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ABSTRACT

The first part of this thesis is devoted to the study of asymptotic symmetries in the theory of general
relativity. We investigate properties of the Bondi-Metzner-Sachs (BMS) group in four dimensions, that is
the asymptotic symmetry group of a certain class of asymptotically flat spacetimes. Particular emphasis is
given on the construction of surface charges associated to BMS symmetries and on their connection with
the soft graviton theorems, that are important cornerstones of the recently explored infrared structure
of asymptotically flat gravity. Furthermore, in the context of asymptotically locally AdSs spacetimes,
we define conformally flat boundary conditions and, consequently, analyze the corresponding asymptotic
symmetry and surface charge algebras. We construct a new sector of Weyl charges and examine the
features of the holographic boundary theory. In the second part of this work, we deepen the notion
of modular invariance and temperature dualities in quantum field theory. We show that the partition
function of certain theories living on partially compactified manifolds exhibits modular covariance, allowing
to derive interesting high-/low-temperature dualities. Moreover, we apply these results to the case of
electromagnetism and linearized gravity in the Casimir effect setup. Even if the two subjects studied in
this thesis are not directly related, they both share and make use of techniques in conformal field theory
and strongly rely on the role of boundary conditions in gauge theories.
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Part 1

Asymptotic Symmetries in General Relativity,
the BMS group and asymptotically locally AdS;

1 Introduction

Gauge theories play a pivotal role in the understanding of fundamental laws governing nature. On the
one hand, they comprise electromagnetism, weak and strong interactions and, as such, they provide the
description of the Standard Model of particle physics, which is one of the most experimentally tested the-
ories. On the other hand, the theory of general relativity (GR) also falls in this class. In particular, the
recent direct detection of gravitational waves and the observation of both supermassive and intermediate
mass black holes, entirely predicted by GR, is shedding new light on the nature of strongly gravitating
systems existing in the universe.

On the theoretical side, gauge theories exhibit a deep mathematical structure that allows for an ele-
gant interplay between physics and geometry. The common feature shared by all gauge theories is that
they involve, in their description, a certain number of redundant degrees of freedom. Equivalently, they
are characterised by some local symmetries of the dynamics, called gauge symmetries. Thus in most cases
a gauge fixing procedure, through which the above mentioned gauge invariance is used to eliminate some
of the redundancies, is needed. The remaining allowed gauge transformations that do not spoil the gauge
fixing are referred to as residual gauge transformations.

Together with gauge invariance, the other necessary ingredient that defines the physical content of a gauge
theory is the set of boundary conditions that must be imposed on the fields and that selects, through the
equations of motion, the allowed solutions. Such conditions specify in a unique way the value of the fields
and their derivatives, or of a combination of the two, on the boundary of the system. Choosing boundary
conditions sharply distinguishes between different physical situations one wants to investigate. Indeed, if
two theories are governed by the same dynamics, i.e. by the same set of equations of motion, assigning
different boundary conditions can lead, in general, to completely different solutions. Thus, they encode
the nature of the phenomena one is willing to describe.

From the above considerations it follows that a natural requirement to ask for gauge theories is that
gauge transformations preserve the choice of boundary conditions. In general, among these transforma-
tions, some are true redundancies of the theory and are thus called trivial. However, there are some that
change the physical state of the system, i.e. that act non-trivially on the solution space. The latter, named
asymptotic symmetries, are of great relevance in physics and form a group, called asymptotic symmetry
group. More precisely, after having performed a gauge fixing, they can be defined as the set of residual
gauge transformations of the theory preserving the given boundary conditions and that carry, through
Noether’s theorem, associated non-vanishing charges. The latter are objects of interest since they encode
information about the physical and observable quantities, such as the energy or the electric charge.



1.1 Asymptotically flat spacetimes and the BMS, group

The study of asymptotic symmetries in GR started with the seminal works of Bondi, Metzner, Sachs and
van der Burg [1-3]. In these works, it has been shown that, under suitable boundary conditions on the
gravitational field, the asymptotic symmetry group of asymptotically flat spacetimes in four dimensions,
which comprise a certain class of solutions of Einstein’s equations with vanishing cosmological constant, is
given by an enhancement of the Poincaré group, called the BMS,4 group.

In particular, the BMS, group, in its global version, is a semidirect product between the Lorentz group
and the infinite-dimensional group of supertranslations, which is a suitable enhancement of the usual
translations:

Global BMS, = Lorentz x Supertranslations.

More recently, the BMS group has been further enlarged with the inclusion of superrotations on the celestial
sphere, which enhance also the Lorentz group [4—6]. These works have led to the definition of extended
BMS group:

Extended BMS4 = Superrotations x Supertranslations.

We mention that there exists also a generalized BMSy4 group [7-9], in which superrotations are substituted
by smooth diffeomorphisms on the 2-sphere (Diff(S5?))

Generalized BMS; = Smooth Diff (S?) x Supertranslations.

1.2 The Infrared triangle and the “soft hair” proposal

Recently, there has been a renewed interest in the infrared structure of asymptotically flat spacetimes.
In particular, it has been shown that the quantum Ward identities associated to BMS, invariance of the
gravitational S-matrix [7-12] are equivalent to the leading orders of the soft graviton theorem [13-17].
Moreover, these aspects were shown to be just two of the three corners of a triangular equivalence relation,
the third corner consisting of the gravitational memory effect [18-20]. These connections are sometimes
referred to as the infrared triangle [21]. One of the strengths of this result relies in its universality, since
similar relations are shared by other gauge theories. It is intriguing how the infrared triangle has been
used to discuss the black hole information paradox. The existence of an infinite number of conserved
charges associated with BMS,; symmetries could equip the black hole with the soft hair needed to support
correlations between the interior of the black hole and the emitted Hawking quanta, during the evaporation
process [22].

1.3 Asymptotically AdS spacetimes and holography

The study of asymptotic symmetries has become particularly relevant in holography [23-26]. According to
the holographic principle, a theory of quantum gravity living in the bulk of the spacetime is dual to a quan-
tum field theory living on its lower-dimensional boundary. In particular, the AdS/CFT correspondence
proposes that a gravitational theory living in an asymptotically AdS spacetime is dual to a Conformal



Field Theory living on its boundary and there exists a well-developed dictionary which translates between
observables on the two sides of the holographic correspondence. Then, such a holographic dictionary states
that the asymptotic symmetries of the theory living in the bulk should exactly match the global symmetries
of the boundary theory.

The first result in this direction has been obtained by Brown and Henneaux [27] and it is considered
one of the earliest precursors of holography. They have proven that the asymptotic symmetry algebra
of asymptotically AdSs spacetimes consists in two commuting copies of the Witt algebra and that the
corresponding charge algebra is centrally extended by the so-called Brown-Henneauz central charge

iﬁ
2G’
¢ being the AdSs radius and G the Newton constant. This result is compatible with the AdS3;/CFTy

correspondence, according to which there exists a two-dimensional CFT theory boundary theory whose
global symmetries comprise the infinite-dimensional conformal group in two dimensions.
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2 Symmetries and asymptotic symmetries

In this chapter, we start in 2.1 by briefly reviewing the Noether theorems, which relate the notion of
symmetry to that of conserved quantities within a certain theory. We distinguish between the case of
global symmetries and gauge symmetries, that lead to the first and second Noether theorems, respectively.
These theorems are fundamental in physics, for they provide a procedure to construct conserved quantities,
related to important observables of the system under consideration. In 2.2 we discuss more in detail to
what extent it is possible to draw the same conclusions and what are the difficulties in the case of generally
covariant theories. In 2.3 we review the second Noether theorem for such theories with some emphasis on
the construction of surface charges and in 2.4 we will give the notion of asymptotic symmetries. In 2.5 we
provide some details on the charge algebra, while in 2.6, we explicitly discuss the case of general relativity.

The main literature used in this part is [5,28-36]. Useful reviews can also be found in [37-39].

2.1 First and second Noether theorems

Consider a theory described by the action

Sl6) = [ aaLle' 0,6 0,06, ), (2.1)

where L is the Lagrangian. Here latin indices ¢, j, .. run from 1 to N, where N is the number of fields in
the theory. An infinitesimal variation §¢° yields a variation § L of the Lagrangian,

. 0L . 0L ) oL Ny ) A
0L =0¢0"— + 0,00 ———~ + 0,0,00" —————~ + ... = 0" — + 9,0%(¢*, 0¢"), 2.2
where we have defined
oL oL oL oL
0L, (0L +aay<.)+... 23
55 = ag (a@w)) h\ 0,0, (23)

to be the Euler-Lagrange equations of motion for the field ¢* and where #* comprises all the terms that
come from using repeatedly the Leibniz rule. Note that in (2.1), since we are directly interested in general

relativity, we assume that the Lagrangian may depend on higher derivatives of the fields ¢‘. In the form
1

notation ', reviewed in Appendix A, equation (2.3) can be rewritten as
5L o
L = 305 + dO1d, 0], (2.4)

where O is the presymplectic potential (n — 1) form. An infinitesimal transformation of the fields d,¢, for
some spacetime function A that at this stage we deliberately leave arbitrary, is defined to be a symmetry
for the theory described by L if

5\L = dB[¢", 6,¢"], (2.5)

for some (n — 1)-form B. We are going to refer to A\ as the generator of the symmetry.

!Throughout the remainder of this work, we will interchangeably use the vectors and the forms notation.



We first consider the case in which A is a constant. In this case, we talk about global symmetries. Comparing
equations (2.4) and (2.5), we obtain

5L
3¢

Defining the Noether current (n — 1)-form as

0rp'— + dO[¢',0,¢"] = dB[¢", 5] (2.6)

we get that, on-shell, i.e. provided that the equations of motion are satisfied (‘5%; = 0, the Noether current
is conserved

oL

dJ[¢', 6x¢] = 6x¢' 5~

0, (2.8)

where the symbol = stays for equal on-shell. Note that this statement holds regardless of the nature of the
symmetry. The variation )¢ can be any symmetry, spacetime or internal. For instance, the above described
procedure for a Lorentz covariant Lagrangian yields the standard definition of stress-energy tensor whereas
for a global U(1)-invariant Lagrangian gives the electric current. Given a Cauchy (n — 1)-hypersurface X,
we define the charge associated to the symmetry §y ¢ as

Q, = /2 I[85, (2.9)

Provided that the fields fall rapidly enough on the (n — 2)-boundary 0%, @, does not depend on the
particular choice of . In fact, if M is a spacetime region bounded by two Cauchy hypersurfaces ¥; and
Yo, i.e. OM = X1 U X9, we have, using Stokes theorem

0~ [ asgane) = [ 3600~ [ 30600 = Qu, - s,y (2.10)
M 31 3o

from which the result follows. If ¥ is a constant time hypersurface, i.e. is described by the equation

20 = const, (2.10) states that the charge @ is conserved in time. This procedure is sometimes referred to

as the first Noether theorem and it states that to each global symmetry it corresponds a conserved current

and hence a conserved charge. Note however that we can define a new current J' as

g%, 650" = I[¢', 000 + dQ[¢', 520" + E [g} , (2.11)

for an arbitrary form (n — 2)-form Q and a (n — 1)-form E proportional to the equations of motion. Then
dJ'[¢',6x¢'] = dI[', 0x9"]. (2.12)

These arguments suggest that the first Noether should be more correctly stated as follows: there exists an
isomorphism between the equivalence class of conserved currents, where two currents J and J’ are equiva-
lent if (2.11) holds, and the equivalence class of global symmetries, where two global symmetries are defined
to be equivalent if they differ by some, physically irrelevant, gauge transformation, i.e. by a symmetry
whose generator A arbitrarily depends on the spacetime coordinates. We now proceed to investigate the
latter.

10



Assume that the generator A = A(z) is a suitably differentiable spacetime function. In this case Jy¢'
is referred to as gauge symmetry or as local symmetry. For simplicity, we assume that ¢’ transforms as [28]

0n¢' = A+ f [0, (2.13)

and that the Lagrangian depends only on the first derivatives of ¢?2. Following the procedure outlined in
(2.2)-(2.3), we obtain, for O,

oL ) oL
— 0"
90,60 = 30,0

Similarly, we assume that the (n — 1)-form B in (2.5) can be expanded as

B[¢",630"] = g"[¢']A + ¢ [6"]9,). (2.15)

0" (9", 620"] =

[F1 (@A + F7 ()0 A]. (2.14)

Substituting in (2.6), we get

oL

Ou[T* [P IA + T [¢'10,A] = 753

(8N + 7 [6'10,)], (2.16)
where we have defined

T = g'[0'] — P, I =g"e'] -

o M(b]) 50 m])f”W] (2.17)

The vector J* defined in the first of (2.17) is nothing but the usual Noether current, for note that in
the case of constant A, (2.16) reduces to (2.8). Arbitrariness of A in equation (2.16) implies the following
identities

0L

dot (5¢Z

Putting these equations together, we arrive at the so-called Noether identities:

0] = F110), T+ 0] = f”[cb"] JH[¢7] = 0. (2.18)

A[:;ji] 5¢ZJ”W] <5¢1f”‘[¢”]> = 0. (2.19)

These identities hold off-shell and represent a constraint that has to be satisfied by the equations of motion
gqf,., so that they are not all independent and therefore the Cauchy problem is not well-posed. This is a
common feature of gauge theories. Furthermore, taking a variation Jy of the action yields

- 5L . . 6L
5xS[4'] _/ (W(sw /d xa[w}x (2.20)

Hence, the two integrands must differ by the exterior derivative of a (n — 1)-form S, i.e.

0L 0L
og dpt

2Generalizations to the case of a Lagrangian depending on higher derivatives of the field and to that of dx¢® involving
higher derivatives of A are discussed e.g. [29].

Sag' — A [ ])\ = dS[¢’, 6,¢"]. (2.21)

11



Taking into account Noether identities in (2.19), equation (2.21) yields
OL
dot

The (n — 1)-form S is referred to as weakly vanishing Noether current and it satisfies

g’ = dS[¢, 5,¢’], (2.22)

S[¢',0r] ~ 0, dS[¢',rd] ~ 0. (2.23)
Comparing the second of (2.23) with (2.8), we see that
d(J[d",6:¢'] — S[¢', 6x¢']) ~ 0, (2.24)
and thus, assuming trivial De-Rham cohomology,
J[¢', 620" = S[¢', 5x0'] + dQ[4", 19| ~ dQ[¢', 6x¢'], (2.25)

for some (n — 2)-form Q. This shows that in gauge theories the Noether current is always formed by a
“bulk” part that vanishes on-shell and the divergence of an arbitrary skew-symmetric tensor. A direct
consequence of this result is that, when trying to define the charge associated to a certain gauge symmetry
using the same procedure used for global symmetries, it is given by

Qz=/EJ{¢,6A¢Jz/EdQ[¢,6A¢]=/82Q[¢,6A¢], (2.26)

where 0% is the (n — 2)-dimensional boundary of ¥. The charge @ defined in (2.26) is completely arbitrary,
for Q is any, totally unconstrained (n — 2)-form.

The solution to this problem [29] consists in focusing on “lower-degree conservation laws”, i.e. on con-
servation laws of the form dk ~ 0, for a (n — 2)-form k. In fact, assuming that there is a procedure to
uniquely determine a (n — 2)-form k, we could define a charge as

Q= [ ' 5:0] (2.27)
for some (n — 2)-hypersurface S. Then, similarly to what happens in (2.10), we see that if 90X = S; U Ss,
0~ /E dK[¢, 6:7] = /S K6, 6ri] — /S K", 5x6%] = Qu — Q. (2.28)

1 2

i.e. the charges defined in (2.27) are conserved. This is the core of the so-called second Noether theorem,
which states that there exists an isomorphism between the equivalence class of gauge symmetries that
satisfy 9)¢' =~ 03, two gauge symmetries being equivalent if they are equal on-shell, and the equivalence
class of (n — 2)-forms k which are closed on-shell dk ~ 0, where two (n — 2)-forms k and k' are defined to
be equivalent if

K6, 5x6] = K[, 6x6] + dL[¢F, x ] + B [f;j] , (2.20)

for an arbitrary (n — 3)-form I and a (n — 2)-form E proportional to the equations of motion.

3This subset of gauge transformations are called field symmetries.

12



Before proceeding to analyze in more detail the case of generally covariant theories, it is instructive to
explicitly carry out the example of electromagnetism. In this case the dynamical fields are ¢ = A* and
gauge transformations of A* read

Sy AR = OFA, (2.30)

so that f#[AP] =0 and f*[AP] = n*¥. The Lagrangian of the theory and its variation corresponding to a
variation J A* are

1
4

so that O#[AP 6 AP] = —F*§A,, BM[AP,§AP] = 0 and the Euler-Lagrange equations of motion are 5‘% =
0, F". Following the prescription in (2.7), the Noether current J# can be easily constructed as

L=—"F,F",  §L=—F",6A, =0,F"5A, —0,(F"5A,), (2.31)

JH[AP 6 AP] = —OH[AP 0\ AP] = FFYO,\. (2.32)
The Noether identities are
oL
= — v e
A [(5Al,] 0u0, F 0, (2.33)

and note how they hold off-shell because of the anti-symmetry of F*”. We can now construct the weakly
vanishing Noether current S as
oL
0A,

OnAy = 0, N = 8,( N0, F™) — 29,0, P2 9,50 [40 547), (2.34)

where
SHIAP 5 AP] = NO, F"H. (2.35)
Note that S# ~ 0 and 0,5" ~ 0. Taking now the difference J* — S, we get
JH[AP 5 AP] — SH[AP 6 AP) = FMY O\ — NO, F"F = 0, (AFM), (2.36)
and hence the (n — 2)-form Q of equation (2.25) has components Q*” given by
QW = AFHY, (2.37)

Now, in order to apply the second Noether theorem, we need to look at the gauge parameters that are
field symmetries, i.e. those A satisfying

Sy AM = 9P\ ~ 0. (2.38)

This equation is trivially solved by A = ¢ with ¢ € R. Thus, gauge parameters that are field symmetries
that do not vanish are just constants. Then, the representative of the equivalence class of conserved
(n — 2)-forms is

k[AP] = cF*™ (A" %2),,, (2.39)

Indeed, it is well-known that the electric charge enclosed in (n — 1)-hypersurface ¥ whose boundary is a
codimension 2 hypersurface S can be expressed as

Qs = /S k[A"] = c /S F[A”], (2.40)

where F = FP(d"2z) u- The charge in (2.40) is conserved as a consequence of Maxwell’s equations.
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2.2 Generally covariant theories and asymptotic symmetries

In the case of electromagnetism we have seen that the equation dy¢’ = 0 admits a simple non-trivial solu-
tion given by A = ¢ with ¢ € R. However, when considering more complicated, possibly non-linear theories,
gauge parameters that are field symmetries are not as easy to find. In particular, in the case of general
relativity gauge transformations are diffeomorphisms and those that are field symmetries are generated by
a vector field £ solving the Killing equation d¢g,, = L¢gu, ~ 0. These equations for a general metric g,,,,
have no solution.

However, also for generally covariant theories there are cases in which the second Noether theorem applies.
Let us consider the linearized theory around a certain fixed background solution g,,,,, obtained by expanding
the full metric as g, = guw +huw. A crucial observation is that the linearized theory is also a gauge theory,
the field hy, transforming as d¢hyu, = Legu,. A direct consequence is that isometries of the background,
i.e. those diffeomorphisms generated by a vector field § satisfying L¢g,, = 0 are field symmetries of the
linearized theory. For instance, Pauli-Fierz theory, obtained linearizing around flat spacetime 7),,,,, inherits
the ten-dimensional Poincaré group of isometries of 7,,. Even if for the full, non-linear theory involving
g it is not possible to find gauge transformations that are field symmetries, for the linearized theory
around a background with certain non-trivial isometries, one can still apply Noether second theorem and
compute charges. Clearly, in order for this procedure to make sense, one has to work in a regime in which
the theory can be reliably described by A, e.g. in an asymptotic region where gravity is “weak”. Notice
that defining an asymptotic region where the gravitational field is well described by h,, implies the intro-
duction of certain boundary conditions for the full metric g,, that in most cases are expressed as fall-offs
for the metric components, such as b,y = guw — G = O(r~1), where 7 is a suitably defined radial coordi-
nate *. Under these assumptions, instead of looking for exact field symmetries and thus solve L¢g,, = 0,
which gives nothing but the isometries of g,,, one can look at those diffeomorphisms that preserve only
the boundary conditions, e.g. Le¢gu = O(r!). These equations are sometimes referred to as asymptotic
Killing equations and their generators as asymptotic symmetries and they are relevant only asymptoti-
cally. As already mentioned in the introduction 1, also asymptotic symmetries form a group, denoted
asymptotic symmetry group, which will be defined later in 2.4. It is worth mentioning that the notion
of asymptotic symmetry is the closest analogue to the concept of symmetry for generally covariant theories.

Clearly, exact symmetries of the background g,, always form a subset of the asymptotic symmetries,
for if a diffeomorphism is an exact symmetry of the background it automatically preserves boundary con-
ditions. It follows that the asymptotic symmetries corresponding to certain fall-offs can only have more
generators with respect to the ones of exact symmetries. In many case, perhaps surprisingly, the generators
of asymptotic symmetries are infinite in number. The first example of this phenomenon is the global BMSy
group, found in [3] in the context of asymptotically flat spacetimes.

Developing a procedure that allows to compute charges associated to the generators of asymptotic symme-
tries as surface integrals (i.e. codimension 2 integrals) is of crucial importance, because these definitions
would involve only the value of the gravitational field on the asymptotic boundary of the spacetime. In par-
ticular, giving a definition of energy of the gravitational field depending only on its boundary value would
mean implementing the idea that gravity is holographic (as mentioned in section 1.3) since the spectrum
of the bulk theory would be entirely governed by boundary quantities. There exists a huge literature and
different approaches to this procedure, the most relevant being [30,40-43], which we will briefly summarize

4Notice that, in order to define a radial coordinate, we need to choose a coordinate system, which in general relativity boils
down to fix a gauge.
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and review in the next sections.

2.3 Second Noether theorem and surface charges for generally covariant theories

Consider a diffeomorphisms-invariant Lagrangian n-form L[¢?, 9,¢%, 8,0,¢", ...] satisfying (2.4) and thus
defining a presymplectic potential (n — 1)-form ©®. The variation of a field under the action of a diffeo-
morphism generated by £ is given by the Lie derivative, i.e. 55¢i = Egcbi. Hence, a variation of L under a
diffeomorphism generated by a vector field £ is given by,

0¢L = £eL Y2V i (dL) + d (iL) = d (icLL), (2.41)

because L is a n-form. It is useful to introduce the notation A[¢?, Le¢'] = A¢[¢']. Comparing equations
(2.41) and (2.5) we see that the (n — 1)-form Bg¢[¢'] is given by

B¢[¢'] = icL[¢']. (2.42)

It implies that the Noether current in (2.7) can be expressed as

Je[¢] = icL[¢'] — O¢le’], (2.43)
and it satisfies, by construction
5L .
dJe[o'] = 55 Leg' =~ 0. (2.44)

On the other hand, repeating the procedure of the second Noether theorem of section 2.1, we can define
the weakly vanishing Noether current of (2.21) by

0Sclo] = 5orLed' — Seldl] 0. dSele] 0. (2.45)
We have
ATe[o"] = dSeld') = Je[o'] = Selo] + dQelo'], (2.46)

for a (n — 2)-form Qg, sometimes referred to as the Noether-Wald charge. Furthermore, it can be shown
that it is possible to directly obtain the expression of Q¢ from the action of an operator Iz on ®¢:

Qel¢'] = —1cO¢[4'], (2.47)

where the action of Iz on an r-form A, depending linearly on ¢ is given by

1 ., 0 0
TeAe = =& 5 B b (2.48)

Consider now equation (2.46), where we use (2.43) to express J
Se[¢'] = icL[¢', 86'] — O¢[o'] — dQe[¢']. (2.49)
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Taking a variation of both sides of (2.49)°

58¢[0') = 3(icL(¢'] — Oc[#')) — 5(dQe[#')) = ie (SLIY]) — 6O¢[¢'] — doQes
— ig (;5; 56" +dO|s, 5¢q) — 00¢[¢'] — dIQe[¢] ~ i¢d®|, 56') — 6O[o'] — doQe (]
= (00[0",66] — 5O¢[#1]) — d(ic®[¢', 06'] + 0Qe[o]) = ~w[d', 60", L] + e[, 6] (2.50)

where we defined the presymplectic current (n — 1)-form w as the antisymmetrized variation of ®[¢’, §¢']
with respect to d¢’,

W', 010", 528'] = 61O[¢', 52¢'] — 20[¢", 619", (2.51)
and where the Iyer-Wald (n — 2)-form k¢ [42] is defined up to an exterior derivative as
kel¢', 00'] = —0Qe[¢'] — ic®[4', 5¢']. (2.52)
Equation (2.50) implies that
w[¢', 30", Le¢'] — dke[',6¢] = 0, (2.53)

where here by ~ we mean that ¢’ and §¢’ solve the equations of motion and the linearized equations of
motion around ¢', respectively. Before proceeding, let us mention here that (2.4) does not entirely fix ©.
Indeed (2.4) is left invariant by

®[¢',6¢'] — ©[¢',5¢'] + dY[¢',5¢'], (2.54)
for some (n — 2)-form Y[¢¢, 6¢%]. Under (2.54), w transforms as
w— w+d(6,Y[¢", 620'] — 62Y[¢",610']) = w + dwp, (2.55)
and k¢ as
ke — ke + wp. (2.56)

We define the local variation of charge between the solutions ¢’ and ¢! + §¢' by integrating k¢ on a closed
codimension 2 surface S,

§Qeld' 507 = [ kelo'. 60, (257)
where we use § in order to emphasize that (2.57) may not be an exact differential in the space of fields.

In case it is exact, there exists a functional Q¢[¢] such that FQ¢ = §(Q¢[¢']). A necessary condition for
exactness is the integrability condition

51/51{5[&,52(;51'] —52/Sk§[¢i,51¢i] =0, Y 810%, Sadt. (2.58)

5More correctly § should be taken as the variational operator acting on (p, q)-forms on the jet bundle, for which additional
structure is required, see e.g. [30]
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If (2.58) is satisfied, we can choose a path v in the space of fields connecting ¢’ with ¢’ and define the
surface charge as

Qcl¢'. ) = / /S keld',66'] + N[, (2.59)

where N¢[¢'] is the surface charge associated to the reference ¢'. For what concerns (on-shell) conservation
of surface charges, we have, using Stokes theorem

Qcld' &ls, — Qeld’. Fls, = [y / elo' o] - /v / o' o] = [y [ el 56
@L/Ew[¢i,5¢i,cg¢i], (2.60)

where we assumed 9 = S; U S3. Thus, surface charges are conserved if and only if w[¢?, ¢, qubi] ~ 0.
We can further define the symplectic structure associated with X as

Qs (6,616, 52] /Z w[¢', 16, 6265, (2.61)

so that equation (2.60) can be equivalently expressed as
Qld! s — Qcld' Fls, = [ 1o’ 501, Leo). (262)
gl

As already discussed in section 2.2, in general relativity there are two main cases of interest. The first
concerns exact isometries of the background metric, generated by diffeomorphisms & satisfying L¢g = 0.
This condition automatically implies that w[g,dg, Le¢g] = 0 and thus the associated surface charges are
conserved everywhere in the spacetime, including the bulk. Note that the ambiguity (2.55) does not affect
the value of surface charges associated to exact symmetries. The second regards asymptotic symmetries,
for which L¢g — 0 as r — oo. In this case, the presymplectic current vanishes only asymptotically,
wlg, 69, Leg] — 0 and consequently the conservation laws only hold asymptotically. From now on, we will
only be concerned about the latter.

Usually, for asymptotic symmetries, the (n — 2)-hypersurfaces over which the charges are computed are
defined by r — oo and constant value of a time coordinate. For asymptotically AdS, they can be constant ¢
sections of the asymptotic cylinder and for asymptotically flat spacetimes they can be celestial spheres, i.e.
sections of null infinity .# at fixed value of a retarded time coordinate u. In both cases they are spanned
by angular coordinates. If the equation wlg,dg, L¢g] — 0 is not satisfied, we say that there is a breaking
in the conservation law. Typical examples of breaking appear in the context of radiating spacetimes, e.g.
spacetimes characterized by a non-vanishing flux of gravitational radiation or energy carried by the matter
fields. In this case, the interpretation of (2.60) is that the “time difference” between the charges is taken
into account by an outgoing flux of radiation through the asymptotic boundary, as represented in Figure
1.

We note here that finiteness of the above defined ()¢ is not guaranteed a priori and it must be checked for
each set of boundary conditions one wants to implement. A general observation is that the set of boundary
conditions should be “large” enough to include several physical solutions. However, one must be careful
because if they are “too large”, they might lead to the above mentioned divergences. In this case, there
are two options. One is to check whether the divergences can be understood and eliminated in terms of
a renormalization procedure. The other is to go back to the assumptions and try with more stringent
boundary conditions. On the other hand, if they are too stringent one might be implicitly excluding the
possibility of getting interesting physics.
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Figure 1: The time difference time between two charges Q¢|s, and Q¢|s, is taken into account by a
non-vanishing flux of radiation (blu arrows) through the asymptotic boundary.

2.4 Asymptotic Symmetry Group

Having defined surface charges enables to discuss more concretely what it is meant by asymptotic symme-
try group. We consider the set GG of field configurations obeying certain boundary conditions. A vector
field ¢ is an allowed diffeomorphism if the variation of a field in G, under the action of ¢, is still in G. In
other words, the action of £ on the fields preserves the choice of boundary conditions. For every allowed
diffeomorphism we can compute, using (2.59), its associated surface charge Q¢. Assuming it is integrable
and finite, there are two possibilities. The first is that ()¢ vanishes. In this case, we say that & is a trivial
diffeomorphism and it has to be interpreted as a mere change of coordinates that does not carry any physi-
cal information or that, equivalently, it just describes a true redundancy of the theory. We want to exclude
trivial diffeomorphisms from the definition of asymptotic symmetries. In case the surface charge does not
vanish, it means that )¢ is physical and it generates non-trivial transformations within G, through the
Poisson bracket (see (2.63) below) or that, equivalently, it changes the physical state of the system. These
observations lead to define the asymptotic symmetry group as a quotient:

Allowed Diffeomorphisms

A totic S try G = '
SYHIPLOUE SYMmEty SToUP = “hyilial Diffeomorphisms

Another way to define the asymptotic symmetry group is through a gauge fixing procedure. The idea is
to start the analysis by performing a gauge fixing that, depending on the context, can be total or partial.
In fact, in GR one can use the freedom in changing the coordinates to reach and fix certain conditions
for the metric components. This amounts to eliminate all, or part of the redundant degrees of freedom
through which the gauge theory is defined. Such procedure is in most cases equivalent to eliminating the
above defined trivial diffeomorphisms. However, having performed a gauge fixing still leaves the freedom
to perform residual gauge transformations. Then the asymptotic symmetry group can be defined as the
set of those residual transformations that do not spoil the chosen boundary conditions.
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2.5 Charge algebra

We assume that the asymptotic symmetry generators &, form an algebra under some Lie bracket, i.e.
[€a, &) = Cup€. with certain structure constants Cpp¢ = —Cpo€ 9. The latter is referred to as asymptotic
symmetry algebra. If the surface charges are integrable and finite, we define their Poisson bracket as

{Qe. 16", '], Qe, [¢7, ']} = 06, Qe [0, 6] = /S ke, [0, 0, 9')- (2.63)

where we used equation (2.59). It can be shown [30,37,38] that the charges form, under the Poisson
bracket, a projective representation of the asymptotic symmetry algebra,

{Qc.[0",8'],Q¢,[¢",0']} = Qe [0 &' + Ke, 6, [0'], (2.64)

where K¢, ¢, = —K¢, ¢, is a background-dependent central charge. K¢, ¢, is a 2-cocycle on the asymptotic
symmetry algebra

Kiew )9l + Kieo 2.6, [0°] + Kig, 66, [01 =0, V&, &, & (2.65)

The central charge K¢, ¢, is non-trivial if it cannot be reabsorbed into a normalization of the charges
Nig, &[0

Equation (2.64) is the surface charge algebra. The main assumption behind the proof of (2.64) is that
the charges are integrable. If they are not, the theorem (2.64) may not hold. However, in these situations
it has been shown that it is still possible to split the local variation of charge into an integrable and a
non-integrable part [32,35] as

FQele',00'] = 3(Q¢"[¢']) + Ecl¢', 00, (2.66)
such splitting being non-unique. Modifying the definition (2.63) to
{QE10", '], QE'16", 9} = 36, Q1 [", '] + Eg, [¢', 06,0 (267)

has led to representation theorems similar to (2.64), where the 2-cocycle condition (2.65) has to be suitably
modified.

2.6 The case of general relativity

Here we consider explicitly the case of GR. We start from the Einstein-Hilbert Lagrangian with vanishing
cosmological constant,

Lenlg) = f%(g“”Ruu)d”x. (2.68)

The variation of dLgpy corresponding to dg,, yields

dghv

0Lgy = dg"” + d®|g, hl, (2.69)

5Note that often, in the context of asymptotic symmetries, one uses the so-called “modified Lie bracket” that takes into
account a possible field dependendance of the vector fields and of the structure constants, see e.g. [5,34].
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where

oLgy /- V=g 1
= e, A"z, ®lg,h] = ——=(V, A" — VFR) (d" , 2.70
sg 167G " 9. 1] = 167rG( S (2.70)
and where we introduced the notation 6g,, = h,,, 0g"" = —g*"’g"?69,0 = —h*", h = g"h,, and V

is the covariant derivative with respect to the background metric g. The presymplectic current [40,43]
(n —1)-form is

wlg, h,, h,] = 01O[g, ho] — 520O][g, h1]

1% 14 14 1 n—
1V67TG L VR, + hyyV hie — —h - hQ”V“hl,,p = SRV ok, = (16 2)| (@), (271)

or, more compactly

wlg. by hy] = B PP o, Vahyap = (16 2))(d" )y, (272)
with
1 1 1 1
prveoaf guagﬁvgpo -5 gwgvagﬁp -3 gwgpogaﬁ -3 gl/pguagﬂo 4+ 3 glmguogaﬁ (2.73)

Under a diffeomorphism generated by £ the metric transforms as d¢g,,, = V& + V€, and we thus have
for @5,

Oclg] =YL [V (Ve — VHe) + 21,8 (@) (2.74)

where we used VAV, ¢H =V, VHEY — RF,EY. On the other hand we have

. VvV v 1

ieLpy = 167 G&“ 9P R, (A" ) s (2.75)
so that the Noether current (n — 1)-form J¢ reads

Jelo) = ieLpnle) — Oclg) =~ IGm e, (@) — o2, [VTRVIE - ] (@) (270)

The weakly vanishing Noether current S¢ is defined through

5LEH \/ N — 1
—Leqgu = G’“’ J£,d"% = V,G*")¢,d" e — ——0,[v/—gGH* €, ]d"x = dS¢[g], 2.77
3 m T 8nG V&, e ( u i [V—g fu] T 5[9} ( )
where we used the Noether identities V,G*” = 0 and
Selg] = — 8V o Jame, (d ). (2.78)

Comparing with (2.76), (2.78) and (2.46) implies that

Jelol = Sl +dQelgl, Qo) = 2 L(vre - V)@ = LIV (@) (279)

20



The (n — 2)-form Q¢ is the Komar term and integrated on the (n — 2)-sphere at infinity gives the mass
or angular momentum of stationary or rotationally invariant spacetimes, i.e. those admitting & = 0; or
£4 = Oy as Killing vectors. Indeed, for these spacetimes §; and {4 satisfy the Killing equation

VHEY 4 VVER = 0. (2.80)

In this case Q¢ is conserved on-shell. We have
1 _ (2.80)  +/—
— _ — Vel T eV n—1 2 Ve an—1
AQelg] = — =0, [V=9(V'¢" = V)] (@ o), = YAV, Ve @ ), (281)

where in the last step we used that TH" = VHEY is antisymmetric. We also have, using repeatedly the
definition of the Riemann tensor and the Killing equation that V,VVé* = —RF &Y and hence

dQg¢lg] = QR“Vg”(d" 12), = 0. (2.82)

The charge Q¢ = |, s Q¢ is conserved because of (2.82) and proportional to the mass or angular momentum
of the spacetime.

We have
<000, h] = YL (€7 — 9 (&), (2:83)
and
5Qe[g] = Q< hVHEY — WPV €% + épV“hp”> (d"%2) 0, (2.84)
so that the Iyer-Wald (n — 2)-form k¢[g, ] is
kelg, h] = ;;/; <§“v hYP — €PN h 4 €,V P + %W”g# - hp”Vp§“> (d"22) 4. (2.85)

If g, and h,, satisfy Einstein’s equations and linearized Einstein’s equations around g, , respectively, it
can be shown that dk¢ ~ 0. As mentioned in (2.56), k¢ is still not completely fixed and it is defined up to
a (n — 2)-form wp coming from a boundary contribution. Such term should vanish for exact symmetries
because their associated charges are unambiguous. In particular, it should be proportional to the Killing
equation, e.g.

wpBlg, h,0¢g] = ﬁhﬁﬂ(v*‘g + VM) (d"%2) - (2.86)

With this choice we get the Abbot-Deser charge (n — 2)-form kg, h] [44]

kelg, h] = kelg, h] + wilg, h, d¢g]

wﬁ 1 1 1
v 4 (guv B — €MV R+ EV R 4 ShVYER — DY Qh”PV“»gp) (@ 22) . (2.87)

However, k’g in (2.87) can be obtained directly from the weakly vanishing Noether (n — 1)-current S¢ by

acting on it with the “Anderson’s homotopy operator” I;d)zl,
1., 0 2 . o o
Inl_ ' 757]1/7‘ 71/(5 17» 9 2.
o [ " 90,0 m 3% 5,0, T 3% 080,00 T ] dzr (2.88)
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where ... comprise terms with higher derivatives of ¢’, as”

kelo', 86'] = I3 Se[o']. (2.89)

The (n — 2)-form ki in equation (2.89) is the Barnich-Brandt charge [30] and, as mentioned, in the case of
general relativity matches with the Abbot-Deser charge. The local variation of charge in general relativity
is thus

$Qelg, b = /Sk’g[gy h. (2.90)

In the remainder of the first part of this work, we will make large use of the above considered quanti-
ties. In particular, we will explicitly compute the symplectic structure in (2.72) for asymptotically flat
spacetimes in four dimensions and, correspondingly, we will construct the supertranslation charges using
(2.62) and verify that the breaking in their conservation law is ultimately due to a non-vanishing flux of
gravitational radiation through null infinity. This will play a fundamental role in understanding the inter-
play between supertranslations symmetries and the Weinberg’s soft graviton theorem. Moreover, we will
use the Barnich-Brandt prescription in (2.90) in the context of asymptotically locally AdSs spacetimes to
compute the surface charges associated to boundary diffeomorphisms and to diffeomorphisms generating
Weyl transformations and we will prove that they satisfy the surface charge algebra in (2.64) and exhibit
its associated central extension.

"Note that equation (2.89) yields a prescription to compute (n — 2)-conserved forms for any gauge theory and it is not
restricted to the case of general relativity.
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3 Asymptotically flat spacetimes and the BMS, group

Flat spacetime has an interesting and useful group of isometries, but, for a generic spacetime, the isometry
group is simply the identity and hence provides no significant information. Yet symmetry groups have
important role to play in physics; in particular, the Poincaré group, describing isometries of Minkowski
spacetime plays a crucial role in the standard definitions of energy-momentum and angular momentum.
For this reason alone it would seem important to look for a generalization of the concept of isometry group
that can apply in a useful way to suitable curved spacetimes. In this chapter we introduce the notion of
asymptotic flatness, which encompasses all those solutions of Einstein’s equations that suitably approach,
at infinity, Minkowski spacetime and we study their asymptotic symmetries, given by the BMS,4 group.

In sections 3.1 and 3.2 we start by reviewing the notion of conformal compactification and conformal
infinity and we outline how this is an essential feature to capture the geometrical structure underlying the
notion of asymptotic flatness. We proceed in sections 3.3 and 3.4 to introduce the retarded Bondi gauge
and consequently the notion of asymptotic flatness in terms of certain fall-offs for the metric components;
we solve Einstein’s equations corresponding to these boundary conditions. In sections 3.5 and 3.6 we iden-
tify the generators of the bms, algebra by solving the asymptotic Killing equations and we comment on the
mathematical differences between global, local and generalized bmsy algebra, providing explicit realizations
of the first two.

3.1 Conformal infinity and the asymptotic structure of flat spacetime

Throughout this chapter, the notion of asymptotic flatness will be of crucial importance. Intuitively, this
notion specifies how a certain class of spacetimes, “at infinity”, approach Minkowski spacetime. Before
introducing the details of asymptotic flatness, it is instructive to investigate the asymptotic structure of
Minkowski spacetime itself and we do it by reviewing the notion of conformal compactification and con-
formal infinity, originally introduced by Penrose [45-47].

Let us consider Minkowski line element in spherical coordinates z* = (¢,7,24), where the index A = 1,2
labels angular coordinates,

ds® = Nudatds” = —dt? + dr? + r?yapde?da?, (3.1)

with y4p standard metric on the unit 2-sphere. Notice that, as r — oo, the line element in (3.1) is
characterized by a second order pole, due to the factor 72 multiplying y45. Therefore Minkowski spacetime
is singular in this limit. In other words, the value » = co has to be excluded from the range of the radial
coordinate. We expect similar singularities to occur for all asymptotically flat spacetimes, because their
line element, at leading order in the radial coordinate, should approach (3.1). We introduce the retarded
time and advanced time null coordinates (u,v) defined as u =t —r and v = t 4+ r, with v > u such that
curves with v = const and v = const represent outgoing and ingoing light rays, respectively. The ranges
of these coordinates are —oo < u,v < co. We can further define new coordinates (p,q) as u = tanp and
v = tanq so that —7/2 < p,q < 7/2. Notice that the effect of introducing (p,q) is to map “points at
infinity” to points at a finite distance. However, p, ¢ = +7/2 are still singular for the metric. Indeed (3.1),
in (p,q) coordinates reads

1
(cos g cosp)?

n%(q — p)

<_dpdq+sl<q

2 _
ds® = 1

'yABdmAd:BB) (3.2)
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In order to eliminate these divergences, we perform a Weyl rescaling with conformal factor Q(q,p) =
2 cos g cos p, so that &

ds? = Q%(p, q)ds® = —4dpdq + sin®(q — p)yapdz?da®. (3.3)

The points p,q = £7/2 are not singular for the rescaled line element d3? and we can define an unphysi-
cal spacetime (M,d3?) by adding to the physical spacetime (M, ds?) the points at infinity p,q = %7 /2.
Consequently, for the unphysical spacetime, we can extend the range of the coordinates (p,q) to —m/2 <
p,q < 7/2. As mentioned, one of the main reasons for introducing the unphysical spacetime manifold M
is that the infinity of M gets mapped to a finite hypersurface in M, which we will denote by .#, so that
asymptotic properties of the fields in M can be investigated by studying the behavior of the rescaled fields
on .#. We can thus write M = M U.#. Furthermore, null geodesics in M correspond to null geodesics in
M because conformal transformations map null vectors to null vectors so that the light-cone structure is
preserved under (3.3).

Introducing now time and space coordinates (¢',7') as p= (' —1’)/2 and ¢ = (¢ +')/2 we have

ds? = —dt? -+ dr'? —+ sin? r’fyAdeAde, (3-4)
We introduce the following points in M:

e Future timelike infinity i, defined by (¢',7') = (m,0). All the images in M of timelike geodesics
terminate at this point;

e Past timelike infinity i~ defined by (¢',7') = (—m,0). All the images in M of timelike geodesics
originate at this point;

e Spacelike infinity i° defined by (¢/,r') = (0,7). All the images in M of spacelike geodesics originate
and terminate at this point.

We also introduce the following hypersurfaces in M:

o Future null infinity #* defined by the equation ' = 7 — /. It is the null hypersurface where all the
outgoing null geodesics terminate. In the conformal diagram 2, it connects it to i;

e Past null infinity %~ defined by the equation ¢ = w + /. It is the null hypersurface where all the
outgoing null geodesics originate. In the conformal diagram, it connects i~ to i°.

An intuitive picture of the structure of the unphysical spacetime in (¢, 7') is given by the Penrose diagram
2. In the picture, null geodesic are described by p = const and g = const straight lines at 45", starting
from ., reflecting at v = 0 and terminating on .#* while timelike curves start from i~ and terminate
on it. Spacelike curves start and terminate at i”. Notice that because #* is null, its induced metric is
degenerate, ds(zﬂ+ = 0 du? + yapdz?dz®B. The topology of .#1 is R x S2, the R and S? components being

8Let us point out that there is however an ambiguity in the choice of the conformal factor Q in (3.3) if the only requirement
is to eliminate the second order pole. Indeed, one could have chosen ' = e“Q with w smooth function independent of the
radial coordinate. This will be relevant in section 5, in the context of asymptotically AdS spacetimes.
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t/

it= (m,0)

= (=m,0)

Figure 2: A Penrose diagram for M. Note that the angular coordinates z“* have been suppressed so that
each point represents a 2-sphere.

parametrized by u and x4, respectively. A celestial sphere is a section S? of .#+ defined by a constant
value of the retarded time u. It will be useful to introduce the future and past boundaries of .# T, denoted
by ff and #, respectively. It is possible to make similar considerations and give analogous definitions
for the asymptotic structure on past null infinity #~.

