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Preface

The decomposition theorem, which was proved by Beilinson, Bernstein, Deligne
(and Gabber) in [BBD82|, is a powerful result which describes the derived push-
forward Rf,IC% (see [Ive806, §11.4]), where f: X — Y is any proper map between
complex algebraic varieties and IC% is the intersection cohomology complex of X
(see |[GMS&O, §1.3], [GMS83, §2.1], [BBD82, §2.1, Remark 2.1.18]), as the direct sum
of more elementary objects in the constructible bounded derived category D(Y,K)
of Y, where K is any field of characteristic 0 (see either [dCMO09L §1.5] or [Dim04,
§4.1]).

Having said that, this theorem does not provide an explicit description of the
direct summands and it may also happen that some of the expected supports, that
is, the subvarieties of Y on which such direct summands are supported, do not
contribute at all to the decomposition. For example, the Ngo’s support theorem
(see |Ngol0] and [dCMO09, §4.6]) is a remarkable result which characterizes the
actual supports of the decomposition theorem in certain circumstances. Therefore,
it is worth looking for instances in which the description of the direct summands
is either more accurate or explicit and examples in which it is possible to improve
the statement of the decomposition theorem by characterizing the supports of non-
trivial direct summands.

Eligible varieties for the above cause are the Schubert varieties S contained in
a Grassmannian G(C!), which are defined as follows. Given a flag, i.e. a strictly
increasing chain of subspaces 0 # Fj, C ... C F;, C C', where the subscripts stand
for the dimensions of the corresponding spaces, and an w-tuple of non-negative
integers (i1,...,1,), a Schubert variety S is

S={VeGLCH :dmVNE;, >i,, a=1,...,w}

When w = 1 and § is neither empty nor a Grassmannian, the Schubert variety is
said to be special.

In [DGF19, Theorem 3.1}, it has been proved that the decomposition theorem
becomes explicit when certain hypotheses are met. In particular, special Schubert
varieties S with two strata, that is, the ones which have exactly one Grassmannian
as unique Schubert subvariety associated to the same flag of S, have the required
properties and are examined in [DGF19, §4].

Special Schubert varieties with an arbitrary number of strata have been stud-
ied in [Fra20], where the following explicit form of the decomposition theorem is
obtained.



Theorem 1. [Fra20, Remark 3.3 and Theorem 3.5]. Let 0 # F; C C' be a
vector space and consider the special Schubert variety S = {V € G(C') : dim(V N
F;) > i} and the projection on the second factor

1:8:={(Z,V) € G{(F) x G,(CH: ZCV} =S,

which is a resolution of singularities (see [Fra20, §2]), i.e. S is nonsingular and ©
is birational (in other words, there is an open dense subset U of S such that the
restriction 71 (U) — U is an isomorphism,). Assumcﬂ that k < j. Then, if 7 is
small, i.e., codim{V € S : dim7~ (V) > a} > 2a for any a > 0,

Rm,Qg[dim 8] = ICY

and
ICg]— dim S]|ag = €D H*(Gi(C)) @ Qag[—al,
a>0
otherwise
k—i
Rr.Qg[dim 8] = @) P H* *(G—i— (C*1)) @ ICX [0
7=0 a€Z
and
ICA [~ dim A/]|ag = @ H* (G, (C7 7)) @ Qg5
B>0
where

i) q and T are non-negative integers such that ¢ > T and the Schubert varieties
A, ={V € Gx(C) : dim(V N F}) > i+ q} and A, defined analogously, are
non-empty;

i) A is the smooth locus of Ay (see [Fra20, §2.2]);
iii) 8o, = 2dim 7 1(AY) — (dim S — dim A,).

As an application of this fact, two classes of Poincaré polynomial identities are
inferred in [CFS21l, Theorems 2 and 3]; this is possible because all terms can be
described by means of Poincaré polynomials of suitable Grassmannians, for which
there is an explicit formula (see [CGMS82, p. 329]). In particular, one of the above
classes involves some of the so-called Kazhdan-Lusztig polynomials (see [dCMQ9,
§4.4] and [BLO0O0, §6.1]), which, by [KL80, Theorem 4.3], coincide with the Poincaré
polynomials of the stalks H*(IC%, ), of the cohomology sheaves of the intersection
cohomology complexes of the Schubert varieties &’ (not only the ones contained in
a Grassmannian).

The conclusive generalization to all Schubert varieties contained in a Grass-
mannian has been recently achieved in [CES22]. The reasoning exhibited in [Fra20,
§3], which had led to the explicit form of the decomposition theorem stated in
Theorem [I], still holds for non-special Schubert varieties.

!This is not a restrictive hypothesis; see Sections and

ii



Theorem 2. [CFS22, Theorem 3.6]. Let S be a non-empty Schubert variety.
Assume that each of the w conditions dim(V N Fj,) > i, neither implies another
such inequality nor is satisfied by all V € Gi(C'). Consider the projection on the
last factor

. Q. (Zla'“:Zwav)EGh(Fﬁ) XG ( Jw) XGk<Cl>
W‘S‘_{ s.t. Zlc...cZ cV =S

which 1s a resolution of singularities. Then

Rr.Qg[dim S| = @ EP Dy ® ICX [~

T «a€EZ
and
IC} [—dimA]|a,, = @B ® Qa,,[=6],
8>0
where

i) q and T are w-tuples of non-negative integers such that the Schubert varieties
A, and A;, defined respectively by the conditions dim(V N F},) > iq + qo and
dim(V N F},) > iq + Ta, are non-empty and such that A, C A, ;

it) Arq is a suitable smooth open dense subset of A, (see Section [2.2.1));
i) dor :=2dim7m 1 (A,) — (dimS — dim A,);
i) Df,OTT*a are suitable vector spaces symmetric with respect to «, that s, for any
a >0 Dfor+a o Hbor—a.
iy 2 pT pT )

v) qu are other suitable vector spaces.

As opposed to the case of special Schubert varieties, an explicit description
of the vector spaces DY ™ and qu is not available, unless the resolution 7 is
small. Indeed, by |[GMS83, Corollary §6.2], if x : W — S is a small resolution
of singularities, then IC% = Rx.Qw|[dim S| and, by [BLO0, Theorem 9.1.3], the
Kazhdan-Lusztig polynomials coincide with the Poincaré polynomials of the fibres

X' (V). Anyway, the Poincaré polynomial identities deduced in [CFS21] are, in
general, expressions of the following form.

Corollary 1. [CFS22, Corollary 3.12]. Under the same hypotheses and nota-
tions as Theorem @ if Ay =S, then agy = goo = boo = 1; otherwise
Qoqg = qu + Jogq + Z gOTqu7

where

= Zdim H (7w~ 1(AD)) - %, brq = Zdim B, -t

o€l aEZ

= dim D, - >, dor = dim S — dim A, — dim 7} (A?).

a€EZ

il



The only explicit term in the formula of the preceding corollary is the Poincaré
polynomial ag, of the fibre 7=!(V'); moreover, all polynomials go, and b,, cor-
responding to suitable (see item i) of Theorem [2) Schubert subvarieties A, are
involved. This suggests that the computation of gy, and by, has to be performed
inductively and this is achieved by means of an algorithm, named KalLu, which
exploits the explicitness of the polynomial ag, and the fact that the intersection
cohomology complexes satisfy the support conditions (see [dCMO09, formula 12]
and |[GMS83| p.78, Theorem, item (c)]). Before giving the result concerning the
algorithm, it has to be acknowledged that a formula for the computation of this
class of Kazhdan-Lusztig polynomials exists in literature; namely, it is [Zel83, The-
orem 2]. In a nutshell, an inductive construction of resolution of singularities is
given in [Zel83| §3] along with a sufficient condition for the smallness of such maps
(see [Zel83l Theorem 1]). Consequently, all Kazhdan-Lusztig polynomials related
to Schubert varieties in a Grassmannian are explicit, being the Poincaré polyno-
mial of the fibre of some of these small resolutions as explained after Theorem [2]
Nonetheless, these resolution are not that explicit in the sense that, in general,
the induction required for their construction makes the description of their fibres,
usually highly singular and reducible, not easy. On the contrary, the resolutions
7 (see Theorem [2)) chosen in [CFS22| are explicit and have smooth fibres which
are immediate to determine. The drawback of this approach is that the maps 7
are usually non-small, thus, in this cases, the computation of the Kazhdan-Lusztig
polynomials requires the inductive formula described below.

Corollary 2. [CFS22, Corollary 4.1]. Set

Us: Y cat® €L[t] = ) cal® € L] VB >0,

a>0 a>p

S el €L ot Y calt* +t) L[],
a>0 a>1

92> et € Z[t] = Y cat™ P € Z[t] VB > 0.
a>0 a>0

Under the same hypotheses and notations as Theorem |3, if A, C S, then

{go‘l = 0061(@0(1 - ZT Gorbrq)

qu = Qoq — Yoq
where UO — tNdimS—dimAq oSo E—(dimS—dimAq) o UdimedimA .
q q

An implementation of KaLu in CoCoab [ABR] is available at http://wpage.
unina.it/carmine.sessa2/KaLlu.

KaLu also highlights the existence of supports which do not give any contribu-
tion to the decomposition of Rm,Qg. So far, the geometrical reason behind this
phenomenon has not been unravelled yet and the question of the characterization
of such supports is open.

To conclude, recall that another algorithm for the computation of Kazhdan-
Lusztig polynomials of Schubert varieties in Grassmannians can be deduced by a
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closed formula given in [Zel83|, which uses suitable small resolutions. The result
of [Zel83| starts from a setting presented in [LS81], where a different method is
also introduced, together with a table of the Kazhdan-Lusztig polynomials of a
particular case of Schubert varieties in Grassmannians. As far as we know, there
has not been an implementation of these methods up to now.

Conversely, implementations for the computation of Kazhdan-Lusztig polynomi-
als of Schubert varieties in flag manifolds, instead of Grassmannians, are available.
Among them, it is worth quoting the implementation due to Fokko du Cloux in
the program Coxeter 3 [dC05). Interesting tables of Kazhdan-Lusztig polynomi-
als of Schubert varieties in flag manifolds are published at https://www.math.
ias.edu/~goresky/tables.html. For some detailed treatments see, for example,
[BLOO, Bre04, l[dC96, [dC02, 1.20] and the references therein.

Consider again the decomposition theorem. Another indispensable hypothesis of
this result is that sheaves must be taken with coefficients in a field of characteristic
0; therefore, it would be useful to understand the extent to which a decomposition
of the derived direct image Rf,Ax of a map f: X — Y exists when A is not such
a field. This problem is tackled with in [GFS22|, where the idea of resorting to
bivariant theory (see [FH91] and Section turns out to be effective.

Suppose that X and Y are locally compact Hausdorff spaces embeddable as
closed subspaces of RY for some N and that f is a proper continuous map of finite
cohomological dimension (see Example . The morphism f is associated to
the abelian groups Hom pu(y 4) (R fiAx, Ay[a]), where D*(Y, A) denotes the bounded
derived category of sheaves of A-modules on Y, f; is the exceptional direct image
of f and o € Z. The elements 6 of these groups are called the bivariant classes
of f and, as explained in [FHI1, pp. 8, 9, 25|, they induce Gysin morphisms 65 :
HP(X) — HP(Y) in singular cohomology. In particular, when 6, transforms the
unit (with respect to cup product) of H°(X) into the one of H°(Y), 6 is said to
have degree one for f.

The existence of a bivariant class of degree one is exactly what characterizes
a wide class of proper maps whose derived pushforwards admit a decomposition
analogous to the one given by decomposition theorem.

Theorem 3. [GFS22, p. 3, Theorem 1.1]. Let f : X — Y be a proper con-
tinuous map, with Y path-connected. Let U C'Y be a non-empty open subset such
that the restriction h : V. — U of f to V := f~YU) is a homeomorphism. Set

W =Y\U and W= F7YW). The following properties are equivalent.
i) There exists a bivariant class 0 € Hompp(ya)(Rf.Ax, Ay) of degree one.
i) There is a cross isomorphism Rf Ax & Aw = Rf.Aw ® Ay in D5(Y,A).
iii) There exists a decomposition Rf,Ax = Ay & K* in DY, A).
Some explicit isomorphisms in cohomology and Borel-Moore homology (see
[BMG60], [Ive86, §1X], [Ful98, §19.1]), compatible with the duality morphisms, ensue
from the decompositions provided by the above theorem.

Notice, however, that Theorem [3| and its consequences in (co)homology are not
completely new; in fact, analogous results had been proved, for example, in [Ful98,
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§6.7], [Jou77, §8] and [DGF14, §2]. On the contrary, their application in the study
of the relation between the existence of a bivariant class of degree one for f and the
property of X and Y of being A-homology manifolds (see [Lef33] p. 487, Definition]
and [Wil49, §VIII.1]) does not seem to have been proved elsewhere.

Theorem 4. [GFS22, Theorem 1.2]. Let f: X — Y be a projective birational
morphism between complex 1rreducible quasi-projective varieties of the same com-
plex dimension n. Let U C'Y be a non-empty Zariski open subset such that the
restriction h : V. — U of f to V := f~Y(U) is an isomorphism.

i) If Y is an A-homology manifold, then

A there is a unique bivariant class 0 € Hompyy s)(RfiAx, Ay) of degree
one;

A there exists a decomposition Rf.Ax = Ay @ K* in DY(Y,A), with K°
supported on W :=Y \ U;

A if X is an A-homology manifold, KC*[n] is self-dual.

it) If X is an A-homology manifold and there is a bivariant class of degree one
0 € Hompyya) (RfsAx, Ay), then Y is an A-homology manifold, as well.

As an outcome of this theorem, a simple proof of the fact that the nilpotent
cone of any connected reductive complex algebraic group is a homology manifold
ensues.

Here is how the thesis is organized. Since decomposition theorem plays a cen-
tral role, Chapter [1] is meant to settle notations and to make the statement of the
theorem intelligible also to readers who are not familiar with the subject. More
precisely, the first two sections are devoted to (abelian, derived, triangulated) cate-
gories and sheaves, while the third one recalls what perverse sheaves and intersection
cohomology are.

Chapter [2| is devoted to the application of decomposition theorem to Schubert
varieties contained in a Grassmannian. This part of the dissertation does not re-
spect the chronological order of the results; indeed the general case of any Schubert
variety are discussed first, while the results about special Schubert variety, in Sec-
tion[2.4] are inferred from the general ones. The last section discusses cases in which
the Poincaré polynomial expressions are identities and contains several examples
of Ferrer’s diagrams (for the definition, see Section , which make the study of
Schubert varieties easier.

Chapter [3] begins with a preliminary section on bivariant theory and Borel-
Moore homology. In Section [3.2] a generalization of the decomposition theorem
in circumstances in which this result does not hold is achieved and consequent
applications to the study of homology manifolds are obtained in Section 3.3 In
particular, nilpotent cones are shown to be homology manifolds in Section |3.4l

I would like to thank the professors I worked with for their constant support
and my professional growth.
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Chapter 1

The decomposition theorem

In this introductory chapter, several definitions about categories and sheaves are
recalled. The aim is to provide the reader the minimum information necessary
to make the statement of the decomposition theorem intelligible and this
is achieved in three steps. First, the basics of category theory are recalled in
Section [I.I} Secondly, the definition and a few properties of sheaves, cohomology
with coefficients on sheaves and operations on sheaves are recalled in Section [I.2]
Lastly, all notions of the preceding steps are used in Section to remind the
category in which the decomposition theorem holds and what intersection
cohomology complexes are.

1.1 Categories

The basic definitions of category theory are recalled in this section so as to talk
about abelian, derived and triangulated categories, which are fundamental in the
study of the (co)homological properties of certain objects. Precisely, (co)homology
can be defined in abelian categories because of the existence of kernels and cokernels,
while functors which are not exact can be “fixed” if the abelian category is replaced
by its derived one. Triangulated categories allow the study (co)homology even when
not all morphisms have either kernel or cokernel. This is achieved by suitable axioms
and, in particular, by substituting exact sequences for the more general notion of
distinguished triangles.

1.1.1 Abelian categories

Definition 1.1.1. A category C is given by the following data.

i) A class Ob(C), which, with abuse of notations, will often be denoted by C,
whose elements are called objects;

i) for any pair (A, B) of objects, a set Hom¢ (A, B), denoted by Hom(A, B) when
no confusion arises, whose elements are called morphisms;



i11) an operation, called composition, defined for every triple (A, B, C') of objects

in C.
o:(f,g9) € Hom(A, B) x Hom(B,C) — gf :=go f € Hom(A,C).
The following axioms must be verified:

a. for any object A, Hom(A, A) # ) and it contains the identity morphism
td 4, also denoted by id when there is no need to highlight A, which has
the following property. For any object B, any f € Hom(A, B) and any
g € Hom(B, A), idyog =g and foidy = f;

b. composition is associative, i.e. h(gf) = (hg)f for any A,B,C,D € C, f €
Hom(A, B), g € Hom(B, () and h € Hom(C, D);

c. Hom(A, B) NnHom(C, D) # 0 if and only if A= C and B = D.

A morphism f is often denoted by f : A — B when the underlying category
is known. f is said to be an isomorphism if there is g :€ Hom¢(B, A) such that
gf =idy and fg = idp.

Examples of categories are Sets and Ab, whose objects are sets and abelian
groups, respectively, and whose morphisms are functions and group homomor-
phisms, respectively. Another one is the opposite category C°?, whose objects are
the ones of C and whose morphisms are the ones of C, but with reversed arrows (e.g.
if f € Hom¢(A, B), then there is f? € Homeor (B, A)). Moreover, fPg% := (gf)®
is defined whenever gf makes sense in C.

Given two categories, it is possible to define a “function” between them.

Definition 1.1.2. Let C and D be two categories. A covariant functor F': C —
D is given by the following data.

i) For any A € C, F(A) € D;
ii) for any f € Home(A, B), F(f) € Homp(F(A), F(B));
iii) for any A € C, F(idy) = idp(ay;
iv) for any f € Home¢(A, B) and g € Home(B,C), F(gf) = F(g9)F(f).
The notion of contravariant functor F' : C — D is dual (see [Mac71l §II.1])

to the one of covariant functor; in other words, it is obtained by the definition of
covariant functor by “reversing arrows” (e.g. F/(f) : F(B) — F(A) in (ii)).

Let C be a category and let A be an object. Hom(A, —) is the covariant functor
which associates any B € C to Hom(A, B) and any f € Hom(B, C') to the morphism
f« = Hom(A, f), given by f.(9) = fg for any g € Hom(A, B). Similarly, there is
a contravariant functor Hom(—, A); it associates any object B € C to Hom(B, A)
and any morphism ¢ € Hom(B, C) to ¢* := Hom(p, A), given by ¢*(¢)) = ¢ for
any ¢ € Hom(C, A).




It is also possible to define “functions” between functors.

Definition 1.1.3. Let F,G : C — D be functors of the same variance. A natural
transformation 7 : F' — G is a collection {7¢ : F(C') — G(C)}cec of morphisms
in D such that the diagram below commutes for every f € Hom¢ (A, B). Moreover,
7 is said to be an isomorphism if all 7 are isomorphisms in D.

™D

Fo) 22 p(p)
c() 2% ¢(p)

In order to introduce additive and abelian categories, it is necessary to give

further notions which are the solutions to certain universal mapping problems (see
[Rot09, Remark p. 217]).

Definition 1.1.4. Let C be a category and let A, B € C. Their coproduct is a
triple (AU B, a, 3), where AUB €C,a: A— AUB and : B — AU B satisfy
the following property. For any X € C, any f: A — X and any g : B — Y, there
is a unique morphism 6 : AU B — X making the diagram on the left commute.

The product (AN B,~,0) of A and B, instead, is dual notion of coproduct and
can be described by means of the diagram on the right.

N oy

The product and the coproduct of two objects may either not exist or not
coincide. For instance, given A, B € Sets, A U B is their disjoint union, whereas
A B is their cartesian product.

For the next definition, the concept of zero object is required. Given a category
C, I € C is called an initial object if, for any A € C, Hom¢(I,A) = {x} is a
singleton. Dually, 7" € C is called a terminal object if Hom¢(A,T) = {*} for
any A € C. Lastly, a zero object, denoted by 0, is both an initial and a terminal
object. In this case, the unique morphisms having 0 either as domain or target
are denoted by 0, as well. Notice that I, T" and 0, when exist, are unique up to a
unique morphism (see [Rot09, Lemmas 5.3 and 5.6)), yet, I and T may occur to be
different. For instance, I = () and T' = {x} in Sets.

Definition 1.1.5. Assume that C has a zero object and consider two morphisms
f:B— Aand h: A— B. A triple (ker f,0, /), where ker f € C, 0: 0 — A and
B :ker f — B are such that f3 = 0, is called a kernel of f if, for any X € C and
any ' : X — B such that 3’ = 0, there is a unique # : X — ker f making the
diagram on the left commute.



The cokernel (coker h,0,0) of h is, instead, the dual notion of the kernel and
can be described by virtue of the diagram on the right.

A+———B A—" 5B

T (I

0 —% s cokerh

In the following, the (co)kernel of a morphism f will be simply denoted by
(co)kerf.

Kernels and cokernels are examples of pullbacks and pushouts, respectively,
whose definitions are given, for instance, in [Rot09, Definitions pp. 221, 222].

Definition 1.1.6. A category C is said to be additive if the following axioms are
satisfied.

Al. For any A, B € C, Hom¢(A, B) is an abelian group and the composition of
morphisms is bi-additive; in other words, whenever there are morphisms as
in the sequence below, k(f +¢g) = kf + kg and (f + g)h = fh + gh.

f
A" B ? C 5D
A2. C has a zero object;

A3. for any two objects A, B € C, AL B and AT B exist in C.

It is possible to prove that products and coproducts are isomorphic in additive
categories (see |[Rot09, Lemma 5.87]); for this reason, it makes sense to denote
AUBZ AT B by A@® B and call them the direct sum of A and B.

Definition 1.1.7. An additive category A is said to be abelian if
A4. for any morphism f : A — B, there is a sequence

B

ker f —+ A —% 5 X B — coker f

~

where fa = f and X = ker p = cokeri.

