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Introduction

Diffusion processes, in particular Brownian motion, have been the main mod-
elling tool to describe some form of irregular dynamics of particles in media (see,
for instance, [54])H However, not all physical phenomena linked with irregular
(or chaotic) motion of particles can be described in terms of standard diffusions.
This happens in particular when the mean square displacement of the particles
follows a different time scale. It is the case of anomalous diffusions (see [107]).
Among anomalous diffusions, we can recognize subdiffusions (with a mean square
displacement whose time scale is given by ¢t7 with v < 1) and in particular frac-
tional diffusions (see [77]). With the introduction of fractional diffusion, we have
to abandon the Markov property to describe subdiffusive phenomena. Indeed, such
kind of phenomena are shown to exhibit a behaviour described by a time-fractional
Fokker-Planck equation. To model phenomena that happens in a different time
scale, we have to rely on fractional calculus, which is a branch of mathematics that,
despite the not-so-recent origin (the actual problem of finding an operator D such
that D? is the classical derivative was posed by de 'Hopital to Leibnizﬂ in 1695),
has become now a trendy argument, since the useful consequences Leibniz wished
for are now reality (for some history of fractional calculus, we refer to [52]).

As the link between Brownian motion and the heat equation is well-known (see
[112]), the search for processes whose probability laws solved in some sense time-
fractional heat equations has been carried on to describe subdiffusions. From this, a
new branch of stochastic calculus was born: stochastic models of fractional calculus
(see for instance [104]). As a main tool to describe such kind of processes, Lévy
processes, in particular stable subordinators, became the main characters. Indeed,
the very good path properties of subordinators (see [35, [36]) made them a good
candidate to substitute the time scale of the Brownian motion. However, composi-
tion of Lévy processes is still a Lévy process (and then a Markov process), thus we
cannot expect these new processes to solve a time-fractional heat equation. Just
think of the subordinated Brownian motion, that is the stochastic representation of
the space-fractional heat equation (i.e. the heat equation in which we consider the
fractional Laplacian in place of the standard one). However, the first passage time
process of a stable subordinator still provides a good candidate to substitute such
time scale. Moreover, the composition between a Lévy process and the generalized

1Despi‘ce for a formal theory of Brownian motion we have to wait for the works of Einstein
[64], Smoluchovski [140] and Perrin (see, for instance, [I19]), the idea that Brownian motion is
strictly linked with diffusion processes precedes such works. For instance, such idea was already
present in [32]. For the history of Brownian motion up to Perrin we refer to [41].

21t will lead to a paradoz|...]. From this apparent paradoz, one day useful consequences will
be drawn.
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left-continuous inverse of a subordinator is not a Markov process. As it can be seen,
the composition of the Brownian motion with the inverse of a stable subordinator
provides a stochastic representation of the time-fractional heat equation. Thus, the
idea is the following: time-changing with the inverse of a stable subordinator could
transform diffusive processes in subdiffusive processes.

In this context, this kind of time-changed processes became the first tool of
investigation of time-fractional differential equations. Starting from the introduc-
tion of the fractional Poisson process (see [93]) and then to the study of some more
complicated time-changed birth-death processes (see for instance [116, 117]), to
arrive also to fractional Poisson fields ([8]), to spectral decomposition for fractional
diffusions ([94]) and fractional mean-field games ([45]).

However, using only stable subordinators was restrictive. Indeed, new models
relying on new fractional derivatives were considered. To cite, for instance, a recent
result, in [64] a fractional derivative with respect to another function (see [9]) was
used to obtain some new Gompertz models that better fit some particular popula-
tion growth phenomena.

Working with the limitation of the standard fractional calculus was not enough.
Thus, the link between Bernstein functions (see [132]) and subordinators has been
exploited to define some new general fractional derivative operators. Such kind of
operators were introduced in [88] and then in [I43], with different approaches. In
particular, the latter exploits the link between the density of inverse subordinators
and such non-local derivatives induced by general Bernstein functions. From this
introduction, different probabilistic models have been considered to discuss the
equations of what is usually called generalized fractional calculus (see, for instance,
[47), 118, 106] and many others).

This thesis focuses on some results linked to such generalized fractional calculus.
Here, after some preliminaries on Bernstein functions and non-local derivatives, we
will consider different topics of generalized fractional calculus. In particular we first
explore some existence and uniqueness results for non-linear non-local differential
equations (via a fixed point argument) and then we exploit a generalized version of
the Gronwall inequality for such kind of operators. Then, we move to some problems
related to probabilistic representation of solutions of non-local equations, focusing
in particular on some birth-death process with known spectral decomposition and
on time-changed non-Markov process, such as the fractional Ornstein-Uhlenbeck
process introduced in [48]. Moreover, we also explore some properties of the first
exit times of time-changed Markov process from open sets and then we show the
link between the first passage time of a time-changed drifted Brownian motion
and a particular non-local parabolic problem. Such techniques are then used in
some applications (in particular to queueing theory). Finally, we explore also some
properties linked to non-local operators in space, focusing in particular on isotropic
Lévy processes obtained by subordination of the Brownian motion and on fractional
operators on a sphere. In particular the work is structured as follows:

e The first chapter presents some preliminaries on Bernstein functions, sub-
ordinators and non-local derivatives induced by Bernstein functions. In
this chapter we introduce the main tools we will work with.
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e The second chapter relies on theoretical results on generalized fractional
calculus and stochastic representation of solutions of non-local equations.
In particular one can recognize four main topics in such a chapter:

— Existence, uniqueness and Groénwall inequality for non-local non-
linear differential equations.

— Spectral decomposition of strong solutions of some non-local differ-
ential equations in Banach sequence spaces.

— Theoretical results related to the time-changed fractional Ornstein-
Uhlenbeck process and its generalized Fokker-Planck equation.

— Asymptotic behaviour of first exit times of time-changed processes
from open sets and link with some non-local partial differential equa-
tions.

All these arguments are linked together by one main scope: exploiting sto-
chastic representation of non-local differential equations, eventually non-
local partial differential equations.

e The third chapter presents two applications of the aforementioned theoret-
ical results. The first one is the introduction of fractional queues, together
with some results on some performance parameters. The second one is an
application to computational neurophysiology, where time-changed pro-
cess are shown to exhibit some qualitative properties that better explain
the behaviour of spike trains of some particular neurons (see [124]). Fi-
nally, in such chapter, we provide some simulations procedures to repro-
duce time-changed processes.

e Finally, in the fourth chapter, we move toward some problems related
to non-locality in space. First, we give some asymptotics of the jump
functions of subordinated Brownian motions (which are useful to study the
properties of potentials for non-local Schrédinger equations that exhibit
zero-energy eigenvalues, as done in [24]). In the second part of the fourth
chapter, we study the eigenvalue problem for the fractional integral on the
sphere S~ C R? and for a Marchaud-type integral on S*!. In particular
we show the link between the first non-trivial eigenvalue of the Marchaud-
type integral on the sphere and the moments of the length of random
segments in the unit ball (which is a first step towards a quantitative
version of Groemer-Pfiefer inequality, as in [17]).



Common Symbols and Definitions

We denote N = {1,2,...} while Ny = NU{0};

We denote RT = (0, 4+-00) while R{ = [0, 4+-00);

We denote H= {z € C: R(z) >0} and Hy = {z € C: R(z) > 0};

We denote Dy ={z € C: |z| <1};

We denote R* = R\{0};

We denote S™! = {z € R : || = 1}, where we use | - | to denote both

the Euclidean nor and the Lebesgue measure of a subset of Rd;

We denote B,.(z) = {z ¢ R : |z| < r} and wq = |B1(0)];

e In the whole text, we fix a complete probability space (2, F,P);

e Given two functions f, g, we denote f =< g if and only if there exists a
constant ¢ > 1 such that £ < f < cg;

e Given two functions f, g defined in a neighbourhood of z( € Rd, we denote
f~gasz— xg iflimzﬁzogzl.

e Given a suitable measure g on [0, +00) the Laplace-Stieltjes transform of

w is defined as

“+oo
C5[ul(N) = / e p(db);

e Given a function f of bounded variation defined on [0,400), we denote
by £ [f] the Laplace-Stieltjes transform of its distributional derivative df
(that is a Radon measure);

e Given a suitable function f defined on [0,400) the Laplace transform of
f is given by

+oo
i) = / e f(8)dt;

e For any measure space (X, X, ), we denote by LP(X) for p > 1 the Banach
space of measurable functions f : X — R such that

1y = [ 1P < oo

e For any measure space (X, 3, ), we denote by L (X) the Banach space
of measurable functions f : X — R such that

[l oo () = If{M >0 p({z € X = |f(2)] > M}) = 0} < +oo,

where we set inf § = 4-oc;

3Here we use |- | in place of || - || to avoid confusion whenever both the Euclidean norm of a
point and any other functional norm is used.
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e For any topological (Borel-)measure space (X, 3, u) where X is the com-
pletion of the Borel o-algebra of X with respect of u, we denote by LT (X)
for p > 1 (eventually p = co) the Banach space of measurable functions
f: X — R such that for any compact set K C X the function f1x belogs
to LP(X), where 1k is the indicator function of the compact K;

e For any numerable measure space (E,P(E),u), where P(FE) it the set
of all subsets of E, we denote ¢P(u) with p > 1 the Banach space of all

sequences (f(z))zcr such that

£y = 32 L @IPu({e}) < +oo;
zel
e For any numerable measure space (E,P(E), u), where P(E) it the set of
all subsets of F, we denote £>°(u) with the Banach space of all sequences
(f(2))zer such that

1 llgoe () = sup [ f(z)] < +o0;
zEE

e For any measurable space (X, ¥, ) and any Banach space (Y| -|) we
denote by LP(X;Y) for p > 1 the Banach space of Bochner-measurable
functions f : X = Y (ie. f(z) = limy— 4o fn(x) almost everywhere in
X, with f,(X) a countable set and f,}({y}) measurable for any y € Y)
such that

1wy = [ 17 <+

e For any measurable space (X,3, ) and any Banach space (Y,|-|) we
denote by L*°(X;Y) the Banach space of Bochner-measurable functions
f:+ X — Y such that

[l poe(xvy =f{M >0: p({z € X : [f(z)] > M}) =0} < 400,

where we set inf } = 4-oc;
o With H" we denote the Hausdorff measure of dimension n.



CHAPTER 1

Preliminaries

1.1. Bernstein functions

In this section we will introduce the main class of functions we will work with.
We mainly refer to [132].

DEFINITION 1.1.1. Let ® : (0,400) — R be a C* function. We say that ® is
a Bernstein function if ®(\) > 0 and for any n € N and A > 0 it holds

(1) 1B (A) = 0.
The set of Bernstein functions will be denoted by BF.
Let us also recall the definition of Lévy measure, as given in [35].

DEFINITION 1.1.2. For any d > 1, a measure z on (R?\{0}, B(RY\{0})) (where
with B(RY\{0}) we denote the Borel o-algebra of R?\{0}) is said to be a Lévy
measure if and only if

/ (Jz|* A D)p(dz) < 4o0.
R4\ {0}

The set of Lévy measures will be denoted by LM,.
Moreover, let us denote by BLM the subset of LM; such that u € BLM if and
only if for any (a,b) C (—00,0) it holds u(a,b) = 0 and

“+o0
/ (£ A )u(dt) < +o0.
0

The link between Bernstein functions and Lévy measures is established by the
following representation theorem (see [132, Theorem 3.2]).

THEOREM 1.1.1 (Lévy-Khintchine representation theorem). A function
® : (0, +00) — RT belongs to BF if and only if there exists a triplet (ap, b, ve) €
Ry x RE x BLM such that

+oo
D(N) = ag + baA +/0 (1 — e g (dt).

Moreover, any ® € BF determines a unique triplet (as,bs,ve) and vice versa.

Given a Bernstein function ® € BF, the triplet (a¢,bs,ve) identified by the
Lévy-Khintchine representation theorem is called the characteristic triplet of ®.
In particular a4 is said to be the killing coefficient, b¢ the drift coefficient and
vg the Lévy measure of ®.

From this representation theorem, one achieves, by direct calculations, the following
limits for & € BF
()

RN

6



1.1. BERNSTEIN FUNCTIONS 7

Concerning the structure of the set BF, let us recall [I32] Corollary 3.7].

COROLLARY 1.1.2. BF is a convez cone closed under pointwise limits and com-
positions.

Actually, we will identify Bersntein functions with Laplace exponents of a par-
ticular class of Lévy processes, hence we need to understand the behaviour of these
functions for complex variables. To do this, we recall [132], Proposition 3.5].

ProroSITION 1.1.3. Ewvery Bernstein function ® € BF admits a continuous
extension ® : Hy — Hy that is holomorphic on H.

Now we want to introduce some more regular classes of Bernstein functions.
To do this, we first need to introduce the following class of functions (see [132]
Chapter 1])

DEFINITION 1.1.3. We say a function f : (0,+00) — R is completely mono-
tone if f € C> and for any n € Ny and A > 0 it holds (—1)"f™()\) > 0. We
denote by CM the set of completely monotone functions.

In particular, denoting with £5 the Laplace-Stieltjes transform operator, the
following Theorem (see [132, Theorem 1.4]) holds true.

THEOREM 1.1.4 (Bernstein Theorem). If f € CM then there exists a unique
measure pi on [0, +00) such that for any X > 0 it holds f(\) = L5[u)()). Vice versa,
if uis a measure on [0, +00) such that for any X > 0 it holds L% [u](\) < 400, then
A= L3[u](N) is a completely monotone function.

Concerning the structure of the set CM, we have the following Proposition (see
[132] Corollary 1.6])

ProrosiTION 1.1.5. CM is a convex cone closed under multiplication and
pointwise convergence.

We can now use completely monotone functions to define a more regular class
of Bernstein functions (see [132] Chapters 6 and 7]).

DEFINITION 1.1.4. We say ® € BF is a complete Bernstein function if its
Lévy measure vg(dt) is absolutely continuous with respect to Lebesgue measure
and admits a density ve(t) that belongs to CM. The set of all complete Bernstein
functions will be denoted as CBF.

Again, we can investigate the structure of the set CBF (see [132] Corollary
7.6])

ProproOSITION 1.1.6. CBF is a convex cone closed under pointwise limits and
compositions.

To investigate some other representation theorems for complete Bernstein func-
tions, we need the following definition (see [132], Chapter 2]).

DEFINITION 1.1.5. We say a measure s on (0,400) is a Stieltjes measure if

0+OO(1 +t)"!s(dt) < +00. We denote the set of Stieltjes measures as SM.

We say a function f : RT — Rg is a Stieltjes function if there exists a triplet
(af,br,s7) € RE x RY x SM such that

+o0
N =y
FN) /\+f+/o

dt).
et
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We denote the set of Stieltjes functions as S.

Concerning the structure of the set S, we have the following Proposition (see
[132] Theorem 2.2]).

ProOPOSITION 1.1.7. § C CM is a convex cone closed under pointwise limit.

Let us now stress out the link between complete Bernstein functions and Stielt-
jes functions (see [132], Theorems 6.2 and 7.3])

PROPOSITION 1.1.8. & € CBF if and only if \ — @ belongs to S. Moreover,
if®£0, ®eCBF if and only if 1/P € S.

From last proposition, we obtain another representation result for complete
Bernstein functions. Indeed, for any ® € CBF there exists a triplet (a¢,bs,59) €
Ry x RY x SM such that

+oo
(b =
\) a¢>+b¢)\+/0 o

Last class of Bernstein functions we will work with is the following (see [132]
Chapter 10]).

5 (dt).

DEFINITION 1.1.6. A function ® € BJF is said to be a special Bernstein
function if ®*(\) = ﬁ € BF.
The function ®* is called the conjugate Bernstein function of ® and the set of

special Bernstein function will be denoted by SBF.

Unlike all the other family of functions we introduced up to now, let us stress
out that the structure of SBF is still unknown (see [132], Remark 10.20]). However,
let us recall [132] Proposition 7.1]:

ProprosSITION 1.1.9. ® € CBF if and only if ®* € CBF.

Last proposition gives us the following inclusion order for CBF, SBF and BF:
CBF C SBF C BF.

In what follows, we will say that ® € BF is a driftless Bernstein function if its
characteristic triple is given by (0,0, ) and ve(0, +00) = +ooE|

1.2. Subordinators and inverse subordinators

Let us recall here the definition of subordinator and of killed subordinator as
given in [35, Chapter 3].

DEFINITION 1.2.1. A subordinator o(t) is an almost surely increasing Lévy
process on R.

Let us observe that, being it increasing, it must be also non-negative. Indeed,
for any ¢ > 0, we have o(t) — ¢(0) > 0. But, since o is a Lévy process, we are
asking for o(0) = 0 almost surely and then o(¢) > 0. The converse also holds true,
i.e. if o(t) is a non-negative Lévy process, then it is a subordinator.

Concerning killed subordinators, we have the following definition.

I literature, ® € BJF is a driftless Bernstein function if its drift coefficient by = 0.
However, together with the assumption bg = 0 we will always need also ag = 0 and v (0, +o0) =
400, thus we add these requirements in the definition.
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DEFINITION 1.2.2. Let o(t) be a subordinator and 7, be an exponential random
variable of parameter a > 0 and independent of o(t). Then the killed subordi-
nator associated to o with rate a > 0 is defined as

&(a) (t) = {U(t) t€0,7,)

+oo t € [1q,+0)

Let us stress out the link between subordinators and Bernstein functions, as a
consequence of [I32 Theorem 5.2 and Proposition 5.5]:

THEOREM 1.2.1. For any Bernstein function ® € BF with characteristic triplet
(as,be,vs) there exists a unique subordinator if as = 0 or killed subordinator if
ap > 0 0g(t) such that

E[e—Amp(t)] — e—tfb(/\)_

Viceversa, if o is a (killed) subordinator, then
D(N) = —log(E[e**W]) € BF.

For any subordinator we can define the inverse subordinator as done in [36] as
a first passage time process.

DEFINITION 1.2.3. Let o(¢) be a subordinator. Then its inverse subordina-
tor L(t) is defined as

Lt)=inf{y>0: o(y) >t}

Let us first investigate some regularity property of the random variables o(t)
and L(t). Concerning the subordinator o(t), the existence of a density is linked to
some regularity property of the Lévy measure. Indeed, by a direct application of
[84] Theorem 27.10] one can show the following result.

PRrROPOSITION 1.2.2. Let & € BF be a driftless Bernstein function with Lévy
measure Ve that is absolutely continuous with respect to the Lebesgue measure.
Then, for any t > 0, 0 (t) is an absolutely continuous random variable.

On the other hand, inverse subordinators are generally more regular even if the
subordinator is not, as stated in [103] Theorem 3.1].

PROPOSITION 1.2.3. Let ® € BF be a driftless Bernstein function with Lévy
measure Vg and let o (t) be the associated subordinator with probability law ge (ds;t).
Let Ly(t) be the inverse subordinator. Then, for any t > 0, the random variable
Lo (t) is absolutely continuous with density fo(s;t) given by

fa(s;t) = /0 ve(t — 7, +00)ge (dT; s).

From now on we will denote by g (dt; s) the law of the random variable o (s)
(eventually ge(dt;s) = go(t,s)dt) and with fe(s;t) the density of the random
variable Lg (t).

Actually, the last proposition implies something more. Indeed, by definition, we
have

P(0a(s) > 1) = P(La(t) < 5),
thus, since for any ¢t > 0 we know that Lg(t) is absolutely continuous whenever
® € BF is driftless, it holds that the function s — P(og(s) > t) is differentiable in
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s and so it is s = P(0e(s) < t), leading to

0
(1.2.1) fo(sit) = 3 Ploa(s) < t).
Finally, let us observe that from the last proposition, since g¢(dr,0) = do(d7), it
holds f(0+;t) = ve(t, +00) for any ¢t > 0.
Concerning some pathwise properties of subordinators and inverse subordinators,
as first result, let us recall that, from [84], Theorem 21.3] it directly follows:

PROPOSITION 1.2.4. Let & € BF be a driftless Bernstein function. Then og is
almost surely strictly increasing.

Moreover, let us recall [35] Chapter 3, Theorems 16 and 17] concerning the
Hausdorff dimension of the range of a subordinator.

THEOREM 1.2.5. Let ® € BF and oo be the associated subordinator. Let us
define the upper index and the lower index respectively as

ty :=sup{a>0: lim A"“®(\) = oo}
A— 400
yi=inf{a>0: lim A"“®(\) =0}
A——+o0o
and let us denote by Hdim the Hausdorff dimension of a set in R. Then:
e For any s > 0 it holds Hdim({oe(t) : t € [0, s]}) = 1, almost surely;
e For any s > 0 and any measurable set E C [0, s] it holds
tuyHdim(E) < Hdim({os(t) : t € E}) < yHdim(E).

On the other hand, the sample paths of L(t) are generally more regular, as
stated in [35] Chapter 3, Lemma 17].

THEOREM 1.2.6. Let ® € BF with upper index v, > 0. Then Lg is almost
surely locally Holder continuous of exponent v, — € for any e € (0, ty,).

To obtain some other properties, we need to introduce a particular measure
associated to og, following the definitions given in [35].

DEFINITION 1.2.4. Let 0¢ be a subordinator. Then we call potential measure
of og the Borel measure

“+o0
Uq;.(A) =K |:/ X{mp(t)eA}dt] R Ace B(R)
0

where, for any set E, xg is the indicator function of E. In particular we define the
renewal function

Us(z) = Us ([0, z]).
Let us stress out that the function Ug(x) is subadditive.

It is easy to check, by definition, that Ug(t) = E[Lg(t)] and then, by Holder-
continuity property of Le(t), we know that ¢t — Ug(t) is a continuous increasing
function. In particular this means that the potential measure is diffusive (i.e. does
not admit any atomic part). This, together with the fact that any Lévy measure
v € BLM can admit at most a countable number of atoms, leads to the proof of
[35] Chapter 3, Proposition 2, point #i] that we recall here.

ProprosIiTION 1.2.7. For any t > 0 4t holds
P(J@(L@(lf)*) <t= J@(L@(t))) =0.
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As a direct consequence we get that o cannot admit any fixed discontinuity.
On the other hand, driftless subordinators are pure jump processes, as stated in
[35] Chapter 3, Theorem 4]:

PROPOSITION 1.2.8. Let ® € BF be a driftless Bernstein function. Then
P(og(La(t)) > t) = 1.

Concerning the asymptotic behaviour of the renewal function, let us introduce
the tail of the Lévy measure vg of a Bernstein function ® € BF as vg(t) =
v (t,+00) and the integrated tail of the Lévy measure vg

¢
Is(t) = / ve(T)dT.
0
Then we can state (see [35], Chapter 3, Proposition 1}):

PROPOSITION 1.2.9. Let ® € BF with drift coefficient b and Lévy measure vg.

Then
1 d(x) 1
Ugp(x) = ——~, —t=Is | - bg.
‘I’( ) @ (%) z i) <x> + D
Now let us investigate some properties concerning the Laplace transform of the
density of the inverse subordinators and their moments of any order. First of all,
let us observe that, as a consequence of Proposition we have (as also stated

in [103], Equation 3.13]) for ® € BF a driftless Bernstein function, denoting by £
the Laplace transform operator, for any s, A > 0,

Lialfa(s;t)](N) = %)‘)e—s@()\).

From this formula, we can easily obtain the Laplace-Stieltjes transform of the re-
newal function Us(t) (or, directly, of the potential measure) as stated in [35]

1
2N’
Actually, we obtain the Laplace-Stieltjes transform of the moment of any order of
La(t). Indeed, in [145] Equation 12], the authors prove the following statement

(122 £EABILOI0) =

Let us give some names to particular class of subordinators (as given in [132])

LIUs)(N) =

DEFINITION 1.2.5. If ® € SBF, then the associated subordinator o¢ is said to
be a special subordinator. If & € CBF, then the associated subordinator og is
said to be a complete subordinator.

Concerning special subordinators, one can characterize them by means of their
potential measure. Indeed we have the following Theorem (see [132 Theorem 10.3
and Equation 10.9])

THEOREM 1.2.10. Let og be a subordinator with potential measure Ug and
O € BF with characteristic triplet (ag,bs,ve). Then oe is a special subordinator
if and only if there exists a constant cg > 0 and some non-increasing function
ug : (0,400) = (0, +00) with fol ug(t)dt < 400 such that

Us (dt) = ¢a0p (dt) —+ uep (t)dt
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where dg 1s a Dirac delta. In such case it holds:

{o by >0
Cp = 1 N
agp+ve(0,+00) be = 0.

Thus, according to our definition of driftless Bernstein function, we have that
if o3 is a driftless special subordinator, the potential measure Ug is absolutely
continuous with respect to the Lebesgue measure with density ug called potential
density.

Finally, let us observe that if ® € CBF is a driftless Bernstein function, then the
one-dimensional law of the complete subordinator o4 is absolutely continuous with
respect to Lebesgue measure.

1.2.1. a-stable subordinators. A particularly regular case is given by the a-
stable subordinator for a € (0, 1). It is the subordinator associated to the complete
Bernstein function ®(\) = A*. In particular let us recall the following definition
(see [12], Section 1.2.5]).

DEFINITION 1.2.6. Let (Y,)nen be a sequence of ii.d. random variables,
(br)nen a sequence of real numbers and (0, ), cn & sequence of positive real numbers.

Let us define
1 n
Sn = a <;Yk _bn>

and suppose that there exists a random variable X such that, for any x € R,
lim P(S, <z)=PX < x).

n—-+o0o

In such case X is said to be a stable random variable.

From this definition we can see that normal random variables are stable (by
Lindeberg-Lévy central limit theorem). However, these are not the only stable
random variable. One can achieve a characterization of stable random variables via
the following result.

ProproSITION 1.2.11. A random wvariable X is stable if and only if for any
n € N there exist two constants ¢, and d, such that, denoting by X1,..., X, n
independent copies of X,

n
ST X £ e X + dn.
k=1
In particular ¢, = ona for some constant o > 0 and « € (0,2].

A stable r.v. is said to be strictly stable if d,, = 0 for any n € N. Moreover,
the exponent a € (0,2] is said to be the index of stability. If & = 2, one can
show that X must be a normal random variable.

If we want to work with subordinators, we need to exclude the case of stable random
variables whose support is not contained in (0,400). Actually, one can show, by
a characterization of the characteristic function, that if X is a non-negative stable
random variable, then its index of stability is « € (0, 1).

Now we can define the a-stable subordinator.

DEFINITION 1.2.7. A stable Lévy process is a Lévy process X (¢) such that
for any ¢ > 0 X(¢) is a stable random variable. An a-stable subordinator is a
stable non-decreasing Lévy process with index of stability « € (0,1).
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Let us denote by o,(t) an a-stable subordinator. Then, since ®(\) = A%, one
can easily show that o, is self-similar of exponent é The Lévy measure of & is
given by

@

Vo (dt) = = a)dt.
Being in particular ®(\) a complete driftless Bernstein function, then o, (t) is ab-
solutely continuous for any ¢ > 0. Let us denote by g.(s) the probability density
function of o,(1). Let us also denote by L,(t) the inverse a-stable subordinator
and f,(s;t) its one-dimensional probability density function. Then, by using the
self similarity property of o4, together with Equation , one obtains (as stated
in [105]),

-

(123 falsit) =~ R ga(tsH).

—a—1

Finally let us recall that as s — +00 we have g, (s) ~ s

F(la—a)

1.2.2. Tempered a-stable subordinators. It is not difficult to check that
E[ow(t)] = 400 for any ¢t > 0. For this reason, we could look for a more regular
subordinator, in the sense that we could ask for some subordinator that preserves
some properties of the a-stable distribution but at the same time admits finite
moments. To do this, we use a tempering procedure.

Indeed, to obtain a more integrable subordinator, we could add an exponential
term to its Lévy measure. Let us consider a constant § > 0 and let us define the
tempered stable Lévy measure (see [104] Section 7.3])

ae—ett—a—l
l/gﬁoé(dt) = ﬂdt

The Bernstein function ® € CBF with characteristic triplet (0,0, v o) is given by
SA)=(A+0)* -0

and the subordinator oy o (t) associated to it is called the tempered stable sub-
ordinator with stability index o and tempering parameter 6. Let us recall that
such subordinator is also called massive relativistic stable subordinator for
reasons that will be explained later.

Concerning the density of the tempered stable subordinator g (t), let us stress out
the following relation between its density and the density of the stable subordinator,
as shown in [92] Equation 2.2]:

_ «@
e As+AYE

9o.a(s3t) = ga(s31).

Concerning the density of the inverse tempered stable subordinator, [92] Theorem
2.1] provides an integral representation from which, setting § = 0, one obtains also
an integral representation of the inverse stable density.

The last property we want to stress out here is that, since g, (s;t) behaves like a
power function as s — +00, Now gg o(s;t) admits an exponential tempering and
then we have E[oy ()] < +o0 for any n € N.
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1.3. Regular variation

Together with Bernstein functions, another class of functions we will often
consider to is the class of regularly varying functions. For the definition we refer to
[79].

DEFINITION 1.3.1. Let f : (29, +00) — R™ be a measurable function. It is said
to be regularly varying at oo with index a € R if for any ¢ > 0 it holds

[2) _ o

If @« =0 then f is said to be slowly varying at oc.
Moreover, f is regularly varying at zo with index o € R if the function x +—
f(xo + 271) is regularly varying at oco.

Let us state the following results for functions that are regularly varying at
infinity, recalling that such results can be easily extended to the case in which the
functions are regularly varying at a point xg.

From the definition it is obvious that if f is regularly varying of order o € R then
f(x)/x= is slowly varying. In particular we have:

PrOPOSITION 1.3.1. Let f be a reqularly varying function. Then there exists a
slowly varying function € such that f(x) = x*4(x).

One can show the following representation formula for regularly varying func-

tions f:
fla) = ctoyen (| Way)

where ¢ and e are measurable functions such that lim, . c(z) = ¢o € (0,400)
and lim,_, 4 o, €(x) = 0. For a more precise statement of the representation theorem,
we refer to [108], while for proofs of such formula we refer to the encyclopedic work
[39].
From the representation formula for & = 0, one can show that, for any p > 0 and
any slowly varying function ¢, it holds
lim z7P¢(z)=0 lim aPl(x) = 4o0.

r——+o0 T—+00
Moreover, it can be shown that the convergence in the definition of regularly varying
function is uniform (with respect to t) in any compact set (see [39]).
Let us now state some theorems we will use in the following. First of all, let us
recall Karamata’s Theorem: we will use the compact statement of [108] referring

directly to regularly varying functions, while a complete extensive proof is given in
[39] Chapter 1, Sections 1.5 — 1.6].

THEOREM 1.3.2 (Karamata’s Theorem). Let f : [zg,+00) = R be a locally
bounded regularly varying function with index o € R. Then

e foranyo > —(a+1)

$0+1f(l‘

. )
(1.3.1) xETwW

=oc+a+1.
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e Foranyo < —(a+1)
o+1
lim 7410 f(@)
T—+00 fx lfaf(t)dt

Last property holds also for o = —(a+1) if f;oo t= (@D f(t)dt < 4-o00.

Vice-versa, let f : [xg,+00) — R be a positive, measurable and locally integrable
function. If, for some o > —(a+ 1), property holds, then f varies regularly
with index «. If, for some o < —(a + 1), property holds, then f wvaries
reqularly with index «.

(1.3.2) =—(c+a+1).

Let us also recall the following Tauberian theorem that links the asymptotic
behaviour of a monotone function with the one of its Laplace-Stieltjes transform.
As for the previous theorem, we refer to the compact statement given in [108],
while a full proof of this theorem is given in [39].

THEOREM 1.3.3 (Karamata’s Tauberian theorem). Let U be a non-decreasing
right-continuous function defined on [0,4+00), £ a slowly varying function, ¢ > 0
and a > 0. Let us denote by u(\) the Laplace-Stieltjes transform of U. Then the
following statements are equivalent

o U(z) ~ cx® F(él(i)a) as T — +00;
o U(\) ~cAT¥(1/X) as A — 0.
The same holds if we consider x — 07 and X\ — +oo.

Moreover, in the case of regularly varying asymptotic behaviour, one can link
the asymptotic behaviour of an absolutely continuous function with the behaviour
of its density.

THEOREM 1.3.4 (Monotone density theorem). Let U(z) = [ u(y)dy or

U(zx) = f:oo u(y)dy where u is ultimately monotone, i.e. there exists z > 0 such
that u is monotone in (z,4+00). Let ¢ > 0, a € R and £ a slowly varying function.
If U(x) ~ cx®l(z) for x — +oo, then u(x) ~ cax® *(z).

Let us observe that Karamata’s Theorem provide a sort of converse statement
of the latter theorem.
Finally, let us recall the following global bounds, for which we refer to [39, Theorem
1.5.6].

THEOREM 1.3.5 (Potter’s Theorem). Let ¢ : [0,+00) — RY be a slowly
varying function, A > 1 and § > 0. Then there exists xg(A,0) > 0 such that for
any z,y > x0(A,d) it holds

(1.3.3) jgg SAmax{<;)5, (;)5}

Moreover, if € is bounded away from 0 and oo on any compact subset of [0, +00),
then for any 6 > 0 there exists A(0) > 1 such that relation (1.3.3) holds for any
z,y > 0.

Let us finally recall that a definition of reqular variation of infinite indez is still
available. These kind of functions are called rapidly varying functions (see [39)]
Section 2.4]) and they can be characterized in some sense as the left-continuous
inverse of slowly varying functions (see [39, Theorem 2.4.7]). As for this class of
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functions Tauberian theorems are not known, we need to introduce a different class
of functions to study some rapid behaviour at 0%.

1.3.1. Rapidly decreasing functions at 0%. In order to work with some
rapid behaviour, in [28] we had to introduce a class of functions that satisfied in
some sense our requirement and for which a Tauberian theorem could be shown.

DEFINITION 1.3.2. A function f : [0,+0c0) — [0,+00) is said to be rapidly
decreasing at 07 if for any « > 0 it holds
t
lim & =0.
t—0+ ¢
One can easily prove the following characterization of smooth rapidly decreasing
functions (see [28] Lemma 2.4.1])

PROPOSITION 1.3.6. Let f : [0,+00) — [0,400) be a function such that there
exists 6 > 0 for which f € C*(0,9). Then the following assertions are equivalent:
e f is rapidly decreasing at 0% ;
e f€C™([0,6)) and f(™(0) =0 for any n > 0;
e For anyn >0, f is rapidly decreasing at 0.

In order to show a Tauberian theorem for rapidly decreasing functions, we
need to recall the Initial-Value Theorem for the Laplace transform (see [46], Section
17.8]).

THEOREM 1.3.7 (Initial Value Theorem). Let f : [0,+00) — [0,+00) be
Laplace transformable and let f be its Laplace transform. Then it holds

li t)= lim Af(A
supposed that at least one of the two involved limits exists.

This Theorem, together with the formula for the Laplace transform of the
derivative of a function, are the main tool to show the following result (which is
[28] Lemma 2.4.2])

THEOREM 1.3.8 (Tauberian Theorem for rapidly decreasing functions).
Let f € C*(0,0) be Laplace transformable together with all its derivatives. Denote

with f the Laplace transform of f. Then f is rapidly decreasing at 0% if and only
if for any o > 0 it holds limy o A*f(N\) = 0.

PROOF. Let us first show that if f is rapidly decreasing then for any a > 0 it
holds limy_,00 A*f(A) = 0. It is easy to observe that one has only to prove such
property for a € N. First of all, let us consider « = 1. Then we have, by the

Initial-Value Theorem and the characterization given in Proposition [1.3.6

Jim AF) = £04) = 0.

Now let us consider &« = n > 1. Then we can write

lim A"f(A) = lim ANTLF(A) = Jim, F V) =0

A——+o0

where we used again the characterization of smooth rapidly decreasing functions
and the Initial-Value Theorem.
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To show the converse let us work by induction. First of all, let us observe that by
hypothesis N
li t)= lim Af(A)=0.
Jim f(8) = lim Af(A)
Now let us suppose we have shown that f (")(O—i—) exists and it is equal to 0. Then
we have that the Laplace transform of f("*1 is given by \**!f. Thus, by using
the Initial-Value Theorem, we have
lim fOHD () = lim A"F2f(A) =0
Jim FOED(E) = Tm 32T

concluding the proof by the characterization given in Proposition [1.3.6 (]

1.3.2. Regular variation and Lévy processes. Now let us consider a com-
plete probability space (Q, F,P) and a non-negative random variable X on it. We
denote by Fx(z) = P(X < z) its distribution function and Fy(z) = 1 — F(x) its
tail or survival function. For the following definition we refer to [108].

DEFINITION 1.3.3. The random variable X is said to be regularly varying
of index « > 0 if and only if F'x is a regularly varying of index —a.

Concerning regularly varying random variables, all the Theorems we have
stated before apply on their tails. All these restatement are given in [LI08] Propo-
sition 1.3.2]. Here, let us only recall one of the properties we are going to use.

ProPOSITION 1.3.9. If X is a regularly varying non-negative random variable
with index o > 0 then:

e For any B < a it holds E[X?] < +o0;
e For any 8 > « it holds E[X?] = +oo.

Now let us consider a subordinator og and let X = o¢(1). Actually, the
asymptotic behaviour of the tail of any variable o4 (t) for ¢ > 0 can be reconstructed
starting from X = 04 (1) by means of Lévy-Khintchine representation.
Concerning the regular variation of X, let us recall the following Theorem, that is
[39] Theorem 8.2.1].

THEOREM 1.3.10. Let X = 04(1) and Fx(x) be its tail. Let vg be the Lévy
measure of 0g(t) and Vg (x) = ve(x, +00) be the tail of the Lévy measure. Then X
is regularly varying of index o« > 0 if and only if Us is regularly varying of index
—a. In particular, in such case we have Fx(x) ~ Ug(x).

Let us recall the case of the a-stable subordinator o, (t). For such subordinator
we have T, (z) = F(xl;_“a) that is actually regularly varying of index —a. Thus we
have that o, (1) is regularly varying and then, by Proposition we know that
0 (t) admits moments up to order a.

Concerning the renewal function Ug of a subordinator og we have the following di-
rect consequence of both the Tauberian theorem and the monotone density theorem
(see [35])

PROPOSITION 1.3.11. Let ® be reqularly varying at oo (resp. at 07 ) with index
a € [0,1] and characteristic triplet (ae,bs,ve). Then the renewal function Ug of
the subordinator og satisfies the following asymptotic relation as x — 0T (resp. at
00):
1
Fl+a)® (L)

T

Uq> (1‘) ~
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Moreover, if a € [0,1), then, ast — 07 (resp. ast — +o0) it holds
@ (4)
rl—a)

Together with the asymptotic behaviour, one can also get Holder regularity of
the renewal function.

Ue(t) ~

PROPOSITION 1.3.12. Let ® € BF be regularly varying at infinity of index
v € (0,1) and let Ug be the renewal function of the associated subordinator co.
Then, for any e € (0,7) it holds Up € C&ZE(RS'). Moreover, if the killing coefficient
a >0, then Up € C75(RY).
PrOOF. Let us consider, without loss of generality, ¢ > s > 0. Since Ug is
increasing and subadditive, we have
Us(t) = Us(s)| _ Ua(l —s)

t—sp=s T |t—spe

By using Proposition we know that there exists a constant C' such that
Uq; (t — S) § C .
t—s—< " ¢ (L) It — s|—e
t—s

Now let us define
Lt) =@(t)t™"
and observe that £(t) is slowly varying at infinity. In particular, this implies
lim ¢t ~54(t7!) = 400
t—0

and then we know there exists § > 0 such that if ¢ € (0,9) then t==¢(¢t~1) > 1.

Now fix an interval [a,b] C Rg and consider a < s < t < b. Moreover, define

K = b— a. Without loss of generality, we can suppose K > J.

Now, let us observe that t — s € (0, K]. If t — s € (0,9), by definition of § we have
Uq; (t - S) < C

t—sh—= " % (;) It — sp—e

< C.
t—s

Now let us suppose t — s € [§, K] and set m = min/\e[ ] ®()A). Then we have

%3
U@(t—fz S C S Cig.
|t - S|’Y d (i) |t _ s|'yfe mo?

Thus we have that Ug is Holder continuous of exponent v — ¢ in [a, b], with Holder
constant given by C max {1, ﬁ} Let us stress out that the Holder constant
does not depend on the compact set itself, but on its diameter K, since, being ®(\)
increasing, we have m = ® (%)

On the other hand, if the killing coefficient a > 0, we know there exists a constant
K > 0 such that for any A € (0,+) it holds ®(A) > & > 0. Let us consider
t>s>0. Ift—s < K, then t, s are contained in the same compact set of diameter
K, thus there exists a constant C' > 0 such that Ug (t—s) < C|t—s|7 <. Ift—s > K,

then ®(1/(t — s)) > a/2 and we have

2C

Ucp(t — S) < Qe

|t —s[77°
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concluding the proof. O

REMARK 1.3.13. Let us observe that the Holder continuity property of Ug in
this case is coherent with the Hdélder continuity property of Lg. Indeed, if @ is
regularly varying at co with index v € (0,1), then the upper index ¢,, = v and also
Lg is almost surely Holder continuous of exponent v — ¢.

Holder continuity property implies also a power control on the growth of Ug.

COROLLARY 1.3.14. Let ® € BF be regularly varying ot infinity of index v €
(0,1) and let Ug be the renewal function of the associated subordinator og. Then,
for any e € (0,7) and any T > 0 there exists a constant C'(e,T) such that for any
t €10,T] it holds

Us(t) < Cle, T)t"°.

PROOF. Let us consider ¢ € [0,7]. Then, by local Holder continuity and the
fact that U(0) = 0, we obtain

Us(t) =Us(t) — Us(0) < Cle, T)t"".
O
Finally, let us consider the special case. Indeed, if & € SBF is a driftless Bern-

stein function, we achieve also the asymptotic behaviour of the potential density
ugp(t).

ProroOSITION 1.3.15. Let ® € SBF be a driftless Bernstein function that is
reqularly varying at oo with index o € (0,1). Let og be the associated subordinator
and Ug the renewal function, with potential density ug. Then, ast — 0 it holds

1
T AT () ®(1/t)
PRrROOF. By Proposition [1.3.11] we have

ug(t)

1
Up(t) ~ ——~.
@ (t) ol (a)®(1/t)
Now let us define £(\) = q))\(:‘) and £(t) = Z(ll/t)’ Then /(t) is slowly varying at 0T
and
v~
Ugp(t) ~ L(t).
o(0)~ 57y 10
Hence, since ug(t) is non-increasing, by the monotone density theorem, we have
tafl -
t) ~ £(t
ualt) ~ s 100
concluding the proof. O

1.4. Convolutionary derivatives

In this section we will introduce the main non-local operators we will work
with. These operators generalize the so-called fractional derivatives of Caputo-
Dzhrbashyan type. They were first introduced in [88] for complete Bernstein func-
tions, but we will refer to the weaker but more general approach given in [143]. In
particular we first refer to [143] Definition 2.1], but asking for b = 0 for simplicity.
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DEFINITION 1.4.1. Let ® € BF be a driftless Bernstein function with Lévy
measure vg. Let us denote by 7e(t) = ve(t,+00) its tail. Then the Riemann-
Liouville type convolutionary derivative induced by & on an absolutely
continuous function u : (0,400) — R is defined as

D? u(t) = %/o u(T)ve(t — 7)dr.

The Caputo-Dzhrbashyan type convolutionary derivative induced by &
on an absolutely continuous function u : (0,4+00) — R is instead defined as

t
o%u(t) = / U (T)vg(t — T)dT.
0
We will refer to them directly as non-local derivatives.

Let us give two important examples:

[e"

o If ®(A) = A%, then we have that 7, (t) = ﬁ Thus the Riemann-

Liouville type convolutionary derivative induced by @ is given by

D*u(t) = Ti—a) 1_ ) % /0 u(T)(t — 7)"“dr,

while the Caputo-Dzhrbashyan one is given by

1 t
‘u(t) = ———— ! t— 7).
0%u(t) F(l—a)/ou(T)( T) T
In this case we obtain the classical Riemann-Liouville and Caputo-Dzhrbashyan
derivatives (see, for instance, [104], Chapter 2]).
o If we consider ®(\) = (A +60)* — 60, then we have vy o, = ﬁf(—a; t),
where I'(a;t) is the upper incomplete Gamma function defined as

+oo
D(a;t) = / s le~%ds.
t

Hence we obtain

o oY d ¢ .
DY u(t)fmﬁ/o uw(r)D(—a;t —7)dr

and
af”

T —a) /0 ' (7)(—ast — 7)dT,

that are the tempered Riemann-Liouville and Caputo-Dzhrbashyan deriva-
tives. The Marchaud-type tempered fractional derivative is, for instance,
discussed in [104] Section 7.4].

These two examples are classical in fractional calculus and then help us understand
why we refer to the calculus with respect to these operators as generalized fractional
calculus (as done in [88]).

First of all, one could ask when such operators can be inverted. As shown in [106],
this can be done in the special case.

897%(75) =
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DEFINITION 1.4.2. Let ® € SBF be a driftless Bernstein function with asso-
ciated subordinator o4 and potential density ug. Then we define the Riemann-
Lioville type integral induced by ® on any sufficiently regular measurable
function u : Rt — R as

T® u(t) = / u(T)ue(t — 7)dr.

0
In particular it holds, for absolutely continuous functions,

Z® D® u(t) = u(t), O I® u(t) = u(t).

Let us also stress out what are the Laplace transform of these convolutionary
derivatives. Indeed, it is easy to see that if u is an absolutely continuous function,
it holds (whenever the involved Laplace transform exist)

LID® u](\) = B(A) LLu](M),

d(A
£ = 2() £l — “Mu(os),
LIT® u])(A) = —— Llu](\).
®(A)
Finally, let us stress out that the domain of D® actually contains absolutely con-
tinuous functions (as it can be applied to less regular functions). Moreover, on
absolutely continuous functions, the following relation holds

(1.4.1) 0%u = D®(u — u(0+)).

Thus one can define the regularized Caputo-Dzhrbashyan type convolution-
ary derivative induced by ® on a function u belonging to the domain of D®
such that u(04+) < +oo by means of Equation (1.4.1). Now let us focus on two
main problems on such non-local derivatives:

e The link between non-local derivatives and inverse subordinators;
e The eigenvalue problem for non-local derivatives.

1.4.1. Cauchy problems for the density of inverse subordinators. Let
us consider ® € BF a driftless Bernstein function, o the associated subordinator
and Lg its inverse.

Let us first focus on the case in which og is absolutely continuous. It has been
shown in [143] Theorem 4.1]:

THEOREM 1.4.1. Let ® € BF be a driftless Bernstein function with Lévy mea-
sure vg absolutely continuous with respect to Lebesgue measure. Then the one-
dimensional probability density function ge(s;t) of oe(t) satisfies the following
Cauchy problem

Orga(s;t) = —02ga(s;t) s>0,t>0
(1.4.2) 99(0;t) =0 t>0
9a(8;0) = do(s) s>0
On the other hand, less hypotheses are needed to ensure that Lg (t) is absolutely
continuous. Thus, let us recall [I43] Theorem 4.1] for Lg, but let us also remark

that, despite the hypotheses on vg, on can achieve the same result in a mild sense
(i.e. in terms of Laplace transforms) without asking for such hypotheses.
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THEOREM 1.4.2. Let ® € BF be a driftless Bernstein function with Lévy mea-
sure vg absolutely continuous with respect to Lebesgue measure. Then the one-
dimensional probability density function fo(s;t) of Le(t) satisfies the following
Cauchy problem

asfcp(s;t) = —a?fcp(s;t) s>0,t>0
fa(s;0) = do(s) s> 0.

