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Sommario

Negli ultimi cinquant’anni anni il concetto di dualità ha assunto un ruolo fon-
damentale nella fisica teorica. L’estrema importanza delle dualità è dovuta
al fatto che queste forniscono strumenti per la costruzione di nuove teorie e
permettono ai fisici di fare calcoli in regimi che altrimenti non sarebbero ac-
cessibili. Più nello specifico, il concetto di dualità si riferisce all’esistenza
di descrizioni diverse, in termini di formalismo matematico, dello stesso
fenomeno fisico.

In particolare, le dualità giocano un ruolo chiave nelle teorie di stringa,
in quanto permettono di collegare teorie di stringa definite su spazitempo
differenti. Un esempio fondamentale è la rete di dualità che collega le cinque
teorie di superstringa, permettendo di passare da una all’altra attraverso
specifiche mappe di dualità. In questa tesi verrà considerata in particolare
la cosiddetta T-dualità, che consente di mappare teorie di stringa definite su
varietà con qualche dimensione compatta.

Un altro concetto fondamentale in fisica teorica è quello dei modelli sigma
non lineari. Un modello sigma è una teoria di campo in cui i campi sono a
valori in una varietà curva, cui ci si riferisce con il nome di spazio target.
Tali modelli giocano un ruolo importante in vari settori della fisica teorica,
spaziando dalla descrizione di eccitazioni adroniche a bassa energia in quat-
tro dimensioni alla materia condensata e la meccanica statistica oltre che, nat-
uralmente, alle teorie di stringa. Infatti, le teorie di stringa sono descritte
da un modello sigma non lineare 2-dimensionale che descrive la superficie
spazzata dalla stringa nel suo moto all’interno dello spaziotempo. Tuttavia,
una formulazione delle teorie di stringa in cui le simmetrie di dualità siano
manifeste è, ad oggi, ancora assente. Una tale formulazione sarebbe utile e
interessante per avere più informazioni sulle geometrie di stringa e quindi
su aspetti di gravità quantistica.
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Questa tesi si basa sull’elaborazione e l’applicazione di un nuovo approc-
cio a quella che viene chiamata Poisson-Lie T-dualità, una dualità tra modelli
sigma che generalizza gli altri tipi più comuni di T-dualità di stringa, ovvero
quelle Abeliana e non Abeliana. Nello specifico, questo approccio si basa
sulla deformazione dell’algebra delle correnti di modelli sigma che hanno
gruppi Poisson-Lie duali come spazitempo target. Questo porta alla formu-
lazione di nuove famiglie a più parametri di infiniti modelli duali, tutti legati
da particolari trasformazioni di T-dualità. Questo potrebbe portare a nuove
teorie ed è particolarmente adatto a una quantizzazione formale nel senso di
Drinfeld, ovvero basata su gruppi quantici, con la speranza di poter superare
eventualmente i problemi di quantizzazione degli approcci standard.

Al fine di applicare tale formalismo è stato considerato un particolare
modello sigma: il modello di Wess-Zumino-Witten (WZW) con la varietà del
gruppo di Lie SU(2) come spazio target. Il motivo è che il campo di gioco più
naturale in cui inverstigare problemi legati alle simmetrie di dualità è quello
della dinamica su varietà di gruppi di Lie, e in particolare il modello WZW
descrive stringhe che si propagano su una varietà di gruppo.

E’ noto che SU(2) è una componente del gruppo SL(2, C) in una par-
ticolare decomposizione di quest’ultimo come Drinfel’d double, insieme al
suo partner Poisson-Lie duale SB(2, C), ovvero il gruppo di Lie delle matrici
2 ⇥ 2 triangolari superiori complesse con determinante unitario e diagonale
principale reale. Nella tesi si dimostra che una famiglia a due parametri di
modelli duali con spazio delle configurazioni target SB(2, C) può essere ot-
tenuta deformando l’algebra delle correnti del modello originale nell’algebra
di Lie di SL(2, C). Definiamo poi una formulazione raddoppiata del modello
sul gruppo SL(2, C) da cui poi possono essere ottenute entrambe le famiglie
di modelli duali. Inoltre, il formalismo utilizzato sembra essere particolar-
mente indicato per lo studio di concetti quali la geometria generalizzata, un
formalismo che permette di trattare in maniera unificata vettori e 1-forme, ed
esplorare le sue relazioni con le simmetrie di Poisson-Lie e con la geometria
raddoppiata.

Al fine di generalizzare questo formalismo, abbiamo definito un mod-
ello sigma con una varietà di Jacobi come spazio target, e per questa ra-
gione è stato chiamato modello sigma di Jacobi, come generalizzazione del
cosiddetto modello sigma di Poisson. Quest’ultimo sembra portare in modo
naturale al concetto di dualità di Poisson-Lie quando lo spazio target è un
gruppo di Lie, e uno degli obiettivi è includere tali aspetti di dualità nel
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nuovo modello sigma di Jacobi, generalizzando. Oltre agli aspetti di dual-
ità, abbiamo scoperto che il nostro modello sigma di Jacobi può descrivere
nuove soluzioni di stringa (in particolare con flussi) che non è possibile ot-
tenere dal modello sigma di Poisson.
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“Had I been present at the Creation, I would have given some useful hints for the
better ordering of the Universe.”

—Alfonso X of Castile
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Dualities and geometrical aspects of sigma models

by Francesco BASCONE

In theoretical physics, the concept of duality has become the foundation of
many important developments in the last 50 years. Dualities are of central
importance because they provide powerful tools in the construction of the-
ories, and allow physicists to perform calculations in regimes which would
be otherwise inaccessible, giving new insights. More specifically, a duality
refers to different descriptions of the same physical phenomenon, just in a
different mathematical language.

Dualities play a fundamental role in particular in string theory, relating
string theories defined on different backgrounds. A fundamental example is
that of the five superstring theories related by duality transformations. We
focus in particular on the so-called T-duality, which allows to map string the-
ories defined on target manifolds which have some dimensions compactified.

Another fundamental concept is that of sigma models. In particular, a
sigma model is a field theory wherein fields take values in a curved manifold.
Nonlinear sigma models play an important role in many sectors of theoret-
ical physics, with applications ranging from the description of low energy
hadronic excitations in four dimensions, condensed matter and, in particu-
lar, in string theory. Indeed, string theory is encoded in the two-dimensional
sigma model describing the area swept out by the string in its motion in the
target space and, so far, a formulation of string theory in which those duality
symmetries could be manifest is still missing, but it would be interesting to
get it in order to have more information on string geometry and, hence, on
aspects of string gravity.
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This thesis is based on the elaboration and application of a novel approach
to the so-called Poisson-Lie T-duality, which is a duality between sigma-
models generalizing the most common Abelian T-duality of string theories.
In particular, the approach is based on deforming the underlying current al-
gebra structures involved in sigma models having Poisson-Lie dual groups
as target spaces. This leads to the formulation of new families of dual models,
all related by particular T-duality transformations. This approach is expected
to give rise to new theories, and it is particularly suitable for quantization in
the sense of Drinfeld, which is based on quantum groups.

We focused on an explicit sigma model: the so-called Wess-Zumino-Witten
(WZW) model, with the SU(2) group manifold as target space. This is rel-
evant because the natural framework to investigate such issues in a proper
geometric setting is that of dynamics on group manifolds, and the WZW
model describes strings propagating on a group manifold.

It is known that SU(2) is a component of SL(2, C) in a Drinfeld double
decomposition, together with its Poisson-Lie dual partner SB(2, C), which is
the group of complex 2 ⇥ 2 upper triangular matrices with unit determinant
and real diagonal. It is possible to show that a whole two-parameter family
of dual models having the latter group as target configuration space can be
obtained by deforming the current algebra structure of the original model
to SL(2, C). We then define a doubled formulation of model on this group
from which both families of dual models can be obtained. Furthermore, the
setting under analysis seems to be particularly well suited for Generalized
Geometry, which is a way to take into account vector fields and one-forms in
a unified fashion, and to study its relations with Poisson-Lie symmetries and
Doubled Geometry.

Looking for generalizations of this framework, we have defined a sigma
model having a Jacobi manifold as target space, and for this reason we called
it Jacobi sigma model, as a generalization of the so-called Poisson sigma
model. The Poisson sigma model on Lie groups with Poisson structure seems
to lead naturally to the concept of Poisson-Lie duality, and one of the goals
of the thesis is to include such duality aspects into the newly defined Jacobi
sigma model. Other than duality aspects, we have found our Jacobi sigma
model can take new string solutions into account (with fluxes in particular),
which is not possible to obtain from the Poisson sigma model.
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1 Introduction

Non-linear sigma models play an important role in many sectors of theo-
retical physics, with applications ranging from the description of low en-
ergy hadronic excitations in four dimensions [1, 2], to the construction of
string backgrounds, like plane waves [3, 4], AdS geometries [5–9] or two-
dimensional black hole geometries [10]. Interesting examples of string back-
grounds come from WZW models on non-semisimple Lie groups, that we
will also consider in our work. In the context of two-dimensional conformal
field theories, gauged WZW models with coset target spaces have been in-
vestigated since many years (see [11, 12] for early contributions). Recently,
non-linear sigma models found new applications in statistical mechanics, de-
scribing certain two-dimensional systems at criticality [13], as well as in con-
densed matter physics, describing transitions for the integer quantum Hall
effect [14].

The concept of duality is of central importance in theoretical physics since
dualities provide a powerful tool to make problems which are in principle
insurmountable, completely within our analytical capabilities. A duality in
physics is, roughly speaking, a relation of formal equivalence between dif-
ferent theories. In particular, a physical system may have more than one the-
oretical formulation and it can be way easier (or even just possible) to work
with one instead of the others.

One of the most fundamental dualities in the context of string theory is
the so called T-duality [15–17], which is peculiar of strings as extended ob-
jects and relates theories defined on different target space backgrounds. The
original notion of T-duality emerges in toric compactifications of the target
background spacetime. The most basic example is provided by compactifi-
cation of a spatial dimension on a circle of radius R. Here T-duality acts by
exchanging momenta p and winding numbers w, p $ w, while mapping
R !

a0

R , with a0 related to the string fundamental length. This leads to a du-
ality between string theories defined on different backgrounds but yielding
the same physics, as it can be easily seen looking at the mass spectrum.

Interestingly, T-duality allows to construct new string backgrounds which
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could not be obtained otherwise, which are generally referred to as non-
geometric backgrounds (see for example [18] for a recent review). By non-
geometric background it is usually intended a string configuration which
cannot be described in terms of Riemannian geometry and T-duality trans-
formations are introduced for gluing coordinate patches, other than the usual
diffeomorphisms and B-field gauge transformations, as long as it does not ex-
ist another T-duality transformation mapping the configuration back into a
geometric one. Moreover, T-duality plays an important role, together with S-
duality and U-duality, in relating, through a web of dualities, the five super-
string theories which in turn appear as low-energy limits of a more general
theory, that is, M-theory.

T-duality is certainly to be taken into account when looking at quantum
field theory as low-energy limit of the string action. This has suggested since
long [17, 19–25] to look for a manifestly T-dual invariant formulation of the
Polyakov world-sheet action that has to be based on a doubling of the string
coordinates in target space. One relevant objective of this new action would
be to obtain new indications for string gravity. This approach leads to Dou-
ble Field Theory (DFT) with Generalized and Doubled Geometry furnishing
the appropriate mathematical framework. In particular, DFT is expected to
emerge as a low-energy limit of manifestly T-duality invariant string world-
sheet. Then, Doubled Geometry is necessary to accommodate the coordinate
doubling in target space. There is a vast literature concerning DFT, including
its topological aspects and its description on group manifolds [26–41]. Re-
cently, a global formulation from higher Kaluza-Klein theory has been pro-
posed in [42–45].

The kind of T-duality discussed so far belongs to a particular class, so
called Abelian T-duality, which is characterized by the fact that the genera-
tors of target space duality transformations are Abelian, while generating
symmetries of the action only if they are Killing vectors of the metric [46–
48]. However, starting from Ref. [49], it was realized that the whole con-
struction could be generalized to include the possibility that one of the two
isometry groups be non-Abelian. This is called non-Abelian, or, more appro-
priately, semi-Abelian duality. Although interesting, because it enlarges the
possible geometries involved, the latter construction is not really symmetric,
as a duality would require. In fact, the dual model is typically missing some
isometries which are required to go back to the original model by gauging.
This means that one can map the original model to the dual one, but then
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it is not possible to go back anymore. This unsatisfactory feature is over-
come with the introduction of Poisson-Lie T-duality [50–52] (for some recent
work to alternative approaches see [53, 54]). The latter represents a genuine
generalization, since it does not require isometries at all, while Abelian and
non-Abelian cases can be obtained as particular instances. Recent results on
Poisson-Lie T-duality and its relation with para-Hermitian geometry and in-
tegrability, as well as low-energy descriptions, can be found in [55–64].

Symmetry under Poisson-Lie duality transformations is based on the con-
cept of Poisson-Lie dual groups and Drinfel’d doubles. A Drinfel’d double
is an even-dimensional Lie group D whose Lie algebra d can be decomposed
into a pair of maximally isotropic subalgebras, g and g̃, with respect to a
non-degenerate ad-invariant bilinear form on d. Lie algebras g, g̃ are dual
as vector spaces, and endowed with compatible Lie structures. Any such
triple, (d, g, g̃), is referred to as a Manin triple. If D, G, G̃ are the correspond-
ing Lie groups, G, G̃ furnish an Iwasawa decomposition of D. The simplest
example of Drinfel’d double is the cotangent bundle of any d-dimensional
Lie group G, T⇤G ' G nRd, which we shall call the classical double, with triv-
ial Lie bracket for the dual algebra g̃ ' Rd. In general, there may be many
decompositions of d into maximally isotropic subspaces (not necessarily sub-
algebras). The set of all such decompositions plays the role of the modular
space of field theories mutually connected by a T-duality transformation. In
particular, for the Abelian T-duality of the string on a d-torus, the Drinfel’d
double is D = U(1)2d and its modular space is in one-to-one correspondence
with O(d, d; Z) [52], the latter being the pseudo-orthogonal group.

Since Poisson-Lie T-duality generalizes the other kinds of T-duality, one
can actually use Drinfel’d doubles to classify T-duality, as it will be shown in
Section 3.3.

The appropriate geometric setting to investigate issues related to Poisson-
Lie duality is that of dynamics on group manifolds. In this thesis we con-
sider in particular the Isotropic Rigid Rotator as a (0+ 1)-dimensional sigma
model on SU(2) [65, 66], as well as its natural generalization, which is the
SU(2) Principal Chiral Model (PCM) [67, 68]. However, we will focus in
particular on the SU(2) Wess-Zumino-Witten (WZW) model in two space-
time dimensions, which is a non-linear sigma model with the group mani-
fold of SU(2) as target space, together with a topological cubic term, which
further generalizes the PCM [69]. The WZW model has many interesting
applications, both theoretical and phenomenological. Besides its primary
phenomenological motivation as an effective model for low energy QCD, it
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yields, for two-dimensional source spaces, string solutions on group mani-
folds which represent the appropriate setting to analyse T-duality general-
isations. Moreover, the SL(2, R) model has been used to construct bosonic
string theories on AdS3 [5–7], while superstring theories on AdS3 ⇥ S3 ge-
ometries can be described by the WZW on PSU(1, 1|2) [9]. Strings on black
hole geometry can be described by means of coset gauged WZW models [10].
Furthermore, it effectively describes statistical systems at criticality, such as
critical antiferromagnetic Potts model [13] or condensed matter systems such
as integer quantum Hall [14]. Last but not least, string theory applications
with target space a non semisimple group have attracted some interest in the
scientific community (see e.g. [3]) and it turns out that the family of dual
models that we build is exactly of that type.

Once formulated on Drinfel’d doubles, such models allow for establish-
ing enlightening connections with Generalized Geometry (GG) [70–72], by
virtue of the fact that tangent and cotangent vector fields of the group mani-
fold may be respectively related to the span of its Lie algebra and of the dual
one. Locally, GG is based on replacing the tangent bundle TM of a manifold
M with a kind of Whitney sum TM � T⇤M, a bundle with the same base
space but fibres given by the direct sum of tangent and cotangent spaces,
and the Lie brackets on the sections of TM by the so called Courant brackets,
involving vector fields and one-forms. Both the brackets and the inner prod-
ucts naturally defined on the generalized bundle are invariant under diffeo-
morphisms of M. More generally, a generalized tangent bundle is a vector
bundle E ! M enconded in the exact sequence 0 ! T⇤M ! E ! TM ! 0.
This formal setting is certainly relevant in the context of DFT because it takes
into account in a unified fashion vector fields, which generate diffeomor-
phisms for the background metric G field, and one-forms, generating dif-
feomorphisms for the the background two-form B field. In this framework
Doubled Geometry plays a natural role in describing generalized dynamics
on the tangent bundle TD ' D ⇥ d, which encodes within a single action
dually related models.

It is interesting to note that already in such a simple case as the IRR, many
aspects of Poisson-Lie duality can be exploited, and especially some relations
with Doubled and Generalized Geometry, although the model is too sim-
ple to exhibit manifest invariance. To overcome the inadequacy of the IRR,
in [67] the two-dimensional PCM on SU(2) was considered, by means of a
one-parameter family of Hamiltonians and Poisson brackets, all equivalent
from the point of view of dynamics. Poisson-Lie symmetry and a family of
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Poisson-Lie T-dual models were established. Some connections with Born
geometry were also made explicit.

In this thesis we describe the WZW model in the Hamiltonian approach
with carrier space the cotangent bundle T⇤SU(2). One of the two impor-
tant observations on which the approach relies is the fact that T⇤SU(2) is
symplectomorphic to SL(2, C), besides being topologically equivalent. The
second observation is that SL(2, C) is a Drinfel’d double of the Lie group
SU(2) [73–76], which is the main ingredient on which Poisson-Lie T-duality
is based.

The core of the approach relies on a deformation of the affine current al-
gebra of the model, which is the semidirect sum of the Kac-Moody algebra
associated to su(2) and an Abelian algebra a, to the fully semisimple Kac-
Moody algebra sl(2, C)(R) [77–79]. By deformation here we mean the usual
definition, with a family of some structure which depends on one or more
parameters and by sending the parameters to a particular value one recov-
ers the original structure. The deformation of the original current algebra
of the model into a non-Abelian one is a crucial step if one observes that
(sl(2, C), su(2), sb(2, C)) is a Manin triple. In particular, sb(2, C) is the Lie
algebra of the Borel subgroup of SL(2, C) of 2 ⇥ 2 complex valued upper
triangular matrices with unit determinant and real diagonal. By g(R) we in-
dicate the affine algebra of maps R ! g that are sufficiently fast decreasing
at infinity to be square integrable, that is what we will refer to as current
algebra. Current algebra deformation is also the essence of a Hamiltonian
formulation of the classical world-sheet theory proposed in [80]. After this
first deformation resulting in a one-parameter family of Hamiltonian models
with algebra of currents homomorphic to sl(2, C)(R), a further deformation
is needed in order to make the role of the dual subalgebras involved in the
Manin triple decomposition completely symmetric. We show that such a de-
formation not altering the nature of the current algebra is possible, leaving
the dynamics unmodified. In this respect, our findings will differ from exist-
ing results, such as h or l deformations of non-linear sigma models, which
represent true deformations of the dynamics yielding integrable models - re-
cently, relations of these deformed models with Poisson-Lie T-duality have
been found and worked out in [55]. We end up with a two-parameter family
of models with the group SL(2, C) as target phase space. T-duality transfor-
mations are thus realized as O(3, 3) rotations in phase space. By performing
an exchange of momenta with configuration space fields we obtain a new
family of WZW models, with configuration space the group SB(2, C), which
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is dual to the previous one by construction.
Looking for generalizations of this framework, we have defined a sigma

model having a Jacobi manifold as target space, and for this reason we called
it Jacobi sigma model. This was done with the aim to build a natural, non-
trivial generalization of the well-known Poisson sigma model. The latter is
a topological field theory which was first introduced [81, 82] in relation with
two-dimensional field theories with non-trivial target space, e.g. gauge and
gravity models, as well as gauged WZW models. One of the most interesting
features of the Poisson sigma model is its intimate relation with the geom-
etry of the target Poisson manifold. Indeed, it makes it possible to unravel
mathematical aspects of such manifolds by employing techniques from field
theory. An example of this relation was given by Cattaneo and Felder in
[83, 84] where they show that the reduced phase space of the Poisson sigma
model is actually the symplectic groupoid integrating the Lie algebroid asso-
ciated with the Poisson structure of the target Poisson manifold. Moreover,
the model made it possible to give an alternative derivation of Kontsevich
quantization formula for Poisson manifolds, in terms of the Feynman dia-
grams coming from the perturbative expansion of the field theory [85]. Anal-
ogous questions, such as the geometry of the reduced phase space and the
quantization of Jacobi structures, could be addressed once the model is un-
derstood.

From a more physical point of view, a further motivation for the intro-
duction of this new model is the possibility to find and analyze new string
backgrounds, as well as the possibility of obtaining some useful description
of known models within the framework of Jacobi manifolds, just like the
Poisson sigma model does.

The Poisson sigma model is described in terms of fields (X, h) which are
formally associated with a bundle map from the tangent bundle of a source
space S, a two-dimensional orientable manifold possibly with boundary, to
the cotangent bundle of the target Poisson manifold M. In particular, X is the
base map, describing the embedding of S into M, while h is the fibre map, an
auxiliary field which is in particular a one-form on S with values in the pull-
back of the cotangent bundle over M. In general it is not possible to integrate
out such an auxiliary field, unless the target space is a symplectic manifold.
In this case the Poisson bi-vector can be inverted and the equations of motion
can be solved for h. The resulting action is that of a topological A-model [86,
87], i.e., S =

R
S X⇤(w), where w = P�1 is the symplectic form on M, P

the Poisson bi-vector field (fulfilling the condition of zero Schouten bracket
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[P, P]S = 0) and X⇤ denotes the pull-back map.
Our aim in [88, 89] was to investigate the possibility of relaxing the condi-

tion [P, P]S = 0 to a natural generalization represented by a Jacobi structure.
The latter is specified by a bivector field L and a vector field E, called Reeb
vector field, satisfying the following expression for the Schouten bracket

[L, L]S = 2E ^ L and [E, L]S = 0. (1.1)

The triple (M, L, E) then defines a Jacobi manifold. The Poisson manifold
can be considered as a particular case with identically vanishing Reeb vector
field.

Two main families of Jacobi manifolds are represented by contact and
locally conformal symplectic manifolds. In this thesis will will consider these
kind of manifolds for applications of the model.

From a Jacobi structure one can construct Jacobi brackets on the algebra
of functions on M which satisfy the Jacobi identity and the skew-symmetry
property just like Poisson brackets. However, it does violate the Leibniz
rule,so while the Jacobi bracket still endows the algebra of functions with
a Lie algebra structure, it is not a derivation anymore. Thus, the bi-vector
field L may be ascribed to the family of bivector fields violating Jacobi iden-
tity, such as "twisted" and "magnetic" Poisson structures (see for example [90,
91]) which recently received some interest in relation with the quantization of
higher structures (their Jacobiator being non-trivial) and with the description
of non-trivial geometric fluxes in string theory. The violation of Jacobi iden-
tity is however under control, because the latter is recovered by the full Jacobi
bracket, which is alternatively defined as the most general local bilinear op-
erator on the space of real functions C•(M, R) which is skew-symmetric and
satisfies Jacobi identity [92], and this makes its study especially interesting to
us.

The Jacobi sigma model generalizes the construction of the Poisson sigma
model with field configurations of the model represented by triples (X, h, l),
where X : S ! M is the embedding map of the source space into the tar-
get Jacobi manifold and (h, l) are elements of W1(S, X⇤(T⇤M � R)), being
T⇤M � R = J1M the vector bundle of 1-jets of real functions on M. The
result is then a two-dimensional topological non-linear gauge theory which
describes strings propagating on a Jacobi manifold. The following main re-
sults were achieved in [88, 89], and will be illustrated in the thesis:

• Similarly to the Poisson sigma model, the reduced phase space can be
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proven to be finite-dimensional, but while for the Poisson case the di-
mension is 2dimM, for the Jacobi sigma model the dimension results to
be 2dimM � 2.

• The model may be related to a Poisson sigma model with target space
M ⇥ R within a “Poissonization" procedure. The latter approach has
been pursued in [93] in relation with non-closed fluxes, and [94] with
reference to gauge symmetry.

• The auxiliary fields (h, l) can be integrated out, both for contact and lo-
cally conformal symplectic manifolds, so to get a model which is solely
defined in terms of the field X and its derivatives.

• By including a dynamical term which is proportional to the metric ten-
sor of the target manifold, it is possible to obtain a Polyakov action. The
background metric and the B-field are expressed in terms of the Jacobi
structure. A non-zero three form, H = dB, may occur, depending on
the details of the model.

The thesis is organized as follows. In Chapter 2 we review the main con-
cepts of Poisson manifolds and Poisson-Lie groups which will be needed in
order to discuss Poisson-Lie T-duality issues, as well as to introduce the Pois-
son sigma model.

In Chapter 3 we review the notion of duality in general, and then we will
focus on T-duality. In particular, we will consider Abelian, non-Abelian and
Poisson-Lie T-duality. The latter is widely employed in the context of sigma
models in its Lagrangian formulation, we shall work out the Hamiltonian
counterpart and verify its realization within the model under analysis.

In Chapter 4 the results obtained in [66, 67] are reviewed for the isotropic
rigid rotator, thought of as a dynamical model over the group manifold SU(2)
with a dual partner defined on the dual group SB(2, C). The two groups
appear in the Manin triple decomposition of the Drinfel’d double SL(2, C)

whose structure is recalled together with the one of its Lie algebra. We also
sketch the main properties of the Principal Chiral Model.

In Chapter 5 the Wess-Zumino-Witten model on the SU(2) group man-
ifold will be introduced with particular emphasis on its Hamiltonian for-
mulation and care will be payed to enlighten the Lie algebraic structure of
the Poisson brackets of fields. The main purpose will be to illustrate the
one-parameter deformation of the natural current algebra structure of the
model to the affine Lie algebra associated to sl(2, C) [79]. In particular, we
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review the derivation of a one-parameter family of models, all equivalent to
the SU(2) WZW model, but which clearly do not follow from the standard
action principle. A further parameter is introduced in the current algebra
in such a way to make the role of the su(2) and sb(2, C) subalgebras sym-
metric, without modifying the dynamics. This is needed in order to have a
manifest Poisson-Lie duality map, which reveals itself to be an O(3, 3) ro-
tation in the target phase space SL(2, C). Such a transformation leads to a
two-parameter family of models with SB(2, C) as target configuration space,
which is dual to the starting family by construction. Independently from the
previous Hamiltonian derivation, we introduce a WZW model on SB(2, C) in
the Lagrangian approach, together with the corresponding string spacetime
background. The model is interesting per se, because it is an instance of a
WZW model with non-semisimple Lie group as target space, which exhibits
classical conformal invariance. We overcome the intrinsic difficulties deriv-
ing from the absence of non-degenerate Cartan-Killing metric. However, the
resulting dynamics does not seem to be related by a duality transformation
to any of the models belonging to the parametric family described above. We
identify the problem as a topological obstruction and we show that in order
to establish a connection with any other of the models found, a true defor-
mation of the dynamics is needed, together with a topological modification
of the phase space. Finally, having understood what are the basic structures
involved in the formulation of both the dually related WZW families, we in-
troduce a generalized doubled WZW action on the Drinfel’d double SL(2, C)

with doubled degrees of freedom. Its Hamiltonian description is presented
and from it the Hamiltonian descriptions of the two submodels can be ob-
tained by constraining the dynamics to coset spaces SU(2) and SB(2, C).

In the second part of the thesis, in Chapter 6 we present a short summary
of the Poisson sigma model.

In Chapter 7 we review the notion of Jacobi manifold and Jacobi struc-
ture, and we describe the procedure of Poissonization of a Jacobi manifold
M yielding to a higher dimensional manifold M ⇥ R. This construction has
played an important role in suggesting the original formulation of the model.

In Chapter 8 the action functional for the Jacobi sigma model is stated.
The model in the canonical formulation is constrained, with first class con-
straints generating gauge transformations. Gauge transformations are im-
plemented by generating functionals Kb,lt through Poisson brackets. The
constrained phase space is reduced with respect to gauge symmetries and
shown to be finite dimensional with dimension equal to 2dimM � 2. We also
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consider the model in both cases of the target space being a contact and lo-
cally conformal symplectic manifold in a general fashion. We thus discuss
noteworthy examples, such as the manifolds SU(2) and SU(2) ⇥ S1 as in-
stances of contact and LCS target spaces respectively. Finally, we introduce
the dynamical model. This consists in supplementing the action of the Jacobi
sigma model with a dynamical term which includes a metric tensor both on
the source and the target space. It is very much inspired to the dynamical
Poisson sigma model discussed in [95], with some interesting differences.
The emerging model, besides being non-topological, yields a Polyakov ac-
tion with background metric g and B-field determined by the Jacobi structure
involved.

Conclusions and Outlook are reported in the final Chapter 9.
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2 Poisson-Lie groups and Drinfel’d

doubles

In this section we briefly review the mathematical setting of Poisson geome-
try, and in particular Poisson-Lie groups and Drinfel’d doubles, see [75, 96–
99] for details. In particular we will focus on SL(2, C) as a specific exam-
ple of Drinfel’d double since it plays a major role throughout this thesis. In
general, Poisson geometry will prove to be of crucial importance when we
will introduce the Poisson sigma model, while the particular framework of
Poisson-Lie groups and Drinfel’d doubles will be the background for the dis-
cussion on Poisson-Lie duality.

2.1 Poisson Geometry

Poisson geometry was born with the introduction of Poisson structures by
Lichnerowicz [100] and the study of Weinstein [101]. Poisson geometry is
the main ingredient underlying the Hamiltonian formalism of classical me-
chanics and is now used in many more topics such as noncommutative ge-
ometry, topological field theory, integrable systems and more. It is important
to remark that not only the importance of Poisson geometry resides on the
geometrical formulation of classical mechanics, but also on the quantization
approach. In this section we will introduce the concept of Poisson structures
and Poisson manifolds which will prove to be of crucial importance for the
rest of this thesis. We will focus in particular on the concept of Poisson-Lie
groups, which is necessary to understand the concept of Poisson-Lie duality.

2.1.1 Poisson manifolds

Definition 2.1.1. Let A be a unital associative and Abelian algebra over the
field of real or complex numbers equipped with a bilinear map {·, ·} : A⇥

A ! A satisfying the following properties (8 f , g, h 2 A):

• Antisymmetry: { f , g} = �{g, f },



Chapter 2. Poisson-Lie groups and Drinfel’d doubles 12

• Jacobi identity: { f , {g, h}}+ {h, { f , g}}+ {g, {h, f }} = 0,

• Leibniz rule: { f , gh} = g{ f , h}+ { f , g}h.

The algebra A is then called a Poisson algebra and the map {·, ·} is called a
Poisson bracket.

We are mainly interested in the case in which A is the algebra of smooth
real-valued functions on a manifold M, C•(M). An important thing to notice
beforehand is that if we fix a function f 2 C•(M), the map g 7! {g, f } is a
derivation because of the Leibniz axiom (with the usual product of functions
as composition law). This means that with this map we can define a vector
field Xf = {·, f } that is also smooth since Xf (g) = {g, f } 2 C•(M) 8g 2

C•(M). This leads to the following

Definition 2.1.2. For any f 2 C•(M), the smooth vector field Xf 2 X(M)

defined by
Xf (g) := {g, f }, 8g 2 C•(M) (2.1)

is called the Hamiltonian vector field generated by the function f .

The notion of Hamiltonian vector fields is useful to understand that Pois-
son brackets can be computed in local coordinates by taking partial deriva-
tives. Indeed, one can note that considering local coordinates (x1, . . . , xm) 2

M, the Hamiltonian vector fields can be written locally as Xf
��

p (p) = Vf
j(p) ∂

∂xj

���
p

with respect to the coordinate basis {∂i := ∂
∂xi }i2{1,...,m}, where p is a point

in the local chart (U, xi) and V represent some smooth coordinate functions
Vf

j(p) : U ! R. Calculating the coordinate functions by using the definition

of Hamiltonian vector field in (2.1) we obtain Xf
��

p (p) = {xj, f }(p) ∂
∂xj

���
p
. By

using the skew-symmetry property to calculate {xj, f }(p) we are then led to
the relation Xf

��
p = �{xi, xj

}(p) ∂ f
∂xi

���
p

∂g
∂xj

���
p

and then finally to

{ f , g}(p) = {xi, xj
}(p)

∂ f
∂xi

����
p

∂g
∂xj

����
p

, (2.2)

where the summation convention over repeated indices is used.
Since the Poisson bracket only depends on the partial derivatives of the

functions involved, { f , g} is then completely determined by the differentials
d f and dg. This means that poisson bracket can be determined by pairing
d f ^ dg with a bivector field, so that on a local chart we can write

{ f , g}(p) =
⌧
(d f ^ dg)|p , {xi, xj

}(p)∂i ^ ∂j

�
, (2.3)
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where h·, ·i denotes the natural pairing between T⇤M and TM.

Definition 2.1.3. A Poisson bivector (or Poisson structure) is a smooth bivector
field P 2 G(L2TM) such that locally the following condition (Jacobi identity)
holds

0 = [P, P]ijkS = Pi`∂`Pjk + cycl(ijk), (2.4)

where [·, ·]S : Lp(M) ⇥ Lq(M) ! Lp+q�1(M) is the Schouten–Nijenhuis
bracket on the algebra of multivector fields on the manifold M, namely a
skew-symmetric bilinear map Lp(M)⇥ Lq(M) ! Lp+q�1(M) given by

⇥
A1 ^ · · · ^ Ap, B1 ^ · · · ^ Bq

⇤
S

= Â(�1)t+s A1 ^ . . . bAs · · · ^ Ap ^ [As, Bt] ^ B1 ^ . . . bBt··· ^ Bq
(2.5)

where A1, ..., Ap, B1, ..., Bq are vector fields over M and bA indicates the omis-
sion of the vector field A.

Locally, the Poisson bivector can be written as

P = Pij∂i ^ ∂j, (2.6)

with Pij = {xi, xj
}. The Poisson bracket on C•(M) is then defined as { f , g} =

P(d f , dg), f , g 2 C•(M).

Note that the relation (2.4) is a direct consequence of Jacobi identity in
Definition (2.1.1).

We have seen that we can associate a Poisson bivector to a Poisson bracket.
However, it also goes the other way around: if P is a Poisson bivector, then
the bracket { f , g} =

⌦
(d f ^ dg), P

↵
is a Poisson bracket, so that we have

bijective correspondence between the set of Poisson structures on a Poisson
manifold M and the set of Poisson bivector fields on M which are inverse to
each other.

We can now also define equivalently a Poisson manifold (M, P) as a
smooth manifold M equipped with a Poisson structure P.

It is important to remark that the Poisson structure is in general degener-
ate. For degenerate Poisson bivectors there are functions whose Hamiltonian
vector fields vanish, which are called Casimir functions. However, in the case
in which it is non-degenerate, the Poisson manifold reduces to the particular
case of a symplectic manifold, where the symplectic 2-form w 2 W2(M) is
given by

w(Xf , Xg) = P(d f , dg). (2.7)
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A fundamental geometric property of Poisson manifolds is given by the
possibility to foliate the manifold with a distribution of symplectic manifolds.
To understand this, let us first give the following

Definition 2.1.4. A smooth map j : M ! N between Poisson manifolds is
called a Poisson map if it preserves the Poisson structure 1

PN = j⇤PM, (2.8)

where j⇤ denotes the push-forward by the map j.

One can also have a anti-Poisson map by putting a minus sign on one side
of the equation (2.8) (as well as in the defining equation in footnote 1).

Definition 2.1.5. Let S ⇢ M be a submanifold of the Poisson manifold M. If
the inclusion map i : S ,�! M is a Poisson map, then S is a Poisson submanifold
of M.

Definition 2.1.6. Let S(M) be a set of linear subspaces of the tangent spaces
TpM at each point p 2 M. If for every p 2 M there exists vector fields
V1, . . . , Vs 2 S(M) such that Sp(M) = span{V1(p), . . . , Vs(p)}, then S(M) is
called a general differentiable distribution. In particular, the distribution defined
by

Sp(M) = {V 2 TpM, p 2 M | 9 f 2 C•(M), Xf (p) = V} (2.9)

is called the characteristic distribution.

Definition 2.1.7. Let M be a differentiable manifold and E a subvectorbundle
of TM. E is then called (completely) integrable if for all x 2 M there exists a
local submanifold S ⇢ M such that TS = TM|S.

In general, local submanifolds can be continued to connected maximal in-
tegral manifolds which are uniquely determined and regular immersed sub-
manifolds of M. In particular, for the case of Poisson manifolds this leads to
the following

Theorem 2.1.1. The characteristic distribution S(M) of the Poisson mani-
fold M is completely integrable and the Poisson structure induces symplectic
structures on the leaves of S(M).

1This definition can also be given directly in terms of Poisson bracket as: { f , g}N(j(x)) =
{ f � j, g � j}M(x), 8x 2 M, 8 f , g 2 C•(N).
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The leaves of S(M) are then called symplectic leaves of the Poisson mani-
fold M and are such that their tangent spaces are spanned by Hamiltonian
vector fields. The distribution S(M) is said to be the symplectic foliation of
M.

Namely, a Poisson structure can be defined by its symplectic foliation and
a Poisson manifold can be considered as a disjoint union of symplectic man-
ifolds, which are Poisson submanifolds, called the symplectic leaves. The
symplectic form on each leaf is given by a relation like in (2.7) since the Pois-
son structure restricted to each leaf is non-degenerate.

Furthermore, we give the following definition and proposition which will
prove to be useful later in the thesis:

Definition 2.1.8. Let (M, P) be a Poisson manifold. If the rank of the Poisson
structure P is constant on the symplectic foliation of M, then the Poisson
manifold is called regular.

Proposition 2.1.1. Given L ⇢ M a symplectic leaf of the Poisson manifold
(M, P), a Casimir function C of the Poisson structure P is constant on L.

Now let us consider some useful examples of Poisson manifolds and Pois-
son structures.

Example 2.1.1. (Trivial Poisson structure). Any manifold M is a Poisson man-
ifold with the trivial Poisson structure P = 0. The identity map is a Poisson
map for any Poisson manifold.

Example 2.1.2. (Kirillov-Souriau-Kostant structure). Consider as a manifold
M = g⇤ the dual of a finite dimensional real Lie algebra g. By definition,
linear functions on the dual g⇤ can be considered as elements of g, and the
Poisson bracket of functions obtained this way is the Lie bracket on g

{ f , g} = [ f , g], f , g 2 g. (2.10)

The Poisson structure obtained this way is called Kirillov-Souriau-Kostant Pois-
son structure (KSK). Poisson structures of this kind are also called linear Pois-
son structures because of the explicit form in terms of local coordinates: Pij =

Cij
kxk, where the Cij

k are the structure constants of the Lie algebra g.
In this particular case, the symplectic leaves correspond to the coadjoint

orbits of any connected Lie group G with Lie algebra g. Note also that in
general the symplectic leaves may have varying dimensions. For example,
the origin is always a symplectic leaf since the Poisson structure vanishes
there.
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Example 2.1.3. (Presymplectic structure). Another useful example is that of
presymplectic manifolds. In particular, this will be useful in the context of
Jacobi sigma models.

A presymplectic structure on a smooth manifold M is a closed 2-form w 2

W2(M). When w is also non-degenerate, then it is a symplectic structure on
M. A symplectic manifold can be also constructed from a presymplectic one
from the quotient of M by the flow of the vector fields in the kernel of w, if
this quotient exists.

