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Chapter 1

Introduction

In [14] a new function space B was introduced by J. Bourgain, H. Brezis
and P. Mironescu, along with its subspace By. This space was introduced in
relation to the problem of finding the smallest function space such that an
integer-valued function in this space must be constant: it is known that this
property holds for the spaces VMO, W't and the family of spaces W1/p»
with 1 < p < oo, and the authors prove that the space By contains these
spaces while still keeping the required property.

This space sparked interesting research: for example a new formula for the
perimeter of sets was found [3, 4], using a variant of the B norm, which led
to the discovery of oscillation-type norms for Sobolev spaces and BV spaces
[26, 27]; more research inspired by this space can be found in [21, 40, 43, 54,
24].

This pair of spaces also sparked interest in pairs of spaces where one of the
spaces has a "big-O” type definition, and the other space is a subspace of the
first space whose elements satisfy a corresponding ”little-o” property.

In [45], K. M. Perfekt introduced a framework to study these spaces. A pair
of Banach spaces (Ey, E) form a little-o/big-O structure if they are of the
form

E = {x € X :||z||g = sup || Lz|y < oo}
Leg

and
Ey = {y € E :limsup || Lz|ly = O}
L—o0

for some Banach spaces X, Y and £ C L(X,Y) a set of linear maps from X
to Y having suitable properties. A more precise definition will be given in
Section 3. Under additional assumptions, there exists a canonical isometry
between the second dual Ej* of Ey and E, and they also satisfy additional
properties: among others, one can use the functionals L to characterize the
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distance of an element of E (identified with E}*) from the subspace Ej, and
it is possible to prove that Ey is an M-embedded space, i.e. the space E*
admits an ¢! decomposition

E* ~ E; ®p By,

where Ej denotes the set of elements of E* that annihilate Ej, identified
as a subspace of E. One can also prove some properties of the intermediate
space E, := L. for example, the M-embedding property of E, implies
that F, is the unique predual of F up to isometry; moreover, we can find a
decomposition formula for the elements of E, in terms of the operators L:
we can say that the elements of E, have atomic decomposition. Additional
properties for these spaces can be found in [46, 47, 41].

In this paper we will show examples of little-o/big-O structures, along with
some applications. In Section 3.3 we consider a classical example: after
recalling the definition of the space BMO of functions of bounded mean
oscillation introduced by F. John and L. Nirenberg in [33]:

1 1
fEBMO@sgp@/Q‘f(:c)— (@/Qf(y)dy)‘ dr < o0,

where the supremum is taken between all cubes having sides parallel to the
axes, and its subspace VMO of functions of vanishing mean oscillations in-
troduced by D. Sarason in [50];

gGVMO<:>C£1|r£0|Q|/‘ (|Q| (y)dy)‘dxzo,

we show how the little-o/big-O construction can be applied to this pair and
recover classical properties of these spaces, as well as the intermediate space,
the (real) Hardy space H'.

Our next example [8] involves a class of rearrangement-invariant Banach
spaces, called Marcinkiewicz (endpoint) spaces. After defining some basic
notions on rearrangement-invariant spaces, such as the non-increasing rear-
rangement f* of a measurable function f:

fr(t) = sup essinfiep|f(2)]
w(E)>t

and the maximal (non-increasing) rearrangement function f** of f:

t)=%/0tf*( ds= s > < [ 1@l
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we introduce the spaces M¥ as the space of all functions such that
sup (1) () < o0

for a function ¢ : [0,T) — [0,00) (with T" € (0, 00]) having the property of
being quasi-concave, i.e. it attains the value 0 for ¢ = 0 and the functions ¢(t)
and t/p(t) are both non-decreasing for ¢ > 0. This class includes positive-
valued concave functions ¢ such that ¢(0) = 0, such as power functions t*
for a € [0, 1].

The definition of these spaces through the supremum of a quantity makes
them a natural candidate for being a big-O space. The little-o space can
be proven to be the closure M, of L* in the Marcinkiewicz space M? by
proving a distance formula between elements of M¥ and L°°:

dist e (f, L) = limsup o(t) f**(1).
t—0+
We also need to make some assumptions on the function ¢ so that all the
necessary properties of the little-o/big-O construction actually work.

The following topic is Orlicz spaces [6]. These spaces [49, 17] generalize the
L? spaces by replacing the power p in the condition

[l <o

[ s < .

With a small modification on the integral condition to make sure to obtain
a linear space - more precisely, one requires the existence of a number k£ > 0
such that [ A(k|f|) is finite - one obtains that the corresponding function
space L is a (rearrangement invariant) Banach space, provided the function
A is an Orlicz function, i.e. it is continuous, increasing and convex. Some
classical examples are the exponential spaces £ X P,, which are involved in
the classical Sobolev space embedding for the limit case p = N [55, 44|, which
correspond to A(t) ~ €', the Zygmund spaces L? log? L, corresponding to
A(t) ~ tPlog” t.

The strategy used in [6] was to reduce this case to the case of a Marcinkiewicz
space: it is well known [11] that the exponential space EX P = EX Py defined
on a probability space admits the Marcinkiewicz norm

sup(1 + [logt]) = f**(t)
t

with a general function A:
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as a norm which is equivalent to other classical norms for £X P. We therefore
studied conditions for an Orlicz space to admit a Marcinkiewicz norm, finding

the condition .
/ A (k'a (;)) < 00

for some k£ > 0, where a is the inverse function of A. We also give exam-
ples of Orlicz functions satisfying this condition: examples include nested
exponentials

A(t) ~ exp(exp(t)), A(t) ~ exp(exp(exp(t))) etc.,

and in general functions with growth for large ¢ of the form exp(v(t)), where
v is a convex function. We also prove that functions with growth of the form
exp(t) exp®(exp(t)) satisfy the condition if and only if « is greater or equal to
the threshold value 1, giving both an affirmative example and a counterex-
ample to the main result.

In chapter 5 we consider spaces defined by giving conditions on the oscilla-
tions of its functions. The first example is the space of Lipschitz functions
on a compact metric space. Duality and biduality problems about Lipschitz
spaces have been studied thoroughly in many papers: in one of the first of
these papers, de Leeuw [22] proved that the Holder space

C*([0,1])) = Lipa([0,1]) = § £ : [0,1] = R | sup 1f(@) = F)l <00 b,

syes T —yl®
TFy

with a € (0, 1), is the double dual of

([0, 1]) = lipa([0,1]) = {f € Lip,([0,1]) : limsup 1) = Fw)l = O} :

|z—y|—0 ‘Z’ - y‘a

Holder spaces can be considered as Lipschitz spaces when we replace the
usual euclidean distance dey(,y) = |z — y| with dy(z,y) = | — y|*: this
procedure of replacing d with d* is usually called snowflaking.

There is a wide literature on the study of duality and biduality properties of
Lipschitz spaces: see for instance [59, 9, 12, 34, 56, 36, 57]. In [5] and [7] we
mainly follow the approach found in [30, 31]. Here, we consider the space of
finite signed Borel measures 2(.S) of a compact metric space (.5, d) endowed
with the Kantorovich-Rubinstein norm [37, 38, 39], which is inspired by op-
timal transport.

In [30] a characterization of compact metric spaces (.5, d) such that (lip(S, d))**

~
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Lip(S, d) is shown, by proving that for those spaces (lip(.S, d))* can be identi-
fied with the completion of 9t(S, d) with respect to the Kantorovich-Rubinstein
norm, for which it is known that (9(S,d))* ~ Lip(S,d). In [5] we show that
the condition is equivalent to the o-O structure of (lip(S, d), Lip(S, d)), under
the assumption that (S,d) is a doubling compact metric space, and show a
"weak” atomic decomposition result for 0(S, d), while in [7] we study the
case of euclidean distance, for which [ip is trivial, and consider the problem
of atomic decomposition for M(K, d) in this case.

Finally, we consider the family of spaces BMO,), which can be defined
through a uniform exponential condition on oscillations:

1
BMO, - —
fe <><:>sngf |Q|/Qf

< 0
EXP

and the corresponding vanishing space VMO(. These spaces were intro-
duced in [52] and later studied in [53, 2, 1] in relation to the family of
spaces X(y), a family of spaces defined by atomic decomposition spanning
from Ly = {f € L' : [ f =0} to the Hardy space H".

Here we will show some properties of these spaces shown in [42], of future pub-
blication. In particular, we find the rearrangement-invariant hull of VMO,
and in particular of VMO, prove that VMO, and BM O, form a 0-O pair
and thus a distance formula between elements of BMO,) and the subspace
VMO, and a Sobolev type embedding:

WLV VMO<L).

q—1



Chapter 2

Preliminary notation

N denotes the set of all positive integers. Ny denotes the set of all
non-negative integers.

All vector spaces are considered over the field of real numbers R.

The letter N will denote the dimension of the euclidean space RY we
consider.

The Lebesgue measure of the measurable set £ C RY will be denoted
by |E].

For a measure space (2, ) we denote by M(2) the space of all mea-
surable functions on €, by M;(€2) the subset of all elements of M(2)
that are finite p-almost everywhere and M (Q2) the subset of all non-
negative elements of My (2).

All cubes considered in this paper have sides parallel to the axes, i.e.
they are of the form

[z, 21 + 1] X - X [N, 2N + ]
for some = = (z1,...,zy) € RY and side length [ > 0.

The characteristic function xg of a set E is the function defined as

(z) 1 ifz ekl
€Tr) =
XE 0 ifz¢FE.

A simple function s is a finite linear combination of characteristic func-
tions of sets of finite measure: in other words, there exists finitely many
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disjoint sets F1, ..., E} having finite measure and constants aq, ..., ax €
R such that

k
sa) = Y s (@)

The set of all simple functions of (2, i) is denoted by S(£2, i), or just
S when the space is clear from the context.

« When S is a finite measure subset of a measure space (2, 1) and f is a
function such that the restriction f|s belongs to L'(S), we denote by
fs, or by fg f(x)du(z), the average of f on the set S:

1
fs = ][ @) dte) = —5 / £(z) dpu(z).

e When X and Y are two Banach spaces, we will say that X embeds
continuously into Y, and write X — Y if X C Y and there exists a
constant C' > 0 such that ||z]|y < C|z|x for all z € X.

o For 1 < p < oo, we denote by p’ its dual exponent, defined by the

relation
1 1

p P
where we use the convention 1/00 = 0. If p < N, also denote by p* its
Sobolev conjugate exponent (in dimension N)

=1

Y

Np

P=N_p

o If X is a Banach space and § C X*, we define the weak topology
o(X,F) induced by § to be the weakest topology such that the maps

f: X — R are continuous for all f € § (where R is equipped with the
euclidean topology).



Chapter 3

Abstract 0-O structure and
properties

3.1 Basic definitions and properties

Consider a reflexive and separable Banach space X, a Banach space Y and
£ C L(X,Y) a set of bounded linear maps L : X — Y which is equipped
with a topology 7 which is Hausdorff, o-compact, locally compact and such
that the maps

T,:LefL—LxeY

are continuous for all z € X. We now define
E=EX, £) = {x € X :||z||g :=sup||Lz|ly < oo} (3.1)
Leg

and
Ey=Ey(X, L) = {x € E :limsup || Lz|ly = O} (3.2)
L—oo

where L — oo is intended in the sense of the one-point compactification of
£ ie.

limsup | Lz||y = sup lim ||L,z|y
L—o0 n—00

where the supremum is taken among all sequences L, such that for every
compact K C £ we have L, ¢ K for every n € N sufficiently large.