In abelian categories, it makes sense to talk about the image of a morphism
f im f := ker(coker f). This allows to talk about exactness of (possibly infinite)
sequences of objects and morphisms

(42

—— AoTl Sy e fey fotl

Namely, a sequence as the one above is said to be exact at A® if kera, = ima,_1.
It is called exact if so is it at each A®. In particular, an exact sequence of the form
0— A— B — C — 0is called a short exact sequence.
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Let A be a category. A (chain) complex A® is a sequence of objects A%, called
the terms of A®, and morphisms d, called the differentials, such that d5'dg = 0
for any n € Z. A morphism of complexes f : A* — B*® is a family of morphisms
{foa : A® = B*},¢z in C making all squares commute in the diagram below.

a1t dn
A* — AnTL Ay An A Antl
lf’n—l lf’n lf’n-&-l
B* - g%y g R g

The category Comp(.A) is the one whose objects are the complexes in A and
whose morphisms are the ones just described. The Hom functor on Comp(.A4), with
A abelian, has a generalization

Hom*® : Comp(A)° x Comp(A) — Comp(Ad) (1.1.1)

which sends any pair (A°®, B*) of complexes into the complex Hom®(A*, B*), whose
terms are
Hom“(A®, B®) := H Hom(A?, BT
BEZ

and whose differentials are given by
d*p = (AP + (1) ) sez,

where ¢ = (¢?)ez € Hom®(A®, B®).

A can be thought of as a full subcategory of Comp(A), which means that any
object A of A is also in Comp(.A) (indeed, A € A can be identified with the complex
having A concentrated in degree 0, that is, the complex A® with A = A and A* = 0
for a # 0) and, for any A, B € A, Hom4(A, B) = Homcomp(a)(4, B) (for a subgat-
egory, the inclusion C is required; the adjective full means that equality holds). In
fact, f € Hom4(A, B) can be identified with {f, : fo = fand f, = 0 otherwise}.
Besides, there are other three important full subcategories of Comp(.A), whose ob-
jects are called the bounded below, bounded above and bounded complexes,
respectively:

Comp(A)™ := {A* € Comp(A) : FF€Z: A* =0 Va > S},
Comp(A)~ :={A®* € Comp(A) : € Z: A" =0Va < [},
Comp(A)? := {A* € Comp(A): IB<yEZ: A =0Va:B<a<~)

If A is additive or abelian, respectively, so is Comp(.A) (see [Rot09, Proposi-
tion 5.100]). In the former case, it makes sense to define, for any n € Z, the a-th
cohomology functor

™ A* € Comp(A) — kerd*™!/imd* € A
| f:A®*—= B*— H(f): H*(A®) — H%(B"®)

and a complex A*® is said to be acyclic at the a-th term if H%(A*) = 0; acyclic
if so is it at all its terms.



1.1.2 Derived categories

Until the end of the subsection, A shall denote an abelian category and its elements
will be denoted by a capital letter and a bullet as superscript (e.g. A®).

The definition of derived categories is reminiscent of the one of the rings of
fractions; in that case, a multiplicative subset S of a unitary commutative ring R is
taken and the ring S™'R, whose elements are fractions with denominators in S, is
defined. Hence, the derived category D(A) of A plays the role of S™'R, while the
homotopy category K (.A), which shall be defined presently, and the set of quasi-
isomorphisms (i.e., morphisms f : A* — B*® such that H"(f) is an isomorphism
for all n € Z) represent the ring R and the set S, respectively.

Definition 1.1.8. Let f,g : A* — B*® be two morphisms. A homotopy between

them is a family of morphisms h = {h" : A" — B" '}, 7z in A such that " —g" =
d%'h™ 4+ hn+idy for each n € Z. In this case, the notation f ~ g is adopted.

n—1

d an
— s AL A oA A At

The homotopy category K (.A) is nothing but the quotient of Comp(A) with
respect to the homotopy relation ~; in other words,

Ob(K(A)) = Ob(Comp(A)),
[A®, B*] := Homp 4)(A®, B*) = Homcompa) (A®, B*)/ ~ VA®*, B°.

Similarly, the homotopy categories K*(.A), where « = 4+, — b, are defined.

The reason why K(.A) is needed to define the derived category is that quasi-
isomorphisms Comp(.A) do not form a localizing class (see below) as opposed to
their classes in K (A).

Definition 1.1.9. A class of morphisms S in A is said to be localizing if it is closed
under composition, contains id4 for any A € A and have the following properties.

i) Any two morphisms f: B — Aand s: C — A, with s € S, can be completed
to a commutative square whose edge opposite to s is a morphism in S.

it) Given f,g: A — B, there is s € S such that sf = sg if and only if there is
t € S such that ft = gt.

Theorem 1.1.10. [GMO03, Proposition I11.4.2 and Theorem I11.4.4]. The
derived category D(A) is canonically isomorphic to the localization of K(A) by
quasi-isomorphisms, which form a localizing class.
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For the formal definition of localization, see [GMO03| §II1.2.2]. Here, the derived
category shall be described by saying what its objects, morphisms and composition
are.

Definition 1.1.11. The objects of the derived category D(A) of A are the same
as the ones of Comp(.A) and its morphisms A®* — B*® are classes of (left) roofs
(see the diagram below on the left), that is, pairs (s, f) with s € Homg4)(A$, A®)
a quasi-isomorphism and f € Hompg(a) (A}, B*). Two roofs (s, f) and (t,g) are
equivalent if there is another one (r, e) making the diagram on the right commute

in K(A).

A} Al A3
N s N

A Bo Ao t f Bo

For any object A®, id 4« is, with abuse of notations, the class of (id4e,ide).
Lastly, the composition of two classes roofs (s, f) and (u,h) is the class of

(sv, hk), where the roof (v, k) obtained by virtue of Definition i)

A3
- ~k
v px¢
Al ; B3
VIV AN

A B c*

The derived categories D(A)*, where x = +, —, b, are defined analogously.
Derived categories are additive (see [GMO03, §I11.4.5]), yet not abelian, in general.

1.1.3 Triangulated categories

Let C, D be additive categories. A functor F' : C — D is said to be additive if
Hom¢(C, D) — Homp(F(C), F(D)) is a homomorphism of abelian groups for any
C,D eC.

Definition 1.1.12. Let 7 be an additive category and assume that there is an
automorphism

T AeT = AllleT
" | f € Hom(A, B) — f[1] € Hom(A[1], B[1])

called the translation functor (be careful; A[l] and f[1] simply stand for the
image of A and f by T, respectively). Any sequence of objects and morphisms of

any of the two equivalent representations
A
RN
C « B




is called a triangle and a morphism (..., a,b,c,a[l],...) of triangles is any family
of morphisms in 7 making the diagram below commute.

Lastly, an octahedron is the diagram consisting of an upper and a lower cap (left
and right diagrams, respectively),

A’ < c A« C
m o B O n x B %
/ . \ / o \&

5’ i > A é’ i > A

where the triangles marked by the symbol © are commutative and the ones with a
* inside are distinguished (see below), such that the following squares commute.

B B
C’ C A’ a A
NS N
B’ B

T is said to be triangulated if it satisfies axioms TR1-TR4 below and is en-
dowed with a translation functor and a class of distinguished triangles, charac-
terized by axioms TR1 and TR2.

TR1. A Forany A€ 7, A— A — 0— A[l], where the first morphism is the
identity, is distinguished;
A triangles isomorphic to distinguished ones are distinguished;
A any morphism A — B can be completed to a distinguished triangle
A — B — C — A[l] (C is sometimes called the cone of A — B).
TR2. A — B — C — A[l] is distinguished if and only if so is B — C' — A[l] —
B[1].

TR3. Any diagram as the one below on the left, whose rows are distinguished
triangles and with squares commutative, can be completed to a morphism of
triangles as the one on the right below.

A—>B—>Cﬂ>A[1] A—>B—>Cﬂ>A[1]
A =B —ohan 4B

8



TR4. Any upper cap diagram can be completed to an octahedron (equivalently, any
lower cap diagram can be completed to an octahedron; see [BBD82, pp. 21,
22]).

The homotopy and the derived categories of an abelian category are examples
of triangulated categories, as proved in [GMO03, IV.1.9-14 and IV.2].

Here is a hint to remember the construction of the upper cap. Take a com-
mutative triangle of vertices A, B and C and complete A — B and B — C to
distinguished triangles using TR1. The missing map A’ — C” is just the composi-
tion A’ - B — ("’ (mind the [1]).

The octahedron diagram can also be depicted in the following way, which high-
lights the morphisms between the distinguished triangles. Begin with a commuta-
tive triangle of vertices A, B, C, as before, and complete all morphisms to distin-
guished triangles so as to obtain a diagram in which any three consecutive arrows
represent a distinguished triangle and all triangles and the square are commutative.

2"
//C\\)

Let 7 be a triangulated category and denote the image of an object A under
the inverse of the translation functor T' by A[—1]. Then, for any n € Z,

A
X

A A

A if n =020,
Aln] .= S T(Aln —1]) if n >0,
T-Y(An+1)) ifn<0.

Definition 1.1.13. Let 7 be a triangulated category. A pair (D=, D=9%) of two
strictly (# T) full subcategories is called a t-structure on 7T if

i) Hom(A, B) = 0 for any A € D=V and any B € D=!, where D=" := D=[—n] =
T—(D=Y) for any n € Z (analogously, D=" := D=0[—n));

ii) D=0 C D=! and D=° D> D=! (C means that the category on the left is a strict
subcategory of the one on the right);

ii) for any X € T, there are A € D=° and B € D=! such that A - X — B —
All] is distinguished.

C := D= N D=0 is called the core of the t-structure.

If T is a triangulated category endowed with a t-structure, then the core of
the t-structure is an abelian category by [BBD82, Theorem 1.3.6]; the objects A, B
in Definition (iii) are unique up to isomorphism by [GM03] 1V.4.5] and are
denoted by 7<9A and 7514, respectively. In addition, 7« and 7>; are called the
truncation functors and the composition H? := 7<yo7s¢ & 7<goT> (see [BBD82,
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Proposition 1.3.5]), where 750A := 751 A[—1] for any object A, is called the 0-th
cohomology functor. For any a € Z, the a-th cohomology functor H? is
obtained by H° by translation; namely, H*(A) := H°(A[a]) for any object A.

Example 1.1.14. Any abelian category A is the core of its derived category D(.A)
with respect to the natural t-structure (see [GMO03, 1V.4.3])

D=0 = {A* € D(A): H*(A®*) = 0 Ya < 0},
D=0 = {A* € D(A) : H*(A®*) = 0 Va > 0}.
The truncation functor 7« is defined on objects by

T<o(A®) : — A2 - A — kerd) — 0 —

and T>1 = idD(A)/Tgo.

1.2 Sheaves

Here are the basics of sheaf theory. The definition of (pre)sheaves, their stalks
and section functors are recalled in Section [I.2.1] along with some indispensable
properties. Section is devoted to (left/right) exact and derived functors, with
particular attention to the section functors, which give rise to cohomology with
coefficients in a sheaf. Section [I.2.3] concerns operations on functors and duality on
complexes of sheaves.

1.2.1 The category of sheaves

Throughout the subsection, (X,U) will be a topological space.

The topology U can be made into a category, denoted by U, as well, whose
objects are the open sets, whose morphisms are the inclusions between open sets
and with obvious composition.

Definition 1.2.1. A presheaf of abelian groups on X is a contravariant functor

D UeU—PWU)eAb
. ZUvU%V'—)pUVp(V)—)P(U)

The elements s € P(V) are called sections on V', while sy := pyy(s) is usually
called the restriction of s to U.

Presheaves of sets, rings, etc. can be defined by replacing the target category
Ab suitably.

From the definition, it follows that a morphism of presheaves T : P — P’ is a
natural transformation.

Given a presheaf P, it is quite common to think of sections as functions defined
on some open set. In many applications, however, some conditions are imposed
to them so that they have a “good behaviour”; for instance, sections representing
continuous functions are expected to glue together when they agree on the overlaps
of their domains and such an extension should be unique.
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Definition 1.2.2. A sheaf F of abelian groups on X is a presheaf such that
F(@)=0and,if U ed\ {0} and {U,}, is an open cover of U, then

i) if s,t € F(U) are such that s|y, = t|y, for all a, then s = ;

i4) if there are section s, € F(Uy,) for all a and sq|v.nv; = sslv.nu; Whenever
U, NUg # 0, then there is a unique s € F(U) such that s|y, = s, for any «.

Presheaves and sheaves on X form two categories, pSh(X) and Sh(X), respec-
tively; the latter a full subcategory of the former. Let 7 : P — P’ be a morphism
between presheaves on X of abelian groups. The kernel ker 7 : U +— ker 7(U) and
the image im 7 : U +— im 7(U) of T are presheaves, whereas, if P and P’ are sheaves,
only ker 7 is always a sheaf. The construction of a sheaf playing the same role as
the image of a presheaf map is achieved by means of the notion of sheafification.

Definition 1.2.3. Let (I, <) be a partially ordered set and let C be a category. A
direct system in C is a pair ({C; }ier, {¢i; : Ci = C}i<;) consisting of a family of
objects and a family of morphisms in C such that ¢;; = ¢;rp;; whenever i < 7 < k.

The direct limit of a direct system is a pair (hgn Ch, {vi : C; — @Ch}iel),
consisting of an object and a family of morphisms such that 7;p;; = v whenever
¢ = 7, which is the solution of the following universal problem.

For any X € C and any family of morphisms {f; : C; — X}e; such that
fipij = fi whenever ¢ < j, there is a unique morphism 6 : liglCh — X making the
following diagram commute

Direct systems and limits have their dual notions: inverse systems and limits
(see [Rot09, Definitions pp. 230, 231]).

In the categories of abelian groups, (left/right) modules and rings, which will
be considered while working with sheaves, the direct limits exist by [Rot09, Propo-
sition 5.23]. Moreover, when I is a directed set, that is, when for any i,j € I,
there is k € I such that + < k and j <k,

hg/l Ch = l—llicl,
where ¢; ~ ¢; & 3k € I :4,j 2 kand gu(c;) = pjr(c;) (see [Rot09, Corol-
lary 5.31]). In particular, [¢;] = 0 if and only if ¢;;(¢;) = 0 for some j > i.

Let P be a (pre)sheaf of abelian groups on X and let z € X. The family of open
sets containing = can be thought of as a directed set with respect to the reversed
inclusion =<, i.e., V X U if and only if U C V. The stalk of P at z is the direct
limit

Py :=lim P(U),

Usx
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which can be thought of as the set of classes of sections on open sets containing
x such that [s] = [t] if and only if s € P(U), t € P(V) and s|y = t|w for some
W CUNYV containing x.

Definition 1.2.4. The sheafification P of a presheaf P is the sheaf whose sections
on U are the elements s = (s;)zev € [[,cp Pe of the direct product of the stalks
of P on elements of U such that, for any y € U, there are an open set V C U
containing y and ¢t € P(V') such that s, = [t| € P, for all v € V.

Proposition 1.2 of [Har77, Chapter II] states that P is actually a sheaf and that
any morphism P — F, where F is a sheaf, factors through P. Moreover, P, = ~ D,
for any x € X by construction.

Example 1.2.5. Let A be an abelian group. The constant presheaf Ax on X,
sometimes denoted also by A, is given by

Ax(U):={f:U — A: [ is constant}.

This is not a sheaf (see [Rot09, Example 5.64]), in general, and its sheafification,
called the constant sheaf on X associated to A and denoted by Ax, as well, is
the sheaf of locally constant functions on X.

Definition 1.2.6. Let 7 : 7 — F’ be a morphism between sheaves. The cokernel
sheaf of 7 is the sheafification of coker 7 and, with abuse of notations, is denoted
by coker 7, too. The image sheaf is, instead, im 7 = ker(coker 7).

Let 7 : F — F’ be a morphism between (pre)sheaves. There is a well defined
morphism 7, : F, — F, for any z € X; (ker7), = ker(r,) by [Rot09, Proposi-
tion 5.80 (iii)] and, consequently, (im7), = im(7,). It follows that a complex of
(pre)sheaves is a short exact sequence if and only if so is the corresponding sequence
of stalks at any point x € X [Rot09, Theorem 5.85]. This result is fundamental in
proving that both pSh(X) and Sh(X) are abelian categories [Rot09, Theorem 5.91].
Then, in particular, the cohomology functors H" are defined.

The cohomology sheaves H"(F*®) of a complex of sheaves F* can be accu-
rately described by means of the following functor.

Definition 1.2.7. For any open subset U C X,

[Fesnu) — FU) e Ab
H,=): {T F = F 1y F(U)— F(U)

is called the section functor on U. If U = X, I'(X, —) is called the global section
functor.

Given a sheaf F and a section s € F(X), the support supp s of s is the closure
of {re X :[s]#£0¢e F.}.

If X is a locally compact Hausdorff space, the functor I'.(X,—) : Sh — Ab
defined on objects by I'.(X,F) := {s € ['(X,F) : supp s is Compact} is called the
global section functor with compact support.

Given a complex of sheaves F*, H*(F*) is the sheafification of the presheaf U C
X open — H*(T'(U,F*)) as explained in [[ve86, p. 89]. Similarly, the compactly
supported cohomology H%(F*) of F* is defined.
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1.2.2 Cohomology

In algebraic topology, the (co)homology of a topological space X is usually in-
troduced with coefficient in Z and, later, it is shown how to change the ring of
coefficients by means of the universal coefficient theorems. Sheaves permit a fur-
ther generalization; in fact, it is possible to study cohomology with coefficients in a
sheaf JF, which is the topic of this subsection.

To start with, remember that an additive functor F': A — A’ between abelian
categories is said to be exact if it preserves the exactness of short exact sequences
0= A— B — C — 0; left (right, respectively) exact if exactness is lost at the
term C' on the right (A on the left, respectively).

Definition 1.2.8. Let ' : A — A’ be a left (right, respectively) exact functor
between abelian categories. A class of objects R is said to be adapted to F if

i) R is closed under finite direct sums;

it) F transforms acyclic bounded below (above, respectively) complexes of ob-
jects of R into acyclic complexes;

i11) A has enough objects of R. In other words, for any object A € A, there is
B € R and a monomorphism f: A — B, i.e. ker f =0 (an epimorphism
g: B — A ie. cokerg = 0, respectively). Moreover, if there is another
monomorphism [’ : A" — B (epimorphism ¢’ : B — A’), then A and A’ are
isomorphic.

If F: A— A is aright exact functor, R is a class of objects adapted to F' if i)
and the following requirements are met.

it’) F transforms acyclic bounded above complexes of objects of R into acyclic
complexes;

it1’) A has enough objects of R. In other words, for any object A € A, there is
B € R and an epimorphism ¢ : B — A, i.e. coker g = 0. Moreover, if there
is another epimorphism ¢’ : B — A’, then A and A’ are isomorphic.

If F'is a left exact functor for which there exists an adapted class of objects R,
then any complex A®* € Comp(.A) is quasi-isomorphic to a complex consisting of
objects of R and DT (A) is equivalent to the localization of K (A) with respect to
the class of quasi-isomorphisms in R (see [GMO03, §I11.6.4] and its proof). Under
these hypotheses, it can be proved the existence of the solution, called the right
derived functor RF : D (A) — D*(B) of F, to a certain universal mapping prob-
lem (see [BGK™87, §1.9]). In the following, it will be enough to know that RF is
defined on complexes of terms adapted to F' by

ROF(A*) := (RF(A®))* = F(A®) Ya

and that this definition extends the “classical” one (see [GMO3) §III.6.13] and
[[ve86, §1.7]). Precisely, take a resolution of objects adapted to F', i.e. a quasi-
isomorphism

A® 5 A
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with A} a complex consisting of terms adapted to F'. Then,
R*F(A®) := HY(RF(A®)) = H*(A}), Va.

As proved in [Rot09, Theorem 6.16], the definition does not depend on the choice
of the quasi-isomorphism.

Similarly, if F'is a right exact functor and R is an adapted class of objects to
F, the left derived functor LF : D~ (A) — D~ (B) of F' exists.

Example 1.2.9. Consider the functors Hom in any abelian category A and ®
in the category of (left/right) modules. In general, they are not exact and the
corresponding derived functors are denoted by Ext and Tor, respectively. An ob-
ject A € A is said to be injective or projective, respectively, if Hom(A, —) or
Hom(—, A) is exact. A left (right, respectively) module M is called flat if — @ M
(M ® —, respectively) is exact.

Consider again a topological space X. A sheaf F on X is said to be flabby if
the restriction F(X) — F(U) is surjective for any open set U; soft if the restriction
F(X) — F(K) is surjective for any compact subsetfl] K. The following implications
hold: injective = flabby = soft (see [Ive86l p. 93, Theorem 3.5] and [KS94, p. 104]).

Proposition 1.2.10.
i) The functors I'(X,—) and I'.(X, —) are left exact (see [Rot09, Lemma 6.68]

and [Ive86, p. 147]);

i) the class of flabby sheaves is adapted to T'(X, —) (see [[ve86, p. 93, Theo-
rem 3.5] and [Rot09, Propositions 6.72 and 6.73]);

iii) the class of soft sheaves is adapted to T'.(X,—) (see [Ive86, p. 152, Theo-
rem 2.7]). If X is also countable at infinity, then the class of soft sheaves is
adapted to I'(X, —) (see [KS94, Proposition 2.5.10]).

Definition 1.2.11. The n-th cohomology group of X with coefficients in F
is the n-th right derived functor

H"(X,F):= H"(RI'(X,F)).
Analogously, the cohomology groups H (X, F) := H"(RI'.(X, F)) of X with com-
pact support are defined.

1.2.3 Operations on sheaves

Given a sheaf on X, it is possible either to construct new sheaves on other topo-
logical spaces or to define sections over subspaces which are not open. Here, only
the definitions of certain functors will be recalled.

L F(K) requires the definition of pullback of a sheaf, given in ~.
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Let f: X — Y be a continuous function. The pullback f*: Sh(Y) — Sh(X)
and the pushforward f, : Sh(X) — Sh(Y") functors are defined on objects by

FOU) = lig G(V),  f(F)V):=F(f V),
vor(v)

respectively. In particular, when X is a subspace of Y and f is inclusion, f*(G) is
denoted by G|x and called the restriction of G to X.

Example 1.2.12. Let A be a commutative ring and let Sh(X, A) be the category
of sheaves of A-modules, called the A-sheaves. An A-sheaf L is called an A-local
system if it is locally constant; i.e. there are an open cover {U,}, of X and a
family {M,}, of A-modules such that L]y, is the constant sheaf associated to M,
for all a.. A local system is called trivial if it is the constant sheaf on X.

It is natural to ask how to determine whether a local system L is trivial. Such
a problem can be tackled with by studying the monodromy representation of L
(see [BT82, §13]). Indeed, under certain hypotheses on X, the category of A-
local systems on X with values in an A-module M is equivalent to the category
of representations m (X, z) — Aut(M) of the fundamental group of X on M (see
[Dim04, Proposition 2.5.1]); therefore, £ is constant if and only if m (X, z) = 0.

If both X and Y are locally compact Hausdorff, then the pushforward with
proper support functor f, : Sh(X) — Sh(Y) is given by

HF)V) :={s € fu(F)(V) : flsupps : SUpp s — Y is a proper map}.

