove the existence of a threshold value m°®(a) for which the ball of
mass m < m°
that the argument provided by Knupfer and Muratov to prove the nonexistence can be extended
in the n dimensional case if one restricts himself to the case a € (0,2). What seems to be clear,
comparing the pioneer paper of Knupfer and Muratov and the paper by Bonacini and Cristoferi, is
that what really plays an important role is not the dimension of the space but the exponent «. The
techniques to approach either the problem of minimality of a given set, in this case the ball, or the

(@) is an isolated local minimizer in L' of the functional in (5.2). They also showed

issue of the nonexistence for large values of the mass are pretty much the same in any dimension
as long the exponent « is fixed, say a = 1, although the study of the physical case &« = n — 2
appears to be very challenging. Furthermore, they provide the existence of a small & such that if
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o < @, then mg(a) = m8°"(a). Heuristically, this last result comes from the fact that if one send

a to 0, then the only surviving term is the perimeter which is minimized by the ball. To make this
argument rigorous, they argue by contradiction and use the quantitative isoperimetric inequality.
For a general o € (0,n — 1) they find the existence of a value m&°" () such that if m < m8°"(a),
then the ball of mass m is again the only minimizer of the problem. We want also to underline that
they proved that for o € (0,1), it holds m&°"(a) < ml°¢(a), differently from what was conjectured
earlier. As mentioned, the proof of the local minimality contained in [13] does not apply to the
case a € (n — 1,n), which contains nontrivial technical difficulties. At the same time, in [31], the
authors wrote a paper where they not only were able to deal with the case « € (n — 1,n), but
also to generalize the problem studying the case when the fractional perimeter is taken in account

instead of the classical one. Namely, the authors studied the functional

1 1
I; o(F) = P°(E —i—VaE://idxd +// ——dzd
A e A A P

with E C R, s € (0,1) and « € (0,n). To deal with this functional, the paper contains a very
deep calculation of the energy using the first and second variation. Using the selection principle,
they show the existence of a threshold value mg(«, s) such that for every m < myg, the ball of mass
m is a local minimizer of I, s, while if m > m( the ball of Lebesgue measure m does not have
this property. Moreover, again with the use of the quantitative isoperimetric inequality, they find
a value my(a, s) such that, if m < mq, the ball of mass m is the only global minimizer of I, s.
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2. Case K >0

Here we study the minimizers under the volume constraint |E| = m of the functional

(5.3) I(E) = P(E) + V(E) — KR(E),

1
E)= T _dud
) /E /E o — g2

is a Coulombic repulsive potential of the set with itself and

(5.4) R(E) = /E W%dx

is a repulsive term of the set with a point charge. Here P(FE) stands for the standard Euclidean
perimeter in the De Giorgi sense and K > 0. In the three dimensional case this functional has
been studied by Lu and Otto in [49]. In that paper they prove that if m is sufficiently large then

where

the constrained minimum problem has no solutions. They also show that there exists a critical
value m,. such that if m < m, the ball centered at the origin is the unique global minimizer. This
result is obtained using a quantitative version of the isoperimetric inequality with a Coulombic
term proved by Julin in [42] .

In this chapter we prove that there exists a critical radius rg > 0 such that if » < ry the ball
B,. centered at the origin is a local minimizer of the constrained minimum problem and that this
property fails when r > rg. As in [31], we show also the global minimality of balls B, when r < ry,
for some 0 < r; < rg. Note that both critical radii r; and r¢ tend to infinity as K — oo and an
argument provided in the last section, see Lemma 5.18, shows that the ratio ro/r; stays bounded
independently of K.

This section is organized as follows. We start fixing the notation and giving some preliminary
results, then we provide a Fuglede type estimate for the functional I, see Theorem 5.2. Precisely,
we prove that if < rg the ball B, is a local minimizer with respect to small C'* variations.

Then, after calculating the second variation of I, we show that the radius rg provided by
Theorem 5.2 is indeed optimal since balls of radius r > ry are not local minimizers. Note that
while the formula of the second variation of V' can be obtained by more or less standard arguments,
see for instance [31], the calculations leading to the second variation of the attractive term turn
out to be more delicate due to the presence of a singularity in the integrand in (5.4).

We conlcude this section passing from the local minimality of the ball B, with respect to
small O variations implies the full local minimality result. As usual in this framework, we follow
a strategy first devised by Cicalese and Leonardi in [23], see also [1], based on the regularity
theory for quasi minimizers of the perimeter. However, in our setting this approach turns out to
be more complicated. Indeed, the main difficulty comes from the fact that, differently from most
cases studied in the literature, see [23], [1], [36], [10], [31], [16], our functional is not translation
invariant. Overcoming this difficulty requires a delicate estimate of the behavior of the repulsive
term R on sets which are C! close to a ball centered at the origin.

2.1. Notation and preliminary results. For any measurable set £ C R™ we define the
Coulombic potential V(E) and the repulswe term R(E) as follows

1
dxdy, R(E :/ ——dx
// |x_y|n 2 ( ) E |x|n—2

We are interested in minimizing the nonlocal energy given by
(5.5) I(E)=P(E)+V(FE)—- KR(E),
where K is a positive constant that will be fixed throughout the paper.
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Note that in order to avoid trivial statements, we shall assume throughout that the dimension
of the ambient space R™ is greater than or equal to 3, unless specified otherwise.

It is easily checked that if E is defined as in (4.2) then its measure and perimeter are given,
respectively, by the following formulas

(5-6) |E]=7r" /B(l +u(x))"dx = Zn Sn—l(l +ouz))" dH Y,
P(E)=r""" /Sn—l(l +u(z))" " 1+ m aHm

where D, u stands for the tangential gradient of uw on S*~1.
Similarly, V(E) and R(E) can be also represented as

B I (Lt u@) (0t
V(E>‘// |z—y\n o gz W= // |z1+u —y<1+u<y>>|n*2ddy

14u(x) 1+u(y pn—la.n—l
_ rn+2 dH;L—l/ dHZ_l/ dp/ =) do
sn—1 §n—1 0 0 (|p _ 0.|2 + po-‘x _ y|2) 2
R(E) (1 +u(x))? 1 / 2 -1
= dr = - 1 dH" .
. /B e dr=g [ () an

For any integer k > 0, let us denote by yi i, ¢ = 1,...,G(n, k), the spherical harmonics of order k,
i.e., the restrictions to S"~! of the homogeneous harmonic polynomials of degree k, normalized so
that [|yx,il|2sn—1) = 1, forall k > 0and i € {1,...,G(n, k)}. The functions yy; are eigenfunctions
of the Laplace-Beltrami operator on S"~! and for all k and i