3.2 Asymptotic flatness in a coordinate-independent way

In the previous section, we analyzed the asymptotic properties of Minkowski spacetime. In particular, we
have shown that, starting from flat spacetime (M, ds?), it is possible to construct an unphysical space-
time (M,d§2) with d5? = Q2ds? and M = M U .#. The function Q vanishes on the null boundary
S =ITJ Ui~ Ui%Uit, where #% ~ R x S2. Tt is reasonable to ask that, whatever is the definition
of asymptotic flatness, it should encompass some of the above mentioned properties. There are several
definitions in the literature of what it is actually meant by asymptotic flatness. Some of them consist in
specifying a coordinate system (i.e. a gauge) and giving certain fall-offs for the metric, e.g. g—n = O(r~1).
A study of these boundary conditions will be extensively given in the next sections. Here, we briefly men-
tion that there exist an “alternative” definition of asymptotic flatness, which has the advantage of not
relying on the choice of a coordinate system, but rather on the definition a global structure. We present it
here and for a more detailed analysis we refer the reader to [45-53].

A spacetime (M, ds?) is asymptotically flat if there exists a spacetime (M,d3?) with boundary .# = OM
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and a diffeomorphism of M onto the interior M/.# (so that M can be identified with its image in M
under the diffeomorphism) such that

1. There exists a smooth function © on M with:
(a) d3? = Q2ds? on M;
(b) Q=0on st
(c) n, =V, is nowhere vanishing on .#;
2. .# has two connected components, .# = .+ U .~ such that #* ~ R x §2 910,

3. The metric g, satisfies G, = 87GT},, where Q*QTW has a smooth limit on .#;

4. The integral curves of n* are complete on .# for any choice '! of the conformal factor for which .#
is divergence-free (i.e. V, n* = 0).

It can be shown that: conditions 1b and lc imply that Q falls on .# as 1/r as one recedes along null
directions; conditions 1 and 3 imply that .# is a null hypersurface with normal vector n* = V#) satisfying
n*n,| s = 0 and the Bondi condition V,n,|, = 0; condition 4, weaker than the one originally considered
in [46] which was excluding black holes solutions, ensures that the action that the full BMS, group is
well-defined on .# and not only that of its Lie algebra.

We will not further pursue this approach and explore its consequences here. However it worth point-
ing out that it is possible to derive the asymptotic symmetries of the class of spacetimes satisfying 1-4 as
the subgroup of diffeomorphisms preserving a certain geometrical structure.

3.3 Bondi gauge and residual Killing vectors

We now proceed to introduce a suitable coordinate system adapted to study the asymptotic properties of
the gravitation field at future null infinity. This set of coordinates will be essential to describe asymptotic
flatness.

We define the retarded Bondi gauge as the set of coordinates x* = (u,r, .TUA) with A = 1,2 such that:

e The hypersurfaces given by the equations u = const are null. It implies that the orthogonal covector
to such hypersurfaces k, = 0,u = 9, satisfies g""k,k;, = 0. Consequently g** = 0.

e The angular coordinates z*

are constant along the null rays, i.e.
k“@,ﬂ,‘A = g“”(s:ff)uxA = g“”(s;‘ =g =0, (3.5)

for A=1,2.

9Tt is not completely clear if 2 is actually a consequence of the other conditions. A first proof of 2 can indeed be found
in [54]. However, as remarked in [55], the arguments used in [54] were incorrect and more rigorous proofs can be found
in [56,57].

0Note also that the points it and i® are excluded from this definition. In fact, for asymptotically flat spacetimes that are
not flat, these points might be singular for the conformal geometry [50].

"Bear in mind that Q is ambiguous, as remarked in 8.
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e The radial coordinate 7, which varies along null rays is an areal coordinate [3] so that
det[gap] = ridet[yap] = rib(z?), (3.6)

e.g. in spherical coordinates (6,¢) and in complex stereographic coordinates (z,Zz) where z =
taun(g)ei‘Zj we have b(0, ¢) = sin? 0 and b(z,z) = 4/(1 + 2Z)?. Sometimes equation (3.6) is substituted
by the weaker condition [5]

8,n<de‘3£fj‘3}> =0, (3.7)

ensuring that r is a luminosity distance. The solution of (3.7) is det[gag] = r*b(u, 24), allowing for
an extra u dependence. We will use the more general (3.7) instead of (3.6).

As mentioned, the above defined set of coordinates is suited to describe the behavior of the metric at future
null infinity .#*. Similarly, we could have introduced the advanced Bondi gauge, consisting in specifying a
set of coordinates (v, r, azA) describing the behavior of the fields at past null infinity .#~. All the consid-
erations in the remainder can be easily extended to the case of advanced gauge.

The gauge fixing conditions ¢4 = 0 = ¢“* are equivalent to ¢,r = 0 = g,4 and hence the most gen-
eral line element in the retarded Bondi gauge can be written as

v
ds? = g, dotda” = 6267(1’&2 — 2?8 dudr + gap(dz? — UAdu)(dz? — UBdu), (3.8)

where V,U#, 8 and g4 p satisfying (3.7) are six arbitrary functions to be determined. Note that we have used
all the freedom coming from the gauge invariance of the theory. Indeed, a general symmetric metric tensor
in four dimensions is defined by ten arbitrary functions. Having fixed the Bondi gauge has reduced this
number to six. However, there is still some residual freedom which consists in diffeomorphisms generated
by a & solving

Legrr =0,  Legra=0,  Ler (W) = 0. (3.9)
The solution to (3.9) for & is
£ =1, (3.10)
A=Yt -0gf /OO dr’ (2P gB4), (3.11)
& =5 Dyt = Da(ons [T ar@gPh)) < vtonf - ). (3.12)

where f(u,z4),Y4(u,2P) and w(u,2?) are independent of the radial coordinate and where Dy is the
covariant derivative associated to the unit metric y4p on the 2-sphere. It follows that the residual diffeo-
morphisms preserving the Bondi gauge are parametrized by four functions (f, Y4, w) of (u,z4).

3.4 Asymptotic flatness and solution of Einstein’s equations

Following the gauge fixing procedure outlined in 2.4, we now proceed to solve (vacuum) Einstein’s equations
R,, = 0 introducing certain boundary conditions. We require that the angular metric g4p admits an
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analytical expansion in the radial coordinate r as
gap =r*yap +1Cap + Dap + O(r™ 1), (3.13)

where the first term accounts for the second order pole discussed in 3.1 and the symmetric tensors
Cap(u,zP), referred to as the asymptotic shear, and D AB(u, 2P) are independent of the radial coordi-
nate. From now on the angular indices A, B,.. will be lowered and raised with y45. Condition (3.7)
implies that

~ 1
C44 =0, Dap = EVABCDECDE + Dag, D44 =0, (3.14)

with D4p symmetric and traceless tensor. We are interested in describing asymptotic flatness and hence
we require that ds? in (3.8) approaches, at large values of 7, the Minkowski line element in (3.1). It implies
the following fall-offs for 8,V and U#:

B=002), % — 1oy, UA=0G2). (3.15)

The set of boundary conditions in (3.13) and (3.15) defines asymptotically flat spacetimes'?.

We now proceed to present the solution of Einstein’s equations corresponding to these boundary con-
ditions [1,2,5,39,58,59]. They split as follows:

o Main equations:

1
Ry=0, Ra=0, ¢*"PRyp=0, Rup-— 5945R =0. (3.16)

Sometimes the first three of (3.16) are referred to as hypersurface equations because they determine
the radial evolution of 8, V and U#, while the last of (3.16) is referred to as standard equation.

o Trivial equation:
R, =0. (3.17)
e Supplementary equations:

Rua =0, Ry = 0. (3.18)

The first three main equations in (3.16) yield the following fall-offs for 3, U4 and V', respectively
1

6 = —WCABCAB — WCABDAB + 0(7’_4), (319)
1 2 1 1
Ut = —ﬁDCCAC ~33 [NA + (3 + log r> DpDBA — 5CABDCCCB +0O(r™), (3.20)
2
V=-1+ Tm +O>r2). (3.21)

12For more general boundary conditions see e.g. [39].
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Note the appearance of the integration constants N4 (u, 2?) and m(u, z) in (3.20) and (3.21). In principle
there could be an integration constant also in (3.19), Bo(u,x”) which is however absent because of the
first condition in (3.15). N4(u,x?) and m(u, x4) are referred to as angular momentum aspect and Bondi
mass aspect, respectively, and they give information about the angular density of angular momentum and
energy of the spacetime, as we will further comment later on.

The last equation in (3.16) gives the retarded time evolution of all the tensors appearing in the ana-
lytic expansion (3.13) of gap in terms of 3, U4 and V. However the time derivative of the shear tensor is
not fixed by the last of (3.16). It means that, introducing the Bondi news tensor Nap(u,z®) as

Nap = 0u,Cap,; (3.22)

it must be given as part of the free data. Taking into account the traceleness condition in (3.14), it consists
in two arbitrary functions that have to be interpreted as the two degrees of freedom of the gravitational
field. Further, it can be shown that the last of (3.16) fixes

OuwDap = 0. (3.23)
If it is required the absence of logarithmic terms in (3.20) expansion, then one should require
DpDP4 =, (3.24)
which, taking into account (3.23) is solved in stereographic coordinates by
D* = f(2)(14 22)%, D =g(2)(1 + 22)%. (3.25)

with f and g arbitrary functions. Notice that for non-vanishing f and g, (3.25) introduce singularities on
the 2-sphere spanned by (z,z). In our analysis we will not be concerned about these issues and from now
on we will simply impose Dap = 0.

It can be shown that the trivial equation in (3.17), once the main equations are solved, is automatically
satisfied and hence it gives no additional information. For what concerns the supplementary equations in
(3.18), assuming that all other equations are solved, they have to be solved only at order 2. So far we were
only concerned about vacuum Einstein’s equations. However, it can be shown that adding a non-vanishing
stress energy tensor T, with certain fall-offs motivated by the behavior of radiative scalar-field solutions
in Minkowski spacetime (see e.g. condition 3 and [60]) will influence the supplementary equations, that
constraint the retarded time evolution of N4 and m, respectively, as

1

1 1
OulNa = 0am + 7204 (CpeNPY) - ZJ\IBCDACBC -4 Ds (DPDCCey — DaDcCPY)

1

~ Z(CCf-”‘NAC — CacNB) — 87GT 4, (3.26)
1 ap _ 1 AB -
Oum = 3DADpNY — ENspNAP — 4r G, (3.27)

where Tyq = r2Tya(u,2B) + O(r=3) and Ty, = r*QTuu(q, z4) + O(r~3). Defining the Bondi mass as
M= | g2 de\ﬁm and assuming the null energy condition T}, > 0, an interesting application of equation
(3.27) is the Bondi mass loss formula,

1 ~
8UM = —8/ dZ,ZEﬁNABNAB —4rG d2$ﬁTuu < 03 (328)
52 52
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according to which if a system emits gravitational radiation, i.e. there is a non-vanishing news tensor, the
Bondi mass always decreases in time.

The above analysis shows that for asymptotically flat spacetimes, within our setup, a generic set of initial
data on S is x , = {m(uo, ), Cap(uo, ), Nap(u, ), Na(ug, z?), ...}, for an arbitrary initial point
ug on £ 1 and where ... comprise all the infinite tower of subleading multipoles in the g4p expansion of
(3.13) at up 3. The subset X/j+ = {m(ug, %), Cap(ug, v%), Nap(u, %), Na(uo,2?)} C X, forms a set
of initial data on .# T at first and second subleading order in the luminosity distance 7.

Putting all these results together, the line element (3.8) admits the following asymptotic expansion around
It

AB
ds? = — (1 - 27m + 0(r_2)>du2 - 2(1 - % + O(r_3)>dudr + 72 <7AB + % + O(r_2)>dxAd:rB
4N DoCCB
+ (DCCAC + 37:“ _ Cap 3?0 + O(r‘2)>dx‘4du, (3.29)

where the retarded time evolutions of N4 and m are governed by (3.26) and (3.27), respectively.

3.5 Asymptotic symmetries and asymptotic symmetry algebra

We now focus on the asymptotic symmetries of the above defined class of spacetimes, i.e. the subset of the
residual Killing vectors in equations (3.10)-(3.12) preserving the fall-off conditions in (3.29). In particular,
we ask that

Legur =072, Legua=0(1),  Legap=0(r),  Leguu= 00", (3.30)
These equations constrain the form of f(u,z?), Y4 (u,24) and w(u,z*) appearing in (3.10)-(3.12) as
A 1 A c
0, Y =0, Ouf = iDAY , DaYp +DpYy =vapDcY"™, w =0. (3.31)
Solving the first two equations in (3.31) yields
YA =YA=B),  f=T@+ gDAYA, (3.32)

with T'(z4) arbitrary function on the 2-sphere, while the third implies that Y4 is a conformal Killing vector
of yap. The solution, in (z, Z) coordinates, is

Y?=Y*(2), YZ=Y?z). (3.33)

The asymptotic symmetries of asymptotically flat spacetimes are thus generated by a vector field &
parametrized by (T,Y4), where T and Y4 are an arbitrary function and a conformal Killing vector on the

BBEquivalently, introducing Eap(uo,r,z°) = gap(uo,m,z%) — r?*yap(x®) — rCap(uo,z%), we have X,y =
{m(uvaA)7CAB(U07xB)7NAB(u73:C)7NA(u07xA)7EAB(UO7xc)}'
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2-sphere and whose components £* are given by

§ =T+ 5Day", (3.34)
A=v4_9p (T + %DCYC) / dr' (2P gB4, (3.35)
=1 [DAYA Dy [63 (7+5DcY°) / dr' (e BA)] — U404 (T +5DcY©) ] (3.36)

Note that £ is field-dependent because it depends on the metric components.

3.5.1 Asymptotic symmetry algebra on 4"

Let us start by considering the algebra realized by the vector £ on .#+ = R x S2, given by ¢ = & + &y,
with

9
ou’
The standard Lie bracket between vector fields yield

&y fDAYAE—irYA 0 (3.37)

fr=T ou oz

[€T1 ) gTz] =0, [{Yl ) £Y2:| = ff/? [fyl ) £T2] = £T12a (338)
where
. . 1
VB =y oY —viouvP, T =Y 04T - 5TQDAY{‘. (3.39)

The vector fields &7 and &y in (3.37) are the generators of supertranslations and of conformal transforma-
tions (global or local, as we will discuss in section 3.6), respectively. Note that the supertranslations form
an abelian algebra. The full algebra reads

(61, 82) = [€vi +&m,&vs +En) = & + &5y, —ép, =€ = &5 + &5, (3.40)

where

T =Y 04Ty — YL04T) + = (T1DAY2 —TyDaY), (3.41)

and Y is again given by the first in (3.39). The Lie algebra satisfied by ¢ is denoted bms, (Bondi-Metzner-
Sachs) and, as it is clear from the structure of the bracket (3.38), it is a semidirect sum of the algebra
of conformal vector fields on the 2-sphere with that of abelian supertranslations. The corresponding Lie
group is called the BMSy group. Note that there is a non-trivial action of £y on &, giving the structure
of semidirect sum. We can abstractly define the Lie bracket of bms, as

(Y1, Th), (Ya, T)] = (Y, T), (3.42)

where Y and T are given by the first of (3.39) and (3.41).
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3.5.2 Extension of bms, in the bulk

We now turn to consider the vector field in (3.34)-(3.36) defined on the whole spacetime. As mentioned,
it depends on the metric through the functions 3, g% and U4. In other words, the gauge parameters are
field-dependent. We thus consider the modified Lie bracket [5], defined as

[€1(9), 2(9)]n = [61(9),€2(9)] + ¢, 2(9) — 0¢,61(9), (3.43)

where 0¢,£2(9) = &2(6¢,9), where 0¢guy = Legu- The last two terms in (3.43) take into account the above
discussed field dependence. We start by splitting again & = &7 + &y with

_ Q R 28 BA 9 r /OO 1/ 28 BA A ﬁ
fT—Tau—OBT/T dr'(e*’g )781'14—1_2 Dl 0T i dr'(e“Pg”*) | + U”04T 5 (3.44)
& = Lpyad Y4~ 205(DeY) /Oodr/(ewgBA) 9

2 ou 2 - OxA
Dyt DA |ap(Dev?) [ ar(@gB| - Luta(Dey©)| L 3.45)
5|74 5 a9\ Lo g r(e*7g7") B A\Lc ar (3.

It is then possible to show that the modified Lie bracket between vector fields §; = &y, +&1, and &2 = &y, +¢1,
in (3.44) yields again

[517 52]1»1 = g - ff/ + fTa (3.46)

where Y and T' are given by the first of (3.39) and (3.41). In other words the full spacetime vector fields
of the form (3.44)-(3.45) provide a representation of bms,s when equipped with the modified Lie bracket
of (3.43). This shows that bmsy, though it was originally defined at null infinity, it is actually faithfully
represented everywhere in the bulk of the spacetime throught the modified Lie bracket.

3.6 Global, local and generalized bms,

So far, we have shown that the generators of bms, depend on an arbitrary function 7" and a conformal
Killing vector Y4 on the 2-sphere. In particular, since an arbitrary function on the 2-sphere is specified by
an infinite number of parameters, the supertranslations subalgebra is infinite-dimensional. However, both
for T and Y4 we have not yet specified the space of functions under consideration. Here we discuss three
choices which lead to different definitions of bmsy.

The first is to consider only the globally defined, invertible conformal transformations on the 2-sphere
into itself. This choice corresponds to the global bms, algebra. In this approach the conformal group gen-
erated by Y4 is restricted to its six-dimensional globally defined component SL(2, C)/Z? isomorphic to the
connected component of the Lorentz group and, correspondingly, the smooth function 7" on the 2-sphere
is expanded into spherical harmonics. The global bms, algebra can then be defined as the semidirect sum
between the algebra of the Lorentz group so(3,1) and that of supertranslations, denoted by s . This is the
choice originally considered in [3] and successively in [45,61].
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Another choice, proposed in [4-6], consists in allowing Y4 to generate not only the globally well-defined
Lorentz group, but all possible conformal transformations of the Riemann sphere into itself, including
the singular ones. In this case, Laurent series are used to expand the components (Y?(z),Y?(Z)) of the
conformal Killing vector Y4 and they form two copies of the infinite-dimensional Witt algebra. The cor-
responding transformations are referred to as superrotations. Consequently, in order for the bmsy algebra
to be well-defined, one needs to include also singular supertranslations. This choice defines the local bmsy
algebra, which is then defined as the semidirect sum between superrotations and supertranslations. It is
worth pointing out that including singular conformal transformations has played a crucial role in the de-
veloping of two-dimensional conformal field theories and, in the context of asymptotically flat spacetimes,
they have been interpreted in terms of cosmic strings [62].

More recently, a third choice has been proposed in [7,8]. It was shown that, allowing the boundary metric
on the asymptotic 2-sphere to fluctuate and thus relaxing the boundary condition outlined in (3.13), it is
possible to substitute in a consistent way the above mentioned superrotations by smooth diffeomorphisms
on the 2-sphere (Diff(S?)). Correspondingly, the semidirect sum between smooth Diff(S?) and supertrans-
lations defines the so-called generalized bms, algebra. The relevance of this proposal relies in the fact
that, differently from what happens for singular superrotation, the Ward Identities associated to smooth
Diff(S?)-invariance of the gravitational S-matrix, reproduce the subleading soft graviton theorem [15].

Note that in each of the three above spelled cases the Poincaré algebra iso(3,1), realizing isometries
of flat spacetime, is a subalgebra of bmss;. We now proceed to show the explicit realizations of the global
and local bmsy.

3.6.1 Realization of the global bms, algebra

We start by considering a realization of the global bms,; on .#7 ~ R x S2. The generators of the Lorentz
algebra are rotations (Li, L, L3) and boosts (Ri, R, R3) satisfying, through the ordinary Lie bracket
between vector fields, the standard commutation relations

[Li, Lj] = €Ly, [Ri, Rj] = —€iji Lk, [Li, R;] = €iji Ry (3.47)

Introducing coordinates (u,d, ¢) to parametrize £, L; and R; admit a representation in terms of differ-
ential operators as [51,63]

Ly = i(sin ¢§9 + cot 0 cos (baé;), (3.48)
Lo =i - cos 6 + cot Osin 6-2- (3.49)
2 =1 cos ¢ 5 +cot O 95 .
.0
Ly =iy, (3.50)
. 0 sing 0 i 0
R, = —z<cos€cos 90 sm00o usin 0 cos ¢8u>’ (3.51)
. ., 0 cos¢ O ., 0
Ry = —z(cos&sm gb% + 50090 u sin @ sin (bau), (3.52)
Ry =i sin02 4 ucos0-2- (3.53)
3 =1| sinfzg +ucosfz- ). .
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On the other hand, expanding the function 7'(0, ¢) in the first of (3.37) in spherical harmonics Y}, (0, ¢),
the generators of supertranslations and their Lie bracket read

9
ou’
The algebra formed by the generators (3.48)-(3.53) and (3.54) is better expressed by introducing the stan-
dard ladder operators L+ = L +ilo and R+ = R; £ iR> and it reads

[Ly, Pin] = VI +1) —m(m 4+ 1) P, (3.55)
[Ly, Pon] = VI +1) —m(m — 1) Py, (3.56)
[Lg, f)lm] = mleu (357)

(R, Pr] = —i(l — 1)\/(l +(Z;i 322;:7;;— 2)Pl+1,m+1 —i(l+ 2)\/“ — m4l—2 1_)(1[ - m)Pl—l,m—i-h (3.58)

R Pyl = i(l - 1>\/ ¢ i BE;Z_ s 2 Prormn + (1 + 2>\/ Crm DU p s, (359

The set of commutation relations (3.47),(3.54) and (3.55)-(3.60) define the global bms, algebra. As re-
marked, it is a semidirect sum bmsy = s0(3,1) @, s, where s is the abelian ideal of supertranslations 4
and o denotes the action of the Lorentz algebra on it [51]. The Poincaré algebra iso(3,1) is the subalge-
bra spanned by the set { Poo, Pim, Li, R;} as clear from the factor (I —1) multiplying P11, in (3.58)-(3.60).

Now we briefly comment on the finite global BMS, transformations of the coordinates. Ordinary four-
translations act on bulk coordinates z# as z/* = zt + §x*, dz" being a constant. We now ask what is
the corresponding effect on the coordinates (u,z4) on #+. For large values of the radial coordinate r,
for asymptotically flat spacetimes, we have u ~ ¢t — r. An infinitesimal time translation ¢ =t + §t and a
spatial displacement 0Z produce a shift du = 6t — 5'7‘% .Therefore, for an infinitesimal four-translation dx*
we have, using spherical coordinates z4 = (6, ¢),

l
Su = 6t — 0z cos psin @ — d2° sin psinf — 52> cos § = Z Z W Yim (0, @), (3.61)
1€{0,1} m=—1
with
0 Am o 3 2T o 1 s 2
oo = Vamrdx”, o1 = — 35:1: , aj41 ==+ 3(5x Fidz”). (3.62)

Then, the effect of a supertanslation (3.54) can be easily expressed as the generalization of (3.61) to
arbitrary values of [:

9] l
LA 9) LA (3.63
1=0 m=

“TIndeed [Pim, 9] €5, V g € bmss
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with oy, satisfying the reality condition ajm, = (—1)™«]_,,. The retarded time u gets shifted as v’ =
u+ T(0,¢) for an arbitrary smooth function T'(0, ¢), whose expansion in spherical harmonics is that of
(3.63). It means that each point on the celestial sphere gets shifted by a certain amount depending on its
angular coordinates, as pictorically represented in Figure 3.

i+

Figure 3: A supertranslation maps the celestial sphere u = u, to the one v’ = u, + T

In order to describe the action of Lorentz transformations on .#7, it is now convenient to parametrize
the latter with coordinates (u,z,z) and to use the isomorphism SO(3,1) ~ SL(2,C)/Z* = PSL(2,C),
according to which to each Lorentz transformation it corresponds a fractional linear transformation of
(2,2) [64],

az+b a b

2 = ot (C d> € SL(2,C) /7> (3.64)

Rotations of an angle ¢ and boosts of rapidity x about an axis 7/ = (cos¢’sin#’,sin ¢’ sin@’, cos ') are
described by the following SL(2, C)/Zy matrices

cos ¥ —icos# sing  —isinf sin %e*wl
Lu(g) = + | (3.65)

.. . ;A . .
—isin @’ sin %e“i’ cos & +icosf sin ¥

cosh¥ —cos@'sinh§  —sin#'sinh %e*i‘ﬁ/
Ra(x) = + ) . (3.66)
— sin @ sinh %e“ﬁ cosh & 4 cos ¢’ sinh &

Notice that L/ (p) is also an SU(2) transformation while R;/ () is not. Indeed, for any rotation the con-
formal factor is K(z,z) = 1, because rotations are pure isometries of the 2-sphere, while boosts are only
conformal symmetries. In the complex plane spanned by (z, Z) the former are rotations while the latter
are dilations.
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Under (3.64) the induced (degenerate) line element on . transforms as

4
d8ﬂ+ = mdz dZ = Kz(z Z)deJr, (367)

with
1+ 2z

K(z,%) = . 3.68
(%) laz 4 b* + |z + d)? (3.68)

It can be easily shown [65] that the retarded time u, under (3.64) transforms as
' = K(z,2)u. (3.69)

The finite form of global BMS, transformations on the coordinates (u, z, Z) is given by (3.63), (3.64) and
(3.69).

3.6.2 A fuzzy celestial sphere

As shown in (3.54), the generators of supertranslations are indexed by the angular momentum [ of spher-
ical harmonics on the celestial sphere and are infinite in number because one can have infinite angular
resolution on such sphere. Here we show how a cut-off in the angular modes of the celestial sphere can
be consistently introduced using techniques of non-commutative geometry. In particular, we introduce
a non-commutative deformation of the algebra of spherical harmonics analogous to the one used in the
literature to describe a non-commutative analogue of the 2-sphere, the so-called fuzzy sphere [66].

The celestial sphere, as a smooth manifold, is a 2-sphere and the commutative algebra of smooth functions

defined on it, which we denote by C(S?), is generated by the spherical harmonics {Y;,,(6, ¢)} that provide
an orthonormal and complete basis with inner product given by

/dQ l1m1 (9 ))/lzmz (07@) = 5lll25m1m2- (370)

Thus, any smooth function f(6,¢) € C(S?) can be expanded as

9] l
0,6)=> > fumYim(0,9), (3.71)
=0 m=—1
with the coefficients f,, given by
fin = [ A0%;5,(0,0)£(6,9). (3.72)

The product of two spherical harmonics can expressed in terms of a linear combination of spherical har-
monics using the Clebsch-Gordan coefficients:

l1+1o !

2[1 =+ 1 2l2 + 1)
Vi Yigms = > Y TR Clota0CT s tyms Yim- (3.73)
I=|ly —ly| m=—1
Note that such product is commutative, since Cl OIQOC’lllmllQm2 = C’;SOZIOCZZ%QIITM and that the maximum

value of the angular momentum [ is given by lpnax = l1 + lo.

36



The action of the Lorentz algebra generators given in (3.48)-(3.53) on the algebra of spherical harmonics
Yim (0, ¢) is given by [67]:

Ly (Yim) = VI +1) —m(m +1)Yi 41, (3.74)
Lz(}/lm) = mYym, (3'75)

o JUEmF)(IEm+2) ) \/(l$m—1)(l$m)
Ry (Yim) = Wl\/ 2+ 1)(2 +3) Yit1mer Fi(l +1) TR Yio1m+1, (3.76)

Rs(Yim) = il\/(l _(Z i Bgl—:ﬂ;j 1)Yl+1,m —i(l+ 1)\/Wﬁ—1,m- (3.77)

Note that since the total angular momentum L? does not commute with the boosts, the action of a boost
on a spherical harmonic changes in general its total angular momentum [ and always maps the harmonic
with given [ to one with [ 4 1. This is not an issue because, has already remarked, [ can be any arbitrarily
large integer number because one can have infinite angular resolution on the ordinary sphere.

The first step in order to obtain a non-commutative deformation of the celestial sphere is to deform
the algebra of spherical harmonics (3.73) by introducing the so-called fuzzy spherical harmonics, which can
be thought of as the algebra of functions on a non-commutative space known as the fuzzy sphere [66,68-78].
This deformation is concretely realized in terms of a “quantization map” between the commutative algebra
of functions on the 2-sphere C'(S?) and the algebra of N x N complex matrices My (C),

(V)
Qy : O(S%) = My(C); m[m(e,so)]:{})’lm RSV (3.78)

(N)

where the mapping between the spherical harmonics Y,,(6, ¢) and the matrices Ylm

as:

is explicitly realized

(V) _ 2! [N(N—l—l)'

with JV) = (Jl(N), JQ(N), JéN)) and Ji(N) are the N-dimensional spin matrices with spin jn

I = eV, T2 = Gy + DIV, 2y +1=N. (3.80)

}Aflgiv) are referred to as fuzzy spherical harmonics and they are irreducible tensor operators of rank [. In-
() (N) (N)

troducing ladder operators J ' = J;"’ £14J; ’, their adjoint action > on the fuzzy spherical harmonics is
given by
TP e 000 = R0 = VIFEm EEm DY, (3.81)
S5 5 = 0, 700] 2 20 552
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Furthermore the action of the the Casimir JV)? is,

J2 7N _ { S, { ng)y(N)H N [ S, { Jém,ylglvﬂ _ { J§N>73>(N>]

Im Im
(N (N
— 11+ 1), = — Ay (3.83)

where we introduced the fuzzy Laplacian A. This is the non-commutative analogue of the ordinary an-
gular Laplacian and its eigenmatrices are the fuzzy harmonics. Its spectrum is truncated at | = lpax =
27y = N — 1. Note that the operation > is a derivation, that is the non-commutative analogue of a vec-
tor field. The product of Ylgﬁ)l and Ylgi\% can be expanded as a linear combination of Ylglv) using 6j-symbols

IN ;
(N) y 2inH L+ +1)2in+1) [Ii 1 1 Im ~(N)
}/llml l2m2 Zo o \/ A7 jN jN jN Cl1m1l2m2Y2m : (3'84)

Notice that the 6j-symbols of (3.84) automatically vanish if the triangular conditions |ly — lo| <1 <11 + 2
and 0 < [ < 25y + 1 are not satisfied. It means that [ can assume values up to lpax = 2jy = N — 1, in
contrast to what happens for the product of ordinary spherical harmonics (3.73). From the antisymmetry
properties of the 6j-symbols, we derive the commutator

l1,m1? ~lama 47 JN N IN

2jN :
YOy NSz [Cht DR+ DN D fl B
i, 5] = sy Un o i)

(N _
X Cl1m1l2m2Y( )[1 - (_1)ll+lz l]' (385)

Im

Using the asymptotic behavior of the 6j-symbols [79] for large values of N

ho Iy 1 (—1)%+
{.1 2 }x : Clo,0; (3.86)
JN JN N V(@I+1)(2jn +1)

we have that

lim Qy ( v Y(N)) = Yimy (0, &) Yigm, (0, 6) (3.87)

N—ooo lymy ~ loma

and thus the commutator (3.85) vanishes in the large- N limit, leading to the the usual commutative algebra
of spherical harmonics. On My (C) we can introduce a scalar product (,)y) as

lymy? ~lama lymy ~lame

(N) () _ Am (M- (N) Y _
(Y Y )(N) o NTr <Y Y, > = 0415 0mymo - (3.88)

Since there are Zl N(21+1) = N? independent fuzzy spherical harmonics the set {Yl%\[)}, equipped with
(3.88) is an orthonormal basis in My (C). Any element fV) € My(C) can thus be expanded as

2jN
Yy (T 5N, Vi (3.89)
=0 m=—1
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Again, note that this expansion is truncated at lyax, in contrast to what happens in (3.73). The quanti-
zation map (3.78) can be extended by linearity to arbitrary functions of (6, ¢)

2JN
Qy : (0 Z Z FimYim (0 =3 Z FimYpn . (3.90)
=0 m=-—1 =0 m=-1

The set Cy(S?) C C(S?) of truncated functions on the 2-sphere, i.e. the set of functions whose expansion in
terms of the spherical harmonics includes only terms with I < N as f(V) (6, ¢) = lzi%[ Zlm:—z JimYim (0, ¢)
is a vector space, but not an algebra with the standard definition of pointwise product of two functions,
since the product of two spherical harmonics of order say N — 1 has spherical components of order larger
than N —1, as remarked before. However, we can equip this vector space with a non-commutative x-product

via the Weyl-Wigner map:

l
(5 g™) (0,6) =3 30 (VN FOGM) V(0 0), (3.91)

turning Cn(S?) into a non-commutative algebra. This non-commutative algebra of functions can be inter-
preted as functions on the fuzzy sphere. An important feature introduced by the non-commutativity is that
we now have a cut-off on the allowed values of the angular momentum [,,x in a way which is compatible
with the multiplicative structure on the space of non-commutative spherical harmonics.

In what follows we show how the non-commutative deformation of spherical harmonics just presented
can be extended in order to include an action of the Lorentz algebra which is compatible with the presence
of a maximal allowed value of the angular momentum. In order to do that, we start by looking at the
finite N = NjNs-dimensional representations of the Lorentz algebra, that can be constructed in terms of
the spin matrices as

L(N) — Ji(Nl) ® ]l(NZ) + ]l(Nl) ® Ji(N2)7 RZ(N) =1 (Jz(Nl) ® ]l(N2) — ]l(Nl) ® JZ(N2)) . (392)

K3
It is easy to prove that these matrices satisfy the so(3, 1) Lie algebra of (3.47). For both sets of spin matrices
Ji(Nl) and Ji(NQ) we can construct their associated fuzzy spherical harmonics Ylgl) and ?}%VZ) which are
N7 x N1 and Ny x Ny matrices, respectively, and they satisfy all the properties discussed previously. We
can therefore construct the matrices
Il (N N
12y () Z CEM 1y Vi) @ 9 2) (3.93)

mi lomo *

The matrices ‘12 ?L(AN/[) are irreducible tensors of rank L and are eigenmatrices of JV1)2 @ I(V2) and 1IN g
JWN2)2 with eigenvalues 1;(I; + 1) and Ily(ly + 1), respectively. The allowed values of the total angular
momentum are L = lyin, .., lmax, and M = my +mg = —L, ..., L with Iy, = |[l1 — l2| and lpax = 11 + 12
as follows from the rules for the addition of two angular momenta. Note that, since li;max = N1 — 1 and
lomax = N2 — 1, the value of L is never grater than Ly,x = N1 + No — 2. The set {lllQYL(]A\Q} is an

orthonormal basis in My (C) with a scalar product analogous to the one of the fuzzy spherical harmonics,
given by

~ (N rir A (N 471' 2 IRTARS
(lll2Y[(/1]\)417lll2Y[(zz]\)42>(N) _ (N) Tr (l1lzy( RA Y( ) >:5L1L25M1M26l1l’15l2l’2' (394)
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c
The algebra realized by the matrices (3.93) is given in terms of 6j- and 9j-symbols < f as
J

Q@ o o
TR

! 1711 A N
Wy O EY N =S ‘i;\/(zzl )20 + 1)(207 4+ 1)(2L + 1)(21y + 1)(21 + 1)(214 + 1)(2L" + 1)

LM
l1lo

noWoh h 2N 42N+l holo L Lila ()
X . . . . . . 1 le jN2 1 ZC ! 1y 1" l l/, L,/ 1 2Y 3:95
{le JN1 .]Nl} {jNQ JN> ]Ng} ( ) L'M'L"M li L L LM - ( )

For large values of N = N; Ny we have

o L o1 ) (Cmtethil
. . . . - . ~ Cl/ Ol” Cl/ Ol//o, (3-96)
JN1 JIN;  JNy JN2  JNs JNo \/N(2l1 + 1)(2l2 + 1) 1

so that the algebra becomes

by (M) Wiy Y |~ Z \/ 21 + 1)(214 4 1) (2L +1)(214 + 1)(214 + 1)(2L" + 1)

lllz
0ol I
X CltaCtoCllp e U 15 L7 3 V), (3.97)
Wl L

which is exactly the algebra satisfied by commutative bipolar spherical harmonics (see e.g. [67]), as one
would expect. For these reason, the matrices of (3.93) can be thought of as fuzzy bipolar spherical har-
monics. Their commutator is given by

[l'l sy Ry () }

Lo | = Z VN 2L+ 1)1 + )21 +1)(2L" +1)(212 + 1) (21, + 1)(215 + 1)(2L" + 1)
L

47
M
l1l2
l/ l// l l/ l” l i . lll ll2 L/
X{ 1 1 1 }{ 2 2 2 }(_I)QJNl+2]N2+l1+l20£’1‘1\4/[’L”M” A U ¥
ING ING IN) UINe INe O li lz I

! / 1 " A N
s [1 — (—1)h ettt +z2]llzzyL(M) '

These equations define our non-commutative algebra of spherical harmonics on the fuzzy celestial sphere.
It can be shown [63] that Lorentz algebra acts as

L uley (V) = (LF M)(L £ M+ 1)y, (3.98)
LV p 2y (00 — pphlzy (0D, (3.99)
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R w0y —

’L\/(L FM)(LF M —1)[L? = (Imin)}[(lmax + 1)? = L?)] lilzy-(N)
I (4L2 — 1) L—1,M=+1

.lmin(lmax + 1) l1lax-(N)
——— 2\ (LF M)(L £+ M +1)1?Y,
+1 L(L—|— 1) \/( + )( + ) L,M=+1

i \/ (L+ M+ 1)(L £ M +2)[(L +1)2 — (lnin)?) [(bmax + 1) — (L + 1)?]

: T e (3100

(L+1) (2L + 1)(2L + 3)

L (407 — 1) LM

Rz(J)N) > lllgf/’l(/%) -Z\/(L + M)(L - M)[L2 — (lmin)Z] [(lmax + 1)2 - LQ)] lll2Y£]j)

.Mlmin(lmax + 1) lll2Y(N)

) LM
N i (L+M+1)(L—M+1)[(L+1)2— (lmin)?)[(lmax + 1)% — (L + 1)2]l1l2?(N) (3.101)
(L+1) (2L + 1)(2L + 3) L+1.M ‘
Note that the coefficients of the lll?f’éf{ Mg terms automatically vanish if L equals [, and thus the

action of boosts is compatible with the existence of a cut-off in the value of L. Equivalently, the action of
Lorentz boosts on the non-commutative spherical harmonics cannot produce harmonics labelled with an
arbitrarily high angular momentum. Therefore the matrix generalization of ordinary spherical harmonics
on the celestial sphere introduced in (3.93) carries a non-trivial representation of the Lorentz algebra and
equations (3.98)-(3.101) can be thought of as the non-commutative analogue of (3.74)-(3.77). This suggests
that, since the generators of global supertranslations are proportional to the spherical harmonics on the
celestial sphere, as in (3.54), it could be possible to introduce a “fuzzy version” of the global bms, algebra
15 characterized by a non-abelian sub-algebra of supertranslations having a finite number of generators.
Such construction might be relevant in the context of the the soft-hair proposal [21,22,82-84]. The latter
proposes that the charges associated with BMS, symmetries [85,86] could equip the black hole with the
soft hair'® needed to support correlations between the interior of the black hole and the emitted Hawking
quanta. However, one of the obstacles in making such identification concrete is that the actual degrees
of freedom which can be associated to BMSy charges are too many, in fact infinite, while the Bekenstein-
Hawking entropy, albeit large, is finite and proportional to the black hole area divided by the Planck length
squared. Thus non-commutativity, or the fuzziness of the celestial sphere, could be the ingredient needed
to provide a consistent cut-off mechanism for supertranslations modes.

3.6.3 Realization of local bms,

In this section we consider a local realization of the bms, algebra. As mentioned, the local bms, differs
from the global bms, by the choice of the function T' and the vector field Y4 on the 2-sphere. Instead
of using spherical harmonics, we use Laurent series and therefore we define I, and I, to be & with
Y?= 2" YZ=0and Y? =0,Y? = —2"! respectively and T}, to be &7 with T' = 22"2™ /(1 + 2%).

5For recent attempts at generalizing bms, using quantum groups techniques see [80,81].
18The actual meaning of soft will be clarified in detail in sections 4.3-4.5.
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Explicitly, we have

0 zz"M(1—-n)—(n+1)2"u 0
_ _,ntl ¥ -7
=2 0z + 142z 2 0u’ (8.102)
- 9 zZz1l-n)—(n+1)z"u 0
I, =—z"1 —— 1
T 1+ 22 20 (3.103)
22"z 0
Tom = ——. .104
142z 0u (3.104)
Then, using (3.40)-(3.41) we get the commutation relations
[y ) = (0= M)y, b = (0= M) lpims [l ] =0, (3.105)
1 - 1
[ln7 Tml] - (n;_ — m) Tm+n,l7 [ln, Tml] — (n;_ — l> Tm,l+n7 (3106)
(Trnn, Tpg] = 0. (3.107)

Note that (3.105) are two commuting copies of the Witt algebra. The local bmsy is defined by (3.105)-
(3.107) and it contains iso(3,1) as a subalgebra. In particular, the so(3,1) component is generated by I,
and by [,, for n = —1,0,1, whereas the four-translations are realized by T}, with m,n = 0,1. There is
however another way to define the local bmsy algebra, which we briefly point out here. We start by defining
a tensor density of weight (h,h) on the 2-sphere as

F = F(z,2)dz"dz". (3.108)
Under an infinitesimal conformal transformation
7= f(z) = 2+ eX(2), 7 =f(2) =z +eX(2), (3.109)
we have
SxF = X0,F + hF0.X, §¢F = X0:F + hFO:X. (3.110)

We denote the vector space of tensor densities of weight (h,h) on the 2-sphere by ]-"hﬁ(SQ). We can
associate to each supertranslations generator T;,; a density of weight (—%, —%) as

Ty = 2" 2dz"2dz 2, (3.111)

and therefore we have that, under a conformal transformation generated by X,, = —z"*! and X,, = —z"*1,
n+1 n+1

0x, Tl = ( 5 m> Tontnls O, Tl = ( 5 l) T 4m- (3.112)

Hence, the local bms, algebra is the semidirect sum of the algebra generated by vector fields I, = —z"*! daz

and [, = —z"*! 85 with the abelian ideal F_1 _1(S?), the bracket being induced by the module action
27 2
(3.110), i.e. [ln,Tml] = 6x, Ty and [ln, Trt] = 0%, T, as clear from (3.106).
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4 BMS, charges, gravitational scattering and soft degrees of freedom

In this chapter, we start in section 4.1 by investigating the action of bmsy on the set X’]+ with particular
emphasis on the action of supertranslations on the asymptotic shear tensor C'4p. In fact, the transforma-
tion of the latter comprises an interesting homogeneous term that breaks supertranslations invariance of
gravitational vacua. We show that, when focusing on the scattering problem in Christodoulou-Klainerman
spaces discussed in section 4.2, it turns out that the above considered homogeneous term is encoded in a
natural “soft” contribution associated to the supertranslations charges, computed in section 4.3. The final
result is that the Weinberg’s soft graviton theorem, reviewed in section 4.4, is a consequence of the gravita-
tional scattering invariance under supertranslations and vice-versa. We comment on this last point in 4.5.
We conclude by touching upon other related developments, including superrotations and the gravitational
memory effect in section 4.6.