In general, it is possible to define a Poisson algebra Aw of functions f 2

C•(M) such that the equation

iX f w = d f (2.11)

has a solution Xf 2 X(M). Namely, functions to which it is possible to as-
sociate a Hamiltonian vector field. Let f , g 2 Aw, if Xf , Xg 2 X(M) are the
associated Hamiltonian vector fields, then f g has a associated Hamiltonian
vector field f X f + gXg, hence Aw ⇢ C•(M). The Poisson bracket is then
defined as { f , g} = w(Xf , Xg) just like in (2.7). In the general presymplectic
case the Hamiltonian vector field Xf is not uniquely defined, but since the
ambiguities are in the kernel of w, the Poisson bracket is still well defined.

However, for dynamical systems the degeneracy of the two-form w may
be a problem in general. In fact, it is well known that a classical physical
system can be described with symplectic geometry. In particular, the phase
space of a system can be described as a symplectic manifold (P , w). The
phase space is the kinematical part of the system, while the dynamical one
is encoded into the Hamiltonian, a real-valued function H 2 C•(P). The
dynamical trajectories of the system in P are then obtained by solving the
Hamilton equation cfr (2.11)

iXH w = dH, (2.12)

where the vector field which solves the equation, XH 2 X(P), is the Hamil-
tonian vector field associated to the function H, and the dynamical trajecto-
ries in P are the integral curves of XH. The non-degeneracy of w obviously
makes the solution for XH unique. But eventual degeneracy of w leading to a
presymplectic manifold as a phase space may happen when the phase space
is infinite-dimensional or when the system is constrained. In this case, if a
solution of (2.11) exists, it will surely not be unique. If solutions exist, then
the nonuniqueness is actually characterized by the kernel of w, but when
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(2.11) possesses no globally defined solutions, M or the equations themselves
must be modified, or eventually both. To take this situation into account for
dynamical systems one can consider the Presymplectic Constraint Algorithm
(PCA), an algorithm introduced by Gotay and Nester in [102] to account for
this problem, providing a recipe for the modification and the resolution of
the problem, both in the finite- and infinite-dimensional cases.

2.2 Poisson-Lie groups

Definition 2.2.1. A Poisson-Lie group is a Lie group G which is also a Poisson
manifold, with a Poisson structure such that the multiplication µ : G ⇥ G !

G is a Poisson map if G ⇥ G is equipped with the product Poisson structure.

The condition for µ being a Poisson map basically means that

{ f , g}G � µ(a, b) = { f � µ, g � µ}G⇥G(a, b)

= { f � µ(·, b), g � µ(·, b)}(a) + { f � µ(a, ·), g � µ(a, ·)}(b)

= { f � Rb, g � Rb} (a) + { f � La, g � La} (b),
(2.13)

for all f , g 2 C•(G), a, b 2 G and La and Ra denote respectively the left
and right translation by the group element a. However, compatibility of the
Poisson bracket with the group multiplication is required, and this happens
if and only if the corresponding Poisson bivector is multiplicative, i.e.:

Definition 2.2.2. A Poisson bivector P is called multiplicative if it satisfies for
all a, b 2 G

P(ab) =
�

dLa|b ⌦ dLa|b
�

P(b) +
�

dRb|a ⌦ dRb|a
�

P(a). (2.14)

Let g denote the Lie algebra of a Poisson-Lie group G, identified with TeG,
the tangent space at the group identity e. We can use the Poisson bracket
defined on the group manifold to introduce a Lie bracket on g⇤, the dual
vector space of g, as follows:

Definition 2.2.3. The induced dual Lie bracket on g⇤, via the Poisson bracket
{·, ·} on G can be obtained as

[x1, x2]g⇤ = d{ f1, f2}(e), (2.15)

with f1, f2 2 C•(G) with the property d f1(e) = x1, d f2(e) = x2.
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It is possible to prove that this induced bracket is indeed a Lie bracket.
The compatibility condition between Lie and Poisson structures gives the
following relation

h[X, Y], [u, v]⇤i+ had⇤

vX, ad⇤

Yvi � had⇤

vX, ad⇤

Yui � had⇤

uY, ad⇤

Xvi

+ had⇤

vY, ad⇤

Xui = 0,
(2.16)

with u, v 2 g⇤ and X, Y 2 g, while ad⇤

X and ad⇤

u respectively denote the coad-
joint actions of g and g⇤ on each other and h·, ·i the natural pairing between
g and g⇤. This construction allows to define a Lie bracket on the direct sum
g� g⇤ as follows:

[X + x, Y + z] = [X, Y] + [x, z]⇤ � ad⇤Xz + ad⇤Yx + ad⇤z X � ad⇤xY, (2.17)

with X, Y 2 g and x, z 2 g⇤.
A Lie algebra with a compatible dual Lie bracket is called a Lie bialge-

bra. If the group G is connected, the compatibility condition is enough to
integrate [·, ·]⇤ to a Poisson structure on it, making it Poisson-Lie, and the
Poisson structure is unique. Since the role of g and g⇤ in (2.16) is symmetric,
one has also a Poisson-Lie group G⇤ with Lie algebra (g⇤, [·, ·]⇤) and a Pois-
son structure whose linearization at e 2 G⇤ gives the bracket [·, ·]. In this case
G⇤ is said to be the Poisson-Lie dual group of G.

The triple (d, g, g⇤) where d = g� g⇤ is a Lie algebra with bracket given by
(2.17) is known as a Manin triple, whereas its exponentiation to a Lie group
D is the Drinfel’d double of G. More precisely

Definition 2.2.4. A Drinfel’d double is an even-dimensional Lie group D whose
Lie algebra d can be decomposed into a pair of maximally isotropic subalge-
bras2, g and g̃, with respect to a non-degenerate (ad)-invariant bilinear form
h·, ·i on d.

Definition 2.2.5. A Manin triple (c, a, b) is a Lie algebra with a non-degenerate
scalar product h·, ·i on c such that:

(i) h·, ·i is invariant under the Lie bracket:
hc1, [c2, c3]i = h[c1, c2], c3i, 8c1, c2, c3 2 c;
(ii) a, b are maximally isotropic Lie subalgebras with respect to h·, ·i;
(iii) a, b are complementary (as linear subspaces), i.e. c = a� b.

2An isotropic subspace of d with respect to h·, ·i is defined as a subspace A on which the
bilinear form vanishes: ha, bi = 0 8 a, b 2 A. An isotropic subspace is said to be maximal
if it cannot be enlarged while preserving the isotropy property, or, equivalently, if it is not a
proper subspace of another isotropic space.
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Note that since the bilinear form is non-degenerate by definition, we can
identify g̃ with the dual vector space g⇤, and the Lie subalgebra structure on
g̃ then makes d into a Lie bialgebra. It is possible to prove that, conversely,
every Lie bialgebra defines a Manin triple by identifying g̃ = g⇤ and defining
the mixed Lie bracket between elements of g and g̃ in such a way to make
the bilinear form invariant. Indeed, one can prove that if we want to make
d = g� g̃ into a Manin triple, using the natural scalar product on d, there is
only one possibility for the Lie bracket, as explained in the following.

Lemma 2.2.1. Let g be a Lie algebra with Lie bracket [·, ·] and dual Lie bracket
[·, ·]g⇤ . Every Lie bracket on d = g� g⇤ such that the natural scalar product is
invariant and such that g, g⇤ are Lie subalgebras is given by:

[x, y]d = [x, y]g 8 x, y 2 g

[a, b]d = [a, b]g⇤ 8 a, b 2 g⇤

[x, a]d = � ad⇤

a x + ad⇤

x a 8 x 2 g, a 2 g⇤.

(2.18)

In order for the whole algebra to satisfy Jacobi identity the brackets on the
two dual spaces have to be compatible. Moreover, this bracket is the unique
Lie bracket which makes (d, g, g⇤) into a Manin triple.

To make things more explicit, on choosing Ti and eTi as the generators of
the Lie algebras g and g̃ respectively, such that TI ⌘ (Ti, eTi) are the generators
of d, by the property of isotropy and duality as vector spaces we have

hTi, Tji = 0

heTi, eTj
i = 0

hTi, eTj
i = di

j,

(2.19)

with i = 1, 2, . . . , dim G, while the bracket in (2.18), in doubled notation given
by [TI , TJ ] = FI J

KTK, can be written explicitly as follows:

[Ti, Tj] = fij
kTk

[eTi, eTj] = gij
k
eTk

[Ti, eTj] = fki
jeTk

� gkj
i Tk,

(2.20)

with fij
k, gij

k, FI J
K structure constants for g, g̃ and d respectively.
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Jacobi identity on d, or equivalently the compatibility condition, impose
the following constraint on structure constants of dual algebras g and g̃:

gpk
i fqp

j
� gpj

i f k
qp � gpk

q f j
ip + gpj

q f k
ip � gjk

p f p
qi = 0, (2.21)

which is equivalent to Eq. (2.16), obtained as a compatibility condition be-
tween Poisson and group structure on a given group G (Poisson-Lie condi-
tion).

From previous results some observations follow: the relation is completely
symmetric in the structure constants of the dual partners as the entire con-
struction is symmetric, and exchanging the role of the two subalgebras leads
exactly to the same structure. This will be important for the formulation of
Poisson-Lie duality. It is worth to note that this condition is always satisfied
whenever at least one of the two subalgebras is Abelian. This means that if d
is a Lie algebra of dimension 2d, we always have at least two Manin triples
(g, Rd) and (Rd, g), with dim g = d.

By exponentiation of g and g̃ one gets the dual Poisson-Lie groups G and
G̃ such that, in a given local parametrization, D = G · G̃, or by changing
parametrization, D = G̃ · G. The simplest example is the cotangent bundle
of any d-dimensional Lie group G, T⇤G ' G n Rd, which we shall call the
classical double, with trivial Lie bracket for the dual algebra g̃ ' Rd.

The natural symplectic structure on the group manifold of the double D
is the so called Semenov-Tian-Shansky structure [103] { f , g}D, for f , g func-
tions on D. If one considers the functions f , g to be invariant with respect
to the action of the group G̃ (G) on D, they can be basically interpreted as
functions on the group manifold of G (G̃), which then inherit the Poisson
structure directly from the double.

We finally point out that there may be many decompositions of d into
maximally isotropic subspaces, which are not necessarily subalgebras: when
the whole mathematical setting is applied to sigma models, the set of all such
decompositions plays the role of the modular space of sigma models mutu-
ally connected by a O(d, d) transformations. In particular, for the manifest
Abelian T-duality of the string model on the d-torus, the Drinfel’d double
is D = U(1)2d and its modular space is in one-to-one correspondence with
O(d, d; Z) [52].

After this brief review of Drinfel’d doubles and Manin triples, for the pur-
poses of this work we will focus on a particular example of Drinfel’d double,
SL(2, C).
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2.2.1 Manin triple decomposition of SL(2, C)

As a starting point let us fix the notation. The real form of the sl(2, C) Lie
algebra is usually represented as:

⇥
ei, ej

⇤
= ieij

kek
⇥
bi, bj

⇤
= �ieij

kek
⇥
ei, bj

⇤
= ieij

kbk,

(2.22)

with {ei}i=1,2,3 generators of the su(2) subalgebra, {bi}i=1,2,3 boosts genera-
tors. The linear combinations

êi = dij
⇣

bj + ek
j3ek

⌘
, (2.23)

are dual to the ei generators with respect to the Cartan-Killing product natu-
rally defined on sl(2, C) as

hv, wi = 2 [Im (vw)] , 8 v, w 2 sl(2, C). (2.24)

Indeed, it is easy to show that

D
êi, ej

E
= 2 Im

h
Tr
⇣

êiej

⌘i
= di

j. (2.25)

Moreover, the dual vector space su(2)⇤ spanned by {êi
}i=1,2,3 is the Lie alge-

bra of the Borel subgroup of SL(2, C), so called SB(2, C), of 2⇥ 2 upper trian-
gular complex matrices with unit determinant and real diagonal, for which
the Lie bracket is defined as follows

h
êi, êj

i
= i f ij

kêk (2.26)

and h
êi, ej

i
= iei

jkêk + iek f ki, (2.27)

with structure constants f ij
k = eijses3k. As a manifold SB(2, C) is non-compact

and its Lie algebra is non-semisimple and solvable, which is reflected in the
fact that the structure constants f ij

k as previously defined are not completely
antisymmetric.

It is important to note that the following relations hold

⌦
ei, ej

↵
=
D

êi, êj
E
= 0, (2.28)
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so that both subalgebras su(2) and sb(2, C) are maximal isotropic subalge-
bras of sl(2, C) with respect to h·, ·i. Therefore, (sl(2, C), su(2), sb(2, C)) is
a Manin triple with respect to the natural Cartan-Killing pairing on sl(2, C)

and SL(2, C) is a Drinfel’d double with respect to this decomposition (polar-
ization): SL(2, C) = SU(2) · SB(2, C).

Let us observe that the first of the Lie brackets (2.22) together with (2.26)
and (2.27) have exactly the form (2.20) and that in doubled notation, eI = 

ei

êi

!
, with ei 2 su(2) and êi

2 sb(2, C), the scalar product

⌦
eI , eJ

↵
= hI J =

 
0 di

j

di
j 0

!
(2.29)

corresponds to an O(3, 3) invariant metric.
Other than the natural Cartan-Killing bilinear form there is also another

non-degenerate invariant scalar product which can be defined on sl(2, C) as:

(v, w) = 2Re [Tr (vw)] , 8 v, w 2 sl(2, C). (2.30)

However, it is easy to check that su(2) and sb(2, C) are no longer isotropic
subspaces with respect to this scalar product, it being

(ei, ej) = dij, (bi, bj) = �dij, (ei, bj) = 0. (2.31)

Note that this does not give rise to a positive-definite metric. However, on
denoting by C+, C� respectively the two subspaces spanned by {ei} and {bi},
the splitting sl(2, C) = C+ � C� (which is not a Manin triple polarization by
the way, since C+ and C� do not close as subalgebras) defines a positive
definite metric H on sl(2, C) as follows:

H = (, )C+
� (, )C�

. (2.32)

This is a Riemannian metric and we denote it with the symbol (( , )). In
particular:

��
ei, ej

��
⌘
�
ei, ej

�
,

��
bi, bj

��
⌘ �

�
bi, bj

�
,

��
ei, bj

��
⌘
�
ei, bj

�
= 0.

(2.33)
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In doubled notation, eI =

 
ei

êi

!
, this Riemannian product can be written

instead as

((eI , eJ)) = HI J =

 
dij �dipejp3

�eip3dpj dij + eil3d`kejk3

!
, (2.34)

which satisfies the relation HhH = h, indicating that H is a pseudo-orthogonal
O(3, 3) matrix.

This product can be verified to be equivalent to

((u, v)) ⌘ 2Re
h
Tr
⇣

u†v
⌘i

, (2.35)

and its restriction to the SB(2, C) subalgebra, which will be indicated by h,
has the following form:

hij = dij + ei`3d`kejk3. (2.36)

It is interesting to notice that the O(3, 3) metric in (2.29) and the pseudo-
orthogonal metric in (2.34) respectively have the same structure as the O(d, d)
invariant metric and the so called generalized metric H of Double Field The-
ory [20, 21, 28] (see Sec. 3.2.1).

Finally, let us notice that the most general action functional involving
fields valued in the Lie algebra sl(2, C) should contain a combination of the
two products, (2.29) and (2.34). This essentially amounts to consider the Her-
mitian product

HN = ((u, v))N ⌘ Tr(u†v) (2.37)

which will prove to be indeed necessary to define a non-vanishing WZ term
for the SB(2, C) related model (see Sec. 5.3). When restricting to the sb(2, C)

subalgebra it acquires the form

hij
N =

0

B@
1 �i 0
i 1 0
0 0 1/2

1

CA , (2.38)

and obviously satisfies the relation hij
N + hji

N = hij. It is possible to check (see
Sec. 5.3) that only its real, diagonal part, namely (2.35), contributes when
limited to the quadratic term of the WZW action, while only its imaginary,
off-diagonal part, namely (2.29), contributes when computing the WZ term,
as we will see.
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3 T-duality

In theoretical physics, in particular in quantum field theory and string the-
ory, the concept of duality is of fundamental importance. A duality can be
referred to as a non-trivial equivalence between models, in the sense that
they describe the same physics but with a different mathematical formula-
tion. Dualities are of central importance because they allow to perform cal-
culations in regimes which would be otherwise inaccessible, i.e. they allow
to perform calculations on a situation in which the calculations are easier to
perform. Since the theories are the same from the physical point of view,
the calculation is valid also in the other theory where the calculation was too
difficult, or even impossible, to perform, giving the possibility to have new
important insights.

The first obvious example of duality is that of electromagnetic duality. In
fact, by considering Maxwell’s equations in the vacuum

�!r ·
�!
E = 0

�!r ·
�!
B = 0

�!r ⇥
�!
E = �

∂
�!
B

∂t
�!r ⇥

�!
B =

∂
�!
E

∂t

(3.1)

it is manifest they are highly symmetric. In particular, they are invariant un-
der (other than Lorentz transformations of course) the so-called electromag-
netic duality

(
�!
E ,

�!
B ) 7! (

�!
B ,�

�!
E ). (3.2)

What we call an electric field and what we call a magnetic field is then simply
a matter of convention, since every magnetic field has an equivalent descrip-
tion as an electric field, and vice versa. In a manifestly Lorentz invariant
description in terms of field strength F it is easy to understand what this
duality really is from the geometric perspective. In fact, in this description
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Maxwell’s equations can be written as

∂nFµn = 0 ∂n
?Fµn = 0, (3.3)

where ?Fµn = 1
2 eµnlrFlr is the Hodge dual. It is then evident in this formu-

lation that the duality transformation in (3.2) is simply F 7�! F0 = ?F. The
action can be written as

SEM = �
1
4

Z
F ^ ?F, (3.4)

and under the F 7�! F0 = ?F transformation the action changes as

S0

EM = �SEM, (3.5)

since in Minkowski space ((+ � ��) signature) ?2 = �1. The action then
only changes by a global sign, and so the symmetry transformation (3.2)
leaves the equations of motion invariant, or, equivalently, the physics is the
same. This is a simple but yet useful example to introduce the concept of
T-duality, since the latter can be similarly described as a transformation of
fields which does not change the physics, yet changing the action.

Other than the electromagnetic duality which we just considered, there
are many kinds of different dualities in physics. Among these we have T-
duality, the one we will focus on in this thesis, which is a peculiar stringy
feature and that, together with S-duality and U-duality, lies at the heart of
relating the five different superstring theories that turn out to be seen as low-
energy limits of the so-called M-theory. In particular, S-duality is a kind of
generalization of electromagnetic duality. In string theory, S-duality acts by
inverting the coupling constant. In particular, it is a strong-weak duality,
in the sense that it maps a strongly coupled theory, where perturbative ex-
pansion can no longer be trusted, to a weakly coupled theory which can
be described using perturbation theory. Strongly coupled systems are in
general much more difficult to understand and therefore S-duality can be
used to help to understand strongly coupled theories by first dualizing to
a weakly coupled theory, and then studying that theory using perturbation
theory. U-duality is a duality which combines T- and S- dualities together in
a proper way. Another important example of dualities in theoretical physics
is AdS/CFT duality [104], but there are in general many more.
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3.1 Prerequisites

In this section we will introduce notations, conventions and basic results
needed for T-duality discussion. We will focus on the worlsheet descrip-
tion of closed bosonic string theory for simplicity, but most of the results
carry over superstring theories. The Polyakov action of the bosonic string in
a (G, B, f) brackground can be written as a non-linear sigma model action
described by maps X : S ! M, which are the embedding maps of the two-
dimensional Lorentzian worldsheet (S, h) into the target manifold (M, G), a
(pseudo)-Riemannian manifold

S =
1

4pa0

Z

S

⇥
GµndXµ

^ ?dXn + BµndXµ
^ dXn + a0Rf ? 1

⇤
, (3.6)

with Gµn the background metric of the target space M (which we take to be
26-dimensional Minkowski with Gµn = hµn), B describes a constant B-field
and f denotes the dilaton field. The constant a0 is related to the string length
via the relation `S = 2p

p
a0. R is the Ricci scalar of the worldsheet.

It is also useful to write the action in local coordinates by writing the ge-
ometric objects in (3.1) in coordinates as follows

dXµ
^ ?dXn =

p

hd2s hab∂aXµ∂bXn,

dXµ
^ dXn = d2seab∂aXµ∂bXn,

? 1 =
p

h d2s,

(3.7)

where h is the determinant of the worldsheet metric and (s0, s1) are the co-
ordinates on S.

In this section we will be mostly interested in worldsheets with cylin-
drical topology S = R ⇥ S1, where the non-compact component is corre-
sponding to the time coordinate s0 = t, while the circle corresponds to the
space coordinate s1 = s with the identification s ⇠ s + `s, and accordingly
we impose the periodicity condition of the spatial component on the fields
X(t, s) = X(t, s + `s). It is known that by using Weyl invariance of the ac-
tion one can use a conformal gauge in which the worldsheet metric takes the
Minkowski form hab = hab, and further introducing light-cone coordinates
s± = t ± s the action can be rewritten as

S =
1

2pa0

Z

S
d2s

�
Gµn + Bµn

�
∂+Xµ∂�Xn. (3.8)
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In this form, the equations of motion have a particularly simple form, and
they can be obtained by varying the action as usual, leading to

∂+∂�Xµ = 0. (3.9)

3.1.1 Compactification on S1

The plan now is to compactify the closed bosonic string on a circle and ex-
plore what T-duality is in this case.

In particular, we compactify the string on a circle of radius R on the last
spatial coordinate, which means that the 25th coordinate on the target space
M is identified as X25

⇠ X25 + 2pR. For simplicity, we will also assume that
the B-field ’has no leg’ along the circle direction, namely Bµ25 = 0, so we have
not to deal with that for the mode description of X25.

The mode expansion of the field X25(t, s) can be obtained by solving the
e.o.m. (3.9) and imposing the periodic identification on the circle (on the
space-time M), i.e. X25(t, s + p) = X25(t, s) + 2pRw, with w integer, result-
ing in

X25(t, s) = X25
R (t � s) + X25

L (t + s), (3.10)

where the right- and left-moving components of the field are given by

X25
R (t � s) = x25

R +
2pa0

`s
p25

R (t � s) + i
r

a0

2 Â
n 6=0

1
n

a25
n e�

2pi
`s n(t�s)

X25
L (t + s) = x25

L +
2pa0

`s
p25

L (t + s) + i
r

a0

2 Â
n 6=0

1
n

ā25
n e�

2pi
`s n(t+s),

(3.11)

having defined the centre of mass coordinates x25
R =

x25
0 �c

2 , x25
L =

x25
0 +c

2 with c
an arbitrary constant, as well as the right and left momenta

p25
R =

1
2

✓
w
R
�

kR
a0

◆
,

p25
L =

1
2

✓
w
R
+

kR
a0

◆
, k, w 2 Z.

(3.12)

The integer k is the quantized momentum along the compactified direction
1, which is also sometimes called Kaluza-Klein excitation number, while the
integer w is called the winding number, and it indicated the number of times

1The quantization of the momentum eigenvalue along a compactified direction follows
from the requirement that the wavefunction must be single-valued, as the latter contains the
factor exp(ip25x25).
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the string wraps around the circle. Note that having a quantized momentum
along compact directions is common to point particles as well, but having
non-zero winding number is peculiar to strings, as they can wrap around the
compactified direction.

The mass spectrum of the theory can be calculated by using the mass for-
mula together with the level-matching condition, and it is possible to show
that the resulting spectrum of excitations is given by

M2 = �pµ pµ =
k2

R2 +
w2R2

(a0)2 +
2
a0
(NR + NL � 2), (3.13)

where NL,R are the number operators counting string excitations in the cor-
responding left and right sectors. The first term in (3.13) is the contribution
of the momentum to the mass, which is basically a kind of kinetic energy we
are familiar with. The second term is the mass contribution that comes from
the winding of the string around the circle.

3.2 T-duality and introduction to Double Field The-

ory

The important and peculiar thing to notice from the mass spectrum in (3.13)
is its invariance under the following Z2 action:

R !
a0

R
, k $ w. (3.14)

This symmetry of the spectrum of the bosonic string theory is called T-duality.
It tells us that compactification on a circle of radius R has the same mass spec-
trum as a theory which is compactified on a circle of radius R̃ = a0

R , as long as
momentum and winding modes are exchanged. This is an inherently stringy
feature since for point particles there is no winding number. This exchange
of momentum and winding is at the core of stringy geometry, which is a
term used to emphasize the peculiarity that strings behave differently to par-
ticles when it comes to geometry. This is a sign that strings see geometry in a
different way, and cannot really distinguish between large and small circles,
roughly speaking. Note also that under this action the spectrum is invariant
but the momenta are mapped as

⇣
p25

R , p25
L

⌘
�!

⇣
�p25

R ,+p25
L

⌘
, (3.15)
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and it is possible to show that also the center of mass coordinates follow the
same mapping, but since these momenta and coordinates appear in the full
mode expansion, it leads to the mapping

⇣
X25

R , X25
L

⌘
�!

⇣
�X25

R , X25
L

⌘
. (3.16)

The number operators and the commutation relations of the oscillator modes
(when promoted to operators) can be shown to be invariant under this map-
ping, which is therefore a symmetry of the spectrum. However, note that this
Z2 transformation does change the action of the theory, which is not invari-
ant then. In fact, we have

∂+X25
L ∂�X25

R �! �∂+X25
L ∂�X25

R , (3.17)

which means that this is not a symmetry but a duality transformation, simi-
larly to what happened with electromagnetic duality explained at the begin-
ning of this chapter.

A thing worth to notice is that actually the full T-duality group for a circle
compactification is Z2 ⇥ Z2. This is due to the fact that (p25

R )2 and (p25
L )2 are

also invariant under
R !

a0

R
, k $ �w, (3.18)

and it extends to the fields X25
L,R.

Another remark has to be done regarding the mapping of the radius. In
fact, the Z2 transformation in (3.14) there is a fixed point at R =

p
a0, the lat-

ter being called the self-dual radius. This may be interpreted as the minimal
length scale of the string. However, this only works for the bosonic string.

The T-duality in the case of open strings, for which the worldsheet has
a boundary, has the result of transforming a bosonic open string with Neu-
mann boundary conditions to a bosonic open string with Dirichlet boundary
conditions, and vice versa, allowing for a physical reasoning for D-branes.

T-duality also allows to build new string backgrounds which could not
be addressed otherwise and generally go under the name of non-geometric
backgrounds (see [18] for a recent review on the subject).
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3.2.1 Hamiltonian formulation, Td
compactification and Dou-

ble Field Theory

The analysis which was carried out so far for the S1 compactification can
be generalized to toroidal compactifications. On a d-torus Td, with constant
background provided by the tensor metric field Gµn and the Kalb-Ramond
field Bµn, T-duality is described by O(d, d; Z) transformations. By exchanging
momentum and winding modes, it implies that the short distance behavior
is governed by the long distance behavior in the dual torus T̃d.

It has to be observed that, already at the classical level, the indefinite or-
thogonal group O(d, d; R) naturally appears in the Hamiltonian description
of the bosonic string with a world-sheet embedded into a d-dimensional tar-
get space M together with two peculiar structures, the generalized metric H

and the O(d, d) invariant metric h [105].
Consider again the Polyakov action in coordinates

S =
1

4pa0

Z

S
dsdt

⇣
hab

p

hGµn∂aXµ∂bXn + eabBµn∂aXµ∂bXn
⌘

, (3.19)

and define Ẋ := ∂tX, X0 := ∂sX. The dynamics of the theory is determined
by the equations of motion for the coordinates Xµ accompanied with the con-
straints (in the conformal gauge):

Gµn
�
ẊµẊn + X0µX0n� = 0 ; GµnẊµX0n = 0 (3.20)

deriving from the vanishing of the energy-momentum tensor Tab ⌘
dS

dhab = 0.
The Hamiltonian H is given by a Legendre transformation with respect to

the canonical momentum Pµ = ∂L
∂Ẋµ = 1

2pa0
�
GµnẊn + BµnX0n

�
and Ẋµ, which

leads to
H =

1
4pa0

Gµn (ẊµẊn + X0µX0n)
��
Ẋ(P) . (3.21)

By inverting the expression for Pµ we have

Ẋµ = 2pa0
⇣

G�1
⌘µn

Pn �

⇣
G�1

⌘µr
BrnX0n (3.22)

so that the Hamiltonian can be written as

H =
1

4pa0

 
X0

2pa0P

!T

H(G, B)

 
X0

2pa0P

!
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where the generalized metric H is introduced:

H(G, B) ⌘

 
G � BG�1B BG�1

�G�1B G�1

!
. (3.23)

One can then define Generalized vector AP 2 TM
L

T⇤M as follows:

AP(X) = X0µ ∂

∂xµ + 2pa0Pµdxµ, (3.24)

so that H results to be proportional to the squared length of the generalized
vector AP as measured by the generalized metric H.

In particular, in terms of AP the constraints in eq. (3.20) respectively be-
come:

AT
PHAP = 0, AT

PhAP = 0. (3.25)

The first sets H to zero while the second one completely determines the dy-

namics, rewritten in terms of the O(d, d) invariant metric: h =

 
0 1

1 0

!
.

This group is defined by the d⇥ d matrices T satisfying the condition T
ThT =

h. The generalized metric itself is an element of O(d, d; R) since it satisfies
hHh = H

�1, i.e. HThH = h.
All the admissible generalized vectors satisfying the constraint AT

PhAP =

0 are related by an O(d, d; R) transformation via A0

P = T AP. Then, for A0

P
to solve the first constraint, a compensating transformation T

�1 has to be
applied to H. , i.e. H0 = (T �1)T

H(T �1).
The matrix H and its inverse H

�1 can be rewritten in products:

H(G, B) =

 
1 B
0 1

! 
G 0
0 G�1

! 
1 0
�B 1

!
, (3.26)

H
�1(G, B) =

 
1 0
B 1

! 
G�1 0

0 G

! 
1 �B
0 1

!
. (3.27)

This indeed shows that the background B can be created from the G-background
through a transformation involving B, hence named B-transformation.

In the case of compactification on the d-torus Td O(d, d; R) ! O(d, d; Z).
On Td, with directions labeled by a, b = 0, . . . d, where Gab and Bab are

constant, with its isometries U(1)d, the e.o.m.’s for the string coordinates are
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a set of conservation laws on the world-sheet [106]:

∂a Ja
a = 0 with Ja

a = habGab∂bXb + eabBab∂bXbh ⌘ eab∂bX̃a. (3.28)

Through the use of auxiliary fields, one gets the dual Polyakov action
S̃[X̃; G̃, B̃] on T̃d written in terms of the dual string coordinates X̃a and con-
nected to S[X; G, B] by Xa

! X̃a and suitable transformations of (G, B) !

(G̃, B̃) through the so-called Büscher rules [46, 47]. More specifically, in terms
of the coordinates X̃a’s, one can introduce an action involving auxiliary fields
Ua

a [106]:

S[U; G, B]=
Z

d2s
nh

habUa
aUb

bGab + eabUa
aUb

bBab

i
+ eab∂aX̃aUa

b

o
(3.29)

Varying with respect to X̃a gives eab∂aUa
b = 0, while the Ua

a equation of mo-
tion is:

habUb
bGab + eabUb

bBab � eab∂bX̃a = 0. (3.30)

This can be used to solve for Ua
a yielding:

Ua
a =

⇣
e

b
a G̃ab + d

b
a B̃ab

⌘
∂bX̃b (3.31)

and

S̃[X̃; G̃, B̃] =
T
2

Z h
G̃abdX̃a

^ ⇤dX̃b + B̃ab(X)dX̃a
^ dX̃b

i
(3.32)

being G̃ = (G � BG�1B)�1 and B̃ = �G�1BG̃.
In this case one refers to Abelian T-duality for stressing the presence of

global Abelian isometries in the target spaces of both the paired sigma mod-
els.

For closed strings, toroidal compactification on Td implies the following
periodicity conditions:

Xa(t, s) ⌘ Xa(t, s + p) + 2pLa, La =
d

Â
i=1

wiRiea
i , (3.33)

with wi being the winding numbers and ea
i vector basis on Td. In this case,

O(d, d; R) gets restricted to O(d, d; Z) and this constitutes the T-duality group
of the toroidal compactification that provides a symmetry not only of the
mass spectrum and the vacuum partition function but also of the scattering
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amplitudes.
It results very natural to require the string world-sheet sigma model to

be, therefore, manifestly O(d, d) invariant (we will omit, in the following,
the specification R or Z) [17, 19–22, 25]. Such formulation is based on a
doubling of the string coordinates along the compact directions of the target
space, i.e. on the introduction of both the usual coordinates Xa and their
respective duals X̃a. The equations of motion for the doubled coordinates
XA

⌘ (Xa, X̃a) (A = 1, . . . 2d), (a = 1, . . . d) can be combined into a single
O(d, d)-invariant equation [17]:

H∂aX = heab∂bX. (3.34)

For Gab = hab and B = 0, these reproduce the well-known Hodge duality
conditions: ∂aXa = eab∂bX̃a.

After doubling the coordinates, i.e. putting the coordinates Xa and the
dual ones X̃a in the generalized vector XA above introduced, it is natural to
replace the standard world-sheet action of string theory based on G and B by
an action written in terms of h and H and that could be manifestly invariant
under Abelian T-duality.

The action proposed in ref. [21] fulfills this requirement and, for constant
backgrounds, highlights the role of the generalized vector X and of the two
metrics:

S = �
T
2

Z
dtds

h
∂tX

A∂sXBhAB � ∂sXA∂sXB
HAB

i
. (3.35)

This provides a manifest T-dual O(d, d) symmetric formulation that may
be considered as a natural generalization, at the string scale, of the usual
Polyakov action that can be actually reproduced at compactification radius
R � a0 while its dual can be obtained at R ⌧ a0. The new action, therefore,
embodies the core of T-duality on flat compact target spaces: the short dis-
tance behavior is governed by the long distance behavior in the dual space.
One refers to it as the doubled world-sheet action [32–37, 39–41, 107]. From a
manifestly T-dual invariant two-dimensional string world-sheet, Double Field
Theory (DFT) [26] should emerge out as a low-energy limit. DFT developed
as a way to encompass the Abelian T-duality in field theory with Doubled
Geometry underlying it [70–72]. In DFT, diffeomorphisms rely on an O(d,d)
structure defined on the tangent space of a doubled torus. A section condi-
tion has then to be imposed for halving the 2d coordinates. There is a vast
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literature concerning DFT [26–41] including topological aspects and its de-
scription on group manifolds.

The doubled world-sheet action in ref. (3.35) can be also understood in
terms of Born geometry that is based on the concept of Born reciprocity prin-
ciple [108]. Briefly, this latter states that the validity of Quantum Mechanics
implies a fundamental symmetry between space and momentum that is bro-
ken by General Relativity because it states that spacetime is curved, while
energy-momentum space, i.e. the cotangent space, is linear and flat. The sim-
ple but radical idea proposed by Max Born, is that in order to unify Quantum
Mechanics and General Relativity one should also allow the phase space, and
thus momentum space, to carry curvature. The action in (3.35) is defined on
the phase space with coordinates XA

⌘ (Xa, X̃a) where the two metrics h

and HAB have been introduced. When the corresponding sigma-model can
be relaxed away from constant h and HAB, this means that not only will
space-time become curved, but momentum space as well. This then will lead
to an implementation of Born reciprocity.

Relation with Generalized Geometry

The Double Field Theory framework has also been considered in connection
with Generalized Geometry (GG) [70–72], which has consequently arisen as a
mean to geometrize duality symmetries. GG is based on replacing the tangent
bundle TM of a manifold M with a kind of Whitney sum TM � T⇤M, a bun-
dle with the same base space but fibers given by the direct sum of tangent
and cotangent spaces, and the Lie brackets on the sections of TM by the so-
called Courant brackets, involving vector fields and one-forms. The Courant
bracket of two sections of TM � T⇤M is defined as

[X + x, Y + h] = [X, Y] + LXh � LYx �
1
2

d (iXh � iYx) , (3.36)

where X, Y are tangent vectors and x, h cotangent vectors, such that X + x

and Y + h are elements of the fibers T � T⇤. The important point of such
bracket is that it commutes with the action of a closed 2-form B [71]. Further-
more, it is easy to note that both this bracket and the inner product naturally
defined on the generalized bundle (x + x, X + x) = iXx are invariant under
diffeomorphisms of the underlying manifold M. This, together with the fact
that a global closed 2-form B will also preserve both the inner product and
Courant bracket, means an overall action of the semi-direct product of diffeo-
morphisms and closed 2-forms. This formal setting has attracted interest in



Chapter 3. T-duality 35

relation to DFT because it takes into account in a unified fashion vector fields,
which generate diffeomorphisms for the Gij field, and one-forms, generating
diffeomorphisms for the the Bij field. In fact, we have already recovered
some of the ingredients along this section while exploring the Hamiltonian
formulation in terms of generalized vectors, where the generalized metric
also appears in a very natural way.

Non-Abelian T-duality

The kind of T-duality discussed so far belongs to a particular class which is
characterized by the fact that the generators of target space duality transfor-
mations are Abelian, while generating symmetries of the action only if they
are Killing vectors of the metric [46–48]. However, starting from Ref. [49], it
was realized that the whole construction could be generalized to include the
possibility that one of the two isometry groups be non-Abelian. This is called
non-Abelian, or, more appropriately, semi-Abelian duality.

Although interesting, because it enlarges the possible geometries involved,
the latter construction is not really symmetric, as a duality would require. In
fact, the dual model is typically missing some isometries which are required
to go back to the original model by gauging. This means that one can map
the original model to the dual one, but then it is not possible to go back any-
more (see [53] for a detailed explanation). This unsatisfactory feature is over-
come with the introduction of Poisson-Lie T-duality [50–52] (for some recent
work to alternative approaches see [53, 54]). The latter represents a genuine
generalization, since it does not require isometries at all, while Abelian and
non-Abelian cases can be obtained as particular instances. Recent results on
Poisson-Lie T-duality and its relation with para-Hermitian geometry and in-
tegrability, as well as low-energy descriptions, can be found in [55–64].

3.3 Poisson-Lie symmetry and duality

In this section we will introduce the concept of Poisson-Lie T-duality as it is
usually introduced in the standard literature. The material covered in this
section is contained as a review part of the paper [69].

In a field theory context Poisson-Lie symmetry [50–53] is usually intro-
duced as a deformation of standard isometries of two-dimensional non-linear
sigma models on pseudo-Riemannian manifolds, in the Lagrangian approach.
To make contact with the existing literature let us therefore summarize the
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main aspects. We use here local, light-cone coordinates, to adhere to com-
mon approach.

Definition 3.3.1. Let Xi : S ! M, where (S, h) is a 2-dimensional oriented
pseudo-Riemannian manifold, the so called source space (the image X(S) be-
ing the worldsheet) with metric h and (M, g) a smooth manifold, the so called
target space (or background), equipped with a metric g and a 2-form B. Let
M admit at least a free action of a Lie group G 2. A 2-dimensional non-linear
sigma model can be defined by the following action functional:

S =
Z

S
dzdz̄ Eij∂Xi∂̄Xj, (3.37)

with the generalized metric Eij = gij + Bij.

