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Introduction

The aim of this thesis is to describe the regularity results that I obtained during my Ph.D. for
the gradient of solutions to some classes of elliptic problems of the Calculus of Variations.
Actually, two different families of problems will be faced: unconstrained problems and
obstacle problems.

For what concerns unconstrained problems, as it is well known, studying the regularity
properties of their solutions means to study the solutions to the corresponding
Euler-Lagrange system. The solutions to all the unconstrained problems that will be faced in
this thesis are possibly vector-valued functions, i.e., they represent the solutions to a system
of partial differential equations.

Solutions to obstacle problems are, instead, scalar-valued functions, that minimize a
functional in a class of admissible functions, which values have to be (almost everywhere)
greater than those of a map, called obstacle, that will be usually denoted with . Studying
the regularity properties of solutions to this family of problems means to try to understand
how the regularity of the obstacle influences the regularity of the solutions.

We will consider functionals whose energy density satisfies standard p-growth and p-ellipticity
conditions with respect to the gradient variable &.

More precisely, we will consider local minimizers of functionals of the following form

F(w,Q) = /Qf (2, Dw(x)) da, (0.1)

where Q C R”, for n > 2, is a bounded open set, and f: Q x RN 5 R, for N > 1, is a
Carathéodory map, such that & +— f(z,&) is, at least, of class C* (R”XN).

We shall assume that there exist constants ¢1, 2, v, L > 0 and a parameter y € [0, 1] such
that the map f satisfies the following p-growth and p-ellipticity conditions

b (w2 +167)* < 5,0 < (w2 +1eP), 02
(Def(2.6) — Def(w,m), € —n) = v (W2 + 62 + ) 7 le—nf, (0-3)
Def(e,€) — Deflaml < L (w2 +1¢P + ) 7 I¢—nl, (0.4)

for any £, € R™Y and for almost every x € 2. Our main focus will be on the case
l<p<2.

As it is natural for this kind of problems, the solutions have to belong to the Sobolev space
WP, and since all the results we will describe are local, in the following, with the notations
given above, we will always consider functions w € Wli’f (Q, RN )

So, under this assumptions, when we deal with the regularity of solutions to homogeneous
elliptic systems, we are interested in the regularity properties of solutions to the following
problem:

iii



iv Introduction

Inin{ / f(z,Dw(z))dz : w € ug —i—Wol’p (Q,RN) } ,
Q
with ug € WP (Q, ]RN) a fixed boundary datum.

We also show some higher differentiability results for local minimizers of functionals of the
form

]-'(w,Q):/Q[f (z, Dw(z)) — F(z) - w(z)da], (0.5)

where the energy density f still satisfies (0.2)-(0.4).

Local minimizers of functionals of this form are solutions to non-homogeneous elliptic systems
and, as we will see in the following, their regularity properties also depend on the
assumptions on the datum F.

For what concerns obstacle problems, we are interested in the regularity properties of
solutions to problems of the form

min{ /Qf (2, Duw()) da - w € Ky () } , (0.6)

where Q C R" is a bounded open set, n > 2, f: Q x R®” — R is a Carathéodory map, such
that & — f(x,&) is of class C! (R") for a.e. z € Q, ¢ : Q + [—00, +00) belonging to the
Sobolev class Wﬁ)’f () is the obstacle, and

K¢(Q):{w€u0+W&’p(Q,R):wzwa.e. inQ}

is the class of the admissible functions, with ug € W17 (Q) a fixed boundary datum.
Even when we face this family of problems, we will assume that the function f satisfies
growth and ellipticity conditions expressed in (0.2)—(0.4).

It is known that u € I/Vlif (€2) is a solution to the obstacle problem (0.6) in ICy () if and
only if u € ICy, (2) and u is a solution to the variational inequality

/Q (Def (, Du(@)), D (p(x) — u(z))dz >0 Y € Ky ().

As you can notice by (0.1) and (0.5), the energy density of the kind of functionals we will
consider is characterized by a dependence on the z-variable and the nature of this
dependence is one the key points for the results we will present.

One of the main difficulties of our study relies in the fact that we will always consider
situations in which the map x — Dg¢f (x,§) is possibly discontinuous.
Actually, we will assume the existence of a non-negative function g € L
such that, for any ¢ € R”*Y and for almost every z,y € (2, we have

q
loc

(Q) for some ¢,

p=1
Def (2,€) = Def (4,€)] < (9(x) + g() [z — y| (12 + 1) 7.
Assuming (0.7) is equivalent to assume that the map x — D¢ f (x,&) belongs to the Sobolev
space W,o7 (Q) (see [66]).
In Section 4.4, dealing with obstacle problems, we will also consider the weaker situation in
which (0.7) is replaced by

(0.7)

p—1

|Def (2,€) = Def (4,)] < (gu(@) + o) lo — yl* (1 + 1) 7, (0.8)
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where a € (0,1) and (gx),, is a sequence of non-negative functions belonging to L (£2) such

loc
that, for some ¢ € [1,400) we have
q
Xk: ||gk||L%(BR) < o0,
for any ball B € 2.
In the same section, we will also consider the case in which (0.8) is replaced by
p—1
[Def (2,€) = Def (4,€)] < (9(x) + g(v)) [= — y|* (42 + [¢[*) 7, (0.9)

where g € L2 () is a non-negative function.
The two conditions (0.8) and (0.9) represent some fractional-order differentiability properties
for the map x — D¢f (x,&).

More precisely, inequality (0.8) means that the map = — D¢ f (x,§) belongs to a
Besov-Lipschitz space B% (Q) for 1 < g < oo, while (0.9) means that the same map
belongs to B% . (2). :
We will provg fractional differentiability results for solutions to some obstacle problems, but
this kind of higher differentiability results are available also for solutions to some kinds of

elliptic equations (see, for example [2, 30, 31]).

q,loc

There is a second key point for most of the results contained in this thesis: the value of the
growth exponent p.

Indeed, except for the obstacle problem considered in Section 4.2, where we have p > 2, all
the other results deal with variational problems in which assumptions (0.2)—(0.4) hold for
l1<p<2

In case of sub-quadratic growth with respect to the gradient variable, new difficulties arise,
expecially when we try to prove higher differentiability properties for solutions, and this
issues also affect the results.

This kind of phenomenon was already known for variational problems and elliptic equations
with continuous coefficients or, in general, under more regular assumptions on them (see, for
example, the pioneering papers [1, 89]), but here we present some results where, for the first
time, the difficulties linked to the sub-quadratic growth and ellipticity conditions combine
with those that are due to the presence of possibly discontinuous coefficients.

A key tool to study higher differentiability properties of solutions to the wide family of
problems described above, is the use of the following auxiliary function of the gradient
variable that is usually involved in the study of regularity properties for solutions to p-elliptic
problems

V, : RF — RF,

where

V€)= (2 +16R) T e

for any ¢ € R* (where k = n x N in case of variational problems with vector-valued
minimizers and k = n if we deal with problems with scalar-valued solutions), and it is
naturally linked to the ellipticity condition (0.3).

Moreover, for p-elliptic variational problems, if u € WP is a local minimizer of the functional
(0.1), there is always a relation between the higher differentiability properties of u and the
properties of the functions V), (Du).
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A key point, as we will see in what follows, is that, when we deal with sub-quadratic p-elliptic
problems, this kind of relations are, in some sense, reversed, with respect to what happens for
p=>2.

The regularity properties of minimizers of such integral functionals have been widely
investigated in case the energy density f(x,&) is continuous as a function of the z-variable,
both in the superquadratic and in the sub-quadratic growth case. Actually, the partial
continuity of the vectorial minimizers can be obtained with a quantitative modulus of
continuity that depends on the modulus of continuity of the coefficients (see for example [1,
49, 58, 89] and the monographs [57, 63| for a more exhaustive treatment). For regularity
results under general growth conditions, that of course include the superquadratic and the
sub-quadratic ones, we refer to [34, 36, 37, 44, 45, 50, 75, 77, 82].

Recently, there has been an increasing interest in the study of the regularity when the
oscillation of f(z,&) with respect to the z-variable is controlled through a coefficient that
belongs to a suitable Sobolev class of integer or fractional order and the assumptions
(0.2)—(0.7) are satisfied with an exponent p > 2.

Actually, it has been shown that the weak differentiability of the partial map x — Dg¢ f(x, &)
transfers to the gradient of the minimizers of the functional (0.1) (see [16, 40, 39, 62, 74, 84])
as well as to the gradient of the solutions of non linear elliptic systems (see [3, 26, 25, 28, 60,
76, 85]) and of non linear systems with degenerate ellipticity in case p > 2 (see [60]).

It is worth mentioning that the continuity of the coefficients is not sufficient to establish the
higher differentiability of integer order of the minimizers.

The regularity of minimizers of functionals of the form (0.5) has been object of study under
many functional settings (see [87]), and higher integrability (see [19, 71]) and differentiability
results of integer and fractional order (see [20, 80, 81]) have been established even under
different kind of growth conditions, also for problems with measure data ([24]).

Lipschitz regularity results for solutions of non-homogeneous elliptic problems are proved, for
example, in [5, 27, 33].

The interest in the study of the regularity properties of solutions to obstacle problems has
been strongly increasing in the last decades as a research topic in Calculus of Variations and
Partial Differential Equations.

From the very beginning, obstacle problems were solved applying techniques of functional
analysis, and it was clear soon that the regularity properties of the solutions were strictly
connected to those of the obstacle.

In the linear setting it was observed that the solutions and the obstacle have the same
regularity (see [10, 15, 69]), but this is no longer true in the nonlinear framework for general
integrands without any specific structure.

This kind of phenomenon has been studied not only in the case of variational inequalities
modelled upon the p-Laplacean energy [22, 23, 83], but also in the case of more general
structures [13, 14, 38, 48, 52].

So, recently, there has been an intense research activity concerning the regularity properties
of solutions to obstacle problems in the nonlinear setting (see also [11] and the references
therein).

In many works about this topic, some extra regularity has been imposed on the obstacle to
balance the nonlinearity (see [7, 6, 23, 47, 48, 78]). For example, in some very recent papers,
the authors analyzed how an extra differentiability of integer or fractional order of the
gradient of the obstacle transfers to the gradient of the solutions (see [42, 43]).

This kind of problem is linked to similar studies about regularity of solutions to partial
differential equations, since it has been proved that solutions to the obstacle problem (0.6)
are solutions to an equation of the form
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divA (z, Du) = divA (z, DY) . (0.10)

It is well known that no extra differentiability properties for the solutions can be expected
even if the obstacle 1 is smooth, unless some assumption is given on the x-dependence of the
operator A.

As we mentioned above, many recent works deal with regularity properties of solutions to
variational problems in which the integrand depends on the x-variable through a function
that is possibly discontinuous, such as in the case of Sobolev-type dependence, under
quadratic (see [85]), and super-quadratic growth conditions (see [59, 74, 84]).

Therefore, inspired by recent results concerning the higher differentiability of integer ([39, 40,
41, 55, 60, 61, 62, 84]) and fractional ([3, 25]) order for the solutions to elliptic equations or
systems, in a number of papers the higher differentiability of the solution of an obstacle
problem is proved under a suitable Sobolev assumption on the partial map = — A (x,§).
More precisely, in [42], the higher differentiability of the solution of an homogeneous obstacle
problem with the energy density satisfying p-growth conditions is proved; in [43, 64] the
integrand f depends also on the v variable; in [17, 21, 32, 65, 52, 51, 72] the energy density
satisfies (p, ¢)-growth conditions. The non-homogeneous obstacle problem is considered in [79,
12] when the energy density satisfies p-growth conditions, and in [90] under (p, ¢)-growth
conditions.

As we pointed out previously, even for unconstrained problems it is known that the
sub-quadratic growth conditions require specific tools and, in general, the expected regularity
of the solution, in the case 1 < p < 2 strongly differs from the case p > 2 (for a detailed
explaination of this phenomenon see [4]).

Many previously known higher differentiability results have been obtained assuming that the
map = — D¢ f (z,£) belongs to a Sobolev space W4, with ¢ > n but, both in case of
equations and in case of obstacle problems, it is possible to weaken these assumptions if we
deal with a priori bounded solutions.

Indeed, it is well known that the local boundedness of the solutions to a variational problem
is a turning point in the regularity theory. Actually, in [62] it has been proved that, when
dealing with bounded solutions to (0.10), higher differentiability properties hold true under
weaker assumptions on the partial map z — Dgf (x, &) with respect to W™, Moreover, in
[17], it has been proved that a local boundedness assumption on the obstacle ¢ implies a
local bound for the solutions to the obstacle problem (0.6).

This kind of properties allow us to prove higher differentiability results, both for bounded
solutions to p-elliptic equations with 1 < p < 2, and for solutions to (0.6) with bounded
obstacle, assuming that the partial map x — D¢ f (2, &) belongs to a Sobolev class that is not
related to the dimension n, but to the growth exponent of the functional.

Let us give a description of the structure of this thesis.

In Chapter 1, we list results and properties of some spaces of functions, that will be useful in
the following. The last section of the first chapter is devoted to the properties of the function
Vp, with a focus on its relation with differentiability properties of solutions to p-elliptic
variational problems when 1 < p < 2, and the differences with respect to the case p > 2.

Chapter 2 contains some results about regularity for solutions to unconstrained problems,
that is solutions to homogeneous elliptic equations.

As far as we know, no regularity results were available for vectorial minimizers nor to
establish their Lipschitz continuity, nor to prove the L®-integrability of their gradient for
every finite s > 1, nor to prove higher differentiability, under the so-called sub-quadratic
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growth conditions, i.e. when the assumptions (0.2)—(0.7) hold true for 1 < p < 2 in case of
Sobolev coefficients, until the results we will present in Chapter 2 appeared.

In Section 2.1 we give the proof of an a priori estimate for the LP norm of second-order
derivatives of solutions to some p-elliptic problems where 1 < p < 2, and the solutions are a
priori assumed to be in W2P (see [55]).

It is worth mentioning that, if (0.7) holds, the partial map x — D¢ f(x,&) needs not to be
continuous. Actually, if ¢ = n, as in the case, for example, of some results contained in
Section 2.2, by the Sobolev embedding theorem, we have that it belongs to the space VMO
of function with vanishing mean oscillation (see [63] for the precise definition). The regularity
of solutions to PDEs with VMO coefficients goes back to [8, 68, 70].

In Section 2.2, the Lipschitz regularity, the higher integrability for the gradient, and the W?2P
regularity results for minimizers of the functional (2.1) are described, whose proofs are
contained in [54].

For what concerns higher integrability of the gradient of minimizers, estimate (2.38) of
Theorem 2.2.2 can be interpreted as an extension of the result in [70] that concerns the
p-Laplace operator to more general operators with sub-quadratic growth.

Moreover, even for problems with sub-quadratic growth conditions, higher integrability for
the gradient of minimizers and Lipschitz regularity results have been previously proved,
respectively, in [29] and [40], but only for degenerate problems (with ellipticity conditions
only at infinity), not for possibly singular ones. Let us recall that degenerate problems are
variational problems where the minimal eigenvalue may be zero, while in singular problems
the minimal eigenvalue may go to infinity: an example of possibly singular problem is the
p-Laplace equation with 1 < p < 2.

In Chapter 3 we consider a class of non-homogeneous p-elliptic equations for 1 < p < 2,
proving the higher differentiability for their solutions.

Indeed, considering a local minimizer u € I/Vlif (Q) of functional of the form (0.5), where the
behavior of the map x — D¢ f(x,&) is described by (0.7), we focus on the value of r such that,

if F e L, (Q,RN) we get V), (Du) € VVli)C2 (Q2), provided g € LL . () for some suitable q.
The result we prove in Section 3.1 is sharp, in the sense that we identify the largest Lebesgue
space L" to which the datum F' has to belong to get higher differentiability of minimizers of
the functional (0.5) withouth making stronger assumptions on the solutions themselves.

In Section 3.2 we prove a higher differentiability result for locally bounded minimizers of the
functional (0.5).

The results of Chapter 3 will be contained in an upcoming paper, written in collaboration

with A. Clop and A. Passarelli di Napoli.

In Chapter 4 we present the regularity results for solutions to some obstacle problems.

The aim of Section 4.2 is to describe a higher diffrentiability result for solutions to a class of
obstacle problems contained in [18], where the obstacle is assumed to be bounded, and
assumption (0.7) holds with ¢ = p + 2.

It is worth to stress that this result is the only one, in this Ph.D. thesis, dealing with
problems with super-quadratic growth and ellipticity conditions.

The result of this section is contained in [18], written in collaboration with M. Caselli and R.
Giova.

In Section 4.3 and Section 4.4, we move to the study of regularity of solutions to obstacle
problems under sub-quadratic growth conditions, extending some results proved in [42] for
the super-quadratic growth case (see [53]).

More precisely, in Section 4.3, under assumption (0.7) with ¢ = n, we prove an integer order
higher differentiability result; then in Section 4.4 we prove two higher differentiability results
of fractional order, assuming (0.8) and (0.9) respectively.

In Section 4.5, the result of Section 4.2 is extended to the case 1 < p < 2, proving a higher
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differentiability result for solutions to a class of obstacle problems with sub-quadratic growth
conditions, assuming that the obstacle is locally in L°.
This result will be contained in an upcoming paper, written in collaboration with R. Giova.

I want to conclude this introduction espressing my deep gratitude to my supervisor, professor
Antonia Passarelli di Napoli, for her precious guidance during these three years of studies.

I also wish to thank professor Albert Clop for his kind willingness in our online cooperation.
Many thanks to Raffaella Giova, who has been very kind and helpful every time we have
collaborated.

Finally, I wish to thank my tutor, professor Gioconda Moscariello.






Chapter 1

Some notations and general
properties

This opening chapter is devoted to the description of some general properties of functional
spaces and some known result that will be useful in the following chapters.

1.1 Notations and preliminaries

In this section we list the notations that we shall use and recall some tools that will be useful
to prove our results.

We shall follow the usual convention and denote by C or ¢ a general constant that may vary
on different occasions, even within the same line of estimates. Relevant dependencies on
parameters and special constants will be suitably emphasized using parentheses or subscripts.
All the norms we use on R”, RN and R™¥ will be the standard Euclidean ones and denoted

by | -| in all cases. In particular, for matrices &, n € R™N we write (£,7) := trace (§T77> for

the usual inner product of £ and 7, and || := (¢, §>% for the corresponding Euclidean norm.

When a € RN and b € R™ we write a ® b € R™*Y for the tensor product defined as the
matrix that has the element a,bs in its r-th row and s-th column.
For a C? function f: Q x R™N — R, we write

d d?
Def(r.6) mi=g| f@&+im) and (Decflr.&nm) = 5|  fl.6+m)

for £, n € R™N and for almost every z € .

With the symbol B(z,r) = By(x) ={y € R" : |[y — x| < r }, we will denote the ball centered
at x of radius r and we shall omit the dependence on the center when it is clear from the
context. Indeed, since all the results we will discuss are local, proving them, we will denote
with B, any ball B, (z9) € €2, where Q2 C R" is a bounded open set and xg € Q. For any set
B and any function u € L' (B), the notation

up :]{Bu(az)dm,

stands for the integral mean of u over the set B.
The next lemma can be proved using an iteration technique, and will be very useful in the
following, where we will often refer to this as Iteration Lemma.

Lemma 1.1.1 (Iteration Lemma). Let h: [p, R] — R be a non-negative bounded function,
0<0<1, A,B>0 and~y > 0. Assume that
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forall p <r <d< Ry. Then

where ¢ = ¢(0,y) > 0.

For the proof we refer to [63, Lemma 6.1].
The following Gagliardo-Nirenberg type inequality is proved, in a more general form, in [86],
and can be also found in [46].

Theorem 1.1.2. Let 2 C R™ be a bounded open set, 1 < q,r < 0o and

then the following implication holds
ve LI (Q)NW(Q) = ve W (Q),
with the estimate

1 1
100l ey < €llolZagey - I0llZ 2y -

for a constant c(n,q,r,s) > 0.

The following inequalities are stated in [62]. For the proofs, see [16, Appendix A] and [56,
Lemma 3.5] (in case p(x) = p, V) respectively.

Lemma 1.1.3. For any ¢ € C} (Q) with ¢ >0, and any C? map v: Q — RN, for any p > 1
and p € [0,1], we have

/ 1) () | Do () |71 2 da
Q

1
m—+1

< (22 ([ 670 ola) " dr)

m—+1

([ 67509 @) Do) (4 + IDofa) ) o)
Q

+n (/ PP () (#2 + \Dv(x)|2)¥ ’D%(az)fdm) m+1] , (1.1)

Q

for any p € (1,00) and m > 1. Moreover

| @) (12 +1Dv@)) |Du(o)f da

Q
< cllolliquppien [ @) (12 +1D0@) 7 Do) da

te ol uppten [ (@) + IDO@)E) (48 + Do) da, (12

for a constant ¢ = c(p).

This results will be useful both when dealing with systems of equations and obstacle
problems, when the solutions are bounded.
For further needs, we recall the following result, whose proof can be found in [9, Lemma 4.1].
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Lemma 1.1.4. For any 6 >0, m > 1 and &,n € R*, let

W(e) = (g — )2 é‘ and  W(E) = (¢ - )"

Then there exists a positive constant c(m) such that

(W (&) = W(n), € — 1) > c(m) [W(€) — W ()

for any n, & € RE.

1.2 Difference quotients

A key instrument in studying higher differentiability properties of solutions to problems of
Calculus of Variations and PDEs is the so called difference quotients method.
In this section, we recall the definition and some basic results.

Definition 1.2.1. Given h € R”, for every function F : R” — R, for any s = 1,...,n the
finite difference operator in the direction x, is defined by

TonF'(x) = F(z + hes) — F(x),
where ey is the unit vector in the direction xg.
In the following, in order to simplify the notations, we will often omit the vector es, denoting
™ (z) = F(z +h) — F(z),

where h € R™.
We now describe some properties of the operator 73, whose proofs can be found, for example,
in [63].

Proposition 1.2.2. Let F and G be two functions such that F,G € WP (Q), with p > 1,
and let us consider the set

Qpi={z€Q:d(z,00) > |h| }.
Then
(a) wF € wip (Q|h|> and

D; (thF) = 1, (D;F), for everyi=1,...,n.

(b) If at least one of the functions ' or G has support contained in | then

/F(x)ThG(m)da;—/G(x)ThF(a;)dx.
Q Q

(c) We have
Th(FG)(z) = F(z + h)1G(z) + G(x) 1 F ().

The next result about finite difference operator is a kind of integral version of Lagrange
Theorem.
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Lemma 1.2.3. If0 <7 < R, |h| < £57, 1 < p < 400, and F,DF € L (Bg) then

/ I F @ do < c(n.p) b /B IDF(@)P da.

T

Moreover

/T [F(z + h)[P do < /BR |F(z)P da.

The following result is proved in [63].

Lemma 1.2.4. Let F : R" — RN, F € L? (Bg) with 1 < p < +o00. Suppose that there exist
r € (0,R) and M > 0 such that

Z/ |75 n F'(z)|Pdx < MP|h|P
— /B,

for |h| < £ Then F € WP (BR,RN).
Moreover

IDFllos,) < M,

1PN, 22 < € (M 1P o)

with ¢ = ¢(n, N,p,r, R), and

Tsn &'
A

— DsF strongly in LY (), as h — 0,

loc

for each s=1,...,n..

Before introducing Besov-Lipschitz spaces, we conclude this section recalling a fractional
version of Lemma 1.2.4, whose proof can be found in [74].

Lemma 1.2.5. Let F € L? (Bg). Suppose that there exist v € (0, R), a € (0,1) and M > 0
such that

Z/ 7o nF(2)[2da < M2|RJ,
s=1Y Br

for |h| < B5Z. Then F € L5 (By) for every B € (0,a) and

11,y S e (M4 1Pl g2

wzth Cc = C(n7 Napa r, R,OC,B)-

1.3 Besov-Lipschitz spaces

The idea of difference quotient can be used also to define some fractional differentiability
properties. In this section we introduce the definition of Besov-Lipschitz spaces and list their
basic properties.

Let us consider 0 < o < 1 and 1 < p,q < oo and, for a function v : R — R and h € R", we
denote, as in the previous section, mpv(x) = v(z + h) — v(x). We say that v belongs to the
Besov-Lipschitz space By, (R") if v € LP (R") and
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o= ([ ([ ) ) <o 09

We define a norm in the space By, (R") setting

HvHBg,q(R”) = [|vll o gn) + [U]ng(Rn)?

and with this norm BY (R") is a Banach space.
Equivalently, we could say that a function v € LP (R") belongs to By, (R") if and only if
% € L1 (%; Lr (R”)). We can also observe that, in (1.3), one can simply integrate for

h € B(0,6) for a fixed § > 0, thus obtaining an equivalent norm, because

1
q ES
o (@))” >v dh )q
— = dr| — <c(n,a,p,q,90)||v .
</[|h|>5} (/Rn |h’o‘p |h’" ( )H ||LP(R )

Moreover, for a function v € LP (R"), we say that v € By, (R") if

1
o (@)]” )p
V| pa (pny = SU ————dx | < oo, 1.4
[ ]BP,W(R ) hGR% (/n ’h’ap ( )

and we define the following norm

[0l qeny = 10l ogeny + [ 55 _qany

Also in (1.4), the supremum can be taken over the set { |h| < § } for a fixed § > 0, and the
norm that we obtain is equivalent.

By construction, By, (R") C L? (R"). Moreover, the following Sobolev-type embeddings hold
for Besov-Lipschitz spaces.

Lemma 1.3.1. Suppose that 0 < o < 1.

(@) If1<p<Zandl1 <q<p;= nfgp, then there is a continuous embedding
Bg, (R™) C LPa (R™).

(b) If p=% and 1 < q < oo, then there is a continuous embedding By, (R") C BMO (R"),
where BMO denotes the space of functions with bounded mean oscillations.
The following lemma describes the inclusions between Besov-Lipschitz spaces.
Lemma 1.3.2. Suppose that 0 < f < o < 1.

(a) If 1 <p<ooand1<q<r<oothen By, (R") C By, (R").

(b) If 1 <p<ooand 1< q,r < oo then By, (R") C Bfw (R™).

(¢) If 1 < q < oo, then B%

B
1, (RY) C BY (R,

For the proofs of Lemmas 1.3.1 and 1.3.2 we refer to [67].

We can also define local Besov-Lipschitz spaces as follows. Let Q € R™ be a bounded open
set. We say that a function v belongs to By . (Q) if, for any smooth function with compact
support in Q, ¢ € C§° (), we have pv € By, (R™). It is easy to extend the embeddings
described in Lemma 1.3.1 and 1.3.2 to local Besov spaces. The following Lemma is an easy

consequence of the definitions given above and its proof can be found in [3].
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Lemma 1.3.3. A function v € L}, () belongs to the local Besov space BS if and

p,q,loc ( )
only if

ThU

R

< 00

L9 (fif s L7 (B)

for any ball B C 2B C ) with radius rg. Here the measure # is restricted to the ball
B (0,75) on the h-space.

It is known that Besov-Lipschitz spaces of fractional order o € (0,1) can be characterized in
pointwise terms. Given a measurable function v : R® — R, a fractional a-Hajlasz gradient for
v is a sequence (gj), of measurable, non-negative functions g : R™ — R, together with a null
set N C R"™ such that the inequality

lv(z) —v(y)| < (gk(@) + gk(y)) |z — y|*

holds for any k € Z and z,y € R™ \ N are such that 27% < |z — k| < 27%*1. We say that
(gk)p € £7(Z; LP (R™)) if

1
q
1(98) il ga 10y = (Z lgrll], Rn)) < .

kEZ

The following result is proved in [73].

Theorem 1.3.4. Let a € (0,1), 1 <p < oo and 1 <qg<oo. Let ve LP(R™). One has
v € By, (R™) if and only if there exists a fractional a-Hajlasz gradient (gy),, € 7 (Z; LP (R™))
for v. Moreover,

HvHBg,q(R") =~ inf H(gk)kueq(Lp) 5

where the infimum runs over all the possible a-Hajlasz gradients for v.

1.4 An auxiliary function

Here we define an auxiliary function of the gradient variable that comes out to be very useful
to treat regularity properties for solutions to p-elliptic problems.
The function V,, : R* — RF is defined as

p—2

V(&) == (n? +1¢l*) * ¢
Of course, when we deal with variational problems whose solutions are scalar-valued
functions v : R" — R, such as, fo example, in case of obstacle problems, the map & — V), ()
is defined in R* with k = n, while, in case of variational problems with vector-valued
minimizers v : R” — RY, we have k =n x N.
As we will see in the following, many higher differentiability properties for solutions to the
problems we are considering can be expressed and treated in terms of the function Vj, (Dv),
where v € WP is a local minimizer of a p-elliptic problem.
A key point that we want to stress is that the role of this function in the study of higher
differentiability properties of solutions to elliptic problems changes when we move frome the
case p > 2 to the case 1 < p < 2. This is the reason why the regularity results available for
solutions to super-quadratic problems don’t always hold true in the same way in the
sub-quadratic case.
The following results are proved in [1], and will be useful to estimate the LP norm of D?v,
using the L? norm of the gradient of V), (Dv).
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Lemma 1.4.1. For every v € ( ,0) and p > 0 we have

@y+1)lE—nl < (4 1eP) €= (2 ) o] et

5 > & —nl,
(42 + 1¢* + Inl”) s

for every £,n € RF,

Lemma 1.4.2. For every v € ( ,0) we have

co(y) (14167 +n*)" < /0 1 (141t + @ =tml*) dt < cr(y) (1+ 1P+ nl*) "

for every €, n € RF,

Lemma 1.4.3. Let 1 < p < 2. There is a constant ¢ = ¢(n,p) > 0 such that

= nl < Vo) = Vo)l (1 + I€f? +|n|) T <elg—ul, (15)
for any &,n € R¥.

Remark 1.4.4. One can easily check that, if 1 < p < oo, for a C? function g, there exists a
constant C(p) such that

el (52 + 1Dg) T < 1DV, (Do) < [P (2 +1Dg) T . (1)
In what follows, we shall use the following.

Lemma 1.4.5. Let Q C R" be a bounded open set, 1 <p <2, andv € Wllo’f (Q,RN>. Then
the following implication holds

V, (Dv) € W22 (Q) = v e WP (Q), (1.7)

and the following estimate

/ ’DQ ‘da:<c

holds for any ball B € Q and 0 < r < R.

1+/B \D%(Dv(x))ﬁdm—i—c/ |Dv(m)]pdx1 (1.8)

Br

Proof. We will prove the existence of the second-order weak derivatives of v and the fact that
they are in L (£), by means of the difference quotients method.

Let us con81der aball Be Qand 0 < £ <r < R.

For Lorc T1 =r+|h| < R—|h| =:r2 < R, and by (1.5), we get,
for any s = 1,...,n.

p(2—p)

/B IraDe(e) e < /B Vo (DU (42 +1D0(@)] + D e+ b))

2
2—p

By Holder’s inequality with exponents ( ) and the use of (1.5), we get

2
D’
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2—p

'(A}@1+Dv@+mmf+ﬂhumﬁgm>2,

and since V), (Dv) € VVlif (), by Lemma 1.2.3 and Young’s inequality, we have

/ I7e Do ()P dz < cbhy?/ |DV,, (Do(x))|? da 2
r Br
. V (M2 + |Dv (z + hes)|* + \Dv(x)|2)% dx] )
< clhlP ]Dv(x)|pdm].

1+/BR |DV,, (Dv(:c))|2da:+/

Br

Since v € VVéf () and V, (Dv) € VVI})C2 (€2), then, by Lemma 1.2.4, we get v € VVliCp (), and
we have

/ ‘D%(x)’p de < c |Du(z)|P dx] ,
B

that is (1.8). N

1+/BR DV, (Dv(x))]Qda:—i—c/

Br

Remark 1.4.6. If Q C R"” is a bounded open set and 1 < p < 2, then one may use Remark
1.4.4 and Lemma 1.4.5 to show that, if v € Wo? () and V,, (Dv) € W,L? (Q), then
v E VVlif (©2) and (1.6) holds true with v in place of g.

Remark 1.4.7. If Q C R” is a bounded open set and p € (1, 00), for any v € VVlif () such

m(p+2)

that V,, (Dv) € Wif (Q), if m > 1 and v € L¥" (Q), then, thanks to (1.1), Dv € L, (Q).
Moreover, if v € LS (£2), thanks to (1.2), we get Dv € Lf:gz Q).
Remark 1.4.8. For further needs we record the following elementary inequality
ya
(12 +1€*)* < clp) (" + [Vi(©)P) (1.9)

for every £ € R™*N,

Note that this is obvious if u = 0. In case p > 0, we distinguish two cases.
If || < p we trivially have

2 2\7 _ o2
(12 +1€l*)* < 25
If |¢] > p, we have
2 2\ % 2 N (o 2
(2 +1e”)? = (2 +1e) > (12 +1eP)
2 N (2 2 2 N T 2
< (B2+1eP) 7 (leP+1e”) <2 (w2 +1el”) 7 lel
< 2.
Joining two previous inequalities we get (1.9).

_np_
Moreover, if V), (Dv) € VVlif (2), by Sobolev’s inequality, we have Dv € L' * (?) = L, 2 (Q).
Indeed, using (1.9), we get

2*p P_1 2%
Do) 7" dz = [ ||Dv(@)|" " Du()|” da
Br

Br
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< wF1Bal+ [ 1V, (Do(@)) da
{ z€BR:|Dv|>p }

< WF Bl + [V (Dula)) d. (1.10)
Br

which is finite by the Sobolev’s embedding Theorem, for any ball Br € (2.

The following result is a fractional counterpart of Lemma 1.4.5, that will be useful to treat
regularity properties of solutions to variational problems with Besov-Lipschitz coefficients
(see Section 4.4.)

Lemma 1.4.9. Let Q C R™ be a bounded open set, 1 <p <2, a € (0,1) and 1 < q < 0.
Then, for any function v € VVlif (Q) the following implication holds

Vp (Dv) € By 4 10c (2) = Dv € By 1, (2). (1.11)
Moreover, for any ball Bgr € Q2 and 0 < r < R, the following estimate

(Dl 6 < € (14 1000 ooy + 1V (Do)l 1 (1.12)

holds true for 1 < q < 0o, where C and o are positive constants depending on n,p,« and q.

Proof. Let us fix a ball Bg (z9) € Qand 0 <r < R.
Since Vj, (Dv) € BS . (£2), then, by definition, V}, (Dv) € L% _ (), and so it’s easy to check
that Dv € LI (Q).

loc

If we apply Remark 1.4.8, we easily get

/ |Dv(z)|P dz < C </ [V, (Dv(z))|* dz + 1> ,

T T

where the positive constant C depends on n and p.
Now, let us consider, first, the case 1 < ¢ < oo.

Using Holder’s inequality with exponents (%, %), Lemmas 1.4.3 and 1.2.3, we have

q
D P » dh
o =55
By(0) \/B, | [P |h|
p(p—2)

mDv(z)P :
) /Bge(O) K/B W) (12 + [Do(@)* + | Dv(z + b))

p(2—p)

(12 + [Do@)P + Do+ WF) T da

q
o
|h|"

D 2 (r—2) %
/ [/ W'<u2+\Dv(a:)|2+|Dv(x—l—h)|2> g dx]
B0 [/, Al

IN

. [/r <'u2+|DU($)2+|DU($—|—h)|2>gdx 2 p’dh?l
< o|f (2R T
TV, (Do(@)? . \? dh
| [/BR“)) </ hpe dw) \hl"] ’ (1.13)
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and the right-hand side of (1.13) is finite since, as we proved above, Dv € L (), and
Vp (Dv) € B 1, (©2) by hypothesis.
Let us consider, now, the case ¢ = co. Arguing as above, we have,

[ Do(@) |\
</B Nz dx) )
< C(/BR<,LL2+|DU($)|2)§(1:E>2 .</T’Thvp|<hl|7;;($))’2dx>2, (1.14)

and taking the supremum for |h| < &, since, by hypothesis, V}, (Dv) € BS  1oc (§2), we have
Dv e Bza)é,oo,loc (Q)

Recalling the definition of the norms in Besov-Lipschitz spaces, and applying Young’s
inequality to (1.13) and (1.14), for a suitable choice of C' and o, we conclude with the
estimate (1.12) holding true for 1 < ¢ < occ. O

B =

A key point we want to highlight is that, as we mentioned at the beginning of this section,
the role of the function V), with respect to the regularity properties of variatonal problems
with standard p-growth conditions and p-ellipticity, changes with the value of the exponent p,
in particular when we move from the case p > 2 to the case 1 < p < 2.

