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“What we observe is not nature itself,
but nature exposed to our method of questioning.”

Werner Karl Heisenberg
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Chapter 1

Introduction

“A person who never made a mistake
never tried anything new.”

Albert Einstein

This chapter is devoted to provide an extended introduction of the topics covered
during the Ph.D. program, in order to sensitize the reader to the motivations and the
ideas behind my research journey, in addition to allow a fluid reading of the thesis.
At the end, the general structure of the latter will be outlined. The technical details
will be left for the subsequent chapters.

1.1 Two-dimensional materials: successes and challenges

The two-dimensional (2D) materials field can be traced back to the successful isola-
tion of single-layer graphene sheets exfoliated from (bulk) graphite in 2004 by the
group of Andre K. Geim and Konstantin S. Novoselov [1]. This material showed its
own novel physical phenomena distinctly different from graphite, being a transpar-
ent semimetal with massless Dirac electrons [2–4]. Since then, novel 2D materials
have been studied and synthesized, becoming the focus of intense research. In gen-
eral, a 2D material consists of a dangling-bond-free single or few-atom-thick layer,
and can be synthesized from a bulk material with a layered structure, where the
stack is kept together by van der Waals (vdW) interactions, which are very weak
compared to the in-plane covalent bonds1. Since van der Waals interactions involve
induced dipoles between the layers, they are referred to as London interactions, i.e.,
vdW interactions act as a “quantum glue”2. Nowadays, the 2D library includes
hundreds of thermodynamically stable materials [8], including monolayers (MLs)
of hexagonal boron-nitride (h-BN) [9], transition metal dichalcogenides (TMDs, e.g.,
MoS2, NbSe2, WSe2) [10], metal nitrides/carbides (MXenes) [11], metal halides (e.g.,
PbI2, MgBr2) [12], transition metal halides (TMHs, e.g., CrX3 [13] and Nb3X8 [14,
15], with X = Cl, Br, I), transition metal carbon/nitrogen compounds and elemen-
tal 2D materials, other than graphene, called Xenes (e.g., borophene [16], silicene
[17], germanene [18], phosphorene [19], and bismuthene [20]). Among them, one
can find a wide range of properties, passing through conductors (e.g., graphene and

1The vdW forces strength is ∼ 0.1-1 kJ mol−1 (∼ 1-10 meV per bond), whereas the covalent or ionic
bonds strength is ∼ 102-103 kJ mol−1 (∼ 103-104 meV per bond).

2Van der Waals interactions between atoms or molecules can be of three types: Keesom (permanent
dipoles), Debye (permanent-induced dipoles), London (induced dipoles) interactions. Although all
of them could manifest as quantum effects, London interaction has a purely quantum origin, since its
R−6 dispersion law, where R is the dipoles reciprocal distance, can be derived only by the second-order
perturbation theory of quantum mechanics [5–7].
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FIGURE 1.1: Van der Waals heterostructures built by piling different 2D materials. Each
heterostructure brick is a dangling-bond-free single- or few-atom-thick layer with in-
plane covalent bonds and out-of-plane van der Waals interactions. The latter allow to
stack up 2D materials with different lattice parameters, geometries, atomic constituents,
and a twist angle among consecutive layers. Adapted with permission from Ref. [22].

NbSe2), semiconductors (e.g., MoS2 and WSe2), superconductors (e.g., NbSe2), insu-
lators (e.g., h-BN), Weyl semimetals (e.g., PtCl3 [21]), and so on.

2D materials have revolutionized the way we think about materials for many
reasons. First of all, nanoscale thin materials have opened up the possibilities of
subnanometer engineering, in order to realize central processing units (CPUs) with
hundreds of . 1 nm thick transistors (see [23]). They are ideal platforms for the
state-of-the-art electronics applications, such as flexible displays, due to their high
space-efficiency and flexibility [24–26]. More importantly, 2D materials allow to con-
struct a huge variety of novel layered structures, that are built much like “Lego” at
an atomic-scale by vertically stacking the 2D blocks [27]. Indeed, due to the absence
of dangling bonds and the weak intensity of the out-of-plane vdW interactions, it is
possible to integrate highly different 2D materials without the constraints of crystal
lattice matching, with a control on single layers relative orientation or twist angle,
their order and number, as sketched in Fig. 1.1. The layered structures obtained by
acting on such an unprecedented number of degrees of freedom (DOFs) are known
as van der Waals homostructures (vdWHos) or heterostructures (vdWHes), depending
on whether layers of the same material or of different materials are stacked together.
All these DOFs directly affect the interactions characterizing such vdW structures,
thus providing a unique way to understand and predict their novel physical prop-
erties and phenomena. Therefore, the vdW interaction between adjacent layers,
named as interlayer coupling, is expected to have a key role in the switching on of
the latter. This has recently been proven in several types of vdW systems, such as
bilayer graphene (BG) and TMDs, acting in particular on the twist angle [28–35],
which provides a direct response on the interlayer coupling through the steric ef-
fects3 between the atoms of faced layers.

Besides the great structural advantages and the high degree of tunability of vdW
materials, the interest of research and technological communities on such systems

3A steric effect is a nonbonding interaction affecting the spatial distribution and reactivity of atoms
and molecules.
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FIGURE 1.2: Repetition of the multiatomic supercell of TBG for the twist angle θ = 2.65◦.
The supercell is defined by the red box reflecting the hexagonal symmetry, enclosing the
top layer of red carbon atoms twisted with respect to the bottom layer of blue carbon
atoms.

has exponentially increased due to their novel and remarkable properties, both ex-
perimentally observed and confirmed or predicted by more and more accurate theo-
retical predictions. Before to proceed, we will mention only some of the most striking
outcomes of selected 2D families, i.e., twisted bilayer graphene (TBG), TMDs, and
TMHs, that will play a central role in this thesis.

1.1.1 Twisted bilayer graphene

Theoretical predictions and experimental measurements on TBG, favored by the pre-
cise control of the twist angle through the recent tear-and-stack fabrication technique
[36], unveiled coexistent phenomena and phases of intriguing and complex branches
of condensed matter physics, such as Mott insulating behavior and unconventional
superconductivity. This is enormously beneficial both for the chance to experimen-
tally access tunable complex physics regimes in a easily realizable system and for
providing new insights for topics that have been the object of intense research the
last 30 years.

Since 1988, the moiré patterns on graphite surface formed by the misorientation
θ between two faced layers with the same symmetries was observed in STM images
[37–45], where the name refers to the induced visive moiré pattern effect. While the
moiré pattern exists for any θ, there are particular twist angles, known as commen-
surate angles, that realize a superlattice, that is a strickly periodic repetition of some
large multiatomic supercell, as shown in the example of Fig. 1.2. The existence of
commensurate (twist) angles is a great advantage from a theoretical point of view,
since it allows to study a twisted bilayer (BL) by using theories or methods, such as
density functional theory (DFT) or tight-binding (TB) method, that take advantage
from the periodicity induced by the repetition of a unit cell in the space (i.e., the
Bravais lattice). In general, the resulting supercells in commensurate structures may
contain contain hundreds or thousands of atoms. For instance, the number of carbon
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FIGURE 1.3: Band structure and DOS of TBG with θ = 1.05◦ obtained by using a contin-
uum model. Red dashed lines are the bands obtained by using the flat-layer assumption
on the TBG, i.e., with unrelaxed structure, according to Ref. [46]. Black solid lines are
the bands obtained by taking into account the in-plane relaxation of TBG. As shown in
the DOS, the relaxation induces a band gap opening at the Γ point of the MBZ for both
electron and hole sides with sizes of ∼ 12 meV and ∼ 13 meV, respectively. Adapted
with permission from Ref. [28].

atoms in the TBG supercell, starting from the AA or AB stacking4, increases with de-
creasing the angle of twist and reaches very large values, such as 11164 atoms for
θ = 1.08◦, as will be deeply explained in Sec. 3.1. Correspondingly, the periodicity
of the honeycomb superlattice represents the new scale of periodicity of the system.

In 2007, Lopes dos Santos et al. carried out the first study on the TBG electronic
structure by analyzing the electronic structure close around the Fermi energy, re-
ferred to as low-energy spectrum, in the continuum limit5 for small commensurate
angles smaller than 10◦, in terms of massless Dirac fermions coupled by a slowly
varying periodic interlayer hopping [47]. The low-energy electronic structure was
quite different from the AB-stacked BG6. Indeed, Dirac cones were persistent, but
the Fermi velocity vF of the massless Dirac fermions was substantially reduced with
respect to the MG. Moreover, unlike the AB-stacked BG, the particle-hole symmetry
was absent and the external electric field did not open a gap in the electronic spec-
trum, but just gave a k-point dependent energy shift. Subsequently, the continuum
model was improved by Bistritzer and MacDonald through a low-energy effective
Hamiltonian valid for θ . 10◦ [46], irrespective of whether or not the twist angle

4When putting two graphene layers on top of each other, two fundamental stacking geometries can
be realized. In the first, an atom of the top layer is exactly superimposed to an atom of the bottom
layer. In the second, an atom of the top layer is put on top of the center of a hexagon of the honeycomb
lattice. These are referred to as AA and AB stackings, respectively. AB stacking is more stable and
corresponds to the Bernal stacking observed in graphite.

5The continuum limit holds for long-wavelength electronic states and excitations. In graphene this
implies the condition |q|a0 � 1, where q is the wave-vector separating an electronic state from the
Dirac point and a0 is the lattice parameter.

6The low-energy spectrum of BG is quadratic rather than linear as in ML, and the Fermi velocity is
momentum dependent, unlike the ML [48, 49].
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was commensurate, and by Lopes dos Santos et al. through the analytical calcula-
tion of the spatially modulated hopping amplitudes for any type of commensurate
structures in the low twist-angle limit [50]. When the twist angle reached the values
θ = 1.05◦, 0.5◦, 0.35◦, 0.24◦, 0.2◦, referred to as magic angles, the Fermi velocity van-
ished and showed maxima between them. Then, this was confirmed through the TB
method applied to TBG by Trambly de Laissardière et al. [51], also noting that the
magic angles were defined by the series θn = 1.05◦/n. Furthermore, close to the first
theoretically predicted magic angle θ1 = 1.05◦, the interlayer hybridization induced
four nearly flat low-energy bands around the charge neutrality point (CNP), that are
known as minibands, well distinct from the others and having a bandwidth of the
order of 10-20 meV, as shown in Fig. 1.3 (red dashed lines). They were predicted by
both the continuum model [46] and the TB method [51], and then confirmed by the
two symmetric van Hove singularities in the density of states (DOS) [50]. Further-
more, the local density of states (LDOS) associated to the flat minibands were highly
peaked at the AA stacking regions of the moiré pattern, prohibiting the tunneling
from the AA to the AB or BA regions.

The first experimental observations on TBG confirmed the Fermi velocity behav-
ior and the flat minibands, but insulating gaps of the order of 10 meV at Γ point
of the mini Brillouin Zone (MBZ) of the superlattice separated the latter from the
other valence or conduction bands for θ = 1.8◦ [52] and θ = 0.99◦ [53]. This discrep-
ancy between theory and experiments was associated to the flat-layer assumption
adopted because of the inaccessible computational cost behind the lattice relaxation.
This was confirmed in 2017 by Nam and Koshino [28], when the lattice relaxation in
general TBGs was obtained by an effective continuum theory, although the out-of-
plane components of the atomic displacement vectors were neglected for the sake of
simplicity. Indeed, for 0.99◦ < θ < 1.20◦, gaps opened up at Γ point, as shown in
Fig. 1.3 (black solid lines) for θ = 1.05◦, where there is a gap of ∼ 12 meV on the
electron side and a gap of ∼ 13 meV on the hole side.

In 2018, Cao et al. unveiled the coexistence of Mott-like insulating [29] and un-
conventional superconductivity phases [30] in TBG by performing measurements
of conductance of an electrostatically doped TBG and switching-on perpendicu-
lar magnetic fields. In Fig. 1.4(a), the conductance measured at the magic an-
gle θ = 1.08◦ and the temperature T = 0.3 K [29] shows that, in addition to the
insulating states related to the gaps at the Γ point of the MBZ at the total filling
±ns = ±2.7× 1012 cm−2 of the electron/hole flat minibands, another pair of insu-
lating states occurs for a narrower density range near the half-filling charge doping
±ns/2 of the flat minibands. Furthermore, such half-filling insulating states exhibit
a strong dependence on the temperature, since the system is a metal above 4 K, be-
comes an insulator at 4 K, and the conductance drops to zero from 4 K to 0.3 K. Since
they were not expected in absence of interactions between the electrons and corre-
sponded to localized electrons on AA-stacked regions, Cao et al. proposed a Mott-
like insulating phase for explaining them. The first confirmation was obtained by
verifying the condition U/W > 1, i.e., the quenching of the quantum kinetic energy,
for an Hubbard model on a triangular lattice of sites as the AA-stacked localized
regions, where U is the effective on-site Coulomb energy and W is the bandwidth
of the E > 0 flat-miniband branch in TBG for 0.04◦ < θ < 2◦. The suppression of
the half-filling insulating states under a perpendicular magnetic field provided an-
other proof of the Mott-like insulating phase. Indeed, the gap separating the electron
flat minibands from the upper bands is reproduced only within a many-body pic-
ture of the DOS, i.e., by including the many-body interactions, and the application
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(a)

(b) (c)

FIGURE 1.4: Mott-like insulating and unconventional superconductivity phases of TBG.
(a) Measured conductance at the magic angle θ = 1.08◦ and the temperature T = 0.3 K.
Adapted with permission from Ref. [29]. (b-c) Measured longitudinal resistance Rxx as
a function of carrier density and temperature for θ = 1.16◦ and θ = 1.05◦. See text for
details. Adapted with permission from Ref. [30].

of B⊥ polarizes the excitations of the spectrum according to their spin, thus allow-
ing charge conduction when the Zeeman energy exceeds the charge gap. As far as
the superconductivity is concerned, the longitudinal resistance Rxx was measured
for θ = 1.16◦ and θ = 1.05◦ as a function of carrier density and temperature, re-
vealing two pronounced superconducting domes near half-filling of the lower flat
minibands, that are similar to cuprates (copper oxides) temperature-carrier-density
phase diagrams (see Figs. 1.4(b) and (c)) [30]. The superconducting phase was con-
firmed by the current-voltage curves, for θ = 1.05◦ TBG as an example, that become
ohmic for T & 2 K at n = −1.44× 1012 cm−2. Moreover, critical field values evi-
dently depended on the doping density with two similar domes on each side of the
half-filling state and a good agreement to the Ginzburg-Landau theory. In addition
to the superconducting domes, the unconventional character of superconductivity is
motivated by the ratio between the critical temperature and the Fermi temperature,
since most conventional superconductors have a ratio of about 0.01-0.05, conven-
tional superconductors have a ratio of order 0.001, and TBG exhibits values from
0.04 to 0.08. In other words, the measurements of Cao et al. strongly suggested
that the magic-angle TBG superconductivity originates from electronic correlations
instead of weak electron-phonon coupling.

The most recent works on TBG have been aimed to find a theoretical explanation
of the observed phenomenology and to further investigate on the four minibands,
whose role has proven to be certainly central. Therefore, many efforts have been
made to focus only on the minibands, by finding the suitable set of real space Wan-
nier orbitals and the corresponding centers to perform a TB calculation. Also this
task has turned out to be not easy. For instance, the model proposed in Refs. [54]
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(a)

(b)

FIGURE 1.5: Comparison between the electronic structures calculated through a fully ab
initio DFT calculation and a continuum model for TBG at θ = 1.08◦ along the along the
K-Γ-M-K′ line of the MBZ. (a) Unrelaxed structure. (b) Relaxed structure. The blue dots
are the DFT eigenvalues, whereas the solid red and gray curves represent the continuum
model bands deriving from the ξ = 1 and ξ = −1 valleys, respectively. Each right
panels shows a zoom around the Fermi energy of its left panel, highlighting the nearly
flat minibands. Zero energy corresponds to the Fermi level. The orange shaded regions
correspond to the energy ranges of the DFT gaps. Adapted with permission from Ref.
[31].
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and [55], based on four Wannier orbitals, reproduces perfectly the four flat mini-
bands near CNP, but not the correct symmetry properties. This is a crucial point,
since it has been demostrated by Ref. [56] that the correct symmetries are needed
in order to find the mechanisms that could explain the correlated physics and the
opening of the insulating gaps. Under this guideline, Angeli et al. [57] performed
an in-depth symmetry analysis of the TBG minibands at θ = 1.08◦, finding out an
unexpected one-electron complexity. They performed a full, in- and out-of-plane, re-
laxation of the TBG atomic positions via classical molecular dynamics simulations,
selecting a few commensurate structures for 1◦ < θ < 1.5◦. The relaxation induced
the insulating gaps at the Γ point of the MBZ, as expected from previous studies.
Moreover, they established a minimum number of eight Wannier orbitals as neces-
sary but not sufficient condition to describe the minibands, due to the emergent D6
symmetry (despite the lack of any manifest point-group symmetry in the relaxed
lattice), the valley charge conservation Uv(1) symmetry, the C3z invariance of the
Bloch functions at the Γ point, and the even (odd) parity of the lower (upper) dou-
blet under C2x. For the first time, Lucignano et al. [31] have performed a fully ab
initio DFT calculation of the band structure of TBG at θ = 1.08◦, by also comparing
it to a continuum model generalizing the model proposed in Refs. [46, 47, 55, 58].
The results show a band structure consistent with that measured in Ref. [29], stating
a first accurate single-particle description of θ = 1.08◦ TBG electronic structure, in
order to guide a full many-body calculation taking into account the electronic cor-
relations. Unlike the previous works, the relaxation has been carried out without
approximations and the vdW dispersion between the graphene layers has been cor-
rectly modelled through one of the most recent and accurate methods. Out-of-plane
displacements tend to increase (decrease) the interplane distance in correspondence
to the AA (AB) stacking regions, seeming to be in agreement with the emergent D6
symmetry described in Ref. [57]. The results on the band structure are shown in
Fig. 1.5 for both the unrelaxed and the relaxed structure. The blue dots are the DFT
eigenvalues obtained through an ab initio calculation, whereas the solid red and
gray curves are obtained by diagonalizing the continuum model in the two valleys
ξ = 1 and ξ = −1, respectively, referring to the valleys of the BZs of the MLs. First of
all, the unrelaxed calculation does not reproduce the gaps separating the flat mini-
bands from the other ones, that are responsible for the band insulating phases, as
shown in Ref. [29]. Furthermore, the flat minibands show a dispersion of ∼ 20 meV,
that is almost twice the value . 10 meV measured in the experiment. However,
the DFT eigenvalues are in good agreement with the continuum model, except for
very fine details of the flat minibands. Instead, the relaxation proves indispensable
to interpret experimental data, especially in ab initio calculations. Indeed, the flat
minibands show a dispersion of ∼ 12 meV around the Fermi energy and a gap of
26 meV (16 meV) separates the minibands branch from the highest occupied (lowest
unoccupied) bands, according to the thermal activation gap of ∼ 40 meV measured
in experiments. Finally, this work has shown the major role played by the vdW
interaction. Indeed, the DFT charge transfer analysis reveals an electronic charge
depletion within each plane and a relevant charge redistribution in the interplane
region.

1.1.2 Transition metal dichalcogenides

Transition metal dichalcogenides have MX2 chemical formula, where M is a transi-
tion metal (Mo, W, Nb, etc.) and X is a chalcogen (S, Se, Te, etc.). Their MLs have been
among the first intensively investigated 2D materials after graphene. In particular,



1.1. Two-dimensional materials: successes and challenges 9

(a) (b)

(c)

FIGURE 1.6: Transition metal dichalcogenides geometries. (a) Trigonal prismatic or oc-
tahedral bonding geometries of the six-fold coordinated metal atoms. (b) Sketch of a 2H
single layer. (c) 2Ha and 2Hc polymorphs (side views), as the most common forms of
the 2H polymorph. Blue and red spheres represent metal and chalcogen atoms, respec-
tively.

the most interesting ones are group-VIB (e.g., MoS2, MoSe2, WSe2, WS2) and group-
VB (e.g., NbSe2, NbS2, TaS2, TaSe2) TMDs7, that are semiconductors and metals [59],
respectively. Metal atoms within a single layer are six-fold coordinated and their
bonding geometry can be either trigonal prismatic or octahedral, as shown in Fig.
1.6(a). The two chalcogenide planes forming a slab with a typical thickness of 6-7 Å
are stacked directly above each other in the trigonal prismatic arrangement, whereas
they stagger in the octahedral arrangement. The preferred phase adopted by TMDs
depends predominantly on the d-electron count of the transition metals, although a
certain dependence on the relative size of the atoms plays a role. Most of group-VB
metals have octahedral structures, whereas some have trigonal prismatic structures.
The reverse is true for the group-VI metals. In the bulk forms, the trigonal prismatic
arrangement of MLs can give two distinct polymorphs, namely 2H and 3R, depend-
ing on the MLs stacking order, where the number counts the MLs in the unit cell and
the letter indicates the symmetry (H-hexagonal and R-rhombohedral). Instead, the
octahedral arrangement can just give the 1T (T-trigonal) polymorph. There exist less
common polymorphs or subcategories. For instance, 2Ha and 2Hc are the two most
common forms of the 2H polymorph, showing two layers with hexagonal symme-
try (see Fig. 1.6(b)) with the AbA CbC and the CaC AcA stacking configurations,
respectively, where different uppercase (lowercase) letters denote different positions
of the chalcogen (transition metal) atoms (see Fig. 1.6(c)). The 2Ha polymorph is re-
ported to occur in group-VB TMD crystals, even if the latter are also observed in 1T
polymorph. Instead, the 2Hc polymorph occurs in group-VIB TMD crystals. TMDs
exhibit the time-reversal symmetry T for an arbitrary number of layers and the in-
version symmetry I for an even number of layers, where the inversion center lies
between the layers of bulk form unit cell.

7The group name refers to the transition metal group.
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a) Group-VIB 2D TMDs

The first effects of the group-VIB TMDs thickness reduction to the single-layer limit
concern the electronic band gap and have been predicted by DFT calculations [60,
61]. In particular, the band gap increases by ∼ 1 eV up to ∼ 1.5-2 eV (visible range)
and changes from indirect to direct, with a consequent influence on the measured
photoluminescence (PL) spectra, in terms of blue-shifting and intensity increase of
the PL peaks [62, 63]. Furthermore, the inversion symmetry breaking induces non-
linear optical phenomena, such as second-harmonic generation, and an important
selection rule about the optical interband transitions, referred to as a valley polar-
ization [64–66]: the interband transitions are coupled exclusively with left-handed
(right-handed) or counter-clockwise (clockwise) circularly polarized optical fields at
the K (K′) valley, that is the k-point of the hexagonal Brillouin Zone (BZ) where the
direct band gap edges are located. Therefore, K and K′ valleys of group-VIB TMDs
MLs provide a pseudospin DOF for electrons and holes, making possible concep-
tual electronic applications known as valleytronics. The lacking of the inversion sym-
metry along with the presence of time-reversal symmetry endows Bloch electrons
non-zero Berry curvature and orbital magnetic moment, assuming opposite values
at K and K′ points, so that valley-contrasting phenomena manifest themselves. The
strong spin-orbit coupling (SOC) induced by the heavy transition metal atoms re-
moves the spin-degeneracy, making the spin as a further DOF, enabling spintronics
applications. The properties described so far are shown in Fig. 1.7. Starting from
the first report of valley manipulation by optical pumping [67], several results on
spin- and valley-tronics have been obtained on group-VIB TMD MLs, such as differ-
ent methods for tuning the valley polarization [68–71], realization and control of the
valley Hall effect (VHE) [72, 73], spin Hall effect (SHE) [74], and quantum spin Hall
effect (QSHE) [75].

Group-VIB TMDs also revealed as optimal platforms to investigate 2D exciton8

physics. Indeed, their BLs exhibit a large degree of valley polarization related to
the non-negligible contribution of the excitons, despite the inversion symmetry. In
general, the degree of valley polarization is inversely proportional to the exciton
lifetimes and directly proportional to the intervalley scattering time (valley lifetime).
The exciton binding energies of∼-0.5 eV in these materials [76] are much larger than
the values of the previously explored bulk materials (0.010 eV for Si and 0.0027 eV
for Ge [77]). This is a peculiarity of 2D materials because the dielectric screening
is obviously reduced and remarkably enhances the Coulomb interaction between
electrons and holes, giving excitons and other many-particle excitations (e.g., trions
and biexcitons) with larger binding energies. In 2017, Hall effect of excitons for MLs
was reported for the first time by Onga et al. [78]. Moreover, at present, nonlinear
excitonic spin Hall effect is demostrated [79] and the experimentally measured ex-
citons show short lifetimes up to the order of magnitude of a nanosecond, giving a
first important motivation for a non-negligible degree of valley polarization. As far
as the valley lifetime contribution is concerned, this can be tuned by exploiting, for
instance, electron-phonon interactions and charge-transfer processes [80, 81].

Following the intense efforts to explain the TBG physics, the research focus ex-
tended to the interplay between twist angle and electronic properties in gapped 2D

8As well known, an exciton is a neutral two-particle excitation of a semiconductor consisting of an
electron-hole bound state arising from the poorly-screened long-range Coulomb force, strong enough
to attract an electron to a hole and form a bound state with a binding energy Eb lying below the
electronic band gap. The difference between the electronic band gap and the exciton binding energy
Eb is the optical band gap, that is, de facto, the energy required to create an exciton starting from the
semiconductor ground state.
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(a)

(b)

FIGURE 1.7: Spin- and valley-tronics of group-VIB TMD MLs. (a) Band structure of
ML MoS2, calculated with the PBE exchange-correlation functional within the DFT (see
Chap. 2 for technical details). The averaged z-component of the spin is indicated by the
color code on the band structure. Zero energy (highlighted by the dashed black line)
corresponds to the valence band maximum (VBM) energy. (b) Schematic drawing of
valley polarization at the K valley for MLs of MoX2 and WX2. Valence bands (VBs) and
conduction bands (CBs) are coupled by left-handed circularly polarized optical fields
for both spin-up (blue) and spin-down (red) bands. K′ valleys may be visualized simply
by time-reversal of the K valley scheme.
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(a) (b)

(c)

FIGURE 1.8: Effect of twisting on the PL spectra of AA-stacked BL MoS2. (a) Compari-
son between PL spectra of ML, AA-stacked BL, and twisted BL MoS2, for θ = 15◦, 60◦.
(b) Evolution of the PL peak energies as a function of the twist angle for 44 BLs with
different twist angles. (c) DFT band structure of the untwisted AA-stacked BL MoS2.
The almost degenerate indirect bandgap transitions II and II’ may be related to the peak
II in the PL spectra. Spin-orbit coupling is not included in calculations. Adapted with
permission from Ref. [32].
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materials, due to the wide range of technological applications of the latter. This al-
lowed to perform a more clear and systematic analysis of the interlayer coupling
depending on how twist angle acted on band gaps. Group-VIB TMD vdWHos and
vdWHes were chosen as starting model systems, for which the exciton physics re-
vealed to play a key role. In particular, BL MoS2 had already shown significant ef-
fects of interlayer coupling on PL measurements in 2013 [82], since an external gate
voltage could continuously tune circularly polarized PL from -15% to 15%. There-
fore, in 2014, PL spectra of twisted BL MoS2 samples were measured and compared
to those ones of ML and AA-stacked BL MoS2 by Liu et al. [32], for θ = 15◦, 60◦,
where the latter corresponds to the AB stacking. The twist angle induced a blueshift
and a significant increase of the intensity of the secondary PL peak or peak II of BL
MoS2, that added to the primary peak or peak I related to the direct band gap tran-
sition (see Fig. 1.8(a)), i.e., the direct exciton transition at the K-valley. In particular,
a systematic analysis performed on 44 BLs with different twist angles revealed that
blueshift and intensity increase reached their maximum values far from 0◦ and 60◦

with almost constant values, as shown in Fig. 1.8(b). Based on DFT calculations
at 0◦, 60◦ and four intermediate commensurate angles (13.17◦, 21.78◦, 38.2◦, 46.8◦),
peak II was related to the Γ-K indirect gap (indirect exciton Γ-K transition), due to
the appreciable enhancement of the latter for the commensurate angles, thus provid-
ing a measurement of the reduced effective interlayer electronic coupling strength.
Since the evolution of the indirect band gap as a function of the interlayer distance
(defined by the averaged Mo-Mo distance) agrees with the values depending on
the twist angles, the main role of the interlayer coupling is unveiled: the twisting
induces an highly mismatched atomic alignment between the layers, followed by
steric effects and, thus, variations of the interlayer distances. For twist angles far
from 0◦ and 60◦, the interlayer distance enhancement due to the interlayer coupling
as steric effect increases the indirect band gap size. The inverse proportionality re-
lating the interlayer distance and the Γ-K indirect band gap size was more precisely
and deeply investigated in Ref. [33], where the interlayer coupling is entirely at-
tributed to the inner S atoms of the two faced layers. Indeed, both pz orbitals of S
atoms and dz2 orbitals of Mo atoms contribute to the VBM at Γ of BL MoS2 (see Fig.
1.8(c)), whereas CBM only depends on the latter. Due to the antibonding nature of
the S atoms pz orbitals, the interlayer distance enhancement induced by the twisting
lowers the VBM. Instead, CBM is relatively insensitive to such structural changes
and, as a consequence, indirect band gap variations essentially follow VBM ones.
Such an in-depth comprehension of the electronic properties supported by PL mea-
surements to investigate exciton physics allowed to understand that vdWHes with
one layer including tungsten as transition metal can be used as platform to study
the recently unveiled many-body phenomenon known as interlayer exciton. Indeed,
such vdW system shows a type-II band alignment, where VBM and CBM are lo-
cated in different layers [83]. The interlayer excitons are the bound states of the such
different layer electron and hole pairs, and have been observed in heterobilayers
(HeBLs) of MoSe2/WSe2 [83], MoS2/WS2 [84], and MoS2/WSe2 [85]. In 2017, the
effect of the twist angle on the interlayer excitons has been studied for the first time
by Nayak et al. [86], and HeBL MoSe2/WSe2 has been chosen as model system (see
Fig. 1.9). In the HeBL, an extra excitonic peak appears 200 meV below the two di-
rect excitonic peaks of the MoSe2 and WSe2 layers, indicating the interlayer exciton.
As a result of the twisting, all the peaks show an intensity decrease due to the in-
terlayer coupling and, in particular, the interlayer excitonic peak intensity is signifi-
cantly weakened. This is easily explained through the enhancement of the interlayer
distance, that can be equivalently read as the interlayer coupling decrease. Hence,
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FIGURE 1.9: Twist-angle dependent room-temperature PL spectra of HeBL
MoSe2/WSe2. Vertical black dashed lines indicate the direct excitonic peaks of the
MoSe2 and WSe2, whereas the vertical blue dashed line indicates the interlayer exci-
tonic peak. For twist angles different from 0◦ and 60◦, high-magnification insets are
required to visualize the latter. Adapted with permission from Ref. [86].

according to the previous findings, the twist-angle-induced interlayer coupling re-
duction quenches the PL of the interlayer excitons. Finally, the investigation on the
effect of the twist angle on different group-VIB TMD vdWHes has gradually deep-
ened. As an example, the work by Lu et al. [35] reports a DFT analysis of the band
structure evolution with the twist angle for HeBLs of CrSe2/MoS2, MoSe2/MoS2,
WSe2/MoS2, WS2/MoS2 and CrS2/MoS2, with θ = 0◦, 13.17◦, 21.78◦, 27.8◦, 32.20◦,
38.2◦, 46.8◦, 60◦. Interlayer distance increases between 0◦ and 60◦ in all cases. The
first two systems exhibit an indirect to direct band gap transition upon the twisting.
As far as the inclusion of the SOC is concerned, the heavier the transition metal in-
volved, the larger the variations on the band gaps. For instance, the direct band gap
reduces by 70 meV for CrSe2/MoS2, by 130 meV for MoSe2/MoS2, and by 260 meV
for WSe2/MoS2. In general, the SOC affects direct band gap more than the indirect
one, due to the large SO splitting of VBM at the K point.

b) Group-VB 2D TMDs

Group-VB TMDs, such as NbX2 and TaX2 (X = Se, S), are metals known for their com-
petiting charge-density wave (CDW)9 and superconducting phases. For instance,
theory or experiments predicted or demonstrated that 2Ha-NbSe2 undergoes a CDW
transition at 33 K to an incommensurate structure very similar to a 3× 3× 1 order-
ing [87, 88] before becoming a type-II superconductor at 7.2 K [89, 90], but the CDW
phase shows an inexplicable instability and competes with superconductivity [91–
98], leading to a phase diagram similar to the high-temperature superconductors
[99, 100]. Inelastic X-ray experiments reveal that the CDW transition is second or-
der [96]. However, the mechanism behind the CDW-superconductivity competition

9A charge-density wave is defined as a structural distortion of the crystal lattice inducing a modu-
lation of the electronic density.
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remains still mysterious [101–104]. Similar phenomena involve 1T-TaS2, that, under
pressure, melts a Mott phase into a CDW phase, within which superconductivity
develops and survives to very high pressures, also when the CDW phase disap-
pears [105]. As 2Ha-NbSe2, 1T-TaS2 shows a typical type-II superconducting behav-
ior [106]. Models and experimental results on CDW phase of 1T-TaS2 and 2Ha-TaSe2
have been compared [107], but they still require an acceptable agreement. The tun-
ability of group-VB TMDs phase diagrams has been extensively explored, by acting
on pressure [105, 108, 109] and gate voltage [110]. For instance, the thickness of 2Ha-
NbSe2 decreases, the superconducting transition temperature decreases and reaches
a value of to ∼ 3.1 K in ML NbSe2 [111]. CDW phase coexists along with the su-
perconducting phase down to the ML limit, with the CDW transition temperature
increasing from 33 K to 145 K. Furthermore, low-temperature scanning tunnelling
microscopy/spectroscopy (STM/STS), angle-resolved photoemission spectroscopy
(ARPES), and electrical transport measurements demonstrate that 3× 3× 1 order-
ing of CDW is preserved in the ML limit [112]. In 2016, Xi et al. demonstrated the
Ising pairing for ML NbSe2, that is, Cooper pairs of the superconducting phase are
K and K′ electrons with spin locked to the two opposite out-of-plane directions10

[116]. This feature makes ML NbSe2 as the ideal platform for experiments in which
superconductivity is required to survive at high in-plane magnetic fields. Fig. 1.10
reports the coexistent CDW and Ising superconducting phases of ML NbSe2. More
recent works on the competition between CDW and superconducting phases in the
ML limit show that the CDW order enhancement derives from the rising energy gain
and strengthened Fermi surface gapping, while the superconductivity weakening is
motivated by the increasingly reduced Fermi energy density of states in the CDW
state [117]. CDW phases have been also observed for ML NbS2, unlike the bulk form,
although this result seems substrate dependent [118, 119]. As far as TaX2 (X = Se, S)
systems are concerned, CDW phase disappears going from bulk to ML for TaS2 [120],
whereas it remains unchanged in the isolectronic and isostructural TaSe2 [121]. It is
important to mention that superconductivity has been also observed in some group-
VIB TMD MLs, such as MoS2 and WS2. For the latter, the superconductivity is elec-
trostatic field-induced at low carrier densities [122]. Instead, ML MoS2 showed a
field-induced superconductivity not following the Bardeen-Cooper-Schrieffer (BCS)
theory [123, 124] and a proximity-induced s-wave BCS superconductivity on a Pb
substrate [125].