—Agn-1Yk,i = MeYk,i -
where A\, = k(k +n — 2). Moreover if u € L?(S"~!) we have

oo G(n,k)

u= Z Z ak,iYk,i, where ay;:= / u(z)yri(z) dH" .
k=0 i=1 snot
Therefore, for a function v € H*(S"~!) we have that
0o G(n,k) oo G(nk)
(5.7) HU”%z(Sn 1 Z Z ak i ||DTu||%2(Sn,1) = Z Z /\kai,i'
k=0 i=1 k=1 i=1

If s € (—1,1) and u € L*(S"™!), we set

. )‘2 n—1 n—1
2 gn —/S /S - ‘I y‘n 1+25 dH N dHD

Also these seminorms can be represented using the Fourier coefficients of u and suitable sequences
of eigenvalues. In particular, see formulas (7.12) and (7.5) in [31], we have

oo G(n,k)

lu(@) —u@)P 1 e
(58) —1§n-1 /S 1/S . |$—y|” 3 d;H 1d7‘ly 1_ Z Z /Lkaik,

k=1 i=1

where the eigenvalues uy are given, for an integer k£ > 0, by the following expressions
ant <r<"22> Dk + ))
EH\ T Ty )

(59) M =
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It is easily checked that the above sequence is bounded and strictly increasing. Moreover, see [31,
Prop. 7.5],

(5.10) pr =2(n+ 2)?23, p2 = %ul.

Finally, we recall the following useful estimate, proved in [31, Appendix CJ,
Ak — A1 - A2 — A1

(5.11) >
Hie — 1 Ho — M1

vk > 2.

Let us now define a function P : [0,00) — R setting for r > 0

— Kn-2
(5.12) P(r) := inf{)\k/\lrn—S — (n)}
k22 e — M1 M — M1

LEMMA 5.1. The function P defined in (5.12) is continuous. Moreover there exists ro > 0
such that

(5.13) P(ro) =0,
P(r) >0 for0<r <rgand P(r) <0 forr > rg.
PROOF. Observe that from (5.10) and (5.9)

2(n—2)V(B) < - < 2(n —2)P(B)

(5.14) 0B) -

Vk > 2.
From this inequality we have that (A\x — A1)/(ux — p1) — o0 as k — oo, hence for any interval
a > 0 there exists k, > 2 such that

Ak — A K(n—-2
P(r) = inf {MT”S —r"+ (n)} for all r € [0, a].
2<k<ka | ik — 1 [k —

This proves that P is continuous. Observe also that from (5.10), (5.11) and the second inequality
in (5.14)
(n+1)P(B) ,_5 Kn
> N T NS N _ N
PO 2 s v STk
hence P > 0 in a right neighborhood of the origin. Note also that P(r) - —oco as r — +o0.
Let us now set for any integer k£ > 2 and any r > 0

A — A K(n—-2
(5.15) Py(r) := Ch T Alyn=3 _pn g Kr-2) )

e — H1 Hik — H1
It is easily checked that Py has exactly one zero ry > 0 and that Py(r) < 0 for r > ri. Therefore,
denoting by 79 > 0 the first zero of P and by kg > 2 an integer such that P(r¢) = Pk, (r9) = 0, we
have that P(r) < Py, (r) < 0 for all r > ry. Hence, the proof follows. O

2.2. Nearly spherical sets. In this section we prove the local minimality of balls B, with
r < ro with respect to small variations in C!.

THEOREM 5.2. Let o € (0,79/2), where rq is defined as in (5.13). There exist two positive con-
stants g9 and cq, depending only on n and o, with the following property. If E is a nearly spherical
set as in (4.2), with |E| = B, and barycenter at the origin, v € (0,70 —0) and ||ul|y1.00(gn-1y < €0,
then

(5.16) I(E) ~ I(B,) > col[ull}agnr)-



2. CASE K >0 45

PrOOF. We are going to prove (5.16) by an argument similar to the one introduced by Fuglede
n [34]. To this end, it is convenient to rephrase the assumption replacing E by the set

E; :{y=r(l+tu(x)): z € B},
with u € Wl’OO(Snil), ||u||W1,oo(Sn71) <1/2,

|E¢| = | By, / rdr =0,
Ey

t € (0,2¢9), where the constant ¢ < 1/2 will be determined at the end of the proof. Thus, our
assertion (5.16) becomes

(5.17) [(B) — I(B,) > cof[ull22sn-1):

for a suitable constant ¢y > 0 depending only on n and ¢. In order to prove this inequality we
estimate the differences between the various quantities appearing in the definition (5.5) of I. We
start by the perimeter term. In this case, see for instance the proof of Theorem 3.1 in [34], we
have, provided ¢ is sufficiently small,

(s18) LE)-PB) (/S Doul dHm ! — (n — 1)/

Sl P [ ) - cw

for some constant C(n) depending only on n. The difference between the two potential terms is
estimated in [31, (5.20)] as follows

V(E)-V(B,) _ t? V(B)

a2z = 5(2(” + 2)@”“”%2 - [UE%) — C(n)t*(Jlull7= + [UE%)'

Let us now estimate the remaining difference.

RE) R 1 [
Sn—l

(5.19)

t2
= t/ wdH 1 + —/ uZ dH
Sn—l 2 Sn—l

Using now the assumption |E¢| = |B,|, from (4.3), after expanding (1 + tu)™ we obtain

—1 n
(5.21) n/ tudH" ! + M/ PudH T 4y <n)t’“/ uFdH™ ! = 0.
Sn—1 2 Sn—1 L—3 k Sn—1

Inserting in (5.20) the expression of the integral of u on S"~! obtained from this identity, and
recalling that |u] < 1/2 and 0 <t < 2g9 < 1, we get

R(Et) - R(Br) > 7TL -2

(1 +tu(z))® —1) dH" ' = % / 2tu + t2u® dH" !
S§n—1

/S B t2u2dH™ ! — C(n)t3||ul| g2

72 - 2
Collecting this inequality, (5.18) and (5.19), we have
(5.22)
t2’l“n_1 5 9 t2’l"n+2 V(B) ) )
HE) = 1(8) = == (1Dl = (0= D) + 5 (24 2) gyl = )

t?r2K(n —2
+ EE =D e, ) (uls + o2 ).

We now write all the norms in the previous inequality in terms of the Fourier coefficients ay ; of
u. To this end, observe that from (5.21), using the fact that |u] < 1/2 and 0 < ¢ < 1, we have in
particular that

(5.23) |ao| < C(n)t]|ullZ..
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From the condition that the barycenter of E; is at the origin we have

/ 2(1 + u(z))" dH" ! = 0
§n—1

Therefore, arguing as in the proof of (5.21), we get

(5.24) sup |ay ;| < C(n)t|ul3.

i=1,...,n
Finally, recalling that the eigenvalues py are all bounded, from (5.8) we get that
[u] -1 < C(n)]ullL2.

