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Abstract  

 

English 

 

This thesis work concerns the mathematical modeling of an innovative biological process for 

wastewater treatment and its global sensitivity analysis. The aim of the presented mathematical 

model is to evaluate the effect of production and consumption of soluble microbial products 

(SMP) and addition of an external carbon source during a sulfur-based autotrophic 

denitrification. Such compounds during elemental sulfur-based autotrophic denitrification 

promotes the natural growth of heterotrophic microbial families, which are mainly represented 

by denitrifiers and sulfate-reducing bacteria.  

First, a state of art of the biological process from both experimental and modelling points of 

view is provided. An overview on autotrophic denitrification driven by elemental sulfur is given 

as well as a critical analysis on the existing experimental and mathematical studies on the 

process investigated. 

Afterwards, the mathematical model proposed is accurately described in the second chapter, 

and all mathematical and biological assumptions are detailed. The process was supposed to 

occur in a sequencing batch reactor to investigate the effects of the COD injection and the time 

in which this injection occurs on all the processes considered. To model this reactor 

configuration, a system of nonlinear impulsive differential equations was defined to simulate a 

system undergoing to instantaneous changes after a continuous period. The equations were 

solved numerically. The model was tested under ideal conditions where the settling efficiency 

of the reactor is supposed to be perfect. The model was tested varying different parameters: 

cycle duration, day of the injection of external COD and quantity of COD added. Albeit the 

high amount of sludge produced, it appears that SMP are not able to significantly support sulfate 

reduction. However, when an adequate amount of external carbon source is provided, the 

system is able to remove high nitrate concentrations without having high sulfate concentrations 

in the effluent, due to the work of both heterotrophic families involved in the model.  

In the following part, the perfect settling efficiency assumption was removed, and the volume 

of treated influent was increased in each cycle, testing the model under more real conditions. 

From the simulations performed, it was observed that an efficient settlement is needed to 
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improve the concentration of microorganisms and increase the removal of nitrate and sulfate. 

In both this case and the previous one, in all simulations performed, even when COD is added, 

autotrophic denitrifiers remain the predominant microbial family in the reactor. 

Finally, a global sensitivity analysis was carried out to find out the parameters more affecting 

the process. All kinetic parameters involved in the model were first screened using the Morris 

method. From this initial analysis, it was evident that the removal of nitrogen compounds and 

the effluent sulfate concentration are mainly sensitive to parameters related to the hydrolysis of 

elemental sulfur into bioavailable sulfur and maximum growth rate of autotrophic denitrifiers. 

Then, a second analysis was carried out with machine learning systems, considering only the 

most sensitive kinetic parameters. The results confirmed those obtained with the previous 

method and showed that the decay constants of heterotrophic biomasses also turn out to be 

sensitive parameters. This last study will represent the major tool for the future experimental 

calibration and validation of the model. 
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Italiano 

 

Il presente lavoro di tesi riguarda la modellazione matematica di un nuovo processo biologico 

per il trattamento delle acque reflue e la sua analisi globale di sensitività. Il modello matematico 

introdotto è stato costruito con l'obiettivo di studiare un nuovo processo biologico di trattamento 

di denitrificazione, esaminando gli aspetti matematici e biologici di tale processo. 

Lo scopo del modello matematico presentato è quello di valutare sia l'effetto della produzione 

e consumo di prodotti solubili derivanti dall'attività microbica (SMP) sia dell'aggiunta di una 

fonte di carbonio esterna durante un processo di denitrificazione autotrofa a base di zolfo. 

Questi composti, durante la denitrificazione autotrofa a base di zolfo elementare, promuovono 

la crescita naturale delle biomasse eterotrofe, rappresentate principalmente da denitrificanti 

eterotrofi e solfato-riduttori. 

In primo luogo, viene presentato uno stato dell'arte del processo biologico dal punto di vista 

sperimentale e modellistico. Infatti, viene fornita una panoramica sulla denitrificazione 

autotrofa guidata dallo zolfo elementare sugli studi sperimentali e i modelli matematici relativi 

a talu processi biologici. Successivamente, viene poi riportato il modello e vengono spiegati 

tutte le ipotesi matematiche e biologiche che ne sono alla base. Il processo si ipotizza avvenga 

in un reattore batch sequenziale per indagare gli effetti dell'aggiunta di COD e del tempo in cui 

questa avviene su tutti i processi considerati. Inoltre, questa configurazione del reattore è utile 

per incentivare la produzione e il consumo di SMP favorendo le condizioni di feast-famine. Per 

modellare questa configurazione del reattore, è stato definito un sistema di equazioni 

differenziali impulsive non lineari adatte a simulare un sistema che subisce cambiamenti 

istantanei dopo un periodo continuo; tali equazioni sono state risolte numericamente. Il modello 

è stato testato in condizioni ideali in cui si suppone che l'efficienza di sedimentazione del 

reattore sia ottimale. Tuttavia, nonostante l'elevata quantità di fanghi prodotti, sembra che gli 

SMP non siano in grado di sostenere in modo significativo la riduzione dei solfati. Comunque, 

quando viene fornita un'adeguata quantità di sostanza organica dall'esterno, il sistema è in grado 

di rimuovere elevate concentrazioni di nitrati dalle acque reflue senza per questo avere elevate 

concentrazioni di solfati nell'effluente, per effetto del lavoro di entrambe le famiglie eterotrofe 

coinvolte nel modello. Il modello è stato testato variando diversi parametri: durata del ciclo, 

giorno di iniezione del COD esterno e quantità di COD aggiunto.  
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Nella parte successiva è stata eliminata l'ipotesi di perfetta efficienza di sedimentazione ed è 

stata incrementata la quantità di refluo trattato in ogni ciclo, applicando al modello condizioni 

più realistiche. Dalle simulazioni di questo secondo studio è emersa la necessità di un buon 

sistema di sedimentazione per incrementare la concentrazione di biomasse necessarie per 

aumentare l'efficienza del processo. Per di più, come nel caso precedente, in tutte le simulazioni 

effettuate, anche nel caso di aggiunta di COD, i denitrificanti autotrofi rimangono la famiglia 

microbica prevalente nel reattore. 

Infine, è stata condotta un'analisi di sensibilità globale per individuare i parametri che più 

possono influenzare il processo. I parametri cinetici coinvolti nel modello sono stati prima tutti 

vagliati utilizzando il metodo Morris. Da questa prima analisi è emerso che la rimozione dei 

composti azotati e la concentrazione di solfato nell'effluente sono sensibili soprattutto ai 

parametri relativi all'idrolisi dello zolfo elementare in zolfo biodisponibile e ai denitrificanti 

autotrofi. È stata poi condotta una seconda analisi, con sistemi di machine learning, 

considerando solo i parametri cinetici che erano risultati più sensibili dalla prima analisi. I 

risultati hanno confermato quelli ottenuti con il metodo precedente e hanno mostrato che anche 

le costanti di decadimento delle biomasse eterotrofe risultano essere parametri sensibili. 

Quest'ultimo studio rappresenterà lo strumento principale per la futura calibrazione e 

validazione sperimentale del modello. 
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1 

 

1.1 BACKGROUND AND PROBLEM STATEMENT 

 

 

Nowadays, water scarcity is one of the leading challenges for sustainable development. In this 

context, great interest is addressed to innovative technologies aimed to remove contaminants 

from water [1]. One of the most common pollutants in water is represented by nitrate, deriving 

from anthropogenic activities and natural contamination [2]. High concentrations of nitrate 

could lead to different health problems, such as methemoglobinemia, also known as the baby-

blue syndrome and cancer [3]–[5]. Furthermore, high concentrations of nitrate can negatively 

affect water basins, leading to eutrophication and death of water ecosystem [6]. 

The nitrogen removal from wastewater is conventionally performed by using biological 

treatments, in particular the heterotrophic denitrification [7]. The main drawback of this process  

is the need of high concentrations of organic compounds to be supplied, that increases the 

operating costs [8]. Moreover, another disadvantage in using this technology is related to the 

production of large amount of sludge, that must be further treated. [8], [9]. In this contest, the 

application of autotrophic denitrification for nitrate removal, led by electron donor different 

from organic compounds, represents a valid alternative to the conventional heterotrophic 

treatment [8], [10]. Among all the electron donors that could be used for autotrophic 

denitrification, elemental sulfur represents the most cost effective compound, and the easiest to 

be handled [11]. Furthermore, autotrophic denitrification leads to a lower sludge production, 

due to the lower growth rate of the biomass [8], [12].  

In recent years, a two-step denitrification process based on elemental sulfur  has been 

developed, to contain the main disadvantage of the process, represented by the sulfate 

production [13]. In this context, experimental studies have been carried out to reduce the 

shortcomings of the process [14]. One of the best options to prevent the problem associated 

with sulfate production is represented by the addition of low amount of external carbon source 

to enhance the growth of heterotrophic consortium [14], [15]. Sulfur based autotrophic 

denitrification results also to be the most promising alternative in autotrophic denitrification 

field as it has been already tested on both pilot and laboratory scale, providing excellent 

efficiency results [16]. 

Mathematical modelling can represent a crucial tool to study and investigate the main biological 

and engineering aspects and the effectiveness of this technology. In this perspective, a 



 

2 

 

mathematical model on sulfur based autotrophic denitrification has been developed. The model 

takes into account the addition of small amounts of external carbon source, aiming at the 

mitigations of the sulfate production without affecting the denitrification performance.  

1.2 RESEARCH AIM AND OBJECTIVES  

 

The main aim of this work is to define a mathematical model of the sulfur based autotrophic 

denitrification process, and investigate the effect of the addition of an external carbon source to 

the system. Specifically, to provide a comprehensive description of the biological system, the 

mathematical model takes into account the simultaneous co-occurrence of autotrophic 

denitrification, heterotrophic denitrification, and sulfate reduction. Furthermore, other 

subprocesses related to the natural biological activities and the production and consumption of 

soluble microbial products have been considered to limit the shortcomings resulting from the 

biological processes considered. Due to the nonlinearity of the reaction terms, the model has 

been investigated numerically. 

The present work consists of five main chapters where the presented topic is addressed by 

focusing on the following aspects: 

Chapter 2 State of the art: An overlook on the existing studies on sulfur-based denitrification 

systems is provided, including the description of the biological process of sulfur based 

autotrophic denitrification and mixotrophic denitrification. In this chapter, the state of art of the 

mathematical models on these two biological processes is also provided. In addition, an 

overview on the soluble microbial products is presented. 

Chapter 3 Mathematical model definition: Definition of the mathematical model, where all 

biological and mathematical assumptions are described. Different simulations are carried out 

by considering a high initial nitrate concentration.  

Chapter 4 Model application: The model described in the previous chapter is applied to real 

conditions still considering high nitrate concentration in the influent. Different simulations are 

carried out, providing an overview on the different scenarios derived from the application of 

the model.  

Chapter 5 Global sensitivity analysis: The model is stressed by using different methodologies 

to perform a global sensitivity analysis and compare the results through different algorithms. 

The global sensitivity analysis is carried out considering all the kinetic parameters involved in 
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the model. Furthermore, the results obtained from this analysis will represent a useful tool for 

the experimental model validation.  

Chapter 6 Conclusion and future perspective: the future steps of the study are described and 

an overlook on the feasible experimental validations is provided.  
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2.1 AUTOTROPHIC DENITRIFICATION 
 

Nitrogen is naturally present in various biological activities due to its important role as a 

nutrient, but it could also result from the contamination by industrial wastewater. In particular, 

nitrogen based compounds could derive from industrial processes or could be present in 

groundwater due to the extent presence of nitrogen in fertilizers, landfills and animal waste [1], 

[2]. Increased use of nitrogen in anthropogenic activities related to detergents and industrial 

wastewater causes an alteration of the nitrogen cycle, leading to an excess of nitrogen 

compounds in water bodies, that could result in water eutrophication problems. [3]–[5]. The 

eutrophication phenomena leads to high degradation of the marine and freshwater environment, 

reducing dissolved oxygen and consequently the possibility of wildlife in water [6]. High 

nitrogen concentrations in drinking water also bring serious disease such as childhood diabetes, 

methemoglobinemia known as blue baby syndrome, and cancer [7]. 

Nowadays, N-based compounds removal from water is performed using various treatments, 

which could be biological, chemical, or physical. Nevertheless, the most common are 

represented by biological processes. Among the latter, the most widespread is heterotrophic 

denitrification, which is considered the “traditional” method for nitrogen removal [8]. This 

treatment presents many disadvantages such as high sludge production and high cost of 

maintenance if the addition of an external carbon source is required [9]. A promising alternative 

to the classical heterotrophic denitrification is sulfur-based autotrophic denitrification, which 

have become increasingly popular in the field of sustainable, economic, and energy-efficient 

wastewater treatment in particular for organic deficient wastewater [4], [10]. Indeed, sulfur 

based autotrophic denitrification leads also to lower sludge production and the cost necessary 

to the removal of the same quantity of nitrogen compounds are lower with respect to the 

heterotrophic denitrification [11]. To perform sulfur based autotrophic denitrification different 

sources of sulfur can be used such mainly represented by: sulfide, thiosulfate, and elemental 

sulfur [12], [13]. Such different sulfur forms could be used separately or simultaneously in the 

same bioreactor [14], [15]. 

Biological denitrification is a reduction process where nitrate is the electron acceptor, and 

through a series of sequential reductive reactions the various transformations, here reported, 

occur: 

NO3
- (Nitrate)→ NO2

- (Nitrite)→ NO (Nitric oxide)→N2O (Nitrous oxide)→ N2 (Nitrogen gas) 
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The transformations from nitrite into nitric oxide and from nitric oxide to nitrous oxide are 

usually neglected since the transformation from nitrate into nitrite is considered the limiting 

step. Thus, the process is usually synthesized as follows: 

NO3
-
→NO2

-
→ N2 

Although we generally consider only these two phases, it is worth noting that nitrous oxide is 

also a highly contaminating gas that has a strong impact in terms of the greenhouse effect, even 

in small traces. The importance of defining a proper biological and mathematical model of the 

process could also help to control the possible emission of N2O, which is an intermediate of the 

denitrification process. The emission of N2O in the denitrification leaded by sulfur compounds 

is lower than the classical heterotrophic denitrification process. In particular, among the several 

sulfur sources, elemental sulfur results in even lower emissions of nitrous oxide [4], [16].  

2.2 ELEMENTAL SULFUR DRIVEN AUTOTROPHIC DENITRIFICATION 

 

Among the different sulfur sources, elemental sulfur can be considered the most cost-effective 

electron donor and easily to handle [4], [17]. Usually, it is provided in solid form of lentils, and 

it could be used not only as electron donor but also as support for the biomass to growth [18]. 

However, it should be noted that the use of elemental sulfur has the advantage of being able to 

reuse the sulfur produced as waste from other processes such as gas desulfurization and biogas 

digester, from which sulfur is usually obtained in solid form [19]–[22]. Instead, the main 

disadvantages of the elemental sulfur with respect to the other sulfur form are the necessary 

solubilization prior to be taken up by the microorganisms and the production of sulfate [4], [23].  

 

Fig. 2. 1 Two-step denitrification process leaded by elemental sulfur. 

The two-step denitrification process driven by elemental sulfur is usually schematized as shown 

in Fig 2.1, whereby elemental sulfur is required for each transformation and sulfate is produced. 

The high concentration of sulfate in the effluent represents the main shortcoming of the process 

because, in high concentrations, it is itself a pollutant. 
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Another possible disadvantage of using elemental sulfur observed experimentally is related to 

the possible accumulation of nitrite that could slow or inhibit the process [18]. The nitrite 

accumulation could occur since nitrate is favored as electron donor with respect to nitrite and 

consequently could inhibit the process efficiency due to the simultaneous presence of both 

compounds [24]. Indeed, Sierra-Alvarez et al., 2007 [25], reports high maximum growth rate 

regarding the autotrophic denitrifiers referred to the transformation of nitrate into nitrite. 

Because of the necessary solubilization of elemental sulfur, which may not be in sufficient 

concentrations when required, some studies involve the simultaneous use of different forms of 

sulfur. Indeed, sometimes sulfide, thiosulfate or both can be supplied in addition to elemental 

sulfur to reduce nitrite accumulation in the effluent. [14], [26]. 

However, among all electron donors available for autotrophic denitrification, elemental sulfur 

also leads to lower accumulation of nitrite with respect to the other sources [27]. It must be also 

mentioned that elemental sulfur appears as intermediate in the reaction of autotrophic 

denitrification led by sulfide [28].  

Nitrate removal using elemental sulfur can be applied in the case of both low concentrations 

typical of groundwater and high concentrations from industrial wastewater [25], [29]. The 

ability to apply the process to systems subject to large variations in nitrate loading makes this 

system very flexible and useful [30]. 

The elemental sulfur used in the sulfur driven autotrophic denitrification could be furnished in 

two different forms which are biogenic sulfur and chemical elemental sulfur [10], [18], [31]. 

Between organic sulfur and chemical sulfur, the former is a better option in terms of nitrate 

removal efficiency due to its greater willingness to be absorbed by microorganisms but, as 

reported by Ucar et al., 2021 [32] ,at the same time it will result in higher by-product production 

that could lead to higher operational costs if further treatments are required. 

Regarding elemental chemical sulfur, the main limiting step is the high time required for its 

solubilization, which was first evaluated by Anastasiia Kostrytsia et al., 2018 [18], who also 

identified the presence of a hydrolytic biomass responsible for the solubilization of chemical 

sulfur into bioavailable sulfur.  

The hydrolyzation step represents the limiting stage of the process, which is strongly influenced 

by the size of the particles used in the reactor [28]. Indeed, sensitivity analysis conducted on 
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mathematical biological models considering this phase, shows that the hydrolysis constant and 

particle size are the most sensitive parameters [33], [34]. 

2.2.1 CHEMICAL, PHYSICAL, AND BIOLOGICAL OVERVIEW OF THE PROCESS 

 

Autotrophic denitrification is strongly dependent on pH and temperature. The pH range in 

which the best performance of the process has been reached is 7.5-8, while the optimal growth 

temperature is around 30°C [35]. Maintaining the system in optimal operating condition can 

avoid the risk of nitrous acid accumulation, which decreases its rate of reduction for lower 

temperatures [36], [37]. Such results have been widely confirmed experimentally since the 

investigated conditions represent the most common natural environment for the prolification of 

the autotrophic denitrifiers, in particular the Thiobacillus Denitrificans and Sulfurimonas[19], 

[38], [39]. 

During sulfur-based autotrophic denitrification, biological analysis shows that when no COD 

is added, traces of sulfate reducing bacteria (SRB) are found [19], [40], [41]. The presence of 

these species is also evidenced by a lower effluent sulfate concentration than expected 

stoichiometrically if a small quantity of COD is added or not [42], [43]. In particular, the 

presence of SRB is mainly accentuated for reactors which have been in operation for longer 

periods of time [43]. On the other hand, when COD is provided in higher amount, the biological 

evidence shows that the preponderant biomass after the autotrophic one is the denitrifying 

heterotrophic one [44]. This abundance derives from the support given by heterotrophs in terms 

of removal of Nitrogen compounds. Actually, denitrifying heterotrophs working faster than 

autotrophs reduce the time required for the N-based compounds. 

Sulfur particle size plays a key role relative to sulfur hydrolysis, as reported by A. Kostrytsia et 

al., 2018's sensitivity analysis [33]. Indeed, to achieve high solubility, it is necessary to have a 

high specific surface area, which is achieved by reducing the particle size, which usually takes 

values between 0.5 and 0.6 mm. At the same time, the particles should not be too small to avoid 

problems of reduced porosity and process efficiency [23], [45].  
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2.2.2 REACTOR CONFIGURATION 

 

Autotrophic denitrification by elemental sulfur can be carried out in different reactor 

configurations: packed bed reactors [46], [47], membrane reactors [10] and moving bed biofilm 

reactor [14]. Among these, the most widely used configuration is the packed-bed reactor, due 

to its solid form of the sulfur, which allows a high concentration of biomass growing attached 

to a support usually represented by the sulfur lentils themselves. In addition, this reactor 

configuration results in a lower concentration of secondary pollutants, consequently reducing 

the possibility of affecting subsequent processes, if present. Also, pilot full scale application of 

sulfur based autotrophic denitrification in packed bed reactor has been carried out by Sahinkaya 

et al., 2014 [48], where domestic wastewater have been used as influent and COD was also 

present in the influent. In this case the small quantity of COD have reported to be a valid support 

both for denitrification both to maintain acceptable values of acidity which could be a serious 

problem in pure sulfur-based autotrophic denitrification [49]. 

In addition, among the already mentioned advantages of sulfur-based autotrophic 

denitrification, it should be noted that studies have been conducted using different substrates in 

the tributary, such as wastewater obtained from graphite production [38]. Another advantage is 

the fast recovery time of the system following forced long-term interruptions showed during 

laboratory experiments, which can be a positive factor in case of influent arrival interruptions 

[46]. Furthermore also the longer solid retention time helps to reduce the shortcomings related 

to the process [50]. 

Mathematical modelling represents the most useful tool to support the development of higher 

scale treatment plant for accessibility to elemental sulfur for the microbial families [28].  

2.3 ELEMENTAL SULFUR WITH COD  

 

Given the necessary solubilization of elemental sulfur to be utilized by biomass, the system can 

lead to a slowdown in denitrification by autotrophic pathways, particularly for high nitrate 

concentrations. A solution to speed up the process and prevent nitrite accumulation could be 

encouraging the growth of heterotrophic denitrifiers [9], [51]. Indeed, by the addition of COD 

to sulfur-based autotrophic denitrification system, lower concentration of sulfate are present in 

the effluent than pure autotrophic denitrification, which enhances a stable growth of biofilm 

[52]. 
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When elemental sulfur is used as electron donor in autotrophic denitrification and the process 

is coupled with heterotrophic denitrification supported by external carbon source addition, it 

results easier to achieve a balance of the alkalinity in the system without the addition of 

limestone, which could affect the water quality and further increase the cost of the process [4], 

[50], [53]. 

To promote the growth of heterotrophic species via external carbon source addition, an 

appropriate quantity of COD to stimulate the growth of heterotrophic denitrifiers must be 

provided. It is important to note that this solution should be carefully carried out, to avoid 

several shortcomings, such as high concentrations of COD in the effluent or the prevalence of 

denitrifying heterotrophs over autotrophs. Indeed, as the heterotrophic biomass has a higher 

growth rate, it could prevail bringing to the failure of the system. In addition, if the amount of 

COD relative to C/N remains less than 0.5, it maintains a good trade-off between autotrophic 

and heterotrophic denitrification [44].  

Different organic substrates have been experimentally tested to favor the growth of the 

heterotrophic denitrifiers, in particular Oh et al., 2003 [51], reported that acetate and ethanol 

are the ones with the lowest inhibition towards autotrophic biomass in elemental sulfur-based 

autotrophic system. In contrast, when methanol is furnished, despite being the most widely used 

compound in heterotrophic denitrification, it turns out to have the slowest response when added 

to the system [54].  

The external carbon source could be provided not only in liquid form, but also in solid form, 

for example by using wood, as reported by Yamashita et al., 2011 [55], where sulfate reduction 

and heterotrophic denitrification also take place. Indeed, heterotrophic denitrification and 

sulfate reduction can occur simultaneously to autotrophic denitrification due to the presence of 

organic carbon and sulphate. In addition, providing an external carbon source could help reduce 

the problem associated with N2O production and nitrite accumulation [13].  

In addition, the simultaneous growth of heterotrophic denitrifiers could be useful if there is an 

unexpected increase in the concentration of N compounds in the influent, since it is possible to 

maintain the same performances feeding the reactor with an higher amount of organic matter, 

To reduce the negative aspects of the autotrophic denitrification mainly caused by the 

production of sulfate, some model and experimental works have been carried out coupling with 

heterotrophic denitrification to optimize the process [44], [50], [56]. 



12 

 

2.4 SIMULTANEOUS REMOVAL OF C, N, S 

 

Mixotrophic denitrification is defined as the simultaneous occurrence of autotrophic and 

heterotrophic denitrification. From the biological evidence reported in previous experimental 

studies, different heterotrophic species have been encountered during sulfur based autotrophic 

denitrification such as heterotrophic denitrifiers and sulfate reducing bacteria. An overlook on 

the process involving such species is provided in this work of thesis.  

Wastewater could derive from different sources which means that different concentration of 

various pollutants can be present. The most common contaminants are represented by organic 

matter, nitrogen compounds and sulfur compounds. Indeed, many industrial wastewaters could 

have higher concentrations of Sulfur or Nitrogen and organic compounds simultaneously. 

Several studies have proved that it is possible to have the co-presence of different microbial 

families such as heterotrophic denitrifiers, sulfate reducing bacteria and autotrophic denitrifiers, 

working together without inhibiting each other. Those works have been mainly carried out to 

analyze the simultaneous removal of sulfide nitrate and organic carbon [53], [57], [58]. 

Furthermore, other studies have been carried out to evaluate just the process improvement of 

the autotrophic denitrification with the addition of external carbon source [13], [45].  

However, in previous works elemental sulfur is usually considered as end-product, since it 

represents the results of the sulfide oxidation [57]. Furthermore, it results that the systems where 

different microbial families are involved are more robust, implying that variations of influent 

concentrations can be better withstood compared to the systems working with a single process 

[59].  