1.1.3 Two-dimensional magnetism of transition metal halides

The realization of magnetism in two dimensions has long been sought because of the
promising theoretical models and predictions of potentially innovative and break-
through applications in the spintronics field. Indeed, different Hamiltonian models,
such as the classical XY and Ising model or the quantum Heisenberg model, can
be defined on a two-dimensional lattice of magnetic moments [126–131]. Moreover,
from an experimental and technological perspective, magnetism is the most intuitive

10Ising and Cooper pairing differ for the superconductivity persistence and suppression, respec-
tively, under sufficiently high values of in-plane magnetic fields. Indeed, for Cooper pairing, the su-

perconductivity is destroyed by Pauli paramagnetism with the upper critical field H‖c2 given by the
Pauli paramagnetic limit Hp = (1.86TK−1)Tc0 at T = 0 K [113, 114], where Tc0 is the superconducting
transition temperature. Instead, since the Dresselhaus SOC pins the electron spins to the out-of-plane
direction in the Ising pairing, the pair-breaking effect of the in-plane field is reduced and superconduc-
tivity survives due to strongly enhanced in-plane critical field [64, 115]
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(a) (b)

FIGURE 1.10: Coexistent CDW and Ising superconducting phases of ML NbSe2. (a)
Atomically resolved STM images at T = 5 K showing the 3× 3 ordered CDW. Adapted
with permission from Ref. [112]. (b) Schematics of Ising superconductivity. Adapted
with permission from Ref. [116].

and direct way to manipulate the electron spin, as predicted by theory, thus adding
to the countless DOFs of 2D materials.

Until 2017, most of the available pristine 2D materials were intrinsically non-
magnetic (NM). Strain [132–134], doping [135–137], and defect engineering [138–
140] were used to induce magnetism in those materials, but these techniques were
still not easily controlled in experiments or, in the last two cases, strongly deterio-
rated the transport properties because of their tendency to form scattering centers.
Measurements of magneto-optical Kerr effect (MOKE)11 microscopy as a function of
an applied magnetic field by Huang et al. produced the first evidence of intrinsic 2D
magnetic ordering in ML CrI3 [13]. Although magnetism has also been observed in
other 2D materials, such as Cr2Ge2Te6 [141], CrX3 (X = Cl, Br, I) compounds have cer-
tainly shown the most intriguing properties and applications in the 2D magnetism
landscape, as will be explained. For this reason, we will only focus on 2D CrX3 and
Nb3I8, where the latter is the TMH belonging to the materials investigated in this
thesis work.

Bulk CrI3 was known to be an insulator exhibiting ferromagnetism below the
Curie temperature TC of ∼ 61 K with an out-of-plane easy-axis orienting its spon-
taneous magnetization. However, the occurrence of magnetism in a 3D structure is
not sufficient to ensure the magnetic ordering up to the ML limit, due to the Mermin-
Wagner-Hohenberg (MWH) theorem [131, 142]. The latter, that is a rare example of an
exact result in many-body physics, states that in an infinitely extended system hav-
ing one and two spatial dimensions (d ≤ 2), the continuous O(3) symmetry of the
(isotropic) Heisenberg model for three spin dimensions (dS = 3) cannot be spon-
taneously broken at finite temperatures, i.e., the (isotropic) Heisenberg model for
dS = 3 does not admit any spontaneous magnetization at finite temperatures12. The
same result holds for dS = 2, that is the XY model with the O(2) continuous symme-
try. Instead, for dS = 1, that is the Ising model, Onsager demonstrated that a spon-
taneous magnetization is possible for d = 2 [128], as the result of the spontaneous
(discrete) Z2 symmetry breaking. Therefore, based upon the MWH theorem and the
Onsager’s result, it follows that the 2D magnetic ordering could be described only
through the Ising model or anisotropic terms in the Heiseberg model, favoring a par-
ticular easy-axis direction and satisfying the constraint to recover the Ising model in
the limit of an infinite anisotropy.

Hence, in general, searching for a long-range ferromagnetic (FM) ordering in a
ML system means to measure the so-called magnetocrystalline anisotropy, which could

11The magneto-optic Kerr effect is the rotation of the light plane of polarization registered if the light
is reflected by a material with a nonzero magnetization.

12In these cases the magnetization fluctuations would be strong enough to destroy the spontaneous
O(3) symmetry breaking.
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FIGURE 1.11: Ising ferromagnetism of ML CrI3. Gray and purple spheres represent
chromium and iodine atoms, respectively. Green arrows in the direction perpendicular
to the plane of ML CrI3 are the magnetic moments of chromium atoms, providing the
Ising ferromagnetism. Adapted with permission from Ref. [144].

possibly lift the MWH restriction. In Ref. [13], Huang et al. detected the small Kerr
rotations of reflected linearly polarized light from a ML CrI3 sample under a perpen-
dicular magnetic field, thus revealing an out-of-plane magnetization inherited from
the bulk form, i.e., Ising ferromagnetism in a 2D system, as sketched in Fig. 1.11.
Similar analysis extended to BL and trilayer (TL) CrI3 revealed a layer-dependent
magnetic ordering, since the BL is an out-of-plane antiferromagnet and the TL is an
out-of-plane ferromagnet as ML and bulk. The measurements of TC gave ∼ 45 K for
ML and∼ 61 K for TL, according to the bulk estimation, implying that the interlayer
coupling has not a crucial role for the FM ordering persistence down to the ML limit.
As far as the origin of the magnetic anisotropy is concerned, the DFT calculations by
Lado and Fernández-Rossier unveiled the crucial role of the SOC effects [143], as the
result of the interaction between the mean exchange spins field and the magnetic
ions orbital angular momenta. Moreover, they found that the XXZ model13 is the ef-
fective spin Hamiltonian suitably describing ML CrI3 and the magnetic anisotropy
induces a gap in the spectrum of spin-wave excitations.

The combination between ferromagnetism and insulating behavior holding for
ML CrI3 opened a new pathway to realize spintronic applications based on use of
both charge and spin DOFs in electronic devices. This is one of the reasons why
great efforts have been made to combine such a system to well-known but non-
intrinsically magnetic 2D materials. As an example, the deposition of WSe2 on CrI3
to form the HeBL WSe2/CrI3 has proved to be a robust way to manipulate the
valley pseudospin of the first [145], due to the tuning of the valley Zeeman split-
ting, induced by the magnetic exchange field14, through the power of ultrafast laser
pulses over a range of 20 T. Furthermore, to date, there exist several works, both
theoretical and experimental, that highlight the tuning of few-layer CrI3 magnetic
properties by acting on the several 2D platforms DOFs. For instance, changing the
direction of magnetic moments in ML significantly affects the band structure, in-
ducing direct-to-indirect band gap transitions and modifications of the topological
states [146]. Also, biaxial strain engineering and charge doping change the magnetic
Hamiltonian regime, making antiferromagnetic (AFM) phases or in-plane magneti-
zation phases as accessible on demand [147], due to the consequent variations of the
magnetic anisotropy [148]. As far as BL and TL CrI3 are concerned, the out-of-plane
pressure and the electrostatic doping turned out to be efficient control knobs on the
magnetic ground state. Electrostatic doping applied to BL CrI3 significantly affects
the interlayer exchange coupling, providing a phase transition (PT) from the layered
AFM state of two FM layers with opposite spin directions to an FM state [137, 149].

13The XXZ model is the Heisenberg model having equal x- and y- direction magnetic couplings.
14The intrinsic 2D magnet induces a magnetic exchange field in the non-intrinsically magnetic 2D

material through the magnetic proximity effect.
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An out-of-plane pressure of 2.70 GPa on BL CrI3 destroys the AFM state to favor an
FM ordering [150, 151], whereas an out-of-plane pressure of 2.45 GPa on TL CrI3 can
create coexisting domains of three phases, one FM and two AFM, or can induce an
FM ordering [151].

CrBr3 is a more recent example of TMH ferromagnet in ML form. MOKE and
magneto-photoluminescence measurements revealed a spontaneous magnetization
below TC ∼ 34 K with an out-of-plane easy-axis [152]. Distinct from BL CrI3, ex-
hibiting AFM interlayer coupling in the ground state, BL CrBr3 preserves ferromag-
netism. 2D CrCl3 has been recently fabricated [153–155], showing in-plane magnetic
anisotropy. As a consequence, the XY model is the effective spin Hamiltonian simu-
lating ML CrCl3 that, as such, must exhibit a Berezinskii-Kosterlitz-Thouless (BKT)
[130] PT separating a quasi-ordered15 low-temperature state of bound vortex/anti-
vortex pairs from a disordered high-temperature state of unbound vortex/anti-vortex
pairs, both having a zero net magnetization due to the MWH theorem. The XY
physics of ML CrCl3 has been discussed in a recent experiment [156].

Despite CrX3 compounds exhibit the most remarkable and intriguing properties
as 2D magnetic systems, the research on the latter has been also based on needs re-
lated to specific applications. For instance, FM and biocompatible 2D materials are
the ideal candidate platforms for biomedical applications, such as magnetic labeling
and near infrared (IR) light induced hyperthermia treatment of tumors [158]. Unfor-
tunately, Cr3+ ions constituting CrX3 compounds are highly toxic and could cause
permanent neurological damage [159], thus being not definitely recommended for
such purposes. Instead, Nb ions of niobium halides Nb3X8 (X = Cl, Br, I) are non-
toxic and biocompatible, besides to offer a large atomic magnetic moment due to
the 4d45s1 electronic configuration. These reasons encouraged Jiang et al. in 2017
[157] to perform the first DFT calculations on the structural, electronic, magnetic,
and optical properties of a novel candidate as 2D magnet, that is ML Nb3X8, whose
structure is reported in Fig. 1.12(a). While bulk Nb3X8 were first synthesized in 1993
[160], the 2D structures had not yet been exfoliated at the time. Therefore, Jiang et
al firstly estimated the cleavage energies from bulk to MLs, obtaining values com-
parable to or smaller than that of graphite (0.37 J m−2 [161]), that give indication of
an easy cleavage to the ML form. The analysis of the electronic and magnetic prop-
erties revealed the insulating and FM behavior of the ML Nb3X8, exactly as CrI3,
with an electronic band gap between 0 and ∼ 1 eV. In particular, the FM state was
identified as the ground state among three additional AFM configurations. More-
over, the mean field approximation was used to estimate the Curie temperatures,
obtaining the values of 31, 56, and 87 K. The calculated absorption coefficient for an
incident light having the polarization vector parallel to the layers plane promoted,
in particular, ML Nb3I8. Indeed, although all the three MLs showed a non-negligible
absorption over the entire sunlight spectrum with isolated peaks in the IR, visible,
and UV regions, the highest peaks were produced by ML Nb3I8, as shown in Fig.
1.12(b). Hence, Ref. [157] showed that 2D Nb3X8 TMHs are optimal candidates for
both 2D spintronics and biomedical applications. The interest raised on Nb3I8 fa-
vored its synthesis and characterization as ML and multilayer (MuL) flakes [14]. In
addition to confirm the layered structure of the bulk form, atomic force microscopy

15The quasi-ordering implies the power-law decay of spin correlations as a function of distance
separating the magnetic moments, despite the net magnetization is zero. Thus, whereas in the full
thermodynamic limit the long-range ordering is lost, the decay of the correlation is slow enough that
the smaller the finite size of the system, more possible is some magnetic ordering. Furthermore, the
first signature of BKT transition is a divergent magnetic susceptibility below TBKT .
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(a)

(b)

FIGURE 1.12: Properties of ML Nb3X8. (a) Top and side views of the optimized geomet-
ric structures. The top X atoms sheet and bottom X atoms sheets are not equivalent. On
the top X atoms sheet, the X(1) and X(3) atoms are contained. The bottom X atoms sheet
contain the X(2) and X(4) atoms. The thickness d1 is 3.446 for X = Cl, 3.728 for X = Br,
and 4.052 for X = I. The unit cell is limited by the red dashed line. (b) Optical absorption
coefficient α (cm−1). Adapted with permission from Ref. [157].
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FIGURE 1.13: The four categories constituting the quantum technologies field, accord-
ing to the final report of the 2017 High-Level Steering Committee on the European QT
flagship initiative [167].

and scanning Kelvin probe microscopy (SKPM) measured a monotonically decreas-
ing work function with decreasing thickness, from ∼ 5 eV for 20 nm thickness to
∼ 4.71 eV for 1 nm thickness, stating Nb3I8 as a tunable-performance metal elec-
trode for the realization of future optoelectronic devices. The most recent experi-
mental work provides the electrical and optical characterization of exfoliated ML
and few-layer Nb3I8, rather than the flakes [15]. The choice of the latter among the
Nb3X8 compounds relies on the solid state at room temperature and non-toxicity of
iodine compared to Cl and Br. The increasing current flowing at the same applied
voltage with increasing temperatures demonstrated the semiconducting behavior of
bulk Nb3I8. The IR-visible light absorption analysis on the latter exhibited a distinct
increase in absorption around 1200 nm, providing an electronic band gap value of
∼ 1 eV. Moreover, the synthesized Nb3I8 as a 2D material revealed to be a semicon-
ductor with narrow band gap.

1.2 What is meant by quantum technologies?

In the last two decades, the quantum theory laws have been heavily used through
novel technologies, the so-called quantum technologies (QTs) [162], to access the most
counterintuitive and mysterious quantum properties of the physical world, such as
the entanglement, and exploit them in order to achieve unprecedented performance
levels compared to the classical devices. Such an approach has defined the second
quantum revolution or quantum 2.0, overcoming the previous first quantum revolu-
tion or quantum 1.0, that simply underpinned the Information Age with new devices
based on quantum laws (e.g., laser, transistor and other semiconductor devices), ex-
actly as the classical theory laws underpinned the Industrial Revolution. These rea-
sons motivated both governative research programmes, such as the European QT
flagship initiative, the Chinese or US programs [163], and multinational companies,
such as IBM [164] and Google [165, 166], to invest several billion Euros to boost the
research and the technological advance. According to the final report of the 2017
High-Level Steering Committee on the European QT flagship initiative [167], Fig.
1.13 reports the four categories constituting the research field of QTs: quantum com-
putation, quantum communication, quantum sensing and metrology, and quantum
simulation.

Quantum computation is the computation based on the quantum theory laws
and is performed by quantum computers. The idea of quantum computing was first
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proposed by Manin [168] and Benioff [169] in 1980, with an explicit Schrödinger
equation description of Turing machines, and then by Feynman in 1982 [170], with
a basic model of a quantum computer, observing that a classical computer could not
efficiently simulate the evolution of a quantum system. As a consequence, rather
than to be a faster, bigger or smaller version of an ordinary computer, a quantum
computer is a different kind of computer, able to control and use the quantum co-
herence for different applications. In a classical computer, the information is stored
and processed in binary bits, admitting two classical states 0 and 1. Instead, the ele-
mentary brick of the quantum computation is the qubit, that is the normalized-to-1
quantum superposition of the two basis elements |0〉 and |1〉 of a two-dimensional
Hilbert space, thus admitting infinite states in the latter. Also, similarly to the classi-
cal gates reading and processing the bits for the classical computation, the quantum
computation works through quantum gates. The longer the quantum coherence of
the qubits is preserved during the quantum gates operations, the more the perfor-
mances of the computation results are benefited by the quantum theory laws. In
other words, the most critical and universal aspect of quantum computers is the
“closed box” requirement, that is the isolation from any kind of decoherence sources.
In general, DiVincenzo established the necessary requirements for any experimental
implementation of a quantum computer [171]:

1. physical scalability with well-characterized qubits;

2. ability to initialize the qubits states to a simple fiducial state;

3. long relevant decoherence times;

4. a “universal” set of quantum gates;

5. a qubit-specific measurement capability.

Nowadays, qubits and quantum computers count a wide range of physical imple-
mentations, coming from the fields of quantum optics (e.g., cavity QED, circuit QED,
Linear optical quantum computing), ultracold atoms (e.g., optical lattice, trapped
ions), spin control (e.g., nitrogen-vacancy center, nuclear magnetic resonance), and
superconducting circuits (e.g., charge qubit, flux qubit, phase qubit, transmon), hav-
ing different performances depending on the uses and purposes. At the end of 2020,
the Chinese team composed by Zhong et al. declared the achievement of the quan-
tum supremacy16 by means of the Jiuzhang photonic quantum computer, since such
a photonic peak 76-qubit system (43 average) performed calculations at∼ 1014 times
the speed of classical supercomputers [172].

Quantum communication bases on the generation and use of quantum states and
resources to transmit information in an ultra-secure way by exploiting the quantum
laws, at least in theory. Since the information is essentially encoded in qubits, two
additional DiVincenzo’s criteria indicate the necessary requirements to implement
the quantum communication:

1. ability to interconvert stationary and mobile (or flying) qubits;

2. ability to faithfully transmit mobile (or flying) qubits between specified loca-
tions.

16The quantum supremacy is the demonstration that a programmable quantum device can solve a
problem that no classical computer can solve in any feasible amount of time.
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Hence, quantum cryptography methods, such as the quantum key distribution (QKD)
protocols (e.g., BB84, E91), govern the quantum communication protocols, that are
employed to securely transmit highly sensitive data with the purpose to realize a
secure quantum network, similar to the current internet.

Quantum sensing and metrology deal with the measurement of physical param-
eters of a system by using a quantum probe interacting with the latter in a non-
destructive way. In particular, depending on how the prepared state of the probe
has changed, a properly designed measurement is able to catch a certain number of
properties or parameters of the system under examination. Obviously, a quantum
probe paves the way for a higher precision regime compared to the classical one,
due to the wider choice of phenomena displayed by the quantum theory, such as
entanglement and squeezing. As an example, the squeezed light has a central role in
the Advanced LIGO (Laser Interferometer Gravitational-Wave Observatory) project
[173], since the injection of 3 dB of squeezed light significantly increased the detec-
tion rate of gravitational wave candidates [174, 175]. However, the higher precision
regimes achievable by quantum sensors instead of classical sensors are intrinsically
justified by the classical-quantum crossover, since the best classical sensors exhibit
a precision scaling proportionally to the square root of the number of particles N
in the probe (known as the standard quantum limit, SQL), whereas the best quantum
sensors can, in principle, attain a precision scaling as N (known as the Heisenberg
limit) [176, 177].

The concept of quantum simulation has been formulated by Feynman in 1982
[170], in order to conceptually turn the problem of the quantum systems simulation
upside down. In general, the classical simulation of a quantum system requires ex-
ponentially large resources because of the exponential scaling of the system Hilbert
space with the size. Feynman suggested that interacting quantum systems could
be efficiently simulated employing other precisely controllable quantum systems,
showing that his hypothetical universal quantum computer would be able to sim-
ulate needed quantum effects, unlike a classical Turing machine. A working defi-
nition of a quantum simulator can be given as follows: it is an easily realizable ex-
perimental quantum system or an easily implementable quantum model allowing
to simulate an unexplained quantum phenomenon or unsolvable quantum model
in a controlled way. The latter comprises the initial state preparation, a high level
of coherence over large time scales, a good access to measurements, in addition to
different precise control knobs for tuning the system phenomenology basing upon
a detailed miscroscopic knowledge. To date, different experimental platforms work
as quantum simulators, including optical lattices, trapped ions, photonic systems,
Rydberg atom arrays, and superconducting quantum circuits. Among them, the op-
tical lattices are the most performing quantum simulators, due to the huge number
(from thousands to tens of millions) of bosonic or fermionic quantum elements of
their ultracold neutral atoms, their high geometrical flexibility, degree of isolation,
and spin and interaction control, that allowed to implement several models, includ-
ing the Bose-Hubbard [178] and Fermi-Hubbard [179] models, quantum spin liquids
(QSLs) [180], and fractional quantum Hall physics [181]. Nevertheless, Hamilto-
nian engineering with tunable long-range interactions and preparation of strongly
correlated quantum many-body states at low temperatures are not still easy tasks
[182]. Indeed, engineered bath techniques, optimizing initial state-preparation pro-
tocols, and cooling techniques have been implemented against the interactions with
the environment. Trapped ions and Rydberg atom arrays also realize unexplored
condensed matter models, especially providing remarkable results on quantum PTs
in exotic quantum spin models [183, 184], but they often suffer from cross-talk or
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FIGURE 1.14: Schematics of moiré quantum simulators, based on the remarkable quan-
tum properties of different 2D materials. Adapted with permission from Ref. [189].

unwanted interactions or, particularly in the second case, require engineered bath
methods. Other models are implemented with superconducting quantum circuits
(e.g., frustrated spin systems, PTs beyond mean-field theory, Mott insulating phase
in the Bose-Hubbard model) [185], despite the limit of variability, that is the differ-
ent performances of nominally identical design quantum devices induced by nearby
environments or defects, in addition to the needed engineered bath methods.

1.3 Two-dimensional condensed-matter quantum simulators

The unprecedented number of DOFs of 2D materials and the more easily reachable
low temperatures make them a valid and cheap alternative to the optical lattices as
quantum simulators. For instance, ML NbSe2 and ML CrI3 are ideal platforms to ex-
plore Ising superconductivity and quantum magnetism, respectively, and how such
correlated phases could be affected by the variations in lattice spacing (interactions
tunability), the presence of a substrate, magnetic fields and other easily available
external actions or effects. Indeed, as far as the quantum magnetism is concerned,
several studies have analyzed the change in magnetic anisotropy as a function of
strain [148], establishing a controlled way to pass from Ising-like models [186, 187]
to XY models or nontrivial topological spin states [188].

The quantum simulation idea applied on 2D materials can reach its full real-
ization if one takes into account the van der Waals heterostructures and the addi-
tional DOFs as interlayer coupling, twist angle, order and number of layers. Such
a high tunability enormously expands the range of possible physical systems and,
consequently, the same occurs to the target quantum models or phenomena of the
quantum simulation. In the recent years, many striking examples have already been
observed. As an example, the realization of the NbSe2/graphene heterostructure
allowed to investigate the proximity-induced Ising superconductivity by avoiding
inter-mixing, issues related to lattice mismatch, and chemical modifications of the
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interface through strong chemical bonds, thus giving novel information for future
and controlled studies of Majorana wires and lattices [190–192]. In the van der Waals
material CrI3, quantum magnetic properties can be realized and depend on the num-
ber of layers and relative stacking order [193]. However, the twist angle has proven
to be the most suitable DOF for the quantum simulation through van der Waals sys-
tems, realizing the so-called moiré quantum simulators [189], schematically grouped
in Fig. 1.14. TBG opened up the way for the latter, since particular values of twist
angle induce very complex correlated phases in the simplest BL system ever. The
experimental observation of the Mott insulating phase and the unconventional su-
perconductivity in TBG has certainly boosted the tuning-on-demand paradigm of
the 2D materials world, giving an eventual shortcut to explore the collective quan-
tum phases. Indeed, next studies showed new orbitally magnetized phases with
a quantized Hall effect, as signature of topological phases [194, 195]. Twist angle
unveiled hidden collective quantum phases also in twisted BL BN, that exhibited
both spin-density wave (SDW) and d-wave superconductivity phases [196]. The
proximity-induced Ising superconductivity of HeBL NbSe2/graphene has been the-
oretically investigated as a function of the twist angle, in order to assess the robust-
ness to external in-plane magnetic fields [197]. The variations of twist angle and the
three-dimensional dielectric environment have been identified as ideal knobs for
tuning hopping and interaction strength parameters of the triangular-lattice Hub-
bard model on HeBL WSe2/WS2 [198, 199], in order to simulate the model phase
diagram for a dimensionality larger than one. The large availability of experimental
measurement techniques, the easier cooling, and the huge number of DOFs charac-
terizing van der Waals systems trace a very promising path for the quantum simu-
lation of emergent physics which has been still experimentally elusive so far.

1.4 Purposes and structure of the thesis

The vision of van der Waals systems as condensed-matter quantum simulators mo-
tivated the choice of the three distinct materials considered in this thesis work, i.e.,
TBG, twisted HeBL MoS2/NbSe2, ML and MuL Nb3I8. The interest on TBG has
been focused on the fundamental role played by the atomic relaxation in the elec-
tronic band structure [200], especially regarding the origin of the electron/hole flat
minibands, for small commensurate angles down to the first magic angle θ ∼ 1.08◦.
As far as the twisted HeBL MoS2/NbSe2 is concerned, previous reports on twisted
TMD metal-semiconductor HeBLs are not present in literature, although the elec-
tronic properties of the untwisted vdWHe MoS2/NbSe2 have been explored through
DFT first-principles calculations [201] and the untwisted vdWHe WSe2/NbSe2 has
been fabricated and tested as electrode-channel contact of a field-effect transistor
(FET) [202]. Moreover, the discovery of ML NbSe2 Ising superconductivity has ad-
dressed the interest in exploring how it would be affected in or would affect such a
twisted HeBL [203]. Therefore, the analysis on twisted HeBL MoS2/NbSe2 is original
and proposes as starting point to explore the twist-angle-dependent 2D supercon-
ductivity. Finally, several electronic and magnetic analyzes have been performed on
ML and MuL Nb3I8 [204, 205], that is a novel vdW magnet whose collective phase
derives form the Nb atoms magnetic moments. Since the latter form an irregular
kagome lattice, this material and its twisted homostructures could be used as quan-
tum simulators of highly exotic correlated phases, such as Z2 QSL, U(1) QSL, quan-
tum chiral spin liquid, and valence bond crystal [189].

The thesis is organized as follows:
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• in Chap. 2 we present the DFT, its computational implementation, and the
involved approximations;

• in Chap. 3 we examine in depth the twisting and magnetism theoretical frame-
works in two-dimensional systems, providing the geometrical description of
twisted HeBLs, the energy mapping between DFT and magnetic Hamiltoni-
ans, and presenting the Metropolis algorithm of Monte Carlo simulation used
for analyzing the magnetic Hamiltonian models on 2D lattices;

• in Chap. 4 we present, discuss, and analyze the results for each investigated
system.
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Chapter 2

Density functional theory: basics
and implementation

“I have also testified repeatedly and published
some articles in favor of Small Science.”

Philip Warren Anderson

Over the time, modeling and design of materials is performed by means of ever
more accurate and efficient advances in theory, algorithms, and hardware. In order
to investigate on a specific property, first-principles calculations enormously accel-
erate the typical times required for the experiments by allowing a more systematic
analysis on a larger set of systems, especially if guided by tools from computer sci-
ence. Simulations failures are more and more slight and specific compared to the
expected predictions, thus stimulating further progress in methods.

Nowadays, DFT is the widely used theory to efficiently and often accurately
compute the ground-state properties of condensed-matter systems. It developed
driven by the experimental observations, reaching a high accuracy level also in the
detection of eventual prediction errors [206–208].

This chapter is aimed to present the DFT, both in the non-relativistic and rela-
tivistic formulations, and its computational implementation used in this thesis.

