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Abstract

Structures having periodic properties or repeating patterns exhibit a peculiar feature

known as band gaps. Band gaps are defined as frequency intervals for which both sound

and vibration cannot propagate in the material. This feature of periodic structures offers

a unique dynamic effect that can be exploited for a range of engineering applications. The

design of periodic media is generally based on deterministic models without considering the

effect of inherent uncertainties existing in these structures. In general, the design is aimed

at controlling the mechanical waves as much as possible; however, inherent uncertainties

may affect their characteristics. The uncertainties, in terms of material properties and

geometrical parameters, are mostly caused by in manufacturing and assembly processes.

The uncertainties play an important role in altering the wave states. To address this

unavoidable actuality, the effects of uncertainties need to be considered when analyzing

frequency band structures (pass and stop bands) and frequency response function. With

this in mind, the presented work is intended as a contribution to the probabilistic and

non-probabilistic approaches, with reduced computation time, in conjunction with the

wave finite element method.

The contributions of this study consist of considering uncertainties in the system to eval-

uate the deviation of the parameters (spectral and dynamics) and their influence on the

global response (band gaps and frequency response function) of 1D and 2D periodic struc-

tures. The research contribution can be partitioned into two main parts. The first part

involves the probabilistic development of a direct and explicit spectral formulation employ-

ing the first-order perturbation theory to predict the dispersion of different parameters.

The second part involves non-probabilistic development, using the fuzzy set theory for

the assessment of the effects of data uncertainties on the dynamics of 1D and 2D periodic

structures.
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Chapter 1

Introduction

1.1 Introduction

Periodic structures can be defined as heterogeneous domains with a characteristic pattern

obtained through the translation in space of a repetitive element called an elementary

unit cell. The two material truss shown in Fig. 1.1 is an example of this type of periodic

assembly. The levels of structural complexity are linked to the composition of the medium

and shape. Other examples of periodic structures in engineering design, are honeycomb

panels Fig. 1.2, and trusses and frames of beams, which are used in the majority of

large constructions, as shown in Fig. 1.3. Periodic media are exploited in engineering for

advanced material and structure design, owing to their superior performance. They are

widely used in the aerospace industry, where the weight of the structure is the fundamental

design criterion. Such structures also offer interesting vibration filtering behavior and can

be utilized in vibration absorption devices. Periodic media can be manufactured in a wide

variety of materials, such as steel, aluminum, rubber, ceramics, or plastics.

1.2 Band gap phenomenon

Structures having periodic properties or repeating patterns exhibit a peculiar feature

known as band gaps. Band gaps or ‘stop bands’ are defined as frequency intervals for which

both sound and vibration cannot propagate in the material. Thus, in periodic structures

1



2 Chapter 1. Introduction

(a) Periodic media (b) Unit cell

Figure 1.1: Periodic media

Figure 1.2: Honeycomb panel

(a) 1D (b) 2D

Figure 1.3: 1D and 2D periodic media

wave propagation only occurs over specific frequency bands, known as ‘pass bands’. The

location and width of these bands are dependent upon the topology and geometry of the
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unit cell. This feature of periodic assemblies offers a unique dynamic effect that can be ex-

ploited for a range of engineering applications. The phenomenon of band gaps in periodic

structures has been widely investigated by various researchers [Faulkner and Hong, 1985],

[Sigalas and Economou, 1992],[Jensen and Sigmund, 2003], [Hussein et al., 2003],

[Ruzzene and Tsopelas, 2003], [Tian et al., 2011], [Droz et al., 2016], [Sun et al., 2017],

[Zhou et al., 2018].

It is essential that the vibroacoustic performance and dynamics of a structure should

meet design criteria in aeronautics, transport, energy and space application. Application

of the periodic structure concept can be used for vibration reduction, acoustic blocking

acoustic channeling, and acoustic cloaking [Cheng et al., 2018]. Periodic models are also

used for vibration attenuation and control in dynamic system [Syed and Bishay, 2018],

[Yu et al., 2008] and acoustic reduction in railway tracks [Wang et al., 2017].

1.3 Periodic media and uncertainties

The design of periodic media is generally based on deterministic models without consid-

ering the effect of inherent uncertainties existing in these media. In general, the design

effort is aimed at controlling the mechanical waves as much as possible; however, inher-

ent uncertainties may affect their characteristics. The uncertainties, in terms of material

properties and geometrical parameters, are mostly caused by in both manufacturing and

assembly processes. To address this unavoidable actuality, the effects of uncertainties

need to be considered when analyzing frequency band structures (pass and stop bands)

[Singh et al., 2018] and frequency response [Singh et al., 2019].

In this thesis, the term ‘uncertainty’ is used to describe those terms that are unknown or

not known precisely. The response uncertainty of a system can arise from data uncertainty

and model uncertainty [Roy and Oberkampf, 2011]. In data uncertainty, the input of a

particular problem of interest is uncertain, for example, the mechanical properties and

geometrical parameters of an engineering structure, and loading condition. Model uncer-

tainty can arise from modelling simplifications, such as using the Euler-Bernoulli model

instead of the Timoshenko model for describing the behavior of beam, which involves use

of a linear model to describe a non-linear phenomenon. This means that the predicted
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output data will not be representative of the real system behavior. In this thesis, the focus

is on data uncertainty.

Data uncertainty can be classified as aleatory (or stochastic) uncertainty or epistemic

uncertainty [Abdo et al., 2017],[Li et al., 2016]. The aleatory uncertainty is irreducible

uncertainty that is a property of the system associated with fluctuations or variability

[Kiureghian and Ditlevsen, 2009]. Aleatory uncertainty can be interpreted as stochastic

uncertainty that results from underlying randomness or natural variability. Thus, if the

parameter has one value at some time and another value at another time, then it has

aleatory uncertainty. Epistemic uncertainty is due to imperfect knowledge. Thus, if

the exact parameter value is unknown due to lack of information, then it has epistemic

uncertainty [Kiureghian and Ditlevsen, 2009]. Fig. 1.4 gives a summary of different types

of parameter uncertainty discussed in this thesis, together with practical examples of

aleatory and epistemic uncertainties. In the example of epistemic uncertainty in Fig. 1.4,

we suppose that the expert initially has no empirical data about the material properties

of the plate.

The stochastic characteristics of periodic media can be determined by studying the design

parameter uncertainties that are often modelled by random variables with consideration

for spatial variability of the material and geometrical properties. Probabilistic models to

account for these uncertainties and employ probabilistic methods that require a wealth of

data on probabilistic parameters. Furthermore, even small inaccuracies in the data can

lead to large errors in the computed characteristics of response [Sarkar and Ghanem, 2002].

When designers and scientists adopt a probabilistic representation, the parameters of the

adopted probability density functions are corrected with reference to personal judgments

and/or expert opinions. In fact, statements as “the mean is approximately equal to...” and

“the variance lies in the range...” are typical when handling real mechanical data and –

by virtue of their subjective nature – they deal with fuzzy uncertainties [Quaranta, 2011].

The exact sources of uncertainty are rarely identified, because their identification is dif-

ficult. When faced with incomplete information about the uncertainties, the adoption of

the probabilistic approach can result in very challenging evaluations. In this scenario,

the fuzzy set theory offers a method of approximating the uncertainty distribution in the

form of the confidence interval through fuzzy membership functions. These are equiv-
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Figure 1.4: Classification of parametric uncertainty used in this thesis

alent representations for the characterization of the linguistic, vague, and missing data

uncertainties.

Considering the advances in the performance and capabilities of computing machines, it

is becoming easier to obtain more realistic results from the processing of complex systems

with random variables, such as periodic media. The uncertainties in the material proper-

ties scatter the wave in comparison with the deterministic prediction. A better knowledge

of the structural response of periodic structures can be achieved through the classification

of possible uncertainty, to be included in the predictive models. Modelling uncertainties

in a numerical simulation introduces higher complexity and increased computation cost in

the model formulation. Nowadays, the wave finite element approach is used for the simu-

lation of periodic structures to reduce the computational cost [Hussein,2014][Zhou,2018].

I this thesis we ask the following questions:
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• How to predict the resulting uncertainty for the periodic media in 1D unbound and

bounded cases?

• How to exploit commercial finite element packages and FE routines for amassing

capabilities during modelling real structures for response uncertainty prediction?

• How to describe the parametric uncertainties given available information is limited,

as it may be imprecise and in linguistic form?

• How to effectively propagate imprecise description of the uncertainty in periodic

media for the 1D and 2D cases?

The research questions addressed in the present thesis led to investigation of the dynamic

behavior of periodic media through the application of uncertainty modelling using proba-

bilistic and non-probabilistic methods in conjunction with WFEM in the following ways:

• The SWFEM based on a transfer matrix [Ichchou et al., 2011] is extended to 1D

periodic media to obtain the band gap and FRF, for the weak level (small level) of

uncertainties.

• The development of a spectral formulation based on a quadratic eigenvalue problem

for the stochastic modelling of 1D and 2D periodic media for the weak level of

uncertainties at reduced computation cost.

• The development of new non-probabilistic uncertainty quantification method, which

is effective when very little information about the uncertain parameter is available,

or the available information is imprecise.

• The development of the FWFEM for 1D periodic media to obtain the band gap and

FRF, and in 2D periodic media to obtain the dispersion curve through both direct

and inverse formulation.

1.4 Numerical models in the thesis

The main purpose of this work is development of new methods for uncertainty modelling

in conjunction with WFEM and to describe how uncertainties affect the dispersion and



1.5. Thesis outlines 7

FRF performance in 1D and 2D periodic media. The schematic idea is represented in

Fig. 1.5. We considered the 1D and 2D periodic media in the continuous form. The

continuous system discretized using FE steps is considered because it provides all the

generality necessary to analyze the periodic structure. In this procedure, FE issues are

also considered. The numerical validations presented in the thesis are focused on 1D and

2D periodic media. The following models (shown in Fig. 1.6) have been validated with

MCS results in 1D and 2D periodic media.

Figure 1.5: Proposed probabilistic and non-probabilistic methods in this thesis

1.5 Thesis outlines

The thesis is divided into 6 chapters.

• The current chapter presented the overview and motivation of the present work. The

objectives and scope of the thesis are summarized, and the remaining contents of

the thesis are organized in the following order.

• Chapter 2 describes the background of the work presented in the thesis by providing
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(a) 1D cases (b) 2D cases

Figure 1.6: Numerical models in this thesis

various studies related to the scope of the current area of interest. Initially a review

of existing uncertainty quantification methods is furnished. Subsequently, literature

available on free wave propagation and forced response have been reviewed for both

deterministic and stochastic environments.

• Chapter 3 presents a stochastic WFEM formulation based on the transfer matrix

approach. The formulation is based on the first-order perturbation technique. The

methodology of deriving the standard deviation of the dynamic stiffness matrix,

eigenvalues and eigenvector are described in detail. The extension of the SWFEM for

the periodic media and metamaterial system for the bounded and unbounded cases

is presented by deriving the standard deviation of the condensed dynamic stiffness

matrix. The formulation is followed by a numerical validation for the free and forced

cases. The numerical examples include a periodic bar, periodic beam, metamaterial

rod, metamaterial beam, and geometrically varying beam cases validated with MCS

for the band gap and FRF computation.

• Chapter 4 presents a stochastic formulation for the Bloch analysis of periodic struc-

tures, based on the quadratic 1D and 2D forms of the WFEM to analyze the bandgap.
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In the 1D case, numerical examples of periodic rod and metamaterial rod systems

are considered; for the 2D case, homogeneous and periodic plates considered. The

obtained results are compared with the analytical solution (in 1D cases) and WFEM

MCS results, to describe the accuracy and efficiency of the proposed formulation.

• Chapter 5 presents a fuzzy spectral formulation for the Bloch analysis of 1D and

2D periodic structures. The state space formulation is used for 1D case, analysing

free wave propagation and FRF. The spectral formulation is used for 2D case and

presented in both direct and inverse forms. Numerical experiments with the models

of periodic bar, periodic beam, homogeneous and periodic plates and bi-material

square plate are performed using proposed method. The effect of uncertainties on

wavenumber variation and FRF are studied. The accuracy and performance of the

developed formulations are compared with MCS results.

• Finally, in Chapter 6, the conclusions of the study are presented, together with

suggestions for future research.



Chapter 2

Literature review

2.1 Introduction

A better knowledge of the structural response of periodic structures can be achieved

through the classification of possible uncertainties to be included in the predictive mod-

els. The aim of the present chapter is to review models of uncertainty for the periodic

structure analysis, and periodic media analysis methodologies. The chapter is organized

in the following way: In the first part, the UQ process is explained, then the classification

of uncertainty is presented, followed by the classification of the UQ methods. In the sec-

ond part, a brief review of various approaches for the periodic structure (1D and 2D) is

summarized.

2.2 Uncertainty modeling

In engineering, the available information is frequently not specific or precise, and may

possess a data-based, expert-specified, objective, or subjective background. The basis of

the available information usually consists of observations, plans, drawings, expert knowl-

edge, measurements, experiences, codes and standards, influences from human mistakes

and errors during manufacturing, from the use and maintenance of the constructions, and

on-going changes in the boundary and environmental conditions. These phenomena may

be summarized by the collective term ‘uncertainty’ [Möller and Beer, 2008]. In this the-

10
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sis, the term ‘uncertainty’ is used to describe the terms that are unknown or not known

precisely. Design of a system or a component involves selection of a design configuration,

which is intended to result in the most desirable outcome (e.g., safety, performance, reli-

ability) during the life cycle of the product. However, the variabilities in the modelling,

manufacturing, and installation leads to some room for uncertainties. In general, the goal

of product design can be summarized as per Fig. 2.1.

Figure 2.1: Goal of uncertainty quantification

In this scenario where uncertainty is inevitable, design with maximum probability or

possibility to achieve the performance is targeted. To achieve it, uncertainty should be

managed effectively, which requires process and tools to quantify uncertainty. In general

term, the UQ involves the four steps [Singh et al., 2017] described in Fig. 2.2:

1. Identification: Finding the source and location of uncertainties in the system. In

reality, many sources of uncertainty exist, such as uncertainties due to variabilities in

the design parameter values, environmental conditions, initial conditions, boundary

conditions, imprecise and simplified physics, missing physics, model implementation,

numerical errors, and most importantly lack of sufficient data.

2. Characterization: Finding the form in which they are available. Generally, the

parametric uncertainty is characterized and defined in the form of probability distri-

butions and intervals bounds. Furthermore, non-parametric uncertainty, or so-called

model uncertainties, also contribute uncertainties.

3. Propagation: Understanding how uncertainties are transmitting and spreading in

the model, and finding a relation between parameter uncertainties and the response

of the model.
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4. Analysis and reduction: Establishing the relation between the uncertainty and its

influence on the system response, and the underlying reasons for the relationship.

Once this is done, the corrective measures that can be taken to improve the reliability

of the original system should be determined.

Figure 2.2: Steps in uncertainty quantification process

2.3 Classification of uncertainty quantification methods

Periodic structures exhibit a considerable amount of scattering in material properties such

as Young’s modulus, Poisson’s ratio, and density, owing to tailoring of the media to meet

specifications such as the manufacturer process, mechanical properties, and geometrical

parameters. As these uncertainties involve in various stages of the manufacturing process,

the exact value of these properties and parameters are impossible to achieve, and therefore

become random. If randomness is present in the material properties, the stiffness and mass

matrices become stochastic, which contributes to randomness in the band gap and FRF.

To capture the response with uncertainty in models and parameters, various approaches

have been used for modeling the uncertainty. The basic techniques available for uncer-

tainty modeling in structural dynamics are summarized in Fig. 2.3 [Chen and Rao, 1997],

[Soize, 2003], [Soize, 2005], [Stefanou, 2009], [Zhang et al., 2010], [Moens, 2012],

[Daouk et al., 2015], [Nannapaneni and Mahadevan, 2016], [Tomar et al., 2018],

[Faes and Moens, 2019]. The uncertainty in structural response such as frequency

response function, natural frequency, and mode shape are the result of propagation of

uncertainty, which may be parametrical or non-parametric. The aim of a parametric

approach is to propagate the uncertainty model through the dynamic equations to

convert the description of the uncertain input variables into a description of the uncertain
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response variables.

In this thesis, a parametric approach is implemented for the uncertainty propagation.

The aleatory uncertainty propagation is implemented using the perturbation and MCS

method, and epistemic uncertainty propagation is implemented with the fuzzy approach.

A detailed description of the implemented method is given in the following sections.

2.4 Probabilistic models

In uncertainty quantification, the validity of the result of a numerical method is always

limited by the validity of the input data of the model. The probabilistic methods generally

require a significant amount of information about the input quantities. When information

about uncertainties is sufficient, as per the law of large numbers, then the subjective prob-

abilistic analysis result will prove to be of value; however, this is at the cost of tremendous

computational resources. In this context, the perturbation method, MCS method, and

PCE approach are the most popular for the uncertainty analysis of numerical models.

The description of the perturbation method, MCS, and PCE are detailed below.

Figure 2.3: Classification of uncertainty quantification methods
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2.4.1 Perturbation

To obtain a realistic response, it is essential to quantify the uncertainties arising due to

randomness in material parameters. The perturbation method relates the characteristics

between the random structural parameter and random response [Kleiber and Hien, 1992].

To model the uncertainties in material parameters, a first-order perturbation method has

been used in this thesis for the weak level of uncertainties, as explained in the following.

First, the random field variables are assumed as:

<(x, y) = {<1(x, y),<2(x, y),<3(x, y), . . . .,<r(x, y)} (2.1)

where <i is the random parameter.

Then by application of the FE approximation, the random field variable is represented as

nodal random variable. To better explain this method, we will present a simple case of

the application of this theory. The equation of a discrete system is:

[M ]{q̈}+ [K]{q}+ [KG] {q} = {F} (2.2)

If system contains uncertainties in the parameters, that leads to stochastic nature of the

mass and stiffness matrices. For a structure with random parameters <(x, y), every term

in Eq. (2.2) becomes random in nature and is assumed as:

[Mij ] = [Mij ] (<α)

[Kij ] = [Kij ] (<α)[
KGij

]
=
[
KGij

]
(<α)

{qi} = {qi} (<α)

{Fi} = {Fi} (<α)

(2.3)

The first-order perturbation is appropriate for a problem with a weak level of variation

in the system properties with reference to their mean values. Then, for the expansion of

the random variable with a given small parameter ζ, the first order is obtained as per
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[Kleiber and Hien, 1992]:

[Mij ] =
[
M0
ij

]
+ ζ

[
M r
ij

]
∆<r

[Kij ] =
[
K0
ij

]
+ ζ

[
Kr
ij

]
∆<r[

KGij

]
=
[
K0
Gij

]
+ ζ

[
Kr
Gij

]
∆<r

{qi} =
{
q0
i

}
+ ζ {qri }∆<r

{Fi} =
{
F 0
i

}
+ ζ {F ri }∆<r

(2.4)

where ζ∆<r(x, y) = {q}<r(x, y) = ζ
[
<r(x, y)−<0

r(x, y)
]

is first order variation of

<r(x, y) around <0
r(x, y). The symbol ()0 denotes the value of the function obtained at

<0
r(x, y). In addition, ()r is the first-order partial derivative with respect to the random

variable <r(x, y), obtained at their mean value <0
r(x, y). Now, substituting Eq. (2.4)

into Eq.(2.2) and equating the power of the small parameter ζ, the zeroth and first-order

equations are obtained. The zeroth order equation is obtained as:

[
M0
ij

] {
q̇0
j

}
+
[
K0
ij

] {
q0
j

}
+
[
K0
Gij

] {
q0
j

}
=
{
F 0
j

}
(2.5)

The first order equation is obtained as:

[
M0
v

] {
q̃rj
}

+
[
M0
v

] {
q̃0
j

}
+
([
K0
v

]
+
[
K0
Gv

]) {
qrj
}

+
(
[Kr

i ] +
[
Kr
Gv

])
,
{
q0
j

}
=
{
F rj
}

(2.6)

The above equations are used to solve the stochastic problem, which gives the mean

responce of system parameter and variance of the responce. The Eq. (2.5) and Eq. (2.6)

are used to obtain the zeroth and first-order expansion of the dynamic equation Eq. (2.7)

and discussed in subsequent chapters in details.

(K − ω2M)U = F (2.7)

where K is the stiffness matrix, M is the mass matrix, U is the displacements vector, F

is the force vector, and ω is the circular frequency.
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2.4.2 Monte Carlo simulation

The MCS is used in a situation where the problem in question is complex, and thus an

analytical resolution is considered. It provides successful resolution of classical determin-

istic systems, by considering uncertainty in the modelled parameters by adopting them

as random variables [Ibrahim, 1987], [Mester and Benaroya, 1995]. Random sampling is

performed of all parameters based on the correction and probability distribution. Then for

every new sample, a new parameter is obtained, and the deterministic numerical model

calculation is performed. It is applicable for any size and complexity of problem and

predicts statistically accurate results. Although it has some uncertainty, this can be de-

creased by increasing the number of samples. However, to obtain reasonable accuracy, a

large number of samples is required, which makes MCS prohibitive in term of computation

cost.In this work, MCS is used as reference method to check the accuracy and efficiency

of the SWFEM implementation.

Implementation of MCS

The classical MCS function is given in the form Z=N(Y), where Y represent the vector

of uncertainty parameters modelled using a random vector, N is the deterministic model,

and Z represents the estimated output arranged in the form of a random vector. The

algorithm for the implementation of MCS in summarized in Fig. 2.4.

2.4.3 Polynomial chaos expansion

The basic idea of the polynomial chaos method is that the random process of interest can

be approximated by sums of orthogonal polynomial chaos functions of random indepen-

dent variables. In this context, the uncertain parameters are considered as second-order

random processes (finite variance processes). The basis functions are selected depending

on the type of random variable functions. For uniformly distributed random variables

the basis functions are Legendre polynomials, for beta distributed random variables the

basis functions are Jacobi polynomials, for gaussian random variables the basis functions

are Hermite polynomials, and for gamma-distributed random variables the basis functions
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Figure 2.4: MCS workflow

are Lagrange polynomials. Ghanem et al. [Ghanem and Spanos, 1990] proposed stochas-

tic spectral elements in the framework of elastic linear mechanics. This merger of the

parametric stochastic approach with the finite element method allowed development of

all the random variables of inputs of chaos polynomials so as to express the output solu-

tions using the same basis function. Then, it is possible to study the stochastic dynamics

of mechanical systems by post-processing of the coefficients of the output parameters.

The calculation of the modal coefficients of the response is performed by two approaches:

intrusive and non-intrusive.

In the intrusive approach, Galerkin’s projection is used to progress from an uncertain

system projected on the basis function of the chaos into a system of deterministic equations.

The challenge in this approach that it requires modification of the algorithm for every

problem to be studied. Whereas the non-intrusive approach does not require any change in

the stochastic model, and only the modal coefficient needs to be calculated. Here, different

methods are available to compute the coefficient numerical such as projection methods and

regression methods. Xiu and Karniadakis proposed the generalized polynomial chaos for

any type of random process [Xiu and Em Karniadakis, 2002], [Xiu, 2009]. The general

procedure for the PCE is shown in Fig. 2.5.
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Figure 2.5: Polynomial chaos workflow for non-intrusive method

2.5 Non-probabilistic models

When objective information about uncertainties is limited, then the subjective probabilis-

tic analysis result proves to be of very little value and does not justify its high compu-

tational cost. Consequently, alternative non-probabilistic models have been introduced

for uncertainty modelling. In this context, interval and fuzzy approaches are the most

popular for the uncertainty analysis of numerical models. The description of the interval

and fuzzy approaches is detailed below.