Suppose that the group G acts freely from the right, then the infinites-
imal generators of the right action are the left-invariant vector fields {Va},
satisfying

[Va, Vb] = fab
cVc (3.38)

with fab
c the structure constants of g. Under an infinitesimal variation of the

fields
dXi = Vi

aea, (3.39)

with e the infinitesimal parameters of the transformation, the variation of the
action reads as:

dS =
Z

S
dzdz̄LVa

�
Eij
�

∂Xi∂̄Xjea
�

Z

S
dzdz̄

h
∂
⇣

Vi
aEij∂̄Xj

⌘
+ ∂̄

⇣
Vi

aEji∂Xj
⌘i

ea,

where LV denotes the Lie derivative along the vector field V. Using the fact
that

dzdz̄
h
∂
⇣

Vi
aEij∂̄Xj

⌘
+ ∂̄

⇣
Vi

aEji∂Xj
⌘i

= d
⇣

Vi
aEij∂̄Xjdz̄ � Vi

aEji∂Xjdz
⌘

,

we are left with

dS =
Z

S
dzdz̄LVa

�
Eij
�

∂Xi∂̄Xjea
�

Z

S
dJaea, (3.40)

with
Ja = Va

i
⇣

Eij∂̄Xjdz̄ � Eji∂Xjdz
⌘

(3.41)

2In general the action is only required to be free. If it is also transitive, the model takes the
name of Principal Chiral Model and the target space is diffeomorphic with the group itself,
as it is the case in this paper.
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the Noether one-forms associated with the group transformation. If the ac-
tion functional is required to be invariant, dS has to be zero. Usually a
stronger requirement is applied, namely that the target-space geometry be
invariant as well. This entails separately the invariance of the metric and of
the B-field, that is LVa

�
Eij
�
= 0, LVa

�
Bij
�
= 0. The two-form B could be put

to zero to start with. Hence, under these assumptions, the symmetry group
is a group of isometries and the generators are Killing vector fields. If this is
the case, from (3.40) we derive that the Noether one-forms are closed

dJa = 0 (3.42)

hence, they are locally exact,
Ja = d eXa. (3.43)

In particular, if the symmetry group is Abelian, one can always find a frame
where Va

i = da
i. In this case Abelian T-duality can be obtained by exchanging

Xi with the dual coordinates eXi and the Bianchi identity d2X̃i = 0 then leads
to the equations of motion for the original theory. Notice that, because of the
definition of the one-forms Ja, the functions eXa take value in the tangent space
at M, namely, they are velocity coordinates. Therefore, the symmetry of the
model under target-space duality transformation amounts to the exchange of
target space coordinates Xi with velocities X̃i, the generators of the symmetry
are Killing vector fields and T-duality is along directions of isometry.

In the case in which the symmetry group of the action is non-Abelian,
but still an isometry, one refers to non-Abelian (or, better, semi-Abelian) T-
duality, with Noether currents satisfying Abelian Maurer-Cartan equations.

However, this whole construction can be generalized: suppose the Noether
current one-forms are not closed but satisfy instead a Maurer-Cartan equa-
tion

dJa =
1
2

f̃ bc
a Jb ^ Jc (3.44)

being f̃ bc
a the structure constants of some Lie algebra g̃ not yet specified.

Using Eq. (3.44), by imposing invariance of the action, Eq. (3.40) yields

Z

S
dzdz̄LVa

�
Eij
�

∂Xi∂̄Xjea =
Z

S

1
2

f̃ bc
a Jb ^ Jc ea.

From Eq. (3.41), it is straightforward to obtain

Jb ^ Jc = �2Vm
b Vl

c EnmElk∂Xn∂̄Xkdzdz̄,
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and finally
LVa Eij = � f̃ bc

a Vk
b Vl

c EikElj. (3.45)

The latter relation reveals that in order for the action to be invariant, the gen-
erators not only can be non-Abelian, but they do not have to be isometries
(one can still find the standard isometry case if the algebra of Noether cur-
rents, g̃, is Abelian, so that the Lie derivative is again vanishing).

If this is the case, we say that the sigma model is Poisson-Lie symmetric (see
def. (2.2.1) of Poisson-Lie group). Indeed, from the Lie algebra condition

⇥
LVa ,LVb

⇤
Eij = fab

c
LVc Eij (3.46)

the following compatibility condition for the pair structure constants follows:

f̃ mc
a fdm

b
� f̃ mb

a fdm
c
� f̃ mc

d fam
b + f̃ mb

d fam
c
� f̃ bc

m fda
m = 0, (3.47)

which is exactly the compatibility condition in (2.21), in order for two alge-
bras g, g̃ (which are dual as vector spaces), concur to define a bialgebra, d,
whose underlying vector space is the direct sum of the former. Equivalently,
Eq. (3.47) is nothing but the compatibility condition (2.16) between Poisson
and group structure of a Poisson-Lie group.

The triple (d, g, g̃) is associated to the starting sigma model but, since the
construction of the bialgebra structure is completely symmetric, one can ex-
pect to formulate a model associated with the same triple by swapping the
role of the subalgebras g, g̃ and that will be the Poisson-Lie dual sigma model,
defined by

LṼa
Ẽij = � fa

bcṼk
b Ṽ`

c ẼikẼ`j (3.48)

where all fields with ˜ refer to the dual model.
On introducing the group D which corresponds to the exponentiation of

the bialgebra d, equivalently we can say that a sigma model is of Poisson-Lie
type if the target space is a coset space D/G, where G indicates one of its
component groups in a chosen polarization. Its dual will be defined on the
target coset D/G̃. The group D is the Drinfel’d double and (d, g, g̃) is a Manin
triple. G, G̃ are dual groups.

Since Poisson-Lie T-duality is a generalization of Abelian and semi-Abelian
T-dualities, T-dualities may be classified in terms of the types of Manin triple
underlying the sigma model structure:

• Abelian doubles correspond to standard Abelian T-duality. The Drin-
fel’d double is Abelian, with Lie algebra d = g� g̃ with the algebra g
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and its dual both Abelian;

• Semi-Abelian doubles (i.e. d = g �̇ g̃, with g non-Abelian, g̃ Abelian and
�̇ a semi-direct sum) correspond to non-Abelian T-duality between an
isometric and a non-isometric sigma model;

• Non-Abelian doubles (all the other possible cases) correspond to Poisson-
Lie T-duality. Here no isometries hold for either of the two dual models.

The notion of Poisson-Lie symmetry can also be formulated in the Hamil-
tonian formalism [67, 69, 109–111]. We may state the following

Definition 3.3.2. Let (M, w) be a symplectic manifold admitting a right ac-
tion M ⇥ G ! M of G on M, and let Va 2 X(M), a = 1, . . . d be the vectors
fields which generate the action, with d = dim g. If LVa w 6= 0 but

iVa w = q̃a, (3.49)

with q̃a left(right)-invariant one-forms of the dual group G̃ and iV the interior
derivative along V, we say that a dynamical system with phase space (M, w)

is Poisson-Lie symmetric with respect to G if its Hamiltonian is invariant3

LV H = 0. (3.50)

For future convenience, Eq. (3.49) can be equivalently formulated accord-
ing to

LVa w = �
1
2

f a
bcq̃b

^ q̃c (3.51)

which, contracted with dual vector fields, yields LVa w(X̃b, X̃c) = � f a
bc. Fi-

nally, let us notice that Poisson-Lie symmetry may be stated in terms of the
Poisson bi-vector field P by saying that a dynamical system with target space
a Poisson manifold possesses Poisson-Lie symmetry under the action of a Lie
group G if the Hamiltonian (or its equations of motion) is invariant and the
bivector field P together with the infinitesimal generators of the symmetry
implicitly defines one-forms of the dual group according to

Va = P(q̃a). (3.52)

3However, it should be sufficient to require that the vector fields V generate symmetries
of the equations of motion, not necessarily of the Hamiltonian.
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4 The Isotropic Rigid Rotator as a

toy model

In this chapter we discuss and report the results of papers [65, 66], where a
simple mechanical system has been considered: the three-dimensional isotropic
rigid rotator (IRR), thought of as a (0 + 1)-field theory described by a sigma
model on SU(2).

A remarkable property of this model is that its dynamics exhibits Poisson-
Lie symmetries [112, 113] when described in the Hamiltonian approach, by
replacing the cotangent space of SU(2) with the group SL(2, C) which plays
the role of the alternative phase space of the model. The result is consistent
with the two spaces, T⇤SU(2) and SL(2, C), being symplectomorphic [113].
Let us remark here that the concept of Poisson-Lie symmetry, which concerns
a single dynamical model, can be stated independently and it is indeed a
pre-requisite for Poisson-Lie duality, which requires instead two dynamical
systems with different carrier spaces to be formulated.

With this distinction in mind, the IRR model was considered under yet
another point of view, the goal being to introduce a model on the dual group
of SU(2), with the aim of exhibiting a Poisson-Lie dual system. It turned
out that the model on the dual group does not describe the same dynamics,
though paving the way to a field theory generalization of the whole con-
struction, which describes the Principal Chiral Model on SU(2) and its dual
partner as Poisson-Lie duals [67, 68]. The IRR is thus to be conceived as a
toy model, where the key features of Poisson-Lie symmetries and Poisson-
Lie duality can be clearly understood, although it should be stressed that its
dynamics is not invariant under such transformations.

After defining the dual model, a parent action on the Drinfel’d double of
SU(2) can be introduced, containing a number of degrees of freedom which
is doubled with respect to the original one and from which both this latter
and its dual can be recovered by a suitable gauging of the isometries. The
geometric structures that appear can then be understood in terms of Gener-
alized Geometry and/or Doubled Geometry.

The material presented in this chapter is taken from the papers [66, 68].
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4.0.1 The IRR as a (0 + 1)-dimensional sigma model

Let j : R 3 t ! g(t) 2 SU(2) the group-valued dynamical map (in terms
of sigma models it is the embedding map). We can build an invariant ac-
tion on SU(2) by using the Maurer-Cartan left-invariant one-form g�1dg 2

W1(SU(2))⌦ su(2), so that a suitable sigma model action for the IRR model
is the following:

S0 = �
1
4

Z

R
Tr
h

j⇤

⇣
g�1dg

⌘
^ ⇤j⇤

⇣
g�1dg

⌘i
= �

1
4

Z

R
dt Tr

⇣
g�1 ġ

⌘2
, (4.1)

where ⇤ is the Hodge star operator on R, defined such that ⇤dt = 1 and j⇤

denotes the pull-back map, so that j⇤
�

g�1dg
�
= g�1∂tg dt defines the pull-

back of the Maurer-Cartan one-form on R. In particular, it can be written
as g�1dg = iaksk, with sk the Pauli matrices and ak basic left-invariant one-
forms.

The Lagrangian of the model is then L0 = �
1
4Tr

�
g�1 ġ

�2.
In order to adhere to the notation which is commonly adopted in field

theory, we shall identify the dynamical variable j with g for the remainder
of this section, as well as simply omit the pull-back notation when there is no
chance of confusion.

The group manifold SU(2) can be parametrized by the embedding in the
ambient space R4 as follows:

g = 2
⇣

y0e0 + iyiei

⌘
, g 2 SU(2), (4.2)

with
�
y0�2

+ Âi
�
yi�2

= 1, e0 = I/2, ei = si/2. One has then:

y0 = he0|gi = Tr (ge0) , yi = hei|gi = �i Tr (gei) , i = 1, 2, 3. (4.3)

On SU(2) we have g�1 = g†, so that

g�1 ġ =
⇣

y0I � iyisi

⌘ ⇣
ẏ0I + iẏjsj

⌘
(4.4)

= i
⇣

y0ẏi
� yiẏ0 + ei

jkyjẏk
⌘

si +
⇣

y0ẏ0 + yiẏi
⌘

, (4.5)

where we used the well known relation sisj = dijI + ie k
ij sk. Moreover, the

last term appearing in the above equation is vanishing since
�
y0ẏ0 + yiẏi� =

1
2

d
dt

⇣�
y0�2

+ Âi
�
yi�2

⌘
= 0.
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By using these relations we are led to

g�1 ġ = i
⇣

y0ẏi
� yiẏ0 + ei

jkyjẏk
⌘

si = iQ̇isi, (4.6)

where we defined the left generalized velocities

Q̇i
⌘

⇣
y0ẏi

� yiẏ0 + ei
jkyjẏk

⌘
. (4.7)

By using such velocities we can write the Lagrangian in a much more familiar
form as

L0 =
1
2

Q̇iQ̇jdij. (4.8)

In fact, the latter can be obtained by performing the following computation:

L0 = �
1
4

Tr
⇣

g�1 ġ
⌘2

=

�
1
4

Tr
h⇣

iQ̇isi

⌘ ⇣
iQ̇jsj

⌘i
=

1
4

Tr
h

Q̇iQ̇j
⇣

dijI + ie k
ij sk

⌘i
,

(4.9)

and using the fact that the s matrices are traceless. From right-invariant one-
forms one could define right generalized velocities in an analogous way, they
give an alternative set of coordinates over the tangent bundle.

The Euler-Lagrangian equations of motion can be written in its intrinsic
formulation [114], especially relevant for non-invariant Lagrangians 1, as:

LGqL � dL0 = 0, (4.10)

being LG the Lie derivative along the vector field G = d
dt and qL the La-

grangian one-form, which is given by

qL =
∂L
∂Q̇j aj =

1
2

Q̇iajdij. (4.11)

By projecting (4.10) along the basic left-invariant vector fields Xi (dual to the
basic left-invariant one-forms ai), one obtains:

iXi (LGqL � dL0) = 0. (4.12)

1This is not the case, but it will be useful for the dual model which we will show to have
non-invariant Lagrangian.
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Since LG and iXi commute over the Lagrangian one-form 2, one gets:

LG

✓
1
2

Q̇jiXi a
l
◆

djl � LXi L0 = 0, (4.13)

where we have used the fact that iXd f = LX f for f a function. Since iXi a
l =

dl
i and LXi L0 = 1

2 Q̇pQ̇qe k
ip dqk, we are left with the equation of motion

LGQ̇jdji � Q̇pQ̇qe k
ip dqk = 0, (4.14)

but the latter term is vanishing because it is the contraction of a symmetric
and of an antisymmetric tensor, hence

Q̈i = 0, i = 1, 2, 3. (4.15)

Left momenta can be calculated as usual as:

Ii =
∂L0

∂Q̇i = dijQ̇j, (4.16)

and cotangent bundle coordinates can then be chosen to be
�
Qi, Ii

�
. An al-

ternative set of fiber coordinates is represented by the right momenta, which
are defined analogously in terms of the right generalized velocities.

The Legendre transform from TSU(2) to T⇤SU(2) yields the Hamiltonian
function:

H0 =
h

IiQ̇i
� L0

i

Q̇i=dij Ij
= dij Ii Ij �

1
2

dij Ij Ikdlkdil =
1
2

dij Ii Ij. (4.17)

By introducing the dual basis
n

ei⇤
o

in the cotangent space, such that hei⇤
|eji =

di
j, one can consider the form

I = �
1
2

iIiei⇤ . (4.18)

In the first order formulation the action results to be

S =
Z

q �
Z

dtH0, (4.19)

where
q = hI|g�1dgi = h�

1
2

iIiei⇤
|2iakeki = Iia

kdi
k (4.20)

2This is general: iXL = iX (iXd + d iX) = iXd iX since iX is 2-nilpotent, while LiX =
(iXd + d iX) iX = iXd iX .
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is the canonical one-form.
The symplectic form can then be obtained as

w = dq = dIi ^ di
ja

j + Iid
i
jdaj = dIi ^ di

ja
j + Iid

i
je

j
lkal

^ ak, (4.21)

where we also used the Maurer-Cartan equation dak = ek
ija

i
^ aj. One can

then calculate Poisson brackets by inverting w. The corresponding bi-vector
field L will be written in terms of the basis vector fields ∂Ij , Xj respectively
spanning the fibers and the base manifold of the cotangent bundle. Using the
fact that Xi

�
aj� = d

j
i ,

∂
∂Ii

�
dIj

�
= di

j, we have

w�1 = L = a j
i

∂

∂Ii
^ Xj + bij

∂

∂Ii
^

∂

∂Ij
+ cijXi ^ Xj. (4.22)

By imposing the inverse condition one can easily see that aj
i = �d

j
i , bij =

e k
ij Ik and cij = 0, so that

�
yi, yj = 0 and

�
Ii, Ij

 
= e k

ij Ik. In order to
calculate the

�
yi, Ij

 
bracket, one has to use the expression of the left in-

variant vector fields in the chosen R4 parametrization. To this, by recalling
that aj = 1

2Trg�1dgsj = y0dyj
� yjdy0 + e

j
lk yldyk, and using the property

Xi
�
aj� = d

j
i we get:

Xj = y0 ∂

∂yj � yj ∂

∂y0 + e k
lj yl ∂

∂yk . (4.23)

By calculating

{Il, ym
} = L(dIl, dym) = �d

j
i
∂Il
∂Ii

Xj(ym) = �d
j
i d

i
l Xj(ym) (4.24)

and considering then that

Xj(ym) = y0 ∂

∂yj ym
� yi ∂

∂y0 ym + es
pjy

p ∂

∂ys ym = y0dm
j + dm

s es
pjy

p, (4.25)

we obtain

{Il, ym
} = �d

j
i d

i
l Xj(ym) = �d

j
i d

i
l

⇣
y0dm

j + dm
s es

pjy
p
⌘
= �y0dm

l � em
pjy

p.
(4.26)
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From the Poisson brackets

n
yi, yj

o
= 0 (4.27)

�
Ii, Ij

 
= e k

ij Ik (4.28)
n

yi, Ij

o
= di

jy
0 + ei

jkyk
$

�
g, Ij

 
= 2igej, (4.29)

the Hamilton equations of motion can be derived:

İi = {Ii, H} = 0, (4.30)

ġ = {g, H} = �dij Ii
�

Ij, g
 
= 2dij Iiigej, (4.31)

leading to
g�1 ġ = 2iIid

ijej. (4.32)

These equations show that the fiber coordinates Ii, associated to the angular
momentum components, are constants of motion as expected, while g under-
goes a uniform precession. In this case, since the Lagrangian and the Hamil-
tonian are invariant under both left and right action of the SU(2) group, also
the right momenta can be seen to be conserved as well, making the model
super-integrable. This will not be the case for the dual model, as we show in
Sec. 4.0.2.

The fibers of the tangent bundle TSU(2) are, as a vector space, su(2) '

R3, being Q̇i vector fields components, while the fibers of the cotangent bun-
dle T⇤SU(2) are isomorphic to the dual Lie algebra su(2)⇤. This, as a vector
space, is again R3, but now Ii are one-form components.

The carrier space of the Hamiltonian dynamics T⇤SU(2) is represented,
as a group, by the semi-direct product of SU(2) and the Abelian group R3,
i.e. T⇤SU(2) ' SU(2)n R3, with Lie algebra

⇥
Li, Lj

⇤
= ieij

kLk (4.33)
⇥
Ti, Tj

⇤
= 0 (4.34)

⇥
Li, Tj

⇤
= ieij

kTk, (4.35)

being Li the generators of the SU(2) algebra and Ti the generators of R3,
which behave as vectors under SU(2) rotations as can be seen from the last
relation. The linearization of the Poisson structure at the identity of SU(2)
provides a Lie algebra structure over the dual algebra su(2)⇤. Thus, the
brackets {Ii, Ij} = eij

k Ik are induced by the coadjoint action of the group
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SU(2) on its dual algebra, hence the Poisson brackets governing the dynam-
ics of the IRR are the Kirillov-Souriau-Konstant brackets.

It has been shown in [112] that the carrier space of the dynamics of the
IRR can be generalized to the semisimple Lie group SL(2, C). This can be
realized by replacing the Abelian subgroup R3 with the non-Abelian group
SB(2, C), which, we recall, is the Borel Lie subgroup of 2 ⇥ 2 upper trian-
gular complex matrices with real diagonal and unit determinant. In partic-
ular, note that SU(2) and SB(2, C) constitute the pair with respect to which
SL(2, C) can be regarded as a Drinfel’d double. This means that the triple
(sl(2, C), su(2), sb(2, C)) is a Manin triple with respect to the scalar product
h·, ·i in sl (2, C) defined in (2.24), as we have discussed in Sec. 2.2.1.

In the next section we discuss a new model, which will be referred to as
dual, in the sense that it is the analogue of the IRR but modeled on the dual
group SB(2, C).

4.0.2 The dual model

In this section we introduce a dynamical model on the dual group of SU(2),
the Borel group SB(2, C), with an action functional that is formally analogous
to (4.1).

As carrier space for the dynamics of the dual model in the Lagrangian
(respectively Hamiltonian) formulation one can choose the tangent (respec-
tively cotangent) bundle of the group SB(2, C). The latter is the dual Lie
group of SU(2) because they are dual partners in a particular polarization
realization of SL (2, C) as a Drinfel’d double.

A suitable action for the system is the following:

S̃0 = �
1
4

Z

R
T r[j̃⇤

⇣
g̃�1dg̃

⌘
^ ⇤j̃⇤

⇣
g̃�1dg̃

⌘
] = �

1
4

Z

R
dt T r[(g̃�1 ˙̃g)(g̃�1 ˙̃g)],

(4.36)
with j̃ : t 2 R ! g̃ 2 SB(2, C), the group-valued target space coordinates,
and g̃�1dg̃ = iãkẽk

2 W1(SB(2, C)) ⌦ sb(2, C) is the Maurer-Cartan left in-
variant one-form, with ãk the left-invariant basic one-forms. ⇤ is again the
Hodge star operator on the source space R satisfying ⇤dt = 1. The sym-
bol T r is used here to represent a suitable scalar product in the Lie algebra
sb(2, C). Just as in the previous section, when there is no chance of confusion
we will use g̃ for j̃ as well as omit the pull-back notation.
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In this case the Lagrangian of the model is given by

L̃0 = �
1
4
T r[(g̃�1 ˙̃g)(g̃�1 ˙̃g)]. (4.37)

In this case the group is not semi-simple, so there is no scalar product
which is both non-degenerate and invariant. Therefore, one has two possi-
ble different choices: the scalar product defined by the real and/or imagi-
nary part of the trace, given by (2.24) and (2.30) which is SU(2) and SB(2, C)

invariant but degenerate, or one could use the scalar product induced by
the Riemannian metric H, which, on the algebra sb(2, C) takes the form
��

ẽi, ẽj�� = dij + ei
l3dlkej

k3, positive definite and non-degenerate. However,
this product on sl(2, C) is SU(2) invariant but only invariant under left SB(2, C)

action. Indeed, by observing that the generators ẽi are not Hermitian, (2.34)
can be verified to be equivalent to:

((u, v)) ⌘ 2Re
h
Tr
⇣

u†v
⌘i

, (4.38)

so that ((g̃�1 ˙̃g, g̃�1 ˙̃g)) = 2Re
�

Tr[(g̃�1 ˙̃g)† g̃�1 ˙̃g]
 

which is not invariant un-
der right SB(2, C) action, since g̃�1

6= g̃†. We use the latter scalar product:
T r(ab) ⌘ ((a, b)) to define the model.

Again the group manifold can be embedded in the R4 ambient space and
parametrized so that g̃ 2 SB(2, C) can be written as g̃ = 2

�
u0ẽ0 + iuiẽi� with

ẽ0 = I/2 and u2
0 � u2

3 = 1. The latter condition follows from the det (g̃) = 1
condition. This is easily understood from the explicit form of the generators,
as written in (2.23):

ẽ1 =

 
0 i
0 0

!
; ẽ2 =

 
0 1
0 0

!
; ẽ3 =

i
2

 
1 0
0 �1

!
. (4.39)

In order to be consistent we have then:

ui =
1
4

⇣⇣
ig̃, ẽi

⌘⌘
, i = 1, 2, u3 =

1
2

⇣⇣
ig̃, ẽ3

⌘⌘
, u0 =

1
2

⇣⇣
g̃, ẽ0

⌘⌘
.

(4.40)
Most of these calculations work in the same way as for the IRR model, with
the appropriate differences in the parametrizaton of g̃ 2 SB (2, C) and in
the scalar product (this time invariant only under left SB (2, C) action) which
defines the metric hij

⌘
�
dij + ei

l3ej
k3dlk� (cfr. (2.36)), hence we will not go

through details.
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Since g̃�1 = 2
�
u0ẽ0

� iuiẽi� we have

g̃�1 ˙̃g = 2i
⇣

u0u̇i � uiu̇0 + fi
jkuju̇k

⌘
ẽi = 2i ˙̃Qiẽi, (4.41)

where the f ij
k = eijlel3k are the structure constants of sb(2, C), so that the

Lagrangian can be written as

L̃0 = hij ˙̃Qi
˙̃Qj, (4.42)

having defined
˙̃Qi ⌘ u0u̇i � uiu̇0 + fi

jkuju̇k (4.43)

as left generalized velocities.
Following the same approach as with the IRR, the equations of motion of

the system can be found to be

LG
˙̃Qjhji

�
˙̃Ql

˙̃Qm fk
ilhmk = 0. (4.44)

We can then consider (Q̃i, ˙̃Qi) as tangent bundle coordinates, with Q̃i implic-
itly defined, similarly to the rigid rotator case.

The carrier space of the Hamiltonian dynamics is instead T⇤SB(2, C), with
coordinates (Q̃i, Ĩ i), with Ĩ i the conjugate left momenta defined as usual as

Ĩ i =
∂L̃0

∂ ˙̃Qi
= hij ˙̃Qj. (4.45)

To perform the Legendre transform from TSB(2, C) to T⇤SB(2, C) we have to
invert (4.45), which results in

˙̃Qi = Ĩ j
✓

dji �
1
2

ejp3eiq3dpq
◆

, (4.46)

leading to the Hamiltonian

H̃0 =
1
2

⇣
h�1

⌘

ij
Ĩi Ĩ j, (4.47)

being
⇣

h�1
⌘

ij
=

✓
dij �

1
2

ei p3ej
q3dpq

◆
(4.48)

the inverse of the metric hij of (2.36). Similarly to what we have done for the
rigid rotator, we can introduce the linear combination Ĩ = �i Ĩi ẽ⇤i over the



Chapter 4. The Isotropic Rigid Rotator as a toy model 49

dual basis ẽ⇤i , such that hẽ⇤j |ẽ
i
i = di

j.
Following the same steps as in the case of the rigid rotator we can find the

symplectic form from the first-order action functional, and it reads

w̃ = dq̃ = dĨi
^ ãi + Ĩ i fi

jkãj ^ ãk. (4.49)

By inverting w̃ we find the Poisson algebra

{ui, uj} = 0 (4.50)

{ Ĩ i, Ĩ j
} = f ij

k Ĩk (4.51)

{ui, Ĩ j
} = d

j
i � fi

jkuk () {g̃, Ĩ j
} = 2ig̃ ẽj, (4.52)

from which the Hamilton equations of motion can be obtained as follows:

˙̃Ii = { Ĩ i, H̃0} = fk
ij Ĩk Ĩl(h�1)jl, (4.53)

g̃�1 ġ = 2iẽi(h�1)ij Ĩ j. (4.54)

The fact that Ĩ j are not conserved is expected and it expresses the non-invariance
of the model under right SB(2, C) action. One can easily check that right mo-
menta, obtained from right-invariant vector fields which generate left action,
would result to be constants of motion.

Analogously to the IRR case, we can remark that the fibers of TSB(2, C)

can be identified with sb(2, C) ' R3 (as a vector space), as well as the fibers
of T⇤SB(2, C), identified with the dual algebra sb(2, C)⇤, which is also iso-
morphic, as vector space, to R3, but the elements are now components of
one-forms. The carrier space of the Hamiltonian dynamics for the dual model
T⇤SB(2, C) is represented, as a group, by the semi-direct product of SB(2, C)

and the Abelian group R3, i.e. T⇤SB(2, C) ' SB(2, C)nR3, and the Lie alge-
bra is a semi-direct sum represented by

⇥
Bi, Bj

⇤
= i fij

kBk (4.55)
⇥
Si, Sj

⇤
= 0 (4.56)

⇥
Bi, Sj

⇤
= i fij

kSk, (4.57)

being Bi the generators of the SB(2, C) algebra and Si the generators of R3.
Again, as before for the IRR, the non-trivial Poisson brackets (4.50) can be
understood in terms of the coadjoint action of SB(2, C) on its dual algebra.
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4.0.3 Doubled IRR action

In the previous sections we have introduced two dynamical models on con-
figuration spaces which are dual Poisson-Lie groups. The Poisson algebras
for the respective cotangent bundles, T⇤SU(2) and T⇤SB(2, C), have both the
structure of a semi-direct sum which reflects the semi-direct structure of the
Lie algebras su(2)�̇R3 and sb(2, C)�̇R3. The two models can be obtained
from the same parent action defined on the whole SL(2, C) group which nat-
urally doubles the coordinates as a Drinfel’d double. In this sense they ap-
pear as dual.

Lagrangian description

In order to unify the two models within a generalized doubled action, whose
configuration space has double dimension with respect to the previous ones,
let us introduce the configuration space variable f : t 2 R ! g(t) 2 SL(2, C).

The left-invariant Maurer-Cartan one-form on the group manifold is g�1dg 2

W1(SL(2, C))⌦ sl(2, C) and can be pulled-back to R yielding

f⇤

⇣
g�1dg

⌘
= g�1ġ dt ⌘ Q̇

IeIdt, (4.58)

being Q̇
I the left generalized velocities, which we can decompose as Q̇

I
⌘

�
Ai, Bi

�
, resulting in

g�1ġ dt =
⇣

Aiei + Biẽi
⌘

dt. (4.59)

Both generalized velocities components are coordinates of the tangent bun-
dle of SL(2, C) but

�
Ai, Bi

�
could also alternatively be interpreted in terms of

Generalized Geometry as fiber coordinates of the generalized bundle T � T⇤

with base space SU(2).
The components of the generalized velocity can be obtained by using the

scalar product (2.24):

Ai = 2Im
h
Tr
⇣

g�1ġẽi
⌘i

; Bi = 2Im
h
Tr
⇣

g�1ġei

⌘i
. (4.60)

The doubled action on SL(2, C) can be introduced at this point using both
the scalar products, as follows:

S =
1
2

Z

R

h
k1hf

⇤

⇣
g�1dg

⌘
, ⇤f⇤

⇣
g�1dg

⌘
i+ k2

⇣⇣
f⇤

⇣
g�1dg

⌘
, ⇤f⇤

⇣
g�1dg

⌘⌘⌘i
,

(4.61)
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where k1 and k2 are two real parameters. In terms of generalized velocities,
since

hf⇤

⇣
g�1dg

⌘
, ⇤f⇤

⇣
g�1dg

⌘
i = dt Q̇

I
Q̇

J
heI , eJi = dt Q̇

I
Q̇

J
hI J (4.62)

and

⇣⇣
f⇤

⇣
g�1dg

⌘
, ⇤f⇤

⇣
g�1dg

⌘⌘⌘
= dt Q̇

I
Q̇

J
((eI , eJ)) = dt Q̇

I
Q̇

J
HI J , (4.63)

we can write the action (up to an overall constant) explicitly in terms of the
Drinfel’d double splitting of sl(2, C):

S =
1
2

Z

R
dt EI JQ̇

I
Q̇

J , (4.64)

with EI J = k hI J +HI J , and we defined k = k1
k2

. We can observe that the matrix
EI J is non-singular provided k 6= 1, which is a condition we assume from now
on. Explicitly, in terms of fiber coordinates of TSL(2, C) the Lagrangian gets
the form:

L =
1
2

h
dij Ai Aj +

⇣
kd

j
i + ei

j3
⌘

AiBj +
⇣

kdi
j � ei

j3

⌘
Bi Aj + hijBiBj

i
. (4.65)

The Lagrangian one-form is

qL = EI J Q̇
I
aJ , (4.66)

so that the equations of motion in the intrinsic formulation can be written as

LGQ̇
IEI J � Q̇

P
Q̇

QCIP
KEQK = 0, (4.67)

being CIP
K the structure constants of the sl(2, C) Lie algebra.

Hamiltonian description

As usual, we can define the left generalized momenta in the doubled descrip-
tion as

II =
∂L

∂Q̇
I = EI JQ̇

J , (4.68)

so that the Hamiltonian then reads as:

H =
h
IIQ̇

I
� L

i

|Q̇
I
=(E�1)I JIJ

=
1
2
(E�1)I J

IIIJ (4.69)
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with

(E�1)I J =
1

1 � k2

 
dij + eil3dlkejk3

�dpj
�
eip3 + kdip�

dpj �eip3 � kdip
�

dij

!
. (4.70)

Moreover, we can write the components of II explicitly in terms of the (Ai, Bi)

components:

II ⌘ (Ii, Ĩ i) =
⇣

dij Aj +
⇣

kd
j
i + ei

j3
⌘

Bj,
⇣

kdi
j � ei

j3

⌘
Aj +

⇣
dij + dlkei

l3ej
k3

⌘
Bj

⌘
,

(4.71)
so that in terms of the components (Ii, Ĩ i) the Hamiltonian can be written as
follows:

H =
1

2 (1 � k2)

h⇣
dij + eil3dlkejk3

⌘
Ii Ij + dij Ĩi Ĩ j

� 2
⇣

eip3 + kdip
⌘

dpj Ii Ĩ j
i

.

(4.72)
We can consider the linear combination I = �

i
2 IIeI⇤ = �

i
2

⇣
Iiei⇤ + Ĩi ẽ⇤i

⌘
,

such that, using also g�1dg = 2i aKeK = i
�
akek + bkẽk� we obtain the sym-

plectic form w on T⇤SL(2, C):

w = dq = dIi ^ ai + II CI
JK aJ

^ aK, (4.73)

from which the Poisson brackets for the generalized momenta can be ob-
tained:

{Ii, Ij} = eij
k Ik

{ Ĩ i, Ĩ j
} = f ij

k Ĩk

{Ii, Ĩ j
} = eil

j Ĩ l
� Il fi

l j, { Ĩ i, Ij} = �ei
jl Ĩ l + Il f li

j.

(4.74)

Note that the Poisson bracket between momenta and configuration space
variables g, g̃ are unchanged with respect to T⇤SU(2) and T⇤SB(2, C). We
can write these brackets in compact (and doubled) form as

{II , IJ} = CI J
K

IK. (4.75)

Finally, the Hamilton equations can be derived as follows:

İI = {II , H} = (E�1)JK
{II , IJ}IK = (E�1)JKCI J

L
ILIK, (4.76)

which is not zero, consistently with (4.67).
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4.0.4 Recovering the dual models

The standard dynamics of the isotropic rigid rotator and its dual model can
be recovered from the doubled Lagrangian we have introduced. In order to
get back one of the two models one has to impose constraints, as is customary
in DFT. In particular, one has to gauge either SU(2) or SB(2, C) and integrate
out.

For definiteness, we specify and fix a local Iwasawa decomposition for
the elements of SL(2, C) as g = g̃g, with g̃ 2 SB(2, C) and g 2 SU(2). From
the action in (4.61) and the properties we have remarked on the two scalar
products defined on SL(2, C), it can be seen that the Lagrangian is manifestly
globally invariant under both left and right SU(2) actions but only under left
SB(2, C) action. Therefore, in order to recover the TSU(2) rotator description
this left SB(2, C) invariance has to be promoted to a gauge symmetry and
then gauged appropriately. The left SB(2, C) action is given by

SB(2, C)L : g ! h̃g = h̃g̃g, 8 h̃ 2 SB(2, C). (4.77)

Promoting this global symmetry to a gauge one, we modify the Maurer-
Cartan one-form defining the covariant exterior derivative DC̃ = d+ C̃, where
C̃ is the gauge connection one-form C̃ = C̃i(t)ẽi, so that

f⇤

⇣
g�1dg

⌘
! f⇤

⇣
g�1DC̃g

⌘
=
⇣

g�1ġ + g�1C̃g
⌘

dt. (4.78)

We can make explicit the doubled notation by performing the following split-
ting:

g�1ġ + g�1C̃g = Ui ẽi + Wiei, (4.79)

whose components can be obtained from

Ui = 2Im
n

Tr
h⇣

g�1ġ + C̃jg
�1ẽjg

⌘
ei

io
(4.80)

and
Wi = 2Im

n
Tr
h⇣

g�1ġ + C̃jg
�1ẽjg

⌘
ẽi
io

. (4.81)

These can be computed explicitly by acting with the coadjoint action of g, g̃
on ej, ẽj represented by the Lie brackets (2.22) (for the ei), (2.26) and (2.27).
However, this is not necessary for our purposes and details can be found in
[65]. In terms of these new degrees of freedom we can write down the dou-
bled Lagrangian with the gauge connection added, so the gauged Lagrangian
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reads

LC̃ =
1
2

h
dijWiWj + 2

⇣
kd

j
i + ei

j3
⌘

WiUj + hijUiUj

i
, (4.82)

since

LC̃ =
1
2

h
k1hf

⇤

⇣
g�1DC̃g

⌘
, ⇤f⇤

⇣
g�1DC̃g

⌘
i

+ k2

⇣⇣
f⇤

⇣
g�1DC̃g

⌘
, ⇤f⇤

⇣
g�1DC̃g

⌘⌘⌘ i
=

1
2

EI J
˙̂

Q
I ˙̂
Q

J ,
(4.83)

with ˙̂
Q

I = (Wi, Ui). Then, performing the transformation

Ŵi = Wi +
⇣

kdis
� e3

is
⌘

Us, (4.84)

we have
LC̃ =

1
2

h
dijŴiŴ j +

⇣
1 � k2

⌘
dijUiUj

i
. (4.85)

We will use this form for writing the Euclidean partition function of the sys-
tem

Z =
Z

DgDg̃DC̃ e�SC̃ (4.86)

and integrate over the gauge connection. In particular, we can trade the inte-
gration over C̃i with an integration over Ui:

Z =
Z

DgDg̃ det

 
dC̃i
dUj

!
e�

1
2
R

R dt dijŴiŴ j
Z

DUe�
1
2
R

R dt (1�k2)dijUiUj . (4.87)

It is easy to see that the Jacobian determinant of the C̃ ! U transforma-
tion is constant since the matrices involved in the gauge transformations are
constant, hence it only results in a regularization factor. Using the fact that
the Gaussian integral over U is also a constant, the partition function can be
finally written in the form

Z µ
Z

DgDg̃e�
1
2
R

R dt dijŴiŴ j
. (4.88)

In order to compare with the IRR action (4.1) we can make a step further. It
is possible to introduce the endomorphism E of sl(2, C) = su(2) � sb(2, C)

which preserves the Drinfel’d splitting, defined by the constant matrix

E =

 
di

j Tij

�(T�1)ij d
j
i

!
(4.89)
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such that we can make the following splitting-preserving change of variables
on sl(2, C) as a Drinfel’d double:

E

 
Wj

Uj

!
=

 
Ŵj

Ûj

!
. (4.90)

In this way, we can write the Maurer-Cartan left-invariant one-forms as

F⇤

⇣
g0�1dg0

⌘
= Ŵieidt, F⇤

⇣
g̃0�1dg̃0

⌘
= Ûiẽidt. (4.91)

The endomorphism E induces an exponential map exp(E) : SL(2, C) !

SL(2, C) such that g = g̃g is mapped into g0 = g̃0g0, so that the integra-
tion measure can be transformed into Dg0Dg̃0 , hence up to a constant factor
(the determinant of exp(E)) the partition function can be written as

Z µ
Z

Dg̃0

Z
Dg0e�

1
2
R

R Tr[F⇤(g0�1dg0)^⇤F⇤(g0�1dg0)]. (4.92)

Clearly the integration over g̃0 gives another constant, while the other inte-
gral is the partition function of the IRR model.

The dual model with carrier space TSB(2, C) can be recovered following
exactly the same procedure but gauging this time the global right SU(2) ac-
tion invariance. The main difference with respect to the previous case is that
the gauge connection one-form is now su(2)-valued, and under the integral
it is suitable to be traded for the integration over the dual analogue of W in
(4.79). This case has been carried out in detail in [65].

4.0.5 Relation with Generalized Geometry

Since we can consider the isomorphism TSL(2, C) ' SL(2, C)⇥ sl(2, C) with
the fiber

sl(2, C) ' su(2)� sb(2, C) ' TSU(2)� T⇤SU(2), (4.93)

one can rewrite the Poisson algebra (4.74) as

{I + Ĩ, J + J̃} = {I, J}� {J, Ĩ}+ {I, J̃}+ { Ĩ, J̃}, (4.94)

having defined I = iIiei⇤ , J = i Jiei⇤ as one-forms and Ĩ = Ĩ i ẽ⇤i , J̃ = J̃i ẽ⇤i
as vector fields. Poisson brackets (4.74) are given by the KSK brackets on
the coadjoint orbits of SL(2, C), but in particular, they are induced by the
bialgebra structure of SL(2, C) and according to (4.94) they can be identified
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with the C-brackets [115–117] of Generalized geometry 3 for the generalized
bundle T � T⇤, being {ei⇤

} and {ẽ⇤i } bases over T⇤ and over T respectively.
Namely, the doubled momenta (Ii, Ĩ i) identify the fiber coordinates of the
generalized bundle T � T⇤ of SU(2).