Indeed, with similar arguments, if p > 2, it is easy to prove that the reverse of the
implications (1.7) and (1.11) hold.

Lemma 1.4.10. Let Q C R"™ be a bounded open set, p > 2, and v € I/Vlif (). Then the
following implication holds

veWZP(Q) = V,(Dv) € W2 (9),

and the following estimate

| 1D (Do) de < ¢

T

1 +/ ‘D%(w)‘p d:n—{—c/ |Dv(z)|P dm] .
Br Br
holds for any ball B € Q and 0 < r < R.

This means that, while when p > 2, if we assume Dv € WP, we also have Vp (Do) € wh2,
this doesn’t happen for 1 < p < 2.

This difference becomes crucial when we have to apply the ellipticity assumption in order to
prove regularity results, in particular for what concerns higher differentiability properties, for
solutions to p-elliptic problems, and also the results are different because of this reason.
The same phenomenon occurs for Besov-Lipschitz functions.

Lemma 1.4.11. Let Q C R™ be a bounded open set, p > 2, a € (0,1) and 1 < g < oo. Then,
for any function v € I/Vlif (Q) the following implication holds

Dv e Bg (Q) g ‘/p (DU) € B(QX,q,loc (Q) :

,q,loc

Moreover, for any ball Br €  and 0 < r < R, the following estimate
g
Vo (D) g (5, < C (L4100l Loy + 1Dl g 50
holds true for 1 < q < 0o, where C and o are positive constants depending on n,p,« and q.

It is obvious that, for p = 2, we have V, (¢) = ¢ for any ¢ € R¥, and all the implications
discussed above become equivalences.



Chapter 2

Homogeneous systems

The aim of this chapter is to present some regularity results for solutions to unconstrained
variational problems where the energy density of the integral functional satisfies
sub-quadratic growth and ellipticity conditions.

Moreover, for what concerns the dependence of the integrand function on the z-variable, we
will assume that its derivatives with respect to the gradient variable belong to some suitable
Sobolev spaces.

In Section 2.1 a first example of this kind of problem is faced, with the aim to show an
estimate for the LP norm of the second derivatives of solutions to some kind of problem
described above, that are a priori assumed to be, locally, in W?2P.

This kind of a priori estimates are usually the first step in the study of regularity properties
of solutions to variational problems.

In fact, by means of known results available for solutions to problems with stronger
properties, which satisfy the a priori assumptions, and using some approximations arguments,
it is often possible to prove higher regularity results for solution to less regular problems,
starting from a suitable a priori estimate.

This kind of technique is used, in this chapter, in Section 2.2, where higher integrability,
differentiability and boundedness results are proved for the gradient of solutions to a class of
homogeneous equations.

In this chapter, we will consider integral functionals, whose minimizers are possibly
vector-valued functions, of the form

F(w,Q) = /Qf (x, Dw(z)) dx, (2.1)

where, for n > 2 and N > 1, Q C R" is a bounded open set, f: Q x RN 5 Ris a
Carathéodory map, such that & — f(z,&) is of class C* (R”XN).

For an exponent p € (1,2) and some constants {1, {3, v, L > 0 and a parameter p € [0, 1] the
map f satisfies the following p-growth and p-elipticity conditions:

G (K2 +1e)? < F@8) <6 (12 +1e)? (22)
(Def (@,€) = Deflaun) € —m) = v (W2 + |+ InP) 7 1g —nP, (2.3)
Def(2,€) — Def(e.m)| < L (12 + 16 + Inf?) ™ I¢ —nl?. (2.4)

for any &, € R™ and for almost every z € Q.
In order to simplify the presentation, we will also denote

11
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AX(2,€) = Deaf(,6),  foralla=1,...,Nandi=1,. .. n. (2.5)
Assumptions (2.2), (2.3) and (2.4) imply, respectively
Ao < (i +1e8) T, 2.6
(A(w,€) - Al ), € — 1y 2 (42 + 162 + 1) ™ le 2.7
AGw,€) — Awn)] < L (12 + I+ ) T 16— ni2. 2.3

Let us notice that, if the map & — f(z,&) is of class C? (R”XN), conditions (2.3) and (2.4),
for constants L1, Lo > 0, can be replaced by

p—2
2

p—2
Ly (42 + 1€P) 7 1l < (Deef (@, €)mm) < Lo (w2 +[€7) 7 [l (2.9)
for almost every x in ©Q, and for all £, 7 in R™¥  i.e., with the notation (2.5),

—2 p—2

Ly (12 +16) 7 0l < (DeA @.&)n.n) < Lo (42 + [€*) 7 Inf?.

for any &, € R™Y and for almost every = € €. The main novelty of the results given here is
that difficulties due to the fact that 1 < p < 2 combine with the presence of Sobolev
coefficients for the Euler-Lagrange equations of the functionals. Indeed we assume that the
map z — Dgf(z,€), for any € € R™V belongs to the Sobolev space VV&X? (©), and the
results we present also depend on the value of the exponent q.
Let us recall that this condition is equivalent to assume that there exists a non-negative
function x € L (Q), such that
p—1

|Def(2,€) = Def(y,€)| < (s(x) + () |z — gl (12 + [¢*) (2.10)

for a.e. z,y € Q and for every ¢ € R which is also equivalent to say that there exists a

non-negative function & € L{ _(£2) such that

p—1

|Dagf(x,€)| < () (12 + |¢°) 2 (2.11)

for a.e. x € Q and for every ¢ € R**V,
As we will see in the following, (2.10) is useful when we use the difference quotient method.
In order to simplify the notations, if we define the function

g =max{ K,k } a.e. in Q,

q

be (2) and, in place of (2.10), we can use the condition

we have g € L

p—1

|Def(2,€) = Def(y,€)| < (9(2) + 9(v)) |z — y| (12 + [¢]*) * (2.12)
for a.e. ,y € Q and for every & € RN,
Similarly, in place of (2.11), we can use
p—1
Dacf (@, &)| < g() (1 +1¢17) * (2.13)

for a.e. z € Q and for every ¢ € R™*N,
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With the notation (2.5), (2.12) becomes

p—1
2
’

A,€) — Ay, )| < (9(2) + 9(v) |z — y] (1 + I¢)

for almost every z,y € Q and for every ¢ € R™¥. For this point-wise characterization of
Sobolev functions we refer to [66].

(2.14)

2.1 An a priori estimate

The aim of this section is to show an a priori estimate for the LP-norm of second derivatives
of local minimizers of the kind of functional described above. This result is contained in [55].
Here we consider the functional (2.1), for which, for n > 2 and N > 1, f: Q x R™Y R is

a Carathéodory map, such that & — f(z,&) is of class C! (R"XN).

For an exponent p € (1,2), we assume (2.2) and (2.3), for every &1 € R™ and for almost
every x € €. For what concerns the dependence of the energy density on the xz-variable, we
shall assume (2.12).

The result we present here starts the study of the higher differentiability properties of local
minimizers of integral functional (2.1) under sub-quadratic growth condition. More precisely,
we shall establish the following a priori estimate for the second derivatives of the local
minimizers.

Theorem 2.1.1. Let u € VVlif (Q,RN) be a local minimizer of the functional (2.1) under

the assumptions (2.2), (2.3) and (2.12) for a non-negative function g € L (), with ¢ > 2?",
than the following estimate

| D], (55) < C (I Dull sy + 190 o)) (2.15)
2

holds true for every ball B € Q with C = C(v,¥41,42,p,n, N,R) > 0.

The main tool to establish this result is the so called difference quotient method and a double
iteration to reabsorb terms with critical summability.

2.1.1 Proof of Theorem 2.1.1

It is well known that every local minimizer of the functional (2.1) is a weak solution
uc Whp (Q, RN ) of the corresponding Euler-Lagrange system, which, with the notation
(2.5), becomes

divA (z, Du) = 0. (2.16)

As we mentioned above, with the same notation, assumptions (2.2), (2.3) and (2.12) imply,
respectively (2.6), (2.7) and (2.14).

Proof of Theorem 2.1.1. Let us fix a ball By (z9) = Bpg of radius R € (0,d (xg,0f)), and
consider % <r<§<t<t<Ar<R<1,with1<\<2. Let’s test the equation (2.16)
with the function ¢ = 75 _, (UQTs,hU), where n € C§° (By) is a cut-off function such that n =1
on B, |Dn| < % and |D?p| < (t_cg)g.
With this choice of ¢, and by Proposition 1.2.2, we get

/B (ruA e, Du(w), D (52 (7o () ) dr = 0.
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Since we want to control difference quotients indipendently of the direction, from now on, we
simplify the notations dropping the direction s and the corresponding unit vector e.

So, recalling the definition of finite difference operator, and the notation

mF(x) = F(x + h) — F(x) from Section 1.2, we can write previous inequality as follows

I = /B (A(x+h, Du(x + 1) = A(z + h, Du()) 72D (ryu(x))) do

(A(z+ h, Du(x)) - A(z, Du(x)), D (mhu(x)) ) da

R

(tnA (z, Du(z)) , 2nDn @ Thu(z)) do

=

(A(z+ h, Du(x)) - A(z, Du(x)), D (myu(x)) ) da

=

(A (z, Du(x)),7—p (2nDn @ Thu(x))) dx

oyl

|
TS TS S Ty e

(A(z+ h, Du(x)) - A(z, Du(x)), D (mhu(x)) ) da

o]

(A(z, Du(z)), 7-h (20Dn) @ Thu(z — h)) dz

R

- / (A (z, Du(x)),2nDn & 17— (Thu(x))) dx
Br
= I+ II+1II.
Previous equality implies

Io < |I| + LI + |111]. (2.17)

In order to estimate the integral I, we use (2.14) and Young’s inequality, as follows

1< clbl [ o (o) + gt m) (18 + 1Du@)) 7 1Dmu(a)]|da

clhl | o (9w) + g+ 1) (4° + |Du@)* + [ Dulw + W) T

IA

| D (mhu(x))| da

—2

o [, 1D @) (4 + DU + Dt + 1)) 7 e

IN

+ee|h)? /B n? (*(x) + g% (@ + 1)) (1 + |Du(a)[* + |Du(z + h)P)g d. (2.18)

Now, we estimate I1 by (2.6) and the properties of  and Proposition 1.2.2, thus obtaining

clh|
T o(t—-3)7

<tc_|h;>2 (/B (12 +1Du(@))* dm) o ( /B Iz h>|pdz> "

where, in the last inequality, we used Hélder’s inequality. By virtue of the first inequality of
Lemma 1.2.3, we obtain

p—1
1) [ (4 Iu@P) 7 (e~ ] da
By
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clh|? g
11| < 0 _h|§)2 /BA (42 + [Du(a)*) da. (2.19)

The term I1] is estimated using (2.6) again, the properties of 7 and Holder’s inequality as
follows

1I11]

IN

[ (2 10u@?) e G e

t—3s
p—1

tfg (/Bt <u2+ \Du(x)‘Q)gdx> v ( . IT_n (Thu(xmpdx)p

= td—h‘g (/Bt (4 ‘D“(x)‘z)g d””) o (/Bt |7n Du(z)[” dx>p, (2.20)

where, in the last inequality, we used Lemma 1.2.3 and Proposition 1.2.2.
By (2.7), we get

IN

p—2
| Io)| zu/ n? (12 + |Du(@)? + |Du(z + b)]?) * |7 Du(z)dz. (2.21)
Br

Inserting estimates (2.18), (2.19), (2.20) and (2.21) in (2.17), we obtain

p=2
v [ o (i + 1DuGe)? + [Dute+ W) 7 D) ds
Br

p—2

< <[ PP @) (i + IDu@)P + [ Dula+ wF) T da

[NJiS)

welb? [ (@) + g2+ 1) (12 + DU + Duta+ 1)) da

R

clh|? £
s [ Du))
AT

+tC|—h!§ (/Bt (”2 + |D“("")’2>% dx>p </Bt |7n Du(z)[” da?)p.

Choosing € = § in the previous estimate, we can reabsorb the first integral in the right-hand

side by the left-hand side, thus getting

p—2
/ n? (MQ + \Du(:c)|2 + |Du(z + h)]Q) 2 ]ThDu(a:)|2 dx
Br

[SS]

< ol /B 7 (@) + 9% (@ + b)) (4 + [Du(@)]® + [Du(x + h)*)* da

C‘hP 2
+ /BM (42 + | Du(a)[)

(t—3)?

s (/B (12 + 1Dute)?)” dl‘) B ( /| t_ mDu(w)M) "

with ¢ = ¢(v, 1,2, p,n, N).
Dividing previous estimate by |h|? and using Lemma 1.4.1, we have

ya
2

dx
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2
[ e Duta)
r 7]

=2 | ) 2
c/ 7 (;ﬂ + |Du(z)|* + | Du(z + h)\z) : Wdz
Br

IN

ya
2

dx

IN

o[ (@) +ga+ ) (1 + IDu@)f + Dule + )

+(75_C§)2/B (/L2 + |Du(x)|2)% dx

- (/B (12 + |Du(x)|2>§dx>p (LW@) (2.22)

Now, by Holder’s inequality and Lemma 1.4.1, we get

D p
[ Bt
Br |h[P

7] u(z))|? p(Z-p)
< /anthpﬁZp( ) (42 + |Du(@)]* + [Du(z + h)*) d
Vo (Du(x))[? 5
< (/BRUQI n p(!hP( )] da:)
(/B n? (u2—|—|Du(:c)|2+|Du(az+h)Z)Sdaz> - (2.23)

and therefore, combining (2.22) and (2.23), we have

D p
[ bl
Br |h[P

ya
2

< { /. 0 (6@ + g @+ 1) (4 + |Dule)f + [Du(a + D)) de

o L (D)

ti§ </Bt (,uQ + ‘DU($)|2)g dm)p (/Bt~ ’Thl|);;|£$)|pdg;>p }2

2—p

. {/ n? (/ﬂ + | Du(z)|* + | Du(x + h)\Q)g dw}2 .

Br

P
2

+ dx

_|_

2

Using Young’s inequality with exponents % and 55 which is legitimate since 1 < p < 2, the

properties of 17, and Lemma 1.2.3, we have

D p
[ e,
Br |h|P

[MiS]

< o w (') + o m) (1 DU 5 DuGe 1)) do

+c (1 + (t_1§)2> /B (uQ + \Du(w)ﬁ)

[S]iS]

dx
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c z 5 T Du(z)|P >
s (/B (42 + | Du()]) dz) </3de>

c xz+c 2(z) |Du(z)|P dx
< of P@drre| f@Du@Pd

r

/ g*(x) | Du( :E—i—h)|pdm—|—c/ ¢*(x + h) |Du(z)? dz

t By

+c (1 + ) /B (,u2 + \Du(ac)|2)g dx

—— ( /B (12 + Du(a)?)* dx) < /B | Thz?sixwpdx)p.

Using Young’s inequality with exponents p and 7 to estimate the last integral in the
right-hand side, we obtain

D p
/ 772 |Th Du(z)| da
Br |h[P

< C/B g2(a:)dx—|—c/ g*(x) | Du(z)|P dz

i By

p—1
p

+

te /B 63(x) [Duz + ) da + ¢ / ¢2(z + h) | Du(z)|? dz

i3 By

1 1 2
+c <1+ (t—§)2 + (t_g)pfl) /BM' (uQ—i-\Du(a:)\Q) dx

1 / |7n Du(x) [P
+-= —dx.
2)p, |l

Recalling that n = 1 on Bj, we obtain

D p
[ Do,
Bs ‘h‘p

1 D P
< / |Thu($)|da:—i—c/ g2($)dx—|—c/ g*(x) | Du(z)|P dz
2)p;, |n]P B; B;

t t

—I—c/ g*(z) |Du(z + h)|P dz + c/ g*(x + h) |Du(z) P dx

By B;

—I—c(l—i—( N )/BA (12 + [Du(@)?)* da. (2.24)

t—=38°  (t-3

Since the previous estimate holds for every & R <y <§<t<t<Ar and the constant
appearing in (2.24) are indipendent of ¢, we can pass to the limit as ¢t — #, thus getting

D p
[ D,
Bs |hlP
1/ |7h Du()[” / 2
< - ————dxr+c g°(x)dx
2 s, TP 50

t

+c/ g*(x) |Du(z)|P dx + C/B g% (x) |Du(z + h)|P dx + C/B g*(x + h) |Du(z) P dx

By H ¥
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1 1 z

fe|ll+ ——5+ — —— / (ug + |Du(x)|2) * dx. (2.25)
(t-37" (f-37r1 ) B

To go further, we have to estimate the three integrals in the third line of (2.25).

To this aim, we apply Holder’s inequality with exponents (%, q_%) and Lemma 1.2.3, thus

obtaining

/ ¢*(z) |Du(z)|P dz + c/ g*(x) | Du(z + h)[P dm+c/ g*(x + h) |Du(z)|P dx

By By By

< ¢ (/BM gq(x)da:> : </BM | Du(x)|a—2 da;) , (2.26)

and the second integral in the right-hand side term of (2.26) is finite for qp_—q2 < n”—_i), that is
2n

q=z IR

So, estimate (2.25) becomes

[ i,
Bs

|h[P
1/ |7 Du()|” / 2
< = ————dxr+c g°(x)dx
o T 5

o (/BA gq(gc)d:c>3 - (/BA | Du(z)| 25 d:c) -

1 1 2 2\ %
te|ld gt ——p (42 + | Du(@)*)* da,
(t - S) (t — §) p—1 BR
and by virtue of the Iteration Lemma, we have
D p
[ ot
B, |hlP
q—2

< c/BM g*(z)dz + ¢ </BM gq(x)dx> 2

+e (1 + 7«2(A1_ == (Al_ 1)1,31) ‘ /BM (42 + |Du(x)?)

and by Lemma 1.2.4, we get

=]
VN
S
>
3
-
<
~
K
N—
-y
|
N
jo 8
IS
N——
=]

/ |D?u(z)[Pd

r
q—2

< C/BM P (@)dz + ¢ (/BA gq(;c)dx>3 - (/Bk \Du(z)| 7= da:) '

e (1 + TQ(;_ Tt (Al_ 1>p”1> /B (12 + IDu()P?)

Now we distinguish between two cases.
— 2n
Case I (q =3 )

In case ¢ = 2?”, the right-hand side of (2.26) becomes

b
2

dz.  (2.27)
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n—p

(o) ) ([ 1)

Now we observe that, if u € VVlif (Q), then Du € VVli)f (©2) and, by Sobolev’s embedding
Theorem, W'l(l)’f (Q) — ) (), where p* = &

loc n—p"

So, for a positive constant ¢ = ¢(n,p), since A\r < 1, we have
oy =
- / \Du(z)|*5 da
B)\r

(7o

m( [ gi"@)dx)” | (Pru@f +1puap)ar. (223)

n—p

3

2n

Since g € L7 (€2), by the absolute continuity of the integral, there exists Ry > 0 such that,

loc
for every R < Ry, we have
2n 1
c (/ gr (x)da:) < -. (2.29)
Br 2
For this choice of R, joining (2.27), (2.28), (2.29), we get:
/ ‘DQu(x)‘p dx
B;
1
< c/ gQ(x)dfc—l— / ’D2u(:r)
B)\'r 2 B)\'r
+e| 1+ ! + ! . / (u2 + |Du(x)|2>
rPA=1?2 o -1)51) s,

Since (2.30) holds for all £ <7 < Ar < R for A € (1,2), setting Ry = R, v = z% and

‘p dx

ya
2

dz.  (2.30)

h(r) :/B ‘DQU(x)‘pdx,

by Lemma 1.1.1, we have

| £

A standard covering argument yields the conclusion, with (2.15).
2n
Case 11 (q > ?) . q

2n g np i .— 2n
For ¢ > o we have p < =3 < np> and setting 0 : g < 1, we have

Lp(Bg) < c(v, by, 42, p,n, N, R) (HDUHLP(BR) + HgHLq(BR)) : (2.31)

q—2_1—0+9(n—p)
pq b np

and we can use the interpolation inequality to estimate the last integral in (2.26) as follows

)

q—2

(/BM \Du(z)| 7 d:c) '
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1-0 6(n—p) P
P np np
/ |Du(zx)P dz . / |Du(zx)|»=» dz ,
B, Bxr

and recalling the definition of #, the right-hand side of (2.26) can be controlled by

IN

pq—2

c (/B g%.r)da:)i . (/B |Du(x)|pd:n>

2(n—p)

(/BA \Du(z)|"% d:c) "

Then, by Sobolev’s embedding Theorem, since A\r < 1, we have

pg—2n

(/BM gq($)dx>3 . (/BA \Du(z)? dx) "

Bxr
ﬁ </B gq(x)d:n> . (/B |Du(x)|pd:n> "

AT

pg—22n

Qo

Now, since q > 2?", we can use Young’s inequality with exponents (pq’f’%, %), thus getting,
for every € > 0,

pg—22n

( /B i gq(:c)da:> - ( /B . \Du(x)\pdx> "
2(n—p)

: (/BA |Du(z)|7 7 d:c) "

2

ﬁ (/B gq(x)dx> " lCE/B | Du(zx)|Pdz

+e - (’DQU(:U)’ + |Du(;1:)|p) dx] .

2
q

Now we choose ¢ such that

€ - [c </BR gq(x)dl’> ‘1] < %, (2.32)

so that we can obtain the estimate (2.30) again. The use of Iteration Lemma implies (2.31)
also in this case, and so we get (2.15) again.

We remark that, differently from the previous case, when ¢ > 22, we don’t need to use a
covering argument to conclude. In fact, in (2.32), we just choose a suitable value of €, which
depends on the norm of g in LY (Bp), while the radius of the ball on which the integral in the
left-hand side is taken does not depend on the L?-norm of g: here, differently from (2.29), we
don’t use the absolute continuity of the integral. O
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2.2 Higher regularity results for solutions to a class of
homogeneous systems

In this section we present the regularity results contained in [54].
Let us consider the functional

F(w,Q) = /Qf (x, Dw(z)) dx, (2.33)

where  C R” is a bounded open set, n > 2, f : Q x R"*Y — R is a Carathéodory map, with
N > 2, such that £ — f(z,€) is of class C? (]R”XN> for a.e. x € €2, and for an exponent

p € (1,2), assumptions (2.2) and (2.9) hold.

For what concerns the dependence of the energy density on the z-variable, we shall assume
that the map z — D¢ f(x,&) belongs to the Sobolev space wha (Q X R”XN), for some ¢ > n.

This is equivalent to assume that there exists a non-negative function g € Ll . () such that
(2.13) holds.

In order to avoid the irregularity phenomena that are peculiar of the vectorial minimizers (see
[35], [88]), we shall assume that

[, §) =k (z,[¢]) (2.34)
with

k(z,-) € C*(R) if u >0 or k(z,) e CE(R\{0}) if p=0, (2.35)

for almost every = € .

It is worth noticing that (2.9), (2.34) and (2.35) imply (2.2).

The results we describe in this section involve both higher differentiability and higher
integrability properties of local minimizers of the functional (2.33).

For what concerns higher differentiability, we want to prove that, assuming g € L{ . (), with
q > n, any local minimizer u € VVlif (Q) of the functional (2.33) is higher differentiable, that
isu € I/Vlif (©2). Moreover, if ¢ > n, we establish the Lipschitz continuity of the local
minimizers, and for ¢ = n we prove that the gradient of u is in L} _ () for any s € (1, 00).
More precisely, our main results are the following.

Theorem 2.2.1. Let u € V[/li)f (Q) be a local minimizer of the functional (2.33), under the
assumptions (2.9), (2.34) and (2.35).

Moreover, let us assume that, for ¢ > n, there exists a non-negative function g € L (),
such that (2.13) holds.

Then u € WP () and Du € L, (Q).

Moreover, there exist two constants c1,co > 0, depending on n, N,p,q, L1, La, R, HgHLq(BR),
such that the following estimates hold:

[NI4S)
hSA

HDuHLm(BE)Scl (/B (12 + | Du()P?) dm) , (2.36)

and

[NI4S]

/B ‘D%(m)‘p dr < cg - /B (u2 + |Du(:1:)]2) dx, (2.37)

for every ball B such that Br € ), with R < 1.

In the critical case ¢ = n, we have the following.
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Theorem 2.2.2. Let u € V[/I})’f () be a local minimizer of the functional (2.33), under the
assumptions (2.9), (2.34) and (2.35).

Moreover, let us assume that, for ¢ = n, there exists a non-negative function g € L (),
such that (2.13) holds.

Then, for any 1 < s < 0o, Du € L. . (), and there exists a constant ¢; > 0, depending on

loc

n,N,p,s, L1, La, R, HgHL”(BR)’ such that, for every ball Br €  with R < 1, the following

estimate holds
1
(/ rDu<x>rde) s(/ (1 +1Du(@))
BE BR
2

Moreover, u € Wli’f (Q), and there exists a constant ca = co (n, N,p, L1, Lo, HgHL"(BR)> >0
such that

[NIiS)

d:c) " (2.38)

ya
2

/B ‘Dzu(x)’pd:vﬁcz-/B (42 + |Du()?)* da. (2.39)

The proofs of our results are achieved combining suitable a priori estimates with an

approximation argument. First of all, making the a priori assumptions that u € I/Vlifo (Q)
—2

P
and V), (Du) = (MQ + |Du|2) * Duc I/Vlif (), we will use Moser’s iteration technique (see,
for example, [29]) to find an a priori estimate for the L>-norm of Du in case ¢ > n, and an a
priori estimate for the L®*—norm of Du for any 1 < s < oo if ¢ = n. We will also find an a
priori estimate for the LP-norm of the second derivatives of u that improves that established
in [55].

After that, by approximation, we will use these a priori estimates to prove that a minimizer
u € Wﬁ)’f (Q) is actually in Wlif () and, if ¢ > n, then Du € Li%, (), while, if ¢ = n,

Due Lj . (Q) for all 1 < s < oo.

Let us notice that, here, we are making some stronger assumptions about the dependence of
f on the &-variable, if we compare them to those of the previous section, where we assume
that € — f(x,&) is of class C* (R"XN) and, instead of (2.9), we just assumed (2.3).

On the other hand, for what concerns the dependence of the coefficients on the x-variable, in
the previous section, instead of (2.13) with ¢ > n, we assumed (2.12) with ¢ > 2?” > n (since
1 < p < 2). The possibility to weaken this condition is due to the fact that the a priori
assumption V, (Du) € VVl(l)f (Q) is stronger than u € VVlif (Q), by virtue of Lemma 1.4.5.

2.2.1 A priori estimates

Our first step is to prove the a priori estimates. More precisely, making a distinction between
the cases ¢ > n and ¢ = n in the assumption (2.13), we want to prove the following claims.

Lemma 2.2.3. Let u € VVli’COO (Q) be a local minimizer of the functional (2.33) such that

p—2

Vp (Du) = (uz + ]Du\g) * Due T/Vlif (Q), under the assumptions (2.9), (2.34) and (2.35).
Moreover, let us assume that, for ¢ > n, there exists a non-negative function g € L (1),
such that (2.13) holds.

Then there exist two constants c1,ca > 0, depending on n, N,p,q, L1, L2, R, Hglqu(BR), such
that the following estimates:

SIS
S

dm) , (2.40)

D0l () < (/G +ipur)

and
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M)

/B ’D2u($)‘pdl‘ < cg/B (uz + |Du(x)|2) dz, (2.41)

2

hold for every ball Br such that Br € Q with R < 1.

Lemma 2.2.4. Let u € VVlifo (Q) be a local minimizer of the functional (2.33) such that
p—2

Vp (Du) = (u2 + |Du\2) * Due I/Vli)’c2 (Q), under the assumptions (2.9), (2.34) and (2.35).
Moreover, let us assume that, for ¢ = n, there exists a non-negative function g € LiIOC (Q),
such that (2.13) holds.

Then, for any 1 < s < oo there is a constant ¢c1 > 0, depending on

n,N,p,s,L1, Lo, R, HgHLn(BR), and there exists Rs € (0,1) depending on s,p,n,g such that,
for every ball Br € 0, with 0 < R < R, the following estimate holds

(/BR \Du(x)\sdx)s < (/BR (12 + ]Du(:v)]Q)gdx>p. (2.42)

Moreover, there exist a constant ca = ca(n, N,p, s, L1, Lo, R, ||9||LH(BR)) >0 and Ry € (0,1)
depending on p,n,g such that

/B D?u(w)|” de < cg/B (12 + \Du(z)|2)gdx, (2.43)

2

for 0 < R < Ry and Bgr € Q.

Proof of Lemma 2.2.3. Our starting point is the the Second Variation of the functional F.
Let us consider a test function ¢ = D, with ¢ € C§° (2), and put ¢ in the Euler-Lagrange
equation of F, so we have

/Q <D§f (x, Du(z)) ,DQw(aﬁ)> dx =0,

and an integration by parts yields

| (D2 (et (2, Duta)) Duta) = o
/Q (Duef (2. Du(a)) + Deef (z, Du(a) Dulx), Dis(a)) = 0. (2.44)

Now, for a ball Br € 2 and 0 < r < R < 1, we choose a cut-off function n € C§° (Br) such

as0<n<1,n=1on B, and |Dn| < x5 for a constant ¢ = c(n) > 0.

p—2

The the a priori assumptions u € VVli)fo (Q) and V), (Du) = (uQ + |Du]2) T Due VV&)(;Q Q)
2
allow us to consider, for v > 0, the test function ¢ = n? (,u2 + |Du|2) * Du in equation (2.44).

Computing the derivatives of i, we get

y—2
2

Dy = 2 (uQ + |Du|2>% Dn ® Du + %172 (,u2 + \Du|2)7 D (|Du|2> ® Du

[

412 (uz + !Du|2) D?u,

and the equation (2.44) becomes
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0 - / (Ducs (. D)) o (4 + 1Dutz)?)* Dy D) )
+3 / < Dyef (x, Du(x)) , n? (u2+|Du<m>F)75D(|Du<x>12)®Du<x>>dx
# [, (Dscf (o Dut)) o (5 + 1Du@)) Douta)) e

+2/B <D£§f (z, Du(x)) D*u(z),n (u + |Du(x )\2)% Dn® Du(a:)> da
+3 /B ) <Dssf (z, Du(x)) D*u(z),* (4* + |Du<a:>|2)%2 D (|Du(z)*) @ Du<x>> dx
+ /B <D5§f (xz, Du(x)) D2u(x), n? (,u2 + ]Du(x)\z)% D2u(x)> dx

= I+ 1T +1IT+1V+V + . (2.45)

The integral V' is non-negative by the assumption f(z,§) = k(z,|{]). Actually, it suffices to
calculate

&)
€

and use the definition of the scalar product to deduce that

5285, &) )

+ Dik (x, [€]) (

V >0.
So, from (2.45), we get

In<Ip+V < |I|+ [II|+ |III| + |IV]. (2.46)

In the following, we will often use the trivial inequality

€l < (B2 +1eP)*,  veermN, (2.47)

By the left inequality in the hypothesis (2.9), we get

R

ol 2 o (@ +Du@P) T [P (1 +1Du)?) dr

pty—=2

.y / 2| D) (4 + |Du(@)) * da. (2.48)
Br

To estimate the term I, we use (2.13) and (2.47), thus getting

VR

I < 2 /B 71Dl g(a) (1 + 1Du(@)?)  [Du(a)] (1 + |Du()?)? do

Pty

2 [ niDilg@) (4 + Duta)f?) * e (249)

IN

Applying Young’s inequality in the right-hand side of (2.49), we get

Pty

1< 2 alDalg(o) (4 + Duta)?)
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pty

< of w) (124 1Du@)) T do
Br

oty

+c/ Dnf* (42 + | Du(@)|*) 7 da. (2.50)
Br
We use again (2.13) and (2.47) to estimate the term IT as follows
9 p—lty
111 <5 [ aletw) (42 + IDu@)) |Dufa)| e
R

: +y-1 _ pty=2 | pt
Since P — = B—= 4 270

, by Young’s inequality, we get

pty—2

71| < 5/ n2‘D2u(az)‘2<u2+|Du(:ﬂ)|2> > dx
Br

2\ 5
—i—ca’yz/B n*g*(z) (,u2 + |Du(z)| ) dx. (2.51)
R

In order to estimate I11, we use (2.13) and Young’s inequality as before:

III| < 2 D? 211D 2 quld
[ < : n7g(x) |D7u(x)| (1 + |[Du(z)] T
R

pty—2

< 5/ T]Z‘DZU(QU)‘Q(M2+|DU(3:)]2> 2
Br
+

ver [ o) (1 + IDu@)) (252)

We can estimate IV using (2.9) and (2.47) thus getting

pty—1

vi<2 [ uiDal[pua)| (i + Pu@)?) " da.

Using Young’s inequality, we have

2|2 2/ 9 e
IV < 5/B n ‘D u(x)’ (,u +|Du(m)]> dx
: Pty

+cg/ |Dn? <u2+|Du(az)|2) ° da. (2.53)
Br

Now, inserting (2.48), (2.50), (2.51), (2.52) and (2.53) in (2.46), and choosing ¢ sufficiently
small to reabsorb the first terms on the right-hand sides of (2.51), (2.52) and (2.53), we get

pty=2

/BR 7 (MQ + \Du(w)|2) : ‘Dzu(a:)’2 dx

Py

< 149 [ i) (5 + IDu@)?) da
+c/B | D (,u2+|Du(m)|2)p+Tvd:v. (2.54)

Now, we observe that
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pty—4 ) pty—4 2
(4*+ [Duf*) 7 ]D(|Du|2)] < 4y +|Duf) 7 |Du|2‘D2u’
pty—=2 2
< 4+ |Duf) 7 ’DQU , (2.55)
where we also used (2.47). So, using (2.55) in the left-hand side of (2.54), we get
pty—4 2
/B 7 (w2 4 Du@f?) > - |D (1Du(@)P)| da
R ) pin
< o149 [ P (0 + IDu@)) T do
B
. 2
e / Dl (2 + [Du(@)?) 7 da, (2.56)
Br
One can easily check that, for any o € R,
2 \z| _ @ (9 2\ 2
D {(M +[DuP) }_ ® (@ +1DuP) 7 D (IDuP), (2.57)
So, using (2.57) with o = 7’%7, we have
pty—4 9 1(E1_g) 2
(1w +1DuP) = [0 (1wl = (" 4+ 1Du?) " |D (1)
2
4 pty
= |— D |(p*+|Duf) " 2.58
D (e 1Dul?) (2.58)
Using (2.58) in the left-hand side of (2.56), we get
2
¢ 2 2 2\ 1t
— n°|D | (p” + |Du(z dx
(p+7)2/BR (1 + DuCa)F) ]
pty—4 2
< /B n’ (u2+|Du(a:)]2) : ’D (|Du(m)|2)‘ dx
R , pin
< clt49) [ P (w0 + IDu)) T do
Br
. N
o / Dyf (2 + |Du(@)?) 7 da, (2.59)
Bgr

Before going further, since we want to apply Moser’s iteration technique, let’s observe that, if
p=2

p b
V, (D) = (2 + [Duf*) © Due W2 (Q), then (2 + [Duf*) * € W2 (9).
Indeed, for any ball B, € €, if we recall (2.47) and (1.6), we have

Jo

2
dr =

D [(,ﬂ + \Du(x)\z)g] /B [(ﬁ + [Du@)?)* " |Du(a)| - ‘DQU(QC)‘rda:

r

/ (,u2 + \Du(ac)\z)pT . ‘DQU(.%')‘de

r

IN

IN
(CTRSEICTRSIIN SRS

[ 1DV, (Duta)) P

T



2.2. Higher reqularity results for solutions to a class of homogeneous 27
systems

and the last integral of previous inequality is finite since V), (Du) € I/Vl:(l)f ().
So, if we set

Pty

Gy=n-(u?+Duf’)

by our a priori assumptions, for v = 0, we have Gy € Wol’2 (Br), and denoting 2* = = 2, by
Sobolev’s inequality we have
Z
(/ Gol)]? dx) < c/ DGy (a)[? da.
Br Br
So we have
Ql
* 2*'£ *
( | o (1 + Du@)P) 4dx>
Bgr
2 2\ 1 2 5[
< el [ |p|p | (e +1Du@ ) ||+ 1Dal (u* + 1Du(@) )| do
R » 9
< of oD+ Du@)P)| do
Br
2( 2 2\ 5
t+e [ 1D (? + [Du()]*)* da. (2.60)
Br

What we just pointed out with (2.60) is the possibility to construct the first step of Moser’s
iteration, which consists in obtaining higher integrability for Du, starting from v = 0: this is
possible because all the integrals in the right-hand side of (2.60) are finite.