The functors defined so far extend to the categories of complexes of sheaves by
applying them term by term; precisely, if 7* and G* are complexes of sheaves on X
and Y, respectively, then f*(G*), f.(F*) and fi(F*) are the complexes whose a-th
terms are f*(G%), f.(F*) and fi(F*), respectively.

When h : W < X is the inclusion of a locally closed subspace (i.e. the
intersection of an open and a closed subset), the functors h, and h; have several
interesting properties. For instance, h, is exact and so is h,, if W is closed, as opposed
to the fact that the functors f, and f; are only left exact in general (f* is, instead,
always exact). Moreover, hy has a right adjoint h' : Sh(X) — Sh(W) (it means that
Hom(G, h'(F)) = Hom(h(G), F) for any F € Sh(X) and any G € Sh(W)), given
by (see [Ive86, p. 108, Proposition 6.6])

H(F) = 0 (FY),
where
FV(U):={s € F(U):supps C W} VU C X open.

If A is a Noetherian ring and X and Y are locally compact Hausdorff spaces
of finite homological dimension n (which means that H""'(X,F) = 0 for
any sheaf on X), then the right derived functor Rf, : D¥(X,A) — DT (Y, A),
where D*(—,K) denotes the derived category of Sh(—,A), has a right adjoint f :
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DT (Y,A) — DT (X, A), called the exceptional inverse image. For its accurate
definition, see the proof of [Ive86, p. 324, Theorem 3.1].

Here are the last two operations. Let A be a commutative ring. For any pair
of A-sheaves F and G on a topological space X, Hom(F,G) is the sheaf given on
objects by

Hom(F,G)(U) := Homgnw,a)(Flu, Glv) YU € X open,
whereas F ® G is the sheafification of
U C X open — F(U) @4 G(U) € A-mod,

where ®, stands for the tensor product between A-modules.

The extension of Hom and ® is immediate. On the one hand, Hom® is defined
exactly as the Hom® functor . On the other hand, ® transforms two bounded
above complexes of A-sheaves F* and G* into the complex of A-modules F* ® G*®
whose terms are

(Freg)=aFr g’

BEL

and whose differentials d2 : (F* ® G*)* — (F* ® G*)*™! are given by
d% = (dFe @ idga-s + (—1)%idrs ® dga”)gez

The derived functors of Hom® and ® are denoted, respectively, by

RHom® : D~(X)° x D*(X) = D(X),  &: D~ (X)x D (X) = D™ (X).

The functor RHom® gives rise to the dual of any complex of sheaves. Let A be a
Noetherian commutative ring and let K be a field. To start with, remember that the
dual of an A-module M is MY := Homy_,,0q(M, A) and, if A is replaced by K, the
dual of a K-vector space is obtained. For complexes of sheaves, duality is defined
either for A-sheaves on a locally compact Hausdorff space X of finite homological
dimension or for K-sheaves on locally compact Hausdorff spaces and the role of
A and K in the case of modules and vector spaces, respectively, is played by a

particular complex of sheaves, called the dualizing complex wyx (for its definition,
see [[ve86, V.2 and VI.2]).

Definition 1.2.13. The dual of F* € D*(X, —) (here, — can be either A or K) is
the complex of sheaves

DF*® := RHom®(F*,wx)
and D : D*(X,—) — D" X, —) is called the duality functor.

Properties concerning duality shall not be listed here, but will be recalled if
used.
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1.3 Statement of the decomposition theorem

This last section contains the statement of the decomposition theorem [1.3.7, which
holds in the derived category of bounded constructible complex of sheaves (see
Section and involves the intersection cohomology complexes, whose definition
is recalled in Section [.3.2]

1.3.1 Perverse sheaves

To begin with, recall the following two definitions. First, remember that an ad-
ditive functor between triangulated categories is said to be exact if it transforms
distinguished triangles into distinguished ones. Secondly, a functor G : C — D is
said to be full if Hom¢(A, B) — Homp(G(A), G(B)) is surjective for any A, B € C;
faithful if such map is injective for any A, B € C; fully faithful if it is both full
and faithful.

Let Dy, Dr and D be triangulated categories related by two exact functors
tx : Dp — D and j5* : D — Dy such that

i) i, has a left adjoint i* and a right adjoint i';
i1) j* has a left adjoint j; and a right adjoint j,;

i11) j*i, = 0 and Homp(5B,i,A) = 0 and Homp(i, A, j.B) = 0 for any A € Dp
and any B € Dy;

iv) for any K € D, there are a unique morphism i,:*K — 75*K[1] and a unique
morphism j,j*K — i,i'K[1], respectively, for which the following triangles
are distinguished

JiK = K — i,*K — 55" K[1], iyi' K — K — j,5°K — i,i'K[1];
v) i, jy and j* are fully faithful.

In the above hypotheses, if (D;", D5°) and (D:°, D7) are t-structures on Dy
and Dp, respectively, D can be endowed with a t-structure obtained by means of
the ones of Dy and Dp.

Theorem 1.3.1. [BBD82, Theorem 1.4.10]. The pair (D=°,D=°) of full sub-
categories of D, where

DV .= {K €D:j*K € D’ and i*K € D"},

D" :={K €D:j*K € D’ and i'K € D"},

is a t-structure on D and it is said to be obtained by gluing the ones of Dy and
Dp.

Consider a stratified topological space X, i.e. there is a family Sx, called
a stratification of X, of pairwise disjoint locally closed subsets S whose union is
X. Let O be a sheaf of rings on X and let p : Sx — Z be a function, called a
perversity.
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Definition 1.3.2. A sheaf of O-modules over X is a sheaf F such that F(U) is
an O(U)-module for any open subset U C X. The category whose objects are these
sheaves is denoted by Sh(X, @), while its derived category is denoted by D(X, O).

As an application of Theorem [1.3.1] D(X, O) can be endowed with the following
t-structure.

Corollary 1.3.3. [BBD82, Corollary 2.1.4]. The pair (PD=° *D=%) of full sub-
categories of D(X, Q), where

D0 = [F* € D(X,0) : H*F*|s = HY 5 F* =0, Ya > p(S), VS € Sx},
D20 = [F* € D(X,0) : HYisF* =0, Ya < p(S), VS € Sx},

is a t-structure on D(X, ), called the t-structure of perversity p. The core of

such t-structure is called the the category of p-perverse sheaves of O-modules on
X.

Since D(X, Q) has both the natural and the p-perversity t-structures, the op-
erations on sheaves and the truncation and homology functors with respect to the
latter t-structure are usually denoted with a p as a right superscript (e.g. PH*).

Now, let X be a complex algebraic variety, let O = Ax be the constant sheaf
on X over a Noetherian commutative ring A such that any A-module M has an
injective resolution of finite length. By [Ver76, Theorem 2.2], X admits a Whitney
stratification Sx (for the definition, see also [Matl12] §5]).

A complex F* € DT (X, A) is said to constructible (with respect to Sx) if the
stalks of its cohomology sheaves H*(F*) are finite dimensional A-modules and the
restrictions H*(F*)|s are locally constant. The constructible derived category
D.(X,A) is the full subcategory of D(X,A) consisting of constructible complexes
and its full subcategory made of bounded complexes is denoted by D?(X, A).

When p is decreasing, the p-perversity t-structure of D%(X, A) can be described
by means of the so-called support and cosupport conditions as shown in [Dim04,
Proposition 5.1.16]. In particular, if A := K is a field and p is the middle perver-
sity function p; /5 : S € Sx — —dimc S, the cosupport conditions can be described
as written below by means of the Verdier duality (see [dCMO09, §2.3]).

Definition 1.3.4. If p = py /o, a complex of K-sheaves F* is said to satisfy the

A support condition if dim {z € X : H2(F*) # 0} < —a, Va € Z,
A cosupport condition if dim {z € X : HZ (F*) # 0} < a Va € Z,

where Hg (and H¢,) denote the stalks of the cohomology (with compact support)
sheaves at z.

Proposition 1.3.5. [Dim04), Proposition 5.1.16]. Let F* € D°(X,K) and let
p be a decreasing perversity function.

A F* c D=0 if and only if it satisfies the support condition;
A F* D=0 if and only if it satisfies the cosupport condition.
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1.3.2 Decomposition theorem

There is one last ingredient needed to state the decomposition theorem; namely
the intersection (co)homology complexes.

Intersection homology complexes were defined for the first time in [GMS0].
There, topological pseudomanifolds are considered and the intersection homol-
ogy compler ICX := IC?(X) of X with respect to a sequence of integers p =
(0,p3, .., Pn), With prr1 = pr or prr1 = pr + 1 for any k, called a perversity, is
defined as a suitable subcomplex of the one of simplicial chains (see [GMS80, §1.3]).
The corresponding homology groups IHX := IH?(X) are called the intersection
homology groups.

Later, in [GMS83], intersection cohomology complexes IC% (ICx* := ICX for
all a) were defined as complexes of sheaves in D?(X). This point of view enables
an axiomatic characterization of intersection cohomology complexes and the proof
of the independence of the definition from the choice of a stratification (see [GMS83,
§4)).

The just mentioned sheaf-theoretical definition of IC% is a particular case of
a more general result. To be precise, in the most general setting discussed in
Section [I.3.1] it can be shown the existence of a functor j., sometimes called
the intermediate extension functor. Its definition and several characterizations are
provided in [BBD82, Remark 1.4.14.1 and 1.4.22-26]; however, in the case of a
stratified topological space X, the following result holds.

Proposition 1.3.6. [BBD82, Proposition 2.1.11]. Let Sx be a stratification of
X and let p be a perversity such that, whenever S, T € Sx and S is contained in
the closure of T, then p(S) > p(T). For anyn € N, let U, be the union of all strata
S such that p(S) < n and let j, : U,_1 <= U, be the inclusion. Moreover, let F* be
a p-perverse sheaf on Uy for some k € N, let m > max{k, max{p(S) : S € Sx}} be
an integer and let j : Uy — X = U, be the inclusion. Then

j!*F. - Tgm—lem*(- . . (TSkRjk+1*F.))7
where each T<, 1s the truncation functor with respect to the natural t-structure.

In particular, in the case of sheaves of modules over a regular Noetherian ring A
of finite Krull dimension (see |[GMS83, §3.0]) the intersection cohomology complex
of X with respect to p is defined as IC% := ji.Ax\x[dimc X], where 3 is a closed
subspace such that dim > < dim X — 2 and X \ ¥ is a dense manifold of the same
dimension as X (see [GMS80, §1.1]). When the constant sheaf Ax\y is replaced
by a local system £ on X \ X, the intersection cohomology sheaf IC% (L) :=
JuL]dime X] of £ is obtained.

At long last, here is the statement of the decomposition theorem [BBD82, The-
orem 6.2.5] as maintained in [dCMO09, Theorem 1.6.1]. An outline of the several
steps of its proof is given, for instance, in [dCM09, §3.1].

Theorem 1.3.7. (Decomposition theorem) Let f: X — Y be a proper map of
complex algebraic varieties. There is an isomorphism in the constructible bounded
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derived category D°(Y, Q)
Rf.ICY = EPPH(RFICY) [—a]. (1.3.1)
Q€

Furthermore, the perverse sheaves PH*(Rf.ICY) are semisimple; i.e. there is a
decomposition into finitely many disjoint locally closed and nonsingular subvarieties
Y =[] Ss and a canonical decomposition into a direct sum of intersection complezes
of semisimple local systems

PH(RFICY) @IO' La.s,)- (1.3.2)

The combination of formulae - and (| - ) gives

Rf.ICY = P H (Rf.ICK) - @@m' Las,)[—al, (1.3.3)

aEZ a€Z B

which can be written in the form

RfICY = P PHU(REICK)[—a] = P EPPH (RfICT)s[—al,

€l acZ S

where S, called a support of f, is any S_ﬁ associated to a non-zero local system
La,s; (see [Max19, Definition 9.3.41]).
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Chapter 2

Application of decomposition
theorem to Schubert varieties

This chapter is devoted to the application of decomposition theorem to the resolu-
tion of singularities m (see Theorem [2)) and is organized as follows.

In Section notations are settled once and for all and some basic definitions
and facts are recalled. In Section[2.2] a more accurate description of the direct sum-
mands appearing in the decomposition theorem is provided and, as a consequence,
some families of polynomial expressions are inferred in Corollary [2.2.7] Section
is devoted to the description of the algorithm, KaLu, which computes the unknown
polynomials involved in the expressions mentioned above and can be used to deter-
mine whether a support actually gives a contribution in the decomposition. Some
ancillary files are available at http://wpage.unina.it/carmine.sessa2/Kalu,
along with an implementation of KaLu in CoCoA5 [ABR]. The case of special
Schubert varieties is treated in Section [2.4f Theorem is restated coherently
and families of polynomial identities are exhibited. The last section consists of
several instances in which the polynomial expressions of Corollary become
identities and examples concerning (some of) the properties of Schubert varieties
that can be deduced by means of their Ferrer’s diagrams (defined in Section [2.1.2)).

2.1 Schubert varieties

To begin with, well known facts concerning Grassmannians and Schubert varieties
are given so as to settle notations.

Sections[2.1.1]and [2.1.2] are devoted to the description of Schubert varieties and
their representation by means of Ferrer’'s diagrams. In Section [2.1.3] a peculiar
class of subvarieties of a given Schubert variety S is introduced. It is recommended
looking at the examples available in Section [2.5.2] which show how most properties
of Schubert varieties are conveyed by their Ferrer’s diagrams.
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2.1.1 Definition and remarks

Hereby, it will be assumed that cohomology groups are with Q-coefficients and that
the chosen perversity p is the middle one.

Let k be a positive integer and let H be a complex vector space. The Grass-
mannian of k-dimensional subspaces of H shall be denoted by Gi(H) :={V C H :
dimV = k}.

Any complex vector bundle ¢ : E — B (see [GH94, §0.5]) will be simply denoted
by E whenever ¢» and B are clear in the context. In particular, G,(E) — B
stands for the Grassmannian h-plane bundle of E, whose fibre at any b € B is
Gr(E)y = Gu(y~1(b)).

Let w and [ be positive integers with w < I. A flag (of length w) in C! is a finite
sequence of vector subspaces H : H; C ... C H, with H; # 0 and H, C C'. It is
called complete if w =1 — 1 and partial otherwise. Another flag H' : H; C ... C
H!, is said to be a subflag of H (in formulae, H' C H), if and only if, for each
ae{l,...,w'}, thereis § € {1,...,w} such that H) = Hp.

All flags considered later on shall be assumed to be subflags of a chosen complete

flag F.: Fy C ... C F_; in C.
Definition 2.1.1. Given a flag F : Fj;, C --- C F}, of C', where dim F}, = j,
for every ae € {1,...,w}, and an w-tuple of non-negative integers Z = (i, ...,4;,),
the Schubert variety associated to the pair (F,Z) is the subvariety of G (C')
given by

S:={VeGuCH:dim(VNE,)>i,, ae{l,... wh

Let S be the Schubert variety associated to (F,Z). From the definition, it
immediately follows that j; < ... < 7, < [. Notice that § is neither empty nor
contained in a smaller Grassmannian Gy (F},) if and only if

0 <, <min{k,jo} Vo e {1,...,w}.

Moreover, even when S # (), some incidence conditions dim(V N Fj,) > i;, might
be superfluous (e.g. some of them may happen to be implied by the others). It is
easy to check, by means of the well known Grassmann’s formula, that this is not
the case if and only if, for every a,

o <o Yoy o <Jatl = Jar K= 4ja <= Ja-

To sum up, given a non-empty Schubert variety S associated to (F,Z), it is
possible to get rid of the redundant conditions so as to describe & by means of the
necessary conditions only. This leads to the following

Definition 2.1.2. Let S be a non-empty Schubert variety associated to (F,Z).
The pair (F,Z) is said to be essential if and only if it conveys the minimum
information needed to define S; equivalently,

0<ij, <...<tj, <k<l+1, — ju U, < Ja Va

ija+1 — ija < ja+1 _ja Va < w.
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In particular, § is called either a special or a single condition Schubert variety
if w=1and i;, <k.

Later on, the phrase “the flag of the essential pair of S” will often be shortened
to “the essential flag of S” for brevity.

Notice that the property of being essential implies w < k, otherwise ¢, >
k, against the above conditions. Moreover, each non-empty Schubert variety is
uniquely determined by its essential pair. Nevertheless, when two or more Schubert
varieties need comparing, it is more convenient, as shown in the next pages, to
describe them by virtue of pairs having the same flag.

Remark 2.1.3. Chosen a non-empty Schubert variety S and a flag F, the pair (F,Z)
associated to S is unique if
0<i; <...<i, <k<Il+ij, — jo, o < Jo Vo
ija+1 — ija < jOH-l _ja Ya < w.

Indeed, assume that S is associated to (F,Z). The condition dim(VNF},) > i,
is superfluous if and only if either 4;,_, > 4;, or 4., — 4, > Jat1 — Ja OT ij, <
k — 1+ jo. To fix ideas, suppose that i;, , > 7;, (a similar argument holds in the
other cases). Then, if i,, is replaced by i;, , — 5, with 8 > 0, then the condition
dim(V N Fj,) > i;, , — B is again redundant. In other words, S is associated to
(F, gy ey bty bjuy — Bryljasrs - -5 15,)) for any 8> 0.

(2.1.1)

2.1.2 Ferrer’s diagrams

Definition 2.1.4. Let A = (Aq, ..., \g) be a decreasing sequence of k non-negative
integers. The Ferrer’s diagram of )\ is the diagram obtained by piling up k rows
of length Ay, ..., Ay, from top to bottom, so that their left edges are aligned.

Example 2.1.5. The Ferrer’s diagram of A = (6,6, 5,4, 3) is
0 3 4 5 6

1
2
3
4
S

Given a non-empty Schubert variety S described by a pair (F,Z), with F of
length w, it is possible to associate to it the sequence of integers A\S = (AS)a=1. &
defined as follows:

(1 —k—ji+i; ifac{l,... i}

l—k—jg—l—’ijQ if()ée{l'jl—l—l,...,ih},

N=< ..
l—k—jw—FZ]W if@e{iw,1+1,...,ijw},
0 ifae{y, +1,... k}

\
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It is worth pointing out that \® is independent of the choice of (F,T), hence it
suffices to consider the essential pair of S. Moreover, from the definition of Schubert
variety, it follows that the sequence A\° is decreasing, with each entry non-negative
and strictly lower than [ — k. Therefore, it makes sense to consider the Ferrer’s
diagram of AS, which shall be called the Ferrer’s diagram of S. When (F,T) is
essential, A\° contains exactly w different integers with their repetitions, if any.

Several properties of Schubert varieties are conveyed by their Ferrer’s diagrams,
as pointed out throughout the chapter. At the moment, just observe that the
(complex) codimension with respect to Gy (C') of the Schubert variety associated to
the sequence NS = (A\S)a=1, .k equals the area of its Ferrer’s diagram (see [GH94,
pp. 194-196]).

2.1.3 Families of subvarieties

From now on, § is going to be a non-empty Schubert variety associated to the
essential pair (F,T), where F : Fj, C ... C Fj, and T = (i, ...,1;,) with i;, < k.

Definition 2.1.6. An S-variety is a non-empty Schubert subvariety of & whose
essential flag is a subflag of F.
Equivalently, setting F, : Fjp C ... C Fng and Z,, := (i, ... ,ijgp) + p, where

pi= (pjf, e ,pjgp) is an w,-tuple of non-negative integers,
A, ={V € Gy(CY : dim(V N Fpp) >ijp +pjp, a=1,...,w,}

is the S-variety associated to (F,,Z,) if and only if such pair satisfies conditions
@.1.1).

For instance, S is the S-variety given by 0 := (0, ...,0).
Remark 2.1.7. With the same notations as Definition2.1.6] the pair (F,, Z,) satisfies
conditions (2.1.1)) if and only if

0<pjp <Ji iy
My, <pjp <Ny Va=2,...,w—1
max{ M,k =1+ 38 —i;p} < pp <min{N,,k —ip}

where, for all @ € {2,...,w},

M,, = max{0, i =g +pj§_1}
g N b _ 5P 7. P .
Na - mln{ja irsJo = Ja—1 774 + Zj§71 +p‘j§71}'

In Section 2.1.2] a way to represent S by means of its Ferrer’s diagram was
described. Needless to say, all S-varieties A, can be depicted in the same way and
their associated sequences shall be denoted by AP.

If A, and A, are S-varieties, A, is said to be a Ap-variety if it has the properties
written in Definition with S replaced by A,. In this case, ¢ is said to be p-
admissible.
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Now, assume that A, and A, are associated to (F,,Z,) and (F,, Z,), respectively.
If 7, = F, = F, it is straightforward to see that A, C A, if and only if g;a > p;»
for any o € {1,...,w}. In the general case, the pairs (F,,Z,) and (F,,Z,) can
be changed by adding redundant conditions so that F, = F, = F again (see
Example . In a similar fashion, it is possible to compare any pair of Schubert
varieties (e.g. by describing them with respect to Fv).

Notation 2.1.8. Given two S-varieties A,, A, associated to pairs whose flags are
Foset p<qge A CA, IFA, C Ay, put d(p,q) :== >, ¢ —pjr and call it the
distance (with respect to F) between either p and ¢ or A, and A,,.

In terms of Ferrer’s diagrams, A, C A, if and only if the Ferrer’s diagram
of A, is contained in the one of A, (see [Man01l, Proposition 3.2.3 (4)]). When
S is a special Schubert variety, p and ¢ are integers and, as such, comparable.
Consequently, in this case, the set of all S-varieties is totally ordered by inclusion.
On the contrary, when w > 1, A, and A, are unlikely to be comparable with respect
to the inclusion relation (see Examples [2.5.9 and [2.5.10)).

Remark 2.1.9. If A, is an S-variety, then the families of A,-varieties and S-varieties
contained in A, do not coincide, unless the essential flag of A, is F. Indeed, the
notion of A,-variety is stronger (see Example [2.5.10)).

Later, for any chosen Schubert variety S, the attention will be focused on the
family of S-varieties. However, several results (see Section provide useful
information on Schubert varieties S’ C S whose essential flags are not subflags of
F if &’ is replaced with the S-variety 8% having the conditions of &’ corresponding
to vector spaces of F. Namely, assume that S’ is associated to the pair (F.,Z, =
(¢),...,7_4)). Then

Sp={V eG(C) : dm(VNF;,) >, a=1,.. wh

Observe that 8% = S’ if and only if S’ is an S-variety.