Using this inequality, recalling (5.7), (5.8) and that Ay =n —1 and p; = 2(n+2)V(B)/P(B), see
(5.10), from the estimate (5.22) we get

2 o0 G k ’I’L)
1(B) - 1(B) > “- Z Z (A =202+ (1 — )™ + K(n = 2)) af ; — C(n)t%||ul|7
k=2 1i=1
~ G(k,n)
t2r? Ak — A1 K(n—2)
> - T e o T ad  — C(n)Eul|3s.
-2 kz=:2 ;(Mk 'ul)(ﬂk*#l Mk*ﬁh) k, ()7l HLZ
From this estimate, using (5.23), (5.24) and recalling Lemma 5.1, we readily obtain
(n—=2)V(B)t*r? / (n+1)P(B) ,_4 3
I(E) — I(B) > ( n=3 _ ) — C(n)t
( t) ( )— P(B) 2(n—2)V(B)T kz2 ; a‘k7. ||UH2
> c(n,0)t?y aj; — C()t||ull2 = c(n, 0)t*|[ulz2 — C(n, )t |[ulZ2s,
k=2 i=1

for some suitable constants c¢(n, o), C(n, o) depending only on n and o.
From the inequality above, taking ¢, hence ¢, sufficiently small we get (5.17). This proves the
theorem. g

Observe that there exists a constant C(n) depending only on n such that if E is a nearly
spherical set as in (4.2) then
EAB,|
C(n)

In view of the above inequalities we may rewrite the previous theorem in the following equivalent

< |lullp2@n-1) < C(n)|EAB,|.

way.

THEOREM 5.3. Let o € (0,r0/2), where ro is as in (5.13). There exist two positive constants
€o and c1, depending only on n and o, such that if E is a nearly spherical set satisfying the
assumptions of Theorem 4.2, then

(5.25) I(E) — I(B,) > c¢1|EAB,|.

2.3. Second variation. In this section we will calculate the second variation of the functional
I(E). The resulting formula will be used to show that a ball B, with r > 0 is never a local minimizer
for the functional I with respect to L' variations.

First, we fix some notation. Given a vector field X € C?(R",R"), the associated flow is defined

as the solution of the Cauchy problem

(5.26) %‘I’(Jf,t) = X(®(x,t))

O(x,0) =x
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In the following we shall always write ®; to denote the map ®(-,¢). Note that for any given X
there exists & > 0 such that for ¢t € [—6,d], the map P, is a diffeomorphism coinciding with the
identity map outside a compact set.

If E C R™ is measurable, we set E; := ®;(F). Denoting by J®; the n-dimensional jacobian
of D®,, the first and second derivatives J®; are given by, see [51],

0 ) 0? . .
(527) ajq)thzo = leX, ﬁj(pt't:() = le((leX)X)

From this formulas we have in particular that if E is a sufficiently smooth open set then

d n—1 d2 : n—1
Ge= [ X, dtg|Et/6Et<X-uEt>dedH .
If the flow is volume preserving, i.e., |Ey| = |E| for all ¢ € [—4, 4], then in particular we have that
for all ¢t € [—4, 0]
(5.28) X g, dH" =0, / (X - vg,)divX dH" ' = 0.
OE, OF;

Finally, given a sufficiently smooth bounded open E and a vector field X we recall that the first
variation of the perimeter of E at X is defined by setting

d
O0P(E)[X]:= @P(@(Emt:o’
where ®; is the flow associated with X. The second variation of the perimeter of E at X is defined
by
2

P P(E)X] = 0o P(@,(E)

The first and second variations of the functionals R, V and I are defined accordingly.

|t:0'

If E is a C? open set we denote by Hp, its scalar mean curvature of OF, i.e., the sum of the
principal curvatures of JE. We denote by Bg the second fundamental form of OF and recall that
the square | Bg|? of its euclidean norm is equal to the sum of the squares of the principal curvatures
of OF.

As we shall see below, the second variation of V' involves some nonlocal variants of Hg and
|Bg|?. To this end, if E is a bounded open set of class C?, we set for every x € OF

N 1

The quantity H} plays the role of Hp, while the analogue of |Bg|? is defined by setting for x € OF

(5.29) C3() = /8 i ve@) = veW jyn-rt

|z —y[n=?

We start by calculating the first and second variation of R.

LEMMA 5.4. Let E C R™ be a bounded open set of class C2. Assume that X € C2(R™;R").
Then

o X Vg n—1
(5.30) SR(E)[X] = /8E s
Moreover, if 0 € OF,
9 B (X -vg)divX o (X -vp)(X - 2) ne1
(5.31) J°R(E)[X] = /8E <|33|"—2 (n—2) FE ) dH
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PROOF. Given X € C?(R";R"), let ®; be the associated flow defined as in (5.26). Let § > 0
be such that the map ®, is a diffeomorphism for all ¢ € [—4,d]. As above, we set E, = ®4(E) and
denote by 0; and 0y the first and second partial derivatives with respect to t, respectively.

In order to prove the formulas (5.30) and (5.31) we regularize R by setting for £ > 0

/lxl” 21

Since ®y45(x) = @5(P4(x)), changing variable, we have
d d d JD,
%Rs(Et) = %RE(Et‘FS)‘s:O = % <Lt W dl’) |s=0

0, J D, B, 4D, - 0, D,
= —  dx — —2 . d .
(/E B,z e )/Et Gor2rar 7% )l

Therefore, recalling the first identity in (5.27), we have
d divX (X - 2)|z"4 / X vg .
dpmy=[ (X g el [ X e g
780 = [, (Gieres 09 4= [, v

From this formula it follows that the functions R.(t) converge uniformly in [—§, ], together with
their first derivatives, as € — 0. Thus, (5.30) follows immediately letting ¢ — 0.
Let us differentiate R(F;) once again. Arguing as before we have

d? d? Dy J B, 1D, - 0, P,
_— = — = —_— — — (I)
dt2 R(Et) ds2? Rs(EtJrs)‘S:o </Et |q>s|n—2 Fe 2(” 2) (|(I)s|n ) 8 J d$>|5_0
0? 1
(5.32) + (/};jf @ (W>J¢’s da:) |s:0 = J1(t) + Jg(t).