2.1 Non-relativistic theory

In the framework of non-relativistic quantum mechanics, the dynamics of the mi-
crosopic costituents of matter is described by the Schrödinger equation [209], that
neglects spin and relativistic effects. Such an equation is exactly solvable only for
the hydrogen atom, and the larger the number of the system particles, the more dif-
ficult it is to find an approximate solution. Different theories and approximations
were formulated in order to determine the ground state of a many-particles system,
mostly based on the Ritz variational method [210], for which a trial wavefunction
will always give an expectation value larger than or equal to the ground-state en-
ergy. Among them, the Hartree-Fock (HF) method [211, 212] was used for many-
electrons problems, giving even now good results for systems where the exchange
effects are more important than the correlation effects, since it exactly takes into ac-
count the former and completely neglects the correlations1. The density functional

1The exchange effects of the Coulomb interaction between identical fermions are purely quantum
effects arising from the Pauli exclusion principle [213] and, thus, occurring as the repulsion of parallel-
spin fermions. Instead, the correlation effects simply manifest as the repulsion of fermions with the
same charge sign, regardless of their spins, but having both classical and quantum aspects, due to their
local and non-local components.
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theory is an ab initio and ground-state theory introduced in the mid 60s by Pierre
Hohenberg, Walter Kohn, and Lu Jeu Sham [214, 215] to determine the approximate
ground state of a many-body system also including the correlation effects, in a more
efficient way compared to all the post-HF methods.

In this section, the quantum many-body problem will be formally introduced,
pointing out the difficulties rising from the Schrödinger equation application and
the main ideas and steps of the DFT to face them.

2.1.1 The quantum many-body problem

Atoms, molecules or, in general, solids can be schematized as systems composed
of ions (nuclei and their respective core electrons that are tightly bound to them)
and valence electrons (outer shell electrons that can participate in the formation of
a chemical bond). The time-independent Schrödinger equation of a solid with N
electrons (of coordinates ri, moments pi, mass m2, and charge −e) and M ions (of
coordinates Rα, moments Pα, mass Mα, and charge Zαe) with mutual Coulomb inter-
actions reads [216–218]

Ĥ({ri}, {Rα})Ψ({ri}, {Rα}) = EΨ({ri}, {Rα}), (2.1)

where {ri} = (r1, ..., rN) is the set of electronic coordinates, {Rα} = (R1, ..., RM) is the
set of ionic coordinates, Ψ({ri}, {Rα}) is the total many-body wavefunction of the
system, and E is the total energy of the system, that is eigenvalue of the Hamiltonian

Ĥ({ri}, {Rα}) =

T̂e({ri})︷ ︸︸ ︷
− h̄2

2m

N
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i
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(2.2)

The first term at the right-hand side is the kinetic energy operator T̂e of the electrons,
the second term is the kinetic energy operator T̂i of the ions, the third term is the
electron-electron Coulomb repulsion energy operator V̂e−e, the fourth term is the
ion-ion Coulomb repulsion energy operator V̂i−i, and the last term is the electron-
ion Coulomb attraction energy operator V̂e−i.

Eq. (2.1) refers to a many-body problem because both the number of electrons
N and the number of ions M are of the order of the Avogadro constant NA '
6.022× 1023. Moreover, all the components strongly interact with each other and,
thus, exactly solving the Eq. (2.1) is impossible in practice. For this reason, it is
convenient to introduce some approximations.

2.1.2 Born-Oppenheimer approximation

The Born-Oppenheimer (BO) or adiabatic approximation [219] allows to decouple the
electronic and the ionic dynamics in order to solve the Eq. (2.1) more efficiently,

2Typically, electron mass is denoted by me in literature. Here, the notation m will be adopted for the
sake of simplicity.
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based on the fact that the nuclei are much heavier than the electrons. Indeed, the
adiabaticity ratio m/Mα typically is at least of the order of 10−4 (it is enough to think
that a proton has a mass about 1836 times greater than that of an electron)3. Such
an assumption allows, in a first step, to set T̂i({Rα}) = 0, i.e., to assume infinite
masses for the ions. As a result, the ionic coordinates {Rα} become constant pa-
rameters identifying the positions of the nuclei clamped in space (clamped-nuclei ap-
proximation), the operator V̂i−i({Rα}) is a constant contribution for each assigned set
{Rα}, and V̂e−i({ri}, {Rα}) is the operator describing moving electrons that “feel”
the Coulomb potential of the clamped nuclei. Hence, under the BO approximation,
the Eq. (2.1) can be solved first passing through the Schrödinger equation

Ĥe({ri}, {Rα})Ψe({ri}, {Rα}) = Ee({Rα})Ψe({ri}, {Rα}), (2.3)

governed by the electronic Hamiltonian

Ĥe({ri}, {Rα}) = T̂e({ri}) + V̂e−e({ri}) + V̂e−i({ri}, {Rα}). (2.4)

Once the ground state of the electronic problem has been determined4, the ionic
dynamics must be someway included to solve the Eq. (2.1). Indeed, nuclei can be
assumed as fixed in space with respect to the electrons, but not with respect to each
other. Therefore, the second step of the BO approximation consists in treating T̂i
as a perturbation in the total Hamiltonian Ĥ = Ĥe + T̂i + V̂i−i. If such a pertur-
bation induces only negligible transitions between different electronic states, that
are eigenstates of the electronic Hamiltonian in Eq. (2.4), then the total many-body
wavefunction of the system can be written in the factorized form

Ψ({ri}, {Rα}) ' Ψi({Rα})Ψe({ri}, {Rα}). (2.5)

Here, the ionic part Ψi({Rα}) is intended as the ground state of the Schrödinger-like
equation

[Ee({Rα}) + T̂i({Rα}) + V̂i−i({Rα})]Ψi({Rα}) = EΨi({Rα}), (2.6)

stating that the ions move on the Born-Oppenheimer potential energy surface (PES)

ΦBO({Rα}) ≡ Ee({Rα}) + V̂i−i({Rα}). (2.7)

2.1.3 The ideas behind the density functional theory

The electronic problem described by Eq. (2.3) appears easier solvable than the whole
electronic and ionic problem of Eq. (2.1). Notwithstanding, the interaction term
V̂e−e requires further discussion and analysis. Interacting-electron models aim to
determine the ground state of an Hamiltonian

Ĥe = T̂ + Û + V̂, (2.8)

3There are cases in which the BO approximation loses validity and, thus, one must invoke other
approximations, but this is then often used as a starting point for more refined methods.

4This problem can be faced by using the HF method or, more efficiently and accurately, the DFT, as
will be described afterwards.
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where T̂ is the kinetic energy operator, Û is the Coulombian repulsion (two-body)
potential and

V̂(r1, ..., rN) =
N

∑
i=1

v(ri) (2.9)

is an external (one-body) potential. Prior to the DFT formulation, several approaches
have been proposed for studying the interacting systems: the HF method, exactly
taking into account the exchange energy of the Coulomb interaction but completely
neglecting the correlation energy; the configuration interaction (CI) approach [220],
used as a post-HF method to take into account correlation effects, that consisted in
constructing accurate approximations of the ground state from linear combinations
of the Slater determinants. K > N/2 single-particle spatial states resulting from the
HF iterative procedure are typically used and an acceptable accuracy corresponds to
K ∼ 109, thus introducing a remarkable computational complexity.

The DFT is an ab initio and ground-state theory that overcomes this problem
by entirely reformulating the Ritz variational method in an extremely efficient way
both from a computational and a conceptual point of view, so much to earn Kohn the
Nobel Prize in Chemistry in 1998. In his Nobel Lecture [221], Kohn clarified such an
advance by first defining the “exponential computational wall” that one encounters
trying to solve the Eq. (2.3) for N & 10. If p is the number of parameters for each
independent variable of the electronic wavefunction Ψe({ri})5 that are needed to
obtain a certain accuracy and the symmetries are neglected, then the Ritz functional

ε[Ψe] =
〈Ψe| Ĥ |Ψe〉
〈Ψe|Ψe〉

(2.10)

must be minimized in an hyperspace of p3N parameters. Assuming that p = 3
and p3N . 109, the maximum number of electrons is N ' 6, that is rather small
compared to the minimum acceptable value of 20 electrons, although the energy in
Eq. (2.10) is minimized in a huge parameter space. The exponential computational
wall is further manifest when one considers that the number of parameters for p = 3
and N = 100 is 3300 ' 10150. As far as the DFT conceptual innovation is concerned,
the Ritz functional is reformulated by expressing the energy as a functional of the
ground-state electronic density

n(r1) = N
∫
|Ψe({ri})|2d3r2...d3rN (2.11)

rather than the electronic wavefunction Ψe({ri}), thus requiring trial functions of
only 3 instead of 3N variables. Therefore, regardless of the value of N, the ground-
state electronic density has the main role and the exponential computational wall is
torn down6. As expected, the ground-state electronic density defined in Eq. (2.11)
satisfies the condition ∫

n(r)d3r = N. (2.12)

5In the following, the dependence on the ionic coordinates will be neglected for the sake of simplic-
ity, due to the clamped-nuclei approximation.

6In 1927, Llewellyn Hilleth Thomas and Enrico Fermi formulated the first theory based on the
ground-state electronic density [222, 223], but the kinetic term could not be expressed, unless to in-
troduce substantial approximations, as a functional of n(r). As a consequence, despite good results
for some many-electron atoms, Thomas-Fermi (TF) theory underestimated the binding energies, did
not provide good predictions for properties depending on valence electrons, and did not predict the
chemical bond.
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The mathematical structure of the DFT is based on two fundamental theorems
proved by Hohenberg and Kohn (HK) [214], and the derivation of a set of equa-
tions by Kohn and Sham (KS) [215], mapping the many-body problem of interacting
electrons onto a fictitious single-particle problem of non-interacting electrons in an
effective local potential.

2.1.4 The theorems of Hohenberg and Kohn

First theorem
Given an electronic density n(r), if exists at least one potential v(r) such that n(r) is

the electronic density of the ground state of Ĥe, then the potential v(r) is unique less than a
constant.

Second theorem
The ground state energy corresponds to the minimum of the functional

Ev[n] = 〈Ψe| Ĥe |Ψe〉 = 〈Ψe| (T̂ + Û) |Ψe〉+ 〈Ψe| V̂ |Ψe〉 = F[n] +
∫

v(r)n(r)d3r

(2.13)
with respect to the electronic density.

The first theorem states that the external potential v(r) can be uniquely deter-
mined from the ground-state electronic density n(r) (i.e., n(r) → v(r)), in contrast
to the opposite statement of the typical Schrödinger approach (i.e., v(r) → n(r)),
that is, there exists a one-to-one correspondence between the ground-state electronic
density and the external potential. It is worthwhile noticing that at a fixed number of
electrons, the operators T̂ and Û are universal (and so is the functional F[n] defined
in Eq. (2.13)), i.e., they are independent on the particular kind of many-electron sys-
tem, and the operator V̂ (or, in ultimate analysis, the potential v(r)) uniquely speci-
fies the Hamiltonian. An immediate consequence of the correspondence n(r)→ v(r)
is that the ground-state expectation value of any observable Â is a unique functional
of the exact ground-state electronic density, i.e.,

n(r)→ v(r)⇒ 〈Ψe[n]| Â |Ψe[n]〉 = Â[n]. (2.14)

The second theorem defines the reformulation of the Ritz variational method of the
Schrödinger approach in terms of the electron density, also giving an operative form
of the concept of density functional.

2.1.5 The Kohn-Sham equations

The Kohn-Sham equations are a set of exact Hartree-like equations [224–226] that allow
to self-consistently determine the ground-state electronic density, as an alternative
to minimize the functional of Eq. (2.13). They can be derived by considering an
auxiliary non-interacting system with the same ground-state electronic density as
the original interacting system. Indeed, for a general electronic density n′(r), it is
always possible to find a unique non-interacting system of electrons with single-
particle states ϕ′i(r), electronic density

n′(r) =
occ

∑
i
|ϕ′i(r)|2, (2.15)
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and kinetic energy functional

Ts[n′] = −
h̄2

2m

occ

∑
i

∫
ϕ′∗i (r)∇2ϕ′i(r)d

3r, (2.16)

where the sums run over the subset of the occupied states. Once this non-interacting
electron system has been defined, the universal functional of Eq. (2.13) can be re-
casted as

F[n′] = Ts[n′] +
e2

2

∫ n′(r)n′(r′)
|r− r′| d3rd3r′ + Exc[n′]. (2.17)

The second term at the right-hand side is the Hartree energy functional EH [n′] or
the classical electrostatic energy of the electronic density n′(r) interacting with the
electrostatic potential generated by itself. In other words, whereas the general form
of F[n′] is unknown, it is possible to single out terms that are easily handled in the
common Hartree-like approach. In particular, the kinetic energy of the unique non-
interacting system with the same electron density and the Hartree energy are ex-
plicited in Eq. (2.17). Therefore, the last term, named as exchange-correlation energy
functional, contains the quantum contributions of the Coulomb interaction (exchange
and quantum correlation effects) and the kinetic energy of the interacting system of
electrons lacking the non-interacting system contribution. According to the varia-
tional method, the ground-state electronic density minimizes the HK-reformulated
Ritz functional of Eq. (2.13), under the constraint of Eq. (2.12). Introducing a La-
grange multiplier µ, this is equivalent to impose the equation7

δ

[
Ev[n′]− µ

(∫
n(r)d3r− N

)]
= 0. (2.19)

Since Ts[n′] is explicitly expressed as a functional of the non-interacting system single-
particle states in Eq. (2.16), but all other terms in Eq. (2.13) are functionals of the elec-
tronic density, one can exploit the chain rule of the functional derivatives and vary
the single-particle states ϕ′∗i (r)

8. Furthermore, the condition of Eq. (2.12) is included
in the orthonormality condition of the states ϕ′i(r). Therefore, the minimization con-
dition becomes [

δTs

δϕ′∗i (r)
+

δEH

δn′(r)
δn′(r)
δϕ′∗i (r)

+
δExc

δn′(r)
δn′(r)
δϕ′∗i (r)

+
∫

v(r)
δn′(r)
δϕ′∗i (r)

d3r−
occ

∑
i,j

µij(
〈

ϕi
∣∣ϕj
〉
− δij)

]
= 0.

(2.20)

7The variation of a functional F [ f (x)] is

δF [ f (x)] =
∫

δF
δ f (y)

δ f (y)dy (2.18)

and δF/δ f (y) is the functional derivative of F with respect to its argument.
8In principle, one should simultaneously vary both ϕ′i(r) and ϕ′∗i (r), but one case is the complex

conjugate of the other one and, thus, it is enough to vary only the latter in order to obtain the final
result.
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Since

δTs

δϕ′∗i (r)
= − h̄2

2m

occ

∑
i
∇2ϕ′i(r),

δEH

δn′(r)
= e2

∫ n′(r′)
|r− r′|d

3r′ = vH(r),
δn′(r)
δϕ′∗i (r)

= ϕ′i(r)

(2.21)
and if

vxc(r) ≡
δExc[n′]

δn′
, vKS(r) ≡ vH(r) + vxc(r) + v(r), (2.22)

then Eq. (2.20) gives for each solution ϕi(r) the Hartree-like single-particle equation9[
− h̄2

2m
∇2 + vKS(r)

]
ϕi(r) = εi ϕi(r). (2.23)

Eqs. (2.23) and (2.15) are the so-called Kohn-Sham self-consistent equations, that are
formally identical to the equations of a non-interacting system of electrons in which
the Kohn-Sham potential vKS(r) is the only external (fictitious) potential giving the
same ground-state electronic density of the interacting system. It must be pointed
out that the total energy is not the sum of the Kohn-Sham eigenvalues εi’s. Indeed,
the latter is

occ

∑
i

εi =
occ

∑
i

∫
ϕ′∗i (r)

[
− h̄2

2m
∇2 + vKS(r)

]
ϕ′i(r)d

3r = Ts[n] +
∫

vKS(r)n(r)d3r (2.24)

and, thus, the total energy is

E =Ts[n] + EH [n] + Exc[n] +
∫

v(r)n(r)d3r

=
occ

∑
i

εi −
e2

2

∫ n(r)n(r′)
|r− r′| d3rd3r′ + Exc[n]−

∫
vxc(r)n(r)d3r.

(2.25)

The KS equations can be iteratively and self-consistently solved once Exc[n] is known.
In practice, only approximations of the latter can be provided, as it will be detailed
later. In general, nor the KS eigenvalues nor the KS eigenstates have proved physi-
cal meanings. The only physically meaningful quantity is the ground-state electronic
density n(r).

2.1.6 Spin-polarized density functional theory

The spin extension of the density functional theory allows to calculate the magnetic
ground state, metastable states, and magnetic orders of magnetic materials by explic-
itly including the magnetization or spin density in the formalism. In the framework
of non-relativistic quantum mechanics, the spin was first introduced by Wolfgang
Ernst Pauli, that derived a Schrödinger equation for a charged spin-½ particle inter-
acting with an electromagnetic field [227]. In particular, the Pauli Hamiltonian for
an electron is

ĤPauli =

[
1

2m ∑
i=x,y,z

(
−ih̄∂xi +

e
c

Ai

)2
− eφ

]
Î2 + µBσ̂ · B, (2.26)

9It can be demonstrated that the Lagrange multipliers matrix is hermitian and, therefore, admits an
unitary transformation into a diagonal matrix of diagonal elements εi’s.
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where A(r) is the vector potential, φ(r) is the scalar potential, µB is the Bohr magne-
ton, B(r) = ∇×A(r) is the magnetic field, and σ̂ = (σ̂x, σ̂y, σ̂z) is the vector oper-
ator of the Pauli matrices. The external potential v(r) = µBσ · B of Eq. (2.26), cou-
pling spin and magnetic field, induces the single-particle states to be two-component
spinors

ϕi(r) =
(

ϕi,↑(r)
ϕi,↓(r)

)
. (2.27)

As a consequence, the Pauli Hamiltonian or, in general, an Hamiltonian with a spin-
½-dependent external potential vαβ(r) applied to a system of N particles induces
single-particle states having components ϕi,α(r) with α =↑, ↓. In addition to the elec-
tronic density n(r), the basic variable of the spin-polarized DFT is the magnetization
density

m(r) =
N

∑
i
〈ϕi| µ̂ |ϕi〉, (2.28)

where
µ̂ = − gsµB

h̄
Ŝ (2.29)

is the spin magnetic moment containing the spin-½ matrices vector Ŝ = (h̄/2)σ̂. In
particular, if the electron spin g-factor gs is set to 2, then the magnetization density
of Eq. (2.28) reduces to

m(r) = −µB
N

∑
i
〈ϕi| σ̂ |ϕi〉 (2.30)

The magnetization M of the unit cell with volume Ω describing the material Bravais
lattice can be obtained by integrating the magnetization density over it:

M =
∫

Ω
m(r)d3r. (2.31)

Electronic density and magnetization density can be grouped in the hermitian ma-
trix [228–230]

Ñ(r) =
1
2

[
n(r)I2 +

1
µB

m(r) · σ̂
]

, (2.32)

where
n(r) = trÑ(r), m(r) = µBtr(σÑ(r)). (2.33)

Hence, based upon the definitions

Ñ′αβ(r) ≡
occ

∑
i

ψ′∗i,β(r)ψ
′
i,α(r), Ts[Ñ′αβ] ≡ −

h̄
2m

occ

∑
i

∑
α

∫
ψ′∗i,α(r)∇2ψ′i,α(r)d

3r, (2.34)

the spin-polarized energy functional is

Ev,sp[Ñ′αβ] = Ts[Ñ′αβ] + EH [n′] + Exc[Ñ′αβ] + ∑
α,β

∫
vαβ(r)Ñ′αβ(r)d

3r (2.35)

and the spin-polarized KS equations are{
− h̄2

2m
∇2 + ∑

β

[vH(r)δαβ + vxc,αβ(r) + vαβ(r)]

}
ψi,α(r) = ηiψi,α(r), (2.36)
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where

vxc,αβ(r) =
δExc[Ñαβ]

δÑαβ

(2.37)

is the spin-dependent exchange-correlation potential and the ηi’s are the Lagrange mul-
tipliers in the diagonal basis related to the constraint

∑
α

〈
ψi,α
∣∣ψj,α

〉
= δij. (2.38)

Writing the spin-dependent exchange-correlation potential as

vxc,αβ(r) = vxc(r)δαβ + µB(σ · Bxc(r))αβ, (2.39)

it turns out that the presence of many electrons generates an effective magnetic field
Bxc(r), named as exchange-correlation magnetic field. The general non-diagonal form of
the matrix Ñ implies that there is not a unique quantization axis, i.e., the formalism
developed so far can describe noncollinear magnetism.

The formalism for collinear magnetism can be obtained by exploiting the her-
miticity of Ñ(r). Indeed, due to such a property, there exist (unitary) spin-½ rota-
tion matrices transforming the latter into a diagonal matrix in the σz basis, that is
ñαβ = nαδαβ with

nα =
occ

∑
i
|ϕi,α(r)|2, α =↑, ↓ . (2.40)

Therefore, the spin-polarized KS equations become[
− h̄2

2m
∇2 + vH(r) + vxc,α(r) + vα(r)

]
ϕi,α(r) = εi,α ϕi,α(r), (2.41)

where

vxc,α(r) =
δExc[n↑, n↓]

δnα
= vxc(r) + µBσzBxc,z(r). (2.42)

The electronic density and the magnetization density are respectively

n(r) = n↑(r) + n↓(r), mz(r) = −µB [n↑(r)− n↓(r)]. (2.43)

2.1.7 Basic approximations for the exchange-correlation functional

In both spin-unpolarized and spin-polarized formulations of DFT, all the steps per-
formed in order to obtain the KS equations are exact, since no approximation has
been introduced. Nevertheless, the explicit definition of the exchange-correlation
energy functional is unknown and the final success of the theory depends on how
accurately it is approximated. The first classification of the exchange-correlation en-
ergy functional approximations was given by John Perdew et al. [231], reporting the
five main rungs of a Jacob’s ladder to move from the Hartree world of unrealistically
weak or missing chemical bonding in solids to the heaven of chemical accuracy. In
general, the exchange-correlation energy functional is written as

Exc[n] =
∫

exc(r, [n])n(r)d3r (2.44)

and the approximations affect the exchange-correlation energy per particle exc(r, [n]).
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In this paragraph, I will only describe the first two rungs of the Jacob’s ladder,
that are needed to introduce the advanced approximations presented in the next
paragraph and used for the results reported in the Chap. 4 of the thesis.

a) The local-density approximation

The simplest approximation of the Eq. (2.44) is the local-density approximation (LDA)
[215], assuming that exc(r, [n]) is such a slowly-variable function around each point
r in space that it could be that of an homogeneous electron gas. Formally, this im-
plies that the dependences on the entire function n(r) and the point r are lost and,
therefore, the exchange-correlation energy functional is

ELDA
xc [n] =

∫
ehom

xc (n(r))n(r)d3r. (2.45)

The electronic density of an homogeneous electron gas is n = (3/4π)(rsa0)−3, where
rs is the average radius in units of the Bohr radius a0 of the electrons forming the
homogeneous gas and schematized as adjacent spheres. The HF method exactly
computes the exchange energy per particle as

ehom
x (n) = −0.9163

rs

e2

2a0
. (2.46)

As a consequence, it is possible to separately treat the exchange and correlation con-
tributions by writing

ehom
xc (n(r)) = ehom

x (n) + ehom
c (n(r)). (2.47)

The correlation energy per particle ehom
c (n(r)) has been obtained numerically for a

sample of densities by fitting previous quantum Monte Carlo results with an in-
terpolation function satisfying the known high-density (rs → 0) and low-density
(rs → ∞) expansions [232].

LDA is exact in the limit of uniform densities. It is often considered satisfac-
tory for solids, but much less for atomic and molecular physics, for which highly
accurate experimental data are available. Indeed, the chemical bondings of atoms
and molecules are highly inhomogeneous regions, where the LDA has not a suitable
application, and have a crucial role in the properties of these systems. As a conse-
quence, LDA usually underestimates bond lengths and badly overestimates (& 20%)
the cohesive energies and bond strengths [233].

In the spin-polarized DFT, the LDA is specifically referred to as the local-spin-
density approximation (LSDA) [229] and assumes an exchange-correlation energy func-
tional

ELSDA
xc [n↑, n↓] =

∫
ehom

xc (n↑(r), n↓(r))[n↑(r) + n↓(r)]d3r. (2.48)

The exchange energy per particle is given by the Eq. (2.46) multiplied by a spin-
scaling function φ2(ζ), where ζ ≡ (n↑ − n↓)/n. Instead, as for the unpolarized case,
the correlation energy per particle requires parametrizations, among which Vosko,
Wilk, and Nusair (VWN) [234] and Perdew and Wang (PW92) [235] are the most
used ones. In addition to the problems of the spin-unpolarized case, LSDA adds the
exponential decay of the exchange potential

vLSDA
x (r) =

δELSDA
x [n]
δn(r)

(2.49)
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at infinity for finite molecular systems versus the expected r−1 asymptotic behavior
[236].

b) The generalized-gradient approximation

In the 1980s, Langreth and other authors [237–243] took into account the information
about the spatial variation of the electronic density to improve the results of L(S)DA
in applications to atoms, molecules, and solids. The so-obtained generalized-gradient
approximation (GGA) has the general form10

EGGA
xc [n↑, n↓] =

∫
eGGA

xc (n↑(r), n↓(r),∇n↑(r),∇n↓(r))[n↑(r) + n↓(r)]d3r. (2.50)

The GGA is often named as semilocal (SL) approximation, since the gradients of
the spin-polarized electronic densities give an additional “semilocal information”
to their local values. The different ways to include the electronic density gradients
in the GGA functional provide a wide variety of GGA functionals. They generally
give a remarkable improvement over LDA for molecular systems at a modest ad-
ditional computational cost, despite the overestimation of the bond lengths. The
most widely used GGA functionals in calculations for solids are the Perdew-Wang
functional (PW91) [235] and the Perdew-Burke-Ernzerhof functional (PBE) [244]. In
both cases, the exchange energy per particle is obtained by multiplying Eq. (2.46)
by an enhancement factor Fx(s), that is function of the reduced density gradient
s(r) ≡ |∇n(r)|/2kFn(r), where kF is the Fermi wave vector. Instead, the correlation
energy per particle is n(r)ehom

c (n↑(r), n↓(r)) added to a function of n↑(r), n↓(r) and
another reduced density gradient t depending on the spin-scaling function φ2(ζ).
PBE functional has the advantage to be a simplified version of PW91 without fitted
parameters, but with empirical parameters. It improves over PW91 providing an
accurate description of the linear response of the uniform electron gas and correct
behavior under uniform coordinate scaling. There are also extensions of PBE. For
instance, revPBE by Zhang and Yang [245] is a revised version of the PBE exchange
part, obtained by fitting to only the exchange atomic energies of He and Ar, thus
giving more accurate total atomic energies and molecular atomization energies.

2.1.8 Advanced approximations for the exchange-correlation functional

Although LDA and GGA have been successful in predicting ground-state properties
of several systems, they suffer from two main sources of error that limit the applica-
tion of DFT to a still too restricted range of materials: self-interaction error (SIE) and
absence of the nonlocal component of the interactions.

The self-interaction is the interaction of an electron with the Coulomb field it
generates. As known, the HF method contains a self-interaction term in the direct
potential that cancels exactly with an opposite term in the exchange potential. How-
ever, the approximations of the exchange-correlation functional Exc[n] in DFT do
not completely cancel the self-interaction, leaving a residual SIE [246, 247]. There
is a large number of problems in basic approximations of Exc[n] coming from the
SIE. Among them, the most common ones are the band gap problem and the incorrect
prediction of localized states occupancy in the strongly correlated electron materials.
The band gap problem is the underestimation of insulators band gaps on the order
of 40% [248] arising from the unphysical LDA and GGA curvatures of the total en-
ergy as a function of the number of electrons. Indeed, it can be demonstrated that

10In literature, the spin-polarized version of GGA is also denoted as σ-GGA.
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the band gap of an insulating N-particle system, obtained by the KS eigenvalues as

EKS
g = εH+1(N)− εH(N), (2.51)

where εH(N) is the highest-occupied KS level and εH+1(N) is the next one, differs
from that of the true interacting system by a quantity equal to the discontinuity of
the functional derivative of the exchange-correlation functional11:

Ereal
g = EKS

g +
δExc[n]
δn(r)

∣∣∣∣
N+δ

− δExc[n]
δn(r)

∣∣∣∣
N−δ

, δ→ 0. (2.52)

As a consequence, the total energy must be a piecewise linear function of the number
of electrons. Instead, the SIE introduced by LDA and GGA gives a nonlinear contri-
bution to the total energy for fractional numbers of electrons with mainly a quadratic
term coming from the Hartree energy not canceled properly in the exchange-correlation
energy. As far as the strongly correlated electron materials are concerned, they are
materials in which the electrons behavior cannot be described in terms of effective
non-interacting elements because the scale of the electronic quantum correlations is
comparable to or larger than the typical system energies, such as the hopping inte-
gral t. Among them there are the materials with partially filled d- or f -shells. The
SIE acts on these systems by predicting localized d or f atomic-like electronic states
with fractional instead of integer occupations.

The other main deficiency of LDA and GGA is the absence of the nonlocal com-
ponent of the interactions, since they are based on local density and its local deriva-
tives. In principle, the exchange-correlation potential obtained as the functional
derivative of the exchange-correlation energy functional is nonlocal, as the Hartree
potential or the exchange potential of the HF method. As a consequence, the long-
range and nonlocal correlations characterizing the van der Waals interactions cannot
be described.

The third rung of the Jacob’s ladder is occupied by the meta-GGA functionals
[249], that are complicated extensions of the GGA ones almost completely elimi-
nating the SIE in the correlation part but still heavily suffering from it in the ex-
change part. For these reasons, they have not been used as much and are not as
well tested as next rungs functionals. The fourth rung of the Jacob’s ladder is occu-
pied by the self-interaction correction (SIC) functionals [246], the hybrid functionals
(e.g., B3LYP [250], PBE0 [251, 252], HSE06 [253]), and the DFT+U method [254–256],
that have been the first ones to sensibly correct the SIE. SIC functionals were pro-
posed as early as in 1981 by Perdew and Zunger, but they are not widely used.
Hybrid functionals mix a fraction of the exact (Fock) exchange energy of the HF
method, referred to as mixing parameter α, with GGA functionals. Unfortunately, in
general, they are semiempirical methods, since the value of α depends on the hybrid
functional [236] and could also depend on the material for a selected functional, as
shown for HSE06 [257]. Moreover, they suffer from extremely demanding compu-
tational costs, limiting wider applications, and issues about the calculations of solid
screening parameters controlling the exact exchange amount. Nevertheless, hybrid
functionals almost completely eliminate the SIE. The DFT+U method is an alterna-
tive to them, depending on self-consistently calculated rather than semiempirical
parameters [258] and showing a more affordable computational cost [259]. It con-
sists into adding an on-site Hubbard-like interaction functional to the standard DFT

11The demonstration relies on the fact that the external potential and the Hartree potential are both
continuous functionals of the electronic density.
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(LDA/GGA) functional, in order to provide a piecewise linearity to the total energy
as a function of the number of electrons. Such a method corrects SIEs for systems
with localized d- and f -type electrons, even if mostly for ions with the latter, un-
like the hybrid functionals. Recently, the DFT+U approach has also been extended
to take into account inter-site Hubbard interactions [260], succeeding in describing
materials with strong inter-site electronic hybridizations [261, 262]. The fifth rung
of the Jacob’s ladder is occupied by van der Waals functionals, that were proposed
as both semiempirical dispersion corrections and nonlocal functionals starting from
2000s.

