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Preface

Lebesgue spaces LP(€), 1) and many of their generalizations (Grand Lebesgue, Lorentz,
Orlicz, Marcinkiewicz spaces) are defined by conditions that, in some intuitive sense,
limit the size of the function, but in a way such that the distribution of the values of
the function is irrelevant.

In other words, one measures the mass of the function irrespective of where it is al-
located. This is formalized by saying that these spaces are rearrangement invariant,
that is, given two functions f and g such that

Hz e Q:[f(2)] = AH = {z e @ |g(z)] = A}, VA >0,

then f belongs to the space if and only if g does; two functions satisfying the above
property are called equimeasurable. In the aforementioned Lebesgue spaces, for exam-
ple, this is made clear by the so-called Cavalieri Principle.

If a function f belongs to a given rearrangement invariant function space X, then the
same can be said of its non-increasing rearrangement

frite [0,|Q|]r—>inf{/\:|{x€Q:|f(x)| > A)| gt} e R,

which is a non-increasing function that is equimeasurable to the starting function f.
Not all function spaces, though, are rearrangement invariant. The space of Lipschitz
functions, to make an example that students of mathematics encounter early on in
their education, is not a rearrangement invariant space. One (valid, but maybe not the
simplest) way to think intuitively of a counterexample would be to think of a function
having violent oscillation, such as

n't T ntl

f(t)=te ] r—)/o S0 gy, (s)ds € 0.1

n=1

which is a piece-wise linear function doing a zig-zag to connect all points of the type

- (49~ (0)-(22)- ()

and so on which is clearly not Lipschitz, but then look at is non-increasing rearrange-
ment f*(¢), which can be computed to be f*(t) = 1 — ¢, which is clearly Lipschitz.

This informal argument suggests that an interesting aspect of functions, that is the
way they oscillate, which is neglected in rearrangement invariant spaces, is crucial to
the definition of other interesting function spaces. In the mathematical literature, a
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plethora of different meanings and formal definitions have been associated to the word
"oscillation".

In this text we will explore some of the function spaces defined by means of oscillation,
in many different senses of the word, fitting into two modes: spaces in which oscilla-
tion is bounded and spaces in which oscillation is vanishing, i.e. arbitrarily small when
measured on a sufficiently small set. This general framework will be made precise in a
diversity of ways.

The outline of the thesis is the following. In the first chapter a very large space of
functions introduced by Brezis, Bourgain and Mironescu (see [32]) in 2015 and often
denoted as B is introduced. It is a function space that caught the interest of both
my former advisor Prof. Carlo Sbordone and my current advisor Prof. Gioconda
Moscariello (see [59],[71] and [72]). Even if its introduction is very recent and inspired
by other previously defined function spaces, the logic for its placement at Chapter 1
is that B is a space containing all of those who follow, which will be seen as special
subspaces of B.

The space B was introduced to answer a question about functions with discrete range

f:Q—=Z.

In many function spaces classical to the mathematical analysis, such as Sobolev spaces
(with sufficiently large integrability exponent) these functions are necessarily almost
everywhere constant functions: this is easily proven via the Sobolev-Poincaré inequal-
ity.

What is the largest space we can think of where functions with discrete range are nec-
essarily almost everywhere equal to a constant?

That is the question that was on the table when the space B was introduced. As a
matter of fact, a very natural subspace By which will be introduced in Chapter 1 has
the desired property and contains all function spaces that were known to have the
desired property.

The couple (B, By) of Banach function spaces has many interesting functional proper-
ties.

Since it fits into a very general and abstract framework for couples of Banach function
spaces introduced by K.M. Perfekt in [120], which we will refer to as an (o0, O) pair
or (0,0)-type structure and make us of multiple times throughout this text, we will
present, with respect to this, results from a very recent paper [59]. Moreover, we will
explore an interesting relationship that is between some quantities involved in defining
the norm on B and the perimeter of a measurable set: these are the topics of [71] and
[72], by Fusco, Moscariello and Sbordone.

In Chapter 2 we explore the space of Lipschitz functions, in the most general setting
of an arbitrary compact metric space and together with other function spaces from the
family of Holder spaces. The space of Lipschitz function is possibly the most famous
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example of a space defined by means of oscillation. As a matter of fact, one defines
the pointwise oscillation of a function f over a ball B as

wy(B) == sup |f(x) — f(y)]-

r,yeB

That is the most natural and naive definition of oscillation, i.e. the largest distance
there is between two values of f in B. The Holder spaces Lip,, o € (0, 1], of which
the space Lip; is a special case, can be seen as the spaces of functions whose oscilla-
tion wy(B) is bounded in terms of a-th power Diam®(B) of the diameter of the ball,
uniformly with respect to all balls contained in the domain of f.

Again in the general context of a compact metric space (K, p), we will also introduce
the less famous subspace lip,, consisting of functions such that

|f(x) = f(y)]
p(x,y)

is not only uniformly bounded for all z,y € K, x # y, but vanishing as p(x,y) — 0,

i.e. such that
L@ =Iwl

play)—=0  p*(z,Y)
Again making use of the framework from |[120] and some additional arguments from a
recent paper [59], we explore the relationship between the smaller space lip, and Lip,,
explaining exactly under which conditions we can say that the bidual of the smaller
one is isometrically isomorphic to the larger one, as done with Ascione, D’Onofrio and
Manzo in [16].
This type of functional relationship between the two spaces was already explored by
many, but fitting the couple of spaces in the abovementioned framework by K.M.
Perfekt gives new functional analytic information as, for example, an equivalent for-
mulation for the distance of a given function from the smaller space lip,, and also
allows us to infer some interesting properties about the predual of Lip, which is a
Banach space of Borel measures on K, suitably normed. In particular, we present the
results of [16] and [19].
More precisely, regarding the latter, if the space M (K) of finite signed Borel measures
on K is equipped with the Kantorovich-Rubinstein norm (see Chapter 2 for the def-
inition), then we provide an atomic decomposition result for its completion M (K)c.
Its elements can be decomposed as an infinite series of measures whose support is of
cardinality at most 2, as we will show with Theorem [2.23]
The last section of the Chapter 2 is devoted to some results obtained in the field of
Optimal Control Theory. These results are not yet submitted for publication.
As a matter of fact, it is an interesting application, where almost everywhere differ-
entiability of Lipschitz functions (Rademacher’s Theorem) and some weaker notions
of differentiability for Lipschitz functions (Clarke’s Generalized Jacobian and Quasi
Differential Quotient) play a crucial role.
The Pontryagin Maximum Principle (PMP) has been generalized to a wide variety of
optimal control problems to provide necessary conditions for optima. In a work in
preparation with Prof. Franco Rampazzo (see [20)]), we first introduce a problem of
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the following type:

(1) = f(a(t), alt)) + i G(z(®)ui(t), ae. tel0,T],
& (1) = [u(t),

(2,0)(0) = (#,0), W(T) <K, (T,x(T)) €T,
minimize: (T, z(T)) + [ 1(x(t),u(t),a(t)) dt

\

where u is the control function with values in a cone C, f : R® x A — R" is usually
called "drift", A C R, g¢g;, © < n are vector fields on R", T C R* x R"” is a set
called "target", representing admissible final times and locations, ¢, K are positive real
numbers and ¥ : RT xR"” — Rand [ : R" x C'x A — R are the final and the lagrangian
cost functions respectively.

If the fields g; are €', some second order conditions on optima can be found, expressed
in the language of Lie brackets (see, for example [21]). Using a definition from [128]
that generalized Lie Brackets to Lipschitz fields, and the concept of a Quasi Differential
Quotient (QDQ) from [I19], we will be able to find a second order condition for optima
even if the fields are Lipschitz: it will be expressed in terms of set-valued Lie Brackets
and QDQ)’s.

In Chapter 3 we introduce Orlicz spaces
LY(Q) = {u € LY(Q) : 3IX > 0such that/ v (%) < +oo} .
Q

for any choice of a Young function ¥ and the closure of L> in LY, also known as the
Morse space MY and characterized as

M‘I’(Q):{ueLl(Q): YA > 0 /Q\ll<§>dx<+oo}.

We first show how in [I8] we were able to individuate a large subfamily of Orlicz spaces
for which (LY, MY) fits into the aforementioned mathematical framework by K.M.
Perfekt, deriving many functional properties of the couple.

In the last section we introduce the Orlicz-Sobolev spaces WY, which are the spaces
of functions in LY such that a weak derivative exists and is also in LY, and, in line
with the general topic of the text, we present a nice and peculiar result by Tuominen
[134] characterizing it as the space of LY functions f such that there exists a function
g also in LY bounding the oscillation of f in the following way

|f(z) = f)l < |z —yllg(x) +9(y)] .

This result is a generalization of one obtained by Hajlasz for ¥(¢) = t” and hence
characterizing the classical Sobolev spaces. These types of results, showing that Orlicz-
Sobolev spaces are defined by means of oscillation, also provide a way to define these
spaces in the wider context of a generic compact metric space, as the concept of weak



CONTENTS v

derivative is no longer needed in the alternative definition.

Moreover, in the last section I present some results (see [12]) on Lipschitz regularity for
minima of some functionals in the calculus of variations, a field I got a deeper interest
in, since collaborating to [17].

We prove that for suitable Young functions ¢ and ¢ with the A, growth condition and
autonomous functionals

ngf(Du) da

with ¢-growth, assuming W'¥-quasiconvexity of f = f(z) only asymptotically is
enough to prove local Lipschitz regularity for minima u on a dense subset of the do-
main.

To be more precise, we begin by making use of asymptotic quasiconvexity to prove
partial C%® regularity of minima in points where the gradient Du of the minimum is
large enough, say larger than M, adapting arguments used for globally quasiconvex
lagrangians.

As a corollary, we infer that minima are locally lipschitz on a dense subset of points.
The idea behind it is that any zy such that all points in a neighbourhood of z, are not
points of local holder regularity for Du, is such that Du is essentially bounded by M
around z(, hence u is locally Lipschitz around x.

Chapters 4 and 5 are dedicated to the spaces BMO and VMO and their respective
subcones BLO and V LO, concluding the text with discussion of what are arguably
the most natural "children" of the very large space B discussed at the beginning (on
the contrary, they were introduced decades earlier than B was introduced).

More precisely, the fourth chapter regards the BMO and BLO which are function
classes defined by imposing a bound on two different kinds of oscillation, the so called
mean oscillation of f over I, i.e.

i),
111

and the so called lower oscillation of f over I, i.e.

f@) - o [ dy' dr.

1

0 / f(x) dx — inf f(x)
respectively, where [ is an interval if we are dealing with functions of a single variable,
while it is a hypercube with sides parallel to the coordinate hyperplanes if we wish to
define the function class in R".
In an introductory section, we present many properties of BM O and its subcone BLO
and explore the relationship between them and among them and the Muckenhoupt
function classes A,,.
Then, we address the problem of determining a distance formula for functions in BMO
from the subspace L™ of essentially bounded functions, solved by Garnett and Jones
in 1978 in their paper [74], and, subsequently, my transposition of their result to BLO
in [14].
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In the section that follows, I introduce a new equivalent norm in BLQO, inspired by
some characterizations of BLO by Coifman and Rochberg in 1980 (see [51]), that is
much more natural when addressing the aforementioned distance problem. This sec-
tion contains results not yet submitted for publishing.

We then discuss the behaviour of BLO functions with respect to truncation.

As the norm on BLO is defined by means of oscillation, we may expect it to have
strange behaviour with respect to truncation, which is a procedure acting on the size
of the function.

That is exactly what happens: we show that bounded functions, functions that can be
BLO-approximated by their truncations and functions that can be BLO-approximated
by bounded functions are three completely different concepts, forming subspaces

——BILO , . o .
L>)T, L*> in strict consecutive inclusion

= cT =",
Examples are provided in the section. This section also contains original results that

have not been submitted yet for publishing.
In the last section of Chapter 4 the characterizazion

BMO = BLO — BLO,

where of course — stands for Minkowski set subtraction here, is presented. It was
obtained by Coifman and Rochberg in [51].

The last chapter introduces and studies VMO and V LO. They are subsets of BMO
and BLO respectively, defined by the condition that the mean (lower, respectively)
oscillation of the function tends uniformly to 0 as the measure of the interval over
which it is computed goes to 0.

One of the results contained in [120] by K.M. Perfekt is that (BMO,VMO) is an
(0, O)-type structure.

A result by Donald Sarason from 1975 (see [130]) is then presented, regarding an
equivalent formula for the BMO-distance of a function from VMO, followed by my
trasposition of this result to V. LO, contained in [14].

To draw parallelism between the couple (BMO, BLO) and (VMO,V LO) a result by
M.B. Korey (see [108]) is then stated, showing that

VMO =VILO — VIO,

in analogy to the abovementioned result from [51].

Lastly, in the second to final section we display a result from Leibov showing that for
functions in VMO a special interval I* can be found such that the mean oscillation of
f over I* is the absolute largest, i.e.

]{*’f—fﬁ

providing example that this is not at all true for the generic BM O function.

= f1f = pilae. v
I
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The result is presented together with some key insights that allowed its proof and some
of the consequences Leibov obtained from this result, which was solely a lemma in its
paper [110] from 1990.

This result is then generalized, in the last section, to BLO and V LO, discussing how
the approach of Leibov could not exactly apply and that, in a way different from
Leibov result, the existence of this peculiar interval is not logically equivalent to the
V LO property.

This is the content of paper [I5] by me and Giacomo Ascione: we specify that for
simplicity of notation and visual interpretation of the result, we restrict the attention
ton = 1, as the argument would otherwise become inherently geometrical, considering
all possible cases for the symmetric difference of two cubes in R".

To summarize, there are numerous ways of interpreting formally the concept of
oscillation and those give rise to many different function spaces in which the focus is
not on the size of the function but on the variability of its values.

Here we present a collection of result stemming from a functional analytic approach
(with the exceptions of a few applicative results) to studying and understanding some
examples of such function spaces, mostly fitting into the often recurring framework by
K.M. Perfekt which we will properly introduce in Chapter 2 and in large part fitting
under the wide cape of B functions, as defined in Chapter 1.

I feel that the fil rouge for this text is the sometimes surprising and counterintuitive
nature of function spaces in which the norm is not interpreted as a measure of size
but of variability of the function values, in a way that cannot be trivially reduced
to commenting the size of the derivatives, as we will explore many contexts in which
derivatives fail to exist in the classical and even in the weak Sobolev or distributional
sense. On the contrary, we will put many different interpretations of the concept of
"oscillation" at the center of everything.
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Chapter 1

The Bourgain-Brezis-Mironescu Space

In this chapter, we define and discuss a very large functional space that contains all of
the other function spaces defined by means of oscillation discussed in this thesis. This
space was introduced in 2015 by Bourgain, Brezis, and Mironescu in [32]. They had

noticed that for functions in the fractional Sobolev space W%’p, p > 1 (see page [23|for
a definition) or in VMO (see page for a definition), if the range of the function is
discrete, say f : 2 — Z then the function is almost everywhere equal to a constant.
They wanted to identify a wider space X of functions containing all of these function
spaces and such that the above property holds for functions in X having discrete range,
i.e. they are necessarily almost everywhere equal to a constant function.

They found that a sufficient condition for this is to have a bound on a form of mean
oscillation, which we are about to define.

To do so, it is more convenient to introduce new notation gradually. Throughout this
chapter, Q.(a) will denote a hypercube with sides parallel to the coordinate hyper-
planes, whose sidelength is € and whose center is a. For any function that is summable
on such a cube ), fo will denote its integral average over () and

M(f,Q) =]€2|f—fcz|

will denote what we will call the mean oscillation of f over Q).
For any fixed € € (0, 1), we will denote by €. any family of pairwise disjoint cubes of
type Q. (a) such that the cardinality of the family does not exceed 7. We then define

[f]s =€ sup Z f Qa
% Q.ew.

and finally we can define the space B as the space of functions such that

[f]ls = sup [f]c < +oo.
0<e<1
Effectively, we are asking that the sums of mean oscillations over families of cubes
whose sidelenght is € and whose collective measure is not larger than € are bounded
whatever the value of ¢ € (0, 1).
Associating [f]p to each f in B induces a seminorm, which is null on almost everywhere

1
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constant functions. To obtain a normed space, which can then be proved to be a Banach
space, we can either consider B modulo almost everywhere constant functions, or add
another seminorm to [f]p, like the value of | f| at some fixed point in €.

The space B clearly contains (and is inspired by) the space BMO of functions of
bounded mean oscillation. Moreover, it can be proven the two function spaces coincide
if and only if we are considering functions of a single variable, otherwise we have strict
inclusion.

With some effort, starting from the notorious Poincaré inequality and its generalization
to BV functions or functions in fractionary Sobolev spaces, one can also prove that B
contains W#? (see the much more general Definition for any p and BV (for the
definition and properties of BV, the space of functions of bounded variation, see [§]).
An important subspace of B is the space

By={f € B:[f] = limsup[f]. = 0}.

e—0t

It was shown very recently in [59] that the couple of spaces (B, By) fits into a framework
for describing couples of functional Banach spaces introduced by K.M. Perfekt (see for
example [120] and page |10] of this text) and many interesting functional properties of
By with respect to B can be deduced from this, for example:

1. (By)™ = B and
2. for any other space E such that B = E*, F is isometrically isomorphic to (Bp)*.

3. The distance
dB(fu Bo) = inf [f - Q]B
g€Bo

induced by the [-|p seminorm of a generic function in B from the subspace By
is equivalent to the quantity [f], i.e. whenever [f] is not 0, it can be reasonably
interpreted as the distance of f from the subspace of B where [-] = 0.

In particular, in [59], the authors proved the following result obtaining atomic decom-
position for the predual of B (compare with the result at page [22)).

Theorem 1.1 (D’Onofrio, Greco, Perfekt, Sbordone, Schiattarella, 2020, [59]). Con-
sider the Brezis-Bourgain-Mironescu space B([0,1]") for functions defined on the unit
hypercube of R™. Let ¢ € B,.. Then for each natural number r there is a positive real
number €, € (0,1), a family E., of disjoint hypercubes of sidelength ¢, and a summable
function g, satisfying:

1. |F| <elm
2. supp(g,) CUZ.,

3. lgrlxo < 5?‘1ﬁ for every cube QQ € G.,

4. fQ gr = 0 for every cube Q € .,



such that ¢ can be decomposed as
p= Ao

for a suitable sequence {\, },en € (1(R).
The action of f € B on ¢ s then the following

f6) =3 [ 1a-

Moreover, the quantity
inf ) ||
T

where the infimum is taken over all such representations of ¢ is equivalent to |||

By -

‘The space B can be continuously embedded in the Lorentz/Marcinkiewicz space
L»-1°° of functions f such that

supt’n fr(s)ds < +o0
>0 [0,

but B cannot be embedded in the smaller Lebesgue space L.
On the other hand, for the characteristic function yg of a measurable set E, the

following inequality holds
XE — ][ XE
Q

On the other hand it is also trivial to notice that

XE — ]éXE
<cP(E,Q)

XE — ][ XE
Q@ et

from the known isoperimetric inequality, concluding

XE—][XE
Q

Motivated by these two inequalities estimating HXE — fQ XE‘

< c(n)l[xells-
L7T(Q)

<2

L7T(Q)

and we can deduce

< cmin{l, P(F,Q)}.
L7 (Q)

n one could ask if
Ln—1 (Q)

there is some kind of relation between ||xg| s and min{l, P(E,Q)}. To address this
matter, it is convenient to introduce another quantity that is inspired by the seminorm
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on B but has the advantage of isotropy:

L=t Y

o
7o Qe

@ =f 1]

where Z. is a collection of hypercubes of sidelength ¢ with arbitrary orientation (i.e.
not necessarily with sides parallel to the coordinate hyperplanes) and |Z.| < '™
In [7], the authors proved

Theorem 1.2 (Ambrosio, Bourgain, Brezis, Figalli, 2016, [7]). For every measurable
set F,

1
lim I.(xg) = = min{1, P(E)}
e—0 2

where P(E) = oo if E is not a set of finite perimeter.

The two quantities I.(f) and [f]. are not at all uncorrelated. As a matter of fact,
the following two inequalities hold for any function f € L'(Q) and ¢ € (0, n_%>:

Moreover, something more general than

)~ f v

holds if we replace the condition on the cardinality of %, with a weaker condition. As
a matter of fact, it can be proven that for every integer M, one has

Ii n—1 _
lime" " sup Y ]é, Xz (x) ]{Q/XE

97]\/],6 Q’GFIM@
where %) is a family of arbitrarily oriented hypercubes of sidelength ¢ whose cardi-
nality is not larger than Mel™".
In particular,

dx = %min{l, P(E)}

dr = %min{M, P(E)}

P(E
lim ™! sup E xe(r) — 1 x| dr= Q
e—0 Foo.e Q' / 2
€ QE€EFoo,e

where F . is an arbitrarily large family of arbitrarily oriented hypercubes of sidelength
€.
Even more than that: upon defining

K==t 3 f i f

goo,& Q’Effoo,e Q



the previous result can be extended to

1
lim K. (f) = 5|Df|(®")

for every function of bounded variation with values in Z.
The authors in [7] conjectured that for functions in SBV, i.e. functions of bounded
variation that have no Cantor part D°f, the following equality would hold

: 1 a n 1 S n
lim K.() = D" f(R") + L [D°FI(R).
This conjecture was proven true by Fusco, Moscariello and Sbordone in [71], with the

following theorem
Theorem 1.3 (Fusco, Moscariello, Sbordone, 2016, [71]). Let f € SBV,,.(R"™). Then

1 1
lim K.() = 1D"FIRY) + 5 |D* (R,

and its corollary
Corollary 1.4. Let f € W21 (R™). Then

1
lim 15.(f) = /D" | (R")

This formula does not hold for a generic BV function, and it is possible that liné K.(f)
e—

does not exist as K.(f) may tend to oscillate between
1 n 1 n
UDA®RY and  C|DfIRY)

as ¢ — 0.
As a matter of fact

Theorem 1.5. Let f € L}, (R"). Then:

loc

DI < liminf K.(7) < imsup K.(7) < 3|DF|(R")

e—0
and f € BVo(R™) if and only if limionf K.(f) < 0.
e—

The space BV could then be defined as the space of functions such that lim ionf K.(f)
e—
is bounded but we remark here that the corresponding smaller space of functions such
that
limsup K.(f) =0

e—0

is trivial, as it only contains constant functions.
Similarly, we can define

K.(p,f):=¢"Psup »_ ]é/ ‘f(x) - ][Q,f

F.
T Q' EF oo e

P
dx
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for any p > 1.
In [72], the same authors from [7I] proved the following theorem

Theorem 1.6. For any function in Wo"(R"), p € [1,00),

lim K. (p, f) = 7/ |Df|P dx
e—0 R
where

vesSn—1

v(n,p) :== max / |z - v|Pdx
[7 n

1
2

N

p
loc

Moreover, it was proven that for any function in LJ (R"™) and p strictly larger than 1,

|IDf| € L} (R") <= limiglng(p, f) < o0
E—

which is a very peculiar characterization of W as the right hand side of the equivalence

sign does not involve weak derivatives whatsoever. Sadly, as we stated before, this last

assertion does not hold for p = 1, as finiteness of the infimum limit of K.(f) = K.(1, f)

is a characterization of BV and not of W11,



Chapter 2

The space Lip and related function
spaces

2.1 Definition of the space of Lipschitz functions on

a compact metric space

Let (K, p) be a compact metric space and f : K — R a function defined on it. Let
B(K,p) (or simply B(K), if no ambiguity arises) be the set of all balls in (K, p). We
will use the notation BX*(zg) to denote a ball of radius 7, centered at z; in the metric
space (K, p), omitting K and p from the notation whenever they are understood from
the context.

We define the oscillation w; as a function on the set B(K):

wr: BEB(K) > sup |f(x) — f(y)] € R.

z,yeB

For any fixed point zp € K and function f : K — R, the function ws(B,(z)) is
decreasing with r and so we can define

w(zo) == lm w¢(B,(z0)). (2.1)
r—0t+
Oscillation is an useful concept as it allows to quantify exactly many abstract concepts
and unify a variety of different definitions. To make the simplest example, a function
f+ K — R is continuous at zy if and only if w;(z¢) = 0 and continuous in K if and only
if wy = 0 but wherever a function f is not continuous, wy is a quantitative measure of
the discontinuity at that point. For example, for the single variable real functions

0 if 2=0
fe) = {sm(l/x) ftre©1 oM 9(@) = X[3.9 ()

defined from [0,1] to R we have wy(0) = 2 and w,(3) = 1.
Classically, a function f is said to be Lipschitz in K with Lipschitz constant L if

sup |f(x) — f(y)] L < tee
syeK p(r,y)
T#y
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Of course, though, in terms of oscillation, a function is Lipschitz if and only if

wy (B (x))

5 <L<oo, VeeK, VYr>0
”

(but the best constant L’ is not necessarily equal to the Lipschitz constant L as defined
earlier).

Any Lipschitz function f is of course uniformly continuous and bounded: the difference
between its maximum and minimum on K is at most L - diam(K), where L is its
Lipschitz constant and diam(K’) denotes the diameter of the compact set K. Even
more so, it is possible to prove Lipschitz functions are absolutely continuous.
Lipschitzianity is a global property, but a local analogue can be given in the following
way: we will say f is locally Lipschitz at x € K if there exists a neighbourhood U, of
x in K such that f is Lipschitz in U,.

The space Lip(K,p) consisting of all Lipschitz functions defined from the compact
metric space (K, p) is a vector space that, when normed with the norm

|f(z) — f(y)]
fllzip = sup —— + || fll~
1 £1l Lip ik ) [pal
TH£Y
or, equivalently, with the norm
f(x) — fly
£l = mex{ sup H& =IO >( O )

is a Banach Space.

Whenever the compact metric space is chosen as (K, d), where K is a compact subset
of an Euclidean space R™ and d is the Euclidean distance, the choice of the metric
d will be often omitted from the notation and we have even higher knowledge of the
properties Lipschitz functions: the following is a classical theorem by Rademacher,
implying the Lipschitz condition is relevant to the existence of derivatives.

Theorem 2.1 (Rademacher). Let f : U C R"™ — R™ be a Lipschitz function with
Lipschitz constant L. Then the set Diff(f) C U consisting of points in which f is
differentiable has full measure in U, i.e. is such that

U\ Diff(f)] =0
and the gradient D f, defined almost everywhere, is essentially bounded by L.

From this theorem, one can prove that the space of Lipschitz functions Lip(K),
where K C R™ is nothing but the Sobolev space W (K).
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2.2 The spaces Lip, and lip, of Holder functions

With the same notation as for the previous section and for any a € (0, 1] we now
introduce the Holder spaces

i) = {1 1o = sup LTI ] (22)

with the norm
[ flla = max {[fla; | fllo }

We remark that every Holder space can be seen as a Lipschitz space as for any
metric p and for any a € (0,1] we have that p® is still a metric and of course
Lipo (K, p) = Lip(K, p*). Of course any Lipschitz space is also a Holder space with
choice of @ = 1, but some Lipschitz spaces cannot be expressed as Holder spaces for
any choice of « strictly smaller than 1. This is the case, for example, for any compact
metric space that is compact subset of an Euclidean space with Euclidean distance.
A relevant subspace of Lip(K, p) is the subspace

e i)~ f)]
lip(K, p) := {f € Lip(K,p): L(%y)_)pg ) 0} . (2.3)

and we can also define

lipo (K, p) := < f € Lipo(K, p) : limsup 1) = )l =0,. (2.4)
p(z,y)—0 pa(xJ y)

For some choices of a metric p, it may happen that lip(K, p) is trivial, i.e. it only
contains constant functions. This happens, again, for any compact metric space that is
compact and connected subset of an Euclidean space with Euclidean distance. However,
whenever « < 1, the following proposition (see Example 3.8.3 of [50]) shows lip, (K, p)
is never, in this sense, trivial.

Proposition 2.2. For any compact metric space (K, p) and 0 < a < < 1 we have
Lips(K, p) C lipa (K, p)

Whatever the compact metric space (K, p), the space Lipg(K, p) will always contain
at least one family of functions that is not constant, i.e. for any choice of xz(y in K the
distance functions:

x s pP(xg, ).

Also a-Hélder functions for o < 1 are necessarily uniformly continuous and bounded
but, in the Euclidean case, they are not necessarily differentiabile. Extending an anal-
ogous one-dimensional result from De Leeuw, in [56], Wulbert proved the following
theorem, isolating an important functional relationship between lip,(K) and Lip,(K),
with K being a compact subset of some R", provided o < 1.

Theorem 2.3 (Wulbert, 1974, [139]). Let K be a compact subset of R™ and o € (0, 1).
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Then
(lipa(K))™ =~ Lipy(K),

i.e. there is an isometry of normed spaces between the two.

In this section we will reach a similar conclusion in a wider setting, making use of
the concept of 0—O structures, which we now define.

Definition 2.1 (0-O structures, K.M. Perfekt, 2013, [120]). We say that a pair of
Banach spaces (Ey, E'), where Ej is a subspace of E, form a 0-O structure if there
exist

e a reflexive separable Banach space X;

a Banach space Y;

a family & of bounded linear operators from X to Y;

a topology 7 on & that is o-compact locally compactﬂ Hausdorff topology and
such that the maps T, : & — Y given by T, = Lx for any x € X are continuous;

such that F is given by
E = {x € X : sup|Lz|y < +oo} :
Lez

it holds ||z||, = sup || Lz, and Ej is given by
LeZ

L—oo

Ey = {:1: € E: limsup|| L], = 0}

where L — oo is intended in the Alexandrov one point compactiﬁcationﬂ of (£,71).
Moreover, we are interested in 0-O pairs (Ey, F) satisfying

ASSUMPTION AP. For any = € E there exists a sequence {x,},en € Ep such that
z, — x in X and sup, oy ||z.] 5 < ||zl 5

Let us also give the definition of M-ideal.

