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Chapter 1

Introduction

1.1 Data assimilation (DA): a large scale inverse ill posed prob-

lem

Predictive Science is the paradigm shift of the emerging CSE (Computational Science and Engi-
neering) tightly integrating the numerical simulations of Computational Science and Engineer-
ing with Validation and Verification. The aim of Predictive Science is to not only to reproduce
with high-fidelity an observed phenomenon, but also to predict the reality in situations for which
the numerical simulation has not been specifically validated nor tested. To this end, reliable nu-
merical predictions require complex non linear physical models as well as a systematic and
comprehensive treatment of calibration and validation procedure, including the quantification
of inherent uncertainties (Uncertainty Quantifcation (UQ) and Sensitivity Analysis (SA)). Data
assimilation (DA) has long been playing a crucial role in the quantification of uncertainties
in numerical weather prediction (NWP) and oceanography [57]-[102] and more in general, in
data science; recently, DA started to be applied more widely to numerical simulations beyond

geophysical applications [19], medicine and biological science [51] for improving the accuracy
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and reliability of computational approaches. DA encompasses the entire sequence of operations
that, starting from observations/measurements of physical quantities and from additional infor-
mation - such as a mathematical model governing the evolution of these quantities - improve
their estimate minimizing a suitable functional. In order to understand how such functional
comes out, we start saying that from the mathematical viewpoint DA is an inverse and ill posed
problem. Hence, regularization methods are used to introduce prior knowledge. Usually, the ob-
jective function measures the mismatch between the model predictions and the observed system
states, weighted by the inverse of the error covariance matrices 25,1106, [128]]. In this way, DA
provides mathematical methods for finding an optimal trade—off between the current estimate
of the model’s state and the observations, knowing that both carry their own uncertainties. Due
to the scale of the forecasting area and the number of state variables, DA are very large scale
problems [92]. In operational DA the amount of observations is insufficient to fully describe
the system and one cannot strongly rely on a data driven approach: the model is paramount. It
is the model that fills the spatial and temporal gaps in the observational network: it propagates
information from observed to unobserved areas. Thus, DA methods are designed to achieve the
best possible use of a never sufficient (albeit constantly growing) amount of data, and to attain
an efficient data model fusion, in a short period of time. This poses a formidable computational

challenge, and makes DA an example of big data inverse problems [9, 7, |10, 33].

1.2 DA methods coupled with PDE-based predictive models:
related works and contribution of the present work

There is a lot of DA algorithms. Two main approaches gained acceptance as powerful methods:
variational approaches (namely 3DVAR and 4DVAR) and Kalman Filter (KF) [53,[71, 116, 77].
Variational approaches are based on the minimization of the objective function estimating the

discrepancy between numerical results and observations. These approaches assume that the two
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sources of information, forecast and observations, have errors that are adequately described by
stationary error covariances. In contrast to variational methods, KF (and its variants) is a re-
cursive filter solving the Euler-Lagrange equations. It uses a dynamic error covariance estimate
evolving over a given time interval. The process is sequential, meaning that observations are
assimilated in chronological order, and KF alternates a forecast step, when the covariance is
evolved, with an analysis step in which covariance of the filtering conditional is updated. In
both kind of methods the model is integrated forward in time and the result is used to reinitial-
ize the model before the integration continues [72]. DA is dealing with the joint assimilation of
observational data from different spatial scales and different data type, namely multiscale and
multiphysics data. Multiscale and multiphysics DA [94, 161] refers to the assimilation of data
obtained at a different resolution than the model resolution. Most of DA methods scale data
and the simulation model, but with loss of important information. Multiscale and multiphysics
DA leads itself to Domain Decomposition (DD) approaches such that data can be processed for
distinct spatial scales. Most approaches for delivering parallel solutions of simulations based
on DA methods integrated with Partial Differential Equations (PDEs)-based models essentially
takes full advantage of existing parallel DD solvers where the solver is suitably modified to also
handle the adjoint system [, 87,103} [122]. Further, these approaches follow the path optimize—
then—discretize to build a discrete Lagrangian. At the heart of these schemes lies the solution of
a linear system (the Karush—Kuhn—Tucker (KKT) system) which is finally solved using Schwarz
preconditioners [15]. In contrast, when DA problems are posed as PDEs—constrained nonlinear
optimization problem, their numerical solution uses nonlinear solvers such as Newton—Krylov
methods or one its variants (such as Gauss-Newton, L-BFGS, Levenberg-Marquardt). Large
scale nonlinear solvers basically rely on linear algebra solvers, such as Krylov—based iterative
methods, and direct solvers, mainly based on QR and SVD factorizations [8} 30, 45, 41, [117]].
These approaches follow the path discretize—then—optimize approach. A different approach is

the combination of DD—methods in space and DA, where spatial domain—decomposed uncer-
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tainty quantification approach performs DA at the local level by using Monte Carlo sampling
(5,11, 82]. The Parallel DA Framework [105] implements parallel ensemble—based Kalman Fil-
ters algorithms coupled within the PDE—-model solver. A common drawback of such parallel
algorithms is their limited scalability, due to the fact that the most computationally demanding
components are adapted for parallel execution. Amdhal’s law [2] clearly applied in these sit-
uations because the computational cost of the component that are not parallelized provides a
lower bound on the execution time of the parallel algorith On the contrary, the challenge is

to consider parallelization from the beginning of the computational problem solving.

Most PDEs—based simulations contains time—stepping both in the mathematical modelling and
in its numeric approximation. Several approaches have been proposed to reduce the overall
time-to-solution. Among them, there are KF simplifications reducing computational complex-
ity. Approximations are designed on the basis of a reduction in the order of the system model
(usually the approximation is performed trough the use of the Empirical Orthogonal Functions
(EOF)) [60, 111], or they are based on the Ensemble methods, where a prediction of the error
at a future time is computed by integrating each ensemble state independently by the model.
Integration is typically performed until observations are available. At this time, the information
from the observations and the ensemble are combined by performing an analysis step based on
KF [53]. However, the choice of the dimension of the reduced-state space or of the ensemble
size giving an accurate approximation of KF still remains a delicate question [8]. Besides these
variants, there are parallel approaches to KF algorithm. Traditional algorithms based on paral-
lelized linear algebra implementations make little or no use of parallelism in the time domain:

time-stepping is currently treated as a serial process. Approaches able to develop effective

ISpeedup is defined as sequential execution time over parallel execution time in parallel processing. Let f be the
portion of the workload that can be parallelized; when the number of processors increases to infinity, the speedup

upper bound is 1/(1 — f), where 1 — f clearly represents the part of the algorithm that cannot be parallelized [2].
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scalable algorithms, taking a step—change beyond traditional high perfromance computing ap-
proaches, are strongly recommended. A revolutionary approach for solving PDEs-based model
is the Parallel in Time (PinT) strategy [11, 14, 184} 155, 185]. By introducing parallelization from
the beginning of the computational problem solving, PinT approach overcomes the inherent bot-
tleneck of time—marching solvers (such as those of traditional algorithms based on parallelized
linear algebra). In order to introduce a consistent DD along the time direction, PinT methods
share this general idea: they use a coarse/global/predictor propagator to obtain approximate
initial values of local models on the coarse time-grid; a fine/local/corrector solver to obtain the
solution of local models starting from the approximate initial values; an iterative procedure to
smooth out the discontinuities of the global model on the overlapping domains. Nevertheless,
one of the key limitation of any PinT-based methods is data dependencies of the local solvers
from the coarse solver: the coarse solver must always be executed serially for the full duration
of the simulation and local solver have to wait for the approximate initial values provided by
the coarse solver. The strength of the DD approach we are going to present in this thesis is
the exploitation of the coupling between the DA functional and the PDE model. The idea goes
back to the work of Schwarz [114] on overlapping domains, nevertheless in contrast to Schwarz
methods which uses as boundary conditions the approximation of the numerical solution com-
puted on the interfaces between adjacent subdomains, here the proposed approach uses the DA
model as a predictor for the local PDE-based model, providing the approximations needed for
locally solving the initial value problems on each subinterval, concurrently.

The primary motivation of Schwarz based DD methods was the inherent parallelism arising
from a flexible, adaptive and independent decomposition of the given problem into several
subproblems, though they can also reduce the complexity of sequential solvers. DD-DA frame-
work allows to employ a model reduction in space and time which is coherent with the filter
localization. There is a quite different rationale behind such DD framework and the so called

MOR methods, even though they are closely related each other. The primary motivation of
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DD methods based on Schwarz DD methods was the inherent parallelism arising from a flex-
ible, adaptive and independent decomposition of the given problem into several sub problems,
though they can also reduce the complexity of sequential solvers. MOR techniques are based on
projection of the full order model onto a lower dimensional space spanned by a reduced order
basis. These methods has been used extensively in a variety of fields for efficient simulations
of highly intensive computational problems. But all numerical issues concerning the quality
of approximation still are of paramount importance [64]]. As previously mentioned, DD-DA
framework makes it natural to switch from a full scale solver to a model order reduction solver
for solution of subproblems for which no relevant low-dimensional reduced space should be
constructed. In the same way, DD-DA framework allows to employ a model reduction in space
and time which is coherent with the filter localization. Main advantage of the DD-DA is to
combine in one theoretical framework, model reduction, along the space and time directions,
and filter localization, while providing a flexible, adaptive, reliable and robust decomposition.

Summarizing, we partition initial domain along space and time, then we extend each subdomain
to overlap its neighbors by an amount; partitioning can be adapted according to the availability
of measurements and data. Accordingly, we reduce dynamic model both in space and time. As
initial and boundary values of local models, according to PinT approach, we employ estimates
provided by 4DVAR and KF itself, as soon as these are available. In this way, concurrency of
local models is achieved. On each subdomain we formulate a local 4DVAR and KF problem
analogous to the original one, defined on local models. In order to enforce the matching of
local solutions on overlapping regions, local 4DVAR and KF problems are slightly modified by
adding a correction term; such a correction term, acting as a regularization constraint on local
solutions, keeps track of contributions of adjacent domains to overlapping regions; localization
excludes remote observations from each analyzed location, thereby improving the conditioning
of the error covariance matrices. To the best of our knowledge, such a full decomposition of

4DVAR and KF in space and time has never been investigated before.
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Any interest reader who wants to apply DD framework in a real-world application, i.e. with a
(PDE-based) model state and an observation mapping, once the dynamic (PDE-based) model
state has been discretized, he should rewrite the state estimation problem under consideration
as a Constrained Least Square (CLS) model problem (cfr Section |A.1) and then to apply DD
algorithm. In other words, she/he should follow the discretize-then-optmize approach, common
to most DA problems and state estimation problems, before employing the DD framework.

However, a static and or a priori DD strategy could not ensure a well balanced work load, while
a way to re-partition the mesh so that the subdomains maintain a nearly equal number of ob-
servations plays an essential role in the success of any effective DD approach. There has been
widespread interests in load balancing since the introduction of large scale multiprocessors.
Applications requiring dynamic load balancing varies from the parallel solution of a PDE by
finite elements on an unstructured grids [43] to parallelized particle simulations [80]]. Load bal-
ancing is one of the central problems which have to be solved in parallel computing. Moreover,
problems whose load changes during the computation or it depends on data layout which may
be unknown a priori, will necessitate the redistribution of the data in order to retain efficiency.
Such a strategy is known as dynamic load balancing. Algorithms for dynamic load balancing, as
in [27, 20, 126} [125]], are based on transferring an amount of work among processors to neigh-
bours; the process is iterated until the load difference between any two processors is smaller
than a specified value, consequently it will not provide a balanced solution immediately. One of
disadvantages of this approach is its possible slow convergence. A multilevel diffusion method
for dynamic load balancing, as in [63], is based on bisection of processor graph. The disad-
vantage is that can occur movement of data between non-neighbouring processors to ensure the
connectivity of subgraphs and must be avoided. The mentioned algorithms do not take into
account one important factor, namely that the data movement resulting from the load balancing
schedule should be kept to minimum. We apply a dynamic load balancing to maintain a nearly

equal number of observations between subdomains. Main feature of the this approach is the
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Migration step, i.e. the shifting of the boundaries of adjacent subdomains in order to achieve a
balanced load. The disadvantage is that the final balance between subdomains depends strongly
on the degree of the vertices of processors graph, i.e. number of neighbouring subdomains for

each subdomain.

In conclusion, in this thesis, we present a DD-based parallel framework for solution of large
scale variational 3D, 4D DA and KF problems, involving decomposition of the physical do-
main, partitioning of the solution and modification of the regularization functional describing
the variational DA problem. We address DA problems where the observations are non uniformly
distributed, general sparse and its distribution changes during the time window, consequently,
we present Dynamic Domain Decomposition (DyDD) and Dynamic Domain Decomposition in
Space and Time (DyDDST) methods to employ a load balancing scheme involving an adaptive
and dynamic workload redistribution both along Space and Time directions for solving Data
Assimilation problems.

Main topics of DD-DA coupled with DyDD or DyDDST can be listed as follows.

1. DD step: we begin by partitioning along space and time the domain into subdomains and
then extending each subdomain to overlap its neighbors by an amount. Partitioning can

be adapted according to the availability of measurements and data.

2. DyDD or DyDDST: if workload is not well balanced, it involves an adaptive and dy-
namic repartitioning of load among spatial subdomains (DyDD) at each time interval

(DyDDST).

3. Filter Localization and Model Order Reduction (MOR): on each subdomain we formulate
alocal DA problem analogous to the original one, combining filter localization and model

order reduction approaches.

4. Regularization constraints: in order to enforce the matching of local solutions on the
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overlapping regions, local DA problems are slightly modified by adding a correction term.
Such a correction term balances localization errors and computational efforts, acting as
a regularization constraint on local solutions. This is a typical approach for solving ill

posed inverse problems (see for instance [40]).

5. Parallel in Time: as the dynamic model is coupled with DA operator, at each integration
step we employ, as initial and boundary values of all reduced models, estimates provided

by the DA model itself, as soon as these are available.

6. Conditioning: localization excludes remote observations from each analyzed location,
thereby improving the conditioning of the error covariance matrices. We give a new
definition of conditioning of DD-DA problem depending on reduced models and local
covariance matrices. To the best of our knowledge, such ab-initio space and time decom-

position of DA models has never been investigated before.

In the following we briefly resume our contribution concerning DD-DA [32, 33, 48, 133],
DyDD[34] and DyDDST [47].

¢ DD-DA methods:

— DD-3DVAR [32]]: We prove that the functional decomposition of the 3DVAR DA
operator, previously introduced in [9} [7, 8, 32, 30, 46, 45], is equivalent to apply
Additive Schwarz Method (ASM) to the Euler—Lagrange equations resulting from

the variational functional.

— DD-4DVAR [33]: We present a space—and—time decomposition approach consist-
ing of a decomposition of the whole domain, i.e. both along the spacial and tem-
poral direction, and of a reduction of the whole operator, i.e. both the DA varia-
tional functional and the PDE-based model. We begin by partitioning the domain

into subdomains and then extending each subdomain to overlap its neighbors by
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an amount. On each subdomain we formulate a discrete 4DVAR problem analo-
gous to the original decomposing both the variational functional and the model both
in space and in time. In addition, in order to enforce the matching of local solu-
tions on the overlapping regions, local problems are slightly modified by using a
local correction. To the best of our knowledge, space and time decomposition of
4DVAR has never been investigated before. We provide a mathematical formula-
tion of this approach and a feasibility analysis on Shallow Water Equations (SWEs)
including convergence analysis and error propagation. We will describe the main
components of DD-4DVAR method to Regional Ocean Modeling System (ROMS)
(https://www.myroms.org) software, by highlighting the topics that we will address

both on the mathematical problem underlying ROMS and the code implementation.

— DD-KF [48,135]]: DD-KF involves decomposition of the whole computational prob-
lem, partitioning of the solution and a slight modification of KF algorithm allowing a
correction at run-time of local solutions. The resulted parallel algorithm consists of
concurrent copies of KF algorithm, each one requiring the same amount of computa-
tions on each subdomain and an exchange of boundary conditions between adjacent
subdomains. It partitions the whole problem, including filter equations and dynamic
model along space and time directions. As a consequence, instead of solving one
larger KF problem we solve local problems reproducing the original one at smaller
dimensions. Also, sub problems could be solved in parallel. We derive and discuss
DD-KEF algorithm for solving CLS models, which underlie any data sampling and
estimation problems arising from the so-called discretize-then-optimize approach,
and DA problems. We start considering CLS model, seen as a prototype of DA
model [S6]]. CLS is obtained combining two overdetermined linear systems, repre-
senting the state and the observation mapping, respectively. In this regards, in [35]

we presented a feasibility analysis on CLS models of an innovative DD framework
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for using CLS in large scale applications.

* DyDD [34] and DyDDST [47] to DD-DA: in many problems within the earth and envi-
ronmental sciences observations are non uniformly distributed and its distribution change
during time. DyDD and DyDDST algorithms are proposed to support real time appli-
cation where load measurement is necessary to determine when load imbalance occurs.
Firstly, we introduce DyDD method based on adaptive and dynamic redefining of the
boundaries of initial DD in space, then, we introduce DyDDST by extending DyDD to
DD in space and time. We apply DyDD and DyDDST on algorithm proposed in [67] in

order to ensure a balanced distribution of load among processes.

Main advantage of the DD-DA coupled with DyDD or DyDDST is to combine in the
same theoretical framework model reduction, along the space and time directions, with
filter localization, while providing a flexible, adaptive and dynamic decomposition. We
present a revision of DD framework such that a DyDD and DyDDST algorithms allow
for a minimal data movement restricted to the neighboring processors.

This is achieved by considering a connected graph induced by the domain partitioning
whose vertices represent a subdomain associated with a scalar representing the number
of observations on that subdomain. Main step of DyDD and DyDDST framework can be

listed as follows.

— Scheduling step: DyDD and DyDDST compute the amount of observations needed
for achieving the average load in each physical subdomain; this is performed by
introducing a diffusion type algorithm derived by minimizing the Euclidean norm

of the cost transfer.

— Migration step: DyDD and DyDDST shift the boundaries of adjacent subdomains

to achieve a balanced load.

The most intensive kernel is the scheduling step which defines a schedule for comput-
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ing the load imbalance (which we quantify in terms of number of observations) among
neighbouring subdomains. Such quantity is then used to update the shifting the adjacent
boundaries of subdomains (Migration step) which are finally re mapped to achieve a bal-
anced decomposition. We are assuming that load balancing is restricted to the neighbour-
ing domains so that we reduce the overhead processing time. Finally, following [67] we
use a diffusion type scheduling algorithm minimizing the euclidean norm of data move-
ment. The resulting constrained optimization problem leads to normal equations whose
matrix is associated to the decomposition graph. The disadvantage is that the overhead
time, due to the final balance between subdomains, strongly depends on the degree of the
vertices of processors graph, i.e. on the number of neighbouring subdomains for each
subdomain. Such overhead represents the surface-to-volume ratio whose impact on the

overall performance of the parallel algorithm decreases as the problem size increases.

1.3 Outline of the work

The thesis is organized as follows.

* In Chapter 2 we firstly introduce DA problem. Then, we define 3DVAR and 4DVAR DA

problem and introduce KF algorithm.

* In Chapter 3 we introduce the space and time decomposition approach. Firstly, we de-
scribe DD of physical domain 2 x A, then we introduce DD approach to 3DVAR, 4DVAR
DA problem and KF. We call them DD-3DVAR, DD-4DVAR and DD-KEF, respectively.
We perform sensitivity analysis of DD-DA. In particular we discuss consistency, conver-
gence, stability and round-off error propagation of DD-4DVAR method, giving the defi-
nition of condition number of the method. Then, we introduce DD-KF for solving CLS

models and DA problems and discuss its performance analysis and reliability assessment.
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* In Chapter 4 we introduce dynamic domain decomposition in space and time (DyDD and
DyDDST), since a static and or a priori DD strategy could not ensure a well balanced
work load. DyDD and DyDDST ensure a well balanced workload with DA problems
where observations are non uniformly distributed and general spare and its distribution

change during time.

* In Chapter 5 we present validation analysis of the method. We prove the consistence,
convergence and stability. We carry on performance analysis of DD-KF to CLS and
SWEs problems. Then, we address performance and scalability of DD-4DVAR algorithm
and address the role of overlapping region in DD-4DVAR algorithm. We prove that
the experimental order of consistency of DD—4DVAR corresponds to the theoretical one
derived in Chapter 3 and that DD—4DVAR with the initial boundary problem of SWEs one
dimensional is well-conditioned according to the definition of condition number given in

Chapter 3.

* In Chapter 6 we summarise the work in this thesis. We present the main conclusions and

suggestions on further work that could be done in this area.

* In Appendix we introduce CLS, SWEs problem and its discrete formulation. Then, we
present ROMS, an open-source, mature numerical framework used by both the scientific
and operational communities to study ocean dynamics over 3D spatial domain and time
interval. We describe the main components of DD—-4DVAR method to ROMS model
and code, highlighting the topics that we will address both on the mathematical problem
underlying ROMS and the code implementation. Finally, we report MATLAB codes to

perform validation analysis in Chapter 5.



Chapter 2

Data Assimilation methods

From the mathematical viewpoint the overall concept underpinning DA is an inverse model-
ing problem. The forward modelling seeks to predict output observables (such as magnitude
and process of micro-seismic events at seismometer locations, or the ground motion at a milli-
metric precision by satellite images) given the parameters by solving the governing equations.
The forward problem is usually well posed (the solution exists, is unique, and is stable to per-
turbations in inputs). The inverse modeling reverses this relationship, however, by seeking to
determine parameter values that are consistent with particular measurements. Solving inverse
modeling can be very challenging for the following reasons: (1) the mapping from observations
(i.e., measurements) to parameters generally is not one to one, particularly when the number of
parameters is large and the number of measurements is small; (2) small changes in the measure-
ment value may lead to changes in many, or all parameters, particularly when the forward model
is nonlinear, i.e., the problem is severely ill-conditioned; and (3) typically, the computational
model approximately solves the forward problem taking into account only a limited number of
physical processes. The popular approach to obtain a unique “solution” to the inverse problem
in these circumstances is to formulate it as a variational problem minimizing the sum of two

terms: the first is a combination of the residual between observed and predicted outputs (the

14
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so-called misfit) in an appropriate norm, and the second is a regularization term that penalizes
unwanted features of the parameters. The inverse problem thus leads to a nonlinear variational
problem in which the forward simulation model is embedded in the residual term.

When the forward model takes the form of partial differential equations (PDEs) or some other
expensive model, the result is a PDE-based variational problem that may be extremely large
scale in the state variables, even when the number of inversion parameters is small. More
generally, uncertain parameters can be taken from numbers on a continuum (such as initial or
boundary conditions, heterogeneous material parameters, or heterogeneous sources) that, when
discretized, result in an inverse problem that is very large scale in the inversion parameters
as well. An estimation of parameters using the regularization approach to inverse problems
as described above will yield an estimate of the “best” parameter values that minimize the
combined misfit and penalty function. We will start from the high-level problem definition in
terms of a set of mathematical equations subject to boundary and initial conditions over some
space-time domain where the spatial domain is expressed in terms of a mathematical definition.
From this point, a reasonable starting mesh for that space-and-time domain must be constructed,
and a numerical discretization on the mesh must be solved. The resulting solution would be
analyzed to determine if the combination of the mesh and its discretization yielded the desired

accuracy.

2.1 The DA inverse problem

If @ C R", n € N, is a spatial domain with a Lipschitz boundary and A := [0,7] C R, T € R,

1s time interval, let:
uM(z,t + At) = Mygyoaclu(z, t)] Vo e Q,tt+ At € A, (At > 0)

u™M(z,ty) = ug(w) th=0, z €0 ) 2.1
u(z,t) = f(z) r e Vte A
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be a symbolic description of the DA model of interest where
u™ (2,1) € Q x A u(z, t) = WM (z, 1), w™ 2] (2, 1), . . ., M [py](z, )], (2.2)

is the state function of M (i.e. model on 2 x A) with p, € N the number of physical variables,

f 1s a known function defined on the boundary 0f2, and let
y:(z,t) € Ax A v(z,t),
be the observations function, and
Hopp - ™ (z,t+h) =y, t +h), VY(z,t)eQUxA,

denote the non-linear observations mapping. To simplify future treatments we assume p, = 1.
The first equation in [2.1|is often an approximation of an evolutionary PDE, consequently the
operator M, ;1 A, is linear PDE model. While, the observations y are in general not direct mea-
surements of state variable u™, the observation operator 3, allows to compare observations
vector with the state vector.

In order to describe a numerical method for solving DA problems, we introduce the following

discretization of domain €2 x A.
Definition 1. (Discretization of domain €2 x A) Let
Qr={z;};c, CQ (2.3)
be discretization of spatial domain ) where
I={1,...,N,} and N, = |I[] (2.4)

are respectively the set of indices of nodes in ) and its cardinality i.e. the number of inner
nodes in (). Let

Ag = {tl}}keK CA

"We refer to || as cardinality of set 1.
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be discretization of time interval A where
K={0,1,...,N —1}and N = |K| (2.5)

are respectively the set of indices of time in A and its cardinality i.e. number of instants of time

in time interval A. Consequently, we define
Qr x Ag = {(‘T%tfc)}iel; ierx C QOxA (2.6)

as the discrete domain.

We define the DA inverse problem in discrete form [36, 8].

Definition 2. (The DA inverse problem in discrete form). DA problem concerns the computation

of

uP4 = {UDA(j>l)}jzl,.‘.,Np;l:O,l,...,Nfl € RNex()

such that
y=G-uP4, (2.7)

subject to the constraint that
uPA(-,0) = ug.
where
* N,: is the number of nodes in 2 C R" defined in ([2.4);
* Nobs: i the number of observations in (), where nps << N,;
* N: is the number of instants of time in A defined in (2.5));

® Uy = {U()’j}j:l’m,]\/p = {U()(LU]')}]':LM,NP S RMv: is the state at time to,

o y:={y(z;,t) }j=1. mpi=01.. n—1 € R*N: representing observations in Q x A;
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o Hy € Rvs*Ne [ =0,....N — 1, : is a linear approximation of observation mapping

j'ftl y

¢ G = Gy_y € RVxm)<My.

Hy
H
' ' [>0
Gy = ' _ (2.8)
H,
L HO l — O

In the next section, we introduce the regularized DA inverse problems, i.e. the 3DVAR DA and

4DVAR DA problems.

2.1.1 The 3D and 4DVAR DA problems

In the following we introduce variational approaches i.e. 3DVAR and 4DVAR DA approaches
based on the minimization of the objective function estimating the discrepancy between numer-
ical results and observations. These approaches assume that the two sources of information,
forecast and observations, have errors that are adequately described by error covariances. We

first present the 4DVAR problem.

Definition 3. (The 4DVAR DA problem). The 4DVAR DA problem concerns the computation
of:

uP? = argmin, grp<nJ (1), (2.9)

with

J(u) = allu — M|z + |Gu — yl[z (2.10)

where
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* Ny is the number of nodes in Q) C R" defined in (2.4));

* Ny i the number of observations in ), where ng,s << N,

* N: is the number of instants of time in A defined in (2.5));

* ug = {uj0}j=1,..n, = {u0(7;)}j=1,..N, € RNv: is the state at time t,;

* the operator

My € RN»>Ne [ =1... N, (2.11)
representing a discretization of a linear approximation of My, _, 4, from t;_, to t,,

* the operator

M e RNex*Ne, (2.12)

representing a discretization of a linear approximation of M from ty to ty;

e the matrix

u = {U%}jzl,...,Np;l:L...,N = {UM(xja tl)}jil,...,Np;l:O,l,...7N—1 € RV N (2.13)
representing the solution of model M i.e. the background;
* «: is the regularization parameter;
o y:={y(z;, 1)}t nopui=01.. N—1 € R*N: representing observations in Q0 x A;
o G :=Gy_1 € RVXb)XNo - ywhere Gy _y is defined in ;

* R = diag(Ro, Ry,...,Rn_1) € RNMovsXNnovs qpd B= VVT € RN»>*No: qre respec-
tively covariance matrices of the errors on observations and background where Ry, €

RrobsXnobs Vg = 1,..., N.
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The 3DVAR problem is stationary case of 4DVAR problem namely 3DVAR misses the time-
dependency.

Definition 4. (The 3DVAR DA problem) The 3DVAR DA problem concerns the computation of
uP4 defined in at fixed time t,.

The 4DVAR algorithm can be considered as an extension of the 3DVAR to the time dimen-
sion by including the dynamical models to evolve in time the state [109]. 4DVAR algorithm
consider the time distribution of observations differently from 3DVAR. The cost function is the
same, provided that the observation operators are generalized to include a forecast model that

will allow a comparison between the model state and the observations at the appropriate time.

Remark 1. It is worth noting that here we are considering a linear approximation of the obser-
vation operator, hence a linear operator G, although this is not at all required, at least in the
formulation of the 3D and 4DVAR problem. A more general approach for numerically linearize
and solve 3D and 4DVAR DA problem consists in defining a sequence of local approximations
of J where each member of the sequence is minimized by employing Newton’s method or one

its variants [42]. More precisely, two approaches could be employed:

(a) by truncating Taylor’s series expansion of J at the second order, giving a quadratic ap-
proximation of J, let us say J?V. Newton’methods (including LBFGS and Levenberg-
Marquardt) use J?P. The minimum is computed solving the linear system involving the

Hessian matrix V2J, and the negative gradient —VJ.

(b) by truncating Taylor’s series expansion of J at the first order which gives a linear approx-
imation of J, let us say let us say JT*. Gauss-Newton’s methods (including Truncated or
Approximated Gauss-Newton uses J'*). The minimum is computed solving the normal

equations arising from the local Linear Least Squares problem.
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Both approaches will employ the Tangent Linear Model (TLM) and the adjoint operator of the

observation mapping and of the model of interest [l18, [129].

2.1.2 Kalman Filter (KF)

In the past years Kalman Filter (KF) [71]] has become a main component in satellite navigation,
economics, or telecommunications and in the validation of the mathematical models used in
meteorology, climatology, geophysics, geology and hydrology. Today, KF is one of the most
important and common estimation algorithms. Its main strength is its recursive property: new
measurements can be processed as they arrive. Nevertheless, the standard formulation of the KF
becomes computationally intractable for solving large scale estimation problems due to matrix
storage and inversion requirements. Consequently, several approaches have been proposed to
reduce the overall time-to-solution. In this regards, in Sections [3.4{ and we presented an
innovative DD framework for using KF in large scale applications. In the following we will
refer to discretization of {2 x A in Definition [I] section (2.1).

We define KF state function of a dynamic system in €2 x A at time ¢, as follows:

T = 2(tiy) = {UM(vatlé)}%el; keK

where u™ and {(z;, ;) }ic. e are defined in (2.1) and Deﬁnition respectively.

In the context of DA methods, KF aims to bring the state x(#;,1) as close as possible to the mea-
surements/observations y(¢;,1). One can do this by discretizing then optimize or first optimize
and then discretize. Here, with the aim of making the best use of Schwarz and PinT methods in
a linear algebra settings, we first discretize then optimize.

We will use the following discrete formulation of KF method [116]:
* N,: number of inner nodes in (2 defined in (2.4);

e N :=r + 2: number of instants of time in A defined in (2.5]), where » € N;
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sy =ux(t) € RY»: the state of system at time t;, for [ = 0,1,...,r + 1;
* Ty = xy: the state estimate at time ¢, = 0;
* 7, the state estimate at time ¢;, for = 1,...,r + 1;

e w; € RY and v; € R™»b: model and observation errors with normal distribution and zero
mean such that E[w;v]] = 0, for j,1 = 0,1,...,r 4 1, where E[] denotes the expected

value;

e B, € RV»*No and R; € R™bsX"0bs: covariance matrices of the errors on the model and on

the observations, respectively i.e.
B, := Elww]] R :=E[vw]] VI=0,1,...,r+1.
These matrices are symmetric and positive definite.

KF method: KF method consists in calculating an estimate Z;,;, at time ¢;,{, of the state
Ti+1 S RNP:

Ti41 = Ml,l+1xl -+ wy, Vi = O, 1, NS (214)

such that

Y1 = Hiwp v, Vi=0,1,...,r. (2.15)

KF algorithm: Given 7, € R™ and P, = O € R™*"r a null matrix, foreach{ = 0,1,...,7r

KF algorithm is made by:
* Predicted phase.

— Compute predicted state estimate:

Tip1 = My (2.16)
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— Compute predicted covariance matrix:

Py = My PMJS,, + B, 2.17)
* Corrector phase.
— Compute Kalman gain:
Ko = P HYy (Hia P HY + Ri) ™ (2.18)
— Update covariance matrix:
Pii= U —-Kip1Hig1) P, (2.19)
— Update state estimate:
T = i1 + K (yisr — Hiiwiga)- (2.20)

When the measurement uncertainty R; is large, then the K;;; defined in (2.18]) will be low,
this means that the model data are more reliable than observations data. However, when the
measurement uncertainty R, is small, then the K, defined in (2.18)) will be high, this means

that the observations data are more reliable than model data.



Chapter 3

The DA-driven Space and Time

decomposition approach

Main approaches for delivering scalable solutions of simulations based on DA methods inte-
grated with a PDE-based model essentially only takes full advantage of existing parallel PDE
solvers, and in particular those based on Domain Decomposition (DD) methods in space, where
the DD-solver is suitably modified to also handle the adjoint system. While this scheme is effi-
cient, it has a limited scalability, due to the strong synchronization between the PDE integration
and the DA solver. Time-parallel approaches provide a new avenue to achieve scaling on new
generation computing environments. The core of our PinT-based algorithm is that PDE&DA
models are tightly coupled so that, once the whole space-and-time domain is decomposed (by
using PinT-based approaches for decomposing the PDE model and variational calculus for de-
composing the DA functional), DA model acts as coarse/predictor of the local PDE model, by
providing the background values as initial conditions of the local PDE model. Moreover, in
contrast to other PinT-based approaches, in our DA-driven PinT-based approach, local solvers
run concurrently, so that the resulting algorithm only requires exchange of boundary conditions

between adjacent sub-domains. In this way it leads to an ”adaptive composition of local solvers”

24
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in which, following a tree configuration manner, its customization varies from sub-problem to
sub-problem. Finally, the proposed approach is non-intrusive, allowing the incremental tran-
sition of existing software (as for instance, the Regional Ocean Modelling System-ROMS). In
this Chapter, we present a domain decomposition-based frameworks for solution of 3DVAR,
4DVAR DA and KF problems, involving decomposition of the physical domain, partitioning
of the solution and modification of the regularization functional describing the variational DA

problem. We call them DD-3DVAR, DD-4DVAR and DD-KF.

3.1 Domain Decomposition of physical domain

In the following we introduce the main modules of DD-DA algorithm:
Domain Decomposition of () x A.

We describe DD of 2 x A and Q7 x Ay.

e DD of Q2 x A consists of:

— DD of 2: decomposition of {2 C R" into a sequence of subdomains §2; such that:

Nsup

0= U O, (3.1
=1

and definition of set of indices of subdomains adjacent to €2; and its cardinality, as
follows

Jic{l,..., Ny} and ad; = |Jj| (3.2)

in particular, ad; is the number of subdomains adjacent to €2;.

Fori¢ =1,..., Ny, definition of overlap regions (2;; as follows
Definition of interfaces €2;, for7 = 1,..., Ny
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— DD of A: decomposition of time interval A C R into a sequence of time interval

A}, such that:

Nt
A=A
k=1
Consequently, we define
{0 X Aptizt, Nowik=1,...N; (3.5)

as local domains.
* DD of 2; x Ak defined in (2.6) consists of:

— DD of Q;:

identification of inner nodes of subdomains {€2; },—1  n,,: fori=1,..., Ny
Qr, = {x;}5er, C

are inner nodes of €2; where I; is set defined as follows

{1,...,N]\szb+%} ifi=1
I = {(i—l)x%—g—kl,...,ix%—i—g} if1<i< Ny (3.6)
{(Nsub_l)xN]\S[Zb—g—{—l,...,Np} l:fi:Nsub
such that
Nsub
=5 3.7)
=1

with I set of indices of inner nodes in (2 defined in (2.4) and

the number of inner nodes in overlap region €;; defined in (3.3).

Identification of inner nodes of overlap regions {€2;; }i—1. .., jesi: fori =1,... Ny

.....

{75} 5er, € Vi€ Ji
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are inner nodes of (2;; where

is the set of indices of nodes in overlap region. Consequently, for i = 1,..., Ny
we define the cardinality of /; as follows:

N, 8
— 3.10
Nsub * 2 ( )

Nloc = |Iz| -

i.e. number of inner nodes of spatial subdomain §2;.