Furthermore, defining Hamiltonian vector fields in terms of Poisson brack-
ets as usual as

Xf = {·, f } (4.95)

and defining in particular Xi = {·, Ii}, X̃i = {·, Ĩ i
}, one can find, because of

the non-trivial Poisson bracket (4.74), and by using Jacobi identity:

⇥
Xi, Xj

⇤
= {{·, Ij}, Ii}� {{·, Ii}, Ij} = {·, {Ii, Ij}} = eij

kXk,
h

X̃i, X̃j
i
= {{·, Ĩ j

}, Ĩ i
}� {{·, Ĩ i

}, Ĩ j
} = {·, { Ĩ i, Ĩ j

}} = f ij
kX̃k,

h
Xi, X̃j

i
= {{·, Ĩ j

}, Ii}� {{·, Ii}, Ĩ j
} = {·, {Ii, Ĩ j

}} = � fi
jkXk � X̃keki

j,
(4.96)

or, in a unified fashion:

[X + X̃, Y + Ỹ] = [X, Y] + [X̃, Ỹ] + LXỸ � LYX̃. (4.97)

This shows, remarkably, that the C-brackets can be obtained as derived brack-
ets [117] from the canonical Poisson brackets of the dynamics.

It is important at this point to summarize and discuss in what sense the
two submodels possess Poisson-Lie symmetries. We have seen in Sec. 3.3
what Poisson-Lie T-duality means and how it is related to the concept of
Drinfel’d double. Namely, we have seen that under appropriate conditions
the sigma models defined on groups that are dual partners in a Manin triple
polarization are indeed dual, in the sense that they describe the same physics
even if there is no such manifest symmetry in neither of the two dual ac-
tions. Indeed, the two models can be seen to be connected by a canonical
transformation on their phase-space variables and classically their dynam-
ics is indistinguishable. However, a parent model can be formulated on
the Drinfel’d double group and at this stage Poisson-Lie duality becomes
a manifest symmetry and the two submodels can be obtained by gauging
conditions. Furthermore, there are two symmetric ways to perform the de-
composition: g = g̃g or g = gg̃. In our simple case, we started from the

3C-brackets are mixed brackets between vector fields and forms. They generalize Courant
and Dorfmann brackets
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action of an isotropic rigid rotator on the group manifold SU(2), and hav-
ing realized that SL(2, C) can be seen as a Drinfel’d double and in partic-
ular (sl(2, C), su(2), sb(2, C)) is a Manin triple, we built the dual model on
SB(2, C), they can then be obtained from the generalized action on SL(2, C)

under appropriate gauging. In this sense we can see we have the ingredients
under which Poisson-Lie duality relies. It is already enough in principle to
state that the model is a Poisson-Lie model.

However, note that in this case the model is too simple to have Poisson-
Lie symmetry, indeed, there does not exist a canonical transformation, that
is due to the fact the model under analysis is not a genuine field theory. In
fact, this can be found instead in its most natural generalization wich is the
principal chiral model case [67] that we briefly discuss in the next section. In
fact, in the next chapter we will consider a way more general model, which
is the PCM with the addition of the so-called Wess-Zumino term. We will
analyze only this particular model since we can recover the PCM simply by
putting a coupling constant to zero.

4.1 The Principal Chiral Model

The Principal Chiral Model (PCM) is a two-dimensional sigma model with
target configuration space given by a Lie group G. In fact, the field content
is simply a field f valued in a Lie group. As a source space we will consider
the two-dimensional spacetime S = R1,1 endowed with metric diag(1,�1).
Since the IRR model is too simple to exhibit symmetry under duality trans-
formation, as we have seen in the previous section, it is natural to consider a
genuine (1 + 1)-dimensional field theory which resembles the same model.
This is the SU(2) Principal Chiral Model which, while being modeled on the
IRR system, certainly exhibits interesting properties under duality transfor-
mations. More precisely, in [67] it was considered as a starting point an old
intuition due to S. G. Rajeev [77, 78] where the SU(2) principal chiral model
is shown to exhibit a whole one-parameter family of alternative Hamiltoni-
ans and alternative Poisson algebras, all equivalent from the point of view
of the dynamics. Then, this intuition was extended with a construction re-
lying on the generalization of the affine algebra of currents, associated with
the semi-direct sum su(2)(R)�̇a(R), being a(R) an Abelian Lie algebra, to
a fully semi-simple Kac-Moody algebra which is either su(2)(R)� su(2)(R)

or sl(2, C)(R). Here g(R) indicates the affine algebra associated to the Lie
algebra g.
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Interestingly, this construction can also be understood in terms of Born
Geometry, and by generalizing the Poisson Kac-Moody algebra with the in-
troduction of a second parameter, and performing an O(3, 3) transformation
over the target phase space, it was showed that a family of sigma models with
target configuration space the group manifold of SB(2, C) is obtained. More-
over, the vanishing value of one of the two parameters corresponds to the
original SU(2)PCM with canonical splitting of its current algebra, whereas
the vanishing of the remaining parameter correctly reproduces the dual cur-
rent algebra sb(2, C)(R)�̇a(R), but the Hamiltonian exhibits a singular be-
haviour, which is related to a topological issue that can be understood and
solved with a further generalization given by the introduction of a Wess-
Zumino term [69], that we will consider in the next chapter.

4.1.1 SU(2) Principal Chiral Model

The SU(2) Principal Chiral Model represents a natural generalization to field
theory of the dynamics of the IRR, as described in the previous section. In-
deed, the action functional is formally the same, while the field variables are
defined on two-dimensional spacetime taking values on the group manifold
of SU(2). Since we are interested in the more general model with the addi-
tion of the Wess-Zumino term, in this section we will simply give a general
review of the model and some of its properties and similarities with the IRR.
More details can be found in [67, 68].

In the Lagrangian approach the action may be written in terms of fields
f : R1,1

3 (t, s) ! g(t, s) 2 SU(2) and Lie algebra valued left-invariant
one-forms with pull-back to R1,1 given by

f⇤(g�1dg) = (g�1∂tg)dt + (g�1∂sg)ds. (4.98)

The action of the PCM is given by

S =
1
4

Z

R2
Tr [f⇤(g�1dg) ^ ⇤f⇤(g�1dg)], (4.99)

where the trace is understood as the Cartan-Killing scalar product in the Lie
algebra su(2). As usual, ⇤ is the Hodge star operator on the source space
acting as ⇤dt = ds, ⇤ds = dt 4.

4We adopt the the convention e01 = 1.
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By writing the pull-back and performing the wedge product explicitly we
obtain

S =
1
4

Z

R2
dtds Tr

⇥
(g�1∂tg)2

� (g�1∂sg)2⇤. (4.100)

A remarkable property of the model is that its Euler-Lagrange equations

∂t(g�1∂tg)� ∂s(g�1∂sg) = 0 (4.101)

may be rewritten in terms of an equivalent system of two first order partial
differential equations, introducing the so-called currents, as it is customary in
the framework of integrable systems:

Ai = Tr (g�1∂tg)ei, Ji = Tr (g�1∂sg)ei, (4.102)

namely, g�1∂tg = 2Aiei, g�1∂sg = 2Jiei, with Tr
�
eiej

�
= 1

2 dij.
The Lagrangian becomes:

L =
1
2

Z

R
ds(Aidij Aj

� Jidij J j), (4.103)

with
∂t A = ∂s J, (4.104)

∂t J = ∂s A � [A, J]. (4.105)

The existence of a g 2 SU(2) that admits the expression of the currents in the
form of eq. (4.102) is guaranteed by eq. (4.105), that can be read as an inte-
grability condition. Moreover, if the usual boundary condition for a physical
field is imposed:

lim
s!±•

g(s) = 1, (4.106)

one has that g is uniquely determined from eq. (4.102).
The carrier space of the dynamics of our system can be regarded as the

tangent bundle of SU(2)(R). Therefore, the tangent bundle description of the
dynamics is given in terms of (J, A) with A being left generalized velocities
and J left configuration space coordinates.
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5 Poisson-Lie T-duality of WZW

model via current algebra

deformation

In this chapter we will further extend the construction of the PCM by in-
troducing a Wess-Zumino term, leading to a WZW model on SU(2) [69]
1. Our approach will be based on using the Hamiltonian formalism with
a pair of currents valued in the target phase space T⇤SU(2), which, topolog-
ically, is the manifold S3

⇥ R3, while as a group it is the semi-direct product
SU(2)n R3. An important feature is the fact that, as a symplectic manifold,
T⇤SU(2) is symplectomorphic to SL(2, C), besides being topologically equiv-
alent. Moreover, both manifolds, T⇤SU(2) and SL(2, C) are Drinfel’d doubles
of the Lie group SU(2) [73–76], the former being the trivial one, what we call
classical double, which can be obtained from the latter via group contraction.

The whole construction relies on a deformation of the affine current alge-
bra of the model, the semidirect sum of the Kac-Moody algebra associated to
su(2) with an Abelian algebra a, to the fully semisimple Kac-Moody algebra
sl(2, C)(R) [77–79]. The latter is a crucial step if one observes that the alge-
bra sl(2, C) has a bialgebra structure, with su(2) and sb(2, C) dually related,
maximal isotropic subalgebras. By g(R) we shall indicate the affine algebra
of maps R ! g that are sufficiently fast decreasing at infinity to be square
integrable, what we will refer to as current algebra.

Starting from the one-parameter family of Hamiltonian models with alge-
bra of currents homomorphic to sl(2, C)(R), a further deformation is needed
in order to make the role of dual subalgebras completely symmetric. We
show that such a deformation is possible, which does not alter the nature
of the current algebra, nor the dynamics described by the new Hamiltonian.

1As was already pointed in the introduction section, and we report here again for high-
light, some authors consider the WZW model as the PCM with the addition of the WZ term
(and they refer to it as PCM+WZ) when the coupling constants have particular values so
that the model describes a conformal field theory. Here for convenience by WZW model we
refer in general to the PCM with a WZ term no matter the values of the constants involved.
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Our findings will differ from usual deformations of sigma model in the exist-
ing literature, for instance h or l deformations, since the latter represent true
deformations of the dynamics with the aim of preserving integrability. Rela-
tions of these deformed models with Poisson-Lie T-duality have been found
and worked out in [55].

The result of our approach will be a two-parameter family of models with
the group SL(2, C) as target phase space and in which Poisson-Lie T-duality
transformations are realized as O(3, 3) rotations in phase space, reminiscent
of the usual T-duality. By performing an exchange of momenta with con-
figuration space fields (which is again reminiscent of the momenta-winding
exchange in standard T-duality) we obtain a new family of dual models with
configuration space the group SB(2, C).

The material covered in this chapter is entirely contained in the paper
[69].

5.1 The WZW model on SU(2)

The subject of this section is the Wess-Zumino-Witten model with target space
the group manifold of SU(2). First we review the model in the Lagrangian
approach and then focus on its Hamiltonian formulation, the latter being
more convenient for our purposes.

The main theme of the section is to describe the WZW model with an al-
ternative canonical formulation in terms of a one-parameter current algebra
deformation, based on Ref. [79]. Such a richer structure has several inter-
esting consequences; some of them have already been investigated, such as
quantization [79] and integrability [118], but in particular it paves the way to
target space duality, presented in Section 5.2. We follow the approach of [67]
where a similar analysis has been performed for the Principal Chiral Model.

5.1.1 Lagrangian formulation

Let G be a semisimple connected Lie group and S a 2-dimensional oriented
(pseudo) Riemannian manifold (we take it with Minkowski signature (1,�1))
parametrized by the coordinates (t, s).

The basic invariant objects we need in order to build a group-valued
field theory are the left-invariant (or the right-invariant) Maurer-Cartan one-
forms, which, if G can be embedded in GL(n), can be written explicitly as
g�1dg 2 W1(G)⌦ g.



Chapter 5. Poisson-Lie T-duality of WZW model via current algebra
deformation

62

Let us denote with ⇤ the Hodge star operator on S, acting accordingly to
the Minkowski signature as ⇤dt = ds, ⇤ds = dt.

There is a natural scalar product structure on the Lie algebra of a semisim-
ple Lie group, provided by the Cartan-Killing form and denoted generically
with the Tr(·, ·) symbol.

With this notation, we have the following

Definition 5.1.1. Let j : S 3 (t, s) ! g 2 G and denote j⇤(g�1dg) the
pull-back of the Maurer-Cartan left-invariant one-form on S via j. The Wess-
Zumino-Witten model is a non-linear sigma model described by the action

S =
1

4l2

Z

S
Tr
h

j⇤

⇣
g�1dg

⌘
^ ⇤j⇤

⇣
g�1dg

⌘i
+ kSWZ, (5.1)

with SWZ the Wess-Zumino term,

SWZ =
1

24p

Z

B

Tr
h

j̃⇤

⇣
g̃�1dg̃ ^ g̃�1dg̃ ^ g̃�1dg̃

⌘i
, (5.2)

where B is a 3-manifold whose boundary is the compactification of the orig-
inal two-dimensional spacetime, while g̃ and j̃ are extensions of previous
maps to the 3-manifold B, in the sense that j̃|S = j, g̃|S = g.

It is always possible to have such an extension since one is dealing with
maps j : S2

! G. The latter are classified by the second homotopy group
P2 (G), which is well-known to be trivial for Lie groups. Thus, these maps
are homotopically equivalent to the constant map, which can be obviously
continued to the interior of the sphere S2. Such an extension is not unique
by the way, since there may be many 3-manifolds with the same boundary.
However, it is possible to show that the variation of the WZW action re-
mains the same up to a constant term, which is irrelevant classically. For the
quantum theory, in order for the partition function to be single-valued, k is
taken to be an integer for compact Lie groups (this is the so called level of the
theory), while for non-compact Lie groups there is no such a quantization
condition.

For future convenience, the action can be written explicitly as

S =
1

4l2

Z

S
d2s Tr

⇣
g�1∂µgg�1∂µg

⌘

+
k

24p

Z

B

d3y eabgTr
⇣

g̃�1∂a g̃g̃�1∂b g̃g̃�1∂g g̃
⌘

.
(5.3)

Note that although the WZ term is expressed as a three-dimensional integral,
since H ⌘ g̃�1dg̃^3 is a closed 3-form, under the variation g ! g + dg (or
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more precisely j + dj) it produces a boundary term, which is exactly an
integral over S since the variation of its Lagrangian density can be written
as a total derivative. We have indeed

dSWZ =
Z

B

LṼa
H =

Z

B

diṼa
H =

Z

∂B
iVa H, (5.4)

with ∂B = S, Ṽa, Va the infinitesimal generators of the variation over B and
S respectively and LṼa

the Lie derivative along the vector field Ṽa. Then, its
contribution to the equations of motion only involves the original fields j on
the source space S.

A remarkable property of the model is that its Euler-Lagrange equations
may be rewritten as an equivalent system of first order partial differential
equations:

∂t A � ∂s J = �
kl2

4p
[A, J] (5.5)

∂t J � ∂s A = � [A, J] (5.6)

with

A =
⇣

g�1∂tg
⌘i

ei = Aiei, (5.7)

J =
⇣

g�1∂sg
⌘i

ei = Jiei (5.8)

Lie algebra-valued fields (so called currents), ei 2 g, and the usual physical
boundary condition

lim
|s|!•

g(s) = 1, (5.9)

which makes the solution for g unique. This boundary condition has also the
purpose to one-point compactify the source space S.

At fixed t, the group elements satisfying this boundary condition form
an infinite dimensional Lie group: G(R) ⌘ Map(R, G), which is given by
the smooth maps g : R 3 s ! g(s) 2 G constant at infinity, with standard
pointwise multiplication.

The real line may be replaced by any smooth manifold M, of dimension
d, so to have fields in Map(M, G). The corresponding Lie algebra g(M) ⌘

Map(M, g) of maps M ! g that are sufficiently fast decreasing at infinity to
be square integrable (this is needed for the finiteness of the energy, as we will
see) is the related current algebra.

We will stick to the two-dimensional case from now on. Infinitesimal
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generators of the Lie algebra g(R) can be obtained by considering the vec-
tor fields which generate the finite-dimensional Lie algebra g and replacing
ordinary derivatives with functional derivatives:

Xi(s) = Xi
a(s)

d

dga(s)
, (5.10)

with Lie bracket

⇥
Xi(s), Xj

�
s0
�⇤

= cij
kXk(s)d

d �s � s0
�

, (5.11)

where s, s0
2 R. The latter is C•(R)-linear and g(R) ' g⌦ C•(R).

Let us now consider the target space G = SU(2) and su(2) generators ei =

si/2, with si the Pauli matrices, satisfying [ei, ej] = ieij
kek and Tr(ei, ej) =

1
2 dij.

Eq. (5.5) can be easily obtained from the Euler-Lagrange equations for the
action (5.1). Eq. (5.6) can be interpreted as an integrability condition for the
existence of g 2 SU(2) such that A = g�1∂tg and J = g�1∂sg, and it follows
from the Maurer-Cartan equation for the su(2)-valued one-forms g�1dg. This
can be seen starting from the decomposition of the exterior derivative on the
Maurer-Cartan left-invariant one-form:

dj⇤

⇣
g�1dg

⌘
= d

⇣
g�1∂tg dt + g�1∂sg ds

⌘

=
h
�∂s

⇣
g�1∂tg

⌘
+ ∂t

⇣
g�1∂sg

⌘i
dt ^ ds,

(5.12)

and since

dj⇤

⇣
g�1dg

⌘
= �j⇤(g�1dg) ^ j⇤(g�1dg)

= �

⇣
g�1∂tgg�1∂sg � g�1∂sgg�1∂tg

⌘
dt ^ ds

= �

h
g�1∂tg, g�1∂sg

i
dt ^ ds,

(5.13)

Eq. (5.6) follows.
To summarise, the carrier space of Lagrangian dynamics can be regarded

as the tangent bundle TSU(2)(R) ' (SU(2)n R3)(R). It can be described
in terms of coordinates (Ji, Ai), with Ji and Ai playing the role of left gener-
alised configuration space coordinates and left generalised velocities respec-
tively. In the next section we will consider the Hamiltonian description, by
replacing the generalised velocities Ai with canonical momenta Ii spanning
the fibres of the cotangent bundle T⇤SU(2)(R).
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For future convenience we close this section by introducing the form of
the WZ term on SU(2) in terms of the Maurer-Cartan one-form components:

SWZ =
1

24p

Z

B

d3y eabg Ãi
a Ãj

b Ãk
geijk =

1
4p

Z

B

d3y eabg Ãa1Ãb2Ãg3, (5.14)

with Ãi
a defined from j̃⇤

�
g̃�1dg̃

�
= Ãi

adya ei.

5.1.2 Hamiltonian description and deformed sl(2, C)(R) cur-

rent algebra

The Hamiltonian description of the model is the one which mostly lends itself
to the introduction of current algebras. The dynamics is described by the
following Hamiltonian

H =
1

4l2

Z

R
ds

⇣
dij Ii Ij + dij Ji J j

⌘
=

1
4l2

Z

R
ds IL(H

�1
0 )LM IM (5.15)

and equal-time Poisson brackets

{Ii(s), Ij(s
0)} = 2l2


eij

k Ik(s) +
kl2

4p
eijk Jk(s)

�
d(s � s0)

{Ii(s), J j(s0)} = 2l2
h
eki

j Jk(s)d(s � s0)� d
j
i d

0(s � s0)
i

{Ji(s), J j(s0)} = 0

(5.16)

which may be obtained from the action functional. For future reference we
have introduced in (5.15) the double notation IL = (J`, I`) and the diagonal
metric

H0 =

 
dij 0
0 dij

!
. (5.17)

Momenta Ii are obtained by Legendre transform from the Lagrangian. Con-
figuration space is the space of maps SU(2)(R) = {g : R ! SU(2)}, with
boundary condition (5.9), whereas the phase space G1 is its cotangent bundle.
As a manifold this is the product of SU(2)(R) with a vector space, its dual
Lie algebra, su(2)⇤(R), spanned by the currents Ii:

G1 = SU(2)(R)⇥ su(2)⇤(R). (5.18)
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Hamilton equations of motion then read as:

∂t Ij(s) = ∂s Jk(s)dkj +
kl2

4p
ejk

` I`(s)Jk(s) , (5.19)

∂t J j(s) = ∂s Ik(s)d
kj
� ej`

k I`(s)Jk(s) . (5.20)

Remarkably, the Poisson algebra (5.16) is homomorphic to c1, the semi-direct
sum of the Kac-Moody algebra associated to SU(2) with the Abelian algebra
R3(R):

c1 = su(2)(R) �̇ a. (5.21)

Therefore, the cotangent bundle G1 can be alternatively spanned by the con-
jugate variables (J j, Ij), with J j the left configuration space coordinates and Ij

the left momenta.
The energy-momentum tensor is traceless and conserved:

T00 = T11 =
1

4l2 Tr(I2 + J2); T01 = T10 =
1

2l2 Tr(I J), (5.22)

so the model is conformally and Poincaré invariant, classically.
It has been shown in Ref. [79] that the current algebra c1 may be de-

formed to a one-parameter family of fully non-Abelian algebras, in such a
way that the resulting brackets, together with a one-parameter family of de-
formed Hamiltonians, lead to an equivalent description of the dynamics. The
new Poisson algebra was shown to be homomorphic to either so(4)(R) or
sl(2, C)(R), depending on the choice of the deformation parameter. In [79]
the first possibility was investigated, while from now on we shall choose the
second option, for reasons that will be clear in a moment. Accordingly, the
cotangent space G1 shall be replaced by a new one, the set of SL(2, C) valued
maps, G2 = SL(2, C)(R). We refer to [79] for details about the deforma-
tion procedure, while hereafter we shall just state the result with a few steps
which will serve our purposes. The new Poisson algebra will be indicated
with c2 = sl(2, C)(R).

Deformation to the sl(2, C)(R) current algebra

Following the strategy already adopted for the IRR and the PCM, what is in-
teresting for us is the occurrence of the group SL(2, C) as an alternative target
phase space for the dynamics of the model. Indeed, SL(2, C) is the Drinfel’d
double of SU(2), namely a group which can be locally parametrised as a
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product of SU(2) with its properly defined dual, SB(2, C). The latter is ob-
tained by exponentiating the Lie algebra structure defined on the dual alge-
bra of su(2), under suitable compatibility conditions. Details of the construc-
tion are given in Chapter 2. Since the role of the partner groups is symmetric,
we are going to see that this shall allow to study Poisson-Lie duality in the
appropriate mathematical framework.

Before proceeding further, let us stress here that we are not going to de-
form the dynamics but only its target phase space description, and in par-
ticular its current algebra. This is completely different from the usual defor-
mation approach followed for instance for integrable models. In that case
one starts from a given integrable model, and then deforms it while trying
to preserve the integrability property, but allowing for a modification of the
physical content. In our case no deformation of the dynamics occurs.

Inspired by Wigner-Inonu contraction of semisimple Lie groups, a conve-
nient modification of the Poisson algebra c1 which treats I and J on an equal
footing is the following:

{Ii(s), Ij(s
0)} = x

h
eij

k Ik(s) + a eijk Jk(s)
i

d(s � s0)

{Ii(s), J j(s0)} = x
h⇣

eki
j Jk(s) + b ei

jk Ik(s)
⌘

d(s � s0)� g d
j
i d

0(s � s0)
i

{Ji(s), J j(s0)} = x
h
t2eijk Ik(s) + µ eij

k Jk(s)
i

d(s � s0),
(5.23)

with a, b, µ, x, g real parameters, while t can be chosen either real or purely
imaginary. Upon imposing that the equations of motion remain unchanged,
it can be checked (see [79]) that it is sufficient to rescale the Hamiltonian by
an overall factor, depending on t, according to

Ht =
1

4l2(1 � t2)2

Z

R
ds

⇣
dij Ii Ij + dij Ji J j

⌘
(5.24)

with the parameters obeying the constraints

x = 2l2 (1 � t2) (5.25)

a � b =
kl2

4p
(1 � t2) (5.26)

g = (1 � t2) (5.27)

while µ is left arbitrary. In the limit t, b, µ ! 0 we recover the standard
description.

For real t the Poisson algebra (5.23) is isomorphic to so(4)(R) [79], while
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for imaginary t a more convenient choice of coordinates shall be done, which
will make it evident the isomorphism with the sl(2, C)(R) algebra.
Before doing that, let us shortly address the issue of space-time symmetries
of the deformed model. The new formulation is still Poincaré and confor-
mally invariant, although not being derived from the standard action princi-
ple. Indeed by following the same approach as in [77, 79] we obtain the new
energy-momentum tensor, Qµn, by requiring that

P =
Z

R
ds Q01(s) (5.28)

and the Hamiltonian
H =

Z

R
ds Q00(s) (5.29)

generate space-time translations according to

∂

∂s
Ik = {P, Ik(s)},

∂

∂s
Jk = {P, Jk(s)} (5.30)

∂

∂t
Ik = {H, Ik(s)},

∂

∂t
Jk = {H, Jk(s)}. (5.31)

One finds
Q01 = Q10 =

1
4l2(1 � t2)2 di

j Ii J j (5.32)

Q00 =
1

4l2(1 � t2)2

⇣
dij Ii Ij + dij Ji J j

⌘
. (5.33)

To obtain the remaining component of the energy-momentum tensor, we
complete the Poincaré algebra by introducing the boost generator, B, which
has to satisfy the following Poisson brackets

{H, B} = P, {P, B} = H. (5.34)

The latter are verified by

B = �
1

2(1 � t2)

Z

R
ds s (dij Ji J j + dij Ii Ij). (5.35)

We thus compute the boost transformations of I and J, getting

{I`, B} = 2l2(1� t2)

✓
s

∂I`
∂t

+ d`k Jk
◆

, {J`, B} = 2l2(1� t2)

 
s

∂J`

∂t
+ d`k Ik

!

(5.36)
namely, I and J transform as time and space components of a vector field.
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Therefore, the model is Poincaré invariant and the stress-energy tensor has
to be conserved. In particular

∂Q01
∂t

=
∂Q11

∂s
(5.37)

which yields Q11 = Q00.
Conformal invariance is finally verified by computing the algebra of the energy-
momentum tensor, or, equivalently, by checking the classical analogue of the
Master Virasoro equation2(see for example [119]). We do not repeat the cal-
culation, performed in [79], the only difference being the choice of t as a real
or imaginary parameter.

New coordinates

It is convenient to introduce the real linear combinations

Si(s) =
1

x(1 � a2t2)

h
Ii(s)� adik Jk(s)

i
,

Bi(s) =
1

x(1 � a2t2)

h
Ji(s)� at2dik Ik(s)

i
.

(5.40)

On using the residual freedom for the parameters, we choose b = µ = at2

and a = kl2

4p , so that

{Si(s), Sj(s
0)} = eij

kSk(s)d(s � s0) + Cdijd
0(s � s0) (5.41)

{Bi(s), Bj(s0)} = t2eijkSk(s)d(s � s0) + t2Cdijd0(s � s0) (5.42)

{Si(s), Bj(s0)} = eki
jBk(s)d(s � s0) + C0di

jd0(s � s0), (5.43)

where we recognise rotations, Si, and boosts, Bi, and

C =
a

l2(1 � a2t2)2 , C0 = �
(1 + a2t2)

2l2(1 � a2t2)2 (5.44)

2The classical version of the Master Virasoro equation amounts to the following relations

GAB = GACWCDGDB, G̃AB = G̃ACWCDG̃DB 0 = G̃ACWCDGDB (5.38)

with
Q =

1
2
(Q00 + Q01) = GAB MA MB Q̃ =

1
2
(Q00 � Q01) = G̃AB MA MB (5.39)

MA = (Ja, Ia) and WAB the matrix of central charges of the current algebra.
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the central charges. Note that both transformations and Poisson algebra are
consistent and non-singular in the limit t ! 0. As an intermediate step, it is
convenient to write the Hamiltonian in terms of S and B. By replacing

Ii(s) = x
h
Si(s) + adikBk(s)

i

Ji(s) = x
h

Bi + at2dikSk(s)
i (5.45)

in Eq. (5.24), it is easy to obtain:

Ht = l2
Z

R
ds
h ⇣

1 + a2t4
⌘

dijSiSj +
⇣

1 + a2
⌘

dijBiBj + 2a
⇣

1 + t2
⌘

di
jSiBj

i
,

(5.46)
where we suppressed the s-dependence of fields for the sake of notation. The
equations of motion in terms of the new generators S and B read as:

∂tSk = �
a(1 � t2)
1 � a2t2 ∂sSk +

1 � a2

1 � a2t2 dpk∂sBp ,

∂tBk =
1 � a2t4

1 � a2t2 dkp∂sSp +
a(1 � t2)
1 � a2t2 ∂sBk

� x(1 � a2t2)ekp
qSpBq .

(5.47)

Note that now non-diagonal terms appear in the Hamiltonian, which are zero
not only for a = 0 (i.e. without WZ term), which corresponds to the Principal
Chiral Model [67], but also for t = ±i, a 6= 0.

Our next goal is to make explicit the bialgebra structure of the Poisson
algebra (5.41)-(5.43), according to the Manin triple decomposition
(sl(2, C), su(2), sb(2, C)). To this, another linear transformation of the gen-
erators is needed. We leave the Si unchanged since, according to Eq. (5.41),
they already span the su(2) algebra and transform the Bi generators as fol-
lows:

Ki(s) = Bi(s) + itei`3S`(s) . (5.48)

The new generators span the affine algebra associated with the Lie algebra
sb(2, C), as can be easily checked by computing their Poisson brackets, which
read as:

{Ki(s), Kj(s0)} = it f ij
kKk(s)d(s � s0) + Ct2hijd0(s � s0), (5.49)

with f ij
k = eij`e`3k the structure constants of sb(2, C) and

hij = dij + eip3dpqejq3 (5.50)
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a non-degenerate metric in sb(2, C) defined in Eq. (2.36). With similar calcu-
lations for the mixed bracket we find:

{Si(s), Kj(s0) } =
h
eki

jKk(s) + it f jk
iSk(s)

i
d(s � s0)

+
⇣

C0di
j
� itCei

j3
⌘

d0(s � s0).
(5.51)

The Poisson algebra described by Eqs. (5.41), (5.49), (5.51) is a bialgebra,
isomorphic to c2, with its maximal subalgebras clearly identified as su(2)(R)

and sb(2, C)(R).
By substituting

Bi(s) = Ki(s)� itei`3S`(s) (5.52)

the Hamiltonian is rewritten in terms of the new generators as

Ht = l2
Z

R
ds
n

SiSj

h
(1 + a2t4)dij

� t2(1 + a2)eip3dpqejq3
i

+ KiKj(1 + a2)dij + SiKj
h
2a(1 + t2)dip + 2it(1 + a2)eip3

i
dpj

o
.

(5.53)

Let us notice that the model remains conformally invariant, because we have
only performed linear transformations of the current algebra generators.

In compact form the Hamiltonian reads,

Ht = l2
Z

R
ds SI (Mt)

I J SJ , (5.54)

where we have introduced the doubled notation SI ⌘ (Ki, Si), and the gen-
eralized metric Mt(a), given by

Mt =

 
(1 + a2t4)dij

� t2(1 + a2)eip3dpqejq3 ⇥
it(1 + a2)eip3 + a(1 + t2)dip⇤ dpj

dip
⇥
�it(1 + a2)epj3 + a(1 + t2)dpj⇤ (1 + a2)dij

!
.

(5.55)
Let us analyze the latter in more detail, as a function of the parameters a, t.
For a = 0 we retrieve the one-parameter family associated to the PCM, stud-
ied in [67], and Mt(a = 0) can be checked to be an O(3, 3) matrix, namely,
M

T
t hMt = h. For a 6= 0 the metric is not O(3, 3) in general, but it could

be for specific values of the parameters; for example, it becomes propor-
tional to an O(3, 3) matrix for t = ±i. In particular for t = �i we find
M�i(a) =

�
1 + a2�

H
�1, where

H
�1 =

 
hij +eip3dpj

�dipepj3 dij

!
(5.56)
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is the inverse of the Riemannian metric defined in (2.34) for the Lie algebra
sl(2, C).

Let us summarize the main results of this section. The WZW model
with target configuration space SU(2) has been described in terms of a one-
parameter family of Hamiltonians Ht

Ht = l2
Z

R
ds SI (Mt)

I J SJ (5.57)

with Poisson brackets realizing the non-compact current algebra c2

{Si(s), Sj(s
0) } = eij

kSk(s)d(s � s0) + Cdijd
0(s � s0)

{Ki(s), Kj(s0)} = it f ij
kKk(s)d(s � s0) + Ct2hijd0(s � s0)

{Si(s), Kj(s0) } =
h
eki

jKk(s) + it f jk
iSk(s)

i
d(s � s0)

+
⇣

C0di
j
� itCei

j3
⌘

d0(s � s0)

(5.58)

and

Ki =
1

x(1 � a2t2)

⇣
(di

k � itaei`3d`k)Jk + (eik3
� at2dik)Ik

⌘
(5.59)

Si = =
1

x(1 � a2t2)

⇣
Ii � adik Jk

⌘
. (5.60)

The Poisson algebra, thanks to the choice performed for the generators, re-
veals a bialgebra structure with central terms.

It is interesting to note that the central terms of the brackets for the su(2)
and sb(2, C) generators entail the metrics of the respective algebras, obtained
directly from the generalized metric on sl(2, C) in (2.34).

The alternative canonical formulation which has been presented here has
some interesting features in relation with quantization [79] and integrability
[118]. In the following we will exploit the bialgebra formulation to analyse
the symmetries of the model under Poisson-Lie duality.

5.1.3 Poisson-Lie symmetry of the WZW model

Before looking explicitly at the dual models, we address the Poisson-Lie sym-
metry of the one-parameter family of WZW models described by the Hamil-
tonian (5.57), and Poisson brackets (5.58), adapting the definition given above
to our setting.

Keeping the interpretation of (Ki, Si) as target phase space coordinates
with Ki and Si respectively base and fibre coordinates, one can associate
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Hamiltonian vector fields to Ki by means of

XKi := {·, Ki
}. (5.61)

The fields so defined obey by construction the Lie algebra relations

[XKi , XKj ] = X
{Ki,Kj}

= it f ij
kXKk , (5.62)

inherited from the non-trivial Poisson structure (5.58). They span the Lie al-
gebra sb(2, C) and, in the limit t ! 0, reproduce the original Abelian struc-
ture of the su(2) dual. Because of their definition they satisfy

w(XKj , XKk) = {Kj, Kk
} = f jk

iK
i. (5.63)

Moreover, we may define dual one-forms in the standard way, aj : aj(XKk) =

dk
j , which satisfy the Maurer-Cartan equation

dai(XKj , XKk) = �ai([XKj , XKk ]) = � f jk
i. (5.64)

The latter, being basis one-forms of the dual algebra, can be identified with
basis generators of su(2), ai ! Vi. By inverting Eq. (5.64) one can check that
this is indeed the Poisson-Lie condition stated in Eq. (3.51).

B and b T-duality transformations

It was already noticed in [67] that the one-parameter family of Principal Chi-
ral Models obtained from deformation of the target phase space could be
recognized as a family of Born geometries, generated by b T-duality trans-
formations. The situation for the WZW model is more involved.
Starting from the generalized vector (Ji, Ii), which obeys the Poisson alge-
bra (5.16), we have performed a series of transformations, ending up with a
new generalized vector, (Ki, Si), satisfying the Poisson algebra (5.58), while
describing the same dynamics. These transformations are therefore symme-
tries, which can be partially recast in the form of b-transformations as fol-
lows.
According to [120, 121], given a generalized vector field on the target space,
(X, w), a b-transformation in the context of Poisson-Lie groups is a T-duality
transformation of the algebra of currents f : d(R) ! d(R), which may be
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represented as

(X, w) ! (X + iwb, w) b 2 G(L2TM) (5.65)

with b a bivector field. As dual to the latter, another T-duality transformation
is a B-transformation, given by

(X, w) ! (X, w + iXB) B 2 G(L2T⇤M) (5.66)

with B a two-form. Besides, there are other T-duality transformations, such
as factorized transformations, which may be rephrased in the same setting
as linear transformations in the bialgebra of generalized vector fields of the
target space.
In this perspective let us see how the transformation (5.59) can be reformu-
lated. Differently from the PCM model without WZ term, we need to split
the transformation in two steps. We first perform

(Ji, Ii) ! ( J̃i, Ĩi) = (Ji
� at2dik Ik, Ii � adik Jk) (5.67)

which is a generalized linear transform of the kind

(X, w) ! (X + C(w), w + C̃(X)) (5.68)

with C = �at2dijxi ⌦ x j, C̃ = �adijx
⇤i
⌦ x⇤j, {xi}, {x⇤i

}, basis of vector fields
and dual one-forms on M, and C̃ = �C�1 for it = 1/a. We thus perform a
b-transformation:

( J̃i, Ĩi) ! ( J̃i + itei`3 Ĩ`, Ĩi) ⌘ (Ki, Si). (5.69)

The generalized metric (5.55) may be obtained from the diagonal metric H0

applying the above transformations accordingly. Therefore, the one-parameter
family of WZW models introduced in previous sections can be regarded as
a sequence of B- and b-transformations. For a = 0, we resort to the PCM
considered in [67], where the one-parameter family is a family of Born ge-
ometries related by pure b-transformations.

5.2 Poisson-Lie T-duality

In order to investigate duality transformations within the current algebra
which has been obtained at the end of Sec. 5.1.2, we need to make the role
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of the two subalgebras su(2)(R) and sb(2, C)(R) completely symmetric. To
this, we shall introduce a further parameter in the current algebra, so to get
a two-parameter formulation of the WZW model. As a result, T-duality trans-
formations will be realized as simple O(3, 3) rotations in the target phase
space SL(2, C)(R) and the two parameters at disposal will allow to consider
limiting cases.

5.2.1 Two-parameter family of Poisson-Lie dual models

In what follows we slightly modify the current algebra (5.58) by introducing
another imaginary parameter, a, so to have su(2) and sb(2, C) generators
on an equal footing. This will allow to formulate Poisson-Lie duality as a
phase space rotation within SL(2, C)(R), namely an O(3, 3) transformation,
which exchanges configuration space coordinates, Ki with momenta Sj. The
introduction of the new parameter will make it possible to perform not only
the limit SL(2, C)

t!0
! T⇤SU(2) but also SL(2, C)

a!0
! T⇤SB(2, C).

To this, let us introduce the two-parameter generaliation of the algebra
(5.58) as follows:

{Si(s), Sj(s
0) } = iaeij

kSk(s)d(s � s0)� a2Ĉdijd
0(s � s0)

{Ki(s), Kj(s0)} = it f ij
kKk(s)d(s � s0) + t2Ĉhijd0(s � s0)

{Si(s), Kj(s0) } =
h
iaeki

jKk(s) + it f jk
iSk(s)

i
d(s � s0)

+ (iaĈ0d
j
i � itĈei

j3)d0(s � s0).

(5.70)

It is immediate to check that, in the limit it ! 0, the latter reproduces the
semi-direct sum su(2)(R)�̇a, while the limit ia ! 0 yields sb(2, C)(R)�̇a.
For all non-zero values of the two parameters, the algebra is homomorphic
to c2, with central extensions. The central charges, Ĉ, Ĉ0 will be fixed in a
while.

By direct calculation one easily verifies that, upon suitably rescaling the
fields, one gets back the dynamics of the WZW model, if the Hamiltonian is
deformed as follows:

Ht,a = l2
Z

R
ds SI (Mt,a)

I J SJ

= l2
Z

R
ds

h
Si(Mt,a)

ijSj + Ki(Mt,a)ijKj + Si(Mt,a)
i
jK

j + Ki(Mt,a)i
jSj

i
,

(5.71)
with SI = (Si, Ki), and
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Mt,a =

 
1

(ia)2

⇥
(1 + a2t̄4)dij

� t̄2(1 + a2)eip3dpqejq3⇤ ⇥
it̄(1 + a2)eip3 + a(1 + t̄2)dip⇤ dpj

dip
⇥
�it̄(1 + a2)epj3 + a(1 + t̄2)dpj⇤ (ia)2(1 + a2)dij

!

