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Introduction

The study of magnetization processes in magnetic materialfas been in the last
fty years the focus of considerable research for its appliation to magnetic record-
ing technology. In fact, the design of nowadays widespread agnetic storage
devices, such as the hard-disks which are within computersroour desktops, re-
quires the knowledge of the \microscopic" phenomena occuing within magnetic

media. In this respect, it is known that some materials, refered to as ferromag-

netic materials, present spontaneous magnetization at room temperature, Wwich

is the result of \spontaneous" alignment of the elementary magnetic moments
that constitute the medium. Roughly speaking, from a phenonenological point
of view, one has a medium whose magnetization state can be chged by means of
appropriate external magnetic elds. The magnetic recording technology exploits
the magnetization of ferromagnetic media to store informaton.

The rst example of magnetic storage device was the magneticore mem-
ory prototype, realized by IBM in 1952, and used in the IBM 405 Alphabetical
Accounting Machine. The working principle of magnetic core memories is very
simple. One can think about several cores placed at the nodgbositions of an
array-type structure made with horizontal and vertical wir ed lines, as sketched
in Fig. 1. Each core is basically a bistable unit, capable oft®ring one bit (binary
digit), which is the smallest piece of binary-coded informaion (can be let's say
\0" or \1"). In Figure 1, on the right, it is illustrated the wr iting mechanism of
the IBM 2361 Core Storage Module. Basically, the target maguetic core can be
\switched", from O to 1 or viceversa, by addressing it with the horizontal and
vertical current lines which pass through the core. The curents owing in the
addressing wires generate a magnetic eld that can change # magnetic state
of the core. Nevertheless, the magnetic eld produced by thesingle current line
is designed to be not su cient to switch a core. Therefore, the only core that
switches is the only one traversed by two currents, namely te one addressed by
the horizontal and the vertical current lines. It turns outt hat a collection of mag-
netic cores can store a sequence of bits, namely can record e of information.
After magnetic core memories, magnetic tapes (or, equivalgly, oppy disks)
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Figure 1: (left) The rst magnetic core memory, from the IBM 4 05 Alphabetical
Accounting Machine. The photo shows the single drive lines lirough the cores
in the long direction and fty turns in the short direction. T he cores are 150 mm
inside diameter, 240 mm outside, 45 mm high. This experimeral system was
tested successfully in April 1952. (right) Writing mechanism of magnetic cores
memory.

have been used, but the most widespread magnetic storage dee is certainly the
hard-disk.

In this respect, it is evident from the photography in Fig. 1 that the rst
prototypes of magnetic storage devices had dimensions in #horder of meters.
The progress made by research activity performed worldwidén this subject has
led to exponential decay of magnetic device dimensions. Iratt, modern recording
technology deals with magnetic media whose characteristidimensions are in the
order of microns and submultiples. It is su cient to mention that commercial
hard disks are capable of storing more that 100 Gbit (gigabit 10° bits) per
square inch!

Recently the possibility to realize magnetic random accessnemories (from
now on MRAMSs), similar in principle to magnetic core memories, has been in-
vestigated, but, at the moment no commercial realization ofMRAMs is present
on the market. However, both hard disks and MRAMSs rely on at pieces of mag-
netic materials having the shape of thin- Ims. Typically, t he information, coded
as bit sequences, is connected to the magnetic orientationfahese Ims, which
have dimensions in the order of microns and submultiples.

Let us now consider the simple scheme of principle of hard dis depicted in
Fig. 2. The recording medium is a at magnetic material that i s thin- Im shaped.
The read and write heads are separate in modern realizationssince they use
di erent mechanisms. In fact, as far as the writing process $ concerned, one can
see that the writing head is constituted by a couple of polar &pansions made of
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Figure 2: Simple representation of Read/Write magnetic reording device present
in hard disks realizations.

soft materials, excited by the current owing in the writing coil. The fringing eld
generated by the polar expansions is capable to change the maetization state of
the recording medium. Generally the recording medium is mad with magnetic
materials that have privileged magnetization directions. This means that the
recording medium tends to be naturally magnetized either inone direction (let's
say "1' direction) or in the opposite (‘0" direction). In this sense, pieces of the
material can behave like bistable elements. The bit-codednformation can be
therefore stored by magnetizing pieces of the recording méwaim along directions
0 or 1. The size of the magnetized bit is a critical design parmeter for hard
disks. In addition, for the actual data rates, magnetization dynamics cannot be
neglected in the writing process.

The reading mechanism currently relies on a magnetic senspicalled spin
valve, which exploits the giant magneto-resistive (GMR) e ect. Basically, the
spin valve is constituted by a multi-layers structure. Typically two layers are
made with ferromagnetic material. One is called free layer ince its magnetization
can change freely. The other layer, called pinned layer, hasxed magnetization.
If suitable electric current passes through the multi-layes, signi cant changes
in the measured electric resistance can be observed dependion the mutual
orientation of the magnetization in the free and pinned laye. Let us see how this
can be applied to read data magnetically stored on the recorithg medium.

Basically, the spin valve is placed in the read head almost ircontact with the
recording medium [1]. Then, when the head moves over the recding medium,
the magnetization orientation in the free layer is in uenced by the magnetic eld
produced by magnetized bits on the recording medium. More seci cally, when
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Figure 3: Typical array structure for magnetic random acces memories
(MRAMS).

magnetization in the free layer and magnetization in the pimed layer are parallel,
the electrical resistance has the lowest value. Converselyhe antiparallel con-
guration of magnetization in the free layer and pinned layer yields the highest
value of the resistance. Thus, by observing the variation intime of the electrical
resistance (that is, the variation of the read current passhg trough the multilay-

ers) of the GMR head, the bit sequence stored on the recordinghedium can be
recognized.

It is possible to say something also about MRAMSs prototypes.The magnetic
random access memories follow a working principle very sirtar to the older
magnetic core memories. In fact, they present the same cellreay structure
as their predecessors, but each cell is constituted by a magtic multi-layers
structure rather than a magnetic core (see Fig. 3). The readig mechanism is
based on GMR e ect, whereas the writing process is conceptuly analogous to
the one seen for magnetic core memories. Thus, an MRAM cell cebe switched by
addressing it with the current lines (bit lines in Fig. 3). Th e switching is realized
by means of the magnetic eld pulse produced by the sum of hodontal and
vertical current. This magnetic eld pulse can be thought as applied in the Im
plane at 45 o the direction of the magnetization. In this situation, th e magnetic
torque, whose strength depends on the angle between eld andhagnetization,
permits the switching of the cell. This behavior is simple in principle, but it is
very hard to realize in practice on a nanometric scale. In fag the array structure
must be designed such that the magnetic eld produced by onlyone current line
cannot switch the cells. Conversely, the eld produced by two currents must be
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Figure 4. Magnetic Recording Disk Technology: Practical Clallenges in Deliver-
ing the Areal Density Performance [2].

such that it switches only the target cell.

Recently, to circumvent the problems of switching MRAMs cels with mag-
netic eld, the possibility of using spin-polarized currents, injected directly in
the magnetic free layer with the purpose to switch its magneization, has been
investigated. In particular, this possibility has been rst predicted by the theory
developed by J. Slonczewski in 1996 (see Ref. [44]) and therbserved experi-
mentally [45, 46, 48]. The interaction between spin-polarzed currents and the
magnetization of the free layer is permitted by suitable quaatum e ects. From a
\macroscopic" point of view, these e ects produce a torque &ting on the mag-
netization of the free layer. The resulting dynamics may inceed exhibit very
complicated behaviors.

The above situations are only few examples of technologicgiroblems which
require to be investigated by means of theoretical models. bw, referring to
hard disk technology, at the present time the main challenge and issues can be
summarized as follows:

1. Higher areal density.
2. Improved thermal stability of magnetized bits.

3. Increasing read/write speed in recording devices< 1 ns)
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The rsttwo points are strongly connected, since the smalle is the size of the bit,
the stronger are the thermal uctuations which tend to destabilize the con gu-
ration of the \magnetized bit". For this reasons, as far as the bit size decreases,
it has been recognized that the use of perpendicular media,onstituted of grains
in which the bit is magnetized in the direction normal to the Im plane, leads to
better thermal stability. In fact, by looking at Fig. 4, the f uture perspectives in
hard disk design show that the use of perpendicular media, gterned media and
heat-assisted magnetic recording technology will possiglyield [2] areal densities
towards 1 Terabit/in 2 by the year 2011. Thus, being the spatial scale of magnetic
media in the order of, more or less, hundred nanometers, magtic phenomena
has to be analyzed by theoretical models with appropriate reolution. This is
the case of micromagnetics, which is a continuum theory thatstands between
quantum theory and macroscopic theories like mathematicalhysteresis models
(Preisach, etc.).

Moreover, as far as the read/write speed increases (frequeies in the order of
GHz and more), dynamic e ects cannot be neglected. Therefar, as a result, the
design of modern ultra-fast magnetic recording devices carot be done out of the
framework of magnetization dynamics. This is the motivation for the research
activity that will be illustrated in the following chapters .

In chapter 1 the micromagnetic model and the Landau-Lifshitz-Gilbert (LLG)
equation will be introduced to describe magnetization phemmena in ferromag-
netic bodies. First, an approach in terms of the free energy ssociated with the
magnetic body will be presented to derive the static equililsium conditions for
magnetization vector eld. Then, the dynamic e ects due to t he gyromagnetic
precession will be introduced. Both Landau-Lifshitz and Landau-Lifshitz-Gilbert
equation will be presented. Phenomenological Gilbert dammg will be analyzed
in terms of Rayleigh dissipation function.

In chapter 2 the study of magnetization dynamics in uniformly magnetized
particles will be addressed. In particular, rst the static Stoner-Wohlfarth model
and then magnetization switching processes will be analyze In addition, novel
analytical techniques to study magnetization dynamics uncer circularly polarized
external elds and magnetization dynamics driven by spin-polarized currents will
be introduced and deeply discussed. In this respect, it wilbe shown how some
behaviors indeed observed in experiments, can be explaingd terms of bifurca-
tions of xed points and limit cycles of the LLG dynamical system.

As a further step, in chapter 3, the assumption of magnetizaion spatial uni-
formity will be removed and the problem of studying thin- Im s reversal processes
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of technological interest will be addressed. In this respdc as preliminary step,
the issue of the computation of magnetostatic elds, which s still the bottleneck
of micromagnetic simulations, will be illustrated together with the mostly used
methods at this time. Then, a comparison of damping and precssional switching
processes in thin- Ims will be performed, showing that fast precessional switch-
ing can be considered spatially quasi-uniform and, therefie, its crucial aspects
can be analyzed by means of uniform mode theory discussed ihapter 2. Fi-
nally, a uniform mode analysis will be applied to the fast swiching of granular
tited media which represents one of the most promising soltions for high density
magnetic storage in future hard disks.

In chapter 4, the problem of the geometrical nhumerical integation of LLG
equation will be considered. In particular, mid-point rule time-stepping will be
applied to the LLG equation. In fact, it will be shown that the fundamental
properties of magnetization dynamics, embedded in the comiuous model, are
reproduced by the mid-point discretized LLG equation regadless of the time
step. In addition, since the resulting numerical scheme ismplicit, special and
reasonably fast quasi-Newton technique will be developedat solve the nonlinear
system of equations arising at each time step. The proposed iapoint technique
will be validated on the micromagnetic standard problem no.4 which concerns
with thin- Ims reversal processes. Finally, discussion onnumerical results and
computational cost will be performed.

In the end, some conclusions about the results obtained andhe possible
future work will be drawn.
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Chapter 1

The Micromagnetic Model and The
Dynamic Equation

In this chapter a brief overview of the micromagnetic model B, 4] is presented.
The discussion starts with the introduction of the di erent interactions that oc-
cur within ferromagnetic bodies at di erent spatial scales. The expressions of
the energies related to each analyzed interaction are repted. As second step,
the Brown's equations are derived by imposing micromagnetic equilibrium as a
“stationary point' of the free energy functional. As a further step, the semi-
classical dynamic model for damped gyromagnetic precessipdescribed by the
Landau-Lifshitz and Landau-Lifshitz-Gilbert equations [3, 18], is introduced on
the basis of physical considerations on spin magnetic momé&mm of electrons and
the well-known relationship with angular momentum through the gyromagnetic
ratio. The dimensionless form of the free energy and Landau-Lifstz-Gilbert
equation is presented. The fundamental properties of magrtezation dynamics,
magnetization magnitude conservation and energy balanceare derived. General
introduction of the phenomenological Gilbert damping is ako explained.

1.1 Micromagnetic Free Energy

In this section we introduce a continuum model, in terms of maynetic polarization
per unit volume, and characterize the state of a generic femmagnetic body by
means of its free energy.

1.1.1 Continuum Hypothesis

Let us consider a region occupied by a magnetic body. Let us rmow focus on
a “small' regiondV, within the body, denoted by the position vector r 2 . The

word “small' here indicates that the volumedV; is large enough to contain a huge
number N of elementary magnetic moments ;, j =1;:::;N, but small enough
in order that the average magnetic moment varies smoothly. h this respect,
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Figure 1.1: Dierent kinds of magnetic interactions depending on the distance
between dipoles.

we de ne the magnetization vector eld M (r), such that the product M (r) dV;
represent the net magnetic moment of the elementary volumedV; :
P

M (r) = chVrj : (1.1)

Moreover, we assume that the magnetization is also a functio of time t:
M= M(r;t) : (1.2)

First of all, it is important to recall that the micromagneti ¢ model [3, 4, 5] is inter-
ested in magnetic phenomena which arise in a wide spatial st&g going from few
nanometers (nm) to few microns (m ). The micromagnetic framework includes
short and long-range (maxwellian) interactions between mgnetic moments. In

this respect, we shall start the discussion from the short-ange exchange and
anisotropy interactions introduced with phenomenologicd approach. Finally, we

will introduce the long-range magnetostatic interactionsdue to "'maxwellian' mag-

netic elds. All the these interactions can be described in erms of thefree energy
of the body. In the next section a brief overview of basic themodynamic laws

and de nitions is reported before each contribution to the micromagnetic free

energy is analyzed in some details.

1.1.2 Basic Thermodynamics for magnetized media. Thermody namic
potentials

We consider now a small volumedV of magnetic material which is subject to
an external magnetic eld H, and is in contact with a thermal bath at constant
temperature T. We introduce the quantity M = MdV such that oM is the
net magnetic moment present in the volumedV. We assume that no volume
changes due to thermal expansion and magnetostriction oceu The First Law
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of thermodynamics states that for any transformation between two equilibrium
states A and B, it happens that:

U=Ug U= L+ Q ; (1.3)

where U is the variation of the internal energy U, L is the work performed
on the system and Q is the heat absorbed by the system. The magnetic work,
under constant external magnetic eld H 5, has the following form:

L= gHa M : (14)

The Second Law of thermodynamics for isolated systems stasethat, for any
transformation between equilibrium states A and B, the following inequality is
satis ed [7]:

S=Sg Sa 0 ; (1.5)

where S is the entropy. In Eq. (1.5) the equal sign holds in case of reversible
transformations. In this respect, reversible transformaions occur when the sys-
tem passes through a sequence of thermodynamic equilibriurstates. The second
law (1.5) has to be interpreted as follows. Referring to our nagnetic body, let
us imagine that it is prepared in a certain initial state A by using appropriate
constraints which allow to keep xed, for instance, the magretic moment of the
body. Then, the constraints are partially or totally removed and the system is
left isolated (no work, no heat is exchanged with the system) In this situation,
the system relaxes toward a new equilibrium stateB, and therefore the magnetic
moment approaches a new value too. The remarkable fact is thahe new equi-
librium state B will be necessarily characterized by a value of the entropySg
greater than Sp.

The Second Law of thermodynamics can be also written for norisolated sys-
tems in the following way [7]:

Q .
s - (1.6)

where the equal sign still holds in case of reversible tranefmations. Moreover,
to study transformations occurring at constant temperature, appropriate thermo-
dynamic potentials can be introduced. For instance, theHelmholtz free energy
F(M ;T) can be de ned by means of suitable Legendre transformatiori6]:

F:misn[U TS] : 1.7)

The inequality (1.6) leads to suitable inequality involving the Helmholtz free
energy F. In fact, for constant temperature, the variation of F between two
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equilibrium states A and B can be written as:
F= U T S : (2.8)

Now, by taking into accountthat T S Q, according to the second law (1.6),
and the rst law (1.3), one obtains:

F L : (1.9)

where the equal sign holds for reversible transformationsin addition, if no work
is done on the system, the latter equation becomes

F=Fg Fa 0 ; (1.10)

meaning that, if the system is prepared in a certain equilibium state with certain
constraints, the removal of constraints implies that the Hdmholtz free energy has
to decrease towards a minimum.

Another thermodynamic potential is the Gibbs free energyG(H 4; T), which,
for constant temperature and constant external eld H, can be written as [6]:

G= mth [F oM Hg] : (1.11)

By following very similar line of reasoning to the one done fo the Helmholtz free
energy, one can easily derive that, for constant external éd and temperature,
the transformation between equilibria A and B, induced by the removal of the
constraints, satis es the following inequality:

G=0Gg Ga o ; (1.12)

meaning that also the Gibbs free energy has to decrease towds a minimum. The
Gibbs free energy is very useful as far as experiments are csidered where one
can somehow control the external eld, since it is instead vey di cult controlling
the magnetic moment oM .

In addition, for reversible transformations at constant temperature, one can
easily derive that:

dF = L= oHa M ; (1.13)
dG= oM dHa : (1.14)

This leads to the following relationship holding for equilibrium states:

1 @F @G
— —— =H; ; = M 1.15
o @ . @la ¢ 0 (1.15)
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We observe that the Gibbs free energy (1.11) depends by de tibn only on
(H4; T). This means that the value of M has to be expressed through the equa-
tion of state:

M=M(HgT) ; (1.16)

which is well-de ned at thermodynamic equilibrium. In othe r words, at thermo-
dynamic equilibrium, for given (Hg; T), the state variable M is uniquely deter-
mined.

If we consider now the case of a ferromagnetic body, this pragrty is not ful-
lled anymore, that is, a given value of (Ha;T), is not su cient to determine
uniquely the state variable M . In fact, we deal with a system whose free energy
has many local minima corresponding tometastable equilibria[20]. This frame-
work is known asnon-equilibrium thermodynamics and is not yet well-established
from theoretical point of view. Nevertheless, many contritutions in this sense
have been developed. In this respect, the presence of many tastable state can
be taken into account, as result of a deeper analysis in the &mework of non-
equilibrium thermodynamics, by the following generalized Gibbs! free energy

GHaT;M)=F(M;T) oHa M (1.17)

We observe that the free energy (1.17) coincides with the Gibs free energy (1.11)
at thermodynamic equilibrium. The explicit dependance on M expresses some-
how the distance of the system from thermodynamic equilibrum when the state
variable assumes the particular valueM , as if it were an external constraint.
In this framework, one can determine the (metastable) equibrium condition by
imposing that the free energy (1.17) is stationary with respect to M :

@  _ @F

= — Ha=0 1.18
Y VR (1.18)

In the latter equation, the rst of Egs. (1.15) has been used. It is important to
underline that, from this analysis, one cannot say which meastable state the sys-
tem will reach, given an initial state. The only way to determine this information
is to introduce dynamics. Therefore, an appropriate dynam¢ equation must be
considered to describe the evolution of the system.