— DD of Ag: identification of instants of time in time intervals {Ag}—1 n,: for
k - ]_, ey Nt

Ary = {titrer, C A

are equispaced time instants in A, where K, is set defined as follows:

K, = {(k—l)xﬁ,...,kxﬁ}

N, N,
where
N
Kkak-i-l:{kxﬁ}#@ Vk::l,,Nt—]_
t
and
N
Ny = |Kg| = —
pe= K =

its cardinality of K i.e. number of instants of time in K}, such that

Ny
K = U K. (3.11)
k=1
with K set defined in (2.5).
Consistently with Definition|[I] fori =1,..., Nyp. k=1,..., N,
Q, X Ag, = {23 t) Fersher, © i X Ak

is local discrete domain.
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We are able to define the restriction and extension spatial operator.

Definition S. (Restriction Operator) For i1 = 1, ..., Ny, we define restriction matrices
Ri cOxY — QZ xY

on §); and

Rijl QXY—>QUXY

on Q; where Y C N and |Y]| its cardinality. Given v € RN»*IYl and 2z € RN we define

restriction of x to §; :
. s Nioe X o
2/ = Riw = {x(i, k) Yicr, ey € R Ng (3.12)

L N
z/Qj = Rijr ={2(j, k) }ier, her, € R

J€Lj,

and restriction of z to §; X A},
2/ (% x A) == {20, k) Yiere, /% = Ri- {20 ) Yiere, = {200 W) Yier, her, € RN

2/ (Quj % Ak) = {20, k) er, /Qis = Rig - {205 W) Yiek, = {20 F) e, ek, € RN

where I; and I;; are respectively set of indices of inner nodes in ); and (5, Vj € J,.

Definition 6. (Extension operator) We define the Extension Operator (EO). If x € RNk
is

z(i,k) if (k) el x K

EO(z) = Rlz = (i, k) i (0.k) g

0 elsewhere

where R is the transpose of R; in and EO(z) = 270,

We underline that R; is the restriction matrix to subdomain (; differently from R; that is co-
variance matrices of the error on the observations at time ¢;. In the next sections we introduce

the DD-DA methods: DD-3DVAR, DD-4DVAR and DD-KF.
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3.2 Domain Decomposition of 3DVAR problem (DD-3DVAR)

The basic idea of of ASM is to divide the region into several overlapping subregions and then
to solve the subproblems in the subregions alternatively with boundary information from the
neighboring subregions. Let us review the main steps of ASM method applied to 3DVAR DA

problem ([23]]). It is composed of the following modules:

1. DD of Q: as described in section[3.1]and definition of restriction matrices R; = RO, and

extension matrices R;‘F = FO;,fori =1,..., Ny, as follows:

Sici+1 oo sty
0 --- 0 0 0 0 --- 0
0 0 0 0 0
sica+1 |0 - 0 1 0o -~ 0
R = : : . (3.13)
sici+rm| 0 - 0 0 1 0O --- 0
0 0 0 0 0 0
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Sic1s+1 -0 SistTy
0 0 0 0 0 0
0 0 0 0 0
Si1:+1 10 -+ 0 1 0--- 0
RT = :
Si—1i+rm| 0 -+ 0 0 1 0 <o 0
0 0 0 0 0 0
0 0 0 0 0 0

(3.14)
where s, ; = r; — C, ;, 5, j = 8;j +t;j, and 14, t; j, C; ; points of subdomain €2;, interfaces
I';; and subdomain €2;; = €); N €}, respectively.

In order to compute local estimates on local domains defined in we introduce the

following notation. Forz = 1, ..., Ny, we pose
2z = {2(D)}ier, € RV

i.e. a vector defined in local domain §2;.

Forn = 0,1, 2, ... until convergence is reached.

2. Model Reduction: Fori = 1,..., N,, let u™ solution of local problem P/ defined
as follows:
argminqueRNloch(u?“) = ar gmin, i1 g, [ |Hiu?+1 — yi||§i+

(3.15)

o (I = IR, + [ Ty = /Tyl )]
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B, = RiBRZT is a covariance matrix, B/I';; = RijBRg; is restriction of matrix B to I';;;
H; = R;HR!, R; = R,RRT are restriction of matrices H and R to subdomain ;,
u? = Ry, ul™ /Ty = Ryjul*', ul /Ty = Ryju? are restriction of vectors u™, u™",
u to subdomain €2; and interface I';; for Vi, j = 1,2, ..., Ngy.

For simplicity of notations, in the following we pose parameter o = 1.

The gradient of J;, by direct computation, reads as:

VI(wi ) = witt + VIHIR (H VWit — dg) + VE(Vwi ! — Viwh)

)

which can be written as follows
VI(wr) = (VIHIRVHV; + I; + B/Ty)wit! — ¢; + B/T;wh, (3.16)

where

Ci = (V?HERZIHin’di), d;, = (yi — HiU?H) (3.17)

I; € RMwexNioe ig the identity matrix, R; is defined in (3.13) and B = V'V 7 is covariance

matrix of the errors on background.

3. ASM: from (3.16), according to ASM method and considering the Euler-Lagrange equa-
tions corresponding to 3.15, fori, 5 =1, ..., Ngu, the systems (kS”iASM)nJrl defined as:

(SASMY™TE L APSMwntl = ¢ — N AW, (3.18)
JFi
where
AMM — (VIHIR T HV, + I, + B/Ty), (3.19)

and Aij = B/FU
4. DD-3DVAR approximation in §;: computation of u}, related to subdomain €2; as:

u'tt = uM + BIVWIT fori=1, .., J. (3.20)
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5. DD-3DVAR solution in ;: computation of uPP~PA solution of 3DVAR DA problem
in (2.9), by patching together vectors u'*, i.e.:

DD_DA ul(j) sex; €€

u (7) = ) (3.21)

n
i
UZ(]) Se Z; € Qk 0Z; € Qz N Qk,

fori,k = 1,...Ngu, and 1 corresponding iterations needed to stop of the iterative proce-

dure.

The DD method introduced in [30] provides the minimum of functional J in (2.10) (defined on
the entire domain) as a piecewise function by collecting the minimum of each local functional
J; defined in (3.15) by adding a local constraint about the entire overlap region. The DD method

in [30] is composed of the following steps:
i. DD of € as described in section (3.1
ii. definition of restriction RO and extension E'O operators;

(PZ»DD’DA)HJrl where

iii. forn =0, 1,2, ..., solution of Ny, subproblems

(PiDDfDA)”“‘l JPD-DA(tly —

argmznu;wrleRNloc i

T [ A e [ (| (322)
]231']')7

where B,; is restriction of matrix B to overlap region §2;;, and H;, B, restriction of matri-

ar gminufﬂ ERNioc (

B |[u€ [y — w9 /9]

ces H, B to subdomain 2; for ¢ = 1, ..., Ny, according the description in [30]. Finally

is non negative parameter and RO is restricted operator of DD method in [8].

From 1) the Euler-Lagrange equations give rise to the following systems (SZD b=b A)Wrl

[130]:
(SiDDfDA>n+1 : A7;DD7DAW;7‘+1 — CiDDiDA7 (323)
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to solve for n = 0, 1, ..., while the vectors c’?~4 and matrices A””~"4 are defined as
follows:

cPP=PA — (VIHTR 1 H,V,d;), (3.24)

APPTPA = (VIHIRTTH NV, + 1) (3.25)

and /; is the identity matrix, for i = 1, ..., Ngy.

iv. computation of w7, as in (3.20), fori = 1, ..., N,y

v. computation of uPP~PA  solution of problem 3DVAR DA in (2.9) obtained by gathering

ul solution of (PPP~P A)ﬁ defined in lb where 7 is latest iteration.

In order to prove equivalence between the DD method in [30] and ASM for solving the DA

problem, firstly we note that the following equivalence holds on:
EO =R;, RO=R!,

where RO and EO are restriction and extension operator in Definitions and [6] Then if

we let A € RVPXNP and consider N, points of €2, it is
RO(A) = R;ART,
for: =1, ..., Ny We now prove the following result.

Proposition 1. Let uPP-PA in be the solution 3DVAR DA problem in obtained

_ n+1l .
(SiDD DA) in

applying the DD method in [8)], that is, by solving for n = 0,1, ... systems
. Similarly, the ASM, provides gPDP-DA by solving forn = 0,1, ... systems (SiASM)”+1 in

. We prove that systems in and are equivalent.
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Proof. Let us assume that J = 2. We consider subdomains {2;, {25 and interfaces ['15 :=
891 N QQ, Fgl = 892 N Ql.
By using the DD method in [8] it follows that:

— +1 — — _ -1 _
(Sf)D DA)” . AlDD DAgmn+1 _ ClDD DA N W;hLl — (AlDD DA) ClDD DA (326)

Wi
and
(SPD-DAY™ . gDD-DAyn _ DD-DA _, yn _ (AQDD—DA)*lcQDD—DA
by using ASM we get
(SASMYMHL . AASMyntl oy AL wh 327
(Sé4$M)n+1: ADSMyntl = o) 1 Ay W, '

We prove the equivalence between (SPP~24)"* in (3.26) and (SA5M)"* in (3.27), i.e. we

prove that solutions obtained from (SPP~24)"** and (SPP~PAY" in (3.26) satisfy (SA5M )"

in (3.27).
Replacing w} ! by (A?D_DA)flcf)D_DA in 1| it follows that:

AASM(DD=DAY=1.DD-DDA _ (. | A wn. (3.28)
matrix A7M in (3.19) can be rewritten as
AMM = (VAR HV, 4+ [ + B/Tyg) = APP=PA 1 Ay
where APP~P4 s defined in (3.25)). Then, the (3.28) becomes:
(APP=DA 1 A ) (APP=DAY=1DD=DA _ o 1 A wh. (3.29)
Replacing wh with (AED’DA)_lch’DA in , it follows that:

PPDA L Ay (APPPAY DD DAY = o)+ Agy((APPDA)1RD DA
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then, we obtain

cPP=PA — ¢ (3.30)

From (3.17) and (3.24) we have

C{)DfDA _ (VZTHZTRZﬂHiVidi) = ¢y,

and the proof is complete. []

3.3 Domain Decomposition of 4DVAR problem (DD-4DVAR)

The proposed DD method consists in decomposing the domain of computation €2 x A into
subdomains in space and time and solving reduced forecast models and local 4DVAR DA prob-
lems. The modules of DD method are: domain decomposition of 2 x A, model reduction,
ASM method based on Additive Schwarz method idea [44]], DD—4DVAR local solution and
DD-4DVAR global solution. The method is made of two nested loops: the outer loop (over
index n) defines approximations of the reduced models, while the inner loop (over index )

solve reduced 4DVAR DA problems. The schematic description of DD—4DVAR algorithm is
reported in Figure

1. DD of Q: as described in section
In order to compute local approximation in local domains defined in (3.5) we introduce

the following notation. Fori = 1,..., Ny, k= 1,..., NV;, we pose
c T Nigex Ny,
Zi,k - {2(7/7 k‘)}ge_[i; %EK}C e R toe 2k

i.e. a vector defined in local domain 2; x Aj.
We introduce an outer-loop. The outer-loops solve the nonlinear aspects of the assim-

ilation problem which for DD-4DVAR, in general for 4DVAR techniques, includes the
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DD (1)

Model reduction (2)] — u;hli."

a Q.

g <)

o 2 ASM (3) ASM

= Jul —_— U}

5 @

- c

=} C

3 £
DD-4DVAR local w

e U; k

solution (4)
DD-4DVAR global DD_DA
solution (5) u

Figure 3.1: Schematic description of DD-4DVAR algorithm. The modules of DD-4DVAR: DD,
Model Reduction, ASM, DD-4DVAR local solution and DD-4DVAR global solution are identified

and the Arabic numbers in parentheses refer to the corresponding module in section For each

module we report the corresponding solution.
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integration of the nonlinear model.

Forn=0,1,...,n,do

sane - o (M
2. Model reduction: fori = 1,..., Ny k = 1,..., Ny, posed ug, := {u (%5, t7) Yier,, rer,
i.e. by using the background as local initial values, let u%j”“’nﬂ be the solution of the local
Mi, ) .
model (P, ;""" )izt Nyup =1, N;

M pm n n
W = Mg Uy + bi,k’
. . Mi’k,n
(P )imto Now =1,V Ul = Ut (3.3D)

upy /Uiy =y /Uiy, G €T

where u%g, bi', are respectively the background in €2; X Ay, the vector accounting bound-

ary conditions of (2; and

My == My /Q; (3.32)
the restriction to €2; of the matrix
Mk = Mgkihgk = M§k71,§k71+1 v Mgk,Lgk. (3.33)
where
k—1
Ski=» Nj—(N—1) and 5:=0 (3.34)
j=1

are respectively the first index of Ag, and Ag, and b}, is vector computed from infor-

mation in boundary of €2; at interval time A, that depends on discretization scheme used.

Let:

,,,,,

ASM, .
(Pl )ity Nowy k=1, Ny Uiy = arg min Jir(ui's,) (3.35)
i,k
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We let
O = > By lup/ Qs — u?,k/Qin]Q;ijl (3.37)

JjeJ;

be the overlapping operator in §2;;, and

M, 1,
Jie(uie) /(0 x Ap) = i - ufly — wy™ g + [ Giuly, — yinllg—
K3

be the restriction of J in €2; x Aj. Parameters o ;, and 3; in (3.37) denotes the regular-

ization parameters. Following, weleta; , = 3; = 1, 5 € J,.

3. ASM: according to ASM [44] we compute solution of (P}, )i=1,....N,,; k=1,...n,- Gradient
of J; . 1s [8]:

Vszk(WZk) = (VZT(GZ’]C)T<RZ71€)_1GL]€VZ + L + adi : BZ])WZk
—C; + zjeJi Bz‘jW?’k,
where

AT e (T T} (3.38)

)

M; i,
d, = (Vi — Gi,kuij’k n) C;, = (VT

)

(Gix)" (Rig)'d;)
and [; the identity matrix, ad; number of subdomains adjacent to €2; defined in (3.2)).

-----

rise to the linear system:

Ai Wi = ¢ — Z Biiwi ., (3.39)
JE€J;
where
Ay = (Vz‘T(Gi,k)TRZ;iGi,sz‘ + I; + ad; - Byj). (3.40)

(3.1) For each iteration n, r.h.s. of @) depends on unknown value w7, defined in
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adjacent subdomains €;; of (;, 7 € J;. Hence, for solving the system in (3.39).
We introduce an inner-loops related to minimization of local 4DVAR model defined in
@3.35). Forr =0,1,...,7

AWttt = = Bywi, (3.41)

JeJi

where at each step r + 1, §; receives wf,’j from €;;, j € J; for computing the r.h.s. of
then it computes W;”Zl’" by using Conjugate Gradient (CG) method and finally it
sends W:j;l’n to €2;;, 7 € J; for updating the r.h.s. of needed to the next iteration.

on - . .. .
w, " is an arbitrary initial value. Finally, we pose
VAl

W =W,
consequently
ASMn . ASM,F
U; k =Wy (3.42)

4. DD-4DVAR approximation in 2; x A;: final solution update, using (A.40) and (3.38):

n+l _  M;gntl n _  M;gntl ASMmn M; k,n
Ui = Uyg + VWl = u, S (T TR § (3.43)

Endfor n

5. DD—4DVAR solution in 2 x A: computation of DD-4DVAR approximation in {2 x A:

let

ﬁDD—DA,n — Z Z(qu)EO (3.44)

o

be DD-4DVAR approximation at iteration n where (uf,)” is extension to Q x A of

DD-4DVAR approximations in §2; x Ay, we define

ﬁDD*DA — ﬁDD*DA,ﬁ (345)
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as DD-4DVAR solution in €2 x A.

Note that B, = RiBRiT and B;; := B/T;; = RZ-BRZE are the restrictions of covariance ma-
trix B, respectively, to subdomain (2; and interface I';; in @]), Gk, R, are the restriction
of matrices G := Gj, and Ry := diag(Ro,Ry,...,Rg,) to Q;, and finally v} = Ry,
uﬁ“ /T = Rijuzgl, ufy. /Ty = Rijuj are the restriction of vectors uy, u%l, uf), to ; and

Fij,fori = 172;--->Nsubaj € Jl

It is worth noting that each local functional J; . is obtained starting from a restriction of the
global functional J and adding a local term defined in the overlapping regions. In ad-
dition, regarding the decomposition in time direction, we use DA as predictor operator for the
local PDE-based model, providing the approximations needed for solving the initial value prob-
lem in each sub interval.

We prove that the minimum of J can be obtained by patching together all the local solution

obtained as minimum of local function J; ;. We are able to prove the following result.

Theorem 1. If J is convex:

J(uP4) = J(@PP-P4). (3.46)
Proof. As uP? is the global minimum of J it follows that:

Ngub Nt
JuPr <J (Z > (u;k)E0> . Vi k (3.47)

i=1 k=1
then, from the (3.45)) it follows that

J(uP?) <J(uPPPA) . (3.48)
Now we prove that if J is convex, then

J(uDA) — J(ﬁDDfDA)
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by reduction to the absurd. Assume that

J(uP?) < J(@PP~PA). (3.49)
In particular,
Nsub Nt Nsub Nt
JuP?) <J ( Zﬁi,k> <3SN Tl (3.50)
i=1 k=1 i=1 k=1
This means that
Nsub Nt
J@P) <3S Tiw(ufy) (3.51)

From the (3.51)) and the (3.50), it is:

Ngup Nt Ngub Nt

VI@P) < VY N Tin(ul) =D 0> Vii(ufy) (3.52)

i=1 k=1 i=1 k=1

uP4 is global minimum of J i.e. VJ(uP4) = 0, from (3.52) it is

VJLk(ui,k) >0 V(Z, k) (3.53)

The (3.53)) is an absurd as the values of uf‘k are the minimum for J; for V(7, k). Hence, the

(3.46)) is proved.
O

In the next section we will show that this formulation leads to local numerical solutions conver-

gent to the numerical solution of the global problem.

3.3.1 Algorithm

In Table[3.1|we report DD procedure for solving 4DVAR DA problems in 2 x A. For a fixed sub-

domain in space and time, i.e. €2; X A1, the procedure is made of two nested loops: the outer



CHAPTER 3. THE DA-DRIVEN SPACE AND TIME DECOMPOSITION APPROACH 42

loop over index n, defines an approximation of local models by calling the Predictor-Update
procedure (Table [3.2), while the inner loop over index r solves local 4DVAR DA problems
calling the ASM Procedure (Table[3.3).

Iterative schemes are stopped when convergence is satisfied, i.e. at the minimum value of n and

r, respectively, such that

E9o S = |lwith — wi || < tolew, i=1,...,New, k=1, N, (3.54)
and
EMSE = luftt — |l < toly, i=1,...,New,k=1,.,N, (3.55)

where tolg,, and tol; are fixed. Note that, for each value of n, convergence of ASM in [44]

involves convergence of (W}, ),¢n, i.e.

-1/, n M;,n

ro V_1(UASM,r M ,n ; (uzk — Uy p ) = Wik

Wik = V¥ ik — Uk ) >V

r—00

Table 3.1: DD algorithm in 2 x A.

Procedure DD-Procedure(in: Ny, Ny, M, v, u™ vy, B, R, G; out : uPP~PA)
Begin of DD Step:
Q< (2,9Q9,...,,,,) % decomposition of spatial domain and
Define ad; % number of adjacent subdomains (module 1, section .
Define I';; % interfaces of domain 2; % (module 2, section .
A« (A1, Ay, ..., Ap,)% decomposition of the spatial domain (module 3, section
Fori=1,..., Ny
Fork=1,...,N;
ugk — u%

EndFor

End of DD step
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n <0
While convergence do % the outer loop (module 4, section .
Fork=1,...,N;
ugfo — u%
% restriction procedure
Call R%>2x (in:M, R, B, G, y, u™ , up; out: M, 1,11, Ri ki1, Bi, Bit,
- Biad,, Gigks1, U U, Ui o)

u?,o — Ui
Receive interfaces conditions from adjacent subdomains
Compute b; ;, % compute the vector accounting of information received
from adjacent subdomains.
Send interfaces conditions to adjacent subdomains
% procedure solving and updating the solution of local models

(modules 5-8, section .

Call Predictor-Corrector (in:as;, U1 ik, M jo; M 1, Yi s Bi, Ri i, G i
out:uzzl)
Endfor
n<n+1
EndWhile
n<n
EndFor
% gather of local solutions (module 9, section .
Gather of u;;: uPP~PA = () izt Ny =1, N

EndProcedure
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Table 3.2: Predictor—Corrector procedure in 2; x Ay.

Procedure Predictor—Corrector (in:ad;, u;'; 4, bi s Mi ks, M 1, Vi, Bi, Ry i, G s out: u"“)
% Procedure solving and updating the solution of local models (modules 5-8, section .
Compute u?ﬁk’nﬂ — M guly ) + b7y

% procedure solving local 4DVAR DA problems (module 7, section .

Call ASM-Procedure(in:ad;, u'y,, M, Mjx, Yi ik, Bi, Rig, Gip; out:wi ;)

Define w' < w/

Compute v} + uf‘,/],j”“"ﬂ + VWl

EndProcedure

Table 3.3: ASM algorithm in €2; x Ay with ad; € N adjacent subdomains.

Procedure ASM-Procedure(in:ad;, uiy., M; g, Mk, Yir, Bi, Rk, Gi ks out:wy ;)
% Procedure for solving local 4DVAR DA problems (module 7, section .
r<0
Factorization V; = chol(B;) % Cholesky factor of B;
Initialize w;,, w’
While convergence do % the inner loop that solve local 4DVAR DA
problems (module 7, section .
Compute d; < y; ; — szu%
Compute A; ), < V] (Gix)"R; \ViGiy + I; +n; - By
Compute ¢; < V! (G*)T(R;;)~'d;
Compute ¢; — E B Wi
% CG method for solving the linear system A; kw“,gl =c; — Z 1By wl]’

Call CG(in: A;x,c; — Z B,]wz i out WH_I)

r—nr+1



CHAPTER 3. THE DA-DRIVEN SPACE AND TIME DECOMPOSITION APPROACH 45

EndWhile
Define 7 < r

EndProcedure

Hence, convergence of (W; ;).cn, and Theorem 2|justifies convergence conditions in (3.54) and

(3.53)) of loops over index n and 7.
Note that, for each value of n, local 4DVAR DA problems in €2; x A, are independent on

each other, hence, they can be solved in parallel.

3.3.2 Sensitivity analysis

In the following, we analyze error propagation. To this aim, we introduce the following Lemma

[100]. We pose || - || = || - [I]
Lemma 1. Let N, € Nand R > 0, H > 0. If fork = 1,..., N; we have that:
|Exl| < (1+ R)|Exa|+H fork=12,...,N,
then it holds that
Bl < MR|Ey |+ 1

We consider round off errors propagation.

Definition 7. Let u}'}" and @} be respectively the numerical solution at iteration (n + 1)
in and the corresponding floating point representation. Fixed iteration n, for i =
1,...,N5ub,k’: 1,...,Nt let

n+l . n+l ~n—+1
R =y — gy (3.56)

be global round-off error in €); x ;.

"We refer to ||z kll2 = [|{2ix (i, k) Vier, hex, |2 where z € RN»*N and z; , := 2/(€ x Ay) and I; and K,

are defined in li and (3.7), respectively.
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From (3.31)) the numerical solution at iteration (n + 1) can be written as follows
1 1 ASM,
u’;? = (M;, kuz+1 b%l) + [uzk " (Mi,ku?,k—l + b?k)]
= i,kui7k_1 + 5(”219)

and consequently the corresponding floating point representation is
~ 1 1 1
g = Mgty + 0(ag,) + pi"

where 6(uf')) = (ukaM” — M pufy_y) + (b7 —b7,) and pp ™ is local round-off error.

Fixed (n + 1), we have that

IREE = N = @) = Moy + 0(a) = Maail L — o) — o™
< My = Migilh |+ 18(ats) = 0(@z) | + [of ™

< Ml — G+ S — s

n n 7 jntl
+{| M puiy,_y + 07 — (M gty 1+bzk)”+Hb +1_bzkz |

+|67), — zkH + ot
from (3.31) we have
~n+1 -
07 = bi [ = Mgy — Mgty |

and as in [8] we let the condition index p(M; ;) > || M; k|| then

~ AS ~AS ) ~ Mk,
IR < (M) [t — gt ]+l S = a5 )+ gy — |
+M(Mm)||u;§+11 - ﬂZﬂ” + M(M%k?)”u?kfl - ai,k—l” + |Pf|

and in compact form

n n ASMn
IRS < 26(Mi ) |R5 L+ IR+ 1R,

I M) B [+ o7

where

ASMm . ASMn ~ASMmn Mk M;gn ~M; ,n
R, Uik Uik Ri,k = Uy — U - (3.57)
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n+1

From Lemmal Wlth R=2u(M;;)—1and H = RASM" + R, Pkt g p(M; )Ry + pf it

follows that:

eNtR n
IR < MR+ S (IR RN 4 (M) IR+ ]
w(M; k)
then, it is
1 NiR by, et - ASM, N1,
n n n zk7
IR < IR+ S (IR R 4 IR ] + Sk
(3.58)

The upper bound in is made of three terms: the first one represents the propagation
of the error introduced on the first time interval, the second represents the propagation of the
error introduced at previous step and the last term depends on the local round-off error. In
particular, we note that, as expected, round-off error propagation grows with /V;, 1.e. the number

of subdomains of A.

3.3.3 Consistency, convergence and stability

1]

We first prove convergence results (see Figure[3.1). We pose || - || = || -
Theorem 2. (Convergence of outer loop) DD-4DVAR is a convergent method i.e.

lZmn_>oo HuDD DA n+1 ﬁDD—DA,n ” — 0 (3.59)

where @PP~PAR is defined in (M)

Proof. From (3.46) and (3.43), it is

J(uDA) — J(ﬁDDfDA) — J(ﬁDDfDA,ﬁ) (360)

2We refer to ||z; kll2 = [[{zi.k (i, k) Yicr, kex, |2 where z € RYN»*N and z; , := 2/(Q; x Ay) and I; and K,

are defined in lb and li respectively.
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where 7 is the latest iteration of the outer loop (see Figure (3.1). By minimum properties of

uPP-DAR we get

J(ﬁDD—DA,ﬁ) S J(ﬁDD—DA,ﬁ—l)‘ (361)
From (3.61)), by recurring we obtain

0< J(ﬁDD—DA,ﬁ) < J(ﬁDD—DA,nll)

IN

< J(ﬁDD—DA,l) < J(ﬁDD—DA,O)

then {J(uPP-PAm)1  _\ is monotonically decreasing and bounded from below by zero, then it
is convergent i.e.

limy oo [J(@PPPARTL) — J(@PP-PAM] — 0, (3.62)

Concerning iteration n of the outer loop, we get

J(ﬁDD—DA,n) — HﬁDD—DA,n o UMH2B*1 + ||GﬁDD—DA,n . v”%?fl Z HﬁDD_DA’n o UMHB*
(3.63)

from the triangle inequality we get
J@PPPAR) > [|[aPPPAR g — [u g (3.64)

where u is defined in (2.13) and does not depend on n then {uPP~-PAn}, \ is convergent
respect to || - ||g-1, consequently respect to || - ||. Then we get the thesis in (3.59). O

The convergence of ASM is proved in [44].

We also analyse the convergence of DD-4DVAR modules in terms of local truncation errors
Esz““, E#PM | B, and E, reported in Figure Similar to the differential equations case
[29], local truncation errors Esz’“, Eif‘,fM , Eipin Q; x Apand E; in 2 x A are defined as the
remainder after solutions u™ of and uP4 of 4D-DA problem are substituted into the

discrete models. To this aim, we give the following definitions.
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Definition 8. We define
M= {uM(:L'i, tk)}iel; keK (3.65)

approximation of u™ in in Q0 x A obtained by replacing u™ evaluated in Q; x A defined
in Definition[l] into M defined in )

Definition 9. (Local truncation errors in Q; x Ag) V(i k), i =1,... , Naypandk =1,... N,

at at iteration n we define

Bl = HuM%M /(9 x Ay) — ulir” (3.66)
as local truncation error of the numerical model restricted to ); X Ay ;
EASMA H DA /(0 x Ay) — uSM (3.67)
as local truncation error of ASM restricted to ; x Ay, ;
El = [[uPA /(0 x Ag) —ully || (3.68)
as local truncation error of DD—4DVAR method restricted to §); X Ay, ;
E, = |[uPA — GPP-DA| (3.69)

as local truncation error of DD—4DVAR method in €} x A.

DD-4DVAR method needs few iterations of DD—4DVAR outer loop on n to update DD-4DVAR

approximation in (3.43). Consequently, in the next, we neglect the dependency on 7 of v, Mk, n,

uf;f M and uy), defined respectively in (3.31), (3.35) and (3.43) and E; M wf Ei’f‘ ST and Efk

in Q; x Ay, defined respectively in (3.66), (3.67) and (3.68).

For (i,k),i=1,...,Nggpand k = 1,..., N;, we pose

ai,k = Uzk (370)
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DD (1)

Model reduction (2f — 1% — EMN* in(3.73)

5 5
2 2 ASMB) [ B —s B in(3.74)
5 g
=] £
o

DD-4DVARlocal | .. _, E. in(3.75)

solution (4)

DD-4DVAR global

g » {PDP-DA— E.,  in(3.69)

solution (5)

Figure 3.2: Local truncation errors related to each module of DD—4DVAR method.
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From (3.70)), the DD-4DVAR approximation in {2 x A defined in (3.45]) becomes

Nsub N

uPPPA =y "y "l (3.71)

i=1 k=1

Fori=1,...,Nygpyand k =1,... N;, we pose

ASM __  ASM,,
g —Uyp
My  M;g,n,
Ui =~ U (3.72)
n
uz’k - ui7k.
Consequently, from (3.72) we pose
Mk  M;g,n
Em =By (3.73)

as local model truncation error in €2; X Ay,
B = BT (3.74)
as local ASM truncation error in €2; X Ay in (3.67),
Ei= Ef‘k (3.75)

as local truncation error €2; x Ay in (3.68).

We introduce the definition of consistency of DD—4DVAR method.

Definition 10. (Consistency of DD—4DVAR method) Let E, be local truncation error of DD-
4DVAR in Q) x A defined in (3.69). The DD-4DVAR method is said to be consistent, if E4 — 0

as Ax, At — 0, where

e Ax = maxr;=1

fined in (3.32);

Nouy (A);, where {(Ax);}iz1, N

sub

are spatial step sizes of M, de-

-----

o At := maxy—

in ([3.32)).

N, are temporal step sizes of M; j, defined

----------
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In order to prove the consistency of DD—4DVAR method, we perform the analysis of local trun-
cation errors E%’“, EAM, By and E, defined respectively in (3.73), (3.74), (3.75) and (3.69
related to Module Reduction, ASM, DD—4DVAR local solution and DD—-4DVAR solution mod-

ules as described in Figure 3.3

Assumption 1. (Local truncation error of Model Reduction in €); X Ay) Let
Bl = 0((Ax)! + (ADE),  Y(i.k) € {1,..., Nuo} x {1,...,N;} (3.76)

be local truncation error defined in where (Ax); and (At), are spatial and temporal step

sizes of M; . defined in (3.32)) and p and q are the order of convergence in space and in time.

In the experimental analysis (see section[3)), in order to discretize the SWEs model we consider

Lax—Wendroff scheme [81]. Hence, in that case, p = g = 2.

Lemma 2. (Local truncation error of ASM in €); X Ay) Let us consider
* 03: be observational error variance;
e B, = V, V! be restriction of covariance matrices of the error on background to §);;
* G, be restriction to §); X Ay, of matrix G defined in @);

* ad;: be number of subdomains adjacent to §Y;, defined in (3.2));

Bi; = Vi;V}: be restriction to Q;; of variance matrix of the error on background;

* M; y: be matrix defined in (3.33)), restricted to €2; x Ay,

w(Vi), ;i(Gig), (M, 1) and j1(V;): be condition number of matrices V;, G, ., M, . and

V.,j, respectively.
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Then, Vi =1,..., Ngyp; k =1,..., Ny, it holds that:

ERM < ppP~Ph BAM (3.77)
where
_ 1
pow P =14 ;MQ(Vi)MQ(Gi,k) +ad; - (2 (Vi) | (M) (3.78)

0

Proof. By applying error approximation in [8]], we have
a4/ (€ x Ap) = w M < p(Tig)p(Mig) - [0 /( Qi x Ar) — uP™ | (3.79)
where [[uP?/(Q; x A;) — ufM]| is the error in ©; x A;. As proved in [B], it is
1(Jig) = p(Aig) (3.80)

where J; , and A; , are respectively defined in (3.36) and (3.40) and form the triangle inequality,

itis
p(Aig) <1+ Oig,uz(Vi)uz(Givk) + ad; - ;1(Byj) (3.81)
<1+ Uig;ﬁ(vz-)u?(@,k) +ad; - fA(Viy), (3.82)
From (3.79) and (3.81)), the (3.77) follows. O

Lemma 3. (Local truncation error of DD-4DVAR method in Q; x Ap) Y (i, k), i = 1,..., New; k =
1,..., Ny, it holds that:

Eijy < ubP=P4 - EBASM 42 B (3.83)

where ,uf,? DA s defined in .
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DD (1)

Model reduction 2} — u/}j* — EM* in (3.73) «—— Assumption 1

o o
o o
Theorem 2 —>% Theorem3 —» % ASM (3) — MM EfM in(3.74) «— Lemma3
[ Q
S g
o -—
DD_4_DVAR local — ux — FEir in(3.75) «— Lemma4
solution (4)

DD-4DVAR global

solution (5) — {PP-DPA— E,  in(3.69)«— Theorem 4

Figure 3.3: Assumption, Lemmas, Theorems related to each module of DD-4DVAR method.

Proof. From (3.72)) and (3.43), E; ), defined in (3.75) can be rewritten as follows

Ei,k = HUDA/(QZ' X Ak) — u,kH

Mz ASM,n—1 M; ,ni—1
= [luPA /(s x Ag) = up " = (e =)
from the triangle inequality
B < [[uPA/( x Ag) — w4 [l — g | (3.84)

as consequence of Lemma 2] and we have

ML ksT

E'Lk < ,LLDD DA EASM + H 1k:n ]- zk | (3.85)
where EASM is defined in 4) and LLD D=DA4 is defined in .
In particular, by adding and subtracting ™ /(€; x A}) in Hu ikl uMZ S| we get:
Mijs-l | Mg, M 5,1
[y ™ = g™ = M x A))

+ (@M x Ag) = ug )|
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and from the triangle inequality

M; j,i—1 M; i, M; ;,n—1
™™ = ™ < g™ = WM (0 x A
™M (9 % Ay) — | (3.86)

M gn M g,n—1
=E," + By

From Theorem 2, we get that {uPP~-PAn} v is a convergent sequence, then it is a Cauchy

sequence. From (3.44), we get that {uzk““ "1 en is also a Cauchy sequence, i.e.

Mi’k,n Mi7k,m

Ve>03aN>0 : [Ju " —u | < e Vn,m>N. (3.87)

In particular, is true for n = n and m = 7 — 1, assuming that 7 is large enough.

Consequently, we can neglect the dependency on outer loop in E%’“ﬁ and E%i"“’ﬁfl in (3.86

1.€.

Hulf'\’/[ki,k,ﬁfl B Uf\,/j;;k’ﬁﬂ <92. Elfj;fczk (3.88)

where E%’“ is defined in (3.73)). From (3.85), (3.86)) and (3.88|) we get the thesis in (3.83). [l

Lemma 4. Under Assumption ([I),if ey, the error on initial condition of M in is equal to
zero i.e.

eo =0 (3.89)

then
Eir <c-((Azx)! 4+ -(At)]) (3.90)

where E; . is the local truncation error defined in and c is positive constant independent
on DD.

Proof. By applying the Lemma to local ASM truncation error 4 in €; x Ay, we get

B < pPPmPA ey /. (3.91)
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where ,uf?lD DA s defined in li and e /€2; is the restriction of e to ;. From the assumptions
itis eg/€2; = 0 and by replacing it in (3.91) we have

EfM =0 (3.92)
consequently local ASM truncation error in §2; X Ay is
EfPM =o0. (3.93)

From (3.93)), and (3.83) we get the thesis in (3.90). O

Now, we are able to prove the following result on global truncation error.