Definition 2.2 (Harmand, 2006, [87]). Let X be a Banach space. A linear projection
P is called an L-projection if for any x € X

el x = I1Pzllx + [l — Pzl x .

A closed subspace J C X is called an L-summand if it is the range of an L-projection.
Given a subspace J C X, the subspace J* = {z* € X*: z*(y) =0Vy € J} of X* is

! o-compactness means that the topological space is union of a sequence of compact sets and local
compactness means that any point of the topological space has compact neighbourhoods.

2For any topological space T, its Alexandrov compactification is the set T U {oo} with topology
uniquely defined by the condition that any point in T" keeps its base of neighbourhoods and a base of
neighbourhoods for co is given by the complements in T'U {oco} of compact sets of T
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called annihilator of J.
A closed subspace J C X is called M-ideal in X if its annihilator J* is an L-summand
of X*.

0—0O structures are very rich in functional informations about the two Banach spaces
they involve. As a matter of fact, K. M. Perfekt proved the following properties of this
structure.

Theorem 2.4 (K.M. Perfekt, 2013, [120]). Under ASSUMPTION AP, E}* is isomet-
rically isomorphic to E.

It can also be proved Ef is the strongly unique predual of E, that is any other Ba-
nach space that has dual space isometric to E is itself isometric to Ej.

Also, Eqy is an M-ideal in E and the following distance formula holds:

dist(x, Ey) g = limsup||Lz||y.

L—oo

In [16] we identified necessary and sufficient conditions to prove 0-O structure for
the pair (lip(K, p), Lip(K, p)). One of these conditions is what we called Assumption
H.

Definition 2.3. Let (K, p) be any compact metric space. We will say that (K, p)
satisfies ASSUMPTION H if, for any f € Lip(K,p), A a finite subset of K and
C' > 1 real constant, there exists a function g € lip(K, p) such that gl = f|a and

gl < ClIflx-
The above assumption allows the proof of an approximation property in Lip(K, p).

Theorem 2.5 (Angrisani, Ascione, D’Onofrio, Manzo, 2019, [16]). Let us suppose
ASSUMPTION H holds and consider f € Lip(K, p).
Then, there is a sequence { fn }nen C Uip(K, p) pointwise converging to f and such that

suPen |fulli < M1l

Proof. Since K is totally bounded, it can be covered by a finite number of balls of
radius 1, so let us call Ay the set of centers of these balls. We will now recursively
define a sequence of sets {A, }nen. Suppose now that we have defined the set A, and
consider the set K1 := K\ UxeAn By-n-1(x). Since K, is a compact and thus
totally bounded subset of K, it can be covered by balls of radius 27"}, so if we denote
by B,.1 the corresponding set of centers, we can take A, .1 := A, UB,, 1. This ensures
that every point of K has distance less that 27" from the points in A,,. We also take
C,: =1+ n+r1
Let g, be the function from AsSUMPTION H obtained by considering A = A, and
C' = C, and define f, := 2= € lip(K,p). We have that |fu[la < |[flla; so the only
thing that’s left to show is the pointwise convergence, which implies weak convergence
in X. We notice that, by definition of f,, it is enough to show that g, — f pointwise.
If we define A, := J, oy An We see that A is dense and for all x € A, the sequence
gn(z) eventually becomes constantly equal to f(z). By using the Lipschitz property
we can easily extend the pointwise convergence to the whole K.

m
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Another assumption needed to reach the main result of this section is a purely
geometrical hypothesis that is needed on the metric space.

Definition 2.4. We say that a metric space (K, p) has the doubling condition if there
exists a positive integer C' such that any ball B can be covered by at most C balls
having half the radius.

A Borel measure ;1 on a metric space (K, p) is said to have the doubling condition if

(i) there exist two balls By, By such that u(B;) > 0 and p(Bs) < +oo;

(ii) there exists a constant C' > 0 such that

1(Ba(x)) < Cu(By(x)) (2.5)

for all z € K and all » > 0. The space (K,p,u) is said to be a doubling
metric measure space. A measure u that satisfies (i) is said to be non-degenerate.
Condition (ii) is called doubling condition and the constant C'is called doubling
constant.

First of all, let us observe that the role of the number 2 in (2.5)) is easily replaced
by any ¢ > 1. Indeed, if we fix a constant ¢ > 1, one can show that a non-degenerate
measure p is a doubling measure on (K, p) if and only if there exists a constant C, > 0
such that

W(Bur(2)) < Co(B, () (2.6)

for all x € K and all » > 0.

This property implies that any doubling measure p is fully supported. Indeed, let us
consider a generic € K and r > 0. Let us suppose by contradiction that u(B,(z)) = 0.
Then B is not contained in B,.(z). However, there exists a ¢ > 1 such that B; C B..(z),
but by doubling condition (2.6) we have u(B..(z)) = 0, concluding the proof.
Moreover, if (K, p, i) is a compact doubling metric measure space, then p(K) < 4o0.
Indeed, if we consider x € K and r > 0 such that By = B,(x), since K is compact,
there exists a constant ¢ > 1 such that B..(x) = K, concluding that u(B..(z)) < +o0
by doubling condition ([2.6]).

It is easy to see that if a measure is doubling then the underlying metric space must
be doubling [52], while the converse is not true in general. However in [IT1] it is shown
that every complete (and in particular compact) doubling metric space can be given a
doubling measure.

We will also work with compact metric spaces of the form (K, p*) for some metric p.
First of all, let us show the following easy lemma.

Lemma 2.6. Fiz a € (0,1). If (K, p) is a compact doubling metric space then (K, p*)

is a doubling metric space. Moreover, any doubling measure u on (K, p) is also doubling
on (K, p%).

Proof. First of all, since (K, p) is a doubling metric space, then there exists a doubling
measure p on (K, p). Using the doubling condition in the form (2.6 for ¢ = 2* and
setting Coa = C,, we have

N(B(Qr)" (CL’)) < Couu(Br“ (l’))
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hence u is a doubling measure on (K, p®). Finally, since we have a doubling measure
on (K, p*), (K, p®) is a doubling metric space. O

Moreover, let us observe, as a consequence of [8I, Lemma 4.7|, the following lemma.

Lemma 2.7. Let (K, p) be a compact doubling metric space and o a doubling measure
on it. Then there exist two constants C, Q) > 0 such that

w(By(x)) = Cre.

In the following we will need the notion of Besov spaces on metric measure spaces.
From now on, in this section, let us fix a doubling compact metric space (K, p) and a
doubling measure p on K.

Definition 2.5 (Gogatishvili, Koskela, Shanmugalingam, 2010, [78]). The Besov
space of parameters s € (0,1) and p,q € [1,00) on (K, p, ) is the space

B (K, p, 1) = {f K 5 R:feLP(K,u) and

1/q

[Flas, = 070% { /K ][T(x)wdu(y)du(@]q/p o}

It is a Banach space when endowed with the norm

/]

The space &, , is obviously separable as it embeds continuously as a subspace of
LP(K, p) which is separable because LP spaces on separable metric measure spaces are
separable.

With the additional assumption that p = ¢ > 2, a Clarkson type inequality (see
[34],[79]) can be proved, in the sense that follows: as it is more convenient for technical
reasons, introduce the equivalent norm

a5, = [l + [flas -

1N = (AN + (Ufs, 7]

and then, in a way similar to how it is done in L? spaces, prove:

f - g p :|
Bp.p

+ P
This allows to prove that 9, , is uniformly convex, that is for every ¢ > 0 there
exists 0 > 0 such that:

p p

<2 I

s
‘%jp,p

f+y P
= e g

s
‘%P’P

f+yg

@, = 1 and HT

/1

>1-0 = |[f-dla, <e
B,

a5+ 191

Recalling that a theorem by Milman and Pettis shows that every uniformly convex
Banach space is reflexive (see for instance [34]), we know that %,  is a reflexive and
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separable Banach space.
In [78] it has been shown that the seminorm [f]gs —is equivalent to the semi-norm

i @) - fr
M5~ [} 55 ity )

In particular, if K = R", p is the Euclidean distance and p is the Lebesgue measure,
then [-]gs is the semi-norm characterizing the fractional Sobolev space W*P(R"), as
used in [120].

Let us give a definition of another interesting functional space on metric measure spaces.

Definition 2.6 (Karak, 2019, [102]). Let f € LP(K,p). Then we say that g is a
Hajtasz s-gradient if

|f(z) — fW)] < p°(z,9)|g(x) + g(y)|.

We denote with D(f) the set of all Hajtasz gradients of f and with 2%( f) the set of the
Hajtasz gradients of f that are in LP(K, ). We say that f belongs to the fractional
Hajtasz-Sobolev space #°P(K, p,u) if DE(f) # 0. In particular Z°P(K,p,u) is a
Banach space when endowed with the norm

| fllgzsr := 1 fll o + [f]esw

where
sw := inf
e = inf gl
Let us first observe that the fractional Hajtasz-Sobolev space #°F (K, p, i) coincides
with the Hajlasz-Sobolev space #'?(K,p*, ;). Hence, in particular, a Morrey-type
embedding theorem can be shown, as a direct consequence of |81 Theorem 8.7|.

Theorem 2.8. Let (K,p,u) be a compact metric measure space such that
w(B,(z)) > cr® for some constants ¢ > 0,Q > 0 and for all x € K,r > 0, and suppose
p > % Then there ezists a constant C such that for any function v € F*P(K, p, )

and any g € DE(u) it holds

s_Q
lu(z) —u(y)| < Cd(z,y)* 7 gl Yo,y € K.

Other embedding theorems can be shown, also for more general spaces (see, for
instance, [102]).
From this punctual estimate we deduce that if v € Z*P(K, p,pn) for p > % then

is (s — %)—Hélder continuous. In Lemma we have shown that doubling measures
satisfy the previous condition for some ) > 0. From now on let () be such a constant.
We have

Q

s

Proposition 2.9. Let (K, p, i) be a doubling compact metric measure space and p >
Then Z*P(K, p, u) embeds with continuity in L.

Proof. Let us denote with D = diam(K). Fix u € #Z°?(K,p,u), g € D2(u) and
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x,y € K. Observe that, by using the previous punctual estimate,

)] < July)] + lu(z) — u(y)|
< July)| + Cd(z, y)* "% |19l
< Ju(y)| + CD*7 |lg]l s -

By using the p-homogeneity and convexity of the function ¢ — t? for t > 0 we have
[u(@)|” < Ci(lu(y)” + CPD™?||g]|7,)

and then integrating in du(y), setting M = p(K), we have

Cy -
[u(@)l” < 37 (lullfe + MCPD™ " ||g|[7,).

Now, by using the fact that there exists a constant C), such that
(aP + BP)r < Cpla +b)
for any a,b > 0, we have

()] < Co([lull o + llgll 2»)-

Now let us take the infimum over 2% (u) to achieve
u(x)] < Ca [Jull e ,

and then, taking the maximum on K, we have
[l oo < Co [tz -

]

Concerning the relation between %, , and Z*", one can show the following embed-
ding theorem as a direct consequence of [78, Lemma 6.1].

Theorem 2.10. Let (K,p,p) be a doubling compact metric measure space. Then
B, (K, p, i) embeds with continuity in Z°" (K, p, j1).

Actually, the statement of |78, Lemma 6.1] only refers to the inclusion of &, (K, p, )
in Z°P(K, p, n). However, in the proof, it is shown that there exists a constant C' > 0,
depending only on the doubling constant of y, such that for any v € %, (K, p, 1)
there exists a g € D% (u) such that [u]gsr < g, < Clulg; . Summing on both sides
||u||;, one has the continuous embedding.
As a corollary of the previous two embedding theorems we have the following
Q

s

Corollary 2.11. Let (K, p, i) be a doubling compact metric measure space and p >
Then B, (K, p, 1) embeds continuously in L

Now we are ready to show the main result of the section.
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Theorem 2.12. Let (K, p, i) be a doubling compact metric measure space. Then the
pair (lip(K,p), Lip(K, p)) ezhibit a 0-O structure if and only if ASSUMPTION H
holds, in which case we have the following consequences:

e (lip(K,p))* ~ Lip(K, p) isometrically;

o for f € Lip(K, p) the following distance formula holds:

. s |f(z) = f(y)]
ng(ls’ﬁ (f, lip(K, p)) = Ll(fwl?yiglg Ty (2.7)

e lip(K,p) is an M-ideal in Lip(K,p), hence

(Lip(K, p))* = (lip(K, p))* @1 (lip(K, p))*; (2.8)

o (lip(K,p))* is the strongly unique predual of Lip(K, p).

Proof. First of all we need a reflexive and separable Banach space X in which we can
embed Lip(K, p). Thus fix s € (0,1) and p > < and consider

7S

X = Tin(K, ),

since we have shown that &,  is reflexive, separable and Lip(K, p) continuously embeds
in it, so the closure of Lip i in 95’5 also has these properties and will be our X.
As Banach space Y let us Choose R x R, endowed with the L norm, i.e.

12, )&« r = max{|z], [y[}.

Our family of operators will be the following:

f(@) = fly) plz,y)
plz,y) = D

It is clear that these operators are linear.

If we set V := K%\Diag(K?), we can give & the product topology of V' x K, where on
V we have the trace topology induced by the topology on K2. In the following we will
identify & with W .=V x K.

Since K is a compact metric space, it is o-compact, locally compact, Hausdorff and
separable and so is also V. These properties easily transfer to &£, being it a product
space. In particular an exhaustive sequence K, of compact subsets of & is given by

32{ xyz.f€X|—>( f(z))€R2,x,y,z€K7m7éy}.

1
K, = {(x,y) €K*: IO(QL',y) = _} x K
n
hence taking the limit as L. — oo is equivalent to taking the limit as

p(x,y) — 0.

Now we need to show the continuity of the maps 7y : L € & — L(f) € RxR for
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f € X. We notice that it is enough to prove this for f € Lip(K, p), since we can use
a diagonal argument, combined with the boundedness of the operators themselves, to
extend this to the whole X.
This is easy because (Z,, Yn, 2n) — (2,9, 2) as n goes to infinity implies

o(Tn, yn) — p(x,y) and p(z,,2) — 0,

so using the continuity of f and p we easily obtain

Ty Yn) p(

max{‘f@;é) — f(yn) f(fﬂ);?;f)(y) ' | 'p(mgyn)f(zn) B p(x,y)f@

proving that T’ is continuous for any f € Lip(X, p).
It is easy to observe that

SUp LS lgug = SUp max
(z,y,2)EW (z,y,2)EW

{‘f(x)—f(y)

p(r,y)

ple,y)
A1
= max{([7J Ifll..} = 1,

while the o-structure for lip(K, p) follows from the inequality

|f(z) = f(y) |f(x) = fW)| | plz,y)
p(z,y) o@y) D CAEAS

< Loy fllgxr <

Concerning the continuity of L, ., let us recall, from Corollary [2.11] that there exists
a constant C such that ||f||z > C||f|| ~. Hence we have
p;p

@)~ o) 2

p(way> Hf| g;;’p B Cp(l’,y)
while
Pl _ plz,y)
Dlflg, ~ CD

thus L,, . : X — R xR is a bounded linear operator.

Finally let us observe that we have shown that, supposed that AssumpTiON H
holds, for any f € Lip(K,p) there exists a sequence {f,}nen C lip(K,p) such that
fn — f point-wise and sup, ¢y || fnll; < ||f|l;, hence, by Banach-Alaoglu theorem, we
can extract a subsequence of f, that weakly converges to f in X, concluding the proof
of one implication.

Concerning the other implication, let us suppose that the 0o—O structure holds. Then
we know that (lip(K, p))** ~ Lip(K, p) isometrically. However, in [82] it is shown that
such isometry is equivalent to ASSUMPTION H, concluding the proof. O]

The following proposition by Hanin allows to prove that all of the sufficient con-
ditions for exhibiting 0-O structure are satisfied by (lip, (K, p), Lip,(K, p)) provided
a < 1.

Proposition 2.13 (Hanin, 1994, [82]). Let (K, p) be a compact metric space, o € (0, 1),
f € Lipo(K), A a finite subset of K and C > 1 a real constant. Then there exists a
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function g € Lip(K) such that gla = fla and ||g]la < C| f|a-

Corollary 2.14. For any « € (0,1) the pair

(lipa (K, p), Lipa(K, p))
exhibits an 0—O structure.

Proof. By Proposition [2.13] Assumption H is satisfied, hence the thesis. O]
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2.3 Atomic decomposition of the space of Borel Mea-
sures: an application to measure theory

Let (K, p) be a compact metric space and let us denote by M (K) the space of all
finite signed Borel measures on K. Of course M (K) is a vector space and it is usually
normed with total variation, i.e.

vies W|(K) = v (K) + v (K).

However, we will be interested in a different norm on M (K'), which has the advantage
of being strictly related to the metric p and, as a matter of fact, we can even say it
extends it, in some sense. Of course K can be embedded as a set of M (K) by mapping
each point z of K to the Dirac measure d, concentrated at x. This norm we are about
to define, called the Kantorovich-Rubinstein norm in honour of the mathematicians
that first thought of it, has the property that

Hdr - 5y”p = /)(xa 3/)

hence, in the sense specified above, extending the metric p from K to the set of finite
signed Borel measures on K.

To define it on M(K) we first have to define it on a subspace, My(K), which is the
space of all measures v in M(K) such that v(K) = 0. These measures are called
vanishing measures.

To any such a measure v we associate the family W, of all non-negative measures
€ M(K x K) such that for any Borel F' C K the balance condition

WK, F) = 0(F, K) = v(F) = v*(F) — v~ (F) (2.9)

Remark 2.15. This balance condition has an interpretation in Optimal Transport The-
ory, as we can read Equation to say that 1 is a transport plan from v+ to v~.
As a matter of fact, finite non-negative Borel measures on K are the perfect math-
ematical object to describe (eventually degenerate, i.e. concentrated in null measure
sets) distributions of mass in a set K, this is because any question of the type: how
much of the mass distributed according to v is in the Borel subset B of K is naturally
answered by computing v(B). In the framework of Optimal Transport Theory, a non-
negative measure ¥ on K x K satisfying the balance condition is a proposed method
of redistributing the mass from the way it is distributed according to v to the way
it is distributed according to v~: with this interpretation, we read W(A, B) as how
much of the mass from A is moved to B and we read the balance condition as saying
that the mass that ¥ moves from all of K to F’ minus the mass that ¥ moves from K
away to F is exactly equal to the difference of masses in I’ in the starting and target
distributions. Integrating p(x,y) over K x K with respect to the measure ¥ means
computing the cost of the transport plan ¥, as p(z,y)dy(x,y) is the infinitesimal cost
of moving mass from x to y, with the assumption that the cost is proportional to the
distance.
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The norm of v € My(K) is defined by:

= ot [ [ ety .10

pev,

and its value with the corresponding optimal transfer gives the solution to the mass
transfer problem from p~ to u® with cost p (see [9] and reference therein); moreover
for generic p € M(K) by

—_ 0 .
lllo = _inf WAl + | = vI()} (211)

It is worth noting that the infimum in (2.10) is the same if taken over a smaller set ¥,
of measures ¢ € M, (K x K) such that

v, K)=v_, WYK,)=vy

where v_ and v, are the negative and the positive variation of v and the set of mea-
sures with finite support is dense in M (K) in the KR-norm.

When equipped with this norm, M(K) enjoys important properties which are well
revealed by Dunford-Pettis Theorem [28]: in particular weakly compact sets are char-
acterised as those consisting in uniformly bounded and uniformly additive (in other
words: equiabsolutely continuous) sets of measures. Of course "weakly" means with
respect to the duality o(M, M'). Unfortunately there is not trasparent characterization
of the dual M’

The main property of the space M(K) endowed with the KR norm is the following
duality relation (see, for instance, [82, Theorem 0]):

(M(K))" = Lip(K, p) (2.12)

(alternatively, we also have (My(K))* = Lip(K, p), where in this case the functions in
Lip are considered modulo a constant). What Hanin did in [82] is to find a necessary
and sufficient condition for p to enjoy this other duality relation:

(lip(K, p))" = (M(K))", (2.13)

where ()¢ refers to the completion. These two results combined, in particular, would
imply biduality for the pair (lip(K, p), Lip(K, p)).

A family of distances that satisfies the assumption given by Hanin is given by {p*}o<a<1,
where p is a given distance, so in particular we obtain that

(lipa (K, p))* = Lip, (K, p),

with the intermediate space being M (K') endowed with the Kantorovich-Rubinstein
norm || - ||z corresponding in this case to the metric p®.

What we proved in Section about 0-O structure for (lip, (K, p), Lip. (K, p)) will
have a consequence on the possibility to decompose any finite signed Borel measure on
(K, p) as series of simpler finite signed Borel measures on (K, p) that we will call atoms
as their support is of cardinality at most 3. This will be the main result of this section.
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To be able to reach it, let us show the following abstract result on 0-O structures, which
deals with atomic decomposition of elements of the predual F, of a given Banach space
E. The first occurrence in the literature of the concept of atomic decompositions was
in a paper of E. Stein when considering the Hardy space E, = H' (see [66],[53]: in
that case E = BMO, the space of functions of bounded mean oscillation introduced
by John and Nirenberg in 1961 (see Chapter 4).

Theorem 2.16 (Angrisani, Ascione, D’Onofrio, Manzo, 2020, [16]). Let (Ey, E) be an
0-O pair such that the space of the operators (£, ) is separable. Then there exists a
constant C' € (0,1) such that for any ® € E, there exist two sequences (gn)nen C Fi
and (A\p)nen € L(RY) such that gnllz = 1,

neN

and
+oo +oo
DIPYEI LIS PPN
n=1 n=1

Proof. Since we have that the map T, : L € & +— Lx € Y is continuous, we can also
observe that

E = {x € X : sup | Lz|y < +oo} :
LeZ

From [59, Theorem 3| we know that for ® € E, there exists a sequence (y}),en € £1(Y™)

such that .
=Y "Ly
n=1

for some sequence {L,},>0 C & independent from ®, where L} € Lin(Y* E,) is
the adjoint operator of L,. Now let us recall that ||Ln||1inmyy = L7 llLiny- .- BY
definition of F, we can use the Banach-Steinhaus theorem to assure that there exists
a constant K such that

I lline. 2 = [nlluiney) < K1

Let us then define
Ly,

n

Lyl

(9n = 0if L}y = 0) and A, = [|L;y;| . to obtain

n n

+o00
b = Z AnGn.-
n=1

Now let us observe that, since ||g,||; =1,

+o0
9] 5, <D A
n=1

gn




22 CHAPTER 2. THE SPACE LIP

Let us also observe that

| Lyl

n

ys S K, HZU:L‘

B = ”L;szLin(Y*,E*) |Yn| Y+

so that

1
. > .
Y ——}(1

Since the predual is strongly unique, by using the isometry in [59, Theorem 3| we have
that there exists a constant K, (independent from &) such that

+00 K —+00
* 2
B DI NET-
n=1 n=1

Pose C = % to conclude the proof. n
1

4]

1]

Now we are ready to give an atomic decomposition of the space M (K) endowed
with the Kantorovich-Rubinstein norm induced by a metric p® for some a < 1.

Theorem 2.17 (Angrisani, Ascione, D’Onofrio, Manzo, 2020, [16]).
Fiz o € (0,1) and let p € M(K).
Then there exist a sequence of atomic measures (fiy)neny C M(K) with

card(supp(pn)) <3

and a sequence (V,)nen € ((R) with v, > 0 such that

+oo
Mzzzjizvhﬂn

n=1

where the convergence is intended in the Kantorovich-Rubinstein norm with respect to
p%. Moreover there is C' > 0 such that

+00 +oo
CY <l e <D (2.14)
n=1 n=1

Proof. Since we have shown that the pair (lip, (K, p), Lip.(K, p)) admits a 0-O struc-
ture whenever a € (0,1), we know that (lip, (K, p))* is the strongly unique predual of
Lipo (K, p) and (lip, (K, p))* ~ (M(K))°. Moreover, let us observe that the topology
on & is the one induced by the natural topology on V' x K x (0, 1], hence it is separable.
Thus we know that there exist a sequence (v, )nen € 1 (R) with v, > 0 and a sequence

(tn)nen C (M(K))¢ such that
“+o0
w= Z’Vn,un
n=1

with [[pp]] o = 1.

Now recall that u, = Lugn by definition for some operators L, € &£ and for some
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g5 € Y* = R2 Let us observe that for any g € R* and f € Lip,(K, p) we have

_ f(xn) - f(yn) p(:En, yn)a P
(Lnf,g) = P(ﬁn—, ) g1+ Do f(2n)92

while

(f. Lig) = /K fdLig.

From these two relations we have for any g € R?

* 5xn_5n xnana
Lyg= ygl+p( y)gaézn

" p(Xn, Yn)® D«

where ¢, is the Dirac delta measure concentrated in x. Hence we can conclude that pu,
is a purely atomic measure with card(supp(u,)) < 3. ]

Everything we said so far has the flaw of not being applicable to the most classic of
all metric spaces: Euclidean spaces. With the choice of K C R" and p(z,y) = |z — y|
we can still infer an interesting atomic decomposition for the space M(K) of Borel
measures on K and its completion M (K)° with respect to the Kantorovich-Rubinstein
norm. In what follows, since the metric space is fixed, there is no use in specifying
the metric as a subscript of the Kantorovich-Rubinstein norm, so that we will simply
denote it with || - ||xr (or || - || k&, for the one defined on My(K')) honouring the initials
of Kantorovich and Rubinstein. What is left of this section is dedicated to this question
and its answer contained in [I9]. To do so, let us introduce the notation

Lipy(K) = Lip(K)/ R,

i.e. the Lipschitz space Lip(K) modulo constant functions.
In Lipy(K), to simplify the notation, we will identify any function f: K — R with its
equivalence class. If we endow Lipy(K’) with the norm

|f(z) = f)l
[fllpipy ) = sUP ——————,
Lipo(K) (z,y)EK? |‘T - y|
TH#Y

then this normed space is a Banach space.

In the following we will need to embed the spaces Lip(K') and Lip,(K) into suitable
reflexive Banach spaces, which can be also seen as a special subcase of the aforemen-
tioned Besov spaces. For our purposes, the natural candidates are fractional Sobolev
spaces. An almost complete survey on such spaces is given in [57].

Definition 2.7. Let us denote by W*?(Q) for s € (0,1) and p > 1 the fractional
Sobolev space consisting of the functions f € LP(Q2) such that

oy (@) — FW)P

[z — e dzdy < +o0.
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If we endow W*P(Q) with the norm

“fHWsm(Q) = Hf”v’vsm(n) + HfHLp(Q)

it is a reflexive separable Banach space (since it is uniformly convex by means of a
Clarkson-type inequality [79]). The homogeneous fractional Sobolev space W*?(Q) is
defined as W*P(Q2) = W*?(Q)/ R and if we endow this space with the norm 1 lirsr ()
it is a reflexive separable Banach space (for the same reason as before).

Remark 2.18. Let us recall that if ps > n then, by a fractional Morrey-type embedding
theorem, we have that W*?(Q) — C(K) (this is true for any doubling compact metric-
measure space as a consequence of the Morrey embedding for Hajtasz-Sobolev spaces
[81, Theorem 8.7] and the continuous embedding of Besov spaces into them [78, Lemma
6.1]). In this case we will always consider the continuous version of a function in
We=r(Q).

Another characterization of W*P(Q) for sp > n is given as the space of functions
[ € W#P(Q) such that f(z) = 0, for an a priori fixed point z € K (here we are
implicitly using the embedding W*?(Q) < C(K)). In particular we have (by using
the same idea adopted for Lip(K’)) that the norm

1 lwsr)z = [fllien) + 1 (2)]

is equivalent to HHWp(m By identifying C(K)/R in the same way we have
WP (Q) — C(K)/R.
Moreover, let us make the definition of atoms and dipoles precise

Definition 2.8. We will call J-atom any measure p € M(K') whose support is finite.
Moreover, we call dipole any measure p € My(K) of the form y = a(d, — ;) for some
a € R and (z,y) € K?, with a # 0 and x # y.

To obtain a decomposition of elements of My(K )¢ - which will induce a decom-
position of elements of My(K) - we generalize the approach of [16], which relies on
the 0-O structure of (lip,, Lip, ), by using results contained in [59], which allow us to
remove the dependence on the "little 0" space, as it is trivial for Lip and Lip,. We
start by writing Lip, in a suitable way. Indeed we want to make use of [59, Theorem
3] and, to do this, we have to characterize Lip, by means of linear bounded operators
L: X — Y where X is a reflexive Banach space containing Lip, and Y is some other
Banach space. In particular, we want to find a countable family & = {L;};en of such
kind of operators such that

Lipo(K) = {7 € X+ sup L fll, < -+oc}.
je

As we will see from the following Lemma, the natural choice we have for Y is R and
for X is W*P(K). Indeed, as we stated before, W*P(K) is separable and reflexive
and contains Lip,(K) by definition. Moreover, we can chose s and p in a suitable
way to obtain W*?(K) continuously embedded into the quotient space C'(K)/R. This
choice will be useful to show the boundedness of L;. Here the compactness of K
plays a prominent role, as in this case C(K) C L*(K) (that will be useful to show
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boundedness of L,). In case we choose K to be not compact (for instance unbounded),
then we need to find a different approach to show boundedness of the operators. For
now, let us focus on the compact case.

Lemma 2.19. There exists a sequence of functionals
(Lj)jen : X = (W*P(Q)) > Y =R

such that .
Lipy(K) = {f € W*7(2) 5 sup|L;]| < +0)
je

and
||f||LipO(K) = ilelg 1L fl.