In the particular case of two S-varieties A, and &' := A, associated to the
pairs (F,,Z,) and (F.,Z,), respectively, such that (F,,Z,) is essential, the following
notation is adopted:

Ap =8 ={V € Gy(C) : dim(V N Fpp) > ipp +qp, a=1,...,w}

If A, is not a A,-variety, the distance between Ay and A, is strictly lower than
the one between A, and A,, since the extra indispensable conditions of A, (with
respect to A,) are redundant in Ay (otherwise they would be necessary also for
Ay, contradicting the fact that the corresponding vector spaces do not belong to

F,). See Example [2.5.11

2.2 Schubert varieties and decomposition theo-
rem

Here, a class of resolution of singularities 7y : S — S is defined (see Section [2.2.1]).
One of the main reasons why this particular family has been chosen is that it is
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always possible control the fibres of these maps, which is fundamental in what
follows. Decomposition theorem is applied to them so as to obtain information on
the involved direct summands (see Theorem and, in Section certain
classes of polynomial expressions.

2.2.1 A family of resolution of singularities

Let Hy C ... C H, be complex vector spaces and let kq, ..., k, be positive integers
such that k, < dim H, for any a = 1,...,n. Put

F(k’l,...,k}n;Hl,...,Hn) — {(Kl,,Kn) € le(Hl) X ... X Gkn(Hn)} ‘

S.t. ch...CKn

Proposition 2.2.1. [CFS22, Proposition 3.1]. F(ky,... ky,;Hy, ..., Hy,) is
smooth.

Proof. If n =1, F(ky; Hy) = Gy, (H;) is smooth.
Let n > 2. There is a chain of projections

F(kl,...7kn;H1,...,Hn> — F(kla---7kn71;H17~--7Hn71) — ... j

(—> F(l{?th;Hl,Hg) > le(H1>

and each F(kq, ..., ky; Hy, ..., H,) is the Grassmannian bundle of a vector bundle
over the space F(ky, ..., ko_1;H1,..., Ho—1). In fact, for any 2 < a < n, there is
an exact sequence of vector bundles

0 — SGka,l(Ha-l) >y H, > Qo1 — 0

Gka 1 (Ha—l)

where 5, (#,_,) and H, are the tautological and trivial bundle over Gy, _, (Ho—1),
respectively, while Qn_1 = coker(SGka_l(Hafl) — H,).

Let ¢, , :F(k1,... ka—1; Hy, ..., Hom1) = Gy, (Ha—1) be the projection map
and let ¢  be its pullback. Then

F(ki, .o kas Hu, oo Ha) = Gk (¥, Qa1)- O

The result above is going to be applied to certain maps defined on Schubert
varieties. Up to some amendments, the next results are, respectively, [CFS22)
Proposition 3.2 and Corollary 3.3].

Proposition 2.2.2. The smooth locus of S is

S°={V e G(C) : dim(VNF,) =1, a=1,...,w}



Proof. The aim is to show that S° = S\ Sing S.
The singular locus of S coincides with the union of all S-varieties whose distance

from S is 1 (see [ManOl, Example 3.4.3, Theorem 3.4.4]). As a consequence, the
smooth locus of S is

8\(A(1,0 77777 0) Uu...u A(O 77777 071))

={VeA,:dm(VNEF,) =i tNn..n{VeA,:dm(VNEF,)=1i,}
={VeS:dm(VNF,)=1i,, a=1,...,w} =8". O

Set

S :=F(ij, ... i,k Fjy,..., Fj,,Ch
{(217"'7ZW7V> € Gy, (Fy,) x ... x Gy (Fy,) X Gk((cl)}

st. Z1C...CcZ,CV

Corollary 2.2.3. S is smooth and the projection

Wol(Zl,...,Zw,V)ESHVES

is a resolution of singularities.

Proof. Smoothness is a consequence of Lemma [2.2.1}
If Ve §° then dim(V N Fj,) =i, for all @« =1,...,w and, consequently,

m (V) ={(VNE, ... .VNEF,)}

gives the inverse map of 7wy on the open set S°. n

Let 8’ C S be a Schubert variety. The Schubert cell )s/ of S’ is the set whose
elements are the vector spaces V' € G (C') such that

0 if <1 —k—\

1 ifl—k4+1-X <B<I—k+1-)
dim(VNFz) =< ...

k=1 ifl—k+ (k-1 =X, <B<l—k+(k—1)=)\
k if B>1- X7

\

Let 7’ be the essential flag of S’ and suppose that such variety is associated to
the pair (F.,Z.), as well. Consider the subset Ags of &' whose elements satisfy
the conditions corresponding to vector spaces of the essential flags of both §" and
S with an equality. Namely,

Ao i VeGyC):dim(VNE,)=17,6 a=1,.. w
S8 and  dim(VNEy,) =i, a=1,... '
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By construction, Qs C Ags € 8. When &' := A, is an S-variety, the following
notation is adopted:
AO(] = ASS’ = {V € Gk((cl) . dlm(V N FJQ) = Zja =+ qja? o = 1, .. ,w}.

It follows from the definition that, if S’ C S is a Schubert variety and A, := S7%,
then Agssr € Ag,. Furthermore, S is the disjoint union of the sets Ay, with ¢ 0-
admissible.

For any S-variety A,, put

< _ Zi 2o, V)ES
DNog =y (Dog) = (% ) T w}.

{s.t. dim(V N Fj,) =i;, + gj., o
The restriction of mg

0 (Z1, . 25, V) € Aoy = V € Ay,
is a smooth and proper fibration with fibres

. ~ (Zl,...,Zw)EGij (Vﬂﬂl)x...XGin<VﬂF}w)
FOq-_p()q(V)—{ s.t. dim(VﬂllE’~):z'ja—|—qja,ozzl,...,w

~ - 1, 145 15, T
> F(ij,...,45,;Catin . Chwtie)

whose dimensions are
w
dim Fog = ij, - ¢, + Y Qo (0 — 1ju_,).
a=2

All spaces and maps defined up to now fit in a cartesian . , 3
square (see either Example or [[veR6, Definition ~ Ag, —=s S

5.1, p. 34]) like the one on the right, whose horizontal poql lm (2.2.1)
arrows are inclusions. In particular, i, is the restric-
tion of the inclusion ip, : A; — S. AV " S

Oq

2.2.2 Application of the decomposition theorem
Let A, be an S-variety. Put

mg = dim A, kog := dim Fp,, dog := Mo — my — kog,
(50q = k()q — qu; qu = Ha<F0q).

Proper base change [Ive86l p. 322, 2.6] applied to the square (2.2.1), Deligne’s
theorem on smooth morphisms [dCM09, Theorem 5.2.2] and the global invariant
cycle theorem [dCM09, Theorem 1.2.4] (see also [Fra20) formula (15) and Remark
3.1]) give

2koq
R0, Qg [mo] |ag, = Rpog-Q4,, [mo] @A ® Qay, [mo — 0 (2.2.2)

and, for any o € Z,
PHO (R, Qslag,) = A% ™ © Qag, ). (2.2.3)
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Theorem 2.2.4.
i) Up to identifying IC}, with its derived direct image Rion IC} ,

PH(RmoQslma]) = € Dy w103,

q>0
0—adm.

for suitable vector spaces such that D‘Soq ¢ DJOQJFO‘ VYa > 0. In particular, the

famaly of supports of my coincides wzth the one ofS varieties.
i1) Given a Schubert variety 8" C S,

ICE[—mo]|a s = €D BS, ® Qagy [0l (2.2.4)

a>0

for suitable vector spaces B, where q is the vector such that A, := S’.

0q~
Proof. The proof, inspired by [BM83, Theorem p. 49], is an improvement and a
correction of the one of [CES22, Theorem 3.6].

To start with, notice two facts. Firstly,

PHY(R7m0.Qg[mo]) = PH™(Rmo.Qgs[mo]) Yo > 0

by virtue of the relative hard Lefschetz theorem [dCM09, Theorem 1.6.3]. In par-
ticular, this implies that D(Soq = D60q+a for any o > 0. Secondly, if & C S is

not an S-variety, it suffices to con51der A, := 8% (which is an S-variety) because
Ass € Ay, and, thus, if item 44) holds for S—Varieties (A, in particular), then
]Cé[_mOHASS/ = ]CS[ my |A0‘Z|ASS’ @B ® @ASS’ - ] (225)
a>0

In other words, it suffices to prove isomorphism (2.2.4) only for S-varieties.
Set, for any pu > 0,
c.=JA,
q

where ¢ runs through the set of 0-admissible vectors such that d(0,¢) = p, so as to
obtain a strictly decreasing finite sequence of closed subsets of S

S§=C2C2C 2D

Claim: if S is a support such that S C C, and S ¢ C,y1, then there is a
0-admissible q such that d(0,q) = p, S C A, and S N Ay, # 0.

In fact, on the one hand, S C A, because S is irreducible by definition (remem-
ber that so are Schubert varieties, as well). On the other hand, if A, is assumed to
be associated to the pair with flag F, then (S C A, is used here)

SNAw=0=(VeS=3ac{l,... w}:dm(VNF,)>i, +q.)

& (VES:>36:(51,...,EW)eN“:Zeazl/\ Aq+eav>

[0}

eSc |J A
eeN«w:
Za €a=1
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For any such ¢, d(q+¢,0) = d(0,q) +1 = p+ 1, hence S N Ay, = 0 would imply
S CCputr.
For any p > 0 and any S-variety A, with d(0,¢) = p, put

& :={8: S is a support such that S C A, A SN Ay, #0}.

By induction on u and for any S-variety A, with d(0,¢q) = p at a time, it shall
be proved that

i.1) . = {A,}, which means that the supports of 1y are exactly the S-varieties;
i.2) for any a > 0,

PHY(Rr.Qs[mo))a, a0, = Dot ™™ © Qag, [my] (2.2.6)

ii)
ICE[—mo)|a,, = 6P BS, ® Qag,[—0).

a>0
The base step is straightforward (remember that Qg [mg] = IC%|se by [GMS3,
Theorem p. 78, (a)]).
Inductive step.
i) Decomposition theorem [1.3.7] gives
R Qs[mo]|ao, = €D "M (Rmo.Qs[ma]) g, [0
Q€
=P P "H* (Rmo.Qslmo])s|ag, [l
a€Z Ses 997
" # (R Qglmol sl ol 220
a€Z
D D # (Bro.Qslmo])a. s, [0
a€Z (§)<Td<q

By inductive hypothesis, for any 0-admissible 7 with 0 < 7 < ¢,

1 (Rm0.Qs[mo))ar | ao, = Do @ Rigr ICA| A,
> DUt @il o g, o RigrnCX
~ Dt @il ot 0 i 0 RigrICX
= Doyt @ ICK, |a,
>~ P Dyt @ (B, ® Quag,[m- — B]) .

820

where functoriality and exactness of the pullback have been used, along with the
fact that ify_ oidgr. = id by [Ive86l p. 110]. Substitute this in isomorphism ([2.2.7))
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and combine it with formula (2.2.2)) so as to obtain

2koq

P 457 @ Qa,, [—a] =P D PH (Rm0.Qs[mal)s| g, [—0]

a=0 a€l Se

P R (I, )]

a€Z

Sor .

D D oi B ©Qa,[-a -8
0<7<q a€Z
0—adm. >0

It follows that, for every fixed v € Z,

A’g;mo ® Qa, @ PO (R, Q[mo)) 5] o,
Se

P R (1C3la,) (2.2.8)
D @ i+ oy o,

a+pB=y 0<7<q
0—adm.

Remember that it is enough to prove equation for non-negative expo-
nents; that is, for any v > —m,. For such integers, R?(1C%|a,,) = 0 because
the intersection cohomology complexes satisfy the support conditions and, as a
consequence, isomorphism becomes

Ag;mo ® Qag, = @ PR R, Qg mo))s| o,

Ses

B P 0o B 0Qa,

a+pB=y 0<1<q
0—adm.

The category of perverse sheaves on A, is semisimple, thus
P ot (Rmo.Qglmo)) s a,
Ses

has S = A, as unique direct summand. Furthermore, it is a trivial local system
on Ay, (see [Dim04, Proposition 2.5.1]); consequently, there are suitable vector

spaces for which (2.2.6]) holds.

it) Now that i) has been proved, formula ({2.2.8)), which holds by induction, can be
written as follows:

A'g;mo ® Qa,, ngZQ+’Y+mq ® Qa,, ® R ([C§|A0q)
D @ ol oo,

a+p=y 0<7<q
0—adm.

In particular, RY(/C¢|a,,) is a trivial local system on A, and the assertion
follows from [dCM09, Remark 1.5.1]. O
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2.2.3 Polynomial expressions

Given a topological space X, the Poincaré polynomial of X shall be denoted by

Hy :=Y dim H*(X) - t*.

a>0

In particular, when X = G(C'), it is known that (see [CGMS2, §5.2])

Hg, () = Pk];lz_k’
where
0 if 0 <0 5
Pyi=<1 if @ =0 hg =Y t**VB € L.
ho...heg1 ifa>0 a=0

Let 8" C S be a Schubert variety, set A, := S and

Qoq = Z dim Ag, ¢, bog := Z dim Bg,t*.

a€Z a€Z

Here, ag, is the Poincaré polynomial of the fibre Fp,, while, due to the fact that
Qa, € Agg, bog is one of the so-called Kazhdan-Lusztig polynomials, which have
been named after the mathematicians who defined them for the first time in [KL79]
and who related them to intersection cohomology groups in [KL80] (see also [BLO0),
§6] and [dCMO09, §4.4]).

Notice that ag, coincides with the Poincaré polynomial of the fibre of my at any
point of &’ because such resolution takes into account only the conditions corre-
sponding to the vector spaces of F. Analogously, by, coincides with the Kazhdan-
Lusztig polynomial of the pair (S,§s/) owing to formula (2.2.5)). In other words, it
is not restrictive to work only with S-varieties in the study of the Poincaré polyno-
maals of the fibres of my and the Kazhdan-Lusztig polynomials.

Now, assume that &’ = A, (i.e. it is an S-variety) and put

fog =Y _dim DGt gog = fogt™™r = " dim Dt 2%,

a€Z a€Z

Remark 2.2.5 (Decomposition of Rmp.Qg). All ingredients to describe Rm.Qgs as
the direct sum of more elementary objects are available. Indeed, the combination

of decomposition theorem with Theorem gives

Rm.Qs= € Do ®ICK [-dimS - o

Q€L

0—adm. q
. . 50q+0t
& @ IC} [ dim S — o) FdimDog”
a€Z
0—adm. q

Among the above polynomials, the ones always explicit are the ay,.
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Proposition 2.2.6. [CES22, Proposition 3.11].

w
_ Pij1+qj'1 ] PljaJrqg'aﬂja_l

@i =P p 2

Y17 Y1 =2 YaYa—1" Ya

Proof. Recall that ag, = >, dim H*(Fy,) = Hp,. For any a € {1,...

projection
F(ijy,...,0,;Catin . Cletda)
F(ijy,..., 15, ;Catan .  Cla1T%a-1)

is a fibration with fibres

G

Yo 7ija—1 (Clja +qja 7ija—1 ) °
By Leray-Hirsch theorem [Hat02, Theorem 4D.1],

H.(F()q) = H.<Gij1 (Cij1+qj1 )) ® H.(Gijz —%j; (Cij2+qj2 ~in ))
® e ® H.(Gijw—iw_l(CijW+qu_ijw—1 ))

The assertion follows by taking the Poincaré polynomials.

,w}, the

O

A family of (Poincaré) polynomial expressions is going to be exhibited as a
consequence of Theorem [2.2.4] Notice that, if A, and A, are S-variety, it is possible
to define polynomials a,, and b,, by taking S := A, and A, := A, in the definitions
of ag, and by, respectively. Likewise, f;, and g, can be defined when, in addition,

A, is a A -variety.

Corollary 2.2.7. [CFS22, Corollary 3.12]. Let A, be an S-variety. If A, =S,

apo = goo = boo = 1,

otherwise

Apq = qu + Joq + Z gOTqu-

0<r<q
0—adm.

Proof. Assume ¢ # 0. Theorem asserts that

PHO‘(RWO*QS mo |A0q = @ D507+a ®IOAT’AO¢;

0<r<q
0—adm.

and

[CAT |A0q @ B ® QAOq @ B/B—i_mT ® QAOq [_6}

BEZ BEZ
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Combining these results with formula , it follows

@ Aa+m0 mg ® QAoq [mq _ CM]

a€EZ

~@| @ pirme @B Qa0 | -l

a€Z 0<7<q BEZ
0—adm.

which can be written as

@ Aa+m0 ® @Aoq[_a]

a>—mgo a,f>—mg OSTdSq
0—adm.

12

For any v > —my,

A 90, = @ @ Dt o 5™ 6,

a+p=y 0<7<q
0—adm.

When 7 =0, dpp = 0 and

0 otherwise.

N Q ifa=0,
Dooz{

Therefore
D Dot @ BL™ @ Qa,, = Bl ™ @ Qa,,.
a+p=y
On the other hand, when 7 = ¢,

m @ ifﬂz_mqa
Bg;_ = {

0 otherwise.

Therefore
d0g+ ~ 1Soqtr+
D Dl B 0 Qs = Dl 00
a+pB=y

Taking into account these facts, isomorphism ([2.2.9)) becomes

Ag;—mo ® QAoq ~ Bv-i-mo ® QAoq ® D50q+7+mq ® @AOq

@ @ DéoTJra Bf;—mf ® @Aoq‘

a+p=y 0<7<q
0—adm.

@ @ Dggf—i-a ® querT ® QAoq[_O‘ _

Al

(2.2.9)

Put s =+ mg (> 0) and use the equality mo — m, — do, = 2dy, so as to have

qu ® QAoq ~ ng ® @Aoq ® Ds 2doq ® QAoq

@ @ Dg‘r 2dor ® qu ® QAOq'

a+PB=s 0<7<q
0—adm.

34



From this formula it can be inferred that, for any s > 0,

dim A3, = dim B, + dim D5, "™ + Y~ Y dim D§** dim BY

TQ)
a+pB=s 0<7<q

0—adm.
If both sides are formally multiplied by ¢* and the sum over s is taken, the desired
expression is achieved:

ag, = Y _ dim A t°
s>0
= " dim Byt + Y (dim Dy >0t 20a) 20

s>0 s>0

+ Z <Z dim DS;QdOTt“—Qdm) (Z dim B, t” ) ¢2dor

0<7<qg \a>0 £>0
0—adm.

= qu + qut2d0q + Z fOTquthOT

0<r<q
O0—adm.

- qu + Joq + Z gOTbTQ'

0<T<q
0—adm.

Now, consider the case ¢ = 0. First, agg = 1 either by Proposition or by the
fact that 7o : 75 (S°) — S° is an isomorphism. Secondly, goo = 1, being Dg, = Q
for @« = 0 and 0 otherwise (as remarked in the preceding case). Lastly, byy = 1, as

well, because all but the first coefficients of the Kazhdan-Lusztig polynomial are 0,
being IC%|se[—mo] = Qso by [GMS83, Theorem p. 78, (a)]. O

2.3 Computation of certain Poincaré polynomi-
als

In this section, the theoretical results seen up to now are used so as to obtain an
iterative algorithm, named KaLu, for the computation of the polynomials gy, and
bog (see Section [2.3.1)). In Section the fact that not all S-varieties contribute
to the decomposition of Rmy,Qgs is highlighted.

2.3.1 Kalu, the iterative algorithm

From now on, all S-varieties are supposed to be described with respect to the essen-
tial flag F of S.

The polynomial expressions attained in Corollary shall be written in the
form

Jogq + qu = R0q> (231)
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where

= Qoq — Z 907 Tq) (232)

0<7<q
0—adm.

for any S-variety A,. The fact that the Poincaré polynomials ag, are explicit
is fundamental in the achievement of KaLu, described below. By the way, the
following functions need introducing;:

Us : ant WAL »—)antO‘GZ | VB >0,

a>0 a>f
Sym: Y cal® €L[t o+ Y et +1*) €Lt 17,
a>0 a>1

9> et € L[t = Y cat™P € Z[t] VB > 0.

a>0 a>0

Corollary 2.3.1. [CFS22|, Corollary 4.1]. If A, # S,

where Uy, 1= 1" 0 Sym ot~ o Uy, and mgg := mg — my.

Proof. Theorem states that the vector spaces Dy, are symmetric with respect
to the exponent dg,; that is, the polynomials fy, are symmetric with respect to the
degree &y, Since go, = fo 2%, these polynomials are symmetric, as well, but with
respect to the degree mg, := 2do, + 0oy = mo — my. On the other hand, the vector
spaces B, were obtained by studying the intersection cohomology complexes 1C3
locally; that is, their restrictions to the locally closed subsets Ay,. Being IC§ a
perverse sheaf, it satisfies, in particular, the support conditions, thus Bg, = 0 for
any o > myg.

Assume that gy, and b, are known for any 0 < 7 < ¢; in other words, suppose
that R, is known (when Y-, q;, = 1, Rog = ag, is given by Proposition [2.2.6).
The polynomial go, can be obtained by Ry, by deleting all terms of degree < my,
and by making the new polynomial symmetric with respect to the term of degree
moq. Formally, go, = Uny(Ro,); indeed:

i) the function Unno, deletes the terms of degree < mg, of Rog;
ii) the function =™ is just multiplication by ¢~™04;

i11) the function Sym makes the obtained polynomial symmetric with respect to
the term of degree 0;

iv) the function t™0« shifts the polynomial so as to make it symmetric with respect
to the term of degree my,.

Finally, by, is obtained by equation ({2.3.1)); namely, by, = Ro; — gog- O
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The number my,, which is nothing but the codimension of A, in S, plays an
important role in KaLu because of Corollary and is easily calculated if in-
terpreted by means of Ferrer’s diagrams. In fact, from the remark at the end
of Section [2.1.2] it follows that my, is exactly the area of the region between the
Ferrer’s diagrams of S and A,. In formulas,

k
Mog = Mo — My = Z()‘g - )‘i)

a=1

Thanks to Proposition and Corollaries [2.2.7] and [2.3.1] the algorithm
KaLu (see Algorithm [1)) for the computation of the Kazhdan-Lusztig polynomi-
als is obtained. An implementation of KaLu in CoCoAb5 is available at http:
//wpage.unina.it/carmine.sessa2/Kalu.

Algorithm 1 Algorithm for the computation of the polynomial by,, where A, :=
Sy and & € S. It also computes all the polynomials b,,-, with both 7 and 7
O-admissible and 7 < 7, and g, if 7 is T-admissible, as well.

1. Kalu(Z,J,k, 1,7, J")

Input: Z, 7,7, J' vectors of integers of the same length and k, [ integers such that
Z,J,k,l and 7', 7', k,1 satisfy conditions (hence, determine Schubert
varieties S, §’) and § C §'.

Output: The polynomial by,.