The above considerations can be extended to the case of an ialmogeneous
system, where the state variables and the thermodynamic pantials are also

1In Ref. [20] this free energy is called Landau free energy G, to distinguish from the Gibbs
free energy G. Here we perform an abuse of notation.

2|t can be shown that metastable equilibria are minima of the f ree energy (1.17). In this
sense the minimization of the free energy (1.17) generalizes the minimization of the Gibbs free
energy that holds in equilibrium thermodynamics.
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space-dependent functions, under the hypothesis that the bdy is in local thermo-
dynamic equilibrium3. Therefore, the state functions can be well-de ned within
each elementary volume and thermodynamic relations which ee valid for homo-
geneous bodies, can be written point-wise as balance equatis. Moreover, the
thermodynamic potentials become functionals of the state wriables which, in
turn, are space functions.

In the following sections we analyze the contributions to the free energy func-
tional for ferromagnetic bodies. In this respect, the role @& the state variable
will be played by the magnetization vector eld M and the equilibrium condition
will be computed by imposing that the variational derivativ e of the free energy
functional G(M ;H 3), with respect to M, vanishes according to Eqg. (1.18). Fi-
nally, in section 1.3 we shall introduce the appropriate dyramic equation which
is necessary to describe the evolution of the system, as sebefore.

1.1.3 Exchange interaction and energy

Now we will discuss the exchange interactions in ferromagrie bodies. This
interaction should be analyzed by means of quantum theory, imce it strongly
concerns with spin-spin interactions. More speci cally, an a scale in the order
of the atomic scale, the exchange interaction tends to aligmeighbor spins. In
view of a continuum average analysis in terms of magnetizatin vector eld, we
expect that the exchange interactions tends to produce smaluniformly magne-
tized regions, indeed observed experimentally and calledhagnetic domains In
this respect, the existence of domains [8] was postulated by\Veiss in the early
1900s to explain the inverse temperature dependance of swetibility for ferro-
magnetic materials investigated by Curie. This theory was mrtially validated by
the work of Barkhausen (1915), in which the emergence of irneersible jumps in
magnetization reversal was connected to the Weiss domainsSuccessively, exper-
imental observations [9] based on Faraday and Kerr e ect meaurements, de -
nitely stated the existence of magnetic domains. Howevern 1931 Heisenberg [10]
described ferromagnetic bodies in terms of exchange intecions, justifying the
Weiss theory on molecular eld. In the following sections a lbrief summary of
paramagnetism and classical Weiss molecular eld is preseéed before deriving
the phenomenological expression of exchange free energyedsn micromagnetics.

3although the whole body is not in equilibrium, one assumes th at each elementary volume is
in equilibrium
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Paramagnetism

It is well known that most of the materials, subject to magnetic elds, exhibits
either diamagnetic or paramagnetic behavior [5]. This re ects in a value of the
magnetic permeability slightly di erent from the vacuum pe rmeability . Con-
versely, few materials, like Fe, Ni, and Co behaves di ererly and are referred to
asferromagnetic materials. In the following, we will brie y explain the para mag-
netism, since it is helpful for describing ferromagnetic méerials.

Thus, let us consider a medium whose elementary particles psess magnetic
moment. Let us suppose that no external eld is applied, and hat the body is
in thermodynamic equilibrium. Due to the random orientatio n of the elementary
magnets, the magnetization vectorM is zero everywhere in the medium. When
an external eld H g, is applied, an equilibrium between the tendency of dipoles
to align with the eld and the thermal agitation establishes. This produces the
magnetization of the body in the same direction and orientaton as the external
eld. If we call mg the permanent magnetic moment of the generic dipole and

the angle betweenmg and H,, the contribution dM to the total magnetic
moment of the body, given by the single dipole, is the comporat of mg along

the eld direction
dM = mgcos (1.19)

Now we have to determine the distribution of the dipoles with respect to the
angle and then to compute the average value ofngcos . To this end, we can
use Boltzmann statistic which gives the probability p(E) for a dipole to have
suitable potential energy E as:

p=exp KT ; (2.20)

where kg is the Boltzmann constant and T is the temperature. The potential
energy of a dipole subject to the eldH ; is:

E = omg Ha (1.21)

If N is the number of dipoles per unit volume, the total magnetic roment M per
unit volume can be expressed as the following statistical asrage:

Emax
M = Nmgcos p(E)dE =
E min
Emax
= Nmgocos exp _oMoHacos. d(  omgHacos ) :  (1.22)
Emin kBT
With the positions
moH
X =CO0S ; = 0 07a . (1.23)

ke T
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Eg. (1.22) becomes:
1
M = Mg coth — = MgL() ; (1.24)

where Mg = Nmyg is the saturation magnetization, corresponding to the casédn
which all the dipoles are aligned, andL ( ) is the Langevin function. Generally,
in experiments on paramagnetic substances, typical tempetures and elds are

such that
oMoHa

kg T
Since the Langevin function can be developed in Taylor serie

1 (1.25)

L( )= 3t o( ? ; (1.26)

for small we can take the rst order expansion and rewrite Eq. (1.24) as

oMsmg

M= —= ~—
3kg T

Ha= Ha : (1.27)

where the magnetic susceptibility is in the order of 10 * for typical values of the
parameters. One can clearly see that Eq. (1.27) explains th@&werse dependance
of the susceptibility on the temperature observed experimatally by Curie.

Ferromagnetism. Weiss molecular eld

Some materials present very strong magnetization, typicdly in the order of the
saturation magnetization, also in absence of external eld i.e. they present spon-
taneous magnetization. This kind of materials are referredto as ferromagnetic
materials (Fe, Co, Ni, Gd, alloys, etc.). Typical properties of some feromagnetic
materials can be found in Appendix A. The behavior of very smdl regions of
ferromagnetic materials can be treated by following the sam line of reasoning
used for paramagnetism. With respect to the continuum modelintroduced in sec-
tion 1.1.1, we are now dealing with phenomena occurring insie our elementary
volume dV;, which involve the interactions between single spins. Herave report
the theory developed by Weiss which is very similar to the oneused for para-
magnetism. In fact, the main di erence stays in the postulation of an additional
magnetic eld H,, whose non magnetic (Maxwellian) origin is not investigated
This eld was called molecular eld by Weiss [8]; by adding the eldH,, = N, M
(N is characteristic of the material) to the external eld in Eq . (1.24), one ends
up with the following equation:

oMo(Ha+ NywM)
kT

M = ML (1.28)



1.1 Micromagnetic Free Energy 17

JM(T)

»
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Figure 1.2: Typical behavior of spontaneous magnetizationas function of tem-
perature.

The latter equation can be linearized for high temperatures which corresponds to
small as seen before. Then, one can nd the well-knowrCurie-Weiss law that
once again expresses the dependance of the susceptibilitp the temperature

1 . _ oMsmgNy

T_ .
/TTC’C 3k ’

(1.29)

where T is the Curie temperature, characteristic of the material. Thus, for tem-
peratures T > T, the ferromagnetic materials behave like paramagnetic. For
temperature T < T, one can use Eq. (1.28) to derive the relationship between
the saturation magnetization Mg and the temperature T. The resulting relation-
ship Mg = Mg(T) behaves like in Fig. 1.2. This behavior qualitatively matches
with experimental observations [5]. In addition, the phenanenological approach
of molecular eld was theoretically justi ed when Heisenberg introduced the ex-
change interaction on the basis of quantum theory (1931).

Nevertheless, the Weiss theory gives information about thenagnitude of mag-
netization, but nothing can be said about the direction. In this respect micro-
magnetics has the purpose to nd the direction of magnetizaton at every location
within the magnetic body. In this respect, for constant temperature, the magne-
tization vector eld M (r;t) can be written as

M(r;t)= Mgm(r;t) ; (2.30)
wherem(r;t) is the magnetization unit-vector eld.

Microscopic model

Now we have to investigate how the exchange interactions plaon a larger spatial
scale, namely how the elementary magnetic moment81 dV; exchange-interact
with one another. We follow the derivation proposed by Landas and Lifshitz in
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1935, reported by W.F. Brown Jr. in Ref [12]. In this respect, an energy term
which penalizes magnetization disuniformities is introdwced in the free energy.
This term, in the isotropic case (i.e. cubic cell) is consistd of an expansion in
even power series of the gradients of magnetization compongs [11]. If one stops
the expansion to the rst term, the disuniformity penalizat ion assumes the form:

fex = AL(r my)?+(r my)?+(r my)?’] ; (1.31)

where the constantA, having dimension of [J/m], has to be somehow determined.
One way is to identify the exchange constant from experimers, but it is also
possible to estimate it with a theoretical approach. In fact, let us consider a cubic

lattice of spins, with interaction energy given by the Heissnberg Hamiltonian:
X

W= 2] S S (1.32)
where the sum is extended to thenearest neighbors onlyand S;, S; are the spin
angular momenta, expressed in units of-, associated to sites and j, and J is the
nearest neighbor exchange integral. We assume that the foes between spins are
su ciently strong to keep the neighbor spins almost parallel. Thus, if m; is the
unit-vector in the direction  Sj, suchthatS; = Sm; (S is the spin magnitude),
and if j; is the small angle between the directionsm; and mj, one can rewrite
Eq. (1.32) as

X X
W= 2JS* cosj ' 22S8* 1 i =

NI =

X (1.33)
=const. + JS? &' const.+JS? (m; my?® ;

since for small i, j ijj = jm; m;j. We now assume that the displacement

vector mj m; can be written in terms of a continuous function m such that:

mp mj= r; rm (1.34)

where rj = r; rj is the position vector of neighborj with respect to site i.

Then, if m = mye, + myey + m,e,,

X
W =const.+ JS? ( rj rm)?= (1.35)
X
=const.+ JS?  [( rj rm)2+( rj rmy)2+( rj rmy)?
Now we sum overj and multiply by the number of spins per unit volume n in
order to obtain the energy per unit volume f . It is important to noF'gice that, if
N = Xjexty %,+ zje;, due to the cubic symmetry it happensthat ; x;y; =0,
and . sz = % : rjz. By using these properties and neglecting the constant

j j
term, one ends up with:

fex = AL(r my)?+(r my)?+(r my)?’] ; (1.36)
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where A is the exchange constant:

1 X
= ZnJS? e (1.37)
6
which can be particularized for di erent lattice geometries (body-centered, face-
centered cubic crystals). Typical values ofA are in the order of 10 1t J/m.
Finally, one can write the contribution of exchange interadions to the free

energy of the whole magnetic body by integrating Eq. (1.36) ger the region :
z
Fex = A[(r my)?+(r my)?+(r my)?dv (1.38)

It is important to notice that, in this case, the exchange interaction is isotropic
in space, meaning that the exchange energy of a given volumeV is the same for
any orientation of the magnetization vector, provided that its strength remains
the same. In this respect, the expression (1.38) for the exenge energy puts this
consideration into evidence.

1.1.4 Anisotropy

In ferromagnetic bodies it is very frequent to deal with anisotropic e ects, due
to the structure of the lattice and to the particular symmetr ies that can arise
in certain crystals. In fact, in most experiments one can geprally observe that
certain energy-favored directions exist for a given matel, i.e. certain ferromag-
netic materials, in absence of external eld, tend to be magmtized along precise
directions, which in literature are referred to as easy directions The fact that
there is a \force" which tends to align magnetization along easy directions can
be taken into account, in micromagnetic framework, by meansof an additional
phenomenological term in the free energy functional.

To this end, let us refer to an elementary volume V, uniformly magnetized
and characterized by magnetization unit-vectorm = M =Mg. The magnetization
unit-vector m = myeyx + myey + m;e, can be expressed in spherical coordinates
by means of the angles and such that:

my =sin  cos
my = sin  sin (1.39)

m; = COS

The anisotropy energy densityf ;n(m) can be seen as a function of the spherical

angles and , and the anisotropy energy as
z
Fan(m) = fan(m)dv (1.40)
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In this phenomenological analysis, it turns out that the eas/ directions corre-
spond to the minima of the anisotropy energy density, wherea saddle-points and
maxima of f gn(m) determine the medium-hard axes and the hard axes respec-
tively.

Uniaxial anisotropy

The most common anisotropy e ect is connected to the existege of one only
easy direction, and in literature it is referred to as uniaxial anisotropy. Thus, the
anisotropy free energy densityf 5n(m) will be rotationally-symmetric with respect

to the easy axis and will depend only on the relative orientaton of m with respect

to this axis. We suppose, for sake of simplicity, that the eag direction coincides
with the cartesian axis z. Therefore, we can write the expression of ;n(m) as
an even function of m, = cos , or equivalently using as independent variable
mZ+ mZ =1 mZ=sin . This expression, developed in series assumes the

following form:
fan(M)= Ko+ Kysin? + Kpsin* + Kgsin® + ::: (1.41)

where K1, K, Kg3;:::, are the anisotropy constants having the dimensions of
energy per unit volume [J/m3].

Here we will limit our analysis to the case in which the expanfon (1.41) is
truncated after the sin® term:

fan(M)= Ko+ Kysin? (1.42)

In the latter case, the anisotropic behavior depends on theign of the constant
K1. When K1 > 0, the anisotropy energy admits two minimaat =0and =
that is when the magnetization lies along the positive or negtive z direction with
no preferential orientation. This case is often referred toas easy axis anisotropy
(see Fig. 1.3). Conversely, wherK; < 0 the energy is minimized for = =2,
meaning that any direction in x y plane corresponds to an easy direction. For
this reason, this case is often referred to agasy plane anisotropy In the sequel,
referring to uniaxial anisotropy, we will intend to use the following anisotropy free
energy, derived from the integration over the whole body of he energy density
Eq. (1.42): Z

Gan(M) = Ku[l (ean(r) m(r))’]dV ; (1.43)

where e;n(r) is the easy axis unit-vector at the location r and the constant part
connected toK g has been neglected.
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Figure 1.3: Uniaxial anisotropy energy density. (left) eay axis anisotropy (K1 >
0). (right) easy plane anisotropy (K1 < 0).

Cubic anisotropy

This is the case when the anisotropy energy density has cubisymmetry, mostly
due to spin-lattice coupling in cubic crystals. Basically it happens that three
privileged directions exist. A typical expansion of the ansotropy energy density
in this case is, in cartesian coordinates:

fan(M) = Ko+ Ky(mZmJ+ mfmZ + mimZ) + KomimimZ + 121 (1.44)
As before, let us neglect terms of order grater than fourth (ie. K, = 0, etc.).

When K, > 0, there are six equivalent energy minima corresponding to he
directions x;y;z, both positive and negative (see Fig. 1.4). Conversely, whe
K1 < 0 a more complex situation arises. In fact, there are eight egjvalent

minima along the directions pointing the vertices of the cube (e.g. the direction
[1,1,1]) and the coordinate axes directions become now hardxes. This case
has been inserted for sake of completeness, but in the sequalbic anisotropy
will be not considered anymore. It is important to underline that the character

of anisotropy interaction is local, that is, the anisotropy energy related to an

elementary volumedV,o depends only on the magnetizationM (r9.

1.1.5 Magnetostatic interactions

Magnetostatic interactions represent the way the elementay magnetic moments
interact over “long' distances within the body. In fact, the magnetostatic eld at
a given location within the body depends on the contributions from the whole
magnetization vector eld, as we will see below. Magnetost#c interactions can
be taken into account by introducing the appropriate magnetostatic eld H
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=N

hyms!

Figure 1.4: Cubic Anisotropy energy density. (left) coordinate axes are easy axes
(K2 > 0). (right) coordinate axes are easy axesK , < 0).

according to Maxwell equations for magnetized media:

8
% r-im=r M in
r-Aam=0 in ¢ (1.45)
3
" Hp=0
with the following conditions at the body discontinuity sur face @
8
n [Hplg =n M

: (1.46)
"n [Hmlg =0

In Egs. (1.45)-(1.46), we have denoted witm the outward normal to the boundary

@ of the magnetic body, and with [ Hm]g the jump of the vector eld Hn, across

@.
Magnetostatic energy

Now we will provide the expression for the contribution of magnetostatic interac-
tions to the free energy of the system. The derivation of suckexpression is quite
straightforward if one assumes that the energy density [14pf magnetostatic eld

is given by: 7
1
Un = > oHm?dV (1.47)
1
where 1 is the whole space. In fact, by expressing the magnetostaticeld as
Ho=Bm oM (1.48)
0
Eq. (1.47) becomes:
z
1 Bm

Un = S oHm -2 M dv (1.49)
0
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The rst term in Eq. (1.49) vanishes owing to the integral ort hogonality of the
solenoidal eld B, and the conservative eld H, over the whole space [14]. The
remaining part, remembering that M is nonzero only within the region , is the
magnetostatic free energy:
z 1
Fm = > oM Hpdv (1.50)

We observe that magnetostatic energy expresses a nonlocalteraction, since the
magnetostatic eld functionally depends, through the boundary value problem
(1.45), on the whole magnetization vector eld, as we anticpated in the beginning
of the section. The latter equation has the physical meaningof an interaction

energy of an assigned continuous magnetic moments distrillion, namely it can

be obtained by computing the work, made against the magneticeld generated

by the continuous distribution, to bring an elementary magnetic moment oM dV

from in nity to its actual position within the distribution  [15]. Discussion on the
choice of the magnetostatic eld energy density can be foundn Ref. [14] and
references therein.

1.1.6 The External Field. Zeeman Energy

Until now, we have treated the case of magnetic body not subjet to external
eld. Therefore, all the energy terms introduced in the previous sections can be
regarded as parts of the Helmholtz free energy functional. \WWen the external
eld is considered, it is convenient to introduce the Gibbs free energy functional.
In this respect, the additional term (see Eq. (1.17)) relatad to the external eld
H 4, is itself a long-range contribution too. In fact, it can be seen as the potential
energy of a continuous magnetic moments distribution [15] sbject to external
eld Hg: b

Ga= oM Ha : (1.52)

This energy term is referred in literature to as Zeeman energy

1.1.7 Magnetoelastic interactions

Ferromagnetic bodies are also sensible to mechanical stesnd deformations.
This means that when they are subject to an external eld, medanical stresses,
due to the interaction with the eld, arise within the bodies and consequent
deformations of the bodies themselves can be observed (magfostrictive materi-

als). Viceversa, if one deforms a ferromagnetic body, the esequent mechanical
stress a ects the state of magnetization of the body. In othe words, there is
interaction between magnetic and elastic processes. Thel@e, in our framework
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based on energy aspects, an additional term to describe thimagneto-mechanical
coupling should be inserted in the free energy (see Ref. [183r details). Here we
neglect magnetoelastic interaction, for sake of simplicl, but in principle it can
be treated, apart from mathematical complications, in the same way as the other
free energy terms, as we will see in the following sections.

1.1.8 The Free Energy Functional

Now we are able to write the complete expression for the freenergy of the
ferromagnetic body. In fact, by collecting Eqgs. (1.38), (140), (1.50) and (1.51),
one has:

G(M;Ha) = Fext Fant+ Fm + Ga =
Z
= AL(r my)Z+(r my)Z+(r mz)?]+ fan+

%'OM Hm oM Ha dV ; (1.52)

which can be put in the compact form by expressing the exchang interaction
energy density asA(r m)2:
z 1
G(M;H,) = A(r m)?+ fan+ 5 oM Hmn oM Ha dv : (1.53)

1.2 Micromagnetic Equilibrium

In section 1.1.2 we recalled the fact that, for constant extenal eld and tem-
perature, the equilibria (i.e. metastable states) are give by the minima of the
free energy (1.53). Remembering thatM = Mgm, the unknown will be the
magnetization unit-vector eld m.