Proof. First of all, let us fix s € (0,1) and p > 1 such that ps > n, so that
WsP(Q) — C(K)/R. Let us consider D; C K, a countable set such that K = Dy,
and K; = K\ D;. Now let us consider Dy C K, a countable set such that K; = Ds,.
Finally, let us define D = D; x D,. Observe that Dy N Dy = () so, for any (z,y) € D,
x # y. Moreover, D is countable, hence we can enumerate D = {(z;,y;)};en. Finally
D = K x K. Let us define

fz5) = fy;)

cR.
|z — yjl

Lj: f € W*P(Q) —

L; is obviously linear. Moreover, since W*?(Q) < C(K)/R we have

() = Fly)l o 2

lz; — yj =z =yl

||f||L°°(K) <Cj ”f“VV&P(Q) )

hence L; € (W*?(Q))* for any j € N. '
Finally, let us observe that by density of D in K x K and continuity of f € W*P(Q),

. =sup |L;
1 hip = 5B 571

concluding the proof. O

Now that we have this rewriting of the definition of Lip,(K’) we can use the tech-
niques employed in [59] to obtain the desired atomic decomposition. Before giving the
main result, let us make use of the ideas behind [59]. Indeed, in such case, one can
define the operator V' : Lip, — ¢ as, for any f € Lip,, V f(j) = L,f for any j € N.
Thus, after obtaining that V' Lip, ~ Lip, (here we are using Y = R and R™ ~ R) it is
not difficult to check that a predual (Lip). is isometrically isomorphic to ¢*/P where
P = (V Lipy)* N €' (where with | we denote the annihilator). This gives us a series
representation of the elements of My(K )¢ viewed as a predual of Lipy(K). This is an
underlying reason for the following result.

Theorem 2.20 (Angrisani, Ascione, Manzo, 2021, [19]). There ezists a constant
C € (0,1) such that for any choice of functional p € My(K)¢ there exists a sequence
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(aj)jen € L1(R) such that

+oo
5. — 6,
p=> ——"a;
jzl 25—yl 7

where the series converges in KRy, and

+o00 +oo
Ol < lliallgemy < D el (2.15)
j=1 Jj=1

where the sequences (x;)jen and (y;)jen are defined in Lemma [2.19  Moreover, the
sequence of §-atoms (11;)jen C Mo(K) defined as

T oy =yl

spans Mo(K)¢, with HujHKRO =1 for any j € N. In particular, the §-atoms p; are
dipoles, hence have support of cardinality exactly 2.

Proof. By [59, Theorem 3] we know that there exists C' € (0,1) such that for any
p € My(K)° there exists a sequence (o) en such that

+o0o
_ *
B= § Ljaja
j=1

where L} is the adjoint operator of L;, and

+o00 +o0o
OZ ”L;aj|{KRO < H“HKRO < Z HL;aj||KRo :
j=1 j=1

Since one has

fz) = fy))

(f, Ljoy) = (Ljf, a5) = T
i Y
then
* 6%‘ — 6313'
T =yl
concluding the proof. O

Remark 2.21. Let us remark that one could use any separable Banach space X such
that Lip(K) C X C L*°(K), where the second inclusion is continuous, in place of
WeP(Q).

Moreover, let us observe that the previous theorem provides a ¢!/ P-atomic decompo-
sition of My(K)°.

We now devote to a similar atomic decomposition in the larger space M (K )¢, with
the help of the space Lip(K'). This time we cannot use the same operators as in Lemma
since they define a seminorm on Lip(K'). The following rewriting of Lip(K) relies
on the fact that we can consider on R? the /> norm.
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Lemma 2.22 (Angrisani, Ascione, Manzo, 2021, [19]). There exists a sequence of oper-
ators (Lj)jen €  Lin(W*P(Q),R?), where we equip R®> with the norm
1@, )|l = max{|z|, |y|}, such that

Lip(K) = {f e W>*(Q) : sup 1L fll e < +o0}

and
1 liperey = sup [ L f | poe -
JEN

Proof. First of all, let us fix s € (0,1) and p > 1 such that ps > n, so that

WeP(Q) — C(K), and let us consider the set D C K? defined in Lemma [2.19] Let us

define
|25 — v

L; is obviously linear. Moreover, since W*?((2) < C(K) we have

L f € W (Q) > <

| () — f(y5) 2
e { LT )1} < {2 bl 6 i
25 — v |z —

hence L; € Lin(W*?(Q),R?) for any j € N.

Finally, let us observe that by density of D in K X K, Dy in K, and continuity of
f e W=P(Q2) we have

||f||Lip(K) = Sup 1L f oo
JEN

concluding the proof. O]

As we did earlier, we can now use the techniques of [59] to obtain the atomic
decomposition of M (K)¢. Let us recall that the starting point of the following result is
still the series decomposition that follows from [59, Theorem 3| that we discussed before
Theorem 3.2. Moreover, let us recall that Remark holds also for the following
theorem.

Theorem 2.23 (Angrisani, Ascione, Manzo, 2021, [19]). There ezists a constant
C € (0,1) such that for any functional p € M(K)° there exists a sequence
(@}, a?)) en € £1(R?) such that

J g
w = Z( Oz+(5q;]0é]),
25 — 4

where the series converges in KR, and
“+oo “+o0o
O (il +1a31) < llullcp < Z (Jej] + lag ), (2.16)
Jj=1 J=1

where the sequences (x;)jen and (y;)jen are defined in Lemma [2.22 In particular, the
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sequence of §-atoms (uj)jen C M(K) defined as

e n 9k 1
I T (2.17)
Ou), Jj =2k

spans M(K)°, and ;]| g < 1 for any j € N.

Proof. By [59, Theorem 3] we know that there exist C € (0,1) and
((a,a?))jen € (*(R?) such that for any pu € M(K)°

7770
+o0
*
=1

where L is the adjoint operator of L;, o = (o}, a?) € R?, and

400 400
CZ ”L;O‘jHKR < lullxr < Z HL;@J'HKR- (2.18)
J=1 j=1

As in the proof of Theorem [2.20 we have

Ti 5?/1‘

Lo, = 22— ot 45, a2
T r eyl
Now let us determine some upper and lower bounds for | LjajHKR. To do this, let us
recall that
16, = 6, = min{lz — 1.2} < Je gl [6allp=1Ve,y € K.
Hence we have for the upper bound
|L*Oé|| < ||5x]~_5yjHKR‘al‘+H5 H ’052’<’041’—|—’Oé2| (2 19)
JTIIKR — |33j—yj! J TiNKRIT3 = 1777 gl :

Concerning the lower bound, let us recall (see [84, Section 4.1]) that

(f(l“j) — fwi)

L
I o |25 =y

j =
’ HKR 1 llLip ey <1

o + f(:q)a?) : (2.20)

Let d = diam(K) and let us define the functions

17 PR
Jjﬁfl : aj,af =0
14|z, —
2=zl 4l < 0and a2 >0
1oy dt1 j j
filzag,05) = ¢ 2T, 2
a1 Oéj 2 0 and Oéj <0
—1+|z;—2| 1

(07

2
dr1 55 <0.
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By using this function as test function in (2.20)) we obtain

1
12505l cn = d+1<\a}| + log)) (2.21)

Using Equations (2.19) and (2.21)) in Equation (2 and setting C' = #1 we finally
achieve Equation (2.16)). O

Remark 2.24. Let us observe that the sequence of §-atoms (f1;);jen is composed by delta
measures and dipoles. In particular, if j is even, then pu; is a delta measure and then
the cardinality of its support is exactly 1. On the other hand, if j is odd, then p; is a
dipole and then the cardinality of its support is exactly 2. Thus we have that for any
functional u € M (K)® there exists a sequence () en € £'(R) such that u = Z] L OfL
where j1; are d-atoms with support of cardinality at most 2.

We still have a ¢!/ P-atomic decomposition of M (K)¢. However, in this case, the atoms
p; are such that ||p1]  p < 1. In particular, if diam K < 2, we obtain again ||| p = 1
for any 5 € N, while, in general, this is true only for even j. Let us also observe that
to obtain the lower bound in this case, Kantorovich-Rubinstein duality for the norm
on M(K)¢ (see [84]) is actually the main tool.

Remark 2.25. Let us stress that both inequalities (2.15) and (2.16) hold true for re-
spectively a certain sequence (a;);en € (*(R) and ((a},a?))jen € ¢*(R?). In partic-
ular, setting u € My(K), inequality (2.15]) is not necessarily valid for any sequence

(aj)jen € (Y(R) such that p = ;L“f Z ZI% in KRy with the same constant C.
This is due to the fact that we have an isometric isomorphism between (My(K))¢ and
('(R)/P, which is a quotient space with norm ||[a]|l,,p = infsep [l — B]|,x for any
a = (aj)jen € £1(R), while the inequality is expressed in terms of the ¢! norm of one
of the representatives of the class [a] characterizing u € (My(K))¢. The same holds for

(-16).

Remark 2.26. Let us observe that if € My(K)® and

= Z<| a+5za>, al',a? € 1(R)
T — yjl

then +°<f a5 = 0. This is a direct consequence of the fact that u(K) = 0.

With the same strategy exploited in the previous remark, we can prove a similar
property for any p € M(K)¢, as we can see from the following Proposition.

Proposition 2.27 (Angrisani, Ascione, Manzo, 2021, [19]). Let un € M(K)® and
((af,a3))jen € (Y (R*) be the sequence defined in Theorem . Suppose
((BY, B))jen € L*(R?) is another sequence such that

]7
o= Z( T y] 1 5%52>
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and inequalities (2.16|) hold. Then

—+00

> (@] =8 =0

i=1

Proof. Let us define the following measures for N € N:

VN = py — PJN_Z|$ — — Bj) + 0z, (0 — B7).

First of all, let us observe that both u% and ,u?\, converge in K R norm towards p.
Now let us observe that

N 5 _5‘ N
D myer =) +on(el =8| <D (oG = Bl + fa = 1)
j=1 J J KR j=1
N N
< (el + 1ad) + D (18} +182D).
Jj=1 Jj=1

Taking the limit as N — +o00 we obtain that the series in the left-hand side converges

and in particular
+o0o

-

< 2l
\x]—yj\ - C Hllxr:

Tla; = 5))
KR

j=
Now let us consider M > N > 0 in N and observe that

M
lvw — varllgr = Z oy (1~ 0+ 0e,(0F = )
=N+ J KR
M
-
< #(al _ 51) + 5%,(042. — 52) _
25 — vy ! ! ’ KR

j=N+1
In particular (vx)n>o is a Cauchy sequence in the Banach space M (K), thus it admits

a limit v € M(K)° given by

R 5%_5@/' 1 1 2 2
=3 (B -5).

j=1
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Now we need to identify v. To do this, let us just observe that

y= lim vy = lim (4§ — i) =p—pu=0,

N—4o00 N—+o00
and then we have
< ‘5% B 5yj 1 1 2 2
0= =yl —B)+oaf=5)). (2:22)
j=1 J J

However, we have, by [84, Equation 1.18]

+00 +oo
Oz, — Oy,
0 =0l cr = || Y (—u, —, (05 = B)) +0s,(05 - 55)) > > (a8,
j=1 N kr =1
concluding the proof. O]

Let us observe that the same strategy does not lead to uniqueness of the coefficients.
Indeed Equation (2.22)) does not imply

“+o00

> (ot — Bl + [a? — B2]) =0,

j=1

in view of Remark 2.25]
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2.4 Generalized Differentiability for Lipschitz Func-
tions: an application to Optimal Control Theory

2.4.1 An introduction to the problem

On the one hand, necessary conditions for minimizers of nonsmooth optimal control
problems are usually given in terms of a Maximum Principle involving some kind of
generalized differentiation and connected approximating cones: since the early Seven-
ties the vast and rich literature of Nonsmooth Analysis has addressesed this important
issue (see [48], [116] and [137] for example). On the other hand, the so-called higher
order necessary conditions require an higher regularity of the dynamics. This is the
case, in particular, of necessary conditions encountered in Geometric Control Theory,
which involve Lie brackets of the dynamics: the mere existence of these brackets re-
quires that the involved vector fields have a sufficient degree of differentiation. Indeed,
let us recall that the Lie bracket of two differentiable vector fields hq, ho is defined, in
any system of coordinates, as [hy, ho] = Dhohy — Dhihs. Therefore, one needs hy, ho
to be at least differentiable, or even smoother when iterated brackets are considered.
A natural question is: what to do if hy, hy are just Lipschitz continuous? After all, the
domains Diff(hy) and Diff(hy) where hy and hs, respectively, are differentiable, have
full measure by Rademacher’s Theorem, so that the Lie bracket [hy, hs] is classically
defined on Diff(h,) N Diff(hy), i.e. almost everywhere. So it is reasonable to wonder if,
as it happens in the smooth case, such almost-everywhere-defined brackets would be
capable to provide informations about the limit behavior of controlled trajectories hav-
ing a vanishing first order part. Actually, in connection with controllability problems,
this question has been addressed in [128] , where the following everywhere-defined,
set-valued Lie bracket for Lipschitz continuous vector field has been introduced:

[f, glset(T) = @{ 7}3&[]“, 9l(xy), ©, = x, x, € DiIff(f) N Diff(g)} (2.23)

In [126], [127| this notion of set-valued Lie bracket has proved suitable for the gen-
eralization of some classical results of differential geometry —like the commutativity
criterion or Frobenius Theorem— from the smooth case to the non-smooth one but see
Simich, Montanari for different approaches. Let us point out that the utilization of
some larger Lie brackets does not lead to satisfactory generalizations of the known
results involving the classical Lie brackets [

Now, controllability and optimality can be regarded (from the view-point of set-
separation) as sort of dual problems. So, it is somehow natural to investigate the
following question:

Q. Can one add to a standard (non-smooth) Mazimum Principle a necessary condi-
tion for minima which involves the set-valued Lie brackets defined in (2.23)) ?

In the present section, which is a condensation of the results obtained in [20](still in
state of preprint), we give a positive answer to this question, in relation with an optimal

3For instance, as a bracket larger than [f, g]sc: one could consider the set {Lohy — Liho, (L1, Lo) €
Oh1 X Ohy}, where Oh denotes the Clarke’s generalized Jacobian. On the other hand, one would obtain
a bracket smaller than [f, g]se: simply undoing convexification in (2.23)).
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control problem of the formlﬂ

minimize ¥ (T, z(T)) over processes (T, u,a,x),
where z : [0,7] — R"™ solves

(P) m (2.24)
dz i N
o =S+ doglent 2(0)=3 |uli <K (T,2(T)) €T
i=1
Here, the vector fields ¢g; : R® — R", ¢ = 1,...,m are Lipschitz continuous and the

controls u take values in R™. In particular, the controls u(-) are unbounded in L> while
they are costrained to have L'-norm less or equal to K. The end-time 7T is not fixed,
but the considered trajectories x : [0, T] — R" verify (T, z(T')) € ¥, where the target T
is a given subset of RT x R™. Let us point out that a minimizer for problem (P) rarely
exists with the slow growth hypothesis we will make on the cost function. Actually, in
order to guarantee existence of a minimizer, one densely embeds the original problem
in the extended problem

(‘minimize U(t(S),y(S)) over processes (S, w’ w,t,y)

where (t,y) : [0,5] — R solves
dt

(Pecnt> % = w0(5>
Yo fe + Y gt GO =0.8) el K (60)(S) €T

where the controls (w®, w) belong to the set

U {(@® w) € L7(0, 5], R* x %) : w'(s) + Ju(s)| = 1}.
S>0

Observe that problem (P.,;) is simply obtained from (P) by first reparametrizing time
through

and then allowing also impulsive subintervals I C [0, 5] (i.e. w’(s) =0Vs € I). Notice,
in particular, that (P,,;) is a problem with controls which are bounded in L°°.

As for necessary condition for a minimizer (S, w°,w,7°,7) of the extended problem
(P)est, intuition suggests that answering question Q should mean complementing the
usual, non smooth, maximum principle (in one of the available versions) with conditions
that tell something about the relation between the corresponding adjoint variable p(-)

4Here a simplified form of the problem is presented. In the general form of the problem considered
later in this section, the drift f is allowed to depend on bounded control a, and an additional current cost

T
/ I(x,u,a)dt is considered. Moreover, the controls u are allowed to range over a cone € = €, X Go,
0

where, %, is a closed cone in R™ containing the coordinate axes, &5 is a closed cone in R™2 not
containing any straight line, and m = my + mo.
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and set-valued Lie brackets [g;, g;]set-
Our main result, which we state below in a simplified form —see Theorem for

a rigorous and more general statement—, actually says that at almost every s € [0, S]
a sort of generalized Goh condition holds true:

Theorem 2.28 (Angrisani, Rampazzo, 2021, preprint). Let (S,@°,w,7°, %) be a local
minimizer for the extended problem (Pe..:), and assume that |w||y < K. Then there
exist multipliers (po, p, \) € R* x AC([0, S; (R™)*) x R* such that, besides the standard
necessary conditions of Pontryagin Mazimum Principle, we have the following new

condition:

e Foranyi,j€{l,...,m} and for almost any s € [0, 5],

0 € p(s) - [9is g5)set(T(3)). (2.25)

Clearly, the importance of such a result relies on the possibility that a trajectory
allowed by the standard maximum principle is not a minimizer, in that it does not
verify condition . An example in the last subsection of this section illustrates
this circumstance is actually possible.

Let us mention that a crucial tool for the proof of Theorem[2.28| (in the more general
version of Theorem [2.35)), is represented by the Quasi Differential Quotient, a notion
of generalized differentation (valid also for set-valued maps) introduced in [119] as a
special case of Sussmann’s Approximate Generalized Differential Quotients [4]. This
tool and the corresponding notion of approximating multi-cone are flexible enough to
allow an expression of variational cones generated by multiple set-valued Lie brackets
as well as appying of a peculiar criterion (see Theorem 4.37, p. 265 in [4] or Theorem
2.3 in [119]) which connects set-separation and cone-separability. In turn, the latter
property is equivalent to the existence of multipliers (po, p, ).

We conclude this presentation by making some remarks concerning applications and
desirable developments. Though the pervasiveness of control-affine control systems is
such that no justification is needed for treating a low regularity issue involving them,
the fact that we allow unbounded controls must be underlined. Let us just mention
that they show up naturally e.g. in Classical Mechanics as soon one identifies the
control with a moving part of a given mechanical system (but also in other techno-
logical applications, e.g. in neurological dynamics or aerospace navigation). However,
another, fully mathematical, application maybe deserves some attention: we refer to
case that when the control system is driftless, and, in particular, to sub-Riemannian
geometry. Actually, in this event, due to rate-independence, any unbounded control
can be replaced by a bounded control without changing the resulting trajectory (up
to reparametrization). Hence our result might be regarded as a first step towards the
investigation of some kind of non-smooth sub-Riemannian geometry.

Throughout this section the elements of an Euclidean space R? will be thought as
column vectors, while row vectors will represents the linear one-forms, i.e. the elements
of the dual space (R?)*. To save space, if ¢; . . ., ¢, are positive integers and if z; € R% for
alli=1,...,r,¢:=q+...,q, the notation (z1,...,z,) will denote the g-dimensional
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column vector
X

Ty

The space of all linear operators from a vector space X to a vector space Y will be
denoted by Lin(X,Y). Whenever X and Y are Euclidean spaces, it will be understood
as a space of matrices. .
If M(-) is a n X n-matrix-valued L' function on [0, S], let us use the notation elst M) ds
s1, 82 € [0, 5] to denote the fundamental matrix solution of the linear equation

%(3) = M(s)v(s). (2.26)

Namely, for every s, s, € [0,5], v € R, elst My = v(sg), where v(-) is the solution to
such that v(s;) = v.

Moreover, we remark that the symbol dist (+,-) is used in this section both for the
Euclidean distance between two points and for the distance of a point z from a set S,
namely

dist (z, ) = inf dist (z, s) .

SES

Lastly, for any subset S of an Euclidean space, by co(S) we mean the convex hull of S,
i.e. the smallest convex set containing S, obtainable by intersection of all convex sets
containing S. The symbol ¢6(S) denotes the closure of such convex hull, and it is also
the smallest closed convex set containing S.

2.4.2  Set-valued Lie brackets, Quasi Differential Quotients,
and Approximating Cones
Definition 2.9 (Clarke’s Generalized Jacobian). Let F': y € RY — F(y) € R" be an

almost everywhere differentiable map and yo € RY. We say that the set 9,F(y) is the
Clarke’s Generalized Jacobian of F' at point yq if

Lin(RN,]R") D 0,F(yo) == ﬁ{ lim DF(y,): Diff(F) >y, — yo}.

n—oo

Definition 2.10 (Quasi Differential Quotients (QDQ)). Let F' : RY = R" be a set-
valued map, (7,7) € RY x R", A C Lin{R",R"} be a compact set, and ' C R" be
any subset. We say that A is a Quasi Differential Quotient (QDQ) of F at (7,y) in
the direction of I if there exists a modulus p : (0, +00) — (0, +00) and Vo > 0 there is
a continuous map

(Ls, hs) : (7 + Bs) N T — Lin(RY R") x R"
such that
min | Ls(7) = L'| < p(8),  [hs(7)] < 6p(9), and

Y+ Ls(y) - (v =7) + hs(v) € F(7), (2.27)
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whenever v € (y+ Bs) NI .

Remark 2.29. Whenever F is a single-valued continuous map from RY to R, the
inclusion ([2.27)) is actually an equality. In this case, to show that A is a QDQ of F' at
(7, F(%)) it would be enough to find a family {Ls, > 0} of continuous maps

Ls : (7 + Bs) NT — Lin(RY R™)
satisfying,

min | Ls(y) = L'| < p(9), and [F(v) = F(3) = Ls(7)(v = 7)| < 6p(6)
whenever § > 0 and v € (7+ Bs) NI, as in this case the continuity of the error function
hs := F(y) — F(¥) — Ls(v)(y — %) would follow from the hypotheses.

Remark 2.30. To further specialize the previous remark, assume F' is single-valued and
continuous and assume one is able to find a positive real number € > 0 and a single

continuous map
L: B:NT — Lin(RY,R")

satisfying

lim dist (L(y),A) =0, and lim [F(y) = F(0) = L(y)]

=0.
I'3y—0 '37—0 led

This is enough to prove that A is a QDQ for F at (0, F(0)) in the direction of I'. This
is because one could define Ls to be the restriction of L to Bs NI and a valid choice
for the modulus p(d) would then be, trivially

p(d) = max{ sup dist (L(7),A), sup ’F(’Y)—F(O)—L(’Y)’Y\}

yEBsNI' yEBsNI' 6

which is well defined on (0,¢) (provided & was chosen suitably small), positive, non-
decreasing, tends to 0 as § — 0% and so A is proven a QD(Q as prefigured.

In any Euclidean space R", a subset C' C R" is called a cone if av € C,Va > 0 and
Vv € C. A set € whose elements are cones is called a multicone.
For any given cone C' C R", the set

Ct={veR" v-c<0VcecC}

is a closed cone in R” called the polar cone of C'. On the other hand, the polar cone of
a multicone, defined by
¢ =)
Cce%

is not necessarily a closed subset of R™.

Two cones C and C5 are said to be transversal if C; — Cy = R”, where C; — C} is
the set of differences c¢; — co, with ¢; € C} and ¢y € Cy. In addition, they are strongly
transversal if they also have non-trivial intersection. Trivially, this is equivalent to
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saying there exists p € (R™)* such that p-v > 0 for some v € C; N Cy

Two multicones €, and €, are transversal if the same can be said for any couple of
cones C € €; and Cy € 5. Two transversal multicones €, and €, are also strongly
transversal, if there exists a single p € (R™)* such that for any C; € €; and Cy € 6>
an element v € C; N Cy such that p-v > 0 can be found.

Since two cones C; and Cy are linearly separated, i.e. Ci- N —C5 # {0}, if and only if
they are not transversal, two cones or even multicones that are not strongly transversal
are sometimes termed weakly linearly separated.

It was shown by Hector Sussmann in [I32] that two multicones €; and &, are weakly
linearly separated if for every 0 # u € (R™)* there exist C} € €, Cy € o, m € CF,
7y € Oy and a non-negative real number 7y such that

(mo, M1, m2) #(0,0,0) and 7w + M = p - 7.

This statement of weak linear separation becomes extremely useful whenever a non-
zero functional —pu is chosen in the polar cone of every cone of the multicone %5, as
it then follows from 7 — pu - Ty = —mq, that two cones C; € €; and Cy € €5 can be
found, that are linearly separated.

A convex multicone is simply a multicone consisting solely of convex cones.

Definition 2.11 (QDQ approximating multicones). Let S be any subset of R™ and
x € S. A convex multicone € is said to be a QD@ approximating multicone if there
exists a function F : (RT)Y — R" such that F((RT)Y) C S, Ais a QDQ for F at
(0,x) and

€ ={L-(R")N, LecA}

Definition 2.12 (Local separation of sets). Two subsets S; and Sy are locally separated
at x if and only if there exists a neighbourhood U, of x such that

S1 ﬂSQﬂUJ; = {ZL‘}

As a consequence of an open mapping theorem involving QDQ)’s, the following fact
holds true (see Theorem 4.37, p. 265 in [4] where the lemma was proven in the more
general context of AGDQ@’s, of which QDQ@’s are a special case)

Lemma 2.31. If two subsets S and Sy are locally separated at x and if €, and €5
are QDQ approximating multicones for S1 and Ss, respectively, at x, then €1 and €G-
are not strongly transverse.

The proof of the following lemma can then be recovered from [132].

Lemma 2.32. Let €, and €- be two multicones that are not strongly transversal. If
there is a linear functional p that is in Cy- but not in —Cy for all Cy € G, then there
are two cones C € €, and Cy € G5 that are linearly separated.

2.4.3 Lie brackets for Lipschitz vector fields
Given two Lipschitz vector fields f,g : R® — R", it is known by Rademacher’s

theorem that the set Diff(f) N Diff(g) of points of differentiability of f and g is a has
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full measure. Basing on this fact, the authors of [128] introduce the following concept
of a set-valued Lie bracket:

[f:9lea(@) = { lim [£.g)(z). — . @, € Diff(f) NDiff(g) },

where we mean that all existing limits along sequences (z,) C Diff(f) N Diff(g) are
considered. Clearly, for every « € R", one has [f, g]set(x) # 0. Moreover [f, glset(z) =
{[f,9](x)} as soon as f,g are of class C' in a neighborhood od z. One trivially has
that the relations [f, flset = {0} and [f, glset = —[g, flset keep holding for set-valued
brackets, with the understanding that —S is the set of opposites of elements in S.
Furthermore, some basic results have been generalized to set-valued Lie brackets . For
instance, the flow of f, g locally commute if and only if [f, g]se; = 0. Furthermore, by
means of generalization of the involutivity condition involving set-valued brackets, a
Frobenius-type result, holds true for Lipschitz distributions as well(see, for instance,
[127)).

Finally, iterated set-valued Lie brackets for Lipschitz vector fields and their relations
with local controllability have been introduced in [67].

2.4.4 The problem and the main result

Let us recall problem (P), which has been presented in the introductive subsection.
Actually, the problem below (still labeled (P)) is more general, in that it includes a
current cost, a more general set where the controls u take values, and the continuous
dependence of the drift f on some bounded control a.

(P) minimize V(T z(T)) +/0 I(z(t),u(t),alt)) dt,

over all feasible strict-sense processes (T, u, a,z,v) of

dx = ;

o= f(z,a) + Zz:;gl(yc)u , ae tel0,T],

v (228)
at "

(z,v) = (2,0), v<K, (T,z)€S%,
The hypotheses for problem (P) are as follows:

i) the state variable x belongs to R", for some n > 0;

ii) the vector fields ¢g; : R® — R", ¢+ = 1,...,m are locally Lipschitz continuous
_ vector fields on R";
iii) the controls u = (u',...,u™) belong to (the closed cone) € = €, x €2, where,

for some non negative integers m; and mqy such that m = m; + mq, € C R™
is a closed cone containing the coordinate axes, and €, C R™? is a closed cone

~_ which does not contain any straight line;
iv) the control a takes values in a compact set A C R?;
v) f, which is sometimes called the drift, is continuous in (x,a), and, for any value

a € A, the vector field f(-,a) : R" — R" is locally Lipschitz continuous;

Notice that we have rewritten the L' bound |u|; < K in the equivalent form v < K.

6See Remark
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vi) the real-valued Lagrangianl := l(x,u,a) has the form l(z, u,a) = ly(z, a)+1; (z,u)
and is continuous; furthermore, for every (u, a), z +— [(z,u,a) is locally Lipschitz
continuous with respect to x, uniformly with respect to a; moreover, the so-

called recess function Zl(x,wo,w) = limU rly (x, E) is well-defined and locally
=W T
Lipschitz with respect to z, uniformly when (w° w) ranges on the bounded set

[0,1] x (€N By) ;

vii) the final cost W(t,x) is of class C', 0 < K < +o00, and the (time-dependent)
target T C Ry x R™ is a closed subset.

The elements of
% = | J{T} x L'([0,T),% x A)
T>0
will be called strict-sense controls. If (T, u,a) € U is a strict-sense control and (x,v) is
the unique Carathéodory solution of the above system, then (T, u, a, z, v) will be called
a strict-sense process. Moreover, we will say that a strict-sense process (T, u, a, x,v) is

feasible if (T, z(T),v(T)) € T x [0, K].

Remark 2.33. This problem, our results and all the mathematical tools and ideas we
make use of throughout this section could also be extended to the context of an n-
dimensional manifold M, being intrinsic/chart-independent. We restrict ourselves to
R™ for the sake of clarity and to avoid further complicating the notation.

Definition 2.13. We say that (T,u,a,,7) is a local minimizer for problem (P) if
there exists 6 > 0 such that

\IJ(T,E(T))JF/O 1(Z(t),u(t),at))dt < \IJ(T,:I;(T))+/O Uz (t), u(t),a(t))dt

for all feasible processes (T, u, a, x,v) such that |T —T|+ ||(z, ) — (Z,7)|| < J where,
since (z,v) and (Z,7) may have different domains, we first extend them to R* so they
stay constant to their final values (z,v)(T) and (Z,7)(T), respectively.

