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Summary 

 

 

We developed two different approaches of inversion of 

potential fields:  

 

-  A method for 1D inversion of potential fields.  

 

-  A method for 2D and 3D self - constrained depth weighted 

inversion of  inhomogeneous potential field s.  

 

Both methods are based on a multiscale approach, that is they 

involve use  of data at different scales or altitudes. These 

particular approaches bring some benefits.  

About the 1D method, the main benefit lies in a greater 

computationally simplicity, compared to 3D algorithms.  

Apart the strong 1D assumption,  we can say that it requires 

less a priori information to constrain the inversion, compared 

to other algorithms.  (see Chapter 3) .  

 

The second method  is both  2D and  3D. It is based on two steps, 

the first being the search in the 3D domain of the homogenous 

degree of the field, and the second being the inversion of the 

data using a power - law weighting function with a 3D variable 

exponent. So, differently from the previous method it does not 

involve directly data at different altitudes, but it is heavily 

condi tioned by a multiscale search of the homogeneity degree.   

The main difference between the present  approach and th e one 

proposed by Li and Oldenburg algorithm (1996) and Cella and Fedi  

(2012) is therefore about the depth weighting function ,  whose 

exponent  i s a constant through the whole space in the original 

Li and Oldenburg and Cella and Fedi  approaches , while it is a 

3D function in the method which we will discuss here.  

 

Magnetic and gravity anomalies due to s imple source s have 

been synthetically generated  to test the proposed approaches; 

then, data caused by  more complex sources have been analyzed. 

Finally, two  real data set ,  from the Vredefort impact site  and 

Mt. Vulture area, have  been examined to  have a further 

confirmation of the effectiveness of the methods.  

 

Both tests on synthetic and real data showed that using source 

information retrieved by a multiscale analysis of the data has  

a great potential to improve the solution .  

 

 

Introduction  

 

 

Even if reflection seismic is still the primary exploration 

method of exploring for reservoir (i.e. oil, ore or gas deposits, 
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or energy and environmental resources in general), potential 

field methods are continuously expanding, thanks to their 

successful contribution in deeper and more challenging 

environments, such as sub - salt structures and deep sea, to their 

smaller cost and to new powerful methods of analysis and 

modelling, which are indeed related to high - quality and high -

resolution data.  

The final goal, is, obviously, to obtai n a good estimate of 

the in - place volume. Moreover, information provided by inverting 

3D sets of potential field data can help to refine the targets 

and so to efficiently define and focus projects early on, in 

order to minimize the risk of investigation be fore the actual 

potential is defined. These methods are used also to investigate 

areas that could be contaminated by pollution and modelling the 

system to prevent future environmental and engineering critical 

situations.  

One of the principal difficulties w ith the inversion of the 

potential field data is the inherent non - uniqueness. In fact, 

by Gauss' theorem we know that there are infinitely many 

equivalent source distributions that can produce a measured 

field ( Blakely, 1996 ). When the number of model parameters M is 

greater than the number of observations N, the problem is called 

underdetermined and a unique solution for the inverse problem 

does not exist . This represents  the most c ommon problem in 

inversion  of potential fields .  To solve an undetermined problem 

and obtain a unique solution we need to add a priori information. 

Prior information takes numerous forms (geological, geophysical 

or mathematical) and a good inversion algorithm is able to 

incorporate this information into  the inversion. One of the most 

important and common prior information is a reference model  that 

might be a uniform half space and for some problems just the 

zero model .  

The origin  of inversion methods  goes back to 1967, when Bott 

(1967) used this approac h to interpret marine magnetic 

anomalies. Since then many different algorithms were proposed, 

each one characterized by a different type of a priori 

information and then to provide different solutions. Green 

(1975) searched for a density model that minimiz es its weighted 

norm to some reference model. Safon at al. (1977) used the method 

of linear programming to compute moments of the density 

distribution. Fisher and Howard (1980) solved a linear least -

squares problem constrained for upper and lower density b ounds. 

Last and Kubik (1983) introduced a 'compact' inversion 

minimizing the body volume. Guillen and Menichetti (1984) 

assumed as a constraint the minimum momentum of inertia. Barbosa 

and Silva (1994) suggested allowing compactness along given 

directions using a priori information. Li and Oldenburg (1996, 

1998) introduced model weighting as a function of depth using a 

subspace algorithm. Pilkington (1997, 2002) used preconditioned 

Conjugate Gradients (CG) method to solve the system of linear 

equations. Por tniaguine and Zhdanov (1999, 2002) introduced 
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regularized CG method and focusing using a reweighted least 

squares algorithm with different focusing functional. Li and 

Oldenburg (2003) use wavelet compression of the kernel with 

logarithmic barrier and conju gate gradient iteration. Pilkington 

(2009) used data space inversion in Fourier domain.  