(5.72)
where it̄ = it ia. Indeed, by rescaling the fields according to

S̄j =
Sj

ia
, K̄j = iaKj (5.73)

the Hamiltonian for the fields S̄j, K̄j takes the same form as Eq. (5.57) and
the Poisson brackets of the rescaled fields yield back the algebra (5.58) if the
central charges are chosen as follows:

Ĉ =
a

l2 (1 � a2t̄2)2 , Ĉ0 = �
1 + a2t̄2

2l2 (1 � a2t̄2)2 . (5.74)

This is exactly what we were looking for, since the role of the su(2) and
sb(2, C) generators is now completely symmetric. It is easy to check that
the two-parameter model indeed reproduces the original WZW dynamics
for it ! 0, with Poisson algebra c1 = su(2)(R)�̇ a. The ia ! 0 limit yields
the algebra c3 = sb(2, C)(R)�̇ a with central extension, although the Hamil-
tonian appears to be singular in such a limit. We shall come back to this
issue later on. For all other values of a and t the algebra is isomorphic to
c2 ' sl(2, C)(R), with Ki, Si respectively playing the role of configuration
space coordinates and momenta.

Since now the role of Si and Ki is symmetric, if we exchange the momenta
Si with the configuration space fields Ki we obtain a new two-parameter fam-
ily of models, with the same target phase space, but with the role of coordi-
nates and momenta inverted. The transformation

K̃i(s) = Si(s), S̃i(s) = Ki(s) (5.75)

is an O(3, 3) rotation in the target phase space SL(2, C).
Explicitly, under such a rotation we obtain the dual Hamiltonian

H̃t,a = l2
Z

R
ds

h
K̃i(Mt,a)

ijK̃j + S̃i(Mt,a)ijS̃j + K̃i(Mt,a)
i
jS̃

j + S̃i(Mt,a)i
jK̃j

i
,

(5.76)
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and dual Poisson algebra

{K̃i(s), K̃j(s
0)} = iaeij

kK̃k(s)d(s � s0)� a2Ĉdijd
0(s � s0)

{S̃i(s), S̃j(s0)} = it f ij
kS̃k(s)d(s � s0) + t2Ĉhijd0(s � s0)

{K̃i(s), S̃j(s0)} =
h
iaeki

jS̃k(s) + it f jk
iK̃k(s)

i
d(s � s0)

+ (iaĈ0d
j
i � itĈei

j3)d0(s � s0)

(5.77)

which makes it clear that this new two-parameter family of models has target
configuration space the group manifold of SB(2, C), spanned by the fields
K̃i, while momenta S̃i span the fibres of the target phase space. Hence, this
represents by construction a family of dual models.

Note, however, that the limit ia ! 0, although giving a well-defined Pois-
son algebra as a semi-direct sum, does not bring to a well-defined dynamics
on T⇤SB(2, C), since the Hamiltonian becomes singular. As we shall see in
the next section, this seems to be related to the impossibility of obtaining
the family of dual Hamiltonians (5.76) from a continuous deformation of a
Hamiltonian WZW model on the cotangent space T⇤SB(2, C). This obstruc-
tion has a topological explanation in the simple fact that T⇤SB(2, C), differ-
ently from T⇤SU(2), is not homeomorphic to SL(2, C). In the next section
we shall introduce a WZW model with SB(2, C) as configuration space, in
the Lagrangian approach, and shall look for a Hamiltonian description by
means of canonical Legendre transform. We shall see that, in order to make
contact with one of the dual models described by the two-parameter family
(5.76), we need to introduce a true deformation of the dynamics, a topological
modification of the phase space and extra terms in the Hamiltonian.

Going back to the Hamiltonian (5.76) we want to show here that, although
it has not been obtained from an action principle, nevertheless it is possible
to exhibit an action from which it can be derived. Following the standard
approach of [77, 122], we shall write the action in the first order formalism.
To this, two ingredients are needed: the symplectic form responsible for the
current algebra (5.77) and the Hamiltonian (5.76) expressed in terms of the
original fields g 2 SU(2)(R) and ` 2 SB(2, C)(R). The target phase space G2

can be identified with SU(2)(R)⇥ SB(2, C)(R) as a manifold, and we define

� iaĈg�1∂sg = idkpK̃pek, itĈ`�1∂s` = i(h�1)kpS̃pêk, (5.78)
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with êk the generators of the sb(2, C) algebra. It can be shown that the sym-
plectic form which yields the current algebra (5.77) is the following (see Ap-
pendix A for more details about this construction):

w = a2Ĉ
Z

R
ds TrH

h
g�1dg ^ ∂s(g�1dg)

i
� t2Ĉ

Z

R
ds TrH

h
`�1d` ^ ∂s(`

�1d`)
i

+ it̄Ĉ
Z

R
ds TrH

n
[g�1dg, `�1∂s`] ^ (`�1d`� (`�1d`)†)

o

+ it̄Ĉ
Z

R
ds TrH

n
[`�1d`, g�1∂sg] ^ (g�1dg � (g�1dg)†)

o

+ iaĈ0

Z

R2
ds ds0∂sd(s � s0)

n
Trh

h
g�1dg(s) ^ `�1d`(s0)

io

� itĈ
Z

R2
ds ds0∂sd(s � s0)

n
TrH

h
g�1dg(s) ^ `�1d`(s0)

io
.

(5.79)
The products denoted by TrH and Trh are the two SL(2, C) products defined
in (2.34) and (2.29) respectively. The symplectic form is not closed, therefore
an action in the first order formalism may be defined according to

S2 =
Z

w �

Z
H|g,`dt, (5.80)

where w has to be integrated on a two-surface and H|g,` denotes the Hamil-
tonian expressed in terms of the original fields g and `. When the symplec-
tic form is exact, the surface integral reduces to the standard integration of
the canonical Lagrangian 1-form along the boundary of the surface. How-
ever, this is not the case for our symplectic form and some care is needed.
Here one has to consider the closed curve g on G2, described by functions
g(t, s) : R ⇥ S1

! SU(2) and `(t, s) : R ⇥ S1
! SB(2, C), as well as the

surface g̃ of which it is the boundary: ∂g̃ = g. The surface g̃ can then be
described by extensions of g and ` defined such that g̃(t, s, y = 1) = g(t, s),
˜̀(t, x, y = 1) = `(t, s) and g̃(t, s, y = 0) = ˜̀(t, s, y = 0) = 1, mimicking the
Wess-Zumino term construction on a 3-manifold with fields extended from
the source space. The action can then be written explicitly with (5.80). Note
also that the integration of the first two terms in (5.79) following this recipe
results in two WZ terms. The construction is totally symmetric with respect
to the exchange of momenta with configuration fields, therefore, the same
construction furnishes an action principle for the Hamiltonian (5.71).

Summarizing, we reformulated the WZW model on SU(2) within an al-
ternative canonical picture based on a two-parameter deformation of the cur-
rent algebra and the Hamiltonian, in which the role of momenta and config-
uration space fields is made symmetric. By sending to zero either parameter
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we recover the original current algebra structure su(2)(R)�̇a(R) or the nat-
ural dual one sb(2, C)(R)�̇a(R). By performing an O(3, 3) transformation
over SL(2, C), which is the deformed target phase space of the system, we
obtain a two-parameter family of Hamiltonian models with target configura-
tion space SB(2, C), which represents, by construction, the Poisson-Lie dual
family of the SU(2) family we started with.

As a further goal, in parallel to what is done for the SU(2) family, where
the limit it ! 0 yields back the semi-Abelian model with target phase space
T⇤SU(2), we would like to perform the limit ia ! 0 to recover the semi-
Abelian dual model with target phase space T⇤SB(2, C). We have seen that,
while the current algebra is well-defined in such a limit, yielding the semi-
direct sum sb(2, C)(R)�̇a, the Hamiltonian is singular. We have argued that
this may be related to the different topology of phase spaces SL(2, C) and
T⇤SB(2, C). This issue will be addressed at the end of Sect. 5.3.2.

5.3 Lagrangian WZW model on SB(2, C)

In the previous section we have obtained a whole family of dual models
having SB(2, C) as target configuration space, which makes it meaningful
to look for a dual model having the tangent bundle of SB(2, C) as carrier
space from the beginning. However, the latter group algebra is not semi-
simple, which means that the Cartan-Killing metric is degenerate. The prob-
lem of constructing a WZW model for non-semisimple groups is not new
- see for example [3], where the 2-d Poincaré group is considered. In our
case, it does not seem to be possible to define any bilinear pairing on sb(2, C)

which is both non-degenerate and bi-invariant at the same time. As in [67],
we could use the induced metric (2.36), hij = dij + ei`3d`kejk3, which is ob-
tained from restricting the Riemannian metric (2.35) of sl(2, C). This product
is non-degenerate and positive-definite, and it is not bi-invariant. Indeed,
one can check that it is invariant under both left and right SU(2) global action
(g ! gLgg�1

R , with gL, gR 2 SU(2)) but only invariant under left SB(2, C) ac-
tion.

A natural WZW action would then be:

S1 =
1

nl2

Z

S
T r

h
f⇤(`�1d`) ^, ⇤f⇤(`�1d`)

i

+
k

mp

Z

B

T r
h
f̃⇤

⇣
˜̀�1d ˜̀ ^, ˜̀�1d ˜̀ ^ ˜̀�1d ˜̀

⌘i
,

(5.81)
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with f : S 3 (t, s) ! ` 2 SB(2, C), while f̃ and ˜̀ are the related extensions
to B, and T r := ((, )) as in (2.35). However, it is immediate to check that the
WZ term is identically zero for such a product. Indeed, on introducing the
notation

Bµ = `�1∂µ` = Bµj êj, (5.82)

with êj indicating the generators of sb(2, C) and B̃µ the extension to B, we
have
⇣⇣

f̃⇤

h
˜̀�1d ˜̀ ^, ˜̀�1d ˜̀ ^ ˜̀�1d ˜̀

i⌘⌘
= �i d3y eabgB̃ai B̃bj B̃gkhkp f ij

p

= �2i d3y eabg
⇣

B̃ai B̃bj B̃g1eij2
� B̃ai B̃bj B̃2geij1

⌘
,

which is obviously vanishing. This means that hij is not a viable product to
define a WZW model on SB(2, C).

Our proposal is then to use the Hermitian product hN defined in Eq.
(2.37). The action of the model will be given by Eq. (5.81) with T r(u, v) !

Tr (u†v) and n, m, integer coefficients to be determined later. In terms of the
latter, the WZ term can be checked to be non-zero and consistent with the
equations of motion one expects to obtain. Indeed, on separating the diago-
nal and off-diagonal part of the product, as

hij
N =

1
2

hij + aij, (5.83)

the only contribution to the three-dimensional integral in (5.81) comes from
the off-diagonal term, aij, since we just showed that the WZ term vanishes
with the metric hij. We have

Z

B

d3y eabgB̃ai B̃bj B̃gkhkp
N f ij

p =
1
2

Z

B

d3y eabgB̃ai B̃bj B̃gkakp f ij
p

=
i
2

Z

B

d3y eabgeijk B̃ai B̃bj B̃gk. (5.84)

The latter has the same form as the WZ term on the SU(2) group manifold,
which means that the variation is formally the same, leading to the same con-
tribution to the equations of motion but now with sb(2, C)-valued currents:

dS1,WZ =
1

mp

Z

S
d2s eijk B0jB1k

⇣
`�1d`

⌘

i
(5.85)

with B0 = `�1∂t`, B1 = `�1∂s`.
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As for the quadratic term in the action (5.81), on using Eq. (5.83) we have
Z

S
d2s T r

h
f⇤(`�1d`) ^, ⇤f⇤(`�1d`)

i
=

Z

S
d2s BµiB

µ
j Tr êi† êj

=
1
2

Z

S
d2s ((Bµ, Bµ))

(5.86)

because the off-diagonal contribution proportional to aij vanishes. Therefore,
in absence of the WZ term, the two products yield the same result, up to a
numerical factor, and agree with previous findings for the PCM [67]. For the
variation of this term with respect to small variations of ` we will need the
following relation:

dBµ = �`�1d`Bµ + `�1∂µd`, (5.87)

d((Bµ, Bµ)) = ((dBµ, Bµ)) + ((Bµ, dBµ))

= 2
h
((Bµ, [Bµ, `�1d`]))� ((∂µBµ, `�1dl)) + ∂µ((Bµ, `�1d`))

i

(5.88)
and after integration one obtains

dS1,quad =
1

nl2

Z

S
d2s

h
((�∂µBµ, `�1d`)) + ((Bµ, [Bµ, `�1d`]))

i
.

In order to make the comparison with the SU(2) model more transparent we
fix n = 4 and introduce the notation Âi = B0,i, Ĵi = B1i. We have then

dS1,quad = �
1

4l2

Z

S
d2s

h
hij �∂t Âj � ∂s Ĵj

�
� f pi

qhqj �Âp Âj � Ĵp Ĵj
�i

(`�1d`)i.
(5.89)

By collecting all terms, the resulting equations of motion can then be written
as follows:

hij �∂t Âj � ∂s Ĵj
�
� f pi

qhqj �Âp Âj � Ĵp Ĵj
�
= �

4kl2

mp
eipj Âp Ĵj, (5.90)

and we also have the usual integrability condition coming from the Maurer-
Cartan equation for the Maurer-Cartan one-forms `�1d`:

∂t Ĵ � ∂s Â = �[Â, Ĵ]. (5.91)

Looking at the equations of motion, by analogy with the SU(2) case we will
fix m = 24.
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5.3.1 Spacetime geometry

The Lagrangian model which has been derived in the previous section fur-
nishes a possible spacetime background on which strings propagate. Topo-
logically it is the manifold of the group SB(2, C), a noncompact manifold,
which can be embedded in R4 by means of the following parametrization

` = y012 + 2iyiêi (5.92)

with yµ, µ = 0, . . . , 3 global real coordinates, ẽi the generators of the group
(see def. (2.23)) and the constraint y2

0 � y2
3 = 1. Its geometry is characterised

by a metric tensor and a B-field, which are easier to compute in terms of a
local parametrisation. We first rewrite the action as

S1 =
1

4l2

Z

S
d2sBµiB

µ
j hij +

k

24p

Z

B

d3y eabgB̃ai B̃bj B̃gkhkp
N f ij

p. (5.93)

with iBiêi = `�1d` the Maurer-Cartan one-form on the group. We thus
parametrise a generic element ` 2 SB(2, C) according to

` =

 
c yeiq

0 1
c

!
, (5.94)

with c, y 2 R, c > 0 and q 2 (0, 2p). In this way we can write

`�1d` =

 
1
c dc 1

c eiqdy + i y
c eiqdq + y

c2 eiqdc

0 �
1
c dc

!
. (5.95)

Since the generators of the sb(2, C) algebra can be written as

êk =
1
2

dki
⇣

isi + ek
i3sk

⌘
, (5.96)

or, explicitly,

ê1 =

 
0 i
0 0

!
, ê2 =

 
0 1
0 0

!
, ê3 =

i
2

 
1 0
0 �1

!
, (5.97)
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the components of the Maurer-Cartan one-form `�1d` have the form:

B1 = �
y

c2 cos qdc �
1
c

cos qdy +
y

c
sin qdq, (5.98)

B2 =
y

c2 sin qdc +
sin q

c
dy +

y

c
cos qdq, (5.99)

B3 = �
2
c

dc. (5.100)

On using the explicit expression of the product hij the quadratic term of the
model yields then

S1quad =
1

4l2

Z

S
d2s

"✓
y2

2c4 +
4

c2

◆
∂µc ∂µc +

1
2c2 ∂µy ∂µy +

y2

2c2 ∂µq ∂µq

+
y

c3 ∂µc ∂µy

#
.

(5.101)
Analogously, the WZ term can be calculated in local coordinates to give:

eabgB̃ai B̃bj B̃gkhkp
N f ij

p = 2eabgB̃a1B̃b2B̃g3 = 4eabg ỹ

c̃3 ∂ac̃∂bỹ∂gq̃

= �2eabg∂a

✓
ỹ

c̃2 ∂bỹ∂gq̃

◆
.

Hence, by means of Stokes theorem on the latter contribution, the total action
can be rewritten as

S1 =
1

4l2

Z

S
d2s

 ✓
y2

2c4 +
4

c2

◆
∂µc ∂µc +

1
2c2 ∂µy ∂µy

+
y2

2c2 ∂µq ∂µq +
y

c3 ∂µc ∂µy �
kl2

3p

y

c2 eµn∂µy ∂nq

�
.

(5.102)

By identifying the latter with the Polyakov action
Z

d2s
⇣

Gij∂aXi∂aXj + Bije
ab∂aXi∂bXj

⌘
, (5.103)

with Xi
⌘ (c, y, q), the background spacetime metric and B-field read

Gij =
1

4l2

0

BBB@

⇣
y2

2c4 +
4

c2

⌘
y

2c3 0
y

2c3
1

2c2 0

0 0 y2

2c2

1

CCCA
, Byq = �

k

12p

y

c2 . (5.104)
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Hence, the spacetime background is a non-compact 3-d Riemannian mani-
fold, embedded in R4 with the topology of the group manifold of SB(2, C)

and its geometry is described by the following above metric and antisym-
metric B-field. The B-field is not closed, thus yielding a 3-form H-flux.

It may be useful to express the metric and the B-field in terms of global
coordinates in R4. It can be easily checked that the embedding map reads

y = 2
q

y2
1 + y2

2, c = y0 � y3 q = � arctan
y2
y1

. (5.105)

Then the metric in (5.104) is obtained by the following Lorentzian metric in
R4

G4 =
2

(y0 � y3)2

h
fa(�dy0 ⌦ dy0 + dy3 ⌦ dy3) + fb(dy1 ⌦ dy1 + dy2 ⌦ dy2)

+ fcd(y0 � y3)⌦ (y1dy1 + y2dy2)
i

(5.106)

with

fa = y2
1 + y2

2 + 2(y0 � y3)
2, fb = 1, fc =

2
(y0 � y3)

. (5.107)

Upon imposing the constraint (y0 � y3)(y0 + y3) = 1, which characterises the
submanifold, we get:

G3 =
2

(y0 � y3)2

h fa
(y0 � ye)2 d(y0 � y3)⌦ d(y0 � y3) + fb(dy1 ⌦ dy1 + dy2 ⌦ dy2)

+ fcd(y0 � y3)⌦ (y1dy1 + y2dy2)
i
. (5.108)

Analogously, we may write the two-form B in terms of global R4 coordinates.
We obtain

B =
k

3p

1
(y0 � y3)2 dy1 ^ dy2 (5.109)

with H-flux

H = dB = �
2k

3p

1
(y0 � y3)3 d(y0 � y3) ^ dy1 ^ dy2. (5.110)



Chapter 5. Poisson-Lie T-duality of WZW model via current algebra
deformation

85

5.3.2 Dual Hamiltonian formulation

Let us consider first the situation in which the WZ term is missing (k = 0). In
this case the equations of motion have the simpler form

hij �∂t Âj � ∂s Ĵj
�
= f pi

qhqj �Âp Âj � Ĵp Ĵj
�

, (5.111)

∂t Ĵ � ∂s Â = �[Â, Ĵ] (5.112)

and we have a clear Lagrangian picture. In particular, we are able to define
the left momenta

Î i =
dL1

dÂi
=

1
2l2 Âjhij (5.113)

which can be inverted for the generalized velocities to write the Hamiltonian:

H1 =
1

4l2

Z

R
ds

⇣
Î i Î jhij + Ĵi Ĵjhij

⌘

and analogously to the SU(2) case, the pair (Â, Ĵ) identifies the cotangent
bundle of SB(2, C), with Î fibre coordinates.

Following the usual approach we can then obtain the equal-time Poisson
brackets from the action functional:

{ Î i(s), Î j(s0)} = 2l2 f ij
k Îk(s)d(s � s0)

{ Î i(s), Ĵj(s
0)} = 2l2

h
f ki

j Ĵk(s)d(s � s0)� di
jd
0(s � s0)

i

{ Ĵi(s), Ĵj(s
0)} = 0,

(5.114)

from which, together with the Hamiltonian H1, the equations of motion fol-
low:

∂t Îk(s) = hijdk
j ∂s Ĵi(s) + hij f jk

p Îi(s) Î p(s) + hij f kp
j Ĵi(s) Ĵp(s), (5.115)

∂t Ĵk(s) = hij

h
f pi

k Î j(s) Ĵp(s) + di
k ∂s Î j(s)

i
. (5.116)

If we now introduce the WZ term contribution, the equations of motion get
modified and a new term appears:

∂t Îk(s) =hik ∂s Ĵi(s) + hij f jk
p Îi(s) Î p(s) + hij f kp

j Ĵi(s) Ĵp(s)

�
kl2

3p
hpie

kpj Îi(s) Ĵj(s),
(5.117)

while the integrability condition does not receive any modification, as it should.
Assuming that the Hamiltonian remains the same after the inclusion of
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the WZ term, as it is the case for the SU(2) model, we have to find the cor-
responding Poisson structure leading to the modified equations of motion.
By inspection, Hamilton equations for momenta, obtained from the bracket
{H1, Î}, only involve the bracket { Î, Î}, therefore we shall just modify the
latter, by including a term proportional to Ĵ.

It is straightforward to check that to obtain the right correction to the
equations of motion we have to modify the Poisson brackets as follows:

{ Î i(s), Î j(s0)} = 2l2
h

f ij
k Îk(s)d(s � s0)� w eijp Ĵp(s)d(s � s0)

i
, (5.118)

and the coefficient w can be determined by direct comparison of Hamilton
equation for I with (5.117). We find:

w =
2kl2

6p
.

To summarise, the dynamics of the WZW model on SB(2, C) is described by
the following Hamiltonian

H1 =
1

4l2

Z

R
ds

⇣
Î i Î jhij + Ĵi Ĵjhij

⌘
. (5.119)

and Poisson algebra

{ Î i(s), Î j(s0)} = 2l2


f ij
k Îk(s)d(s � s0)�

2kl2

6p
eijp Ĵp(s)d(s � s0)

�

{ Î i(s), Ĵj(s
0)} = 2l2

h
f ki

j Ĵk(s)d(s � s0)� dj
id0(s � s0)

i

{ Ĵi(s), Ĵj(s
0)} = 0.

(5.120)

This is the semi-direct sum of an Abelian algebra and a Kac-Moody algebra
associated to SB(2, C), with a central extension, just as expected.
Indeed, on defining

Ŝi = Î i
�

w
2

eij3 Ĵj (5.121)

it is immediate to check that

{Ŝi(s), Ŝj(s0)} = 2l2
h

f ij
kŜk(s)d(s � s0)� weij3d0(s � s0)

i
(5.122)

{Ŝi(s), Ĵj(s
0)} = 2l2

h
f ki

j Ĵk(s)� di
jd
0(s � s0)

i
. (5.123)

We have already obtained the same kind of algebra as the ia ! 0 limit
of the algebra (5.70). The Hamiltonian however is not recovered as a limit of
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the dual family (5.76), and we have already commented that this should be
expected, because T⇤SB(2, C), phase space of the former, cannot be obtained
by continuous deformation of SL(2, C), phase space of the latter.

There is however another possibility, suggested by the form of the met-
ric (5.72). Within the Hamiltonian picture, we have the freedom of defin-
ing another model, taking advantage of the fact the Lie algebra sl(2, C) has
another metric structure, given by (2.29), which is O(3, 3) invariant and non-
degenerate. This provides a well defined metric for the Lie algebra sb(2, C)�̇R3

as well. Therefore, we may declare the currents Ĵ to be valued in the Lie al-
gebra sb(2, C), Ĵ = Ĵi êi, while the momenta I to be valued in the Abelian
algebra R3, Î = Î i t̂i. The metric (2.29) will give

( Î, Î) = ( Ĵ, Ĵ) = 0, ( Î, Ĵ) = ( Ĵ, Î) = Î i Ĵjdi
j (5.124)

Thus, upon introducing the double field notation Î = ( Î, Ĵ), the Hamiltonian
will be

H2 = z
Z

R
ds (Î, Î) = 2z

Z

R
ds Î i Ĵi. (5.125)

The latter may be obtained from the two-parameter Hamiltonian of the dual
family (5.76) in two steps. We first introduce a new Hamiltonian, which is a
deformation of (5.76), as

H̃def = H̃t,a � l2
Z

R
dsK̃i(Mt,a)

ijK̃j (5.126)

Then, we perform the limit ia ! 0. This yields the wanted result if we suit-
ably choose the parameter as z = al2:

H2 = lim
ia!0

H̃def. (5.127)

On using for the Poisson algebra sb(2, C)�̇R3 the brackets in (5.70) in the
limit ia ! 0:

{S̃i(s), S̃j(s0)} = it f ij
kS̃k(s)d(s � s0) +

at2

l2 hijd0(s � s0)

{K̃i(s), S̃j(s0)} = it f jk
iK̃k(s)d(s � s0)�

ita
l2 ei

j3d0(s � s0)

{K̃i(s), K̃j(s
0)} = 0,

(5.128)

after identifying the currents as S̃ = Î and K̃ = Ĵ, we finally get the following
equations of motion for the model having SB(2, C) as target configuration
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space.

˙̂Ik = 2ita2ep
k3∂s Î p

� 2a2t2hpk∂s Ĵp
˙̂Jk = 2ita2ek

p3∂s Ĵp. (5.129)

To summarise, we were not able to recover the ’natural’ Hamiltonian
model with Hamiltonian H1 from the dual family obtained in Sec. 5.2.1,
but we managed to define another model with the same target phase space,
T⇤SB(2, C), but different metric tensor, which can be related to the dual fam-
ily of Hamiltonians, (5.76) in the limit ia ! 0 once a deformation has been
performed. This establishes the wanted connection.

Finally, it is interesting to notice that it would have been impossible to
obtain such a connection for the PCM where the WZ term is absent. Indeed,
for a = 0 the Hamiltonian H2 is identically zero and the equations of motion
in (5.129) loose their significance.

To conclude this section, let us shortly address the issue of space-time
symmetries. Since the model is Lagrangian, the energy-momentum tensor
may be obtained from the action (5.93), yielding

T00 = T11 =
1

4l2

⇣
Î ihij Î j + Ĵihij Ĵj

⌘
; T01 = T10 =

1
4l2

⇣
Î id

j
i Ĵj

⌘
, (5.130)

which is formally the same as the SU(2) tensor (5.22). However, our product
is not bi-invariant, that is, it doesn’t satisfy

f ab
d gcd + f ac

d gbd = 0, (5.131)

which is a sufficient condition for Poincaré invariance (see for instance [3]).
Nonetheless, it is immediate to check that Tµn is conserved and traceless.
Moreover, the Master Virasoro equations (5.38) are satisfied as well, so the
model is conformally and Poincaré invariant at the classical level.

5.4 Double WZW model

So far we have been able to give a description of the SU(2) WZW model
current algebra as the affine algebra of SL(2, C) and to construct a map to a
family of dual models, with the same current algebra and target phase space,
but with momenta and configuration fields exchanged. It is therefore natural
to look for an action with manifest SL(2, C) symmetry which could accom-
modate both models, by doubling the number of degrees of freedom.
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Let us consider the SL(2, C)-valued field F : S 3 (t, s) ! g 2 SL(2, C)

and introduce the sl(2, C)-valued Maurer-Cartan one-forms g�1dg. We pos-
tulate the following action functional with SL(2, C) as target configuration
space:

S = k1

Z

S

⇣⇣
F⇤[g�1dg] ^, ⇤F⇤[g�1dg]

⌘⌘

N

+ k2

Z

B

⇣⇣
F̃⇤

⇥
g̃�1dg̃ ^, g̃�1dg̃ ^ g̃�1dg̃

⇤⌘⌘

N

(5.132)

with k1, k2 constants left arbitrary, and the Hermitian product (2.37) is em-
ployed.

The equations of motion can be derived by following the same steps as in
the previous section for the model on SB(2, C), with the only difference that
now the fields are valued in the Lie algebra sl(2, C) with structure constants
CI J

K. We obtain

H(N)LK

⇣
∂t AK

� ∂s JK
⌘
� CPL

Q
H(N)QK

⇣
AP AK

� JP JK
⌘

= �2
k2
k1

H(N)QLCPS
Q AP JS,

(5.133)

where we denoted by AI
⌘

�
Ai, Li

�
, J I

⌘
�

Ji, Mi
�

the TSL(2, C)(R) coor-
dinates, with double index notation and H(N) is the Hermitean product de-
fined in (2.37). The generalised doubled action so constructed describes a
non-linear sigma model with Wess-Zumino term with target configuration
space the group manifold of SL(2, C).

5.4.1 Doubled Hamiltonian description

In order to describe the doubled model in the Hamiltonian formalism, let us
start by considering only the kinetic term (k2 = 0). In this case the equations
of motion can be written as

HLK(N)

⇣
∂t AK

� ∂s JK
⌘
� CPL

Q
HQK(N)

⇣
AP AK

� JP JK
⌘
= 0, (5.134)

and we can define a genuine Lagrangian density as follows:

L = k1HLK(N)

⇣
AL AK

� JL JK
⌘

, (5.135)

from which canonical momenta can be defined

IK ⌘

⇣
Ik, Nk

⌘
=

dL
dJK = 2k1HKL(N)AL, (5.136)
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leading to the following Hamiltonian:

H = k1

Z

R
ds

⇣
H

�1
⌘LK(N)

IL IK +HLK(N) JL JK
�

. (5.137)

The equal-time Poisson brackets can then be obtained in the usual way [67],
resulting in

�
IL(s), IK(s

0)
 
=

1
2k1

CLK
P IP d(s � s0)

n
IL(s), JK(s0)

o
=

1
2k1

h
CPL

K JPd(s � s0)� dK
L d0(s � s0)

i

n
JL(s), JK(s0)

o
= 0,

(5.138)

and together with the Hamiltonian, they lead to the equations of motion

∂t IK(s) =
1

2k1

" ⇣
H

�1
⌘LP(N)

CLK
Q IQ(s)IP(s)�HLP(N) CQK

L JQ(s)JP(s)

+HKL(N)∂s JL(s)

#
.

(5.139)
Following the same approach we used for the SB(2, C) model case, we can
now include the WZ term, resulting in the modification of the equations of
motion

∂t IK(s) =
1

2k1

" ⇣
H

�1
⌘LP(N)

CLK
Q IQ(s)IP(s)�HLP(N) CQK

L JQ(s)JP(s)

+HKL(N)∂s JL(s)� 2
k2
k1
HQK(N)

⇣
H

�1
⌘RP(N)

CPS
Q IR JS

#
,

(5.140)
which can be obtained from the same Hamiltonian but modifying the Poisson
structure as follows:

�
IL(s), IK(s

0)
 
=

1
2k1

CLK
P IP(s) d(s � s0)�

k2

k2
1
HQK(N)CLP

Q JP(s)d(s � s0)

n
IL(s), JK(s0)

o
=

1
2k1

h
CPL

K JP(s)d(s � s0)� dK
L d0(s � s0)

i

n
JL(s), JK(s0)

o
= 0.

(5.141)
Models with target configuration space SU(2) or SB(2, C) could then be ob-
tained by constraining the Hamiltonian (5.137). The Lagrangian approach
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adopted in [67], which requires to gauge one of the global symmetries of
the parent action, presents some difficulties, since minimal coupling is not
enough anymore and there may be obstructions to be dealt with. Indeed, al-
though minimal coupling produces a gauge-invariant action, the equations
of motion still depend on the extension to the 3-manifold B.

This issue is addressed e.g. in [123–125]. Besides that, another prob-
lem, which is specific of the model, might affect the gauging. In fact, in
the cited references the gauged action is always formulated for a semisimple
group with a Cartan-Killing metric. However, here in order to reproduce the
SB(2, C) model we need to work with an Hermitian product. It is not clear
how to handle the problem in this case and further investigation is needed.

5.5 Some final remarks

Here we summarize the procedure discussed in the rest of this chapter. In
particular, we start from a canonical generalization of the Hamiltonian pic-
ture associated to the WZW model having SU(2) as target space, which con-
sists in describing the dynamics of the model in terms of a one-parameter
family of Hamiltonians and SL(2, C) Kac-Moody algebra of currents. Then,
we have highlighted the Drinfel’d double nature of the phase space by in-
troducing a further parameter both in the Hamiltonian and in the Poisson
algebra.

The first result has been to show the Poisson-Lie symmetry of the model.
Then, by performing a duality transformation in target phase space, we have
been able to obtain a two-parameter family of models which are Poisson-Lie
dual to the previous ones by construction. The two families share the same
target phase space, the group manifold of SL(2, C), but have configuration
spaces which are dual to each other, namely SU(2) and its Poisson-Lie dual,
SB(2, C). Although they have not been derived from an action principle, it
has been shown that it is possible to exhibit an action, by means of an inverse
Legendre transform which involves the symplectic form and the Hamilto-
nian.

As a natural step, we have investigated the possibility of defining a La-
grangian WZW model with target tangent space TSB(2, C). Being the group
SB(2, C) not semi-simple, the problem of defining a non-degenerate product
on its Lie algebra has been addressed, and a solution has been proposed. We
have derived the Hamiltonian description on the cotangent space T⇤SB(2, C)

and we have shown that, although its current algebra is obtained as the limit
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a ! 0 of the SL(2, C) Kac-Moody algebra related to the dual family, it is not
possible to obtain the Hamiltonian in the same limit, through a continuous
deformation of phase spaces. It is however possible to definea new Hamil-
tonian on T⇤SB(2, C) in terms of an alternative O(3, 3) metric. Such a model
can be related to the dual family of SL(2, C) models by first performing a de-
formation of the dynamics and then the limit a ! 0. It is interesting to notice
that such a connection relies on the presence of the WZ term, and the whole
construction loses significance if the coefficient in front of this term is zero.

A diagrammatic summary of the different models with corresponding re-
lations between them is depicted in Fig. (5.1), where Q, G and c denote the
target configuration space, phase space and current algebra respectively.

WZW
Q = SU(2)

� = T ⇤SU(2)

c = su(2)(R)�̇a

⌧ -def. family
Q = SU(2)

� = SL(2,C)
c⌧ = sl(2,C)(R)

⌧,↵-def. family

Q = SU(2)

� = SL(2,C)
c⌧,↵ = sl(2,C)(R)

Dual family

Q = SB(2,C)
� = SL(2,C)

c⌧,↵ = sl(2,C)(R)

WZW
Q = SB(2,C)

� = T ⇤SB(2,C)
c = sb(2,C)(R)�̇a

i↵
-d
ef
or
m
at
io
n

i⌧ -deformation

O(3, 3) rotation

H
de
f
 
H

0
 
i↵

0 
i⌧

P-L dual

FIGURE 5.1: Diagrammatic summary of the models considered
and their relations. Q, G and c denote configuration space,

phase space and current algebra respectively.

Having introduced a well-defined WZW action on the dual SB(2, C) we
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have analyzed the geometry of the target space as a string background so-
lution. This is a non-compact Riemannian hypersurface, whose metric is in-
duced by a Lorentzian metric. The B-field and its flux have been calculated
as well.

Finally, we have addressed the possibility of making manifest the SL(2, C)

symmetry of both families of WZW models, by doubling the degrees of free-
dom and introducing a parent action with target configuration space the
Drinfel’d double SL(2, C). A doubled Hamiltonian formulation has been
proposed, such that a restriction to either subgroup, SU(2) or SB(2, C), leads
to the Hamiltonian formulation of the two sub-models.
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6 Poisson sigma model

In this chapter we will introduce the so-called Poisson sigma model, which is
a two-dimensional topological field theory with target space a Poisson man-
ifold, first introduced by Ikeda and independently by Schaller and Strobl in
the context of two-dimensional gravity [82] and later widely investigated in
relation with other models such as two-dimensional Yang–Mills and grav-
ity theories, as well as in relation with deformation quantisation and branes.
Related to that, we mention [85] by Cattaneo and Felder where the Poisson
sigma model is used to give a physical interpretation of Kontsevich quantisa-
tion formula in terms of Feynman diagrams of the perturbative expansion of
the model, and the work [83] by the same authors, in which they prove that
the reduced phase space of the model is the symplectic groupoid integrating
the Lie algebroid associated with the Poisson manifold, inspiring later works
on the integrability of Lie algebroids [126]. A brief introduction to the topic
can also be found in [127]. Other useful references are [128–130].

6.1 Introduction to the Poisson sigma model

Let S be a two-dimensional oriented manifold, possibly with boundary, and
(M, P) a m-dimensional Poisson manifold. The topological Poisson sigma
model is defined by the bosonic real fields (X, h), with X : S ! M the usual
embedding map and h 2 W1(S, X⇤(T⇤M)) a one-form on S with values in
the pull-back of the cotangent bundle over M. The action of the model is
given by

S =
Z

S


hi ^ dXi +

1
2

Pij(X)hi ^ hj

�
, i, j = 1, . . . , dimM (6.1)

where dX 2 W1(S, X⇤(TM)) and the contraction of covariant and contravari-
ant indices is relative to the pairing between differential forms on S with
values in X⇤(T⇤M) and X⇤(TM), respectively. It is induced by the natural
pairing between T⇤M and TM and yields a two-form on S. The action is
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manifestly invariant under diffeomorphisms of S, hence it describes a topo-
logical model. In order to make the world-sheet dependence explicit in (6.1),
we introduce local coordinates uµ (µ = 0, 1) on S so that dXi = ∂µXiduµ,
hi = hµiduµ yielding

S =
Z

S
d2u


eµnhµi∂nXi +

1
2

Pij(X)eµnhµihnj

�
. (6.2)

The variation of the action leads to the following equations of motion in
the bulk:

dXi + Pij(X)hj = 0, (6.3)

dhi +
1
2

∂iPjk(X)hj ^ hk = 0. (6.4)

One thing to notice is that the consistency of the equations of motion requires
P(X), as a background field, to satisfy the Jacobi identity. This can be under-
stood by acting on (6.3) with the exterior derivative, then using again (6.3)
and finally using (6.4) on the result.

If the manifold S has a boundary, then it is necessary to impose suitable
boundary conditions such that the boundary term

R
∂S dXihi vanishes. Many

possibilities have been considered [130–133]. Interestingly, these have been
associated with different brane solutions when the Poisson sigma model is
considered in the framework of topological string theory. Indeed, taking the
restriction of the field X|∂S : ∂S ! N, for some closed submanifold N (the
brane), there may be different conditions for N. The one usually chosen (in
particular, it was used by Cattaneo and Felder in [83]), is the following:

h(u)v = 0 8 v 2 T(∂S), u 2 ∂S. (6.5)

It is important to note that apart from the obvious invariance of the action
under diffeomorphisms of the source space S we have other symmetries. In
particular, the infinitesimal transformations

dbXi = �Pij(X)b j

dbhi = dbi � ∂iPjk(X)hjbk

where b = bi(u)dXi
2 G(X⇤T⇤M), change the action (6.1) only by a bound-

ary term

dbS = �

Z

S
d
⇣

dXibi

⌘
.

These give a complete set of local symmetries for the model. In particular,



Chapter 6. Poisson sigma model 96

we can easily recover the invariance under diffeomorphisms of S by a choice
of the gauge parameter b. Given uµ

7! uµ + xµ(u) the infinitesimal form of
the diffeomorphism, if we choose the gauge parameter bi = xµhiµ we have

dbXi = Lx Xi
� ix

⇣
dXi + Pij(X)b j

⌘
,

dbhi = Lxhi � ix

✓
dhi +

1
2

∂iPjk(X)hj ^ hk

◆
.

(6.6)

It is easy to notice that on-shell (6.6) reduce to the expected transformations
for the diffeomorphism invariance.