Let us stress out that last result leads to an extension of heat-like equations.
This is doable by means of the theory of semigroups. Indeed, it is already well
known that the theory of semigroups can be used to describe the solution of linear
evolution equations (see, for instance, [58]). On the other hand, semigroups are
important objects in the study of Markov processes (see, for instance, [83]). Com-
bining the both of these approaches to semigroup theory, one can provide, on one
hand, stochastic representation of solutions of some partial differential equations
while, on the other hand, characterize Markov processes via integro-differential
equations, called backward and forward Kolmogorov equations. To give a simple
example, if we consider the Cauchy problem for the classical heat equation

_1 d
(1.4.4) {@g(m) = 3Ag(x,t) z€RY >0

9(x,0) = f(x) z €R?

where we suppose, for ease of the example, f € C2(]Rd). In such case we can define
the heat semigroup as the family of operators (7;):~¢ acting on L2(Rd) such that

2

Tif@) = 1y [ e
2m)? Je

The name semigroup follows from the fact that T3 Ty = T}, s, that is called semigroup

property. The generator of T; is given by the operator %A with operator core

C2(R%), that means, in short terms, that the function g(x,t) = T} f(z) is solution

of the Cauchy problem for any f € C? (Rd). On the other hand, if we denote

1 _lz—y|?

p(t,y;x) = — e %
(t:3:7) (t2m)

that is the transition density of a d-dimensional Brownian motion B(t), we have

Tif(z) = /de(t y; ) f(y)dy = E[f(B(t))|B(0) = ],

which gives a stochastic representation of the solution of in terms of the
Brownian motion. For some more precise arguments we refer to [7 8]E| With this
idea in mind, one could try to extend the theory of semigroups to the case of non-
local differential equations. This is the main objective of the following Theorem
(see [33] in the case ®(A\) = A%, [143], Theorem 5.1] and [47] in the general case).

230me easy arguments to derive backward and forward Kolmogorov equations for general
diffusion processes are given in [83], however the theory covers more general processes. Stochastic
representation results are also given, for instance, in the context of Schrédinger equations, with
the name of Feynman-Kac formulae, see [97].



1.4. CONVOLUTIONARY DERIVATIVES 23

THEOREM 1.4.3. Let ® € BF be a driftless Bernstein function with Lévy mea-
sure ve absolutely continuous with respect to the Lebesgue measure. Let also Ty be
a strongly continuous Cy semigroup on a Banach space (X, ||| ). For anyu € X
define the Bochner integral

+oo
Tt U = E[TLq)(t)u] = / Tsuf@(s; t).
0

Then

o (T+t)t=0 18 a uniformly bounded family of linear operators on X ;
o (Tt)e>0 is strongly continuous on X.

Moreover, let A be the generator of T, and D(A) its domain. If w € D(A), then
q(t) = T u solves the following Cauchy problem

dFq(t) = Aq(t) t>0
q(0) =u

where the integrals involved in OF are to be interpreted in Bochner sense.

(1.4.5)

As a direct consequence of such Theorem, we get the following Corollary.

COROLLARY 1.4.4. Let ® € BF be a driftless Bernstein function with Lévy
measure vg. Let M(t) be a Feller process with (topological) state space (X, %) and
generator A and Lg(t) be independent from M(t). Let f € D(A), where D(A) is
the domain of A on Co(X) and Co(X) is the space of continuous functions on X
vanishing at infinity. Let Mg(t) = M(Le(t)) and u(t,z) = E[f(Ms(t))|Ms(0) =
x]. Then u solves the following Cauchy problem

OFu(t,z) = Au(t,z) t>0
u(0,2) = f(x)
PROOF. Just apply the previous theorem to the strongly continuous Cjy semi-

group T f = E[f(M(t))|M(0) = ], defined on the Banach space (Co(X), ||l ¢y (x));
where the norm is the usual supremum norm. O

(1.4.6)

REMARK 1.4.5. Let us remark that better regularity of solutions can be ob-
tained in the case ® € CBF, as shown in [33] for ®(A\) = A* and in [21] in the
general case, and ® € BF but by > 0, as shown in [47].

The previous Corollary establishes a link between time-changed Feller processes
and linear Cauchy problems that are non-local in time (in particular heat-like equa-
tions). This link will be better investigated in Chapter

1.4.2. Eigenfunctions of % and the relaxation equation. Now we want
to investigate the solutions of the Cauchy problem

{a%(t) =Xu(t) t>0

(1.4.7) w(0) = 1

for A € R. In the case A = 0, an obvious solution is given by the constant function
u(t) = 1. Indeed, despite D® 1(t) = vg(t), it still holds d*1 = 0.

A first particular case of such equation for A < 0 has been studied for ® € CBF.
In particular let us recall |88, Theorem 2].
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THEOREM 1.4.6. Let ® € CBF be a driftless unbounded Bernstein function such
that limy_, o+ % = +00. Then, for any A < 0, the Cauchy problem (1.4.7)) admits
a unique solution e (t; \) that is completely monotone with respect to —\ > 0 and
t > 0 and continuous for t € [0, 4+00).

Actually, under suitable hypotheses on the Lévy measure vg, one can show
that the previous theorem is actually a characterization. To do this, let us first
introduce the following notation.

DEFINITION 1.4.3. We say vg satisfies Orey’s condition (see [115]) if there
exist v € (0,2), C' > 0 and rg > 0 such that for any r € (0, rg) it holds

/ s*vg(ds) < OrY
0

This condition, together with the absolute continuity of v, implies the infinite
differentiability of the density of the subordinator o4 (t) (see [115]). With this in
mind, let us recall a part of [106], Theorem 2.1]

THEOREM 1.4.7. Let ® € SBF be a driftless Bernstein function with Lévy
measure Vg absolutely continuous with respect to Lebesgue measure and satisfying
Orey’s condition. Then, for any A < 0, the Cauchy problem admits a unique
exponentially bounded solution eq(t; ) that is completely monotone with respect to

=X > 0 and continuous for t € [0, +00). Moreover, eq(t; \) is completely monotone
fort > 0 if and only if ® € CBF.

Concerning the case A > 0, a first result for ® € CBF has been shown in [89].

THEOREM 1.4.8. Let us consider the function po(z) such that ®(po(z)) = z
for any z > 0. Then for any A > 0 the solution eq(t;\) of (L.4.7) admits a
holomorphic continuation in the complex sector ¥, = {re?® : r >0, § € (—v,v)}
for some v € (07 g)

In any case, it is not difficult to show that
(1.4.8) ea(t; \) = B[]

that is to say the moment generating function of L (t) if A > 0 or the Laplace
transform of the density of Lg(t) if A < 0. Let us stress out that such function
is well-defined for any A € R and ¢ > 0 (see [15, Lemma 4.1]). Moreover, for
®(A) = \*, the eigenfunctions are known. Indeed we have eq(t; A) = E, (M) (see
[38]) where E, are the Mittag-Leffler function defined as

400 k

z
Ba(z) =S —F :
(2) kZ:OF(ak-i-l) zeC

Let us now show with a different approach that e (t; A) is well-defined. If we use
1.4.8) as definition of eg(t; A) in place of the fact that it should be solution of
ﬂ, we can observe that for A < 0 e(¢; ) is always well-defined for any ¢ > 0
and any ® € BF (without any other hypotheses), while this is true for a ¢t belonging
to a compact set [0, tp(A)) for A > 0 and any unbounded Bernstein function ®. Last
statement follows from the bound (see [35])

n!
o (1)

E[L(#)"] <
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and to(\) is defined in such a way that A < @ (t (/\)) However, we can show the
following technical Lemma.
LEMMA 1.4.9. Fiz X > 0 and let ® € BF be a driftless Bernstein function.

Then eq(t; A) is well defined for any t > 0, Laplace transformable with abscissa of
convergence given by po(\) and in L (RJ).

Proor. First of all, let us observe that, since we are working with non-negative
functions, we have, by Fubini’s theorem and considering n > pg(A) (and then
®(n) — A >0)

+oo +oo
Clealt; V() = / et / A (1 1)dsdlt

+oo +oo
_ / / =t fo (s ) dtds

_ 2 —@m-Nsgg — 200
- / = @) - N

Moreover, it is easy to see that if n < po(A), then Lleg(t; A)](n) = +00. Thus, we
obtain that abs(eq(;A)) = po(A).
Now let us show that es(-;\) € Ll _(RF). Consider any compact set [a,b] C R
and fix any 7 > po(A). Then we have

®(n)e "

b +o0
e t;/\dtge—"b/ e Mep(t; \)dt = ———
[ esttn A A= N

Now, let us observe that this implies that eq(t; \) < +oo for any ¢ > 0; indeed,
since Lg(t) is almost surely increasing, e (t; A) is increasing and if eg(to; A) = +00
so it is for any ¢ > to and then e (to; \) € Li . (Rd), which is a contradiction.
Finally, let us consider any compact set [a, b] C RO . Then, since e (t; A) is increas-
ing we have, for any t € [a, b];

o (t;A) < (b A) < 400,

concluding the proof. O

< +o00.

REMARK 1.4.10. Let us observe that if A < 0, then eq(¢; A) < 1 and then it is
obviously L>(Rg), with abs(e(+;A)) < 0.

Thus, we can argue in a sort of converse way: instead of showing that
admits a unique solution, we show that es(t; A) (whenever it exists for any ¢ > 0
and is locally bounded) is the unique solution of . This is the spirit of [15]
Proposition 4.3]:

PROPOSITION 1.4.11. Let ® € BF be a driftless Bernstein function. Then
ep(t; \) is the unique Laplace transformable solution of (1.4.7)).

PROOF. Since eq(t;\) belongs to L (RT), then we can define the function
F(t) = fo ep(s; A)ds that is an absolutely continuous function. By a simple appli-
cation of [13| Theorem 1.4.3], we know that F'(t) is Laplace transformable and, if
20 is the abscissa of convergence of eq (t; A), then abs(F) < zg.

Taking the Laplace transform f(z) of f() = es(t; \) as z > 2o, we obtain (as shown
before),

loc

F6) = st
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that can be rewritten as
(1.49) 2 (56 - 1) = 276

Let us also observe that

/O17<1>(t—5)|f(5)—1|d8=/O o (s)|f(t = s) = 1lds <[f(t) = 1|1a(t)

where we recall that I (t) is the integrated tail of the Lévy measure. In particular
this means that the function Fg(t) = (v * (f(-) — 1))(t) is well defined and belongs
to LS. Moreover, being the convolution product of two Laplace transformable
functions, it is Laplace transformable (with abscissa of convergence abs(Fg) < zp).
Now we can consider the inverse Laplace transform of equation to obtain

Fa(t) = AF(1).

Since F(t) is the integral of a L} (R™) function, it is absolutely continuous and

then also Fg is absolutely continuous. Taking the derivative (almost everywhere)
on both sides, we obtain

O f(t) = M (1),
thus f(t) is a solution of (1.4.7).

Next step is to show the uniqueness. However, considering any other Laplace
transformable solution, arguing as before, we have that G(t) = fot g(s)ds is also
Laplace transformable. Moreover, taking the Laplace transform on both sides of
the relation

(1.4.10) /0 vt —s)(g(s) — 1)ds = )\/O g(s)ds

we obtain, after some algebraic manipulation,

Clo)(z) = Z@Z(f)_ 5= 76

The injectivity of the Laplace transform concludes the proof. O

For A < 0 we can actually obtain a bound on Aeg(t; —M) for fixed ¢ > 0, as
done in [22] Proposition 3.2].

PROPOSITION 1.4.12. Fiz t > 0. Then there exists a constant K(t) such that
for any X\ € [0,400) it holds

Neo(t; —N) < K(t)

PROOF. Let us observe that eq(t; —A) is completely monotone in A for fixed
t > 0 and ¢ (t;0) = 1, thus one only has to check that limy_,4co Aea(t; —A) < 400.
This can be done by means of the initial value theorem. Indeed e (t; —A) is the
Laplace transform of fe(s;t) in s, thus it holds

lim Aeg(t; —A) = f(0+;t) = o (t) < 400,
A— 400
concluding the proof. O

In the case ®(\) = A* the constant K(¢) can be explicitly computed. Indeed
we have, as in [20, Lemma 4.2]:
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ProprosITION 1.4.13. Fizt > 0. Then for X > 0 it holds

(1
(1.4.11) AEq (= \9) < %
PROOF. Let us recall, as shown in [138], that
1
Eo(=Xt%) < ————.
L+ v A
Consider the function f(\) = ﬁ We have f(0) = 0 and limy— 400 f(A) =
(¥ )
w. Finally, let us observe that
1
') = VAR >0,
(1+ risa?)
concluding the proof since f(\) < f(4o00) for any A > 0. O

REMARK 1.4.14. Let us consider a fractional Poisson process N,(t) of rate
A > 0 as introduced in [93], i.e. a counting process with i.i.d. inter-jump times
(T});en distributed as a random variable T whose cumulative distribution function

is given by

1—Ey(—AtY) t>

P(T <t)= ( ) 120

0 t<O.
It has been shown in [93] that E[N, ()] = % Hence, we can rewrite inequality
(1.4.11)) as

1
P(T>t) < ———, t > 0.
E[Na(t)]

Concerning the asymptotic behvaiour of e(¢; —A), for A > 0, with respect to
t — 400, let us observe that we can link it to the behaviour at 07 of ® (see [22]
Proposition 6.4]).

PROPOSITION 1.4.15. Let ® € BF be a driftless Bernstein function.
(1) Suppose ® is reqularly varying at 0% with order o € (0,1). Then, for fized
A >0, eq(t; =) is reqularly varying at 400 with order —a;
(2) Suppose limy_,o+ @ =1€(0,400). Then, for fited X > 0, eq(t; —\) is
integrable in (0, +00).

PROOF. Let us define the function J(t) = fot e (s; —A)ds and take the Laplace-
Stieltjes transform of J. We have

®(z)
2(P(2) + A

Now let us suppose that ® is regularly varying at 0T with order a. Then J(2) is
regularly varying at 0" of order o — 1. By Karamata’s Tauberian theorem, we have
that J(t) is regularly varying at infinity with order 1 — o and finally, by monotone

density theorem, we have property (1).

B(z) _

T(2) = £3J)(=) =

[, then, being ®(z) driftless, we have

lim J(z) = i

z—0t A

Concerning property (2), if lim,_,o
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Still by Karamata’s Tauberian Theorem, we get
. l

concluding the proof. O

If we focus on the special Bernstein functions case, we can also obtain a series
decomposition of eg(t;A) in terms of a sequence of functions constructed start-
ing from the renewal function. Indeed, let us define, in what follows, Us 1 (t) =
E[(La(t))*]. Moreover, for ® € SBF a driftless Bernstein function, let us define
the following sequence of functions:

ug(t) = 1;
(1.4.12) ui(t) = Us(t);

up () = fot ue(t — s)uj(s)ds k>1,
where ug is the potential density.

Then, before obtaining the series representation, let us show the following technical
Lemma (i.e. [I5, Lemma 4.4]).

LEMMA 1.4.16. Let ® € SBF be a driftless Bernstein function that is regularly
varying at oo with index v € (0,1). Then, for any X\ > 0 the function series

“+o0
> Nui(t)
k=1
is normally convergent in any set of the form [0,T] for any T > 0.

PRrOOF. First of all, let us fix T'> 0, € € (0,7) and § = v — e. By Corollary
(1.3.14) and Proposition [1.3.15| there exist two constants C7,Cy > 0 such that, for
any t € (0,77,

Us(t) < O1t7, ug(t) < Cot’ 1.
Let us suppose the following claim holds true:
e For any k£ > 1 it holds

(1.4.13) ui(t) < Clchr b

m(r(ﬁ)tﬁ)k~

Then we have

+oo “+o0
. C18 x= (ACoT(B)TP)*
;A ull) <, ; T(kB +1)

k

where the series on the right-hand side converges since the power series Z:ﬁ? W

admits +o0o as radius of convergence.
Now we only need to show the claim. Equation ([1.4.13]) obviously holds true for
k = 1. Suppose it holds true for some k > 1. Then we have, by definition

EINk / -
Pa(t) <008 t— 5)B1skB s,
uk+1()— 1 2F(/€ﬂ+1) 0( 8) S S

By using the change of variables w = $ and the definition of Euler’s Beta function

as .
_ _ _ a—, b—1
B(a,b) = Tath) /0 (1 —w)* " w’ ™ dw,
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we get

» r BLB)*  ki1)s _ r BT s
Uk+1(t) S Clcz mt +1 B(,B,]CB+1) —0102 mt + ,

concluding the proof. O

Now that we have shown this technical lemma, we have the following series
expansion of e (£; A) (see [15, Theorem 4.5])

THEOREM 1.4.17. Let ® € SBF be a driftless Bernstein function that is regu-
larly varying at oo with index v € (0,1). Then, for any A € R, it holds

(1.4.14) ea(t;\) = fxfu;;(t), t > 0.

PROOF. Since this is trivial for A = 0, let us consider A # 0. Let us first work
with A > 0. By monotone convergence theorem, it is easy to show that

+00 Lk
ANUg 1 (t
ea(t; A) = E 7;:"’6( )
k=0 ’

Now, recalling Equation (|1.2.2)) and using Laplace transform in place of the Laplace-
Stieltjes one, we have, again by monotone convergence theorem,

00 )\k
Llea(t; N)](2) = Z 2R (2)"
k=0

Let us suppose the following claim holds true:
e For any k > 1 it holds

(1.4.15) Llut(1)](2) = z(}%(z).

Then we have, again by monotone convergence theorem,
+oo
)\k

+oo
c lz /\ku’,;(t)] => ) Llea (t; N)](2),
k=0 k=0

concluding the proof by injectivity of the Laplace transform. For A < 0, one has
only to observe that

Z A Vo0 Zwk ) < +o00

and then use dominated convergence theorem in place of the monotone convergence
one.

Now we only need to show the claim. For £ = 1 this follows from the fact that
LUD)](z) = ﬁ and then L[Ug](z) = z(Dl(z)' Let us suppose Equation (1.4.15))
holds true for some k£ > 1. Then

£l al(2) = Llua)2) L)) = gy

concluding the proof. O

We will use this series representation in Chapter [2] to show a generalization of
Gronwall’s inequality.
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1.5. Bochner subordination and Phillips formula

In the previous Section we considered some one-dimensional non local deriva-
tives that arise after time-changing via inverse subordinator. However, since also
the subordinators are themselves non-negative and increasing, one could use a time-
change directly via a subordinator. Let us consider the approach described in [40].

DEFINITION 1.5.1. Let M(t) be a Feller process on R and ® € BF a Bernstein
function. Let 0 be the associated subordinator and let us suppose it is independent
from M. Then we define the subordinated process M®(t) = M(os(t)).

Let (T})+>0 be a one-parameter strongly continuous C semigroup on C*°(R%) with
the supremum norm. Denote by g (ds;t) the probability law of o¢(t). Then we
define the subordinated semigroup as

+oo
TPy = / Tsuge(ds;t).
0

Since we are integrating over a Banach space, this whole procedure takes the
name of Bochner subordination. Let us stress out the link between subordinated
Feller processes and subordinated semigroups (see [40, Lemma 4.5]).

PROPOSITION 1.5.1. Let M(t) be a Feller process. The subordinated process
M®(t) is still a Feller process. Moreover, if Ty is the semigroup induced by the
Feller process M(t), T, is the semigroup induced by M®(t).

Now we need to investigate what happens to the generators of such semigroups.
In this direction, let us refer to [40, Theorem 4.6].

THEOREM 1.5.2 (Phillips’ formula). Let M(t) a Feller process with gener-
ator A whose domain is D(A) and consider a Bernstein function ® € BF with
characteristic triple (a,b,vs). Then the generator A® of M®(t) is given by

—+o0
A%y = —au+bAu+/ (Tyu — u)ve (dt).
0

Moreover, D(A) is an operator core for A%.

First of all, let us observe that another notation for A® is ®(A). We shall use
this second notation.
Let us focus on a standard case, i.e. choosing as Feller process the Brownian motion
B(t) on R%. Then it is well known that A = —A (up to a constant, hence we are
considering a Brownian motion with variance 2¢ in place of t). If we consider a
subordinated Brownian motion B®(t), it is easy to see that the Levy measure of
such process is given by u(dz) = jo(|x|)dz where

+oo
(1.5.1) Jja(r) = /O p(r;t)ve(dt)

where p(r;t) = p(z; t) for any = € R? such that |z| = r and p(z;t) is the heat-kernel
in R?, ie.
(5:0) = e
p(z;t) = e .
(47t)2
The function jg(r) is called the jump function of B®(t). Now, let us write the
semigroup in terms of resolvent operators, i.e. Tyu —u = (etA — 1)u and consider
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a driftless Bernstein function ® € BF. We have that
+oo
—P(—A)u = / (e — 1)uvg(dt).
0

However, we know that e*2 is a convolution semigroup, hence we obtain the follow-
ing representation of ®(—A) in terms of the jumping function (see [24], Proposition
2.6]).

PROPOSITION 1.5.3. Let f : R* — R with f € L®(R?) and let us denote
DRf(x) = [(z +h) — 2f(z) + f(& — h) and DY) = f(x+h) — f(x). Suppose
z € R such that |D3 f(x)| < C|h|> for |h| < Ry. Let ® € BF be a driftless
Bernstein function. Then

1 . . .
~o(-8)f = 5 [ DRF@i(Dd = tim [ Disa)i(lhl)dn
2 Jrd e—0+ B¢
where By is a ball centered in 0 with radius ¢ > 0 and B = R \B..

PROOF. First of all, let us rewrite —®(—A) as

+oo
o)) = [ [ @) = Fple = ()

where we also used the fact that fRd p(x — y;t)de = 1. Now let us consider the
inner integral. We have in particular

0w = f@pe —ystidy = 5 [ (Flw 1) = faplhitidn
]Rd Rd

+3 [ = h) = (=i tydn
1

~ 5 [, DR,

Now we want to show that we can use Fubini’s theorem. To do this, let us observe
that

+oo
L I0krwl [ sn e tanan = [ 1D rw)liH)an

Let us split the integral in two parts. We have

[ Dislinhan < e [ pRindn < oo
Br BR]

since j(|h|)dh is a Lévy measure. On the other hand we have

[ DRI < 41 sy [ (BR < 400

c

BRl Ry

1

as before, since j(|h|)dh is a Lévy measure.
Thus we can use Fubini’s theorem to achieve
1

~0(-A)f = 5 [ Dis@i(n)an.

Concerning the second relation, let us observe that, by dominated convergence
theorem, we have

~a(-A)f = 5 T [ DRf()i(h]dh.

e—=0 Jpe
€
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However, we have

/ D2 f(2)j(|h])dh = / D3 f(x)j(|h)dh + / DL, £(x)j(|h])dh
B Bg Bg
_o /B DL,

concluding the proof. O

c
€

REMARK 1.5.4. Last Proposition still holds if we substitute in place of |h|? a
modulus of continuity B(|h|) such that there exists Re > 0 for which

fOR2 r4=13(r)j(r)dr < +oc.

Let us also observe that for some particular choices of ® one achieves some
quite known operators:

e For ®(\) = A%, denoting by § = 2, one obtains the fractional Laplacian
(—A)g. The representation obtained in the previous theorem coincides
with the one given in [I, Equation 2.2];

e For ®(\) = (A + (¢m)=)® — ¢®m we obtain the relativistic Laplacian,
which is a commonly used operator for the study of non-local Schrodinger
equations in relativistic context.

We will go into details in the properties of the jumping functions in Chapter



CHAPTER 2

Non-local operators in time and time-changes

2.1. Existence and uniqueness of solutions for some time non-local
Cauchy problems

In Subsection we introduced the relaxation equation for the non-local
derivative 9% induced by a driftless Bernstein function ® € BF. However we are
interested in more general Cauchy problems of the form

(2.1.1) O*f(t) = F(t, f(t)) te€0,T]
f(0) = fo.

In particular, we want to prove an existence and uniqueness theorem for such
problem. First of all, by interpreting all the integrals as Bochner integrals (see
[13]), we can consider F' : [0,T] x X — X and f : [0,7] — X with (X,|-]|y) a
Banach space. Moreover, we want to transform the Cauchy problem @ in an
integral equation. To do this, we show the following Lemma (see [I5] Lemma 3.1]).

LEMMA 2.1.1. Let ® € SBF be a special driftless Bernstein function and
(X, [I'llx) @ Banach space. Consider F :[0,T] x X — X. Then f:[0,T] = X is a
solution of the abstract Cauchy problem (2.1.1)) if and only if

(2.1.2) f@)=fo+I"F( f()E),  teloT).

PROOF. Let us consider f : [0,7] — X a solution of . Then, by Equa-
tion and the fact that Z® D? is the identity operator, we obtain by
applying Z® on both sides of the first equation of and then using f(0) = fo.
Vice versa, if we suppose f satisfies (2.1.2), then, since Z% F(-, f(:))(0) = 0, we
have f(0) = fo. Moreover, applying 9° to both sides of we obtain the first
equation of (2.1.1). O

The fact we are able to transform the non-local Cauchy problem in an integral
equation permits us to recognize solutions of as fixed point of some Picard
operator. This has been done for instance for ®(A) = A* in [150, Section 3.4]. In
general, under suitable hypotheses on ® and F', one can show the following local
existence and uniqueness theorem (see [15, Theorem 3.2]).

THEOREM 2.1.2. Let ® € SBF and F : [0,T] x X — X where (X, ||| y) is a
Banach space. Let us suppose the following conditions hold:

o O is regularly varying at oo with index v € (0,1);

e For any ball Br in X centered in 0 with radius R there exists a constant
Cr > 0 such that |F(t,z)||x < Cr for almost any t € [0,T] and for any
x € Br;

33
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e For any ball Br in X centered in 0 with radius R there exists a constant
Lr > 0 such that |F(t,z) — F(t,2)||y < Lrllz— 2|y for almost any
t €10,T] and for any x,z € Bg.
Fix R > 0. Then, for any fy € Bg there exists a constant Ty > 0 such that the
Cauchy problem (2.1.1)) admits a unique solution f € CY~¢([0,T1]; Br(fo)) for any
e €(0,7).

To show this theorem, we first need some preliminary definitions and Lemmas.
First of all, let us observe that, if we set J = [0,7T], then the space C(J;X) is a
Banach space when equipped with the supremum norm, i.e.

1€ CUX) = 1 fllor =maxllf Ol -
Now let us consider n > 0 and let us observe that
- )]y < T < )l x -
e~ max |£(O) x < maxe ™ | £l x < max |1£(6)]x
Thus, let us define the Bielecki-type norm

= Mt £ (¢
111,y = max e[| £ ()] x

and observe that ||-[|(;.x) and [|-||,, are equivalent. Hence (C(J; X),|-||,) is still a
Banach space equivalent to (C(J; X), [|[|¢(s,x))- Now let us introduce the following
operator on C(J; X):

Aaf(t) = fo+ I F(. f())(®)

By Lemma we know that any solution of (2.1.1)) is a fixed point of Ag.
Now let us show the following Lemma (that is [I5] Lemma 3.3 and 3.4]).

LEMMA 2.1.3. Under the hypotheses of Theoremfor fized £ € (0,7), fo €
X and R > 0, there exists Ty such that, setting J, = [0,T1], Ag : C(J1; Br(fo)) —
C7=¢(Jy; Br(fo)) is well-defined.

PROOF. Let us first show that if f € C(J; Br(fo)), then Asf € CY¢(J; X).
To do this, define R = R+ | fo|, fix § > 0 and € € (0,7). Then we have

||Aq>f(t+5)—Aq>f(t)||X§/0 lug(t —5) —ua(t + 6 — )| [ F(s, f(s))ll x ds

t+48
+/t ua(t+3—s)[[F(s, [(5))] x ds
= Il(t) +12(t)

Let us first consider I5(t). Since f : J — Bgr(fo) € B and ||F(s,2)| x < Cg for
any s € J and x € By, it holds

I(t) < CxUs(9),

where Ug is the renewal function of ®. Now, by Corollary [1.3.14] and since § < T,
we have that there exists a constant C' > 0 such that

L(t) <Cé .
Now let us consider I;. Since u is non-increasing, we have

Ii(t) S Cr(U(t+0) = U(t) + U(0)).
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As before, by Corollary [[.3.14 and Proposition [I.3:12] there exists a constant C' > 0
such that

Il (t) S 067_5’
concluding that Ag f € C7¢(J, X).
Now we want to show that there exists T} such that max,cjo ) [[Ae f(t) — fol x <
R. To do this, let us observe that, being Ug (t) Holder-continuous with Ug (0) = 0,
there exists 77 > 0 depending on R such that CrUs(T1) < R. Thus, since Us is
increasing, we have, for any t € [0, T1],

A f(t) = follx < CpUs(t) < CzUs(T1) < R.

Taking the maximum on [0, T;] we conclude the proof. O

Now we are ready to prove the main Theorem of this section (we incorporate
in the proof of the Theorem also the proof of [I5 Proposition 3.6]).

PrOOF OF THEOREM [2.1.21 We need to show that A : (C(J1; Br(fo)),[l,) —
(C(J1; Br(fo)), lIll,) is a contraction for some 7 > 0. To do this, let us consider
fyg € C(J1; Br(fo)) and observe that, by uniform local Lipschitz-continuity of F',

t

w%ﬂw—AwumXslﬁ@—@wmjw»—Fumﬂmxw
SL@Al@@*$Hﬂ$AyGWX@

t
SLﬂU—mqu@u—@ww&

Now, by Proposition [1.3.15] we know that ue is regularly varying at 0 of index
v — 1, thus, if we consider £; € (0,7), there exists a constant C' > 0 such that for

any t € [0,Ty] it holds u(t) < Ct7~171. Now consider p € (1 ), denote by

p’ the conjugate exponent of p and use Holder inequality:

1
7 14e1—y

t
[Aaf(t) — Aeg(t)l x < CLg | f —g|\,7/0 (t—s) 71 7"re™ds

t z t
< C’Lﬁ If— an (/O (t— S)p('ylel)ds) (/0 &P "Sds>

p(y—1—e3)+1 1
T 7 1\#
<CLalf —gl, —D 1(,) e,
(p(y—=1—=e1)+1)» \P7N

Multiplying both sides of last inequality by e~"* and taking the supremum on J;
we get

1
7

-l

py—1—e3)+1

T, ? 1
[Aef — Aagll, < CLr | f - gll, : 1 <,)
(p(y—1—e)+1)» \P7

e

Now, let us observe that

p(y—1—e3)+1

lim CLp— 11 i (}) _0,
e (p(y =1 —e1)+1)7 \P7N
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hence there exists 7, such that

p(y—1—e1)+1

1
T, 1\
L*:=CLp L 1(/ ) < 1.
(p(y =1 —e1)+1)7 \Px

From last relation we get
Ao f — Aagll,, <L*|f—g
and then Ag is a contraction. Thus, by contraction theorem (see [85]) it admits

a unique fixed point in C(J1; Br(fo)). Let f be such fixed point. Then, since
f=Af,itholds f € C7~¢(Jy; Br(fo)) for any € € (0,7), concluding the proof. O

7.

Now we have a more or less general result of local existence and uniqueness.
We want to understand if under some cases one can show global existence and
uniqueness of the solution. Let us restrict this study to the affine autonomous case.

2.1.1. The affine autonomous case: global uniqueness. Before going
into details, let us introduce some other notation. Let us define by L(X, X) the
space of bounded linear operators F' : X — X equipped with the norm ||F||L(X7X) =
SUp| g =1 [[Fz[| x. Moreover, let us consider the renewal function Up and let us
define its left-continuous inverse on u > 0:

Ugy (u) = min{x > 0: Ugp(z) > u}.

It is not difficult to show that, being Ug continuous, Us(U§ (u)) = u.
Now we want to focus on abstract Cauchy problems of the form

0% f(t)=¢+Ff(t) tel0,T]
£(0) = fo,

where F' € L(X,X) and &, fo € X. For such kind of problems, we can show the
following Proposition (see [15] Corllary 3.7]).

(2.1.3)

PrROPOSITION 2.1.4. Let ® € SBF be a driftless Bernstein function that is
reqularly varying at infinity with indexy € (0,1), F € L(X, X) and &, fo € X. Then
there exists a time horizon T > 0 depending only on |€]|x , | follx and | F|[;x x)

such that the problem (2.1.3) admits a unique continuous solution f € C(J,X)
where J =[0,T].

PROOF. Let us consider the Picard operator Ag and fix R = || fo|ly + 1. Ar-
guing as in Lemma we have, for any T' > 0, t € [0,T) and § > 0 such that
t+4 e (0,7,

[Ae f(t+0) = Aa f(D)l x < ([I€llx + IFllLx x) B)Us(t +6) = Us(t) + 2Us(9))
and then, sending § — 07, we have that Agf € C([0,T7]; X).
Concerning boundedness, we have
[Aa f ()l x < (I€llx + I1FlLx,x) B)Ve(T);

thus, if we consider

R
T = U& 9
? (2(£|IX+ I £ ex,x) R)>

[Ae ()] x < R.

we have
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Now let us show that all the other quantities involved in the proof of Theorem [2.1.2]
can be chosen only depending on T. To do this, let us first observe that setting
€1 = 3, there exists a constant C(T') such that u(t) < C(T)t*F" for any t € [0,7).
Then, to conclude the proof, one can fix

4—7
P=55 "
2(2-7)
4\ 2 T
- (277)5877) y il

ne = | 20(T) 1F | £ x,x) <8’Y> T =26 (47)

to achieve, for any f,g € C(J; Br),
1
|Asf — Aagll,, < 5 IIf —all,,

and conclude the proof. O

REMARK 2.1.5. After we fixed T > 0, Theorem [2.1.2) guarantees (7 — ¢)-Holder
regularity of the solution for any e € (0, 7).

Thus, if the linear operator is continuous, any affine autonomous Cauchy prob-
lem admits a local solution. However, we want to show something more: indeed,
we did not need to chose T} after we already had 7" > 0 and then we can ask when-
ever the existence interval can be extended. For the classical fractional differential
equations, such problem is considered in [18] Corollary 2] and then reconsidered in
[15] Corollary 3.9].

Before giving the proof, we need to introduce some other operators. Let us denote:

to D® f@t) = (Z/to ve(t—1)f(r)dr

and 4, 0% f(t) =, D®(f(t) — f(to)). For this kind of non-local derivative, we can
show again Theorem [2.1.2[ using ¢y in place of 0 for the initial datum.
Concerning the link between 9® and ;,0®, let us observe that, for t > t,

050 = 5 (|| vt =70 = f0)ar + [ wale = r)(5() - s0)r )

to

-4 (] " alt 7))~ 1O+ [ Balt =) - flao)ar)

+ (f(to) — f(0))7a(t — to) '
= %/0 0 ve(t — ) (f(1) — £(0))dT + 1,02 f(t) + (f(to) — £(0))Da(t — to).

Suppose f € C([0,+00); Bg) is a solution of (2.1.3). Let us set
d [t
o(0)i= 5 [ 0ot ()= FO)dr+1t0)~FO)ialt—to) = 07 F ()1, 0" 1 (1)
Then we have that f solves also
00T () =E+ Ff(t)—g(t)  tE€ [to,to+ AT

which, for f(ty) assigned, admits a unique solution for a certain AT. This is
actually the spirit of the proof of [I5] Corollary 3.9] which ensures uniqueness of
global solutions:
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COROLLARY 2.1.6. Under the hypotheses of Proposition if vo(dt) is ab-
solutely continuous with respect to the Lebesque measure and f € C([0,4+00), X) is
a solution of (2.1.3), then it is the unique solution.

REMARK 2.1.7. Observe that g(¢) is uniquely determined by the values of f(t)
for t € [O,to].

The same result in the non-linear case is given in [15] Proposition 6.7]

2.2. Generalized Gronwall inequality for special non-local time
derivatives

Now let us consider X = R. Let us recall that, for classical ODEs, an indis-
pensable tool to show continuity with respect to initial datum and other parameters
is what is usually called Gronwall’s Inequality (see [I1]). In the easiest case, such
inequality compares the behaviour of a solution of an integral inequality with the
behaviour of the exponential functions (which are eigenfunctions of the classical de-
rivative). In [I49] a similar inequality has been shown in the context of fractional
differential equations, where the comparing function is the Mittag-Leffler function
(which is the eigenfunction of the Caputo-Dzhrbashyan derivative). Thus we ex-
pect, if we want to generalize Gronwall’s Inequality to the non-local case, that the
comparing functions will be given by eq(¢; A), which are the eigenfunctions of the
generalized Caputo-Dzhrbashyan type derivatives.

To do this, we first need to introduce the following special functions (see [86]).

DEFINITION 2.2.1. Let @ € Hand 5 € C. Then the two-parameters Mittag-
Leffler function is defined as

E (t)—fL tec
@ T e T(ka + B)’ '

Let us observe that F, 1 = E,.
The main theorem of this section is the following (see [I5] Theorem 5.1]).

THEOREM 2.2.1. Fiz T > 0 and let a,g € L*([0,T]) be non-negative functions
with g non-decreasing and consider f € L([0,T]). Let ® € SBF be a driftless
Bernstein function that is regularly varying at oo with index v € (0,1). Suppose
the following integral inequality holds:

(22.1) F(t) < al) + 9T ft) e[0T,
Let us denote by B? the identity operator and define, for any function x € L*([0,T)),

Bx(t) = g(t) / ua(t — 5)z(s)ds,

where ug s the potential density. Then:
e For anyt € [0,T), it holds

+oo
f(t) <> Bra(t);
k=0
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e For any ¢ € (0,7), setting 8 = v — € there exists a constant Cy non
depending on f such that, for any t € [0,T],

f(t) < a(t) + CoI'(B)g(t) /0 Bp 5(Col(B)g(T)(t — 5))(t — 5)° " a(s)ds;
e If a is non-decreasing we have, for any t € [0,T],

f(t) < a(t) ea(t, g(T)).

To show this theorem, we first need to stress out some properties of the operator
B (see [15] Lemmas 5.2 to 5.6]).

LEMMA 2.2.2. Fix T > 0 and let g € L*([0,T]) be non-negative and non-
decreasing. Let ® € SBF be a driftless Bernstein function that is regularly varying
at oo with index v € (0,1). Then:

(1) If f1,f2 € L'Y([0,T]) are such that fi(t) < fa(t) almost everywhere in
[0, 7], then Bfi(t) < Bfa(t) for any t € [0,T);

(2) For any e € (0,7), setting 5 =~ — ¢, there exists a constant Cz > 0 such
that for any k > 1 and any non-negative function f € L*([0,T]) it holds,
for any t € [0,T],

kgt
(2.2.2) Brf(t) < (C’Qli_‘((i)g)(t))/o (t — s)*P=Lf(s)ds;

(3) For any k> 1 and t € [0,T], it holds
(2.2.3) B*1(t) < (g(t)) ui(t)

where uj(t) are defined in (L.4.12));

(4) For any function f € L'([0,T]) the series >.x°5 B¥f(t) normally con-
verges for any t € [0,T];

(5) For any function f € L*([0,T)) it holds limg_, 1 B*¥f(t) = 0 uniformly
in [0,T7;

(6) For any non-negative functions f; € L*([0,T]) withi = 1,2 such that fi is
non-decreasing, it holds B*(f1f2)(t) < f1(t)B(f2)(t) for any t € [0,T).

PRroOOF. Concerning property (1), it is obvious since g and ug are non-negative.
Let us show property (2) by induction. First of all, let us observe that, by Propo-
sition we know that, for fixed ¢ € (0,), there exists a constant Cy > 0 such
that u(t) < Cot?7~17¢ = Cot?~! for any ¢ € [0, T]. Then we have

B(t) = g(t) / ua(t - $)f()ds < Cag(t) / (t— )7 f(s)ds.
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Now let us suppose that (2.2.2)) holds true for some k > 1. Then, by property (1)
and Fubini’s theorem, we have

BMLE(t) = B(BE(1) < B ((029“”5” /0 (= 5)f f(s)ds) )

INCE)
= )))k /Ot% t—s)g /OS(ST)W Yf(r)drds
< (ng((;))r(( E)H /0 (t—s)"" /0 (s = )" f(r)drds
- GO /0 () / (- ) (s — ) Ndsdr
_ (ng(Z)Z(f )e f Py D81

Let us also show property (3) by induction. Indeed we have

B1(t) = (1) / ua(t — $)ds = g()Us (1)

Now let us suppose (2.2.3) holds true for some k > 1. Then we have, by property

(1)
BET(t) = B(B*1(-))(t) < B((9(-)"ui())(¢)
=9(1) /O ua (t = 5)(9(s)) ui(s)ds < (9()* g4 (1),

Now let us show property (4). First of all, observe that |Bf(t)| < B|f|(t). Thus
we can consider f > 0 without loss of generality. Then we have, by property (2),

—+o0 —+o0 k t
>t < 3 g [
k=1

Hf”Ll([O ) (Col(B)g(T)TP)*
Z (kfﬁ)

< +o00.

Thus we have normal convergence of the series Zkif) B¥f(t) for any t € [0,T].
Moreover, this implies B¥f — 0 as k — +o0 uniformly in [0, 7], thus showing also

property (5).
Finally, let us show property (6) by induction. We have

B(fuf2)(t) < g(t) o (1) / us(t — ) f2(s)ds = Fr(6)B(f2)(0).

Now suppose that for some k > 1 it holds B*(f1f2) < f1B*(f2). Then we have, by
property (1),

B*(f1f2) = B(B¥(f1f2)) < B(AiB*(f2)) < fiB*(fa).

Now we are ready to prove Theorem |2.2.1
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PROOF OF THEOREM 2271 Let us first rewrite (2.2.1)) as
(2.2.4) F@) <a(t)+ Bf(t).
We want to show that, for any n € N and ¢ € [0, 7],

(2.2.5) f(t) <alt) + Ti B*a(t) + B™f(t).
k=1

Let us show it by induction. For n = 1 we obtain again equation (2.2.1). Suppose
inequality (2.2.5]) holds for some n € N. Then applying B™ on both sides of (2.2.4)
and using property (1) of the previous Lemma, we obtain

(2.2.6) B"f(t) < B™a(t) + B"" f(t).

Using this inequality in (2.2.5)) we obtain the proof.

Now let us observe that, being a, f € L'([0,T]), by properties (4) and (5

previous Lemma we obtain Y.,° B*a(t) < +oo and lim, o, B"f(t)
taking the limit as n — +oo in inequality (2.2.5)), we obtain

) of the
0, thus,

+oo
(2.2.7) ft) <a(t)+ > Bra(t),
k=1

that is the first assertion. By properties (3) and (4) of the previous Lemma, we
also have

= EEX (O (B)g(t)(t — 5)P)F+1 )
;Bka(t)g/o kz_o( (%?z(g;(w)) ) tas)as

< CuT(B)g(t) / B 5(CaD(B)g(T) (¢t — 5))(t — )% La(s)ds,

obtaining the second assertion.
Concerning the third one, let us reconsider (2.2.7)) and, by using properties (3) and
(6) of the previous Lemma, we obtain

Bta(t) < a(t)B*1(t) < a(t)(9(T))"ux(t).
Thus, by Equation (1.4.14)), we have

+oo
f(t) <a(t) (1 + ZQ(T)’“UZ(t)> = a(t) ea(t, (9(T))),
k=1

concluding the proof. O

2.2.1. Consequences of the Generalized Gronwall Inequality. Now let
us take into account some consequences of the generalized Grénwall Inequality.
First of all, let us show the following bound on the distance between the solutions.

PROPOSITION 2.2.3. Let F; : [0,T;] xR — R with i = 1,2 and ® € SBF a
driftless Bernstein function such that hypotheses of Theorem[2.1.9 are verified. Let
fi 1[0, T;] = R (i =1,2) be solutions of

{a@ fit) = Fi(t, f:(t)) te(0,T]

(228) £:(0) = £
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with || fill ¢(jo.7) < R for some R > max{|fql, | f§|}-
Set T = min{Ty,T>} and suppose that for any R > 0 there exists a constant Mg > 0
such that
|F1(t,z) — Fa(t,x)| < Mg Vt € [0,T], Vz € [-R, R]
Then it holds

1 = Felleqory < (fo = f3l + MRUs(T)) ea (T, L)

PROOF. Define h: ¢ € [0,T] — |f1(t) — f2(t)| € R. As f; is solution of (2.2.8)
and f;(t) < R for t € [0,T], we have

t
Bt < |1 - 21+ / wa(t — )| Fi(5, () — Fa(s, fo(s))]ds.
Now, since f;(s) € [-R, R], we have

[F1(s, f1(s)) = Fa(s, f2(s))| < Lrh(s) + Mg
and then
h(t) <|fs — f31+ MrUs(t) + LR I% h(1).
Finally, by Theorem being U non-decreasing, we conclude the proof. O

With the same spirit, we can now investigate continuous dependence with re-
spect to the initial datum and some parameters in a certain parameter space. To
do this, let us first stress out that if F' and & satisfy the hypotheses of Theorem
then the guaranteed existence and uniqueness interval is given by [0, 7] where

T=U} (c%) where R > |fo| and R = R+ |fo| + 1.

2.2.1.1. Continuous dependence on the initial datum. Let us first investigate
the continuous dependence on the initial datum. To do this, let us first observe
that if we fix fo € Rand § € (0, 1), then there exists a common interval of guaranteed

existence as the initial datum varies in (fy — 0, fo + ¢) (see [15) Proposition 6.1]).

LEMMA 2.2.4. Let F :[0,T] x R — R satisfy the hypotheses of Theorem .
Fiz R = |fo| + 1 and 6 € (0,1). Then there exists Ty > 0 such that for any

fo € (fo— 9, fo +9) the problem

(2.2.9) OTf(t) = F(t, (1)) te (0,1,
f(@) = fo

admits a unique solution in (¢ ) C7°([0,T1]).

PRrOOF. We only have to observe that |fo| < |fo| + 6 < |fo| +1 = R, thus we

can choose Ty = Ug~ (C—i) O

REMARK 2.2.5. Here we considered only ¢ € (0, 1), but, obviously, we can revert
in some sense the argument. Indeed, consider a compact set K C R. Without loss
of generality we can consider K = [a,b] for some a,b € R with a < b. Then define

fo = “7“7, 6 = b’?“ and R > |fo| + 0 = b. Then we can choose T} = U§" (C%)
for such choice of R to obtain that the Cauchy problem (2.2.9) admits solution in

[0, 7] for any fo € [a, b].

Now we can show the continuity of the solutions with respect to initial datum,
as done in [15] Proposition 6.2].
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PROPOSITION 2.2.6. Fiz fy € R and d € (0,1) and set R = |fo|+1 and T > 0 as

in Lemma)|2.2.4). Suppose F: [0,T]xR — R and & € SBF satisfy the hypotheses of
Theorem |2.1.4. Define the function W : fo € (fo— 9, fo +8) — ¥(+; fo) € C°([0,T))
where

O*W(t; fo) = F(t, U (t; fo)) t€[0,T]
v (0; fo) = fo-
Then U is Lipschitz with constant Ly < ¢q(T; LR).