Other relevant ways to introduce a priori information involve 

"soft constraints", such as positivity constraint for density 

and magnetization, or "hard constraints", s uch as empirical 

laws, constraints for upper and lower density bounds and for a 

density monotonically increasing with depth (Fisher and Howard, 

1980) and external information from well - logs, geological 

studies and other geophysical investigations.  

Obvious ly, the solution is highly dependent on the prior 

information and for this reason, an algorithm that solve  every 

geological context does not cannot exist. So,  it is very 

important to choose the correct algorithm according to the 

geological context of the s tudied area and according to the 

available a priori information.  

However, even if the literature is filled by 2D and 3D 

algorithms for inversion of potential field, there are no 1D 

algorithms equivalent to those applicable to seismic or 

electromagnetic me thods. From a general point of view, this is 

not surprising, because 1D problems involve a forward problem 

referring to set of infinitely extended layers, each one 

homogeneous in the source property. Indeed, in the gravity case, 

such an assumed model would  produce nothing more than a spatially 

constant field and, therefore, could not explain any gravity 

anomalies.  

To our knowledge, only a single work ( Fedi and Rapolla, 1995 ) 

regards the inversion of "vertical gravity soundingsò, that is 

a 1D inversion metho d, using a forward problem consisting of a 

finite volume of layers, each of them with its own density and 

horizontally finite. The authors first formed a gravity vertical 

profile, by upward continuation of the data above an area 

including the sounding and then showed how the inversion of such 

vertical profile could yield a 1D estimation of the density 

through the volume.  

In this work, we generalize the method to the inversion for 

a source distribution which is inhomogeneous either laterally 

or vertically. I n practice, we will solve a set of linear inverse 

problems at many locations on the measurement area, inverting 

for a density model relative to a set of finite and homogeneous 

layers at each location. Assuming a large number of layers, we 

so solve an under determined problem, since the data number is 

less than that of the unknown parameters. Density bounds may be 

applied, in order to constrain the physical property to lie 

within a geologically reasonable interval. Because all the 1D 

inversions are independen t of each other, we may finally produce 

a 2D or 3D model of the physical property joining the results 

obtained for each vertical sounding. The main disadvantage is 

that 2D and 3D model models are not built by direct 
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multidimensional inversion, but by appro ximation from a multi 

set of 1D models.  

Moreover, i n this thesis we have studied a different approach  

for 2D and 3D potential field inversion . It mathematically 

starts  from  th e algorithm  proposed by Li and Oldenburg (2003 )  

but it is  optimiz ed very differen tly: our logic is that the 

weighting used in the inversion is directly deduced from the 

field, in order to obtain a better solution of the physical 

property distribution in the subsurface .  

This information , derived from a multiscale analysis which 

precedes the inversion itself, will be used to setup a particular 

depth weighting function that could physically  account for a 

source property, the homogeneity degree, which is transferred 

to the field by the Pois son equation.  So, t he main difference 

between our depth weighting function and those proposed by Li 

and Oldenburg (2003) resides : a) in being not a feature of the 

block shape but of the source property; b)  in its exponent, that 

in our case is spatially var iable instead of being a constant 

value for the entire model volume.  This last feature reflects 

the fact that a complex source distribution is characterized by 

a variable homogeneity degree and that a constant value could 

yield only average source - model di stributions.  

 

 

1.  Elements of Potential fields theory  

 

 

Gravit ational  and magnetic fields are both potential fields. 

In the mass - free  space, potential fields obey Laplaceôs 

equation, which states that the sum of the  rates of change of 

the field gradient in three orthogonal directions is zero  

( Kearey et al., 2002 ).  

In Cartesian coordinates, Laplaceôs equation is: 

 

‬‰

‬ὼ

‬‰

‬ώ

‬‰

‬ᾀ
 π  (1)  

 

where ᴧ refers to a gravitational or magnetic field and is a 

function of (x, y, z) .  

Any function satisf ying  the Laplaceôs equation, has 

continuous, single - valued derivatives and has second derivatives 

(Blakely, 1996). If a function is harmonic in a region R has i ts 

maxima and minima on boundaries of the region. Gravity and 

magnetic fields, are both potential fields and obey all the 

physical laws mentioned above.  

 

 

1.1.  Gravity field  

 

The gravitational acceleration due to a point of mass m is:  
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▌ὖ ‎
ά

ὶ
► (2)  

 

where ‎ is the Gravitational Constant and r  is a unity vector 

that point from mass m to the observation point P. This 

gravitational attraction is a conservative field so it can be 

expressed as the gradient of a scalar potential U 

 

Ὗὖ ‎
ά

ὶ
   ( 3)  

 

The gradient of U represents the gravity g, and the first -

order directional derivatives of U are the components of gravity 

in the corresponding direction ( Kearey et al., 2002 ) and it is 

defined as:  

 

▌ Ὗɳ
‬Ὗ

‬ὼ
░
‬Ὗ

‬ώ
▒
‬Ὗ

‬ᾀ
▓ ( 4)  

 

where i , j  and k  are the unit vectors in the positive 

direction of x , y  and z  axes respectively. Being a harmonic 

function, at all the points outside of the mass, 2ɳU = 0, but in 

the space occupied by masses:  

 

ᶯὟ τ“‎” ( 5)  

 

where ɟ is the density of the mass distribution at a given 

point. Equation (5)  is the Poissonôs equation describing the 

potential at all points of the mass distribution.  