One usually wants additional properties from these spaces: for instance, to
have a meaningful structure, we assume that F, equipped with the norm
| - ||z, embeds continuously in X; moreover, to make sure the vanishing
subspace Ej is not too small, we make the following Assumption AP:

X
Vo € E3{yn},en C Eo: Y — av,sull\)I lynllzs < ||Z||&-
ne

9
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Theorem 3.1. [}5, /7] Assume that the pair (Ey, E) satisfies Assumption
AP. Then there is a continuous embedding I : X* — Ej; moreover, the
adjoint J = I* : Ej* — X induces an isometry between Ej* and E. Moreover,
Ey is M-embedded, i.e. the decomposition (up to isometry)

E*=E}; ®pn By
holds.

Proposition 3.2. Assume that the pair (Ey, E) satisfies Assumption AP.
Then the following distance formula holds for all x € E:

distg(z, Ey) = limsup || Lz||y.
L—o0

3.2 Properties of the intermediate space

In a 0-O structure (Ey, F), it is also interesting to study properties of the
intermediate space E, = (Ep)*. Combining 3.1 with [32, Proposition I11.2.10]
we get the following.

Proposition 3.3. Let (Ey, F) be a 0-0 pair satisfying assumption AP. Then
the space F, is the unique isometric predual of E.

Another important property is a decomposition formula for the elements
of F, in terms of simpler objects. We say that the elements of F, enjoy what
is called an atomic decomposition. This decomposition follows from the next
proposition, which is a particular case of a classical result [23, 35], which is
a general result concerning preduals of a Banach space, and can be applied
to the pair (F,, F), assuming Y = R, even if assumption AP does not hold,
so that in this case F, # (Ep)*.

Proposition 3.4. Let E be a Banach space and § = {fu}tnen C E* be a
countable norming set of linear functionals on E (i.e. ||z||g = sup;cr ([, 7)5|)
such that Bg ={z € E : |z||g < 1} is o(E, F)-compact.

Then E, := clg-(span(§)) is an isometric predual of E, i.e. (E,)* = E; in
particular E is the dual of a separable Banach space.

Remark 3.5. When Y = R, the result is applied in the following way: the
map
Vie e B {{fu2)E},ey €
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induces an isometry between E and the weak-star closed subset V(E) of £*.
The space E, can thus be identified with ¢! /V (E)*, and the element f,, of §
can be identified with the equivalence class of 6, = {d;n};cy, where

1 ifj=n
5j,n - oo
0 ifj#n.
If Y is not R, a similar construction (see [24, Theorem 3] and [5, Theorem
2.2] for details) can be performed with the space

eN

61()/*) — {z = {2zn}nen € (Y*)N . ||Z||Zl(y*) = Z |znlly+ < oo}
neN

replacing /1.

The weak compactness assumption can be obtained from X by using the
following lemma.

Lemma 3.6. Let X be a reflexive Banach space, § C X* and assume that
the space E of all elements x of X such that

2|z := sup |(f, 2) x| < o0
fes

is a Banach space when endowed with the norm || - ||g and E — X. Then
Bg is o(F,§)-compact.

Proof. Without loss of generality, we assume that E is densely contained in
X. Since E — X, there exists A > 0 such that Bg C ABx, which implies
that Br has weakly compact closure in X. But Bg is closed in X: for
every net {z,}taca C Bg converging to & € X and for every f € § we have
(f,xa)x — (f, %) x, which implies that |(f, %) x| < 1, and since |(f,z) x| < oo
if and only if x € F we have & € Bg, which implies that B is weakly compact
in X, and in particular (£, §)-compact in FE. O

3.3 Space of functions of bounded mean os-
cillation
As an example, we will now see how this construction can be applied to

the classical space BMO of functions of bounded mean oscillation [33]. For
simplicity, we will limit ourselves with functions defined on the unit cube Q).



CHAPTER 3. ABSTRACT O-O STRUCTURE AND PROPERTIES 12

Definition 3.7. We say that f € L} .(Qo) has bounded mean oscillation,
and we write f € BMO(Qy), if the quantity

. = s fQ (@) — folda (3.3)

is finite, where the supremum is taken among all the subcubes () of )y with
sides parallel to the axes.

Definition 3.8. We say that ¢ € BMO(Qy) has vanishing mean oscillation,
and we write f € VMO(Qy), if

limsup sup ][ |f(z) — foldx = 0. (3.4)
g e

The level sets of BMO functions satisfy an important inequality.

Proposition 3.9 (John-Nirenberg inequality). [33] There exist two constants
c1, 2 > 0, such that for every u € BMO(Qy) and every cube Q C Qg it holds

{2 € Q: ulx) —ugl > A} < 1 - exp (—"ZA) Q.

[u]«
Corollary 3.10. Let 1 < p < oco. Define
1/p
[u]Bpo, = sup (][ lu(x) —uQ\pdx> .
QCQo Q

Then [ul, < [ulpmo, < Cplul., with C, = O(p). In other words, [-|zmo,
defines an equivalent norm in BMO.

The spaces BMO and VMO are related to the (real) Hardy space H'.
There are multiple ways to characterize this space [51]. Here we define this
space through atomic decomposition.

Definition 3.11. We say that a function a € LP((Qp) is an LP-atom if
« supp(a) C @ for a cube Q;
. Jpalz)dr =0;

o lallg) < 1QI77.
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We say f € H'(Qo) if and only if there exists a sequence of L?-atoms {a;},en
and real coefficients {\;};en such that

= Z ANai(z) a.e.

JEN

where the a; are LP cubes for a fixed p > 1. We also define the norm

1flles,,,, = imf D 1]

jEN
where the infimum is taken among all representations of f.

Remark 3.12. The decomposition of elements of %! can also be given in terms
of LP-atoms, instead of L? atoms, for any fixed p > 1.

Proposition 3.13. [25] The Hardy space Hl(Qo) ccm be identified with the
dual of VMO(Qy) via the duality (f,g) fQo x)dz, and BMO(Qy)

can be identified with the dual of H*(Qy) via the same pairing.

Let us now see how to apply the 0-O construction. First, we need to
consider the spaces BMO(Qy)/R and VMO(Qy)/ R so that [], is a norm.
We now choose X = L*(Qo)/R,Y = L'(Qy)/ R and the family £ of operators
of the form

Lo: f+R €L} Qo)/R |Q| )

with ) a subcube of ()y; this family is equipped with the topology in-
duced by the embedding @ = [z1 — /2,21 +1/2] X -+ X [xy — /2,25 +
1/2] = (z1,...,2,,0) € RY*' With this construction we easily recover
E =BMO/R and Ey = VMO/R, and Assumption AP is easily recovered
by using regularization.

To recover the atomic decomposition of H' we can apply remark 3.5, but
we need to make a small alteration to the construction first: instead of
Y = LY(Qo)/ R we take Y = L*(Qo)/ R and alter the operators Lg appro-
priately so that we recover BMO/R with the [-|gar0, norm. The following
distance formula was discovered in [50] up to equivalence. We can use the
0-O construction to prove equality.

Corollary 3.14. Let w € BMO (modulo constants). Then the following
holds:

distgyo(u, VMO) = distgyro(u, C™) = lim sup][ lu(x) — ug| dw.
Q=0



Chapter 4

Rearrangement-invariant spaces

4.1 Definitions

4.1.1 Banach function spaces

Let (€2, ;1) be a measure space.

Definition 4.1. A function p : M () — [0, 400] is called a Banach func-
tion norm if it satisfies the following properties for all f, g € M (Q):

i. p(f) =0<« f =0 almost everywhere;
ii. p(Af) = Ap(f) for all A > 0;
iii. p(f+g) < p(f) + p(g);
iv. f < g almost everywhere = p(f) < p(g) (lattice property);

v. p(fa) T p(f) for all sequences {f,}nen C M () such that f, T f
almost everywhere (Fatou property);

vi. p(xr) < oo for all measurable subsets F' of (2, where xr denotes the
characteristic function of F

vii. for every measurable subset F' of €2 there exists a constant Cr, depen-
dent on F' but not the function f, such that

1 fxello = / £(z) du(z) < Crplf).

A Banach function space is a vector space X of the form
X =X(Q,p) ={f € M(Q):p(lf]) <+oo} (4.1)

for some Banach function norm p, equipped with the norm || f||x = p(|f]).

14



CHAPTER 4. REARRANGEMENT-INVARIANT SPACES 15

It can be shown [48] that a Banach function space X, endowed with the
norm || - || x, is a Banach space. Inclusions of Banach function spaces behave
in a simple way.

Proposition 4.2. [11, /8] Let p,o be two Banach function norms, (9, )
a measure space and X = X(Q,p), Y = Y(Q,0) be the Banach function
spaces generated by these functions. Then X — Y if and only if X C Y. In
particular, they coincide as sets if and only if they have equivalent norms.

If p is a Banach function norm, one can define the functional

Pl f e M(Q) — inf{/ﬂfg 19 € My (Q),p(g) < 1},

called the associate norm. The associate norm is also a Banach function
norm, thus it generates a Banach function space X', called the associate
space of the Banach function space X = X (p) generated by p. The associate
p" of the associate norm coincides with p.

4.1.2 The spaces X, and X,

There are two important subsets of a Banach function space X.

Definition 4.3. Let X be a Banach function space. An element f of X is
said to have absolutely continuous norm if

1/ xe.llx =0

for every sequence of subspaces { E, }nen such that yg, — 0 p-almost every-
where.
The subset of all elements of X having absolutely continuous norm is denoted
by X,.

Definition 4.4. Let X be a Banach function space defined on (€, ). The
closure in X of the set S = S(€2, ) of all simple functions is denoted by Xj.

Proposition 4.5. [/8] Let X be a Banach function space. The following
inclusions hold:
Xa g Xb g X.

Proposition 4.6. [48] Let X be a Banach function space. We have that
X, =Xy if and only if xg € X, for all sets E with finite measure.

Proposition 4.7. [48] Let X be a Banach function space. Then X' = X* if
and only if X = X,. In particular, X is reflexive if and only if X = X, and
X' =(X,).
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4.1.3 Rearrangements and rearrangement-invariant Ba-
nach function spaces

For a measurable function f, we define its distribution function s as
pp:A€0,00) = p({x e Q:[f(x)] > A})
and its non-increasing rearrangement f* as

fr@) =inf {\: pp(X) <t}.

Two measurable functions f,g : 2 — R are said to be equimeasurable if
* = ¢g*. A Banach Function space X is said to be rearrangement-invariant
if f € X if and only if g € X for all measurable functions g equimeasurable

to f.

Definition 4.8. A measure space (€2, ) is said to be resonant if for every
pair of measurable functions f, g € My(£2, 1) we have

n(€)
/ fr()g(t)dt = Sl}p/ | fgl dp,
0 g Q

where the supremum is taken between all § € My(2, u) such that § is
equimeasurable to g.

A resonant measure space (€2, ) is said to be strongly resonant if for every
frg € Mo(2, ) there exists g € My(£2, 1) equimeasurable with g such that

()
q| dx = * *(t) dt.
/Q 1531 / £ (8" (t) dt

For these spaces there is a characterization.