Since the following steps of the iterations are based on the possibility to let v increase and
eventually go to infinity, we rewrite (2.60) as follows

(/ (12 + |Du(x)| )dx)

by pT 2
< ( (42 + Du(@)?) © ||+ Dyl (42 + |Du()?) d:c)
Pt 2
< / (12 + [Du(@)P) " | do
+c/B |Dy)? (,uz—HDu(m)F)%dx. (2.61)

Joining (2.61) and (2.59), we get

. 2.2
( /B ) (42 + [ Du(a)]) dx)

< clp+? [ o (4 1Da@P) T (D (1Dut))[ dr

¥
*"\’

Pty

ve [ Do (42 + 1Du@)) 7 da
Bgr

< clp+v)?

(149 [ @) (4 + Puta)f) o
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2 2 B
—|—c/ Dl (12 + [Du(a)[*) 2 d:c]
Br

Pty

ve [ (Do (12 + 1Du@)) 7 da
Br

Pty

- ¢ 2 2 22$ 2 UI'QTZ'
= clp+9) (1+7)/BR779()(# +[Du()*) * d

weftr @] [0 (42 + @) T do

Br
Pty

o) [ o) (12 +1Dute)) T do

IN

by

+ep+)? [ Dol (52 + IDu@)) ™ da. (2.62)

q
loc

Now, recalling that g € L

exponents (%, q%), and we infer

(Q), with ¢ > n > 2, we can use Hélder’s inequality with

= (/BR gq(ﬂ?)dw> E (/BR 07 (i + [ Du(x)?) R da:> o (2.63)

Since ¢ > n, 1 < qTqQ < ;%5, and we can apply the Interpolation inequality to estimate last

integral in (2.63) with 6 € (0, 1) such that

_9 _ _
-2 _, (1-0)n-2)
q n
One can easily check that
o=1"0
q
and so
. a2
2( 2 2\ ’
| (62 + 10uta) ) da
Br
iy 0
< ( / n? (12 + |Du(x)?) dx>
Br
. 1-0)(n—2)
2(,2 N\ "2 !
[ (o (2 10u@) ) e ,
Br
that is
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yunind 0
< C</BR n* (12 + [Du(x)?) dfﬁ)
. 21-0)
~ [ A (n2* (2 + \Du<x>\2)2'2) dx] . (2.61)

Using (2.63), (2.64), and Young’s inequality with exponents (é, fle), we can estimate the
first term in the right-hand side of (2.62) as follows

< ¢

c(p+)! ( /B g%x)dx)q

. pty 2% 2
te ( / 7 (w2 + 1Du@)P) T 7 dx) , (2.65)
Br

for any € > 0.
Now, plugging (2.65) into (2.62), we get

. pt+y 2% oF
( | (w2 Dut)) 2dm>
Br
. pty 2% 2
< 6(/ n? (u2+\Du(x)|2) 22 dx)
Br

roe |4 (/B gqmdf”)q} (/B 7 (42 + 1Dut)?) T m)
+c(p+7)2/BR\D77|2 (42 + |Du(x)2) 7 da. (2.66)

Now, for a sufficently small value of €, we can reabsorb the first term of the right-hand side of
(2.66), thus getting

. pty 2% 2%
( | oo (s Dua)) 2daz>
Bgr

< el </B gq(x)dx>q] </B (@) (47 + Du()) T dw)

For v = 0, recalling the explicit expression of 6, (2.67) gives

2
3

(/BR n? (Mz I ]Du(x)]Q)g.? d:1:>2
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+c (1 +p2) </B |Dn|? (,u2 + \Du(x)\z)g dx) .

Recalling the properties of 7, since 0 < r < R < 1, we can write

« 2 _4q_
p 2 2% — p
2 2\ 27 c-pi" 2 2\ 2
we + |Du(x dx S/ ©w + |Du(z dx, 2.68
(/T( Du(a)P) ) o f, (2 1DuP) (2.68)
where ¢ = ¢(n, N, p,q, L1, L, [|9/l La(g,))-
Now we choose r = % and set
R — R 1
Ry =R, R, =r+ .T:(l—k,), Vi e N (2.69)
21 2 20
and
Po = P, Pi= 5 Pi-1 = (2> * P05 Vi € N. (2.70)

Observe that the sequence R; is strictly decreasing, and p; is strictly increasing. Moreover, as
1 — 00, Ri—>§andpi—>oo.
Starting from (2.68), we can iterate (2.67), and recalling (2.47), we get, for every i € N,

Pit1
/ | Du(z) [P+ da
Bri 14
Pi+1 Pij—l
< / (i + |Du(@)?) * do
Bri 4y
< |l / u? + | Du(x)|*) * d:c)
(Ri — Rit1)? < Bg, ( )
[ % i P %
CPg / 2 2\ 2
< —_— : u? + |Du(x)] dm)
kHZO (Ri — Riq1)’ ( Br ( )
i ka2, T 7
B 1 c 2 p;;—n 9 9 g P
= exp kz_: E-l 2 (/B (u +|Du(:1:)|> dx (2.71)
=0 R
h d that 2 = % and R; — R A
where we used that 5 = ;P and R — Rip1 = 5.
Since the series
_4q_
i L. log e M 2p
Pk R?

converges, we can pass to the limit as i — oo in (2.71), and we get the following estimate

D
2

1
d;v) ,

124l ) ( | (2 +1Duta)?)

where ¢ = ¢ <n, N,p,q,L1,Ls, R, ||g||Lq(BR)), ie. (2.40).
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Moreover, by (2.59) for v = 0, we get

fo
Bpr

< o [ /B n’g* () (1 + |Du(a)[)

P
+c/ |Dn|? - (M2 + |Du(az)\2) : dx] .
Br

Using (2.63) and (2.64) again for v = 0, with the same value of 6, (2.72) becomes

Jon
Br

» 0
< op? (/B n’ (M2+!DU($)!2)2de>

.</BR772* (M2+\Du(m)|2)2 2 da:)

b
vt [ 1Dnf (4 + IDu(o)?) da.

Br

2
dzx

D (4 + 1Du(w)?)"]

P
2

dx

(2.72)

D (s +1Duto)?) ]

and now we use Young’s inequality with exponents (%, 1%9), thus obtaining

I |
< cp? [(/BR n? (M2 + ]Du(x)P)% dx) </BR gq(x)dw>
: </B i (1 + |Du<x>|2)5-2§ dx> %

b
+ [ Dol (i +1Duta) ) dx] ,
Bg

D
4

D|(u? + 1Du@)?)

and, by (2.67) with v =0,

where we used that 6
Recalling the properties of n, and choosing r =

Jhy
2

g, we obtain the following estimate

2
do < — | (p®+|Du(@)]?) dv,  (273)

D (1 + IDu@)) |
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where ¢ = ¢ (n, N,p,q, L1, Lo, ||g||Lq(BR)).
Since 1 < p < 2, we also have, by Holder’s inequality with exponents (

/ ‘D2u(:c) ’p dx
Bg

2

_2
12-p )

B IN

p—Z

) /B ‘DQU(w)’p(Mu|D“(x)|2>p.p%2 (42 + [Du()?) R

(/B \D%(:p)f (1* + |Du(x)|2)p7_2 d:c)

2—p

. (/BR (;ﬁ + |Du(m)|2)g dm) s (2.74)

Now we estimate the first integral in the right-hand side of (2.74) using (2.54) and (2.65)
with v = 0, and (2.68), so we get

Y
2

IN

% C 2 2\ 5
der < — uw® + |Du(x
= BR( | Du(a)[)

/B D2u(@)[” (2 + |Dux) ) da, (2.75)

2
and plugging (2.75) into (2.74), using Young’s inequality with exponents (%, ﬁ) we get
p c o\ 5
/ D) do < / (12 + IDu(@)?) " d, (2.76)
Br Br
2
ie. (2.41). 0

Proof of Lemma 2.2.4. Notice that, in this case, we are weakening the assumption on g,

since g € Li! . (©2). Again, we assume that u is a local minimizer of the functional (2.33) such

that u € W,5° () and V,, (Du) € W,57 (Q).
First of all, we find an estimate for the L*-norm of Du, for any 1 < s < 0o, proving (2.42).
We can argue exactly as in the proof of previous Lemma, until the estimate (2.62). Next we

use Holder’s inequality with exponents (%, %), as follows

Pty

[, @) (o + 1D T e

< </BR 9"($)da:) " (/BR n” (,u2 + !DlL(JC)Q)Z;pQ7 da:) i . (2.77)

Plugging (2.77) into (2.62), we have

( [ (e 1ur) = dx> 2

S

< clpr ) (/B gn(m)dx> (/B e (Mzﬂm(x),zy;pf dm)2*
+c(p+’y)2/B |Dy? (u2+\Du(x)\2)%dx. (2.78)

In order to reabsorb the first term on the right-hand side of (2.78), we have to use the
absolute continuity of the integral and take R < R, with R, such that
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</BR7 g (x)dx) < 726 (p+’y)4' (2.79)

Observe that, if v — oo, then R, — 0, and so, even if we can still use Moser’s iterative
technique, passing to the limit gives no information.

More precisely, if R < R, plugging (2.79) into (2.78), we can reabsorb the first term of the
right-hand side of (2.78) to the left-hand side, thus getting

*

» 9 27 pty 2%
(/ (12 + IDu@)) T dx)
Br

Pty

< cp+n? [ Do (i +1Dula)) T da, (280)

Bgr

and by the properties of 7, for v = 0 we get

2
2% p 2% 2 P
2 2\ 22 c-p 2 2\ 2
w4+ |Du(x)| dx < / 4 |Du(x)|” )~ dx. (2.81)
( ) | )
Now we use again the sequence of exponents p; of defined by (2.70). Fixing s > 1, since p; is
streactly increasing and p; — oo, there exists 7 such that p; > s, and ~R such that (2.79) holds

true with p; in place of p + v and R in place of R,. Choosing R < R and r = %, recalling
(2.69), we can iterate (2.81), thus getting

1

it Pi1
/ (uQ + |Du(x)|2) * dx
Br.

c-p?
— P S (/B ] (M2+ |Du(x)|2> dz‘)
i sz i %
< kl;[() (l(Rk _jng)Q] ) . (/BR <M2+ \Du(x)|2) dm)
exp 3 [1.10 ((MN (/ ( 2+|Du(a:)]2)gdx>; (2.82)
P k=0 LPk © R? Br : 7 .

and since s is arbitrary, the inequality (2.82) allows us to estimate the L® norm of Du for
every 1 < s < oo. More precisely, for any finite s, there is 7 € N such that p; > s, and for a
constant ¢; = ¢1(s,p,n), recalling (2.47), we have

/BR |Du(:v)|5dx)

2

[ (w+ 1Dut))’ da:)

Bgr
bl

)Y
Tl

IN

(S]]

s

1
s

IN

1
s

IN

(42 + [Du(@)?)? da
BREH
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IN
o
G
—
ool
N
=
no
+
>
N
-
o
SN—
o
QU
g8
N————
<7
s

IA

i 1 c . 9k+2,2 4 v
o .exp{kz:%) ;k.mg (RQZ)k)] } : (/BR (,ﬂ + |Du(:r)]2) d:):) , (2.83)

and we get (2.42).
Let us prove, now, estimate (2.43). Recalling (2.72), using (2.77) with v = 0, we get

o
Br
<% [</B gn<"’“")dx) - ( /B (@) Du(a)?) * dw>2

P
+e / Dnf* (42 + | Du(2)|*)? dx] 7
Br

2
dzx

D (s +1Dut)?) ]

and recalling the properties of n, with r = %, by (2.81), we obtain

oy
2

Cp2

S

2
dx

/B (i +1Du@P)

D[Qﬁ+wpu@nﬂi}

P> (/B g"(:v)dm) ' +1

therefore, using (2.79), with v = 0, we get

oy

2

Y
2

dz.

2
2

Dwﬂwmmﬁrmgéé(ﬁﬂmmﬂd%

that is the same a priori estimate as (2.73) under weaker assumption on the coefficients.

In a way very similar to (2.74), using (2.54), (2.77) and (2.80) with v =0, , we get (2.75)
again, and then the same estimate for the LP-norm of the second derivatives of u, thus
getting (2.43). O

2.2.2 The approximation: proofs of Theorem 2.2.1 and Theorem 2.2.2.

The aim of this section is to prove that the a priori estimates proved in the Section 2.2.1 are
preserved in passing to the limit in a sequence of minimizers of a suitable approximating
problem, and this allows us to prove Theorem 2.2.1 and Theorem 2.2.2.

Proof of Theorem 2.2.1. Let us consider an open set {2’ € €2, and a function ¢ € C§°(B;(0))
such that 0 < ¢ <1 and [ B1(0) ¢(x)dr =1, and a standard family of mollifiers { ¢. }_ defined
as follows

ou() = o (2).

for any € € (0,d (€,09)), so that, for each €, ¢. € C5° (B:(0)), 0 < ¢. < 1,
fBE(O) ¢e(x)dz = 1.
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It is well known that, for any h € Li_ (), setting
he(z) = h* ¢e(x) = : Pe(y)h(x +y)dy = : P(w)h(z + ew)dw,
€ 1

we have h, € C™ ().
Let us fix a ball B = Bj (x9) € €' and let us consider the functional

Fe (w, Bg) = /B~ fe (z, Dw(x)) dz, (2.84)

that is

Fe (w,Bg) = /

f(z+ ew, Dw(z)) - ¢p(w)dw | dz.
By \/B:
Let u € VVlif (€2) be a local minimizer of the functional (2.33), and, for each ¢ > 0, let
u. € W,-? (Bg) be the unique local minimizer of the functional (2.84) such that
ue —u € Wy (Bp).

p—2

It’s known that u. € W™ (Bg) and Vj, (Du.) = (u2 + |Du5|2) Y Du. e W2 (Bp).
It’s easy to check that from (2.2), (2.9) and (2.13), the following properties hold for the
function fe:

b (2 +167)" < o) < (2 +167) " (2.85)
Daefule, O] < g.(a) (12 + 167) T (2.86)
Ly (12 +16P) T P < (Decelw.mon) < Lo (w2 +16P) 7 nl®. (287)

for all £,n € RV*" and for almost every x € Bp.
By the growth condition (2.85), and the minimality of w., it follows

P
2

aé(ﬁﬂm&ﬁ)mgLéﬁ@ﬂwmmgéﬁuﬂwmw

62/ ~ (uQ + \Du(a:)|2)g dx. (2.88)

Br

IN

Since u € WP (Bg), the sequence { u. }, is bounded in WP (Bz) and so there exsists a
function v € WP (Bp) such that

Us — V weakly in WP (By), as e — 0.

Since u. € W, (Bg) and V, (Du.) € WL (Bj), we can use the estimates (2.73) and
(2.76), thus getting

J

and applying (2.75), we also have

2 P
2

mg;/(ﬁ+mwwﬁd% (2.89)

r

D (1 + D))

r
2

D
2 da (2.90)

T

/BT ‘D2u8(a:)‘2 <u2 + |Du5(x)\2)% dr < c/ <u2 + |Du5(x)\2)
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for any ball B, € By, and, by Lemma 2.2.3,

J

with a constant depending on ||g.|| La(B,)-
Let’s notice that, since

[N4S]

‘D2us(x)‘p dr < c/ (,u2 + |Du5($)|2> dz, (2.91)

r
2

g — g strongly in LY (Bp), ase — 0,

we have

HgaHLQ(BR) <M HgHLq(BR) )
and so (2.89) and (2.91) hold true with a constant independent of e.
P
So, since the ball B, € Bj, is arbitrary, the set { (#2 + |Du5|2) * } is bounded in W12 (B,),
£

and { uc }, is bounded in W*? (B,).
Then there exists a function w € W12 (B,), such that

r
<u2 + |Du5]2) T weakly in W2 (B,),

so that .
(uz + |Du5]2> Yo strongly in L? (B,)
and ,
(/ﬂ + ]Du5]2) W almost everywhere in By,

as € — 0, up to a subsequence.
Since, by (2.91), { ue }., is bounded in W?? (B,), we have

U — U weakly in W?? (B,)
and
Ue =V strongly in WP (B,)

and
Du. — Dv almost everywhere in B,.,

up to a subsequence, as € — 0.

NS

Moreover, since the function & +— (,u2 + ¢ |2) is continuous, we get

@ = (p + nyu|2)§ (2.92)

almost everywhere, and by (2.89), we get

/ % D[(2 + Do)

Similarly, since the function & — V,, (§) is of class C', up to a subsequence, we have

ya
2

dx.

? ¢ 2 2
deTQ/BT (,u, + |Dv(x)] )

P p—2
2 2

‘DQUE ? (;ﬂ + |Du€|2);2 — ’D%‘Q (,u2 + |Dv|2) almost everywhere in B,,

as € — 0 and, by the dominate convergence theorem, we can pass to the limit in the left-hand
side of (2.90), thus getting
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p—2

/Bg ‘DZU(x)’Q (/ﬂ + ’D’U(x)|2) 2 dx < c/BT (N2 + ’D’U(:C)‘g) dz,

(S]]

and applying Young’s inequality with exponets (%, ﬁ) as we did in (2.74), we infer

D?u(z) Pdz < ¢ 1?4+ |Do(zx)? : dz. (2.93)
Br Br

Now we want to prove that u = v almost everywhere in By. Using the minimizing property
of u for F, Fatou’s Lemma, the lower semi-continuity of F. (due to the convexity of f.), and
the fact that u. is the minimizer of . with boundary value u on By, we have

f(z,Du(zx))de < /B~f(:n,Dv(x))d:E

By

IN

liminf/ fe (x, Duc(x)) dx
3 BR

IN

liminf/ fe (z, Du(x)) dzx
3 BR

= f (z, Du(x)) dz. (2.94)
Br

So all the terms of (2.94) are equal, and in particular
/ f(z, Du(zx))dr = / f (z, Dv(x)) dx.
Bg Bg
By virtue of the strict convexity of the functional (2.33), the local minimizer with boundary

value u, is unique, so u = v almost everywhere in By, and therefore u € leo’f (Bp)-
By (2.93), we also obtain the following estimate

/Bg ’D2u(w))pdx < C/BT (u2+ |Du(x)’2)%dx7

for any ball B, € By and, by a standard covering argument, we get (2.37).
Now, applying (2.40) to u. and recalling (2.88), we get

) < ¢ (/ (,u2 + |Du5(:n)|2)% dx) ’
c (/B <,u2 + \Du(ac)\z)g dx) ’ ,

for any ball B, € Bp, and so, since the ball B, is arbitrary, there exists a function
w € W (B,) such that u. — w in Wh* (B,). So, up to a subsequence, u. — w in
L (B,), by which it follows that w = u. By the weakly-* lower semicontinuity of the map

D
Dl

(M

IN

R

D
& (,u2 + |£|2) * with respect to the L>-norm, we get

B

NI
(Nl

HDUHLOO(B) < limeianDuEHLoo(

)
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b \7¥
c- lin1€inf (/ (u2 + |Du5(x)|2) : dx)

<
By
1
r P
< ¢ / (12 + | Du(@)]*)* dz |, (2.95)
By
so, using a covering argument, we have Du € L%, (), with the estimate (2.36). O

Proof of Theorem 2.2.2. In order to prove Theorem 2.2.2, let us observe that, by the same
arguments given above, we immediately obtain that u € I/Vli’cp (Q), with the estimate (2.39).
To prove the remaining part of the theorem, for 1 < s < oo, using (2.83) and (2.88), we have

(/ T|Du£<$)‘s)i) (/ (42 + [ Dus()P

T

c (/ (42 + |Du(x)?)

T

IN

N——
s
QL
=
= S

IN

[NJiS]
IS
8
N———
S|

for any ball B, € By. Arguing similarly to how we did for (2.95), we get

1 1
(/ | Du(z)|* dm) < liminf (/ | Duc(z)|* d:n)
By c By

2

ya
< c¢-liminf (/ (,u2 + ]Dug(:p)F) ? d:r)
© B

r
2

< c(/B (u2+]Du(x)\2)gdx)p.

r
2

3=

So, by means of a covering argument, we get Du € Lj . (€2), and estimate (2.38) holds, for
every s € (1,00). O



Chapter 3

Non-homogeneous systems

In this chapter we discuss some higher differentiability results for local minimizers of
functional of the form

F(w,Q) = /Q [f (z, Dw(x)) — F(z) - w(x)] dz, (3.1)

where, for n > 2, 1 C R", is a bounded open set, for N > 1, F' € L] . (Q,]RN) for some

r € (2,n)and f:Q x RN — [0, +00) is a Carathéodory function such that & — f(x,€) is
C? (R”XN) for a.e. x € Q and, for an exponent p € (1,2), and a parameter p € [0, 1],
(2.2)-(2.4) hold, which, with the notation (2.5), imply (2.6)—(2.8).

The Euler-Langrange system of the functional (3.1) is non-homogeneous, due to the presence
of the datum F'. The aim of this chapter is to describe the Lebesgue L" space to which F' has
to belong, in order to get higher differentiability for the solutions, provided the map

x — De¢f (x,€) belongs to a suitable Sobolev space W4 ie., we shall assume that there
exists a non-negative function g € L{ _(Q) such that (2.12) holds for some ¢, which is
equivalent to (2.14).

More precisely, in Section 3.1 we give a sharp result for the value of r, assuming g = n.

In Section 3.1.2, we also provide a counterexample that allows us to understand that we
cannot weaken the assumption on F' in the scale of Lebesgue spaces, and this is due only to
the sub-quadratic growth condition of the energy density f with respect to the gradient
variable, and not to the regularity of the coefficients.

In Section 3.2 we give a similar result for a priori bounded minimizers of the functional (3.1),
showing that, as often happens to solutions to variational problems, assuming the a priori
local boundedness of minimizers allows us to get higher regularity properties, weakening the
assumptions on the datum and on the coefficients (we will face this kind of phenomenon also
in Chapter 4, in case of obstacle problems: see Sections 4.2 and 4.5).

All the results we describe in this chapter are contained in an upcoming paper, written in
cooperation with A. Clop and A. Passarelli di Napoli.

3.1 A sharp higher differentiability result for solutions to
some non-homogeneous systems

In this section, we prove the following result.

Theorem 3.1.1. Let Q C R™ be a bounded open set, and 1 < p < 2.
Let u € Wﬁ)’f (Q,RN) be a local minimizer of the functional (3.1), under the assumptions
(2.2)~(2.4) and (2.12), with
np
Fe L'V (Q) and g€ L. ().

loc
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Then V, (Du) € VVI})’C2 (), and the estimate

/ DG DU < gy [ [, (1)

+ / |F(z)|7e D777 dg + / g"(x)dz + |Bg|| (3.2)
BR BR

P
2

dx

holds true for any ball Br € 2.

Let us notice that it is easy to check that

np

2 < <n
n(p—1)+2-p

foranyn >2and 1 <p < 2.

Moreover n
P < P — 1l<p<?2

nip—1)+2-p p-1

3.1.1 Proof of Theorem 3.1.1

We prove Theorem 3.1.1, dividing the proof into two steps. The first step consists in proving
an estimate using the a priori assumption V, (Du) € VVlicz ().

In the second step, we use an approximation argument, considering a regularized version of
the functional to whose minimizer we can apply the a priori estimate. Then we conclude by
proving that such estimate is preserved in passing to the limit.

Before entering into the details of the proof, we want to stress that the necessity to use an
approximation procedure is due to the assumptions on the function g and on the datum F'. If
we had F € L{ () and g € LS. (), it would be sufficient to apply the difference quotient

loc loc

method to get V, (Du) € Wllof (Q) (see, for example, [1] and [89)]).

Proof of Theorem 3.1.1. Step 1: the a priori estimate.
Our first step consists in proving that, if u € I/Vl(l)cp (Q, RY ) is a local minimizer of F such that

V, (Du) € W2 (),

estimate (3.2) holds.

Since u € VVI})f (Q, RN ) is a local minimizer of F, it solves the corresponding Euler-Lagrange

system, that is, with the notation (2.5), for any ¢ € C§° (Q, RN), we have

/ (A, Du(x)) , Dp(x))dz = / F(z) - olz). (3.3)
Q

Q

LetusﬁxaballBR@Qandarbitraryradii%§r<§<t<t~<)\r<R,with1<)\<2.

Let us consider a cut off function € C§° (B) such that n = 1 on Bz, |Dn| < ;% and

|D2| < T _05)2. From now on, with no loss of generality, we suppose R < 1. For |h|

sufficiently small, we can choose, for any s=1,...,n

Y = Ts,—h (nQTs,hu)
as a test function in (3.3) and, by Proposition 1.2.2, we get

[ (o, Duta)) D ()
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— /QF(SC) “Ts—h (n2(1:)75’hu(:v)> dx,

that is
I = /Q (A(z+ hes, Du(z + hey)) — Az + hey, Du()) ,n*(2)7s nDu(z) ) da
_ /Q (A(x + hey, Du(x)) = Az, Du(a)) ,*(@)7 1 Du(x) ) da
—2 /Q (A (2 + hes, Du (z + hes)) — A (x, Du(z)) , n(z)Dn(z) @ 7o pulz)) da
+ /Q F(z) - 7o n (1*(2)7snu(z) ) da
= —II—IIT+1V.
Therefore
I<|II|+|ITT| +|TV]. (3.4)
By (2.7), we obtain
& (3.5)

I> V/ n*(x) (12 + | Du(@)]” + [Du (2 + hey)*) * |7y pDu(x)[* da.
Q

For what concerns the term I, by (2.14) and Young’s inequality with exponents (2,2), for

any € > 0, we have

) < |hl /Q (@) (9(2) + g (¢ + he,)) (42 + [Du(@)? + |Du (@ + he,) ) 7 |rpDula)] da

p—

p—2
< & [ @ (4 + IDu@) + [Due + he)?) T D) ds
Q

+eelhf /Q n*(2) (9(z) + g (z + hey))” (12 + [Du(@)[* + [Du (= + hes)’2)% dz.

Now, by the assumption g € Lj! . (€2), we can use Holder’s inequality with exponents

(” ) and by the properties of n and Lemma 1.2.3, we get

29 n—2
p—2

1< e [ @) (6 + Pu@) + 1Dua+ he) ) frpDuto)f da

n—2
n

np
+c. |h)? (/ (”2 + |Du(z)|* + | Du (z + hes)|2) 22 da:)
By

n

: (/ (9(z) + g (x + hes))" dw)
By

< ¢ [ @) (1 + IPu@)f + 1Du (e + e )

p—

p—2
* | nDu(z))? do

n—2 2

+c5|h|2</ <u2+\Du(x)\2)2(sfmda;>n‘</B g”(x)da:)n. (3.6)

By

Let us consider, now, the term I11. We have
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2/ (15,0 A (z, Du(z)) ,n(x)Dn(z) ® 75 pu(x)) dz
Q

o,y / (A (2, Du(z)) , 71 [0() Di(z) ® rupu(a)]) di,
Q

so, by (2.6), we deduce that

11 < e [ (124 1Du@)?) o @) Dr(e) © mg(@)] da

p—1

(3.7)

and since, for any x € supp(n) such that x + hes,x — hes € supp(n), recalling the properties

of n, we have

ITs.—n [n(2) Dn(z) @ 7 pula)]] <

Inserting (3.8) into (3.7), we get

c|h]
= (t - 3)° /B

5
clh

I11|

+

(7o, —nn(x) - Dy (& — hes) ® 7o pu (x — hey)|
+ ()75, Dn(z) @ 75 pu (z — hey)|

+|n(x)Dn(x) ® 75, _nTs pu(z)|

c|h|
< ——— |rspu(x — heg
< o )
c|h|
+ (@) [T —nTs pul@)] - (3.8)
p—1
(12 + 1Du@)]*) 7 [ropu (@ - hey)| da
| ) 7 25
[ @) (4 +1Du@)) T Irnmspu(@)] de, (3.9)
~: /.

and by Hélder’s inequality with exponents (p, p%l) and the properties of 7, (3.9) becomes

11|

c|h|

+t—§

: (tc—'h’s")2 </Bt (MQ " ’Du(x)’Q)% df”) i ( /B t ot (z — hes)[? dg:)

( /| (1 + 1Du@" + 1Du e+ he.) )

p—1

hSAC

p—1

P
dzr

[N4S]

1

p

. /’TS’_hTSV}Zu(iL‘deZE )
By

Now, by virtue of Lemma 1.2.3, and using (1.5), we get

p—1

CWQ/ 2 2\ 5
I7I| < + |Du(x dz
< G [ (4 D)
c|h|?
+

t—35

(/B (,u2 + |Du(z)|* + | Du (z + hes)\Q)g daz) N
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- (/ |7s n Du(z)|P dx)p
B.

t

C|h|2 2 2\ 3
< ih /B (1® + [ Du@))* da
2 D ij1
45 ‘h|~ </ (u2 + |Du(z)|* + | Du (x + hes)]2) ’ da:)
t—3s By

p2=n)  \ 7
| </B 7oV (Du(@))P - (1 + |Du(@)* + [Du(x + hey) ) er‘>

r4
2

2 2
clh /(u2+|Du(:c)!2) d:c+§’_h’§<

(t— 57 Js,

. (/ mnV, (Du(:z:))|2dx> - (3.10)

t

IN

where, in the last line, we used Hoélder’s inequality with exponents (%, ﬁ)
Now, using Young’s inequality with exponents (2,2) and since t —§ < land t <t < A\r < R,

(3.10) gives

[NiS]

2
<0 [ by Ou) e+ S [ (24 Du )

Br

d, (3.11)

for any ¢ > 0. For what concerns the term IV, by virtue of Proposition 1.2.2, we have

Vo= [ @) @) s (o) do
—I—/ [0 (z — hes) + n(x)] F(x)1s —pn(x)7s pu (z — hes) do
Q

= Jl + J27 (312)

which yields

V] < [ 71| + 12| (3.13)
In order to estimate the term Jp, let us recall that, by virtue of the a priori assumption
_np_
V, (Du) € W,5? (Q) and Sobolev’s embedding theorem, we have Du € L;’-* (), which

np
n—2+p
loc

the properties of 7 and Lemma 1.2.3, we get

implies Du € L o np ),

(©). So, using Holder’s inequality with exponents ( D) TIp n=2ip

n(p—1)+2—p n—2+p

__np np np np

| 1] < ( |[F(z)|"-D+2-p d:v) - (/ |Ts,—nTs,pu(z)| »=2F» dx)
Bt Bt

n(p—1)+2—p n—2+4p

np np np np

< I ( / P ()| o= dx) - ( / 7o pDu(a)| 755 dm) (3.14)
By B;

To go further, let us consider the second integral in (3.14). Using (1.5), we get

/Bm,hDu(x)n—"fﬂ dv < / 7 nVp (Du(a))| 735

t Bt
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2—p

4£”p,_Mp__
. (/ﬁ + | Du(z) > + | Du (z + hes)]2> T

and, as long as 1 < p < 2, we can use Hoélder’s inequality with exponents
(2("_2+p) An—2+p) ), thus getting

np 7 (n—2)(2-p)
(n=2)(2—p)
_mnp 9 9 % 2(n—2+p)
/ 7o n Du(z)|"=2% dz < / (,u2 + |Du(zx)|” 4 |Du (x + hes)| ) dz
By 7
9 2(n—2+p)
- / 7oV (Du())? do . (3.15)
By
Inserting (3.15) into (3.14), and using Young’s inequality with exponents
2np .
o 1)+2 > s 2)"(2 —7 ) We obtain
n(p—1)+2—p 1
n np 2
|1l < A |F(2)| 71777 de : / 7o nVp (Du(2))|? dz
By B;
(n—2)(2—p)
9 9 % 2np
. / (42 + [Du(@)? + [Du (x + hey) *) ™7 da
By
<l [ 1P@) T da
By
np
+a|h|2/ (;ﬂ + |Du(z)|* + |Du (x + hes)]2> 2 g
B
—l—a/ 17e1Vp (Du(z))|? dz. (3.16)
B;
Recalling that ¢t < £ < Ar < R and by virtue of Lemma 1.2.3, (3.16) implies
| < cohf? / ) [T
+o |hf? / W2+ |Du(@)) 7 d
40 [ [ruaVh (Du(@) da. (3.17)
By
For what concerns the term Jo, by virtue of the properties of 7, we have
[l < e [F@)]|rs, (@) [Tspu (z — hes)| da
By
< MDAy [ 1@ rp o= Bl da
t
c|h|
< — |F(x)| |7s.pu (x — hes)| dx. (3.18)
t— s B ’
Now, if we apply Holder’s and Young’s inequality in (3.18) with exponents (ﬁ, %),
we get
n(p=1)+2 n—2
h| __np np ap np
g < A / P (o) T do ([ (e — heg)| 7 de
- S Bt Bt
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h 2 —_np___ _np_
LLP |F($)|"<p’€)+2 dr +o |h|2 | Du (x)]nf? dz,
(t — 3)m 072 JB, B

np

where we also used Lemma 1.2.3, since Du € L\ * (Q)
By virtue of (3.17) and (3.19), (3.13) gives

__np . hl?
V] < Co’|h|2/ |F(:v)|"(P*1>p+2fp de’—l—&
Br

(t — §)7G- D72

/ |F ()70 D72 da
By

45

(3.19)

np
+20 ]h]Q/ (u2 + \Du(ac)|2) 2 dr + a/ 17enVp (Du(z))|* dz.  (3.20)
By, B;

Inserting (3.5), (3.6), (3.11) and (3.20) into (3.4), and choosing € < 7, we get

) [ 7a) (42 + DU + |Dula + he) ) T rnDu(e)f da

c|h)? (/B (,U,Q + ]Du(x)]%ﬁ dac) N . (/B g”(:c)da:) !

2 co |h|? 2 2\ %
420 [ vy (Du) e+ O [ (124 1Du () do
B; B

IN

~\2
(t - 5) R
2 o ¢o |n|? o
veolbf? [ @[T do 2 [ () T e
B (t— 5072/
np
+20 [ [ (4 Du()*) T de,
BAT

for o > 0 that will be chosen later.
So, by (1.5) and the properties of 7, we have

[ ey (Duta)) s

Bs

np
< 3olhf [ (i + [Du(@)?)* 7 dz+ e / g"(z)dz
B, B

Co |h 2 2
+20 [ fraaVy (Du@)P do+ L [ (124 1Du @) o
By (t—3)" /Bg
2 s — Co ’h‘Q __np___
+co | R |F(z)|"e=D%2> dg + — T —— |F(z)|7=072 d,
Br (t — 5)"w-D+2 JB,

where we also used Young’s inequality with exponents (%, #)
Now, Lemma 1.2.3 implies

[ 1y (Duta)) s

Bs

np
< 3ol [ (24 1Du@)) T dotcoo [ 1DV, (Duta))ds
By, B

+(§“_h§'; | (s 1pu@l) dote [ g

B)\'r
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2 np Co ’h’Q np
+co |h| |F(x)|ne-D+2=r do + ———5— |F(x)|ne-D+2 dz. (3.21)
Br (t — §)n=D+2 JB,
Since (3.21) holds for any s = 1,...,n and, by virtue of the a priori assumption,

Vp (Do) € VV&)S (©), by Lemma 1.2.4, we get

[ 1DV, (Du(e)) do

S

np
< ¢ a/ |DV,, (Du(z))|* + 30/ (u2 + |Du(:U)|2> 22 g
Bar B

Ar

e [ (P uP) e [ g

(t - g) Br By

___np Co ___np___
teo [ IF@)TH77 o+ () 757
Br Br

(t — §)7G- 172

and since t — § < 1, setting

np
n,p) =max{ 2, —————— -,
B (n.) { n(p—1)+2}
we get

[ 1DV, (Du@)) i

5

np
< c-a/ |DVp(Du(:c))\2+3a/ (42 + | Du(@)]*) ™7 da
B B

Ar

+(t_?)7/3(n,p) l/B <u2+\Du (:U)|2>5 d:v—l—/BMg”(x)dx

R

+ / |F(z)| 7072 dg + / |F ()| 7 D72 dac] . (3.22)
Br Br

we have

; ; np np
Now let us notice that, since "=DT2 < np=1)F2=p’

n(p—1)+2—p
np n(p—1)+2

/ |F ()| 75172 da < |Bg|7- 192 / |F ()| 7D 72 dy ,
Bgr Br

. y s . . n(p—1)42 n(p—1)42
and using Young’s inequality with exponents (n(p_l) e > ), we get
/ |F ()| 772 g < o / |F(2)| 755 da + ¢ | Brl (3.23)
Br Br

Plugging (3.23) into (3.22), we get

[ 1DV, (DuGe) do

5

np
< c-a/ \Dv;,(pu(x))\2+3a/ (12 + IDu(@)?) ™7 da
Bir B

Ar

Co 2 2\ % n
s [/B (42 +|Du(@)P) 0@
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+ / |F(z)| 7 D727 do + |BR|] . (3.24)
Br

Moreover, applying Sobolev’s inequality to the function V,, (Du) and recalling (1.10), for a
positive constant ¢ = ¢(n,p) we get

IN

| 1Du@l e < e [ (Du@)| o+ out Bl
BAr B/\r

IN

o[ DV, (Dua) Pt e [ 1V, (Dute)) P do
B By

+C‘BR|

ya
2

dx

IN

C/BM DV, (Du(:v))\de—i-c/B (u2+ !Du(fc)IQ)

R

+C‘BR| , (3.25)

where we also used the fact that p € [0, 1].
Now, plugging (3.25) into (3.24), and recalling that t — § < 1 and Ar < R, we get

[ D% (Du@)Pds < coo [ DY, (Du(@)P
Bs B

+W /BR (MQ + [Du (x)‘z)

+/ g”(x)da:+/ \F(x)|"<P*711>p+2*P dx + |Brl| ,
Br Br

[NY4S)

dx

and choosing o > 0 such that

we get

[ 1% u@)Pds < 5 [ 1DV, (Du)

/| (+1Du )

+ / " (@) + / |F ()| 7= da:+|BR|]. (3.26)
Br Br

c
(t — g)ﬁ(n,p)

P
2

+ dzx

Since (3.26) holds for any & <r < § <t < M < R, with 1 < X < 2, and the constant ¢
depends on n, N, p, L, v, ¢ but is independent of the radii, we can take the limit as § — r and
t — Ar, thus getting

[, 10% DunPds < 5 [ 1DV, (Duta))ds

C 9 )

R

+ / g (x)dz + / |F ()| 7o D7 d + ]BR]].
Br Br

T

P
2

dx
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Now, if we set

) = [ 1DV, (Du(a)* da.