2: if &’ = S then
3 by =1
4: else
5. q:= vector such that A, = Sp;
6: T :=[0]U][r:7is 0-admissible and 7 < ¢] U [g];
7. forpu=1,...,d(0,q) do
8: for (1,0) € T x T such that 7 < ¢ and d(0 — 7) = p do
9: if o is T-admissible then
10: R, =a,,— Z Grnbng;
Tn<o

R T—adm.
11 9ro ‘= UTU(RﬂT);
12: bTU’ =R — Jro;
13: else
14: Oro = Qrgr; brg = brgr;
15: end if;
16: end for
17:  end for
18: end if

19: return by,

Proposition 2.3.2. [CFS22], Proposition 4.2]. Let S’ C S be given by means of
the integers k, | and the vectors of integers T, J and I', J', respectively, standing
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for the conditions and the dimensions of the vector spaces of the flags representing
such varieties. KaLu(Z,J,k,[,T',J") returns by,, where q is such that A, := S’%.
In addition, whenever 7 and n are 0-admissible and such that T < n, it computes
the polynomials by, and, if 0 is T-admissible, g,,.

Proof. This algorithm deals with a finite number of objects that are described by
a finite number of data each, hence the termination follows straightforwardly. For
the correctness, the command lines have to be analysed.

Impose that all Schubert varieties involved in the computation are represented
with respect to the essential pair (F,Z) and satisfy the relations of Remark [2.1.7
Let w be the length of 7.

If &' # S, the algorithm considers A, := 8% and computes the list 7" of all the
w-tuples 7 < ¢ that are 0-admissible (line 6). Observe that if 7 belongs to 7" and
another w-tuple ¢ is 7-admissible, then ¢ is 0-admissible, too, and, consequently,
belongs to T (the vice versa does not always hold).

Then, for every p between 1 and d(0, q), the algorithm considers all pairs (7, o)
of elements in T" such that d(o, 7) = p (lines 7-8). If ¢ is 7-admissible, then R,,, ¢,o
and hence b,, are computed by the formulae of Corollary being the explicit
computation of a,, possible thanks to Proposition [2.2.6] (lines 10-12). Note that
the algorithm must consider the values of y in increasing order (line 7) in order to
apply formula (2.3.2)).

If o is not T-admissible, the algorithm considers A,- in place of A,. In this case,
only the polynomials a,, = a,,~ and b;, = b,,- are needed (line 15), where equali-
ties hold as observed in Section [2.2.3] As pointed out at the end of Section [2.1.3]
the distance between A,- and A, is lower than the one between A, and A,, so
aro+ and b, have already been computed.

When g reaches the value d(0, q), the pair (0,¢) is finally considered and by,
can be computed. Indeed, at that moment, all the necessary data to apply for-
mula to this pair have been obtained and stored. O

2.3.2 Relevant varieties

Here is again the definition of relevant variety, given with the notations introduced
so far.

Definition 2.3.3. An S-variety A, # S is said to be my-relevant if and only if
Mogq S 2 dim Foq.

According to Theorem [2.2.4] the set of supports of 7y coincides with the one of S-
varieties; nonetheless, it does not mean that all such varieties A, give a contribution
in the decomposition of Rm,.Qg. For instance, if ¢ is such that mo, > 2dim Fy,, A,
does not provide any contribution in the decomposition. It might seem reasonable
to expect that the converse occurs when A, is mp-relevant, yet, KaLu shows that
this is not always the case. In Table there are some examples of my-relevant
varieties whose contribution in the decomposition is null; i.e. go, = 0. Richer lists
are available in the ancillary files at http://wpage.unina.it/carmine.sessa2/
KaLu/Tests_Relevant_Varieties.
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Table 2.1: Here is, for w = 2, 3,4, a set of input I, k, J,[ for which there are my-

relevant varieties such that go, = 0.
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At the moment, the explanation of the geometrical reason behind this phe-
nomenon is an open problem; nevertheless, it is immediate to see that KaLu gives
gog = 0 if mg, > deg Ry, because gy, is obtained by symmetrizing the polynomial
Ry, with respect to the degree mg,. It would be also interesting to understand if
there exists a characterization of the my-relevant varieties which actually contribute
to the decomposition.

2.4 The case of Special Schubert varieties

In this section, all results proved so far are restated for special Schubert varieties.
The reason why it is worth spending time on these varieties is that the decomposi-
tion theorem becomes explicit for them (see Theorem and, consequently, the
corresponding polynomial expressions become identities (see Corollary .

In Section [2.4.1] several notations are set in order to restate Theorem for
special Schubert varieties. As an application of this result, two classes of polynomial
identities are obtained. The former, in Section is the subclass of the poly-
nomial expressions seen in Section related to special Schubert varieties. The
latter, in Section [2.4.3] was proved only in this special case and involves the inter-
section cohomology groups (see Definition . The section is concluded with a
partial verification of the last class of identities by means of algebraic manipulation
only.

2.4.1 Restatement of Theorem [2.2.4

Definition 2.4.1. Let F' be a j-dimensional vector subspace of C' and let i and
k be non-negative integers such thatfl|0 < i < k < j <land k—i <[ —j. The
special Schubert variety associated to (F : F,Z := (i)) is the subvariety of
Gx(Ch) given by

S :={V € G,(C" : dim(V N F) > i}.

In this case, all S-varieties are either the Grassmannian Ay_; = Gg(F') or
special Schubert varieties

A, = {V € Gi(C" : dim(V N F) >+ p},

with p € {0,...,k —i — 1}, associated to the pairs (F,Z, := (i + p)), which are
always essential.

From now on, assume that a special Schubert variety S, associated to the essen-
tial pair (F,I), has been chosen. For the purposes of this section, it will be enough
to consider S-varieties only.

There are two particular resolution of singularities for S:

T0:S ={(Z,V)€Gi(F)xGi(C) : ZCcV} =V eS,
& Ds = {(V,U) € Gx(C") x Gy;4(C") : VCU}—=VeS.

!The assumption k < j is imposed only to make the polynomial identities easier to handle
with. Indeed, in the general case, there is no condition k < j,.
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The map 7wy has already been introduced in Section [2.2.1] while the &, will be de-
scribed for any Schubert variety in Section [2.5.1] Their fibres and the corresponding
Poincaré polynomials are easy to write; indeed, if A, is an S-variety and V' € A,
then

Fog =5 (V) 2 Gy(V N F) = G;(C™),
Gog =& (V) 2{U € Gpyj4(C') : V + F CU} = G,(CH7+H)

and (see §2.2.3 and [2.5.1))

e i~ D P
q - 0g ) 0q :
! ]szq ! pl*k*j+ipq

Furthermore, as a consequence of Proposition [2.5.6either 7 or &, or both are small.
Namely,

Corollary 2.4.2. & is small if and only if | — 7 < k. Analogously, m is small if
and only if L — 7 > k. In particular, both resolutions are small if equality holds.

Before the adaptation of Theorem to special Schubert varieties, which
merges [Era20, Remark 3.3 and Theorem 3.5], recall the notations given in §2.2.2}

mg:=dimA; = (= k)(k—i—q)+(j—1—q)(i+q),
kOq = dim FOq =dq- ’i,
dog :=mo — mg — kog = q(l —k —j +1i—q),
60q = kOq - qu = _Q(l —k _.j_ Q)
Theorem 2.4.3. Ifl—j >k,
’l) Rﬂ'o*(@g[mo] = IC,;‘,
ii) for any S-variety A,

ICE[—ma)|as 2 Rm0.Qgslag = €D H*(Gi(C™)) @ Qag[—al.

a>0
Instead, if | — j < k,
i’) for any a € Z,
k—i
PH (Rmo.Qg[mo]) = €D H™ (G, (C* ") @ IC3 ;
g=0

ii’) for any S-variety A,

ICS —mMy ’AO @ Ha Cl = k+z+q)) & QAg[—Oé].

a>0

For the original proof of the theorem, see [Fra20, Theorem 3.5].
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2.4.2 Local polynomial identities
Let A, be an S-variety. In Section the polynomials
Jog := Z dim Dg‘qta“‘io‘?, bog := Z dim Bg, t*
aEZ aEZ

were defined. In the case of special Schubert varieties, they are explicit because the
vector spaces Dg, and Bg, are known; indeed, if [ —j > k,

0 ifg£0orqg=0and a0, |
Dglq:{ 1 q# or ¢q an 043& ng:Ha(Gi(Cz—i-q)) Vo

Q ifg=0and a=0.
whereas, if [ — 7 < k,
Df, = H ™ (Go(CH") Va,  Bf, = H*(G,(C7/""9)) va.

As a consequence, the polynomial expressions of Corollary [2.2.7, which had been
proven for special Schubert varieties beforehand (see [CES21, Theorem 2|), take
the following form.

Corollary 2.4.4 (Local polynomial identities for special Schubert vari-
eties). If A, =S,
ago = goo = boo = 1,

otherwise,
bog ifl—j>k
aoq = q—1 . .
qu + qu + 2721 gOTqu Zfl —J < k
In particular, if Ay # S and l — j < k, then
q—1
Pi+q _ Z ( Pk,H»j . Pl*j*k+i+q . t2d0T> (241)
pipq — prkflJrjfT quﬂ'ljlfjkarz?H'
b Bty e Bickrive (2.4.2)

FyPritj— PyPrj ki

Proof. For the original proof, see [CFS21], Theorem 2.
Since Corollary holds for all Schubert varieties in a Grassmannian, the
only thing which needs proving is formula [2.4.1] Since

b o . — Pk jritq
0¢g — {1Goq — )
Py jiPy

it suffices to substitute all terms in the equality

q—1

Qog = qu + Joq + Z gOTqu~ OJ

=1
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2.4.3 Global polynomial identities

Another class of polynomial identities was obtained for special Schubert variety
in [CES21, Theorem 3] as an application of [Fra2(, Theorem 3.6]. In order to
understand the formulas, it is better to recall the definition of hypercohomology
and set some notations.

Definition 2.4.5. Let F* be a complex of sheaves on a topological space X and
let 7* — I°® be an injective resolution of F*. For any o € Z, the a-th hyperco-
homology group of F* is

HY(X, F*) = H*(X,I*) = H*(T'(X, I*)).

When F* := IC%[— dim X], the definition of the a-th intersection cohomology
group of X
TH*(X) = H*(X, IC%[— dim X])

is recovered (see [GM83], §2.1]) and the Poincaré polynomial of the intersection
cohomology groups of X is

[Hy :=) dimTH*(X) -t

Q€L

Corollary 2.4.6. Let S be a special Schubert variety. Ifl — j > k, then

IHs = Hg;
otherwise, if | — j < k, then
k—i
Hg=1IHs+ Y Hg,crsy - THy, - 2%, (2.4.3)
q=1

which can be written in terms of Poincaré polynomials as follows:

PP _; _ PPy
PP;_iP,_iP_y Py iP_j_ PP
min{k—i,k—I+j5}

+

N Z Pe 1y Pryjiq
PyPe it qPr—i—gP—j—kyitgDr P

q=1 Jj—i—q

t2d0q )

Proof. For the original proof, see [CFS21l, Theorem 3.
If | — 5 > k, it suffices to apply hypercohomology to the isomorphism in Theo-

rem i). Indeed, for any a € Z,

TH(S) = H*(S, IC§[—m,]) = H*(S, Rmo.Qs)
= H*(T(S, . J*)) = H*(T(S, J*)) = H(S,Qz) = H*(S).
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Suppose | — j < k. Combine the decomposition theorem [1.3.7] with Theo-
rem i’) so as to obtain

Ro.Qg[mo] @@H%W Gy (CM)) @ ICK, [-al,

a€cZ q=0

that is (remember that mg — m, — do, = 2dy,),

k—1
R0, Qg = ICS[—mo] @ @ @D H(Gy(CH)) ® ICR [~mg — o

aEZ q—l

>~ [C8[—mg) @ @@H“ M0 (G, (CH1)) @ ICY, [-my — al.

acZ q=1

Apply hypercohomology to both sides; for any g € 7Z,

H’(Rro.Qs) = HB(ICE[—mo])

244
DD (6, @ By, [om). P
a€Z q=1
By Definition
[HY(S) = HP(IC§[-m),
while

HY(RiogIC3,) = HO(D(S, iog: %)) =
= H(D(igy (S). 1*)) = H(T(Ag, I%)) = H(ICR ),

where IO} — I* is an injective resolution of IC'} . Similarly,

H”(Rm0.Qg) = H(T(S, Rm0.Qg)) = H((S, m0.J%)) =
= (U5 (), %) = HAT(S, %) =
= Hﬁ(‘ga(@g) = (8)7

where Qg — J* is an injective resolution of Qg. Substitute in formula in
order to obtain

HY(S) = TH?(S) & P (@ Ho~oa (G (CH1H)) ®IH5‘O‘(Aq)> .

aEZ q=1

Formula (|2 is attained by taking the dimensions of the vector spaces appearing
in the last 1sornorphlsm, by multiplying both sides of the new equality by ¢° and
by taking the sum over .

The last step is writing all the terms by means of the Poincaré polynomials of
suitable Grassmannians. The Leray-Hirsch theorem (see [V0i02, Theorem 7.33])
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implies that S has the same Poincaré polynomial as G;(F) x Gj,_;(C'=%). Thus, the
left-hand side is

Hg = Hg,(pyxc,_,c~) = Heyr) - Hg,_ ci-i)-
In addition,

THY(S) = H*(S, IC%[—my]) = H*(S, R¢0.Qpy) =

= H*(Ds) = P HP(Gy_s(C'7)) ® H*B(Gy(CHI77)),
BEZ

where Ry Qps = ICE[—my] is due to |[GMS83, Corollary §6.2], since | — j < k
is equivalent to the smallness of &y, and the last isomorphism is a combination of
Leray-Hirsch theorem with Kiinneth formula. Then,

IHs = Hg,_,(ct-5)xG,(ck+i—1) = He,_y(ct-9) - Hg, v

Now,
goo B P  IHs= Py Pryj
PPy Pp_ by PeiPjpyi PP
and P
H k—Il+j kiHﬁ] 5
FalE) Pqpkflﬂfq

hence formula (2.4.3) becomes

P,P_; _ PPy
PP, iP,_iP_ Py iP_j i PP,

j—i

+

min{k—i,k—I+j}

D

q=1

Pe 1P Pryj—iq

t2d0q
PPt j—gPr—i—qP—j—ktitgPePj—i—q

]

An explicit inductive algorithm for the computation of Poincaré polynomials of
the intersection cohomology of special Schubert varieties was obtained in passing.
Indeed, when & = G4(C'), IHs = Hjg is explicit, whereas, when p < k — i, [Hg
is obtained inductively by formula . This algorithm can be described by the
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following equality:

— - — __1_ -

IHs 1 Ge—itih—i Gh—itlh—io1 - Gk—it1,1 Hs
THp, 0 1 Ok—ik—i—1 - Gk—il Ha,
IHAQ B 0 0 1 v Ok—i-11 HA2
IHAk—i—l 0 0 0 c. g21 HAk_i_l
| IHA | 0 0 0 o1 || Hal |
[0 grivinsi Groivikoiot - Grinia| | Hs |
. 0 0 Ok—ih—i—1 -+ Gk—il Hp,
— 0 0 0 . i H
_ (_1)a . : : § 9k | 1,1 :Az
prs : : : . : :
0 0 0 .. g21 HAk7i71
0 0 0 0| | Ha

2.4.4 Global identities from a symbolic point of view

The polynomial identity of Corollary symbolically makes sense, i.e. the de-
nominators do not vanish, under the weaker assumptions 0 < ¢ < k£ < j and
0 <k—i<l—j <k, whichareequivalentto0) <i < jand 0 < k—i <I[l—j5 <k <.

Set r:=k —1 and ¢ := [ — j. In the few further cases r =0, c=r+1i,i=0 or
t = j, the polynomial identity trivially holds. For the remaining case ¢ = r, there
are some experimental evidences verifying the polynomial identity for the 4-tuples
(i,7,¢,7), as ¢ = r, i and j vary, respectively, through [2,20], [1,20] and [r + 4, 40],
by direct computations performed in CoCoAb5 (see [ABR]).

A proof of formula ([2.4.3)) is going to be provided by a mere algebraic manipula-
tion when 2 = min{k — ¢, k — ¢}, which is the first case with a significant geometric
meaning.

By direct computations, the validity of formula has been verified for all
4-tuples (i, j,c,7) as i, v, j and ¢ run through [1,20], [2,20], [r+1,40] and [r+1,r+
i — 1], respectively. At http://wpage.unina.it/cioffifr/Polynomialldentity,
some CoCoAb functions which perform such computations are available.

Case2=k-1<k-c Withthesamenotation as Corollary|2.4.6{ formula ([2.4.3])
becomes, when p = 0,

]Dij+C—i Pi—c—‘rQPcP'—‘,—l PCP'+2

Pi})j—iPQPj-l-c—i—Q f)i—c+1Pc—1f)i+2Pj—i—1 P2Pc—2f)i+2pj—i
+ Pi—c—l—QPj t4c

PP oPryaPiiy
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where only the parameters 1, 7, ¢ appear. Note that the above formula does make
sense for every j > i+ 2 and ¢ > 2. Put

o Lilive g Tl
PiP;_iPoPj i o PyP._oPioP;_;
P2 P.P; Pi_cioP;
Fy o= e A - T e
P 1P Pipo Py PP PP

Since P, /Py—p = ho—1...ho_p for every a > 5 > 0,

hc—2hc—1 Pj+2

F—
h1 P2 P

and

H— Pjte—ialjre—i—1hihiza R P = hihi—cpihj—iq e |
hjhj+1hc—2hc—1 hj—i—lhc—Z
_ Pi—cPi—ep1j—i—ohj_i1

. t4c . F
hc—th—lhfjhj-l—l

Fy

Hence, letting

hjhj+1h072hcfl hj+1hc72
o hifchi7C+1hj*i72h‘jf’ifl . t4c
h072hcflhjhj+l ’

Fli,j,c) = Rjye—imoNjtre—i—thibipn  hahicyihj—ia . 2(e=1)

the identity at the beginning of the paragraph holds if and only if F(i,j,¢) = 1.
Observe that F(i,j,c) does make sense for every ¢ > 2 and for every positive
integers ¢, j.
Caution. In the following, the equality **hg = hays — ha_1, which holds for every
a, B > 0, shall be tacitly applied.

Equality F(i, j,c) = 1 shall be proved in two steps.

Step 1. F(i,7,3) =1 for any i and j with j > i. First of all, notice that

o hihipihj—ivihj—ivo hi—ohj_i

F(z,9,3) = — Lt
B hj_i—ohj_i_1hi_oh;_3 412
Pshjhji .

Proceed by induction on ¢. The base step is ¢ = 2, although ¢ > ¢ = 3 is assumed.
In this case,

. thghjhj,1 hj,3h1 4 h3h3;1 (hj,1 — h1>h1

B ) = g by by " Ry by
_(hs—h)hjy+ b7 A+ hjy + b
a hihjia N hihji
_hp—hit b
hjt1 '

47



Now, suppose F(i — 1,7,3) = 1 and prove that F(i,7,3) — F(i — 1, 4,3) is null, for
every 1 > 2.
. . . hihj—ivo(hivihj—iy1 — hi—ihj_iy3)
F(i,j,3) — F(i—1,7,3) = )

_ hjPs(hi—ohj_i—1 — hi_sh;_;)t*

hjhj+1P3
B hj—i—1hi—g(hj—i—ahi—o — hj_ihi_q)t*?
hjhj+1P3 ’

Therefore, F'(i,7,3) — F(i — 1,7,3) = 0 if and only if Gy + Gy + G2 = 0, where

Gy = hihj,i+2(hi+1hj—i+1 - hiflhj*i+3)’
Gl = —t4th3(hi_2hj—i—1 - hi—3hj—i)7
Gq := —t12hj—i—1hfi—3(hj—i—Qh’i—2 — hj—ihi-a).

Being hiy1 = t*hi—1 + hy and hj_;5 = t*hj_i11 + ha,
Go = hihj_iyohi(hj_iv1 — hi—1).

Moreover hi_g = tzhi_g + ho, hj—i = tth_i_1 + ho, therefore t4hi_3 = hi—l — hl,
t4hj_i_1 = hj—i+1 — hl and

Gy = hjPs(hi—1 — hj_it1).
Lastly, notice that h; ; = t*h; ;o + hy and h;_y = t*h;_4 + hy, thus
Ga = t°hj_i_1hi—ghi(hi-y — hj_iy1).
In conclusion,
Go+ G1 4 Gy = ha(hi—y — hj_iz1)(hihj_iv2 — hjhy — t°h;_i11hi_3) = 0.
Step 2. F(i,j,c) =1 for any i, j, ¢ with j > i.
Proceed by induction on c¢. The base step is ¢ = 3, but F(7,7,3) = 1 has

just been shown. Hence, suppose F(i,j,¢c — 1) = 1 for ¢ > 3 and show that
F(i,j,¢) — F(i,j,c —1) = 0.

F(i,j,c)— F(i,j,c—1) =

Pjve—iohjpe—icihihiyr  Njyei3hjic_i—ohihigy

hjthrlhcthcfl hjhj+1hcf3h072
B hlhi—c+1hj—i—1 . tz(cfl) + hlhi—c+2hj—i—1 ) t2(672)
hjiihe—s hjsihe—s
B hi—chi—crihj—i—ohj_iq e 4 Pi—eqriPi—erohj—i—ohj_iq . pAle=1)
h072hcflhjh’j+1 hcf3h072hjhj+1 '
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Therefore, F(i,j,¢) — F(i,j,c — 1) = 0 if and only if Qp + Q1 + Q2 = 0, where
Qo = Njye—iohjyeirhihizihe—s — Rjyei—shjic_i—ahihiy1he 1,
Q= _t2(671)h1hi70+1hjfiflhjhcflhcf?;
+ t2(672)hlhifc+2hjfiflhjhcflh0727
Q2 = —t*hi_chi_cr1hj_i—ohj_;_1he_3
+ t4(671)hz¥c+1hifc+2hjfif2hjfiflhc71'
Being thrcfifl = t4hj+c7i73 + hl and t4hC,3 = hC,1 — hl, then
Qo = hjrc—iohhihiyi(hes — hjyci3) = _t2(672)hj+cfif2h1hihi+1hjfifl-
Moreover, t2¢Dh; .1 = h; — he_o and t*¢ 2 h;_. o = h; — h._s, therefore
Q= t2(672)h1hihjhcflhjfifl-
Lastly, t4hi,c = hi,CJrQ — hl, thus
Q2 =" Dhi_cpihjiohji1((hicey2 — h1)he—s + hi—ciohe_1).
Note that Q¢ + Q1 = 0 = Q5 if either j =i or j =i+ 1. So, the less obvious case
j >+ 1is left. Observe that
Q1+ Qo= t2(672)h1hihj—i—1<hjhc—l — hiz1hjte—i2)
= 2 bbby a(he1 — his1)
t2(c_2)hlhihj—i—lhj—i—QtZChi—c-i-l-

The proof is over because

Q1+ Qo+ Q2
= ¢ Dp,; ct1hjicohjima(=hihi + (hi—eto _hl)hc 3+ hi—erohe—1)
=t hy iy iohy i thio e (BPCTD + 27 — V) = 0,

Case 2 =k-c< k-t Inthiscaser+i=k=c+2,l=j+c,c=r+1—2
and, for p = 0, the global polynomial identity becomes
PP—i—r 2 o PT+Z 2 PT+] PZPT—H' 2P7“+j 1
-P’LP]—’LPT‘P]— P R 2 PT+ZP P’I‘ 1Pz 1P7"+’LP

P2Pr+z 2Pr+J 2 _t4i
PP, 3PPy Py, ’

42(i-1)

where only the parameters 7, 7,7 appear. Note that this formula does make sense
for every r > 2 and 2 <i < j — 2. Let

K — Bl E o= Pryica Py
" PP_iP Py " PPy PP
B, = PZPT—H 2Pr+J 1 . tg(i_1) By = P2Pr+z 2PT+j 2 -t4i.

