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Summary

We developed two different approaches of inversion of
potential fields:

- A method for 1D inversion of potential fields.

- A method for 2Dand3D self - constrained depthweighted
inversion of inhomogeneous potential field S.

Both methods  are based on a multiscale approach, that is they
involve use of data at different scales or altitudes. These
particular approaches bring some benefits.

About the 1D method, the main benefit lies in a greater
computationally simplicity, compared to 3D algorithms.

Apart the strong 1D assumption, we can say that it requires
less a priori information to constrain the inversion, compared
to other algorithms. (see Chapter 3).

The second method is both 2D and 3D.ltis based ontwo steps,
the first being the search in the 3D domain of the homogenous
degree of the field, and the second being the inversion of the
data using a power - law weighting function with a 3D variable
exponent. So, differently from the previous method it does not
involve directly data at different altitudes, but it is heavily
condi tioned by a multiscale search of the homogeneity degree.

The main difference between the present approach and th e one
proposed by  Liand Oldenburg algorithm (1996) and Cellaand Fedi
(2012) is therefore about the depth weighting function , whose
exponent i s a constant through the whole space in the original
Li and Oldenburg and Cella and Fedi approaches , while it is a
3D function in the method which we will discuss here.

Magnetic and gravity anomalies due to s imple source s have
been synthetically generated to test the proposed approaches;
then, data caused by more complex sources have been analyzed.
Finally, two real data set, fromthe  Vredefort impact site and
Mt. Vulture area, have been examined to have a further
confirmation of the effectiveness of the methods.

Both tests on synthetic and real data showed that using source
information retrieved by a multiscale analysis of the data has

a great potential to improve the solution
Introduction
Even if reflection seismic is still the primary exploration

method of exploring for reservaoir (i.e. oil, ore or gas deposits,



or energy and environmental resources in general), potential
field methods are continuously expanding, thanks to their

successful contribution in deeper and more challenging
environments, such as sub - salt structures and deep sea, to their
smaller cost and to new powerful methods of analysis and
modelling, which are indeed related to high - quality and high
resolution data.

The final goal, is, obviously, to obtai n a good estimate of

thein - place volume. Moreover, information provided by inverting

3D sets of potential field data can help to refine the targets

and so to efficiently define and focus projects early on, in

order to minimize the risk of investigation be fore the actual
potential is defined. These methods are used also to investigate

areas that could be contaminated by pollution and modelling the

system to prevent future environmental and engineering critical

situations.
One of the principal difficulties w ith the inversion of the
potential field data is the inherent non - uniqueness. In fact,

by Gauss' theorem we know that there are infinitely many
equivalent source distributions that can produce a measured
field (  Blakely, 1996 ). \When the number of model parameters M is
greater than the number of observations N, the problem is called
underdetermined and a unique solution for the inverse problem
does not exist . This represents the most ¢ ommon problem in
inversion of potential fields . To solve an undetermined problem
and obtain a unique solution we need to add a priori information.
Prior information takes numerous forms (geological, geophysical
or mathematical) and a good inversion algorithm is able to
incorporate this information into the inversion. One of the most
important and common prior information is a reference model that
might be a uniform half space and for some problems just the
zero model

The origin of inversion methods goes back to 1967, when Bott
(1967) used this approac h to interpret marine magnetic
anomalies. Since then many different algorithms were proposed,
each one characterized by a different type of a priori
information and then to provide different solutions. Green
(1975) searched for a density model that minimiz es its weighted
normto some reference model. Safon atal. (1977) used the method
of linear programming to compute moments of the density
distribution. Fisher and Howard (1980) solved a linear least
squares problem constrained for upper and lower density b ounds.
Last and Kubik (1983) introduced a ‘compact' inversion
minimizing the body volume. Guillen and Menichetti (1984)
assumed as a constraint the minimum momentum of inertia. Barbosa
and Silva (1994) suggested allowing compactness along given
directions using a priori information. Li and Oldenburg (1996,
1998) introduced model weighting as a function of depth using a
subspace algorithm. Pilkington (1997, 2002) used preconditioned
Conjugate Gradients (CG) method to solve the system of linear
equations. Por tniaguine and Zhdanov (1999, 2002) introduced



regularized CG method and focusing using a reweighted least
squares algorithm with different focusing functional. Li and
Oldenburg (2003) use wavelet compression of the kernel with
logarithmic barrier and conju gate gradientiteration. Pilkington
(2009) used data space inversion in Fourier domain.
Other relevant ways to introduce a priori information involve
"soft constraints”, such as positivity constraint for density
and magnetization, or "hard constraints”, s uch as empirical
laws, constraints for upper and lower density bounds and for a
density monotonically increasing with depth (Fisher and Howard,
1980) and external information from well - logs, geological
studies and other geophysical investigations.
Obvious ly, the solution is highly dependent on the prior

information and for this reason, an algorithm that solve every
geological context does not cannot exist. So, it is very
important to choose the correct algorithm according to the

geological context of the s tudied area and according to the

available a priori information.

However, even if the literature is filled by 2D and 3D
algorithms for inversion of potential field, there are no 1D
algorithms equivalent to those applicable to seismic or
electromagnetic me thods. From a general point of view, this is
not surprising, because 1D problems involve a forward problem
referring to set of infinitely extended layers, each one
homogeneous in the source property. Indeed, in the gravity case,
suchanassumed modelwould produce nothing more than a spatially
constant field and, therefore, could not explain any gravity
anomalies.

To our knowledge, only a single work ( Fedi and Rapolla, 1995 )
regards the inversion of "vertical gravity ¢
a 1D inversion metho d, using a forward problem consisting of a
finite volume of layers, each of them with its own density and
horizontally finite. The authors first formed a gravity vertical
profile, by upward continuation of the data above an area
including the sounding and then showed how the inversion of such
vertical profile could yield a 1D estimation of the density
through the volume.

In this work, we generalize the method to the inversion for
a source distribution which is inhomogeneous either laterally
orvertically. | n practice, we will solve a set of linear inverse
problems at many locations on the measurement area, inverting
for a density model relative to a set of finite and homogeneous
layers at each location. Assuming a large number of layers, we
so solve an under determined problem, since the data number is
less than that of the unknown parameters. Density bounds may be
applied, in order to constrain the physical property to lie
within a geologically reasonable interval. Because all the 1D
inversions are independen t of each other, we may finally produce
a 2D or 3D model of the physical property joining the results
obtained for each vertical sounding. The main disadvantage is
that 2D and 3D model models are not built by direct



multidimensional inversion, but by appro ximation from a multi
set of 1D models.

Moreover,i  nthisthesis we have studied a different approach
for 2D and 3D potential field inversion . It mathematically
starts from th e algorithm proposed by Li and Oldenburg (2003 )
but it is optimiz ed very differen tly: our logic is that the

weighting used in the inversion is directly deduced from the
field, in order to obtain a better solution of the physical
property distribution in the subsurface .
This information , derived from a multiscale analysis which
precedestheinversionitself, will be usedto setup a particular
depth weighting function that could physically account for a
source property, the homogeneity degree, which is transferred
to the field by the Pois son equation. So, t he main difference
between our depth weighting function and those proposed by Li
and Oldenburg (2003) resides > a) in being not a feature of the
block shape but of the source property; b) in its exponent, that
in our case is spatially var iable instead of being a constant
value for the entire model volume. This last feature reflects
the fact that a complex source distribution is characterized by
a variable homogeneity degree and that a constant value could
yield only average source - model di stributions.

1. Elements of Potential fields theory

Gravit ational and magnetic fields are both potential fields.
In the mass -free space, potenti al fields obey
equation, which states that the sum of the rates of change of
the field gradient in three orthogonal directions is zero
(Kearey et al., 2002 ).
I n Cartesian coordinates, Laplacebds equat.i

T % 1 % T %o
T Tw Ta

(1)

where A refers to a gravitational or magnetic field and is a
function of x,v, 2)
Any function satisf ying t he Lapl aceds equati on,
continuous, single - valued derivatives and has second derivatives
(Blakely, 1996). If a function is harmonic in a region R has its
maxima and minima on boundaries of the region. Gravity and
magnetic fields, are both potential fields and obey all the
physical laws mentioned above.

1.1. Grauvity field

The gravitational acceleration due to a point of mass m is:
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where [ isthe Gravitational Constant and r is aunity vector
that point from mass m to the observation point P. This
gravitational attraction is a conservative field so it can be
expressed as the gradient of a scalar potential U
. a
YO T+ (3)
The gradient of U represents the gravity g, and the first -
order directional derivatives of U are the components of gravity
in the corresponding direction ( Kearey et al., 2002 )and itis
defined as:
w 1Y
ny —ii 4
| o (4
where i, J and k are the unit vectors in the positive
direction of X, y and z axes respectively. Being a harmonic
function, at all the points outside of the mass, 2y = 0, butin
the space occupied by masses:
n 7Y T“ |-> ” (5)
where | is the density of the mass distribution at a given
point. Equation ®5) i s the Poissonds equation descHt
potential at all points of the mass distribution.
In geophysical exploration, gravimeters measure only the
vertical component of the gravity, as given by:
0 (6)
T a
Before the results of a gravity survey can be analyzed and
interpreted it is necessary to correct for all variation in the
Eart hos gravitational field whi ch do not

differences of density in the underlying rocks.
The observed gravity is the sum of the following components
( Blakely, 1996 ):

- Theoretical gravity, referred to the reference
ellipsoid,

- Free air effect, due to the elevation above the sea
level,



- Bouguer slab and terrain effects, the normal mass
above the sea,
- Tidal and instrumental drift effects, time - dependent
variations,
- EO6tvos effec  t, due to moving platform (airborne and
shipborne surveys),
- lIsostatic effects, accounting for the effects of
masses supporting topographic loads,
- Effect of crust and upper mantle density variations.