A:c[/BR (u2+\Du(:c)]2)gda:+/

g (x)da + / |F(«)| 77577 d + | By

Br Br
and
B =0,
and apply Lemma 1.1.1 with
1
625 and v=p(n,p),

we get

P
2

/BR |DVp (Du(x))|2 de < % [/BR (,LLQ + |Du (x)|2) dx

+ / |F(z)|7o D757 da + / g"(x)dx—i—\BR\] , (3.27)
Br Br

that is the desired a priori estimate.

Step 2: the approximation.

Now we want to complete the proof of Theorem 3.1.1, using the a priori estimate (3.27), and
a classical approximation argument.

Let us consider an open set Q' € 2, and a function ¢ € C§°(B1(0)) such that 0 < ¢ <1 and
i) B1(0) ¢(x)dzr =1, and a standard family of mollifiers { ¢. }_ defined as follows

1 T
ou0) = 50 (%),
for any € € (0,d (€,09)), so that, for each ¢, ¢. € C§° (B=(0)), 0 < ¢ <1,

Jp.(0) 9= ()dx = 1.
It is well known that, for any h € L (Q), setting

he(w) = hx:(w) = | osw)h(e+ )y = [ owhla + 2l

we have h, € C* (). )
Let us fix a ball B = Bj (29) € €, with R < 1 and, for each € € (0,d (€', 09)), let us

consider the functional

Fo(w,Bg) = [ Uf (o Dula)) ~ Fufo) - w(o)] da,

Br

where

fe@, &) = [ ¢(w)f (z +ew,§) dw (3.28)

By

and
F.=F x¢.. (3.29)

Let us recall that
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/fa($,§)dx—>/ f(x,8)d, ase — 0
Bj Bg

for any & € RV,

np
Moreover, since F' € L"?~V**77 (), we have

F. > F strongly in LD (Bp) ,

and since np >

T pf’fl, we also have

np _
n(p—1)+p

F.—» F strongly in LT (Bp) ,

as ¢ — 0.
It is easy to check that (2.2)—(2.4) and (2.12) imply

ya
2

b (2 +16?)° < R@o <6 (w24 1eP)*

p—2

(Defe(w,€) = Defelw,m), & —m) = v (12 + 1€+ n*) 7 lg =,

p—

|Defo(@,€) = Defelw,m)| < L (1 + [& + nl*) 1€ —nl,

p—

1

[Defe (2,€) = Def- (5,6 < (9-() + 9-(9)) (1 +1€]*) 7 |e =],
for a.e. z,y € By and every £,n € R™N where

ge = g * e
Since g € L. (), we have
ge = ¢ strongly in L™ (Bp), as e — 0.
For each ¢, let u. € u + Wol’p (BR) be the solution to
min{}} (w,Bp) :w € u+ Wol’p (Bp) } ,

where u € W7 (Q) is a local minimizer of (3.1).
By virtue of the minimality of u., we have

/ [f- (2, Duc(a)) — Fo() - ue(a)] de < / [f. (&, Du(z)) — Fu(z) - u(x)] d,
B

I3 By

which means
/ J- (2, Dus(2)) dz < / fe (2, Du(2)) + Fa(z) - (ue(z) — u(2))] de,
Bp Bg

and by (3.33) we get

[NJiS]

61/ (,uz—l—]Due(a:)\z) de < /Bfg(a:,Dug(x))dx

By I3

IN

/B~ [fe (z, Du(x)) + Fe(x) - (ue(2) — u(x))] de

R

49

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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< EQ/B~ (M2 + |Du(x)|2>g dx+
—i—/B |F.(2)] |us(z) — u(z)| da. (3.39)

R

If we use Holder’s and Young’s inequalities with exponents (p*, pf—il) in (3.39) and apply

Sobolev’s inequality to the function u. —u € Wol’p (Bp), for any o > 0, we get

b f (8 +1pul)

R

[NIiS)

dzx

» »*
< 52/ (12 + [Du(@)?)” d:v+cg/ P ()7 da
Br Br
+0/ lus(z) — u(z)|P dz
Bz
2 % _r*
< 52/ (12 + [Du()P?) d:c+cg/ P ()7 da
Bg Br
+o (/ |Duc(x) — Du(z)|P dm)
Bg
2 % _p*
< cg/ (u2+ | Du(z)] ) dx—l—cg/ |Fe(x)|P*=1 dx
Br Br
b
+o (/ (uz + ]Due(x)\2) : dx) : (3.40)
Br
Now, if we choose o < %1 in (3.40), we have
P
fl/ (12 + | Duc(2)*)* da
Bg
2 % _rt
< c/ (/ﬂ + |Du(z)| ) dm—f—c/ |F.(x)| 7T dx. (3.41)
Br Br

By virtue of (3.32), (3.41) implies that { u }_ is bounded in I/Vlif (Bp)- Therefore there
exists v € WP (Bp) such that

Us =V weakly in W (By),

Us =V strongly in L? (Bp) ,

and

Ue — U almost everywhere in Bp,

up to a subsequence, as € — 0.
On the other hand, since Vj, (Du.) € I/Vl})f (Bg), we are legitimated to apply estimate (3.27),
thus getting

P
2

dzx

Br

[ vt < i [/ (2 + 1Due (2)P)

T

+ / |F(2) |70 ds ¢ / " (@)dz + |By| (3.42)
r B,
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for any ball B, € Bj.

By virtue of (3.31), (3.32), (3.38) and (3.41), the right-hand side of (3.42) can be bounded
independently of . For this reason, recalling Lemma 1.4.5, we also infer that, for each ¢,
Us € VVlif (Bp), and that { uc }, is bounded in VVlif (By).

Hence
Us =V weakly in W?? (B,),
Ue —> U strongly in WP (B,), (3.43)
and
Du. — Dv almost everywhere in B,, (3.44)

up to a subsequence, as € — 0.

Moreover, by the continuity of £ — DV,,(§) and (3.44), we get DV}, (Du.) — DV}, (Dv) almost
everywhere, and since the right-hand side of (3.42) can be bounded independently of &, by
Fatou’s Lemma, passing to the limit as ¢ — 0 in (3.42), by (3.31), (3.38) and (3.43), we get

|10V, (Do(a)) do

r

] (+ipv@P?) da+ [P da
n(p—1)+2
+c/ g"(x)dx + |By| ™ ] . (3.45)
Br
Our final step consists in proving that v = v a.e. in Bj.
First, let us observe that, using Holder’s inequality with exponents (p*, p*p—il), we get
| 1R@) (o) - @) vl@)) ds
Bz
< [ 1R@ - @) @) ds
Bp
E pr—1
* o _pr P*
< ([ W a) ([ mw-reFEa) "
Bg Bg

that, thanks to (3.32), implies

;ii% 5 F.(x) v(z)dz = /B F(z) - v(z)dz.

and recalling (3.30), we obtain

lim [fe (z, Du(x)) — F-(z) - u(x)] dz = / [f (z, Du(z)) — F(x) - u(z)]dx.  (3.46)

e—0 BR BI_?
The minimality of u, Fatou’s Lemma, the lower semicontinuity of /. and the minimality of u.

imply

/ [f (&, Du(x)) — F(z) - ulx)] de
B

R
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</ U7 o Do) = Fa) o)

< lminf /B 1f @ D)) = Fla) - ue(a)] do
< hg&lf/B~ [fe (z, Duc(z)) — Fe(x) - ue(z)] da
< lminf /B [ (@, D)~ Fela) - ul)] do

- / [f (@, Du(x)) - F(x) - u(x)) da,
B

R

where the last equivalence follows by (3.46). Therefore, all the previous inequalities hold as
equalities and F (Du, B R) = F (Dv,B ). The strict convexity of the functional yields that
u = v a.e. in By, and since the map & — V,(§) is of class C', we also have

DV, (Du) = DV, (Dv) almost everywhere in By, and by (3.45), using a standard covering
argument, we can conclude with estimate (3.2). O

Thanks to Lemma 1.4.5, it is easy to prove the following consequence of Theorem 3.1.1.

Corollary 3.1.2. Let Q C R™ be a bounded open set, and 1 < p < 2.
Let u € I/Vllo’f (Q, ]RN) be a local minimizer of the functional (3.1), under the assumptions
(2.2)(2.4) and (2.12), with

np

Fe LM (Q) and ge Ll ().

loc

Then u € VVlif (Q).

3.1.2 A Counterexample

np
The aim of this section is to show that we cannot weaken the assumption F' € le(f_l)+2_p (Q)
in the scale of Lebesgue spaces.
Our example also shows that this phenomenon is independent of the presence of the
coefficients, but it depends only on the sub-quadratic growth of the energy density.
For a € R, let us set

Bi=(a-1)(p-1)-1,

and consider the functional

{\Dw(m)]p —a(n+pB)|aP?|z)? w(x)} dz,

Falw. ) = [

Q
where 2 C R” is a bounded open set containing the origin, 1 < p < 2, u: R® — R.
Using the classical notation for the p-Laplacian

Apw = div (|Dw|p_2 . Dw) ,
a local minimizer of this functional is a weak solution to the p-Poisson equation
Apw = F, (3.47)
with

Fo=a(n+B8)laf 2z,
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Before going further, let us notice that (3.47) is an autonomous equation, whose solution are
scalar functions, so the problem we’re dealing with is much less general with respect to the
assumption we considered in order to prove our result.

It is easy to check that, for any a € R, the function

Uua(z) = |z|*
is a solution to (3.47).
Indeed, since, for each 7 = 1,...,n, we have

Dwiua(x) =« ‘$|a72 Zi,

we get
|Duq ()] = |af [«[*~*

So, for every i =1,...,n,since f = (a—1)(p—1) — 1, we get

| Do (2)P72 Dyua(z) = alafP2 |00 g = o a2 o) o

and

) _ _ Ba?
5o (IDua (@)™ Drua(@)) = ala” [z (1+ W)’

SO

Apua(z) = div (|Dua()P"? - Dug(x)) = znj <|Dua 2)[P7? Dya(2))
1

_ a|a|p_2|1:]ﬂzn: <1+5 3) = alaP? (n+ ) |z|°

i=1 ‘93|

= Fu(2)
Moreover, for further needs, we observe that
‘DQua(a:)' = c(a) - |z|*2
for a constant ¢(a) > 0. Choosing

2—n
p

a—1=

we have
Come=1) _,
Fo ~ |z
and oy
| Fo|n=DF+2=p ~ |g;|*”

Therefore with such a choice of o, F,, doesn’t belong to LiG 17 (B1(0)). With the same
choice of o we have

_ 2 n— —-n
Dug(@)]P - [D?ua ()| = e(n,p) - [« D2 = e(n,p) - |2 "7 = c(n,p) - || ",

that doesn’t belong to L' (B1(0)). Therefore we cannot weaken the assumption on datum F
in the scale of Lebesgue spaces and obtain the same regularity for the second derivatives of
the solution w. -

Note that F, € L»®-D+2-2"° (B4(0)), for every & > 0.
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3.2 A higher differentiability result for bounded solutions to
some non-homogeneous systems

This section is devoted to the proof of an higher differentiability result for a priori bounded
minimizers of functional (3.1).
The claim of our result is the following.

Theorem 3.2.1. Let Q@ C R" be a bounded open set and u € V[/lif (Q,]RN) N L. (2) be a

loc

local minimizer of the functional (3.1) under assumptions (2.2)~(2.4) and (2.12) for
1 <p<2, with

p+2

FeL? (Q) and — ge LP(Q).

loc loc

Then V, (Du) € VVli)C2 (Q) and the estimate

y
2

cllull oo m
/ DV, (Du(z))?dz < M/ (42 + [Du(@)P)” da
B% R Byr

2
+/ gp+2(x)dm+/ \F(m)|% dr + |Bp|+ 1| (3.48)
Br Br

holds for any ball Byr € €.

p+2
It is worth noticing that assuming F' € L,
np

F e L'"""Y"77(Q), if and only if

loc

(Q) is weaker than assuming

p+2 np
< )
p np-1)+2-p

and since 1 < p < 2, this is equivalent to
n>p+2,

so, for n > 4, the result we prove for a priori bounded minimizers improves the one we proved
in Section 3.1.
Moreover, for any n > 2 and 1 < p < 2, we have

2
2<]i<n.
p

3.2.1 A preliminary higher differentiability result

In order to prove Theorem 3.2.1, we need an auxiliary result, concerning the regularity of
local minimizers of functionals of the form

Fon (w0, = [ [7 (0. Du(e) = F@) - w(@) + (w(@)] - ¥ do, (349

Q
where a > 0, m > 1, and the function f still satisfies (2.2)-(2.4) and (2.12).

It is clear from the definition and by our assumptions, that the functional in (3.49) admits
minimizers in W,2" () N LY (Q).

We want to prove the following higher differentiability result for local minimizers of the
functional F,,.
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Theorem 3.2.2. Let 2 C R™ be a bounded open set, m >1,a >0 and 1 <p < 2.
Letv € W’l})f (Q,RN) N L™ (Q,RN) be a local minimizer of the functional (3.49), under the

loc

assumptions (2.2)—(2.4) and (2.12), with

2m(p+2) 2m(p+2)
FeLZ ™ 2(Q)  and gelL " ().

Then V, (Dv) € VVllO’C2 (), and the estimate

| 1D (Do) da
Bgr

2

;[Lgﬁ+wwmﬁ

R

+ </B4R lv(z)[*™ dx) m : </B4R (uQ + \Dv(m)]Q) da:) mH

2m(p+2) 2m(p+2)
+/g%w%wm+/!ﬂmmw2w+3m+47 (3.50)
Br Bgr

[NIiS)

IN

dzx

[NI4S]

holds true for any ball Byr € €.

For further needs, we notice that

2m (p+2) - m(p+ 2)
2mp+p—2 mp+m—1

for any m > 1 as long as 1 < p < 2, since it is equivalent to
2mp+2m —2>2mp+p—2
i.e.
2m > p.

Let us also notice that
2m(p+2) _p+2

2mp +p — 2 P

)

and 5 )
2m (p+2) >p+2
2m —p
for any m > 1 and p € (1,2).

Proof of Thorem 3.2.2. Step 1: the a priori estimate.
Our first step consists in proving that, if v € I/Vlif (Q,RN) N L3m (Q,RN) is a local

loc
minimizer of F,, such that

V, (Dv) € Wiz (9,
estimate (3.50) holds.
Since v € I/Vl})f (Q, RN ) N Lﬁ?g’ (Q, RN ) is a local minimizer of F,,, it is a weak solution of
the corresponding Euler-Lagrange system, that is, with the notation (2.5), for any

p e Cf° (Q,RN>, we have

1 v(z)
F(z) —2m (Jo(z)] —a)*™ . o(x).  (3.51)
[ * [v(2)]
Let us fix a ball Byg € Q and arbitrary radii £ <r <§<t<f< A <R, with1 <A <2.

Let us consider a cut off function € C§° (B;) such that n = 1 on Bz, |Dn| < ;% and

/Q<A(x,Dv(x)),Dgo(x)>dx:/

Q
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>. From now on, with no loss of generality, we suppose R < %. For |h|

|D277| S (t_cg)
sufficiently small, we can choose, for any s =1,...,n

Y = Ts,—h (nQTs,hv)

as a test function for the equation (3.51), and recalling Proposition 1.2.2, we get
/ <7'5th (z,Dv(x)),D (n2(m)757hv(x))> dx
Q
_ 2
= / F(x) 7s—n (77 (l’)’l’s’h’l)($>) dx
Q

—2m Ts.h v\T)| —a 2m—1 . . 2 T )Ts BhU\T d:l?
/ S, |:(| ( )‘ )+ |U( )|:| n ( ) S, ( ) ’
that is

I+1I := /Q <A (x + hes, Dv (xz + hes)) — A (x + hes, Dv(x)) ,772(3;)7'37hDv(x)> dx

s2m [ o [(o@] - 02t B s

- - /Q (A (@ + hey, Dv(z)) = A (2, Dv(@)) , 1 ()7, Do (w) ) da
-2 [ (oA (o, Dofe))] 1) Do) & () do
+ /Q F(z) - 7o (@) po(@)) da
— _IIT—IV+V.
So we have

[+ 11 <|III|+|IV|+|V]. (3.52)

By virtue of Lemma 1.1.4, we have

2
11 c(m) | 17(@) (ot + he)] = )7 T — (foa)] - )7+ ] da 0
so (3.52) becomes
I < ||+ |IV|+|V]. (3.53)
By (2.7), we get
I> V/QnQ(x) (;ﬁ + |Do(z)|* + | Do (x + hes)|2)p%2 7s.n Do (z)|? dz. (3.54)

For what concerns the term I11, by (2.14) and using Young’s inequality with exponents
(2,2), for any € > 0, we have

11| < |h|/Qn2(x)(g(m)+g(x+hes)) (12 + Do(@) + Do (@ + he,) ) 7 7 Dola)| do

2

pP—<
< 6/7]2(33) (42 +1Dv(@)[* + |Dv (@ + hey)[*) * |7onDo(x)[ da
Q
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ree bl /g n*(2) (9(x) + g (z + hey))” (12 + |Dv(@)]* + [ Do (z + hes)\Q)g dz.

By Holder’s inequality with exponents (M M), the properties of n and Lemma

p(m+1)’ 2m—p
1.2.3, we get

p—2
I < 5/772(:6) (12 + [Do(@)P + Do ( + heo)P) * 7o Do(a) de
Q
m(p+2)

9 9 9 m(p+2) m+1
+ce |h| (/ (/ﬂ + |Dv(x)|” + |Dv (z + hes)| )2(’"“) dx)
By

2m(p+2) 73?;?2))
([ @)+ g+ e T ao
By

p—2
< 5/ (@) (12 + |Dv(@)]* + [Dv (z + heo)|*) |7y pDo(a)[* da
Q
m(p+2) % 2m(p+2) %
+c. |h)? (/ (,u2 + ]Dv(x)\Q) 2mtD) dx) . (/ g 2m-p (m)dw) (3.55)
By Bxr

Let us consider, now, the term IV. We have

vV = 2/Q (Ts,n A (x, Dv(z)) ,n(x)Dn(x) ® 15 pv(z)) da
= 2/Q<A (@, Du(x)) , Ts,—n [n(x) Dn(x) @ 75 p0(2)]) de,
so, by (2.6), we get

1

v < e /Q (12 +1Dv@)P) T [rn In@) Dy() © 7o pv(@)]| d.

We can treat this term as we did after (3.7) in the proof of Theorem 3.1.1, using (3.8) with v
in place of u, thus getting

M|

2
V| <o /B menVy (Dv(x))|? dz + (j"_'é')Q /B (u2+|Dv (1:)|2> da, (3.56)

for o > 0 that will be chosen later.
In order to estimate the term V', arguing as we did in (3.12), we have

V = / 772 () F(2)7s,—n (Ts,pv(x)) da
Q
4 [ o= hed) 4 (@) Py () (@ - he) do
Q
= Ji+ Jo,
which implies

V| <]+ [ (3.57)
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Let us consider the term J;. By virtue of the properties of n and using Holder’s inequality

. 2m(p+2) 2m(p+2)
with exponents (2mp+p_2, Im+2—p

) , we have

| < /B F(@)]| e (rs ()| da

2mp+p—2 4dm+2—p
2m(p+2) 2m(p+2) 2m(p+2) 2m(p+2)
< ([ 1@ ([ 1o o555
By By
2mp+4+p—2 4m+42—p
2m(p+2) 2m(p+2) 2m(p+2) 2m(p+2)
< | ( / |F ()| s da:) ( / 7o p Do ()| T da:) (3.58)
B: B;

where, in the last line, we applied Lemma 1.2.3 since, by virtue of the a priori assumption
m(p+2)
Vp (Dv) € I/Vll’2 (©2) and recalling Remark 1.4.7, we have Dv € L, ™" (Q), which implies
2m(p+2)
Dv € L2777 (Q) since, for any m > 1 and 1 < p < 2, we have 42123{);—2;)) < mgjlz).
Let us consider the second integral in (3.58). By virtue of (1.5), and using Hélder’s inequality

. Am+2—p  4m+2—
with exponents ( WT(;H)]), (QIZ;L(mfl)>, we have

2m(p+2) 9 9 o\ 22 )
/ |Ts p Dv(z)|Tm+2=r dz < / (,u + |Dvu(z)|” + |Dv (x + hes)] ) P
i3 By

2m(p+2)

[T Vp (Do(z))[ 774277 da

N

(2—p)(m+1)

9 9 m(p+2) 4m+2—p
(/ ('“2 + |Dv(x)|* + |Dv (x + hes)| )2(’"“) dx)
By

IN

m(p+2)

. < / 75 1V, (Do) da:) e (3.59)

t

Inserting (3.59) into (3.58), we get

2mp+p—2

2m(p+2) 2m(p+2)
Al < | / |F (o) 5 do
By
(2—p)(m+1)

) 5 m(p+2) 2m(p+2)
: (/ (42 + |Du(@)* + [Dv (@ + hey)[*) 57 d:v)
t

~ ( [ it <Dv<x>>|2dx> §

Using Lemma 1.2.3 and Young’s inequality with exponents (;ﬁ;ﬁ;ﬂ, (22_7';51’();?1) , 2), we get

m(p+2)
[Nl < calh!/ 2) |55 da + o ]2 (12 + |Dv(@)?) 7 da
B,

7 [ IV (Do) da, (3.60)

for any o > 0.
For what concerns the term .Jo, by the properties of 1, as in (3.18), we have
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Bl < / IF(@)| 17, -nm(@)] [rapv (& — hes)| da
By

c|h|

— |F(x)| |ts.pv (x — hes)| dx.
t—3s By ’

Now, if we apply Holder’s inequality with exponents (m”;(fﬁl, mrgfjf)), we get

mp+m—1

h m(p+2) m(p+2)
bl (| p@) 5 g
By

IN

J:
& t—s

m—+1

m(p+2) m(p+2)
. / |Ts,nv (x — heg)| mF T dx
By

9 mp(«km;)l
h m(p+2) m(p+
B P
By

IN

t—3s
m—+1

m(p+2) m(p+2)
. / Do (2)] 55 da , (3.61)
B}\T‘

m(p+2)
where we also used Lemma 1.2.3, since Dv € L, " (Q).

loc
By virtue of (3.60) and (3.61), (3.57) gives

2m(p+2) m(p+2)
VI < e lbl? [ |F@) P52 de+o b [ (4 +|Do()?) " da
Bt B)\r

+o / \TenVp (Dv(z))|* da
B;

9 mp+m—)1
h +2) m(p+2
P P
By

t—s
oD
m(p+2) m(p+2
. / Do (z)| 51 da
B)\T
m(p+2)
< 20|h|2/ (;BHDU(;U)F) 20mrh) da:+a/ |TenVp (Dv(z))|* da
m(p+2 h
teo |B? [ |F(x)|z0t 2dx+cg||+2)/ |F(a)[7rEmT de, (3.62)
By (t—s)mp+m 1

where we also used Young’s inequality with exponents (n?;)(f:f—)v mT(np:f)).

Plugging (3.54), (3.55), (3.56) and (3.62) into (3.53), and choosing € < 7, we get

p—2
[ @ Do @ (1 + 1D @ + ke P+ 100 @) do

(m+1) 2m—p

p
m(p+2) m(p+2) 2m(p+2) m(p+2)
< c|h? ( /B (u2+|Dv(:v)]2>2(m“) dx) < /B g Imop (x)dx)
g Ar

t

v27 [ rath (Do) e+ 21 "")2 [ (e +1po )

D
2

dx
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2m(p+2) h 2 (o12)
seo W [ (P de+ — [ )
b (t — §)mpim-1 /B

m(p+2)

+20 ‘h|2 / (,LLQ + |D’U(IE)|2) 2(m+1) dr
B)\’I‘

which, by virtue of Lemma 1.4.3, and using Young’s inequality with exponents

(Wz(p+2) m(p+2)

pOn+1)? 2m—p ) implies

p—2
/Q n*(@) [7snDv (@) (12 + [Dv (z + hey)|* + [Dv (z)*) 7 da

m(p+2)

< 20 [ IV (Do) P o+ 30 7 [ (42 + 1Du@P) T s
Bf B)\'r

Co ‘h‘Q
(t—3)?

2m(p+2)

P
[ (2 1p0@P) deteo il [ 955 )i
Br Bxr

2m(p+2) c~ |h
e b [ 1F@) P g4 — o J(p+2>

Bt ( mp+m 1

/ F(2)| bt do. (3.63)

Applying Lemma 1.2.3, (3.63) becomes

/ 0 (2) |75 0Vp (Do()) [ de
Q

m(p+2)

< dolh [ (4 po)) Y do koo bl [ DY, (Do) do
Ar Ar

c h2 5 2m(p+2)
M e @) e [
(t—35)" JBg By,
2m(p+2) |
teo W2 | |F(@) |7 de 4+ — ‘J(M / |F(2)|7rbnct dz. (3.64)
Bt ( mp+7n. 1

Let us observe that, for any m > 1 and 1 < p < 2, we have

m(p+ 2) <p+2
mp+m—1—" p

2 2 2
maX{Q,m(PH% {2 P+} pt2
mp+m—1 P P

i

hence

Hence, since t — 5§ < 1, by (3.64) we deduce

/ n?(x) |71 Vp (Dv(z))|? dz
0

m(p+2)

< dolhf [ (i Do) do s oo bl [ DY, (Do) o
Ar Ar

co B 2m(p+2) 5
-l-#p+2 / g v (z)dx —|—/ (/ﬂ + |Dv (x)\2) * dw
(t - §)T BR BR
2m(p+2) m(p+2)
+ / P ()| 7orsss o + / P ()| 5T | (3.65)
BR BR

2m(p+2) m(p+2)

. . m p+2 2m p+2 2m —2 mp+m—1
Let us notice that, since mp&mjl < 2mp(+p7)2’ we have L2772 (Q) — L™~ (Q), and

2(mp+m—1) 2(mp+m—1)
2mp+p—2 2m—p

using Young’s inequality with exponents ( ), we have
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m(p+2) 2m(p+2)
/ |F(z)|m»+m=T dx < ¢|BRr| + c/ |F'(z)|2mp+p=2 dx. (3.66)
Bgr Br
So, plugging (3.66) into (3.65), we get
[ @) sy (Do) d
m(p+2)
< 30|hf? (;ﬂ - |Dv(x)|2) 2D g+ ¢ - o |h|? |DV,, (Dv(x))|? da
B By,

- | 2 2m(p+2) 2

% / g Tmp (;v)dx+/ (,u2 + |[Dv (x)\z)2 dx

(t - §) p BR BR

(3.67)

2m(p+2)
—i—/ |F'(x)|2mp+p=2 dx + |BR|| .
Br

Since, by our a priori assumption, V,, (Dv) € Wlif (©), and (3.67) holds for any s =1,...,n,
Lemma 1.2.4 implies

/Q 72 () | DVy (Do(a)) [ da

m(p+2)
< 30_/ (,LL2+|D’U(.’E)|2) 2(m+1) d$+0'0'/ |D‘/p (DU(CL‘))PdCL‘
B)W B)\'r

c 2m(p+2)
+— [ / g e (z)dz+ / (42 + Do (2)])
Br Br

(t—3)"

P
2

dzx

2m(p+2)
+/ |F(a)|2m#=2 dx + | BRl | ,
Bgr

and by the properties of 1, we get

| 1DV, (Do) da

S

< c-a/ DV, (Do(a)]® da
B)\r

C 2m(p+2)
"y [ / g (2)de + / (42 + [Dv (2))
S Br Br

[N4S]

dxr

(t—35) "

2m(p+2)
+/ |F ()| 722 dz + | BR|
Br
m(p+2)
+30 / (12 + 1Do@)P) ™ da. (3.68)
B)vr

Let us remind that, since we choosed Bygr € €2, % <r<i<t<t<A <R, withl<A<?2
andR<i,wealsohave)\'r<)\§<)\t<)\2r<4r<4R<1.

Choosing a cut-off function ¢ € C§° (By;) such that 0 < ¢ <1, ¢ =1 on Bz and

|D¢| < =z We have

m(p+2) m m
[+ 1Do@PR) ™ dn < B+ [ 670D Do) 50 a,
B)\r B)\t

where we also used that p € [0,1] and A\r < R. Therefore, applying (1.1), we get
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m(p+2)
/ <M2 + |Dv(az)]2) 20m+D) g0
B)\'r

1

m TH
G () dm)

IN

(p+2)° (
Bt

(/ (meH(PJrQ) |D¢‘2 (,UQ + |Dv(x)|2)g dx)
Bt

m p—2 2 m+1
+n< o) (42 4 |Du(@)P) 7 [D?u(a)| d:c)
Bt

¢(n,p) ( [ e dw)m
\2 (tl_ §)2 (/B (/H—i- ‘DU(J:)P)gdm)mH

gt

where we used the properties of ¢, (1.6), and the fact that At < A\?r < 4R.
The elementary inequality

_m

m—+1

+ | Br|

IN

DV, (Dv(m))\Qd:E>m+1 + |Brgl, (3.69)

A2r

bt < b+ 1, for any m > 1 and b > 0,

implies
m

|D1/;,(Dv(:v))2dx> " </B |DV,, (Dv(x))* dx + 1. (3.70)

A2r

()

Now, if we recall that 1 <A <2, t -5 < A(t—35) <1 and pp# > 2, thanks to (3.69) and
(3.70), (3.68) implies

A2r

| Co 2m(p+2)
+ 22 . ) l/ g 2m-p (l’)dl‘ +/ (M2 + |D’U (LL‘)|2>
(t - g) p BR BR

+ ( [, w@e dx) o ( [, (Do)

2m(p+2)
+ [ |P@PES ot Bal + 1]
Br

2m ﬁ 2
< C'“(/BM'”(“’)' dx> Y RRCIACEEITE

A2r

2m(p+2)
[ s [ (4 o)
Br

[NIES)
U
S
N———
ik

(VS|

dzx



3.2. A higher differentiability result for bounded solutions to some 63
non-homogeneous systems

_m

+ </BR lu(z)]*™ d:c) m. </BR (;ﬂ + ]Dv(x)|2>% dx) "

2m(p+2)
+ [ IF@IFES do o+ Bal 1
Br

which, if we choose ¢ > 0 such that

becomes

2 1 2
10V DeapPar < 5 [0, (v P

A2r

2m(p+2) P
Jr;m [/ g Zm— (z)dx +/ (,u2 + |Dv (x)|2) > dx
N |/Bg Bnr

(t—35)» i

+ (/Bw lv(z)[*™ dac) m (/BR (/ﬂ + \Dv(az)|2)% da;) "

2m(p+2)

s [ P@IFE d o Bel 41
Br

(3.71)

Since (3.71) holds for any £ <r <3<t <#< A < R, with 1 < A < 2, with a constant c
depending on n, N, p, L, v, ¢, but is independent of the radii, passing to the limit as § — r and
t — Ar, we get

[ v @uanPds < 5[ 10V, (Du@)Pds
B, B

2
A2r

o : = UBR (42 + |Dv (@)P)

A—1)%

m%&»l P m+1
( )P d:r) . (/ (p? + |Dv(:1:)|2) ’ dm)
B4R Bsr

2m(p+2 m(p+2)
/ g 2m—p dm+/ ‘F(x)’27np+p 2dx+|BR|+1
Br

ya
2

dzx

and since 1 < A < 2, we have

/ DY, (Du(e) < 5[ 1DV (Do) o

A2r

+ p+2 ()\20 1)p22 l/BR (MQ + |Dv ($)|2)

( )P dw) " . (/B (/QL2 + |Dv(x)\2)g dx) "

2m(p+2) 2m(p+2)
/ g 2m=r (z)dr +/ |F'(z)|2me+p=2 dx + |Br| + 11 (3.72)
Br

2
2

dx

Now, if we set

hr) = / DV}, (Dv()[? da,

r
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A =

/BR (#* + | Dv (a:)|2)% dz

+ (/BR lv(z)[*™ dac) s (/BR (,ﬁ + \Dv(m)]Q)% dm) "

m(p+2)

2m(p+2)
+/ g 2m=p (x)dx—i—/ ’F(x)|2mp+p 2 de + ‘BR“"l
BR BR

and
B=0

since (3.72) holds for any A € (1,2), we can apply Lemma 1.1.1 with

0 =— and

1 _pt2
2 7= P

)

thus getting

/ DV, (Do) de
Br

2

[ (2 mop)
( B4R 2mdx>m+l : ( /B y (42 + |Do(@)?) dg;> "

2m(p+2) 2m(p+2)
/ o (@)de + / F()| 752 do + |Bg| + 1|, (3.73)
Br Br

[MIS]

IN

[SI4S)

which is the desired a priori estimate.

Step 2: the approximation.

As we did in the second step of the proof of Theorem 3.1.1, let us consider an open set
Y € Q and, for any ¢ € (0,d (Q',09)), a standard family of mollifiers { ¢. }..

Let us consider a ball B = Bj (z9) € ' with R < 1 and, for each ¢, the functional

P (w.B3) = [ [£- (2. Duf@) = Fo@) - w(o) + (o) ~ @) do, - (37)
Bg
where f; is defined as in (3.28) and F; is defined as in (3.29).
With this choices, we have

/ fe(x,&)dx — / f(z,€)dx, ase — 0 (3.75)
Bp Bs

for any & € RV,
2m(p+2)

Moreover, since F' € LZ"""72 (), then

2m(p+2)

F.—F strongly in L2m»+»=2 (Bp), as € — 0. (3.76)

Let us observe that

2m (p + 2) o 2m
2mp+p—2 " 2m—1

if and only if
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2m—-1)(p+2)>2mp+p—2,

i.e.

2m > p,
which is true for any m > 1, as long as 1 < p < 2.
2m

For this reason, F' € L2"* (Bp), and we also have

F.—F strongly in LZn-T (Bp), ase — 0. (3.77)

Again, as in the proof of Theorem 3.1.1, thanks to (2.2)—(2.4) and (2.12), for any
e € (0,d(Y,00)), we have the validity of (3.33)-(3.36), where g. is defined in (3.37).