Proposition 4.9. [/8] A measure space is resonant if it is either o-finite and
non-atomic or it is completely atomic and all atoms have the same measure.
A resonant measure space is strongly resonant if p(€2) < oo.

We are mainly going to be concerned with the non-atomic case, as it is
the case for open subsets of RY when equipped with the Lebesgue measure
(or a measure that is absolutely continuous with respect to the Lebesgue
measure).

Proposition 4.10. [48] Let (Q, 1) be a resonant measure space and let X
be a rearrangement-invariant Banach function space defined on (2, ). Then
there is a rearrangement-invariant Banach function space X , called the (Lux-
emburg) representation space of X, defined on the interval (0, u(2)) such that
for every f € X we have

[f1lx = 1" lx
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An important tool to study rearrangement-invariant Banach function
spaces is the fundamental function

Proposition 4.11. Let X be a rearrangement-invariant function space. Its
fundamental function ¢x is defined as

ex(t) = [Ixzllx
where Ey is any set of measure t.

Proposition 4.12. [11, 48] Let X be a r.i. Banach function space defined
on a measure space (2, ). The fundamental function px of X and the
fundamental function px: of the associate space X' of X are related in the
following way:

ox(t)px(t) =t

Definition 4.13. Let I be an interval of the form [0,7") with 7" € (0, 00]. A
function ¢ : I — [0, +00) is called a quasi-concave function if ¢(0) =0, ¢ is
non-decreasing and the function ¢ — ¢(t)/t is non-increasing.

Fundamental functions of r.i. Banach function spaces are closely related
to quasi-concave functions:

Proposition 4.14. [11, 48] Let X be a r.i Banach function space and px be
its fundamental function. Then px is a quasi-concave function. Conversely,
if ¢ is a quasi-concave function, there exists a r.i. Banach function space X
such that ¢ = @x.

One could ask what is the link between concave and quasi-concave func-
tion. Concerning this question, one can prove the following Lemma.

Lemma 4.15. [}8] Any rearrangement-invariant Banach function space can
be equivalently renormed so that its fundamental function is concave.

4.2 Marcinkiewicz spaces

Definition 4.16. Let (€2, 1) be a resonant measure space and ¢ be a quasi-
concave function. The Marcinkiewicz space M#? (), 1) is defined as

M*(Q, pn) = {u € Mo(Q,p) : |ullar, == sup  u™(t)p(t) < oo} :
0<t<p(82)

If ¢ = px is the fundamental function of a r.i. Banach function space X on
2, we denote M*#X by M (X).
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Example 4.17. o The weak Lebesgue spaces LP*° are obvious examples
of Marcinkiewicz spacesm with ¢(t) = @r»(t) = /7.

« A non-trivial example is the space EX P(f2), where () has finite mea-
sure: this space can be defined (see [11]) as the space of functions f
such that the quantity

[ fllaExpe) = sup ——7—
0<t<|2 1 — log (ﬁ)

is finite. We will later give another definition of this space.

The following proposition shows that a Marcinkiewicz space is the largest
r.i. space among those having a fixed fundamental function.

Proposition 4.18. Let X be a r.i. Banach function space defined on a
measure space (S, 1) and ¢ its fundamental function. Then

£ llare@) < [ Fllx
for every f € X.

For the rest of this section all measure spaces will be implicitly assumed
to be finite and non-atomic, unless stated otherwise.
We now need to find a good candidate for a little-o subspace of M¥: this is
given by

—M¥(Q)
ME(Q) = =) .

Lemma 4.19. Let ¢ be a continuous quasi-concave function. Then MP () =
My ().

Proof. By [48, theorem 6.3.18] we only need to show that yg € M¢ for all
E having finite measure.
We have that x3 (t) =  max{t, |E|}, so that

lim ¢(t)xp (t) = lim o) =0.

t—0t

Since obviously xg € L' we can use [48, theorem 7.10.23] in the case

lim @ > 0.

t—soo

For the case lim;_,o @ = 0 we have
lim p(t)x5m (t) = lim gp(t)@ =0
t—o00 E t—00 t

so we can use the other part of [48, theorem 7.10.23]. [
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By using the fact that M7 (Q) = M (§2), we can also show a separability
result for M, (Q).

Lemma 4.20. Let ¢ be a continuous quasi-concave function. Then the space
My () is separable.

Proof. By [48, theorem 6.3.16] the space M, (12) is an ideal in M¥(£2). We
obtain the separability from [48, theorem 6.5.9] since M’ (§2) contains the
simple functions by definition, by lemma 4.19 it coincides with M#(€2) and
the Lebesgue measure is separable. O

To obtain the 0-O structure for the Marcinkiewicz space, we want to know
when we can embed M¥ in a reflexive space. We therefore study embedding
properties for M¥. We start with the following simple proposition.

Proposition 4.21. Let X be a rearrangement invariant space with_funda—
mental function p. Let X be the representation space of X. ]fé € X, then
X coincides M¥ and the quantity

|flare = sup f*(t)e(t)
te(0,1]

is equivalent to ||-|| . Moreover the converse is true if and only if there exists

a constant M > 0 such that
/t ds Mt
<
0 90(5) 90(75)

Proof. We can write

Jre

il = 11 = ] B
X

< |11/ellx I f*ellree
= |11/ollx [flare
< |11 /el 1 fllare

which together with the inequality || f||are < ||f|lx proves the first half of the
statement. The second half of the proof is just [48, Proposition 7.10.5]. [

We are interested in finding a characterization of this problem.

Lemma 4.22. [8, Lemma 4] Let ¢ : [0,1] — R be a quasi-concave function.
Then there is a function 0 € L'(Q) and a quasi-concave function 1 : [0,1] —
R such that
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o M¥(Q) is equivalent to MY (),

e [t holds ]
0 (t) = — 4.2
=505 (1.2)
Proof. Let us first consider the case 2 = [0, 1]. The function
t
nt) = —=
=50

is the fundamental function of (M¥)" by Proposition 4.12. By using lemma
4.15 we know there exists a rearrangement invariant space Y such that its
fundamental function 7 is concave and its norm ||+ ||y is equivalent to |- || asey
so in particular Y/ = M¢¥ with equivalent norm. Let us consider 1) the
fundamental function of Y’. It is not hard to show that Y’ contains every
rearrangement invariant space with fundamental function v, therefore Y’ =
M¢? = MY. The fundamental function 7 of Y’ is absolutely continuous in
[e,1] for all € €]0, 1], so that if we consider its weak derivative  we can write

ﬁ@—maz/W$w

for all € €]0, 1] and for all ¢ €]e, 1], and since §(s) > 0 because 7] is increasing
we can use the monotone convergence theorem to show that
ot
»(t)’
i.e., since 6 is non-decreasing by the convexity of 77 and then 0* = 0, 0**(t) =
1
[ON
For generic 2 we can build a function h : Q — R such that h* = 6 by
approximating with simple functions. O

[ otsyas =0

The next result allows us to characterize the inclusion of a Marcinkiewicz
space in a Banach function space in terms of the function 6 defined before.
Moreover, this function can be used to give a control of the norm of the
inclusion. Indeed, we have the following Proposition.

Proposition 4.23. [8, Proposition 5] Let ¢ : [0,1] — R be a quasi-concave
function and X () a rearrangement invariant space. Let 6,1 be the functions
defined in 4.22. Then M?¥(Q2) — X (Q) if and only if 0 € X(2). Moreover,
if we denote by J : M?(Q) — X(Q) the inclusion, then ||J|| < C'||0||y where
C is such that

o < Cy.
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Proof. First of all, let us suppose that § € X(Q2). Consider f € M¥ and ob-
serve that, by definition of Marcinkiewicz space and the equivalence between
M¢ and MY,

[ 1 are
p(t)
Now, since 6 € X (), also || f||,;+ 9 € X(€2) and by Hardy-Lettlewood-Polya

principle, we have

Il < 1AW re Ol = 1 1lare 100x < CHFllage 1611 x -

Now let us suppose 6 ¢ X (0,1). Then let us consider the functions ¢ and 6
as in 4.22. From Cv < ¢ we have

£ <

= (11l are 07 () = ([[f | age €)™ (2)-

1 1

i

o~ Gy
hence i ¢ X(0,1). Now, since 0** = i, we have that [|0™*||,,, = 1 and then,
by equivalence, § € M¥, concluding the proof. O

This also leads to a characterization of spaces that are equivalent to
Marcinkiewicz spaces.

Corollary 4.24. Let X be a rearrangement invariant space with fundamental
function ¢ and let 6,1 be the functions defined in 4.22. Then X is equivalent
to the Marcinkiewicz space if and only if 0 € X.

A distance formula between f € M¥(§2) and L*°(£2) can be proven, gener-
alizing some results in [16]. This in particular gives an alternative description
of MY ().

Proposition 4.25. [8] Let ¢ be a quasi-concave function that is continuous
at 0. Then for all f € M¥(Q) the following holds:

distyre (f, L°(Q)) = limsup(f*(t)p(t)). (4.3)
t—0t+
Proof. In the following f will be a generic function of M*?(2) and g a generic
function of L. Let us write [f] for limsup,_ o+ (f**(t)p(t)). This quantity
is easily seen to be subadditive, and one also has that

9] < limsup([lg[leoip(t)) = 0; (44)
t—=0+
as a consequence we obtain that [f + ¢] = [f].

Now, we have [f] = [f—g] < || f—g||me forall f, g, sothat [f] < distpre(f, L™).
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For the other inequality, we have that for every e > 0 there is a 6 € (0,1)
such that f*(¢)¢(t) < [f] +¢ for all t € (0,5). We define

(4.5)

We have that f. € L™ and (f — f.)*(t) = xj0,6(t) [*(t), so that
(t

distare (f, L) < |[f=fellme = Oittllzl((f f)()e(t) = Oittlgé(f**(t)w(t)) < [fl+e,

(4.6)
where we used the fact that if f*(t) = 0 for t > ¢y then f**(t)p(t) <
F*(to)p(to), which is easy to prove. As a consequence, we proved the equality
of the two quantities. O

Now that we have this formula, we can show the following theorem.

Theorem 4.26. [§] Let ¢ be a quasi-concave function that is continuous at
0. Consider the functions g and @ defined in Lemma 4.22. Suppose there
exists a reflexive rearrangement-invariant space X () such that g € X(0,1)
and the fundamental function ¢x: of the associate of X is continuous at 0.
Then the pair (M7 (Q), M¥(2)) is an 0-O pair satisfying assumption AP.

We are going to use a technical lemma for this theorem. A proof can be
found in [8].

Lemma 4.27. Let (2, 1) be a finite measure space. There exists a family of
set functions K = {w : [0, u(2)] — P(Q)} such that:

o p(w(t)) =t forallwe K, tel0,u);
e 0<s<t<u()=w(s) Cw(t) foralwe K;

o for every measurable subset ' C ) having positive measure there exists
w € K such that w (u(E)) = E.