2.5.1 Interval model

In the interval approach, the uncertain parameter/variables can vary within intervals

between two possibilistic (extreme) values. In this model, no assumption is made about

the probability distribution of the uncertain parameter/variable. The uncertain variable

X̃, is represented as an interval and definition of the interval scaler is defined as

X̃ ∈ [x, x] = [x ∈ <|[x ≤ x ≤ x]] (2.8)

where () is the lower bound and () is the upper bound. The upper and lower bounds belong

to the set, hence the interval is called ‘close’. The radius and midpoint are expressed as
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rx and mx respectively and defined as:

mx =
x+ x

2
(2.9)

rx =
x− x

2
(2.10)

From Eq. (2.8) the interval vectors and matrices can be extended. Both interval vector{
X̃i

}
∈ <p and matrices [x̃ij ] ∈ <pXq belong to the interval scaler in < and can be

expressed as [Moens and Hanss, 2011], [Faes and Moens, 2019].

{
X̃i

}
∈
(
[x1, x1] ∪ . . . ∪

[
xp, xp

])
i = 1, . . . , p (2.11)

[
X̃ij

]
∈
(
[x11, x11] ∪ . . . ∪

[
xpq, xpq

])
i = 1, . . . , p j = 1, . . . , q (2.12)

From Eq. (2.11) and Eq. (2.12) the components of the uncertain vector and uncertain

matrices are independent. Thereby, the interval vector consists of a hypercube containing

a set of vector elements. The set of vectors contains all possible combination of the vector

elements. Thus, an n-dimensional interval vector describes a hypercube in n-dimensional

space. The upper and lower bounds of the vector’s element are used to find the vertices

of this hypercube. When the interval vector or interval matrices cannot be independent,

the convex modelling approach can be considered [Zhu and Elis, 1993]. In engineering

applications, the parameters are statistically independent in most cases. Therefore, the

description of these variables by a hypercube is generally more practical. In practical

terms, the interval approach requires only a range of possible values, which allow that

conversion from a probabilistic description to an interval description is always possible. In

this conversion, the range of PDF forms the interval, and the likelihood of each value that

lies within the range is lost. However, the interval concept does not require information on

the likelihood, and thus is perfectly suited to model this kind of non-determinism. Thereby,

an interval can be interpreted as a collective description of all possible probability density

functions over the considered interval range. In the situation where uncertainty is used to

describe the property of the model, even after finishing the design, the exact value inside
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the interval can remain unknown.

2.5.2 Fuzzy sets

The concept of the fuzzy set was first introduced by Zadeh [Zadeh, 1965] as a tool to

express vague linguistic information. Later Dubois and Prade [DuBois and Prade, 1980]

applied the concept of fuzzy sets in numerical analysis. A fuzzy set is considered as an

extension of a crisp set. A crisp set distinguishes between members and non-members

of the set, whereas the fuzzy set introduces a soft gradual transition from members and

non-members with the help of the membership level. The membership function µx̃(x)

describes the membership level of each element x in the domain X to the fuzzy set:

x̃ = {(x, µx̃(x)) |x ∈ X ∧ µx̃(x) ∈ [0, 1]} (2.13)

if µx̃(x) = 1, x is a member of fuzzy set x̃. and if µx̃(x) = 0, x is definitely not a

member of fuzzy set x̃. if 0 < µx̃(x) < 1, then the membership is uncertain. The

most frequently applied membership function are triangular and gaussian shape functions

[Moens and Hanss, 2011]. Zadeh’s extension principle provides a general definition to

calculate the fuzzy output x̃ of a crisp function f (x1, x2, . . . , xn). It is applied to n

fuzzy input x̃1, x̃2, . . . , x̃n. This approach is difficult and computationally expensive. The

alternate approach consists of searching the output domain for the sets that have an equal

membership level. It is realized by analyzing the input domain at a specific membership

level α. The α-cut of the input quantities at membership level α is defined as:

xI
i,α = {xi ∈ Xi|µx̃i (xi) ≥ α} (2.14)

It can be inferred that the α-cut is the interval resulting from intersecting the member-

ship function at µx̃i (xi) = α. Once the input quantities are identified, and at a specific

membership level, the α-cuts are derived, then an interval analysis is performed on these

intervals. In practice, a fuzzy numerical analysis can be replaced by a sequence of interval

numerical analyses, because the output membership functions can be obtained by repeat-

ing the α-cut procedure at a number of membership levels. The α-cut procedure for the
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fuzzy analysis is illustrated in Fig. 2.6.

Figure 2.6: α-cut procedure with two input and three membership levels

2.6 Methods for modeling periodic media (deterministic

case)

Several different methods have been previously developed for modelling periodic

structures, such as plane wave expansion [Kushwaha et al., 1994], finite differ-

ence time domain [Tanaka et al., 2000], multiple scattering [Psarobas et al., 2000],

TM[Yu et al., 2008], WFEM [Mencik and Ichchou, 2005],[Mace et al., 2005a], differen-

tial quadrature [Xiang and Shi, 2009], and shift cell operator method [Collet et al., 2011].

Among them, the WFEM is gaining interest in the analysis of periodic structures. The

WFEM allows investigation of only a single cell of the structure, and can be modelled

using FEM. Once the matrices (mass, stiffness, and damping matrices) of the cell are

estimated, the application of the periodic boundary condition leads to the formulation of

an eigenvalue problem. The solution of the eigenvalue problem constitutes the propaga-

tion constants of the waves travelling through the structure. The free wave propagation

problem can be solved by different approaches; the two typically used are the direct and

inverse approaches [Boukadia et al., 2018]. In the direct approach, ω(µ), imposes real ω
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(circular frequency), allowing description of the spatial wave attenuation; whereas the in-

verse approach, ω(µ) impose the real µ (propagation constant), that does not allow the

wave attenuation, and can be applied to an undamped unit cell model. In what follows,

the direct and inverse approaches that have been used in this work for the undamped

dispersion curve calculations, are further elaborated.

2.6.1 Wave finite element method in 1D periodic media

In a 1D periodic structure, the nodes on the boundaries of the periodic structure are

denoted as on the left boundary (L), right boundary (R) and the remaining/internal

nodes (I). The displacement degrees of freedom (DOF) q are partitioned into left (qL)

and right (qR). Similarly, forces are partitioned into left (FL) and right (FR). The spatial

discretization employs the finite element steps by discretization of one subelement of length

(d). The discretization leads to dynamic equilibrium of any substructure in the following

manner:

(D)

 qkL

qkR

 =

 Fk
L

Fk
R

 (2.15)

where (D) is the complex dynamic stiffness matrix of the substructure. This is condensed

on the left and right boundaries DOF at the pulsation ω:

(D) = −ω2M +K(1 + iη) (2.16)

where M , K are the mass and the stiffness matrix, respectively, η is the structural loss

factor, i is the unit imaginary number, and ω is the circular frequency. The problem in

Eq. (2.15) can be partitioned in the following way:

 DLL DLR

DRL DRR


 qkL

qkR

 =

 Fk
L

Fk
R

 (2.17)

Spectral approaches can be used in two ways: a state space representation form and FE

form. The following describes the details of both forms.
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Spectral problem: Transfer matrix form

Here the spectral formulation is presented based on the state space representation. This

formulation uses a symplectic matrix for the classification of different mode of propagation

[Mencik and Ichchou, 2005]. The kinematic variables, q, and F are represented through

state vectors as ukL =
(
qkTL − FkT

L

)T
and ukR =

(
qkTR FkT

R

)T
; and related by the transfer

matrix S.

ukR = S.ukL (2.18)

where S connects the displacement vector and is forced on the two surfaces of cell k, S is

written as:

S =

 − (DLR)−1DLL − (DLR)−1

DRL −DRR (DLR)−1DLL −DRR (DLR)−1

 (2.19)

Then the following eigenvalue problem obtained as:

Sφi = µiφi

|S − µiI2n| = 0
(2.20)

where (µi, φi)i=1...2n are the waveguide propagation modes, and n is the number of cross-

sectional DOFs. The eigenvalues are related to the wavenumber by µ = exp(−jkd), where

d is the length of the unit cell. For complex cross sections, S may be poor conditioned.

Spectral problem: Finite element form

An alternative formulation based on a finite element model of a typical subsystem is

available. According to Bloch’s theorem, the dynamic of the global waveguide can be

expanded using the wave solution of the following form

qR = µqL and FR = −µFL (2.21)

where µ is the propagation constant. The Floquet-Bloch condition applied to the dynamic

equation, leads to the classic quadratic eigenvalue problem [Houillon et al., 2005] in terms
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of propagation constant:

(
DRL + µiI2n (DLL +DRR) + µ2

i I2nDLR

)
(Φq)i = 0 (2.22)

where i = 1...2n, and n is the cross sectional DOFs, DLL, DRL, DRR and DLR are

the elements of the dynamic stiffness matrix. The wave mode of the global system is

(µi, (Φq)i)i=1...2n. These two forms of the eigen problem, state-space form Eq. (2.20) and

spectral form Eq. (2.22) are attempted for the stochastic analysis in periodic media in the

1D domain.

2.6.2 Wave finite element method in 2D periodic media

Consider an infinite thin plate lying in the (x, y) plane with a unit cell as shown in Fig. 2.7.

The unit cell is divided into four corner nodes. The unit cell DOFs (q) are divided into

Figure 2.7: Rectangular plate element

four corner nodal DOFs, q1, q2, q3 and q4. The vector of nodal DOFs are given by q =[
qT1 , q

T
2 , q

T
3 , q

T
4

]T
, similarly, the vector of nodal forces are given by f =

[
fT1 , f

T
2 , f

T
3 , f

T
4

]T
.

where T denotes the transpose. The time-harmonic equation of motion of the unit cell

can be written as (
K − ω2M

)
q = f (2.23)

where K is the stiffness matrices, M is the mass matrices, ω is the circular frequency,

f is the nodal forces vector, and q is the nodal displacements vector. This equation

is used to form the spectral problem involving wavenumber kx, ky and frequency ω.
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The dynamic stiffness matrix can be expressed as D = K − ω2M . Here, introducing

the periodic structure theory for the unit cell and considering a time-harmonic re-

sponse [Mace and Manconi, 2008], the deterministic harmonic equation of motion can be

expressed as (
K∗ (λx, λy)− ω2M∗ (λx, λy)

)
q1 = 0 (2.24)

where K∗ = ΛLKΛR and M∗ = ΛLMΛR are the reduced stiffness and mass matrices. λx

and λy are the propagation constants in x- and y- directions, respectively, and ΛL and ΛR

are matrices that contain the propagation constants from the periodicity conditions.

ΛL =

[
I λ−1

x I λ−1
y I λ−1

x λ−1
y I

]

ΛR =



I

λxI

λyI

λxλyI


(2.25)

where I is the identity matrix. The eigenvalue problem of Eq. (2.24) can be expressed as:

D∗ (ω, λx, λy) q1 = 0 (2.26)

where D∗ (ω, λx, λy) is the reduced dynamic stiffness matrix. For the sake of clarity, the

reduced dynamic stiffness matrix is now represented as D. If the reduced dynamic stiffness

matrix is partitioned as:

D =



D11 D12 D13 D14

D21 D22 D23 D24

D31 D32 D33 D34

D41 D42 D43 D44


(2.27)

The eigenproblem in Eq. (2.24) and Eq. (2.26) involves three parameters, λx, λy, and ω.

Depending on the nature of the solution sought the eigenproblem takes various forms.
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WFEM 2D: Direct form

If the frequency ω and one wavenumber is known, then the eigenvalue problem in Eq. (2.26)

can be written in the following form

[
(D11 +D22 +D33 +D44) + (D12 +D34)λx + (D21 +D43)λ−1

x + (D13 +D24)λy

+(D31 +D42)λ−1
y +D14λxλy +D41λ

−1
x λ−1

y +D32λxλ
−1
y +D23λ

−1
x λy)

]
q1 = 0 (2.28)

for the solution of Eq. (2.26) in the case where frequency and one wavenumber in the x-

or y- directions are known, the eigenvalue form becomes a quadratic eigenvalue problem.

Then the nonlinear Eq. (2.28) can be reduced to a quadratic eigenproblem in λx form,

when λx is unknown and (ω, λy) are given.

[
(D21 +D43 +D41λ

−1
y +D23λy) + µi(D11 +D22 +D33 +D44 + (D31 +D42)λ−1

y

+ (D13 +D24)λy) + µ2
i (D12 +D34 +D32λ

−1
y +D14λy) ] (Φq)i = 0 (2.29)

WFEM 2D: Inverse form

The inverse form is used for the case where the wavenumbers in the x-direction, kx, and

in the y-direction, ky, are given and corresponding frequencies of free wave propagation

are to be sought. In the inverse form, the dynamic condensation cannot be performed in a

manner that conserves the the internal nodes. Thus, ΛL and ΛR are matrices that contain

the propagation constants from the periodicity conditions. They are modified to form:

Λ′R =

 ΛR 0

0 Ii

 (2.30)

Λ′L =

 ΛL 0

0 Ii

 (2.31)

where Ii is the identity matrix of size i. Then the deterministic harmonic equation of

motion becomes:

Λ′L ∗
(
K − ω2M

)
∗ Λ′R

 q1

qI

 = 0 (2.32)
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where qI is the conserved internal degree of freedom. This becomes a standard, linear

algebraic problem in ω2, as:

[
K ′ (λx, λy)− ω2M ′ (λx, λy)

] q1

qI

 = 0 (2.33)

In the undamped structure, K and M are real positive definite Hermitian matrices.

Thereby the K ′ and M ′ with |λx| = 1 and |λy| = 1. The eigenvalues ω2 for which

free wave propagation is possible are real and positive.

2.7 Vibroacoustic analysis with uncertainty

In the vibroacoustic problems, the interaction between a solid and fluid field occur in the

form of vibration and sound, respectively. The use of the numerical method for numerical

modeling and simulation varies, and it depends on the frequency range of interest. A

graphical representation is shown (in Fig. 2.8) of the techniques available for vibroacous-

tic simulation). [Mace et al., 2005b], [Cicirello and Langley, 2014], [Ichchou et al., 2011],

[Xu et al., 2014]. When uncertainty is introduced in the vibroacoustic modeling and sim-

ulation of periodic media, the low-frequency domain is unaffected (assumption), and the

high-frequency domain is modeled using a statistical energy approach that can accommo-

date uncertainty. However, the mid-frequency domain is in question.

Miles [Miles, 1966] proposed an asymptotic solution for one-dimensional wave prop-

agation in a heterogeneous elastic medium with a variation of Young’s modulus and

density. The application of the WKB approximation in the structural dynamics for

the inhomogeneous system was introduced by Steele [Steele, 1976]. Manohar and

Keane [Manohar and Keane, 1993] studied the randomness in the wave propagation

in waveguides using spectral element analysis. Langley [Langley, 1995] developed

a method that enables the average value of the inverse squared transmission co-

efficients to be calculated for a one dimensional near periodic structure. Arenas

[Arenas and Crocker, 2001] studied an incident plane sound wave travelling along a rigid

duct, where the impedance of a particular horn was obtained using the WKB approxi-

mation. Sarkar et al. [Sarkar and Ghanem, 2002] presented a parametric stochastic finite
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Figure 2.8: Vibroacoustic methods

element approach based on polynomial expansion in conjunction with a proper orthogonal

decomposition method and dynamic element method for the mid-frequency vibration

analysis. Ichchou et al. [Ichchou et al., 2011] proposed a numerical approach using the

WFEM based on the TM considering spatially homogeneous variability in waveguides

using first-order perturbation theory for random guided viscoelastic media over a broad

frequency range.

Ben Souf et al. [Ben Souf et al., 2013b] presented hybrid WFEM and SWFEM to develop a

diffusion matrix of a coupling structure, and also studied the forced response of the random

viscoelastic media subject to time-harmonic loading by hybridization of the deterministic

WFEM and a parametric probabilistic approach [Ben Souf et al., 2013a]. They also stud-

ied uncertainty propagation in the forced response of the periodic coupled structure by hy-

bridization of WFEM and generalized polynomial chaos expansion [Ben Souf et al., 2015c],

and investigated the modal uncertainties effect on the random dynamic response of peri-

odic structures [Ben Souf et al., 2015a]. Fabro et al. [Fabro et al., 2015] investigated force

response of a finite waveguide undergoing longitudinal and flexural motion using the WKB

approximation for random material and geometrical properties. They also derived an ap-

proximation by considering a waveguide with piecewise constant material variability to
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mitigate the effect of the internal reflections that occur due to any local changes in the

material or geometrical properties, and verified this by experimental investigation.

Recently for 1D periodic media, Mencik et al. [Mencik and Duhamel, 2016] presented

a method to compute the forced response of periodic structures with many perturbed

substructures. Fabro et al. [Fabro et al., 2016] studied the robustness of the band gap

by employing WFEM TM with WKB and Karhunen–Loeve expansion for an undulated

beam with and without resonators. Li et al. [Li and Xu, 2017] presented a study con-

sidering the material and geometrical uncertainty influence on the band structures of

an undulated beam with a periodically arched shape. The band gap was calculated using

FEM and uncertainty propagated using interval analysis based on the Taylor series expan-

sion. Bouchoucha et al. [Bouchoucha et al., 2017] proposed the second-order perturbation

of the 1D SWFEM method proposed by Ichchou et al. [Ichchou et al., 2011]. Fabro et

al. [Fabro et al., 2019] proposed a method to extend the applicability of the WKB ex-

pansion approach using a finite element method. The latest development by Zhao et

al. [Zhao and Zhang, 2019] studied the symplectic eigenvalue problem of the random sym-

plectic matrix employing the Rayleigh quotient method for the study of 1D chains with

homogenous randomness.

For 2D periodic media with uncertainty, Vasseur et al. [Vasseur and Deymier, 1997] pre-

sented experimental and theoretical results for acoustic wave propagation through peri-

odic and randomly arranged 2D composite material. The experiment result with only

one realization indicated that the randomness has only limited influence on the wave

propagation through composite media. Cai at al. [Cai and Patil, 2007] studied 2D fiber-

reinforced composite panels with quasi-random fiber arrangements that can be qualified

as ”essentially regular with slight randomness”. The numerical simulation used large-scale

deterministic simulations of fiber-spacing variation, and showed that band gap phenom-

ena can be enhanced by slight irregularity in the scattered arrangements. The typical

scenario in mass-manufactured material represents a slight irregularity. Nakashima et

al. [Nakashima et al., 2008] studied the effect of the randomness on 2D unidirectional

fiber-reinforced composites using FE analysis. The numerical experiment was performed

on a rectangular material with inclusions, and showed that the transmission coefficients

fall to low values in stop bands. Recently, Ben Souf et al. [Ben Souf et al., 2015b] studied
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the effect of uncertain parameters on sound transmission loss for composite panels using

the generalized polynomial chaos expansion applied with a high level of uncertainty in

conjunction with WFEM. Zakian et al. [Zakian and Khaji, 2018] proposed a stochastic

spectral finite element method for the wave propagation in random media in 2D plates

in the time domain in FE framework. Henneberg et al. [Henneberg et al., 2020] inves-

tigated the influence of geometrical uncertainties on periodic structures performed on an

FE model of an epoxy plate with beam resonators. The stop band behavior under the in-

fluence of the material uncertainty was studied using the spectral stochastic method. The

uncertainty was propagated using the generalized PEC varying the geometrical parame-

ters. The simulation results suggested the necessity to consider uncertainties in periodic

structures.

In non-probabilistic case, Zhu et al. [Zhu and Elis, 1993] studied combined probabilistic

and convex theoretic approach for uncertainty in loading parameter. The least favorable

stochastic response was estimated by the convex model. A finite span beam was subjected

to a random acoustic pressure field and it was considered that the loading parameter

belongs to the bounded convex set. The model is a set of functions, and each member

function represents a possible realization of uncertain events. The convex model represents

uncertain space-wise and time-wise varying excited vectors. The upper and lower bound

of the mean square displacement of the structure are expressed by a closed-form solution.

Xie et al. [Xie et al., 2017] investigated the topology optimization of 2D PnCs with un-

certainties and proposed a surrogate model-based heuristic algorithm. The band diagram

computed with the plane wave expansion method and interval model was introduced to

handle the uncertainties based on MCS. Ma et al. [Ma and Li, 2018] studied the dynamic

response of the uncertainty frame structure and proposed the travelling wave method in-

tegrated with interval method considering uncertainty in the geometric dimension and

external load.

2.8 Conclusions

This chapter has provided an overview of previous research in the areas of periodic media

and uncertainty quantification. The uncertainty in structural response such as dispersion
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curve, frequency response function, natural frequency, and mode shapes is the result of

propagation of uncertainty, which maybe parametrical or non-parametric. The aim of a

parametric approach is to propagate the uncertainty model through the dynamic equa-

tions to convert the description of the uncertain input variables into a description of the

uncertain response variables. The general classification of UQ is provided, and parametric

uncertainty models, both probabilistic and non-probabilistic, have been reviewed with re-

spect to their application to the analysis of structures with uncertain parameters. When

information about the uncertainty variables are available, the probabilistic models are ap-

plicable. The details of the perturbation, MCS and PCE methods are explained. However,

the application of a probabilistic approach faces two difficulties: (i) how to describe un-

certain inputs when little information is available; and (ii) how to efficiently compute the

uncertainty in the response. There are non-probabilistic models that can be introduced

for the uncertainty propagation to overcome these difficulties. Details of the interval ap-

proach and fuzzy method are provided in the framework of non-probabilistic models. The

deterministic models for periodic media analysis are also reviewed, followed by discussion

of the literature on uncertainty analysis in 1D and 2D periodic media.

The picture that emerges from the literature study indicates that more research effort

is required for developing vibroacoustic techniques in mid-frequency applications, with

the uncertainty modelling being of particular interest. In the next chapter, SWFEM TM

[Ichchou et al., 2011] is extended for free wave propagation and FRF in 1D periodic media.



Chapter 3

SWFEM in 1D periodic media

3.1 Introduction

In this chapter SWFEM based on the state space formulation is presented for 1D peri-

odic media, which is an extension of the SWFEM formulation proposed by Ichchou et

al. [Ichchou et al., 2011] for random media. The validation is presented for free and forced

response. In the 1D case, the extended formulation is applied to free wave propagation and

FRF computation of a periodic rod, metamaterial rod, geometrically varying beam, pe-

riodic beam, and metamaterial beam. These numerical model are validated with WFEM

MCS. An elapsed computation time comparison is presented to determine the computation

advantage of the SWFEM over the WFEM MCS.

3.2 SWFEM for free wave propogation

In a 1D periodic structure, the nodes on the boundaries of the periodic structure are

denoted as on the left boundary (L), right boundary (R) and the remaining/internal nodes

(I). The displacement DOF q is partitioned into left (qL) and right (qR). Similarly, forces

are partitioned into left (FL) and right (FR). To accommodate the uncertainty effects,

a random field is considered as a supplementary dimension through spatial discretization

employing finite element steps by discretization of one sub-element of length (d). The

discretization leads to stochastic dynamic equilibrium of any substructure in the following

32
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manner:

(D̃)

 q̃kL

q̃kR

 =

 F̃k
L

F̃k
R

 (3.1)

where (D̃) is the stochastic complex dynamic stiffness matrix of the sub-structure. It is

condensed on left and right boundaries degree of freedom at the pulsation ω:

(D̃) = −ω2M̃ + K̃(1 + iη) (3.2)

where M̃ , and K̃ are the stochastic mass and the stiffness matrix, respectively, η is the

structural loss factor, i is the unit imaginary number, and ω is the circular frequency.