In geophysical exploration, gravimeters measure only the 

vertical component of the gravity, as given by:  

 

Ὣ
‬Ὗ

‬ᾀ
 ( 6)  

 

Before the results of a gravity survey can be analyzed  and 

interpreted it is necessary to correct for all variation in the 

Earthôs gravitational field which do not result from the 

differences of density in the underlying rocks.  

The observed gravity is the sum of the following components 

( Blakely, 1996 ):  

 

- Theoretical gravity, referred to the reference 

ellipsoid,  

- Free air effect, due to the elevation above the sea 

level,  
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- Bouguer  slab and terrain effects, the normal mass 

above the sea,  

- Tidal and instrumental drift effects, time - dependent 

variations,  

- Eötvös effec t, due to moving platform (airborne and 

shipborne surveys),  

- Isostatic effects, accounting for the effects of 

masses supporting topographic loads,  

- Effect of crust and upper mantle density variations.  

 

Isolating the last quantity is the goal of the gravity 

r eductions.  

The mean value of gravity at the Earthôs surface is about 9.8 

ms- 1. Variations in gravity caused by density variations in the 

subsurface are of the order of 100 ɛm s- 1. The cgs  unit of 

acceleration due to gravity (1 cm s - 1) is the Gal, in honor of 

Galileo, and its sub - unit milliGal is common in gravity survey 

( Kearey et al., 2002 ).  

 

 

1.2.  Magnetic field  

 

 

The magnetic scalar potential V(r)  of a dipole source whose 

magnetic moment is m, can be written as:  

 

ὠὶ ἵϽɳ
ρ

ὶ
 ( 7)  

 

where r  is the distance  modulus .  

The magnetic field may also be defined in terms of a force 

field produced by electric currents. If an electric current I , 

is flowing in a loop of radius r , the magnetic strength at the 

center of the loop is H = I/2r .  

Materials can  be magnetized by acquiring the component of 

magnetization in the presence of an external magnetic field and 

it is called induced magnetization which is in the same (or 

reverse) direction of the external magnetic field as:  

 

Ἑ …ἒ ( 8)  

 

The constant ɢ in the equation (8)  is called the magnetic 

susceptibility.  

Susceptibility is a dimensionless quantity but differs in 

magnitude if expressed in emu or in SI units. Its definition 

involves the magnetic permeability µ:  
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Ἄ ‘ ἒ Ἑ  
‘ ἒ …ἒ  
‘ ρ …ἒ 
‘ἒ 

‘ ‘ ρ … 

( 9)  

 

The relationship between M and H is not necessarily linear 

because the magnetic susceptibility ɢ may vary with the field 

intensity, may be negative, and may be represented more 

accurately in some materials as a tensor ( Blakely, 1996 ). 

Susceptibility is a m easure of how susceptible a material is to 

become magnetized ( Reynolds, 1997 ). There are many kinds of 

magnetizations and their understanding is important to 

understand how the variations of magnetic properties produce the 

magnetic anomalies ( Hinze et al.,  2013 ). These properties can 

be defined as:  

 

Diamagnetism , for example, is an inherent property of all 

matter. In the presence of external magnetic field, the orbital 

path of the electron rotates in a way that induced magnetization 

is small and in the oppo site sense to the applied field. 

Consequently, diamagnetic susceptibility is negative.  

 

Paramagnetism , is a property of those solids that have atomic 

magnetic moments because in this substance, the electron shells 

are incomplete, so the unpaired electrons produce a magnetic 

field. When it is placed in an external magnetic field, the 

atomic moments or unpaired electrons partially align parallel 

to the applied field thereby producing a net magnetization in 

the direction of the applied field. This is still, ho wever a 

relatively weak effect. However, all minerals are diamagnetic, 

and some are paramagnetic or ferromagnetic but, in both cases, 

their magnetizations do not have significant contributors to the 

geomagnetic field.  

 

Though, there is a class of magnetism  that have great 

importance on geomagnetic studies. Certain materials not only 

have atomic moments, but neighbouring  moments interact strongly 

with each other. This interaction is a result of a quantum 

mechanical effect called exchange energy. Suffice is t o say that 

the exchange energy causes a spontaneous magnetization that is 

many times greater than paramagnetic or diamagnetic effects 

( Blakely, 1996 ). These types of materials are called 

ferromagnetic . There are several types of ferromagnetic 

materials, de pending on the alignment of their atomic moments. 