Proof of Theorem 4.26. Proposition 4.23 insures that M¥(Q2) embeds con-
tinuously into X (€2), so we only need to focus on Y and L.
We will use the following representation formula for «**:

774 ( =—wp/u| (4.7)

t\E=t

We can take as space Y the following:

V= {ui= Guear = sup o < o0}

weK



CHAPTER 4. REARRANGEMENT-INVARIANT SPACES 23

where we take K as in Lemma 4.27. The corresponding space is a Banach
space. We then take £ = {L;: ¢ € (0,1]}, where

L= {osnso) (49)

weK

we have || f|lax@),c) = ||fllme, as required. It remains to check that £,
endowed with the induced topology from [0, 1], satisfies our hypotheses.
Compactness, o-compactness and the Hausdorff separation property are im-
mediate from our choice for the topology, while boundedness of the operators
is a consequence of the continuous immersion of X in L', which is a conse-
quence of the definition of Banach function norm.

We now need to prove the continuity of T : ¢ — L,f for fixed f. We take
h > 0 and we consider the upper bound:

wa(tJrh)SD(t +h) wa(t)SO(t)
Lionf — Liflly = - <
| Lisnf — Leflly sup T h - <
p(t+h) w(t)
- d
w [ (o) dat
o(t+h)
—|—sup/ —+'|f ) dx <
0 Jo@rmew | TR
h o(t+h)
L N
nry Oz bl W(Hh)\w(t)l ()]

h
B e+ 2 flxpne ()

where ¢x/ is continuous at 0 by assumption.

Concerning Assumption AP, let us first observe that since X (2) is a re-
flexive Banach function space, then L*°(2) is dense in X (2) (as a conse-
quence of [48, Corollary 6.4.6]). In particular, for f € M¥?(Q) C X()
there exists a sequence (gn)ney C L®(Q) C M7 (2) such that g, — f in
X (). By the continuous embedding of X () in L'(Q), we can suppose,
up to a subsequence, that g, — f almost everywhere; let us denote by
V' the (negligible) set where g, - f. Let us define the sequence h, =
min{g;", f*Ixgr=0p — min{g,, f~ }xqr<oy- It is easy to see that |h,| < |f].
Moreover we have

\h = f1 = |90 = FIX{rgn>030010ni<iry + 1 IX(rgn<0r < 190 — fI+ | fIXE.-

where E,, = {fg, < 0}. Denote F, = |J;=° E}. Now, since g,(r) — f(x) for
any z € Q\V, for any z € Q\ V we have that there exists a v, € N such that
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forn > v, x € E, and then x ¢ F,,. Hence F,, | F where FF C V. Thus we
have that E, — () almost everywhere. Now, by definition of Banach function
norm, we have

1 = fllx < llgn = Fllx + 1 xEl

and, since by [48, Corollary 6.4.6] X (Q2) = X,(Q), g, — f in X(22) and
E,, — () almost everywhere, we have

tim sup |, — fllx < Hm flgn = fllx + Tm [1fxe.lx =0
hence h,, — f in X(Q). Finally, since we have that |h,| < |f], we also obtain
by definition of Banach function norm ||hnHM¢(Q) < HfHMw(Q) for any n € N,
completing the proof. O

4.3 Orlicz spaces

We now consider 0-O structures for Orlicz spaces [49, 17], which are an
important class of rearrangement-invariant Banach spaces generalizing the
Lebesgue spaces.

Definition 4.28. A function A : [0,4+o00[— [0, 00[ is said to be a Young
function (also Orlicz function or N-function) if it is continuous, strictly in-
creasing and convex on [0, +00).

Let (€2, 1) be a finite measure space. The Orlicz modular ps of A is the
function

palf) = / A(f)du f e LL(Q)

The Orlicz space is the space
LYQ) = {f € Mo(Q) | 3X>0: pa(A ' f) < o0}

For the rest of this section, without loss of generality, (€2, ) will be a
probability space, i.e. a measure space such that u(Q2) = 1.

Example 4.29. « The simplest example of Orlicz space is with A(t) = ¢?
with 1 < p < oo: in this case, L*4(2) coincides with the usual LP((2)
space.

o If |©2] < oo, another example is with a function A(t) that grows like
e!” asymptotically as t — oo, with a > 0: in this case the correspond-
ing space is the exponential space EX P,(f)). One can show that this

definition does not depend on the function A.
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o If A(t) =tP(log™t)? with 1 <p<ooand B E€R, or p=1and 3> 0,
we obtain the Zygmund space LPlog” L(Q).

Remark 4.30. Most of the properties of an Orlicz space we are interested in
depend only on the behaviour of the behaviour of A at infinity. However
some properties, especially concerning the geometry of the space, depend on
the choice of equivalent norm (more details on the geometry of Orlicz spaces
can be found in [17]).

There are multiple equivalent norms that can be given to an Orlicz space:
the usual one is the Luxemburg norm:

[ fllza =inf {X>0:pa(A7"f) <1}
Remark 4.31. We have that || f|| ) < 1if and only if pa(f) < 1.

Proposition 4.32. [48] The space L*(SY), endowed with the Luzemburg norm
|- |lz4, is a rearrangement-invariant Banach function space. If A™' denotes
the inverse function of A, the fundamental function of LA(Q) is

pra(t) = A—l;(l)

From an Orlicz function A one can construct a function related to it.

Definition 4.33. Let A be an Orlicz function. Then the function A(t) :=
infs~o(st — A(s)) is called the complementary function of A.

Proposition 4.34. [/8] The complementary function A of A is an Orlicz
function. Moreover, up to equivalence of norms, L*4(Q) is the associate space

of LA(Q).
This proposition gives an equivalent norm for L4.

Definition 4.35. Let A be an Orlicz function and let A be its complementary
function. The Orlicz norm of a function f € LA(Q) is defined as

1194 = sup { [ 19:9.€ @), lgl s < 1}
—sw{ [ fa:9¢ L@).pit0) < 1]

The following facts are obvious consequences of this definition.
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Corollary 4.36. Let A be an Orlicz function and let A be its complementary
Junction. The associate space of LA(Q), equipped with the Luzemburg norm,

coincides with LA(QY), equipped with the Orlicz morm. In particular, the
following generalized Hdélder inequality holds:

1ol < I lzaw 9,

Corollary 4.37. Let A be an Orlicz function. The fundamental function of
LA(Q), equipped with the Orlicz norm, is

©oa(t) =tA™? (%) :

Some properties of an Orlicz space depend on the behaviour of its Orlicz
function A. Let us define the following.

Definition 4.38. An Orlicz function A satisfies the Ay condition (at infin-
ity), and we write A € A, if there exists 7" > 0 such that

A(2t)
ot A(D)

< 00.

An Orlicz function A satisfies the V5 condition (we also write A € Vy) if its
complementary function A satisfies the A, condition.

Proposition 4.39. [48] Let A be an Orlicz Junction satisfying As. Then the
dual space of LA(Y) coincides with its associate L4(Q).
In particular, L*(Q) is reflexive if and only if A € Ay N Vs,

Since we are not interested in the reflexive case, our case of interest is with
A € V3\As. To study what happens in this case, we introduce a subspace
of LA,

Definition 4.40. Let A be an Orlicz function. Then we define the Morse
space EA(€) as the set of all functions g € L4(Q) such that pa(ag) < oo for
all o > 0.

Proposition 4.41. [48] The subspace E4(Q) of LA(Q) coincides with the
space LA(Q)) of all elements of LA(Q)) having absolutely continuous norm,
and with the closure L{(Q) of L=(2) in LA(Q).

Proposition 4.42. [/8] Let A be an Orlicz function satisfying the Ay con-
dition. Then E4(Q) = LA(Q).
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Proposition 4.43. [48] Let A be an Orlicz function. Then the dual space
of EA(Q), equipped with the Luzemburg norm induced by LA(), is LA(Q),
equipped with the Orlicz norm.

We now need an equivalent norm for L*4(Q) defined using a supremum.
As we saw before, EX P(Q2) admits an equivalent Marcinkiewicz type norm.
Inspired by this fact, in [6] we looked for a criterion that tells us when an
Orlicz space admits an equivalent Marcinkiewicz norm.

Proposition 4.44. [6, Theorem 1] Let A be an Orlicz function and let us
denote by a(t) the fundamental function of L4, i.e.

1
"=

The following statements are equivalent.

i. 1/a(t) = A71(1/t) € L40,1), i.e. there exists 8 > 0 such that

[ ()=

ii. f€ LAQ) if and only if || fllpe < 0o, i.e. LA(Q) = M(Q);

iii. fe LAQ) if and only if the quasinorm |f|ya = supg,<y a(t) f*(t) is
finite;

iv. The quasinorm |- |yra and the norms || -||pa and || - ||pe are equivalent;
more precisely there exist constants ci,co > 0 such that

cilflue < allfllae < N flla < ol flare < cofl fllnae
for all f € LA(Q).

Proof. i.=ii. Since ||f||pre < ||f]|za, we only need to prove that f € M* =
f e LA Let A > 0. If we divide by A and then apply the modular p4 to
both sides of the inequality

oo <47 (3) 1l

Lot < [a(xa (7)1 )

we get
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which by i. implies that f**, and therefore f*, belongs to L4(0,1), and by
the Luxemburg representation theorem f € LA(Q).

ii.=iii. Immediate consequence of the inequality f* < f**.

iii.=1i. Using approximations by simple functions, one obtains that there is
a function f € LA(Q) such that f* = a, which implies i.

iii.=iv. The inequality || f||are < ||f]|1a is well known, so that one can always
take ¢; = 1. On the other hand, we can write

fr@)a(t)
IfllLaw = 1/ leaon = || 77—
Q) (0,1) a(t) LA
(1
<[ar ()| 1l
t) Lo,
(1
<l (D] 1
LA(0,1)
so that we can take c; = ||A7(1/t)[|L4(0,1)-
iv.=-ii. Trivial. O

Using this criterion, we can just use the results from the previous section
to show

Theorem 4.45. [6] Let A be an Orlicz function satisfying the conditions of
Proposition 4.44 and such that

At)

liminf —% = +00
tp

for some p > 1. Then the pair (EA(2), LA(Q)) forms a 0-O pair.
Remark 4.46. The condition that
A(t)

liminf —= = +o00
t—oo tp

is there to exclude some Orlicz functions that exhibit both growth faster than

all polinomials and slower than every power t? with p greater than one: for

example, one can construct counterexamples by alternating an exponential

behaviour and a linear behaviour. Of course, the theorem still holds if we can

find a reflexive space X, not necessarily of the form L? such that LA — X.

Corollary 4.47. Let A be an Orlicz function satisfying the assumptions of
Theorem 4.45 and let o(t) = m, where a is the inverse function of A.
Then E#, equipped with the Marcinkiewicz norm || - ||ar«, is M-embedded in

LA
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Remark 4.48. The property of E4 being M-embedded in L4 depends on
the norm chosen: it is known that E4 is M-embedded when you use the
Luxemburg norm [49], but this is not the case if you endow it with the Orlicz
norm [18].

4.3.1 Examples

In the following, for an Orlicz function A we will denote by a its inverse

function and by «a the function «(t) = a(ll T Let us also introduce the

following growth condition.

Definition 4.49. An Orlicz function A is said to satisfy the A" condition,
and we write A € A, if there exists A > 1 such that

lim inf A(A) =

It is not hard to show that a A, function A satisfies

t
lim inf L = 400
t—o00 tp

for all p > 0. Let us show a result covering a large class of functions.