Isolating the last quantity is the goal of the gravity
r eductions.

The mean value of gravity at the Earthos st
ms 1. Variations in gravity caused by density variations in the
Ssubsurface are of t he or d¥ The oftgs 1udiDof e m s

acceleration due to gravity (1 cm s -1) is the Gal, in honor of
Galileo, and its sub - unit milliGal is common in gravity survey
(Kearey et al., 2002 ).

1.2. Magnetic field

The magnetic scalar potential V(r) of a dipole source whose
magnetic moment is m can be written as:
TR (7)
where r is the distance modulus .

The magnetic field may also be defined in terms of a force
field produced by electric currents. If an electric current I,

is flowing in a loop of radius r, the magnetic strength at the
center of the loop is H=1/2r
Materials can be magnetized by acquiring the component of

magnetization in the presence of an external magnetic field and
it is called induced magnetization which is in the same (or
reverse) direction of the external magnetic field as:

E & (8)

The constant G Iin the equation (8) is called the magnetic
susceptibility.

Susceptibility is a dimensionless quantity but differs in
magnitude if expressed in emu or in Sl units. Its definition
involves the magnetic permeability Tk
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The relationship between M and H is not necessarily linear
because the magnetic susceptibility G may vary with the field
intensity, may be negative, and may be represented more
accurately in some materials as a tensor ( Blakely, 1996 ).
Susceptibility isa m easure of how susceptible a material is to

become magnetized (  Reynolds, 1997 ). There are many kinds of
magnetizations and their understanding is important to
understand how the variations of magnetic properties produce the

magnetic anomalies ( Hinze et al., 2013). These properties can
be defined as:

Diamagnetism , for example, is an inherent property of all
matter. In the presence of external magnetic field, the orbital
path of the electron rotates in a way that induced magnetization
is small and in the oppo site sense to the applied field.
Consequently, diamagnetic susceptibility is negative.

Paramagnetism , is a property of those solids that have atomic
magnetic moments because in this substance, the electron shells
are incomplete, so the unpaired electrons produce a magnetic
field. When it is placed in an external magnetic field, the
atomic moments or unpaired electrons partially align parallel
to the applied field thereby producing a net magnetization in
the direction of the applied field. This is still, ho wever a
relatively weak effect. However, all minerals are diamagnetic,
and some are paramagnetic or ferromagnetic but, in both cases,
their magnetizations do not have significant contributors to the
geomagnetic field.

Though, there is a class of magnetism that have great
importance on geomagnetic studies. Certain materials not only
have atomic moments, but neighbouring moments interact strongly
with each other. This interaction is a result of a quantum
mechanical effect called exchange energy. Suffice ist o say that
the exchange energy causes a spontaneous magnetization that is
many times greater than paramagnetic or diamagnetic effects
(Blakely, 1996 ). These types of materials are called
ferromagnetic . There are several types of ferromagnetic
materials, de pending on the alignment of their atomic moments.
If the atomic moment aligned parallel to one another, results
ferromagnetism; if the atomic moments are aligned antiparallel
to one another and total moment is neutralized, results anti
ferromagnetism; and the last is the ferrimagnetism, in which
atomic moments are antiparallel but, having different



magnitudes, do not cancel. The strength of the magnetization of
ferromagnetic and ferrimagnetic materials decreases with
temperature and disappears at the Curie temperature ( Kearey et
al.,, 2002 ).
The spontaneous magnetization of ferromagnetic materials can
be very large at the scale of individual mineral grain but, due
to their random orientation, the net magnetization may be
negligible at outcrop scale. Due to th e presence of
ferromagnetic minerals, rocks will acquire a magnetization M,
called induced magnetization in the direction of applied field
H can be denoted as:

E; .& (10)
Iftherockis placedinafield - free environment, the induced
magnetization falls to zero ( Blakely, 1996 ). However,

ferromagnetic materials have a special ability to retain a
permanent magnetization even in the absence of external magnetic

fields and it is called remanent magnetization, may be denoted

by M. The rema nent magnetization of crustal rock depends not
only on their atomic structure, crystallographic and chemical
composition, but also on their geological, tectonic and thermal

history. In geophysical studies, it is usual to consider the

total magnetization M of the rock as the vector summation of
induced and remanent magnetization, that is:

E E; Ey .£§ Eq (11)

The ratio between remanent magnetization and induced
magnetization is expressed by the Koenigsberger ratio as the
following:

. E- E~S. . a
g ER Eqy 8, (12)
Eis sE£s8 l
These magnetizations may be oriented in different directions
and may differ significantly in magnitude. The magne tic effects
of a rock arise from the resultant M of the two magnetization

vectors. Magnetic anomalies caused by the rocks are superposed

to the geomagnetic field similar to gravity anomalies which are

superposed to the gravitational field. However, the mag netic
field is more complex, due to the variation in amplitude and in

direction of the geomagnetic field. Consequently, knowledge of

the behavior of the magnetic field is necessary both in the

reduction of magnetic data to a suitable datum and in the

inter pretation of the resulting anomalies. The magnetic field

is geometrically more complex than the gravity field of the

Earth and exhibits irregular variation in both orientation and

magnitude with latitude, longitude and time ( Kearey et al.,



2002). Total - fie Id magnetometers are usually the instrument of
choice for airborne and shipborne magnetic surveys. As the name

implies, total - field magnetometers measure the magnitude of the
total magnetic field without regard to its magnetic direction.
The total field T is given by:
n ¢ 3¢ (13)
where F i s t he geomagneti c F ireplesnts ahe d &
perturbation of F due to some crustal magnetic sources. The
total - field anomaly is calculated from total - field measurements

by subtracting the magnitude of a suitable regional field,

usually the IGRF model appropriate for the date of the survey.

If T represents the total f leld at any point, and F is the
regional field at the same point, then the total - field anomaly
is given by ( Blakely, 1996 ):

3l 918 €8 (14)

If] F >>F| 2 the total Tfcandé cbnsidered as the
component of the anonfaintedrectione!| d feeF and
thus it can be considered a harmonic function (e.g., Blakely,
1996). This condition is usually verified in crustal magnetic
studies.

The Sl unit of magnetic field strength is the tesla (T). For
the magnetic variation due to rock, a sub - unit, the na notesla
(nT), is commonly used; 1 nT=10 -9 T. The strength of F varies
from about 25000 nT in equatorial regions to about 70000 nT at
the poles ( Kearey et al., 2002 ).

1.3. Scaled field and homogeneity law

As described in Fedi et al. (2015), s caling laws allow
modelling the Earth as a scaling medium and are important to
describe its degree of complexity. If one tries to classify
physical source - distributions in terms of their complexity,
statistical models of growing complexity have been used,
following scaling laws either monofractal, in which the scaling
is expressed by a power law valid globally, or multifractal, in
which the scaling is expressed by a local power law, changing
at each position/scale. For instance, fractal mod els of both the
types have been used in geophysics to describe the well logs of
susceptibility, seismic wave speed and other physical properties
of t he Eart hds r o @ikisgton( & Tagloeschuck 1993;
Hermann 1997; Marsan & Bewan 1999 ).

Other classes of source distributions have been used in
applied geophysics to deal with a simplified medium, and so
describe the source distribution at different levels of

10



complexity. We will here refer to fields following one specific
kind of scaling - law, called homogenei ty law.

The source - distributions of such fields may be generated by
restricting the solutions of the integral equations of the
gravity and magnetic fields (or of their derivatives) to a set
of homogeneous density distributions with very simple
geometrical shapes, such as spheres and infinitely extended
cylindrical or planar distributions of density or
susceptibility. Some of these simple source distributions are

called one -point sources, because their field f can be
represented as a field generated by a so urce distribution having
its support in just one -point  ro(Xo,Y 0,2 0)

The most important property of the fields of one - point
sources is that they are homogeneous functions of degree n,
meaning that they satisfy the following scaling law, called
homogeneity  equation, in the region R at any observation points

r(x,y,z ) and r¢(xt,y t,2 t):
QO b a o Qo (15)

where t >0and n isthe homogeneity degree.

Based on this equation, Eul eOlrosted 1991e pbr em ( €
shows that if f is continuously differentiable and homogeneous
ofdegree n in R the homogeneity of the field may be expressed
by the differential equation:

QT Ol &0 (16)
When the source position is ro( Xo,y o,2 o), eq. (16 ) assumes

the form:

n'Ql 271 7l ¢ Q 17)

The differential form of Euler equation is important because
it assesses the homogeneity properties in a local sense.

Thompson (1982) and then Reid etal. (1990) introduced a p opular
algorithm based on eq. (17 ), namely the Euler deconvolution,

allowing the computation of the unknown source - coordinates r o( Xo,
Yo,z o) from the field values within a moving window W r) on the

measurement plane.
This innovation was important because it opened the way to
automated methods of source depth estimation, which have been
used especially in industry to process massive data sets in a
short computation ti me. Many ot her OEul e
algorithms were since then proposed, applying it to different
fields (field derivatives, modulus of the analytic signal,
Hilbert transforms) and the unknowns were extended to include
other paramet  ers, e.g. a constant background term B and to the

11



so called structural index, N, usually defined as the opposite
of the homogeneity degree (n) for the magnetic field of ideal
sources. A summary of many of the main Euler algorithms can be
found in Fitzgeral d et al. (2004). Euler deconvolution was also
reformulated in a multiscale framework by Florio & Fedi (2006,

2014) and Fedi et al. (2009).