If the atomic moment aligned parallel to one another, results 

ferromagnetism; if the atomic moments are aligned antiparallel 

to one another and total moment is neutralized, results anti -

ferromagnetism; and the last is the ferrimagnetism, in which 

atomic moments are antiparallel but, having different 
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magnitudes, do not cancel. The strength of the magnetization of 

ferromagnetic and ferrimagnetic materials decreases with 

temperature and disappears at the Curie temperature ( Kearey et 

al., 2002 ).  

The spontaneous magnetization of ferromagnetic materials can 

be very large at the scale of individual mineral grain but, due 

to their random orientation, the net magnetization may be 

negligible at outcrop scale. Due to th e presence of 

ferromagnetic minerals, rocks will acquire a magnetization Mi , 

called induced magnetization in the direction of applied field 

H can be denoted as:  

 

Ἑἱ …ἒ ( 10)  

 

If the rock is placed in a field - free environment, the induced 

magnetization falls to zero ( Blakely, 1996 ). However, 

ferromagnetic materials have a special ability to retain a 

permanent magnetization even in the absence of external magnetic 

fields and it is called remanent magnetization, may be denoted 

by Mr . The rema nent magnetization of crustal rock depends not 

only on their atomic structure, crystallographic and chemical 

composition, but also on their geological, tectonic and thermal 

history. In geophysical studies, it is usual to consider the 

total magnetization M of the rock as the vector summation of 

induced and remanent magnetization, that is:  

 

Ἑ Ἑἱ ἙἺ …ἒ ἙἺ ( 11)  

 

The ratio between remanent  magnetization and induced 

magnetization is expressed by the Koenigsberger ratio as the 

following:  

 

ὗ
ȿἙἺȿ

ȿἙἱȿ

ȿἙἺȿ

ȿ…ἒȿ
Ἧὖ ‎

ά

ὶ
Ἲ ( 12)  

 

These magnetizations may be oriented in different directions 

and may differ significantly in magnitude. The magne tic effects 

of a rock arise from the resultant M of the two magnetization 

vectors. Magnetic anomalies caused by the rocks are superposed 

to the geomagnetic field similar to gravity anomalies which are 

superposed to the gravitational field. However, the mag netic 

field is more complex, due to the variation in amplitude and in 

direction of the geomagnetic field. Consequently, knowledge of 

the behavior of the magnetic field is necessary both in the 

reduction of magnetic data to a suitable datum and in the 

inter pretation of the resulting anomalies. The magnetic field 

is geometrically more complex than the gravity field of the 

Earth and exhibits irregular variation in both orientation and 

magnitude with latitude, longitude and time ( Kearey et al., 
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2002 ). Total - fie ld magnetometers are usually the instrument of 

choice for airborne and shipborne magnetic surveys. As the name 

implies, total - field magnetometers measure the magnitude of the 

total magnetic field without regard to its magnetic direction.  

The total field T is given by:  

 

ἢ ἐ ɝἐ ( 13)  

 

where F is the geomagnetic field and æF represents the 

perturbation of F due to some crustal magnetic sources. The 

total - field anomaly is calculated from total - field measurements 

by subtracting the magnitude of a suitable regional field, 

usually the IGRF model appropriate for the date of the survey. 

If T represents the total f ield at any point, and F is the 

regional field at the same point, then the total - field anomaly 

is given by ( Blakely, 1996 ):  

 

ɝἢ ȿἢȿ ȿἐȿ ( 14)  

 

If | F| >> |æF|, the total field æT can be considered as the 

component of the anomalous field æF in the direction o f F and 

thus it can be considered a harmonic function (e.g., Blakely, 

1996 ). This condition is usually verified in crustal magnetic 

studies.  

The SI unit of magnetic field strength is the tesla (T). For 

the magnetic variation due to rock, a sub - unit, the na notesla 

(nT), is commonly used; 1 nT=10 - 9 T. The strength of F varies 

from about 25000 nT in equatorial regions to about 70000 nT at 

the poles ( Kearey et al., 2002 ).  

 

 

1.3.  Scaled field and homogeneity law  

 

 

As described in Fedi  et al. (2015), s caling laws allow 

modelling the Earth as a scaling medium and are important to 

describe its degree of complexity. If one tries to classify 

physical source - distributions in terms of their complexity, 

statistical models of growing complexity  have been used, 

following scaling laws either monofractal, in which the scaling 

is expressed by a power law valid globally, or multifractal, in 

which the scaling is expressed by a local power law, changing 

at each position/scale. For instance, fractal mod els of both the 

types have been used in geophysics to describe the well logs of 

susceptibility, seismic wave speed and other physical properties 

of the Earthôs rocks (e.g. Pilkington & Todoeschuck 1993; 

Hermann 1997; Marsan & Bewan 1999 ).  

Other classes of source distributions have been used in 

applied geophysics to deal with a simplified medium, and so 

describe the source distribution at different levels of 
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complexity. We will here refer to fields following one specific 

kind of scaling - law, called homogenei ty law.  