As mentioned in the introductive subsection, since the control u are unbounded and
the problem (P) has slow growth, in order to achieve existence of a minimizer one tries
to consider some form of closure, or even compactification. The impulsive extension
makes the job, so our necessary conditions will refer to it. To describe it, let us begin
introducing the set

W = | J{S} x {(wo,w,a) e L2([0, ], R* x € x A) : essinf(w® + [w]) > o}
S>0

of extended-sense controls. For any (S, w’, w,a) € W', we say that (S, w°, w,a,3°,y, 3)
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is an extended-sense process if (y°,y, B) is the unique Carathéodory solution of
( dyo
E(S) =w’(s),
dy “ ;
= (5) = Fy(s), als)w’(s) + > aily(s)w'(s),
i=1

dp
L) = o),

\(y()»yaﬁ)(o) = (O>jja0)'

a.e. s €0,9],

Furthermore an extended-sense process (S, w’ w,a,y% y,3) is said feasible if
(¥°(S),y(S), B(S)) € T x [0, K|. The extended problem is defined as

s
) minimize ¥(y%(S), y(9)) +/0 1°((y, w°, w, a)(s)) ds

over all feasible processes (S, w°, w, o, 4"y, 8)

(Pext

where the extended lagrangian [° is defined by setting
1(z, 0w, w, a) := ly(z, a)w’ + il(x,wo,w) V(z,w’, w,a) € RT x € x A,

I being the above-defined recession function. For instance, if
l(z,u,a) = lo(x,a) +€(x)|u|" for some r € [0, 1] and some Lipschitz function ¢, one has
(2, 0w’ w, ) = lg(z, )w’ + £(x)|w|"(w®)'~". In general, in view of the sublinearity of
[in wu, [° is well-defined.

The notion of local minimizer in the extended problem (P.,;) is defined similarly
to that of the original problem:

Definition 2.14. We say that (S,w°,w,a,7°, 7, 3) is a local minimizer for problem
(P)eq if there exists § > 0 such that

o 5
‘I’(ﬂo(S),?(S))+/O “(@(s), @ (s), W(s),a(s)) ds <
S
< \y(yo(s),y(s))+/ (y(s), w’(s), w(s), o(s)) ds

0

for all feasible processes (S, w’, w, a, 3, y, B) such that 1SS+ (4%, v, B) =@, 7, B)|loe <
9, where, since (3%, y, 8) and (3°,7, 8) may have different domains, we first extend them
to R* so they stay constant to their final values (y°,y, 3)(T) and (3°, 9, 8)(T), respec-
tively.

There is an obvious one-to-one correspondence between strict-sense processes and
extended-sense processes such that wg(s) > 0 for almost any s € (0,5). This corre-
spondence preserves feasibility of a process, and minima of the strict sense problem
correspond to minima for the space-time extended problem having w®(s) almost every-
where positive (see [21]).

Thanks to the rate-independence of the extended systemE]Without loss of generality

"By, rate-independence we mean that if o : [0,5] — [0,5] is a diffeomorphism, then
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we can make the following convention:

Convention: we assume that any given local minimizer (
canonical, meaning that w°(s) + |w(s)| = 1 for almost every s €

29
gl
. o
g
2
<l
<
=l
%

Remark 2.34. By allowing w® = 0 and imposing the constraint w°(s) + |w(s)| = 1 we
get the sought compactness of the minimization domain.

For every process (S, w® w, o, 9%y, 3), we will set
7(s) = [ 1(0(0).7°(0). (o). a(o)do
0

(so that 7' is the unique Carathéodory solution to the trivial differential equation
d l
di<s) = I°(g(s), @°(s), w(s), a(s)) with initial condition 3'(0) = 0.)

s

Lastly, let us introduce the Hamiltonian function
H:R"x (R x (R x € x A) - R

defined by

H(y7p07p7 )\a W)woa w, CL) = powo +p (f(y’ a’) + Zg’b(y)wl> - Ale(y7w07w, CL) + 7T-|U}|
=1

We are now in the position of stating our main result in this section:

Theorem 2.35 (Maximum Principle). Let (S,@°, w, @, 3°,7, B) be a canonical local
minimizer for the extended problem (P ), and let I g be any QDQ-multicone approx-
imating the target set T at (7°,7)(S).

Then there exist multipliers (po, p, \, ™) € R* x AC([0, S]; (R™)*) x R* x R* such that
7 <0 (with m = 0 as soon as B(S) < K) and the following conditions are satisfied:

i) A>0,

iii) For almost all s € [0, 5], p verifies the adjoint differential inclusion

Pé—p0y< Y, a)w +Zgz >+A3le@,@°ﬁﬁ);

iv) (po,p(9)) +A<§—;,g—j) ((y“,@)(?)) e—| ] gt

(S, w® w,a,y°,y, B) is a process if and only if (S,w® o o,w o 0,a00,y° 0 0,yo00,800) is a pro-
cess.
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v) For almost all s € [0, 5],

maz|H(y(s),po, p(s), A, m,w’, w,a) | (1+¢) = H(¥(s), po, p(s), \, 7, 0" (s), w(s), a(s)).

where the maximization is performed among values (w°, w,a,() € RT x € x A x [—p, pl.

S . 1
If, in addition, we assume that that 5(S) < K and [;(-,0) = 0, the following %
second order conditions hold true as well:
vi) For anyi,j € {1,...,m1} and for almost any s € [0, 5], one has
0 € p(s) [9: gjlser(T(s))- (2.29)

2.4.5 An equivalent fixed end-time problem

Let us begin with a standard reparametrization procedure which allows one to
reduce problem (P) to a fixed end-time problem. To save space, we introduce the
notation

F(y,w°,w,a) ;== (wo,Fe(y,wo,w,a),le(y,wo,w,a)) ,

for all (y,w® w,a) € R x RT x € x A, where
Py w.a) = g alu® + 3 gl
i—1

Let us fix S >0, p> 0. We say that (S,wo,%a,c,yo,y,yl,ﬁ) is a rescaled space-
time process if (3.’ w,a,)(-) € W x L™([0,5], [~p, p]) and ((4°,y,4"),) is the
unique (Carathéodory) solution of the rescaled Cauchy problem

L= (Fotma ) ()
((v°,9,9),8)(0) = ((0,,0),0)

Moreover, we call (S, v’ w, o, ¢, 3%y, 9", B) feasible if ((y°,y),8) € T x [0, K].
The rescaled optimization problem is defined as as

. (2.31)
over feasible rescaled processes .

{minimize U((y°,9)(9)) + (9),
Remark 2.36. Tt is common knowledge that, for small enough p > 0, a process
(S,w°,w,a,7°,7, f) is a canonical local minimizer for the extended problem (P,.;)
if and only if the rescaled space-time process (S, w°, w,a,0,7°, 7,7, 5) is a local min-
imizer for fixed-end-time problem (2.31). Therefore, in the proof of the Maximum
Problem we are allowed to replace the hypothesis of the theorem with the assump-
tion that (S,w°, w,®,0,7°, 7,7, 3) is a local minimizer of the rescaled problem (2.31)).
Therefore, we posit the assumption that ¢ = 0 throughout the proof.
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2.4.6 Set separation

For some ¢ > 0, let us consider the d-reachable set Ry C RIFHFL defined by:
0, <y°,y, v+ To (4 y), 5) (S): (S,w’;w,a,¢,5° y,', B) is a process
that verifies |S — S|+ |(° = 7%,y — 7,94 =7, 8 — B)lloo <
and the projected d-reachable set
R, = pt(fﬁ(;) C R+
where the projection operator pt is defined by setting
pr(z°, z, 2, B) == (2° 2, 2"), V(2% z,a!, 3) € RMFHIFL

Let us introduce also the profitable se
ﬂ%:(&x]wmﬁ@+ﬁﬁﬂﬂjﬂﬁ@W@+@®ﬁ>xmm
and the projected profitable set
s = pe(Ps) = (s x| =00 (5) + ¥(S) [) U{@ 573 + 7)) |

Lemma 2.37. Let us assume that 5(S) < K. Then for any § > 0 sufficiently small, the
projected profitable set 2]3:; and the projected d-reachable set SR; are locally separated at

@, 9.7(9) + ¥(9)).

Proof. Indeed, by the definition of local minimizer it follows that the profitable set s
and the d-reachable set s are locally separated at (3°,7,7(S) + ¥(S), 3(S)). From
this one get the thesis trivially (see [2I], Lemma 6.12). O

With the ultimate aim of applying a suitable separability criterion for approxi-
mating cones, we now build a family of QDQ approximating cones to the projected
d-reachable set R at (7°,7,7(S) + ¥(S5)). Let us define the set U of variation gen-
erators as the union U := Y, | Vs, where Y, and Y, are the sets of needle variation
generators and of bracket-like variation generators defined as Uy := RTxE x Ax[—p, p]

and Y, := [{1, comp b\ diag({l, . ,m1}2>] , respectively.

Definition 2.15. Let (0,S)res C [0,5] be the set of Lebesgue points of the function
s = (@W°(s), F(s),1 (s),[w|(s)) 1 where F* and [° denote the functions F° and [¢
evaluated along the optimal process we are studying. For every variation generator
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c € U and every instant s, let us define the variation (vgg, Ves, vlc,g) as follows:

( w'(1 4 ¢) — @(3) o

Fe(g(s), w’, w,a)(1+¢) = F(3) et . g,)? : V.
(V25 Vess 0! L) = 1°(y(3), w, w,a)(1+¢) — I (3) ) e
{0} % [gi, 95)sex(T(5)) x {0} izr(lidz(ié J'()O’GE‘/)I.&

Moreover, when ¢ = (w°,w,a,¢) € Uy, and 5 € (0,5) e, we set vZ5 = [w](1+ () —
[w(s)]-

Let us point out that, to retain uniformity of notation, we always regard (08,57 (83 vég)
as a subset of vectors of R1™"*1 | though it reduces to the singleton formed by that the
usual needle variation vector as soon as ¢ € ;.

Definition 2.16. Let us fix an instant 5§ € (0,S) and a rescaled control
w = (W’ w,a,¢) € L*([0,S],R" x € x A x [—p,p]) (with essinf(w’ + |w]) > 0).

o If ¢ = (0°,1,a,() € Wy, the family of controls {W.cs(s) : € €[0,5)} defined
setting

Weoa(s) = wA(s)A » ?fse[o,s—s)u(sﬁ]
” (% w,a,() ifsels—e,3
will be called a needle control approzimation of w(s) at 5 associated to c.

o If c = (i,j) € Vs, the family of controls {w.cs(s): 0 < 8/ <5} defined by

setting
(w(s) if s &[5 — 8/2,3]
(2u}07 2w, a, ) o 75(3) if s € [§ — 8\/57§ — 4\/5]
W.os(s) = (0, e;,a,0) if s € [5— 42,5 — 3,/
’ (0, €5,a,0) if s € [s —34/e,5 — 2\/¢]
(07 _eivavo) if se [3—2\/5,3—@
k(O’_ejaa’O) if s € [E—\/E,EL

where a € A is arbitrarily chosenf| and °(s) := 2s — 5 + 84/Z, the bracket-like
approximation of w.

For any (5, c) € [0, 5] XU and any ¢ sufficiently small, consider the functional /. . 5
(from the space of rescaled controls w into itself) defined by setting . ¢ 5(W) := W, ¢ 5.
In addition, given N variation generators cq,...,cy € U and N instants 0 < s; < 59 <
...sy < S for a & > 0 sufficiently small, let us define the multiple perturbation

0,6]Y 2 e We i= Dy opion O - 0 Doy ey, (W).

8Since w’ = 0, the choice of a is irrelevant
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Let us set (w2, W, @, (.) := We, and let us use (32, ve,., Bc) to denote the solution
(on [0, S]) of the Cauchy problemﬂ

d 0 I -0 = = C
—_ = g £ € ] € ]‘ 154
ds(y Yy aﬁ) ( (y,ws,w a > |w |>( +¢ ) (Pa,c,g)

yoayaylvﬁ)(o) - (07‘%?070>

Definition 2.17. Let N be a natural number, and let us choose choose N variation
generators cy,...,cy € U and N instants 0 < 1 < s9 < ... < sy < ?, with
sk € [0, S]ep as soon as ¢ € Y. Forevery k=1,..., N and any L'-map [0,5] > s+
(M,w)(s) € Lin(R™, R™) x (R™)*, let us consider the (1 +n+ 1) x (1 +n + 1) matrix

1 0 0
§M
&L(M,w) = - 0 [ e I 0 (2.32)
v o v o M S'M
il - Sk s 1
5,05) e / (w(s)e )ds

where the exponential of a matrix is defined as in Subsection Subsequently,
define the subset A’y C Lin(RY, R1*"*1) as

Wy Vy e ¢ <
(M,w)(s) € 9,(F . T)(s), s €[0,8],
ANy=< | &Mw) | Vi ], ..., 8Muw)]|Vy , 1s a measurable selection, and
‘/ll V]{[ (‘/k07 ‘/;i?? Vkl) S (U((;‘)k,sk7 ,Uckysk’ vék,sk)

In the special case when ¢, € U, for all £ € {1,..., N}, we can also define the
(I14n+1+1)x (1+n+1+1) matrix

1 0 0 0
S
0 efsk M 0 0
gk(M, w) = — — S S Sk (233)
ov — ov M M
6—3/0(5) a—y(S)eLk +/Sk (w(s)efs )ds 10
0 0 0 1

90f course, W and (y., 3c) depend also on the parameters cj and sj, but we avoid writing them
when possible in order to simplify the notation.
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and the subset Ay C Lin(RY, Rtn+i+1),

( & Vy — -
v v (M,w)(s) € 8y(F Jl )(s), s €[0,5],
1 N is a measurable selection, and
Av:={ | & (M, w o EN(Mw : Y ’
N 1( ) ‘/ll N( ) V]{] (VkO’OVk7‘/;€l"/;€) ?
, Y 6 (UCk,Sk’ UCk,Sk’ Uck,5k7 Uzk,sk)
\ Vi Vi

Theorem and Corollary represent the most important technical step of
the proof of the Maximum Principle, and will be proved in Section [2.4.8]

Theorem 2.38. Let (yo,y, yl,B) and (yg,ys,ylg,ﬁs) as in the previous subsections. If
we assume the extra assumption Zl(-,O,) = 0, then the set Ny is a QDQ at O of the
map

RH)Y 5 e (yg(g)we(g),yi(?) + 0 (42(5), 5e(9)) )

Moreover, in the special case when ¢, € Uy for all k € {1,...,N} (and Zl(-,O,) is
possibly non vanishing) , Ay is a QDQ at O of the map

R 5 e s <y2<§>, 1B ) + ¥ (125),5(5)) ,w).

Corollary 2.39. Let us use the same notations as in Theorem and let us assume
that 11(-,0,) = 0. For any choice of § > 0, the family

AVRY)Y = {L'[RY)Y - Z" € Ay},

is an approzimating QDQ-multicone of the projected d-reachable set R at (y“, 7, 7(S)+
U(S)). Moreover, in the special case when ¢y, € Uy for allk € {1,...,N} (and I1(-,0,)
is possibly non vanishing),

ANROY = {PRNY : Z € Ay}

is an approzimating Q DQ-multicone of d-reachable set R at (yo, TR (§)+\P(§),B(§))
Generalizing a classical procedure, we now use the fact that A\(RT)Y is a QDQ

approximating multi-cone of %5 at (@0, 7,7(9) +@(§)) to deduce a linear separability
result at time S, which in turn can be regarded as a Maximum Principle at S.

Lemma 2.40. Let N a positie integer and let Ay be defined as in the previous sub-
section. Let us assume that 5(S) < K whenever ¢, € By for some k € {1,...,N}.
Then, for any approximating Q DQ-multicone T to the target T at (yo,y) , there exists

(&0,€,€) € (R x R™ x R)*\{(0,0,0)} such that

(i) & <0,

00ne sets Z(RT)N = {Fe: € (RT)V}

)
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(i1) (&0,&,&) € <£Z’(]R+)N)L, for some &' € Ny,
(iii) (&,€) € =T+ for some T € T .

Additionally, if ¢, € By for allk € {1,..., N} then there exists an additional multiplier
T < 0 with the condition

(iv) (§0,&,6e, ) € (3(R+)N>l, for some & € Ay,

Proof. By Lemma we know that, for 6 > 0 sufficiently small, the projected prof-
itable set 8" and the projected d-reachable set 9%:; are locally separated.
Moreover, if I is an approximating ) DQ-multicone to the target at (yo,y), then

{.7 X (—00,0): T € ."J’} is an approximating Q DQ-multicone to the projected prof-
itable set B’ at (7°,7,7(S) + ¥(9)).
It follows approximating Q DQ-multicones {Ff X (—00,0): T € 9"} and Ay (RT)N

are not strongly transverse, from Lemma [2.31, Now, since {FI X(—00,0): T €T } is

a multicone such that all its cones are contained in the semispace R x (—
can apply Lemma- 2.32] and infer the existence of (&, &,&.) € (R x R™ x R)*\{(0, 0 ,0)},
Z € Ay, and F € T, such that

@66 (Z@®)) . (@ee)e (T xr)

In particular, £ < 0 and (&,&) € —F +, which concludes the first part of the proof.
The existence of a m < 0 such that property (iv) holds follows from a similar reasoning
addressing the local separation of the profitable set and the d-reachable set in the
augmented space RITnH1+L O

By using propagation due to the adjoint inclusion, as a direct consequence of Lemma
2.40|we get a maximum principle for the instants sy, ..., sy and the variation generators

Ci,...,CN/

Lemma 2.41. Let N a positive integer. Assume B(S) < K and I1(-,0,-) = 0 whenever
cx € Yy for some k € {1,...,N}. Then, for any approzimating QDQ-multicone T to
the target T at (3°,7) , there exist

(po,p, A) € R* x AC ([0, 5], (R")*) xR*  and T €T
such that A > 0 and:
i)
pe—po, <f G o’ + ) gz-(@)W') +A 0,1y, 0’ w, @) ; (2.34)
ii)
— ov OV /o _ = o
(b, p(5)) + A(a—yo, a—y) (@ 9(E)) e -7+ (2.35)
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i) if cx = (W), w, ax, Cx) € BV,

H(Y(sx), po, (sk), A, 0, 0y, wy, ay,) <
< H(@(Sk)ap[)’p(sk)a )‘7 0,@%80,@(8”,@(50) (236)

iv) if ¢k = (ir, j) € D,
min  p(sp) V <0. (2.37)

Ve[gik 7gjk]set

If, instead, B(S) = K and all ¢y are in U, there evists m < 0 such that

H(?(Sk),po,p(«?&A,W,wg,wk,ak> <
< H (F(51), o, plsi), A, 0 (50), W) (si) ) (2:38)

holds in place of [2.536,

Proof. Let us observe that, by the elementary theory of affine ODESs, we can rephrase
(ii) from Lemma by saying that there exists a linear form (&],5 &) € (RxR™x

R)*\{(0,0,0)}, a measurable selection M(s) € 9, (f(y, a)w’ + Egl( Jw i), a.e. s €

(0,S), a measurable selection w(s) € 9,1°(y,w°,w,a) a.e. s € (0, S), and a choice of

(VO Vv, V1) e (2778],,%].,%,,@1 ) Vji=1,... N,

AV EIRY Cj:5j

such that §, <0 and, Vk=1,..., N

Y

S

V0 + el MO, 1 g, SOV

_ s (2.39)
v _ 5 "
+g_y(s’)6fsi M(S)Vk+/‘ w(s)ejSkM(U)dU dSVk+ka S O

Sk

QJ‘QJ

Setting A := —&., po := & — )\8‘1’ (S) and, for all s € [0, 9],

_ g ‘
p( ) (5 )\aa_\I/(S>> efSS]M(U)dU _ )\/ w(o.)ef;M(‘r)dT dO’,
Yy s

p(-) satisfies the adjoint differential equation p(s) = —p(s)M(s) + Aw(s). In particular,
p(-) verifies the differential inclusion (2.34). Therefore, inequality (2.39) can be written
as

PV + p(Gi) Vi — AV <0, (2.40)

while (iii) of Lemma now reads as Specializing to bracket-like varia-
tions ¢, = (ix, jx) € Vs , we obtain (2.37), whereas, when ¢;, = (w), wy,, ag, () € Uy is
a needle variation generator, we get .

The case 5(S) = K and all needle variations is proved similarly, by making use of
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(iv) instead of (ii) from Lemma [2.40]

2.4.7 Infinitely many variations

To complete the proof of Theorem we now combine some classical non-empty

intersection arguments with the crucial fact that the set-valued brackets are convex-
valued.
We will do so only in the case when B(g) < K, but the same ideas can be used to
deal with the case 3(S) = K (which however allows only for the ’first order’ part of
our maximum principle). As a matter of fact, the maximum condition is the easiest
to deal with, and its proof is not that different from classical proofs in the smooth
case. Instead, a special care is needed to prove the set-valued Lie-Bracket higher order
condition.

By Lusin’s Theorem, there exists subsets £, C [0,S]s, ¢ =0, 1,2, ..., such that

i) Ep has null measure,

ii) for every ¢ > 0 E, is a compact set such that the restriction to E, of the map

s (m()(s), (1351, @)(9).7°(5) + 3 @) (). (7). (). (), |w|<s>)

is continuous, and
+00
iii) (0,9) e = | Eo-
q=0
For every ¢ > 0 let use D, C E, to denote the set of all density points of E,. By

the Lebesgue density theorem we have that, for every integer ¢ > 1, D, has the same
+00 _
Lebesgue measure as E,, so the set D := |J D, is a set of measure equal to S.
q=1

Definition 2.18. Let X C D x U be any subset of time-generator pairs. We will say
that a triple (pg, p, \) € Rx AC([0, S|; R™) x RT satisfies property (Px) if the following
conditions (1)-(3) are verified:

(1) p satisfies the differential inclusion

pE—PI, (f(y, a)w’ + Zgi@)w’) + 20,1 (g,w°, w,@) for a.e. s €[0,9];
=1
(2.41)

(2) one has

y° By

(po,p(3)) + A((N’ a—‘l’) (@) e-Ugs e
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(3) for every (s,c) € X, if ¢ = (w°, w, a,(), then

pow’ (1+¢) +p(s) ( a)w +Zgz ) (1+¢) = N(F(s), w’, w, a) <
po@’ + p(s) (f@( ).a +Zgz )
- Ale w'(s),w,a(s)), (2.43)

while, if ¢ = (4, j), then

min pa(s)V <0. (2.44)

VElgi,gjlset (Y(s))

For any given subset X C D x ‘0, let us set

' (po, p, A) verifies the property (Px) '

Lemma 2.42. For any subset X C Dx0, O(X) is a compact subset of Rx AC([0, S]; R™) x
R, when the latter is endowed with the norm ||(po, p(:), M|l := |po| + |A| + [|P]]co-

Proof. Consider a sequence (pg ., pn(s), \n) € ©(X). The set-valued maps

s 0y (f(@(S)ﬂ(S))@O(S) + Z%(@(S))W(S)>

s O,1° (y(s),wo(s),ms),a(s))

have uniformly bounded closed convex values as they are Clarke Jacobians of func-
tions that are globally Lipschitz when cut off to a compact set containing a tubular
neighbourhood of the set ([0, S]). Furthermore, the quantities |p,(S)|, A\, and py, are
bounded in norm by 1, so that we are in the position to use the following fact:

e Let O(s) : [0,S] = R™ and B(s) : [0,S] = R" be a measurable multivalued
function with compact convex non-empty values. Moreover, assume that the sets
B(s) (respectively C(s)) are all contained in a fized ball centered at 0 € R™ and
of radius B* (respectively C*).

Let pn(s) be a sequence of solutions to the differential inclusion

p(s) € p(s)B(s) + C(s), for almost all s € [0, 5] (2.45)

all satisfying |p,(S)| < 1. Then there is a subsequence of p,(s) that uniformly
converges to a function p(s), and p(s) is also a solution to the differential inclu-

sion (2.45)).

The proof of this fact can be deduced, e.g., from Theorem 1 in Chapter 2 of [22].
Therefore, modulo thrice extracting subsequences from our sequence, we can assume
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An = A >0, pon, = po and p, — p € AC uniformly for s € [0, 5],

with p(s) still satisfying the differential inclusion (2.41]). Since the paths p,, converges
uniformly to p, properties (2.43) and (2.42)) are inherited by p(s) from the sequence
pn(s) by passing to the limit. Finally, passing to the limit we get that (2.44)) holds true
as well. O

Our main result from this section is concluded showing that ©(D x U) # () with a
non-empty intersection argument. This was of course taken care of in [20] but the proof
is rather standard in its classical components while rather complicated and technical
in its parts concerning the set-valued Lie brackes, so that we do not fully report it here
for the sake of readability and brevity.

Next subsection, however, deals with the proof of crucial Theorem which we had
postponed.

2.4.8 Proof of Theorem [2.38

In order to conclude the proof of Theorem we have to prove Theorem [2.38
For the sake of brevity and readability, here, we will not be slavish on the technical
details. Let us recall its statement:

Theorem m (Angrisani, Rampazzo, 2021, preprint) Let (go,y,yl,ﬁ) and
(yg, Voo U, BS) as in the previous subsection. If we assume the extra assumption il(~, 0,) =
0, then the set Ny is a QDQ at O of the map

R)Y 5 e <y2(§)7ye(§),yi(§) + W (42(9), 5e(S)) >

Moreover, in the special case when ¢, € Uy for all k € {1,...,N} (and Zl(-,O,) is
possibly non vanishing) , Ay is a QDQ at O of the map

R 5 e s (y2<§>, 1Bk () + ¥ (125),1(5)) ,W).

Proof. Let us introduce a mollifier (in the variable y € R"), namely a C* function

¢ : R" — RT, with support contained in the unit ball, and such that / o(y)dy = 1.
R’ﬂ

1
For every n > 0, let us set ¢,(y) = —¢ (g), and let us define the mollified vector
n" n
field
gﬁ<y7w07w7a> = / 9(y+h,w0,w,a>g0n(h) dh.

Observe that the control vector field & is continuous, and, in addition, it is locally
Lipschitz continuous in the variable y. Moreover, we can apply a cut off tehcnique and
make & equal to zero outside a compact set containing a small neighbourhood of our
local minimizer, so that global Lipschitz continuity (in y) can be assumed as well. It



52 CHAPTER 2. THE SPACE LIP

follows that &, converges uniformly to & as 1 goes to 0. For any fixed e € R™ with a

suitably small norm, let us introduce the mollified perturbed Cauchy problem

( vy '), B) = (%(y,wg,ws,as), \w\) : (1 +CE>
((y0 .y, ﬁ)(O) = ((0,2,0),0)

and let us use (3/2,57 Yn.es yihe, ﬁs) to denote its unique Carathéodory solution.

Let us define the function z,¢(s) = (10, Yne, ¥h ) () — (U2, ye, vk ) (s)], s €
and let us observe that, from the inequality
(l + Cs) do <

Zne(s) < /OS
/08 (1 + <€) do + L(1+ 2p) /O Zn,e(0)

0 0
g’—n(ynﬁu w57 w€7 as) - g(yn €9 wg; ws; aé:)
and Gronwall’s Lemma, we deduce

‘%n(ynf;? w27 We, ae) - g(yea wg; We, as)

2K (1+2p)Sn+ L(1+ 2p) [ z.(0)do,

(U9 s Unes U ) (8) = (U2, ye, YL) (5)]| = ze(s) < Cm, Vs €0, 5],

where C is a positive constant depending only on S, K, and L. Therefore

H<y2767y777€7y£7,5) - <y27y€’yi)Hoo — 0

as n — 0, uniformly with respect to €.

(2.46)

[07 5]7

<

(2.47)

Assume, for a start, that N = 1. By the definition of W, (s) and by standard

estimates on needle variations (see e.g. [21]), one gets the following fact{™|

e if c = (W’ w,a,() is a needle variation generator, then

Yo Yo w'(1+¢) —@°(s1)
Une | (s0)= [ | (s1) = [ FS (n(s1), 0 w,0)) (14¢) = Fy(s1) | +é1(n, e),
Yh e Yh 8 (yn(s1), 0°, w, ))(1+C)—l( 1)

where we have used the notation
(Fr) 1)) = (Pt} (wn(s). @(s), w(s),a(s) Vs € [0, 8]

and, for every n > 0, ¢1(n,-) is a continuous function verifying ¢ (n, ¢)
uniformly with respect to 7.  In other words, ¢1(n,e)/|e] — 0 as ¢

(2.48)

— 0,

uniformly with respect to n. This is because it can be proven that |¢;(n, )| < Ce?,
with C' only depending on the Lipschitz constant and L* norm of &: such an

inequality is, in turn, proven by expressing (ygﬁ, y77767y£],5)(81) and (y?l,yn,y%)(sl)

as Caratheodory solutions of their respective dynamic systems.

1K is a bound for the maps & and %, and L is a Lipschitz constant for the maps (y°,y,y') —

F(°,y,y', w’, w,a), independent of (w°,w,a)
12We write c, ¢, s; instead of ¢, €, s1, respectively.