In this paragraph, I will describe DFT+U and nonlocal van der Waals (NL-vdW)
functionals, that have been of utmost importance to describe the NM and magnetic
van der Waals systems considered in this thesis work.

a) The DFT+U method

The DFT+U method is based on an additive correction to the standard DFT (LDA
or GGA) energy functional based on the Hubbard model. The latter is the model
Hamiltonian representing the natural theoretical framework to describe strongly
correlated materials with partially filled d- or f -shells, such as transition metal, rare-
earth, and actinide compounds. Indeed, by adding an on-site Coulomb repulsive
energy U to the tight-binding model Hamiltonian, the Hubbard model takes into ac-
count the behaviors of both the ordinary band model and the atomic model related
to the d- or f -type electrons [263], correctly predicting, for instance, the Mott insulat-
ing phases of materials with strongly repulsive electrons that should be conductors
by band theory because of the odd number of electrons per unit cell. The simplest
Hubbard model for a monoatomic basis lattice and only one kind of atomic orbital
is described by the single-orbital Hubbard model Hamiltonian

Ĥso,Hub = − ∑
I 6=J,σ

tI J ĉ†
Iσ ĉJσ + U ∑

I
n̂I↑n̂I↓, (2.53)

where tI J is the hopping integral between the I and J atomic sites, σ is the spin
index, U is the screened on-site Coulomb electron-electron repulsive energy, and ĉ†

Iσ

(ĉIσ) is the electron creation (annihilation) operator in the site I and with spin σ. In
more complex systems, other parameters compose the Hubbard model Hamiltonian
in addition to tI J and U. For instance, a just more complicated model is the multi-
orbital Hubbard model Hamiltonian, that for d orbitals in a cubic lattice [264] is

Ĥmo−d,Hub =− ∑
I 6=J,m,m′,σ

tmm′
I J ĉ†

Imσ ĉJm′σ + U ∑
I,m

n̂Im↑n̂Im↓

+
1
2 ∑

I,m 6=m′,σ
[(U − 2J)n̂Imσn̂Im′−σ + (U − 3J)n̂Imσn̂Im′σ]

+
1
2

J ∑
I,m 6=m′,σ

(ĉ†
Imσ ĉ†

Im′−σ ĉIm−σ ĉIm′σ + ĉ†
Imσ ĉ†

Im−σ ĉIm′−σ ĉIm′σ),

(2.54)

where m and m′ are projections of the orbital momentum (m, m′ = −2,−1, ..., 2 in
the case of d-electrons), and the Hund’s exchange parameter J appears to describe
the exchange interaction. In Eq. (2.54), the terms containing U alone describe intra-
orbital Coulomb interactions, while the terms also containing J describe inter-orbital
Coulomb interactions, where the last sum has a spin-flip term and a pair-hopping
term, describing two-electron transfers from an orbital to other orbitals.
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The energy functional of the DFT+U method [254–256] reads

EDFT+U = EDFT + EU . (2.55)

Here, EDFT represents the approximate LSDA or σ-GGA DFT energy, and EU con-
tains the additional Hubbard term. Eq. (2.54) suggests that the latter depends on
both U and J, that, in general, should depend on the atomic species. In the simpli-
fied rotationally invariant formulation by Sergei L. Dudarev et al. [265], the Hubbard
term is

EU =
1
2 ∑

I,σ,m,m′
U I

e f f (δmm′ − nIσ
mm′)n

Iσ
m′m, (2.56)

where U I
e f f = U I − J I is the effective screened on-site Coulomb repulsive energy

and

nIσ
mm′ =

Nk

∑
k

∑
v

fv,k,σ

〈
ϕv,k,σ

∣∣∣ψJ
m′

〉 〈
ψI

m

∣∣∣ϕv,k,σ

〉
(2.57)

is the element of an atomic occupation matrix, where k is a point in the first BZ, Nk is
the number of k-points in the first BZ, fv,k,σ is the occupation of the KS state ϕv,k,σ

12

(it is fractional to account for metals), and ψI
m(r) ≡ ψ

γ(I)
m (r− RI) is a localized or-

bital centered on the Ith atom of type γ(I) ath the position RI . Essentially, the matrix
elements nIσ

mm′ ’s are based on a generalized projection of the KS states on localized
orbitals of neighbor atoms. The Hubbard manifold {ψI

m} can be constructed from
the nonorthogonalized atomic orbitals (which are provided with the pseudopoten-
tials defined in Sec. 2.3.2 and which are orthonormal within each atom) or from the
orthogonalized atomic orbitals (which are obtained by orthogonalizing the atomic
orbitals from different sites). The term corresponding to the functional derivative of
the energy functional of Eq. (2.55) with respect to the complex conjugate of the KS
state is

vσ
Hub = ∑

I,m,m′
U I

e f f

(
δmm′

2
− nIσ

mm′

) ∣∣∣ψJ
m′

〉 〈
ψI

m

∣∣∣. (2.58)

Hence, the DFT+U method by Dudarev et al. provides a set of Kohn-Sham self-
consistent equations depending on the effective screened on-site Coulomb repulsive
energies U I

e f f ’s as the only new parameters compared to the standard DFT approxi-
mations.

The final success of the DFT+U method relies on the calculation of the parameters
U I

e f f ’s. This can be done either by fitting the theoretical predictions to some experi-
mental data or by means of a self-consistent procedure. Since the effective screened
on-site Coulomb repulsive energies reflect intrinsic properties of the strongly corre-
lated material, the fitting approach should be considered just when a very stringent
agreement with the experimental data is required, since it is neither predictive nor
fully ab initio. Hence, a calculation from first-principles is the best way to proceed.
In the framework of the linear-response constrained DFT (LR-cDFT), Matteo Cococ-
cioni et al. [266] formulated a definition of U I

e f f restoring the desired piecewise lin-

earity of the total energy. By adding a perturbation V̂ J
pert = αJ ∑m

∣∣∣ψJ
m

〉 〈
ψJ

m

∣∣∣ on the

Jth atom to the KS equations, the initial total energy of the system E0
DFT+U changes

up to EDFT+U because of the self-consistent system readjustment to optimally screen

12The quantum numbers of the KS orbital identify it as a Bloch state of the crystal, as it will be
explained in Sec. 2.3.1.
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the localized perturbation, and the desired definition is

U I
e f f =

d2EDFT+U

d(nI)2 −
d2E0

DFT+U

d(nI)2 . (2.59)

Since the linear-response (LR) theory relates the total energies to the susceptibility
matrices as

d2EDFT+U

d(nI)2 = −dαI

dnI = −(χ−1)I I , −
d2E0

DFT+U

d(nI)2 = −dαI

dnI = −(χ−1
0 )I I , (2.60)

Eq. (2.59) becomes
U I

e f f = (χ−1
0 − χ−1)I I . (2.61)

According to a many-body complementary view, Eq. (2.61) can be read as the so-
lution of the Dyson equation for the self-consistent susceptibility χ, where U I

e f f acts
as the interaction kernel13. Ref. [266] considers a perturbation acting on a supercell,
to avoid the spurious interactions, and finite differences for computing the response
quantities in Eq. (2.60). Instead, the recent work by Iurii Timrov et al. [269] recasts
the LR-cDFT via density functional perturbation theory (DFPT) to treat the isolated per-
turbation in the supercell as a sum of monochromatic perturbations in a primitive
cell of reciprocal q-space, besides not to need finite differences. Therefore, even if a
q-point grid is added to the k-point grid, the absence of a supercell reduces the com-
putational cost, in addition to a linear scaling with respect to the number of q points.
Also, DFPT approach makes such a calculation robust, automatic, and user-friendly.
Nevertheless, DFPT and LR-cDFT approaches have the shared limitation that they
are applicable only to open-shell systems.

b) The nonlocal van der Waals exchange-correlation functionals

The scheme to include van der Waals interactions as London dispersion forces has
been recently introduced by Dion et al. [270]. The exchange-correlation functional is
written as sum of a SL or hybrid exchange-correlation functional and a long-range
and nonlocal correlation functional [271, 272], i.e.,

Exc = ESL/hybrid
xc + ENL

c,disp, (2.62)

where the latter has the expression

ENL
c,disp =

1
2

∫
d3r

∫
d3r′n(r)Φ(r, r′)n(r′) (2.63)

and describes the London dispersion through the kernel Φ(r, r′). Formally, the func-
tional ENL

c,disp contributes to the binding energy between two systems A and B even

when the contribution of ESL/hybrid
xc is negligible (nA(r)nB(r) = 0 ∀r). As an exam-

ple, in the particular case of the vdW-DF functional by Dion et al., the first term of
Eq. (2.62) is the sum of the LDA correlation functional and the revPBE exchange
functional:

EvdW−DF
xc = ELDA

c + ErevPBE
x + ENL

c,disp. (2.64)

13This is exactly the expression of reciprocal-space susceptibility within the well-known random-
phase approximation (RPA) [267, 268] of the LR theory, where the bare Coulomb interaction acts as the
interaction kernel.



42 Chapter 2. Density functional theory: basics and implementation

Nowadays, the solid-state community can count on five different analytical expres-
sions of the kernel Φ, characterizing the vdW-DF [270], VV09 [273], VV10 [274],
rVV10 [275], PBEsol+rVV10s [276] functionals. Moreover, there are several reop-
timizations of the parameters in Φ [277–281]. Nevertheless, the so-called chemical
accuracy of 1 kcal/mol is not systematically reached [282, 283]. In general, the kernel
Φ depends on n(r), ∇n(r), and |r− r′|.

The DFT analysis of the materials explored in this thesis has been carried out
through different nonlocal vdW exchange-correlation functionals, depending on the
needs. Here, we only summarize their features, motivating their choices only in
Chap. 4. The structural and electronic properties of TBG have been analyzed by us-
ing the vdW-DF2 functional by Kyuho Lee et al. [279], the latter being the second ver-
sion of vdW-DF by Dion et al.. It was introduced to reduce the interatomic distances
overastimated by the vdW-DF functional. In particular, the PW86 exchange func-
tional replaces the revPBE one, since the latter is too repulsive near the equilibrium
distances, and a large-N asymptote gradient correction [284] is used to compute the
vdW kernel, in order to take better into account the contributions of the exponen-
tially decaying atomic tails in molecular systems to the vdW attraction. As a result,
it improved the description of polarizability for highly inhomogeneous low-density
region, the accuracy for molecular dimers, and, in general, the attractive vdW inter-
actions near the equilibrium over the original vdW-DF, also predicting reasonable
values of binding energies compared to the experiments. Nevertheless, the resid-
ual overestimation issues required the development of novel exchange-correlation
functionals. Calculations for the twisted HeBL MoS2/NbSe2 work [203] were carried
out by using the vdW-DF2-C09 exchange-correlation functional by Ikutaro Hamada
[285], that adds the C09 exchange functional (C09x) by Valentino R. Cooper [286]
to the vdW-DF2 correlation functional. Such a functional was chosen due to the
satisfactory agreement with both the experimental data on the graphene adsorp-
tion on (111) metal surfaces, such as Ni, Cu, Pd, Ag, Au, and Pt [285, 287, 288],
the experimental binding energies and structural properties of semiconducting SnS2
stacked nanosheets [289], and, more properly for a metal-semiconductor HeBL as
MoS2/NbSe2, the experimental structural corrugation of h-BN on a Ir(111) metal
surface [290]. Furthermore, the vdW-DF2-C09 functional has been preferred to the
vdW dispersion correction DFT-D [291] used for the previous report on untwisted
HeBL MoS2/NbSe2, since the latter is a semiempirical method. For the first work
on ML and MuL Nb3I8, the performances of the most recent rev-vdW-DF2 or vdW-
DF2-B86R exchange-correlation functional by Hamada [292] was tested compared to
vdW-DF2-C09, providing better results in the cases of interest. Further confirmations
are reported in literature, since rev-vdW-DF2 provides accurate values of lattice con-
stant and cohesive energy of rare-gas solids (Ne, Ar, Kr, and Xe), reasonably small
errors for intralayer and interlayer lattice constants and interlayer binding energy of
hexagonal layered solids (graphite, h-BN, TiS2, TiSe2, MoS2, MoSe2, MoTe2, HfTe2,
WS2, WSe2), and the smallest errors for the lattice constant and cohesive energy of
molecular solids (NH3, CO2, C6H12N4) [293]. As a consequence, the rev-vdW-DF2
functional has been finally employed for the second work on ML and MuL Nb3I8.
Since it is one of the most accurate vdW functionals available today, I will only de-
scribe it in detail below.

The rev-vdW-DF2 exchange-correlation functional proposed by Hamada adds a
revised version of the GGA exchange functional proposed by Becke (B86b) [294],
named as B86R, to the nonlocal vdW-DF2 correlation functional:

Erev−vdW−DF2
xc = ESL,B86R

x + ENL,vdW−DF2
c . (2.65)
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The B86R exchange functional has been designed to satisfy two properties:

• second-order gradient expansion approximation (GEA) [215] at the slowly vary-
ing density limit, i.e., Fx(s) = 1 + µGEAs2, where µGEA = 10/81 [295];

• s2/5 dependence of Fx(s) at the inhomogeneous limit (large gradient limit).

The first requirement allows to predict accurate equilibrium geometries, in particu-
lar, for solids and surfaces [296], and was already used in other exchange functionals
for vdW-DF, such as C09x [286] and optB88-vdW [282, 297]. The second requirement
is needed to reproduce the Hartree-Fock exchange interaction curves beyond bind-
ing separations and, thus, to avoid the spurious binding from exchange only, and
was already fulfilled by PW86 [241] and B86b [294] exchange functionals [298]. The
enhancement factor of B86R functional is

Fx(s) = 1 +
µs2

(1 + µs2/κ)4/5 , µ = µGEA, κ = 0.7114. (2.66)

2.2 Relativistic theory

The non-relativistic formulation of the density functional theory, presented in Sec.
2.1, does not include spin and relativistic effects. However, a wide variety of prop-
erties of materials crucially depends on the latter, thus requiring a more complete
theoretical framework. For instance, relativistic effects are essential in heavy atoms,
where core electrons exhibit velocities being appreciable fractions of the speed of
light. Moreover, the spin-orbit interaction splits bands that would be otherwise de-
generate, and the particular form of this splitting depends on the system.

In this section, I will give an introduction to the relativistic formalism of the
many-body electronic problemby presenting a relativistic generalization of the den-
sity functional theory.

2.2.1 The Dirac-Hohenberg-Kohn formulation of the Relativistic Density
Functional Theory

A few years after the formulation of DFT, a relativistic extension, including both
non-magnetic and magnetic systems, was proposed [299, 300]. The basic variables
of the relativistic DFT are the charge and the vector-current densities. Rajagopal
and Callaway showed [300] that the HK theorems could be generalized by includ-
ing the relativistic effects. This led to the so-called Dirac-Hohenberg-Kohn (DHK)
theorems. Exactly as in the non-relativistic version of DFT, the energy is seen as a
density functional, named as the Dirac-Hohenberg-Kohn energy functional. Moreover,
as in the spin-polarized non-relativistic DFT, the latter can be writtenas a functional
dependent on the electronic density n(r) and the magnetization density m(r), i.e.,
EDHK = EDHK[n(r), m(r)]. One can prove that the ground-state energy is a unique
functional of the ground-state electronic density and magnetization density, pro-
vided that the system is not subject to an external magnetic field, as shown in Ref.
[301]. This means that the system can be completely described by its electronic den-
sity and magnetization density.



44 Chapter 2. Density functional theory: basics and implementation

2.2.2 The Dirac-Kohn-Sham equations

Similarly to spin-polarized DFT formulation, electronic density and magnetization
density can be grouped in the hermitian matrix Ñ(r) [302] with elements

Ñ′η1η2
(r) =

occ

∑
i

ψ′∗i,η2
(r)ψ′i,η1

(r), (2.67)

where
n′(r) = trÑ′(r), m′(r) = µBtr(βΣÑ′(r)). (2.68)

In particular, β is a matrix of the set of the standard-representation Dirac matrices

αi =

(
O2 σi
σi O2

)
= σ1 ⊗ σi, β =

(
I2 O2
O2 −I2

)
= σ3 ⊗ I2, (2.69)

whereas

Σ =

(
σ O2

O2 σ

)
= σ ⊗ I2 (2.70)

is the matrix defining the spin S = (h̄/2)Σ in the Dirac equation formalism. The
occupied states i in the sum of Eq. (2.67) are positive-energy states only. The kinetic
energy functional of the auxiliary relativistic system of non-interacting electrons is

Ts[Ñ′η1η2
] =

occ

∑
i

∑
η1,η2

〈
ψ′i,η1

∣∣∣ T̂D

∣∣∣ψ′i,η2

〉
, (2.71)

with the Dirac kinetic energy operator

T̂D = c(α · p̂) + (β− I4)mc2Î4. (2.72)

The DHK energy functional is

EDHK[Ñ′η1η2
] = Ts[Ñ′η1η2

] + EH [n′] + Exc[Ñ′η1η2
] +

∫
v(r)n′(r)d3r (2.73)

and the DKS equations are

∑
η2

{[TD,η1η2(r) + vDKS(r)δη1η2 − µB(βΣ)η1η2 · Bxc(r)]ψi,η2(r)} = εiψi,η1(r), (2.74)

where

vDKS(r) = vH(r) + vxc(r) + v(r),
δExc[Ñη1η2 ]

δn(r)
. (2.75)

In addition to the many-particle exchange and correlation effects of the non-relativistic
formalism, the exchange-correlation functional Exc[Ñ′η1η2

] of Eq. (2.73) takes also into
account the relativistic effects, such as the retarded Liénard-Wiechert potentials and
the coupling between electron magnetic dipole moments. The DKS eigenvalues εi’s
are the Lagrange multipliers related to the constraint

∑
η

〈
ψi,η
∣∣ψj,η

〉
= δij. (2.76)
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Finally, the exchange-correlation magnetic field

Bxc(r) = −
δExc[Ñη1η2 ]

δm(r)
(2.77)

naturally arises from the minimization of the DHF energy functional of Eq. (2.73).

2.2.3 Approximations for the exchange-correlation functional

As in the non-relativistic case, the exchange-correlation functional Exc[Ñη1η2 ] requires
an approximation to calculate the electronic density, the magnetization density, and
the ground-state energy through the relativistic DFT. The relativistic extension of the
exchange-correlation functional approximations is still matter of research [303–305],
with a more solid formalism only on the exchange contribution to the relativistic ex-
tension of LDA (RLDA) [299, 300] and GGA (RGGA) [306]. Practice shows that the
non-relativistic versions of the exchange-correlation functionals can be reliably used
for relativistic calculations due to the small differences with respect to the relativis-
tic versions. This has been demonstrated on both single atoms [307] and solids [308,
309].

2.3 Computational implementation of the theory

The practical resolution of the KS equations, in both non-relativistic and relativistic
formulations, requires a suitable basis set to expand the KS wavefunctions. Since
this thesis focuses on the description of solids, the plane-wave basis set is the recom-
mended choice, since it takes the periodicity of the electron wavefunctions, despite
some computational disadvantages. Among the latter, there is the large number of
plane waves (PWs) required to describe the rapid oscillations of the electron wave-
functions near the atomic nuclei, even if this problem is easily overcome by using
the pseudopotential (PP) approximation. I will describe all these concepts in Secs.
2.3.2 and 2.3.3, taking the non-relativistic case for the sake of simplicity. In this the-
sis, unless differently specified, the simulations were carried out in a first-principles
calculations framework by means of the Quantum-ESPRESSO (QE) package [310–
312], that is an integrated software suite for electronic structure atomistic simula-
tions based on PPs to represent the atomic cores and PWs to represent the KS states
and the electronic density. In Secs. 2.3.4, 2.3.5, and 2.3.6, I will describe the imple-
mentation of the iterative and self-consistent resolution of the KS equations in QE
and similar packages.

2.3.1 Plane-wave basis set

The atomic arrangement in perfect crystals is described by a periodically repeated
unit cell. In the following, I will assume that the crystalline system is characterized
by a Bravais or direct lattice of vectors R, that connect different unit cells defined by
the Bravais lattice basis vectors a1, a2, a3 and are expressed as linear combinations
R = n1a1 + n2a2 + n3a3 through the integer numbers ni’s. Moreover, the reciprocal
lattice, only related to the symmetries of the Bravais lattice, has vectors G, that can be
expressed as linear combinations G = m1b1 + m2b2 + m3b3 of the reciprocal lattice
basis vectors

b1 =
2π

Ω
a2 × a3, b2 =

2π

Ω
a3 × a1, b3 =

2π

Ω
a1 × a2, (2.78)
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with the unit cell volume Ω = a1 · (a2 × a3), through the integers mi’s. Hence, the
crystal potential v(r) is a periodic function with periodicity R, i.e., v(r + R) = v(r),
that is the same as that of the crystal. According to the Bloch theorem14 [313], an
electron moving in the periodic potential v(r) can be described by a wavefunction
of the form

ϕn,k(r) = eik·run,k(r), (2.79)

where n is the band index, k is the point in the BZ, eik·r is a plane wave, and un,k(r) is
a function having the periodicity of the crystal, i.e., un,k(r) = un,k(r + R). The theo-
rem implies that all the important properties of the crystal can be studied within the
unit cell. Each solid is described by a specific set of KS equations (see Eq. (2.23)) with
a specific periodic KS potential vKS(r). The PW basis set is the recommended choice
to expand the KS equations for the Bloch electrons, where the index i collectively
indicates the pair (n, k). Indeed, since R ·G = 2πl for each integer l, the periodicity
of un,k(r) allows to write

un,k(r) = ∑
G

cn,k+GeiG·r, (2.80)

where the summation runs over all the possible values of the integers mi’s defining
G, and cn,k+G are the expansion coefficients. Therefore, the electron wavefunction
becomes

ϕn,k(r) = ∑
G

cn,k+Gei(k+G)·r. (2.81)

and the related KS equation reads

∑
G

cn,k+G

[
h̄2

2m
|k + G|2δG′,G + vKS(G−G′)

]
= εn,kcn,k+G′ , (2.82)

where the KS potential has been Fourier-transformed. In principle, the resolution
of Eq. (2.82) at each k-point requires an infinite number of possible values of G. In
practice, the infinite sum over G is usually truncated, in order to include PWs with
kinetic energy values less than some kinetic-energy cutoff Ecut:

h̄2

2m
|k + G|2 < Ecut,

h̄2

2m
G2

cut = Ecut. (2.83)

This procedure provides a simple control over the convergence of the meaningful
physical quantities, which is simply based on the increase of the kinetic-energy cut-
off. Hence, the solutions of Eq. (2.82) can be found by diagonalizing the Hamiltonian
matrix, whose elements are enclosed in the square brackets and have a very simple
form. The dimension of the matrix depends upon the kinetic-energy cutoff.

Despite these huge computational advantages with respect to other basis sets
(e.g., localized basis sets as Gaussian-type orbitals), PW basis sets has also some
disadvantages. Indeed, the extended character of PWs makes it very difficult to ac-
curately reproduce localized functions, such as the charge density around a nucleus.
In general, the number of PWs required to get a satisfactory convergence of the im-
portant quantities can quickly become prohibitive for most of the systems of interest.
This difficulty is actually overcome by using the pseudopotential approximation.

14It is a direct consequence of the translational symmetry of the crystal.
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2.3.2 Pseudopotential approximation

The pseudopotential approximation eliminates the core electrons and the strong os-
cillations of the valence-electron wavefunctions within the core region of core radius
rc by replacing the all-electron potential, i.e., the nuclear Coulomb potential felt by
all the electrons outside the core region, with an effective and smoother potential of
a suitable pseudo-ion, i.e., a suitable pseudopotential [314].

The first step of the pseudopotential approximation is the frozen core approxima-
tion, based on the fact that many physical and chemical properties of materials are
determined by the valence electrons much more than by the core electrons. Indeed,
valence electrons play a crucial role both in the formation of chemical bonds and
in determination of the properties of materials, such as optical and transport ef-
fects. Conversely, core electrons do not contribute to these properties, since they are
largely unaffected by the environment. Therefore, one can reliably assume that the
core electrons and the corresponding density are independent of the chemical envi-
ronment and any external perturbation of the atom, i.e., the core KS wavefunctions
can be taken identical to the atomic core states. As a consequence, the core electrons
are considered together with the nuclei as rigid non-polarizable ion cores, and KS
equations have to be solved only for the valence electrons. Obviously, avoiding to
calculate the core KS wavefunctions is a great computational advantage, since the
sharply peaked behavior of core-electron states close to nuclei requires a huge num-
ber of PWs to be properly reproduced.

The second step is the effective removal of the core electrons and the strong oscil-
lations of the valence-electron wavefunctions within the core region, that is needed
in order to further reduce the required number of PWs. Despite the screening effect
of the core electrons on the nuclear charge, the ionic potential still has a Coulomb sin-
gularity at the nucleus position due to the nuclear Coulomb potential −Ze2/|r−R|
(see Fig. 2.1). As a consequence, the valence-electron wavefunctions strongly os-
cillate in the core region with several nodes related to the orthogonality to core
wavefunctions, thus requiring an extremely large number of PWs to be reproduced.
Therefore, the nuclear Coulomb potential is replaced by a pseudopotential including
all the effects induced by the core electrons (potential of the nucleus, the screening
and repulsion by these electrons), reproducing the true scattering potential outside
the core region, and being a slowly variable function inside the latter resulting from
the cancellation effect of the intense crystalline potential. This cancellation effect is
equivalent to the elimination of core states. The valence-electron wavefunctions cal-
culated by solving the KS equations including the pseudopotential, i.e., the valence-
electron pseudo-wavefunctions, are smooth functions, as shown in Fig. 2.1.

The first introduced PP was the norm-conserving (NC) kind by Hamann et al.
[315]. NC-PPs fulfill the following conditions:

• KS eigenvalues of the all-electron wavefunctions (both valence and core ones)
and pseudo-wavefunctions must be the same;

• all-electron wavefunctions and pseudo-wavefunctions must be identical out-
side the core region, whose radius rc is usually located around the outermost
maximum of the atomic wavefunction;

• the true electronic density and the pseudo-density must be identical within the
core region;

• they must have the same scattering properties (or phase shifts) of the true po-
tential.
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FIGURE 2.1: Schematic illustration of the replacement of the true potential V(r) ∼ Z/r
and true valence-electron wavefunction Ψ∼Z/r by a fictitious pseudopotential Vpseudo(r)
and valence-electron pseudo-wavefunction Ψpseudo, respectively. For r > rc, PPs and
wavefunctions become identical.

The norm-conservation of such PPs refers to the third condition, since the latter
holds if the norm of each pseudo-wavefunction is identical to its corresponding all-
electron wavefunction for r < rc. NC-PPs are transferable, i.e., they reproduce the
scattering properties of the true potential in a wide range of energy, and relatively
smooth. Nevertheless, they are still hard, i.e., they still require a large basis-set size.
The ultrasoft (US) PPs were formulated by Vanderbilt to overcome such problem
[316]. They are based on a generalized eigenvalue problem arising from the non-
zero differences in norms (relaxation of the norm-conservation condition), leading
to kinetic-energy cutoffs appreciably smaller than the NC-PPs ones. Afterwards,
Blöchl introduced the projector augmented-wave (PAW) method [317], that was later
adapted for plane-wave calculations by Kresse and Joubert [318]. NC- and US-PPs
result as approximations of the PAW method [319]. Of all the works on which this
thesis is based, only the calculations of the work on twisted HeBL MoS2/NbSe2 [203]
were carried out by using US-PPs, then choosing PAW-PPs for all the next works.
The reason is that the Wannier90 (W90) package [320] was employed in that case,
that allows to calculate maximally localized Wannier functions (MLWFs) in combi-
nation with electronic codes based on PWs and PPs, such as QE, by using only NC-
and US-PPs. However, it has been demonstrated that solid-state US- and PAW-PPs
give essentially identical results in many cases [321, 322], which are also in good
agreement with all-electron calculations. Therefore, I will briefly discuss only the
principles of the PAW method.

a) Projector augmented-wave method

The PAW method provides the pseudo KS equations to calculate the (numerically
convenient) auxiliary smooth valence-electron pseudo-wavefunctions, starting from
the definition of a particular linear transformation connecting the latter to the true
all-electron KS single-particle wavefunctions. Formally, if |Ψ〉 is a true all-electron
KS state and

∣∣Ψ̃〉 is an auxiliary smooth pseudo-state, the linear transformation T̂ is
defined as

|Ψ〉 = T̂
∣∣Ψ̃〉 . (2.84)
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Since |Ψ〉 is solution of the KS equation ĤKS |Ψ〉 = εKS |Ψ〉, the pseudo KS equation
is

T̂†ĤKST̂
∣∣Ψ̃〉 = εKST̂†T̂

∣∣Ψ̃〉 . (2.85)

The transformation T̂ should only modify the auxiliary states in Eq. (2.84) only
within the core region because the true valence-electron states are already smooth
outside. Therefore, it can be defined as

T̂ = Î + ∑
R

T̂R, (2.86)

where T̂R is non-zero only within some spherical augmentation region ΩR with ra-
dius rR

c and the atom at R as center. The radii must be chosen such that there is no
overlap of the augmentation spheres. The formal definition in Eq. (2.86) can be con-
veniently turned in a more practical expression. Inside the augmentation spheres,
the true state |Ψ〉 can be expanded in the partial waves |φi〉, and for each of these par-
tial waves, it is possible to define a corresponding auxiliary smooth pseudo-partial
wave |φ̃i〉 to expand the auxiliary smooth pseudo-state

∣∣Ψ̃〉:
|Ψ〉 = ∑

i
ci |φi〉,

∣∣Ψ̃〉 = ∑
i

ci |φ̃i〉, r ∈ ΩR. (2.87)

The linear nature of the transformation T̂ requires that the coefficients ci are linear
functionals of the pseudo-states. Hence, the coefficients are scalar products

ci =
〈

p̃i
∣∣Ψ̃〉 (2.88)

of the pseudo-state with some fixed state | p̃i〉, that is named as projector state. The
latter must fulfill the condition

∑
i
|φ̃i〉 〈 p̃i| = 1, r ∈ ΩR, (2.89)

so that the expansion ∑i |φ̃i〉
〈

p̃i
∣∣Ψ̃〉 is identical to

∣∣Ψ̃〉. This implies that〈
p̃i
∣∣φ̃j
〉
= δij. (2.90)

Starting from the Eqs. (2.84) and (2.87), one has

T̂
∣∣Ψ̃〉 = ∑

i
ci |φi〉, (2.91)

from which the addition and removal of
∣∣Ψ̃〉 gives

T̂ = Î + ∑
i
(|φi〉 − |φ̃i〉) 〈 p̃i|. (2.92)

Hence, the transformation T̂ is expressed in terms of three “external functions”: the
partial waves, the pseudo-partial waves, and the projector states. If the latter are
known, then Eq. (2.85) can be solved to find the auxiliary smooth valence-electron
pseudo-wavefunctions. Obviously, different implementations of the PAW method
rely on the very large degree of freedom when choosing such functions, even if the
latter should always be finite and ensure fast and reliable convergence. The partial
waves can be chosen as the eigenstates of the KS Schrödinger equation for the iso-
lated spin-saturated atoms. In particular, by considering a spherical KS potential,
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they would read
φi(r) = Rnl(r)Ym

l (θ, ϕ), (2.93)

where Rnl(r) are the eigenstates of the radial KS Schrödinger equation and Ym
l (θ, ϕ)

are the spherical harmonics, i.e., eigenstates of the Laplacian. As far as the pseudo-
partial waves are concerned, they must be chosen identical to the partial waves out-
side the augmentation spheres and can be any computationally convenient smooth
continuation inside. Finally, the projector states can be chosen as a finite set of states
satisfying the orthonormality condition of Eq. (2.90).