2m(p+2)
In this case, since g € L2777 (), we have
. 2m(p+2)
ge = g strongly in L2m—> (Bp) as e — 0. (3.78)

Let v, € (v + Wol’p (BR)) N L?™ (By) be the solution to
3 ~) - 17p ~ 2m -
min { Fo (w, Bg) 1w € (v+WoP (Bg)) N L*™ (By) |,

where v € VVlif () N L2™ () is a local minimizer of (3.49).

loc
By virtue of the minimality of v., we have

/ :fa (z, Dve(x)) + (Jve(x)| — a)im} dx
B

R

IN

/B fe (@, Do()) + Fe(w) - (ve(a) = v(@)) + (jo(@)| — 0)7"] da

R

IN

[ [ @ Do) + 1Pl -oe(a) = o) + (o(a)] = )3 do. 379)

R

Now, using Hélder’s and Young’s inequalities with exponents (Qm, 231@1), we get

/ Fu(@)] - [ve(z) — ()| de

Bg

< /B R @) Ioe(a) d + /B R Io(a)| d

- / R (e o) o+ /B alR@ldr s /B R e

- / Fu()] (e (&) — a) di + / Fu(@)] (Jve (@) — ) da
Bgn{ |ve|>a } Bgn{ |vel<a }
+ [ IR@) @]+ @ do

< F. ()| (Jve(x)| — a), dz F.(x)| (|Jv(x a)dx

< /Bém{lw} (@) ([v:(@)] - a), +/BR| @) (jv(z)| + a)

< [ R@I @ -0t [ RG] +0) i

IN

()

[P ()| d:c> o ( | () —a)i’“dw) "

R R
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+</B [Fu()|7es da:) " ~</B~(|v(m)\+a)2md:c> N
< o[ IR@FT A [ (o) - o do
te /B (@) + )" dr, (3.80)

for o > 0 that will be chosen later.
Plugging (3.80) into (3.79), and choosing a sufficiently small o, we get

/B_ {fe (x, Dve(z)) + ¢ (Jve(x)| — a)im] dx

R

< [ 5@ Dota)) + eol@)] - o] de

R

T dr 4 c v(x a)?™ dzx. .
+c/B ()| 727 d + / (lo(@)| + a)*™d (3.81)

R By

Using the right-hand side inequality in (3.33) in (3.81), we have

/B~ [fa (2, Dve(z)) + ¢ (Jve ()] — a)im] da

R

< o f [ po@l) +elo@) - 02| ao
+C/B~ |FL(z)| 20T dl‘—kc/Bh (lv(z)] + a)*™ dz. (3.82)

Now, by the left-hand side inequality in (3.33), we get

o/ NGE Do) e < [ e D)) e
< [ [ Do) + (ueta)] - )] do
< 0 /B (7 +1Do@))* + (Jo(a)| - )3 do
+c/B_ P (2)| 75 d
o / : (Jo(2)] + a)>™ dz, (3.83)

R

and this, by (3.77), means that { v, }_ is bounded in W'? (Bj), independently of ¢, so there
exists a function & € WP (By) such that, up to a subsequence, we have

Ve =D weakly in W (Bg),

Ve — D strongly in L? (Bp) ,

and
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Ve — D almost everywhere in Bj,

as € — 0.
Moreover, we have

/ |v€(x)\2mdar < / \vg(:c)Idea:—i—/ ]vg(a:)\zmdx
Bj Bsn{ |ve|<a } Bin{|ve|>a}

R R
< [ oeta)?do+ [ (I[v-(@)| — al + @)™ da
Bgn{ ve|<a} g [ve[>a }
< / a2mdx+c/ (oo ()| — @)™ da
Bin{ Jvel<a } Bin{ |ve[>a}
+c/ a®"dx
Bn{ ve|>a }
< c/ a*™dx + c/ (lve(z)| — a)im dx, (3.84)
B B

R R

and since (3.82) implies

/’Um@n—@wa

< o [0+ 1pe@l) + (o) - ot da
+C/B~ |FL(z)| 20T d:z+c/Bh (lv(z)] + a)*™ da, (3.85)

by (3.77), and plugging (3.85) into (3.84), using dominate convergence theorem, we have

Ve — D strongly in L*™ (Bjy), as € — 0. (3.86)
Since v is a local minimizer of the functional (3.74) and g., f € C* (B}), we have
Vy (Dv:) € Wi (Bp)

and we can apply estimate (3.73), thus getting

(SIS

/ (42 + [Dve (2))” da

T

C
/B |DV,, (Dv.(x))|*dz < W[
%

r p

2 m+1 g mi-&-l
+</ |ve ()| mdx> ( (42 + D)) da;)
B47- B4r
F,

2m(p+2)
[ 0™ @+ [ R@IFES dok (B 41

(3.87)

for any ball By, € Bj.
Applying Lemma 1.4.5, by (1.8) and (3.87), recalling (3.76), (3.78), (3.83), (3.84) and (3.85),
and by a covering argument, we infer that v. is bounded in W?2? (By,), which implies

Ve = D strongly in WP (By,) (3.88)

and
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Ve = 0 almost everywhere in By,
up to a subsequence, as € — 0.
By virtue of the continuity of the function £ — DV, (&), we also have
DV, (Dv;) — DV, (D) almost everywhere in By,, as ¢ — 0.

For what we discussed above, and recalling (3.76), (3.78), (3.86) and (3.88), thanks to the
dominate convergence theorem, we can pass to the limit in (3.87) as € — 0, thus getting

/ DV, (Di(x))[? dx
Br

2

< Ti UB (12 + Do (@)])

+ (/B |5(z)[*™ dm) " (/B (;ﬂ + |D17(:1:)|2)% d;v) "

2m(p+2) 2m(p+2)
[ PR @+ [ F@FES (B 1

T

ya
2

dzx

. (3.89)

Our next aim is to prove that © = v a.e. in Bp.

First, let us observe that, using Holder’s inequality with exponents (Qm, %), we get

/ [Fu(2) - v() - F(z) - v(z)] de
B

R

< /B VF) = R o) e
< (/B ’Fs(x)_F(fﬂ)’Q’fﬁldﬂU) N (/B \U(&?)]dea;> 2m’

R R

that, recalling (3.77), implies

;i_r{(l) 5, F.(z) v(z)dr = /B F(x) - v(z)dx,

and by (3.75), we get

lim ~ [fe (z, Du(x)) — F-(z) - u(x)] dz = / [f (z, Du(z)) — F(x) - u(z)]dz.  (3.90)

—0
€ Bp By

The minimality of v, Fatou’s Lemma, the lower semicontinuity of %, . and the minimality of
ve imply

/B [/ (@, Do(@)) = F(2) - v(@) + (jv(@)| = 0)7"] da

R

e—0

</ [ D2tw) = Pl 2(0) + (9(0)] - 2] de
< nmmf/R [£. (2, Do) — Fu(e) - o() + (j5(2)] — )2"] da
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e—0

< liminf /B [fe @ D)) — ) - vel) + ()| — 0)27]

< liminf/B [£. (2, Dola) = Fule) - v(@) + (jo(@)] — )2"] da

e—0 _
R

— / [ (2. Do(x)) — F(z) - v(z) + (jo(z)| - a)*"] d,

Bg

where the last inequality is a consequence of (3.75) and (3.90).
Therefore Fy, (D0, By) = Fim (Dv, Bf) and the strict convexity of the functional yields that
U =wv a.e. in Bp. So (3.89) and a covering argument yield (3.50). O

We conclude this section with some consequences of Theorem 3.2.2; which follow by Lemma
1.4.5 and Remark 1.4.7.

Corollary 3.2.3. Let Q C R™ be a bounded open set, m >1,a >0 and 1 <p < 2.
Letv € VVlif (Q,RN> N LA™ (Q,RN) be a local minimizer of the functional (3.49), under the

loc

assumptions (2.2)—(2.4) and (2.12), with

2m(p+2) 2m(p+2)
Fe L2 (Q) and  ge L2 (Q).
) m(p+2)
Then v € VVIO’Cp (Q) and Dv € Lloth (Q)

3.2.2 Proof of Theorem 3.2.1

The aim of this section is to prove Theorem 3.2.1.
As we will see below, the proof is achieved by using an approximation argument which is
based on the possibility to apply Theorem 3.2.2 and pass to the limit as m — oo.

Proof of Theorem 3.2.1. Arguing as in the second step of the proof of Theorem 3.2.2, let us
consider an open set ' €  and, for any € € (0,d (2',09)), a standard family of mollifiers
{ ¢ }..

Let u € I/Vl:(l)f (Q) N Lis. (2) be a local minimizer of the functional (3.1), and let us consider a
ball By = Bj (0) € €, with R < 1.

For each ¢ and any m > 1, let us consider the functional F,, ., defined by (3.74), where f.
and F. are defined by (3.28) and (3.29) respectively, and we fix

a= HUHLOO(BR) : (3.91)

p+2

With these choices, we have (3.75) again, and since F € L, (), we have

2
F.—F strongly in L% (Bp), as e — 0. (3.92)

Again, thanks to (2.2)—(2.4) and (2.12), for any e, we have (3.33)—(3.36), where g. is defined
like in (3.37).
In this case, since g € Lfof (), we have

ge — ¢ strongly in LP*? (Bj), as e — 0. (3.93)

2m(p+2)
Let us observe that F, € L2m»+»=2 (Bp) for any m > 1, and since

2 2 2
m(p+2) \p—i— , as m — oo,
2mp+p—2 p
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we have

2mp+p—2 p
2m(p+2) 2m(p+2) p+2 p+2
lim (/ |F.(x)|2mpp=2 dm) = (/ |Fe(x)| » dm) ) (3.94)
m—00 B

7 By

for any €.
L. 2m(p+2)
Similarly, then g. € L™2m=¢ (Bp) for any m > 1 and for any ¢, and we have

2m—p 1
] 2m(p+2) 2m(p+2) p+2
Jim ( [ oo dx) - ( [ ot da:> , (3.95)

R R

for each €.

Now, for each ¢, and for each m > 1, let u,, . € (u + Wol’p (BR)) nL*>™m (Bf) be the solution
to

min{]—"m6 (w,Bp) :w € (u+ Wol’p (BR)) N L*™ (Bp) }

By virtue of the minimality of w,, ., recalling (3.91), we have

/B ] [fs (2, Dume(z)) + (|tim,e ()] —“)m doe

< /B~ [fa (z, Du(x)) 4+ Fe(x) - (ume(x) — u()) + (Ju(z)| — a)im} da
< /B Nfe (@ Du(a)) + [Fe(2)] - [ume () — u(@)[] da. (3.96)

Arguing as we did in (3.80) and exploiting (3.91), we get

/ Fo(@)] - Jtme () — u(z)|da
B

R
< / ’FE(x)|(|um,5(-T)| *a)_,'_ d33+2a/ ‘Fs(x)|dx
Bg Bg
p(2m—1) _dm+p
2m(p+2) 2m(p+2) 2m(p+2) Sm(p+2)
< / ‘FE("[)|P(2m71) dx . / (|um5($)‘ . a)+4m+p da
Bp Bp
42 [ |Rw)ds, 97)
B

R

where, in the last line, we used Hoélder’s inequality with exponents (iggfig, QTSI;)) Let us

notice that all the integrals in the last line of (3.97) are finite, since F. € C*° (Bjy) and
2m(p+2)

Im+p < 2m for any m > 1 aslongas 1 <p < 2.

2m(p+2)
So, since up, . € L*™ (Bg) < L *m+» (Bp), using Young’s inequality with exponents

(Qm, 231"—L1)7 we have

/ Fu(@)] - fume(z) — u(2)] de
B

R

2m(p+2) gﬁg;;; 9 ﬁ
< ¢ / |F.(z)|P@m=D dx . / (Jtm,e()] = a))" dx
Bg By
+2a / \F.(2)] da
B

R
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2m(p+2) ﬁ m
< ¢ / |F.(z)|7@m=1) dx —|—o'/ (‘um@(x)’—a)_i_ dx
B Bx

R R

+2a /B \F(2)| da, (3.98)

R
for any o > 0.
Plugging (3.98) into (3.96), choosing a sufficiently small value of o and recalling (3.33), we get

p
2

|02 4100ne@) + Q@) = )3
Br
9 9 g 2m(p+2) P%
< 62/ (u + |Du(z)] ) dx +c¢ / |F.(x)|P@m=1) dx . (3.99)
Bp Bp
Now let us notice that, since
2m (p +2) Pt 2
p(2m—1) " p
for any m > 1, and
2 2 2
m(p—{—)\p—i— , as m — oo,
p(2m —1) p
we have
p(2m—1) P
2m(p+2) 2m(p+2) p+2 p+2
lim / P ()70 da _ / )5 de)
and so

p(2m—1) 2m

2m(p+2) P% 2m(p+2) 2m(p+2) (2m—1)
tw ([ R@FET ) = ([ R b
B B

m—00 ~ m—00 _
R R

- (/ \Fu(2)| 5 da;)w, (3.100)
B..

R

for any e.
Hence, for any e, the second integral in the right-hand side of (3.99) can be bounded
independently of m.
This implies that, for each e, { um },, is bounded in whp (Bp), and so there exists a family
of functions { u. }, C WP (Bjy) such that

Um,e — Ug weakly in W (By),

and so

Um,e — Us strongly in L? (Bp) ,

and

Um,e — Ue almost everywhere in Bp,
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as m — 0o, up to a subsequence.
In particular, by (3.99), (3.92) and (3.100), the set of functions { u. }_ is bounded in
WP (Bz), and so there exists a function v € WP (Bjz) such that

Us — U weakly in WP (Bg), as e — 0.
So we have
Us — V strongly in L? (Bp)
and
Ue — U almost everywhere in Bp,

up to a subsequence, as € — 0.
On the other hand, (3.99) implies

/ (ltme(@)] — a)2™ da

R

§€2/
B

and this bound is independent of m by virtue of (3.100).
One can easily check that, for any m > 1, we have

J

and so, by virtue of (3.101), for any m > 1, we get

9 9 g 2m(p+2) ﬁ
(12 + IDu(@)?)* da + ¢ / B[S a) T (3.101)
B

R R

|t e (2)]*™ da < /

([t e ()| — a)im dx + ¢ / a’™dx,
By

f) Bp

P
B-

By R

2m(p+2) #
+c / |F.(z)|pCm=1) dx +c/ a®™dx
B Bp

R R

and

(/.
- ¢ [ | (s + 1Dt

Bp

2m
[t ()™ dz)

1 1
2m 2m

+c

ya
2

dx

a2mdx]

R

J,
p(2m—1)

2m(p+2) 2m(p+2) ﬁ
e / [Fe(@)ler de : (3.102)

Br

Now, if we pass to the lim sup as m — oo at both sides of (3.102), recalling (3.91) and

(3.100), we get
lim sup (/
m—00 B

L

2m
2
. |Um,5(l‘)| mdx> <c ||UHL°°(BR) )
R
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and similarly, for any ball By, € B, we have

1

2m
lim sup (/ Ium,s(ﬂﬁ)lmdﬂf> < cllullpoe gy, -
B4'r

m—00

which implies

m+1
lim sup ( / i e ()27 d:):) < el s, (3.103)
B4'r

m—ro0

Since, for any m > 1 and for any &, Uy, € (u + Wol’p (Bf%)) N L?™ (Bg) is a minimizer of a

2m(p+2)
functional of the form (3.49), which satisfies (3.33)—(3.36), g- € L 2y (Bp) and
2m(p+2)
f- € Lotz (Bp), we can apply Theorem 3.2.2, and by (3.50), we get

/ DV, (Dupn o (2)) 2 da
B

r
2

C
iz V (12 + 1Dtz (2)]°)
T P T

9 m}l»l 9 P m—+1
() ctormas) (10w )
B47‘ B4'r

2m(p+2) 2m(p+2)
+/ ge 2m—p (ac)dx +/ |Fa($)]2mP+P*2 dx + |Br| +1
T BT

[SI4S)

IN

dx

, (3.104)

for any ball By, € Bj.
Moreover, we can use Lemma 1.4.5 and (1.8), thus getting

/ ‘D2um75 (z) ‘p dz

r

2
P
2

C
< V (42 + | Dume (@)) da
T P T

9 #«H 9 P m—+1
+ (/ ‘um,s(wﬂ mdx> ) </ (NQ + ‘Dum,s($)| )2 dw)
By, By

M 2m(p+2)
—i—/ ge 2" P (v)dx —i—/ |F.(x)|2mp+r=2 do + |B,| + 1

. (3.105)

By virtue of (3.94), (3.95), (3.99), (3.100) and (3.103), all the integrals in the right-hand side
of (3.105) are bounded independently of m: for this reason, for each ¢, the set of functions

{ tm },, is bounded in w2p (B%), and since the ball By, is arbitrary, a covering argument
implies

Upne — Ue strongly in WP (By,), (3.106)

which gives

Dy, e — Du, almost everywhere in By,

up to a subsequence, as m — 0o.
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So, passing to the limit as m — oo, recalling (3.99) and (3.100), we also get

P
/ (,u2 + ]Dug(a:)\z) *da
BQT‘
r +2 ﬁ
< 52/ (12 + | Du(@)]*)* dz + ¢ (/ \FL(z)| 7 d:c) . (3.107)
By By

Therefore, since, by virtue of the continuity of £ — DV,,(£), we also have

DV, (Dup, ) — DV, (Duc) almost everywhere in By, as m — oo,

and we can apply Fatou’s Lemma passing to the limsup as m — oo in (3.104), using (3.94),
(3.95), (3.103) and (3.106), we get

| 1DV, (Ducta)) o

r

2
el e, :
< e (e @) e
4r

T P

+/ 95*2(w)dx+/ IFa(x)\pfdxHBTHl}, (3.108)
I B,

where we also used the fact that r < R < 1.
Now, since, by virtue of (3.92), (3.93), and (3.107), all the integrals in the right-hand side of
(3.108) can be bounded independently of €, arguing like in the proof of Lemma 1.4.5, it is

possible to prove that { u. }. is bounded in W2 (B%), and since r is arbitrary, a covering
argument implies
U — U strongly in WP (Bar) ,

and

Du, — Dv almost everywhere in By,
ase — 0.
Since, by virtue of the continuity of £ — DV,,(£), we also have
DV, (Du.) — DV, (Dv) almost everywhere in By,, as € — 0,

using Fatou’s Lemma in (3.108), we get

/ DV, (Dv()[? da

r

2
CHUHLOOBT
< e [ (s 1pv )
4r

r p

o
2

dzx

9 p+2
+/ o (m)der/ \F(2)|7 dz+ |B,| +1]. (3.109)

The last step to get the conclusion consists in proving that u = v a.e. on Bj.
Since we have
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[ R u(e) - F@) - ua)ds
B

R

IN

/ Fu(2) - F(@)| - Ju()|dx
B

R

A
=
=
8
o)
;’:1—:/
s
o
Q)
|
=
&
=
s

by virtue of (3.92), we have
lim F.(z) u(x)dx = / F(x) - u(x)dz,

and then, by (3.75), we get

lim [fe (z, Du(x)) — F.(z) - u(x)] dz = / [f (z, Du(x)) — F(x) - u(z)]dz.  (3.110)

e—0
Bg Bg

Using the minimality of u, the lower semicontinuity of the functional F, the minimality of
U, for Fp, - and the lower semicontinuity of this functional and recalling (3.91), we get

/ f (&, Du(x)) — F(z) - ulx)] de
B

< /B UF o Do) = Fa) o) d

< timipt | U o D) = Fo) )] de

< Ut [ U (0 Dunele) = Foe) (o))

< liminf liminf /B [ D) = Fea) ) + (ano2)] = 0]

< timipt | U (¢, Du(e) — Fula) - u(z) dr

- /BE [f (z, Du(z)) — F(z) - u(z)] d, (3.111)

where, for the last equality, we used (3.110). Therefore, all the inequalities in (3.111) hold as
equalities, and we get

F (u,Bg) = F (v, Bp) .
So, by virtue of the strict convexity of F' with respect to the gradient variable, this implies
u = v a.e. on B. By virtue of (3.109) and a standard covering argument, we get (3.48). [

We conclude this section with some consequences of Theorem 3.2.1, that can be proved
applying Lemma 1.4.5 and estimate (1.2) rispectively.

Corollary 3.2.4. Let Q C R™ be a bounded open set and 1 < p < 2.
Let u € VVI})’f (Q, RN> NLX (Q, RN) be a local minimizer of the functional (3.1), under the

loc

assumptions (2.2)—(2.4) and (2.12), with

p+2
FeL? (Q) and — ge P (Q).

loc loc

Then u € W2P () and Du € LVF? ().

loc
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Chapter 4

Obstacle problems

This chapter is devoted to the descriptions of some regularity results for solutions to a class
of obstacle problems, that is variational problems whose minimizers are forced to stay inside
an admissible class of functions whose value have to stay above a fixed map, called obstacle.
Of course, in this framework, the local minimizers are scalar-valued functions.

Studying this kind of problems means to figure out how the regularity of the obstale
influences the regularity of the solutions.

After giving some preliminary results about regularity properties of solutions to obstacle
problems in Section 4.1, in Section 4.2, a first obstacle problem is discussed, that is the only
one in this thesis where the integrand of the functional satisfies super-quadratic growth
conditions, instead of sub-quadratic ones.

In this kind of problems, the obstacle is assumed to be locally in L. This property transfers
to the solutions of the problem and allows to assume weaker Sobolev regularity on the
coefficients, if compared with the required regularity in case the obstacle is not assumed to be
bounded. As far as we know, this result is new both for the super-quadratic and
sub-quadratic growth case. This is the reason why we started from the case p > 2 and then
we moved to the case 1 < p < 2.

As in the case of the unconstrained problems that have been faced in Chapter 2 and Chapter
3, a key point, here, is the dependence of the energy density of the functional on the
x-variable.

For what concerns the case of Sobolev coefficients under sub-quadratic growth conditions, we
describe a first higher differentiability result in Section 4.3, where the coefficients are assumed
to belong to the critical Sobolev space W™,

In Section 4.4, assuming sub-quadratic growth conditions again, we consider the case of
Besov-Lipschitz coefficient, providing extra fractional differentiability results for the gradient
the solutions.

Finally, in Section 4.5, assuming that the obstacle is locally bounded and considering Sobolev
coefficients again, we discuss a higher differentiability result that, in some sense, extends to
the sub-quadratic case what is proved in Section 4.2.

We are interested in the regularity properties of solutions to problems of the form

min { /Qf (z, Dw(z)) dx : w € Ky (2) } , (4.1)

where 2 C R™ is a bounded open set, n > 2, f: 1 x R® — R is a Carathéodory map, such
that & — f(x,&) is of class C! (R™) for a.e. x € Q, 1 : Q + [—00, +00) belonging to the
Sobolev class W'? (Q) is the obstacle, and

Ky (9) = {w € ug+ Wg? (QR) 1w > ¢ ae. in O}

is the class of the admissible functions, with ug € W1? (Q) a fixed boundary datum.

[
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It is well known that u € V[/I})f (92) is a solution to the obstacle problem (4.1) in Ky (2) if
and only if u € IOy, (2) and u is a solution to the variational inequality

/ (A (x,Du(x)), D (p(z) — u(x)))dz >0 Vo e Ky (), (4.2)
Q
where the operator A : Q x R” — R" is defined, similarly to how we did in (2.5), as

Ai(x,€) = De, f(z,8) Vi=1,...,n. (4.3)

We assume that A is a p-harmonic type operator, i.e. it satisfies the following p-ellipticity
and p-growth conditions with respect to the £-variable. There exist positive constants ¢, v, L
and an exponent 1 < p < +0o and a parameter 0 < p < 1 such that

A& < € (52 +16P) 7 (4.4
(A2, ) — Al ). =) 2 vlg — > (w2 + [P +1nP) * . (45)
Aw.) — Alw,m)| < LI —nl (w2 + [+ 1nP) 7 . (4.6)

for all £,7 € R™ and for almost every = € ().
Let us notice that, if the map & — f(z,&) is of class C? (R") for a.e. x € Q, i.e. the map
€ A(z,€) is of class C! (R™), conditions (4.5) and (4.6), can be replaced, respectively, by

—2

(DeA(, €)m,m) = 7 (1 +1¢*) = Inf?,

p—2

DA, &) < L (12 +1eP) 7, (47)
for any £,n € R™ and for almost every x € €.

For what concerns the map = — D¢ f(x,§), in Section 4.2, Section 4.3 and Section 4.5, we
shall assume that, for any £ € R”, it belongs to a Sobolev space Wllo’f (©), and the results we
present also depend on the value of the exponent gq.

Let us recall that this condition is equivalent to assume that there exists a non-negative
function x € LL (), such that

loc

p—1
2

|A(,€) = Ay, )] < (5(2) + £(w) |z = y| (12 + 1¢1°) (4.8)

for a.e. x,y € Q and for every £ € R", which is also equivalent to say that there exists a
non-negative function k € L () such that

loc

p—1

DA, )| < Alx) (42 + 1) 2 (4.9)

for a.e. x € Q2 and for every £ € R™.
As we will see in the following, (4.8) is useful when we use the difference quotient method.
In order to simplify the notations, if we define the function

g =max{ K,k } a.e. in ,

q

e (©) and, in place of (4.8), we can use the condition

we have g € L

A@,€) = A, &)| < (9e) + g)) [ —yl (W2 +1¢P) 7 (4.10)
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for a.e. x,y € Q) and for every £ € R".
Similarly, in place of (4.9), we can use

p—1

DA (2,6)| < g(o) (12 +1€*) 7, (4.11)
for almost every x € (2 and for every £ € R™.

For what concerns the case of obstacle problems with Besov-Lipschitz coefficients, see Section
4.4 below.

4.1 Some preliminaries

Here we recall some preliminaries that will be useful for some of the results contained in this
chapter, that haven’t been mentioned previously.

The following result is proved in [17] for obstacle problems with (p, ¢)-growth conditions with
2 < p < g, but the same proof works for any 1 < p < ¢, and that suits with our ellipticity and
growth assumptions.

Theorem 4.1.1. Let u € Ky () be a solution of (4.2) under the assumptions (4.4) and
(4.5). If the obstacle ¢ € LS. (), then u € LS () and the following estimate

loc loc

. v
Il ) = [nwntR) + [t dx] (4.12)

holds for every ball Bg € Q, for v(n,p) > 0 and ¢ = c¢({,v,p,n).

The following result (see [47, 48]) helps us to avoid some difficulties that come out when we
use (4.2) in the case of sub-quadratic growth conditions.

Theorem 4.1.2. A function u € VVI})’f (), with 1 < p < oo, is a solution to the problem
(4.1) if and only if it is a weak solution of the following equation:

divA (z, Du) = —divA (2, DY) X{u=y }- (4.13)

4.1.1 VMO coefficients

Here we recall the definition and some properties of VMO functions, since they come into
play in the proofs of the results contained in Sections 4.3 and 4.4 below.

This is due to the fact that, if an operator A satisfies (4.4)—(4.6) and (4.10) for a
non-negative function g € Lf! . (2), or (4.72), or (4.74), then it is locally uniformly in VMO.

loc
More precisely, for any a ball B € 2, let us introduce the operator

Ap :][ A(z,€) dx.
B
One can easily check that Ap(€) also satisfies (4.5), (4.6) and (4.4). Setting

V(ﬂj7 B) — sup |A(IL‘,£) B Alﬁ.”
P (u2 - 1el) 7

we will say that z — A(x,§) is locally uniformly in VMO if, for each compact set K C Q, we
have

)

lim sup sup ][ V (z,B)dz =0. (4.14)
r(20)

R=0,<Raoek
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It is known that, if the operator A satisfies (4.4)—(4.6) and (4.10) for a non-negative function
g € L. (), then A is locally uniformly in VMO (see [68]), and this will be useful in Section
4.3 to prove Theorem 4.3.1.

The following two results allow us to apply the properties of VMO functions in the proofs of
Theorem 4.4.1 and Theorem 4.4.2 respectively, in Section 4.4.

Their proofs, for p > 2, can be found in [25] (see [25, Lemma 4.1] and [25, Lemma 3.1],
respectively), but they works, exactly in the same way, also for 1 < p < 2.

Lemma 4.1.3. Let A be such that (4.4)—(4.6) and (4.72) hold. Then A is locally uniformly
in VMO, that is (4.14) holds.

Proof. Given a point x € €2, let us denote
Ei(x) ::{yEQ:Q_kg |z — y| <2_k+1}.

We have

][V(:C,B)da: = ][Sup |A(x’£)_AB;_(1€)‘dx
B B £#0 ( 2+’£‘2)T

|A <y o
< dyd
* fenh 2+ra .

I A |A(z,8) — Ay, §)|
a ]{9#0 |B| Z/BﬂEk(x) (M2+\€| )p :

1 (03
< X [ el o)+ on) dyd
|B|” %7 /B JBrEL (@)

By Holder’s inequality with exponents (g, nf) the last term of previous inequality can be

bounded by

<|B|2Z/ Joe "’““y’“dydx) . '<|B, S L e ) dydx>

= I-1I

@

We have
I <C(n,a)|B|~.

for what concerns the term I, we have

1 n
II < ¢l —5 BﬂEk/g"xdx
(BF;' % )

ag—n o agy .o
< (gamamis) " (S ([ dbwd )”q
~ — kOé*’VL [

‘3’2 k B k B
aq—n.g 1
1 ( ag \ 7 m ] a
S I ST
BG) \5 1Bl: \ 5

Q|

C(n,a,q)|Bln 1 (Z ’ )
(Sl
BPRG=) B T )
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1

= C(n,a,q)|B]"" (ZHQqu )qa

so we have )

][ V(x,B)dr < C(n,a,q) (Z Hngqg(B))
B k

In order to conclude, we have to prove that

q
lim su 7, =0,
i (zk: Hgk”La(B))

on every compact set K C €. To this end, we can fix r > 0 small enough, and observe that
the function = — |[|gx ||, (L3 (Ba)) is continuous on the set {x € Q:d(z,Q) >}, asa

uniformly converging series of continuous functions. As a consequence, there exists a point
z, € K (at least for small enough r > 0) such that

3161[13 Hgk”Zq(Lg(B(:c,r))) = ”gkngq(L%(B(th))) ‘

Now, from ||gk||, = and since this belongs to (¢, we can use
Y La )

< n
. By = 198122 (50, )
dominated convergence to get

1
SN ¢
llir(l) Hgk”fq (L%(B(zr,r))) - ( . 71"1—I>I(l) (/B(mrﬂ") 9 (x)dm) ) ‘

Each of the limits on the term on the right-hand side are equal to 0, since the points x,
cannot escape from the compact set K as r — 0. This completes the proof. O

Lemma 4.1.4. Let A be such that (4.4)—(4.6) and (4.74) hold. Then A is locally uniformly
in VMO, that is (4.14) holds.

Proof. Let us assume that (4.5), (4.6), (4.4) and (4.74) hold.

Using Hélder’s inequality with exponent <%, #), we have

][V(x,B)d:E = ][sup |A($’§)_A€;(§)’dx
B B &40 ( 2_’_|§‘2) Pl

< ]isup][ va y|* dydx
_ ][][ ) |z — y|* dyda
< G[][ dmdy) Q[][ o — s admdy) -

< Clan) Bl (U; /B g (a)dr).

thus (4.14) holds. ]

The following result is a Calderéon-Zygmund type estimate for solutions to obstacle problems
with VMO coefficients, and its proof can be found in [11] (in the case p = p(z)).
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Theorem 4.1.5. Let p > 1, and q¢ > p. Assume that (4.4)—(4.6) hold, and that v — A(z,§)
is locally uniformly in VMO. Let u € ICy (2) be the solution to the obstacle problem (4.1).
Then the following implication holds

Dy eLl () = DuelLl (Q).

loc loc

Moreover, there exists a constant C' = C(n,v, ¢, L,p,q) such that the following inequality

]{st \Du(z)|"dz < C {1 +]{92R D)) da + (7{93 \Du(x)\%) } (4.15)

holds for any ball Br such that Bag € 2.

4.2 A first regularity result for solutions to some obstacle
problems

Here we present the result contained in [18].
We are interested in the study of the regularity of the gradient of the solutions to variational

obstacle problems of the form (4.1), where Q C R™, with n > 2, is a bounded open set, and
p+2

the ostacle ¢ : Q — [—00,4+00) belongs to the Sobolev class I/Vlf;c? (€2), and the map
€ f(x,€) is of class C! (R™) for almost every x €

With the notation (4.3), we will use assumptions (4.4)—(4.6), and the fact that u € VVl})f (Q)
is a solution to (4.1) if and only if u € ICy, (Q2) and u is a solution to the variational inequality
(4.2).

For what concerns the dependence of the map A on the x-variable, we assume that it belongs
to the Sobolev space W1P+2,

More precisely, recalling the characterization of Sobolev functions proved in [66], we assume
that there exists a non-negative function g € L2 (Q) such that (4.10) holds.

loc
pt+2

Our aim is to establish a higher differentiability result assuming that D € VVl})CT (Q).
More precisely, we shall prove the following.
Theorem 4.2.1. Let A(x,&) satisfy the conditions (4.4)—(4.6) and (4.10) with g € Lf0t2 (Q),

for an exponent p > 2, and let u € ICy, () be a solution to the obstacle problem (4.1). Then,
if ¥ € LS (), the following implication holds

loc
pt2

Dy eWe,? (Q) = V,(Du) € WE2(Q),

with the following estimate

[ 1DV, (DuGe)) o
i

¢ (117 By + 1l (120

. R
2 = pt2 +2
/ L D) * 4+ De@)| " + 72 (@) + (D) de,  (4.16)
Br

for any ball Br € €.
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Note that, in the case p < n — 2, Theorem 4.2.1 improves the results in [42] and [43]. The
proof of Theorem 4.2.1 is achieved combining an a priori estimate for the second derivative of
the local solutions, obtained using the difference quotient method, with a suitable
approximation argument. The local boundedness allows us to use the inequality (1.2), which
gives the higher local integrability LP*? of the gradient of the solutions. Such higher
integrability is the key tool in order to weaken the assumption on g that in previous results
has been assumed at least in L™.

Moreover, our result is obtained under a weaker assumption also on the gradient of the
obstacle. Indeed, previous results assumed D1 € WP while our assumption is D € T/Vl’p;?r2
with p > 2.

Finally, we observe that the assumption of boundedness of the obstacle v is needed to get the
boundedness of the solution (see Theorem 4.1.1). Therefore if we deal with a priori bounded
minimizers, then the result holds without the hypothesis ¥ € L.

4.2.1 Proof of Theorem 4.2.1

The proof of Theorem 4.2.1 will be divided in two steps: in the first one, we will establish the
a priori estimate, while in the second one we will conclude through an approximation
argument.

Proof of the Theorem 4.2.1. Step 1: the a priori estimate. Suppose that u is a local
solution to the obstacle problem in ICy (€2) such that

DueWiZ(Q)  and  V,(Du) € W2 (Q).

By estimate (4.12) and Lemma 1.1.3, we also have Du € L2 (Q). Note that the fact that

loc

Du e LP*? (Q) implies that the variational inequality (4.2), by a standard density argument,

loc
p+2

holds true for every ¢ € VVliC 2 (Q).

In order to choose suitable test functions ¢ in (4.2) that involve the different quotient of the
solution and at the same time belong to the class of the admissible functions Iy, (€2), we
proceed as done in [42].

Let us fix a ball Br € () and arbitrary radii g <r<s<t<Ar<R,withl < X<2. Let us
consider a cut off function n € C§° (B;) such that n = 1 on By and |Dn| < . From now on,
with no loss of generality, we suppose R < 1.