2.4. LIPSCHITZ IN OPTIMAL CONTROL THEORY 53

To write down a similar estimate for bracket-like variation generator, we will need an
exact integral formula for commutator-like multiflows that was found in [I128]. More
precisely we make use of the following fact that the authors proved: for any two
smooth fields that are bounded and with bounded derivatives, such as g;, and g;, in
our situation, one has

<e_\/59j,n 0 e VE9in o eVe9in o 6\/Egi’"> (yy(s1)) =

VE Ve
:mm+A A (9o G3:0) Oun(51), 0, V. 7)) dr dor + ofe)  (2.49)

and e/ (z) denotes the value at t of

)
the solution to the Cauchy Problem {y = f(y),y(0) = z}.
Using the integral average theorem, we have

where 6(z,0,t,7) = (e(T*t)gi-n 0 €9 o e"/«‘“*ﬂ) (x

<e\/59j,n o e VE9in o eVElin o 6ﬁgi’"> (yn(s1)) =

= yn(sl) +e- [gi,mgj,n](e*(yn(sl)ag)) + 0<€> (250)

where 6*(y,(s1),€) is an abbreviation of 0(y,(s1), o*, /e, 7*) for some suitable o* and 7*
in (0,+/¢). The precise expression of 0*(y,(s1), ) is not going to be relevant in future
calculations: we only remark that |[6*(y,(s1),e) — yn(s1)] < Cy/e for some constant
¢ > 0.

e if ¢ = (4,7) is a bracket-like variation generator, then

0 0
yT],S y77 O
Yne | (s1) = | 4o | (51) =€ | [9im> 95n) (0" (yn(51),€)) +0(e) |, (2.51)
T y 0

where, for every ¢/ = 1,...,N,n > 0, the mollified vector field g,, is defined as
) i= | only + Rgy(h)
R’FL

To deal with the general case N > 1, for every k= 1,..., N, let us set

( w(1+¢) —w°(sp)
20 F (yn(se), w’,w,a)) (14¢) — Fo(sk) | if.ex € D1,
) )\ i) a)) (1 4+0) - )
i 0
Vkn,e [gi,n’gjﬂiKe*O(y’i( )’ Ek)) ) if ¢, € Yo
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Using induction, by (2.48)), (2.51)) one easily gets (see e.g. [21])

e (W) o & [T (Ve
e | B = |y | B =3erebe ™ | vge | +ollel).  (252)
l I !

yThs yn /Uk?,’l’],€

where o(|e|) is independent of 7.

from which we obtain

Une(S) yy(S)
_ elS) =t owmS. ) +Z0e)e+o(le]),
Une(S) + 0 (45.(S). yne(S)) Yp(S) + ¥ (4 (), yy(9))
where we have set, for every small enough n > 0, H
a—e a—e U?’n’s a—e a—e v%’n’e
[ OF, 0Ol , [ OF, 0Ol ) .
Z(n,e) = %1<a—y", 8_;) N vipe |, ,%N<a—y", (9_gj> | onne € Lin (R, R
U%.,’I],E ’U§V:77»€

Therefore, using (2.47)), one gets

(5265), 1205, 405) + ¥ (42(5).0e9)) ) =
(4229). 1S (5) + 0 (40.2(5). ,e(9)) )
(580510 31,14 5) 40 (15 ) ) = (105) 0305 + ¥ (12505 ) | =
(4205, 10(3), 64(5) + ¥ (41(3), () )+ L(m, ) + o) + ol /) =
(4(5). (). '(5) + ¥ (4°(5).u(3)) )+ L. )e + ollel) + o)~

[(y0<s>, 9(9).5'(S) + ¥ (5°5), 99)) )~ (5905 32(5). 55(5) + ¥ (459(5), () )T] -

(4(3),4(8).4/(5) + ¥ (4°(5).u(5)) )+ Z(n.€)e + olel) + ol /i) (253)
Now, our intention is to choose 7 as a function of €, namely n = n(e) = |e|?, so that we
reduce to just one vector-valued parameter €, we have o(,/7) = o(|e|) and we denote,

more simply Z(e) = Z(n(e), ).
Clearly, as soon as ¢, € U1, one has

dist ( (vgm(e)ﬁ, Vk(e),e» vfm(s)vs) , (V0 o Versns Vby sy ) ) —0 ase—0. (2.54)

This holds true if ¢, € U, as well, but we postpone the technical and lenghty proof of
this to Lemma below, for the sake of clarity.

13See (2.32) for the definition of the matrices &j (-, )
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Given a convex compact set () C Lin(R™,R"), let us use Py : Lin(R",R") —
Lin(R",R™) to denote the projection of z on (). For any n > 0, let us consider the
selection M, : [0, 5] — Lin(R™,R) € 9,F" defined by setting

OF" _
M77<S) = Payfe(s) 8_y<8) Vs € [07 ]7

where we have used the overlined notation

oF¢
1(s) =
oy dy

Now, consider the function

s — dy(s) = dist (88_1;;,](5) : 8yfe(s)> = aa—?(s) — M,(s)

Y

which is measurable (see e.g. Proposition 5.8 in [4]) and essentially bounded in terms
of the Lipschitz constant of F'. Furthermore, through an argument akin to that utilized
to prove Lemmal[2.43 below , one proves that the sequence of measurable, equi-bounded
functions d,)(s) pointwise converges to 0 as n — 0, for almost every s in the compact
set [0,S5]. Therefore ||d,|; — 0 converges to zero in L'. Now, the exponential map

5
M(:) — /M g Lipschitz continuous (from L' to C°) when restricted to a family of
matrices uniformly bounded in L' | i.e., for some constant C,

S S ore
max |ed M _oJ < Clldys-
s€[0,5]
Hence,
gaff S ) - S S oFe
max dist (efs o {ejs‘ MoM() e aF;()}) = max efs Ma —ej; %0
s€[0,9] s€[0,5]

as 7 — 0. Moreover, in the same spirit, 2—5 has vanishing distance from 0yl_€ and the
integral of %—Z on any time interval has vanishing distance from the set of integrals of

measurable selections of 8y76 over the same time interval. Therefore, as (RT)Y 5 & — 0
implies 7 = n(e) — 0, we can conclude:

dist (Z(g),Ay) =0 as (RN 3e —0.

The proof of the first statement in Theorem is then concluded as we are precisely
in the situation described by Remark

The second statement is trivially obtained by repeating the same calculations also
keeping track of 3, which does not depend on y, hence it does not call for the above

(yﬁ(‘S)?wo(S)vw(S)va(S)) 81!?6(5) = ayFe(y(S),wo(S),W(S),@(S)) \V/S S [07_]
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mollification argument and the procedure is straightforward noticing:

B:(S) = B(S) := Z/Sk '|wk|(1+gk) — |[w(0)| do.

[
As it is rather technical, we omit here the proof of
Lemma 2.43. If c;, is a bracket-like variation generator and n = n(e) = |e|?, then
dist ( (Vpes Ve Veme) + (Vo gy s Vepsis Uty 5) ) —0 ase—0 (2.55)

2.4.9 An example

In this simple example, by direct computation one can check that, for any value
of the parameter r €] — 2, —1] the control (w?,w}, w? a,) defined below is not op-
timal, while for » = —2 it is optimal. Let us see that, while this fact was not
deductible from the First Order Maximum Principle, the the non-optimality of the
controls (w?, w}, w?, a,) for any r €] — 2, —1] is immediately established by the Higher
Order Maximum Principle.

W faa) + g + ol
o = l(uh,u?)|
(z(0),v(0) = (1,0,2,0) (z(1),v(1) € T x [0, K]

0 1 0
fla,a)=10],  qlr)= 0 g2(x) = 1
a — T + |29 Ty + |21

(a,u) € Ax € :=[1,2] x R?

0
(dy WA ) (g D 0 D )
ds’ ds’ ds’ ds
(4°.y) = (0,1,0,2)

U(t,x) = |z|*> + (t — 1)

For every r € [—2, —1] let us consider the space-time control (@, w}, w?, a,) defined by

(@, w}, w2, a,) (s) = (g,—?,&r) Vs € [0,v2].

V2 V2 V2
2 2

(@B@iafgzagf) (S) = <737 1 - _37072 +Tr—75
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ds’ ds’ ds’ ds
(0, =p5(s) (1 +sgn (g, (s)))w*(s), —p5(s) ( — 1 + sgn(y7(s)))w' (s),0)

where we have used the notation
sgn(n) == {sgn(n)} ¥n # 0,sgn(0) := [-1,1],

{1 +sgn(0)} :=[0,2],{—1+sgn(0)} := [-2,0].[1]

r (d ‘s T 2
(dpo dpy dpy dpS) (s) € (0,0, §p§<s)[—2,0],0>

dppy dp; dph dpg) (s)

Hence

ds’ ds’ ds’ ds
Ifr=-1
(ph, 2%, 05, P5) (V2) € 1 (0,0,0,2) + (0,0,0, (—00,0])

for some \ € (—o0,0]. Notice that pj(v/2) < 0: indeed, if it were p5(v/2) = p + 2\ >
0 for some p < 0, this would imply p4(v/2) = p = A = 0, hence it would follow

((pg, P75 5)(+), A) = <(0, 0,0,0), O), which would violate the nontriviality condition
i) of the Maximum Principle in Theorem So, we can definitely assumd"| that

(vh, P17, 95, 3) (V2) = (0,0,0,—1) (2.56)
Ifr=(-2,-1)
(ph, 1%, 15, P3) (V2) € X (0,0,0,2(r +2)) + (0,0,0,0)

for some A € (—00,0]. One has that p3(v2) = 2(r + 2)A < 0: indeed, if it were
P5(V2) = 2(r+2)A > 0, this would imply A > 0, i.e. A = 0, thence ((p§, p}, p5, p3)(-), \) =

((0, 0,0,0), 0), which would violate the nontriviality condition i). So, also in this case,
we can definitely assum that

(Ph, %P5, 5) (V2) = (0,0,0,-1) (2.57)

Ifr=-2
(ph, 1%, 25, P3) (V2) € X (0,0,0,0) + (0,0,0, [0, +00])

So we can choose

(pb, 1%, 5, P3) (V2) = (0,0,0,0) and A= —1 (2.58)

14 Also, we set aB := {ab, b € B}, for any natural number ¢, any a € R, and any subset B C RY.
Furthermore, for any natural number ¢ and any collection of subsets Bi,...,B; C R, we use the
notation (By,...,B,) :={(b1,...,b.), b1 € By,...,b. € B,.}.

15For multipliers are defined up to multiplication by a positive number
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so that
(w6, P17, 05, 1%) (s) = (0,0,0,0)

is a solution of the adjoint equation verifying the end-point condition (2.58)). Let us no-
tice that, for any value of the parameter r € [-2,—1], the adjoint path
5 (pg, Py, b, pg) (s) satisfies the Hamiltonian maximization

max H((s),p,p(s), A, 0’ w,0,€)

(w0, w,a,l)EW X AX[—p,p]
= H(g(s),pg,p(s), A\, % w(s),als), O),

where (we have written y, w, and p for (y', %, v®), (w', w?), and (p1, p2, p3), respectively,
and) we have set

H(y,pp, ", 0’ w, a) = ppw’ +p (f(y) + g1(y)w' + ga(y)w?) .

Therefore, upon setting 3,(s) := \/755, Vs € [0,v/2], we have proved that, for any value
of the parameter r € [—2, —1], the canonical process <\/§, w0, Wy, Y2, Yry BT> verifies the
First Order Mazimum Principle defined by i)-v) in Theorem However, for all val-
ues of the parameter r belonging to | —2, 1] the canonical process ( v/2, w2, @,, 7, 7y, BT>
does not verify the bracket-involving condition vi) in Theorem Indeed, one has
(91, 92]set(z) = (0,0,2 + sgn(xy) — sgn(xs)) if 1,29 #0,
(91, 92]set () = <0, 0, |1 —sgn(zz),3 — sgn(xg)]) if 1 =0, 25 #0,

(91, 92]set(z) = (0,0, |1+ sgn(xq),3 + sgn(:cl)D ifx;1 #£0, 25 =0,

91, g2lser(@) = (0,0, [0,4]) if 1 =25 = 0,
Therefore, for all s € [0,/2),

[ [ T —|

P ()91, galuee(3e(5)) = (0,0,=1) (0,0, [2.4] ) = [~4,~2] F 0.
Now let » = —2. By direct computation we already know that the control

Vv

5~ 0:7)

0,1 2 .\ _
(wT,wr,wT,r) = (

is optimal (indeed (2,4}, 2, v2,v2) = (1,0,0,0)), so the Higher Order Maximum Prin-
ciple applies. Actually, with the above choice of the multipliers E] one has

P (8)[g1, g2)set (Ur(8)) =0 Vs € [0, \/5]

16i'e' (paap’iapgapg) = (0707070)u )‘ = _1



Chapter 3

Orlicz Spaces and related function
spaces

3.1 Orlicz Spaces: definition and functional analytic
properties

In this section we will define Orlicz spaces LY, which are a generalization of the idea
of Lebesgue LP spaces. They are defined as spaces of functions satisfying some integra-
bilty conditions, and it can also be shown they are rearrangement invariant function
spaces, hence they do not fit into the family of spaces defined by means of oscillation
we are exemplifying in this text, but they are introduced for a reason nonetheless. We
will see a beautiful result in the next section stating that functions whose derivatives
belong to Orlicz spaces can be characterized in terms of a suitable kind of oscillation.
In addition to that, in this section, we report a result we recently obtained (see [18])
with Giacomo Ascione and Gianluigi Manzo for a family of Orlicz spaces LY, stating
that the closure MY of L* in them forms an 0-O structure (MY, LY). As we know
from Theorem [2.4]in Section 2.2 and from Theorem in Section [2.3] this will imply
a series of interesting functional properties satisfied by LY.

Moreover at the end of the chapter we will devote a section to presenting an application
of these concepts to the theory of regularity in Calculus of Variations.

Definition 3.1. We say that a function W : [0, +00) — [0, +00) is a Young function if

t
U(t) = / Y(r)dr for t >0
0
where 1 : [0, +00) — [0, +00) is a non-decreasing function such that:
e ¥(0) =0;
e (t) > 0 for any t > 0;
e 1 is right-continuous;

o lim ¢(t) = +o0.

t——+o0

29
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Definition 3.2. Let U be a Young function and €2 a measurable space. The Orlicz
space LY (Q) is defined as

LY(Q) = {u € L'(Q): 3IXx > 0 such that/ v (%) < +oo} .
Q

The quantity [[ul| v = inf {)\ >0: / v <%> dx < 1} is called Luzemburg norm
Q

of u. Orlicz spaces are Banach function spaces with respect to the Luxemburg norm

[25].

From now on we will deal mainly with Q = Qo := [0,1]" C R™ if n = 1 we will
equivalently denote it with Iy, with the I standing for "interval". Moreover, whenever
it is not necessary to specify the domain of integration, we will denote the Luxemburg
norm as |||y Of course, with the choice W(t) = t* we obtain precisely Lebesgue spaces
L? with their usual L” norm. Another famous example of an Orlicz space is the space
Exp of exponentially summable functions that one obtains if he chooses W(¢) to be
U(t) =e" — 1.

It can be shown that two Orlicz spaces are set-theoretically equal and with equivalent
norms if the two functions W; and W, defining them are such that Wy (¢)/Wy(t) is
bounded away from 0 and 400 as t goes to +00, showing that it is only the definitive
growth rate of the Young function that determines the corresponding Orlicz space.
We will denote by ® the Young conjugate function of W, that is the only Young function
® such that ® = (¥’)~!. In other words, if

t t
U(t) :/ Y(s)ds  then O(t) :/ Y (s) ds,
0 0
where the inverse function ¢)~! is intended in the generalized sense, i.e.

Y 1(s) = inf{o : Y(c) > s}

as it is not obvious that ¢ is bijective, as it is taken as a non-decreasing but not
necessarily strictly increasing function.

Conjugate (or complementary) Young functions induce Orlicz spaces LY and L® with
a very strong interplay stemming from the Young inequality

lab] < U(a) + ®(b)

which allows the proof of a Holder inequality

/ F@g(@)] < [ lellgls.

In turn, this is a starting point to understand any possible duality relationship that
there is between complementary Orlicz spaces.

As a matter of fact, whenever W = ?/p with p € (1, +00), we have that the conjugate
function is ® = t?/q where ¢ is such that £ +1 = 1 and the corresponding Orlicz spaces
LP and L9 are a couple of Lebesgue spaces that is such that any of them represents the
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dual space of the other.

But Young functions give rise to Orlicz spaces with very different functional properties
based on their growth rate: for example the space Exp is not reflexive like (most of) the
Lebesgue spaces LP. To explore exactly what it is that determines functional properties
like reflexivity, we give the following definitions.

Definition 3.3. We say a Young function ® satisfies the Ay condition if there exists
a constant C' > 1 such that for any ¢ € [0, +00)
O(2t) < CP(2).

(JT09]) We say that a Young function ¥ satisfies the A® condition if there is a k > 1

such that
U(kt)

10

It can be shown that this second A, growth condition is a strong negation of the
As condition for ¥ and implies that the conjugate function ® of U satisfies the A,
condition.

Proposition 3.1 (Chen, 1996, [46]). The following properties are equivalent:
o ® satisfies the Agy condition;
o 1>(Qy) is dense in L®(Qy).
o L%(Qy) is separable.

Proposition 3.2 (Lefevre, 2008, [109]). If ¥ satisfies the A" condition then its con-
Jugate ® satisfies the Ay condition and for all p > 1

w(t)

t—+oco P

:+OO

Moreover, it can be shown that

Proposition 3.3. The space LY is reflevive and in duality with the space L® if and
only if ® is the conjugate of ¥ and they both satisfy the Ay condition.

Definition 3.4. Let ¥ be a Young function. The Morse space MY is defined as the

closure of L>® in LY:
————L"(Qo)

MY(Qo) = L>*(Qo)

or, equivalently

MY(Qo) {u € L'Qo) : YA >0 / v (%) dz < —i—oo} .

With respect to this, we specify that equivalent formulas for the distance of a
function from L* (that is the same as the distance from its closure MY) have been
found in a paper by Carozza and Sbordone [44].

The aim of this section is to identify a large class of Orlicz spaces LY which have a

0
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o — O structure with their subspace MY. In particular we will show that an equivalent
norm of the form

lul mUE
ul||lg := sup

v o<t<1 ¥1(1/1)
where u** will be defined later, can be introduced for Young functions ¥ such that
the function ¢ — U~1(1/t) belongs to LY(0,1). In these cases, when it is possible to
introduce this new norm and prove it equivalent to the Luxemburg norm, we will be
able to prove the o-O structure of (MY, LY).
Let us recall an important notion that is needed in order to define ™ and reach a
proof of the above statement.

Definition 3.5. The non-increasing rearrangement of u € L'(Q) where |Q| = 1 is the
function u* : [0,1] — [0, +00] defined as

u*(t) = sup inf |ul.
|Al=t A

We recall that two functions u; € L'(Qy) and uy € L*(€)y) are said to be equimea-
surable if ui = uj. Orlicz spaces have the useful property that if u € LY(Qy) and

v € L'(Qo) is equimeasurable to u then v € LY(Qo) and ||ully = ||v]ly,. We recall also
that a Banach space with this property is said to be rearrangement invariant (see also
[25]).

We would like to use u* to define an equivalent norm. However, the map u — u*
is not sub-additive. For this reason we have to use another function, linked to the
non-increasing rearrangement.

Definition 3.6. Given a function u : 9y — R the mazimal function of u* is the
function

t
u™(t) :][ uw*(7) dr.
0
For the maximal function, one can easily show the following result.
Proposition 3.4 (Bennett, 1988, [25]). Consider u,v € L*(Qo). Then
e v =0 if and only if u= 0 almost everywhere;

o If lu| < |v| a.e. then u™ < v**;

o (au)™ = |alu™ for any a € R;
Py ('LL+’U)** S u** +U**.

In particular «** is sub-additive and thus it can be used to define a norm. For a
rearrangement invariant Banach function space X it is possible to define a function
ox(t) == ||xel|lx, where |E| = t, called the fundamental function. It satisfies a useful

property.
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Proposition 3.5. Let U be a finite Young function and u € L'(Qo). Then, for any
t>0: 0
u*(t

Proof. Given a Banach space X we denote its associate ([124, Definition 6.2.4]) with
X'. Tt can be shown (|[124, Lemma 7.9.13]) that

/0 u(7) dr < [lullx o1 (3.1)

and ([124, Theorem 7.9.6])
px(t)ox(t) =1, (3.2)
so combining (3.1)) and (3.2)) we obtain that

u ()ex (t) < flull

Since an easy calculation shows that for the Orlicz space LY(Qo) endowed with the

Luxemburg norm ¢ v(t) = , the proof is complete.

1
=i (1/t) -

Definition 3.7 (Kaminsksa, 2004, [97]). Let A : [0, 4+00) — [0,400), A(0) =0, A be
increasing, and A(t) > 0 for ¢t > 0. Then the Marcinkiewicz space L (also called
weak Lorentz space) is the collection of all measurable functions f such that

t
[ fll a0 = Stl>11(;> ﬁ/{) fA(r)dr < 4
Corollary 3.6. Let VU be o finite Young function. Then
LY < LY where A(t) = tU1(1/t).
We are now ready to study the quantity
u**(t)
oarer UI(L/E)’

From Proposition and one can easily prove that this is a norm on LY and if
|ul < Jo| we have [[|ullly < [|v]l]y-

Hulll e =

Theorem 3.7 (Angrisani, Ascione, Manzo, 2019, [18|). Let us define the quantity
*(t
Nu(w) = sup —= )

0<t<1 \I’_l(l/t) '
The following statements are equivalent:

i. WY(1/t) € LY(1y) i.e. there exists k > 0 such that

i) o~
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i. ue LY(Qo) <= ||Jullly < +oo;
. u € LY(Qo) < N.(u) < +o0;

w. There exist two constants K1, Ky > 0 such that for all u € L'(Qy)

KN, (u) < Ky [l[ullly < llully < KaNa(u) < K ffullly -

Proof. To show that i.=ii. we first notice that the forward implication in ii. is just

1
Proposition (3.5 To show the other implication we notice that since u**(t) < |||u|||, ¥~* (—)

t
(=)o [+ (50 ()

so that ii. implies u** € L¥(Iy), but this implies u* € L¥Y(Iy) and by Luxemburg
representation theorem [124, Theorem 7.8.3] u € LY(Qy).

The implication ii.=iii. follows from the inequality u* < u**.

The implication iii.=i. is trivial if n = 1 (so that Qy = Iy) since if

we obtain

UH(1/t) ¢ LY and |||¥ =1

vy
we get a negation of iii., while in the general case we choose a function f such that
u*(t) = U71(1/t) (we can get such a function as the limit of a suitable sequence of
simple functions).

Let’s now show that i., iii.=iv. From iii. and from N,(u) < |||u|||; we obtain that if
one of the quantities involved is infinite then so are the others. From i. we can choose
Ky = [[U7H(1/t)|| pw gy < +00 because in this case

! w*(t) ) ! ( 1 1
U dtg/ U(—v! (—))dtgl
/0 (N* (U)KQ 0 K2 t
and N,(u) <|||u|||y. Finally, Proposition [3.5 shows that K; = 1.
Finally, iv. trivially implies ii. so the proof is concluded.

]

Corollary 3.8. Let U be a finite Young function. The embedding of LY in LY as in
Corollary 3.6 has norm 1.
Also, it is an isomorphism if and only if V=(1/t) € LY.

Remark 3.9. Observe that under the hypotheses of Theorem we have that u €
LY(Qy) if and only if u** € LY(Iy) since we know that if u** € LY (Iy) then, by mono-
tonicity of the norm, u* € LY(Iy) and then u € L¥(Q,) by Luxemburg representation
theorem [124] Theorem 7.8.3], while:

[ W Lo (1) < BEN(u™) = K|[Jullly < +o0.
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We now consider, for u € LY(Qy), the quantity

L u**(t)
[u] := llril_i}lp T

Proposition 3.10. Let U be a Young function. Then Yuy,us € LY (Qy) and Vv € L>(Qy)

o [uy + ug] < [u] + [ug;
o [u; —v] = [uy].

Now we want to show a measure of the distance between a generic function u € LY (Q))
and L>((Q)y) which follows from the quantities [u] that is equivalent from the usual dis-
tance induced by the Luxemburg norm.

Theorem 3.11 (Angrisani, Ascione, Manzo, 2019, [18]). Let ¥ be a Young function
such that W=(1/t) € LY(Iy). Then there exist two constants Dy, Dy > 0 such that

Difu] < it [lu— o]y < Dafu].
veL>®

Proof. Since, by Theorem [3.7] we have that
[u] = [u = o] <|lu=vllly < lu=2ly,

we can take D7 = 1. On the other hand, for any € > 0, by definition of [u], there exists
a 0. < 1 such that for any ¢ € [0, d.] we have

w (t) < u™(t) < ([u] +e)¥! G) .
The function

is in L>°(Qo), and we have that (v — u.)* = u*X[o,6.-
If we now take Dy = [[W~'(1/t)]| v (s, We have

[ (i) o= [ v (i) »

hence, taking the limit as € — 0 we have

. ol < Do Tl
Jof Jlu—vlly < D2 - [u]
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From this equivalent distance we obtain also the following norm-attaining property.

Corollary 3.12. For any v € MY there exists a t € [0,1] such that

U**@)

|||U|||\p:m-

kok t
Proof. From Theorem [3.11| we have for v € MY that limv—()
t—0 U—1(1/t)
U**<t)

Ui(1/t)
0 by posing g(0) = 0. The existence of such ¢ € [0, 1] is then assured by Weierstrass
theorem.

= 0. Hence if we

consider the function g : ¢t € (0,1] — it can be extended with continuity in

]

We can finally prove the announced main result of this section

Theorem 3.13 (Angrisani, Ascione, Manzo, 2019, [I8]). Let ¥ be a Young function
such that W=(1/t) € LY(Iy). Suppose there exists a p > 1 such that

o)

= +00
t—+oco P

(in particular if U is A°).
Then (MY(Qq), LY(Qo)) is a (Ey, E) pair satisfying Assumption AP.
As a consequence, under this assumption,

o (MY(Qy))* is isometric to LY (Qy)
o (MY(Qy))* is the strongly unique predual of LY (Qo)
o MY (Qo) is a M-ideal in LY (Qo) with respect to ||||||y

Proof. The assumption on the growth of ¥ allows us to choose X = LP(Qo) [45]. The
choice for Y and & however is not that straightforward.

Let & be the set of all functions E : [0,1] — &, where & is the o-algebra of measurable
sets of (Qy, that satisfy the following conditions

|E(t)| =t, Vt € [0,1] (3.3)

and
s <t=E(s) Cc E(t) (3.4)

and we define the space Y to be

Y = {u = {ugesr € (L1(Q0)” : Iully = sup [Jug| . g, < +c><>} :
Eex
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If {u;},en is a Cauchy sequence, by definition, for every € > 0 there is a v € N such
that for all j, &k > v we have that

sup
Eex

Lo [y —wefly <e,

UE — ukﬁ’

so that if we take u = {ug}g 5 such that ug = lim u;z we easily see that u € Y and
J—00 ?

u,; converges to u in Y, thus Y is a Banach space. We finally choose our collection of
operators to be & = {L, : t € (0,1]}, endowed with the topology induced from the
natural topology on (0, 1], where

UXF (1) }
Lou = {— .
tV(1/1) ) e
Let us proceed to show that our choices for X, Y and & give us the spaces LY(Qy)

and M\P(Qo)
In [25] we can find the following alternative expression for u**:

u™(t) = ! sup /Euda:. (3.5)

|E|=t

Suppose that for every measurable £ C (g and for all 0 < a < |E| < b < 1 there is
a function E : [a,b] — F satisfying (3.3) and (3.4) such that E(|E|) = E. Then we
k% t
m by Equation (3.5)), and this implies that F
is LY(Qo) endowed with our equivalent norm |||-|||-
Let us now show this claim. We first prove that for all measurable and bounded U C R"

there is a function E : [0, |U]] — & satisfying (3.3) and (3.4).

Let Qs = [—g, gr and suppose U C Q)y;. The function

would easily have that ||Lyul, =

m:s€[0,M]—|UNQs| €[0,|U]]

is continuous, increasing and takes the values 0 in ¢ = 0 and |U| in t = M, so it is

surjective and we can choose E(t) = U NQs, where m(s) =t.
Properties (3.3) and (3.4) are easy to show. We can use this to prove our claim. We
consider the two functions

Ey:[0,|E|] = & |p and By : [0,1— |E[] = F |go\5,
so we can take _
Eq (%) if 0 <t<|E|
E(t) =< E if t = |E|
EUEy(t—|E|) if|E| <t<1,
and by restricting E to the interval [a, b] we can conclude the proof of this claim.

All we need to show now are the topological properties of &. Since & is homeomorphic
to (0,1] we immediately get the local compactness, o-compactness and the Hausdorff
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property. The boundedness of the operators L; easily follows from Hdélder inequality,
so all we need to prove is the continuity of the operator T}, : L € & + Lu € Y. Let us
fix a value E for the index of Lu. Since Ly — L iff s — ¢, we can write for h > 0 (the
case h < 0 is similar)

1Zesnu = Leu]] 1 S/E(t) (t+h)\If—11(1/(t+h)) _t\II—ll(l/t) ful+
- e
= ‘(t+h)\1/—11(1/(t+ n) t\If—ll(l/t) el +
* ‘(t+h)\11—11(1/(t+h)) Julp h

which, when h — 07, converges to 0 uniformly with respect to E due to the continuity

¢ 1

of ————.

tU-1(1/t)

Hence, with these operators we can describe LY(Qq) and MY (Q,) as

LY(Qo) = {u € LP: sup || Luly < —i—oo}
LeZ
MY (Qo) = {u € L?: limsup || Lully = O} .
L—o0

Now consider u € LY(Qo) C LP(Qy). Recall that for any positive function in LP(Q,)
there exists an increasing sequence of L>((Q)y) functions converging to it in LP(Qo).
Hence let us consider uj and u; converging respectively to ut and u~.

Thus u; = u — uj converges in L”(Qq) to u and |u;| is an increasing sequence con-

verging to |u|. Hence |u;| < |u| and by monotonicity of the norm |||
ging to [ul j y y -

sy < Hellly -

Finally taking the supremum over j we have
sup [[[u;[ly < [[[ullly -
JEN

O

Let us now see some examples where our theory gives meaningful results.
First of all, it is well known that the space EX P(Qy), which is an Orlicz space with
U(t) = e’ — 1, admits [||-]|| as equivalent norm (see [25]). Indeed it is easy to check
that U~1(1/t) = log(1 + (1/t)) € LY(Iy). Moreover, it is also easy to check that ¥
satisfies the A° condition.
Let us now show a more general result.

Proposition 3.14. Let U be a Young function of the form e’ — 1 such that v is a
convex function.
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Then U satisfies the A° condition and Y=1(1/t) € LY (Iy).

Proof. The A® condition easily follows from the inequality
U(kt) = e’ — 1> M0 _ 1

for any £ > 1 and v(t) — +o0 as t — +o0.
Now observe that, being ¥ a Young function, v(0) = 0 and v is strictly increasing.