2.3.3 The supercell method

Bloch theorem is not applicable if the perfect periodicity is absent, though the sys-
tem is either approximately periodic or periodic in one or two directions or periodic
except for a small part. As an example, 2D materials, that are the systems studied in
this thesis, break the three dimensional translational symmetry, both as single-layer
and multilayer structures. The breaking of perfect periodicity makes PWs as unsuit-
able basis functions, since the discontinuity in the perpendicular direction to the 2D
material would require an infinite number of PWs to be properly treated.

The solution of the problem of broken periodicity is to simulate the system with
a periodically repeated larger cell, named as supercell, where the periodicity is ar-
tificially restored and the 2D materials are far apart. Form and size of the supercell
depend on the physical system being studied. For 2D materials, one uses a crystal
slab alternated with a slab of empty space (see Fig. 2.2), both large enough to ensure
that the bulk behavior is recovered inside the crystal slab and that the 2D behavior
is unaffected by the presence of the periodic replica of the crystal slab. The great
advantage of supercell calculations is that the periodic boundary conditions allow
the utilization of the many efficient techniques derived for the quantum physics of
periodic systems. The wavevectors of the BZ in the reciprocal space of the supercell
are good quantum numbers, and the standard “band-structure methods” of peri-
odic solids can be applied in full force. The size of the unit cell, intended as the
number of atoms and the volume, is of utmost importance. Indeed, together with
the type of the atoms, it determines the computational cost of the calculation: large
unit cells mean large calculations. Unfortunately, many interesting physical systems
are described, exactly or approximately, by large unit cells.

2.3.4 Brillouin-Zone and Fermi surface sampling

According to Eq. (2.15), the electronic density n(r) in a periodic system can be cal-
culated by carrying out a sum of the Bloch states over the N occupied bands and the
discrete mesh of k-points15 in the BZ:

n(r) =
N

∑
i=1

∑
k∈BZ

|ϕi,k(r)|2. (2.94)

In the thermodynamic limit of an infinite crystal, the discrete sum over k becomes
an integral over the BZ:

n(r) =
V

(2π)3

N

∑
n=1

∫
BZ
|ϕn,k(r)|2d3k, (2.95)

15The discretization of the wavevectors is allowed by the Born-von Karman periodic boundary con-
ditions applied to the periodic crystal.
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FIGURE 2.2: The supercell method applied to a BL system. The latter is represented by
a periodic sequence of slabs separated by vacuum along the direction perpendicular to
the 2D system.

where V is the true crystal volume. In practice, the integrals over the BZ are approx-
imated with finite sums over some appropriately chosen k-points grids, such as the
Monkhorst-Pack (MP) grid of uniformly distributed points [323] and the Baldereschi
grid made of a single point [324]. Each lattice type has a specific grid geometry, and
the denser the grid, the more accurate and heavy the calculation. The computational
cost of the latter can be reduced by using the symmetries, when present: only one
k-point is left for the calculation to represent each star (i.e., the set of k-points that
are equivalent by symmetry) with a weight ωi that is proportional to the number of
k-points in the star. Hence, once the k-points grid has been chosen, the electronic
density is calculated by replacing the infinite sum over the BZ with a discrete sum
over a set of points ki and weights ωi, and symmetrizing the resulting sum.

In general, the electronic density in Eq. (2.94) can be written in terms of both
occupied and unoccupied bands by means of their occupation numbers fi,k’s:

n(r) = ∑
i

∑
k∈BZ

fi,k|ϕn,k(r)|2. (2.96)

Similarly, the KS total energy can be expressed as a sum over the BZ and the bands,
each one weighted by its occupation number. In principle, the latter is the Fermi-
Dirac (FD) distribution [218]. This integration technique provides excellent accuracy
in estimating total energy and electronic density, except for the metals. Indeed, since
at T = 0 K the FD distribution is an integral of the Dirac delta functions δ(ε− εKS

i,k ),
the integration requires very fine meshes. This problem can be solved by formulat-
ing a finite (electronic) temperature description equivalent to the absolute zero one
because the finite-temperature FD distribution is an integral of broaded delta func-
tions and there is not the discontinuity at the Fermi energy. Since the delta functions
broadening or “smearing” is uniquely associated to the electronic temperature, i.e.,
it has a real physical meaning. The equivalence holds if the zero-temperature total-
energy functional is replaced by the Helmholtz free-energy functional F = E− TS,
where S is the system entropy16. However, using the FD distribution has strong lim-
itations: k-point sampling can really improved only at thousands of degrees (∼ 0.1

16Indeed, in this way, the temperature increasing could compensate the energy increasing and the
comparison to the zero-temperature total energy is ensured.
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FIGURE 2.3: Plots of the different smeared delta functions δ̃(x), and their corresponding
occupation functions f (x), shown as functions of x = (ε− µ)/kBT. [325]

eV), and without removing the problem of calculating a relatively large number of
states slowly decaying to zero occupation, due to the long tails of the distribution.
Thus, one needs a fictitious occupation function having sufficiently short tails, with
the cost that the smearing has not any physical meaning17 (see Fig. 2.3). The first
choice was an occupation function defined as integral of Gaussian functions with an
a priori defined broadening, due to Fu and Ho [326]. Although the Gaussian smear-
ing required a less amount of k-points, it introduced very persistent systematic er-
rors on free energies and forces. Furthermore, entropy and the free energy could not
be written in terms of the occupancies. For this reason, Methfessel and Paxton gener-
alized the idea of Gaussian smearing by introducing an Hermite polynomial expan-
sion of Dirac delta functions, that keeping a reasonably smooth occupation function
but significantly reducing the systematic error18 [327]. In practice, a second-order
Hermite polynomial (the common choice nowadays) has an occupation function
that is still very smooth, but provides a free-energy functional that is much closer, at
a given temperature, to the original zero-temperature total-energy functional (and
much easier to determine accurately, since much fewer k-points are needed). This
occurs because the order-2 Methfessel-Paxton (MP) free-energy functional induced
by the smearing depends only quartically on the temperature, whereas the Gaussian
free-energy functional is quadratic in temperature. Despite the improvements given
by the MP scheme, the latter shows negative or larger than 1 partial occupancies.
In particular, for negative occupancies the electronic charge density is not anymore
guaranteed to be positive definite, and the same could occur for the density of states.
Even if semiconducting or insulating materials should not be sensitive to the smear-
ing, MP scheme is particularly incorrect for them19, leading, for example, to errors
on phonon frequencies exceeding 20%. Thus, MP scheme is certainly not suitable
for semiconducting or insulating materials. The most efficient smearing scheme was
formulated by Marzari and Vanderbilt and is known as cold smearing scheme, that
has two strenghts: the occupations are forced to be always positive and it shares
with order-2 MP the quadratic non-dependence on temperature, even if it is cubic.

17The meaning of the broadening is exactly controlled in terms of electronic temperature only in the
FD distribution.

18Obviously, the larger the broadening, the closer the Gaussian and Methfessel-Paxton errors.
19One could be forced to consider a smearing scheme in a metal-semiconductor junction system.
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In this thesis, all the calculations were carried out by considering the cold-smearing
scheme by Marzari and Vanderbilt.

2.3.5 Relaxation of the atomic positions

In the previous sections, I described the theory and some practical approximations
to solve the electron Hamiltonian defined by the Eq. (2.3). This is accomplished by
an iterative and self-consistent procedure which is inserted into the searching for
the ionic configuration of the ground state. Indeed, one has to solve the eigenvalue
problem for the ions given by Eq. (2.6), where the ions move on the BO-PES of Eq.
(2.7). The ground state geometry of the system is obtained by minimizing the forces
acting on the ions, i.e., by searching for the minimum of the PES. The forces acting
on each ion can be calculated as the energy gradient with respect to the ionic posi-
tions. Then, the Hellman-Feynman theorem [328, 329] can be used to construct an
algorithm that finds the ground state geometry.

Theorem of Hellman-Feynman
Let Ĥη be an Hamiltonian dependent on a certain parameter η. Assuming that in a

certain range of values of η it is possible to solve the Schrödinger equation associated with
Ĥη providing a complete set of eigenstates

∣∣Ψη

〉
and eigenvalues Eη , the following relation

holds:
∂Eη

∂η
=
〈
Ψη

∣∣ ∂Ĥη

∂η

∣∣Ψη

〉
. (2.97)

In the DFT framework, the parameter η represents the set of ionic positions {Rα}
of a given system. Different techniques have been implemented to actually find
the minimum energy geometry of the systems, all based on the Hellman-Feynman
theorem. The QE package, used in this thesis, implements the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) procedure, which is a quasi-Newton method based on the
calculation of an approximate Hessian matrix. In this algorithm, the total energy is
considered as a function of the coordinates of the released atoms Etot = Etot({Rα}).
An expansion of Etot around the minimum energy configuration {Rα}min yields

Etot({Rα}) ' Etot({Rα}min) +∇{Rα}Etot · ({Rα} − {Rα}min)

+
1
2 ∑

i,j
({Rα} − {Rα}min)i Hi,j({Rα} − {Rα}min)j,

(2.98)

where

Hi,j =
∂2E

∂{Rα}i∂{Rα}j
(2.99)

is the (i, j) element of Hessian matrix. The gradient of the total energy at the min-
imum is zero, so that the first order term vanishes. The gradient of the Eq. (2.98)
gives the forces as function of the coordinates. From the determination of the total
energy values it is possible to derive the forces acting on the atoms and, by inver-
sion, the ionic configurations. The procedure stops when the forces are smaller than
a certain threshold.

2.3.6 Self-consistency

In Fig. 2.4, the scheme of the entire calculation is reported, summarizing the funda-
mental steps of the self-consistent approach in solving the total Hamiltonian and its
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FIGURE 2.4: The electronic Hamiltonian is self-consistently solved and a new electronic
density is computed until convergence (red scheme). The structural optimization is
achieved through the calculation of the forces acting on atoms. The latter are moved
until the total force is less than the required threshold (black scheme) representation.

electron and ionic parts. Starting from a given set of atomic positions in the unit cell
and an initial guess of the electronic density (generally obtained by a superposition
of atomic orbitals), the electronic Hamiltonian is self-consistently solved due to the
dependence of the KS potential on the density. The convergence of the electronic
Hamiltonian is reached when the electronic density difference between two consec-
utive steps is less than a given threshold. At this point, the ionic Hamiltonian is
solved and the forces acting on atoms are computed. If these forces are higher than
a given threshold, then the ions are moved and a new set of coordinates determines
the input ionic potential for a further electronic self-consistent calculation. When
the forces acting on atoms are below a desired threshold, the computational process
comes to end, so that it is possible to extract the physical quantities of interest. Un-
less differently stated, as convergence criterion for this thesis, we considered 10−4

Ry as threshold of the total energy difference between consecutive structural opti-
mization steps and 10−4 Ry/bohr as threshold of all the components of the forces
acting on the atoms.
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Chapter 3

Twisting and magnetism in
two-dimensional systems

“Before I came here I was confused about this subject.
Having listened to your lecture, I am still confused,

but on a higher level.”

Enrico Fermi

This chapter is dedicated to present the theoretical tools and concepts used in addi-
tion to the DFT to investigate the properties of the materials explored in this thesis
work. First of all, commensurate twist angles will be defined in Sec. 3.1, in order
to quantitatively show both the great advantage of the superlattices and the com-
putationally increasing limits at increasingly small angles for twisted BL systems.
In Sec. 3.2, the theory of 2D magnetism will be outlined, starting from the 3D case
for a full comprehension of the main quantities and concepts involved. Sec. 3.3
will be devoted to explain how a specific magnetic Hamiltonian could be imple-
mented on a crystal structure, first extracting the Hamiltonian parameters from the
DFT calculations, and then calculating the equilibrium temperature dependence of
the main thermodynamic functions characterizing the magnetic PT via Monte Carlo
(MC) methods.

3.1 Geometry of twisted bilayer structures

A twisted BL structure can be obtained starting from an untwisted BL structure of
two layers separated by a certain interlayer distance dinter and by rotating one layer
with respect to the other one by an angle θ. Since the twisted BL materials explored
in this thesis, i.e., graphene and TMDs, derive from untwisted geometries having
honeycomb lattices, here we will focus on the latter.

As known, the honeycomb lattice is a two-atom basis hexagonal lattice and, thus,
can be described as the interpenetration of two hexagonal sublattices A and B shifted
between each other by a vector δ (see Fig. 3.1(a)). For MG, both the sublattices con-
sist of carbon atoms. Instead, as far as the ML TMDs are concerned, one sublattice is
formed by the transition-metal atoms and the other one from two overlapped planes
of chalcogen atoms, above and below the transition-metal atoms plane, as previously
explained in Sec. 1.1.2. Unless differently specified, the Bravais lattice basis vectors
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(a) (b)

(c)

FIGURE 3.1: Honeycomb lattice. (a) Bravais lattice basis vectors of the honeycomb lat-
tice a1 and a2. The sublattice A is the hexagonal lattice made of the orange circles,
whereas the sublattice B is the hexagonal lattice made of the blue circles. Adapted with
permission from Ref. [50]. (b) A different choice of the origin of the hexagonal Bravais
lattice describing the structure. (c) Overlapped honeycomb lattices of the two layers
constituting the an untwisted BL. Red (blue) circles represent the bottom (top) layer.

of the honeycomb lattice are 1

a1 = (1, 0, 0) a, a2 =

(
−1

2
,

√
3

2
, 0

)
a, (3.1)

where a = |a1| = |a2| is the lattice parameter. They can be chosen, as shown in
Fig. 3.1(a), with the origin placed on an atom of the sublattice A, such that the basis
vectors identifying the sublattices are

d1 = 0, d2 = δ. (3.2)

As a consequence, the graphene unit cell contains two carbon atoms: one at the
origin of the Bravais lattice and the other one located at δ. Instead, if the transition-
metal atom occupies the origin of the ML TMDs Bravais lattice, then the unit cell
contains three atoms: the transition-metal atom at the origin and the two overlapped
chalcogen atoms located at δ1 and δ2, where the latter differ only by the out-of-plane
coordinate. Alternatively, the honeycomb lattice can be described as in Fig. 3.1(b),
i.e., by choosing the origin of the Bravais lattice as the centers of the hexagons, that
are represented by the green dots in figure. In this case, the basis vectors are

d1 = δ, d2 = 2δ. (3.3)

Obviously, the description of the system does not depend on the choice of the basis

1This is the definition implemented in QE package.
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vectors. Referring to Sec. 2.3.3, an isolated ML or BL can be described by defining
the 2D unit cell in a 3D supercell, whose height c includes the layer thicknesses, the
interlayer distance, and the vacuum, and is defined by the third basis vector

a3 = (0, 0, c). (3.4)

For the sake of simplicity, we will consider the untwisted BL as composed by two
layers with aligned Bravais lattices (see Fig. 3.1(c)). Therefore, the period of the un-
twisted structure is that of the Bravais lattices of the two layers. The basis sets of the
two layers can be denoted by {a(l)1 , a(l)2 }, with l = 1, 2 (bottom and top layer, respec-
tively). Assuming that the rotation axis passes through two overlapped atoms each
belonging to the sublattice A of its layer, the twist angle θ is formally defined as the
angle between a(1)1 and a(2)1 or, equivalently, between a(1)2 and a(2)2 . As anticipated
in Sec. 1.1.1, the twist angle realizes two types of moiré patterns: commensurate
ones, for which the translational symmetry is preserved, and incommensurate ones,
for which the twisting breaks the translational symmetry. In particular, a commen-
surate twisted structure or superlattice is obtained if it is possible to identify two
in-plane vectors connecting the pair of atoms defining the rotation axis direction to
two equivalent pairs. The smallest of such vectors can be denoted by L1 and L2, and
they are the basis vectors of the superlattice [330, 331], as shown in the example of
Fig. 3.2(a). Formally, this means that the first superlattice basis vector satisfies the
relation

L1 = na(1)1 + ma(1)2 = n′a(2)1 + m′a(2)2 (3.5)

where n, m, n′, m′ are integer numbers, whereas, in our case of hexagonal symmetry,
L2 can be simply obtained by rotating L1 by π/3. It is worthwhile noticing that the
starting alignment of the two layers imposes that their lattice parameters must be
equal. As a consequence, as far as the twisted HeBLs are concerned, the calculations
on the latter include a certain lattice mismatch obtained by adapting the size of one
layer unit cell to the other one. By an appropriate choice of Bravais lattice basis
vectors a(l)i , the pair (n′, m′) can be made equal to (n, m), and, thus, the twisted
structure is specified by a single pair (n, m). It turns out that the commensurate
twist angle θ and the superlattice parameter L = |L1| = |L2| are related to (n, m),
respectively, through the relations

cos θ =
1
2

n2 + m2 + 4nm
n2 + m2 + nm

, (3.6a)

L = a
√

n2 + m2 + nm =
|n−m|

2 sin θ/2
a. (3.6b)

By choosing different values of n and m, one can obtain all the twist angles de-
scribing commensurate rotations through the Eq. (3.6a) and the corresponding su-
perlattice parameter through Eq. (3.6b). Obviously, the larger the superlattice pa-
rameter, the heavier the computational cost required to compute physical quantities
by means of DFT or TB method, since the number of atoms contained in the super-
lattice unit cell increases correspondingly. Fig. 3.2(b) reports the number of lattice
sites as a function of the twist angle, from which the actual number of atoms of the
superlattice unit cell can be obtained by multiplying it by the number of atoms of
untwisted BL unit cell. The area of the superlattice unit cell is S = |L1 × L2| =
(
√

3/2)L2. The BZ related to the supercell, often referred to as the MBZ due to its
smaller spatial extent with respect to that of the untwisted BL, can be generated by
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(a) (b)

(c)

FIGURE 3.2: Commensurate rotation for hexagonal symmetry. (a) Superlattice obtained
at the twist angle θ = 21.78◦. Dashed (red) and solid (green) lines represent the lattices
of layers 1 and 2, respectively. (b) Number of lattice sites as a function of the (com-
mensurate) twist angle. The number of atoms contained in the superlattice unit cell is
obtained by multiplying the number of lattice sites by the number of atoms in the ba-
sis of the untwisted BL (e.g., 4 in the case of BG). (c) Definition of the mini Brillouin
zone. Dashed (red) and solid (green) large hexagons correspond to the BZ of layers 1
and 2, respectively, and thick small hexagon to the MBZ. Open and filled circles are two
inequivalent K and K′ points. Adapted with permission from Ref. [331].
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considering the BZ of the rotated layers. As shown in Fig. 3.2(c), the two hexagonal
BZs of the layers can be superimposed with a relative rotation. The line connecting
the closest two original K(1) and K(2) points forms one edge of the MBZ, and they are
transformed into the inequivalent K′ and K points of the latter, respectively. From
this, the Γ and M points of the MBZ can be obtained.

In general, the untwisted BL structure may show a stacking configuration with
non-aligned lattices, as the Bernal stacking of BG. In these cases, the commensurate
twisted structure can be described by first performing a translation of one layer to
reach the alignment, by identifying the pair (n, m) corresponding to the target twist
angle (or the nearest one, if absent), and finally by performing the inverse of the
starting translation. Obviously, the choice of (n, m) giving the desired twist angle
could correspond to a huge computational cost for the reasons previously explained.
Therefore, although the commensurate rotations allow to apply the Bloch theorem
and use DFT or TB method, their use rapidly becomes computationally prohibitive
below θ ∼ 3◦.

3.2 Two-dimensional magnetism

Two-dimensional magnetism is an intriguing branch of magnetism for both theo-
retical and experimental reasons. Although the 2D materials era was inaugurated
through the graphene synthesis in 2004, the first native 2D magnetism was observed
only in 2017, as explained in Sec. 1.1.3. The search for 2D magnetic materials is based
on different criteria compared to the 3D case. In order to understand the motivations
behind these differences, a brief reminder about the main concepts of 3D magnetism
is required.

It is well-known that many paramagnetic materials, below the Curie tempera-
ture TC, present a magnetic ordering even in the absence of applied magnetic fields,
that is known as spontaneous ordering for this reason. As a consequence, this phe-
nomenon cannot rise from a coupling between the magnetic moments µα and the
magnetic field, where µα is the magnetic moment of the material atom at the posi-
tion Rα. To date, there exist two mechanisms that predict a spontaneous magnetic or-
dering: reciprocal interactions between the magnetic moments and strong screened
on-site Coulomb interaction. The former describes materials where some or all mag-
netic moments are localized, that are metals2 or insulators, respectively. The latter,
mainly based on the Hubbard model, describes only the materials with delocalized
magnetic moments, that are metals3. The 2D magnet investigated in this thesis is
Nb3I8, that is predicted and observed as an insulator. Therefore, the focus will be
placed only on the first class of spontaneous magnetic ordering mechanism for insu-
lators. In particular, since the localized magnetic moments are related to nuclei and
core electrons, the interactions involve the ions instead the whole atoms.

In 1928, Heisenberg realized that the Coulomb repulsion between electrons was
the responsible interaction between the magnetic moments [332]. Indeed, following
the Heitler-London method [333] to analyze the (core) electrons in a H2 molecule,
he derived that the exchange matrix elements of the electron–electron Coulomb in-
teraction between couples of ions, evaluated by means of the first-order perturba-
tion theory, provide an effective coupling between spin-vector operators. Therefore,
Heisenberg postulated such an interaction for each couple of ions close enough that

2In this case, the so-called localized magnetism occurs, that arises from the interaction between local-
ized magnetic moments and the delocalized ones of the conduction electrons.

3This is known as band magnetism.
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the exchange matrix elements do not vanish, that was described by the Hamiltonian

ĤH = −1
2 ∑

α,β
JαβŜα · Ŝβ, (3.7)

where Jαβ is the exchange integral. The latter is spatially isotropic4, satisfies the
relations

Jαβ = Jβα, Jαα = 0, (3.8)

and the 1/2 factor avoids double counting of the interactions between the spin-
vector operators. The spatially isotropic behavior guarantees the full spherical sym-
metry O(3) for the Heisenberg Hamiltonian, in addition to the time-reversal symme-
try T related to the scalar products. If the localized moments are related to the total
angular momentum rather than the spin, then Ŝα must be replaced by (gL − 1)Ĵα

[334], where gL(Lα, Sα, Jα) is the Landé g-factor. Typically, the orbital angular mo-
mentum is quenched in transition-metal ions and iron-group ions, whereas it must
be taken into account in rare-earth ions due to the significant energy contributions
of the SOC.

By definition, the magnetism described through the Heisenberg model could be
caught also by reducing the summation only to the first- or next-nearest neighbors.
In this way, the Hamiltonian of Eq. (3.7) can describe different kinds of magnetic or-
ders, such as ferromagnetism, antiferromagnetism, ferrimagnetism, helimagnetism,
and other more complex structures [334], depending on the sign of nearest neighbor
couplings, the presence of competing second-neighbor or higher-order interactions,
the additional effect of external fields, and the on-site interactions. By using the
spin-vector operators (or, in general, the total angular momentum operators) com-
mutation rules, it is easy to demonstrate the commutation relation

[Ŝtot, ĤH] = 0 (3.9)

involving the total spin Ŝtot = ∑α Ŝα. As a consequence, the Heisenberg Hamilto-
nian possesses the SU(2) symmetry, i.e., it describes a system invariant under any
rotation of the total spin or, equivalently, of the system spins, and Ŝtot is a conserved
quantity.

The simplest ground state of ĤH can be written for a ferromagnetic system. If
the latter consists of NS ions having spins with values S, then the states

|Ψ±〉 = |S1 = S, mS1 = ±S〉 ...
∣∣∣SNS = S, mSNS

= ±S
〉

(3.10)

are the degenerate ground states of the Heisenberg Hamiltonian with the eigenvalue

E0 = − h̄2

2

NS

∑
α,β=1

JαβS2. (3.11)

Referring to |Ψ+〉 as ground state |Ψ0〉 by convention, the SU(2) symmetry of ĤH
provides 2Stot + 1 degenerate ground states, where Stot = NSS. Since the sponta-
neous magnetization Ms of a 3D ferromagnet below TC is observed with the spins
pointing in a specific direction, a spontaneous O(3) symmetry breaking occurs for
the Hamiltonian and the system remains invariant only under SO(2) rotations around
the spontaneous magnetization direction. The latter is known as easy-axis of the

4This is the reason why the model is commonly named as isotropic Heisenberg model.
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magnet, denoted by the unit vector ê, being, in general, the direction inside the crys-
tal along which small applied magnetic fields are sufficient to reach the saturation
magnetization. By the contrary, the hard-plane is the plane inside a crystal where
large applied magnetic fields are needed to reach the saturation magnetization. For-
mally, the Curie temperature is the critical temperature describing the second-order
PT from the paramagnetic regime (T > TC) to the ferromagnetic (T < TC) regime,
where the all spins are perfectly parallel to Ms only at T = 0 K [335]. Spontaneous
magnetization is the order parameter of such a PT, showing divergent magnetic sus-
ceptibility χ(T) and heat capacity CV(T) at T = TC. As far as the antiferromagnets
are concerned, they can be schematized as spin patterns that, below the Neél tem-
perature TN , consist of different FM sublattices ordered in such a way that the net
total spontaneous magnetization is zero.

As anticipated in Sec. 1.1.3, the values of the spatial dimensionality d and the
spin dimensionality dS are crucial in order to have magnetism. Indeed, MWH theo-
rem [131, 142] of 1966 states that “in one and two dimensions (d ≤ 2), the isotropic
Heisenberg model (dS = 3) does not admit any spontaneous magnetization or spon-
taneous continuous symmetry breaking for T > 0”, i.e.,

Ms(T) = 0, d ≤ 2, T > 0. (3.12)

In other words, in these cases the magnetization fluctuations are strong enough to
destroy the O(3) spontaneous symmetry breaking5. Nevertheless, in 1944 Lars On-
sager had demonstrated that a spontaneous magnetization is possible for the Ising
model applied to 2D systems (dS = 1 and d = 2) [128], as the result of the sponta-
neous (discrete) Z2 symmetry breaking. Therefore, based upon the MWH theorem
and the Onsager’s result, it follows that the magnetic ordering in 2D materials could
be described only through the Ising model or anisotropic terms in the Heiseberg
model, favoring a particular easy-axis direction and satisfying the constraint to re-
cover the Ising model in the limit of an infinite anisotropy. For dS = 2, the spins
on a 2D lattice are essentially 2D vectors and the material is well described by the
XY model, showing a PT below the BKT temperature TBKT [130], where a diver-
gent magnetic susceptibility shows up6. All these possibilities for 2D magnetism are
schematically shown in Fig. 3.3 and can be modeled, in the simplest cases, through
the generalized Heisenberg spin Hamiltonian [336]

Ĥ2D
H = −1

2 ∑
α,β

(JαβŜα · Ŝβ + ΛαβŜα,zŜβ,z)−∑
α

Aα(Ŝα,z)
2, (3.13)

assuming that the 2D material lies on the xy plane. Here, Aα and Λα are the single-
ion magnetic anisotropy and the inter-site or exchange magnetic anisotropy, respec-
tively. For Aα, Λα ' 0, the Hamiltonian in Eq. (3.13) reduces to the isotropic
Heisenberg model. For Aα → ∞, the limit of strong easy-axis (parallel to the z axis)
anisotropy holds and the Ising model

ĤI = −
1
2 ∑

α,β
JαβŜα,zŜβ,z, (3.14)

5The proof is valid only for T > 0 and not for T = 0.
6In the quasi-ordered state (T < TBKT) the fundamental low-energy excitations are bound spin

vortex/anti-vortex pairs, where the energy of a single vortex diverges and the bound vortex/anti-
vortex pair has a finite energy. At the critical temperature TBKT the vortex/anti-vortex pairs unbind
and the system becomes disordered. The “quasi-ordering” refers to spin correlations decaying behav-
ior, that shows a power law dependence on the distance between the magnetic moments.
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FIGURE 3.3: Magnetism on a 2D lattice for different spin dimensionalities dS. For dS = 1
(Ising model), a nonzero spontaneous magnetization can be measured below TC and
the susceptibility diverges at TC, as predicted by Onsager. For dS = 2 (XY model),
no spontaneous magnetization can be measured and the susceptibility diverges below
TBKT , where spin vortex/anti-vortex pairs bind. For dS = 3, no PTs can be observed on
a 2D lattice. Adapted with permission from Ref. [336].

is recovered. Finally, for Aα → −∞, the limit of strong easy-plane (perpendicular to
the z axis) anisotropy holds and the XY model

ĤXY = −1
2 ∑

α,β
Jαβ(Ŝα,xŜβ,x + Ŝα,yŜβ,y), (3.15)

is recovered.
In some complicated cases, other magnetic coupling terms must be added to the

Hamiltonian of Eq. (3.13), such as Dzyaloshinsky–Moriya (DM) [337, 338], Kitaev
[127, 339], and higher-order (e.g., biquadratic) interactions [340]. DM interaction,
also known as antisymmetric exchange, is induced by the strong atomic SOC of the
magnetic ions and a lack of inversion symmetry of the compound, and is formally
related to the off-diagonals terms of the tensor-like Heisenberg model

Ĥtensor
H = −1

2 ∑
α,β,i,j

Ŝα,i J
ij
αβŜβ,j. (3.16)

It is described by the Hamiltonian term ĤDM
αβ = −Dαβ · (Ŝα × Ŝβ) for each magnetic

ion pair (α, β), where magnitude and direction of the vector Dαβ (DM vector) de-
pend on the symmetries of neighboring magnetic ions. In particular, exactly as for
CrI3 [143], this term can be neglected for Nb3I8 because for each couple of magnetic
Nb ions there exist two iodine contributes with the same magnitude and opposite
signs. Kitaev interaction also derives from the off-diagonal terms of Eq. (3.16) [341],
providing a term −(1/2)Ŝα,nŜβ,n, where {l, m, n} is the label set of the basis diago-

nalizing the Jij
αβ tensor. Finally, higher-order interactions provide terms as powers of

Ŝα · Ŝβ and are typical for systems for which the magnetic ion can exist in two dif-
ferent valence states. However, Kitaev and higher-order interactions are taken into
account to investigate specific and complex magnetic properties, such as QSLs [341]
and spin topological spin excitations [340], respectively. Therefore, the remaining
simpler contributions are sufficient to perform an initial investigation on the mag-
netism of a 2D material.
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In this thesis, the main case of interest is the 2D ferromagnetism. Therefore, a
practical way to determine the easy-axis direction by means of first-principles calcu-
lations requires to be defined. The energy contribution of the magnetic anisotropy
described in Sec. 1.1.3, named as magnetic-anisotropy energy (MAE), is the energy
required to rotate the spontaneous magnetization at T = 0 K from the easy-axis di-
rection to a direction contained in the hard-plane. As a consequence, MAE is defined
as the difference between the system energies with Ms ⊥ ẑ and Ms ‖ ẑ, where ẑ is
the z-axis unit vector. A positive (negative) value of MAE indicates an out-of-plane
(in-plane) easy-axis. Usually [143, 342–344], the direction perpendicular to z axis
is taken as the x-direction and the MAE is evaluated in µeV per magnetic ion (the
common order of magnitude is ∼ 101÷2 µeV/ion). Therefore, the MAE is defined as

MAE = EMs‖x̂ − EMs‖ẑ (3.17)

and can be computed through the DFT, once the suitable approximation for the
exchange-correlation functional has been chosen (see Secs. 2.1.7 and 2.1.8).