 

2.5 MATHEMATICAL MODELLING  

 

2.5.1 ELEMENTAL SULFUR-BASED MODEL 

 

The first model regarding the autotrophic denitrification based on elemental sulfur is the kinetic 

model developed by Batchelor and Lawrence, 1978 [60], where a biofilm growing on the sulfur 

particle is  described. In the field of Sulfur based autotrophic denitrification, this model 

represents the oldest model reported in literature. Its model assumptions, based on scientific 

evidence, have been considered in all the subsequent models. In this model, during the 

biological process two main steps are identified: Sulfur has to be hydrolyzed and transported 
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into the biofilm to be used by the microbial families; simultaneously nitrate needs to diffuse 

from the bulk liquid to the biofilm. Indeed, other models have demonstrated that the low 

solubility of the elemental sulfur is related to the particle size where the biofilm is supposed to 

growth on, which consequently affects the reaction velocity of the process [61], [62]. 

The model presented by Anastasiia Kostrytsia et al., 2018 [18], is the first model which takes 

into account the hydrolysis step considering the presence of an hydrolytic biomass necessary 

growing on the sulfur lentil responsible for the transformation of chemical elemental sulfur into 

bioavailable sulfur. This step is related to physical properties and hydrolytic biomass. Such 

parameters resulted in the bottleneck parameters of the whole process by the local sensitivity 

analysis A. Kostrytsia et al., 2018 [33]. This model was validated by Huiliñir et al., 2020 [34], 

which also performed a local sensitivity analysis and confirmed the results previously obtained. 

The results given by these confirm what has been experimentally observed: a sulfur lentil with 

higher specific surface area can speed up the process. Other modelling works related to the use 

of pure elemental sulfur performed a sensitivity analysis mainly on the parameters related to 

the biofilm growth [63]. Furthermore, other experimental studies confirmed that no inhibition 

term needs to be considered if the autotrophic biomass considered is previously acclimatized 

[64]. 
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Table 2. 1 Resume of the models performing sulfur based autotrophic denitrification leaded by 

elemental sulfur.  

Type of 

reactor 

Type of 

equations 

Order of 

the 

kinetic S0 

Order of 

the 

kinetic 

NO3
- 

Order of 

the 

kinetic 

NO2
- 

Inhibiti

on term 

Hydrolysis  Sensitivity 

analysis  

N2O 

step 

Ref. 

Batch PDE First-

order 

Zero-

order 

Not 

present 

NO Considered 

but not 

evaluated  

NO NO [60] 

Packed 

bed 

reactor  

PDE Not 

reported  

Half-order Not 

present  

NO Considered 

but not 

evaluated 

NO NO [61] 

Packed 

bad 

reactor  

PDE Not 

reported 

Half-order Not 

present 

NO 

           

Considered 

but not 

evaluated 

NO NO  [62] 

Packed 

bad 

reactor 

PDE Not 

reported 

Half-order Not 

present 

NO Considered 

but not 

evaluated 

NO NO [47] 

Batch 

reactor  

PDE Not 

reported 

Half order Not 

present 

NO Considered 

but not 

evaluated 

NO 

 

NO [65] 

Batch 

reactor 

ODE First order 2 order 2 order YES Evaluated YES[33] NO [18] 

Batch 

reactor 

ODE and 

PDE 

Not 

reported 

2 order 2 order NO Considered 

but not 

evaluated 

YES SI [63] 

Batch 

reactor 

ODE First order  2 order 2 order NO Evaluated  YES NO [34] 

Fixed 

bed 

columns  

Polynomial 

equation 

Not 

reported 

Not 

reported 

Not 

reported 

NO Considered 

but not 

evaluated 

NO NO [66] 

 

All models reported in Table 2.1 consider the growth of species on the sulfur lentils and have 

been experimentally calibrated manly using packed bed reactor. In these cases, nitrate diffusion 

within the biofilm, whose thickness is fixed, is modeled. The parameters are calibrated using 

different biofilm dimensions. Some biofilm models have been developed considering the 

uptake of three different sulfur forms such as sulfide, elemental sulfur, and thiosulfate [14]. 

Some of them identify as a rate limiting factor the mass transport and diffusion within the 

biofilm [14]. As for the case of the model of by Decru et al., 2021 [14] which is modelled using 

biofilm assumption. Also, this model has been subjected to a local sensitivity analysis where 

the parameters related to the affinity between elemental sulfur and biomass have been 

investigated. 

Models describing sulfur-based autotrophic denitrification can be based on different kinetic 

orders, starting with zero-order kinetics, moving through 1/2-order kinetics, first-order kinetics, 

and second-order kinetics. The choice of the kinetic order depends on the experimental results 

obtained and the calibrated kinetic parameters. In the case of pure elemental sulfur, the kinetics 
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are related to biofilm models that grow on sulfur lentils and present mostly half-order reaction 

kinetics.  

The last model reported in Table 2.1 is a mathematical model experimentally calibrated but 

whose equations are defined on a response surface model which results useful only to give a 

preview on the system dimension and removal efficiency [66]. The model has been developed 

using a first order polynomial equation calibrated with new experimental data. The output 

surface is defined by three parameters: nitrate in the inlet, nitrate in the outlet, and hydraulic 

retention time, giving to this model a useful tool in the practical specific application. 

2.5.2 ELEMENTAL SULFUR-BASED MODEL WITH COD ADDITION 

 

Since the necessity to improve the process of sulfur based autotrophic denitrification based on 

elemental sulfur and to prevent nitrite accumulation reducing the concentration of sulfate in the 

effluent, mathematical models accounting the addition of COD have been developed and 

experimentally calibrated. 

The COD addition can reduce the sulfate concentration in the effluent and promote the growth 

of heterotrophic biomass, which denitrifies some of the nitrite and nitrate leading to a reduction 

of sulfates concentration in the effluent [44], [50], [59], [67]. Moreover, some model considers 

the nitrous oxide production, limiting its formation by adding COD to the autotrophic 

denitrification system, so in mixotrophic conditions [50].  

Mathematical models have been developed considering the simultaneous presence of both 

autotrophic and heterotrophic species to mitigate the disadvantage of both processes, due to the 

necessity to treat water with high concentrations of nitrate and low concentrations of COD [44], 

[68]. Those models consider the elemental sulfur based autotrophic denitrification as the main 

process and evaluate interactions with heterotrophic denitrifiers following the addition of 

external COD [69], [70]. Furthermore, all models reported in the literature are derived by mass 

balances considerations and consist of ordinary differential equations (ODEs). Particular 

mention should be given to the model developed by Liu et al., 2017 [50], in which the  addition 

of COD is carried out to optimize the process not only focusing on nitrate removal and sulfate 

production in mixotrophic denitrification, but also considering the N2O emission.  
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2.5.3 MIXOTROPHIC MODEL  

 

Other models have been developed considering both autotrophic and heterotrophic families for 

the simultaneous removal of sulfide, nitrate, and acetate [57].  Indeed, mixotrophic models have 

been widely developed usually to consider the simultaneous presence of nitrogen, carbon and 

sulfur compounds [71]. In those models, the presence of the elemental sulfur is represented as 

intermediate of reaction for the sulfide removal.  

With respect to the models using elemental sulfur as main electron, the models which consider 

sulfide as main source can provide a realistic ratio between sulfur and carbon source utilized. 

This is because elemental sulfur is supplied in solid form and time for solubilization is required, 

and, for these reasons, it is added in excess within the system. This causes the ratio between 

carbon and sulfur to become an influential parameter for nitrogen compound removal in these 

models [57], [58]. Such model are all developed assuming that those processes occur in a 

reactor that could be modelled using ODEs [57], [58].  

2.6 SHORT OVERVIEW ON SMP  

 

From the theory developed by Laspidou and Rittmann, 2002 [72] and proved by experimental 

validation the SMP are naturally produced from different and various types of biomass during 

the biological processes. Their formation and utilization have been studied in various biological 

processes, although an analysis of them has not been carried out in every study because of their 

difficult experimental identification.  

Indeed, the evaluation of the SMP in terms of production and consumption have been carried 

out not only for the pure heterotrophic denitrifiers, but also for the sulfate reducing bacteria for 

different values of pH and temperature [73]. 

Since the soluble microbial products and the cell lysis are inevitable in a biological reactor, 

heterotrophic families are commonly found in reactors, leading to a faster development of the 

process [36], [44], [45] .  

The production and the consumption of those substances have been studied in different systems 

and result that is mainly associated with the growth of heterotrophic families [74]. Furthermore, 

the production and consumption of the SMP is enhanced when the system undergoes to fast- 

famine conditions where their accumulation and then utilization are strong [72], [75]–[77]. 
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Nowadays, there is an increasing interest in analyzing how those substances support and favor 

the growth of heterotrophic families [78].  

The presence of SMP in effluent can cause serious problems if the system is subjected to further 

treatment, such as fouling problems in membrane reactors or production of other by-products 

as a result of disinfection treatments [46], [79], [80]. Since those considerations, the relations 

between the sulfur based autotrophic denitrification and SMP production has been investigated 

in the study by Ucar et al., 2021 [32] which analyzed the production of SMP using chemical 

elemental sulfur and biological elemental sulfur. However, none of the previous studies have 

calibrated the specific parameters related to the SMP production of the autotrophic denitrifiers 

during sulfur based autotrophic denitrification. 
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3.1 INTRODUCTION  

During the last few years, nitrate removal through sulfur-driven autotrophic denitrification (SdAD) 

has been thoroughly investigated. Compared to conventional heterotrophic denitrification, SdAD 

allows lower sludge production and N2O emissions [1] but results in the production of high sulfate 

concentrations as main shortcoming [2]. Among the various forms of S-based electron donors 

already studied, elemental sulfur is of economic interest despite the need to solubilize it prior to 

being effectively taken up by the microorganisms [1]. 

The growth of autotrophic microbial families using elemental sulfur as an electron donor often 

comes with the natural growth of heterotrophic families, which might be already present in the 

influent or proliferate in association with the activities of autotrophs [3], [4]. From a kinetic point 

of view, none of the previous studies on SdAD considered the natural production of organic matter 

deriving from the denitrifying sulfur-oxidizing autotrophic biomass. Indeed, as reported by  

Laspidou and Rittmann (2002)[5] and Ni et al. (2011) [6], soluble microbial products (SMP) are 

the result of the autotrophic and heterotrophic activity and can effectively become bioavailable for 

concomitant heterotrophic denitrifiers (HD) [7]. The SMP produced during SdAD are made up of 

organic byproducts associated with biomass metabolism and decay [6], [8], [9]. In particular, part 

of SMP comprises a readily available carbon source, i.e. biomass associated products (BAP) and 

utilization-associated products (UAP), while another part is made up of extracellular polymeric 

substances (EPS) and stocked biodegradable substances (STOB), which need a preliminary 

hydrolysis step to become more bioavailable [10]. 

During the SdAD maintained by a mixed microbial consortium, the most relevant heterotrophic 

microorganisms are denitrifying bacteria (HD) and sulfate reducing bacteria (SRB) [3], [4], [11]. 

The presence of denitrifying heterotrophs was evident in full scale SdAD studies in the presence 

of chemical oxygen demand (COD) removal [12] and in experimental studies conducted under 

feast-famine conditions [13]. Also, Qiu et al. (2020)[14] highlighted the possibility to add various 

organic compounds to a denitrifying autotrophic microbial consortium aiming to improve the 

process efficiency and to reduce the sulfate output without modifying the optimal working 

parameters. The favorable effects of organic supplementation on the performance of SdAD has not 
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been attributed to the role of SRB but rather to the activity of HD, which considerably reduce the 

nitrate loading on autotrophic denitrifiers [15], [16]. 

Mathematical modelling is a useful tool to elucidate the competition among different microbial 

families and the performances of the SdAD process. Previous mathematical models focusing on 

the co-occurrence of SdAD, heterotrophic denitrification and sulfate reduction involved the use of 

sulfide as sulfurous electron donor and did not take into account the SMP production [17]. Other 

models focused on the use of elemental sulfur to fuel SdAD, but only aimed at evaluating the 

kinetics of the process in terms of nitrate removal and nitrite accumulation [4] or the emission of 

N2O [18]. Also, other mathematical models simulated the reduction of the effluent sulfate 

concentrations by adding organic matter in the presence of sulfide as main inorganic electron 

source [19]. None of the existing models has provided a thorough picture on the competition among 

different bacterial families and the growth of those on SMP during SdAD. 

In this context, this work proposes a mathematical model to study the concomitance of SdAD, as 

the main process, heterotrophic denitrification and sulfate reduction on UAP and BAP in the 

presence or absence of an external carbon source. The processes were simulated in a sequencing 

batch reactor (SBR), which was chosen as bioreactor configuration to enhance the formation and 

the uptake of SMP by the heterotrophic families. Indeed, a SBR allows to operate under feast-

famine conditions that are needed to let the active bacteria use the SMP as main organic source 

while promoting the accumulation of biomass [10]. When an external source of organics was 

considered, the timing of supplementation of such carbon source was investigated, being this of 

crucial importance due to the presence of two heterotrophic families. This is another aspect that 

makes the model here proposed novel compared to the existing ones.  
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3.2 BIOLOGICAL MODEL 

The three main processes considered in the mathematical model are SdAD with elemental sulfur, 

heterotrophic denitrification and sulfate reduction, as shown in Fig. 3.1. HD and SRB were 

assumed to grow on UAP, BAP and external COD (Fig. 3.1). 

 

Fig. 3. 1 Schematic representation of the biological processes considered in the proposed model: sulfate 

reduction maintained on external COD, BAP and UAP (blue), sulfur-based autotrophic denitrification 

(red), heterotrophic denitrification maintained on external COD, BAP and UAP (green), elemental sulfur 

hydrolysis (yellow). Each 𝜌𝑖 represent a term of ith-reaction. 

Elemental sulfur (S0) was assumed to be supplemented in the form of “lentils”. Hence, a 

preliminary microbially-catalyzed hydrolysis step for the conversion of S0 into a more bioavailable 

form (Sbio) by a hydrolytic biomass (HYD) was also considered [4] and indicated in yellow in 

Fig.3.1 (𝜌1). S0 lentils were supposed to constantly remain in the reactor after each SBR cycle (see 

section “Numerical simulations”), representing a support for the growth of the different microbial 

families involved and a continuous source of Sbio over time [10]. The Sbio generated by S0 

hydrolysis was assumed to remain within the solid S0 lentils [3], [20], [21] and, thus, not escaping 

the reactor in contrast with the soluble substrates (i.e. NO3
-, NO2

-, SO4
2-). 

When Sbio is consumed, SdAD was assumed to proceed as a two-step process consisting of a first 

transformation from NO3
- to NO2

- (𝜌2,) and a second from NO2
- to N2 (𝜌3). The intermediate steps 

allowing the production of NO and N2O were not considered, assuming the occurrence of optimal 

conditions in the system that allow those steps not to be limiting [22]. Sulfate reduction is carried 

out by SRB, which transform the sulfate produced by the denitrifying autotrophs into sulfide (S2-), 
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using all the carbon sources available (i.e. UAP, BAP and external COD). The sulfide produced 

was assumed to be used again by autotrophic denitrifying bacteria as Sbio. The assimilation between 

S2- and Sbio was possible being the typical sulfide-driven autotrophic denitrification kinetics faster 

than those obtained with Sbio [1], and thus not limiting for the SdAD process here considered. 

Heterotrophic denitrification was assumed to occur on all bioavailable organic compounds (BAP, 

UAP, COD) and convert NO3
- (ρ9 , ρ11 , ρ13) and NO2

- (ρ8, ρ10, ρ12) into N2. 

To take into account the natural production of organics from the growth and decay of biomass, it 

was considered that all the microbial families involved lead to the production of SMP (Fig. 3.2). 

In particular, BAP, inert material and STOB are released during the decay of the microbial families. 

With regard to the microbial growth, denitrifying autotrophs and heterotrophs as well as SRB result 

in the production of UAP and EPS, which are further solubilized into BAP prior to being 

bioavailable for the heterotrophs. The hydrolytic biomass was excluded from the production of 

SMP during the growth phase due to a lack of information regarding the process in which it is 

involved.

 

Fig. 3. 2 Endogenous processes of microbial families and production of SMP deriving from microbial 

activities. The biomass decay (left-hand side) associated with the hydrolytic (𝑋𝐻𝐼𝐷), autotrophic 

denitrifying (𝑋𝐴𝑈𝑇), heterotrophic denitrifying (𝑋𝐻𝐷) and sulfate reducing (𝑋𝑆𝑅𝐵) families releases BAP, 

INERT and STOB, with the latter being hydrolyzed into bioavailable COD by reaction 𝜌6. During the 

growth of the microbial families (right-hand side), denitrifying autotrophs (𝑋𝐴𝑈𝑇), denitrifying 

heterotrophs (𝑋𝐻𝐷) and SRB (𝑋𝑆𝑅𝐵) produce UAP and BAP, with the latter deriving from the hydrolysis of 

EPS as regulated by reaction 𝜌7. 
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3.3 MATHEMATICAL MODEL  

A differential model describing the dynamics of autotrophic, denitrifying heterotrophs and sulfate 

reducing bacteria has been formulated based on mass balance considerations. The model considers 

seven different biomasses Xi, i = [HYD, AUT, STO, EPS, HD, SRB, I]and nine different compounds 

Sj, j = [S0, Sb, NO3
−, NO2

−, N2, SO4
2−, UAP, BAP, COD]. The four active biomasses are represented 

by: XHYD which is the hydrolyzing biomass responsible of the transformation of elemental sulfur 

into bioavailable sulfur, XAUT autotrophic denitrifying biomass that uses sulfur as electron donor, 

XHD heterotrophic biomass that uses different types of organic matter as substrate, XSRB sulfate 

reducing bacteria which also use all the organic matter as substrate to reduce sulfate. The inactive 

biomasses are: XEPS , XSTO and inert material XI derived from the biomass decay. The substrates 

involved in the model are: SS0 ,  SSb
, SNO3

−,  SNO2
− , SN2

, SSO4
2− ,  SUAP,  SBAP,  SCOD. The biomasses 

Xi and substrates Sj interact according to the biological processes described in the previous Section.  

The mathematical model developed in the present work is made up by a system of first order 

impulsive ordinary differential equations (IDEs), which are used to model the biological processes 

described in the previous section occurring in a SBR configuration. Indeed, such equations are 

well-suited to model processes that are continuous under most conditions but undergo 

instantaneous changes. An impulsive differential equation is described by three components: a 

continuous-time differential equation, which governs the state of the system between impulses; an 

impulse equation, which models an impulsive jump defined by a jump function at the instant an 

impulse occurs; and a jump criterion, which defines a set of jump events in which the impulse 

equation is active [23]. The main features of the SBR configuration which are repeated for each 

cycle after the first initial filling have been considered as follows: 

1. First Reaction period (continuous) 

2. Injection of COD (instantaneous) 

3. Secondo Reaction period (continuous) 

4. Settling (instantaneous) 

5. Emptying (instantaneous) 

6. Filling (instantaneous) 
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In the present study, the settling, emptying and refilling processes were approximated by an 

instantaneous change of state of the system, which occurred at a prescribed time dictated by the 

duration of the combined cyclical reaction phases. The duration of each cycle is denoted as 𝜏 and 

the time of injection of COD is denoted as 𝜏𝑑 ≤ 𝜏. The model is described by the following 

impulsive differential equations for both substrates and microbial species: 

𝑆̇𝑗(𝑡) = 𝑟𝑆,𝑗(𝑡, 𝑺, 𝑿), 𝑡 ∈ 𝐽 = [0, 𝑇], 𝑡 ≠ 𝑡𝑘 , 𝑆𝑗(0) = 𝑆𝑗0, (3.1) 

𝑋̇𝑖(𝑡) = 𝑟𝑋,𝑖(𝑡, 𝑺, 𝑿), 𝑡 ∈ 𝐽 = [0, 𝑇], 𝑡 ≠ 𝑡𝑘 , 𝑋𝑖(0) = 𝑋𝑖0, (3.2) 

ΔSj(tk)=-αjSj(tk-)+αjSin,j   k=1,….,m,    (3.3) 

ΔXi(tk) = −γiXi(tk
−), k = 1, … . , m, (3.4) 

Where: 

𝑆𝑗(𝑡), 𝑋𝑖(𝑡) are the jth substrate and the ith biomass concentrations at time t respectively;  

𝑟𝑆,𝑗 and  𝑟𝑋,𝑖 are the reaction terms for the jth substrate and the ith biomass. 

𝑆𝑗0 and 𝑋𝑖0 are the initial concentration within the reactor for the jth substrate and the ith biomass; 

𝑆𝑖𝑛,𝑗 is the concentration of the jth substrate in the fresh influent;  

0=𝑡0 < 𝑡1 < ⋯ < 𝑡𝑚 < 𝑡𝑚+1 = 𝑇,  𝑡𝑘+1 −  𝑡𝑘 = 𝜏 ,  where 𝜏 denotes the duration of each cycle ,  

𝛥𝑆𝑗(𝑡𝑘) = 𝑆𝑗(𝑡𝑘
+) − 𝑆𝑗(𝑡𝑘

−),  𝛥𝑋𝑖(𝑡𝑘) = 𝑋𝑖(𝑡𝑘
+) + 𝑋𝑖(𝑡𝑘

−) , with 𝑆𝑗(𝑡𝑘
+), 𝑋𝑖(𝑡𝑘

+), 𝑆𝑗(𝑡𝑘
−), 𝑋𝑖(𝑡𝑘

−) , 

being the right and left limits of 𝑆𝑗(𝑡) and 𝑋𝑖(𝑡) at time 𝑡 = 𝑡𝑘; 𝛼𝑗 represents the emptying/refilling 

ratio and 𝛾𝑖 takes into account the fraction of biomass removed from the system during the 

emptying phase.  

The 𝑟𝑆,𝑗 and  𝑟𝑋,𝑖  are expressed as a combination of the kinetic terms and stoichiometric parameters 

reported in the Table 3.S.1 3.S.2 and 3.S.4 of the supplementary information. ( section S.3)  

For all the biomasses the coefficient 𝛾𝑖 has been considered equal to zero simulating a settling 

process with 100% efficiency. The dilution was only applied to the substrates which were 

considered in dissolved form: 𝑆𝑆𝑂4
2−,𝑆𝑈𝐴𝑃,  𝑆𝐵𝐴𝑃, 𝑆COD,  𝑆𝑁𝑂3

−,  𝑆𝑁𝑂2
−  . All the other compounds 

included in the model are supposed to undergo a complete sedimentation. According to Sierra-

Alvarez et al., 2007 [24], and Liu et al., 2016b [25], in the present model is assumed that the 
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bioavailable sulfur cannot be washed out during the emptying phase since it is supposed to be 

retained within the microbial sludge. The value of 𝛼𝑗 has been set equal for all the dissolved 

substrates. 

The first and second reaction periods are discriminated by the time of soluble COD injection in the 

system. Such operation is considered to occur instantaneously and does not affect the concentration 

of the other compounds.  

 

{
(𝑘 − 1) ⋅ 𝜏 < 𝑡 ≤ (𝑘 − 1)𝜏 + 𝜏𝑑    𝑘 = 1, . . . , 𝑛,    𝐹𝐼𝑅𝑆𝑇 𝑅𝐸𝐴𝐶𝑇𝐼𝑂𝑁 𝑃𝐸𝑅𝐼𝑂𝐷

(𝑘 − 1) ⋅ 𝜏 + 𝜏𝑑 < 𝑡 ≤ 𝑘 ⋅ 𝜏   𝑘 = 1, . . . , 𝑛,   𝑆𝐸𝐶𝑂𝑁𝐷 𝑅𝐸𝐴𝐶𝑇𝐼𝑂𝑁 𝑃𝐸𝑅𝐼𝑂𝐷
(3.5) 

 

The equation that defines the jump function for COD between the two reaction periods is: 

𝛥𝑆COD((𝑘 − 1)𝜏 + 𝜏𝑑) = 𝑆𝑖𝑛,𝐶𝑂𝐷, 𝑘 = 1, … , 𝑛    (3.6) 

where 𝜏 represents the duration of each cycle, 𝜏𝑑 represents the duration of the first reaction period 

until the COD injection occurs, 𝑛 is the number of cycles which varies with respect to different 

retention times, 𝑆𝑖𝑛,𝐶𝑂𝐷 is the concentration of COD that must be reached in the reactor at that time.  

3.3.1 PROCESS RATES  

The reaction terms in equations (3.1) and (3.2) have been formulated as Monod kinetics and their 

expressions are reported in table 3.S.4 in the supplementary material. According to Kostrytsia et 

al. (2018) [4], elemental sulfur is not directly oxidized, but an hydrolysis step is taken into account 

to model its conversion to bioavailable sulfur. This conversion is modelled through a nonlinear 

reaction term, which depends on the concentration of the hydrolyzing biomass, the amount of 

available elemental sulfur and its mass specific area. Autotrophic denitrification takes place in two 

sequential steps: a first step from nitrate to nitrite and then from nitrite to molecular nitrogen. As 

the same biomass carries out both denitrification steps, a fractional term was introduced. According 

to Huiliñir et al. (2020) [26], the inhibition term regarding nitrite accumulation has not been 

considered. To take into account that the same biomass cannot work simultaneously on different 

substrates, fractional terms were added with respect to a classic Monod kinetics for the 

heterotrophic species growing on different carbon sources and nitrogen compounds. Due to the 

lack of experimental measurements of the specific EPS production from the different microbial 

family involved in the model, the same hydrolysis constant for the EPS produced was used [8]. 
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Since no specific values are available regarding the use of BAP and UAP as organic substrates by 

SRB, the same reducing growth factor of HD on BAP and UAP was considered. 

3.4 NUMERICAL SIMULATIONS  

The initial amount of sulfur was set to 21 g/L (Table 3.2) for each simulation. Consequently, for 

all the conditions investigated the final simulation time was set to 300 days, which is the evaluated 

time needed to achieve the complete solubilization of the initial elemental sulfur. 