Theorem 3. (Local truncation error in 2 x A) Let assume the assumption of Lemmad|in ({3.89).

The local truncation error in €2 X A is

E, <c- (Now- Ny) - [(Az)P + (A1), (3.94)

=1,.., =1,...,

e At = maxry—

in (B32);

..........

* ¢ > 0: is positive constant independent on DD.

Proof. From (3.71)) E, defined in (3.69) can be rewritten as follows

Nsub Nt

LD D)L

1=1 k=1

E, = ”uDA _ ﬁDD—DAH _
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by applying the restriction and extension operator (Definitions |5|and @) to uP?, we get

Nsub Nt
By =D ) [(wPA/( x Ap))PC — ]
=1 k=1
from triangle inequality, it is
Neub Nt
Ey =D [(aP/(Q x Ar))"0 — Ty
k=L (3.95)
Nsup Nt Nsup Nt
299 DI SN 3 oo
i=1 k=1 i=1 k=1
where [ , is defined in (3.75). From Lemma [4] we have
Nsup Nt Nsup Nt
DD Eu<ed ] Y (An)] +-(An))
=1 k=1 =1 k=1 (396)

Nsub Nt
=c- [Nt > (A + Naw Y (AD)]
k=1

=1

consequently
Nsub
E,<c- [N > (Ax)y +N5ubz (At)
=1 k=1
By defining
AZE = Mmaxi=i,..., Ngub (AI>Z
At := maz—1,.. n,(Al)x
we get
B Nsub |
By <o | NS (Aa) +Nsubz (A
L i=1 k=1 J
B Nsub i
L i=1 k=1 i

¢+ (N - Ny) - [(Az)P + (At)1].
Hence, the (3.94) is proved.
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In Figure we show the schematic description of results obtained from local truncation anal-

ysis.

Now, we prove the stability by studying the propagation of the error from each time interval to

the next, assuming that the predictive model is stable.

Assumption 2. (Stability of discrete model ) The discrete model applied to M in is stable
i.e. 3D > 0 such that
|u™ — M| < D - e, (3.97)

where
« uM: is solution of M in (2.12);

o vM: is solution of M, where M is obtained by considering initial error ey on initial

condition;
* ¢ is initial error on initial condition of M in (2.12).
Definition 11. (Propagation error from Aj_1 to Ay) Let us consider

o ¥PP-DA. be the solution in Q x A computed by adding a perturbation ey, to initial

condition of sz\gk " defined in (3.31)).

We define
By = |[aPPPA/A, — PP PA AL (3.98)

the propagation error from Ay_4 to ;.

Theorem 4. (Stability of DD-4DVAR) Under Assumption 2} if ey, the error on initial condition
of M in (2.12), is equal to zero i.e.
e =0 (3.99)
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then,Vk =1,..., N; 3 C}, > 0 such that
E, <Cy - &
where
o E,: is the error propagated from Aj,_; to A, and defined in ;

» (. is a constant depending on the model reduction and on the ASM;

_ . o .. M, . .
* ey perturbation on initial condition of P, * defined in (3.31).

Proof. To simplify the notations in the proof, we consider ¢, = €, Vk = 1,..., N;. From
(3.43), (3.72) and triangle inequality, we get
Ek _H~DD DA/A ~DD DA/A H<H< zkn)EO/Ak_< Lk}n)EO/AkH
g™ A = (o) EC A (3:100)

+ [ (u ASM")EO/A = (™ A

From (3.87) and (3.74)), we can neglect the dependency on outer loop iteration 7 i.e.

B <2 [ (upy )P0 A — ()20 AR+ (@) EO /Ay — (o) EO /A (3.101)
From Assumption 2} we get that 3D > 0 such that
i)/ A = ()P [ Al < D - e (3.102)

where ¢ is the error on initial condition of M in (2.12)). By adding and subtracting uP4 /A, to
[(ufM)EC ) A — (vfM)FC / Ag ] and from triangle inequality, it is
1™/ A = (M) PO AR < ([P /Ay = ()70 /A

(3.103)
H[uPA/Ag = (0™ Al
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From (3.103)) and (3.77)), we get

(MO J Ay — (0ASMYEO [ Ay|| < pPP—PA . BASM  pDP=DA . pASM - (3.104)
where
E{SM = [[aPA /A, — ()P0 /A
pASM DA ASM\EO (3.105)
E; = [Ju /AI_(UM )77 AL
and
1
BP0 i |1t (VG0 | )
70 (3.106)

1
ﬁkDD DA . [1 4+ =
o

W2V W(G/Aw] W(B/A)

with o observational error variance, B = VVT covariance matrix of the error on background
to 2, G matrix defined in (2.8), M defines in (2.12) and A is discrete model obtained by
considering initial error e, on initial condition of M. By applying (3.77) to EASM and E{°"

in (3.105)), we get

(™) EC /A = PO AL < P72 u? PP eq + PP PP e, (3.107)

From (3.101)), (3.102) and (3.104), it is

E,<2-D- €O+MkDD DA MlDD DAy +MkDD DA ﬁ{)D DA
and from hypothesis in (3.99), we get

E. < MkDD DA M?D—DAé (3.108)
Consequently, for £ = 1, ..., N; we get that 3 C}, > 0 such that

Bo<Cy-e (3.109)
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Local truncation errors of Local truncation error of Local truncation error of
model reduction and ASM DD-4DVAR method DD-4DVAR mathod
in Q; XA, in Q; %A in QXA

EM F<e ((Ax)P + )5
—— B <c- ((A2)! +-(AH)]) —— Ey <c- (N - Ny) - [(Az)” + (At)),
EASM < DD DA EASM

Figure 3.4: Schematic description of DD—4DVAR local truncation analysis.

where

Oy, = ppP~PA. pPP=bA, (3.110)

The thesis is proved.

From Theorem @] we get the stability of DD-4DVAR method.
L

Remark 2. (Condition number of DD-4DVAR method) We note that in Theorem |4} to prove
the stability of DD—4DVAR method, we study the propagation error according to the so-called
forward error analysis. In particular, we get that the constant Cy, Yk = 1,..., Ny in
depends on the quantity [LkD D=DA jdefined in , which is in turn depends on condition num-
bers of M in , Gin and B = VVT covariance matrix of the error on background in
Q. As a consequence of the forward error analysis, we may say that the quantity MD D=DA ¢qp

be regarded as the condition number of DD—4DVAR method.



CHAPTER 3. THE DA-DRIVEN SPACE AND TIME DECOMPOSITION APPROACH 62

3.4 DD-KF-CLS: Domain Decomposition of KF on CLS prob-
lem

The standard formulation of the KF becomes computationally intractable for solving large
scale estimation problems due to matrix storage and inversion requirements. Then, several
approaches have been proposed to reduce the overall time-to-solution. Among them, there are
KF simplifications reducing computational complexity. Approximations are designed on the
basis of a reduction in the order of the system model (usually the approximation is performed
trough the use of the Empirical Orthogonal Functions (EOF)) [60, [111]], or they are based on the
Ensemble methods, where a prediction of the error at a future time is computed by integrating
each ensemble state independently by the model. Integration is typically performed until ob-
servations are available. At this time, the information from the observations and the ensemble
are combined by performing an analysis step based on KF [53]]. However, the choice of the
dimension of the reduced-state space or of the ensemble size giving an accurate approximation
of KF still remains a delicate question [8]].

Besides these variants, there are parallel approaches to KF algorithm.

* KF-DD: most approaches for delivering parallel solutions of simulations based on KF
algorithm integrated with PDEs-based models essentially takes full advantage of existing
parallel PDEs solvers; in particular, it is worth mention those based on DD [54]. Never-
theless, a common drawback of such parallel algorithms is their limited scalability, due to
the fact that parallelism is achieved adapting the most computationally demanding com-
ponents for parallel execution. Amdhal’s law clearly applied in these situations because
the computational cost of the components that are not parallelized provides a lower bound
on the execution time of the parallel algorithm. On the contrary, the challenge is to con-

sider parallelization from the beginning of the computational problem solving.



CHAPTER 3. THE DA-DRIVEN SPACE AND TIME DECOMPOSITION APPROACH 63

* DD-KF: involves decomposition of the whole computational problem, i.e. data and
model decomposition, partitioning of the solution and a slight modification of KF algo-
rithm allowing a correction at run-time of local solutions, through its exchange between
adjacent subdomains. The analysis carried out in [48]] highlighted the reliability of the
proposed framework mainly in terms of the accuracy of local solutions with respect to
the global solution. In order to analyze the benefits arising from decomposition we firstly
present scalability analysis of DD-KF algorithm measuring the scale-up factor which ex-
presses the performance gain of the algorithm in terms of reduction of its time complexity
[39]. As the numerical model underlying variational Data Assimilation problems arising
from the so-called discretize-then-optime approach is the well known Constrained Least
Squares (CLS) defined in Appendix we will use CLS as a reference state estima-
tion problem and we will employ DD-KF on CLS problems. In Figure we give a
schematic picture of these approaches showing how they arise. We see that KF-DD-CLS
is obtained by following the path on the right, while on the left we get DD-KF-CLS.

3.4.1 KF-CLS: KF algorithm solving CLS problems

We prove that solution of CLS problem in (A.4), can be obtained by applying KF to S in
(A.2). To this end, regarding (A.2)) as an inverse ill posed problem [8, 50], we rewrite KF as
a Variational problem, the so-called VAR-KF formulation, obtained minimizing the sum of the
weighted Euclidean norm || - || 5, of the model error w; = x;41 — M;;+12; and the weighted

Euclidean norm || - ||, of the observation error v;y1 = y;1 — Hi1 12141

VAR-KF method: VAR-KF method computes, for k = 0,1,...,r:

Tigp1 = ngmxmeRNp Jir1(2i41)

= argming, cpdp {||$l+1 — My @l|B, + 1y — Hl+1$z+1||?~z,+1} -
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E —
_ >

KF KF

1 KF-DD-CLS |
KF-CLS DD DD-KF-CLS I
—_—

Figure 3.5: Schematic description of the framework we introduce for using DD in KF.

Remark 3. Besides covariance matrices of the errors, main components of KF algorithm are
dynamic model and observation mapping. These are two main components of any variational
Data Assimilation operator and state estimation problem, too. In this regard, in the following,
as proof of concept of the DD—KF framework, we start considering Constrained Least Squares
(CLS) (cfr Appendix|A.1) model as a prototype of a variational Data Assimilation model. CLS is
obtained combining two overdetermined linear systems, representing the state and the observa-
tion mapping, respectively. Then, we introduce the VAR-KF method as reference data sampling
method solving CLS model problem. VAR-KF will be decomposed by using the proposed DD
framework. That said, anyone wants to apply DD framework in a real-world application, i.e.
with a (PDE-based) model state and an observation mapping, once the dynamic (PDE-based)
model state has been discretized, should rewrite the state estimation problem under consider-
ation as a CLS model problem (cfr Appendix and then to apply KF-CLS algorithm (cfr

Section [3.4). In other words, she/he should follow the discretize-then-optmize approach, com-
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mon to most Data Assimilation problems and state estimation problems, before employing the

DD-KF framework (cfr Sections[3.4.1] [3.4.213.4.3]).

By using linear algebra results we proved that [48]]:

Proposition 2. (KF-CLS) Let S be the overdetermined linear system in with A € R(motm1)xNp,
b € R™0+™1 defined in (A.3)). Let us consider

e forl = 0,1, H € R™*Ne and v, € R™ with mg > N, and m; > 0,

« M = (HTRoHy) "HTRy € RM»>™0 with Ry € Rmo*™, R € R™*™ gpd R =

diag(Ro, Ry) € Rmotma)x(motmi) yeiaht matrices;
e Tp = Myy € RN>, least squares solution of system in ;

« 7= (ATRA) AT Rb € R [east squares solution of S in (A.2).

We pose:
My, =1In,n, € RNp Ny
Qo  =On,n, € RN : (3.111)
Py = (HjRoHp)~" € RN,

where Iy, n, is the identity matrix and Oy, n, is the null matrix, then by using KF algorithm

for k = 0 we obtain KF estimate T in (2.20) such that

T

7.

Remark 4. By adding (r + 1) - m equations, with r > 0, m > 0, to the system in and
posing, for =0,1,...,r,
Ml,l+1 = IprNp c RNpXNP7

Qi = On,.n, € RNp >N )

PO = (HgRoHQ)_l S RNpxNp
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and R € RO mx0+2)m tho vweioht matrix, KF procedure can be applied to solve the

overdetermined system

Moy (3.112)
where - - [ ]
HO Yo
Y Hl . R(r+2).mep; b= n e IR(T—I—Q).nObS7 zc RNP
L Hv”-i-l ] - Yrid -

and H, € R™ Moy, € R™, where mo = m. This means, as proved in Proposition that KF

estimate Z41 at step | = r coincides with Z = (MTRM)~'MT Rp, i.e. least squares solution

of BITD).

3.4.2 DD-CLS problems: DD of CLS model

We apply DD approach for solving system S in (A.2). Here, we consider Ny, = 2 spatial

subdomains i.e. the set / € N is decomposed as [ = I; U [5.

Definition 12. (DD-CLS model) Let S be the overdetermined linear system in (A.2) and A €
Rmotm)xNp ¢ R™+™ the matrix and the vector defined in and Ry, € RmMoxmo
Ry € R™>*™ R = diag(Ry, Ry) € Rmotmux(motmi) pe the weight matrices with n,, > N,

obs

and nl,, > 0. Let us consider the index set of columns of A, I = {1, ..., N,}. DD-CLS model

obs

consists in:
* DD step: DD of I
)
11:{1,...,711}, ]2:{n1—§—|—1,...,Np}, (3113)

where § > 0 is the number of indexes in common, |I;| = ny > 0, |I3| = ny > 0, and the

overlap sets

d
]172:{711—5—{—1,...,%1}, (3114)
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If 6 = 0, then I is decomposed without using the overlap, i.e. I, NIy = ) and I, 5 # 0,
instead if 6 > 0 i.e. I is decomposed using overlap, i.e. I, NIy # 0 and I, 5 = 0.

* restrictions of A to Iy and I, defined in (3.113

Ay = Al € Rimotmixm = A, = 4], € Rimotm)xnz, (3.115)

* DD-CLS step:

— Model Reduction: let us consider A € R(m0tm)xNo = Rmotm1 the matrix and
the vector defined in , L =A{1,....n}, b ={1,...,no} withny,ny > 0 and

the vectors x € R . Let

J

(I;,1) . (l’|]i,$|]j) — J

(Iirlj)(xlfiax|lj) v27j = ]_72
denote the reduction of J defined in (A.5). It is defined as

J

oot (@l @1,) = |[Holn@lr, — (ot Holr, |1, oy + Hi | 1@ 1, — (ya+ Hi | 2| |7,
(3.116)
fori, 5 =12

— ASM: given 1 € R™, according to the ASM in [56]], DD-CLS approach consists in

solving forn = 0,1, 2, ... the following overdetermined linear systems:
St Ayttt = b — Agaly; SET L Agahtt = — Ap (3.117)

by employing a regularized VAR-KF model. It means that DD-CLS consists of a

sequence of two subproblems:

n+1l . on+1 - n+1 n
P70 27T = argmingeegge, Ji(277, 2)

= argminx’fﬂeR"l [J|([17[2)(ZU71H_1, ZEEL) T (9172(1.?4-1’ Zl?g)]
(3.118)
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n+1 . /\'n-i-l n+1 n+1
Py Ty = argmingpeicgn, Jo(2y7 21 T)

= argmin o cgny [J|1,0) (237, 20) 4+ - O1a(a3 ™ 7))

(3.119)
where 1; is defined in (3.113) and J |y, 1, is defined in , 01 is the overlapping

operator and 1 > 0 is the regularization parameter.

Regarding the operator O, », we consider z; € R™ and x5 € R"2, and we pose
1 ..
01,2(Iiﬂxj) - 5 ’ ”EOIz<x2|112) - EOIi(xj’h,z)HQv 1,] = 172

with EOy,(71|1,,), EOr,(22]1, ,) be the extension to I;, of restriction to I; 5 in (3.114) of x; €
R™ and z, € R"2, respectively. Operator O, » represents the exchange of data on the overlap

I, 5 in (3.1T4).

Remark 5. If I is decomposed without using the overlap (i.e. 6 = 0) then )" € R™ and

5T € R™ can be written in terms of normal equations as follows

n+1

S, (ATRADZY = ATR(b — Agx) = 27t = (ATRA,) AT Rby (3.120)
SUN L (ATRA)ZT = ATR(b — Ara™™Y) = 704! = (ATRA,) AT RbnH,
where b? = b — Ayxl and by = b — Ajpt T
Remark 6. DD-CLS gives rise to the sequences {x"™ } ey, -
x1+1|11\11,2 on I\ Lo
= S @ e 3 ) onliy (3.121)
/$\2+1|12\11,2 on [2 \ 11,2

where I, I, are defined in (3.113) and I 5 in (3.114).

3.4.3 DD-KEF solving DD-CLS problems

In the same setting of the previous Section, we aim to find an estimate of 7 = (AT RA)"'ATRb €

R, i.e. the least squares solution of .S in (A.2)), by solving DD-CLS by KF algorithm. To this
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end, forn =0, 1,2, ..., we prove that 77" € R™, 2! € R", solutions of P;"*! and P;*! in

(3.118) and (3.119) respectively are equal to KF estimates 1", Z5 1" obtained by applying KF

to P, Pyt

To apply KF algorithm to P}"** and Py in (3.118) and (3.119), we need Z;, € R™ and

Ty € R™ (i.e. reduction of 7y = (Hg RHO)*lHOT Ryyo). This vectors are calculated as follows,

in the case without or with overlap:
1. DD of I without overlap (i.e. o = 0).

Theorem 5. Let us consider Hy € R™*Ne ¢y € R™ and Ry € R™0X™0 where mg >

N,, my > 0, system Hoxy = yo and the set I. Let us consider the following steps:

* DD of I:
[1 = {1, ...,?7,1} and [2 = {n1 + 1, ...,Np}. (3122)

* reduction of Hy:
Hy o= Hol;, € R™*™ and Hyo = Hy|;, € R™*"™. (3.123)
* computation of P,y € R™">"i;
Po= (H\RoH,0)™", i=1.2. (3.124)
* computation of Py, , € R™0*™o;
Py,, = Ro — RoH;o(Pio)H\Ro, i=1,2. (3.125)

* computation of x; € R™ and xo € RNe=71;

Ty = (HEOPHzoH1,0>_1H17:0PH2,0y07 Ty = (HQY:OPHLOHQ,U)_IHQY:OPHl,oyO'
(3.126)
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Then Ty = (HI RyHo) ' HI Royo € R™», which is the least squares solution of Hyxo =
Yo, is obtained as follows:

Zoln, = &1, Zolr, = 22, (3.127)

where Ty|;, is the restriction of T to I;, fori = 1,2.

2. DD with overlap i.e.  # 0 and overlap set I; » be as in (3.114).

.1'1’[172 cR® on [1’2

T9 €ER™ only\ I

€ R™, (3.128)

/ZL'\0|]1 :xleR”I §0|[2:

where z; € R™ and x5 € R™ are defined in (3.126) and ny = |I1], ny = |15

5 (5 = |]172|.

Theorem 6. (DD-KF)[48] Let us consider the overdetermined linear system in (A.2), H, €
Rmopr’ R() € Rmoxmo N\ — (HgﬂRoHo)ingﬂRo < RprmO, Yo € R™0 and i’\o = My() <
RNe, where mg > N, and my > 0. DD-KF-CLS approach is composed by the following steps.

e DD step. Decomposition of I = {1, ..., N,}, i.e. columns index set of A € R(mo+tm1)xNp

of S'in (A.2) into
[1:{1...,711} and IQI{TL1+1,...,NP}, (3129)
with |I1| = ny and | 15| = no.

* KF-CLS step. Computation of ©1 = To|;, € R™ and T2 = Zo|1, € R", restrictions of

To € R asin to I and I in (3.129).

Given 73 , € R"™, we consider

M&,l — Inhnl e Rnlx’NJ’ M(?’l — [n2’n2 G R’RQXTLQ,
Bé = Onhnl c R™m ><nl7 B(2) — On2’n2 c Rrexn2 ’ (3130)
Pig = (Hy|nRoHolr,)™ ' € R™*™  Pyy = (Hg |, RoHolr,) ' € R™2*"2
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where Iy, n, is the identity matrix and Oy, n, the null matrix.
Forn =0,1,2,... and for | = 0, by applying KF algorithm described in to P and
Pytin (3.118) and (3.119), we obtained as predicted estimates

11 = (},@1,0 = /fl,o 3.131)
To1 = Mo2,150\2,0 = 552,0
predicted covariance matrices
Py = Mol,lpl,O(M(},l)T +Q5 = Pio (3.132)
Py = M&le,o(M&l)T + Q% = Py
Kalman gains
K., = P1,1H1|}F1(H1‘11P1,1Hf|11 + Ry)™! (3.133)
Ky, = P2,1H1|£(H1|12P2,1H{|12 + Ry)!
the Kalman covarinace matrices
Piy= (I —Ky Hi|p)Py, (3.134)
Py1 = (I — Ky 1 H|p,)Papy,
and the matrices
K12 = Pl o (3.135)
K, = P,1Hy|},Ry
So, forn = 0,1, 2, ... the Kalman estimates are
T =T+ K [y — HilnT5,) — Hiln%10) + 8nen(T55) (3.136)
T =Ty + Koy [(y1 — Haln, @01 — HolnTa0] + 8n6n (@01
where fori,7 = 1,2
8101, (T) = Kij [Hol, (Tio — T71)] (3.137)

represents the exchange of data between the sets I, Is.

Then, for each n = 0,1,2, ..., we obtain KF estimates T}'}' € R™ and 757" € R™ in
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such that
~n+1 _ -n+l
T — 2
~n+1 _ -n+l
Lo = Ty

)

. . antl an+l .
where T0, T8 are least squares solutions of systems Sqf and SZ defined in (3.120).

Remark 7. DD with overlap i.e. I; = {1,....m}, b = {mi =2 +1,...,N,} and I, =
{n, — g +1,...,n1} with 6 # 0 is similarly obtained by considering the initial estimates as in
3.128). Furthermore, forn = 0,1,2, ..., we add operator Oy 5 to P"*" and Py in
and (3.119). It means that it is

/33\?3_1 = /x\?jl + :uPl,lvOL?(EOIl (ﬁlm,llh,z)a EOh (%,1‘11,2))

(3.138)
o =T + P VO1(EOL (T n,), EOL (75711 )

where
VOLQ(EOIi('&?ZIhLQ)v EOIi(@}JlII,Q)) = [EOH (3?;1‘[1,2) - EOIl(/I\Z1|I1,2>] ) (3139)

and EOy, (277, ,) and EOp,(T5l7,,), for i = 1,2 are the extensions to I; of restrictions to

I of 71y and Ty y and yu is the regularization parameter.

Finally, in [48] we proved that the sequence of KF estimates {Z1 1" } e, {25 1" }nen, in (3.138)

converge to 71 |,, 1|y, restrictions of KF estimate 7, in (2.20) to /; and I5, respectively.

Theorem 7. [48] Let S be the over determined linear system in , A € Rmotmi)xNp
b € R™*™ defined in with mg > Ny, my > 0, T; € RM be the Kalman estimate in
of the T as in and 7011, Tt in Kalman estimates of P}, Pyt in )
(B-119), then

~n+1 ~ ~n+1 ~
11 — 71|, a1 — Z1|1,-
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3.4.4 DD-KF-CLS: Performance Analysis

In Table we summarize time complexity of KF algorithm. The total time complexity is:
Txrp(my, N,) = O(N] +3Nmy + N2 + Nymi + 2N,my + N, +mi +mi +m1). (3.140)

Fori,j = 1,2 and ¢ # j, in Table we report time complexity of DD-KF procedure needed

to solve, at each n = 0,1,2,..., P/"" in (3.118)) and ;""" in (3.119). Then, time complexity
of DD-KF is:

Top-rr(mi,nin;) = O0Mm(1+d)+ 3nimy + (2 + d)n? + min; + 3n;my + nymg

+(3 + 2d)n; + nj +mi +m? + 2my),
(3.141)

where d = 0 or d = 1 if we perform DD without or with overlap, respectively.

Table 3.4: KF algorithm. Time complexity needed to calculate 7o = (H, OT Ry 'H, 0) 1H g Ry Yo €

RN? solution (in the least squares sense) in of the overdetermined linear system Hoxo = yg in

(A.1), i.e. predicted state estimate of KF algorithm in (2.16), Py € RY»* e in (3.111)), i.e. predicted
covariance matrix of KF algorithm in tb where N, mg € N is the number of columns and rows

of matrix Hy € R™0*Ne_with mg > Np; Rg € R™0>™o0 the weight matrix.

matrix/vector | operations cost
Ry in (A.8) | matrix inversion O(my)
(H{ Ry")Hy in (A.8) | 2 matrix-matrix products | O(m3N, + NZmy)
Py in (3.111) | matrix inversion O(N})
HI'(Royo) in (A.8) | 2 matrix-vector products | O(mZ + mgN,)
To in (A.8) | matrix-vector product O(N})
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Table 3.5: KF algorithm. Time complexity of each operation of KF in (2.18)-(2.20) for solving

CLS in (A4), where m; € N is the number of equations added to the overdetermined linear system
Hoxo = yo in (A.1); H; € R™1%Np 5 the matrix of the coefficients of the equations added to the
overdetermined linear system Hozg = 1 in li Ry € R™X™ ig the weight matrix.

matrix/vector | operations cost

Ky in (2.18) | 2 matrix-matrix products | O(miN, + N}my)

and sum of matrices O(m?)

a matrix inversion O(m3)

2 matrix-matrix products | O(NJmy +miN,)
P, in (2.19) | matrix-matrix product, o) Nmel)

(
(
(
(
subtraction of matrices, O(N; )
(
(
(
(
(

product of matrices O(N;)

21 in (2.20) | matrix-vector product O(N,my)
subtraction vectors O(my)
matrix-vector product O(m1N,)
sum of vectors O(N,)

Table 3.6: DD-KF algorithm. For i = 1,2 we report time complexity of each operation of DD-
Setup algorithm in - needed to compute Z; o = (H}'\ P, ,Hio) ' H ] Pr, yyo € R™
in li i.e. predicted state estimate of DD—KF algorithm in , Py e RN»*Np in ,
i.e. predicted covariance matrix of DD—KF algorithm in @), where N, € N is the size of
columns index set I of matrix Hy € R"0*M: n. € N is the size of I; C I, where n; < Np;

H;o = Hpl;, € R™0*™i agin (3.123).

matrix/vector | operations cost

P, o in (3.124) | matrix-matrix product O(man;)
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matrix-matrix product O

matrix inversion O

.o N (3.125) | matrix-matrix product O

matrix-matrix product O

subtraction of matrices O

(H gOPHi,O)Hi70 in (3.126) | 2 matrix-matrix products | O

H] (P, ,y0) in (3.126) | 2 matrix-vector products | O

(2

(
(
(
(
matrix-matrix product O(n;md)
(
(
(
(

Z;0 in (3.126) | matrix-vector product @)

Table 3.7: Time complexity needed to compute Zo = (Hi Ry Ho) ' HI Ry yo in |b and for
i = 1,2, %9 = (HlyPu,,Hio) " H Pu,,y0 € R™ in (3.126) where N, € N is the size of

()

columns index set I of matrix Hy € R™0*Ne: ;. € N is the size of the set I; C I, where n; < Np;

mg € N is the number of rows of matrix Hy € R™*Nr and H; o € R™*Nr_ where mg > N,.

vectors | cost

Zo O(NZ;Q’ + Ng + n*mgy + Nymi + moN, + 2m3)

Tio | O(nd +n? 4+ 2nime + 3n;m3 + 2mon; + 2m3)

Table 3.8: For 7,7 = 1,2, time complexity of each operation of DD-KF algorithm in (3.133))-

(3.138) solving DD-CLS models in (3.118) and (3.119), where N, € N is the size of columns

index set I of matrix Hy € R™>*Ne: . € N is the size of the set I; C I, where n; < Np;

mi € N is the number of equations added to the over determined linear system Hoy|;,z; = yo;

Hi|;, € R™>™ is the matrix of the coefficients of the equations added to the over determined

linear system Ho|7,x; = yo; R1 € R™ > the weight matrix.

matrix/vector | operations

cost
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K;;11in (3.133) | 2 matrix-matrix product | O

and sum of matrices O
product of matrices @]
matrix inversion O

matrix-matrix product O

P; 1 in (3.134) | matrix-matrix product @]

subtraction of matrices O

K; jin (3.135) | matrix-matrix product O

product matrix-vector @]

VO12(EOr (Z11]1.,), EOr, (Z2,.1]1,,)) in (3.139) | subtraction of vectors @)

Z;1 1n (3.138) | matrix-vector product O

matrix-vector product O
2 subtraction of vectors | O
2 matrix-vector products | O

3 sum of vectors O

(

(

(

(

(

(

(n7)

(n7)
81,51, in (3.137)) | subtraction of vectors O(n;)

(n7)

(n:)

(n7)

(

(

(

(

(

subtraction/sum vectors | O

Table 3.9: Time complexity of KF and DD-KF, where IV, € N is the size of columns index set
I of matrix Hy € R™0*Np: n; € Nis the size I; C I, and n; < Np; m1 € N is the number of
equations added to the overdetermined linear system Hozo = yo; d = 0 or d = 1: if we consider a

decomposition without or with overlap, respectively.

algorithm | cost

KF | O(N} + 4NJmy 4+ N? + Nymi + 2Nymy + Ny, + m§ + mi + m)
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On3(1+d) + 3n2my + (2 + d)n? + m?n; + 3n;mq + (3 4+ 2d)n; +n,;
DD-KF (z( ) 31101 ( )7, 1 1 ( ) J

+m?3 +m? + 2my).

In Table |3.9|we compare time complexity of KF and DD-KF algorithms. We note that n; < N,
so performance gain by using DD-KEF is significantly better than using KF, in particular it could
still be improved if m; i.e. the number of equations added to the system in (A.1]) is such that

my < min(ny, ng).

Definition 13. (Scale-up factor [30,39]) Let N,, m; € N and Ny, > 2 the number of subsets
Liof I ={1,...,N,} such thatn;, = |1,
i =1,..., Neu be time complexity of KF algorithm applied to C LS model in (A.4) and DD-KF
algorithm applied at each stepn = 0,1,2,...to P, Pyt problems in 43.118[) and (]3.]]9|),

,i=1,..., Ngw. Let Tcp(my, Ny), Tpp—xr(ma,n;),

respectively. We introduce the following ratio:

TKF (m1 N )
Scl (my,N,) = P . (3.142)

Nt (M0 M) N - Tpp—rr(ma, Np/Nsus)
Following result allows us to analyze the behaviour of the scale up factor.
Proposition 3. Let N,,m € N and r = N, /Ny Then it holds that

SC{Vwb,l (m’ Np) = O‘(Nm m, Nsub)Nsub
where . . .
asz + a9~ + a1+3 + Qo=
a(N,, m, Nyup) = M % N (3.143)

bs + bot + b1 % + bo5
Proof. Txp(m,N,) = O(p1(Ny)), Tpp—kr(m,r) = O(pa(r)) are polynomials of degree 3 i.e.
p1,p2 € 1l3. We let

as=3 ay=2m+3 a; =2m?>+2m+1 a0:§m3+m2—|—m
(3.144)
bs =12 by=4m+6 by =3m?>+ 10m + 2 b0:§m3+5m2+m—g
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and we write Tk p(m, N,), Tpp—kr(m, ) as follows

TKF(m, Np) = (I3N]§ —f- CLQNI? + CLle —I— Qo

3 2 ' (3.145)
Tpp—xr(m, Ny) = b3r’ 4 byr® + byr + by
It holds
n3 N3 N3
N3 sub sub Noup
Scf (m N) _ a3N]§’+a2N3+a1Np+a0 B 1 azNy ,+a2 N +ay i +ag o
Nsup,1 » VD Ngup(b3r3+bar2+bir+bo) 3 Nsub(b3+b2%+blri2+bor%)
(3.146)
Ng“b.(a3+a2Nip+a1NL§+aoNLg) a3+a2Nip+a1Ni§+aoNLg N2
= Nsub(b3+b2%+blr%+bo%3) - b3+b2%+b1%2+b0%3 b
and
! = 2
SCNsub,l (m’ Np) - a<Np7 m, Nsub)Nsub
where 1 1 1
az + a3 + @15z + aoys
_ p B 3
Oé(Np7m; Nsub) - b b 1 b T b T (3147)
3+ 25 + 172 + 073
L]

Recalling that » = -2 and Scfvsml(m,Np) = a(N,, m, Ngup) N2

Nsub sub’

this result says that
the performance gain of DD-KF algorithm in terms of reduction of time complexity, scales

as the number of subdomains N, squared, where the scaling factor depends on parameter

a(Ny, m, Ngup).

3.5 Domain Decomposition of KF (DD-KF)

In this Section we extend DD-KF method introduced in Section [3.4 on CLS problem to a DA
problem. Let {2 C R" be spatial domain and A C R be the time winterval. Let us assume: 2;
discretization of €2 defined in (2.3), 0€2; boundary of €2; and €; x Ak discrete local domain
defined in Definition (I). We get:

Trp1 = () = {u(ry, ) Y exax € R
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and if we let z{*} € R to be the state at ¢, on 98, it is

2)? = 2% (t) o= {u(2p tie1) eyt conrxa, € R (3.148)

where

be == |09 (3.149)

number of nodes in 0f2;.

In sections [3.5.1] and [3.5.2] we consider respectively a DD of spatial domain €2 into Ny, = 2

and N, > 2 subdomains with a generic DD of time interval A into Nt > 1 time intervals.

3.5.1 DD-KF method in {€2; X Ag}ici 261 Nt

In the following, for simplicity of notation, and without loss of generality E], we consider

Ny = 2 spatial subdomains.

DD step: as described in section [3.1) we consider DD of €2 x A. Let €21, 25 C R™ be subsets
of 2 C R™ such that

where
Qn ={zitier, » Q= {zi}ien (3.151)

and ny = ||, no = |I|, where I; is defined in[3.6/and n; < N,,; let
Ql,2 = Ql N QQ, (3152)

be the overlap region where
Qp, = A{zitien, (3.153)

3The general case involving more than two subdomains will be briefly described in sectionw
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denote the discretization of {2 5 and

0 )
[1:{1,...,71,1}, [Qz{nl———l—l,...,Np}, [1’2:{7?,1——4—1,...,711} (3154)

2 2
are the corresponding index sets, with § € Nj,.
Concerning DD in time, let A be a generic subset of A such that
A=UN A (3.155)
with D, (Ag) C D, 2(A) such that
A, = {tibi=sy 1, 501 +sk (3.156)
and
Ak—l,k = Ak—l N Ak, (3157)
with
AkaL,k - Akal N AKk
where in (3.156)

k-1
Sp—1 1= E (sk — Sk—1k)s  Sk—1% € Np

=1
is the number of elements in common between subsets A;_; and A, and it is such that sy := 0,

S0,1 = 0and 5y,—1 + sy, =1+ 1.

The second step of DD-KF is given in the following

Definition 14. (Model Reduction step) For k = 1,..., N,, let us indicate by fﬁr’“l, the KF

estimate Tr.1 € RNv int, | € Ay, such that:

/.Z‘\ﬁ_kl == Ml’l_,_l/I\lAk + bl + wy, Vi = Ek—h ey Ek—l + S — 1 (3158)

where

F8k — phi (3.159)

S1—1 S1—1



CHAPTER 3. THE DA-DRIVEN SPACE AND TIME DECOMPOSITION APPROACH 81

is the initial value (according to PinT compatibility conditions ), such that (according to DA
condition):

v = Hin @y + v, (3.160)
in particular it is T4 = 1.