3.3 Model magnetic Hamiltonians on crystal structures

A complete magnetic simulation of a crystal structure is not limited to reveal if there
exists at least one magnetic state whose energy is lower than that of the NM state
and to determine its easy-axis direction. These tasks can be performed by all the soft-
wares implementing DFT, such as QE. Indeed, once a magnetic stable or metastable
phase has been identified, the next steps are to select a magnetic Hamiltonian that
could suitably describe the magnetic state. For this purpose, the Hamiltonian pa-
rameters must someway extracted from the DFT calculations, in order to perform
a spin dynamics simulation, that allows to compute the equilibrium temperature
dependence of the main thermodynamic functions characterizing the magnetic PT,
such as the average single-ion magnetic moment 〈µ(T)〉 and χ(T), investigate topo-
logical spin properties, and so on [186, 188].

The Hamiltonian parameters can be extracted from the DFT calculations by means
of the energy-mapping analysis [345], that is nowadays widely used [186, 187, 346].
As shown in Sec. 3.2, the most general magnetic Hamiltonian is an operator

Ĥmag = Ĥmag( Ĵα,i, gL, {P(n)
αβ }, {Qα}), (3.18)

where P(n)
αβ is a parameter involving the nth nearest neighbor magnetic ion pair (α, β)

and Qα is a parameter related to the single magnetic ion α. The simplest form of the
energy-mapping analysis considers the same value of the Hamiltonian parameters
for each pair (α, β) and magnetic ion α, at a specific order of neighbors. Further-
more, since magnetism of Nb3I8 derives from the magnetic moments of Nb ions as
transition-metal ions, the orbital angular momentum quenching is ensured. There-
fore, the magnetic Hamiltonians describing materials as Nb3I8 and CrI3 appear in
the simplified form

Ĥ′mag = Ĥ′mag(Ŝα,i, {P(n)}, {Q}). (3.19)

The choice of Ĥ′mag fixes the number N of parameters to compute. If different spe-
cific magnetic configurations are simulated on the crystal structure by means of the
DFT, then the mapping of their computed total energies to the selected Ĥ′mag gives a
set of algebraic equations defined unless an undefined fixed energy E0 and differing
for the magnetic configuration energy contributions, where the magnetic parameters
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are unknown and the spins have been calculated from first principles. Therefore, by
choosing N + 1 different magnetic configurations, the undefined energy E0 can be
removed and the magnetic parameters can be uniquely calculated. A specific case
will be shown in Chap. 4, where the energy-mapping analysis will be performed
on ML Nb3I8 mapped onto the Ising model. It is worthwhile noticing that such a
method does not require the knowledge of the Ĥ′mag exchange mechanism, since the
latter exists in different forms obtained in the framework of second-order perturba-
tion theory and all giving an Heisenberg-like term, such as the Rudermann-Kittel-
Kasuya-Yosida (RKKY) interaction and the superexchange [334]. Rather, the accu-
racy of the energy-mapping analysis relies only on the quality of the applied approx-
imation of the exchange-correlation functional. However, the magnetic parameters
are so calculated at T = 0 K and, thus, their next use is based on the assumption that
they slightly change with temperature.

Once the Hamiltonian parameters have been computed, one can generate the
crystal structure by means of a programming language and implement the Hamil-
tonian on it in order to simulate the spin dynamics. For the simplest and most
common structures, the first task can be performed by using suitable open-source
software packages, such as Vampire [347]. Instead, for complex lattice structures as
ML Nb3I8, the implementation of dedicated programs is required, generating a fi-
nite sample of Nx × Ny unit cells in the xy plane of the 2D material. As far as the
spin dynamics task is concerned, the simulation is always based on the Metropolis
algorithm as MC method, that can be briefly explained in the particular case of spin
systems governed by magnetic Hamiltonians [348]. The purpose of the Metropolis
algorithm is to generate a collection of random variables according to a desired prob-
ability distribution. Here, the random variables are the NS system spins Si, which
must sample the (equilibrium) canonical distribution

π(T, NS, S1, ..., SNS , {P(n)}, {Q}) = e−βH′mag(S1,...,SNS ,{P(n)},{Q})

Z(T, NS, {P(n)}, {Q})
, (3.20)

at the last step for each temperature T, where β = 1/kBT and

Z(T, NS, {P(n)}, {Q}) = ∑
{Si}

e−βH′mag(S1,...,SNS ,{P(n)},{Q}) (3.21)

is the canonical partition function. Spins are treated as classical quantities, since they
are three-dimensional vectors in the spin space. The steps of the algorithm are listed
below:

1. an arbitrary initial spin configuration {Si}0 is chosen;

2. one spin is rotated in 3D space and the initial configuration becomes the trial
configuration {Si}trial ;

3. by defining the quantity

w =
π(T, NS, {Si}trial , {P(n)}, {Q})

π(T, NS, {Si}0, {P(n)}, {Q})
, (3.22)

the trial move is accepted and {Si}1 = {Si}trial only if a uniformly generated
random number r ∈ (0, 1) satisfies the condition r ≤ w;

4. the new configuration is used as initial configuration and the procedure iter-
ates for NMC steps.
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The canonical distribution is exactly reproduced for NMC → ∞, but, typically, a good
convergence7 is reached for NMC & 105. This result derives from the Metropolis theo-
rem satisfied by the Markov chain generated through the algorithm, since each spin
configuration only depends on the previous one. Typically, the initial spin configu-
ration is chosen with all the spin aligned to the easy-axis direction. Depending on
the dS value, the second step of the algorithm changes, being a 2D rotation for dS = 2
(XY model) and a spin flip Si → −Si for dS = 1 (Ising model). When the algorithm
concludes, the values of the main thermodynamic (equilibrium) functions character-
izing the magnetic PT, such as 〈µ(T)〉, χ(T), 〈E(T)〉, CV(T), can be calculated at the
temperature T, and their temperature dependence can be obtained by iterating the
algorithm on a dense set of T values. As far as the implementation of this thesis is
concerned, for each T the algorithm is executed for Ntrans steps, with Ntrans ∼ NMC,
to first achieve the desired equilibrium distribution, and then it executes NMC cycles
of NS steps each to obtain NMC contributions to the final averages. In particular, if
µα(T) is a normalized-to-1 single-ion magnetic moment, for each T the algorithm
calculates

〈µ(T)〉 = 1
NMC NS

NMC

∑
i=1

(
NS

∑
α=1

µα(T)

)
i

, 〈E(T)〉 = 1
NMC

NMC

∑
i=1

Ei (3.23)

and, similarly proceeding for 〈µ2(T)〉 and 〈E2(T)〉, it also computes

χ(T) =
〈µ2(T)〉 − 〈µ(T)〉2

kBT
, CV(T) =

〈E2(T)〉 − 〈E(T)〉2
kBT2 , (3.24)

as stated from the canonical ensemble fluctuation-dissipation relations (FDRs) [335].
Periodic boundary conditions are implemented, meaning that after each change of
the spin configuration, the unit cells defining the borders of the finite lattice have
the same spins of the unit cells on the opposite border on the same direction. The
computation of the temperature dependence of the quantities calculated by means of
Eqs. (3.23) and (3.24) allows to estimate the Curie temperature TC for the ferromag-
nets, as an example, as the temperature at which 〈µ(T)〉 vanishes for T → T−C and
χ(T) or CV(T) show a maximum. Due to the variables of the equilibrium distribu-
tion of Eq. (3.20), the value of TC depends on NS, {P(n)} and {Q} as well. Therefore,
convergence tests for different values of Nx, with Nx = Ny for the sake of simplicity,
are required in order to determine the sample size needed to provide a sufficiently
accurate estimation of TC for a given set of parameters {P(n)} and {Q}.

7Obviously, the spin rotation must be performed at least for a number of times larger than the
number of spins. Therefore, the condition NMC � NS is a good starting point for the convergence.
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Chapter 4

Insights on novel van der Waals
materials: ab initio simulations

“It doesn’t matter how beautiful your theory is,
it doesn’t matter how smart you are.

If it doesn’t agree with experiment, it’s wrong.”

Richard Phillips Feynman

In this chapter, I will present the analysis on the vdW materials explored in this
thesis, whose remarkable properties and applications have been summarized in Sec.
1.1. The ab initio simulations will be described in detail, in order to ensure the correct
interpetration of the results, that are in line with the purposes outlined in Sec. 1.4 and
have been obtained through the theoretical concepts and tools reported in Chaps. 2
and 3.

4.1 Relaxation effects on low-energy spectrum of twisted bi-
layer graphene

Here, we present a systematic analysis of the relaxation of TBG and its effects on the
low-energy spectrum, at the four commensurate angles θ = 1.08◦, 1.61◦, 2.65◦, and
3.89◦ [200]. The electronic properties have been computed through both DFT and TB
approaches, by choosing the relaxed atomic positions for the latter as those obtained
through the relaxation procedure within the DFT scheme explained in Sec. 2.3.5.
As a consequence, the full and correct description of the relaxation mechanism has
allowed to better elucidate its role in the TBG electronic properties, without semi-
classical [28, 57, 349, 350], multiscale [351, 352], or continuum relaxation [353] tech-
niques. Indeed, this study is also based on a direct comparison with the available
experimental data, pushing up to an unexplored computational cost until now. Dis-
tinct analyzes on the effects of only in-plane and only out-of-plane relaxations have
been performed, for both an investigation of the ground-state stability against the
temperature and the low-energy spectrum. Also, the comparison between DFT and
TB electronic properties has allowed to extract an estimation of the electron-electron
interaction in TBG. The relaxation has been confirmed as crucial for the gap opening
at Γ point of the MBZ, mostly due to the out-of-plane contributions and less to the in-
plane ones. Finally, the continuum model of Ref. [31] has been tested to approximate
the DFT results, demonstrating that it is a powerful tool to explore small twist angles,
for which the computational cost would become prohibitive. This is a remarkable
result, since it gives a starting point for a minimal single-particle description within
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n m θ (◦) L (Å) Nat
31 30 1.08 129.75 11164
21 20 1.61 87.21 5044
13 12 2.65 53.19 1876
9 8 3.89 36.18 868

TABLE 4.1: The commensurate angles considered to investigate the properties of TBG.
Nat is the number of atoms in the unit cell, L is lattice parameter of the superlattice, n
and m identify the TBG unit cell according to Sec. 3.1.

more complex many-body approaches to study the superconductivity and the Mott
insulating phases of TBG.

4.1.1 Geometry and first-principles calculations details

The geometrical description of TBG follows Sec. 3.1, except for the convention used
to describe the 2D Bravais lattice of each graphene layer, whose basis vectors are
here

a1 = (1, 0) a, a2 =

(
1
2

,

√
3

2

)
a, (4.1)

where a = 2.456 Å is the MG lattice parameter. The corresponding reciprocal lattice
basis vectors are

b1 =
2π

a

(
1,− 1√

3

)
, b2 =

2π

a

(
0,

2√
3

)
. (4.2)

Since the rotation axis is chosen as passing through a pair of AA-stacked C atoms,
each belonging to one of the layers, then a twist angle θ corresponds to rotate the first
and second layers by −θ/2 and θ/2, respectively. As a consequence, the 2D Bravais
lattice basis vectors of the graphene layers after the rotation are a(l)i = R(∓θ/2)ai

and the corresponding reciprocal lattice basis vectors are b(l)
i = R(∓θ/2)bi, where

R(θ) is the 2×2 matrix describing the rotation by θ. As anticipated, the commensu-
rate angles θ = 1.08◦, 1.61◦, 2.65◦, and 3.89◦ have been considered to investigate the
structural and electronic properties of TBG. In particular, based upon the notation in-
troduced in Sec. 3.1, Table 4.1 resumes the features of the considered commensurate
angles, along with the lattice parameter and the number of atoms in the superlattice
unit cell for each case. The last two columns justify the huge computational cost
required to face such a study.

DFT calculations have been carried out using the Vienna Ab initio Simulation
Package (VASP) [354], since the latter required a smaller computational cost for TBG
with respect to QE at the same performance level. A PAW-PP [317, 318] has been
employed for carbon with the 2p orbitals in valence and the 1s orbitals frozen in
the core [355]. In order to properly take into account the long-range interactions
taking place between atoms belonging to different graphene layers, the vdW-DF2
exchange-correlation functional [279] has been adopted within the DFT framework.
In general, as described in Sec. 2.1.8.b, it reduces the interatomic distances overas-
timated by the vdW-DF functional by Dion et al. [270], also predicting reasonable
values of binding energies compared to the experiments. Furthermore, vdW-DF2
has been recently tested for graphene and h-BN by using the VASP package, both
in the form of bulk and BL, revealing as a good choice for structural and vibrational
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properties [356]. The PW basis used to sample the reciprocal space has been set up
with a kinetic-energy cutoff of 400 eV for the wavefunctions. The MBZ sampling
for the self-consistent calculations has been restricted at the Γ point for all four sys-
tems, since no significant changes have been observed for larger sampling sizes. DFT
eigenvalues at the other points in the MBZ were obtained by non-SCF calculations.
For the smallest angle, i.e., the magic angle θ = 1.08◦, the size of the simulation cell
limited the computation to one k point at a time, so that the reported DFT eigenval-
ues are referred to the Fermi energy EF computed in the self-consistent calculations.
The vacuum has been set at ∼ 6.5 Å. Full relaxation of the atomic positions was
carried out until the residual forces were smaller than 0.002 eV/Å. Additional calcu-
lations were repeated using supercells with z axis of 12 and 14 Å. A small residual
(maximum) relaxation of less than 0.002 Å was observed as the z axis was increased
to 12 Å, but no further relaxation was detectable with the largest 14-Å vacuum space.
All symmetries were turned off.

The tight-binding calculations are based on the Slater-Koster parametrization for
pz carbon atoms, in which the transfer integral is

t(R) = −Vppπ

[
1−

(
R · ẑ

R

)2
]
−Vppσ

(
R · ẑ

R

)2

, (4.3)

where
Vppπ = V0

ppπe(R−a0)/r0 , Vppσ = V0
ppσe(R−d0)/r0 , (4.4)

r0 = 0.184a, a0 = a/
√

3 is the first-neighbor distance in MG, and d0 = 3.35 Å is the
intralayer distance, chosen in agreement with that of graphite. V0

ppπ = −2.7 eV and
V0

ppσ = 0.48 eV are the in-plane and out-of plane nearest-neighbor hopping energies,
as from Ref. [58].

4.1.2 Effective continuum model

Here, we will briefly present the effective continuum model used to approximate
the DFT calculations and generalizing the model proposed in Refs. [46, 47, 55, 58].
As shown in Sec. 3.1, the MBZ related to the commensurate structure is a hexagon
whose inequivalent K and K′ points are the two Dirac points K(1) and K(2) of the
two graphene layers after the rotation. Therefore, if ξ = ±1 denotes the valley index
of MG, then such Dirac points can be denoted by K(1)

ξ and K(2)
ξ . According to the

previously described TBG geometry, it turns out that the Dirac points of each layer
are K(l)

ξ = −ξ(2b(l)
1 + b(l)

2 )/3. As known, the MG spectrum is linear close enough to
these points, and the Hamiltonian of each layer takes the expression [31]

Ĥ(l)
ξ (k) = −h̄vF{R((−1)l+1θ/2)(k−K(l)

ξ )} · (ξσx, σy), (4.5)

where h̄vF/a = 2.1354 eV. If the graphene layers of the TBG interact with each other,
then the system is described by the matrix Hamiltonian

Hξ(k) =

(
H(1)

ξ (k) U†
ξ

Uξ H(2)
ξ (k)

)
, (4.6)
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where the interlayer Hamiltonian is

Uξ =

(
u u′

u′ u

)
+

(
u u′ω−ξ

u′ωξ u

)
eiG1·r +

(
u u′ωξ

u′ω−ξ u

)
ei(G1+G2)·r, (4.7)

with ω = ei2π/3. Reciprocal vectors G1 and G2 express the coupling between each k
point of the first layer and each k′ point of the second layer according to the selection
rules k = k′, k+G1, k+G1 +G2. Finally, based upon the work of Koshino et al. [55],
u and u′ are k-dependent functions expressed in terms of the tight-binding transfer
integral t(R) between two sites at distance R:

u(k) = − 1
S0

∫
t(R + d(R)ẑ)eik·Rd2R, u′(k) = − 1

S0

∫
t(R + d(R− τ1)ẑ)eik·Rd2R,

(4.8)
where S0 =

√
3a2/2 is the area of the superlattice unit cell and τ1 = (2a2 − a1)/3.

The particular case u = u′ refers to the unrelaxed BG. However, u(k) and u′(k) have
not been calculated, but they have been used only as fitting parameters, since the
continuum model has been aimed to give a minimal description of the low-energy
properties of the ab initio band structure. It will be demonstrated that their values
are almost independent on the twist angle. The solutions have the general form

ψA1
n,k(r)

ψB1
n,k(r)

ψA2
n,k(r)

ψB2
n,k(r)

 = ∑
G


cA1

n,k(G)

cB1
n,k(G)

cA2
n,k(G)

cB2
n,k(G)

 ei(k+G)·r, (4.9)

where Ai and Bi are the A and B sublattices of the i-th MG, respectively. In principle,
the G point expansion should extend over the full (infinite) set of G vectors. How-
ever, for numerical purposes, this set has to be truncated. We choose a cutoff radius
Gcut large enough to ensure the convergence of the obtained results and keep only
the G vectors inside the sphere of radius Gcut.

4.1.3 Geometric relaxation

As demonstrated in Ref. [31], an accurate description of the TBG at the magic an-
gle θ = 1.08◦ in terms of the out-of-plane relaxation and the vdW interaction be-
tween the graphene layers is of utmost importance to reproduce the experimental
measurements by Cao et al. [29] at a single-particle level. Therefore, the analysis
of the out-of-plane atomic displacements required two complementary representa-
tions. The first one is the color/relief map of the out-of-plane displacements in TBG
at the considered twist angles with respect to the unrelaxed structure and is shown
in Fig. 4.1. The second representation reports the behavior of the out-of-plane dis-
placements of each graphene layer as a function of the point on the unit-cell long
and short diagonals with respect to the average z coordinate zavg in that layer for the
four twist angles and is shown in Fig. 4.2. Hills and valleys of Fig. 4.1 are the results
of the steric effects involving the pz orbitals, when the AA-stacked BG is rotated.
Indeed, the atoms of a layer moving toward the less repulsive regions, such as the
hexagon centers (AB stacking), tend to reduce their distance from the other layer.
As a consequence, the repulsion between the AA-stacked atoms through which the
rotation axis passes is enhanced and the same occurs for their reciprocal distance.
Hence, the rotation induces an increase of the out-of-plane displacement around the
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θ = 1.08◦

(a) (b)

θ = 1.61◦

(c) (d)

θ = 2.65◦

(e) (f)

θ = 3.89◦

(g) (h)

FIGURE 4.1: The color/relief map of the out-of-plane displacements in TBG at different
twist angles: (a, b) 1.08◦, (c, d) 1.61◦, (e, f) 2.65◦, (g, h) 3.89◦. (a), (c), (e), and (g) refer to
the top plane, whereas (b), (d), (f), and (h) to the bottom one. The color bar reports, in
each plane, the measure of the z coordinate referred to its mean value in that plane (in
Å units). In each map, the unit cell is highlighted in red.
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θ = 1.08◦ θ = 1.61◦

(a) (b)

θ = 2.65◦ θ = 3.89◦

(c) (d)

FIGURE 4.2: The out-of-plane displacements of each graphene plane along the unit-cell
long and short diagonal for the four twist angles: θ = 1.08◦ (a), θ = 1.61◦ (b), θ = 2.65◦

(c), θ = 3.89◦ (d). The displacements are measured as the difference ∆z = z− zavg of the
z coordinate of each atom in a given plane and the average z coordinate zavg in that plane
(∆z = 0 for all atoms in the initial, twisted but unrelaxed configuration). In each box
the higher (lower) panels correspond to the top (bottom) plane, whereas the left (right)
panels correspond to the supercell long (short) diagonal (notice the different scale on the
horizontal axis). The variable s represents the coordinate along the two diagonals, with
s = 0 corresponding in both cases to the unit-cell origin (or a lattice equivalent site),
where the AA stacking is preserved. To draw this plot, the atoms whose projections in
the x-y plane lie onto or are closest to the unit-cell diagonals were considered.

AA-stacked atoms with the maximum on them and a decrease in the interstitial re-
gions up to induce AB-stacked regions. As shown in Fig. 4.1, this naive prediction
is strictly verified for the larger angles. For the smaller twist angles, an additional
complicated atomic corrugation pattern of the unit cell, associated to the enormously
increasing number of atoms, shows up. Fig. 4.2 confirms these observations, guid-
ing the eye along specific paths in the unit cell. The larger the twist angle, the more
predictable the out-of-plane displacement behavior in terms of AA- and AB-stacked
regions, with a symmetry with respect to the path center because of the AA stacking
before the twisting. It is worthwhile noticing that top and bottom layer relaxations
should definitely not be the same, since the middle plane between the two graphene
layers is not a reflection symmetry plane. Indeed, except for the corner sites of the
unit cell, where there is a perfect AA stacking both in the unrelaxed and the relaxed
structure, at a fixed point in the xy plane one can find an atom in the top plane
whereas no one in the bottom and vice versa.

Full comprehension of the TBG relaxation is only achieved if also the in-plane
displacements are considered. In particular, the C atoms create a vortexlike displace-
ment field in each layer, with the vorticity (intended as the curl of the displacement
field) changing sign when moving from the top to the bottom plane. This is shown
in Fig. 4.3 only for θ = 1.08◦, since the patterns look quite similar at different twist
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(a) (b)

θ = 1.08◦ θ = 1.61◦ θ = 2.65◦ θ = 3.89◦

(c)

FIGURE 4.3: The color map and vector field of the in-plane displacements in TBG for the
top (a) and bottom (b) plane. Each vector points in the displacement direction, and its
magnitude is proportional to the displacement norm. The latter is also highlighted by
the color. Since the patterns look quite similar at different twist angles, only the result
for 1.08◦ is shown. (c) The color bars report the measure of the displacement in the x-y
plane with respect to the unrelaxed structure (in Å units).

angles, except for the magnitude of the displacements, that decreases by an order
of magnitude when moving from the smallest to the largest twist angle (the max-
imum displacement being of the order of ∼ 0.1 Å and ∼ 0.01 Å in the two cases,
respectively). Here, the color map and the vector lengths are proportional to the dis-
placement with respect to the unrelaxed TBG. Such a behavior originates from the
total energy minimization toward the AB regions. Indeed, whereas AA- and AB-
stacked atoms are not displaced, the displacement magnitude increase toward the
unit-cell corners, thus for the atoms that mostly feel the repulsion due to a stacking
that is quite close to AA (with the only exception of the pair of AA-stacked atoms in
the unrelaxed structure, which show no displacement in the xy plane).

The investigation on the relaxation of TBG has allowed to establish a striking
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FIGURE 4.4: Per-atom relaxation energy as a function of the twist angle (blue circles).
The red star (diamond) refers to θ = 1.08◦ and shows the relaxation energy when only
the x-y (z) coordinates are allowed to relax. Dataset has been extended by consider-
ing the additional angles 4.41◦, 5.09◦, 6.01◦, 7.34◦, 9.43◦, and 13.17◦, corresponding to
(n, m) = (8, 7), (7, 6), (6, 5), (5, 4), (4, 3), (3, 2), respectively.

result about the ground-state stability against the temperature. In Fig. 4.4, the per-
atom relaxation energy is reported in kelvin, with the relaxation energy defined as
the energy gained by the structure when it is allowed to relax with respect to the
unrelaxed configuration. Dataset has been extended by considering the additional
angles 4.41◦, 5.09◦, 6.01◦, 7.34◦, 9.43◦, and 13.17◦, corresponding to (n, m) = (8, 7),
(7, 6), (6, 5), (5, 4), (4, 3), (3, 2), respectively. Such a relaxation energy normalized
to the number of atoms in the unit cell allows a comparison between different twist
angles. Moreover, it can be also read as the upper bound of the thermal energy kBT
that in a real experiment would induce thermal fluctuations of the atomic positions
that in turn would destroy the ground-state geometry pattern shown in Figs. 4.1
and 4.3. The per-atom relaxation energy indicates that the smaller the twist angle,
the more stable (with respect to the unrelaxed structure) the ground-state geometry
pattern. This is explained by considering that in the case of large unit cells the atoms
have more freedom to relax to a lower total energy. Indeed, in the particular case
of θ = 1.08◦, the reduction of such a freedom by neglecting in-plane or out-of-plane
relaxations gives a smaller per-atom relaxation energy, as shown in Fig. 4.4 (red
diamond and star, respectively).

4.1.4 Low-energy spectrum for different twist angles

Once the analysis of the effects of relaxation on the structural properties has been
carried out, an in-depth investigation of the low-energy spectrum for the four con-
sidered twist angles can be performed. The electronic structures calculated by using
both the TB approach and the DFT, with and without including relaxation mecha-
nisms, are reported in Fig. 4.5. The blue points are the DFT eigenvalues and are
connected by the dashed blue in order to give a guide for the DFT bands shape.
The red (full) lines are the TB bands, where, however, the atomic positions for the
relaxed structures are the ones optimized within the DFT approach. The compari-
son between the two methods is a powerful tool to directly extract information on
the electron-electron interactions characterizing the TBG, since these are not consid-
ered in the TB approach, whereas they are taken into account in the DFT exchange-
correlation functional even though in an approximated manner. The most evident
effect of the relaxation consists in opening the gaps separating the bands around EF
from the other bands, at both the electron and hole sides. In particular, a gap of 26
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FIGURE 4.5: Low-energy spectrum of TBG along the K-Γ-M-K′ path at different twist
angles: (a, b) θ = 3.89◦, (c, d) θ = 2.65◦, (e, f) θ = 1.61◦, (g, h) θ = 1.08◦, (i, j) θ = 1.08◦

zoomed around the Fermi energy (notice the different scale on the y axis). The (a), (c),
(e), (g), (i) panels correspond to the relaxed structure and the (b), (d), (f), (h), (j) ones to
the initial, unrelaxed geometry. Blue dashed lines and filled dots correspond to the DFT
calculation, red solid lines to the TB approach. Zero energy corresponds to the Fermi
energy.
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(a) (b)

FIGURE 4.6: Tight-binding electronic band structure of TBG along the K-Γ-M-K′ path at
θ = 1.08◦, zoomed around the Fermi energy. The band structures corresponding to the
geometry as obtained by allowing only (a) in-plane and (b) out-of-plane relaxations in
the DFT calculation are shown.

meV (16 meV) separates the flat minibands of θ = 1.08◦ TBG from the highest occu-
pied (lowest unoccupied) bands, consistent with the experiments [29, 30, 357–361].
The full bandwidth is ∼ 20 meV, according to that measured in the experiment of
Ref. [29]. Overall, the TB bands agree with the DFT eigenvalues, except for small
regions around the Γ point of the MBZ. The estimation of the electron-electron inter-
action provides quite small values, in particular being . 10 meV for θ = 1.08◦ in the
zoom of Fig. 4.5(i).

Similarly to the study of the structural properties, the effects of the relaxation
when only the x-y (z) coordinates are allowed to relax have been evaluated on the
low-energy spectrum, only for θ = 1.08◦ and by using the TB approach. The results
are shown in Fig. 4.6, that can be directly compared to the fully relaxed and the
unrelaxed cases of Figs. 4.5(i) and (j), respectively. When only the x-y coordinates
are allowed to relax (see Fig. 4.6(a)), some variations in the flat minibands behavior
occur around the Γ point, but there is not any gap opening. On the contrary, when
only the z coordinates are allowed to relax (see Fig. 4.6(b)), the gaps open reaching
values that are similar to the fully relaxed case, in addition to the almost identical
shape of the flat minibands. Such a comparison has also been performed through
DFT calculations only on the gaps, confirming the TB results. In the former case, the
two gaps turn out to both be zero. In the latter case, we obtained gaps of ∼ 2 and
∼ 14 meV, which underestimates these values in the fully relaxed system, especially
in the hole side. Hence, while the in-plane relaxation does not substantially modify
the band structure with respect to the unrelaxed system, the out-of-plane relaxation
is mainly responsible for the gap opening.

The effective continuum model described in Sec. 4.1.2 can be adopted to approxi-
mate the DFT calculations. It turns out that the number NG of vectors to converge the
lowest-energy states is rather small. The low-energy continuum Hamiltonian matrix
has the dimension D = 4NG, and NG = 19 allows for good convergence in an energy
shell of few hundred meV around the Fermi energy, whereas full convergence, i.e.,
band energies converged within less than 1 meV, is achieved with NG = 37. The
parameters u and u′ result as independent on the twist angle and, within a reason-
able error, can be approximated as u = u′ = 0.107± 0.004 in the unrelaxed case and
u = 0.078± 0.002, u′ = 0.098± 0.004 for relaxed structures. The independence on
the twist angle addresses the use of the continuum model to smaller angles, where
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the unit cell would become impractically large to employ atomistic approaches. As
a consequence, the continuum model can be adopted as a minimal single-particle
description within more complex many-body [55, 359] approaches, in order to study
the superconductivity and the Mott insulating state of this system.

4.2 Electronic properties of twisted heterobilayer MoS2/NbSe2

In this section, an in-depth DFT analysis of the electronic properties of twisted HeBL
MoS2/NbSe2 is presented [203]. Starting from the energetics of different stacking
configurations through a proper and systematic inclusion of the vdW interaction,
the untwisted geometries along with the commensurate structures at the twist an-
gles θ = 9.43◦, 13.17◦, 21.78◦, 32.20◦, 42.10◦ allow to understand the role of each
ML, the interplay between interlayer coupling and chosen materials, and the effect
of the twisting operation on the HeBL electronic properties. Since the most signif-
icant effects are observed close to the Fermi energy and are related to ML NbSe2,
twisted HeBL MoS2/NbSe2 candidates as ideal platform to explore the twist-angle-
dependent Ising superconductivity that could probably be induced by proximity
effect by the latter, as subsequently predicted for HeBL NbSe2/graphene [197].