The simulations were carried out for three different scenarios depending on the duration of each 

SBR cycle and on the time of COD injection. Scenario I simulated the occurrence of the three main 

processes in the SBR in the absence of external COD and was used as reference. Scenario II was 

characterized by the injection of an amount of COD (380 mg/l) corresponding to the stoichiometric 

value needed to achieve a complete sulfate reduction [27]. In Scenario III, the COD was supplied 

in excess (i.e. 500 mg/l) to the stoichiometric value. For all scenarios, three different SBR cycle 

durations 𝜏 of 10, 15 and 20 days were investigated. The time of COD injection 𝜏𝑑 after the start 

of each cycle was varied depending on the duration of the cycle. The summary of all simulation 

parameters is shown in Tables 3.1 and 3.2. 

Table 3. 1 Resume of the simulations performed. The duration of each cycle and the time of COD injection 

are reported. The simulations in the presence of added COD were performed with both a stoichiometric 

COD amount and an excess of COD with respect to the complete sulfate reduction requirements. 

Scenario  COD Durations of the 

cycles 𝝉 (days) 

Period after the injection of 

COD occurs 

Scenario I Absent  10-15-20 Not present  

Scenario II Stoichiometric and in excess with 

respect to the complete sulfate 

reduction  

10-15-20 5-8-10-15 

The initial data for each simulation are reported below: 

Table 3. 2 Initial data for all the simulations performed. 

𝑿𝑯𝒀𝑫 (mg/l) 𝑿𝑨𝑼𝑻 

(mg/l) 

𝑿𝑺𝑻𝑶𝑩 (mg/l) 𝑿𝑬𝑷𝑺 

(mg/l) 

𝑿𝑯𝑫  

(mg/l) 

𝑿𝑺𝑹𝑩 (mg/l) 𝑿𝑰  

(mg/l) 

500 1100 0 0 0.1 0.1 0 

 

 𝑺𝑺𝟎
 

(mg/l) 

 𝑺𝑺𝒃
 

(mg/l) 

 𝑺𝑵𝑶𝟑
− 

(mg/l) 

 𝑺𝑵𝑶𝟐
− 

(mg/l) 

 𝑺𝑵𝟐
 

(mg/l) 

 𝑺𝑺𝑶𝟒
𝟐− 

(mg/l) 

 𝑺𝑼𝑨𝑷  
(mg/l) 

 𝑺𝑩𝑨𝑷 

(mg/l) 

 𝑺𝑪𝑶𝑫 

(mg/l) 

21’000 0 210 0 0 0 0 0 0 
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The initial concentration of both 𝑿𝑺𝑹𝑩 and 𝑿𝑯𝑫 was assumed to be considerably lower than that of 

autotrophic biomass, in order to better study their natural growth in an original autotrophic-

dominated consortium. 

3.5 RESULTS AND DISCUSSION  

3.5.1 SCENARIO I - NO COD INJECTION 

The numerical studies in Scenario I without any external COD supplementation were conducted to 

elucidate the effect of SMP production on the competition among the different microbial families 

and to serve as a reference to better highlight the effect of COD addition studied in the other two 

scenarios. Fig. 3.3 shows the evolution of nitrate, nitrite and sulfate concentrations during SdAD 

with three different values of SBR cycle duration 𝜏. 

 

Fig. 3. 3 Autotrophic denitrification performances in terms of nitrate removal (solid blue), nitrite 

evolution (dashed blue) and sulfate production (solid red) with three different SBR cycle durations, 𝜏 =10 

(A), 15 (B) and 20 (C) days, in the absence of external COD addition. 

It is possible to observe that an increase of 𝜏 leads to an increase of the nitrate removal efficiency, 

which results in a higher sulfate production. When 𝜏 is set at 15 days, the nitrate removal efficiency 

is close to 100% in the latest cycles (n>14) and nitrite concentration approaches to zero after being 
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accumulated up to approximately 50 mg/l. Conversely, the nitrate removal efficiency approaches 

to 100% only after 4 cycles when a duration of the cycle 𝜏 of 20 days was used. According to 

Kostrytsia et al. (2018) [4], shorter retention times lead to a not complete process. Indeed, a higher 

NO2
- concentration is evident when the duration of the cycle is 10 days, which results in an 

incomplete denitrification process.  

 

Fig. 3. 4 Evolution of the concentration (in mg COD/l) of autotrophs (blue line), heterotrophic denitrifiers 

(red line) and sulfate reducing bacteria (green line) overtime for three different durations of the SBR cycle 

(𝜏=10, 15 and 20 days) in the absence of external COD. 

 

The autotrophic biomass concentration increases in the reactor overtime for all the SBR cycle 

durations. In particular, the highest concentration of autotrophic biomass up to approximately 2200 

mg COD/L is obtained when 𝜏 is 10 days (Fig. 3. 4A). The higher biomass concentration at 𝜏=10 

d is an indicator of the higher biomass activity, which was likely stimulated by the more frequent 

replacement of the influent solution. Moreover, comparing Fig. 3.3A and Fig. 3.4A it can be 

noticed that the increase of the concentration of autotrophic denitrifiers over time leads to a higher 

N-based compounds removal, which however requires longer reaction times to be completed. 

Regarding the two heterotrophic families, the results suggest that HD are less resistant than SRB 

for the whole cycle duration, with the latter being more capable to survive in the absence of external 
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carbon source (Fig. 3.4) as high sulfate concentrations are present. In the absence of SRB (data not 

shown), HD are able to growth on the organic carbon deriving from the microbial activities, as 

experimentally demonstrated by Wang et al. (2016) [3] 

The increase of the biomass activities over time reported in Fig. 3.4 results in an increased SMP 

production, as shown in Fig. 3.5. The highest EPS concentration is obtained at the shortest cycle 

duration and reaches approximately 3.65 mg/l (Fig. 3.5A) at the end of the simulation period. 

However, comparing the simulations carried out with the three different 𝜏 values, it is possible to 

observe that the production of both BAP and UAP is higher at longer 𝜏. The increase of the BAP 

production over time is due to both EPS hydrolyzation and the decay of the microbial families, 

with the latter being higher for longer cycle durations. Furthermore, the consumption of BAP and 

UAP is higher in the case of longer cycles as well. 

 

Fig. 3. 5 SMP production and concentration of heterotrophic families (i.e. HD and SRB) overtime with no 

external source of COD for three different values of 𝜏 =10 days (A), 15 days (B), 20 days (C). The solid 

dark blue line represents the heterotrophic denitrifiers (HD), while the solid green line indicates the 

sulfate-reducing bacteria (SRB). The solid red line indicates the EPS, which leads to the production of 

BAP (red dashed line) after hydrolysis. The solid light blue line represents the UAP. 

Fig. 3.5 also shows that the denitrifying heterotrophic biomass is not able to grow on BAP and 

UAP and is outcompeted by both AUT and SRB, with the latter growing on the sulfate produced 
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during SdAD. SRB are likely able to grow on UAP and responsible for their degradation, 

confirming what was previously observed in experimental studies when SMP were used as electron 

donor for sulfate reduction under famine conditions [7], [13]. 

3.5.2 SCENARIO II - COD INJECTION 

3.5.2.1 Evolution of nitrate, nitrite and sulfate at different COD amounts and injection times 

 

Fig. 3.6 shows the effect of adding an external COD source on the three processes investigated at 

different 𝜏 and 𝜏𝑑 values. In each case, the system reaches a pseudo steady state after approximately 

4-5 cycles and the effects of the injection, whether in excess or stoichiometric, are positive for 

nitrate and sulfate removal. 
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Fig. 3. 6 Nitrate removal (solid blue), nitrite evolution (dashed blue), sulfate production and consumption 

(solid red) in four different cases: A (𝜏 = 10 days an injection of stoichiometric COD at 𝜏𝑑= 8 days), B (𝜏 

= 10 days an injection in excess of COD at 𝜏𝑑= 8 days), C (𝜏 =15 days an injection of stoichiometric 

COD at 𝜏𝑑= 5 days), D (𝜏 =15 days an injection of stoichiometric COD at 𝜏𝑑= 10 days) , E( 𝜏 = 20 days 

an injection of stoichiometric COD at 𝜏𝑑= 15 days).  
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Fig. 3.6C and 3.6D highlight that the time of COD injection mainly affects the production and 

consumption of sulfate. Indeed, when COD is added prior to the complete nitrate removal by 

autotrophs, the growth of HD is favored due to their higher growth rate. From Fig. 3.6C it can be 

noticed that nitrate and nitrite (previously produced by SdAD) are quickly removed by heterotrophs 

when the addition of COD occurs on day 5, as shown by the change of the slope in nitrate evolution. 

A lower 𝜏𝑑  leads to a lower sulfate production since nitrate reduction is mainly performed by HD 

in the presence of external COD. A direct consequence of the consumption of the COD by the HD 

is the uncomplete sulfate reduction. It can be observed (Fig. 3.6C) that lower values of 𝜏𝑑 lead to 

a temporary increase of the sulfate concentrations when a stoichiometric amount of COD is added, 

since SRB are outcompeted by HD for the COD consumption. In both cases (Fig. 3.6C and 3.6D) 

the sulfate concentration attains very low values at the end of the SBR cycle after the attainment 

of the pseudo steady state. For longer 𝜏 (Fig 3.6E), a higher percentage of nitrate is removed 

through autotrophic denitrification favoring sulfate production (3.6A and 3.6C).  

For shorter SBR cycles (𝜏 = 10 days), the addition of a higher amount of COD, with respect to the 

stoichiometric quantities (Fig. 3.6A), is required (Fig. 3.6B) to obtain a similar performance 

efficiency in terms of nitrate removal and sulfate reduction. The excess of COD added is mainly 

used by HD, leading to a reduction of the time needed to obtain a complete denitrification and a 

lower sulfate production, as reported experimentally by Sahinkaya et al. (2014). Furthermore, the 

addition of an external carbon source was observed to enhance heterotrophic denitrification 

resulting in a lower nitrite accumulation. Nitrite has been reported to negatively affect autotrophic 

denitrifiers [14], [28], [29]. The marginal presence of nitrite in the SBR here investigated justifies 

the choice of not considering any inhibition term on autotrophic denitrifiers due to nitrite in this 

model [30]. 

It must be also reported that the simultaneous activity of autotrophic and heterotrophic denitrifying 

families was experimentally observed to decrease N2O accumulation and emission [31], which 

was, however, not evaluated in the present model. Previous studies also demonstrated that the 

addition of organic substances have a good influence on pH that makes the typical addition of 

limestone during SdAD unnecessary [15]. 
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With respect to the previous works, the time of COD injection was here investigated for the first 

time, as the addition of external carbon has only been considered at the beginning of the process in 

other studies [31], [32]. The variation of 𝜏𝑑 has a strong influence on the whole process (Fig. 3.6). 

For 𝜏𝑑 > 𝜏/2, autotrophic denitrification prevails over heterotrophic denitrification resulting in 

lower treatment costs and sludge production. Conversely, for 𝜏𝑑 < 𝜏/2 , in particular for the 

shortest duration cycle (𝜏 =15d) the removal efficiency of nitrate and sulfate decreases if is not 

injected an excess quantity of COD. In addition, the choice of a proper time of COD addition can 

result in positive economic consequences as, for instance, a lower amount of COD can be 

supplemented to obtain optimal effluent nitrate, nitrite and sulfate concentrations. Furthermore, 

sulfate reduction enhanced by COD addition leads not only to the absence of sulfate in the effluent, 

but also to the possibility to reuse and consequently reduce the total sulfur used in the process. 

Indeed, based on the model assumption, the reduced sulfate is converted in sulfide that can be used 

by the autotrophic species [17], [30]. 

3.5.2.2 Competition between microbial families  

 

The results obtained in terms of removal efficiency of nitrogenous compounds and sulfate are 

reflected in the growth trend of the microbial families involved in the process. The results in terms 

of HD, AUT and SRB concentrations are reported in Fig. 3.7 for different 𝜏𝑑 values and a 

stoichiometric COD addition. 
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Fig. 3. 7 Time evolution of heterotrophic species (SRB and HD) concentrations and autotrophic biomass 

concentration for an SBR cycle duration of 20 days with no COD (. -) and stoichiometric COD injection at 

three different 𝜏𝑑  of 5(---), 10(-) and 15(…) days. 

Despite an initial increase of HD observed for all 𝜏𝑑 values (Fig. 3.7A) during the first SBR cycles, 

the lowest value of 𝜏𝑑 led to the highest concentration of HD, which remained lower than the SRB 

concentration. The growth of autotrophic denitrifiers is mainly observed after the first three SBR 

cycles leading to a higher sulfate production coupled to a higher SRB growth. Thus, the value of 

𝜏𝑑 has a strong influence on the evolution of the concentration of the three microbial families (Fig. 

3.7). An increase of 𝜏𝑑 results in a longer first reaction period where the main process is SdAD, 

while a lower 𝜏𝑑 leads to an increase of the HD growth. This is enhanced by the higher nitrate and 

nitrite concentrations available (Fig. 3.6C). At the same time, a longer 𝜏𝑑 leads to a higher sulfate 

accumulation (Fig. 3.6E and 3.6D), which stimulates the growth of SRB. Moreover, the growth of 

the heterotrophic biomasses (both HD and SRB) is higher when a higher COD amount is provided 

at lower 𝜏𝑑 values, as it is possible to observe by the fast consumption of sulfate and nitrate in Fig. 

3.6C and Fig. 3.6B. The 𝜏𝑑 variation affects the two different reaction phases and has an impact on 

the competition between the different microbial families involved except for HYD (data not 

shown), whose growth only depends on the initial concentration of both biomass and elemental 

sulfur. 
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The results obtained with this model in terms of microbial families profiles are consistent with 

those achieved experimentally, which show that the heterotrophic denitrifying bacteria never 

prevail over autotrophic denitrifiers when a proper acclimatation of autotrophs on elemental sulfur 

is performed [4]. Indeed, the prevalent microbial family is represented by the autotrophic 

denitrifiers in each simulated scenario (Fig. 3.7). As discussed before, heterotrophic denitrification 

is faster than SdAD, but the two processes do not significantly affect each other [15], [32]. 

3.5.2.3 SMP evolution 

The simultaneous presence of different active microbial families leads to an increased SMP 

production compared to that obtained when only autotrophic denitrifiers are the main bacteria 

involved (Fig. 3.5). In particular, the higher concentration of heterotrophic families, both HD and 

SRB, in the presence of external COD implies higher EPS, BAP and UAP concentrations (Fig. 

3.8).

 

Fig. 3.8 SMP production and concentration of heterotrophic families (i.e. HD and SRB) overtime in two 

different cases: A) excess COD at 𝜏𝑑= 8 days and 𝜏 = 10 days; B) stoichiometric COD at 𝜏𝑑= 15 days 

and 𝜏 = 20 days. The solid dark blue line represents the heterotrophic denitrifiers (HD), while the solid 

green line indicates the sulfate-reducing bacteria (SRB). The solid red line indicates the EPS, which 

allows the production of BAP (red dashed line) after hydrolysis. The solid light blue line represents the 

UAP. 
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The highest SMP concentrations are obtained in the presence of a COD injection in excess to the 

theoretical value required for complete sulfate reduction (Fig. 3.8A). Moreover, as it possible to 

observe from Fig. 3.6B (excess COD at 𝜏𝑑= 8 days, 𝜏 = 10 days,) and 3.6E (stoichiometric COD 

at 𝜏𝑑= 15 days, 𝜏 = 20 days), the nitrate and sulfate removal efficiencies follow a similar trend in 

both simulations, but the different SMP amounts produced (Fig. 3.8) is the result of the different 

families involved in the two cases. When the denitrification is mostly conducted by autotrophs (Fig 

3.6E), as indicated by the higher sulfate production and the lower HD concentration, lower SMP 

amounts are produced (Fig. 3.8B). This is because the activity of heterotrophs result in a higher 

SMP production rate. 

The evaluation of the SMP associated with the growth of the microbial families could be also used 

to control and prevent the undesirable COD production, which is normally considered as a 

secondary pollution in the effluent [14]. With respect to the case without COD addition (Fig. 3.5), 

the injection of a stoichiometric COD amount promotes the growth of both heterotrophic families 

(i.e. SRB and HD) and consequently the production of UAP and EPS (Fig. 3.9). About the 

formation and use of SMP, UAP and BAP, this is higher in the cases of short cycle durations and 

low 𝜏𝑑, since the growth of HD is enhanced by the excess COD concentration (Fig 3.8A). This 

observation is in line with experimental evidences from Tian et al. (2011) [33], who evaluated the 

concentration of SMP produced during the simultaneous growth of heterotrophs and autotrophs 

where a higher heterotrophic growth was associated with a higher SMP production. 
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Fig. 3. 9 SMP production and concentration of heterotrophic families (i.e. HD and SRB) overtime 

increasing 𝜏𝑑 from 5 (A) to 8 (B) and 10 days (C) with an injection of stoichiometric COD. The solid dark 

blue line represents the heterotrophic denitrifiers (HD), while the solid green line indicates the sulfate-

reducing bacteria (SRB). The solid red line indicates the EPS, which allows the production of BAP (red 

dashed line) after hydrolysis. The solid light blue line represents the UAP. 

 

3.6 CONCLUSION 

In this work, we presented a model investigating the dynamics of SdAD as the main process 

occurring in the presence of elemental sulfur as inorganic electron donor. The model also takes 

into account the growth of two heterotrophic families, i.e. HD and SRB, naturally growing in 

sulfur-governed autotrophic systems. Numerical simulations investigated to which extent the 

heterotrophic denitrification and sulfate reduction, promoted by COD addition and SMP 

production, affect autotrophic denitrification performance. We observed that the growth of the two 

heterotrophic families these two microbial families is favored by SMP production and mainly COD 

when an external carbon source is provided. The results obtained are in line with the intended 

objectives: (I) the concentration of sulfate in the effluent is lower in the scenarios where the COD 

injection occurs, even for low values of 𝜏𝑑; (II) the simultaneous activity of both heterotrophic 
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biomasses leads to a better performance of the process; (III) SRB can also grow also in the absence 

of an external carbon addition. 

The model reproduces with a good approximation the experimental observations in terms of 

microbial families and process performance, representing a tool capable of responding to different 

needs that are mainly represented by: 

• nitrate, nitrite and sulfate effluent concentrations; 

• the simultaneous growth of three different microbial families; 

• the competition between the two heterotrophic families involved; 

• the effects of SMP on the heterotrophic growth; 

• the influence of the reaction period; 

• the influence of COD addition on the efficiency of SdAD, heterotrophic denitrification 

and sulfate reduction. 

Future work will be necessary to calibrate and validate the model experimentally.  
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3.S.1 KINETIC AND STOICHIOMETRIC REALTION  
Table 3.S. 1 Matrix for the stoichiometric values referred to biomasses. 

REACTION TYPE 𝑿𝑯𝑰𝑫 𝑿𝑨𝑼𝑻 𝑿𝑺𝑻𝑶𝑩 𝑿𝐄𝐏𝐒 𝑿𝑯𝑫 𝑿𝐒𝐑𝐁 𝑿𝐈 

𝟏. 𝐇𝐲𝐝𝐫𝐨𝐥𝐲𝐬𝐢𝐬 𝐨𝐟 𝐒𝟎        

𝟐. 𝐀𝐮𝐭𝐨𝐭𝐫𝐨𝐩𝐡𝐢𝐜 𝐝𝐞𝐧𝐢𝐭𝐫𝐢𝐟𝐢𝐜𝐚𝐭𝐢𝐨𝐧 

𝐍𝐎𝟑
− →  𝐍𝐎𝟐

− 

 1 − fEPS,AUT − fUAP,AUT  fEPS,AUT    

𝟑. 𝐀𝐮𝐭𝐨𝐭𝐫𝐨𝐩𝐡𝐢𝐜 𝐝𝐞𝐧𝐢𝐭𝐫𝐢𝐟𝐢𝐜𝐚𝐭𝐢𝐨𝐧 

𝐍𝐎𝟐
−  → 𝐍𝟐  

 1 − fEPS,AUT − fUAP,AUT  fEPS,AUT    

𝟒. 𝐃𝐞𝐜𝐚𝐲 𝐗𝐇𝐈𝐃  −1  1 − fI    fI 

𝟓. 𝐃𝐞𝐜𝐚𝐲 𝐗𝐀𝐔𝐓  −1 1 − fI

− fBAP 

   fI 

𝟔. 𝐇𝐲𝐝𝐫𝐨𝐥𝐲𝐬𝐢𝐬 of  𝐗𝐒𝐓𝐎𝐁   −1     

𝟕. 𝐑𝐞𝐥𝐞𝐚𝐬𝐞 𝐨𝐟 𝐗𝐄𝐏𝐒    −1    

𝟖. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐂𝐎𝐃 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐    kEPS

yH,COD

 1 −
kUAP

yH,COD

−
kEPS

yH,COD

 
  

𝟗. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐂𝐎𝐃 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑    kEPS

yH,COD

 1 −
kUAP

yH,COD

−
kEPS

yH,COD

 
  

𝟏𝟎. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐔𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐     1   

𝟏𝟏. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐔𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑     1   

𝟏𝟐. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐁𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐     1   

𝟏𝟑. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐁𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑     1   

𝟏𝟒. 𝐃𝐞𝐜𝐚𝐲 𝐨𝐟 𝐗𝐇𝐃    1 − fI

− fBAP 

 −1  fI 

𝟏𝟓. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁  𝐨𝐧 𝐒𝐂𝐎𝐃    fEPS,SRB  1 − fEPS,SRB

− fUAP,SRB 

 

𝟏𝟔. 𝐃𝐞𝐜𝐚𝐲 𝐨𝐟 𝐗𝐒𝐑𝐁   1 − fI

− fBAP 

  −1 fI 

𝟏𝟕. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁 𝐨𝐧  𝐒𝐔𝐀𝐏      1  

𝟏𝟖. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁  𝐨𝐧  𝐒𝐁𝐀𝐏      1  
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Table 3.S. 2 Matrix for the stoichiometric values referred to Substrates.  

REACTION TYPE  𝑺𝑺𝟎
  𝑺𝑺𝒃

  𝑺𝑵𝑶𝟑
−  𝑺𝑵𝑶𝟐

−  𝑺𝐍𝟐
  𝑺𝑺𝑶𝟒

𝟐−  𝑺𝑼𝑨𝑷  𝑺𝑩𝑨𝑷  𝑺𝐂𝐎𝐃 

𝟏. 𝐇𝐲𝐝𝐫𝐨𝐥𝐲𝐬𝐢𝐬 𝐨𝐟 𝐒𝟎 −1 1        

𝟐. 𝐀𝐮𝐭𝐨𝐭𝐫𝐨𝐩𝐡𝐢𝐜 𝐝𝐞𝐧𝐢𝐭𝐫𝐢𝐟𝐢𝐜𝐚𝐭𝐢𝐨𝐧 

𝐍𝐎𝟑
− →  𝐍𝐎𝟐

− 

 
−

b1

yAUT,NO3
−

 −
1

yAUT,NO3
−

 
1

yAUT,NO3
−

 
 b1

yAUT,NO3
−

 
fUAP,AUT   

𝟑. 𝐀𝐮𝐭𝐨𝐭𝐫𝐨𝐩𝐡𝐢𝐜 𝐝𝐞𝐧𝐢𝐭𝐫𝐢𝐟𝐢𝐜𝐚𝐭𝐢𝐨𝐧 

𝐍𝐎𝟐
−  → 𝐍𝟐 

 
−

b2

yAUT,NO2
−

 
 

−
1

yAUT,NO2
−

 
1

yAUT,NO2
−

 
b2

yAUT,NO2
−

 
fUAP,AUT   

𝟒. 𝐃𝐞𝐜𝐚𝐲 𝐗𝐇𝐈𝐃        fBAP  

𝟓. 𝐃𝐞𝐜𝐚𝐲 𝐗𝐀𝐔𝐓        fBAP  

𝟔. 𝐇𝐲𝐝𝐫𝐨𝐥𝐲𝐬𝐢𝐬 of  𝐗𝐒𝐓𝐎𝐁         1 

𝟕. 𝐑𝐞𝐥𝐞𝐚𝐬𝐞 𝐨𝐟 𝐗𝐄𝐏𝐒        1  

𝟖. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐂𝐎𝐃 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐    
−

(1 − yH,COD)(1 − kUAP − kEPS)

1,71yH,COD
 

(1 − yH,COD)(1 − kUAP − kEPS)

1,71yH,COD
 

 kUAP

yH,COD
 

 
−

1

yH,COD
 

𝟗. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐂𝐎𝐃 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑   
−

(1 − yH,COD)(1 − kUAP − kEPS)

2,86yH,COD
 

 (1 − yH,COD)(1 − kUAP − kEPS)

2,86yH,COD
 

 kUAP

yH,COD
 

 
−

1

yH,COD
 

𝟏𝟎. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐔𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐    
−

(1 − yH,UAP)

1,71yH,UAP
 

(1 − yH,UAP)

1,71yH,UAP
 

 
−

1

yH,UAP
 

  

𝟏𝟏. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐔𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑   
−

(1 − yH,UAP)

2,86yH,UAP
 

 (1 − yH,UAP)

2,86yH,UAP
 

 
−

1

yH,UAP
 

  

𝟏𝟐. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐁𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐    
−

(1 − yH,BAP)

1,71yH,BAP
 

(1 − yH,BAP)

1,71yH,BAP
 

  
−

1

yH−BAP
 

 

𝟏𝟑. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐃 𝐨𝐧 𝐒𝐁𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑   
−

(1 − yH,BAP)

2,86yH,BAP
 

 (1 − yH,BAP)

2,86yH,BAP
 

  
−

1

yH−BAP
 

 

𝟏𝟒. 𝐃𝐞𝐜𝐚𝐲 𝐨𝐟 𝐗𝐇𝐃        fBAP  

𝟏𝟓. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁 𝐨𝐧 𝐒𝐂𝐎𝐃  1

2
(

1 − ySRB

ySRB
) 

   
−

1

2
(

1 − ySRB

ySRB
) 

fUAP,SRB  
−

1

ySRB
 

𝟏𝟔. 𝐃𝐞𝐜𝐚𝐲 𝐨𝐟 𝐗𝐒𝐑𝐁        fBAP  

𝟏𝟕. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁 𝐨𝐧  𝐒𝐔𝐀𝐏  1

2
(

1 − ySRB

ySRB
) 

   
−

1

2
(

1 − ySRB

ySRB
) −

1

ySRB
 

  

𝟏𝟖. 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁 𝐨𝐧  𝐒𝐁𝐀𝐏  1

2
(

1 − ySRB

ySRB
) 

   
−

1

2
(

1 − ySRB

ySRB
) 

 −ySRB  
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Table 3.S. 3  Stoichiometric constant values.  