Let v € Wol’p (©) be such that

u—pY+T10>0 v € [0,1], (4.17)

and observe that ¢ 1= u + 7v € Ky () for all 7 € [0,1], since ¢ = u+ 7v > . For || < &,
we consider

vi(z) =177 (@) [(u — ) (z + h) = (u—1) (2)],

so we have v € I/Vol’T (Q), and, for any 7 € [0, 1], vy satisfies (4.17). Indeed, for a.e. z € Q
and for any 7 € [0, 1]

u(@) = (@) +roi(z) = ul@) @)+’ (@) [(u— ) (@ +h) = (u— ) ()]

= (@) (w—v) (@ +h) + (1 - 72(@)) (u— ) () > 0,

since u € Ky (2) and 0 <7 < 1.
Hence we can use ¢ = u + 7v1 as a test function in inequality (4.2), thus getting
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0< [ (A Du@).D[P@ =v) @+ 1) = w=9) @[] )de. (418)

In a similar way, we define

va(x) = P (& = ) [(u =) (x = h) = (u =) (2)],

and we have vy € Wg’T (©), and (4.17) still is satisfied for any 7 € [0, 1], since

w(@) = () + Tea(e) = w(@) = @) + (e — h) [(w— ) (@ - h) — (u—1) (@)
= (@) (u =) (@ —h) + (1= @ — b)) (w— ) (@) > 0,

By using in (4.2) as test function ¢ = u + Tvy, we get

0< [ (A Du(e)). D [1P@ =) (=) 0= 1) = (u=) (@)] .

and by means of a change of variable, we obtain
0< /Q (A(x+h, Dula+ 1)), D [r2(e) [(u = ¥) (@) — (=) @+ 1)) Ydw.  (4.19)
Now we can add (4.18) and (4.19), thus getting
0 < [ (A Dut@).D [ (=) @+ 1) = (=) (@)] ) do

+/Q<A(x+h,pu(x+h)),p[n2[(u—¢)(x)—(u—w)(az+h)}]>dm,

that is

0< /Q (A(z, Du(x)) = A(z + h, Du(w + 1)), D [i? [(w = ¥) (z + h) = (u = ¥) (2)]] ) da,

which implies

0 > /Q<A<f’3+h7Du(x+h>)—A(x,DU(eT))aUzD[(U—w)(flf—i-h)—(u—w)(x)]>dx
+/Q (A (2 +h, Du(z + h)) = A (2, Du(z)) , 20D [(u — ¢) (z + h) = (u = ¥) (2)]) dz.

Previous inequality can be rewritten as follows

o= |/
Q

A(x + h, Du(x + h)) — A(z + h, Du(z)) ,n* (Du(x + h) — Du(az))> dx

P

<A (z + h, Du(x + h)) — A(z + h, Du(z)) ,n* (D¢(z + h) — D?j)(a:))> dx
+ [ (A(x + h,Du(z + h)) — A(z + h, Du(zx)) , 2nDntp, (u — ) (z)) dz

+

S—S— 55—

(A(z+ h, Du(z)) - A(z, Du(x)), n* (Du(z + h) — Du(x))) da
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—/Q<A (2 + h, Du(x)) = A(x, Du(x)) , " (DY (x + h) — Dip(x)) ) da
+ /Q (A (2 + h, Du(z)) — A (2, Du(x)) , 20Dy (1 — ) () da
e T4 I+ I +IV+V 4+ VI,

so we have

I < |II|+ |[III| + |IV| + [V| + |V|. (4.20)
By the ellipticity assumption (4.5), we get

p=2
I> 1// n? | Du(z)|? (u2 + |Du(z + h)|* + \Du(x)|2) * dw. (4.21)
Q
By virtue of assumption (4.6), using Young’s inequality with exponents (2,2), and then
Hoélder’s inequality with exponents <#, %), by the properties of i, we infer

11 < L[ o Du(@)] (4 + [Duta + 1) + [Du@)?) (7. D0(a) do

p—2
< & [ P ImDu@) (42 + Dule + W+ Du(@)) 7 da
Q
2 2 2 2 2 %
+ee | DY) (4 + | Dule+ W + [Du(@)?) * do
p—2
< & [ P ImDu@) (42 + Due + W + Du@)) 7 da
Q
_4 p=2
p+2 p+
te. i D ()2 dz) - / (472 + |Du(z + B)"*?) da
By B/\r
p—2
<

s/nQ\ThDu(@y? (12 + [Dulx + WP + [Du(@)?) 7 da
Q

+eo|h)? (/ D% ()] 2 dx)
Bxr
%

| (/B (572 + |Dula + B)*2) dw) i (422)

where we used Lemma 1.2.3.
Similarly, by Young’s and Hoélder’s inequalities, by virtue of the properties of 7, and Lemma
1.2.3, we can estimate the term I11 as follows

—2

p—<
1 < 2L/Q77\D77\ i Du(@)| (4 + |Du(w + W) + | Du(@)?) 7 |7 (u—v)|de

p—2

< = [ P mDu@P (12 + 1Dua + W+ Dul)f) T ds
Q

ce(L)
(t—s)?

: [ ImDu@ (42 +1Duta + )+ 1Dula)f) T da
Q

[ (4 1Duta  0E 4 1Du@)R) T (- 0) (@) da
B\ Bs

IN
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p—2

ce|h|? (/ 12 +2 e
+— w4+ |Du(x)[P"°) da
(t - 8)2 B)\r ( )

' ( [ - @ dw) o (42
B

In order to estimate the term I'V, we use assumption (4.10), Young’s inequality with
exponents (2,2) and the properties of 1, thus getting

VI < bl [ o (oG + )+ (@) (4 +1Du@)) 7 Dula) do

p—2

< ¢ [ #ImDu@P (4 + Dua+ 1) + [Duf)?) 7 do
C 2 Xz X 2 2 u\xr 2 g xXr
selhl® [ (ot )+ o) (5 4 1Du(@)P) e

and using Holder’s inequality with exponents (#, %), and the properties of 7, we have

p—2

V| < 6/9772\7,11)@0(95)\2 (42 + |Du(@ + h)[* + [Du()*) 7 da

+c.|h|? (/B gp+2(m)da:> e . (/B (,up“ + |Du(:n)|p+2) d1:> o . (4.24)

In order to estimate the term V', we use condition (4.10) again, then Holder’s inequality with

exponents (p + 2, %, 3%2), the properties of 7, and the properties of difference quotients of

Sobolev functions, so we get

p—

VI < W o ol + b+ 9() (18 + Du@)) Do) da

p—1

( [ (o) + gy dx) . ( [ (4 1) dﬂ«")

IA
=
8
+
>
_|_
Q

IN
=
T
VR
h
x
N
=3
+
[\]
2
QU
K
~
]
3
[V
R
S
N
=
=3
Jr
[N}

+

-]

I
—

&
S~—
S

Jr
[\
N—

QU

&

~_—

. (/ ‘DQw(m) = d:z:) o ) (4.25)
Bir

where we used the assumption Dy € WLPTH and first estimate of Lemma 1.2.3.

For what concerns the term VI, using the condition (4.10), the properties of n, Holder’s
p+2 p+2

inequality with exponents (p + 2, 10 2

), and the properties of difference quotients of
Sobolev functions, we have

p—1

VIl < 20 /Q 0| Dnl (g(z + ) + g(2)) (42 + [Du(@)*) * |7 (u = ) (2)| da
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?ﬁi </]3Arg(w)p+2dx>ﬂ ) </Bt (Iup+2 4 ]Du(m)]p+2) dm)w
. (/ D (u— o) ()| 5 da:) - (4.26)
Bir

Plugging (4.21), (4.22), (4.23), (4.24), (4.25) and (4.26) into (4.20), choosing € = &, and
reabsorbing the terms with the same integral of the right-hand side to the left-hand, we get

y/nZ mDu(@)? (42 + [Du(e + W) + [Du@)) * da
Q

p—2

< clh)? (/B ‘DQQ,Z)(:L‘) ) d:c) " </B (172 + |Du(a)[P+?) dx) "
g (G ae) ™ ([ oo wertar) ™

7z ) =
+c|h|? / "2 (z)dx : / (up+2 + | Du(z)|P* ) dx
B By

1 p—1

+c|h|? </B gp+2(x)d:v> e : (/B (up+2 + \Du(x)|p+2) dw)

2

p+2 p+2
(/ ’D%z)(x) 2 dﬂc)
B/\'r
2 2 =
p p
+C|h| / g(z)P2dz ) / (/Lp+2+]Du(x)‘p+2> da
t_s B)vr By
2

- (/ 1D (1 — ) (2) 5 dm) " (4.27)
Bxr

Now we apply Young’s inequality with exponents (%, %) to the first two terms of the

right-hand side of (4.27), Young’s inequality with exponents (3%2, 2%2) to the third one, and

(p +2, g%%, #) to the last to terms, and since u € Ky, (£2), we have

p—2

1// n? | Du(z)|? (u2 + | Du(z + h)|> + ]Du(m)]2> * dx
Q

pt2
< 5\h[2/B (17*2 + |Du(a) ) dm+celh\2/B D2()| 7 da
Ar Ar

|h|? p+2
seli? [ (2 Duta)pt?) o+~ [ Dy
B)\r (t - S) 2 B/\r

+e|h|2/ (1* + |Du(2) ) d:c—l—cs|h|2/ 2 (2)dz
By, Bir



88 Chapter 4. Obstacle problems

+5\h|2/
By

h 2
+7(t <l )|p+2 /B g7 (z)da.
— S 2 Ar

(,up+2 + |Du(x)|p+2) dx + cg|h|2/

By

1Dy (x)| "7 da

T

Recalling the right-hand side of the inequality (1.5) in Lemma 1.4.3, we get

v [ PV (Du(e) do
Q

< elnf? |
By
2 +2 +2 ce|h|? pr2
+elhl (12 + [ Du()l” )dx—l—(w- IDY(2)|" T dw
B\ Bxr

el /
B)\'r

r t—s) 2
—i—e\h\z/ (17*? + |Du(@)P*) da —i—cslh]Q/ D) F da
B, Bxr

pt2
(17" + |Du@)P*?) do + cclhf? / D%()| 7 da
B)\T‘

r

(w2 + D@ 2) d o+ chf? [ )
B)\'r

c.|h|?
+7(t | )|p+2 /B gp“(a:)dx.
— S 2 Ar

Now we divide both sides by |h|? and use the Lemma 1.2.4 so, passing to the limit as h — 0,
we get

/ 7 | DV, (Du(x)) | da
Q

pt2
< 4 / (1772 + |Du@)P*?) do +c. / D%6(@)| * da
B)m B)\r
+2 +2
ve [ D0@)F ot — = [ Du@)F da
B (t —_ S)T B,
+C€/ g (@) dx + ciapw 9"+ ()d,
B)\'r (t - S)T B}\T
which, thanks to the left-hand side of inequality (1.6) gives
2( 2 N2 |2 2
n? (42 + |Du(@)?) 7 |D?u(a)] da
Q
< [ 1DV, (Du(e)) o
Q
p+2
< 45/ (up+2 + |Du(;1:)|p+2) dx + ¢ ’DQw(m) * dx
B/\r B)\r
42 +2
veo [ D0@)F vt [ Du@)F da
B)vr t — S 2 B}vr
+c€/ g2 (x)dx + Cisw P2 (z)dx. (4.28)
B)\'r (t - S)T B}\T

By virtue of Remark 1.4.7, using inequality (1.2) we have
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Lo (12 + 1Du@))* 1Du(o)f da
2 2( 2 N2 | 2 2
< el |7 (2 + 1Du@P)  [DPu(e)] do

2 2 2 2 2 g
e[l ugotay [ (9 +1Da1%) (2 + D))

Hence, thanks to estimate (4.28), and the properties of 1 we infer

dz.

ya
[ (12 + 1Du@))* 1Du(o)f da
< €c|uH%m(BM)/B (Mp+2+|Du(x)|P+2) dz
Ar

pt2

== p+2
T ot e ol /B DY ()| 5 do
AT

v ullteqs,,) [ [P0
AT

Ce ||U||?:oo By, pt2
$ TG [ 0@ F do bl [ @)
(t—s)z JBx By,
Ce HUH%W(BA ) 2 2\ 5
+—5 w” + |Du(x dz
it ), (e Du@)P)

P2

2

Ce ||U]| T 00

+—€H I (B“)/ 9" (x)da.
(t—S) 2 Bxr

Taking into account the properties of n again, since p > 2 and t — s < 1, we obtain

/B (m + |Du(1’)’2>g \Duz)[? de

r

< eclul? s, /B (7% + | Du(a)"2) da
Ar
pt2

pt2
T o+ e ull gy /B DY) da
R

rfullfeisy [ |PPo)
R

2
C, u oo P g
iz [/ Dy ()| da + / g7+ (x)da + / (u2+rDu<x>\2)2d:c]
(t—s)T Br Br Br
e )2y /B P+ (),
R

and choosing € such that ¢ - ¢ ||u|\%oo (Br) 1, previous estimate becomes

/ |Du(z)|P** da

T

/B (,UQ + ‘Du(x)|2)g |Du(x)|2 da

1

= / |Du(z)|PT? dx
2 B)\r

IN

IN

22 pt2
: daz+/ |DY(x)| 2 dx +/ g (x)dx
BR BR

a2z [/B D2(a)
R
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2

Cl|U||T 0o pt2

+L§jj§> V |D(x)| 2 dac—lr/ g””(w)dH/ |Du()[" dz + e(p, ) | Br|
(t—S) 2 Br Br Br

+C(/'L7p) ‘BR‘ )

where ¢ = ¢(n,p, ¢, v, L, 1) is independent of ¢ and s. Since (4.29) is valid for any
% <r<s<t<r<R<1, and the constant ¢ > 0 is independent on the radii, taking the
limit as s — r and t — Ar, we get

/ | Du(z)|PT? dx

r
pt2

1
* dx

; /B Du(@)P* do + ¢ [[ul2e [ /B D%(a)
AT R

B2 P2
—i—/BR | D ()] dw—l—/BRg (x)d:v]

IN

2
cllullpoe ()

7“¥ (N — 1)¥

+/BR gp+2(;c)da;+/BR | Du(x)[” d + c(p, p) !BRll

+C<M7p) ’BR’ .

/ DY) da
Bgr

Now, setting

h(r) = /B 1Du(a)* d,

pt2
A= cllulfe(sy UB D ()] "> dw+/B 9p+2(~’r)dw+/ !DU(w)!pderC(u,p)lBRI]’
R R

Br

and

p+2

2 da:—i—/ \Dw(x)\¥ dx—i—/ gp+2(x)dm + ¢(p, p)| Brl,
Br Br

B = c|[ull < (s, [/B ‘D%(?ﬁ)
R

we can use Iteration Lemma, with

thus obtaining

/ | Du(z)[P+* da
Bpr

2

< cllullfe sy l/BR ’DQl/J(Jf)

2
Cllu 0
+7H |’§+2(BR) l/ Dy ()| % dx—i—/ gp+2(x)da:+/
R Br

Br Bg

p+2

2 d:n—i—/ \Dy(x)|"= da;+/ P2 (z)dz
Bgr Bg

|Du(2)|” dx + (s, p) BR‘]

+c(p,p) |Brl - (4.29)
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Since R < 1, estimate (4.29) can be written as follows

/ |Du(z)|PT? dx
Bgr

2

¢l 5y N 2
S [ D) T+ v
R= Br
49" 2(2) + |Du(z) P |dz. (4.30)

Now, we consider the estimate in (4.28) choosing a cut off function n € C§° (B E) such that
2
n =1 on Br; so that thanks to (4.30), we obtain
4

el
/B DV, (Du(a)) e < == P
R

4

./BR

By virtue of estimate (4.12), we conclude with

p+2

L+ [ D) +|Dw<x>f2“+gp+2<x>+rDu<m>rp] dr.

| 1DV, (Du(e)) do
Bpr
4
¢ (1013 =5y + 135+ (5 )

= p+2

R =
./BR

1+ ‘D%(x)
Step 2: the approximation.
Fix an open set ' € €2, and for a smooth kernel ¢ € C§° (B1(0)) with ¢ > 0 and fB1(0) =1,
and for any ¢ € (0,d (©,09)), let us consider the corresponding family of mollifiers { ¢. }..
Let us set

22 pt2
© o+ De(@)] T + g (@) + [Du(@)l| de. (431)

ge = g * Pe, Ve = P * @,

Ky () = {weu+Wg? (@) :w >t ae inQ,

and

A (z,8) = : d(w)A (z + ew,§) dw (4.32)

on ', for each € € (0,d (€, 00)).
Assumptions (4.4)—(4.6) imply

p—1

A (@) < (2 +1ef) 7, (4.33)

p—2

(A (2,€) = Ac () & =) > vin — € (12 + € + ) 7, (4.34)



92 Chapter 4. Obstacle problems

Az (2.6) — Ac (2. < LIe—n] (4 + |e[* + nf?) 7 . (4.35)
By virtue of assumption (4.10), we have
Az (2.6) — As (1.6)] < (9-(2) + 9:(0) |2 — ] (12 + ) * (4.36)

for almost every x,y € Q and for all £, € R™.
Let u be a solution of the variational inequality (4.2) and let fix a ball By € Q'. Let us
denote by u. € u + VVO1 P (Bp) the solution to the inequality

/Q (Ac (z, Dw(z)),D (¢ —w) (x))dx >0 Vo € Ky, (). (4.37)

Thanks to [42, Theorem 1.1] we have V, (Du.) € W, (B ) and, since A, satisfies conditions
(4.33)—(4.36), for a sufficiently small ¢, we are legitimated to apply estimate (4.31) to get

/ DV, (Due(2))? de

Br

¢ (el e s, + el 5,))

= pi2
r 2
2 = pf2 2
PP T 4 1D @)F @) + D) de. (138)

for every ball B, @ By and for a constant c.

pt2
We recall that, since D € Wlic 2 (Q) and ¢ € LS. (), we have

loc
e — strongly in L™ (Bp), (4.39)
and »
2
D%, — D%y strongly in L2 (Bp), (4.40)
ase — 0.
p+2

Moreover, applying Lemma 1.1.2, we get D1 € L; '~ (), which implies

loc

Dy, — D) strongly in LP*? (Bj) as e — 0. (4.41)
Since g € LP12 (), we have

loc

ge = g strongly in LP*? (Bj), as e — 0. (4.42)

p—1
From (4.33), we have |A. (z, Du)| < ¢ (;P + |Du|2) * | and since A (z, Du) converges to
A (x, Du) almost everywhere in By, by the dominated convergence theorem we have

Ac (z, Du) — A (z, Du) strongly in LT (Bp), ase — 0. (4.43)

If we consider a cut off function n € C§° (Bj) such that 0 <7 <1,np=1 on By and

2
|Dn| < £, and choose ¢ = uc + 1 (¥ — ¥c) and ¢ = u + 1 (e — 1) as test functions in (4.2)
and (4.37) respectively, we have

/B (A (, Du(x)) , (Duz — Du) (x) + D (¢ — ) (2)]) dex > 0, (4.44)

R
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and

/B (Ae (z, Duc(x)) , (Dus — Du) () + D

R

Using the ellipticity condition (4.34) and (4.44), we have

and by (4.45),

Therefore from the inequality (4.46), using Holder’s inequality with exponents (p, L

deduce

J

R

< ( A, Du@) - A (x, Du(x))\% dx)

| (12 +1Du@) + |Pucta) ) |(Due = D) @) d

R

IN

/B (Ae (z, Duc(x)) — Ag (x, Du(z)) , (Dus — Du) (z)) dz

R

- /B (Ac (z, Duc(x)) , (Due — Du) (z)) dz

R

—+

_l_
S o

(A (z, Du(x)) — A: (x, Du(x)) , (Due — Du) (x)) dx

R

(A(z, Du(z)), D [n (¢ — ¢2) ()]) dx

=

R
we get

(;ﬂ + [Du(@) + |Duc(@)?) T |(Du. — Du) (@) da

R

IN

\m\

Ac (z, Duc(z)), D [n (Ve — ) (2)]) dz

+

(z, Du(z A¢ (z, Du(z)), (Dus — Du) (x)) dz

R

/B
/B (2, Du(z)), D [n (¥ — .) (2)]) da
-, v

_|_

R

(z, Du(x)) , (Due — Du) (z) + D [ (¢ — ) (2)]) d

(4 (z, Due(2)) — A(z, Du(2)), D [n (¥ — ¥) (2)]) dz

+/ (A (z, Du(z)) — A (z, Du(x)) , (Dus — Du) (x)) dx
B

R

I
o

p—2

(,u2 + |Du(z)]* + \Dug(gn)\Q)T |(Duz — Du) ()|* dz:

P

(/ A (2, Du(z |p1d:z:> (/ Dy |de>;

(/ A (2, Du.(z ]pldx> (/ D[y pdxf‘

Since p > 2, we have

/ (Du — Dus) (2)|P da
B

R

(1 (¢ = 4e) (2)]) d < 0.

(A (2, Du(z)) , (Due — Du) (x) + D [n (¢ = ¢¢) (2)]) d

93

(4.45)

. ( |(Due — Du) (z)|P d:r) ’
BR

(4.47)
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p=2
< / (42 + |Du()* + |Duc(2)]*) * |(Du. — Du) (@) dz,
Br
and combining previous inequality with (4.47), we deduce

~ |(Du — Duy) (z)|P dx

p—1

</ S (x’Du(ﬂf))lp%l dx) B (/ |(Duz — Du) ()| d:n)i
</ A 1dx> (/ D )dex);
</ | A (z, Duc () !P I dx) (/ D[y )”de>p7

and by Young’s inequality with exponents (p, ﬁ), for any o > 0 we get

|=

/ (Du - Duz) (2)P da

By
p—1

/ |A (z, Du(x (m,Du(m))|P%1 dx + 0/ |(Du — Du,) (z)[? dx

+< A Du@)= 1dw> ,, ( 1D [0 (Y =) (= )dew>

</ A (z, Du.(x) |p1dx> (/ D )];Pm)p, (4.48)

and choosing o = %, we can absorb the second integral in the right-hand side of (4.48), thus

getting

~ |(Du — Duy) (z)|P dx

IN

/B~ |A (2, Du(z)) — A. (z, Du(z))|7-T dz

¢ (/ |A(m,Du(:p))|Pp1dx> ’ +</ \Ag(x,Dua(a:)ﬂﬂplda:) ]
Bg Bg

( |D[<><w5—w><>npdx)p

/ |A (z, Du(z Ag (z, Du(x))|# dz

IN

p—1

+l/ (12 + IDu(a)? +|Dua<x>2)5dx]”

( / Dy mpd:c);

< / |A (z, Du(z)) — Ae (z, Du(z))|77 do

By



4.2. A first reqularity result for solutions to some obstacle problems 95

p—1

e (Du— Du.) (2)[F dx] ’

I
(0

where we used (4.4) and (4.33).
By (4.49), applying Young’s inequality with exponents (p, p%l), we get

(MQ + |Du(x)|2>g dx +/

Bg

D [ (4= — ) ()] dx> . (4.49)

R

/ (Du — Duz) (2)P da
B

R

IN

/B~ |A (x, Du(z)) — A (z, Du(m))\% dx

| G+ \Du(x)\Q)gdw] o ( | @ - v @ dw) p

R

+c

R
p—1

/BR'(D“‘D“E> (a:>rpdw]p - (/B

< / ~ |A (z, Du(x)) — A. (x,Du(x))\ﬁ dx

/BR (M2+\Du(x)\2)gdacr;1 - (/BR

+o /BR |(Du — Duc) (z)|” dx + ca/ - 1D [ (e — ) (2)]F da, (4.50)

+e 1D [ (e — ) (@)]P d:c> ’

+c

D (e — ) @) dx) '

R

and if we choose o > 0 sufficiently small, (4.50) gives

/ (Du — Duy) (2)|" da
Bp
< /B~ |A (z, Du(z)) — Ae (x, Du(x))|P—T dx

R

1D [ (e — ) ()" da:) ’

+e /B (u2+\Du(x)|2)§dx]p.</B_
ve [ DI~ 0) @) de (4.51)

Let us notice that, recalling the properties of 1, we get

/ |D [ (e — 1) (x)]|F d
B

R
< /
B

Hence, thanks to (4.52), recalling (4.39), (4.41) and (4.43), the right-hand side of (4.51)
vanishes as € — 0, and we deduce

D) @P ot [ =) @ (4.52)

R

Us — U strongly in W (Bj) ,

and so
Us = U strongly in LP" (Bjg), (4.53)
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and, for a not relabeled sequence, we also have
Us — U and Du, — Du

almost everywhere in By, as ¢ — 0.
Moreover, since the function £ — V), (§) is continuous, we also have

Vp (Duz) — Vp, (Du) almost verywhere in B, as ¢ — 0.

For these reasons, we can to pass to the limit in (4.38) and, by virtue of the Fatou’s Lemma,
recalling (4.39), (4.40), (4.41), (4.42) and (4.53), we get

/ DV, (Du(z))? dz
B

r
4

¢ (Il (s, + Iulio 5,

= p+2
r 2

/ [1 + |D?(a)

Therefore, by means of a covering argument, we conclude, with the estimate (4.16). O

pt2 o

2 4 DY) + " (2) + | Dula)[? | da.

4.3 A higher differentiability result for solutions to some
obstacle problems with sub-quadratic growth and Sobolev
coefficients

As in the previous section, we are interested in the regularity properties of solutions to
problems of the form (4.1), where Q@ C R™ is a bounded open set, n > 2, f : Q@ x R” — R is a
Carathéodory map, such that & — f(z,&) is of class C? (R™) for a.e. z € Q,

P Q+— [—00,+00) belonging to the Sobolev class I/Vlif () is the obstacle, and

Ky () = {w € ug+Wg? (QR) 1w > ¢ ae. in Q]

is the class of the admissible functions, with ug € W1? (Q) a fixed boundary datum.

As we noticed before, a function u € VVlif (€2) is a solution to the obstacle problem (4.1) in
Ky (22) if and only if u € ICy (2) and u is a solution to the variational inequality (4.2) where
the operator A : Q x R™ — R" is defined by (4.3).

Again, we assume that A is a p-harmonic type operator, that is it satisfies p-ellipticity and
p-growth conditions with respect to the &-variable (4.4)—(4.6) and , for all £&,7 € R™ and for
almost every x € €.

The main difference with respect to the problem we considered in Section 4.2 is that, here,
l1<p<2

The result we prove in this section is [53, Theorem 1.1], which, in some sense, extends to the
sub-quadratic growth case what is stated in [42, Theorem 1.1].

Indeed, we show that an higher differentiability property of integer order of the gradient of
the obstacle tranfers to the solution of problem (4.1), provided the partial map

x — D¢ f(x,&) belongs to a suitable Sobolev class, with no loss in the order of differentiation.
More precisely we assume that the map = — A (z, &) belongs to VVlicn (Q) for every & € R™ or,
equivalently, that there exists a non-negative function g € Lj . () such that (4.10) and (4.11)
hold.

Note that, since f, as a function of the ¢ variable, is of class C?, then the operator A is of
class C'! with respect to ¢, and (4.6) implies (4.7), for all £ € R"\ {0} and for a.e. = € Q.
The result we prove in this section is the following.
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problems with sub-quadratic growth and Sobolev coefficients

Theorem 4.3.1. Let u € V[/I})’f (Q) be a solution to the obstacle problem (4.1) under
assumptions (4.4)—(4.6) for 1 < p < 2. Moreover, let us assume that there exists a function
g € L () such that (4.10) and (4.11) hold.
Then the following implication holds:

Vo (DY) € Wige (Q) =V, (Du) € Wi ().

Moreover, for any ball Bog € §2, the following estimate holds

DY, (D, < C (14 1Dul o,y + 1V D)z gy + 19l 05) (4:54)
2

where C' > 0 depends on n,p, R,v, L and ¢ and o > 0 depends on n and p.

4.3.1 Proof of Theorem 4.3.1

Proof of Theorem 4.3.1. Since the condition V, (D) € I/Vlzz (Q2) implies the existence of the
second order weak derivatives of ¢ (see Lemma 1.4.5), and the map & — f (z,§) is of class
C?, we are legitimated to apply Theorem 4.1.2, and this gives us the possibility to overcome
some technical difficulties that could come out if we start from inequality (4.2), due to the
fact that 1 < p < 2.

Let us recall that u € T/Vli)f () is a solution to the equation (4.13) if and only if, for any

0 € Wo (Q),

/ (A (z, Du(x)), Dp(z)) dz = —/ divA (z, DY(2)) X{u=y} (7)p(T)d. (4.55)
Q Q

Let us fix a ball Bop € 2 and radii % <r< §R < Ar < R, with 1 < X\ < 2. Let us consider a
cut-off function n € C§° <B3R) such that n =1 on BR, |Dn| < % and |D?n| < 5. From

now on, with no loss of generality, we suppose R < 1.
Let us consider the test function

2

Y =T_p (n -Thu) .

For this choice of ¢, using proposition 1.2.2, the left-hand side of (4.55) can be written as
follows:

A(z, Du(@)), D (7 (nP(2)mhu(2)) ) ) do
™A (2, Du(x)), D (n(2)myu()) ) do
A(z+ h, Du(z + b)) = A (2, Du(x)), D (n(z)myu(x)) ) de
A(z+h, Du(z + h)) = A (2, Du()) ,n*(z) 74 Du(x) ) do

+ /Q (& + h, Du(z + h)) — A (x, Du(z)) , 2n(x) Dn(x)mhu(z)) da
- /Q (A(x, Dulw + 1)) — A(z, Du(a)) ,*(@)m Du(x) ) da

+/ <A x4+ h, Du(x + h)) — A (x, Du(z + h)) ,772(93)ThDu(x)> dx
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+/Q (A(x+ h, Du(x + h)) — A(z, Du(x)) ,2n(x)Dn(z)mpu(z)) dx
= Ip+1+11I, (4.56)
where, for the finite differences, we used the simplified notation
T F (xz) = F(z + h) — F(z),

with A € R", in place of
rnF (@) = F (@ + he,) = F(a),

with h € R and, in the following, we will specify the direction only if it will be necessary.
Since the right-hand side of (4.55) is not zero only where u = 1, using the test function given
above, it becomes

- /Q divA (2, D)) Xu=y ) ()7 (PP (@)t (2) ) da, (4.57)

and since the map x — A (z, &) belongs to I/Vlif (Q) for any £ € R™, the map & — A(x,§)
belongs to C* (R") for a.e. € Q and V,, (Dv) € I/Vlloc2 (Q), we can write (4.57) as follows

_ /Q {4 (2, DY (@) + A¢ (z, Dy(x)) DX ()| X (umy ) (@)
T h<7)2 )T (z ))}

_ /Q{ (2. DY) + A¢ (2, Dib(x) D* ()] (s (2)

e (0 [ Dot ) i

-/ { [y (2, D)) + Ae (2, DY) DP0(0)] Xy ()

1 1
. W/O an(:L‘ — 6h) /0 D?*y(z + oh — 0h)do
d@}d:ﬁ

+2n(z — Oh)Dn(x — 6h) /1 Diy(x + oh — 0h)do
0
- _/Q { [Ax (l’, Dw(l')) + A§ (ZL’, Dw(l')) DQ@b(m)}X{uqu}(l,)

'/1 /1 [h[? [i12 (2 = 0h)D*(w + oh — Oh)
0o JO
+2n(z — 0h) Dn(x — 0h) Dip(z + oh — Hh)]dade}dx.

Therefore, the right-hand side of (4.55) is given by the following expression

— |h)? / (2, D(2)) X{uepy (@ / / — 0h)D*y)(x 4+ oh — 0h)dodfdx

—2|h[? /Q Ay (2, Dy () X{ud)}(x)/o /0 n(z — 0h)Dn(x — 0h) D(z + oh — Oh)dodfdx
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— |2 /Q Ag (2, D(2)) D*9(2) X { ey } (%) /0 1 /0 1 n*(z — 0h)D*(x + oh — Oh)dodfdx
201 [ A (e, DU@) D@ (umi @)
- /0 1 /0 (& — Oh)D( — 61 Du(x + oh — 61 dodbdz
= —II[—-IV -V -VI. (4.58)
Inserting (4.56) and (4.58) in (4.55) we get
Iy=—I1—I1—-1IT—IV -V = VI,
and so

To < |I| + |IT| + [ITI) + |IV| + V] + V1] . (4.59)

By assumption (4.5), we have

Iy > V/qu(x) (,ﬁ + | Du(z)|* + | Du(z + h)|2)¥ |7 Du(z)|? da. (4.60)

Let us consider the term I. By assumption (4.10), and using Young’s inequality with

exponents (2,2), Holder’s inequality with exponents (%, #), and the properties of n, we get

p—1

1 < |nl /Q (9(z + ) + g(2)) (12 + | Du(@)]” + [Du(z + h)[*) * n?(2) |7 Du(x)| da

IN

o [ 32@) (5 + 1Dat)? + 1Dutr+ W) T (Dt de

tec|hf? /Q @) (12 + |Du(@)” + [Dute + m)P)* (9w + h) + g(x))? da

IA

6/97]2(13) (u2 + |Du(z) > + |Du(z + h)|2)¥ |7 Du(z))? d

+cg|h|2 (/34 N
: (/BA g"(x)dx)i. (4.61)

For the term I1, if we denote again finite differences with respect to a precise direction
s=1,...,n, with an integration by parts, we have

(;ﬁ + |Du(x)|® + | Du(z + h)|2) 22 daz)

1
—II —2h5/ </ di A (x4 Ohes, Du (z + hsbey)) d0,n(m)Dn(x)757hu(x)> dx
Q 0 s

1
= 2hs/ﬂ</0 (A (x + hsbes, Du(x + Ohey))) db,

) Do) (e ) do

where, for each s = 1,...,n, es is the unit vector in the z4 direction, and now h € R.
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So we can estimate I1 as follows

1
|11 < 2\h|// ]A($+9hes,Du(x+h8965))\(|Dn(:c)|2|757hu(x)|
QJ0

() |D()| o pu() | ) dbd

1
+2c/h] /Q /0 A @+ hafles, Du (x + 0he.)| (n(2) [Dn(a)] [rup Du(a)| ) déda

IN

1
20|h|// |A (@ + hubes, Du (x + 0he,)| (1Dn(a)
QJ0

+(z) [D*n(x)| )6 |ropu(e)] do

1
+2c|h| / / |A (z + Ohes, Du (x + bhey))| n(x) |Dn(z)| |75, Du(z)| dddz.
QJo

Now, recalling the properties of 1, assumption (4.4), and using Holder’s inequality with
exponents (p, %), Lemma 1.2.3 and Young’s inequality with exponents (2,2), we get

p—1

| < 2c[h\/ﬂ/01 (12 + [Du(@)> + |Du (x + 6he,)?) * (|Dn(a)?

() [D*n(a)| )do |ropu(e)] deo

p—1

1 p=1
2t | [ (i + D@+ 1D+ 0he,)) () D1(o) s Duta)| doda

p—1

— el /01/9<u2+|Du(x)|2+|Du(m+9hes)\2)2(]Dn(:::)]Q

+n(z) \Dzn(:c)\ ) |7 pu(z)| dzdf
+2ch| /01 /Q (u2 +|Du(@)]* + |Du (x +0hes)!2)% n(x) | Dn(x)| |75 p Dux)| dzdo

1
@ / (u2 + | Du(z) > + | Du (z + Qhes)\z)
R Jo Bip

u

+e [ (@) renDu(@)? (4 + |Du(@) + Du o + heo)?)  do
Q

IN

[N]4S]
QU
8
N~
“|
QU
<>

1
P
|75 pu(x)? dx)

3
TR

B2 [l 1
+CE]|%2| / / (,u2 + | Du(z) ] + | Du (z + 9h€5)|2)p
0 /By,

2—p

(W2 + |Du(@) + [Du (z + he,)2)  daedd.

Now, if we use again the simplified notation for finite diferences, with h € R™ in place of heg
where h € R, by Lemma 1.2.3, we get

C’h‘Q 1
1] < RQ/ /
0 B

p—1
p

(u2 + | Du(x))* + | Du(z + 0h)]2> ? d:r) do

3
TR
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=

| Du(x)[? d:(:)

u

+e /Q n*(@) [mDu()[* (42 + | Du(@)” + [Du(x + h)[*) * da

3
aR

p—1

€ h2 ! 2
+c}|%2| / [/ (,u2+ \Du(a:)\Q—i-\Du(:c—i-Qh)\Q) :
0 | /By,

» 2
: (,ﬁ + |Du(z))* + |Du(x + h)|2) s dx] de. (4.62)

Let us consider, now, the term I71. By (4.11) and the properties of 1, we get

p—1

1] < [P / / [, o) (s + 1Dv@)? + 1Dvte + 1) T
: ‘Dzl/)(a? +oh— Hh)‘ dzdods.