Proposition 4.50. Let A be an Orlicz function with growth of the form
e’® where v is a convex function. Then A satisfies the A° condition and
a(1/t) € LA(1y). In particular, they satisfy the assumptions of Theorem 4.45

Proof. For simplicity we will do our calculations with the function A(t) =
e’® — 1. The A° condition easily follows from the inequality

A(kt) = e"®) — 1 > M0 1

for any £ > 1 and v(t) — +o0 as t — +o00.
Now observe that, since A is an Orlicz function, v(0) = 0 and v is strictly
increasing. Moreover for any r > 0

v(r)
e’(1/2) < () < 6—7

ev(r) — 1

since v(r/2) < v(r)/2. Since v is convex, it is also derivable a.e., so let r be
such that v/(r) and v/(r/2) both exist. For such r we have v(r/2) < v/(r),
and if we combine this with (4.3.1) we get

1 1/ v(r)
5V/ (C) 6V(7"/2) < v (7")6

2 2 e 1
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Integrating this inequality in the interval [0, 7], applying first the logarithm
and then v~! we obtain

g <v! (log (\/ ev(r) — 1 + 1)) :

Now, for any ¢ > 0, consider r = a(1/t) = v~ *(log(1 + 1/t)) to obtain

w ()= () (V)

and then applying A we finally have

(D) =3
hence t + a(1/t) € L4(0,1). O

Observe that A(t) = e’ — 1, which is the Orlicz function defining EX P,
falls in this case, together with the functions A(t) = ¢ — 1 for a > 1, as
well as functions that grow asymptotically as Ae® or more general nested
exponentials.

However, Orlicz functions with asymptotic growth A(t) = exp (10g1+5(t)),
with € > 0, do not fall in the previous cases. For these we can show the
following Proposition.

Proposition 4.51. Let A be the Orlicz function with asymptotic growth
A(t) = exp (log'™(t)), with e > 0. Then A satisfies the A° condition and
a(1/t) € LA(1y).

Proof. Tt is easy to prove that A satisfies the A° conditon. To study this
case, one can consider the change of variable ¢ = 1/s, by which the condition
a(1/t) € LA(Iy) is shown to be equivalent to the existence of a k > 1 such

that ) N
1 /1 1 1
Al —a| -] )ds= — Al —a(t) ) dt .
JoaGe()) e [ (o)< o
Let us study the case in which € € (0,1). We have
a(t) ~ exp <log17is(t)> :

where the symbol ~ means we are considering functions with the same
asymptotic behaviour at +o00, and then, after some calculations

A (%a(t)) ~ texp (—(1 +¢) 10g18?(t)> :
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This asymptotic equivalence follows from Taylor expansion of ¢ — (1 + )¢
near 0 up to the second order term.
Since for t large enough

e(1+e) log 5% ¢ > logPt

for any p > 1, we obtain

/ el A ! (t) | dt <+
— —a 00.
2 k
A similar argument works for € > 1 by considering a Taylor expansion of
higher order. [

Other interesting cases are covered by the following Proposition.

Proposition 4.52. Let A be a Young function of the form e’® — 1 where v
is a definitely derivable concave function such that

o foranyp>1
t
lim v(t) =0;
t—+oo logP t

v(t)

t—s logtloglogt -

o there exists a My > 0 such that

+oo 1
dt < +o0.
Llww

Then a(1/t) € LA(1y).

Proof. To work with this case let us also notice that, because of the regularity
properties of A, the condition a(1/t) € LA(I,) is equivalent to the existence
of a k > 1 such that (by using the change of variables t = a(1/s))

= AOAGE) [ AGR)
Am A2(t) ﬁ—Lmﬂﬁmm>mﬂﬁ<+. (4.9)

Notice that this condition can be verified quite easily since a appears in this
formula only as integration extrema. Also, since A is sufficiently regular
(in particular definitively derivable), it is also possible to replace A with a
(sufficiently regular) function that is asymptotically equivalent to it.
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In our case, from Equation (4.9), we only need to show that there exist a
M > 0 and a k > 1 such that

400
/ V()"0 d, < 4oo.
M

To do this, let us observe that, by Lagrange theorem and the fact that v/ is
decreasing, we obtain

oo oo v v 1
[ e < [ oot

M M

Hence, taking & = 1 — 1/k, our aim is to show that there exists a o € (0, 1)
such that

log(V'(t)) — av/(t)t < —logt — log(v(t))
that is to say
atV'(t) > log(tv(t)V/'(t)).

Now, if we apply I’'Hopital rule to the growth conditions we can infer that, for
t > M (with M > 0 large enough), tv/(t) > 4loglogt and log®t > tv(t)V/(t),
so that

%tu’(t) > log(tv(t)V/(t))

that leads to

+o0 +oo *oo
/ I//(t)el/(%)—l/(t)dt S/ €log(y/(t))_,/(t)(1_%>tdt S/ 1 dt < +00.

M Mo M, U (t)

O
With this result in mind, we can show the following result.

Proposition 4.53. Let A be an Orlicz function with asymptotic growth
elos®log”los(®) “qyith p > 0. Then A satisfies the A° condition, and a(1/t) €
LA(Ly) if and only if p > 1.

Proof. Let us first observe that for any k # 1 we have
A(t/k> ~ e—logklogp logt
Alt) '
In particular for £ < 1 we have lim;_, o ,Ex(/ I;) = 400, so the A® condition is

still satisfied.
Now observe that for p > 1 we are under the hypotheses of the previous
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proposition, hence we only need to check the case in which p € (0, 1].
In general we have

log? log t 1
log(A(t))) ~ —————— (1
(og(A@)) = £ (14 )

hence it is easy to check that for p =1, k£ > e and for some M > 0

/M Oo(log(A(t)))'AéZ];)dt < 400

Instead for p € (0,1), we know that

loglogt
t—+oo log? log t

hence for any k£ > 1 there exists a M > 0 such that for any ¢ > M
loglogt > log k log? log t.

Hence we have, for t > M:

A(t/k)  logPlogt _ p log? log t
1 At / ~ log k logP log t > o or
og(A(?)) A(t) r = tlogt
and finally
i A(t/k)
log(A’ =
/M 08(A (1)) =yt = +oc



Chapter 5

Oscillation-type spaces

5.1 Lipschitz spaces

An important class of functions is the class of Lipschitz functions [57].

Definition 5.1. Let (S5, d) a metric space. We define the space of Lipschitz
functions on (S,d) as

- _J. [f(z) = f(y)]
Lip(S,d) =< f: S = R| S;;Epsw < 00

If f € Lip(S,d), the constant [f]p;, := L = sup _\f<§2;§§y>\ is called the
z,yesS ’
2y

Lipschitz constant of f.

The quantity [-]1;, is a seminorm that can be made into a norm in two
main ways:

o the first way is to only consider functions that take the value 0 at a
prescribed point, that we denote by 0: this way [f]Li;, becomes a norm
in the space that we denote by Lip®(S, d);

« the second way is to consider the norm || f|| i, := max {[f]Lip, || fllz=}:
this way, the space Lip(S,d) becomes a Banach space. Note that this
case can be reduced to the first one by adding an artificial point having
distance 1 from every other point, and imposing the condition f = 0
at this point.

34
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We will mainly consider the second approach.
We define the following subspace of Lip(S, d):

lip(S,d) = { u € Lip(S,d) : limsup sup & 'u(z) —u(y)] =0
e—0 ?,ye)i
d(z,y)<e

If S ¢ RY and d = dg is the Euclidean distance, one finds that lip(S, d)
contains only constant functions; however, if we consider d = d% with o €
(0,1) we have that Lip(S,dg) C lip(S,d%).

We denote by 9(.S, d) the space of all signed Borel measures on (S, d) having
bounded total variation. This space can be made into a Banach space when
equipped with the total variation, which defines a norm on 9%(S,d). This
norm, however, does not have any correlation with the distance d: for any
two distinct points z,y of S we have |0, — &,|| = |0, — 0, (S) = 2. One
can however define another norm on (S, d), inspired by optimal transport
theory, that is connected to the distance. If 9(S, d) denotes the elements
v of 9M(S, d) such that v(S) = 0, we define, for v € My (S, d), the quantity

Wl =int { [ dteavten

where U varies among all finite signed Borel measures on (S x S, d x d) such
that W(S x F) — U(F x S) = v(F) for all Borel subsets F' of S, and for
€ M(S,d) the quantity
: 0
el = _nt. (1= #1(8) + Ivlfkr).

For example, we have that [|0, — d,||%; = d(z,y) (while [|6, — &,|lxr =
min{2,d(z,y)}) and ||9.]|[xkr = 1. The quantity || - |xr defines a norm
on M(S,d), however the space (M(S,d),| - ||xkr) is not complete: we can
consider the completion 9¢(.S, d) with respect to this norm. This norm is
connected to Lipschitz spaces through the following results.

Proposition 5.2. [37, 38, 39] Let (S, d) be a compact metric space. The topo-
logical dual of the normed vector space M (S, d), endowed with the Kantorovich-
Rubinstein norm, coincides with Lip(S,d), via the duality

(s dom(s,a) = (f, 1) € Lip(S,d) x M(S,d) /Sfd/i-

This identification is an isometry if Lip(S, d) is endowed with the norm ||-|| Lip-
Moreover, we have (IMy(S, d))* ~ Lip®(S, d) (this result is independent from
the choice of the distinguished point 0).
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Proposition 5.3. [30] Let (S,d) be a compact metric space. The following
are equivalent:

o The dual of lip(S,d) can be identified with the completion IM°(S, d) of
M(S,d), via the duality defined for g € lip(S,d) and p € IM(S,d) by

wgmm@:/gw
S

and extended on IM° by continuity.

o (Assumption H) For any f € Lip(S,d), A a finite subset of K and
C' > 1 real constant, there exists a function g € lip(S,d) such that

gla = fla and |lg]l < ClI 1]

Remark 5.4. One can show that euclidean distance d., on a compact sub-
set K of RY does not satisfy Assumption H: indeed, the space lip(K, deyer)
becomes trivial in this case. However, if one considers the distance d,(z,y) :=
(dewet(m,y))*, where a € (0, 1), and the corresponding (Hélder) spaces C%(K) =
Lipo(K) := Lip(K,d,) and ¢**(K) = lip,(K) := lip(K, d,) one obtains that
Assumption H is satisfied and (¢%®)** ~ C%«,

Assumption H is actually equivalent to an approximation property in
Lip(S,d): for any function f € Lip(S,d) we can find a sequence of functions
in a suitable subspace that pointwise converges towards f. This property will
take the role of Assumption AP in proving the 0-O structure of (lip, Lip).

Proposition 5.5. [5] Let us suppose Assumption H holds. Let f € Lip(S,d).
There is a sequence { fn}nen C lip(S,d) pointwise converging to f and such

that sup, e || fullt < ||l

Proof. Since S is totally bounded, it can be covered by a finite number of balls
of radius 1, so let’s call Ay the set of centers of these balls. Suppose now that
we have defined the set A, and consider the set K, 11 := S\ U,c . Ba—n-1().
Since K1 is a compact and thus totally bounded subset of S, it can be
covered by balls of radius 27!, so if we denote by B, the corresponding

set of centers, we can take A, := A, U B,;1. This ensures that every
point of S has distance less that 27" from the points in A,. We also take
C, =1+ n+r1

Let g, be the function from Assumption H obtained by considering A = A,
and C' = C,, and define f,, := &= € lip(S,d). We have that || f,[lo < || flla, so
the only thing that’s left to show is the pointwise convergence, which implies
weak convergence in X. We notice that, by definition of f,, it is enough to

show that g, — f pointwise. If we define A, := UneN A,, we see that A is
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dense and for all x € A, the sequence g, () eventually becomes constantly
equal to f(z). By using the Lipschitz property we can easily extend the

pointwise convergence to the whole S.
]

We now need to find a good candidate for the reflexive space X. This is
given by a class of fractional Besov spaces, under additional assumptions on

(S, d).