The source - distributions of such fields may be generated by 

restricting the solutions of the integral equations of the 

gravity and magnetic fields (or of their derivatives) to a set 

of homogeneous density distributions with very simple 

geometrical  shapes, such as spheres and infinitely extended 

cylindrical or planar distributions of density or 

susceptibility. Some of these simple source distributions are 

called one - point sources, because their field f  can be 

represented as a field generated by a so urce distribution having 

its support in just one - point r 0( x0, y 0, z 0)  

The most important property of the fields of one - point 

sources is that they are homogeneous functions of degree n, 

meaning that they satisfy the following scaling law, called 

homogeneity  equation, in the region  R at any observation points 

r ( x, y, z )  and  r t ( x t , y t , z t ) :  

 

Ὢὸὼȟὸώȟὸᾀ ὸὪὼȟώȟᾀ ( 15)  

 

where t  > 0 and n is the homogeneity degree.  

Based on this equation, Eulerôs theorem (e.g. Olmsted 1991 ) 

shows that if f  is continuously differentiable and homogeneous 

of degree n in R, the homogeneity of the field may be expressed 

by the differential equation:  

 

ὪɳἺϽἺ ὲὪἺ ( 16)  

 

When the source position is r 0( x0, y 0, z 0), eq. (16 ) assumes 

the form:  

 

ὪɳἺϽἺ Ἲ ὲὪἺ (1 7)  

 

The differential form of Euler equation is important because 

it assesses the homogeneity properties in a local sense. 

Thompson (1982) and then Reid et al. (1990) introduced a p opular 

algorithm based on eq. (17 ), namely the Euler deconvolution, 

allowing the computation of the unknown source - coordinates r 0( x0, 

y0, z 0) from the field values within a moving window W( r ) on the 

measurement plane.  

This innovation was important because it opened the way to 

automated methods of source depth estimation, which have been 

used especially in industry to process massive data sets in  a 

short computation time. Many other óEuler deconvolutionô 

algorithms were since then proposed, applying it to different 

fields (field derivatives, modulus of the analytic signal, 

Hilbert transforms) and the unknowns were extended to include 

other paramet ers, e.g. a constant background term B and to the 
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so called structural index, N, usually defined as the opposite 

of the homogeneity degree ( n) for the magnetic field of ideal 

sources. A summary of many of the main Euler algorithms can be 

found in Fitzgeral d et al. (2004). Euler deconvolution was also 

reformulated in a multiscale framework by Florio & Fedi (2006, 

2014) and Fedi et al. (2009).  

The most obvious one - point sources are the pole - source in the 

gravity case and the dipole - source in the magnetic case . As is 

well known, such sources generate homogeneous fields of 

homogeneity degrees equal to ī2 and ī3, in the gravity and 

magnetic case, respectively. Other ideal sources have been 

however considered, all characterized by the degree of 

homogeneity of thei r homogeneous  

fields, which, in the magnetic case, corresponds to an 

integer ranging from ī3 to 0. In fact, the ideal sources 

considered in the Euler deconvolution are the infinite line of 

dipoles ( n = ī2), the semi- infinite thin sheet ( n = ī1) and the 

bot tomless contact ( n = 0).  

Besides these cases, all characterized by a global kind of 

scaling law, homogeneous fields may be used as suitable models 

to approximate the behavior of any real field even when the 

potential fields are not homogeneous in the sense  of eq. (1), 

meaning that homogeneity equation is not valid in the whole 

harmonic region, while holding on in selected sub - areas of the 

harmonic region. This is likely to happen when the source 

distribution is more complex than any of the ideal sources. Fo r 

instance, Florio et al. (2014) recently analyzed the behavior 

of the magnetic field of a cube.  

Steenland (1968) was probably the first to show that, for the 

most realistic cases of inhomogeneous potential fields, n can 

be fractional and is varying with the distance to the source, 

being dependent on the depth and kind of source distribution.  

 

It was empirically shown  that when the sources are different 

from the one - point sources and the estimated n is not integer, 

the estimated depth is not relative to the source top or center, 

but to a point somewhere positioned between the top and the 

center of the source ( Keating & Pilkington 2004; Gerovska et al. 

2005 ).  However, it is important to stress that it  has been 

recently shown that homogeneous sources and corresponding fields 

may exist, whose homogeneity degree may be fractional as well 

( Fedi et al. 2012; Fedi et al. 2015 ). They are characterized by 

having some intermediate properties between those corre sponding 

to two subsequent one - point sources of integer n, as sh own in 

Fig. 1 , where the gravity anomal ies are drawn for a pole (Fig. 