1.2.1 First-order Variation of the Free Energy

In the following we impose that the rst-order variation G vanishes for any
variation m of the vector eld m, compatible with the constraint jm+ mj=1

(which in turn corresponds to jM + M| = Mg). This will allow us to derive

the equilibrium condition [4] and, therefore, the equilibrium con guration for

magnetization within the body. We approach separately eachterm of the free
energy (1.53).

Exchange

Let us take the rst-order variation of Eq. (1.38):
Z

Fex= Fex(mMm+ m) Fe(m)= 2Arm r mdVv (1.54)



1.2 Micromagnetic Equilibrium 25

wherer m r m is a compact notation forr my r my+rmy r my+r m,
r m,. Now we proceed in the derivation for the x component, the remaining
y;Z can be treated analogously. By applying the vector identity

vrf=r (fv) fr v ; (1.55)
in which we put f = my and v = r my, one obtains:
z z
rmy r mydV = r(myArmy) myr (Army) dv : (1.56)

By using the divergence theorem, the rstterm can be written as surface integral

over the boundary @

4 Z Y4

rme r mydvs mA@Pds m,r (Arm)dv : (L57)

@ @
By substituting the latter equation and the analogous for the y;z components
into Eq. (1.54), one ends up with:

Z h [ Z @n
Fex = 2r (Arm) m dv+ 2A—— m ds ; (1.58)
@ @
which is the exchange contribution to the rst-order variat ion of the free energy
functional.
Anisotropy

As far as anisotropy is concerned, taking the rst-order varation of the energy
Fan is equivalent to write the following equation:

z
FoL Ok

mdv (1.59)

For instance, referring to the case of uniaxial anisotropy ad, therefore, to Eq. (1.43),
the latter equation becomes
z

Magnetostatic energy

By taking the rst-order variation of the free energy functi onal (1.50), one has:

z 1 z 1

The above two integral term are identical as stated by the re@rocity theorem [4,

5] and then the latter equation can be rewritten in the following form:
Z
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Zeeman energy

Since the applied eld does not depend on the magnetizationthe rst-order

variation of the Zeeman free energy (1.51) is:
z

1.2.2 Effective Field and Brown's Equations

Thus, to summarize the previously derived results, we can wte the expression
for the rst-order variation of the free energy functional ( 1.53):

g ot
G = 2r (Ar m) B+ oMgHm+ oMsHa  mdv+
@n
z an (1.64)
+ 2A—— m dS=0
@ @

Now we claim the fact that the variation m has to satisfy the constraint jm +
mj = 1. For this reason, it can be easily observed that the most geeral variation
is a rotation of the vector eld m, that is

m=m - (165)

where the vector =~ represents an elementary rotation of angle . By substituting
this expression in Eq. (1.64) and remembering thaty (w u)=u (v w)=
u (w v), one obtains:

z @t
G = m 2r (Ar m) L+ oMgHm+ oMsHa Tdv +
Z 1.66
@n o (1.66)
+ 2A— m dsS =0
@ @

Since the elementary rotation is arbitrary, Eq. (1.66) can be identically zero

if and only if:
8 @t
3m 2r (Arm) "+ oMcHm+ oMcH, =0
(1.67)
@ @

In the second equation the fact that% m = 0 implies that % = 0, as the vec-
tors m and % are always orthogonal; in fact, the only way their vector product
can vanish is that % is identically zero. We introduce now the e ective eld

2 1 @fn
He = r Ar m
¢ oMs ( ) oMs @n

+Hm+ Ha ; (1.68)
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where the rst two terms take into account the exchange and ansotropy inter-
jections. In other words, these interactions e ectively ad on the magnetization
as they were suitable elds:

Hexc = r (Arm) ; (1.69)
olvl's
1 @fn
Han = : 1.70
= @ (1.70)
Egs. (1.67) can be rewritten as
8
2 OM S m H e =
. @n Brown's Equations: (2.72)

The Brown's equations allow one to nd the equilibrium con g uration of the
magnetization within the body. The rst equation states tha t the torque exerted
on magnetization by the e ective eld must vanish at the equilibrium. It is im-
portant to notice that Egs. (1.71) are nonlinear, since the eective eld (1.68) has
a functional dependance on the whole vector eldm( ). As we will discuss later,
the existence of exact analytical solutions is subject to apropriate simplifying
assumptions. For this reason, in most cases numerical soliogn of Eqgs. (1.71) is
required. In addition, as mentioned in section 1.1.2, the mdel must be completed
with a dynamic equation to properly describe the evolution d the system. This
will be done in the following section.

1.3 The Dynamic Equation

Up to now, we have presented a variational method based on theninimization
of the free energy of a ferromagnetic body. This method allow one to nd the
equilibrium con gurations for a magnetized body, regardless of describing how
magnetization reaches the equilibrium during time. Recenly, the challenging re-
quirements of greater speed and areal density in magnetic stage elements, has
considerably increased the e ort of the researchers in thenivestigation of magne-
tization dynamics. Most of the analysis are based on the dynaic model proposed
by Landau and Lifshitz [3] in 1935, and successively modi edby Gilbert [18] in
1955. In this section we will present both Landau-Lifshitz end Gilbert equations
as a model for magnetization ‘motion'. The di erences betwen them are em-
phasized and the properties of magnetization dynamics aret®wn in view of the
discussions and results presented in the following chapter
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1.3.1 Gyromagnetic precession

It is known from quantum mechanics that there is a proportionality relationship
between the magnetic spin momentum and angular momentum L of electrons.
This relationship can be expressed as

where =2:21 10° m A !s !is the absolute value of the gyromagnetic ratio

gjg .
= mec (1.73)

g' 2 is the Land splitting factor, e= 1:6 10 19 C is the electron charge,
me = 9:1 10 3! kg is the electron mass andc = 3  10° m/s is the speed of
light. By applying the momentum theorem one can relate the rae of change of
the angular momentum to the torque exerted on the particle by the magnetic

eld H:
dL
i H : (1.74)
By using Eq. (1.72), one ends up with a model which describeshe precession of
the spin magnetic moment around the eld:
d
o H : (1.75)

The frequency of precession is thearmor frequency
fL=— : (1.76)

Eg. (1.75) can be written for each spin magnetic moment withn the elementary

volume dV;:

d
= ; H o (1.77)

where now the magnetic eld H is intended to be spatially uniform. Now, by
taking the volume average of both members of the latter equdbn, one has:
P P

1d i
= = H 1.78
av,  dt dv; ! (1.78)

and, therefore, recalling the de nition (1.1) of magnetization vector eld M, we
end up with the following continuum gyromagnetic precessio model:

@

T H (1.79)
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Figure 1.5: (left) Undamped gyromagnetic precession. (rigt) Damped gyromag-
netic precession.

1.3.2 The Landau-Lifshitz equation

The rst dynamical model for the precessional motion of the magnetization was
proposed by Landau and Lifshitz in 1935. Basically, this moal is constituted
by a continuum precession equation (1.79), in which the presnce of quantum-
mechanical e ects and anisotropy is phenomenologically tken into account by
means of the e ective eld He given by Eq. (1.68). Then, the Landau-Lifshitz
equation is:

o _
@t
First of all, we observe that if the magnetization rate of change @n=@wanishes,
Eg. (1.80) expresses the equilibrium condition given by therst of the Brown's
equations (1.71). In addition, since Eq. (1.80) is an intego-partial di erential
equation, the Neumann boundary condition given by the secod Brown's equation
is used [4].
We observe that Landau-Lifshitz equation (1.80) is a conserative (hamil-

He (1.80)

tonian) equation.

Nevertheless, dissipative processes take place within damic magnetization
processes. The microscopic nature of this dissipation is #t not clear and is
currently the focus of considerable research [16, 17]. Theparoach followed by
Landau and Lifshitz consists of introducing dissipation in a phenomenological
way. In fact, they introduce an additional torque term that p ushes magnetization
in the direction of the e ective eld (see Fig. 1.5). Then, th e Landau-Lifshitz
equation becomes:

%t: M  Heg M_SM (M He) (1.81)
where > 0 is a phenomenological constant characteristic of the matgal. It
is important to observe that the additional term is such that the magnetization
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magnitude is preserved according to the micromagnetic corigint M = Mg. This
can be seen by scalar multiplying both members of Eq. (1.81) oM.

1.3.3 Landau-Lifshitz-Gilbert equation

An in principle di erent approach was proposed by Gilbert [18] in 1955, who
observed that since the conservative equation (1.80) can bderived from a La-
grangian formulation where the role of the generalized coatinates is played by
the components of magnetization vectoM; My; M. In this framework, the most
natural way to introduce phenomenological dissipation ocars by introducing a
kind of “viscous' force, whose components are proportionabo the time deriva-
tives of the generalized coordinates. More speci cally, héntroduces the following
additional torque term:

@
M = -
Ms @t '’
which correspond to the torque produced by a eld M—S%, where > O0isthe
Gilbert damping constant, depending on the material (typical values are in the

(1.82)

range =0:001 0:1). We observe that, similarly to the case of Landau-Lifshitz
equation, the additional term introduced by Gilbert preserves the magnetization
magnitude®. In the following section, when we will analyze the fundametal
properties of magnetization dynamics, we will show that the Gilbert damping is
connected to the assumption of a suitable Rayleigh dissipabn function. There-
fore, the precessional equation (1.80), modi ed accordingo Gilbert's work, is
generally referred to asLandau-Lifshitz-Gilbert equation:

@ _ a1
@t M He+M—SM @t (1.83)

There is substantial dierence between Landau-Lifshitz ard Landau-Lifshitz-
Gilbert equations although they are very similar from mathematical point of
view. For instance, Landau-Lifshitz equation (1.81) can beobtained easily from
Gilbert equation. In fact, by vector multiplying both membe rs of Eq. (1.83) by
M , one obtains:

@1 _ a1
G- M (M He)+ M M_SM @t (1.84)

remembering the vector identity a (b ¢)= b(a ¢) c(a b) and observing
that M @ =0 (see section 1.3.5), one ends up with:

a1 _ e
@t M (M He) Ms@t

4We will discuss this aspect in section 1.3.5

(1.85)
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By substituting the latter equation in the right hand side of Landau-Lifshitz-
Gilbert equation (1.83), one has:

@ @1

The latter equation can be appropriately recast to obtain the following expression:
@
= M H — M M H ; 1.87

which is commonly referred to as Landau-Lifshitz equation n the Gilbert form.
One can immediately notice that Eq.(1.87) and Eq. (1.81) aremathematically
the same, provided that one assumes:

e B e S (1.88)

Moreover, the work of Podio-Guidugli [82] has pointed out that both Landau-
Lifshitz and Landau-Lifshitz-Gilbert equations belong to the same family of

damped gyromagnetic precession equations. Neverthelessrse considerations
about the meaning of the quantity , which indeed is the ratio between physical
characteristics of the electrons like mass and charge, araugient to say that
Egs. (1.81) and (1.83) express di erent physics and are ideital only in the limit
of vanishing damping. Moreover, rst Kikuchi [30] and then M allinson [29] have
pointed out that in the limit of in nite damping ( 'l inEg.(1.81), !'1 in
Eq. (1.83)), the Landau-Lifshitz equation and the Landau-Lifshitz-Gilbert equa-
tion give respectively:

@l Il . ot !

@t @t
Since the second result is in agreement with the fact that a vey large damp-

0 : (1.89)

ing should produce a very slow motion while the rst is not, one may conclude
that the Landau-Lifshitz-Gilbert (1.83) equation is more appropriate to describe
magnetization dynamics. In this thesis, from now on, we willuse the Landau-
Lifshitz-Gilbert equation (1.83).

1.3.4 Normalized equations

It is very useful to write the micromagnetic equations in dimensionless units.
This is helpful as soon as one wants to investigate which term are prevalent
in given situations and moreover, the normalization consi@rably simpli es the
expressions. We start our discussion from the expression tfie free energy (1.53).
By dividing both members of Eq. (1.53) by oM 2Vo (Vo is the volume of the body)

one obtains: 5
ny- G(MiHa) _ A 2, 1 1 :
g(m;ha) = OTSZVO_ O—Msz(l’ m) +O—M§fan+ Em hm mhy dv
(1.90)



32 The Micromagnetic Model and The Dynamic Equation

where the normalized volumev is measured in units ofVy. In this framework, we
can obtain the normalized e ective eld he = H¢ =Mg by taking the variational
derivative g= m of the normalized free energy:

2 1 O@fn
he = ——r (Arm ———+hp+hg : 1.91
e OMSZ ( ) OMSZ @n m a ( )

It is important to focus on the following quantity with the di mension of a length

in Eq. (1.90): S

lex = OAI\;'S? ; (1.92)
which is commonly referred to asexchange length The exchange length gives an
estimation of the characteristic dimension on which the exbange interaction is
prevalent. For typical magnetic recording materialsley is in the order of 5 10 nm.
Therefore, one expects that on a spatial scale in the order df, the magnetiza-
tion is spatially uniform. This is very important when spati al discretization of
micromagnetic equations has to be preformed. In fact, one ghuld be sure that
the mesh characteristic dimension is smaller tharey.

Now let us consider the Landau-Lifshitz-Gilbert equation (1.83). By dividing

both members by M 2 one obtains:

1 @M 1 @Y
——= —M He + ———M —_— 1.93
M2 @t M2 ¢ M 2Mq @t (1.93)
Now, remembering that
M H
= — : heg = —2 1.94
m M e M. ( )

and by measuring the time in units of (M ¢) 1, Eq. (1.93) can be rewritten in
the following dimensionless form:

@n _ @n
@ MMM g

In the case of Mg * 796 KA/m ( oMs = 1 T), the dimensionless time unit

(1.95)

correspondsto (Ms) ' 5.7 ps.

1.3.5 Properties of magnetization dynamics
Magnetization magnitude conservation
Let us now brie y recall the fundamental properties of Landau-Lifshitz-Gilbert

(LLG) dynamics. By scalar multiplying both members of the LL G equation
(1.95) by m one can easily obtain:

1. -, .
g Eij =0 ; (1.96)
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which implies that, for any tg;t andr 2 , it happens that:
im(r)j=jm(to;r)j : (1.97)

Thus, any magnetization motion, at a given location r, will occur on the unit
sphere.

Energy balance equation

It is convenient to recast the normalized Landau-Lifshitz-Gilbert equation (1.95)
in the following form:

@n _ @n
Now by scalar multiplying both members of Eq. (1.98) by he %t one ends
up with:
@n @ _ . .
“at he @t 0o : (1.99)

The e ective eld and the time derivative of the free energy are related by the
following relationship:

Z
dg_ 9 @, 9 @a ,
dt Z m @t ha @t
_ @n @4 _
= he at m at dv (2.100)

By integrating Eq. (1.99) over the body volume and by using t he latter equa-

tion, one obtains:
Z 2 Z
d_g = @ av m @]a

dt @t @t
Equation (1.101) is the energy balance relationship for magetization dynam-

dv (1.101)

ics. An interesting case occurs when the applied eld is cortant in time and,

therefore, @a = 0. The energy balance equation becomes:

’ @t Z
dg _ @n?
i “at dv ; (1.102)
meaning that the free energy is a non-increasing function ofime, since 0.
This property is often referred to as Lyapunov structure [82] of LLG equation.
In particular, for =0, one can observe that the free energy conservation holds:
g(t) = g(to) 8tto : (1.103)

The properties expressed by (1.97), (1.101) and (1.103) areery important con-
straints for magnetization dynamics. Since the solution ofLLG equation cannot
be obtained in exact analytical form, except some very parttular cases, it is fun-
damental to derive nhumerical models that can reproduce thisproperties also in
discrete dynamics. This issue will be addressed in detail ithapter 4.
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Classical treatment of dissipation

It is possible to give a generalized form for introducing thedissipation in magne-
tization dynamics, through the so-called Rayleigh dissipation function. We focus

now the attention on the case When@‘@at = 0, without a ecting the generality of
the analysis. Let us suppose to assign the following functim

z
@Gn _ 1 @n @n .
@ "3 a® @V (1.104)

whereA is a symmetric positive-de nite second order tensor. Now, v can rewrite

R

the Landau-Lifshitz-Gilbert equation (1.98) in the follow ing way:
!

%t = m % % : (1.105)
where the variational derivative of the Rayleigh function determines the “viscous
force' acting during magnetization motion. The important p roperty of this for-

mulation lies in the fact that equilibrium con gurations re main unchanged after
the introduction of the dissipation, as one can see from the lbservation of the

Rayleigh function (1.104). Now, if we scalar multiply both members of Eq. (1.105)

by im + % and integrate over the volume , we end up with:

z
dg R @n
— = — —dv (1.106)
dt %t @t
By applying Euler's theorem on homogeneous functions, thedtter equation be-
comes: g 7 an an
9_ _ :
e 2R = “at A @tdv : (1.107)

The choice of Gilbert damping corresponds to assume
A= | (1.108)

where | is the identity tensor and is the Gilbert damping constant. Such an
approach can be generalized i is a self-adjoint operator in a suitable function
space. An example of this is considered in Ref. [82], where additional term is
considered in the Rayleigh function involving the time derivative of the spatial
gradient of magnetization vector eld. Moreover, in Ref. [82] the most general
gyromagnetic precessional equation is reported, which idades both the cases of
Landau-Lifshitz and Landau-Lifshitz-Gilbert equations.



Chapter 2

Uniformly magnetized particles

The purpose of this chapter is to show that some dynamical magetic phenomena
which are connected with technological applications, as fo example magnetic
storage, can be studied with analytical approach. More spdaally, the control
parameters, namely the quantities that the experimenter can vary at his will, can
be found as analytical expression.

The only assumption of this approach is that no space dependwe of the
magnetization vector eld m is considered. In other words, we suppose to deal
with uniformly magnetized particles.

In this respect, the rst model to explain the hysteretic behavior of suitable
uniformly magnetized particles was proposed by Stoner and \hlifarth in 1948.
With this model it is possible to derive equilibrium con gur ations of magnetiza-
tion, when the particle is subject to an external eld. In the following we will
describe brie y the basic ideas of the Stoner-Wohlfarth moael, which is a static
model as well as Brown's equation presented in the previoushapter.

Then, the problem of switching the magnetization in thin-1 ms is analyzed.
In this respect, two di erent magnetization switching proc esses are presented.
For both of them analytical predictions are present in literature, which will be
brie y reported. Next, the issue of nding quasi-periodic solutions of LLG equa-
tion under circularly polarized eld is addressed. This situation commonly arises
when typical ferromagnetic resonance experiments are coitered. Finally the
self-oscillating behavior of LLG equation with spin-transfer torque term is inves-
tigated and analytical results regarding critical values d the control parameters
are derived. This topic has been recently under the focus ofansiderable research
for its applications to magnetic recording devices and micowave electronics.