Model Reduction step consists of the block decomposition of M := M;; ., € RN and

Hy € RNo g5 follows:

i | MM , (3.161)
M2,1 M,
and, if 6 = 0
Hy = [H}\ HE - (3.162)
or, ifd #0
Hip = [H)7y Hjy H (3.163)
where

* ifo =0, fori,j =1,2:

Mi =M

N XN L
LxI; € R7exm Mi,j =M

it € R, (3.164)

and

Hl o= Hil, € R™P™ 0 HE = Hipy|g, € R, (3.165)

* ifd #0, we let:

My =My, g, € RO=X=) 0 My, o= M(j,,,, € Rim=oxs,
Mis = Mlj,g, € Rm=s)x(n2=s) = My, = M]Imle e Rsx(m—s),
Moo = M|pox1, . € R, Mas =Ml .1, € Re(n2—s),
M1 1= Mlp,q, € R My, = Mlj,, ;€ RO,

M3,3 = M’jsz c R(W—S)X(m—s)’
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and:
H\0 = Hinly, HY = Haly, HZ = Holn,, (3.166)
where
Iy =L\ 5Ly, I,=D5L\1I,, (3.167)
andny — 2 = |I|, ny — ¢ = |I5|. Then
Mm M1,2 0 M1,3
M= My, My, | Mo = 0 Mys |
2,1 2,2 23 | (3.168)
M2,1 0 M2,2 M2,3
Mg,l = s Mg =
Ms; 0 Mso Mys |
and
1 1
H},, = {H;jl 2H,1f1] HE = {QH;fl H,ffl] : (3.169)

As initial value of reduced models on adjacent time subsets, DD-KF uses local KF estimates
computed at previous step. In particular, at ¢y = 0, DD-KF in A; := [to, t5,] employs as initial
value xq = Xy which is the initial condition of the dynamic model appropriately restricted to
Q; or 5. Hence, we get both boundary and initial conditions of reduced model by using KF
method, as given in the following definition. That said, we now consider local KF in A, C A

attime ;.1 € Ap,VI=351,...,8—1+ Sk — L.

Definition 15. (Local DD-KF problems) DD-KF problems in A, x §21 and Ay x )y are:

A
x = My 4+ byly, + by +w
PQA;C . 1,0+1 — 71 ll l|11 1, l’h (3.170)
Yi+1 = Hz+1551 41 T H1+1$2 1 T Vi1
and
A %Alkﬂ M, 1xlAf + bil1, + bay 4+ wilp,
Po, - : (3.171)

_ 2
Ye1 = Hz+1x1 1t Hz+1$2 41 T Vi1
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with initial states (according to PinT approach)

Ak _ Akfl Ak _ Akfl
L1500 = T15,, 28k—1 ~ V2,81 (3.172)

I xﬁgo := xo|1, and boundary conditions (according to Schwarz DD)

. . A
in particular, 74 = g

A 001\Q A 002\
riloana, = 27 a0t lane, = a7 2 (3.173)
Ak _ Ak —
17 I = 22lr, o1 [r, = 21lr,
where
Fl = an N QQ y FQ = 5’92 N Ql (3174—)
and _
Ml,S M2,1
o wyfle,  bay = oF I, (3.175)
M273 MS,I

H} € R gnd H? € R™%*"2 gre defined in (3.169) and, , fori = 1,2, xﬁf;llh, w|;, are

reductions to I; of To € R and w € R .

Remark 8. (Filter Localization): We underline that we will consider the errors
e1i41 = (T141 — x1y) € R™
defined in )y and
e pt1 = (Touq41 — 21,) € R™
defined in Q)5 and consequently, we get to the local covariance matrices
Pij = Cov(eiir, €ji11)

defined in Q; and §2;, ©,7 = 1,2 withi # j and ¥Vl = 5,1, ..., 5,1 + s, — L.
Furthermore, we will consider the matrices

By = diag(By, Byy) € RV XM

R, =D

(3.176)
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which are local covariance matrices of errors on model and on observations where, ¥Vl =
Sk—1,-.-,5k—1 + 8 — 1, By; € R"*™ and By; € R"™*". Finally, D, € Rm-dxmd g g

diagonal matrix.

Now, we describe DD-KF solving PQA1 ¥ and Pé " in (3.170) and (3.171), respectively.
In the following we let A be fixed, then for simplicity of notation, we refer to @Af omitting

superscript Ag. DD-KF att;,1 € A, VI = S,_1,...,5_1 + S — 1 consists of:
* Predictor phase. Computation of state estimates:

141 = MiZyy + by, + b1y + wiln,

; (3.177)
T 41 = Moy + by|r, + by + wy 1,
where
Mis | Moy |
b1y = Toglr, boy = T1,|r, (3.178)
M 3 M
computation of local error covariance matrices between (2; and (2.
Pio = M P sM] + Cq, 0, | (3.179)
Pyy = MaPo M+ C§ o,
and
Py = M PIMT + Po, o, + Qi . (3.180)
Py = MaP, MY + Poyesa, + Qo
where
Co,o0, = M1P1M27:1 + M1,2P2,1M§1 + M1,2P2M2T .
and
Po 0, = MigPoy MY + M1P1,2M1T,2 + M1,2P2M1T,2 ‘ (3.181)

Po,o0, = M2,1P1,2M2T + M2P2,1M2T,1 + M2,1P1M2T71
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keep track of contribution of €2; and €2, to overlapping region.

* Corrector phase. Update of DD-KF gains:

K; = (1'31-7‘fl+1|}p1 + P1,2Hl+1|3~;) F

; (3.182)
Ks = (P Hi|], + PoaHialf,) - F
where
F = (Hia|ln PrHiq |}, + Hin | PoHia |7, + Rig + Ria) ™ (3.183)
and
Rip = (Hi|pPoyHin|], + Hipa|n PraHinlg); (3.184)
keep track of contribution of €2; and €2, to overlapping region;
update of local covariance matrices:
Pr= I -KiH|n)P — KiHi |, Py ; (3.185)
Py= (I —KoHi11|,)Po — KoHpq |1, Pr 2
update of local covariance matrices between e¢; € R™ and e; € R"2.
Piy=(I—-KH|n)P2—KiHy|,P ' (3.186)
Py = (I —KoHij1|1,) Poy — KoHya |, P
Finally, we get to the update of DD-KF estimates:
T = 11 + Ko [y — (Hia ooy + Higal o)) | (3.187)

Tor1 = Tog + Ko [yip1r — (Hia|nxry + Hisa|p7ey)]

We underline that if observations are concentrated in spatial subdomains such that the first m;

and the last ms are in €2, and €),, respectively, then at step k£ -+ 1 these observations influence the
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first n; and the last ny components of DD-KF estimates 73 ;11 and 75,1, respectively. Con-

sequently, matrices H;,

7, have m — m; null rows and then they can be reduced to m; X n;

matrices, with 7 = 1, 2.

Remark 9. (Filter Localization): P. L. Houtekamer and H. L. Mitchell [66] made a modifi-
cation to EnKF to localize covariances matrices and consequently the Kalman gain using a
Schur product ﬂ By using suitably correlation functions p, and py at each step | + 1, KF
gains Ky = [(p1 o (P Hip)|[p1 o (Hipa P Hiy ) + Riga] and Ko = [(p2 © (P Hily )] [p2
(Hl—i-lPl+1Hl::-1) + Ryy1] are equivalent to DD-KF gains K; and Ky in . More precisely,
if we choose py = Wq, and py = Wq,, i.e. the indicator functions of () and )y respec-
tively, it follows K1 = K; and Ky = K>, i.e. DD-KF is mathematically equivalent to KF with

localization.

3.5.2 DD-KF method in {Qz X Ak}izl,...,Nsub;kzl,...,Nt

DD-KF can be generalised to Ng,;, > 2 spatial subdomains. Starting from the decomposition
step in space and time given in Section [3.3] with N,,, > 2 spatial subdomains consecutively
arranged along a one dimensional directiorﬂ and assuming that M, ., is block tridiagonal
(such the matrix in arising from discretization of SWEs described in section [5]) Model
Reduction step, as given in Definition 1, still holds where instead of and we will

4Schur product, also named Hadamard product, of two matrices having the same dimensions is denoted A =
B o C and consists of the element-wise product such that A; ; = B; ; o C; ;. If B and C' are covariance matrices,

then sois A

3Such assumption allows to simplify the management of the contributions of adjacent domains to overlapping
regions. In this case each subdomain overlaps with two domains and two compatibility conditions needs to be

satisfied. As more than two overlapping regions occurs as more compatibility conditions should be satisfied.
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have respectively:

My My . '
T . (3.188)
0 A
i MN,pNoy—1 - Mn,,
and
Hipy = [Hlyy B - HY (3.189)

In the same way of (13.170[) and (13. l71|), we get Ny, local problems PAZ,’“, in the ¢-th subdomain,

fori =1,..., Nyy. DD-KF step att;,1 € A, VI =5;_1,...,5_1+ sp — 1 provides solutions
of local problems in the following steps.

Computation of state estimates:

Tigp1 = MpZig + by, + big + wyp,
where
M; i 1Ziv14lr, ifi=1
bit =19 M;i1Zi—1xlr, if i = Ngy

Mi,i—&—lxi—&-l,k T; + Mi,i—lxi—l,k r; otherwise

forh=1,..., Ngw, h # i and
j=i+1 if i=1
j=i—1 if 1= Ngu ; (3.190)
j={i+1,i—1} if 1<i< Ny

computation of local error covariance matrices between (2; and €2,
T
Py, = M;P,,M; + Co,0,,

and

P = M;PM;" + Po,cs0, + Bix;
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where

6
CQZ'HQ]—L -

and

PQZ(—}QJ =

\

(M;Pip—1 + Mi,iJrlpiJrl,hfl)M}zjh—l + Miy1 Pivn My
(MiP; -1 + M i1 Pigap1) My, + M1 Py M)
+(M;P; 1 4 M1 Pigapar) My
(M;P;p1 + Mi,i—lpz‘—l,thl)MhT,hH + M1 Pioin My
(M;P; p1 + Mi,i—lpi—l,h-i-l)M}zjh—H + M1 Pioin My
+(M;Pp1 + Mi,¢+1P¢f1,h71)M;Zh_1

(MiP;pir + M i1 Py i1 + Mi,i—i-lPi—l—l,h—i-l)M;zthrl
+(M; i1 Pran + Mi,iflpifl,h)MhT
(M;P, 1+ M; i1 Py 1 + Mi,z‘+1Pi+1,h71)MhT7h_1
+(M; i1 P p + Mz‘,i—lpi—Lh)MhT

(MiP;pir + M i1 Py i1 + Mi,i+13+1,h+1)M€h+1
+(M; i1 Pian + Mz‘,i—llDz'—l,h)M}r{
+(M;Py 1+ Mii 1 Py py + Mig1 Py ) M,

T T T
M; i1 P i M+ MiB,i+1Mi7i+1 + Mi,i+1pi+1Mi7i+1

M;; 1Py ;M + Mz’Pi,iflMijT‘fl + M; ;1 P M

7 2,0—1

(M; i1 Pir i + My Py ) M + MiB,i—1M£_1

+M; Pyt M5+ (Mg Py i1+ Mg Py ) MY

+(M; i1 P + Mi,i—lpi—l,i+1)MZ;+1

In computation of matrix Cq,q,, we refer to covariance matrix P; instead of P; ;.

ifi=1;h= Ny
ifi=1;h % Now
ifi = Ny h =1

ifi = Ngp; h#1

1<i< Ngp;h=1

1 <4< Ny h = Ny

otherwise

ifi=1

if 7 = Ngwp

otherwise
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are the matrices keeping track of contributions of adjacent domains 2; and €2, to overlapping

region; update of DD-KF gains:

Ngub
K= > (PH} L+ PyHLLL) - F
j=1j#i
where
Nsub
F= (Z Hin|, PHial], + R, N + Rir) ™!
i=1
and
Nsub  Nsub
Ri.Ny =Y (> HyalyPo)Hialf;
i=1 j=1j#i
update of local covariance matrices:
Nsub
P = (I = K;Hialn) P — ) (KiHipa |, Py);
j=1j#i

update of local covariance matrices between e; € R™ and e;, € R"».

Nsub
Pi,h = (Ii - K;- Hl+1

=15
finally, we get to the update of local estimates:

Nsub
Tigr1 = Tigp1 + Ki - (Y1 — E Hl+1|lﬂ3j,l)-

J=1j#

3.5.3 Algorithm

DD-KF algorithm is described below.

WP — Y (KiHyalyPa), h=1,...

7Nsub

h # i

(3.191)
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Table 3.10: DD-KF procedure.

procedure DD-KF(in: Hy, . .., Hjpaw, Qo - - - s Quimaz—1,R0, - - s Rimaz, Yo, - - -
Yimaz»Hs 0, OUL: T;)
Set index j of [;, i.e. the set adjacent to /;
if (floor(i/2) x 2 == i) then
j:=1—1%11is even
else
Jj:=14+1%:iisodd
end
Call DD-Setup (in: yo, Ho|z,, Ho|1;, Ro,out: T; g, P o)
Call Local-KF (in:y;, H;_1|1,, Hi|1,, Bi—1

Set 7; := 7}, % DD-KF estimate in /;

- . en
Iy Rl7 Pi,Onua 55 Til—1, out: xi,l)

endprocedure

Table 3.11: DD-Setup procedure.

procedure DD-Setup(in: o, Hy|,, Hol1;, Ro, out: Ty, P;p)

Set up reduced matrices: H; o := Ho|r,, Hjo := H0|I]. asin (3.123

Compute predicted covariance matrix P, o = (H; RoH; )" asin (3.124

(]

Compute Py, asin (3.125

Compute Kalman estimate: Z; o = (H/Pu, ,H;0) "' HPu, ,yo as in (3.126

Table 3.12: Local-KF procedure.

procedure Local-KF(in: yi., H;_1|7,, Hi|1,, Bi—1|1,, Ri, Piospt, 6, i —1; out: fﬁl)

for [ = 1, Imax %loop over KF steps

n:=0,77" =0
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repeat

n:=n-+1

Set up predicted covariance matrix F;; as in (3.132

Compute Kalman gains K;; as in (3.133

Update covariance matrix F;; as in (3.134

Compute matrices K ; as in (3.135

Send and Receive boundary conditions among adjacent sets

Exchange of data among S, .7, (77,) as in (3.137

Compute Kalman estimate at step n + 1

T = T + Koy [(y — Hil @) — Hil1, %)

+81,4,1;(77;) as in (3.136

if(s # 0) then % decomposition with overlap
Set up of the extensions on I; of ?ﬁ’l given on /[ ;:
EOL(|1,), EOL (7%, ;)
Exchange data on the overlap set /; ;:

VOi,j(EOh(EZZ ]m.),EO[i (/.Z‘\Zl [i,j)) as in (3.139

Update Kalman estimate at step n + 1:
Tt T 4 e PV O (BOL (T,
endif

until (|77 — 27| < TOL)

Iz‘,j)a EOIZ-(%;HII-J)) as in (3.138

endfor % end of the loop over KF steps

end procedure
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3.5.4 Reliability assessment

In this section we assess reliability of the proposed method. In particular, Theorem §|proves that
state estimates 7 ;11 € R™, 79,41 € R, as in (3.187)), are equal to reductions of KF estimate
T141 € R to I; and I, respectively. This means that the DD not modify the analytical results
of the conventional KF method. Same result can be obtained for N, > 2 spatial subdomains

considering DD-KF estimates defined in (3.191) and proceeding as in proof of Theorem [§]

Theorem 8. Let 7)., € R, VI = 5,_1,...,5:,_1 + si, — 1 be KF estimate in (@ and
T141 € R™, 2941 € R™ be the DD-KF estimates in . Then it holds that

Tip1 = Zigaln, Tog41 = T (3.192)

Proof. For | = 5;,_1,...,5,_1 + s — 1, we prove that DD-KF gains K; € R">*™4 K, €

Rm2xmd in (3.182) are

Ki =Kl Ke=Kiln, (3.193)

where K., € RV»*™d i5 the KF gain in (2.18)). We first consider DD-KF without overlapping.

KF gain can be written as follows

Kiyi =P HY - (Ha P HE + Riga) ™

o Pl+1|[1><]1 ]Dl+1|]1><12 Hl+1|£
Pl+1’]2><[1 Pl+1‘]2><[2 Hl+1|£ 9
—1
-Pl+1|11><11 -Pl+1|11><12 Hl+1|£

[ Hipil|n, Hialr, } + Ripq

Pl+l|[2><11 Pl+1|[2><[2 Hl+1’£
(3.194)

where P, € RM ™ s the predicted covariance matrix, which is defined in (2.17). We define

the matrix

Ry = (Hl+1’12Pl+1’12><11Hl+1’£ + Hl+1’l1pl+1‘11><12Hl+1‘£)3 (3.195)
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and we obtain that

Kiiiln = (PoalnsxnHill, + PlnxnHialn)
'(Hl+1|llpl+1|11><hHl+1|£ + Hl+1|12Pl+1|12><12Hl+1|£ + R+ Riq) ™!
Kl = (PiilnxnHialt, + Pl Hialg)
'(Hl+1|11Pl+1|Il><IlHl+1|},; + Hl+1|12F)l+1|12><12Hl+1|£ + Rio+ Rz+1)_1
(3.196)
We similarly obtain that
Pl+1|11><11 =P Pl+1|11><12 = P1,2 (3.197)

Pl+1’]g><[g =D Pz+1\12x11 = P2,1

where P, P are defined in (3.185) and P, P in (3.186). From (3.196) and (3.182) we

obtain the equivalence in (3.192). We consider the predicted estimate x;,1 in (2.16) so, KF
estimate 7;1, € R™ in (2.20) can be written as follows

Try1ln Ti11ln K, zi|n,
~ = + Yir — | Hils, Hils, } . (3.198)
Tiiln, Tit1|n, K> |1,

It is simply to prove that

xz+1|11 = Z1,041 xl+1\12 = T2,041,

where 71 ;41 € R™ and x5 51 € R"? are the predicted estimates in (3.187)), so we get the thesis

in (3.192).

In case of decomposition of 2 with overlap, DD-KF estimates in can be written as

follows: fori =1, 2

1

- 1
Tigr1 = Tigr1 + K[y — (Hz+1\jl$1,l’jl + 5 l+1’1172-1'1,l‘jlﬁ2 + §Hl+1’1172$2,z

+ Hl+1‘j2x2,l)} (3200)

h, (3.199)
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Since

Tit1|ho = T1I+1T0 = T2041|11 2

(3-199) becomes

Tigrr = @i + Ki [y — (Hilg,zli, + Healnomiln, + Hialeeg)], i=1,2
(3.201)

Noting that:
Hiy = [Hinly, Hinln, Hinly,]

(3-199) becomes:
Tivaln = vialn + Ki [y — (Healg,@ily, + Hialnp@ilne + Hoalpols)] o (3.202)

where [y, I 5, I and I 1 I o are defined in (3.154) and (3.167)), respectively. Moreover, equiv-
alence in can be similarly obtained. Supposing is true for /, from (3.201) and
(13.202)), we obtain (3.192) for [ + 1. ]



Chapter 4

Parallel Domain Decomposition

4.1 Dynamic Domain Decomposition in Space (DyDD)

For effective parallelization of DD based algorithms, domain partitioning into subdomains must
satisfy certain conditions. Firstly the computational load assigned to subdomains must be
equally distributed. Usually, computational cost is proportional to the amount of data entities
assigned to partitions. Good quality partitioning also requires the volume of communication
during calculation to be kept at its minimum. We employ a dynamic load balancing scheme
based on adaptive and dynamic redefining of initial DD aimed to balance workload between
processors. Redefining of initial partitioning is performed by shifting the boundaries of neigh-
bouring domains (this step is referred to as Migration step).

DyDD algorithm we implement is described by procedure DyDD shown in Table @.1] To the
aim of giving a clear and immediate view of DyDD algorithm, in the following figures (Figures
4.4) we outline algorithm workout on a reference initial DD configuration made of eight
subdomains. We assume that at each point of the mesh we have the value of numerical simula-
tion result (the so called background) while the circles denote observations. DyDD framework

consists in four steps:

95
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1. DD step: starting from the initial partition of €2 provided by DD-DA framework as in
Section [3.1), DyDD performs a check of the initial partitioning. If a subdomain is empty,
it decomposes subdomain adjacent to that domain which has maximum load (decompo-

sition is performed in 2 subdomains). See Figure

2. Scheduling step: DyDD computes the amount of observations needed for achieving the
average load in each subdomain; this is performed by introducing a diffusion type algo-
rithm (by using the connected graph G associated to the DD) derived by minimizing the
Euclidean norm of the cost transfer. Solution of the laplacian system associated to the

graph G gives the amount of data to migrate. See Figure 4.2

3. Migration step: DyDD shifts the boundaries of adjacent subdomains to achieve a balanced

workload. See Figure [4.3]

4. Update step: DyDD redefines subdomains such that each one contains the number of
observations computed during the scheduling step and it redistributes subdomains among

processors grids. See Figure 4.4

Scheduling step is the computational kernel of DyDD algorithm. In particular, it requires def-
inition of laplacian matrix and load imbalance associated to initial DD and its solution. Let us
give a brief overview of this computation. Generic element L;; of laplacian matrix is defined as
follows[67]]:

-1 i # jandedge (i,j) € G

Lij =4 deg(i) i=j, 4.1)

0 otherwise
and the load imbalance of vertex 7, b(i) = (I (i) — [), where deg(i) (i) is the degree of vertex i,
1 (i) and [ are the number of observations and the average workload of all vertices, respectively.
Hence, as more edges are in G (as the number of subdomains which are adjacent to each other

increases) as more non zero elements are in L.
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Laplacian system L\ = b, related to the example of Figure[d.2]described below, is the following:

2 -1 -1 0 0
-1 3 -1 -1 O
-1 -1 4 -1 -1

o o o O

4.2)

o o o o O
o o o o o

o o o o

0
o o o0 -1 3 -1 -1
0

o o o o0 0 -1 -1 2
while the right hand side is the vector whose i-th component is given by the load imbalance,

computed with respect to the average load | = 4 as follows:

In this example, solution of the laplacian system gives
A = (3.43,2.81,3.05,1.96,2.00,0.,0., —1)
so that the amount of load (rounded to the nearest integer) which should be migrated from §2;
to €2; is
d12=1;013 = 0;094 = 15039 = 05034 = 1; 035 = 1;
054 = 0;056 = 2; 067 = 0;068 = 1; 078 = 1;
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i.e. §;; is the nearest integer of (\; — ;).

Table 4.1: Procedure DyDD.

Procedure DyDD-Dynamic Load Balancing(in: p, ), out: [1,...,l,)

%Procedure DyDD allows to balance observations between adjacent subdomains

% Domain () is decomposed in p subdomains and some of them may be empty.

% DyDD procedure is composed by: DD step, Scheduling step and Migration Step.

% DD step partitions {2 in subdomains and if some subdomains have not any observations,
partitions adjacent subdomains with maximum load

%in 2 subdomains and redefines the subdomains.

% Scheduling step computes the amount of observations needed for shifting boundaries
of neighbouring subdomains

%Migration step decides which subdomains should be reconfigured to achieve

a balanced load.

% Finally, the Update step redefines the DD.

DD step
% DD step partitions €2 in (€21, Qs, ..., )
Define n;: the number of adjacent subdomains of €2;
Define /;: the amount of observations in (;
repeat for any i
% identification of (2, the adjacent subdomain of €2; with
the maximum load

Compute m such that [, = max;—y__,, ({;): the maximum amount of

.....

observations

Decompose (2, in 2 subdomains: €2, « (Q 02
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until (/; # 0)
end of DD Step

Begin Scheduling step
Define G': the graph associated with initial partition: vertex ¢ corresponds to €);
Distribute the amount of observations /; on €2,

Define deg(i) = n;, the degree of node i of G:

repeat

Compute the average load: [ = %

Compute L, Laplacian matrix of G

Call solve(in: L, b, out:\) % algorithm solving the linear system LA = b
Compute 9, ;, the load increment between the adjacent subdomains €2;
and ;. 0, ; is the nearest integer of (\; — \;)

Define n;,, n,,, number of those subdomains whose configuration

has to be updated

Update graph G
Update amount of observations of Q;: [; = [; — 2?2‘1 0ij + E?g’l dji» Vi
until (maz||l; — || == de%(i)) % i.e. maximum load-difference is deg(i)/2

end Scheduling step

Begin Migration Step
Shift boundaries of two adjacent subdomains in order to achieve a balanced load.

end Migration Step

99
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Update DD of 2

end Procedure DyDD
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Q
0;- 1
Q, Xl o 0,
DD of Ql
Q[ c” £ Q, a,lf e da g Q,
Qs 3 R Q5 . ik Qg
Q, Qg Q, 0,

(a) €, is identified as having the maximum load w.r.t. its neighbourhoods.

Q, o 0, q
0, X |o, aq Q,
Q; % o Q
QX Oy Q| |0

(b) Q4 and Q5 are identified as having the maximum load w.r.t. their neighbourhoods.

Figure 4.1: DyDD framework - Step 1. Check of the initial partitioning, identification of sub-
domains which do not have data or they suffer of any load imbalance and redefinition of subdo-
mains. We observe that the workload of each subdomain after this re-partitioning is now /,.(1) = 5,
(2) =4,1,(3) =6,1,(4) =2,1,(5) = 5,1,.(6) = 3,1,(7) = 5 and [,(8) = 2. The average load is
then | = 4.
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Figure 4.2: DyDD framework - Step 2. Scheduling. On the right, the graph G associated to the DD
of Q. In brackets the number [, (7) is displayed.

(9 I Q,

Q, [+ =, Q, =l 1o,

Figure 4.3: DyDD framework - Step 3. Migration. Redefinition of the boundaries of adjacent
subdomains.

) @ (4) (4)

X
© (3 or!

Figure 4.4: DyDD framework - Step 4. Update step. Updating of the processor graph. In brackets,

the number of observations I7;(4) after DyDD is displayed. We observe that the workload of each
subdomain after DyDD is equal to the average load | = 4.
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4.2 Dynamic Domain Decomposition in Space and Time (Dy-

DDST)

In many problems within the earth and environmental sciences observations are non uniformly
distributed and its distribution change during time. DYDDST algorithm is proposed to support
real time applications where load measurement is necessary to determine when load imbalance
occurs. DyDDST is an extension to time windows of DyDD introduced in Section4.1} We apply
DyDDST on algorithm proposed in [8] in order to ensure a balanced distribution of load between
spatial subdomains in each time interval. The load balancing scheme proposed involves, at each
time interval, an adaptive and dynamic repartitioning of load among spatial subdomains. Load
repartition is performed by shifting boundaries of adjacent subdomains defined by the initial

domain partitioning. As shown in Algorithm .2}, DyDDST framework consists in five steps:

* DD check: starting from the initial DD of 2 x A provided by DD-DA framework as
in Section [3.1) DyDDST performs a check of the partitioning. If a spatial subdomain is
empty, it decomposes in two subdomains the adjacent subdomain which has the maximum

load.

* Scheduling step: DyDDST computes the amount of observations needed for achieving,
in each subdomain €);, the average load in Ay; this is performed by using the connected
graph G* associated to the DD of 2 in Ay; i.e. G* depends on the configuration in A,
of spatial subdomains. This is achieved computing the Laplace matrix L* = {L}'} as

follows [8]:
—1  i#jand(i,j) € G
Lij=q &) i=j 43)

0 otherwise

and the load imbalance b*(i) = (lk (1) — l7“>, where d* (i) is the degree of vertex i in
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Ay; finally, (¥ (7) and I¥ are the number of observations and the average load in €2; x Ay,

respectively. Solution of the Laplacian system:
LENF =" (4.4)
associated to G* gives the amount of data which should have migrated in Ay,
* Migration step: DyDDST shifts the boundaries of spatial subdomains.

» Updating step: DyDDST redefines spatial subdomains in A such that each one contains
the number of observations computed in the scheduling step and redistributes subdomains
among processors grids. After, for all subdomains it is necessary to re-evaluate the work-

load to balance the number of observations in Ay ;.

Table 4.2: Procedure DyDDST

Procedure DyDDST-Dynamic Load Balancing in Space and Time(in: p,N;, €2, out: [;,...,,)
%Procedure DyDDST allows to balance observations between adjacent subdomains in A
% Domain ) x A is decomposed in p x N, subdomains and some of spatial subdomains

may be empty.

Initial DD step
% DD of (2 x Ain (QhQQ, . ,Qp) and (Al,AQ, B 7ANt)
end of Initial DD step

DD step
Define n;: the number of adjacent subdomains of €2;

Define lf: the amount of observations in €2; x A,
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repeat for any ¢
% identification of §2,,, the subdomain adjacent to €);
with the maximum load
of observations
Decompose (2, in 2 subdomains: €2, + (2 Q2)

until (¥ # 0)
end of DD Step

Begin Scheduling step

Define G*: the graph associated with initial partition of  x A: vertex i corresponds
to €; in Ay

Distribute the amount of observations [¥ in

Define d" (i) = n;, the degree of node i of G*:

repeat

p k
Zi:l li
p

Compute load imbalance: b% = (1% — [¥),_, v

=1,...,

Compute the average load: =

Compute L*, Laplacian matrix of G*
Call PCG(in: L*, b*, out: \*) % Preconditioned Conjugate Gradient algorithm
solving the linear system LF\¥ = p*

Compute 6/ ., the load increment between the adjacent subdomains €; and ;.

/1’7-7 ’

65 ; is the nearest integer of (\F — /\f)

Define n* | n* | number of those subdomains whose configuration

S;) T

has to be updated
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Update G*
nk nk
Update amount of observations of Qf: If = If — >~ " 6F, 4+ 5.1 68, Vi
until (maz; || — 1°|| == @) % i.e. maximum load-difference is d*(4) /2
end Scheduling step
Begin Migration Step

Shift boundaries of two adjacent subdomains in order to achieve a balanced load in Ay.

end Migration Step

Update DD of (2
Update DD

106

Update [ = [*™ the number of observations of subdomain €2; in Az, (not yet balanced)

end Update step

Define /; = [¥ on Q; x A,.

endProcedure DyDDST




Chapter 5

Validation Analysis

Simulations were aimed to validate the proposed approaches by measuring the scalability of
DD-4DVAR and DD-KF algorithms. We consider two problems outlined in Appendix and
A.2| Performance evaluation was carried out using Parallel Computing Toolbox of MATLAB.

We consider two DD configurations, on two different computing environments.

1. Computing environment no.1: we run DD-4DVAR and DD-KF algorithms using MAT-
LABR2018b on a CPU shared memory, namely a Laptop with 1.6GHz CPU, with 2
physical cores and 4 GB of memory. In this case for testing the algorithm we consider
up to Ny, = 8 subdomains equally distributed among the cores. This is essentially an
intra-node DD configuration which realizes a fine-grained parallelization strategy on a

single node with many-core CPU.

2. Computing environment no.2: we run DD—-4DVAR and DD-KF algorithms using MAT-
LABR?2013a on the high performance hybrid compunting architecture of the SCoPE (Sis-
tema Cooperativo Per Elaborazioni scientifiche multidiscipliari) data center, located in the

University of Naples Federico II. More precisely, the HPC architecture is made of 8 nodes,
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consisting of distributed memory DELL M600 blades connected by a 10 Gigabit Ethernet
technology. Each blade consists of 2 Intel Xeon@2.33GHz quadcore processors sharing
16 GB RAM memory for a total of 8 cores/blade and of 64 cores, in total. In this case for
testing the algorithm we consider up to Vg, = 64 subdomains equally distributed among
the cores. This is an intra-node DD configuration implementing a parallelization strategy
on multiprocessor systems with many-core CPUs. Finally, we compare time execution of

parallel KF algorithm with respect to DD—-4DVAR and DD-KF algorithms.

5.1 DD-KF applied to CLS problem

We perform validation analysis of the proposed DD-KF approach by considering the intra-node
DD configuration on computing environment no.1.
DD-KF set up:

e Hy € R'"*5: random matrix;

e H, = hT € R'*5: random vector;

* yo € R random vector;

* 11 € R: arandom constant;

b= [ Yo, Y1 } € R the vector in (A.2);

e Ry = 0.5 - I: weight matrix, with / € R'*! identity matrix, R; = 0.5 and R =

diag(Ro, R1) € R'?*12? weight matrix.
We calculate:

* Ty € RE: solution of normal equations in (A.1));
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e 7 € RS solution of normal equations in (A.6) obtained by using Conjugate Gradient

method;
7, € R® Kalman estimate as in at step k = 1.
We apply the DD approach to CLS problem in by using:
* nmaz = 50: maximum number of iterations;
e tol = 1075: tolerance;

7 € R solution of normal equations in (A.6)) by Conjugate Gradient method.

Decomposition of I = {1,2,3,4,5,6} without overlap i.e.
e [, ={1,2,3,4}, I, = {5,6};
« N, =|I] =6,
e ny = L] =4,
* ng = || =2
* T10 = Zo|l, € R™,
* Tyo = To|p, € R™: asin with Zy solution in least squares sense of (A.I));
« fori =1,2,7), = zeros(n;) € R™, where zeros(n;) is the null vector;
~n+l ~ntl

« forn =1,2,...,nmaz, 77" € R, 737" € R?: the Kalman estimates;

o ||r"*Y|| < tol: stopping criterion, where r" ! := (AT RA)z" ™! — AT Rb is the residual at

iteration n + 1 in (A.6);
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Error/Residual graph
.\\“\\.\ —f:::ua]
G
\\\&Q\\\‘\Q\
\‘\\‘\\\
AN
\\Q_
5I 'I-:l 'I5 20
iterations
Figure 5.1: The norm residual ||r"*!|| and the error = ||z — x™*!|| graph. |7"*!|| and error
decrease as the number of iterations grows. tolerance tol = 1070 is exceeded at ns = 20.
* ns the number of iterations needed to stop of the iterative procedure.
2"t i.e. the DD solution, is:
~n+1
n+l _ .:C171 on Il (5 1)
~n+1 )

Ty only

In Figure we report the ||r"T!|| when n grows. We see that the residual norm exceeds

tol = 1079 in correspondence of ns = 20. In particular, we note that the order of magnitude of

error = || — 2™|| & 6.2668 x 1077 is the same of ||7"*|| ~ 6.6801 x 10~7". In Table[5.1] we

report values of error and the relative number of iterations (n.s).

Decomposition of I = {1,2,3,4,5,6} in I; and 5 with overlap, for §/2 = 1,2, 3:

« [ ={1,2,3,4}, L={4— %, .. ,n}and [, ={4— %, ... 4}

« N, =|I| =6,
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Table 5.1: Values of error = ||z — 2% || for different values of tol.

tol nss error
1076 20 6.4037e — 07
107° 29 4.8394e — 10
101 33 6.7045e — 15

ny = ’[1’ = 4,

na=N,+3—ni=|L]|=2+1%

fori = 1,2, ), = zeros(n;) € R™, where zeros(n;) is the null vector;

forn = 1,2, ...,nmar, we compute 271! € R*, 751! € R%: the Kalman estimates as in

(3.138).

DD estimate 27! € R? is obtained as follows

jf?lljlhl\fl,z on I, \ [1,2
$§+1 - %(/ZE\?+1|11,2 + Eg+1|l1,2> on Il,2 ) (52)
fgjlhz\h,z on I, \ 11,2
with ;1 = 1 regularization parameter; ||ri™|| < tol the stopping criterion, where rj*! :=

(ATRA)zy™ — ATRD is the residual at iteration n + 1 of (A.6); ns; is the corresponding
iteration. As expected and shown in Table the size of the overlapping set impacts the
convergence behaviour of the algorithm i.e. increasing nss, consistently to tolerance tol, the

accuracy improved.
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Table 5.2: Values of errors = ||z — z%|| for tol = 107°.

NS errors 5/2
17 7.2526e — 07 1
15 5.1744e — 07 2
22 7.2741e — 07 3

5.1.1 Trustworthy analysis

We perform trustworthy analysis of the proposed DD-KF approach by considering the inter-
node DD configuration on computing environment no.2.
We consider the columnwise domain decomposition of I = {1,..., N,,} where N,, € N, into

Nguy < N, subdomain:
Nsub

I=Jrn
=1

where

N, N,
[i::  — 1 P 1,....1 P .
{(z ) X N +1,...,1 X% Nsw}

This choice of data involves exchanges of data only between two adjacent subdomains so that
the surface to volume ratio is minimized.
Communication functions labSend and labReceive transfer data between workers so that each

worker proceeds with the parallel execution of the procedure.