PT 1Pz 1P7"+1P . PQPT 2PP7"+ZP
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As in the previous case,

K — hj1hj oheyi1hyio E
hi—1hi—oheyj1heyj o
hy—1hihj i 1hi 1heyj o
Ppgj—1hiohi1heyj o
he—ohy_1hj_i ohj ;1

hyyj—ahrij—1hi—ahiq

E, = RISV o

E, = YR,

Hence, letting

B 1l ohe i 1hryio

E'(i,j,r):=
L Y TN N
- hy—1hihj—i—1hi—1hyyj—o L 206-1) _ hy—ohy_1hj_i—ohj_i_y A
Popgj—1hiohi—1hpyj_o Popyj—ohryj1hi—ohi_q ’

the formula at the beginning of the paragraph holds if and only if E'(4, j,r) = 1.
Observe that E'(i,j,7) does make sense for all integers 7 > ¢ > 2 and r > 0. It
is straightforward to check that E’(7,7,0) = 1, so assume r > 0 and prove that
E'(i,j,r) — E'(i,j,r — 1) = 0. Arguing as in the case k — i = 2, put

Hy := hpyjshj 1hj oheiaheyio — heyj1hjahj oy ohe i3
Hy = 10"Yh i b shihyiihioiheyjos

_ tQ(i_l)hr+j_3h7~_1hlhj_i—lhi—lhr-i-j—?
Hy =t Ry ahesheohj i ohj i =t heyj she ohy 1hj i ohj i

so that the thesis becomes Hy + H; + Hy = 0.
Apply the following replacements to Hy, in the given order: h,,;_1 = t*h, ;_3+
hiy hysjo1 =t hegjog + ha; hesjoo — hygio = 2020, 1. Hence,

Hy = hjflhjf2hr+i72h1t2(T+i72)hjfifl-

Perform the following substitutions in H;, in the given order. First, A,y ;1 =
t2h7~+j_2 + h() and h,«_l = tQh,«_Q + ]'Lo, then h,«_g - h,«+j_2 = _t2(r—1)hj_1‘ Thus,

Hy =20, shi o ah 1 (=20 Y0 )k

Do the following changes in Hs, in the given order. First, h,i;_1 = t*h,j_3 + Iy
and h,_y = t*h,_s + hq, then h,_3 — hyyj—3 = —tz(’"*Q)hj_l. Consequently,

Hy = —t2 20D h ohs i ohj i 1hihy 1.
Summing up,
Ho+ Hy + Hy =
tQ(r+i_2)h1hj—1hj—i—1(hj—2hr+i—2 — hygjoghict — t*he_ohj_i o).
Being hj_o = t20—i=Dp. |+ hj_i—o and hy4j_3 = tz(j*ifl)hr“_g +hj_io1,
Hy+ Hy + Hy = t2(r+i_2)hlhj—lhj—i—lhj—i—Z(hr-i-i—Z —hioy —t*"h,_9 = 0.
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2.5 Examples

In Section [2.5.1] some cases in which the Kazhdan-Lusztig polynomials are explicit
and immediate to determine are exhibited, while, in Section [2.5.2] there are a
few examples of Ferrer’s diagrams, each of which stresses out certain properties of
Schubert varieties.

2.5.1 Smallness and polynomial identities

Definition 2.5.1. A resolution of singularities x : X — Y, is said to be small if
and only if
codim{y € Y : dimx '(y) > a} >2a Va > 0.

The smallness of the resolution x implies that ICy = Ryx.Qx[dimY] (see
[GMS83, Corollary, §6.2]). In particular, when Y := S is a Schubert variety, the
previous isomorphism gives

H(IC5)y = HHS(TH (V) YV € S;

and, if V € Ag, with A, an S-variety, the Kazhdan-Lusztig polynomial correspond-
ing to S and A, coincides with the Poincaré polynomial of the fibre x~*(V) (see
[dCMO09), Theorem 4.4.7], [BLO0, Theorem 9.1.3]).

For this reason, it would be useful to have small resolutions so as to speed up
the computation of the Kazhdan-Lustig polynomials. The problem of finding such
maps was successfully tackled with in [Zel83|] by Zelevinskii, who proved how to
construct small resolutions by iteration on the length of the essential flag F of
a Schubert variety (actually, on the number of corners in its Ferrer’s diagram).
Nevertheless, only the maps 7, defined in Corollary 2.2.3], along with a new class
of resolutions &, shall be considered here because they have an explicit description
and, as it will be soon proved, there is a straightforward way to determine whether
they are small.

Let S be a Schubert variety associated to the essential pair (F,Z).

Proposition 2.5.2.

D5 — (‘/, Ul, .. .,Uw) c Gk(Cl) X Gk+j1,i1((cl) X ... X GkJrjw,iw((Cl)
’ st. UhC...CU, NU, 2V +F;,, a=1,...w

18 a smooth variety.

Proof. Consider the trivial bundle C' over Gy, (C') and its pullback with re-
spect to the inclusion Gy, (C'/F},) < Gy j,—i, (CH):

S, C!
l {
Gi—i, (C'/F;,) — Gpj—i, (C")
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If w =1, Ds coincides with the Grassmannian k-plane bundle of S,,. If w > 1, take
the Grassmannian (k + j,_1 — iw_1)-plane bundle of S,,

g . . (S ) ~ (Uw—17 Uw) S Gk"_jwfl—iw,l (Cl) X Gk_;’_jw_iw (Cl)
ktju—1—tw—1\Pw) — s.t. Uw—l C Uw A F’jw C Uw

and the pullback

Sw—l gk+jw_1—iw_1(sw)
l l
Gk—iw—l (Cl/Fw—l) — Gk+jw—1—iw—1 (Cl)

Again, if w = 2, Dg is the Grassmannian k-plane bundle of S,,_;, otherwise, iterate
the process. O

Corollary 2.5.3. The projection on the first factor
fol(MUl,...,Uw) GDS%VGS
18 a resolution of singularities.

The proof of this result is similar to the one of Corollary [2.2.3] hence it will be
omitted.

Let V € S. There is an admissible w-tuple ¢ such that V' € Ag,, so the fibre of
o at Vis

GO — f_l(V) ~ (Ul, .. .,Uw) c Gk‘i‘jl*il (Cl> X ... X Gk+jwfiw(cl) .
a 0 st. U1 C...CU, NU, D2V +F,,a=1,...,w

Its dimension is 1
dim Gy, = g, )\i + Z Qja(/\fa - )‘iﬂ)
a=1

and its Poincaré polynomial is

w—1
Hoo, = Hg,, (cimtsotiotn) - 11 Hg,, (@t1-iari—satiata)
a=1
P w—1 P
_ Bl—k—jotivtg, H Ja+1—tat+1—Jatiatqj,
Pojo Piok—jutic a=1 Py Piai=ias1—jatia

The following fact ensues from the definition of smallness.

Remark 2.5.4. & is small if and only if mo, = mo¢ — m, > 2dim Gy, for all S-
varieties A,. Similarly, 7 is small if and only if my, = my —m, > 2 dim Fy, for all
S-varieties A,.
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Remark permits checking the smallness property by means of the Ferrer’s
diagrams, since all numbers m,, dim Fp, and dim Gy, have a suitable representa-
tion (see also Example . Nonetheless, it is not convenient to check either
mog > 2dim Gy, or mog > 2dim Fpy, for all 0-admissible g¢; yet, the combination of
Remark with the next lemma yields an easy-to-compute smallness character-
ization.

Put ip = X°  =0.

Tw+1

Lemma 2.5.5. [Zel83, p. 144]. For any S-variety A,

Mog = Y @ (ia —iacr + A5 = A3 ) + B(q), (2.5.1)
where the form
w—1
B(q> - q]2w + Z qJZa - qjaqja-H
a=1

is positive definite (see also Ezample :
Proposition 2.5.6. & is small if and only if iq — ia—1 > X5 — XD for any

Ta+1
ae{l,.. w} Analogously, m, is small if and only if iq — iq—1 < )\S -\ . Jor
any o € {1 .,w}. In particular, both resolutions are small if equalzty holds.

Proof. We are going to prove the statement for &, only.
= Suppose that &, is small. By Remark [2.5.4] for any 0-admissible ¢,
0< Mog — 2d1mG0q

= q]w + Z q]a q]aqjaJrl + Z q]a ZO‘ 1 Z q]a(Ai - )\iJrl)’

where Lemma [2.5.5] - 5 has been used for the equality. This relation holds, in par-
ticular, for all

ge{en,...,e.t ={(1,0,...,0),...,(0,...,0,1)}

(they are all 0-admissible because S has w essential conditions). Hence, for any
aedl,... w},

0 < Mo, —2dim Goe, = 1+ ig — 0 1—(/\3 — M)

Ta+1
i.e.
lo — la— 1>)\S —/\;SJrl

< Assume that the inequality holds. For any p-admissible ¢,

Mg =Y G ia — a1 + A5 — A5 )+ Blg) formula (25.1)
a=1

= dim Gy, + dim Fy, + B(q)

> 2dim Gy, + B(q) hypothesis
> 2dim Gl,. B(q) is positive definite
Remark guarantees that &, is small. O
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In terms of Ferrer’s diagrams, &, is small if and only if the a-th vertical line
of the diagram of S is longer than its a-th horizontal line for all a;, whereas g is
small if and only if the converse is true. If equality holds for all «;, both &, and g
are small.

Corollary 2.5.7 (Polynomial identities). If in — iq_1 > )\fa — )\faﬂ for any o €
{1,...,w} (respectively, <), then the Poincaré polynomial Hg,, (respectively, Hp,,)
of the fibre equals by, for any 0-admissible q.

It is worth stressing out that, for instance,

A 7 is small as opposed to & if
i1:1, z'2:2,k:3,j1=4,j2:6andl:9;
A & is small as opposed to 7y if
il:1,i2:3,k:4,j1:5,j2:8andl:10;
A both 7y and &, are small if
1=1,10=2,k=3,71=4,jo=6and | =8§;

A neither of 7y and & is small if
i1:2,i2:3,k’:4,j1:5,j2:7andl:10.

2.5.2 Ferrer’s diagrams

In order to make symbols easier to read in the diagrams, notations shall be sim-
plified. Instead of the essential pair (F,Z) of a Schubert variety S, the compo-
nents 1, ...,1, of Z and the dimensions ji, ..., j, of the vector spaces of F will be
given. S-varieties A, instead, shall be specified by w-tuples of non-negative inte-
gers p = (p1,- .., Pw) and, only in few cases, the pair(s) to which they are associated
will be given explicitly.

Example 2.5.8. Let S be the Schubert variety given by

1 =1, 1o = 2, i3 = 3, 1y =4, k=5,
J1 =9, Jo =1, J3 =29, Ja =11, [ =15.
The sequence associated to S is A = (6,5,4,3,0), which is shown in the picture

below. If p = (1,1,1,1) is taken, the S-variety A,, represented by the dashed
diagram below, is associated to AP = (7,7,6,5,4).

UL = W N =




Now, take ¢ = (1,2,1,1). The first and third conditions are unnecessary since
Jo—ia—(qo = J1 — 191 —q1 = 3 and 19 + ¢ = 13+ q3 = 4. In other words, the essential
pair of A, is (F,,Z,) with F, : F;, C Fj,, I, = (la + @2, %4 + q1) = (4,5). Below, A,
is depicted by the dashed diagram.

Ay

Tt = W N =
Y

Two important facts are deduced from the pictures. First, the number of corners
of a Schubert variety equals the number of its essential conditions. Secondly, when
an S-variety A, is associated to the pair with flag F, the components of the w-tuple
p can be interpreted as its distance from S. In particular, the terms corresponding
to the essential conditions measure the distance between the corners of S and A,.

Example 2.5.9. Let S be the Schubert variety given by

ilzl, 12:3, i3:57 k‘:7,
J1=8, jo=12,  jy=17, 1 =20.

Consider the S-varieties A, (dashed) and A, (dotted), with p = 3 and ¢ = (3, 1),
associated to their essential pairs (F, : Fj,,Z, = i +p = 6) and (F, : Fj, C
Fi,Z, = (i1 + q1,13 + ¢2) = (4,6)). Neither of their diagrams contains the other,
therefore A, and A, are not comparable.

1 2 4 6 7 9
1 i A,
S &
4 2 J:
2 :
N Ao N |
7

The essential pair of an S-variety is the minimum data needed to draw the Ferrer’s
diagram. Anyway, if A, and A, were described by means of F, then the associated
sequences would be Z, = (2,6,6), Z, = (4,4,6) and p = (1,3,1), ¢ = (3,1,1). As
you can see, p; < ¢, and ps > ¢o, which confirms the fact that the studied varieties
are not comparable.
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Example 2.5.10. Let & be the Schubert variety given in Example 2.5.9| and take
p = (0,2,0). A, (dashed) is a special Schubert variety and A, (dotted), with
¢ = (2,3,1), is an S-variety contained in A, which is not a Aj-variety (F, € F,,
where F, and F, denote the essential flags of A, and A, respectively).

1 4 6 7 8

1 =2, 19 =4, 13 = 0, k=10,
g1 =11, J2 = 14, J3 =17, [ =22

and put p = (1,2,0), ¢ = (4,3,1), ¢ = (2,3,2). A,, A, and A, are represented by
the dashed, dotted and dashed-dotted diagrams, respectively, and the grey circle
highlights the common corner of A, and Ay. A, is a special Schubert variety, while
A, and A, have two indispensable conditions, but with respect to different flags.
Ag and Agp coincide with the special Schubert variety A, 31y, whose only corner
is represented by the grey circle. It is straightforward to infer from the diagram
that Ay, Ay # Agp and that the distance between A, and A3y is strictly lower
than the one between A, and either A, or A,.
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Example 2.5.12. Let S be the Schubert variety of Example and let S’ be
the Schubert variety given by

i =2, iy =5, is =6, k=17

Jj1 =6, Jo =11, Js = 16, [ =20
The Ferrer’s diagrams of " and A, := S% are, respectively, the dashed and dotted
ones below. The diagram of A, is easy to obtain because it is the one whose corners

are the intersections (the grey dots in the picture below) of the lines of slope -1
through the corners of S and the diagram of §'.

1 234 67 9
s
S |
fooon]
3 f
A,
5 R —— .-
i — -

Example 2.5.13. Let S be the Schubert variety in Example [2.5.9]

’ilzl, ’i2:3, i3:5, k:7,

h=8, =12, =17, 1 =20.
Take A, with ¢ = (1,3,2). codimg A, is easily seen to be given by Formula (2.5.1)).
The grey rectangles in the pictures below represent the fibre of {, (on the top left)
at any point of A,; the one of 7y (on the top right); the value ¢2 (on the bottom

left); the quantity ¢oqas1 (on the bottom right). Remember that the sum of ¢7, ¢3,
43, q1g2 and gog3 is the definite positive form B(q) (see Lemma [2.5.5)).

1 3 4 6 7 1 3 4 6 7

dim Gogq dim Fpq

a3, 43, 43 9192, 9293
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Chapter 3

Decomposition theorem and
bivariant theory

In this final chapter, it is shown how to obtain a decomposition of the derived direct
image Rf.Ax, where f and A are, respectively, a suitable map and ring, analogous
to the ones given by the decomposition theorem in circumstances in which the
hypotheses of this result are not met. Namely, it is proved that the possibility to
have such decompositions is equivalent to the existence of a bivariant class of degree
one (defined in Section . Moreover, it is also shown that such classes play an
important role in discernment of A-homology manifolds (see Section [3.3.4).

In Section the axioms of bivariant theory are recalled along with the defi-
nition of Borel-Moore homology. Bivariant classes of degree one are introduced in
Section [3.2] which is devoted to the proof of a partial generalization of the decom-
position theorem; namely, Theorem Section consists of applications of
the just mentioned result. Several consequences in cohomology and Borel-Moore
homology are inferred so as to describe the duality morphism (3.3.5)) as maintained
in Corollary and Theorem [3.3.6] which provides a description of the relation
between A-homology manifolds and the existence of a bivariant class of degree one
for a suitable morphism, is proved. Lastly, as a consequence of Theorem [3.3.6]
Nilpotent cones are proved to be homology manifolds in Section [3.4]

3.1 Preliminaries

This preliminary section is meant to settle notations and is a reminder of bivariant
theory and Borel-Moore homology.
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3.1.1 Bivariant theory

Let C be a category endowed with a class of morphisms, called the confined maps
and a class of commutative squares,

A 25 A

lfl lf (3.1.1)

B, —— B
called the independent squares, satisfying the following axioms:

i) all identity morphisms are confined and the composition of confined maps is
confined;

da A
|7
e, B

ii1) In the two diagrams below, if the inner squares are independent, so is the
outer square.

Pk
i1) for any A, B € C and any f : A — B, the square on the

right is independent; lf ‘

B (2

A1—>A
A, v A y A l l
l l l B, — B
Bs y B > B l l

¢, — C

iv) in any independent square as (3.1.1)), if f (g, respectively) is confined, so is
f1 (g1, respectively).

Observe that, if a square is independent, its transpose (e.g. change By with A
and vice versa in (3.1.1))) may not be independent.

Example 3.1.1. Consider the category of topological spaces embeddable as closed
subspaces of RV for some N € N and continuous maps. A possible choice of
confined morphisms and independent squares is given, respectively, by proper maps
and fibre (also called cartesian) squares, i.e. the ones as for which A; is
homeomorphic to {(b,a) € Biy® A : g(b) = f(a)} (notice that this is the categorical
pullback of f and g).

Example 3.1.2. In the category of locally compact Hausdorff spaces and contin-
uous maps f : X — Y of finite cohomological dimension, that is, the ones
for which there is a € N such that R®fiF = 0 for any sheaf of abelian groups F
and any 8 > «, classes of confined morphisms and independent squares can be,
respectively, proper maps and fibre squares.

A bivariant theory B on a category C as above consists of the following data.
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i) For any morphisms f : A — B, there is a graded abelian group

B(A % B) @BQA—HB

a€Z

also denoted by either B(A — B) or B(f). In diagrams, the elements of
B(A — B) shall be denoted by underlined symbols so as to distinguish them
from the maps’ names.

it) Given f: A — B and g : B — C, there is a product

B
a b
(@) € B X B o beBgf). 7w
iii) Given f : A — B and g : B — C with f confined,
there is a pushforward ; B foa
N
fe:a €B¥gf) — fia € B%(g). A————C

iv) For any independent square as (3.1.1)), there is a pull- A —— A

back g*al l@
g a € BYf)— g'a € BY(f). .
Bl —— B
v) B has units; in other words, for any A € C, there is 14 € B°(id4) such that
a-14=aand 14 b= > whenever product makes sense and h*(14) = 1p for
any B € C and any morphism h: B — A.

In addition, the above three operations must satisfy the following axioms. Let
f:A— B, g:B— Candh:C — D be morphisms and let a € B*(f), b € B(g)
and ¢ € B7(h).

A Associativity of product. (a-b)-c=a- (b-c) € B (hgf), where

At sp_ 9,0 _",p

a b c

A Functoriality of pushforward. (gf).a = g.(f.a) € B*(h), where f, g are
confined and
A-Llsp-—2yc-1yp

N/(,

A Functoriality of pullback. Ay > Ay y A
(gh)*a = h*(g*a) € B(f2), where the diagram le l lg
on the right has independent squares. g 9. R

> 1 >

A Product and pushforward commute. f.(a-b) = (f.a)-b € B*P(hg), where f
is confined and




A1—>A

A Product and pullback commute. lfl lg
h*(a-b) = (hia) : (h*b? € B**#(g,f1), where the dia- B "y B
gram on the right has independent squares.

b b
¢, " C
A —— A

A Pushforward and pullback commute. lf

fie(h*a) = h*(f.a) € B*(g1), where f is con- lfl

IS

fined and the diagram on the right has independent B, —— B

squares. lgl lb

c, -

A Projection formula. A, hi A,

hi.((h*a) - b) = a - (h.b) € B*P(gf1), where
g is confined and the square on the right is l Elf !
independent. By —" s B —2- B

b

In the definition of a bivariant theory, it has been assumed that B(A — B) is a
graded abelian group; yet, it is possible to define bivariant theories for which such
objects belong to any arbitrary category (see [FH9I, p. 22, Remark]). If B(f) is
not graded the superscript of B is dropped in the axioms.

Example 3.1.3. Consider the category of Example and a cohomology theory
(see [Rot88|, pp. 230, 231]) with values in a commutative ring A. Forany f: X — Y,
there is a morphism ¢ : X — RY such that (f,¢) : X — Y x RY is a closed
embedding. Set X, :=im(f, ¢).
The topological bivariant homology theory Br,, is the one that associates
any f to
Ba

Top

(f) == H"™M(Y x RY (Y x RV) \ Xy)

and whose products, pushforwards and pullbacks are the ones described in [FH91,
Part I, §3.1.6-8]. The definition is independent from the choice of ¢, as proved in
[FHO91] Part I, §3.1.5, Remark].

Example 3.1.4. Consider the category of Example[3.1.2{and let A be a Noetherian
ring. Remember that (see [Dim04) §1.4])

Ext*(—,—) := R" Homz)b(f’A)(—, —) = Homps_ 4)(—, —[a]).

The sheaf-theoretical bivariant holomogy theory Bg) is the one that as-
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sociates any morphism f: X — Y to

BS,(f) = Ext*(RfiAx, Ay)
>~ Ext®(Ax, f'Ay) [Dim04, Theorem 3.2.3]
~ (X, f'Ay) [Dim04, Remark 2.1.2]

and which has the following operations. Let h : Y — Z be a morphism and consider
the fibre square

X, 25 X

]

Y, Yy
A Product. It is the composition

Ext®(Rfibx, Ay) ® Ext’ (RhAy, Ay)
thy@idA\Z
Ext®(RmRfilx, RlAy) @ Ext’(RhAy, Ay)

|

Ext®"?(RmRfiAx,Ay)

where the second map is induced by composition.