 Description  Value  Unit  Source 

𝒇𝑬𝑷𝑺,𝑨𝑼𝑻 Fraction of XEPS  for XAUTbiomass growth 0.09 mg COD/mg N [1] 

𝒇𝑼𝑨𝑷,𝑨𝑼𝑻 Fraction of  SUAP forXAUT biomass growth 0.14 mg COD/mg N [1] 

𝒇𝑩𝑨𝑷 Fraction of  SBAP for biomass growth 0.0215 mg COD/mg COD [2] 
𝒇𝑰 Fraction of XI in biomass decay 0.08 mg COD/mg COD [3] 

𝒌𝑬𝑷𝑺 Yield coefficient for XEPS  for XHD 0.14 mg COD/mg COD [4] 
𝒌𝑼𝑨𝑷 Yield coefficient for  SUAP  for XHD 0.09 mg COD/mg COD [4] 

𝒃𝟏  SSb
 to  SNO3

−  stoichiometric ratio 1.2 mg S/ mg N [5] 

𝒃𝟐  SSb
 to  SNO2

−  stoichiometric ratio 0.55 mg S/ mg N [5] 

𝒚𝑨𝑼𝑻,𝑵𝑶𝟑
−  Yield coefficient for XAUT on  SNO3

−  0.37 mg COD/mg N [6] 

𝒚𝑨𝑼𝑻,𝑵𝑶𝟐
−  Yield coefficient for XAUT on  SNO2

−  0.414 mg COD/mg N [6] 

𝒇𝑬𝑷𝑺,𝑺𝑹𝑩 Fraction of XEPS  for XSRB biomass growth 0.9 mg COD/mg COD assumed 

𝒇𝑼𝑨𝑷,𝑺𝑹𝑩 Fraction of  SUAP for XSRB biomass growth 0.14 mg COD/mg COD assumed 

𝒚𝑯,𝑪𝑶𝑫 Yield coefficient for XHD on  SCOD 0.34 mg COD/mg COD [4] 

𝒚𝑯,𝑼𝑨𝑷 Yield coefficient for XHD on   SUAP 0.45 mg COD/mg COD [4] 

𝒚𝑯,𝑩𝑨𝑷 Yield coefficient for XHD on   SBAP 0.45 mg COD/mg COD [4] 

𝒚𝑺𝑹𝑩 Yield coefficient for XSRB 0.0568 mg COD/mg COD [7] 
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Table 3.S. 4 Reaction terms.  

j- process  Process rate (𝝆𝒋) 

1 Hydrolysis of elemental sulfur 
S0  →  Sbio 

𝐾0 ⋅ 𝑘1

 𝑆𝑆0

𝜅1

𝑎∗ +  𝑆𝑆0

𝑋𝐻𝐼𝐷 

2 Autotrophic denitrification 
NO3

− →  NO2
− 𝜇𝑆𝑏,𝑁𝑂3

−
𝑚𝑎𝑥

𝑆𝑆𝑏

𝑘𝐴𝑈𝑇,𝑆𝑏
+ 𝑆𝑁𝑂2

−
⋅

𝑆𝑁𝑂3
−

𝑘𝐴𝑈𝑇,𝑁𝑂3
− + 𝑆𝑁𝑂3

−
⋅

𝑆𝑁𝑂3
−

𝑆𝑁𝑂3
− + 𝑆𝑁𝑂2

−
⋅ 𝑋𝐴𝑈𝑇  

3 Autotrophic denitrification 
NO2

−  → N2 𝜇𝑆𝑏,𝑁𝑂2
−

𝑚𝑎𝑥
𝑆𝑆𝑏

𝑘𝐴𝑈𝑇,𝑆𝑏
+ 𝑆𝑆𝑏

⋅
𝑆𝑁𝑂2

−

𝑘𝐴𝑈𝑇,𝑁𝑂2
− + 𝑆𝑁𝑂2

−
⋅

𝑆𝑁𝑂2
−

𝑆𝑁𝑂3
− + 𝑆𝑁𝑂2

−
⋅ 𝑋𝐴𝑈𝑇  

4 Decay of HYD 𝑘𝑑,𝐻𝐼𝐷 ⋅ 𝑋𝐻𝐼𝐷  
5 Decay of AUT 𝑘𝑑,𝐴𝑈𝑇 ⋅ 𝑋𝐴𝑈𝑇  
6 Hydrolysis of organic carbon  

XSTO  →  SCOD 
𝑘𝐻𝐼𝐷,𝑆𝑇𝑂𝐵 ⋅

𝑋𝑆𝑇𝑂 ∕ 𝑋𝐻𝐷

𝑘𝑆𝑇𝑂𝐵,𝐶𝑂𝐷 + 𝑋𝑆𝑇𝑂 ∕ 𝑋𝐻𝐷

𝑋𝐻𝐷 

7 Release of EPS 
XEPS  →  SBAP 

𝐾𝐻𝐼𝐷,𝐸𝑃𝑆 ⋅ 𝑋𝐸𝑃𝑆  

8 Growth of XHD on SS and SNO2 
𝜇𝐻𝐷,𝐶𝑂𝐷 ⋅ 𝜂𝑜𝑥 ⋅

𝑆𝐶𝑂𝐷

𝑘𝐶𝑂𝐷,𝐻𝐷 + 𝑆𝐶𝑂𝐷

⋅
𝑆𝑁𝑂2

−

𝑘𝑁𝑂2

𝐻𝐷 + 𝑆𝑁𝑂2
−

⋅
𝑆𝑁𝑂2

−

𝑆𝑁𝑂2
− + 𝑆𝑁𝑂3

−
⋅

𝑆𝐶𝑂𝐷

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝐻𝐷 

9 Growth of XHD on SS and SNO3 
𝜇𝐻𝐷,𝐶𝑂𝐷 ⋅ 𝜂𝑜𝑥 ⋅

𝑆𝐶𝑂𝐷

𝑘𝐶𝑂𝐷,𝐻𝐷 + 𝑆𝐶𝑂𝐷

⋅
𝑆𝑁𝑂3

−

𝑘𝑁𝑂3

𝐻𝐷 + 𝑆𝑁𝑂3
−

⋅
𝑆𝑁𝑂3

−

𝑆𝑁𝑂2
− + 𝑆𝑁𝑂3

−
⋅

𝑆𝐶𝑂𝐷

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝐻𝐷 

10 Growth of XHD on SUAP and SNO2 
𝜇𝐻𝐷,𝑈𝐴𝑃 ⋅ 𝜂𝑂𝑋 ⋅

𝑆𝑈𝐴𝑃

𝑘𝑈𝐴𝑃 + 𝑆𝑈𝐴𝑃

⋅
𝑆𝑁𝑂2

−

𝑘𝑁𝑂2

𝐻𝐷 + 𝑆𝑁𝑂2
−

⋅
𝑆𝑁𝑂2

−

𝑆𝑁𝑂2
− + 𝑆𝑁𝑂3

−
⋅

𝑆𝑈𝐴𝑃

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 +  𝑆𝐶𝑂𝐷

⋅ 𝑋𝐻𝐷 

11 Growth of XHD on SUAP and SNO3 
𝜇𝐻𝐷,𝑈𝐴𝑃 ⋅ 𝜂𝑂𝑋 ⋅

𝑆𝑈𝐴𝑃

𝑘𝑈𝐴𝑃 + 𝑆𝑈𝐴𝑃

⋅
𝑆𝑁𝑂3

−

𝑘𝑁𝑂3

𝐻𝐷 + 𝑆𝑁𝑂3
−

⋅
𝑆𝑁𝑂3

−

𝑆𝑁𝑂2
− + 𝑆𝑁𝑂3

−
⋅

𝑆𝑈𝐴𝑃

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝐻𝐷 

12 Growth of XHD on SBAP and SNO2 
𝜇𝐻𝐷,𝐵𝐴𝑃 ⋅ 𝜂𝑂𝑋 ⋅

𝑆𝐵𝐴𝑃

𝑘𝐵𝐴𝑃 + 𝑆𝐵𝐴𝑃

⋅
 𝑆𝑁𝑂2

−

𝑘𝑁𝑂2

𝐻𝐷 +  𝑆𝑁𝑂2
−

⋅
 𝑆𝑁𝑂2

−

𝑆𝑁𝑂2
− +  𝑆𝑁𝑂3

−
⋅

𝑆𝐵𝐴𝑃

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝐻𝐷 

13 Growth of XHD on SBAP and SNO3 
𝜇𝐻𝐷,𝐵𝐴𝑃 ⋅ 𝜂𝑂𝑋 ⋅

𝑆𝐵𝐴𝑃

𝑘𝐵𝐴𝑃 + 𝑆𝐵𝐴𝑃

⋅
𝑆𝑁𝑂3

−

𝑘𝑁𝑂3

𝐻𝐷 + 𝑆𝑁𝑂3
−

⋅
𝑆𝑁𝑂3

−

𝑆𝑁𝑂2
− + 𝑆𝑁𝑂3

−
⋅

𝑆𝐵𝐴𝑃

 𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝐻𝐷 

14 Decay of XHD 𝑘𝑑,𝐻𝐷 ⋅ 𝑋𝐻𝐷 
15 Growth of XSRB on SS 

𝜇𝑆𝑅𝐵 ⋅
𝑆𝐶𝑂𝐷

𝑘𝐶𝑂𝐷,𝑆𝑅𝐵 + 𝑆𝐶𝑂𝐷

⋅
𝑆𝑆𝑂4

2−

𝑘𝑆𝑅𝐵,𝑆𝑂4
+ 𝑆𝑆𝑂4

2−
⋅

𝑆𝐶𝑂𝐷

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝑆𝑅𝐵  

16 Growth of XSRB on UAP 
𝜇𝑆𝑅𝐵 ⋅

𝜇𝐻𝐷,𝑈𝐴𝑃

𝜇𝐻𝐷,𝐶𝑂𝐷

⋅
𝑆𝑈𝐴𝑃

𝑘𝐶𝑂𝐷,𝑆𝑅𝐵 + 𝑆𝑈𝐴𝑃

⋅
𝑆𝑆𝑂4

2−

𝑘𝑆𝑅𝐵,𝑆𝑂4
+ 𝑆𝑆𝑂4

2−
⋅

𝑆𝑈𝐴𝑃

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝑆𝑅𝐵  

17 Growth of XSRB on BAP 
𝜇𝑆𝑅𝐵 ⋅

𝜇𝐻𝐷,𝐵𝐴𝑃

𝜇𝐻𝐷,𝐶𝑂𝐷

⋅
𝑆𝐵𝐴𝑃

𝑘𝐶𝑂𝐷,𝑆𝑅𝐵 + 𝑆𝐵𝐴𝑃

⋅
𝑆𝑆𝑂4

2−

𝑘𝑆𝑅𝐵,𝑆𝑂4
+ 𝑆𝑆𝑂4

2−
⋅

𝑆𝐵𝐴𝑃

𝑆𝑈𝐴𝑃 + 𝑆𝐵𝐴𝑃 + 𝑆𝐶𝑂𝐷

⋅ 𝑋𝑆𝑅𝐵  

18 Decay of XSRB  𝑘𝑑,𝑆𝑅𝐵 ⋅ 𝑋𝑆𝑅𝐵  
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Table 3.S. 5 Kinetic constant values.  

 Description Value Unit Ref. 
𝑲𝟎 Efficiency growth coefficient for XHID 0.1 mg COD/ mg S [8] 

𝝁𝑺𝒃,𝑵𝑶𝟑
−

𝒎𝒂𝒙  Maximum growth rate for XAUT on SNO3
−  0.0067 d−1 [8] 

𝝁𝑺𝒃,𝑵𝑶𝟐
−

𝒎𝒂𝒙  Maximum growth rate for XAUT on SNO2
−  0.0058 d−1 [8] 

𝒌𝑨𝑼𝑻,𝑺𝒃
 Half-saturation constant for  SSb

 0.215 mg S/l [9] 

𝒌𝑨𝑼𝑻,𝑵𝑶𝟑
−  Half-saturation constant for SNO3

−  36 mg N/l [8] 

𝒌𝑨𝑼𝑻,𝑵𝑶𝟐
−  Half-saturation constant for  SNO3

−  40 mg N/l [6] 

𝒌𝟏 Hydrolysis kinetic constant 0.081 mg S/ mg COD ⋅d [8] 

𝜿𝟏 Volume specific half-saturation constant for  S
S0  5.1 1/dm [8] 

𝒂∗ Mass specific area 0.0008164 dm2/mg [8] 

𝒌𝒅,𝑯𝑰𝑫 Decay rate coefficient for XHYD 0.0006 d−1 [10] 

𝒌𝒅,𝑨𝑼𝑻 Decay rate coefficient for  XAUT 0.0006 d−1 [10] 

𝒌𝑯𝑰𝑫,𝑺𝑻𝑶𝑩 Hydrolysis rate constant 3 d−1 [11] 

𝒌𝑺𝑻𝑶𝑩,𝑪𝑶𝑫 Hydrolysis saturation constant 1 mg COD / mg COD [11] 

𝑲𝑯𝑰𝑫,𝑬𝑷𝑺 EPS hydrolysis rate coefficient 0.1704 d−1 [4] 
𝜼𝑶𝑿 Anoxic reduction factor 0.6  [11] 

𝝁𝑯𝑫,𝑪𝑶𝑫 Maximum growth rate of HD on COD 5.76 d−1 [12] 

𝝁𝑯𝑫,𝑼𝑨𝑷 Maximum growth rate of HD on UAP 1.272 d−1 [4] 

𝝁𝑯𝑫,𝑩𝑨𝑷 Maximum growth rate of HD on BAP 0.0696 d−1 [4] 

𝒌𝒅,𝑯𝑫 Death rate coefficient of HD 0.1992 d−1 [3] 

𝒌𝑵𝑶𝟐

𝑯𝑫  SNO2
−  affinity constant for HD 0.5 mg/l [3] 

𝒌𝑵𝑶𝟑

𝑯𝑫   SNO3
−  affinity constant for HD 0.5 mg/l [3] 

𝒌𝑪𝑶𝑫,𝑯𝑫 biomass affinity constant for COD 2 mg/l [3] 

𝒌𝑼𝑨𝑷 biomass affinity constant for UAP 100 mg/l [4] 
𝒌𝑩𝑨𝑷 biomass affinity constant for BAP 85 mg/l [4] 
𝝁𝑺𝑹𝑩 Maximum growth rate of SRB 0.55 d−1 [7] 

𝒌𝑪𝑶𝑫,𝑺𝑹𝑩 Half saturation value of SRB for COD 6 mg/l [7] 

𝒌𝑺𝑹𝑩,𝑺𝑶𝟒
 Half saturation value of SRB for  SSO4

2−  3.2 mg/l [13] 

𝒌𝒅,𝑺𝑹𝑩 Death rate coefficient of SRB 0.02 d−1 [14] 
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4.1 INTRODUCTION  
 

Due to its high solubility and frequent use in both industry and agriculture, nitrate is one of the 

most common pollutants in groundwater and wastewater, leading to serious health problems 

such as methemoglobinemia, heart diseases and other more if present at high concentrations 

[1]. In aquatic environments, nitrate is responsible for the growth of undesirable bacteria and 

algae, which promotes eutrophication and anoxia. As well known, the conventional biological 

process used for nitrate removal from waters is heterotrophic denitrification (HD), which often 

requires the support of external organic compounds when treating organic-deficient water 

streams [2]. However, the addition of external carbon source increases the overall costs of the 

process [3] besides a higher sludge production, which is a typical drawback of heterotrophic 

processes [4]. 

The most promising alternative to HD in terms of economic convenience is sulfur-driven 

autotrophic denitrification (SdAD). Autotrophic denitrifying bacteria use sulfur as electron 

donor, not requiring any external source of carbon. Furthermore, autotrophic bacterial families 

have a lower growth yield compared to heterotrophic families, thus the occurrence of residual 

organic pollution and the risk of high sludge production are reduced [5], [6]. Among all sulfur 

compounds to be used for SdAD, elemental sulfur leads to many operational advantages such 

as high cost effectiveness, low toxicity, easy transport and availability due to its widely use in 

other applications [3], [7], [8]. During SdAD, sulfur particles could be also used as support for 

the growth of a denitrifying biofilm, which allows the retention of high biomass concentrations 

in the reactors [5], [9], [10]. Different reactor configurations capable for maintaining SdAD 

have been proposed in literature, in the presence or absence of limestone, using both pure and 

mixed cultures [11]. 

From the earliest studies, it is made clear that, given the solid nature of elemental sulfur, it is 

necessary to account for the hydrolysis of sulfur to be effectively utilized by autotrophic 

denitrifiers (AUT) [10], [12]. The first mathematical model taking into account the biological 

solubilization of elemental sulfur was proposed by Kostrytsia et al. (2018) [10], and 

subsequently validated by Huiliñir et al. (2020) [13]. Both studies reported that the hydrolysis 

step is strongly affected by the sulfur particle size. Notwithstanding, although it has been shown 

that the preliminary solubilization step is the rate limiting of the whole process, this is not the 

single disadvantage of SdAD, which can entail a high effluent sulfate production. Indeed, 
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sulfate in high concentrations is considered a secondary pollutant and requires a further 

treatment step. 

A solution to prevent high effluent sulfate concentrations is to couple autotrophic denitrification 

with HD by adding organic carbon prior to or during the occurrence of the biological reactions. 

Previous studies showed that the addition of different forms of soluble chemical oxygen 

demand (COD), such as acetate and methanol, to the influent of a SdAD reactor mainly 

colonized by an autotrophic biomass is not detrimental the process [14]–[16]. Moreover, the 

addition of small amounts of external carbon also allows to maintain a stable alkalinity (usually 

guaranteed by the addition of limestone) and prevents the accumulation of nitrite and sulfate, 

which could slow or inhibit SdAD [10], [17]. Nonetheless, experimental evidences show that, 

even if COD is not added to the reactor, a small part of the sulfate produced during SdAD can 

be biologically removed [9], [17]. Indeed, sulfate-reducing bacteria (SRB) are heterotrophic 

microorganisms capable to survive also picking up the necessary carbon from the products of 

the natural microbial activities [9]. These are known as soluble microbial products (SMP) and 

are mainly composed by utilization associated products (UAP) and biomass associated products 

(BAP) [18]. 

Recently, Guerriero et al. (2022) [19] proposed a mathematical model accounting for the 

production and consumption of SMP during SdAD, HD and sulfate reduction in a sequencing 

batch reactor (SBR). The model also took into account the support that these compounds could 

give to the three processes in the presence of an external carbon source. In the present study, 

the authors propose to test the aforementioned model and evaluate its applicability under more 

realistic conditions. The large number of simulations performed was aimed to find the operating 

conditions in terms of SBR cycle duration, amount of COD injected, and time of COD injection 

maximizing the removal performances. The production and consumption of SMP were also 

evaluated to assess their contribution in maintaining the heterotrophic processes and to finetune 

the supplementation of external organics. 
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4.2 METHODOLOGY  
 

4.2.1 BIOLOGICAL MODEL  

 

The biological model reported here for convenience could be divided in four different main 

pathways:  

1. Hydrolysis of the elemental sulfur into bioavailable sulfur. 

2. Two-step autotrophic denitrification, in which the bioavailable sulfur obtained by 

hydrolysis of the chemically synthesized elemental sulfur is used as electron donor to 

transform nitrate into nitrite (step 1) and then nitrite into nitrogen gas (step 2). 

3. Heterotrophic denitrification, in which COD, UAP, BAP (both measured as COD) are 

used to remove both nitrate and nitrite. 

4. Sulfate reduction, in which COD, UAP, BAP are used to reduce sulfate into 

bioavailable sulfur. 

The latter is a strong assumption because sulfate reduction generally leads to sulfide production. 

Nevertheless, when sulfide is used by AUT, this results in a faster denitrification kinetics than 

with bioavailable sulfur, making the assumption acceptable and conservative.  

Simultaneously to the main biological pathways, the production and consumption of all 

products deriving from biomass activities were taken into account for the model development, 

as also reported by Guerriero et al., 2022 [19]. The hydrolytic biomass (HID) was not included 

in the growth balance due to the lack of information on the production of UAP and EPS 

associated with HID growth. 

4.2.2 MATHEMATICAL MODEL  

 

The mathematical model used to describe the process here, use the same equation of the 

previous work by Guerriero et al., 2022 [19]. Indeed, to model an SBR, which is system that 

undergoes to instantaneous changing while operating in continuous time, impulsive differential 

equations was used [20]. Due to the necessary changes performed in the equation to adapt the 

equation to real performance case, the model equations here are recalled for convenience. 
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The model considers seven different biomasses Xi: Hydrolytic biomass (HID), autotrophic 

biomass (AUT), biological organic carbon stocked (STOB), extra polymeric substances (EPS), 

heterotrophic denitrifiers (HD), sulfate reducing bacteria (SRB), inert (INE); and nine different 

substrates Sj: elemental sulfur (S0), bioavailable sulfur (Sb), Nitrate (NO3
−), nitrite (NO2

−), 

nitrogen (N2), sulfate  (SO4
2−), utilization associated products UAP, biomass associated 

products BAP, COD. 

The system of first order Impulsive differential equation (IDEs) is used to model the biological 

processes occurring in a SBR configuration, for each cycle the following phases are repeated 

after the first initial filling: 

1. First Reaction period (continuous) 

2. Injection of COD (instantaneous) 

3. Second Reaction period (continuous) 

4. Settling (instantaneous) 

5. Emptying (instantaneous) 

6. Filling (instantaneous) 

The impulsive differential equations for both substrates and microbial species: 

𝑆̇𝑗(𝑡) = 𝑟𝑆,𝑗(𝑡, 𝑺, 𝑿),   𝑡 ∈ 𝐽 = [0, 𝑇] ,    𝑡 ≠ 𝑡𝑘,   𝑆𝑗(0) = 𝑆𝑗0,     (4.1) 

𝑋̇𝑖(𝑡) = 𝑟𝑋,𝑖(𝑡, 𝑺, 𝑿),   𝑡 ∈ 𝐽 = [0, 𝑇] ,    𝑡 ≠ 𝑡𝑘,   𝑋𝑖(0) = 𝑋𝑖0,     (4.2)    

𝛥𝑆𝑗(𝑡𝑘) = −𝛼𝑗𝑆𝑗(𝑡𝑘
−) + 𝛼𝑗𝑆𝑖𝑛,𝑗 ,   𝑘 = 1, … . , 𝑚,     (4.3) 

𝛥𝑋𝑖(𝑡𝑘) = −𝛾𝑖𝑋𝑖(𝑡𝑘
−) ,   𝑘 = 1, … . , 𝑚,     (4.4) 

Where: 

𝑆𝑗(𝑡),  𝑋𝑖(𝑡) are the jth substrate and the ith biomass concentrations at time t respectively;  

𝑟𝑆,𝑗 and  𝑟𝑋,𝑖 are the reaction terms for the jth substrate and the ith biomass; 

𝑆𝑗0 and 𝑋𝑖0 are the initial concentration within the reactor for the jth substrate and the ith biomass; 

𝑆𝑖𝑛,𝑗 is the concentration of the jth substrate in the fresh influent;  
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0 = 𝑡0 < 𝑡1 <. . . < 𝑡𝑚 < 𝑡𝑚+1 = 𝑇, 𝑡𝑘+1 −  𝑡𝑘 = 𝜏 ,   where 𝜏 denotes the duration of each 

cycle,  

 𝛥𝑆𝑗(𝑡𝑘) = 𝑆𝑗(𝑡𝑘
+) − 𝑆𝑗(𝑡𝑘

−),  𝛥𝑋𝑖(𝑡𝑘) = 𝑋𝑖(𝑡𝑘
+) + 𝑋𝑖(𝑡𝑘

−) 𝑡 = 𝑡𝑘;  

𝛼𝑗 represents the emptying/refilling ratio  𝛾𝑖 takes into account the fraction of biomass removed 

from the system during the emptying phase and it is function of the settling efficiency 

performance of the model.  

 

The 𝑟𝑆,𝑗 and  𝑟𝑋,𝑖  are expressed as a combination of the kinetic terms and stoichiometric 

parameters. 

The first and second reaction periods are discriminated by the time of soluble COD injection in 

the system. Such operation is considered to occur instantaneously and does not affect the 

concentration of the other compounds.  