PROOF. Fix fd,f2 € (fo — 0, fo + &) and define h(t) = |¥(t; f§) — W(t; f3)].
Then we have

t
h(t) < |fo — f5l +/ up(t — s)|F (s, U(s; fg)) — F(s,¥(s; f5))|ds.
0
Now, by our choice of T', we have that |¥(s; f¢)| < R, thus we obtain

h(t) < |fy — f31+ LrI® h(t).

By using the third part of Theorem and the fact that eq (¢, Lg) is increasing
in ¢t we conclude the proof. ([l

2.2.1.2. Continuous dependence on a parameter. Now let us suppose the non-
local Cauchy problem we are considering depends on some additional parameters,
varying in some metric space. As before, we first want to show that we can choose
a constant T' > 0 such that the solutions of the parametric Cauchy problem exists
in [0, 7] as the parameters belong to some set (see [I5] Proposition 6.4]).

LEMMA 2.2.7. Let (V,d) be a metric space, F : [0,T] x RxV — R and ¢ €
SBF. Suppose, for any fized v € V, F(-,-;v) and ® satisfy the hypotheses of
Theorem [2.1.2. Moreover, suppose that for any fized R,r > 0 and vy € V, there
exists a constant L(r, R,vg) such that Vv € By (vg) it holds

|F(t,z;v) — F(t,z;v0)| < L(r, R,v)d(v, vg) Vx € [-R, R], Vt € [0,T].

Fiz vog € V. Then there exists a constant T1(r, fo,vo) > 0 such that the Cauchy
problem

(2.2.10) {Wf(f) = F(t, f(t);v) te(0,T],

f@) = fo
admits a unique solution for any v € Br(vo).

PrOOF. Fix R = |fo| + 1 and consider z € [—R, R]. Then we have, by the
hypotheses of Theorem

|F(t, ;v0)| < Cr(vo).
Now consider any v € B,.(vg). Then we have
|F(t, z;v)| < |F(t,z;00)| + |F (¢, x;v) — F(t, z;v0)| < Cr(vo) +rL(r, R, vp).

Thus, the constant T} we are searching for is given by

R
T =Us .
1=Us (CR(UO) +rL(r, R, v0)>
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Now we are ready to show continuity with respect to the parameters in (V, d)
(see [15], Proposition 6.5]).

PROPOSITION 2.2.8. Let (V,d) be a metric space, F : [0,T] x RxV — R and
® € SBF. Suppose, for fited v € V, F(-,-;v) and ® satisfy the hypotheses of
Theorem [2.1.3. Moreover, suppose that for any fized R, > 0 and vy € V, there
exists a constant L(r, R,vg) such that Vv € B, (vg) it holds

|F(t,z;v) — F(t,z;v0)| < L(r, R,v)d(v, vg) Vz € [-R,R], Yt € [0,T].
Fizvo €V, r >0 and fo € R. Consider R = |fo| +1 and let Ty > 0 as in Lemma
. Define the function W : v € B,.(vg) — ¥(-;v) € C°([0,T1]) where

O%U(t;v) = F(t,¥(t;v);v) t € (0,Ty]
{‘I’(O;U) = fo.
Then U is continuous in vy. In particular, it holds

[W(50) = ¥(s00)loomy) < L(r R, vo0)Us (T1) ea(T1; Lr)d(v,v0), Vo € Br(vo).

(2.2.11)

ProoF. For any v € B, (vg), define the function
h(t) = [¥(t;v) = W(t;vo)|

and observe that
t
h(t) < / ug(t — 8)|F (s, ¥(s;v);v) — F(s,¥(s;v0);v0)|ds.
0

By definition of T3 > 0 we have that ¥(s;v) € [-R, R] for any s € [0,73] and
v € By(vp), thus we obtain

|EF'(s,¥(s;v);v) — F(s,¥(s;v0);v0)] < L(r, R,vo)d(v,v9) + Lrh(s).
Hence we achieve
h(t) < L(r, R,vo)d(v,v0)Us(T1) + Lr Z® h(t).

The third part of Theorem and the fact that e (t; Lg) is increasing conclude
the proof. 0

2.3. Non-local Cauchy problems in ¢ and birth-death polynomials

In Section [2.I] we gave some conditions to obtain local existence and uniqueness
of solutions of non-local abstract Cauchy problems in the form (hence also
in the non-linear case) for some Bernstein function ® € SBF that is regularly
varying at infinity. However, in Subsection |1.4.2| we studied the eigenvalue problem
for the non-local convolutionary derivative 9® for any ® € BF. Thus, one could
ask if such results on the eigenfunctions of % can be used to obtain solutions of
problems of the form where the right-hand side of the equation is a linear
function. This is done, for instance, in the local case by means of Fourier series
for the heat equation, which, after giving an L? initial datum, can be seen as an
abstract Cauchy problem in a L? space.

In this section we will consider some non-local difference-differential equations that
can be seen as abstract Cauchy problems in some ¢? spaces. In particular such
Cauchy problem arise from a specific class of birth-death processes that we will
call solvable, and are strictly linked to classical orthogonal polynomials of discrete
variable. In particular, we will show existence and uniqueness of the solutions
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of these particular equations by means of a spectral decomposition in terms of
suitable orthogonal polynomials and then, in the next section, we will provide some
stochastic representation of the solutions.

2.3.1. Solvable birth-death processes. The theory of birth-death polyno-
mials and spectral decomposition of birth-death processes is presented in the sem-
inal papers [80] [82]. Here we focus on a particular class of birth-death processes
whose spectral measure is actually the invariant measure and the spectrum of the
generator is purely discrete, real and non-positive.

Let us first introduce some notation. Let £ C Ny be a finite or at most countable
set and N (¢) a time-homogeneous continuous-time Markov chain with state space
E. Let us denote by

plt,zy) = P(N(t+s) =2[N(s) =y), xyekE, t>0

the transition probabilities and P(t) = (p(¢, #;Y))s ye e the transition matrix. Then
P(t) can be seen as a semigroup acting on a suitable Banach sequence space b and
we can consider its generator G. N(t) is a birth-death process if and only if there
exist two non-negative functions b,d : E — Ry such that for any f € D(G)

G f(z) = (b(z) — d(2))6" f(2) + d(2)0°f(z),  z€E,

where

5 f(z) = fla+1) - f(x) 6~ f(x) = f(z) - fle—1)
and

8 f(x) = 676" f(z) =670 f(a) = fx +1) = 2f(2) + f(z — 1).
Let us observe that 6% = Di, 6~ = D', and 62 = D?, according to the notation
introduced in Section [I.5] The functions b and d are called respectively birth and
death rates. Moreover, if we suppose N(t) is irreducible, then E has to be a
segment in N (i.e. if ny,ny € E and ny < n < ng, then n € E). We can always

suppose that min £ = 0 and N(¢) does not admit a cemetery (i.e. d(0) = 0). In
particular, we define the following class of birth-death processes (as done in [22])

DEFINITION 2.3.1. We say that a birth-death process N (t) is solvable if

e N(t) is irreducible and recurrent;
e N(t) admits an invariant and stationary measure m on E;
e The function m(z) = m({z}) solves the discrete Pearson equation

(23.1) 5H(d(m())(@) = (b() - d@)m(x) € E;

e d is a polynomial of degree at most 2 and b — d is a polynomial of degree
at most 1;

e G is a diagonalizable operator with non-positive eigenvalues (A, )ne g, such
that Ag = 0 and A\, < 0 for any n > 1, and its eigenfunctions (P, ),cg are
classical orthogonal polynomials of discrete variable whose orthogonality
measure is actually m.

Observe that any invariant measure m satisfies Equation (2.3.1). We refer to
it as discrete Pearson equation since d and b are polynomials (in analogy to the
Pearson equation, see [62].)
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First of all, let us remark that if N(¢) is a solvable birth-death process, then the
eigenvalues of G can be obtained by using the formula

(2.3.2) An =06 (b(-) —d(-))(z) + %n(n —1)8%d(x),

where, since d is a polynomial with degree at most 2 and b— d is a polynomial with
degree at most 1, §2d(z) and §* (b — d)(z) do not depend on z. Concerning the
semigroup P(t), it can be seen as defined on ¢?>(m) and then D(G) = £%(m).
Moreover, if E = Ny, let us observe that equation can be rewritten as

(2.3.3) d(z+ )m(z + 1) = b(z)m(x),

hence it is easy to see that a solution m exists if and only if

ST bt
(2.3.4) ;kl;[() qhrD) < T

In particular, since both b and d must be polynomials, then lim,_, d(l;(ii)l) exists

and condition (2.3.4) implies that

lim ﬂ <1.
z—+oo d(x + 1)
However, we can easily exclude the cases in which lim,_, % = 1. Indeed this

could happen if and only if b(x) and d(z) are polynomials of the same degree and
with the same director coefficient. However, if b and d are polynomials of degree
0 or 1, then we should have A, = 0 for any n € Ny, which is absurd. If b and d
are polynomials of degree 2, then, since we need A, < 0 for any n > 1, the director
coefficient of d must be negative, which is absurd since in such case there exists
xo € E for which, for any x > x¢, it holds d(z) < 0. Thus we conclude that

b(z)
2.3.5 lim ——— <1
Concerning the orthogonal polynomials P,, let us observe that the orthogonality
relation can be written as

Z Po(z) Py (x)m(z) = 02 §pm

el
where 9, = || Py ||j2(m) and 0y, is the Kronecker delta symbol. The orthonormal
polynomials will be denoted as Q,, = I;—" Moreover, the function m(z) = % defined
on E induces a measure on F. Then, by using Gram-Schmidt orthogonalization
procedure on the monomials (z"),¢cg, one obtains the family of polynomials ]Bn(ac)

that are orthogonal with respect to the measure m on E defined by m({z}) = m(x).
In particular it holds, for any n,m € E,

z€E

1
m(n) n,m:-
For this reason, the family of polynomials (ﬁn)ne g is called the dual family of
(Po)ner (see [I13]). We say that a family of classical orthogonal polynomials of
discrete variable (P,,),cg is self-dual if the dual family coincides with (P, ),ecp and
P,(z) = P;(n) for any n,z € E.
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We can also introduce the forward operator, that for a birth-death process N(t)
is given by

(2.3.6) F f(@) = =67 [(b() = d(-)f()(x) + 8*[d() ()] ().
An interesting property concerning solvable birth-death processes is that the for-

ward operator admits the same eigenvalues of the generator and the eigenfunctions
are given by m@,, (as shown in [22] Lemma 2.1]):

LEMMA 2.3.1. Let N(t) be a solvable birth-death process, F be its forward op-
erator and m be its stationary measure. Let (Qn)necr be the associated family of
orthonormal polynomials. Then, for any n,x € E it holds

F(m(-)@n () (@) = Anm(z)Qn(x)
where (An)necr are the eigenvalues of the generator G.

PROOF. Before proceeding with the proof, let us recall the discrete Leibniz rule
for the difference operators 6*:

5 (fg) () = f(z +1)0"g(x) + g(2)d" f(2)
6~ (fg)(x) = f(x)0"g(x) + g(z = 1)6" f(x).

Moreover, let us use the notation 6+ and 62 to refer to the variable we are working
on.

We have, by definition of F
F(m()Qn()(x) = =62 ((b(2) = d(2))m(2)Qn(2))(x) + 62 (d(2)m(2)Qn(2))(2)
=07 [=(b(2) = d(2))m(2)Qn(2) + 0, (d(y)m(y)Qn(y)) (2)](2).
Now we can use the discrete Leibniz rule for 6 to achieve
F(m()Qn())(x) = 67 [~(b(2) — d(2))m(2)Qn(2) + Qu(2)dy (d(y)m(y))(2)
+07Qn(2)(d(z + 1)m(z +1))](z)
=0, [07Qu(2)(d(z + 1)m(z +1))] (),

where the first inner summand is actually 0 by the discrete Pearson equation ([2.3.1)).
Now let us use the discrete Leibniz rule for 6~ to achieve

F(m()Qu()(x) = 8*Qu(x)(d(z)m(2))(x) + 5+ Qn ()07 (d(z + 1)m(z +1))(x)
= 0°Qu(x)(d(z)m())(x) + ¥ Qn(x)6™ (d(-)m())(x)
= m () G Qn(x) = Anm(z)Qn (),
where we also used the relation §* f(x) = 6, (f(z + 1))(x) and, again, the discrete

Pearson equation ([2.3.1)). O

Concerning the existence of the moments of N(t), in the stationary case we
have that N(¢) admits moments of any order. This is obvious when E is finite.
However, to show this property for £ = Ny, we need the following proposition.

PROPOSITION 2.3.2. Let N(t) be a solvable birth-death process with stationary
measure m and state space E = Ngy. Then there exists a constant p < 1 and a state
xo € E such that for any x > xq it holds

(2.3.7) m(z) < p® om(xg).
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PROOF. Let us reconsider the discrete Pearson equation written as in (2.3.3):

b(z)
l)= —— .
m(z+1) e 1)m(x)
Let us recall that, by (2.3.5) -, it holds limg_, | o d(b:v(Jr)l) =Il<1 Fixpe (1) and

b(x)
d(z+1)

observe that there exists a state zg € Ny such that
Then we obtain

< p for any = > xg.

m(z+ 1) < pm(z).
Thus, inequality (2.3.7) follows inductively from the previous one. O

From this Proposition we have directly the following Corollary.

COROLLARY 2.3.3. Let N(t) be a solvable birth-death process with stationary
measure m such that N(0) admits distribution m. Then N(t) admits moments of
any order for any t > 0.

The most important result concerning solvable birth-death processes is strictly
linked with the backward and forward Kolmogorov equations. Let us first consider
the backward one

(2.3.8) {iﬁ‘(t’y) =G0u(t,y) t=0,yck

u(0,y) = g(y) yek
and let us denote u : t € [0, +00) > u(t,-) € £*(m) the solution map. Let us recall
the definition of strong solution of (2.3.8].

DEFINITION 2.3.2. We say that u is a strong solution of (2.3.8]) if:

e u(t,-) belongs to £2(m) for any ¢t > 0 (and then u is well defined);
e we O([0,+00): 2(m)) N C1((0, +50): £2(m));
e the equations in ([2.3.8) hold pointwise.

The same definition holds for the forward problem

dv
(2.3.9) @(ta)=Fo(t,x) t>0, z€E

v(0,z) = f(z) r € FE.
For solvable birth-death processes the following spectral decomposition theorem
holds.

THEOREM 2.3.4. Let N(t) be a solvable birth-death process with state space F,
invariant measure m, generator G, forward operator F (with eigenvalues (An)ner)
and associated family of orthonormal polynomials (Qn)ner. Then the following
assertions hold true:

e The transition probability function p(t,x;y) admits the following spectral
representation:

p(t,z;y) = Ze)‘tQ Qny) r,y € E, t>0;
nekr

o If g € £2(m) with decomposition g(y) = Y oner In@n(y) for any y € E
where (gn)ner belongs to (?(E), then the Cauchy problem (2.3.8) admits
a unique strong solution given by

Ze’\th Zptccy yeE t>0.

nek zel
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In particular, p(t,x;y) is the fundamental solution of %‘(t,y) = Gu(t,y).
Moreover, denoting by E,[-] = E[-|N(0) = y], then one obtains

u(t,y) = By[g(N(0))];

(
o If f/m € *(m) with decomposition f(z) = m(z) > ,cp [nQn(x) for cmy
x € E where (fn)ner belongs to (2(E), then the Cauchy problem (2
admits a unique strong solution given by

2) Y MQu(@)fo =Y plt,aiy)fly)  zEE, t>0.

nek yeE
In particular, p(t, z;y) is the fundamental solution of ‘9”( x) = Fu(t,z).
Moreover, if f > 0 and ||fHe1(E) = 1, denoting by IP’f() the probability

measure obtained by P conditioning with the fact that N(0) admits distri-
bution f, then one obtains

v(t,z) =Py (N(t) = x).

The previous Theorem gives us spectral decompositions and stochastic rep-
resentations of the solutions of the backward and the forward Kolmogorov equa-
tions. We can use such decomposition to obtain informations, for instance, on the
moments of the process N(t). In particular, we can obtain informations on its
covariance.

PROPOSITION 2.3.5. Let N(t) be a solvable birth-death process with invariant
measure m. Let us denote by Covp,(-,-) the covariance operator conditioned under
the fact that N(0) admits distribution m. Then there exists a constant a; € R such
that for any t,s > 0 it holds

Covn (N (t), N(s)) = a2elt=sl,
In particular, being N(t) a second-order stationary process if N(0) admits distribu-
tion m, it is short-range dependent.

PROOF. First of all, let us observe that since m admits moments of any order,
Cov, (N (t), N(s)) is well-defined. Since N (t) is stationary it holds for any ¢ > s
(2.3.10)

Covy, (N (t), N(s)) = Covyn(N(t — 5), N(0)) = E,,[N(t — s)N(0)] — E,,,[N(0)]%.

Let us denote by «(x) = z. Since ¢ is a polynomial of degree 1, it can be written as
a linear combination of Q¢ =1 and @1 (), obtaining

vx) =ag+ a1Q1(x)
for some constants ag and a;. Now let us evaluate E,,,[N(0)]. We have, by definition,

(2.3.11) E..[N(0)] = Z axm(z) = ap + a1 Z Q1(z)m(z) = ap

zel zeE

since Y . p Qi(x)m(x) = > 5 QoQ1(x)m(x) = 0 by orthogonality relation. On
the other hand, we have

En[N(HN(0)] = > EL[NE)N(0)] P (N(0) = 2) = > 2 E[N(t)]m(z).

el zEE
By Theorem [2:3.4] we have that

E.[N@)] =E.[t(N(t))] = ao + alQl(x)e)‘lt.
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Thus, we get

(2.3.12) E,,[N(t)N(0)] = Z(a0+a1Q1(x))(ao—i—alQl(ac)eAlt)m(m) = aZ+aleM?,
z€EE

Substituting equalities (2.3.11)) and (2.3.12)) in (2.3.10) we conclude the proof. [

Let us now make a classification of such solvable birth-death processes. Let us
focus on the case £ = Ny. First of all, let us observe that since lim,_, ; o % <1,
we have deg b(z) < degd(z). If degd(z) = 0, then also deg b(z) = 0, which is absurd
since in such case A, = 0 for any n > 0. Thus we have that degd(xz) > 1. Let us
consider then degd(xz) = 1. Thus we have degb(z) < 1.

e If degb(x) = 0 and the director coefficient of d is positive, then we are
considering an immigration-death process, as described in [7]. In such case
the orthogonal polynomials are Charlier polynomials (see [113}, 133]).
Indeed, since d(0) = 0, it must be d(z) = dox and b(z) = by for some
constants dg > 0 and by > 0. Setting p = Z—‘;, the invariant measure

m(x) = e P % is a Poisson distribution and the orthogonal polynomials
are actually Charlier polynomials of parameter p.

e If degb(z) = 1, to obtain a state space E = Ny, one has b(z) = by(z + )
and d(x) = dpx with by, dp > 0. The invariant measure is given by

(B)zp”®
M) =

where (8), = F%ﬁ(;f ) In such case we are considering a Meixner process as

discussed in [81] and the orthogonal polynomials are Meixner polynomials

of parameters p = Z—g and f3.

Concerning the case degd(x) = 2, one has to observe that, to achieve A,, < 0, the
director coefficient of d must be negative. Then we should have d(z) < 0 for x
sufficiently big, which is absurd. We can conclude the following proposition.

PROPOSITION 2.3.6. Let N(t) be a solvable birth-death process with state space
E. Then, one of the following properties holds true:
o FE is finite;
e N(t) is an immigration-death process;
e N(t) is a Meizner process.

In particular E is either finite or the orthogonal polynomials P, are self-dual.

2.3.2. Strong solutions of the non-local Kolmogorov equations. Now
we can focus on the following non-local Cauchy problem

© ) — . ; 5
(2.3.13) Ofult,y) = Gult,y) t>0, ye
u(0,y) = g(y) y € E,
for some suitable initial datum g, where G is the generator of some solvable birth-

death process N (t) with state space E. Let us define the function u : t € [0, 400) —
u(t,-) € £?(m) as before. Now we can give the definition of strong solution for the

Cauchy problem ([2.3.13)).

DEFINITION 2.3.3. We say u is a strong solution of (2.3.13) if:
e u(t,-) belongs to £2(m) for any ¢ > 0 (and then u is well defined);
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u € C([0, +00); £2(m));

OFu(t,y) exists for any t > 0 and y € E;

O2u(t,-) belongs to £2(m) (and then 97 u is well defined);
97 u € C((0, +00); £*(m));

the equations in hold pointwise.

The idea is to apply some spectral decomposition technique to obtain strong
solutions of the non-local Cauchy problem . Before doing this, let us give
some heuristics to show what is the expected form of the solutions. Suppose we
want to find a solution u(t,y) = T(¢)p(y) by separation of variables. Then the first
equation of can be decoupled, leading to two eigenvalue problems:

{g o(y) =rply) yeE

O®T(t) = \T(t) t>0.

Now, since we know that G is the generator of some solvable birth-death process,
if we consider the family of orthonormal polynomials (Q,),cr associated to it, we
have that ¢ = @, up to a multiplicative constant and A\ = A, for some n € Nj.
Then, concerning the second equation, it is a relaxation equation for the non-
local derivative % with ), < 0, thus we have, up to a multiplicative constant,
T(t) = ea(t; A\n). In general we expect our solution to be a linear combination of
these simple ones, i.e.

U(t,y) = Z unQn(y) e@(t; )‘n)

nek

for some coefficients u,,. Now let us suppose the initial datum g € ¢?>(m). Then
we have g = > - 9nQn(y) for some coefficients g,,. However, since e (0; \p) = 1
and (Q,,)ner constitute an orthonormal system in £2(m), we obtain, from u(0,y) =
9(y), un, = gy, for any n € E. We conclude that the expected solution is of the form

ult,y) =Y gnQn(y) ea(t; An),

nek

where g,, are the coordinates of g € ¢?(m) with respect to the orthonormal basis
(Qn)nGE

As we will see in the following, if E is finite this heuristic argument is formal. The
real problem arises when F is infinite and then the sums are actually series. In this
case we need to show the convergence of the involved series and the fact that we
can exchange the operators 9% and G with the summation operator.

To do this, we first need to identify in some sense the fundamental solution. Thus,
let us prove the following Lemma (see [22, Lemma 4.1]).

LEMMA 2.3.7. Let N(t) be a solvable birth-death process with state space E,
generator G, invariant measure m and family of associated orthogonal polynomials
(Pp)ner- Then the summation

(2314) 3 (tv €5 y) = m(w) Z e@(t; )‘n)Qn(w)Qn(y)
nek
absolutely converges for any fited t > 0 and z,y € E.

PROOF. Let us first observe that if E is finite, then the summation is finite.
Thus, let us work in the case E = Ny (and N(t) is either an immigration-death
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process or a Meixner process). By using the definition m(n) = o% together with
the self-duality of (P,)n>0 we get

+oo
pa(t,x:y) = m(z) 3 i(n) e (t: An) Pa () Pa(y)

n=0
+o0

=m(z) Y m(n)ea(t; ) Pe(n)Py(n).

n=0

Let us denote by root(z) the set of the roots of the polynomial P.(n). Then,
by fundamental theorem of algebra, the cardinality of root(z) is at most . In
particular we can define

ng = [max(root(z) Uroot(y))] + 1

and observe that the series (2.3.14]) absolutely converges if and only if the series
—+o0

n=no

absolutely converges. Now let us observe (see, for instance, [I13], Table 2.3]) that
the director coefficient of P,(n) is positive if z is even and negative if = is odd.
Thus we have, by also using eq(t; A,) < 1 since A, <0,

400 +o00
Y li(n) ea(t; An) Po(n)Py(n)] < (=1)"4 Y i(n) Pu(n) Py ().

Now let us observe that the series Z:ijm m(n)Py(n)Py(n) converges if and only if
the series S m(n)P, (n)P,(n) converges. In particular, we have

n=0
“+o0
~ 1
nz::Om(n)Px(n)Py(n) = W% < o0,
concluding the proof. O

Now that we have shown the convergence of the series that will be our funda-
mental solution, let us show a technical Lemma concerning the convergence of some
useful series (see [22], Lemma 4.2]).

LEMMA 2.3.8. Let N(t) be a solvable birth-death process with state space E =
Ny, generator G, invariant measure m and family of associated classical orthogonal
polynomials (Pp)nep. Let g € £2(m) such that g(x) = Y, . p gnQn(x) for z € E
with (gn)n>o0 € £2. Then

(1) For any x € E it holds

= HgHZQ(m)
n=0

m(z)

(2) For any fived x € E the sum ZZ:& ea (£, An)gnQn(x) normally converges
for t € [0, +00);

(3) For any fired x € E and Ty > 0 the sum Z::J An ea (t, An)gnQn(x) nor-
mally converges for t € [T, +00).
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PROOF. Let us first show property (1). Let us observe that, since (Qn)ner
is an orthonormal basis of £*(m), we get > 92 = ||g||§2(m). By using Cauchy-
Schwartz inequality and the self-duality relation (let us recall that if E = Ny, then
N(t) is either an immigration-death process or a Meixner process) we get

2

S 9aQu@)] | < 1191y 3 Q2(@) = 9112y S (0) P2()

n>0 n>0 n>0

B ”g”?Q(m)
oom@)

To show property (2), let us just recall that since A\, <0 then eq(t, A,) < 1 and

> gn ea(t, 2)Qn(2)] <D |92 Qn ().

n>0 n>0

Finally, concerning property (3), let us observe that for ¢ > T3 it holds e (¢, An) <
¢s(T1, Ap). Thus, by using Proposition [1.4.12] we get

Z |)‘ngn e<1>(tv )‘n)Qn(x” < Z ‘)‘ngn e<I>(T17 )‘n)Qn(x” < K(TI) Z ‘gnQn(x”v

n>0 n>0 n>0

concluding the proof. O

Now we are ready to show the two main results of this section. The first one
concerns strong solution of (2.3.13) (see [22] Theorem 4.3]).

THEOREM 2.3.9. Let N(t) be a solvable birth-death process with state space
E, generator G, invariant measure m and family of associated classical orthogonal
polynomials (Pp)nep. Let g € (2(m) with g = Y, 5 gn@n in (*(m). Then the
Cauchy problem admits a unique strong solution

(2.3.15) ult,y) = > ealt,An)gnQn(y) t>0, yeE
nek

with [l o0, 4o0)se2(my) = SUPz0 1U(ts )l 2my < N9lle2(m)- Moreover, pa(t, z;y)
is the fundamental solution of (2.3.13)), in the sense that it is the unique strong
solution of (2.3.13) for g(y) = 6,4 as x,y € E and, for any g € (*(m), it holds

u(t,y) =Y pa(t,ziy)g(x).
zeE

PrROOF. By Lemma we know that the summation in (2.3.15)) is well de-
fined. Moreover, we have, for the single summand,

g[etb (t7 )\n)gnQn}(y) = ¢ (t7 An)gn g Qn(y) = Apep (t7 )\n)gnQn(y)
= 61? 433 (ta An)gnQn(y) = (9?[6@(', An)gnC?n (y)]
In particular this ensures that u is a strong solution of (2.3.13) whenever FE is
finite.

Let us consider the case in which £ = Ny. First of all, let us show that u is
well-defined. To do this, define the partial sum

N
NEY) =D ealt,A)gnQu(y) >0, y€E

n=0
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for some N € N. Consider N < M in N and observe that, since e (t, A,,) < 1 being
An <0, it holds

HU’N(t7 )_ UM( HZQ(m) Z gn7

n=N+1

that, since (g, )n>0 € €2, ensures that the series in (2.3.15) converges in ¢2.
Let us consider the integrated tail I of the Lévy measure vg that is an increasing
and non-negative function. In particular we have

/ (u(r,y) — u(0+, y))Pa(t — 7)dr = / (u(r,y) — u(0+,y))dlo(t — 7).
0 0

In Lemma we have shown that the series defining u(t,y) normally converges
for fixed y, thus we can exchange summation and integral sign by [126], Theorem
7.16], obtaining

—+o0

/0 (U(T,y)U(0+,y))Vq>(tT)dT—Z< / <e<p<7,y>1>uq><t7>d7) 00 @n(y).

n=0

Now we want to show that we can take the derivative in ¢ term by term. To do
this, let us observe that

“+o00 a t
> ot </0 (ea(r,y) — 1)Ta(t — T)dT) gnQnly Z OF e (t: An)gnQn(v)
= n=0
+oo
= Z An €3 (t, /\n)gnQn(y)’
n=0

where the series on the right-hand side normally converges in any compact interval
[Ty, Ts] with Ty > 0. Thus we can exchange the derivative operator with respect to
the summation one, obtaining

at ZA B(p t A )gnQn Zed> t )\ gnan( )

n=0

Now we have to show that we can exchange the operator G with the summation
operator. To do this, we just have to observe that, since the involved series normally
converge for ¢ € [0, 4+00), we have

+o0 oo
6t Z ¢a(t, An)gn G Qn(y) = Z ¢ (tv An)gn g 6+Qn(y)v
n=0 n=0

(SQZeq)t)\ gnan Ze¢t>\ gng§2Qn()

Thus, we finally obtain

“+oo “+o0
OFult,y) = D ea(t, An)ga G Qu(y) = G D ealt, An)gaQu(y) = Gu(t.y).
n=0

n=0
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Now that we have shown that the first equation of (2.3.13]) holds pointwise, we have
to check for the second one. To do this, just observe that e (0, \,) = 1 and then

ZgnQn = 9(y).

Let us also observe that, arguing as we did for u, we have dfu(t,-) € £2(m) and
OF u is well-defined.

Now we have to show that u is continuous in [0, +00). Let us show continuity in
0, since for any other ¢ > 0 the proof is analogous. Let us consider n(g) > 0 such
that ) — n(e) g2 < e. Then we have

n(e)
2
u(t) = glle2qamy < D (1= ea(t, An))’gh + e

n=1
Sending ¢t — 0% and then ¢ — 0T we obtain the assertion.
Concerning the continuity of 92 u in (0,+00), let us fix o > 0 and t; € (0,tp).
Consider t > t; and observe that

n(e)

Haq) 8(1) )sz( < Z e<I> t )\ eq>(t03)‘n))2gr2L +K(t1)57

obtaining the claim by sending ¢ — ¢y and € — 0.

Uniqueness follows from the fact that (Q,)ncr is an orthonormal basis of £2(m)
(both in the finite and countably infinite case). Moreover, since (Qy)nep is an
orthonormal basis of £2(m), we have

2
)22y = Y €8 An)gn < 11912 ()
nek

and then, taking the supremum, we obtain the desired bound on the norm of .
Now let us show that pe(t,z;y) is the fundamental solution. To do this, let us
observe that, since all the involved sums are normally convergent in compact sets
containing ¢, we can use Fubini’s theorem to obtain

> palt,zsy)g(e) = Y m(x) <Z e (t, An)Qn(w)Qn(y)) g(@)

2€E zeE nek
=Z%@%M%ZMMMWW>
nekr zelE
nekr

Finally, fix z € E and consider g(z) = 6, ;. Then we have

= Z pa(t,z;9)g(x) = pa(t, 2;y),

zeE
concluding the proof of the Theorem. O

Now we want to do the same thing with the non-local forward equation

oFv(t,r) = Fo(t,r) t>0, z€FE
2.3.16 ¢
(2:3:10) {mmm—f@> veE,
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where f is some suitable initial datum and F is the forward operator of some
solvable birth-death process. We define the function v as done for v and we refer
to the definition of strong solution as given in Now we are ready to show the
second main result of this section, concerning strong solutions of (see [22]
Theorem 4.4]).

THEOREM 2.3.10. Let N(t) be a solvable birth-death process with state space
E, forward operator F , invariant measure m and family of associated classical
orthogonal polynomials (Py)nep. Let f/m € (*(m) such that f = mY, cp fnQn
in £?(m). Then the non-local Cauchy problem admits a unique strong
solution

(2.3.17) v(t, ) = m(x) Z e (t, An)gnQn (), t>0, z€F
neE
satisfying the following norm estimates:
° HUHC([O,JFoo);e?(m)) = SUP¢>o ||U(t7')H€2(m) < ||f/m||42(m)?
o sup;>q [v(t, ) /mC) gz imy < 11F /M2 (m)-
Moreover, pg(t,z;y) is the fundamental solution of , in the sense that it

is the strong solution of (2.3.16) as f(x) = 0y, for fized y € E and for any
f/m € £%(m) it holds

v(t, ) =Y palt,ziy) f(y)-

yek

PrOOF. Once we have checked that a single summand of (2.3.17)) is a solution
of the first equation of (2.3.16)), the proof is analogous to the one of Theorem [2.3.9}
except for the first norm bound. Let us then observe that

Fam(2) ea(t; An)Qn(2)] = A ea(t, Aa)m(2)Qn(2) = 07 [m(2) ea (t, An)Qn(2)]-

Concerning the first norm estimate, let us recall that m is a probability measure
on E, thus 0 < m(z) <1 for any € E. Then it holds

2
ot My = 3 () (Z colt, An>fnc2n<x>>

reE nekE

< Z m(z) (Z e@(thn)ann(x)>

zel nek
2
= > a2 < I /mllz gy »
nek

completing the proof. O

In the next section we will focus on stochastic representation of the strong
solutions we obtained here.

2.4. Non-local solvable birth-death processes

To give a stochastic representation of the strong solutions of the non-local

Cauchy problems (2.3.13) and ([2.3.16f), we need to introduce a particular class of
time-changed processes.
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DEFINITION 2.4.1. Let N(t) be a solvable birth-death process and ® € BF a
driftless Bernstein function. Then the non-local solvable birth-death process
induced by N(t) and @ is defined as

Ng(t) = N(La(t)), t >0
where Lg(t) is an inverse subordinator associated to ® independent of N (t).

Let us observe that in the local case, the transition probability function p(¢, z; y) =
P(N(t) = z|N(0) = y) is the fundamental solution of the Cauchy problems related
to the backward and forward Kolmogorov equations. Concerning the non-local,
case, the process Ng(t) is not a Markov process, but only a semi-Markov one.
However, we can still define the transition probability function as:

Let us observe that we have used the same notation as the fundamental solution
of the non-local problems (2.3.13) and (2.3.16]). Indeed we can show the following
Theorem (see [22], Theorem 5.1]).

THEOREM 2.4.1. Let Ng(t) be a non-local solvable birth-death process with state
space E. Then the transition probability function pe(t, z;y) coincides with the sum-

mation in Equation (2.3.14)).

PROOF. Let us first observe that Ng(0) = N(0) by the fact that Le(0) = 0
almost surely. Thus, by conditioning, we easily get

+oo
po(tziy) = / p(s,7:) falsit)ds, £ 0, 2,y € E
0

where fg(-;t) is the density of Lg(t).
Now, by Theorem [2.3.4] we know that

+oo
poltass) = [ mia) 3 e Qua)Qulo) fa(s: s,

nek

where (Qn)ner is the family of orthonormal polynomials associated to the solvable
birth-death process N(t), of which Ng(¢) is the time-changed process, and m is
its invariant measure. Thus, if E is finite, recalling that by definition eq (¢, \,) =
E[e**®], we conclude the proof.

Let us consider the case in which F = Ny. We need to change the order of integral
and series. To do this, let us consider again ny = [max(root(x) Uroot(y))] + 1 as
done in the proof of Lemma [2:377] Then we have

+oo "0
poltasy) = [ mi@) 3 M Qu)Qu ) folsit)ds
n=0

+o0 +oo
+/0 m(x) Z e Qn(2)Qn (y) fo(s;t)ds.

n=no

Since the first summation is finite, we can exchange the summation sign with the
integral one. Concerning the second summation, let us observe that

Qn(2)Qn(y) = m(n)Pr(n)Py(n)
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that are of fixed sign for n > ny and we can use Fubini’s theorem to exchange the
integral sign with the summation one. Thus, we finally get

“+oo “+o0
poltaiy) =mla) Y Qu)Qulw) [ M falsi s,
n=0 0
concluding the proof. O

The previous Theorem gives us a stochastic representation of the fundamental
solution of both problems ([2.3.13) and (2.3.16)). By using such result, we can easily

exploit stochastic representations for strong solutions of (2.3.13) and (2.3.16) (see
[22] Proposition 5.2]).

COROLLARY 2.4.2. Let Ng(t) be a non-local solvable birth-death process with
state space E. Then

(1) For any g € *(m) the function u(t,y) = E,[g(Na(t))] is the unique strong

solution of (2.3.13));
(2) For any f € (" such that f/m € (*(m), f >0 and || f||,. =1, the function

v(t,x) =Py (No(t) = x) is the unique strong solution of (2.3.16]).

PROOF. Concerning assertion (1), it follows from the fact that

u(t,y) =Y g(@)pa(t, z;y)

z€E

and Theorem Instead, concerning assertion (2), we have

o(t,x) = > fy)pae(t,z;y),

yek

thus Theorem [2:3.10] concludes the proof. O

Now that we have such representation, we can use the spectral decomposition
provided in Theorem |2.3.10| to show that m is also the invariant measure and the
limit distribution for Ng(t) (see [22] Corollary 5.3]).

PROPOSITION 2.4.3. Let Ng(t) be a non-local solvable birth-death process with
state space E. Then

(1) If N3(0) admits distribution m, then Ng(t) is first-order stationary with
distribution m for any t > 0;

(2) If Ng(0) admits distribution f such that f/m € (?(m), then
limy— 100 P (Na(t) = ) = m(x).

PROOF. Let us first show assertion (1). To do this, let us observe that 1 €
£2(m) and then v(t,z) = P, (N (t) = x) is the unique strong solution of
with initial datum f = m. Now we need to determine m,, such that ) o m,Q,(z) =
1. However, deg(Q,,) = n for any n € E, thus the unique possibility is that my = 1
while m,, =0 for any n € E \ {0}. Finally, by Equation and the fact that
Ao = 0, we get

v(t, z) = m(x) Z Mo, o (t, A\n)Qn(z) = m(z).

nek



2.4. NON-LOCAL SOLVABLE BIRTH-DEATH PROCESSES 59

Concerning property (2), let us consider f € ¢! with f > 0and Y  p f(z) =1
such that f/m € ¢?(m) and suppose Ng(0) admits distribution f. Consider the
decomposition f/m =3 p faQn(z) and let us determine fo. We have

fo=Y m(x )fiQo =Y fl@)

zeE el

Thus, by Equation (2.3.17)), we get
v(t,w) = Ps(Na(t) = 2) = m(x) + Y foeat, An)Qn(x)

nek
n>1
Now let us also observe that f € ¢?(m) since f/m € (?>(m) and 0 < f(z) <
f(z)/m(z) for any € E. Thus in particular the series Y ner fn e (t, An)Qn(x)
n>1

normally converges for ¢ € [0, +00). Thus we can exchange the limit sign with the
summation one. Let us determine lim;_, 4 o ¢a (¢, Ay ). We know that lim;—, 4 oo Lo (t) =
+00 almost surely (driftless subordinators are unbounded) and eq (¢, \,,) is decreas-
ing (since A,, < 0 for any n > 1) with eg (¢, Ap,) < 1. Thus, by monotone convergence
theorem, we have

lim eq(t,\,) = E[ lim eMEe®] =0,

t——+oo t—+oo

Hence we finally get
hm U(t 37) (Z‘) + Z fn tl}gloo eq)(t7 A?L)Qn(x) = m(‘r)

t——+o0
nek
n>1

O

In particular we have shown that the process Ng(t) is first-order stationary if
Ng(0) admits m as distribution. However, we can show that it is not even second-
order stationary in such case, since it is not stationary in wide sense. To do this,
we need a preliminary technical Lemma (see [29] Theorem 2]).

LEMMA 2.4.4. Consider ® € BF a driftless Bernstein function. For anyt,s >0
define the measure

F{P(t,5,A) = P((La(t), Lo(s)) € A), YA € B(R?).
Then for any A >0 and t > s > 0 it holds

+oo +oo 5
(2.4.1) / / e_>‘|“_”|F(£ )(t,s,dudv)
0 0
_ )\/ et — v ~A)dUs(y) — 2+ 2 ea (s —A) + ea(t: —\).
0

PROOF. Denote G(u,v) = e M“~?l. Let us first observe that, by monotone
convergence theorem,
(2.4.2)

+oo +o0o
/ G(u,v)Fg F? )(t s,dudv) = lim lim / / G(u,v) t s, dudv).

a—=+00 b—+00



2.4. NON-LOCAL SOLVABLE BIRTH-DEATH PROCESSES 60

To work with the integral in the right-hand side, we want to use the bivariate
integration by parts formula (as given in [70, Lemma 2.2]), obtaining
(2.4.3)

/ / G(u,v) t s, dudv) = I (a,b)+I2(a, b)+I3(a, b)+F(2)(t $,10,a] % [0,]),

Ii(a,b) = /0 ' FP(t, s, [u,a] x [0,b))G(du, 0),
b
Io(a,b) = /0 FO (¢, 5,[0,a] x [v,8)G(0, dv),
Ls(a,b) / / FO(t, s, [usa] x [v, B))G(du, dv).

Observe that
G(du,v) = (—)\e_A(“_”)Xuzv(u, v) + e MWy (u,0))du
G(u,dv) = Ae "y oy(u,v) — )\e*)‘(”*“)xugv(u, v))dv
thus, for u € [0,al, it holds G(du,0) = —Ae~**du. Hence we can use monotone

convergence theorem to obtain

a,b—+o0

lim Ii(a,b) = /+Oo Féf) (t, 8, [u, +00) x [0, +00))Ae M du
oo
(2.4.4) _ /0 P(Lo(t) > w)d(e)

+oo
=-1 Jr/ e M fo(uyt)du = eq(t; —\) — 1.
0

Arguing in the same way we get

(2.4.5) lim Iy(a,b) = es(s;—A) — 1.
a,b—+o00
Moreover, we have
(2.4.6) lim  F(t,s,[0,a] x [0,b]) =
a,b——+o0

Finally, let us observe that Fg) (t,s,-) is a probability measure on RT x R* and
G(u,v) is bounded by 1, thus the integral on the left-hand side of (2.4.2) is finite.

Combining inequalities (2.4.4), (2.4.5)) and ([2.4.6)), we know that lim, p_, 4 o0 I3(a,b) =

I, is finite. Now let us consider
(247) I4 = // P(ch(t) > u, L@(S) > ’U)G(du, d’U) = I5 + IG + I7
Rt x R+

where

Is = // ) > u, Lo (s) > v)G(du, dv)
Ig = // ) > u, Lo (s) > v)G(du, dv)
I; = // ) > u, La(s) > v)G(du, dv).
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Let us first work with the integral in Ig. Let us observe that G(du,dv) admits a
jump part on u = v. In particular we have, on u = v, G(du, dv) = 2Adu. Moreover,
since Lg is increasing, we have that L (s) > u implies Lg(t) > w. Thus, we obtain

+oo
(2.4.8) Is = 2)\/0 P(La(s) > u)du = 2 \Us(s).

Now let us consider I5. As before, we have Lg(s) > v implies Lg(t) > u, thus we
get, since G(u,v) is C? in the region of R* x R" such that u < v,

—+oo v
I = 7/ P(La(s) > v)Ae ™ (/ Ae)‘“du> dv
0 0

+oo N
(2.4.9) = /0 P(La(s) > v)A(1 — e *)dv

= )\/Jroo P(La(s) > v)dv + /+OO P(Lg(s) > v)d(e )
= —)\Ui(s) +ep(s;—A) — L. '

Concerning I7, things are more complicated. First of all, let us define the set
At s) ={(z,y) e R*: ye0,s], = €[0,t—y]}.

Let us denote by go(du;t) the law of 04 (). Then we have, for u > v, since o is a
Lévy process,

P(Lg(t) > u,La(s) > v) =Plog(u) < t,09(v) < s)
=Plog(u) —oa(v) + 0o (v) < t,08(v) < s)

S tiygq>(dfc;ufv) g (dy; v)
0 </0 )

= // g (dx; u — v)ge (dy;v).
A(t,s)

Now we can substitute such formula in the definition of I7 to achieve

I = — // // )\267)‘(“7”)dudvgq>(dx;u —v) g (dy; u)
A(t,s) u>v

+oo +oo
= )\// / g(dy§1/) (/ (*)\e*/\(ufv))gé(dx;u - U)du) dv,
A(t,s) JO v

where the order of the integrals has been exchanged by using the properties of
mixture measures.
Now let us use the change of variables © — v = w in the inner integral to obtain

ey N (/ " gt o) ( | +°°<—Ae—M>gq><dx;w>dw) .

Now we have decoupled the two inner integrals. Let us define the mixture measures

(0
(0o

(2.4.10)

+o0 too
Is(dy) :/0 9o (dy;v)dv Iy(dx) :/0 (=Xe M) gg (da; w)duw.
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To better understand what are these measures, let us consider their Laplace-Stieltjes
transforms. Concerning Ig(dy), we have

+oo +oo +oo 1
S z) = e %Y ;v)dv = e V@ gy = —— =" z
e = [ e [ st [ dv = g5 = LMo

thus we have Is(dy) = dUs(y), that is well-defined since Ug is locally of bounded
variation. Rewriting I7, we have

I = )\/OS (/Ot_y Ig(dx)> dUs(y).

Now let us determine fot_y Iy(dx). We have

t—y Y
0

i / (A g (s w)d
)

t
+ =y
o (/ gq>(dw;w)> dw
0
+

+
Lo
/ (=Xe

0
+oo

| Fostw) < 1= g -1

= /0 h e M fo(t —y;w)dw — 1 = et —y; —A) — 1.

Hence we get

(2.4.11) I = A/OS ea(t — y: ~\)dUs(y) — \Ua(s).

Substituting Equation , and in we obtain

(2.4.12) Iy = eals—A) — 1+ A /O ot — 1y —\)dUs (1),

Finally, substituting (2.4.4)), (2.4.5)), (2.4.6) and in we conclude the
proof. O

Concerning the autocovariance function we get then

PROPOSITION 2.4.5. Let Ng(t) be a non-local solvable birth-death process with
state space E, invariant measure m and family of associated classical orthogonal
polynomials (P )nep. Suppose that v = ag+ a1Q1 (where o«(x) = x). Then it holds,
foranyt > s,

COVm(N(p(t), N@(S)) = a% (—)\1 /Os 8q>(t —; Al)qu>(y) —2+2 2@(8; )\1) =+ e@(t; )\1)) .

In particular
(2.4.13) Covyn(Na(t), No(0)) = a? eq(t; A1).

PRrROOF. Tt directly follows from Cov,,(N(t), N(s)) = a}e**=5 and Lemma

244 O

We have that Ng(t) is not second-order stationary. However, if we want to
study how memory affects the process, we need to adapt some definitions to our
non-stationary case. In particular, referring to [34, Lemmas 2.1 and 2.2], we give
the following definitions:
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DEFINITION 2.4.2. Set y(n) = Cov,,(Ne(n), Ne(0)) for n € N.

e Ny(t) is said to be long-range dependent with respect to the initial
datum if v(n) ~ ¢(n)n~* where £ is a slowly varying function and « €
(0,1);

e Ng(t) is said to be short-range dependent with respect to the initial
datum if 31 |y(n)| < 4oc.