1a), its fractional integration of order Ŭ = ī0.5 (Fig. 1b) and 

for a botto mless vertical line mass (Fig. 1 c). Basing on t hat, 

we may so extend the range of allowed homogeneity degrees to any 

real value within the range: ī3 Ò n Ò 0. 
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Figure 1: The gravity anomalies due to a pole source (a), to a fractional order 

Ŭ = ī0.5 integration of a pole source (b) and to a bottomless vertical line mass (c) . 

( from Fedi, 201 6)  

 

Following strictly Fedi (2016) we may say that, s imilar to 

what happens for random source models, where the fractal 

scaling - law has been generalized into a multifractal law, the 

homogeneity law could be  generalized into the following 

multihomogeneity law:  

 

Ὢὥὼȟὥώȟὥᾀ ὥ ȟȟὪὼȟώȟᾀ (1 8)  

 

so that the differential Euler equation becomes:  

 

ὪɳἺϽἺ Ἲ ὲἺὪἺ (19)  

 

and n may now assume fractional or integer values as well .  

This generalization takes into account that real fields are 

essentially inhomogeneous and typically present a fractional and 

spatially varying homogeneity - degree.  

Starting from this law, we will see in chapter 4 that  this 

varying homogeneity - degree may be  is used directly in the 

inversion of potential fields , as an exponent of a specifically 

designed weighting function.  
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2.  Elements of Inversion Theory  

 

 

If N measurements are performed in a particular experiment,  

one might consider the ir values as the ele ments of a vector d 

of length N. Similarly, the model can be represented as a vector 

m of length M, whose elements are the source strength in 

specified sub - volumes of the source volume.  

 

Ὠὥὸὥȡ                          Ἤ ὨȟȣȟὨ  

 

άέὨὩὰȡ                      ἵ άȟȣȟά  

( 20)  

 

The basic statement of an inverse problem is that the model 

and the data are in some way related. Usually the relationship 

takes the form of one or more formulas that the data and model 

are expected  to follow.  

The simplest and best - understood inverse problems are th e 

linear ones,  that can be represented with the explicit equation:  

 

Ἃἵ Ἤ ( 21)  

 

The matrix A (with N × M dimension) is called kernel. This 

is the basic equation of discrete inverse theory. Many important 

inverse problems that arise in the physical sciences involve 

precisely this equation.  

Others, while involving more complicated equations, can often 

be solve d through linear and iterative approximations ( Menke, 

1989 ).  

When the number of the data ( N) is l ower  than the number of 

model elements  ( M) the problem in equation ( 21) is an 

underdetermined problem. For these problems it is possible to 

find more than one solution for which the prediction error E is 

zero.  A priori information helps us in this task.   

The first kind of a priori assumption we shall consider is 

the expectation that the solution to the inverse problem is 

simple, where the notion of simplicity i s quantified by some 

measure of the length of the solution. One such measure is simply 

the Euclidean length of the solution:  

 

ὒ ἵἢἵ ά  ( 22)  

 

A solution is therefore defined to be simple if it is small 

when measured under the L2 norm. We pose the following problem: 

find the  solution  mest  that minimizes equation ( 22)  subject to 

the constraint that e = d -  Am = 0 and we obtain the minimum 

length s olution :  
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ἵ ἋἢἋἋἢ Ἤ ( 23)  

 

There are many instances in which L = mT m is not a very good 

measure of solution simplicity. One may not want to find a 

solution that is smallest in the sense of closest to zero but 

one that is smallest in the sense that it is closest to some 

known model m0. The obvious generalization of equation ( 22) is 

then ( Menke, 1989 ):  

 

ὒ ἵ ἵ ἵ ἵ  ( 24)  

 

Where m0 is the a priori value  of the model parameters.  

Often ,  the whole idea of length as a measure of simplicity 

is inappropriate and then we can introduce a weighting matrix 

Wm that may introduce  a priori information. So, equation ( 24) 

becomes:  

 

ὒ ἵ ἵ ἥἵ ἵ ἵ  ( 25)  

 

Frequently some observations are made with more accuracy than 

others. In this case one would like the prediction error e, of 

the more accurate observations to have a greater weight in the 

quantification of the overall error E than the inaccurate 

observations. To accomplish this weighting, we define a 

generalized prediction error:  

 

Ὁ ἭἥἬἭ ( 26)  

 

where the matrix Wd defines the relative contribution of each 

individual error to the total prediction error ( Menke, 1989 ).  

When the problem is affected by numerical instability  and  by 

inherent ambiguity , it is called 'ill - posed'. This problem needs 

to be regularized to be s olved. The most common and well - known 

form of regularization is the one known as Tikhonov 

regularization ( Tikhonov and Arsenin, 1977 )  

 

ἵ ÁÒÇÍÉÎᴁἋἵ Ἤᴁ ‘ᴁἵᴁ  ( 27)  

 

where the regularization parameter, ɛ controls the weight 

given to minimization of the side constraint relative to 

minimization of the residual norm. Clearly, a large value of ɛ, 

(equivalent to a large amount of regularization) favours  a small 

solution semi - norm at the cost of a large residua l norm, while 

a small, (i.e., a small amount of regularization) has the 

opposite effect. This parameter also controls the sensitivity 

of the regularized solution m to perturbations in A and d, and 

the perturbation bound is proportional to ɛ- 1.  
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Other two me thods to solve the inverse problem for 

underdetermined cases involve  QR factorization and Lagrange 

multipliers.  