4.1 Action of bms, on solution space and spontaneous breaking of gravitational vacua

In this section we compute the action of bms, on the solution space X; L defined at the end of section 3.4.
As we will see, the coordinates in x’ . transform non-trivially under bmss. It means that data differing
by bms, tranformations are physically inequivalent, despite being diffeomorphic. To find the action, we
need to compute the Lie derivative along £ of the on-shell metric (3.29). Denoting §(7y) = J¢, with £
decomposed as £ = &7 + &y according to (3.44) and (3.45), we find [5]17

3 1 1 1
O(r,yym = <f3u + Ly + §DAYA)m + ZNABDADBf + §DANABDBf + gCABDADBDCYC, (4.1)
1
dr,yyCap = (fau + Ly — 5D0Y0> Cap —2DDpf +yapDc D, (4.2)

1
dryyNap = (fau + ﬁy) Nap — (DADBDC’YC - §’YABDCDCDDYD>, (4.3)

3

1
16NBCCBCDAf + iNBCCACDBf

dry)yNa = <f8u + Ly —i—DBYB)NA +3mDuf —

1

1
53CcpCPDADEY P + L CapD” DD f — %DBf(DBDCCAC . DADCCBC)

1 1 3
+3 (DADBf - §’VABDCDOf> DpCPB 4 gDA (CCBDCDBf)a (4.4)

where f = T +u/2D,Y* as in (3.32). Note that the action of d(T,y) preserves the tracelessness of Cap
and N4p. Under a supertranslation 7', equation (4.2) in (z, Z) coordinates reads

67C.. = T9,C.. — 2D*T, (4.5)

"Note that, for a non-vanishing D 4p one finds 6(T’Y)DAB = Ly Dap so that if one starts with vanishing D4p, it remains
zero after the action of asymptotic symmetries.
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where 67 = §(7,0). The homogeneous term in (4.5), for Ty, = 22"2™ /(1 + 2Z), becomes

2zn—22m

= (n - 1)nTn72,ma (4.6)

so that if n = 0,1, i.e. if T is a four-translation, D?T vanishes and it also does the homogeneous term in
(4.5). Equivalently, spherical harmonics with I = 0, 1 are zero-modes of the operator 2D 4D —~y4DcDC.
Under a superrotation

1 1 = =
by Cos = (Ly = 5D.Y* = SD2Y?)Coy —uDA(D.Y* + DY), (4.7)
If Y?(2) = —2""! and Y, (2) = —2™"!, the homogeneous term in (4.7) is proportional to'®
D3Y7? + D2D.Y? = —n(n® —1)2"% =n(n® - 1)V 5. (4.8)

If n = £1,0, i.e. if Y4 is an ordinary Lorentz transformation, the homogeneous term in (4.7) vanishes
again. We conclude that when ¢ is an element of the Poincaré algebra iso(3,1), if we start with vanishing
asymptotic shear tensor C4p = 0, after an infinitesimal Poincaré transformation it will still be zero.
However, when considering supertranslations that are not translations and superrotations that are not
Lorentz transformations, if we start with a Csp = 0, then the action of these transformations produces a
non-zero C'4p. Recently, this has been interpreted as the fact that supertranslations and superrotations
spontaneously break the vacuum of Minkowski spacetime [10]. To better illustrate this concept, let us focus
only on supertranslations and let us assume to start with a vacuum Minkowski configuration, for which
m=0,Cap =0, Nap =0and Ny = 0. Equations (4.1)-(4.4) are telling us that a supertranslation cannot
create gravitational radiation, inertial mass, or angular momentum. The only effect of a supertranslation
(which is not a translation) on the vacuum is to shift C4p by a homogeneous term. Being a symmetric
traceless tensor on the 2-sphere C4p can be decomposed as

Cap = —-2D4DgC + ’YABDCDCC + GC(ADB)Dcwa (4.9)

C(u,z?) and 9 (u,z?) being a scalar and pseudosclar, respectively. The former will play a fundamental
role and sometimes it is referred to as supertranslations memory field [35,38,87,88]. Comparing with (4.2),
under a supertranslation, it simply transforms as

57C =T. (4.10)

The proposed interpretation is as follows: there exists an infinite number of gravitational vacua labelled
by the field C' and fixing it breaks spontaneously their supertranslations invariance. In particular, C' is
the Goldstone boson associated with this breaking. In sections 4.3 and 4.5 we will deeper investigate these
properties and we will argue that the different vacua are related by the insertion of soft gravitons.

¥0ne can also show that DZ(D,Y* + D;Y?) = m(m? — 1)Y;Z_s.
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4.2 Christodoulou-Klainerman spaces and the scattering problem

We have seen that, in order to solve Einstein’s equations at first and second subleading order in the luminos-
ity distance r, we have to specify the set of data X;Jr = {m(ug, z?), Cap(uo, %), Nap(u, ), Na(ug, z7)}.
In this section we focus on a particular set of solutions, namely the ones reverting to the vacuum in the
far past and in the far future. In particular, we focus on the class of spacetimes studied by Christodoulou
and Klainerman (CK) in [89], where the non-linear stability of Minkowski spacetime was proved. These
conditions are also reviewed in [10,38]. CK spacetimes are characterized by certain conditions on the data
in X; .- The Bondi news falls on the past and future boundaries of .&/ T as

Nap = O(ju|~"9)  when u — +o0, €> 0. (4.11)

We also require that m| ,+ = 0 (so that we are excluding black holes formation), m/| ,+ and N4| s to be
73 7 g

finite. This last condition implies that 8uNA‘yI = 0 and, from (3.26), further assuming that TuALg; =0,

we obtain
Dp(DPD Ceca — DaDcCPY)| 41 = 0. (4.12)

Taking into account the decomposition (4.9) of C4p, (4.12) reduces the number of degrees of freedom of
Casl st from two to one. Indeed, (4.12) annihilates the part of C4p containing C' and it is easy to show

that it implies, for ¥
easDBDeDC(DpDP + 2)U] 4+ =0. (4.13)

Expanding v into spherical harmonics as 9| st = Zlm UimYim, we see that (4.13) reduces to

00 l
SO il + D)[I(1+1) — 2]eapDP Y, = 0. (4.14)
=0 m=-—1

which implies ¥, = 0 for [ > 1. However, spherical harmonics with [ < 1 are also annihilated by the
operator €c( ADB)DC, as can be easily checked, and moreover they do not break the supertranslations
invariance of the gravitational vacua. From these considerations, it follows that the solution of (4.12) is 1

Caslyy = —2DADBC| 4+ + 748D D0 4. (4.15)

In other words, the asymptotic shear on the past and future boundaries of future null infinity is completely
determined by the value of the supertranslations memory field there. Note that, equations (4.15) is telling
us that, interpreting (4.2) as a gauge transformation, the field C4p is pure gauge on ;.

Introducing similar conditions for the fields living on .#~ and choosing the initial values ug and vy to
be £ and &, the relevant set of data in CK spacetimes are

Ve = {m(@)] e, Cla)] e, Nap(u,29), Na(a?)] -, (4.16)
V- = (@), Ca™)] oo, Nap(v,2), Nae?)| - ). (4.17)

In particular, we have reduced the problem of solving Einstein’s equations to the following procedure:

9Tn (4.15) and in the following we denote <I>(1:A)|Jq = limy— 400 ®(u, z?) and Cf’(xA)\yi_ = limy 400 (v, ), for any pair

of fields ®(u,z*) and ®(v,z*) living on .# T and .# .
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1. Assign the fields C| ,+ and CN’\j_ and suitable Bondi news tensors Nag on .+ and Nag on .~ to
Ve - and
get the time evolutions of C4p and Cyp on £+ and £~ as

u

Cap(u, %) = —2DADpC(x™)| -+ +/ duNap(u, %), (4.18)

—0o0

Cap(v,2%) = —2DADBC‘(:EA)|]+— +/ dvNap(v,z°); (4.19)

2. Assign initial values N4 (25)| ,+, N4 (mB)]j;, m(z?)| ,+ and ﬁ@(:xA)]j; on 7 and .#; and integrate

(3.26), (3.27) and their .#~ counterparts to get the angular momentum aspect and the Bondi mass
aspect everywhere on £t and .#~.

In principle, solving Einstein’s equations on .# ™ and on .#~ are two decoupled, independent problems. A
direct consequence of this is that there exist two different asymptotic symmetry groups, preserving fall-offs
conditions of the fields on £+ and .#~ and acting separately on the data (4.16) and (4.17). We denote
these groups by BMSZr and BMS;, respectively. Here by different we mean that, a priori, the functions
(T,Y4) and (T,Y*) characterizing their generators are independent. However, when focusing on the so-
called scattering problem, which consists (in CK spacetimes) in finding a map relating the set in (4.17) to
that on (4.16), the former being thought of as initial data of the latter, the fact that they can be acted
upon with two different asymptotic symmetry groups is an issue. Indeed, for a scattering problem, data
on .~ and on .7 can be thought of as in and out states, respectively, and we need a prescription to
relate them in order to get a unique solution for the geometry on the entire spacetime (or, at least, in a
neighborhood of the whole .#). But since the symmetry groups preserving the intrinsic structure at %+
are given by BMST, such prescription would be spoiled by their non-trivial action. Another way to phrase
it is that initial data on .1 and S are defined up to BMSZr and BMS, transformations and thus, the
total group BMSZ x BMS; is somehow “too large” and it must be reduced to a diagonal BMSg component,
preserving the given prescription. Moreover, only such BMS] will be the true, physical symmetry of the
scattering problem in GR.

The Lorentz and CPT invariant conditions proposed in [10] are the so called antipodal matching con-
ditions, which in angular coordinates 4 = (6, ¢) read as

m(0a¢)|jj' :m(ﬂ-—eﬂr_{'gb)’ﬂ;? C(e’ ¢)|ﬂj’ = C(W—Q’W+¢)|j+_’ (420)

Na(®, )|+ = Na(m = 0,7 + )| - (4.21)

which are preserved under the diagonal BMS] transformations generated by gauge parameters (T, YA) and
(T,Y4) obeying

T(ea QS) = T(TF - 07 T+ ¢)a YAH? ¢) = Y/A(ﬂ- - 9’ T+ ¢) (422)
It is worth noting that antipodal matching conditions at spatial infinity are obeyed by a large class of
solutions, including Schwarzchild and Kerr, and they also play a crucial role in the derivation of infinite-

dimensional asymptotic symmetry groups, including BMSy, at spatial infinity [90-92] using the Hamiltonian
approach.
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Figure 4: A light ray crossing the past celestial sphere at (0, ¢) will come out of the future celestial sphere
at (m — 0, 7™+ ¢). The map relating the in and out points is the antipodal map.

4.3 Symplectic structure on .# ", Poisson bracket and supertranslations charges

We are now interested in the symplectic geometry of radiative modes of the gravitational field at null
infinity. As outlined in section 2.3, computing the symplectic structure is an essential ingredient to study
properties of the asymptotic charges, such as their conservation, and to introduce Poisson bracket between
canonical variables. The description of the symplectic structure of the gravitational field at future null
infinity . for asymptotically flat spacetimes was originally carried out in a series of works by Ashtekar
and collaborators [93-96]. Here we define the symplectic structure induced on null infinity Q ,+ as

Q= lim Qs, 4.23
ST (4.23)

where €y is the symplectic structure of (2.61) associated to the presymplectic current of (2.71)-(2.72),

1
167G

Qslg,h,, h,)] = /2 (), w"[g, hi, hal, (4.24)

with w* given by
w 1 © vpup L v _ Lyvpon L e
w [g, h]_, hQ] = §h2v h1 + hQva hl - ihzvyhl - 5}7/2 \Y% hlVP - §h2 Vphl - (1 <~ 2) y (425)

and where, from the line element (3.29) we find
2 1
houw = =0m 4+ O(r~2), h., =10C.. + O@°), hy = §D250zz +00r™Y), hy=00"%),  (4.26)
,
and correspondingly

rr __ 2 -2 rz __ 1 2z -3 2z __ 1 2z —4 ur __ —2
W= om0 %), W= =5 D0 £ O(r®), W = 607 4 O, W =0,
(4.27)
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For a null hypersurface in Bondi coordinates we have that \/—g(d*z), = 87, [r*zz + O(r)]du Adz A dZ and
we find

1 1 .
V=gwh| g+ (d32), = 722 lim r? {2251033521\7“ + ﬁalcggchN“ +003) = (1 2)|dundzAdz
r—00 T T

_ %W [61C2200N™ + 8,C=20,N% — (1 4> 2)] du A dz A dz. (4.28)

In terms of the A-product between field variations, the symplectic structure is

1
I T 320G J e

V2:d?2du(8C.. A SN + 6Czz A SN7). (4.29)

So far, in (4.29), we have not specified the boundary conditions of the asymptotic shear tensor Cyp on
ff . However, here we are interested in explicitly understanding the contributions of the boundary values
of Cyp to Q4+ [97]. Hence, we assume

lim C..(u,z %) = oL (2, 2), (4.30)

u—+o00

where ¢Z (2,%) are smooth, non vanishing functions on the 2-sphere. Integrating (3.24) yields

/ duN,, = (sz — 0 = Ay, (4.31)

—00

This last equation can be seen as the lim,_,o N, where N¥, is the Fourier transform of N,,. A non-
vanishing Ay, ,, measuring the difference between the asymptotic shear C,, at ,ﬂj and .7, can thus be

associated to the existence of soft (i.e. zero energy) gravitons (see e.g. [10,11,52]).

It will be fundamental to introduce the new field C’ZZ, defined as

N 1 u o
C..(u,z,2) = B [/ du'N,, (v, 2, 2) —/ du'N,. (v, 2,2)] . (4.32)
We have
1 A
C..(u,z,2) = §Ag0zz(z, Z)+ ¢, (2,2) + Cy.(u, 2, 2). (4.33)

In (4.33) we are choosing Ag,, and ¢, as independent variables, but we could have equally chosen ¢},
and ¢_,. Note also that

. A 1
ull}riloo C,, = :|:§Acpzz. (4.34)
In equation (4.33), we have divided the asymptotic shear tensor C,, into a “bulk” contribution C.,, and
a pure boundary part, comprising Ay,, and ¢_,. Working with C,, rather than with C,, has several
advantages. First, it is the fastest way to highlight the role of boundary degrees of freedom. Further, it
simplifies the calculation of the symplectic form, for it has the property

/ duaégg/\(Ssz——/ du5N55A5C'22+5C’55A5(§'2200 ——/ dU(gNgg/\(Sézz
= / dudC.. N IN#, (4.35)
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where we used (4.34) and the antisymmetry of the wedge product in the last step. Substituting (4.32) in
(4.29), we obtain, after some algebra

A 1 .
Q4 = Yozd%2du 6C,, A SN + —— /’yzzdzz (62, NOAY™ + 8o, NOAPT) . (4.36)

167G 7+ 327G
We thus see that the symplectic structure splits into a bulk and a boundary part. We now focus on CK
spacetimes considered in the previous section. First notice that, because of the fall-off (4.11) of the Bondi
news, the integral over u in (4.36) converges. Further, the boundary values of the asymptotic shear tensor
are given by

¢z, =—2DIC|+ =DIC, ¢l =-2DIC|,+ =DIC*,  Ap..=DICT-C)=DIN. (437

with C and CT real functions on the 2-sphere. Furthermore we also assume the variations 6NV,, and 6C.,
of N,, and C,, to be CK so that

SN.. = O(Ju|~F9)  when u — 00, €>0. (4.38)
— 25+ _ N2
6sz|fi = D;0C™, 6C:z| o+ = DZ6C, (4.39)
Thus, the symplectic structure in (4.36) reads
1 A 1
Qg = —— 22d%2duC.; A SN + —— [ ~,2d°2 DZ6C A D*6N. 44

R T el PR T i6rg | 1= DC (4.40)

From (4.40) we can easily read off the non-vanishing Poisson bracket:
{NZZ(U7 2, 2)7 éww(ul7 w, ?I})} - 167TG5(2) (Z - w)é(u - u/)7227 (441)
{D2N(z,z), D?>C(w,w)} = 167G? (z — w)7.. (4.42)

These bracket match those derived in earlier works, see e.g. [11], however in our approach it is not necessary
to add ad hoc boundary terms in the symplectic form to obtain the desired result, as suggested in [7,98].
In fact the bulk-bulk and boundary-boundary Poisson bracket are obtained directly from the definition of
the symplectic form and from the splitting (4.32) we introduced.

We are now interested in computing the supertranslations charges. From (2.62), the key quantity to
compute is 2 s+ [g, h, d7h] and therefore we need explicit expressions for o7C,, 7C and éprN. Evaluating
(4.2) on .7} yields, due to the fall-off of the Bondi news

67rC...| ot = —2D*T = D*57CT, 67C.2| y+ = —2DZT = D267C, (4.43)

so that, up to irrelevant [ = 0, 1 spherical harmonics 7C* = §7C = —2T and thus 67N = 0. Consequently,
for the bulk part we have

67C.. = TN... (4.44)

Substituting equations (4.43) and (4.44) into Q ,+[g, h,d7h| we find, integrating by parts and using the
vanishing of N, on the boundaries of .+

1
Q ,+1g,h,67h] = 5{ — Y2z du TN, N* + —— fyZZszDzTDQZN}. (4.45)

167G ) s+ 8rG
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From equation (2.62), integrating on a path 7 in the space of fields we get the the difference between
supertranslations charges at .7 as

Qﬂyi - Qrl,, =~ 16; g /] X Vazd?2du TN, N7 + % V:2d*z D2TD**N, (4.46)
where we denoted Q¢, = Q7. The interpretation of the first term in equation (4.46) is that there is a
breaking in the conservation law of supertranslations charges whenever there is a non-vanishing flux of
gravitational radiation through null infinity. Again, note that the second term depends on the difference
between the boundary values of C, and it is thus related to the presence of soft gravitons. Further, this
term depends on D?T' and hence, from the discussion after (4.6), it vanishes for ordinary translations. If
we define now the supertranslations charges on a 2-sphere S at a fixed value of the retarded time u as

1
Qrls = 47TG/722d22Tm|sv (4.47)

we get, using the evolution equation (3.27) for the Bondi mass aspect?”

_ — du— - =d%22duTo, 4.48
1 1

= -d?2duTN,,N** + — .d22 D*TD* N 4.49

167G ) 7+ Taz 20U ? +87rG Ve2@ 2, ’ ( )

which is compatible with (4.46). Hence, the supertranslations charges are given by the codimension 2
integrals in (4.47) and, remarkably, they match exactly the ones firtsly found in [32] using (2.90). Taking
into account that for CK spacetimes m‘fi =0, we get QTL@ = 0 and thus

1
Y.zd?2duTN,,N** — — [ 4.:d*2D?*TD?* N = Q%yt + Q§|yj. (4.50)

1
@rl 87G

s - 167G g+

The supertranslations charges QT]] ., thus split into a hard and a soft part, Q%{ and Q‘;, quadratic and

linear in the fields, respectively. Note that in the case of an ordinary four-translation the soft term vanishes
whereas in the case of a pure supertranslation it does not and its contribution is proportional to the soft
mode in (4.31). Using the Poisson bracket derived in (4.41) and (4.42), it is straightforward to show that
Q7 canonically generates supertranslations, i.e.

{QT’ CZZ} = {Q%‘jiﬂézz} =TN.., {QT’ijDzC} = {Qﬁfg\Jjach} = _2D§T7 (4‘51)

s+’
and hence

{Qrl+,Cz} = 07C.. = TN, — 2D2T. (4.52)

These relations and in particular the soft charge Q‘% play a central role in the connection between the Ward
identities associated to supertranslations invariance of the gravitational S-matrix and the Weinberg’s soft
graviton theorem. Before further exploring this connection, we make a brief digression on the latter.

20For simplicity, we are considering vacuum Einstein’s equations, so that T}, = 0.
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4.4 An aside: soft theorems

Consider a quantum mechanical scattering process characterized by m incoming particles with four-
momenta (pi*)* with k = 1,...,m and n outgoing particles with four-momenta (p?ut)“ with j = 1,...,n
and denote its scattering amplitude by My (p), where N = m +n and p = (pi, ..., pit, pSU¢, ..., poU). Now
consider the same process with an additional emission of a soft photon with momentum ¢*. By soft here
we mean that we are in the limit || = ¢" — 0 and therefore we are allowed to Taylor expand quantities
depending on ¢° around ¢ = 0 and to keep only the leading terms. We denote this new amplitude by
Mﬁ,_H(p, q). The setup is represented in Figure 5.

out out out out

p1 Pn 51 Pn

q"

M;\'(p) = MI;/+1 (])- (])

i i o i
Figure 5: The first diagram represents a scattering process whose amplitude is My (p). The second is the

same process with an additional emission of a soft photon, whose amplitude is MA, () -

In principle, in order to compute MY, +1(p, q), we should consider all diagrams in which the photon line is
attached to a “hard” particle line, external or internal. However, in the soft limit, the Feynman diagrams
that will contribute to M’]@ H(p, q) are only those where the photon line is attached to an external leg,
as in 6, whereas internal lines will not contribute. Indeed, the only divergences come from on-shell prop-
agators associated to physical particles. We thus consider the contributions to ./\/l’f\, H(p, q) coming from
each term of the sums in Figure 6. So far we made no assumptions on the nature of the incoming and
outgoing particles involved in the process and on their interaction with the electromagnetic field. Here, for
simplicity, we assume that the interaction of every particle with the electromagnetic field is governed by a
scalar QED Lagrangian

1 . .
Li = |Dudi|* — m2|il? — (FwF"™,  Dy=0,—ieidy, i=1..N. (4.53)
where we denoted by e; the electric charge of the scalars. The interaction term is thus J!*A,, where

Tt = iei (90" ¢ — (0"0])¢n). (4.54)

The corresponding Feynman rules are in Figure 7. In the soft limit, the j-th contribution in the first
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s

Figure 6: The second diagram in Figure 5, in the soft limit, is equal to the above sum of diagrams.

b2,

pi

= ie;(p1, + p2,)" | = - !
P, S ‘ piz -I-TTLZ2

1

Figure 7: Feynman rules for the scalar QED Lagrangian of (4.68).

diagram of Figure 6 is thus given by

¢; (25" + )" ~ 3 ()"
M , = J J My m, out, . out +q.., out |: J +0 0 :|M ’ 4.55
G (p.q) @ 1 0 + 2 (p™, Py P74, P = —p§ut . (Ig1") | Mn(p),  (4.55)

and, similarly, the k-th contribution in the second diagram of Figure 6 by

er(2pit — q)* . . e (pin)H
MY (pq) = O D" i g pin ety = [ EBgaoly) (as6)
(pk_Q) +mk D -4

It follows immediately that the total amplitude MY +1(¢,p), sum of (4.55) and (4.56), in the soft limit
factorizes as

1 outgoing

M (b [Z’”’ o) [ (p). - (457)

—1 incoming

This is the soft photon theorem, originally found by Low [99], which relates the scattering amplitude of
an arbitrary quantum process involving soft photons to the same amplitude without the soft photons in-
sertions. The proportionality factor in (4.57), at leading order in the soft expansion, is the so-called soft
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factor and it has a simple pole at |¢] = 0.

We derived (4.57) in the particularly simple case of scalar QED. However, it holds regardless of the
spin of the hard particles. For instance, we could have considered fermions instead of scalar fields and
the factorization of (4.57) would still be true. This property is sometimes referred to as universality. In
other words, we just need to specify that there is a soft photon: the details of the matter coupled to the
electromagnetic field are not important.

The soft photon theorem connects gauge invariance with the conservation of the total electric charge
of the system [13]. Indeed, if the emitted photon has polarization vector €*(q) the amplitude is obtained
contracting My (p, q) with €;(q).

N
Mn+1(p,q) = My (P, 9)€;.(q) = [Z

=1

Mk
ni€ip; €,(q)
LD 4 (") | a o) (4.5
Di-q
Gauge transformations act on €”(q) as dpe’(q) = Ag*, for any complex A. Therefore, asking My 1(p, q)
to be a physical, gauge invariant, amplitude, i.e. oA Mn1(p,q) = 0 is equivalent to

incoming outgoing

that is the total electric charge conservation. In other words, low energy photons can only couple to a
charge that is conserved by all scattering processes that have non-vanishing probability of happening.

It is possible to show that there exists a gravitational analogue of the soft photon theorem, for which
the scattering amplitude My1(q,p) of a process involving N hard particles and the emission of a soft
graviton with polarization tensor €, (q) is

N . fiphple*
My11(p,q) = My (9, @)eg (9) = [Z mfzp;‘?f Z””(Q) + 07" | My (p). (4.60)
i=1 ¢

where My (p) is again the same amplitude without the soft graviton insertion. This equation is referred to
as the Weinberg’s soft graviton theorem [13,14]. In (4.60), we denoted by f; the individual gravitational
coupling constants, which may in principle depend on the particle species. We can think of f; as being
defined by the gravitational analogue of the electromagnetic interaction in Figure 7. In fact, such diagram
should yield a Lorentz tensor N*¥(py,,p2,) that in the soft limit becomes N*”(p;), with p1, = p2, = pi.
Having the structure of a Lorentz tensor, the only possibility is to have (in the simple case of a spinless
hard particle) N (p;) = (apl'p? + Bn**p?) fi(p?) for some constants v and (3. If the particle is on-shell,
p? = —m? and thus f;(p? = —m?) is a constant, which we choose to be proportional to if;.

Under a gauge transformation dye*(q) = A*q” + AY¢* and hence 55 MN*1(p, q) = 0 implies that
MY (pg)g=0= > fpi= > fipl (4.61)
incoming outgoing

This equation, together with the standard energy-momentum conservation, is telling us that f; = f =
1, Vi=1,..., N, i.e. all particles must have the same gravitational coupling constant. Therefore the equiv-
alence principle, stating that at low energies gravity couples to all forms of energy-momentum with the
same strength, regardless of “chemical composition” of the matter, is a consequence of energy-momentum
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conservation, which is ultimately a consequence of the gauge invariance of the theory. It is also worth
remarking that the factorization (4.60) is again universal and thus independent of the nature of the hard
particles. For instance, they could have been also gravitons themselves. This last observation implies that
gravity not only does not distinguish between “ordinary” matter, but it couples with the same strength
also to itself. This feature is related to the strong equivalence principle for which, whenever gravitational
self-interactions are concerned, the energy and momentum stored in gravitational fields are indistinguish-
able from those of ordinary matter.

In [13], a generalization of the soft photon and graviton theorem to the case of higher spins has been
obtained,

,{16* J
P o1 | aav ), (162)

Z 1:9;

i=1

; N ()
M) (a.p) = [

where J is the spin of the soft particle, €,,. ,,(¢q) its polarization tensor and where the product in the
numerator p;*...p;” €, (g) has been decomposed using €(,,..,,y(¢) = €4 (9)---€4,(g). In this case, gauge
invariance requires that when one of the e:;(q) in the numerator is replaced by ¢,, the corresponding

amplitude M ](\}]J)rl(q, p) vanishes and thus

o o miec@’ = Y o @l (4.63)

incoming outgoing

If the energy-momentum conservation holds, the only way for the above equation to be satisfied is that
gg‘]) =0,Vi=1,...,N. The conclusion is that fields with spin greater than two cannot interact at zero

frequency and hence they cannot generate macroscopic fields.

Before proceeding to explore the connection of these theorems with supertranslations symmetry, we briefly
mention that, both for electromagnetism and gravity, the subleading O(|q_]o) terms have also been com-
puted in [100] and [15], respectively. In the case of gravity and of spinless hard particles, the subleading

term reads 2!
Yl
Myvaalpa) = | 3 22 (5t = i, 7% )etula) + O | M) (4.64)
i=1
where
o B
Ji’ = i(pi” —pf > : 4.65
apip Opiv ( )

is the orbital angular momentum of the i-th particle. Gauge invariance of (4.65) requires, beside conser-
vation of energy-momentum, that

Sooar= > g, (4.66)

incoming outgoing

which is the conservation of the total orbital angular momentum of the system.

21Gee also e.g. [16,17] for a derivation of the subleading and subsubleading terms from gauge invariance and for a general-
ization to gluons and hard particles with spin.
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4.5 Conservation laws and Ward identities from antipodal matching conditions

Now we return to the role played by supertranslations charges in the scattering problem outlined in section
4.2, using the antipodal matching conditions. We follow closely the discussion in [10,11,21].

Generalizing the results obtained above to the case of past null infinity .# ~, the BMSff supertranslations
charges at # 1 and S, read

1 9 1 2 5~
Qr| 4+ = G /’Yzzd ZT'm| ,+, fo‘y; = iC /’Yzzd sz]];. (4.67)

Suppose now that the CK space under consideration is a solution of the scattering problem and that the
antipodal matching conditions in (4.20) and (4.22) hold, allowing to single out BMS}. These conditions
imply that in going from .#~ to .# T the supertranslations charges are conserved 22

Qr = Qr (4.68)

Note that (4.68) is a quite different conservation law with respect to the one discussed in (2.60) and (2.62)
of section 2.3. Indeed, the former is an equality between quantities defined on £+ and .#~, relating
charges of BMS] to those of BMS, through the diagonal BMSY] identification as represented in Figure 8,
while the latter states the independence of the charges of BMSflt on the particular section of #*.

Figure 8: Conserved supertranslations charges in going from % to #71 in a scattering event.

Returning to (4.68), it expresses an infinite number of conservation laws, because the function 7" is arbi-
trary. We now comment on the physical meaning of these laws.

First suppose that T' is a spherical harmonic Y}, with [ < 1 and hence it represents an ordinary four-
translation. In this case the soft term Q? in (4.50) vanishes. In particular, for [ = 0, the hard term is
proportional to the standard ADM mass, which is the Bondi mass measured at ©u = —oo, plus a possible
matter contribution in the case of a non-vanishing Thoa. Hence, equation (4.68) expresses the total energy
conservation law in a scattering process. Similarly, when T comprises spherical harmonics with [ = 1,
(4.68) is the ADM momentum conservation. When T’ is a pure supertranslation with harmonics with I > 1
the soft term does not vanish and the hard term has an unfamiliar form because the charges piercing
null infinity are weighted by an arbitrary function that depends on the angle at which they “exit” the

22Here and in the following we introduce the notation Q; =Qr| 4+ and Q1 = Qr| ,- for BMSS supertranslations charges.
- +
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spacetime. Before continuing, it is useful to introduce the splitting into hard and soft term also for BMS,
supertranslations charges. Using the evolution equation for m on &,

1 - - 1 ~ ~
Ouin = NN + Z(DEN” + DZN7), (4.69)
and that m| s-=01in CK spacetimes, we have
1 S 1 - -
Qfl - = oG |, Y.:d?2dvTN,, N** + e / 1.2d*2D?TD** N = Q¥| P Q3 s (4.70)

similarly to (4.50). Choosing T'(z,%) = 62(z — w) the conservation law (4.68) becomes
(4.71)

e} [e.e]
/ du[ Ny NY" = 2(DZN"" + DZN"")| = / dv[Nyw N + 2(DLN"" + DZN"")],  (4.72)

— 00 —00

which means that the total energy is conserved at any angle. Notice that the soft terms provide a non-
vanishing contribution to the expression of local energy on the asymptotic 2-sphere.

For later convenience we define the total soft charge operator for the diagonal BMS! group as

o0 oo
$=Q5-Q5% = —SL v.zd22D?T [ / duN# + / vaZZ] : (4.73)

TG —00 —00
where we used the explicit definition of the soft mode N in terms of the Bondi news, i.e. [ fooo duN,, = DN
on .#T. In the following we will show how the above construction is crucial in proving the equivalence of the
Ward identities associated to supertranslations invariance of the gravitational S-matrix with the Weinberg’s
soft graviton theorem presented in the previous section. To this aim, consider the expansion of the line
element around .#  obtained in (3.29). The full metric can be written as 9w = N + KNy, with k2 = 327G
and we are interested in the scattering processes driven by the quantized asymptotic fluctuations h,,,. At
late times, on £, the field h‘:};t can be regarded as free and can thus be approximated by a standard

mode expansion

u d3q 1 o™ u iq-x « u —iq-x
hZVt(aj) = Zi/ (27T)3 qu[euu(@ag t((j)eq +6uy(q)ag t(q)Te 1 ]v (474)

where ¢ = wq = |q], o = +£ are the two helicites of the graviton and
]

(a2 (@), ag"™ ()] = Sap(2w4) (2m)%6¥) (7 — ¢). (4.75)

Outgoing gravitons with momentum ¢ satisfying ¢*q, = 0 and helicity o arrive, at late times, at a point
(2,%) on the celestial sphere at .# 7. Indeed, there is a natural map from null vectors ¢ to points (z, z)
on the sphere towards which the null vector is directed. This map is given by 23

Wy

" = T 22(1 + 22,24 2, —i(2 — 2),1 — 22) = (wq, 7). (4.76)
23Note that ¢ = w,&, where Cartesian coordinates (t,z',z?,2%) are related to (u,r,z,Z) by
. 2rz r(l — zZ)
t = L 2 = 3\
utn T 1+ 22’ v 1+z2z
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The above equation shows that the three independent components of the four-momentum g¢* can be equiv-
alently parametrized by (wg, 2, Z). The polarization tensors may be written as et — eFret? | with

TG = (z,1,—i,—2), e M(q) =—=(z1,i,—2), (4.77)

f f
and they obey the orthogonality and the tracelessness conditions et*¢q, = 0 = ei“#. From (3.29), the
asymptotic shear tensor can be defined as

C.. =k li}m h‘;‘zlt, (4.78)
r—00 T

and, after using (4.74) and the stationary phase approximation, we get

1K oo u AN —TlWgl u TwWql
Cuo = —rarsaye [, ol e — a2 g, (4.79)

The “out” creation and annihilation operators in (4.79) involve the three momentum w,& pointing towards
the point (z, Z) on the celestial sphere and therefore they annihilate positive helicity gravitons and create
negative helicity gravitons headed to the point (z,z). The Fourier transform NY, = ffooo du 0,C..e™" of
N, yields, for w > 0,

Ne = /@wai“t (wf:i‘) 7 N=w = — mwaout(ww)T. (4.80)
2m(1 + 22)? 2m(1 + 2%)?
The zero mode of N, can be defined in a Hermitian way as
0 — — K . .
Nz = lim 5 (N;; + N2 = Ty lim, [waS™ (w) + wa™ (wi)]. (4.81)
A similar construction at early times on .#~ leads to
<0 K .
NZZ = —m w]i)l%)g_ [UJCL+ (W[B) -+ OJCL (wx)T] (482)
We can construct the total soft graviton operator as
O0,.=N% + N° (4.83)

so that the quantized total soft charge of (4.73) can be expressed in terms of O,, as

1
Q% =— e v,2d22D*T O, (4.84)

and it is therefore related to an operator that creates and annihilates incoming and outgoing soft gravitons.

So far, we were only concerned about a free gravitational field. However, in order to make a connection
with the Weinberg’s soft graviton theorem, we shall include also interactions with matter. For simplicity,
we consider the case of n scalar massless particles with late times momenta (p?‘“)“ and energies E;’ut,
with j = 1,..,n and m scalar massless particles with early times momenta (pk )* and energies E}n, with
k = 1,..,m and we assume that they are the out and in states of a scattering process governed by an
S-matrix, as represented in Figure 9 or, equivalently, in the first diagram of Figure 5. Note that this is

precisely the setup in which the soft graviton theorem applies.
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Figure 9: A scattering between m incoming and n outgoing massless particles in an asymptotically flat
spacetime.

, Z299%) admit the

Similarly to (4.76), four-momenta of the outgoing particles that will cross the point (2§14 ;

J
parametrization

Equt
(p2Ut)H = T ot megqut (1, z;?“t + 2}-’“‘3, —z(z?“t — Z;-’“t), 1-— z;?utz;-’“t) . (4.85)
7 7]
The asymptotic out state of these n massless scalar particles can be represented as |out) = }z‘f“t, ey zgut>
and the T' = 1 supertranslation charge, that is the Hamiltonian, acts on it as
n
Q7 |out) = Z E™ Jout) . (4.86)
j=1
For the early times asymptotic states of m incoming particles we have, with k =1, ..., m,
. in . . . . . .
(pp)* = ﬁ (Lzt+ 20 =il — 20), 1 = 208 (4.87)
+ 2, %,
and
m
jin) = 2", 20, Qp lin) =) E}|in). (4.88)
k=1

As remarked, the supertranslation charge obtained by taking 7' = 1 is the Hamiltonian H of the system
and the S-matrix governing the scattering process, for ¢ — oo, is proportional to exp(iHt). Since
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supetranslations commute with themselves, they commute with the S-matrix and therefore they must be
symmetries of the gravitational scattering. Thus

(out| QS — SQ7 |in) = 0. (4.89)

When acting on in and out states with the hard part of the supertranslations charges we have, from (4.86)
and (4.88)

m

Q?‘ ‘ziln, y = ZT 20 zin) pin ‘ziln, cey 2;2> , (4.90)
k=1

<ZTUt7 . out ZT out 7out Eout <ZOUt, ”7zgut 7 (491)

and hence, when acting with the full supertranslations charges, including the soft part, we have

Q7 |in) = Q5™ |in) + ZE (218, 21 |in) (4.92)
{out| QF = (out| QT + ZE‘)‘“T (23", 29") (out| . (4.93)
7j=1

Equation (4.89) for the BMS{ invariance of the S-matrix now reads as

(out| : QS : [in) = [ > EPT(2%,20) — Y EYT(25", 23") | (out| S|in), (4.94)
k=1 j=1
where
(out| : QFS : [in) = (out| Q37S — SQ5™ |in), (4.95)

denotes the time ordered product and Q% is the total soft charge defined in (4.73). This identity relates
the S-matrix elements between two asymptotic states, one of which has an additional insertion of a total

soft charge operator. Choosing T' =
(4.84)

1 1 1
S — - d2-9-_ —  H.()FF — _— wigy_
Q% =Pu=g = /%Zd 20: ———0:07 = £ 27" 040uu. (4.96)

zZ—w

where we used
1

zZ— W

D= = 216@) (z —w). (4.97)

The operator P, in (4.96) is denoted soft graviton current, it involves zero-frequency integrals over &+
and thus it creates and annihilates soft gravitons. The identity (4.94) reads, in this case

N Equt Eln
(out| : PyS : Jin) =) (w T m) (out| S |in) . (4.98)
Z

— 2z w —
i=1 ?

This equation relates the S-matrix element with a soft graviton current insertion to the S-matrix element
without such insertion. It can be shown [11] that, rewriting the the soft graviton theorem of (4.62) in (z, 2)
coordinates implies (4.98) and vice-versa.
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4.6 Further developments and outlooks

The above analysis shows that the Ward identities associated to supertranslations invariance of the S-
matrix associated to a scattering process are equivalent to the Weinberg’s soft graviton theorem. At this
stage, a natural question to ask concerns the role of the full BMSy group in the gravitational scattering
and whether similar arguments can be applied to supperrotations or smooth Diff(S?). It turns out [12]
that the subleading soft graviton theorem of (4.64) implies local bmss superrotations invariance of the
gravitational S-matrix but the vice-versa is not true. A complete equivalence has been obtained when
considering instead the generalized bmsy smooth Diff(S2) [7,8]. However, it must be pointed out that
there are some difficulties to construct Diff(S?) charges and, in particular, the method outlined in 4.3
for supertranslations cannot be directly applied in this framework due to a divergence in the symplectic
structure caused by a linear u term in 6 y)Cap of (4.2) as also remarked in [53,97]. A possible resolution
of this issue through a renormalization procedure, based on the ambiguity (2.55) in defining w, has been
proposed in [35]; a drawback of this approach is that the symplectic current turn out to be a not local and
not covariant functional of the fields.

As remarked in section 1.3, the discussed equivalence between soft theorems and asymptotic symme-
tries is part of a larger triangular equivalence relation that includes also the gravitational memory ef-
fect [18-20,101-104]. In particular, the so-called displacement memory effect predicts that a couple of
inertial observers moving on timelike curves in a neighbourhood of future null infinity #, after a burst
of gravitational waves localized in a finite retarded time interval Au = uy — u;, will experience a perma-
nent shift in their separation. Such separation crucially depends on the retarded time difference of the
asymptotic shear tensor ACsp = Cap(us) — Cap(u;). Assuming that first and after the transit of the
waves the spacetime is in a vacuum configuration it implies that AC 4p is proportional to AC, where C'is
the supertranslations memory field of (4.9) and it depends on the moments of the radiation energy flux.
However, as argued in section 4.1, different vacua are related by supertranslations and their action shifts
the value of C, as in (4.10). Therefore, performing a supertranslation on a vacuum configuration has the
same effect of a burst of gravitational waves. Further, it has been shown that the Weinberg’s soft graviton
theorem and the displacement memory effect are related by a Fourier transform. It is worth mentioning
that is has also been conjectured a subleading spin memory effect that can be connected to the action of
superrotations on the vacua and to the subleading soft graviton theorem.

The interconnection discovered between these infrared properties of gravity is stimulating growing in-
terest in the context of flat space holography and the so-called celestial CFT [105-119]. It would be in
fact appealing to describe scattering processes in four-dimensional asymptotically flat spacetimes in terms
of correlators on the celestial sphere. The idea, in the case of massless particles, is to represent in- and
out- states by the insertion of local operators O(z,Z) on the point (z,z) of the celestial sphere, where
k is a set of quantum numbers describing the properties of the particles under consideration, e.g. their
energy. The set (z, z, k) replaces the components p* of the momenta of the particles under consideration
as explicitly seen in (4.85) and (4.87). Futher, the operators Og(z, Z) must transform covariantly under
SL(2,C)/Z?, which is the Lorentz group acting on the celestial sphere as in (3.64) or, as discussed in the
case of local bmsy, under the full, infinite-dimensional, local conformal group. More in general, n-point
scattering amplitudes of gravity could be described by n-point correlation functions on the celestial sphere

(out| S |in) — (O1(21,Z2), v On(2n, Zn)) - (4.99)

This is another way of interpreting the scattering problem, equivalent to the usual one, which is familiar
with the language of CF'T on the 2-sphere. Understanding in detail these features also in the quantum
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regime, could provide a microscopic realization of the holographic principle in four-dimensional asymptot-
ically flat quantum gravity.
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5 Asymptotically locally AdS; spacetimes

In this chapter, we focus on three-dimensional GR and, in particular, on solutions with negative cosmo-
logical constant (AdSs) whose holographic nature is well-established [26, 120, 121]. The absence of bulk
propagating degrees of freedom makes this theory a privileged playground to understand the role of bound-
ary conditions in gravity. Indeed, the dynamics can be described by a pure boundary theory, as shown by
the Chern-Simons formulation [122-130], reviewed in Appendix C.

In the seminal work by Brown and Henneaux (BH) [27] it was shown that the asymptotic symmetry alge-
bra of AdSs, under certain boundary conditions encompassing BTZ black holes [131-133], consists in two
commuting copies of the Virasoro algebra with central charges ¢+ = ¢ = %, { being the AdS3 radius and
G the Newton constant. This result is considered as a precursor of the AdS/CFT correspondence [23-25],
which, applied to three-dimensional general relativity, conjectures the existence of a dual Confomal Field
Theory (CFT) living on the two-dimensional boundary. Remarkably, the value of ¢ has been used to micro-
scopically derive the Bekenstein-Hawking entropy of the BTZ black hole, using the Cardy formula [134,135].

Here, along these ideas, we relax BH boundary conditions allowing the boundary metric to be conformally
flat, the conformal factor being dynamical and explore the consequences on the asymptotic symmetry al-
gebra and, ultimately, on the dual theory [136]. Thus, the set of boundary conditions we implement in our
analysis encompasses all those spacetimes approaching a general boundary conformal structure, known in
the literature as asymptotically locally AdSs spacetimes.

We start in sections 5.1 and 5.2 by fixing the Fefferman-Graham (FG) gauge, introducing conformally
flat boundary conditions and, correspondingly, we compute the asymptotic Killing vectors preserving these
choices, i.e. the asymptotic symmetry group. We show that the latter comprises, besides the usual left
and right Witt sectors, a new sector corresponding to Weyl rescalings of the boundary metric. In section
5.3 we solve Einstein’s equations in the conformally flat parametrization and extract the action of the
asymptotic symmetries on the solution space whereas in section 5.4 we explicitly analyze the properties
of the asymptotic symmetry algebra. In section 5.5 we compute the surface charges associated to the
solution space and to the asymptotic symmetries generators and we show that the charge algebra is cen-
trally extended in both the Witt and the Weyl sector. In section 5.6, we touch upon some features of the
boundary holographic theory. In particular, we show that, under our choice of boundary conditions, the
variational problem is not well-defined due to the presence of the Weyl anomaly. Further, we construct
the boundary Weyl currents and we show that their non-conservation can be interpreted in terms of an
anomalous Ward-Takahashi identity for the boundary Weyl transformations. section 5.7 contains a short
summary and some perspectives.

5.1 Fefferman—Graham gauge, residual diffeomorphisms and their algebra

The FG gauge [137,138] in three spacetime dimensions consists in choosing coordinates z* = (p, z%), where
p > 0 is a radial coordinate and z% = (¢, ¢). The three gauge-fixing conditions for the metric are

62
gpp = ?7 gpa = 07 (51)
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where ¢2 = —1/A is the AdS3 radius. The boundary is located at p = 0 and the bulk at p > 0. The line
element takes the form

2
ds® = g, dotde” = ideQ + Yap(p, z)dzda®. (5.2)

Solving Einstein’s equations for (5.2) with boundary condition v,(p, x) = O(p~2) yields

Yar(py ) = 29 () + g1 (x) + %63 (@), (5.3)
with
a. 52 a 62 1 C
gihas = -5 R Diygy =-5DPRO, gl = 9@ (5.4)

We denote by R©) and D[(zo) the Ricci scalar and the covariant derivative associated to 95(1(1)))’ respectively.

The leading term gc(f;) of the expansion (5.3) as p — 0 is usually referred to as the boundary metric. From

now on the indices will be raised and lowered using this metric.

Defining the holographic stress-energy tensor as [139,140]

1 (2) e (0) »(0)
Ty = + .
L eli <gab 2 Jap 1 ’ (5:5)

the first two equations of (5.4) imply

T,% = ﬁR(O), DT — (5.6)

where ¢ = % is the BH central charge [27]. The first equation in (5.6) states that, for a general 9((1(1)7)7 the

trace of the tensor T}, defined in (5.5) is non-vanishing and proportional to the scalar curvature RO) of gc(g),
with a proportionality constant determined by the BH central charge. This is a signal that the dual CFT
living on the boundary is Weyl anomalous, as we will further comment in section 5.6. The full solution
space x is therefore characterized by five functions, three contained in g((l?)) and two in gﬁ) or, equivalently,
in Typ. Furthermore, these last two functions satisfy the dynamical constraints (5.4) or, equivalently, the
second equation in (5.6). In the following, we will write x = {g((l?)), gg)}.