{
(𝑘 − 1) ⋅ 𝜏 < 𝑡 ≤ (𝑘 − 1)𝜏 + 𝜏𝑑    𝑘 = 1, . . . , 𝑛,    𝐹𝐼𝑅𝑆𝑇 𝑅𝐸𝐴𝐶𝑇𝐼𝑂𝑁 𝑃𝐸𝑅𝐼𝑂𝐷

(𝑘 − 1) ⋅ 𝜏 + 𝜏𝑑 < 𝑡 ≤ 𝑘 ⋅ 𝜏   𝑘 = 1, . . . , 𝑛,   𝑆𝐸𝐶𝑂𝑁𝐷 𝑅𝐸𝐴𝐶𝑇𝐼𝑂𝑁 𝑃𝐸𝑅𝐼𝑂𝐷
    (4.5) 

The equation that defines the jump function for COD between the two reaction periods is: 

𝛥𝑆COD((𝑘 − 1)𝜏 + 𝜏𝑑) = 𝑆𝑖𝑛,𝐶𝑂𝐷, 𝑘 = 1, . . . , 𝑛    (4.6) 

The equations have been implemented by developing original code in in MatLab platform and 

the ODEs have been integrated using the MatLab routine ode113.  

4.2.3 SIMULATIONS SET  

 

The present work aims to remove the hypothesis of perfect settling efficiency used by Guerriero 

et al. (2022) [19] and evaluate the variation of the cycle duration (and, thus, the hydraulic 

retention time - HRT) and the volume of water to be treated. This was performed by increasing 

the emptying refilling ratio and reducing the settling efficiency. Indeed, in previous work, the 

system was assumed to have 100% sedimentation efficiency that mathematically means 𝛾 = 0 

in equation 4.4. 

In the model, the settling efficiency (regulated by the parameter 𝛾) was set to be different for 

the microbial families considered. The value of 𝛾 for the attached biomass, made up of AUT, 

was 3%, while 𝛾 was set at 5% for the other settleable compounds. Elemental sulfur and HID 
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growing on it were, instead, assumed to remain in the SBR and not washed out with the effluent 

due to the higher weight. 

Table 4. 1  Resume of the simulations performed. 

 𝝉 (d)Duration of Cycle 

𝝉𝒅 (d) Injection day 8 

HRT =10 
10 

HRT =12,5 
15 

HRT =18,75 
20 

HRT =25 
0 X X X X 

2.5 X X X X 
5 X X X X 

7.5 X X X X 
10   X X 

12.5   X X 

15    X 

17.5    X 

 

The HRT was evaluated as: 

𝐻𝑅𝑇 =
𝜏

𝛼
 (4.7) 

 

where 𝛼 was set for all simulations equal to 80%. The day of COD injection 𝜏𝑑 was also varied 

considering steps of 2.5 days, differently to what carried out by Guerriero et al. (2022) [19]. 

Regarding the choice of different 𝜏 values, this is associated with the need of having cycles long 

enough to make autotrophic denitrification possible and evaluate the competition of AUT with 

the two microbial families. Likewise, shorter cycle durations were considered to accentuate the 

benefits given by the addition of external carbon and reduce HRT. Two different amounts of 

COD injected were considered: 300 and 500 mg/l. The lower amount represents approximately 

the necessary quantity to remove the sulfate produced during the autotrophic denitrification. 

The higher amount of the 500 mg/l was chosen to test the support given by the heterotrophic 

denitrifiers in terms of nitrogen removal, support which could also be used to speed up the 

process.  

For all the simulations, a feed [NO3
-] concentration of 150 mg N/l was considered, which is 

lower than that used by Guerriero et al., (2022) [19]. 300 days was used as duration of the entire 

SBR operation period.  

The amount of solid elemental sulfur was supposed to be added at the beginning of each 

simulation equal quantity of 21 g, which is more than the stoichiometric amount of sulfur 

required for nitrate removal. 
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The initial concentrations of microbial families and products were as reported in Table 4.2: 

Table 4. 2. Initial condition for all the simulation performed. 

𝑿𝑯𝒀𝑫 

(mg 

COD/l) 

𝑿𝑨𝑼𝑻  

(mg 

COD/l) 

𝑿𝑺𝑻𝑶𝑩 

(mg 

COD/l) 

𝑿𝑬𝑷𝑺 

(mg 

COD/l) 

𝑿𝑯𝑫 

(mg 

COD/l) 

𝑿𝑺𝑹𝑩 

(mg 

COD/l) 

𝑿𝑰 

(mg/l) 

500 1100 0 0 10 10 0 

 

 𝑺𝑺𝟎
 

(mg/l) 

 𝑺𝑺𝒃
 

(mgS/l) 

 𝑺𝑵𝑶𝟑
− 

(mg N/l) 

 𝑺𝑵𝑶𝟐
− 

(mg N/l) 

 𝑺𝑵𝟐
 

(mg/l) 

 𝑺𝑺𝑶𝟒
𝟐− 

(mg S/l) 

 𝑺𝑼𝑨𝑷 

(mg 

COD/l) 

 𝑺𝑩𝑨𝑷 

(mg/l) 

 𝑺𝑪𝑶𝑫 

(mg 

COD/l) 

21’000 0 150 0 0 0 0 0 0 

 

The initial concentration of both the heterotrophic families was higher than that used by  

Guerriero et al., (2022) [19], i.e. increased from 1 to 10 mg/l , but maintained low to keep the 

hypothesis of the natural growth of both heterotrophic families in a previous acclimatized 

autotrophic system. 

4.2.4 CALCULATIONS 

 

Due to the high number of simulations and for better understanding and summarizing the 

results, we decided to use four indicators: nitrogen removal percentage, effluent sulfate 

concentration, percentage of SRB over the heterotrophic species and total effluent SMP. 

The main interest of the present model is the ability of the process to remove nitrogen 

compounds, both nitrate and nitrite. The nitrogen removal percentage was calculated as the 

average percentage obtained from all simulations as reported in equation 4.8: 

𝑁 − 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑟𝑒𝑚𝑜𝑣𝑎𝑙(%) =

∑
(𝑁𝑂3𝐼𝑁

+ 𝑁𝑂2𝐼𝑁
) − (𝑁𝑂3𝑂𝑈𝑇

+ 𝑁𝑂2𝑂𝑈𝑇
)

(𝑁𝑂3𝐼𝑁
+ 𝑁𝑂2𝐼𝑁

)
∗ 100𝑛

𝑖=0

𝑛
  (4.8) 

𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑦𝑐𝑙𝑒𝑠 

The effluent sulfate concentration is an important parameter to take into account because the 

presence of sulfate is the main disadvantage of S-based autotrophic denitrification. Indeed, 

sulfate is produced during the autotrophic denitrification and simultaneously is consumed by 

SRB. The effluent sulfate concentration was evaluated as the average sulfate concentration at 

the end of each cycle, as reported in equation 4.9: 

𝑆𝑂4,𝑂𝑈𝑇
2− =

∑ 𝑆𝑂4,𝑂𝑈𝑇
2−𝑛

𝑖=0

𝑛
  𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑦𝑐𝑙𝑒𝑠 (4.9)     
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To better understand which process is prevalent in the uptake of COD and to observe the main 

role played by AUT or HD in nitrogen removal, the percentage of SRB over the entirety of 

heterotrophic families can be a valid parameter. The calculation of the percentage of SRB at 

the end of each simulation period is reported in equation 4.10:  

%𝑆𝑅𝐵 =
𝑆𝑅𝐵𝑓𝑖𝑛

𝑆𝑅𝐵𝑓𝑖𝑛+𝐻𝐷𝑓𝑖𝑛
∗ 100     (4.10)    

The effluent SMP concentration represents both an advantage and a disadvantage of the 

processes here investigated. The presence of SMP is beneficial as a carbon source for HD, while 

a too high SMP concentration might result in clogging, especially in case filtration is required 

as further separation step for the biomasses [21]–[23]. An average of the sum of UAP and BAP 

at the end of each cycle over all cycles was considered (equation 4.11). 

𝑆𝑀𝑃 =
∑ 𝑈𝐴𝑃𝑂𝑈𝑇 + 𝐵𝐴𝑃𝑂𝑈𝑇

𝑛
𝑖=0

𝑛
  𝑤ℎ𝑒𝑟𝑒 𝑛 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑦𝑐𝑙𝑒𝑠   (4.11) 

 

4.3 RESULTS AND DISCUSSION 

 

4.3.1 EFFECT OF COD ADDITION ON AUTOTROPHIC DENITRIFICATION 

PROCESS, EFFLUENT SULFATE CONCENTRATION AND EVOLUTION OF 

HETEROTROPHIC FAMILIES 

 

The results in terms of nitrogen removal percentage, effluent sulfate concentration and 

percentage of SBR over the heterotrophic families are shown in Fig. 4.1. Each point of the line 

represents a different simulation. 
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Fig. 4. 1 Nitrogen removal percentage (A, B), effluent sulfate concentration (C, D), and SRB percentage 

over total heterotrophs (E, F) in the absence of COD (straight horizontal lines) and in the presence of 

300 (left panels) and 500 mg/L (right panels) of COD at different SBR cycle durations (τ). Each point 

represents the result of a simulation obtained at different COD injection times (𝜏𝑑). 

 

The contribution given by the COD addition on nitrogen removal can be observed in Fig. 4.1 

(A,B) by the difference between the straight lines, representing the simulations performed with 

no COD addition, and the lines with empty circles obtained in the presence of COD. The 

nitrogen removal percentage is strongly affected by the amount of COD injected. Comparing 

the two different COD concentrations, it is evident that the ability of SBR to remove 

nitrogenous compounds increases when a higher COD amount is added. With 500 mg/L of 
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COD added, an exception is observed when 𝜏𝑑=7,5 days and 𝜏=8 days, with the N removal 

performance markedly decreasing due to the delay of COD injection if compared to the duration 

of the SBR cycle. When a lower COD amount is added to the reactor, the nitrogen removal 

percentage decreases at increasing 𝜏𝑑 due to the prevalence of SRB over HD, as reported in 

Fig. 4.1.E. Conversely, a higher amount of COD allows the increase of nitrogen removal also 

at increasing 𝜏𝑑 (apart the exception above mentioned), as a higher COD promotes the activity 

of HD also when COD is injected towards the end of the SBR cycle. Regarding the applicability 

of the process, the addition of COD during autotrophic denitrification gives the possibility to 

obtain similar nitrogen removal performances in shorter times, allowing the treatment of higher 

volumes of influent without excessively sizing the SBR. 

The effluent sulfate concentration is strongly affected by the injection of COD as well. In the 

absence of COD, the highest effluent sulfate concentrations are observed in Fig. 4.1.C, D. 

Sulfate concentrations in the outlet increase with the SBR cycle duration as a longer time allows 

AUT to produce more sulfate through biogenic sulfur oxidation (Fig 4.1.C, D). When an excess 

of COD is injected (i.e. 500 mg/l), at 𝜏𝑑 higher than 2.5 days the effluent sulfate concentration 

approaches to zero except for 𝜏𝑑= 7,5 days and 𝜏 = 8 days (Fig 4.1 D). As seen for nitrogen 

removal, this condition does not allow a proper sulfate reduction and the COD injected would 

likely remain in the effluent without being properly used by heterotrophs. When 300 mg/L of 

COD is used, the highest effluent sulfate concentrations are observed when the injection of 

COD is at time 0. Indeed, the growth of HD is enhanced for earlier COD injections and 

heterotrophic denitrification prevails over autotrophic denitrification due to its higher velocity. 

Under these conditions, heterotrophic denitrification also prevails over sulfate reduction as 

sulfate is not produced and SRB have no substrate for their growth. In contrast, sulfate is 

produced via AUT when a later COD injection occurs, and the growth of SRB will be favored. 

These considerations are remarkable observing the percentage of SRB over both the 

heterotrophic families. Indeed, lower SRB percentages are reported to occur for earlier COD 

injections at short cycle durations, as reported in Fig. 4.1 (E,F). 

Regarding the effluent sulfate concentration, this is low due to sulfate reduction occurring in 

the presence of 300 mg/l of COD added for all cycle durations. Consequently, nitrogen 

compounds are removed via autotrophic denitrification at shorter cycle durations and with the 

lowest amount of COD injected.  
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The low output sulfate concentrations for 𝜏= 8 and 𝜏= 10 values are associated both with sulfate 

reduction by SRB and nitrate removal by heterotrophic denitrifiers that results in no sulfate 

production Fig. 4.1 (A,C,E). 

The growth of SRB is also related to the amount of COD injected. At 300 mg/L of COD added, 

higher values of 𝜏𝑑 result in an increase of the SRB percentage due to the higher sulfate 

concentration. A COD concentration of 500 mg/l is in excess to the stoichiometric amount 

needed for complete sulfate reduction and affects the SRB fraction, as part of the COD is used 

by the heterotrophic denitrifiers.  

The lower SRB percentage has a minimum which vary for the different cycle duration and in 

particular the lowest value (i.e. 55%) is observed when 500 mg/l of COD was added, 𝜏𝑑= 2.5 

days and 𝜏 = 8 days, indicating an almost perfect coexistence between SRB and HD. Previous 

studies confirmed that providing more carbon source leads to an increase of HD concentration 

[9], [14], [15], [24] This confirms what we observed, as in the absence of external COD the 

main heterotrophic family detected is represented by SRB. In literature, the effect of external 

COD injection at different times than t=0 has never been investigated on mixotrophic 

denitrification, making difficult the comparison with previous experimental studies. 
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4.3.2 FOCUS ON KEY SIMULATIONS ON AUTOTROPHIC DENITRIFICATION  

 

The explicit performance of the simulations of greatest interest was developed in order to 

analyze the results shown in Fig. 4.1. 

  
Fig. 4. 2 Autotrophic denitrification performances in terms of nitrate removal (solid blue), nitrite 

evolution (dashed blue) and sulfate production (solid red) over time at 300 (upper panel) and 500 mg/l 

(lower panel) of COD added for the same value of 𝜏 =8 days and 𝜏𝑑=5 days. 

From Fig. 4.2 where are reported the simulation for the two different values of COD added 

representing the shortest cycle duration (𝜏 =8 days).  Among those simulated, nitrate removal 

is achieved by heterotrophic denitrifiers and autotrophic denitrifiers. The main consequence of 

increased heterotrophic growth is the reduction in sulfate output at the end of each cycle. This 

can be observed in both cases shown in Fig. 4.2, from which a gradual decrease in the peak of 

sulfate concentration can be observed for both amounts of COD added. Indeed, the peak of 

sulfate reduced but the same nitrogen removal is achieved is related to an increased work of 

heterotrophic denitrifiers. Furthermore, Fig. 4.1 shows that if the COD injection occurs in the 

middle of the cycle, as in the case depicted Fig. 4.2, a complete sulfate reduction occurs only 

when 500 mg/l of COD are added as in Fig 4.2,C,D, also promoting the removal of nitrogen 

compounds by HD. In addition, it should be noted that the sulfate concentration in the effluent 

is the lowest in the case of low COD addition, as also shown in Fig. 4.1.E. This result is not 

mainly due to the work of SRB as much as due to the lack of time needed by AUT to remove 

nitrate, which is still present in the effluent as shown in Fig. 4.2. 
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Fig. 4. 3 Autotrophic denitrification performances in terms of nitrate removal (solid blue), nitrite 

evolution (dashed blue) and sulfate production (solid red) overtime with two different quantities external 

source of COD injected on top 300 mg/l above 500 mg/l for the same value of  𝜏 =10 days and 𝜏𝑑= 7.5 

days. 

Recalling Fig. 4.1 for the shorter cycle durations τ= 8 and τ= 10 days, the addition of more 

COD is necessary for the removal of nitrogen compounds to enhance heterotrophic 

denitrification. This happens because autotrophic denitrification has longer reaction times than 

heterotrophic denitrification. Also, in contrast to the case of Guerriero et al., 2022  [19], it 

should be noted that the system is assumed not to undergo a complete sedimentation, which 

results in a lower increase in AUT concentration and, consequently, longer time for removal of 

autotrophic denitrification.   

Comparing Fig 4.2 and 4.3 it possible to observe that longer cycle duration give an increase in 

the sulfate production which correspond to an increase in nitrate removal. Comparing Fig 4.2.B 

and 4.3.B with 4.2.D and 4.3.D representing a zoom of two cycles at the pseudo-stationary 

stage, when higher amount of COD is added, there is a notable changing in the trend of the 

nitrogen compounds due to the higher support in terms of COD given to the work of 

heterotrophic denitrifiers. Those observation are also in line with the decreasing of the peak of 

sulfate produced which could also be related to an increase in the concentration of heterotrophic 

denitrifiers.  
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Fig. 4. 4 Autotrophic denitrification performances in terms of nitrate removal (solid blue), nitrite 

evolution (dashed blue) and sulfate production (solid red) overtime with two different quantities external 

source of COD injected on top no COD is added above 300 mg/l for the same value of  𝜏 = 15 days and 

𝜏𝑑= 7.5 days. 

When no external COD is added, longer cycle durations increase the nitrogen removal 

percentage via autotrophic denitrification, which translates in an increase of the effluent sulfate 

concentrations Fig. 4.1.C. Indeed as reported in Fig 4.4.A where the highest nitrogen percentage 

removal is reached without COD addition it translates in the higher amount of sulfate in the 

effluent. Instead, even when a low amount of COD is added, the concentration of sulfate in the 

effluent is greatly reduced Fig. 4.1.C,D. This positive effect is particularly accentuated when 

the addition is made at instants other than the initial one, which promotes, as shown in Fig 

4.1.A, C,E the growth of SRB.  

The simulation performed at τ = 15 days, τd= 7.5 days and a COD addition of 300 mg/l di COD 

reported in Fig 4.4 represents one the cases leading to the highest performance in terms of 

nitrogen removal and effluent sulfate concentration as could be observed also by Fig 

4.1.A,B,C,D. The addition of COD occurs while the autotrophic denitrification is still ongoing 

supporting mainly the sulfate reducing bacteria, removing the already produced sulfate, also 

because the late injection favor the growth of the SRB.  
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Fig. 4. 5 Autotrophic denitrification performances in terms of nitrate removal (solid blue), nitrite 

evolution (dashed blue) and sulfate production (solid red) overtime with two different quantities external 

source of COD injected on top no COD is added above 300 mg/l for the same value of  𝜏 = 20 days and 

𝜏𝑑= 17.5 days. 

Further increasing the cycle duration to τ =20 days (Fig. 4.5), HD growth is strongly hindered 

compared to that of SRB (Fig 4.1.E) because of the high concentration of sulfate produced by 

autotrophic denitrification. When COD injection occurs towards the end of the cycle duration, 

sulfate reduction is favored until the COD added to the reactor is consumed. However, in this 

case the high sulfate production by autotrophic denitrification makes the COD added not 

enough to achieve a complete sulfate reduction with respect to the case reported in Fig 4.3.D 

where the excess amount of COD lead to complete sulfate reduction. It should be mentioned 

that the sulfate concentration does not necessarily need to be zero in the effluent, as it depends 

on the desired water quality. 

 

4.3.3 EFFECTS ON THE SMP 

 

The relationship between the higher amount of COD injected and the increased nitrogen 

removal percentage removal associated with HD is evident also observing the increase of the 

SMP production (Fig. 4.6). This trend is coupled with the lower effluent sulfate concentration 

and fraction of SRB over total heterotrophs (Fig. 4.1). 
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Fig. 4. 6 Average effluent SMP concentration as the sum of UAP and BAP at the end of each SBR cycle 

at the different SBR cycle durations investigated. The straight lines represent the average of the SMP 

concentration when no external COD is injected. 

The average of the effluent SMP concentration is here evaluated as the sum of BAP and UAP, 

which are strongly influenced by the activities of the microbial families. Indeed, SMP 

production is higher when HD significantly intervene to support nitrate removal, mainly at 500 

mg/l of COD added (Fig. 4.1.F). In contrast, when 300 mg/l COD is added, the SMP 

concentration only reaches half of the value obtained with a higher COD concentration. In 

addition, the day of COD injection also affects the amount of SMP produced. The lowest SMP 

concentrations are obtained when the COD injection occurs towards the end of the 

cycle(𝜏𝑑>7.5). In particular, the longer cycle duration where autotrophic denitrifiers prevails 

produces low amounts of SMP. Indeed, one of the main advantages of autotrophic 

denitrification is the lower amount of subproducts produced with respect to the heterotrophic 

families [23]. 

Looking overall at all the simulations carried out and examined, it could be seen that the most 

significant change in system performance, as the day of COD injection changes, occurs for 

cycles of duration 𝜏 = 10 days and 𝜏𝑑  go from 5 to 7.5 days when 500 mg/l COD is added. This 

late injection results in higher SMP production and lower SRB fraction. In addition, sulfate 

concentrations in the effluent are close to 0, and there is also an increase in percent nitrogen 

removal efficiency. It should be noted that in cases where COD is injected early in the cycle 

the result reported here may not be in line with experimental evidence where, usually, the 

presence of SRB is not included in the initial biomass composition.[14], [25]. This observation 

should be noted because in cases where no external carbon sources are present, SRB turn out 

to be the major heterotroph family in percentage, a situation well captured by the model 
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presented. In addition ,previous experiments have found the presence of SMP and organic 

matter resulting from cell lysis on which SRB are assumed to grow in the absence of external 

carbon sources. [26], [27]. 

  
Fig. 4. 7 SMP production and concentration of heterotrophic families (i.e. HD and SRB) over time at 

300 (upper panel) and 500 mg/l (lower panel) of COD added for the same value of 𝜏 =8 days and 𝜏𝑑=5 

days. The solid dark blue line represents the heterotrophic denitrifiers (HD), while the solid green line 

indicates the sulfate-reducing bacteria (SRB). The solid red line indicates the EPS, which leads to the 

production of BAP (red dashed line) after hydrolysis. The solid light blue line represents the UAP. 

Fig. 4.7 shows the effect of different amounts of COD injected on SMP production and the 

evolution of the two heterotrophic families involved in the process, EPS accumulate in the SBR 

over 300 days of operation. In particular, Fig. 4.7.C, D shows a zoom of two cycles during the 

pseudo-steady state SBR operation (days 144-160). This zoom confirms that higher COD 

concentrations result in an enhanced HD growth. Consequently, a higher EPS amount is 

obtained and, thus, BAP concentrations increase because of EPS hydrolysis. The UAP 

production also increases due to the increased biological activity. 
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Fig. 4. 8 SMP production and concentration of heterotrophic families (i.e. HD and SRB) over time at 

300 (upper panel) and 500 mg/l (lower panel) of COD added for the same of  𝜏 = 20 days and 𝜏𝑑= 17.5 

days. The solid dark blue line represents the heterotrophic denitrifiers (HD), while the solid green line 

indicates the sulfate-reducing bacteria (SRB). The solid red line indicates the EPS, which leads to the 

production of BAP (red dashed line) after hydrolysis. The solid light blue line represents the UAP. 

 

Of all the simulations performed, the case reported here for 𝜏 = 20 days and 𝜏𝑑= 17.5 days, when 

COD injection occurs, results in lower SMP concentration in the effluent. COD injection 

promotes the growth of SRB that not only produce but also consume SMP; this balance results 

in lower SMP concentration. Furthermore, longer cycle durations i.e., for 𝜏 = 15 days and 𝜏 = 

20 days confirm the experimental validation of the prevalence of SRB when COD is not added 

[3], [17]. This trend is observable from Fig.4.3 where the sulfate already produced is quickly 

removed by the SRB, while the autotrophic denitrification is still ongoing so the final 

concentration of sulfate in the effluent still results lower if compared to the case, here not 

reported where no COD injection occurs. The concentrations of SMP and EPS in the case of 

COD addition for long duration cycles (𝜏 =20 days) Fig 4.8 as already seen in Fig. 4.1 and 4.6 

turn out to be always lower than the cases in which no or a large amount of organic matter is 

supplied. This is due to increased concentrations of heterotrophic biomass, particularly in this 

case of SRB that consume these substances increasing al effluent quality. 

Furthermore, if there is the possibility to have longer reaction time the condition will favor the 

SRB and lead to better performance of the whole process. Indeed, as reported by Yang et al., 

2022 [28] control of the different families considered in the process, when a mixotrophic 

consortium is present result more useful than pure autotrophic or pure heterotrophic 
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denitrification process. The different simulations show the possibility of the model to keep the 

control of the subproducts of the process, which represent a valuable tool to improve and 

maintain the performance of the whole process.  

 

4.4 CONCLUSION 

 

Concluding the results obtained from the simulations carried out, in the case where there is 

heavy tank emptying and the reactor is not subject to complete sedimentation only slightly 

affects the result in terms of sulfate concentration in the effluent and percent nitrogen removal.  

As for the competition between heterotrophic biomasses, this is strongly influenced by both the 

amount and the timing of COD addition. In fact, when large amounts of COD are added in the 

first half of the cycle duration the denitrifying heterotrophic biomass competes with that of 

sulfate reducers. In contrast, past the half of the cycle duration, sulfate reducers, due to the high 

presence of sulfates, tend to strongly outcompete denitrifying heterotrophs. 
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5.1 INTRODUCTION  

Nitrate is still considered one of the most common and widespread water pollutants in both natural 

reservoirs and industrial wastewater. The removal of nitrogen compounds is required since they 

cause, in high concentrations, severe disease and eutrophication problems in confined water basins. 

The most widely used biological nitrate removal method in water treatment is heterotrophic 

denitrification. This process now considered conventional has as main disadvantages the costs 

associated with the COD adding and the high production of sludge produced from the heterotrophic 

biomass involved. 