The most obvious one - point sources are the pole - source inthe
gravity case and the dipole - source in the magnetic case .As is
well known, such sources generate homogeneous fields of
homogeneity degrees equal to 12 and
magnetic case, respectively. Other ideal sources have been
however considered, all characterized by the degree of
homogeneity of thei r homogeneous

fields, which, in the magnetic case, corresponds to an

i nteger ranging from 13 t o 0. I n fact,

considered in the Euler deconvolution are the infinite line of
dipoles( n = T 2) , t h einfisite ttmm sheet ( n
bot tomless contact ( n =0).

Besides these cases, all characterized by a global kind of
scaling law, homogeneous fields may be used as suitable models
to approximate the behavior of any real field even when the
potential fields are not homogeneous in the sense of eq. (1),
meaning that homogeneity equation is not valid in the whole
harmonic region, while holding on in selected sub - areas of the
harmonic region. This is likely to happen when the source
distribution is more complex than any of the ideal sources. Fo r
instance, Florio et al. (2014) recently analyzed the behavior
of the magnetic field of a cube.

Steenland (1968) was probably the first to show that, for the
most realistic cases of inhomogeneous potential fields, n can
be fractional and is varying with the distance to the source,
being dependent on the depth and kind of source distribution.

It was empirically shown that when the sources are different
from the one - point sources and the estimated n is not integer,
the estimated depth is not relative to the source top or center,
but to a point somewhere positioned between the top and the
center of the source ( Keating & Pilkington 2004; Gerovska et al.
2005). However, it is important to stress that it has been
recently shown that homogeneous sources and corresponding fields
may exist, whose homogeneity degree may be fractional as well
(Fedi et al. 2012; Fedi et al. 2015 ). They are characterized by
having some intermediate properties between those corre sponding
to two subsequent one - point sources of integer n, as sh own in
Fig. 1 , where the gravity anomal ies are drawn for a pole (Fig.
1a), its fractional integration of order U= 10.5 ( M)agd
for a botto mless vertical line mass (Fig. 1 c). Basing on t hat,
we may so extend the range of allowed homogeneity degrees to any
real value within the @ amge: 13 O

12
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t

t

he

F



(a) _ , (b) _ _ (c) : :
: : : ; : 50}....... S . T e
e - 1] [} SOSURPUR R £ RS ........ _— 40 — *
% . - . o [ _ : :
g : ; ; g 3 G A0t e Brmaeens
£ 30} R - IR £ = : ; :
k= : : : =) = || |} SEERN IR - S R
L | T S | i [ oo &2 ® ; ; :
> : : > > 20
] R il e g0 IR0 N 00 . ¢
(0] : : : o : : : g : : :
-40 20 -40  -20 1] 20 -40  -20 ] 20
% (ki) ¥ (kmn) % (k)
5 Figure 1: The gravity anomalies due to a pole source (a), to a fractional order
U = 17T0.5 integration of a pol e bsttomlessverticdlm@ magsic t o a .
(from Fedi, 201 6)
Following strictly Fedi (2016) we may say that, similar to

what happens for random source models, where the fractal

scaling -law has been generalized into a multifractal law, the
homogeneity law could be generalized into the following
multihomogeneity law:

QO @A & NP Qaiu 18)

so that the differential Euler equation becomes:

n'Ql 27 I e QT (29)
and n may now assume fractional or integer values as well
This generalization takes into account that real fields are
essentially inhomogeneous and typically present a fractional and
spatially varying homogeneity - degree.
Starting from this law, we will see in chapter 4 that this
varying homogeneity -degree may be is used directly in the
inversion of potential fields , @s an exponent of a specifically

designed weighting function.

13



2. Elements of Inversion Theory

If N measurements are performed in a particular experiment,

one might consider the ir values as the ele  ments of a vector d
of length N. Similarly, the model can be represented as a vector
m of length M whose elements are the source strength in
specified sub - volumes of the source volume.
Qo0 "H QB HQ
(20)
aéQa i a B h

The basic statement of an inverse problem is that the model
and the data are in some way related. Usually the relationship
takes the form of one or more formulas that the data and model
are expected to follow.

The simplest and best - understood inverse problems are th e
linear ones, that can be represented with the explicit equation:
‘Al "H (21)

The matrix A (with N x M dimension) is called kernel. This
is the basic equation of discrete inverse theory. Many important
inverse problems that arise in the physical sciences involve
precisely this equation.

Others, while involving more complicated equations, can often

be solve d through linear and iterative approximations ( Menke,
1989).

When the number of the data ( N)is| ower than the number of
model elements (M the problem in equation (21) is an
underdetermined problem. For these problems it is possible to
find more than one solution for which the prediction error E is

zero. A priori information helps us in this task.
The first kind of a priori assumption we shall consider is
the expectation that the solution to the inverse problem is
simple, where the notion of simplicity i s quantified by some
measure of the length of the solution. One such measure is simply
the Euclidean length of the solution:

0 00 a (22)

A solution is therefore defined to be simple if it is small

when measured under the L2 norm. We pose the following problem:
find the solution mst  that minimizes equation (22) subject to
the constraint that e =d - Am = 0 and we obtain the minimum

length s olution

14



i oA Al H (23)

There are many instances in which L= m misnota very good
measure of solution simplicity. One may not want to find a
solution that is smallest in the sense of closest to zero but
one that is smallest in the sense that it is closest to some
known model my. The obvious generalization of equation (22) is
then ( Menke, 1989 ):

o T i (B (24)

Where my isthe a priori value of the model parameters.
Often , the whole idea of length as a measure of simplicity
is inappropriate and then we can introduce a weighting matrix

Wh that may introduce a priori information. So, equation (24)
becomes:
I ny 11 (25)
Frequently some observations are made with more accuracy than
others. In this case one would like the prediction error e, of
the more accurate observations to have a greater weight in the
guantification of the overall error E than the inaccurate

observations. To accomplish this weighting, we define a
generalized prediction error:

O "Hij 4iH (26)
where the matrix W defines the relative contribution of each
individual error to the total prediction error ( Menke, 1989 ).
When the problem is affected by numerical instability and by
inherent ambiguity , itis called'ill - posed'. This problem needs
to be regularized to be s olved. The most common and well - known
form of regularization is the one known as Tikhonov
regularization ( Tikhonov and Arsenin, 1977 )
i AJCEmAT "HE ‘A & (27)
where the regularization parameter, e controls the weight
given to minimization of the side constraint relative to
minimization of the residual norm. Clearly, a large value of g,
(equivalent to a large amount of regularization) favours asmall
solution semi - norm at the cost of a large residua | norm, while

a small, (i.e., a small amount of regularization) has the

opposite effect. This parameter also controls the sensitivity

of the regularized solution m to perturbations in A and d, and
the perturbation bound is proportional to e-1
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Other two me thods to solve the inverse problem for

underdetermined cases involve QR factorization and Lagrange
multipliers.

QR factorization is based on the decomposition of the matrix
AT into the product of two different matrices, Q and R, where Q
isan orthogonal matrix and R is an upper triangular matrix .

The QR factorization (if implemented properly) allows the
construction of stable  solutions of the system Am=d. However,
it is costly in terms of speed but can also be applied to
rectangular systems.

The Lagrange multipliers method is instead a particular tool
tosolvea n inverse problem with a priori constraint s, including
the constraint equations (of the form Frm=h) as row in An¥d,
forcing the prediction errorto zero atthe exp ense ofincreasing

the prediction error of the other equations.
In this case the objective function is:

e i 04 10 C 04 Q (28)

Where p is the number of constraints and 2 a are the Lagrange
multipliers (Menke, 2006)

2.1. Depth Weighting Function

As we have just said in the previous paragraph, the minimum
length solution can be defined as the solution for the
underdetermined problem. This hypothesis on the solution is the

first and the most common a priori information that can be used.

This kind of minimization, without other constraints,
provides solutions with model elements of low value near the
surface, because in this case the solution is the shortest, as
we required i n the minimum length formulation. This because the
kernel decays with distance andso the simplest(  minimumlength )
solution will be that being the most concentrated |, thisimplying

that having the lowestvaluesinasmaller volume. This obviously
means tha t such solution cannot be deep (in this case higher
values and larger volume would be involved) and it will be
instead  near the surface (Figure 2b).
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Figure 2: (a) Magnetic field due to a dipole horizontal line shown in (c) by the

white dot . Blue solid line is the observed data and the red asterisks are the
calculated data of (b) the Minimum Length solution.

We repeat that t his kind of density distribution does not
depend on the characteristics of the observed data, but it
direct consequence of the supplied a priori information.

To avoid this too strong influence of the minimum length
hypothesis, we need to introduce more a priori information. Li
and Oldenburg (1996) were the first that studied this problem
and introduced a depth - weighting function

isa

6 —0 (29)

where z is the depth of each layer in the 3D model and the
value of zo depends upon the observation height and cell size
(Oldenburgand  Li, 2005 ). Liand Oldenburg propose to use for
avalue equal to 3 in the magnetic case ( Li and Oldenburg, 1996
and equal to 2 in the gravity case ( Li and Oldenburg, 1998
assuming 3 and 2 as the rate decay of the magnetic or gravity
field of a single, small, roughly cubic cell.