A Pushforward. Tt is induced by the map Ay — RfiAx adjoint to the isomor-
phism f*Ay = Ax (f. = fi because f is proper).

Ext*(RgRfiAx,Ay) — Ext®(RgiAy, Ay).
A Pullback. Tt is the composite

Ext®(Rfibx. Ay) % Ext®(g°Rfihx,g"Ay)
= Ext*(RfuAx,, Ay,) [Ive86l, p. 322, Base change].

Let B be a bivariant theory on a category having final object pt. The associated
contravariant B* and covariant groups B, are, respectively,

Bo(A) := B(ids),  Ba(A) = B (A — pt).

The operations given by the axioms induce cup, cap, cross, external and slant
products; besides, any morphism f : A — B induces a pullback f3 : B*(B) —
B*(A) and, if f is also confined, a pushforward f2 :B*(A) — B%(B) as explained
in [FHI91l pp. 23-25]. Furthermore, such operations permit the construction of the
Gysin maps associated to any 6 € B*(f); namely

0" :ae€Bg(B)—0-acBs_,(A)
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and, if f is confined,
0,:a€B°(A)— f.(a-0) € B*P(B).

Gysin maps can be also described by means of the diagrams below. For their main
properties, see [FH91) p. 26].

A—T 5 atp
\7/ l\% ua
0*a a

pt J;B

Example 3.1.5. The associated contravariant functor to Br,, is the cohomology
theory itself; namely, B, (idx) = H*(X). Instead, the associated covariant func-
tor to Bry, is given by Broy o X) = HY (RN RV \ X).

Let f : A — B be a morphism. An element 6 € B(f) is called a strong
orientation for f if, for any morphism h : W — X, product by 6

0:aeBh)—a-0ecB(fh)

is an isomorphism. In such case, f is said to be strongly orientable and 8 is said
to have either dimension —d or codimension d if § € BY(f).

The product of strong orientations is a strong orientation. Moreover, if a strong
orientation exists, it is unique up to multiplication by unit; in other words, if § and
¢’ are strong orientations for f, there is a unit v € B(id4) such that ' = u - 6 (see
[FHO1, p. 27)).

Let S be a class of maps in C closed under composition and containing all
identity morphisms. A canonical orientation for S is a correspondence that
associates each f : A — B in S to an element 6(f) € B(f) (denoted by 6g(f) if B
has to be highlighted), called a canonical orientation for f, so that

O(gf)=0(f)-0(g)Vf: A— B,g: B—Cin S,
B(ida) = 14 VA € C.

The Gysin maps induced by 6(f) are denoted by f§ := (f)* and fB := 0(f).. By
definition, the functions f + f§ and f — f2 are functors.

Example 3.1.6. In Bg;,, a morphism f : X — Y has a strong orientation in Bg;'( )
if and only if f'Ay is quasi-isomorphic to Ax[a] by [FH9I, p. 85, Proposition]. As
a consequence, Bgy, coincides with Br,, (with coefficients in A) on the subcategory
of topological spaces embeddable in Euclidean spaces (see [FH91l p. 86, Corollary]
and [BSY07, Theorem 3.3]).

Let B and B be two bivariant theories with underlying categories C and C,
respectively. Assume there is a functor C — C which sends the final object of C
into the one of C and preserves confined maps and independent squares. The images
of objects A and morphisms f in C shall be denoted by A and f, respectively.
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A Grothendieck transformation is a collection of morphisms
t:B — B, t:=(t; :B(f) = B(f));,

where f varies through the class of morphisms in C, which commutes with products,
pushforwards and pullbacks.

Mind that £ may not preserve degrees. From the definition, it follows that a
Grothendieck transformation commutes with all products defined on a bivariant
theory and it induces natural transformations

tGT:]B*—>IB3*, ter : B, — B..

If § € B(A — B), then t() € B(A — B) and

(t(0)).t°" =170, : B*(A) — B*(B), (t(0))*tg, = ta0" : B.(A) — B.(B);
in other words, " and t¢, commute with Gysin maps.

Lastly, let f: A — B be a morphism having a canonical orientation f(f) and
assume that f has a canonical orientation g(f). A formula of the form

t(0s(f)) = us - 05(f), upeB(A)

is called a Riemann-Boch formula.

Notice that, if 65(f) is a strong orientation, uy is unique. In addition, there are
two commutative diagrams (see [FHI1, p. 11, 31]).

Gr — —

B*(A) —— B*(A) B,(B) —<= B,(B)
lf! lf!(—'uf) lf’ luf'(f’(—))
B*(B) < B(B) B, (A) —<°s B,(A)

3.1.2 Borel-Moore homology

Borel-Moore homology was introduced in [BM60] by Borel and Moore in order to
obtain a Poincaré duality theorem for generalized (also known as (co)homology)
manifolds, which had been defined for the first time by Lefschetz in [Lef33] and
Cech in [C33] independently.

Let X be alocally compact Hausdorff space and let A be a commutative Noethe-
rian ring.

Definition 3.1.7. The Borel-Moore homology groups of X are
HfM(X, A) = H_Oé(Homj.&fmod(RFC(Xv AX)v A.))v

where A — A® is an injective resolution of A in the category of A-modules.
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The definition of Borel-Moore homology given above is the one of [Ive86, §1X.1];
nevertheless, there are others equivalent to it. If X has finite homological dimension,
then (see [Ive86, p. 380, formula 4.1])

HZY(X,A) = H(D(X, wx)),

where wy is the dualizing complex of X. If, in addition, X is an oriented n-
manifold, then (see [[ve86, p. 249, Definition 8.1 and p. 481, Theorem 4.7], [Bre97,
Theorem 12.1] with ¢ the family of all closed subsets of X)

HPM (X, A) = H™(X, X \ Z; Ax) = H"(X,X \ Z: A)

for any closed subspace Z, where the term on the right is the singular cohomology
group of the pair (X, W) with coefficients in A, where W := X \ Z, and the last
isomorphism is a combination of the following facts:

i) for any paracompact space (i.e. any open covering has a locally finite
refinement, which means that any point has a neighbourhood which intersects
at most a finite number of elements of the refinement), Cech (see [Rot09,
§6.3.1]) and sheaf cohomology coincide by [God73, Theorem 5.1.10];

it) for any locally contractible (that is, for any point z and any open set
U containing it, there is an open contractible set V such that x € V C
U) paracompact Hausdorff space, Cech and singular cohomology coincide by
[Spa66, p. 334, Corollary and p. 340, Corollary];

i11) application of five lemma to the commutative diagram whose rows are the
long exact sequences in singular and sheaf cohomology of the pair (X, W)
(see [Bre97, p. 84, formula 22] and [Rot88, Theorem 12.9])

0+ HOX,W;Ay) » H(X,Ax) » HOW,Az) » HY(X,W:Ay) -

| I I |

0 — HY(X,W;A) — H°(X;A) — H'W;A) — H (X, W;A) —

In particular, if X is a locally compact Hausdorff space embeddable as a closed
subspace of an oriented manifold M, then

HBM (X A) = gImM=e (M f M\ X;A).

3.2 Bivariant classes of degree one and pushfor-
wards

The section begins with the definition of bivariant classes of degree one. After
the preliminary lemmas of Section the generalization of the decomposition
theorem, that is, Theorem is provided.
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3.2.1 Bivariant classes of degree one

Until the end of the chapter, A will be a Noetherian unitary commutative ring,

unless otherwise stated; every topological space shall be assumed to be a locally

compact Hausdorff space embeddable as a closed subspace of RN for some N € N and

all morphisms will be supposed to be proper continuous maps of finite cohomological

dimension. All singular cohomology and Borel-Moore homology groups will be

taken with coefficients in A and denoted by H%(X) and HZM(X), respectively.
Let f: X — Y be a proper continuous map, let

0 e Ho(f> = HOIIlDIC;(YA)(Rf*Ax,Ay)

be a bivariant class and let 6y : H°(X) — H°(Y) be the induced Gysin map. 6 is
said to have degree one (for the map f) if 0y(1x) = 1y € H'(Y).

Clearly, if 0y(1x) = d - 1y with d a unit in A, then d~! - 0 is a bivariant class of
degree one. Here are other elementary facts concerning such classes.

Remark 3.2.1. [GFS22, Remark 2.1 (ii)]. The pullback 0" of a bivariant class
0 € H°(f) of degree one under the inclusion of any subspace is of degree one.
Conversely, if Y is path-connected and 0’ is of degree one, then so is 0.

Indeed, let ¢ : Z — Y be the inclusion of a non-empty subspace of Y, let
g: [7YZ) — Z be the restriction of f to f~1(Z) and set 0" = i*(§) € H(g). By
[FMST, p. 26, (G2) (ii)], i*0¢(1x) = 645*(1x), where j : f~1(Z) < X is inclusion.

Remark 3.2.2. |GFS22, Remark 2.1 (iii)]. Assume that f : X — Y is a birational
projective locally complete intersection morphism between complex irreducible quasi-
projective varieties. If 0 € HO(f) is the orientation class of f (see [FM&1, §4.1.3,
Part I, and p. 131] and [Ful98, §19.2]), then 6 has degree one.

In fact, let U be a non-empty Zariski open subset of Y, such that f~1(U) =
U. Let 0" be the restriction of §# on f~*(U) — U. ' is the orientation class of
Y U) — U by [Ful98| p. 379, Lemma 19.2 (a)], therefore " has degree one and
the preceding remark implies that 6 has degree one, as well.

Remark 3.2.3. |[GFS22, Remark 2.1 (vi)]. Let f : X — Y be a projective map
between irreducible quasi-projective varieties with dim X = n and dimY = m and
assume the existence of a bivariant class ¢ of degree one. For any «, f.0" = idgsum (v
by [DGF17, Remark 2.5], hence the pushforward f, induces an inclusion HZM (Y') C
HBM(X) and m < n. Moreover, f is surjective, otherwise the pushforward f, :
HBM(X) — HBM(Y) would vanish. Since the restriction of § to some special fibre
is a bivariant class of degree one, it may happen that m < n. If n = m, f is
birational.

The following result will be used frequently later on.

Lemma 3.2.4. [GFS22, Remark 2.1 (i)]. 0 has degree one if and only if 0 is a
section of the pullback f : Ay — Rf.Ax (see [Voi07, §4.3.1]); in other words,

90(1){) =1y & Gf* = idAy.
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Proof. = For any o and y € H*(Y'), [FM&I) p. 26, (G4) (i)] and
9] imply

Spabb, p. 251,

0.(f"(v) = 0.(f"(y) Ulx) =yUb(lx) =yUly =y.

Being y arbitrary, this means that 0 f* induced the identity 0, f* = idga(y) for
any c. On the other hand, 6 f* € Hompyy,4)(Ay, Ay) = HO(Y'), hence 0 f* = idy, .

< If 0f* =1idy,, the composite

0o

H(Y) L mo(X) & moy)
is the identity of H(Y). Since f*(1y) = 1x, Op(1x) = 1y. O

3.2.2 Results on triangulated categories and sheaves

Lemma 3.2.5. [GFS22, Lemma 3.1]. Let T be a triangulated category and let
a € Homy(A, B). Assume that there exists b € Homy(B, A) such that ba = ida.
Then B= A@® C for some C € T.

Proof. Axiom TR1 implies that a : A — B can be completed to a distinguished
triangle A — B — (. Thus, the combination of the hypothesis ba = id4 with
axioms TR1 and TR3 gives a morphism of distinguished triangles

A—5 B y

I

A q s 0

Axiom TR2 provides the following morphism of distinguished triangles

C — Al > B[1]
| [—
0 > All] > A[l]

from which b = 0 follows. As a consequence, A — B — C splits by [Huy06,
Exercise 1.38]. O

Lemma 3.2.6. [GFS22, Lemma 3.4]. Consider the following morphisms of
distinguished triangles in a triangulated category T .

A y By > O A > By y O
id AT bT CT lidA lb’ lc’
A > B > C' A > B > C'

If Vb = idg, dc = ide and Homy(A, Ci[—1]) = 0, there is a “cross” isomor-
phism
BiaeC=Ba&d).
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Proof. Consider the following commutative diagram,

Ay 4 > 0 > All]
B—" 5 B > B, » B[1]
(3.2.1)
C ——— > Cy > C[1]
A[] A A s 0 s A[2]

where the first and second columns are the ones given in the hypothesis, and the
fourth column is obtained by the first one by means of TR2. The first row, which
gives the fourth one by means of TR2, is distinguished by TR1. The second and
third rows are given by completion of b and ¢, respectively, by means of TRI1.
Lastly, the arrows in the third column are given by TR3. Observe that the third
column, a priori, is not a distinguished triangle.

Since b'b = idg and ¢ = idc, Lemma [3.2.5| guarantees that B; = B & B, and
that C7 = C @ (5. Therefore, it suffices to prove that By = (5.

Consider the upper cap diagram obtained by the commutative triangle of ver-
tices A, B, By (see below on the left), which can be completed to an octahedron
by TR4, whose lower cap is the one drawn below on the right.

By Bl By B1
m o B 0O mn x
/ \ / o \

C g cA C g LA

In particular, C' % C; — By, — C[1] is a distinguished triangle. In addition,

C
AN
B, G
N
/ b \
P / \ 5,




This morphism also appears in Diagram ((3.2.1)), yet with ¢ instead of c¢. Never-
theless, [GMO3], Corollary IV.1.5] implies that ¢ = ¢. As a consequence, the diagram
below, whose rows are distinguished triangles and whose squares commute, can be
completed to a morphism of distinguished triangles by TR3.

C —— > Bs > C[1]

I
lidc lidcl i lid

C —= > C > C[1]

The dashed vertical arrow is unique because of [GMO03] loc. cit.] and is an isomor-
phism by [GMO03|, Corollary IV.1.4 (a)]. ]

Let f : X — Y be a proper continuous map and assume the existence of an
open subset U C Y such that the restriction h : V' — U of f to V = fYU) is
an isomorphism. Set W :=Y \ U and W= X \ V and let g : W — W be the

restriction of f to w. Then, there is a commutative diagram

W‘iW>X<, .V

lg lf v l" (3.2.2)

W<y ¢« U

Ju

whose horizontal arrows are inclusions.

Lemma 3.2.7. [GES22, Lemma 3.3]. f.ji1 = juihi. Furthermore, f. induces an
exact equivalence between

Shy (X, A) := {F € Sh(X,A) : F, = 0 Vz € W}

and

Shy (Y,A) :={G € Sh(Y,A): G, =0Vy € W},
whose inverse is induced by its pullback f*.

Proof.

A f. v = Juh.
Indeed, f, = fi for f is proper, while the commutativity of the diagram
and [Dim04, Proposition 2.3.23] imply

fuve = (fiv)h = (uh) = juoih.

A f, induces an equivalence between Shy (X, A) and Shy (Y, A).
By [Lve86, Proposition 11.6.4], jy1 and jy, induce equivalence of categories

o1 Sh(U, A) = Shy(Y,A)  jyr: Sh(V, A) — Shy (X, A).

On the other hand, h is an isomorphism, thus Ay : Sh(V, A) — Sh(U, A) is an
equivalence, as well. Then, the desired equivalence of categories is

fii=(Gv1) " o hyo jon.
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A fn is exact. )
This follgws from the definition, since hy jy are exact by [ve86l, p. 106,
11.6.3] and (jy1)~! is induced by ji- (see [Ive86l, Proposition 11.6.4]), which is
exact.

O

3.2.3 Decomposition of the (derived) pushforward

Theorem 3.2.8. [GFS22, Theorem 1.1]. Let f : X — Y be a proper continuous
map, with Y path-connected. Let U CY be a non-empty open subset such that the
restriction h = V. — U of f to V := f~Y(U) is a homeomorphism. Set W =

Y\U, W= f7Y W) and consider the commutative diagram (3.2.2)). The following
properties are equivalent:

i) there exists a bivariant class 6 € Hompyy ) (Rf.Ax, Ay) of degree one;
it) there is a cross isomorphism Rf,Ax ® Aw = Rf Ay @ Ay in DX(Y, A);
iii) there exists a decomposition Rf.Ax = Ay @ K* in DY, A).
Proof. i) = iii) By Remark 0f* = idy,. The desired decomposition is
achieved by taking 7 = D%(Y,A), A= Ay and B = Rf.Ax in Lemma [3.2.5]

i11) = 1) The projection on the first summand 7 : Rf,Ax — Ay induces a bivariant
class. Let U’ be a path-connected component of U. Since the restriction n' :=
|y is an automorphism of Ay, it follows that n)(1y/) = d - 1gw € HO(U’) for
some unit d € A. Hence, d~! - 1 is a bivariant class of degree one.

i1) = i) The proof is the same as iii) = 1); it suffices to take the projection

i) = 1i) To start with, recall that
0— jU!AU — Ay — iV*AV —0

is exact (see [Dim04, Remark 2.4.5]). It follows that there is a morphism of
distinguished triangles in D%(Y, A) [Dim04, p. 46]

Rf*(jV!Av) — Rf*AX — Rf*ZW*AW

4 ’MT “’*T (3.2.3)

. b .
JuAy > Ay > i A

Lemma [3.2.7] ensures that the left vertical map is actually an isomorphism in
DY(Y, ).
On the other hand, there is another morphism of distinguished triangles

Rf*(jV!AU) — Rf*AX E— Rf*ZW*AW

glso l@ ln (3'2'4)

. b .
JuAy > Ay > s Aw
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In fact, the left square commutes, for

0a = 0(f"bp) = (0 )by = idp, by = by,

and 7 : Rf.iz, Ay — tw«Aw, unique by [GMO03) Corollary IV.1.5] (bear in mind
that Rf.(jyiAy) is isomorphic to jinAy), is given by TR3.
Since 0 f* = idy,, the combination of (3.2.3)) with (3.2.4]) gives the morphism

of distinguished triangles

JulAy —— Ay —— iy Ay

b

JulAy —— Ay —— i Ay

Corollaries IV.1.4 (a) and IV.1.5 of [GMO3| guarantee that ng* = id, thus the
hypotheses of Lemma which provides the wanted result, are met (take the
numbered diagrams).

0

Notice that in the proof of i) = #ii) the existence of U is unnecessary.

Remark 3.2.9. |[GFS22] remark 3.6]. Bivariant theory provides a pullback morphism
(see [FM&I1 p. 19, (3)])

m =iy (0) : Rf*ifWAW — Ay

of degree one and, consequently, n;g* = id. However, it is not known if n = n;.

3.3 Bivariant classes of degree one and homology
manifolds

This section is an application of Theorem to the study of homology manifolds.
To begin with, the decomposition of item i) of such theorem implies the existence
of isomorphisms between certain cohomology and Borel-Moore homology groups,
explicated in Sections [3.3.1] and [3.3.2], respectively. Consequently, in Section [3.3.3]
a suitable description of the duality morphism Dy (see (3.3.5))) induced by X is
achieved. Theorem [3.3.6] which gives a relation between the existence of a bivariant
class of degree one for a morphism f: X — Y and the property of X and Y of
being A-homology manifolds, is finally proved in Section |3.3.4, Examples and
consequences of such theorem are exhibited in Section [3.3.5

3.3.1 Decompositions in cohomology

Throughout the section, the hypotheses of Theorem[3.2.§ are supposed to hold and
the same notations are adopted. Moreover, 6 shall denote a bivariant class of degree
one for f.
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By taking hypercohomology and hypercohomology with compact support in
the isomorphism Rf,Ax @ Aw = Rf. Az ® Ay, it follows, for any o (see [Dim04,
Corollaries 2.3.4 and 2.3.24]),

HY(X) & H*(W) = H*(W) & H*(Y)
HPM(X) @ HPM (W) = HEM(W) @ HPM (V).

The aim of this and the following subsection is to make theses isomorphisms explicit.
Taking hypercohomology, morphisms (|3 and (| induce the following

commutative diagram with exact rows (see [D1m04 Remark 2.4.5)).

—— HY(Y,W) —— H*(Y) —— H*(W) — H**'(Y,W) —

T A |

)
—— HY(X, W) —— HYX) —L— HO(W) —— HY(X, W) ——
)

Lok k

—— HY(Y,W) —— H*(Y) —— H*(W) — H**"'(Y,W) —
From the fact that 0,f* = idyeryy and 7.9 = idya) for any «, a diagram

chase shows the exactness of the sequence (compare with [Ful98, p. 114, 115,
Proposition 6.7 (e)])

0 —— HYX) —“— H*(W) & HY(Y) —2 H*(W) —— 0,

where
v(z) = (" (z), —0(2)), o, y) = n. () +i"(y).

Moreover, such sequence has a right section, that is, a right inverse of o,
we HYW) — (g% (w),0) € H*(W) ® H*(Y).

Therefore, the sequence is split and there is an isomorphism (see [Rot09, Propo-
sition 2.28])

¢ (w,w) € HY(X) @ HY(W) v (5*(2) + ¢*(w), —0.(z)) € H*(W) ® H(Y)

that can be represented as (compare with [Jou77, p. 328])

HE AR

Since o*(—f*y,1*y) = (0, %), the inverse map (©*)~! can be represented as
2 I PV A B KT
w| e 0 y|’
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—~ —~

where A\, : H*(W) — H*(X) and p, : H*(W) — H*(W) are uniquely determined
by the condition that the two matrices above are inverse to one other

ANJE 4+ fr0, = idHa(X) Va

Agt =0
g =7 (3.3.1)
i)t — 10, =0
ILL*g* = ZdHa(W) \V/OZ,
which, in turn, are equivalent to the equations
TN + G s = idHa(fV[v,) Vo
O\ =
=0 (3.3.2)
=gt

e*f* = ZdHa(y) Yo
In particular, n, = u, follows. -
The isomorphisms H*(X)® H*(W) = H*(W)® H*(Y') can be finally described
explicitly. Beforehand, observe that, since 7.g* = idgaw) for all o, H*(W) can be
thought of, via ¢g*, as a direct summand of H%(W) for every integer .

Proposition 3.3.1. [GFS22, Lemma 4.3]. For every k € Z,

—

x € HY(X) — (bix,j"x) € HY(Y) ® %

1 an 1somorphism with inverse

(y,w) € H*(Y) @ gzg%; = (y) + Aaw € HY(X).

Proof. Firstly, the function
r e HY(X) — (Oux,x — f*0,2) € H*(Y) ® ker 0,
is an isomorphism; in fact,
A if z is such that (f.x,z — f*0.x) = 0, then the first component is 6.2 = 0
and, consequently, the second one gives x = 0.
A Let (y,2) € H* @ ker0,. 0.f* = idpe(yy, thus 0, f*y = y and (y, 2) is the
image of f*y + z.