Moreover for any r» > 0
v(r)
6’/(7‘/2) < vVev(r) < 6—7

ev(r) —1

since v(r/2) < wv(r)/2. If r > 0 is such that v/(r) and v/(r/2) exists, then we also have
v(r/2) < v/'(r). Combining these two inequalities we have

Integrating this inequality in the interval [0, r], applying first the logarithm and then
v~ we obtain -

3 <yt (log (\/ er(r) — 1+ 1>) :
Now, for any ¢ > 0, consider r = U~(1/t) = v~ (log(1 + 1/¢)) to obtain

o () o () -+ ()

and then applying ¥ we finally have

hence t — ¥=1(1/t) € LY(0,1).
[

Observe that W(t) = e’ — 1 (which is the Young function defining FX P) fits in
this case, together with functions like W(t) = e — 1 for a > 1, U(t) = 1 — 1,
U(t) = e =1 _ 1 and so on.

However, Young functions of the form ¥(t) = e8¢+ _ 1 for ¢ > 0 do not fit in the
previous cases. For these we can show the following proposition.

Proposition 3.15. Let U be the Young function U(t) = 8" "+ _ 1 with ¢ > 0.
Then VU salisfies the A° condition and Y=1(1/t) € LY (I,).

Proof. Tt is easy to prove that W satisfies the A® conditon. To study this case, one can
consider the change of variable ¢ = 1/s, by which the condition W=1(1/t) € LY (1) is
shown to be equivalent to the existence of a k > 1 such that

/01\11 (% vt (%)) ds — /1+°Otl2q, (% \If—l(t)) dt < +oo0.
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Let us study the case in which ¢ € (0,1). We have
\I/_l(t) _ 6logiﬁ (14¢t) 1

and then, after some calculations

1 1 ot 1
v (% \1;1(15)) = exp (1og1+5 (1 e E)) -1
t

T =
e(l+e)logite t ’

~

where the symbol ~ means we are considering functions with the same asymptotic
behaviour at 4+o0o. This asymptotic equivalence follows from Taylor expansion of
t — (1 +¢)*< near 0 up to the second order term.
Since for t large enough

€(1+5)10gmt 2 1ngt

/+001\1/ 1\11‘1(15) dt < +
! Iz 3 Q.

A similar argument works for € > 1 by considering a Taylor expansion of higher order.
O

for any p > 1, we obtain
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3.2 Orlicz-Sobolev Spaces as defined by means of os-

cillation

Let ¥ be any Young function and LY(Q) the corresponding induced Orlicz space
over an open subset 2 of an Euclidean space R". We will say that a function f € LY(Q)
is in the Orlicz-Sobolev space W1 (Q) if there is a function g € LY(Q;R") acting as
weak gradient of f, i.e.

/Q f(2)Dip(z) dx = / g(2)p(x) dz, V€ C2(Q),

where by C2°(€2) we denote the space of test functions, i.e. indefinitely differentiabile
functions with compact support, but it can be proven by density arguments that the
role of C'2°(§2) can be equivalently played, a posteriori, by any function in a suitable
Orlicz-Sobolev space W1 with ® being the conjugate of W,

Exactly in the same way as Lebesgue spaces are what one obtains by choosing ¥, (¢) =
t? and looking at the induced Orlicz space LY, classical Sobolev spaces are a special
case of Orlicz-Sobolev spaces. The fact that all Lebesgue spaces are rearrangement-
invariant extends to all Orlicz spaces while on the other hand examples to show that
WY is not rearrangement invariant can be found for all choices of a Young function
v,

In this section we will present a recent result by Heli Tuominen (see [134]) characterizing
Orlicz-Sobolev spaces in terms of oscillation. To understand the result a few definitions
are needed. We already looked at the Hardy-Littlewood maximal operator M: we now
define a restricted version.

Definition 3.8. Let f(x) be any locally integrable function, f € L}, (R"), and R > 0.
The restricted Hardy-Littlewood maximal operator Mz maps f to a function Mgf
defined by the position

1
M Tr) = su
wf(@) = S BN Lo

[F ()l dy

where B,.(z) is a ball of center x and radius r.

In [81], citing, in turn, some results from [29], Hajlasz remarked that a function
f € L? is in the Sobolev space W17 if and only if

£@) = F)] < Cole — 9l [Mogay(IDF)) + Mopa (DI (@)], For e 2,y

As the restricted Hardy-Littlewood maximal operator preserves the p integrability of
the function if p > 1, this can be expressed more neatly in other words: a function
f € LP (with p > 1) is in the Sobolev space WP if and only if there is another function
g € LP bounding the Lipschitz oscillation in the following way

|f(x) = f(y)l

P— < g(z) + 9(y),

for almost every x,y € R" with x # y.
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This result is extremely interesting as it provides a very natural way of extending the
definition of Sobolev spaces to compact metric measure spaces, by substituting |z — y|
for another metric p(z,y). This definition, first proposed by Hajlasz, of a Sobolev
space for functions of metric measure space, is at the core of [8I]: provided a few
reasonable assumptions on behaviour of the measure on balls, but we do not go into
further technical detail, it gives rise to a function space for which many properties of
the Sobolev space are preserved. This function spaces are often referred to as Hajlasz-
Sobolev spaces and denoted by M'?(K, p, ). The reader is invited to compare with
Section 2.2

What Tuominen did in [I34] was precisely an extension of this result to Orlicz-Sobolev
spaces. He proved the following theorem.

Theorem 3.16. Let ¥ be a Young function and ® be its conjugate and assume V¥ and
O both satisfy the Ao condition. Then a function f € LY(R™) is in the Orlicz-Sobolev
space WHY(R™) if and only if there is a function 0 < g € LY, real constants C' > 0
and 0 > 1 and a null set E, |E| = 0, such that for all x,y € R™ \ E, the following
wnequality holds

[f(x) = f(y)l < Cle -y [‘I”l(Mo—u—m‘I’(g)(fv)) + U ( Mooy ¥ (9) ()]

Sadly this result cannot be expressed as neatly as the one by Hajlasz as the one
in WY with p > 1, because ¥(g) is a function in L!, and the Hardy-Littlewood
maximal operator is not expected to preserve simple summability (p = 1), so that we
cannot rewrite the result substituting U=" (M|, ¥(g)(x)) for a generic function g in
LY, but this result further motivates and justifies the introduction of Orlicz-Sobolev
spaces even in the context of compact metric measure spaces: a construction that was
done by Afssaoui in [5] at about the same time as the paper by Tuominen appeared.
These spaces are often referred to as Musielak-Orlicz-Sobolev spaces and generalize the
Hajlasz-Sobolev spaces by imposing conditions of type:

< g(x) +g(y)

for almost all x # vy in the metric space and for LY functions f and g.
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3.3 Orlicz and Holder spaces in regularity theory

Holder spaces are absolutely pervasive in regularity theory, starting from an ex-
tremely famous result by Ennio de Giorgi (see [55]), proving Holder regularity for
solutions of elliptic equations in divergence form with measurable bounded coefficients.
As a matter of fact, this result is immediately traslated into Holder regularity for gra-
dients of minima for strictly convex integral functionals on VVllof(Q, R).

It is known that this, in turn, is the starting point of a bootstrap argument proving
higher regularity for minima of functionals with more regular lagrangian functions,
hence giving a positive answer to the famous XIX Hilbert problem.

Such a clean result, however, is only possible in the scalar case. Ennio de Giorgi himself

found a counterexample in the vectorial case, i.e. a functional
F(u) = / f(@, Du(x)) dx
Q

defined on W12(2, RY) and a minimum u :  — RY such that, for any choice of N > 2,
u fails to have gradient Du belonging to the Holder space Lip,(£2) for any choice of
a e (0,1).

On the other hand, in the multidimensional case N > 1, it is often possible to prove
partial regularity, i.e. pointwise regularity on a set of points whose complement is
negligible, in some sense. Some assumption on f under which this is usually done
is an integral form of convexity called W'P-quasiconvexity. Whenever the functional
F is autonomous, i.e. not depending directly from z (and, in this section we will
even assume f : z € R™ — f(2) € R depends exclusively on the gradient Du),
WP_quasiconvexity is the assumption that the lagrangian f satisfies the inequality

f(z+ Do(x))dz > f(2), Vz, Vo € C3°(B1,RY).

By

This condition was introduced by Morrey in 1951 (see [I17]) and it was shown to be a
necessary and sufficient condition for the weak lower semicontinuity of the functional
F in WP, It is a condition strong enough to imply that affine functions are local
minima. Stronger forms of quasiconvexity were later introduced, such as uniform or
strict quasiconvexity, whose definition we will see later. In light of this, we mention
the first regularity result for minima of strictly quasiconvex functionals due to Evans
(see [62])

Another idea that is central to this section is the concept of (p,q) growth: we will
give definitions further in the section, but we also refer the reader to [I12] by Paolo
Marcellini.

As a matter of fact, classically (see [62], [2] and [41]), W'P-quasiconvexity is paired
with an assumption on the growth of f, of the type |f(2)] < C(1 + |z])?.

Marcellini (see [113]) replaced it with the more flexible (p,q) growth conditions, by
considering a Lagrangian function f that is W1P-quasiconvex but satisfies |f(z)| <
C(1+ |z])9 for different p and ¢. In this context he proved many regularity results and
subsequently, several contributions were added to the theory by various authors.

In [43] and in [92], autonomous functionals F (u) = [ f(Du) of the calculus of variations
are studied, with the hypothesis of quasiconvexity for the Lagrangian function f = f(z)
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only holding asymptotically, i.e. for z : |z| > M. The idea is to show that the
typical methods used to prove density of the set Reg(u), i.e. the set of points of local
Hoélderianity for the gradient Du of a minimizer u, can be adapted to prove that the
set of points g in which |Dul(xg) is large and w is not locally Lipschitz around zg is
no-where dense.

Thinking of Lipschitz functions as functions in W™, ie. admitting an essentially
bounded weak derivative, allows to conclude that w is at least locally Lipschitz in a
dense subset of its domain.

This section is devoted to a similar problem, but for functionals with a (¢, 1) structure,
where ¢ and v are more generally Young functions with the so-called Ay condition that
play the role that t — t” and ¢ — t7 play in the usual (p, q) theory. More precisely, we
will assume that the lagrangian f does not grow faster than v, but is asymptotically
e-quasiconvex for different Young functions ¢ and v (see further in the section for a
precise formulation of the problem).

The problem is approached with inspiration to some methods used by T. Schmidt in
his paper [I31], but also looking at [92] and adapting those leading to the announced
conclusion.

In general, a very good survey of the topic was done by Mingione in [115].

Lastly, with respect to Holder spaces, we remark that, in this context, it is also very
useful to rethink of them via Campanato’s integral characterization. As a matter of
fact, in [35], Campanato introduced the spaces

1
LMP(Q) = {u Duf, = sup — [u(x) — up, (z0)| d < —i—oo}
By (20)CQ " J B(z0)

sometimes called Campanato or Morrey-Campanato spaces. He then proved that when-

ever A in (n,n + p) these spaces coincide with Lip,, with a = A;f”.

3.3.1 The problem

In this section we study multidimensional integrals of the type
F(u) = / f(Du(z))dr for u:Q — RY
Q

where €2 is an open bounded set in R", n > 2, N > 1. We consider Young functions
@, ¥ € C*([0,+00)) and a Lagrangian function f s.t. the following assumptions hold:

(H.1) Regularity- f € C*(R"V R).
(H.2) The following inequalities hold

©'(1)
t

Y'(t) V(1)
py—— < Y(t) S @y
for all t > 0, where py, q,, Py, g > 0 are positive constants.

<'(t) < 4y
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H.3 Asymptotical L —quasiconvexity— There exists M >> 0, > 0 and a
Wie y
continuous function g such that

f(z)=g(2), Vz: |z >M

and such that g is strictly W1¥-quasiconvex, i.e. satisfies
F o+ Do) 2 902) 47 f gralIDol), Ve Vo € CF(BLRY)
Bl Bl

where ,(t) is defined for any 0 < a € R via the following equality

Pu(t) = ¢'(a+1) and  ,(0) =0

a+t

and it was shown in [92] to satisfy the property
©a(t) ~ 20" (a + ).
(H.4) Growth conditions- The following inequalities hold

Io(l2]) < f(2) <T"(1+4(l2)))
[D*f(2)] < T"(1+9"(|2]))

for all z € R™ for some positive constants I'', T > 0.

(H.5) Range of anisotropy We assume that, for any a > M, the function
Ny = pq 0 (P)1 is a Young function and the following inequality regarding
its complementary Young function ./ holds

() (1) < el ()
forall t >> 1 and some 1 < 8 < 5

It can be shown (see Lemma in the next subsection) that (H.5) implies the in-
equality
D(t) < ep’(t), VE>>1

CIf p(t) =2 and (t) = 17, (H.5) is equivalent to ¢ < p + 2.
In [92], it was proven that (H.3) is equivalent to:

(H.3’) There exists M >> 0, v > 0 such that

Vz:|z| >M

f(z+D¢) > f(z) +4 f or(1DS)), Vo € CF(By,RY)

Bl Bl

under our hypotheses. In particular, it follows from the fact that f is locally bounded
from below.
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We will study local W¥-minimizers of &, i.e. functions u such that
F(u) <F(ut+¢) Yo e Wy?(Q,RY).

In the case of a globally quasiconvex functional and with the superquadratic hypothesis
@(t) > a(t* — 1), D. Breit and A. Verde in [33] proved that if u is a local minimizer
of F, then u is in C1* in a open dense subset of 2. Adapting and generalizing their
arguments, we prove partial Cb* regularity of a local minimizer u of & around points
in whose neighbourhoods |Du| is large, without the assumption of superquadraticity
and with quasiconvexity only in its asymptotical formulation. More precisely, we will
obtain the following result

Theorem 3.17 (Angrisani, 2021, preprint). Let f,¢,v¢ satisfy hypotheses
(H.1),(H.2),(H.3),(H.4) and (H.5) and let u be a local minimizer of the corresponding
functional F. Let zy € R™ such that |zo| > M + 1 and assume there is a vy € R"
with the property that

lim IV (Du(x)) — V(z)]* =0,

p=0% JB,(20)

then w is locally C' in a neighbourhood of xy, where V(z) is defined in section .

This theorem has the following corollary

Corollary 3.18. In the hypotheses and notation of Theorem[3.17, the set of points of
local Lipschitzianity of u is a dense open subset of €.

3.3.2 Technical lemmas and definitions

The following lemma will be useful while obtaining our Caccioppoli estimate. The
proof can be found in [69].

Lemma 3.19. Let —o0 < r < s < 400 and a continuous nondecreasing function

Z:[r,s] = R be given. Then there are 7 € [r, 252] and § € [“£2, 5], for which hold:

(7)  4=(s) —=0)

S—7T

(1]

~
o~ [~~—
[ ]|
= [1]

and

for every t € (7, 3§).

In particular, we have - <

3 —r<s—r.

VAR

The following lemma is about Young functions satisfying hypothesis (H.2)
Lemma 3.20. Let h be a Young function satisfying (H.2). Then we have

(a) h satisfies Ay(h) < 400 and Ay(h*) < +00
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(b) For allt > 0 the following inequality holds:
h(1)(#" — 1) < h(t) < h(1)(#7 + 1)
wherep=p,+1andq=q,+1ifh=p andp=py+1andqg=qy+1ifh=1

(¢) For allt >0, h'(t)t is equivalent to h(t)

For the proof, see Lemma 3.1 in [68].
We will also make use of Lemma 3.2 from [92], which we rewrite here for the convenience

of the reader.
Lemma 3.21. Let ¢ be a Young function such that @ and ¢* both enjoy the Ay con-

dition. For z1,z € R™ and 0 € [0,1], denote zg = 21 + 0(22 — 2z1). Then, uniformly
in 21, 29 € R™ with |z1| + |22] > 0 and in u > 0, it holds

Pl L) | [P,
prlal+lml o ut e

Definition 3.9 (Excess). For any z € R™" let us define the quantity

P(121)
2

V(z) :=

and let us notice that, with our hypotheses, we have
[V (21) = V(22)]* = 91y (|21 — 22).

We also define the excess function

B, (u, 20, p, 2) ::][ V(D) — V()2 da

Bp(l’O)

and
Bulu0p)i= | V(DU) = V[(Du)n,i)f o
BP(J?O)
where by putting a set as a pedix to a function we refer to the integral average of the
function over the set, i.e. (Du)p, () = pr(Io) Du(x) dz. We immediately notice that

q)@(u> Zo, P, Z) = ][QDZ|(IDU - Z‘) dx

In [33], D. Breit and A. Verde proved that if u is a W% minimizer of & on B,(),
for all L > 0 and « € (0, 1) there exists €y > 0 such that if

][ Du
By (z0)

L
< =
-2

D, (u,x9,p) < ey and

then u € CL%(B,(x0); R™).
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We will now replicate their reasoning in the weaker hypothesis of asymptotic p-quasiconvexity
and without assumption of superquadratic growth behaviour of . With this aim, we
start with the following lemmas.

Lemma 3.22. If there exists zo, |20| > M + 1 and xo such that:

][ WV (Du) = V(z)E = 0 as p— 0*
Bp(xo)

then there exists m1 = r1(xo, 29)such that for all r < ry

][ Du
By ($0)

Proof. Let |z9| = M + 1+ €. Then there must be a r; (of course this depends on the
specific values of 2 and zp) such that for all » < r; we have:

> M+ 1.

g
][ Plzo] (| Du = 20) < @z <§> , Vr<m
By (zo)

where we have also made use of our previous remark that [V (Du) — V(z)|* is equiv-
alent to @ (|Du — 2)).
which, by Jensen inequality means:

][ Du — 2
By (zo)

< -, VT’<T’1.

DO | ™

This in turn gives:

][ Du
Br ($O)

The following is a rewriting of Lemma 2.5 from [33] that will be useful to us.

S £
2‘20‘—§:M+1+5—§>M+1, Vr < ry.

Lemma 3.23. Let 0 <r < s and 8 < ;5. Then there exists a linear operator

Ts : WH2(Q,RY) — Whe(Q, RY)
defined as

max{0, min{|zx| — r, s — |z|}}

2

T, su(z) = ][ u(z +&(x)y)dy,  with &(x) =
B1(0)
such that
(a) T,.u=u on B, and outside By;

(b) T,su € u+Wy¥#(B,\ B,,R");
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(¢) |DT, su| < T, 5| Dul
(d) The following estimates holds:

/ Tyl dz < c / o(Ju]) dz
BS\BT

B\Br

/ o(| DT, sul) dx < c/ o(|Dul) dx
Bs\Br Bs\Br

0(t) — 0 0(s) — 0(t)1”
/ ¢B<|TT,SUD dx S C(S — T)_nﬁ+n+ﬁ |:Sup u + sup (S) ( ):|
Bs\Br r<t<s t—r r<t<s s—t
B
t) — — Ot
/ (DT, ) ds < c{s—r) "5+ {Sup o =6) , - Ols)—6f >}
Bs\Br r<t<s t —-Tr r<t<s S — t

where

(1) = / o(ul)dr, O(t) = /B o(|Du) de.

The following result is contained in [34].

Lemma 3.24. Choose any positive constant L larger than M and let a € (M, L). Then
for any t > 0 we have

77Z}a<t> < K - H(90a<t>>

where K = K(M, L, 3,1, ) is a positive real constant depending on L and H(t) :=
t+ 7.

Proof. Let us start with the case ¢ < 1. In this case, by (H.2),

t? t?
W (1) ~ " % ~ t < : <
t2 2
<K ' <K ——~ K
= 1 []\/1}71221]90 (a I t)2 = 190(0/ + t) (a + t>2 1%0(1(75)
where
e Y
K, = & € (0, +00)
min
[M,L+1]
depends only on M, L, and .
On the other hand, if ¢t > 1,
t2 2 a\ 28—2
o) =" (a+ ) ~ t < Pla+t 5-(1 —> <
lt) 20 + O i+ ) <Pl (14 ) <

where Ky = (1 + L)?°72.
The thesis follows with K = max{K;, Ky}. O
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3.3.3 Caccioppoli Inequality

This subsection is dedicated to the Caccioppoli inequality, which will be the main
tool of the proof of partial regularity.

Lemma 3.25 (Angrisani, 2021, preprint). Let the assumptions (H.1) — (H.5) hold for
a given M. Consider any positive constant L > M > 0 and a consider WY¥-minimizer
u € W(B,(x0); RY) of F on a ball B,(xg) contained in Q. For all z € R with
M < |z| < L+1, let q(z) be an affine function with gradient z and v(x) = u(z) — q(x).
Then

]i; @1z (| Dvl) dx < C]ép Pz (%) dr+
+C{7{3p lg0|z|(|Dv|)+goz| (%)} dx}ﬁ. (3.6)

Proof. Assume for simplicity o = 0 and choose

<r<s<np.

(t) = /Bt {%(\Dv\) + @ ( )1 dz.

We choose in addition r <7 < § < s as in Lemma [3.19] Let ) denote a smooth cut-off
functions with support in B; satisfying n = 1in By and 0 <n <1, |Vn| < ﬁ on B,.
Using the operator from Lemma [3.23] we set

¢ =T5s[(1 —n)v] and § :=v — (.

N

Define

(1]

Fo7

By quasiconvexity we have
(| DE < D¢ — =
v [ anpeh < [+ Do - 12
= | £+ DO = f(Du) + 1(Du) = F(Du = D)+ f(Du~ D)~ ) < ...
Now, of course [ f(Du) — f(Du— D) <0 and Du = z + DE + DC, so
o2 [ e+ DO fe+ e+ DO+ [ flz+ D - 1) <
Bs Bs
1
< [ [[1pst+ De+000) - Dye)IDCI a0, e+
B: Jo
1
+/ / |Df(z+60D¢) — Df(2)||D¢| df, dx =: F + H.
B: Jo

We now estimate #, recalling our growth hypotheses (H.4) and also making use of
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Lemma .21l We deduce:
11
J1§///|D2f(tz+(1—t)(z—|—9DC))||9DC|D§|dtd9,dac§
B:Jo Jo

1 1
<t [ [ [ e+ (0= o+ 0D 1D de do. d <
B; Jo Jo

"(2 D
cof YOG s,
B 2|z| + |z + D(|

L (1DC)) d.
<c [ wd)s
Regarding %, we can deduce:
1 1
T2 = / / / |D? f(t(z + DE +0DC) + (1 — 1)2)|| D€ + 0D¢|| D¢ dt df dx <
B; JO 0
1 1
= C/B/O /0 " (|t(= + D€ +6DC) + (1 — 1)=])| DE + 9DC| DC| dt df dr <
< c/B~ (|2 + | DE| + | DC|) (| DE| + | DC|) | D¢ | dae <
< [ vt 4pel+ IpCinglar <
Bs
<c [ vi0penin +e [ wipehin <
= C/Bg Y1 (1DENIDC] +C/B§ Y12(IDC]) da
Combining the two, we obtain

v [ awpsh <e [ wipeppae [ wanchas

B

Now we use a Young inequality on 77/}|IZ|(|D§)|DC|, namely

Vo < el My (1 (1D€)) + A5 (1 DCP]-

This, together with the definition of .4].|, our anisotropy assumption (H.5) and Lemma
lets us deduce

’V/B~ @121 (|1DE]) < 0/B~H[90|z(\DC|)] dr+
vel [ euohars [ oancir <

T 5 T



82

CHAPTER 3. ORLICZ SPACES

<

< L, ellPTs( =l o /

. B;\Bs

5 T

C[/Bg\Bf'Z”DC')d“ | eundans [ 53;*"2'('”')] <
o (IDT=f(1 — o]+

+ 0/ N @1z (|1Dv]) <

5 T

=(t) — =(7 =(3) — =(¢
<c [ puDulel+ Dol o) e [p% +sup = =0
3\ B7 [7,3] - [7,3] -

+ 0/ 1z (|1 Dv]) do <
B ~

5 T

< C// Pz (
B3\ Br

%D + @)z (| Dv|) da+-
+ (s — ) E(s) — 2(r)])°

where an estimate from Lemma [3.23] (d) was used and Lemma was also used.
Now, starting again from the left,

/Br @1z/(|1Dv]) do < C/Bp Pl ( i )+

G

(1]

+c’/ @12/(|Dv|) dz + (s — )" [
Bs\B:
Using the hole-filling method we have

=3

/

C
Dvl|)dzx < D
[ eutipeas < = [ oo+

Fels— )" [(s ) /B

P

+

10ul) + o (524

s—=r

+c/ cpz|( [v] )dx
B, S—7T

A well-known lemma (see [58|, Lemma 3.1) concludes the proof.

3.3.4 g/-harmonicity
Consider a bilinear form &« on R™. We assume that the upper bound
|| <A
with A > 0 holds and that the Legendre-Hadamard condition

A (yx” yz') > Max*ly|>  for all z € R",y € RY
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with ellipticity constant A > 0 is satisfied.
We say that h € W'(Q,RY) is o/-harmonic on € iff

loc
/ o (Dh, D¢) dz = 0
Q

holds for all smooth ¢ : Q — RY with compact support in €.
The following lemma will ensure that, for large z, the bilinear form & = D?f(z)
satisfies the Legendre-Hadamard condition.

Lemma 3.26. Let f satisfy (H.1) and (H.3') for a given M > 0. Then, for any
given z such that |z| > M, we have that of = D?f(z) satisfies the Legendre-Hadamard

condition
A (Cxt, ¢ty > Nz|?|¢]* for all v € R™ and ( € RY

with ellipticity constant \ = 2.

Proof. Let u be the affine function u(x) = zz with z such that |z| > M. Quasiconvexity
in z ensures that u is a W1¥-minimizer of the functional & induced by f and that the
function:

Glt) = Ga(t) = Fn(u+19) =7 [ prupo(tDB) do

has a minimum in ¢ = 0 for any ¢ € Wy ¥(By, RY) and, in the same way as it is done
in ([77], Prop. 5.2), from G (0) = 0 and G%(0) > 0 the Legendre-Hadamard condition
will follow.

As a matter of fact, from G”(0) > 0, we obtain:

0*F 3 9
(20)Dx¢* D" dx > 2 | |D¢*| dx (3.9)

B, 0z ﬁzf B

for every ¢ € C}(B;,RY). Let us ¢ = v + iu and write (3.9) for v and for p, i.e.:

O*F
/ 5(20) Dpv Dy de > 2y | |DV?| da (3.10)
By 020z B
and
O*F P 9
B(zo)Dk,u D;p” dx > 2y |Dp| dx (3.11)
By 020z B
we obtain:

O*F
/ —(20) [Div*Djv® + Dyp® D] dz > 2y [ |Dv?|+|Dp?ldz (3.12)
By 0207 B

and hence:

O*F o =B 9
Re 5(20) D¢ D¢ dx = 2 | |Do|" du
By 0207 B

Now, consider any £ € R", n € RY, 7 € R and ¥(z) € C>(By,R) and take ¢ to be
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o(z) = ne'™EDW (). Since ¢*(x) = W ()e'™¢*, we have

’F
’ 5 (z0)n 0’ [7°6,8; 9% + Dy D; 0] dow > 27|77|2/ (I1DE* + 7P| (2)]?) dar.
B, 020z B

Dividing by 72 and letting 7 — oo we get:

OPF

B 82,‘3‘82]@

(O n P @) do = DPIP [ V(e da

B

and since this holds for all ¥ € C2°(B;,R) the proposition is proved. H

Remark 3.27. Assume f € C2.(R™). Then for each L > 0, there is a modulus of
continuity wy, : [0, +oo[— [0, +00] satisfying hH(l) wr(2) = 0 such that for all 2, 2z, € R™Y
z—r

we have:
21| S L, |22| S L+1=|D*f(21) — D*f(22)| < wi(lz1 — 2).

Moreover, wy, can be chosen such that the following properties hold:
1. wy, is non-decreasing,
2. w? is concave,
3. wi(z) >z for all z > 0.
The following lemma will allow approximation by &/-harmonic functions.

Lemma 3.28. Let f satisfy (H.1)—(H.5) for a given M > 0. Choose any L > M >0
and take u € WH#(Q,RY) to be a Wh¢-minimizer of F on some ball B,(x).
Then for all z: M < |z| < L and ¢ € CZ(B,(zo)) we have

< oy/Tpun(®,) swp Dl (3.13)

Bp(ﬂfo)

][ D?f(2)(Du — z, D¢) dx
By (o)

where @, := O, (u, xg, p, 2), the constant ¢ depends only on n,N,I".I" L and wy, is the
modulus of continuity of the above Remark (see also [131]]).

Proof. Setting v(x) := u(z) — zx, the Euler equation of & gives

D?f(2)(Dv, D¢) dx

By

]{9 [D?()(Dv, D) + Df(:)Dé — Df(Du)De] de|.
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If |Dv| <1 we have
|D?f(2)(Dv, D¢) + D f(2) D¢ — D f(Du)D¢| <
1
< / |D*f(2) — D*f(z + tDv)| dt|Dvl|| D]l <
0

< wi(|Dvf*)[ Dol[| Dl <
< cwr (@ (1Dv]) iz (| D0 ]| Dl oo

where in the last step we used (H.2) to infer

DuP S _inf @ (OIDeP < (2] + [Del) Dof? = 1| Do)

If |Dv| > 1, we use the M < |z| < L and ¢(t) > ct (see Lemma|3.20) on ¢ > 1, together
with (H.4) to obtain:

D2f(2)(Dv, D) + Df()Dé — Df(Du)Dé| <

1
<c (|Dv| 1Dy / D*f(|= + t(Du — z>|>dt) 1D6] <

Y|z + t(Du — 2)|)
(1ot [ EEEE D ) Dol <
(2] + |Du = 2))
c[so<|Dv|>+ =) ol <

WElel) | v(2IDu )
gc[so(\m\) 20 = 1ol <
)+

clp(|Dv]) + 1+ ' (|Dv])] [ Dolloc <
< cp(|Dv])[[ Dol < cpz(|Dv])]| D)oo

In the second to last step we also used ¢/(t) < ¢(¢(t) + 1) for t > 1 which follows by
the Young inequality

() - 1< A @(E) + 47 (1)

where /' = ¢ o (¢/)7!, and the fact that ¢(|Dv|) > ¢|Dv| > c.
Now, by the fact that w?(t) > ¢ for t > 0 we get

D?f(2)(Dv, D¢) dx

By

< ¢ Do) ]i wi (g1 (| DV ooy Do) da

P

and since wy, is non-decreasing, using Cauchy-Schwartz and Jensen inequalities we get

< e/ Puwr(D,) || DY || o

D?f(2)(Dv, Do) dx

By

which concludes the proof. O]

The following lemma is from a paper by Teresa Isernia, Chiara Leone and Anna
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Verde (see [91]).