Oldenburg and Li (2005) later suggested that the exponent
value used in a particular inversion could be chosen, by finding
the best performance of different exponent values applied to
trial inversions of synthetic data from forwa rd models similar
to the expected solution.

Cella and Fedi (2012) showed instead that the appropriate
value of b must be related to N, the structural index of the
source (Table 1), rather than to the power - law decay of the
field generated by a single cell.
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Source N( grav) N(mag)
Point mass or dipole sources, spheres 2+k 3+k
Line or masses of dipoles infinite 1+k 2+k
Semi- infinite plane, thin dike, sill 0+k 1+k
Contact - 1+k 0+k

Table1l 1 Structural Index (k = order of differentiation)

Moreover, lalongo et al. (2014) have shown the connection
between the depth weighting exponent b and the regularization
parameter e, where this last one is chosen by using the
generalized cross - validation method (GCV).

The structural inde X may be estimated with standard methods

such as Euler Deconvolution or the study of the scaling function
( Fedi, 2007; Florio et al., 2009; Barbosa et al., 1999; Fedi and

Florio, 2006 ). Ve will see in detall chapter 4, how to estimate
the structural index by the scaling function method .
For all the inversion performed in this work we will use t he

Li and Oldenburg (2003) algorithm, which allows solving
underdetermined problems, with the number of cells significantly
larger than the amount of available data. The related objective
function is satisfied by many different solution models that
generat e practically the same data. This goal is reached using
appropriate weighting functions whose parameters are empirically
selected, based on numerical modeling and qualitative analysis
of typical gravity or magnetic anomalies.

The solution is obtained by th e following minimization
problem ( Oldenburg and Li, 2005 ):

minimize G =4 & eml
. . (30)
subject to Mnin O M O Mhax

where mmin and mmax are vectors containing the lower and upper
bounds on the model values, and m is the vector containing model
values. Besides that and the weighting function, other p rior
information that this algorithm allow s to introduce might be:
knowledge of a background or reference model and a general
assumption that the structures should be smooth or ,
alternatively, that they have sharp edges at least locally
( Oldenburg and Li, 2005 ).

The algorithm uses the logarithmic barrier method with the
conjugate gradient techniq ue (CG) as the central solver. In the
logarithmic  barrier method, the bound constraints are
implemented as a logarithmic barrier term.

The objective function is given by ( Gill et al. 1991 ):

. e e ¢ a& @ O & a (31)
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where ¢ is the regularization parameter, & is the barrier

paramete r, (U4 is the weighted data misfit and dm is the model
objective function. The weighted data misfit is given by:
¢ AWH Ko (32)
where d are the predicted data, dobs are the observed data -
vector and W is the inverse data - covariance matrix.
e a | 00 & i | QU
T 0a i i o
| V] o Qu E
AR (33)
T oa 1t 1 . o=
| ; Qu E
T w
P oo i 0 -~
| V] ; QU
T a
where m is the unknown model, m is a reference model and
w(z) isthe depth - weighting function ( 29).

The terms  ws, Wk, W, W are spatially dependent weighting
functions to input additional prior information about density

or susceptibility model. In particular , theweights  w, w, W,
with or without a reference model, control the degree of

smoothness of the solution along the t hree directions ( Oldenburg
and Li, 2005 ); finally, U, U, U and U are coefficients

controlling the importance of each term.
The logarithmic barrier term forms a barrier along the
boundary of the feasible domain and prevents the minimization
from crossin g over to the infeasible region. The method solves
a sequence of nonlinear minimizations with decreasing & and, as
& approaches zero, the sequence of solutions approaches the
solution of eq uation  ( 30).Further details on how a numerical
solution is obtained discretizing the model objective function
can be found in Oldenburg and Li (1994).Instead of carrying out
the full minimization at each iteration, it is common to take a

Newton step for each value of & and adjust the step length so
that the updated model remains positive ( Gill et al. 1991 ). The
step length is also used to determine the decreased value of the
barrier parameter o for the next iteration ( Li and Oldenburg,
2003).

The barrier iteration continues until the value of & Is
sufficiently small such that barrier term has a negligible
contribution to the total objective function ( 31) and the
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iteration stops when the objective function is changing less

than 1%

Looking att he equation of the objective model function ( 33),
it is easy to understand the key role of the depth weighting
function w(z) , where, according ly to Cellaand Fedi (2012) , the
exponent b must be related to N.

Forthisreason, we decidedto createa b function, estimating
N in every single point of our source - domain. In this way the

equation (29) will be:

e p
We will call the equation (34) inhomogeneous depth weighting
function.
In order to build this function, we need to estimate b in
every point of our domain. We decided to use an approach based
on the scaling function method ( Fedi et al 2006 ), which will be

described in Chapter 4.
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3. [Papers]  Methods for 1D inversion of potential field

In this chapter we show two paper s published ininternational
scientific journals that describe the 1D method developed under
this thesis project, for the inversion of potential fields.

The first one describes the theo r etical aspects of t his new

method, with applications on synthetic and real gravity data

in the Frenchman Flat (Nevada) sedimentary basis, where the
obtained density model is in good agreement with the results of
density log.

The second one shows the application on magnetic real data,
under a joint interpretation with other information from TDEM.
Onerelevantresultis that our joint cooperative interpretation
allows a significant interpretation of the Drybones kymberlites,

Canada, with an improved modelling either laterally or indepth.
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A method for inversion of 1D vertical soundings of gravity anocmalies

Andrea Vitale!, Domenico Di Massa', Maurizio Fedi', and Giovanni Florio'

ABSTRACT

We have developed a method to mterpret potential fields,
which obtains 1D medels by inverting vertical sowndings of po-
tenfial field data. The vertical soundings are budlt through up-
ward continuation of pofential field data, measured on either a
profile or a surface. The method assumes a forward problem
congisting of a volume partitioned in layers, each of them homo-
geneous and honzontally finife, but with the density changing
versus depth. The continuation errors, increasing with the alti-
tude, are antomatically handled by determining the coefficients
of a third-crder polynomial function of the altitade. Due to the
finite size of the source vohane, ‘we need a prion information
about the total horizontal extent of the volume, which is esti-
mated by boundary analysis and optimized by a Markov chain
process. For each sounding, a 1D inverse problem is independ-
ently solved by a nonnegative least-squares algorithm. Merging
of the several inverted models finally vields approximate 2D or
3D models that are, however, shown to generate a good fit to the
measured data. The method 1s apphed to synthefic models, pro-
ducing good results for either perfect or confinued data. Even
for real data, 1.e., the gravity data of a sedimentary basim in Ne-
vada, the results are inferesting, and they are consistent with
previous interpretation, based on 3D gravity mversion con-
stramed by two gamma-gamma dengity logs.

INTRODUCTION

The purpose of this work is to develop a 1D method for analyzing
anomalies of potential fields.

The scientific literature is extraordinarily rich in algorithms concemn-
ng 2D and 3D potential field data mversion (e.g., Last and Kubik,
1983; Guillen and Menchett, 1984; Litinsky, 1989; Li and Oldenbug,
1096; Barbosa and Silva 1994; Silva and Barbosa, 2004, 2006; Cella
and Fedh, 2012; Paoletti et al, 2014; Silva Dias et al., 2009; Wijns and

Kowalezyk 2007). However, there are ne 1D algorithms equivalent to
those applicable to seismic or electromagnetic methods. From a general
point of view, this is not swwprising because 1D problems invalve a for-
ward problem referring to a sef of infinitely extended layers, each one
homogeneous n the source property. Indeed, in the gravity case, such
an assumed model would produce nothing more than a spatially con-
stant field and, therefore, it could not explam any gravity ancmalies.

Ta our knowledge, only a single work (Fech and Rapolla, 1995)
regards the mversion of “vertical gravity soundings,” that 15, 4 1D
mversion method, using a forward problem consisting of a finite
volume of layers, each of them with its own density and horizon-
tally finite. The authors first form a gravity vertical profile, by up-
ward continuation of the data above an area including the sounding
and then show how the inversion of such a vertical profile could
yield a 1D estimation of the density through the volume.

In this work, we generalize the method to the mversion for a sowrce
distribution, which is inhomogeneous either laterally or vertically.
In practice, we will solve a set of linear inverse problems at many
locations on the measwrement ares, inverting for a density model
relative to a set of fimte and homogeneous layers at each location.
Agsuming a large number of layers, we, therefore, selve an under-
determined problem because the data number is less than that of
the unknown parameters. Density bounds may be applied to constrain
the physical property to lie within a geologically reasonable interval.
Because all the 1D inversions are independent of each other, we may
finally produce a 2D or 3D model of the physical property joming
the results obtained for each vertical sounding. The main disadvant-
ageis that 2D and 3D models are not built by direct multidimensional
nversion but by approximation from a multiset of 1D models.

We tested our method by analyzing either synthetic or real data.
To make realistic simulations, we also mterpreted synthetic cases
with data generated by upward continned data

1D VERTICAL SOUNDINGS

The basic idea of the verfical gravity soundings (Fedi and
Rapolla, 1995) was that the verfical distribution of density could

Manuscript received by the Editor 22 March 2017, revised manuscript received 23 September 2017, published ahead of production 13 November 2017,

published online 28 December 2017.
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be deduced by the gravitational field known at different
altitudes.