Sulfur-based autotrophic denitrification is one of the most promising alternatives to the 

conventional heterotrophic denitrification process, especially in cases where the contaminated 

water is deficient in COD. In fact, the costs for the same amount of nitrate removed are lower than 

the ones associated to heterotrophic denitrification (HD) [1], [2]. The main reasons why elemental 

sulfur driven autotrophic denitrification (SdAD) is more cost-effective are the lower cost of sulfur 

as material compared to an external carbon source and the lower sludge production [1], [3]. The 

main downside of using sulfur as an electron donor in autotrophic denitrification is sulfate 

production, which is considered also a pollutant [1], [4].  To reduce the negative effects associated 

with autotrophic denitrification by elemental sulfur, one of the most promising alternatives is to 

add an external carbon source that promotes the growth of heterotrophic families [5], [6]. In this 

context, mathematical modeling appears to be a valuable tool to assess and mitigate the effects 

caused by the simultaneous occurrence of different microbial families. 

The most recent work is this framework is represented by the biological model of Guerriero et al., 

2022 [7] which present as main objectives nitrogen removal and the minimization of sulfate 

concentration in the effluent. Those goals are reached by promoting, through the addition of COD, 

the simultaneous growth of sulfate reducing bacteria (SRB) and HD. These two families are 

naturally present in sulfur-based autotrophic denitrification systems as evidenced by 

microbiological analyses, and the addition of different amounts of COD is necessary to support 

their growth. [5], [8]–[13].  

The possible support of soluble microbial products (SMP) was also considered, as these organic 

compounds can be used as substrates for the growth of both heterotrophic families. In fact, SMP 
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are naturally produced by microbial activities, and their production and consumption were also 

included in the model [7]. Briefly, the model was developed considering the simultaneous co-

occurrence of the three processes: autotrophic denitrification, heterotrophic denitrification, and 

sulfate reduction. To support the growth of both heterotrophic families involved in the model, the 

day of COD injection and the amount of COD added were considered as operational parameters. 

In addition, a sequential batch reactor (SBR) configuration was chosen to improve the growth and 

utilization of SMP. Although the processes could occur in pairs simultaneously, no experimental 

validation of the entire model was performed. 

In this context a Global sensitivity analysis on the kinetic and new operational parameters 

considered, represents a valid opportunity to investigate the most influent parameters of the process 

and support the experimental calibration and validation. Indeed, as defined by Pianosi et al., 2016 

[14], the main aims of the Global SA are represented by the verification of and support to the model 

calibration, that could lead also to a model simplification. In addition, the autotrophic 

denitrification process turns out to be close to the possibility of applications at larger scales than 

laboratory scales, so identifying the parameters that affect the process the most may help for future 

full-scale realizations [3], [15]. 

The outputs considered to control the process are represented by the main shortcomings related to 

the process and are identified as the nitrate removal rate, the concentrations of SMP and sulfate in 

the output, and the prevailing fraction between HD and SRB. 

5.2 MATHEMATICAL MODEL  

The mathematical model accounts for the reactor configuration chosen, i.e. an SBR reactor. This 

system undergoes to instantaneous changes after continuous reaction period and is mathematically 

modelled by using a system of first order impulsive ordinary differential equations (IDEs). The 

model is based on mass balance equation on all the substrates and biomasses considered. The model 

considers nine different compounds Sj, j = [S0, Sb, NO3
−, NO2

−, N2, SO4
2−, UAP, BAP, COD]and 

seven different biomasses XI, i = [HYD, AUT, STO, EPS, HD, SRB, I]. The equations governing 

the dynamics of such variables are the following: 
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𝑆̇𝑗(𝑡) = 𝜌𝑆,𝑗(𝑡, 𝑺, 𝑿), 𝑡 ∈ 𝐽 = [0, 𝑇] ,   𝑡 ≠ 𝑡𝑘 , 𝑆𝑗(0) = 𝑆𝑗0  (5. 1) 

𝑋̇𝑖(𝑡) = 𝜌𝑋,𝑖(𝑡, 𝑺, 𝑿), 𝑡 ∈ 𝐽 = [0, 𝑇] ,   𝑡 ≠ 𝑡𝑘 , 𝑋𝑖(0) = 𝑋𝑖0, (5. 2)  

𝛥𝑆𝑗(𝑡𝑘) = −𝛼𝑗𝑆𝑗(𝑡𝑘
−) + 𝛼𝑗𝑆𝑖𝑛,𝑗 , 𝑘 = 1, … , 𝑚, (5. 3)  

𝛥𝑋𝑖(𝑡𝑘) = −𝛾𝑖𝑋𝑖(𝑡𝑘
−) , 𝑘 = 1, … , 𝑚,   (5. 4) 

  

where: 

𝑆𝑗(𝑡), 𝑋𝑖(𝑡) are the jth substrate and the ith biomass concentrations at time t respectively,  

𝜌𝑆,𝑗 and  𝜌𝑋,𝑖 are the reaction terms for the jth substrate and the ith biomass, 

𝑆𝑗0 and 𝑋𝑖0 are the initial concentration within the reactor for the jth substrate and the ith biomass, 

𝑆𝑖𝑛,𝑗 is the concentration of the jth substrate in the fresh influent. 

0=𝑡0 < 𝑡1 < ⋯ < 𝑡𝑚 < 𝑡𝑚+1 = 𝑇,  𝑡𝑘+1 −  𝑡𝑘 = 𝜏 ,  where 𝜏 denotes the duration of each cycle,  

𝛥𝑆𝑗(𝑡𝑘) = 𝑆𝑗(𝑡𝑘
+) − 𝑆𝑗(𝑡𝑘

−),  𝛥𝑋𝑖(𝑡𝑘) = 𝑋𝑖(𝑡𝑘
+) + 𝑋𝑖(𝑡𝑘

−) , with 𝑆𝑗(𝑡𝑘
+), 𝑋𝑖(𝑡𝑘

+), 𝑆𝑗(𝑡𝑘
−), 𝑋𝑖(𝑡𝑘

−), 

being the right and left limits of 𝑆𝑗(𝑡) and 𝑋𝑖(𝑡) at time 𝑡 = 𝑡𝑘; 𝛼𝑗 represents the emptying/refilling 

ratio and 𝛾𝑖 takes into account the fraction of biomass removed from the system during the 

emptying phase.  

The equations that define the jump function for COD between the two reaction periods is: 

{
(𝑘 − 1) ⋅ 𝜏 < 𝑡 ≤ (𝑘 − 1)𝜏 + 𝜏𝑑    𝑘 = 1, … , 𝑛,    𝐹𝐼𝑅𝑆𝑇 𝑅𝐸𝐴𝐶𝑇𝐼𝑂𝑁 𝑃𝐸𝑅𝐼𝑂𝐷

(𝑘 − 1) ⋅ 𝜏 + 𝜏𝑑 < 𝑡 ≤ 𝑘 ⋅ 𝜏   𝑘 = 1, … , 𝑛,   𝑆𝐸𝐶𝑂𝑁𝐷 𝑅𝐸𝐴𝐶𝑇𝐼𝑂𝑁 𝑃𝐸𝑅𝐼𝑂𝐷
    (5.5) 

 

𝛥𝑆COD((𝑘 − 1)𝜏 + 𝜏𝑑) = 𝑆𝑖𝑛,𝐶𝑂𝐷, 𝑘 = 1, … , 𝑛    (5.6) 

From the second cycle onwards, the initial conditions are recalculated considering that 50% of the 

reactor is emptied, which correspond to 𝛼=0.5. Furthermore, this term also considers that the 

dilution of the influent is applied only to the substrates considered in the dissolved form, which 

are: 𝑆𝑂4
2−, 𝑈𝐴𝑃 , 𝐵𝐴𝑃, COD,  𝑁𝑂3, 𝑁𝑂2. The other compounds evaluated in the model are 

supposed to undergoes to a complete sedimentation, which implies 𝛾 = 0 for all the suspended 

compounds.  
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The differential equations representing the continuous period in an SBR cycle are the following for 

the Substrates 𝑆̇𝑗 and the Biomasses 𝑋̇𝑖 

𝑆1̇ = −𝜌1  (5.7) 

𝑆2̇ = 𝜌1 −
𝑟1

𝑦2−3
⋅ 𝜌2 −

𝑟2

𝑦2−4
⋅ 𝜌3 +

1

2
(

1 − 𝑌𝑆𝑅𝐵,𝐴𝐶

𝑌𝑆𝑅𝐵,𝐴𝐶
) ⋅ (𝜌15 + 𝜌16 + 𝜌17)   (5.8) 

𝑆3̇ = −
1

𝑦2−3
⋅ 𝜌2 −

(1 − 𝑦𝐻,𝑆)(1 − 𝑘𝑈𝐴𝑃 − 𝐾𝐸𝑃𝑆)

2,86𝑦𝐻,𝑆
⋅ 𝜌9 −

(1 − 𝑦𝐻,𝑈𝐴𝑃)

2,86𝑦𝐻,𝑈𝐴𝑃
⋅ 𝜌11 −

(1 − 𝑦𝐻,𝐵𝐴𝑃)

2,86𝑦𝐻,𝐵𝐴𝑃
⋅ 𝜌13 (5.9) 

𝑆4̇ =
1

𝑦2−3
⋅ 𝜌2 −

1

𝑦2−4
⋅ 𝜌3 −

(1 − 𝑦𝐻,𝑆)(1 − 𝑘𝑈𝐴𝑃 − 𝐾𝐸𝑃𝑆)

1,71𝑦𝐻,𝑆
⋅ 𝜌8 −

(1 − 𝑦𝐻,𝑈𝐴𝑃)

1,71𝑦𝐻,𝑈𝐴𝑃
⋅ 𝜌10 −

(1 − 𝑦𝐻,𝐵𝐴𝑃)

1,71𝑦𝐻,𝐵𝐴𝑃

⋅ 𝜌12 (5.10) 

𝑆5̇ =
1

𝑦2−4
⋅ 𝜌3 +

(1 − 𝑦𝐻,𝑆)(1 − 𝑘𝑈𝐴𝑃 − 𝐾𝐸𝑃𝑆)

1,71𝑦𝐻,𝑆
⋅ 𝜌8 +

(1 − 𝑦𝐻,𝑆)(1 − 𝑘𝑈𝐴𝑃 − 𝐾𝐸𝑃𝑆)

2,86𝑦𝐻,𝑆
⋅ 𝜌9

+
(1 − 𝑦𝐻,𝑈𝐴𝑃)

1,71𝑦𝐻,𝑈𝐴𝑃
⋅ 𝜌10 +

(1 − 𝑦𝐻,𝑈𝐴𝑃)

2,86𝑦𝐻,𝑈𝐴𝑃
⋅ 𝜌11 +

(1 − 𝑦𝐻,𝐵𝐴𝑃)

1,71𝑦𝐻,𝐵𝐴𝑃
⋅ 𝜌12 +

(1 − 𝑦𝐻,𝐵𝐴𝑃)

2,86𝑦𝐻,𝐵𝐴𝑃

⋅ 𝜌13 (5.11) 

𝑆6̇ =
𝑟1

𝑦2−3
⋅ 𝜌2 +

𝑟2

𝑦2−4
⋅ 𝜌3 −

1

2
(

1 − 𝑌𝑆𝑅𝐵,𝐴𝐶

𝑌𝑆𝑅𝐵,𝐴𝐶
) ⋅ (𝜌15 + 𝜌16 + 𝜌17)   (5.12) 

𝑆7̇ = 𝑓𝑈𝐴𝑃 ⋅ (𝜌2 + 𝜌3 + 𝜌15) +
𝑘𝑈𝐴𝑃

𝑦𝐻,𝑆
⋅ (𝜌8 + 𝜌9) −

1

𝑦𝐻,𝑈𝐴𝑃
⋅ (𝜌10 + 𝜌11) −

1

𝑌𝑆𝑅𝐵,𝐴𝐶
⋅ 𝜌16  (5.13) 

𝑆8̇ = 𝑓𝐵𝐴𝑃 ⋅ (𝜌4 + 𝜌5) + 𝜌7 −
1

𝑦𝐻−𝐵𝐴𝑃
⋅ (𝜌12 + 𝜌13) + 𝑓𝐵𝐴𝑃 ⋅ (𝜌14 + 𝜌18) (5.14) 

𝑆9̇ = 𝜌6 −
1

𝑦𝐻−𝑆
⋅ (𝜌8 + 𝜌9) −

1

𝑌𝑆𝑅𝐵,𝐴𝐶
⋅ 𝜌15 (5.15) 

𝑋1̇ = 𝜌1  − 𝜌4 (5.16) 

𝑋2̇ = (1 − fEPS − fUAP) ⋅ 𝜌2 + (1 − fEPS − fUAP) ⋅ 𝜌3  − 𝜌5  (5.17) 

𝑋3̇ = (1 − 𝑓𝐼 − 𝑓𝐵𝐴𝑃) ⋅ 𝜌4 + (1 − 𝑓𝐼 − 𝑓𝐵𝐴𝑃) ⋅ 𝜌5 − 𝜌6 + (1 − 𝑓𝑖 − 𝑓𝐵𝐴𝑃) ⋅ 𝜌14 + (1 − 𝑓𝑖 − 𝑓𝐵𝐴𝑃)

⋅ 𝜌16    (5.18) 
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𝑋4̇ = 𝑓𝐸𝑃𝑆 ⋅ (𝜌2 + 𝜌3 + 𝜌15) − 𝜌7 +
𝑘𝐸𝑃𝑆

𝑦𝐻−𝑆
⋅ 𝜌8 +

𝑘𝐸𝑃𝑆

𝑦𝐻−𝑆
⋅ 𝜌9   (5.19) 

𝑋5̇ = (1 −
𝑘𝑈𝐴𝑃

𝑦𝐻−𝑆
−

𝑘𝐸𝑃𝑆

𝑦𝐻−𝑆
) ⋅ 𝜌8 + (1 −

𝑘𝑈𝐴𝑃

𝑦𝐻−𝑆
−

𝑘𝐸𝑃𝑆

𝑦𝐻−𝑆
) ⋅  𝜌9 + 𝜌10 +  𝜌11 + 𝜌12 + 𝜌13 − 𝜌14    (5.20) 

𝑋6̇ = (1 − fEPS − fUAP) ⋅ 𝜌15 − 𝜌16 + 𝜌17 + 𝜌18  (5.21) 

𝑋7̇ = (𝜌4 + 𝜌5 + 𝜌14 + 𝜌16) ⋅ 𝑓𝐼   (5.22) 

 Table 5. 1 Values of the stoichiometric parameters involved in the model. 

 Description  Value  Unit  Source 

𝒇𝑬𝑷𝑺,𝑨𝑼𝑻 Fraction of XEPS for XAUTbiomass growth 0.09 mg COD/mg N [16] 

𝒇𝑼𝑨𝑷,𝑨𝑼𝑻 Fraction of  SUAP forXAUT biomass growth 0.14 mg COD/mg N [16] 

𝒇𝑩𝑨𝑷 Fraction of  SBAP for biomass growth 0.0215 mg COD/mg COD [17] 

𝒇𝑰 Fraction of XI in biomass decay 0.08 mg COD/mg COD [18] 

𝒌𝑬𝑷𝑺 Yield coefficient for XEPS for XHD 0.14 mg COD/mg COD [19] 

𝒌𝑼𝑨𝑷 Yield coefficient for  SUAP  for XHD 0.09 mg COD/mg COD [19] 

𝒃𝟏  SSb
 to  SNO3

− stoichiometric ratio 1.2 mg S/ mg N [20] 

𝒃𝟐  SSb
 to  SNO2

− stoichiometric ratio 0.55 mg S/ mg N [20] 

𝒚𝑨𝑼𝑻,𝑵𝑶𝟑
− Yield coefficient for XAUT on  SNO3

− 0.37 mg COD/mg N [21] 

𝒚𝑨𝑼𝑻,𝑵𝑶𝟐
− Yield coefficient for XAUT on  SNO2

− 0.414 mg COD/mg N [21] 

𝒇𝑬𝑷𝑺,𝑺𝑹𝑩 Fraction of XEPS for XSRB biomass growth 0.9 mg COD/mg COD assumed 

𝒇𝑼𝑨𝑷,𝑺𝑹𝑩 Fraction of  SUAP for XSRB biomass growth 0.14 mg COD/mg COD assumed 

𝒚𝑯,𝑪𝑶𝑫 Yield coefficient for XHD on  SCOD 0.34 mg COD/mg COD [19] 

𝒚𝑯,𝑼𝑨𝑷 Yield coefficient for XHD on   SUAP 0.45 mg COD/mg COD [19] 

𝒚𝑯,𝑩𝑨𝑷 Yield coefficient for XHD on   SBAP 0.45 mg COD/mg COD [19] 

𝒚𝑺𝑹𝑩 Yield coefficient for XSRB 0.0568 mg COD/mg COD [22] 

 

5.2.1 REACTION TERMS  

The kinetic model considers a first hydrolysis step conducted by the hydrolytic biomass, where 

elemental sulfur is biologically hydrolyzed to be further utilized by autotrophic denitrifiers. Then 

the biological sulfur produced by hydrolysis is used by autotrophic denitrifiers for autotrophic 

denitrification, which is the main process in the model (Table 5.2, 5.3). This process occurs in two 

steps, an initial one converting nitrate to nitrite and then from nitrite to nitrogen gas. 

Simultaneously, heterotrophic denitrification and sulfate reduction take place using the same 

organic compounds consisting of: COD, UAP, BAP (Table 5.6, 5.7, 5.8, 5.9). Additionally, a 
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fraction term is added to classical Monod kinetic terms to consider that the two heterotrophic 

families compete for the same substrates and cannot take up all of them at the same time.  

The following sub-processes have been also considered in association to the main ones previously 

described:  

• the hydrolyzation of the biological carbon stocked (STOB) which derives from the dead 

microorganisms and leaded by the heterotrophic denitrifiers (Table 5.4, 5.5), 

• the hydrolysis of the EPS produced by the microbial activities into BAP (Table 5.4 5.5), 

• the production of UAP which derives from microbial activities.  

Another assumption of the model is related to the sulfate reduction product, which is 

experimentally reported as S2- but, in the present model, is assumed to become bioavailable sulfur 

again. However, experimental results report that when sulfide is used as an electron donor in 

autotrophic denitrification it has faster kinetics than elemental sulfur, so this assumption does not 

negatively affect the model results. 

5.2.1.1 The autotrophic denitrification 

 

Reaction terms  

Table 5. 2 Process rates related autotrophic denitrification. 

j- process  Process rate (𝝆𝒋) 

1 Hydrolysis of elemental sulfur 
𝐒𝟎  →  𝐒𝐛𝐢𝐨 

K0 ⋅ k1

S1

κ1
a∗ + S1

X1 

2 Autotrophic denitrification 
𝐍𝐎𝟑  →  𝐍𝐎𝟐 

μ2,3
max

    S2

k2,2 +     S2
⋅

S3

k2,3 + S3
⋅

S3

S3 + S4
⋅ X2 

3 Autotrophic denitrification 
𝐍𝐎𝟐  → 𝐍𝟐 

μ2,4
max

    S2

k2,2 +     S2
⋅

S4

k2,4 + S4
⋅

S4

S3 + S4
⋅ X2 

4 Decay of HID kd,1 ⋅ X1 
5 Decay of AUT kd,2 ⋅  X2 
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Kinetics Terms  

Table 5. 3 Kinetic terms related to the autotrophic denitrification. 

 Description  Value  Unit  Ref.  
𝐾0 Efficiency growth coefficient for X1 0.1 mg COD/ mg S [23] 

𝜇2,3
𝑚𝑎𝑥 Maximum growth rate for X2 on S3 0.0067 d−1 [23] 

𝜇2,4
𝑚𝑎𝑥 Maximum growth rate for X2 on S4 0.0058 d−1 [23] 

𝑘2,2 Half-saturation constant for     S2 0.215 mg S/l [24] 
𝑘2,3 Half-saturation constant for     S3 36 mg N/l [23] 

𝑘2,4 Half-saturation constant for     S4 40 mg N/l [21] 

𝑘1 Hydrolysis kinetic constant 0.081 mg S/ mg COD ⋅d [23] 

𝜅1 Volume specific half-saturation constant for S1 5.1 1/dm [23] 

𝑎∗ Mass specific area 0.0008164 dm2/mg [23] 

𝑘𝑑,1 Decay rate coefficient for X1 0.0006 d−1 [25] 
𝑘𝑑,2 Decay rate coefficient for X2 0.0006 d−1 [25] 

 

5.2.1.2 Formation & utilization of SMP 

Table 5. 4 Process rate relatives to formation and utilization of SMP.  

j- process  Process rate (𝝆𝒋) 

6 𝐇𝐲𝐝𝐫𝐨𝐥𝐲𝐬𝐢𝐬 𝐨𝐟 𝐨𝐫𝐠𝐚𝐧𝐢𝐜 𝐜𝐚𝐫𝐛𝐨𝐧  
𝐒𝐓𝐎𝐁 →  𝐂𝐎𝐃 

kH ⋅
X3 ∕ X5

kx + X3 ∕ X5
X5 

7 𝐑𝐞𝐥𝐞𝐚𝐬𝐞 𝐨𝐟 𝐄𝐏𝐒 
𝐄𝐏𝐒 →  𝐁𝐀𝐏 

KHIDX4 

 

Table 5. 5 Kinetic terms related to formation and utilization of SMP. 

 Description  Value  Unit  Ref.  
𝑘𝐻 Hydrolysis rate constant 3 d−1 [26] 
𝑘𝑥 Hydrolysis saturation constant 1 g COD / g COD  [26] 

𝐾𝐻𝐼𝐷 EPS hydrolysis rate coefficient 0.1704 d−1 [19] 
 

5.2.1.3 Heterotrophic denitrification 

 

Reaction terms  

Table 5. 6 Process rates related to the heterotrophic denitrification.  

 j- process Process rate (𝝆𝒋) 

8 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐄𝐓 𝐨𝐧 
 𝐒𝐂𝐎𝐃 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐 

μH,S ⋅ ηox ⋅
 S9

ks +  S9
⋅

S4

kNO2

HET + S4

⋅
S4

S4 + S3
⋅

 S9

S7 + S8 +  S9
⋅ X5 
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9 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐄𝐓 𝐨𝐧 
 𝐒𝐂𝐎𝐃 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑 

μH,S ⋅ ηox ⋅
S9

ks + S9
⋅

S3

kNO3

HET + S3

⋅
S3

S4 + S3
⋅

S9

S7 + S8 + S9
⋅ X5 

10 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐄𝐓 𝐨𝐧 
 𝐒𝐔𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐 

μH,UAP ⋅ ηOX ⋅
S7

kUAP + S7
⋅

S4

kNO2

HET + S4

⋅
S4

S4 + S3
⋅

S7

S7 + S8 +  S9
⋅ X5 

11 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐄𝐓 𝐨𝐧 
 𝐒𝐔𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑 

μH,UAP ⋅ ηOX ⋅
S7

kUAP + S7
⋅

S4

kNO3

HET + S4

⋅
S4

S4 + S3
⋅

S7

S7 + S8 + S9
⋅ X5 

12 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐄𝐓 𝐨𝐧 
 𝐒𝐁𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟐 

μH,BAP ⋅ ηOX ⋅
S8

kBAP + S8
⋅

 S4

kNO2

HET +  S4

⋅
 S4

 S4 +   S3
⋅

S8

S7 + S8 + S9
⋅ X5 

13 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐇𝐄𝐓 𝐨𝐧 
 𝐒𝐁𝐀𝐏 𝐚𝐧𝐝 𝐒𝐍𝐎𝟑 

μH,BAP ⋅ ηOX ⋅
S8

kBAP + S8
⋅

S4

kNO3

HET + S4

⋅
S4

S4 + S3
⋅

S8

 S7 + S8 + S9
⋅ X5 

14 𝐃𝐞𝐜𝐚𝐲 𝐨𝐟 𝐗𝐇𝐄𝐓 bH ⋅ X5 
 

Kinetics Terms  

Table 5. 7 Kinetic terms related to the heterotrophic denitrification. 

 Description Value Unit Ref. 

𝜂𝑂𝑋 Anoxic reduction factor 0.6  [26] 
𝜇𝐻,𝑆 Maximum growth rate of XHET on SCOD 5.76 d−1 [27] 

𝜇𝐻,𝑈𝐴𝑃 Maximum growth rate of XHET on SUAP 1.272 d−1 [19] 

𝜇𝐻,𝐵𝐴𝑃 Maximum growth rate of XHET on SBAP 0.0696 d−1 [19] 
𝑏𝐻 Death rate coefficient of XHET 0.1992 d−1 [18] 

𝑘𝑁𝑂2

𝐻𝐸𝑇 SNO2 affinity constant for XHET 0.5 mg/l [18] 

𝑘𝑁𝑂3

𝐻𝐸𝑇 SNO3 affinity constant for XHET 0.5 mg/l [18] 

𝑘𝑠 Biomass affinity constant for SCOD 2 mg/l [18] 
𝑘𝑈𝐴𝑃 Biomass affinity constant for SUAP 100 mg/l [19] 
𝑘𝐵𝐴𝑃 Biomass affinity constant for SBAP 85 mg/l [19] 

 

5.2.1.4 Sulfate reduction 

 

Reaction terms  

Table 5. 8 Process rates related to sulfate reduction.  

 j- process Process rate (𝝆𝒋) 

15  𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁 𝐨𝐧 𝐒𝐂𝐎𝐃 
μH,SRB ⋅

S9

ks,SRB +  SS
⋅

S6

kH,SO4
+ S6

⋅
S9

S7 + S8 + S9
⋅ X6 

16 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁 𝐨𝐧𝐒𝐔𝐀𝐏 
μH,SRB ⋅

μH,UAP

μH,S
⋅

S7

ks,SRB + S7
⋅

S6

kH,SO4
+ S6

⋅
S7

S7 + S8 + S9
⋅ X6 

17 𝐆𝐫𝐨𝐰𝐭𝐡 𝐨𝐟 𝐗𝐒𝐑𝐁 𝐨𝐧 𝐁𝐀𝐏 
μH,SRB ⋅

μH,BAP

μH,S
⋅

S8

ks,SRB + S8
⋅

S6

kH,SO4
+ S6

⋅
S8

S7 + S8 + S9
⋅ X6 

18 𝐃𝐞𝐜𝐚𝐲 𝐨𝐟 𝐗𝐒𝐑𝐁 bSRB ⋅ X6 
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Kinetics Terms  

Table 5. 9 Kinetic terms related to sulfate reduction. 