We let:
o Hy € Rmo*No [, = b € R™>*N>: identity matrices;
* m:=mg+my; wherem; =1, my =N, +[,and [ := 5;

* 1o € R™, y; € R™: random vectors;
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*b= [9073/1 } € Rmotm;

* Ry = 0.5 x I, with [ € R™0*™0 jdentity matrix,

* Ry =0.5and R = diag(Ry, Ry) € R™Motmixmotmi wejght matrix.
We underline that, as mg := N, + [ where [,m; € N are fixed, it follows that r := ((m, +
my) X N,) = N, + 1+ 1in only depends on n.
We apply DD-KF to CLS model in by using:

e nmax = 50: maximum number of iterations;

e tol = 107°: tolerance required to the solution accuracy;

« 7 € R™»: numerical solution of normal equations in (A.6) computed by using Conjugate

Gradient method.
Let njoe 1= Npr be local problem size. Metrics we use for analysing performance of DD-KF

algorithm running on p workers for Ny,;, subdomains are:
e T'(mq, N,): amount of time (in seconds) needed to compute CLS solution using KF;

e T'?(my, N,): amount of time (in seconds) needed to solve CLS using a parallel KF

algorithm running on p cores;
o TP (mq,ny,c): amount of time (in seconds) needed to perform DD-KF on p workers;
o TF (mq,ny,): amount of overhead time (measured in seconds) due to synchronization,

memory accesses and communication time among p workers;

Tfh (m1,n0c) .

SPp o e .
.2 (M1, Ngoe) == I CTRTE surface-to-volume ratio;
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o SP(my, Nioe) - T (m1,n)

= TP(minigg) speed-up on p workers;

SP(m1,ni0c)

o EP(my,Nype) == : efficiency on p workers;

T (m1,Np)

f _
° Schub71 (m]" nloc) - Nsub‘Tl(mlynloc)

: measured value of scale up factor;

Note that measured values of the scale up factor give us an estimate on the real reduction of the
serial execution time of KF algorithm we could expect by sequentially solving the N,,; sub-
problems resulting from DD-KF. This value provides additional and valuable insights into any

real world employment of DD-KF algorithm.

In the following tables and figures we report values of scalability, computed in terms of strong

scaling and weak scaling.

1. Intra-node DD configuration.
In Tables [5.3] and Figure [5.2] we report performance results of the algorithm running on
the CPU shared memory. We note that at Ng,;, = 2 and Ny, = 4, as the computing envi-
ronment is a dual-core CPU shared memory, overhead is so small that super-linear speed
up arises. At Ny, = 8, instead, overheads due to traffic memory and synchronizations,
measured by the surface-to-communication value, become so predominant to drastically

reduce the speed up.

Note: Strong scaling results at N, = 512, nj,. := N,/Ngp and r = (mg + my) X
N, = (N, +6) - N, for Ny, = 2,4,8 subdomains and p = 2. We note that as the
computing environment is a dual-core CPU shared memory, at N, = 2 and Ny, = 4
the overhead is negligible so superlinear speed up arises. If N, = 8, instead, the surface-

to-communication value becomes predominant so that it drastically turns down speed up.
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»/Nsup and

r:= (mo+mi) x N = (N,+6)- N, for Ny, = 2,4, 8 subdomains and p = 2. We note that as the

computing environment is a dual-core CPU shared memory, at Ng,;, = 2 and N,,;, = 4 the overhead

is negligible so super-linear speed up arises. If Ny, = 8, instead, the surface-to-communication

value becomes predominant so that it drastically turns down speed up.
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Table 5.3: Internode DD configuration .

Now, Ny T'(mq, N,)
1 512 2.38 - 1071

N Ny Z(ma,mioe)  TP(mu,nie)  SP(ma,mioe)  EP(ma,miee)  Scky 1 (ma, muoe)
2 256 1.13x107%2 1.24x107Y 1.92 x 10° 9.60 x 107! 6.61 x 10!
4 128 758 x 1072 1.01 x 107t 2.36 x 10° 5.60 x 107t 7.89 x 10!
8 64 5.28 x 10° 1.42 x 1071 1.68 x 10° 2.10 x 107! 8.59 x 10*

2. Inter-node DD configuration. In these experiments we let
p= Nsub

In Tables [5.4] and [5.5] and Figures [5.3] and [5.5] results related to strong and weak scaling
obtained running DD-KF algorithm on the HPC architecture based on many-core dis-
tributed processors, are reported. In Figure we plot Speed up and Efficiency lines
versus p. Moreover, in Table [5.6] we compare execution time of KF algorithm where a
straightforward parallelism at fine grained level is introduced but without using DD, and
DD-KF. We note that DD-KF gets a performance gain of two orders of magnitude with

respect to the parallelism at fine-grained level of KF algorithm.

5.2 DD-KF applied to SWEs problem

We apply DD-KF method to the initial boundary problem of SWEs described in Appendix
[A.2] by considering the intra-node DD configuration on computing environment no.l. The
discrete model is obtained by using Lax-Wendroff scheme [81]. Experiments are aimed to

prove that DD-KF provide same solutions of KF. Reliability is assessed w.r.t. KF and DA, by
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Table 5.4: Inter-node DD configuration.

Now N, T'(m1, N,)
1 1920 1.46 x 107!
N Ny 2(ma,miee)  TP(ma,mioe)  SP(ma,mioe)  EP(ma,miee)  Sck 1 (ma,muoe)
2 960 1.09 x 107% 8.89 x 1072 1.64 x 10° 8.20 x 107t 4.87 x 10°
4 480 4.34x10°° 3.86x 1072 3.78x10° 9.45x 107! 9.13 x 10°
8 240 1.74x107° 2.09x 1073 6.99 x 10° 8.74 x 1071 1.14 x 10!
16 120 6.94x107° 9.30 x 107* 1.57 x 10* 9.81 x 107*  2.93 x 10!
32 60 2.78x 107 6.60 x 107° 221 x 10"  6.91 x 10" 1.98 x 10
64 30 1.11x107% 3.20x 107 456 x 10" 7.13x 10! 1.12 x 10!
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computed fixing 1, = 64, N, = p X njoe, and 7 := (mo + m1) X N, = (N, + 6) x N, where

Ny = p = 2,4,8,16, 32, 64.
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Table 5.5: Weak Scaling of inter-node DD configuration. Scalability prediction of DD-KF algorithm
computed fixing 1, = 64, N = p X njee, and 7 := (mg + m1) X N, = (N, + 6) x N, where
Ngyp =p=2,4,8,16,32,64.

p N, r T (my, Ny) TP (my,miee)  SP (M1, Nuoe)  EP (M, yoe)
2 128 17,152 9.59 x 107* 6.18 x 107°  1.55x 10°  7.75 x 107!

4 256 67,072 2.60 x 1073 7.50 x 107 3.47 x 10° 8.68 x 107!

8 512 265,216 9.40 x 1073 1.50 x 1073 6.42 x 10° 8.03 x 1071
16 1024 1,054,720 4.20 x 1072 4.00 x 10~*  1.05 x 10! 6.56 x 107!
32 2048 4,206,592 1.79x 107" 7.40x 107 242x 10"  7.56 x 10~
64 4096 16,801,792 7.90 x 107! 1.35x 1072 5.85 x 10! 9.14 x 107!

Table 5.6: Inter-node DD configuration. Comparison between execution time of KF algorithm
where a straightforward parallelism at fine grained level is introduced but without using DD, and

DD-KEF, at Nj, := 1920 and N, = p = 64 subdomains/workers.

p N, Tl’p(ml,Np)
64 1920 1.36 x 1071

Tp<m17 nloc)

3.20 x 1073
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using maximum error and RMSE, respectively.

KF configuration. We consider the following experimental scenario:
* Q= (0,L): where L =1,
* A=10,T]: where T' = 1.5;
* p, = 2: number of physical variables;
* N, =500 and b. = 2: numbers of nodes of 2 and 0f2, respectively;
* n, := N, +b. = 502 and N = 53: numbers of elements of {2 and A, respectively;

e Ax = ﬁ and At: step size of 2 and A, respectively, where At varies to satisfy the

stability condition in (A.28)) of Lax-Wendroff method;
* Qr = {z;}iz0,..,n,—1: discretization of {) where ; =i - Ax;
o Ay = {ti}r=o,. n-—1: discretization of A where t;, = t;_1 + At;

e fori = 1,2, z;[i]: KF estimate of height (for i = 1) and horizontal velocity (for i = 2);

* neps = 14: number of observations atstep [ = 0,1,..., N — 1;
e y; := 1072 . 9, € R™»s: observations errors, with 7; a random vector drawn from the
standard normal distribution, for [ = 0,1,..., N — 1;

oy := x(t;, xj)+v € R™>=: observations vector for j = 1,...,matstep/ =0,1,..., N—
1; observations are obtained by adding observation errors to the full solution of the SWE’s

without using domain decomposition while using exact initial and boundary conditions.

e H; € R"»*Nr: piecewise linear interpolation operator whose coefficients are computed

using the points of the domain nearest to observation values;
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. aﬁz =5.0x 1071, 08 = 3.50 x 10~!: model and observational error variances;

e B = B; = 02,C: covariance matrix of the model error at step = 0,1,..., N — 1, where

C € RM>*N» denotes Gaussian correlation structure of model errors in (5.3));

* R= Ry = dll,,. n, € Rmbs*nbs: covariance matrix of the errors of the observations

atstep! =0,1,...,N — 1.
DD-KF configuration. We consider the following experimental scenario:
* § =2,4,...,200: number of inner nodes in spatial overlap;
e ny =250+46/2, I, = {1,...,250} with || = nq;
* ny =250+9/2, 1y = {ny — /2 +1,...,500} with |I5| = no;
* 512 =2,3,...,50: number of instants of time in temporal overlap;
* 50:=0,801:=0,5 =25+ 512/2,5 := 51 — S12and sp = 28 + 51 2/2;
e (= {ci,j}i,jzl,m, N, € RMN»>*Np: Gaussian correlation structure of model error wher

fort=1,...,n4,
), i—j| < Np/2 j=1,...,n1 —&/2and
fori,j =ny —4§/2+1,...,N,

p

(5.3)

—Azx?

2y p 9 P p 2L2

1. Decomposition Step.

1A(:cording to [30]] here we assume the model error to be gaussian . As explained in [30], a research collab-
oration between us and CMCC (Centro Euro Mediterraneo per i Cambiamenti Climatici) give us the opportunity
to use the software called OceanVar. OceanVar is used in Italy to combine observational data (Sea level anomaly,
sea-surface temperatures, etc.) with backgrounds produced by computational models of ocean currents for the

Mediterranean Sea (namely, the NEMO framework [22]]). OceanVAR assumes gaussian model errors.
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* Decomposition of 2 into two subdomains with overlap region:

Q1 =10z,
1= 10,20 (5.4)
Qo = [Tn,—5/241, 1]
where 74 is the number of inner nodes in 2; and ¢ is the number of nodes in overlap
region.

* Decomposition of A into two subsets with overlap region:

A1 = [Oats1—1]
A2 = [t51*51,2+17 15]7

(5.5

where s; is the number of instants of time in A; and s; o is the number of instants

of time in common among 2 adjacent time intervals.

2. Local initial conditions on A; and A,:

z[1]gt = h(0,z) =: z[1]° 37[1]512—1 = 55[1]511—1 (5.6)
226" = b0, 2)v(0,2) = x[2J5° 2252, = 225,

3. Model reduction in (A.25).

Decomposition of matrices M|[1];;; € R™ 2 ateachstep! =0,1,...,nt — 2
Ui
—m vk

M[lhl,zﬂ = M4l < = € RM ™ (5.7

l l l
_nn1—2 ni—1 77n1

l l
777n1—1 ny |

M2, = MW isalnxn = | | ermxme (5.8)
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0 00 ni 0
0 0 0 0 0
MR,y = MUl = | Lo Ll eRMM(59)
i O --- 0 --- 0 0O --- 0 |
%1 77511+1
*77%1 il1+1 77£L1+2
M)} = MAuglnxr, = € R™X"2_ (5.10)

k k k
M, —4 wnw73 Mny—2

k k
My -3 wnz—Q |

We proceed in the same way to get the decomposition of matrix M|[2]; ;1 € R™e~2xma~2
in (A25) into M2}, € R M), € R, MI2J,, € R and M2}, €

R’ng Xng

4. Decomposition of H;y; € Rmts*("==2) into H}' | € R"=*™ and HE; € R"*"2 as in

(3.169).

5.2.1 The algorithm

1. Fork=1,2andl =5, 1+1,...,5,_1 + Sk, we apply DD-KF method on A; and A, by
considering the following matrices:
Mifi) = Ml[il}, .,  Myli] = M},
— ‘ qa 12,
Mli] = M[Z]?,Z—H My, [i] = M[z]z,zlﬂ

(5.11)
Pl = On1Xn1 P2 = OTLQXTLQ
P1,2 - On1 X 1o P2,1 = Ongxru
In particular, we note:
, O M li] , Mi,li] O
MLZ[Z] = MgJ[’L] = N (512)

O Myyli] Maili] O
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2. Send and receive boundary conditions from adjacent domains and compute the vectors:

3. Fork =1,2and | = 5.1 + 1,...,

| Mgl
bg’l[l] = - )
MQJ[Z]

o~

T1.[d]|r, -

(5.13)

Sk—1 + sk, compute the predicted state estimates

21 41[7] € R™ and z9,41[i] € R™ fori = 1, 2, as follows:

rypali) = My 1+ il + b 5.1
taili] = MRS |1, + Bl + bo |
with
B, b[1], in @A24) ifi=1 5.15)

b[2];

.Fork=1,2and! = 5,_1,...,

on Ay i.e. fﬁf+1[ | = Z[i]1 41 € R™

in (A20) ifi=2

Sk—1 + sr — 1, compute DD-KF estimates as in (3.187))

and 7, l+1H = Z[i]2y41 € R™. In particular, in the

time interval A, by considering the boundary conditions in (A.13]), DD-KF estimates on

) and €25 are

/\Ql XAk
Li1q

[1]

~g XAk
L4y

[1]

where :Uflﬂ[z](l) @Akﬂ[ ] (1

r = 1,2. We refer to

~

Tp41[1]

. QXAk -

e RmH

]
} (5.16)
] e Rl

x(tl+1, xnz—l) [Z]

—3/2) are the first and the 1, — & /2 components of 7% Lalils

01 XA
x1+11x “1i]
Q1 oxX AL
z+1i2X “1i]
{L‘\?leAk

e R"™ (5.17)
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as the estimate of the wave height and velocity (if = = 1,2 respectively) obtained by
applied the DD-KF method on (2, where on the spatial overlap €2, 5, we have considered

the arithmetic mean between DD-KF estimates i.e.

B i) = [ B g A (5.18)

with [; o the index set defined in (3.154).

Reliability Metrics. For k = 1,2and [ = 5,1 +1, ..., Sk_1 + Sx and fixed the size of temporal
overlap s;» = 1, we compute 7;[1], i.e. KF estimate of the wave height ~ on . In order to
quantify the difference between KF estimate and DD-KF estimates on A w.r.t. parameter §, we

introduce the following measure:

error?XA —max(error?XAl error?XAz)
where
error?XAk = max (Il [1] — xl[l}QXAkH)

I=8k_1+1,....3k—1+5k
where s € N is the size of the spatial overlap.
In the same way, we fix ¢ and compute the error between KF estimate and DD-KF estimates on

A w.r.t. parameter S; o:

erroriXAr = max (||@[1] — xl[l]QXA’“H)

81,2 _ >~
’ =8 _1+1,....5k—1+5k

with £ = 1,2, while s; 5 € N is the size of the overlap in time domain.

Reliability of DD-KF estimates w.r.t. DA is measured in terms of the Root Mean Square Error

(RMSE) forl = 0,1, ...,nt — 1, which is computed as

1 .pl z[1](7 —FIXAM)(4))2
R]‘ZSEQ UQQ \/ZZ_(][](;] l []())

RMSEQ — \/Z (z[1](@ —xl[l]( )? .

P
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Figure shows error?XA versus §, obtained within the machine precision (1071°). Also,
error?léAj where 51 5 = 200 is again obtained within the maximum attainable accuracy in dou-
ble precision (i.e. in our case, 1071°), with k¥ = 1,2 as shown in Figure As expected, the
accuracy does not depend on the size of the overlap because, DD-KF is a direct method using
estimates provided by KF as initial and boundary values of the local dynamic model. In partic-
ular, in[5.7] (b) when the size of temporal overlap reaches 50 we observe a relative increment of
the error of one unit, very significant with respect to the overall magnitude of the error. This
effect is due to the increasing impact of round off errors on the accuracy of the solution. As
expected, in a DD method, the extra work performed on the overlapped region with an increas-
ing size can be seen as the effect of a preconditioner on overlapping region [23]]. These results

prove the reliability of DD-KF method w.r.t. KF.

Figure shows that the RM SE;""“* and RMSE}* decrease, in particular as we expected,
RMSE"" and RMSE} coincide during the whole assimilation window.

Finally, a qualitative analysis of DD-KF estimate /x\lﬂ[l]QXAk at time to5 € A and t53 € Ao,
ie. for [+ 1 = 25,53 and k = 1,2, respectively is shown in Figure In Figure (a),
we note that Zo5[1]%*21 moves from the trajectory of the model state z[1]o5 to DD-KF estimate
position closer to the observation. At the second observation there is a significantly smaller
alteration of the trajectory towards the observation. At the fifth observation, it is very close to
the observation so we would not expect much effect from the assimilation of this observation.
As the model evolves in time it is clear to see that observations have a diminishing effect on
the correction of the forecast state estimate, as we can note in Figure (b). In particular, for
different choices of o2, and 02 (model and observation error variances), trajectory of DD-KF
estimates ;1 [1]**#* changes, for k = 1,2. Figure (a) shows that for 02, = 0, DD-KF
method gives full confidence to the model, indeed, trajectory of Zo5[1]*1 coincides with the

model state z[1]o5, otherwise considering 3 = 10~°, DD-KF method gives more confidence to
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observations, as shown in Figure @ (b).
Finally, in order to point out the capability of DD-KF to deal with the presence of different ob-
servation errors, in Figures [5.11) and [5.12] we reports results obtained considering two different
values of observations errors in 2y and ), i.e. v; = [v}vf] respectively; in particular, in Figure
we set v} = 1071 x v} in Q; and v} = 207 in y; in Figure we set v} = ] in
4 and vf = 107'° x v} in 2y, where v} and v7 are random vectors drawn from the standard
normal distribution and [ = 10. Results shown in Figure confirm the effect of the variance
(1]

observations 0370 = 4.28 x 10° on DD-KF estimate = in ()5 ; similarly, it occurs in 2y

when o7 ; = 1.04 x 10°, as results in Figure show.
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Figure 5.6: Graph of error?XA versus the spatial overlap é while temporal overlap is fixed to

S12 = 1.
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Figure 5.8: Behaviour of RM SElQlUQ2 and RM SElQ versus time.

5.3 DD-4DVAR applied to SWEs problem

We perform validation analysis of the proposed approach considering the initial boundary prob-
lem of the SWEs defined in Section by considering the inter-node DD configuration on
computing environment no.1. The discrete model is obtained using Lax—Wendroff scheme [81]].
We underline that results we present are concerned not so much with parallel efficiency as with
the trustworthy and usability of the proposed approach to solve this problem.

4DVAR DA set up. We consider the following experimental set up:

* Q= (0,1) C R: spatial domain;

Ay = [0, 1.5] C R: time interval;

* p, = 2: number of physical variables;

N, = 200 and b. = 2: numbers of elements of (2 and 0f2, respectively;

* ng := N, + b, = 202 and N = 22: numbers of elements of Q and A, respectively;
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Figure 5.9: SWEs solution and its DD-KF estimate.
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s Ax = ﬁ and At: step size of €2 and A, respectively, where At varies to satisfy the

stability condition in of the Lax-Wendroff method;
* Qr = {w;}iz0,..,n,—1: discretization of {) where z; = i - Ax;
o Ak = {t;}r=o,. n_1: discretization of A where t;, = t;,_1 + At;
* nps = 2: number of observations considered at each step! =0,1,..., N;
e y € R¥™Mobs: observations vector at each step [ = 0, 1,..., N;

» H; € R"»*Np: piecewise linear interpolation operator whose coefficients are computed

using the nodes of model domain nearest to the observation values;
o G € RNV m0sXNo: obtained as in (2.8) from the matrix H;, [ = 0,1,..., N;
s 02 = 0.5, 02 = 0.5: model and the observational error variances;

e B = B, = 02, -C" covariance matrix of the error of the model at each step/ = 0,1,..., N,

where C' € R™*Nr denotes the Gaussian correlation structure of the model errors in

'RlZO'g'I

Mobs;Mobs

eachstep/ =0,1,..., N — 1.

€ RMovsXMobs: covariance matrix of the errors of the observations at

e R := diag(Ry, ..., Ry_1) € RV mebs*Nnobs: 3 diagonal matrix obtained from the matri-

ces R, l=0,1,...,N — 1.
DD-4DVAR set up: we consider the following set up:
e N, = 2: number of instants of time subdomains;

* ady = ads = 1: number of subdomains adjacent to {2; and {2, respectively;
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0 = 2: the number of inner nodes in overlap regions;

e fork=1,...,N —1, s;_1 = 1: number of instants of time in temporal overlap;

Nioe = N,/2 4 6/2: number of nodes in the interior of subdomains;

® Nobsy = Nobsy — 1,

N; = 11 and N5 = 12: number of instants of time ¢; in time subdomains;

« C = {¢ij}ijer,..n, € RVMe: the Gaussian correlation structure of the model error
where

—Ag?
2

cij=p"", p= 61:1?( ) =gl <Np/2 fori,j=1,...,N, . (5.20)
1. Space-Time Decomposition Step.

* Decomposition of €2 into two subdomains with overlap region:

0 = [07 $n1+1]

(5.21)
QQ = [Inl, 1]
where n; is the numebr of inner nodes in €2;.
* Decomposition of A into two subsets with overlap region:
Ay =1[0,tn, -
1= [0t (5.22)
AQ = [tN1717 15]

where NV; is the number of instants of time in A;.

2. Model reduction of SWEs.
Decomposition of matrices M([1];;; € RY»>*M forl{ =0,1,..., N — 2 defined in (A.20)

YL b
—ni ﬁ’é UL

M1} 4y 2= M[11041/Q0 = e RNnxNow (523)

a0l l
anl—Q 1’[}Np1_1 nNm

NN, -1 N,

L P1 p1 A
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[0 0 0 |
0 0 0
My = Mg/ x Q= | : € RNr1*Nps (5.24)
| 41 O 0
[ 0o --- 0 0 775“ ]
0 0 0
M, =M1 /Q x Q= | : € RNv2XNoy (5.25)
0 - 0 - 0
7/’5Vp1+1 77§Vm+2
_77§VPI+1 wévpﬁz 77§vm+2
M[l]%’l+1 = M[l]u+1/QQ><QQ: ERNP2XNP2.

! ! !
—Nn,—2 Un,—1 N,

! l
NN, -1 1/}1\/17

(5.26)
We proceed in the same way to get the decomposition of M (2], € RN in (A.25)

into M([2]},,; € RN Mo M[2)7 € RNerX Moo M[2]7 | € RNv2*Now and M[2]7,,, €

RNp2XNpy

3. Decomposition of matrices:
o G € RWmobo)x(NoN) jnto GF € R+ Mobsi XNy j =1 2;
« B=VV!' € R¥*M into B; = V,V] B, ; = B/T;; € RNri*Nou 1 j =1,2;
° R c RN'nobsXN'nobs lnto R’L k c ng'nobsixgk'nobsi’ Z — 1, 2.

DD procedure for solving 4DVAR DA problem for SWEs :

let ujy = uo/€Y, ie. uiylj] = uolj]/%, j = 1,2; computation proceeds on each subdomain in
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space and time, i.e. on §; X Ay, along the assimilation window, i.e. for k = 1,..., Ny, in the

following way:

1. defines the reduced models

~ ~ ~

M, [j] == M[j: MPF[) = MLt

Sk—1,5k 2 Sk—1:5k"

2. sends and receives boundary conditions from adjacent domains and computes the vectors

~ ~

DT o= Miglf) " o 0]/ i =1,2: -1, j =1

3. computes reduced models

~

M; gon+1pn 1 n ~ n
U g . ] = Mzk[J]“zZiﬂ]] + b1

~

4. computes DA solution w;, [7] by solving systems in (3.39).

~

(4.1) iterative update of r.h.s of (3.41) for r = 0,1,...,7 by sending/receiving w:]”k [7]
and computation of w;J,gl’" [3] by solving the system in li by CG method;

5. updates the solution

~ M; kr1,n+1
Zﬁlm = “i,klffl Sy

~

u ]+ VIW?k[ﬁ]

The algorithm is made of two nested loops: the outer loop over index n, defines approximations
of local model, while the inner loop over index 7 solve each local 4DVAR DA problems. Step
5 updates the local solution according to the PinT methodology. Final solution is obtained by
gathering local solutions

~

ulj] == {urli] o=, v0s (5.27)

where

~ ~

Ugt1[j] = [ngﬂ [j]]/ (5.28)
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and 7 is the iterations number needed to stop DD algorithm.

Validation results. Figures show w[1], numerical value of h, the SWEs solution on
Q; x Ay, withi, k= 1,2.

* Metrics.
In order to show the convergence behaviour of the algorithm we quantify the error be-

tween two successive approximations using the following metrics:
U X A r+1 r
Bt = {lwllf — willil,

BB |15 — 1],

Y

estimating the accuracy on the computed solution with respect to r-iterations and with

respect to n-iterations. Then, we define the following quantity
Er,QiXA — {EﬁQiXAk}k LN
=1y dVe

accounting for the behavior of E™+1%*2% on the whole time interval A, fork = 1, ..., N,.
Moreover, as ASM convergence in space demonstrated for 3D problems in [32]] also holds
for DD in space of 4DVAR DA problems, in order to show the reliability of the DD in

time, we compute

akDD_DA[l] = {uflSM[lthEAk = {uflSM[l]}izla--szubal:gk—l7---7§k+Nk

i.e. the restriction to Ay of the solution of the 4DVAR DA problem in (A.18) obtained
applying ASM. Then, we show the behaviour of

Ep = uyP P —wp1]ll, k=1,.,N,

where u}[1] := [ul,[1]].
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* Validation analysis.

Figure shows convergence behaviour of the inner loop, i.e. the behaviour of £+ x4
and E"t1%2XA versus iteration number. Note that in about four steps ASM reaches the
input required tolerance (tol = 10~%).

In Figures we show convergence history of the outer loop, i.e. the DD in space.
We see that £™%*2k rapidly decreases, and in about five steps it settle on 10~'°, which is
the maximum attainable accuracy in double precision. Considering that the values of u[1]
are in the range [-1,1]. Concerning the trustworthy of the DD in time, finally, in Figure
[5.18] the behaviour of ET and £ versus iteration number is shown. Note that after about
four iterations errors reach the order of 10713 (resp. 10~!*) and the maximum attainable
accuracy in double precision after 13 (resp. 21) iterations.

Time (measured in seconds) needed to compute u[1], which is the solution on © x A in

(5.27) when N, = 200, N = 101 is
T(N,,N) =4.22 secs
while T'(noe, N1) = T'(n4oe, N1) = 0.71  secs

Results validate the trustworthiness of the proposed algorithm.

5.3.1 Performance analysis and scalability prediction

In this section we discuss the impact of the space and time decomposition approach described
in Section 6 on the performance of the algorithm. Performance metrics are the time complexity
and scalability. As we intend to mainly focus on the benefits arising from using domain decom-
position approaches in data assimilation algorithms we consider the so called scale-up factor

introduced firstly in [30]. Our aim is to highlight the benefits arising from using the space and



CHAPTER 5. VALIDATION ANALYSIS 138

time decomposition approach instead of solving the problem on the whole domain. As we shall
discuss later, the performance gain that we get from using the space and time decomposition

approach is two fold:

1. Instead of solving one larger problem we can solve several smaller problems which are
better conditioned than the former problem. This result leads to a reduction of each local

time complexity.

2. Subproblems reproduce the whole problem at smaller dimensions and they are solved in

parallel. This result leads to a reduction of software execution time.
In our discussion we assume the following set—up
Definition 16. Let
Nproc *= ¢ X P
be an uniform bi—directional decomposition of domain 2 x A. Then if
size(d x A) = N, x N,
denotes the size of the whole domain, then
size( x Ay) =Dy x Dy, j=1,...,q;, i=1,...,p
where D, = % > 1, and D; = % > 1.

We let
Ntot = Np X N, Nloc = Ds X Dt

Furthermore, we let mj; and [;; be the number of steps of the outer/inner-loop, of local algo-

rithm, respectively. Then, let

P<Nloc) :aleCéc—F&d,le(l);l +...+CLO, Qq 7é 0
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be the polynomial expressing the complexity of most time—consuming operation of local algo-
rithm.

Let

Mimaz 1= MAX Myji;  lmae = Max lj;.
ji ji

Observe that m,,,., and [,,,, actually are the number of steps of the outer and inner loops of
the whole parallel algorithm. Let m and [ denote the number of iterations of inner and outer

loop of serial algorithm, we let

G ._ . i, . DD ,__
pli=ma Xl  pPli=Emy Xl 5 pr T = Minar X bnas

Following result straightforwardly derives from the definition of the scale-up factor and gives

an asymptotic estimate of the algorithm’s scalability [30}39]:

Theorem 9 (Scale up factor). if T[A%] denote the computational time of serial algorithm and

T[A"¢] the computational time of the local algorithm, we define

1 T(AC
Stnpo, = X (A7) ,
P nproc T(Aloc)

be the (relative) scale-up factor measuring the performance gain with respect to the serial

algorithm. It is:

G
Scﬂproc > ;ﬁa(Nloca nproc) (nproc)d_l (529)

where

1 a
Cld—i-ad_lm—i—...—f—N—g

loc

a(Nlom nproc) = 5

d
n ap(n
ag + ad_l—]\’;l’":cc + ...+ —0(]\;’;“)

loc

and, lleoc = Nproc
llm Oé(Nloc, nproc) == /B 6]07 1]

np'r‘oc_)Nloc
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Furthermore, it holds that

Im  a(Npee, Nproc) =1
np'rocHNloc

Finally, if nypoc is fixed

lim  a(Ne, Nproc) = 1.
NZOC—H)O

If N, is fixed, it is
lim  Seip,.. =8Nt

nproc_>Nloc loc
while, if 1. is fixed

lim Seip,,,. = const #0
Nige—00

From (5.29) it results that, the growth of the scale up factor of DD algorithm is essentially one

order less than the time complexity of the serial algorithm.

In particular, in our set—up, we get that performance gain of DD algorithm is
1
SClnproe = 15071 1.5

Besides the time complexity, scalability is also affected by the communication overhead of the
parallel algorithm. The surface-to-volume ratio is a measure of the amount of data exchange
(proportional to surface area of domain) per unit operation (proportional to volume of domain).
This means that, in order provide the best mapping on the given parallel architecture, it needs
to find the appropriate value of the number of subdomains giving the right trade off between the
scale up and the overhead of the algorithm. This analysis will be provided on the forthcoming

parallel software.
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5.3.2 The role of the overlapping region

We analyse the role of the overlapping region in DD-4DVAR method in chapter (3.3). We
perform DD-4DVAR algorithm on computing environment no.2 by using Parallel Computing
Toolbox of MATLABR2013a. MATLAB does not support multi—level parallelism with the

Parallel Computing Toolbox, consequently, we only run in parallel local problems defined on

{1 X Ak tim1, Nts - o {Qnsub X Ak Fre1,.. Nt

We consider the following experimental set up.

4DVAR DA set up.

2= (0,1) C R: spatial domain;
* A =[0,1.5] C R: time interval;

* N,: numbers of inner nodes of 2 defined in (2.4));

N = 9: numbers of time in A;
* ngs = 64: number of observations considered at each step [ = 0,1,..., N;
 y € RNV mobs: observations vector at each step [ = 0,1,..., N;

» H; € R"»*Np: piecewise linear interpolation operator whose coefficients are computed

using the nodes of model domain nearest to the observation values;
o G € RNMobsXNo: gbtained as in (2.8)) from the matrix H;, [ =0,1,..., N;
] afn = 0.5, 03 = 0.5: model and the observational error variances;

e B = B, = ¢2,-C' covariance matrix of the error of the model at each step = 0,1,..., N,

where C' € RM*Ne denotes the Gaussian correlation structure of the model errors in

(5-20p;
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'Rl:US'I

Nobs;Mobs

€ RMobs*Mobs: covariance matrix of the errors of the observations at

eachstep/ =0,1,..., N — 1.
o R € RV movsXNmovs: 3 diagonal matrix obtained from the matrices R;, [ = 0,1,..., N —1.
DD-4DVAR set up: we consider the following set up:
* p: number of cores;
* Ngup» = p: number of spatial subdomains;
e N, = 2: number of instants of time intervals;

* Ny = Npsup = L and ne = n3 = ... = Nusp—1 = 2: number of subdomains adjacent to

Qla Qnsub and Q27 937 SR Qnsub—la reSPGCtiVely;
* J: number of inner nodes of overlap regions defined in (3.8));

* N,.: inner nodes of subdomains defined in (3.10);

1111

where

—Az?
2

c,-J:pli—j\Z’ p:exp( >, li —jl < Np/2  fori,j=1,...,N, -

e T'(N,, N): denoting sequential time (in seconds) to perform DD-4DVAR on Ny, = 1

domain;

* TP (Nioe, N): denoting time (in seconds) needed to perform in parallel DD-4DVAR on

N subdomain;

* S (Njpe, N) := % is the speed-up of DD-4DVAR parallel algorithm;

* E?(Nipe, N) := W: is the efficiency of DD-4DVAR parallel algorithm.
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We introduce

e? = eP(8, Az, At, Ny, Ny) := |[uP? — GPPPA|,, (5.30)

where uP# denotes the minimum of the 4DVAR (global) functional J in while aP# is
obtained by gathering minimum of the local 4DVAR functionals J; ; in by considering
different values of inner nodes of overlap regions J defined in (3.8) and p = N,,;. uP? ¢
RN»*N is computed by running DD—4DVar algorithm for N,,;, = 1, while a°* € RN>*V s
computed by gathering local solutions obtained by running DD-4DVAR algorithm for different
values of Ny, > 1 with § > 0, as shown in Figure (5.19).

In the following experimental results we analyse three aspects of DD—4DVAR algorithm:

1. The impact of ¢ defined in (3.8 to DD—4DVAR accuracy.

In Table [5.7} fixed Az = 1.56 x 107 and At = 2.19 x 1072, we report values of error
eP defined in for different values of 0. For Ny, = 2, 4, 8, 16, 32, 64, the order
of magnitude in case § = 2 x 10 is less than or equal to order of magnitude in cases
§d=1x10°2x 101 x 10%,2 x 10%,4 x 102,6.4 x 102 In particular, as J increases,
Ny decreases consequently, DD—4DVAR accuracy improved. The experimental results

indicate that 6 = 2 is the optimal number of inner nodes in overlap regions.

2. Strong scaling of DD—-4DVAR method.

In Tables and we fixed the value of § = 2 and analyze the efficiency
of DD-4DVAR algorithm. In Tables [5.8] [5.9] and [5.10] we note that efficiency strongly

decreases for Ny, = 16, Ny, = 32 and N, = 64, respectively (see Figures
and|5.22). For this reason we increase the value NV, defined in (2.4)) and report the values

in Tables [5.9] [5.10/and [5.11] respectively.



CHAPTER 5. VALIDATION ANALYSIS 144

3. Isoefficiency of DD-4DVAR method.

In Table [5.12] we report the values of efficiency such that it is constant (isoefficiency)
by increasing the value of N, for each value of Ny,;. For different values of Ny, the
number of inner nodes N, in €) has to increases at different rates in order to maintain a
constant efficiency as number of subdomains increases. Figure [5.23] shows curve best fit

data (N, INV,) reported in Table The equation of curve is
N,=a-p*+b-p+c (5.31)

where

a=-968x10"% b=124x10", ¢=6.25x 10

The function in (5.31) dictates how IV, must grow to maintain a fixed efficiency as Ny
increases. From the equations in (5.31)), we can infer that the the number of inner nodes
N, of ) needs to increase with the number of subdomains Nj,;, i.e. the number of

processes p = Ny, at an overall rate of O(p?) to maintain a fixed efficiency.

Table 5.7: Fixed Az = 1.56 x 1072 and At = 2.19 x 10~ spatial and temporal step sizes of M; j,
defined in (3.32), we report the values of Ny, which is the number of subdomains, /N, number of
inner nodes of €2, N;,. number of inner nodes in each subdomains, eP error defined in (5.30) and ¢

number of inner nodes in overlap regions, respectively.