Recalling the identities (5.27), we have

i i n—4 . .
E, B,

CREE (o2 5 o)
XdivX n=4(X . ivX
(5.33) :/ div(dl;’) dx — (n — 2)/ 2" (X - 2)div
E, "2 + e B (2" +e)
. . n74 . .
:/ (X -vg,)divX A — (- 2)/ ||~ (X x)leX,
oB, |x[*7?+e B (lz["2+e)?

where the last equality follows from the divergence theorem. Differentiating twice 1/(|®;|" 2 +¢)
with respect to ¢, we have, using again the divergence theorem,

B _ [ B DY)+ 1= Dl o),
2" Jn (a2 + o2
20-2) || ey

n—4X X . n—473; X(X -
:_/ div(m X x)>dat+/ 2" “divX(X ) o,
E, (|z[*=2 +€)? g, ([z]"2 +¢)?
lz|" (X - vE, ) (X - x) 3 / |z|"~4divX (X - )
=- : dH" " + dx
[;Et (lz[*=2 +¢)? g, (2" +¢)?

Then, from this last equality, (5.32) and (5.33), we have

d? (X -vg,)divX 1 / |z 4(X - vg)(X - ) 1
—R(E e dH" - (n—2 dH" ™.
= |, T "7 o, el ey
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As before the validity of (5.31) follows by observing that since 0 ¢ OF also the second derivatives
of R.(E;) converge uniformly in a neighborhood of the origin as € — 0. g

Let us now recall the first and second variation formulas for P and V. To this end, we shall
denote by div, the tangential divergence and by X, the tangential component of the vector field
X. For a proof of the next lemma we refer to [31, Sect. 6].

LEMMA 5.5. Let E C R™ be a bounded open set of class C* and X € C2(R";R"). Then

(5.34) SP(E)[X]= | Hp(X - -vg)dH" !,
OFE
§?P(E)[X] :/ (ID+(X - vE)]> = |Be[*(X -vg)?®) dH™
OFE
+ HE(dle(X . VE) — leT((X . VE)XT).
oE
Moreover,
(5.35)  SV(E)[X]= | H}p(X -vg)dH" !,
OFE
. — . 2
FV(E)X] =~ / / X vp(e) = X v gan-t gy
oE JoE |z —y|™
+ | CL(X -vp)?dH" '+ | Hp(divX(X -vg) —div, (X -vg)X,))dH" L.
oFE oE

DEFINITION 5.6. We say that a set of locally finite perimeter £ C R™ is a constrained, strict
L'-local minimizer for the functional I if there exists § > 0 such that whenever F is a set of locally
finite perimeter such that |F| = |E| and 0 < |[FAF| <6, then

I(F) > I(E).

Using (5.30), (5.34) and (5.35), it is easily checked that if E is a C?, bounded constrained
local minimizer for I, there exists A € R such that

K
(5.36) Hp+Hp— ——=2A on JF.

‘xln—Q
Conversely, any C? bounded open set satisfying (4.20) will be called a constrained critical set for
the functional I. Note that any ball B, centered at the origin trivially satisfies (4.20), hence it
is a constrained critical set for I. Moreover, if 0 € OF and the flow associated with X is volume
preserving, then, setting ¢ := X - vp_, we have, recalling (5.28),

8% 1(B,)[X] := &*1(B,)[¢] = / (|DT¢|2 — ”7; 1¢>2) dH™ 1 + w - PPdH™ !

lp(x) — ¢(y)|2 n—1 2 2 19 /m—1

37 - Lo d C d :
(5:37) /a& [;Br |z — y[n—2 " res 3B, i

Given a function ¢ € H'(9B,) with |, 0B, ¢ = 0, it is always possible to construct a sequence of
vector fields X; € C°(R™;R"), such that div X; = 0 in a ball B with R > r and such that
X;-vg — ¢ in H(0B,), see for instance [1, Cor. 3.4]. Since the flows associated with the vector
fields X; are all volume preserving, from this approximation result and (5.37) it follows immediately
that if the ball B, is a constrained local minimizer of I, then for any function ¢ € H'(9B,) with

faBT ¢=0
(5.38) OI(B,)[¢] > 0.
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Next result shows that for r sufficiently large the ball B, is a never a constrained local minimizer
for I.

THEOREM 5.7. Let rq > 0 be as in (5.13). If r > ro the ball B, is not a constrained local
minimizer of I.

ProOOF. Fix r > rg. From lemma 5.1 it follows that there exists k > 2 such that

A — A K(n—-2
(5.39) MM s ey K Z2)

M — H1 Be — 1
For every z € OB, set ¢(x) = yr(x/r), where y; is the restriction to S"~! of a homoge-
neous harmonic polynomial of degree k, normalized so that ||yl r2@sn-1) = 1. Recalling that
| Drykll 2 (sn-1) = Ak, from (5.38) we have

2 _ _ n—3 |¢ ( >|2 n— 1 n
(5.40)  OPI(B6) = n — A" + K(n 102) = SW)L 1y, c3.
o, Jop, | =yl
On the other hand from (5.8) we have
_ 2
N T
o, Jon, |z —yl sn-1

From the definition (5.29), using again (5.8) and recalling that the first order normalized spherical
harmonic are the functions x;/,/w,, we have

1 -y
02 _ / / dH"™ 1 dH"™ 1_ - / / d n— 1d n—1
B nwn Jono1 Jgn—s |x—y\” 3 M dHy Z sn—1Jgn—1 |$—y|n 7 e Ay

2
—m § </ cm”—l) ~ 1.
§n—1 n

Therefore, from the equality above, (5.40), (5.41) and (5.39) we get that
PI(B,)[¢] = (A — A)r" % + K(n —2) — (g — pa)r™ < 0.

Hence, the result follows. O

2.4. L'-local minimality. In this section we show the main result of the paper, i.e., the strict
L'-local minimality of balls centered at the origin with radius smaller than the radius 7 defined in
(5.13). This result will be proved using Theorem 5.2, following a strategy first introduced in this
framework in [23] and later on improved in [1]. Our result goes as follows.

THEOREM 5.8. Let n > 3, o € (0,79/2), where ¢ is defined as in (5.13). There exist §,,
depending only on n, K, o, such that if E C R™ is a measurable set such that |EAB,| < § and
|E| = |B,|, then

I(E) > I(B,) +~|EAB,|*.

We start with a simple lemma on the potential energy V.
LEMMA 5.9. Let F, E C R™be measurable sets and |F| < co. Then

(5.42) V(F) = V(E) < —|F|*|F\ E|.

PROOF. Denote by r the radius of a ball with the same measure of F'. Note that for every
measurable set G with |G| = |B,|

1 1
[ =
o a2 = fp, a2
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Thus we have

1 1
V(F)—V(E)SQ/ dx/ﬁdy:2/ da:/ —_dz
mne Jrlz—yl" e Jo—r 2"

1
< 2|F\E|/B ——— dz = |F \ E|nw,r®.

x|"

Hence, (5.42) follows. O

Let us now state another simple lemma which we be useful to treat the perimeter term and
the attraction term in the energy. In all the remaining part of this section we shall always assume
n > 3.