 Description Value Unit Ref. 

𝜇𝐻,𝑆𝑅𝐵 Maximum growth rate of XSRB  0.55 d−1 [22] 
𝑘𝑠,𝑆𝑅𝐵 Half saturation value of XSRBfor COD 6 mg/l [22] 
𝑘𝐻,𝑆𝑂4

 Half saturation value of XSRB for SO4
2− 3.2 mg/l [28] 

𝑏𝑆𝑅𝐵 Death rate coefficient of XSRB  0.02 d−1 [29] 
 

5.3 SOURCE OF UNCERTANY, QUANTITY OF INTEREST, EXPERIMENTAL 

DESIGN  

5.3.1 SOURCE OF UNCERTANY  

The parameter which has been in investigated in the Global SA are reported in Table 5.10 and 

mainly consists in kinetic parameters and operational parameters. The latter analyzed in the overall 

SA are represented by τd and the amount of injected COD. These parameters influence the whole 

process, specifically they affect the competition between the two heterotrophic families for COD. 

In the previous work by Guerriero et al., 2022 [7], it was shown that an introduction in the first half 

of the cycle of even small amounts of COD promoted the growth of heterotrophic denitrifiers. 

Moreover, the amounts of COD injected also have a strong influence on the rate of nitrogen 

removal, since heterotrophic denitrification is faster than autotrophic denitrification. 

Table 5. 10 Range of values used to perform the sensitivity analysis. 

 
 MIN  MAX 

Kinetic parameter   
  

K0 𝑲𝟎 0,01 1 

mu_aut_no3 𝝁𝑺𝒃,𝑵𝑶𝟑
−

𝒎𝒂𝒙  0,0015 0,02 

mu_aut_no2 𝝁𝑺𝒃,𝑵𝑶𝟐
−

𝒎𝒂𝒙  0,0015 0,02 

K2_2 𝒌𝑨𝑼𝑻,𝑺𝒃
 0,001 500 

K2_3 𝒌𝑨𝑼𝑻,𝑵𝑶𝟑
− 0,01 50 

K2_4 𝒌𝑨𝑼𝑻,𝑵𝑶𝟐
− 0,05 100 

k1 𝒌𝟏 0,01 1 

K1 𝜿𝟏 0,1 10 

A 𝒂∗ 0,00001 0,0001 

kd_hid 𝒌𝒅,𝑯𝑰𝑫 0,00001 0,001 

kd_aut 𝒌𝒅,𝑨𝑼𝑻 0,0001 0,001 

k_H 𝒌𝑯𝑰𝑫,𝑺𝑻𝑶𝑩 0,1 10 
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K_X 𝒌𝑺𝑻𝑶𝑩,𝑪𝑶𝑫 0,01 10 

K_hyd 𝑲𝑯𝑰𝑫,𝑬𝑷𝑺 0,01 5 

eta_NOx 𝜼𝑶𝑿 0,1 0,8 

mu_h_s 𝝁𝑯𝑬𝑻,𝑪𝑶𝑫 1 7 

mu_h_UAP 𝝁𝑯𝑬𝑻,𝑼𝑨𝑷 0,5 5 

mu_h_BAP 𝝁𝑯𝑬𝑻,𝑩𝑨𝑷 0,05 1 

b_H 𝒌𝒅,𝑯𝑬𝑻 0,01 0,5 

K_Het_NO2 𝒌𝑵𝑶𝟐

𝑯𝑬𝑻 0,01 10 

K_Het_NO3 𝒌𝑵𝑶𝟑

𝑯𝑬𝑻 0,01 10 

K_s 𝒌𝑪𝑶𝑫,𝑯𝑬𝑻 0,1 50 

K_UAP 𝒌𝑼𝑨𝑷 10 1000 

K_BAP 𝒌𝑩𝑨𝑷 10 1000 

mu_srb 𝝁𝑺𝑹𝑩 0,1 1 

K_cod 𝒌𝑪𝑶𝑫,𝑺𝑹𝑩 1 100 

K_SO4 𝒌𝑺𝑹𝑩,𝑺𝑶𝟒
 0,1 100 

b_srb 𝒌𝒅,𝑺𝑹𝑩 0,01 0,1 

f_EPS 𝒇𝑬𝑷𝑺,𝑨𝑼𝑻 0,01 0,1 

f_UAP 𝒇𝑼𝑨𝑷,𝑨𝑼𝑻 0,01 0,2 

f_BAP 𝒇𝑩𝑨𝑷 0,01 0,1 

f_i 𝒇𝑰 0,01 0,1 

k_EPS 𝒌𝑬𝑷𝑺 0,05 0,5 

k_uap 𝒌𝑼𝑨𝑷 0,01 0,1 

Y2_3 𝒚𝑨𝑼𝑻,𝑵𝑶𝟑
− 0,1 0,9 

Y2_4 𝒚𝑨𝑼𝑻,𝑵𝑶𝟐
− 0,1 0,9 

Y_H_S 𝒚𝑯,𝑪𝑶𝑫 0,1 0,9 

Y_H_UAP 𝒚𝑯,𝑼𝑨𝑷 0,1 0,9 

Y_H_BAP 𝒚𝑯,𝑩𝑨𝑷 0,1 0,9 

Y_SRB 𝒚𝑺𝑹𝑩 0,01 0,9 

 Operational parameter  
 

𝜏𝑑  0,1 0,99 

COD IN 2   0 500 

 

5.3.2 QUANTITY OF INTEREST 

5.3.2.1 N-removal 

 

The total nitrogen percentage removal represents a key parameter of the model, since the main aim 

of the process is the nitrogen removal via autotrophic denitrification. This quantity was evaluated 

as an average of the percentage of N-removal at the end of each cycle.  
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% Nremoval =
(𝑁𝑂3𝐼𝑁

+ 𝑁𝑂2𝐼𝑁) − (𝑁𝑂3𝑂𝑈𝑇
+ 𝑁𝑂2𝑂𝑈𝑇)

(𝑁𝑂3𝐼𝑁
+ 𝑁𝑂2𝐼𝑁)

∗ 100,          (5.23) 

where NO3,IN and NO2,IN are the concentrations in the SBR at begging of each cycle, NO3,OUT out 

and NO2,OUT out are the concentrations in the SBR at the end of each cycle.  

The removal of nitrogen-based compounds occurs in two ways: the first is via autotrophic 

denitrification, that is influence by the parameter connected to the reaction terms 𝜌2 and 𝜌3, the 

second is via heterotrophic denitrifiers supported by COD (𝜌8, 𝜌9), UAP (𝜌10, 𝜌11) and BAP 

(𝜌12, 𝜌13).  

5.3.2.2 SO4 OUT 

 

Sulfate concentration in the effluent represents the main shortcoming of sulfur based autotrophic 

denitrification. This output is strongly affected by the percentage of nitrogen compounds removed 

via SdAD or HD, indeed if the last is favored less sulfate will be produced. This concentration is 

evaluated as an average of the sulfate concentration at the end of each cycle for every simulation 

performed.  

The production of sulfate depends on the reaction terms 𝜌2 and 𝜌3, that is the two-step autotrophic 

denitrification. Those terms are affected by the concentration of bioavailable sulfur, which is 

supposed to be in excess, but need firstly to be hydrolyzed by the hydrolytic biomass.  The sulfate 

reduction depends on the terms 𝜌15, 𝜌16, 𝜌17, which are related to the activity of the sulfate reducing 

bacteria. The reaction terms related to the sulfate reducing bacteria are strongly influenced by the 

quantity of COD added to the system and the sulfate produced by the autotrophic denitrifiers. 

Indeed, if the COD is used also by the heterotrophic denitrifiers the sulfate reducing bacteria will 

be in competition for the COD uptake. 

5.3.2.3 SMP OUT  

 

SMP could be considered either as a favorable presence since they can support the growth of the 

heterotrophic families involved in the model, or an undesirable compound since they could 

compromise effluent quality. SMP concentrations are evaluated as the average of the sum of BAP 

and UAP at the end of each cycle. SMP production is related to the main microbial activities in 

particular: biomass growth mainly influences UAP while decay mainly influences BAP production. 
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SMP consumers are both heterotrophic families involved in the model, the SRB (𝜌16, 𝜌17) and the 

HD (𝜌10, 𝜌11,𝜌12, 𝜌13). 

5.3.2.4 Ratio of HD and SRB  

 

Due to the novelty of the simultaneous work of SRB and HD, a relevant quantity of interest is 

represented by the evaluation of the prevalence of a heterotrophic family against an another. This 

percentage is mainly influenced by the operational parameter 𝜏𝑑 and CODINJ. To analyze the ratio 

when a pseudo-steady state is reached, so the ratio is evaluated using the concentration at the end 

of each simulation.  

%𝑆𝑅𝐵 =
XSRB,FIN

XSRB,FIN + XHET,FIN 
∗ 100 (5.24) 

%𝐻𝐸𝑇 =
XHET,FIN

XSRB,FIN + XHET,FIN 
∗ 100 (5.25) 

 

5.3.3 EXPERIMENTAL DESIGN 

Due to the lack of experimental validation of the whole process, the same initial conditions of 

Guerriero et al., 2022 [7] are used to perform the simulation, reported here for convenience.  

Table 5. 11 Initial condition for the simulations performed. 

𝑿𝑯𝒀𝑫 

(mg/l) 

𝑿𝑨𝑼𝑻 

(mg/l) 

𝑿𝑺𝑻𝑶𝑩 

(mg/l) 

𝑿𝑬𝑷𝑺 

(mg/l) 

𝑿𝑯𝑫 

(mg/l) 

𝑿𝑺𝑹𝑩 

(mg/l) 

𝑿𝑰 

(mg/l) 

500 1100 0 0 1 1 0 

 

 𝑺𝑺𝟎
 

(mg/l) 

 𝑺𝑺𝒃
 

(mg/l) 

 𝑺𝑵𝑶𝟑
− 

(mg/l) 

 𝑺𝑵𝑶𝟐
− 

(mg/l) 

 𝑺𝑵𝟐
 

(mg/l) 

 𝑺𝑺𝑶𝟒
𝟐−  

(mg/l) 

 𝑺𝑼𝑨𝑷 

(mg/l) 

 𝑺𝑩𝑨𝑷 

(mg/l) 

 𝑺𝑪𝑶𝑫 

(mg/l) 

21’000 0 210 0 0 0 0 0 0 

 

The results are evaluated for three different durations of the cycle 𝜏=10, 15, 20 days, and the 

duration of each simulation is fixed to 300 days, indeed for each cycle duration different number 

of cycles are performed.  
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5.4 METHODOLOGY  

5.4.1 MORRIS METHOD 

The first methodology applied is the Morris method which is relatively inexpensive from a 

computational point of view, giving the opportunity to reduce the number of parameters analyzed 

in the further step. The Morris parameters have been evaluated using a set of simulations composed 

by 430 different variables combination, whose values are supposed to be uniformly distributed. 

The data analysis of each random sample, is carried out hypnotizing that all the observations are 

independent, and is summarized using two parameters: the sample mean 𝜇 reported in equation 

5.26 and the sample standard deviation 𝜎 reported in equation 5.27 according to Campolongo and 

Saltelli, 1997 [30]. 

𝜇(𝒛) =
∑ 𝑧𝑖

𝑟
𝑖=1

𝒓
   (5.26) 

𝜎(𝒛) = (
∑ (𝑧𝑖 − 𝜇(𝒛))2𝑟

𝑖=1

(𝒓 − 𝟏)
) 1/2  (5.27) 

The quantities obtained in absolute values represent the two sensitive parameters because the mean 

represent the entire the influence on the output while the standard deviation represents the 

interaction between the factors giving important information about the linearity of the parameter 

[30].  

5.4.2 MACHINE LEARNING-BASED METHOD 

For the surrogate-based study, two databases of size N =214 by using different quasi-Monte Carlo 

sampling methods were realized. A first database was generated using Sobol type sampling and is 

used as a training set. Then a second database is realized using a Halton method in order to validate 

the results obtained with the first set. The choice of making a second set is necessary to estimate 

the accuracy of the results obtained by the algorithm which learns with the first set. Those sets are 

used to train two different machine learning algorithms: Random Forest and XGBoost. The 

algorithms are trained using the Sobol set and the are validated using the Halton set.  

The quality of the machine learning methodologies was estimated using quantitative errors by 

evaluating the empirical error and Q2 error, the equations for which are given in the next section 

for more clarity on the results obtained. In addition, a qualitative graphical representation of the 
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error is given by the adequacy plots made with the XGBoost algorithm, comparing the learning 

results with the Sobol set, first with the same Sobol set and then tested using the Halton set. 

Then SHAP method was used to perform analysis and develop the SHAP feature importance plot 

in which are reported the mean absolute Shapley values and the SHAP summary plot where are 

condensed the importance of each feature. 

Lastly a partial dependence plots are also carried out to evaluate the simultaneous variation of the 

two operational conditions presented in the model: the day of the COD injection and the quantity 

of COD injected.  
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5.5 RESULTS AND DISCUSSION 

5.5.1 INITIAL SCREENING VIA MORRIS METHOD  

   

 

Fig. 5. 1 Morris results regarding the nitrogen percentage removal for three different cycle durations 

(τ=10,15,20 days). 

The initial screening suggests that the most influent parameters of the model are related to the 

sulfur-based denitrification process and in particular to the first step related to this process, 

represented by the hydrolysis of the elemental sulfur into the bioavailable sulfur. Indeed, the 

hydrolysis constant 𝑘1 which governs the transformation from elemental sulfur into bioavailable 

sulfur, represents the most influential parameter in the denitrification process also because is the 

starting point of the whole process. In particular, this parameter assumes an enhanced importance 

for longer cycle durations where autotrophic denitrification represents the main denitrification 
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process. Furthermore, other two constants 𝐾0 and 𝜅1 related to the hydrolysis step, strongly affect 

the process, representing respectively the efficiency growth coefficient for the hydrolytic biomass 

and volume specific half-saturation constant for elemental sulfur. Moreover, it should be noticed 

that as 𝑘1 also the effect of these parameters increase with the cycle duration. 

Another parameter related to the hydrolysis step is 𝑎∗, a geometric factor that influences the process 

and represents the specific area of the mass; unlike the previous ones, this is not affected by the 

cycle duration. 

The parameters related to the hydrolytic phase have also been identified as some of the most 

sensitive parameters in previous local sensitivity analyses performed for sulfur-based autotrophic 

denitrification system that also considered the hydrolysis phase [31], [32]. 

As reported by Guerriero et al., 2022 [7], longer cycle duration makes the autotrophic 

denitrification prevails within the whole process, explaining the increasing sensitivity of the 

nitrogen percentage removal to the maximum growth rate of both the denitrification steps μaut,NO3, 

μaut,NO2 and the Yield coefficient for autotrophic denitrifiers growing on nitrite. In addition, the 

half- saturation constants of the process K2,2, K2,3, K2,4 are also sensitive parameters but conversely 

to the previous ones those are not affected by the cycle duration.  

Regarding the parameters connected with the two heterotrophic species involved in the model, the 

most sensitive are found as bH, the death rate coefficient of the heterotrophic denitrifiers and YSRB 

yield coefficient for the sulfate reducing bacteria. While bH is strongly sensitive also to 𝜏 because 

shortest cycle favors the heterotrophic denitrification, the ySRB remains almost constant as the cycle 

length changes because of the increased sulfate production due to autotrophic denitrification. 

With respect to the parameters involved in the production and consumption of the SMP, the most 

sensitive parameter is represented by the kEPS which is the Yield coefficient for EPS for 

heterotrophic denitrifiers which as the death rate coefficient of the heterotrophic denitrifiers 

decreases with the cycle duration.  

As expected, the operational parameters CODinj and 𝜏𝑑 result sensitive for the nitrogen percentage 

removal due to their influence on the heterotrophic families involved, but their impact is not 

subjected to the cycle duration. 
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Fig. 5. 2 Morris results regarding the avarage of sulfate concentration in the effluent for three different 

cycle durations(τ=10,15,20 days). 

The second quantity of interest investigated is the sulfate concentration in the effluent, which is 

strongly connected to the percentage of N-based compounds removed. As for the percentage of 

nitrogen removal also for the sulfate concentration, the parameters related to the autotrophic 

denitrification, and consequently to the sulfur hydrolyzation, represent the most sensitive from this 

analysis.  

As previously observed, the maximum growth rate for autotrophic denitrifiers with respect to the 

first stage of denitrification μaut,NO3 and the hydrolysis constant kinetics k1 are more sensitive than 

the other parameters. Moreover, the relative sensitivity to these parameters as for nitrogen removal 
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rate increases for longer cycles because of their strong connection. Sulfate production is also 

sensitive to the maximum growth rate of the second stage of denitrification μaut,NO2. 

Other kinetic parameters related to the autotrophic denitrification which increase with the cycle 

duration are represent by the yield coefficients of the autotrophic denitrifiers in both the 

denitrification steps. However, comparing those results with the ones observed for the nitrogen 

percentage removal, the sulfate concentration is not sensitive to any the semi-saturation constants 

of the autotrophic denitrification. Furthermore, the physical parameter 𝑎∗ is less influent when 

increasing the cycle duration maybe because if less sulfur is transformed into bioavailable sulfur, 

less sulfate could be result by the autotrophic denitrification. However, sulfate is also sensitive to 

𝜅1 the volume specific half-saturation constant which have also, as 𝑎∗ a strong influence on the 

hydrolyzation of sulfur. 

The sulfate concentration is also sensitive to the sulfate reduction related parameters: μSRB the 

maximum growth rate of the sulfate reducing bacteria, bSRB the death rate of the sulfate reducing 

bacteria, and the yield coefficient of the sulfate reducing bacteria YSRB . Those parameters are not 

affected by the duration of the cycle. Regarding the operational parameters, the sulfate 

concentration is more sensitive to the day of COD injection than to the quantity injected in that 

day. In addition, due to the competition between the two heterotrophic families for COD, the sulfate 

concentration is also affected by the relative efficiency coefficient of the heterotrophic denitrifiers, 

taking into account that HD is associated with lower sulfate concentration in the effluents. 
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Fig. 5. 3 Morris results regarding the average of the concentration of the SMP in the effluent for three 

different cycle durations (τ=10,15,20 days). 

Being strongly correlated with biomass activities, the SMP productions influenced by the 

biomasses that produce them in greater amounts represented by autotrophic denitrifiers also due to 

their higher initial abundance as could be observable from Fig 5.3. Also, for this quantity the 

aforementioned parameters related to the hydrolysis step (a∗,k1, κ1,K0) and autotrophic 

denitrification (μaut,NO3, μaut,NO2, Y2,3, Y2,4) represent sensitive parameters, since both can be 

considered the bottleneck of the process and are related to the most abundant biomass of the system. 

As expected, the yield of heterotrophic denitrifiers and sulfate reducing bacteria affects SMP 

production, being a parameter that links substrate to biomass growth. Heterotrophic denitrifiers are 

linked to SMP production and consumption, and their decay term is found to be strongly influenced 

by cycle duration. Also kEPS , the EPS yield coefficient for heterotrophic denitrifiers, turns out to 

be a sensitive parameter contrary to what is observed for the other quantities of interest. Regarding 
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the operational parameters considered, CODinj and 𝜏𝑑are not affected by cycle duration and their 

importance always remains in the same region. 

    

   

Fig. 5. 4 Morris results regarding the percentage of the SRB and HET overe the heterotrophic consortium, 

for three different cycle durations (τ=10,15,20 days). 

In case of shortest cycle duration 𝜏 =10 days, the prevalence of a heterotrophic family against 

another is influenced by the maximum growth rate and the decay coefficient of both heterotrophic 

families. Furthermore, in this case it is present also a parameter only related to the heterotrophic 

denitrifiers represented by ηox i.e., the anoxic coefficient which accounts for the reduced 

heterotrophic denitrifiers growth rate under anoxic conditions. 

Since it is a reduction coefficient it could quickly bring down the concentration of heterotrophic 

denitrifiers. Moreover, the semi-saturation constant of the heterotrophic denitrifiers with respect to 
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the BAP also result also an influent parameter, probably because BAP represents the second source 

in terms of abundance of organic matter, so it could affect the growth of both heterotrophic families. 

For cycle duration 𝜏 =15 days, the prevalence of a species is influenced by the anoxic coefficient, 

but in this case the parameters related to COD consumption by denitrifying heterotrophs μH,S and  

bH also become more relevant. By increasing the cycle duration from 𝜏 =15 days to 𝜏 =20 days, 

the most influential parameter is the semi saturation constant of sulfate-reducing bacteria with 

respect to COD. Linked to this parameter, for the relation between autotroph denitrification and 

sulfate concentration, during 𝜏 =20 days the maximum growth rate of autotrophs related to the 

second denitrification phase also becomes relevant. For a longer cycle duration, the sensitivity with 

respect to μSRBalso increases due to the prevalence of autotrophic denitrification, and consequently 

a higher sulfate concentration leads to an increase in sulfate-reducing growth. The main biological 

pathway involved in the process represented by autotrophic denitrification is also found to 

influence the prevalence of the heterotrophic family over another. It may also be noted from the 

observation that both the maximum growth relative to the first step of autotrophic denitrification 

that converts nitrate to nitrite μaut,NO3 and the half-saturation coefficient of sulfate during 

autotrophic denitrification represent sensitive parameters. 

Because of the prevalence of autotrophic denitrification by enlarging the cycle duration, the 

influence of these parameters decreases for longer cycles. Namely, the higher the sulfate 

production, the higher the growth of sulfate-reducing bacteria. In addition, reducing the cycle 

duration results in the prevalence of one family over another being influenced by more parameters, 

as expected because this quantity is evaluated only on the heterotrophic biomasses involved in the 

model. 

5.5.1.1 Overall analysis on Morris  

 

All the quantities investigated are more sensitive to the parameter connected with the sulfur 

hydrolyzation  𝑘1 which represents the bottleneck step of the whole process. Associate to 𝑘1 also, 

regarding the hydrolysis step the importance of the physical parameter 𝑎∗, which is already known 

to be an important parameter in the elemental sulfur based autotrophic denitrification.  
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What must be noticed with respect to all the previous experimental studies is that the influence of 

the dimension of the particles become less relevant when increasing the duration of the cycle. This 

investigation has never been carried out before, but from an engineering perspective, whose main 

objective is the reduction of the time reaction, this result provides valuable information. Conversely 

𝜅1 assume an opposite trend with respect to 𝑎∗. Furthermore, the prevalence of one heterotrophic 

family against another represents the quantity of interest which results more affected by the amount 

of COD injected. Also, it should be noted that the initial concentration of both the heterotrophic 

species involved in the model are considered very low with respect to the autotrophic denitrifiers 

to simulate the natural growth of both heterotrophic families. This assumption was made assuming 

that the biomass was already acclimatized for autotrophic denitrification, and it may explain why 

the kinetic parameters related to the heterotrophic species do not strongly affect the quantity of 

interest investigated.  

5.5.2 MACHINE LEARNING RESULT  

After the first analysis performed using the Morris technique which could lead to an overall look 

at the parameters involved in the model, two other random sets of simulations have been carried 

out using the SOBOL indices and a HALTON sequence both derived from Montecarlo method. 

Those sets have been used in two different machine learning algorithm: Random Forest and 

XGBoost. Based on the preliminary results of the Morris method, some parameters have been 

excluded due to their low sensitivity, so the number of the parameter investigated is passed from 

42 to 30. The sample set to perform for each method consists of 16’384 simulations, so more 

accuracy will be present in the next results. Furthermore, the same quantities of interest have been 

investigated for the three different cycle durations. Here for convenience are reported just the result 

for a cycle duration of 20 days due to the very close results obtained for the other cycle durations, 

which are reported in the appendix.  
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Fig. 5. 5 Importance of the parameter exanimated using XGBoost algorithm. 

 

Fig. 5.6 Importance of the parameter exanimated using Random Forest algorithm. 
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From the analysis of the importance with the XGBoost (Fig. 5.5) and Random Forest (Fig. 5.6) 

machine learning algorithms, it appears clear that for different quantities of interest, there are 

different sensitive parameters. Nitrate removal rate appears to be strongly correlated with the output 

SMP concentration, since SMP concentration is related to biological activities. The main 

parameters affecting nitrogen removal rate have the same order of importance in the process order. 

The parameter with the greatest importance is the hydrolysis constant k1, in line with previous 

observations since the hydrolysis of elemental sulfur is the bottleneck of SdAD. Also 

experimentally, the low solubility of elemental sulfur represents the main bottleneck of the process 

[3]. 