Following Fedi and Rapolla (1995), we start from the relation
that defines the gravitational field generated at the point of coordi-
nates r = {x,y, z) by a distribution of mass density p{r’) in a vol-
ume V'

glr) = Y/p(r’)ﬁdv’, oh;
i

where y is the gravitational constant and

r=r| ==V -+ -2V @

If the density varies just vertically (1D model),
plr') = p(2). €Y

Consider now a vertical sounding with NV measurements at
7i(%, 3,21, - - -» 2w ), where the altitudes vary as zy, ..., zy, with
j=1,...,N, and the horizontal coordinates {X,¥) arc fixed.

Vitale et al.

Then, equation | becomes
' z - < '
glry) =v [ plz )mdﬂ : “)
i

v

where

|r;— 7| :\/(J'c—x’)2+()')—y’)2+(zj—z')2. (5)

This equation describes the 1D forward problem of a continuous

unknown function p(z), linearly related to the measured gravity

data. If we now assume a discrete number M of layers in each of

them, the density is homogeneous, we have

M
glry) = ZﬂiGij’ 6)
1

where

z'—z;
Gy(r;) = }’/de, )
j
v,

a) CaseA b) c)
0 0 &0 and {p;}, {V,} are, respectively, the densities and
B 70 the volumes of the M layers withi =1, ..., M.
50 To better understand if the field at different
4 70 t altitudes allows information about the sources,
6 £ 50 we now analyze two simple cases. The first one
s § 40 (case A in Figure la) is relative to a prismatic
60 - 230 source built by two layers with the upper one
100 5 = being denser; the second one (case B in Fig-
5 0 20 .
ure [a) has instead the upper layer less dense.
M, = 1g/cm’ N 50 - 10 The two models have the same geometry and di-
B, =05 glom T 0 mensions (the upper layer is 5x 5 X 3 km, and
£ 06 07 08 09 ihe pottom layer is 5% 37 km). Consider
5 40 - Density (g/cm”~) now two profiles built at the center of the two
2 blocks. Figure 1b shows that the field from the
Case B = 11 . .
I 80 model A (solid line) is stronger at low altitudes
30 - 70 —--Case B i than that from the model B (dashed line), at 8 km
—Avgvalue| ! .

i they are equal, and so also the corresponding ap-
. 50 ! parent densitics (Figure Lc), at altitudes higher
20b é 50 '! than 8 km, the field from model B has the highest

2 40 !' values.
=2 I Following Fedi and Rapolla (1995), we may
5 10 g 30 ’.I have another way to distinguish the effects from
0 50 20 / the two sources, by introducing a quantity called

10 /,/ the apparent density (p(z;)}
1 o "/ ’
10° 102 06 07 08 09 JopR S

Gravity (mGal) Density (g/cm?) plz)) =——-2——  (®

Figure 1. Vertical variations of the gravity field and the apparent density of a two-lay-

—;
fV [r,=r'F dv

ered source. We study two cases {a): a denser upper layer at the top (case A) or a denser

bottom layer {case B). (b) Model A (solid line) is stronger at lower altitudes than 8 km
compared with model B (the dashed line). At 8 km, they are equal, and at altitudes
higher than 8 km, the field from model B has the highest values. (¢) Apparent density.
The solid vertical lines indicate the average density of the bodies, weighted by the thick-

nesses of the layers of each body.

The apparent density is a normalized gravity
that has the physical dimension of density. It is,
in fact, obtained through the division of the field
by a gravity field relative to the same volume,
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where the density is homogeneous and equal to | g/cm’. Apparent
density is really meaningful in distinguishing between the two
cases: In fact, at low altitudes, in the cases A (solid line) and B
(dashed line), it has a close value to each one’s own true density
of the top (Figure Lc). On the contrary, at high altitudes, it asymp-
totically tends to the respective weighted average of the two layers’
densities, the weighting being the thicknesses of the two layers.

This example clearly shows that there is information about
the source property distribution within a vertical gravity sounding.
However, it is not easy to handle this quantity because we need to
know exactly the normalizing volume. In addition, as shown by
Fedi and Rapolla (1995), a linear system involving the equivalent
density (equation 8) is equivalent to that formed by that related to
the 1D gravity problem (equation 6) because the gravity data and
the kernel are divided by the same quantity, that is, the normalizing
factor in equation 8.

Therefore, we turn to the original 1D gravity problem, based on
equation 6:

g=Gm, &

where g represents the vector of dimensions N formed by the data,
m represents the density vector of dimensions M refers to the vol-
ume, and G represents the matrix of the theoretical kernel of dimen-
sions (M X N) defined in equation 7.

The presence of experimental errors (Ad) implies that the fitting
between experimental data and theoretical data (Gm) is searched
according to

g—Ag<Gm<g+Ag 10

Besides, to reduce the number of possible models that are the
solution to our problem, we may constrain the solution by a priori
information about the density of each layer

8pr, = 8p; < Opn. an

‘With these inequalities, the solution may be found by solving the
optimization problem of minimizing ||m||, subject to inequality
constraints (Menke [1989], pp. 130-131).

The problem 9 is transformed into

Gm' =g/, (12

where

T
G — ﬁT]; = m a3

The matrix F contains both the kemel G, of dimensions (M X N),
relative to the vertical sounding data g of dimensions N and the
matrices associated with additional constraints. Similarly, the vector
h of dimensions (2N + 2M) contains the data vector g and the val-
ues of the constraints (m; = 8p; and my = 8py) as

G g-Ag
_ |-G _ | —(g+Ag)
F—| | h- o , (14)
-1 —my

where M is the number of layers in the model volume and A is the
number of altitudes of each sounding. The functions F and h may be
used to solve the problem in particular conditions, such as those
relating to mitigate the effect of a trend or noisy data (we will dis-
cuss that later with equation 18 and system 19).

Our problem is solved (Menke, 1989) by searching for the sol-

ution m’ that minimizes
e’ =|g'-G'm’|;, subjecttom’>0,  (15)

noting that if the prediction error e’ # 0, the constraints Fm > h are
consistent and the solution of the problem is

7

m;=——1 withi=1,...,M. (16}
€y

It is intuitive to understand that inequalities 10 and 11 allow for
managing the overall tolerance of this technique. Refer to Menke
(1989, pp. 130-131, equations 7.52-7.58) for the complete descrip-
tion of the algorithm.

To generate a synthetic data set, we used an algorithm to generate
gravity data of a prism-like source at different altitudes (Plouff, 1976).
For each synthetic model, a map of gravity anomalies is generated at
each altitude, related to a density distribution synthetically defined.
From each map, a profile is extracted, passing through the center
of the anomaly, each consisting of X measurement stations. The
kth measurement station along the horizontal profile (1 < & £ K) will
indicate the spatial position of the kth vertical sounding Py, formed by
the N measurements related to that station at different ¥ altitudes
(Figure 2). The altitudes are chosen following the rationale that
the solution does not change adding the field at altitudes greater than
some level.

™~  Mlayers

Figure 2. Generic theoretical volume of M layers for a set of K
vertical soundings (P;). The measurement level is taken as the zero
level, in which the measured anomaly field is shown.
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In this paper, we will invert a set of vertical soundings, such as
those in Figure 2, to the end of producing approximated models of
the density distributions of 2D or 3D complex bodies.

‘We use a procedure similar to other kinds of 1D modeling in geo-
physics, such as resistivity vertical electric sounding, for which a set
of infinitely extended horizontal layers is assumed at each sounding
and the result 13 assigned just at the sounding location.

In our case, for each sounding, we assume that the source volume
is made of a set of homogeneous layers: They are not infinitely
extended, but they are as large as the boundary analysis defines
(Figure 2). Then, the depth-density model found is assigned to
the corresponding sounding position. Therefore, we refer to a single
vertical sounding, say Py in Figure 2. After inverting for the layer
densities in the source, the result is attributed to a set of layers sized
AX, i.e., the step size of the vertical soundings along the profile, and
centered at the profile position. Repeating this procedure for all the
soundings, we obtain an approximate 2D model of the source
distribution along the profile.

Forming and inverting a set of vertical soundings

As shown in Figure 2, the theoretical volume is composed of
M layers of constant thickness. The total thickness 7 and the hori-
zontal extension must be fixed by a priori information. Boundary
analysis can be used for this task (e.g., Bott, 1962; Blakely and
Simpson, 1986). We applied here the enhanced horizontal derivative

(EHD) method (Fedi and Florio, 2001) that is based on the total
horizontal derivative of the weighted sum of the vertical derivatives
of increasing order. Appropriate weighting helps to define accurate
boundaries of the source. In complex cases, with sources lying at
different depths, EHD provides the best edge definition among edge
estimators, as shown in Cella et al. (2009). The source boundaries
can be outlined by considering the locations of the maxima of the
EHD function, as shown in Figure 3b (the red-contoured area high-
lighted by dots) for the gravity anomaly in Figure 3a. In this case,
the series consider the terms from the field to the fourth derivative,
using a weighting factor of one for each of the five terms. The
maxima are represented by the white dots, and they were calculated
using a Canny edge detection function in MATLAB. The source is a
prism with a 50 m depth to the top, a 250 m depth to the bottom, and
a 0.5 gfem® density contrast. Its horizontal dimensions are 110 m
along the x-axis and 130 m along the y-axis.