The residual gauge diffeomorphisms are those preserving the FG gauge conditions in (5.1). They are

thus generated by the vector field & satisfying

£§gpp = 07 ‘Cﬁgpa = O> £f'Yab = O(p_2). (57)
The solution of these equations is

0 dy
& = po(z), gZY%@—ﬁ&ﬂ@0‘§WWﬂw) (5.8)

In this expression, o(z) and Y*(z) are arbitrary integration constants. Note that £* depends on the metric
field 4. Therefore, as in (3.43), we use the modified Lie bracket to study their algebra. On defining

§=po(x),  o(x) =Y(2)0a02(x) = Y5 (2)0a01 (), (5.9)
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and
A ~ p / ~
& = ¥o(a) ~ Los(a) [ Toa), V@) = V@AY @) - V@oyi@.  (6.10)

it is possible to show that the algebra is closed off-shell:

To prove this we used that [51, 52]?\/[, i.e. the a component of [51, 52] M= [51, {2} 5\)48,,4— [51, 52] ?\/[8,1, satisfies
the differential equation 9, [{1, fg] ;J = —i—i’y“bab [51, 52]?\4 with boundary condition lim, o [51, 52]?\4 —ye.
On-shell, the residual diffeomorphism generator (5.8) admits the following expansion in powers of p,

2 4
g = v = L0t oo + 290605 9 ov + OG). (5.12)

Acting with the Lie derivative along & on the on-shell line element (5.2) we find the general variation of
solution space

62
(Efg;w) dzt'dz” = ?dPZ + (p_2(559£) + (5596(3)) + p2(5gg((£)> dxadwb, (5.13)
with
(5596(3)) = Eyg((l?,) — 2096(3)), (559[(5)) = Eyg((j)) — €2D((10)D£0)0. (5.14)

The first equation in (5.14) is telling us that a general variation of the boundary metric under the action
of residual gauge diffeomorphisms has two independent contributions, one coming from ¢ and the other
from Y%

5.2 Boundary conditions and boundary gauge fixing

As stressed above, once the boundary data g((lg) is assigned, the full solution space, comprising also the two

functions in 951?7 is completely determined. That is, for every arbitrary choice of the boundary metric,
solving (5.4) yields a complete solution of Einstein’s equations. Before solving them explicitly, we now
proceed to impose boundary conditions, motivated by the Penrose conformal compactification described

in section 3.1.

Notice from (5.3) that the boundary data for the full metric g are located at infinite distance, due to
the second order pole. Multiplying g by 92, with Q a positive function with a simple zero on the boundary,
such a pole is eliminated and an induced metric on the boundary may be defined. There is however an
ambiguity in the choice of 2, as remarked in 8. The replacement 2 — Q' = e¥“(Q, with w a smooth function
independent of the radial coordinate, induces a conformal transformation ¢(© — ¢2¢¢(®) of the boundary
metric. This freedom allows one to define only an equivalence class of conformally related boundary met-
rics, [g(o)], rather than a metric [137-139,141-143]. In BH, a particular representative of the equivalence
class is picked up, namely the flat Minkowski metric n, and kept fixed under the action of the asymptotic
symmetry algebra. This set of Dirichlet boundary conditions defines the so-called asymptotically (globally)
AdS3 spacetimes (AAdS3). Here we focus on asymptotically locally AdSs (A1AdS3) spacetimes [144—147],
with no restriction on their boundary conformal structure and thus we assume the boundary metric to
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be conformally flat, the conformal factor being an arbitrary smooth function independent of the radial
coordinate.?* Hence, we impose the more general condition

90 (@) = 2@, (5.15)

T

fip—0

Figure 10: The boundary metric ¢(©) of asymptotically locally AdSs is not rigid, but left free to fluctuate
through its conformal factor. Here (p,t, ¢) are FG coordinates.

Notice that every two-dimensional metric is conformally flat. That is, we can always use boundary dif-
feomorphisms to fix two components of the boundary metric in order to reach (5.15). This will constrain
the form of the vector fields Y* appearing in (5.8). Therefore (5.15) is a natural case to investigate. Note
that an arbitrary variation of the boundary metric now reduces to an arbitrary variation of its conformal

factor, i.e. (5g((£) = 2(5@)92?'

Equation (5.14) becomes then

Segly) = Lygly) —200%) =2(0¢0)gly- (5.16)

This implies that Y is a conformal Killing vector of gc(l?))

1

a ab

where 0y = d¢p — 0. Thence

0 0
5egl = 2(Qy — 0)glV. (5.18)
Introducing light-cone coordinates % = t/£ 4 ¢ we have g((lg)dx“dxb = —e2?(@)dgtdz— and (5.17) is solved
by the usual chiral vectors

_ !

Y =YT(z"), Y =Y (z7), Qy 5

(0_Y " +0,Y ")+ Y 00+ Y 0. (5.19)

?4The case in which the conformal factor admits a chiral splitting has been extensively analyzed in previous works [148,149].
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Consistently, the effect of residual gauge symmetries on the boundary metric is to induce a shift in its
conformal factor, given in (5.18) by d¢p = Qy — 0. Often, in the literature, the full set of transformations
induced by ¢ is referred to as Penrose-Brown-Henneaux (PBH) [150] diffeomorphisms.

The standard BH boundary conditions [27] d¢p = 0 are a subclass of our boundary conditions obtained by
fixing o = Qy. With this choice the effect of the conformal isometries generated by Y exactly compensates
the effect of the Weyl rescalings generated by o, as clear from the first of (5.14). Furthermore, also the
boundary conditions studied in [148] are encompassed in our analysis, as we show in Appendix B.

5.3 Solution space

In the conformally flat parametrization it is possible to explicitly solve Einstein’s equations for 9(2)

ab
by the first two equations in (5.4), see e.g. [5]. The first is an algebraic equation for gf)_ and it yields

given

¢ = 20,0_, (5.20)

where we used that, for ¢(¥) in (5.15), R = 8e72¢9,d_¢. The second implies

5l = —1* (202002050 — 0105¢) (5.21)
whose solutions are
gl = £ [Baa(a®) + 030 — (0:9)] (5.22)
where =4 (%) are two arbitrary functions of . The holographic stress-energy tensor (5.5) reads
Ty =—7040_p, Tix= . [Ees (@) + 0 — (929)7] . (5.23)
8rG 8rG

While the most general solution space described in 5.1 is characterized by five independent functions of z™
and z~, the solution space in the conformally flat gauge of (5.33) is given by ¢(z*,27) and the two chiral
functions =44 (xF). Thus, the solution space we are interested in is x = {Z, 4 (z7),Z__(27), p(zt,27)}.
Note that the presence of an arbitrary ¢ prevents a complete chiral splitting of the solution space and that,
equivalently, the holographic stress-energy tensor components 744 in (5.23) are not chiral nor anti-chiral.
This is one of the main differences with respect to [148].

A generic variation of the solution space is generated by o and Y+, so we symbolically write deX = 0o,y +)X-
Using (5.14) and (5.17) we compute

S0 = =0, (0 E+t =0, (5.24)
and
6(iji)§0 = O,Y_ + @+Y+ -+ 2(Y+6+<,0 + Y_O,gp), (525)
— — — 1
Sy Bt = VF0sFas + 282200V — SOLYE. (5.26)
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Before proceeding to compute the asymptotic symmetry algebra, it is convenient to trade o for a parameter
w defined as

w = Qy — 0. (527)

Note that w depends on the derivatives of ¢ and therefore it is field-dependent, contrarily to o. Using w,
(5.24)-(5.25) can be more compactly written as

— — — 1
5(w’yi)(p = w, 5(w,Yi)‘:‘ﬂ:ﬂ: = Yiai:ii + 2:iiaﬂ:Yi — iaiyi. (5.28)

The conformal factor ¢ transforms only under the action w while =44 transform as the components
of an anomalous two-dimensional CFT stress-energy tensor under the action of Y* [151]. Thanks to
the redefinition of the residual diffeomorphisms generators (5.27) we have isolated the total part of the
asymptotic symmetries that induces a Weyl rescaling of the boundary metric. Hence, From now on we will
refer to the sector of the asymptotic symmetries generated by w as the Weyl sector. Note that another
more straightforward way to introduce w is to require that the residual vector fields of (5.8) asymptotically
induce a Weyl rescaling of the boundary metric, i.e.

— 0
Levay = 2wp 295 +0(°). (5.29)
This equation leads to
DY, + DYy = 2(w + 0)gly). (5.30)

which implies (5.27).

Note that from the definition (5.5) of Tj, and from (5.14) it follows that, under a residual Weyl transfor-
mation, T, transforms as

c 0 0
80Tt = E(ngpg Jw— g 900y, (5.31)
Hence, if we required that the vector field generating Weyl transformations satisfied
ST = —2wT,* — =00y = 20T, (5.32)
’ 127

then the trace of Ty, or equivalently R(®), would transform as a Weyl scalar of weight —2. This condition
automatically implies that w is an harmonic function 2°

Hw =0, (5.33)
whose general solution is
w=wh(@") +w (z7). (5.34)

In the following, we will refer to this peculiar situation as the w-chiral case. Note that requiring the gauge
parameter w to satisfy (5.34) implies that ¢ can vary under the action of the asymptotic symmetry group
only as

6(w,Yi)90 = w+(x+) +w (z7). (5.35)

Therefore, under (5.33), even if the solution space does not admit a chiral splitting, its variation d¢x can
be decomposed into two sectors with definite chiralities, de+x = {d(+ y+)Zx+, I+ y+)p}-

25Note that 0@ = e~ 2¢[, where O = 0,0°.
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5.4 Asymptotic symmetry algebra

The on-shell residual diffeomorphisms generator in light-cone coordinates is
¢ =po(z), € =YE@E) + e 050+ p' e [P 0ro + gCLoso| + O, (5.36)

whereas the algebra is
[&1,&]5, =& = po, G =Y 0p00+ Y 0 00— (26 1), (5.37)
[61,60] 3, = EF = VE 4 PR 2026 + O(p"),  VFE =YLy, — (26 1), (5.38)

This algebra is a semidirect sum: by denoting an element of the algebra as the pair (o, Y*), the modified
Lie bracket between two elements is (o1, Yi), (02, YQi)]M = (6,Y*), where 6 and Y+ are given in (5.37)
and (5.38).

We now reformulate the algebra in terms of the parameter w introduced in (5.27). The on-shell generator
is

& =pQy —w), (5.39)
£5 = YE 4 2220 (Qy — w) + ple2e 1 [gfl(% (Qy —w) + g20s (QUy —w) (5.40)
+O(p%). (5.41)

Notice that, since w is field-dependent, this reformulation introduces a field dependence in £”, which was
previously absent. This implies that we need to use the modified Lie bracket also for this component. We
now obtain

[L&]5, = =p(Q —@), YE=YioYS Yoy,  a=o0, (5.42)
and, as before,
+ e, . + -
o ([6n&l) = oo (&), Tim ([ene)y) =7 (5.43)

Integrating these equations leads to

(616, = €5 = V* 4+ 070205 (g — ) + P 9205 (O — &) + g0 (O — @) |
+0(p"), (5.44)

where Y+ and & are defined in (5.42). With this set of independent generators, the asymptotic symmetry
algebra is thus a direct sum of two copies of the Witt algebra with the abelian ideal of Weyl rescalings.
Denoting an element of the algebra as the pair (w,Y ™), the modified Lie bracket between two elements
is [(w1, YiE), (wa, Yf)]M = (0,Y*). From now on we will work in the w-parametrization, for it allows to
disentangle the asymptotic symmetry algebra.
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In order to describe the asymptotic symmetry algebra in a basis, we first introduce the decomposition
£ = Cu +'§5£+ + &y~ where (, = {|y+—g, {y+ = {lu=o=y- and &y- = {|u—o=y+. From the mode expansions
Y = e we have, for Y+ in (5.42)

VE =YY — (n o m) = (n— m)eirtme®, (5.45)
and thus we gather
[0 &nly =i —m)ensn, [ 601 =0, (5.46)

where we replaced the Y+ subscript by the mode number fYn:l: = ¢, We thus have two copies of the
Witt algebra, which is expected since for w = 0 we reach BH boundary conditions, where this algebra has
already been derived [27].

Expanding wpy = 7" giar” 26 the gectors of the algebra involving Weyl rescalings read

[CPID CTS]M =0, [57:1:7 CT'S]M = 0. (5.47)
where we defined (w,, = Cpq-

In the particular subclass of w satisfying (5.34), i.e. the w-chiral case, we can consider the algebra of
left and right Weyl sectors separately. Expanding wgc = ¢ we denote ng[ = C;,t. The sectors of the
algebra involving Weyl rescalings now read

GGl =0 GG =0 GGy =0 [&GTy =0 (5.48)

5.5 Surface charges and their algebra

We now proceed to study asymptotic surface charges under the boundary conditions spelled above, using
the Barnich-Brandt prescription in (2.90),

2w

— / _ L pt
$Qelhg) = [ Kelou = 1 [ dokZla.nl, (5.49)
where
1 1
K9 h] = /=g | €V h = €V oh" 4+ €V M + ShV € + ShY (Ve = Vo) = (1o v) | (5.50)

Here hy, = 6g,, are the on-shell variations of the metric, S in (5.49) is on the circle at infinity spanned by
¢ at a fixed time t and hence ké’t [g, h] is evaluated on the boundary, i.e. at p = 0. The charges associated
to &y = &+ + &y - are integrable and found to be

Y] 27
Qe 9] = 87rG/o de (Y 2 +YTE,). (5.51)

26Note that if w is arbitrary we cannot decompose it into chiral and anti-chiral parts and therefore we need to use the most
general decomposition.
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These are the usual conserved charges associated to conformal transformations, found also with BH bound-
ary conditions. The Q¢ [g] in (5.51) are computed with respect to the background metric g defined by
2414 = 0, which is the BTZ black hole with vanishing mass and angular momentum. The ones computed
with respect to the global AdS3 background can be obtained by shifting =14 — =14 + % in (5.51) [152].

For the Weyl sector we find integrable charges given by

EQ 2w

Qec.lgl = G J,

do(pOw — woip). (5.52)
These additional interesting charges are finite, integrable but not conserved. The non-conservation is ac-
counted for by the presence of a non-vanishing symplectic flux through the boundary, as we will emphasize
in section 5.6.

It can be shown that the same set of charges in (5.51) and (5.52) can be obtained using the Iyer-Wald
prescription in (2.85). While the charges in (5.52) are the most general Weyl charges in our setup, we
now restrict attention to the w-chiral case (5.34), i.e. w = wt 4+ w™. Correspondingly, the Weyl charges
decompose as

Y 2

Quldl =15 i do (WHdre+w 0-9) = Qc_, el + Qc__[¢l, (5.53)

where we have integrated by parts. Hence, they split into two pieces, generating the chiral and anti-chiral
transformations of . We now proceed to compute the charge algebra.

Consistently with (2.64), it can be shown that the surface charges, under the Poisson bracket, form a
projective representation of the asymptotic symmetry algebra with modified Lie bracket, i.e.

{Qe 9], Qeal9l} = 06, Qe 9] = Qe ), [9] + Key 2 19], (5.54)

where K¢, ¢, is the central charge. We find, for & = (o, + &y;,

Ke e, = ’nyl £y + ’CCwlway (5.55)
with
1 o t a2y P t a2y, ¢
Key, &y, = 877G/0 Ao (DpY{05Yy — 03Y505YY), (5.56)
and
£2 27

chl Cwg Fevel o d¢(w2atwl - WlatWQ)- (5.57)
It can be easily shown that K¢, ¢, satisfies the cocycle condition (2.65). Indeed, it is automatically satisfied
for the Weyl sector and the mixed sector, while in the Witt sectors it is proved as usual. Furthermore, since
the Virasoro central charge is non-trivial and any 2-cocycles of an Abelian algebra cannot be a coboundary,
(5.57) is fully non-trivial. The central charge (5.56) in the Y sector is the well-known BH result [27], while
(5.57) is a new result. The total central charge in (5.55) has therefore two independent contributions,
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one coming from the ordinary BH central charge and an additional one coming from the sector of Weyl
rescalings of the boundary metric. Evaluating (5.56) on the basis Y% = T e get

et + 3¢
Kyzxyx =—im E(Sm'm’o’ Kyz+yz =0, F=c=on (5.58)

On the other hand, evaluating (5.57) on the basis wy, = =" ¢4 for the modes decomposition of the
Weyl sector yields

Kepgtrs = —i(r — q)Cy Wats,g+sOptrgts, Cw = bYel (5.59)
The total charge algebra then reads

{Qe:19). Qe [g]} = i(n —m)Qg=_ [g] — im®-=psmo, 5.60

n+m 12
{Qgi Q@E[ ]} =0,

{QCPq Q{rs[g } = - 7" - q Cyr 62 ilats ) D+r,q+ss
{Qez 9] Qi lal} = 0.

This algebra is the direct sum of two Virasoro sectors and the centrally extended Weyl sector. We note that
the Weyl central charge is explicitly time dependent. As such, we are dealing here with a one-parameter
family of algebras, labelled by the time slice ¢ at which the charges are computed.

5.61

5.62

)
)
)
5.63)

(
(
(
(

In the w-chiral case, the central charge for the Weyl left- and right-movers simplifies to
{
.4 +
KCvaét =P, Optq,0 ICg)t@; =0, Cw = Co = 55 (5.64)

The charge algebra then reads

{Qe o) Qez [9} = i(n = m)Qgx[g] = im® = nsmo. (5.65)
{Qex 9], Qez 9]} = 0, (5.66)
{Qclg], Qetlgl} = ipcy, dp+qp, (5.67)
{Qetlg], Qizlol} = 0, (5.68)
{Qex19), Qezlg]} = 0, (5.69)
{Qexldl, Qs lol} = 0. (5.70)

In this subcase the Weyl central charge does not depend on time and therefore the one-parameter family
of algebras reduces to a Kac-Moody current algebra. The algebra (5.65)-(5.70), up to redefinition of
generators, is the same as the one found in [148], as reviewed in Appendix B.

5.6 Holographic aspects

Thanks to the AdS/CFT dictionary, we know that the bulk gravity theory is dual to a boundary conformal
field theory. As long as the former is in the classical limit, the latter is strongly coupled. Therefore, little
is known about it: we cannot construct its perturbative action but we still have access to non-perturbative

71



features such as quantum symmetries expressed in terms of Ward-Takahashi identities of the path inte-
gral [153,154]. The goal of this section is to show that there is a breaking (see e.g. the discussion in
section 2.3) in the conservation law of the Weyl current, which has a holographic dual counterpart as a
boundary anomalous Ward-Takahashi identity [155]. Before proceeding let us briefly review the emergence
of the Weyl anomaly in the context of holographic renormalization, pioneered by Skenderis and collabora-
tors [139, 146, 156-164].

The renormalized action for GR in asymptotically locally AdS3 spacetimes is defined as S[g] = lim._0 Se[g]
where S¢[g] is the regularized action, given by

Selg] =

2 1 2 7
Bay/—g(R—- 5 |+ x5 d?oy—7y (2K — =+ RO 5.71
167TG/M6 v g( £2>+167TG o 7( ¢t ) (5.71)
where K is the trace of the extrinsic curvature of the constant p hypersurface and the last two terms are
the standards counterterms. The renormalized action S[g] is therefore defined by first introducing a cut-off
at p = e that allows the divergences to cancel and then by taking the limit € — 0. An on-shell variation of

S[g] yields?”

1
dSlg] = 5 /BM d%zy/ —g(O)T“bégég) = ﬁ /aM A?zy/—gO RO, (5.72)

where in the last step we have explicitly used the conformally flat parametrization. Hence, with our choice
of boundary conditions, the variational problem is not well-defined [146,163]. Specifying 0 to be the vari-

ation (5.28) induced by a Weyl diffeomorphism so that 5wg£) = nggl))), we get

2,0 /g RO), = N (0) —_¢ po ‘
2477/8de g ORMw /6de gV Aw, A 247TR , (5.73)

which is the standard expression for the Weyl anomaly in AIAdS3 spacetimes.?®. Note that we define A
to be the integrand coefficient of w(x) in d,S5[g] [139]. In other words, regularizing the theory implies a
specific choice of radial foliation and therefore it explicitly breaks Weyl invariance, causing the emergence
of a Weyl anomaly. The latter can be seen in the on-shell variational principle of the renormalized bulk
action. When specified to a variation of the conformal factor of the boundary metric, the corresponding
variation of the on-shell renormalized action gives the Weyl anomaly, which is then interpreted as the trace
anomaly of the boundary stress tensor [140,173,174]. Typically, in order to achieve a well-defined varia-
tional problem, Dirichlet boundary conditions are imposed on the metric [146,163,175]. However, such a
condition is too restrictive when working with a conformal class of boundary metrics [146]. Therefore we
cannot insist that the variational problem be well defined.

From (5.72) we get, in terms of the wedge product A between field variations, the symplectic structure
induced on the boundary dM [38,97,176]

2T to
Qormlg, b1, ha] = % /8 y d%(s( g(O)Tab> N G / do | dt (Odp A S¢) , (5.74)

2"For the Chern-Simons formulation of the variational problem, see Appendix C.
28For intrinsic field-theoretical studies of Weyl anomalies see [165-172].
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where we have used the conformally flat parametrization. Integrating by parts in ¢t we have, discarding
total ¢ derivatives, that

2 21

Qomlp, 019, 02¢0] = T8’G

de [5p A atag)]:j . (5.75)

This shows that the time difference of Weyl charges is equal to the symplectic flux contracted with a Weyl
generating vector field,

£2 2 to
Qomlp, 0p, dup] =6 {&TG /0 d¢ [wip — pOw],| } = 0{Qcl9llt; — Qe l9llt } (5.76)

so that, integrating on a path v in the space of fields, we get

AQelg) = / o, 6, 6,0). (5.77)
Y

Therefore the Weyl charges are not conserved but integrable, as already mentioned and their non conser-
vation is compensated by a symplectic flux through the boundary [41-43,177-179].

We proceed now to reduce the theory to the w-chiral case and comment on some holographic aspects
in this framework. The presence of an anomaly indicates that, in the dual theory, a current is not con-
served at the quantum level 2°. Therefore, the first step is to construct a Weyl current [182]. This procedure
is well-known for the Virasoro sector, where the currents combine in the stress tensor of the boundary dual
theory, and its conservation is interpreted in the bulk as Einstein’s equations, while in the boundary as the
Ward-Takahashi identity for the transformations generated by f?oyi). In a similar fashion, given that the
condition Cw = 0 ensures we deal with two generators (5.53) of chiral and anti-chiral Weyl transformations,
we can define two Weyl currents. Starting from (5.50), since the charges are integrable we can define a
functional K¢ [g] such that k¢ [g,h] = 6(Kc, [g]). For K¢, [g] we obtain the splitting

K{%lg) = K lg] + K£*_[g]. (5.78)

We now use the ambiguity (2.29) in defining K¢"[g],

a a ba a a ba
K lg) = K& (o) + 0 gl KL [g) = K2° o] + 01" [g]. (5.79)
Choosing [ Ci L as
Bl =t Il = e (5.80)
Curt 87G ’ Cum 87G ’

we obtain for K g’ “[]

K" [g] =0, K,p_[¢]:_?w+a+% Kol = ———w0_p, K [p]=0. (581)

Cot Cot

see e.g. [155,180,181] for reviews
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These are precisely the integrands of the Weyl charges in (5.53). Introducing two Weyl currents J2, o]
and J,,-[p] for the two chirality sectors as

K2 (o) =/ =g Ot I el KL (el =/ —gOw™ 5 [g], (5.82)

such that the currents are tensors (K;“ “lg] is a tensor density) and they do not depend on the gauge

parameters w™ and w™. Their explicit expressions, using ggb))dxadxb = —e2¢@)dptda, are
n _ le= 2 n le=2¢ _
J el =0, J Lol = — e 0+, JT [p] = — e 0_p, J _[p] = 0. (5.83)

We eventually compute the boundary covariant divergence of these two currents and we find:

DO e, = —A, DV = A, (5.84)

a

where A is the anomaly integrand coefficient defined in (5.73). We have thus shown that the Weyl currents
are not conserved due to the presence of the anomaly [155]. The boundary Weyl symmetry is broken, for
the bulk counterpart Weyl charges are not conserved and this process is driven by the anomaly coefficient:
for flat boundary metrics the current is conserved [148], as we thoroughly review in Appendix B.

5.7 Summary and future directions

The above analysis shows that the asymptotic symmetries corresponding to conformally flat boundary
conditions include a new abelian sector of Weyl rescalings of the boundary metric whose associated sur-
face charges are integrable but not conserved and that their charge algebra is characterised by a new,
non-trivial, central charge. As already mentioned, the holographic AdS/CFT dictionary predicts that bulk
asymptotic symmetries are dual to boundary global symmetries of a putative field theory. In our setup, af-
ter constructing new suitable Weyl boundary currents compatible with the surface charges, we proved that
the holographic counterpart of the bulk analysis is consistently described by a anomalous Ward-Takahashi
identity of the dual holographic theory. In other words, the effect of having a non-flat boundary metric is
found to be equivalent to coupling the two-dimensional boundary CFT with a fixed background field.

We have not addressed the holographic interpretation corresponding to the most general variation of the
boundary metric (i.e. w not satisfying (5.33)), which is certainly worth exploring. In this regard, a different
choice of gauge in the bulk may be more suited, e.g. [183]. In particular, this raises the question on how
Weyl charges explicitly depend on the gauge condition [178,179,184, 185]. Another possible development
is the extension of these results to higher dimensions. Specifically, it is tempting to speculate that similar
patterns can be unravelled in even-boundary dimensions. On the other hand, it would also be of related in-
terest to investigate Weyl charges in odd-boundary dimensions. Furthermore, a suitable flat limit [152,186]
of these results might be relevant for the flat holography program [187-189] and the recent developments in
celestial CFT. Eventually, on the macroscopic side of holography, i.e., in the fluid/gravity correspondence,
it would be interesting to study the role of these boundary conditions from the fluid perspective [190].
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Part 11

Partition functions and modular covariance

6 Introduction

Conformal field theory (CFT) has been an extraordinarily powerful tool in the development of theoretical
physics over the last decades. It has allowed for interplays between a wide spectrum of areas in physics,
leading to rich results. Among others, it has found applications that range from string theory and hologra-
phy to statistical and condensed matter physics. In particular, two-dimensional CFT, whose study started
with the seminal paper by Belavin, Polyakov and Zamolodchikov [191], appears as a natural and fundamen-
tal feature of string theory and has been extensively used to describe two-dimensional critical phenomena,
as the classification of critical behaviors of the two-dimensional Ising model.

One of the central ideas of two-dimensional CFT is modular invariance on a Euclidean torus background
T? = Sé X S}J [192,193], defined as the product between the compact euclidean time and a compact spatial
variable of periods 8 and L, respectively. Indeed, a torus can be defined by specifying two linearly inde-
pendent vectors on the plane, or equivalently two complex numbers (w1, ws), called periods of the lattice,
and then identifying points that differ by an integer combination of these. Therefore, a torus is equivalent
to a plane with periodic boundary conditions. The requirement of a torus background imposes powerful
constraints on the theory. In the first place, by conformal invariance, the properties of a CFT living on
such background cannot depend separately on the two periods but only on the ratio between them, called
modular parameter 7 = we/w; = 71 + iTe. Secondly, a given torus can be specified by any other pair
of lattice vectors which are integer combinations of (w;,ws) and this implies, in turn, that the partition
function of a CFT on the torus must be modular invariant, i.e. it must be invariant under SL(2,Z)/Z?
transformations of the modular parameter 7. As a direct consequence, two-dimensional CF'Ts living on the
torus exhibit a peculiar duality, mapping its partition function at a given 7, = L/f to itself at the inversely
related temperature 1/m70 = /L, i.e. there exists a symmetry under the swapping of the above defined
circles. It has been shown that the partition function of a two-dimensional massless scalar field theory
on the torus can be written in terms of the so-called Dedekind’s n function. The latter is an important
example of quasi-modular form. In general, modular forms are an important chapter of mathematics and
they play a crucial role in physics.

The above described dualities have been widely used and have led to strong analytic results. In this regard
it is worth to mention the Kramers-Wanniers duality [194, 195], relating the high- and low-temperature
behaviors of the free energy of the two-dimensional Ising model, that can be used to exactly determine its
critical point. The Cardy formula [135], which gives a prescription to compute the degeneracy of high energy
states of the CF'T, also heavily relies on this duality. In a slightly different context, the Cardy formula has
been used to microscopically reproduce the Bekenstein entropy of certain classes of black holes [134,196].
Remarkably, modular transformations have been used in the framework of Seiberg-Witten solution [197]
of N' = 2 supersymmetric Yang-Mills theory, where they act on a modular parameter that depends both
on the vacuum theta angle and the gauge coupling constant, giving access to the non-perturbative regime
of the theory.
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The question of whether modular transformations and thus temperature dualities can be realized in dif-
ferent contexts is naturally an intriguing one and definitely worth exploring.

6.1 Modular covariance and Eisenstein series

Investigating the fate of modular invariance for CFTs living in spacetime dimensions greater than two
and on partially compactified manifolds is certainly an interesting question, see e.g. [198-203] for several
successful attempts in this direction.

It turns out [204] that, in the simple case of a (d 4 1)-dimensional massless scalar field living on T? x R4~1,
the above described modular invariance of the partition function gets naturally replaced by modular co-
variance. In particular, the Dedekind’s n function appearing in the case of the two-dimensional CFT on
T2 is substituted by real analytic Eisenstein series [205-208]. They are important objects to consider in
the context of modular forms and feature prominently in theoretical physics, for instance in the context of
string theory amplitudes, gravitational instantons and Feynman integrals.

Similarly to modular invariance, modular covariance allows to derive certain generalized temperature du-
alities, that smoothly extend those of two-dimensional CFTs, implying an higher-dimensional analogue of
the Cardy formula. In fact, in these models the high-temperature limit of the thermal entropy and of the
density of states can be expressed uniquely in terms of the central charge of the theory. Interestingly, it has
been also shown that in the low-temperature regime the entropy of the system does not scale as the entire
volume of the manifold, as one might expect, but only as the volume of its non-compact R?~! component.
The Fourier analysis of the real analytic Eisenstein series allows to trace back the microscopic origin of this
behavior and to show that is due the the zero mode of the scalar field in the compact spatial direction.

6.2 Gauge theories in the Casimir setup

Modular transformations already appear naturally in the context of the quantized electromagnetic field
between two perfectly conducting plates, i.e. the well-studied setup of the Casimir effect [209] at finite
temperature [210-216] While a temperature inversion symmetry for the partition function had already
been derived originally in [217] (see also [218-222]), this result can be enhanced to transformations of a
suitably defined modular parameter under the full modular group [223]. In this case, it turns out that the
partition function of the theory transforms covariantly under modular transformations with weight 2. A
crucial role in this derivation is played by the Casimir boundary conditions, which ultimately make the
electromagnetic field between two perfectly conducting plates equivalent to a massless scalar field living on
T? x R?, where T? = Sk X S; 1» L being the separation between the two plates. The temperature dualities
corresponding to this modular symmetry allow to easily relate the high- and low-temperature limits of
thermodynamic quantities and also in this case, at low temperatures, the entropy scales as the area of the
metallic plates [224,225].

A similar analysis [226] has shown that also in the case of linearized gravity around flat space, i.e. Pauli-
Fierz theory, the same considerations apply. Even if the gauge structure of the spin 2 theory is significantly
more complicated than that of spin 1, imposing the analogue of perfectly conducting boundary conditions
on the linearized gravitational field leads, after defining a suitable modular parameter, to a modular co-
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variant partition function. In particular, it turns out that it is equal to that of the spin 1 case, showing
that the true physical propagating degrees of freedom of free Pauli-Fierz theory in the Casimir setup, after
having eliminated all the gauge redundancies, have the same nature as those of electromagnetism.

6.3 Publications and original results

1. F. A. and G. Barnich, “Modular invariance in finite temperature Casimir effect”, JHEP 10 (2020)
134, arXiv: 2007.1133 [hep-th],

2. F. A., G. Barnich and M. Bonte “Gravitons in a Casimir box”, JHEP (2021) 216, arXiv: 2007.1133
[hep-th],

3. F. A., G. Barnich, M. Bonte and A. Kleinschmidt “Generalized modular invariance and temperature
dualities on R4 x T?”. To appear soon.
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7 Path integrals and partition functions: an introduction

In this chapter we review some techniques to compute the partition function Z(3) of a quantum field theory.
Having access to the latter is essential to capture statistic and thermodynamic properties of a theory at
finite temperature. As we will see in the next chapters, understanding the symmetries of Z (/) leads to very
interesting physical consequences. In particular, as remarked in the Introduction, modular symmetries of
the partition function imply the so-called temperature dualities, for which the low- and high-temperature
regime of the theory are related. In this chapter, we will only be concerned about the very simple model of a
massless scalar field in the large volume limit and we will outline how different techniques to compute Z(3)
illustrate different but complementary aspects of the problem. The study of this toy model has a twofold
purpose. On the one hand, it will help establishing a useful notation that will be used throughout all this
part. On the other hand, the results contained in this chapter will be a useful benchmark for the case
of more realistic models, e.g. electromagnetism and linearized gravity which will be dealt with in chapter 9.

We start in section 7.1 by recalling the path-integral representation of the partition function and in 7.1.1,
7.1.2 and 7.1.3 we describe the zeta function, heath kernel and canonical techniques, respectively, to com-
pute Z(5). In section 7.2 we explicitly make use of these methods to obtain thermodynamic properties of
a real massless scalar field in (d 4 1)-dimensions. We conclude, in section 7.3, with some comments about
the independence of the partition function in the large volume limit of the choice of boundary conditions
and about the electromagnetism partition function.

A non-exhaustive list of original literature for this chapter is [227-231]. Useful books and reviews are
[232—-244] and references therein contained.

7.1 Path integral representation of the partition function

Let us start by considering a non-relativistic particle of unit mass, described by the classical Lagrangian
action

Slg) = /f T -vig) (71)

Here by ¢ we denoted the coordinate and by V(gq) the potential acting on the particle. The classical tra-
jectory q(t) of the particle, according to Hamilton’s principle, is the one extremizing S[g]. This procedure
gives the standard Lagrange’s equations of motion § = V’(q). Equivalently, one can introduce the momen-

tum p associated to the coordinate q as p = %—g = ¢ and compute the first order Hamiltonian action as

t 2
Sulq,p] = /t ' dt[pg— H(p,q)],  H(p,q) = % +V(q). (7.2)

Extremizing Sg (g, p] yields the standard Hamilton’s equations of motion ¢ = d,H and p = —0,H.

In quantum mechanics, we introduce coordinate and momentum operators § and p satisfying [4, p] = ik *°

3%In this chapter we do not adopt the standard convention A = 1.
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with associated eigenstates |¢) and |p) such that ¢|q) = ¢q|q) and p|p) = p|p). They form an orthonormal
and complete set of eigenstates:

(qdlg"y = d(q —q"), plpy=6p—-9p), 1= /dQIq><(JL i= /dp|p><p!~ (7.3)

In the Heisenberg picture, ¢ and of p are time dependent G(t) = UT(t)(j U(t) and p(t) = UT( )P U( t),
with U(t) = exp{—iHt/h} time evolution operator, and they have eigenstates |¢;t) = UT(t)|q) and
Ip,t) = Ut(t)|p), so that §(t)|g;t) = qlg;t) and p(t)|g;t) = plp;t). An object of interest is the quan-
tum amplitude for the particle at ¢, at time ¢7, starting from ¢; at ¢;,

gy

<Qf;tf|qz-;ti>=<fJf|67 (tr=tg,), (7.4)

where in the last step we have explicitly used the time evolution opertor. We now briefly show how
(7.4) can be defined in terms of a path integral [234,241,245]. The first step is to split the interval (¢;,t¢)
into N +1 small intervals of length 6t = (ty —t;) /(N +1) with N very large, so that, using Trotter’s formula

emwHltr=t) — o=l o ﬁH‘st, N — oo. (7.5)

N+1 times

Then we insert N times the identity in coordinate space 1 = ffooo dqk|gx)(gx] and N + 1 times the identity
in momentum space 1 = ffooo dpk|pr) (pk|, so that the amplitude admits the representation

N+1

o0 N A N
(grle” #HE=t)|g;) = / <H dpk) (H qu) (arle” " pn 1) (pvrilan) - (aele” 77 pe) (prlar—1)--
% \k=1 k=1

e 5% py) (pa i) (7.6)

1

Using (pla) = g™ i and (qlp) =

—L_¢iP4 each factor in (7.6) can be computed as
V2rh

L ek [pk(Qk_Qk—l)_H(pk7qk)6t] ) (7.7)
2mh

(ale™ "% pr) (Pl qr—1) =
Note that, in order to derive this equation it is essential to assume that the classical Hamiltonian is of
the form H(p,q) = f(p) + V(q) so that there is no ambiguity in defining the quantum operator H(p, ).
More generally, the classical Hamiltonian may contain cross-terms as p™¢". In this case, once we specify
an ordering for H (P, 4), we move, using the commutation relations between p and ¢, all the powers of ¢ to
the left of those of p. The function H(p,q) we get in (7.7) using this procedure is called the p-g symbol of
the operator H(p, ¢). We get, defining g9 = ¢; and gn11 = ¢y,

N+1

(asle—HHE— gy / H S qukehzk“[ () ~Han)] ot (7.8)
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It is convenient to regard the ¢ and py appearing in (7.8) as defining a skeletonized path in phase space
and indeed they can be thought of as specific values of some sufficiently smooth interpolating functions
q(t) and p(t) such that q(kdt) = g, and p(kdt) = pg, as shown in Figure 11.

9

qf.

q(kdt)

qi

»
>

t; kot ty t
Figure 11: The skeletonized path connecting ¢; with ¢y, through the interpolating function ¢(t).

In the N — oo limit we get, for the exponent in (7.8)

N+1

qk — Qk—1 N—=oo b . B
D (T ) — Hpk i) |0t ———— | dt[pd — H(p,q)) = Sla.p), (7.9)
k=1 t;
and for the measure we define, as usual 31
N+1 N tr)=
dpg N—oc0 q(ty)=aqs Dp(t)Dq(t)
—_— - —_ 1
/ kl;I 2mh 1;[1 da alti)=a; 2nh (7.10)

so that, in the large-N limit the amplitude can be expressed as

. q(ty)=q s
plem bt 0yg = [0 7 TP o, (7.11)
q(ti)=q; 2mh

Equation (7.11) is a Hamiltonian path integral representation for the amplitude and it is an integral over
all possible paths ¢(t) and p(t) in phase space starting at ¢(¢;) = ¢; and terminating at ¢(tf) = qs. Note
that there is no restriction at all on the integration over the momenta p(t), contrarily to that over ¢(t).
The Hamiltonian is quadratic in p and hence one can explicitly perform each Gaussian integration over

31The mathematically rigorous definition of the path integral measure is a well-known problem. Note however that, as
remarked in [234], the measure Dp(t)Dq(t) should be, formally, a product over time of the phase space Liouville measures at
each time.
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the momenta py,

> dp i [prlan— )_”iat] 1 1[%]
P o [PR\9k—k+1 2 — = _en 557 : 719
/_m oh Vamist (7.12)

so that the amplitude in (7.8) is

7, (q q )
<Qf|6 i tf_ti)|qi> - hét) N+1 I | queh ZN+1 k 25’:2 1 V(Qk)] 6t’ (7.13)
v

which, in the large-N limit, up to an overall (divergent) factor that does not contain dynamical informa-
tion, can be more conveniently rewritten as

i _ alty)=ay
(gple KA1 |g)) = / N Dy(t)erSld, (7.14)
q(l;)=q;

which is the standard Feynman path integral [246] representation of a quantum mechanical amplitude.
Note that, since the integral over momenta is Gaussian, performing the integration (7.13) is equivalent to
find the value p. = pi«(q,q) extremizing Sy [p, q] and evaluating Sg[q, p] at p.. With this procedure, one
finds p, = ¢ = %g and hence Sy [q, p«] = S[q|, with S[q] given in (7.1), in agreement with (7.14). The above
arguments can be easily generalized to matrix elements between states (qf;ts| and |g;;t;) of time-ordered
products of operators O[p(t), (t)], i.e.

(a7 7| T{OA[B(ta), 4(t2)]OB[B(tR), d(tB)]... ais ti)

= [ PP 6 1)t )OI aft )5 (1.5

q(ti)=qi 2mh

The expressions we obtained for the amplitude admit an insightful interpretation. While in classical me-
chanics there is only one path associated to the motion of the particle, in quantum mechanics all possible
paths satisfying the right boundary conditions play a role. Indeed, as i — 0, the dominant paths contribu-
tions in (7.11) and (7.14) are given by the stationary points of Sg[p, q], solutions to Hamilton’s equations
or, equivalently, by the the stationary points of S|[g|, solutions to Lagrange’s equations. Expressions (7.11)
and (7.14) for the amplitude are therefore equivalent. The advantage of one or the other depends on
whether one chooses to work in the Hamiltonian or Lagrangian formalism, respectively.

In general, it is difficult to use the path integral (7.11)-(7.14) for numerical computations and ampli-
tudes are better computed in Euclidean space where one introduces Euclidean time 7 = ¢t. The analytic
continuation of (7.4) to imaginary times reads

(gsle” 7T r=|g;), (7.16)

so that the rapid oscillations of the factor enSlal are replaced by a an exponential suppression. To get a
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formula for (7.16), we can just substitute ¢ = —i7 in the previous expressions and we obtain

. q(15)=q; q(:)=q;
<qﬂef%H(Tf*Ti)‘qi> :/ Me*%sg[f’:ﬂ :/ Dq(r)e*%SE[Q]7 (7.17)
q(ts)=qy 2rh q(t)=qs

where we defined the first order Euclidean action and the Euclidean action as

il = [ o[ -2 v mp]. 7= [Carl () wva] o

3

In quantum statistical mechanics the canonical partition function is defined as

2(9)=re = [daaleMa), 5= (7.19)
kT
where the trace is taken over a basis in the Hilbert space. The matrix element appearing in (7.19) is
the same as in (7.16) with the substitution 74 — 7; = hf and where the initial and last point are equal
¢ = qf = ¢, i.e. the path ¢(7) has to be periodic. Therefore, also the canonical partition function admits
a path integral representation:

Z(B)=Tre™” / ;17?( ™) e wShlPd — / Dy(r)e 751, (7.20)

(0)=q(hpB) q(0)=q(hB)
p(0)=p(7B3)

with SE[q, p] and S¥[q] given in (7.18) with the replacements 7; = 0 and 7t = hfs. Remarkably, the imagi-
nary time path integral in (7.20) can be thought of as a partition function in classical statistical mechanics
if one interprets the Euclidean time coordinate 7 as a spatial coordinate. Therefore, one can think of quan-
tum mechanics in Euclidean time as classical mechanics in one higher spatial dimension. In particular,
denoting the size of this additional dimension as L = hf3, the zero temperature limit of the quantum theory
corresponds to the usual infinite volume classical partition function in the Euclidean time/spatial direction.

So far, we were only concerned about quantum mechanics. However, when one turns to quantum field
theory similar considerations apply. The conjugate variables ¢ and p are replaced by the field ¢(¢,z) and
its canonical momentum II(¢, ) satisfying canonical commutation relations [¢(¢, 2, [I(t, )] = ihd(z — ).
The partition function of a quantum field theory can be represented by a path integral over the fields
¢(r,x) and II(7, x) as

Z(B) =TrePH = / DH(T’??(T’”")@—%SI@IWﬂl = / Do (r,x)e #5710 (7.21)
(0,2)=6(hB,z) T $(0,2)=(1B,2)
I1(0,z)=II(hB,x)

It is important to bear in mind that, while the partition function of quantum mechanics is a finite function

of the parameters upon which the Lagrangian depends, in quantum field theory this is not true. The major
issues come from UV divergences, that have to be taken care of by a renormalization procedure.
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The partition function in (7.21) contains all the information about the statistic properties of finite temper-
ature quantum field theory [232,233,238,242-244]. From this quantity other important observables such
as the the free energy F(f3), the entropy S(53) or the internal energy F(/3) may be derived as

F(p) = —élog Z(B), S(B) = kp(1 — B0g)log Z(B), E(B) = —0glog Z(B). (7.22)

Since the partition function will be the main object of interest throughout next sections and chapters, we
now briefly outline few methods to explicitly compute it.