Secondly, equations (3.3.1)) and (3.3.2]) show that j* induces an isomorphism
ker 6, — kern,, whose inverse acts as \.. Indeed,

A the map is injective because, for all x € ker0,, A"z = A\ j*x + f*0.x = x;
A it is injective because, for any y € kern,, 7*\y = 7* Ay + ¢y = v.

Lastly, the equality 7,g" = idya(w) implies ker 7, = coker g* and, consequently,
there is an isomorphism

H*(W)

w € kern, — w € Ho (W)’
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3.3.2 Decompositions in Borel-Moore homology

Consider again the morphisms (3.2.3) and (3.2.4). The following commutative
diagram with exact rows is obtained by taking hypercohomology with compact
support.

—— HBM(U) —— HBM(W) —2— HBM(Y) —— HBM(U) —

A

—~

—— HEPM(V) —— HPM(W) 2 HPM(X) —— HEM(V) —

lg l . lf* lg

—— HBM(U) —— HBM(W) —— HBM(Y) —— HBM(U) —

a

From the fact that f.0" = idgsm(y) and g.n* = idysuyyy for any o, a diagram
chase shows the exactness of the sequence (compare with [DGF14, pp. 264-266,
Proposition 2.5])

0 —— HBM(W) —2— HBM(W)@ HBM(Y) —— HBM(X) —— 0,

where
o(w) = (' (w), —i.(w)),  v(w,y) = j(w0)+ 60 (y)
Moreover, such sequence has a left section, that is, a left inverse of o,
(@,y) € HM (W) & Ho(Y) = g.(@) € HIM (W),
Therefore, the sequence is split and there is an isomorphism

0. HEM(W) @ HPM(Y) — HEM(X) @ HEM(W),

given by ¢.(0,y) = (j.(@0) + 0*(y), g«(0)), that can be represented as

HRIRH

Since ¢, (n*w, —i,w) = (0,w), the inverse map (¢.)~! can be represented as

HE AR

where A\* : HfM(W) — HBM(X) and u* : HfM(W) — HBM(W) are uniquely
determined by the condition that the two matrices above are inverse to one other
]*/\* + 0t = idHCJ?Al(X) Va
AT =0
J | (3.3.3)
g = 0%, =0
g« = idypuyy Vo,
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which, in turn, are equivalent to the equations
Nje 410" = iy i) VO
A0 =0

(3.3.4)

In particular, u* = f, follows. .
The isomorphisms H2M (X)) @ HEM(W) =2 HBM(W) @ HEM(Y) can be finally
described explicitly. Beforehand, observe that, since g.n* = idgysmy) for all a,

H,(W) can be thought of, via n*, as a direct summand of H, (W) for every integer
a.

Proposition 3.3.2. [GFS22, Lemma 4.5]. For every k € Z,

—~

HBM %74
v € HMX) o (fr Xo) € B (V) © HTEW;

18 an isomorphism with tnverse

H5M<W) * o\ k o~ BM
WH& (y)+]*/\ ]*U)eHa (X)

(y.w) € HIM(Y) & )

Proof. Firstly, the function
€ HM(X) w (for,x — 0" fox) € HPM (V) @ ker f,
is an isomorphism; in fact,

A if z is such that (f.z,z — 0*f.x) = 0, then the first component is f.z = 0
and, consequently, the second one gives x = 0.

A Let (y,2) € HPM(Y) @ ker f.. f.0° = idyo(y), thus f.0*y = y and (y, z) is
the image of 6%y + z.

Secondly, equations (3.3.3) and (3.3.4)) show that A\* induces an isomorphism
ker f, — ker g,, whose inverse acts as j,. Indeed,

A )\* is injective because, for all x € ker f,, j Nz = j v + 0* foox = x;
A it is surjective because, for any y € ker g,, A*j.y = XN .y + 0 g.y = y.
Lastly, the equality g.n® = idgsmy) implies ker g, = cokern® and, conse-

quently, there is an isomorphism

w € ker g, — W € He (W)
TR ey
0
Remark 3.3.3. [GES22, Remark 4.2]. Let n, := i*(#) be the pullback of § on W.
By [EM8I], p. 26, (G2)], (m)«j* —i*60. = 0 and (11)+9" = idpaqw) for all a, which
proves that 7. = (11).. Similarly, n* = (m1)*.
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3.3.3 The duality morphism

In this subsection, f will also be supposed to be surjective and X and Y shall be
assumed to be open subsets of complex quasi-projective varieties of the same complex
dimension n.
Let [X] € HBM(X) be the fundamental class of X (see [GH94, pp. 60, 61]) and
set
Dy :2z € HYX) — 2N [X] € HZM (X). (3.3.5)

2n—a

When X is a compact complex variety, this map is called the duality morphism
(see [McCT7, p. 150]). If, in addition, X is smooth, then Dy is the Poincaré Duality
1somorphism.

In view of Propositions [3.3.1] and [3.3.2] D identifies with the map

Ho(W)
He(W)

Hy, s (W)

P e A2, ()

— HBM (V) @

given by
D (y, @) = (f((f"y + Aw) O [X]), X ((Fy + Aaw) N [X]))

and induces two projections

Prrye HYY) = fu(fyN[X]) € HypMy(Y),
Ho(W) HEM, (W)
He(W) HPM, (W)

Py > A (AN X)) €

Observe that f.(f*yN[X]) = yN[Y] by the projection formula at [FHII, p. 24];
therefore, P, = Dy, i.e. P, is nothing but the duality morphism on Y.
Corollary 3.3.4. [GFS22, Corollary 5.1]. Dy = Dy & P,.

Proof. Notice that 6*([Y]) = [X], i.e. the Gysin map sends the fundamental class
of Y to the fundamental class of X. In fact,

0 ([Y]) = 0" .[X] = [X] = (5.A7)([X]) = [X]

follows from equations (3.3.3) (remember that f. = p*) and the fact that A*[X] €

HEM(W) with HEM (W) = 0 for dimensional reasons.
The decomposition of the statement holds if the claims

i) f.(Aad N [X]) =0 for every @ € HY(W)/H*(W),
ii) N (f*yN[X]) =0 for every y € H*(Y),
are true.
i) formula (G4) (ii) at [FMS8Il p. 26] implies
AN [X]) = (AN O*Y]) = (0. 0) N [Y].
On the other hand, .\, = 0 (see formula (3.3.2)), so f.(\.@ N [X]) = 0.
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ii) By [FMSIL p. 26, (G4) (iii)],
Ny n[X]) = A (frynot[Y]) = (0" (y 0 [Y]).
On the other hand, \*6* = 0 (see formula (3.3.4)), thus \*(f*y N [X]) = 0.
O

3.3.4 Homology manifolds

Definition 3.3.5. A complex irreducible quasi-projective variety X of complex
dimension n is called an A-homology manifold if, for any = € X,

0 if a # 2n,

Ho (X, X\ {z}) = {A if @ = 2n.

Notice that, as proved in [BSY07, proof of Theorem 3.7], X is an A-homology
manifold if and only if Ax[n] = IC%.

Theorem 3.3.6. [GEFS22, Theorem 1.2]. Let f : X — Y be a projective bira-
tional morphism between complex irreducible quasi-projective varieties of the same
complex dimension n. Let U CY be a non-empty Zariski open subset such that the
restriction h: V. — U of f to V := f~1(U) is an isomorphism.

i) If Y is an A-homology manifold, then

A there is a unique bivariant class 0 € Hompyya)(Rf.Ax, Ay) of degree
one;

A there exists a decomposition Rf.Ax = Ay & K* in DY(Y,A), with K°
supported on W :=Y \ U;

A if X is an A-homology manifold, K*[n] is self-dual.

i1) If X is an A-homology manifold and there is a bivariant class of degree one
0 € Homppya) (RfsAx, Ay), then Y is an A-homology manifold, as well.

Proof.
i) By [BSYQT, Theorem 3.7], the fundamental class
Y] € HPM(Y) = H*"(Y — pt)
of Y is a strong orientation. Therefore,
0 D\/)] —2n
Hong(Y)(Rf*AX,AY) =H(f) = H (X — pt)
~ HPM(X) =2 H(X).
Since f is birational, the bivariant class corresponding to 1x € H°(X) is of

degree one for f and is unique (compare with Remark [3.2.2)).
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By Theorem there exists a decomposition
Rf.Ax[n] = Ay[n] & K*[n], (3.3.6)
with IC® supported on W. Taking the Verdier dual,
D(Rf.Ax[n]) = D(Ay[n]) & D(K®[n]). (3.3.7)
Let [X] € HBM(X) be the fundamental class of X. Since
Hy'(X) = H™M(X — pt) = Hompy(x)(Ax[n], D(Ax|[n])),
[X] corresponds to a morphism
Ax[n] = D(Ax[n]), (3.3.8)

whose induced map in hypercohomology is the duality morphism (3.3.5)).
Assume that X is an A-homology manifold. Morphism (3.3.8]) is an iso-
morphism by [BSY07, proof of Theorem 3.7] and, since

D(Rf.Ax[n]) = Rf.D(Ax[n])
by [Dim04, Proposition 3.3.7 (ii)], it induces an isomorphism

Rf.Ax[n] — D(Rf.Ax[n]),

which, in turn, via the decompositions (3.3.6) and (3.3.7]), induces two pro-
jections

Ay[n] — D(Ay[n]) K*[n] — D(K*[n]).

Corollary implies that the maps induced in hypercohomology by the
morphism K*[n] — D(K®[n]) are isomorphisms. This holds true when re-

[

stricting to any open subset of Y; therefore K*[n] = D(K*[n]), i.e. K*[n] is
self-dual.

ii) Arguing as before, Corollary implies that isomorphism (3.3.8) induces

~Y

an isomorphism Ay [n] 2 D(Ay[n]). This is equivalent to say that Y is an
A-homology manifold by [BSY07, loc. cit.].

]

When A = K is a field and both X and Y are K-homology manifolds of the
same complex dimension n,

dimg H™ (W) — dimg HPE (W) = dimg H***(W) — dimg HPE (W) (3.3.9)
for any o € Z, where W.=X \ V. Indeed,

dimg H*"(X) — dimg H*P"(Y) = dimg H*(K*)

78



follows by taking hypercohomology in Rf.Kx = Ky @ K* in D(Y,K). On the
other hand, K* is self dual, thus

dimg H2M (X)) — dimg HPM (V') = dimg H*(K*)

a-+n a+n

is inferred by taking Verdier dual and hypercohomology in Rf. Ky = Ky & £® in
D%(Y,KK). The combination of these equalities gives

dimy H*™(X) — dimge H*(Y) = dimg H*(X) — dimg HT ()

and formula (3.3.9) is a consequence of Propositions |3.3.1{ and (3.3.2
When A := Q, R or C, item i) of Theorem can be proved by means of

decomposition theorem; indeed, it guarantees that

where G is a sheaf supported on W. On the other hand, Theorem gives
Rf.Ax[n] = Ay[n] ® Aln],

hence there is a non-zero endomorphism ICy — Ay [n] — ICy, which is an isomor-
phism by Schur’s Lemma (see [FHI91, Lemma 1.7]), since /C} a simple object of the
core of Db(Y') (see [BBDS2, Corollary 1.4.25]). On the other hand, the composition
Ay[n] — ICy — Ay[n] is an automorphism, because Hompy(y(Ay, Ay) = H(Y).
In conclusion, ICy = Ay[n].

3.3.5 Examples and implications

A first class of examples is given by resolutions of singularities of A-homology
manifold Y. Indeed, the hypotheses of Theorem [3.3.6| are met, hence, any such
morphism has a unique bivariant class of degree one.

Example 3.3.7. [GFS22, Remark 2.1 (v)]. Let f : X — Y be a projective map
between complex irreducible quasi-projective varieties of the same complex dimen-
sion n. Assume that Y is smooth (or, more generally, an A-homology manifold).
In this case (compare with [EM81], p. 34, §3.1.4], [Ful96, p. 217, Lemma 2] and the
proof of Theorem HO(f) = HEM(X) = H°(X). By Remark [3.2.4] if there
exists a bivariant class of degree one for f, then, for every o, H*(Y) is contained
in H*(X) via pullback.

If A =7 and dimz H*(Y) > dimz H*(X) for some «, then H°(f) # 0, yet
0y = 0, for every bivariant class . However, if, in addition, f is birational, then
the bivariant class 6 corresponding to 1x € H°(X) is a bivariant class of degree one.
In fact, if U is a Zariski open subset of Y such that f~1(U) = U, the restriction of
6 to f~1(U) — U has degree one.

The next example shows the existence of a projective birational map f: X — Y
without bivariant classes of degree one such that H°(f) # 0.
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Example 3.3.8. [GFS22, Remark 6.1 (iii)]. Let A := Q, let C C P? be a
projective nonsingular curve of genus g > 1, let Y C P* be the cone over C' and
let f: X — Y be the blowing-up of Y at the vertex y € Y. By the decomposition
theorem,

RfQx =Q)[-2] @ ICy[-2].
On the other hand, [[ve86, p. 128, 9.13] and [Dim04, Remark 2.4.5 (i)] give
Hompy () (Qy, Qv[2]) = H* (Y, Y \ {y}) = H'(L),

where L is the link of Y at the vertex y (see [Dim04, Example 2.3.18]). The Hopf
fibration L — C induces a Gysin sequence

0— H'(C)— HY(L) — H°(C) — H*(C) — ...
from which dimg H'(L) = dimg H*(C') = 2g > 2 follows. Then
HO(X — Y) = Hong(y) (Rf*AX,Ay) 7é 0

and Y is not a homology manifold. In particular, since X is smooth, Theorem [3.3.6]
implies that f cannot have a bivariant class of degree one.

Here are two results concerning strong orientations.

Corollary 3.3.9. [GFS22, Corollary 6.2]. Let f : X — Y be a projective
birational morphism between complex irreducible quasi-projective varieties of the
same complex dimension n. Let 0 € H°(f) be a bivariant class.

i) If 0 is a strong orientation for f, then 0 is of degree one for f, up to multi-
plication by a unit.

it) If X is an A-homology manifold and 0 is of degree one for f, then 0 is a
strong orientation for f.

Proof. i) Let U C Y be a Zariski non-empty open subset of Y such that the
restriction h: V' — U of f to V := f~1(U) is an isomorphism. The product
by 6 gives an isomorphism

HWV = X) 4 HU = Y).

On the other hand, the last formula in [BSY07, p. 803] and [Ive86, p. 109,
Proposition 11.6.9] imply

H(V = X))~ HYV) H'U—Y)=H(U).

Therefore, § induces an isomorphism H°(V) — H°(U). Tt follows that, up to
multiplication by a unit, 6 is a bivariant class of degree one.
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it) By Theorem Y is an A-homology manifold, as well, and 6 corresponds
to 1x in the isomorphism H°(X — Y) = HY(X). Since X and YV are A-
manifolds,

f'(Ay) = D(f*(D(Ay))) = D(f*(Ay[2n])) = D(Ax[2n]) = Ax;
therefore, 6 corresponds to an isomorphism in
Homps (Ax, f'Ay) = Hompy (Ax, Ax) = H°(X).

By [FMS8I], §7.3.2, proof of Proposition], 6 is a strong orientation for f.
O

Proposition 3.3.10. [GFS22, Proposition 6.3]. Let f : X — Y be a projective
birational morphism between complex irreducible quasi-projective varieties of the
same complex dimension n. Let § € H°(f) be a bivariant class. If 0 is a strong
ortentation for f and Y s an A-homology manifold, then X is an A-homology
manifold, as well.

Proof. Y is an A-homology manifold, thus
f{(Ay) = D(f*(D(Ay))) = D(f*(Ay[2n])) = D(Ax[2n)).

On the other hand, if € is a strong orientation, then [FMS8T], loc. cit.] gives f'(Ay) =
Ax and, consequently, D(Ax[2n]) = Ax. This means that Ax[n] is self-dual, i.e.
X is an A-homology manifold by [BSY(T7, proof of Theorem 3.7]. O

Remark 3.3.11. [GES22, Remark 6.4]. Let f : X — Y be a birational projective lo-
cally complete intersection morphism between complex irreducible quasi-projective
algebraic varieties. Let 6 € H°(f) be the orientation class of f. Then 6 has degree
one by Remark [3.2.2] but the previous proposition implies that 6 cannot be, in
general, a strong orientation.

3.4 Nilpotent cones are homology manifolds

Here, Theorem is resort to so as to provide a short proof of a generalization
of a well-known fact (see [BMS83, §2.3, Theorem]); namely, that nilpotent cones are
homology manifolds (see Section . In order to do that, several definitions are
recalled in Section [3.4.T]

3.4.1 Lie groups and algebras

Definition 3.4.1. A smooth Lie group G is a set which is both a group and a
smooth manifold, such that the multiplication and inverse operations are smooth.

Likewise, complexr and algebraic Lie groups are defined by requiring G to be
a complex manifold and the operations to be holomorphic or, respectively, G' an
algebraic variety and the operations regular maps.
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Example 3.4.2. The following are Lie groups. For more details, see [FH91, §7.2].
A The general linear groups GL, R and GL,, C;
A the special linear groups SL,, R and SL,, C, made of matrices with determinant
L;
A the orthogonal groups O,R and O,,C, whose automorphisms preserve a sym-
metric positive-definite bilinear form;

A the special orthogonal groups SO,, R and SO,, C, consisting of the elements of
O,R and O,,C, respectively, with determinant 1;

A the symplectic groups Sp,, R and Sp,,, C whose automorphisms preserve a
skew-symmetric non-degenerate bilinear form;

A the unitary group U, C, made of automorphisms preserving a positive-definite
Hermitian inner product;

A the special unitary group SU,, C, consisting of the elements of U, C with de-
terminant 1.

Any Lie group GG can be associated to its Lie algebra, as explained, for instance,
in [FHI1, §8.1], which is its tangent space g := Lie G = T.G at the identity element
e endowed with a certain map [—, —|. The general definition is the following.

Definition 3.4.3. A Lie algebra g is a vector space endowed with a skew-
symmetric bilinear map

[ —l:gxg—g
satisfying the Jacoby identity:
XY 2]+ [V [X Z]| + [Z, [ X, Y]] =0 VX,Y.Z€g.

Example 3.4.4. Let @ : R” x R — R be a bilinear form, let M,(R) and Tr(X)
denote, respectively, the set of all real n x n matrices and the trace of any such
matrix X. Then, the Lie algebras of SL,, R and O, R are, respectively,

sl,R={X € M,(R) : Tr(X) = 0},
0,R ={X € M,(R) : Q(X(v),w) + Q(v, X (w)) =0 Vv, w € R"}.

The same formula as the one defining 0,R gives the Lie algebra sp,,R of Sp,, R.
If H:C" x C" — C is a Hermitian inner product, the Lie algebra of U,C is

u, ={X € M,(C): H(X (v),w) + H(v, X (w)) =0 Vv,w € C"}.
For more details, see [FHI1, §8.2].
Let g be a Lie algebra. A Lie subalgebra b C g is called an ideal if
(X,Y]ehVX eh, VYeq.
The Lie algebra g is called solvable if there is a > 0 such that Z,g = 0, where
if o =1

Zal = {gj}lg, Do_19] ;fz > 1?

The sum of all solvable ideals is called the radical Rad(g) of g.
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Definition 3.4.5. The Lie algebra g is said to be reductive if its centre
Z(g)={Xe€eg:[X,Y]=0, VY € g}

coincides with Rad(g). A Lie group is called reductive if so is its Lie algebra.

3.4.2 The nilpotent cone

Theorem 3.4.6. [DGFS22, Theorem 2.1]. Let ©’ : g — g be a projective
morphism between complex quasi-projective nonsingular varieties of the same di-
mension. Assume that © is generically finite of degree 6. Let N C g be a closed
wrreducible subvariety. Consider the induced fibre square:

N—>73
N>y
where N := N Xg 8. ]f/iv/’ 15 irreducible and nonsingular and m is birational, then

N is an A-homology manifold for every Noetherian commutative ring with identity
A for which 6 is a unit.

Proof. Since ' : g — g is a projective morphism between complex quasi-projective
nonsingular varieties of the same dimension, it is a local complete intersection
morphism of relative codimension 0 [FMS8I1 p. 130]. Let

¢ € H°(r') = Hom py g (R, Az, Ay)

be the orientation class of 7/ [FM81, p. 131]. Let 6 : H(g) — H°(g) be the
induced Gysin map. It is clear that 6)(15) =6 - 1, € H%(g), where ¢ is the degree
of n’. Therefore, if the pull-back of #" is denoted by

0 :=i"¢' € H°(m) = Hompyny (RmA g, Ay),

then §—'-6 is a bivariant class of degree one for 7 (see Remark|3.2.1). At this point,
the claim follows by Theorem [3.3.6| O

Remark 3.4.7. [DGES22, Remark 2.2]. Observe that, as a scheme, N could also be
nonreduced, but what matters is that, for the usual topology, it is a nonsingular
variety [FMS8I p. 32, 3.1.1].

A simple application of Theorem [3.4.6] shall prove that nilpotent cones, defined
presently, are homology manifolds.

Definition 3.4.8. Let G be a connected reductive complex algebraic group and
let g be its Lie algebra. For any X € g, set

ady : Y egr— [X,Y] €g.
The nilponent cone of G is the variety (see [AMTTOS8 §3.1])
N =N(G)={X €g:3a>0:ad§ =0},

where ad¥ is the composition of adx with itself a times.
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Given the nilpotent cone N of G as in the definition, let B denote the variety
of all Borel subgroups (for the definition, see [FH91l §23.3]) of G and set

N :={(X,B)e N x B: X € Lie B}.

The Springer resolution of A/, which is semismall by [Ste76, Theorem 4.6], is the
projection _
T:(X,B)eN—»XeN

and it extends to the so-called Grothendieck simultaneous resolution (see
[Ste74, p. 131))

™:g—g
defined by omitting the restriction X € N in the definition of 7. All these spaces
and maps form a fibre square

|

<TZE

SN

therefore the hypotheses of Theorem [3.4.6| are met and

B

Corollary 3.4.9. [DGFS22|, Corollary 2.3]. The nilpotent cone is a rational
homology manifold.

Remark 3.4.10. [DGEFS22, Remark 2.4]. If the Grothendieck simultaneous resolu-
tion 7' : g — g has degree 0, Theorem implies that the nilpotent cone N is
an A-homology manifold for every Noetherian commutative ring with identity A for
which § is a unit. For instance, for the variety N of nilpotent matrices in GL(n, C),
5 = n! and, as a result, N is also a Zj,-homology manifold for every integer h
relatively prime with n! in Z.
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