4.2.1 Structural properties and energetics

Previous reports on untwisted TMD HeBLs had widely investigated the dependence
of the electronic structure on the stacking [362, 363]. The explored stackings are re-
ferred to as AA, T, C27, and C7 and are schematically shown in Fig. 4.7. In the AA
stacking, the metal (chalcogen) atoms of the first layer are on top of metal (chalco-
gen) atoms of the other layer. The C27 stacking is obtained from the AA one by
rotating one layer with respect to the other by 180◦ around the axis that crosses
a pair of overlapped metallic atoms of the two layers. The T stacking is obtained
from the AA one by a translation such that the metals of a layer are on top of the
hexagons centers of the other layer. The C7 stacking is obtained from the T one
by rotating one layer with respect to the other by 60◦ around the axis that crosses
a pair of overlapped metallic and chalcogen atoms of the two layers (in this way
the metal atoms are on top of chalcogen atoms and chalcogen atoms are on top of
metal atoms). Therefore, C7 stacking is 2Hc polymorph of bulk MoS2, for instance.
In both Refs. [362] and [363], the electronic structures obtained through DFT first-
principles calculations negligibly change with the stacking, with the T and C7 stack-
ings being the most stable ones. In particular, Ref. [362] analyzes HeBL MoS2/WS2
without including vdW interaction between the layers. Ref. [363] considers other
semiconductor-semiconductor HeBLs and also metal-semiconductor HeBLs, the lat-
ter being FeS2/MoS2, VS2/MoS2, and VSe2/MoS2, by including the vdW dispersion
through the optB88-vdW functional [282, 297]. The interlayer binding energy can be
defined as Eb = EHeBL − EML,1 − EML,2, where EHeBL is the total energy of the HeBL
and EML,i is the energy of the i-th isolated ML (i = 1, 2). Interlayer binding energies
Eb for the metal-semiconductor HeBLs range from -160 meV to -310 meV, increas-
ing in module with the transition-metal group and chalcogen period of the periodic
table. Due to their stability, Ref. [35] chooses the T stacking and the C7 stacking as
the initial (θ = 0◦) and final (θ = 60◦) configurations, respectively, in order to study
the dependence of the electronic structure of only semiconducting TMD HeBLs on
the twist angle, as anticipated in Sec. 1.1.2.b. In particular, by using the optB88-vdW
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FIGURE 4.7: Schematic views of AA, T, C27, C7 stacking configurations. Each stacking
is obtained from the fundamental AA stacking, where there is perfect overlap along
the stacking direction of the two MLs, after a translation and/or a rotation of the MLs
with respect to each other. Purple and blue spheres represent transition-metal atoms,
whereas orange and yellow spheres represent chalcogen atoms.

functional, the authors compute binding energies over -230 meV, maybe suggesting
that smaller values are related to the metal-semiconductor HeBLs.

In our work on the metal-semiconductor HeBL MoS2/NbSe2, we have consid-
ered the stacking configurations schematized in Fig. 4.7. The calculations have been
performed by using US-PPs [364] based on the PBE exchange-correlation functional
to represent the atomic cores [365]. The PW basis used to sample the reciprocal space
has been set up with a kinetic-energy cutoff of 50 Ry for the wavefunctions, while
a 300 Ry cutoff energy has been used to represent the charge density. The effect of
the vdW interaction has been taken into account. In particular, at the stage of the
calculations on structural properties and energetics of the untwisted geometries, we
have tested and compared different functionals, i.e., vdW-DF [270], vdW-obk8 [282],
vdW-DF-C09 [286], vdW-DF2 [279], vdW-DF2-C09 [285], and vdW-DF-cx [366]. Such
a comparative analysis has been performed in order to compute the interlayer bind-
ing energy Eb of the HeBL MoS2/NbSe2 also as a function of the stacking. We have
chosen a vacuum space of ' 20 Å to define the supercell and sampled the BZ by a
8×8×1 MP k-point grid for the untwisted geometries.

The full relaxation of the isolated MLs of MoS2 and NbSe2 provided the in-plane
lattice parameters aML,MoS2 = 3.15 Å and aML,NbSe2 = 3.44 Å, in fair agreement with
previous theoretical estimations ath

ML,MoS2
= 3.24 Å [367] and ath

ML,NbSe2
= 3.39 Å

[368], in addition to the experimental estimation aexp
ML,MoS2

= 3.24 Å [369]. Therefore,
the HeBL had a slight lattice mismatch of ' 9%. For all the stacking configurations,
the HeBL optimized in-plane lattice parameter was a = 3.29 Å, which is interme-
diate between the MLs in-plane lattice parameters, and almost independent on the
exchange-correlation functional.

As anticipated, the calculation of the binding energy and the equilibrium inter-
layer distance has been tested against different vdW functionals, in order to show
whether and to what extent the calculated properties depend on the functional. As
examples, the binding energy curves are reported for the T and AA stacking config-
urations in Fig. 4.8. Due to the lacking of experimental data on HeBL MoS2/NbSe2,
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(a)

(b)

FIGURE 4.8: Interlayer binding energy Eb of HeBL MoS2/NbSe2 in the T (a) and AA
(b) stacking configurations as a function of the interlayer distance d for different vdW
functionals. Zero energy corresponds to the Eb at d ' 15 Å.

it is expected that the curves must be at least in agreement with the issues and per-
formances of the functionals reported in literature for layered solids [370]. Typi-
cally, vdW-DF overestimates interatomic distances but predicts reasonable binding
energies. Instead, vdW-DF2 reduces the interatomic distances by retaining accu-
rate binding energies. The vdW-DF-C09 functional, obtained by including C09x in
vdW-DF (see Sec. 2.1.8.b), provides smaller interlayer separations but overestimated
binding energies. By using the vdW-DF2 correlation energy along with C09x (i.e.,
vdW-DF2-C09), the binding energy overestimation should be reduced, resulting in
a value comparable with the vdW-DF2 one. Finally, vdW-obk8 and vdW-DF-cx pro-
vide good values of binding energies, but the former overestimates the interlayer
distance. Therefore, it is expected that vdW-DF2-C09 and vdW-DF-cx give similar
performances, and this is observed in Fig. 4.8, especially for the T stacking. The equi-
librium interlayer distances range from 6.11 Å to 6.27 Å for the T stacking (from 6.80
Å to 6.88 Å for the AA stacking) and binding energies at the equilibrium distances
from -297 eV to -235 eV for the T stacking (from -176 eV to -127 for the AA stack-
ing). Since the T stacking is the most stable one, the choice of the vdW exchange-
correlation functional for the electronic properties calculation can be inferred from
its curves. All the functionals provide the expected behaviors. Following the lit-
erature reports cited in Sec. 2.1.8.b, we have chosen vdW-DF2-C09. It should be
pointed out that all the mentioned functionals are self consistent and account for the
electronic charge density at each step of the self consistency loop. This has to be
contrasted with semiempirical vdW dispersion correction DFT-D [291], used for the
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Stacking Eb (meV) dopt (Å) Interpenetration (eV)
AA -125.46 6.97 0.23
C7 -220.46 6.23 0.15
C27 -233.51 6.08 0.22

T -236.54 6.11 0.09

TABLE 4.2: Interlayer binding energies Eb, optimized interlayer distances dopt, and in-
terpenetration in the band structure of the untwisted stacking configurations of Fig. 4.7,
computed through the vdW-DF2-C09 exchange-correlation functional. The rows are
ordered from the less to the most stable stacking configuration. The interpenetration
is defined as the energy range where an overlap close to the K point of the band that
crosses the Fermi energy and the next upper band shows up (see Figs. 4.9(a) and 4.9(c)
as examples).

previous report on untwisted HeBL MoS2/NbSe2 [201].
Table 4.2 shows the interlayer binding energies and the optimized interlayer dis-

tances dopt for each stacking configuration, measured as the distance between Mo
and Nb planes, computed through the vdW-DF2-C09 exchange-correlation func-
tional. Although T and C7 stackings resulted as the the lowest-energy stackings
for TMD HeBLs in the previous works, in our case the T stacking is the most stable,
followed by the C27 stacking. The AA stacking shows the highest value of Eb, that is
also quite different from the binding energies of the metal-semiconductor HeBLs of
Ref. [363]. Therefore, although this stacking is the easiest to investigate under the-
oretical studies, its experimental implementation is probably complicated to keep
stable and the atomic structure of the system easily turns into other lower energy
stackings. Instead, C7, C27, and T stackings report binding energies in agreement
with the previous work, even if the energy differences are sufficient to establish the
T stacking as the most stable stacking at low temperatures. The relative stability of
the different stackings is reflected in the values of dopt. Indeed, the lower the bind-
ing energy, the smaller the optimized interlayer distance. This is an expected result
because the repulsion in the interlayer space is stronger in the AA and C7 stackings
compared to the T and C27 stackings due to the perfect overlap of the hexagons of
the two layers in the first two cases. Finally, for the electronic properties, we have
restricted our analysis only to the AA stacking, that is the most intuitive stacking
configuration, and the T stacking, that is the most stable stacking configuration.

4.2.2 Electronic properties of untwisted HeBL MoS2/NbSe2

As observed in Refs. [362] and [363], the electronic structure of TMD HeBLs are quite
insensitive to the stacking. In Fig. 4.9, the electronic properties of untwisted HeBL
MoS2/NbSe2 in the T and AA stackings are reported through their band structures
and DOSs. First, the HeBL is metallic, due to the band crossing at the Fermi energy.
This behavior is certainly induced by the ML NbSe2, that is a metal and totally con-
tributes to the DOS at the Fermi energy. The band structures of the T and AA stack-
ings differ by the interpenetration involving the band crossing the Fermi energy and
the next higher energy band at the K point of the BZ. Further calculations show that
all stackings exhibit such an interpenetration, with the values reported in Table 4.2.
Our results are in agreement with those reported in Ref. [201] for both the band in-
terpenetration and the PDOS, where AA, T, C27, and C7 stackings correspond to A,
AB1, AB2, and B stackings, respectively. An in-depth PDOS analysis was performed
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(a)

(b)

(c)

(d)

FIGURE 4.9: Band structure and DOS of MoS2/NbSe2 heterobilayer in the T stacking
(a) and AA stacking (c), with respective (b) and (d) PDOS analysis for the individual
atoms contributions. Zero energy (highlighted with green line) corresponds to the Fermi
energy.
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FIGURE 4.10: Dependence of the band edges of the MoS2- and NbSe2-related bands that
form the interpenetration at the K point in the T stacking (see Fig. 4.9(a)) as a function
of interlayer distance d, that is changed up to ±1 Å with respect to the equilibrium
distance dopt.

(a) (b)

(c)

FIGURE 4.11: Representation of the 2D Fermi surface of ML NbSe2 (a) and of the un-
twisted HeBL MoS2/NbSe2 in the T (b) and AA (c) stacking configurations. The shown
DFT eigenvalues are included in a symmetrical range of amplitude 0.2 eV centered on
the Fermi energy, that corresponds to zero energy. The energy scale on the color bars is
in eV.
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to distinguish, in addition to the individual layer contributions to the DFT eigenval-
ues, the individual atom contributions of each layer (see Figs. 4.9(b) and 4.9(d)). In
both ML MoS2 and ML NbSe2, both the metallic and the chalcogen atoms contribute,
with the predominance of the first ones. Due to the interpenetration at the K point of
the band structures, it is difficult to distinguish the stacking just at the level of DOSs
and PDOSs, with an essentially similar contribution from each atomic constituent.

The interpenetration is strictly related to the interlayer distance and, thus, the
interlayer coupling. This is demostrated in Fig. 4.10, where, in the case of the T
stacking, the band edges giving rise to the interpenetration at the K point are calcu-
lated as a function of the interlayer distance, with the latter changing up to ± 1 Å
with respect to the optimized interlayer distance of Table 4.2. It turns out that the
closer the MLs, the smaller the interpenetration, until the latter vanishes for d '5.85
Å and a (direct) band gap opens up between the two bands. On the other hand, we
checked that the interpenetration can be increased up to 0.16 eV by increasing dopt

by 1 Å. As a consequence, the interlayer distance tuning by a compressive or ten-
sile external pressure on the HeBL directly changes the bands derived from different
atomic orbitals (MoS2- and NbSe2-related orbitals in this case).

The predominance of the ML NbSe2 contribution at EF, as revealed by the PDOS
analysis in Fig. 4.9, is also reflected on the Fermi surface (FS). Fig. 4.11 compares the
FSs of the ML NbSe2 to those of the untwisted geometries in the T and AA stack-
ings. As known, the former consists of a hexagonal pocket around the Γ point and
triangular pockets around the K and K′ points. The slight differences between the
band structures of T- and AA-stacked untwisted HeBL MoS2/NbSe2 are quite visible
through the FS analysis, since the latter includes DFT eigenvalues in a symmetrical
range of an amplitude of 0.2 eV centered on EF. Therefore, the different contribu-
tion of ML MoS2 and, thus, the above described interpenetration have crucial roles.
Indeed, from Fig. 4.9(a) it is expected that FS does not differ too much from the
ML NbSe2 FS in the T stacking. Instead, in the AA stacking, the interpenetration
is larger than the previous case and the interlayer coupling affects the shape of the
ML NbSe2 single band crossing EF (see Fig. 4.9(c)), thus suggesting modifications in
the FS. This is exactly what can be observed in Fig. 4.11. In the T stacking, the FS
presents similar shape and extension of the ML NbSe2 FS. Instead, in the AA stack-
ing, the triangular shape of the pockets around the K and K′ points is lost, as result
of the larger interpenetration at these points. The ML NbSe2 FS features are directly
responsible for the Ising superconductivity [371]. In a recent study [197], the twist-
angle-dependent proximity-induced Ising superconductivity has been predicted for
HeBL NbSe2/graphene, resulting from the hybridization around the Fermi energy
of the ML NbSe2 and graphene bands. Therefore, the Fermi energy physics of the
ML NbSe2 inherited by the HeBL MoS2/NbSe2 opens up to use the latter as platform
to investigate 2D superconductivity, by studying how its DOFs, as stacking, inter-
layer distance, and twist angle, could be exploited to modify the interpenetration
and the interlayer coupling. This would allow to understand the roles of the latter
in the hybridization amount around EF in order to favor the proximity effect and
induce a superconducting gap.

4.2.3 Effects of twisting

The analysis carried out so far has been used as support to understand the intriguing
effects of the twist angle on the electronic properties of the HeBL MoS2/NbSe2. As
anticipated, we have considered the commensurate angles θ = 9.43◦, 13.17◦, 21.78◦,
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FIGURE 4.12: Two examples of commensurate moiré patterns investigated in this work.
We denote with θT and θAA the twisted configurations obtained starting from the T and
AA stackings, respectively.

n m θ (◦) L (Å) Nat dT (Å) dAA (Å)
4 3 9.43 20.01 222 6.40 6.54
3 2 13.17 14.34 114 6.41 6.49
2 1 21.78 8.70 42 6.52 6.48
3 1 32.20 11.86 78 6.45 6.43
5 1 42.10 18.32 186 6.50 6.50

TABLE 4.3: The studied commensurate moiré patterns. We denote with dT and dAA the
average optimized interlayer distances of the twisted configurations obtained from the
T and AA stacking geometries, respectively, calculated as the differences between the
average z coordinates of the Nb and Mo atoms planes. Nat is the number of atoms in
the unit cell and L is lattice parameter of the superlattice.

32.20◦, 42.10◦. Such a choice relies on two reasons. First, the commensurate an-
gles taken into account require the smallest computational cost in terms of sizes and
number of atoms contained in the superlattice unit cell. Second, the selected angles
give a representative sampling of the entire range from θ = 0◦ to θ = 60◦, that is rele-
vant for hexagonal symmetries, thus providing preliminary information for further
in-depth analysis. In Fig. 4.12, the commensurate moiré pattern for θ = 13.17◦ is
reported for both T and AA stackings, as an example. In particular, Table 4.3 shows
the features of the selected commensurate angles, including the lattice parameter
and the number of atoms in the superlattice unit cell, in addition to the optimized
interlayer distances dT and dAA of the twisted configurations obtained from the T
and AA stackings, respectively. For the AA stacking, results are in agreement with
a priori qualitative predictions. Indeed, the comparison between Tables 4.2 and 4.3
shows that the optimized interlayer distance reduces far from θ = 0◦ and θ = 60◦,
according to the fact that the atoms of a layer move towards the hexagon centers
of the other layer and, thus, the consequent steric effects move closer the layers to
represent the reduced interlayer coupling. The opposite occurs for the T stacking,
since the rotation induces a displacement of the atoms of a layer with respect to the
hexagon centers of the other layer and, thus, the interlayer distance enhances.
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FIGURE 4.13: Computed band structures of the HeBL MoS2/NbSe2 in the twisted con-
figurations obtained starting from T (top) and AA (bottom) stacking. Zero energy (high-
lighted with a yellow line) corresponds to the Fermi energy EF.

As expected, the band structures of the twisted geometries have non-trivial be-
haviors, due to the complicated interactions and the atomic distribution in the super-
lattice unit cell. Therefore, we have only focused on a ∼ 1.5 eV-wide region around
the Fermi energy, that is dominated by the ML NbSe2 bands. The band structures
for the examined twisted configurations are shown in Fig. 4.13. First, the twisted
configurations corresponding to a larger number of atoms in the unit cell have a
denser band structure due to the folding. The structures for the most far angles from
θ = 0◦ and θ = 60◦, i.e., θ = 13.17◦, 21.78◦, 32.20◦, show an interesting common
feature: an electronic gap opens up between the band crossing the Fermi energy and
the previous or next one. The value of the gap reaches its maximum near θ ' 30◦.
This is a remarkable result, since an external gate voltage could be used to move the
Fermi energy and induce a metal-to-semiconductor transition with a low energetic
cost, being of the order of 10 meV. The most close angles to θ = 0◦ and θ = 60◦, i.e.,
θ = 9.43◦, 13.17◦, 42.10◦, show extremely complex band structures due to the num-
ber of atoms in the unit cells and the folding, but a general band flattening occurs
for them. We have performed an in-depth analysis for the most evident case, that
is θ = 13.17◦. Indeed, for both θT = 13.17◦ and θAA = 13.17◦ the band above that
crossing the Fermi energy undergoes a flattening, more evident for θAA = 13.17◦.
This implies that another important effect of the twisting is to induce a band local-
ization, since the band flattening certainly implies a low conductivity of the metallic
HeBL and could also be linked to the presence of localized states. We have verified
such a conclusion by calculating the square modulus of the Bloch states related to
the above-mentioned bands at Γ, having observed that the results did not depend on
the high-symmetry points Γ, K, and M of the MBZ. In order to interpolate the elec-
tronic bands around the Fermi energy, the localization analysis has been performed
by calculating MLWFs through the W90 package [320]. The results are reported in
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(a)

(b)

FIGURE 4.14: Squared modulus of the Bloch states related to the almost-flat bands for
θT = 13.17◦ (a) and θAA = 13.17◦ (b) at the Γ point of the MBZ. This plot has been
obtained by the XCrySDen (X-Window Crystalline Structures and Densities) software
[372].

Fig. 4.14 for both θT = 13.17◦ and θAA = 13.17◦. According to the band structures,
the localization is more pronounced in the AA case because of the lower overlap
between orbitals belonging to nearest neighbors Nb atoms. The atomic orbitals that
mostly contribute to the examined wavefunctions are the dz2 , dx2−y2 and dxy orbitals
of the Nb atoms.

4.3 Exploration of a novel van der Waals magnet: Nb3I8

In this final section, we present the systematic analysis of the structural, electronic,
and magnetic properties of Nb3I8 in ML, BL, and TL forms, which will be referred
to as Nb3I8-1L, Nb3I8-2L, and Nb3I8-3L, respectively [204, 205]. Nb3I8-1L has been
predicted as a novel 2D ferromagnet by a recent DFT work [157], and experimental
observations [15] have confirmed its semiconducting behavior. Nevertheless, experi-
mental reports on its magnetism are not available yet. Therefore, we have performed
a more accurate DFT study of this material in the ML and the above mentioned MuL
forms, providing a precise and in-depth electronic characterization. Furthermore,
we have focused on the Nb3I8-1L ferromagnetism by calculating its Curie tempera-
ture by means of MC simulations starting from a suitable model magnetic Hamilto-
nian [204]. We predict a ferromagnetism with a Curie temperature close to the room
temperature, in addition to a good agreement with the experimental work functions
measuread for Nb3I8 multilayered flakes [14] when the magnetism is properly taken
into account. This allowed us to identify the best DFT setting to describe Nb3I8 in
terms of the most recent vdW exchange-correlation functionals. The layer number



4.3. Exploration of a novel van der Waals magnet: Nb3I8 87

FIGURE 4.15: Nb3I8 structure. (a) Top view of the Nb3I8-1L unit cell. (b) Distorted
octahedral environment of X atoms around each Nb atom. (c) Side view of a Nb3I8-1L
sheet. (d) Side view of the bulk crystal unit cell (containing six MLs of Nb3I8).

directly influences the ground-state magnetism, i.e., a layer-dependent magnetism
shows up, indicating the possibility of using the thickness as a parameter to control
the magnetic response of the material. Then, inspired from the experimental ob-
servations on the layer-dependent ferromagnetism of CrI3, we have improved the
ground-state analysis of MuLs by considering new magnetic configurations and the
role of the stacking. Furthermore, due to the remarkable effects of the strain engi-
neering on different vdW systems [134, 373–375], we have examined how the strain
could affect the electronic and magnetic properties of Nb3I8 [205]. The resulting
interplay between film thickness, stacking geometry, and strain gave us a compre-
hensive view of this novel and promising vdW magnet.

4.3.1 Structure and DFT calculations details

Nb3I8 is a layered TMH belonging to the family of Nb3X8 (X = Cl, Br, I) crystals.
The number of Nb3X8 layers per unit cell depends on the X atom, since Nb3Cl8 crys-
tal structure has two layers and is termed α-Nb3Cl8 (space group D3

3d − P3m1, No.
164)[376], whereas Nb3X8 with X = Br, I crystal structure has six layers and is termed
β-Nb3X8 (space group D5

3d− R3m, No. 166) [376]. In ML Nb3X8 (X = Cl, Br, I), the Nb
atoms form triangular Nb3 clusters and each Nb atom is under a distorted octahedral
environment of X atoms, as shown in Figs. 4.15(a) and (b) for Nb3I8, respectively. In
particular, the unit cell contains three Nb atoms and eight X atoms. Furthermore, the
ML side view in Fig. 4.15(c) shows that a sheet of Nb atoms is sandwiched between
two sheets of X atoms. The two sheets of X atoms, each having four atoms in the
unit cell, are not equivalent, resulting in an essentially flat (top) and a corrugated
(bottom) I sheet. Indeed, in a sheet three X atoms have almost the same z coordinate
and the remaining one is between Nb sheet and three previous X atoms, whereas in
the other sheet a X atom is outside of the other three X atoms sheet.

Bulk Nb3I8 was first synthesized by Magonov et al. in 1993 [160] and very re-
cently cleaved to ML and MuL flakes [14, 15]. In the first case, single-crystal X-Ray
Diffraction (XRD), Atomic Force Microscopy, and Scanning Tunneling Microscopy
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System Method a (Å) c (Å) Ref.
Bulk XRD 7.600 41.715 [160]

Atomic Force Microscopy 7.73±0.31 - [160]
STM 7.76±0.43 - [160]

ML DFT-D 7.675 - [157]

TABLE 4.4: Lattice parameters a and c for bulk Nb3I8 and Nb3I8-1L. Both experimental
(XRD, Atomic Force Microscopy, and STM) and first-principles theoretical results are
reported.

(STM) techniques was employed to explore the structure and measure the in-plane
a and out-of-plane c lattice parameters, that are reported in Table 4.4. The stacking
configuration assumed by the layered structure in the bulk Nb3I8, i.e., the bulk stack-
ing, is shown in Fig. 4.15(d). Each layer is obtained by particular transformations
of the first one. For example, the second layer results from the inversion operation
of the first one with respect to a triangular Nb3 cluster center (inversion center),
whereas the third layer is shifted with respect to the first one of a certain quantity.
Instead, first-principles calculations for the FM ML based on the vdW dispersion
correction DFT-D [157] predict a lattice parameter a = 7.675 Å.

As anticipated in Sec. 2.1.8.b, in the first of the two works on ML and MuL
Nb3I8, we have compared the performances of the vdW-DF2-C09 and rev-vdW-DF2
exchange-correlation functionals, demonstrating that the latter correctly describes
the system properties, also according to the experimental observations. Therefore,
also in this case, we have preferred nonlocal vdW functionals to the semiempirical
ones. Furthermore, since larger cutoffs and k-point grids than the common ones are
typically needed to ensure the DFT calculations convergence for magnetic systems,
we have performed different and accurate convergence tests in a detailed discussion
reported in the appendix of Ref. [204]. As result, we have considered a kinetic-
energy cutoff of 50 Ry for the PWs, 300 Ry to represent the charge density, a 8×8×1
MP k-point grid for the BZ sampling. Instead, in the next work on strain effects on
ML and MuL Nb3I8, we have started with more accurate calculations by choosing
a kinetic-energy cutoff of 60 Ry and a charge density cutoff of 480 Ry. Moreover,
the calculations have been performed by employing PAW-PPs [377] and a vacuum
space of ' 20 Å. Based on the previous DFT report on Nb3I8-1L [157], the on-site
Coulomb repulsion of Nb 4d electrons is taken into account by means of the DFT+U
method described in Sec. 2.1.8.a. The lattice parameters have been optimized us-
ing spin-unpolarized (-polarized) calculations for NM (magnetic) states. Finally, the
calculation of work function (W) and ionization potential (IP) has been carried out
starting from the planar average of the electrostatic potential. Let Vsystem(r) be the
total electrostatic potential of a given system and S the area of its unit cell, assumed
to be in the xy plane. The planar average of Vsystem(r) on the unit cell area is

〈Vsystem〉(z) =
1
S

∫∫
S

Vsystem(r)dx dy . (4.10)

The constant value of the 〈Vsystem〉(z) in the vacuum sufficiently far from the system
is defined as the vacuum level energy Evac. From Evac, the work function of a metallic
system is easily calculated as W = Evac − EF. Similarly, the ionization potential of a
semiconducting system can be obtained as IP = Evac −VBM.
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FIGURE 4.16: Schematic top views of FM (a), AFM1 (b), AFM2 (c), and AFM3 (d) mag-
netic configurations for Nb3I8-1L. A 2×2 supercell has been adopted to build up the
AFM states. Spin up (spin down) Nb sites are schematically depicted with upwards
blue (downwards red) arrows.

4.3.2 Electronic and magnetic properties of the monolayer

Nb3I8-1L has been predicted as a FM semiconductor in the ground state by Jiang et
al. [157], with an electronic band gap of 0.459 eV with the vdW dispersion correction
DFT-D and 0.758 eV with the HSE06 hybrid functional. Moreover, the recent experi-
mental work by Oh et al. [15] has confirmed its semiconducting behavior, measuring
an electronic band gap value of ∼ 1 eV. These reasons have stimulated our interest
in the search for a stable magnetic and semiconducting ground state with more ac-
curate methods compared to Ref. [157], which could better match the experimental
findings. To this aim, we have considered the NM state along with the FM and three
different AFM states, referred to as AFM1, AFM2 and AFM3, which are the magnetic
states with the out-of-plane easy-axis (i.e., Ms ‖ ẑ) schematically drawn in Fig. 4.16.

First of all, the structural relaxation of the FM state gives a lattice parameter of
7.566 Å and 7.619 Å for the vdW-DF2-C09 and rev-vdW-DF2 exchange-correlation
functionals, respectively. The lattice parameters of the other states under examina-
tion have proven to be essentially the same. The FM state has the lowest total energy
for both the considered exchange-correlation functionals and the relative energies of
the other states are reported in Table 4.5 per Nb3I8 formula unit (f.u.), in order to
allow a straightforward comparison between 1×1 and 2×2 supercells. The ground
state is separated from the NM state by an excitation energy of the order of ∼ 100
meV/f.u., that protects the magnetic ground state against thermal fluctuations even
at high temperatures. Instead, the other magnetic states are at an energy of ∼ 10
meV/f.u. higher than the FM ground state. This is an interesting point because,
despite the FM state is definitely stable over a wide range of temperatures, PTs be-
tween different magnetic states could easily occur under suitable conditions (e.g.,
applied magnetic fields). Moreover, DFT calculations predict a magnetic moment of
1 µB per unit cell. Most of the magnetic moment is carried by the Nb atoms with
the same amount, as revealed by the Lowdin analysis for the per atom magnetiza-
tions, whereas the adjacent I atoms do not show any significant spin polarization
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Magnetic state ∆E (meV/f.u.)
vdW-DF2-C09 rev-vdW-DF2

NM 82.73 95.87
AFM1 9.68 9.06
AFM2 9.47 9.05
AFM3 9.47 9.06

TABLE 4.5: Relative stability for different magnetic states of Nb3I8-1L for both vdW-
DF2-C09 and rev-vdW-DF2 exchange-correlation functionals. ∆E is the energy differ-
ence per Nb3I8 formula unit with respect to the lowest-energy state, that in both cases
corresponds to the FM state.

(as also reported in Ref. [157]). Therefore, Nb3I8-1L has a FM ground state with the
magnetic moments of 1 µB delocalized on the Nb3 clusters, resulting from the seven
electrons shared by the Nb atoms, i.e., Nb3I8-1L is an intrinsic 2D cluster ferromagnet.
The ground-state analysis confirms the predictions by Jiang et al. obtained by using
the DFT-D approach, also for the order of magnitude of the relative energies. It is
worthwhile noticing that the larger cutoffs chosen for the second work on ML and
MuL Nb3I8 provide slight differences in the ML lattice parameter related to the rev-
vdW-DF2 functional, being 7.621 Å, and in the AFMi relative energies, but the NM
relative energy reaches a value of 174 meV. However, this value is not related to the
Nb3I8-1L magnetism, being only a more accurate estimation due to better conver-
gence parameters.

The band structure of the FM ground state is shown in Fig. 4.17(a). A semi-
conducting behavior is observed for both the spin-up and spin-down channels, in
agreement with the less accurate theoretical predictions of Ref. [157] and the exper-
imental results of Ref. [15]. In particular, the spin-up channel band gap Eg,↑ is 0.542
eV for both functionals, whereas the spin-down channel band gap Eg,↓ is 1.248 eV
for vdW-DF2-C09 and 1.282 eV for rev-vdW-DF2. Therefore, the band structure is
almost independent on the vdW exchange-correlation functional, as expected for the
lack of vdW interlayer interactions. In order to complete the analysis of the electronic
properties, we have computed the PDOS for the spin-up and spin-down channels,
thus reporting the results in Figs. 4.17(b) and (c), respectively. Such a plot reveals
that the highest valence bands and the lowest conduction bands are mostly dom-
inated by hybridized Nb(d) and I(p) orbitals, with the larger contribution coming
from the former. In particular, dz2 orbitals of Nb atoms give the largest contribu-
tions, followed by all the orbitals involving the out-of-plane interactions, i.e., dzx,
dzy, pz, and the dx2−y2 orbital.