7.1.1 Zeta function technique

Consider a real, elliptic and self-adjoint operator A with a discrete set {Ak}rer of real eigenvalues A\, > 0
V k € I associated to a complete set of orthonormal eigenfunctions {¢y }rer, satisfying

Agr(x) = Mt (), /ddHﬂU Op()pp () = O, > dula =0 (@ — ). (7.23)

kel

Here and from now on we denote the Euclidean time by 7 = 2%*!. It is important to define a new index set
I' C I, such that k € I' if an only if A\; # 0. In other words, the set {Ag}rer is equal to the set {Ag }rer, up
to the zero modes of A. This is crucial to define the generalized zeta function [230,235,237,240] associated
to the operator A as

Cals) =TrA=s = A% (7.24)

kel’

Here and in the following the superscript / means that we are excluding the zero modes from the sums/products
involving the eigenvalues of A. The determinant of the operator A can be written in terms of the general-
ized zeta function associated to A as

~ pa— //\
det’ A= [ M =e O]y (7.25)
kel’

We are interested in having a formula for Z(/3) in terms of ¢ ;(s). To this aim, we assume that the Euclidean
action appearing in (7.21) can be rewritten as

1

2QFE
57061 = 5 [t s@dot), A= o0

50(2)50 (") (7.26)

The field ¢ can be expanded in the basis {¢k }rer as

~Yadila),  a= [dHao@o). (1.7

kel
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Therefore, the Euclidean action in (7.26) becomes

1
=5 > aiAn, (7.28)

kel

and the measure transforms as D¢ = p1 [ [, c; dax, where p is a normalization constant with the dimension
of a mass, so that the partition function can be written as

I fone 0 L

~ 1

A -3
(det W) . (7.29)
kel kel
Clearly, the potential presence of vanishing eigenvalues of A creates issues in the above expression. How-
ever, in most of the cases that will be considered throughout this work, we will argue that these zero modes
do not actually contribute to the partition function. This is due to the fact that the we will ultimately
consider operators on partially compactified manifold, such as R? x T9, whose spectrum is therefore not
discrete. An exception is represented by the case of the Bose field on the Euclidean torus, described in
detail in section 8.1, where we will explicitly comment on how to take care of the zero mode.

Assuming that I’ = I in (7.29) and using (7.25) we eventually we arrive at 3

log Z(B) = %Cjﬁ(s)‘s:o + %log(QwhuQ)CA(O). (7.30)

In the above hypothesis, this equation reduces the problem of computing a path integral to that of com-
puting the zeta function associated to a certain operator A appearing in the Euclidean action. Note that,
in general, to use the zeta function technique we need to know, even numerically, the eigenvalues of the
operator A defining the Euclidean action and the action must be quadratic in the dynamical fields. There
are however situations where this last condition is not fulfilled, e.g. when one deals with path integrals
on curved spacetimes. In these cases, if we have access to a background solution ¢ of the classical equa-
tions of motion, it can be argued that the major contributions to the partition function come from field
configurations near the background, i.e. we can expand ¢ as

¢(z) = do(z) + d(x), (7.31)

and, correspondingly the Euclidean action as

SPlgl = ¥ (g0l + S5 (6] + - (7.32)

where ¢ is a fluctuation around the background solution ¢y, S(b;) [(;NS] is the term quadratic in ¢, given by

N SN B R
=5 e [atai ol 5@ () |y (7.33)

32Tn order to get (7.30) we used Cisals) = a’C4(s) and thus C%/Q(S)LSZO = ¢’i(s)|s=0 +log a 4(0).
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and ... denote higher order corrections. Note that in (7.32) the term linear in ¢ is absent because we
assumed that ¢g solves the classical equations of motion and thus it is a stationary point for the action. It
follows that

1 - 1 ~.
log Z(B) = —%SE[(ﬁo] + log/D(be #5319 + higher order contributions. (7.34)

Now, since S 5) [gz;] is quadratic in the fields, we can apply the zeta function technique to the second term in

(7.34) and therefore the relevant zeta function to compute is the one associated with the operator appearing
n (7.33).

7.1.2 Heat kernel technique and Schwinger proper time

Consider again the operator A satisfying the same properties listed previously. The set of equations (7.23)
can be more conveniently rewritten introducing using the bra and ket abstract notation as

Alky = Melk), (R =0, D Rk =1 (7.35)
kel

We define the heat kernel operator [236,239] associated to Aas
KA(T) =e 7. (7.36)

The matrix elements of K i(7) between coordinates states (x| and |2') define the heat kernel associated to

~

A:

K j(z,2';7) = (@] K 4(7)]2') = (z]eA7[2!). (7.37)

Differentiating this equation with respect to 7 yields

—g[( (x,2'57) = AKA(:L‘,QJ'; T), (7.38)
-

where A is taken to act on the first argument of K ;(x,z’;7). When A is the spatial Laplacian 9;0, equa-
tion (7.38) is just the standard heat equation, which is the Euclidean time counterpart of the Schrodinger
equation with zero potential energy and A = 1. Furthermore, inserting a resolution of the identity in (7.36)
we get,

(@,2;7) =Y ppl(a)dn(x')e ™7, (7.39)

kel

33Note that in (7.36) T is not the Euclidean time, to which we will refer to as x4+
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so that, in the limit 7 — 0, using the last of (7.23) K ;(x,2';7) satisfies
K i(z,2/;0) = 8" (x — ). (7.40)

Equations (7.38) and (7.40) ensure that any solution of the equation —d,t)(z, 7) = At(z,7) with initial
condition 1 (x,0) = ¢p(x) can be expressed using the heat kernel associated to A as

(T, x) = /dd+1x' KA(:r,x';T)wO(J:'). (7.41)

From (7.29) it follows that 34

1 . 82S[g)
logZ(B) = —=Tr 1 A= ————>~-——. 7.42
Now consider the following general identity 3°
*~d
log z = —/ il (e7™* —e™7). (7.43)
0 T

Hence, from (7.42) and generalizing (7.43) to the case of operators, we get, up to a constant independent
of the dynamics

log Z(8) = ;/Ooo Ty e A — ;/OOO 1 Ry (). (7.44)

T

The integration variable 7 in the above formula is called Schwinger proper time or the parameter of
the world-line [227,247,248]. Note that in this approach the operator whose trace is being evaluated is
treated as the Hamiltonian for evolution in the Schwinger proper time direction and therefore the result
in (7.44) is reminiscent of a one-dimensional field theory living in the one-dimensional space of proper time.

We now briefly show that it is indeed possible to relate the zeta function introduced previously to the
trace of the heat kernel appearing in (7.44) by a Mellin transform. We start from the standard represen-
tation of the gamma function

I'(s) = )\Z/ dr 757 te T, Re(s) > 0. (7.45)
0

34Note that the partition function can also be expressed as Z(8) = Tr e PH =Ty K(8), where K (1) is the heat kernel

associated to the standard Hamiltonian H of the system. This approach will be followed in the context of the canonical
approach in 7.1.3.
35Indeed, the Taylor series around z = 1 of the integrand is

)

1 s L & (_1)n+17_n71(z_1)n .
R

oyl 1ym
% which is exactly the

and the integral over t yields I'(n) = (n — 1)! so that the right hand side of (7.43) is > 7 ; (
Taylor series of log z around z = 1.
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Hence

Ci(s) = Z AT = 1“(18) /OO dr 7571 Z e MT = 1_‘(18) /Oo dr 7571 Ty (KA(T) — ]5), (7.46)

kel 0 kel 0

where P denotes the orthogonal projector operator into the kernel of A, satisfying Tr P = dim {Kerfl}.

7.1.3 Canonical approach

The canonical approach consists in computing the partition function by directly evaluating the trace
Tre PH in the Fock space. Clearly, in order to do so, one must have access to the full spectrum of the
Hamiltonian of the theory,

Hn) = Ep|n), (nn’y = dppr, Z In)(n| = 1. (7.47)
nel

Therefore, one can choose to evaluate the trace on the above set of eigenstates

2(8) = (nle P |n) =" e0Fn, (7.48)

nel nel

Note that the operator e—BH provides a tool to determine the structure of the vacuum quantum state.
Indeed, if H is bounded from below, the ground state energy Ejy is given by

Ey = Jim [ élog Z(ﬁ)]. (7.49)

Usually, in free quantum field theories, the Fock space is the direct sum of infinitely many Hilbert spaces
associated to harmonic oscillators and thus the Hamiltonian is the sum of the Hamiltonians of each mode,

H=) H, (7.50)
i
and thus the partition function is a product of the partition functions associated to each oscillator,

2(8) = Tre " =[] Tre P =[] :(8). (7.51)

We will see that this method to compute Z(f) is often related to the zeta function and heat kernel
techniques by a standard Fourier series.

7.2 Thermodynamics of a free massless scalar in the large volume limit and the black
body result

Before concluding this chapter, it is instructive to explicitly use the three methods described above to
compute the partition function of a free massless scalar field ¢ in (d + 1) spacetime dimensions described
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by the action

S[¢] = —% /V d™te 9,60M ¢, (7.52)

in the limit of large volume. The indices p and i label spacetime and spatial indices, respectively so that
=0,....,d, and i = 1,...,d. In (7.52), we take the spatial volume V' of the system to be V' =[], L;. We
can choose without loss of generality periodic boundary conditions in all directions,

ot xt, .. 2t .zt = ot xt, .. 2t + Ly, . 29), i=1,..d, (7.53)

bearing in mind that in the large volume limit the result will not depend at all on this choice, see e.g.

the discussion in section 7.4. Therefore, the field ¢ and its conjugate momentum II = g—g = ¢ can be

decomposed in the orthonormal basis {ey, } of eigenfunctions of the Laplacian on the d-dimensional torus
= SlLl X .o X SlLd associated with the choice of periodic boundary conditions (7.53), given by

i 2
ek, (z) = \?Ve , ki = %ni, n €%, Vi=1,..,d, (7.54)

satisfying the orthonormality and completeness conditions
(er;renr) = / diz er, (T)ep (z H‘Snm , Z e, (x)eg, (x') = 6%z — o). (7.55)
1 V ' d
n; €7
The fields are decomposed in the above basis as
LS e LS e 750
n S/ n S/

with ¢x, = (ex,, ¢) and Iy, = (ex,, II). The reality of ¢ and II implies that ¢y, = ¢*, and I, = II", and
the equal-time Poisson bracket are

{o(t,2), I(t,2")} = 0%z — '), {ow (), 10, ()} = H Onin (7.57)

The first order action is

Sp[o, 1) = /dt[/vddxM—H[(ﬁ,H]} (7.58)

where the Hamiltonian is given by

1 , 1
/Vddx(m + 8;00'¢) = 3 Z (I, 1T}, + wi, bk, D) (7.59)

2
TL»;EZd

H[p,11] =
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with wg, = \/kik?. The oscillators variables are defined for k; # 0 as usual

o) =% (00 100). (o000 =~ T (7.60

so that the Hamiltonian in terms of ay, and aj_ is, on denoting p = Il 36

2
2 et
H= 5 + 3 g wki(aziaki + akia,’;_), (7.61)

niGZd

whereas the conjugate pair (¢,II) is given by

) = VvV " \/VTMEZd 2wy, (@B} + ) (762
it @) = % - ﬁ % S (ar (B — c), (7.63)

where we denoted ¢ = ¢g. In the next chapters, another observable will be of relevance, namely the mo-
mentum of the field along the z! direction. It is given by

Pi[¢,T1) = — / Cellog=—i Y koI, {Padta)} 2 aig(t,x). (7.64)
v mEZd
In terms of ay, and aj_,
1 . \
Fi= 2 ZZd ki(ay,ar; + ax,ar, ). (7.65)
n;e

7.2.1 Functional approach and zeta function

d+1

Performing a Wick rotation ¢ = —i7 and denoting 7 = %7, the first order Euclidean action reads

hp 1 1 ,
SElp, 1] = /0 dzdt! /V ddx[—iH8d+1¢+2H2+28igb8’¢ , (7.66)

’
36Note that the classical Hamiltonian in (7.61) could be equally written as H = é + Z Wk, ay,ak, since ay, are just

n; €L
complex numbers at this stage. However, the form (7.61) will be useful when we will discuss ordering issues and the Casimir
energy.
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where the fields satisfy, besides (7.53), periodic boundary conditions in the Euclidean time variable as
oz, 24y = ¢(x, 2T + hpB), (z, z) = II(z, 2! 4 KB). (7.67)
Therefore, we can mode expand ¢ and II also in Euclidean time as

thasie®g, (@), T S et (), (7.68)

Ng41€Z

oz

1 1
)=V 2 = Vi

Ng41€Z

where we introduced the index A =1,...,d + 1, kgr1 = (27/hB)ng+1 are the Matsubara frequencies and

L s .
o, My, (2) = m/o dzdt? H(:L“A)(271’“‘”1"’3@r1 (7.69)

Py () = m/o Azt g(at)e ki
satisfying ¢Zd+1(x) =P kyir () and H,’:,dﬂ (x) = H_kdﬂ(x).

Following the procedure outlined after (7.14) we find the stationary points of S as

_ 055

0= = —i041¢ + 1L = TL = 016, (7.70)

1.

and therefore we need to evaluate the path integral

1 gqQFE h/B
Z(p3) :/D<be_h5 2l S 4] :—;/O dxd“/vddxgbAgb, (7.71)

where A = 9,04 is the Laplacian on the manifold M = S}]ﬂ x T and hence, from (7.26) we have A = —A.
Here, the S}iﬁ component is the thermal cycle with period AS5. In the large volume limit the spatial torus
decompactifies to R%. A set of normalized eigenfunctions of —A is given by {ej N

1 .
€k (l’) = WelkAxA (772)

satisfying

o 2 d o 2
Therefore, for the zeta function we have

Cals)= > A (7.74)

nAEZ‘“l
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In the large volume limit we can replace the sums over n; into integrals as ZniEZ — 2% ffooo dk; and we
get

27 2 1-s
[(ﬁﬁnd+1> +kikzj| . (775)

V [e.e]
C-als) = 2n)d /Oo Ak >

Nng4+1€%L

Note that in going from (7.74) to (7.75) we lost information about the zero mode Ag. Indeed, when taking
some directions to be large the spectrum of the Laplacian becomes continuous and the zero mode becomes
a zero measure set which will not contribute to Z(/3). In order to perform the integral in (7.75) we go the
hyperspherical coordinates and get, after changing the integration variable

d d—2s  roo
CA(s)z(;)ds&)@g) /0 Ak YT [nd + K7 (7.76)

Nd41 €L

d
212
r(g)
integral, when regulated with an IR cut-off €, yields

where the factor is the area of the (d — 1)-dimensional unit ball. The 1441 = 0 term in the above

/ Tk . Re(s) > d (7.77)
. d—2s’ 2 '

Since the derivative with respect to s of this expression at s = 0 vanishes in the limit ¢ — 0, we can discard
this contribution. The remaining integral gives

/oo dk k41 Z' (i +k] "= M(@s —d),  Re(s) > =, (7.78)

0 Nd41 EZ

where ((s) = >, ,n ° is a representation of the Riemann zeta function for 9ie(s) > 1. Using the reflection
formula,

F<;)C(z) —772Z21F<1;Z>C(1—z), (7.79)

C-als) = =S T(s) : (7.80)

Using I'(s) ™! = s + O(s?), it follows that (_a(0) = 0 and hence the full partition function can be written
as
V. ID(EH¢d+1)

l0g 2(8) = 53¢/ a(5)| = g (781)
s= ™ 2
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This result is known as the (scalar) black body result. Using (7.22) we obtain

v T C(d+1) kgV (d+ DT (E4)¢(d + 1)
hdﬁd-&-l ( )ﬂ ’ S(,@):(h%) (i) ’

T 2 T 2

F(g) = -

(7.82)

that are the free energy and the entropy one would obtain from an infinite set of non-interacting harmonic
oscillators at thermal equilibrium in a bath at fixed temperature T'= 1/kpS. Note that the entropy scales
as the volume of the system, as it should being an extensive quantity. As we will see later on in chapter 8,
when we allow for one spatial dimension to be “small”, there will be a certain regime where the entropy
does not scale as the entire volume, but as the volume of the large spatial directions.

7.2.2 Heat kernel approach

We are interested in computing the (Euclidean) transition amplitude from 2’ to z, i.e.
K Az, 257) = <a:|e_TA|x'>, A =0,40" = ZﬁA. (7.83)

We have for K_a(x,2';7)

K_a(z,a’;7) = [Jlale ™12 = [] Kpy, (2,2 7). (7.84)

A A

Therefore, we can focus on a single factor K (z, 2'; 7) of the product in (7.84). Each term is a Hamiltonian
of a free particle of mass m = 1/2 given by

" 0? ) R _
Hy = —5iE = P4, (24, pa] = i. (7.85)

In the following we omit the index A for notational simplicity. Repeating the steps (7.5)-(7.6) and substi-
tuting 0t = —id7, we arrive at

N+1

. N
. L
(wle™|2") —/ <| | dpk) (H dxk> (@le” #H \pn ) (v o) (wile™ 707 |pg) (py|ag 1)
% \k=1 k=1

Ay |e”#0H |y (py o). (7.86)

We find, using (p|z) = \/%e_ipx and (z|p) = \/? P that each term appearing in the product in (7.86) is

1 ‘
(wile™ 707 |py) (pilg1) = %6_%”%&61”(”_“—1), (7.87)
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and thus

0o [N+1 d N
] _ 1,2 i _ _ 1,2 i —
<x’e_TH|$/> :/ (l | 727]:2 | | dxk e ﬁpN+1éT€7pr+1(I xN)”‘e hpkéTGZpk(Ik T_1)
k=1 k=1

—00

1,2 ;
..e PO (@=a),

We can now perform all the N + 1 integrals over pi. We get

B\ 3t oo [N
(alee!) = (47r57> /_oo (H dm’f) e~ w7 (@on)? | o= (mnmmeo1)? | o gpr (a1 —a)?,

k=1

We start by doing the integral over xi:

o0
dl‘le 4;7_ (rg 271) e ﬁ(zl—ﬂf _ 277‘57'6_8%—(332_3:/)2‘
—oo V. &

Then we perform it over xo

/oo dl’ze 457(433 z2)2e %(m—x’)Q _ 87;27—6 126 (z3— 33)2

—00

The k-th integral to perform is

drkéT
(1+k)h

h N2
o~ Aty (Tht1—2")%

b h 2 h 2
/ day, e~ 167 (@ht1—Tk)” o~ gy (TR =) —
—00

The final result is

N h 2 2
—TH| N _ 4(N+1)57 (z—a’) 4(N+1)5T (z— x)
(e o) =\ s H V k+1 AméT N+1 ‘

Since 7 = (N + 1)d7, we find, for A =i

(wile ity = \ %efﬂ(mi’%)a
T

(7.88)

(7.89)

(7.90)

(7.91)

(7.92)

(7.93)

(7.94)

When A = d + 1 we have to take into account that the particle starting from z, 41 can arrive at zqq;
wrapping around the thermal cycle of length AS an integer number n of times. Since in the path integral
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we sum over all possible paths we get

<$d+1|€_THd+l\$Zl+1>S%B = Z<xd+l + nhBle” M2l )
neL

h h o 2
~Viar > e ar (e Trap tnif), (7.95)
nez
The full heat kernel can be written as
d+1
~ 2 . .
K_A(ZE 7 7') = H<IL‘|€_THA|£B,> — i e—%(mi—x;)(ml—x”) Z 6_£($d+1_x:i+l+nhﬂ)2 (796)
A At 7
A nez
whose trace is
B afl
2 / d+1 d h 2 _hp2p2g2
Tr K_a(7) = dzx d%c K_a(z,z;7) = WV Ze ar . (7.97)
0 \ 471'7_ nel

Using (7.44), for the partition function we obtain, dropping the n = 0 mode contribution,

d+3

h=2 gV ]
log Z(8) = —— Bdﬂ Z / e H R, (7.98)

2d+2

The integral yields

d+1

> d+3 _ h 4 2
drr= T e m P o (=
0 h3 322

Hence, the result for the partition function is

1
r<d;>, d>1. (7.99)

Vv F(i)C(d +1)

B = Gy

(7.100)

which is in perfect agreement with the result (7.81) found using the zeta function technique.
Before computing the partition function using the canonical approach, it is also instructive to apply to

equation (7.95) the Poisson summation formula. The latter states that, given the standard formulae for
the Fourier transform of a suitable function f(x),

f(x):\/%/ dk f(k)e* s, f(k \/ﬂ/ dz f(z)e ke, (7.101)
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then

\/17 Sty =Y Ferm). (7.102)

Q nez meZ

Using

2
f(:L’) _ l4ie 4T(zd+1 a:d+1+3:ﬁ,8) ’ f(k‘) — #ei(xd"'l_%Hl)%_%(%) , (7‘103)
T

we have, from (7.102)

A 2rm _ 1 (27rm 2
T(de zd+1+nhﬂ § i(Tat1—25, ) 1B ﬁ( hB ) 104
V drr ¢ hﬁ ' (T

neZ meZ

In this parametrization, the heat kernel can be written as

d
1 2 I (i ol i —a! mm _ 7 (21m)?
K a(x,2';7) = % (4::7_) o~ 1= (@i—a))(zi =2’ Z o (@d+1 ) 5B h(2h5 ) , (7.105)
meZ
and the partition function reads
Vhi S (222)"
d+2 _ T Tm
- ~2 e h\hp .
log Z(3) i > /0 drr="2 e : (7.106)

meZ
where we have remove the m = 0 term. The integral yields

o0 vz _r(27m)> 2rm\ ¢ 1 d
dr7” 2 e ’l( RB ) = <> I‘(— >, d <0, 7.107
/0 ) (-5 (7.107)

and therefore

d
2

V2
(hB)?

F(— d)C(—d) (7o) Vo T(EL((d+1)

log Z(B) = = dt1 ) (7.108)

which is again the desired result.

7.2.3 Canonical approach

37

When promoting the variables aj, and a,’gi introduced in section 7.1 to operators we have, for the

Hamiltonian (7.61),

/\2 h
% +3 S W (@] an, + agal), (7.109)
niEZd

H=

Here we choose standard normal ordering : : for the Hamiltonian. One could have also chosen symmetric
ordering, but this would produce an infinite zero point energy that needs to be renormalized. This is the

37The operator ay, is defined as ar, = \/wWk, /2h(dx; + i/wk, Ik, ) so that [ax, 7% =11 0n;n
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phenomenon of the Casimir energy that will be extensively discussed in the next chapters. Here, we just
mention that the Casimir energy depends on the inverse of the distance between the sides of the volume
and therefore in the large volume limit its contribution can be neglected. We also drop the contribution
of the zero mode p in (7.109) on which we will return in the next section.

We consider

H=hY wal (7.110)

n; e€zd

and a set of eigenstates of : H : is given by |k;) such that d,ti|0> = |ki), where |0) is the vacuum state. The
partition function is

x
—B:H: ! —h M. ! 1
Z(B) = Tre B:H: _ H Z e~ MBwi; i, — H W (7.111)
nieZd Nki =0 niGZd
T

In (7.111), Ny, is the eigenvalue of the number operator Ny, = ay, ar;. As usual we consider log Z(8)
instead of Z(B) so that the product in (7.111) over n; becomes a sum that, in the large volume limit, can
be replaced by an integral

log Z(B) = — Z/ log(l - e*’iﬁw’ﬂ = —(2‘;)(1 /_oo d?k; log<1 — e*ﬁb’%)

ng

d
27ra 0o 2=h 1 [e9) d
_ _Vd”;/ dkkd1 log<1 - e*hﬁ’f) gk V . _ / de—2—,  (7.112)
(2m)*0(3) Jo (hB)* qgd-1z5r(d)y Jo " =1
where in the last step we performed an integration by parts. The integral gives
00 .Td
/ Qo =T+, d>0, (7.113)
0 _
so that
V T'(d+1)((d+1
log Z(8) = (d+1)¢(d+1) (7.114)

(RB)T gd-1737(4)

We can now use the reduplication formula,

r(z)\/%zzzlr(;)r(z“), (7.115)

at z=d and I'(d + 1) = dI'(d) so that (7.114) becomes

Vo T(E)¢(d+1)
(hB)? . ’

log Z(B) = (7.116)

as it should. Note that in this approach and in particular from (7.111) it is clear that the partition function
is an infinite product of partition functions of single harmonic oscillators with energies wy,.
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7.3 Contribution of the zero modes

We have seen that, in order to have an agreement between (7.116) and the result obtained with different
techniques, we have to drop the p contribution in the Hamiltonian (7.109). This can be justified as follows.
Note that the p term in the Hamiltonian is that of a free particle and, since p commutes with H, the true
Fock space of the theory is build upon a family of vacua |p), where p is the real continuous eigenvalue of
p. Therefore, the vacua satisfy

ag,lp) =0,  plp)=plp), PpER (7.117)

It means that, a priori, when we evaluate the trace (7.111) in the Fock space we should also include a term
Trexp{—pBp*/2}. In order to compute it, we compactify the field ¢ and we assume that it can take values
on a circle of circumference A,

b~ o+ A (7.118)

d—1

Note that, in & = 1 units, the canonical dimension of ¢ is [¢] = [L] 2 , so that also [A] = [L]%. Assuming
(7.118) implies that the “coordinate” ¢ in (7.62) must also be periodic with period v/V' A

g~ q+VVA (7.119)

Hence, when considering the quantized free particle with generalized coordinate ¢ and momentum p, such
that [§,p] = 4, the wave function of the system v (q) must satisfy 1)(q) = (¢ + vVV.A). Therefore, ¢(q)
admits the expansion

(q) =) npn(q), (7.120)

neL

where the orthonormal basis {¢,(q)} is given by

nq A\/V * * / /
oald) = e /0 dq 0% (@)om(@) = Sums %¢n<q>¢n<q>:6<q—q>. (7.121)

Indeed, ¢,(q) are eigenfunctions of p and denoting ¢, (q) = (¢|n), we have

2mn

p|’n> :pn|n>7 Pn = A\/V’

nel. (7.122)

Compactifying the field ¢ had the effect of discretizying the spectrum (7.117) of the zero mode operator
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p. When we evaluate its contribution to the partition function, we have

A~ A ™n 2
Zo(B) = Tre Mo =3 “(n|e P Hon) = 2 (5) , (7.123)
nel nez

where we used Hy = %. Taking the large Av/V limit, the previous expression becomes

AV [ a2 1%
Z(8) =5 | dve S| o5 (7.124)

Hence log Zy(3) ~ logV and it can be neglected as V' — oo because we have proved that log Z(8) ~ V.
In the case of a Bose field on the torus, analyzed in section 8.1, we will see that the contribution (7.124)
not only cannot be discarded, but it will actually play a crucial role in establishing modular invariance of
the result.

7.4 Some comments

So far, we used periodic boundary conditions (7.53) in all spatial directions and claimed that in the large
volume limit the result for the partition function is independent of this choice. If one had chosen Dirichlet
conditions ** ¢(t,z!,...,0,...,2%) = 0 = ¢(t,2',..., L;,...,x?) the appropriate orthonormal and complete
basis in which the fields can be expanded would be

d
e, (z) = \/?1:[ sinkja’ = ef (), k; = Llin,-, n; € N, Vi=1,..,d. (7.125)
All mode expansions are then the same except that sums and products are restricted to n; > 0. In
particular there is no n; = (0,...,0) mode that has to be dealt with. The fact that the sums start from
n; > 0 is compensated by the large volume limit that now reads Zni>0 — % ffooo dk;. Equivalently, the
sums can be extended from N¢ to Z%/(0,..,0) = Z¢ because the modes ¢y, and IIj, are even functions of
ki, i.e. ¢, = —¢p_j, and I, = —II_;, and one has

> ki =2—1d N7 fudis (7.126)

TLiGNd n; EZ‘,%

where fj, is either ¢, or Ily,.

The standard argument to get the partition function for the electromagnetic field is to multiply the result
for log Z(5) in (7.81) by 2 in order to take into account the 2 independent polarizations of the photon. We
already point out here that this argument is certainly true in the infinite volume limit. However, when the
manifold is partially compactified, e.g. in the standard setup of the electromagnetic Casimir effect, one
should be careful. Indeed, as we will discuss in section 9.1, the correct electromagnetic result (in d = 3)

38Similar consideration apply to Neumann boundary conditions 9;$(t, z)|,i_o = 0 = d:é(t, x)|,i—r,, where, up to zero modes,
the sines in (7.125) have to be replaced by cosines. See e.g. Appendix D.
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with Casimir boundary conditions along the z3 direction in an interval of length L3 is more correctly ob-
tained from that of a single scalar field with periodic boundary conditions on the double interval 2L3. This
shows that, since in the large volume limit log Z(3) depends linearly on Lg, the correct electromagnetic
result is obtained by multiplying the scalar field result by 2. However, when some spatial direction is taken
to be “small” with respect to the other this will be no longer true.
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8 Modular covariance, temperature dualities and Eisenstein series

In this chapter, we analyze the consequences of keeping one spatial direction “small ” with respect to
the others and, in particular, we assume that such direction is compactified on a circle S}J of circum-
ference L. As we show, this leads to the notion of temperature dualities, according to which the high-
and low-temperature and the small- and large- volume limits are related and thus not independent. The
mathematical tool to deal with these interesting dualities is the modular group SL(2,7Z)/Z?. Modular
transformations naturally appear when working with theories living on partially compactified manifolds
having a two-dimensional torus component.

We start in section 8.1 with an introduction where we show the standard computation of the Casimir
energy of a massless scalar field in (d 4 1)-dimensions and we comment on how the expression for such
energy is connected, through a temperature duality, to the black body result of (7.81). In section 8.2 we
review the massless two-dimensional scalar field living on T? and we show in 8.2.1, following the canonical
approach, that the partition function of this theory is modular invariant. Despite the apparent simplicity
of this model, the computation of the partition function in two-dimensions is quite subtle because of the
presence of zero modes of the Laplacian on T? = S}iﬁ X S}J that cannot be neglected. In section 8.3 we

deal with the (d + 1)-dimensional case, where the manifold is T? x R%~! and we show that the partition
function is modular covariant and that it can be expressed in terms of the real analytic Eisenstein series.
In particular, in 8.3.1, 8.3.2 and 8.3.3 we show how to compute such partition function using the zeta
function, heat kernel and canonical techniques, respectively, and what are the advantages and drawbacks
of each of these methods. In 8.4 we make use of modular transformations and the Fourier series of the
real analytic Eisenstein series to derive the high- and low-temperature expansions of the partition func-
tion and of the entropy, showing the power of temperature dualities. Remarkably, we prove that in the
low-temperature regime the entropy does not scale as the entire volume of the system, but as the volume
of the large directions only and we trace back the microscopic origin of this behavior. We conclude in 8.5
with the most general case of a manifold T9t! x RP, showing the transformation properties of the partition
function under the SL(q + 1,7Z) group, which naturally replaces SL(2,Z) in the case of higher-dimensional
tori.

8.1 Casimir energy

So far, we only considered the partition function of a massless scalar in the large volume limit. We started
in (7.53) by imposing periodic boundary conditions in all spatial directions of lengths L; and then we let
L; — oo. In other words, we started with a compact manifold M = S}lﬁ x T? but then, after taking the
large volume limit, we decompactified M to S}%ﬁ x R?. This crucial step allows to pass from sums over the
integers n; labelling the eigenvalues of the discrete spectrum of the Laplacian on T¢ to integrals over the

momenta k; and correspondingly to factorize the volume V' of the system in log Z(3), leading to the black
body result (7.81).

Here we keep the length of one spatial direction, say Lgy = L, small with respect to the others, i.e.
L <« L; for i =1,...,d — 1. Hence, we want to investigate the case of a partially compactified manifold
M = T? xR¥! where T2 = S}a X SIL. One of the main consequences of this is the emergence of the Casimir
energy [209]. Historically, the latter was derived for the electromagnetic field between two perfectly con-
ducting plates separated by a small distance. Here, we derive an analogue expression for the scalar Casimir
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energy, leaving a full treatment of the electromagnetic case to chapter 9.

We start from the Hamiltonian in (7.109) and we choose symmetric ordering so that, neglecting again
the contribution of Iy, we get

N ! 4 1
H=h Z Wk, <a2iaki + 2). (8.1)
niEZd

The expectation value of the Hamiltonian on the vacuum, i.e. the zero point energy is therefore divergent
and given by

= (0| H|0) = Z W, - (8.2)
nZGZd

As mentioned, we are taking d — 1 dimensions to be large and hence it is convenient to introduce a new
index a = 1, ...,d — 1 labelling them. By taking the limit of large L,, we can turn the sums over n, of (8.2)
into integrals,

Ep = g 3 (g[a)dLal/ 4, [kakwr <2L7Tnd>2]é. (8.3)

ngEZ

In order to renormalize this UV divergent expression, we use ¢ function regularization. We start by defining
Ey(s) as

h I, La 21 \*] 2
Eo(s) Eﬂzs§ > (2m)d- 1/ Ak, [kaka+ (Lnd> ]
ng€Z o0

1-2s

da—1 2
h [[,La 272 o0 27 2
2s a~—a d—211.2
= p = e dkk k — 8.4
3 X G ) () ] &4

where 275" / F(%) is the area of the d — 2 dimensional sphere and f has the dimension of a mass. After

the regularization, we have to take the limit s — 0. The ngy = 0 term can be dropped by the same argu-

ments of (7.77) and we get, introducing a new integration variable y as k = 27andy,

d+1

[ToLam= 2¢2s—d) [* 45 4 12
Eo(s) = p**h=4—" - / dyy* 2 (y*+1) 2. (8.5)
[d—2 925— QF(d2 ) 0

Using the reflection formula (7.79) and the integral

: AT =)
dvu?2(2 + 1) % :1 2 2
/0 yy ) =g Ts-1) Re(s) >
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we get,

23 II L F(di%jé)

E
0(8) Ld 2s 223717_‘_%11(28271)

C(d+1—2s). (8.7)

Taking the limit s — 0 yields

o S (8.8)

which is the Casimir energy of a (d + 1)-dimensional massless scalar field [235,249]. Note that Ej is
proportional to A so that it is a pure quantum effect and that, as claimed in section 7.2.3, it vanishes for
L — o0, so that in the large volume limit we can neglect it. Note also that the “core” of the renormalization
procedure was the use of (7.79) to do an analytic continuation of the Riemann zeta function.

The correct electromagnetic result for the Casimir setup, in d = 3, as will be shown in chapter 9.1 is
given by

7201 Ly
Ee™ = 12 .

which is in agreement with (8.8) for d = 3 and with the replacement L — 2L, as discussed in the last part
of section 7.4.

Here, the zeta function technique has been used to renormalize the divergent vacuum energy. We started
with a divergent series and, after the regularization procedure, the result (8.8) is finite. The same result

can be obtained by means of other different, more “physical”, regularization schemes. For instance, it is
possible to derive the same expression (8.8) by defining the vacuum energy as

Eo = lim AE()((;), (810)
6—0

where AFEy(8) 3Y is the regularized difference between the vacuum energy obtained by sending L — oo and
that obtained by keeping L finite, i.e.

AEy(8) = Eo(5) — E¥<(6), (8.11)

where

2(

o) = il [ g, 3 e s (2 PG’

NgEZ

39Sometimes AEp in (8.11) is referred to as the Casimir subtraction.
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and

1
vac hLHa L(I > a 2 — %
EY (5):2W/mddki [k:ak: +k:§] e OVHkik" (8.13)

Here we have introduced in the expressions for the vacuum energies a UV cut-off function e %% with § > 0
in order to neglect the contributions coming from arbitrarily high frequency modes. In other words, the
presence of finite boundaries forces the field modes to be quantized. However, high energy modes are not
affected by the boundaries and they should be neglected in the computation of the free energy. A way to
get ride of them is to subtract the empty space result as in (8.11).

Notice that, for d = 1, we get Ey = —hn/6L which yields exactly the value of the central charge of a
free Bose field on the torus [193]. Indeed, the central charge is related to Ey as Ey = —g7, yielding ¢ = A.
Generalizing this argument to d spatial dimensions yields the central charge

o Lo 6T (A + 1)

= _ d+3 :
L=t I

(8.14)

Besides being interesting in itself, the computation just shown of the Casimir energy allows to introduce
the notion of temperature dualities. Indeed, we expect that computing the partition function Z(5) on
M = T? x R would give a free energy F(8) = —B 'log Z(B3) such that, in the 3 — oo limit, it
reproduces exactly Ey (see e.g. (7.49)). Therefore, on denoting Z,(3) the partition function in the low-
temperature limit, we expect that

@HaLaF(%)C(dle) — HaLaF(%)C(dle)

=T2
_ d+1 — d+1 ?

log Ziow(B) = —BEy = (8.15)

where we defined a dimensionless quantity 7o = A3/L. At this stage the introduction of this parameter
might seem artificial but, as we will show soon, 75 is the (imaginary part of the) so called modular pa-
rameter T = 11 + iTy (or Teichmiiller parameter) and it is a fundamental geometrical quantity to consider
when dealing with partition functions on manifolds having a two-dimensional torus component. Note that
sending 8 — oo at fixed L, which is a standard low-temperature limit, is equivalent to take 75 > 1 which,
in turn, is equivalent to take L — 0 at fixed 3, which is the small-separation in the z¢ direction limit.
Conversely, the large separation limit L — oo at fixed g is equivalent to take 7o < 1 and hence to send
B — 0 at fixed L. This naive argument suggests that somehow, taking the high-/low- temperature limits
is “equivalent” of taking the large-small L limits. Hence, on denoting Zyin(f) the partition function at
large volumes and therefore at high temperatures, from the analysis in the previous chapter, we expect it
to be governed by the black body result (7.81),

1L La T(5H)CA +1)

d+1
2

L>dHa L D()Cd+1) _ (8.16)

hB) L1 4t g Ld-l

log Ziign () = (

7T s

Comparing (8.15) and (8.16), we can more conveniently write that
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1 1
log Zhigh(TQ) = i1 log Zlow <> . (817)
Ty T2

This equation relates the high- and low-temperature and large- and small L limits of the partition func-
tion. Knowing the theory in a certain regime is enough to know the behavior of the theory in the opposite
regime. These powerful techniques are referred to as temperature dualities and they have led to strong
analytic results, as mentioned in the introduction 6. The “temperature inversion” symmetry of (8.17) is
just a particular case of a richer symmetry, namely

b
log Z(',7) = |er + d|* log Z (7, 7), = %, (Z Z) e SL(2,72)/72, (8.18)
in the particular case 71 =0, a =0 =d and b = —1 = —c¢. In the following we will rigorously prove that

the partition function of a massless scalar on M = T? x R?~! satisfies (8.18) by a variety of techniques
and we will explore the physical consequences of such symmetry.

8.2 The Bose field on the Euclidean torus

Here we consider the thermodynamics of a scalar field ¢ theory in two spacetime dimensions and we assume
that the underlying manifold over which ¢ lives is a Euclidean torus, M = T? = Sé X SlL. Thus, we consider
the model described by the Euclidean action “°

1

3 L
S°00] = /0 da? /0 Azl 40040,  A=1,2, (8.19)

where 22 is the Euclidean time direction and ¢ satisfies periodic boundary conditions

o', a?) = gp(a' + L,z?), o', a?) = ¢(a', 2® + B). (8.20)

The properties of this model have been widely investigated, see e.g. [173,192,193,250].

We consider the partition function of the theory
3 T8 (7 3 c
Z(B)=Tre P =Tr e (Botlo—5) (8.21)

where the operators Ly and io are the n = 0 Virasoro modes defined in Appendix E and ¢ = 1. Equation

OFrom now on we set h = 1.
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(8.21) can be written as
2(r) = Tre2mir(bo—1) =2mir(Lo—5) 1 _ z% = in. (8.22)
Note that if we considered instead of (8.21) the more general partition function
Z(8, ) = Tre A=) — gy o= [Lo+Lo—f—in(lo—Lo)] (8.23)
where P, = QT”(IA/ - [ig) is the standard generator of translations along x! defined in (7.64), we would have
Z(r,7)="Tr eQmT(ﬁo_i)_%ﬁ(io_i), T = %(,u +1i) =711 +imo. (8.24)

When comparing equations (8.22) and (8.24), we notice that they are formally given the same expression.
However, while in the former 7 is a purely imaginary number, in the latter 7 has also a non-vanishing
real part, whose magnitude is controlled by . The geometrical interpretation of adding a real part to the
modular parameter is as follows.

A C;;
T2

v

WQZL

Figure 12: A torus T? generated by w; = i3 and wy = L represented in the complex plane C,,.

As remarked, the manifold over which ¢ lives is a torus T?, which is mathematically described by the
quotient of the flat space R? by the lattice A? generated by a pair of linearly independent vectors (1, d2),
denoted periods of the lattice, where we identify all the points that differ by an integer combination of ¢
and &o:

T? = R%/A2, A% = {m@ + nda| (n,m) € Z°}. (8.25)

Equivalently, one can choose two complex numbers (wj,ws) in the complex plane C,,, whose imaginary and
real axes are chosen to be the Euclidean time and spatial directions, respectively. We define the modular
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parameter of the torus to be 7 = w;/we. In the case we are considering we take

w1 = iﬁ, Wy = L, T=1 y (8.26)

as represented in Figure 12. Such rectangular torus can be obtained by gluing the two parallel sides of the
rectangle in Figure 12. Adding a real part to the modular parameter means that, before gluing the two
sides parallel to the imaginary axis in C,,, we tilt them by an amount depending on u, as represented in
Figure 13. Hence, taking

w) = Pu+if, wy = L, T= %(u +1), (8.27)

we obtain a skewed torus, denoted by Ti.
Therefore, we will refer to the quantity in (8.23)-(8.24) as the partition function on the skewed torus.

A (Cw

wi = Bp+if

v

w2 = L
Figure 13: A skewed torus ’]Ti generated by w; = f(u+1) and wy = L.

Sometimes, we will denote the latter Ti. Referring to the complex plane C;, we see that a Euclidean time
translation of length 7o does not end up at the starting point, but is displaced in space by an amount equal
to 71.

According to the definition (8.25) of T?, we could have defined the same torus by any other integer
combination of w; and we. In other words, if we took new independent lattice vectors (w],w)) as

(ZD - <CcL Z) (5;) (ZL Z) € SL(2,2)/27, (8.28)

they would define the same torus. The matrix in (8.28) has to be invertible because we must be able to
express also (w1, ws) in terms of (w},w)) and its determinant has to be one because the area of the unit cell
must be the same whatever periods we use. Furthermore, we can reverse the sign of all its entries because
the lattice spanned by (—wi, —w2) is equal to the one spanned by (wj,ws2). Under (8.28), the modular
parameter transforms as

, ar+b <a b
.

= d) € SL(2,7)/72. (8.29)
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Returning to the partition function Z(7,7) we have

c

Z(r,7)="Tr q£0_764 qio_ﬂ, q =¥, g=e 2m7, (8.30)

Note that Z(7,7), because of conformal invariance, does not depend separately on the two periods, but
only on their ratio 7 and further, from (8.30), we expect an holomorphic/anti-holomorphic factorization
for Z(7, 7). Because of the above arguments, we also expect Z(7,7) to be invariant under modular trans-
formations of the modular parameter 7.

8.2.1 Partition function on T? and modular invariance

We now proceed to explicitly compute the partition function Z(7,7). We use the canonical approach and
hence we are interested in the quantized Hamiltonian and momentum, given by *!

/277]71] TA T N 12mn
= - b= f i, (8.31)
ne” 6L neZ L

where H’ is the Hamiltonian without the zero mode, that we will consider separately. We have

Z/(ﬁ ) ’I‘re_ﬁ(H _ZMP) — eﬁL Tre™ /anez T (|| —ipn) anan — % H Z e |n|_l:un)N

n  N,>0
) bt
- ];[ 1—e 2”*8(|n|—zun) (832)

where N, is the eigenvalue of the number operator Nn = &L&n. As usual, we are interested in log Z'(3, ),

log Z'(8, 1) Z log(l e ﬁﬂ”'—wn)) (8.33)
- Z log(1 — e%im) - Z log(1 — e_zm‘m) (8.34)
neN neN

where we used the Taylor expansion of log(l — z) around x = 0 and we introduced 7 = %(,u + 7). Note
that the modular parameter appears naturally during the computation of Z (3, ). Taking into account
the definition of ¢ in (8.30),

log Z(r,7) = — 1og(yq|ﬁ) =S log(1— ") = > log(1 - ") (8.35)

neN neN

41Here7 since k = %T", we use the convention ar = an,.
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We define the Dedekind’s n function as

() = ¢ [ (1 —q". (8.36)

Clearly,

(8.37)

As mentioned, the partition function must be invariant under the modular group. In order to check this
we just need to prove that it is invariant under 7 and S transformations generating the whole SL(2,Z)/Z?,
defined as

T:7=17+1, S:7=--, (8.38)

satisfying (S7)3 = 82 = 1. It can be shown®? that the Dedekind’s eta function transforms as

n(r +1) = efin(r), . <—i> — VZirn(r), (8.39)

and therefore the Z'(7, 7) is not modular invariant. This happens because we have excluded the zero mode.
Indeed, by taking into account the contribution coming from the continuous eigenvalue of Il we have, from
(7.124),

L 1

Z =A =A . 8.40
Hence, up to irrelevant factors, the full partition function is
1 1

Z(7,7) (8.41)

~ VR

consistently with what was originally found in [193] using the zeta function technique. This expression,
using (8.38) and that under a modular transformation 7 transforms as

/ T2

To= T 5 8.42
27 Jer +dP? (8.42)
turns out to be exactly modular invariant
I _ ; _ar +b a b 2
Z(r',7) = Z(7,7), T= <C d) € SL(2,Z) /7. (8.43)
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Figure 14: Swapping of thermal and spatial cycles of T2,

Setting ;1 = 0 and considering S transformations, equation (8.43) reduces to

Z(r) = Z(1>. (8.44)

T2

It is worth remarking that here the contribution to the partition function of the zero mode of the field is
fundamental to achieve modular invariance. Contrarily to the arguments of 7.3, here it cannot be discarded
and this is due to the fact that, in this model, there are no large directions. The manifold is just T2, so
that the spectrum of the Laplacian is purely discrete and there is no large volume limit that could allow
us to neglect the zero mode.