2.1 The uniform mode approximation

In many technological applications, where the size of the mgnetic media has
reached the nanometric scale, it is reasonable to assume th¢éhe exchange in-
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teraction is prevalent with respect to the others and, therdore, that the particle

tends to be uniformly magnetized. In other words, the uniform mode is energy-
favored with respect to disuniformities as soon as the chareteristic dimension
of the body is comparable or even smaller than the exchange gth. In this

framework, it does make sense to neglect non-uniform modesd consider the
particle as uniformly magnetized. This has considerable snpli cations as far as

the mathematical model is concerned, but nevertheless the niform mode analy-
sis can give, in certain applications, very interesting andytical indications and,

in some cases, the predictions are also very accurate with spect to non-uniform
micromagnetic simulations, as we will see in the following kapter. Last but not

least, the uniform mode analysis has been used for long timaithe design of mag-
netic recording devices. In our analysis we will use quite @ensively the tools
provided by dynamical systems theory [43], since in the casef single domain
particle we deal with low dimensional systems (2D and 3D).

2.2 The static model. Stoner-Wohlfarth theory

We start our discussion from the static model proposed by Stoer and Wohl-
farth [77] in 1948. Basically it can be obtained from the stud/ of the Brown's
equations in the case of appropriate single domain particle Below we summarize
the basic hypotheses of this model:

1. Single domain particle
2. Spheroidal geometry

3. Uniaxial anisotropy along the rotational-symmetry axis.

First, assuming uniform magnetization within the body, the exchange energy
(1.38) gives zero contribution to the free energy. Next, theellipsoidal geometry
permits a signi cant simpli cation in the computation of ma gnetostatic eld,
since it can be shown that it can be expressed by a straightfavard tensorial
relationship with magnetization [12]:

Hn= N M ; 2.1)

where N is the so-calleddemagnetizing tensorwhich is always positive semidef-
inite. By expressing N with respect to its principal axes x;y;z, which coincide
with the principal axes of the ellipsoid, one can rewrite Eqg.(2.1) in the following
way: 0 1 0 10 1
Hy Ny O 0 M
%Hy§= %0 Ny 0§%My§ ; (2.2)
0 z

HZ 0 Nz M
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where Ny;Ny; N, are the demagnetizing factors such thatNy + Ny + N, = 1.
Then, the assumption of uniaxial anisotropy implies that the corresponding en-
ergy term is quadratic. For instance, if the easy axis is thez axis, theneg, = €,
and the anisotropy energy (1.43) becomes:

Fan(M) = K11 m3) Vo ; (2.3)

where \y is the volume of the spheroidal particle. Finally, the hypothesis of
rotational symmetry implies that

Nx = Ny = No (2.4)
Under these assumptions, the expression of the free energy the following:

1
G(m:;H,) = K1(1 m§)v0+E oMZm N mVy oMsm HaV, : (2.5)

From now on, we will carry out the derivation with dimensionl ess quantities.
Thus, by dividing both members by oM 2V, and remembering that 1 m?2 =

m2 + m§, one obtains:
K 1 1
gim;ha)= —F—(1 m2)+ ZNo(1 m2)+ ZN,m? m h, ;  (26)
oM 2 2

where the expression of magnetostatic energy has been exgtly developed. By
collecting terms in m2 one ends up with:

K1 1 1 Kl 1 2
+ =N, + =N —— =N m hy : 2.7
OMSZ 2 ? 2 4 OMSZ 2 ? r-nZ a ( )

g(m;hy) =

By neglecting constant terms (which disappear in a minimizdion procedure) and
by factorizing the expression in parenthesis we end up with:

1 2K
gim;ha)= = No+ —H N, m? m h, : (2.8)
OMs
With the position:
a 2K 1 ]
ke - N7 OMSZ NZ ’ (29)

the latter equation assumes the simple form:

}ke m2 m hy : (2.10)

g(m;hg) = 5

It is important to notice that, in the case of rotationally-s ymmetric ellipsoidal
particle, magnetostatic interaction energy is a quadraticform in m;, as uniaxial
anisotropy energy. For this reason it is often said in literaure that the quantity

ke takes into accountshape and crystalline anisotropy although they have very
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Figure 2.1: Free energy as a function of angle, ke > 0. (a) for hy = 0 two
minima =0; andtwo maxima = =2 exist. (b) for small hy with given
h 6 0 there still exist two minima and two maxima. (c) a critical value hsw( r)
of hy exist such that a saddle point appears in place of one minimurmand one
maximum. (d) for hy > hsw( n) only one minimum and one maximum remain.

di erent physical meanings!. We observe that, for symmetry reasons, at the

equilibrium the magnetization lies in the plane de ned by the easy axise, and

the applied eld h,. At this point, it is useful to introduce the spherical angles
, h betweenm, h, and e,, respectively. In this respect, one has:

m,=cos ; m hg= hgcos(n ) (2.11)

By using these expressions in Eq. (2.10) one obtains:

1
9(; n)= ke COS'  hacos(n )=
= %ke cof  h,cos ,cos  hgsin psin =
= %ke co¥  hy,cos  hgpsin (2.12)

where h,, and hy, are respectively the parallel and perpendicular component
of the applied eld with respect to z axis. Let us now suppose that no eld is

1The term shape anisotropy recalls the fact that magnetostat ic eld depends on the geometry
of the body, whereas the crystalline anisotropy depends on the lattice structure of the material.
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applied and that the particle is initially magnetized along the positive z axis
( =0). In this situation, the particle minimizes its energy an d therefore this is
an equilibrium position, as well as the reversed orientatim = (see Fig. 2.1a).
The energy is instead maximum for = =2. Now, if we apply a small external
eld, opposite to the initial magnetization ( , = 0), the free energy (2.10) will
still have two minima and two maxima. By further increasing h, we arrive at
a critical con guration for which one minimum and one maximum disappear.
We call hgyw the applied eld value corresponding to this critical situation. If
we increaseh, > h gy only one minimum and one maximum of the free energy
will exist. This means that for elds h, < h gy the particle will remain in the
initial con guration along z, whereas as soon af, > h sy the magnetization
will switch to the only remaining energy minimum, corresponding to the reversed
orientation.

It is important to underline that, in the general case (see Fg. 2.1), the criti-
cal eld hgy will be a function of . Thus, the idea of Stoner-Wohlfarth model,
is to represent, in the control plane (a; 1 in polar coordinates, or equivalently
haz; ha» in cartesian coordinates), the separating curve between th region where
two minima exist and the region where only one minimum remairs. This bifurca-
tion line justi es the switching behavior. It can be found analytically by means
of the following relationship:

@y, . @9_
@ ' @2
which determines the saddle points of the free energy in théy;; hy, plane. By

0 (2.13)

imposing the above conditions, one ends up with the followig equations:

8 ha’? haz _
- = Ke
sin cos

s Par e (2.14)
sind cos$

By solving these equations one ends up with the parametric gxession of the
bifurcation line, which is referged to as the Stoner-Wohlfarth astroid:

< hy = ke cos
ha?

(2.15)
ke sin®

The curve de ned by the latter equations is represented in Fg. 2.2. The polar
representation can be also found:

ha = ke (sin®® p +cos®™3 ) 32 (2.16)

In the particular case of =0, one can easily verify that

2K 1

oMZ

hsw = ke = N» +

N, : (2.17)
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Figure 2.2: The Stoner-Wohlfarth astroid in the h,;; hy, plane.

Thus, when the external eld has components such that the pont (hgyz;ha?)
lies outside the astroid, only one minimum of the free energyis present and
magnetization will end up there. For example, in the case ofnitial magnetization
m = e, the application of an external eld along e, with amplitude h, greater
than the critical value computed from Eq. (2.17), the switching of the particle
occurs. In fact, the initial con guration is no longer stabl e and the only minimum
of the free energy (stable equilibrium) remainsm = e;,.

Conversely, as soon as the eld is such that the point Kz;; ha? ) lies inside
the astroid, the situation is more complicated since there gist still two minima
of the free energy, namely two stable equilibria. Which one Wl be reached by
magnetization depends on the dynamics of magnetization mabn, which is not
described by the Stoner-Wohlfarth model. In this situation, one can say that the
switching from one minimum to the other is not precluded, but is not guaranteed.
Recently, the possibility to obtain magnetization switching with eld amplitudes
below the Stoner-Wohlfarth limit has been investigated. We will discuss this
possibility in the following sections and in chapter 3.

2.3 Uniform mode magnetization dynamics

The Stoner-Wohlfarth model has been extensively used to eXpin the occurrence
of hysteresis loops in theM  H relationship for magnetic recording media (see
Fig. 2.3). Nevertheless, as far as magnetic storage devicage required to be faster
and faster, and on the other hand the dimensions of magnetic edia decrease more
and more, the inclusion of dynamical e ects in the switching analysis becomes
unavoidable. For this reason, we start our analysis from urfiorm mode dynamics,
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Figure 2.3: Stoner-Wohlfarth model. Picture of hysteresisloops from the original
paper [77] for di erent applied eld directions. The extern al eld in abscissa is
measured in units ofke . Magnetization in ordinate is measured in units of M.

which is governed by the Landau-Lifshitz-Gilbert equation (1.95) rewritten in case
of spatial magnetization uniformity:

dm dm

W = m he + m E ; (218)

where the e ective eld and the free energy have now the simpé expressions:

he (m;t) = %g: Dxmyex Dymyey, D mze,+ hy(t) ; (2.19)
1 1 1
g(m;hy) = EDxm)2<+ EDym§+ EDzm§ ha m (2.20)

The coe cients Dy;Dy; D, take into account shape and crystalline anisotropy.
Assuming that the uniaxial anisotropy is along the x axis, the relationship of
the D coe cients with material parameters and demagnetizing factors is the

following:
2K 1

oMZ
In this framework the LLG equation de nes a dynamical system evolving on the
unit-spherejmj = 1, according to property (1.97). If we assume that the extemal
eld h, is constant, LLG equation (2.18) describes an autonomous dyamical

Dyx = Ny

Dy=Ny ; D;=N; : (2.21)

system whose phase space is 2D, and therefore, it cannot ekiti chaotic be-
havior [22, 23]. Moreover, by recalling the Lyapunov strucure (1.102) of LLG
equation for constant eld, which states that energy is a deceasing function of
time ( > 0), one can immediately conclude that the only steady solutbns are
xed points. The number of these xed points is at least two and in any case is
even, due to Poincae index theorem [43]. Thus, any bifurcdion of xed points
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involves two equilibria at the same time. The xed points of the dynamics can

be computed from the following equations:

8
*m he(m=0 , he(m= m ;

. (2.22)

Cmj=1
in the four scalar unknownsm = (my; my;m;) and . Conversely, if the ap-
plied eld is time-varying the onset of chaos and self-osclating behavior can-
not be excluded in principle [24], but there exist particular cases in which the
non-autonomous system can be reduced to an autonomous one Iloyeans of ap-
propriate change of the reference frame. An example of this azurrence will be
examined in section 2.5 when the dynamics of rotationally-gmmetric particles
subject to circularly polarized eld will be analyzed.

In the following sections, extensively use of thgphase portraits [43] of dynam-
ical system (2.18) will be made. In many cases it is conveni¢rto project the
unit-sphere on the plane to visualize the structure of the LLG vector eld. This
can be done by means of the stereographic projection which npa the coordinates
My, Mmy; M, onto wy; W, according to the following transformation:

My my

Wy = ;o W2 =
1+m, 1+m,

(2.23)

This stereographic projection has a geometric interpretaion, sketched in Fig. 2.4
for the case of = 0. The points along x axism = ( 1;0;0) are mapped to
(wg;wp) = ( 1;0), while the points alongy axism =(0; 1;0) are mapped to
(wg;wp) =(0; 1). The north pole m = (0;0;1) is mapped to (w1;ws) = (0;0),

whereas the south polem = (0;0; 1) is mapped towards in nity onto the plane.

Moreover, image through Eq. (2.23) of closed curves on the unsphere remain
closed, and also angles are preserved. In the derivation ofhpse portraits of the
dynamical system (2.18) we will need to perform numerical itegration of LLG

equation. We will adopt the numerical semi-implicit schemeproposed in Ref. [25],
which in spite of low computational e ort, preserves the magnetization magnitude
conservation property (1.97). Geometric integration of Landau-Lifshitz-Gilbert

equation will be discussed deeply in chapter 4.

2.4 Magnetization switching process

In this section we will present the analysis, in the framewok of dynamical sys-
tems theory, of some relevant technological applications @annected with magnetic
recording devices. In particular, we will focus our attention on magnetization
reversal processes, commonly referred to amagnetization switching processes
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Figure 2.4: Stereographic projection of the unit-sphere orthe plane for the case
of =0.

Basically, if we assume that initially the magnetization is aligned in the positive
easy axis direction (for example corresponding to the bit véue 0), the switching
problem consists in manipulating the control variables in ader to drive de -
nitely magnetization into the opposite orientation (bit 1) . At present time, there
are more than one way to achieve switching. The conventionalvay obtains the
switching by using magnetic eld produced by external currents, and this tech-
nique is mostly used in hard disks realizations. Recently, he possibility of using
spin-polarized currents, injected directly into the ferromagnetic medium, has been
investigated both experimentally and theoretically. This way to control switching
has considerable applications in MRAMSs technology, sinceni this way it is pos-
sible to circumvent the di culty of generating magnetic el ds that switch only
the target cell. The spin-polarized current driven switching will be analyzed in
section 2.6.

2.4.1 Critical parameters for magnetization switching

Before starting to analyze speci ¢ kinds of switching proceses, it is convenient
to indicate what we mean with critical parameters. In this respect, let us refer
to the case of switching with external magnetic elds. Geneally, at time instant

t =0, a eld pulse is applied to realize switching. Referring for sake of simplicity
to a rectangular pulse (see Fig. 2.5), we can say that our crital parameters are:

Applied eld direction.
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Figure 2.5: Design parameters for external eld pulse ampliude.

Minimum eld pulse amplitude h; to obtain successful switching.
Minimum eld pulse duration T, to obtain successful switching.

Switching time, namely the time instant Tg at which magnetization is ap-
proximately in the reversed orientation.

Generally, given an applied eld direction, the critical pulse amplitude h; can
be found as a function of material parametersK 1;Ms and shape parameters
Nyx;Ny;N; (or equivalently coe cients Dy;Dy;D;). Then, the time Ty, as well
as the time instant T, will be a function of the eld amplitude he.

Next we report some recent results present in literature regrding two di erent
ways to achieve magnetization switching: the so-called \danping switching" and
\precessional switching". We refer to the derivations worked out in Refs. [26, 27]
for the former and in Refs. [28, 35] for the latter. These reslis are very important
since in chapter 3 we will demonstrate that some of them can beised to predict
the values of control parameters in micromagnetic (non-urfiorm) simulations of
switching processes for thin- Ims having spatial dimensims of technological in-
terest.

2.4.2 Damping switching

The traditional mode to realize the switching is the one skethed in Fig. 2.6 and
it is here referred to as \damping switching" following a terminology introduced
by Mallinson [26]. The switching is realized by applying theexternal eld in the
direction opposite to the initial magnetization state. If t he eld is strong enough
(the threshold eld can be computed by the Stoner-Wohlfarth theory) the initial
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Figure 2.6: Typical mode of operation in damping switching: the eld is applied
against the initial magnetization.

magnetization state becomes unstable and magnetization dyamics tends to relax
toward the new minimum of energy in the direction of the applied eld. In the
following the analytical treatment of damping switching will be presented. This is
possible indeed only in the special case in which the magnetibody is rotationally
symmetric around a certain axis and the external eld is applied exactly along
the symmetry axis. If the symmetry axis is e,, the e ective eld is given by the
formula

he = Do (myex + myey) D,m;e; +hge, (2.24)

Here, coe cients D> = N, and D, = N, (2K 1)=( oM 2) account for demag-
netizing elds and crystalline anisotropy, while hg; is the applied eld, which is

assumed to be constant during the pulse duration. R. Kikuchi[30] considered a
similar problem for the case of isotropic ferromagnetic spbre when the e ective

eld is de ned by the formula:

he = Dm+hge, (2.25)

The di erence in the mathematical forms of the e ective eld s (2.24) and (2.25)
results in the profound di erence in the physical phenomenaof magnetization
switching. In the case of e ective eld (2.25), there exists an in nite set of
equilibrium states for hy; = 0 and no critical eld is required to switch from one
equilibrium state to another. In the case of e ective eld (2 .24), there are only
two equilibrium states for hy, = 0 with m, =1 and m, = 1, respectively, and
the switching from one equilibrium state to another is only possible if the applied
eld h 5 exceeds some critical eld h.

J. Mallinson [26] studied the problem with the e ective eld given by the
formula (2.24). His analysis is based on the solution of LLG quation in spherical
coordinates. Conversely, the following approach exploitshe rotational symmetry
of the problem.
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It is apparent that the mathematical form of LLG equation wit h the e ective
eld equation given by Eq. (2.24) is invariant with respect t o rotations of coor-
dinate axesx and y around z axis. As a results of this rotational symmetry, it is
expected that dm,=dt depends only on thez-component of m. Indeed, by using
simple algebra, it is easy to nd that:

(M he) e,=0; [m (m he)] e,=(ha; hemy)@ m2); (2.26)
where
he=D> D;=hsw ; (2.27)

is the classical Stoner-Wohlfarth eld (see Eq. (2.17)). Thus from LLG equation
and from Egs. (2.26), we derive the following equation

dm
G = 75 2hemz ha)( md) (2.28)

Itis clear from Eq. (2.28) that the magnetization switching from the state m, = 1

to the state m, = 1 (or vice versa) is driven exclusively by damping: in the
conservative case = 0 the z-component of magnetization remains constant. In
this sense, this switching can be regarded as \damping" swithing. It seems from
Eq. (2.28) that no switching is possible if magnetization isin equilibrium state

m, = 1. However, due to thermal e ects, magnetization m slightly uctuates

around the above equilibrium state. As a result, the value ofm, at the instant
when the applied eld is turned on may be slightly dierent fr om 1 and the
switching process can take place.

This argument justi es the solution of Eq. (2.28) with the in itial condition:

mz(t=0)=m 4 (2.29)

where myo is close to 1. It is apparent from Eq. (2.28) that if hy; > hc then
dm,=dt < 0 and the switching to the equilibrium state m, = 1 will proceed for
any myo. On the other hand, if hy; < he, then for m,g su ciently close to 1
it can be found from Eq. (2.28) that dm,=dt > 0 and no switching is possible.
This clearly reveals that h; has the meaning of critical eld. In the sequel, it is
assumed that hy; > he.
By separating variables in Eq. (2.28), we obtain:
Z m dmy B
myo (1 m2)(hcm;  hgy) 1+ 2

Performing integration, one obtains:

t: (2.30)

1 In 1 m, 1 In 1+m,
2(haz he) 1 myp  2(hazthe) 1+my
e |y Naz hemz t (2.31)

hg hgz haz hcmzo l + 2
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By using the last equation, the minimal pulse time needed forswitching can be
found. Indeed, if the duration of magnetic eld pulse is suchthat a negative
value of m, is reached, then the magnetization will be in the basin of attaction
of the equilibrium state m, = 1, and the switching will be achieved. This can
be clearly seen by settingm, = 0 into Eq. (2.28), which implies dm,=dt < 0
for hg; > h.. Thus, the minimal time can be found from Eq. (2.31) and the
condition m, = 0. By taking into account formula (2.31) and the fact that ti me
and magnetic eld in this formula are normalized by Mg and Mg , respectively,
we derive the following expression for the minimal pulse tine@ T, mentioned in
section 2.4.1:

1+ 2 In(1 cosg) In(1+cos q) He Haz
Tp = + + — >—In
2(Hc  Haz) 2(Hc +Haz) H Hi Haz Hccos o

(2.32)
Here H. = (D, D;)Mgand m,o = cos o, where g is the angle formed by the

initial magnetization with z-axis.