In the probabilistic tools, the parametric approach allows considering the parameters

uncertainties (material, geometrical properties, etc.) as random quantities. The random

variables are modelled using the first-order perturbation, as Gaussian variables, such that

the dynamical equilibrium is expressed as:

[
−ω2

(
M + σMε

)
+
(
K + σKε

)
(1 + iη)

] q
(k)
L + σ

(k)
qL ε

q
(k)
R + σ

(k)
qR ε

 =

 F
(k)
L + σ

(k)
F ε

F
(k)
R + σ

(k)
F ε

 (3.3)

The ( ) symbol denotes the mean value of the random variable, σ is the standard deviation,

and ε is a Gaussian centered variable. In the expression M , K, q, and F are mean

quantities of the mass matrix, stiffness matrix, displacements vector and load vector,

respectively; and σM , σK , σq, and σF are their respective standard deviations. The

stochastic problem in Eq. (3.1) can be partitioned in the following way:

 D̃LL D̃LR

D̃RL D̃RR


 q̃kL

q̃kR

 =

 F̃ kL

F̃ kR

 (3.4)

Using polynomial chaos projection of the variable in the Eq. (3.4), their mean value and

standard deviation can be expressed in following form:

 DLL + σDLLε DLR + σDLRε

DRL + σDRLε DRR + σDRRε


 qL + σqLε

qR + σqRε

 =

 FL + σFLε

FR + σFRε

 (3.5)
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In the above expression D, q, and F are the mean quantities of the dynamic operators, the

displacement vectors, and the loads, respectively; and σD, σq, and σF are their standard

deviations. It is to be noted that Eq. (3.5) is valid and can accommodate the stochastic

behavior of the stiffness and mass matrices. In the state-space formulation the stochastic

kinematic variables, q̃,and F̃ are represented through stochastic state vectors as ũL =(
q̃TL − F̃ TL

)T
and ũR =

(
q̃TR F̃ TR

)T
;and related by the stochastic transfer matrix S̃:

ũkR =

 −
(
D̃LR

)−1
D̃LL −

(
D̃LR

)−1

D̃RL − D̃RR

(
D̃LR

)−1
D̃LL −D̃RR

(
D̃LR

)−1

 ũkL

ũkR = S̃ũkL (3.6)

Alternatively

 qR + σqRε

FR + σFRε

 =

 SLL + σSLLε SLR + σSLRε

SRL + σSRLε SRR + σSRRε


 qL + σqLε

−FL − σF ε

 (3.7)

The zeroth-order expansion of the Eq. (3.7) leads to:

 qR

FR

 =

 SLL SLR

SRL SRR


 qL

−FL

 (3.8)

Similarly, the zeroth-order development of the Eq. (3.5) leads to the following:

 FL

FR

 =

 DLL DLR

DRL DRR


 qR

qR

 (3.9)

The expansion of Eq. (3.9) leads to:

 qR

FR

 = −

 DLR 0

DRR −1


−1 DLL 1

DRL 0


 qL

−FL

 (3.10)
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Eqs. (3.8) and (3.10) has similarity and can be written as:

 SLL SLR

SRL SRR

 = −

 DLR 0

DRR 1


−1 DLL 1

DRL 0



S =

 −DLR
−1
DLL −DLR

−1

DRL −DRRDLR
−1
DLL −DRRDLR

−1

 (3.11)

Similarly, the first-order development of the Eq. (3.7) leads to:

 σqR

σFR

 =

 SLL SLR

SRL SRR


 σqL

−σFL

+

 σSLL σSLR

σSRL σSRR


 qL

−FL

 (3.12)

The expansion of the Eq. (3.12) leads to:

 DLR 0

DRR −1


 σqR

σFR

+

 DLL 1

DRL 0


 σqL

−σFL

+

 σDLL 0

σDRL 0


 qL

−FL


+

 σDLR 0

σDRR 0


 qR

FR

 = 0 (3.13)

Introducing

 qR

FR

 from Eq. (3.8), above equation leads to:

 DLR 0

DRR −1


 σqR

σFR

 = −

 DLL 1

DRL 0


 σqL

−σFL


−


 σDLL 0

σDRL 0

+

 σDLR 0

σDRR 0


 SLL SLR

SRL SRR



 qL

−FL

 (3.14)
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By simplification of Eq. (3.14), the standard deviation of the stochastic left state vector

expressed as:

 σqR

σFR

 = −

 DLR 0

DRR −1


−1 DLL 1

DRL 0


 σqL

−σFL

−
 DLR 0

DRR −1


−1


 σDLL 0

σDRL 0

+

 σDLR 0

σDRR 0


 SLL SLR

SRL SRR



 qL

−FL

 (3.15)

Eq. (3.15) represents the standard deviation of the stochastic left state vectors of Eq. (3.5).

Similarly Eq. (3.12) represents the standard deviation of the stochastic left state vectors

of Eq. (3.7). Here, comparison of Eq. (3.15) and Eq. (3.12), and identification of σS , leads

to:

 σSLL σSLR

σSRL σSRR

 = −

 DLR 0

DRR −1


−1 

 σDLL 0

σDRL 0

+

 σDLR 0

σDRR 0


 SLL SLR

SRL SRR


 (3.16)

Introducing S from Eq. (3.11) in the above equation leads to:

 σSLL σSLR

σSRR σSRR

 = −

 DLR 0

DRR −1


−1 

 σDDL 0

σDRL 0

+

 σDLR 0

σDRR 0




 −DLR
−1
DLL −DLR

−1

DRL −DRRDLR
−1
DLL −DRRDLR

−1

 (3.17)

Then the standard deviation of stochastic transfer matrix is:

σS =

 −DLR 0

−DRR 1


−1 σDLL σDLR

σDRL σDRR


 1 0

−DLR
−1
DLL −DLR

−1

 (3.18)

Eq. (3.18) is only valid for the single cell. For complex geometry, the internal degree of

freedom can be removed using dynamic condensation. The expression for the standard

deviation of the condensed dynamic stiffness matrix is derived next.
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3.2.1 Derivation for the standard deviation of the condensed dynamic

stiffness matrix for 1D periodic media

If the formulation requires the dynamic condensation of the inner DOFs at each frequency

step, the standard deviation of the condensed dynamic stiffness matrix has to be evaluated.

Having internal DOFs,(I) as shown in Fig. 3.1, the DOFs are partitioned into the left

boundary DOFs (DL), right boundary DOFs (DR), and internal DOFs (DI). Introducing

Figure 3.1: 1D element with internal node

uncertainties in the parameters, the stochastic dynamic stiffness matrix has the following

form:

D̃ =


˜̂
DLL

˜̂
DLI

˜̂
DLR˜̂

DIL
˜̂
DII

˜̂
DIR˜̂

DRL
˜̂
DRI

˜̂
DRR

 (3.19)

where symbol
˜̂
() represents the stochastic entity from the original dynamic stiffness matrix.

The dynamic condensation and the zeroth-order expansion of the above equation leads to:

D =

 DLL DLR

DRL DRR



D =

 D̂LL − D̂LID̂II

−1
D̂IL D̂LR − D̂LID̂II

−1
D̂IR

D̂RL − D̂RID̂II

−1
D̂IL D̂RR − D̂RID̂II

−1
D̂IR

 (3.20)

The dynamic condensation and first order expansion of Eq. (3.20) leads to:

σD =

 σDLL σDLR

σDRL σDRR

 (3.21)

where

σDLL = σ
D̂LL
− D̂LID̂II

−1
σ
D̂IL

+ D̂LID̂II

−2
σ
D̂II

D̂IL − σD̂LI D̂II

−1
D̂IL
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σDLR = σ
D̂LR
− D̂LID̂II

−1
σ
D̂IR

+ D̂LID̂II

−2
σ
D̂II

D̂IR − σD̂LI D̂II

−1
D̂IR

σDRL = σ
D̂RL
− D̂RID̂II

−1
σ
D̂IL

+ D̂RID̂II

−2
σ
D̂II

D̂IL − σD̂RI D̂II

−1
D̂IL

σDRR = σ
D̂RR
− D̂RID̂II

−1
σ
D̂IR

+ D̂RID̂II

−2
σ
D̂II

D̂IR − σD̂RI D̂II

−1
D̂IR

Above expressions are organized in the matrix form as:

σD =

 σ
D̂LL

σ
D̂LR

σ
D̂RL

σ
D̂RR

−
 D̂LI σ

D̂LI

D̂RI σ
D̂RI


 D̂II

−1
−D̂II

−2
σ
D̂II

0 D̂II

−1


 σ

D̂IL
σ
D̂IR

D̂IL D̂IR


(3.22)

To simplify the computation, standard deviation of the condensed dynamic stiffness matrix

is arranged as follows:

σD =

 σ
D̂LL

σ
D̂LR

σ
D̂RL

σ
D̂RR

−
 D̂LI σ

D̂LI

D̂RI σ
D̂RI


 D̂II

−1
−D̂II

−1
σ
D̂II

D̂II

−1

0 D̂II

−1


 σ

D̂IL
σ
D̂IR

D̂IL D̂IR

 (3.23)

where symbol (̂) represents the mean value from the original dynamic stiffness matrix.

Following the steps of the deterministic development, a stochastic eigenvalue problem

formulated as:

S̃φ̃i = µ̃iφ̃i∣∣∣S̃ − µ̃iI2n

∣∣∣ = 0
(3.24)

where
(
µ̃i, φ̃i

)
i=1...2n

are the stochastic waveguide propagation modes and n is the number

of waves, which is equivalent to the cross section DOFs. Then the stochastic eigensolutions

of Eq. (3.24) are expressed as follows:

µ̃i = (µi + σµiε)

φ̃i =
(
φi + σφiε

) (3.25)

The stochastic eigenvalues are associated to eigenvectors. Then, the zeroth-order expan-

sion of Eq. (3.24) leads to: (
S − µiI2n

)
φi = 0 (3.26)
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Similarly, the first-order expansion of Eq. (3.24) leads to:

(
S − µiI2n

)
σφi + (σs − σµiI2n)φi = 0 (3.27)

In order to extract the first-order perturbation of eigenvalues and eigenvectors, we use the

left propagation constants. Here φ̃Ti Jn is a left eigenvector of S̃ that is associated to the

eigenvalue 1
µ̃i

, where

Jn =

 0 In

−In 0

 (3.28)

The left stochastic eigenvalue problem can be established as:

(
φ̃Ti Jn

)
S̃ =

1

µ̃i

(
φ̃Ti Jn

)
(3.29)

The first-order expansion of Eq. (3.29) leads to:

(σφi)
T Jn

(
S − 1

µ̃i
I2n

)
+ φ

T
i Jn

(
σS +

1

µ2
i

σµiI2n

)
= 0 (3.30)

Simplification of Eq. (3.27) and Eq. (3.30) leads to standard deviation of eigenvalues (σµi)

as:

σµi =

[(
φi
)T
σTS

(
S
T − µiI2n

)−1
Jn

(
S −

(
1
µ̃i
I2n

)
−
(
φi
)T
JnσS

)]
[(
φi
)T (

S
T − µiI2n

)−1
Jn

(
S − (µi)

−1 I2n

)
− 1

µ2i

(
φi
)T
Jn

]+ (3.31)

Similarly, the standard deviation of the eigenvectors (σφi) as:

σφi = −
[
S − µiI2n

]+
[σS − σµiI2n]φi (3.32)

where + is pseudo inverse. Using Eq. (3.31) and Eq. (3.32), the statistics of the wave

characteristics can be expressed using the standard deviation of the propagation constants.

Let us consider statistics of the wavenumber expressed as:

k̃ =

(
i

d

)
log µ̃ (3.33)
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where stochastic wavenumber expressed k̃ = k + σkε. Once the zeroth and first-order

terms of the stochastic eigenvalue are computed, then we can use the statistics of k from

Eq. (3.33) to find mean value and dispersion from the mean value. The mean of the

wavenumber expressed as:

k =

(
i

d

)
log(µ) (3.34)

Similarly, the dispersion of the wavenumber from the mean can be expressed as:

σk =

(
i

d

)
σµ
µ

(3.35)

where d is sub-structure length.

3.2.2 Attached resonators

For the low-frequency range, band gaps can be achieved by mounting periodically local

resonators. The LR metamaterial-based system consists of a uniform host structure and

periodically attached springs (ki) and masses (mi). The number of springs and masses in

the resonator can be chosen based on targeted band gap characteristics as per the design of

the metamaterial system [Nobrega et al., 2016]. The unit cell of the LR system is shown

in Fig. 3.2. The dynamic stiffness matrix (D0) of the resonator at the attachment point

Figure 3.2: Unit cell with local resonator

can be written as [Xiao et al., 2012]:

D0 = ki −
(
k2
i /
(
ki − ω2mi

))
(3.36)

Once the dynamic stiffness matrix for the LR is obtained, then it needs to be attached

to the unit cell of the host structures. The dynamic stiffness matrix of the LR system is

obtained as:

D =

 DLL DLR

DRL DRR

 =

 DLL +D0 DLR

DRL DRR

 (3.37)
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In the host structure, the stochastic equation of motion can be expressed as:

 D̃LL D̃LR

D̃RL D̃RR


 q̃kL

q̃kR

 =

 F̃k
L

F̃k
R

 (3.38)

The above expression is similar to the stochastic equation of motion expressed in Eq. (3.4).

The stochastic wavenumber characterization can be obtained by using explicit Eq. (3.31),

Eq. (3.32).

3.3 SWFEM for forced response

In this section, the harmonic response and effects of uncertainties in terms of kine-

matic variables, displacement, and forces linked to periodic media, are presented. In

reality, structures are not infinite but have finite dimensions. The finite periodic struc-

ture is composed of N identical sub-elements. Considering the material properties to

have the uncertainties, the frequency response of this system can be expressed by ex-

panding the kinematic variable of the considered sub-system on the basis of eigenvectors

[Mencik and Ichchou, 2007] by:

 qL

−FL

 =

 Φq

ΦF

QL,
 qR

−FR

 =

 Φq

ΦF

QR (3.39)

where Φq and ΦF are the matrices of the eigenvector. The terms QL and QR are the gen-

eralized coordinated for the sub-system at the left and right boundaries. Also shown that

based on the classification of the eigenvector into incident and reflected waves, generalized

coordinate QL and QL are related by:

QR =

 µ 0

0 µ−1

QL (3.40)

where µ is the matrix of the eigenvalues {µi}i=1,...,n using the modal decomposition, the

stochastic kinematic variable can be projected on the wave mode base expressed for each
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cell k. The stochastic state vector is defined as:

ũ
(k)
L =

 q̃
(k)
L

−F̃ (k)
L

 , ũ
(k)
R =

 q̃
(k)
R

F̃
(k)
R

 (3.41)

Using the multi-mode method [Mencik and Ichchou, 2005], the stochastic kinematic vari-

able can be projected on the stochastic wave mode bases.

ũ
(k)
L = Φ̃Q̃(k)

ũ
(k)
R = Φ̃Q̃(k+1) ∀ k ∈ {1 . . . N}

(3.42)

where Φ̃=

 Φ̃inc
q Φ̃ref

q

Φ̃inc
F Φ̃ref

F

 is the matrix of the stochastic eigenvectors, which are inde-

pendent and Q̃=

 Q̃inc

Q̃ref


(k)

is the vector of the stochastic wave mode amplitude for

substructure k. Q̃inc is the stochastic amplitude of the incident mode and Q̃ref for the

reflected mode. Using Bloch’s theorem, the stochastic amplitude of the kth element in the

waveguide can be obtained from the stochastic amplitude of the wave of the first element

by:

Q̃(k) =

 µ̃inc 0

0 µ̃ref


(k−1)

Q̃(1) (3.43)

Considering that the periodic structure is free-fixed, and exited with a sinusoidal forces.

Then the projection of the kinematic variables on the waves basis. The boundary condi-

tions are as follows: Boundary condition at x = 0:

Φ̃
inc
F Q̃inc(1) + Φ̃ref

F Q̃ref(1) = −F̃ (1)
L (3.44)

Boundary condition at x = L:

Φ̃inc
q Q̃inc(N+1) + Φ̃

ref
q Q̃ref(N+1) = q̃

(N)
R (3.45)

Now using the condition expressed in Eq. (3.43), the second boundary condition becomes:

Φ̃
inc
q µ̃N Q̃inc(1) + Φ̃ref

q µ̃−N Q̃ref(1) = q̃
(N)
R (3.46)
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The above boundary conditions are expressed in the matrix form as:

 Φ̃
inc
F Φ̃

ref
F

Φ̃
inc
q µ̃(inc)N Φ̃

ref
q µ̃(ref)N


 Q̃inc(1)

Q̃ref(1)

 =

 −F̃
q̃

 (3.47)

Then, projection of Eq. (3.47) leads to identify the zeroth-order term (mean value) as:

Q
(1)

=

 Φ
inc
F Φ

ref
F

Φ
inc
q µ(inc)N Φ

ref
q µ(ref)N


 Q

inc(1)

Q
ref(1)

 =

 −F
q

 (3.48)

The direct inversion of above matrix is not possible, so, to better condition the matrix, ap-

propriate scaling is needed by decoupling the ill-conditioned matrix into two matrices; first

matrix, well-conditioned and second with diagonal matrix. Then from well-conditioned

matrix the mean value of wave amplitude can be calculated with following expression:

 Q
inc(1)

Q
ref(1)

 =

 In 0

0 µ(inc)N


 Φ

inc
F Φ

ref
F µN

Φ
inc
q µN Φ

ref
q


+ −F

q

 (3.49)

Also the first-order projection of Eq. (3.47) leads to identification of the first-order term

(standard deviation) of the wave amplitude as:

(σQ)(1) =

 In 0

0 µ(inc)N


 Φ

inc
F Φ

ref
F µN

Φ
inc
q µN Φ

ref
q


+ 
 −σF

σq

− σA
 Q

inc(1)

Q
ref(1)




(3.50)

where term

σA =

 σΦincf
σ

Φreff

σΦincq

(
µinc

)N
+NΦ

inc
q

(
µinc

)(N−1)
σµinc σ

Φrefq

(
µref

)N
+NΦ

ref
q

(
µref

)(N−1)
σµref


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where + is pseudo inverse. Knowing the statistics of the amplitude of the first sub-element,

the statistics at any element in the structure is expressed using Eq. (3.43) as:

 σQinc

σQref


(k)

=

 µinc 0

0 µref


(k−1) σQinc

σQref


(1)

+ (k − 1)

 (
µinc

)(k−2)
σµinc 0

0
(
µref

)(k−2)
σµref


 Q

inc

Q
inc


(1)

(3.51)

The equation connecting the stochastic state vector to the stochastic amplitude of the

modes, expressed as:

(q̃)(k) =

 Φ̃inc
q Φ̃ref

q

Φ̃inc
q µ̃inc Φ̃ref

q µ̃ref

 (Q̃)(k) (3.52)

The projection of Eq. (3.52)lead to zeroth-order terms (mean value) as:

(q)(k) =

 Φ
inc
q Φ

ref
q

Φ
inc
q µinc Φ

ref
q µref

 (Q)(k) (3.53)

And, first-order term as the standard deviation of the the nodal displacement of the both

side of the element k as:

(σq)
(k) =

 Φ
inc
q Φ

ref
q

Φ
inc
q µinc Φ

ref
q µref

 (σQ)(k)

+

 σΦincq
σ

Φrefq

σΦincq
µinc + Φinc

q σµinc σ
Φrefq

+ Φref
q σµref

Q
(k)

(3.54)

Eq. (3.54) is used to find the statistics of the displacement at each node for the sub-element

k in the periodic structure.

3.4 Numerical results

This section shows the validation of the SWFEM formulation considering a binary periodic

rod and periodic beam. The periodic rod and beam consist of section A of length l1 and
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section B of length l2 as depicted in Fig. 3.3. Here, sections A and B are made of different

materials. In the first case, longitudinal waves are studied, while in the second case flexural

waves are studied in a beam of circular section.

Figure 3.3: Symmetric unit cell

3.4.1 Monte Carlo simulation

As the number of samples is increased, the sampling error is decreased; so 10,000 samples

are chosen to obtain the reference results. The analytical sampling and MCS results are

treated as reference results for validation purpose. The workflow of the MCS is shown in

Fig. 3.4.

3.4.2 Analysis of free wave propagation

In this subsection, the SWFEM is used to study the effect of parametric uncertainty on

the dispersion relation of the longitudinal wavenumber in a periodic rod with sections A

and B.

Periodic rod

The reference analytical solution of a periodic rod is based on the following expression of

the wavenumber [Tian et al., 2011]:

cos(kl) = cos

(
ω

ca
la

)
cos

(
ω

cb
lb

)
− 1

2

(
ρaca
ρbcb

+
ρbcb
ρaca

)
sin

(
ω

ca
la

)
sin

(
ω

cb
lb

)
(3.55)

where ca, and, cb are the wave velocity in sections A and B, respectively, and expressed

as ca =
√
Ea/ρa and cb =

√
Eb/ρb, Ea, ρa, and la are the Young’s modulus, density and

length for section A and Eb, ρb, and lb are those for section B. l is the total length of
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Figure 3.4: WFEM MCS workflow

the unit cell. The uncertainty effect is studied considering a variation of (4%) of Young’s

modulus nominal values. It is to be mentioned that the input uncertainties are represented

inside the bracket (). The frequency range is 10-1500 Hz. The sampling method is used to

obtain the wave characteristics of the analytical wavenumber obtained using Eq. (3.55).

A two-node rod element with one DOF per node is considered that allows treatments of

longitudinal wave. The local stiffness and mass matrices are assembled into global stiffness

and mass matrices in the MATLAB environment, with 200 elements in the unit cell of the

periodic rod. In this way, the wavelength contains at least 20 elements in the frequency

range. The material and geometric properties are reported in Table 3.1.

The results obtained with analytical sampling, SWFEM TM and WFEM MCS are com-

pared. Comparision of the mean values is shown in Fig. 3.5(a); there exists one full band

gap at approximately 418-928 Hz. The comparison of the standard deviation is presented

in Fig. 3.5(b). The mean value and standard deviation are in good agreement. The
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Table 3.1: Material and geometric properties of periodic rod

Geometry/Property Value

Rod length (A) 1 m
Rod length (B) 1 m
Radius of rod 0.0644 m
Young’s modulus (A) 4.50 ×109 Pa
Young’s modulus (B) 70 ×109 Pa
Mass density (A) 1200 kg/m3

Mass density (B) 2700 kg/m3

Loss factor (A) and (B) 0.001

SWFEM standard deviation is computed considering loss factor, whilst on the other hand

the analytical sampling is computed without damping. It is observed that the effect of the

uncertainty on the longitudinal wavenumber, is nearly 3% at the start of the band gap, and

nearly 10% nearly at the end of the band gap. With increasing frequency, the uncertainty

effect is growing, as it can be seen that variation is around 33% at the start of the second

bandgap frequency. This suggests that the effect of the uncertainty is increasing with

increasing frequency range for longitudinal wavenumber. The uncertainty effect is also

studied considering a variation of (4%) of the nominal values of mass density. The results

obtained with analytical sampling, SWFEM TM, and WFEM MCS are compared. The

mean values comparison is shown in Fig. 3.6(a) and the standard deviation comparison is

presented in Fig. 3.6(b). The results are in good agreement.