Definition 5.6. We say that a metric space (S, d) has the doubling condition
if there exists a positive integer C' such that any ball B can be covered by at
most C' balls having half the radius.

A Borel measure ;1 on a metric space (5,d) is said to have the doubling
condition if

(i) there exist two balls By, By such that u(B;) > 0 and p(Bsy) < +oo;

(ii) there exists a constant C' > 0 such that

for all z € S and all r > 0. The space (5, d, ) is said to be a doubling
metric measure space. A measure u that satisfies (i) is said to be non-
degenerate. Condition (ii) is called doubling condition and the constant
C' is called doubling constant.

Definition 5.7 ([29]). Let (S, d, ) be a doubling measure space. The Besov
space of parameters s € (0,1) and p,q € [1,00) on (S, d, i) is the space

B; (S,d,p) = {f:K—>R:fE LP(S, ) and

1/q

[flss, = :/OO% { /S fmwdu(y) du(x)r/p <+OO}‘

It is a Banach space when endowed with the norm

I/

Lemma 5.8. Let (K, p) be a compact doubling metric space and p a doubling
measure on it. Then there exist two constants C,Q) > 0 such that

sy, = | fllze + [flss -

u(By(x)) = Cre.
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It can be shown that the Besov space B, , is separable, and it is reflexive
when p > 2. We also need an embedding result for this space (see e.g. [5]).

Proposition 5.9. Let (S,d, i) be a doubling compact metric measure space
and p > %, with @ as in Lemma 5.8 Then B} (S, d, u) embeds continuously
i L™>.

Proposition 5.10. /5] Consider a € (0,1]. Then the space Lip,(S,d) con-
tinuously embeds in B, , for s € (0,a) and p € [1,+00).

Proof. To prove that Lip, (S, d) embeds continuously in X it is necessary to
assume s < Q.
Indeed, if so, assume that C' = || f||;. Then ||f||z» < || f]lz~ < C and

[/0+OO g /K ][T(z) Wx)r_Tf(W du(y) du(iﬁ)} " <

D 1 “+00 d?“ 1/p
< [ / ~orrengy 1 / 207 } < kC
o T D ritep

where in the first integral the idea was using the fact that C' bounds the
Lipschitz constant, while in the second one the fact that C' bounds the L*>
norm of f was used.

O
Now we are ready to prove that (lip, Lip) form an o-O structure.

Theorem 5.11. /5] Let (S, d, i) be a doubling compact metric measure space.
Then the pair (lip(S,d), Lip(S,d)) exhibit a 0-O structure if and only if
Assumption H holds. Supposing that Assumption H holds, as a consequence
we have the following properties:

o (lip(S,d))™ ~ Lip(S,d) isometrically;

o for f € Lip(S,d) the following distance formula holds:

distr; Jip(S,d)) = lim sup ————~; 5.2
B p(S’d)(f p< )) d(x,y)ﬁlg d<x> y) ( )

o lip(S,d) is an M-ideal in Lip(S,d), that is
(Lip(S,d))* = (lip(S,d))* @1 (lip(S, d))*, (5.3)

o (lip(S,d))* is the strongly unique predual of Lip(S,d).
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Proof. First we choose the reflexive and separable space to be X = Lip(S, d)BZ v
with s € (0,1) and p > max{Q/s,2}, with @ taken as in Lemma 5.8.
As Banach space Y let us choose R x R, endowed with the ¢*° norm, i.e.

(2, y) & x & = max{|z], [y}
Our family of operators will be the following:

L= {L%W feX— (f(z)(;;)(y), d(gy)f(z)) ERXxR,z,y,2z€ S,z # y} ,

where D = diam S = sup, ,cgd(z,y). It is clear that these operators are
linear.

If we set V := S?\Diag(S5?), we can give £ the product topology of V' x S,
where on V' we have the trace topology induced by the topology on S%. In
the following we will identify £ with W :=V x S.

Since S is a compact metric space, it is o-compact, locally compact, Hausdorff
and separable and so is also V. These properties easily transfer to £, being it
a product space. In particular an exhaustive sequence S,, of compact subsets
of £ is given by

s,={en e dwpz 1)

hence taking the limit as L. — oo is equivalent to taking the limit as d(z,y) —
0. Now we need to show the continuity of the maps Ty : L € £ — L(f) €
R x R for f € X. We notice that it is enough to prove this for f € Lip(S, d),
since we can use a diagonal argument, combined with the boundedness of
the operators themselves, to extend this to the whole X.
This is easy because (z,Yn,2,) — (x,y,2) as n goes to infinity implies
d(xp,yn) = d(z,y) and d(z,, z) — 0, so using the continuity of f and d we
easily obtain

} — 0

f@) = f) _ (@) = ) e .
o {| ) = ) S0 =S Fle) = S22 1 (2)

proving that T is continuous for any f € Lip(9S,d).
It is easy to observe that

f(z) = fly)| dz,y)
sup || Lyy..f = sup max {‘ , f(z
(z,y,2)EW H ! HR E (z,y,2)EW d(x, y) D | ( )|

= max{[f]1, | fllo} = [Ifll1

Concerning the continuity of L, ., let us recall, from Proposition 5.9, that
there exists a constant C' such that ||f||zs > C'|| f]| ;. Hence we have
p,p

@)~ )l _ 2
A 9) [ flls;, ~ Cdlw,y)

| ' d(zn, Yn)
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while
d(z,y)|f(2)] _ d(z,y)
Dllfllg, — €D’

thus L, . : X — R xR is a bounded linear operator.

Finally let us observe that we have shown that, supposed that Assumption H
holds, for any f € Lip(S,d) there exists a sequence {f, }nen C lip(S,d) such
that f, — f point-wise and sup,cy || fnll; < [|f]|;, hence, by Banach-Alaoglu
theorem, we can extract a subsequence of f, that weakly converges to f in
X, concluding the proof of one implication.

Concerning the other implication, let us suppose that the o-O structure
holds. Then we know that (lip(S, d))* ~ Lip(S, d) isometrically. However, in
[30] it is shown that such isometry is equivalent to Assumption H, concluding
the proof. [

Remark 5.12. A proof of Theorem 5.11 without the requirement of the dou-
bling property of the space was found in [58], using a different space X.

We can give many examples of metric spaces that satisfy assumption H.

Proposition 5.13. [30] Let (S, d) be a compact metric space andw : [0, 00) —
[0,00) be a quasiconcave function such that limy_ow(t) = limy_,ot/w(t) = 0.
Then (S,w(d)) is a compact metric space satisfying Assumption H.

Remark 5.14. If (S,d) is doubling, it is not hard to see that (S, w(d)) is also
doubling.

In particular, we recover the case d,, corresponding to w(t) = t“.

5.1.1 Arens-Eells space and atomic decomposition

We can give a result on an incomplete atomic decomposition of 9t(S, d)
(since the space is not complete). This result easily extends to an atomic
decomposition of (IM(S, d))°

Proposition 5.15. [5] Let (S,d) be a compact metric space satisfying the
assumptions of Theorem 5.11 and let 1 € IM(S). Then there exist a sequence
of atomic measures (fin)nen C IM(S) with card(supp(p,)) < 3 and a sequence
(Yn)nen € CH(R) with 7, > 0 such that

+o00
B= Yulin
n=1



CHAPTER 5. OSCILLATION-TYPE SPACES 41

where the convergence is intended in the Kantorovich- Rubinstein norm. More-
over there is C' > 0 such that

+oo +oo
CY < lller < (5.4)
n=1 n=1

Proof. Let {x,}nen, {Un}nen and {2, }nen be three dense sequences in S such
that x,, # y, for all m,n € N. Applying remark 3.5 to Theorem 5.11 we can
obtain (lip(S,d))* is spanned by the functionals

f@m) = f(yn)
with m,n,p € Nand XA € [0,1] N Q. These functionals can be identified with

f(zp)d(xm7 Yn)
diam S

Linnpa t f € lip(S,d) — A +(1—\)

R 02, d(Tm, Yn)
N\ L Y 1 — )2 IR 55
A( T, Yn) * diam S (5:5)
which easily implies our result. [

Since the atomic decomposition does not require the space Ej to be non-
trivial, we can show this result in cases where Assumption H does not hold. In
particular, we can show the following results about Lip(K, deyue) and IMM(K),
where K is a compact subset of RY.

Proposition 5.16. [7] Let K C RY be a compact set. There exists a constant
C € (0,1) such that for any functional p € My (K)¢ there exists a sequence
(aj)jen € 1(R) such that

+0o0
_ 5% — 5yj ,
H = |27 . "aja
j=1 J y]
where the series converges in KRy, and

—+o00 +o0o
C> oyl < Nptllger, <D layl, (5.6)
j=1 j=1

where the sequences (z;)jen and (y;);en are defined in Lemma ?7. Moreover,
the sequence of §-atoms (u;)jen C Mo(K) defined as

5y, — &

Yi

/1/~:
Ty =yl

spans Mo(K)°, with ||p;ll p, = 1 for any j € N. In particular, the 6-atoms
w; are dipoles, hence have support of cardinality exactly 2.



CHAPTER 5. OSCILLATION-TYPE SPACES 42

Proposition 5.17. [7] Let K C RY be a compact set. There exists a constant
C € (0,1) such that for any functional p € IM(K)° there exists a sequence
((0g,03))jen € (Y (R?) such that

' a+5xoz),
"= Z(lj_ya 7

where the series converges in KR, and

+o0
CD (aj+1e3]) < llullp < Z (laj] =+ 1a3)), (5.7)
Jj=1 Jj=1

where the sequences (z;)jen and (y;)jen are defined in Lemma ??. In partic-
ular, the sequence of §-atoms (p1;)jen C M(K) defined as

S i 9) 1
=4 ol I (5.8)
Oz Jj =2k

spans M(K)®, and ||yl p < 1 for any j € N.

Remark 5.18. There are other representations of the predual of Lip, known in
literature as the Lipschitz-free space or the Arens-Eells space. For example,
in [13] and in [28] the predual of Lip®(S) is characterized, for S C RY,
as the quotient of L'(S;R") modulo its elements having null distributional
divergence. For these spaces, a result of atomic decomposition also holds,
with different atoms from 9(S).

5.2 BMO(s) spaces

Definition 5.19. [52] Let 1 < s < co. A function f € L'(Qq) belongs to
the space BMO)(Qo) if the quantity

1/p
.= s s 5 (f 170~ folr )
1<p<co QCQo Q

is finite.

Again, as in the BMO and B cases, the quantity [f]s is a seminorm,
which becomes a norm if we identify functions modulo constants.