One could argue that the form of (6.6) is not invariant under a change of
coordinates X0(X) of the target space M. However, it is possible to show that
the form of the transformations in the new coordinates is exactly the same
up to the equations of motion, hence the transformations (6.6) are invariant
on-shell.

Another important thing to notice is that by applying successive transfor-
mations one obtains

[db, db0 ]Xi = d[b,b0]X
i,

[db, db0 ]hi = d[b,b0]hi � bkb0

`∂i∂jPk`
⇣

dXj
� Ppjhp

⌘
,

(6.7)

where [b, b0]i = b jb
0

k∂iPjk(X). The equations (6.7) show explicitly that the
algebra of gauge transformations is open, i.e. it closes only on-shell. This fact
alone makes the quantization of the model more involved and the so-called
Batalin-Vilkovisky (BV) formalism [134, 135] has to be used to quantize it.
See [136] for an introductory review on the BV formalism.

The Poisson sigma model comprises a variety of models. The most obvi-
ous is the one corresponding to a trivial Poisson structure P = 0, for which
one simply has a BF model with action

S =
Z

S
hi ^ dXi, (6.8)

which can be rewritten in the usual BF-theory form
R

XF by integrating by
parts, with F = dh.

An interesting non-trivial example is the case corresponding to a linear
Poisson structure Pij = f ij

kXk, leading to a non-Abelian BF theory with ac-
tion (in explicit world-sheet dependence)

S =
Z

S
d2u

✓
eµnhµi∂nXi +

1
2

eµn f ij
kXkhµihnj

◆
, (6.9)
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or, in the more familiar BF form, by integrating by parts:

S =
Z

S
XiFi, Fi := dhi +

1
2

fi
jkhj ^ hk. (6.10)

In this case, in fact, the Jacobi identity for P makes M the dual of a Lie alge-
bra with structure constants f ij

k, and h takes the role of a one-form connec-
tion, while F can be viewed as a curvature two-form. Other cases are two-
dimensional Yang-Mills theory, gauged Wess–Zumino–Witten models and
two-dimensional gravity models. A useful review where all these models
are considered as derived from the Poisson sigma model is [137].

In particular, two-dimensional Yang-Mills theory can be obtained by us-
ing a linear Poisson structure Pij

k = f ij
kXk and including the function C(X) =

Â XiXi as a non-topological term in the action. The latter is the quadratic
Casimir function of the Lie algebra g whose structure constants are given by
f ij

k, hence its addition does not spoil the gauge invariance of the Poisson
sigma model. The resulting first order action would be then the one in (6.10)
with the addition of the Casimir function:

SYM =
Z

S

h
XiFi + lC(X)

i
. (6.11)

By integrating out the field X by using the equations of motion one obtains
the usual second order formulation SYM = �

1
4l

R
S tr(F ^ ⇤F).

For what concerns two-dimensional gravity models, most of the two-
dimensional ones can be obtained from the Poisson sigma model action. One
example we show is two-dimensional R2-gravity as this is particularly sim-
ple to work out. In fact, the action

S =
1
4

Z

S
d2u

p
g
✓

1
4

R2 + 1
◆

(6.12)

can be made to the action of a Poisson sigma model by considering Cartan co-
ordinates and identifying the three components of the h field as (h1, h2, h3) =�
e1, e2, w

�
, with e1, e2 the zweibein and w denotes the connection one-form,

so that the torsion two-form is Dea = dea + #a
bweb, where # = e1

^ e2 is the
volume form. In particular, it can be shown that in these coordinates the
action (6.12) can be written as

S =
Z

S


XaDea + X3 dw +

✓
1
4
�

⇣
X3

⌘2
◆

#

�
. (6.13)
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The action (6.1) can then finally be obtained by integrating by parts, with a
particular Poisson structure on R3 given by

P12 =
1
4
�

⇣
X3

⌘2
, P23 = X1, P31 = X2. (6.14)

Note that this Poisson structure is invariant under rotations around the X3-
axis.

Furthermore, the Poisson sigma model can ba further generalized by in-
troducing a Wess-Zumino term

S =
Z

S
hi ^ dXi +

1
2

Pij(X)hi ^ hj +
Z

B

1
3!

Hijk(X)dyi
^ dyj

^ dyk, (6.15)

where B is a 3-dimensional manifold such that S = ∂B, and H is a closed
three-form on M (obviously pulled back on B), and y are the extensions of
the fields X on B, i.e. y|S = X. The model is then called the WZ-Poisson
sigma model, or twisted Poisson sigma model, and was first introduced in
[138].

An important remark concerns the auxiliary fields hi, which encompass
conjugate momenta of the configuration fields Xi and Lagrange multipliers.
On using the equations of motion they can be integrated away, resulting in
a second order action, only if the target space is a symplectic manifold. In
this case, in fact, the Poisson bi-vector can be inverted to a symplectic form
w, and the resulting action is that of the so-called A-model [139, 140], with
action

S =
Z

S
wij dXi

^ dXj. (6.16)

In the language of strings, this corresponds to a topological action with B-
field coinciding with the symplectic two-form.

6.1.1 Dynamical extension of the Poisson sigma model and

Seiberg-Witten limit

An interesting property of the Poisson sigma model is that it can be viewed
as a limit of the bosonic string in a massless modes (G, B) background, which
can be described by the worldsheet action

Sstring =
1

4pa0

Z

S

⇥
gµndXµ

^ ?dXn + BµndXµ
^ dXn⇤ . (6.17)
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In particular, it can be shown that this action can be obtained by extending
the topological model action with an appropriate dynamical term containing
both the metric of the target space G and the metric of the source space h
(which is hidden in the Hodge star):

Sdyn =
Z

S
hi ^ dXi +

1
2

Pij(X)hi ^ hj + pa0Gij(X)hi ^ ?hj, (6.18)

where ? is the two-dimensional Hodge star operator acting on forms on S.
This is actually a first-order reformulation of the bosonic string action. In
fact, the second-order one can be obtained after integrating out the auxiliary
field h.

Now let us consider P a generic bivector. Consider the relation

(g + B)�1 = G +
P

2pa0
(6.19)

holds. It is now possible to show that in the Seiberg-Witten limit [141], which
consists in taking the limit a0 ! 0 while keeping G and P fixed, we have

g ⇠
�
2pa0

�2 P�1G
⇣

PT
⌘�1

, B ⇠ 2pa0P�1, (6.20)

where the bivector P is now assumed to be invertible.
By calculating the beta functions, imposing conformal invariance and tak-

ing the limit a0 ! 0 is possible to prove [142] that the condition dB = 0 has
to be satisfied, which implies, from (6.20), that dP�1 = 0, implying P is a
Poisson bivector, and then the action

Sstring =
Z

S
hi ^ dXi +

1
2

Pijhi ^ hj, (6.21)

with P a Poisson structure, hence it is the action of a Poisson sigma model,
describes the physical string in the particular limit considered. Note also that
in this case being P invertible the target manifold is symplectic.

6.2 Hamiltonian description of the Poisson sigma

model

We now focus on the Hamiltonian approach. Let us choose the topology of
the world-sheet as S = R ⇥ [0, 1] (we are considering open strings), where
we identify the local coordinates (u0, u1) with time and space, respectively,
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u0 = t 2 R, u1 = u 2 I = [0, 1]. By further denoting bi = hti, zi = hui,
Ẋ = ∂tX and X0 = ∂uX, the first order Lagrangian can be written as

L(X, z; b) =
Z

I
du

h
�ziẊi + bi

⇣
X0i + Pij(X)z j

⌘i
, (6.22)

from which it is clear that X and �z are canonically conjugate variables, with
Poisson brackets

{zi(u), Xj(v)} = �di
jd(u � v), (6.23)

while all the other brackets are vanishing.
Notice that, in this notation, the boundary condition (6.5) means that

b|∂I = 0, b = ht being the component of h tangent to the boundary.
Since b has no conjugate variable, it has to be considered as a Lagrange

multiplier imposing the constraints

X0i + Pij(X)z j = 0, (6.24)

from which it follows that the Hamiltonian

Hb = �

Z

I
du bi

h
X0i + Pij(X)z j

i
(6.25)

is pure constraint and the constraint manifold C (the space of solutions of
(6.24)) can also be understood as the common zero set of the functions Hb for
all b satisfying the boundary condition b(0) = b(1) = 0. This implies that
the system is invariant under time-diffeomorphisms. The infinitesimal gen-
erators are the Hamiltonian vector fields associated with Hb by the canonical
Poisson bracket (6.23)

xb = {Hb, ·} =
Z

du
✓

Ẋi d

dXi + żi
d

dzi

◆
, (6.26)

with
Ẋi = �Pijb j, (6.27)

żi = ∂ubi � ∂iPjkz jbk , (6.28)

where we identified ∂ubi ⌘ bi
0. The model is also invariant under space-

diffeomorphisms f (u)∂u, the latter being the Hamiltonian vector field asso-
ciated with Hb if one chooses b j = f (u)z j [84]. However, in order for the
algebra of generators to close, one has to extend the dependence of b accord-
ing to b(u) ! b(u, X(u)), with b = bidXi the associated one-form in local
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coordinates. Then it is possible to check that

{Hb, Hb̃} = H[b,b̃] (6.29)

with
[b, b̃] = dhb, P(b̃)i � iP(b)db̃ + iP(b̃)db (6.30)

the Koszul bracket among one-forms on the target manifold M, which sat-
isfies the Jacobi identity provided P is a Poisson tensor. h , i denotes the
natural pairing between T⇤M and TM. Following [83], Eq. (6.30) may be ex-
tended to P0W1(M), the latter being the algebra of continuous maps b : I !
W1(M), with the property b(0) = b(1) = 0, according to

[b, b̃](u) = [b(u), b̃(u)]. (6.31)

Eq. (6.29) shows that the map b ! Hb is a Lie algebra homomorphism,
the Hamiltonian constraints are first class and the Hamiltonian vector fields
(6.26) generate gauge transformations. Hence, the reduced phase space of
the model is defined in the usual way as the quotient G = C/H, where H is
the group of gauge transformations.

6.2.1 Reduced phase space and symplectic groupoids

As we showed in the previous section, the reduced phase space of the model
is defined as the quotient G = C/H, where C is the constraint manifold, i.e.
the manifold defined by the constraints (6.24), and H is the group of gauge
transformations

dbXi = �Pijb j, (6.32)

dbzi = bi
0
� ∂iPjkz jbk . (6.33)

One important fact proved by Cattaneo and Felder in [83] about the such
phase space is that it is finite-dimensional of dimension 2dimM, and it has a
groupoid structure, and in particular a symplectic groupoid (being G a man-
ifold). This is particularly meaningful for the quantization of Poisson mani-
folds. In fact, the program of quantizing a Poisson manifold M briefly relies
on the embedding of M as a Lagrangian submanifold of a symplectic man-
ifold G in such a way that quantization of G descends to a quantization of
M itself. Here the quantization is used in a general fashion, considering de-
formation quantization, geometric quantization, etc. The manifold G is sup-
posed to be a symplectic groupoid. In [83] Cattaneo and Felder show that the
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program of deformation quantization based on symplectic groupoids may
work using topological quantum field theory techniques, and in particular
the Poisson sigma model.

To prove that the reduced phase space is indeed finite dimensional, one
can start working on the tangent space, so vector fields tangent to the phase
space have to satisfy the linearization of the constraint equation (6.24). In
particular, one can consider (X, z) as representative of an equivalence class
of solutions of (6.24) modulo the gauge transformations in (6.32), (6.33). Con-
sider (X̃, z̃) as the tangent vector to a point in C, then this has to solve the
linearized constraint

X̃0i + Aj
iX̃j + Pijz̃ j = 0, (6.34)

with the definition of Aj
i(u) = ∂jPik(X(u))zk(u). The formal solution of this

equation can be written as

X̃i(u) = Vi
j (u, 0)X̃j(0)�

Z u

0
Vi

j
�
u, u0

�
Pjk �X

�
u0
��

z̃k
�
u0
�

du0, (6.35)

where V(u, u0) = P̂ exp
h
�
R u0

u A(v)dv
i

is the path-ordered exponential of

the matrix A, and the solution is unique provided X̃(0) and z̃ are specified.
Considering that X(0) is a set of m = dimM invariants under the action of
H since b|I

= 0 at the boundary, and that by linearizing (6.33) one can find

out another set of m invariants pj :=
R 1

0 z̃i(u)
�
V�1(u)

�i
j du, one can conclude

(see [84] in particular for this approach) that every infinitesimal perturba-
tion (X̃, z̃) determines uniquely 2m parameters (X(0), p). Viceversa, given
(X(0), p), one can choose z̃i(u) = pj

�
K�1�j

i , with Ki
j =

R 1
0
�
V�1(u)

�i
j du, and

then compute X̃ using the solution in (6.35), thus concluding that dimG =

2m.

A brief review of Lie algebroids and Symplectic groupoids

Before considering the groupoid structure of the phase space of the model,
we first introduce the main concepts of Lie algebroids and Lie groupoids.
In particular, it can be proved [143] that the peculiar algebraic structure of
the gauge algebra of the Poisson sigma model is not a Lie algebra but a Lie
algebroid over the cotangent bundle T⇤M. For some part of this section we
will closely follow [83].

Definition 6.2.1. A Lie algebroid (E, M, r, [·, ·]) over a manifold M is a vector
bundle E ! M with a Lie algebra structure on the space of the sections G(E)
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defined by the Lie bracket [·, ·] and a bundle map (called the anchor map)
r : E ! TM satisfying the following conditions:

(i) [r (a) , r (b)] = r ([a, b]);
(ii) [a, f b] = f [a, b] + (r (a) f ) b;

with a, b 2 G(E), f 2 C•(M).

An obvious example of Lie algebroid is a Lie algebra, which is obtained
by replacing M with a single point and trivial anchor r = 0, while for M a
generic manifold and r = 0 a bundle of Lie algebras is obtained. The tangent
bundle TM is also a Lie algebroid with the usual bracket on vector fields
and anchor the identity map. Another particularly relevant example for our
context is

Example 6.2.1. Let M be a Poisson manifold with Poisson structure P. The
cotangent bundle E = T⇤M is a Lie algebroid with anchor the map given by
P# 1 and bracket defined on exact forms by the fact that a Poisson bracket
on a manifold M defines a Lie bracket on the space of one-forms on M, i.e.
[d f , dg] = d{ f , g}, and then it can be extended to any one-form by Leibniz
rule.

Just like Lie groups are the global version (or the integration) of Lie alge-
bras, Lie groupoids are the global version of Lie algebroids. Here we will be
only interested in an algebraic definition of groupoids:

Definition 6.2.2. A Lie groupoid over a manifold M is a manifold G together
with a set of structure maps satisfying certain conditions. In particular, an
injection j : M ,�! G, two surjections l, r : G ! M, as well as a composi-
tion law (g, h) 7! g · h defined only if r(g) = l(h), with g, h 2 G. Denote
Gx,y = l�1(x) \ r�1(y), then the set of axioms these maps have to verify is
the following:

(i) l � j = r � j = 1M;
(ii) If g 2 Gx,y and h 2 Gy,z, then g · h 2 Gx,z;
(iii) j(x) · g = g · j(y) = g, if g 2 Gx,y;
(iv) For every g 2 Gx,y there exists g�1

2 Gy,x such that gg�1 = j(x);
(v) The composition rule on G is associative, whenever it is defined.

An example of a Lie groupoid is given by considering the base M as a
point and G a Lie group, with l, r trivial and the injection j maps to the iden-
tity of the group. Another useful example is the following:

1The map P# : T⇤M ! TM is defined in the usual way as the map w 7! P(w, ·), w 2

W1(M)
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Example 6.2.2. (G = M ⇥ M). M ⇥ M can be considered a Lie groupoid by
defining the left and right maps l, r as the projections onto the left and right
components of the product respectively, and taking j as the diagonal map
(j : X 7! (X, X)). The composition is defined by (g1, g2) · (g2, g3) = (g1, g3)

while the inverse is defined by (g1, g2)
�1 = (g2, g1).

Definition 6.2.3. Let G be a groupoid equipped with a symplectic structure
w and M a Poisson manifold. The Lie groupoid G is called the symplectic
groupoid of the Poisson manifold M if the following axioms are satisfied:

(i) j(M) is a Lagrangian submanifold 2;
(ii) The map l is a Poisson map and r is a anti-Poisson map;
(iii) Let G0 = {(g, h) 2 G | r(g) = l(h)} and P : G0 ⇢ G ⇥ G ! G the

product on G0. Let us denote the projections onto the first and second factor
as p1, p2 : G ⇥ G ! G. Then P⇤wG = p⇤

1 wG + p⇤

2 wG ;
(iv) The inverse map is anti-Poisson.

The basic and most used example of a symplectic groupoid is the dual of
a Lie algebra:

Example 6.2.3. (M = g⇤). Let us consider M = g⇤ the dual of a Lie algebra g

with Kirillov–Kostant-Souriau Poisson structure. For any Lie group integrat-
ing the Lie algebra g we can take j : g⇤ ! T⇤G as the natural inclusion at the
cotangent space at the identity and then it is also natural to define the projec-
tions l, r as the left and right (respectively) translations to the cotangent space
at the identity. Let us pick two pairs (g1, x1) and (g2, x2) such that r (g1, x1) =

l (g2, x2). The multiplication law is given by (g, x) = (g1, x1) · (g1, x1) with
g = g1g2 and x = (dRh(g)⇤)�1 x1 =

�
dLg(h)⇤

��1
x2 where L and R denotes

the left and right translation as usual.

The symplectic groupoid structure of the phase space

As showed in [83], the groupoid structure of the phase space G = C/H is
defined via composition of paths. The inclusion map j : M ,�! G is defined by
taking a point x 2 M and sending it to the equivalence class of the constant
solution (X(u) = x, z(u) = 0), and the maps l, r give the values of X at the
endpoints, which is a good choice since the boundary values are invariant
under the action of the gauge group H, so these maps descend to G.

It is possible to prove [83] that in each equivalence class [(X, z)] in G there
exists a representative with z(0) = z(1) = 0. Then, the composition law

2A Lagrangian submanifold is a maximally isotropic submanifold, see Sec. 2.2.
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[(X3, z3)] = [(X1, z1)] · [(X2, z2)] is given by choosing such representatives
and composing like

X3(s) =

(
X1(2u), 0  u 

1
2

X2(2u � 1), 1
2  u  1

z3(s) =

(
2z1(2u), 0  u 

1
2

2z2(2u � 1), 1
2  u  1

as long as X1(1) = X2(0). Having a representative with z(0) = z(1) = 0
is necessary to avoid a singularity at u = 1/2. In this way we have met all
the conditions to define a Lie groupoid. In fact, we have a partial product
· : G ⇥M G ! G, where G ⇥M G is the space of pairs of classes of solutions
with the endpoint of the first coinciding with the starting point of the second
(X1(1) = X2(0)). We can see that this product is associative since the two
possible ways of combining three solutions are related by a reparametriza-
tion of the interval [0, 1], which can be obtained by using a gauge transfor-
mation. We have already defined inclusion and left/right projections, in fact
we know that we have a very peculiar solution: X(u) ⌘ x and z(u) ⌘ 0 play-
ing the role of a unit at x for the product ·. The last ingredient is the inverse:
for every solution (X, z), we have an inverse solution (X̄, z̄), simply given by
the usual inverse for paths: X̄(u) = X(1 � u), z̄(u) = �z(1 � u).

To see that this is also a symplectic groupoid, it is necessary to look at the
boundary values of X. We have already seen that these are invariant under
gauge transformations since b vanishes at the boundary and we can define
x = X(0) and y = X(1). Using the Poisson bracket induced by the symplectic
structure on G (see (6.23)), it is possible to obtain

n
xi, xj

o
= Pij(x),

n
yi, yj

o
= �Pij(y),

n
xi, yj

o
= 0. (6.36)

The problem is that the boundary functions have no well-defined associated
Hamiltonian vector fields. This is due to the fact that the Hamiltonian van-
ishes for b = 0. However, one can use a regularized version of boundary
values by using the constraint equation (6.24):

xi(u) = Xi(u) +
Z u

0
du0 Pij(X(u0))hj(u0), (6.37)

yi(u) = Xi(u)�
Z 1

u
du0 Pij(X(u0))hj(u0), (6.38)

which coincides with the original definition on the constraint manifold. Now
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Hamiltonian vector fields associated to these functions are well-defined and
the Poisson bracket can be computed, resulting in

{xi, xj
} = Pij(x), {yi, yj

} = �Pij(y), {xi, yj
} = 0. (6.39)

Here we check that we have a "noncommutativity" of the endpoints, and we
have some ingredients needed for our definition, in particular it is manifest
that the l and r maps previously defined are Poisson and anti-Poisson maps
respectively. We also have the fact that {(a, b, c) 2 G ⇥M G ⇥ G : a · b = c}
is a Lagrangian submanifold of G ⇥ G ⇥ Ḡ, where Ḡ is the same as G as a
manifold, but has opposite symplectic structure.



107

7 Jacobi geometry

Jacobi manifolds were introduced by Kirillov [144] and Lichnerowicz [100],
and have recently seen a rise in popularity, both as a mathematical subject
and due to its applications to physics and other sciences. In particular, it
has been recently developed for the application on the integrability of Ja-
cobi manifolds by contact groupoids [145], dissipative Liouville’s theorem in
contact manifolds [146], thermodynamics [147] (see [148] for an application
to black holes in AdS spacetimes) and providing a natural framework for
the dynamical formulation of mechanical systems subject to time-dependent
forces and dissipative effects [149, 150]. It has also been considered for ap-
plications in neurosciences [151]. In this section we will introduce the main
properties of Jacobi structures and Jacobi manifolds, as well as the concept of
contact and locally conformal symplectic manifolds, providing for each sim-
ple but useful examples. The concepts introduced in this section will cover
the background used for the introduction of the Jacobi sigma model later in
this thesis.

The presentation of the material in this section will follow closely the
ones in [88, 89] apart from Section 7.1.1 which is not present in the published
works.

7.1 Jacobi structure and Jacobi manifolds

In this section we review the main properties of Jacobi structures and Jacobi
manifolds. This section is mainly based on the papers [92, 152].

Jacobi structures were first introduced indipendently by Kirillov [144]
and Lichnerowicz [100] and are defined as the natural generalization of Pois-
son structures. In fact, a Jacobi bracket can be considered as the most general
skew-symmetric local bi-linear differential operator acting on the algebra of
functions on a manifold M, C•(M), satisfying Jacobi identity. Leibniz rule
is then lost, differently from the case of Poisson brackets. A Jacobi structure
can be defined by a pair of bi-vector and vector fields on the manifold M,
satisfying certain conditions:
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Definition 7.1.1. Let L 2 G(L2TM) be a bi-vector field and E 2 X(M) a vec-
tor field, called the Reeb vector field. The pair (L, E) is called a Jacobi structure
if the following relations are satisfied

[L, L]S = 2E ^ L, [L, E]S = LEL = 0, (7.1)

where L denotes the Lie derivative operator and [, ]S denotes the Schouten-
Nijenhuis bracket on the algebra of multi-vector fields on the manifold M.
Jacobi brackets are then defined as

{ f , g}J = L(d f , dg) + f (Eg)� g(E f ). (7.2)

It will prove useful to write the explicit expression of these relations in
coordinates:

Lpi∂pLjk + cycl perm{ijk} = EiLjk + cycl perm{ijk}, (7.3)

Ek∂kLij
� Lkj∂kEi

� Lik∂kEj = 0. (7.4)

Jacobi brackets are linear, skew-symmetric and satisfy Jacobi identity just like
Poisson brackets, but in general do not satisfy Leibniz rule, which is instead
replaced by the condition

{ f , gh}J = { f , g}Jh + g{ f , h}J + gh(E f ). (7.5)

This means that the Jacobi brackets still endow the algebra of functions on
M, F (M), with the structure of a Lie algebra, but, unlike the Poisson bracket,
they are not a derivation of the point-wise product among functions. Further-
more, it also satisfies the condition support { f , g} ✓ (support f )\ (support g).
All these properties make the space of functions C•(M), when endowed
with a Jacobi bracket, a local Lie algebra 1 and, conversely, a local Lie algebra
structure on C•(M) defines a Jacobi bracket on M.

Obviously, Jacobi brackets can be considered as a generalization of Pois-
son brackets since the latter can be obtained from the former if the Reeb vec-
tor field identically vanishes, E = 0.

Definition 7.1.2. A Jacobi manifold (M, L, E) is defined as a smooth manifold
equipped with a Jacobi structure. When E = 0, (M, L) is a Poisson manifold.

1In the sense of Kirillov [144].
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Fundamental examples of Jacobi manifolds are locally conformal symplectic
manifolds (LCS) and contact manifolds. The former ones are even-dimensional
manifolds endowed with a non-degenerate two-form w 2 W2(M) with the
property that for all x 2 M there exists an open neighborhood U 3 x and
a function f 2 C•(U) such that (U, e� f w) is a symplectic manifold, i.e.
such that d(e� f w) = 0. The global structure, however, is that of a Jacobi
manifold. If U = M, the manifold is then called globally conformal symplectic
(GCS). More explicitly [153], a LCS is characterized by the existence of a non-
degenerate two-form w 2 W2(M) and a closed exact one-form a 2 W1(M)

called Lee one-form, such that

dw + a ^ w = 0. (7.6)

Let E and L be the unique vector and bi-vector fields respectively satisfying

iEw = �a, iL(g)w = �g 8 g 2 T⇤M, (7.7)

then

Definition 7.1.3. The triple (M, L, E) with L 2 G2(TM) and E 2 X(M) sat-
isfying (7.6) and (7.7) is a Jacobi manifold and it is called a locally conformal
symplectic manifold.

Note also that
iEa = 0, LEa = 0, LEw = 0. (7.8)

Of course symplectic manifolds are particular cases of LCS with vanishing
Lee one-form, a = 0. Using Darboux theorem, around every point there exist
local coordinates (x1, . . . , xn, y1, . . . , yn) and a local differentiable function f
for which it can be written

w = e f dxi
^ dyi, a = d f =

✓
∂ f
∂xi dxi +

∂ f
∂yi

dyi

◆
(7.9)

and the Jacobi structure can be written as

L = e� f
✓

∂

∂xi ^
∂

∂yi

◆
, E = e� f

✓
∂ f
∂yi

∂

∂xi �
∂ f
∂xi

∂

∂yi

◆
. (7.10)

Contact manifolds are instead odd-dimensional manifolds (M, J) which
are endowed with a contact form (or contact structure), i.e. a one-form J

such that J ^ (dJ)n nowhere vanishes, where 2n + 1 is the dimension of the
manifold. The contact form is defined as an equivalence class of one-forms
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up to multiplication by a non-vanishing function (gauge transformation). It
is possible to endow the algebra of functions on a contact manifold with a
Lie algebra structure [154], which reads

[ f , g]J^ (dJ)n := (n� 1)d f ^ dg^ J^ (dJ)n�1 +( f dg� gd f )^ (dJ)n. (7.11)

The latter is local by construction and satisfies Jacobi identity. This one may
be taken as a definition of Jacobi bracket, with the usual definition recovered
by defining L and E as follows:

iE (J ^ (dJ)n) = (dJ)n

iL (J ^ (dJ)n) = nJ ^ (dJ)n�1.
(7.12)

The latter conditions imply that

iEJ = 1, iEdJ = 0, (7.13)

and
iLJ = 0, iLdJ = 1. (7.14)

A contact structure should be thought of as the equation J = 0, which
picks out a subspace of the tangent space at each point of the manifold. How-
ever, the Frobenius integrability condition for these to fit together as tangent
spaces of some submanifold is maximally violated. A submanifold all of
whose the tangent vectors will satisfy J = 0 is said to be integral, the largest
dimension for such a submanifold being n. Such a maximal integral subman-
ifold is called a Legendre submanifold.

There is an analogue of Darboux’s theorem which can be considered for
contact manifolds, stating that there is a local coordinate system
(z, x1, . . . , xn, y1, . . . , yn) in which the contact form can be written as

q = dz � yidxi, (7.15)

while the Jacobi structure is given by

L =

✓
∂

∂xi + yi
∂

∂

◆
^

∂

∂yi
, E =

∂

∂z
. (7.16)

Note that R2n+1 with this choice is the most basic example of a contact man-
ifold.
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Other important examples of contact manifolds are three-dimensional semisim-
ple Lie groups, for which the contact form can be taken as one of the basis
(left or right) invariant one-forms. Obiously, we are interested in particular to
the Lie group SU(2), whose associated sigma models have been widely stud-
ied [155, 156], and where there might be some place for eventual application
of the duality approach we discussed in the first part of this thesis.

It is important to remark that it is also possible to define Hamiltonian vec-
tor fields associated to the Jacobi structure analogously to the case of Poisson
structures. Indeed, we can say that for any real-valued function f 2 C•(M)

one has an associated Hamiltonian vector field x f defined as (see for example
[152]):

x f = L(d f , ·) + f E. (7.17)

Note that the Hamiltonian vector field associated with the constant function
1 is just the Reeb vector field E itself. The map f ! x f is homomorphism of
Lie algebras, it being [x f , xg] = x{ f ,g}J

, where the bracket [·, ·] is the standard
Lie bracket of vector fields.

If one considers, for all x 2 M, the subspace of Tx M spanned by all the
Hamiltonian vector fields at the point x, it is possible to show that [153] this
defines a generalized foliation, called characteristic foliation, and the Jacobi
structure of M induces a Jacobi structure on each leaf of the foliation. For
example, if L is the leaf over the point x 2 M, for Ex /2 Im(Lx) it turns out L
is a contact manifold, if Ex 2 Im(Lx) then L is a LCS. In particular, it can be
shown [153] that even-dimensional leaves are LCS, while odd-dimensional
ones are contact.

In the light of the results of the paper, it is useful to introduce the concept
of regularity of Jacobi manifolds:

Definition 7.1.4. A Jacobi manifold (M, L, E) is said to be regular if the Reeb
vector field E is complete, E 6= 0 at every point of M and the foliation defined
by E is regular.

The importance of this concept is related to the fact that in this case the
space of leaves M̃ = M/E is a differentiable manifold and the canonical
projection p : M ! M̃ is a fibration. It is also possible to define the bi-vector
L̃ on M̃ as

L̃(a, b) � p = L(p⇤a, p⇤b), 8 a, b 2 W1(M̃) (7.18)

which makes (M̃, L̃) into a Poisson manifold.
An important result concerning the relation between Jacobi and Poisson

manifolds is given by the following theorem [100]:
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Theorem 7.1.1. Given a Jacobi structure (L, E) on M, the product manifold
M ⇥ R carries a Poisson structure with a Poisson bi-vector P defined as

P ⌘ e�t
✓

L +
∂

∂t
^ E

◆
, (7.19)

where t 2 R. This procedure is called the Poissonization of the Jacobi struc-
ture (L, E) on M.

When the Jacobi structure is contact, the Poissonization is a Symplectifi-
cation as the resulting manifold M ⇥ R is a Symplectic manifold since P is
non-degenerate and it defines a symplectic form. Indeed, in such a case, one
can define a closed two-form w on M ⇥ R in terms of the contact one-form
J : w = d (etp⇤J) = et (dt ^ p⇤q + dp⇤q), where p : M ⇥ R ! M is the
projection map. By using the defining properties of the contact form, it is
possible to check that w is non-degenerate, hence symplectic.

While this theorem provides a simple recipe to obtain a Poisson structure
from a Jacobi structure in a lower dimensional manifold, it is not trivial to
construct a Jacobi structure on the Jacobi manifold M itself.

This theorem is particularly useful to obtain results on the Jacobi mani-
folds by using well known concepts and results from Poisson geometry. For
instance, the result [x f , xg] = x{ f ,g}J

can be obtained directly using this theo-
rem from the corresponding notion on Poisson manifolds by considering the
Poisson-Hamiltonian vector fields corresponding to P and then projecting on
M, as follows:

x f := pr(xP
et f )|t=0, (7.20)

where xP
et f is the Poisson-Hamiltonian vector field on M ⇥ R and pr : TM ⇥

R ! TM is the projection map.
This approach was followed in [88] to give a formulation of the Jacobi

sigma model on M starting from the Poisson sigma model on M ⇥ R, con-
sidering the immersion j : M ,! M ⇥ R through the identification of M with
M ⇥ {0}.

7.1.1 Explicit examples of Jacobi manifolds

We already discussed of R2n+1 with Jacobi structure given by (7.16) as a
basic example of contact manifold, as well as of symplectic manifolds as basic
examples of LCS manifolds. In this section we will consider R3 more explic-
itly, and a few nontrivial examples. In particular, noteworthy examples of
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contact manifolds are represented by 3-dimensional semi-simple Lie groups,
where the contact one-form can be chosen to be one of the basis left-invariant
(resp. right-invariant) one-forms on the group manifolds. Non-trivial exam-
ples of LCS manifolds may be instead easily constructed by considering the
product M ⇥ S1, with M a contact manifold [157].

• Contact manifold examples

Example 7.1.1. (M = R3). R3 is a contact manifold with contact one-
form

J = dx3
�

1
2

⇣
x2dx1

� x1dx2
⌘

(7.21)

which satisfies dJ ^ J = dx1
^ dx2

^ dx3, which is the volume form
on R3. For the applications which will be considered in Sec. 8.2 it is
convenient to work with an adapted basis of one-forms

q1 = dx1, q2 = dx2, q3 = J = dx3
�

1
2

⇣
x2dx1

� x1dx2
⌘

(7.22)

and dual vector fields

Y1 =
∂

∂x1 +
1
2

x2 ∂

∂x3 , Y2 =
∂

∂x2 �
1
2

x1 ∂

∂x3 , Y3 =
∂

∂x3 , (7.23)

satisfying

[Y1, Y2] = �Y3, [Ya, Y3] = 0, qi �Yj
�
= di

j. (7.24)

Thus, a Jacobi bracket may be defined through the following structures:

E = Y3

L = Y1 ^ Y2,
(7.25)

satisfying (7.13) and (7.14).

Example 7.1.2. (M = SU(2)). It is possible to endow the group man-
ifold of SU(2) with a contact structure 2, provided by one of the left-
invariant (resp. right-invariant) one-forms of the group, say qi defined
by the Maurer-Cartan one-form `�1d` = qiei 2 W1(SU(2), su(2)), with
` 2 SU(2), ei = isi/2 the Lie algebra generators and si the Pauli ma-
trices. Let us choose, to be definite, the contact one-form to be J = q3.

2Indeed, this procedure can be adapted to any 3-dimensional semisimple Lie group.
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The latter defines a Jacobi bracket according to (7.11), it being

J ^ dJ = W (7.26)

with W = q1
^ q2

^ q3 the volume form on the group manifold. There-
fore, the Reeb vector field E and the bivector field L are easily deter-
mined by solving the equations (7.13) and (7.14). In particular, we ob-
tain

E = Y3 L = Y1 ^ Y2 (7.27)

with Yi, i = 1, .., 3 the left-invariant vector fields on the group manifold,
which are dual to the one-forms qi by definition. Hence, the Reeb vec-
tor field is constant and orthogonal to the distribution spanned by the
bivector field L.

• LCS manifold examples
Examples of LCS manifolds may be built, according to [157], in the fol-
lowing way. The starting point is a contact manifold

�
M2n�1, q

�
, n � 2,

with contact form J. The manifold
�
S1

⇥ M2n�1, w
�

is LCS with non
degenerate two-form w given by

w = J ^ a + dJ (7.28)

with a 2 W1 �S1� the volume form on the circle. Therefore, both R3 and
S3 as contact manifolds are suitable examples of LCS manifolds, when
multiplied by the circle S1. In particular, we can consider the product
S1

⇥ S3, with S3 the contact manifold associated with the group SU(2)
previously described. The Jacobi structure (L, E) can be worked out,
yielding

L = w�1, E = L(a) (7.29)

which, in local coordinates for the circle S1, with a = df becomes

L = Y3 ^ ∂f � Y1 ^ Y2, E = �Y3 (7.30)

According to [157], as a generalization of the latter, one can consider
principal bundles

�
P, M2n�1, U(1)

�
with basis the contact manifold M2n�1

and structure group U(1). P may then be endowed with the LCS struc-
ture (7.28), where a is the volume form of the structure group U(1) and
J a U(1) connection. If the curvature of the connection y = dJ is such
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that a ^ J ^ (y)n�1
6= 0 (namely it defines a volume form on P), then w

is a LCS which is not globally conformal symplectic.
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8 Jacobi sigma model

In this chapter we will introduce a non-linear sigma model with target space
a Jacobi manifold, which we called the Jacobi sigma model [88, 89], as a nat-
ural generalization of Poisson sigma models. The main motivation for the
search for a consistent definition of a sigma model with target space a Jacobi
manifold is certainly the fact that it represents a natural, non-trivial general-
ization of the well-known Poisson sigma model. As we have seen in Chapter
6, one interesting feature of the Poisson sigma model is its intimate relation
with the geometry of the target space. An example of this relation is the fact
that the reduced phase space of the Poisson sigma model is actually the sym-
plectic groupoid integrating the Lie algebroid associated with the Poisson
structure of the target manifold, as shown by Cattaneo and Felder in [83, 84].
Moreover, in [85] it was shown that the Kontsevich quantization formula for
Poisson manifolds can be described in terms of the Feynman diagrams from
the perturbative expansion of the Poisson sigma model as a field theory. This
is important since terms in Kontsevich formula can now be given a physical
interpretation. It might be that similar situations can be addressed once the
Jacobi sigma model is well understood. Furthermore, another motivation for
the introduction of this new model is the perspective of applying techniques
from topological quantum field theory to the analysis of new string back-
grounds, as well as the possibility of obtaining some useful description of
known models within the framework of Jacobi manifolds, as is the case for
the Poisson setting.

More specifically, our aim is to investigate the possibility of relaxing the
condition [P, P]S = 0 to what is a natural generalization, represented by a
Jacobi structure, which is specified not only by a bivector field L but also by
a vector field E, the so called Reeb vector field, satisfying

[L, L]S = 2E ^ L and [E, L]S = 0, (8.1)

and then the triple (M, L, E) defines a Jacobi manifold, as we have seen in
Chapter 7. Two main families of Jacobi manifolds, with all other cases being
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recovered as intermediate situations1, are represented by contact and locally
conformal symplectic manifolds, which we will consider for applications of
our model.

Jacobi brackets on the algebra of functions on M can be defined from the
Jacobi structure, satisfying the Jacobi identity, but unlike Poisson brackets,
violate the Leibniz rule; in other words, the Jacobi bracket still endows the
algebra of functions on M with a Lie algebra structure, but it is not a deriva-
tion of the point-wise product among functions.

The Jacobi sigma model has the purpose to generalize the Poisson sigma
model via the inclusion of an additional field on the source manifold, which
is necessary in order to take into account the new background vector field E.
The field variables of the model are represented by (X, h, l), where X : S !

M is the usual embedding map, while (h, l) are put together to give elements
of W1(S, X⇤(T⇤M � R)), being T⇤M � R = J1M the vector bundle of 1-jets
of real functions on M. The resulting theory is a two-dimensional topological
non-linear gauge theory describing strings sweeping a Jacobi manifold. The
main results were achieved in [88] and discussed in a more complete and
extended way in [89].

The material covered in this chapter is entirely contained in the papers
[88] and [89].

8.1 The Jacobi sigma model

In this section, we shall analyze the Jacobi sigma model, first introduced in
[88] (also see [93]) as a generalization of the Poisson sigma model. Although
the defining action functional may be justified in terms of a Poissonization of
the target Jacobi manifold and further reduction of the correspondent Pois-
son sigma model living on M ⇥ R, it has been shown in [89] that an inde-
pendent formulation can be given. We shall adhere to the latter approach
in this thesis. The coordinate-independent formulation can be given by the
following

Definition 8.1.1. Let (M, L, E) be a n-dimensional Jacobi manifold. The Ja-
cobi sigma model with source space a two-dimensional manifold S with

1It is possible to show (see for example [152] Thm. 11) that a generic Jacobi manifold
admits a foliation by locally conformal symplectic and/or contact leaves. Examples of Ja-
cobi manifolds with "nonpure" characteristic foliation, namely with leaves of odd and even
dimension, i.e., contact and l.c.s. leaves may be found in [92].
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boundary ∂S and target space M is defined by the action functional

S[X, (h, l)] =
Z

S
hh, (dX)i+

1
2
hh, (L � X)hi+ l ^ (E � X)h (8.2)

with boundary condition h(u)v = 0, u 2 ∂S, v 2 T(∂S).