It is interesting to point out that for the typical case of small angles o,
the minimal pulse time T, is very close to the actual switching time Ts (see
section 2.4.1) at whichm, reaches a value almost equal to 1. This is because, for
su ciently small m, (large angles ), m, decreases much faster (see Eg. (2.28))
than when m; is close to its equilibrium values. This assertion is suppded
by numerical calculations, performed by using the analyti@l expression form,
extracted from formula (2.31) and shown in Fig. 2.7.

It is apparent from this gure that the initial (near equilib rium) dynamics of
m; is very slow and takes most of the time, while the magnetizatbon dynamics
away from equilibrium is very fast. Thus, the switching time is close to the
minimal pulse eld time, calculated above:

Ts' Tp (2.33)
p

It is also apparent from formula (2.32) that for the typical ¢ ase of very small initial

angles o, the rstterm in the right hand side of formula (2.32) is domi nant. Thus,

by neglecting two other terms and using simple trigonometry one can derive the
following expression for the minimal pulse time (switchingtime):

1 .1
To, In(C2=9)(1+ 2)

(Haz Ho): (2.34)

It turns out from Eq. (2.34) that, for short pulse duration Ty, the value of applied
eld needed for switching increases inversely proportionato Ty, i.e. Ha,  1=Tp.
In this sense, one may say that the dynamic (short-time) coetivity appreciably
exceeds the static coercivity H. The last formula is also similar to the one that
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Figure 2.7: Evolution of m, with time for di erent initial angles ¢ = 0:3%;1°; 3°.
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has been observed in numerous experiments [31], [32], [331.is usually written

in the form:
1 1

T s(Haz  Ho): (2.35)

The switching time (see formulas (2.32), (2.34)) depends orthe value of initial

angle o. An expected value of this angle can be evaluated by using Maxellian

equilibrium distribution for g:

?((Tm) = csin gexp oD Ii;)i/lgvocos 0 ;
(2.36)

where kg is the Boltzmann constant, ¢ an appropriate constant to normalize

( 0) = csin gexp

the integral of the distribution, ¢ the vacuum magnetic permeability, and Vg
is the volume of the magnetic body. If we assume that the magne body is
a Permalloy Im with dimension (0:5 m;0:5 m;10 nm), the typical expected
value of g is 0:5°. The expected value of g is increased as the volume dimensions
are decreased.

2.4.3 Precessional switching

Precessional switching is a new strategy to realize magnetation reversal which
has been recently the focus of considerable research [38F]. In the usual switch-
ing process, the external eld is applied in the direction ogposite to the initial
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Figure 2.8: (left) Magnetic thin Im subject to in-plane app lied eld. (right)
Example of precessional motion of magnetization for in-plae applied eld.

magnetization and the reversal is achieved after several gcessional oscillations
due to dissipative e ects [26]. In precessional switchingthe eld is applied at
a certain angle (usually orthogonal) with respect to initial magnetization in or-
der to use the associated torque to control magnetization pecessional motion.
In fact, this torque pushes the magnetization out-of-plane creating a strong de-
magnetizing eld in the direction perpendicular to the Im p lane. Then the
magnetization start to precess around the demagnetizing ¢d (see Fig. 2.8). The
reversal is obtained after half precessional oscillationrad it is realized by switch-
ing the external eld o precisely when the magnetization is close to its reversed
orientation. This kind of switching is usually much faster and it requires lower
applied elds with respect to the traditional switching. Ho wever, the switching
is realized only if the eld pulse duration is accurately chosen. In the following,
the analytical formula that provide this information is der ived. We assume that
the magnetic body has a thin- Im like shape with e, normal to the Im plane
(see Fig. 2.8).

Since the Im is assumed to be very thin, the demagnetizing fators in the
Im plane Ny; Ny and perpendicular to the Im N, are practically equal to zero
and 1, respectively. This leads to the following expression fothe e ective eld:

he (M) =(Dmy ha)ex + hyyey mye,; (2.37)

where D = 2K 1=( oM 2) accounts for the in-plane x-axis anisotropy, and hay,
hay are normalized component$ of the applied magnetic eld that is assumed to
be constant during the pulse duration.

The magnetic free energy corresponding to the e ective eld(2.37) has the

2The external eld is supposed to be ha = haxex + hay ey, with ha > 0.



50 Uniformly magnetized particles

Figure 2.9: Sketch of the conservative phase portraits in tle stereographic plane.
(left) zero applied eld. (right) the external eld is appli ed along they axis.

form

1 1
g(m) = éDmf( + §m§+ haxMx  haymy: (2.38)

The precessional switching process consists of two stagas:the rst stage the
magnetization precesses under the in uence of the appliedxternal eld until its
orientation is almost reversed, in the second stage the extaal eld is switched
o and the magnetization undergoes relaxation oscillatiors toward the nearby
equilibrium point. In the rst part of the process, the magne tization dynamics
is typically so fast that dissipative e ects can be neglectel. On the other hand,
dissipation has to be taken into account during the relaxaton process. For this
reason, we shall rst analyze the precessional switching dyamics in the conser-
vative case = 0. The conservative phase portraits of the LLG equation, which
can be obtained by plotting the contour lines of the energy function (2.38), can
be conveniently represented in the plane by using the steregaphic projection
de ned by Egs. (2.23). The result is schematically depictedin Fig. 2.9.

In the case of zero applied eld (Fig. 2.9 on the left), the phase portrait is
characterized by 6 equilibrium points: the 4 centersC;, C,, C;, C; =+ 1,
and the two saddlesS;, S, doubly connected by heteroclinic trajectories. All
trajectories, except the heteroclinic ones, circle aroundthe centers. The two
centers in the shaded regions are low energy statesn( along the easy axis) while
the centersC;, C; =+ 1 are high energy states. Notice that when no eld is
applied there is no way to reverse magnetization from one stded region to the
other.

In the case of eld applied along they axis, (see Fig. 2.9 on the right), the
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Figure 2.10: Sketch of the phase portrait on the stereograpie plane in the case
of zero applied eld and > 0.

heteroclinic trajectories break into two homoclinic structures, one for each saddle.
In this situation, along with trajectories that circle arou nd centers, a new type
of trajectories appears: the ones that encircle the saddle dmoclinic structure
(e.g. the dashed curve in Fig. 2.9, right). This type of trajectory allows the
magnetization to move from one shaded region to another andthus, to realize
the switching. However, for a given initial condition, it is necessary a certain
eld amplitude (critical eld for switching) for realizing the situation that the
trajectory starting from that initial condition will enter the target shaded region.
This aspect will be discussed later.

Once that magnetization has entered the target shaded regim, the eld can
be switched 0 and the magnetization remains trapped aroundthe target equi-
librium. After certain time, the relaxation process will br ing magnetization to
the equilibrium. This stage of the switching process has to k analyzed in the
dissipative case > 0. In this case, the phase portrait of LLG equation on the
stereographic plane is sketched in Fig. 2.10. It can be obsezd that, with the
introduction of damping, the Landau-Lifshitz-Gilbert equ ation (2.18) has now
two stable equilibrium points F; with m = ey, two saddle points S, with
m = ey, and two unstable equilibrium points F; with m = e,. In Fig. 2.10,
shaded regions are the regions where the magnetic free engrig below the energy
of the saddle points, while in white regions the energy is abwe the energy of the
saddle points. Since the dissipation results in the decreasof the magnetic free
energy, it can be concluded that the time evolution of magneization within any
shaded region inevitably leads to the focus inside that regin. If the magnetiza-
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Figure 2.11: Numerically computed entangled structure of he basins of attraction
for LLG equation with no applied eld. The black region is the high energy
portion of the basin of attraction of F; while the white region is the high energy
portion of the basin of attraction of F; .

tion motion starts in white regions, then depending on the intial conditions it
may relax to one of the two stable foci in the shaded regions. Tis is because
in the high energy (white) regions magnetization trajectories leading to di erent
foci are closely entangled resulting in entangled basins ohttractions [35] (see
Fig. 2.11).

By using the phase portraits shown in Figs. 2.9-2.10, the essce of the pre-
cessional switching can be summarized as follows. The apptl magnetic eld
creates the torque that tilts magnetization up (or down) wit h respect to the Im
plane. This results in a strong vertical demagnetizing eld that forces magneti-
zation to precess in the Im plane. When this precession brims magnetization
from one shaded region to another, the applied eld is switcked o . Then, due to
the damping, magnetization relaxes to the new equilibrium that coincides with
the focus of the latter shaded region. It is clear that the precessional switching
is accomplished if the applied eld is above some critical dd necessary to bring
the magnetization from one shaded region to another and if tie applied eld
is switched o at appropriate times. Thus, the knowledge of aitical magnetic
elds and appropriate duration of applied magnetization e Id pulses is crucial for
proper controlling of precessional switching. Before proeeding to the discussion
of critical elds and timing of switching-o, it is worthwhi le to note that if mag-
netic eld is switched o when the magnetization is in the hig h energy (white)
regions, the result of subsequent (damping driven) relaxabn of magnetization
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is practically uncertain. This is due to a very convoluted and close entangle-
ment in the high energy regions of magnetization trajectores leading to di erent

equilibria (see Fig. 2.11). The smaller the damping, the moe pronounced this
entanglement in the high energy regions. This entanglemenmay lead to seem-
ingly stochastic nature of precessional switching if the aplied magnetic eld is

switched o when magnetization is in the high energy regions This seemingly
stochastic nature of precessional switching has been experentally observed (see
Figure 1 in Ref. [37]).

Next, the issue of nding critical elds for precessional switching is addressed.
Since the magnetization precession is typically (i.e. forsort-time eld pulses and
small damping) so fast that dissipative e ects can be negleted, magnetization
motion in the rst stage of the switching can be studied by using the conservative
LLG equation

— = m hg (M): (2.39)

We recall that this equation has two integrals of motions (s& section 1.3.5):

mZ+ mi+mZ=1; (2.40)

1 1 1

EDm§+ Em§+ NaxMy  haymy = 5D + hay: (2.41)
The second integral of motion is the conservation of the freenergy (1.103) in the
case where the initial magnetization is atm = e,. From Egs. (2.40) and (2.41)
one can see that on i ; my)-plane, the precessional magnetization motion occurs

along the elliptic curve:
(1+D)mZ+ mg 2hgmy +2hgymy=(1+ D) 2hg: (2.42)
con ned within the unit circle:

mZ+mg 1: (2.43)

The possible elliptic magnetization trajectories on (my; my)-plane are shown in
Fig. 2.12. Here, the shaded regions correspond to the low ergy (shaded) regions
of the stereographic plane (see Fig. 2.9), while two high engy (white) regions of
stereographic plane are projected into the same high energiegion on (my; my)-
plane con ned by the following ellipse:

=1: (2.44)

The components of the applied eld hax and h,y, determine the type of elliptic
trajectories. In fact, some elliptic trajectories consist of a single piece of elliptic
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Figure 2.12: \Single-piece” and \Disjoint" trajectories o n (my; my)-plane.

curves (for example, trajectory 0-1-2), while other elliptic trajectories can be
made of two disjoint pieces of elliptic curves (for instance trajectories 0-5 and
6-7).

As far as magnetization motion is concerned, one can see thatvery piece
of elliptic trajectories on (my; my)-plane corresponds to periodic motion on the
unit spherical surface. In fact, magnetization oscillatesback-and-forth along the
curves located on the surfaces of positivenj, > 0) and negative (m, < 0) hemi-
spheres. In addition, since these curves are symmetric withespect to (my; my)-
plane, the back and forth pieces of actual magnetization trgectories are orthog-
onally projected into the same pieces of elliptic trajectores on (my; my)-plane.
Thus, it turns out that the precessional switching may only occur along the
\single-piece" elliptic trajectories that intersect the u nit circle (2.43) at negative
values ofmy. The \disjoint" elliptic trajectories are separated from \ single-piece”
elliptic trajectories by the elliptic trajectory 0-3-4 tha t is tangential to the unit
circle. It can be shown [28] that the condition of tangency ofthe elliptic trajectory
to the unit circle leads to the following relation:

Dmymy haymy  haymy =0: (2.45)

At the point 3 of tangency (see Fig. 2.12), equations (2.42),(2.43) and (2.45)
are satis ed. These three equations de ne the curveh,y vs hyy that separates
the values of hax and hyy that correspond to single-piece and disjoint elliptic
trajectories, respectively. A parametric representation of this hay vs hax curve
can be found by introducing the polar angle such that

my =C0S ; mMy=sin (2.46)
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Figure 2.13: (a) Separating curve on Qax; hay)-plane; (b) region corresponding
to single-piece elliptic trajectory intersecting the unit-circle at negative my.

In fact, by substituting Eq. (2.46) into Egs. (2.42) and (2.45) and solving with
respect to hax and hyy, the following parametric representation can be found:

hax = D cos cog 5 hay = D sin sin? 5 (2.47)

The separating curve, de ned parametrically by Eqgs. (2.47) is valid only for
positive values® of h,y, which correspond to values of the parametejj | =2.
For negative values ofhyy, it can be shown that all the elliptic trajectories starting
from point 0 (Fig. 2.12) intersect the unit circle only once.

Thus, the points (hax; hay) in the shaded region of Fig. 2.13(a) correspond to
\single-piece"” elliptic trajectories, while the points (hay;hay) in the white region
correspond to \disjoint" elliptic trajectories.

In Ref. [28] the conditions onhay and h,y that guarantee that \single-piece”
elliptic trajectories intersect the unit circle (2.43) at negative values are also
derived. The appropriate values ofha and h,y correspond to the shaded regions
formed by the intersecting lines (see Fig. 2.13(b)).

hay = (hax D=2) (2.48)

The values ofhay and hyy, that guarantee \single-piece” elliptic trajectories in-
tersecting the unit circle at negative values of my, correspond to the points of
(hax; hay)-plane that belong to the intersection of the shaded regios shown in
Figures 2.13(a) and 2.13(b). This intersection is the shadeé region shown in
Fig. 2.14. The boundary of this region corresponds to the ctical elds for
precessional switching. It is useful to notice that, in the @se of eld applied

*We recall that the applied eld is expressed here as ha = haxex + hayey.
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Figure 2.14: Switching region in (ax; hay)-plane.

orthogonally to the x axis, that is hy = hyyey, the critical eld for precessional
switching is

he= = (2.49)

which is half the critical value provided by Stoner-Wohlfarth theory in the case
N» =0 (se€* Eq. (2.17)). In this respect, this is an example of magnetizéion

switching with external eld below the Stoner-Wohlfarth li mit. As we mentioned
in section 2.2, the switching is not guaranteed with the only application of the

external eld, but one has to take care of magnetization motion to realize suc-
cessful reversal by switching the eld o at the right time. | nterestingly enough,
precessional switching dynamics is less energy-consumiiigan traditional one.

It has been previously mentioned that in the case of precessinal switching
the timing of switching-o the applied magnetic eld is cruc ial in the sense that
there exists a certain time-window during which this switching-o must occur.
One can be convinced from Fig. 2.12 that this time-window is he time interval of
the back-and-forth motion between the points 1 and 2 on a sinbg piece trajectory,
as for instance the trajectory 0-1-2. To nd this time-window [28], one can write
the Eq. (2.42) of this elliptic trajectory in parametric for m

My =ax + Esinu; my = ay + pcosu (2.50)
whereu 2 [0;2 ] is the parameter, k? =1+ D, a = hax=(1 + D), ay = hgy,

p? = hZ,+(1+ D)[1 ha=(1+ D)]?. From the conservative LLG equation (2.39),
one obtains:

=(my + hay)m;: (2.51)

“Notice that here the role of easy axis z is played by the x axis.
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By substituting Eq. (2.50) into (2.51), one has

D du = Kdt: (2.52)
1 (ax+(p=K)sinu)? (ay + pcosu)?

By using the last formula, the time-window t1 <t <t , for switching the applied

eld o can be derived:
Z

ui
b= p du . @53
uw kK 1 (ax+(p=k)sinu)? (ay+ pcosu)?
Z Us
t, ty= du (2.54)

us KT (ax + (p=Ksinu)2 (a, + pcosu)?’
and ug, uy and u, correspond to points 0,1 and 2 in Fig. 2.12, respectively. Th
values of the parametersug; us;u, can be determined by nding the intersec-
tions of the unit circle (2.43) with the elliptic trajectory (2.42) and by using
the parametric representation (2.50) of the ellipse. Morewer, one can derive the
time instant at which magnetization is in the closest position with respect to
the reversed orientation. This position is determined by the intersection of the
single-piece ellipse with the unit disk occurring at negatve my. We denote this

instant as

ZLI
2 du to+t
T, = _ bt 1y

w K 1 (ax+(p=K)sinu)? (ay + pcosu)? -2

(2.55)

Thus, to summarize, in the conservative caset; is the time instant at which the
magnetization enters the potential well around the reversed state and t, is the
time instant at which magnetization goes out from that potential well. With the
notations introduced in section 2.4.1 we have:

To=ty : (2.56)

In presence of a small damping, the separation between the g§ih energy
regions and the low energy regions is very close to that in theconservative
case. Therefore, one reasonably expects that switching thapplied eld o when
t1 <t <t , lets the magnetization relax towards the reversed state. Tls analy-
sis works very well in the case of uniformly magnetized partiles. In Chapter 3
we will remove this simplifying assumption and we will demorstrate with micro-
magnetic simulations that precessional switching processfor thin- Ims having
dimensions and material parameters of technological intezst, is a quasi-uniform
process, whereas damping switching is not. Moreover, we Wwikhow that the
evaluation of the switching time window tq;t, with Egs. (2.53)-(2.54) gives very
accurate results also in non-uniform cases.
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2.5 LLG dynamics under circularly polarized field

The Landau-Lifshitz-Gilbert (LLG) equation has also played a central role in
the interpretation of ferromagnetic resonance (FMR) phenanena [38]. Typi-
cal experiments involve small particles and thin-disks wih rotational symmetry
with respect to an axis (sayz axis). A DC external eld is applied along the
z axis and a circularly polarized radio-frequency eld is then applied in the
Xy plane. In this condition it has been shown that the absorbed pwer ex-
hibits a maximum for a suitable resonance frequency. Analyical derivation of
the resonance frequency for uniformly magnetized ellipsdial particles was found
by Kittel in 1948 [39] under the hypothesis of harmonic magnézation motion
in my; my plane, which occurs for small angles ofm with respect to the z axis.
In generic conditions the LLG equation has to be solved numecally. In fact,
exact analytical solution can be derived in few cases and argenerally obtained
by linearizing the equation around some given state. In a newapproach recently
proposed [40], exact analytical solutions were derived fothe full nonlinear LLG
equation with damping in the case when the magnetic body is arellipsoidal par-
ticle with rotational symmetry around a certain axis and the external eld is
circularly polarized. In this situation, one can prove that exact solutions of LLG
equation always exist. These solutions are characterizedybuniform magnetiza-
tion rotating at the angular velocity ! with certain lag angle with the respect to
the rotating applied eld. The rotational invariance of thi s system and the fact
that LLG equation conserves magnetization amplitude, pernit one to reduce the
problem to the study of an autonomous dynamical system on theunit sphere.
This reduction is achieved by introducing an appropriate raating frame of ref-
erence. The resulting autonomous dynamical system may exhit various phase
portraits characterized by equilibrium points and limit cy cles [40]. The limit
cycles in the rotating frame correspond to uniform quasipeiodic magnetization
motions in the laboratory frame, deriving from the combination of the rotation
of the frame and the periodicity of the limit cycle. The study of these quasi-
periodic solutions is then reduced to the study of limit cycles of a vector eld on
the sphere. Despite the simplicity of the system, this studyis extremely di cult
and no general technique is available. In this respect, our grpose is to present
a technique to predict the existence, the number, the form ad the stability of
these limit cycles (and therefore of the quasiperiodic magetization modes) in the
special case, often encountered in the applications, of sriavalue of the damping
constant in the LLG equation. The analysis is carried out by using an appropri-
ate perturbation technique which is generally referred to & Poincae-Melnikov
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Figure 2.15: Trajectories of magnetization on the unit sphee in the laboratory
(left) and the rotating frames (right).

function technigue (see Appendix B and Ref. [43]).