Using Young’s inequality with exponents (2,2), we get

< ene [ [/ (2 + 100 (@) + Dot + W) do
[ (Dot +|Dw<x+h>12)¥
| D¥(x + oh — on) ]2 dx} dodo. (4.63)

Using Young’s inequality again, with exponents (%, ﬁ) in the first integral of (4.63), we get

1) < clpP [/ 7)o+ [ (/m|Dw<x>\2+|w<x+h>12)%dx]
Bxr By,

—1-0/01 /01/B (;ﬂ + |Dyp(2)|* + | Dyp(z + h)|2>’%2

2
| D¥6(@ + oh — 0n)|” dzdods. (4.64)

We estimate the term IV using (4.11), thus getting

V] < 2P [ gla) (42 + D@ + Do+ 1)) T
B)\r
1 1
. / / D (& + oh — 01)] | Dz — 0h)| doddda. (4.65)
0 0

Let us consider, now, the term V. By (4.7), we get

Vi w2 pe@P) T D)
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1 1
: / / ‘D%(x +oh— 9h)‘ dodfdz. (4.66)
0 0

In order to estimate the term VI, we recall (4.7) again, thus getting

Vil < o [ (w4 10vwP) T D)

Bxr

1
. / / D — 01| | D+ oh — 61| dodbdz. (4.67)
0 0

Now, plugging (4.60), (4.61), (4.62), (4.64), (4.65), (4.66) and (4.67) in (4.59), recalling the
properties of 17 and choosing a sufficiently small value of e, we get

p—2

[ (@) (12 + 1Du@) + [Duta + W) T [mDu(o) da
Q

< chp (/B
3

TR

n—2 2

(,MQ + |Du(z))* + | Du(z + h)|2>% dm) ' : </B g”(w)d:z:)

p—1

+CL22|2 /01 (/B (M2+|DU( )P+ [Du( + 6h)] )gd ) w0

.(/B *

\h\

Ar

P

| Du(x)[? dx)

3R

/ /B 12 + | Du(z)? —|—|Du(:v—|—0h)|>

2—p

(12 + 1Du(@)? + [Duz + h)?) * dedo
+clhf? [/BA " )d:r+/B (12 + | Dis(a )|2+|D¢(x+h)|2)% dfc]

—l—c]h]Q/// 12 + |Dy(z)? + | Dy (x + b)) ) ‘Dwa—i-ah Gh)‘ dzdodd

+2ln? / / [ @ (12 + D@ + Pute -+ wE)
-|DY(x + oh — 0h)||Dn(x — Oh)| dxdodh

+|h|2/// i+ 1De@) T | D)

: ’D2¢(:c +oh— eh)‘ dadodd
+21h12/// W+ DY) ™ |D(a)]
| Dn(z — 0h))| ysz(:c + oh — 0h)| dzdodo. (4.68)

By Lemma 1.4.3 and the properties of 7, the left-hand side of (4.68) can be bounded from
below as follows
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p—2

/Q n*(2) (12 + |Du@) + |Du(@ + b)[*) * |7 Du(w)” dz > / [7Vp (Du(@))|? da.

Br
2
(4.69)
So, by (4.69) and (4.68), recalling the properties of  and using Lemma 1.2.3, we get

/ iV, (Du(a)) 2 da
Bgr

2
n—2

< c|h? </B (,u2 + |Du(az)]2>% dz) N : (/B g”(m)d:t)
A [ (o DuyP)

telh]? UB g"(a:)dx—l—/B (uz—l—]Dz/J(a:)F)md:c]

+ [ gt (s + \Dw@c)\?)g o

R

dzx

+c\h\2/B (u HIDo@)) T DR ds
c|h|

4 |Du)) 7 [P as
Now we apply Holder’s inequality with exponents (n n, ) to the integral of the fifth line,

Young’s inequality with exponents (2,2) to the last mtegral, and use Lemma 1.4.3, thus
getting

/ 7V (Du(a)) P da
Bgr

2

< c|hf? (/BR (12 + |Du(a)?) dm) : (/BR g"(x)dac)
2 P
+ch2| </B (/J2 + ]Du(a:)]Z) ? da:)

+elhf? [/B g"(:c)dx—F/B (u2+|D@Z)(x)|2>2(:f”dx]

+elhP (/B g%x)dsc)”-(/B (u2+|Dw<x>|2)de> ”

+C|Z|2 [/BR | DV, (Dw(x))|2dg;+/BR (M2 n \Dw(x)\z)gdx]

S

for a constant ¢ = ¢(n,p,v, L, ). By Young’s inequality with exponents (%, ﬁ), we get

/ iV, (Du(a))[ dz
Bgr

2

< ohpP [/B (u2+|Du(a:)|2)2<352>dx+/B g"(x)dH(/B g"(:c)dx)

NI
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[ (D)™ dx]

+c|§;2 VBR | DV, (Dw(a:)),2dg;+/BR (Mz N |D¢(w)|2>gdx1

+C’£22 (/B (uQ + |Du(1:)|2>g dm) . (4.70)

np
Let us observe that, since V,, (D)) € VVl(l)f (Q), by Sobolev’s inequﬂity, Dy e L" ? ().

loc

Therefore, applying Theorem 4.1.5 with ¢ = -5, we have Du € L2 (Q), with the following
estimate:

]iR |Du(z)|»—2dx < C {1 —l-]{BQR |D(x)| "2 dx + (J{%R | Du(z)|? da:) } . (4.71)

Using (4.71), estimate (4.70) becomes

/ iV, (Dua))[? dz
Bgr

2

_n_

n—2
dx]

M|

< ofnf? { /B (12 + 1De()[*) 7 dz +
2R

—l—/BR g"(z)dx + </BR g"(x)da:) daz}

+C|Z|2 VBR\D% (D¢(x))|2dm+/BR (H2+ |D¢(:6)|2)gdx]

Tk ( | (i 1Duia)?)* daz) .

Applying Sobolev’s embedding Theorem to the function V,, (D), and exploiting the fact that
p < %5, we get

/| (w2 pup)

N|=

/ IV (Du(a)) [ da
i

n

< dhf? { [ /B (1Y, (Dw(@)I* + DV, (D (@) *) d:c]

+ [/B (,u2 + |Du(m)|2)§ dz o +/B g"(z)dx + (/B 9”(I)d;p>2 dq;}
8 [ 1w G ([ (2 1putoR) o).

So, applying Lemma 1.2.4, for positive constants C and o, we get

IDY, (D), < € (14 1Dull o ) + 1V D) g,y + N9l i)
2

that is (4.54).
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Thanks to Lemma 1.4.5, we get the following consequence of Theorem 4.3.1.

Corollary 4.3.2. Let u € VVI})’(]:D (Q) be a solution to the obstacle problem (4.1) under
assumptions (4.4)—(4.6) and let us assume that there exists a function g € Lj} . (Q) such that
(4.10) and (4.11) hold, for 1 <p < 2.

Then the following implication holds:

V, (D) € W22 (Q) = ue W2P(Q).

4.4 Fractional higher differentiability results for solutions to
some obstacle problems with sub-quadratic growth and
Besov-Lipschitz coefficients

In this section we give the proof of [53, Theorem 1.2] and [53, Theorem 1.3] which, in some
sense, represent the "fractional counterpart' of Theorem 4.3.1.

Indeed, here we assume that the obstacle belongs to a Besov-Lipschitz space, provided we
assume a Besov-Lipschitz dependence of the operator A with respect to the z-variable.
First, instead of (4.10) and (4.11), we assume that, given o € (0,1) and 1 < ¢ < oo there

exists a sequence of measurable non-negative functions gy € L2 (€2) such that
q

for any open set Q' € Q and, at the same time,

A2, &) = AW, ©)| < (k@) + gx(®)) |z — y|* (12 +[¢] ) (4.72)
for each £ € R™ and almost every z,y € €2 such that 2~ kdlam( ) < |z —y| < 27k ldiam (Q).
We will shortly write, then, (gi), € ¢ (La (Q)) CIf A, €) = y(2)[€]P72€ and Q = R™ then

(4.72) says that v € B% |
It is worth noticing that, due to the sub-quadratic growth conditions, the Besov regularity of
the obstacle transfers to the solution with a small loss in the order of differentiations.

Theorem 4.4.1. Let u € VVlif (Q) be a solution to the obstacle problem (4.1), under the

assumptions (4.4)~(4.6) and (4.72), for 1 < p < 2. Then the following implication holds
V}?(Dw) € Bél,q,loc (Q) = VZD( ) € Bquoc (Q)

for any ¢ <25, = 22 and B € (0,1).

n—2a

Moreover, for any ball Bir € §2, the following estimate holds

7,V (Du)
|h|o#

(e (7))

< (14 1Dl gay) + 1V (P9l ey + 1N (12 ) )+ (473)

where C' > 0 depends on n,p, R,v, L and £ and o > 0 depends on n,p,q and .

This result represents, in some sense, the extention to the case of sub-quadratic growth
conditions of [42, Theorem 1.2].
The second result of this section deals with the case of Besov-Lipschitz coefficients in the case

q =00
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In this framework, we have that a fractional differentiability property of the obstacle transfers
to the solution with a larger loss on the order of differentiation than the one we have when ¢
is finite. This is due to the fact that the regularity of the type By, is the weakest one to
assume both on the coefficients and on the gradient of the obstacle in the scale of
Besov-Lipschitz spaces (see Lemmas 1.2.5 and 1.3.2 above).

More precisely, the second result we prove in this section is the following.

Theorem 4.4.2. Let u € VVlif (Q) be a solution to the obstacle problem (4.1), under the

assumptions (4.4)—(4.6) for 1 < p < 2. If there exists a € (0,1) and a function g € L%C (Q)
such that

p—1

Az, €) — Ay, 9| < (9(x) + g(w) lx —yI* (12 +1¢]°) =, (4.74)

for a.e. x,y € Q and for every £ € R", then, provided 0 < o < v < 1 the following
implication holds

Vo (DY) € By 100 () = V, (Du) € B3Z, 1. (9),

2,00,loc 2,00,loc

for any B € (0,1).
Moreover, for any ball Bir € 2, the following estimate holds

g (i)
< (14 IDul o+ Vo D)y oy + Mol 2 ) - (479)

where C' > 0 depends on n,p, R,v, L and £ and o > 0 depends on n,p,q and c.

This result represents an extension to the case of sub-quadratic growth conditions of [42,
Theorem 1.4].

4.4.1 Proof of Theorem 4.4.1

This section is devoted to the proof of Theorem 4.4.1. It is worth noticing that, in this case,
our starting point can’t be equation (4.13), since our assumption on 1) doesn’t allow to
calculate the divergence in the right-hand side.

For this reason, here we have to start from (4.2), and apply the same technique we used to
prove the result in Section 4.2.

Proof of Theorem 4.4.1. Let us fix a ball Byr € 2 and radii % <r< %R < Ar < R, with
1 < A < 2. Let us consider a cut-off function n € C§° (B;R) such that n =1 on Br and
4 2

|Dn| < %. From now on, with no loss of generality, we suppose R < 1.
Let v € Wol’p (©2) be such that
u—1+70>0 v € [0,1], (4.76)
and observe that ¢ 1= u +7v € Ky () for all 7 € [0,1], since ¢ = u+ 7v > . For |h| < &,
we consider
vi(e) = n’(@) [(u =) (x + h) = (u—y) ()],

so we have v, € Wol’p (Q), and, for any 7 € [0, 1], v; satisfies (4.76). Indeed, for a.e. z € Q2
and for any 7 € [0,1]
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u(@) = (@) +roi(z) = ul@) = @)+’ (@) [(u =) (@ +h) = (u—) ()]

= (@) (u =) (@ +h) + (1= (@) (w—) (2) > 0,

since u € Ky (2) and 0 <7 < 1.
So we can use ¢ = u + Tv1 as a test function in inequality (4.2), thus getting

0= /Q (Alw, Du(@)), D [ (@) [(w =) (& + 1) = (u = ) (2)]] ) da. (4.77)

In a similar way, we define
(@) = n*(x = h) [(u— ) (z = h) = (u— ) (z)],
and we have vy € Wol’p (Q), and (4.76) still is satisfied for any 7 € [0, 1], since
u(@) = (x) + Tva(x) = w(z) = (@) + (@ —h) [(u =) (x = h) = (u—1) ()]

= (@) (u =) (@ —h) + (1= @ — b)) (w— ) (@) > 0,

By using in (4.2) as test function ¢ = u + Tv2, we get

0< /Q (A(@, Du(@)), D [P = b) [(u = ¥) (x = h) = (u— ) (2)]] ) dz,

and by means of a change of variable, we obtain

0< [ (At hDule+ ). D[R (=) @) = (=) @+ 1] ) do. (478)
We can add (4.77) and (4.78), thus getting

0 < /Q (A(x, Du(@)), D [i(@) [(w =) (x + h) = (u — ) (2)]] ) do

+ [ (At hDuto+ ). D [(@) [(u =) (@) = (=) (a4 W] d,

that is

OS/Q<A(1:,Du(:1:))—A(x—i—h,Du(x—Fh)),D[nz(x) (=) (@ +h) = (u— ) @)]]) da,

which implies

0 > /Q <A (z + h, Du(z + h)) — A(z, Du(z)) ,n*(z)D [(u — ¥) (x + h) — (u — ) (m)]> dr
+ [ (A b Dule -+ 1) — 4 (e Dule) 200) Do) (0 = ) (& + ) — (u =) &)

Previous inequality can be rewritten as follows

0 = /Q (A(z+h, Du(x + b)) = A(z + h, Du()) ,n*(z) (Du(x + h) - Du(x))) d
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(A(z+h, Du(z + b)) = A(z + h, Du(2)) ,7*(z) (Di(z + h) — Dy(x)) ) da

+

_|_
S~ S5

(A(x 4+ h,Du(x + h)) — A(x + h, Du(x)) , 2n(x) Dn(x)m, (u — ) (x)) dzx

A(z + h, Du(z)) — A (x, Du(z)) ,n*(x) (Du(z 4+ h) — Du(x))> dx

P U

Az + h, Du(x)) — A(z, Du()) ,71* () (D (z + h) — Dw(l‘))> dx

+ | (A(z+ h,Du(x)) — A(x, Du(x)) ,2n(x)Dn(x)m, (u — V) (z)) dz
= I+I1I+1II+IV+V+VI,
so we have
I <|II| 4 III|+ |IV|+ |V|+|VI]. (4.79)

By (4.5) we have

> V/QUQ(x) (12 + |Du(@) + [Du(a + W) 7 |7 Du(x) da. (4.80)

Before going further, let us observe that, since V,, (D) € BS . (©2) with ¢ < 27, then, by

2n np

Lemma 1.3.1, V,, (Dy) € L' ** (©2), and so Dy € L' ** () and, by Theorem 4.1.5, we also
np

loc loc

have Du € L ** (Q).

loc
Let us consider the term /1. By assumption (4.6) we have

p—2

111] < L/Qvf(:c) (u2 +|Du(x)|? + [ Du(z + h)IQ)? [T Du()| | Dy ()| . (4.81)
Now we set
By = {x € Q1 |Du(z)]? + |Du(z + h)|> > |D(2)|* + | Dy (z + h)F}
and

Ey,:=Q\ Ey,

so (4.81) becomes

p—2

1< L @) (12 + IDu@P + 1DuGe+ BE) [ Dula)] Do)

p—2

+L / n?(@) (42 + [Du(@)* + | Du(x + h)[*) 7 |[mDu(@)| 7D ()|
Es
Since 1 < p < 2, using Young’s inequality with exponents (2,2), the properties of n and

Lemma 1.4.3, we get

o< L[ w@ (4 Pu@f + Dute+ W) T [mDula)



4.4. Fractional higher differentiability results for solutions to some 109
obstacle problems with sub-quadratic growth and Besov-Lipschitz
coefficients

(12 + IDE@P + 1DY(a + W) T D) da

IN

5/ n*(x) <u2 + |Du(z)|* + | Du(z + h)|2>p% |7 Du(z))? d
Ey

v [ aP@) (14 1DU@P + DU + W) (Do) da

IN

o [ @) (4 + 1Dat)? + 1D+ W) T Do) de

veo [ mVy (DuGe))[da. (4.83)

3
R

For what concerns the term Iy, using Young’s inequality with exponents (2,2), the
properties of 1, and Lemmas 1.4.3 and 1.2.3, we have

11,

IN

L[ wPa) (12 +1Dula) + [Dule+ W) T |5 Dv)

E>

IN

rf ) (12 + D + 1D+ WE) T mDu)

IN

e[ (w2 +IDe@P +1De + )T Dy de

3
aR

vo [ (i + v + IDvla+ )

3
R

P
2

dx

IN

¢ / iV (Dib(a)) P dee + ¢ / (W + | D ()|P) do
3R By

< c/ 1V, (D())|? da + cR*® [/ (1+|D¢(a;)|rﬁ’éa)dx1 T s

R Br

1

we have

where we used the fact that D1 € Lnﬁga, and since p < &

n—ax

n—2a

2

/ IDY(@)P dz < (wnRY)' 5 (/ !D¢<x>|"f’5adx> -
Br Br

where w,, is the measure of the ball of radius 1 in R".
Plugging (4.83) and (4.84) into (4.82), we get the following estimate for the term I7:

p—2
11 < 5/0772(3:) (12 + [Du(@) + |Dute + W) 7 |7 Du(e) da

n—2a
n

ve [ Imy (D) P + e [ [, (1 IDv) ) dx] (4:85)

IR

Now we consider the term IT1. By assumption (4.6), Young’s inequality with exponents
(p, Z%), the fact that 1 < p < 2 and the properties of n we have

11 < L [ n(@) IData)] (5 + [Dut@)+ 1Dute+ W) [mDuto)] 7 (0= ) (2] da
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p

pP=2 _p_
: / o1 (@) (2 + [Du@) + |Du(z + h)*) 7 7 [mDu(@)|71 7 | Du(e)| da
Q

IN

g J, 1m0 @ do

IN

e /Q 071 (2) (2 + [Du(a) + | Du(w + h)|2>,,2;2 |7 Du(x)| dz

o J, I @F da,

and using Lemma 1.2.3 we get

I11|

IN

a/ﬂnppl(x) <,u2 + ]Du(gc)\2 + |Du(z + h)]Q)p% ]ThDu(a:)|2dx

Cz—:|h|p
+ T

1D (u— 1) (2)[” da

Bir

a/ﬂnppl(x) (42 + | Du(@)]” + [Du(z + h)|2)%2 | Du(x)|? d

IN

n—2«a

<|h|P _np_ "
o ( [, 10— @ dm) , (1.56)

where, in the last line, we used the fact that D (u — ) € Lﬁ, arguing like in (4.84).

Let us consider, now, the term I'V. By (4.72), Young’s inequality with exponents (2,2) and
recalling the properties of n we have

p—

v < b /Q n*(2) (g(®) + gi(x + 1) (1 + [Du(@)*) 7 |mmDu(x)| da

IN

5/9772(9;) (,ﬁ + [Du(2)* + |Du(z + h)|2)% |7 Du(z)|? dz

el /B (95(@) + g + 1))?

3
gR

P
(1 + 1Du@) + |Dule + 1)) * de,

where 2"“% < |h| < 2"“*1% for k € N. Using Holder’s inequality with exponents (%, n_"Qa)
and Lemma 1.2.3 we get

p—2
Q

2a

+C€‘h|20¢ / (gk‘(.I) + gk(x + h))g dr

BéR
4 n—2«
__np___ n
. (/ (Mz + ’Du($)’2 + ’D’U,(.T} + h)‘Q) 2(n—2a) dx)
B;R
4
<

o [ @) (5 + 1Dat) + 1D+ W) T (Dt de
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IPALS ( /
B
3R

: (/BR (475 + |Du(a)|75) da:)

Applying estimate (4.15) with ¢ = —"2—, we have

n—2a’

2c

n

(96(x) + gz + h))a d:z:)

n—2a
n

Plugging (4.88) into (4.87) we get

p—2

| < 5/9772@:) (12 + [Du@)P + [Du(e+ W) 7 |7 Dua)? do

2a

n

el h* (/B (9k() + gr(x + D))= dx)

1+/B D ()| 755 da + (/B |Du(:v)|pdx> ]

In order to estimate the term V', we recall the properties of 7, consider 2*’“% < |h| <2

111

(4.87)

} . (4.88)

n n n—2a
][ \Du(z)|7%5 dz < ¢ {1 +][ DY) 755 da + <][ ]Du(x)\pda:>
Br Bar Bor

(4.89)

—k+1R
4

for k € N and use (4.72), Young’s inequality with exponents (2,2), and Lemma 1.4.3, thus

getting

VI < e [ @) o)+ anlo+ 1) (12 + 1Du(@)) 7 Do) da

IN

Bg
3R

A [ Gt + gute o+ ) (12 + 1Du@)?) T Do)

(1 + DY (@) + | D + h>|2)¥ (2 + DY) + D@ + B)*) T da

IN

AP [ (o) + gela 1) (42 + DuC))

(1 + DY) + | D+ B)P) 7 da

ve [ (i 4 IDU@P + 1DuG+ W) T I D) ds

Bj
3R

AP [ (oule) + o+ W) (47 + [Du(o)f)

B3
3R

p—1

IN

2—p

(2 + DU+ DU+ E) T dote [ Y (Do) do.

n n

By Hoélder’s inequality with exponents <%, Py
(4.90) gives

) and then with exponents (

N

p
2,
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2«

n

V| < o ( /
B3

(g (x) + gz + h))a dx)

3R
n—2a
2 2 Mpigl) 2 2 2 % '
[ IDu@P) (i + 1D0@) + Dot 1)) de
By p
te / I Vp (Do (@) do
Br
2a
< c\h|2°‘ (/ (9x(z) + gr(x + h))g dac)
Br
2(p—1) n—2a
___np_ P n
: ( / (u2 + IDu(fL‘)IQ) e dﬂf)
Br
2-p . n=2a
_np pon
: ( / (12 + DY@ + |Dyp(a + b)) 72 dm)
3R
e / IV (Db () de
Br
2a
< cfn® (/ (gx(x) + gi(z + h))= dm)
Br
2(p—1) n—2a
" " p n
([ (w75 4 1Dula)| ) da
Br
2-p . n=2a
_np_ _np_ peen 2
. (75 + | Dy () |757 ) da +e | mVp (Dy(2))]” de,
Br Br
where we also used Lemma 1.2.3. Using Young’s inequality with exponents (2(pp_ e 2%,), we

get

2a

n

V] < b (/B <gk<x>+gk<x+h>>3d:c>

. [(/BR (u% +\Du(x)\nfga)da:> ! + </BR (M% +,D¢(x)|%) d$>n]

+c/BR 7wV, (DY ()| . (4.91)

Using (4.88) to estimate the second integral of the right-hand side of (4.91), we get

2a

V] < b (/B (gk<x>+gk<x+h>>2da~> ’

n—2a

1+ /BQR |D¢($)|% dx + (/BQR ‘Du(x”p daj) n—2a]

+c / 17hVyy (D())|? de. (4.92)
Br
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Now we consider the term V1. Recalling (4.72), taking 27*£& < |n| < 27%+1& for | € N, the
n

properties of n and using Holder’s inequality with exponents (2a, nfm), and (p, Z%) we get

VIl < " [ @) Date) (o) + aulo -+ ) (4 + 1Du@))  fm (u— v) )] da

pleY

< B[ o rarmEa)
n(p—1) . e
| (/B (1 + 1Du(@) ) 7 | (u = ()| =5 d””)
< A (/B (90(2) + gl + 1)) dm> ”

p*l.n72a
n

</BR (v + |D“(x)|2>ﬁ da:> p
. (/ 175, (u — 1) (x)’”ngad;p> np] |
Br

By virtue of Lemma 1.2.3 we have

plet

n

C|h|a+1

V1|

IN

(/ (g1 (x) + gr.(z + h))2a da:)
Br

pfl.n72a

R
[(/B (u2+\pu<x>|2)2<32&>dx> S
(/ |D<u—w><x>rf?ada:) ]
Bar

clhle 1 n %
< G (/B <gk<x>+gk<x+h>>ada:)

R

p—1 n—2«

n n 3 n
</ (uﬁ + |Du(m)|ﬁ) dx)
Br

(/ D (u— o) (2)|7%0 daz) "
Bar

where we used the fact that, for any k € N, g, € La (Q) < L2a (Q), with the following
estimate

, (4.93)

Hgk”L%(BR) < cR* ”ngL%(BR) :

Now, by Young’s inequality with exponents (p, 1%) and (4.88), (4.93) becomes

3R

< dre h))a d
Vil < e (9 (%) + gr(z + h))= dx
Bgr
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n—2a
n

1+/B |D¢(x)|n"‘3a+</3 ]Du(x)]pdx>n2a] L (494)

(4.86), (4.89), (4.92) and (4.94) into (4.79), recalling the properties
, and using Lemma 1.4.3 to estimate the left-hand side, we get

Plugging (4.80), (4.85)
of n and choosing € =

= AN

/ iV, (Du()) 2 de
Bgr

2

< cR*™ [/B (1 + 1D¢(g;)y%) d:c]

n—2a
n

n—2a

h|P _np_ "
o ( [, 1Dt @) d:c>

2a

n

+clh[* </B (g1(x) + gz + h))a drc)

1+/B D ()| 755 d + (/B |Du(:r)|pdx> ]

c a+1 " n
ve [ (Do) de+ P (/B <gk<x>+gk<x+h>>adw>

1 +/ | DY (z)|7-2 dz + (/ |Du(z)[? da:)
Boxr Boxr

Now, as in Theorem 6.1 in [43] we use a covering argument.

To this aim, we have to introduce some notations.

For any ball B € Q of radius p, let us denote with Q1 (B) the largest cube with sides parallel
to the coordinate axis concentric with B such that Q; (B) C B, and with Q2 (B) the smallest
cube with sides parallel to the coordinate axis concentric with B such that B C Q2 (B).

So we have

|e

n—2«

(4.95)

Q1 (B)C BCQ(B),
and
|Q1 (B)| o< |B] o p".

Let us notice that, if we denote B=4B , we have
Ql(B)CB@QB@Ql(B) CB@@(B).

Now let us observe that, for any 8 € (0, 1), if we fix two arbitrary open sets set Q' and Q"
such that ' € Q" € Q, for a suffinciently small value of |h|, we can find a finite number

K = K(h) € N of balls of radius |h|?, B, (:L‘l, |h|f3), -y Brn (xK(h), |h]f8), such that the
cubes Q1 (B1),...,Q1 (By) are disjoint and

K
‘Q’\ J Qi (By| =0,
k=1

and such that, if, for any k, we denote By = 4By, Q2 (Ek> € Q. In order to satisfy this

properties, the choice of |h| depends on n, 8 and the distance between the boundary of €/
and the boundary of Q.
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It is worth noticing that each of the cubes Q)2 (Bk) intersects at most a number of the other

cubes Qo (B%), with j # k, that depends on n.
With this construction, for a constant C' = C(n) that depends on n but is independent of A,
we have

K
] oc 32 |Q2 (Br)| = Cm)lnl?,
k=1

and the same kind of relation comes out when we consider integrals on this kind of sets.
If we apply this covering argument to the balls of the integrals in (4.95), whose radii are
proportional to R, we have R oc |h|?, and (4.95) becomes

/ IV (Du(a)) 2 da
Br

2

< cfpf e ( | D= @) dm)
Br

n—2a
n

n—2a

Br

+c|h|?of U (1 + IDw(a:)I%) dm] '

2a

n

el ( /B (g(@) + gul + )% dx>

np_ ) "2a
1+ /BQR |Dip(x)| dx + </BQR | Du(z)| d:z:) }

o
n

n—2a
n

+c|p|e—Brab+ (/B (gx(x) + gr(x + h))g dx)

1 +/ \DY(z)|7 2 dz + (/ \m(@\%)
Boxr Boxzr

ve [, (Du() da. (4.96)
Br

n—2a
n

Now, since «, 8 € (0,1), if we set

p = 2a8€(0,2),

p2 = p(l—p)+2af8 € (0,4),

ps = 2a€(0,2),

pa = a—f+af+1=(a+1)(1-p5)+2a8€(0,3)
we have

- min _p; =p; = 2ap.
i€{1,2,34}

Now let us divide both sides of (4.96) by |h|?*5.
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/ |70V (Du(x))\zdx
B |h|2a8

n—2a
n

< ¢

/BR (1+ [Dy(a)] )dx]

effP0 ) ( /B 1D (u—¢) ()7 d:c)

+c|p[2A) </B (gx(x) + gi(z + h))a dﬂf)

n—2a
n

=l

n—2«a
n

n

N 7—2a
1+ / \Dw(x)\ﬁ dx + (/ | Du(z)|P dm)
Baor Baog

|7Vy (DY())]?
—I-C/BR p’h‘?a dx

S |

o

+c|h| DO (/ (gr(z) + gr(z + h))= dﬂ?)
Br

n—2«

= i) |
1+ /B 1Dyte) da:+</B _1Du) dw) ] @)

where we also used the fact that, if [h] < 1 and 8,a € (0,1), then |h|72%% < |p| =2,

In order to conclude, we have to take the L? norm with the measure % restricted to the ball

B (0, %) on the h-space, of the L? norm of the difference quotient of order o3 of the function

Vp (Du). Since we have to integrate with respect to the measure |h|” on the ball B ( )

and, for each k£ € N, the integral in the second-last line of (4.97) is taken for
278 < |p| < 27FFLE it s useful to notice what follows

02)- 0 (n(oE) o)) -

and it is also worth noticing that the choice of the radius R = \h|ﬁ is possible for small values
k42 k1

of |hl, since, for k € N, 27F & < |p| <27F+1E if and only if 27 1-7 < |h| < 27 17,

We obtain the following estimate

iV (Du(z)* , \* dh
el BT
Br B |h| |h|
10 bl

g(n—2a)

np n dh
< c/ / ( + | Dy(x)| 2 2&)d:c T
Br, |/Bg Al
7 (0)
a(n—2a)

— n 2n
vo [ ™ ([ 1D ) @) i
B A Br

L0

Y

9«

> n " dh
+c / h qo(1-0) (/ () + gr(z + h))= dx> e
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g(n—2a)

z 2n

n—2a

1+/BQR |DY(z)|72= dz + (/BR ymw%)
[V, (DY@ )3 dn
*C/Bgm) </B ppe ) g

qo
s glat1)(1-8) n 2 dh
o> [ n (/ <gk<x>+gk<x+h>>ad:c) el
k=1 Ek Br ‘h‘

" # 2n
1 +/ D) 755 dar + (/ \Du(a:)\pdx>
Bozr Boxr

Now, in order to simplify the notations, we set

N= [ (1+IDu(@)” + [Du(@) [T + [Dy(@) + | Dy(a)| 75 ) da,

Boxr

and write (4.98) as follows

|7 Vp (Du(x))[* dh
2a8 dx n
B B Id |l
3O El

> alatD(1-5) v\ dn
< CZ/ e (/ (gk(x)‘f'gk(x-l-h))adaj) d
k=17 B |h]

Br

NS

qo

> n " dh
+C / p|9e(=A) </ gk(®) + gr(x + h))e d;r) —
k§:1 Ek\ | BR( (z) P

2 3
dh
i ( R dx) n
Br Br Al |h|
2 (0)

qp(IQ—B) dh
R

+C |h
Bz

where the constant C' now depends on v, ¢, L,n,p,q,a, R, N.

q(n—2a)

117

(4.98)

(4.99)

(4.100)

Applying Young’s inequality with exponents (2,2) to the first and the second integral of the

right-hand side of (4.100), we get

q
17V (Du(x)]>  \ " dh
2a8 dx hln
Bpr |h’ ’ ‘
: 290

" dh
< C;/Ek(/BR(gk(l")+gk(fU+h))“df”> Th

qa
" dh

—I—C;[Ek </BR (gk(x)—i—gk(x—i—h))% dx) T

2 \3
‘o ( / [y (D (2)) dm) dh

—I—C/ ’hliqp(l{mﬂ —|—C/ ’h’2qa(1—/3) dh
B B
£ (0

i oy Tl

o
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Lo [ [ale ) (1-5) Idhﬁ“ (4.101)
By
Now let us observe that, since o, 5 € (0,1) and 1 < p < 2, if we set p; = 12(172_6),

p2 =2a(1 — ) and ps = (o« + 1)(1 — ) and, for each i = 1,2,3, ¢; = q - p;, we have
= i ; >0
P el

and since |h| < 1 we can write (4.101) as follows

q
7V (Du(z)]>  \ " dh
25 dx n
By 1] ]
2 2qa

> n \ " dh
k=1 /Ek </BR (g8 () + g(@ + h)) e dx) W

qo

" dh

Jrc];l/Ek (/BR (9k(x) + gr(x + h))e dm) W

2 \3
Lo ( / 7y (D)) dm) dh
Bro \Jmn Il 1]

dh
B |h|™
E10)

EO)

IN
Q

Now we notice that

Is < IVp (DY)l g (8- (4.103)

which is finite by hypothesis.
For what concerns the term I, by calculating it in polar coordinates, we get

R
Iy = 0/4 " tdp = C(n,p,q,a, R), (4.104)
0

since K > 0.

Now let us write the integral I; in polar coordinates, so h € Fy, if and only if h = p€ for
2*’“% <p< Q*k“% and some ¢ in the unit sphere S"~! on R™. Denoting by do(£) the
surface measure on S™ !, we have

2aq
L = Ci/rk_l/ </ (Qk(x+P§)_9k(x))Z> " a0
k=1"YTk Sn71 BR p
© Thk—1 dp
< C 2, do(&)-L, 4.105
< O [T [ ot il g, 400, (4.105)

where we set r, = 2_’“% Let us note that, for each € € S" ! and r, < p < rp_1,

It 0401 ) < 196018 (5 * 1960y < 21l (4.106)

Boog)

So, recalling the continuous embedding ¢4 (Lg (BQR)) C 1?4 (L% (BQR)>, by (4.105) and
(4.106), we get
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L<C H{gk}kij(Lg(BgR)) : (4.107)

We can argue in a similiar way to estimate the term Io, thus getting

L<C H{gk}k\qu(ﬁwm)) . (4.108)

Inserting (4.107), (4.108), (4.103), and (4.104) in (4.102), we have

o (ir? (7))

Recalling explicitly the dependence of the constant C' on the value of N given by (4.99), for
an exponent o = o(n, p,q, ) > 0, using the fact that 52— > p recalling (4.15) and using
Lemma 1.3.3 and Lemma 1.3.1, we can conclude with the estimate

™V (Du)
|h|o#

<C (1 +1[Vp (D¢)||B;q(BR) + ||{gk}k”?3(L2(B2R))) '

7V (Du)
|h|o#

()

< O (14 IDul ooy + 1V (D)l iy + 9Tl o121 )

that is (4.73). ]
By virtue of Lemma 1.4.9, as a consequence of Theorem 4.4.1, we have the following.

Corollary 4.4.3. Let u € I/Vli’f (Q) be a solution to the obstacle problem (4.1), under the
assumptions (4.4)—(4.6) and (4.72), for 1 < p < 2. Then the following implication holds

Vy (DY) € BS g 10¢ () = Due B\ ()

for any ¢ < 2%, = 22 and B € (0,1).

n—2a

4.4.2 Proof of Theorem 4.4.2

This section is devoted to the proof of Theorem 4.4.2, which is obtained using the same
arguments of the previous section, taking into account that, here, the assumption 4.72 is
replaced by the assumption 4.74.

Proof of Theorem 4.4.2. Since, by the hypothesis, V, (D) € B) Q) witha<y<1

2,00,loc

loc

2n
then, recalling definition (1.4) and using Lemma 1.2.5, we have V, (Dv)) € L’ .** (), and so
np

Dy e L* > (). This proof goes exactly like the one of Theorem 4.4.1 until we arrive at the
estimate (4.79), and the terms I, IT and I1I can be treated in the same way, using (4.80),
(4.85) and (4.86) respectively. We just need to use the assumption (4.74) instead of (4.72), in
order to estimate the terms IV, V and VI.