In particular we get the following result (see [22] Corllary 6.5])

COROLLARY 2.4.6. Let Ng(t) be a non-local solvable birth-death process. Then:
o If ® is regularly varying at 0% with order o € (0,1), then Ng(t) is long-
range dependent with respect to the initial datum;
o [flim, .o+ (biz) =1¢€ (0,+00), then Ng(t) is short-range dependent with
respect to the initial datum.

PROOF. The first statement is a direct consequence of Propositions 2:4.5] and
1.4.15 The second statement also follows from the same propositions with the
application of the integral criterion for the convergence of the series. O

We are currently working on a non-local extension of the spectral decompo-
sition of Pearson diffusions [62] by using the techniques used in [94] and [95].
The extension of such techniques to Student diffusions is quite complicated, as the
eigenfunctions of the absolutely continuous part of the spectrum of the generator
are expressed by means of technically difficult formulas (see [96]) or, as in the case
of skew Student distributions, such eigenfunctions are not explicitly known (see
[31]). See [21] for technical details.

2.5. The Time-Changed fractional Ornstein-Uhlenbeck (TCfOU)
process

As we saw in the previous sections, time-changing a time-homogeneous Feller
process generally leads to a substitution of a non-local derivative in place of the
classical one in the Kolmogorov equations of the process. Even if the process is not
uniquely determined by these equations (since we lose Markov property), we can
provide a stochastic representation of the solutions of some non-local difference-
differential Cauchy problems or some non-local (in time) parabolic equations (in
general, for non-local heat-like equations whose operator in the right-hand side is
the generator of a Feller process, as stated in Corollary . However, there are
different processes that, despite not being Feller process (even non Markov), are
still associated to some partial differential equations.

This is the case of Gaussian processes. Indeed, if we consider a centred one-
dimensional Gaussian process G(t) with differentiable variance function V(t) =
E[G?(t)] and such that G(0) = 0 almost surely, then its probability density func-
tion p(x;t) is solution of the non-autonomous heat-like equation:

dp 9?p

o Lo 9P +
So(wit) = SV(O55 (@t (ot eRxR'.

This leads to a natural question: what happens if we apply a time-change to G(t)?
The answer for this question is given for instance in [75], in the case of the inverse
stable subordinators and the inverse of a mixture of stable subordinators (leading
to a distributed order fractional derivative). However, the proofs of [75 Theorems
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3 and 4] both rely on a property that can be resumed as: The Laplace transform
of the product of two function is the complex convolution of the Laplace transform
of the function. Actually, this is true if both the Laplace transform can be inverted
by using Paley-Wiener inversion for holomorphic Fourier transforms (thus if these
Laplace transforms are L? on vertical lines in the region of convergence). Hence,
we are relying on the regularity of both the variance of the Gaussian process and
the its probability density function. Here we want to consider the case in which
one of the two involved functions cannot be inverted by means of Paley-Wiener
inversion (but we can still use complex inversion formula), thus the operator on
the right-hand side is generally much more complicated with respect to the one
presented in [75].

To consider an interesting example, let us work with a modified version of a quite
regular process: it has been shown in [67] that, for the general time-changed
Ornstein-Uhlenbeck process, the spectral decomposition theorems given in [94] for
fractional Pearson diffusions still hold, using a different function in place of the
Mittag-Leffler one. Here, let us consider the fractional Ornstein Uhlenbeck pro-
cess introduced in [48]. In this section we will focus on the main properties of the
time-changed fractional Ornstein Uhlenbeck (TCfOU) process and then, in the next
section, we will follow the path to the construction of the generalized Fokker-Planck
equation for such process.

2.5.1. Properties of the fractional Ornstein-Uhlenbeck process. Let
us first give the definition of fractional Brownian motion (fBm, see [109]) and
fractional Ornstein-Uhlenbeck (fOU) process (see [48]).

DEFINITION 2.5.1. The fractional Brownian motion By (¢) with Hurst index
H € (0,1) is a centred Gaussian process such that By (0) = 0 almost surely and
the auto-covariance function is given by

E[By(t)Bu(s)] = %(t2H + 7 — |t — s2H).

The fractional Ornstein-Uhlenbeck process Uy (t) with initial point 0, Hurst
index H € (0,1) and relaxation parameter § > 0 is a centered Gaussian process
that is solution of the following stochastic differential equation driven by a fractional
Brownian noise:

Ung (t)
0

dUH(t):f dterBH(t), UH(O):O

and can be expressed as

t
UH(t):e_%/ e?dBy (s)
0

for t > 0, where the integral is a path-wise Riemann-Stieltjes integral (since the
integrand is a C* function and then one can integrate by parts, see [147]).

From now on, let us consider H € (%,1). By a direct application of the
fractional It isometry (see [37]), we have the following variance function:

25.1) Va(t) :=E[U%(t)] = H2H — 1)8*" / / e~ 0|y — 2H=2quds,
0 0
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Moreover, let us denote by V,, g (t) := E[|Ug(t)|"]. Since Uy is a Gaussian process
we have

QHO2H (2H — 1))T (2ntl ot n
V2n,H(t) = ( ( )) ( 2 ) /0 /9 67(s+u)|u_ 3|2H72dud$ .
VT A

Concerning the behaviour of V5 g at infinity, the following limit has been shown in
[91] and in [25] with different strategies:

Vo,r(00) = lim Vo (t) = 0*" HT(2H).

It will be extremely useful to recall the following representation formula for Vs g
given in [91]:

t t
(2.5.2) Vom(t)=H (/ e 21y 4 e % / ezzw—le) ,
0 0

Now, let us observe that, by Equation , it is easy to observe that Vs g () is
increasing, hence Va g (t) < Va g(oo) for any ¢ > 0. Being Vi g (t) bounded, the
Laplace transform is well-defined for any A € H. Now let us determine this Laplace
transform, as done in [27), Lemma 5.1].

LEMMA 2.5.1. The abscissa of convergence of Vo g is 0 and, for any A € H,
the Laplace transform of Vo g is given by

2HO*HT(2H)
(OX +2)(OX + 1)2H-1”

LVer)N) = 5

where, for B > 0, 27 = ePLo8(®) and Log is the principal value of the complex
logarithm.

ProOOF. Without loss of generality, we can consider A € R™ and then define
L[V, 1] on the whole semi-plane H by holomorphic extension. Since all the involved
quantities are non-negative, we can use Fubini’s theorem, together with Equation
, and the change of variables y = ()\ + %) z to get

+o0 . o0 . +o0 5
LIVe,m](\) = H/ 221 <69/ e*“dt+e@/ e(He)tdt) dz
0 z z
_ 2H0*H /+°° P gy 2HO*HT(2H)
AON+2) (0N + 1)2H-1 fg AON+2) (0N + 1)2H-1
0

Concerning the asymptotics of Vo i at 07, it is not difficult to check that
Vo ~t*H ast — 0T. Indeed we have

e R S
t—0+ t2H t—o0+ 2H 2H
while
B LA v 1
lim 5% = 3%t o17
t—0+ e t2H t—0+ (QH + %t) e 2H
thus




2.5. THE TCFOU PROCESS 66

Now, since we want to work with the Fokker-Planck equation of Uy (t), we need to
show that Va g is a C' function. This is easy, by working directly with Equation
. In particular, we can also obtain some asymptotic results for V2’, o (see [27]
Lemma 5.2 and Corollary 5.1]).

LEMMA 2.5.2. The function Va g belongs to C*([0,+00)). Moreover it holds
Vo g ~2H(2H — 1)9675t2H72 ast — +00, Vg f ~ 2Ht?H-1 g5t — 0F. Finally,
Vi g € L*(0,+00).

PROOF. Let us first observe that, differentiating Equation (2.5.2) and then
integrating by parts, we get

t
Vo i (t) =2H(2H — 1)6—%t/ 0322,
0

thus we already have Vo i € C'(0, +00). Concerning the (right) differentiability in
0, we have
Vo, (t)

lim ———= =0

t—0+ t
since Vo, g (t) ~ t*7 and 2H > 1, being H > %. Hence we have V3 1(0) = 0 and
Va,ir € C1([0, +00)).
Now, concerning the asymptotics of VQ’ 17, we have

Vi (t 2H(2H — 1) [T e# 22H-2(; 2H(2H — 1)e~ ¥
i Y20y 2H o e g 2EH =Dy
o+ t2H-1 0+ t2H—-1c5t t—o0t 2H — 1+ gt
and
7 (t) _ 2H(2H —1) [ €5 2224,
m ——— = lim -
t—0+ ¢~ 6 12H—2 t——4o00 eot2H—2
2H(2H — 1)

tiee 1+ 0(2H — 2)t—1 2H(2H - 1)6.

Finally, the fact that V; 5 € L*(0, +-00) follows from the fact that V3 ;; € C([0, 4+00))
and Vy g(t) ~ 2H(2H — 1)0t2H2e=5 as t — +o0. O
Now, let us focus on the Laplace transform of VQ’ - We have the following
result (see [27, Lemma 5.3]).
LEMMA 2.5.3. The abscissa of convergence of Vy i is —1/60 and
2HO*HT(2H)
(OX+2)(OX + 1)2H-1"

Moreover, for any ¢ > —3 the function w € R — L[Vy y](c+ iw) belongs to LP(R)
foranyp>1.

LIV gV =

PROOF. From the asymptotics we obtained in the previous Lemma, it is easy
to see that Vj 5 is of exponential order and the abscissa of convergence abs(Vy f) <
—%. Moreover, for any A € H we have

2HO?HT(2H)
(0N +2) (0N + 1)2H-1

LV 5](A) = ALV, H](N) =
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that admits a unique holomorphic extension up to ®(\) > —%. Thus we have
abs(Va, i) = —4. Now let us fix ¢ > —4 and observe that

2H6T(2H)
U o —
LWV mlet il = s illeh + 1 1 wdiPr T

For w € [~1,1], being the function w — [ L[Vy y](c + iw)| continuous, it is also
bounded. For |w| > 1 we have

2HOHT(2H) 2HT(2H)
LIV yl(c+iw)| = < )
|£[V2,ml( ) \w|2\709:2 +9i||—cejl +0i2H-1 = |w|?
that is in LP(R\[—1,1]) for any p > 1, concluding the proof. |

Since we have some informations on V5 g, we can also deduce some properties
of the one-dimensional probability density function pg (z;t) of Uy (t). Indeed, being
Un(t) a Gaussian process with variance V5 g (t) and zero mean, it holds

1

pu(x;it) = 7%%‘/27]{(”

Starting from this equation, one obtains Laplace transformability of py (with re-
spect to t) and some properties of the Laplace transform of pg on vertical lines (see
[27, Lemma 6.1 and Corollary 6.1]).

(2.5.3) ¢ Tr@ | (z,t) e RxRT.

LEMMA 2.54. For any © € R* there exists a constant Cgx(x) such that
SUPyse(0,400) PH (7)) < Cu(z). Moreover, py(x;t) is Laplace transformable with
respect to t for fized v € R* with abscissa of convergence abs(py(x;-)) < 0. More-
over, for any ¢ > 0 the function w € R — Llpg(z;-)](c + iw) is bounded.

PROOF. Let us first show that for x € R* the function py(z;-) is bounded.
Since Vo g (t) ~ t2 as t — 07T, there exist two positive constants C;(H) and
C2(H) such that, for any t € [0, 1],

27 Vo, g (t) > C1(H )t 2o m(t) < Co(H)EH.

Hence in particular we have, for any ¢ € (0,1] and =z € R*,
1 a2
0< ) < ————¢ GaumEF
_pH(‘T7 )_Cl(H)tHe 2
Taking the limit as ¢ — 0" we obtain that for any z € R* it holds pg(z;0+) = 0.

Moreover )
lim py(2;t) = ——————e 228 < {00
t—+o0 (1) 27 Va 11 (00)
Thus we can extend by continuity the function pgy(x;-) to [0, +oo] and Weierstrass’
theorem completes the proof.
Concerning the Laplace transform, since pyg (z; -) is bounded, it holds abs(pg (z;-)) <

0. Moreover, if we fix ¢ > 0, we have -
CH(I>

C

“+o0
| Llpi (3 )](e + iw)] < / et pr ()t <
0
concluding the proof. O

REMARK 2.5.5. Let us observe that, since Vo g (t) ~ t?H as t — 0%, we have
that pg(0;t) is also Laplace transformable with abs(pg (0;-)) = 0.
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Finally, let us work with the time-derivative of py(z;t). Indeed we can show
that py(z;-) € C1(0,+00) and it is also Lipschitz. Thus, as a consequence, we will
obtain Laplace transformability of %{’(aj; t) (see [27, Lemma 6.3]).

LEMMA 2.5.6. For any x € R* the function pg (x;-) € C(0, +00)NW1:2°(0, +00).

Moreover, ag—f(x; -) is Laplace transformable with abs (%(m; )] <0 and then, for

ot
any \ € H, it holds
Ivu
£ %8 i) | ) = A Ll N
PROOF. Let us first of all observe that, from Equation (2.5.3)), we easily get

Opu (2:1) = Vy m(t) ~Vo () + 2 e‘#ﬁr(ﬂ_
ot 2 V2 ()y/21Va, 1 (t)

Moreover, it is easy to see that lim;_, 4o %’—f(m;t) = 0. Now let us consider ¢ €
[0,1]. Then, by Lemma[2.5.2] we know there exists a positive constant Cy(H) such
that Vg ,;(t) < 201 (H)t*# =1 for any ¢ € [0,1]. Moreover, there exist two positive
constants Cy(H) and Cs(H) such that

2 22 °H | .2 .2
Vo) +2° | o C’Q(H)ﬂ{W,
V22,H(t) 2mVo p (t) - t5H
thus, we have
0 t2H 2 .2
gf (x7t)‘ S Cl(H)Cz(H)tBT—’;.lre CS(H)QH.

Taking the limit as ¢ — 07 we achieve, for any = € R*, lim;_,o+ %’—t"(a:;t) = 0.
Thus we can extend %{’(x; -) on [0, +o00] and Weierstrass’ theorem completes the
proof. O

Now that we have these properties on the fOU process before we apply the time-
change, we can define the TCfOU process and then consider some basic properties.

2.5.2. Definition and first properties of the Time-Changed fractional
Ornstein-Uhlenbeck process. Now let us define the time-changed fractional
Ornstein-Uhlenbeck process, as done in [27].

DEFINITION 2.5.2. Let us consider ® € BF a driftless Bernstein function, Uy ()
a fOU process and Lg(t) the inverse of the subordinator associated to ®. Suppos-
ing that Lg and Up, are independent we define the time-changed fractional
Ornstein-Uhlenbeck (TCfOU) process as Ug,¢(t) := Uy (La(t)).

Before going into details of the main characteristics of the process U ¢ (1), let
us state the following easy technical lemma.

LEMMA 2.5.7. Let f : RS‘ — R be a measurable function and ® € BF a driftless
Bernstein function. Define fo(t) = E[f(La(t))].

o If there exists a constant M such that for any t > 0, f(t) < M, then also
f<I> (t) S M!'
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o If f is non-negative and Laplace transformable with abs(f) <0, then also
abs(fe) < 0 and it holds

(A
cial) = 2N i@
e If f is increasing (resp. decreasing) also fg is increasing (resp. decreas-

ing).

PROOF. The first property is obvious by monotonicity of the expectation op-
erator. Concerning the the second property, we have, by Fubini’s theorem,

+oo +oo
Clfal() = /0 f(w) /O N fu(ys 1) didy

+oo
_ ‘I>(AA)/0 e~V f(y)dy = kit LIf)(@(N)).

Finally, concerning last property, we have, since f is increasing and Lg is almost
surely increasing, for t > s,

fa(t) = fo(s) = E[f(L(t)) — f(L(s))] = 0.
(]

As a first step, let us prove that the process Up ¢ admits all non-negative finite
order moments (see [27, Lemma 3.1])

PROPOSITION 2.5.8. Let V,, g,o(t) = E[|Un.o(¢)|"]. Then

+oo

Vo, me(t) = Vo, 1 (s) fo(s;t)ds.
0

Moreover, setting, for n > 1, V,, g(oc0) = %F (”TH) ,/Vz”’H(oo), we have that,
for anyn > 1, V,, g o(t) is increasing and limy_, 4 oo Vi 5.0 (t) = Vi, 1 (00).

PROOF. Let us first observe that, by conditioning and using the fact that Uy
and Lg are independent:

“+o0 “+oo
Vi a(l) = /O E[U ()| Lo (t) = 5] fo(s, t)ds = /O Vi 11() for(s: £)ds.

Thus, in particular, we can write V,, g o(t) = E[V;, g(Lao(t))]. First of all, since
Vi, m(t) is increasing, this implies that also V,, g () is increasing. Now, let us
observe, by final value theorem (see [46]), it holds

)\li)%lJr ALV 1](A) = Vi, 1 (00).
Hence, we have, by Lemma since ®(0) = 0,
i ALV el () = Tim $(3) £V, (@) = Vorr (00).
By final value theorem again, we have lim;_, 4 oo Vi 11,0 (t) = Vi, 1 (00). O

Now we want to obtain some information on the one-dimensional law of Uy ¢.
First of all, let us show that Up,e admits a one-dimensional probability density
function, via the characteristic function (see [27, Proposition 4.1 and Corollary
4.1]).
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PROPOSITION 2.5.9. If for any t > 0 it holds E[L3™ (t)] < +o00, then Uy o(t)
is absolutely continuous and its probability density function pu o(x;t) satisfies:

—+o0
(254 pualeit) = [ pa(eis) folsit)ds.
0
Moreover, if for some n € N, it holds E[L;(RH)H(t)] < +oo, then pme(x;t) is
differentiable in x n times.
PROOF. Let us consider the characteristic functions g (z;t) = E[e®?V# ()] and

om.a(z;t) = E[e?Vne®] Arguing as in Proposition we have

+oo
vrao(zt) = /0 wr(z;8) fo(s;t)ds.

Since U (t) is Gaussian with zero mean and variance V5 g (t), it holds
prlzit) = e 7 Van®
thus we have

+oo 2
vne(zt) = / e*TVQ’H(S)fé(s;t)ds.
0

Now we want to show that z — ¢ ¢(2;t) belongs to L*(R), since, in such case, a
simple application of Lévy’s inversion theorem implies the existence of pg ¢. To do
this, let us use Fubini’s theorem, since all the integrands involved are non-negative,

to obtain
“+o0

Nl

/RQDH@(Z;t)dz = (2m) fq, s;t)d

Now, since V5 g is increasing, we have

0 V2H

too 1

——fo(s;t)ds < ——.
1/ Vau(s) Va,u (1)
On the other hand, since as s — 0 it holds Vo g ~ s2H | there exists a constant
C1(H) > 0 such that for any s € [0,1] it holds Vs, (s) > C1(H)s*# and then
“+oo 1
fq> s;t)ds < ——=E[Lz" ()] < +oo0.

1 \/VZH Ci(H)

Thus pp.o(-;t) € L' (R) and then there exists py ¢ (z;t). Moreover, Lévy’s inversion
theorem gives us a formula to obtain py ¢ (z;t):

1 +oo
pHe(T;t) = %/e Yo e(z;t)d 27r/ _”w/ (2;8) fo(s; t)dsdz.

Applying again Fubini’s theorem and Lévy’s inversion theorem we get

+t© 9q ) +oo
puateit) = [ o [ pntzsdspalsitds = [ pulais) fulsitds,
0 T JR 0

+oo

Finally, suppose that IE[L;("H)H(t)] < +oo. Setting C), = [, z”efédz, we

have

+oo +oo i1
/ o a(zt)dz = Cy / (Vourr ()~ 5" fo(s: t)ds
0 0
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Arguing as before and using the fact that the function |z|"¢m o (2;t) is even, we
have that z — 2"pp o(2;t) belongs to L'(R) and then, by [127, Theorem 9.2], it
is enough to obtain n-times differentiability of pm ¢ (z;t) in . O

REMARK 2.5.10. Let us observe that the hypotheses E[L5* (t)] < 400 gives
a sufficient condition for differentiability on the whole real line. However, this is

actually a sufficient condition to achieve differentiability in 0, since for any = # 0

it holds

22
O (x5t) = I — ool

O 27 V3 (1)

Thus it is easy to check that if € (a,b) such that 0 & (a,b), then Bgf (x;t) is
dominated by a L!(0, +oc) function depending on t and then we can differentiate
under the integral sign in .

Moreover, we have

2

6 €T
qu) e 22850 fo(s;t)ds.

400
O | / A/ 27TVz ul

The same holds for the second derivative.

Let us observe that if H > 1/2, then IE[L;("H)H(t)] = +oo for any ¢ > 0. However,
despite we fixed the case H > 1/2, the proof of the previous Proposition easily
adapts to the case H < 1/2, in which we can gain some regularity. Indeed, if we
consider a tempered a-stable inverse subordinator, then py ¢ admits any derivative
inx up ton = L% — 1] — 1, since we will not have integrability problems near 0
(where fg(0+;t) = De(t) > 0) while the asymptotic exponential bound given in
[10] Lemma 4.6] gives us integrability at infinity.

Let us give the main example.

EXAMPLE 2.5.1. If we consider ®(\) = A* and then L, (t) an inverse a-stable
subordinator, then we have for any n € Np, by using Equation ((1.2.3) and the

change of variables z = ts~1~ %,

t o[t 1
EL—(n+1)Ht _ 7/ —(n-‘,—l)H l—g —a)d :t—a(n-‘rl)H]E a(n+1)H 1.
Lz = o f galts™H)ds [ogm+VH (1)
However, a(n + 1)H < « if and only if H < n%rl If we are considering H >

1/2, then the only case is n = 0. Thus we obtain the existence of py (x;t) but
not its differentiability in z = 0. In particular, as we stated before, py o(x;t) is
differentiable for any x # 0 and its derivative is given by

22

Opior( TR fo(s:1)ds.

+oo
oz / /27TV23H

Now let us make some observation concerning Bernstein functions before ex-
ploiting an important property of the Laplace transform of pye. We know by
Proposition that any Bernstein function ® admits an homolorphic extension
on H. In particular this means that ® is locally invertible in H\Z where Z is
at most countable (since the zeros of the derivative ®" are at most countable, be-
ing ® analytic). If, by contradiction, for any ¢ > 0 there exists z € R such that
®'(c + iz) = 0, then the zeros of @’ are not countable. Thus there exists a whole
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vertical line 7. := {¢ + iz, z € R} such that ®'(c + iz) # 0. In particular we have
that @ is invertible on such vertical line. Moreover, this argument still holds if we
ask for ¢ € (a,b) whenever a < b.

Thus, we have that ® is invertible on any vertical line r,. for ¢ € RT \Zr where Zp
is the projection of Z on the real axis.

On the other hand, we have, by Lemma that pr o is bounded and Laplace
transformable for A € H and

()
Llpre(z;)J(N) = —— Llpa(2;)[(2(A))-

Now let U C H\Z be an open set in which ® is invertible. Then we have, for any
AePU):

dL()\) _

= Lo @) = Llpm ()],
Now let us consider another local invertibility open set V- C H\Z and A € ®(U) N
O(V)if ®(U)N®(V) # (. Let &, be the local inverse on V. Since the right-hand
side of the previous relation does not depend on ®, we have

P g aas (@7 ) = 25 Ll g )

In particular we have show the following result.

LEMMA 2.5.11. The quantity wﬁ[pm@(m;-)}(qfl()\)) is well defined for
any A € ®(H\Z). In particular it is independent of the choice of the local inverse
map.

Concerning the time-derivative of py ¢(x;t), as exploited in Equation ,
it strictly depends on the regularity of the density of the inverse subordinator.
In case ®(\) = A%, for instance, we are able to show the following result (see [26],
Proposition 3.5]).

PROPOSITION 2.5.12. Let a € (0,1) and x # 0. Then py o(x;-) € C1(0,+00).

PRrROOF. By using the change of variables w = ts~& we have

255 patei = [ o (55( L)) satwiav.

Let us fix t > 0 and 0 < ¢; < to such that ¢t € (t1,t2). Fix 2 # 0. First of all, let us

observe that
d ) t\* a1 7aapH ]
o (5 () ) = Gy

and , )
— 22
o,y O Vo @) iy
Y 87V5n (y)
By using Lemma and the fact that Vo g ~ t*# as t — 0T, we have
22
LgH (I;y)‘ < Gy P te @l
Y
and then

d t [e] _WSHQIZ
—pH (I” () >‘ S acltl—BOLH—leHQe Cgt%"‘H
w
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as w > t. Defining

wSHam2
C3:= su? w3Hae c20m3eH and Cy = aCl(x,H)tl_?’aH_ng),
w>t
we have N
d t
— x| — <C
for w > t.

On the other hand, for y > 1, we have, by using the asymptotics as y — +o0o given
in £53
Opu 2_9H ¥
—(x; < Cs e e
8y(y)’_ 5y
and then, as w < t,

t w -

where
. t1 3—2H)a—1<0
")t (3-2H)a—12>0.
As before, setting

o
Cg := sup w*CCH=3) o~ gu= and Cy = O[C5t£3—2H)aH—1C67

we(0,t2)
d t\“
— | — < Cs.
o (- ()
Finally, taking Cs = max{Cs, C;}, it holds, for any w € (0, +00),
d t\*
— il — < Cs.
i (= () )| =

Being g.(w)dw a probability measure, this is enough to guarantee that py o(z;t)
is differentiable in ¢ as x # 0 by differentiating under the integral sign. (]

we have, for any w < t,

Now let give some final considerations concerning the existence of a limit dis-
tribution. As H = 1/2, it has been shown in [67] that despite the time-changed
Ornstein-Uhlenbeck process is not Gaussian anymore, its limit distribution is still
Gaussian. The adopted technique relies on the spectral decomposition, that here is
missing. However, in some cases, we are still able to prove that the process admits
a Gaussian limit distribution. For instance, let us refer to [26], Propositiomn 3.4]
for the a-stable case.

PROPOSITION 2.5.13. It holds
1 e
lim Tit) = ——¢ 2V2,H(®),
Jm pra(@it) 97Va.11(00)

PRrOOF. Starting from equation (2.5.5)), let us consider the function hi(t) =
(27rt)_1/26_‘"’32/2t and let us observe that it is bounded for z # 0. Hence we easily
conclude that we can take the limit under the integral sign by dominated conver-
gence theorem.
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Let us now consider x = 0 and suppose t > tg > 0. Let us observe that the func-
tion ho(t) = \‘22’;% is positive on (0,+00). Moreover lim;_,gho(t) = 1 > 0 and
limy 4 o0 ho(t) = Vo, m(c0) > 0, thus there exists C7 = inf; ha(t) > 0. Setting

Cy = (2rCy)~Y/? and defining hz(w) = Coha((to/w)®), we have

(o (2)) 20

Finally, observe that h3(-)ga(-) € L'(0,+00), since g, is a probability density
function and h3 is bounded near 0, while E[cZ%(1)] < +o00 being Ha < a. Thus,
even in this case, we can take the limit inside the integral sign, concluding the
proof. (Il

2.6. The Generalized Fokker-Planck equation of the TCfOU process

In this section we will introduce the Generalized Fokker-Planck equation for the
TCfOU process and will discuss some issues concerning uniqueness and regularity
of its solutions. To do this, we first need to study a particular class of functions
that will be introduced in the following.

2.6.1. Inverse-subordinated functions and weighted
inverse-subordinated functions. We have already seen that, generally, func-
tions of the form fo(t) = E[f(Ls(t))] inherit different properties from both the
Bernstein function ® and the transformed function f. Thus, let us consider this
kind of transformation from an operator point of view. Before doing this, let us
stress out that, despite in [26], Section 4] the operators are called subordination
operators, here the name could create confusion with Bochner subordination, hence
we will opt for a name related to the fact we are time-changing with an inverse-
subordinator.

DEFINITION 2.6.1. Let ® € BF be a driftless Bernstein function and fg(s;t) the
density of the associated inverse subordinator. Then we denote by
Se : L*>(0, +00) — L*(0,+00) the inverse-subordination operator as

+oo
Spu(t) = Efo(Le (1)) = / o(s) fa(s;1)ds.

Moreover, we define the weighted inverse-subordination operator as an oper-
ator Sg g @ L*°(0, +00) — L>(0,400) such that

“+oo
So.nv(t) = E[V3 g (Le)v(Le(t))] =/0 Vs u(s)v(s) fa(s; t)ds.

In particular we denote by S¢ the range of S and a function ve € S¢ will be
called an inverse-subordinated function.

Let us state some basic properties of the operators S¢ and S¢ g ([26], Lemma
4.1)).

PROPOSITION 2.6.1. Both the operators Se and Ss g are continuous and bounded.
Moreover

1521l (L0 (0,00), 25 (0,00)) < 1
and

HS‘i’7H||L(L°°(O,oo),L°°(O,oo)) < ||V217HHL°°(0,+00) ’
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PRroOOF. Concerning Sg, it is easy to see that [|Sevl| e g +o0) < 10l 1o (0,100)
by Lemma Concerning Sy g, one has only to check that

So. gv(t) = Sa(Va zv)(t)
and then Lemma concludes the proof. O

Concerning the Laplace transform, let us work first only on Sg (see [26, Propo-
sition 4.2]).

PROPOSITION 2.6.2. Let v € L>(0,+00) and ® € BF be a driftless unbounded
Bernstein function. Then abs(Sev) < 0 and, for any A € H,

L[Sgv](N) = ——=
In particular, Se and Se g are injective.

PROOF. First of all, let us observe that the Laplace transform relation fol-
lows from Lemma and the fact that v € L°°(0, +00). Concerning injectivity,
let us consider only real A > 0. @ is invertible in (0, +o0) and, being ® drift-
less and unbounded, limy_,o ®(\) = 0 and limy o ®(A) = +oco. Thus ! :
(0,400) = (0, +00). Since Sg is linear, we only have to show that Ker(Sg) = {0}.
Thus, suppose Sgv = 0. Taking the Laplace transform on both sides we have
% L[v](®(A)) = 0. Since @ # 0 for any A > 0 (if ® is not constant, then it
must be strictly increasing), we have L[v](®(\)) = 0. Now, considering A = ®~1(n)
for any n > 0, we obtain L[v](n) = 0 for any n > 0. Thus, being the Laplace
transform injective, it holds v = 0.

With a similar argument, for Sp gv = 0 we have L[V; zv|(n) = 0 for any n > 0.
Thus, by injectivity of the Laplace transform we have VQ’ yv = 0. Since we have
shown that V; g > 0 for any ¢ € (0, +00), it holds v = 0, concluding the proof. [

Now let us consider the action of the operators S and S g on functions of
more variables. In particular, let I C R be a closed bounded interval. Then we say

that a function v € L>®(RT; C¥(I)) if v: I x RT = R, gz (w;t) is well defined for

any x € I and continuous for fixed ¢t € R™ and

8k

a* (:t) < +o0.

l[v

Le=(I)

With this norm, the space L>® (R+; C’“(I)) is a Banach space. Moreover, as a direct
consequence of dominated convergence theorem, we obtain the following result.

PROPOSITION 2.6.3. Fiz I C R a closed bounded interval. The operators Se :
L®RT;CH(I)) — L®(R";CF(I)) and Sp g : L¥(RT; CH(I)) — L>®(RT; C*(I))
are well-defined, linear and bounded.

Let us stress out that such proposition easily follows from the actual statement

of |26, Lemma 4.1], in which the inverse subordination operators are defined via
Bochner integrals.
In the special case of the inverse a-stable subordinator, let us denote the operators
as S, and S, . As another direct consequence of dominated convergence theorem,
together with the expression of f,(s;t), we get the following easy result (see [26],
Proposition 4.6]).
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PROPOSITION 2.6.4. Suppose v € C(RY). If there exist two constants C > 0
and B € (%,2) such that [v'(t)] < Ct=P, then Sav € C*(RT) and
d
@Sav(t) = at™ 18, (20 (2))(t).

ProOOF. We can rewrite

Sav(t) = /0+°Ov ((;)a) g (W),

If we derive under the integral sign we have

o)) ()

By hypothesis, considering ¢ € [ty, ta] for some 0 < t; < 3, we have

d t\“
b (1)) 2o

t >0
where t, = tl g <0 Thus, since w?*~%g, (w) belongs to L(0,+00), we can
2 ~ .

differentiate under integral sign to obtain

%Sav(t) = /;OO at® Ly~ ((5}) a) Jo(w)dw

oo . I S ]
:/ at® T2 (2) =tz e T gtz @ )dz
0 [0

—+o0
at™? / 20" (2) f(z;t)dz,
0
concluding the proof. O

2.6.2. The weighted Laplace transform. Now we need to introduce an-
other operator. For any function v € L>°(R™) we consider

Lyv(\) = E[V2’,HU]()\) AeH,
that we call a weighted Laplace transform. As one can easily deduce from

Proposition there is a link between the weighted Laplace transform and the
weighted inverse subordination operator (see [26, Corollary 4.3]).

PROPOSITION 2.6.5. Let v € L=(R™"). Then we have, for any \ € H,
D(A
cisw il = X Lyu(@(a).

PROOF. It easily follows from

L1 ) = L1880 = 2 2 ol @0) = P Ly @on)

O

Moreover, if we consider a function v € L>(R™; C*(I)) for some compact in-
terval I C R, being % a closed operator, it holds %LHv(g z) =Ly (%v(g x)),
by means of [13] Proposition 1.7.6].

Now let us observe that under suitable hypotheses on v we can write a different

representation of the operator Ly (see [26l, Proposition 4.4]).
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PROPOSITION 2.6.6. Fiz c¢; < 0 < ¢y with ¢y —cg > —1/60 and let v € L°°(R+).
Suppose one of the following properties hold:

a) v is Lipschitz and © € R — L[v](ca + iz) is in L'(R);
b) v belongs to L>(RT) and x € R — L[v](cy + ix) is in L*(R).
Then it holds

1 oo -t 1; oo (c1+iw)t
Lyv(\) = e lim el
0

- 47‘(’2 R—+o00 — o

R
X / LIVy gl(er — o +i(w — w)) L[v](c2 + iu)dudwdt.
-R
PROOF. Let us define the function

r R
I(r,R) = / elertiw)t [ RE[V'Q”H](cl — o +i(w — u)) L[](cz + iu)dudw.

-Tr
Since, for fixed cq, co, all the involved functions are bounded, we can use Fubini’s
theorem to achieve

I(r,R)

R T
/ ele2 Wt £1p](ey 4 iu) / eler—eati(w—u))t LIVy gl(e1 — ca + i(w — u))dwdu
7R -Tr

R r—u

= / ele2 Wt £1p](ey 4 iu) / elerez+iy)t LIVy gl(e1 — ca + iy)dydu.
—-R —r—u

Now, let us observe that for u € [—R, R] we have | L[v](c2 + tu)| < C for some

constant C, thus it holds

r—u

eleatiun)t Lv](cs + zu)/ eler—catiy)t ﬂ[VQ/)H](Cl — ¢o + iy)dy

—r—u

+o00
<cett [ e — ea+ ig)ldy < +oc,

—o0
since L[V} ;] belongs to L' with respect to any vertical line. Hence, by dominated
convergence theorem, we can take the limit inside the integral sign. Moreover, since
L[Vy 1] belongs to L* with respect to any vertical line and V; ;; belongs to L?, we
can apply Paley-Wiener theorem (see [127, Theorem 19.2]) to obtain

r——4o00

R

lim I(r, R) =21V (1) / el Tt £1y) (g + iu)du.
-R

Moreover, we have

m Rgr-{-loo TEIJPOO I(Ta R) = V2I,H(t)v(t)a
where we used the complex inversion theorem (see [I3] Theorem 2.3.4]) under
hypothesis a) or Paley-Wiener theorem under hypothesis b).
Taking the Laplace transform on both sides of last identity we complete the proof.
|

REMARK 2.6.7. Let us observe that if we can take the limit as R — 400 inside
the integral, we actually obtain that the inner integrals represent a convolution
product between the Laplace transform of VQ’ 7 and v on a vertical line, as obtained
in [75].
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Now that we have this new particular form for Ly, let us consider another
operator, which transforms the action of Ly be means on ®. To do this, let us fix
c1,co as in the previous proposition, but such that ® is invertible on the vertical
line r.,. Now, for any function v : HH — C, we can define the operator

(2.6.1)

T 1 e D)t e jw)t
Lo go(\) = ﬁ/ P {0V RET elc1tiw)
0 *J o
O Y(cy +iu)

_ox 1 .
P (P (e + iu))dudwdt

R
<[ L le - et itw )
-R
provided that the involved integrals exist and are finite.
Despite the complicated form of the operator, let us remark that for inverse subor-
dinated functions it is much easier to evaluate (see |26} Proposition 4.5]).

PROPOSITION 2.6.8. Let vg = Sev and let g = L]ve]. Suppose the hypotheses
of Proposition [2.6.0 hold. Then, for any A € H,

Lo nvs(N) = Lyv(®(N).
Proor. By Proposition we know that for any A € H it holds

1) = 2N £laj(a ().

Let us consider A = co + tu with ¢y defined as before. Then ® is invertible on r,

and we have
o1 ;
%%(@*1(@ +iu)) = L[v](c2 + iu).

By using last identity in definition (2.6.1]) we get

R 1 +oo FRY +oo o
Bouto) = g [ e i [ eto

R
« / LIVZ yl(er — ea + i(w — u)) Llo)(ez + iu)dudwdt = Ligv((N)).
“R
O

2.6.3. The generalized Fokker-Planck equation. Now let us consider a
function v : I x RT™ — R, where I is some compact interval of R, belonging to
L>*(R*; C%(I)) and let us define, whenever it exists, the operator

2 ~
Foav(at) = 65 |55 5 B Llotas 10| ),

where the operator EH acts on the variable ¢. Let us denote by D(Fg p,I) the
domain of the operator Fg p. Now we have all the ingredients we need to introduce
the generalized Fokker-Planck equation of the TCfOU process.

DEFINITION 2.6.2. We define the generalized Fokker-Planck equation of
the TCfOU (in I x (0,T] for I C R any interval and T > 0, eventually T' = +0c0)
as:

(2.6.2) OFv(x;t) = %Fq:.J{ v(x;t) (x;t) € I x (0,T].
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Given the equation, now we have to establish what is a solution for such equa-
tion. Thus let us first give the following definition of classical solution (which is
actually the analogous of a Caratheodory solution of a Banach-space valued Ordi-
nary differential equation, see for instance [49]).

DEFINITION 2.6.3. We say that a function v € L*°([0, T]; C?(I)) is a classical

solution of Equation (2.6.2) if:
eV E D(-F<I>,H7I);
e v(z;-) belongs to the domain of 9 for any = € I;
o Identity (2.6.2) holds for any = € I and almost any ¢ € [0, T].

A classical solution is said to be a strong solution if v(z;-) € C1((0,7]) U
WbH(0,T) for any = € I.

On the other hand, due to the definition of Fg g in terms of composition of
inverse Laplace transform, multiplication operator and Laplace transform, classical
solutions could be difficult to work Wit}ﬂ hence we need a weaker form of solution.

DEFINITION 2.6.4. We say that a function v € L>(R"; C°(I)) is a mild solu-
tion of Equation (2.6.2) (with T' = +00) if, denoting v(z; \) = L]v(x;-)](A) for any
A€ H:

e O(x;-) belongs to the domain of ﬁp,H for any z € I;
e It holds, forany A€ Hand z € T
D\ (N 0% ~
(2.6.3) D(N)D(z;\) — ¥v(m;0) = %@LQ’H@CE;)\).

Finding mild solutions is easier than finding classical solutions, thus we want to
exploit some criterion to determine whenever a mild solution is more regular than
we expect it to be. To do this, we need to introduce other two notions of solutions
for the Fokker-Planck equation of the fOU:

2

1 0
(2.6.4) drv(;t) = SVau(t) 55

Being this a non-autonomous heat-like equation, the notions of strong and weak
solutions are already known. However, we need a notion of solution that considers
the equation as a Banach-space valued ordinary differential equation, and another
notion that works on Laplace transform of solutions.

v(z;t).

DEFINITION 2.6.5. We say that a function v € L>(R";C?(I)) is a classical
solution of Equation (2.6.4) (with T' = +o00) if:

o Ov(x;t) exists for almost any ¢ > 0 and for any = € I;
e Jiv(z;-) belongs to L (0, +00);

e Identity (2.6.4)) holds for any x € I and almost any ¢ > 0.

We say that a function v € L>°(RT; C°(I)) is a mild solution of Equation (2.6.4)
(with T = 400) if, denoting by v(x; \) = L[v(x;-)](A) for any A € H:
e It holds, for any A€ Hand z € I

2

(2.6.5) Ao(z; A) —v(z;0) = !

IFor instance, it could be difficult to check if a function is a classical solution, even if it solves
the equation in terms of Lapalce transforms
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In particular we will consider inverse-subordinated solutions. Now we want to
study some features of the inverse-subordinated solutions of the generalized Fokker-
Planck equation. In particular we want to address the following issues:

e Gain of regularity: we want to investigate what are the hypotheses
under which an inverse-subordinated mild solution is also a classical solu-
tion;

e Isolation of mild solutions: we want to show that, under a certain
partial order on inverse-subordinated functions, inverse-subordinated mild
solutions are non-comparable;

e Uniqueness of strong solutions: we want to show uniqueness of strong
solutions via a weak maximum principle.

In particular in each step we will take in consideration as main example of inverse-
subordinated solution of the generalized Fokker-Planck equation the function
po,u(z;t). Indeed we will show the following properties:

e po r(z;t) is a mild solution of (2.6.2) for I = R*;

o pa r(x;t) is a classical solution for I = R*;

® Do, (z;t) is the unique strong solution of for I = R* with boundary-
initial values po g (%;0) = 0, po, g (£oo;t) = 0 and

+o0o
post (051) = \/% /0 (Vaugr ()2 fo (55 1)ds.

2.6.4. Gain of regularity. We now address the issue of the gain of regularity
of inverse-subordinated mild solutions. First of all, we need to link mild solutions of
(2.6.4) with the ones of (2.6.2). We have the following result (see [26] Proposition
5.2]).

PROPOSITION 2.6.9. Letv € L=(RY; C%(I)) and vy = Sev. Then the following
properties are equivalent:

e v is a mild solution of (2.6.4);
e v is a mild solution of (2.6.2)).

PROOF. Let us first observe that by definition of v and v and by Proposition
we have that ve belongs to the domain of i@’ H- Let us show that if v is a
mild solution of , then vg is a mild solution of , since the converse is
analogous.
Let us consider A > 0 in R (since, one we have shown the identity for
A > 0, it holds for any A € H since all the involved functions are holomorphic on
H). Recalling that equation holds for any A > 0, then it also holds if we

substitute ®(A) in place of A. Multiplying everything by 2 e achieve

)
B . B B ,
o) (25 2lotai @) - T owi0) = T T Lot o).
We conclude the proof by applying Propositions [2.6.2] and [2.6.8 and recalling that
ve(x;0) = v(x;0). O

From this proposition we already obtain the following Corollary concerning
pa,u(z;t).

COROLLARY 2.6.10. pg g is a mild solution of (2.6.2) for I =R*.
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PROOF. We have ps iy = Sepm, where py € L®°(RY;C%(I)) as I = R*. In
particular, py is a strong solution of ([2.6.4)), thus it is also a mild solution. O

Another link we can exploit concerns the weighted inverse-subordination op-
erator S¢ p and the Fokker-Planck operator F¢ gy under some regularity of the
inverse-subordinated function (see [26 Lemma 5.3]).

LEMMA 2.6.11. Let v € L®(R";C%(I)) and ve = Sev be a mild solution of
(2:6.2). Moreover, suppose that ve € D(Fo i, 1) and Fo mve(-t) € CO(I) for any
fized t > 0. Then it holds S yv(-,t) € C*(I) and, for any x € I and almost any
tel,

2

0
Fo,mve(r;t) = @Sé,HU(x; t).

PROOF. Let us consider A > 0 without loss of generality (in place of A € H).
Since vg 1s a mild solution of , from and Proposition we obtain
that QLHUC; ®()\)) € C?(I). Now, since ve belongs to the domain of Fg g, we
have that ;—;%LHU(% ®(A)) is the Laplace transform of some function.
However, let us observe that Sg v € L>°(R';C%(I)) and

L[Se pv(z;-)] = ?LHU(@”; ®(N)),

thus, being 88722 : C%(I) — C°(I) a closed operator, we have, by [13] Proposition
1.7.6], that Sg gv(-,t) € C*(I) for any ¢ > 0 and

o? _ 9% d(\
@S@ﬂv(ﬂc,t) =Ly, @¥LHU(JJ; @(A))} (t) = Fo,mve(z,t),
concluding the proof. O

REMARK 2.6.12. Let us observe that the same holds for v € L>(R™;C%(I))
mild solution of (2.6.4) if we consider Fy v(z;t) := L1 [%LHU(J:; )} (t) in place
of Fo g and Syv := ‘/QI’HU in place of Sg .

The previous Lemma and Remark are the main tools to obtain the gain of
regularity result. Indeed we can show the following Theorem (see [26, Theorem
5.5]).

THEOREM 2.6.13. Let v € L®(RT;C°(I)) and vg = Spv be a mild solution
of (2.6.2)). Suppose for fized t > 0 it holds v € D(Fg,I) and Frv(;t) € C°(I).
Moreover, suppose that F g v(z;-) € L*(0,4+00) for any fized x € I. Then ve is a

classical solution of (2.6.2]).
PROOF. By Lemma [2.6.11] and Remark [2.6.12| we know that Syv(-;t) € C2(I)

and then v(-;t) € C?(I) since Sy is a multiplication operator.
Now let us observe that, by Proposition we know that v is mild solution of

(2.6.4)), thus it holds, after some algebraic manipulations of (2.6.5)),

1 02

£loe ) = 30(:0) + 5o Liyu(w: N,
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Since v(+;t) € C2(I) and &= : C*(I) — C°(I) is a closed operator, we have, by
[13] Proposition 1.7.6],

2 2
8(12 Lyv(xz;\) =Ly <§x2v(x; )> (N).

Now, by hypotheses, we know that F g v(z;-) € L>°(0, +00) thus we can define

1 t
t) = 5/0 Fro(z;s)ds

and take the Laplace transform to obtain, by definition of F g,

£IFG IO = 55 Lo (Gzo(ai) ) O

Hence we get
Llo(z;))(A) = L[o(;0) + F(z;-)](A)

and, by injectivity of the Laplace transform,

v(x;t) = v(x;0) + /VQH aQ(JIS)d

In particular, v(z;-) is absolutely continuous and, taking the derivative in ¢, v is
classical solution of (2.6.4)).

Now let us consider the function ve(z;t) —v(x; 0) and, observing that v is Laplace

transformable with Laplace transform %, we have that
d(A d(A
£l » (wa(as) — v(az0)] = 2 £y 019108) - 2 ugano).
Now, since Ow(z;t) = LFpu(z;t) and Fyo(z;-) € L®(0,400), also
Opv(z;-) € L*™(0,4+00) and we can apply S¢ to it. By Proposition we have
¢ P2(A (A
Lo [/ S¢6tv(x;s)ds} = )\(2 )E[v(x;-)]((b(/\)) - ;2)1)(96;0)
0
(M) (M)

= I Llve (x;)](A) — 2 v(;0)
= L[vg * (va(x;-) — v(x;0))].