The field configurations are represented by X, (h, l) with X : S ! M the
base map and (h, l) 2 W1(S, X⇤(J1M)), where J1M = T⇤M � R is the 1-jet
bundle of real functions on M.

Sections of the latter are isomorphic as a C•(M)-module to the algebra of
one-forms [158]

G0(M) := {et(a + f dt)|a 2 W1(M), f 2 C•(M), t 2 R} ✓ W1(M ⇥ R)

(8.3)
which is closed with respect to the Koszul bracket of the Poissonized man-
ifold. The map h , i establishes a pairing between differential forms on S
with values in the pull-back X⇤(T⇤M) and differential forms on S with val-
ues in X⇤(TM). It is induced by the natural pairing between T⇤M and TM
and yields in this case a two-form on S. Then the action may be rewritten as

S(X, h, l) =
Z

S


hi ^ dXi +

1
2

Lij(X)hi ^ hj � Ei(X)hi ^ l

�
. (8.4)

On comparing with the action of the Poisson sigma model (6.1) one impor-
tant difference is the presence of a new auxiliary field, l, which, loosely
speaking, is a one-form on the source manifold S but a scalar on the Ja-
cobi manifold. This is a consequence of the fact that the Jacobi bracket is
expressed in terms of a bi-differential operator, not a bivector field. There-
fore l is needed in order to take into account the presence of the Reeb vector
field E.

The variation of the action, together with the boundary condition for h in
Def. 8.1.1, gives the following equations of motion

dXi + Lijhj � Eil = 0, (8.5)

dhi +
1
2

∂iLjkhj ^ hk � ∂iEjhj ^ l = 0, (8.6)

Eihi = 0. (8.7)

The boundary condition for h ensures the vanishing of boundary terms. Con-
sistency of the three yields another dynamical equation. In fact, on applying
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the exterior derivative to Eq. (8.5) we obtain

∂kLijdXk
^ hj + Lijdhj � ∂kEidXk

^ l � Eidl = 0. (8.8)

By substituting Eqs. (8.5)-(8.7) and by using the properties of a Jacobi struc-
ture, Eqs. (7.1), we finally get

dl =
1
2

Lijhi ^ hj. (8.9)

8.1.1 Canonical formulation of the model

In this section we will focus on the Hamiltonian formulation of the model,
in close analogy with the procedure followed for the Poisson sigma model in
Sec. 6.2.

The source manifold is chosen to be S = R ⇥ [0, 1], with local coordi-
nates t 2 R, u 2 [0, 1]. Moreover, by explicitly indicating the time and
space components, the one-forms dX, h and l shall be locally represented as
dX = Ẋdt + X0du, h = bdt + zdu, l = ltdt + ludu, with lt, lu scalar fields,
while Ẋ, X0 and b, z carrying and extra index on (the pull-back of) the target
manifold M. Note that the boundary condition in definition 8.1.1 results in
b∂S = 0, just like for the Poisson sigma model, while there is no boundary
condition for l deriving from the variation of the action. We shall discuss
this issue later.

With the notation chosen, the Lagrangian of the model acquires the form

L =
Z

I
du

h
�Ẋizi + bi

⇣
X

0i + Lijz j � Eilu

⌘
+ lt

⇣
Eizi

⌘i
, (8.10)

with equations of motion

Ẋi = �Lijb j + Eilt

żi = b
0

i � ∂iLjkb jzk � ∂iEjz jlt + ∂iEjb jlu, (8.11)

X0i + Lijz j � Eilu = 0

Eizi = 0

Eibi = 0. (8.12)

The evolutionary equations are, therefore, represented by Eqs. (8.11), involv-
ing time derivatives, while Eqs. (8.12) represent constraints. In the following
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we perform a detailed analysis of the emergence and nature of constraints in
the Hamiltonian approach.

Dirac analysis of constraints

From the Lagrangian (8.10) the Hamiltonian is seen to be

H0 = �

Z

I
du bi

⇣
X

0i + Lijz j � Eilu

⌘
+ lt

⇣
Eizi

⌘
, (8.13)

with pi = dL/dẊi = �zi the conjugate momenta for the field Xi, while
the conjugate momenta of all other fields are zero. The theory is therefore
constrained. We shall perform the analysis à la Dirac, and we provide a very
short and brief review of the procedure, but we refer to standard textbooks
for a detailed description of the procedure.
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Very brief review on Dirac theory of constraints

Shortly, we recall that primary constraints are those which emerge from
the Lagrangian, without using the equations of motion. They identify
a submanifold of the original carrier space of the dynamics, C1 ⇢ C0.
Secondary constraints are all subsequent constraints, obtained by the
request that primary constraints be preserved along the motion. They
further constrain the motion to some submanifold C2 ⇢ C1. The process
is iterated by imposing conservation of new constraints (tertiary, · · · ,
n-ary, · · · ) at each step, until the true manifold of the motion, Cn ⇢

Cn�1 ⇢ · · · ⇢ C0, is found. The term "secondary constraints" is then
used for all, except for primary constraints.
Dirac classification of constraints is yet another one, which is specific of
the Hamiltonian setting [159]. Here the carrier space of the dynamics is
the phase space, endowed with a Poisson bracket. At each step of the
reduction from the unconstrained phase space C0, the so called naive
Hamiltonian H0 is replaced by a new one, say Hi = H0 + aµcµ + bµGµ,
with {cµ} the primary constraints, and {Gµ} the secondary constraints
which have emerged up to the step i. The parameters aµ, bµ are also
referred to as Lagrange multipliers. The process ends when all con-
straints, say yµ, are conserved, namely ẏµ = {yµ, Hn} ' 0 on the
constrained manifold Cn. On considering the Poisson algebra of all
constraints, first class (primary and secondary) are those which close
a subalgebra, i.e. {yµ, yn} = f k

µnyk ' 0, whereas second class con-
straints obey {yµ, yn} = cµn, with cµn a non-degenerate matrix (second
class constraints are therefore in even number). Because of that, their
Lagrange multipliers, say dµ, may be completely determined accord-
ing to dµ = �cµn{yn, H0} as opposed to first class ones, which are left
undetermined, hence, give rise to gauge ambiguities.

We have primary constraints

pbi = 0, plu = 0, plt = 0 (8.14)

which have to be added to the Hamiltonian H0.
The unconstrained phase space of the model may be identified as the

infinite-dimensional manifold T⇤P(M ⇥ Rm
⇥ R ⇥ R) with P(N) denoting

the space of maps from the source space I = [0, 1] to some target N. The
configuration fields will be Xi : I ! M, bi : I ! Rm, i = 1 . . . m, and
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lt, lu : I ! R. It is possible to read off the non-zero Poisson brackets from
the first order action, which yields

{pi(u), Xj(v)} = d
j
i d(u � v) (8.15)

to which we have to add those related with the extended phase space

{pbi(u), b j(v)} = d
j
i d(u � v) (8.16)

{plt(u), lt(v)} = d(u � v) (8.17)

{plu(u), lu(v)} = d(u � v). (8.18)

By imposing that primary constraints be preserved along the motion, m + 2
new constraints are obtained

ṗbi = X0i + Lijz j � Eilu := Gbi

ṗlt = Eizi := Glt

ṗlu = Eibi := Glu .
(8.19)

Hence, the initial Hamiltonian H0 is itself a sum of constraints

H0 = �

Z
du

⇥
biGbi + ltGlt

⇤
. (8.20)

Let us compute their Poisson algebra. For secondary constraints we find

{Gbi(u),Gb j(v)} = �Lil ∂

∂Xl(u)
Gb j(v) + Ljl ∂

∂Xl(v)
Gbi(u) (8.21)

{Gbi(u),Glu(v)} = �Lil ∂

∂Xl(u)
Glu(v) (8.22)

{Gbi(u),Glt(v)} = �Lil ∂

∂Xl(u)
Glt(v) + El ∂

∂Xl(v)
Gbi(u) (8.23)

{Glt(u),Glu(v)} = �El ∂

∂Xl(u)
Glu(v). (8.24)

Before proceeding further, we assume, without loss of generality, that a basis
of vector fields on the target manifold M has been chosen such that the Reeb
vector field has non-zero component only along one of the basis elements,
say Ei = Edim and we shall indicate with a = 1, . . . m � 1 the remaining
directions. Thus we compute the remaining brackets, which yield

{pbi(u),Glu(v)} = E dimd(u � v) (8.25)

{plu(u),Gbi(v)} = �E dimd(u � v)) (8.26)
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with all other brackets strongly zero. By repeated use of Eqs. (7.3), (7.4) in
the chosen parameterization for the Reeb vector field as Ei = Edim, a tedious
but straightforward calculation gives an explicit expression for the Poisson
brackets (8.21)-(8.24), which read

{Gba(u),Gbb(v)} = Gbl ∂lLba
� Glt L

ba
' 0 (8.27)

{Gba(u),Glt(v)} = 0 (8.28)

{Gba(u),Gbm(v)} = Gbl ∂lLma
� Glt L

ma
� ELakzk ' �ELakzk (8.29)

{Gbm(u),Glt(v)} = Gbl ∂lE � Ed0(u � v) ' �Ed0(u � v) (8.30)

{Gba(u),Glu(v)} = �Glu ∂mLam
' 0 (8.31)

{Gbm(u),Glu(v)} = �bmLml∂lE (8.32)

{Glt(u),Glu(v)} = �Ebm∂mE = �Glu ∂mE ' 0. (8.33)

The chosen parametrization for the Reeb vector field is particularly useful
because it considerably simplifies the classification of constraints as first or
second class. By inspecting the rank of the matrix of Poisson brackets, it
is easy to verify that the latter is always equal to four. Therefore, we may
conclude that four out of 2m + 4 constraints are second class, i.e.,

plu pbm

Glu Gbm

. (8.34)

By evaluating the conservation of constraints with respect to the total Hamil-
tonian

H1 = H0 +
Z

du [aipbi + atplt + auplu ] (8.35)

we may verify that no new constraints arise, but some of the Lagrange mul-
tipliers get fixed, namely 2

am = bm = 0, au = baLakzk + ∂ult. (8.36)

The remaining 2m constraints,

pba , Gba , a = 1, . . . , m � 1
plt , Glt

(8.37)

2As for the Lagrange multiplier au, we notice that its value agrees with the equation of
motion for lu which has been derived in the Lagrangian formalism, (8.9).
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are first class, thus generating gauge transformations, with generating func-
tional given by the linear combination

K(ba, lt, at, aba) =
Z

du ltGlt + baGba + atplt + aba pba , a = 1, . . . , m � 1
(8.38)

where ba, lt, at, aba are gauge parameters.
First class constraints have zero Poisson brackets with the total Hamilto-

nian, with undetermined Lagrange multipliers. Hence, they generate canon-
ical symmetries, that is to say, gauge transformations. One main difference
with respect to the Poisson sigma model is that for the latter the whole Hamil-
tonian is a first class constraint, hence being itself the generating function of
gauge transformations. Here instead, the Hamiltonian contains second class
constraints as well, which have to be subtracted in order to get the gauge
generators.

In order to compute the algebra of gauge generators,
{K(b, lt, at, ab), K(b̃, l̃t, ãt, ãb)}, we notice firstly that primary constraints in
(8.38) may be ignored, because their Poisson brackets are strongly zero. Sec-
ondly, it is evident from Eq. (8.27) that, similarly to the Poisson sigma model,
the algebra will only close on-shell. Therefore, in order to obtain a closed al-
gebra off-shell we allow for the relevant gauge parameters to be functions of
the fields. More precisely, given (ba, lt) 2 C(I ! X⇤(T⇤M � R)) we allow
for ba = ba(u, X(u)), lt = lt(u, X(u)). Thus, we compute

{K(b, lt), K(b̃, l̃t)} =
Z

dudu0

h
{(baGa)(u), (b̃bGb)(u0)}

+ {(baGa)(u), (l̃tGt)(u0)}+ {(ltGt)(u), (b̃bGb)(u0)}

+ {(ltGt)(u), (l̃tGt)(u0)}
i
.

(8.39)
On using (8.15) , where zi = �pi we find

{(baGa)(u), (b̃bGb)(u0)} =
h
Gc

⇣
ba b̃b∂cLba

� baLaj∂j b̃c + b̃aLaj∂jbc

⌘

� Gtba b̃bLba
i
d(u � u0)

(8.40)
{(baGa)(u), (l̃tGt)(u0)} =

⇣
GaE l̃t∂mba � GtbaLaj∂jl̃t

⌘
d(u � u0) (8.41)

{(ltGt)(u), (b̃bGb)(u0)} =
⇣
Gt b̃bLbj∂jlt � GbElt∂m b̃b

⌘
d(u � u0) (8.42)

{(ltGt)(u), (l̃tGt)(u0)} = GtE(l̃t∂mlt � lt∂ml̃t)d(u � u0). (8.43)
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This yields

{K(b, lt), K(b̃, l̃t)}

=
Z

dudu0

h
Gc

⇣
ba b̃b∂cLba + Laj(b̃a∂jbc � ba∂j b̃c) + E

�
l̃t∂mbc � lt∂m b̃c

�⌘

+ Gt

⇣
ba b̃bLab + Laj(b̃a∂jlt � ba∂jl̃t) + E

�
l̃t∂mlt � l̃t∂ml̃t

�⌘ i
.

(8.44)
We now observe that a generalization of the Koszul bracket (6.30) is available
for Jacobi manifolds, which endows the set of sections of the 1-jet bundle J1M
with a Lie algebra structure [158, 160]. Given (a, f ), (b, g) sections of J1M,
namely a, b 2 W1(M), f , g 2 C(M), the bracket reads3

[(a, f ), (b, g)]

=
⇣�

L]Lab � L]Lba � d(L(a, b) + fLEb � gLEa � a(E)b + b(E)a)
�
,

�
{ f , g}J � L(d f � a, dg � b

�⌘

(8.45)
where ]La denotes the vector field obtained by contracting the bi-vector field
L with the one-form a; in local coordinates it reads: ]La = aiLij∂j. The
latter satisfies Jacobi identity, provided the manifold is a Jacobi manifold,
with { f , g}J the Jacobi bracket. Analogously to the Poisson sigma model, Eq.
(8.45) may be extended to maps from the interval I to sections of the 1-jet
bundle (a, f ) : I ! G(J1M), with the property a(0) = a(1) = 0, according to

[(a, f ), (b, g)](u) = [(a, f )(u), (b, g)(u)]. (8.46)

On computing the bracket (8.45) for (b, lt), (b̃, l̃t) a lengthy but straightfor-
ward calculation yields

[(b, lt), (b̃, l̃t)] = (b, lt) (8.47)

with

b =
⇣

Lij(bi∂j b̃k � b̃i∂jbk) + b̃ib j∂kLij + E(lt∂m b̃k � l̃t∂mbk)

+ E(b̃mbk � bm b̃k) + (lt b̃m � l̃tbm)∂kE
⌘

dXk (8.48)

lt = Lij(bi∂jl̃t � b̃i∂jlt � bi b̃ j) + E(lt∂ml̃t � l̃t∂mlt) (8.49)

3Vaisman shows in [158] that this is nothing but the Koszul bracket (6.30) defined for the
associated “Poissonized" manifold (M ⇥ R, P), with respect to which the algebra of sections
of J1M is closed.
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Therefore, by taking into account the second class constraints, which enforce
bm = b̃m = 0, the RHS of the Poisson bracket (8.44) may be stated in terms
of (8.48),(8.49) to give

{K(b,lt), K(b̃,l̃t)
} = �K[(b,lt),(b̃,l̃t)]

. (8.50)

Notice that, for ba = ∂alt and analogous expression for b̃a, the latter further
reduces to

{K(b,lt), K(b̃,l̃t)
} = �K(d{lt,l̃t}J ,{lt,l̃t}J)

(8.51)

which is the particular case considered in [69]. The mapping f ! et(d f +
f dt) with f 2 C•(M) is a Lie algebra homomorphism from the Jacobi alge-
bra of M to G0(M) defined in (8.3).

To summarize, the model exhibits first class constraints, which generate
gauge transformations. Differently from the Poisson sigma model, second
class constraints are present, which have to be dealt with, before analyz-
ing the algebra of gauge generators. Thanks to the bracket (8.45) the map
(b, lt) ! K(b, lt) is a Lie algebra homomorphism. Moreover, because of the
homomorphism stated at the end of last paragraph, time-space diffeomor-
phisms may be explicitly related with the Hamiltonian vector fields associ-
ated with lt (resp. lu) through the Jacobi bracket (see [88] for details).

It is to be noticed that, because of the presence of second class constraints,
the Hamiltonian vector fields generating infinitesimal gauge transformations
are not directly associated with the Hamiltonian, but rather with the func-
tional K(b,lt). They shall be explicitly worked out in the forthcoming section.

The reduced phase space

Since the model is gauge invariant under the action of the gauge transforma-
tions generated by the flows of the Hamiltonian vector field associated with
the functional K, we can define the reduced phase space as the quotient space
C/H, where H is the gauge group and C is the constraint manifold. Accord-
ing to Sec. 8.1.1 the former is an infinite-dimensional manifold, which after
the imposition of all constraints results to be labelled by 2m fields. We choose
to parametrize the manifold with Xi, za, lu. The quotient manifold C/H is
finite-dimensional, as it follows from the following

Theorem 8.1.1. Let (Xi, za, lu) 2 C. The subspace of T(Xi,za,lu)C spanned
by the Hamiltonian vector fields xb,lt is a closed subspace of codimension
2dim(M)� 2.
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Proof. Let us consider the subspace S(Xi,za,lu) of T(Xi,za,lu)C spanned by the
Hamiltonian vector fields xb,lt , associated with the functional K(b, lt), gen-
erating infinitesimal gauge transformations. The map (b, lt) ! xb,lt , explic-
itly given by

dxK Xi := {K(b, lt), Xi
} = Liaba � Edi

mlt (8.52)

dxK za := {K(b, lt), zi} = �(ba)
0 + bb∂aLbkzk + ltzm∂aE (8.53)

dxK zm := {K(b, lt), zm} = bb∂mLbkzk + ltzm∂mE (8.54)

dxK lu := {K(b, lt), lu} = 0 (8.55)

is linear. However, on the constraint manifold C, the last terms in the r.h.s.
of (8.53) and (8.54) vanish because zm = 0, moreover, ∂mLbkzk = ∂mLbczc

which is zero because of eq. (7.1). Therefore, the non-zero components of the
map on the constraint manifold are given by

x i
1 = Liaba � Edi

mlt (8.56)

x2,a = �(ba)
0 + bb∂aLbkzk. (8.57)

The kernel of this linear map is empty, showing that the map is injective. To
this, we have to impose that Eqs. (8.56), (8.57) be zero. The second condition
yields a homogeneous linear first order ODE with initial condition b(0) = 0,
hence, b vanishes identically. The first one is instead an algebraic relation
for which, by using the solution b = 0 we have Edi

mlt = 0 and since the
Reeb vector field is nowhere vanishing it has to be lt = 0. Hence, the map is
injective.

Let us, therefore, consider the image space. The tangent vector (X̃i, z̃a), to
a point (Xi, za, lu) 2 C is the solution of the linearized constraint equations

X̃0i +
⇣

Aj
i
� ∂jEdimlu

⌘
X̃j + Libz̃b = 0. (8.58)

where we defined Aj
i = ∂jLikzk. The tangent field has no component l̃u

because of the constraint Gbm . If (X̃, z̃) is an Hamiltonian vector field, and
thus it is in the image of x, then it has to be

X̃i = Libbb � Edimlt, (8.59)

z̃a = �(ba)
0 + Aa

bbb. (8.60)
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The former have to hold at each u, which implies in particular (X̃, z̃) is in the
image of x if

X̃i(0) + E(X(0))dimlt(0) = 0.

If we introduce the matrix V = P̂ exp[�
R

A du] as the path-ordered expo-
nential of A, i.e. the solution of the differential equation

8
<

:
(Vj

i )
0 = �Vk

i (u)Ak
j(u)

Vj
i (0) = d

j
i ,

(8.61)

then Eq. (8.60) can be rewritten in the form

z̃a(u) = �(V�1(u))c
a ∂u[V(u)b

c bb(u)]. (8.62)

From this equation we can define the m � 1 functions

pa(u) :=
Z u

0
dvV(v)b

az̃b(v) = �

Z u

0
∂v[V(v)b

abb(v)], (8.63)

from which it follows that
Z

I
du V(u)b

az̃b(u) = 0.

Hence, we conclude that if (X̃, z̃) is in the image of x, then we have

X̃i(0) + Edim(X(0))lt(0) = 0,
Z

I
du V(u)b

az̃b(u) = 0. (8.64)

Now, it is important to notice that these conditions yield 2m � 2 invariants
and not 2m � 1 as it appears. Indeed, in the chosen parametrization for the
Reeb vector field, the first equation in (8.64) amounts to

X̃a(0) = 0, X̃m(0) = �lt(0). (8.65)

However, the second relation is not gauge invariant and does not fix the m �

th component of X̃, lt(0) not being fixed to assume any particular value.
Therefore, the first of Eqs. (8.64) yields m � 1 invariant conditions. The final
count of invariant conditions is then 2m � 2.

Vice versa, if we now consider (X̃, z̃) as a tangent vector at the point
(X, z, lu) 2 C satisfying Eq. (8.64), then we show that this tangent vector
is Hamiltonian if we choose ba = �(V�1)b

a pb = �(V�1)b
a
R u

0 dv V(v)c
bz̃c(v).
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To verify the statement, let us define the vector field

Yi(u) = Lib(u)bb(u)� E(u)dimlt(u), (8.66)

satisfying the boundary condition Yi(0) = �E(0)dimlt(0), with the choice

ba = �(V�1)b
a

Z u

0
dv V(v)c

bz̃c(v). (8.67)

We will now check directly that Y satisfies the same ODE as X̃ with the same
boundary condition, namely it is a tangent vector field. The derivative of Eq.
(8.66) with respect to u yields:

Y0i = �∂kLibX0k(V�1)c
b

Z u

0
dvVa

c z̃a � Lib


∂u(V�1)c
b

Z u

0
dvVa

c z̃a + (V�1)c
bVa

c z̃a

�

+ ∂kEdimX0klt + Ediml0
t.

By means of Eq. (8.9) with l̇u = {K(b, lt), lu} = 0, namely l0
t = �Lijbiz j

and the constraint equation X0i = �Libzb + Edimlu we arrive at

Y0i = bbzc

⇣
Lkc∂kLib + Lik∂kLcb

� EdimLbc
⌘
� Libz̃b

� ∂kEdimLkbzblt � E∂m

⇣
Libbblu � Edimltlu

⌘
.

where we have substituted the defining equation for V (8.61) and the explicit
form of b Eq. (8.67) . Now using the Schouten bracket (7.3) we obtain

Y0i = �∂kLibzbYk
�Libz̃b + ∂kEdimluYk +

⇣
∂mLbi

E � ∂kEdimLkb
⌘
(zblt + bblu) .

Further implementing LEL = 0 we have finally

⇣
∂mLbi

E � ∂kEdimLkb
⌘

zblt = 0.

The same can be shown for the last term proportional to lu, so we have
finally that Y satisfies the linearized constraint in Eq. (8.58) with the same
boundary condition.

To conclude, we have proven that the image of x is the subspace spanned
by xb,lt modulo the 2m � 2 conditions (8.64), i.e. it is a closed subspace of
co-dimension 2m � 2.

Therefore, similarly to the Poisson sigma model, the constraint manifold
quotiented by gauge transformations results to be finite-dimensional, but of
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dimension equal to 2m � 2, with m the dimension of the target Jacobi mani-
fold.

8.1.2 Poissonization

In this section we review the almost 4 one-to-one correspondence between
the Jacobi sigma model described in the previous sections and the reduced
model which may be obtained on the Jacobi manifold after Poissonization.

The idea in [88] was to formulate a Poisson sigma model with target (M⇥

R, P) P being the Poisson tensor described in Theorem 7.1.1, and project its
dynamics down to M. Fig. 8.1 illustrates schematically the procedure.

(M,⇤, E)

(M ⇥ R, P )
Poisson sigma model

Poissonization

M -projected model

⇡

(M,⇤, E)

Jacobi sigma model

FIGURE 8.1: Diagrammatic summary of the reduction of the
dynamics from the Poisson sigma model to the Jacobi sigma

model.

For this purpose, let us consider the Poisson sigma model with target space
the Poisson manifold (M ⇥ R, P) and Poisson structure P = e�X0

⇣
L + ∂

∂X0
^ E

⌘

defined in terms of the structures of the embedded Jacobi manifold (M, L, E)
and X0 2 R, according to Theorem 7.1.1. The field configurations are then
(X, h), with XI = (Xi, X0) : S ! M ⇥ R the usual embedding maps and
h 2 W1(S, X⇤(T⇤(M ⇥ R))), hI = (hi, h0). Capital indices I = 0, · · · , m la-
bel coordinates over the Poisson manifold M ⇥ R, while lowercase letters

4The reason for the term ’almost’ is explained in the last paragraph of this section.
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i = 1, · · · , m shall be reserved to the Jacobi manifold M. The Poisson bi-
vector field in a coordinate basis {∂/∂XI

} can be written explicitly as

PI J = e�X0

0

BBBBBBBBB@

�E1

Lij ...

�Em

E1
· · · Em 0

1

CCCCCCCCCA

, (8.68)

with P = PI J∂I ^ ∂J and E = Ei∂i.
By splitting the equations of motion, (6.3) and (6.4) in terms of target co-

ordinates adapted to the product manifold, one obtains:

dXi + e�X0
⇣

Lijhj � Eih0

⌘
= 0 (8.69)

dX0 + e�X0
Eihi = 0 (8.70)

dhi +
1
2

e�X0
∂iLjkhj ^ hk + e�X0

∂iEjh0 ^ hj = 0 (8.71)

dh0 �
1
2

e�X0
Ljkhj ^ hk � e�X0

Ejh0 ^ hj = 0. (8.72)

We now consider the immersion i : M ,! M ⇥ R through the identification
of M with M ⇥ {0}. The reduced dynamics on M is thus obtained by posing
X0 = 0. This yields

dXi + Lijhj � Eih0 = 0

Eihi = 0

dhi +
1
2

∂iLjkhj ^ hk + ∂iEjh0 ^ hj = 0

dh0 �
1
2

Ljkhj ^ hk = 0.

(8.73)

On identifying h0 with p⇤l, p : M ⇥ R ! M being the projection map,
it is immediate to verify that the reduced dynamics coincides with the one
obtained from the action functional in Eq. (8.4).

However, it is important to remark that the two models are not com-
pletely equivalent. In fact, the reduced sigma model inherits an additional
boundary condition for the field lt which comes from h0|∂S = 0 for the
Poissonized sigma model. More precisely, upon performing the splitting of
the world-sheet as S = R ⇥ I the additional boundary condition requires
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lt|∂I = 0 other than b I = 0, a condition which is unnecessary for the model
described by the action (8.4). This makes a difference in the analysis of the
gauge transformations of the two models, although it is always possible to
add this condition by hand if one wants to recover a complete equivalence
between the two models.

8.2 Contact and LCS manifolds

In this section we will consider in some detail two main classes of target
spaces for the Jacobi sigma model, that is contact and locally conformal sym-
plectic manifolds. As a first application, we shall show that for both cases
an interesting result can be stated, which concerns the possibility of integrat-
ing out the auxiliary momenta and obtain a second order formulation of the
action functional, solely expressed in terms of the embedding maps Xi and
their derivatives. As we already recalled in Sec. 6.1, for the Poisson sigma
model this is possible only when the target space is a symplectic manifold.
In that case the Poisson bivector can be inverted and the equations of motion
can be solved for h. We shall see in the following that the situation is different
for the Jacobi sigma model, both for contact and LCS target.

8.2.1 Integration on contact manifolds

Let us start by considering M as a (2n + 1)-dimensional contact manifold
with contact one-form J satisfying J ^ (dJ)n

6= 0 at every point. The Jacobi
structure can then be obtained from (7.12), or, equivalently, (7.13)-(7.14).

Let us consider the equations of motion, represented by (8.5)-(8.7), (8.9).
Thanks to the relations satisfied by the contact form, Eqs. (7.13), (7.14) , the
former can be solved for h and l. In fact, on multiplying (8.5) by Ji and
summing, we obtain

Ji(dXi + Lijhj � Eil) = JidXi
� l = 0, (8.74)

from which
l = JidXi. (8.75)

In order to obtain h we multiply (8.5) by (dJ)`i, and sum over i. Again, using
the properties of the contact form we find

dJ`i(dXi + Lijhj � Eil) = (dJ)`idXi + d
j
`hj = 0, (8.76)
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from which we obtain
hi = (dJ)ijdXj. (8.77)

Thus, we may conclude that the auxiliary fields can be completely integrated
out. Substituting (8.75)-(8.77) back into the action (8.4) we find the following
second order action

S2 = �
1
2

Z

S
(dJ)ij dXi

^ dXj = �
1
2

Z

S
X⇤(dJ), (8.78)

where in the second equality we have restored the pull-back map in order to
highlight the geometric content. The exterior derivative of the contact one-
form takes the role of the B-field, which turns out to be closed for contact
manifolds. Despite the analogy with the symplectic case, the latter can only
be non-degenerate when appropriately restricted to submanifolds of the tar-
get space.

Topological Jacobi sigma model on SU(2)

As a main example of the model described so far, we consider the target
space to be the group manifold of SU(2), bearing in mind that the procedure
may be adapted to any three-dimensional semisimple Lie group. The group
manifold is diffeomorphic to the sphere S3. The contact one-form may be
chosen among the basis left-invariant (resp. right-invariant) one-forms of the
group, say qi defined through the Maurer–Cartan one-form `�1d` = qiei 2

W1(SU(2), su(2)), with ` 2 SU(2), ei = isi/2 the Lie algebra generators and
si the Pauli matrices. Let us choose, to be definite, the contact one form to be
J = q3. The latter defines a Jacobi bracket according to Eq. (7.11) it being

J ^ dJ = W (8.79)

with W = q1
^ q2

^ q3 the volume form on the group manifold. Therefore, the
Reeb vector field and the bivector field L are easily determined by solving
the equations

iEJ = 1, iEdJ = 0, (8.80)

iLJ = 0, iLdJ = 1. (8.81)

We obtain
E = Y3 L = Y1 ^ Y2 (8.82)
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with Yi, i = 1, .., 3 the left invariant vector fields on the group manifold, which
are dual the the one-forms qi by definition. Hence, the Reeb vector field is
constant and orthogonal to the distribution spanned by the bivector field L.
The action functional of the model is given by

S[f, (h, l)] =
Z

S
hh, f⇤(g�1

dg)i+
1
2
hh, (L � f)hi+ l ^ (E � f)h (8.83)

with field configurations f, (h, l), f : S 3 (t, u) ! g 2 G and (h, l) 2

W1(S, f⇤(T⇤G � R)). We have chosen in this specific example to distinguish
the exterior derivative d on the target manifold from the one on the source,
d. We recall the boundary condition h(u)v = 0, u 2 ∂S, v 2 T(∂S).

The map h , i establishes a pairing between differential forms on S with
values in the pull-back f⇤(T⇤G) and differential forms on S with values in
f⇤(TG).

On identifying the tangent space TG with G ⇥ g and T⇤G with G ⇥ g⇤ we
may write

f⇤(g�1
dg) = (g�1∂tg)ieidt + (g�1∂ug)ieidu = Ai(t, u)eidt + Ji(t, u)eidu

(8.84)
where we have introduced the notation

(g�1∂tg)i = Ai, (g�1∂ug)i = Ji (8.85)

with {ei} a basis in the Lie algebra. Analogously

h = htjejdt + hujejdu := b jejdt + z jejdu (8.86)

l = ltdt + ludu (8.87)

with htj = b j, huj = z j and {ei
} a dual basis in g⇤. Then the action is rewritten

as

S[g, (h, l)] =
Z

S
hi ^ f⇤(g�1dg)i +

1
2

Lijhihj + l ^ Eihi

=
Z

S
d2u

⇣
bi Ji

� zi Ai + Lijbiz j + ltEjz j � luEjb j

⌘
(8.88)

and we have renamed the map f with g, to simplify the notation.
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Let us now derive the equations of motion. By varying the action with
respect to the fields z, b, g, lt, lu we find

Aj = �Ljl bl + ltEj (8.89)

J j = �Ljlzl + luEj (8.90)

∂tz j = �(bk Jl
� zk Al)ck

lj + ∂ub j (8.91)

Ejz j = Ejb j = 0 (8.92)

where we have used, to derive the third equation,

(dJ)j = (g�1∂ug)l(g�1dg)kcj
lk + ∂u(g�1dg)j (8.93)

(dA)j = (g�1∂tg)l(g�1dg)kcj
lk + ∂t(g�1dg)j (8.94)

and cj
lk are the structure constants of the Lie algebra su(2). Let us notice that,

with the parameterization chosen for the source manifold S, the evolutionary
equations are the first and the third one, involving time derivatives, whereas
the others are constraints.

In order to make contact with Eqs. (8.5)-(8.7) previously derived for a
generic target space, we may write Eqs. (8.89)-(8.92) in compact form

f⇤(g�1
dg)j + Ljlhl � lEj = 0 (8.95)

dhj + hk ^ f⇤(g�1
dg)lck

lj = 0 (8.96)

Ejhj = 0. (8.97)

The first and last one match respectively Eqs. (8.5), (8.7), once we have identi-
fied Xi with the local coordinates describing the map f in a chart. The second
equation needs an intermediate step: we obtain f⇤(g�1

dg)j from (8.95) and
replace it in (8.96). We find

dhj + hk ^
⇣
�Llmhm + lEl

⌘
ck

lj = 0. (8.98)

Then, we observe that

Llmck
lj =

1
2
(LYj L)mk and Elck

lj = �(LYj E)
k (8.99)

so that Eq. (8.98) becomes

dhj +
1
2
(LYj L)kmhk ^ hm � (LYj E)

khk ^ l = 0 (8.100)
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and this is exactly Eq. (8.6).
The Lagrangian may also be recast in the following form

L[g, h, l] =
Z

I
du

h
�zi Ai + bi

⇣
Ji + Lijz j � luEi

⌘
+ ltEjz j

i
(8.101)

with Ai playing now the role of velocities. The action is already in its first
order form, with Hamiltonian

H0 = �

Z
du

h
bi

⇣
Ji
� Lijpj � luEi

⌘
+ ltEjz j

i
(8.102)

and
pi =

dL
dAi = �zi (8.103)

being the only non-zero momenta, whereas

pbi = plt = plu = 0. (8.104)

The latter are primary constraints, which we add to the Hamiltonian to get

H1 = �

Z
du

h
bi

⇣
Ji
� Lijpj � luEi

⌘
+ ltEjz j + auplu + atplt + abi pbi

i
.

(8.105)
In view of performing the Dirac analysis of constraints, the unconstrained
phase space of the model may be identified as the infinite-dimensional man-
ifold T⇤(P(G ⇥ Rm

⇥ R ⇥ R)), with PM denoting the space of maps from
the source space S to the target manifold M. The configuration fields will be
g : S ! G, bi : S ! Rm, i = i . . . m and lu, lt : S ! R . Then, we read off
the non-zero Poisson brackets from the canonical one-form

Q =
Z

I
du pif

⇤(g�1
dg)i (8.106)

and its exterior derivative

W = dQ =
Z

I
dpi ^ f⇤(g�1

dg)i
� pici

jkf⇤(g�1
dg)j

^ f⇤(g�1
dg)k. (8.107)

This yields the non-zero Poisson brackets to be

{pi(u), pj(v)} = ck
ijpkd(u � v) (8.108)

{pi(u), g(v)} = igsid(u � v) (8.109)

{g(u), g̃(v)} = 0 (8.110)
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(in particular {pi, J j
} = Jkcki

jd(u � v)+d
j
i d

0(u � v) ), to which we add those
on the extended phase space

{pbi(u), b j(v)} = di
jd(u � v) (8.111)

{plt(u), lt(v)} = d(u � v) (8.112)

{plu(u), lu(v)} = d(u � v). (8.113)

Adapting the analysis of constraints to the present case, we find the sec-
ondary constraints

Glu = �biEi = �b3 (8.114)

Glt = �piEi = �p3 (8.115)

Gbi = Ji
� Lijpj � ludi

3 (8.116)

whose algebra yields

{Gba(u),Gbb(v)} = eabGlt(u)d(u � v) (8.117)

{Glt(u),Gba(v)} = eabGbb(u)d(u � v) (8.118)

{Glt(u),Gb3(v)} = �d0(u � v) (8.119)

{Gba(u),Gb3(v)} = Ja(u)d(u � v) (8.120)

{Gbi(u), plu(v)} = di3d(u � v) (8.121)

{Glu(u), pbi(v)} = di3d(u � v) (8.122)

all others being zero. Therefore, from imposing the conservation of sec-
ondary constraints, we obtain

Ġlu = ab3 (8.123)

Ġba = b3 Ja
� eab(bbGlt + ltGbb) (8.124)

Ġb3 = ba Ja
� au + ∂ult (8.125)

yielding
ab3 = b3 = 0; au = ba Ja + ∂ult. (8.126)

In agreement with the general results of Sec. 8.1.1, we can conclude that, out
of the 2n + 4 = 10 constraints of the model, four of them are second class,
namely

Glu , plu , Gb3 , pb3 . (8.127)
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The dynamics is retrieved by the total Hamiltonian H1, with canonical Pois-
son brackets (8.108)-(8.113) and some of the Lagrange multipliers fixed by
Eq. (8.126)

H1 =
Z

du
⇥
baGba + ltGlt + auplu + atplt + aba pba

⇤
, a = 1, 2. (8.128)

It may be easily verified that the algebra of gauge generators

K(b, lt) =
Z

du
⇥
baGba + ltGlt + atplt + aba pba

⇤
, a = 1, 2. (8.129)

closes according to Eq. (8.50).
To close this section we apply the results of 8.2.1 to the case of SU(2) for

the integration of the fields h and l. The resulting action is here adapted as

S2 = �
1
2

Z

S
hdJ, (g�1dg) ^ (g�1dg)i, (8.130)

and by writing dJ explicitly we have

S2 = �
1
2

Z

S
eab(g�1dg)a

^ (g�1dg)b =
Z

S
d2u eab Aa Jb, (8.131)

with degenerate B-field Bab = eab, all other components being zero.

8.2.2 Integration on locally conformal symplectic manifolds

Let us now consider a 2n-dimensional locally conformal symplectic manifold
M with the non-degenerate two-form w and closed one-form a satisfying
(7.6), or equivalently, and especially useful for our purposes, (7.7). We have
from the latter

L = w�1, Ei = (w�1)ijaj. (8.132)

Therefore, by multiplying (8.5) with (w)`i we arrive at

(w)`i(dXi + Lijhj � Eil) = w`jdXj + h` � a`l = 0, (8.133)

so that h can be written as

h` = �w`jdXj + a`l. (8.134)

Note that in this case, differently from contact manifolds, it is not possible
to explicitly decouple h and l. However, on substituting (8.134), together
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with the second of Eqs. (8.132) into the action functional, after a few simple
manipulations it is possible to verify that the terms proportional to l simplify
out and we are left with

S2 =
Z

S
wij dXi

^ dXj =
Z

S
X⇤(w), (8.135)

where we have restored the pull-back map in the second equality. Note that
this is formally of the same form as (8.78) and of the A-model but it differs
from both cases. In particular, the role of the B-field is represented by the
two-form w which is non-degenerate and it is not closed since it satisfies
(7.6), so in this case there is place for fluxes on the target. Obviously, if a = 0
the manifold M becomes a symplectic manifold and the theory reproduces
the original A-model as a particular case.