For what concerns the term IV, using the assumption (4.74), Young’s inequality with

exponents (2,2), Holder’s inequality with exponents ( LR and Lemma 1.2.3 we get, for

20 n—2a )’
nl < 4,

p—2

VI < e [ @) (8 + IDu@) +1Dute+ W) [mDuto)f da
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- (/BR (w75 + [Du(a)|75%) d:z:)

and using (4.88), we obtain

p—2
v| < 5/9772(:3) (12 + |Du(@)* + |Du(z + h)[*) * |7 Du(x) do

e[ (/
B
n—2«a

np_ ) =l
1+ /BQR | Dy ()| dx + </BQR | Du(x)] dx) ] . (4.109)

Let us consider, now, the term V' to which we apply the assumption (4.74) in place of (4.72),
and by the same arguments that we used in the previous section in order to obtain (4.92), we
have, for all h € Br(0),

4

pleY

n

(9(x) + g(z + h))= dx)

3
aR

2

WVl < cnpe (/B <g<x>+g<m+h>>2dx)"

n—2«a

1 +/ DY (z)|7 2 dz + (/ | Du(z)? da:)
Bogr Bar

e / 0V, (D)) da. (4.110)
Br

For what concerns the term VI, again, using the assumption (4.74), and the same arguments
we used in the previous section in order to get (4.94), for |h| < £, we obtain

C|h|°‘+1

vil < S (/B <g<x>+g<x+h>>3daz>"

n—2a

1 +/Bm Do ()| 75 + (/Bm | Du(z) P d:c) Ha] L (4111)

Now we plug (4.80), (4.85), (4.86), (4.109), (4.110) and (4.111) into (4.79), choose € = %,
recall the properties of 17 and use Lemma 1.4.3 and Lemma 1.2.3, thus getting

/ iV (Du(a)) [ da
Br

2
n—2a

< cR™ U (1+D¢(g;)yf’§a)dx] '

Br

n—2a

hlP _np_ "
L ( [ 10w @l dx)

R
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2

n

telnfe ( | (o) + g+ ) d:c>

1 +/ |Dy(z)| 72 dz + (/ |Du(z)|? d:c)
Bsp Baor

a+1
ve | ¥y (D)) da 4 2 (

n—2a

3R

Rl-a /B (9(z) + gl + h))= dx)

R

n nlga
1+ / |Dy ()| 72 dz + ( / Du(:z:)|pd:n>
Boxr Boxzr

|n|?
1

n—2«a
n

(4.112)

2
Now let us notice that, since, for any g € (0,1), |h| < if and only if |h| <27 T-5.
We can recall the same argument that we used in the previous section, after (4.95), so we
have R o |h|?, and dividing both sides of (4.112) by |h|?*?, we get

[ B,
2a8 x
by I

n—2a
n

< ¢

/BR (1+ Do) 5 dz]

lhfP ) ( / 1D (u =) ()| 5= dx>
Br
2a
+C\h|2a(1_6) (/ gg(:z:)da:>
Bar
1+/ \qu(x)ynf’éader(/ |Du(a;)|pdx> i ]
Bar Baor

D ? n "
+C/ 10V (DY) 4, ojpj1-ecs / 2 (2)dz
Br || Br

n—2a
n n—za | "
1+/ |D¢(g;)|n’5ada:+</ |Du(x)|pdx> . (4.113)
Baoxr Baxr

where we also used Lemma 1.2.3 and that, for |h| < % < R < 1, since o, f € (0, 1),
|h‘_20‘6 < |h|_2o‘.
Using Young’s inequality with exponents ( I Jﬁ)? (4.113) becomes

2a°

n—2a
n

/ |70 Vi (Du(fﬂ))|2d
B |h|2a8

n—2a

= ¢ UBR (1+\Dw(x)\nf§a)dx]” +C/BR Th%’(iﬁ;i(x))ﬁdx

n—2a
n

elhfP0 ) ( /B D (u— ) ()7 daz)
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409 | [ gR@ar+ 1+ |D«,z)<x>|n’5adx+</ |Du<:c>|”dx>
BQR BQR B2R
1
§ n
+c|h|=A)et) (/ gZ(x)d:c> +1+/ | DY (z)|7 2 dx
Bog Boxr

+ </Bgm | Du(z)|P d:l;) ] . (4.114)

By Lemma 1.4.9, the hypothesis V,, (Dy) € B] () implies that Dv € B} (Q), and

2,00,loc ,00,loc

since 0 < o <y < 1, by Lemma 1.3.2, V,, (Dv) € BY (©2) and Dy € B 1. ().

2,00,loc

So we can take the supremum for h € B (0) at the both sides of (4.114), thus getting
4

Vo (Du)] s (BE)

2,00

) |7
1+/ gz(x)dx+/ |DY(z)| 72 dz + </ |Du(x)|pd:c)
Bog Boxr

Baoxr
+C[Vp (D¢)]B;M(BR) )

< C

where the exponent ¢ > 0 depends on n,p and « and the constant C' > 0 depends on
n,p,a, v, L, and R.

Recalling the definition of the norm in Besov-Lipschitz spaces and using Lemma 1.3.2, we
have

Vp (DU)]BS[;o (B@)

o =l
1+/ gZ(x)da;+/ | D (z)| 72 da + </ |Du(a:)]pda;>

Bar Baxr Baxr
+CO Vo (DY)l () -

< C

Recalling that, for 0 < oo <y < 1, we have p < £ <

np
n—2ua n—2y’ we get

[Vp (Du)]Bé”f,o (BE>

< C(l + HDU‘”LP(B2AR) T HDwHL%(BzAR)

Ve (DY)l gy () + 9122 (5,my )

and applying Lemma 1.2.5 to the function V), (D), we get

Vo (DU)]BSI; (Bg)
< (14 IDulrio) + IV D)y sy + 1911250
that is (4.75).

By virtue of Lemma 1.4.9, we have the following consequence of Theorem 4.4.2.
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Corollary 4.4.4. Let u € T/Vli’f () be a solution to the obstacle problem (4.1), under the
assumptions (4.4)~(4.6) for 1 < p < 2. If there exists a € (0,1) and a function g € L2, ()

such that (4.74) holds, then, provided 0 < oo < v < 1 the following implication holds

V, (DY) € B] (Q) = Due B |, (),

2,00,loc

for any B € (0,1).

4.5 Higher differentiability for solutions to problems with
bounded obstacle under sub-quadratic growth conditions

In this section we will consider, again, solutions to problems of the form (4.1), under
assumptions (4.4)—(4.6), with 1 < p < 2, where we still use the notation (4.3) and the map
& A(x,€) is of class C (R™).

Under these assumptions, as in Section 4.3, (4.6) implies (4.7), for all £ € R™\ { 0 } and for
a.e. x € (.

The result we discuss below can be seen as the sub-quadratic growth version of the result we
proved in Section 4.2.

Indeed, in this case we assume that the map z — A (x, &) belongs to I/Vﬁmp +2 (Q) for every
& € R™ or, equivalently, that there exists a non-negative function g € LfotQ () such that
(4.10) and (4.11) hold, but now we are dealing with the case 1 < p < 2.

More precisely, we want to prove the following result.

Theorem 4.5.1. Let u € VVli)f (Q) be a solution to the obstacle problem (4.1) under

assumptions (4.4)—(4.6) and let us assume that there exists a function g € LfOtQ (Q) such that
(4.10) and (4.11) hold, for 1 < p < 2.
Then the following implication holds:

) € L (Q) and V, (DY) € Wil () = V, (Du) € W7 (Q)

Moreover, for any ball Bgr € 2, the following estimate holds

[ 1DV, (DuGe))? do
Br
2
g1
¢ (1813 (o) + 1l (1))
D

: / (,UQ + \Du(x)\z) *da —i—/ 9P 2 (x)dx

Bsr

Bsr

< 1DV, (DU e+ /

Byr

(12 + |D¢(gc)\2)g dx] N : (4.115)

where ¢ > 0 depends on n,p,v, L and £ and o1 > 0 and o9 > 0 depend on n and p.

Let us notice that here, as in Theorem 4.2.1, the regularity of the coefficients does not
depend on the dimension n. Moreover, since we're assuming 1 < p < 2, if we have p+2 <n
(i.e. if n > 4), if the obstacle is bounded, we can assume less regularity on the coefficients, if
we compare this risult with Theorem 4.3.1, where the obstacle is not assumed to be bounded.
The same result can be obtained by removing the assumption of boundedness of the obstacle
if we consider a priori bounded minimizers.
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4.5.1 Proof of Theorem 4.5.1

Proof of the Theorem 4.5.1. Step 1: the a priori estimate.
Let us observe that, if V, (Dv) € Wlif () then, by virtue of Remark 1.4.7 and estimate

(1.2), we get Dy € L2 (Q).

loc

Suppose that u € Ky (€2) is a solution to the obstacle problem (4.1) such that
V, (Du) € W2 ().

Our first step is to prove the following a priori estimate

| 1DV, (Du(e))? do
Br

2

o1
¢ (1013 sy + 14l (1))
D

: / (uQ + |Du(x)|2) *dx +/ g2 (x)dx

Bsr

Bsr

+/B4R\Dvp (Dz/z(ac))]de—l—/B (u2+\D¢(x)\2)gdxr, (4.116)

4R

for any ball Bggr € €.

By estimate (4.12), since ¢ € LS (Q2), we have u € LS, (2).

Recalling Remarks 1.4.6 and 1.4.7, and Lemma 1.1.3, thanks to the a priori assumption
V, (Du) € VVi)’f (Q), we have u € VVli’Cp (Q) and Du € Lﬁ:gQ (Q).

In order to apply Theorem 4.1.2, as we did in the proof of Theorem 4.3.1, let us recall that
u € Wli’f () is a solution to the equation (4.13) if and only if, for any ¢ € Wol’p (Q),

/ (A(z, Du(z)), Do) dz = — / divA (2, D)) X{umny (@) (2)da (4.117)
Q Q

Let us fix a ball Bgr € 2 and arbitrary radii % <r<i<t<t<Ar,withl<\<2. Letus
consider a cut-off function n € C§° (B;) such that n = 1 on Bz and |Dn| < ;%. From now on,
with no loss of generality, we suppose R < %.

For any s =1,...,n and h € R with |h| is sufficiently small, let us consider the test function

Y = Ts,—h (772 ) 7—s,hu) .

For this choice of ¢, using Proposition 1.2.2, the left-hand side of (4.117) can be written as
follows:

S~

<A (x, Du(z)),D (T_h (172(:U)Thu(x)>)> dx
= /Q <ThA (x, Du(zx)),D (nQ(w)Thu(x))> dx

+/Q (A(z + h,Du(x + h)) — A(z, Du(x)) , 2n(z)Dn(z)mu(x)) dx



4.5. Higher differentiability for solutions to problems with bounded 125
obstacle under sub-quadratic growth conditions

= / <A (x, Du(z + h)) — A (x, Du(x)) ,772(1:)ThDu(x)> dx
Q
—|—/ <A (x 4+ h, Du(x + h)) — A (z, Du(x + h)) ,nz(x)ThDu(x)> dx
Q
+/ (A(x+ h, Du(x + h)) — A(z, Du(x)),2n(x)Dn(z)mpu(z)) dx
Q
= Iop+1+11, (4.118)
where, for the finite differences, we used the simplified notation
mF (z) = F(z+ h) — F(z),

with A € R", in place of
TsnF (x) = F (x + hey) — F(z),

with h € R and, in the following, we will specify the direction only if it will be necessary.
Since the right-hand side of (4.117) is not zero only where u = 1), using the test function
given above, it becomes

- /Q divA (2, DY) X sy (@) (12(@)7i6(a)) da, (4.119)

and since the map x — A(z, &) belongs to I/Vll’p+2 (Q) for any £ € R™, the map £ — A(z,§)

ocC
belongs to C! (R") for a.e. x € Q and V, (D) € VV&)C2 (), we can argue exactly like in the
proof of Theorem 4.3.1, and using the same notations, we can write (4.119) as follows

- [ {[A: @ Do) + Ac (2. DU@) D@ e @
7o (P(@)m(x)) Jda
= —III—-IV-V-VI. (4.120)
Inserting (4.118) and (4.120) in (4.117) we get

Io=—1-1I-1II-1V -V -VI,

and so

Io < |I| + [II| + [III| + [IV| + |V| + |V]. (4.121)

By assumption (4.5), we have

In > V/QnQ(x) (42 + | Du(@)]* + [Du(z + h)]2>% 7, Du(z)|? dz. (4.122)

Let us consider the term I. By assumption (4.10), and using Young’s inequality with

exponents (2,2), Holder’s inequality with exponents (M M), and the properties of 7, we

get P
1l < /Q W (g(x + 1) + g(a)) (i + [ Du(@)? + |Du(e + ) 7 (@) [ Du(a)] da

p—2

[ 7#(@) (12 + 1Du@) + Puta + 1) fnDu(o)f da

IN
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welb? [ 7Pa@) (42 +1Du@) + Duer + 1)) (gl + ) + g(a))* da

IN

o [ 32w (2 + 1Datw) + 1Dute+ W) T i Duto)

pedbf [+ 1Du@? + [Dute+ W) do
By

=
. (/ gp+2 (aj)dx)
B)\'r
—2

[ (@) (12 + 1Du@) + Puta + 1)) Do) da

+cc|hf? (/B (,u2 + [Du(z)| ) i dx) : (/B gp”(x)da:) : (4.123)
t Ar

where we also used Lemma 1.2.3.
Let us consider the term I1. If we denote again finite differences with respect to a precise
direction s = 1,...,n, with an integration by parts, we have

IN

1
—II = —Zh/ </ dd A (z + Ohes, Du(x + Ohes)) d@,n(m)Dn(x)Tsyhu($)> dx
Q \Jo aZTs

1 d
- 2h/ﬂ</0 (A(x—i—Hhes,Du(a:—l—Hhes)))dG,T

Ts

(n(x)Dn(m)Ts,hU(x))> da,

where, for s = 1,...,n, ez is the unit vector in the z, direction, and now h € R.
So we can estimate II as follows

1
1) < 2l [ [ 1A+ Ohee, Duo + 0hes))
(IDn(@) s pu(@)] + () | D*n(@)| [ropu()|) doda

1
+2\h|// A (2 + Ohes, Du (z + Ohes))|
QJO

- (n(z) [Dn(@)| [7s,n Du(x)]) dfdz

1
< 2|h|// A (2 + Ohes, Du (z + Ohes)|
QJO0
(1D + n(x) [D*n(z)|) d6 [reu(i) de
1
+2|h|// A (2 + Ohes, Du(z + hyfey))|
QJ0o

n(x) |Dn(z)| |7s,nDu(z)| dfdz.

Now, recalling the properties of 1, assumption (4.4), and using Holder’s inequality with
exponents (p, I%), Lemma 1.2.3 and Young’s inequality with exponents (2,2), we get

p—1

1
1| < zc|hy/ / (42 + | Du(@)]* + [Du (z + Ohey)*)
By JO



4.5. Higher differentiability for solutions to problems with bounded 127
obstacle under sub-quadratic growth conditions

(IDn(@)[* + n(x) [D*n(=)|) 48 |7 pu(=)| de

p—1

1
+2c\h|// (u2+]Du(:c)]2+]Du(x+9hes)|2) :
aJo

n(z) | Dn(z)| |7snDu(z)| dfdx

p—1

1
- 2c|h|/0 /B (42 + | Du(@)]” + [Du (z + Ohey)*)
t

(IDn@)P + (@) |D*n(a)]) Irpua)) dedd

p—1

1
+20|h|/ /(,u2+|Du(az)]2+]Du(:v+9hes)|2) ’
0 Q

(@) |Dn(@)| [7en Du(x)| dudf
c 1
(t _’h§)2 /0 (L (/1,2 + ’Du(m)’2 + ’Du ([IZ + 9h€5)|2)

- ( /| | |Ts,hu<x>|pdx>;

—I—s/ (@) [ro Du@)? (42 + | Du(@)? + |Due + he))?) 7 da

h -1
CE" // 2 + | Du( )|2+|Du(x+9hes)\2)p

t—s

IA
[NJiS)
IS
8
N———
°|
IS
>

2—p

: (u + |Du(z)|* + | Du (x + 9hes)|2)T dxdb.

Now, if we use again the simplified notation for finite diferences, with h € R™ in place of heg
where h € R, by Lemma 1.2.3, we get

p—1

clh|2 1 D 3
11| < (t‘—h‘§)2/o (/B <p2+|Du(x)|2+|Du(x—|—«9h)|2)2da:) db

: </B | Du(z)|? da;>;

+€/Q772($) \ThDu(J:)\Q (,u2 + |Du($)|2 + |Du(zx + h)|2)% dx

CsWQ ! 2 2 2 Bt
+ ~2/ / (12 + | Du(@)]” + | Du( + 0h)])
0 B)\’I‘

(t—3)

2
- (;ﬂ + | Du(z)|* + | Du(z + Hh)]Q) o dw] de. (4.124)

Let us consider, now, the term I71. By (4.11) and the properties of 1, we get

p—1

1] < [P / / [, o (i + 1Du)? £ 1Dvte + 1) T
-‘D21/;a:+ah—9h)‘dxdad9.

Using Young’s inequality with exponents (2,2), we get
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D
2

dzx

< ene [ [/ (2 + IDU@ + 1Dv(o + )

“f (u2+\Dw(J¢)\2+\Dw(ﬁh)l?)%ﬁ

r

2
: ]D%(x +oh— Qh)‘ dz | dods. (4.125)

| ES——

Again by Young’s inequality with exponents (%, %) in the first integral of (4.125), we get

) < P [/ g wyds+ (m|D¢<x>|2+|p¢<x+h>|2)p3dx]
Bir By,

weln? | 1 / 1 | (D@l + pite -+ m)
D% + o — om)|” dadodd. (4.126)

By (4.11), we can estimate the term I'V, thus getting

p—1

VI < 2 [ gta) (12 + DU+ D0+ 1)) T

1,1
. / / |Dip(z + oh — 6h)| |Dn(x — 6h)| dodfdzx. (4.127)
0 JO

Let us consider, now, the term V. By assumption (4.7), we get

Vi< P [ (@ oeep) T )
: / 1 / D2 (x + oh — 0h)| dodda. (4.128)
0 JO

Recalling (4.7) again, we have

Vil < o [ (w4 1ov@P) T D)

Bxr

1 1
. / / |Dn(xz — 6h)| |Dy(z + oh — 0h)| dodfdzx. (4.129)
0o Jo

Now, inserting (4.122), (4.123), (4.124), (4.126), (4.127), (4.128) and (4.129) in (4.121),
recalling the properties of 1 and choosing a sufficiently small value of ¢, we get

p—2

[ (@) (12 +1Du@) + 1Duta + WE)  [mDu(o) da
Q

piz O\ 2 iz
< c|h? (/B (,u2 + | Du(z)|* + | Du(z + h)|2) : dm) . </B gp+2(at)da:>
Z AT.

p—1

+(:Yl§)2 /01 </B <M2 + ‘Du(x)|2 + |Du(z + Hh)\Q)g dw) ' Ao
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: (/ |Du(m)|pdz>;

clhl / / 12 + | Du(z)? —|—|Du(x+9h)\)

t—s
2—p

(12 + | Du@) + |Duz + 0n)*) 7 dadd

+clhf? l/B 9" (w)dz + /B (u2 + | Dy (x))* + | Dp(x + h)|2)¥ dx]

vl [ [+ v + 1Duta s 1)

2
: ‘DQw(:n +oh— Hh)‘ dadodd

v [ [, o) (12 + 100+ Dote + m) T

| DY(z +oh — Gh)\ |Dn(xz — 0h)| dvdodb

+rh12/// i+ DY) ™ |D(a)]

| D¥(z + oh — Hh)‘ dzdodd

+2yh|2/// W2+ Dv(@)?) T ‘DQ )|

-|Dn(x — 6h)] |D1/)(x + oh — 0h)| dzxdodb. (4.130)

By Lemma 1.4.3 and the properties of 7, the left-hand side of (4.130) can be bounded from
below as follows

p—2

[ @) (52 + D@+ 1Dute+ W) (D@ da > [ (@) [y (Du(e) da

(4.131)
So, by (4.131) and (4.130), recalling the properties of 77 and using Lemma 1.2.3, we get

| 77w ¥y (Duta))
Q

ya 2

pt2 p+2 p+2
< c|h|? (/ (42 + | Du(@)”) ? dm) </ gp+2(:r)dx>
B}\T B27‘
C|h|2 / 2 2\ %
+ + |Du(x
= Bzr(u | Du(a)|)
pE2
+c|h|? / gp+2(x)d:z+/ (,u2+|D¢(a:)|2) ? dx]
BQT B2r
c|hf?

T o) (67 + It da

relbf? [ (i + Do) 7 (Do) e

dzx

_|_
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[ 10u@R) T ) de

Now we apply Hoélder’s inequality with exponents (p +2,p+2, ”%2) to the integral of the
fifth line, Young’s inequality with exponents (2,2) to the last integral, thus getting

[ @) 1 (Du(e) da
Q

P 2

< c|h? </BM (,LL2 + |Du(1‘)|2>p%2 d:n) " . (/B2T gp+2(m)d:1:> "
et f, b o)

+c|h? UB gp+2(a:)dx+/ (/ﬂ + ]Dzb(m)]Q)p;2 dx]

B27‘

1 P
2 = p2 52
+t’ | (/ g (@) ) (/ (42 + |De()[*) dx)
-3 Ba, Ba,

CWQ 2 0y 2 1’2%1'
), 0w Do) da+ [ (1 +1D0a)) d]

[NIiS]

dzx

_l’_

2r

for a constant ¢ = ¢(n,p,v, L, {), where we also used (1.6). By Young’s inequality with

p+2 p+2

exponents ( 2 ,7), for some € > 0, we get

/Q (@) [V, (Du(z)|? da

< clh)? [e/B (u2+\Du(:c)|2)2da:+cg/B (u2+]D1/J(x)|2>p;2dx]

2 3
h
+L\~ / 9P (x)dx + (/ gp+2(ac)d:n>
t —S B2'r B2'r

+;‘l_1|2~ UB yDvp(sz(xmde/ (MzﬂDw(x)yg)gdx}

BQr

+ (ﬂz';Q ( /B (w2 + 1Du()?)* d:c) :

and since n = 1 on Bj, we get

p+2

< c|hf? [5/3 (u2+|Du(w)|2>p;2d:E+c€/B (u2+|D¢(m)|2)2dﬂc]

T

2 3

h

+C‘ |~ / gp+2(m)dx + (/ gp+2(ac)dm>
t -3 BQT' B27'

+ffi~ UB DV, (Dih()|” d +/ (12 + [Du(@)P) " dx]

Bay

+ (fﬁ";z ( /B (12 + IDu)?)* dx) .
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Thanks to Lemma 1.2.4, deduce

| 1DV, (Du(e) do

5
p+2

E/BM (12 + [Du(@)?) " do+c. /B <u2+|D¢(x)|2)p§2d:v]

1

2
4 / P (x)de + / 2 (2)da
t_s BZ'r B27‘

e [/B DV, (@) e+ [ (i + 1Dy)P) dx]

+(t—6§)2 </B <,u2 + ]Du(ac)\z)g dac) . (4.132)

Now, since p € [0,1], we have

< ¢

(12+1Duf) ™ = w2 (52 + 1Du)F + (42 + D) Dup
D D
< (u2 + |Du\2) e (,u2 + ]Du\2) ? | Dul? (4.133)

and, similarly,

ya
2

(2 +106P) T < (@4 1poR) + (2 +1DeP)E DeR. sy

Since £ < Ar < A3 < Mt < M2r < 4R < 1, if we use (1.2) with ¢ € C§° (By;) such that
0<¢<1, ¢=1o0n By; and |D¢| < )\(t 7> recalling (1.6), thanks to (4.133) we get

pt+2
/ <M2+‘Du($)|2) * dx
B;
< sy /B DV, (Du(a))? dx
At

2
c Hu||L°°(B4R)

s o (42 + [Du(@)]*)* da. (4.135)

Arguing in the same way, using (1.2) with ¢ € C§° (Ba:) such that 0 < ¢ <1, ¢ =1 on Bo;

and |D¢| < t =7 thanks to (4.134), since r < §<t< R < i, we get

[+ Do) T dr

<l [ DV (DU s
4R

c H¢H%°°(B4R)

K5 I, (0 PUP) o (1130

Therefore, inserting (4.135) and (4.136) into (4.132), since 1 < A <2 and t — § < 1, we get
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/ DV, (Du(z))? da
Bs

< clullapyy e [ 1DV (Du@)l da

At

2
+L€”“”L°°<B4R> (/ (2 + [Du(a)| )de>
Byr

1
L G PN (B4 ||1/f||Loo B4R / G2 () d + / ¢" " (2)dz 2
t — s Byr Bar

+/B4R|DV (Dy(z))| da:+/B4R (u2+|D¢($)|2)gdx]’

and recalling (4.12), we have

[ 1DV, (DuGe) do

B

g1
< e e (1917 (Bom + Il (o)) /B |DV,, (Du(x))|? dz
At

g1
L (113 o gy + 10130+ () )
(t—3)°

. / (MQ + \Du(av)\g)g dz + / g2 (x)dx

Bsr Bsr

< 1DV, (DU e+ /

Byr

(12 + |D¢(gc)|2)g dx] N : (4.137)

where 01 and o3 depend on n and p. Now, if we choose € > 0 such that
2 2 o1 o 1
e e (Il + lulTr (50y) = 51

(4.137) becomes

/ DV, (Du(z))? dz

< 5[ 1DV, (Dula)) s
2 Byt
g1
¢ (1613 By + 13 (34
(t—35)°

. /B (IuQ + \Du(:z:)ﬁ)g dx + /B P2 (2)da

4R 4R

+f 1DV (DU e+ /

Byr

(12 + |D¢(z)|2)§ dm] N : (4.138)

and since (4.138) holds for any £ <r < § <t < Ar < R and for any A € (1,2) and the
constant c is independent of the radii, we can pass to the limit as § — r and ¢t — Ar, thus
getting

/ DV, (Du(z))? da

T
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1 ulxr 2.73
< /B DV, (Du(x)) > d

A2p
g1

(e g + el )
2 (A1)

. /34R (qu + \Du(x)\Q)g dx +/ gP 2 (x)dx

Bsr

[ v+ [ (i |Dw<m>|2)5dx]

B4R B4R

which also implies

/ DV, (Du(z))? dz

B

1 ulx 21‘
< /B DV, (Du(z)) [ d

2 2
A4r o1
2 2
¢ (1613 3y + 13 34
T 2 (\2 2
r2 (A2 —1)
p
. / (qu + \Du(m)\Q) *da +/ 9P 2 (x)dx
Bur

Bsr

w v opePde [ (i |D¢<x>|2)’5dx]

4R

Now, setting

nr) = [ 1DV, (Du(a)da.

o1

A = (I (gn) + TulTr (3

. /B ) (qu + ]Du(at)\2>g dx +/ 9P (x)dx

Bsr

+ [ v, Du)ds+ [ (u2+|Dw(w)\2)gdﬂfr

B4R B4R

and

B = 0,

since (4.139) holds for any 1 < A < 2, we can apply the Interation Lemma 1.1.1 with

thus getting

[ 1DV, (DuGe)) do
Br

o1

2
¢ (1013 sy + 14l (1))
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(4.139)
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. /B ) (IuQ + \Du(x)\Q)g dx —|—/ g2 (x)dx

Bsr

P 72
[ v+ [ (124 D)) dm] ,
Bur Byr
that is (4.116), where ¢ > 0 depends on n,p,v, L and ¢, and 01,02 > 0 depend on n and p.

Step 2: the approximation.
Fix an open set ' € 2, and for a smooth kernel ¢ € C§° (B1(0)) with ¢ > 0 and fBl(o) b =1,

and for any ¢ € (0,d (€,09)), let us consider the corresponding family of mollifiers { ¢. }_,
and set

ge = g * Pe,

ICEJZ,(Q):{wEu+W&’p(Q):w2wa.e. inQ}

and
M@, €) = | o)A (@ + ew,€) du
By

on ', for each € € (0,d (€,09)). The assumptions (4.4)—(4.6) imply

[Ax(2,€) < € (1 + |§!2)%1, (4.140)
(Ac(,) = Aclon) € —n) = vl — € (@ + 162+ 1P) T . @)
Ac(o,) — Al < LIE— ) (42 +161 + 1) . (1.142)
By virtue of assumption (4.10) we also have
A2, = A, O] < (9:0) + 0.0 o — ol (42 +1€%) T (1.143)

for almost every x,y € €2 and for all £&,7 € R™. Let u be a solution of the variational
inequality (4.2) and let fix a ball By € €. Let us denote by u. € u + Wy P (Bp) the solution
to the inequality

/Q (Ac (z, Dw(z)),D (p —w) (x))dx >0 Vo € Koy (92). (4.144)

Thanks to [53, Theorem 1.1] we have V, (Du,) € Wllof (Bj) and, since A, satisfies conditions
(4.140)—(4.143), for ¢ sufficiently small, we are legitimated to apply estimate (4.116) thus
getting

| 1DV, (Ducta)) o

r

2 2 o1
¢ (1013 () + 17 (34,
2
.

. [/34 <,u2 + \Dus(a:)|2)g d$+/ 922 (x)dx

By
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+/B4T DV, (Dw(x))|2d:c+/ (,u2+\D1/J(x)2)gdxr2, (4.145)

B4'r

for a constant ¢ = ¢(n,p,v, L, £), for any ball Bg, € By.

Moreover, since and g € LfotQ (), we have

g — g strongly in LP*? (Bz), ase — 0 (4.146)
and, up to a subsequence, almost everywhere in Bp.

p—1
Since by (4.140), |Ac (x, Du)| < ¢ (/ﬂ + ]Du\Q) * and since A. (x, Du) converges almost
everywhere to A (z, Du), by the dominated convergence Theorem we have

A (z, Du) — A (x, Du) strongly in L7 T (Bp), ase — 0. (4.147)

Using the ellipticity condition (4.141), we have

[+ 1Du@) + 1Due@P) T 1D — D) ()

Bg

< / (A (z, Dus(x)) — Ac (x, Du(x)) , (Due — Du) (x))dz
Bp

= /B~ (Ac (z, Duc(x)), (Due — Du) (z))dx

_ /B (e 5 Dua)  (Du = D) (a)
_ /BR<A5 (¢, Duc(z)) , (Duz — Du) (x))dz

—/BR<A (2, Du(x)) , (Du. — Du) (x))da

- /B (A. (2, Du(a)) — A (2, Du(x) » (Due — D) (2))d (4.148)

R
Using u and u. as test functions in (4.144) and (4.2) respectively, we have

/B (Ae (&, Duc(e)) , (Due — Du) (a))dx < 0 (4.149)

and

- /B~ (A (x, Du(x)), (Dus — Du) (z))dz <0, (4.150)

therefore, thanks to (4.149) and (4.150), (4.148) implies

/ (42 + [Du(a)” + |Du5(:v)|2>p%2 |(Du. — Du) (z)|? da

Bg
< - /B_ (Ac (z, Du(x)) — A (x, Du(z)) , (Due — Du) (x)) dzx
S (/B |(Du — Due) (2)[” dx) ’

R
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p—1
P

|A (2, Du(z)) — Ae (z, Du(z))|7-T da:) . (4.151)

(0

Now let us observe that, by (4.149), using Hélder’s inequality with exponents (p, I%) and
recalling (4.140), we get

R

IN

/ (Ae (z, Duc(x)) , Duc(x))dz / (Ae (z, Duc(x)) , Du(x))dx
B B

R

IN
VOEEERS
s

ES

o
®

)

N
[0
—

8
=
s

L

QU

S
~_—

“|

IA
(S
/N
=
[\]
+
-]
S
m
&
T
N———
[N
QL
8
N———
'3
v‘L

. (/ | Du(x)[? daz) ’ . (4.152)
B,,

R

2 _2

Moreover, using Hélder’s inequality with exponents (5, P

) and thanks to the ellipticity
condition (4.141), we have

[, e < [ D (i + Du@) T (2 + 1Due)?) T da
< ( /B [Duc(@) ( + |Du5<x>|2)p52 dm) 2
. (/BR (12 + |Du5(:p)|2)§ dm) N
< (/B (A. (z, Du.(z)) — A. (x,O),Dua(x)>da:>2
. (/BR (,ﬂ + |Du5(x)|2)gda:>2. (4.153)

We can notice that, since the ellipticity condition implies
(Az (z, Due(z)) — Az (2,0), Duc(z)) > 0,

and so
(Ae (z, Due()) , Dus(2)) > (Ae (2,0), Duc(z)),

for a.e. z € Bp.
Hence, if we denote

Ey:={z € Bp: (Ac (z, Dus(x)), Duc(z)) <0},

and
Ey:={z € Bp: (Ac (z, Dus(z)), Duc(z)) >0},

we have

[(Ae (2, Due(2)) ; Due(2))| < [{Ae (2,0), Due(2))]
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for a.e. x € E1, and
(A (z, Due () — Ac (2,0), Due(2)) < (Ae (2, Dus(w)) , Due(z)) + [(Ae (2,0) , Duc(z))]

for a.e. x € Ey. Therefore (4.153) implies

/~ |Du(z)|Pdz < (c/E |{Ac (2,0), Du.(x))| dx

R

[NJ4S]

+/ ((Ae (2, Duc(x)) , Due(x)) + [(Ae (2,0) , Duc(x))|) dfﬂ)
Es

2—p

<C/B (u2+|Du5(az)2>gdaz> )

R

< (/ pP~ | Dug(z)| dz
Ey

+A;UAA%LMA@%Dw@w+upWDwuN%h>

2—p

. (/B (u*+ |Du€(x)\2)g dx) N : (4.154)

R

[MS]

where, in the last line, we used (4.140).
Using Young’s inequality with exponents (%, ﬁ), by (4.154) we deduce

IN

Pdx c P~V | Dug(z)| dz + ¢ x, Du.(x us (7)) dx
| Du@pds < e [ 0 Du@de e [ (A @ Du) Ducla)) d

R By By

+a/ (42 + | Duc(2)*)* da
Bg

¢ / (A (&, Du.(2)) , Du.(z)) dz
B

R

+20/ |Duc(z) P dz + ¢» | By , (4.155)

R

IN

where we also used Young’s inequality with exponents (p, ;%1) and the fact that p € [0, 1].
Now, joining (4.152) with (4.155), we get

p—1

/BI§ Du(2)Pdz < e (/BR (uz—i—\Dus(x)\z)gdx) ’ (/BR \Du($)|pdac>p

+20/ |Duc ()P dx + ¢, | B

A

R

IN

c / \Du(@)]? dz + 30 / | Du(2)|P da

R BR

+¢o |Bgl (4.156)

where we used Young’s inequality with exponents (p, 1%) and the fact that p € [0, 1] again.
Choosing o < %, (4.156) implies

/ |Duc(x)Pdz < c/ |Du(x)|P dz + ¢ |Bp| . (4.157)
B~ ~

R BR
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Let us observe that, using Holder’s inequality with exponents ( ) %) recalling (4.157), we

2
p
have

p(p—2)

—Du) (2)Pdx = 2 u(z)|? ue(z)]?) * us — Du) ()P

/BR|<DuE Du) () d /BR(H + [Du(@)? +1Duc(@)) * |(Du. — Du) (@)
p(2—p)

: (,u2 + |Du(z)* + \Dug(a:)]2> Yodx

[N4S]

IN

( /B (42 + 1Du(@) + [ Dus(@)) 7 [(Duz ~ Du) (a)]? dw)

R
2—p

[, outo s o) )

IN
o
A/

(/B (#u |Du(:n)|2)%d;v+ ’BR|> , (4.158)

R

where we also used (4.151).
By Young’s inequality with exponents (2,2), (4.158) implies

/ |(Dus — Du) (z)|P dz < a/ |(Du — Du.) (z)|P dx
B B

R R

“(,
P 2=p
: ( /B (W +1Du(@))* da + \Bﬂ) :

R

p—1
|A (2, Du(z)) — A: (x, Du(x))|7-T dm)

for any o > 0, and if we choose o < %, we have

J

p—1
] |(Due — Du) (z)["dz < ¢ (/B |A (, Du(z)) — A (2, Du(x))|7-1 dx)
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Hence, by (4.147), we deduce

Du. — Du strongly in L} (Bjz) .
which implies
Ue —> U strongly in Lfo*c (Bj)
and, up to a subsequence
Ue — U almost everywhere in Bj,

as ¢ — 0.
Moreover, by the continuity of the map & — DV, (§), we also get

DV, (Du.) — DV, (Du) a.e. in By, as e — 0.

Therefore, recalling (4.146), if we pass to the limit in (4.145), by Fatou’s Lemma and a
covering argument, we conclude, proving (4.115). O

As a consequence of Theorem 4.5.1, Lemma 1.4.5 and Remark 1.4.7, we get the following
result.

Corollary 4.5.2. Let u € I/Vlicp (Q) be a solution to the obstacle problem (4.1) under
assumptions (4.4)~(4.6) and let us assume that there exists a function g € L' (Q) such that

loc
(4.10) and (4.11) hold, for 1 < p < 2.
Then the following implication holds:
¥ e L (Q) and Vy, (DY) € W2 (Q) = uwe WP (Q) and Du € L2 (Q).

loc
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