By injectivity of the Laplace transform we obtain
vg * (ve(x;-) — v(x;0))( / Se0v(x; s)d

and then we can differentiate on both sides to achieve, for almost any ¢t € RT,
O vg(x;t) = S0 (z;t).
However, we also have, being ve a mild solution of (2.6.2)),

a1 — 2 o0

L[Sa0pv(w; )] (A) = 2(A
() 92
W H;C[’U@](JJ )\)

)L
_ 2
2
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Thus we have that %WL i Llvg](z; A) is the Laplace transform of something
and then we can take the inverse Laplace transform to obtain

SeOve (z;t) = %]:QH v (x5 t).
Finally we get
8;I>vq>(x; t) = % Fo.mvae(z;t),

concluding the proof. O

As a direct consequence, we have the following Corollary.

COROLLARY 2.6.14. pg g is a classical solution of m for I =R*.

PROOF. It easily follows from the fact that py is a strong solution of (| -
and V2,H()aw2pH( ) € L>®(0,400) for any = € R, O

2.6.5. Isolation of mild solutions. Now let us focus on some uniqueness
issues. Concerning mild solutions, we are not able to show uniqueness, but we can
prove a form of isolation of the solutions, in terms of a partial order.

DEFINITION 2.6.6. Let vg,we € L>®(RT;CO(I)) with vg = Sev and we =
Sew. We say that vg < we if and only if:
e y<winl x R+;
e There exist two constants ¢, M > 0 such that for any x € I the function
(w —v)(x;-) is increasing in [0,¢] and decreasing in [M, +00).
In particular < is a partial order on the set of inverse-subordinated functions, that
is well defined by injectivity of the operator Sg.

Now let us consider the Cauchy problem

(N (a3 0) — 2Ry (2;0) = N O T yvg(a; ) (230) € I x RY

2 8:62
.0) — I
(266) 2@(1'770) f(.’b_) x €
Lq>’HUq> (a, )\) =g ()\) A>0
ax Lo, mva(a; \) = ga(N) A >0,

where I = [a, b], which is the natural Cauchy problem associated to mild solutions of
equation (2.6.2]). Now we can prove the following isolation result (see [26, Theorem
6.1]).

THEOREM 2.6.15. Let I = [a,b], v,w € L®(RT; C°(I)) and consider vy = Spv
and we = Spw such that, denoting Ve = L[ve] and We = Lwe], these are solutions
of the Cauchy problem (2.6.6)). If we = v, then we = vg.

PROOF. First of all, let us observe that, since all the operators involved are lin-

ear, (vp — we) is still a mild solution of (2.6.2). Let us set
ha(z;t) = (ve(x;t) — we(x;t)). It holds hg(z;0) = 0 and then
_ 92
‘I’()\)h@(x;)\) %TLQ Hh@(x /\)

where hg(z;\) := Llha (2;-)](N). Since S is linear, we can define h(z;t) = v(w;t)—
w(z;t) to obtain he = Sgh. Setting h(z; A) := LIh(x;-)](N), we have
2

(2.6.7) 20 (M\h(z; ®(N)) = 50

Z Lyh(z; ®(N)).
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Now we want to transform the previous second order differential equation in a
system of first order ones and then write it in vector form. Let us define

0
F@;A) = - Luh(z; ®(X)) and gz A) = (Lah(z; ®(N)), f(z;0))
to rewrite in the equivalent form

0 _
39(@A) = (f(@3A), 22(A)h(z; 2(1))-
Now let us observe that f(a;A\) =0 and Lyh(a; (X)) = 0, thus we have
o
g(;A) = /a 529w Ady
and then

(2.6.8) ENEN
Considering Lyh(z; ®()\)), we have

Ox

0
—9(y; A)‘ dy.

LHhﬁdeA)):l/‘e‘ébnﬂxx;ﬂng(ﬂdt
0

M
- / e~ PN (s ) VY (t)dt
£

+oo

+/ e N2 t)Vy  (t)dt
M

=1+ I, + Is.

Now let us observe that min.e. a V2'7H(t) = m > 0, thus there exists a constant
C1 > 0 such that

M
L >C / e~ PNt (2 t)dt.
€

Concerning I, we get

1— 67<I’()\)5

1— —P(N)t
I = € >

/ .
(I)()\) /0 ‘/Q,H(t)h(xvt)d <1 —e—®(Ne
1—e— @t

where d (W) is a probability measure on [0,e]. Thus we can use Cheby-
shev’s integral inequality (see [I10]), since we can suppose V; ; and h(z;-) to be

comonotone in [0,&]. Setting Cy = 1_3_(% Jo 7PNV (t)dt > 0, we obtain

€
I > 02/ e~ PNt (2 t)dt.
0
Arguing in the same way for I3, we have that there exists a constant C3 > 0 such
that
+oo
I3 > Cs/ e~ PNt (z; t)dt.
M
Thus, taking Cy = min;—; 2 3 C; > 0, we obtain
Lih(z; ®()\)) > Cyh(z; ®(N)).
Now let us define k(x; \) = ‘%g(m; )\)} and observe that

k() = \JAB2 )R (5 B(N)) + f2(a: ).
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On the other hand we have, setting C's = min {%’ 1} > 0,

95 )| = /(Lh(a; BN + F2(w: N) > Csh(; M),
Plugging this inequality in Equation (2.6.8) and setting Cs = C5 ', we have

T

B < Co [ Ky .
By Grénwall’s Inequality (see [11]) we conclude that k(z; A) = 0. This implies that
h(z; ®(A\)) = 0. Now, considering A > 0, we have that ® is invertible on the real
line, thus we conclude that h(xz; \) = 0 for any A > 0. Finally, by injectivity of the
Laplace transform, we obtain h(x;t) = 0 for any ¢ > 0 and « € I, that is what we

wanted to prove. (Il

2.6.6. Uniqueness of strong solutions and the weak maximum prin-
ciple. Here we want to prove uniqueness of strong solutions of the generalized
Fokker-Planck equation. To do this, we need to study the value of non-local deriva-
tives at extremal points of a function. Let us recall that this has been done for
instance in [100] and [5] for the Caputo derivative and in [6] for the Riemann-
Liouville derivative. In our case, we have an adaptation of the Caputo derivative
case (see [26] Proposition 2.2]).

PROPOSITION 2.6.16. Let ® € BF be regularly varying at infinity of index
a € (0,1). Supose f : [0,T] — R and to is a mazimum point for f. If f €
W0, t0) NC((0,to]), then 8% f(to) > 0.

PRrROOF. Let us consider the function g(7) = f(to) — f(7) for 7 € [0,T] and
observe that 9%g(ty) = —0% f(to). Let us consider £ > 0 and write

€ to
o® = % — 1) (1)dr % — 1) (7)dr := .
) = [ ot =g (r)ir+ [ walto =g/ (rr =1+ 1y

Concerning Io, by a change of variable we have

to—e
I, = / ve(2)g (to — 2)dz.
0

Now, since we know that g € C1([e,to]) for any € > 0, we can use dominated
convergence theorem to write
to—e
Ih=-1 % dg(to — 2).
2=—lim | ve(2)dg(to — 2)
Let us observe that g is monotone and finite in [a,tg — €], hence it is of bounded
variation and we can use integration by parts (see [147]) to obtain

‘/“Zaw@mpwwn@%—ama—%mmw—@—/wwm—ﬂwaw

However, since g(to) = 0 and g € C([e,y]), we know that g(tp — a) < Clal. On

P(1/t)
I'(l—-a)

as t — 07. Hence we have that lim, 0 Ve(a)g(to — a) = 0. Moreover, g is non
negative, hence, by monotone convergence theorem, we have

I, = —vg(to —e)g(e) — /0 T g(to — 7)dvae(T).

the other hand, by Karamata’s Tauberian theorem, we know that v (t) ~
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Now let us suppose ¢ < ¢gg for some fixed g5 > 0. Then, setting
C = fot”_ao g(to — 7)dve (1), we get I < —C.
Concerning I;, we have

1=
I < palto —50)/ 1§ (7)]dr-
0

Since g’ € L1(0,¢), we know there exists € < g9 such that I; < %

€ > 0 as mentioned, we have

Thus, choosing

| Q

0%g(ty) < ——= <0,

concluding the proof. O

REMARK 2.6.17. With a regularization procedure it can be shown that such
property holds even if f does not belong to C!.

Now let us observe that for strong inverse-subordinated solutions ve = Sgv of

(2.6.2)), it holds

2

f@ HV» — 75@ HU.
) Ox2 )

This gives us a hint on what is missing to achieve a weak maximum principle for
such equation: we need to show that maximum points of vg are also maximum
points of Sg gv, as done in [26] Lemma 6.2].

LEMMA 2.6.18. Let v € L®(R";C%(I)), ve = Sepv and ve, i = S gv. Then
the following assertions are equivalent:
i (w0,t0) € I x RY is a mazimum point of ve;
ii (z0,t0) € I x RT is a mazimum point of Ve, H -
PrROOF. The implication ii = i is obvious since sup;~q V3 (t) > 0. Thus let
us show ¢ = 7.

To do this, let us fix (x,t) € I x RT. First of all let us suppose that there exists an
increasing sequence R,, — +o00 and a decreasing sequence d,, — 0 such that

Rn
/5 (v(zo;s) fo(s;to) —v(z;s)fa(s;t))ds > 0.

n

Then, since minycs,, r,) Vo g (t) > 0, we have

v, 1 (Tosto) — ve,m(w;t)

On
- / Vo (5) (0(0; 8) for(5: o) — (e 8) fs (s )l

R,
+ / VL 1 (3)(0(0: 8) fi (5 o) — v(a: 8) fs (s £)) s
)

n

+oo
+ Vs, (5) (v(wo; 5) fa (s t0) — v(w; s) fa(s;1))ds

R,
On,

> / VI 11 ()(0(0; ) fa (s o) — v(as 8) fs (s £)) s
0

X
+ / V() (0o ) F (s t0) — (s ) fs (55 ) ds.

Rn
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Taking the limit as n — +oo we obtain ve, g (xo; to) — ve, m(z;t) > 0.
Now let us suppose such sequences do not exist. Then there exists g, Ry such that
for any § < dg and R > Ry it holds

R
/5 (v(zo; 8) fo(s;to) — v(w;s) fo(s;t))ds < 0.

However, since (zo,tp) is a maximum point for ve, taking the limit as 6 — 0 and
R — 400 we have

+oo
/0 (v(zo;8) fo(s;to) — v(w;s) fo(s;t))ds = 0.

Since infie (o, +o00) Vo g (t) = 0, we can consider do so small and Ry so big to obtain
infie(sy,R0) Vo, (t) < 1. Now consider any decreasing sequence d,, — 0 such that
0, < 0p and any increasing sequence R,, — +oo such that R, > Ry. We have

ve, 1 (03 to) — vo,u(;1)

On

- / V1 (5) (0(0; 8) fr(5: o) — v(as 8) fn (51 ) s
R,

4 /5 Vi () (s ) F (s t0) — (s ) fn (55 ) ds
e

+ / V4 1 (5) (0(20: 8) fo (55 to) — (s ) fs (s £))ds
5

> / Vi (5) (0(0; 8) fr(5: o) — (e 8) fs (s ) s

(v(z03 8) fa(sito) — v(w; 8) fo(sit))ds
+oo

+ V3.1 (8)(v(wo; s) fa(sito) — v(; s) fa(s;t))ds.

Taking the limit as n — oo we conclude the proof. O

Now we are ready to show the actual weak maximum principle (see [26]).

THEOREM 2.6.19 (Weak maximum principle). Let ® € BF be a driftless
Bernstein function that is regularly varying at oo of index o € (0,1) and consider
ve = Sev a strong solution of in [a,b] x RT. Fiz T > 0 and define O =
[a,b] x [0, T]. Suppose that So (L= x[0,7)(t)) belongs to C*((0, T))NWL(0,T). Let
Op O be the parabolic boundary of O, i.e.

9p O = ([a,b] x {0}) U ({a, b} x [0,T7).
Then it holds

i) = it
P 0 = (B o

PROOF. First of all, let us observe that for any constant C' € R it holds ve+C' =
So(v+C), Fo.u(ve +C) = Fo gve and 9% (ve + C) = 9%ve. Thus if ve is an
inverse-subordinated strong solution of ([2.6.2)), so it is also vg + C. In conclusion,
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we can suppose, without loss of generality, that ve > 0.

Let us also recall that )

02
Now let us suppose vg admits a maximum point (xg, tp) belonging to Oou ((a,b) x
{T'}) and that M = max(, y)ca, 0 vo(z;t) < va(zo;to). Fix d = ve(wost) — M >0
and define for any (z,t) € O the function

Fo.i0vs = —Sa HV.

T—71

we(x;t) = ve(x;t) + gscp ( 7 X[o.T] (7')) (t)

where x(o,77(7) is the indicator function of the interval [0,7]. Since L=t € [0,1] as
t € [0,T], it holds

volw:t) < walet) < valwst) + )

for any (z,t) € O.
For any (z,t) € 0, O it holds
)
wa (zo;to) > ve(zo;to) =0+ M > § + ve(x;t) > 5 +we (23 1)

hence, since (zo;t9) & 0, O, we admits a maximum point (z1;¢1) € O U ((a,b) x

{T}).
Now let us also recall that
1) T—-71
(2.6.9) ve(x;t) = we(x;t) — §Sq> —7X[o.7] (7)) (¥).

Set g(t) = T=tx(0.7(t) and go(t) = Seg(t). We want to determine 0% g (t). To
do this, let us suppose a priori that d®gs(¢) admits a Laplace transform. Then we
have, since g¢(0) = 1,

o\ _ N1 —e VT

£10™ ga] = 2 Llgw) — = =~ =

On the other hand, it holds
PA)(1 —e W)
AD(N) ’

T
0% ga(t) = —%/0 fa(s;t)ds

Using this equality, together with identity (2.6.9) -, we get

L[SeX0,1] =

thus we have

(2.6.10) 0%vg (2:1) = 0%we (z;t) + —/ fa(s;t)d

If we define w(z;t) = v(x;t) 4+ g(t), we obtain that we = SqﬂU Moreover, since
g does not depend on z, we have that 5~ 2S<1> Hw(T;t) = 5 2Sq> v(z;t). Thus we

can rewrite equation (|2 as

8¢wq>mt Jr—/ fa(s;t)d S@Hw(zt) 0.

282

Now let us observe that (z1,#1) is a maximum point for wg belonging to @ U((a, b) x
{T}), hence, by Proposition [2.6.16, we know that 0%we(x1;t1) > 0. Moreover,
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(w1,t1) is also a maximum point for Sg mw(z;t), hence BB—;S@Hw(azl;tl) < 0.
Thus we have
2

5 T
@ . . i
O®we(x15t1) + 2T/0 fa(s;t1)ds 5 92

which is a contradiction. O

6 T
So,pw(ry;ty) > */ Ja(s;t1)ds >0,
’ 2T 0

As for regular parabolic equations, weak maximum principle directly implies
both uniqueness of the solution of a boundary-initial value problem and continuous
dependence from boundary-initial values. Moreover, it is easy to see that all we did
can be extended to the case in which a = —oo or b = +00 as soon as we introduce
some limit condition.

However, we have shown that pe(z;t) is a classical solution, but we do not know if
in general pg(z;t) is C! in t. A case in which this is known is given by ®(\) = A<,
thus we can conclude p,(z;t) is a strong solution of .

COROLLARY 2.6.20. pq. p(x;t) is the unique strong solution of (2.6.2)) for I =
R* with boundary-initial values po g (x;0) = 0, po g (Eoo;t) =0 and

“+o0
;@mmwzgiﬁ (Vaurz ()12 fo (s £)ds.

2.7. First exit times of time-changed Markov processes

Now that we have introduced some concepts related to time-changed processes,
let us focus on some features of these processes. In particular, here we will discuss
the asymptotic behaviour (respectively at infinity and at 07) of the survival func-
tion and the distribution function of the exit time ¥ of a time-changed Markov
process from an open set. Let us state that the majority of the results we are con-
sidering here are actually valid for any almost surely non-negative random variable
T independent of the subordinator og.

2.7.1. Some first properties of exit times. Let us consider a Markov pro-
cess M (t) with (topological) state space (3, ®) and ® € BF a driftless Bernstein
function. For the whole section we will fix S € & and define

T=inf{y>0: M(y) €S}

In the following P,(-) = P(:|M(0) = z). Moreover, to avoid trivialities, we will
always consider points € S such that P,(T > 0) > 0 (i.e. T is not degenerate
at 0) and P,(T < +oc0) = 1 (i.e. T is almost surely finite). Consider o¢(t) a
subordinator associated to ® and independent of M and let Lg(t) be its inverse.
The time-changed process will be denoted by Mg (t) := M (L (t)). Moreover, let
us denote

T=inf{y >0: Ms(y) & S}.

As preliminary step, let us give some alternative representation of P, (T > y).
LEMMA 2.7.1. It holds
(2.7.1) Po(S > y) = Pa(00(T) > y) = Po(T > Lao(y))

PROOF. Let us first observe that Mg admits the following alternative repre-
sentation

Mo (t) = M(y), oo (y—) <t < oa(y).
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From this representation we obtain that € = 04 (T —) on any path. Now let us also
recall that o¢ does not admit any fixed discontinuity and 7" and o4 are independent.
Thus we have

Po(T > y) = Paloe(T—) > y) = Eu[Pa(0e(T—) > y|T)]
= Eu[Pu(00(T) > y|T)] = Pu(0a(T) > y),

where the central equality holds since

B, (0s(T-) > y|T = t) = Po(oa(t=) > y|T = t) = Bo(oa(t=) > y)
— P, (00(t) > ) = Pu(oo(t) > ylT = 1) = Pu(0a(T) > y|T = t).

Furthermore, since L4 (t) is almost surely continuous and increasing, we get Lo (04(t)) =
t and then

Py (T > y) = Po(0w(T) > y) = Po(T > La(y)),
concluding the proof. O

This representation will be the main tool in our considerations.
Before going into the details of the asymptotic behaviour, let us show some prop-
erties concerning the regularity of the random variable ¥.

2.7.2. Smoothness of . First of all, we are interested in the absolute conti-
nuity of T. An interesting thing we should underline is the fact that such absolute
continuity could not depend at all on the absolute continuity of 7. Indeed, the fol-
lowing Theorem (see [28], Theorem 2.8, Propositions 2.9 and 2.10]) gives a sufficient
condition on absolute continuity and differentiability of the density of ¥.

THEOREM 2.7.2. Suppose Ug is absolutely continuous and ve satisfies Orey’s
condition (defnition. Moreover, suppose there exists e > 0 such thatIE[Tfl)([O’E] (T)] <
+o0o. Then T is an absolutely continuous random variable with respect to Py (-).
Moreover, if there exists n € N such that E[T =" x(o.o(T)] < +o0, the probability
density function p<(t) is differentiable up to n-th derivative with bounded deriva-
tives.

ProoF. By Proposition we know that the subordinator o4 (t) is absolutely
continuous for any ¢ > 0. Let us denote by g¢(s;t) its density. Then, by (2.7.1)
and the independence of o¢ and T, we have

+o0
(2.7.2) Po(T<y) =Pu(oo(T) <y) = /O Po(oa(s) < y)ur(ds)

where pr is the law of T. Now, let us observe that P,(0s(s) < y) is differentiable
and its derivative is given by ge(y;s). Let us consider the Lévy symbol of o,
given by U(A) := ®(—i)) (1 — € )yg(dr) and the characteristic function

~— Jo
vo(A;t) == E[er7*®] = ¢~*¥(N) This function is in L'(R) and we can express
9o (y; s), by Lévy inversion theorem, as
1 —iAy
18) = — A;8)dA.
ga(y; s) %/Re pa(X; s)

Now let us recall that the complex extension of ® still maps complex numbers
with non-negative real part in complex numbers with non-negative real part. Thus
R(¥(N)) > 0. Now let us use Orey’s condition. Indeed, as shown in [I15], such
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condition implies that there exists a constant ¢ > 0 such that for |A| sufficiently big
it holds

[pa (A1) < e i
where v € (0, 2) is the exponent of Orey’s condition. Thus we have that ®(T(X)) >
¢I\]?>~7 and
il

lpa(Ast)| < et

for large values of |A|. Suppose in particular the bound holds for |A| > M. First of
all, we obtain that

M 1 +oo R
|g<1>(y; S)| < — 4+ 7/ 6_51/\2 I
™ T Jur
M 4 +00
~ 7 e W e d)
v mes [ se A2~
4
_M A (1 seyn,
™ mCS 2_7 4

that is integrable by hypothesis. Thus we can differentiate under integral sign in

(2.7.2) to obtain
+oo
p=(y) :/0 ga(s;y)pr(ds).

Concerning differentiability, let us observe that we can re-write

+oo
p<(y) = %/Re‘ifs/o 0 (& s)pr(ds)dE

and then consider the incremental ratio. To show that we can differentiate un-
der integral sign, one has to show that the incremental ratio is dominated by an

integrable function. In particular, we have
—+oo
<[ ke MO as)
0

and then, using the same estimates as before (together with Fubini’s theorem),
we prove that the right-hand side is in L'(R). The same holds for successive
derivatives. O

. P
67255 _ efzfs

s—s'

+oo
/O pa(&; s)ur(ds)

As a direct consequence we obtain the following Corollary.

COROLLARY 2.7.3. Suppose U is absolutely continuous and ve satisfies Orey’s
condition. If t — P,(T < t) is rapidly decreasing at 07, then T is an absolutely
continuous random variable with respect to P, () and the probability density function
px is infinitely differentiable with bounded derivatives.

2.7.3. The asymptotic behaviour of the survival function. Now let
us introduce some notation. Set F(¢t) = P,(T < t), the cumulative distribu-
tion function of 7, and F(t) = 1 — F(t), the survival function. Moreover, set
$(t) = P,(T < t), the cumulative distribution function of T, and § (t) = 1 — (¢),
the survival function. First of all, we need the following technical Lemma (see [28],
Lemma 2.1]).
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LEMMA 2.7.4. Let X be a non-negative random variable and 'Y be an exponen-
tial random variable of parameter X > 0 independent of X. Then

(2.7.3) P (X >Y) =E,[1 — e *¥].
Proor. By using a conditioning argument we get
P (X > V) =E,[P,(X > Y|X)] = E,[1 — e .
|

Now we are ready to show the main result concerning the asymptotic behaviour
of the survival function § (see [28, Theorem 2.2]).

THEOREM 2.7.5. Fiz z € S such that the function g(s) := E.[1 — e 1] is
reqularly varying at zero with index § € [0,1]. Moreover, suppose ® is regularly
varying at zero with index o € [0,1). Then

(2.7.4) F() ~ ﬁg (@ <1)> as £ = +o0.

In particular § is reqularly varying at infinity with index af.

PROOF. Let us define the function
¢
J(t) = / S (s)ds
0
and set J(A\) = £5[J](\). By using Equation (2.7.1)) we obtain

+oo
J(\) :/0 e M PL(T > L(s))ds
- /0+oo /0+OO e M E(w) fo(w; s)dwds
= /OH)O F(w) /0+°° e fo (w; s)dsdw

1 [tee _
= f/ d(N)e *®N F(s)ds.
A Jo

Now let us define Yg an exponential random variable independent of 7" and with
rate ®(A). Then we have

- 1
JO) = T Bo(T > Ya).
Finally, by Equation ([2.7.3]), we obtain

- 1
T = { ol = 7"V = Zg(@()).
In particular we have that g o ® is regularly varying at zero with index af, thus

there exists a slowly varying function ¢ such that
g(@(N) = AL,

1

and then -
JN) = X¥8=1g(N).
Now, by Karamata’s Tauberian theorem [I.3.3] we have
tl—ocﬁ

0~ ['(2 - ap)

£(1/t) as t — 4o00.
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Moreover, § is monotone, thus we can use Monotone density theorem to get
t—oB
(1= ap)
concluding the proof. O

() ~ 2(1/t) as t — 400,

Let us observe that the previous theorem does not rely directly on the distribu-
tion function of T (but it actually does via the function g). Let us give a sufficient
condition for g to be regularly varying at zero (see [28, Corollary 2.3]).

COROLLARY 2.7.6. If for x € S it holds E*[T] = C < 400 and ® is regularly
varying at zero with index « € [0,1), then it holds

- C
2.7.5 t)~ ———P(1/¢ t— .
(27.5) O~ o U st o
PROOF. Let us observe that # < T for any s > 0. Thus, being T of finite
mean, we can use Dominated Convergence Theorem to obtain

lim 48) _ E,[T] = C,

s—=0 8

concluding the proof, by using Theorem [2.7.5] O

If we consider M (t) to be a 1-dimensional Markov process and S = (—o0,¢)
for some ¢ > 0, there are several examples of processes such that Eo[T] < +o0.
In particular, in the class of the Gauss-Markov processes, we can consider the
drifted Brownian motion or the Ornstein-Uhlenbeck process. In [28], finite-mean
conditions for Gauss-Markov processes are discussed by means of some comparison
principles.

A different case is the one of the driftless Brownian motion M (t) = B(t). Indeed
it is well known that, for S = (—o0, ¢), Eo[T] = +00. However, if we consider the
subordinator o1 (t), it is also known that

T= a%(\[?c)

and then we have g(s) = Eo[l — e 7] = 1 — e7°V2% which is regularly varying at
0 with index 1/2. Thus, in this case, we get, if ® is regularly varying at zero with

index « € [0, 1),
- 1 — e—cV/20(1/t)
t) ~ —————— t— .
5 () Ti—a/2) as +o0
2.7.4. The asymptotic behaviour of the distribution function. Con-
cerning the behaviour of the distribution function § at zero, we need some proper-
ties on the behaviour of F' at 0. Indeed, let us show the following result (see [28]
Theorem 2.13]).

THEOREM 2.7.7. Fiz x € S such that the function F is reqularly varying at
zero with index p > 0. Moreover, suppose that ® is regularly varying at zero with
index a > 0. Then

F(t) ~ Fr((lljap;)F <<I> é)> ast— 0T,

In particular, § is regularly varying at 0 with index ap.
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PROOF. Let us denote by F and § the Laplace-Stieltjes transforms of F' and
§. Since F is regularly varying at 0, by Karamata’s Tauberian theorem we have

F(A) ~ F(1/A)T(1 + p) as A — +oo.
Moreover, by using Equation (2.7.1)) and denoting by pr(ds) the law of T', we have

+oo
30 = /O eGP, (o(T) < 1)
N /om /om e go (s dt) ur (ds)
“+o0

_ / =3P (ds) = F(B(N)).
0
In particular we get
SN ~T(14p)F(1/®())  as A — +oo.

Now let us observe that F(1/®(\)) is regularly varying at infinity with index ap.
Thus, we can use again Karamata’s Tauberian theorem to conclude the proof. O

However, there are different cases in which F'(¢) is shown to be not only rapidly
varying at 0, but in particular rapidly decreasing at 0. For instance, as shown
n [28], this is the case of 1-dimensional Gauss-Markov processes M (t) and open
sets S = (—o0,¢) (choosing x = 0). Thus, it could be useful to determine some
asymptotic result even in this case. This is done by using the following result (see
[28| Theorem 2.16]).

THEOREM 2.7.8. Fiz x € S such that F is rapidly decreasing at 0T and C°°.
Suppose Vg is absolutely continuous and ve satisfies Orey’s condition. Moreover,
let ® vary regularly at infinity with index o > 0. Then T is absolutely continuous
and its probability density function p<(t) is rapidly decreasing at 07 .

ProOF. First of all, let us observe that T is absolutely continuous with C'*>°
density pr(t) that is rapidly decreasing at 0. Moreover, by Corollary we
know that T is absolutely continuous with C°° density pz(t). As before, we have
3(\) = F(®()\)). In particular, § and F are the Laplace transform respectively of
ps and pr.

Now let us observe that there exists a slowly varying function (at infinity) ¢ such
that
D(N) = AYU(N).
Fix k > 0 and 8 > 0 such that a8 > k. We have
s 1
A g()‘) - )\/Bo‘_kfﬁ()\)
The Tauberian Theorem for rapidly decreasing functions ensure that
limy_ 400 ®?(A)F(®(X)) = 0. On the other hand, since a8 — k > 0, we have
limy s 100 AP*%0P(\) = +00. Thus we get limy_, 100 A*F(A) = 0. Since k > 0 was
arbitrary and § belongs to C*°, we conclude the proof by the Tauberian Theorem
for rapidly decreasing functions. O

D (N)F(B(N)).

It can be checked by hand that this is the case of the Brownian motion with
non-negative drift when we set S = (—o0, ¢).
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2.8. The first passage time of the time-changed Brownian motion with
non-negative drift through a constant threshold

In the previous section we obtained some asymptotics for the survival functions
and the distribution functions of first exit time from open sets of time-changed
Markov processes. In particular, we have seen that the first passage time %f of
the time-changed Brownian motion with drift 6 > 0 starting from 0 through the
constant threshold ¢ > 0 and ® € BF driftless and regularly varying at 0 with
order «a € [0, 1) satisfies the following asymptotic relations as ¢ — +o0:

1_e—cV2e(1/t) 5=0
@(t) ~ { I'(l—a/2) -
s @1/t 6> 0,

where, to obtain the second asymptotic relation, we just use Corollary [2.7.6] with
the fact that Eq[T] = §. Moreover, if ® is regularly varying at infinity, then we also
have that F(¢) is rapidly decreasing at 0F.
Now we need to consider also the dependence of the distribution function § with
respect to the starting point x. Here, we want to show that, after some trans-
formations, the distribution function is the unique solution of a non-local Partial
Differential Equation.
Thus, let us define by T the first passage time of the Brownian motion with non-
negative drift B%(¢) (with § > 0) through the threshold ¢ > 0. In particular, we
have

inf{t >0: B(t,w) >c} B’0,w)<c

T¢w) =< inf{t >0: B(t,w) <c} B’(0,w)>c

0 B%(0,w) =c.

Here let us focus on the case B%(0,w) < ¢. We have, conditioning to B®(0) = = < ¢,

C— X _ (c—z—5t)?
pT“(t§x):W€ N

and then the distribution function is given by

t>0,

(2.8.1)
P,(T¢ < t) — /t c—z 6_%% _ e2(e=2) [t (e g) 6_%_525 N
0 Vams? v Jo sv2s
Now let us set t/_i = z to obtain
e20(c—x) rt (c — ) 6_%_%@ _ 9e20(c—x) oo 67227%612.

VT o sV2s VT
From this relation, we easily get that

lim P, (T°¢<t)=1

r—Cc™

o

8

9

as it was expected. Moreover, it is easy to check that the function w(z;t) =
(z=o0)% . .
S5 s decreasing for z > z1(t) where

Ot +V02t2 + 4¢
alt) = o ——.

Since z1 is a continuous function, for any fixed ¢ > 0 there exists s, € [0,t] such
that 21 (s«) = maxgeo,q 21(8). Now, if we send x — —o0, we have that ¢ —z — 400

z

(&
V2rt3
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and then we can suppose, for fixed ¢ > 0, that ¢ — 2 > 21(s.). Thus, in particular,
we get for fixed ¢ > 0, by monotone convergence theorem,

lim P, (T°<t)=0.

TrT——00

We can actually say much more. Indeed, specifying [L01], Theorem 2.1] to our case,
we have the following result.

THEOREM 2.8.1. Fiz c > 0 and consider t = c— % Define v(t;y) = P, (T° < t)
and consider the operator
4 52
y* 0
2.8.2 A==>——
(2.8.2) 5 07
Then v(t;y) is the unique strong solution of

W (ty) = Av(tiy) t>0, y>0

B
2,2 3
+[0%y" +y ]*9y~

0,4) =0 >0

(2.8.3) v(0,9) Y
limy,4ov(t,y) =1 t>0
v(t,0) =0 t>0.

Here we do not intend strong solution in the sense of abstract Cauchy problem,
but just that v is continuous in [0, +00) X [0, +00), differentiable once with respect
to the variable ¢, twice with respect to y with continuous derivatives and the Equa-
tion hold pointwise. Moreover, uniqueness of the solution follows from the
classical weak maximum principle for parabolic problems. It is also interesting to
observe that the previous Theorem do not only provide a result of existence of the
strong solution to the parabolic problem , but also a stochastic representa-
tion of it by actually exhibiting the unique strong solution. In this section we will
prove an analogous result for T¢, i.e. the first passage time of the time-changed
process B (t) through the fixed threshold ¢ € R.

Now we want to focus on the following non-local parabolic problem

OPu(t;y) = Ault;y) t>0, y>0

0,y) =0 0

(2.8.4) 9( +Y) y >
lim,,you(t,y)=1 t>0
u(t,0) =0 t>0.

where ® € BF is a driftless Bernstein function and A is defined in (2.8.2)). Before
working on the actual equation, let us give the definition of strong solution.

DEFINITION 2.8.1. A function u(t;y) defined for ¢ > 0 and y > 0 is a classical

solution of the non-local parabolic problem (2.8.4) if and only if:

o u € C([0,4+00) x [0,4+00));

e u is twice differentiable with respect to y and %7 g%ﬁ € C((0,+00) x
(0, +00));
OPu(t;y) is well defined for any ¢ > 0 and y > 0;
Du(t: y) € C((0, +00) x (0, +00));
The Equations in (2.8.4)) hold pointwise.
Moreover we say that u is a strong solution if it is a classical solution and w is
differentiable in ¢ with continuous derivative.
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In the following we will need some upper bounds on the solution v of (2.8.3).

LEMMA 2.8.2. Let v(t;y) be defined as in Theorem|2.8.1. Consider 0 < y; < ya
and T = [y1,yz2]. Then there exists a constant C(Z) such that

ov 0%v
sup vmw»+awﬁ+\wmb<cay
(t,4)€(0,400) X [y1 2] ( dy y?

PROOF. By using the first equality of Equation (2.8.1)) and the stochastic rep-
resentation of v as a distribution function for a first passage time, we obtain that

v(t;y) = /O w(s;y)ds

where
]_ _ (1*55@:}2

w(s;y) = ———=e 257
(5:9) yV2ms3
Now let us define the function
o) =i { L= (1= 63
vio T u
It is easy to see that as s — 400 it holds
(2.8.5) mz(s) ~ 6%s%.

Now let us observe that

1 _mz(s) T
w(s;y) < ———=e~ "2 =: hj(s),
( ) yl\/m O( )

where hZ € L'(0,+00), by using Equation (2.8.5) and the fact that mz(0) =
we differentiate w(s;y) with respect to y, we easily get
ow 1 _mz(s) ( 1 ) ) 7
—(s59)] < — e 25 1+ —+ — ) =:hy(s).
)| < =y St ) =)
Now, since h¥ € L(0,4+o0), still by Equation (2.8.5)), we have

ov /taw
—(t;y) = —(s;y)ds, ye L.
ay( Y) ; 6y( y)ds, y

Now we can differentiate again with respect to y to get
0w 1 _mze (1 4 26 1
TY (19| < —5e—pe °F
dy yiV/2ms3

As before, hX € L(0,+0c0) and then we obtain

02v t 92w
Tyz(t;y) :./o Tf(s;y)ds, yel.

CIf

<
(VTS

62—5

+—+—=+—7
2 3s sy{’ sy‘l1

Finally, let us define
+oo
C@= [ () +HE(s) + W (s))ds
0

to conclude the proof. O

Moreover, as we stated before, to prove uniqueness we need a weak maximum
principle. Thus, now we want to prove a generalized version of [I00]. To do this,
let us first introduce some notation.
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DEFINITION 2.8.2. Let us define R = Rj x R™ and R%}. = [0, 7] x R"™ for any
T > 0. Given an open set O C R7, the parabolic interior of O is given by the
following property:

(to,z0) € OF < Ir > 0: B,(tg,z0) N{(t,z) eRY : t <t} C O

where B, (to,zo) is the ball in R"*! centered in (¢, o) with radius r > 0.

We define the parabolic boundary of O as 0,0 = O \ O* where O is the
closure of 0. Given an opens set @ C R7, we define the space projection
as Ogr = {& € R" : 3t € [0,7] : (t,x) € O} and the time projection as
Op, = {t€[0,T]: 3z € R": (t,z) € O}. Moreover, let us define the space
section O; = {z € R" : (t,z) € O} for any t € Oy ) and the time section
O, ={t € [0,T] : (t,#) € O}. Given a function v : O — R, we say that
u € C*1(O) if and only if

ue CO);

vVt € O[O7T] it holds U(t, ) S 02((0*)15)7

Vz € Ogn it holds u(-,x) € CL((O*),) N WH(O,);

Vz € Ogn such that 0 ¢ O, it holds u(-,z) € C1((O),).

Now we can state the following weak maximum principle.

THEOREM 2.8.3 (Weak maximum principle). Let O C RT be a connected
bounded open set of R of the form O = O x [0, T] where O is a bounded connected
open set of R™. Let u € C*Y(O). Let u be a solution of

OFu(t,x) = Au(t,z), (t,x) € O
where
A=p2(2)A+ (p1(2),V)
with po : O — R and p1 O — R". Finally, suppose that ® € BF is a driftless
Bernstein function regularly varying at infinity with order o € (0,1). Then it holds

u(t,x) < (S,;r)lggpou(s,y), V(t,z) € O.
PRrROOF. First of all, without loss of generality, we can suppose that u(t,z) > 0
for any (¢,x) € O.
Let M; = max(,)ea, 0 u(s,y) and suppose by contradiction there exists a point
(to, o) € O such that u(tg,z9) = Ma > M. Set e = My — M, and consider for
(t,z) € O the function
eT —1t

tx) =u(t S —
wlt,z) = u(t, ) + 5
Now, since T'—t < T', we have

u(t,@) < wit,w) < ulto) + 5
for any (t,x) € O. In particular in (t9, z9) we have

w(to, xo) 2 ’Lb(to,xo) =c+ Ml.
Now, by definition of M, considering (¢,z) € 0, O, we get

w(to, xo) > € + u(x,t) > g + w(z,t).

However, by definition, w € C°(O), thus it must admit a maximum point (t;,z1).
The previous inequality implies that (t1,2z1) ¢ 0, O. w is derivable in ¢;, thus
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Ofw(ty,r1) > 0. Moreover, z; is an inner point of {;, and then w(ty,) is twice
differentiable in x;. In particular this leads to Vw(ty,z1) = 0 and Aw(t1,z1) < 0.
Not let us observe that

OFu(x,t) = OFw(x,t) + %Lb(t),
Vw(z,t) = Vu(z,t),
Aw(z,t) = Au(z,t),

where I (t) is the integrated tail of the Lévy measure vg. Thus, in (¢1,21), we get

g
0= 8;1)’11,(751,1‘1) - .A’U,(tl,l‘l) = 6?w(t1,x1) + ﬁLp(tl) —pg(xl)Aw(tl,wl) >0

which is a contradiction. O

Now we are ready to exploit a classical solution of Equations (2.8.4]) by directly
showing the stochastic representation of it. The next Theorem is a refined version
of [4, Theorem 2].

THEOREM 2.8.4. Fiz c > 0 and consider t = c— % Define u(t;y) = P, (T <t)
where ¢ = inf{t > 0: B3 (t) > c} and B (t) = B°(Lg(t)) with Le independent
of B®. Let A be the operator defined in , Moreover, let & € BF be driftless
and regularly varying at infinity with order o € (0, 1) with e absolutely continuous
and ve satisfying Orey’s condition. Then u(t;y) is the unique strong solution of

Equation (2.8.4]).

PROOF. Let us first observe that, by Equation (2.7.1) and Theorem we
have

+oo
u(t;y)=/O v(s;y) fo(s;t)ds,

where v(s;y) is the unique strong solution of (2.8.3). By definition of u(t;y), we
immediately get «(0;y) = 0 for any y > 0.

Now let us observe that v(s;y) < 1, thus we can use dominated convergence theorem
to obtain

+oo
li ty) = li : t)ds = 1.
A u(ty) /O S v(s;y) fa(s;t)ds

The same holds as y — 0. Moreover, we easily have that u(t;y) is continuous
in y by dominated convergence theorem. Smoothness of u with respect to ¢ is
guaranteed by Corollary On the other hand, u is twice differentiable with
respect to y with continuous derivatives by differentiation under the integral sign,
that can be done thanks to the estimates in Lemma Now we only have to
show that the equation actually holds. To do this, let us observe that since u is
smooth, we can take the Laplace transform of 9u(t;y). Thus we have, denoting u
the Laplace transform of u with respect to ¢

Li[0F u(t;n)|(A) = 2(N)a(X; y).

On the other hand, we have, by integrating by parts,

(1)2 )\ +o00o B <I> )\ +oo av .
P(Nu(Ny) = )(\)/0 v(s;y)e N ds = E\)/O g(s;y)e BN .
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Taking the inverse Laplace transform, it holds

+oo
ofuttin) = [ Grlsfalsit

Now let us recall that v is strong solution of (2.8.3) and that we can exchange A
with the integral sign thanks to the estimates given in Lemma [2.8.2] We finally

have
+o0

+° 9y
otuttin) = [ Grfalsin = [ Avsnfatst) = Autein)

Uniqueness easily follows from the weak maximum principle. O



CHAPTER 3

Some applications of time-changed processes

In this chapter we will focus on applications of the previously presented results.
The main ones are given in the context of queueing theory. Indeed, the latter
provides a fruitful soil to study and improve techniques related to methods based
on probability generating function to solve difference-differential Cauchy problems
and, at the same time, its peculiar models provide interesting examples in which
the semi-Markov character of time-changed processes arises.

Discrete models are not the only models we will consider. As application of the
time-changed Ornstein-Uhlenbeck process (as presented in [67]) with an additional
deterministic drift term, we will construct a non-local Leaky Integrate-and-Fire
(LIF) model. LIF models are one of the simplest models of neuronal activity.
However, as we will see, their simplicity leads also to a predictable behaviour of the
firing times of the modelled neuron, which is not always the most realistic result.
Indeed, we will give an explicit example in which our model seems to fit better than
the classical Markov one. Let us state that the considerations are only qualitative
due to a lack of data.

Finally, in the context of applications, some simulation procedures are presented,
with a particular attention to the generalization of Gillespie’s algorithm to time-
changed continuous time Markov chains.

3.1. Basics on queueing theory

As we stated before, we will mainly focus on queueing theory. Let us introduce
the basic ideas of queueing theory, following the lines of [134]. First of all, let us
consider a queueing system, that is to say a service facility linked to a source
(from which users arrive) and to a destination (to which users are transferred). A
queueing system can eventually handle more than one user per time unit. However,
when there are more users than the ones the system can handle, a waiting line (or
queue) is formed. Users can arrive at random times and services are not necessarily
completed in a fixed time. Queueing systems model a lot of different things, from
the more concrete ones (as a supermarket or a post office) to the more complex
ones (for instance the scheduler of an operating system [137] or telephone traffic,
which was the actual first usage queueing models [56]).

A queueing system is characterized by the following components:

e The input process: i.e. the way users arrive. In particular we will
consider single arrivals (and not group arrivals, that are still possible),
infinite source and infinite capacity of the system, thus the input process
is completely defined by the distribution of the inter-arrival times T,,,
which are the times between the arrival of the (n — 1)-th user and the
n-th user. In particular, denoting by A, the arrival times, i.e. the time

101
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instants in which the n-th user enters the system, one has T,, = A, — A,,_1
for any n € N, where Ag = 0. In particular one asks that the inter-arrival
times T,, are independent from one another.

e The queue discipline: i.e. the rule applied to decide which user in the
waiting line will be served. In case of the CPU scheduler, for instance, this
is the main feature that establishes the differences between schedulers (e.g.
the usage of preemptive algorithms, or also the introduction of a priority
value, see [137]). We will always consider First-In First-Out (FIFO)
queues, i.e. queues in which the service is executed in arrival order. These
are also called First-Come First-Served (FCFS) queues. Let us stress
out that one can also combine this discipline with others. For instance,
still talking about schedulers, the FCFS scheduler can be modelled as a
classical FIFO queue, while the Round Robin (RR) scheduler still works
with a FIFO discipline, but interrupts the current service if it takes too
long and put the user again in the back of the queue (this procedure is
called preemption).

e Service mechanism: i.e. the arrangement and characteristic of the
servers. In the model we will work with, we will always consider one
server, thus the service mechanism will be described in terms of the ser-
vice times S,,, that is to say the time the n-th user takes to complete
the service. As for inter-arrival times, also service times are asked to be
independent.

A schematization of a queueing system is given in Figure [3.1]

The description of the queueing system is made by using the system state process
N(t), which is a stochastic process that counts the number of users in the system
at time t > 0. It is sometimes called the queue length process, but, as we will
see, in some cases it is useful to make a distinction between the two terminologies.
Usually, one can describe much more easily the performance parameters of the
queueing in terms of the steady state of N(t) (if it exists). However, in our case,
we will focus on the transient behaviour of the queues. The main motivation of
this choice will be clear in the following section.

For the transient behaviour, the main performance parameters are given by

e The busy period: i.e. the duration B of a time interval from the moment
in which a user comes in the empty service to the moment in which the
system is empty again.

e The virtual waiting time: i.e. the duration W (t) of time a user has to
spend in the system if it enters it at time ¢ > 0.

Finally, let us recall that in general there is a convenient notation to abbreviate
the description of a queue, called Kendall notation. We will actually focus on
the notation of the form A/B/C where A describes the inter-arrival distribution,
B the service time distribution and C' the number of servers. Concerning A and B,
we will use the following symbols:

e M stands for an exponential distribution;
e E). stands for an Erlang distribution of shape parameter k € N.

When A = B = M, then the queue is called Markovian (since the process N (t)
is a continuous time Markov chain).
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Queueing System

Inpup Queue Service
procegs Waitin iscipling i ne¢hanism . .
’ Source | Contre Srvice | =m Destination

FI1GURE 1. The schematization of a queueing system

3.1.1. An example: the transient behaviour of the M/M/1 queue.
Let us consider a standard M /M /1 queue, schematized as in Figure Then its
inter-arrival times are given by T,, ~ Exp()) and the service times are given by
Sp ~ Exp(u). It is not difficult to see that the process N(t) is a birth-death
process with transition matrix

—A M 0 0 0
A —(A+p) © 0 0
% 0f-

Q=10 A —(A+p)

where, for a continuous-time Markov chain X (¢) with state space E C Z, the
transition matrix is an operator () defined on some sequence space such that,
if we define P(t) = (p(t,n))ncr the sequence of the state probabilities p(t,n) =
P;(X(t) = n) for some i € E, it is solution of

P'(t) = QP(t)

(where P(t) is interpreted as a column vector). As we can see, () is a matrix
representation of the forward operator F.

Thus, in the case of the M/M/1 queue model, the state probabilities (p(¢,7))nen,
(with i = 0) satisfy the following difference-differential problem

9(£,0) = —Ap(t,0) + up(t, 1) t>0

(3.1.1) i—f(t,n):—(/\—|—u)p(t,n)+up(t,n—|—1)—|—/\p(t,n—1) t>0, n>1
p(0,0) =1
p(0,n) =0 n>1.