Swapping the thermal and spatial cycles of the torus, as schematically shown in 14, yields the same
partition function, in agreement with what conjectured in (8.17), for d = 1. If we consider the high-
temperature limit of log Z(72), defined by m < 1, we see from (8.44) that it is the same of taking the limit
of log Z(m) for 7o > 1, which is the low-temperature limit.

8.3 Partition functions on M = T2 x R ! and modular covariance

In the previous section we have seen that, provided that the underlying manifold is T?, the partition
function of the theory is exactly modular invariant. We now investigate in detail the case of a partially
compactified manifold having a T? component, i.e. M = T2 x R4 where we choose T? = Sé X SIL [204].
In particular, we are interested in the effect of mixing extended and compact dimensions on the partition
function

Z(B, 1) = Tr e PH=nPa) (8.45)

where H and P; are the quantized operators corresponding to the classical observables in (7.61) and (7.65),

428ee e.g. [173] and Appendix F.1, (F.21).
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2
T,

wy = Pu+ifs
=2

Figure 15: The manifold ']I‘Z x R4=1 obtained by tilting the period w;.

respectively. Further, we want to investigate what is its modular behavior and to understand to what extent
the arguments of the previous section can be applied to this case. Again, by including the observable P,
in (8.45), we are tilting the period wy of the torus adding to it a real part of magnitude Su, as represented

in Figure 16.
In the following we consider again the case of a massless scalar field and we compute Z(3, 1) using the

zeta function, heat kernel and canonical approaches.

8.3.1 Functional approach and zeta function
From the discussion in section 7.2.1 we can infer that Z (3, u) admits the Hamiltonian path integral repre-

(8.46)

sentation,
Z(8, ) = Tr e~ PP _ / PUDY skt
Y 27_(_ )
where we integrate over momenta and fields periodic in the Euclidean time direction and where, using

(7.64),
- B 1 1 4
Siile, 1] = / da?! / d%z [ — ill0g419 + 51'[2 + 531'(258% + ipll0gp
0 v
(8.47)

B8
— SE[p,T1] - in /0 e Py, 1),
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The stationary points of 5‘5 are solutions of

6SE , ‘ . .
0= Tﬁf = —i0g1¢ + I,y + ip0gp = I, = 10410 — ij0g. (8.48)
11

The partition function is then given by the path integral
1) = /D¢> e=57 9], (8.49)

where SZ[¢] = SE[4, I1,] and hence,

) 8 ,
SP[g] = — /O daz! /V d’z B(adﬂgé—uam)%;amaw . (8.50)

The operator A appearing in the above Euclidean action is the ordinary Laplacian with the substitution
Od+1 — Ogy1 — 0y, which we denote by A,. It implies that the eigenvalues of the Euclidean time part of
the Laplacian are shifted by ,u nd with respect to the ones appearing in (7.73) and they are explicitly

given by
2T 2T 2 2 ! 271' 2
Ang = | 5 Ndr1 — p—5Ng 7nd +
B L f

a=

—(25”) nast — Tl +Z(2”na)2, =Dty (850)

Note again that the modular parameter on TZ appears naturally in the expression of the eigenvalues of the
Laplacian.

The zeta function is (_a,(s) = Z;Aeztﬂ_l A, :. Taking the x* dimensions to be large, we can turn the
sums over n, into integrals and we get, for (_a,,(s),

d—1 —2s+d—1  poo
L, 2r'%" /2 _
¢, (s) _ 1L o 217 (W) / dyy™? [[na1 + nal® + 427, (8.52)
0

9m)d=T P (&=L
(@m)di-ir(ed) \ B (rar)ez?

where we have changed the integration variable with y = %k The (ng,n4+1) = (0,0) mode is not relevant
because its contribution, using an IR regulator €, is proportional to

o] d—2s—1
d—2-2s _ € d—1
/E dyy P = Re(s) > (8.53)
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to which the same arguments of (7.77) apply. Performing the integral in (8.52) yields

/ oo B B 1040 r(s — 41 , 1
> / dyy**naps +7ng* + 4770 = 52 T(s) : >, T g 2
(namag1)ez? O (na,na+1)€2? 1
(8.54)
We define the real analytic Fisenstein series fs(7) to be
/ 7'5
fm= 3 e Be(s) > L (8.55)

(n,m)€Z2 |7’L + Tm‘

where 7 = 71 4 iT9, see e.g. [205, 206,208, 235] for recent reviews. Some properties of interest of fs(7) are
also reviewed in Appendix F.2. We have

d—1
L T (s - L
Mofo 72 I35 (o) (8.56)
Ld-1-2s7 2 ° 248 I'(s) 2

C-a,(s) =

Using the functional equation (F.30)

T(2)f.(7) = 77T (1 — 2) f1_.(7), (8.57)
atz:s—%,weget
I, La 1 T(EE—s)
_ = 4 di1 . 8.58
T T Y (559

Expanding T'(s)~! = s + O(s?) we get for the partition function

1 1 L, T(%h)
og 2(r.7) = 2 p (9)] =2 late TCSD e o) (8.59)
2 a3 s=0 2 Ld717'2 D) T2 2

This is the final result for the partition function on ’]I‘i x R¥1. Tt is worth pointing out that here the
renormalization procedure is achieved using the functional relation (8.57) that allows to do an analytic
continuation of the real analytic Eisenstein series, whereas in section 8.1, in order to renormalize the vac-
uum energy, it was just necessary to use the Riemann zeta function reflection formula. Note also that,
contrarily to what happens for the result (7.81) on Sé x R%, the total volume is replaced by the volume
associated to the large directions and the Riemann zeta function is replaced by the real analytic Eisenstein
series. The advantage of expressing log Z(7,7) in terms of the latter is that it makes its modular properties
very transparent. Indeed, using (8.42) and that

at+b b

(7)) = fo(r), 7= — <‘CL d) € SL(2,7)/72, (8.60)
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i.e. the modular invariance of f,(7), it follows that under a modular transformation the partition function
transforms as

log Z(7',7) = |er 4+ d|* M log Z(, 7). (8.61)

Hence, log Z(7,7) is modular covariant and transforms with a weight d — 1, in agreement with (8.18). In
the = 0 case and when considering S transformations (8.61) implies (8.17). However, here we can drop
the labels “high” and “low” and extend (8.17) to all orders in 7o,

1 1
Ty T2

Again, (8.62) is telling us that taking the high-temperature limit of log Z(72) is the same, up to an overall
weight factor, of taking its low-temperature limit. Note that, if we are interested in the low- and high-

A A

Figure 16: The effect on the partition function of swapping the thermal and spatial cycles in (d + 1)-
dimensions is to get a weight factor as in (8.62).

temperature limits, 7 > 1 and 7 < 1, the leading contributions are due to ng = 0 and ng4+1 = 0 terms in
the double sum appearing in the Eisenstein series and they are given by

1 TLET(HY) 1

log Z(7,7) = 3™ 7do1 dil o1 T O(1)) = —BEy + O(19), (8.63)
T2 ngi€z |nd+1|
11 L T(H) — 1 o VI(EE)¢(@+1) L
log Z(7,7) = 5d L‘;_la dil Z o1 T (’)(7'21 )= @2T + (’)(721 ), (8.64)
72 LR 14l T2

respectively, where Ej is the Casimir energy in (8.8). Hence the above computation of the partition func-
tion “naturally” contains the renormalized Casimir energy and the standard black body result. Applying
an S transformation to log Z (7, 7) implies a swapping of the indices ng11 <> ng in the Eisenstein series:
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d+1

r(r)= Y o o= = L) (86

d+1 _
(Nag1,na)EZ2 |T| |nd+1 -7 1nd| (Ngs1,mq)EZ2 |nd+7'nd+1|

Therefore we see that the swapping of the thermal and spatial cycles is mathematically implemented
through an S transformation and this is explains why the the Casimir and black body results are “dual”
and mapped one into the other through an inversion of the modular parameter. We will return more in
the detail on the low- and high-temperature limits and their connection with S transformations in section
8.4, using the Fourier analysis.

Note that for d = 1 equations (8.61) and (8.62) imply (8.43) and (8.44) proved in the previous sec-
tion. However, one must be careful because, in d = 2 the partition function cannot be expressed in terms
of the real analytic Eisenstein series at s = 1. In other words, the expression

log Z(r, 7) = % Ao, (8.66)

is meaningless because f(7) is not absolutely convergent for s = 1, and hence not convergent since for
real s the Eisenstein series coincides with the series of its absolute values. This is reviewed in Appendix
F.3. Two spacetime dimensions is a peculiar case that deserves a special treatment, for it is the only case
where the zero mode plays a role and where we cannot express the partition function in terms of the real
analytic Eisenstein series, but we have to use the Dedekind’s 7 function instead.

8.3.2 Heat kernel approach

In (7.96), we derived an expression for the heat kernel K ;(xz,2’;t) **on S}; x R? as the product of single

heat kernels K A associated to the Hamiltonians H 4 of free particles of mass m = 1/2. In that expression,
the sum over n € Z was due to the fact that a particle starting from 1 could arrive at x441 by wrapping
an integer number n of times around the thermal cycle of periodicity 3, as clear from (7.95). If we now
momentarily set 4 = 0, generalizing this argument to two compact dimensions is quite easy. In this case,
in addition to the sum over n we would have an additional sum over an integer m labelling the number of
times that the particle, starting from z/,, wraps around the spatial cycle of length L in order to arrive to
x4. Concretely, for a Hamiltonian

H=p3,, +p5 (8.67)

the heat kernel would be

43In this section, we denote by t the Schwinger proper time in order to avoid confusion with the modular parameter 7.
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_+7 _+52 _+52
(a1, zale™ M |2 0, 22 = (zarale tpd+1’$il+1>s;3<$d|€ tpd|33¢,1>le

— 3" (@as1 +nBle Pinlal, ) (g + mIle P |l)
(n,m)eZ?

(725)ﬁ Z e~ 1t (@ar1 =g +1B)? o= gy (Ta—a+mL)? (8.68)
m
(n,m)€Z2

i.e. it admits a complete factorization. However, we have seen in the previous section that when turning
on p, the operator appearing in the Euclidean action is —A,,

—Ay = 0,0 — (Jay1 — pda)? — B3 (8.69)

Correspondingly, in the heat kernel formalism, the presence of a non-vanishing u creates a cross-term be-
tween the Hamiltonian Hy and Hyyq as

H = p2 2 M7 H, = (pgi1 — 1Dg)* + p3 8.70
=Pgy1 +Pg —— = (Pay1 — 1 pa)” + Py- (8.70)

which is the Hamilitonian of a particle moving on the skewed torus ']I‘Z. The relevant heat kernel that we
have to compute is now, instead of (8.68)

(zas1, wale™ ]l zams, (8.71)
that does not directly admit a factorization. We remark here that the periodicity of the coordinates is
Ta41 ~ Tay1 + np, xg ~ xq+mL, (n,m) € Z2. (8.72)
We define new coordinates (X1, Xq) as
Xar1(Tdg1,Tq) = Tap Xa(xgs1,24) = a4+ p2dsr- (8.73)
Their periodicity is inherited from that of (z441,zq)
Xgr1 ~ Xgr1 +np, Xg~Xg+mL+nup. (8.74)

These coordinates have the effect of rectangularize the skewed torus. Indeed
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9 0  0Xyyn 0 Xy 0 0X4s1 O Xy 0

Pt = P = s M 0rq ~ 0masr 0Xan * 0zarn 0Xq " 0wy 0Xgp1 ! Owa 0X4
0 -
- _ - _p 8.75
0Xgsy TV &7

o Xy O 0Xg 0 9 .

P = S T 0wy Xy | Omg 0Xg  0X, (8.76)
so that the Hamiltonian, in the new coordinates, is
i, =P, + P2, (8.77)

Thus, we have

T _+p2 _+p2
(Ta+1,zale tH”’”’?ZlHaxiﬁTﬁ = Z (Xayr +npBle” i | X5, ) (Xg + mL + npple” 7| X))
(n,m)€Z2
_ 1 T o h KX B (X Xt )

mt
(n,m)€Z?

= 1 Z e_i{(ﬂféﬂ_$d+1+n5)2+[zé_$d+mL+M(1’Id+1_Id+1+n/3)]2}7 (8.78)

(n,m)€Z?
Taking also into account the contribution of the large dimensions x¢, the full heat kernel is

d+1

K-n,(2,2"5t) = <41t> Yt ma el @'
™

X Z e_%{($51+1—J»‘d+1+n5)2+[$'d—xd+mL+u(x&+1—xd+1+n6)}2}’ (8.79)

(n,m)€Z?

The trace of the heat kernel is

2
T s %(u +a). (8.80)
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The partition function is therefore given by

L L,
log 2(r, 7) = P21 L Z / dt =52 e G Inrml?, (8.81)

d+1
9d+21
m)EZL?

where we dropped the contribution of the zero mode n = 0 = m. The integral gives, analogously to (7.99),

2 AN 1 S fd+1
> d+3 L 2 2
dtt= =% e delrrtml” = <> <> F() d>1. 8.82
/o L? InT 4+ m/|? 2 (8.82)
The full partition function reads
1 L, T(&h)
log Z(7,7) = 1L, — dil f%(T), (8.83)
2

Ld_17'2 2T
This expression agrees completely with (8.59) found with the zeta function technique.

Again, it is possible to use the Poisson summation formula (7.102) to the double sum appearing in (8.78).
The result can be shown to be

1 Z o~ 3@y —Tar1+nB) +lah—zatmLtp(y,, —zay1+nB)%}
(n,m)€Z?
= ﬁlL Z ei(zd+1—xf1+1) + +i(zg—y) Wnd t(%) Ind+1+ndT|2, (8.84)

(nd+1 ,nd)€Z2

Having applied the Poisson summation formula, the full heat kernel can be written as

1 1 2 / a la
K_a,(x,a'5t) = AL <47Tt) o~ 1 (Ta—1y) (x—2'*)
27n d+1 27 g —_t

» Z ei(xd+1—x’d+1) +i(za—zy) = (%) ‘nd+1+nd‘r|27 (8.85)

(nd+1 ,nd) €72

and hence the partition function is

Lq —t(<F) |n natl?
log 2(r,7) = Ll 3 / a4t (3F) nasrinart (8.86)

(ngy1,mq)EZ?

The integral gives

o) (o 2m o2 ) d—1 d—1
/ dtt e t<5> mttl” (;) F(— 2>|nd+1+7nd|d_17 d<1 (8.87)
0
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and thus

1-d
1 HaLa F(J) 1 d(T) = a dzl fd 1(7'), (8'88)

log Z(7,7) = - 1-d - ai1
2Ld—17.2% T2 2 2Ld—17.2dT1 T 2 2

giving again the correct result.

8.3.3 Canonical approach

Here we repeat the same computation of Z(3, ) following the canonical approach. Remarkably, the result
obtained with this method will be expressed directly in terms of the Fourier transform of the real analytic
Eisenstein series displayed in (F.25). We start from the operators H' and Py, given by

/ ~ /
= > wwapar, +Eo,  Pa= ) kadj (8.89)

niEZd niEZd

where Ej is the Casimir energy given in (8.8). We have

1
Z(B,p) = e PEo H S e AlnmimkaNe, — ¢BEo H’ — (8.90)

ni Ny, >0 n, 1—e

Hence, taking log Z(3, 1) and turning the sums over n, into integrals we get

H
(2m

log Z(8, 1) = —BEy — " Ak k- 210g[ —ﬁw’““’“i—wkd)] (8.91)

nEZ

Introducing a new integration variable as z = 34/k2 + kg, we have

log Z(8, 1) = BB — Mata 1 > /

dzz(22 — B22) T log[ —ZWﬁkd}. (8.92)
d—1 d
5 20727 2T dT ndEZ

Blkal

Now we expand the log(1 — z) around = = 0, with z = e~+#6ka,

) —lz+ilpBkg
log |1 — e—zﬂuﬁkd} - _ Z %7 (8.93)
leN
and thus, using y = [z
L 1 ezluﬂkd o0
log 2(8, 1) = —BEo + Hﬂz—la d—2 95 prd-1 > 1d / dyy(y? - PB%3) 5 e (8.99)
20721 2 T(%57) ngez ten 1Blkal
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The integral in the above expression yields

d
2

- 2 _ 2p272\43 Hr(d Y)
/ dyy(y? — 26%3) T ey = 2% (18]k4])

Ka(18|Kq4)), 8.95
" NG 4 (18| Kal) (8.95)

where K, (x) is the modified Bessel function of the second kind [251]. We have, using kg = (27/L)ng,

log Z(B, 1) = *5Eo+ d 5

2 .
<7TBL“TM|> 627rzndl5L—“’ (896)

ng€Z €L

where we have extended the sum to [ € Z, using (F.27). For later convenience, we isolate the term ngy = 0
in the above sum. Using that, for small value of x and for n > 0,

Kp(z) =T(n)2" 'z + Oz, x>0, (8.97)

the ng = 0 term in equation (8.96) gives a contribution

Lo () () e Bk (o

L2572 Iz Bl

Taking into account the explicit value (8.8) of the Casimir energy, the previous equation can be factorized as

a (2m[in|m) e 2minglry (8.99)

where 7 = %(,u + 4). Comparing the expression between square bracket with (F.25), we see that it is

exactly the Fourier series of the real analytic Eisenstein series fa.1 (7), as claimed in section 7.2.3. We can
2

conclude again that

T La DY
da+1

d—1
Ld*17'22 ™

log Z(7,7) = far (7). (8.100)

2

M

In Appendix F.5 we consider the d = 3 case and we explicitly show the equivalence between the series
(8.99) and the Eisenstein series fa(7).

We point out here that the main advantage of working with the Fourier series (8.99) instead of the real
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analyitic Eisenstein series is that it allows to trace back the contribution of each field mode to the parti-
tion function and, as explained in the next section, it will be extremely useful to take the high- and low-
temperature limits. For the moment let us just mention that the ngy = 0 contribution in (8.98) is exactly a
black body contribution for a scalar field living in one dimension less. In other words, it can be obtained
from the black body result computed previously in (7.81) by substituting d — d — 1. Indeed, from the
mode expansion of ¢ in (7.56), isolating the zero mode of the field in the compact direction, we get

¢(t,x):\/lv > ¢ka(t)€ik“xa+z, > (8.101)

ne€Z4—1 NJEZL ng,€Z—1

The first term in the above expression is nothing but the mode expansion of a scalar field living in (d — 1)
spatial large dimensions z® and therefore its thermodynamics is described by the black body result.

8.4 Generalized high-/low- temperature dualities

Let us start by considering the low-temperature limit of the partition function, i.e. the 75 > 1 limit of
Z(1,7). In this limit we expect, from the discussion in section 8.1 and from equation (8.15), log Z(7,7) to
be proportional, through 3, to the scalar Casimir energy Ej in (8.8). In order to show that, it is convenient
to use the Fourier series of the partition function in (8.99) and the asymptotic expansion for large positive
values of z of the modified Bessel K, (),

Kn(z) = \/Ze—x [1+ 0] (8.102)

Therefore, we see that all the terms appearing in the double sum in (8.99) are exponentially suppressed
for large values of 7. There are only two terms left,

d+1 d
oy 2(r,7) = Lot |y FEE T o TR oy
T 2 Ty T2
= log Ziow (1, 7) + O(e™ ™). (8.103)

The leading term is indeed the Casimir contribution, as claimed, and the first subleading term is the one
coming from the ng = 0 term of the field mode expansion which is the lower-dimensional scalar field intro-
duced previously.

In order to have access to the high-temperature limit, defined by m < 1, we make explicit use of the
modular properties of the partition function. We start by considering an S transformation obtained by
taking a =0=d and b= —1 = —c in (8.61),

= = 1 o= T2
- 1= 72 2= T2
T 7| 7|

(8.104)
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under which the partition function transforms as

1 1
log Z(7',7") =log Z <—, —) = |7[" log Z(7, 7). (8.105)
T T

Inverting this relation and using the Fourier series representation for log Z(7,7), we get

log Z(7,7) = [ La [ = F(%)C(d+ D + ’T|d71 F(% g(d)

LA=T | |7d+1 e AT

2 l 7271’1‘77,le1
‘ (W) e P ] (8.106)
2

7]

ZZ'”‘“
d€EZ €L

’7‘7—2

In the high-temperature limit we take 7o < 1 and hence |7| = 72| + | < 1. It implies that the terms in
the double sum in (8.106) are again exponentially suppressed because of the asymptotic behavior of the
modified Bessel function in (8.102). Therefore, we get, in the high-temperature limit

L[ 7 T(EH¢d+1) |7t r@)¢(d) 1
log Z(7,7) = Hd 1 ;+1 2 EESY +| L—1 2 +0(e 72)
L ‘7’| T 2 Ty T2
_1
= log Zpigh(7,7) + O(e ™). (8.107)

The leading term of this expression is

d+1 —
v [Edery e VICE KA (5.108)
pBfl+p?) s w2 g T

which gives, as expected, the scalar black body result for vanishing p. The subleading term is independent
of the temperature and depends only on the parameter p. Clearly we have

1 n—0

_ 1 1 1 1
log Znigh (7, 7) = — 108 Ziow (—, —> —— 1og Znign(m2) = — 1108 Ziow () . (8.109)
’7_‘ T T Ty 2

Notice that taking the high-temperature limit has become possible after having used the modular proper-
ties of the partition function. In particular, we have used first its behavior under S and then the Fourier
series. The analysis shows that once we have access to the low-temperature limit, we can directly infer,
using (8.109) the high-temperature regime and vice-versa. These are the so-called generalized temper-
ature dualities. As already pointed out, the black body result, under the duality, maps to its opposite
regime counterpart, which is the Casimir term. Analogously, the subleading term in the low-temperature
expansion, which is due to the ngy = 0 term of the field mode expansion, is mapped through the duality
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to the subleading, temperature-independent term in the high-temperature expansion (8.108). Even if the
subleading contribution in the high-temperature expansion can be simply understood by applying the in-
version symmetry argument to the lower-dimensional scalar, it would however be wrong to think that it
also comes from the ngy = 0 mode in the field expansion. In fact, even if we are able to trace back this
term in the low-temperature limit, we cannot do the same in the high-temperature one. Inverting the
temperature implies a re-summation and a re-shuffling of all the modes, through the Poisson resummation
formula. In fact, the full partition function is covariant under the symmetry, but its Fourier coefficients
are not separately covariant.

Before proceeding to analyze the low- and high- temperature behavior of the entropy of the system, it
is useful to introduce the completed Riemann zeta function as

¢(d) = —2 > (8.110)

d
T2

Note that most of the formulae shown in this chapter can be more conveniently rewritten in terms of &(d).
This happens because it is a dimensionless quantity characterizing the geometry of the system. In order
to make contact with [201], we introduce €yac(d) = (d+ 1). The Casimir, black body and their subleading
terms in the expansions of log Z(7,7) can be expressed in terms of €yac(d).

The low-temperature expansion of the entropy is given by

9 Ha La Ha La
SIOW(TQ) = <1 - T28T2> log ZIOW(TQ) = LdTTg_ldﬁvac(d - 1) = le—l devac(d - 1) (8111)

Hence, in the low-temperature regime the entropy is governed, up to exponentially suppressed terms, by
the lower-dimensional scalar contribution, i.e. by the zero mode of the field in the compact direction. In
fact, in (8.111) the Casimir term drops being linear in 7. Equation (8.111) shows that the entropy at
low-temperatures does not scale as the entire volume of the system, but only as the volume of the large
directions. Indeed, the length L of the compact direction does not appear in (8.111).

In the high temperature regime, up to exponentially suppressed terms we have for p = 0,

HilLad (d + 1) EVac(d) = K(d + 1)€Vac(d), (8112)

0
Shigh(T2) = <1 — 7-2> log Znigh(T2) = ﬂ B

87’2

in complete agreement with [201]. Note that, differently from the low-temperature case, here the entropy
scales as the entire volume V of the system, as one would expect in the large L limit.

Using Znigh(/3) we obtain the asymptotic microcanonical density of states as 4

Vevac(d)

p(E)=/O dﬂZhigh(ﬁ)eﬁE:/o dBe o7 PP, (8.113)

“1n equation (8.113) we neglect in Zyign(B) the subleading term.
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We can use the saddle point approximation to evaluate this integral. The stationary point of the exponent
in (8.113) is given by * such that f'(8*) = 0, where

1

f(8) = ;,/devac(d) + BE = B* = (CWGVE“(CZ)> - (8.114)
Thus
p(B) e B8 E s log p(E) ~ Cfdf[evm(d)V]ilEil. (8.115)
+
Since €yac(d 4 1) is related to the central charge ¢ in (8.14) by
€vac(d) = zl;/dc, (8.116)

both the high-temperature entropy and the asymptotic density of states in (8.112) and (8.116) can be
expressed in terms of ¢ as

Shign(8) = <§)d(d+ Die,  logp(E) ~ <]ZL>di (d+ 1)(?)‘” (8.117)

Equations (8.112),(8.115) and (8.117) can be though of as higher-dimensional generalizations of the Cardy
formula to the case of partially compactified manifolds [135,199], expressing the high-temperature entropy
and the asymptotic density of states in terms of a dimensionless number €y,c(d) characterizing the Casimir
energy and in terms of the central charge ¢ of the theory [252].

8.5 Higher-dimensional tori and SL(n,Z) Eisenstein series

In this section, we consider the most general case where there are p large and ¢ small spatial directions, such
that p + ¢ = d. Here it is convenient to introduce indices a = 1,...,p and a = (i,d + 1) withi =p+1,...d
labelling the large spatial directions and an the small spatial and Euclidean time directions, respectively.
We assume L, > L;, Va and Vi and consider the partition function

Z(B, i1, ooy ftg) = Tr (e BH—I T  pibry (8.118)

on a partially compactified manifold M = T9t! x RP, where T+ = 8}3 X Sle+1 X oo X S}:d [198, 201].

Mathematically, the torus T9+! is defined to be the quotient of R4*! by the lattice A9t! generated by a
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set of ¢ + 1 linearly independent vectors &, € R,
T = RIFH/ATH, AT = 1 mada| ma € 247} (8.119)
(0%
We choose &, to be

Wi = (Oa - L, "'70)7 ajd-f—l = ,8(,&1,,&2, oy K 1) (8120)

i(L’d+1

Figure 17: Geometry of the manifold associated with the choice of &, in (8.120).

Using the lattice vectors, we can define a metric on T4"! as g,5 = @y - &5. We have
9ij =0, Gu=1L}  Giar1=Bpili,  Garran =67 (8.121)

and y/det [gag] = Vg41, where Vi1 = BLpy1...Lg is the volume of the (¢ + 1)-dimensional torus. The
torus we are considering is not rectangular, but the Euclidean time lattice vector ¢z11 has non vanishing
components on the spatial directions = as represented in Figure 17. When turning off the parameters pq,
the torus becomes rectangular. It is also important to introduce the inverse lattice vectors K are defined by

—

K- @ = 45. (8.122)

It is easy to show that the K® corresponding to the choice of @, in (8.120) are given by
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. 1 - 1
KZ - f(o’ ©y ]—’ ...,0, _Ml)a Kd+1 - B(O’ "'707 1) (8123)

The matrix §*? = K. K#P , by construction, is the inverse of g3 and its components are explicitly given by

~ii i fbg ~ii 1 2 ~i,d+1 i ~d+1,d+1 1
v — = — ]_ 3 ’ = —— ’ = —= 8124
g LiLj’ g LZ( + 4, g L;B’ g B2’ ( )

]

whereas its determinant is \/det [g*8] = V;J;ll. It is convenient to introduce a normalized metric g =

(Vq+1)qT21 §°% so that det [gnp] = 1 = det [g7].

Repeating similar arguments to those of section 8.3.1 the partition function in (8.118) admits the path
integral representation

Z(B, 1y ey hg) = /Dsbe‘gEW’], (8.125)

where

p 1 1, .1
SPlgl = —/0 dz®t! /V ddx |:2(8d+1¢ - ; 1id;0)” + 50100'6 + 28@8%} : (8.126)

and hence the relevant zeta function is, taking p dimensions to be large and thus turning the sum over the
integers n, into integrals,

p

§) = [[,La 2m2 [ -1 !
)= r<§>/o LY

Na eZqul

2ngy1 2mn; \ 2 2mn; 2 1
~S . (812
K Ea Li>+Z<Li>+k (8:227)

i
where we have already excluded the n, = 0 modes. Integrating over k we get
p

((s) = [, Lw;i—lfzsr)(s ) 5 K”dﬁ“ - ZMZZZ)Q + ; (2)2] * (8.128)

ng€Za+1 7

It is immediate to verify that the above equation can be more compactly rewritten in terms of ¢** as

L Lam® > T(s—5) <~ [ a5 18-s
((s) = s Y [nag®ng]? (8.129)
2
2°T(s) (V1) 77 npezant
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We define the SL(n,Z) Eisenstein series fs(n;g) [205] to be 4°

funsg) = 37 [mag™mgl ™, Re(s) >

Mo EL™

(8.130)

where ¢®? is the metric on a n-dimensional torus normalized to have unit determinant. For n = 2, using
(8.124), the metric g*? on T? can be written as

8, , ﬂ Y
*(:U + 1) 1% p) T2
g8 = L | = , (8.131)
M >y T1 1
4 T2 T2

once we take into account 7 = %(M + 1) so that

fs(257) = Z, S - (8.132)

2
(n,m)eZ? ’n + mT‘ ’

is the real analytic Eisenstein series of (8.55), that therefore can be interpreted as the SL(2,Z) Eisenstein
series, according to the definition (8.130). The SL(n,Z) Eisenstein series satisfies the functional equation

(o) futnig) =751 (5 = 5) Fy-mia) (5.133)

Note how this equation reduces to the one satisfied by the real analytic Eisenstein series fs(7) in (8.57) for
n = 2 and to the reflection formula in (7.79) satisfied by Riemann zeta function ((2s) for n = 1. The zeta
function in (8.129) can be written in terms of the SL(q + 1,7Z) Eisenstein series fs_g(q + 1;9):

£—2s P
o(s) = [1, Lo F(sﬂf)fs_g(q+ L9) (8.134)
22T () (Vg) o+

so that, applying as usual (8.133),

H L F(P-HJ-H S)
pgtl
225F( )T (Vgs1) ¥

25 fp+q+1 s(q =+ l;g)- (8'135)

Taking into account that p + ¢ = d, we get for the partition function

1
logZ(g)zic’(s)!s:o 5 it fai(g+1;9). (8.136)

w2z (V,

1 I, L F(%)
)T

51t is possible to consider also a GL(n, Z) Eisenstein series fs(n; §) where jas has not a unit determinant, but +/det [§os] =
V,. Here we choose to work with a metric with normalized determinant.
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This is the final result for the partition function on T¢+! x RP. Note that, even if it was derived it in the
particular case of a metric §*? in (8.124), equation (8.136) holds for an arbitrary manifold whose T+
component has a volume Vg1, regardless of the choice of the lattice vectors. The particular torus geometry
we are considering is motivated by the specific form of the partition function in (8.118). Equation (8.136)
includes all the main results for the partition function shown so far as particular cases. For p = d — 1 and
q = 1 it correctly reduces to the partition function on T? x R4~! in (8.59) covariant under SL(2,7Z)/Z?
transformations of the modular parameter. For p = d and ¢ = 0 it reproduces the black body result in
(7.81).

The SL(n,Z) Eisenstein series is a natural object to consider on T". Indeed, it is invariant under SL(n, Z)
transformations of the lattice vectors defining T, i.e. under the diffeomorphisms of the torus into itself.
Indeed, consider an SL(n,Z) transformation of the lattice vectors @,

& =835, g =(STHY (SN,  S.” eSL(n,7Z). (8.137)
Correspondingly the SL(n,Z) Eisenstein series transforms as

Fomig) = 3 g™ msl = 3 Ima(SH) g (S ymel = 3 g )

Me EL™ M EL™ ml,EL"
= fs(n; g). (8.138)

We are now interested in introducing a set of ¢ modular parameters 7; for each torus T? = Sk X ']T%Z_ and to
understand how SL(q + 1,7Z) transformations act on them and, correspondingly, on the partition function
in (8.136). We define 7; as

Ti = Tiy +1Tiy = Lﬁ(ﬂz + ). (8.139)
3

The components of the rescaled inverse metric ¢®? can be expressed in terms of 7; as follows:

2
g = pitti(BLpy1. L)t 7T (8.140)
LiLj (7’12...’7'(12)ﬁ7
2
o (14 ) (BLpsr... Lg) T Il
git = — - T (8.141)
i (7—12 "TQQ)q !
2
ghdtl = i (BLpt1..-Lg) i+ _ Tiy (8.142)
Llﬁ (7‘12 ..Tq2)q271’
2
(BLps1...Lq) 7T 1
gL+t — 2 5 — — (8.143)
(le "TQ2)q !
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Note that in the case ¢ = 1 the above equations imply that

11 |7'|2 12_T1 22 1
g't="1L g2 == = (8.144)

b b b
T2 T2 T2

in agreement with (8.131). The volume V1 can be expressed in terms of 7; as

1 g+1
‘/qul = BLerl---Ld = (T12...Tq2)q(Lp+1....Ld) q (8145)
Therefore,
1 Lol (%L
log Z(ri,7) = 3~ g (g4 1) (5.146)
T2 (Lp+1--~Ld) q (T12~--7_q2) a(g+1) 2

The transformation laws of 7; under SL(q + 1,7Z) is derived in detail in Appendix F.6. The final result in
(F.76) for an SL(g + 1,Z) transformation !, = S, &g is

p

+1
(Sd_HdJrlSll _ Sd—i—l151d+1)~-'(5d+1d+15qq _ Sd+1q5qd+1) q(q+1)

|S1+17y 4 SE|2..[ Sty + Sya)?

log Z(7],7) = log Z(7:,7),  (8.147)

that correctly reduces to (8.61) in the ¢ = 1 case.

8.6 Conclusions

In this chapter, we have shown how real analytic Eisenstein series naturally appear in the computation of
partition functions of massless scalar fields living on partially compactified manifolds having some torus
components. However, it has to be pointed out that the literature on these topics and, in general, on
the dependence of the partion function on the boundary conditions, is substantial. In particular, Casimir
energies and partition functions for the configurations considered in this chapter were originally computed
in [249] in terms of the Epstein zeta functions (see e.g. Appendix F.4) and, moreover, they had also been
derived in the context of conformal field theories in higher dimensions in [198], including a discussion on
modular invariance and an extension to higher-dimensiional tori. More recently, general considerations
on modular invariance in higher dimensions and its relation to Casimir energies have appeared in [202].
Therefore, the results derived here necessarily have large overlaps with existing literature.

In the context of finite temperature Casimir effect, our discussion and techniques follow closely the approach
developed in [219-222] in order to derive and understand temperature inversion symmetry, originally dis-
covered in [217] through the method of images, in terms of functional methods and Epstein zeta functions.
Our addition here consists in including a chemical potential for the linear momentum in the compact
direction, which brings one from Epstein zeta functions with temperature inversion symmetry to the real
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analytic Eisenstein series with full modular invariance.

From the viewpoint of modular invariance in higher dimensions, as compared to the analysis in [198],
our derivation provides the full analytic expression for the partition function in the case of the simplest
model of a free massless scalar on a spatial section of the form T¢ x R? for p+¢q = d, in terms of SL(q¢+1,7Z)
Eisenstein series, with an explicit proof on modular transformations built in. As compared to [202], for
the model under consideration, there is full control on finite-size corrections, and also a new formula, valid
now at low rather than at high temperature, that relates the leading contribution to the entropy to the
Casimir energy density of a massless scalar field in one dimension lower.

For what concerns the relevance of Eisenstein series in physical applications, we have shown that, in
the context of quantum statistical physics, partitions functions of massless scalars are among the simplest
physical observables that are directly expressed through such series. Various approaches to computing
these partition functions, such as functional, heat kernel/worldline and canonical quantization methods
illustrate complementary aspects of Eisenstein series.
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9 Gauge theories in the Casimir setup

In this chapter we consider an application of the techniques shown in the previous chapters to the case of
gauge theories in the Casimir setup. In particular, we will focus on spin 1 and spin 2 gauge fields. We
start in section 9.1, where we consider the electromagnetic field placed in a slab geometry with two infinite
perfectly conducting parallel planes separated by a distance L and we outline what are the correct boundary
conditions that have to be imposed on the fields on such planes. In sections 9.2 and 9.3 we analyze in
two different but equivalent ways the reduced phase space of the theory in the above described setup. In
particular, we show that the full dynamics of the electromagnetic field can be, and has to be, described
in terms of that of two single scalar fields, one satisfying Dirichlet conditions and the other Neumann
conditions on the metallic plates. In section 9.4 we present an additional, more convenient reformulation
of the theory in terms of a “fictitious” single scalar field living on the double volume satisfying periodic
boundary conditions on an interval of length 2L. Correspondingly, in section 9.5, we use this result to
exactly compute the partition function of the theory, showing its modular properties and the associated
high-/low-temperature dualities. Surprisingly, the momentum of the scalar field in the compact direction,
that according to the discussion in section 8.2 has to be included in the partition function in order to
consistently add a real part to the modular parameter, does not coincide with the standard momentum
of the original electromagnetic field and we show that instead it is related to the spin angular momentum
of the photon. We also emphasize that the thermodynamic entropy in the low-temperature regime scales
as the area of the conducting plates and we argue that this behavior can ultimately be traced back to
the non-triviality of the boundary conditions. In sections 9.6 and 9.7 we prove in detail that, imposing
the analogue of perfectly conducting boundary conditions on the linearized gravitational field, the same
conclusions can be drawn also in the case of spin 2 fields. We conclude in section 9.8 with some outlooks
and future directions.

9.1 Casimir geometry and boundary conditions

The Casimir effect setup consists in considering the electromagnetic field between two perfectly conducting
plates separated by a distance L in the 2 direction, as represented in Figure 18. It is useful to introduce
the following index notation: spacetime coordinates are denoted by x# = (¢, 2%, %), where u = 0, ..., 3 and
a = 1,2. The area of the plates is A = LiLs, where L, are the lengths of the sides of the plates and we
assume that L, > L. This implies that we can take without loss of generality periodic boundary conditions
for the electromagnetic field components in the z% directions, for in the large L, limit the result for the
thermodynamic quantities we are interested in will not depend at all from this choice.

In order to make connection with the results of the previous chapters, we are interested in a Hamilto-
nian analysis of the system, so we consider the first order action

&muﬂ:/&/d%(m&+A@m—;mm—;&F)
\%4

:/&/d%@%ﬁA@T—HMﬂM mAm:;/ﬁﬂmm+&F) (9.1)
Vv 14
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Figure 18: Electromagnetic field between two metallic plates separated by a distance L along the 23

direction.

where V = ALz, II' = % = A~ 9'A; = —E', we denoted by H[A,TI] the Hamiltonian and B! = eijkOjAk
is the magnetic field. The Gauss law constraint §;II' = 0 follows from setting to zero the derivative of the
Lagrangian with respect to the Lagrangian multiplier A;. The requirement that the plates are perfectly
conducting imposes that the tangential components of the electric field and the normal component of the
magnetic field must vanish on the plates surfaces,

(¢, 2%,0) = 0 = I1%(t, =%, L),  B3(t,2%0) = 0= B3(t,2% L). (9.2)
The standard gauge invariance §.A; = 0;e can be used to reach the standard radiation gauge
A =0,  9;A =0, (9.3)

that leaves the freedom of performing residual gauge transformations parametrized by a time-independent
¢ satisfying 0;0% = 0. Since B® = €9, Ay, imposing the second in (9.2) implies that A, is pure gauge on
the boundary, i.e. there exists a field ¢(z?) such that A,|,3_o 1 = 9,¢. Using residual gauge freedom it is
possible to set ¢ = 0, so that the set of boundary conditions on the canonical variables (A4,, I1%) reads

I, 2%,0) = 0 = [9(t,2%, L), Aq(t,2%,0) = 0 = Aa(t, 2% L). (9.4)

These boundary conditions are Dirichlet conditions for the canonical fields components parallel to the
plates. We need also boundary conditions on the components (As,II?) perpendicular to the plates.
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Asking the Coulomb gauge condition 9;A° = 0 and the Gauss law O;II' = 0 to hold on the bound-
ary [223-225,253,254] implies that, taking into account (9.4),

T3 (t, )| gs—g = 0 = B3T3 (¢, ) |p3—1, D3 A3(t, )| ps_g = 0 = O3A3(t, )| 31, (9.5)

that are Neumann conditions. As already mentioned, we also impose periodic boundary conditions in the
x® directions,

I (t,0,2%) = T'(t, Lo, 2),  A%(t,0,2%) = A'(t, L, 2?). (9.6)

Having defined the set of boundary conditions, we can now mode expand the field components into the
appropriate orthonormal bases The orthonormal bases for functions satisfying Dirichlet and Neumann
conditions in 23 = 0 and in 23 = L and periodic conditions at 2% = 0 and 2% = L, are {ek } and {e

e Y T S ) B S e o e

respectively, where k, = ZEA and k3 = "2, with n, € Z and n3 € N. The orthonormality is

(ekDi,eﬁ) :/ dPrep (I “(z)ep (z) = H‘Snm;? (ekN,ekN) = / 3z el Ch, ek/ H5n "y (9.8)

and the completeness

Y et (@en (@) =@ —a), Y e @ep (@) = 8z — ). (9.9)

nq€Z2% ,n3eN nq€Z2,n3ENy

Because of the perfectly conducting boundary conditions in (9.4) and (9.5), the fields admit the mode

expansions 46,
. 2 a . 7 x®
¢ (t,x) = i4/ v Z o, (t) 51n(k:3x3)e kaz® (9.10)
ne€Z2 n3EN
3 (t,x) = Z [ Qbkmo \/ Z gbk cos k:gm ) tha® (9.11)
N €Z2 n3€N
with

O (1) = (e, 0%, G},(8) = (ery, &%), (9.12)

40see, e.g. Appendix D.
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where by ¢* we denote either A® or II*. The unusual i factor in (9.10) is chosen for later convenience. From
now on, since we will not be concerned about the time evolution of the fields, for notational purposes we
denote ¢};i (t) simply by ¢}Cz The reality conditions and parity in the 23 direction are

3 3 3 3
ks = P kakss Phaks = Phaks  Phasks = ~Phurkyr Phaks = Pha,—hs- (9.13)

So far, we only imposed boundary conditions on the fields components. However, since we are dealing
with a gauge theory, not all the modes appearing in (9.10)-(9.11) are physical and there is therefore a
redundancy. Indeed, these modes do not automatically satisfy the Coulomb gauge and the Gauss law. In
the next section we proceed to identify the reduced phase space of the theory comprising only the physical
degrees of freedom, where we have eliminated all the redundancies.

9.2 Reduced phase space I: algebraic approach

We start by inserting the mode decompositions (9.10)-(9.11) in the Hamiltonian H[A,II] of (9.3). We find
H = H,,+0 + Hypy—0, where

1

Hom=g O [MLIGE ILIGE 4 KRR AR + AL AR) + (AL AL + AF A7)
Na 622 ;13 eN

AL AL + A2 A42) — kaka(A] A2 + AL A)

— ks (AL AR + AL AL — ke (A AR + AR AL | (9-14)
and
Hp,—0 = 5 Z I, ol1;2 o + kT A7, 0 AR o, (9.15)
nQEZ2

where k| = v/k.k® Note that, because of Neumann conditions, there is also a n; = 0 mode, contributing
to the Hamiltonian as a free particle. Indeed, on denoting p = II3,

2

1 / P
Hpy=0 = Hn=0 + 5 I I o+ kI AR (AR o Hp—o = o (9.16)

na EZ2
As remarked in section 7.3, since we will ultimately be concerned about the partition function in the
large area of the plates limit, the contribution of H,,,—o will be negligible. However, if one is interested in
considering metallic plates equipped with an electric charge distribution the zero mode p will also give a

non-vanishing contribution to the partition function in the large area limit [224, 225].