‘We have now specified the vertical and horizontal size of the
source volume. Therefore, we can proceed to form the vertical sound-
ings for each profile, according to equations 6 and 7. This means that
at the kth sounding position, we will form the system

Gy 2 — Ag
-G, _ | (g + A

o me = | AR an
-1 —my

where 1 is the identity matrix of dimensions
(M X M), G is the kemel of the kth sounding

a) 700 . 2 0.4- ' ' ] of dimensions (M X N), and g, is the data vector
650 of dimension N. In this way, we built the matrix
oi0 F of dimensions [{2N + 2A£) X M] and the vector

0.35- i h of dimensions 2N + 2M):
E. 550
3 500 G; g, — Ag
03 1 _ | G _ | (g + A
F = 1 , h= (gkmL g)
-1 —my

_ 025 (18)

&

8

3 02 1 The system 17 takes into account all the con-

b) x10° = straints, errors (Ag), and density bounds (my
700 a5« and my).

650 3 0.15 1 However, data are hardly measured at varying
altitudes, so that we will calculate the data at a set

500 28 of altitudes by upward continuation of the data
£ 550 2 0.1 1  from the measurement level (e.g., Baranov

T 500 s [1975], pp. 48-56; Blakely [1996], pp. 313—
450 319). Upward continuation strictly holds for an
200 1 0.05- 1 infinitely extended measurement region § and

05 for data known there continuously. Therefore,

350 in areal case, ie., that of a finite region and dis-
400 500 600 700 mGDaIIms oo 012 0:4 crete data sets, the continuation formulas do not

X (m) Gravity (mGal) hold exactly, but only approximately, so that the

Figure 3. Boundary analysis for estimating the source size. (a) Gravity map produced
by a synthetic buried body (see text). (b) EHD considering the series from the field to the
fourth order of the vertical derivatives and weighting factor of one for each of the five
terms (the white dots highlight the maxima). {¢) Vertical gravity sounding at the position
marked in (a) by the white star.

upward-continued data must be regarded as
being affected by some errors, due to imperfect
continuation. For further details, we remind the
reader of a previous paper in which this issue was
specifically discussed by Fedi et al. {2012). In
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particular, we follow Castaldo et al. (2014), which approximated the
continuation error by a third-order polynomial:

H(z) = c; + cyz + 322 + 42’ (19)

where cy, ¢;, ¢y, and ¢4 are unknown coefficients to be estimated
during the inversion process. This polynomial can account for errors
due to the upward continuation operator and errors due to trends of
no interest in our analysis, such as that caused, for example, by a
deeper source.

At this point, our system 17 must be changed to add the con-
straints due to the polynomial, which results in increasing the num-
ber of unknowns:

Se g, — Ag

=S | |Mew | _ | —(g +Ag)

i il B I Pt A ReY
-1, —y

where ¢ is the vector formed by the third-order polynomial coeffi-
clents in equation 19, Sy of dimensions [(M + 4) X N] X [(M +4) X
N] is Gy phus the four polynomial coefficients, and I, is the identity
matrix of dimensions {M +4) x (M +4).

SYNTHETIC EXAMPLES

Let us now describe the multisounding inversion for a synthetic
case related to a single buried body as described in the previous
section (Figure 3). We begin with a prism having a 50 m depth to
the top, 2 250 m depth to the bottom, and a 0.5 g/cm® density con-
trast. Let us assume a gravity profile, extracted from the anomaly
shown in Figure 3a at y = 510 m, and assume the y-axis as the
strike direction.

The altitudes for the vertical soundings range from I to 401 m
with an 8.2 m step. We will consider 33 vertical soundings, spaced
horizontally 10 m along the x-axis. For each sounding, we assume a
set of 100 layers, each 5 m thick, to have a satisfactory depth res-
olution and a 500 m model depth limit for the source thickness.

The last important parameter to set is the horizontal extent of
the source volume that we retrieved quite precisely using the EHD
method (the white dots in Figure 3b). As aleady said, the series

consider the terms from the field to the fourth derivative, using a
weighting factor of one for each of the five terms.

‘We now consider two cases: The first is relative to perfect data,
which is of profiles built with data generated at the various altitudes
by Plouff’s formula and using strong constraints (0 < ép <
0.5 g/cm?®) (Figure 4a) or weaker constraints (0 < 8p < Lg/em®).
The second case is that of profiles built from upward continued
of the map data shown in Figure 3a. We fixed the experimental error
on the data to Ag = 2 X 1072 mGal because we are simulating a
perfect data case. We show the results for only weak constraints
(Figure 4c).

The results are consistent with the true model (the white box
in Figure 4a—4c). The density contrast is consistent with the true
model. Moreover, the obtained density distribution allows for an
unambiguous estimation of the depth to the top of the structure in
all three cases. The source bottom could be very well estimated
in the perfect data case (Figure 44 and 4b), whereas there is some
resolution loss in the case of upward-continued data (Figure 4c).

‘We have above obtained for a simple source a good estimate
of the horizontal source extension (Figure 3b). However, in a real
case, this task could not be so easy and some estimation errors are
possible, not only considering errors in estimates of the edges but
also possible estimation issues due to the particular geometry of the
source. However, we may improve the quality of our estimates by
using a Markov chain approach.

The Markov chain is a stochastic process in which the conditional
distribution at any future time ¢+ 1 for a given past state and a
present state depends only on the present state:

Pylt+1) = P{X(t+ 1) = jIX(1) =
X(t=1) =iy, ..., X(0) = ig)
= P{X(r + 1) = jIX(1) - i}, @

where i is the outcome of the kth trial of the process X{k) when k =
tand Py;(z + 1) is the probability that the outcome of the stochastic
process will be j at the trial £ = ¢+ 1 (Sen and Stoffa, 2013). From
equation 21, we can easily understand that the probability of the
outcome of a given trial depends only on the cutcome of the pre-
vious trial. This statistical approach is used in several research fields
(e.g., Bengio et al., 2017; Didelot et al., 2017; Hartemink et al.,
2017) with the purpose of optimizing the parameters of a study.

a) 05 b) 05 c¢) 0.5
100 04 100 04 100 0.4
E 200 03 E 200 03 E 200 0.3
£= £z =
£ 300 02 B 300 0.2 B 300 0.2
[=] [=] [=]
400 0.1 400 0.1 400 0.1
500 0 500 0 500
200 300 gem® 200 300 g/em® 200 300 glem?
X (m) X (m) X (m)

Figure 4. Source reconstructed after inversion for 33 chcal soundings rclatlvc for a prismatic source (scc the text). (a) Model after mversion

with perfect data and constraints 0 < f) < 0.5 g/em® and Ag=2x 107!
mGal. {¢) Model after inversion with upward-continued data and constraints 0 < 8p < 1 g/em’® and

0<8p <1 gfem® and Ag=2x 107"
Ag =2x 1072 mGal. The white box outlines the true body.

2 mGal. (b) Model after inversion with perfecl data and constraints
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Let us now describe the workflow that we used in this paper.
Starting from the data map at the lowest altitude, we first perform
a boundary analysis using the EHD to have an initial estimation of
the source horizontal dimension. In general, the form of the source
is not regular, so we can approximate its shape by subdividing the
source into a set of thin prisms, as shown in Figure Sc. This gives
different estimates for the north-south sizes, moving, for instance,
along a west-east profile. Consequently, the system in equation 20
will now become relative to a set of layers of complex shape, ac-
cording to the results of the boundary analysis. Because we may
expect that the estimates of the prism size are affected by error,
we may optimize the north-south size of each thin prism, at each
iteration of the Markov chain (equation 21), in such a way as to
improve the fiting among observed and calculated data. We assume
increments or decrements comparing the observed and the calcu-
lated data. If the calculated data underestimate the observed data,
the prism size should be bigger. If the calculated data overestimate
the observed data, the prism size should be smaller. This logic was
used for a positive anomaly, whereas an inverse logic was used for a
negative anomaly (such as a sedimentary basin). To this end, we
may assume increments or decrements of a small fixed quantity

per each iteration step. We obtained good results assuming this
quantity is equal to the data spacing AX.

At this point, the model volume was changed according to this
procedure and the inversion process proceeds to the next iteration.
During the inversion, when inverting for prism £, the obtained den-
sity model is assigned only to prism ¢. In the match between the
observed and calculated fields, we consider the densities computed
for each gth inversion, respectively, related to the gth prism. The
final model is the sum of the effects of the whole set of ¢ prisms.
After the inversion, the misfit is calculated again, and if needed the
sizes of the prisms are changed. The cycle of iterations will end
when a prefixed misfit error is reached.

‘We used the same setup of the source of the synthetic example
described above, with perfect data, but subdivide the model volume
into 11 prismatic sources. To test this approach, we decided to
use for each of the L1 prismatic sources horizontal dimensions
randomly distributed between 150 and 90 m and obtained the
results shown in Figure 6 for three iterations of the entire process,
namely, at the 1st, 5th, and 10th steps. About the constraints, we
used the strong constraints on densities that we mention above
(0 £ 8p £0.5 g/cm’). The function Ag s set initially to a relatively
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0.1 = . . 500 0
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d) 0.5 e) 0.5
rme error = 5.9332e-05 2.5
= 100 0.4
é‘; 0.4 - 2
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8 02 e
g —e—Observed data 400 0.5
0.1 L Calculated data i 500 0
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Figure 5. Markov chain process for estimating the optimal size of the source. First iteration: (a) observed (blue solid line) and calculated (red dots)
gravity anomalies. (b) Inverted model and (c) estimated boundary (the white boxes highlight the dimensions used for the different prisms). (d-f)
and (g-i) are the same as (a-¢) for, respectively, 5th iteration and 10th iteration.
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high value, say, 10~ mGal, because the initial model is rough. As
the iterations proceed, Ag can be reduced to improve the fit. The
results are relative to the modeled anomaly (the red points in Fig-
ure 6a, 6d, and 6g), the inverted source density (Figure 6b, 6e, and
6h), and the estimated sizes of the 13 prisms (Figure 6¢, 6f, and 61).
In particular, we may see that the results at the first iteration (Fig-
ure 6a—6¢) are the worst, as expected, whereas they undoubtedly
improve at the fifth iteration (iteration, Figure 6d-6f), and they be-
come very good at the last iteration (Figure 6g—61). The root-mean-
square errors are 2 x 107, 5x 107, and 1 x 10~15, respectively, at
the first, fifth, and at the last iteration.