We will not actually solve this system here and now, but let us show the method
of solution of such system (as in [129]). The idea is the following: let us consider
the probability generating function

+oo
G(z,t) = Zp(t,n)z"
n=0

that is well defined for t > 0 and z € ;. For fixed ¢ this is an analytic function on
Dy (since it is actually a power series), thus its coefficient are uniquely determined.
This means that if we are able to determine G(z,t), then we automatically have
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M/M/1 queueing system

Waiting centre Service centre
Waiting line

Source A @

FIGURE 2. A Schematization of an M/M/1 queue

p(t,n) = %%;SS (0,%). Now, multiplying the second equation of (3.1.1) by 2™ and
then summing everything, we get the following partial differential equation:

(3.1.2) z%—cj(z, t) = (1—2)[(r— A2)G(z,t) — up(t,0)] zeDy, t>0.

Consider now z > 0 and observe that, by monotone convergence theorem, one can
take the Laplace transform (in t) inside the summation operator in the definition
of G(z,t). Denoting by G(z,\) the Laplace transform of G(z,t), one obtains an
algebraic expression of G(z, \) in terms of 2, A and p(),0) = L[p(-,0)](\) by taking
the transform on the whole equation .
As next step, one should notice that since such transform must converge at least
for z € (0,1), then the zeros of the numerator and the ones of the denominator of
the aforementioned algebraic expression must coincide: this gives an explicit form
of p(A,0) and then, taking the inverse transform, one obtains p(¢,0). On the other
hand, after we have explicitly p(), 0), we also have expressed explicitly G(z, \) and
then we can take the inverse transform and use the formula
7

i' oG 0,1)
nl 0zn
to obtain all the state probabilities. However, this method can be actually difficult
to apply, since the inverse transform are not trivial even in this easy case. To give
an idea, let us observe that the solution of such difference-differential system is
given by (setting p = A\/u)

p(t7 n) =

—+oo

n n—1 k
p(t,n) = eI pE L 2/ Nat) + p”T Lo (2 Mat) + (L= p)p" > p~ 2 1(2y/Anit)

k=n-+2
where the functions I,, are the modified Bessel functions of the first kind (see [72])

= 1 2\ nt2k
In(2) = ,; KT(n+k+1) (5) '

3.2. The fractional M/M/1 queue

In this section we will introduce the fractional M/M/1 queue as described in
[44]. However, we will do it reverting the approach, i.e. first introducing the process
and then discussing the equation. This is due to the fact that for non-Markov
processes (and this process is a semi-Markov one), knowing the fractional version
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of the forward Kolmogorov equation and its solution, does not characterize the
process. Moreover, to adapt the treatment to Kendall notation, let us fix « € (0,1)
and denote this queue model as M, /M, /1. So we know that there is 1 server, but
we still have to define the service mechanism and the input process. To do this,
we will make use of the classical M/M/1 queue. Consider N(¢) the state process
of an M/M/1 queue with parameters A and p and o, (t) an a-stable subordinator
independent of it, with inverse L, (t). Then the M, /M,/1 state process is defined
as Ny (t) :== N(Ly(t)). Let us denote

Pa(t,n) = Po(Na(t) = n)
the state probabilities and

+oo
Gal(z,t) = Zpa(t,n)z”
n=0

the probability generating function (for ¢ > 0, n € Ny and z € D;). Let us
first give a system of fractional difference-differential equations whose solution is
P, (t) = (pa(t,n))nen, (see [44, Theorems 2.1 and 2.2]).

THEOREM 3.2.1. Let N, (t) be the state process of a My/M,/1 queue. Then
the state probabilities p,(t,n) are the unique solution of
(3.2.1)

0%pa(t,0) = —Apa(t,0) + upa(t, 1) t>0
0%pa(t,n) = —( A+ wpa(t,n) + upa(t,n+ 1) + Apa(t,n —1) t>0, n>1
Pa(0,0) =1

Pa(0,m) =0 n> 1.

Moreover, the Laplace transform Go(z,\) of the probability generating function
Gu(z,t) is given by

ez (1 D)W — ()
Gz ) = A e ]z — (V)

where z;(A\) for i = 1,2 are the roots of the polynomial
wx(z) =A% — (1 — 2)(un — A2),

with zo(A\) € Dy.

It is also not difficult to check that

+oo
paltm) = [ plsmfulsi0)ds
and
“+o00
Go(z,t) :/0 G(z,8)fa(s;t)ds

where p(t,n) and G(z,t) are respectively the state probabilities and the probability
generating function of a M/M/1 queue and f,(s;t) is the density of the inverse a-
stable subordinator L (t). Using such relations it is possible to achieve an explicit
formula for the state probabilities p, (t,n). However, we first need to introduce a
special function as defined in [122].
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DEFINITION 3.2.1. Let a € H, 8,p € C. Then the Prabhakar function of
parameters «, (3, p is defined as

(ot
E’f ,(2) = z2eC
O"B( ) kZ:O I'(ak + B)k!
where (p) = Fgf’(‘x ) if p is not a non-positive integer (if p is a positive integer, then

one could directly write (p)r = p(p+1)---(p + k), obtaining 0 for k& > p).
Concerning Prahbakar functions, the following Laplace transform formula is

known (see [76, Formula 11.8]):
(3.2.2) LIPLE? L(wt™)](N) A AeH

2. w = —— .

a,B ()\oz _ w)p ’

Let us also remark that E1 5 = Ea,p. Now let us express the state probabilities
Pa(t,n) in terms of Prahbakar functions, recalling [44, Theorem 2.4].

THEOREM 3.2.2. For anyn € Ny, t > 0 and a € (0,1) it holds

(3.2.3) pa(t,n)<12) (2) < >n+§]§r+m<r+m>

r=0m=0

XN OO B e (Z 1)),

Now that we have obtained explicitly the state probabilities, let us focus on
some features of this model. First of all, let us give some actual interpretation
to the symbol M,. To do this, we first need to introduce a family of probability
distribution functions (that we will do in full generality, while here we will use just
one of them).

DEFINITION 3.2.2. Let ® € BF be a driftless Bernstein function. We say that a
random variable X is distributed as a $-exponential random variable with rate
A > 0if X > 0 almost surely and, for ¢ > 0, the probability distribution function
Fx(t) of X is given by

Fx(t) =1- &p(t; 7/\)
Let us denote such distribution as Expg(A). Moreover, if ®(z) = 2%, X is said to be
Mittag-Leffler distributed (see [121]). We denote the Mittag-Leffler distribution
with fractional parameter o € (0,1) and rate A as M L, (\).

Before proceeding with the next result, let us give some remarks. First of all,
since semi-Markov processes still admits Markov properties on jump times, given
a time-changed continuous-time Markov chain Xg(t), we can still define its jump
chain, i.e. the Markov chain X,, = X¢(J,,) where J,, are the jump times of X. In
particular, after a time-change, the jump chain remains unchanged: this is due to
the fact that we are only changing the temporal scale in which the events occur.
Moreover, let us observe that the new inter-arrival times are still independent each
other and so do the service times.

Moreover, the fact that the jump chain remains unchanged and that the process
still preserves Markov property at the jump times, we can consider the possibility
of modifying the process to obtain some information. For instance, suppose we
want to obtain the distribution of the inter-arrival times. Thus, we can suppose
there are already n users in the queue (and the n-th is just arrived) and no one
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is served (4 = 0). Moreover, we can fix an absorbing state in n + 1. Thus we
have a new process N?(t) with state space E = {n,n + 1} and state probabilities
bo(t,m) = P(Nb(t) = m) for m = n,n + 1. In particular, let us observe that
such process describes the arrive of a single user without taking in consideration
the service mechanism. It is not difficult to see that b, (t,n) and by (¢,n + 1) are
solutions of the Cauchy problem

0% (t,n) = —Aby(t, ), t>0
0% (t,n+ 1) = Ao (t,n), t>0
ba (Oa ’I’L) =1,
ba(0,n+1) = 0.
The first equation can be easily solved obtaining b, (¢t,n) = E4(—At*) and then
bo(t,n+1) =1—=10b4(t,n) =1— Eo(—Xt%).
We have shown part of the following result (as done in [18]).

PROPOSITION 3.2.3. Let T,, and S,, be the inter-arrival and the service times
of a My /M, /1 queue. Then

T ~ MLy(N) Sp ~ MLg ().
Moreover, let S, be the soujourn times of N, (t) in non-zero states. Then
Sy~ MLy(A+ p)
hence T,, and S,, are not independent.

Let us observe that the last statement follows from the fact that Mittag-Leffler
functions do not exhibit semigroup properties (see [65]) and then, if T}, and S,, were
independent, the distribution of §,, = min{T,,, S,,} should not be a ML, (X + ).
Finally, let us give the distribution of a performance parameter: the busy period.
In particular, let us show the following Theorem (see [18], Theorem 2]).

THEOREM 3.2.4. Let B, the busy period random variable of a My /My /1 queue
and let F, (t) =P(B, <t). Then it holds

+oo 400
Fp () =1=) ) Coutt Ut (= +w)t®), t>0
n=1m=0
where
n—+2m n
3.24 Chm = —\nmelym
( ) nm ( m ) n—+2m #

PROOF. Let us consider a M /M /1 queue N(t) with parameters A, u and the
induced M, /M, /1 queue N, (t). Now let us modify both processes. Let us suppose
that both processes start from N(0) = N, (0) = 1. Moreover let us suppose 0 is an
absorbing state (thus the process stops as it reaches 0). Let us denote such new
processes as N(t) and N,(t). Observe that N, and N, behave in the same way
up to reaching 0. After the first time N, reaches 0, it holds N(t) = 0. Thus we
know that N, (t) = 0 if and only if the first busy period of N, lasts less than t, i.e.

Pa(t,0) = P1(No(t) = 0) = P(Ba < 1).
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The same holds for N and N. Let us denote with B the busy period of a M/M/1
queue with parameters A, u. However, we know that (see [50])

p(t,n) =Py (N(t) =n) = mf_l)\%_lﬁ_%e_(“”‘)tfn(%/)\,ut)7 n e N.

Setting C,, ,,, as in Equation (3 we have, by exploiting the series representation
of I,,,

+oo

C

= _ _ Ynm  ntom—1 —(Op)t

p(t,n)—z(n+2m_1)!t e , n e N.
m=0

Finally, we get

400 +oo
t 0 -1 tn+2m—1 —(>\+/L)t.
2. oy Coo i e

n=1m=0

Let us in particular recall that all the summands in the series are positive.
Moreover, by definition, we have that N, (t) = N(L,(t)), thus, it holds (by a simple
conditioning argument)

+oo
pultin) = / P(s,m)fals;t)ds,  n €N,
0

and then,

+oo 400

+oo
. n+2m—1_—(A+u)s .
o(t,0) =1 E E n+2m_ 1) / s e 1 £ (s;t)ds.

nlmO

Now let us denote my(2,n) = L[p,(-,n)] and observe that, since L[f,(s;-)](z) =

a—1_,—sz%

z e , we get
1 +oo +oo 400 N
7Ta<Z,O) = ; Z Z n n 2m — 1) Za_l/o 57’+2m_1e_(>\+ﬂ+2 )gdS
n=1m=0
_ 1 B +§ +§ C Zoc—l
e S e

Finally, taking the inverse Laplace transform and using equation (3.2.2)) we conclude
the proof. O

We could also argue on the virtual waiting time of the M, /M, /1 queue. How-
ever, we will discuss this case directly in Section

3.3. The fractional M/M/1 queue with acceleration of service

Now let us complicate the model a bit. In particular let us assume that the
server accelerates linearly with respect to the number of customers in the service.
In particular what happens is that the arrival rate A > 0 remains constant, while
the service rate p(n) = nyp depends on the number of customers. Thus in the
classical case we get a process N (t) that is an immigration-death process (see [133]),
while, in the time-changed case, the M,/M,/1 queue with acceleration of service
N, (t) = N(Ly (1)) is a fractional immigration-death process, as better described in
[20], [22]. By using the results of Section We directly obtain the following result.
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THEOREM 3.3.1. The state probabilities po(t,n) = Po(Ny(t) = n) are the
unique strong solutions (in ¢?(m) where m is a Poisson measure with parameter
A/ ) of the following Cauchy problem:

0%pa(t,0) = —Apa(t, 0) + upa(t, 1) t>0
O%pa(t,m) = Apa(t,n — 1) — (A + np)pa(t,n)
neN t>0
+ (n+ Dppa(t,n+1)
pa(0,0) =1
pa(oan>:0 n € N.

Here we have such theorem as a direct consequence of the more general theory

illustrated in Section On the other hand, in [23], we have proved the same
result by using the probability generating function.
It is easy to check that the inter-arrival times are still M L, ())-distributed random
variables. However, the fact that the service rate is state-dependent leads to some
difficulty in determining the service times. Indeed, we can only obtain the distri-
bution if we suppose two services happen directly one after another. To obtain
such result, we need some further notation. In particular we denote by Ej. the time
instant in which the k-th exit occurs and with Uy the time instant in which the k-th
event occurs (setting Uy = 0). Moreover let us introduce the stochastic process

U(t) = max{Uy; : U <t}

that is to say that U(¢) is the last time an event occurs before time ¢ > 0. Hence
we have the following result

PROPOSITION 3.3.2. Let Sy1 be the (k + 1)-th service time. Then
P(Sk11 <tlU(Er +t) = Ex, N(Ep+t)—) =n) =1— Es(—nut®).

We omit the proof since it is identical to the one we gave for the inter-arrival
times of the M,/M,/1 queue (by using also the conditioning to ensure all the
modifications we apply to the process do not alter the nature of the process itself).
In the same way, we can use a conditioned distribution for the sojourn times.

PROPOSITION 3.3.3. Let Sgy1 be the (k + 1)-th sojourn time. Then
P(Ski1 <HN((Ur +1)—) =n) =1 — Eo(—(\ + nu)t*).

Now let us consider the virtual waiting times, that are actually the main quan-
tities affected by the semi-Markov property of the queue. To study them, we need
to introduce some other quantities. First of all, denoting by A, the n-th arrival
time, let us define the following stochastic processes:

A(t) = max{A4, : A, <t} E(t) =max{E, : E, <t}

for ¢t > 0, that are respectively the last arrival time and the last exit time before ¢
(where we set Ag = 0 and Ey = 0).
Moreover, we need to show the following Lemma.

LEMMA 3.3.4. It holds

+o0 k
B (— A _ p7AL (—?’l/.t) —ka—lF 1. 2At).
‘cS—)Z[ Oz( n,u(s—l— t))] € kzzol—\(ka+1)z (ka+ )y % t)
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PROOF. Let us recall that the series representation of E, absolutely converges,
thus we can take the Laplace transform under the summation sign. In particular
we have

+o0
Loy [Ea(—nu(s + At)Y)] = 24 E,(—npw®)e”*dw

At
—+o0
= 2 leAt Eo(—npz"%u)e " du
At
too —ayk ptoo
—1 Atz (—’I’L/J,Z ) ko, —u
— -~ d
e ]; - /ZM ko ey
= A2 +ZOO Mz_m_lf(lﬂa + 1, zAt)
I(ka+1) ’ ’
concluding the proof. O

We also need to introduce another probability distribution function, as done in
[19].

DEFINITION 3.3.1. Let X be a non-negative random variable with distribution
Eo(=A(to +1t)%)

Eo(—At§)
Then we say that X is a residual Mittag-Leffler random variable with frac-

tional parameter o € (0,1), rate A > 0 and starting time to and we denote it by
RML (A to).

Fx(t)=1-

The name is due to the following easy lemma.

LEMMA 3.3.5. Let X be a M Ly (X\)-distributed random variable with respect to
the probability measure P. Let Q = P(-|X > tg). Then X —ty is RMLy(\ to)-
distributed with respect to Q.

PROOF. By definition of conditional probability we obtain

Plto < X <t+t Eo(=At§) — Eo(—=A(to + 1)~
QX —to < 1) = (to <X <t+to)  Ea(=AG) (At +6)%)
P(X > to) E,(—At§)

concluding the proof. O

Now we can express a formula concerning a particular conditional virtual wait-
ing time (see [23]).
PROPOSITION 3.3.6. Define the function
Fw(s;t, to,n) =P(W(t) < s|A(t+s) =t, E(t) =tg, N{t—) =n+1),
for s,t,tg > 0 with tg <t and n € Ny, where W (t) is the virtual waiting time for a
My /My /1 queue with acceleration of the service. Then
o Ifn =0 we have Fyy(s;t,t0,0) =1 — Ey(—ps®);
e Ifn # 0, then the Laplace-Stieltjes transform of Fy with respect to s is
given by

Atz +°° (= ("‘H)It) ko
L5 TP (ot m)](2) = [ 1— Do T(kat1) (ko + 1, zAt)

n .
H JH
i lzo“f']ﬂ
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where At =t — tg.

Proor. For n = 0, the virtual waiting time corresponds to the service time
of a single user when there are no other users in the queue, thus the first property
follows from Proposition Concerning the second one, since N(t—) = n + 1
and no other user enters the queue up to ¢t + s, we know that

W(t) =S+ (Snp1 — At)
j=1
where At =t — to. Now, under the conditioning we imposed, we know that S; ~
MLy(jp). On the other hand, we know that the user that is in service at time
t > 0 started its service at time ¢y < t. Thus we are conditioning to the fact that
Snt1 > t—tp and then we have, by Lemma that Sp41 ~ BRM Lo ((n+1)p, o).
Finally, taking in consideration the fact that the variables S; are independent and
using Lemma together with the definition of RLM, (), to), we conclude the
proof. O

3.4. The fractional M/M/1 queue with catastrophes

Let us consider again a M/M/1 system state process N(t) with parameters
A, 1 > 0. Let us suppose that such queue system is subject to catastrophes, whose
effect is to instantaneously empty the queue, and that, under the conditioning that
the queue is not empty, the time of inter-occurrence of catastrophes is exponentially
distributed with rate & > 0. Let us denote by N*(¢) the new system state process.
This process has been widely studied in [53], where the following Theorem is proved.

THEOREM 3.4.1. Let N&(t) be a M/M/1 queue with catastrophes and denote
p*(t,n) = Po(N&(t) = n) the state probabilities. Then the state probabilities are the
unique solution of the difference-differential Cauchy problem

D2 (1,0) = —(A+ E)pS(t,0) + ppt (1, 1) + & t>0

Wt n) = —(A+ &+ wps(tn) + pps(tn+ 1)+ Apf(t,n—1) neN, >0
p5(070):1

p*(0,n) =0, n € N.

Moreover, N&(t) admits stationary state with distribution given by

1 1\"
(3.4.1) Gn = (1 — ) (> , n €Ny
Z1 Z1

where z1 > 1 is a solution of the equation
A2 — A+ p+&z+p=0.

Finally, let N(t) be a M/M/1 system state process with arrival rate Az, and service

rate - and N¢ be a random variable independent of N (t) with distribution (¢n)nen, -
Then N&(t) < min{N(t), N¢} for any t > 0.

Now we can define the M, /M, /1 queue with catastrophes. Indeed, let us
consider a system state process N¢(t) of a M /M /1 queue with catastrophes and let
L, (t) be the inverse of an a-stable subordinator independent of N¢(¢). Then the
M, /M, /1 system state process with catastrophes is defined as N§(t) := N&(Ly/(t)).
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First of all, let us give an alternative representation of the considered system state
process.

PROPOSITION 3.4.2. Let No(t) be a My /M, /1 system state process with arrival
rate A\z1 and service rate p/z, defined as No(t) := N(La(t)) for N(t) a M/M/1
queue with the same parameters. Moreover, let N be a random variable indepen-
dent of N(t) and Lo (t) with distribution (gn)nen, where q, is given by Equation

(3.4.1). Then it holds
N&(t) £ min{ N, (t), N¢}.

PROOF. Let us recall that N&(¢) 4 min{N(¢), N¢}. Thus we get

+oo
Fo(N&() = n) = / Po(N(s) = 1) fuls; s

+oo _
_ /0 Po(min{N (), N¢} = n) fa(s: t)ds

= Po(min{Na(t), N} = n),
concluding the proof. O
Now that we have this alternative representation, we can use it to determine a

system of fractional difference-differential equations whose unique solutions are the
state probabilities p, (t,n) = P(N§(t) = n), as done in [18, Theorem 3].

THEOREM 3.4.3. Let N§ be a M,/M,/1 system state process with catastrophes
with rates \, 1, & > 0. Then the state probabilities pS,(t,n) are the unique solutions

of

(3.4.2)
P (t,0) = —(A + E)pS (£, 0) + ups (¢, 1) + € t>0
0op(t,n) = —(A+ &+ w)ps (tn) + ups(t,n + 1) + ApS(t,n—1) neN, t>0
p5(0,0) =1

p5(0,n) =0, n € N.

PROOF. Let N&(t) and N be the M/M/1 process and the random variable
defined in Proposition Then we have

P& (t,n) = Po(N¢ = n) Po(No(t) > n) + Po(NE > n) Po(Ny(t) = n)

+oo +oo
=qn > Palt,k) + ( > qn> Pal(t,n)
k=n

(343) k=n-+1

—+o00 1 n+1
= dn ~a t7k - ~oz t,n),
0wt 0+ () Rt

where we used the definition of g, given in Equation (3.4.1]). Now let us recall that
Pa(t,n) are the unique solution of ([3.2.1]). Working with p,(¢,0), we have
Da(t,0
pg(t,O) =qo + M~
21
Hence, pS,(¢,0) admits a fractional derivative and
I

0 pa(tv 0) = 7/\ﬁoz(t> 0) + Tﬁa(ta 1)

aapg (t, 0) = 2 >
1
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On the other hand, we have

pg(t7 1) = (J1(1 —]704@70)) + w

Thus, it holds, by recalling that ¢g = 1— z—ll, g =L and \2? — A+ pu+&)2+p =0,

=

—(A+ P, 0) + pph (1 1) +E=E— (A+6) <q0+17a(zt1,0))

+ ) (q1(1 —ﬁa(t,O)) + paStz’O)>
1
_ _)\z% —(A +;+f)zl + '“(1 — Pa(t,0)) — Apo(t,0) + Zﬂﬁa(tv 1)
2 1

= —\Pa(t,0) + Zﬁﬁa(t, 1) = 8°ps (¢, 0).
1

Now let us consider n € N and let us re-write Equation (3.4.3)) as
n—1 1 n+1
pg(t”) ={(qn (1 - Zﬁa(tv k)) + <Zl) ﬁa(tvn)'
k=0

We have that pg,(t,n) admits a fractional derivative and

n—1

_ "
0°pS,(t,n) = —qn Y 0°Palt, k) + (Zl> 9°Palt,n)

k=0

n—1 n—2
i ~ _ ~
= dQn (/\Zl + Zl) Zpoc(tv k) + Qn/\zlpa(tv O) — qnA21 Zpa(tv k)

k=1 k=0
n n+1
" . 1 8 ~
- UYn—_— [e% t7k A A - «@ t7
qzlgp( ) (Zl) (zl+21>p( n)

1 n 1 n+2
+A<> ﬁa(t,n1)+u<z) Palt,n +1).
1

21

On the other hand, recalling that g,—1 = 214y,
(A i+ P&t n) + Mg (tn = 1) + Epalt,n + 1)

n—1 1 n+1
=—(A+p+8 (qn (1 — Zﬁa(mk)) + (Zl> ﬁa(t,n)>
k=0
n72~ 1 n _
+A <qn1 (1 - ];)pa(t, k)) + <Zl) Palt,n — 1))

n n+2
+p@ <Qn+1 <1 - Zﬁa(ta k)) + (;) 504(757” + 1))
k=0 !

R R IR
21

n—1
In (1 =) palt, k)) + 0P8 (t,n) = 8°pS(t,n),
k=0

concluding the proof, since the initial conditions are verified by definition of p§,. O



3.4. THE FRACTIONAL M/M/1 QUEUE WITH CATASTROPHES 114

Now that we have the Equations (3.4.2)) it is not difficult to check the following
statement.

PROPOSITION 3.4.4. Let T, be an inter-arrival time, S, be a service time, O,
be the first time of occurrence of a catastrophe and S, be a soujourn time in a
non-zero state. Then we have
P(T, <t)=1—E.(-XtY), PO, <t m[(i)n] N(s)>0)=1— E,(—=¢&t%),
se|0,t
P(S, <t)=1— E,(—ut%), P(S, <t)=1— Eo(—(A+ g+ &)t%),
where the relations hold for any n € N.

Let us observe that © ~ M L, (§) only if we suppose that the queue has not been
empty (for instance, setting u = 0 and starting from N§(0) = 1). However, this is
enough to give some information on the busy period. Indeed, let us denote by BS
the busy period of a M, /M, /1 queue with catastrophes with parameters A, u, £ > 0
and with B, the busy period of a M, /M, /1 queue without catastrophes and with
the same parameters. Then we can recognize P(B¢ < t) = Py (min,ep4 Ni(s) = 0),
i.e. the system state process starting from 1 reached 0 before ¢. This could happen
in two different situations:

e The first catastrophes occurred before ¢ > 0;
e The first catastrophes did not occur before ¢ > 0, but the process reaches
zero without the help of any catastrophe.

This means in particular that
P(B® <t) =Py(0, <t)+P(BS <t[0, >t)P1 (0, >t)
=P1(0, <t)+P1(By <t)P1(0, > t).
A direct application of Theorem leads to the following result.
THEOREM 3.4.5. Let Fpe (t) := P(B§ <t). Then

“+oo +oo
Fpg(t) = 1=Ea(=6t%) Y | Y Cognt® 2 VBN o (SO m)t®), £20
n=1m=0

where Cy, m, are defined in Equation (3.2.4).

However, we still have to determine the distribution of the first occurrence of a
catastrophe © when the queue starts from N§(0) = 0. This can be done by means
of the following Theorem (see [18, Theorem 6]).

THEOREM 3.4.6. Let ©, be the first occurrence time of a catastrophe in a
M. /M, /1 queue with catastrophes with parameters A, u,& > 0. Then it holds

400 +o0
Po(O <t) =1=) > Cpt*Crti-VE Y =+ p+ 817,
j=1m=0
where
Jo (p+&7 =N (2m+j
3.4.4 Chm.i = Ap)™.

PROOF. Let us consider the system state process N¢(t) fo a M/M/1 queue
with catastrophes with parameters A, a, & > 0 and the corresponding time-changed
process N§(t). Let us modify both processes in the following way:
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e We add the state —1 to Np;
e Now a catastrophes does not empty the queue, but sends the system state
process directly to —1;

e —1 is an absorbing state.
We obtain in this way two new processes Ng(t) and Ni(t) such that Ni(t) =
Ng(La(t)). Now let us denote 75 (t,n) = IP’O(Ni(t) =n) and 78(t,n) = Po(No(t) =
n) for n € NgU{—1}. Let us now give an interpretation of r*(¢, —1). We have that
if N E(t) = —1, then a catastrophes must have occurred before ¢ and vice-versa, if a

catastrophes occurs before ¢, then N 5(t) = —1. In particular we get that, denoting
by © the first occurrence of a catastrophe for a M/M/1 queue with catastrophes
with parameters A, u,& > 0,

Py (O < t) = ré(t, —1).

Arguing in the same way for Ni (t), we get

+00 Foo
Py(0, <t) =78 (t,—1) = / 78 (s, —1) fuo(s;t)ds = / Po(© < t)fals;t)ds
0 0

Now, from [53] Theorem 3.1], we have

+oo +oo
O<t)=1- t2m+J Lo=Otnte)t,
Pu S

jlmO

where C,, ; are defined in Equation (3.4.4]). By monotone convergence theorem we
get

+oo +oo +o00 .
Po(On <t)=1-3 Y — =l @ ﬂ — / 2mHI == Ot s £ (6.4 ds,

glmO

Then, let us take the Laplace transform on both sides to get

400 400 +00 ) N
Lios:[Po(On < D))(2) = — — Z Z o +]a] Za_l/o G2mi—1 = (hutE+2)s g
=2 a\2m—+j
j=1m=0 )\+M+§+Z ) a

Taking the inverse Laplace transform and using Equation (3.2.2)) we conclude the
proof. O

Now let us consider again the state probabilities pg. We have shown that they
are solutions of some fractional difference-differential Cauchy problem, but we did
not write them in an explicit way. Let us indeed state the following Theorem (see
[18 Theorem 4]).
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THEOREM 3.4.7. Let z be the other solution of Az — (A + p+ &)z + pu = 0.
Then we have

(3.4.5)

400 m+n

SR =ant Y Y Ol VBN (O i 617

m=0 r=0
+
(3.4.6) +> Y Gt R (A i 6t)
m=0r=m+n+1
where
z1—1 m4+r\m-—r 1
cl = mA"
N )z”*mﬂ*r ( r ) m+ rﬂ
(3.4.7) oA
o 1— 29 m4+r\r—m
c? = mArlL
n,m,r (Zl _ 22)23+m+17r ( r ) m + ,r,:u’

PROOF. Let us recall that in [53] it has been shown that

+o0 m+n

(t,n) =qn + "”“" tm”*le*(ﬂru%)t
P = 22 G

2

400 C

+3 E, _ S mir—1 =it Ot

—1)!
m=0r=m-+n-+1 (m+r 1)

where C}, | for i = 1,2 are defined in Equation (3.4.7). Thus we have, by mono-

tone convergence theorem

+oo
pg(t,n) :/ pg(s,n)fa(s;t)ds
0
400 m+n

+oo
k33 e [T 0, s

m=0 r=0
2

S & I 1,—(At+pt€)
n,m,r m—+r— — pn+§€)s .
+ E E ( +7’71)!/0 s e fa(s;t)ds.

m=0r=m+n+1

Now let us denote by 75 (2,n) the Laplace transforms of p§,(t,n) to achieve

+oo m+n

+oo
an a—1 m4r—1_—(A+p+&+2%)s
— i ? S e ds
I ) ppesc HEEEY

m=0 r=0

ﬂg(t, n)

“+o0 +oo C12 +oo
+ Z Z n,m,r 'Za—l / gMHr—1o=(Atpt+e+2%)s 1o
m=0r=m+n-+1 (m + r— ) 0

+oo m+n

pop rer
+oo

+ Cr :
mzw mz e i

Finally, taking the inverse Laplace transform and using Equation (3.2.2) we con-
clude the proof. O

a—1

Za—l
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Let us now consider some simple one-dimensional limit theorems concerning
the process N§(t). Indeed, let us recall that as & — 0T, then N&(¢) converges in
one-dimensional distributions to N(t) (where N(t) is the system state process of a
M/M/1 queue without catastrophes). The same happens for N&(t).

PROPOSITION 3.4.8. Let N§(t) be the system state process of a My /Mg /1 queue
with catastrophes with parameters A\, u, & > 0 and let No(t) be the system state

process of a My /M, /1 queue with parameters A\, u > 0. Then we have N§(t) <
Ny(t) as € — 0T,

PROOF. Let us consider N¢(t) a system state process of a M/M /1 queue with
catastrophes with parameters A\, u,& > 0 and N(¢) a system state process of a
M/M/1 queue without catastrophes. Moreover, let L,(t) be the inverse of an
a-stable subordinator independent of both N(t)and N%(t). Let us recall that
limg 0 p*(t,n) = p(t,n) where p*(t,n) and p(t,n) are the state probabilities re-
spectively of N&(¢) and N(t). Now let N§(t) = N¢(Lo(t)) and N, (t) = N(La(t))
with state probabilities respectively p,(t,n) and ps(t,n). We have

+oo
pa(t,n) = / P (s,n) fu(s;t)ds.
0

In particular, since 0 < p®(s,n) < 1 for any fixed n and ¢ > 0, we can use dominated
convergence theorem to obtain

+oo
lim pS,(t,n) :/ lim p®(s,n)fa(s;t)ds
0

£—0+ =0+t
—+o00
= / p(s,n) fa(s;t)ds = pa(t,n),
0
concluding the proof. O

Now let us use this limit theorem to obtain a new representation of p,(t,n).
First of all, let us recall that both z; and z, depend on £. However, being the roots
of a second degree polynomial whose coefficient depend with continuity on £, they
are both continuous functions of £. As u < A we have

. _ . B
51_1>I£1+ z1(§) =1 gl_lgg 2(8) = .
For this reason, also ¢, and Cfihm,T are continuous functions of £. In particular it
holds
lim ¢,(£) =0 lim C =0 lim C? =C3
M, 4n (&) S, Co i (€) A Con,r(€) = Gt
where
3 n+m, r—n—1 m4+r\r—m
(3.4.8) Co e =A I .
o m m+r

Moreover, it is not difficult to see that for fixed ¢ and n, the series in (3.4.5) normally
converges and then we can take the limit inside the series. Thus we have proved
the following proposition.
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PROPOSITION 3.4.9. Let N, (t) be the system state process of a My /M, /1 queue
with parameters X > > 0. Then it holds

+oo +oo
(34.9)  paltn)=3>. > C3 OB L (CO ),

m=0r=m+n-+1

where C3 . is defined in Equation (3.4.8).

Let us observe that, if we do the same with A < p, we obtain again .
Finally let us observe that in this case the virtual waiting time does not provide
any useful information from the user’s point of view, since if a catastrophe occurs
then the user is not served.

3.5. The fractional M/E;/1 queue

Now let us move to a different model. Let us suppose that the inter-arrival times
are still exponentially distributed of parameter \, but that the service is divided in
k subsequent phases, each one with exponential service time with rate ku. What
we obtain is that the complete service time is not exponentially distributed, but its
distribution is an Erlang one with shape parameter k£ € N and rate pu, that we will
denote as Erly(p). As one can see, an M/Ey/1 queue is not a Markovian queue.
In particular the system state process N*(t) (let us recall that this process counts
the number of users in the system at time ¢ > 0) is not Markov, being the service
times not exponential. However, we can still obtain a Markov representation of
such queueing system. This can be done in two equivalent ways:

e We can introduce a phase state process N?(t) that counts the remaining
number of phases the user in service has still to execute and is set to 0 when
the system is empty. In such a way, the coupled state-phase process
Ne(t) = (N*(t), NP(t)) is a actually a bivariate continuous time Markov
chain (the sojourn times are now exponentials of parameter A + ku) with
state space B ={(n,s): ne N, 1 <s<k}U{(0,0)};

e We can directly count the number of phases the system has to execute
in place of the number of users. In this way, each user will contribute as
k phases (like a group entrance). In this case, the phase counter process
is called queue length process N'(t) and is actually a Markov process.
However, it jumps backward of just one unit, but forward of & units, thus
it is not really a birth-death process, despite the similarity.

As we already stated, the approaches are equivalent. Actually, one can pass from
the coupled process N¢(t) to the queue length one N'(¢) by using the following
transformation

Ni(t) = E(N*(t) — 1) + NP(t) (N*(t), N*(t)) # (0,0)
0 (N=(t), N2(t)) = (0,0).
It is not difficult to see that such mapping is actually a bijection from E to N and

then the procedure can be inverted. Here we will use N'(¢) to describe our system.
Now let us consider p(t,1) = Po(N'(t) =1). Let us denote by [ : E — N the map

_JE(s=1)+p (s,p) #(0,0)
o.p) = {o (s,p) = (0,0).
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In [98, @9] this system has been considered as particular case of group arrival
systems, leading to the following forward equations:
(3.5. 1)
(t, 0) = —Ap(t,0) + kup(t,1), t>0
(t, 1) ==\ +ku)p(t,1)+ kup(t,l + 1), 0<I<k-1,t>0
= D t]) = ()\ + kp)p(t, ) + kup(t, 1+ 1)+ Ap(t,l — k), 1>k t>0
( ) ) =
p(0,1) = lEN.

Concerning the solution of such system, we need to introduce the following special
functions.

DEFINITION 3.5.1. The generalized modified Bessel functions of two
parameters (see [99]) is defined as

+oo (z)n+7‘(7€+1)
b 2 C,n>0, keN.
5(z) = Z M rD  G€Cn>0 ke

The generalized modified Bessel functions of three parameters (see [73])
is defined as

+00 (E)n+kfs+r(k+1)
If = 2 C 0, keN, s=1,...,k
(’I’L,S)(z) ;(k(r+l)78)'r(n+r+l)7 Z € 7n> ) € y S 9 9

In [74] the solutions of (3.5.1) have been expressed in terms of the generalized
modified Bessel functions. In particular we have an explicit formulation only for
p(t,0), given by

Ly
3.5.2 L) = S (A e <2 (m) km) —(nkp)t
352 w0 =Y m () e s

m=1

Concerning p(t,1) for I > 1 we have integral representation in terms of p(t,0).
To give it, let us denote ¢(I) = (q1(1),g2(1)) where g2(l) is the remainder of the
Euclidean division of [ with respect to k if it is not 0 and k if it is 0, while g1 (1) =

% + 1. Let us observe that in such way ¢(I) belongs to E¢. On E€ we can
define the strict lexicographic order, i.e.

(n1,81) < (na,s2) & ny < ng or (ng =ng and s; < Sa)

and then we can define the order < from this strict order. With such definition,
(E, <) is well ordered and then we can define a successor. In particular we define
the successor of (n,s) a

(n,s+1) s#k,0
(n,s)+1=<(n+1,1) s=k
(1,1) (n,s) = (0,0).
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By using these definitions, we have

#H 1
p(t7l) = (]CA/,L) I(I;(l) (Q(A(kﬂ)k)mt) e_()""kl‘)t

l
k1
(35.3) 4k <A>
kp
141

A Bt t o o 3
e <lm> /0 (7, 0) 15y 11 (2 (k) F) 51 (¢ — 7))o OHRR ) g

Now we want to introduce the fractional version of this process. To do this, we first
need to introduce another probability distribution function.

/Ot (1,0)1 (l)( (A(}gu)k)ﬁ(t —r))em AT g

DEFINITION 3.5.2. Let X be a non-negative random variable with distribution
function

- (=A%)

n=0

where E&") is the n-th derivative of the Mittag-Leffler function. Then we say that
X is a generalized Erlang random variable with fractional index «a, shape
parameter k£ and rate A (see [102]) and we denote it by Erly o(A).

It particular it can be easily shown that any Erly o(\) random variable is sum
of k independent M L, (kX) random variables. Thus in particular if X ~ Erly o(\),
its Laplace transform is given by

(k)"

(kX + z)k’
Now let us consider the queue length process N'(t) of a M/Ej/1 queue. Then we
define the queue length process of a M, /FEj /1 queue as N (t) = N!(L,(t)) where
L (t) is the inverse of an a-stable subordinator independent of N(t).

As a first step, let us find the forward equations for the state probabilities p, (¢,1) =
Po(N! (t) =1) for I € Ny, as shown in [19, Theorem 3.1].

THEOREM 3.5.1. The state probabilities p,(t,1) are solution of the following
fractional difference-differential Cauchy problem

(3.5.4)
(‘30‘])(1(757 0) = —Apa(t,0) + kupa(t, 1), t>0
Da(t, 1) = =N+ kp)pa(t, 1) + kupa(t,1 + 1), 0<I<k-1,t>0
aapa(t, ) —(A+Ekw)pa(t, ) + kupa 8,14+ 1) + Apa(t,l — k), 1>k, t>0
Pa(0,0) =
pa(O,l)—O leN.

PROOF. Let us consider the probability generating function

E[e™*¥] = zeC.

t) = Zpa(t,n)z", z€Dy.

First we want to show that the system (3.5.4)) is equivalent to
(3.5.5)

200G o (2,t) = (1 — 2)[Ga(z,t) (ki — Az + - + 2%)) — kupa(t,0)] ¢t >0, z € Dy
Ga(2,0)=1 z€Dy.
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Let us suppose that po(t,n) are solutions of (3.5.4). Then multiplying both the
second and the third equations by z' and summing everything we obtain the first
equation of 7 while the initial datum follows by definition.

Vice versa, if G(z,t) is solution of 7 then we have

+oo +oo k +4oo
Z 0%pa(t,n)2" Tt = kp Z Pa(t,n)z™ — X Z Z Pa(t,n)2" " — kppa(t,0)
n=0 n=0 r=1n=0
“+o00 k oo
—ku Zpa(t, n)z" 4 )\Z Zpa(t, n) 2" 4 kupa(t,0)2
n=0 r=1n=0

Now let us define p,(¢t,n) = 0 for any n < 0. Thus we have

“+00 “+00 k +oo
Z 9%pa(t,n —1)z" = kp Zpa(tv n)z" — A Z Zpoe(ty n—r)z" — kppa(t,0)
n=1 n=0 r=1n=r
“+o00 k +oo
—ku Zpa(tm —1)2"+ )\Z Z Pal(t,n—r —1)2" + kups(t,0)z
n=1 r=1n=r+1
k
n=2
+oo
+ Z (kppa(t,n) — A+ kp)pa(t,n —1) + Apa(t,n — k — 1))2",
n=k+1

and then we obtain the system by identity of power series.

Hence, we only need to show that the probability generating function G (z,t) solves
(3.5.5). Taking the Laplace transform and denoting by Gy (z,&) and 7,(&,0) the
Laplace transforms respectively of G (z,t) and p,(t,0), we have that is

equivalent to
(3.5.6) 2£%Ga(z,€) =267 = (1= 2)[Galz, &) (k= Az +- - +2°)) —kpma (€, 0)].

Now let us consider p(t,n) the state probabilities of the queue length process N'(t)
of the M/E} /1 queue such that N/, (t) = N'(L,(t)) and let us define the probability
generating function

—+oo
(3.5.7) G(z,t) = Zp(t,n)z”.
n=0
Then it is easy to check that
—+o0 +oo
Golert) = [ Glasifalsitids,  pat0)= [ p(s.0)fulsit)ds,
0 0

and the Laplace transforms are given by

+oo 400
Ga(z,€) =& / G(z,8)e " ds, mqa(t,0) =€ / p(s,0)e " ds.
0 0
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Substituting these relations in (3.5.6)) and dividing by £€*~! we get the equivalent
equation

+o0 +oo

2£” G(z, S)e—SEadS —z=(1-2) [(k’/L —Az+-+ Zk)) G(z, S)e_sfads
0 0
+o0 o
—lm/ p(s,0)e™% ds} .
0
Finally, observing that
+oo 400
& G(z,8)e " ds = / %(z, s)e " ds + 1,
0 0 0s

we get the equivalent equation

400 @
/0 [z%—f(z, 8) = (1= 2)[(kp — Az + - + 2")G(2,5) — kup(s,0)] | e=* ds = 0,

that is verified since G(z,t) is solution of

298 (2,t) = (1 - 2)[G(z, ) (b — Mz + - + 2¥)) — kup(t,0)] ¢ >0, z €Dy
G(Z,O):l zeDy.

O

Now that we have the forward equations, we can argue as we did before to show
the following features:
The inter-arrival times T,, are M L, (\)-distributed;
The phase-service times P, are M L, (ku)-distributed;
The total service times S,, are Erly o(p) distributed;
The soujourn times S, of the queue-length process N'(t) are M Lq, (ku+\)
distributed if the queue is not empty, M L, (\)-distributed otherwise.
e Inter-arrival and phase-service times are not independent.

We want to determine an explicit form of the state probabilities p,(¢,n). To do
this, let us first consider the case of p, (¢, 0) (see [19], Theorem 5.1]).

THEOREM 3.5.2. It holds
+oo 400

a8 — 5?n.r @
(3.5.8) Pa(t,0) = > Cp 2 TVE T (S Bp)t?)
m=1r=0
where
(3.5.9)
+rk+1) B
CO :L m N (k m+rk—1 50 _ k 1).
o= i (T 0,0 =m-tr(k+1)

PROOF. Let us write p(¢,0) in terms of power series. We have, by using the
definition of modified Bessel function of two parameters and equation (3.5.2)),
+o0 +
<& o,

PO =D ) R DD

m=1r=0

tm+r(k+1)flef(/\+k,u)t,
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where CY, .. is defined in (3.5.9). In particular, by monotone convergence theorem,
it holds

400 400 +00
=2 Z (m + r( k: i 1 —1)! / ST T O £ (s 1) ds,

m=1r=0

and then, taking the Laplace transform, we get

(3.5.10)
+oo +oo CO +oo
Z Z Za—l/ Sm+r(k+1)—1e—(/\-i-k:,u,-ﬁ-za)sds
== (m+r(k + 1 -1 0

+o0 +oo a—1

z
= ZZ mr()\+kﬂ+za)m+r(k+l)

m=1r=0

We conclude the proof by taking the inverse Laplace transform and using Equation
(13.2.2). O

To obtain p,(¢,1) for I > 1, we first need the following technical Lemma (see
19, Lemma 5.4]).

LEMMA 3.5.3. For anyl € N it holds

+oo Y
(3.5.11) / / p(s,0)(y — 5)"e” A HER=)=v=" 5qy,
0 0

+o00 400

n!
o Z Z T (N A kp A z)mtr(kD) 4t

m=1r=0

where CY, . is defined in ([3.5.9).

PROOF. By a direct application of Fubini’s theorem and the change of variables
w =1y — s, we have

+oo  ry
[ [ ts00 = oe o dsay
0 0
—+oo +oo o
=[] 0= e O g

—+oo —+oo
/ / S 0 n —(k—i—ku—i—z )w—szadwds

“+o0
(/ p(s,0)e™** ds) (/ w"e_()‘+k”+za)wdw)
0 0

B Ta(z,0)n!
- Zafl()\_Fk’uJ_'_Za)rH»l'

We conclude the proof by substituting 7, (z, 0) with the right-hand side of Equation
(13.5.10)). |

Now we are ready to give a (more or less) explicit formula for p,(t,1) (see [19]
Theorem 5.5]).
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THEOREM 3.5.4. For anyl > 1 it holds

ZAl ta(a 71 04 a(a 1)+1( (>\ + k#)ta)

+00 400 400

+ 3 Bt G VBT (O Rt?)

=0 m=1r=0 gmr
+oo +o0 +o0

=222 Cm, s 1)Ea7c7:(cr Ly (A ER)E®)

§=0 m=1r=0 s

where, setting g3(1) = q1(I) — q2(1),

D+k+kj+j ; ; :
A;:(‘B() J j)Afh“)ﬂ(ku)k<ﬂ+1>—q2<l>, ab = gs(1) + (j + 1)(k + 1),

1)+
BémT_kMCSnTAg’ bémr_&?n,r—"_aéﬁ
CL iy = kpCY, AL e = O a5,

and CQ, . and &Y, . are defined in (3.5.9).
PROOF. Let us recall that
+oo
Pa(t,l) :/ p(s,1) fa(s;t)ds
0

thus, by monotone convergence theorem, writing the generalized Bessel functions
in terms of power series and taking the Laplace transform, we get

+oo l
1 A a—1 oo al.—l —(A—i—ku—i—za)yd
Ta(z,1) = 27( “° Yy y
7=0 a]
+oo l +oo
+ k‘,uAl / / 5,0)( ) 16*(>\+k#)(y*8)*y2“d5dy
j=0 a —

Al+1 +o0
_Zku l+1 / / (5,0)(y — 5)% a5 1= k) (5=9)=v=" g gy

By using Equatlon (3.5.11)), we obtain
too a—1

ma(zl) = A —7

Okt 2o)
400 +o00 +00 _

22,05 -

7=0m=1r=0 o )\+k‘u—|—zo‘)b§',nz,r

+oo oo +o0

Yy ya &

j=0 m=1r=0 )“"kﬂ"‘za)””

Finally, taking the inverse Laplace transform and using formula (3.2.2]) we conclude
the proof. ([

Let us observe that for £ = 1 we obtain another representation of the state
probabilities of a M, /M,/1 queue.
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Now let us work with some performance parameters. First of all, let us determine
the distribution of busy period (see [19] Theorem 6.3])

THEOREM 3.5.5. Let B, be the duration of a busy period of a My/FEk /1
queueing system. Then it holds

+o00
as? 59 - a
P(Bo <t) =) kuCp 2% E N o (—(A+ ki)t®),
r=0 "

where C) . and & . are defined in (3.5.9).