Periodic beam

The uncertainty effect on the flexural wave in a periodic beam is studied by considering

the Euler-Bernoulli beam theory. The material and geometric properties are reported in

Table 3.2. For the numerical formulation, the two-node beam element with two degrees of

freedom per node is considered. The frequency range of computation is 10-1500 Hz. Con-

sidering the uncertainty in Young’s modulus of the binary periodic beam to be (4%) about

the nominal value, the numerical experiment is performed with SWFEM formulation. To

validate the obtained result, an MCS study is carried out. Fig. 3.7(a) shows the com-

parison of the mean value of the flexural wavenumber obtained from SWFEM and MCS

on the WFEM simulation. In Fig. 3.7(b), the standard deviation comparison is shown

from SWFEM and MCS results. The results are in good agreement, which confirmed the
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(a) Mean value comparison

(b) Standard deviation comparison

Figure 3.5: Validation of the periodic rod with 4% stochastic elasticity
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(a) Mean value comparison

(b) Standard deviation comparison

Figure 3.6: Validation of the periodic rod with 4% stochastic density

validity of the SWFEM formulation applied to flexural wave analysis.

The uncertainty effect is also studied considering a variation of (4%) of the nominal values
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Table 3.2: Material and geometric properties of periodic beam

Geometry/Property Value

Beam length (A) 0.25 m
Beam length (B) 0.25 m
Radius of beam 0.00945 m
Young’s modulus (A) 210 ×109 Pa
Young’s modulus (B) 0.72 ×109 Pa
Mass density (A) 7800 kg/m3

Mass density (B) 935 kg/m3

Loss factor (A) and (B) 0.001

of mass density. The results obtained with analytical sampling, SWFEM TM, and WFEM

MCS are compared. The mean values comparison is shown in Fig. 3.8(a) and the standard

deviation comparison is presented in Fig. 3.8(b). The results are in good agreement.

3.4.3 Analysis of frequency response function

In this section, the FRF response of the 1D periodic case is considered as follows for a

periodic rod, metamaterial rod, geometrically varying beam, and metamaterial beam.

Periodic rod for the bounded case

A 1D periodic structure which is made up of N=10 substructure is considered. The sub-

structure material and geometric properties are detailed in Table 3.3. The structure is

Table 3.3: Material and geometric properties of periodic rod (FRF case)

Geometry/Property Value

Rod length (A) 1 m
Rod length (B) 1 m
Radius of Rod 0.06 m
Young’s modulus (A) 210 ×109 Pa
Young’s modulus (B) 77 ×109 Pa
Mass density (A) 7800 kg/m3

Mass density (B) 2700 kg/m3

Loss factor (A) and (B) 0.01

fixed at its right end, and at left end, it is subjected to a longitudinal point force. The

FRF, i.e., the frequency evaluation of the magnitude of the logitudinal displacement at the

excitation point, is computed at 4990 discrete frequencies. The frequencies are uniformly
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(a) Mean value comparison

(b) Standard deviation comparison

Figure 3.7: Validation of the periodic beam with 2% stochastic elasticity

spread over the frequency range of 10-5000 Hz. In this case, the Young’s modulus is

considered as a stochastic parameter with (2%) variation about the nominal value. The
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(a) Mean value comparison

(b) Standard deviation comparison

Figure 3.8: Validation of the periodic beam with 2% stochastic density

mean value of the FRF is obtained by solving Eq.(3.53) and the standard deviation of

the longitudinal displacement is obtained by solving Eq. (3.54). The results obtained

with WFEM MCS are compared with SWFEM results. The mean values comparison of

the band gap is shown in Fig. 3.9(a) and FRF is shown in Fig. 3.9(b). The standard

deviation comparison is presented in Fig. 3.10(a) for the band gap and correspondingly in

Fig. 3.10(b) for the FRF. The results are in good agreement. It can be seen that the band
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gap can be also identified easily in the FRF.

Metamaterial rod for the bounded cases validation

To validate the SWFEM and demonstrate its capacity to compute the band gaps and

FRF dispersion in an elastic metamaterial rod with attached single-DOF local resonators,

numerical experiments are performed. A 1D periodic structure that is made up of N=10

substructures is considered. The metamaterial, material, and geometric properties are

detailed in Table 3.4. To show the metamaterial band gaps, FRF is measured. The meta-

Table 3.4: Material and geometric properties of metamaterial rod (FRF case)

Geometry/Property Value

Rod length (A) 0.5 m
Rod length (B) 0.5 m
Radius of Rod 0.01 m
Young’s modulus (A) 210 ×109 Pa
Young’s modulus (B) 210 ×109 Pa
Mass density (A) 7800 kg/m3

Mass density (B) 7800 kg/m3

Loss factor (A) and (B) 0.01
Resonator frequecy 1250 Hz
Resonator mass density ratio 0.2

material rod is fixed at its right end, and at the left end, it is subjected to a longitudinal

point force. The FRF is computed at 2990 discreted frequencies. The frequencies are

uniformaly spread over the frequency range of 10-3000 Hz. In this case, the uncertainty in

the host structure Young’s modulus is considered with (2%) variation about the nominal

value. The results obtained with WFEM MCS are compared with SWFEM results. The

mean values comparison of the band gap is shown in Fig. 3.11(a) and FRF is shown in

Fig. 3.11(b). The standard deviation comparison is presented in Fig. 3.12(a) for the band

gap and correspondingly in Fig. 3.12(b) for the FRF. The results are in good agreement.

It can be seen that the resonance band gap can be also identified easily in the FRF around

the resonance frequency.
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Geometrically varying beam for the bounded cases validation

A 1D geometrically varying structure that is made up of N= 10 substructures is considered.

The substructure material and geometric properties are detailed in Table 3.5. The global

Table 3.5: Material and geometric properties of geometrically varying beam (FRF case)

Geometry/Property Value

Beam length (A) 0.05 m
Beam length (B) 0.05 m
Width of beam (A) 0.003 m
Width of beam (B) 0.003 m
Height of beam (A) 0.002 m
Height of beam (B) 0.003 m
Young’s modulus (A) and (B) 71 ×109 Pa
Mass density (A) and (B) 2700 kg/m3

Loss factor (A) and (B) 0.001

structure is fixed at its right end, and at the left end, it is subjected to a flexural point force.

The substructures are meshed with two-node beam element with two DOFs per node, to

allow the treatments of flexural wave. The FRF is computed at 2490 discrete frequencies

uniformly spread over the freuqncy range of 10-2500 Hz. In this case, the Young’s modulus

is considered as a stochastic parameter with (2%) variation about the nominal value. The

results obtained with WFEM MCS are compared with SWFEM results. The mean values

comparison of the band gap is shown in Fig. 3.13(a) and FRF is shown in Fig. 3.13(b).

The standard deviation comparison is presented in Fig. 3.14(a) for the band gap and

correspondingly in Fig. 3.14(b) for the FRF. The results are in good agreement. It can be

seen that results are in good agreement and the band gap can be also identified easily in

the FRF.

Metamaterial beam for the bounded cases validation

To validate the SWFEM and demonstrate its capacity to compute the band gaps and FRF

dispersion in an elastic metamaterial beam with attached single-DOF local resonators, a

numerical experiment is performed. A 1D periodic structure which is made up of N=10

substructures is considering. The metamaterial material and geometric properties are

detailed in Table 3.6. Initially the bare beam is simulated, and no band gap exists in the

obtained dispersion curve shown in Fig. 3.15. Then, a single DOF resonator is attached
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Table 3.6: Material and geometric properties of metamaterial beam (FRF case)

Geometry/Property Value

Beam length (A) 0.25 m
Beam length (B) 0.25 m
Radius of beam 0.01 m
Young’s modulus (A) 210 ×109 Pa
Young’s modulus (B) 210 ×109 Pa
Mass density (A) 7800 kg/m3

Mass density (B) 7800 kg/m3

Loss factor (A) and (B) 0.01
Resonator frequecy 350 Hz
Resonator mass density ratio 0.2

to the beam. The metamaterial beam is fixed at its right end, and at the left end, it

is subjected to a flexural point force. The FRF is computed at 990 discrete frequencies

spread over 10-1000 Hz. The Young’s modulus of the host structure is considered as a

stochastic parameters with (2%) variation about the nominal value. The results obtained

with WFEM MCS are compared with SWFEM results. The mean values comparison of

the band gap is shown in Fig. 3.16(a) and FRF is shown in Fig. 3.16(b). The standard

deviation comparison is presented in Fig. 3.17(a) for the band gap and correspondingly in

Fig. 3.17(b) for the FRF. It can be seen that the results are in good agreement and the

band gap can be also identified in the FRF.

3.5 Elapsed time comparison for SWFEM 1D periodic me-

dia

In the context of uncertainty quantification in periodic media, in crude MCS, the sam-

ple selection mainly depends on the maximum number of simulations, elapsed time, and

desired accuracy. To establish the preeminence of SWFEM over the WFEM MCS, the

numerical costs involved in computation is compared with that of crude MCS. The test

ran on a mobile workstation with, an Intel R© CoreTM i7 7820 HQ CPU clocked at 2.90

GHz and 32 GB RAM. The comparison of elapsed time is reported in Table 3.7. Where it

can be seen that computational effort by application of SWFEM is much smaller compared

to WFEM MCS. The employed perturbation method computation efficiency results from

the fact that, very few additional matrix factorization are performed to compute the re-
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Table 3.7: Elapsed time comparison for SWFEM 1D periodic media

WFEM MCS (10000 samples) SWFEM (single run)

1D periodic media 3840 seconds 9.34 seconds

sponse variability. The SWFEM formulation uses the deterministic results to evaluate the

response variability of the wavenumber. Thus, SWFEM formulation has superiority over

the WFEM MCS in computation cost, which has great advantages for modeling complex

periodic structures.

3.6 Conclusions

In this chapter, SWFEM based on the state-space form is extended to periodic media

in 1D cases. The formulation is detailed for free wave propagation and FRF. Various

numerical cases are presented and validated with MCS, for free wave propagation in a

periodic rod and periodic beam. In the FRF cases, the periodic rod, metamaterial rod,

geometrically varying beam, and metamaterial beam result validate the use of SWFEM. In

the context of uncertainty quantification in periodic media, an elapsed computational time

comparison is presented. The result of the simulation shows the computation advantage

of the SWFEM over the MCS.
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(a) Mean value comparison of band gap

(b) Mean value comparison of FRF

Figure 3.9: Validation of the mean value of the periodic rod with 2% stochastic elasticity
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(a) Standard deviation comparison of band gap

(b) Standard deviation comparison of FRF

Figure 3.10: Validation of the standard deviation of the periodic rod with 2% stochastic
elasticity
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(a) Mean value comparison of band gap

(b) Mean value comparison of FRF

Figure 3.11: Validation of the mean value of the metamaterial rod with 2% stochastic
elasticity
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(a) Standard deviation comparison for the band gap

(b) Standard deviation comparison for the FRF

Figure 3.12: Validation of the standard deviation of the metamaterial rod with 2% stochas-
tic elasticity
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(a) Mean value comparison of band gap

(b) Mean value comparision of FRF

Figure 3.13: Validation of the mean value of the periodic step beam with 2% stochastic
elasticity
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(a) Standard deviation comparison of band gap

(b) Standard deviation comparison of FRF

Figure 3.14: Validation of the standard deviation of the periodic step beam with 2%
stochastic elasticity
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Figure 3.15: Mean value comparison of band gap
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(a) Mean value comparison of band gap

(b) Mean value comparison of FRF

Figure 3.16: Validation of the mean value of the metamaterial beam with 2% stochastic
elasticity
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(a) Standard deviation comparison of band gap

(b) Standard deviation comparison of FRF

Figure 3.17: Validation of the standard deviation of the metamaterial beam with 2%
stochastic elasticity



Chapter 4

SWFEM QEV: 1D and 2D

periodic media

4.1 Introduction

In the deterministic case, the dispersion curve is extracted by spectral analysis. The use

of a state-space representation is an interesting alternative to spectral analysis. However,

when using the state-space method, numerical ill-conditioning may occur when a large

number of the unit cells are involved in the periodic system model [Waki et al., 2009]. To

overcome this shortcoming, for stochastic modelling, a stochastic spectral approach with

the quadratic formulation is presented in this section for 1D and 2D periodic media. In

addition, the formulation is adopted for the metamaterial structure. In 1D cases, the

proposed formulation is applied to a periodic rod and metamaterial rod. In 2D cases,

homogeneous, and periodic plates are investigated. The solutions were validated by com-

parison with MCS. The effect of uncertain parameters on the wavenumber dispersion is

investigated considering stochasticity indicator and COV study. An elapsed computational

time comparison is presented to show the efficiency advantage of the SWFEM QEV over

the MCS.

66
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4.2 SWFEM quadratic formulation: 1D periodic media

Consider a one-dimensional periodic system, as shown in Fig.4.1. One-dimensional pe-

Figure 4.1: Schematic representation of the periodic structure

riodic structures are obtained by formulating the unit cell and then repeating in the

propagation direction. Then, the study of this structure is converted into a study of the

unit cell based on the Floquet-Bloch theorem [Mead, 1973].

The variables are displacements as q and forces as F . The dynamic stiffness matrix

(D) = −ω2M + K(1 + iη), where K is the stiffness matrix, M is the mass matrix, η

is the loss factor, i is the unit imaginary number, and ω is the circular frequency. The

nodes on the boundaries of the periodic structure are denoted as on the left boundary

(L), right boundary (R) and the remaining/internal nodes (I). The displacement DOFs

q are partitioned into left (qL) and right (qR). Similarly, forces are partitioned into left

(FL) and right (FR). Firstly, the deterministic form of the quadratic eigenvalue problem

is obtained. The dynamic of the global waveguide can be expanded on the wave solution

as follows:

qR = µqL, FR = −µFL (4.1)

where µ is the propagation constant. The Floquet-Bloch condition applied to the dynamic

equation, leads to the classic quadratic eigenvalue problem [Houillon et al., 2005] in terms

of propagation constant:

(
DRL + µiI2n (DLL +DRR) + µ2

i I2nDLR

)
(Φq)i = 0 (4.2)

where i = 1...2n, n is the cross sectional DOFs, and DLL, DRL, DRR, and DLR are

the elements of the dynamic stiffness matrix. The wave mode of the global system is

(µi, (Φq)i)i=1...2n.

Based on the quadratic eigenvalue form, to accommodate the effects of uncertainties,
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stochastic equation of motion can be expressed in the form:

D̃ q̃ = F̃ (4.3)

where symbol (̃) denotes the stochastic entity. The Eq. (4.3) can be partitioned as follows:

 D̃LL D̃LR

D̃RL D̃RR


 q̃kL

q̃kR

 =

 F̃k
L

F̃k
R

 (4.4)

Using the dynamic stiffness matrix symmetry, stochastic quadratic eigenvalue problem can

be written as:

(
D̃RL + µ̃iI2n(D̃LL + D̃RR) + µ̃2

i I2nD̃LR

)(
Φ̃q

)
i

= 0 (4.5)

Using polynomial chaos projection of the variables in Eq. (4.5), we can extract their mean

value () and standard deviation (σ). Stochastic eigenvalues (µ̃i) and stochastic eigenvectors(
Φ̃q

)
i

are the solution of the stochastic quadratic equation Eq. (4.5). The zeroth-order

chaos expansion of Eq. (4.5) leads to:

(
DRL + µiI2n(DLL +DRR) + µ2

i I2nDLR

) (
Φq

)
i

= 0 (4.6)

The first-order chaos expansion of the stochastic quadratic Eq. (4.5) leads to:

[
DRL + µiI2n(DLL +DRR) + µ2

i I2nDLR

]
σ(ΦqL)

i

+
[
σDRL + σµiI2n(DLL +DRR) + µiI2n(σDLL + σDRR + 2µiI2nσµiDLR + µ2

i I2nσDLR)
] (

Φq

)
i

= 0

(4.7)

From the above equation the standard deviation of eigenvectors σ(Φq)i
can be expressed

as:

σ(Φq)i
= −

[
DRL + µiI2n(DLL +DRR) + µ2

i I2nDLR

]−1

[
σDRL + σµiI2n(DLL +DRR) + µiI2n (σDLL + σDRR) + 2µiI2nσµiDLR + µ2

i I2nσDLR
] (

Φq

)
i

(4.8)
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(
Φ̃q

)T
i

, the stochastic left eigenvectors linked with stochastic left eigenvalues µ̃−1
i , which

form the stochastic left quadratic eigenvalue problem as:

(
Φ̃q

)T
i

(
D̃RL + µ̃−1

i I2n(D̃LL + D̃RR) + µ̃−2
i I2nD̃LR

)
= 0 (4.9)

The first-order chaos expansion of stochastic left quadratic eigenvalue leads to:

σ(Φq)i
T
[
DRL + µi

−1I2n(DLL +DRR) + µi
−2I2nDLR

]
+
(
Φq

)T
i

[
σDRL − µi

−2I2nσµi(DLL

+DRR) +µi
−1I2n(σDLL + σDRR)− 2µi

−3I2nσµiDLR + µi
−2I2nσDR

]
= 0 (4.10)

In the above equation, identification of the targeted terms σ(Φq)i
, σµi and replacement of

σ(Φq)i
leads to:

−
[ [

DRL + µiI2n(DLL +DRR) + µ2
i I2nDLR

]−1 [
σDRL + σµiI2n(DLL +DRR)

+µiI2n(σDLL+σDRR) +2µiσµiI2nDLR + µ2
i I2nσDLR ](Φq)i

]T [
DRL + µi

−1I2n(DLL +DRR)

+ µi
−2I2nDLR] +

(
Φq

)T
i

[
σDRL − µ

−2
i I2nσµi(DLL +DRR) + µ−1

i I2n(σDLL + σDRR)

−2µ−3
i I2nσµiDLR + µ−2

i I2nσDLR
]

= 0 (4.11)

Simplification of the above equation for σµi leads to:

σµiI2n

[(
Φq

)T
i

[
− (DLL +DRR)T − 2µiI2nD

T
LR

][
DRL + µiI2n(DLL +DRR)

+µ2
i I2nDLR

]−1[
DRL+µi

−1I2n(DLL+DRR)+µi
−2I2nDLR

]
−
(
Φq

)T
i

[
µi
−2I2n(DLL+DRR)

+ 2µi
−3I2nDLR

]]
=
(
Φq

)T
i

[
σTDRL + µiI2n

(
σDLL + σDRR

)T
+ µ2

i I2nσ
T
DLR

][
DRL

+ µiI2n

(
DLL +DRR

)
+ µ2

i I2nDLR

]−1[
DRL + µi

−1I2n

(
DLL +DRR

)
+ µi

−2I2nDLR

]
−
(
Φq

)T
i

[
σDRL + µi

−1I2n

(
σDLL + σDRR

)
+ µi

−2σDLR
]

(4.12)
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Finally, the analytical expression for the standard deviation of the eigenvalues (σµi) is:

σµi =
(
Φq

)T
i

[
σTDRL + µiI2n

(
σDLL + σDRR

)T
+ µ2

i I2nσ
T
DLR

][
DRL + µiI2n(DLL +DRR)

+ µ2
i I2nDLR

]−1[
DRL + µi

−1I2n(DLL +DRR) + µi
−2I2nDLR

]
−
(
Φq

)T
i

[
σDRL

+ µi
−1I2n

(
σDLL + σDRR

)
+ µi

−2I2nσDLR
][(

Φq

)T
i

[
− (DLL +DRR)T − 2µiI2nD

T
LR

]
[
DRL + µiI2n(DLL +DRR) + µ2

i I2nDLR

]−1[
DRL + µi

−1I2n(DLL +DRR) + µi
−2I2nDLR

]
−
(
Φq

)T
i

[
µi
−2I2n(DLL +DRR) + 2µi

−3I2nDLR

]]−1

(4.13)

Also, the analytical expression for the standard deviation of the eigenvectors
(
σ(Φq)i

)
is:

σ(Φq)i
= −

[
DRL + µiI2n(DLL +DRR) + µ2

i I2nDLR

]−1

[
σDRL + σµiI2n(DLL +DRR) + µiI2n (σDLL + σDRR) + 2µiσµiI2nDLR + µ2

i I2nσDLR
] (

Φq

)
i

(4.14)

Eq. (4.13) and Eq. (4.14) are the explicit expressions for the statistical characterization of

wavenumber using deterministic eigenvalue solutions in the 1D periodic media.

4.2.1 Internal nodes

If the formulation requires the dynamic condensation of the inner DOFs at each frequency

step, the standard deviation of the condensed dynamic stiffness matrix has to be evalu-

ated. Having internal DOFs, as shown in Fig. 4.2, the DOFs are partitioned into the left

Figure 4.2: Unit cell with internal node

boundary DOFs (DL), right boundary DOFs (DR), and internal DOFs (DI). Introducing

uncertainties in the parameters, the stochastic dynamic stiffness matrix has the following
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form:

D̃ =


˜̂
DLL

˜̂
DLI

˜̂
DLR˜̂

DIL
˜̂
DII

˜̂
DIR˜̂

DRL
˜̂
DRI

˜̂
DRR

 (4.15)

where symbol
˜̂
() represents the stochastic entity from the original dynamic stiffness matrix.

The dynamic condensation and the zeroth-order expansion of the above Eq. (4.15) leads

to:

D =

 DLL DLR

DRL DRR



D =

 D̂LL − D̂LID̂II

−1
D̂IL D̂LR − D̂LID̂II

−1
D̂IR

D̂RL − D̂RID̂II

−1
D̂IL D̂RR − D̂RID̂II

−1
D̂IR

 (4.16)

The first-order expansion leads to the standard deviation of the condensed dynamic stiff-

ness matrix:

σD =

 σ
D̂LL

σ
D̂LR

σ
D̂RL

σ
D̂RR

−
 D̂LI σ

D̂LI

D̂RI σ
D̂RI


 D̂II

−1
−D̂II

−1
σ
D̂II

D̂II

−1

0 D̂II

−1


 σ

D̂IL
σ
D̂IR

D̂IL D̂IR


(4.17)

where symbol (̂) represents the mean value from the original dynamic stiffness matrix.

Eq. (4.17) is used for accommodating the contribution of the standard deviation of the

condensed DOFs on the boundary DOFs.

4.2.2 Attached resonators

For the low-frequency range, the band gaps can be achieved by mounting periodically local

resonators. The LR metamaterial-based system consists of a uniform host structure and

periodically attached springs (ki) and masses (mi). The number of springs and masses in

the resonator can be chosen based on targeted band gap characteristics as per design of

the metamaterial system [Nobrega et al., 2016]. The unit cell of the LR system is shown

in Fig.4.3. The dynamic stiffness matrix (D0) of the resonator at the attachment point

can be written as [Xiao et al., 2012]:

D0 = ki −
(
k2
i /
(
ki − ω2mi

))
(4.18)
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Figure 4.3: Unit cell with local resonator

Once the dynamic stiffness matrix for the LR is obtained, then it needs to be attached to

the unit cell of the host structures. The dynamic stiffness matrix of the LR rod is obtained

as:

D =

 DLL DLR

DRL DRR

 =

 DLL +D0 DLR

DRL DRR

 (4.19)

In the host structure, the stochastic equation of motion can be expressed as:

 D̃LL D̃LR

D̃RL D̃RR


 q̃kL

q̃kR

 =

 F̃k
L

F̃k
R

 (4.20)

The above expression is similar to the stochastic equation of motion expressed in Eq. (4.4).

The stochastic wavenumber characterization can be obtained by explicitly using Eq. (4.13)

and Eq. (4.14).

4.3 SWFEM quadratic formulation: 2D periodic media

4.3.1 Four noded rectangular element

Consider an infinite thin plate lying in the (x, y) plane and its unit cell as shown in Fig.