LEMMA 5.10. Let o € (0,79/2), where 1o is defined as in (5.13). There exists Ao, depending
onn,K,o, such that if A > Ao and r € [o,79], the ball B, is the unique minimizer of the functional

P(E) — KR(E) + A||E| — | B, ||
among all sets of finite measure.

PrROOF. Recall that for every set F of finite measure, we have
P(B,,) - KR(B,,) < P(E) - KR(E),
where B, is the ball with the same volume of E. Therefore, to prove the lemma it is enough to
show that if A is sufficiently large, then the function
Kng?
2

has a unique minimum in [0,00) at o = r. Indeed if 0 < p < r

+A’Q" —7“"|

(o) =n(n—1)0"2 - Knp— Ano" ! <0,
provided A > (n —1)/rg. Similarly, if o > r
f'(0) =n(n —1)0""? — Kno+ Ang" ™' >0,

provided A > K/o™ 2. Then the conclusion follows from the two previous estimates choosing
A > max{(n —1)/ro, K/o"2}. O

LEMMA 5.11. There exists Cy > 0, depending only on n, such that, if n € (0,1) and E C R"
is a measurable set such that |E \ B,| < n for some r > 0, then we can find r < rg <r+ Cinw
such that

_|E\B

r

0177%

PROOF. For any ¢ > 0 we set u(p) := |E\ B,|. By the area formula u/(0) = —H""' (0B, N E)
for L'-a.e. o > 0. We set

(5.43) P(ENB,,) < P(E)

(5.44) cp o 2l
(nwy)

3=

If u(r + Cynw) = 0 then (5.43) trivially holds with rg = 7 4+ Cyyw.
If w(r + C’lr]%) > 0 we argue by contradiction assuming that for every r < o <r + 0177%

u(o)

“2/(0) — P(E\ B,) = P(EN By) — P(E) > &)
Cin»
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Using the isoperimetric inequality we have that for all p € (r, r+ C’lqﬁ)

u 1 1 n—1 u
(g)l = 7(nwn)n U(Q)  _ (g)l )
20177" 2 201']777,

Since u(p) < |E \ By| <, recalling the definition (5.44) of C;, we get

n—1
E\BQ| T

1 1
(@) > 5 (nw,)

n—1

—u'(0) > C%u(g) "

Integrating this inequality in (7“, r+ Cm%) we obtain

for allrﬁgﬁr—}-C’m%.

u(r)% —u(r+ Cln%)% > 77%,
which contradicts the assumption 7 > |E \ B,|. Hence the result follows. O

The following lemma will be used in the proof of Theorem 5.8.

2—n
LEMMA 5.12. Let o € (0,719/2), where ro is defined as in (5.13), and let Ay > 2nw,™ 73,
Aoy > Ay, with Ay as in Lemma 5.10. There exists g > 0 such that if 0 < e < ey andr € [o,r9—0],
then the minimum problem
min {I(E) + A1||EAB,| — e| + A||E| — |B,|| : |E| < o0}

as at least a solution F C Bg, with R = rq+ C1, where Cy is the constant in Lemma 5.11.
PRrROOF. Given a set of finite perimeter and finite measure E, we define for ¢ > 0
J.(E) i= I(E) + Ay|[EAB,| — <] + Al [E| - |B,]].
Let Ej, be a minimizing sequence for J. such that
Je(Ep) <inf J. 4+ %

From this inequality, recalling Lemmas 5.9 and 5.10, we have,
1 1
Je(Bn) < I(By) + Mg+ 5 < T(Ep) + V(Br) = V(En) + M + Aol [Ep| = |By|| + 7

1
< I(Ep) 4+ nwnr?| By \ Ep| + Are + Ao||Ex| — |By || + 7

2—n
Therefore, from this inequality, recalling that Ay > 2nw,™ 73, we have

A 1
A ||ExAB,| —¢| < 71|B,. \ Bl + Aie + 5,
hence

9
E,AB,| <det+ 2.
|ERABy| < de+

Assume now that ¢ < g9 < 1/5, with €y to be chosen. Set n := 5g9. For h so large that
4e +2/(hA1) <m, denote by rp, :=rg, € [r,r+ Clr]%} the radius provided by Lemma 5.11. Thus,
recalling (5.43), we estimate for h large

En\ B,

(B0 8,) < (P~ Enl) v - KR+ KR B + MBAE -
e

+ M|[(En N By, ) AB,| — |[ERAB, || + Ao||[En| — |By|| + A2|Ep \ B, |

1

K
< LB+ (g A+ Ao -

VB By, | < Je(En),
h 1n

1
n

provided we choose 7, hence ¢, sufficiently small. Thus also Ej, N B,, is a minimizing sequence for
Je. Since for h large the sets Ej, N By, C Bg are equibounded and have equibounded perimeters,
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a standard argument shows that up to a not relabelled subsequence they converge in measure to a
set £ C Br who is an absolute minimizer for J,. O

In order to make the presentation clearer we split the proof of Theorem 5.8 in several lemmas.
We will argue by contradiction.

Let ro be defined as in (5.13). Given o € (0,79/2), we assume that there exists a sequence Ej,
of sets such that |Ey| = |B,, |, with 7, € [0,79 — 0] and

(5.45) lim |Ep AB,| =0, I(Ep) < I(B,,) + Co|ELAB,, |* forall heN,

for some Cy > 0 to be fixed later.

The idea of the proof is to replace the sets Ej with a sequence of sets still satisfying (5.45),
possibly with a larger constant, and converging in C! to a ball B, with 0 < < rg. This convergence
will then contradict the quantitative estimate (5.25), provided Cj is sufficiently small.

To this end we consider the functionals

(5.46) Je (B) i= I(E) + M||EAB;, | — en| + Ao |[E| — | By, ],

where ep, := |ERAB,, |, and Ay, Ag satisfy the assumptions of Lemma 5.12. Thanks to this lemma
we may conclude that for h sufficiently large the functional J., has an absolute minimizer F},
contained in Bg, where R is the radius provided by the lemma.

Next lemma shows that the above minimizers Fj, converge in measure to a ball.

LEMMA 5.13. Let the sets Fy, be defined as above. Then, up to a subsequence, they converge
in measure to a ball B, with r € [o,19 — o).

PROOF. Recall that for h large the sets F}, are equibounded. Moreover, still assuming h
sufficiently large,

JEh, (Fh) < JEh (B""h) - I(B?”h) + Aiep < C,

for some C > 0 independent of h. Thus, the F} have equibounded perimeters. Therefore, up to a
not relabeled subsequence, we may assume that they converge in measure to a set F,, C Br and
that r, — r € [0,79 — 0. It is easily checked that F, is a minimizer of the functional

J(E) = I(E) + M|EAB, | + Ao||E| — B, ||.
Let us now show that F,, = B,.. To this end we estimate, using Lemmas 5.10 and 5.9 ,
J(Fs) = P(Fs) + V(Fx) — KR(Fso) + A |[Fx AB, | + As||Foo| — | By |
> P(B,) + V(Fx) - KR(B,) + Ai| FAB,|
=J(B,)+V(Fx) = V(Br) + M| Foo ABy|
> J(By) = nwnrg| By \ Foo| + A1|Foc AB, .