ProOF. Let N'(t) be the queue length process of a M/Ej/1 queueing system
and N! (t) = N'(L,(t)) the respective queue length process of a M, /Ej o/1 queue-
ing system. Let us modify both processes by setting 0 as an absorbing state and
let us denote the modified processes as N : (t) and N la (t). First of all, it still holds
N'(La(t)) = N',(t). Moreover, by definition, denoting by B the busy period of a
M/FE}/1 queuing system, we have

P(B <t) =Py (N'(t) =0) P(B, <t) =P (N.(t) = 0)
thus it holds
P(Ba <t) =Py(Ny(t) = 0)

+oo _ +oo
= / Pi(N'(s) = 0)fa(s;t)ds = / P(B < 8)fa(s;t)ds
0 0

Let us recall that in [99] it has been shown that

+o0 t

AT () R ) kbr(k+1)—1—(A+kp)s

P(Bgt)zzoir!(rk—i—k)! /0 s e~ (ks g g
r=

- knCy.,

:;(lﬂ—&—r(k—kl)—l)!

t
/ (1) =1~ (ki) g
0

thus, by monotone convergence theorem, we have

+oo
P(B, <t) = Z kuCy, SHHTUHD =1 o= OFks £ (0 1)
‘-  (k+r(k+ 1 —1)! Y;

Let us take the Laplace transform to obtain

EHZUP’(B <t))(z)

0 +oo
(k+r(k+ 1) - 1! 0 0
0 +oo e
kuCy . o1 / sk+r(k+1)—le—(/\+kﬂ)3/ e ¥*" dyds
k+r(k+1)—1)" 0 s
I kuCy

+oo
_ 71 k+r(k+1)—1 7()\+ku+z°)sd
Z<k+r<k+1>—1> / ’ ‘ ’

+00 —1

z
_Zkﬂ’ k,r a\k+r(k+1
s (A + kp + z)ktr(k+1)
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Taking the inverse Laplace transform and using Equation (3.2.2)) we conclude the
proof. ([

Finally, we can argue concerning the virtual waiting times. As for the M, /M, /1
queue with acceleration of service, here we have to handle in some way the semi-
Markov property of the process. To do this, let us set EP as the time instants in
which a phase is completed (i.e. the time instants in which the process N'(¢) jumps
backward). Let EP(t) = max{EL : EP <t} be the last phase-time before ¢ setting
E! = 0. Thus we have now the following result (see [19, Section 6.3]).

PROPOSITION 3.5.6. Define the function
Fyw(s;t,to,n) = P(W(t) < s|EP(t) = to, N'(t—) =n+1)

for s, t,tg > 0 with tg <t and n € Ny, where W (t) is the virtual waiting time for a
My /Eko/1 queue. Then

o [fn =0 we have

k—1 ()"
Pttt =1- 32 B e
e Ifn > 1, then the Laplace-Stieltjes transform of Fy with respect to s is
given by
oo (_k/")j —ag .
ki)™ ezAt Z+: -~ z JF(CK] 4 17 ZAt)
LI [Fyw (5t,t0,m)](2) = (kps) _ 7=0 TGa+D) |
(kp + zo)n Eo(—ku(At)®)

where At =t — tg.

PROOF. Let us first consider the case in which n = 0. Then the virtual waiting
time W (t) (conditioned with N(¢—) = 1, which is the only necessary conditioning
in this case) coincides with the service time, that is a Erly o(p)-distributed random
variable.

Let us now work with n > 1. Under our conditioning we can split W(t) as a sum
of n + 1 random variables:

n
(3.5.12) W(t)=> W, + Wyp(t)
j=1

where each W; represents the time our user has to wait due to the completion of
one of the n+ 1 remaining phases. In particular, let us count such phases backward,
in the sense that W;,;1(t) is the first phase to be completed, W, the second and so
on. Thus we have that W; for 1 < j <n are all ML, (kup)-distributed independent
random variables. Let us split again W (¢) as

W(t) =W + Wi (t)

then W = Z?Zl W;is a Erl, o (%u)—distributed random variable. Now let us
consider W, 1. Then we can write W, 1(¢t) = Sp41 — At, where S, 1 is a phase-
service time. In particular we know that in general S, 1 ~ ML, (k). However,
our conditioning implies S, 41 > At, thus Lemma [3.3.5] implies that S, 1 — At is
a RLM, (kpu,to)-distributed random variable. Thus we conclude that W, 1 (¢) is a
RLM, (kpu, to)-distributed random variable independent of W and then the Laplace
transform of W (t) (i.e. the Laplace-Stieltjes transform of Fy with respect to s)
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is the product of the Laplace transforms of W and Wpa1(t). This concludes the
proof. (I

If, in the previous result, we consider the case k = 1, we obtain the same result
on the virtual waiting time for the M, /M, /1 queue.
Let us finally stress out that such techniques can be applied also to other more
complicated models, as for instance epidemics models, as done in [14].

3.6. A Semi-Markov Leaky Integrate-and-Fire model

Let us now consider an example of model with continuous state space that relies
on the time-change of some Markov process. To do this we first need to introduce
some classical models and then we will discuss our semi-Markov model.

3.6.1. The Leaky Integrate-and-Fire models. The model we are going
to describe concerns the behaviour of a single neuronal cell. Obviously, different
models could be coupled to obtain the behaviour of a local circuit of neurons (see
[135]), but we will focus on a single one. To understand such models we need
to introduce a bit of terminology. First of all, one can imagine the membrane of
a neuron as a little circuit, subject to the presence of ions in the ambient. In
particular, we will describe the membrane in terms of its potential difference (or
just potential) V' (¢). If the neuron is not stimulated, it reaches a fized potential
value called resting potential V. If it is stimulated by a current I(¢) (that can
be a net current due to other neurons or an in vitro stimulus), then V (¢) varies. If
V(t) exceeds a certain value V;;,, it depolarizes and sends a signal, called action
potential. The act of sending a signal is generally called a spike. Let us just
stress out that, since this is a text on mathematics and not on neurophysiology,
this is just a long story short: this is just a(n) (over-)simplified description of the
(actually more complex) mechanism of synaptic transmission. For more details,
check [135].

One of the main single-neuron models has been introduced by Lapicque in 1907
(see [3]). Despite the fact that the synaptic behaviour is evidently non-linear (see
[135]), Lapicque’s model, called the Leaky Integrate-and-Fire model, is a quite
useful linear approximation of such behaviour. Following the lines of [51] for the
passive membrane model, let us denote by R,, the membrane resistance and with
C,, the membrane capacitance. Let us consider a small section of the membrane
of area A. Each section can be modelled as an RC-circuit as in Figure |3] Let us
observe that we are not distinguishing between the action of any particular pump
of the membraneﬂ Suppose the neuron is subject to an external current I.(t). If
I.(t) = 0, then we want the membrane potential V() to decay to a steady state V..
Such effect is produced by considering a node of constant potential V; connected
to the membrane. If I.(t) # 0, then each section of area A is subject to a current
LT@. The whole membrane can be seen as composed of a family of circuits given
as in Figure [3] thus in particular by a family of parallel capacitors and resistors.
Thus we can define the specific membrane capacitance as ¢, = CT"‘ and the specific

176 add, for instance, sodium, potassium and calcium pumps in the model one has to consider
some voltage-dependent resistances whose behaviour is described in terms of gating variables.
This approach leads to the more complex Hodgkin-Huxley model, see [51], of which the Leaky
Integrate-and-Fire can be seen as a linear simplification.
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Vv

= Vi
FIGURE 3. Circuit schematization of a section of the neuronal membrane.

membrane resistance as r,, = AR,,. By Kirchhoff’s Current Law applied to the

node N we have o
dVv 1 I.(t
m—— (1) = ——(V =V, .
¢ dt ®) rm( L)+ A
Now let us observe that ¢, 7 = Cn Ry = 0, thus, dividing everything by ¢, we
have

v, 1 Ry LL(1)
E(t)__é(V_VLH_T'

Finally, defining I(t) = %Ie(t), the membrane potential behaves according to the
following differential equation:

%(t) = —%(V(t) = VL) +1(t)

where V7, is the resting potential and € is the characteristic time of the membrane,
seen as an RC circuit. To represent the action potential, we say that the neuron
spikes as V (t) > V;j, and then the model is reset. For a more detailed study of such
a model, we refer to [144] and [51].

Here we want to focus on the stochastic version of this linear model, that is to
say the Stochastic Leaky Integrate-and-Fire (LIF) model. In particular the idea of
introducing the noise is due to different reasons:

e The membrane potential is affected by changes in its environment;

e The membrane potential is affected by the physical proximity of other
neurons (ephaptic connections);

e The membrane potential is affected by the action potential of a large
number of other neurons in its local circuit.

All these situations can be easily approximated by the introduction of a Brownian
noise in the equation. This leads to the stochastic differential equation

1
dv(t) = —é(V(t) = VL) 4+ I(t)| dt + odB(t)
where B(t) is a standard Brownian motion and o > 0 is the amplitude of the noise:
the process V(t) is actually a drifted Ornstein-Uhlenbeck process. Concerning such
model, we refer to [42}, 130]. Although this model is simple, easy to study and
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works well with different families of neurons, it has been shown to be too simple to
explain some particular dynamics.

3.6.2. The limits of the LIF model. In [43] it has been shown that if the
threshold Vy;, is sufficiently big, then the behaviour of the inter-spike intervals (ISTs,
i.e. the times between two spikes) is approximatively exponential. This approxi-
mation is useful when studying some large networks of neurons. However, in [136],
it has been proved that the model was not consistent for cortical neurons. The
solution was found in [131], where it has been proved that temporally correlated
inputs (and then temporally correlated noise) could lead to a better performance
of the model.

However, if we make another jump back in time, we see that the fact that the
Ornstein-Uhlenbeck process does not work well for some neurons was already ob-
served in [124]. Indeed, the authors notice that not only the exponential distri-
bution does not fit well the behaviour of a particular neuron in the cochlea of the
cat, but that the inter-spike intervals seemed to exhibit infinite expectation. This
problem was reconsidered in [69] where a Cauchy distribution was used to fit the
data.

In any case, let us stress out that for the spontaneous activity (i.e. I(¢t) =0), it is
true that in [43] one needs the threshold to be big enough to obtain the exponential
approximation. However, it has been shown in [28] that in any case we obtain finite
mean, which is something we want to avoid.

3.6.3. The Semi-Markov LIF model. The idea expressed in [29] is the
following. Consider the process V (¢t) defined by means of the classical stochastic
LIF model with initial datum V4 and a driftless Bernstein function ® € BF. Then
let us consider the time-changed process Vo (t) := V(Lg(t)) where Lg(t) is an
inverse-subordinator associated to ® independent of V(¢). What we want to do is
to find some hypotheses on ® in such a way that the process Vg (t) exhibits some
quantitative properties that can be useful to describe neurons as the ones found in
[124].

First of all, let us observe that, without loss of generality, we can set V;, = 0. Thus
we have

V(t):—%/o V(t)dt+/0 I(s)ds + o B(?).

On the other hand, we can decompose the process V(¢) in two processes:

V(t)=V(t)+ J(t)

where V(t) is an Ornstein-Uhlenbeck process with V(0) = Vp and J(t) = e~ # fg I(s)edds
(which is actually deterministic). Let us in particular stress out that ‘7(7&) represents
the spontaneous activity part of the process, while J(¢) is the integrated stimulus.
Thus, taking this in consideration, let us define Vi (¢) := V(Lo (t)) and observe that

B[V (t)] = Vo eo <t; _;> .

From now on, let us denote A = 1/6. Moreover, we directly obtain

+oo
E[Va(t)] = Voea (t; —A) + /O J(s)fa(s;t)ds.
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Actually, we can show that the mean of Vg is solution of a non-local differential
equation (see [29] Proposition 2]).

PROPOSITION 3.6.1. Let I be a continuous and bounded function. Then Mg (t) :=
E[Ve(t)] is solution of

O* Mo (t) = —5Mo(t) + Io(t), t>0
My (0) =V,

where Io(t) = E[I(Lg(t))].

PROOF. Let us show that Mg (t) is Laplace transformable in H. To do this, let
us observe that being I(t) bounded, we have

t
/0 1(s)leFds < ]| )

thus also J(t) is bounded. Moreover we have

=

[J(@)] <e”

+o00o
Mo (1)] < Vo ea(t:—A) + / T(5)] (5 8)ds < Vo + 1] o -
0

Thus Mg(t) is bounded and then Laplace transformable in H. Let us denote by
Mg (2) its Laplace transform. Since it is not difficult to see that, denoting M (t) =
E[V (®)];
+oo
Mat) = [ M) folsit)ds
we have that

O(z) [T
z Jo
Now let us recall that M(¢) := E[V (¢)] is solution of

Grt)=—gMt)+1(t), t>0

Mg(z) = M(s)e **) s,

thus in particular it is derivable. Hence we have, by integrating by parts,

_ 1 1 [T dM
M =-Vo+ - —_— —s2(2)g
2(2) Vo + Z/o Is (s)e s
- EV _ i i M(s)675¢(z)d8+ 1 /+OO I(S)efsé(z)ds
207 20 ), z Jo ’
Now let us multiply everything by @ to achieve
(3.6.1)
(I)(Z) v 1 (P(Z) e —sP(z (I)(Z) oo —s®(z
. <Mq>(2) - ZVO) =2y ; M(s)e™*®E)ds + 7/0 I(s)e *®) s,

Let us consider Ig(¢) and let us show that it is Laplace transformable. Indeed, it
holds

+oo
Ia(t)] < / ()1 (558)ds < 1] e e -

Moreover, its Laplace transform is given by

z) [T
L[Is)(2) = (I)()/o I(s)e **(@ds.

z
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Thus, taking the inverse Laplace transform in Equation (3.6.1) (recalling that
@ = L[pg]), we get

t_ B 1 t t
/0 yq)(tff)(Mq)(T)fvo)dpfg/O Mq>(s)ds+/0 I(s)ds.

Moreover, observing that Mg (0) = V) by definition and that the right-hand side is
differentiable with continuous derivative, we conclude the proof. (Il

From last Proposition we deduce that our model is a good candidate to repre-
sent a stochastic version of non-local LIF models. In particular for ®(\) = A\* as
a € (0,1), Mg(t) solves the equation of a fractional-order LIF model, as described
in [142].

3.6.4. Correlation structure of the Semi-Markov LIF model. Now let
us discuss on the covariance of Vg(t). To study this, we first need to understand
what is the covariance of V(). Actually, since J(t) is a deterministic term, it does
not play any role in such covariance, hence V (¢) admits the same auto-covariance
function of V(¢) and then it is well known that

Cov(V(¢),V(s)) = %29 (e—klt—SI _ e—/\(t+s)> _

Now let us consider the auto-covariance function of Vg (). Let us define the measure
F(t,5,A) = P((Ls(t), La(s)) € A), VA € B(R?)
and let us observe that

Cov(Va (), Va(s)) = /(]Rﬂ2 Cov(V (u), V(U))FéZ)(t7 3, dudv)

29
=27 / e_)““_”‘Fq(f) (t, s, dudv)
2 \Jmoy

/(R+)2 e>‘(“+”)F§)(t,s,dudv)> .

The first integral has been already determined in Lemma thus let us now
focus on the second integral, which is actually the bi-variate Laplace transform of

(Lo (), La(s)).

LEMMA 3.6.2. For any A >0 andt > s > 0 it holds
1 S
/ e*)‘(“J“’)Fq(f) (t, s, dudv) = eq(t; =) + 7/ ea(t —y; —A) ea(dy; —2X).
(R+)2 2 Jo

PROOF. Let us denote by G(u,v) = e~ *(#+%) that is a C* function, and fix
(a,b) € (RT)2. By using the bivariate integration by parts formula (see [70]) we
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have

/O ' /0 ’ Gl ) 2 (1, 5, ducv) = /O ’ /O " EO(t, 5, [w,] x [v, B)Gdu, dv)
+ /0 ’ FP(t, s, [u,a] x [0,b])G(du, 0)
+ /Oqu?)(t,s, [0, a] x [v,5])G(0, dv)
+ FP(t,5,[0,a] x [0,5))G(0,0).
Now let us observe that

G(du,v) = =Ae Mgy,
G(u,dv) = —Ae N4V gy,
G(du, dv) = N2e™ W+ dudy,

thus we have

(3.6.2)
b
/ / G(u,v) F( (t, s, dudv) / )\2F (2) ,a) x [v,b])e™ ) dudy

o Jo

F(Q) t,s,[u,a) x [0,b])e”*du
0
b

/ AFP(t,5,]0,a] x [v,b])e du
0

+ FP(t,5,[0,a] x [0,0]).

Let us define

L(a,b) = / AF(t, 5, [u, a) % [0,b])edu
0

b
Ir(a,b) = / AF (¢, 5,10, a] x [v,b])e *dv.
0

First of all, by monotone convergence theorem, we have

—+oo
lim Iy(a,b) :/ )\Fg)(t,s, [, +00] x [0, +-00])e ™ du
0

a,b—+o00
+oo
= / P(La(t) > u)de *du
0
“+o0
=1- / e M fo(ust)du = 1 — eq(t; —N).
0

Analogously we have

lim Iz(a,b) =1—ea(s;—A).

a,b—+o0
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Thus, taking the limit as a,b — +oco in (3.6.2]) we obtain

+oo —+oo
/ / qu()(tsdudv)

“+ o0
/ / )\2F(2)(t s, [u, +00) X [v, +00))e M) dudo

+ e@(t, —/\) + 2@(8, —/\) — 1.

(3.6.3)

Let us denote

+oo  ptoo
Iy :/ / )\QFéQ)(t,S, [u, +00) x [0, 4+00))e ") dudy
0 0

(3.6.4) - // >‘2Fé>2) (t, s, [u, +00) X [v, +oo))e*/\("+v)dudv
o u<v

+ / / NP (5, [u, +00) X [v, +00))e ) dudy
= I5ujv16.
Let us first work with I5. Since t > s and u < v, we have
F (1,5, [u, +00) % [0, +00)) = P(La(t) > u, La(s) > v)
=P(La(s) = v)
and then

Is = // A2 P(Lg(s) > v)e M) dudu
u<v

— /0%o P(La(s) > v)(=N)e (/Ov(—)\)e_/\“du) dv

(36.5) = /Om P(Lg(s) > v)(—N)e *dv — /(:oo P(La(s) > v)(—=N)e *dv

1 1 e —2A\v oo —Av
——+ - e fo(v;t)dv+1— e " fo(v;t)dv

1 1
=3 + 3 ea(s;—2X) —ea(s; —N).

Now let us consider Is. By Equation (2.4.10), setting A(t,s) = {(z,y) € R*: y €
[0,s], = €[0,t—y]}, we have

Is = // (// o (dx;u — v)ge (dy; v )) A2e AU gy dy
_ //A(t,s) //u> (//L>Ug¢(dx;u—v)gq>(dy;v))\2e_’\(“+“)dudu)
= //A(t,s) /O+OO ga (dy; v)(=N)e ™ (/;oo ga(dz;u — v)(—A)e_A“dU> dv.

Consider © — v = w to obtain

+o0 +oo
Is = \° // (/ gcp(dy;v)e”‘”dv) (/ gq>(dx;w)e>‘wdw) .
A(t,s) 0 0
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Let us consider P(o(w) < x). We have
Plo(w) <z) =P(w < L(z)) =1 - P(L(z) < w).
Thus, taking the Laplace transform with respect to w we have
1 ep(z;—A
LuonBlow) < 2))(3) = Luoll - B(L) < w)(3) = 5 — HEA,

Thus, we get

A

where e (dz; —)) is well defined as a Radon measure since e (z; — ) is of bounded
variation (being monotone and bounded). We achieve

1
Is= - // eq (dr; —A) eq (dy; —2)
2 JJ a9

(3.6.6) B ;/OS </Ot—y eq (du; —)\)) ea (dy; —2))

1 /[ 1 [°
=5 | eolt = vV eatdyi-20 - 5 [ eatan-2)
0 0

+oo dx: =\
/ goda: w)e N = — )
0

1/ 1 1
= */ eq;.(t —v; —)\) Qq;.(dy; —2>\) - = QQ(S; —2>\) + =
2y 2 2

Substituting Equation (3.6.5) and (3.6.6]) in (3.6.4]) we have

1 S
(3.6.7) Iy =1—¢qp(s;=A) + 5/ ea(t —y; =) ea(dy; —2))
0

and then substituting (3.6.7)) in (3.6.3]) we conclude the proof. O
By using Lemma [3.6.2) and [2:4.4) we get the following Proposition.
ProproOSITION 3.6.3. For anyt > s > 0 it holds

70

Cov(Va(t), Va(s)) = 5

()\ /05 eap(t —y; —AN)dUs (y) — 2

1 S
+2ep(s;—N) — 5/ ea(t — y; —A) ea (dy; —2/\)) .
0

Let us observe that the formula that gives the auto-covariance function is quite
complicated, thus we cannot use it directly to obtain some information on the
behaviour of the covariance as t — s increases. However, we can still argue on some
properties by using the integral representation in terms of the auto-covariance of
V(t) (see [29], Proposition 4]).

PROPOSITION 3.6.4. Fixt > 0 and define the function
cop(s;t) := Cov(Va(t + 5), Vo (t)), $>0
Then ce(s;t) is decreasing and infinitesimal.

PROOF. Let us first show that ce(s;t) is decreasing. To do this fix so > s1 >0
and consider the measure

FéS)(t + s9,t+ 51,6, A) =P((Lo(t + s2), Lo (t + s1), La(t)) € A), A € BR?).
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Since Lg(t) is almost surely increasing, the considered measure is concentrated on
(3.6.8) A= {(u,v,w) €R*: u € (0,+00),v € (0,u), we (0,v)}.

Let us observe that s > 0 — Cov(V(t + s),V(t)) is decreasing. Thus, denoting
c(t, s) = Cov(V(t),V(s)), we have

ca(s2;t) — ca(s131)

—+oo u v
= / / / (c(v,w) — c(u, w))F(B) (t + s2,t + s1,t, dudvdw) > 0,
0 o Jo

since v < u.

Now let us show that cq(s;t) is infinitesimal. Let us recall that lim;_, 1 o ¢(t, s) = 0.
Moreover there exists a constant C' > 0 such that |c(t,s)| < C for any (¢,s). In
particular |¢(Le(t + s), Lo(t))| < C and then, by dominated convergence theorem
(as limg 400 Lo (t + s) = +00) we have

lim co(s;t) = SE&H@E[C(L¢Q +3s),La(t))] = 0.

s——+oo
O
Concerning the variance, we can prove an easier formula.
PROPOSITION 3.6.5. It holds
20
Var|Va (t)] = "7(1 —ea(t:—2)))
PROOF. Let us recall that Var[V (t)] = ‘7720(1 — e~ 2M). Thus we have
29 +oo 20
VarlVa (0] = %7 [ (1= ) fusit)ds = 71— ealti20),
0
|

It is interesting to observe that for big values of ¢ > 0 the variance does not go
2
to 0. Indeed it holds lim,—, ;o Var[Ve(t)] = %2.

3.6.5. Properties of Inter-Spike Intervals. Now let us focus on the first
spiking time and on Inter-Spike Intervals. Let us consider a fixed excitatory input
stimuli I(¢) = Iy where Iy > 0. Moreover, let us suppose, for simplicity, that V5 =0
and that the process V (¢) is reset to 0 after a spike. Then we have that V() is a
(non-centred) Gauss-Markov process. Moreover, by construction, denoting by T,
the n-th spiking time and with K,, = T,, — T,,—1 (with T,,_; = 0) the n-th inter-
spike intervals, the family (K, )nen is constituted of i.i.d. random variables. Let us
observe that, by using the comparison results of [28], E[T}] < 400 and P(T} <1t) is
rapidly decreasing at 0. V(t) is a diffusion process, hence the survival function of
T is solution of a parabolic problem. It is not difficult to see, by typical arguments
concerning partial differential equations, that Po(T} > t) is actually a C*° function.
With this in mind, one can easily use the results of Section [2.7] to state the following
proposition (see [29], Proposition 5]).

PROPOSITION 3.6.6. Denote by Ty the first spiking time of Vo(t). Then the
following properties hold true:
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o If & is reqularly varying at 0T with order o € [0,1), then, as t — +o0,

P(%) > t) ~ P?%@ <1) ;

o If vg(t) is absolutely continuous and @ satisfies Orey’s condition, then
T1 is absolutely continuous with C*° density. Moreover, if ® is regularly
varying at 400, then, for any v € R, it holds

<
lim 7]1])(51 =) =
t—0+ tY

Now let us observe that, by Lemma it holds %,, 4 oe(T}), where T,, is
the n-th spiking time of Vg (t). Moreover, let us denote by &, = ¥, — %,,—1 (with
%o = 0) the inter-spike intervals of V(). We can prove the following Proposition
(see [29] Section 5.2]).

PROPOSITION 3.6.7. The family (Ry)nen is constituted of i.i.d. random vari-
ables.

PRrROOF. First let us show that &, = (Tq> (K,). This will imply that (&,)ncn are

identically distributed. To do this, let us first observe that £, <5 o(Th)—0ao(Th-1)-
Now let us consider the measure () (A) = P((T},,T,,_1) € A) for any A € B(R?).
Then u(? is concentrated on

A={(u,v) € R?: ue (0, +00), v e (0,u)}

being the sequence (T),)nen strictly increasing by definition. Recalling that og(t)
is independent of T}, for any n € N and that it is a Lévy process, it holds

(ﬁ <t) ]PJ.:}

/

= / / (00 (u—v) < t)u? (dudv)
]P ZTn Tn 1) t) = P(UQ(Kn) < t),

—09(Th-1) <t)

(T>)
/ (u) = oo (v) < t)u® (dudv)

concluding the first part of the proof.
Now let us show independence. To do this, let us consider n,m € N with m < n
and let us introduce the measure

uD(A) = P((Ty, 1, Tons Trn1) € A), A € B(RY).
Since m < n, then m <n — 1 and we have that the measure is concentrated on
A= {(u,v,w,2) €R': we (0,400), ve(0,u), we (0,v), z€(0,w)}

Let us also denote s(u,t) = P(og(u) < t) and 17511) the law of K,,. Finally, let us
denote by 77( ), the joint law of K, and K,,. Since they are independent we have
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that 777(12271 = n(l) X 7) Argumg as before we have, for fixed t1,t5 > 0,
P(R, <t1, R < t2) =P(oa(Ty) —0a(Th-1) < t1,00(Thn) — 0a(Tm-1) < t2)

:/O+°o /Ou /0 /Ow P(oo(u) — 06 (v) < t, 00(w) — 00 (2) < to)u® (dudvdwd:z)
-/ - L[ post) = aut) < ) Ploatu) = ae(e) < ) (dudvduds
/m/ / / (oo(u—v) <t)P(og(w — 2) < to)pu® (dudvdwdz)

K'IL7 tl) (Kma t2)]

+oo +oo
/ / Plog(u) < t1)P(og(v) < t1)n ) ) (dudv)

= ([ reat < toman)) ([ Boat) < )

=P(oa(Ky) < t1) Plog(Km) < t2)
concluding the proof. O

Thus we have that (R, )nen are i.i.d random variable that are distributed as
A1 = %4. Thus, in particular, still holds for any £,,. This is true also for
spontaneous activity, since it is the case I(t) = 0. Thus we can ask if our model
satisfies the qualitative observations of [124].

3.6.6. The Unit 240 — 1. Let us re-consider the problem of the models in
[124]. The authors focus on some particular neurons of the cochlea of the cat.
However, two of them, the Unit 259 — 2 and the Unit 240 — 1 exhibit some behaviour
that was initially inexplicable. Directly citing the paper:

The histogram of Unit 259 — 2 appears to be unimodal and asym-
metric [...] while that of Unit 240 — 1 is unimodal and asymmet-
ric, but on a quite different time scale that that of Unit 259 — 2.
[...] The spike trains of Unit 259 — 2 and Unit 240 — 1 do not
appear to be easily characterizable.

However, in the same paper, it is shown that Unit 259 — 2 sill exhibit exponential
decay and the authors suppose that the spike train is still generated by a Poisson
process but with some lag time. Concerning Unit 240—1, the situation is completely
different. Indeed:

when the histogram of Unit 240 — 1 is replotted on a semiloga-

rithmic scale, the decay is clearly seen to be non-exponential.
In this paper and [69], it is shown that Unit 240 — 1 exhibit some power law decay,
reminding of stable distributions and Mittag-Leffler distributions. In particular in
[69] the proposed distribution is a Cauchy distribution (that is power-like decaying)
since it

has essentially the same invariance property as that found for

the density of interspike intervals of Unit 240 — 1.
Let us observe that if we consider ®(A) = A%, our model recovers the power-like
decay observed in [69]. Moreover, one expects the distribution function to decay
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at 0 quite fast (as we do not expect a neuron to fire almost instantaneously),
which is something the distribution function of the £, does. In particular, the
distribution we obtain (that cannot be characterized explicitly, but of which we
know some characteristics such as the asymptotic behaviour) is in agreement with
the phenomenological evidence concerning the behaviour of the Unit 240 — 1 as
described in [124] (non-exponential decay and heavy tail) and [69] successively
(actual power-like behaviour and some property that is similar to stability).
Finally, let us observe that we propose a model for which memory can be also
found in the covariance of the process. Indeed it has been shown in [67] that such
kind of processes exhibit a long-range dependence for ®(\) = A*. In the case of
spontaneous activity, we can consider the first-order stationary version (that is not
second-order stationary, neither in wide sense) and express short-range or long-
range dependence with respect to the initial datum, obtaining exactly the same
characterization as in Corollary

3.7. Simulation procedures

As we have shown some applications of the theoretical results given in Chapter
it can be useful to present some simulation procedures for the involved stochastic
processes. Here we focus on such procedures, outlining some suitable algorithms.

3.7.1. Simulation of a subordinator. Let us consider a driftless Bernstein
function ® € BF. The first step, for any kind of simulation procedure we want
to show here, is to understand how to simulate a general subordinator. A short
description of the algorithm has been given in [28]. In particular let us argue as
follows. Consider the subordinator og(t) and observe that it is a Lévy process,
hence its increments are independent and stationary. Let us denote by o¢ the
simulated process. In particular let us choose some nodes (y,)nen for which we
want to simulate (64 (yn))nen and let us call the sequence (G4 (Y ))nen the skeleton
of our simulated process. To simplify the discussion let us suppose 4y, — yn—1 =9
where 1) is a constant that we will call increment.

The idea is the following: we can obtain o4 (y,) recursively from o¢(y,—1) by
observing that

03 (Yn) = (03(Yn) — 00 (Yn-1)) + 0o (Yn-1),
thus, if we have 0¢(yn—1), to achieve dg(y,) we only need to simulate og(y,) —
03 (Yn—1), that is independent of og(yn—1) = 0o (yn—1) — 05 (0). Still by using the
fact that o (t) is a Lévy process, we have that

05 (Yn) — 00 (Yn—1) = 7a(v).

Thus, if we know how to simulate o4 (n), we can simulate the whole skeleton by
using the recursive formula:

70(0) =0
0a(tn) = 0a(9) + 0a(yn—1) neN,
where 74 (y) is a simulated occurrence of o4 (). In conclusion, we only need to sim-

ulate og(n). Let us first consider a simple particular case and then we will discuss
the general case. Suppose ®(A) = A for a € (0,1). 04 is an a-stable subordinator

and we can use the self-similarity property to write o4 (y) 4 p= 0a(1). In [104] a
whole chapter is dedicated to the simulation of time-changed processes in such case.
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In particular, by using the notation given in [I14], our (1) is S(«, 1,v(a),0;1)-
1

distributed, where y(a) = (cos (%)) . To understand how to simulate o4 (1), we

first need to exploit how to simulate a variable S ~ S(a,1,1,0;1). The following

equality is a generalization of the Box-Muller algorithm (see [30} [65], [146]):

l—«

L (1+ tan? (%ﬂ))i sin (o (Y2 + ) <cos(<1 —a)Ys — )) -

(cos(Yz)) = "

where Y7 ~ Exp(1), Ys is uniform in (—%, g) and Y7 and Y5 are independent.

By using this equality, one can simulate S; ~ S(a,1,1,0;1) and set
Ta(l) = 7(a)Sh1.

However, we are interested in the general case, that is actually much more com-
plicated. To simulate o¢(n) in the general case, we need to combine two different
algorithm: a numerical inversion of the Laplace transform, as discussed in [2], and
an algorithm to simulate random variables from their characteristic functions (see
[123] and references therein). First of all, let us set W(£) = ®(—i&), 1p(€£) = e~ "V
for € € R and ¢()\) = e~ "®W) for X € H. Thus we can use the following algorithm

(1) By numerical integration set ¢ = 5= fjooj e VR E)ge;

(2) Setting ¢ small enough, use the approximation

ey PiE[L +6]) + p(—i€[1 = 8]) — 2¢(—if)
P(E) ~ 52e

to determine numerically k = %fj;o [ (€)]dE;
(3) Generate three independent random variables U, V7, Vo uniform in (0, 1);

(4) Set z = \/E ¥ and determine numerically

c Vo
h | 20X waginn) ‘
fx) = — 4+ — ) e VP cog(X(D(ikh))) cos(kht)
T T
k=1

for h small enough;
(5) If Vi > Vs, set og(n) =z if U < f(x), otherwise reject ;
(6) If Vo > Vi, set go(y) = z if kU < 22 f(z), otherwise reject .

As we can see, just the simulation of a subordinator requires different approxima-
tions and then generates a lot of approximation errors (due to the truncation of the
series for Laplace transform inversion, numerical evaluation of the integrals in ¢ and
k, numerical approximation of the second derivative of the characteristic function
and so on). However, if we want to simulate a time-changed process, in general
we need the inverse subordinator, which requires another approximated simulation
procedure, and thus leads to much more errors.

Here we want to find some cases in which time-changed processes can be simulated
without simulating the inverse subordinator. To do this, we first need to investigate
how to simulate ®-exponential distributions.

3.7.2. Simulations of ®-exponential variables. Here we want to investi-
gate how to simulate a ®-exponential random variable. To do this, we first need to
show the following Lemma.
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LEMMA 3.7.1. Let ® € BF be a driftless Bernstein function and og(t) the
associated subordinator. Let T be an exponential random wvariable of parameter
A > 0 independent of o0g(t). Then oa(T) is a ®-exponential random variable of
parameter .

PROOF. Let us evaluate P(og(T) > ¢). By using the independence of o (t)
and T we get

+oo
Plog(T) > t) = /O Plos(y) > )Ae My

+oo
_ / P(y > Lo(t))\e dy
0

+oo
=/ e fo(y; t)dy = ea(t; =),
0
concluding the proof. O

As before, let us consider first a simple case. If ®(\) = A\* for some « € (0,1),
then it is not difficult to show, by a conditioning argument, that

oa(T) LT= oa(1).

Thus, simulating a Mittag-Leffler distributed random variable is quite easy: just
simulate an exponential random variable T" and a stable random variable o,(1)
independent from each other and then multiply therrﬂ

The general case is instead more difficult. First of all, we need to determine the
Laplace transform of og (7).

LEMMA 3.7.2. Let ® € BF be a driftless Bernstein function and og(t) the
associated subordinator. Let T be an exponential random variable of parameter
A > 0 independent of og(t). Then

A
E —zoe(T) _ )
le ] O(z) + A
PRrROOF. We have
—+oo
]E[ef‘w‘i’(T)] = /\/ E[efmq”(y)]ef)‘ydy
0

+oo
1\ / e U@EN) gy
0

A
D(z) + N
concluding the proof. ]

Now let us denote ¢(z) = ﬁ for z € H and ¢(§) = ¢(—i&) for £ € R.

Arguing as before, we have the following algorithm to simulate a random variable
T ~ Expg(N):

. . . —+o0
(1) By numerical integration set ¢ = 5= [7 > [9)(&)[d¢;

2There are different representation of Mittag-Leffler random variables in terms of stable
variables and exponential variables. For more details, we refer to [90]. Moreover, for application
of such representations to the simulation of Continuous Time Random Walks, we refer to [65].
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(2) Setting § small enough, use the approximation
5(E) ~ o(—i€[1 4 0]) + p(—i&[1 — d]) — 2p(—if)
= 52¢2
to determine numerically k = %fj;o [y (€)|dE;
(3) Generate three independent random variables U, V7, V5 uniform in (0, 1);

(4) Set z = \/g % and determine numerically

ho 2R
f@) = =+ = " R(p(ikh)) cos(kht)
T
for h small enough;
(5) It Vi > Vo, set T =z if cU < f(z), otherwise reject z;
(6) If Vo > Vi, set T =z if kU < 22 f(x), otherwise reject .

3.7.3. Generalization of Gillespie’s algorithm. It is well known that a
continuous-time Markov chain M (t) can be simulated by simulating separately its
jump chain M,, and the sojourn times S,, in each state. Indeed, given a continuous-
time Markov chain with transition rate matrix ) on the state space E, we can
define the rate function r(s) = —g, s for s € E. Thus, the jump chain M,, admits
transition probabilities given by

QSl,Sz

P(Mn 52, Mn—l 51) DPsy,s0 7’(81)7
and the simulation of the jump chain can be done by simulating at each step n a
discrete random variable M,, with probability distribution (ps)seg = (Pa,_1.s)scE,
supposing we already simulated M,,_;. Finally, we remain in each state M,, with
a sojourn S, that is exponentially distributed of parameter r(M,). Thus, we can
simulate the two vectors M = (M) n=0,...n (called the event vector) and T =
(Th)n=o,...~n (called the calendar vector), where T,, = T,,_1 + S, and Ty = 0,
and it not difficult to see that the process M(t) =M, ast € [Ty, Tr,+1) admits the
same distribution as M (t).
This simulation algorithm is known as Gillespie’s algorithm (since it was first
presented in [71]) and it seems to be based on the Markov property of the process
M (t). Actually, it is not difficult to see that the algorithm relies on the Markov
property of M (t) only at the jump times T, thus the fact that M(t) is Markov
is not really needed. Indeed, we can generalize the algorithm to the case of semi-
Markov processes.
This generalization has been already applied to different contexts concerning time-
changed continuous-time Markov chains with ®(\) = A*. For instance, in [44]
and [19] a generalized Gillespie’s algorithm has been used to simulate fractional
queues, while in [1I4, 6] it has been used to exploit some properties of a time-
changed epidemic model. Algorithms for the simulation of non-Markov (precisely
semi-Markov) random link activation and deletion with Mittag-Leffler inter-event
times are also given in [68]. In the same paper, a generalization to the case in which
Markov dynamics occur on a non-Markov evolving network is also considered. Here
we want to present a general version of the generalized Gillespie’s algorithm for
time-changed continuous-time Markov chains.
The first thing we have to observe, as we already stated in this Chapter, is that
when we apply a time change to a continuous-time Markov chain M (t), then the
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jump chain remains untouched. Thus we still know how to simulate the event vector
M. The only problem is the calendar vector. However, let us denote by r the rate
function of the continuous-time Markov chain M () and with Mg (t) the respective
time-changed continuous-time Markov chain. Now let us fix a state s and consider
a modification of M (t) and Mg (t) such that:

e The process starts from the state s;

e Any other state is absorbing.

Denote by M(t) and Mg(t) the modified process and observe that Mg(t) =

M(Lg(t)). Tt is not difficult to check that in such case the state probability
D(t;s) == Ps(M(t) = s) = P(S > t) where S is the generic sojourn time of M(t)
in the state s. Let us denote by Sg the sojourn time of Mg(t) in the state s and
observe that pg(t; s) :=Ps(Ma(t) = s) = P(Sg > t). However we have

P(S > t) = e ")
and

P(Sg > t) = Ps(Mg(t) = s)
“+o0
= /o P, (M(y) = s) fo(y; t)dy

+o00
= / e fy (y; t)dy
0

= e (t; —7(s)).
In particular we have shown that

LEMMA 3.7.3. Let ® € BF be a driftless Bernstein function and M(t) a
continuous-time Markov chain. Let Lg(t) be an inverse subordinator associated to
® independent of M (t) and Mg (t) = M (Le(t)). Let r be the rate function of M(t)
and S(s) the sojourn time of Mg (t) in the state s. Then Sg(s) ~ Expg(r(s)).

By using such lemma, we can give the following generalized Gillespie’s al-
gorithm:
(1) Initialize My and Ty = 0;
(2) Suppose we have already simulated M,, and T,,:
(a) Simulate M,11 as a discrete random variable (see [30]) with proba-

bility distribution (ps)ser = (fé‘j\g)) B where @ is the transition
nl/ se

rate matrix of M (¢) and r is the rate function of M (¢);
(b) Simulate S ~ Expg (r(M,)) as described in the previous section;
(c) Set Tpy1 =T, + S;
(3) Repeat until the stop condition is reached.

3.7.4. Simulating a time-changed Brownian motion. As we stated be-
fore, we need to find some simulation procedures that do not rely on the sim-
ulation of an inverse subordinator. Concerning time-changed diffusions, like the
time-changed Brownian motion, it is not a simple task. In [104] it is suggested to
consider the couple (B(t), 04 (t)) to obtain the points of the graph of Bg(t), where
B(t) is a Brownian motion and Bg(t) is the time-changed Brownian motion. In
[28] we used an approximated simulation procedure to obtain Lg. Here we want
to show, in the case of the time-changed Brownian motion, a method that does
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not rely on the simulation of Lg. To do this, we first need to recall some technical
definitions (see [148] for the definition and the subsequent theorems).

DEFINITION 3.7.1. Let us denote by D the space of cadlag functions, i.e.
functions f defined on some interval of R that are right-continuous and such that
lim,_,, - f(t) always exists finite. Let ¢(¢) = ¢ be the identity map and let us denote
by |||« the supremum norm. Moreover, let A be the set of strictly increasing
functions. Then we define the J; topology as the topology induced on D by the
metric

dj, (21, 22) = inf (max{||z1 0 A — @2l oo s 1A = tf| Lo })-

inf
AEA
The metric space (D, dy,) is called the Skorohod space.

Let us denote by Dg the subspace of D such that z € Dy if and only if z(0) > 0.
Let Dy be the subspace of Dy whose elements are non-decreasing functions and D44
the subspace of Dy whose elements are strictly increasing function. Finally, let us
denote by Cy = C'N Dy and Cpp = C' N Dy

An important thing to remember on (D, dy,) is that it is not a topological
group, i.e. addition is not continuous. However, in some sense, the composition
is a continuous map.

THEOREM 3.7.4. The map (z,y) € D x Dy — x oy € D is continuous at
(2,9) € (Cx D) U(D x Cy).

Actually, such theorem comes handy when used together with the continuous
mapping theorem.

THEOREM 3.7.5 (Continuous mapping theorem). Let X,, be a sequence of
random wvariables in a metric space (S, m) converging towards X in distribution.
Let g : (S,m) — (S’,m) where (S',m') is a metric space. Let Disc(g) be the set of
discontinuity points of g. If P(X € Disc(g)) = 0, then g(X,) — g(X) in (S',m’)
i distribution.

Let us recall the following version of Donsker’s Functional Central Limit The-
orem.

THEOREM 3.7.6 (Donsker’s Theorem). Let N(t) be a Poisson process of
parameter 1 and (Xg)ken be a family of i.i.d. Gaussian random variables with zero

mean and unit variance. Let X (t) = ZkN:(tl) X}, be the respective compound Poisson
process. Moreover let X"(t) = hX (s%) for h € N. Then the sequence X"(t)
converges towards a Brownian motion B(t) in (D,dy,) in distribution as h — 0.

By combining the three previous theorem we can easily show the following
result.

THEOREM 3.7.7. Consider ® € BF a driftless Brownian motion. Let N(t)
be a Poisson process of parameter 1 and (Xg)ken be a family of i.i.d. Gaussian
random variables with zero mean and unit variance. Let X (t) = g:(tl) Xy, be the
respective compound Poisson process. Moreover let X"(t) = hX (%) for h € N
and consider the time-changed processes X2(t) := X"(La(t)) where Ly(t) is an
inverse subordinator associated to ® and independent of X (t). Then the sequence
X2 (t) converges towards a time-changed Brownian motion Be(t) in (D,dy,) in
distribution.



3.7. SIMULATION PROCEDURES 144

PROOF. Let us consider the sequence (X", Lg) and observe that it converges
towards (B, Ls). Now, let us observe that P(Le ¢ D) = 0 since Lg is almost
surely increasing and continuous. Moreover, P(B ¢ C) = 0 since the Brownian
motion is almost surely continuous. Thus, denoting by g the composition map, it
holds P((B, L) € Disc(g)) = 0. By the continuous mapping theorem, we conclude
the proof. |

Now let us show how to use such information to obtain a simulation algorithm

for Bg(t). First of all, let us observe that X"(¢) = Z;V:(f%) hXj. It is not difficult
to check that N (75) ~ N"(t) where N"(t) is a Poisson process with parameter
h—12. In particular, by using the consideration we made in the previous section, we
actually know that the sojourn times of N2 (t) are ®-exponentials of parameter #
Now let us observe that we can simulate X2 (¢) by considering two vectors:

e A state vector Y = (Y})ren, with Yy = 0;
e A calendar vector T = (T})ien, with To = 0.

Indeed, by definition, there exist two sequences of random variables Y and T such
that Xg (t) =Yy if t € [Tk, Ti4+1). In particular it holds Vi1 — Y = hXj1 where
Xk41 is a standard normal random variable, and Tyx41 — Tk = Si where Sy is
the sojourn time of N2 (¢). Thus, from these observations, we have the following
algorithm:
(1) Choose h big enough;
(2) Initialize Yy = Tp = 0;
(3) Suppose we have already simulated Y,, and T),:
(a) Simulate a standard normal random variable X;
(b) Set Y,41 =Y, +hX;
(c) Simulate S ~ Expg(1/h?);
(d) Set Tn+1 =T,+5S.
(4) Repeat until the stop condition is reached.

After that, the simulated time-changed Brownian motion is given by §q>(t) =Y
for t € [Tk7Tk+1).



CHAPTER 4

Non-local operators in space: some results on
isotropic Lévy processes and isoperimetric
inequalities

Now let us focus on some problems concerning non-locality in space. In partic-
ular, we focus on two problems. The first one concerns the asymptotic behaviour
of the jump function jg associated with driftless Bernstein functions ® € BF.
Let us recall that jump functions are strictly linked with the Lévy measures of
subordinated Brownian motions (that are isotropic Lévy processes). Denoting
B®(t) = B(os(t)) where B(t) is a Brownian motion in R" with variance 2t and og
a subordinator independent of it, then, by Bochner subordination, B®(t) is a Lévy
process with Lévy measure g (z) = jo(|z|)dz. The generator of B®(t) is given by
—®(—A), that is defined via Phillips’ formula. However, we have shown in [[.5.3]
that —®(—A) can be represented in terms of the jump function jg. Thus, knowing
some properties of the jump function jp can be useful to obtain some estimates
on the operator —®(—A). This, for instance, can be applied to Schrédinger op-
erators Hp = ®(—A) + V with V multiplication operator V f — V(z)f(x) where
V :R? = R is a suitable potential. In particular, assuming that Hg admits a zero
energy eigenvalue ¢, i.e. a function ¢ € LQ(Rd) with ¢ # 0 such that Hep = 0,
then we have V(z) = —ﬁ‘b(—A)g@(x). This leads to the usage of asymptotic esti-
mates on j¢ to deduce some conditions on the decay of the potential V' (z), as done
in [24]. Moreover, the same techniques can be used to study the link between the
fractional Laplacian L, = (—A)?% and the massive relativistic fractional Laplacian
Lom = (—A+ma)% —m. Indeed, it has been shown in [128] that there exists a
finite measure o, ()dz such that

La,mf = L(xf - (U(x,m - 50) * f

For this reason, we will present also some results on the asymptotic behaviour of
the density oo m ().