4.4. The unit cell is divided into four corner nodes. The unit cell DOFs (q) are divided

into four corner nodal DOFs,: q1, q2, q3 and q4. The vector of nodal DOFs are given by q =[
qT1 , q

T
2 , q

T
3 , q

T
4

]T
. Similarly, the vectors of nodal forces are given by f =

[
fT1 , f

T
2 , f

T
3 , f

T
4

]T
.

where T denotes the transpose. Then the time-harmonic equation of motion of the unit

cell can be written as: (
K − ω2M

)
q = f (4.21)

where K is the stiffness matrix, M is the mass matrix, ω is the circular frequency, f is

the nodal forces vector, and q is the nodal displacements vector. This equation is used
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Figure 4.4: Rectangular plate element

to form the spectral problem involving wavenumber in the x-direction (kx), wavenumber

in y-direction (ky), and frequency ω. The dynamic stiffness matrix can be expressed

as D = K − ω2M . Here, introducing the periodic structure theory for the unit cell

and considering a time-harmonic response [Mace and Manconi, 2008], the deterministic

harmonic equation of motion can be expressed as:

(
K∗ (λx, λy)− ω2M∗ (λx, λy)

)
q1 = 0 (4.22)

where K∗ = ΛLKΛR and M∗ = ΛLMΛR are the reduced stiffness and mass matrices,

respectively. λx and λy are the propagation constants in x- and y-directions, respectively.

ΛL and ΛL are matrices that contain the propagation constants from the periodicity

conditions:

ΛL =

[
I λ−1

x I λ−1
y I λ−1

x λ−1
y I

]

ΛR =



I

λxI

λyI

λxλyI


(4.23)

where I is the identity matrix. The eigenvalue problem of Eq. ( 4.22) can be expressed

as:

D∗ (ω, λx, λy) q1 = 0 (4.24)
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where D∗ (ω, λx, λy) is the reduced dynamic stiffness matrix. For the sake of clarity, the

reduced dynamic stiffness matrix is now represented as D. If the reduced dynamic stiffness

matrix is partitioned as:

D =



D11 D12 D13 D14

D21 D22 D23 D24

D31 D32 D33 D34

D41 D42 D43 D44


(4.25)

Then, the eigenvalue problem in Eq. (4.24) can be written in the following form:

[
(D11 +D22 +D33 +D44) + (D12 +D34)λx + (D21 +D43)λ−1

x + (D13 +D24)λy

+(D31 +D42)λ−1
y +D14λxλy +D41λ

−1
x λ−1

y +D32λxλ
−1
y +D23λ

−1
x λy)

]
q1 = 0 (4.26)

For the solution of Eq. (4.24) in the case where frequency and one wavenumber in x or y-

directions are known, the eigenvalue form becomes a quadratic eigenvalue problem. Then,

the nonlinear Eq. (4.26) can be reduced to a quadratic eigenproblem in λx form when λx

is unknown and (ω, λy) are given by:

[
(D21 +D43 +D41λ

−1
y +D23λy) + µi(D11 +D22 +D33 +D44 + (D31 +D42)λ−1

y

+ +(D13 +D24)λy)µ
2
i (D12 +D34 +D32λ

−1
y +D14λy) ] (Φq)i = 0 (4.27)

For the stochastic modelling, we assume that uncertainties are spatially homogeneous to

guarantees the periodicity assumption is respected in the stochastic case. The stochastic

equation of motion can be expressed as:

D̃ (ω, λx, λy) q1 = 0 (4.28)

where the stochastic dynamic stiffness matrix (D̃) has the form D̃ = (D+σDε). (ε) is the

centred and reduced Gaussian variable. The above Eq. (4.28) extends Eq. (4.24) to the
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stochastic case. Then, the stochastic spectral problem is expressed as:

[
(D̃21 + D̃43 + D̃41λ

−1
y + D̃23λy) + µ̃iI2n(D̃11 + D̃22 + D̃33 + D̃44 + (D̃31 + D̃42)λ−1

y

+(D̃13 + D̃24)λy) + µ̃2
i I2n(D̃12 + D̃34 + D̃32λ

−1
y + D̃14λy)

] (
Φ̃q

)
i

= 0 (4.29)

where
(
µ̃i, φ̃i

)
i=1...2n

are the stochastic waveguide propagation modes, and n is the cross

sectional DOFs. Then stochastic eigensolutions of Eq. (4.29) are expressed as follows:

µ̃i = (µi + σµiε)

φ̃i =
(
φi + σφiε

) (4.30)

Using polynomial chaos projection of variables in the Eq. (4.29), extract their mean value

() and standard deviation (σ). The first-order chaos expansion of stochastic spectral

problem in Eq. (4.29) leads to:

[
(D21 +D43 +D41λ

−1
y +D23λy) + µiI2n(D11 +D22 +D33 +D44 + (D31 +D42)λ−1

y

+(D13 +D24)λy)+µ2
i I2n(D12 +D34 +D32λ

−1
y +D14λy)

]
σ(

Φq
)
i

+

[
(σD21 +σD43 +σD41λ

−1
y

+σD23λy)+σµiI2n(D11 +D22 +D33 +D44 +(D31 +D42)λ−1
y +(D13 +D24)λy)+µiI2n(σD11

+ σD22 + σD33 + σD44 + σD31λ
−1
y + σD42λ

−1
y + σD13λy + σD24λy) + 2µiI2nσµi(D12 +D34

+D32λ
−1
y +D14λy) + µ2

i I2n(σD12 + σD34 + σD32λ
−1
y + σD14λy)

](
Φq

)
i

= 0 (4.31)

From above equation the standard deviation of the eigenvectors is:

σ(
Φq
)
i

= −
[
(σD21+σD43+σD41λ

−1
y +σD23λy)+σµiI2n(D11+D22+D33+D44+(D31+D42)λ−1

y

+(D13+D24)λy)+µiI2n(σD11 +σD22 +σD33 +σD44 +σD31λ
−1
y +σD42λ

−1
y +σD13λy+σD24λy)

+ 2µiI2nσµi(D12 +D34 +D32λ
−1
y +D14λy) + µ2

i I2n(σD12 + σD34 + σD32λ
−1
y + σD14λy)

]
(
Φq

)
i

[
(D21 +D43 +D41λ

−1
y +D23λy) + µiI2n(D11 +D22 +D33 +D44

+ (D31 +D42)λ−1
y + (D13 +D24)λy) + µ2

i I2n(D12 +D34 +D32λ
−1
y +D14λy)

]−1

(4.32)
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(
Φ̃q

)T
i

, the left stochastic eigenvectors linked with stochastic left eigenvalues µ̃−1
i , which

form the stochastic left quadratic eigenvalue problem as:

(Φq)
T
i

[
(D̃21 + D̃43 + D̃41λ

−1
y + D̃23λy) + µ̃−1

i I2n(D̃11 + D̃22 + D̃33 + D̃44

+(D̃31 + D̃42)λ−1
y + (D̃13 + D̃24)λy) + µ̃−2

i I2n(D̃12 + D̃34 + D̃32λ
−1
y + D̃14λy)

]
= 0

(4.33)

First-order chaos expansion of the stochastic left eigenvalue problem leads to:

σ(
Φq
)
i

T

[
(D21+D43+D41λ

−1
y +D23λy)+µi

−1I2n(D11+D22+D33+D44+(D31+D42)λ−1
y

+(D13+D24)λy)+µi
−2I2n(D12+D34+D32λ

−1
y +D14λy)

]
+
(
Φq

)T
i

[
(σD21 +σD43 +σD41λ

−1
y

+ σD23λy)− µi−2I2nσµi(D11 +D22 +D33 +D44 + (D31 +D42)λy) + µi
−1I2n(σD11 + σD22

+ σD33 + σD44 + σD31λ
−1
y + σD42λ

−1
y + σD13λy + σD24λy)

−2µi
−3I2nσµi(D12+D34+D32λ

−1
y +D14λy)+µi

−2I2n(σD12+σD34+σD32λ
−1
y +σD14λy)

]
= 0

(4.34)
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Inserting σ(Φq)i
in the above equation and simplification leads to standard deviation of the

eigenvalue as:

σµi =
(
Φq

)T
i

[
(σTD21

+σTD43
+(σD41λ

−1
y )T +(σD23λy)

T )+µiI2n(σTD11
+σTD22

+σTD33
+σTD44

+ (σD31λ
−1
y )T + (σD42λ

−1
y )T + (σD13λy)

T + (σD24λy)
T ) + µ2

i I2n(σTD12
+ σTD34

+ (σD32λ
−1
y )T

+ (σD14λy)
T )

] [
(D

T
21 +D

T
43 + (D41λ

−1
y )T + (D23λy)

T ) + σµiI2n(D
T
11 +D

T
22 +D

T
33 +D

T
44+

((D31 +D42)λ−1
y )T + ((D13 +D24)λy)

T ) + µ2
i I2n(D

T
12 +D

T
34 + (D32λ

−1
y )T + (D14λy)

T

]−1

+

[
(D21 +D43 + (D41λ

−1
y )(D23λy)) + µi

−1I2n(D11 +D22 +D33 +D44 + (D31 +D42)λ−1
y

+ (D13 +D24)λy) + µi
−2I2n(D12 +D34 +D32λ

−1
y +D14λy)

]
−
(
Φq

)T
i

[
(σD21 +σD43 +σD41λ

−1
y +σD23λy)+µi

−1I2n(σD11 +σD22 +σD33 +σD44 +σD31λ
−1
y

+ σD42λ
−1
y + σD13λy + σD24λy) + µi

−2I2n

(
σD12 + σD34 + σD32λ

−1
y + σD14λy)

]
[ (

Φq

)T
i

[
− (D

T
11 +D

T
22 +D

T
33 +D

T
44 + (D31λ

−1
y )T + (D42λ

−1
y )T )− 2µiI2n(D

T
12 +D

T
34

+(D32λ
−1
y )T+(D14λy)

T )

][
(D

T
21+D

T
43+(D41λ

−1
y )T+(D23λy)

T )+µiI2n(D
T
11+D

T
22+D

T
33+D

T
44

+ ((D31 +D42)λ−1
y )T + (D13 +D24)λTy ) + µ2

i I2n(D
T
12 +D

T
34 + (D32λ

−1
y )T + (D14λy))

T

]−1

[
(D21 +D43 + (D41λ

−1
y ) + (D23λy)) + µi

−1I2n(D11 +D22 +D33

+D44 + (D31 +D42)λ−1
y + (D13 +D24)λy) + µi

−2I2n(D12 +D34 +D32λ
−1
y +D14λy)

]
−
(
Φq

)T
i

[
µi
−2I2n(D11 +D22 +D33 +D44 + (D31 +D42)λ−1

y + (D13 +D24)λy)

+ 2µi
−3I2n(D12 +D34 +D32λ

−1
y +D14λy)

]]−1

(4.35)
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The explicit expression for the standard deviation of the eigvenvectors is:

σ(
Φq
)
i

= −
[
(σD21+σD43+σD41λ

−1
y +σD23λy)+σµiI2n(D11+D22+D33+D44+(D31+D42)λ−1

y

+(D13+D24)λy)+µiI2n(σD11 +σD22 +σD33 +σD44 +σD31λ
−1
y +σD42λ

−1
y +σD13λy+σD24λy)

+ 2µiI2nσµi(D12 +D34 +D32λ
−1
y +D14λy) + µ2

i I2n(σD12 + σD34 + σD32λ
−1
y + σD14λy)

]
(
Φq

)
i

[
(D21 +D43 +D41λ

−1
y +D23λy) + µiI2n(D11 +D22 +D33 +D44

+ (D31 +D42)λ−1
y + (D13 +D24)λy) + µ2

i I2n(D12 +D34 +D32λ
−1
y +D14λy)

]−1

(4.36)

The above Eq. (4.35) and Eq. (4.36) are the explicit expressions for the statistics of wave

propagation using deterministic eigenvalue solutions in 2D periodic media.

4.3.2 Internal nodes

If the modeling of unit cells require inner DOFs, a condensed dynamic stiffness matrix is

necessary. In the case of internal nodes (I) as shown in Fig. 4.5, the DOFs are partitioned

into boundary DOFs (Dbd) and internal DOFs (DI). The dynamic stiffness matrix has

Figure 4.5: Schematic diagram of a thin plate element with inner nodes

the following form:

D =

 D̂bdbd D̂bdI

D̂Ibd D̂II

 (4.37)
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where symbol (̂) represents the elements from the original dynamic stiffness matrix. The

standard deviation of the condensed dynamic stiffness matrix,can be expressed as:

σDbd =
[
σ
D̂bdbd

]
−
[
D̂bdI σ

D̂bdI

] D̂II

−1
−D̂II

−1
σ
D̂II

D̂II

−1

0 D̂II

−1


 σ

D̂Ibd

D̂Ibd

 (4.38)

where symbol (̂) that represents the mean value from the original dynamic stiffness matrix.

4.4 Numerical results

The proposed numerical scheme is summarized in the workflow in Fig. 4.6. In this section,

Figure 4.6: Workflow of developed SWFEM QEV

the validation of the developed SWFEM QEV formulation is performed. In the first

part, the validation of SWFEM QEV for the 1D periodic rod with band gap is presented.
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Furthermore, the validation of the metamaterial case is discussed. In the second part, the

SWFEM QEV formulation is validated for the homogeneous and periodic plate and the

applicability and accuracy of the formulation is checked.

4.4.1 Validation of SWFEM QEV: 1D

This subsection includes the validation of the SWFEM QEV formulation applied to a

1D periodic rod considering the material uncertainty. In addition, the variation of the

longitudinal wavenumber is analyzed with the variation of the input properties.

Dispersion analysis of periodic rod

The periodic rod consists of section A of length l1, and section B of length l2 as depicted

in the Fig. 4.7. Here sections A and B are made of different materials. The validation

of the present developed formulation is demonstrated by comparing the result with those

available from analytical sampling and MCS. The SWFEM QEV is used to study the

effect of parametric uncertainties on the dispersion relation of the longitudinal wave in the

periodic rod. The reference analytical solution of a periodic rod is based on the following

Figure 4.7: Symmetric unit cell of 1D periodic rod

expression of the wavenumber [Tian et al., 2011]:

cos(kl) = cos

(
ω

ca
la

)
cos

(
ω

cb
lb

)
− 1

2

(
ρaca
ρbcb

+
ρbcb
ρaca

)
sin

(
ω

ca
la

)
sin

(
ω

cb
lb

)
(4.39)

where ca, and cb are the wave velocities in the sections A and B, respectively, and expressed

as ca =
√
Ea/ρa and cb =

√
Eb/ρb, Ea, ρa, and la are the respective Young’s modulus,

density and length for section A and Eb, ρb, and lb are those for section B. l is the total

length of the unit cell. The uncertainty effect is studied considering a variation of (4%)

of Young’s modulus nominal values. It is to be mentioned that the input uncertainties
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are represented inside bracket (). The frequency range is 10-2000 Hz. The sampling

method is used to obtain the wave characteristics of the analytical wavenumber using

Eq. (4.39). The analytical sampling and MCS results are treated as reference result for

validation purpose. A two-node rod element is considered. This element allows treatments

of a longitudinal wave. The local stiffness and mass matrices are assembled into global

stiffness and mass matrices in the MATLAB environment with 200 elements in the unit

cell of the periodic rod. In this manner, the wavelength contains at least 20 elements in the

frequency range. The material and geometric properties are reported in Table 4.1. The

Table 4.1: Material and geometric properties of periodic rod (SWFEM QEV)

Geometry/Property Value

Rod length (A) 1 m
Rod length (B) 1 m
Radius of rod 0.0644 m
Young’s modulus (A) 4.50 ×109 Pa
Young’s modulus (B) 70 ×109 Pa
Mass density (A) 1200 kg/m3

Mass density (B) 2700 kg/m3

Loss factor (A) and (B) 0.001

results obtained with analytical sampling, SWFEM TM, SWFEM QEV, and WFEM MCS

are compared. The mean values comparison is shown in Fig. 4.8; there exist two full band

gaps, first at approximately 418-928 Hz and the other at 1184-1847 Hz. It is to be noted

that the WFEM MCS are performed using the WFEM quadratic form. The comparison

of the standard deviation is presented in Fig. 4.9, showing that the results are in good

agreement. The SWFEM QEV standard deviation is computed considering loss factor;

however, the analytical sampling is computed without damping. It is observed that the

effect of the uncertainty on the longitudinal wavenumber, is nearly 3% at the start of

the first band gap,and 10% nearly at the end of the band gap. The uncertainty effect

increases with increasing frequency; it can be seen that variation is around 33% at the

start of second band gap frequency and 35% at the end of the second band gap frequency.



82 Chapter 4. SWFEM QEV: 1D and 2D periodic media

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Frequency (Hz)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

M
ea

n 
of

 w
av

en
um

be
r (

1/
m

)

Analytical sampling
WFEM MCS
SWFEM TM
SWFEM QEV

Figure 4.8: Mean value of longitudinal wavenumber comparison (Young’s modulus stochas-
tic)
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Figure 4.9: Standard deviation of longitudinal wavenumber comparison (Young’s modulus
stochastic)

Effect of the parameter uncertainties on the wavenumber in the periodic rod

The variation of material parameter scatters the longitudinal wavenumber. Here, the focus

is to quantify the variation of COV that is defined as (standard deviation /mean value) for
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the longitudinal wavenumber with the variation of COV of the material properties. This

also helps to judge the capacity of the developed formulation for the range of variation it

can accommodate. In the numerical experiment, the material properties, namely Young’s

modulus and density, are varying with a Gaussian distribution. For the comparison 10,000

samples are used for the WFEM MCS. The input in term of COV is varying up to (7%)

about the mean value of the considered parameter. In the first case, Young’s modulus

is stochastic. The comparison of the COV of the input parameter (Young’s modulus

stochastic) at discrete frequencies is shown in Fig. 4.10. From the figure, it is observed that

in the propagation frequency region, the variation of the wavenumber is linear; however,

this relationship breaks down at the edge of the band gap. In the low frequency range, the

variation of wavenumber is significantly affected by the variation of the input uncertainty.

The highest variation is recorded at the second band gap edge frequency. The comparison
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Figure 4.10: Variation of the longitudinal wavenumber with varying Young’s modulus,
MCS (blue star line) and, present formulation (red diamond line) at discrete frequencies

of stochastic density is shown in Fig. 4.11, for which the same trend is visible. At (3%)

input uncertainty, the longitudinal wavenumber COV is 1.997 with stochastic elasticity

and 1.991 with stochastic density at 316 Hz; and 19.855 in case of stochastic elasticity

and 19.840 with stochastic density at 1846 Hz. This confirms the the effect of elasticity



84 Chapter 4. SWFEM QEV: 1D and 2D periodic media

stochasticity is slightly higher than the stochastic density. Furthermore, the significance

of the uncertain wavenumber is increasing with increasing frequency. The validity of the

developed formulation is limited to roughly 4% variation. This is because the formulation

is based on the first-order expansion.
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Figure 4.11: Variation of the longitudinal wavenumber with varying density, MCS (blue
star line), and present formulation (red diamond line) at discrete frequencies

Dispersion analysis of metamaterial rods

To demonstrate the capability of the developed stochastic formulation of accurately ana-

lyzing a metamaterial system; a simple metamaterial-based rod system is considered. A

system consisting of a uniform rod with periodically attached SDOF local resonators is

evaluated. The system material and geometrical parameters are presented in Table 4.2.

The local resonator frequency of the SDOF resonator is tuned to 500 Hz with a mass ratio

Table 4.2: Metamaterial rod material and geometric properties

Geometry/Property Value

Rod length 1 m
Radius of rod 0.01 m
Young’s modulus 70 ×109 Pa
Mass density 2700 kg/m3

Loss factor 0.01

of 20% of the host system. A resonator with stiffness of 1.6743×106N/m, and mass of
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0.1696 kg is attached to the left end of the host rod. The uncertainty in the host rod

is considered (4%) around the nominal value of the Young’s modulus. A comparison for

WFEM MCS, SWFEM QEV, and SWFEM TM is presented. The comparison of mean

value is shown in Fig. 4.12, and of standard deviation in Fig. 4.13. It can be seen from

the graphs that; the curves are in excellent agreement, which confirms the validity of the

formulation for the simulation of uncertainty in the metamaterial system. In Fig. 4.12,

a typical asymmetric resonance gap is observed with sharp attenuation at the resonator

tuned frequency (500 Hz) of the SDOF resonator. At the lower frequency, the nature of

such attenuation is asymmetric. An indicator is used to check the effects of uncertainties.

Stochasticity indicator is defined as the ratio of the standard deviation of the wavenumber

and the mean of the wavenumber at a discrete frequency. It is also expressed as COV:

COV = σk/k (4.40)

where σk is the standard deviation of the wavenumber and k is the mean value of wavenum-

ber. It indicates the spread of the wavenumber at discrete frequency steps. The stochastic

indicator for the metamaterial system is presented in Fig. 4.14. From the graph it is

visible that the propagative longitudinal wavenumber varies by approximately 2%. The

wavenumber varies by 2.63% at the start of the resonance band gap frequency (492 Hz),

and a maximum variation of 2.7% of the wavenumber occurs at the end of the resonance

band gap frequency (552 Hz). Inside the resonance band gap, the variation attains a min-

imum value of 1.4%. However; it is not completely zero. As a matter of fact, the results

show that the uncertainty alters the wave states inside the resonance band gap and the

effects of uncertainties are increasing at higher frequency. Moreover, the results obtained

from the SWFEM QEV are in excellent agreement with the WFEM MCS results inside

the resonance band gap.

Effect of the parameter uncertainties on the wavenumber of metamaterial rod

To assess the effect of the uncertain input on the variation of the wavenumber of the meta-

material rod system, the uncertainty in the host structure is considered. The dependence

of the variation of the wavenumber on the variation of Young’s modulus is plotted in
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Figure 4.12: Mean value of the real and imaginary part of longitudinal wavenumber com-
parison (Young’s modulus stochastic)
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Figure 4.13: Standard deviation of the real and imaginary part of longitudinal wavenumber
comparison (Young’s modulus stochastic)

Fig. 4.15. In the case of stochastic density, the variations are shown in Fig. 4.16. From the

graphs, it can be observed that with stochastic Young’s modulus, the effect on wavenum-

ber is showing linear trends. However; with uncertainty density, the band gap widens

slightly. Also, around the resonance frequency, effect of the uncertainty is nearly mini-
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Figure 4.14: Stochasticity indicator for metamaterial rod system (Young’s modulus
stochastic)

mum. It is noteworthy, that in the case of the metamaterial and stochastic host structure,

the quadratic formulation results are consistent with MCS with (7%) uncertainty. That

suggests, the SWFEM QEV handle a higher level of uncertainties.

4.4.2 Validation of SWEFM QEV: 2D

In this subsection, numerical studies are presented to demonstrate the validity and appli-

cability of the stochastic quadratic formulation developed in this chapter. A homogenous

plate case and periodic plate case are discussed; and the wavenumber dispersion is analyzed

with variation of the input parameters.

Homogeneous plate

To demonstrate the validity of the formulation in the simple homogenous plate case,

numerical simulations are performed. A thin plate unit cell is modelled with four-node

elements with three DOFs at each node. The material properties are reported in Table 4.3.
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Figure 4.15: Variation of the longitudinal wavenumber with host structure uncertainty
(Young’s modulus stochastic), MCS (blue star line) and present formulation (red diamond
line) at discrete frequencies
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Figure 4.16: Variation of the longitudinal wavenumber with host structure uncertainty
(density stochastic), MCS (blue star line) and present formulation (red diamond line) at
discrete frequencies
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The dimensions of the unit cell are Lx = Ly = 0.005m with thickness h = 0.0005m.