The estimates of the density contrast and the depths to the top and
the bottom obtained at the last iteration are very well consistent with
the synthetic model (Figure 4a).

CASE HISTORY

‘We will now discuss the application of this method to real
data, related to the sedimentary basin of Frenchman Flat, Nevada
Test Site (NTS), USA. Fedi and Rapolla (1995) have already ana-
lyzed a single vertical sounding of a synthetic sedimentary basin,
obtaining good results about its vertical density distribution (their
Figure 9). However, they notice that a model volume with horizon-
tal dimensions a bit smaller than what detected by boundary analy-
sis is needed. Here, we apply our multisoundings method to a real
data case following this advice.

The Frenchman Flat is a Cenozoic Basin located within the
southeastern edge of the NTS. It is filled with
Quaternary and Tertiary volcanic and sedimen-
tary deposits that lie unconformably on faulted ~ a) 25
and folded Palacozoic and pre-Cambrian strata.
Phelps and Graham (2002) have estimated the
depth of the basin in Frenchman Flat using a
gravity inversion model, constrained by two -
gamma-gamma density logs. E

According to Phelps and Graham (2002), the N
basin bottom is located at 2.4 km depth in the
northeast sector of the basin, as shown in Fig-
ure 6a. We digitized the gravity isostatic map in
Figure 2 of Phelps and Graham (2002).

Figure 6 shows the isostatic gravity map (Fig-
ure 6a) and its EHD (Figure 6b), which consider
the terms from the field to the fourth derivative, b) 25
using a weighting factor of one for each of the five
terms. The vertical soundings will be made along
the line as shown in Figure 6a (the white dots).

Our first step was defining the shape of the
basin through a boundary analysis. The EHD T
analysis led to a complex shape, as shown in Fig- =
ure 6b by white dots, with an average extension -
of approximately 10 km along north-south direc-
tion and approximately 12.5 km in the west-east
direction. Note that we ignored the EHD maxima
at y > 20 km, according to the geology of the
area, which links the northwestern portion of
the gravity anomaly to a different basin, the
Yucca Flat.

To build the vertical soundings, we upward
continued the zero-level data set to altitudes from
1 mto 9 km with a L12.5 m step. Then, we con-

5

10
X (km)

sidered 50 vertical soundings, spaced 0.5 km, along the profile in
Figure 7a.

Phelps and Graham (2002) interpret the gravity data with a
0.4 g/cm® density contrast, based on previous geologic knowledge
and two gamma-gamma density logs. Therefore, about the density
contrast bounds, we preferred to use a wide range, from —0.8 to
0.1 g/ cm?, in order not to constrain the density model too much,
and Ag = 0.2 mGal.

‘We then performed the 1D inversion for all the vertical soundings
according to the system 20 and to the source parameters described
as in the following. To account for such a complex shape, we de-
cided to subdivide along the west—east direction the source volume
in 22 thin prisms of variable north-south length, each one 0.5 km
thick. Because it regards the total thickness, in the synthetic cases,
we showed that the total thickness of the model volume should be
greater than the source thickness (Figure 3). Therefore, considering
that Phelps and Graham interpreted the basin with a model reaching
the deepest depth of 2.4 km, we decided to assume the bottom depth
of the volume to be equal to a 5 km depth. The source volume was
then subdivided in a set of 200 layers.

Similar to the synthetic case described in the previcus section, a
Markov chain algorithm was used to select the best north-south size
extent for the assumed 22 thin prisms. At the first step, we used the
estimates provided by the boundary analysis, shown in Figure 7a.
The inverted densities for each sounding were then merged to build
a 2D model at each iteration of the Markov chain. For each of them,
the resulting field was compared with the true data along the profile
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Figure 6. (a) Isostatic gravity map of the Frenchman Flat sedimentary basin and vertical
sounding positions (white dots). (b) EHD of the gravity map in (a), using terms from the
field to the fourth derivative and unit weights; the basin boundary is marked by the white
dots. (¢) Vertical gravity sounding at the position marked in (a) by the purple star.
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in Figure 6a, and the relative misfit was computed. After 20 itera-
tions, we stopped the Markov chain iterations and obtained the best
misfit error, corresponding to the north-south size extents shown in
Figure 7b.

‘We can find the final 2D model in Figure 8d. It may be seen that
the fit with the original data (solid blue line) and the interpreted
model (red dots) is very good (Figure 8a). In this figure, the poly-
nomial trend recovered during the inversion of each vertical sound-
ing, shown in Figure 8b, is added back to the model data. The
interpreted basin model extends mainly from the zero-level toward
a maximum depth of approximately 2.5 km, as indicated by the
black solid line, below which weaker density contrasts less than
0.1 gfcm’® are estimated. This broadening somewhat of the density
model versus depth is an unavoidable feature of this method and
was also observed for the synthetic case (Figure 4c). However, it
is important to see that the estimated density model well agrees with
the model proposed by Phelps and Graham (2002), as illustrated in
Figure 8d, in which the red line is the estimated density contrast
highlighted by the black line A — A’ in Figure 8c and the blue line
is the model proposed by the authors.

a)25 b) 25
40
30
- P
& o §
> >
10
0
5 10 15 20 25 mGalkm 5 10 15

X (km)

20 25 mGal’km

CONCLUSION

‘We have described a 1D method for inverting gravity data, which
has several aspects of interest.

One relevant feature is that it 13, to our knowledge, one of the few
algorithms allowing 1D inversion of potential fields. As any 1D al-
gorithms in geophysics, it is a flexible tool: it can be used for pro-
ducing a local image of the source distribution, as our real-data case
shows in the case of a density log, or to produce sections and even
volumes of source distribution, as our synthetic and real cases dem-
onstrate. In this last case, the method will obviously produce only
an approximate characterization of the underground source distri-
bution, which should be better interpreted with more refined 2D/
3D algorithms. However, our examples show the usefulness of pro-
ducing this kind of source distribution model

The main difficulty is to have a good estimate of the dimensions
of the source, necessary for building a reasonable model volume.
Regarding the thickness and the depth of this volume, we can adopt
a thickness much larger than expected from a priori information, so
that it does not appear a difficult parameter to estimate, or, in other

words, it is a problem not too different than that

in any inverse algorithm. The horizontal dimen-
40 sion of the source volume is instead a critical
parameter of this inversion, and we tried to out-
line a valid strategy for its estimation based on
two steps:

1) boundary analysis, to have our first estimate
10 of the source extent, and
2) a Markov chain approach, to search for the
optimal value of the horizontal extent along
the strike-length direction, which yields the
best data misfit for each sounding.

Figure 7. EHD of the gravity map in Figure 64; the basin was subdivided in 22 prisms (the
white boxes). (a) The white boxes show the sizes (a) at the Ist iteration and (b) at the 20th
iteration of the Markov chain process for the 22 prisms. See the text for further details.
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Figure 8. Inversion of the anomaly in the Frenchman Flat basin (Nevada, USA).
(a) Gravity anomaly (blue line) versus estimated gravity anomaly by the inversion model
(red dots). (b) Polynomial trend as recovered during the inversion. (¢) Our depth model
after inversion, which well reconstructs the basin geometry, as compared with the base-
ment estimated by Phelps and Graham (2002) (the black line). (d) Estimated density con-
trast (the red line) versus depth, referred to the part highlighted by the black line 4 — A’ in
(c), compared with the density model (the blue line) by Phelps and Graham (2002).

A good feature of this algorithm is that once
conditions (1 and 2) are relatively well satisfied,
bounds for the density constraints are not critical
and wide bounds may be safely adopted.

The second problem is that these soundings
are built through upward-continued data; that is,
they contain some continuation error, increasing
versus the altitude. In this case, we provide a rather
good solution by subtracting for each sounding a
third-order polynomial function of the altitude.
Synthetic cases of a single buried body provided
good results for either the geometry and the den-
sity contrast of the source, even if we use upward-
continued data and relatively wide bounds for the
density.

About the computational requirements of oural-
gorithm, on a Mac Pro (early 2009), when all the
starting parameters are chosen, the elapsed time for
the first iteration was approximately five minutes.

The method is automatic, provided some trials
for the weights are made, so the interpreter is called
to choose the best setting for EHD transformation
giving the best continuity of the boundaries.

‘We tested this new method on a real case of
a sedimentary basm in the USA (Frenchman
Flat basin, Nevada). Also using wide bounds

29



Downloaded 07/18/18 to 143.225.47.3. Redistribution subject to SEG license or copyright; see Terms of Use at http:/library.seg.org/

Vertical gravity soundings inversion G23

for the density contrast, we obtained a fairly good result, compa-
rable with that obtained by others using a gravity inversion model
constrained by two gamma-gamma density well-log results.

Extension of the method to the magnetic case is possible and will
be discussed in a future paper.
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We present the joint interpretation of airborne electromagnetic and aeromagnetic data, acquired to study
kimberlite pipes. We analyse the data surveyed in 2005 over Drybones Bay, Archean Slave Province of the
Norlhwest Territories, northern Canada. This area hosts a recently discovered kimberlile province with =150
kimberlite pipes.