Applying the Gauss law constraint and the Coulomb gauge condition 9;¢* = 0 to the mode expansions

133



(9.10)-(9.11) we get,

: ka a * ka *a
¢zi - —E¢ki, k3 = —kf3¢ki’ ks # 0. (9.17)

Note that the k3 = 0 modes automatically satisfy the constraint and gauge conditions. Inserting the rela-
tions of (9.17) into H,,,+o we get

1 1 *l k% 2 172 k% 1 2 Kike w2 Fike
Hugzo =5 D LI (1 o5 )+ TRIGE (14 03 ) + T T2 =5 4 T = o=
nq€Z2 n3EN 3 3 3 3
\ i} . k3 wokiks o kiko
+ K [A}ﬂAk} (1 + k;) + A} A2 (1 + k§> + AL AR R Aijii? , (9.18)
3 3 3 3

where k = +/k;k. Contrarily to (9.14), Hy,-0 in (9.18) is a quadratic form expressed only in terms of
physical modes, satisfying the constraint and the gauge condition. In fact, in this expression appear only
the two physical components of the electromagnetic field. It can be more conveniently rewritten as

k2 kiko
1 e R’
Hyypo = 5 > IR Mg (ki) 10, + K2 AfS My (ki) A, Mg (ki) = . (9.19)
nq€Z2,n3eN kiko 1+ kj
k3 k3

We now proceed to diagonalize the quadratic form in (9.19) and hence the matrix M, (k;). Note that
det[M,q (k;)] = k?/k3 and hence it is always non-vanishing as long as k; # 0. The eigenvalues of M, (k;)
are A1 =1 and \F = k?/ k:% The corresponding properly normalized eigenvectors are

1 s 1k

O = k"0, Ok = etk (9.20)
1 3RL
satisfying the reality and parity conditions
H H E E H H E H
d)ka,ks = ¢tka,k3’ ¢ka7k3 = Cbika,ks? gbka,fkg = _(bka,kga ¢ka7fk3 = ¢ka,k37 (9.21)

inherited from those of (Mw in (9.13). Further, on denoting

D0 = — i, 00 (9.22)

the full Hamiltonian, including the ng = 0 sector, becomes H = H? + H¥ with

1 2 /
=2 N il e ealal. HP =T o ST nfmP Al An, (9.23)
ne€Z2 n3EN na €72 n3ENg

N | —
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where Ng = N U {0} and where we included the n; = 0 mode in H¥. Hence, the total Hamiltonian is
the sum of two Hamiltonians of a scalar field. We denote ¢ and ¢¥ the H and E fields and, comparing
with (D.5) and (D.12), they satisfy Dirichlet and Neumann conditions in 23 = 0, L, respectively. This
comes from the fact that the in H” there is an additional n3 = 0 mode, coming from the Neumann basis
element eé\i ’0(1'), which is absent in H¥. Therefore the physical degrees of freedom of electromagnetism
in the Casimir setup are encoded into two scalar fields, one satisfying Dirichlet and the other Neumann
conditions. Introducing an index o = H, F/ the Poisson bracket on the reduced phase space are

{A%,HZ?} = 57 Hdnmg? {Aka,oa 1T 0} - H(snan ) {p,a} =1, (9.24)

where we introduced g = AOE . These brackets are automatically satisfied if the modes ¢f in the full phase
space satisfy the Dirac bracket

a b * a k* kb
(217" = [Tou (5 K ) (9.25)

Furthermore, from (9.24) and (9.25) it is possible to derive the other bracket as

a *3 * *a | * k?ak‘g
(A7, 3y _Hanm = AL SR = (A7 T ——Hémn;?, (9.26)

%

so that, putting together (9.25) and (9.26) we have

{AL, Ly Hénm <5l —k2>. (9.27)

9.3 Reduced phase space 1II: polarization vectors and Bromwich-Borgnis fields

We consider the basis of vectors in momentum space (€y, €g, €||) = (€a, €)) = (€4), where a = H, E as in
the previous section and A = a, ||, satisfying

. fuxép=¢, kx&é =k, k& =0, (9.28)

together with the completeness and orthonormality relations

eAieAj = (5;, eqleB; = (5@. (9.29)

The basis is defined as long as k; # 0. The vectors €4 are referred to as polarization vectors.
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Figure 19: The decomposition of a vector 5& in the polarization vector basis (€4).
Any vector field gi_;kl = (¢4, qb%l) in momentum space can be expanded as (see Figure 19)
¢a_ea¢a+ea” 3 _ 3 3l 9.30
ke = €' Ok T e s Dy = ea” Pk, e by, (9.30)
The inverse of these relations is
o = et +e%30h,  op =elagp +elso. (9.31)

It is easy to show that the Hamiltonian H,,,o in (9.14) can be more compactly written as

1 o
Hyy0 = 5 > T I 4 (R x Ay, (k x Af), (9.32)
nq€Z2 n3EN
Using the third property in (9.28) and since HkinZf = HkiAHZ?, we have
1 " *
Hngyﬁo = 92 Z sz Al_Ikz4 + kQAkz‘Ot k?v (933)
nq€Z2 n3EN

Note that the Gauss Law constraint and the Coulomb gauge condition can be written as

. 2 ; a
;" = —\/; Z k(b},iiem“x sin(k3x3). (9.34)

ne €72 ,n3eN
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Therefore the reduced phase space in the polarization vectors formalism is defined by gb/l,li = 0. This is com-
patible with the usual statement according to which the components of the electromagnetic field parallel
to the momentum are pure gauge degrees of freedom and hence not physical. The Hamiltonian H,,,-q in
the reduced phase space is

1 . .
Hiyyz0 = 5 § : (I, oI + kQAkiaAk?). (9.35)
’I’LGEZ27TL3€N

The n3 = 0 mode contributes to the magnetic and electric fields as

7

a

Ba(O) - Z EabkbAz Oeik‘axa7 HS(O Z A Zkg,a: . (936)
\/V ne €72 \/> Nne€EZL
Thus, on defining analogously to (9.22) the k3 = 0 modes as
Do = —Dh0: ki # 0 (9.37)
we have
P’ I~ qE eE 2 4E  A*E
Hyymo = 75 + 5 > (I, oIl + K2AR, 4 AL), (9.38)
nq€Z2
and hence, the full Hamiltonian in the reduced phase space is again
H=H"1+HY (9.39)

where H® were defined in (9.23). The Poisson bracket on the reduced phase space are thus the same as
those in (9.24).

So far, we have not yet specified the form of the é, vectors. Consider the following choice of &, (see
e.g. [255]),

L1 L1 .
eg = 7(]@7 —kl,O), E = 7(1?1/63,]?2/{3, —kak ) (9.40)
kJ_ kkJ_

It is easy to verify that they satisfy all the properties in (9.28). Using (9.30) and (9.31), we have

fa k; k‘ k kz i
d)kH =2 Cbk ) ¢kEi 3 - 7¢k ) <l5” = ?‘bkw (9.41)

o €k kek k k
O = ok + ok P20l et =Mk Ryl (9.42)
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The reality and parity conditions are, using (9.13)

H E H H FE E
e = O ks Ohks = Pk Ph ke = ~Phokgs Dhaks = Phy—ks (9.43)

in agreement with what was found using the algebraic approach in (9.21). Note also that the k3 = 0
modes, using (9.41) are automatically given by ¢2a70 = —d)kEa o consistently with the definitions in (9.22)

and (9.37). Using (9.41) and (9.42) we obtain, in the reduced phase space gblll_ =

1

a 1 k: a
Oh = Eeabk%,ﬂ, O, = o ket (9.44)

again in agreement with (9.20). Therefore, using the polarization vectors technique, we recover all the re-
sults obtained in section 9.2 with the algebraic method. However, because of the geometric properties of the
polarization vectors, it is easier to attach the problem in this approach. This will be fundamental in section
9.1, when we will deal with the linearized gravitational field and we will exclusively use the polarization ten-
sors formalism. To conclude, once again, we see that the physical degrees of freedom of electromagnetism
with Casimir boundary conditions can be organized in a way so that the theory is described by a sum of
two scalar fields, the H and F fields, satisfying respectively Dirichlet and Neumann conditions in 2% = 0, L.

For k; # 0 we define the oscillator variables af as

« kj « 7/ « «
aki = \/;( kz+kﬂkz>7 {ak, k’ }— —1i0 'BH(Snn, (945)

: |
of =\ 5 (Aot giEo).  takaif) = T nos 15)

The Hamiltonian in (9.39) reads, using the just defined oscillator variables

2 1 /
m=Brs 3 kel vl vy Y kaifaf vofei®).  047)

nq€Z2 n3eN nq€Z2,n3€Ng

N

+

Using (9.42), we have

ab
qba _ Z\/E Z < k?b k? k3¢k + ¢ >Sil’l(l€3$3)€ikaxa, (948)

Na EZQ ,13 eN

¢* = Z { ¢ka, [ Z ( imEi + l}fqﬁgl) cos(k3x3)]eik“a. (9.49)

na €22 n3€N
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Notice that the map between field modes in (9.42) and consequently that in (9.48) is algebraic in momen-
tum space but non-local in coordinate space, since it involves inverse derivatives. In terms of the oscillators
in (9.45) and (9.46) we have

. 2 Eabkb . a kakg . a ka || . a .
A =iy = [( affgthar® 4 270 o F gikar® _ C.C.) + — A} et | gin(ksz?®), (9.50
iy V2kky " kikv2k koh (kaa). (9:50)

Na €Z2,TL3 eN

2 keabk o ga kK S k@ o
Im* = v Z [(fﬁ bl gikar® 4 3o F gikar —|—c.c.> +iHLielk“x]sin(k3x3), (9.51)

i / ki
ne €72 n3zeN \/iku‘ Qkkl k
and
=9 L Z/ ! (aF e 4 c.c.) (9.52)
VV \/VMGZ2 V2k e
/2 ki B kg ks 4l ik a] 3
+4/ = — ap e’ 4 c.c.) + —A) e | cos(ksz?), 9.53
Vnae%ﬂ;{ \/ﬁk( i )+ %A (hs”) (9:53)

1% VnanQ 2 “
/2 kL B kg k3l ik ] 3
44/ = [ ai. et —c.c.) + =11} e | cos(ksz®). 9.54
VRGG%BGN /2]{}( kz ) k k'z ( 3 ) ( )

9.3.1 Bromwich-Brognis fields

We define the real fields

[ 2 1 .
H H ikqz® . 3
= g aip. e’ 4 c.c.)sin(ksx”), 9.55
® ‘,nQGZQ’nSGN Tkrlu( k; ) ( 3 ) ( )

1 ! 1 0 a 2 1 0 o

E E _ikqx E ikqx 3

e — E ——(a; e +4c.c.) — 4/ = E ———(a; . e*™™* 4 c.c.)cos(ksz”), (9.56
VV 4, V2E 22 (e ) V o crmnen V 2kEE (@, )cos(kaa), (9.56)
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and the momenta

2 VEk ikl
H ; H _ikqx .
T = —iy g (aj.e — c.c.) sin(ksz?), (9.57)

E_ t ’Vki E _ikex® ]2 1 E ikqz® 3
T = E et —ce) +iy ) — g ap. e —c.c.)cos(ksxz?’). 9.58
( ) Vv /;Qk:kL( ki ) ( 3 ) ( )

Na GZZ ;13 eN

We denote by 9@ either o* or 7. ¥ and ¥ satisfy Dirichlet and Neumann conditions in 2% = 0, L,
respectively. We have

[2 -
A = ot + 9%950" + i v Z kaAga’kSelk“x sin(k3x3), (9.59)
ne€7Z2,n3€N
2 -
I = o + %0 + iy [ Y. KL, e sin(ksa®), (9.60)
ne€Z2 n3EN
[2 k
=4 (A — 03P +1/ = Z 3AH thaz* cos(ksz?), (9.61)
\/‘7 4 ne€Z2n3EN k
/2 ks
=2 A" +/= Y ) et cos(ksa?), (9.62)
\/‘7 4 ne€Z2n3zEN k
B = —e®9,ApP + 9%030", (9.63)
B3 = —(A + 93)p". (9.64)

In the reduced phase space gb/l,li = 0, one obtains

A% = €9yt + 0%050", 1% = ey + 9293, (9.65)
=L (A2~ =2 (A 02", 9.66

\/V ( 3)()0 \/V ( 3)7T ( )
B = —¢®gyAp¥ + 9%030" B3 = —(A 4+ 93)p™, (9.67)

which is the original construction in [256,257] (see also [213,229,258] for related modern discussions). Note
that from (9.65)-(9.67) 9;¢° = 0 i.e. the Coulomb gauge and the Gauss law constraint are automatically
satisfied. Also, if ¢* and ¢ satisfy Dirichlet and Neumann conditions in 2 = 0, L, it follows immediately
that ¢ and ¢¥ satisfy Dirichlet and Neumann conditions as well. Equations (9.65)-(9.67) emphasize that
the true physical degrees of freedom of electromagnetism in the Casimir setup can be encoded in the pair
of scalar fields (!, p¥) whose boundary conditions automatically follow from those of A’.
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9.4 Single scalar field formulation

In sections 9.2 and 9.3 we have seen that the dynamics of electromagnetism in the Casimir setup is equiv-
alently described by a pair of scalar fields, one satisfying Dirichlet and the other Neumann conditions on
the metallic plates. In practice, the standard electromagnetic action

1
S[A] = -3 /V d*aF,, Fr, (9.68)

after having taken into account the right boundary conditions, fixed the radiation gauge and solved the
Gauss law constraint becomes equivalent to

Sle"] + S[¢*] = —% / d*z 9,0 ot — % / d*z 9,0F 0" ", (9.69)
\% \%4
with boundary conditions
¢H(ta z“, 0) =0= ¢H(t7 z*, L>7 83¢E(t7 ‘T)|ac3:0 =0= 83¢E<t7 x)‘:c3:L7 (9'70)

and periodic boundary conditions in the z® directions. This shows that, when dealing with finite bound-
aries, the usual statement that polarization effects just double the number of modes can turn out to be
inaccurate. Now we proceed to present an alternative reformulation of electromagnetism in the Casimir
setup in terms of a single scalar field which will be fundamental for the computation of the partition
function.

We start by defining new field and momentum modes ®;, and IIj, as

or —igf!
\Ilki = %7 k3 7£ 0 \I]ka,O = (bkEa,(]v (971)

where by W, we denote either @y, or 1I;,, satisfying the reality condition

E . xH E o
ks TP ke kg (03) Py — Py

V2 V2

It is immediate to verify that the Hamiltonian in (9.39), in terms of ®j, and IIj, is

l:[likl — - \I/k,ﬂ \I/ika70 - \I/k‘g,,O' (972)

1 * *
H = 3 Z I, 1T, + k> @y, @5 , (9.73)
n; €Z3
or,
P’ '
* *
H="5+ > k(aj,ax, + ax,a,), (9.74)
n; €Z3
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in terms of the oscillator variables

3 .
ag, = \ﬁ(% n ;Hk> ki # 0. (9.75)

Note that now ng € Z as well. Comparing H in (9.74) and (9.75) with that in (7.59) and (7.61), we see
that it is the Hamiltonian of a single real scalar field ®(¢, x) satisfying periodic boundary conditions in all
directions and, in particular along x> with periodicity 2L. This comes from the simple observation that
k3 = Tnz = g—zng. Therefore, the field ® and its conjugate momentum can be decomposed in the basis
adapted to the volume V' = 2V as

1 o o q 1 1 S b
o = P, eFiT = + ap, M 4 qf em ity 9.76
\/W Zg i W \/W Zg \/ﬂ( i k; ) ( )
N, EL n;EZ
1 i P 7 k T ikt
I = I, e'ki?" = - —(ag, ™" —ap e "), (9.77)
B LV z
A
A
o
ok 1= *
L 2L

Figure 20: The H (in red) and F (in blue) modes ¢ and ¢ satisfying Dirichlet and Neumann conditions

in 3 = 0, L are equivalent to a single ¥}, satisfying periodic conditions on the double interval of length
2L.

By “gluing” together the H and F fields, we have further mapped the dynamics of the full electromagnetic
field to that of a single scalar field governed by the standard action

S[®] = —;/,d“x 0, PO, (9.78)
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with
O(t,x,0) = O(t,z% 2L). (9.79)

and periodic boundary conditions along the x* directions, as represented in Figure 20. Equations (9.78)
and (9.79) replace (9.69) and (9.70), respectively.

Before concluding this section it is worth pointing out that, as remarked in the end of section 7.4 and
in section 8.1, the correct black-body and Casimir energies for the electromagnetic field can be obtained by
those of a scalar field in (7.82) and (8.8) just by setting d = 3 and replacing L by 2L. This is compatible
with the single scalar field formulation we have just presented. Further, the black body and the Casimir
energies are mapped one into the other by the temperature inversion symmetry considered in chapter 8,
as we discuss in the next section.

9.5 Modular covariance in finite temperature Casimir effect

Here we turn to investigate the properties of the partition function of electromagnetism in the above de-
scribed setup. Having completely reformulated the theory in terms of a single scalar field living on the
Euclidean manifold M = T? x R2?, where T? = Sk X S% 1, the result for the partition function follows di-
rectly from that in section 8 in (8.59), for d = 3 with the substitution L — 2L. Consequently, the relevant
modular parameter to consider here is

= %(u +i), (9.80)

T

in terms of which the partition function Z(7,7) = Tr e~BUH—inPs) reads [223]

A

IOg Z(T, 7_') = Wf2

(1), (9.81)

and it transforms covariantly with weight 2 under modular transformations,

, ar+b (a b

Io=N 2 — _ 2
log Z(7',7") = |er +d|"log Z (T, T), T=aa d) e SL(2,Z)/Z°. (9.82)

This result consistently enhances the temperature inversion symmetry discovered in [217] to the full set
of SL(2,7)/Z? transformations. Indeed, as shown in Appendix F.4, for g = 0, the modular parameter
becomes purely complex, 7 = i79, and the partition function in (9.82) can be expressed in terms of the
Epstein zeta function as

Ay 1 1
log Z (7o) = WC(2,T22, 1), log Z(m9) = P log Z <T2> . (9.83)
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Here, the observables used for the computation of Z(7,7) are the Hamiltonian H , that is the quantum

operator corresponding to H in (9.74) including the electromagnetic Casimir energy E§™ of (8.9), i.e.*
H[®, 1] 1/ B2 + 5;96' ) a-? + Z' kal a A (9.84)
=— x ; =— ay Qp, — ———= .
’ 2 ' ’ 2 ROk 0L
n;€Z3
and P is the quantized linear momentum of the field ® in the compact =3 direction,
Py[®,11] = — / PzIds ®,  P3= Z' ksaf, i, (9.85)

n; €Z3

Note however that there is subtlety regarding the interpretation of P3. While H can be equivalently in-
terpreted as the Hamiltonian of the electromagnetic field in (9.3) or as that of the single scalar field ® in
(9.84), it would be wrong to draw the same conclusions for P;. Indeed, it is certainly true that it is the lin-
ear momentum of the single scalar field along 2?3, as emphasised in (9.85) but it does not coincide with the
standard momentum of the electromagnetic field in the 2® direction, which is the observable discussed in
almost all other investigation of the Casimir effect. In terms of the electric and magnetic fields, it is given by

Ps™ = / Az (E x B)s, (9.86)
Vv

and it easy to show that it does not match with P3. Therefore, a natural question to ask at this stage
regards the electromagnetic interpretation of P3, which is the only observable that allows to consistently
add a real part to the modular parameter, enhancing the inversion symmetry of the partition function to
full modular covariance. The key is to use the map we have constructed in the previous sections between
the original electromagnetic field modes d)}m and the scalar field modes ¥y, in momentum space. As shown

in Appendix G.1, the observable Ps is, in terms of the original electromagnetic variables A and 11 is given
by the gauge-invariant expression,

L1 - . . 1 -
Ps :/ Pz 03B ——11 :/ BPr(V x BA4) - —1I1 = k(I AE 1P AH
v \/j v ( A EZZ: k; k; k; kz)
Ng ,n3€eN
. *H FE *E H
=1 Z ks(ay,” ay, — ay; ay,)- (9.87)
nq€Z2 n3eN

Note that this observable is usually not considered in the context of the Casimir effect and this is explains
why full modular covariance, that can be interpreted as a suitable enhancement of the standard temper-
ature inversion symmetry discovered in [217], has never been previously discussed in the literature. The
non-locality of the expression in (9.87) is a direct consequence of the non-locality in coordinate space of
the maps (9.41) and (9.42). Comparing the expression of P3 with that of the spin angular momentum of
the electromagnetic field along the z2 direction

oEg™ =24

8L ~—  240L%"

“"Note that the Casimir energy in (9.84) reproduces exactly the Casimir force [209] F*™ = —
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k k
Js = / PrepdlTl = S BPAL - mIAR) = i S Safef —afall), (059)
v na€22,ngeN na€22,ngeN
where ¢/ are given in (9.50)-(9.54) having set qﬁ‘,ii = 0, we see that P; has the same mode expansion of J3

up to an overall sign and a multiplication of each term in the sum by k. For what concerns the action of
P53 on the reduced phase space variables, we have

{Ps, @} = 039, (9.89)
on the single scalar field ® and
(Ps, A1}y = 93AF (P53, AP} = 934" (9.90)

on the E and H fields. Note how the action of P3 on them, besides generating shifts in the z3 direction,
flips their “polarization”.

Having the complete result for the partition function in (9.81) in terms of the real Eisenstein series satis-
fying (9.82), it is possible to extend the considerations done in 8.4 also to the case of electromagnetism in
the Casimir setup. In particular, for u = 0 we get in the low-temperature regime 75 > 1,

_ A 7T2 1 6(3) —T
log Z(7,7) = 72 [72360 + *7_22 7 } +0(e™ ™), (9.91)
_AB) .
S5(8) = B ox T O(e™™), (9.92)
and in the high-temperature regime m < 1,
A1 7% ((3) 1
log Z(1,7) = =5 | w=— + =~ ™ .
og Z(7,T) I [723 360 + R ] +0(e 72), (9.93)
S = L4 4 o) (9.94)
Ty :

Note that in the low-temperature regime the entropy scales as the area of the metallic plates and not as
the volume of the system. It has already been shown that the n3 = 0 mode of the mode expansion of the
scalar field ® is the one that is responsible for this contribution. Tracing back the origin of this mode from
the electromagnetic analysis, it is immediate to check that it comes from the n3 = 0 mode of the expansion
of the electromagnetic conjugate pair ¢ in the direction orthogonal to the plates. Ultimately, it comes
from the Neumann boundary conditions in (9.5). Hence, the electromagnetic Casimir effect just presented
provides, in the low-temperature regime, an example of a microscopic model whose thermodynamic entropy
scales as the area and not as the volume of the system and it is due to a specific sector of the theory that
comes about because of non-trivial boundary conditions on the metallic plates.
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Figure 21: The leading low-entropy contribution in (9.91) is due to the ng = 0 photons that oscillate on
planes parallel to the plates.

9.6 Gravitons in a Casimir box

Now we turn to describe what are the features of the linearized gravitational field around Minkowski
spacetime with Casimir-type boundary conditions [226]. Again, we consider the same setup as the one just
discussed in the electromagnetic case. We do not address here the problem of whether one may in principle
confine gravitons to a box in order to achieve thermal equilibrium [259-262]. Neither we speculate on the
physical meaning of perfect conductors for gravitons nor comment on the relation to a recent study of the
gravitational Casimir effect at zero temperature with non-idealized boundary conditions [263]. We will
limit ourselves to deriving the exact analytic and modular covariant result that allows one to access the
qualitatively very different high and low temperature expansions, in line with what has been discussed for
electromagnetism.

The Hamiltonian formulation of massless spin 2 fields may be obtained by linearizing the ADM formulation
of full general relativity around flat space. The first order action is

Sy[h, 1] = /dt[/v B (T h; — n'H; —nH, ) — H[b, ]|, (9.95)

where (hj, I1% ) is the conjugate pair and where n; = hg; and n = —%hoo are the linearized shift and lapse
and appear in Sy as Lagrange multipliers implementing the constraints

M= —200T0; =0, H,=Ah—0hy =0, (9.96)

and where H is the standard Pauli-Fierz Hamiltonian
3 ij [ 1, ijal 1ois i 1.
H[h, H] = d’z( II ]Hij — 51_[ + 16 h Jé?lhij — iazh 70 hlj + 56 h@jhij — 10 ho;h | . (9.97)
v
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Indices are lowered and raised with the flat space metric §;; and its inverse, h = h¥;, II = II*;. We choose
to work in the gauge®®

hoo = 0, ho; = 0, Gi = —207h;; = 0, GL = AIl — 9'9°T1,; = 0. (9.98)

We remark that the above choice does not eliminate all the gauge redundancy and we still have the freedom
of performing residual gauge transformations preserving the conditions in (9.98). Note also that the choices
Gi = 0and G, = 0 can be obtained from H; = 0 and H_ by exchanging the roles of II¥ and hi;. In analogy
with the electromagnetic case, we define Casimir-type boundary conditions by requiring that (hgp, I1%°) and
(hss, TI33) satisfy Dirichlet conditions, while (hq3, [1%%) satisfy Neumann conditions on the plates. Explicitly,

(¢, 2%,0) = 0 = I1°(t, 2%, L), hap(t, 2%,0) = 0 = hay(t, 2%, L), (9.99)
I133(t, 2%,0) = 0 = I33(t, 2%, L), has(t, z%,0) = 0 = ha3(t,z%, L), (9.100)
DT (t, )| 3 = 0 = D3T3 (¢, )| sy, O3haz(t,x)|3_0 = 0 = O3haz(t,x)|5_p. (9.101)

Note that, a priori, imposing boundary conditions on the gauge-dependent quantities II¥ and h;; might
be dangerous. Indeed, one could spoil (9.99)-(9.101) by acting on them with the residual gauge trans-
formations preserving (9.98). More correctly, boundary conditions should be imposed on gauge-invariant
quantities. However, it can be shown that it is always possible to further restrict the form of the param-
eters & generating residual gauge transformations in order to reach (9.99)-(9.101). This will be clearer a
posteriori, once we have identified the reduced phase space of the theory in section 9.2. Therefore, the
conjugate variables admit the mode expansions

¢ (t,x) = \/3 Z qﬁ%i’ sin(kg:):‘g)eik“xa, (9.102)

Na EZQ,TZ;:,EN

¢33 (t,x) = \/E Z gbi‘? sin(kgm?’)eika”"a, (9.103)

nq€Z2 ,n3EN
a3 . 1 a3 2 a3 3 ikgx®
™ (t,x) = —i Z W¢ka,0 + v Z of) cos(ksa?) e (9.104)
ng€Z? n3eN

where we have used the Dirichlet and Neumann bases in (9.7) and where gb%f = (e,?i , %), zf’ = (ekDi , ¢%3)

and qzﬁgf‘ = (efx ,$%3). The modes satisfy the reality and parity in the 23 direction conditions

“8Bear in mind that the gauge parameters " act on the conjugate pair (hij,I¥) as S¢hij = 0:€; + 0;& and as 5119 =
(0'07 — 67 A)E°.
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b 33 3

B ke = D kg Dby = ks Py = — O ks (9.105)
3

¢ka,k3 ¢ka,—k37 P ks = — D s DR 1y = O - (9.106)

In terms of the modes ¢Z> the Pauli-Fierz Hamiltonian in (9.97) reads

Hpp = Hprng20 + Hprnz=0, (9.107)

where
H,..0= Z T — oo + L2y peis  Lp pipiigs + Lpirinne. — Le2ppe 9.108
”3750 - i 2 4 1] 2 7 lj 2 i 4 } ( . )

na6227n3€N
and
1 1
Humo= 3 [2Ha3r{;3 + 5k hash™®® = ikakbh‘zghig] (9.109)
ne €Z?

In the above expressions, for notational simplicity we omitted the k; dependence of the Fourier coefficients.
Once again, because of the Neumann conditions in (9.101) there is a contribution to Hy,—o coming from
the n; = 0 modes, which we denote by H,,,—¢. Explicitly, introducing p® = 21'[83, we have

! 1 1 @
Hpyo = Hpmo + [211“311;;3 + 5k hash™®® — 5k;a/-cbh,&i’>h;;_,,], Hp— = p‘g’ . (9.110)

ng€Z2

Contrarily to what happens in the electromagnetic case, here the n; = 0 sector is characterized by two free
particles.

Now, in order to identify the reduced phase space of the theory we should solve the constraints and
gauge conditions. Similarly to the electromagnetic case, this would boil down to find certain relations
between the modes qﬁz specifying the constraint hypersurface. Injecting these relations in the Hamiltonian
n (9.107) and (9.108), we would find a non-diagonal quadratic form, whose eigenvectors would give the
physical degrees of freedom of the theory. Here, we do not pursue this approach and instead we choose to
work directly with the polarization tensors.

Consider the basis (ea®) of polarization vectors defined in (9.28) and (9.40). Let = = (T'T's,T, LT, LL),

with s = (+, x). When k; # 0, an orthonormal basis for symmetric tensors (ez*) can be constructed as
follows (see, e.g. [264,265]).
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1. The transverse-traceless (TT) tensors errs are defined as

o o o 1 o o
err+" = E(GH%H] —eg'er’), errx” = E(GHZBEJ +eg'en?), (9.111)

and they satisfy
ki errs? =0, 65 errs = 0; (9.112)
2. the transverse (T) tensor er™ is defined as

GTU =

((5ij - €||i€||j>, (9.113)
satisfying
/{77; €Tij = 0, 6ij €Tij = \/i; (9.114)

3. the longitudinal-traceless (LT) tensors are

erra” = jﬁ(eieaj +ea'e)?), (9.115)
satisfying
kierra = ieaj, 5¢jeLTaij =0; (9.116)
V2
4. the longitudinal (LL) tensor is defined as
ert” =ej'ey’, (9.117)
and it satisfies
ke, =k,  Syerr = 1. (9.118)
The above basis basis is orthonormal and complete,
ey = 0L, e = (53] + 5i5). (9.119)

The explicit expressions for the basis elements (ez*/) are given in Appendix H. The decompositions of the

Fourier components ¢ of the conjugate pair in (e:) and their inverse are
no=e=on, Ok =eTidy (9.120)

From (H.1)-(H.7), it is immediate to verify that the reality conditions on the components d)%i are, using
(9.105)

T TT T T LT LT LL LL
¢k‘a,]§3 = *fka,skg’ ¢ka,]€3 = ¢tka,k37 (Z)ka,lgég - tka%:ﬁ’ ¢ka7k3 = ¢tka,k37 (9121)
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whereas the parity conditions are, using (9.106),

T+ TT+ TTx __ TT x T _ T

¢ka,k3 - _¢ka,—k37 ¢ka,k3 - _¢ka7—k37 ¢ka7k3 = —¢ka7,k3 (9.122)
LTH LTH LTFE LTE LL LL

DPhinks = ~Phinokyr  Phiaks = Phia,—ksr Phaiks = — Phini—hs- (9.123)

In terms of the fields d)i, the Hamiltonian H,,,-q is

1 1
TTs _x LTA_+ LL % T « « _LL
Hyye0 = E (7" o + 7 ey + o iy — —=(n w + wprt)
2 V2
nq€Z2,n3eN

1
+ ZkQ(hTTSh*TTS _ hTh*T)] ) (9124)

9.7 Reduced phase space and single scalar field formulation

We are now interested in studying the reduced phase space of the theory and therefore in solving the
constraints in (9.97) and the gauge conditions in (9.98).

We start by considering the n3 # 0 sector. In Fourier space, equations (9.97) and (9.98) are equiva-

lent to

2 ¢LTO¢ )
Fo = —2iy/ v Z k(e“af’} +ell, ﬁf) ek sin(ks2®) = 0, (9.125)
naézzﬂl;&eN 2

[2 T o
F3= -2 v Z k(eag% + 63¢£iL> gtha® cos(kgx?’) =0, (9.126)

F = _\/> > V2R e sin(ksa®) = 0, (9.127)

Na EZQ ;N3 eN

where by F; and F| we denoted either H; or G; and either H, or G,. Contracting the first two equations
with e/gi we see immediately that the above set of equations are equivalent to

G “ =0,  opF=0, ¢, =0, ki #0. (9.128)

These relations are somehow expected because it is well-known that the longitudinal and trace components
of gravitons are pure gauge degrees of freedom and hence not physical.
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In the n3 = 0 sector we have

1 / . o
FOB = 3™ kg™, 0™ = 0. (9.129)
L
The solution is
k k
Hagka,() — eab\/iisza? hagka,(] — Eabﬂ%gkw ki # 0, (9,13())
1 1

with fg, and g, complex numbers depending on k,. The normalization in (9.130) has been choosen for
later convenience. Note that the constraint F(©)3 reduces the number of degrees of freedom in the ng = 0
sector from two to one, as clear from equation (9.130). From the reality condition in (9.105), the we have

fro = ke Gka = 9k, (9.131)

Taking into account (9.128) and (9.130), the Hamiltonian in the reduced phase space is given by H =
H,, 20 + Hpy,—o where, from (9.124) we read

1
Hns?'éo = E HTTSH;"TS + 1k2hTTSh§"Ts7 (9132)
HQGZQ,’HSEN
together with
oo = P2 S gy L2 gy (9.133)
N 2 €72 4
Na

We introduce the following notation for k; # 0:

1
- TTs s TTs X — X _
k = \/iﬂkl s ki = 7hk‘z s Hk:a,o = \/ifka, hka,D =

% (9.134)

1
\/ﬁgka'

The full Hamiltonian can be written as H = H* + H*, with

1 - ,
H' =5 > WIGT+EhinS  HY :pa2p +o > IS+ EPRSRC. (9.135)

ne€Z2,n3eN na€Z2 n3€Ng

\V)

The Hamiltonian is again the sum of two Hamiltonians of a single scalar field. The only difference with
respect to the Hamiltonian of the electromagnetic field in (9.23) is the presence of an additional zero mode
that, in any case, will not contribute to partition function. Hence it would be slightly incorrect to say that
the + and X fields satisfy Dirichlet and Neumann conditions, respectively. The degrees of freedom in the
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reduced phase space of the theory satisfy the Poisson bracket
(R 105} = 0% [ [0y AP 00T 0 = [ [ Oy, (% 0"} = 0. (9.136)
7 a

Repeating the same steps in (9.71)-(9.75) replacing E with x and H with +, it is possible to further
reformulate the theory in terms of a single scalar field @ satisfying periodic boundary conditions on the
double volume V' = 2V, its Hamiltonian being

o papa / * F'S
H = 5 + Z k(ay, ar, + ag,ay,)- (9.137)
niEZ?’

This shows that, even if Pauli-Fierz theory is described by the gauge invariant action,

1 1 1
S[h = 5 /V d4:c< — SO0phu @I 4 DO WP — WD,k + 26ph8”h>, (9.138)

the dynamics of the linearized gravitational field with Casimir-type boundary conditions, in the reduced
phase space and up to zero modes, can be rearranged in terms of a single scalar field ® governed by the
action (9.78) with periodic boundary conditions on the double interval, as in (9.79), equivalently to what
happens for electromagnetism. The result for the partition function is again given by

A

Wﬁ(ﬂa i (p+1), (9.139)

log Z(7,7) = =57

T

and the same considerations on high-/low- temperature dualities of section 9.5 apply here.

The main difference regards the expression of P3 that is needed to consistently add a real part to the
modular parameter in terms of the original variables (h;;, I1¥). Its expression is most transparent in terms
of generalized vector calculus operations that feature prominently in the context of the Hamiltonian ap-
proach to duality invariance [266-270]. Therefore, we consider the action of the generalized curl Vx and
of the operator P on symmetric spacetime tensor ¢, defined as

=

(V x 9)7 = (1m0 @™ + €1, 0'¢™), (9.140)

N | =

(P¢)7 = —A¢" + 0,67 + & 919" (9.141)

Some properties and explicit expressions for the various components of the action of V x and of P on sym-
metric tensors in Fourier space are given in Appendix G.2. From (G.32) we see that the gauge invariant
expression P3 in terms of the conjugate variables (h;j, IIV) is

- 1 .
P3 = / Pz 5(V x h)ij——=(PI)7 = > ks(II5 h) — TR
v \ —A ne€Z2,n3EN
=i Z ks(agFay —ap<afl). (9.142)
nq€Z2,n3eN
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Also in the case of linearized gravity the non-locality in coordinate space of the maps in (9.120) reflects
into a non-locality of the gauge invariant expression of the observable P in (9.142) and, comparing its
expression with that of the spin angular momentum of the graviton in (G.35)

ij (= k * *
J3 = / PBaIlip @ x k)= Y f(nkjh,; L)
v nq€Z2% n3eN
k
=—i Z f(a,’ijaé_ - azixaz;), (9.143)
TLQGZQ,'N{’)EN

we see that they have the same mode expansion up to a multiplication by k in momentum space of each
term in the sum and an overall sign.

9.8 Conclusions and open questions

As shown in detail by the Hamiltonian analysis, the perfectly conducting boundary conditions implemented
in this chapter for both spin 1 and spin 2 fields are fully consistent with gauge invariance and are non-
trivial, as mentioned for instance in [249]. Further, as highlighted by the polarization vectors and tensors
technique, they allow to reshuffle and reorganize the physical degrees of freedom in terms of those of a pair
of scalar fields satisfying Dirichlet and Neumann boundary conditions or, equivalently, in terms of a single
scalar field with periodic boundary conditions on the double interval 2L. In turn, after having identified
the correct modular parameter and the correct observable to include in the partition function besides the
Hamiltonian, this gives access to the exact expression of the partition function in terms of the real analytic
Eisenstein series and therefore to its SL(2,Z)/Z? symmetries. It is worth emphasizing that, evaluating the
central charge in equation (8.14) in chapter 8 at d = 3 and replacing in that formula L — 2L, we obtain for ¢

C

=S — 144
7260° (9.144)

that can be used to determine the asymptotic values of both the entropy and the microcanonical density
of states in the high-temperature regime as

$ n14y/2
3 b)

L3c 167 1
Shigh(ﬁ) = 77, log p(F) ~ (ELcé)

(9.145)

where we used (8.117). This shows that techniques originally developed in the context of two-dimensional
CFTs combined with modular invariance (see e.g. [252]) can be consistently applied in the framework of
the Casmir effect in order to produce exact results.

The fact that the final result for the partition function is the same for spin 1 and spin 2 is suggesting
that, at the level of free field theories, they are both characterized by the same number and nature of prop-
agating degrees of freedom, as also underlined by the reduced phase space analysis. Indeed, a consequence
of the boundary conditions we have chosen is that the gravitational Casimir force on the “walls” is the
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same as the electromagnetic one. Trying to give a meaning to this brings one back to the discussion in
the beginning of section 9.6 of what should be the physical nature of the walls implementing the boundary
conditions on the gravitational field in (9.99)-(9.101). More generally, in order to distinguish the result for
linearized gravity from that for electromagnetism and to begin to discuss potential implications, one needs
to consider interactions, and thus bring in Newtons constant, in one way or another. Indeed, none of the
results contained in this chapter depend at all on the electromagnetic or gravitational coupling constant.
Therefore, it is legitimate to expect that also in the case of more complicated gauge structures, such as
those of free higher spin fields, similar patterns can be unravelled.

An open question concerns ADM surface charges for the setup we are considering. This might be rel-
evant in relation to black holes because in the Gibbons-Hawking treatment [271] they play a crucial role.
In particular, it would be interesting to see whether they can be understood in terms of the free par-
ticles (i.e. zero modes) in the spectrum. Recent investigations in this directions have been done e.g.
in [224,225]. Another question of interest would be to understand whether traces of modular covariance
can emerge by exploring the case of more general, non necessarily flat, boundary geometries and that of
curved backgrounds.
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A The forms notation

In this appendix we briefly review the form notation. Greek indices u, v, ... are spacetime indices y = 0, ..., d
so that n = d 4 1 is the full dimension of spacetime. The index p = 0 labels a time coordinate. Consider
ar-form A € Q"(M) on a n = (d+ 1)-dimensional Lorentzian manifold (M, g).

1
A= Ay gzt A At (A1)
Then the Hodge dual * is a map
*: Q(M) — Q" (M), (A.2)
such that
— - (AT
A= A Ay e A A = A ) (A3)

S rl(n—1)!

where €, ,...u, is the skew-symmetric Levi-Civita pseudo-tensor with the convention €g1.. 4 = 1 and where
we have introduced

_ 1
(A" @)y = 77“!(71 — T)!em,,,m,mﬂ,,,Mndfls“r+1 A ... Adatr, (A.4)
Using Hodge duality, we can associate to a Lagrangian density L = /—¢gL a n-form L = Ld"z. Similarly,
it is possible to associate to a vector J with components J* a (n — 1)-form J = \/—gJ*(d" '), and to a
skew-symmetric tensor with components K" a (n — 2)-form K = /—gK(d"22),,,.

The exterior derivative is a map d

d: Q" (M) — QTH(M), (A.5)
such that
1
dA = ﬁauAm...urdxﬂ Adxttoo A datr. (A.6)
Simbolically, d can be written as
d = dz"0,. (A.7)

The exterior derivatives of a (n — 1)-form J and of a (n — 2)-form K are given by
dJ = 9, J"d"x,  dK = 0,K"(d" 'x),, (A.8)

so that, if a vector J* and skew-symmetric tensor K (1] are conserved, OuJ# = 0= 0, K", the correspond-
ing Hodge dual (n — 1) and (n — 2)-forms satisfy dJ = 0 and dK = 0. Note that the exterior derivative of
a Lagrangian n-form vanishes, i.e. dL = 0.

The interior product i¢ with respect to a vector § is a map

i : Q" (M) — Q" H(M), (A.9)
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such that

1
ZgA == méHANM2~~'/J‘Td$“2 VANRVAN dx‘u’". (AlO)
Note that i¢ can also be written as
. 0
e = f“ad‘w#. (A.11)

Furthermore, the exterior derivative and the interior product satisfy the Cartan’s magic formula:
Le=di¢+ig d, (A.12)
where L¢ is the Lie derivative along a vector {. Applying this formula to a Lagrangian n-form yields
LeL = digL. (A.13)

Stokes theorem is

/ dA = A, (A.14)
Yn—rt1 O%p—r

where ¥,_,41 is an (n — r + 1)-dimensional hypersurface and 03, its (n — r)-dimensional boundary.
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B Chiral splitting of the conformal factor

This Appendix is devoted to the comparison of chapter 5 with [148]. There, one requires an additional
boundary condition, namely

0@y = 0. (B.1)

This implies that the variational principle is well defined. Indeed, the solution of (B.1) is, in light-cone
coordinates,

p=¢ (") +¢ (7). (B.2)
The boundary line element is thus
gg?))dx“dazb = " @) gt () (B.3)
Notice in particular that, with these boundary conditions, the boundary metric is flat
R© =8e7%9,0_p = 0. (B.4)
Clearly, in order to preserve (B.1), the parameter w generating Weyl transformations must be of the form
w=wh(@) +w (z7), (B.5)

i.e. it admits a splitting into a chiral and an anti-chiral part. Note that (B.5) is exactly the w-chiral
condition of (5.34). However, in this framework, it comes automatically from preserving the additional
boundary condition in (B.1). Thus, we can repeat the same arguments of section 5.4 and the asymptotic
symmetry algebra sector involving Weyl generators is again given by (5.48),

In this setup the Weyl charges become explictly
/ 2 3 B B
Qc.lg] = TanG )y dp(wrd o™ +w 0_p7) = Q¢ v (o] + Qc, e ], (B.7)

and therefore they admit a complete chiral/anti-chiral splitting, differently from what happens in (5.53).
Furthermore, since the Weyl central charge (5.57) is independent of ¢, it is given again by

12
- +
chi’gét = iPCy, Og+p,05 ’CCSE,C;F =0, Cw = Cw = 2% (B.8)

just as in (5.64). Therefore the centrally extended charge algebra with these boundary conditions is the
same as (5.65)-(5.70),

C

{Qetlol, Qeslal} = i(n —m)Qex 9] —im* S dntmo, (B.9)
{Qexl9), Qex 9]} =0, (B.10)
{Qelgl, Qxlgl} = ey, dp+q0, (B.11)
{Qelg), Qerlal} =0, (B.12)
{Qexl9l. Qexlal} =0, (B.13)
{Qcly], Qzlol} = 0. (B.14)
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Some comments are in order here. First, we remark that the charges obtained here are conserved, integrable
and finite. This is expected: the non-conservation of our charges was due to the non-flatness of the boundary
metric. Secondly, just as in the w-chiral case, also here the charge algebra is not explicitly time-dependent.
Lastly, note that in our basis the algebra is a direct sum of the Virasoro and the Weyl piece, while in [148]
the algebra was represented as a semidirect sum. This is ultimately a consequence of our field-dependent
redefinition (5.27).
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C Chern-Simons formulation

We reformulate here our results in the Chern-Simons formulation. This has a twofold purpose: it allows on
the one hand to compare our results with [149] while on the other hand to perform the Gauss decomposition
which outlines the role played by the Weyl anomaly and the absence of propagating bulk degrees of freedom.
In particular, we will show that the conformal factor decouples from the other dynamical fields of the
theory. This Appendix extends to our boundary conditions results obtained originally in [125, 126] and
further discussed in [130, 149].

C.1 Conventions and solution space

Three-dimensional GR with a negative cosmological constant can be described by a Chern-Simons theory
for an s0(2, 2) valued connection [123,272]. In particular, since s0(2,2) is isomorphic to sl(2, R) ©sl(2, R),*
the Einstein-Hilbert action can be written, up to boundary terms, as the sum of two Chern-Simons actions

Senl[A, Al = Scs[A] — Scs|A], (C.1)
where we have denoted by A and A the chiral and anti-chiral connections, respectively, and where

2 l
Al =— BrTr(ANdA+ZANANA = :
Scs[A4] /i/M 2Tr( —1—3 NANA), e e

(C.2)

Following the conventions used in [149], we choose the generators of s[(2,R) as

S LR N 13 NPT N

so that the Killing form is

1

Tr(ja jb) = inaba Nab =

O = O
O O =

0
0], (C.4)
1

where the latin indices a and b take the values +, —, z. The dreibein e, satisfy
G () = eau(w)ebl/(fr)naba (C.5)
or, defining the one-forms e = e%,dx*,
ds? = g dztdz” = neete’ = (e%)? + 2ete™. (C.6)
The Hodge dual of the spin connection w?® = wabudx“ is defined as

1
w® = —ieabcwbc, €y = —€T7 =1, (C.7)

49We are going to refer to the two copies of s[(2,R) as the left or chiral s{(2,R); and right or anti-chiral s{(2, R)x.
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whereas the chiral and anti-chiral connections as

a i . A a_i .
A= <w + E)ja’ A= (w £>3a. (C.8)

The one-forms e® are chosen to be

1 [e” l
+_ + (0@ 42T 4 ¢@ qrt z _
et = —— | —da* — pe ¥ (girdrT + ¢ dx ], e = ——dp, C.9
=5 (62307 + 52 ds*) : ©9)
and the dual of the spin connection
1 @
wt=—— [ed:rjE + pe” ¥ (g(fj)Fd:lcjF + gf)dxi)] , w* = 0_@dx™ — 0y pda™. (C.10)
V20 p
It follows that the left and right connections are given by A = A, dz* and A = A, dz* with
L, €% L, €% ) Loy
_584—@ Tg-f—-i- 58_@ 79+_ 2p
AL = , A_= , A, = , (C.11)
e? 1 1 1
hall ) - 0 il
lp 20*¥ 0 2840 2p
1 1 e¥ 1
—= —0_ — 0
_ 28—“'0 0 - 20~% lp - 2p
AL = , A= , A, = : (C.12)
ep 2 1 e ¥p 2 1 1
- err _2 0 i

Note that with BH boundary conditions defined by ¢ = 0, A, is chiral, A_ = 0 and A_ is anti-chiral,
AL =0.