Then the other relevant parameters are represented by the biological constants related to the two 

steps of the autotrophic denitrification which are 𝜇𝑆𝑏,𝑁𝑂3
−

𝑚𝑎𝑥 ,  𝜇𝑆𝑏,𝑁𝑂2
−

𝑚𝑎𝑥 , 𝑦𝐴𝑈𝑇,𝑁𝑂3
−,  𝑦𝐴𝑈𝑇,𝑁𝑂2

−.  

For the sulfate concentration, the most important parameter is represented by the COD injection 

amount which is strongly related to the possibility of the sulfate production or consumption. Indeed, 

if the denitrification process is mainly performed by the heterotrophic denitrifiers less sulfate will 

be produced. Similarly, when CODinj occurs after 𝜏 /2, a lower sulfate concentration is observed 

but, in this case, the reduced sulfate concentration is due to the activity of sulfate reducing bacteria. 

Furthermore, also the maximum growth rate related to the first step of the autotrophic 

denitrification is important for sulfate concentration. Moreover, apart from the quantity of CODinj, 

the other biological parameters related to the sulfate concentration in the effluent is the yield of the 

SRB which are not stimulated to growth if sulfate is not present.  

Regarding the SRB percentage, if higher amount of COD is not added the SRB percentage on the 

heterotrophic consortium is always favored. This is in line with the importance of the constant bh 

which represents the decay of the heterotrophic denitrifiers. Indeed, if the heterotrophic denitrifiers 

die the sulfate reducing bacteria are the only COD consumers. The decay of sulfate reducing 

bacteria assumes the same importance for the same reason.  
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5.5.2.1 A posteriori error estimation of surrogate error  

The construction of a surrogated model could lead to two different types of error that could be 

computed to understand the differences and the straightness between the metamodel and the model. 

The empirical error can be evaluated using the following equation  

𝜀𝑒𝑚𝑝 =
∑ (𝑦(𝑙) − 𝑦(𝑙)̂)

𝑁𝑠𝑜𝑏𝑜𝑙
𝑖=1

𝑁𝑠𝑜𝑏𝑜𝑙𝑉𝑎𝑟𝒀
  (5.28) 

where: 𝑦(𝑙)is the lth element of the training set and 𝑦(𝑙)̂  is the corresponding prediction by the 

surrogate model; 𝑁𝑠𝑜𝑏𝑜𝑙 = 214 is the number of simulations in the set of the Sobol training set. The 

estimation of the empirical error is carried out to prevent the overfitting problem. The empirical 

error is evaluated for the different quantity of interest firstly observing the difference between the 

random forest surrogate model and secondly using as surrogate model the XGBoost algorithm.  

 

Fig. 5. 7 Relative error evaluated using the different machine learning methods used: on the left side the 

Random Forest relative error and on the right side the relative error on XGBoost algorithm.  

As reported in Fig. 5.7, in both cases the percentage of SRB is the most variable error when varying 

the cycle duration, but with different trends. The error on the percentage of the SRB increases on 

the left side while decrease on the right side also presenting lower values for XGBoost algorithm. 

In addition, another quantity that exhibits the same trends but with different values is the output 

sulfate concentration, whose error increases as the cycle duration increases. The relative error using 

Random Forest method for the nitrogen percentage removal and the SMP production, are not 

affected by the variation of the cycle duration. Conversely when XGBoost algorithm is used, the 

relative error on the nitrogen percentage removal decreases with the increasing of τ, probably 
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because longer cycle implies more nitrogen compounds removed via autotrophic denitrification. 

The relative error on SMP in the effluent also vary, decreasing faster with respect to the nitrogen 

percentage removal.  

Another index that could be used to evaluate the error and validate the surrogate model is 

represented by the predictive coefficient Q2 that is a cross-validation error metric. For the 

estimation of Q2, it has been used another independent set that in this case is represented by the 

Halton set to validate the data.  

𝑄2 =
∑ (𝑦(𝑙) − 𝑦(𝑙)̂)2𝑁𝐻𝑎𝑙𝑡𝑜𝑛

𝑙=1

∑ (𝑦(𝑙) − 𝑦̅)
𝑁𝐻𝑎𝑙𝑡𝑜𝑛
𝑙=1

2    (5.29) 

 

Fig. 5. 8 Relative error Q2. On the right the error evaluated using Random Forest on the left the error 

using XGBoost. 

In contrast to the relative error, the Q2 error has the same trend for all quantities of interest, the 

only exception being the variability on the sulfate reducing bacteria percentage. Notably, this error 

decreases with increasing cycle length as in the case of the relative error calculation.  

5.5.2.2 Adequacy plot  

To test what the machine learning system have learned on the Sobol set using the XGBoost 

algorithm, qualitative graphical representation has been also carried out using the adequacy plot. 

Those are the representation of the simulation tests performed for analyzing graphically the error 

that is carried out by the different machine learning methods. Such representations are carried out 
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comparing the results obtained using the same set on which the algorithm has been trained (Sobol 

set), and another validating set (Halton set). 

Table 5. 12 Resume of the adequacy plot of the machine learning system XGBoost trained on Sobol set 

and validated using Sobol set the first column report the results obtained for cycle duration of 10 days and 

the second column for cycle duration of 20 days.  

Test of XGBoost which learn on Sobol set and respond to Sobol set 
 10 days 20 days 
Sulfate  

  
Perc_SRB 

  
Perc_N_Ri
m  
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SMP  

  
  

The results reported in Table 5.12 have been obtained by testing the XGBoost machine learning 

algorithm on the Sobol set, that is the same set on which the algorithm was trained. The results 

obtained show that the system responds uniformly for all quantities of interest examined. In the 

case where the duration is longer i.e. a duration of 20 days the dispersion of the evaluated results 

represented by the green point cloud is tightest and close to the red line that represent the optimum 

result. 

Table 5. 13 Resume of the adequacy plot of the machine learning system XGBoost trained on Sobol set 

and validated using Sobol set the first column report the results obtained for cycle duration of 10 days and 

the second column for cycle duration of 20 days.  
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Test of XGBoost which learn on Sobol set and respond to Halton set 

 10 days 20 days 

Sulfate 

  
Perc_SRB 

  
Perc_N_Ri

m  

  
SMP  
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Validation of the algorithm with a second set other than the learning set shows greater dispersion 

of the results obtained, the green dots representing the individual results being much further away 

from the red line of the primary result. In particular, the results for the percentage of reducing 

sulfate versus heterotrophic consortium show the greatest dispersion. The outcomes are scattered 

in both cases, resulting in a very different output from that in Table 5.12 in which the reducing 

sulfate percentage was the best investigated quantity. In contrast to the results shown in Table 5.12, 

in Table 5.13 a greater dispersion of results is observed in cases where the cycle duration is longer 

i.e., 20 days. 

5.5.3 SHAP METHOD  

5.5.3.1 Shap feature importance  

 

Shapley characteristics are evaluated to understand the overall importance. Important values are 

those with a large absolute value of Shapley number, so the results obtained are represented ordered 

from most to least important. The values shown are an average of the absolute Shapley values for 

each feature in the data: 

𝐼𝑗 =
1

𝑛
∑ |Φ𝑗

(𝑖)
|

𝑛

𝑖=1

 (5.30) 

 

The score obtained for each parameter represents the effect of this parameter on the quantity of 

interest of the model. The following Shapley feature data are trained with XGBoost algorithm.  
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Fig. 5. 9 SHAP feature importance measured as the mean absolute Shapley values. Those values are 

related to a cycle duration of 20 days trained with XGBoost for predicting the Nitrogen percentage 

removal. 

As expected as it possible to observe from Fig 5.9 for longer cycle duration, the most relevant 

parameters affecting the Nitrogen percentage removal are the maximum growth rate of the 

autotrophic denitrifiers over nitrate and nitrate and also the hydrolysis constant for the elemental 

sulfur. With respect to the Morris analysis which is based on a smaller simulation set, here the 

biological parameters such the maximum growth rate but also the yield coefficient for the 

biomasses has more importance than the parameters related to the sulfur hydrolysis. Furthermore, 

the quantity of COD injected becomes more relevant as well as the maximum growth rate related 

to the growth of the heterotrophic biomass.  
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Fig. 5. 10 SHAP feature importance measured as the mean absolute Shapley values. Those values are 

related to a cycle duration of 20 days trained with XGBoost for predicting the Percentage of prevalence of 

sulfate reducing bacteria. 

The results obtained for the SRB reported in Fig. 5.10 prevalence with respect to the heterotrophic 

consortium are partially different from the Morris results. Indeed, the decay constant for the 

heterotrophic denitrifiers was not considered a highly sensitive parameter as in the Morris result. 

Instead, the growth rate and decay constant related to the SRB maintain the relevance in both 

methods, since for higher amount of COD added to the system the SRB represent the most abound 

biomass in the consortium. Furthermore, the growth rate related to the autotrophic denitrifiers still 

maintain higher relevance since affects both the heterotrophic biomass. This occurs because if the 

autotrophic biomass is not responsible of the denitrification, then no sulfate is produced and 

consequently the growth of sulfate reducers is not promoted. For cases where no COD addition 

occurs, the other organic matter derives from the SMP that could be uptaken by the heterotrophic 

species; the constant k_EPS related to the BAP production becomes relevant to support the growth 

of the heterotrophic consortium.  
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Fig. 5. 11 SHAP feature importance measured as the mean absolute Shapley values. Those values are 

related to the cycle duration of 20days trained with XGBoost for predicting the SMP concentration in the 

effluent. 

The first eight most important parameters in this classification reported in Fig. 5.11 concerning the 

SMP are all related to the autotrophic denitrifiers and the sulfur hydrolyzation as expected because 

the autotrophic denitrifiers are the most abundant family present in the system. SMP production is 

related to all the microbial activities performed and the autotrophic denitrification always occurs 

even without COD addition. In fact, after these eight parameters, the injected COD is also relevant 

because it will increase SMP production due to increased microbial activities of all the biomasses 

involved in the model. Furthermore, considering the SMP as the sum of UAP and BAP, the 

hydrolyzation constant of the EPS which leads to the production of BAP is also relevant. 
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Fig. 5. 12 SHAP feature importance measured as the mean absolute Shapley values. Those values are 

related to the cycle duration of 20days trained with XGBoost for predicting the Sulfate concentration in 

the effluent. 

According to Fig. 5.12 The concentration of the COD injected in the system represents the most 

important parameter since it is necessary to have a relevant reduction in the Sulfate concentration 

in the effluent. Furthermore, the concentration will not increase if the autotrophic denitrification 

does not take place. Indeed, the maximum growth rate of the autotrophic denitrifiers and the yield 

coefficient related to the first step of the denitrification process and the hydrolysis constant are also 

reported as important parameters.  

The day of the COD injection in this case is in the highest position compared to the results obtained 

for the other quantity of interest since a later injection favors the sulfate production and reduction 

due to the higher nitrogen concentration removed via autotrophic denitrification. Those results are 

close to the one observed with the Morris analysis in which, however, the sulfur hydrolysis constant 

retains wider relevance by being the bottleneck of the autotrophic denitrification process. 

5.5.3.2 Overall consideration on Shap importance 

 

The operational parameters of the model 𝜏𝑑 and CODinj influence the output sulfate concentration 

more than any other quantity of interest, a result perfectly in line with what could be observed from 

the simulations reported within the other chapters. 
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Regarding the parameters connected to the autotrophic denitrification process, those still remain in 

the first places of the ranking importance for all the quantities of interest investigated. The other 

strictly biological parameters are related to the decay of both the heterotrophic families considered 

in the reactor. 

The quantity of interest that is affected by different parameters depending on the sensitivity analysis 

methodology is represented by the percentage prevalence of sulfate-reducing over heterotrophic 

consortium. Indeed, comparing the results obtained by the Morris method and SHAP analysis, 

several parameters are apparently influencing the quantity, most of them related to the decay of 

heterotrophic species and the growth of autotrophic biomass. Thus, the variability in the percentage 

of sulfate-reducing bacteria due to the fluctuation of many parameters is probably the cause of the 

variation in errors in both assessments performed as the cycle duration varies.  

5.5.3.3 Shap summary plot  

SHAP analysis also leads to the development of a summary graph in which the Shapley values for 

a feature and an instance are condensed at each point. This graph combines: sorting features by 

importance and, using color to explain the value of the feature. Each point on this graph represents 

a Shapley value. 

 

Fig. 5. 13 SHAP summary plot for 𝜏=20 days for the nitrogen percentage removal.  
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From Fig. 5.13 result that the rate of nitrogen removal over the cycle duration is strongly dependent 

on the kinetic parameters related to the autotrophic denitrification, such as the maximum growth 

rate and parameters related to the hydrolysis step. The k1 constant is more evident here than in the 

previous SHAP analysis as the bottleneck constant of the process. In fact, constant k1 for a lower 

value reduces the nitrogen removal rate. In addition, it is also shown that low values of the growth 

rate reduce the efficiency of the nitrogen compound removal process. The particle size a*, reported 

here as affects the process as does the k1 constant. Furthermore, it must be noticed that since the 

autotrophic denitrification is the main biological pathways for the N-based compounds removal, 

the parameter connected to the heterotrophic denitrification are not present in this summary plot.  

 

Fig. 5. 14 SHAP summary plot for 𝜏=20 days for the SRB Percentage on the heterotrophic consortium.  

According to Fig. 5.14, for the heterotrophic consortium, the most affecting parameter is reported 

to be for an extent range of values the decay constant of the heterotrophic denitrifiers. Related to 

this constant there is also the yield constant for both heterotrophic biomasses, heterotrophic 

denitrifiers and sulfate reducing bacteria. Regarding the variability of these two heterotrophic 

families all the parameters related to the growth and decay of the biomass are reported to be 

important and strongly affecting the final percentage of the sulfate reducing bacteria with respect 

to both the heterotrophic families. Furthermore, it must be noticed that if the heterotrophic 

denitrifiers disappear the sulfate reducing bacteria will be the only consumers of the COD added 

during the process. However, the growth rate of the autotrophic denitrifiers maintain their 
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importance because it must be remembered that, if autotrophic denitrification does not take place 

sulfate will be not produced and consequently the sulfate reducing bacteria will not have substrate 

to grow on. In addition, K_EPS is also present in this list since it is the responsible for the BAP 

production which represents the growth support for both heterotrophic families. It should also be 

noted that the analysis is conducted referring to sulfate reducing bacteria which explains why 

heterotrophs related parameter are more important, taking into account as already mentioned that 

if heterotrophs disappear sulfate reducers remains the only consumers of organic matter. 

 

Fig. 5. 15 SHAP summary plot. For 𝜏=20 days of the concentration of the SMP in the effluent.  

As the other quantities of interest, from Fig 5. 15 it results that also the SMP concentration is related 

to autotrophic denitrification parameters, since it is the main biological process and the one which 

involves more biomass. Furthermore, the hydrolyzation constant of the EPS (k_EPS) is still 

confirmed as in the previous results the most influential parameter strictly related to the SMP 

production.  
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Fig. 5. 16 SHAP summary plot. For 𝜏=20 days of the concentration of the sulfate in the effluent.  

As reported in Fig 5.16 Sulfate concentration is confirmed to be the quantity of interest most 

affected by the addition of COD during the process, since sulfate reduction must be carried out. In 

contrast to nitrogen compounds, it should be remembered that sulfate is produced in the system by 

autotrophic denitrifiers consequently the dependence on parameters related to the growth of this 

biomass is necessary. Concomitantly, the significance of the yield of sulfate-reducing bacteria is 

explained by the fact that they are the only biomass responsible for the decrease in sulfate 

concentration. Furthermore, sulfate concentration is the only quantity of interest for which the 

operational parameter related to the day of injection is also important. This parameter does not 

have the same importance as the COD amount since it affects mainly the removal of sulfates rather 

than their production contrary to the parameters related to autotrophic denitrification. Moreover, 

the yield coefficient of heterotrophic biomass is also present, since if nitrate removal is carried out 

by this biomass no sulfates are produced.  

5.5.4 PARTIAL DEPENDENCE PLOT (PDP) 

The last analysis performed will strongly help for the future calibration of the model because it is 

carried out to understand the variation of 𝜏𝑑 and CODinj on the more engineering quantity of interest 

analyzed: the nitrogen percentage removal and the sulfate concentration. Indeed, the partial 

dependence plot is a useful tool to predict the effect that each parameter has on the outcome in 

machine learning model [33]. The results are obtained by marginalizing the other parameters 
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involved and varying the ones of interest. The analysis has been carried out varying simultaneously 

the two variables for 𝜏 =10 and 20 days reported in Fig. 5.17-5.20.  

 

Fig. 5.17 PdP figure representing the effect of the simultaneous variations of 𝜏𝑑 and CODinj on the 

Nitrogen percentage removal for 𝜏 =10 days. 

 

Fig. 5. 18 PdP figure representing the effect of the simultaneous variations of 𝜏𝑑 and CODinj on the 

Nitrogen percentage removal for 𝜏 =20 days. 
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The nitrogen percentage removal is strongly affected by the operational parameters 𝜏𝑑 and CODinj, 

giving prove with the two Fig. 5.18-5.19 of the flexibility of the model. Indeed, varying two 

operational parameters the same result could be obtained. From the analysis it results that nitrogen 

percentage removal is higher for the longer cycle duration as widely discussed in previous chapters. 

However, those new representations highlight the strong increased efficiency of the process when 

the COD addition occurs for 𝜏𝑑>0.5 τ which is more evident for τ=20 days. Furthermore, it could 

be also noticed that also for 𝜏 =10 days the nitrogen percentage removal is lower even when the 

maximum quantity of COD is added but increases with the increasing of 𝜏𝑑in particular when the 

value of 350 mg/l of COD is added.  

 

Fig. 5. 19 PdP figure representing the effect of the simultaneous variations of 𝜏𝑑 and CODinj on the 

Sulfate concentration for 𝜏 =10 days.  
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Fig. 5. 20 PdP figure representing the effect of the simultaneous variations of 𝜏𝑑 and CODinj on the 

Sulfate concentration for 𝜏 = 20 days. 

The Concentration of sulfate as reported from Fig 5.19,20 is almost constant varying the values of 

𝜏𝑑 but it will rapidly increase when the COD addition occurs almost at the end of the cycle. This 

trend could be explained by two factors: the first is that for earlier COD injection, the latter will be 

used mostly by the heterotrophic denitrifiers that will reduce the amount of nitrogen removal by 

autotrophic denitrifiers reducing the quantity of sulfate produced; the second is related to 𝜏𝑑 indeed, 

later the injection occurs the more the sulfate reducing bacteria could not have the possibility to 

complete the removal of sulfate produced. 

Comparing the results in terms of Nitrogen percentage removal and sulfate concentration it is 

possible to reach higher performances in terms of such quantities of interest simply varying the 

operational conditions.  



122 

 

5.6 CONCLUSION  

The results obtained through the different methodologies to measure the sensitivity of different 

parameters revealed that what mainly affects the autotrophic denitrification is process is sulfur 

hydrolysis. Other parameters, on the contrary, affect the results related to the heterotrophic families 

i.e., the prevalence of sulfate reducers over heterotrophs and the amount of sulfate output are 

mainly related to the decay constants of denitrifying heterotrophs and to the growth and death of 

sulfate reducers. Such results also highlight that one of the parameters that mainly influence the 

production of SMP is the hydrolysis constant of EPS. Furthermore, the results also demonstrate 

that for a previous acclimatized biomass the nitrogen percentage removal is affected by the 

maximum growth rate of the autotrophic denitrifiers. All these considerations will serve as a 

valuable tool in future experimental calibration and validation of the model and highlight from an 

application perspective that the system can easily react to possible changes in terms of nitrogen 

loading or quality of the effluent required, that can always occur within any wastewater treatment 

plant. 
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6.1 CONCLUSION 

 

Mathematical modeling represents a useful tool to investigate a new process that has never been 

experimentally studied before. Indeed, as reported in the first chapter, none of the previous 

studies have analyzed the simultaneous work of autotrophic denitrifiers using elemental sulfur, 

sulfate reducing bacteria and heterotrophic denitrifiers. Furthermore, the evaluation of the 

growth and the consumption of the Soluble Microbial Products (SMP) has never been evaluated 

for autotrophic denitrifiers using sulfur compounds. In this case, the model developed served 

also to assess the competition between three microbial families and, consequently, the 

performances of three different processes occurring simultaneously. 

In this work, the operational conditions of a sequential batch reactor (SBR) were widely 

investigated for the first time, giving a key role in the process to cycle duration, day of injection 

and the amount of COD added. Such parameters are a novelty if compared to previous models 

and experimental studies reported in the first chapter, in which COD is usually added at the 

beginning of the process or is already present in the influent. 

The model simulations are presented in chapter 3 and 4 using high nitrogen concentrations, 

typical of industrial wastewater effluent. However, the process works properly also for lower 

concentrations of nitrogen compounds in the influent, as experimentally shown in the studies 

described in chapter 2. Even if it was not possible to evaluate the inhibition caused by nitrite 

accumulation (it could have been investigated only with experimental validation), the results 

obtained in terms of nitrogen removal efficiency are over the 60 % almost in every case. Such 

results make hard to suppose that nitrite accumulation could occur since it is explicitly removed 

both via heterotrophic denitrification and autotrophic denitrification.  

In chapter three, the mathematical model is defined and described. To model the biological 

processes occurring in SBR reactor, impulse differential equations are used. Autotrophic 

denitrification is supposed to be the main biological process, and the heterotrophic families are 

stimulated to grow by the addition of two different COD values: one stoichiometric with respect 

to the amount needed to remove sulfate produced by autotrophic denitrification and another in 

excess of this amount. Using the model, several simulations were carried out varying the 

duration of the cycle, the amount of COD input and the day it is added. In cases where COD 

input occurs past the first half of the cycle duration sulfate reducers prevail on heterotrophic 

denitrifiers. This study shows the possibility to stimulate sulfate reducers after the autotrophic 
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denitrification takes place, which takes longer reaction time. Conversely, when the addition of 

COD occurs before half the cycle duration, heterotrophic denitrifiers are favored, making the 

process faster, but being deficient in COD can lead to less nitrate removal if the cycle duration 

is not sufficient for autotrophic denitrifiers to complete the removal of nitrogen compounds. In 

addition, it should be noted that in cases where no external COD source is fed, the SMP 

produced by the microbial activities are unable to support a significant sulfate removal. 

From the results presented in chapter four, the low accumulation and utilization of SMP is 

even more pronounced as the operating conditions of the reactor are modified, increasing the 

emptying/refilling ratio of the reactor, and reducing the sedimentation efficiency. Emptying the 

system of a larger amount of liquid inside leads to the possibility of achieving a higher removal 

of nitrate in comparison to the simulations performed in the second chapter. The results 

obtained in this chapter indicate that maintaining optimal sedimentation conditions for the 

process is necessary, in order to maintain high biomass concentrations within the system even 

with shorter cycle durations. Given the large number of simulations performed and parameters 

involved, is hard to achieve the minimum concentration of sulfate in the effluent in the 

minimum time and simultaneously maintain high the nitrogen removal efficiency as evidenced 

by the sensitivity analysis in chapter four.  

In chapter five, the global sensitivity analysis is carried out on all the kinetic parameters 

involved in the model. Based on the Morris method, the main sensitive parameters are reported 

to be the ones related to the autotrophic denitrifiers and the hydrolyzation step of the elemental 

sulfur. Indeed, the maximum growth rate of the autotrophic denitrifiers of both the steps of 

denitrification process have an important role. The quantity of interest which resulted harder to 

define due to the extreme variability in the results is reported to be the percentage of the 

prevalence of the sulfate reducing bacteria on the heterotrophic consortium due to its 

dependence from many parameters. Given the lack of experimental data on the simultaneous 

work of these three microbial species, the global sensitivity analysis will give the main support 

to model calibration and experimental validation. Moreover, assuming the experimental tests 

that could be carried out to validate the model presented here, this analysis will be a useful tool 

to intervene on the parameters found to be the most sensitive. 
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6.2 FUTURE PERSPECTIVES 

 
The presented model represents the ultimate tool for achieving optimal COD addition without 

losing the advantages associated with the application of autotrophic instead of heterotrophic 

denitrification. The overall sensitivity analysis shows that, as seen experimentally before, the 

elemental sulfur hydrolysis step is the bottleneck of this process. 

Further studies must be carried out for experimental validation of the model promoting the 

simultaneous growth of the three microbial families. It was indeed already proved 

experimentally that such families can growth together by couple, but their growth have never 

been stimulated all together. The advanced global sensitivity analysis carried out have been 

evidenced the parameter on which the future experimentation necessary to experimentally 

calibrate and validate the model.  

Sequencing batch reactor was chosen as reactor configuration but the most widely used is 

represented by the packed bed reactor so probably further experimentation could be carried out 

using this reactor configuration. However, the proper reactor configuration is also always 

subjected to the necessity related to the influent characteristic. Furthermore, if different reactor 

configuration will be chosen for experimental validation and scale up of the process it will result 

necessary a configuration which enhance the biomass accumulation. In addition, studies on the 

different forms of elemental sulfur that may be used by autotrophic denitrifiers also need to be 

implemented given the wide variety of forms found. Another parameter that could be the subject 

of further interest and investigation is the evaluation of the maximum growth rate of denitrifying 

autotrophs on nitrite since in some studies a higher growth rate is reported in the transformation 

from nitrite to nitrate while in others the reverse is reported. According to what revealed by the 

sensitivity analysis regarding the main quantities of interest represented by nitrate removal and 

sulfate output concentration, the most influential parameter of the process is the maximum 

growth rate constant related to the transformation of nitrate to nitrite. Therefore, it might be of 

strong interest for the calibration purposes to monitor the nitrous oxide production, in order to 

evaluate also the effects of the addition of the external carbon source on the emissions of this 

gas.  

 

 