The second problem is related to randomized isoperimetric inequalities. In
[120] the following isoperimetric inequality has been shown.

THEOREM 4.0.1. Let K C R? be a compact set and r < d. Let POK,-,PTK be
r + 1 random points in K, uniformly distributed and pair-wise independent. Let
K(r) = [PE,..., PK] be the polytope with vertices PX ..., PX and VX := V,.(K)

be the r-intrinsic volume of K(r). Let B C R® be any ball such that |B| = |K|.
Then, for any strictly increasing function U on R it holds

E[(V,")] > E[¥(V,7)].

145
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Moreover, if r < d, equality holds if and only if K is a ball and, if r = d, equality
holds if and only if K is an ellipsoid.

In [63] the following quantitative version for the previous Theorem, in the case
r =2 and ¥(x) = 2%, has been shown.

THEOREM 4.0.2. Let d > 2 and 3 > 0. Then there exists a universal constant
C(d, B) > 0 such that for any measurable set E C R with |E| = wq it holds

6(E) < C(d, B)\/ Ds(E)

where 6(E) = inf  cpa |[EAB(z)| is Fraenkel asymmetry, B(x) is a ball with radius
1 centred in x, Dg(E) = Gg(E) — Gg(B) and Gg(E) = E[(VF)?].

In [17] we give an alternative proof of the previous Theorem, by means of a
Fuglede-type result on nearly spherical sets and some transportation arguments.
Let us first state that our methods led us also to the proof of another isoperimetric
inequality concerning a mixed energy given by the sum of mean length operator Gz
defined before (that is minimized by the ball) and the Riesz potential V, (that is
maximized by the ball), together with a fractional perimeter penalization e P;.
Here we focus on the main tool we had to introduce to handle the Fugluede-type
result. Indeed we had to consider the fractional integral on the sphere ST as
defined in [125] and a Marchaud-type fractional integral on S*~!. In particular, we
give a closed formula for eigenvalues of the two types of integrals and then we show
the link between Gg(B) and the first eigenvalue of the Marchaud-type fractional
integral.

4.1. Jump functions of the subordinated Brownian motion: general
properties

Let us first fix some notation. Let ® € BF be a driftless Bernstein function
whose Lévy measure vg(dt) = vg(t)dt with ve(t) decreasing (but not necessarily
completely monotone) and let o¢(t) be the associated subordinator. Let B(t) be
a Brownian motion on R? (for d > 2) independent of o (t) and let us define the
subordinated Brownian motion B®(t) = B(o(t)). Let us denote by ug(dz) =
jo(|z|)dr the Lévy measure of B®(t) where jg(r) is the jump function of B®(¢).
We want to exploit the asymptotic behaviour of jg(r).

Before doing this, let us show some general properties of v and je. First of all,
let us show the following technical result (see [24] Lemma 2.1]).

LEMMA 4.1.1. For any C > 0 there exists to(C) € (0,1) such that ve(t) < Ct=2
for any t € (0,t5(C)).

PROOF. Let us argue by contradiction. Suppose there exists C >0 and a
decreasing sequence (t,)n>1 such that t; < 1,¢, > Oforanyn € N, ¢,,_1—t,, > bn1

2
tn — 0 and ve(t,) > Ot 2. By definition of Lévy measure of a Bernstein function,
it holds

1
/t%@ﬁ<+m
0

On the other hand, since vg is decreasing, we have

/1 th;.(t)dt Z tluq;.(l)(l — tl)

t1
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and

(tn *tn—l)(tn +tn—1) > étn—l 2 %

tn
/ tl/q;. (t)dt Z Vo (tn) B) = T

tn—1

Thus, we obtain
1 1 “+o00 tn ~+Oo 1
/ tve(t)dt = / tg (t)dt + Z/ tvg()dt > tive(1)(1—1) +C > 1="1%
0 t1 n=1"tn+1 n=1

that is a contradiction. O

Concerning jg, we can show the following result that summarize some of its
main properties (see [24] Proposition 2.2]).

PROPOSITION 4.1.2. The following properties hold:

) ja(r) is a decreasing function;
) ja(r) is continuous in R™;

) hmT'—H-oc jq) ('r) = 0;
) It holds

+oo
/ Td*1j<p(r)dr < 4o00;
1
(6) It holds
1
/ rd+1jq>(r)dr < +o0;
0

(7) the measure pg(dz) = jo(|z|)dz defined on RY\{0} is a Lévy measure;
(8) The function x € R — j(|z]) € RT belongs to LP(BE(0)) for any e > 0
and p > 1 (eventually p = 4+00).

PROOF. By the definition of jump function given in Equation (1.5.1) we have
1 ! d r2 Foo a4 2
ir) = —— (/ t2e” Tug(dt) +/ t‘?e‘ﬂ%(dt))
2 0 1

1
=: W(Il(r) + Iy(r)).

Concerning the first integral I;(r), we have that there exists a constant C(r) such

-2
that t~2e~% < C(r)t for any t € (0,1), and then I;(r) < 400 by definition of
Lévy measure. Concerning the second integral, instead, we have that I>(r) < +o0

2
since t~fe~ % < 1 for any t > 1. This proves property (1). Property (2) follows
from the fact that the integrand in (1.5.1) is decreasing and so we have (3) and (4)
by monotone convergence. Concerning (5), we have, by Fubini’s theorem

“+o0 1 +oo +oo 2
/ ri e (r) = 7 / i (/ Td_le_“dr) Vo (dt).
1 (4m)z Jo 1

In the inner integral we can consider the change of variables r = 21/st leading to

—+oo
/ rdilefgdr = 2d-145T é, 1 .
1 274t

iR
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Thus we have

/foo sl = (/r (53 ) motan +/1+°Or (537) motan).

Concerning the second integral, it is finite since I' (g, ﬁ) <T (%) and vg is a
Lévy measure. On the other hand, it is well known that I'(s,z) ~ e %z~ ! as
x — 400, thus in particular there exists a constant C' > 0 such that ' (g, i) < Ct
for t € (0,1). Thus, we have that also the first integral is finite since vg is a Lévy
measure.

Now let us prove (6). Arguing as before we have

1 1 “+o0
2 d 1 d 1
d+1 _
= — t —+1,— dt t —+1,— dt
fyriser=Z ([ (51wt [0 (G415 ) min),

where (s, z) is the lower incomplete Gamma function defined as

'y(s,x):/ tsle .
0

Concerning the first integral, we have ~y (% +1, i) <T (% + 1), thus, since vg is a
Lévy measure of a Bernstein function and then ¢ is integrable, it is finite.
Concerning the second integral, let us recall that v(s,x) ~ sz® as x — 07, thus
there exists a constant C' > 0 such that ¢~ (% +1, 4%) < Cct—% <last>1. Thus,
in particular, the second integral is finite since vg (1, +00) < +00.

Property (7) follows from the two previous estimate, since, by coarea formulaEI7 they
imply that

/ (J* A 1) g (dz) < +o0.
Re\{0}

Finally, concerning property (8), it is immediate for p = 1. Concerning p = 400, it
follows from the fact that for € BS(0) it holds || > e and then jg(|z]) < jo(e).
Now let us consider p € (1,+00). Since j is decreasing there exists M > 0 such
that jo(|z|) < 1 for any = € BS§,(0). This leads to j§(|z]) < jo(|z|) for z € B§,(0)
and, if € > M, this completes the proof. Otherwise, we only have to observe that

[ iiaao= | Fillada+ [ g (lalds
Bz(0) B (0)\B:(0) 55,(0)

< ja(e)(MP — eP)wq + va (B3 (0)) < +o0.
([l

Now we can focus on the study of the asymptotic behaviour of j. However,
we have to distinguish between two cases:

e The density vg is regularly varying at 0% or at +oo;
e The density vp exhibit an exponential behaviour at 4oco.

Here we actually use only the following corollary of the coarea formula: for any measurable
set E C R% and any integrable function f it holds

/Ef(r)dr:/:oo /):EQBBT f@)d R (z)dr.

For a general formulation of the coarea formula we refer to [59].
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We will call the first case regularly varying case, while the second exponentially
light case. In particular, let us stress out that the first case is implied by the
regular variation of the Bernstein function ®. In the following sections we will
always consider ® € CBF.

4.2. Jump functions of the subordinated Brownian motion: the
regularly varying case

Let us first focus on the case in which @ is regularly varying (at 0 or at o).
In such case, we already have some asymptotic results on v and jg. Indeed, the
following result has been shown (see [I41], Proposition 5.24]).

THEOREM 4.2.1. Let ® € CBF be a driftless Bernstein function such that there
exists a function £(\) slowly varying at infinity (at 07 ) and o € (0,2) such that

B(N) ~ A2L(N), A — o0 (07).
Then it holds

(N1}

ve(t) ~ s, t — 0T (4-00).

r-2)
This result can be improved to the case in which we only have an asymptotic
bound, as done in [87, Theorem 2.10].

THEOREM 4.2.2. Let ® € CBF be a driftless Bernstein function such that
there exists a function £(\) slowly varying at infinity and o € (0,2) such that, as
A — +00,

Then it holds
ve(t) <t 173071, t—o0T.

Concerning the jump function, the following Theorem holds (see [87, Theorem
3.4]).

THEOREM 4.2.3. Let ® € CBF be a driftless Bernstein function such that
there exists a function £(\) slowly varying at infinity and a € (0,2) such that, as
A — +00,

Then it holds )
, ]z %)
Je(lz]) = Tajdta |z] = 0%,

In [I41] it is shown that the previous result holds also if we use ~ in place of

~
—~.

Here we want to focus on the asymptotic behaviour of j(r) as r — +oo. To do this,
we will need to suppose that ® is regularly varying at 0%. Moreover, from now on,

let us denote £(t) = £(t~!). We have the following result (see [24], Proposition 2.3]).

PROPOSITION 4.2.4. Let ® € CBF, a € (0,2) and £ a slowly varying function
at 07 such that ®(\) ~ A2 4(\) as A — 0F. Then it holds

al (432)
22-arsT (1 —

Jo(r) ~ prd-a Z(rz), r — 400.

)

][}
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ProoF. By Potter’s Theorem we know that there exists a constant M; such

that . .
1 o (1)" ()]

for any s,t > M;. Moreover, by Theorem we know that there exists My > 0

such that
Vp (t)

T 12
HERAEA

for any t > M. Let us set M = max{M;, My}. By Lemma we also know
that there exists tg € (0,1) such that for any ¢ € (0,t0) it holds v (t) < t=2. By
definition of jump function, we have

jelr) 1 / e T (t)dt+ / e T ()t
rod=af(r2)  (4dm)z \Jo r—d-af(r?) to T4 l(r?)

+oo —< 72—2
+ 71/ t)dt | .
/M r—d—a f(r2) »(t) )

Now let us use the change of variables s = % to obtain

. oo d S
je(r) </+ e “Ze” Vo (TQ) ds
= (r?) ds

1
prd-a Z(rz) 4

7‘2 d
4tq S 57
at2° - =
+ / B ( )

4M

<2

vl

2

o fFr T () )

471% (I1(r) + Ix(r) + Is(r)).

it holds =~ < to and then

Let us consider I3(r). We have that, since s > r e

4t
2 2
Ve (%) < 1fi . This leads to

1 i 1
I3(r) < 76/ s"5e3ds < 7§F (d + 1)
7. ) \2

and then to lim, 4 I3(r) =
Now let us consider I5(r). We have, since vg is completely monotone,

2
rot2 iy, rot2 d r?
< = 2278 ds < = to)l' [ = —1,— | .
IQ(T) < E(TQ)Vq)(tO)/Z? s 2 % s < K(TQ)MD( 0) <2 ’2M>

However, there exists a constant C' > 0 such that I’ (g -1 ﬁ) < Cri=te—am for
r sufficiently big. Hence it holds
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Taking the limit as r — 400 we conclude that lim, 4 Io(r) = 0.
Now we need to find lim, o, I1(r). To do this, let us denote

to obtain

a et ‘
Ii(r) = 270[/ . stHTa*le*SF(r,s) ~< >ds.
L(t-3)Jo

By definition of M > 0 we have that for r2 > M

<2((4s)% + (4s)72).

o(r2)
Moreover, F(r,s) < 2, thus we have
‘(%)
s e Py, ) < 2ot2ggtalo=s | g2-agf-l,—s

i) X)) =

that is integrable. By dominated convergence theorem, observing that lim,_, o, F(r, s) =

i)

Ty = 1 by definition of slowly varying func-

1 by Theorem 4.2.1] and lim,

tions, we get
20T (4t
lim [1(r):7a (% ),
A=)
concluding the proof. O

Starting from the asymptotic estimate on je(r) we can ask for the asymptotic
behaviour of:

d R’_>N¢(BR( ));
o R Jo(R) = [, lelia(|z])dz

e R ||J(|$|)||LP(B§( ))‘

In particular we can prove the following Corollary (see [24] Corollary 2.1]).

COROLLARY 4.2.5. Let ® € CBF, a € (0,2) and £ a slowly varying function at
0% such that ®(\) ~ A24()\) as A\ — 0F. Then the following properties hold:

[ ]
ol (442)
22-arsD (1 —

pio(B5(0)) ~ R U(R?), R — 400;

R

)

adwql (52)

(2 - a)22-omsT (1 - 9)

J(R) ~ R*“U(R?), R — 4oo;

e For any p € (1,4+00) it holds
(dwa) 7ol (45*)
1
22737 (1— %) ((p— 1)d+ pa)?
1,01 _
where st =1

7@ (2Dl Lo (B2, (0y) ~ RTi™*UR%),  R—+o0
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PROOF. Let us show only the first property, as the proof of the others is anal-
ogous. First of all, let us set

_ ol (49
92— aw2f(1— %)

and fix € € (0, %) Thus, by Proposition we know there exists R; such that,
for any r > Ry, it holds

Vice<— 30 o At
Ar—d—c f(r2)

Moreover, by Karamata’s Theorem, we know that there exists Ro > 0 such that,
for any R > Rs, it holds

+o0 71 o
Vi—e< ~£( )drﬁ 1+e.
A U(R?)

Set R3 = max{R;, R2} and observe that, by coarea formula,

“+o0

ua(Bg(0)) = dwd/ rd_lj(r)dr

R
thus, for R > R3 it holds
f+°° el
€(R2)
__ona(BH(0)
~ AdwgR—~{(R?)

<\/7f

1l—e<V1—gf

«

concluding the proof since ¢ is arbitrary. ([l

4.3. Jump functions of the subordinated Brownian motion: the
exponentially light case

Now let us move to the exponentially light case. We say that v is exponen-
tially light if there exist « € (0,2] and 6,7 > 0 such that

ve(t) ~ 0t 172t 5 foo.

In this case we will make use of the modified Bessel function of the third
kind, given by

2\ [T 2 1
Kp(z):§<§> /0 t=r et 4tdt,z>0,p>—§.

In particular let us recall the well-known asymptotic formula:

K,(z) ~ ,/;—Zefz, z = +o0.

Now that we have set this notation, we can prove the following Proposition (see
[24], Proposition 2.4]).



153

4.3. JUMP FUNCTIONS IN THE EXPONENTIALLY LIGH CASE

e~ t — 4o0.

Suppose there exist a € (0,2], 6,1 > 0 such that
2e nt’

PROPOSITION 4.3.1. Let ® € CBF be a driftless complete Bernstein function.
ve(t) ~ Ot~

a—1—d d4+a+2 _ dta4l
T 47 p) e\/ﬁr, r — 400.

Then it holds
jo(r) ~ r 72
Proor. Without loss of generality, let us set § = 1. Fix € € (0,1). Then there

2

exists tg > 0 such that for any ¢t > t; it holds
(1—e)t ™1 2e™ <wp(t) < (14t 172,
gtl/q)(t)dt)

Now let us split the integral defining je in tg to obtain
to d r2 +oo d
(/ t7§67§V¢(t)dt+/ tT2e”
0 to

. 1
”" prd
]<I>( ) (47_(_)%
=: 7 (L (r) + Iz(r)).
(4m)z
In particular we have
(4.3.1) L(r) < 2977 jo(r) = I (r) + Ly (r).
Now let us consider I1(r). We have
I to (23 7‘2 T2
d+ai(1/r) - / DN U o e~ TV e T 5 pg (t)dt.
r- 2z e ViIr 0
d+<21+1 6_%4_\/7]7’

Let us consider the function
filry=r

and let us observe that it attains its maximum at
Pmax(t) = 2yt +2(V + d +a + 1)t

with the value
Fo(rmax(t)) = g(t)e—ﬁ(ﬁtz+(ﬁ+d+a+1)t)— \f(d—f—a-i-l),
where ¢ is an increasing function. In particular it holds, for ¢ € (0, o),

fi(rmax(t)) < g(to)

2
B Z (t)dt.

20— <y [ it
0

and then we have

(4.3.2) PEETE

Since we want to send r — +00, let us suppose r > 1 to obtain
as t € (0,t9). Thus, we have that the integrand on the right-hand side of (4.3.2)

=¥ < e < O(d)E?

=0.

Il(’/‘)

lim ]
—dEefl

is dominated by a L!(vg) function and then it holds, by dominated convergence
theorem,
r—-+o00 r
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Now let us consider I(r). Since t > tg, we have

+OO L « 7‘2
L(r) < (1+ 5)/ I et gy
to

dbe o 2

< (14e)r T 2yt <r > i / t’lfﬁ%e*T’(HW)dt
2\/77 to

d+ao d+ao

= (1 + g)r—HTQQTnTKHTQ(\/ﬁT),

where we used the integral representation (see [72], Formula 8.432.7])
p [t e (1 22
Kow) = 3 [ g
0

Going back to Equation (4.3.1)), we get

Il(’/‘)

—d dta+2 dto+l
T2 e VT

+(1+e¢) Hege (V1)
R gk bV

ja(r)

—d dta+2 _ dta+l
i r 2

1 1
e VI T 3273

and then, taking the limit superior, we have

ja(r) < (1+e).

lim sup
1-d _oa-1-d dtat2 dtatl >
= T r— 5 e—Vnr

r—4oo T 2 2

Now let us consider again I5(r) and let us control it as

—+oo dta 2 to dia 2
Lr)>(1—-¢) (/ T e Tt —/ tlze"tudt>
0 0
= (L —e)(L3(r) — La(r)).

Concerning I3(r), we have already shown that

d4+a d+

Ig(T):T_HTGQ 2 nTQKM—Ta(\/ﬁT).

On the other hand, we have

I to o 12
a(r) = / t_l_%e_g_ntft(r)dt
0

dtfatl -
rm T e VT

to 1 d+ao 7‘2
§g(t0)/ 1772 e stdt.
0

As before, if r > 1 we have for ¢ € (0, 1)
e E < e % < opt e
thus, by dominated convergence theorem,

im0
m — =0.
r——+o00 P2 e—\/ﬁr



4.3. JUMP FUNCTIONS IN THE EXPONENTIALLY LIGH CASE 155

Considering again Equation (4.3.1]), we have

14(7‘)

—d dtat2 _dtatl )
T 2 e VT

K asa (/1)

Jjo(r)
>(l—¢
ﬂ'TQ 21—dnd+z<+2r7d+c2¥+1 6_\/7777' = ( )ﬂ'

o —

2°=3

Nl=

+(1_€) 1

1 1
m2272InIr ze V"

and we can take the limit inferior to achieve

P j<I>(1 )

lim inf >(1—¢)
1-d_a-1-d dtot2 dtat1 e .

r—+00 73 9" 3 T 2 e—\/T]T

Thus, sending € — 0T, we conclude the proof. (I

As we did in the regularly varying case, let us investigate the asymptotic be-
haviour of R — pa(BE(0)) (see [24, Corollary 2.2.1]).

COROLLARY 4.3.2. Let ® € CBF be a driftless complete Bernstein function.
Suppose there exist a € (0,2], 8,17 > 0 such that

ve(t) ~ Ot~ 1" 2 e, t — 4o0.
Then it holds
c Hdwd d—a—3 — iR
ﬂ‘P(BR(O)) ~ Tdta d-1 _dil-a R7=2"¢ » R — Ho0.
UTWTQT

PRrOOF. Without loss of generality, we can suppose § = 1. Let us fix ¢ € (0, 3)
and let us observe, by Proposition that there exists a constant R; > 0 such
that for any r > R; it holds

’/1_5S¢< 1+5

dtatl >
Ar— "2 e VT

where
1—d a—1—d d+a+2

A=r2 2 2 p 1

Now let us suppose R > R;. Then, by coarea formula, we have

+oo —a—
§dwdA\/1+5/ P B L 1
R

By means of the change of variables w = ,/nr we obtain

Foo d 1 d 1 too d 1
Sk d—a—1 —a—1 _
/ r2 o lemVirdr =7 / w2 e dw
R VAR

_d—a-—1 d—a—1
e (8 ).
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Now consider Ry > 0 such that for any R > Rs it holds

VI —ge VIRR=5=" nd7(4!73

<F(d a—l

me d a73nd73¢73 .
Thus we have, for R > maX{Rl, Ry}

dwaA(1 —¢€)e —ViR pe=5=* 77 B < ue(B%(0)) < dwgA(1 —i—E)@‘ﬁRR 2 77_%,
that is to say

pa(BR(0))
dwgAn =" e~ VIRR*=5=>
concluding the proof. O

(1-¢)< < (1+e¢),

Concerning the second moment of pg, this time we have a completely different
behaviour (see [24], Corollary 2.2]).

COROLLARY 4.3.3. Let ® € CBF be a driftless complete Bernstein function.
Suppose there exist a € (0,2], 8,17 > 0 such that

ve(t) ~ 0t~ 1% t — 4o00.
Then
/ |h|?je (|h|)dh < +oo.
]Rd

PRrROOF. Let us set, without loss of generality, 8 = 1. Let R; > 0 be such that
for any r > R; it holds

where

1-d a—1—-d d4a+2
4

A=nm"722 2 1ng
Now let us split the integral [p. |h|?je(|h])dh in

[ wPiotunan= [ nPgathan+ [ jpRia(npan

R4 Ry (0) %, (0)

The first integral is finite since pge is a Lévy measure. Concerning the second
integral, we have

3 too L
/ |h‘2j¢’(|h|)d < —dwgA rd 2+3—1e—\/ﬁrdr
Bg, (0) 2 Ry
o d—
§d%lAﬁ T (m) < +00,
2 2
concluding the proof. 0

Let us observe that the difference in the behaviour of the second moment will
be one of the main reasons for which, if the zero-energy eigenvalue ¢ of a non-
local Schrodinger operator decays like a power, then the best rate of decay of the
potential is |#|~2. This does not happen in the regularly varying case, as one obtains
different decay rates depending on how fast does ¢ decay (see [24]).
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4.4. Ryznar’s decomposition for the massive relativistic Laplacian

In Chapter [I] we referred to two particular examples, respectively given by

() =A% and @,,,(A) = (A+ma)% —m with a € (0,2). The main difference
of these two Bernstein functions can be seen in their respective Lévy measures.
Indeed ®,, is regularly varying at 0% of index S € (0,1), thus the Lévy density v,
is regularly varying at infinity. However ®, ,, is regularly varying at 0" of index 1.
In particular the Lévy density vq ., is exponentially light. As we have seen in the
previous Sections, this leads to a completely different behaviour of the respective
jump functions j, and jo,m-
However, in [128], a link between L, = —®4(—A) and Lom = —Pa.m(—A) has
been investigated in terms of a finite measure o, (|z|)dz. We refer to L, (which is
classically called the fractional Laplacian) as the massless relativistic Lapla-
cian to distinguish it from L, , which is the massive relativistic Laplacian.
Now let us show the following result (see [24] Proposition 2.7]).

PROPOSITION 4.4.1. Let f : R — R with f € L>®°(R%). Denote D? f(z) =
flx+h)—2f(x) + f(x —h). Suppose for any x € R? there exists Ly(x) and Ry(z)
such that, for any h € By, ((0), it holds |Dj f(x)| < Ly(x)|h>. Then it holds

1
La,mf(x) = Laf(z) - 5 /d D%Lf(x)aa,m(‘hDdhv
R
where
a2i=%5% (2% ip (&e)  m Kawa (i)
Ua’m(T) - d d+a o @
ra-gef =
1
21_‘170‘ manr N
= a : / W K dia 1 (w)dw
I(1—-g)m2rdte Jo

Proor. By Proposition m setting oo m(r) = ja(r) — ja,m(r), we have

Lonf@) =5 [ D@ alldh = 5 [ DRF@)Ga(H) = oo )it

and
1

Laf(@) =5 [ DRF@ya(lkdn

Now let us show that the integral [5q D7 f(2)0a,m(|h])dh is well defined. Fix z € R%.
Then we have

/ ID2£ ()]0 (]} = / ID2£(2) | (1) |1
Rd

Br(2)(0)

+/B D2 f(2)||0am(|h])|dh.
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Concerning the first integral, we have

(4.4.1) / D2 £(2) |0 m (|B])]dh
BRf(z)(O)
< L) / 12 (GaIR]) + oo (B]))dR < +00,
BRf(:c)(O)

since jo(|h|) and jo m(|h|) are densities of Lévy measures. On the other hand, we
have

[ Di@lloam(nidn
BR;@)(O)

<A fll e (a(BR,(2)(0)) + pa,m By, (2)(0))) < +00.

Thus we can conclude that
1 .
Loanf (@) =5 [ DRI GalIb]) = o)
Rd
1
~ Lof(e) = 5 [ Dhf@)an((hl)dh
Rd

Now let us determine o, (). We have, by exploiting the values of v, and v m,

2~ oo o 2, g2
Oam(r) = - y / 1% (1 —e ™mNe™ T dt.
r(1-9)rz Jo

However, let us observe that

Finally, [72, Formula (5.52)] concludes the proof. O

We refer to the formula Ly, = Lo—Go m, where Go m f(z) = % fRd D? f(2)0a,m(|h|)dh,
as Ryznar’s decomposition (since it has been first explored in [128]).
By using the integral representation we obtained in the previous Proposition, we
can show a monotonicity property of o4, (see [24, Corollary 2.4]).

COROLLARY 4.4.2. There exists R > 0 such that 04 m s decreasing in (R, +00).
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PROOF. Let us first observe that being o, o(r) is in C'(0, +00) and

1
Ol o(r) = —A(d + a)r4=o" / 5 Kaa (w)du

dta+2 d4a 1

+Am e 7 TKHTa_l(mEr),

where

r ( — 9) 0
Now, by [72], Formula (5.52)], we have

1) = A (i1 (211)

2
dt+a _d+o¢ 1 d+a+2 d+o< 1
+m2a pt K(Ha (mar)—i—m o Kd+a71 (mar)).

By means of the asymptotics of the modified Bessel functions K,, we know there
exists R > 0 such that for any » > R it holds

d+« d+a 1 d+a+2 _ dta 1
m2e 7 (mar)—i—m o T2 Kd+a_1(mar>
2
< d‘ga —d—a—192td=2 zr(a;—d>’

thus obtaining, for r > R,

o (T)S—Ad% —d—a— 12a+d+2r(a—2|—d> <0,

m,o
concluding the proof.

Now let us introduce the measure X, ,,,(dx) = 04,m(|z|)dz, which plays the
role of pg in Gg . Concerning the asymptotic behaviour of ¥, ,,, (B%(0)) (together
with the asymptotic behaviour of the second moment of the measure and the LP
norm of o, ), we can state the following Corollary, whose proof is omitted since
it is identical to the one of Corollary after observing that the Bessel term in
Oa,m is negligible as r — +oo0.

COROLLARY 4.4.3. The following properties hold:

| P (bl)dn ~
BRr(0)

e For any p € (1,+00)

dwg >; a2°T (i)

loam (IR Lo (B¢, (0)) ~ <(P 1d + po
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1,1 _
where - + o = 1.
Moreover, it has been shown in [128, Lemma 2] that ¥, ,,(R?) = m as d > 2.

By using this information we easily have the following result.

PROPOSITION 4.4.4. Let f € L=(R?) with d > 2. Then Gomf € L®(RY) is
well defined and
[Gamfllpe < 2m || f]l o -

The proof follows just by observing that |D? f(z)| < 4| f|| ;-
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4.5. Eigenvalues of the fractional integral on the sphere

Now let us move to the second problem in this chapter, that is to say the
determination of the eigenvalues of some fractional integrals on the sphere. Let us
consider d > 2 and denote by S? the d-dimensional sphere in R4*!. Thus, as done
in [125], we give the following definition.

DEFINITION 4.5.1. Let u € L=(S*™!). The fractional integral of u of order
B+d—1 (for € (1—d,+00)) is defined as

Kolullw) =cas [ | o= € u@ans=(0

where cq g is a normalizing constant and H% ! is the (d — 1)-dimensional Hausdorff
measure.

Here we will focus on the case 8 > 0, since the case 8 € (1 — d,0) has been
already considered in [61] and then used in [66] and the case 8 = 0 is trivial.
To simplify the treatment, since it will not play any particular role, let us suppose

Ca,8 = 2-%. Now we can investigate the eigenvalue problem for Kg. To do this, we
will make use of the Funke-Hecke formula (see, for instance, [67]). Indeed we have
the following Proposition (see [17]).

PROPOSITION 4.5.1. Let us denote by Sy the space of the k-th spherical har-
monics. For each k>0 and Y), € Sk it holds

KslYi](w) = Ok sYi(w), we S
where
B+2d—a _ 3
2 (M) (e (48

s = 0 sy

PROOF. Let us first observe that for any w,& € S*1 it holds

g =221 -w-g)"

so that for any function u € L>(S971) it holds

(4.5.1) Kplu](w) = Ka(w - Ou(©)dH (€

Sd—l
where the kernel Kg is defined as

B
2 .

Ks(t) = (1—1)

Since we have expressed K in terms of an integral kernel that depends only on the
scalar product between two points of the sphere, we can use Funke-Hecke formula
(see, for instance, [57]) to state that the eigenfunctions of Kg are the spherical
harmonics and to determine the eigenvalues.

First of all, let us determine 6y g. To do this, we can use [72, Formula 7.311.3] to
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obtain, recalling that Sy ~ R is the space of constant functions on the sphere,

bo,8 = Kg(w-&dH" ()

§d—1

S R R

1
Bt2d—4 d—1 d—
255 () r (%)

T (ﬁ+22d 2)

To determine the eigenvalues 6 3 for k£ > 1 we have to distinguish between the
cases d = 2 and d > 3, since, as we will see in the following, we have to refer to
different families of orthogonal polynomials.

Let us start with the second one, that is actually simpler. By the Funke-Hecke
formula, we know we have to work with a normalization Py 4(t) of the Gegenbauer

d—2
polynomials C, > (t) (see [72] for the definition) defined on ¢ € [—1,1], which

constitute a family of orthogonal polynomials with respect to the measure on [—1, 1]
d—3

given by (1—t%)"2 dt. In particular, according to [I11], Page 16], we want Py 4(1) =
d—2
1, while we have (see [72, Formula 8.937.4]) C.> (1) = (d+2_3). Thus we obtain

kElNd—3)! d=2

arhoge O

= (d - l)wd_1

P, n(t) =

d—2 d—2
By using the relation C, 2 (—t) = (—t)*C,* (¢) and [72, Formula 7.311.3] we
achieve

M1y

— ! d—3 _d4=2
Orp = (N — 1)wd—1M/1(1 —-H2(1—t*)"2 C,7 (t)dt

ft2d—4 B+d—1 d—1 B+2
277 1"<72 )F(T)F(T)

+2 +2d—2
F(%fk)F(ﬁTnLk)
that is the formula we are searching for.
Concerning the case d = 2, let us first consider g # 2m for any m € N, then we
will extend the formula by continuity. First of all, by the Funke-Hecke formula,

we know this time we have to work with the Chebyshev polynomials of the first
kind Ty (t), which are orthogonal with respect to ﬁdt. By using [72, Formula

7.354.6] one achieves
1 B
(1-1)2
Or 3 = 2m ——T(t)dt
o=an [ T
4.5.2 £l
(4.5.2) VR2AT (41)
ST ()
r(%)
where, according to [72, Formula 9.14.1], ,F, is the generalized hypergeometric
series defined as

Fy( biy.. . by 2) +Z (1), 2
A1y..oyapiby, .. bgz) =)y =
plq P q = §_i(bn); k!

— (d - Dwar (1)}

)

F (_k’k’ﬁ—kl B+2 1 B+2 ﬁ+2.1>

2 72 27 2 7 27

J
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and (a); is the Pochhammer symbol defined as

~ T(a+7)
(a); = W'

By using the definition, it is easy to check that
B+1 B+2 1 +2 B+2 6+1 p+2 1
3 ,1 = 3F2 .

) [P ’ kkiiafa]-
2 2 2 2 2 2 2 2

Now, by Saalschutz’s Theorem (see [139] Section 2.3.1]) and by [139, Formula
2.3.2.5], we have

4F3 <k7 ka

ko, o B

A (S ) -

By definition it holds

<5+2) (%24 k)
k :

2

while, by using Euler’s reflection formula, we have

(-2) re-3) (%)

5 — —

(D) —— =
2
IERNECED
Substituting all these equalities back to (4.5.2)) we obtain the desired formula. O
In particular let us remark that for 8 = 2m for some m € N it holds 0, g = 0

for any k > m + 1. In general we can show that the sequence (0x g)ken, is always
infinitesimal (see [17]). To do this let us first fix some notation:

Cp=(d—Dwgr2" 7 T (6 +;l_ 1) r (dg 1) r (5;2> :
1

r(%-@r(%w&

In this way we have that 0x 5 = (—1)*Cspi s and then we only have to show the
following result.

Hk,p =

PROPOSITION 4.5.2. It holds limy_, 4 oo i, = 0

PRrROOF. By using Euler’s reflection formula we have

2 D)

r (k-

DT )

thus we can rewrite py g as

V]

fks = (_1)k+1
r(
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Taking the absolute value and considering k > ng + 3 we have
r(k-4)
k.0 = -
’ B 2-8 B+2d—4 B+2d—4 ’
r(5)[r(50)] (5= e r)r (252 1)

Since I is an increasing function in [2, +00) and k — g < W + k, we have that

1

TR

concluding the proof. d

+

Moreover, we can actually exploit a recursive formula for uy s (and then for
0r,3). Indeed we have the following result.
PROPOSITION 4.5.3. It holds
B
R S
T BAZdez g gt

In particular this implies that |0x41,8] < |0k, 8|

We omit the proof since it easily follows from the definition of uy g.

4.6. Eigenvalues of the Marchaud-type integral on the sphere

Now let us introduce another operator on Banach function spaces on the sphere.

DEFINITION 4.6.1. Let u € L=(S*™!). The Marchaud-type fractional in-
tegral of u of order S+ d — 1 (for 8 € (d — 1,400)) is defined as

ol (w) =2 / o — €17 (u(w) — u(€))dH(E).

§d—1

The name follows from the similarity of this operator with the Marchaud frac-
tional derivative (see [60]). As for the fractional integral on the sphere, the eigen-
values of Zg have been already determined in [61] for 8 € (1 — N,0), thus let us
focus on B > 0. First of all, let us observe that Zg can be rewritten in terms of Kp
as

Tlu)(w) = 22 [fo pu(w) — Kplu]@)],  we s,

Thus, we obtain the eigenvalues Ay g of Zg as

B
Aep =22 [00,5 — 01 ),

where the respective eigenfunctions are given by the spherical harmonics Sj,. More-
over we have limy_, 4 o0 Ap g = 9l+3 00,5 Finally, we also have the following formula:

~ B+2j
Mep=Cp |1+ (- ’““H5+2d 22 | Hos

where C5 = 2“'?05.
Now we are interested in the distance between the maximum eigenvalue and the
other ones. In particular we have the following result (see [17]).
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PROPOSITION 4.6.1. Let B > 0. Then it holds A\ g = maxy>o Ai,3. Moreover,
for any k > 2, it holds
AMg—Mpg=>Dg>0

where
BrosCs =

4.6.1 Dg=—"2"""1D
( ) B+2d—2
and ,

R 1—[3;2@ Be(0,2)

Dg={1 BE2,4]

(B=2)(B=4)
- Gsatreas B>4

PROOF. Let us first observe that A\g g = 0 for any S > 0. Moreover, we have
to,s > 0 and Cg > 0, thus

& g
)\LQ = CB (1 + ﬁ—|—2d—2> Ho,s > 0.

For any k > 2 we have

~ B k+1 B—2j
ALg = Akp = Cﬁmﬂo,ﬁ 1= H /34-2d—2+2]
~ B B—2j
> Cos =gt | ! H 1 20,
+2d —2 B+2d—2+2j
since % <1 for any j < k — 1. Thus we get that A g = maxg>o A .

Now let us show that Ay g— A, g > Dg > 0 where Dg is defined in Equation (4.6.1)).
To do this we have to distinguish between the following five cases:

First of all, let us consider case (a). If 5 € (0,2) then we can show that (g, g)k>1
is a decreasing sequence. Indeed, we have, since 5 — 25 < 0,

k—1

B H B—2j
B+2d—2 (1L B+2d—2+2

2% — 3 5
I Al S P )
X< +ﬁ+2d—2+2k>“0 =

Mes = Ara,s = (—1)F1Cp

Hence we have that, for 8 € (0,2), it holds

B = 2-8
A=A > A g— g = mcﬁﬂoﬁ 1-— ﬁ T od

Concerning case (b), we have A\, g = 5’5#075 for any k > 2 and then

~ 1 ~
A1g = Ak = Mg — Cliog = Ecﬁuo,ﬁ-
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Let us now consider 5 > 2, which is common for cases (c), (d) and (e). Exploiting
A2,3 we have

- B8 —2) -
e (l T (B+2d)(B+2d - 2)) pop < Catio.

Consider case (c¢) and let us show that the sequence (Ag g)k>2 is increasing. To do
this, let us observe that

B pe B(B—2) B—2j
At1,8 — g = (—1) Cﬁ(ﬁ‘f‘Qd 2)(3 + 2d) H5+2d 2425

2k — 3 3
1+— > 0.
8 < +ﬁ+2d—2+2k>“0 =
Let us also recall that A; g — éﬁuo)g as k — 400 to achieve that, for any k£ > 2
B1uo,5Cp
B+2d—2

Concerning case (d), for any k > 3 it holds Ay 3 = éguo’g obtaining again the
previous estimate.
Finally, for case (e), we have

Ag = Mg = Mg — Cppiog =

B(B+2)(B+4)
B+2d—2)(B+2d)(B+2d+2)

while, with the same strategy as before, we can show that (Ax g)r>3 is a decreasing
sequence. Hence, we have, for any k > 2,

_ BuosCs (B-2)(B-4)
Mg T Arp 2 AL = Ase = pn o (1_ (ﬂ+2d)(ﬁ+2d+2)> ’

concluding the proof. O

A3 = Chg <1 + ( ) 10,5 > C plio,s

This property reveals its usefulness as one tries to show a Fuglede-type results
for functionals giving the moments of the length of random segments (see [17]).
4.7. Moments of the length of random segments in a ball

Now let us exploit the link between the eigenvalues of Zg and the length of
random segments with vertices in compact sets. To do this, let us introduce another
functional.

DEFINITION 4.7.1. For any u € L>®(S*™!) and 8 € (—d, +00) let us denote
=[] o= € hue) — w©Pa R w)dH 6,

This is actually a Besov semi-norm on S~ if 8 € (—d, +00).
First of all, let us stress out that [u]3 3 can be expressed in terms of the integral of
the Marchaud-type integral.

LEMMA 4.7.1. Let u € L(S*™!) and B € (1 — d, +00). Then it holds

(4.7.1) [u]} = Tslu)(w)u(w)d HH (w).

§d—1
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PROOF. Let us just observe that
/ / o — €% |u(w) — w(©)PdHI (@) d HIH ()
Sd—l Sd—l
- / / o — €17 (u(w) — u(€))u(w)d H (@) d HIH ()
Sd—l Sd—l

[ ] e P - ue)uan @ n
Sd—l Sd—l
thus Equation (4.7.1]) follows from Fubini’s theorem and the definition of Zglu]. O
Now let us give some other definitions.

DEFINITION 4.7.2. Let K C R? be a compact set. We say that the random
variable X : Q@ — R? is uniform on K if its law is given by ﬁdm.
We define a random segment [Py, P;] on K as the segment of vertices Py, P
where Py, P; are random variables that are uniform on K and independent each

other. In particular, the length |P; — Pyl is a 1-dimensional random variable.
Finally, we define G3(K) = E[| P, — Py|?] where [Py, P1] is a random segment on K.

Let us recall that it can be shown (see [120]) that Gz(K) > Gg(B) for any
compact set K C R? where B is a ball in R? such that |B| = |K|. In particular
equality holds if and only if K is a ball in RrR%. Defining Ds(K) = Gg(K)—G(B) the
B-moment deficit and §(K) = inf, g~ |[KAB,, ()| the Fraenkel asymmetry,
where rg > 0 is chosen in such a way that |K| = |B,, ()], in [63] it has been shown
that there exists a constant C'(d, 5) such that

Dy(K) = C(d, B)4(K)

for any compact set K C R?. This means that Ds(K) is in some sense a way to
measure the distance between the shape of any compact set K and a ball. In [LI7]
we provide a different proof that relies on the Marchaud-type fractional integral.
Here, we do not want to give the proof of the previous inequality, but a first hint
on the link between the Marchaud-type fractional integral and the shape functional
Gg, via the following result (see [17]).

PROPOSITION 4.7.2. Fixz 8 > 0. Then it holds

+d) (B + 2d
(472) )\1,5 = %wd gB(B),
where B C R? is the unit ball.

PROOF. Let us first observe that, by definition of uniform distribution one has,
for any compact set K C R?

1
4.7. K)=— — y|Pdady.
(1.7 0:(K) = iz | o= vl dody
In particular, we have
1
(4.7.4) Gs(B) = 7/ |z — y|°du,
wd JB

by exploiting the fact that the integral [ BT — y|®dx is constant with respect to y
(by the fact that B is fixed by rotations and the Lebesgue measure is invariant by
isometries).



4.7. MOMENTS OF THE LENGTH OF RANDOM SEGMENTS IN A BALL 168

Now let us consider S; the space of first spherical harmonic function. A basis for
S1 is given by the coordinate functions w — w; for i = 1,...,d. In particular, it

holds, by Equation (4.7.1),

wilf = Aw/ widHH (w).

Sd—l
On the other hand, by definition,
wli= [, [, o= Pl - PR @ant ),
Sd—l Sd—l
obtaining the identity
wp [ et = [ e P - 6P @it o),
Sd—l Sd—l Sd—l
that holds true for any ¢ = 1,...,d. Thus, summing over ¢, we get
A1 pduwq :/ / lw — €PT2aH (w)d HITH(E).

Sd—l Sd—l

Now let us define the auxiliary function L : $¥~! — R as
Lo = [, lo-ePranii).
Sd—l

Let us also define £(z) = ﬁmﬁﬂ so that V¢(z) = |z|?z. This leads to

(4.7.5)  L(€) = Vi(w — €) - wd H (w) — Vi(w =€) - EdH ™ w).

§d—1 §d—1

Now let us denote by V., the tangential gradient and with -2 the normal derivative
ov
(with respect to the sphere Sd_l). Hence we can split the gradient of ¢ as

ol

Vi(w—=¢§) =V l(w—E§) + W(W —&§w
and then, multiplying by w = v(w) on S7!, we have Yw—¢€) =Vl(w—-§ w.

Thus, also recalling that w? = 1 and V(w - £) = &, we have, by Equation (4.7.5)),
(4.7.6)

L(¢) = /S %(w—f)(l—w-f)d%d*(w)— Vrl(w=§€) Ve(w §dH™ ).

14 §d—1
Now we need to study the two integrals separately. Let us define the functions
A B:STT SR as

A© = [, G- 00w 0antw)

B(¢) = Vil(w =€) - Vo(w-&dH (w).

§d—1

Concerning A, we have, by divergence theorem,

A(g)Z/BW(w—g)-V(1—w-§)dw+/BM(w—f)(1—w-g)dw.
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Observing that Al(w — &) = (B +d)|w —£|?, V(1 —w - £) = —¢ and recalling that
Vi(w — €) = |w — €] (w — &), it holds

AQ) = [ =P -w-dw+ B+ ) [ o —€1-w o
B B
—@rd+1) [ o-gf-w
B
Concerning B, by integration by parts on S, we have
BO=- [, o= 90w dn (W)
Sd—l

where Aga-1 is the Laplace-Beltrami operator on S?71. In particular, since the first
non-trivial eigenvalue of —Ags—1 is d — 1 and it is achieved for functions in Sy, we
have —Aga-1(w - §) = (d — )w - £. Thus, by also using the definition of ¢,

d—1
B+2

Since L(§) = A(§) + B(§), we get

BO) =555 [, =67 edmt ),

L) = B+d+1) [ -t -w-dw =505 [ o= e cam' ).

Integrating both sides on S 1 and using Fubini’s theorem, we have
dwai g = (ﬂ+d+1)/ / lw—£€°(1 —w-dH(&)dw

ﬁ”/Sd /S e € e @) ©)

Concerning the first integral, we achieve, by using divergence theorem,

/ '“*"3(1*%6)6!%‘1*1(5):/ VH(E —w) - EHTE)
Sd—1 gd—1

- /B AU(E — w)de
— (8 +d) / lw — €1°d€ = wa(B + ) G5(B)
B
and then

(4.7.7) Mg:wdﬁ+®W+d+UGMR

d
_ _ ﬁ+2 d—1 d—1
dwd B +2) /Sd 1 _/Sd 1 |w = &7 w - EdHT (W) dHT (&)

Now we need to identify the second integral in terms of Gg(B). To do this, let us
set G1(z) = |z|? and, observing that VG (z) = B|z|#~2z, we achieve, by divergence
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theorem,
[ lw-ePao=5 [ Veiw-9) w- v
B B B
1 .
=3 /B Gi(w — &div(w — &)dw
+ % /Sd_l Gilw—8&w—=29) -wd%dil(w)
__d T I B — &) wd A1
=5 [ g [ -t -0 wdnt ),

Integrating both sides in B, dividing by wﬁ and using Fubini’s theorem, we have
1 _
(B+d)Gs(B) = 7/ / € = wl(w =€) - wdgd 1™ (w).
(.(.)d sd-1 JRB
Setting Go(z) = |2|°*? and arguing as before, by divergence theorem, we get

/ € — wlP(w— &) - wde = —L/ VGal6 — w) - wie
B B

B+2
=i [, G- e
=53 [ el w6,

Hence, we finally obtain

@18) ~(E+DE+ G = [ [ 16 el e san Qant T w),
Sd—l Sd—l

Formula (4.7.2)) follows by using identity (4.7.8)) in Equation (4.7.7)). O
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