It is worthwhile noticing that the choice of the magnetic states has been restricted
to the cases with an out-of-plane easy-axis. As explained in Sec. 3.2, the easy-axis
analysis requires the inclusion of the SOC in the first-principles calculations. We
have performed further calculations comparing the band structures with and with-
out the SOC along the BZ path of interest, i.e., Γ-K-M-Γ (as in Ref. [157]), demon-
strating that the SOC provides a negligible contribution to the electronic properties
of ML and MuL Nb3I8. Nevertheless, if the SOC were taken into account to perform
the easy-axis analysis, then the resulting MAE would be' 0.5 meV, that is, Nb3I8-1L
is an easy-plane magnet in the ground state. As observed by Peng et al. in Ref. [378],
such a small value of MAE allows to easily manipulate the Nb magnetic moments
by a magnetic field and use Nb3I8-1L as an out-of-plane easy-axis ferromagnet in the
ground state. Furthermore, such a work confirms the negligible SOC contribution
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(a)

(b)

(c)

FIGURE 4.17: Electronic properties of Nb3I8-1L as a function of the vdW exchange-
correlation functional. (a) Band structure for the spin-up channel (blue bands) and the
spin-down channel (red bands). Zero energy is highlighted with a dark green line and
corresponds to the VBM of the semiconducting system. PDOS for the spin-up channel
(b) and spin-down channel (c) are shown. The s-orbital contributions for both Nb and I
have not been reported because negligible if compared with the other contributions.
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along the BZ path indicated above, instead pointing out an intrinsic valley polar-
ization of 107 meV between K and K′. In other words, the anomalous valley Hall
(AVH) effect shows up without external tunings. The simultaneous presence of fer-
romagnetism and valley polarization makes Nb3I8-1L as a ferrovalley material, that
is an ideal candidate for spintronics and valleytronics applications.

4.3.3 Simulation of the monolayer model magnetic Hamiltonian

The FM ordering of the Nb3I8-1L ground state guarantees the existence of a second-
order PT at a Curie temperature TC, separating the FM regime (T < TC) from the NM
regime (T > TC). As explained in Sec. 3.3, the spin dynamics simulation ranging
from T = 0 K to temperatures larger than TC allows to follows the temperature-
dependent alignment of the Nb atom magnetic moments and compute the main
thermodynamic functions characterizing the magnetic PT, such as the spontaneous
magnetization and the magnetic susceptibility, for each temperature. In practice,
this is done by applying MC methods, as the Metropolis algorithm in our case, to the
suitable model magnetic Hamiltonian to describe the system. We have considered
the 2D Ising model to simulate the spin dynamics of Nb3I8-1L, by including up to
the third-nearest-neighbor magnetic exchange couplings. The nearest-, next-nearest-
and third-nearest neighbors of a Nb atom are shown in Fig. 4.18. From the latter, we
can easily calculate the coordination numbers q(1) = q(2) = 2 and q(3) = 4 of each
Nb atom up to the third-nearest neighbors. The model Hamiltonian is

HNb3 I8−1L = −J(1) ∑
〈α,β〉1

sαsβ − J(2) ∑
〈α,β〉2

sαsβ − J(3) ∑
〈α,β〉3

sαsβ, (4.11)

where 〈α, β〉n denotes the pair of nth nearest neighbors α and β Nb ions included
only once in the sum, J(n) is the related magnetic exchange coupling measured in
meV and chosen as independent on the magnetic-ion pair, and sα is the z component
of the αth Nb ion dimensionless spin. Since the QE package computes the magnetic
moment of the unit cell, that is equal to the Nb3 cluster magnetic moment, and sets
the electron spin g-factor gs to 2, then sα can be obtained through the relation µα =
gsµBsα by setting µα = 1µB/3 from the results of the Lowdin analysis. Therefore,
it turns out that sα = 1/6, we can drop the subscript α and use the symbol s in the
following, and the Nb3 cluster carries a total spin 1/2. The Hamiltonian of Eq. (4.11)
hasN = 3 parameters to compute through the energy-mapping analysis. Therefore,
based upon the Sec. 3.3,N + 1 different magnetic configurations are needed for this
purpose. By employing HNb3 I8−1L on the FM and AFMi states of Fig. 4.16 in the 2×2
supercell, their total energies satisfy the equations

EFM = E0 − (12J(1) + 5J(2) + 10J(3))s2, (4.12a)

EAFM1 = E0 − (−4J(1) + 5J(2) − 4J(3))s2, (4.12b)

EAFM2 = E0 − (−4J(1) − 3J(2) + 6J(3))s2, (4.12c)

EAFM3 = E0 − (−4J(1) − J(2))s2, (4.12d)
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FIGURE 4.18: 3×2 supercell top view of Nb3I8 to identify nearest- (red arrows), next-
nearest- (green arrows), and third-nearest neighbors (cyan arrows). The coordination
numbers are q(1) = q(2) = 2 and q(3) = 4, respectively.

Magnetic exchange coupling vdW-DF2-C09 rev-vdW-DF2
J(1) (meV) 89.08 81.48
J(2) (meV) -6.48 -0.06
J(3) (meV) -2.19 0.15

TABLE 4.6: Magnetic exchange couplings of the third-nearest-neighbor Ising model de-
scribed in Eq. (4.11), extrapolated from the energy-mapping analysis for the considered
vdW exchange-correlation functionals.

where E0 is an undefined reference energy. The energy differences with respect to
the FM state energy provide the linear equations system

∆AFM1 = (16J(1) + 14J(3))s2, (4.13a)

∆AFM2 = (16J(1) + 8J(2) + 4J(3))s2, (4.13b)

∆AFM3 = (16J(1) + 6J(2) + 10J(3))s2, (4.13c)

where ∆AFMi = EAFMi − EFM. The resulting magnetic exchange couplings J(1), J(2),
and J(3) are reported in Table 4.6. The sign of J(1) and its magnitude with respect to
J(2) and J(3) confirm the FM ordering of the ground state.

The calculated magnetic exchange couplings can be used as input of the Metropo-
lis algorithm to determine the temperature dependence of the main thermodynamic
functions characterizing the magnetic PT of Nb3I8-1L. Following Sec. 3.3, we have
considered Ntrans = 104 and NMC = 105. The results are quite independent on
the vdW exchange-correlation functional. As an example, in Fig. 4.19, the average
single-ion spontaneous magnetic moment 〈µ(T)〉, as defined in Eq. (3.23), and the
magnetic susceptibility χ(T) are shown for the rev-vdW-DF2 functional. Both the
functionals show the sought magnetic PT at TC,MC = 307.5 K. This result, which
predicts a FM state at the room temperature, certainly improves previous litera-
ture results from the mean-field theory (MFT) [157], since we have accurately taken
into account both the lattice type and the number of neighbors of each Nb atom. It
must be pointed out that, as shown in the appendix of our work [204], J(2) and J(3)

couplings have a remarkable effect on the Curie temperature, in that including the
second and third nearest neighbor interaction produces an approximately 50 K de-
crease of TC,MC with respect to the first-neighbor approximation, regardless of the
vdW functional. Finally, the ab initio computational error in the calculation of TC,MC
by increasing the charge-density cutoff up to 100 Ry and by doubling the k-point



94 Chapter 4. Insights on novel van der Waals materials: ab initio simulations

FIGURE 4.19: Average single-ion spontaneous magnetic moment 〈µ(T)〉 and magnetic
susceptibility χ(T) (normalized to 1) for Nb3I8-1L as results of Monte Carlo simulations.
Data refer to the rev-vdW-DF2 functional, as an example. The vertical line highlights
the Curie temperature, whereas the cyan line is a magnetic susceptibility fit and a guide
for eyes.

(a) Nb3I8-2L
Magnetic state ∆E (meV/f.u.)

vdW-DF2-C09 rev-vdW-DF2
NM 42.70 71.98
FM 40.89 33.69

AFM1 39.69 54.20
AFM2 0.45 0.96

(b) Nb3I8-3L
Magnetic state ∆E (meV/f.u.)

vdW-DF2-C09 rev-vdW-DF2
NM 111.88 152.24
FM 31.14 29.31

AFM2 0.27 0.26
AFM3 0.28 5.30

TABLE 4.7: Relative stability for different magnetic states of Nb3I8-2L (a) and -3L (b)
for both vdW-DF2-C09 and rev-vdW-DF2 exchange-correlation functionals. ∆E is the
energy difference per Nb3I8 formula unit with respect to the lowest-energy state, that is
the AFM3 ordering for Nb3I8-2L and the AFM1 ordering for Nb3I8-3L.

grid is at most ∼ 20 K.
We have also estimated the Curie temperature within the MFT. By taking into

account only up to the first-order spin fluctuations and imposing the condition of
zero spontaneous magnetization in absence of an external magnetic field, the MFT
Curie temperature related to the Hamiltonian of Eq. (4.11) for a system in thermal
equilibrium with a heat bath at temperature T is

TC,MFT =
S(S + 1)

3kB

3

∑
n=1

J(n)q(n), (4.14)

where S is the total spin of the unit cell. Since we have S = 1/2, the estimations are
' 453 K for vdW-DF2-C09 and ' 470 K for rev-vdW-DF2, changing to ' 479 K and
' 472 K, respectively, by neglecting the third-nearest neighbor couplings. Therefore,
the MFT results are very different from the previous literature value 87 K by Jiang et
al. [157], also by neglecting J(3) to consider the same accuracy of the latter, and, as
expected, overestimate the Curie temperature. However, the scantiness of MFT with
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FIGURE 4.20: Band structure for the spin-up channel (blue bands) and the spin-down
channel (red bands) of Nb3I8-2L in the AFM3 state (left panel) and Nb3I8-3L in the AFM1
state (right panel). Zero energy is highlighted with a dark green line and corresponds
to the VBM of the semiconducting system.

respect to the MC simulation appears evident.

4.3.4 Layer-dependent magnetism of Nb3I8

In both works on ML and MuL Nb3I8, we have extended the ground-state analysis
performed on Nb3I8-1L also to Nb3I8-2L and -3L. In the first work [204], we have
compared the total energies of NM, FM, and the AFMi states of the MuLs obtained
from the AFM configurations of Nb3I8-1L shown in Fig. 4.16 by considering the
symmetry constraints relating the atoms of different layers in the bulk stacking de-
scribed in Sec. 4.3.1. Therefore, for instance, the second layer magnetic configuration
is obtained by inversion operation of the first one with respect to a triangular Nb3
cluster center. Table 4.7 reports the results on the ground-state analysis for both the
vdW functionals. The ab initio calculations reveal that the considered MuLs have an
AFM ground state, with the AFM3 ordering for Nb3I8-2L and the AFM1 ordering for
Nb3I8-3L. This result is of utmost importance: Nb3I8 shows a layer-dependent mag-
netism, being FM in ML form and switching on the antiferromagnetism by adding
one or two layers. The layer-dependent magnetism demonstrates how the number
of layers is a very decisive DOF also for vdWHos, in that also different compounds
of the TMH class, such as Nb3I8 and CrI3, may show a significant dependence of
their properties on the stacking of the single layers. Moreover, although the energy
difference between different AFM states in Table 4.7 is also small in some cases, NM
and FM are well separated from them and the results slightly depend on the vdW
exchange-correlation functional. As far as the structural properties are concerned,
the lattice parameters are 7.569 Å (7.619 Å) for Nb3I8-2L and 7.573 Å (7.623 Å) for
Nb3I8-3L when the vdW-DF2-C09 (rev-vdW-DF2) functional is considered. There-
fore, vdW-DF2-C09 tends to predict shorter interatomic distances with respect to
rev-vdW-DF2 and the experimental values measured for bulk and reported in Table
4.4. The Nb3I8-2L and Nb3I8-3L band structures shown in Fig. 4.20 in the AFM3 and
AFM1 states, respectively, show semiconducting behaviors, obviously independent
on the spin channel. The band gaps are indirect (K-Γ), having values of 0.453 eV
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FIGURE 4.21: Comparison between experimental measurements of the work function
(W) in Nb3I8 multilayered flakes and our theoretical estimations of the work function,
W (ionization potential, IP) of NM MLs of Nb3I8 with odd (even) number of layers. The
results obtained for both the NM (a) and the lowest-energy magnetic (b) ground state
are shown.

(0.526 eV) for Nb3I8-2L and 0.458 eV (0.526 eV) for Nb3I8-3L, when the vdW-DF2-
C09 (rev-vdW-DF2) functional is considered.

Although the experiments on Nb3I8 performed so far have not focused on the
magnetic properties, the magnetism of ML and MuL Nb3I8 ground states predicted
by first principles turns out to be in agreement with the available experimental ob-
servations. Indeed, if the first-principles calculations of Nb3I8-1L were not spin po-
larized, then the band structure would describe a metallic system against the recent
measurements of band gaps by Oh et al. [15], as shown in our first work [204].
As a further demonstration that the inclusion of magnetism is needed to correctly
describe MLs and MuLs of Nb3I8, we have calculated work functions and ioniza-
tion potentials for both spin-unpolarized and spin-polarized calculations to com-
pare them to the experimental data on Nb3I8 multilayered flakes by Kim et al. [14].
The results are shown in Fig. 4.21, as a function of the vdW functional and with
additional MuLs for the NM states, by calculating these quantities for both the top
and the bottom sides of the selected systems. In Fig. 4.21(a), theoretical data on NM
MuLs show odd-even oscillations due to the semiconducting (metallic) behaviour
of the systems composed by an even (odd) number of layers, as shown in detail in
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(a) (b)

(c)

FIGURE 4.22: AFMxy states considered for Nb3I8-2L. 2× 2 supercells contain the spin
densities around the magnetic Nb atoms for each AFMxy state, where yellow (blue)
isosurfaces correspond to positive (negative) spin densities. We can easily distinguish:
(a) alternating rows with opposite spins in the stripy-2L state; (b) alternating clusters
with opposite spins along both a1 and a2 directions in the Néel-2L state; (c) same pattern
as in the Néel-2L state for the reverted-Néel-2L state, but the spins are reverted in the
bottom plane. In (c), both the top (left) and side (right) views are shown because top
and bottom planes have not the same magnetic ordering as (a) and (b).

our work [204]. Top and bottom work functions differ by ∼ 60-70 meV regardless
of the vdW functional, whereas the top and bottom ionization potentials are almost
identical. When the spin polarization is taken into account in the first-principles cal-
culations, the discrepancy between our results and experimental data is evidently
reduced, producing a much better agreement. Indeed, as far as Nb3I8-2L and -3L
are concerned, the difference with the experimental data reduces from about 100
meV (200 meV) to about 30 meV (60 meV) for the rev-vdW-DF2 (vdW-DF2-C09)
exchange-correlation functional. This analysis also provides a good benchmark to
identify the most suitable vdW functional to use in order to properly reproduce the
Nb3I8 properties among vdW-DF2-C09 and rev-vdW-DF2. Indeed, the latter def-
initely gives the best agreement with the experimental data. For this reason, we
have selected the rev-vdW-DF2 exchange-correlation functional for the next work
on Nb3I8.

The observation of BL CrI3 as antiferromagnet with FM layers having opposite
spins [13] has stimulated us to perform a new ground-state analysis of Nb3I8-2L and
Nb3I8-3L in Ref. [205] by adding such “layered AFM” states to the previous ones.
First of all, regardless of the magnetic configurations, we have extended the previous
analysis by also taking into account the effect of the stacking geometry on the elec-
tronic and magnetic properties of ML and MuL Nb3I8. Indeed, we have compared
the bulk stacking, that is the natural order of the layers as they would be arranged
in the bulk form, to the An stacking, that is constructed by piling n layers with the
same planar coordinates. As far as the magnetic configurations are concerned, since
Nb3I8-1L has a FM magnetic coupling, we have assumed that its minimum-energy
magnetic configurations consist at least of Nb3 clusters having parallel spins rather
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Magnetic state ∆E (meV/f.u.)
A2 stacking bulk stacking

NM 292.1 103.0
↑↑ 5.6 76.7

AFMxy-Néel-2L 21.2 96.2
AFMxy-reverted-Néel-2L 15.6 13.7

AFMxy-stripy-2L 21.2 96.2

TABLE 4.8: Relative stability for different magnetic states of Nb3I8-2L for both bulk and
A2 stacking.

(a)

(b)

FIGURE 4.23: Spin-up (left panels) and spin-down (right panels) band structure along
the Γ-K-M-Γ path of Nb3I8-2L in the AFMz state for (a) A2 and (b) bulk stacking. Zero
energy corresponds to the VBM and each shaded orange region highlights the spin-
channel band gap.

than the complicated configurations schematized in Fig. 4.16. Therefore, we ex-
pected to find magnetic states at lower energies than the latter ones.

Let us start our analysis from Nb3I8-2L. Based on the above assumption, in addi-
tion to the NM and FM states, we have considered the AFMz state, that is the layered
AFM state found for BL CrI3, and different AFMxy states, which consist of a 2× 2 su-
percell having two out of the four Nb3 clusters in each plane carrying a spin up and
the other two carrying a spin down, with a resulting zero net magnetization for each
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plane1. In particular, the spin patterns chosen for the latter have been referred to
as “stripy-2L”, “Néel-2L”, and “reverted-Néel-2L” states, and are shown in Fig. 4.22
through their spin densities, each one obtained as difference between spin-up and
spin-down electron charge density. The stripy-2L state shows the spin distributed,
in each plane, according to alternating rows parallel to a unit cell side, and the same
pattern is identically repeated on the two layers. In the Néel-2L state, the in-plane
pattern is such that the Nb3 clusters along a supercell diagonal carry the same spin,
the two diagonals correspond to opposite spins, and the same pattern is identically
repeated on the two layers. Finally, the reverted-Néel-2L state is obtained by revert-
ing the spins of the Néel-2L state in the second layer, such that to a spin-up cluster
in the top layer corresponds a spin-down cluster in the bottom layer and similarly
for spin down. FM and AFMz will also be referred to as ↑↑ and ↑↓ in the following,
respectively, to better highlight the relative spin orientation between the two layers.

The ground-state analysis is reported in Table 4.8. It turns out that the AFMz
state is the lowest-energy spin pattern for both the A2 and bulk stackings, exactly
as for BL CrI3. This improves the results of our previous work [204], revealing that
faced layers prefer opposite spins distributed with a FM ordering on each layer.
The optimized lattice parameters are 7.620 Å and 7.624 Å for bulk and A2 stack-
ing, respectively. The FM state energy is ∼77 meV/f.u. and ∼6 meV/f.u. higher
than the ground AFMz state in the bulk and the A2 stacking, respectively. The same
calculated energies of the NM state are much larger, ∼103 and ∼292 meV/f.u., re-
spectively. As far as AFMxy states are concerned, for A2 stacking they are separated
from the AFMz state by 10-20 meV, and for bulk stacking they all lay at quite high
energies (comparable with that of the NM state), but AFMxy-reverted-Néel-2L is sit-
uated about 10 meV above the AFMz state. All these results reveal a fundamental
role played by the deposition steps in the experimental fabrication of real samples,
since the A2 stacking tends to stabilize magnetism versus NM solutions compared
to the bulk stacking, and the opposite concerns the stability of AFMz versus other
magnetic patterns. As such, the magnetic phase diagram and its dependence on the
temperature can be modified by effect of the stacking geometry.

The effect of the stacking geometry also emerges from the analysis of the band
structure. In Fig. 4.23, the band structure for both A2 and bulk stacking is shown
for the lowest-energy AFMz state. It can be clearly inferred that for bulk stack-
ing spin-up and spin-down channels provide almost identical band structures (see
Fig. 4.23(b)), with a very tiny difference between the corresponding gaps, that are
Eg,↑ = 0.544 eV and Eg,↑ = 0.537 eV. This can be ascribed to the inversion symme-
try operation of the bulk stacking described in Sec. 4.3.1. On the other hand, for
A2 stacking, although the overall band structures look similar, the breaking of the
inversion symmetry results in a k-point dependent spin splitting, yielding the band
gaps Eg,↑ = 0.481 eV and Eg,↓ = 0.562 eV (see Fig. 4.23(a)).

The results obtained for Nb3I8-2L on the magnetic ground state along with the
FM ground state of Nb3I8-1L suggest to exclude the AFMxy states from the ground-
state analysis of Nb3I8-3L, which, however, are computationally expensive. There-
fore, for Nb3I8-3L we have considered the FM state (↑↑↑) and the remaining possible
AFMz states, that are ↑↓↑, where neighbor layers carry opposite spin and obtained
from FM by flipping the central layer spins, and ↑↑↓, obtained from FM by flipping
the spin of one of the outermost layers. The optimized lattice parameters are 7.627
Å for the bulk stacking and 7.622 for the A3 stacking. Again, the ground state is an

1The subscripts xy and z of the AFM configurations indicate that the net magnetization is zero in a
single layer and in couples of faced layers with antiparallel spins, respectively.
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Magnetic state ∆E (meV/f.u.)
A3 stacking bulk stacking

NM 422.7 276.7
↑↑↑ 11.9 79.5
↑↑↓ 5.9 78.0

TABLE 4.9: Relative stability for different magnetic states of Nb3I8-3L for both bulk and
A3 stacking.

(a)

(b)

FIGURE 4.24: Spin-up (left panels) and spin-down (right panels) band structure along
the Γ-K-M-Γ path of Nb3I8-3L in the ↑↓↑ state for (a) A3 and (b) bulk stacking. Zero
energy corresponds to the VBM and each shaded orange region highlights the spin-
channel band gap.

AFMz-like state, in particular being ↑↓↑, as shown in Table 4.9. In other words, the
energetically favored mechanism bringing to faced opposite spin patterns at one side
of the central layer also works on the other side. Also in this case, the stacking ge-
ometry reveals its central role, in that for bulk stacking several tens of meV separate
↑↑↑ and ↑↑↓ from the ground state. On the other hand, they lay only '12 and '6
meV from the ground state. As far as the ground-state spin-polarized band structure
is concerned, we do not expect any degeneracy for both stacking geometries, since
no inversion symmetry operation can be identified. Indeed, the bulk stacking shows
a semiconducting band structure for both spin channels with Eg,↑ = 0.547 eV and
Eg,↓ = 0.559 eV (see Fig. 4.24(a)), whereas the A3 stacking provides Eg,↑ = 0.436 eV
and Eg,↓ = 0.498 eV (see Fig. 4.24(b)).



4.3. Exploration of a novel van der Waals magnet: Nb3I8 101

FIGURE 4.25: Relative stability of different magnetic states in Nb3I8-1L as a function
of the strain. ∆E = E − EFM is the energy difference between the energy of a given
configuration and that of the FM state. Here, “Néel-1L” and “stripy-1L” configurations
are considered.

4.3.5 Effects of strain on electronic and magnetic properties on multilayer
Nb3I8

Once the ground states have been determined for Nb3I8-1L, -2L, and -3L, we have
examined how strain engineering could tune their electronic and magnetic proper-
ties. In particular, we have considered an in-plane and biaxial strain ε = (astr− a)/a,
where a is the unstrained lattice parameter and astr is the strained lattice parameter,
ranging from −7.5% to 7.5% in steps of 2.5%. Since the magnetism arises from the
distances separating the magnetic atoms belonging to the lattice, we expected a cru-
cial role of the strain in the magnetic properties, moving the system state within the
magnetic phase diagram in an absolutely unpredictable way.

Let us start our analysis from Nb3I8-1L. We have monitored the energy differ-
ences between the FM, NM, and AFMxy states on only one layer taken from the
AFMxy states of Nb3I8-2L in Fig. 4.22. In particular, the latter are AFMxy-stripy-1L
and AFMxy-Néel-1L magnetic orderings. The FM state is the lowest-energy state
regardless of the strain value, and the larger the compressive strain, the closer the
different magnetic states. This is shown in Fig. 4.25, where the difference between
the total energy of the AFM states and the FM state is reported as a function of the
applied strain (NM state is excluded due to the too large energy difference). It is pos-
sible to distinguish a common behavior to each magnetic state: energy differences
increase (decrease) with an increasing tensile (compressive) strain. This is a direct
evidence of the strain engineering as a control knob to stabilize the magnetic phase
during the deposition steps, since a sufficiently high tensile (compressive) strain en-
hances (reduces) the energy difference between NM and FM states.

The effect of strain is clearly visible also in the band structure, as shown in Figs.
4.26(a) and (b) for the band structures of Nb3I8-1L with ε = −7.5% and ε =7.5%,
respectively. As expected, in the strong tensile strain regime, the electronic bands ex-
hibit a flattening deriving from the increasing of the in-plane interatomic distances.
Instead, an unexpected effect of the strain on the band structure concerns the band
gap variation: by tuning the strain from compressive to tensile, a decrease (increase)
of the spin-up (spin-down) channel band gap is observed, as shown in Fig. 4.26(c).
Such an opposite behavior for spin-up and spin-down channel may be ascribed to
the number and nature of electronic bands in proximity of the energy gap region.
As it will be further clarified in a while from the projection of the energy bands onto
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(a)

(b)

(c)

FIGURE 4.26: Electronic properties of strained Nb3I8-1L. Spin-up (left panels) and spin-
down (right panels) band structure along the Γ-K-M-Γ path of Nb3I8-1L in the FM state
under a (a) −7.5% and (b) 7.5% strain. Zero energy corresponds to the VBM and each
shaded orange region highlights the spin-channel band gap. (c) Spin-up (Eg,↑) and spin-
down (Eg,↓) energy gap of Nb3I8-1L in the FM state as a function of the strain.
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FIGURE 4.27: PDOS of Nb3I8-1L in the FM state Nb(d), Nb(p), and I(p) orbitals. The
largest considered compressive (−7.5%) and tensile (7.5%) strains, together with the
unstrained system are considered. Zero energy corresponds, for each system, to the
VBM. Positive (negative) values of the PDOS correspond to spin-up (spin-down) bands.

atomic orbitals, the relative weight of Nb and I orbitals to those bands is differently
influenced by the strain for the two spins, with a direct effect onto the energy gaps.
We could expect that this intriguing peculiarity might be unveiled from absorption
experiments, as an example.

An in-depth analysis also shows that upon increasing strain a decreasing of the
ML thickness is observed, ranging from ∼ 4.57 Å for a −7.5% strain to ∼ 3.67 Å
for a 7.5% strain, to be compared with 4.08 Å of the unstrained BL (that is indeed
intermediate between the other two). In other words, tensile (compressive) strain
tends to weaken (enhance) the interatomic interaction along the z direction.

In Fig. 4.27, we compare the PDOS plots at the strain values −7.5%, 0%, and
7.5%. As already observed in Figs. 4.17(b) and (c), the highest valence bands are
mostly dominated by hybridized Nb(d) and I(p) orbitals, with the larger contribu-
tion coming from the former. Here, we notice that this feature is almost independent
on the strain. However, by analyzing an energy window of ∼0.4 eV below the high-
est valence band, we have noticed that, on going from the largest compressive strain
to the unstrained system to the largest tensile strain, the I(p) contribution to the total
PDOS changes from 45% to 32% to 30%, respectively. Therefore, as a direct conse-
quence on the electronic properties, the compressive strain significantly enhances
the hybridization between Nb and I orbitals, whereas the opposite effect is observed
in the case of tensile strain.

Moving to the MuL systems, it turns out that the strain does not alter the ground-
state magnetic ordering. This can be observed in Figs. 4.28(a) and (b), where the
energy differences of different magnetic orderings relative to the lowest-energy state
of Nb3I8-2L and -3L, respectively, are reported, as a function of the applied strain and
for both bulk and An stackings. There is only one case in which the strain affects the
ground state: at −7.5% strain and below, Nb3I8-2L in the bulk stacking exhibits a PT
to the NM state, since Nb magnetic moments monotonically vanish, as illustrated in
Fig. 4.28(c). This does not hold for the A2 stacking, providing further proof of the
deposition steps importance for the expected magnetic state of the system.

Finally, as shown in the Figs. S2 and S3 of the Supplemental Material (SM) of
our work [205], strain significantly affects the band structures of Nb3I8-2L and -3L,
giving rise to non-trivial changes of spin-up and spin-down band gaps. Of course,
the band flattening shows up also for this MuL systems, even though with a smaller
amplitude if compared to the ML.
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(a)

(b)

(c)

FIGURE 4.28: Strain effects on Nb3I8-2L and -3L ground states. Relative stability of
the ↑↑magnetic ordering in Nb3I8-2L (a) and -3L (b) for both An and bulk stacking as a
function of the strain, referred to that of the lowest-energy ↑↓ and ↑↓↑ state, respectively.
(c) Magnetization of Nb3I8-2L in the bulk stacking as a function of the applied strain in
the lowest-energy ↑↓ state. The total magnetization is zero for all strains, the bottom
and top layer contributions are shown.
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Conclusions

“The opposite of a correct statement is a false statement.
But the opposite of a profound truth

may well be another profound truth.”

Niels Henrik David Bohr

In this work, we investigated the properties of some of the most recent and intrigu-
ing 2D and vdW materials on which the condensed matter and quantum simulation
communities are focused, that are TBG, twisted HeBL MoS2/NbSe2, ML and MuL
Nb3I8. Using first-principles calculations carried out within the DFT framework,
tight-binding approach, and MC simulations, we designed, simulated, and modeled
platforms that can be used for the quantum simulation of correlated physics, such
as superconductivity and quantum magnetism. We widely explored the countless
DOFs characterizing the vdW systems, such as stacking, twist angle, magnetism,
and strain, as control knobs to trigger novel phenomena and matter phases, finding
out unexpected results that can be easily implemented in experiments.

We performed an in-depth analysis of the role of relaxation in electronic prop-
erties of TBG at the magic angle θ = 1.08◦ and a few slightly larger angles, high-
lighting the effects of both the out-of-plane and in-plane atomic displacements. We
demonstrated that the employed continuum model can be used to explore smaller
angles, providing a minimal single-particle scheme for the quantum simulation of
correlated phases as superconductivity and Mott insulating state. The next step is
to improve the description of the long-range behavior of the electron-electron in-
teractions in TBG, that have proven to be crucial to predict the correct twist angles
realizing the experimentally observed strong correlation phenomena [379].

Our study on twisted HeBL MoS2/NbSe2 revealed some features making this
platform as a probable candidate to explore the twist-angle-dependent Ising super-
conductivity induced by proximity effect by the ML NbSe2. Using the vdW DOFs
to tune the orbital hybridization amount around EF is crucial for this purpose, be-
ing a feasible task for future experimental works due to the available deposition
techniques and the tear-and-stack fabrication technique to control the twist angle.
Indeed, today exfoliated flakes of NbSe2 are twisted to realize Josephson junctions
and superconducting quantum interference devices (SQUIDs), demonstrating a de-
pendence on the twist angle [380]. Moreover, twisted TMDs as quantum simula-
tion platforms still show remarkable results, as the recent observation of doping and
bandwidth-controlled metal-insulator quantum PT for twisted WSe2.

Finally, the investigation of ML and MuL Nb3I8 unveiled a novel vdW magnet
with intriguing properties and applications, from the Curie temperature close to
the room temperature of the ML form, to the layer-dependent magnetism and the
layered AFM states, up to the strain-induced magnetic PTs. The use of the twist
angle or other useful DOFs on the irregular kagome lattice of the magnetic Nb ions
is strongly recommended for the quantum simulation of highly exotic correlated
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phases, as observed for magnetic vdW materials as TaS2, TaSe2, and RuCl3 [381–
384]. As a further application of the magnetic kagome lattices, it has been recently
demonstrated that AFM kagome structures can be used to enable efficient motion of
domain walls by only tuning the frequency of the applied spin wave [385].

A natural progress of this work would be to validate these findings by exper-
iments or by improving the theoretical tools. DFT could be replaced by the more
accurate and computationally expensive GW approximation, as a first step to calcu-
late the many-body effects characterizing the predicted correlated phases. Quantum
MC simulations would better allow to reproduce the magnetic phase diagram aris-
ing from the interactions between the quantum spins compared to the classical case
[386]. In general, the paradigm of the tuning-on-demand of the vdW systems based
on their several DOFs produced results of utmost importance so far and, therefore,
should be pursued also for future research with increasingly suitable theories and
experimental techniques.
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