Magnetic and electremagnetic data were each one modelled by 1D inversion. For magnetic data we inverted
vertical soundings built through upward continuations of the measured data at various altitudes. The validity
ol the melhod was prior verified by lests on synthelic dala. Electromagnelic dala were processed and inverled
using the modified AarhusINV code, with Cole-Cole modelling, in order to take into account induced polarization
effects, consisting in negative voltages and otherwise skewed transients.

The inlegrated study ol the two kinds of dala has led (o a beller understanding of the structures at depth, even
though the comparison between the magnetic and the electromagnetic models shows the different sensitivity
of the two methods with respect to the geclogical structure at Drybenes Bay.

© 2018 Elsevier BV, All rights reserved.

1. Introduction

Time domain electromagnetic (TDEM) and magnetic surveys are
often performed simultaneously, by a single airborne system carrying
both the electromagnetic equipment and the magnetic sensor.

The opportunity of having twa distinct datasets over the same area,
obeying to different physical principles and thus reflecting the distribu-
tion of different physical properties within the Earth is, in principle, of
great value, In fact, it makes possible an integrated study of the two
types of data with a potentially strong improvement of the final inter-
pretation model.

In this paper, we focused on modelling airborne electromagnetic
(AEM) and aeromagnetic data acquired during the same survey in
Canada, at Drybones Bay in the Archean Slave Province of the Northwest
Territories, northern Canada. In this area, in 1994, a completely under-
water kimberlite structure was discovered.

The application of geophysical methods to exploration for kimber-
lites and their associated diamonds began over 50 years ago with the
use of magnetic and gravity measurements. Within a decade, electrical
resistivity and, later, induced polarization methods were also applied

* Corresponding author.
E-rnait address: d.dimassa@dimms.it (D. Di Massa).

hittps:/fdoiorg/10.1016/jjappgen2018.07.004
0926-9851,/< 2018 Elsevier B.V. All rights reserved.

to the same case, Since 1970's, both ground and airborne methods
included magnetic and electromagnetic measurements {Reed and
Witherly, 2007).

Kimberlite is an alkali ultramafic igneous rock, formed from the
cooling of molten magma that arises from the melt of peridotite in the
mantle at depth of 150-200 km. Kimberlite is composed of at least
35% olivine, together with other minerals such as mica, serpentine,
and calcite (Kjaarsgard, 1996). During its upward rise into the upper
mantle and overlying crust, minerals start to crystallize while the
volatile gases expand and exert increasingly higher pressures on the
surrounding rocks, eventually breaking some of the surrounding rock
and incorporating it into the magma, The kimberlite magma may
produce explosive volcanic events. [n the Slave Craton and adjacent
areas, these eruptions occurred from subaerial to shallow subaqueous
environments; consequently, many of the resulting vent systems are
vertical or steeply dipping carrot-shaped bodies, equidimensional in a
plan section and tapering gradually with depth. Kimberlite intrusions
tend to occur in clusters or fields, with the large-scale distribution
possibly controlled by deep-seated structural features and local
emplacement controlled by shallow zones of weakness, such as faults
or the margins of diabase dykes (Power and Hildes, 2007).

The accepted pipe model includes three different zones from top to
bottom, each with distinctive morphology and texture: the crater,
diatreme and hypabyssal zones (Scott Smith, 1996).
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Crater kimberlites are usually basin shaped excavations formed at
the surface by explosive volcanic eruptions. Crater facies kimberlites
are a mixture of tuffaceous kimberlite, surrounding country rock and
overlying sediments. Two main categories of rocks are found in facies
of crater kimberlites: pyroclastic, deposited by eruptive forces, and
epiclastic, which are the same rocks after the interaction with water.
In much of the Slave Craton, crater-facies kimberlites include a signifi-
cant component of shale and mudstone, sometimes with a significant
component of entrained organic material. Large blocks of surrounding
country rock (xenoliths} shattered from the volcanic vent margins are
present in some pipes. A crater-facies kimberlite is often deeply weath-
ered and serpentinized (Kjarsgaard, 1996).

Kimberlite diatremes are cone-shaped bodies with vertical axes and
steeply inward dipping margins. Diatreme facies describe an explosive
kimberlite breccia composed of fine-grained kimberlite, mantle nodules
and angular fragments of the surrounding country rocks. Diatreme
facies rocks are generally confined to a central breccia pipe and are
generally less altered than crater facies rocks.

Hypabyssal kimberlites consist of unaltered fine-grained kimberlite
with mantle nodules and rare fragments of country rocl. Hypabyssal
kimberlite bodies include dykes, blind intrusions and the root zones of
kimberlite pipes.

In each kimberlite field, all three facies may be present at surface
because of differential glacial abrasion and quarrying, and because of
blind intrusions. The depth of erosion can vary over distances of a few
tens of kilometres or less. Qur ability to detect a kimberlite deposit by
geophysical methods depends on its physical property contrasts with
the host rocks. In the Slave Craton region (Canada}, magneticanomalies
are commonly associated with kimberlite intrusions, having a higher
magnetic susceptibility than surrounding gneisses and granites. In fact,
diatreme and hypabyssal facies are readily detected. In addition, they
can be affected by remanent magnetization. Instead, for crater facies,
the associated magnetic anomalies can be subtle, due to the low
magnetic contrast with the swrrounding rocks, which in turn depends
on the proportion of the non-susceptible sediments present (Power
and Hildes, 2007).

In general, the electrical resistivity of kimberlites increases with
depth, from crater facies through hypabyssal facies. Consequently,
crater facies display the greatest contrast in electrical properties with
respect to country rocks, so being well detectable with electromagnetic
(EM} methods. In fact, during weathering, a highly conductive clay-rich
zone forms in the top of the pipe (Macnae, 1979). Moreover, this top
layer can produce a measurable induced polarization (IP} effect, which
is related to ability of the material to retain electrical charges.

However, the existence of fine grained glacial-fluvial and lake
sediments in the shield regions of northern Canada, with an electrical
resistivity and an electrical chargeability comparable to that of the
crater facies, makes the discrimination between these sources compli-
cated. When the resistivity contrast is negligible, a potential crater facies
of kimberlite target can be still identified indirectly, by assessing if the
conductor persists at depth below the overburden thickness (Power
and Hildes, 2007). Diatreme and hypabyssal kimberlites have usually
low electrical properties contrast with respect to the country rocks.
For this reason, they are almost indistinguishable from granitic or
gneissic country rocks, as based on the study of the electrical resistivity
ot electrical chargeability distribution at depth.

In conclusion, a cooperative modelling of magnetic and electromag-
netic data is expected to yield a comprehensive information on the
whole kimberlite structure, improved with respect to the analysis of
just one of the two datasets.

2. Inversion of magnetic data
In this paper, we performed the inversion of magnetic data along

vertical profiles. This 1D method has been proposed for gravity data
(Fedi and Rapolla, 1995; Vitale et al., 2016} and it is here adapted to

the magnetic case, as described below. 1D methods mainly have the
advantage of a low computational complexity (Auken and
Christiansen, 2004; Lane et al,, 2004}. The inversion of electromagnetic
data (next section) is, on the other hand, commonly performed with 1D
models, so our common 1D approach to the inversion of the two differ-
ent datasets should warrant an easy comparison between the inverted
magnetic and EM models. As a matter of fact, 2D and 3D models are
built by joining the results from the whole set of independent 1D inver-
sions, resulting in an approximate 3D model.

The basic idea of the 1D algorithm for potential fields is that the
physical property distribution can be deduced from the field known at
different altitudes (Fedi and Rapolla, 1995}. For a set of N magnetic
data along a vertical direction (vertical sounding) [Pz, ..., Prj ..., Pini],
assuming that the magnetization could vary only along the vertical
direction (1D assumption), the forward problem for a continuous
magnetization [, linearly related to the magnetic data B, is expressed
by (Blakely, 1996}:

g M

Ho ¢

B(Pry) =72 F‘V/VJ(T)‘VW v
where F is the unit-vector along the inducing field direction, k is an
index accounting for the horizontal position of the vertical soundings
and j =1, ...,N refer to the data positions along each k™ vertical
sounding.

If the source volume is subdivided in M layers, where in each of them
the magnetization is homogeneous, we have:

M
B(Py) =" JGy(P) 3]
=1
where
Ho / 1
Cilpy) =2y [ v dv 3
/) = 1 v |l e

is the unit magnetization intensity contribution due to the i
prismatic layer; [f;, ..., Ji ..., Ju] and [V}, ..., V}, ..., V)] are respectively
the magnetizations and the volumes of the M layers.

Eq. (2} may be rewritten in vectorial notation as:

B=G] @

where B represents the data vector (with dimensions Nx1) of the
vertical sounding, ] represents the unknown vector (with dimension
Mx1) in the source volume and G represents the matrix of the theoret-
ical kernel (with dimension Nx/\M}, defined by the eq. 3.

Since the number of layers is usually greater than the data number,
eq. (4) leads to solve an indeterminate linear problem.

In particular, we search the solution having the minimum Euclidean
length:

M
= Zjiz = Jl5* = minimum )
=

which satisfies some linear inequality constraints:

B—dB<GJ<B + dB ()
Jistisiy, i=1,..M (7
where dB is the vector of the experimental data error, j; and jy; are the
lower and the upper bounds of the model parameters.

The inequality constraints are defined based on the following
strategy:
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