CHAPTER 5. OSCILLATION-TYPE SPACES 43

Remark 5.20. If s = 1, we obtain by Corollary 3.10 that BMO(Qo) =
BMO(Qy), with equivalence of seminorms. Moreover, if we extend the defi-
nition to the case s = 0o, we recover that BMO(«)(Qo) = L>(Qo):

1/p 1/p
up sup (]é |f<x>—fQ|de) — lm sup p (]2 |f<x)—fQ|pdas)

1<p<oo QCQo 1sp<oo QcQo

= sup || — follz=(@
QCQo

Just like for BM O, it is possible to define a vanishing subspace

Definition 5.21. Let 1 < s < oo, f € LY(Qy) and Q C Qy a cube. We
define the quantity

1/p
flog = sup p~/° (]é !f(iv)—fQ\deG) |

1<p<oo
We say that a function g € L*(Q) belongs to VMO (Qo) if

lim sup sup [g]s,o = 0.
e—=0 QCQ
|QI<e

Just like for BM O, VMO coincides with VMO. However, if we
extend the definition to s = oo, the corresponding space is trivial.
The main motivation for the introduction of the spaces BM Oy in [52] is their
relation to the spaces X, introduced in the same paper and later expanded
upon in [1, 2].

Definition 5.22. Let 1 <¢ <2and 1 <s < oc0. A (¢, s)-atom is an L%(Qy)
function a such that:

1. supp(a) € @ for some cube Q;
2. Jpa(x)dr =0;

3. |l pagg) < (¢)7V5|Q|V7.

A function f € L} .(Qo) belongs to the space X, (Qy) if there exists a sequence

loc
A = {\}jen € €' and there exist (g, s) atoms a;, with g; possibly varying
with the index j, such that f(z) = 3",y Aja;(x) almost everywhere.

This family spans from the Hardy space H', for s = 1, to L}(Qo) =
{f €LY Qo) : fo, [ = O} for s — co. The relation between BM Oy and X,

is the following.
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Proposition 5.23. /52, 2] Let 1 < s < oo. Then the dual space of X is
isomorphic to BMO()/ R, via the duality

<f+R,U>XS: fu
Qo

This result actually holds for s = oo as well. This implies an atomic
decomposition formula for L':

Theorem 5.24. [1] A function f € L},.(Qo) belongs to L'(Qo) if and only
if there exists a sequence {q;}jen with 1 < q; < 2, a sequence {a;}jen of
functions such that a; is a gj-atom and a sequence {\;}jen, of real numbers

such that
x) =X+ Z Aja;(z)
jEN
holds almost everywhere.
There are many equivalent seminorms in BMOy).
Lemma 5.25. Let (2, 1) be a probability space and let o > 0. Then the
quantity
1/l zr 0
fla = sup =2

1<p<oo P

defines an equivalent norm in EX P ().

Definition 5.26. We consider the case a = 1 for simplicity. The other cases
are similar. Let us recall Stirling’s formula:

V2 ()"

n—00 n!

= 1.
We are going to use this in the form of the inequality (for n > 0)

Cn! < V2mn <2> <nl!,
e

where in particular we can take C' = v/2me™! ~ 0.922 Together with the
Taylor expansion for the exponential, this gives

o~ (ex)"
Ce* <1+ <
; n"v/2mn
and, using dominated convergence and monotone convergence, the inequality

C/ £ ‘dx<1+z /|f |”d:c</ e @ dy
Qo
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for every measurable function f. If f € L} (Qo) satisfies |f|; < oo, we have

that L (@)
T -n
/ﬁ(wh) =

£ e Ao o1
A< CTH 1+ — | =,
/Q ( ; \/27m)\”>

so that for some constant ¢ > 0 we have || f||gxp < ¢|f]1. On the other hand,
we have

and therefore

@)l 1 2/ f(x
2= | >”Z¢—2m/ \fHEXP ”m/ nn(rquxp) e

and therefore

f e I f Iz
FERT

where [p] denotes the smallest integer that is larger or equal to p.

1
< @2m)2 || fllexp < 27| fllexp,

Corollary 5.27. The quantity

{f} = sup | f — fQHEXPS

QCQo
is equivalent to [f]s.

Corollary 5.27, together with paragraph 4.3, imply that, after some com-
putation, the quantity

lu(z) — ug| dx
sup sup
QCQo BCQ  og!/* (ellgl\)
and the quasinorm
— * t
Ng(u) := sup sup ((u = uq)xq)(t) (5.9)

QCQoo<t<|Ql  log!/® <@>

are equivalent to [u]s. We can use these quantities to show a version of the
John-Nirenberg inequality for BM O (Qo).
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Proposition 5.28. There exist two constants cy,co such that for every u €
BMO5)(Qo) and every cube QQ C Qo we have

€ Qi o) vl > M s cre (—eo (2-) Jiok - G0

Proof. By using the quasinorm (5.9), we see that u € BMO4)(Qo) is equiv-
alent to the existence of a constant M > 0 such that

(0= ug)xa) (1) < Mog!/* (1)) (5.1

for all cubes @ C Qo. If we now fix a cube @ and call A = ((u —ug)xg)* (1),
we get from the properties of the non-increasing rearrangement that ¢t = |E, |,
with Ey :={z € Q : |u(x) — ug| > A}. We can then rewrite (5.11) as

A
.eM7

— >e
[Ex]
which is exactly (5.10) with ¢; = 1/e, ¢ = 1. O

An application of the BM Oy spaces is in Sobolev type embeddings. Let
us define the Lorentz spaces.

Definition 5.29. Let 0 < p,q < oo and © a bounded domain in RY. The
Lorentz space LP9(2) [11] is defined as the space of measurable functions f
such that || f||,, is finite, where

0| 1/q 0| 1/q
Hfllp,q=</0 <t1/pf*<t>>q%> =</ ui%dw)

if ¢ is finite, while for ¢ = oo we have

||pr,oo = Sup tl/pf*(t)'
0<t<|Q|
It is trivial to see that LPP = LP for 0 < p < oo, and we have the
embedding LP? < LP" if ¢ < r. Notice that || - ||pr.« only defines a norm if
1<g<p<xorp=g=o0, butifl <p<q< xitisequivalent to a
norm.

Definition 5.30. Let @ C R" be an open set and X C L'(Q) a Banach
space. The Sobolev-type space WX (Q) is defined as

WIX(Q)={ue W' Q)N X(Q):|Du|l € X}.
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This space is a Banach space when endowed with the norm |Ju||y1x @) =
[ullx + [ Dul|x.

Proposition 5.31. Let 1 < q < oo, and u € WILN9(Q,). Then u €
BMO¢(Qo) and [u]y < Cl|Dul|pv.aq,), with C depending only on N and
q.
Proof. We start by noticing that if v € W'LN4(Q), where Q@ C RY is a
generic domain, then for all A > 0 and z, € R” it follows from an easy com-
x R
A
| Du||Lxagay, Where AQ +zo = {z € RY : 2 = Ay + 29, y € Q}. From [19]

we have ,
qg—1
/ exp | o <p
Qo

for all u € WLLN4(Q,) for some constants «, 3 depending on N and ¢. Using
the scaling and translation properties of || Dul|;~.« we obtain that

[ (o] A=) < e
Q

| Dullpvag)
for every u € WLM4(Q,) and every Q C Qo, with the same constants a and
3. Considering equivalence of norms, one obtains that [u]y < C||Du||p~.a(q),
so that uw € BMOy. 0

x
putation that the function v(z) := u ( 0) satisfies || Dv||v.a(x04a0) =

u(x) — UQ,
| Dl v.a(qo)

It is actually possible to prove a stronger result.

Lemma 5.32. Let 1 < p < oo and 1 < g < oo. Then C®(Qy) is dense in
Wle’q(Qo).

Proof. Let us define, for a function f € L'(Qy), the Hardy-Littlewood max-
imal operator [11]:
M) = sw [ |7@)]ds
QQCB%O Q

Using standard interpolation techniques [11], one can prove that M maps
LP4(Q)y) into itself continuously:

M fllzra < C|lflloa- (5.12)

This implies that using regularization by convolution with standard mollifiers
one can find for every f € W1LP(Q,) a sequence {fn}nen such that f, — f
in LP9(Qo) and f, — f in WILP9(Q) for every Q CC Q. Using a partition
of unity we can find a sequence that converges on the whole Q. [
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Proposition 5.33. Let1 < ¢ < cou € W'LN4(Qy). Thenu € VMO4)(Qo).

Proof. By Lemma 5.32, we know that C°°(Qp) is dense in WILM%: we
therefore consider, for u € W'L™(Qy), a sequence {u;},.y C C=(Qo)
such that u; — w in W'LM(Qy). Since [v]y < C||Dvl|va(q,), we have
that u; — u in BMO)(Qo), and since C*°(Qy) C VMO)(Qo) we have
u € VMO(S)(QO). O

The spaces BM Oy are not rearrangement invariant; it can be interesting
to give a characterization of the rearrangement-invariant hull of these spaces,
i.e. the set of all functions (on ()y) equimeasurable to a function in BMOy);
we are also going to do the same for VMOy).

Proposition 5.34. Let Qo C RY be the unit cube. For f € L} () and
t € (0,1] we consider the following quantity:

t 1/p
Rf)i= sw (3 [ 1) - ropar)

1<p<oco P

Let us now define

Wi = {f € L,.(Qo): sup < oo}

0<t<1

and

o = {97 Wiy @) N €@ sy Rug(t) =0}

t—0

Then Wy is the rearrangement invariant hull of BM Oy, in the sense that u
belongs to W,y if and only if it is equimeasurable to a function w € BMOs,
and w) the rearrangement invariant hull of VMO).

Remark 5.35. The spaces W,y and w,) are not vector spaces.

To prove this result we need a lemma.

Lemma 5.36. [10, 11] Let O be a relatively open subset of a cube Q) such
that 2| O | < |Q|. Then there exists a family of cubes {Q;}jen with pairwise
disjoint interiors such that

o |ONQ;| <1Q;1/2 <[Q\O|;
. OCUjeNQjCQ;
o O] <30 Qi] <28 Q).
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Proof of Proposition 5.34. A proof that W,(Qo) is the rearrangement invari-
ant hull of BMO()(Qo), which generalizes the classical result by Bennett,
Sharpley and Devore on BMO and W = W, (also called weak-L>°) [10], can
be found in [53]. We will therefore focus on w, and VMO

We claim that the inequality

(fro-rore)”scm (fyo-wra)”

holds for all f € L, .(Qo), 1 < p < co and ¢t < 1/4, with a constant C' > 0
independent from these quantities. Let f € L} (Qo) and 1 < p < co.Without
loss of generality, we can assume f > 0, since

/QIIfI—IfIQIS/QIf—fQI-

Consider the set £ = {z : f(z) > f*(t)}; we have |E| < t, so we can consider
a relatively open set O D E such that | O | < 2t. We now consider a sequence
of cubes ); as in Lemma 5.36 and obtain

(/ot<f*<f> A0 dT) " ( [uw-raoy dz)l/p
- (% /JEmQj(f(CC) - f*(t))Pdg;> Hr < % </ij<f(x) - qu) 1/1,.