2.5.1 Equation of motion

We consider an uniformly magnetized thin Im or spheroidal particle subject
to a time-varying external magnetic eld. The magnetization dynamics is gov-
erned by the LLG equation which is written in the usual dimensionless form (see

section 2.3),
dm dm
s m rTa m he (t;,m) (2.57)
The e ective eld is given by
he (tm)= Dom, D;mze; +hae;+ har (1) (2.58)

where e, is the unit vector along the symmetry axis z, the subscript \? " de-
notes components normal to the symmetry axis,D,, D, describe (shape and
crystalline) anisotropy of the body. The applied eld has the dc component h,
along the z-axis and the time-harmonic componenthg, (t) uniformly rotating
with angular frequency ! in the plane normal to the symmetry axis:

ha» (t) = h 5o [cos(t )ex +sin(!t )ey] ; (2.59)

where ey, ey are the unit vectors along the axisx and y respectively. The dy-
namical system de ned by Eq. (2.57) is non autonomous ife explicitly depends
on time) and it is characterized by magnetization dynamics wth jmj = 1. In
other words, Eq. (2.57) de nes a non autonomous vector eld m the unit sphere.
The analysis of this system is greatly simpli ed when Eq. (257) is studied in the
reference frame rotating at angular velocity! around the symmetry axis e,. By
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choosing an appropriate origin of the time, we can obtain tha in the rotating
frame ha» = h g, e and

he (m)= Dom, D;mze;+hge; +harex: (2.60)

In addition, in passing to the new frame, the derivative of m(t) transforms ac-

cording to the rule
dm | dm

and thus Eq. (2.57), written in the rotating reference frame, takes the following

+le, m ; (2.61)

rot

autonomous form:

dm dm
T m W: m (he(m) le,+ ! m &eg,): (2.62)
Equation (2.62) describes an autonomous dynamical systemvelving on the sur-
face of the unit spherggmj = 1. The xed points of the dynamics can be computed

from the following equations similar to Eqgs. (2.22):
8
She(m) !e,+!m e= m ;

) (2.63)

©jmj=1
It is interesting to notice that equilibria in the rotating f rame correspond to
periodic solutions in the laboratory frame while limit cycl es in the rotating frame
correspond to quasiperiodic magnetization solutions in tke laboratory frame (see
Fig. 2.15). The quasiperiodicity derives from the combinaton of the rotation
of the frame with angular frequency ! and the periodicity of the limit cycle
in the rotating frame with angular frequency self-generatel by the dynamical
system (and in general not commensurable witH ). Notice also that chaos is not
permitted in this dynamical system, despite the presence of driving sinusoidal
eld, due to the rotational symmetry and the consequent reduction to a dynamical
system on a 2D manifold.

2.5.2 Quasiperiodic solutions of LLG dynamics under circul arly po-
larized field

Let us focus our analysis on the quasiperiodic solutions (it cycles in the ro-
tating frame). In order to establish the existence, the number and the locations
of the limit cycles we can exploit the fact that is generally a small parameter

0:1. Thus, we can start our analysis by considering the case = 0 which
can be easily treated because the dynamical system (2.62) adits the following
integral of motion (similar to energy conservation (1.103):

1 1
g(m):EDzm§+§D?m§ haomy  (haz !)my: (2.64)
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Figure 2.16: Phase portrait of conservative system on the sreographic plane
w1 = my=(1+ mz), wp = my=(1+ m;). Value of the parameters: =0, D, =1,
D, =0, hg; =0:6, hyp =0:15,! =1:1.

It is interesting to notice that the function g(m) satis es the following equation
along the trajectory of the dynamical system

" #
d dm  dm ?
- moe T o

= P(m); (2.65)
where P(m) is the \absorbed power" function which is de ned by the opposite
of the above expression in square bracket. This function wilbe instrumental in
the following to give an energy interpretation of limit cycl es.

The phase portrait for = 0 is given by the contour lines of the function
g(m). To give a planar representation of the phase portraits, weuse the stereo-
graphic variableswy ; w» introduced in section 2.3. In Fig. 2.16, the phase portrait
is represented on the Yv1; wy)-plane for the case of a thin Im. This phase por-
trait is characterized by three centers G, C, and C3 (outside Fig. 2.16) and
a saddle S with two homoclinic orbits ; and ,. When the small damping
is introduced, almost all closed trajectories around centes are slightly modi ed
and collectively form spiral-shaped trajectories toward dtractors. There are only
special trajectories which remain practically unchanged mder the introduction
of the small damping. Two of these trajectories are indicatel by Q1 and Q5 in
Fig. 2.16. These trajectories can be found by using a perturation technique
which is generally called Poincae-Melnikov function method [43]. This pertur-
bative approach is reported, for a generic 2D dynamical sygm, in Appendix B.
In order to apply this technique it is convenient to transform Eq. (2.62) in the
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Figure 2.17: Sketch of a portion of the phase portrait of LLG ejuation around a
center equilibrium.

following perturbative form ( is a small parameter).

%—Tzfo(m)+ fi(m; ) (2.66)

where
folm)= m (he le,)=m r qmg(m) (2.67)
fi(m; )= 1+ M he 1+ sm (M he) (2.68)

For =0 the dynamical system is integrable and trajectories are gven by g(m) =
Oo With gg varying in the appropriate range. In addition, the vector e Id fo(m) is
hamiltonian and, as it can be derived from Eq. (2.67), it is divergeless on the unit
sphere : r fp(m) = 0. The technique is based on the extraction of a Poincae
map [43] (associated to an arbitrarly chosen lineS transveral to the vector eld,
as sketched in Fig. 2.17) of the perturbed system by using anxpansion in terms
of the perturbation parameter , around = 0. The zero order term of this
expansion is the identity since for = 0 all trajectories (except separitrices) goes
back to the initial point (see Fig. 2.16). The rst order term of the expansion
with respect to is proportional to the Melnikov function which, in the case of
divergenceless unperturbed vector eld, is given by the fdbwing integral along
the trajectories of the unperturbed system (see Eq. (B.39) m Appendix B)

z To
M (go) = . fo(mg, (1)) * fa(mg,(t); O)dt (2.69)

where mg,(t) is the trajectory of the unperturbed system with g(mg,(t)) = oo,
Ty, Is its period and

fo(m)® fi(m;0) = m (fo(m) fi(m;0)) : (2.70)
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Figure 2.18: Two branches of the Melnikov function vs the valie of go: go:g, and
0o:0, correspond to conservative trajectoriesgy = go.g, and g = go;q, in Fig. 2.16,
which become limit cyclesQ; and Q- in the perturbed system.

By using the expressions ofg(m) and f1(m; 0) and appropriate algebraic manip-

ulations one can derive that:
n 2#
dmyg, dmyg,

dt dt

Z Tgo
M (9o) = . F(mg, €7)

dt: 2.71)

The last equation can be also transformed in the following lne-integral form
which permits one to compute M (go) without deriving the time dependence of
mgo(t): |

M (go) = m he dm: (2.72)
9=do

Periodic orbits of the dissipative system are given by the zms of the Melnikov
function. In Fig. 2.18, the Melnikov function computed from Eg. (2.69) is plotted
versus the value ofgy and the zeros ofM (gg), which correspond to the trajectories
0= Oo;0, andg = do;q, in Fig. 2.16, are emphasized. In Fig. 2.19, by sketching the
phase portrait for the dissipative case ( = 0:05), we have then veri ed that the
limit cycles (Q1, Q2) predicted by the theory are preserved under the introduction
of the damping. Let us notice that the introduction of damping transformed
centers in foci F1(unstable), Fy(stable) and Fz(unstable) and disconneted the
homoclinic trajectories (L; and L, are the separatrices). It is interesting to
notice that the Melnikov function given by Eq. (2.71) can be rewritten as

z Too
M (go) = . P(mg (t)) dt (2.73)

In this respect, it is possible to give a physical interpretdion of limit cycles: the
limit cycle arise from those unperturbed trajectories on wtich there is an average
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Figure 2.19: Phase portrait of dissipative system. The parmeters are the same
as in Fig. 2.16 except for = 0:05.

balance between \dissipation” (P(m) 0) and \absorption" ( P(m) 0) of
energy.
By using the technique we have just illustrated, it is possilde to predict the

existence and the number of the limit cycles in a certain inteval of values of

around = 0. The stability of the limit cycles can be obtained by studying
the sign of the derivative of the Melnikov function at its zeros [43]: a limit cycle
is stable for positive derivative (in our caseQ; is stable, see Figs. 2.18-2.19),
unstable for negative derivative (in our caseQ, is unstable, see Figs. 2.18-2.19).
Finally the shape of the limit cycles can be estimated by takng, as rst order
approximation, the unperturbed trajectories corresponding to the values of the
energy function g(m) where the Melnikov function vanishes.

2.6 Spin-transfer Effect and Current-induced Magnetization
Switching

It has been recently shown, both theoretically and experimatally, that a spin-
polarized current when passing through a small magnetic cotuctor can a ect its
magnetization state. The interaction between spin polarizd current and mag-
netization in small ferromagnetic bodies can produce steag state precessional
magnetization dynamics, that is self-oscillating behavia, or even the switching of
magnetization direction [44]-[46]. Both types of dynamicad behavior have poten-
tial applications in magnetic storage technology and spintonics. In this respect,
it was predicted, and later con rmed, that spin-polarized current can lead to
current-controlled hysteretic switching in magnetic nanostructures. This kind of
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Figure 2.20: Sketch of Trilayers Co-Cu-Co structure.

behavior may become very important for applications such asurrent-controlled
switching of magnetic random access memory elements and didization of mag-
netic hard-disk read heads. Steady precessional oscillains of magnetization due
to spin polarized currents have also interesting potentialapplications for the real-
ization of current-controlled microwave oscillators integrable with semiconductor
electronics. This kind of oscillators could be used to realie a very new design of
clocks for synchronization of electronic devices.

Here spin-polarized current induced dynamics is studied irthe case of a uni-
formly magnetized ferromagnetic thin Im [47]. Magnetization dynamics is de-
scribed by the Landau-Lifshitz-Gilbert equation and the e ect of spin-polarized
currents is taken into account through the additional torqu e term derived by Slon-
czewski in Ref. [44]. This model can be applied to describe th magnetization
dynamics in the free layer of trilayers structures constituted by two ferromagnetic
layers separated by nonmagnetic metal layer (typically thesystem is a Co-Cu-Co
trilayers as sketched in Fig. 2.20). One of the magnetic layeis \ xed", namely
has a given and constant value of magnetization (indicated wth p in Fig. 2.20)
while the second magnetic layer is a thin Im where the magneization is \free" to
change and where dynamics takes place. This kind of structw is traversed by an
electric current whose direction is normal to the plane of tre layer (generally this
con guration in called \current perpendicular to plane (CP P) geometry”). The
xed layer is instrumental to provide a controlled polarization (on the average
parallel to the xed magnetization direction) of the electr on spins which travel
across the trilayers, from the xed to the free layer. It important to underline
that the e ect of spin induced torque is predominant on the e ect of the mag-
netic eld generated by the current itself for structures which have small enough
transversal dimensions. By using reasonably estimate it ha been predicted and
then veri ed experimentally that the e ect of the current ge nerated magnetic
eld can be considered negligible for transversal dimensio as small as 100 nm.
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2.6.1 Landau-Lifshitz-Gilbert equation with Slonczewski
spin-transfer torque term

In order to introduce a model equation for magnetization dyramics in presence
of spin polarized currents, let us rst consider the model deived by Slonczewski
in Ref. [44]. In his paper, a ve layers structure is consideed. In this structure,

the rst, the third and the fth layers are constituted by par amagnetic conduc-
tors and the second and the fourth layers are ferromagnetic anductors (it is a

three layers structure as the one mentioned in the introducton with paramag-

netic conductors as spacer and contacts). The multilayersystem is traversed by
electric current normal to the layers plane. The electron sjins, polarized by the
xed ferromagnetic layer (the second layer) are injected bypassing through the
paramagnetic spacer into the free ferromagnetic layer (thdorth layer) where the

interaction between spin polarized current and magnetizaton takes place. The
magnetic state of the ferromagnetic layers is described bywo vectors S; and S,

representing macroscopic (total) spin orientation per unt area of the xed and

the free ferromagnetic layers, respectively. The conneatn of this two vectors

with the total spin momenta L; and L, (which have the dimension of angular
momenta) is given by the equationsL; = ~S;A, Lo, = ~S,A, whereA is the cross-
sectional area of the multilayers structure. By using a sentlassical approach to
treat spin transfer between the two ferromagnetic layers, ®nczewski derived the
following generalized LLG equation (see Eq.(15) in [44]):

ds das |
d—t2 =S H,c Soc d—t2 + iegSl So (2.74)

where s;, s, are the unit-vectors along S;, Sy, is the absolute value of the
gyromagnetic ratio, Hy, is the anisotropy eld constant, c is the unit vector along
the anisotropy axis (in-plane anisotropy), the Gilbert damping constant, | the
current density (electric current per unit surface), e is the absolute value of the
electron charge,g a scalar function given by the following expression

)3m

g(s1 s2)= 4+(1+ P P

(2.75)

and P is the spin polarizing factor of the incident current which gives the percent
amount of electrons that are polarized in thep direction (see Ref. [44] for details).
The current | in Eq. (2.74) is assumed to be positive when the charges move
from the xed to the free layer. Let us notice that in Eq. (2.74) the ferromagnetic
body is assumed to be uniaxial with anisotropy axis alongc. In the sequel, we
will remove this simplifying assumption by taking into account the e ect of the
strong demagnetizing eld normal to the plane of the layer in order to consider



2.6 LLG dynamics driven by spin-transfer e ect 67

the thin- Im geometrical nature of the free layer. Our next p urpose is to derive
from Eq. (2.74) an equation for magnetization dynamics. We vl carry out this
derivation by using slightly di erent notation and transla ting all the quantities
in practical MKSA units.

First of all, let us introduce a system of cartesian unit vecbrs ey, ey e,
where e, is normal to the Im plane and pointing in the direction of the xed
layer, and ey is along the in-plane easy axis (in the Slonczewski notatio, = c).
The current density will be denoted by Je (instead of | as in Eqg. (2.74)), the
anisotropy eld as Ha, and the function g(s; s) in Eq. (2.75) will be denoted
with b to avoid confusion with the free energy and the Lanc factor ge that will
be used in the following. In this reference frame the currentdensity vector is
J = Jee,, which means that whenJe > 0 the electrons travel in the direction
opposite to e,, namely from the xed to the free layer.

By using these modi ed notations and by including the e ects of the demag-
netizing eld H,, and the applied eld H, , Eq. (2.74) becomes

ds ds Jeb
—2 = S2 H an(ex S2)ex (Hm + Ha)S: d—t2 + %

. s1 S ;5 (2.76)

where S = |Syj. The sum of the demagnetizing eld H,, and the applied eld
H o will be indicated in he following by H to shorten the notation, i.e.

H=Hmn+ Hja: (2.77)

In order to check the correctness of the signs of precessidn@rms in Eq. (2.76),
let us transform this equation in a slightly di erent form, b y factoring out from
the parenthesis the constant $. For the sake of simplicity, we will carry out this
derivation in the case =0 and Je = 0. We have then the following equation

ds
d—f =S; (Han(e 208 (Hm+ Ha): (2.78)

We observe now that what is generally de ned as e ective anigtropy eld is given
by
Han = Han(ex s2)éx: (2.79)

The minus sign in this equation is due to the fact that the direction of s, is
opposite to the direction of magnetization. This issue will be discussed below.
By substituting Eq. (2.79) into Eq. (2.78) we obtain

ds;

where
He =Han+ Hm+ Ha= Han(ex sp)ex+ Hm + Ha: (2.81)
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Equation (2.80) is the correct precession equation for the @n vector dynamics.

Next, we want to derive the dynamical equation for the magnetzation vector
M associated with the free layer. In this respect, we have rstto consider the
relation between S, and M. The total magnetic moment ~ associated with the
free layer is given by

~= L=  ~SA=  ~S,A; (2.82)

where A has been introduced above and coincides with the area of theugface
of the Im. The magnetization M is obtained by dividing the total magnetic
moment by the volume of the Im V:

M= —= —

7= Ad (2.83)

whered is the free layer thickness, thus we obtain the following reitions

~SoA ~S
2R _ 2 _ geBS

M = Ad T - g 2 (2.84)
where g is the Lande factor for electrons, g is the Bhor magneton, and the
relation = g. g= has been used. Let us notice that, as a consequence of
Eg. (2.84), we have

M
S2= m= — 2.85
2 Mo (2.85)

where Mg = jM j is the saturation magnetization and m is the unit vector along
M. By multiplying both sides of Eg. (2.76) by the factor ¢ g=d and taking
into account Eq. (2.85), one ends up with the following equaton

am am Jeb
Fz m Han(ex M)ex+ HMs F_}_geeBde

s31 m ; (2.86)

which can be further normalized by dividing both sides by M, leading to

dm dm _ m Oe BJeb

o m T Han(ex m)ex+ H + s1 m o (2.87)

In order to derive a time normalized form of the equation, we &ctor out from the
parenthesis the term M ¢ which has the dimension of a frequency, and thus we

have
dm dm 1l G B
- - = +h+ — .
i m M sm an(&x mM)ey + h v SedMSJebsl m
(2.88)
where
H Hm+ H
an — Ma:; h = 7m|\/|s 2= hm + ha; (2.89)

where hy = Hs;=Mg, hy, = Hp=Ms. Finally, let us denote the direction of
magnetization in the xed layer by p. According to the previous reasoning, this
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direction is opposite to s;, i.e. 53 = p. We also de ne the following constant
which has the physical dimension of a current density:
eMsd
G B
By using the notations de ned above, we arrive to the following form of Eq. (2.88):

Jo= Mo (2.90)

dm dm J
W m E = M Sm an(ex m)ex + h + ﬁbm p ) (291)
where the scalar (and dimensionless) functiorb, in the new notations, is
3+m !
b=bm)=  4+@+ PP P) 4P3:2p) (2.92)
By measuring the time t in units of ( M ¢) !, and introducing the following
de nitions,
J
he = an(éx m)ex+ hm+ hg; = (m)= J_eb(m); (2.93)
p
equation (2.91) can be written in the compact form
dm dm
- - = + . .
p m . m (he m p) (2.94)

In the following, we will nd convenient to recast LLG equati on in the following
compact form:

dm dm

Mmoo omHe (2.95)
where

He (M)=he (M)+ m p: (2.96)

Equation (2.95) is formally identical to LLG when there are no current-driven
torque term. With the de nition of the generalized e ective eld He we included
the current-driven torque inside the e ective eld. The mic romagnetic equilibria
including spin torque e ect are now related to the following equations similar to
Egs. (2.22): 8
.<-m-He(m)=0 , He(m)= m ; (2.97)
- jmj=1
The basic di erence between the ordinary e ective eld he (m) and the general-
ized e ective eld He (m) is that the rst one can be derived by the gradient of

a free energy, while the second one cannot.