The two models considered in this section are new to our knowledge; they
cannot be obtained from the Poisson sigma model, unless adding additional
degrees of freedom, and fully rely on the underlying Jacobi geometry of the
target. The LCS model is especially interesting with respect to its property of
being equivalent to a Lagrangian model on the tangent manifold TPM with
a two form which is neither degenerate nor closed. In next section we shall
see a dynamical generalization of Jacobi sigma models, where this issue will
be discussed again.

8.3 Dynamical Jacobi

In this section we consider a non-topological extension of the Jacobi sigma
model which generalizes the approach proposed in [95] for the Poisson sigma
model. As we already briefly discussed in Sec. 6.1, it is possible to add a
simple non-topological term to the Poisson sigma model action, which is just
a Casimir function on the target manifold, so that it does not spoil the gauge
invariance. However, another modification is possible, which might have
interesting string applications, in which a dynamical term containing both
the metric on S and on M is considered.

The action for the dynamical model gets modified with respect to the
topological action analyzed so far, according to:

S(X, h, l) =
Z

S


hi ^ dXi +

1
2

Lij(X) hi ^ hj � Ei(X) hi ^ l +
1
2
(G�1)ij(X) hi ^ ?hj

�
,

(8.136)
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where the metric on the worldsheet S, g = diag(1,�1), is implemented via
the Hodge star operator ?, while G is a metric tensor on the target Jacobi
manifold M.

Since G is non-degenerate by definition, this allows us to integrate the
auxiliary fields for a generic Jacobi manifold M so to obtain a Polyakov string
action for the embedding maps X, as we will see. In fact, the new equations
of motion are

dXi + Lijhj � Eil + (G�1)ij ? hj = 0, (8.137)

dhi +
1
2

∂iLjkhj ^ hk � ∂iEjhj ^ l +
1
2

∂i(G�1)jkhj ^ ?hk = 0, (8.138)

Eihi = 0. (8.139)

Being G naturally non-degenerate we can solve (8.137) for ?h,

? hj = �Gij

⇣
dXi + Likhk � Eil

⌘
(8.140)

and obtain h by applying the Hodge star to the latter

hp = �(M�1)j
pGij

⇣
?dXi

� LikG`kdX` + LikG`kE`l � Ei ? l
⌘

, (8.141)

with Mp
j = dp

j � GjiLikGk`L`p a symmetric matrix, which we may assume
to be non-degenerate irrespective of the rank of L. The action becomes then

S(X, l) =
Z

S


1
2
(M�1)p

iGjp dXi
^ ?dXj

�
1
2
(M�1)p

iG`pL`kGjk dXi
^ dXj

�
1
2
(M�1)p

iG`pL`kGmkEml ^ dXi +
1
2
(M�1)p

iG`pE` ? l ^ dXi
�

.

(8.142)
In order to integrate out the remaining auxiliary field, l, we use the inner
product on the space of one-forms,

Z

S
?l ^ dX = �

Z
l ^ ?dX, (8.143)

so that (8.142) l becomes nothing more than a Lagrange multiplier imposing
the geometric constraint

(M�1)i`

⇣
L`kGmkEmdXi + E` ? dXi

⌘
= 0. (8.144)
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This finally leads to the result that the term proportional to l vanishes on-
shell and we are left with the second order action

S =
Z

S

h
gijdXi

^ ?dXj + BijdXi
^ dXj

i
(8.145)

where the metric g and the B-field are defined in terms of G and M according
to:

gij = Gjp(M�1)p
i, Bij = Gik(M�1)p

jGp`L`k. (8.146)

To summarize, we have obtained a non-linear sigma model action, with tar-
get space a Jacobi manifold, represented by Eq. (8.145). The Jacobi bivector
field L enters the definition of the metric and the B-field, while the Reeb vec-
tor field E is part of the constraint equation (8.144).

8.3.1 Dynamical model on SU(2)

To give an example of the Polyakov action obtained in (8.145) we consider
again the SU(2) group manifold as target, so to obtain the dynamical com-
pletion to the topological model already considered in Sec 8.2.1. In particular,
as a metric tensor on the target we introduce the natural Cartan–Killing met-
ric on SU(2): Gij = dij. By using Gij = dij and Lij = e3ij, the metric g and
B-field are then obtained from (8.146) as

gij = hij = dij �
1
2

eik3dklejl3, Bij = �
1
2

e3ij, (8.147)

so to have

S =
Z

S


hij(g�1dg)i

^ ?(g�1dg)j
�

1
2

e3ij(g�1dg)i
^ (g�1dg)j

�
. (8.148)

From the analysis of the previous section we know that this action has to be
complemented with the geometric constraint in Eq. (8.144), i.e. in this case

(g�1dg)3 = 0. (8.149)

It is interesting to note the form of the background metric h in (8.147). This
metric has been already obtained in the context of Poisson–Lie duality of
SU(2) sigma models in Chapter 5 as a non-degenerate metric for the group
manifold of SB(2, C), the Borel subgroup of SL(2, C) of upper triangular ma-
trices with complex elements with real diagonal and unit determinant. The
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latter plays the role of the Poisson-Lie dual of SU(2) in the Manin triple de-
composition of the group SL(2, C). Therefore, it is an interesting question
to understand the possible relation between the two models. Interestingly,
Poisson-Lie groups are discussed in [92] in relation with Jacobi structures.
Furthermore, Poisson sigma models have already been analyzed in relation
with Poisson-Lie duality [156].
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9 Conclusion

9.1 Conclusions

In this thesis we have reviewed and discussed mathematical and physical
aspects of sigma models in the particular framework of geometry and duali-
ties.

Initially, we have discussed the fundamental aspects of Poisson geome-
try, which is necessary to define the Poisson sigma model, and especially we
introduced the concept of Poisson-Lie groups and Drinfel’d doubles, which
are of central importance for Poisson-Lie T-duality. Then, we introduced the
concept of T-duality from the scratch, giving a general understanding of all
the types: Abelian, non-Abelian and Poisson-Lie T-duality. The latter rep-
resents a genuine generalization, since it does not require isometries at all,
while Abelian and non-Abelian cases can be obtained as particular instances.
In the second part of the thesis we introduce the Poisson sigma model, a
topological sigma model which was first introduced in relation with two-
dimensional field theories with non-trivial target space, e.g. gauge and grav-
ity models, as well as gauged WZW models. One interesting feature of the
model is its intimate relation with the geometry of the target space. Indeed,
it makes it possible to unravel mathematical aspects of such manifolds by
employing techniques from field theory. Then, we reviewed the geometry of
a Jacobi manifold, which is a natural generalization of the Poisson manifold
(see [161, 162] for another example of generalization), in which the vanishing
of the Schouten bracket for the bivector is violated, although in a controlled
way, by the introduction of the Reeb vector field. In particular, this viola-
tion can be considered as an example of twisted Poisson bracket [138, 163–
165] (see also [166] and references therein). Since the Poisson sigma model is
intimately related with the geometry of Poisson sigma models, generalizing
this model gives the opportunity to extend such geometric aspects of sigma
models to the more general Jacobi manifolds.

The bulk of the novel results of this thesis are in Chapters 5 and 8.
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In Chapters 5 we focused on duality aspects. In particular, since the ap-
propriate geometric setting to investigate issues related to Poisson-Lie dual-
ity is that of dynamics on group manifolds, in this thesis we have considered
sigma models on Lie groups. We started by considering the dynamics of the
three-dimensional isotropic rigid rotator described as a (0 + 1)-dimensional
sigma model with the group manifold of SU(2) as target space. We also
considered its dual model on the group SB(2, C), which is Poisson-Lie dual
to SU(2), in the spirit of outlining their connection with Poisson-Lie sigma
models. We have analyzed the two models from the Poisson-Lie duality
point of view and we built a doubled generalized model with TSL(2, C) as
carrier space. This was done with the purpose of exploring more deeply the
relations between Poisson-Lie symmetries, Double Geometry and General-
ized Geometry in a particularly simple system so that the framework could
be more easily and explicitly understood. However, the isotropic rigid ro-
tator is just a toy model, representing a sigma model in (0 + 1) dimensions,
which was useful however to pave the way to the analysis of its true field
theory generalization, which is the principal chiral model. The latter is a
(1 + 1)-dimensional sigma model which,while being modeled on the IRR
system, certainly exhibits interesting properties under duality transforma-
tions. In this thesis we only gave a general description of the model but we
have not explicitly showed its features, which were obtained in [67]. This
is because we analyzed a way more general model, which is the so-called
Wess-Zumino-Witten model, that we intend as a principal chiral model with
the addition of a topological term called the Wess-Zumino term.

Starting from a canonical generalization of the Hamiltonian picture asso-
ciated to the WZW model with SU(2) target configuration space, which con-
sists in describing the dynamics of the model in terms of a one-parameter
family of Hamiltonians and SL(2, C) Kac-Moody algebra of currents, we
have highlighted the Drinfel’d double nature of the phase space, by introduc-
ing a further parameter both in the Hamiltonian and in the Poisson algebra.
Our first result has been to show the Poisson-Lie symmetry of the model.
Then, by performing a duality transformation in target phase space, we have
been able to obtain a two-parameter family of models which are Poisson-Lie
dual to the previous ones by construction. The two families share the same
target phase space, the group manifold of SL(2, C), but have configuration
spaces which are dual to each other, namely SU(2) and its Poisson-Lie dual,
SB(2, C). Although they have not been derived from an action principle, it
has been shown that it is possible to exhibit an action, by means of an inverse
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Legendre transform which involves the symplectic form and the Hamilto-
nian. As a natural step, we have investigated the possibility of defining a La-
grangian WZW model with target tangent space TSB(2, C). Being the group
SB(2, C) not semi-simple, the problem of defining a non-degenerate prod-
uct on its Lie algebra has been addressed, and a solution has been proposed.
Once accomplished the Lagrangian picture, we have derived the Hamilto-
nian description on the cotangent space T⇤SB(2, C). We have shown that,
although its current algebra is obtained as a particular limit (a ! 0, with a

a deformation parameter) of the SL(2, C) Kac-Moody algebra related to the
dual family, it is not possible to obtain the Hamiltonian in the same limit,
through a continuous deformation of phase spaces. It is however possible to
define on T⇤SB(2, C) a new Hamiltonian in terms of an alternative O(3, 3)
metric. Such a model can be related to the dual family of SL(2, C) models if
one first performs a deformation of the dynamics and then the limit a ! 0.
It is interesting to notice that such a connection relies on the presence of the
WZ term, and the whole construction loses significance if the WZ term is
not present. A diagrammatic summary of the different models with corre-
sponding relations is depicted in Fig. 5.1. Having introduced a well-defined
WZW action on SB(2, C) we have analyzed the geometry of the target space
as a string background solution. This is a non-compact Riemannian hyper-
surface, whose metric is induced by a Lorentzian metric. The B-field and
its flux have been calculated as well. Finally, we have addressed the possi-
bility of making manifest the SL(2, C) symmetry of both families of WZW
models, by doubling the degrees of freedom and introducing a parent action
with target configuration space the Drinfel’d double SL(2, C). A doubled
Hamiltonian formulation has been proposed, such that a restriction to either
subgroup, SU(2) or SB(2, C), leads to the Hamiltonian formulation of the
two sub-models.

Looking for more geometrical properties of sigma models, as well as fur-
ther generalization of the framework used for Poisson-Lie T-duality, we have
then defined and analyzed a two-dimensional sigma model with target space
a Jacobi manifold, as a natural generalization of a Poisson sigma model. It
is a two-dimensional topological sigma model, being also a non-linear gauge
theory describing strings moving on a Jacobi background. It can be related
to a field theory with a higher dimensional target, which is a Poisson sigma
model for the ‘Poissonized’ manifold M ⇥ R.

The so called Poissonization procedure consists in the construction of a
homogeneous Poisson structure on M ⇥ R from the Jacobi structure on the
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Jacobi manifold M. The two models may be seen to yield the same dynam-
ics, after reduction, provided we impose extra constraints at the boundary.
We have analyzed the canonical formulation of the model, which exhibits
first and second class constraints, with the former generating gauge transfor-
mations. Interestingly, it is possible to establish an homomorphism between
the algebra of gauge transformations and the algebra of sections of the 1-jet
bundle J1M , which generalizes an analogous result for the Poisson sigma
model, where the role of J1M is played by T⇤M. The reduced phase space
of the model, which is obtained as the manifold of constraints modulo gauge
symmetries, has finite dimension, equal to 2 dimM � 2. Two main classes
of target spaces have been explicitly considered, namely contact and locally
conformal symplectic manifolds. We have shown that in both cases the aux-
iliary fields can be integrated out and a second-order action description in
terms of the sole embedding maps can be given. In the case of the Poisson
sigma model, this is only possible if the target manifold is symplectic, so that
the Poisson bivector can be inverted; in such a case the resulting theory is
that of a A-model and the B-field is the symplectic two-form. For the models
at hand we obtain different results: on contact manifolds the resulting B-field
is the exterior derivative of the contact one-form, which is closed but degen-
erate, while for the locally conformal symplectic manifolds the B-field is the
LCS two-form w which is neither degenerate nor closed, allowing for the pos-
sibility of generating fluxes without the need to twist the model. A similar sit-
uation occurs for dynamical models (cfr. (8.136)). In view of the importance
of fluxes in relation with string compactification, the occurrence of two-forms
which are not closed in the context of LCS manifolds is, therefore, interesting
and needs to be further investigated. The original A-model of string theory
is naturally recovered from the locally conformal symplectic case when the
one-form is identically vanishing. The group manifold of SU(2) has been
considered as an explicit example of contact manifold. As for interesting
examples of LCS manifolds, we have shortly reviewed a constructive pro-
cedure due to Vaisman and shown that the manifold SU(2)⇥ U(1) may be
endowed with a Jacobi structure. Examples of Jacobi manifolds which are
neither contact nor LCS may be found in [92]. They include dual algebras
of Poisson–Lie groups, which we think could be of interest in the context of
Poisson–Lie T–Duality. We plan to address the problem in the future. Finally,
we have reviewed a dynamical extension of the model, which is obtained by
adding a metric term to the action functional. On integrating out the auxil-
iary fields, a Polyakov action is obtained, with a metric and B-field, which
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are explicitly written in terms of the Jacobi bivector field L. The model is
supplemented by a geometric constraint which is related to the Reeb vector
field.

9.2 Discussion and future perspectives

As for future perspectives for the duality aspect of the work, it would be
interesting to quantize the interpolating model, and since it depends on two
further parameters, it would be worth looking at conformal invariance in the
quantum regime. In this respect however, it should be recalled that finite
dimensional irreducible representations of sl(2, C) are non-unitary (see [79]
for related analysis of the one-parameter family, in the case of t real). On
the other hand, such an alternative formulation seems to be well suited for a
formal quantization in the sense of Drinfel’d [167], and this possibility could
be explored in the future.

Furthermore, with respect to the doubled WZW action we presented in
Sec. 5.4.1, the usual approach which requires to gauge one of the global sym-
metries of the parent action to obtain the dual models presents some dif-
ficulties, since minimal coupling is not enough anymore and there may be
obstructions to be dealt with. Indeed, although minimal coupling produces
a gauge-invariant action, the equations of motion still depend on the exten-
sion to the 3-manifold B. This issue is addressed e.g. in [123–125], but besides
that, another problem, which is specific of the model, might affect the gaug-
ing. In fact, in the cited references the gauged action is always formulated for
a semisimple group with a Cartan-Killing metric. However, here in order to
reproduce the SB(2, C) model we need to work with an Hermitian product.
It is not clear how to handle the problem in this case and we plan to further
investigate.

Finally, it is interesting to understand if this procedure can be carried out
for general groups. In particular, it would be useful and interesting to under-
stand if this might work only for some special examples of Drinfel’d doubles
and Manin triple decompositions, and, if this is the case, what are the partic-
ular features of these structures.

As a further goal, we believe this work may contribute to the analysis of
string theories on AdS geometries, the study of which would be interesting
from the AdS/CFT correspondence perspective.

Future directions of research for the Jacobi sigma model include the quan-
tization of the model, its relation with Poisson-Lie symmetry and duality and
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the groupoid structure of the reduced phase space. In particular, since the
algebra of gauge transformations is open, the formalism required to appro-
priately quantize it is the Batalin-Vilkovisky one.

Since it is known that the reduced phase space of the Poisson sigma model
is the symplectic groupoid integrating the Lie algebroid associated to the
Poisson structure of the target manifold, it is natural to think that a similar
construction can be carried out for the Jacobi sigma model too, giving some
geometric relation with the target Jacobi manifold. This is actually a work in
progress.

Moreover, the possibility of having non-closed B-fields in the context of
LCS manifolds, both for the topological and dynamical models, shall be fur-
ther investigated, as well as the nature of the new models obtained.
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A Symplectic form of the

deformed current algebra

In this section we will briefly sketch the derivation of the symplectic form
(5.79) for the two-parameter family of models obtained in Sec. 5.2, as it is
presented in [69]. The goal of this construction is to formulate an action prin-
ciple from which the canonical formalism for the family of models can be
obtained, in the first order formulation.

The Poisson algebra we start with is the one in (5.77), which we report for
convenience:

{K̃i(s), K̃j(s
0)} = iaeij

kK̃k(s)d(s � s0)� a2Ĉdijd
0(s � s0)

{S̃i(s), S̃j(s0)} = it f ij
kS̃k(s)d(s � s0) + t2Ĉhijd0(s � s0)

{K̃i(s), S̃j(s0)} =
h
iaeki

jS̃k(s) + it f jk
iK̃k(s)

i
d(s � s0)

+ (iaĈ0d
j
i � itĈei

j3)d0(s � s0).

(A.1)

Let, XK̃ and XS̃ indicate the Hamiltonian vector fields associated with the
currents, so that w(XK̃i

, XK̃j
) = {K̃i(x), K̃j(x)}, with analogous expressions

for the other brackets. They are left-invariant because so are the currents. On
introducing their dual one-forms qi, q̂i, with qiXK̃j

= di
j and q̂iXS̃j = di

j, the
Poisson brackets in (A.1) can be easily obtained from the following symplec-
tic form

w =
Z

R2
ds ds0

⇢
qi(s) ^ q j(s0)

h
iaeij

kK̃k(s)d(s � s0)� a2Ĉdijd
0(s � s0)

i

+ q̂i(s) ^ q̂j(s
0)
h
it f ij

kS̃k(s)d(s � s0) + t2Ĉhijd0(s � s0)
i

+ qi(s) ^ q̂j(s
0)
h ⇣

iaeki
jS̃k(s) + it f jk

iK̃k(s)
⌘

d(s � s0)

+
⇣

iaĈ0d
j
i � itĈei

j3
⌘

d0(s � s0)
i�

.

(A.2)
The latter may be further manipulated and expressed in terms of the original
group valued fields g 2 SU(2) and ` 2 SB(2, C). This can be obtained by
means of the left invariant Maurer-Cartan 1-forms relative to each of the two
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groups, which read explicitly

g�1dg = iqiei, `�1d` = iq̂i êi. (A.3)

Hence, by defining

� iaĈg�1∂sg = idkpK̃pek, itĈ`�1∂s` = i(h�1)kpS̃pêk (A.4)

it is possible to show that the symplectic form (A.2) can be written in terms of
g and ` as in (5.79). Since it is not immediate to see that the two expressions
are equal, we shall go through the main steps for the first term of (5.79),
namely

R
ds TrH

⇥
g�1dg ^ ∂s(g�1dg)

⇤
, as for the others it works in the same

way. The starting point is to decompose the Maurer-Cartan 1-form in its Lie
algebra components:

a2Ĉ
Z

R
ds TrH

h
g�1dg ^ ∂s(g�1dg)

i

= a2Ĉ
Z

R
ds TrH

h
�g�1dg ^ g�1∂sgg�1dg + g�1dg ^ g�1∂sdg

i

= �a
Z

R
dsTrH

h
qi
^ dkpK̃peiekq jej

i

+ a2Ĉ
Z

R2
dsds0d(s � s0)TrH

h
g�1dg(s0) ^ g�1∂sdg(s0)

i

= ia
Z

R2
ds ds0d(s � s0)qi(s) ^ q j(s0)eij

kK̃k(s)

+ a2Ĉ
Z

R2
dsds0∂s

n
d(s � s0)TrH

h
g�1dg(s0) ^ g�1dg(s)

io

+ a2Ĉ
Z

R2
dsds0d0(s � s0)TrH

h
g�1dg(s) ^ g�1dg(s0)

i

=
Z

R2
ds ds0qi(s) ^ q j(s0)

h
iaeij

kK̃k(s)d(s � s0)� a2Ĉdijd
0(s � s0)

i
,

which is indeed the first term in (A.2). In the last equation we used the an-
tisymmetry property of the wedge product. Similar calculations can be per-
formed to obtain the remaining terms.
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models with nonclosed 3-form and twisted Jacobi structures”. In: JHEP
11 (2020), p. 173. DOI: . arXiv:

.

[94] Ion V. Vancea. “Classical boundary field theory of Jacobi sigma mod-
els by Poissonization”. In: SciPost Phys. Proc. 4 (2021), p. 011. DOI:

. arXiv: .

[95] Peter Schupp and Branislav Jurco. “Nambu sigma model and Branes”.
In: Proceedings of Proceedings of the Corfu Summer Institute 2011 — PoS(CORFU2011).
[hep-th/1205.2595]. Sissa Medialab, 2012. DOI: .

https://doi.org/10.1007/s002200000229
https://doi.org/10.1007/s002200000229
https://doi.org/10.1007/bf01466725
https://doi.org/10.1007/JHEP03(2021)110
https://arxiv.org/abs/2007.12543
https://doi.org/10.3390/sym13071205
https://arxiv.org/abs/2105.09780
https://arxiv.org/abs/2105.09780
https://doi.org/10.1002/prop.201910022
https://arxiv.org/abs/1903.02845
https://doi.org/10.22323/1.347.0100
https://arxiv.org/abs/1903.05673
https://doi.org/10.1063/1.532207
https://doi.org/10.1007/JHEP11(2020)173
https://arxiv.org/abs/2007.08951
https://arxiv.org/abs/2007.08951
https://doi.org/10.21468/SciPostPhysProc.4.011
https://arxiv.org/abs/2012.02756
https://doi.org/10.22323/1.155.0045


Bibliography 160

[96] A. Yu. Alekseev and A. Z. Malkin. “Symplectic structures associated
to Lie-Poisson groups”. In: Commun. Math. Phys. 162 (1994), pp. 147–
174. DOI: . arXiv: .

[97] Zhang-Ju Liu, Alan Weinstein, and Ping Xu. “Manin Triples for Lie
Bialgebroids”. In: J. Diff. Geom. 45.3 (1997), pp. 547–574. arXiv:

.

[98] Vyjayanthi Chari and Andrew Pressley. A guide to quantum groups.
Cambridge University Press, 2000.

[99] Didier Collard. Poisson-Lie groups. Amsterdam University, 2013.

[100] André Lichnerowicz. “Les variétés de Poisson et leurs algèbres de Lie
associées”. In: Journal of Differential Geometry 12.2 (1977), pp. 253 –300.
DOI: . URL:

.

[101] Alan Weinstein. “The local structure of Poisson manifolds”. In: Journal
of Differential Geometry 18.3 (1983), pp. 523 –557. DOI:

. URL: .

[102] Mark J. Gotay, James M. Nester, and George Hinds. “Presymplectic
manifolds and the Dirac–Bergmann theory of constraints”. In: Journal
of Mathematical Physics 19.11 (1978), pp. 2388–2399. DOI:

.

[103] M. A. Semenov-Tian-Shansky. “Dressing transformations and Pois-
son group actions”. In: Publ. Res. Inst. Math. Sci. Kyoto 21 (1985), pp. 1237–
1260. DOI: .

[104] Juan Martin Maldacena. “The Large N limit of superconformal field
theories and supergravity”. In: Adv. Theor. Math. Phys. 2 (1998), pp. 231–
252. DOI: . arXiv: .

[105] Felix Rennecke. “O(d,d)-Duality in String Theory”. In: JHEP 10 (2014),
p. 069. DOI: . arXiv: .

[106] Jnanadeva Maharana. “The Worldsheet Perspective of T-duality Sym-
metry in String Theory”. In: Int. J. Mod. Phys. A 28 (2013), p. 1330011.
DOI: . arXiv: .

[107] Chen-Te Ma. “One-Loop b Function of the Double Sigma Model with
Constant Background”. In: JHEP 04 (2015), p. 026. DOI:

. arXiv: .

https://doi.org/10.1007/BF02105190
https://arxiv.org/abs/hep-th/9303038
https://arxiv.org/abs/dg-ga/9508013
https://arxiv.org/abs/dg-ga/9508013
https://doi.org/10.4310/jdg/1214433987
https://doi.org/10.4310/jdg/1214433987
https://doi.org/10.4310/jdg/1214433987
https://doi.org/10.4310/jdg/1214437787
https://doi.org/10.4310/jdg/1214437787
https://doi.org/10.4310/jdg/1214437787
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.2977/prims/1195178514
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://doi.org/10.1007/JHEP10(2014)069
https://arxiv.org/abs/1404.0912
https://doi.org/10.1142/S0217751X13300111
https://arxiv.org/abs/1302.1719
https://doi.org/10.1007/JHEP04(2015)026
https://doi.org/10.1007/JHEP04(2015)026
https://arxiv.org/abs/1412.1919


Bibliography 161

[108] Laurent Freidel, Felix J. Rudolph, and David Svoboda. “A Unique
Connection for Born Geometry”. In: Commun. Math. Phys. 372.1 (2019),
pp. 119–150. DOI: . arXiv:

.

[109] C. Klimcik and P. Severa. “T duality and the moment map”. In: NATO
Advanced Study Institute on Quantum Fields and Quantum Space Time.
June 1996, pp. 323–329. arXiv: .

[110] A. Stern. “Hamiltonian approach to Poisson Lie T - duality”. In: Phys.
Lett. B 450 (1999), pp. 141–148. DOI:

. arXiv: .

[111] A. Stern. “T duality for coset models”. In: Nucl. Phys. B 557 (1999),
pp. 459–479. DOI: . arXiv:

.

[112] G. Marmo, A. Simoni, and A. Stern. “Poisson lie group symmetries
for the isotropic rotator”. In: Int. J. Mod. Phys. A 10 (1995), pp. 99–114.
DOI: . arXiv: .

[113] G. Marmo and A. Ibort. “A new look at completely integrable systems
and double Lie groups”. In: ed. by Marc Henneaux, Joseph Krasil’shchik,
and Alexandre Vinogradov. Vol. 219. 1998, pp. 159–172.

[114] Giuseppe Marmo. Dynamical systems: a differential geometric approach to
symmetries and reduction. Wiley, 1985.

[115] Andreas Deser and Jim Stasheff. “Even symplectic supermanifolds
and double field theory”. In: Commun. Math. Phys. 339.3 (2015), pp. 1003–
1020. DOI: . arXiv: .

[116] Andreas Deser and Christian Sämann. “Extended riemannian geome-
try I: Local double field theory”. In: Annales Henri Poincaré 19.8 (2018),
2297–2346. DOI: .

[117] Andreas Deser and Christian Sämann. “Derived Brackets and Sym-
metries in Generalized Geometry and Double Field Theory”. In: PoS
CORFU2017 (2018), p. 141. DOI: . arXiv:

.

[118] S. G. Rajeev, A. Stern, and P. Vitale. “Integrability of the Wess-Zumino-
Witten model as a nonultralocal theory”. In: Phys. Lett. B 388 (1996),
pp. 769–775. DOI: . arXiv:

.

https://doi.org/10.1007/s00220-019-03379-7
https://arxiv.org/abs/1806.05992
https://arxiv.org/abs/1806.05992
https://arxiv.org/abs/hep-th/9610198
https://doi.org/10.1016/S0370-2693(99)00111-2
https://doi.org/10.1016/S0370-2693(99)00111-2
https://arxiv.org/abs/hep-th/9811256
https://doi.org/10.1016/S0550-3213(99)00397-1
https://arxiv.org/abs/hep-th/9903170
https://arxiv.org/abs/hep-th/9903170
https://doi.org/10.1142/S0217751X9500005X
https://arxiv.org/abs/hep-th/9310145
https://doi.org/10.1007/s00220-015-2443-4
https://arxiv.org/abs/1406.3601
https://doi.org/10.1007/s00023-018-0694-2
https://doi.org/10.22323/1.318.0141
https://arxiv.org/abs/1803.01659
https://arxiv.org/abs/1803.01659
https://doi.org/10.1016/S0370-2693(96)01224-5
https://arxiv.org/abs/hep-th/9602149
https://arxiv.org/abs/hep-th/9602149


Bibliography 162

[119] M. B. Halpern and E. Kiritsis. “General Virasoro Construction on Affine
G”. In: Mod. Phys. Lett. A 4 (1989), p. 1373. DOI: .

[120] Dieter Lüst and David Osten. “Generalised fluxes, Yang-Baxter defor-
mations and the O(d,d) structure of non-abelian T-duality”. In: JHEP
05 (2018), p. 165. DOI: . arXiv:

.

[121] Andreas Deser. “Star products on graded manifolds and a0-corrections
to double field theory”. In: 34th Workshop on Geometric Methods in Physics.
Trends in Mathematics. Springer, 2016, pp. 311–320. DOI:

. arXiv: .

[122] Andrew Pressley and Graeme Segal. Loop groups. Clarendon Press,
2003.

[123] C. M. Hull and Bill J. Spence. “The Geometry of the gauged sigma
model with Wess-Zumino term”. In: Nucl. Phys. B 353 (1991), pp. 379–
426. DOI: .

[124] Jose M. Figueroa-O’Farrill and Sonia Stanciu. “Equivariant cohomol-
ogy and gauged bosonic sigma models”. In: (July 1994). arXiv:

.

[125] Jose M. Figueroa-O’Farrill and Sonia Stanciu. “Gauged Wess-Zumino
terms and equivariant cohomology”. In: Phys. Lett. B 341 (1994), pp. 153–
159. DOI: . arXiv: .

[126] Marius Crainic and Chenchang Zhu. “Integrability of Jacobi and Pois-
son structures”. In: Annales de l’institut Fourier 57.4 (2007), pp. 1181–
1216. DOI: .

[127] P. Schaller and Th. Strobl. “Introduction to Poisson s-models”. In:
Low-Dimensional Models in Statistical Physics and Quantum Field The-
ory. [hep-th/9507020]. Springer Berlin Heidelberg, pp. 321–333. DOI:

.

[128] Ivan Calvo Rubio. “Poisson sigma models on surfaces with boundary:
classical and quantum aspects”. PhD thesis. Zaragoza U., 2006. arXiv:

.

[129] Francesco Bonechi, Alberto S. Cattaneo, and Pavel Mnev. “The Pois-
son sigma model on closed surfaces”. In: JHEP 01 (2012), p. 099. DOI:

. arXiv: .

https://doi.org/10.1142/S0217732389001568
https://doi.org/10.1007/JHEP05(2018)165
https://arxiv.org/abs/1803.03971
https://arxiv.org/abs/1803.03971
https://doi.org/10.1007/978-3-319-31756-4_24
https://doi.org/10.1007/978-3-319-31756-4_24
https://arxiv.org/abs/1511.03929
https://doi.org/10.1016/0550-3213(91)90342-U
https://arxiv.org/abs/hep-th/9407149
https://arxiv.org/abs/hep-th/9407149
https://doi.org/10.1016/0370-2693(94)90304-2
https://arxiv.org/abs/hep-th/9407196
https://doi.org/10.5802/aif.2291
https://doi.org/10.1007/bfb0102573
https://arxiv.org/abs/0708.2861
https://doi.org/10.1007/JHEP01(2012)099
https://arxiv.org/abs/1110.4850


Bibliography 163

[130] Ivan Calvo and Fernando Falceto. “Star Products and Branes in Poisson-
Sigma Models”. In: Communications in Mathematical Physics 268.3 (2006).
[hep-th/0507050], pp. 607–620. DOI: .

[131] Fernando Falceto, Manuel Asorey, Jesus Clemente-Gallardo, Eduardo
Martinez, and Jose F. Carinena. “Branes in Poisson sigma models”. In:
AIP, 2010. DOI: .

[132] Ivan Calvo and Fernando Falceto. “Poisson-Dirac branes in Poisson-
Sigma models”. In: Trav. Math. 16 (2005). [hep-th/0502024], pp. 221–
228. eprint: .

[133] Alberto S. Cattaneo. “Coisotropic Submanifolds and Dual Pairs”. In:
Letters in Mathematical Physics 104.3 (2013). [math/0309180], pp. 243–
270. DOI: .

[134] I. A. Batalin and G. A. Vilkovisky. “Gauge Algebra and Quantization”.
In: Quantum Gravity. Ed. by M. A. Markov and P. C. West. Boston,
MA: Springer US, 1984, pp. 463–480. ISBN: 978-1-4613-2701-1. DOI:

.

[135] I. A. Batalin and G. A. Vilkovisky. “Quantization of Gauge Theories
with Linearly Dependent Generators”. In: Phys. Rev. D 28 (1983). [Er-
ratum: Phys.Rev.D 30, 508 (1984)], pp. 2567–2582. DOI:

.

[136] Alberto S. Cattaneo and Nima Moshayedi. “Introduction to the BV-
BFV formalism”. In: Rev. Math. Phys. 32.09 (2020), p. 2030006. DOI:

. arXiv: .

[137] Noriaki Ikeda. “Lectures on AKSZ Sigma Models for Physicists”. In:
(2017). [hep-th/1204.3714]. DOI: .

[138] Ctirad Klimcik and Thomas Strobl. “WZW - Poisson manifolds”. In:
J. Geom. Phys. 43 (2002), pp. 341–344. DOI:

. arXiv: .

[139] Edward Witten. “Topological Sigma Models”. In: Commun. Math. Phys.
118 (1988), p. 411. DOI: .

[140] Edward Witten. “Mirror manifolds and topological field theory”. In:
AMS/IP Stud. Adv. Math. 9 (1998). Ed. by Shing-Tung Yau, pp. 121–160.
arXiv: .

[141] Nathan Seiberg and Edward Witten. “String theory and noncommu-
tative geometry”. In: JHEP 09 (1999), p. 032. DOI:

. arXiv: .

https://doi.org/10.1007/s00220-006-0104-3
https://doi.org/10.1063/1.3479323
https://arxiv.org/abs/hep-th/0502024
https://doi.org/10.1007/s11005-013-0661-2
https://doi.org/10.1007/978-1-4613-2701-1_28
https://doi.org/10.1103/PhysRevD.28.2567
https://doi.org/10.1103/PhysRevD.28.2567
https://doi.org/10.1142/S0129055X2030006X
https://doi.org/10.1142/S0129055X2030006X
https://arxiv.org/abs/1905.08047
https://doi.org/10.1142/9789813144613_0003
https://doi.org/10.1016/S0393-0440(02)00027-X
https://doi.org/10.1016/S0393-0440(02)00027-X
https://arxiv.org/abs/math/0104189
https://doi.org/10.1007/BF01466725
https://arxiv.org/abs/hep-th/9112056
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://arxiv.org/abs/hep-th/9908142


Bibliography 164

[142] Laurent Baulieu, Andrei S. Losev, and Nikita A. Nekrasov. “Target
space symmetries in topological theories. 1.” In: JHEP 02 (2002), p. 021.
DOI: . arXiv: .

[143] A. M. Levin and M. A. Olshanetsky. “Hamiltonian algebroid symme-
tries in W gravity and Poisson sigma model”. In: (Oct. 2000). arXiv:

.

[144] A A Kirillov. “Local Lie algebras”. In: Russian Mathematical Surveys
31.4 (1976), pp. 55–75. DOI: .

[145] Marius Crainic and María Amelia Salazar. “Jacobi structures and Spencer
operators”. In: Journal de Mathématiques Pures et Appliquées 103.2 (2015),
504–521. DOI: .

[146] Carlos Zapata-Carratalá. “Jacobi geometry and Hamiltonian mechan-
ics: The unit-free approach”. In: International Journal of Geometric Meth-
ods in Modern Physics 17.12 (2020), p. 2030005. DOI: .

[147] Ryszard Mrugala, James D. Nulton, J. Christian Schön, and Peter Sala-
mon. “Contact structure in thermodynamic theory”. In: Reports on
Mathematical Physics 29.1 (1991), pp. 109–121. ISSN: 0034-4877. DOI:

.

[148] Aritra Ghosh and Chandrasekhar Bhamidipati. “Contact Geometry
and Thermodynamics of Black Holes in AdS Spacetimes”. In: Phys.
Rev. D 100.12 (2019), p. 126020. DOI: .
arXiv: .

[149] M de León and C Sardón. “Cosymplectic and contact structures for
time-dependent and dissipative Hamiltonian systems”. In: Journal of
Physics A: Mathematical and Theoretical 50.25 (2017), p. 255205. DOI:

. URL:
.

[150] Manuel de León and Manuel Lainz Valcázar. “Contact Hamiltonian
systems”. In: Journal of Mathematical Physics 60.10 (2019), p. 102902.
DOI: .

[151] Jean Petitot. Elements of neurogeometry: Functional Architectures of Vi-
sion. Springer, 2017.

[152] Izu Vaisman. “A lecture on Jacobi manifolds”. In: Selected topics in
Geom. and Math. Phys. 1 (2002), pp. 81–100.

https://doi.org/10.1088/1126-6708/2002/02/021
https://arxiv.org/abs/hep-th/0106042
https://arxiv.org/abs/hep-th/0010043
https://doi.org/10.1070/rm1976v031n04abeh001556
https://doi.org/10.1016/j.matpur.2014.04.012
https://doi.org/10.1142/S0219887820300056
https://doi.org/https://doi.org/10.1016/0034-4877(91)90017-H
https://doi.org/10.1103/PhysRevD.100.126020
https://arxiv.org/abs/1909.11506
https://doi.org/10.1088/1751-8121/aa711d
https://doi.org/10.1088/1751-8121/aa711d
https://doi.org/10.1088/1751-8121/aa711d
https://doi.org/10.1088/1751-8121/aa711d
https://doi.org/10.1063/1.5096475


Bibliography 165

[153] Charles-Michel Marle. “On Jacobi manifolds and Jacobi Bundles”. In:
Mathematical Sciences Research Institute Publications (1991), 227–246. DOI:

.

[154] M. Asorey, F. M. Ciaglia, F. Di Cosmo, A. Ibort, and G. Marmo. “Co-
variant Jacobi brackets for test particles”. In: Modern Physics Letters A
32.23 (2017). [math-ph/1706.02865], p. 1750122. DOI: .

[155] Francesco Bonechi and Maxim Zabzine. “Poisson sigma model over
group manifolds”. In: Journal of Geometry and Physics 54.2 (2005). [hep-
th/0311213], pp. 173–196. DOI: .

[156] Iván Calvo, Fernando Falceto, and David García-Álvarez. “Topologi-
cal Poisson sigma models on Poisson-Lie groups”. In: Journal of High
Energy Physics 2003.10 (2003). [hep-th/0307178], pp. 033–033. DOI:

.

[157] Izu Vaisman. “Locally conformal symplectic manifolds”. In: Interna-
tional Journal of Mathematics and Mathematical Sciences 8 (1985), pp. 521–
536.

[158] Izu Vaisman. “The BV-algebra of a Jacobi manifold”. In: Annales Polonici
Mathematici 73.3 (2000), 275–290. DOI: .

[159] Dirac P A M. Lectures on Quantum Mechanics. Snowball, 2013.

[160] Y. Kerbrat and Zoubida Souici-Benhammadi. “Variétés de Jacobi et
groupoïdes de contact”. In: C. R. Acad. Sci. Paris Sér. I Math. 317.1
(1993), 81–86.

[161] Branislav Jurco and Peter Schupp. “Nambu-Sigma model and effec-
tive membrane actions”. In: Phys. Lett. B 713 (2012), pp. 313–316. DOI:

. arXiv: .
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