Lemma 3.29 (Isernia, Leone, Verde, 2021, submitted). Let 0 < A < A < oo and
e > 0. Then there is a 6(n, N, ¢, o*, A, \,e) > 0 such that the following assertion holds:

For all k > 0, for all o satisfying (3.7) and (3.8) and for each
u € WH(B,(z0); RY) satisfying

<k sup |Dg|
Bp(xo)

][ 9 (Du, Do) dx
Bp(fEO)

for all smooth ¢ : B,(x¢) — RY with compact support in B,(xo) there is an o -harmonic
Junction h € C2.(B,(z0), RY) with

sup |Dh|+p sup |D?h| <o (f( )wz(IDUI))
Bp(xo

B, /2(z0) B, /2(0)

u—h
][ Pl (’ ‘) dr < e ][ @12 (| Dul) + ©(7)
B, 5(0) p By (x0)

Here c* denotes a constant depending only on n, N, qi, A, \.

and

3.3.5 Excess decay estimate

Proposition 3.30. Let zy be s.t. |z0] > M + 1 and o be s.t.

lim [V (Du(z)) — V()] =0

p=0 By(z0)

then
Q,(u,x9,p) =0 as p—0.

Proof. Let (Du), := pr(xO) |Du|. We have, by triangular inequality
B0 0) = f  V(Du) = V(D)) <
By(20

c V(Du(x —V202d$ VDup—Vzo2dx
< [ﬁm’( (2) = V(z0) +7ip(x0)|< )= Vi(z0)

First summand of the right side is going to 0 by hypothesis. The second summand is

equivalent to

]{3 Du(x) — zpdx

p(zg)
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which, by Jensen inequality, is less than

]{9 0100/ (|Du(z) — 20]) d.

p(zo)

This is, again, in turn, equivalent to
f D) - VP
Bp(l"o)
which is vanishing by hypothesis. O]

Finally, we can prove

Lemma 3.31. Assume f, ¢ and ¢ satisfy hypotheses (H.1) — (H.5) for given
Do Qs Do Gy ad M.

Let L>M+1>0, a€(0,1), 7o € Q and zo € R™ such that L > |z9| > M + 1.
Then there are constants g > 0, 6 € (0,1) and a radius p* > 0 such that the following
holds [

Let w a WY?-minimizer of F on B,(xo), with p < p* and xo € R™ satisfying

lim \V((Du(x)) = V(z0)|” = 0.

p=0 By (z0)

If
P, (u, xo, p) < €0 (3.14)
then
q)so(u, o, ep) < 92aq)<p(u7 Lo, p)

Proof. Let zy be such that |zg] > M + 1 and xy any point such that

lim |V (Du(x)) — V(z)> = 0.

P70 J B, (o)

In what follows, for simplicity of notation, we assume that xo = 0 and we abbreviate

z = (Du), = f Dudx

and
P,(-) = Py(u,0,:).

where p > 0 is any positive value small enough (smaller than a p* that will be deter-
mined throughout the proof).
As the claim is trivial if 3p s.t. ®,(p) = 0 we can assume D, (p) # 0.
Setting
w(z) == u(x) — zx

eg, 0, p* depending on n, N, L, py, Gy, Dy, @y, L'y 0,7, o, 20 and A, := max |D? f|

Bri2



88 CHAPTER 3. ORLICZ SPACES

we have by our equivalent definition of ®,(p) that

f o1:/(|Duw]) dz = B, (p)

P

Next we will approximate by &-harmonic functions, where o := D?f(z).
If p is chosen sufficiently small we have L > |z| > M + 1, hence, from |¢f| <
max |D?f| =: Af, and from Lemma[3.23| we deduce that & satisfies (3.8) with ellipticity

Bp o

constant 2v. Lemma yields the estimate:

< Oy [ Py(p)wr (P (p)) Sup Do)

P

A (Dw, Do) dx

By

for all p < p* and for all smooth functions ¢ : B, — R with compact support in B,,
where () is a positive constant depending on n, N, py,q, ', L, Ap.

For ¢ > 0 to be specified later, we fix the corresponding constant §(n, N, ¢, Ay, ~v,€) > 0
from Lemma [3.29

Now, let &g = €o(n, N, ¢, Ar,7,€) be small enough so that implies:

Cown(®,(p)) < 6 (3.15)

r=14/P,(p) <1 (3.16)
We apply Lemma obtaining an &/-harmonic function h € C7°

loc

(B,; RY) such that

sup |Dh| + psup |D*h| < c*gpfz‘l (Dy(p))

p/2 p/2

where ¢* = ¢*(n, N, p,Ar,v) and

ﬁmwp(W;hﬁdee@Am+wﬂwﬂsﬁ¢um. (3.17)

where this last step follows by noticing that ¢,((t) ~ ¢* when ¢ < 1.
Now fix 6 € (0,1/4]. Taylor expansion implies the estimate:

sup [h(x) — h(0) — Dh(0)e] <

IGBQQP

< 5(20p)° sup |D*h| < 2¢°*pyi 1 (Dy(p)) -

Z’EBP/Q

N —
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It follows:

jw(z) — (0)]
]{9 W'( 20p o
20p
h
9 Go—1—n o (’w ’) do—+
By/2

+]£20p 90|z( (&) - h%)p ho m) dx] <

< e [079T Dy (p) + 0 (08)] <
< c[079 7 eD,(p) + 07D,(p)] < PPy (p)

IN

where the last step is obtained by choosing € := £(6) = 0% %3 (so, remember that e
and hence § and gy depend on whatever 6 is) and recalling the definition of w we have:

ﬁgep o (\U(:c) — 2z — (Qf;(p(l) + Dh(O)x)\) dz < c°®,,(p). (3.18)

On the other hand, we remark that, using the properties of h:
[Dh(0)] < "¢} (Py(p)) (3.19)
We can take ¢y small enough such that (3.14) implies

|Dh(0)| < 1. (3.20)

Using this fact together with (3.19) we get
®,(20p, z + Dh(0)) <

c[<2e>-”<3|v<0u<x>> V(=) dr + 1. (| DA(0) )]
<07 (@,(0) + B, (). (321)

Now we need to use Caccioppoli inequality (3.6) with ¢(x) = h(0) + [z + Dh(0)]z and
z + Dh(0) playing the role of z (we can do so because |z + Dh(0)| > M), and we get

D, (0p. =+ Dh(0) < ¢ [°0,(p) + 67, (0)° +070,(p)").  (3:22)

Thereby the condition |z + Dh(0)| < L 4 1 of Lemma can be deduced from the
smallness of | Dh(0)].
Now, if € is chosen small enough, depending on 6, (3.14)) implies the following:

0D, (p)" " < 67, (3.23)
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and from the fact that § < 1 we have
@,(0p. 2 + Dh(0)) < 62, (p).

Adapting Lemma 6.2 in [I31] (it just uses simples ideas like the ones from Proposition

3.30) we deduce, from ((3.23)):
D, (0p) < C30°®,(p), (3.24)

where C'3 > 0 depends on n, N, o, I',~v, A, L.
Finally, we choose 6 € (0,3] (depending on a and whatever C depends on) small
enough such that

C36? < 6> (3.25)
holds, and €y small enough such that (3.15), (3.16]), (3.23)) follow from (3.14)). Taking
into account ([3.24) and (3.25) the proof of the proposition is complete. ]

Applying this last lemma in iteration we get the following (see also [I31], Lemma
7.10)

Lemma 3.32. Assume f, ¢ and ¢ satisfy hypotheses (H.1)—~(H.5) for given py, ¢y, Dy, 4y
and M.

Let L >2M +2 >0, a€(0,1), 1o € Q and z € R™Y such that§> |z0| > M + 1.
Then there 1s a constant €9 > 0 and a radius p* > 0 E] such that the following holds.
Let w a WY?-minimizer of F on B,(x), with p < p* and xo € R™ satisfying

lim |V (Du(x)) — V(z)|> = 0.
P79 B, (wo)
If
P, (u, xg, p) < & (3.26)
then there 1s a constant ¢ depending on n, N, L,p1,q1, 1, o, 7, xg, 29 such that
r 2c
CI)go(uwT(%T) S C (_> <I><p(u,x0,p)
p

for any r < p.

The theorem announced in the introduction follows from Campanato’s integral
characterization of Holder continuity.

2depending on n, N, L, py, G, Py, @, L'y 0,7, 0, 20 and Ay, := max |D? f|

Brio



Chapter 4

Bounded mean or lower oscillation:
BMO and BLO

4.1 Definition of BMO and BLO

In this chapter we will deal with some function spaces and function classes defined
by bounding the value of different types of oscillation. Our definitions will be given in
the context of functions of a single variable. Many properties of the resulting spaces are
shared by functions of several variables, but attention to some technical geometrical
details needs to be made.

First, we will give a definition based on the concept of mean oscillation, that is defined
by considering the average distance between a function f and its integral average over
an interval I, i.e., the quantity

1

ﬁ/} _m/If(y)dy‘ dz.

Definition 4.1. A real valued locally integrable function f(z) € Lj.(R) is said to
have Bounded Mean Oscillation (f(x) € BMO(R)) if:

/(@)

sup ][ (@) = fulde = | fllaro < o0 (4.1)
I I

where f; denotes f, f(x)dx and I spans the set of all compact intervals.

One can prove that BMO(R) is a vector space and, modulo the set of functions
that are almost everywhere equal to a constant, the already defined quantity | - || pao
is a norm on it that makes it a Banach Space. This is because any function that is
almost everywhere equal to a constant will have zero mean oscillation over any interval.
Another option to define a norm on it, other than to consider the quotient with respect
to almost everywhere costant functions, would be to add to || f||syo the L'-norm of
the function over [0, 1], for example.

To define the BMO property for functions of several variables one could equivalently
employ hypercubes () or balls B contained in R", obtaining exactly the same space of
functions. However, the two resulting norms are not exactly the same and hypercubes

91
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with sides parallel to the coordinate axes are what are conventionally used.

This space was introduced by John and Nirenberg in 1961 ([63]). In this paper, the two
authors proved a strong inequality for BM O functions, proving that the set of points
such that the function deviates more than A from its own integral average decays

exponentially with A. This is an important "self-improving" property of elements of
BMO.

Theorem 4.1 (John, Nirenberg, 1961, [63]). Let f be a function in BMO(R™). There
exist constants cy,co > 0 such that for any cube Q) € R™, we have

(e e Q : If(@) — fol > A} < creap (— L) Q

C
1 £l zaro

This inequality has a corollary implying some form of exponential summability of
the difference between the function and its own integral average.

Corollary 4.2. Let f be a function in BMO(R™). Then there exists some C > 0 and
some A(f) < C||fIIBMO such that

/(@)= fq
sup /e AN dxr < 400
QCR™ JQ

In particular, from John-Nirenberg inequality one can also prove that BMO func-
tions are locally p-summable for any finite p > 1.

Corollary 4.3. Let f be a function in BMO(R™). Then f € L] (R™) for any p €
[1,4+00).

However, a function in BMO is not necessarily locally essentially bounded. An
example of a function in BMO that is not bounded is the following:

f(z) =log(|p(x)]) € BMO\ L*, for any polinomial p(x) # 0.
Of course, though, any function in L*° is also a BMO function and
L* — BMO
with a continuous embedding, as it is easy to prove that
1fllBro < 2[flle
always holds.

Definition 4.2. A real valued locally integrable function f(z) € Lj.(R) is said to
have Bounded Lower Oscillation (f(x) € BLO(R)) if

sup ][[f(x) — irIlf fldx = sup|f; — iIIlf fl=1lfllro < oo. (4.2)
I

I JI

We remark here that inf denotes the essential infimum.
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Of course, as in the definition of BMO, it is useful to think the class of BLO(R)
functions modulo the set of all functions which are almost everywhere equal to a con-
stant.

Of course:

e Vf,g€ BLO, f+ge BLO and |f+glsro <|fllsro+ llg9llsro
e Va >0, Vfe BLO, ofe¢c BLO and |af|sro = a|fllsro

but BLO # —BLO so that BLO is not a vector space and an example of a function
f(z) = —log(|z|) € BLO but not in —BLO was pointed out by Korey [108].

It is common among many authors to use the || - || pLo notation (see [I08]) and refer to
it as a norm even if it is not defined on a vector space; we will also do so in this paper.
It is obvious, by the definitions, that:

I fllBao < 2| fllBo, Vf € BLO. (4.3)

As explained in the Introduction of [I08], by intersecting BLO and —BLO we exactly
get the space of all essentially bounded functions L.

In particular, of course, L™ is included in BMO and BLO and || - ||smo < 2| - ||z
and |- 520 < 2| - Ilo=.
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4.2 Muckenhoupt weights, maximal functions and their
relation to BMO and BLO

In this section we will give definition of some function classes called Muckenhoupt
weights and explain why they were introduced in connection to an operator called

Hardy-Littlewood maximal operator, to then show the strong connection they have
with BMO.

Definition 4.3. Let p € (1, 00).
A weight w : R™ — [0, +00][ belongs to the A, class of Muckenhoupt if

Ay(w) = Bsclé%n]i w(z)dx (]{9 wz(x)das)z < 00 (4.4)

where ¢ is the Holder conjugate of p, i.e. the only real number such that % + % =1,
and B is any ball contained in R".

It is possible to show that the same space of functions is defined upon substituting
balls for cubes, but in this context balls are conventionally used.
We would like to remark that the case of p = 2 is peculiar as p = ¢:

Definition 4.4. A weight w : R" — [0, 400[ belongs to the As class of Muckenhoupt
if

Ay(w) = sup ]{3 w(z)dz ]i wl(@)dz < oo (4.5)

BCCR"™

where As(w) is sometimes called the Ay constant of w
Also, we define Muckenhoupt classes of weights also for p =1 as

Definition 4.5. A weight w : R" — [0, 400 belongs to the A; class of Muckenhoupt

if
Ay(w) = sup fpw(z)d

BCCRn» inB UJ(.I)

(4.6)

where A;(w) is sometimes called the A; constant of w

Lastly, we define the class even for p = oo as

A = 4,

1<p

Muckenhoupt weights are relevant to a useful operator called Hardy-Littlewood maxi-
mal operator, which we define here

Definition 4.6. Let f(z) be any locally integrable function, f € L] (R").

loc
The Hardy-Littlewood maximal operator M maps f to a function M f defined by the
position
1

Mf(z) = i;lgm ) |f(y)| dy

where B, (z) is a ball of center z and radius r
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This new function M f(x) is measurable as the integral function is continuous as
a function of x and r. It can be shown, though it is not trivial as it may seem, that
M f(z) is almost everywhere finite. This last property is consequence of the so-called
Hardy-Littlewood inequality, stated below.

Theorem 4.4. (Hardy, Littlewood,1950,[86]) Let f(x) be any integrable function, f €
LY(R™). There exists a constant C,, > 0, only depending on the dimension n, such that
for any A > 0 the following inequality, bounding the measures of the superlevel sets,

holds o
{Mf 2 A} < Sl

With some effort and the use of a Marcinkiewicz interpolation theorem, the follow-
ing stronger estimate follows

Theorem 4.5. (Hardy, Littlewood,1930,[86]) Let f(x) be any function in LP(R™) for
some p > 1. There ewists a constant C,,, > 0, depending on the dimension n and on
p, such that the following estimate holds

IMfl[zr < Cpnll fllze

The above theorem proves, in particular, that M is a bounded operator from the
classic Lebesgue space L? to itself for any p > 1.
The relationship between Muckenhoupt weights and the Hardy-Littlewood maximal
operator is, in this context, made clear by the following theorem

Theorem 4.6. (Muckenhoupt,1972,[118]) A weight w > 0 in L} (R™) belongs to the

loc
Muckenhoupt class A, for some p if and only if one of the following equivalent state-

ments hold:

1. The Hardy-Littlewood mazimal function is bounded on LP(w(x)dx), that is

tﬂMUWWM@MSC/m%mM%

for some C depending only on p and the supremum in the definition of A,.

2. There is a constant ¢ such that for any locally integrable function f on R™, and
all balls B:

C

5 [ fap wi)

fB:ﬁ/Bf’ w(B):/Bw(:L*)dx.

With clever use of the definition of A, weights, Jensen inequality and John-Nirenberg
inequality one can finally prove the abovementioned strong relationship between Muck-
enhoupt weights and BMO

(fB)F <

where:

Theorem 4.7 (Muckenhoupt, 1972, [118]). The following relations hold:
1. If 0 <w e A, for some p > 1, then logw € BMO



96 CHAPTER 4. BMO AND BLO

2. If f € BMO, then for sufficiently small §, we have e’/ € A, for some p > 1. In
I£1

BMO wphere co is the constant from

. 4 I ‘
particular, it can be proven er € Ag if > =

the John-Nirenberg inequality.

Notice that the smallness assumption for § is necessary as — log |x| is BMO but

e~ loglzl — ﬁ is not A, for any p > 1. For a suitable choice of & = d(p) > 0, however,

e dloglel — # is a Muckenhoupt weight in A,.
This next theorem, due to Coifman and Rochberg ([51], Corollary 3), shows a similar
connection between the Muckenhoupt class Ay, BLO and the Hardy-Littlewood max-

imal operator.

Theorem 4.8 (Coifman, Rochberg, 1980, [51]). We have
1. we A) = logw € BLO and || logw||pro < log A;(w)

2. f € BLO = eflm ¢ A, Vu > WHC% where cy is the constant from the
John-Nirenberg inequality.

Lemma 4.9 (Coifman, Rochberg, 1980). Let w € L;,. be a weight and ¢ € [0,1).
Then:
Muw(x)® € Ay

with Ay constant depending on € but not on w.



4.3. DISTANCE TO THE L*> SUBSPACE 97

4.3 Distance to the L™ subspace

We have already stated above that any L* function is in BLO and, even more
s0, it is a BMO function. The position that L> occupies in BMO and BLO will be
further investigated in this section, making further use of the strong duality between
Muckenhoupt classes, BMO and BLO.

The following theorem further explores this relation between Muckenhoupt classes and
BMO and BLO, specializing to the Muckenhoupt classes A and Aj.

It proves that the largest possible § such that e’/ € A, for a given function f is related
to the distance of the function f in BMO from its subspace L™ of essentially bounded
functions.

Theorem 4.10 (Garnett, Jones, 1978, [74]). There exist two absolute constants
as,az > 0 depending only on n such that for every real valued function f € BMO(R™)
the following inequalities hold:

aze(f) < dist (f, L%) < aae(f) (4.7)
where ;
e(f) =inf{u >0: er € A} (4.8)

In [6] Alberico and Sbordone found sharp constants for these inequalities in the case
n = 1. They proved that one can choose as to be %
In this section we restrict to n = 1 and prove a similar result underlining a connection

between the smallest possible u such that e in Ay and the distance of f € BLO to
L> measured with the (so-called) BLO norm. The result is the following

Theorem 4.11 (Angrisani, 2017, [I4]). There exist two absolute constants dy,dy > 0
such that for every real valued function f € BLO(R) the following inequalities hold:

dio(f) < dist(f, L%) < dyo (f) (4.9)

where: ;
o(f)=inf{u >0: ex € Ay} (4.10)

To be able to prove it, we will first need a lemma showing some relevant properties of
the above defined quantity o(f).

Lemma 4.12. Let fy, fo € BLO and g € L*°. We have:
1. o(£) < 2| fillzo
2 o(fi+ f2) < olfi) + o (f2)
5. o(f) =olf —g)

Proof. The first statement follows immediately from the second statement in Lemma

[1.8] and the known inequality || - [|sao < 2| - || 5L0-
To prove the second statement it will be enough to prove that for every p; and us such
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f f2 ] f1+fo
that e#1 and e#2 are in the Muckenhoupt class Ay, we have er1tr2 € A;.

Observe that, if § := —£L— we have:

p1t+pe?
f1+f2 ANY /o1
[ — (em) (euz) . (4.11)

It is always the case, by use of the Holder inequality, that wq,ws € A7 = w?w;’e e A
so that the proof of the second statement is finished.

The third statement follows directly from the second with the observation that o(g) =
0, Vg € L*>. O

We are now ready to prove the main result of this section

Proof of Theorem[4.11] To prove the left inequality, by Lemma observe that for

every g € L™
C2

So(f) = Fo(f —9) < IIf = gllszo (4.12)

and then take the infimum with respect to g € L*™ over both sides, so that d; can be
chosen to be 3.

To prove the other inequality choose g € (o(f),20(f)) and define w = ef/H0 € A;.
By Lemma we have (Mw)2 € A;. This means that 5 log(Mw) is in BLO, by
Theorem and by the same theorem

| log(Mw)| 1o < 2log (Al((Mw)%)) — K.

Since this last quantity does not depend on w, by what is stated in Lemma 4.9, we
have that

|| o log(Mw)||pro < poK with K an absolute constant. (4.13)
We observed that:
w < Mw < Aj(w)w (4.14)
and this implies that:
w
log () € L™ 415
g (770) € (4.15)

We conclude that:

ilf 1o < |l w
dist(f. L) < || = polog (77—

BLO
= [|po log(Mw)||pro < pokK < (2K)o(f) (4.16)

so that ds can be chosen to be 2K. O
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4.4 A new norm to tackle the distance problem

In this section, inspired by a work (see [51]) of Coifman and Rochberg on a de-
composition of A; weights through the Hardy-Littlewood maximal operator and by its
consequences on BLO, we define a new norm on BLO that is equivalent to the usual
one.

This new norm || - ||’s.o will have the advantage of making

. oy /
dist (£,L%) = mf |If —gllsro
explicitely and exactly computable in terms of o(f). The beauty of this result is that
this norm is not artificially constructed for this scope, but rather naturally inspired
from properties of BLO functions with respect to the Hardy-Littlewoood maximal
operator.

As a matter of fact, we will prove the equality:

dist (f, L>) = o(f) :=inf{u > 0: e € A} (4.17)

BLO'

showing that, in this new norm, the distance from L*° is exactly the reciprocal of the

critical exponent for which the function ex is in Ay, reaching a result that is, notably,
a quantitative improvement with respect to the one in the previous section.

To reach this objective, we quote another result by Coifman and Rochberg contained in
[51], concerning powers of Mw for w € L}, .. The two authors also proved that, modulo
L*> functions, all A; functions arise as some power of Mw for a suitable w € L], ,

Le:
Theorem 4.13 (Coifman, Rochberg, 1980, [51]). Assume w € A;.
There are functions 0 < A < b(x) <1 € L™, g € L}, and a number ¢ € [0,1) such
that:

w(z) = b(x)Mg(x)®

For the convenience of the reader we will repeat the proof of this theorem paying
particular attention to the value of A and how it depends on A;(w).
To do so, an inequality known as the reverse Holder inequality is needed:

Theorem 4.14. If w € Ay, then there is a sufficiently small value of n > 0 and a
constant c, depending on n but not on I C R such that:

(forror) T ot

In particular, we have w'™" € Ay and Ay (w'*7) < et A (w) 7,

Furthermore, ¢, < c3 := 2e, Vn < 1.

Using this theorem we have that for every w € A; there is always a € (0,1) such
that Ay (w'™) < et Ay (w)' .
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Proof of Theorem[4.13 Choose a sufficiently small n < 1 as in the reverse Holder
inequality and define

b(z) = — and g(z) = w(z)"™" (4.18)

noticing that g(z) € L}, .
We have that b(z) <1 <= w'™(z) < M(w'(x)) but this latter inequality holds
a.e. since almost every point = € R is a Lebesgue point for w'*(z) € L;

loc*
A lower bound on b(x) can be obtained by observing that:

b(x) = w(z) _ {Mlﬁifilznx))} T N

1 T+ 1
> | > . (4.
> |:A1(w1+77):| 2 Ay () > 0. (4.19)

Now take & € (0,1) to be .

We have that w(x) = b(z) [Mg(z)]° so that the theorem is proven and we can choose

1
Atobem. O

By combining theorems and [4.13] in light of the known duality expressed by
Lemma [4.8 we get that:

f(z) € BLO < Ja >0, b(z) € L™, g(x) € L},
f(x) = alog(Mg(x)) + b(x) (4.20)

The logical equivalence in (4.20]) leads us to define:

120 =

= inf {Oé 4 1blloe: @ >0, be L™ st. 3g€ L., f=alog(Mg) + b}

which has, of course, the same properties of || - || Lo and we will now prove the equiv-
alence of the two.

Theorem 4.15 (Angrisani, preprint). There exist two absolute constants dy,dy > 0
such that, for every f € BLO:

di|l flleeo < I fpro < dall fllBLo (4.21)

Proof. During this proof, ¢; and ¢y will still denote the constants in John-Nirenberg
inequality.
We will divide the proof in steps, addressing the latter inequality first.

fe
Step 1: Showing that 3¢, > 0 such that Vf € BLO, A, (eiwfnéw) <y
Take \ = 4”@% log ¢ in John-Niremberg inequality.
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We have:

4[ £l
e s 170 - 5l > 20100y < o BEE (422)
Notice that: A .
colf(t)—f
1F(t) — fi] > —EEQ “f”BLO log ¢ <= ¢ ilbi0 > (. (4.23)

By Cavalieri’s principle we have:

colf ()£l o0 colf(t)— £
/6 AfTeLo dt :/ {t € I: e*llsro > (}d(¢ <
I 0
o0 colf(H)—f1l
< ][]—i—/ {t € I : e*Tso > (}d(. (4.24)
1
But we can use (4.23) to bound the last integral so that (4.24) becomes:
el (1) =11] o0 41l o
/e Aisro < |I| + |1 i s < ||+ |I| c1(2dC = |[I|(1 +¢1). (4.25)
I 1 1

where || - ||gro < 2| - ||Bro was also used.
By dividing both sides of (4.25)) by |I| and using = < |z|, we get to

ca(F()—fr)
][@ fllBro <1+ ¢ (426)
1

so that:

ca(infr f+|IfllBLO)

4672“,&) _cafr
eifiLo ™ df < (1 + cl)e4HfHBLo < (1 + 01)6 4lflBLO (427)
I
where we used f € BLO. Lastly:
fewciwf“)dt < (14 e1)e? inf Mo (4.28)
I T

and this first step is concluded by taking ¢y = (14 ¢;)e®.

Step 2: Showing that ||f||5.0 < do||fllsLo Take f(xz) € BLO. By the first step we
f(@)e
have w(z) = eTiszo € A

By theorem [4.13]we have b € L™, 0 < A < b(z) < 1, e € [0,1), g € L}, such that:
w(z) = b(a)[Mg(x)]* (4.29)
and so A A
fa) = 2 l'QBLO log(b(x)) + %ngmguwg(x)). (4.30)

In particular, define

B(x) = W10 1og(h()) and o = Wlzro,
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Since 1 > b(x) > m, taking logarithms and using the first step we have that

4 4
0 < |B(z)| < [log s + log ¢4 ||fl|BLO —: ¢ ||fC”BLO'
2 2

(4.31)

Also, notice a < 4'”!—2’%0 since ¢ < 1.
By combining this with (4.31]) we get

4
1m0 < o+ 1Bl < [(1 T o) } T

C2

so that by denoting dy = [(1 + C5)é:| we conclude the second step.

Step 3: Showing d:||f||zro < ||fl’sLo-
Take any o > 0, g € L}, and b € L™ such that f = alog(Mg) + b.
We have:

I fllBro < alllog(Mg)|lsro + ||bllBro < 2a||log((Mg)2)|[sro + 2[[0|co-

But by the first proposition in Lemma [4.8 we have:
I £lsz0 < 2alog [41(Mg))] + 2]t

Theorem by Coifman and Rochberg stated that A;((Mg)®) does not depend on g,
so that A;((Mg)z) < cg, with cg absolute constant.
For this reason we have

| fllBro < 2alogcs + 2]|b]|oo- (4.32)

for each possible decomposition of f, so that by taking the infimum and denoting
% = max{2,2log ¢} we conclude the last step of the proof. ]

We can now prove the announced main result of this section

Theorem 4.16 (Angrisani, preprint). For every f € BLO we have that:

dist (f, L) =t [|f = hlpro =o(f)

Proof. First notice that:

dist (f, %) = mf inf{p+[|bllc : f—h=plog(Mg)+b}
so that, for any i and g, by a proper choice of h, b can always be chosen to be 0.
This means that

dist (f, L) = inf{u > 0: 3g(x) € Ly,,, f(x) — plog[Mg(x)] € L} (4.33)

i - .
On the other hand, since a weight e € L] is in the Muckenhoupt class A; if and

only if it can be written as b(z)[Mg(x)]° for suitable 0 < A < b(z) € L™, g € L}, and
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e € [0,1), we have:

. o )
O'(f):Hlf{/L>OI del> e<l gel,, e~

= b(@)[Mg@)}  (4.34)

or, by taking logarithms:

U(f):inf{p>0:

Jb(x) € L™, e <1, g(x) € L, % =b(z)+ glog[Mg(x)]} (4.35)

loc)

where we have denoted V' (x) = log(b(z)) € L.
Equivalently:

o(f) = inf {u >0: Je<1, glx) € L, f(x)— pelog[Mg(x)] € L‘X’} (4.36)
which is the same thing as:
o(f) =inf {u>0: 3g(z) € Liy, f(z) — ploglMg(a)] € L=} (437)

Let us better explain this last step, between Equation (4.36]) and (4.37).
A real number a satisfies

a<inf{u>0: 3e<1, glx) € L,,,, f(x)— pelog[Mg(x)] € L} (4.38)

if and only if there is no e < 1 and g € L, such that f — aclog(Mg(x)) € L*°, which
is equivalent to saying that:

Pd <a: f—dlog(Mg(x)) € L™ (4.39)
which happens if and only if:
a <inf{u>0: Jg(z) € L, (x) — plog[Mg(z)] € L™=}

loc)

The proof is concluded by comparing (4.33) e (4.37).
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4.5 Approximation by truncation and mollification in
BLO

Of course, the previous sections implies that the closure of L*> in BLO can be
characterized as:
——BLO £
feL= = Yu>0, er € Ay (4.40)

. . . - . . ——BLO
Let us start this section by providing an example of an unbounded function in ="" ,

. ——BLO ., .
proving L> C L Is strict.
Throughout this example we restrict the attention to the interval J = (0, %) and con-
sider the function f(z) = log(— log z). This function is well defined but not L>(J).