Nyp=1| N, =640 | ¢! =0

Nsub Nloc 5 ep
2 320 0 6.16 x 104
2 321 2 4.69 x 1074

2 325 10 4.50 x 1074
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2 330 20 | 4.71 x 107*
2 370 100 |3.72x107*
2 420 200 | 3.60 x 1074
2 520 400 |2.91x10~*
1 640 640 0

4 160 0 |1.14x107°
4 161 2 5.40 x 1074
4 165 10 | 5.68 x 1072
4 170 20 | 4.59 x 1073
4 210 100 | 4.30 x 1073
4 260 200 |8.43 x 1073
2 360 400 |3.93 x 1074
2 480 640 | 3.11 x 10~*
8 80 0 |3.05x10°°
8 81 2 | 7.14x107*
8 85 10 | 8.79x 1072
8 90 20 | 1.32x 1072
8 130 100 | 1.55 x 1072
8 180 200 | 4.85x 1073
4 280 400 | 8.07 x 1073
2 400 640 |3.82x 107*
16 40 0 |4.90x1073
16 41 2 8.53 x 1074
16 45 10 |8.98 x 1072
16 50 20 |2.18 x 1072

145
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8 90 100 | 1.34 x 1072
8 140 200 | 4.18 x 1072
4 240 400 |9.19 x 1073
2 360 640 | 3.85 x 107*
32 20 0 1.13 x 1072
32 21 2 4.40 x 1073
32 25 10 5.07 x 1072
32 30 20 2.36 x 1072
16 70 100 | 3.59 x 1072
8 120 200 | 1.53 x 1072
4 220 400 | 4.05 x 1073
2 340 640 | 3.94 x 1074
64 10 0 1.11 x 1072
64 11 2 9.41 x 1073
64 15 10 2.42 x 1072
32 20 20 2.36 x 1072
16 60 100 |2.18 x 1072
8 110 200 | 1.43 x 1072
4 210 400 | 4.23 x 1073
2 330 640 | 4.69 x 1071
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Remark 10. The majority of parallelization techniques first decompose domain in nonoverlap-

ping subdomains then extend each subdomain with halo regions to enable stencil operations in

a parallel contextEl Instead, DD—4DVAR algorithm is based on overlapping DD allowing us

ZParallelization technique applied to Regional Ocean Modeling System (ROMS) [62] and Nucleus for European
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Table 5.8: DD-4DVAR performance results at N, = 640 and 0 = 2. We report values of Ny,
which is the number of subdomains, N, number of inner nodes of 2, Nj,. number of inner nodes
in each subdomains, Tl(Np, N) sequential time (in seconds) to perform DD-4DVAR on Ny, = 1
domain, TP (Nj,., N) time (in seconds) needed to perform in parallel DD-4DVAR on Ny, sub-
domain, SP(Njye, N) and EP(Nj,., N) the speed-up and efficiency of DD-KF parallel algorithm,

respectively.
nsub=1 N, =640 T'(N,, N) =6.04 x 10°
nsub N T?(Njpey, N)  SP(Nype, N) EP(Njpe, N)
2 321 4.14 x 10°  1.47 x 10° 7.29 x 1071
4 161 1.55 x 10°  3.91 x 10° 9.76 x 101
8 81 1.44 x 10°  4.20 x 10° 5.25 x 107!
16 41 1.52 x 10°  3.90 x 10° 2.44 x 1071

Table 5.9: DD-4DVAR performance results at N, = 832 and 0 = 2. We report values of Ny,
which is the number of subdomains, /N, number of inner nodes of €2, Nj,. number of inner nodes in
each subdomains, T (N,,, N) sequential time (in seconds) to perform DD-4DVAR onp = Ny, = 1
domain, TP (N, N) time (in seconds) needed to perform in parallel DD-4DVAR on p = Ny
subdomain, SP( Ny, N) and EP(Nj,., N) the speed-up and efficiency of DD-KF parallel algorithm,

respectively.
nsub=1 N, =832 T'(N,, N) =2.97 x 10!
nsub N T?(Njpey, N)  SP(Nype, N) EP(Njpe, N)
16 53 1.95 x 10°  1.52 x 10* 9.47 x 1071
32 27 1.93 x 10°  1.58 x 10! 493 x 107!

64 14 2.75 x 10  1.12 x 10! 1.74 x 1071
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Table 5.10: DD—-4DVAR performance results at N, = 896 and 6 = 2. We report values of Ny,
which is the number of subdomains, N, number of inner nodes of €2, Nj,. number of inner nodes
in each subdomains, Tl(Np, N) sequential time (in seconds) to perform DD-4DVAR on N, = 1
domain, TP (Njye, N) time (in seconds) needed to perform in parallel DD-4DVAR on p = Ny
subdomain, SP(Nj,., N) and EP (N, N) the speed-up and efficiency of DD-KF parallel algorithm,

respectively.
nsub=1 N, =896 TY(N,, N) =5.90 x 10!
nSUb Nloc Tp(Nloca N) Sp(Nloca N) Ep(Nloca N)
32 29 1.89 x 10°  3.13 x 10! 9.73 x 101
64 15 3.11 x 10° 1.89 x 101 2.95 x 107!

Table 5.11: DD-4DVAR performance results at /N, = 1024 and § = 2. We report values of Ny,
which is the number of subdomains, N, number of inner nodes of 2, N;,. number of inner nodes
in each subdomains, Tl(Np, N) sequential time (in seconds) to perform DD-4DVAR on N, = 1
domain, TP(Nj,e, N) time (in seconds) needed to perform in parallel DD-4DVAR on p = Ny
subdomain, SP(Nj,., N) and EP (N, N) the speed-up and efficiency of DD-KF parallel algorithm,

respectively.
nsub=1 N, = 1024 T'(N,, N) = 1.59 x 10?
nsub Nloc Tp(Nlom N) Sp(Nl007 N) Ep<Nlocu N)

64 17 2.70 x 10°  5.89 x 10! 9.21 x 107!
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Table 5.12: DD-4DVAR isoefficiency: Fixed § = 2, values of efficiency for different values of

number of inner nodes IV, in €2 and number of subdomains N.

New Np  EP(Nige, N)
2 640 729 x 1071

4 660 9.44x107t

8 728 6.03x 107!

16 832 9.47x 107!
32 896 9.73x 107!
64 1024 9.21 x 107!

to minimize the communications among subdomains adjacent to only nodes in interfaces I';;
defined in Vi=1,... Ngypand j € J; where J; is set of indices of adjacent subdomains to
Q. In particular, if width of halo regions are equal to one grids nodes wide, the halo nodes are
actually the nodes of I';;, Vi = 1,... Ny and j € J; (see Figure . Otherwise halo regions
contain more nodes than interfaces nodes and this means more communications among adja-
cent subdomains. Hence, DD—4DVAR algorithm reduces communications times and increases
memory overhead due to increase of number of inner nodes Ny, in (3.10) which depends on
number of inner nodes in overlap regions 0 in (3.8). We analyse the accuracy and efficiency of
DD—4DVAR algorithm for different choices of 6 and we prove that optimal value of number of
inner nodes is 0 = 2, in order that it is the number of nodes required to discretization scheme

(i.e. Lax- Wendroff scheme [81]).

Modelling of the Ocean (NEMO) [22} 52] needed respectively a halo of width two (or three for advection scheme)

and one grid nodes.
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5.3.3 Sensitivity Analysis: consistency and stability

We refer to 4DVAR and DD-4DVAR set in section In the following, we present exper-
imental results of the consistency and stability of DD—4DVAR method considering the initial
boundary problem of the SWEs 1D. The discrete model is obtained using Lax—Wendroff scheme

[81] on £2 x A where the orders of convergence in space and time are p = ¢ = 2.

* Consistency of DD-4DVAR method.

From Table 1.1, we could assume thatﬂ

Azx At P(Ax, At
ep (7‘7;7 7) ~ % d = 1; 27476787 10 (532)

As shown in Table [5.13] and Figure [5.25] the experimental order of consistency corre-

sponds to the theoretical one obtained in Theorem

* Stability of DD-4DVAR method.

In Table [5.13] and Figure [5.26] we report values of £}, for different values of perturba-

tion €, on initial condition of P%’“ defined in (3.31)). From the values in Table [5.13] we

experimentally estimate C}, in (3.110)), in particular
C,~2.00x10" Vk=1,...,N,.

Consequently, DD—4DVAR with the initial boundary problem of SWEs 1D is well-conditioned.

3By fixing the values of Ny, = N; = 4 and § = 2, we get eP(2, Az, At, 4,4) = eP(Ax, At) i.e. e? depends
only on Az and At.
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i TRAC I

1 7.87x %1073 1.09x 107" 1.53 x 1072 1.53 x 1072
2 3.92x x107% 547 x 1072 9.01 x 107* 3.83 x 107?
4 196 x x107% 2.74 x 1072 6.45 x 10~* 9.56 x 10~*
6 130 x x107® 1.83x 1072 3.65 x 107* 2.39 x 1074
8 9.78 x x10™* 1.37x107% 3.99 x 10™* 4.25 x 10~*
10 7.81 x x107* 1.10 x 1072 3.77 x 107* 1.53 x 1074
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Table 5.13: Fixed N, = 640 number of inner nodes in {2, N = 9 number of instants of time in

A, Ngup = 4 number of spatial subdomain and /V; = 4 time intervals. We report the values of eP

defined in @) for different values of Ax and At spatial and temporal step sizes of M; ;. defined

in (3.32).
e E,
3.03x 107% 6.06 x 107°
3.03 x 107° 6.06 x 1074
3.03 x 107 6.06 x 1073
3.03 x 107* 6.06 x 1072

Table 5.14: Fixed N, = 640 number of inner nodes in €2, N = 20 number of instants of time in A,

Ngyp = 4 number of spatial subdomains and Ny = 4 time intervals. For k = 1, 2, 3, 4, we report the

values of E}, defined in (3.98) for different values of perturbation €y, to initial condition of sz\/kl”“

defined in @)
5.4 DyDD: Performance analysis

Simulations were aimed to validate the proposed approach by measuring performance of DyDD
algorithm. Performance evaluation was carried out by considering a intra-node DD configura-

tion on computing environment no.2.
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DyDD set up. We will refer to the following quantities:
« ) C R?: spatial domain;
* N, = 2048: mesh size;
* n.s - number of observations;
* p: number of subdomains and processing units;

* 4: identification number of processing unit, which is the same of the associated subdo-

main;
e fori =1,...,p, deg(i): degree of 7, i.e. number of subdomains adjacent to €2;;
* i.q4(7) € N: identification of subdomains adjacent to €2;;
* 1;»(7) € N: number of observations in €; before the dynamic load balancing;
* [.(7) € N: number of observations in (2; after DD step of DyDD procedure;
* l4;(i) € N: number of observations in €2; after the dynamic load balancing;
. Tgy pp(Mobs): time (in seconds) needed to perform DyDD on p processing units;

* T(neps): time (in seconds) needed to perform re-partitioning of €2;

* Ohpypp(Nops) = % overhead time to the dynamic load balancing.

As measure of the load balance introduced by DyDD algorithm, we use:
min; (L5 (7))
&= ———F"—7=
max; (s (7))
i.e. we compute the ratio of the minimum to the maximum of the number of observations of

subdomains (2, . . ., {2, after DyDD, respectively. As a consequence, € = 1 indicates a perfectly
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balanced system.

Regarding DD-DA, we let n;,. := % be local problem size and we consider as performance

metrics, the following quantities:
o T (nops, N,) denoting sequential time (in seconds) to perform KF solving CLS problem;

o T2 pa (Nobs; o) denoting time (in seconds) needed to perform in parallel DD-KF

solving CLS problem after DyDD;

o T% (Nobss Mioc) being the overhead time (measured in seconds) due to synchronization,

memory accesses and communication time among p cores;

e Txr € R™ denoting KF estimate obtained by applying the KF procedure on CLS prob-
lem after DyDD;

* Tpp_pa € RY» denoting DD estimate obtained by applying DD-KF on CLS problem
after DyDD;
* errorpp_pa := ||Txr — Tpp—_pal| denoting the error introduced by the DD framework;

— T (nobs’n)
TngDA(nobs 7nloc)

* S? (Nopss Nioc) , which refers to the speed-up of DD-KF parallel algo-

rithm;
o EP (Nobs, Nioe) := M which denotes the efficiency of DD-KF parallel algorithm.

In the following tables we report results obtained by employing three scenarios, which are
defined such that each one is gradually more articulated than the previous one. It means that
the number of subdomains which are adjacent to each subdomain increases, or the number of
observations and the number of subdomains increase. In this way the workload re distribution

increases. Example 1: First configuration: p = 2 subdomains and m = 1500 observations. In
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Table 5.15: Example 1. DyDD parameters in Case 1. Both subdomains have data but they are
unbalanced. We report values of p, which is the number of subdomains, ¢ the identification number
of processing unit, deg(i) degree of 4, i.e. number of subdomains adjacent to 2;, l;,(¢) which is
number of observations in 2; before dynamic load balancing, y;(i) number of observations in €;

after dynamic load balancing, i,4 identification of subdomains adjacent to €2;.

p i deg(i) Ilin ltin  ad
1 1 1000 750 2
2 1 500 750 1

Casel, both 2; and €2, have data i.e. observations, but they are unbalanced. In Case2, 2; has
observations and (), is empty. In Table and Table respectively, we report values of
the parameters after applying DyDD algorithm. This is the simplest configuration we consider
just to validate DyDD framework. In both cases, [;(1) and [f;(2), i.e. number of observations
of €2; and €y, are equal to the average load [ = 750 and € = 1. As the workload re distribution
of Case 1 and Case 2 is the same, DD-KF performance results of Case 1 and Case 2 are the
same, and they are reported in Table[5.23] for p = 2 only. In Table we report performance
results of DyDD algorithm.

Example 2: Second configuration. In this experiment we consider p = 4 subdomains and
nos = 1500 observations, and four cases which are such that the number of subdomains not
having observations, increases from O up to 3. In particular, in Case 1, all subdomains have
observations. See Table In Case 2, only one subdomain is empty, namely 2,. See Table
[5.19] In Case 3, two subdomains are empty, namely €2; and €2, are empty. See Table [5.20]
In Case 4, three subdomains are empty, namely €2, for j = 1,2, 3, is empty. See Table [5.21]
In all cases, € reaches the ideal value 1 and I}, (i) = [ = 375, i = 1,2,3,4. Then, DD-KF

performance results of all cases are the same and they are reported in Table [5.23|for p = 4. In
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Table 5.16: Example 1. DyDD parameters in Case 2. (29 is empty. We report values of p i.e.
number of subdomains, ¢ identification number of processing unit, deg(i) degree of 7, i.e. number
of subdomains adjacent to €2;, l;,(7) which is number of observations in 2; before dynamic load
balancing, /,-(¢) number of observations in §2; after DD step of DyDD procedure, I¢;(i) number of
observations in €); after dynamic load balancing, i,4 which is identification of subdomains which

are adjacent to €;.

p { deg(z) lm lr lfin iad
1 1 1500 1000 750 2
2 1 0 500 750 1

Table 5.17: Example 1. Execution times: we report values of Tgy DD (nops), time (in seconds)
needed to perform DyDD on p processing units, T} (n,ps), time (in seconds) needed to perform re-
partitioning of €2, Ohpy,pp(neps) overhead time due to dynamic load balancing and € measuring

load balance.

Case TgyDD(nobs) Tr(nobs) OhDyDD(m) &
1 411x1072 0 0 1
2 349x1072 4.00x107¢ 1.15x107* 1
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Table we report performance results of the four cases.

Example 3. We consider n,,; = 1032 observations and a number of subdomains p equals to
p = 2,4,8,16,32. We assume that all subdomains €2; has observations, i.e. fori = 1,...,p,
lin(1) # 0; Qq has p— 1 adjacent subdomains, i.e. 1.4 := deg(1) = p—1; ; has 1 adjacent sub-
domaini.e. fori = 2,...,p,deg(i) = 1; finally i = 1,.. ., p, we let the maximum and the mini-
mum number of observations in §2; be such that [,,,, = max;(l (7)) and Ly, = min; (L, (7).
Table shows performance results and Figure reports the error of DD-KF with respect
to KF.

Example 4 We consider n,,; = 2000 observations and p = 2,4, 8,16, 32 we assume that €);
has observations, i.e. for ¢ = 1,...,p, l;,(7) # 0; €y and 2, have 1 adjacent subdomain
i.e. deg(l) = deg(p) = 1; €, and 2, have 2 adjacent subdomains i.e. fori = 2,...,p — 1,
deg(i) = 2. In Table we report performance results and in Figure the error of DD-KF

with respect to KF is shown.

Finally, regarding the accuracy of the DD-DA framework with respect to computed solution, in
Table [5.25] (Examples 1-2) and in Figure (Examples 3-4), we get values of errorpp_pa.
We observe that the order of magnitude is about 10~!! consequently, we may say that the ac-
curacy of local solutions of DD-DA and hence of local KF estimates, are not impaired by DD

approach.



CHAPTER 5. VALIDATION ANALYSIS

157

Table 5.18: Example 2. DyDD parameters in Case 1. All subdomains have data. We report values

of p, which is the number of subdomains, ¢ identification number of processing unit, deg(i) degree

of 7, i.e. number of subdomains adjacent to €2;, l;,(7) the number of observations in €); before

dynamic load balancing, l;(¢) the number of observations in €2; after dynamic load balancing, i4q

identification of subdomains which are adjacent to €2;.

p i deg(i) lin  lpin  laa

4 1 2 150 375 [24]
2 2 300 375 [31]
3 2 450 375 [42]
4 2 600 375 [31]

Table 5.19: Example 2. DyDD parameters in Case 2. () is empty. We report values of p, which

is number of subdomains, 7 i.e. identification number of processing unit, deg(i) i.e. degree of

i, i.e. number of subdomains which are adjacent to €2;, l;,,(7) i.e. number of observations in €;

before dynamic load balancing, [¢;(i) number of observations in €2; after dynamic load balancing,

1qq identification of subdomains adjacent to €2;.

i deg(d) lin L lpn e

| 450 450 375 [24]
2 2 0 225 375 [31]
3 2 450 225 375 [42]
4 2 600 600 375 [31]
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Table 5.20: Example 2. DyDD parameters in Case 3. (2; and (2, are empty. We report values of p,

which is the number of subdomains, 7 identification number of processing unit, deg(i) i.e. degree

of 7, i.e. number of subdomains adjacent to €2;, l;, (i) number of observations in €2; before dynamic

load balancing, [ ¢;(7) number of observations in 2; after dynamic load balancing, i,q identification

of subdomains which are adjacent to §2;.

p i deg(i) lym I Lrin  ad

4 1 2 0 300 375 [24]
2 2 0 450 375 [31]
3 2 900 450 375 [42]
4 2 300 600 375 [31]

Table 5.21: Example 2. DyDD parameters in Case 4. €)1, {29 and ()3 are empty. We report values

of p i.e. number of subdomains, 7 identification number of processing unit, deg () degree of i, i.e.

i.e. number of subdomains which are adjacent to €2;, l;,(¢) the number of observations in €2; before

dynamic load balancing, [¢;(i) number of observations in 2; after dynamic load balancing and i4q

identification of subdomains which are adjacent to €);.

i deg(i) i l, liin  lad

| 0 500 375 [24]
2 2 0 250 375 [31]
3 2 0 250 375 [42]
4 2 1500 500 375 [31]




CHAPTER 5. VALIDATION ANALYSIS 159

Table 5.22: Example2. Execution times: we report values of Tgy D D(nobs), i.e. time (in seconds)
needed to perform DyDD algorithm on p processing units, 7). (n.ps) time (in seconds) needed to
perform re-partitioning of 2, Ohpy,pp(nebs) overhead time to the dynamic load balancing and &€

parameter of load balance.

Case Tgy DD (nobs) T, (nobs) O hDyDD (nobs) €
1 540x1072 0 0 1
2 584 x107%2 235x107* 04-1072 1
3 498x107%2 3.92x107* 0.8-1072 1
4 463x107%2 578x107* 0.1-107¢ 1

From these experiments, we observe that as the number of adjacent subdomains increases, data
communications required by the workload re-partitioning among subdomains increases too.
Accordingly, the overhead due to the load balancing increases (for instance see Table [5.22]).
As expected, the impact of such overhead on the performance of the whole algorithm strongly
depends on the problem size and the number of available computing elements. Indeed, in Case
1 of Example 1 and of Example 2, when p is small in relation to 7;,. (see Table this
aspect is quite evident. In Example 4, instead, as p increases up to 32, and n;,. decreases the
overhead does not affect performance results (see Table [5.26). In conclusion, we recognize a
sort of trade off between the overhead due to the workload re-partitioning and the subsequent

parallel computation.
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Table 5.23: Example 1-2: DD-KF performance results in Example 1 and Example 2. We report
values of p, which is the number of subdomains, IV, mesh size, nj,. i.e. local problem size, m
number of observations, 7' (nobs, Np) sequential time (in seconds) to perform KF solving CLS
problem, T7, 1,1, 4 (Tobs, Nioc) time (in seconds) needed to perform in parallel DD-KF solving CLS
problem with DyDD, S? (nops, Nioc) and EP (nops, njoc) the speed-up and efficiency of DD-KF
parallel algorithm, respectively. We applied DyDD to all cases of Example 1 and Example 2 and
obtained the perfect load balance, as reported in Table and Table [5.22] respectively. As the
workload distribution is the same, DD—KF performance results are the same in all cases of Example

1, then we show results for p = 2, only. In the same way, for all cases of Example 2, we show results

for p = 4, only.
p=1 N, =2048 ngs = 1500 T (Nops, N,) = 5.67 x 10°
P Nioc TgprA (nobsa nloc) Sp (nobsa nloc) EP (nobs> nloc)
2 1024 4.95 x 10° 1.15 x 10° 5.73 x 107!
4 512 2.48 x 10° 2.29 x 10° 5.72 x 1071

5.5 DyDDST: Performance analysis

Validation of DyDDST algorithm is performed by considering a intra-node DD configuration

on computing environment no.2. DyDDST set up:

« () CIR?: spatial domain;

N, = 2048: mesh size;
e N = 64: number of elements of A;
* Nyt = N, X N: problem size;

* p: number of spatial subdomains and processing units;
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Table 5.24: Example 3. Execution times: we report values of p, i.e. the number of subdomains,

Nad, the number of adjacent subdomains to €21, Tgy D D(nobs), time (in seconds) needed to perform

DyDD on p processing units, & which measures load balance, /4, and [, i.e. maximum and

minimum number of observations between subdomains after DyDD, respectively. € depends on

nad(= deg(1)), i.e. as nyq(= deg(1)) increases (consequently p increases), then € decreases. For

i = 1,...,p, subdomain 2; has observations, i.e. l;,(i) # 0, consequently we do not need to

perform re-partitioning of €2, then 7;.(m) = 0.

P "ad Thypp(Mobs) lmaz  lmin €

2 1 6.20 x 1072 516 515 9.98 x 1071
4 3 2.60 x 1072 258 257 9.96 x 107!
8 7 920x107% 129 128 9.92x 107!
16 15 111x107' 71 64 888x 107!
32 31 1.36x107Y 39 32 821 x107!

Table 5.25: Examples 1-2. We report values of errorpp_pa, i.e. the error introduced by the DyDD

framework, in Example 1 (with p = 2) and Example 2 (with p = 4).

P €errorpp-pa

2 816 x 1071
4 8.82x 1071
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Table 5.26: Example 4. Performance results of DyDD framework: we report values of p, whic is

the number of subdomains, N, i.e. the mesh size, ny,. i.e. the local problem size, nps the number

of observations, T (nyps, N,) i.e. sequential time (in seconds) needed to perform KF, Tgy o (Mobs)

i.e. time (in seconds) needed to perform DyDD on p processing units, T]’; p—pa (Mobs, Nioe) i.€. time

(in seconds) needed to perform in parallel DD-DA with DyDD, S? (n,ps, nioc) and EP (Nops, Tioc )

i.e. speed-up and efficiency of DD-DA parallel algorithm, respectively.

p N, =2048 ng, =2000 T (ngps, N,) = 4.88 x 10

P Mioc Thypp(m)  Thp_pa (Nobs: o) SP (Nobs, Noc) — EP (Mobs Mioc)
2 1024 4.10 x 1073 4.71 x 10° 1.04 x 10° 5.18 x 107!
4 512 4.29 x 1072 2.61 x 10° 1.87 x 10° 4.67 x 107!
8 256 1.07 x 107! 8.43 x 1071 5.79 x 10° 6.72 x 1071
16 128 1.42 x 1071 3.46 x 107* 1.41 x 10! 8.81 x 1071
32 64 3.49 x 107! 1.66 x 1071 2.94 x 10! 9.19 x 1071

* N, = p: number of instants of time intervals;

* 4: identification number of processing unit, which is the same of the associated subdo-

main;
e fork=1,..., Ny, my: number of observations in Ay;
* Nops := [Mops(1), - -, Nops(N;)] € N2 vector of number of observations in A;

e forve=1,....,p,k=1,.... N

- dk (7): degree of 7 in Ay, i.e. number of subdomains adjacent to €2; in Ag;

— 1% (i) € N: number of observations in ©; in A, before the dynamic load balancing;

— [%. (i) € N: number of observations in €; in A, after the dynamic load balancing.



CHAPTER 5. VALIDATION ANALYSIS 163

o Iter = maxy—1.. N, (Iter (k)): maximum between the number of iterations needed to

-----

solve Laplacian system in (4.4) associated to G* with Preconditioned Conjugate Gradient

(PCG) method in each time interval A;
. Tgy ppst (Nobs): time (in seconds) needed to perform DyDDST on p processing units;

* T, (neps): time (in seconds) needed to perform re-partitioning of €2;

Tr(nobs
* Ohpyppst (Nobs) = Fr—— 02— (Bobs)

: overhead time to the dynamic load balancing.
DyDDsT (Nobs)

Regarding DD-DA, we let:

N .
* Nige := =2 x ¥: be local problem size;
p p

o T" (nobs, NV,): sequential time (in seconds) needed to DA;

* TP p_pa (Mobs, o) time (in seconds) needed to perform in parallel DD-DA solving

CLS problem after DyDDST procedure;

T (nobsvn)
szj))D_DA (nobs »nloc)

* S? (Nobs, Nioc) = : algorithm speed-up;

_ Sp(nobsvnloc)

* EP (Nobs, Nioe) 1= ” : algorithm efficiency.

As measure of the load balance of DyDDST algorithm, for £k = 1, ..., N;, we use [80]:

- min; (l];% (1))
max; (1%, (1))

i.e. we compute the ratio of the minimum to the maximum of the number of observations of

(5.33)

subdomains Qy, ..., Q, in Ay, after applying DyDDST algorithm, respectively. Further, £F = 1
indicates a perfectly balanced system in Aj. In the following tables we report results obtained
by employing three configurations. More precisely, fixed p = 4, for k = 1, ..., 4 configuration
considered in Example 1 changes in A i.e. some subdomains are such that its number of adja-

cent subdomains changes in Ay, and the degree d” (i) of the vertex i of processor graph changes.
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In Examples 2 and 3, for p = 2,4,8,32,64 and k = 1, ..., 64 configurations are the same in A,
while it changes the number of subdomains adjacent to each subdomain. Namely, in Example 2,
subdomains €2; and (2, have 1 adjacent subdomain and for¢ = 2,...,p — 1, €; has 2 adjacent
subdomains while in Example 3 €2; has p — 1 adjacent subdomains and for i = 2,...,p, {;
has 1 adjacent subdomain. From these experiments, we observe that the number of subdomains
adjacent to each subdomain increases parameter £¥. On the contrary, as the number of ad-
jacent subdomains increases, communications required by the workload repartitioning among
subdomains increases, accordingly, the number of operations needed to compute the amount of

. . . . . . »
observations required to obtain load balance increases, increasing 17, ;g7 (Dobs)-

Example 1. (Tables First configuration: p=4 spatial subdomains and time intervals

such that:
1. k=1:

e fori=1,...,p:Q; X Ay: have data i.e. observations;

e d*(1)=dF(4)=1,d"(2) =d*(3) = 2.
2. k=2:

o Oy X Ag: is empty;

s forj =2,3,4: Q; x Ay have data;

o d¥ (1) =dF(2) =2,d"(3) = 1,d" (4) = 3.
3. k=3:

e fori=1,2:€Q; X Ay is empty;

e for j =3,4:Q; X Ag: have data;
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o fori=1,2,3:8; X Ag: is empty;
e Oy X Ay have data;

e (1) =d(4) =1,d" (2) = d* (3) = 2.

Table 5.27: Example 1. For k£ = 1 all subdomains have data, consequently, it is not necessary to

perform re-partitioning of Q2 and 7, (neps(k)) = 0.

p k nos(k) TP, ppsr (avs(k))  Tr (novs(k))  Ohpyppst (nows(k))

4 1 2217 258 x 107! 0 0
2 2933 811 x 1072 8.00 x 107* 9.90 x 1073
3 1925  7.05x 1072 8.00 x 107*  1.13 x 1072
4 1678  5.82x 1072 1.20 x 107  1.37 x 1072

Table 5.28: Example 1. We report the values of €* and Iter (k). For k = 1 all subdomains have

data, consequently, it is not necessary to perform re-partitioning of 2 and T} (nyps(k)) = 0.

p ok nos(k) & Iter (k)
4 1 2217 9.98 x 107!
2 2933 9.99 x 107!
3 1925 9.98 x 1071
4 1678 9.98 x 1071

N NN




CHAPTER 5. VALIDATION ANALYSIS 166

Table 5.29: Example 1: We report values obtained by applying DD-DA after DyDDST in Example

1 (Tables b where ngps = [1617 2894 1098 2445].

p=1 N,=131072 T" (ngps, N,) = 11.92 x 10°

Nioc TgD_DA (nlom nloc) Sp (nob57 nloc) EP (nobSa nloc)

4 8192 3.45 x 10° 3.46 x 10° 8.65 x 107!

Example 2. (Table and Figure [5.28): We consider p = 2,4,8,16, 32,64 such that: for
k=1,... 64

o d*(1) = d*(p) = 1: Q, and Q, have I adjacent subdomain in A;
e fori=2,...,p—1,d"@i) = 2: Q; has 2 adjacent subdomains in Ay;
* nps(k): number of observations available in Ay as defined in Table|5.32

Example 3. (Table[5.31|and Figure[5.29) Second configuration: we consider p=2, 4, 8, 16, 32,
64 such that: fork =1,...,64

o d*(1) = p — 1: Qy has p — 1 adjacent subdomains in Ay;
s fori=2,...,p, d*(i) = 1: Q; has I adjacent subdomain in Ay;
* nops(k): number of observations available in Ay, defined in Table

We note that in Example 2] the number of subdomains which are adjacent to €, increases along
the time window, while in Example 3 it equals to 2. Consequently, in Example 2, iterations

needed to solve linear system in (4.4) (see Tables[5.30}{5.31) are less than in Example 3.

Table 5.30: Example Performance results where ngps are defined in Table[5.32f.

P T! (nob57 Np)
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1 6.41 x 10?

P Mo  Thyppsr Mobs) Thp_pa(Mobs; Mioe)  SP (Nobs; Mioe)  EP (Nobs, Toe) — Iter
2 32768 9.34 x 107! 3.62 x 102 1.78 x 10° 8.89 x 107! 1
4 8192 3.13 x 10° 1.65 x 102 3.88 x 109 9.69 x 107! 3
8 2048 8.12 x 10° 9.95 x 10* 6.65 x 10° 8.07 x 107! 7
16 512 1.65 x 10! 5.70 x 10! 1.11 x 10* 6.93 x 107! 15
32 128 3.08 x 10! 3.26 x 10! 1.98 x 10! 6.15 x 107! 20
64 32 5.77 x 10! 3.18 x 10! 2.02 x 10! 3.56 x 107! 20

Table 5.31: Example Performance results where ngpg are defined in Table [5.32

p=1 N, T (nobs, N)

1 131072 6.41 x 102

D Noe  Thyppsr (Nobs) Thp_pa (Nobss Mioe)  SP (Nobs, o) EP (Nobs; Mioe)  Iter
2 32768 9.34 x 1071 3.62 x 102 1.78 x 10° 8.89 x 10! 1
4 8192 2.44 x 10° 1.65 x 102 3.90 x 10° 9.74 x 107! 2
8 2048 6.72 x 10° 1.02 x 102 6.31 x 10° 7.89 x 107! 2
16 512 1.21 x 10! 5.53 x 10! 1.16 x 10* 7.26 x 107! 2
32 128 2.14 x 10! 3.37 x 10! 1.91 x 10! 5.96 x 107! 2
64 32 3.78 x 10! 2.76 x 10! 2.33 x 10! 3.64 x 107! 2

Table 5.32: Example El Fork =1,...,64, values of nys(k) € Ag.

k nobs(k;) k nobs(k) k nobs(k’) k nobs(k) k nobs(k) k ’I’Lobs(]{?)
1] 1618 9 | 2327 17 | 1579 25 | 2651 33 | 1209 41 | 2256
2 12419 10 | 1678 18 | 2744 26 | 2571 34 | 2626 42 | 1343
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3| 2523 11| 1739 19 | 1493 27 | 2174 35 | 1683 43 | 2048
4 | 2869 12 | 1968 20 | 1912 28 | 2555 36 | 2332 44 | 2667
5 | 2260 13 | 2078 21 | 28906 | 29 | 1603 37 | 1691 45 | 2687
6 | 1874 14 | 2512 22 | 2439 30 | 963 38 | 2146 46 | 2184
7 12036 15 | 2613 23 | 2214 31 | 2270 39 | 233 47 | 2763
8 | 2536 16 | 2584 24 | 2476 32 | 2611 40 | 1772 48 | 2392
E | nops(k) | k| nops(k)

49 | 1552 57 | 2148

50 | 2397 58 | 2375

51 | 1547 59 | 1852

52 | 2987 60 | 2338

53 | 1656 61 | 2356

54 | 2581 62 | 2869

55 | 2332 63 | 1524

56 | 2477 64 | 1462

168
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34r

O observations
Kalman estimate 1

32r — Kalman estimate 2| O
model estimate

[
=4

h the height wave
[
=]

ha
B

22

(a) SWEs solution z[1]53 € R™ (model estimate) and DD-KF esti-
mates TEX A1 [1] € R™ at tss on Q) (Kalman estimate 1 and Kalman
estimate 2) by considering o2, = 0. As expected, Kalman estimates

and model estimate overlap.

O observations

Kalman estimate 1
3z2r — Kalman estimate 2| ¢
model estimate

h the height wave

(b) SWEs solution x[1]gg € R"= (model estimate) and DD-KF esti-
mates 'x\ngAl [1] € R™ at ts3 on Qq and Qo (Kalman estimate 1 and

Kalman estimate 2) by considering the error variance o3 = 107,

Figure 5.10: SWEs solution and DD-KF estimates for different choices of o2, and 3.
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Figure 5.11: SWEs solution z[1]19 € R™* (model estimate) and DD-KF estimate

t10 on ) (Kalman estimate 1 and Kalman estimare 2) by considering different errors and variances

observations; i.e. viy = 1071 . v,

170

[1] € R at

vi, and J%O = 6.67 x 1071 in Oy and v, = 2 - v}, and 0370 =

4.28 x 10° in Q. v1, and v3, are random vectors drawn from the standard normal distribution.
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Figure 5.12: SWEs solution x[1]19 € R"™ (model estimate) and DD-KF estimates E?OXA[l] €

R"™ (Kalman estimate 1 and Kalman estimate 2) at t1g on ) by considering different errors and

2

variances observations; i.e. viy = 1-vi, and 03, = 1.04 x 10° in Q1 and v}, = 1071 - ¥2, and

03y = 2.22x107 Y in Qo. 1, and v3, are random vectors drawn from standard normal distribution.
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(b) Numerical solution u[l] of the SWEs solution h on 2 X As.

Figure 5.13: For ¢, j = 1, 2, numerical solution u[1] on €; x A; .
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(a) Numerical solution u[l] of the SWEs solution h on {2 X A;.
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(b) Numerical solution u[l] of the SWEs solution h on 2 X As.

Figure 5.14: For i, j = 1, 2, numerical solution u[1] on €2; x A; .
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Figure 5.15: Behaviour of E21*4 and E%2*4 versus iterations.
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Figure 5.17: (b) Behaviour of E*2*A1 and E%2*A2 versus iterations.
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Figure 5.18: Behaviour of £ and E% versus iterations.
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Figure 5.19: Decomposition of spatial domain 2 C R in two subdomains {€; },—; 2 by identifying
overlap region 1 defined in (3.3) and interfaces I'12 and I'y; defined in (3:4). On the left case

0 = 0i.e. no inner nodes in {212, on the right case § = 2 i.e. two inner nodes in overlap region {215.