Table 4.3: Material properties of homogeneous plate

Geometry/Property Value

Young’s modulus 210 ×109 Pa
Poission’s ratio 0.3
Mass density 7800 kg/m3

Loss factor 0.01

The reference analytical solution of a plate is based on the following expression of the

wavenumber:

kf = 4

√
ρhω2/Dbending (4.41)

where the plate bending stiffness is Dbending = Eh3/12
(
1− ν2

)
. E is the Young’s modulus,

ρ is the density, ν is the Poisson’s ratio, h is the plate thickness, and ω is the circular

frequency. The uncertainty effect is studied with (4%) variation of Young’s modulus

around the nominal value. The out-of-plane flexural wave is responsible for transmitting

most of the acoustic energy. Therefore, the out-of-plane flexural wave is the primary wave

type considered during the numerical analysis. The analytical sampling and WFEM MCS

are treated as reference results for validation purposes. The mean value comparison of the

flexural wavenumber is presented in Fig. 4.17, and the standard deviation comparison is

shown in Fig. 4.18. The standard deviation obtained from the SWFEM QEV is in excellent

agreement with analytical sampling and WFEM MCS results. It verifies the validity of

the stochastic quadratic formulation for the homogenous plate. The stochasticity indicator

for the (4%) variation in Young’s modulus is plotted and shown in Fig. 4.19. From the

figure it can be inferred that Young’s modulus uncertainty does not cause any variation

on the out-of-plane flexural wavenumber with the frequency. The dispersion curve in

the (kx, ky) plane at discrete frequencies is presented in Fig. 4.20. The mean value and

standard deviation comparison are also shown in Fig. 4.20. From Fig. 4.20 it can be

observed that the contour curves are independent of propagation direction. This is caused

by the isotropic nature of the plate;Thus, the material properties are independent of the

direction, and, this is also predicted in the simulated results.
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Figure 4.17: Mean value of out-of-plane flexural wavenumber in x-direction (Young’s mod-
ulus stochastic)
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Figure 4.18: Standard deviation out-of-plane flexural wavenumber in x-direction (Young’s
modulus stochastic)

Effect of the parameter uncertainties on out-of-plane flexural wavenumber of

homogeneous plate

The influence of the uncertainties in the material properties on the variation of out-of-plane

flexural wavenumber is discussed. The COV of the wavenumber with change of input COV
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Figure 4.19: Stochasticity indicator for out-of-plane flexural wavenumber in x-direction
(Young’s modulus stochastic)

Figure 4.20: k-space mean value and standard deviation (Young’s modulus stochastic),
MCS results (blue star) and present formulation (red diamond) at discrete frequencies

is analyzed for the range from (1%) to (7%). In the first case, only Young’s modulus is

considered as an uncertain input. The comparison of the COV of the flexural wavenumber

obtained from SWFEM QEV and COV of the WFEM MCS results is presented in Fig. 4.21,
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where it can be seen that the flexural wavenumber variation is linear. In the second

case, the density is considered as the uncertain input parameter. The comparison is

presented in Fig. 4.22; where linear variation of the flexural wavenumber is observed.

In both cases, the results obtained from SWFEM QEV are very close to the reference

WFEM MCS results, which demonstrates the accuracy of the formulation for the range

of COV considered. From Fig. 4.21 and Fig. 4.22, it can also be seen that the variations

of the flexural wavenumber are slightly higher with uncertain Young’s modulus than with

uncertain density.
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Figure 4.21: Variation of the out-of-plane flexural wavenumber (Young’s modulus stochas-
tic), MCS (blue star line) and present formulation (red diamond line) at discrete frequen-
cies

Periodic plate

In this subsection, validation of the SWFEM QEV formulation is performed for a 2D

periodic plate. In addition, the flexural wavenumber dispersion statistics are analyzed

with variation of the input parameters. The periodic plate consists of N repetitions of

alternating sub-plate type A and sub-plate type B in x-direction. The sub-plate type A
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Figure 4.22: Variation of the out-of-plane flexural wavenumber (density stochastic), MCS
(blue star line) and present formulation (red diamond line) at discrete frequencies

and sub-plate type B can be of different material properties and or different geometric

dimensions. Here in the numerical simulation periodic plate made of different material

properties are considered. The schematic of a periodic plate and corresponding unit cell

model are shown in Fig. 4.23. The periodic plate unit cell consists of an assembly of a 2x2

array of unit cells comprised of sub-plate type A and sub-plate type B. The periodic plate

material properties are reported in Table 4.4. The periodic plate unit cell is modelled with

Figure 4.23: Schematic of the periodic plate and unit cell of the periodic plate

four-noded elements with three DOFs at each node. The dimensions of the unit cell are

Lx = Ly = 0.1m with thickness h = 0.01m. The validation of the developed formulation is

presented for out-of-plane flexural wavenumber. The considered frequency range is 10-3000
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Table 4.4: Material properties of the periodic plate

Geometry/Property Value

Young’s modulus of sub-plate type A 70 ×109 Pa
Young’s modulus of sub-plate type B 4.5 ×109 Pa
Poisson’s ratio of sub-plate type A and B 0.3
Mass density of sub-plate type A 2700 kg/m3

Mass density of sub-plate type B 1200 kg/m3

Loss factor of sub-plate type A and B 0.01

Hz. The Young’s modulus of sub-plates type A and B are considered as the uncertainties

iwth variation of (4%) about the nominal values. Since there are no results reported in

the literature for a periodic plate with uncertainties, the WFEM MCS is considered as the

reference solution. Using the (ω, ky) formulation, the out-of-plane flexural wavenumber

dispersion is computed, and comparisons of the mean value and standard derivation are

shown in Fig. 4.24 and Fig. 4.25, respectively. The comparison shows the agreement of

the SWFEM QEV results with the reference results. This verifies the applicability of the

formulation for the periodic plate case.

From the mean value comparison shown in Fig. 4.24, the start of the band gap is approx-

imately 2352 Hz. At the same frequency, the maximum value of standard deviation is

observed in the standard deviation comparison graph shown in Fig. 4.25. Furthermore,

the stochasticity indicator presented in Fig. 4.26, shows that the maximum variation of

6.5% of the wavenumber is observed at 2352 Hz. Inside the band gap zone, the variation

of wavenumber shows the decrease in value of the standard deviation. The dispersion

curve in the (kx, ky) plane at discrete frequencies is shown in Fig.4.27. Where it can be

seen that the contour curves are dependent on the propagation direction, which is due to

the periodicity of the plate. It can be summarized that the uncertainties affect the out-

of-plane flexural wavenumber scattering, and that the maximum value of the variation of

out-of-plane flexural wavenumber occurs at the band gap edge frequencies.

Effect of the parameter uncertainties on the out-of-plane flexural wavenumber

of periodic plate

The COV of the out-of-plane flexural wavenumber with uncertain Young’s modulus and

uncertain density are analyzed. The scattering of the out-of-plane flexural wavenumber
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Figure 4.24: Mean value of out-of-plane flexural wavenumber in x-direction (Young’s mod-
ulus stochastic)

can be calculated by allowing the COV of the material parameters from (1%) to (7%). In

this range, the presented results would be enough to extrapolate the results for the COV,

keeping in mind the limitation of the first-order perturbation method. The variation of

the out-of-plane flexural wavenumber for the periodic plate with uncertainty in Young’s

modulus is shown in Fig. 4.28, and with uncertainty in density in Fig. 4.29. It is observed

that at (3%) input uncertainty, the out-of-plane flexural wavenumber COV is 2.895 with

stochastic elasticity and 2.835 with stochastic density at 2030 Hz; and 1.525 in case of

stochastic elasticity and 1.521 with stochastic density at 469 Hz. The flexural wavenumber

COV for uncertain elasticity is higher than for uncertain density. This difference in COV

is very minimal and stronger with increasing frequency. The COV plots show the linear

variation of out-of-plane flexural wavenumber in low frequency regions and shifting to

higher variation with increasing frequency.
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Figure 4.25: Standard deviation out-of-plane flexural wavenumber in x-direction (Young’s
modulus stochastic)

4.5 Elapsed time comparison for SWFEM QEV 1D and 2D

periodic media

In the context of uncertainty quantification in periodic media, in crude MCS, the sample

selection mainly depends on the maximum number of simulations, elapsed time, and de-

sired accuracy. In order to establish the preeminence of SWFEM QEV over the WFEM

MCS, the numerical costs of computation is compared with that of crude MCS. One test

case each for 1D and 2D cases are presented to exhibit the elapsed time comparison, be-

cause different parameter elapsed time trends are approximately equivalent in all cases.

The test ran on a mobile workstation with Intel R© CoreTM i7 7820 HQ CPU clocked at 2.90

Table 4.5: Elapsed time comparison for 1D and 2D SWFEM QEV

WFEM MCS (10000 samples) SWFEM QEV (single run)

1D periodic media 3840 seconds 5.45 seconds
2D periodic media 14400 seconds 21.57 seconds

GHz with 32 GB RAM. The comparison of elapsed time is reported in Table 4.5, showing



4.5. Elapsed time comparison for SWFEM QEV 1D and 2D periodic media 97

0 500 1000 1500 2000 2500 3000
Frequency (Hz)

0

1

2

3

4

5

6

7

C
O

V 
of

 w
av

en
um

be
r

WFEM MCS
SWFEM QEV

Figure 4.26: Stochasticity indicator for out-of-plane flexural wavenumber in x-direction
(Young’s modulus stochastic)

Figure 4.27: k-space mean value and standard deviation of wavenumber (Young’s modulus
stochastic)

that computational effort by application of SWFEM QEV is much smaller compared to

WFEM MCS. The SWFEM QEV formulation uses the deterministic results to evaluate

the response variability of the wavenumber. Thus, the SWFEM QEV formulation is more
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Figure 4.28: Variation of the out-of-plane flexural wavenumber (Young’s modulus stochas-
tic), MCS (blue diamond line) and present formulation (red star line) at discrete frequen-
cies

computationally efficient than the WFEM MCS, which can turn to great advantages for

complicated geometries of periodic structures.

4.6 Conclusions

This chapter presents a computationally inexpensive stochastic spectral approach to study

the effects of uncertainties in 1D and 2D periodic media. In 1D cases, the proposed for-

mulation is applied to a periodic rod and metamaterial rod at frequencies up to 2000

Hz. The results are compared with SWFEM TM, WFEM MCS, and analytical solutions.

It shows an excellent agreement and a substantial reduction in computation cost. The

effect of uncertain parameters on the longitudinal wavenumber dispersion is investigated

considering stochasticity indicator and COV study. The effect on variation of longitudinal

wavenumber is higher with elastic stochasticity than with stochastic density. It is note-

worthy, that in the metamaterial system, the developed formulation can handle a higher

level of uncertainties. In 2D cases, the formulation is applied to a homogeneous plate up
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Figure 4.29: Variation of the out-of-plane flexural wavenumber (density stochastic), MCS
(blue star line) and present formulation (red diamond line) at discrete frequencies

to 10,000 Hz and a periodic plate up to 3000 Hz. In the homogenous plate case, it is

found that variation of out-of-plane flexural wavenumber is slightly higher with uncertain

elasticity than with uncertain density. For the periodic plate case, uncertainties affect

the out-of-plane flexural wavenumber scattering, and the maximum value of the variation

of flexural wavenumber occurs at the band gap edge frequency. The COV study high-

lights the linear variation of flexural wavenumber in the low-frequency region and shifts

to higher variation with increasing frequency. The developed formulation offers huge cost

savings in terms of computation cost. The computational cost savings are very inter-

esting and can be a good point for optimisation, reliability studies and uncertainties of

complex periodic structures. Also it can be applied for damage detection and sensitivity

analysis. Furthermore, the formulation can be employed for layered media, laminated,

fiber-reinforced and complicated cross-section geometries, for determining the variation of

dispersion properties, wavemodes, and group and phase velocities.



Chapter 5

FWFEM for 1D and 2D periodic

media

5.1 Introduction

The aim of a parametric approach is to propagate the uncertainty model through the

dynamic equations to convert the description of the uncertain input variables into a de-

scription of the uncertain response variables. When information about the uncertainty

variables is available, the probabilistic models are applicable. However, the application of

probabilistic approach faces two difficulties: (i) when little information is available, how

to describe uncertain inputs; and (ii) how to efficiently compute the uncertainty in the

response. There are non-probabilistic models, that can be introduced for the uncertainty

propagation to overcome the difficulties. Due to imprecision and non-availability of the

information about the uncertain variable, uncertainty in the variable, they are being mod-

elled as fuzzy variables. In this chapter, FWFEM is formulated for 1D and 2D periodic

structures. In 1D case, FWFEM based on the state space formulation is presented for free

and forced wave propogation. In 2D case, formulation for the Bloch analysis with fuzzy

uncertainties is presented for the direct and inverse forms of WFEM. The validations are

presented for the free and forced response in 1D and 2D cases. The developed formu-

lation is applied to the free wave propagation and FRF computation of a periodic rod

and periodic beam. The direct form of FWFEM is applied for free wave propagation for

100
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the homogeneous plate and periodic plate cases; and the inverse form of FWFEM with a

bi-material square plate. These numerical results are compared with WFEM MCS for the

validation purpose. Furthermore, the effect of the varying uncertainty on the band gap is

also presented. The elapsed time comparison is presented to determine the computation

advantage of the developed FWFEM over the WFEM MCS.

5.1.1 Fuzzy arithmetic operations definitions

In this subsection, the preliminary requirements for the fuzzy method, i.e., fuzzy set theory,

fuzzy number, and membership function, are introduced. The membership of a classical

set (U) of object, is defined as u. Then the membership of a classical subset A from the

universe (U) can be represented as a characteristic function µA with valuation set defined

as 0, 1; considering the validation set is characterized by a real interval [0, 1], then set A

is defined as the fuzzy set. The fuzzy set is represented as:

µA(u) =

 1, if u ∈ A

0, if u /∈ A

 (5.1)

Considering the valuation set is characterized by a real interval [0, 1], then the fuzzy set

is considered as set A and characterized by a set of pairs as:

A = {[u, µA(u)] , u ∈ U} 0 ≤ µA(u) ≤ 1 (5.2)

where µA(u) is the level of the membership u in fuzzy set ′A′. The closer the value of

µA(u) is to 1, more it is represented as u belonging to A.

A triangular membership function is shown in Fig. 5.1. One example of the case

could be the representation of the sound pressure level inside an aircraft. Let

X = {80, 83, 84, 86, 88, 90, 94} be the possible sound pressure setting of the indicator (in

dBA) in a commercial airplane. Then the fuzzy set A “comfortable sound pressure level

for human activity in the plane” can be defined as:

A = (80, 0), (83, 0.8), (84, 0.7), (86, 0.5), (88, 0.4), (90, 0.2), (94, 0.1) (5.3)
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Figure 5.1: Triangular membership function

Where the level of the membership 0 implies complete discomfort, and 1 implies complete

comfort. A is a subset of X with no sharp boundaries. Before moving to the formulation,

the definition of the α-cut is detailed. In α-cut: An element belonging to a fuzzy set,

is called the α-cut of a fuzzy set A, and is represented as Aα, which is a fuzzy set of

crisp values ′U ′ moreover, it belongs to the original set of the membership level surpassing

some threshold in α as α ∈ [0 1]. The fuzzy arithmetic operations involved in deriving

the mathematical expression and fuzzy arithmetic operation, namely fuzzy addition, fuzzy

subtraction, fuzzy multiplication, and fuzzy division are performed. It is to be noted that

the deterministic arithmetic operations are represented as +,−, ∗, /, and the fuzzy arith-

metical operations as (+), (−), (.), (/) . In dealing with fuzzy sets A, and B the arithmetic

operation are performed with the α-cut approach. The fuzzy arithmetic operation of the

two fuzzy numbers A and B are as follows [Rao and Liu, 2004]:

Fuzzy addition (+):

Aα(+)Bα = [aα1 aα2 ] (+) [bα1 bα2 ] = [aα1 + bα1 aα2 + bα2 ] (5.4)
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Fuzzy subtraction (-):

Aα(−)Bα = [aα1 aα2 ] (−) [bα1 bα2 ] = [aα1 − bα2 aα2 − bα1 ] (5.5)

Fuzzy multiplication (.):

Aα(·)Bα = [aα1 aα2 ] (·) [bα1 bα2 ]

= [min (aα1 · bα1 , aα1 · bα2 , aα2 · bα1 , aα2 · bα2 )

max (aα1 · bα1 , aα1 · bα2 , aα2 · bα2 , aα2 · bα2 )]

(5.6)

Fuzzy division (/):

Aα(/)Bα = [aα1 aα2 ] (/) [bα1 bα2 ]

=
[
min

(
aα1
bα1
,
aα1
bα2
,
aα2
bα1
,
aα2
bα2

)
max

(
aα1
bα1
,
aα1
bα2
,
aα2
bα1
,
aα2
bα2

)] (5.7)

where Aα and Bα are the interval of confidence of A and B for the considered level of

membership function (α). The multiplication of a deterministic number κ ∈ R+ with a

fuzzy number xα = [xα1x
α
2 ] can be expressed by

κ(·) (xα) = [κ κ](·) [xα1 xα2 ] = [κ · xα1 κ · xα2 ] (5.8)

5.2 FWFEM formulation for free wave propagation in 1D

periodic media

The fuzzy approach is used to formulate the FWFEM for the free wave propagation in the

1D periodic structure. The membership function are used to model the parametric fuzzy

variables. In the 1D periodic structure shown in Fig 5.2, the nodes are located on the left

boundary (L), right boundary (R), and remaining/internal nodes (I).

Figure 5.2: Unit cell of periodic structure
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The displacement DOFs, q, are partitioned into left (qL), internal (qI), and right (qR).

Similarly, forces are partitioned into left (FL), internal (FI), and right (FR). Periodic

structures exhibit a considerable amount of scattering in material properties including

Young’s modulus, Poisson’s ratio, and density caused by manufacturing processes and

mechanical properties evaluations. As these uncertainties involve in various processes, the

exact values of these properties and parameters are impossible to determine. Due to the

imprecision and non-availability of the information about the uncertain variables, they are

being modelled as fuzzy variables. If fuzziness is present in the material properties, the

stiffness and mass matrix become fuzzy, which contributes to the fuzziness in the dynamic

equation and leads to a fuzzy dispersion diagram and FRF. The realistic response is

obtained by quantifying the uncertainties in terms of the bound of responses (lower and

upper bounds) arising due to fuzziness in the design parameters.

In the fuzzy approach, the fuzzy parametric approach considers the uncertainties in the

parameters (material, geometrical properties) as fuzzy parameters. The fuzzy variables

are modelled using the membership function. Every term in the formulation denoted with

subscript α is the fuzzy term, and it is linked with the membership level. The symbol

() denotes the fuzzy arithmetic operation. The material properties are modelled as fuzzy

variables. Due to uncertainties presents in the material parameters, the stiffness, and mass

matrix becomes fuzzy that introduce fuzzy uncertainty in the dynamic matrix. The fuzzy

complex dynamic stiffness matrix of the substructure k, at the pulsation ω is:

Dα = −ω2
αMα(+)Kα(1 + iη) (5.9)

where Mα is the fuzzy mass matrix, and Kα is the fuzzy stiffness matrix, η is the structural

loss factor, i is the unit imaginary number, and ωα is the fuzzy circular frequency. The

fuzzy dynamical equilibrium of any substructure k is precisely formulated in this way

without loss of generality [Rao and Liu, 2004], [Liu and Rao, 2005], [Pawar et al., 2012],

[Patle et al., 2018] as:


DLLα DLIα DLRα

DILα DIIα DIRα

DRLα DRIα DRRα

 (.)


q

(k)
Lα

q
(k)
Iα

q
(k)
Rα

 =


F

(k)
Lα

0

F
(k)
Rα

 (5.10)
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The dynamic condensation of the fuzzy dynamical equilibrium leads to:

 DLLα(−)DLIα(.)D−1
IIα

(.)DILα DLRα(−)DLIα(.)D−1
IIα

(.)DIRα

DRLα(−)DRIα(.)D−1
IIα

(.)DILα DRRα(−)DRIα(.)D−1
IIα

(.)DIRα

 (.)

 q
(k)
Lα

q
(k)
Rα

 =

 F
(k)
Lα

F
(k)
Rα


(5.11)

that is,  D∗LLα D∗LRα

D∗RLα D∗RRα

 (.)

 qkLα

qkRα

 =

 Fk
Lα

Fk
Rα

 (5.12)

In the above expression DLLα , DLRα , DRLα , and DRRα are the fuzzy quantities of the

fuzzy dynamic operators, qkLα , qkLα are the fuzzy displacement vectors and Fk
Lα

, Fk
Rα

are

the fuzzy load vectors. The fuzzy kinematic variables, qα, and Fα are represented through

fuzzy state vectors, ukLα =
(
(qkLα)T (−Fk

Lα
)T
)T

and ukRα =
(
(qkRα)T (Fk

Rα
)T
)T

; and related

by the fuzzy transfer matrix Sα as:

ukRα =

 −D∗LRα
−1(.)D∗LLα −D∗LRα

−1

D∗RLα(−)D∗RRα(.)D∗LRα
−1(.)D∗LLα −D∗RRα(.)D∗LRα

−1

 (.)ukLα

ukRα = Sα(.)ukLα (5.13)

where

Sα =

 −D∗LRα
−1(.)D∗LLα −D∗LRα

−1

D∗RLα(−)D∗RRα(.)D∗LRα
−1(.)D∗LLα −D∗RRα(.)D∗LRα

−1

 (5.14)

is the fuzzy transfer matrix.

The structural parameters namely, stiffness and mass matrices are fuzzy, thus, a fuzzy

eigenvalue problem [Massa et al., 2008], [Xia and Friswell, 2014],[Zhang et al., 2015] for-

mulated as:

Sα(.)φiα = µiα(.)φiα

|Sα − µiα(.)I2n| = 0
(5.15)

where (µiα, φiα)i=1...2n are the fuzzy wave modes and n is the number of cross sectional

DOFs. The solution of the fuzzy eigenvalue problem in Eq. (5.15) can be obtained several

ways [Faes and Moens, 2019]. One to solve the fuzzy eigenvalues problem is by converting

the fuzzy eigenvalue problem into the interval eigenvalue problem for all levels of the α-cut

[Faes and Moens, 2019], [Xu et al., 2014]. Once the fuzzy eigenvalue problem is solved, the
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resulting fuzzy eigenvalues (µiα) are directly related to the fuzzy wavenumber kα through

the relation:

µiα = exp(−j(.)kα(.)d) (5.16)

where d is the unit cell length and j2 = −1. Then, the fuzzy wavenumber is expressed as:

kα =

(
j

d

)
(.) log(µiα) (5.17)

Furthermore, the fuzzy eigenvector matrix Φα can be written as:

Φα =

 Φinc
qα Φref

qα

Φinc
Fα

Φref
Fα

 (5.18)

where subscripts qα and Fα indicate that the component corresponds to the fuzzy displace-

ments and fuzzy forces. The terms are denoted (inc) for the incident waves and (ref ) for

the reflected waves.