QR factorization is based on the decomposition of the matrix 

AT into the product of two different matrices, Q and R, where  Q 

is an orthogonal matrix and  R is an upper triangular matrix .   

The QR factorization (if implemented properly) allows the 

construction of  stable solutions of the system Am=d. However, 

it is costly in terms of speed but can also be applied to 

rectangular systems.  

The Lagrange multipliers method is instead a particular tool  

to solve a n inverse problem with a priori constraint s, including 

the constraint equations (of the form Fm=h) as row in Am=d, 

forcing the prediction error to zero at the exp ense of increasing 

the prediction error of the other equations.  

In this case the objective function is:  

 

•ἵ ὃά Ὠ ς ‗ Ὂά Ὤ  ( 28)  

 

Where p is  the number of constraints and 2 ɚi  are the Lagrange 

multipliers (Menke, 2006) .  

 

 

2.1.  Depth Weighting Function  

 

 

As we have just said in the previous paragraph, the minimum 

length solution can be defined as the solution for the 

underdetermined problem. This hypothesis on the solution is the 

first and the most common a priori information  that can be used.  

This kind of minimization, without other constraints, 

provides solutions with model elements  of low  value near the 

surface, because in this case the solution is the shortest, as 

we required i n the minimum length formulation. This  because the 

kernel decays with distance  and so  the simplest ( minimum length )  

solution will be that being the most concentrated , this implying 

that having the lowest values in a smaller volume. This obviously 

means tha t such solution cannot be deep (in this case higher 

values and larger volume would be involved) and it will be 

instead  near the surface  ( Figure 2b) .  
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Figure 2:  ( a)  Magnetic field due to a dipole horizontal line shown in (c)  by the 

white dot . Blue solid line is the observed data and the red asterisks are the 

calculated data of (b) the Minimum Length solution.  

 

We repeat that t his kind of density distribution does not  

depend on the characteristics of the observed data, but it is a 

direct consequence of the supplied a priori information.  

To avoid this too strong influence of the minimum length 

hypothesis, we need to introduce more a priori information. Li 

and Oldenburg (1996) were the first that studied this problem 

and introduced a depth - weighting function :  

 

ύ
ρ

ᾀ ᾀ Ⱦ
 ( 29)  

 

where z is the depth of each layer in the 3D model and the 

value of z0 depends upon the observation height and cell size 

( Oldenburg and Li, 2005 ). Li and Oldenburg propose to use for ɓ 

a value equal to 3 in the magnetic case ( Li and Oldenburg, 1996 ) 

and equal to 2 in the gravity case ( Li and Oldenburg, 1998 ), 

assuming 3 and 2 as the rate decay of the magnetic or gravity 

field of a single, small, roughly cubic cell.  

Oldenburg and Li (2005) later suggested that the exponent 

value used in a particular inversion could be chosen, by finding 

the best performance of different exponent values applied to 

trial inversions of synthetic data from forwa rd models similar 

to the expected solution.  

Cella and Fedi  (2012) showed instead that the appropriate 

value of ɓ must be related to N, the structural index of the 

source (Table 1), rather than to the power - law decay of the 

field generated by a single cell.  
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Source  N( grav)  N(mag)  

Point mass or dipole sources, spheres  2+k  3+k  

Line or masses of dipoles infinite 

cylinder  

1+k  2+k  

Semi - infinite plane, thin dike, sill  0+k  1+k  

Contact  - 1+k  0+k  

Table 1 ï Structural Index (k = order of differentiation)  

 

Moreover, Ialongo et al. (2014) have shown the connection 

between the depth weighting exponent ɓ and the regularization 

parameter ɛ, where this last one is chosen by using the 

generalized cross - validation method (GCV).  

The structural inde x may be estimated with standard methods 

such as Euler Deconvolution or the study of the scaling function 

( Fedi, 2007; Florio et al., 2009; Barbosa et al., 1999; Fedi and 

Florio, 2006 ). We will see in detail chapter 4, how to estimate 

the structural index by  the scaling function method .  

 

For all the inversion performed in this work we will use t he 

Li and Oldenburg (2003) algorithm, which allows solving 

underdetermined problems, with the number of cells significantly 

larger than the amount of available data. The related objective 

function is satisfied by  many different solution models that 

generat e practically the same data. This goal is reached using 

appropriate weighting functions whose parameters are empirically 

selected, based on numerical modeling and qualitative analysis 

of typical gravity or magnetic anomalies.  