0.2

Figure 5.20: Performance results at IV, = 640 for Ny, = 2,4, 8, 16. The values of speed up (left)
and efficiency (right) are reported in Table [5.8] For Ny, = 16, speed up and efficiency strongly

decrease.
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Figure 5.21: Performance results at IV, = 832 for Ng,;, = 16, 32, 64. The values of speed up (left)

and efficiency (right) are reported in Table [5.9] For Ny, = 64, speed up and efficiency strongly

decrease.
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Figure 5.22: Performance results at N, = 896 for Ny, = 32,64. The values of speed up (left)

and efficiency (right) are reported in Table [5.10] For Ny, = 64, speed up and efficiency strongly

decrease.
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Chapter 6

Conclusions

The present work is placed in the context of a research activity devoted to the development
of scalable algorithms for using Data Assimilation in large scale applications [9, [10, 32, [30].
Main focus is the mathematical framework for using a DD-based approach for KF, 3DVAR and
4DVAR methods that are computationally efficient. DD approach is based on decomposition
along both spatial and temporal directions, a space-time partitioning of the PDE-based model
and of the DA functional. DA acts as predictor propagator for the local PDE-based model, pro-
viding the approximations needed to the PinT method for solving the initial value problem on
each subinterval concurrently. Leveraging Schwarz and PinT methods consistency constraints
for PDEs-based models, the framework iteratively adjust local solutions by adding the contri-
bution of adjacent subdomains to the local filter, along overlapping regions. Furthermore, in
terms of time complexity reduction it results that applying Schwarz method the performance
gain of DD-DA algorithm scales as the number of subdomains squared. As a consequence this
approach increases the accuracy of local solutions and it allows to apply in parallel both the fine
and coarse solvers, increasing the efficiency of the resulting algorithm. The key point of the
present work is to prove the necessary results that underpin this framework by considering, let

us say, a first-level decomposition. Nevertheless, such configuration should be considered as
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a part of a multilevel DD scheme designed according to the features of the application and of
the computing environment. An interesting advantage of this approach is that it can be poten-
tially applied in a moderately non-intrusive manner to existing codes in navigation, computer
graphics, robotics, arising from the so-called discretize-then-optimize approach. As DD con-
figuration may depend both on the particular state estimation application (in terms of different
data distribution) and on the mapping on the available parallel computing environment (in terms
of different computing power), we employed a dynamic and adaptive DD configuration which
could be used in concrete scenarios. In particular, we focused on the introduction of a dynamic
redefining of initial DD in order to deal with problems where the observations are non uni-
formly distributed and general sparse. We called them DyDD and DyDDST. Results confirm
that the accuracy of local solutions of the forecast model and hence of local KF and 4DVAR
estimates, are not impaired by DD approach. As a consequence this approach increases the
accuracy of local solutions and it allows to apply in parallel both the fine and coarse solvers,
increasing the efficiency of the resulting algorithm. We derived and discussed main features of
DD-DA framework using shallow water equations which are commonly used for monitoring
and forecasting the water flow in rivers and open channels and constrained least square model
as a reference state estimation problem. In particular, DD-DA methods coupled with DyDD or
DyDDST can be properly modified to be adapted for solving real-world problems in oceanog-
raphy. In discretization phase, DD-DA methods have to deal with the fact that the planet Earth
has emerged land areas, this means that some discretization nodes are located over the land.
Hence, it could be applied a pre-processing phase to identify land and sea nodes and remove
only-land subdomains. Then, applying a DyDD or DyDDST related to sea nodes, we could get
a balanced DD. Nevertheless, this framework has application on the plentiful literature of PDE-
based state estimation real-world problems. This work makes possible numerous extensions.
Among them, it makes it possible to apply deep-learning techniques to develop consistency

constraints which will ensure that the solutions are physically meaningful even at the boundary
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of the small domains in the output of the local models [59, 59, 88, 21].



Appendix A

Appendix

A.1 Constrained Least Squares (CLS) Problem

Let
Hoxo =1yo, Ho € R™ M yyeR™, 1z, R™ (A.T)

be an overdetermined linear system (the state), where rank(H,) = N, > 0, mg > N,,.
Given H, € R™>*Nr ¢, € R™ (the observations), z; € RY», x € R™», we consider the system

which couples state and observations equations
S: Ar=b (A.2)

where

H
A= 0 c R(mO‘i’ml)XNp’ h= Yo c Rmoerl’ (A.3)

H,y U1

and m; > 0. Let Ry € R"™0*™0 Ry € R™*™ be weight matrices and R = diag(Rg, Ry1) €

R(m0+m1) ><(m0+m1) .

CLS problem consists in the computation of Z such that:
CLS : T = argmingcgn, J(x) (A4)
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with
J(x) = ||Az — bl = [[Hoz — yol |k, + [[Hiz — w1l [, (A.5)
where 7 is hence given by
(ATRA)Z = ATRb= 7 = (ATRA)'A"Rb (A.6)
or,
T = (HRyHy+ H R H,) Y (HI Royo + H] Ryyy). (A7)

We refer to 7 as the least squares solution of system in (A.2).
In particular,

Zo = (Hy RoHo) ™' Hy Royo, (A.8)

is the least squares solution of system in (A.T)

A.2 Shallow Water Equations (SWEs) set up

Neglecting the Coriolis force and frictional forces and assuming unit width, SWEs are:

oh ovh __
T =0
vh 8(v2h+%gh2)
ot ox

(A.9)
=0

where the independent variables x and ¢t make up the spatial dimension and time. The dependent
variables are h, which is the height with respect to the surface and v, i.e. the horizontal velocity,
while g is the gravitational acceleration.

In order to write SWEs in a compact form, we introduce the vectors

h vh
u = flu) = , (A.10)
vh v2h + $gh?

the SWESs can be rewritten as follows

ou N Of (u)

ot ox

= 0. (A.11)
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The initial boundary problem for the SWEs is

u(z,t + At) = Myriae(u(z,t)) Vi, t+ At € [0,1.5]

h(x,0 2 4 sin(2 (A.12)
u(z,0) := (=,0) = sin(2n2) Vo e Q

h(z,0)v(x,0) 0

with the following reflective boundary conditions on v and free boundary conditions on

h(l’l, t) h(ZCnZ,Q, t)
u(0,t) == UW(Tp,—1,1) == Vie A
—h(xy, t)v(zy,t) —h(xp, 2, t)v(Tp,_2,1)
(A.13)
where N
t+ ta
Mt,tJrAt(U(x,t)) = U(Z[‘,t) — / lg(xU) ds. (A14)
t

We note that M; ;. a¢(u(z, t)) should include Coriolis forces and also frictional forces, if they
are present in the SWEs; in particular, as these quantities show off as the right hand side of
(A.TT)), they will be also included in the right hand side of (A.I4) as additive terms under the
integral.

The state of the system at each time ¢;,; € A, =0,1,..., N — 2is:

x|l
u(tinr) = uppy == e (A.15)
o241
where
ulllpr = {u[l)(@s, tie) Yimtome 1 = {R(2i, tii1) Yim, o my 1 € R

U[Q]H'l = {U[Q](zh tH—l)}i:l ..... ng—1 +— {U(gji, tl_t,_l)h,(l'i, tl—i—l)}i:l 7777 na—1 € R(n172)
(A.16)

From Lax-Wendroff scheme [81], we obtain the following discrete formulation of the SWEs
W = Mygu + b+ wy (A.17)

and 4DVAR DA problem for the SWEs is

uP? = argmin,cgnpov [Ju — uM|[Z20 + || Gu — y| 5 (A.18)



APPENDIX A. APPENDIX 191

where u := {u}; }i=1,. v—1 is the background, M = M y_; and

M[1ii41 O,
Mllerl _ [ ]l,l—i—l 2 c R2(nz72)><2(nz72) (A19)

M2, 1141 M 2141
with O,,, » € R"%™2X%~2 the null matrix and M[1];;;; € RMe=2xMa=2)Af(2 1), €
R(a=2)x(a=2) " A1[2], 1, € ROe=2X(m2=2) the following tridiagonal matrices

v b
-0y b
M1 141 = (A.20)
—77%,—4 %,—3 77200—2
L _7771%—3 fzm—z ]
e y -
—xi 0 x5
M[2,1]ip41 = (A.21)
—Xfif4 0 Xilrz
L —Xlnm—:s 0 ]
g -
—& ¢h &
M2)1141 = (A.22)
~&hoea Pno—z En,o
i ~&ho—3 2 |
and the vector b € R?("=—2)
b e { o[l ]  R2(ne-2) (A.23)
b[2];
with
B [ chobih — xbhb '
0 0
b[1];:= | ¢ ER™™2 p[2);:= | ¢ ER™72  (A24)
0 0
L M by, i i e, €L vl ikl i
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where
= 5ol + a((v)? + 5gh))] Po=1—40?((v))? + 59ht)
io=gla ] i = (1+40?)
1
Xi = §9h§

with a := 2L and Al := h(t;, z;), v} == v(ty, z;).
While, G € RN "obs " ig 3 matrix interpolating the background fields to the observation loca-
tions and transforming the model variables to observed quantities, and iy € R™*"bs is observa-
tions in 2 x A.
We note that the discrete model in (A.17)) can be rewritten as follows
e[ = M[Aaz1] + ?[1]1 (A25)
221 = M21ax[2] + 0[2]s
with
b[2]; := b[2] — M2, 1)1 2[1];. (A.26)

In particular, if we define

S := max <]v— Vohl, v+ \/ﬁl) : (A.27)

the stability condition of Lax-Wendroff is

At
e < .
§ <L (A.28)

for the condition (A.28) to be satisfied, at each iteration £ = 0,1,...,nt we choose: At =

Az
0.8 - Az,

A.3 Regional Ocean Modeling System (ROMS)

Regional Ocean Modeling System (ROMS) is an open-source, mature numerical framework
used by both the scientific and operational communities to study ocean dynamics over 3D spa-

tial domain and time interval.
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ROMS supports different 4DVAR DA methodologies IS4D-Var and RBL4DVAR search best
circulation estimate in space spanned by control vector and observations, respectively. 1S4D-
Var and RBL4DVAR algorithm consist of two nested loop, the outer-loop involves the module
(1), namely nonlinear ROMS (NLROM) solving ROMS equations, the inner-loop involves mod-
ules (2)-(3), namely tangent linear approximation of ROMS (TLROMS) and adjoint model of
ROMS (ADROMS); TLROMS and ADROMS are used for minimizing 4DVAR functional [98]
(see Figures [A.1HA.2).
NLROMS is a three-dimensional, free-surface, terrain-following ocean model that solves the
Reynolds-averaged Navier-Stokes equations using the hydrostatic vertical momentum balance
and Boussinesq approximation.
NLROMS computes

ROMS () = M1 (x(ti-1), f(1), b(t))) (A.29)

with the state-vector x79M5(¢))

= (T, S,s,u,v)T, temperature T, salinity S, (, ) components
of vector velocity u, v, sea surface displacement ¢. M;_;; represents nonlinear ROMS acting
on xFOM5 (¢, 1), and subject to forcing f(t;), and boundary conditions b(t;) during the time

interval [¢,_1, ]
Minimization of the 4DVAR functional:

JHOMS(52) = %&B_léz + %(G(Sz —d)"R(Géz — d) (A.30)
where §z are the control variable increments, d is vector of innovations, G = (..., H/,...)T,
where H; is the observation matrix; R is observation error covariance matrix and B is covari-
ance matrix of model error, is computed in the inner-loop in Figure
Analysis increment, 62¢, that minimizes 4DVAR function in corresponds to the solution

of the equation 9JFOMS /952 = 0, and is given by:

52 =B '+ GRIG)TIGTR (A.31)



APPENDIX A. APPENDIX 194

or, equivalently

§2* = BGT(GBGT + R)7'd. (A.32)

Equation (A.31) is referred to as the dual form (RBL4DVAR), while (A.32)) is referred to as the
primal form (IS4DVAR). In particular, we define

K =BG (GBGT +R)™* (A.33)

as Kalman gain matrix.

TLROMS computes
SxOMS (1)) ~ My u(ty_1) (A.34)

where 5IROMS(tZ) = ZL’ROMS(tl) — [Eb(tl), 5f(tl) = f(tl) — fb(tl), 6b(tl) = b(tl) — bb(tl), and
2*(t;), f°(t), b°(t;) are the background of the circulation, surface forcing and open boundary

conditions respectively, and
uti-1) = (62T (1), 67 (1), 60 (0)"

Equation (A.34) is obtained from first-order Taylor expansion of NLROMS in (A.29).

ADROMS computes
u (1) = Ml:iup(tl) (A.35)

where u*(t;_1) = (pT(t;_1), 5T (t;), 60T (t;))T where p is the adjoint state-vector, J f7 and

5b*T are the adjoint of the surface forcing and the open boundary condition increments.

A.3.1 DD-4DVAR DA in ROMS model

The DD method proposed in Section is made up of decomposition of the domain of com-

putation {2 x A into subdomains where (2 is the 3D spatial domain and A is the time interval,
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Figure A.1: A flow chart illustrating IS4D-Var algorithm.

solution of reduced forecast model and minimization of local 4DVAR functionals. Relying on
the existing software implementation, in the next we describe the main components of DD—

4DVAR method, highlighting the topics that we will address both on the mathematical problem
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Figure A.2: A flow chart illustrating RBLADVAR algorithm.

underlying ROMS and the code implementation.
We focus on IS4DVAR formulation described in Section [A.3]
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In the following, we introduce the decomposition in space and time of the ocean model.

* Decomposition of spatial domain ().
We will consider a 2D decomposition of 2 C R? in x- and y-direction and denote €2, the

spatial domain to decompose.

ROMS uses a parallelizatio approach that partitions domain (2, into tiles (see Figure

A.3)).

Ngup—1
Quy = | tile; (A.36)
i=0
where N,,, = Ntilel x NtileJ; Ntilel and NtileJ are the number of tiles set in the

input file in x- and y-direction, respectively.
We denote by H 1 and HJ the overlapping tiles regions (i.e ghost or halo area in ROMSE[)

in x- and y-direction, respectively.

Step 0: DD of €2 in ROMS.

In our study we will assume the decomposition available in ROMS, as given in

(A.36).

* Decomposition of time interval A.

ROMS does not implement a decomposition in time direction.

'https://www.myroms.org/wiki/Parallelization
2In ROMS, the halo area would be two grids points wide unless the MPDATA advection scheme is used, in

which case it needs three.
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Step 1: DD of A in ROMS.

In our study we will introduce a decomposition of time interval A into N, intervals:

Ny Ny
A= A= s tsiemd; (A.37)
k=1 k=1

where N, = |D(Ay)| are respectively the number of subdomains of [0, 7] and of
time ¢; € A\ such that Zgil Ny —(Ni—1)= N, 5 = Ek ! N;—(k—1)and

ChunkSizel
—
3 7
2
1 ChunkSizedJ
Jtile=0
—MarginJ

Itile = 0 1 )
Figure A.3: A tiled grid in xy-plane with some internal ROMS parameters.

¢ Ocean model reduction.

ROMS allows each tile (or subdomain, see Figure[A.3) to compute local solutions of TL-
ROMS and ADROMS.
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Forv = 0,1,...,Nyyy — land k = 1,..., NV, loca]E] TLROMS on local domain tile;
computes

Sz fOMS (1)) ~ My 1 pui(ti—1) (A.38)
and local ADROMS on local domain ¢ile; computes
uj(tia) = Moy ypilt), (A39)

where z;, u;, u;, M;, p; are the restriction on tile; of variables z, u, v*, M and p and

M; (1-1,) 1s discrete model from ¢;_; to ¢;.

DD-4DVAR method introduces the model reduction by using the background x° as local
initial values. For n = 0,1,...,n (outer loop of DD—4DVAR method [33]) do: for
k=1,..., N, posed a:?,k = xfk Vi=0,1,..., Ngyp — 1, we let x%’“ be the solution of

the local model

;

M; k1
Tip = Mgl g + ik,
M; ksm
n _ 1,k
M; gn Tik—1=—Tip >
(Bie™ )im0,1e Ny =L =10 N; (A.40)
n — n
il /HI =} /HI, (A.401)
n _ n
\ i /HIS =27 /HJ, (A.40,2)
where iy = 0,...,n; —1,4; = 0,...,ny; — 1, n;y and n; are respectively numbers

of adjacent tiles in x- and y-direction, bf’r and M, are respectively the background on
tile; x A,, the vector accounting boundary conditions of tile; and the restriction in tile;

of the matrix in (A.29) that is

Mk = Mg = M§T_17gr_1+]_ e MgT,]_jT.

r—1,5r *

et z € R and Yy € RNe XN be vectors, for simplicity of notations, we refer to x; as a restriction of x
to Q, ie. x; = x/Q; and x;, = 2/( x Ay), similarly for matrix A € RN»*Ne je. A; = A/Q; and

A = A/(Q x Ay), according the description in [§].
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In the following, we neglect the dependency on outer loop iteration n of DD—-4DVAR
method. We underline that local TLROMS and ADROMS in (A.34)) and (A.35)) are ob-
tained with MPI exchange for boundary conditions, regardless of local solution on over-
lap area, namely they not consider overlapping tiles conditions in (A.40]1) and (A.40]2).
Consequently, we need to modify local TLROMS and ADROMS in and
taking into account of (A.40/1) and (A.40]1) conditions. More precisely,

( 3

Step 2: TLROMS.
fork=1,...,N,Vi=0,1,..., Ny — 1, local TLROMS on tile; x A, will be

modified such that

0% 2 M, i -1 + Or(wip—1) + 05(wik—1) (A.41)
where
0 ik—1) ‘= 7»”_ f Mz HJUl /HJ—
J(Wik-1) == >0 Vi, (Mix/ k—-1/ (A42)
Mk/HJ ui7k_1/HJ)
and
0 ir—1) +— T}If f M[ HI'UZ'T_ HI—-
r(wir—1) 21,4%( / =1/ (A.43)

MZ-T/HI : U,iﬂn_l/HI)
are overlapping vectors in x- and y-direction, respectively; where parameters v;,,

7i, denote weights.

\ J

Similarly, we need to modify local ADROMS in (A.39). More precisely,
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Step 3: ADROMS.
fork =1,...,N, Vi = 0,1,..., Ny — 1, local ADROMS in (A.39) on local

domain tile; x /A will be modified such that

Ui k-1 = (Mi,r)T Pk +0;(Dik—1) + 0r(Pik-1) (A.44)

where 0; and 0; are defined in (A.42)) and (A.43).

\ 7

* 4DVAR DA Operator Reduction. Operator reduction involves the inner loop in Figure

Al

ROMS computes and minimizes the operator

JROMS . JROMS jyjle, (A.45)

tilei

where JFOMS g defined in (A.30) and JFOMS /(tile;) is the IS4D-Var functional in each

tile tile; with MPI exchange of boundary conditions, Vi = 0,1, ..., Ng,;, — 1.

Local 4D—-VAR DA functional in [33]] is defined as follows
ngg;ﬁ)r.VAR = Ji,k(a:i,k) = J($1,k>/<tll€1 X Ak) + O]J(I‘@k) (A46)

where
J(z) = allz — 2°|§-1 + |Gz — yllg-1. (A.47)

is the DD—4DVAR functional in [33]],

nr

nJj
Or(@in) =Y Biw lwin/HI =iy i/ HIZ 2+ Biyse Nwin/HI — 2,0/ HI |3
=1 A— El

(A.48)

is the overlapping operator on overlapping tiles region H [ and HJ, and

. M;
J@k(l'i’k)/(tllei X Ak) = QL ||CL’Z’]€ — xi,kYk”B;l + HGi,rxz',k — y27k||§1_1 (A49)
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is the restriction of J on tile; x Ay, where x° is background, y is observations vector
in A, y; 1, is observations vector in Ay; B,, B;,, B;, are respectively the restrictions of
covariance matrix B to tile;, HI and HJ; G,;,, R, are the restriction of matrices G
and R to tile; in Ag. Parameters «;,, 3;, and f3;, in denotes the regularization
parameters. Welet o, , = B, x = Bi, . = L, Vir =1,...,nrand Viy = 1,...,n,.

Incremental formulation of local 4D-VAR DA functional in (A.46) is
JLk(dzi,k) = J(§zk)/(tzlel X Ak) + OU((Szi,k)

where 0z; ;, are the control variable increments in tile; X Ay.

Step 4: IS4D-Var.
From local IS4D-Var function in (A.43) can be written

TS = IRV~ 0, @y

Consequently, we need to add overlapping operator in order to enforce the

matching of local solutions on the overlapping tiles in each time interval.

A.3.2 DD-4DVAR DA in ROMS code

In Figure the ROMS directory structure is shown. We focus on ROMS folder, in

particular, on its folders: Tangent and Adjoint.

1. ROMS.

We need to modify routines in ROMS folder implementing decomposition as in
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Ag

*
Vij1|

Ui, 5 (p, h: f: Q)i,j Ui+41,5
i o) —

4
’Ui‘j |

Figure A.4: Placement of variables on an Arakawa C grid.

(see step 1).

Decomposition of time interval involves modification of initial conditions of non-
linear model, in TLROMS and ADROMS.

Routines involving initialization are (see Figure[A.5)):

(a) initial routine in Nonlinear folder: initializes all model variables (it is called in

main3d).

Note 1.1 (see step 1)
Initial routine initializes all model variable before calling main3d
routine (in Nonlinear folder). Main3d routine is the main driver solving

nonlinear ROMS model (background).
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—— Arctic/

Apps/ Bering/
Atmosphere/ - Circle/ —— Adjoint/
Compilers/ —— NEP/ —— Bin/
Data/ .../ —— Drivers/
Lib/ —— External/
makefile —— Functionals/
Master/ Include/
README License_ ROMS.txt
README.CICE —— Modules/
ROMS/ Nonlinear/
Sealce/ —— Obsolete/
User/ —— Programs/
Waves/ —— Representer/

—— Sealce/

—— Tangent/

— Utility/

— Version

Figure A.5: ROMS directory structure.

DD in x- and y- directions is not applied for computing background, i.e.
there are not MPI communications among processes.

This means that background is computed without using DD in space,
consequently we not apply DD in time.

Moreover, some values of u, v (components velocity) are not set to zero
at the end of time step, because its values on some grid points are neces-

sary for the next time step.
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(b) tl_initial routine in Tangent folder: initializes all tangent model variables (it is

called in i4dvar).

Note 1.2 (see step 1).

We consider tl_initial routine. Parts involving initializations are:
— line 123: Initializes time stepping indices and counter.

— line 162: initialization time.

J

(c) ad_initial routine in Adjoint folder: initializes all adjoint model variables(it is

called in i4dvar).

Note 1.3 (see step 1).

We consider ad_initial routine. Parts involving initializations are:
— line 113: Initializes time stepping indices and counter.

— line 152: initialization time.

\. J

Main actions to apply DD in time in ROMS are described below.
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Action 1.1 (see step 1).

(a) Modify initials routines by adding MPI communications for initial con-

ditions to tangent and adjoint routines in each time interval.

(b) Decompose time interval (Runlnterval variable in routines). One pos-

sible way forward:

— We need to use OMP threadprivate directive for replicating vari-
ables related to time interval such that each thread has its own
copy. (see mod_parallel routine in Module folder at line 51 re-
lated to DD in space).

Allocate_routine in mod_parallel allocates tiles; equally we can

allocate local time interval and related variables.

— We can add allocation and OMP threadprivate directive of lo-
cal time intervals in mod_parallel routine. @~ We can define
first time interval (first_time_interval) and last time interval
(last_time_interval) and add a for loop, after for loop involving
tiles, started from first time interval up to last time interval adding

a time step (dt) defined in driver.

* tl_main3d: at line 277 stars for loop involves tiles.

* ad_main3d: at line 629 stars for loop involves tiles.

— Identify tangent and adjoint variables for MPI communications in

time.

(c¢) Introduce MPI communications in time.
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— We need to split ROMS MPI communicator (OCN_COMM_WORLD)
for obtaining MPI communicators needed to communications among
processes related to same spatial subdomain but different time inter-
vals.

By splitting ROMS MPI communicator we obtained a new MPI com-

municator namely one single communicator for the current process.

Action 1.2 (see step 1).

Step 1 involves:

— tl_main3d routine: at line 142 starts while loop on time interval (Run-
Interval) by increasing the step time (my_steptime). Moreover, at lines
278 and 280 it calls tl_set_massflux and tl_rho_eos, i.e. the routines
we need to modify (see Action 2.1,2,3,4). Consequently, we probably
need to introduce in tl_main3d MPI communications in time after the

tl_set_massflux and tl_rho_eos routines.

— ad_main3d routine: at line 177 starts while loop on time interval (Run-
Interval) by increasing the step time (my_steptime). Moreover, at lines
632 and 634 it calls ad_rho_eos and ad_set_massflux, i.e. the routines
we need to modify (see Action 3.1 and 3.2). Consequently, we proba-
bly need to introduce in ad_main3d MPI communications in time after

the ad_set_massflux and ad_rho_eos routines.

. J

2. TLROMS.
We need to modify TLROMS as in (A.41) (see step 2), namely we need to compute
the overlapping vector in (A.42)) and (A.43) and add them to tangent variables.



APPENDIX A. APPENDIX 208

Action 2.1 (see step 2).

We could consider another inner loop (inside the loop over m in Figure [A.])
over index n and initial approximation of solution on local tiles at n = 0. For
each iteration we need local solution on tile adjacent to each tile, this means

using MPI exchange of information between adjacent tiles (in two direction

see Figure[A.4).

J

We note that primitive equations of motion [99] are written in flux form transformed
using orthogonal curvilinear coordinates (£, 1) (see Figure [A.4).

We consider tl_main3d routine. In tangent folder (see Figure this routine is the
main driver of TLROMS configurated as a full 3D baroclinic ocean model.

tl_main3d routine calls the following subrountines.

(a) tl_set_massflux calls tl_set_massflux_tile.

tl_set_massflux_tile: computes “in situ” tangent linear horizontal mass flux.

Action 2.2 (see step 2).
Taking into account (A.42)) and (A.43) we need to modify the code start-

ing from line 155.

(b) tl_rho_eos calls tl_rho_eos_tile.
tl_rho_eos_tile: computes “in situ” the density and other quantities (tempera-

ture, salinity,...).
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Action 2.3 (see step 2).

Parts to be modified:
1. Line 505: computes “in situ” density anomaly;

1. Line 591: computes “in situ” Brunt-Vaisala frequency;

iii. Line 1158: computes “in situ” Brunt-Vaisala frequency;

J

(c) tl.omega: computes vertical velocity (no modifications because DD is only

horizontal, there are not overlap region along vertical direction).

3. ADROMS.
Similarly to TLROMS, we need to modify ADROMS as in (A.44) (see step 3),

namely we need to compute and add the overlapping vector in (A.42) and (A.43) to

adjoint variables.
We consider ad_main3d routine. In Adjoint folder (see Figure [A.5) this routine is
the main driver of ADROMS configurated as a full 3D baroclinic ocean model.

ad_main3d routine calls the following subrountines.

(a) ad_rho_eos: computes “in situ” density and other associated quantities.

Action 3.1 (see step 3).

Parts that should be modified:

i. Lines 797 and 1758: compute “in situ” adjoint Brut-Vaisala fre-

quency at horizontal points.

ii. Line 1070: computes “in situ” adjoint density anomaly.
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(b) ad_set_mass_flux: compute “in situ” adjoint horizontal mass fluxes.

Action 3.2 (see step 3).
Part that should be modified:

1. Line 201: computes “in situ” adjoint horizontal mass fluxes

(c) ad_set_avg: accumulates and computes output time-averaged adjoint fields. (prob-

ably no modifications are needed).

4. IS4D-Var.
We need to modify routines in ROMS folder as in (A.50) (see step 4).

Action 4.1 (see step 4).
We need to modify IS4DVAR cost function in (A.30) to take in account over-

lap region i.e. halo region.

Main modification to apply DD in time in ROMS is described by point (c) in Action 1.1, i.e.
introduction of MPI communications in time. More precisely, we need to introduce and man-
age the MPI communication in space and time. The introduction of DD in time involves the

following communications among processes:

* Intra communications: by splitting MPI communicator (OCN_COMM_WORLD) to cre-
ate local communicators (TASK_COMM_WORLD) to allow communications among pro-
cesses related to same spatial subdomain but different time intervals.

MPI commands are

— MPI_Comm_split: partitions the group of MPI processes into disjoint subgroups and
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DYDD_S_T.m —— | redistribution.m
DD-4DVAR/ \?D-KF
DD_4DVAR_sov.m DD_KF_CLS.m/dd_kf _modello.m

Figure A.6: Scheme of M-File functions related to DyDDST algorithm: DYDD_S_T.m and redis-
tribution.m; DD-4DVAR algorithm: DD_4DVAR _sov.m; DD-KF-CLS algorithm: DD_KF_CLS.m;
and DD-KF algorithm: dd_kf_modello.m.

creates a new communicator (TASK_COMM _WORLD) for each subgroup.
— MPILIsend and MPI Irecv: sends and receives initial conditions by setting the new

communicator obtained from MPI_Comm _split.

* Inter communications: by creating new communicators (OCNi_COMM_WORLD) to al-
low communications among processes related to different spatial subdomains but same
time interval.

MPI commands are

— MPI Intercomm _create: creates an intercommunicator for each subgroup.

— MPI Isend and MPI Irecv: sends and receives boundary conditions by setting the

new communicator obtained from MPI_Intercomm_create.

A4 MATLAB codes

In this section, we report M-files used to obtain the results in section [3
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DD_KF_CLS.m

function [Xk_1,T_tot_i] = DD_KF_CLS(R,A_tot,Xk_prev_tot,Q02,b,nl,m,nsub,a,ml,nt)

$function of DD-KF algorithm to CLS problem

$input
%a_tot,A_tot:matrices to costruct a CLS problem
$m,n:matrices dimensions

$Xk_prev_tot: initial estimate

$X: KF estimate

$R,Q,Ql:covariance matrices

nsub:number of workers

soutput

$Xk_1: DD-KF estimete

ST + A . N c + 9 1Tm

sT_tot_1: execution time

000000000000000000000 co0000000
0000000000000 0000000D0 ©0000000070

$costriction of local matrices

$initializzazion

A=zeros (size (A_tot,1),nl/p,p);

K=zeros(size (A_tot,2),size(A_tot,2),p);
Xk_prev=zeros (nl/p,p);

for i=1l:p

A(:,:,1)=A_tot (:,1+nl/px(i-1):nl/p=*i);
K(:,:,1)=A(:,:,1)"*Q2(1l:m,1l:m)*A(:,:,1);
Xk_prev (:,1)=Xk_prev_tot (1+nl/p* (i-1) :nl/p=*1i);
end

$initializzation local solution

Xk=zeros (nl/p,1);

$covariance matrices

P=zeros (nl,nl, nsub);

for h=1l:nsub

P((h-1)x(nl)+1: (h)*(nl),:,h)=0.5xeye (nl,nl);

end

212
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sparalell section
spmd (p)
h=labindex;
tl=tic;
for j_1=l:nt
$send and receive informations to compute loce Kalman gains
for h_ad=1l:nsub

if (h_ad"=h)

labSend (P ((h-1) % (nl)+1: (h)*(nl),:,h),h_ad)
P_adi2 ((h_ad-1)* (nl)+1: (h_ad)=*(nl), :)=1labReceive (h_ad);
end
end
P_adi2 ((h-1)*(nl)+1l: (h)*(nl), (h-1)*(nl)+1l:h*(nl)) =P ((h-1)*(nl)+l:h*(nl), (h-1)*(nl)+1l:h*(nl),h);
H=a;
Somma=zeros (size(H,1),nl);

for j=l:nsub
S_dl=Somma+H(:, (j-1)* (nl)+1l:jx(nl))*P_adi2 ((j-1)*(nl)+1l:j*(nl), (h-1)*(nl)+1l:hx(nl));

Somma= S_dl1;
end
S_d= (S_dl)*H(:, (h-1)*(nl)+1l:h*(nl))’;
Sd_tot=zeros(size(H,1),size(H,1),nsub);
for h_ad=1:nsub

if (h_ad™=h)

labSend (S_d, h_ad)
Sd_tot (:, :,h_ad)=labReceive (h_ad) ;
end
end
sommab=zeros (size(H,1),size(H,1));
Sd_tot (:,:,h)=S_d;
for j=1l:nsub
S_d=sommab5+Sd_tot (:,:,3);
sommab=S_d;
end
S_d=S_d+R;
Sommal=zeros (nl,size(H,1));

for j=l:nsub-1
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K=Sommal+P ((h-1)« (nl)+1l:h*(nl), (j=1)*(nl)+1: (j)*(nl),h)«H(:, (J-1)x(nl)+1:(J)*x(nl))";
Sommal=K;
end
K=K*xinv (S_d) ;
~omputation con covariances matrice
P_n2=zeros(n,n,nsub);
for h_ad=1l:nsub
if (h"=h_ad)

labSend (P ( (h-1)*(nl)+1: (h)*(nl),:,h),h_ad)
P_adi((h_ad-1)*(nl)+1: (h_ad)*(nl), :)=labReceive (h_ad);
end
end
for j=1l:nsub

Somma2=zeros (nl,nl);

for i=l:nsub
if (i7=h)
Sommal2=-K+H (:, (i-1)*(nl)+1:(i)*(nl))+*P_adi((i-1)*(nl)+1:(i)*(nl), (j=-1)*(nl)+1:Jjx(nl))
+Somma?2;
end
end
P_n2((h-1)*(nl)+l:h%(nl), (j=1)*(nl)+1l:jx(nl),h)=(eye(nl,nl)-K«H(:, (h-1)*(nl)+1:(h)*(nl)))
*P ((h-1)*(nl)+1l:h*(nl), (j-1)*(nl)+1l:jx(nl),h)+Somma2;

end
P=P_n2;

send and receive information to compute local KF solution
if (h==1)

Xk_prev_AD=zeros (nl,nsub);
for h_ad=1l:nsub
if (h7=h_ad)

labSend (Xk_prev (:,h),h_ad);
Xk_prev_AD (:,h_ad)=labReceive (h_ad);
end

end
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somma=zeros (size(H,1),1);
for j=l:nsub
if(j7=h)
somma=somma+ (H(:, (j—1)* (nl)+1: (J)* (nl))*Xk_prev_AD(:,]));
end

end

Xk_1 = Xk_prev(:,h)+Kx (b ((h-1)*ml+l:hxml, j_t)-((H(:, (h-1)*(nl)+1: (h)~*(nl))*Xk_prev(:,h)+somma)));
$send and receive information to compute local KF solutin

labSend (Xk_1,2);

Xk_prev(:,h+l)=labReceive (2);

3local KF solution
Xk_prev(:,h)=Xk_1;
elseif (h==nsub)
Xk_prev_AD=zeros (nl,nsub);
for h_ad=1:nsub

if (h™"=h_ad)

labSend (Xk_prev (:,h),h_ad)
Xk_prev_AD (:,h_ad)=1labReceive (h_ad);
end
end
somma=zeros (size(H,1),1);
for j=l:nsub
if(37=h)
somma=somma+ (H(:, (j=1)x (nl)+1: (j)* (nl))+Xk_prev_AD(:,]));
end

end

Xk_1 = Xk_prev(:,h)+Kx(y(:,J_t)—-((H(:, (h-1)x(nl)+1l: (h)*(nl))x*Xk_prev(:,h)+somma)));
labSend (Xk_1,h-1);
Xk_prev(:,h-1)=1labReceive (h-1);

%$local KF solution

Xk_prev(:,h)=Xk_1;

else

Xk_prev_AD=zeros (nl,nsub) ;
for h_ad=1:nsub

if (h7"=h_ad)
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labSend (Xk_prev (:,h),h_ad)
Xk_prev_AD (:,h_ad)=1labReceive (h_ad);
end
end
somma=zeros (size(H,1),1);
for j=1l:nsub
if(37=h)
somma=somma+ (H(:, (j=1)x (nl)+1: (J)* (nl))+Xk_prev_AD(:,]));
end

end

Xk_1 = Xk_prev(:,h)+Kx (b ((h-1)*ml+l:h*ml, j_t)-((H(:, (h-1)*(nl)+1: (h)~*(nl))*Xk_prev(:,h)+somma)));

labSend (Xk_1,h-1);
Xk_prev(:,h-1)=labReceive (h-1);
labSend (Xk_1,h+1);

Xk_prev(:,h+l)=labReceive (h+1l);