2.6.2 Discussion about units and typical values of paramete rs

In order to have an idea about the order of magnitude of the di erent terms of
Eq. (2.94), in the following we report values of relevant comstants appearing in
the equations. The values of these constants will be speci@in the SI (MKSA)

units.
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Fundamental constants and value of characteristic currentdensity J,

One of the fundamental constant of the LLG equation is the eletron gyromag-
netic ratio which, in Sl units, is generally given as the ratio between electron
chargee and massme:

e  1:602 10 !°C
— = = = =1:7587 10 s T ! 2.98
me 9109 10 3lkg S (2.98)

where it has been used the fact that (1 CH1 kg) =1=1T 15s). The gyro-
magnetic ratio appearing in Eq. (2.91) (and previous equations) is measuckin

e

such units that M g should have the dimension of a frequency. We will use the
MKSA system and measure magnetization in A/m. To have the coresponding
measure in Tesla we have to multiply magnetization by ¢ =4 10 7 F/m, i.e.
the magnetic permeability of vacuum. Therefore the value of to be used in
Eq. (2.91) is

= ¢ 0=2:21 10 s Y(Aa/m) 1: (2.99)

As far as the value ofMyg, if we assume that the free layer is constituted by cobalt,
we have

Ms=1:42 10° A/m (Cobalt) ! Ms=3:14 10'ts t: (2.100)

This means that the unit time in the normalized equation (2.91) correspond to

1
= =3:2ps =3210 s: (2.101)
M ¢

Another fundamental constant involved in the characteristic current density (2.90)
is the Bhor magneton g which, in Sl units, has the following value

B =927:4 10 % Am? =9:274 10 * (A/m) m?; (2.102)

namely, it has the physical dimension of a magnetic moment. n addition to g,
it is necessary to specify the Lance factorge which is a pure number very close
to 2. Finally, the characteristic current J, is proportional to the thickness d of
the free layer. A sensible choice of this parameter should b the range of the
nanometers. Let us choos& = 3 nm. Now, we can computeJy, :

eMqd

; 1:15 10°Am 2=1:15 10°Acm ?: (2.103)
e B

Jp= Mg

This value of current is reference to establish if a current$ small or big as far as
current induced spin torque is concerned. In this respect,tiis useful to mention

that in most reported experiment in Co-Cu-Co pillars the largest injected current
densities are in the order of 16A m 2. Thus the factor in Eq. (2.94) is at most

in the order of 10 2.
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Figure 2.21: Plot of b( ) versus for di erent values of P.

Discussion about the functionb(m)

Actually, the value of beta is generally even smaller due to he contribution of the
function b(m). Then, let us now analyze this function and its order of magntude.
We denote with b( ) the following function

js(8:+cos( ) !

b:u): 4+(1+P 2p32

(2.104)
where is the angle betweernm and p. Itis evident that b( ) is periodic function
of and it assumes its minimum at = 0 and its maximum at = . If we
take as value of P the one indicated for Cobalt in the paper of Slonczewski,
we have P = 0:35. Plots of the function b( ) versus are reported for three
di erent value of P in Fig. 2.21 . In the caseP = 0:35 the function b assume a
minimum value b(0) 0:13 (parallel con guration of xed and free layers) and a
maximum value b( ) 0:52 (antiparallel con guration of xed and free layers).
With this further information we can estimate the value of  which according to
the treatment above is in the order of 10 3 10 2.

The second parameter in the normalized equation (2.94) is which is generally
considered also in the range 10° 10 2.

2.6.3 Analytical investigation of self-oscillating behav ior
and current-induced switching

In the following we will present an analytical approach to study magnetization
self-oscillations and reversal in the free layer of a trilagrs structure traversed by
a spin-polarized electric current perpendicular to the layers plane (see Fig. 2.20).
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According to the derivation performed in section 2.6.1, themodel equation
which describe the dynamics of the free layer is:

dm dm
—_ m —= m he + m : 2.105
which is written in dimensionless form with usual normalizaions introduced in
section 1.3.4;p is the direction of spin polarization and = (m) is the dimen-
sionless function describing the intensity of the spin-transfer torque. We model
the free layer as a at ellipsoidal particle in order that the e ective eld is given

by the usual expression
he = ha Dymye, Dymyey D,m;e, ; (2.106)

where h, is the applied eld, ey, ey, e,, are cartesian unit vectors and Dy

Dy D, take into account both shape and crystalline anisotropy. Asfar as
the anisotropy eld is concerned, most publications on Co-Qu-Co trilayers report
value of Hy, in the range of 10 100 mT which correspond to value of the
normalized anisotropy constant ,, around 10 2 10 1.

In the analysis below we will assume that is constant, which is a condition
reasonably veried for P 0:1. A more general analysis including the dependence
of onm has been performed in Ref. [49].

To start our discussion, let us consider the energy balancegeiation associated
to Eq. (2.105):

dg(m) _ ~ dm 2 dm
o P (m)= o + (m p) g (2.107)
where
g(m) = §m§+ Pymzy Pzppe ha m (2.108)

2 Y 27
is the free energy of the magnetic body and®(m) is the \absorbed power" func-
tion. Equation (2.107) has very interesting implications: in appropriate condi-
tions the spin-transfer torque term may provide energy to the system and coun-
terbalance dissipation associated to the Gilbert term. If this is the case, the
dynamical system (2.105) may exhibit limit cycles i.e. perodic self-oscillation.

Perturbative technique

In order to establish the existence, the number, the stabiliy and the locations of
these limit cycles we can exploit the fact that both and are small quantities (in
the order of 10 2 10 °). Thus, we can study the dynamics under the in uence
of spin-injection as perturbation of the case = 0, = 0. To this end, we
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introduce the perturbation parameter suchthat = o; = ¢, and write
Eq.(2.105) in the following perturbative form
dm 2

5 = fo(m)+ fi(m)+ O ; (2.109)
where
fo(m)= m he (2.110)
fim)= om (m p) om (M he) : (2.111)

The unperturbed dynamics described by the undamped LLG

dm
W: m he (2.112)

can be treated analytically [50], for any constant applied eld, by using the fact
that conservative dynamics admits two integrals of motions (section 1.3.5):

mZ+ my+mZ=1 (2.113)

gm)= g ; (2.114)

where ¢p is a constant depending on initial conditions. Similarly to the analysis
performed in section 2.5, we will denote the trajectory of the unperturbed LLG
equation, corresponding to the valuegy, with the notation mg,(t) and the corre-
sponding period with Tg,. These trajectories are all closed and periodic (except
separatrices which begin and nish at saddles equilibria). When the perturba-
tion term f1(m) is introduced, almost all closed trajectories are slighty modi ed
and collectively form spiral-shaped trajectories toward dtractors. There are only
special trajectories which remain (at rst order in ) practically unchanged and
become limit cycles of the perturbed system, provided that is small enough. In
addition, each limit cycle is -close to the conservative trajectory from which it
has been generated. The value of energy of the unperturbed spial trajectories
which generate limit cycles can be found from the zeros of thdlelnikov function
(see Appendix and Ref. [43]):
VA Too

M (go) = . Mgo(t) [fo(mg,(t))  fa(mg, ()] dt: (2.115)
In our case, by using straightforward algebra, one can provehat the function
M (go) can be expressed as:

ZTgo
M (o) = , P(mg()dt= M (g)+ M (%); (2.116)

where M (go) and M (go) respectively correspond to the integral over one pe-
riod of the rst and second terms at the right hand side of Eq. (2.107). The ex-
pression (2.116) of theM (gg) provides also a physical justi cation of the method:
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the existence of limit cycles requires an average balance tveeen loss and gain
of energy. We observe that this result is analogous to the oneéliscussed in sec-
tion 2.5.

Current-driven switching experiment. Analytical and numerical results

In the sequel, we apply the perturbation technique outlinedabove to a special case
relevant to the spintronics applications: self-oscillatons and reversal of magneti-
zation driven by the current in absence of applied eld (h, = 0). In the discussion
we will assume that the injected spin polarization p is aligned with the easy axis
of the magnetic free layer = e4). More general cases, with nonzero applied
eld and arbitrary orientation of p, can be treated by following a very similar
line of reasoning [49].

We suppose that the system is initially in the potential well around the equi-
librium state m = ey. This region is characterized by magnetization states with

energies values
Dx Dy
2 P 3
In the latter equation go = Dx=2 is the energy ofm = ey, while gg = Dy=

(2.117)

corresponds to the saddles pointsm = ey. The analytical solution of the
unperturbed dynamics in this region is given by [50]

my(t) = kgdn( Ltky) ; (2.118)
my(t) = (kg=k9)sn( Ltk.) ; (2.119)
mz(t)=  kjen( Ltky) (2.120)

where sn(; ki), dn(u; k. ), cn(u; k. ) are the Jacobi elliptic functions® of modulus
k.. The following relationship hold for the quantities appearing in Egs. (2.118)-
(2.120):

ki=(D; 2g)D; Dx) ; (2.121)
k?=(D; Dy)XD; Dy) ; (2.122)
kF=1 ki ; (2.123)
kK2=1 k% ; (2.124)
ke = (Kk)=(kgk) ; (2.125)

L = kgkqD, Dy) : (2.126)

The period of the solution is given by the following formula:

Tg =4K(kL)= L (2.127)

5See Appendix B.
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Figure 2.22: (left) Melnikov function for dierent values of ( =5 10 3,
Dy= 01,Dy=0, D;=1). = 3 103 = 3338 10 3 (right)
Frequency (1=Ty,) and amplitude of self-oscillations of the limit cycles vs he
value ofj jinthe interval [ ¢1; ] ( =5 10 3, Dy = 01, Dy =0, D, =1).

whereK (k) is the complete elliptic integral of the rst kind. By using the above
expressions in Eq. (2.116), the following analytical formlas can be derived

" ! #
kg”
M (@)=4 o Kk) 1 1 +E(k)
2 ) (2.128)
_ 1 (290 Dy
M (g)=2 K°(D, Dy)

where E(k_) is the complete elliptic integral of the second kind. Notice that
M (go) and M (gp) are positive functions, zero only forgy = Dx=2 (equilibrium
at m = ey). Plots of the M (gp) versus gg for di erent values of are reported
in Fig. 2.22. The interpretation of Melnikov function in ter ms of energy balance,
expressed by Eqg. (2.107) and Eg. (2.116), can help one to qutdtively under-
stand the dynamics and the stability of limit cycles. In fact, zeros of the Melnikov
function determine trajectories on which there is average hlance between power
dissipation and absorption. Conversely, a positive (negdte) value of the Mel-
nikov function indicates, according to Eq. (2.107), that the system has to move
towards periodic trajectories with lower (upper) energyP.

It is clear from Fig. 2.22 that M (gp) has another zero for negative and such
that j j > ] c1j where (; is the value such that the derivative of M (gp) in Dx=2
is equal to zero. This corresponds to the condition of tangecy of the Melnikov
function diagram at go = Dy=2:

dM
@(DX—Z) =0 (2.129)

®We notice that a xed point is a degenerate periodic trajecto ry.
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By using Eg. (2.128) and simple algebra one can derive that
cl = E[(Dz Dx)+(Dy Dy)]: (2.130)

This value of 1 correspond to an Hopf bifurcation [43] of the equilibrium
m = e: the equilibrium becomes unstable and a stable limit cycle sound the
equilibrium is created (see Fig. 2.23). If we further increae the valuej j the zero
of M (go) will move toward larger value of energy. Since the limit cyde is close
to the conservative trajectory corresponding the zero ofM (gp), we can derive
its properties from the property of the corresponding consevative trajectory. In

Fig. 2.22 the amplitude and the frequency of the limit cycle & function of j |
are reported. Notice that due to the thin Im geometry the amp litude of the
oscillation of m,(t) remains rather small. Whenj j is increased further we arrive
to the value ¢, such that M (Dy=2) = 0, which is given by

M (Dy=2)

M 0.2 (2.131)

c2 =

At this value of the system undergoes an homoclinic connection bifurcatiofd3]
in which the limit cycle rst degenerates in a homoclinic connection and then
is destroyed (see Fig. 2.24). The system then relaxes towarthe equilibrium
m = ex. In order to the test the accuracy of the perturbation technique we
have carried out numerical simulations of Eqg. (2.105) for dierent values of
The results are presented in Fig. 2.25. Notice that the two bfurcations, Hopf
and Homoclinic connection, occur at critical values that are very close to the
ones predicted by the theory.
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L=F

Figure 2.23: Mechanism of the Hopf bifurcation. (up left) The focusF is a
stable equilibrium. (up right) For = ; the limit cycle L coincides with the
equilibrium F. (bottom) For j j > | 1 the focus F becomes unstable and
a stable limit cycle L is created. This mechanism justi es the onset of self-
oscillations driven by the spin-transfer torque term.

Figure 2.24:. Mechanism of the homoclinic bifurcation. (up keft) For j «j <
I 1 <] ¢ there is a stable limit cycle L around the unstable equilibrium F.
(up right) For = , the limit cycle L disappears and a homoclinic connection

* L is created. (bottom) For j j > | «2j the homoclinic connection
disappears but the mutual position of the separatrices * and is exchanged.
The region around the unstable equilibrium F is now in the basin of attraction
of the reversed state. This mechanism permits the switchingf the free layer.



78 Uniformly magnetized particles

+1
6:0
Eo
R0} 10 20 30 40 50 60

time [ns]

Figure 2.25: Numerical simulation of Eq. (2.105) with =5 10 3, Dy, = 0:1,
Dy=0, D,=1. Top: = 29 103 Middle: = 3336 10 3. Bottom:
= 3:339 10 3.



Chapter 3

Non-uniform Magnetization Dynamics in
thin-films reversal processes

When one wants to remove the simplifying hypothesis that the body is uni-
formly magnetized, some issues arise which considerably mplicate the solution
of Landau-Lifshitz-Gilbert (LLG) equation. First of all, L LG equation becomes
an integro-partial di erential equation in the unknown vec tor eld m(r;t). More-
over, the LLG equation is nonlinear and this implies that, in general, it is not
possible to nd exact analytical solutions. Therefore, the most general method
to solve LLG equation lies on appropriate numerical techniqies. In this respect,
usually a semi-discretization approach is adopted. First,a spatial discretization
of the equation is performed, by using nite di erences or nite elements meth-
ods [52]. As aresult, a discretized version of the micromaggtic free energy and a
corresponding system of ordinary di erential equations are derived. Finally, this
system of ordinary di erential equations is humerically solved with appropriate
time-stepping schemes.

In this framework, many problems arise. One is the fact that nicromagnetics,
although is applicable in principle to magnetic bodies within a broad spatial scale
(form few nm to many m), cannot be practically used for dimensions exceeding
1 m. In fact, for sub-micron particles, numerical simulations reasonably agree
with experimental results, whereas for increasing dimensins of the bodies the
agreement with experimental observations is only qualitatve. Amikam Aharoni
pointed out few years ago [51] that the reasons of such a “faile' can be found
in bad understanding of theoretical results, like nucleaton theory [5], as well
as bad approximations and rough discretization in energy cmputations. More
speci cally, regarding the latter point, he emphasized that the correctness of the
results strongly depends from an accurate computation of mgnetostatic eld. In
fact, once that magnetization becomes space-dependent arfdr arbitrary body
shape, the analytical expression (2.19) does not hold anynme. For these reasons,
few years ago, some researchers at NIST proposed a set of nuiotagnetic stan-
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dard problems [79], with simple rectangular geometries andnaterial properties,
to test micromagnetic numerical codes. In this respect, thestandard problem
no. 1, involving a2 1 0:02 m permalloy thin- Im, represents the most ap-
propriate example of the above issues. In fact, the results ppvided by di erent
groups showed qualitative agreement between the computedyisteresis loops, but
the quantitative evaluations of coercive elds were di erent even for two orders
of magnitude! After that, much more attention has been paid to the correct
formulation of numerical models. It has been recognized thiathe bottleneck of
micromagnetic simulations is always the fast and accurate waluation of the mag-
netostatic demagnetizing eld. In the following sections we will present mostly
used methods for demagnetizing eld computation. Afterwards, we will perform
a comparison between damping and precessional switching pcesses for rectan-
gular thin- Im geometry and we will show that damping switch ing is intrinsically
a non-uniform process, involving domain nucleation and wdl motion, whereas
precessional switching can be reasonably considered a qitamiform process also
for body dimensions of hundreds of nanometers. Finally, in he framework of
guasi-uniform magnetization dynamics, we will analyze thefast switching, below
Stoner-Wohlfarth eld, of tilted media for magnetic record ing.

3.1 Magnetostatic field computation

We recall that magnetostatic eld is de ned by the Maxwell eq uations (1.45)-
(1.46):

8
gr Hm=r1r M in
rr- Hm=0 in ¢ (31)
3
"r Hm=0
with the following conditions at the body discontinuity sur face @
8
<n [H =n M
"n [Hmlg =0

From the simple inspection of the above equations, two impatant considerations
can be drawn:

1. There is a functional relationship between magnetizatio M and magneto-
static eld Hp, that is, the value of H, at a spatial location r depends on
the value of magnetization vector eld at every location r°®within . This
is a consequence of the nonlocal (long range) character of maetostatic
maxwellian interactions. Each elementary dipole in the bod/ contributes
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to produce the magnetostatic eld at an assigned location wihin the body.

Quoting Aharoni, \...In a numerical computation of N unit cells, the long

range means the magnetostatic energy term includes an intaction of every
cell with all the other cells, thus involving N ? terms, whereas onlyN terms
are required for computing the other energy terms. Therefoe, computing
the magnetostatic energy takes almost all the computer timein a typical

micromagnetic computation. It is also the energy term with the heaviest
demand on the computer memory, which means that it determina the limit

of the size of the body that a computer can handle...".

2. The di erential problem (3.1)-(3.2) is an open boundary problem, that is,
even if one is interested in the computation of magnetostatt eld H, at
locationsr 2 , one has to solve Egs. (3.1)-(3.2) in the whole space. This
means that, in the framework of numerical modeling, one shold preform
in principle the discretization of the whole space, which is of course, not
feasible. For this reason, numerical methods consistent th the continuum
model have to be used in numerical simulations.

In this respect, the methods based on truncation of the inteaction range of
magnetostatic elds [61], mean- eld approximation for distant particles [62], hi-
erarchical dipole interaction evaluation schemes [63] cae loss of accuracy and
indeed don't save very much computational time. In general,all the methods for
the computation of the demagnetizing eld have a cost scalig function that is
something in between the minimumO(N) and the maximum O(N 2).