Then the conclusion follows by recalling that Ay > 2nw,rg. O

The next lemma provides a density estimate for Fj. We give only a sketch of the proof since
it follows quite closely a standard argument in the regularity theory of sets of finite perimeter.

LEMMA 5.14. There exist oo > 0 and Y9 > 0 such that if F, C Br is a minimizer of J., and
0 < 0 < g then for all y € 0*Fy,

[Fn N By (y)]

(5:47) Bo(y)]

<1— .
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PRrROOF. From the minimality of F}, we have that J., (F}) < Je, (Fn U By(y)) for all o € (0,1).
From this inequality we get that for Ll-a.e. o € (0,1)
P(Fp; Bo(y)) < H"7H0B,(y) \ Fn) + V(B,(y) U Fy) — V(Fy) + KR(Fy) — KR(By(y) U Fy)
+ Mi[[(Bo(y) U Fi)AB, | = [FRABy, || 4 Aa||By(y) U Fu| — [Fhl|
< H'HOB,(y) \ Fn) + C|Bo(y) \ Ful,

where the constant C' depends only on n,rg, A; and As. Starting from this estimate, the conclusion
then follows arguing exactly as in [51, Th. 16.14]. O

LEMMA 5.15. Let o € (0,79/2), A1, A2 and e, be as above and let F, C Bgr be a minimizer
of the functional Je, defined in (5.46). There exist A,7 > 0 and a not relabelled subsequence Fy,
such that every Fy, is a (A,T)-almost minimizer of the perimeter.

PROOF. Observe that by Lemma 5.13 it follows that, passing possibly to a subsequence, we may
assume that Fj, converges in measure to a ball B, with r € 0,79 — o]. We set g := min{c/2, 00},
where gg is the radius provided by Lemma 5.14. We claim that there exists hg such that

(5.48) | Bz \ Fr|=0 for all h > hy.

Indeed, if the above claim were not true we could find a subsequence Fj, such that |Bz\ Fj, | > 0
for all k. Since F}, converges in measure to B, and r > 2g, we may also assume that | Bz N Fj, | > 0
for all k. Therefore, by the relative isoperimetric inequality we get that P(Fp, ; B;) > 0. Hence, for
all k there exists y, € 0" Fy, N B;. Passing possibly to another to a subsequence, we may assume
that y, — y € B;. By applying the estimate (5.47) we the get

| Bo(y)| = lim [Eh, 0 By(yk)| < (1 — o) lim|By(yx)| = (1 —00)| Bg(y)l-
This contradiction proves (5.48).

Let us now set 7 = p/3. Let E C R™ be such that EAFj, C B,(y), with o <7 and h > hg. If
ly| < 27/3, then, since B,(y) N F}, = B,(y) by (5.48), we have P(F}; B,(y) = 0, hence, trivially

P(Fn; By(y)) < P(E; By (y))-
If instead |y| > 27/3, we are going to show that
P(Fu; Bo(y)) < P(E; B,(y)) + A|[EAF,],
for some A > 0 that will be chosen below. From the minimality of Fj, we get, recalling (5.42),
P(Fp; Bo(y)) < P(E; By(y)) + V(E) = V(F) — KR(E) + KR(F)
+ M[|FRAB, | — |[ERAB;| + Ao||Frl| — [ E]]

n—2 : 1
< P(E;B,(y)) + nwn" |E|*|E\ Fy| + K ——da + (A1 + Ao)| L AE.
F,AE ||
Since |E| < |Fy| + |By| < C(n,r9) and F,AE C R™ \ By/3 from the above estimate we easily get
that
P(Fy; By(y)) < P(E; By(y)) + C(n,ro, A1, A2) | FyAE| + C(n)7* " K |F, AE|,

for some positive constants C'(n) and C(n,rg, A1, A2). From this inequality the conclusion imme-
diately follows by taking A sufficiently large. 0

We are ready now to prove Theorem 5.8.
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PROOF OF THEOREM 5.8. Step 1. Given o € (0,7¢/2), we argue by contradiction, assuming
that there exists a sequence of sets of finite perimeter E}, satisfying (5.45). Then, we take A; >

an:iTn rg and Ay > max{2Ag,4A;} and consider a sequence F}, of minimizers of the functionals
(5.46), where e, = |ERAB;,|. Thanks to Lemma 5.12 and Lemma 5.13 we may assume, passing
possibly to a subsequence, that F}, C Bp for all h and that they converge in measure to the ball B,
for some r € [0,79 —o]. Then by Lemma 5.15 we may also assume that the F}, are all (A,7)-almost
minimizers of the perimeter for some A,7 > 0. Therefore, Theorem 4.9 yields that the sequence F},
converges in C1* to B,.. In particular, denoting by 7, the radius of the ball such that |F},| = | B, |,
we may assume that 7, € [0/2,r9 — 0/2] for all h and that there exists a sequence v, € C*(S"™1)
converging in C! to 0 such that for all h

(5.49) Fr ={y=rpz(1+¢p(x)) : € B}.

By the minimality of the F}, recalling Lemma 5.10 and Lemma 5.9 we have

(5.50) I(Fy) + M||FRAB,, | — en| + As||Fy| — | By, || < I(Ey) < I(By,) + Co| ELAB,|?
< I(Fp) + V(By,) = V(Fn) + Aol | Fu| — | By, || + Coejy

< I(Fp) + nwarg| By, \ Fn| + Aol Fr| — By, || + Cocj,

A A
< T(Fn) + = | Br, AF| + 2| Ful = |Br, || + Coef,

where the last inequality follows from the choice of A; and As. From the above inequality we then
get easily that

A 3 C
ent on 1Fu] = |Brull < 51By, AR + 126}

=79 rlgh.
Note that in particular we have that for h large ), < 2|B,, AF}|. Therefore, passing possible to

another subsequence if needed, we may assume without loss of generality that for all h

A2
2 Fy —|B, || < 2|B
Eh 241” " | h |

AR < 2|FABs | + 2B,

_|B

Th
— 2 |FuABy, | +2]|Fal — |Br I
Recalling that we have chosen Ay > 4A;, from the above inequality we have that for all A
(5.51) en < 2|F,ABy, |.
Thus, using the second inequality in (5.50) we have that for all h
I(Fp) + M ||[FaABy, | — en| + Ao||Fu| — | By, || < I(By,) + Cocj,
< I(Bg,) + C(n,0)|F, — ra| + Coch,,

for a positive constant C'(n, o) independent of h. Note however that there exists another constant
¢(n, o) still depending only on n and o, such that

c(n,o)[rh = rn| < |[Fu| = [Br,|l.
Therefore, choosing Ay > C(n,0)/c(n, o), and Ay accordingly, we have, recalling (5.51),
(5.52) I(Fy,) < I(By,) +4Co|F,ABx, |2

Let us now denote by zj, the barycenter of F}, and observe that

/ rdr
Fy

1
< |z| dz — 0 as h — oo.

jzn| = < BT
|BFh‘ FhAB'Fh

1
|B7h
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We set G, := Fj, — xj. Since zj, is converging to 0, from (5.49) we deduce that there exists a
sequence @5 € CH(S"~1) converging in C! to 0 such that for all h
(5.53) Gy = {y = ?hl‘(l + (,Oh(ﬂj)) LT E B}.