C.2 Variational problem, Weyl anomaly and WZW reduction

Let us now discuss the action principle and the variatonal problem associated with (C.1). We find it
convenient to discuss it in terms of FG coordinates (p,t,¢). The action contains a pure boundary term
that does not change the dynamics and that we ignore. Indeed, we define our starting action as

Scs|A] = —k / BaTr(A, Ay — AgA, + 24, Fy,). (C.13)
M
Taking a variation of (C.13) yields

6ScslA] = —k /

d3xTr(25ArFt¢ —20A4Fy + 25AtF¢T) + 2,%/ d2$T‘r(At5A¢)
M

oM
R 2/@/ d2xTr(At5A¢), (C.14)
oM

where in the last step we have imposed the equations of motion, F' = dA = 0. In total, considering also
the contribution of the anti-chiral sector, we have

6Scs[A] — 6Scs[A] = 2k / d?xTr(AAs — A5 A,). (C.15)
oM
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With BH boundary conditions, in order to have a well-defined variational problem, it is sufficient to add
to the action the so-called Coussaert-Henneaux-Van Driel boundary term [125],

S[A, A] = ScglA] — ScglA] — % " A2 Tr (A2 + A2), (C.16)

whose variation cancels exactly the right-hand side of (C.15), since on-shell A; = %A(b and A; = —%A(ﬁ.
However, with our choice of boundary conditions the variation of the action is

6S[A, Al = =6 {F.;e / d%z (875(,0)2} + 27“ / Q2 ((07 — 93)pdep. (C.17)
oM oM

The first term is exact and can be hence compensated by adding an additional boundary term to the
action. The last term is not exact, due to the Weyl anomaly. With the decomposition

Ay = Ajjo = Ay = A = —LOp, (C.18)
we can eventually write the action as
S[A, A] = Scs[A] — Ses[A] — % d*aTr (A5 + A3) + % / APz AL A3 (C.19)
oM oM

The variational problem for this action is ill-defined, for the theory is Weyl anomalous. In other words, it
is not possible to add more boundary terms to the action in order to achieve §5 = 0.

Let us now perform the reduction to a WZW model [273-276]. Solving the constraints, the spatial com-
ponents of the connection are given by

A; = G71o,G, A; = G71o,G, (C.20)

for some group elements G € SL(2,R);, and G € SL(2,R)g. The constraints F,, = 0 and F,s = 0 imply
that G and G have the form

G =g(t,¢)hp,t), G =3(t,o)h(p,?), (C.21)

as can be easily verified. Furthermore we assume that d;h(p,t)]on = Oth(p,t)|an = 0. Plugging this into
S[A, A], we have, after some algebra,

3[4, 4] :’;/

PxTr[g ' 09(0 g7 009 — g1 0s9)] + g / Tr(G~'dG A GT1dG A G71dG)
oM M

. / CaTr g 0,500 5 Og + g 0sg)] — = / Te(G1dG A G1dG A GdG)
¢ Jom 3 Jm

K _
+— d%z A3 Az, (C.22)
C Jorm (i)

This is the WZW reduced action.

C.3 Gauss decomposition
Let us focus on the chiral part of the action in (C.22) and consider the following decomposition of g
1 0\ [e X2 0 1 7 e X/? TeX/2
9= (O’ 1> < 0 eX/2> <0 1> - <0'6X/2 oTe X/? +6X/2> ’ (C.23)
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from which it follows that

-1 _ —e X700 — %@Lx —e X7129,0 + 0,7 — TOuX
9 Ong = < e X0,0 e X70,0 + 30, ' (C.24)

In terms of the Gauss fields (o, x, T), the boundary term is

K _ 1 _
E/ d*xTr[g ' 0p9(0 g™ 0rg — 97 ' 0s9)]
oM
=z / d%z [1X/(€j< —xX) +le X(7'6 + 70") — 26X7'/0'/:| . (C.25)

For the bulk term first note that, decomposing G as

(D 26D,

Tr(G~'dG A GG A GTHG) = =320, (e X8, Z\T)dp A dt A dg. (C.27)

we gather

Hence, applying Stokes theorem,

H/ Tr(G'dG A GG A GT1G) = —H/ dPze™ X (2T = 'T)| 5\ (C.28)
3 M oM
Furthermore, for the matrix h(p,t) we have
1
2 0 Lt

A, =h"'9,h = = h=[V" : (C.29)
0 L 0 /7

Since G = g(t, ¢)h(p,t) we have the equality

-X/2 -X/2 e X2, [L e~X/2, [2r
( ¢ Te ) = \ﬁ \/; (C.30)
P

Ve X/2 RTeX/2 4 ¢X/2
which gives
T, Y=o (C.31)

Hence the second term in (C.28) in terms of Gauss fields is —& [}, d%ze (67" — 0'7). The full chiral part
of the action thus reads
K 2 1 1/ / — /(s /
- d*z | =x'(Ix — X') + 2e X' (b7 — 7). (C.32)
C Jom 2
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Assuming also for g and G the Gaussdecompositions

(1 &\ (e 0 10 GFe—X/2 4 X/2 Ge—X/2
a=( E) (" 0 10\ _ (STe X2 4eX/2 5%/ C.34
S\ 1)\ o e XR)\T 1) Te—X/2 —X/2 | (C.34)

and noting that h(p,t) is given by

>
I

(C.35)

The procedure used for the chiral part can be repeated for the anti-chiral part of the action that can be

written as
K 2 Ly e o —X=l(p= | =
- Az | — =X'(Ux+X) —2e X" (U7 + 7). (C.36)
? Jom 2

Summing (C.32) and (C.36), the total action in terms of the Gauss fields is then

- K 1 1 . - . _
S[A, A] = 7 one d%z [QX’(@‘( —X') +2e X' (b7 — ') — 5;2’(@2 +X') = 27X (07 +7') + AGAL .
(C.37)
Note that it is possible to express Aj) and flé in terms of the Gauss fields as
Af = —2eX10" — X' = Af =2 X75" + X', (C.38)
On defining
Az AZ /
e _¢__~
we can rewrite the last term in (C.37) as 4C2. We perform now the Hamiltonian analysis of the action
(C.37). The canonical momenta 74, = g(fi are
_ Kk ke Xy _
T = 53X T = 2ke Xo', e = 0, (C.40)
T = —g}zl, s = —2/416_)25/, Te — 0, (041)

together with 7o = 0. The Hamiltonian density is

. 1 1 _
H=¢'ng, — L = ;(2)('2 + 5)’('2 +2e Xo 1t + 2 X' F — 4C2>. (C.42)

163



Now we implement our boundary conditions, using the equalities g_18¢g = hA¢h_1’ oy and §_18¢§ =

B/_L;Jfl ‘ an- We obtain the following set of relations:
C=—eXro' — %X/ =e X755’ + %)Z/, (C.43)
¢ .
e Xo' = 2—2 = —e X5/, (C.44)
—e X% 1 =) = ef“"(gf}r — gf)_) (C.45)
—e X7 — 7Y = —e P (g?) — gl (C.46)

Plugging these equations in the Hamiltonian of (C.42) we have

k{1 1
Y =" <2X/2 + §>—</2 _ X// o X” + (P/(X/ + >2/) o 4C2>, (0'47)

xx where we note that C' cannot be further expressed in terms of other independent fields. Note also that
the Hamiltonian can be simply expressed as

H=2C (2 2)

= (0 + g — 209 =1y, (C.48)

as it is reasonable, using (C.43)-(C.46). Let us consider the equations of motion. The Hamiltonian action
is

SH = / d2.1' (7T¢Z¢z — H) = / d2$’(7rx>'< + 7T>—<);( + 7T7—7" + 7T»F7;' - H), (049)
oM oM

and, using equations (C.40) and (C.41), together with the relations (C.43)-(C.46), we get

1 1 .
Sy=12 d2z [(X' + 80,> (gx — X’) — <>—<’ + <p’> (z;z + ;z’) +40Cp + 402] . (C.50)
£ Jorm 2 :

It follows from (C.50) that C' is proportional to the canonical momentum conjugate to ¢. The Poisson
bracket

6(1,0), C(1, )} = 166 — &) = (1, Duplt, )} = 360 — ), (C51)

where we have used (C.39) to express C' in terms of dyp. Using again (C.39) in (C.51), we get

et Lol A (e ] e
t Jom 2 2
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The action (C.52) mixes x and x with ¢, but it is straightforward to show that, introducing new fields

v=x+e, P=X+e (C.53)
it admits a simple rewriting
1 1- -
Sy = % ; A%z {2&(5&5 = Op)tp — S0/ (€0, + 0p)) — 2 (0rp)? + (0p0)* | (C.54)
M

From (C.54) it is clear that the dynamics of ¢ and % is independent of ¢, which is the desired result. The
action (C.54) can be shown to be equivalent to a Liouville theory [130,277-279] coupled to an external two-
dimensional metric in conformal gauge. Eventually, we stress again that the Chern-Simons construction
carried out so far shows that the ¢ reduced boundary action (i.e. the last terms in (C.54)) is completely
disentangled from the rest.
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D Scalar field with Dirichlet or Neumann boundary conditions

Dirichlet boundary conditions

Consider a scalar field ¢(t,z) in 141 spacetime dimensions satisfying Dirichlet conditions in z = 0 and
z =1L,

o(t,0) =0=¢(t, L). (D.1)

The appropriate basis to expand ¢ is given by the set of eigenfunctions {ekDi } of the Laplacian 92, defined as

2
eP(2) =/ Zsin(kz), k=—-n, neN, (D.2)
L L
satisfying the orthonormality and completeness relations
L
(e, eP) = / daeP (@)l (@) = Gy 3. P (@)eP (@) = 3z — ). (D.3)
0 neN

The field ¢ and its conjugate momentum II can be expanded in {e’} as

P(t,x) = \/g > on(t)sin(kz),  T(t,z) = \/z > " Ij(t) sin(ka), (D.4)

neN neN

with reals ¢x(t) = (eP, ¢) = ¢5(t) and Ii(t) = (eP,II) = [} (¢). Therefore, the modes are odd functions
of k, i.e. ¢p(t) = —¢_i(t) and IIg(t) = —I1_x(¢). The Hamiltonian reads

1 [E 1 T
o) =5 [ ol +0,6%) = 5 S (0 +uted). wi =TIl (D.5)
0 neN
or
H =13 wnlagar + axa) (D.6)
D) k\apag T agay), .
neN
in terms of the oscillator variables
k 1
ak =\l 5 <¢k + kﬂk>~ (D.7)
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Neumann boundary conditions

Assume now that ¢(t,x) satisfies Neumann conditions,

0y d(t, ) |aeo = 0 = Dp(t, 2)|o—r. (D.8)

The basis of eigenfunctions {6119\2 } of the Laplacian is now

1 2 T
N = — N — — = —
ey (z) = iR e, (x) \/;cos(/m) k 7 neN, (D.9)
satisfying
L
(el el = / dz el (x)el (z) = Spnr, Z e (z)el (¢) = 6(z — o). (D.10)
0 n€Ng

Note that there is an additional zero mode in the basis {e} } with respect to the {e”}. The field ¢ and its
conjugate momentum II can be expanded in {e} } as

_ ¢0(t) g cos(kx x) = HO(t) 2 cos(kx
¢(t,$)— \/E +\/;7§]¢k(t) (k )> H(tv )_ \/Z +\/;%Hk(t) (k )7 (D'll)

with reals ¢y (t) = (el , ¢) = ¢5(¢) and Iy (¢) = (el ,II) = II;(¢). In this case the modes are even functions
of k, i.e. ¢r(t) = ¢i(t) and Ij(t) = II_j(¢). The Hamiltonian reads

1 [k P 1 s
H{p, 1) = 2/0 QoI+ 0,6%) = 2+ 0 S (B +fgd), =T, (D.12)
n€eNg
where we denoted p = Iy, or
Pl . \
H = 5 + 3 Z wi(apar + agay), (D.13)

neN

in terms of the oscillator variables

ak = \/§<¢k + ;Hk>, k # 0. (D.14)
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E Stress energy tensor of a scalar field

Here we consider the stress-energy tensor of a massless scalar field living in d + 1 spacetime dimensions.

The standard definition of the stress-energy tensor yields,

2 6S[9]
V=g o g=n

1
= ﬁugb&,qﬁ - 577yyap¢ap¢v

(E.1)

where S[¢] is that in (7.52). Note that T}, is traceless in two dimensions. Introducing light-cone coordinates

(zT,27) as
T =t+ :Ud,
the Minkowski line element reads
ds® = —dztda™ + dupdzda’,

so that

0 -1/2 0 0 0 -2 0 0

~1/2 0 0 —2 0 0

o = | 0 0 1 of, gw=|0 0 1 0
0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 1

For the energy density we have
Too = (T4t + T—— + 2T ),
where
Ty =0000:6, T =0.006, Ty = 0,60
The time evolution of ¢ can be obtained from that of ax, and a;.. We have, from (7.61)
ag, = {ag,, H} = —iwg, ay,,

so that the time evolution of ¢ is

1 . . ,
5 (ak, (O)e_wkz‘t“k”dema”ca + c.c.),
Wk,

_ 4 1 '
¢t ) = V+Wn§dﬁ

and hence, in terms of 2% coordinates

ag, e

. q 1 roo 1
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LWk, _ .k _ .
it (et o) +ig (ot -2 )+Zkaza+c‘c‘).

(E.2)

(E.3)

(E.4)



It is straightforward to calculate the following integrals

1 11 . .
/ d%x 040+ = 3 Z o [(kg — wzi)(akia,kieﬂwkit + azia*_kiem”kit) + (kg — wki)2(aziaki + akia};)],
1%

7

n; €z4d

1 r 1 . .
/ A%z 0_¢0_¢ = 3 > o (kG — wi.)(ag,a_g,e %" + ag a*y em') + (kg + wy,)?(af, ar, + ar,af,)]
\%

mEZd ki
dd 0. 60% = 1 ,kaka —2iwy,. t * % 24wy t * *
T 0,00% = 3 E » [akia_kie i tapaly e+ agay, + akiaki].
V .
TLiGZd ¢

Using these expressions one obtains the Hamiltonian as

1 /
H' = /VddwToo =3 > wk(aj,ar, + arai,)-

niGZd
Further, the other observable of interest is the spatial integral of
Toa = Ty —T--),

which gives again, as it should

1 !
_ d _ § : * *
Pd = —/Vd .’ETOd = 5 kd(akiaki + akiaki),

TLiEZd

where Py is the spatial momentum in the compact ¢ direction, defined in (7.64).

On defining
L - L
Ly = / (T +Ty),  Lo= / A% (Tyy + Ty ),
2w A4 27 Vv
we have
L L / k‘ * * E L / k’ * *
0= - Z (Wi, + ka)(ay, ar, + ar,ay,), 0= - Z (wi; — ka)(ay,ar, + ar,ay,),
n;EZ4 n; EZ4

and therefore the Hamiltonian in (E.10) and the momentum in (E.13) can be written as

27 - _
H=—(L L P;=—(Lo— Lop).
L(o-l- 0), g L(o 0)

Using symmetric ordering, the operators corresponding to Lo and Lg are

. L / c 2 L ! c
Lo — . AT oA _ Lo — — L AT A =
0 47_‘_ Z (wk‘l + k;d)ak;iakz 24’ 0 47T Z (wkz kd)a’kia’]ﬂ 247
n; €7 n;EZ
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(E.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)



where we used (8.14) for the value of the central charge c,

Tl La 6T (%) ¢(d+ 1)

C = .
1 d+3
[d 4f3

(E.17)

With a slightly incorrect notation we will denote by Ly and io the terms of (E.16) that do not contain c.
Therefore, the operators corresponding to the Hamiltonian and momentum along z? are written as

ﬁ’:%<ﬁ0+io—%), Pd:%r(ﬁo—io). (E.18)

Note that Hamiltonian receives a contribution from the central charge, while the momentum does not.

The d = 1 case is peculiar. Indeed, from the equations of motion
040-¢p=0= ¢ =" (a") + ¢ (27), (E.19)

we get

Ty =T, (z7), T _=T__(z7), Ty (z)=0. (E.20)

Furthermore, the theory is conformally invariant and the conformal group in two dimensions is infinite
dimensional and generated by chiral and anti-chiral transformations of coordinates

zt :f($+)a x :g(fﬂ_), (E21)
and the infinitely many associated conserved charges are given by

0 =L (g @=L [ as ety o) (B.22)
92 o g - F o J, A ' '

In the case g(z7) =1 = f(zT) we retrieve (E.13),

L L

L L
0= o dz' T__(z7) Qf =Lo=— dz! Ty (z7). (E.23)
™ Jo 2w 0

Il
wall

Qr

In general, f(z") and g(z™) can be any pair functions of 7 and z~ and we can expand them in the basis
fa(z™) = exp{2minz™/L} and g,(x1) = exp{2minz~/L}. We denote the corresponding charges L,, and
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L, respectively:

L [t _\ 2min g — = L [t 4 2min gt
L, = o /. de"T__(z7)e L | L, = o /) de" Ty (z")e L (E.24)

satisfying two commuting copies of the Witt algebra under the standard Poisson bracket
{Ln, Ly} =i(n—m)Lpim,  {Ln,Lm} =i(n—m)Lytm,  {Ln,Ly}=0. (E.25)
Introducing Euclidean time 2? = i2°, we have v~ = — (2! +iz?) = —z and 27 = 2! +i2? = z, and therefore

(Lp)* = L.
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F Eisenstein series

In this Appendix we review some properties of the various Eisenstein series used in chapter 8. The main
literature for this Appendix is [205, 206,208,235, 280, 281], to which we refer for rigorous proofs.

F.1 Holomorphic Eisenstein series

Consider the upper-half complex plane H defined as H = {z =z + iy | z,y € R and y > 0}.

Definition F.1.

A holomorphic modular form of weight w > 0 is a holomorphic function f : H — C transforming as

f<ZIZ> = (cz+d)" f(2), (CC‘ Z) e SL(2, 7). (F.1)

Equation (F.1) implies that f(z) is periodic of period 1, i.e. f(z+ 1) = f(z) and therefore it admits a
Fourier expansion of the form

F2) =S am)g",  q= e (F.2)
where

1
a(n)e ™ = / dz e ™2™ £ (1 4 dyy). (F.3)
0
Proposition F.1.

The holomorphic Eisenstein series Eoy(2), defined as

Ew(Z)zé 3 S — (F.4)

ez (nz +m)2w’

is, for integer w > 1, a holomorphic modular form of weight 2w satisfying

where ((n) is the Riemann zeta function.
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Remark 1.

Notice that, in order to prove the previous proposition, one just need to prove that E,(z) is invariant
under 7 and S transformations defined in (8.38). The invariance under 7T is trivial to verify, whereas, for
S, one has

2w

Ew <_z) - % Z (—n +mz)2w & Z (nz +m)2w = 2" Bu(2). (£.6)

m)eZ (m,n)€Z?

In the last step we used that, for w > 1, the double sum in (F.4) is absolutely convergent so the we could
exchange the order of the sums. This is no longer true for w = 1 as we will discuss below.

Consider the well-known formula

. i < L ) (F.7)
Tecotmr = — . .
z Z+m zZ—m
m=1
On the other hand we have
1 omi > ,
meotmz = 2'7rq + =i — ™o T — 278 Z q", q= e, (F.8)
4= 1 1- q m=1

and hence, comparing (F.7) and (F.8), we get

szm—m—QTrZZq (F.9)

meZ m=1

Taking (k — 1)-derivatives with respect to z of both members the above equality yields

1 —21)* =~ k1 m
2 T ((k—l))!n;nk ar (E-10)

neEL

Consider now E,,(z) for integer w > 1,

(n,m)€Z? neN mEZ
(F.10) 2m
2 o+ G2 5 5 et
neENmeN
(2m‘)2w >
=((2 —_ _ n F.11
n
where we defined
O2w— 1 Zde 1 (F]_2)
d|n



the sum of the (2w — 1)-th powers of the positive divisors of n. Equation (F.11) is the Fourier expansion
(F.2) of the holomorphic Eisenstein series. Starting with E,(z), we can define, for w > 1 a modular
invariant object as

az+b
cz+d

Fu(z) =y"Euw(z),  Fu ( ) = F,(z), (F.13)

where we used (8.42) for the transformation of y.
Because of the relevance for the case of a scalar field living on T? discussed in section 8.2.1 we are in-
terested in the properties of Fy,(z) in the case of w = 1. The crucial point is that, for w = 1, the double

sum appearing in (F.4) is not absolutely convergent and therefore we must specify the order of summation.
As discussed in Remark 1, this issue prevents Ej(z) from being a modular form. We define

ZZ (nz +m)? +ZZ (nz +m)? (F.14)
nEZ meZ neNmeZ

where ' here means the m # 0 if n = 0. It can be shown, similarly to (F.11), that the above defined E;(z)
is a holomorphic function on H whose Fourier expansion is given by

Ei(2) =¢(2) =47 > o1(n)q". (F.15)
neN
Let us now investigate the behavior of F1(z) under S transformations. We have
1
—2
E -= E F.1
225 (1) =@+ Y gm0+ L o ARG (0)
neN mGZ meN neZ

Hence, extent to which Fj(z) fails to satisfy the “right” transformation rule is a reflection of the alteration
produced by reversing the order of summation. The error is explicitly given by the following Proposition.

Proposition F.2.

P2 (—i) = Bi(2) + . (F.17)

n(z)=e® [](1-q". (F.18)



We have

77/(2) d _ 7I"L 27rznz _ i 2minz m+1
= - log(n(2)) = 1*24Zn e | Tz |1 D e

77(2) neNm>0
(F. 15) i
1-24 g™ F.19
-3 zmz |2 iy P19
Hence, using (F.17)
o' (=1/z)  im o m T n'(z) 1

S = e V) = ey Bi(2) + E} =15 e (F.20)

Integrating this equation yields
n <—i> =V —izn(z), (F.21)

which is the transformation rule of the Dedekind’s 1 function under S in (8.39).

F.2 Real analytic Eisenstein series

Definition F.2.

We define the real analytic Fisenstein series the non-holomorphic function on H

S

L= 3 L (F.22)

2
(nm)ez2 |nz + m|™®

which converges absolutely for fRe(s) > 1.

Under a modular transformation, fs(z) transforms as

1. (“Z“’) — 1.(2), (Z Z) € SL(2, 7). (F.23)

cz+d
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Proposition F.3.

Consider the operator A = y*(0% + 85) Then
Afs(z) - 3(3 - 1)fs(z)a (F'24)
i.e. fs(z) is an eigenvector of of A with eigenvalue s(s —1).

The function f4(z) clearly satisfies fs(z) = f.(z 4+ 1). Therefore, it admits a Fourier series.

Proposition F.4.

The Fourier series of fs(z) is given by

s P(251)¢(2s — 1) —s 1 o7® J—
Fule) = W@+ VTR T R W ), 2

EL

1
S—35 .
ﬁ‘ QKS_;(QW]nm]y)eQ’””mx,
m 2

(F.25)

or, equivalently, by

I‘(252—1)C(2s—1) - Lo . N
I'(s) Yy T8+ dy2 F(S)ngz |m|2 Ugs_l(m)Ks_%(Qﬂ‘m‘y)e mima

fs(2) = 2¢(28)y° + 2/

(F.26)

where K, (x) is the modified Bessel function of the second kind [251] and os(n) is defined in (F.12), satis-
fying respectively

Kn(—2) = (-) 2 Ky (2) (F.27)
Ky(x) = K_p(x), x>0, (F.28)
os(n) = |nl*o_s(n). (F.29)

Further, the real analytic Eisenstein series satisfies the functional relation

L(s)fs(2) = 77 '0(1 = 5) f1-s(2)- (F.30)
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F.3 Eisenstein series at s = 1 and the two-dimensional scalar field on T?

We have seen that, in equation (8.33) of section 8.2.1, the partition function on Ti without the zero mode
is given by

, 2m‘rln 6727ri7"ln Wﬁ efﬂilT eﬂil? 9
log Z _ _z
20 =7+ S |S S| = g | )
leN nEN neN
1
g;r + Z 57 [cot(mlT) — cot(mlT)] — 7" (F.31)

leN

Note that the series is convergent. The general term of the series, for large values of n, behaves as
lan| ~ e‘#" which is exponentially suppressed. The fact that n # 0 is essential to achieve the conver-
gence. In the last step in (F.31), we split a convergent series into two divergent series, whose divergent
contributions cancel. Using now (F.7) we have

1 1 (tr—7) 1
log Z' — =
0g Z'(7,7) Z Z 2l [ (m+17) (m—l—lT)} +Z Z 27T2‘m+l7-| 1

zeN leN meZ
1

— F.32

B X (F.32)

T 17 mez M+ lT|

The full series appearing in (F.32) is convergent. However the two series having general terms the ones
appearing in (F.32) are clearly divergent. Equivalently, if we defined

Z > ——— (F.33)

167 mez, M+ lT’

it would diverge and the degree of divergence would be such that

> Z 2|1” < 0. (F.34)

17 mez M=+ ZT‘

F.4 From the real analytic Eisenstein series to the Epstein zeta function

Now we show how in the case of z = iy, the above listed properties of the real analytic Eisenstein series
can be rephrased in terms of those of the Epstein zeta function, defined as

/ 1
((s;at,....,ap) = 5 , (F.35)
nl,...,zm:pezp (anf + ...+ apng)s
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satisfying the functional relation

I(s)¢(s;a1, ..., ap) = WZS'QF (12) —~ s)C(S et 1). (F.36)

From equation (F.22), we have, using z = iy,
R = Y e =y ) (k.37)
S/Ly - (ny2+m2)s_y Say ) . .
(n,m)eZ?
Now we show that the Fourier transform of the real analytic Eisenstein series in (F.25)-(F.26), in the case

of real z reduces to a standard application of the well-known Sommerfeld-Watson transform, which we
briefly review here. Consider the series

S=> f(m), (F.38)

meZ

and the complex function

F(z) = nf(z)cot(mz), (F.39)
having simple poles in z = m, with m € Z, with residues
Res[F(2)]|z=m = f(m). (F.40)

Assuming that

|z| =00 1

|z’1+€’

e>0, (F.41)

then the integral along a circle C'r of radius R centred at the origin vanishes as R — oo
0= j[ F(z)dz = 2772'[ D Res[F(2)]|z=m + Y  Res[F(z)] \z:zl} , (F.42)
oo mez i

where we used the residue theorem and where z; are other poles of F(z), at points different from z = m.
It follows that

Z f(m) =— Z Res[F(2)] 2=z, (F.43)

mEeZ
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Consider now explicitly the series

S(a) = ZZ a2+1mz (F.44)

The function F(z) = ZQICLQ Z?If((;j)) has two simple poles in z = +ia, with residues

- coth(ra). (F.45)

o [ 71' cos(ﬂ'z)] d

22 4+ a? sin(mz) | |,_ 1,

Therefore, using (F.43), we have
1 m
g ——— = — coth(7wa) (F.46)

a2+m? a
meZ

It can be easily shown by induction that

1 (=)t 1 aTt 1
Z (a2 +m?2)s  2571(s —1)! (ada) Z a? +m?

MEZ meZ

®a6) (=) <1d>8_1 <;r coth(m)) (F.47)

2571(s = 1)! \ada

The Epstein zeta function ¢(s;y?,1) is

/ 1 r1 / 1
((s39%,1) = Z WZ Z e ri Z Z (22 + ) (F.48)

(n,m)eZ? meZ n€Z mez

Applying (F.47) to the last term in (F.48), setting a = ny,

C(s;y%,1) = 2¢(2s) + () Z/ ! [ <1d>s 1 T coth(wy)} (F.49)
7 25—1(s —1)! m2s—1 | \ ydy Y ’ ’
nez

This is a general expression of the Epstein zeta function in terms of derivatives of trigonometric functions.
It would be tempting to say that (F.49) represents the Fourier series of the Epstein zeta function, by
analogy with the Fourier series of the real analytic Eisenstein series in (F.25). However, the Epstein zeta
function, unlike the real analytic Eisenstein series, is not periodic and therefore it does not admit a Fourier
series. It is worth pointing out that there exists an analogous expansion for the real analytic Eisenstein
series, which we give here without proof:

} ) (F.50)

S

/ Y oF =ys{2é(28)+

72 [Nz +ml|

26—l \ydy) 3" -

(n,m)e

The expression between curly bracket in (F.50) correctly reduces to (F.49) when z = iy.
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F.5 The explicit resummation of the Fourier series in d = 3

In the case d = 3 the integral in (8.95) can be explicitly performed and splitting the sum over nz € Z into
ns > 0, ng =0 and n3 < 0, it yields for the partition function

Bu_ B e (32— B
log Z(8.1) = Ly Lo 72 L1L2 Z Z 27””3(%‘5 L3) 27 Bns . o2 l”S(ng L3) . 1
82 = "aors T onpe | =, 2 Ls E 213
o2t (i 28+ £) omfng ¢ 2 (224 8) 4
* ;;N 2 Iy 3 OB
3
L1L2T27T L1L2 2mln37' e27rilng7'
= 2 — e+ — .C. F.51
00L2 ' 2nLirl ZGZN LZEN Tt T g e (F-51)
We now use the following identities
1
- + Z 2an — COthOC Z ne m 9{6(04) < O7 (F52)
neN neN
so that (F.51) becomes
. Lilen (7t 7 T 1 i
log Z =< —+ = — t(ml .| op. F.53
og Z(7,7) 2212 {45 + 2 gN: 2 sin(alr)? + p=TE cot(rwlT) + c.c ( )

Consider now the following chain of identities

> =St Y (F.54)

(1,m)ez? [0+ mrl* mT| l€Z mez 1€z
We have
2 1
- — + C.C.
(I 4+ m7)(mT —m7)3 (14 m7)?(m7T —mT7)?
204+ mr)+mr —m7  2(l4+m7T) +mT —mr 2l 4+ 3mt — m7T 2l 4+ 3mT — mt

T U+ mr)2(mr —mr) | (I +mr)2(mr —mr)3  (+mr)2(mr —m7) (I +m7)2(m7 — mr)3

(20 + 3m7 — m7) (1 +m7)? — (2 + 3mT — m7)(l +m7)?  2iIm[(2] + 3mT — m7)(l + mT)?]

- 1 - = 1 - . (F.55)
[l +m7|"m3(r — 7)3 |l +mr|*m3(r — 7)3
The expression inside Jm in the numerator of (F.55) is
(21 + 3m7r — m7) (1 +m7)? = 21 4 312m(7 + 1) + 3m3|7|*7 + 6Ilm?|7|* — m>73, (F.56)
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and hence

Im20 + 3Pm(7 + 7) 4 3m? |77 + 6im?|r|* — m?7] = Imm3F(3|r[° — 7%)] = —dm®r. (F.57)
We get
2 1 —8im373 1
- —5 +c.c = = . F.58
I+ m7)(mT —m7)3 (14 m7)2(mr —m7)? L+mr'm3(r —7)3 |l +mr|! (E-58)
Thus we have
S mr =Y 2 + ! tee. (F.59)
= = (Il 4+ m7)(mt —m7)3  (I4+ m7)2(mT —mT)?
Using
v ! EE T - w (F.60)
= 7 cot(mz), = - ) :
 (+2) = (1+2) sin?(72)
we have that (F.59) reads
T T 1 1
l - th . F.61
ZGZZ [F4m] 4 { m273 sin?(7mT) * TSm3 coth(mmr) + ¢ C} ( )
Eventually, we get, from (F.54)
/ 1 R g— [ T 1 i }
- = 4 — — + cot(mmTt) + c.c.
(l’mz)ézg il +mr[* 45 4mz€:Z m273 sin(rm7)?  mPT ( )
4 .
T s s 1 1
= — 4+ = — + cot(mmTt) +c.c.| . F.62
from which follows, using (F.53)
_ LiLo / 5 LiLs
log Z = — = . F.63
og Z(7,7) 27T2L§7'2 Z ’l + Tm|4 27T2L§7—2 fQ(T) ( )

@

m)€eZ2

Therefore in d = 3 we have explicitly shown the Fourier series in (F.51) to be equivalent to the real analytic
Fisenstein series. Consider now the case of a rectangular torus, i.e. ¢ = 0 and hence m; = 0. We have,

181



|l +7m|* = 12 + 73m? and thus

LiLoms / 1 LiLam 2
lOg Z(TQ) = = C(27T 3 1)7 (F64)
2m2 L3 (l,n%Z? (124 12m2)2  272L3 2

where ( is the Epstein zeta function of (F.35). On the other hand, from (F.53), the partition function for
71 = 0 becomes

LiLom (7% 7 T 1 1
log Z(rs) = =224 T T th(rl <.
08 2(m) = 5o {45 iy [72212 snb(niry)? T g cothrim) e C} }

LiLoms (7w~ [ 7 1 1
T om22 45 2 th(rl . F.65
2m?Ly {45 T2 ; 7212 sinh?(wlm) " 313 coth(wiry) ( )

Using the general expansion of the Epstein zeta function in equation (F.49), for s = 2 yields immediately
the connection between (F.64) and (F.65).

F.6 SL(q+1,Z) transformation of the partition function on T¢"! x R41,

The modular parameters 7; in (8.139), in terms of the lattice vectors @, in (8.120) are given by *°

(Qdﬂ)i + i(wdﬂ)dﬂ

), @) e

Under SL(g + 1,Z) transformations of the lattice vectors
& = 873+ S &gy, 1 = Sai1'@i + Sa1T Bara, (F.67)

and thus

(Qz/:l+1)d+1 - Sd+1i("vi)d+1 + Sd+1d+1(°3d+1)d+1 = Se1 ™8, (F.68)
(Dh41), = Sasr? (&), + Sar1 ™ (Gar1), = Sas1'Li + Sar™ Bui, (no sum on 1) (F.69)
(@)ar1 = S (&) gyq + Sz'dﬂ(ﬁdﬂ)d“ = 5B, (F.70)
(J};)z =S, (('3])@ + g4+ ((de+1)i = S/'L; + S B, (no sum on 7). (F.71)

*0Note that in (F.66) the component (u’)’l) is 0, but in general after a modular transformation it will be non-zero.

d+1
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The modular parameters 7; transform as

L (@hy1); + (1) g _ Syt L + Sa1 ™1 Bus + iSq 19t _ Sar19TL7 4+ Sapa! £72)
' (@), + () g SitLi + S Bu; + 8418 Si¥Hlm + St .

) 7

In the case ¢ = 1, we recover usual modular transformations 7/ = ZTTIS, with ad — bc = 1. However, the

transformation in (F.72) for 7; is not modular since in general Sqy 1915, — S4,179;9T! # 1. The imaginary
part of 7; transforms as

, Sd+1d+1sii—5d+1isid+l '
Tig - ) Tio (F73)
‘Sid‘HTZ‘ + SZ‘Z’
and thus
Sy d+1g,1 — Sy 1g,d+1y. . Sq d+1g q — 5S449S d+1
T{Q...Tég = (Sat1 ! 1 T ) (Sag 4 +1 2g )7'12...Tq2. (F.74)

|S1d+17y 4 SE2.. ]Sy r, + Syaf?

The volume transforms as

Q=

o= (e ) (L L) 0

1
(Sd+1d+1S11 _ Sd+1131d+1)...(5d+1d+15qq _ Sd+1q5qd+1) q

|S1d+17y 4 SE|2.. ]Syt 1ry + Syaf?

Vor1  (F.75)

The full partition function on T¢*! x R?, under (F.72), transforms as

(Sd+1d+lsll _ Sd+1151d+1)...(Sd+1d+15qq _ Sd+1qsqd+1)

log Z(1/,7;) =
827 S84y 4 SY2. ]Sty + Syaf?

_q(qil)
IOgZ(TZ',ﬁ;). (F76)

Again, for p =d — 1 and ¢ = 1 we have

(ad — be)

d—1
-5

log Z(7,7) = er+d% o Z(T,7), F.77
mdﬁ} g Z(7,7) = | " log Z (7, 7) (F.77)

log Z(r',7) = [

as we should.
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G The linear momentum observable in terms of gauge fields

G.1 Electromagnetic case

Consider the linear momentum along 3 of the scalar field ® defined in (9.85),

Py=— / Poldgd = —i 3 ksl @y, L =2 ST k(G ) (Af — iafl)
' n;,€Z3 n; €73
. 1 .
D DY hEA -k ST kAR - g ag)
n;€Z3 na€Z2,n3eN
(9.31) EalTH A7 (M. oB . _ oH B,
- Z slly; Ay, (e7ie”; — e je™s).
na6227n36N

From the second equation in (9.28) we have

ijk ki

k v 7 7
eijkeHjeE :E — €y BEJ —eHJeE =€ L

and hence

o kjk .y = ~
P3 = Z k3HZ:Aii€z’jk?: Z ks (I, > A,) - k.

nq€Z2,n3€N na€Z2,n3eN

Now consider the gauge invariant expression

/d%(ﬁxagﬁ)-ﬁ:— S ke x A Tip == S ke(Ay, xTif)
14

ne€Z2 n3EN ne€Z2 n3EN

= > ka(I} x A,) -k

Na EZQ ,13 eN

Therefore, on comparing (G.4) and (G.3) we get

— -, 1 = = 1 =
P :/d?’:chaA -H:/d%aB-H.
3 v ( 3) \/I v 3 \/I

Another equivalent expression for Pj5 is, in terms of the oscillators agi defined in (9.45),

Py= > k(AP —mFAl =i Y ks(apfaf - aiFafl).

ne€Z2,n3€eN ne€7Z2,n3eN
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Now consider the spin angular momentum of light, defined on the reduced phase space as
JZ‘ :/ d3(lZ fijkAle]ia
1%
where ¢’ are given in (9.50)-(9.54) having set QS',LZ, = 0. It is easy to show that

ks . k

_ EqH _ ppeH AE\ _ 3, «H E B H

J3 = Z ?(Hki Ay, — 1L Ay) = —i Z i —(ay, ap, — a; ag,).
ne€Z2 n3eN ne€Z2% n3eN

(G.7)

(G.8)

Hence, we find that and P3 has the same mode expansion of J3, up to an overall sign and to multiplication

of each term in momentum space by k.

G.2 Pauli-Fierz case

In order to obtain a gauge invariant expression for P3 in the Pauli-Fierz case, one starts by considering the

generalized curl for a symmetric spacetime tensor defined in (9.140),

=

(¥ )9 = L (€1 ™ + 1 6™).

We have, using explicitly the Fourier expansions in (9.102)-(9.104)

( kc(f)ka oTE€ kc(f’%:,o)

\/; Z k'cd) k?’qbbc)—l—e (k‘cgb?’“ k:3¢zf)] cos(k‘gaj?’) that®

n3€eN
= Z —= Ok, 0)" +1\/ Z Or,)™ cos(kzz®) | eFa®”,
ne €Z? |:\/7 4 n3eN
(Vx¢)* = \/ V [ (k 03> — K302) + epck® 5] sin (ksa®) ke
na622 n3€N
= Z\/; Z (O¢y,)" sm(kga:?’)eikﬂxa,
nq€Z2% n3eN
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(V x ¢)* = Z { €apk” ¢ka,o + [ Z Gabka¢k cos(ksx )] tkaz®

o €7 n3€eN
2 A g
= Z { (O, 0)™ +1/ 5 2 (Od)™ cos(k3w3)] e, (G.12)
0 €Z n3€eN
where the operator O acts on momentum space symmetric tensors gzﬁ;gl as
AN Roa imi G L mi
(O Qﬁkl) = 5(6 Im€| (Z)kl + €ime| (bkl ). (G.13)

Acting with Oona symmetric tensor rotates its electric and magnetic components and projects out both
its trace part (T) and its longitudinal part (LL) :

. y y 1 y 1
O ¢r)? =k errx o —erri "ol + serreop M — Sepru o ). (G.14)
i i P

Another operator relevant for our analysis is P, whose action on a symmetric tensor ¢ is defined as
(P o) = —A¢Y + 0" + Hay6. (G.15)

Similarly to (G.10)-(G.11), it is possible to show that

(P o) = \/3 > (P o) sin(kga®) e, (G.16)

nq€Z2 n3eN
(P =—q Z [ Pqﬁk )® 4 \/ Z quk 3 cos kgx) ikaz® (G.17)
ne€Z2 n3€EN
2
=\ Z (P é1,)* sin (ksa®) ", (G.18)
ne€Z2% n3eN

R ) ii
where the operator P acts on momentum space symmetric tensors gbkj, as
7

(P ér) = K (¢f — €||Ze”l¢] —eplelighl). (G.19)

Acting with P on a symmetric tensor projects out the transverse components of the longitudinal part:

(P o) = k2 (epry % T+ 4 erry %TTX +er ol —errVoLb). (G.20)
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It can be shown that the projector onto the transverse-traceless part of the symmetric tensor ¢* can be

obtained by combining the actions of Vx and P:
(PTT¢)7 = ~(PV x ¢) = ~(V x P ¢)".
The observable P5 is given by

3 . X X
Py = _/,d pls® = —i Y kall @, = Y ks(ILpF R — IXRY)
n; €73 nq€Z2 n3eN
*17 7 1 T TTx TTx T
= Z k3HkijhkT(e +ije Im — € ij€ +lm)'

ne€Z2 n3EN

After some algebra, we get

1 Lk kikm
eTTH eTTx ), — T, TT+ |:€imk <5j - ;;) + €k <5im - lﬂ)} K

and hence, substituting in (G.22),

P3 = Z fﬁzmkh%;n’ <6jl — IZQl)Hk’ljkk

na€Z2yn3€N
Consider
(PI0},); = (K*0; — kjky) I — K TTG
Contracting both sides of this equation with €;,,,k*, we obtain

€imk(P I )1KF = €imu (k205 — k) T kP,

and Pj can be rewritten as

k 5o i
Py= ) k%éimkh@kk(? 1., )i-
nq€Z2 n3EN
Consider
A 1
(Ohy,)t = 5 KPR+ €k R,
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(G.22)

(G.23)

(G.24)

(G.25)

(G.26)

(G.27)

(G.28)



Contracting both sides of this equation with (P sz)f yields

(O b WP} )i = €ipmb* R (PTG, (G.29)
and therefore P reads
K 0 ) cpype i
Pa=— > ﬁ(o hi, )i (PII}, ). (G.30)
nq€Z2 n3EN

Now consider the gauge invariant expression

3 > 1 ij k3 A ATT* \id

Pz 05(V x h)ij——= (P = — > 23 (Ohi )i (PII} ). (G.31)
v \ nq€Z2,n3eN

Comparing with (G.30), we get

= 1 |
Py = /V d?z 03(V x h)ijF(P m)~. (G.32)

Another equivalent expression for Pj is, in terms of the + and X oscillators is

Ps= Y ks(pthg —Thf) =i > ks(apfar —aptal). (G.33)

nq€Z2 n3EN nq€Z2 n3EN

Now consider the spin angular momentum in linearized gravity, defined on the reduced phase space by

Ji = /V ST (& x hTT),;. (G.34)
It is easy to show that
Jy= Yo OGS -IGER ) =—i Y0 Pafa —aifaf). (G.35)
ne€Z% n3eEN nq €22 n3eN

Hence, we find again that and P3; has the same mode expansion of J3, up to an overall sign and to
multiplication of each term in momentum space by k.
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H Polarization tensors

Using the expressions of (e4?), the explicit expressions for the basis elements (e=¥/) are

1 (k2e%koehq — k2EOKD) y ks (e%kck® + koK)

ab a
_ _ 3 H.1
€T+ \/§ kikQ ) ETT % \/§ kik ) ( )
1 kok3 1 €%k
a3 a3 c
_ = = H.2
eTT+ \/§ ]CQ 9 eTTX \/§ k 9 ( )
1 k2
err4®® = _Eﬁ’ errx>® =0, (H.3)
L1 (K260 — kL)
ert = N R (H.4)
L (MKt Rk o R s i)
LTH" = 7 KL ; LTE" = ST .
1 eDhyk ko (k2 — k)
a3 b3 a3 3 iR
— = LG EE— H.6
i = 5 eLre™ = V2 =T (H.6)
ksk
erri™ =0, erre” = =2 :;;;7 (H.7)
R X3 )
eLLZJ = ? (HS)
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