The solution is obtained by th e following minimization 

problem ( Oldenburg and Li, 2005 ):  

 

minimize ű = űd + ɛűm 

 

subject to mmin  Ò m Ò mmax 

( 30)  

 

where mmin  and mmax are vectors containing the lower and upper 

bounds on the model values, and m is the vector containing model 

values.  Besides that and the weighting function, other p rior 

information that this algorithm allow s to introduce might be:  

knowledge of a background  or reference model and  a general 

assumption that the structures should be smooth or , 

alternatively,  that they have sharp edges at least locally 

( Oldenburg and Li, 2005 ).  

The algorithm uses the logarithmic barrier method  with the 

conjugate gradient  techniq ue (CG) as the central solver. In the 

logarithmic barrier method, the bound constraints are 

implemented as a logarithmic barrier term.  

The objective function is given by ( Gill et al. 1991 ):  

 

•‗ • ‘• ς‗ ὰὲά ά ὰὲά ά  ( 31)  
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where ɛ is the regularization parameter, ɚ is the barrier 

paramete r, űd is the weighted data misfit and űm is the model 

objective function. The  weighted data misfit is given by:  

 

• ᴁἥἬἬ ἬἷἪἻᴁ ( 32)  

 

where d are the predicted data, dobs  are the observed data -

vector and Wd is the inverse data - covariance matrix.  

 

• ά ‌ ύύ ᾀ ἵ ἵ Ὠὺ

‌ ύ
‬ύᾀ ἵ ἵ

‬ὼ
Ὠὺ Ễ

‌ ύ
‬ύᾀ ἵ ἵ

‬ώ
Ὠὺ Ễ

‌ ύ
‬ύᾀ ἵ ἵ

‬ᾀ
Ὠὺ 

( 33)  

 

where m is the unknown model, m0 is a reference model and 

w(z)  is the depth - weighting function ( 29).  

 

The terms ws,  wx,  wy,  wz are spatially dependent weighting 

functions to input additional prior information about density 

or susceptibility model. In particular ,  t he weights wx,  wy,  wz, 

with or without a reference model, control the degree of 

smoothness of the solution along the t hree directions ( Oldenburg 

and Li, 2005 ); finally,  Ŭs,  Ŭx,  Ŭy and  Ŭz are coefficients 

controlling the importance of each term.  

The logarithmic barrier term forms a barrier along the 

boundary of the feasible domain and prevents the minimization 

from crossin g over to the infeasible region.  The method solves 

a sequence of nonlinear minimizations with decreasing ɚ and, as 

ɚ approaches zero, the sequence of solutions approaches the 

solution of eq uation  ( 30).Further details on how a numerical 

solution is obtained  discretizing the model objective function 

can be found in Oldenburg and Li (1994).Instead of carrying out 

the full minimization at each iteration, it is common to take a 

Newton step for each value of ɚ and adjust the step length so 

that the updated model remains positive ( Gill et al. 1991 ). The 

step length is also used to determine the decreased value of the 

barrier parameter ɚ for the next iteration ( Li and Oldenburg, 

2003 ).  

The barrier iteration continues until the value of ɚ is 

sufficiently small such that barrier term has a negligible 

contribution to the total objective function ( 31) and the 
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iteration stops when the objective function is changing less 

than 1%.  

 

Looking at t he equation of the objective model function ( 33), 

it is easy to understand the key role of the depth weighting 

function w(z) , where, according ly  to Cella and Fedi  (2012) ,  the 

exponent  ɓ must be related to N.  

For this reason, we decided to  create a ɓ function, estimating 

N in every single point of our source - domain. In this way the 

equation  ( 29)  will be:  

 

ύὼȟώȟᾀ
ρ

ᾀ ȟȟȾ
 ( 34)  

 

We will call the equation  ( 34) inhomogeneous depth weighting 

function.  

 

In order to build this function, we need to estimate ɓ in 

every point of our domain.  We decided to use an approach based 

on the  scaling function  method  ( Fedi et al 2006 ), which will be 

described in Chapter 4.  
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3.  [Papers] Methods for 1D inversion of potential field  

 

 

In this chapter we show two paper s published in international 

scientific journals  that describe the  1D method developed under 

this thesis project, for the inversion of potential fields.  

The first one describes the theo r etical aspects of t his new 

method, with applications on synthetic and real gravity data , 

in the Frenchman Flat (Nevada) sedimentary basis, where the 

obtained density model is in good agreement with the results of 

density log.  

The second one shows the application on magnetic  real data, 

under  a joint interpretation with other information  from TDEM. 

One relevant result is  that our joint cooperative interpretation 

allows a significant interpretation of the Drybones kymberlites, 

Canada, with an improved modelling either  laterally  or  in depth.  



22 

 

 



23 

 

 



24 

 

 



25 

 

 



26 

 

 



27 

 

 

 



28 

 

 



29 

 

 
 

 

 

 



30 

 

 
 

  



31 

 

 



32 

 

 



33 

 

 












































































