Let us denote by J; the set of indexes j for which fo, > f*(t) and by J; the
other indexes. We have

1/p 1/p
> ( / J@=rwr dw) <> ( | u U@ fa)y dx>

JEJ2 JEJ2
1/p
— fq,)” dl’)

<Z(/
o NIRE (f e fQﬂda:>l/p,

j€J2 J
JjEJ2
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while the sum on the J; indexes can be controlled by

1/p 1p
> (/EﬂQj(f(x) - fQj>de]> +y </15an<fo _ f*<t))pd$>

VIS JE€N

1/p 1/p
(oo nre) B (L rord

Jje je
1/p
=2 (f He f@”dr) 2 |ENQI (o, = @)
jeN je

Now, we have

STIENQ;M"(fo, = F1(1) < Y 10NnQ;""(fo, — f(t))

jen J€N
< 321070, (g, — (1)
JEJ1
1/p
_ — ()P dx
g(/@cmju@] /() )
1/p
< - Pd
< z(/@ o Ve = 1) )
1/p
< (fa, ))pdx>
5 (fue-
1/p
-y, Wp( e fA”dw) 7
S, e

where we used the fact that so that |ONQ;| < |O°NQ;| and that f(z) <
f*(t) on O°. Putting everything together we obtain

G /Ot(f*(T) _f*(t>>pd7') e <oy Qe (7[ o fijpdx> 1/p

jEN

d si 11/p < ) 1/p < (2N+1 O 1/p < 2Mt1/p d
and since Y oy |Q;1V7 < (D2,en Q5] < ( o) <27 anl
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|Q;| < 4t for all j € N we get that

1/p 1/p
(/|f >|pdr) <27 [, sup (][\f fQ|pdx)

JEN |Q|<4t
1/p
% gy (Fier- i)
QCQO
|O|<4t
1/p
< 2NF2 qup (][ |f(x) —fQ\pdx)
QCQo Q
|Q|<4t

for all ¢ < 1/4, which proves our claim. In particular, this implies that if
g e VMO(S)(QO) then
lim sup Rsg(t) = 0.
t—0

To show that VMO(s)(Qo) C ws(Qo), we need to show that ¢g* is continuous
for all g € VMO,)(Qo). Since g* is monotone, the only discontinuity it
can have is a jump discontinuity, so let us assume « := lim, ,+ ¢*(7) <
lim, ;- g*(7) =: 8 for some ¢ > 0. By [20], the truncated function

« if g(z) < «
g(x) = qg(x) fa<glx)<p
5 if g(z) > 8

is also in VMO, and ¢g*(7) = acif 7 > t and g*(7) = B if 7 < t, which implies
that g(x) = a + (8 — a)xe(x) almost everywhere, with £ = {z : g(z) > (},
but such a function cannot be in VMO, so we obtain a contradiction.
Therefore, g* is continuous.

To complete the proof, it is necessary to show that every function g in wy,
is equimeasurable to a function in VMO,. In fact, g* € VMO(0,1):
since for a bounded monotone function continuity is equivalent to belonging
to VMO, it it enough to show the vanishing condition only for intervals
approaching zero. Fix € > 0 and let ¢ be such that

1 ]./t ( Pd l/p
sup —— | — (1) —g*(t)|Pdr <eg;
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if 0 <a <b<t, by |20, Proposition 4.5] we have

1/p

/s (][ 9" ( ad) ‘de:) s (][ 9" (x (b)|P dx)
1/p

(][ 9" (@ (0P dl’)

which concludes the proof. O

1/5
2¢e

| /\

To incorporate the pair (VMO(), BMOy)) in the 0-O framework, we
need to use a different seminorm than the usual one.

Proposition 5.37. Let 1 < s < 0o, pg € (1,00) and u € L}, (Qo). Define

po<p<oo QCQo

1/p
Flopy = sup sup p (72 |f<x>—fQ|pdx) .

Then
[f](smo) < [uls < pé/s [f](S;po)

Proof. The first inequality is obvious. Concerning the second one, using the
Holder inequality we get that || f|| o) < || f]|Le(q) for every £ having measure
1. As a consequence, we have

1/p 1/s 1/po
~1/s o Po ~1/s T
. (é!f fQ|) s(p) (o) (]érf fQ!)
1/po
S (1]/5 1/8( — PO) )7
p <<po> ]é = ol

which implies [u]s < p(l)/ " [u] (s:po) - O
We are now ready to state the main theorem of this section

Theorem 5.38. [/2] Let 1 < s < oo and py > 1. Consider the space
BMO5)(Qo)/ R endowed with the norm [-|(spy). Then (VMO /R, BMO)/R)

is a 0-0 pair.
In the proof, we use the following result.

Lemma 5.39. Let Q C RY be a bounded open set, 1 < p < oo andu € LP(Q).
Then the function q € [1,p] = ||ul|ze) is continuous.
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Proof of Theorem 5.38. Write

QCQo po<p<oo P

1 » 1/p
e = g0 s iz (f 170) = fol o)
1

= sup sup sup ., ]m ][Q(f(x) — fo)g(x) du.

QCQo Po=p<oo llgll ) <

Since LP(Q)) is dense in L4(Q) for 1 < g < po for all cubes Q C Qy, we have

1
sup ff@ﬂ@wz sup —————/f@ﬂ@M,
lollzaioy <1 JQ gerro@\fo} |Qlllglla@) Jo

therefore

= su “lo) x) — x)dx
Flag = sup @Mém> fa)a(x) du,

geLPo(Q)\{0}

where C(g) = sup;<,<p, m.
We now need to introduce, for Q© C R a bounded open set and 1 < p < oo,
the spaces L§(Q) = {u € LP(Q) : [,u(z)dz =0}, endowed with the usual
L? norm, and LP(€2)/ R, endowed with the quotient norm ||u + R ||zr)/r =
infeer || + || zr). We have that for all u + R € LP(Q)/R and ¢ € LY (Q)
it is possible to consider the duality (¢, [u])r)r = [, f(2)g(x)dz, which
is independent from the choice of the representative g, and using some stan-
dard results on duals of subspaces and quotient spaces [15, Section 11.2] we
have (L2(€))* = L” (Q)/ R and (LP(Q)/R)* = L¥ (Q) via the previously men-
tioned duality. Define 9 as the set of all cubes contained in )y and denote by
Bx the unit ball of a Banach space X. We consider § = {QOQ,h}Qeﬁ,heB

defined on X = LP(Q2)/R in the following way:

7o)

(PQ.ns U) Lro() /R = C(h)/Q (u(z) — ug)h(z) dz,
0
- 1

SIS Qg ) ],
set(s) § = {vq.n}gennes,, Wwhere Q is the set of all rational cubes contained
in Qo and S, is any countable dense subset of the unit ball of L{’(Q)) with

respect to the strong topology. It is not hard to see that § C X™.
We now need to define a topology on §. Identifying a cube with the pair
center-sidelength, we can induce a topology on £ from the natural topology
of RV and B LP(Q) with the topology induced by the weak topology in
LPo(Q)\R; finally, by identifying each LP(Q) naturally with LP°(Qy), we

where C'(h) We will also consider the sub-
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can ‘glue’ the various balls in a continuous way. We remark that § is count-
able and dense in §.

With our choice of topology we have ¢ — o0 iff |@Q| — 0, so we have that Fy =
VMO (£2), so let us show assumption AP. Since C*(Qy) C VMO (Qo),
it is enough to show it for a sequence in C'*°. Reasoning in a similar way as

in [24], we take p € C°(R™), supp(p) C [~1,1]", p > 0, / p=1and
—1,1]N

for § > 0 define ps(z) = §Vp(z/5). Let zg € Qy and for f[ € ]BMO(S)(QO)
define h = h.(x) = f((1 —e)z +exg) and g = g = ps * he, with 0 = ke and
k such that the cube centered in zy with side length 2k is entirely contained
in Qp. We have that g. € C*°(Qo) C VMO, (Qo) and that g. — u.

For simplicity, let us denote by M,(f,Q), with 1 < p < oo and @ a cube,
the quantity:

M,(f,Q) = (]é £(@) = fal d:z:) .
We have:

9(z) — gq = g(x) — |Q%/@/RN ps(y)h(z —y) dy dz
= ﬁ/w ps(y)g(x —y) —pa(y)/Qh(z—y) dz dy
1

=100 Jon ps(Y)(9(x —y) — go—y) dy

so that

0.0 = f || )t =)~ o)

- ]2 (26)

<L f  Inst)hte ) ooy dyds

p

dx

p

dx

][ ps() (& — y) — ho—y) dy
[—6,01N

=810 [ )My (1.Q ~ )y
< /RN ps(y) Mp(h, @ — y) dy.

Now, we have M, (h,Q —y) = M,(f,Q(y,¢)), with Q(y,e) = (1—¢)(Q —y)+
exg = (1—¢e)Q+e(xg+ (1—¢)y), which by using the assumption on k and the
convexity of @y implies that Q(y,e) C Qo, so that M,(g,Q) < M,(f, Q(y,¢))
for all cubes @ and all p € [py, 00), which gives [g](s;p0) < [f](sipo)- O



CHAPTER 5. OSCILLATION-TYPE SPACES 25

Just like in [45], this result implies a distance formula. However, the proof
is slightly more involved.

Corollary 5.40. Let u € BMO(y (modulo constants). The following dis-
tance formula holds:

distpnrro,, (u, VMOy)) = veVi]I\l/IfO(S)[u — s = hlrcgli%p[U]S’Q

Proof. We notice that, for any fixed f € BMOy, the map p € [1,00) —
[u](s;p) is continuous. If we denote by D, (f) the distance of a function
[ € BMO) from VMO with respect of the norm [-](s,,), we have by
Proposition 3.2 that

1/p
Dlf) = timswp s iz (1) = fop i)

Q=0 po<p<oo P

for all py > 1. Since Dy (f) = limy, 1+ Dp,(f), all we need to show is that

1 1/p
limsup[flso = lim (limsup sup —- (f |u(x)—uQ|de) )
Q

|Ql—0 po—=1T \ |Q|=0 P<p<oo P

Using Lemma 5.39 we have that, for a fixed cube @,

1 1/p
ulso = lim  su u(x) —ugl|? dz ,
o= lim s g (f Into) = ol i)

so the claim follows by a diagonal argument, concluding the proof. O

We can also recover the atomic decomposition of the space X,. Let us
show that the conditions of Proposition 3.4 hold: Bg is o(F,§)-compact.
As mentioned before, we just need to apply 3.6, using the fact that § C % C
X*.

§ is norming. We use the fact that

[fllp = sup f(x)g(x) dx

lgllr<1JQo

and the density of &g in every L(Q) with 1 < ¢ <2:

1 1/10
sup (pon) 2 o (f lule) ~gPde) o l2to0)
heGg p Q



CHAPTER 5. OSCILLATION-TYPE SPACES 26

since C'(h)||h|l; > W by definition of C'(h), and we complete by taking
the supremum over all ¢ and Q).

For the other inequality, Lemma 5.39 implies that # is continuous
ERECORA P

with respect to ¢ and

1
lim —
=1+ |Q|V4(q') /5|l

0,

so that it attains its maximum at p’ € (1, 2], and

(]é ule) - gl dr " <l

Let us now show that E, coincides with the space X;. An element ¢ of §
can be represented, via the usual duality by the function

won = C(h)h(z).

1
<90Q,h7 U> S pl/s

It can easily be seen that this function is actually a (g, s)-atom for a suitable
q: by definition, it is supported on () and it has zero average, and by letting

q be the exponent where m attains its maximum, we easily obtain
q

that |l¢onllzaQ < (¢)7Y¢|Q|7/7, and by using Proposition 3.4 we obtain
that E, has an atomic representation. To show that it actually coincides with
X it is necessary to show that the same formula holds for any choice of atoms,
but this can be obtained by varying the sets G, among all possibilities.
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