*local KF solution
Xk_prev(:,h)=Xk_1;
end

end

Tp=gop (Gmax, toc(tl));
Xk_1=gcat (Xk,1);
end
toc

ecution time
T_tot_i=Tp{l};
Xk_1=Xk_1{1};

end

dd_kf_modello.m

function [Xk_1,Xk]=dd_kf_modello (Nx,nt,y,b_t,eta,psi,Xk_prev_t,r_n,r_£f,R,nsub)

function for DD-K

algorithm to the initial boundary problem of

sinput
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$Nx: number of discretization points in spatial domain
%$s: size of overlap pf spatial subdomains

$nt :number of istants time

o

y: observations vector

o\

b_t: vector concerning boundaries conditions
%eta,psi: vector to costruct model matrix

%$Xk_prev_t:background

o

r_n: initial istant time of time intrerval

o

r_f: final istant time of time intrerval
%R: observation error covariance matrix;

$nsub: number of workers

%output
$Xk_1: DD-KF estimate

%Xk :KF estimate

%$define local size
n=Nx;

nl=n/nsub;

$number of observations

k=size(y,1);

o\°
o°
o°

Vector of the indices in correspondence of which corresponds a
$%%observation

vett=(1l:n);

vett=vett (1:k);

$determine the observations matrix H

H=zeros (k,n);

for i=1:k
for j=l:n

if (J==vett (1))

H(i,J)=1;
else
H(i,J)=0;
end
end

end
$costruction of covariances matrices

C=zeros(n,n);
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for

i=l:n

for j=1:n

if (abs(i-j)<n/2)

C(i,Jj)=exp(-1/2) "abs(i-j) " 2;

end

end

end

Ql=rand(nl,nl);

Q=blkdiag(Q1,0Q1,01,0Q1);

chattering of background among subdomains

Xk_prev=zeros (n,nsub) ;

for

h=1:nsub

Xk_prev(:,h)=Xk_prev_t ((h-1)*(nl)+1l:h%(nl));

end

%initializatior

P_tot=zeros(n,n);

$KF algorithm in all
for j=l:nt
& atris
M_h_t=diag(psi(l:n,j))+diag(eta(2:n,j),1l)-diag(eta(l:n-1,3),-1);
Predicted phase.
Xk_prev_t=M_h_t*Xk_prev_t (l:n)+b_t;
P_tot=M_h_t+P_totxM_h_t’'+Q;
sCorrector phase
S=H_s«*P_tot*H_s’+R;
$kalman gair
K_tot = P_tot*H_s’*inv(S);
KF estimate
Xk = Xk_prev_t+K_totx(y(:,J) - (H_s*Xk_prev_t));
Xk_prev_t=Xk;
Xk_array (:, j)=Xk;
end
sinitialization

inno=zeros (k,nt);
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P=zeros (n,n,nsub) ;

for jl=l:nsub

P(:,:,jl)=zeros(n,n);

end

spara e sectior

spmd (nsub)
h=labindex;

for j_t=r_n:r_f

M_h=diag(psi(l:n,j_t))+diag(eta(2:n,j_t),1l)-diag(eta(l:n-1,3j_t),-1);

. Predicted phas
if (h==1)
for i=l:nsub
somma_p=zeros (nl,nl);

for j=l:nsub
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Tem=somma_p+ (M_h ((h-1)*(nl)+1l:hx(nl), (h-1)*(nl)+l:hx(nl))*P((h-1)*(nl)+l:h*(nl),

(J-1)*(n1)+1:3%(nl),h)+ (M _h((h-1)*(nl)+l:h*(nl), (h)*x(nl)+1: (h+1)~*(nl))~*

P((h)*(nl)+1l: (h+1)*(nl), (J-1)*(nl)+1:Jx*

(n1))))*M_h((i-1)*(nl)+1l:ix(nl), (3J-1)*(nl)+1:(J)*(nl))’;

somma_p=Tem;

end

P((h-1)*(nl)+1l:hx(nl), (i-1)*(nl)+1l:1i*(nl),h)=Tem

+Q((h=1)* (nl)+1l:h*(nl), (i-1)*(nl)+1l:ix(nl));

end

Xk_prev(:,h)=M_h((h-1)*(nl)+l:hx(nl), (h-1)*(nl)+1l:h*(nl))

*Xk_prev(:,h)+M_h((h-1)*(nl)+1l:hx(nl), (h)*(n
*Xk_prev(:,h+1l)+b((h-1)*(nl)+1l:hx(nl),Jj_t);

elseif (h==nsub)

for i=l:nsub

somma_p=zeros (nl,nl);

for j=l:nsub

Tem=somma_p+ (M_h ((h-1) *(nl)+1l:h*(nl), (h-1)*(nl)+1l:h%(nl))*

1)+1: (h+1)*(nl))

P((h-1)*(nl)+1:h*(nl), (3J—1) x(nl)+1:3*(nl),h)

+(M_h((h-1)*(nl)+1l:h*(nl), (h-2)* (nl)+1: (h-1)=*(nl))

*P ((h-2) % (nl)+1: (h-1)*(nl), (J-1)*(nl)+1:3%(nl),h)))

*M_h((i-1)*(nl)+1l:ix(nl), (3J-1)*(nl)+1:(3)*(nl))’;

somma_p=Tem;

end

P((h=-1)*x(nl)+1l:h*x(nl), (i-1)*(nl)+1l:i%x(nl),h)=Tem+

Q((h-1)*(nl)+l:hx(nl), (1-1)*(nl)+1l:ix(nl));

end
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Xk_prev(:,h)=M_h((h-1)*(nl)+1l:hx(nl), (h-1)*(nl)+1l:h*(nl))
*Xk_prev (:,h)+M_h((h-1)x(nl)+1l:hx(nl), (h-2)x(nl)+1: (h-1)«*(nl))
*Xk_prev(:,h-1)
+b ((h=1)* (nl)+1l:h*(nl),Jj_t);
else
for i=l:nsub
somma_p=zeros (nl,nl);
for j=1l:nsub
Tem=somma_p+
(M_h((h-1)*(nl)+1l:h*(nl), (h-1)*(nl)+l:hx(nl))
*P ((h=-1) % (nl)+1:h*(nl), (j=1)* (nl)+1: 3% (nl),h)+
(M_h((h-1)*(nl)+1l:h*(nl), (h-2)* (nl)+1: (h-1)*(nl))
*P((h=-2)x(nl)+1: (h-1)*(nl), (j-1)*(nl)+1l:3j%(nl)))
+(M_h((h-1)*x(nl)+1l:h*(nl), (h)*x(nl)+1: (h+1l)*(nl))x*
P((h)*(nl)+1l: (h+1)*(nl), (J-1)*(nl)+1:3%(nl))))
*M_h((i-1)*(nl)+1l:ix(nl), (j-1)*(nl)+1:(j)*(nl))’;
somma_p=Tem;
end
P((h-1)*(nl)+l:h*(nl), (1i-1)*(nl)+l:ix(nl),h)=Tem+Q((h-1)*(nl)+1l:h*x(nl), (i-1)*x(nl)+1l:ix(nl));
end
Xk_prev(:,h)=M_h((h-1)*(nl)+l:hx(nl), (h-1)*(nl)+1l:h*(nl))
*Xk_prev (:,h)+M_h((h-1)*(nl)+1l:hx(nl), (h-2)x(nl)+1: (h-1)*(nl))
*Xk_prev (:,h-1)+M_h((h-1)» (n1)+1:h* (nl), (h)* (nl)+1: (h+1) % (nl))
*Xk_prev(:,h+1l)+b ((h-1)*(nl)+1l:h*(nl),Jj_t);
end
rrector phase.
Somma=zeros (size (H,1),nl);
if (h==1)
S_dl=Somma+H (:, (§=1) % (n1)+1: 9% (nl)) *P ((3=1) * (n1)+1:3* (nl), (3=1) * (nl)+1:3*(nl), 3);
S_d= S_dlxH(:,1:1%(nl))’+R;
labSend (S_d, 2:nsub) ;
else
S_d=labReceive (1) ;
end
Sommal=zeros (nl,size(H,1));
for j=l:nsub-1
K=Sommal+P ( (h-1)* (nl)+l:hx(nl), (j+1-1)*(nl)+1: (j+1)*(nl),h)*«H(:, (J+1-1)*(nl)+1: (j+1)*(nl))”’
Sommal=K;

end
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K=(P((h-1)*(nl)+l:h%(nl), (h-1)*(nl)+l:hx(nl),h)*H(:, (h-1)*(nl)+1:(h)*(nl))’)*inv(S_d);

Somma2=zeros (nl,nl);

for j=l:nsub-1

P((h-1)*(nl)+1:h«(nl), (j=1) = (nl)+1:j(nl), h)=
“KxH(:, (J+1-1)x(nl)+1: (j+1)x (nl)) *
P((h-1)*(nl)+l:h%(nl), (jJ+1-1)*(nl)+1:(j+1)*(nl),h)
+Somma2;

Somma2=P ( (h-1) * (nl)+1l:hx(nl), (j=1)*(nl)+1:jx(nl),h);
end

for j=l:nsub-1

P((h-1)*(nl)+l:h*(nl), (j-1)*(nl)+1l:3j%x(nl),h)=P((h-1)*(nl)+l:h*x(nl), (j-1)*(nl)+1l:jx(nl),h)
+(eye(nl,nl)-KxH(:, (h-1)x(nl)+1: (h)*(nl)))*P((h-1)x(nl)+1l:hx(nl), (j-1)*(nl)+1l:3*(nl),h);
end
P((h-1)x(nl)+1l:h*(nl),:,h)=(eye(nl,nl)-
KxH(:, (h=1)*(nl)+1:(h)«*(nl)))

*P ((h-1)*(nl)+1l:hx(nl),:,h);
P_tot((h-1)*(nl)+1l:h*(nl), :)

ssend and receive

if (h==1)

labSend (Xk_prev(:,h),2);
Xk_prev (:,h+1)=1labReceive (2) ;
Xk_1 = Xk_prev(:,h)+K* (y(:,Jj_t)

=((H(:, (h-1)*(nl)+1: (h)*(nl))*Xk_prev(:,h)

+H(:, (h)*(nl)+1: (h+1)*(nl))*«Xk_prev(:,h+1l))));
Xk_prev(:,h)=Xk_1;

elseif (h==nsub)

labSend (Xk_prev(:,h),h-1);
Xk_prev(:,h-1)=labReceive (h-1);
Xk_1 = Xk_prev(:,h)+K

*(y(:,J_t) = ((H(:, (h-1-1)*(nl)+1: (h-1)~*(nl))
*Xk_prev(:,h-1)
+H(:, (h=1)x(nl)+1: (h) * (nl))*Xk_prev(:,h))));
Xk_prev(:,h)=Xk_1;
else

labSend (Xk_prev(:,h),h-1);
Xk_prev(:,h-1)=labReceive (h-1);

labSend (Xk_prev(:,h),h+l);

Xk_prev(:,h+1l)=1labReceive (h+1);
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Xk_1 = Xk_prev(:,h)+

Kx (y (:,J_t)

=((H(:, (h=-1-1) % (nl)+1: (h-1) % (nl))
*Xk_prev(:,h-1)+H(:, (h—-1) % (nl)+1: (h)*(nl))
*Xk_prev(:,h)+H(:, (h)*(nl)+1: (h+1)* (nl))*«Xk_prev(:,h+1l))));
Xk_prev(:,h)=Xk_1;

end

end

$gathering of local solution

Xk_1l=gcat (Xk_1,1);

$gathering background

Xk_prev=gcat (Xk_prev) ;

end

Xk_1=Xk_1{1};

Xk_prev=Xk_prev{l};

end

function [X,error_globale_1,Tp,iter] = DD_4DVAR_sov (h_array,nl,s,r,bl m,y_s,eta,psi,

n,nsub,ul_array_globale,r_n,r_£f,beta,eo)

$function for running DD-4DVAR algorithm on nsub computing elements

%$0f size of overlap s>2
n2=nl;

%INPUT:

%$h_array:background;

tnl: local size proble

%$r: number of istants time

$bl_m: vector for boundary conditions;
$y_s:vector of observations;

%eta,psi: vector to costruct model matrix

$nsub:number of spatial subdomains;

$N:number of discretizations points of global spatial domains;

$b: vector for boundary conditions;
$r_n:initial istant time;

$r_f: final istant time.

%ul_array_globale: solution on global domain.

o

sbeta:overlap parameter
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%OUTPUT:

%$X: matrix that contains local solution;

%$T1l: sequential time.

%el_p: error between local model solution e DD-4dvar estimate;
$error_global: error between global estimate and estimate obtained by

%$gathering local DD-4DVAR estimates.

$numbers of observations
rl=size(y_s,1);

$vector of observations

9

=Y_s;
%$%%Vector of the indices in correspondence of which corresponds a
$%%observation (+ random error (see SWE_DamBreak_JA.m function))
vett=round(linspace(l,n,rl));
$determine the observations matrix H
Hl=zeros (r,n+l);
H1_b=zeros(rl,n+l);
for j=1l:rl
for i=1l:n
if (i==vett (3))
Hl_b(j,1)=1;
else
H1_b(j,1)=0;
end
end
end
%$observation matrix in each istant time

%$(I suppose 1 t s always the same matrix for each istant)

for k=l:r
H1 ((k=-1)*rl+l:rlxk,:)=H1_b;
end
%$costruction of covariances matrices
$Matrix construction of the covariances of errors on the model to obtain
% a diagonal block matrix.

Cl=zeros (n,n);
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for i=l:n

for j=l:n

if (abs(i-3j)<n/2)
Cl(i,j)=exp(-1/2) abs(i-3)"2;
end

end

end

c=0.5;

cr=0.5;

R=cr*eye (rlxr,rlx*r);

C2=zeros (n,n);
C2(1l:nl-s,1:nl-s)=Cl(l:nl-s,1:nl-s);

h=nsub;

C2((h-1)x(nl-s)+1l:hx(nl-s), (h-1)*(nl-s)+l:h*(nl-s))=Cl(l:nl-s,1l:nl-s);

for h=1l:nsub

C2((h-1)*(nl-s)+1l:hx(nl-s), (h-1)* (nl-s)+1l:hx(nl-s))=Cl(l:nl-s,l:nl-s);

end

$computation of root means square of covariance ma

V=zeros (nl,nl,nsub);
V(:,:,1)=chol(cxC2(1l:nl,1:nl));
for h=2:nsub

V(:,:,h)=V(:,:,1);

end

V(nl,nl,nsub)=0;
V(l:s,l:s,nsub)=V(nl-s,nl-s,1);

V(s+l:nl,s+1l:nl,nsub)=V(l:nl-s,1l:nl-s,1);

B=zeros (nl,nl, nsub);

for h=1l:nsub
B(:,:,h)=cxC2(1:nl,1:nl);
end

ostruction of matrices on overlappi

B_rl=zeros(nl,nl,nsub);
B_r2=zeros (n2,n2,nsub) ;

for h=1l:nsub

B_rl(nl+l-s:nl,nl+l-s:nl,h)=1/nsub*B(nl+l-s:nl,nl+l-s:nl,h);

B_r2(l:s,1:s,h)=1/nsub*B(l:s,1:s,h);
end
snumber of observation i each subdomains

ml=rl/nsub;
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for h=l:nsub

condizionamento (h)=cond(B_rl(nl+l-s:nl,nl+l-s:nl,h))

%determine the observations matrix H for each subdomain

end

H=zeros (r*ml,nl,nsub);

for k=1:r

H((k-1)*ml+1l:(k)*ml,1:n1,1)=H1((k-1)*rl+l:(k-1)*rl+ml,1:nl);

for h=2:nsub-1
H((k=-1)*ml+1:(k)+*ml,:,h)=H1((k-1)*rl+(h-1)*ml+1l: (k-1)*rl+(h)+*ml, (h-1)*(nl-s)+l:h*x(nl-s)+s);

end

H((k=-1)*ml+1:(k)»ml,:,nsub)=H1((k-1)*rl+(nsub-1)+ml+1l: (k-1)+rl+(nsub)~+ml, (nsub-1)x*(nl-s)-(s-1):n);

end

rhs vectors

dl=zeros (r*ml,nsub) ;
v=zeros (rxml, nsub) ;
for k=l:r
for h=1l:nsub

for j=1:ml

v ((k-1)*ml+j,h)=h_array(vett (j+ (h-1)+*ml),k);

dl ((k-1)*ml+j,h)=y (j+(h-1)*ml, k)’ -v((k-1)*ml+7, h);

end
end
end

schattering of background among subdomains

u0=h_array;
u_m(:,1:r,1)=h_array(l:nl,1l:r);
for h=2:nsub-1
um(:,l:r,h)=h_array((h-1)*(nl-s)+l:hx(nl-s)+s,1l:xr);
end
um(:,l:r,nsub)=h_array((nsub-1)* (nl-s)-(s-1):n,1l:r);
ulOl=zeros (nl, r,nsub);
u0l(:,1:r,1)=ul0(l:nl,1:xr);
for h=2:nsub-1
u0l(:,1:r,h)=ul0((h-1)*(nl-s)+1l:h*(nl-s)+s,1:r);
end
u0l(:,1:r,nsub)=ul((nsub-1)* (nl-s)-(s-1):n,1:r);
ul_array_pp=zeros (nl, r,nsub);
u_pl_array_g=zeros (nl,size(u_m,2),nsub);

for h=1l:nsub
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u_pl_array_g(:,:,h)=u_m(:,:,h);
end

sinitializzation
maxiter_DD=10;
siter_DD=1;
tol=10"-3;
el _b=1000%ones (maxiter_DD,1);
%$e2_b(iter_DD,h)=1000;
wl_p=zeros(nl,1l);
ul_array=zeros(nl,r);
Ml=zeros (nl,nl,nsub);
sparallel sectior
stic
spmd (nsub)
$initializzation
ul_p=zeros(nl,r);
wl=zeros(nl,1);
ul=zeros (nl,r);
ul_array_p=zeros(nl,r);
rl=ml;
errore_seqg=zeros(r,1);
h=labindex;
$function for execution time
tl=tic;

loop in time for th fist iteration respect to n.
for k=r_n:r_f
local 4I R problem

if h==
Al_tot=V(:,:,h)"*H(l:k*rl,:,h)’"*R(1l:kxrl,l:kxrl)«H(l:k*rl,:,h)*«V(:,:,h)+eye(nl,nl);
Al_tot=Al_tot+1*xB_rl(:,:,h);
cl=(V(:,:,h)"*(H(l:k*xrl,:,h) "« (R(l:k*xrl,l:k*rl)+dl(l:kxrl,h))));
elseif (h==nsub)
Al_tot=V(:,:,h)"*H(l:kxrl,:,h)’«R(1l:k*rl,l:kxrl)*«H(l:k*xrl,:, h)*V(:,:,h)+eye(nl,nl);
Al_tot=Al_tot+1+B_r2(:,:,h);
cl=(V(:,:,h) "« (H(l:kxrl,:,h)"*(R(1l:kxrl,l:kxrl)*dl(l:k*rl,h))));
else
Al_tot=V(:,:,h)"*H(l:kxrl,:,h)’*R(1l:k*rl,l:kxrl)*«H(l:k*rl,:,h)*V(:,:,h)+eye(nl,nl);
Al_tot=Al_tot+B_rl(:,:,h)+B_r2(:,:,h);
cl=(V(:,:,h)"x(H(Ll:k*rl,:,h)"*(R(1:kxrl,l:k*rl)xdl(l:k*rl,h))));

end
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$vector on boundaries
wl_r=zeros(nl,1);
w2_r=zeros(nl,1l);
*initializzatio
iter_DD1=1;

el _b2=100%ones (maxiter_DD,1);

while (iter_DDl<maxiter_DD && el_b2(iter_DD1)>tol)

if h==

bl=cl+beta*B_rl(:,:,h)*wl_r;

elseif (h==nsub)

bl=cl+beta*B_r2(:,:,h)*w2_r;

else
bl=cl+betaxB_rl(:,:,h)»wl_r+beta*B_r2(:,:,h)*w2_r;

end

[wl,”,”,ITER]=pcg(Al_tot,bl,10"-4,size(B,1),B(:,:,h));
$DD error

el_b2 (iter_DD1l)=norm(wl-wl_p);

wl_p=wl;

iter_DDl=iter_DD1+1;

if h < numlabs

rcviWkrIdx = labindex + 1;
else

rcvWkrIdx = [];
end
if labindex > 1

srcWkrIdx = labindex - 1;
else

srcWkrIdx = [];

end

send and receive to adjcent subdomains

wl_pr2 = labSendReceive (rcvilkrIdx, srcWkrIdx,wl_p ((nl)-s+1

:(nl)));
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rcviWkrIdx = labindex - 1;
else

rcvWkrIdx = [];
end
if h<numlabs

srcWkrIdx = labindex + 1;
else

srcWkrIdx = [];

tsend and receive to adjcent subdomains

wl_prl = labSendReceive (rcvWWkrIdx, srcWkrIdx,wl_p(l:s));

wl_r=[ zeros(nl-s,1l)’ wl_prl’]’;
w2_r=[wl_pr2’ zeros(nl-s,1)’1’;

end

sloce solutions

if (h==1)

ul_p(:,k)=u_m(:,k,h)+V(:, :,h)*wl;
elseif (h==nsub)
ul_p(:,k)=u_m(:,k,h)+V(:,:,h)*wl;
else
ul_p(:,k)=u_m(:,k,h)+V(:, :,h)*wl;
end

ul_array(:,k)=ul_p(:,k);

end

$initializzatio

iter=1;

maxiter=5;

error_iter (1)=100;

error_iter (2:maxiter)=zeros (maxiter-1,1);

while (iter<maxiter && error_iter(iter)>tol )
%initial condition to local models

ul_k=ull;

sinitializatior

el_p=zeros (maxiter_DD, r,nsub) ;
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for k=r_n+l:r_f£f
M=diag(psi(l:n,k))+diag(eta(2:n,k),1)-diag(eta(l:n-1,k),-1);
if (h==1)
M1(:,:,h)=M(1:nl,1:nl);
elseif (h==nsub)
M1(:,:,h)=M((h-1)*(nl-s)-(s-1):n, (h-1)*(nl-s)-(s-1):n);
else
ML(:,:,h)=M((h-1)*(nl-s)+1:(h)*(nl-s)+s, (h-1)*(nl-s)+1: (h)~*(nl-s)+s);
end
solving local models
if (h==nsub)
ul_g=M1l(:,:,h)xul_k(:,k-1,h)+[ M((h-1)*(nl-s)—-(s-1):hx(nl-s), (h-2)*(nl-s)+1:(h-1)x(nl-s)-s)
zeros (nl, 2*s)]
sul_k(:,k-1,h-1)+bl_m(:,k,h);
elseif (h==1)
ul_g=M1(:,:,h)*ul_k(:,k-1,h)+
[zeros (nl,s) M((h-1)*(nl-s)+l:h*(nl-s)+s, (h)*(nl-s)+1: (h+1)*(nl-s))]
xul_k(:,k-1,h+1)+bl _m(:,k, h);
elseif (h==2)
ul_g=M1(:,:,h)*ul_k(:,k-1,h)+
[zeros(nl,s) M((h-1)*(nl-s)+l:hx(nl-s)+s, (h)*(nl-s)+1l+s: (h+l)*(nl-s)) zeros (nl,s) ]
ul_k(:,k=-1,h+1)+[M((h-1)*(nl-s)+l:h*(nl-s)+(s), (h-2)*(nl-s)+1l:(h-1)x(nl-s)) zeros(nl,s)]
*ul_k(:,k-1,h-1)+bl_m(:,k,h);
elseif (h==nsub-1)
ul_g=M1(:,:,h)*ul_k(:,k-1,h)+
[zeros(nl,2*s) M((h-1)*(nl-s):h*(nl-s)+(s-1), (h)*x(nl-s)+1: (h+1l)*(nl-s)-s) ]
*ul_k(:,k=1,h+1)+
[M((h-1)*(nl-s)+1l:hx(nl-s)+s, (h-2)*(nl-s)+1: (h-1)*(nl-s)) zeros(nl,s)]
*ul_k(:,k-1,h-1)+bl_m(:,k,h);
else
ul_g=M1(:,:,h)*ul_k(:, k-1,h)+
[zeros(nl,s) M((h-1)*(nl-s):h*(nl-s)+(s-1), (h)*(nl-s)+1: (h+1l)*(nl-s)-2*s+1+(s-1)) zeros(nl,s)]
*ul_k(:,k=-1,h+1)+[ M((h-1)x(nl-s)+l:hx(nl-s)+s, (h-2)* (nl-s)+1l: (h-1)*(nl-s)) zeros(nl,s)]
*ul_k(:,k-1,h-1)+bl_m(:,k,h);
end
sDD-4DVar solution on subdomains

ul(:,k)=ul_g+tul_array(:,k)-u_pl_array_g(:,k,h);

ul_array_p(:,k)=ul(:,k);
u_pl_array_g(:,1,h)=ul(:,1);
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u_pl_array_g(:,k,h)=ul_g;
Yerror
if (iter==1)

el_p(iter,k,h)=norm(ul(:,k)-u_m(:,k,h));

end
end
init zzatior
e DD2 ;
l=zer (maxi r_DD,n ) ;
%$el (iter_DD2,h)=100;

for k=r_n:r_f
7ing local 4DVAR
if h==
Al_tot=V(:,:,h)"*H(l:k*rl,:,h)’*R(1l:kxrl,l:kxrl)*«H(l:k*rl,:,h)*V(:,:,h)+teye(nl,nl);
Al_tot=Al_tot+B_rl(:,:,h);
cl=(V(:,:,h) " *»(H(l:k*rl,:,h)"«(R(l:kxrl,l:kxrl)+dl(l:kxrl,h))));
elseif (h==nsub)
Al_tot=V(:,:,h)"*H(l:kxrl,:,h)’*R(1l:k*rl,l:kxrl)*«H(l:k*rl,:,h)*V(:,:,h)+eye(nl,nl);
Al_tot=Al_tot+B_r2(:,:,h);
cl=(V(:,:,h)"*(H(l:k*rl,:,h)"«(R(1l:k*xrl,l:k*rl)*dl(l:kxrl,h))));
else
Al_tot=V(:,:,h)"*H(l:k*rl,:,h)’"*R(1l:kxrl,l:kxrl)*«H(l:k*rl,:,h)*«V(:,:,h)+teye(nl,nl);
Al_tot=Al_tot+B_rl(:,:,h)+B_r2(:,:,h);
cl=(V(:,:,h) " *»(H(l:k*rl,:,h)"«(R(l:kxrl,l:kxrl)+dl(l:kxrl,h))));
end
iter_DD2=1;
while (iter_DD2<maxiter_DD && el_b (iter_DD2)>tol )
if h==
bl=cl+beta*B_rl(:,:,h)*wl_r;
elseif (h==nsub)
bl=cl+beta*B_r2(:,:,h)*w2_r;
else
bl=cl+beta*xB_rl(:,:,h)*wl_r+betaxB_r2(:,:,h)*w2_r;
end
[wl,”,”,ITER2]=pcg(Al_tot,bl,10"°-4,size(B,1),B(:,:,h));
iter_DD2=iter_DD2+1;
el_b(iter_DD2)=norm(wl-wl_p);
wl_p=wl;
iter_DD2=iter_DD2+1;

if h < numlabs
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rcviWkrIdx
else
rcviWkrIdx
end
if labindex >
srcWkrIdx
else
srcWkrIdx

end

$communication sg

wl_pr2 = labSendReceive (rcvilkrIdx, srcWkrIdx,wl_p((nl)-s+1l:(nl)));

if h>1
rcviWkrIdx

else
rcviWkrIdx

end

if h<numlabs
srcWkrIdx

else
srcWkrIdx

end

$communication

wl_prl = labSendReceive (rcvWkrIdx, srcWkrIdx,wl_p(l:s));

wl_r=[ zeros(nl-s,1)’

w2_r=[wl_pr2’

end

update

ul_array(:,k)=u_pl_array_g(:,k,h)+V(:, :,h) wl;

ul_array_pp(:,k,h)=ul_array_p(:,k);

ul_array_p(:,k)=ul_array(:,k);

el_p(iter,k,h)=norm(ul_array_pp(:,k,h)-ul_array_p(:,k));

if (h==1)

ul_array(:,1l)=h_array(l:nl,1);
elseif (h==nsub)

ul_array(:,1l)=h_array((nsub-1)* (nl-s)-(s-1):n,1);

labindex + 1;

[1;

labindex - 1;

[1;

nd/receive

labindex - 1;

[1;

labindex + 1;

[1;

send/receive

zeros (nl-s,1)’1’;

worm(ul_array_pp(:

wl_prl’]’;
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else
ul_array(:,1)=h_array((h-1)* (nl-s)-s+l:h*x(nl-s),1);
end

end

error_iter (iter)=norm(ul_array(:,k)-ul(:,k)) ;
iter=iter+l

end

ution time
Tp=gop (Gmax, toc (tl));
jathering
el_p=gather(el_p);
el_b=gather (el_b);
X=gcat (ul_array);
error_seq_par=gcat (errore_seq) ;
Iter_max=gcat (ITER);
Iter_max2=gcat (ITER2) ;
seo0 (1)
end
Tp=Tp{1};
el _p=el p{l};
el_b=el_b{l};
X=X{1};
iter_h=Iter_max{1l};
iter_pcg=max (iter_h);
iter_h2=Iter_max2{1};
iter_pcg2=max (iter_h2);
iter=max ([iter_pcg2 iter_h2]);
ul_array=(ul_array{l});
error_seq_par=error_seq_par{l};
vector_seqg=ul_array_globale(l:nl-2%s,r_n:r_f);
vector_dd=X(l:nl-2+s,r_n:r_£f);
for h=2:nsub-1
vector_seqg=[vector_seq;ul_array_globale(l+s:nl-s, (h-1)*r_f+l:h*xr_f)];
vector_dd=[vector_dd; X(l+s:nl-s, (h-1)xr_f+l:hxr_f)];
end
vector_seqg=[vector_seq;ul_array_globale(l+s:nl, (nsub-1)*r_f+l:nsubxr_£f)];

vector_dd=[vector_dd; X (l+s:nl, (nsub-1)xr_f+l:nsubxr_f)];
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error_global=norm(vector_seq(:,r_n+l:r_f)-vector_dd(:,r_n+l:r_£f));

end

DYDD_S_T.m

function([l_pl,1l_bar,T,ITER,T_totale,T_tot, Tempo_L]=DYDD_S_T (p,1l,ntem)
$FUNCTION for parallel dynamic distribution in space and time of

$observations.

$input
%p number of workers
%1 initial distribution

$ntem number of time intervals

soutput

%$1_pl: finale balanced observations

$1_bar: average load

$T: executuion time of parallel section

$ITER: numer of iterations

$T_totale: time execution for each time iterval
$T_tot: total execution time

$Tempo_L: execution time to costruct Laplacian matrix
%$initialization

r=zeros(p,p);

%$define decomposition:

%%%% DECOMPOSITION WITH P-1 ADJACENT SUBDOMINES TO OMEGA 1

if (37=1)
r(i,j)=1i;

end
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end
end

ad_dom=zeros (p, p) ;

for i=l:p

ad_dom(1l,1)=1;

end

for i=2:p

ad_dom (i,1)=1;

ad_dom(i,1)=1;

end

$define degree of graph’s nodes
deg=zeros (1,p);

deg (1) =p-1;

for i=2:p
deg(i)=1;
end

soo ‘

r_in=zeros(p,p);

for i=l:p

r_in (i, :)=1i;

end

for i=3:p-2
if (floor(i/2)=*2 == i)
r_in(i,i-2)=1i-2;
r_in(i,i-1)=1i-1;

r_in(i,i+2)=1+2;

else
r_in(i,i-2)=1i-2;

r_in(i,i+1)=1i+1;

HORIZONTAL DECOMPOSITION
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r_in(i,i+2)=1+2;
end
end
r_in(1,2)=2;
r_in(1,3)=3;

r_in(2,1)=1;
r_in(2,4)=4;

r_in(p-1,p-3)=p-3;
r_in(p-1,p)=p;

r_in(p,p-1)=p-1;
r_in(p,p-2)=p-2;
ad_dom_in=zeros (p,p);
for i=1:p

for j=l:p

if (r_in(i, j) "=1)

ad_dom_in (i, j)=

end
end
ad_dom_in(i,i)=1;
end
deg_in=zeros(1l,p);
for i=l:p
deg_in (i) =sum(ad_dom_in (i,
end
r=r_in;
ad_dom=ad_dom_in;
deg=deg_in;
sDD-CHECK
for j=l:ntem
r=r_in;
ad_dom=ad_dom_in;
deg=deg_in;
tic;
for i=l:p
if(1(3,1)==0)

1;

) -1;

call routine to redistribute the observations

[1(j,:),r,ad_dom,deg]l=redistribution(1l(j,:),r,ad_dom,p);
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end
end
t_r=toc;
tic;
$computation of average load
1_bar=sum(l(j,:))/p;
$computation of misfit
b=1(j,:)’-1_bar*ones(p,1);
$execution time
T1(j)=toc;

tic

Ll=zeros (p,p);

for i=1l:p

for j_1=1:p

if (ad_dom (i, j_1)==1)
L1(i,J_1)=-1;

else

L1(i,J_1)=0;

end
L1(j_1,1i)=L1(i,3_1);
end

L1(i,1i)=deg(i);

end

Tempo_L (j)=toc;

tic

$solving laplaciansistem

[lambda, FLAG, RELRES, ITER (]j) ]=pcg (L1, b);

$execution time

Tempo_pcg (j)=toc;

$compute the adjacent subdomains

tic
n_ad=zeros (p,1);
for i=1l:p
for jl=1l:p
if (r(i, j1) "=1i)
n_ad(i)=n_ad (i) +1;
end
end

end
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T2 (j)=toc;

spmd (p)

istribution of misfi
b=codistributed (b, codistributor (’1d’,1));
end
paralle section
spmd (p)
tl=tic;

1_in=1(j, labindex) ;

el dynamic distribution
for i=l:p
if(r(labindex, i) "=labindex)
c=lambda (r (labindex, 1)) ;
lambda (labindex) ;
deltal=lambda (labindex) -c;
1_p=1_in-round((deltal));
1_in=1_p;
end
i=i+1;
end
hering of solutions
1_p=gcat (1_p);
xecution time in parallel
Tp=gop (Cmax, toc(tl));
end
1 p=1_p{1l};
T(3)=Tp{l};
1 pl(j,:)=1_p;
deltal=deltal{l};
delta=(deltal);
tic
T3 (j)=toc;

cution time

T_tot (J)=T3(3)+T2(J)+T (J)+Tempo_pcg (J)+T1l(j)+Tempo_L (1) ;
end

>tal execution time
T _totale=sum(T_tot);

end
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redistribution.m

function [1l,r,ad_dom,deg]l=redistribution(l, r,ad_dom,p, deqg)
$Function to redistribute the observations after during dd-check some

$subdomains are empty (no observation)

$input

%$1: vector initial distribution

%$r,ad_dom:vector contains informations about adjacent subdomains
%p: number of workers

$deg: degree of nodes’s processor graph

soutput
$1: vector of observation distribution after redistribution
$r,ad_dom: update vector contains informations about adjacent subdomains

%deg: update degree of nodes’s processor graph

for i=l:p
for j=l:p
if (1(1)==0)
if (1(r(i,J))==max(l(r(i,:))))

j_1=r(i,3);

1(i)=round(1l(j_1)/2);
1(3_1)=1(3_1)-1(1);

if (p-2>=i>=3 )
if (floor(i/2)«*2 == i)
r(i,i-3)=1i-3;
r(i,i-1)=i-1;

r(i,i+1)=1i+1;

else
r(i,i+3)=1i+3;
r(i,i-1)=1i-1;
r(i,i+l)=1i+1;
end

end
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if (i==1)
r(l,2)=2;
r(l,4)=4;
elseif (i==2)
r(2,1)=1;
r(2,4)=3;
elseif (i==p-1)
r(p-1,p-2)=p-2;
r(p-1,p)=p;
elseif (i==p)
r(p,p-1)=p-1;
r(p,p-3)=p-3;

end

for jl=1l:p

if (r(i,31)7=31)
r(i, jl)=1i;

end

end

r(i,i)=1i;

end
end
end
end
for i=l:p
for jl=1l:p
if (r(i, jl)==1)
r(jl,i)=31;
end
end
end
for i=l:p
for jl=1:p

if (r(i, j1) "=1i)
ad_dom (i, §1)=1;

else
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ad_dom(i, j1)=0;
end
end

ad_dom (i, i)=1;

end

for i=l:p

deg (i)=sum(ad_dom(i, :))-1;
end

end
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