Step 2. We now estimate R(F}) — R(Gp). To this end we use Lemma 5.4 (note that 0 € 9G}),
observing that Fj, = ®1(G},), where the flow is given by ®;(x) := = + tz;,. Thus, recalling (5.30)
and (5.31) we have

(5.54)

Zp - VGh 1
R(Fy) — R(G :/ dH" ™ —
)= RO = fog, a2 2

dH" ! —|—0(|nch|2)7

n—2 / (@n - vey,, )(@n - )
0Gn1, ||

where Gp ¢, = Gp + tpap for some t;, € (0,1). Observe now that

‘ / (l’h : VGh,th)<.’I}h ) .’Ii) d/}_[n—l _ / (Ih ) VGh)(xh ) .’I}) dr}_[n—l
8Gh.th BG}L

[ [

xp - (x+they)  Th - .
. — dH"
[ v (P )

S O|l‘h|3.

Therefore, from (5.54) we have

. —9 . .
(5.55) R(Fy) — R(Gp) = / Th YO gyt L / (n ”Gh)n(“h ) 17 4 ol ?).
oG, 17 2 Jag, 2|

Recalling (5.53), we have that at the point y = 7,2(1 + ¢ (z)) with z € S~
2(1 + ¢n(z)) — Dron(x)

VI + en(@)? + [Dron(@)?
Thus, denoting by div, the tangential divergence on the sphere and using the divergence theorem,

vay, (Z) -

we get

Th UV ~ n—
/ T dHT = ”L/ zp - ((1+ n(x)) — Degpn () dH"
8GH, |z] sn—1

= ?h/ (fEh . I)gﬁh dan71 - ?h/ diV.,-(JEh(ph) d,Hn71
Snfl Sn—l

=—(n— 2)?h/ (xh - T)pn dH™ 1.
S§n—1

Since Gy, has barycenter at the origin, arguing as in the proof of (5.24) we have that for h large

(5.56) ’ / Th 'n”f;h dH" ! T, - / zo(x) dH" !
oc, |7l osn—1
Let us now estimate the second integral on the right hand side of (5.55). To this end we estimate

(zh-ve,)(@n-x) 1 (mh (z(1+¢n) — DT‘Ph))(xh T)
/BG,,, o M= / 1+ on() o

= (n—2)7y < C(n)|$hH|<Ph||iz(Sn71)~

> /S B (zn - (@(1+ @n) = Drign)) (- &) AH* = C )|z * @l gn 1y

> / o z|*dH" ™t = C(n)|znl?llonllai@n-1) = walzal® = Cn)|znl? ol a1 @n-1)-
S§n—

From this estimate and from (5.56) we finally obtain, recalling (5.55), that for h large

n—2
R(Fy) — R(Gh) < C(n)|$h|||<PhH%2(s”fl) T T wnlzn|? + O(n)mh‘QH@hHHl(S”*l)
n—2
< Omlanllenla @1y = =5 —walanl*
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Therefore, for h large, we have
K(n—2)

I(Gh) :](Fh)+KR(Fh) —KR(Gh) < I(Fh)+C(?’L)K|l‘h|||<,OhH%2(Sn71) - 3 wn|$h\2.
Therefore, using (5.52), from the above inequality we have for h large, recalling that z;, — 0,
K(n—-2
1) < 1(B5,) +4Co| BBy, + Ol K anllonfaggn 1) — e D
2 2 2 K(n—-2) 2
< I(Br,) + 8Co(|GrABR, | + |GhAFL|") + C(n)Klzalllonlza@n—1) — =5 wnlzal
K(n-2

< I(Br,) + 9Co|GrABy, |2 + 8Co|GhAF, |2 — %wnw

< I(Br,) +9Co|GhABg, %,
where the last inequality follows by observing that

K(n-2 K(n-2
8Co|GLAF,|* — %wﬂxhﬁ < C(n)8Cqlzp|* — Mwﬂxhﬁ <0,

provided Cj is sufficiently small. In conclusion we have shown that for h large
I(Gn) < I(Bg,) + 9Co|Gh ABy, |*
and this inequality contradicts (5.25) if we assume also Cy < ¢1/9. O

2.5. Global minimality. In this last section we prove the existence of a critical radius 1 < rq
such that if » < r1, the ball centered at the origin with radius r is the unique global minimizer of
I among all sets of prescribed measure. We start with a simple lemma.

LEMMA 5.16. Let n > 3. There ezists a constant C(n) > 0 such that if E C R™ is a Borel set
with |E| = |B,| then

PROOF. Since both quantities in (5.57) are scaling invariant we may assume r = 1. Thus, let
E be a Borel set with |E| = |B| with |[EAB| > 0 and let us decompose it as E = (ENB)U(E\ B).
Let 0 < o <1 < r such that |B,| =|B\ E|, |B, \ B| = |E \ B| and set

E*:= B,U (B, \ B).

(5.57) |EABT|)2 .

r rm

Clearly, we have that

|EAB| = |E*AB|, R(E™) > R(E).
At this point we can easily evaluate the left handside of (5.57)
nwy

— (2= (* +1%).

R(B) - R(E) > R(B) - R(E") = "¢

Since r"™ = 2 — p", from the inequality above we have

nwy, 2
R(B) ~ R(E) > —"(2— ¢ — (2 - ¢")%) := /(o).
The conclusion then follows by observing that
flo)
lim d_oF c(n) > 0.

Before stating the main result of this section, let us define

(5.58) e (in) "
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THEOREM 5.17. Let n > 3. If r < r1, where r1 is defined as in (5.58), the ball centered at the
origin is the only gobal minimizer of I among all sets E C R™ with prescribed volume |E| = |B,|.
Moreover,

I(E) - I(Br) > C‘EABT‘Q,
for some positive constant ¢ depending only on n and r.