5.3 FWFEM formulation for forced response in 1D periodic

media

The real structures are not infinite but have finite dimensions. Here, a formulation for

the harmonic response with fuzzy uncertainties is presented. The periodic waveguide is

composed of N identical substructure k and belonging to the global system. The material

parameters are considered to have fuzzy uncertainties. The fuzzy kinematic variables for

every cell, qα, and Fα are expressed using state-space formulation, as fuzzy state vectors:

ukLα =
(

(qkLα)T (−Fk
Lα)T

)T
;ukRα =

(
(qkRα)T (Fk

Rα)T
)T

(5.19)

where T denotes the transpose. Using the multi-mode method [Mencik and Ichchou, 2005],

the fuzzy kinematic variable can be projected on the fuzzy wave mode bases as follows:

u
(k)
Lα

= Φα(.)Q(k)
α

u
(k)
Rα

= Φα(.)Q(k+1)
α ∀ k ∈ {1 . . . N}

(5.20)
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where Φα is the matrix of the fuzzy eigenvectors as expressed in Eq. (5.18), that are

independent. In addition, the vector of the fuzzy wave mode amplitude for substructure

k is expressed as:

Qα =

 Qα
inc

Qα
ref


(k)

(5.21)

where Qincα is the fuzzy amplitude of the incident mode and Qrefα is that of the reflected

mode. Applying the Bloch’s theorem, the fuzzy amplitude of the kth substructure in the

waveguide can be obtained from the fuzzy amplitude of the wave of the first element by

relation:

Q(k)
α =

 µincα 0

0 µrefα


(k−1)

(.)Q(1)
α (5.22)

Considering that the periodic structure is free-fixed, and excited with a sinusoidal forces,

the boundary conditions are as follows:

Boundary condition at x = 0:

Φinc
Fα (.)Qα

inc(1)(+)Φref
Fα

(.)Qα
ref(1) = −F (1)

Lα
(5.23)

Boundary condition at x = L:

Φinc
qα (.)Qα

inc(N+1)(+)Φref
qα (.)Qα

ref(N+1) = q
(N)
Rα

(5.24)

Using the relation in Eq. (5.22), the second boundary condition is transformed to:

Φinc
qα (.)µα

N (.)Qα
inc(1)(+)Φref

qα (.)µα
−N (.)Qα

ref(1) = q
(N)
Rα

(5.25)

The boundary condition expressed in Eq. (5.23) and Eq. (5.25) is, written in the matrix

form as: Φinc
Fα

Φref
Fα

Φinc
qα (.)µα

(inc)N Φref
qα (.)µα

(ref)−N

 (.)

 Qα
inc(1)

Qα
ref(1)

 =

 −Fα
qα

 (5.26)

The above matrix is not well conditioned, and so an appropriate scaling in required. This

is performed by decoupling the ill-conditioned matrix into two matrices, one matrix with
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better conditioned and the second with diagonal, expressed as:

 Φinc
Fα

Φref
Fα

Φinc
qα (.)µα

(inc)N Φref
qα (.)µα

(ref)−N

 (.)

 In 0

0 µ(inc)N

 (.)

 Qα
inc(1)

Qα
ref(1)

 =

 −Fα
qα


(5.27)

Then, the fuzzy wave amplitude can be calculated as:

 Qα
inc(1)

Qα
ref(1)

 =

 In 0

0 µα
(inc)N

 (.)

 Φinc
Fα

Φref
Fα

(.)µα
N

Φinc
qα (.)µα

N Φref
qα


+

(.)

 −Fα
qα


(5.28)

Thus, the fuzzy amplitude of the wave at the kth substructure can be obtained by

Eq. (5.28) and Eq.(5.22).

The fuzzy kinematic variables (displacements and forces) are derived from the equation

connecting the fuzzy state vectors to the fuzzy amplitude of the modes. The fuzzy nodal

displacement for the sub-element k is expressed as:

q(k)
α =

 Φinc
qα Φref

qα

Φinc
qα (.)µα

inc Φref
qα (.)µα

ref

 (.)(Qα)(k) (5.29)

Similar way, the fuzzy nodal forces for the sub-element k are expressed as:

F (k)
α =

 Φinc
Fα

Φref
Fα

Φinc
Fα
µα

inc Φref
Fα
µα

ref

 (.)(Qα)(k) (5.30)

Eq. (5.29) and Eq. (5.30) are used to find the nodal fuzzy displacements and nodal fuzzy

forces on both sides of the substructure k of the global system.

5.4 FWFEM formulation for 2D periodic media

The approach followed here is to first, build a finite element model of the unit cell; that will

then be used to define a fuzzy dynamic equation that leads to a fuzzy eigenvalue problem.

By solving the fuzzy eigenvalue problem, the wave characteristics are determined, and

their fuzzy bounds of variation are predicted.
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Consider an infinite thin plate lying in the (x, y) plane with a unit cell as shown in Fig. 5.3.

The unit cell is divided into five nodes. The nodes are located on the left corner (1), right

Figure 5.3: Rectangular plate element

corner (2), top left corner (3), and top left right (4), and remaining/internal nodes (i).

The unit cell DOFs (q) are divided into four corner nodal DOFs, q1, q2, q3, q4 and internal

node DOFs as qi.

The vector of nodal DOFs are given by q =
[
qT1 , q

T
2 , q

T
3 , q

T
4 , q

T
i

]T
. Similarly, the

vector of nodal forces are given by f =
[
fT1 , f

T
2 , f

T
3 , f

T
4 , f

T
i

]T
. where T denotes the

transpose. The stiffness and mass matrix are calculated using analytical expression

or by using a commercial FE program. If fuzziness is present in the material prop-

erties, which contribute to the fuzziness in the stiffness and mass matrix, then fuzzy

uncertainty is introduced into the dynamic matrix. Then, the global fuzzy dynamic

equilibrium [Rao and Liu, 2004],[Liu and Rao, 2005] of a substructure represented as the

time-harmonic equation of motion can be written as:

(
Kα(−)ω2

α(.)Mα

)
(.)qα = fα (5.31)

where Kα is the fuzzy stiffness matrix, Mα is the fuzzy mass matrx, ωα is the fuzzy circular

frequency, fα is the fuzzy nodal forces vector, and qα is the fuzzy nodal displacements

vector. Eq. (5.31) is used to form the fuzzy spectral problem involving wavenumber in x-

direction kx, wavenumber in y-direction ky and frequency ω. The fuzzy dynamic stiffness

matrix can be expressed as Dα = Kα(−)ω2
α(.)Mα.

Introducing the periodic structure theory for the unit cell and considering a time-harmonic
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response [Mace and Manconi, 2008] the fuzzy harmonic equation of motion can be formu-

lated as: (
Kα
∗ (λxα , λyα) (−)ω2

α(.)M∗α (λxα , λyα)
)

(.)q1α = 0 (5.32)

where Kα
∗ = ΛLα(.)Kα(.)ΛRα and Mα

∗ = ΛLα(.)Mα(.)ΛRα are the fuzzy reduced stiffness

and mass matrices, respectively, and ωα is the fuzzy circular frequency. λxα and λyα are

the fuzzy propagation constants in x- and y-directions respectively. ΛLα and ΛRα are

matrices containing the fuzzy propagation constants from the periodicity conditions as:

ΛLα =

[
I λ−1

xα (.)I λ−1
yα (.)I λ−1

xα (.)λ−1
yα (.)I

]

ΛRα =



I

λxα(.)I

λyα(.)I

λxα(.)λyα(.)I


(5.33)

where I is the identity matrix. The fuzzy eigenvalue problem of Eq. (5.32) can be expressed

as:

Dα
∗ (ωα, λxα , λyα) (.)q1α = 0 (5.34)

where Dα
∗ (ωα, λxα , λyα) is the fuzzy reduced dynamic stiffness matrix. For the sake of

clarity, the fuzzy reduced dynamic stiffness matrix is now represented as Dα. If the reduced

dynamic stiffness matrix is partitioned as:

Dα =



D11α D12α D13α D14α

D21α D22α D23α D24α

D31α D32α D33α D34α

D41α D42α D43α D44α


(5.35)

The fuzzy eigenvalue problem in Eq. (5.32) and Eq. (5.34) involving three parameters,

λxα , λyα and ωα. Depending on the nature of the solution sought, the fuzzy eigenproblem

takes various forms.
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5.4.1 FWFEM 2D: Direct form

Consider that the frequency ω and one wavenumber is known; in this case the fuzzyeigen-

value problem in Eq. (5.34) can be written in the following form:

[
(D11α(+)D22α(+)D33α(+)D44α)(+)(D12α(+)D34α)(.)λxα(+)(D21α(+)D43α)(.)λ−1

xα

(+)(D13α(+)D24α)(.)λyα(+)(D31α(+)D42α)(.)λ−1
yα (+)D14α(.)λxα(.)λyα

(+)D41α(.)λ−1
xα (.)λ−1

yα (+)D32α(.)λxα(.)λ−1
yα (+)D23α(.)λ−1

xα (.)λyα)
]

(.)q1α = 0 (5.36)

Then, the fuzzy nonlinear Eq. (5.36) can be reduced to fuzzy quadratic eigenproblem in

λxα form when λxα is unknown and (ωα, λyα) are given, as:

[
(D21α(+)D43α(+)D41α(.)λ−1

yα (+)D23α(.)λyα)(+)µiα(.)(D11α(+)D22α(+)D33α(+)D44α

(+)(D31α(+)D42α)(.)λ−1
yα (+)(D13α(+)D24α)(.)λyα)µ2

iα(.)(D12α(+)D34α(+)D32α(.)λ−1
yα

(+)D14α(.)λyα) ](.) (Φqα)i = 0 (5.37)

The fuzzy quadratic eigenproblem is solved and eigenvalues representing the wavenumber

propagating along the x-, and y-directions are complex values. The propagating wavenum-

ber in the x-direction (kxα) and y-direction (kyα) are calculated using following relation:

kxα =

(
j

dx

)
(.) log(µiα)

kyα =

(
j

dy

)
(.) log(µiα)

(5.38)

where dx is the unit cell length in the x-direction, dy is the unit cell length in the y-direction

and j2=-1.

5.4.2 FWFEM 2D: Inverse form

The second case is called the inverse forms, for which the wavenumber in the x-direction,

kx, and in the y-direction, ky, are known, and corresponding frequencies of free wave

propagation are to be sought. In the inverse form, the dynamic condensation cannot

be performed and internal nodes are conserved. Thus, the ΛLα and ΛRα are matrices
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containing the propagation constants from the periodicity conditions that are modified to

form:

Λ′Rα =

 ΛαR 0

0 Ii

 (5.39)

Λ′Lα =

 ΛLα 0

0 Ii

 (5.40)

where Ii is the identity matrix of size i. Then fuzzy harmonic equation of motion becomes:

Λ′Lα(.)
(
Kα(−)ω2

α(.)Mα

)
(.)Λ′Rα(.)

 q1α

qIα

 = 0 (5.41)

where qIα are the conserved internal degree of freedom. Which become fuzzy linear alger-

bric problem in ω2
α, as:

[
Kα
′ (λxα , λyα) (−)ω2

α(.)Mα
′ (λxα , λyα)

]
(.)

 q1α

qIα

 = 0 (5.42)

In the undamped structure, Kα and Mα are real positive definite Hermitian matrices.

Thereby the K ′α and M ′α with |λxα | = 1 and |λyα | = 1. The fuzzy eigenvalue problem

leads to the solution (ω2
α, φα) with fuzzy eigenvalues for which free wave propagation is

possible, ω2
α, that are real and positive, and the fuzzy eigenvectors, φα, that are orthogonal.

The representations of result: band structure

In a 2D periodic structure, the behavior is described with the help of the propaga-

tion constants µx, and µy and linked to the wavenumbers kx and ky through relations

[Ruzzene and Tsopelas, 2003], [Mace and Manconi, 2008] :

λx = eµx , λy = eµy , µx = −ikxLx, µy = −ikyLy (5.43)

where Lx, Ly are the size of unit cells in the x- and y-directions, respectively.

The relation in Eq. (5.43) can be translated for the fuzzy description of the parameter
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with the help of fuzzy set theory [DuBois and Prade, 1980] as:

λxα = eµxα , λyα = eµyα , µxα = −ikxα(.)Lx, µyα = −ikyα(.)Ly (5.44)

The eigen solutions of ω in Eq.(5.42) can be expressed in various ways through different

coordinate systems [Ruzzene and Tsopelas, 2003],[Hussein, 2009]. The numerical exper-

iments results in this thesis are presented in the coordinate system (kxα , kyα), which is

termed as fuzzy slowness surface.

When damping is not considered and only free propagative waves are studied,

the wavenumber (kxα, kyα) are real values and vary in the first Brillouin zone

[(−π/Lx, π/Lx), (−π/Ly, π/Ly)] [Brillouin, 1946]. When x and y are symmetric

axes of the structure, the symmetric nature of the slowness surfaces are realized with

respect to the kxα = 0 and kyα = 0 axes. The symmetric property can be exploited to

limit the variation of the wavenumbers to the IBZ. In the IBZ, kxα and kyα are positive.

A 2D representation of the slowness surface is the “band structure”. The band structure

is obtained by varying the wavenumbers along the contour of the IBZ (O-A-B-O) as

shown in Fig. 5.4

Figure 5.4: The IBZ within a unit cell showing the wave vector path (O −A−B −O)
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5.5 Numerical results

The fuzzy uncertainties are propogated by various methods in the literature, with one

common implementation being using the α-cut level [Moens and Hanss, 2011] strategy.

In the α-cut method, the fuzzy parameter that is being modelled by fuzzy membership

function, is divided into a number of α-cut levels. The output response in terms of fuzzy

output for a specific membership level is found for the particular α-cut, by searching

the input level by performing interval analysis in each α-cut. The response variable is

finally assembled from results obtained from the α-level interval. The proposed numerical

scheme is summarized in the workflow in Fig. 5.5. This section shows the validation of

Figure 5.5: FWFEM workflow

the FWFEM formulation presented in the previous section. The analysis is performed for

periodic rod and periodic beam cases. The periodic rod and beam consist of a section A

of length l1 and section B of length l2 with different constituent materials, as depicted in

Fig 5.6. Firstly, longitudinal waves studied for the band gap and FRF; then, the flexural

waves in the beam are studied.

Figure 5.6: Schematic representation of 1D periodic media
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5.5.1 Periodic rod

The FWFEM is used to study the effect of fuzzy parametric uncertainty on the band

gap and FRF of a longitudinal wave in the periodic rod. To validate FWFEM results,

a comparison is made between the result from the proposed FWFEM upper and lower

bounds, and those obtained from MCS. The uncertainty effect is studied considering fuzzy

uncertain material properties modeled with triangular fuzzy membership function with

lower and upper variation fixed at (10%) of the nominal value. The considered frequency

range is 10- 5500 Hz. The MCS is performed to obtain the reference wave characteristics

of the lower and upper bounds of longitudinal wavenumber and FRF.

Two-node rod elements with one DOF per node are considered. The global stiffness

and mass matrices are formed with 100 elements in the unit cell of the periodic rod in

the MATLAB environment. The input material and geometrical properties are shown in

Table 5.1. The value of fuzzy Young’s modulus of section A (material 1) and section B

Table 5.1: Geometrical and material properties of the periodic rod

Geometry/Property Value

Young’s modulus (A) 70 ×109 Pa
Young’s modulus (B) 210 ×109 Pa
Mass density (A) 2700 kg/m3

Mass density (B) 7800 kg/m3

Loss factor (A) and (B) 0.001
Rod length (A) 1 m
Rod length (B) 1 m
Radius of rod (A) and (B) 0.0644 m

(material 2) are modelled using the triangular membership function, as shown in Fig. 5.7.

The FWFEM result at α-cut=0 (largest interval) in terms of upper and lower bounds of

the wavenumber is compared with MCS upper and lower bound. The comparison results

are presented in Fig. 5.8, and show excellent agreement. The band gap envelops are

extracted from the fuzzy elasticity in the 11 α-cut levels and shown in Fig. 5.9. It can

be seen that the effect of input uncertainty on the bandgap bounds is increasing with

increasing frequency, as the upper and lower bound width is clearly increasing. The

variation bound of the longitudinal wavenumber obtained with fuzzy elasticity at α-cut=0

at the discrete frequencies are shown in Fig. 5.10. It can be inferred that the response

membership function is not always symmetric about the mean/crisp value. It is observed
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(a) Fuzzy membership function for material 1
(b) Fuzzy membership function for material
2

Figure 5.7: Input fuzzy membership with 10% uncertainty, The units are (Pa)

Figure 5.8: Longitudinal wavenumber comparison (fuzzy Young’s moduls)

that in the propagation region, the variation of the longitudinal wavenumber is linear.

However, near the band gap edge frequency it is non-symmetric. Therefore, the upper

bound of longitudinal wavenumber is more sensitive to the uncertain elasticity. The FRF

of a periodic rod of the finite extent of 20 m is excited by unit harmonic force. The FRF of

the magnitude of the longitudinal displacement at the excitation point, is computed at 5490

discrete frequencies uniformaly spread over 10-5500 Hz. In this case, the Young’s modulus

is stochastic with 10% variation about the nominal value. In Fig. 5.11, the FWFEM for

the bounded case is compared with WFEM MCS, indicating the upper and lower bound

comparison at α-cut=0 (maximum bound) are in good agreement. To demonstrate the
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Figure 5.9: Fuzzy bounds of the periodic rod with 10% uncertainty

effect of fuzzy variation on the fuzzy FRF bound, at different membership values, the

results are plotted in Fig. 5.12, Fig. 5.13, and Fig. 5.14. It can be seen in Fig. 5.12 that

as the value of α-cut increases, the fuzzy bound of FRF decreases, and finally at α=1,

without any simulation bound as expected, α=1.

5.5.2 Periodic beam

Here, the validation of the FWFEM is presented for the periodic beam case, by studying

the fuzzy uncertainty effect on the flexural wave in the periodic beam. For numerical

simulation, the Euler-Bernoulli beam theory is considered. The input material and ge-

ometric properties are shown in Table 5.2. A two-node beam element with two DOFs

Table 5.2: Geometrical and material properties for the periodic beam

Geometry/Property Value

Young’s modulus (A) 210 ×109 Pa
Young’s modulus (B) 0.72 ×109 Pa
Mass density (A) 7800 kg/m3

Mass density (B) 935 kg/m3

Loss factor (A) and (B) 0.01
Beam length (A) 0.25 m
Beam length (B) 0.25 m
Height of beam (A) and (B) 0.003 m
Width of beam (A) and (B) 0.003 m

per node is considered. The global matrices (stiffness and mass) in the unit cell of the
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(a) (b)

(c) (d)

(e) (f)

Figure 5.10: Longitudinal wavenumber variation with 10% uncertainty at discrete frequen-
cies

periodic beam are evaluated in the MATLAB environment. The frequency range of com-

putation is 10-2000 Hz. For the fuzzy uncertainty propagation, the elasticity of material

1 and material 2 is fuzzified using the triangular membership function; the membership

functions are shown in Fig. 5.15. It can be seen that the effect of the fuzzy uncertainty

on the band gap bounds is increasing with increased frequency. The FWFEM result at

α-cut=0 is computed and compared with upper and lower bounds obtained with WFEM

MCS and shown in Fig. 5.16, and shows good agreement. The FRF of the magnitude of
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Figure 5.11: Validation of the FRF of periodic rod with 10% uncertainty

the flexural displacement at the excitation point, is computed at 1990 discrete frequencies

spread uniformaly over 10-2000 Hz. In this case, the Young’s modulus is stochastic with

10% variation about the nominal value. The fuzzy bound for flexural wavenumber and

FRF for different membership values are plotted in Fig. 5.17, Fig. 5.18 and Fig. 5.19. As

the α-cut value increases the fuzzy bound of flexural wavenumber and FRF are expected

to decrease. The same behavior can be seen in Fig. 5.17, Fig. 5.18, and Fig. 5.19. In

Fig. 5.17, the fuzzy bounds do not exist in the wavenumber and FRF at α-cut=1. It

can be summarized that the fuzzy envelop is widening with increasing frequency. The

variation bound of the flexural wavenumber obtained with fuzzy elasticity at α-cut=0 at

the discrete frequencies is shown in Fig. 5.20. It is observed that in the propagation re-

gion, the variation of the longitudinal wavenumber is linear. However, near the band gap

edge frequency it is non-symmetric; thus, the upper bound of flexural wavenumber is more

sensitive to the uncertain elasticity.

5.5.3 FWFEM Direct form

Homogeneous plate case

To demonstrate the validity of the FWFEM direct formulation, the homogeneous plate

case is considered, and numerical experiments are performed. A thin plate unit cell is

modelled with four-node elements with three DOFs at each node. The material properties
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(a) Band gap bound

(b) FRF bound

Figure 5.12: Band gap bound and FRF bound with 10% uncertainty at α = 1

are reported in Table 5.3.

Table 5.3: Material properties of homogeneous plate (fuzzy case)

Geometry/Property Value

Young’s modulus 210 ×109 Pa
Poission’s ratio 0.3
Mass density 7800 kg/m3

Loss factor 0.01
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(a) Band gap bound

(b) FRF bound

Figure 5.13: Band gap bound and FRF bound with 10% uncertainty at α = 0.5

The dimensions of the unit cell are Lx = Ly = 0.005 m with thickness h = 0.0005 m. The

fuzzy uncertainty effects are studied with variation of (10%) of the Young’s modulus with

reference to the deterministic value. The fuzzy parameter is modeled using the triangular

membership function shown in Fig. 5.21. Most of the acoustic energy is transmitted

by out-of-plane flexural waves. Therefore the out-of-plane flexural waves are considered

during the numerical experiments. The MCS of the WFEM results are treated as reference

results comparison and validation purposes. The comparison of the out-of-plane flexural
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(a) Band gap bound

(b) FRF bound

Figure 5.14: Band gap bound and FRF bound with 10% uncertainty at α = 0

wavenumber upper and lower bounds obtained from the FWFEM at α-cut=0 (maximum

variation) and WFEM MCS are plotted in Fig. 5.22. The upper and lower bounds obtained

from the FWFEM formulation show good agreement with the MCS results. This confirms

the validity of the FWFEM formulation for the homogeneous plate case. The bounds of

the out-of-plane flexural wavenumber are extracted from the FWFEM at 11 α-cut level

and shown in Fig. 5.23. It can be seen from the Fig. 5.23 that the out-of-plane flexural

wavenumber bounds are widening at higher frequency.
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(a) Fuzzy membership function material 1 (b) Fuzzy membership function material 2

Figure 5.15: Input fuzzy membership variable 10% uncertainty, The units are (Pa)

Figure 5.16: Flexural wavenumber comparison (fuzzy Young’s modulus)

To demonstrate the influence of variation of uncertain material properties (Young’s mod-

ulus) on the flexural wavenumber, different membership values of the fuzzy elasticity are

simulated. The fuzzy bounds at different membership values for (5%), (10%), (15%), and

(25%) variation in the Young’s modulus are in Fig. 5.24,Fig. 5.25, Fig. 5.26, and Fig. 5.27,

respectively. It can be seen in Fig. 5.25 that as the value of membership (α-cut) increases

the fuzzy bound of out-of-plane flexural wavenumber decrease. At α=1, without any

bounds as expected, α=1, represents the determinist result.
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(a) Band gap bound

(b) FRF bound

Figure 5.17: Band gap bound and FRF bound with 10% uncertainty at α = 1

It can also be inferred from the figures that Young’s modulus uncertainty causes the

increase in the fuzzy bounds of the out-of-plane flexural wavenumber in the higher fre-

quency region, because the uppper and lower bounds are widening in the higher frequency

region. The fuzzy bounds of the out-of-plane flexural wavenumber at discrete frequen-

cies with fuzzy elasticity (10% variation) in 11 α-cut level are extracted and plotted in

Fig. (5.28). It is visible from Fig. (5.28) that the fuzzy bound envelope is nearly constant
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(a) Band gap bound

(b) FRF bound

Figure 5.18: Band gap bound and FRF bound with 10% uncertainty at α = 0.5

with increasing frequency. This means that at the same level of fuzziness, the out-of-plane

flexural wavenumber in the homogeneous plate is equisensitive to the fuzzy upper and

lower bounds.
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(a) Band gap bound

(b) FRF bound

Figure 5.19: Band gap bound and FRF bound with 10% uncertainty at α = 0

Periodic plate case

The validation of the FWFEM formulation is performed for the 2D periodic plate case.