However, we will prove e’/(") = [—logx]|" is A; on (0, 1) for arbitrarily large r, con-
cluding through ([£.40) that it is in the closure of L* in BLO.
To prove this, observe that ¢,(x) = [—logz|" is decreasing and always greater than 1
in J: this helps with the estimate of A;(g,).
Indeed:
_ f[ gr(x)dz Jco gr(x)dz 1 ][b
Algr) Iscch lnff 9% D b]cch 1Hf[o b Gr bsgl?/)e 9:(b) Jo g (@)de. (4.41)

This is because g¢,(x) is decreasing and for every interval I = [a, b], by considering the
interval I’ = [0, b] we have the obvious inequalities:

® (g:)r > (9:)r
e infy g, = ¢,(b) = inf; g,.

By taking b = ¢! we have

Ai(g,) = sup — / —log z]"dx. (4.42)

t>1
We will now show via the induction principle on the integer r that the quantity of
which we are taking the supremum in (4.41)) is decreasing with respect to ¢ for every
positive integer r. This will help us with computing its supremum.

As a matter of fact, the right hand side equals 1 + 3 L for r = 1 so the base case of the
induction principle is satisfied.

We will now procede by induction and assume it is decreasing for » — 1 and let us
call f.(t) fo —log z]"dz. Using integration by parts we get the recursive formula

fr(t) =5 +rf,_1(t) and then —fT( )=1+7% [ﬂjfr—l( )]

As the product of two positive decreasing functions is still decreasing, we proved that
the right hand side in Equation (4.42)) is decreasing in ¢ for every n and this implies:

1/e
Ag) = - logalda
0

because the supremum in is obtained when ¢ = 1.
One could compute A;(g,) exactly with this strategy, but for us it is enough to observe
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it is finite for every r, i.e. A;(e’/) < oo for every r € N and f(z) € ="t by the
aforementioned characterization.
Let us call T' the set of BLO functions f such that, if we define the truncated functions,

k if f(x) >k

(=L f) if —k<fx)<k
—k i f(z) < —k

we get lim [|f — {f}[lsLo = 0.
We will now also show that both inclusions in

L* cTc ="

(4.43)
are strict.

Our example of an unbounded function that is approximable by truncation is exactly
the one from the previous section: in fact we will show that f(x) = log(—logx) € T
even if it is unbounded, concluding L*° C T is strict.

To do so, notice:

k
k

flx) =k if f(z)
0 if £(x)
and since f — {f}, is non-negative, when we compute ||f — {f}xllsLo we can ignore
all intervals having intersection with {z : f(z) < k} = (=", e71).

In other words, || f = {f}illBLow1/e) = If = Kl growryery = 1l 5o, ject-

Let us call J, = (0,1/e") so that our goal is to show that | fllBLo,) —+ 0 as k — oo.

In [73], Garcia showed that ellfllsro < A (ef).
In this case, since e/®) = —log:

f_{f}k:{

>
<

| fllBLown) < log[Ai(—log )],

where the subscript J; denotes the fact that we are considering the A; constant of
—log x over Jj.
With the same strategy as before, we get:

t pet ek ee”
e
[A1(—logx)];, = sup — [— log x|dx =

k
t>ek 0 €" Jo

14 ek

[— log z|dx = o

so that:
. . ) 1
0 < lim [|f — {f}ellsro < lim log[A;(—log )], = lim log(1+ —) = 0.
k—o0 k—o0 k—o0 e
proving the strictness of the first inclusion in (4.43)).

We now need to show that there is a function which is approximable by bounded
. . . ——BLO .. . . .
functions but not by truncation, i.e. a function f € L which is not in 7.
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To do so we will first show that any function of the type

x) = Z NXlani1,an) With a, strictly decreasing to 0 (4.44)
n=0

: : : . . —=—BLO
is not in 7" and then we carefully choose {a,} in such a way that n(x) is in =",

To prove the aforementioned claim notice that, for a function f(x) of the type in (4.44):

If ={S3kllsro = [[flBro@ay = 1, VE €N. (4.45)

This is because the BLO norm of a jump function is at least equal to the maximum
size of its jumps: one can prove that it is by choosing intervals of the tipe [a, 11, a, + €]
with sufficiently small € > 0.
Our example of a function in 7" which is not approximable by truncation will
then be of the type described in (4.44]) with the choice a,, = 1/e¢" (considered on the
interval J).
As a matter of fact, taking f to be
oo
f(z) =3 X1 /et 1/ee™)

n=0

let us compute A;(e™). Notice that f is decreasing and with the usual reasoning:

fob e @) dg
erf(b)

JL‘“"H (@) dr

ern

Ai(e') = sup
b<1/e

< sup
neN

where the second inequality comes from considering a, 1 < b < a, and overestimating
the integral average over [0,b] with the one over [0, a, 1] since f is decreasing.
Explicitely computing the integral via the definition gets to:

o0

Ai(e") = sup !

r(t—n
(& ( )[(lZ — Q; 1]
neN Ap41 i

=n+1

and then substituting a, we get

rf _ rj _
A1(6 supe Ze {66"-“ eeﬂﬂ“} Z e”(ef e)—rjl’

neN j=1 =1

Noting that the series on the right hand side is dominated by a convergent one that
does not depend on n, i.e:

o

1 1
Z TS E A —] K(r) < 400, Vr,neN

Jj=1 Jj=1

o

. . —=—BLO . . . .
shows that f(z) lies in ="" , but, like every other function of this type, is not
approximable by truncation.
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4.6 Coifman and Rochberg’s decomposition of BMO

In this section, we present a proof by Coifman and Rochberg of the fact that any
BMO function can be written as the difference of two BLO functions. At the end of
the section we will also say something about a different proof, made possible nowadays
a consequence of a decomposition result for the Muckenhoupt class A, that was not
known at the time of paper [51] by Coifman and Rochberg, making use, again, of
the connection between Muckenhoupt classes of weights and BMO and BLO. The
way Cofiman and Rochberg proved it in 1980 is as a consequence of the following
representation theorem for BMO functions due to L. Carleson [40]

Theorem 4.17 (Carleson, 1976, [40]). Let ¢ be a non-negative Lipschitz function
supported in the unit ball of R™ with and satisfying fRn ©(y)dy = 1. There are constants
cl and cy such that if €(y) is any measurable function and by and by are bounded
functions then the function

s =n)+ [ o (S )y (1.4

y)m "\ e(y)

is in BMO and
[ £l Baro < e1(|[b1lloo + [[b2]|o0)-

Conwversely, if f is in BMO then f can be written in the form (4.46) with functions by
and by which satisfy

[01]loc + [1D2]|c0 < c2llflIBar0

Theorem 4.18 (Coifman, Rochberg, 1980, [51]). A function f in is BMO if and only
if it can be written as difference of two functions fi, fo in BLO, i.e.

f(x) = filz) = fa(x)

mn a way such that
| fillBo + || f2llBo < ¢l fllBamo

for some absolute constant ¢ > 0.

Proof. We will prove the result by decomposing the function by in (4.46) as the dif-
ference of two non-negative functions by = h; — he and then showing that for every
non-negative function 0 < h(z) < k, we have that

o= [ e (o) s

is a BLO function. To do so we are going to need the difference between the integral
average and the infimum of g(x) over the generic cube Q.

Fix any cube @ and denote by () the concentric cube whose sidelength is 5 times
larger. We will again split h(z) = hi(z) + hao(z), where hi(x) = h(z)xg(r) and
ha(z) = h(x)[1 — xg(z)] and 0 < hy(z), ho(z) < K will still hold and this will induce a
splitting g(z) = g1(x) + g2(z). Since

99 — igf(g) < (g1)q + (92)q — igf(g) (4.47)
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we need an estimate of (g1)¢:

]é/n 5(31/)n¢ (i(—y)y) hi(y) dy dx =

@l L e () deman=

1
— — [ hi(y)dy <5k
Qe W)

where [ =1 was used.
On the other hand, let z and 2’ be in ), and let us estimate

v ()~ ()]
T n Pl =~ ) P\ 5 )
e(y)" £(y) e(y)
Now, since y is outside the cube @, which is 5 times larger than the cube Q in which z
and z’ are taken, there is going to be a positive constant a such that if e(y) < alz —y|
then £(y) < |2/ — y| and so the integral is going to be 0. This means we can continue

estimating assuming that ¢ > a|z — y|. In what follows, let us call L the Lipschitz
constant of ¢ and D the diameter of the original cube Q:

ga() — go(a’)] < /

R™\Q

|92() — g2(2)] <

1 LD 1
gL/ -y < —— [ ———dy<
R”\@ €<y)n+1 an—i—l R”\@ |I _ y|n+1
LD 1
= qntl n+1 dy < Bk
a {|lz—y|>D} \95 - Z/\

with some positive constant g > 0.
So, continuing from (4.47) and noticing infy(g) = infgy(g2) we have:

9Q — igf(g) < (91)Q + (92)q — igf(m) < (5" + Bk < 400

proving that g is in BLO. This shows that the BMO function we started with can be
expressed as difference of two BLO functions. The bounds on the norms are given by
the bounds by Carleson, together with the fact that BLO continuously embeds into
BMO and L continuously embeds into BLO.

O

The same result can also be obtained avoiding Carleson theorem by making use of a
more recent result about Muckenhoupt classes, proved by Peter Jones in [95] stating
that any weight in the Muckenhoupt class As can be written as the ratio of two weights
in A, with bounds on the A; constants of the factors. Combining this result with the
aforementioned strong interplay between BMO and As or BLO and A;, which is an
exponential interplay, the result is effortlessly obtained. Of course this connection goes
both ways, so that the independent proofs of these strongly correlated results both give
some deep insights into the topic, but for the sake of brevity we stop at this proof.



Chapter 5

Vanishing mean or lower oscillation:
VMO and VLO

5.1 Definition of VMO and V LO and their relation to
BMO and BLO

In this section we give the definition of a couple of relevant subclasses of BMO
and BLO respectively. We will start with the space of functions with vanishing mean
oscillation, i.e. VMO functions. The idea defining this space is that, together with
an upper bound on how big the mean oscillation can be, we also request that the
mean oscillation on VMO functions vanishes uniformly as the Lebesgue measure of
the interval I on which it is computed goes to 0. This is an integral version of the
concept of uniform continuity.

Definition 5.1 (Sarason, 1975, [130]). A BMO function f(x) is said to have Vanishing
Mean Oscillation (f € VMO(R)) if it also satisfies:

= hmsup][\f — f1ldx = 0. (5.1)

[1]—0

The same idea can be used in defining the class of functions of vanishing lower
oscillation, which we will denote by V LO.

Definition 5.2 (Korey, 2001, [I08]). A BLO function is said to have Vanishing Lower
Oscillation (f € VLO(R)) if it also satisfies:

W (f) = limsup[f; — mf fl=0. (5.2)

|I]—0

In the same way as BLO is not a vector space (but instead we might think of it as
a subcone of BMO) because it is not in general true that the opposite of a function of
bounded lower oscillation is also a function of bounded lower oscillation, the same can
be said of V LO: an example will follow after the next proposition.
The following proposition gives one possible interpretation of the property VLO by
connecting it to a classical function property: uniform continuity. We already said
that a function is in BLO and in —BLO at the same time if and only if it is essen-
tially bounded. The cone —BLO is sometimes referred to as BUO (Bounded Upper

109
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Oscillation).

Here we show a simple lemma proving that a function is at the same time in V LO and
in —V LO, this latter one sometimes referred to as VUO (Vanishing Upper Oscillation),
if and only if it is bounded and uniformly continuous.

Proposition 5.1. Let f € L}, (R) be a function such that f and — f belong to VLO(R).

loc

Then f is in the space BUC(R) of bounded and uniformly continuous functions.

Proof. We already now that f is essentially bounded. Let us now write the conditions

W(f)= lilr?| Sl(,)lp[f[ — irIlf f]=0. (5.3)
and
W(-f)= 1iﬁl|sgp[(—f)z — inf(=f)] = 0. (5.4)

The latter of the two can be rewritten as

W(—f) = limsupsup(f) — fr =0. (5.5)

[7|—0 I
hence, by putting it together with the former, one deduces

limsupw(f) =0 (5.6)
[7|—0

where wy is classical oscillation of f as defined in (2.1), proving f is uniformly con-
tinuous and essentially bounded. To conclude, of course notice that, for a continuous
function, an essential bound is the same thing as a bound. O

Exactly in the same way one proves BLO C BMO, it is also true that VLO C VMO.
The above inclusion is strict, as shown by the example of the function

f(z) = — [log (%)

which is in VMO but it is in VLO \ =V LO, so that —f(z) € VMO \ VLO.



5.2. DISTANCE IN BMO AND BLO TO VMO AND V LO 111

5.2 Distance in BMO and BLO to VMO and VLO

In his paper [I30] from 1975, Donald Sarason proved, among other results, the
following theorem, expressing the distance of a function in BMO from the subspace
VMO of functions of vanishing mean oscillation.

Theorem 5.2 (Sarason, 1975, [I30]). There exists an absolute constant a; > 0 such
that for every real valued function f € BMO(R) the following inequalities hold:

V() < st (£, VMO) < V() 6.7
where
= lim sup][\f — frldz. (5.8)
[I|—0

The aim of this section is to prove

Theorem 5.3 (Angrisani, 2017, [14]). There exists an absolute constant ay > 0 such
that for every real valued function f € BLO(R) the following inequalities hold:

W) < s/, VEO) < aa () 59
where:
W(f) = hlr?lilép ]{[f(x) — ll}f fldz. (5.10)

This theorem is evidently analogous to Sarason’s Theorem [5.7]
We adapt the proof of a lemma by Sarason (see [130]) to show that we also have:

Lemma 5.4. If h € BLO and ¢ > 0 is in C,, then g(z) = (hx)(z) is in V LO.

Proof. Since BLONUC C VLO and BLO C BMO, since Sarason already proved
that such a convolution is uniformly continuous, we only need to prove that ¢ is in

BLO.
First, notice that:

gzz]g/Rso(y) T -y dyd:c—/][ dxdy—/supp(@@(y)hz—ydy (5.11)

and

inf g = inf/ o(y)h(x —y)dy > / ©(y) inf hdy (5.12)
! L supp(e) supp(p) I~y

where this last inequality requires ¢ > 0.
From these it follows that:

gr —infg < / () [hi_y — int Ky < [l Il 520
I supp(p) I=y

so that g € BLO.
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We remind that, for every f € BMO:

W(f) = limsup]€ (f(x) — inf f) dx.

|1]—0 I

The following properties are easy to check:

o W(fi+fo) <W(fi) + W(f2), Vfi,fo€ BLO.

e W(g)=0, VgeVLO.

o W(f)<W(f—g), VfeBLO,geVLO.

o W(f) <\ fllpro, VfeBMO
We are now ready to prove ([5.9)), using also techniques from [43].
Proof of Theorem [5.3 Using properties of W (-):

W() <W(f—g) < |f —glsro, VgeVLO, VfeBLO.  (5.13)

The first inequality we have to prove follows from (5.13)) taking the infimum over all
possible g € VLO.
We get:
< di .
W(f) < dist(f. VLO) (5.14)
Note that of course i‘I/IEO |f — gllBro < +o0, since VLO N —BLO # (.
g€

We will now prove that:

i — <
inf I = gllazo <@W(f), ¥f € BLO. (5.15)

Pick A > W(f). Then:
Je >0, VI, |I| §5:>][f(x)—ir11ffdx§)\.
I

We define:
F =l ven, I, = [n%, (n+ 1)2], [F=1, UL UL, YneZ

and

h(z) = Z X1, 1

nez

Our first goal is to prove that the size of the discontinuities of h(zx) is not bigger than
12).
This is done observing that, for j € {n — 1,n,n + 1}, we have:

|]j\—1/1 f(2) = frelde < 37| /1+ f(x) = frs|dw < 6A.
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so that:
‘f]j _fl;l"| SG)\

which in turn implies:
1, — fl <122

for jyk e {n—1,n,n+1}.

We now want to show that f € BLO = h € BLO.
If |I| < £, we have hy —inf; h = f,[h(x) — inf; h]dz < 12
If |I| > £ we choose a minimal &' C & with the property that I C I' = |J J.

JEF!
It is easily proven that % < 3 from which it follows:
. I : .
hr — 1r11fh = i h(x) — 1:31,f hdx <3 ; h(x) — 11}1/f hdzx. (5.16)

Note also that

1 1 1
G D W S WETEE NCED

JeF’ JeF’

and that inf;, f <infp h. From that it follows that:
hr — il}fh <3[fr — illl,ff] <3| fllzro

and so h € BLO.
Now define g(z) = (h * ¢)(x), with ¢ > 0 in C. such that |¢|;x = 1 and

[}

supp(p) C (=5, §)-
We have that g € VLO for Lemmal.4] Using that |h(z)—h(z—y)| < 12X ify € supp(p)
one can prove that ||h — h* ¢||s < 12X and so:
Ih —gllBro < 2[|h — gllee < 212X = 24) (5.18)
The last thing to do is to prove that
1f = hllpro < 13A (5.19)

and then the proof will be finished because of triangular inequality.
We divide the proof of (5.19) according to the measure of I.
If |I] < 5 we have:

[(f—h)f—ir}f(f—h)] < [f;—ir}ff]%—[sgph—hf] <A+ 12X =13\

If [I| > £ we consider ' and I as before and we have that:

[(f =h)r =it (f = h)] < (f = h)r + sup sup[f; — fI < (f = h)r + A

JeF' J
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We then notice that:
(f=hr=11""> f(a) = h(z)de < 3[I'[7H ) / |f(z) — fildx
Jeg! 10T Jegr
and:

YD / F(@) — folde <317 3 1] f (@) — fylde <

JeF! JeF!

<OA|T D[] =6

JeF!

By combining (5.18) and (5.19)) through the triangular inequality we conclude the proof
of the theorem:

%iLS(g(fa VLO) <||f —9gllsro < ||f —hllsro + [|h — gllBro < 13X + 24X = 37,
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5.3 Korey’s decomposition of VMO

In the section "[Coifman and Rochberg’s decomposition of BMO|" we talked about
the decomposition

BMO = BLO — BLO

i.e. the characterization of BMO as the space of functions that can be written as
the difference of two BLO functions, with some bounds on the norm of the two BLO
components in terms of the BMO norm of the decomposed function.

In 2001, in the paper [I08|, M.B. Korey proved a similar result for VMO, showing that

VMO =VLO —VLO.

More precisely he proved

Theorem 5.5. Fach VMO function is the difference of two VLO functions. That is,
if f € VMO(Qy) then there exist V.LO(Qyo) functions F' and G such that f = F — G

and
| FllBro + |GllBro < C|lfllBmo-

The constant C' depends only on the dimension

This result was reached by direct use of a powerful tool called Calderon-Zygmund
decomposition and, as it is also explained in [I08|, a direct approach like the one used
for decomposing BM O was not possible and Carleson’s result was not a useful starting
point anymore.

Also, it is first proven in the dyadic case, i.e. looking at cubes that are obtained from
Qo by partitioning cube into 2" subcubes and iterating this partitioning procedure
some finite number of times. For example, if n = 2 and Qq = [0, 1]?, every cube of the

type
a a+1 b b+1
P R P
with 0 < a,b < 2% and k € N is a dyadic cube.
In other words, the result was first proven by Korey in the context of VM O? and V LO?

which are analogues of VMO and V LO but defined using only dyadic cubes, and then
extended to VMO and V LO with geometrical techniques.

We remark here also that M.B. Korey could not make direct use of the afore-
mentioned Peter Jones decomposition result for Ay, stating an A, weight w can be
decomposed as the quotient of two A; weights wy, we. With respect to this topic, he in
fact improved the original result (see [107]). He showed Peter Jones estimates on the
Ay weights w; and wy are asymptotically optimal for ideal weights: i.e, if Ay(w) < 1+¢,
then the w; can be found such that A;(w;) <1+ Cez for an absolute constant C' > 0,
but this is not true for any exponent larger than 1/2 for a suitably small choice of
e > 0.
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5.4 Leibov’s norm-attaining intervals in VMO

This section is dedicated to another interesting property that is peculiar of VMO
functions in the BMO space. It was proven by Leibov while reaching a structure
theorem for closed subspaces of VMO and it has to do with the definition of the BMO
norm: it is of course expressed as a supremum, but Leibov needed to individuate,
whenever possible, an interval I* attaining the supremum, i.e. such that

o= selaz f15 - pla

for any other interval /. In particular, in [IT10], Leibov was able to prove that this
property holds for VMO functions

Lemma 5.6 (Leibov, 1990, |[110]). If f € VMO([0,1]) then there exists and interval
I* C[0,1] such that

lssio = 17 = frlat (5.20)

In this section we will dissect and analyse the proof of this lemma, even if it is
relatively straightforward, with the purpose of proving an analogue result in the next
section.

To do so, it will be convenient to introduce some notation.
We will refer to an interval in terms of its center x and half-lenght A as in:

IF =[x — h,x + hl.

Let us fix h € (0, 3] and define S, = [h,1 — h]: we have that I} C [0,1] if and only if

D)
r € Sy. Thus we can define the set

T:{(x,h)eR2: h e (0,%], xeSh} (5.21)

such that I7 C [0,1] if and only if (x,h) € T. Finally, for a generic function
f € BMO(]0,1]), let us define the function F': T'— R given by

which is always a continuous function since f € L*([0, 1]). Thus the norm on BMO([0,1])
can be also defined as:

1f g0 = sup F(z,h). (5.23)
(z,h)eT
We can also restate the VMO property in terms of F. We have that:

feVMO < limsup F(z,h) =0 (5.24)

h—0 €S,

that is to say that F' converges to 0 as h — 0 uniformly with respect to x.
The idea of the proof of the lemma by Leibov is to notice that F' is continuous, and
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since f is in VMO, it can be extended by continuity to the closure of T', namely:
- 1
T:{(as,h)eRz: h e {0,5}, a:esh} (5.25)

by posing F' =0 on [0, 1] x 0.
A straightforward application of Weierstrass theorem concludes the proof. In particular
three main ingredients emerge:

e The compactness of ZN“;
e The continuity of F' on T

e The fact that if f € VMO([0,1]) then F' can be extended with continuity of the
whole T'.
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5.5 Norme-attaining intervals in V LO

The aim of this section is to find an analogue of Lemma by Leibov in the sub-
class of BLO-functions. In order to follow the same sketch of proof as described in the
previous section and obtain the same result for functions in VLO([0, 1]) with respect
to the norm in BLO([0, 1]) we will need to write the norm of a function f in such space
in terms of a suitable two variables function F' and then assure this three hypothe-
ses. We will see that even the second one is not necessarly satisfied by functions in
BLO(]0,1]) \ VLO(|0, 1]).

By using the same notation in the previous section for I, S, and 7', for a generic
function f € BLO(|0, 1]) let us define the function F': T'— R to be

F(z,h) =4 fdt— i%ff (5.26)

I
Thus the norm on BLO([0, 1]) can be also defined as

| fllgro = sup F(x,h). (5.27)
(z,h)ET

In terms of F', we have that f € VLO([0,1]) if and only if

lim sup F(z,h) =0 (5.28)

h—0 €Sy

that is to say that F' converges to 0 as h — 0 uniformly with respect to x.
However, this time it is not true that F is continuous in T for any f € BLO(|0,1]). In
particular, let us observe that for any f € BLO([0,1]) we can define:

G(z,h) = fdt (5.29)
I
H(z,h) = i%ff (5.30)
to obtain that
F(z,h) = G(x,h) + H(z,h) (5.31)

thus, since G is continuous in T (since f € L'([0,1])), then F is continuous if and only
if H is continuous.
Let us consider for instance the function

0 0<zx< %
= -~ 5.32
(@) {1 oy (5.8
We have that f € BLO(|0, 1]) since f € L*, but we also have that
0 h<zr<i+h
Hzh)={. =727 (5.33)
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so H is not continuous and then also F'is not continuous. In particular, let us observe
that since f admits a discontinuity jump, f & VLO([0, 1]).
Moreover, let us observe that

0 h<z<i—h
Gz h) =zl L cp<dyn (5.34)
1 %+h<x§1—h
and then
0 relht—h)Ull+h1-h
F<x’h):{2m+2h1 [1 2h 1) h[Q } (5.35)
an v€[3—hz+h)

for which sup(, y)er F' = 1 but F(z,h) <1 for any (z,h) € T.

Let us return to our aim, which is to show an analogue of Leibov’s Lemma for V LO
functions. To do so we need to prove that, at least for a function f in VLO, the
corresponding [ is continuous.

Proposition 5.7 (Angrisani, Ascione, 2018, [15]). Let f € VLO([0,1]). Then

H(z,h) =inf f
Iy

18 continuous in T .

Proof. Let us prove this assertion by contradiction. Fix (z,h) € T and let us suppose
there exists a € > 0 such that for any 0 > 0 there exists a point (ys, ks) such that

[z —ys| +|h—ks| <6 (5.36)

and
|H (2, h) — HY (ys, ks)| > =. (5.37)

To fix the ideas, let us consider 9,, = % and let us denote y,, 1= ys,,, kn := ks, [ := I}
and [, := I;;’: Moreover, we can suppose n is big enough to have I NI, # (.

Equation (5.37) assures that

H(z,h) = iI}ff > [inrbf[f = My, (5.38)
and that
Ilrglfn f#my (5.39)
thus
My, = ]igllfn f (5.40)

where AL, = (I\1,)U(I,\I). Let us suppose that I,,\ I # 0 and m,, = inf;,\; f. Now
let us observe that [, \ I has at most two connected components I1 = [z + h, y, + k]
and Iy = [y, — kn,x — h]. Thus let us suppose that m,, = inf, f.

Let us suppose that n is big enough to have y,, + k, < x4+ 3h and then let us consider
the interval
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on which we have that infz: f = m,. Moreover, let us observe that by construction
|Iy N 1| = || and |I]| = 2|]|. Now, since we have supposed that m,, = inf; \; f, then

My, = H(yn, kn) < H(z,h) (5.42)
and
H(xz,h) > m, +¢. (5.43)
By definition we have
inf f> H(x,h)>m,+z. (5.44)
I
Now let us observe that
fdt = fdt+ [ fdt > (2m, +2&)|L] (5.45)
I nnl I
and then B
fdt >m, + - (5.46)
I 2
so that B
3
dt —inf > —. 5.47
foga =iz (5.47)

In such case, let us denote with I} := I7. If m,, = inf;, f, we can construct in a similar
way an interval I5 on which we have and we can pose I} := I5. The construction
of I} can be done in the same way if I\ I, # 00 and m,, = infp\;, f. Thus, for any n
there exists an interval I with length |I}| = y,, + k, — x — h such that

5
dt —inf > — 5.48
f fdt —inf > 5 (5.48)
that is a contradiction with the fact that f € VLO(][0,1]) since |I}| — 0. O

Now we can prove the main result

Proposition 5.8 (Angrisani, Ascione, 2018, [15]). If f € VLO([0,1]) then there exists
an interval I* C [0,1] such that

HfHBLO = fdt—i}l*ff (5-49)
I*

Proof. Since f € VLO([0,1]), H (and then F') is continuous on 7. Moreover, since F'
converges to 0 as h — 0 uniformly with respect to z, we can extend F with continuity
to

T = {(x,h) cR?: he {0%} : xESh} (5.50)

by posing F(z,0) = 0. Thus, since F is continuous on T that is compact, there exists
a point (z*, h*) € T such that

sup F(x,h)= sup F = F(z",h") (5.51)
(z,h)ET (z,h)eT
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and in particular we have I* = I7.. O

Let us conclude this section by showing that f € VLO(]0, 1]) is a sufficient but not
necessary condition. Consider

(5.52)

First let us observe that f € BLO([0,1]) since f € L>([0,1]). Then let us consider the
intervals I, = [% — h, % + h} for h < 1—11. Then

: : . 1 1
}lzlg(l)]{h fdt_lﬂff_}ﬂéh_ﬁ__ﬁ (5.53)
so f ¢ VLO([0,1]). Let us consider an interval I C [0, 1]:
o If I C [0, %] then, posing I = [x — h,x + h],
irllff =dx —4h—1 (5.54)
and
][ fdt = dz — 1 (5.55)
I
hence
][ fdt —int f = ah. (5.56)
I
But if I C [0, %], then h € [O, ﬂ so we have on these intervals
sup][fdt —inf f = 1. (5.57)
I Jr I
o If I C [%, 1], then we have
][ fdt —inf f =0, (5.58)
I

e In the other cases, we can always suppose that I C [%, 1}, since if it is not true

then we can construct I = I N [O, %} such that inf; f = inf; f and

]{fdt < fffdt (5.59)

and then I is not influential to determine the norm of f in BLO. If we consider
IC [%, 1] then inf; f = 0. Posing I = [a, ], then we can consider [ = [a, %] to
obtain that

fdt < 4 fdt =2a < 1. (5.60)
fon=t,
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With these considerations, we can conclude that || f||z,, = 1.
However, posing [* = [O, %}, we have

fat —inf f =041 =1=fl 0. (5.61)

I*
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