PROOF. We start by observing that

(5.59) V(B,) —V(E)= / /B ﬁdwdy - /E /E dedy
xs, (z) (x5, (y) — xs(y Xz, (¥) — xe(y)(xs, (z) — x&(z))
= 2/n /n |x—y|" 5 dmdy /n /n |a:—y|"—2 dxdy.
Set for all z € R™
(5.60) u(z) == / ) (XBlrafy_) ;‘ f_‘z(y)).
Then

—Au = cn(xB, — XE)
for some constant ¢(n ) > 0. Therefore, integrating by parts,

(5.61) /n /n X8, ( (y))(XB_T (z) - XE(fE))dxdy - /n u(y)Au(y)dy = e /Rn |\ Dul? dz.

o=yl

Combining (5.59), (5.61) and the fact that u is superharmonic in B,, we get

V(B,) — V(E) <2 / u(y)dy < 2|B,[u(0) = 2B,| (R(B,) — R(E))

r

Thus using the isoperimetric inequality, the above lemma and that r < r; we can conclude that
I(E) — I(B,) > P(E) - P(B,) + (K —2|B,|) (R(B,) — R(E)) = c(n,r)(K — 2|B,|)| EAB, .
O

From definitions (5.13) and (5.58) it is clear that both 7y and 71 tend to co as K — oo.
However the ratio ro/r; stays bounded.

LEMMA 5.18. Letn > 3. Then

i o _ ( nw? )%
im sup —
K—>+olo) ry — \V(B)

PROOF. Let P, be defined as in (5.15) and denote by ro > 7y the unique zero of P». From the
second equation in (5.10), we have that

K 2
Py(r) = a(n)r™ ™% —r" 4 M,
H1
where, using the first equation in (5.10), a, = (n + 1)P(B)/[2(n — 2)V(B)]. Recalling the first
equation in (5.10), (5.14) and the definition (5.58) of 71 we have at once that
2 1

K(n+2) nw; \ w
— =i, where v, = ( - ) > 1.
ﬂl v, 1 it V(B)
Fix now ¢ > 0. Then
n,.n a’”(l + 6)77,73 n
Py(yn (1 4 €)r1) = ] — 3 - 1+e)"+1) <0,
1

provided 71, hence K, is large enough. Therefore we may conclude that for K sufficiently large

ro <12 < (1l +e)r1.
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Hence, the result follows. O

3. Non existence of minimizers

In this section we prove the non existence of minimizers in dimension three. Here we briefly
explain the reason why we expect that. If one considers each term of (5.1) separately, it is well
known that the ball is an extremal for all of them: precisely it minimizes the perimeter and
maximizes both V(FE) and R(F) under volume constraint. Indeed it is the competition among
these three terms that makes the problem mathematically challenging. Therefore, while it can be
proved that for m < K the ball is the unique minimizer of (5.1), (see [50], [46] and [44], [42]
and [49] for related results), it is natural to expect that minimizers do not occur when m is large
enough. To see this, assume that |E| = 1, consider the rescaled set AE and observe that

(5.62) Ix(\E) = M?P(E) + \V(E) — KA*R(E).

When ) is large enough, the leading term in (5.62) is V(AE) = AV/(E). Therefore, in order to
minimize the energy (5.62) it would be convenient to lower as much as possible the value of V(E).
However this is not feasible since the functional V' does not admit minimizers. In [50], Lu and
Otto proved the existence of a critical mass m. such that if m > m,. the constrained minimum
problem for I has no minimizer, see also [44]. The advantage of the proof presented here is that
the critical mass is explicitly calculated. The main theorem of this section is the following.

THEOREM 5.19. If m > 8 + 2K the problem
min{Ix(E): E CR® |E|=m}
has no solutions.

Note that the above theorem gives also a lower bound for the critical threshold m.. We define
the quantity
IK[m] = inf IK(E)

|E|l=m
Since the functional is not invariant under translation, we can not expect Ix to be subadditive.
However the following weak form of subadditivity was proved in [50, Lemma 4].

LEMMA 5.20. Let A, B real positive numbers. Then it holds
Ix[A+ B] < Ik[A]+ Zy[B].

PROOF OF THEOREM 5.19. We use a strategy introduced in [33]. For w € S? and [ € R we
set
Hyy={reR:z-w=1}, Hl ={zeR’:z-w>1}, H, =R*\HI.
Then, if Q C R3.
ol ,=anH!

w,l w,l?

Q,,=QnH,,
Given m > 0, let E be a minimizer of Ix under the constraint |E| = m. Using Lemma 5.20 and
the minimizing property of E, we have

(5.63) Ix(E) = Ix[m] < Ix(|Eg ) + TollES, ] < Ix (1B, ) + To(1ES,)-

The above inequality can be rewritten as

(5:64)  P(E)+V(E) - KR(E) < P(E,)) + V(E,)) - KR(E, ) + P(E])) + V(E])-
Given w € S, for a.e. I € R we have P(E ;) = P(E; H,,) +H*(EN Hy,,;) and

B 1
v =vies) v [
w,l w,l

dxdy.
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Therefore, from (5.64) we obtain

/ / |xiy|dzdy <2H*(ENHy,)+ K L.

Ef, ||

Integrating this inequality with respect to ! from 0 to co, we have

e 1 o 1
/ / / ———dxdydl < 2|E} | + K/ / —dzx
o Jej,JES, |z -yl ’ o JET, |z|

In order to estimate the last integral we observe, using the layer cake formula and Fubini’s theorem,
that

T w 1 [ o0 1 o0 1
—dx:/ —/ t dtdx:/ / — Tow dxdtz/ / —dxdl.
[E;O E R R o S, T X (7) o Jur T

Thus, we have

(5.65) / / / rdedydl < 2|E*| + K/ |x “‘dx.
0 ;,l E:,l |
Interchanging the role of £, and E:,l in the (5.64), we have
Ix(B) = Ix[m] < Ix(|ES,|] + Tol| B, | < Ix(1ES,D) + Io(|E, ).

From which, arguing as in the proof of (5.65), we obtain

0 1 0 |z - wl
/ / / —dadydl < 2/ H2*(ENH,)dl + K dz.
—co JE,  JET, |z —yl —o0 E., ||

Summing this inequality with (5.65) we have

50 I

Using Fubini’s theorem,

o0 1 X
/ / / drdydl = / / / Xywsicra W) dldydac = / / +dxdy
- JE;, JET, |z -yl EJEJ- |z =yl |$ - 3/\

Since for a € R?

dxdydl <2|E| + K/ dx.

/ |w - a|ldw = 2/ (w-a)ydw = 27|al,
52 s?

averaging over w € S? and using Fubini once again, we obtain

1 . _ 1 1
TJEJE Js? el 4 s2 |$| 2
and thus (5.66) yields
m? K
A I YRl
1S < + B ) m

From this inequality the result follows. O
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