The periodic plate consists of N repetitions of alternating sub-plate type A and sub-plate

type B in x-direction. The sub-plate type A and sub-plate type B can be of different

material properties and or different geometric dimensions. Here in the numerical simu-

lation periodic plate made of different material properties are considered. A schematic
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.20: Flexural wavenumber variation with 10% uncertainty at discrete frequencies
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Figure 5.21: Input fuzzy membership function with 10% uncertainty. The unit is (Pa)

(a) Comparison of out-of-plane flexural wavenumber (fuzzy Young’s modulus)

(b) Zoomed part

Figure 5.22: Homogeneous plate validation
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(a)

(b)

Figure 5.23: Fuzzy bound of out-of-plane flexural wavenumber of the homogeneous plate
with 10% uncertainty

of the periodic plate and corresponding unit cell model is shown in Fig. 5.29. The con-

sidered material properties are reported in Table 5.4. The periodic plate unit cell is

modeled with four-node elements with three DOFs at each node. The dimensions of the

unit cell are Lx = Ly = 0.1 m with thickness h = 0.005 m. The validation of the devel-

oped FWFEM formulation is presented for the out-of-plane flexural wavenumber in the

considered periodic plate. The considered frequency range is 10-3000 Hz. The Young’s

modulus of sub-plate type A and sub-plate type B are considered uncertain, with variation
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(a) (b)

Figure 5.24: The out-of-plane flexural wavenumber bound with 5% uncertainty

(a) (b)

Figure 5.25: The out-of-plane flexural wavenumber bound with 10% uncertainty

(a) (b)

Figure 5.26: The out-of-plane flexural wavenumber bound with 15% uncertainty

of (10%) about the nominal values. For the fuzzy uncertainty propagation, the elasticity

of sub-plate type A (material 1) and sub-plate type B (material 2) are fuzzified using

a triangular membership function as shown in Fig. 5.30. The WFEM MCS is consid-



5.5. Numerical results 131

(a) (b)

Figure 5.27: The out-of-plane flexural wavenumber bound with 25% uncertainty

Table 5.4: Material properties of periodic plate (fuzzy case)

Geometry/Property Value

Young’s modulus of sub-plate type A 70 ×109 Pa
Young’s modulus of sub-plate type B 210 ×109 Pa
Poission’s ratio of sub-plate type A and B 0.3
Mass density of sub-plate type A 2700 kg/m3

Mass density of sub-plate type B 7800 kg/m3

Loss factor of sub-plate type A and B 0.001

ered as the reference solution for the validation. The out-of-plane flexural wavenumber

dispersion is computed from the FWFEM formulation at α-cut=0 (maximum variation),

and the obtained fuzzy upper and lower bounds are compared with the upper and lower

bounds obtained from MCS. The comparison of the upper and lower bounds is shown in

Fig. 5.31, demonstrating excellent agreement of the FWFEM results with the reference

results. This verifies the applicability of the FWFEM formulation for the periodic plate

case. In Fig. 5.31, the band gap can be observed starting around 2352 Hz. Near the same

frequency, the variation of the upper and lower bounds is maximum, as seen in Fig. 5.31(b).

Moreover, inside the band gap zone there is very small variation of out-of-plane flexural

wavenumber. This confirm the validity of the FWFEM formulation for the periodic plate

case. The fuzzy bounds of the out-of-plane flexural wavenumber for the periodic plate are

shown Fig. 5.32.

The effect of uncertainty of the material properties on the out-of-plane flexural wavenum-

ber bounds is demonstrated by calculating different variations of the elasticity. The fuzzy

bounds at different membership values for the (5%),(10%),(20%), and (25%) variation in
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(a) (b)

(c) (d)

(e)

Figure 5.28: Fuzzy bound of the out-of-plane flexural wavenumber with 10% uncertainty
at discrete frequencies

the Young’s modulus are plotted in Fig. 5.33,Fig. 5.34, Fig. 5.35, and Fig. 5.36, respec-

tively. It is visible from Fig. 5.34(a) that at α=1, the FWFEM results shows the crisp

value, that is equivalent to deterministic results. From Fig. 5.33, Fig. 5.34, Fig. 5.35, and

Fig. 5.36, it can be seen that with increase of uncertainty level, at constant α-cut, the up-

per bound of the out-of-plane flexural wavenumber descends gradually; however, the lower

bound of the out-of-plane flexural wavenumber rises slowly. As the uncertainty rises, the

flexural wavenumber bounds increase gradually. The out-of-plane flexural wavenumber
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Figure 5.29: Schematic representation of the periodic plate and unit cell

(a) Fuzzified material property for sub-plate
type A

(b) Fuzzified material property for sub-plate
type B

Figure 5.30: Input fuzzy membership function with 10% uncertainty. The units are (Pa)

bounds for the periodic plate at the discrete frequencies with 11 α-cut levels are extracted

and plotted in Fig. 5.37. The uncertainty is considered as 10% of the Young’s modulus.

It can be observed in Fig. 5.37(b) that the lower bound rises slowly before the band gap

edge frequency. From Fig. 5.37(c), it can be seen that at the band gap edge frequency,

the lower bound rises gradually and upper bound descends slowly. Furthermore, inside

the band gap in Fig. 5.37(e), the upper and lower bounds are equisensitive to out-of-plane

flexural wavenumber.

5.5.4 FWFEM Inverse form

In this subsection, the validation of the FWFEM inverse form is performed through a

linear elastic, continuum model of 2D. The mass and stiffness matrices are computed

using COMSOL Multiphysics R© software [Comsol, 2017]. A square lattice is considered
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(a) Comparison of out-of-plane flexural wavenumber (fuzzy Young’s modulus)

(b) Zoomed part

Figure 5.31: Periodic plate validation
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(a)

(b)

Figure 5.32: Fuzzy bound of the out-of-plane flexural wavenumber of the periodic plate
with 10% uncertainty

with a bi-material unit cell to validate the developed FWFEM inverse form formulation.

One material phase is chosen to be stiff and dense (material 2) and the other compliant

and light (material 1). The schematic of the square lattice unit cell model is shown in

Fig. 5.38. The lattice constant for material 1 (l1)= 0.1 m and for material 2 (l2)=0.04
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(a) (b)

Figure 5.33: The out-of-plane flexural wavenumber bound for periodic plate with 5%
uncertainty

(a) (b)

Figure 5.34: The out-of-plane flexural wavenumber bound for periodic plate with 10%
uncertainty

(a) (b)

Figure 5.35: The out-of-plane flexural wavenumber bound for periodic plate with 20%
uncertainty
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(a) (b)

Figure 5.36: The out-of-plane flexural wavenumber bound for periodic plate with 25%
uncertainty

m. The considered material properties are reported in Table 5.5. The square unit

Table 5.5: Material properties for square lattice (fuzzy case)

Geometry/Property Value

Young’s modulus of Material 1 4.5 ×109 Pa
Young’s modulus of Material 2 70 ×109 Pa
Poission’s ratio of Material 1 and Material 2 0.35
Mass density of Material 1 1200 kg/m3

Mass density of Material 2 2700 kg/m3

cell has free triangular finite element, with total number of element as = 2802 (mesh

shown in Fig. 5.39). The periodic boundary conditions are applied, and, the number of

DOFs is 2802. The k-space is discretized and total of 427 sampling across the IBZ are

considered. For the fuzzy uncertainty propagation, the elasticity of material 1 and material

2 are fuzzified using the triangular membership function shown in Fig. 5.40. By solving the

equations of the fuzzy eigenproblem Eq. (5.42), various orders of the fuzzy eigen frequency

ωiα are achieved. In the numerical simulation, the first seven orders of eigen frequencies

are used to illustrate the band structures of the bi-material unit cell. The WFEM MCS

is considered as the reference solution for validation purposes. The dispersion curve is

computed from the FWFEM inverse form formulation with 10% uncertainty of the Young’s

modulus at α-cut=0 (maximum variation). The obtained fuzzy upper and lower bounds

are compared with the upper and lower bounds obtained from the MCS and shown in

Fig. 5.41, and shows excellent agreement. This verifies the validity of the FWFEM inverse

form formulation for the 2D case. In Fig. 5.42 (a) every colored curve represents fuzzy
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(a) (b)

(c) (d)

(e)

Figure 5.37: Fuzzy bound of the out-of-plane flexural wavenumber for the periodic plate
with 10% uncertainty at discrete frequencies

eigen frequency, ωα. If the maximum of the fuzzy eigen frequency ωnα−1 is less than the

minimum of the fuzzy eigen frequency ωnα , there exists a partial band gap (the shaded

area in Fig. 5.42(a), where the propagation of elastic waves is prohibited. The effects of

fuzziness of the Young’s modulus on bang gap with the variation of the elasticity (5%),

(10%), (15%), (20%), and (25%) are shown in Fig. 5.42, Fig. 5.43, Fig. 5.44, Fig. 5.45,

and Fig 5.46, respectively. In those figures, if the maximal upper bound of the fuzzy eigen

frequency ωnα−1 is less than the lower bound of the fuzzy eigen frequency ωn, then a band
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Figure 5.38: Schematic of the square lattice unit cell

Figure 5.39: Unit cell mesh

(a) Fuzzified material 1 (b) Fuzzified material 2

Figure 5.40: Input fuzzy membership function with 10% uncertainty. The units are (Pa)

gap exists with fuzzy uncertainties. From Fig. 5.43(b), it can be observed that with the

increase of uncertainty, the upper bounds of the band gaps descend gradually, whilst at

the same time the lower bounds rise very slowly. The fuzzy eigen frequencies bounds for
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(a) Comparison of out-of-plane flexural wavenumber (fuzzy Young’s modulus)

(b) Zoomed part

Figure 5.41: Bi-material square lattice validation

the square plate at the discrete wave vector with 11 α-cut levels are plotted in Fig. 5.47,

Fig. 5.48, and Fig. 5.49. The uncertainty is considered to be 10% of the Young’s modulus.

It can be observed in Fig. 5.47(a) that the fuzzy frequency bounds rise with increasing

frequency.
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5.6 Elapsed time comparison for FWFEM 1D and 2D peri-

odic media

The numerical costs involved in computation of fuzzy response with 11 α-cut levels is

compared with that of WFEM MCS. The numerical test ran on a mobile workstation

containing an Intel R© CoreTM i7 7820 HQ CPU clocked at 2.90 GHz and 32 GB RAM.

The comparison of elapsed time is reported in Table 5.6. It can be seen from Table 5.6

Table 5.6: Elapsed time comparison for FWFEM 1D periodic media

WFEM MCS (10000 samples) FWFEM

1D Periodic media 3840 seconds 234 seconds
2D Periodic media: Direct form 14400 seconds 122.52 seconds
2D Periodic media: Invers form 25490 seconds 2840 seconds

that computational effort by application of FWFEM is smaller than to WFEM MCS. In

the case of the FWFEM inverse form, computation cost is higher because the internal

nodes are conserved in the WFEM inverse formulation. Thus, it can be summarized that

FWFEM direct and inverse form formulations have superiority over the WFEM MCS in

terms of computation cost, which is highly advantageous for modeling complex periodic

structures.

5.7 Conclusions

In this chapter, a computationally inexpensive fuzzy approach for uncertainty propagation

in 1D and 2D periodic media is presented. The method allows wave characteristic to be

defined by using a fuzzy parametric approach integrated with WFEM. In 1D case the state

space formulation is basis for FWFEM formulation and in 2D case, direct and inverse

formulation is presented. In 1D, the study proposes a new approach to predict fuzzy

bounds of the band gap and FRF of periodic rod and periodic beam with fuzzy parametric

uncertainties. The uncertainty quantification of longitudinal and flexural wavenumber and

FRF with fuzzy variable are simulated. The maximum fuzzy bound of FRF is obtained

at α=0, which decreases with increase in α-cuts value. The approach was presented for

very simplified test cases, but it is found to be more efficient when compared with the
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conventional MCS approach in terms of computational cost.

In the 2D direct formulation case, the formulation is applied to a homogeneous plate up

to 10,000 Hz, and to a periodic plate at frequency up to 3000 Hz. The FWFEM results

are compared with traditional WFEM MCS results, and show excellent agreement and a

substantial reduction in computation cost. In the homogenous plate case, it is found that

variation of out-of-plane flexural wavenumber is slightly higher with uncertain elasticity.

For the periodic plate case, uncertainties affect the out-of-plane flexural wavenumber,

and the maximum bound of the flexural wavenumber occurs near the band gap edge

frequency. In the 2D inverse formulation case, the formulation is applied to a bi-material

square lattice. The FWFEM inverse form results are compared with traditional WFEM

MCS results, and again show excellent agreement.

The analysis presented in this chapter suggest that the uncertainties have a significant

impact on the band structures. These effects are seen in shift of the bag gap edge frequen-

cies that result into narrowing the band gap width. It is highly desirable to include the

uncertainties when designing and analyzing the lattice and complex periodic structures. In

terms of computation cost, the developed formulations offer substantial cost savings and

can be a good starting point for optimization and reliability studies of complex periodic

structures with uncertainties.
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(a) Fuzzy crisp value

(b)

Figure 5.42: Band structure with 5% uncertainty
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(a)

(b)

Figure 5.43: Band structure with 10% uncertainty
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(a)

(b)

Figure 5.44: Band structure with 15% uncertainty



146 Chapter 5. FWFEM for 1D and 2D periodic media

(a)

(b)

Figure 5.45: Band structure with 20% uncertainty
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(a)

(b)

Figure 5.46: Band structure with 25% uncertainty
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(a) Fuzzy frequency bound in x-direction at π

(b) Fuzzy frequency bound in y-direction at π

Figure 5.47: Variation of the frequency at given wavevector with 10% uncertainty. Varia-
tion of first eigen frequency (blue circle), second eigen frequency (red crosses), third eigen
frequency (black stars), fouth eigen frequency (black diamonds), fifth eigen frequency
(blue downward pointing triangles), sixth eigen frequency (red stars), and seventh eigen
frequency (black asterisks).
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(a) Fuzzy frequency bound in x-direction at π

(b) Fuzzy frequency bound in y-direction at π

Figure 5.48: Variation of the frequency at given wavevector with 15% uncertainty. Vari-
ation of first eigen frequency (blue circles), second eigen frequency (red crosses), third
eigen frequency (black stars), fouth eigen frequency (black diamonds), fifth eigen fre-
quency (blue downward pointing triangles), sixth eigen frequency (red stars), and seventh
eigen frequency (black asterisks).
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(a) Fuzzy frequency bound in x-direction at π

(b) Fuzzy frequency bound in y-direction at π

Figure 5.49: Variation of the frequency at given wavevector with 25% uncertainty. Varia-
tion of first eigen frequency (blue cirles), second eigen frequency (red crosses), third eigen
frequency (black stars), fouth eigen frequency (black diamonds), fifth eigen frequency
(blue downward pointing triangles), sixth eigen frequency (red stars), and seventh eigen
frequency (black asterisks).
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Conclusions and future work

6.1 Conclusions

The design of periodic media is generally based on deterministic models without consid-

ering the effect of inherent uncertainties existing in these media. In general, the design

is aimed at controlling the mechanical waves as much as possible; however, inherent un-

certainties may affect the material characteristics. The uncertainties, in terms of material

properties and geometrical parameters, are mostly exhibited in both manufacturing and

assembly processes. To address this unavoidable actuality, the effects of parameter un-

certainties is considered when analyzing frequency band structures (pass and stop bands)

and frequency responses.

6.2 Summary of thesis achievements

In periodic structures, the wave dispersion can be obtained by applying the Floquet–Bloch

theorem. Herein, we presented stochastic and fuzzy approach for the uncertainty quan-

tification in periodic structures. The SWFEM TM formulation based on use of the state

space, which uses the symplectic matrix for the classification of different modes of prop-

agation, is extended to the periodic media in 1D cases. The formulation is detailed for

free wave propagation and FRF. Various numerical cases are presented and validated with

MCS, for free wave propagation in a periodic rod and periodic beam. In the FRF cases,

151
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the periodic rod, metamaterial rod, geometrically varying beam, and metamaterial beam

results validated the use of SWFEM. In the context of uncertainty quantification in pe-

riodic media, an elapsed computational time comparison is presented. The result of the

simulation shows the computation advantage of the SWFEM over the MCS.

In the deterministic case, the dispersion curve is extracted by spectral analysis. The use

of a state-space representation is an interesting alternative to spectral analysis. However,

when using the TM method, numerical ill-conditioning may occur when a large number

of the unit cells are involved in the periodic system model. To overcome this shortcoming

for stochastic modelling, a stochastic spectral approach with a quadratic formulation is

presented for 1D and 2D periodic media. The formulation proposes a straightforward

approach for the stochastic wave modelling in the periodic structure. The main advantage

of the formulation is that commercial FE packages and FE routines can be used for meshing

capabilities during the modelling of the real structure. The choice of spectral problem is

motivated by the fact that it offers a dynamic condensation of the inner element DOF

to reduce computational DOFs, provides information about the imaginary part of the

propagative wave that enables computation of forced response from a wave-based method,

and it allows computation of group velocity for finding wave directivity. In addition, the

formulation is adopted for the metamaterial structure.

In 1D cases, the proposed formulation is applied to a periodic rod and metamaterial rod.

In 2D cases, homogeneous and periodic plates are validated. The effect of the param-

eter uncertainties on the longitudinal wavenumber dispersion is investigated considering

stochasticity indicator and COV study. The effect on variation of longitudinal wavenumber

is higher with elastic stochasticity than with stochastic density. It is noteworthy that in

the metamaterial rod system, the developed formulation can handle a higher level of uncer-

tainties. In the 2D homogenous plate case, it is found that variation of out-of-plane flexural

wavenumber is slightly higher with uncertain elasticity than with uncertain density. For

the 2D periodic plate case, uncertainties affect the out-of-plane flexural wavenumber scat-

tering, and maximum value of the variation of flexural wavenumber occurs at the band

gap edge frequency. The COV study highlights the linear variation of flexural wavenumber

in the low-frequency region and shifts to higher variation with increasing frequency. The

developed formulation offers computational cost savings. The computational cost savings
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are very interesting, especially for optimization and reliability studies of complex periodic

structures with material property uncertainties, and for damage detection and sensitivity

analysis. Furthermore, the formulation can be employed for layered media, laminated,

fiber-reinforced and complicated cross-section geometries, for determining the variation of

dispersion properties, wavemodes, and group and phase velocities.

When information about the uncertainty variable is available, the probabilistic models

are applicable. However, the application of a probabilistic approach faces two difficulties:

(i) when little information is available, how to describe uncertain inputs; and (ii) how to

efficiently compute the uncertainty in the response. There are non-probabilistic models,

that can be introduced for the uncertainty propagation to overcome the difficulties. Due

to imprecision and non-availability of the information about the uncertain variables, they

are modelled as fuzzy variables. The FWFEM based on the state space formulation in

conjunction with the fuzzy method is presented for 1D periodic media. The developed

formulation is applied to the free wave propagation and FRF computation of a periodic

rod and periodic beam. These numerical results are compared with WFEM MCS for

validation purposes. The maximum fuzzy bounds of FRF is obtained at α=0, which

decreases with increase in α-cuts. The elapsed time comparison is presented to determine

the computation advantage of the FWFEM over the WFEM MCS.

A computationally inexpensive fuzzy spectral approach is formulated to study the effects of

material property uncertainties in 2D periodic media. The free wave propagation problem

can typically be solved by either the direct approach or inverse approach. In the direct

approach, µ(ω), imposes real ω (circular frequency), allowing description of the spatial

wave attenuation; whereas the inverse approach, ω(µ), imposes the real µ (propagation

constant), that does not allow the wave attenuation, and can be applied to an undamped

unit cell model. The formulation is derived for the FWFEM direct and inverse forms.

The validation of the presented method is performed for free wave propagation for the

homogeneous plate and periodic plate cases with the direct form, and with a bi-material

square plate for the inverse form. In the homogenous plate case, it is found that variation

of out-of-plane flexural wavenumber is slightly higher with uncertain elasticity. For the

periodic plate case, uncertainties affect the out-of-plane flexural wavenumber and the

maximum bounds of the flexural wavenumber occurs near the band gap edge frequency.
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In the 2D inverse formulation case, the formulation is applied to the bi-material square

lattice. The results obtained from the FWFEM inverse form are in excellent agreement

with those from WFEM MCS. The uncertainty analysis suggests that the uncertainties

have a significant impact on the band structures. It is highly desirable to include the

uncertainties when designing and analyzing lattice and periodic structures. In terms of

computation cost, the developed formulation offers substantial cost savings.

The main research achievements presented in this thesis are:

• The SWFEM based on a transfer matrix [Ichchou et al., 2011] is extended to 1D

periodic media to obtain the band gap and FRF, for the weak level of uncertainties

[Singh et al., 2018].

• The development of a spectral formulation based on a quadratic eigenvalue problem

for the stochastic modelling of 1D and 2D periodic media for the weak level of

uncertainties at reduced computation cost [Singh et al., 2020a].

• The development of new non-probabilistic uncertainty quantification method, which

is effective when very little information about the uncertain parameter is available,

or the available information is imprecise.

• The development of the FWFEM for 1D periodic media to obtain the band gap and

FRF [Singh et al., 2018], and in 2D periodic media [Singh et al., 2020b] to obtain

the dispersion curve through both direct and inverse formulation.

6.3 Suggestions for future work

The research and development of the probabilistic and non-probabilistic uncertainty prop-

agation methods in periodic structures have inspired new ideas and questions that can be

considered in future investigations.

• The choice of parameters in the stochastic and possibilistic modelling require consid-

erable physical insight. The effect of different parameters on the performance of the

uncertainty procedure can be investigated for structures with damping. The shift
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shell operator method [Magliacano et al., 2019], [Collet et al., 2011] can be used for

damped system modelling.

• The approach proposed in this thesis of SWFEM QEV was validated for the sim-

plified unit cell, showing good precision and a much-reduced computational cost

compared to that required by WFEM MCS. The SWFEM QEV can be considered

for complex unit cell modelling and uncertainty propagation.

• In a metamaterial system, uncertainty can be introduced on the resonator parameters

to assess the shift of the band gap size and location.

• The effects of uncertain parameters have been examined using first-order perturba-

tion. The stochastic model could be further examined using second-order perturba-

tion to include more uncertainty in the numerical simulations.

• Other membership functions, such as Gaussian and trapezoidal, should be explored

for uncertain variable modelling in FWFEM investigations.

• In this thesis, the direct and inverse forms of the FWFEM are proposed. The

computation cost of the FWFEM inverse form can be further lowered by com-

bining the FWFEM with model order reduction strategies [Zhou et al., 2015b],

[Zhou et al., 2015a], [Palermo and Marzani, 2016], [Boukadia et al., 2018].

• The effect of parameter uncertainties can be examined using the PCE. The stochastic

model can be further applied to examine the geometrical uncertainty and forced

uncertainty. The computational efficiency could be improved by combining the PCE

with regression analysis to optimize the collocation points.

• In this thesis, the study has been limited to 1D and 2D periodic media, and this could

be extended to 3D media in the future. Adding more dimensions will complicate the

simulation process; however, it will provide more information as well.

• The hypothesis about uncertainties are to be periodic is considered to guarantees

the assumed periodicity as in the deterministic WFEM, which comes from the Bloch

theorem. The solution to relax the assumed hypothesis is supercells adaptation. The

supercells offer the possibility to consider uncertainties arising within the periodic

structure. The supercell in this form does not show symmetry, so the uncertainties
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in one specimen inside the supercell can be estimated. Also applying Bloch theorem

to the supercell and supercell is repeated infinitely as well.

• In the uncertainty analysis, in both probabilistic and non-probabilistic approach,

only one global parameter is considered at a time. However, in the unit cell level

uncertainties in more than one local parameter is considered. The approaches can

be extended adapting all global parameters.

• Machine learning assisted methods can be attempted to lower the computation cost

[Finol et al., 2019].
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