In the sequel, we will analyze two di erent methods which arecommonly used
for magnetostatic eld computations respectively in case é nite-di erences and
nite elements spatial discretization [52].

3.1.1 FFT Discrete convolution method

This method is mostly used as soon as a spatial discretizatio based on Finite
Di erences (FD) [52] can be de ned over a structured mesh. THs occurs for
example, if one considers a magnetic body with rectangular @ometry and subdi-
vides it into a collection of square rectangular prisms withedgesdy; dy; d, parallel
to the coordinate axes. To start our discussion we recall thefact that the solu-
tion of magnetostatic problem (3.1)-(3.2) can be obtained nh terms of the scalar
potential ' such that H,, = r ', solution of the following boundary value
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problem: 8
% re =r M in
r2 =0 in ¢
, 3.3
3 o0 52)
: Q = n M
@ o
The boundary value problem (3.3) admits the following soluton [13]:
z z
17 romM(@9 1 M9 n
! = R 74V —_— — 7 _ d . 3.4
(r) 4 jr rq r°+ 4 @ jr rq SI’0 ( )

By using the divergence theorem, the surface integral can beewritten as volume
integral. Equation (3.4) can be put in the compact form:
VA
0
oMY, o M9

!
S T R T

dvio - (3.5)

By using the factthat r (fv)=fr v+ v r f, one ends up with:

1 z 1
. - = 0 .
(N=4 ra— M(@r9dvio : (3.6)
Thus, the magnetostatic eld H, is given by
Z
— T 1 0 1 —
Hm(r) = rz = g g M (r% dVio =
= Nr 9 M@9%dvie (3.7)

whereN (r 19 is the demagnetizing tensor. The productN (r r% M (r9 dV;o
gives the magnetostatic eld produced at locationr by an elementary magnetic
moment situated at location r° The expression (3.7) remains formally unchanged
if one assumes suitable discretization oveN elementary cells. For instance, if we
subdivide the magnetic body into N = nynyn, rectangular square prisms with
edges parallel to the coordinate axes, withny;ny;n;, cells along thex;y;z axis
respectively, each cell can be uniquely determined by mearaf three indexesi; j; k .
As far as magnetization within the cells is concerned, thereare two approaches
proposed in literature. The rst is often referred to as constant volume charge$
method, that is, r M is supposed to be constant within each cell. The second
approach supposes the magnetizatio uniform within each cell. A comparison
between these two approach has been performed in Ref. [53] thirespect to the
solution of the standard problem no. 2 (see mag website [79] for details).

!Recalling the Coulomb approach to magnetic materials, which is in term of equivalent
volume charges m = r M and surface charges m» = M n. See Ref. [13] for details.
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Thus, apart from this particular choice, one can rewrite Eq.(3.7) as a discrete

convolution:

X
Hm;i;j;k = Ni i% Ok KO Mio;jo;kodxdydz ; (3.8)
ij;k 8iGj kO

where Np.q;r is the demagnetizing tensor associated to the prism cellg; g; r):

0 1
Nxx Nxy Nxz
Np:qir = % Nyx Nyy Ny § : (3.9)
Nzx Nzy Nz

The discrete convolution (3.8) can be computed by means of th Discrete Fourier
Transform (DFT), which can be implemented very e ciently wi th the well-known
algorithm referred to as Fast Fourier Transform [60]. In fad, the time-domain
convolution can be changed into a scalar product in frequeng space using the
Fourier transform. To properly take care of the nite size e ect of the system and,
therefore, to avoid circular convolution, the standard zen-padding techniques [64]
can be used. In fact, the inverse Fourier transform will yietl the correct eld in
real space, if the number of cells in each dimension after zerpadding is not less
than twice the number of physical cells. The latter requirement ensures that the
inferred periodic boundary condition of this enlarged regon with padded zeros
will not a ect the physical data in real space after the inverse FFT is performed.
In fact, to perform the FFT which does require overall periodicity, and yet not to
allow the cells in the simulated region to be a ected by the elds in the extended
periods, the void bu er area between a physical cell and the rst image cell in
the adjacent period must exceed the interaction force ranggiven by the number
of the cellsN [65].

Assuming that the dimensions of the zero-padded discretizion grid are
2ny; 2ny; 2n,, along the directions x;y; z respectively, and referring for instance
to the x component ofH ,, the discrete convolution (3.8) can be written as:

X fxyizg
Hyijk = Ny i ioj jox koM iojoo0kdydz (3.10)
ijik 819 %kO
where H;M N, ( 2fx;y,;zg) are 2ny 2ny 2n, matrices. The Discrete
Fourier Transform (DFT) ﬂx of H, can be expressed as:

g 129 loe 1 i toi 1.k
Hx(! X;! y;! Z) = ﬂx;i;j;k exp 2 2—XI ZLJ + ZL ;
i=1  j=1 k=1 Mx Y Nz
(3.11)
where is the imaginary unit = P ~1and!;!y;!, are the frequency domain

variables. Analogous expressions can be written fokl, and K, . Therefore, the
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Figure 3.1: Computational cost scaling plot. Dashed line reresentsO(N 2) scal-
ing. Dash-dotted line representsO(N) scaling. Solid line representsO(N logN)
scaling.

discrete convolution theorem states that Eq. (3.10) can be witten in frequency
domain as sum of matrix element-by-element product:

fxyizg
Hx(!x;!y;!z): &x (!x;!y;!z)& (M tyslz) (3.12)

The x component H, can be obtained by computing the inverse FFT of the
expression (3.12). Therefore, the cost of the evaluation ofthe demagnetizing
eld can be summarized as follows:

In the preprocessing stage of the simulation, the FFTs of the9 demagne-
tizing matrices N, ;N, ;N, ( 2fx;y;zg) has to be evaluated and stored
in memory.

For each computation of the demagnetizing eld, six FFTs hasto be com-
puted: three related to magnetization matrices, namelyK,; K, ; K, and
three inverse FFTs of the componentsf, ; A, ; A, in frequency domain.

The cost of a single FFT evaluation scales according to th@ (N logN ) behavior.
Thus, by using the FFT method the computational cost for the calculation of
the magnetostatic eld can be considerably reduced with repect to the O(N ?)
scaling connected with the direct evaluation of the integrd (3.7) (see Fig. 3.1).

3.1.2 Hybrid Finite elements-Boundary elements method

In this section we brie y describe a numerical method for the evaluation of the
demagnetizing eld which is commonly used when spatial discetization based on
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Finite Elements (FE) Method is performed [52]. The main advantage of FE dis-
cretization lies in the possibility of simulating processe occurring in bodies with
in principle arbitrary geometry. This is crucial for the design of technological
devices, whose geometry is often very far from being approxiated with a 'stair-
case'. Nevertheless, as mentioned in section 3.1, plain FE ethod would require
that the whole space was discretized. For this reason, manyasearchers have dealt
with the derivation of FE modi cations to take into account t he open-boundary
nature of the problem.

In fact, in order to impose the regularity condition at in ni ty, Chen suggests
that the FE mesh has to be extended over a large region outsidéhe magnetic
particles (at least ve times the extension of the particle [54]). Various other
techniques have been proposed to reduce the size of the exted mesh or to
avoid a discretization of the exterior space. The use of asyptotic boundary
conditions [55] reduces the size of the external mesh as comugd to truncation.
At the external boundary, Robbin conditions, which are derived from a series
expansion of the solution of the Laplace equation for outsid the magnet and
give the decay rate of the potential at a certain distance fran the sample, are ap-
plied [56]. A similar technique that considerably reduces he size of the external
mesh is the use of space transformations to evaluate the intgal over the exterior
space. Among the various transformations proposed to treathe open boundary
problem, the parallelepipedic shell transformation [57],which maps the external
space into shells enclosing the parallelepipedic interiodomain, has proved to be
most suitable in micromagnetic calculations. The method ca be easily incorpo-
rated into standard FE programs transforming the derivativ es of the nodal shape
functions. This method was applied in static three-dimensonal micromagnetic
simulations of the magnetic properties of nanocrystallinepermanent magnets (see
Refs. [58] and [59]).

An alternative approach was proposed by Fredkin and Koehlef{70] in 1990.
The main idea, due to the linearity of Poisson problem, is to glit the scalar
potential ' into ' ; and' » such that:

=yt (3.13)

The boundary value problem for the potential ' ; can be formulated as an internal
Neumann problem in the following way:

8

%rz‘l—rM in

'1=0 in ¢ (3.14)
.E@l =n M
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By comparing the problem (3.14) with the original problem (3.3), we can derive
the boundary value problem for' »:

8
%rz'gzo in [ €= 1
[|2]@:'l@
@ _, : (3.15)
@ g

o regular atinnity @ 1

where @ indicates the internal layer of the boundary @. The solution ' , of

the latter boundary value problem is the well-known double kyer potential [13]:
Z

=g a0

jr g

Until now, it is not yet evident the advantage of the method, since the evaluation

nds : (3.16)

of the potential ' »(r) at each locationr 2 is very expensive from computa-
tional point of view. Indeed the situation seems more compliated with respect
to the direct evaluation of the original integral (3.7), since nowN Ny opera-
tions (Ny is the number of boundary nodes) plus the solution of bounday value
problem (3.14) are required in order to obtain' .

The nice idea is to use Eq. (3.16) to evaluate the potential' , only on the
boundary @ . In fact, it is known from potential theory [66] that if @ is
su ciently smooth at location rg, then

Z
! 1 1
lim ' »(r) = (o) , 1 r9r 0 - nds 3.17
am 2(r) 5 7 o 1(r9 TPE (3.17)
I’oz@

It can be shown [67] that the discretized version of the latte equation is:

1 :Bl

' ' i (3.18)

whereB is a suitableN, Ny boundary matrix and ", are the vector contain-
ing the boundary nodal values of the scalar potentials 1;' ». From the knowledge
of ' », on the boundary @, which now costs Ng operations, then the boundary
value problem (3.15), now with Dirichlet boundary conditions on @, can be

solved with the usual FE technique [52].

Let us summarize the costs of this hybrid technique. We assum that the
mesh (typically consisted of tetrahedrons) hasN nodes. In most situations, one
can think that the boundary nodes Ny, are in the order O(N 27). In particular,
this happens when characteristic dimensions of the body, ahg the coordinates
axes, are of the same order of magnitude. We will discuss remiable exceptions

after. Therefore,
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at the preprocessing stage, the boundary matrixB [Ny, Ny] has to be
computed and stored. The storage requirement i@(Ng).

In a single evaluation of the demagnetizing eld:

1. the internal Neumann problem (3.14) has to be solved with he usual
FE technique to nd ' ;. This implies that it costs the inversion of an
N N linear system.

2. The value of ' , on the boundary has to be computed by means of
Eq. (3.18), which costsN 2 operations.

3. The internal Dirichlet problem, given by Eqg. (3.15) with b oundary
conditions obtained at step 2, has to be solved with FE technijue,
which costs anotherN N linear system inversion, but with same
sti ness matrix used at step 1.

4. Finally, the demagnetizing eld Hh, = r (' 1 + ' ») has to be evalu-
ated.

We observe that this method has the advantage to manage arbitarily complicated

geometries, whereas the FFT convolution method is optimal vith a structured

mesh. Nevertheless, if one deals with somehow \ at" magnett bodies, like for
instance thin- Ims, the assumption N s O(N 27) fails, since it happens instead
N ' Ny, unless than one performs additional (and maybe useless) mement

along the \small" dimension. Thus, one can conclude that the hybrid FE-BE

method is not optimal for thin- Im geometries.

In the sequel, this method will be used in full micromagneticsimulations of
damping and precessional switching processes to investigahow far they can be
treated within the framework of the uniform mode approximation analyzed in
chapter 2. The FFT convolution method described in section 31.1 will be used
in chapter 4 where the solution of micromagnetic standard poblem no. 4 [79] will
be addressed.

3.2 Comparison between Damping and Precessional switching
in magnetic thin-films

We have seen in section 2.4.2 that traditionally, magnetizéion reversal in thin
Ims is realized by applying a su ciently large magnetic el d almost antiparal-
lel to the initial magnetization state and that the resultin g reversal dynamics is
driven by dissipative processes. This kind of switching is eferred to asdamping
switching in literature [26, 27]. Nevertheless, as seen in section 23} the pos-
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Figure 3.2: Sketch of the thin- Im geometry.

sibility of using precessional motion of magnetization to ealize the switching of
thin Ims and particles has been recently investigated [34,37, 68]. In this kind
of switching, referred to as precessional switching [28]he in-plane external eld
is approximately orthogonal to the initial magnetization state and produces a
torque that drives precessional motion of magnetization; his results in a faster
and less energy-consuming magnetization dynamics. Magnieation reversal is
realized by switching the external eld o precisely when precession has brought
the magnetization state close to its reversed orientation. Therefore, the applied
eld pulse duration has to be carefully chosen, while in dampng switching there
is no such need. Although it is generally desired that thin Ims and nanoele-
ments in magnetic storage devices are in almost uniform maggtization states,
both conventional switching and precessional switching a& nonuniform dynamic
processes. Here, we investigate the switching process of @&nmalloy magnetic
rectangular thin- Im: the thickness is ¢ =5 nm, the major and mean edge length
are respectivelya = 500 nm and b = 250 nm (see Fig. 3.2). The thin-Im
medium has a uniaxial magneto-crystalline anisotropy whoe easy axis is along
the x-axis (long axis), the uniaxial anisotropy constantisK =2 10° J/m 3, the
exchange sti ness constant isA = 1:3 10 ! J/m, the saturation magnetization
Ms 795 kA/m (suchthat Mg =1 T) and the damping constantis = 0:02;

the exchange length of the material, de ned by Eq. 1.92, is
s

2A
oM 2

=5:7160 nm : (3.19)

ex —

We assume that magnetization dynamics of the thin-Im is desribed by the
Landau-Lifshitz-Gilbert equation (1.83), namely:

an _ @
@ M HeruM G

whereH is the e ective eld de ned by Eq. (1.68)

: (3.20)

He M()) = Hm+ Hexce+ Hant+t Ha (3.21)
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Figure 3.3: (a) Conventional (damping) switching process. (b) Precessional
switching process.

which includes the applied eld H 5, the exchange eld H ¢4, the anisotropy eld
H an and the magnetostatic (demagnetizing) eld H,, as seen in section 1.2.2.

In micromagnetic simulations, the numerical time integration of Eq. (3.20)
is performed by using a backward di erentiation formula [69]; the spatial dis-
cretization is done using the nite element method [52] with a mesh consisted
of tetrahedrons; the mesh is ner near the corners of the thin Im (mesh edge
length=5 nm < | &) Where a stronger accuracy is required for the computation
of magnetostatic eld. The hybrid nite element boundary el ement method [70],
discussed in section 3.1.2, is used to solve the magnetosi@gproblem.

All the numerical simulations that we will present in this section have been
performed with the parallel code MAGPAR [73] developed by W. Scholz at Vi-
enna University of Technology [80].

First, we perform micromagnetic simulations of conventioral (damping) and
precessional switching process for the thin- Im. Initially, the thin-Im is satu-
rated along they direction and then relaxed, by switching the external eld o, to
the remanent C-state (see Fig. 3.4, on the right), which is oe of the equilibrium
con gurations really observed in experiments on magnetic hin- Ims 2. At time
t = 0 the external eld is applied, respectively antiparallel and orthogonal to the
easy axis, as sketched in gure 3.3. We compare two aspects tiie switching
processes: the switching speed and the uniformity of the mamgtization during
the reversal process.

3.2.1 Reversal speed in the switching process

We consider, as a measure of the switching speed, the time itat ty at which
the averagex component<my > (< > means spatial average) is zero after the
application of the external eld (the external eld strengt h is the same in both
the simulations):

to=minft> 0:<my>=0g : (3.22)

2The S-state was obtained by rst saturating the thin-Im alo ng the [1; 1; 1] direction and
then by switching the external eld o.
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Figure 3.4: Numerical results. Remanent states of magnetichin- Im. (left)
S-state. (right) C-state.
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Figure 3.5: Numerical results. Comparison between dampingdashed line) and
precessional (solid line) switching: time for averageny component to reach zero
from the starting con guration for H, = 19:51 kA/m.

In gure 3.5 one can observe the behavior of the averageny component until
it reaches zero, showing that the precessional switching dyamics is much faster
(to = 0:09 ns) than damping switching's (o = 0:17 ns). This is due to the di er-
ent nature of the mechanism driving magnetization motion in the two processes:
in conventional switching there is only one equilibrium conguration after the ap-
plication of the external eld, namely the reversed state, © the switching process
is a kind of relaxation process towards the equilibrium and terefore the damping
process is crucial. Conversely, in precessional switchinthe main role is played
by the magnetic torque acting on the magnetization, which caises a fast preces-
sional motion around the e ective eld driving the magnetiz ation back and forth
between the initial and the reversed state. Therefore, in met cases this process
is so fast that dissipative e ects can be neglected.
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Figure 3.6: Numerical results. Plot of the uniformity indic ator u vs time in the
interval (0;tg) for damping (right) and precessional switching (left). The external
eld is Hy =19:51 kKA/m.

3.2.2 Spatial Magnetization uniformity

As far as the uniformity of magnetization is concerned, we cosider a very simple
indicator u(t), given by the sum of the square values of the average magnettion
components

u(t) =<my(t) >2+ <my(t) >2+ <m,(t) >* ; (3.23)

where the symbol< > means spatial average. The indicatoru(t) is useful to
check the spatial uniformity of magnetization as function o time, that is, during
the reversal process. The results are reported in Fig. 3.6. @ can easily ob-
serve that precessional switching is a quasi-uniform proas, because the sum of
the square values of the average magnetization component&main almost con-
stant during time and close to unity, whereas for damping swiching it decreases
rapidly towards zero, showing the occurring of domain nuclation and domain
wall motion. In fact, the spatial behavior of magnetization vector eld, at given
time instants, is depicted in Fig. 3.7 for the case of dampingswitching. One can
clearly observe that the nucleated domains at the ends of thehin- Im enlarge
during time, giving rise to the so-called head-to-head con guration involving the
motion of two domain walls. At the end of the process the two wdls collapse
and determine again a quasi-uniform con guration with average orientation in
the opposite direction to the initial one. In this way the switching is realized.
The spatial behavior of magnetization is reported in Fig. 38 for the case of
precessional switching. One can clearly observe that rathethan domain wall
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Figure 3.7: Numerical results. Screenshots of magnetizaih vector eld during
reversal for damping switching. The external eld is H; =19:51 kA/m.

motion, coherent rotation can be observed, that is, the magetization rotates
almost at the unison, driven by the magnetic torque producedby the applied
eld. This kind of motion recalls the term \quasi-ballistic " used in Ref. [68] to
describe precessional switching.

Thus we can conclude that for precessional switching, in oucase of thin- Im
medium, one can reasonably apply the uniform mode theory to pedict the dura-
tion of the external eld pulse, which is necessary to achiee successful switching,
as described in section 2.4.3.

3.2.3 Uniform mode approximation

To this end, we model the thin- Im as a at ellipsoid, charact erized by the demag-
netizing factors Ny, Ny, N,. such that Ny Nz;Ny  N;. The demagnetizing
factors can be computed as function of the aspect ratiog=a and b=aby means
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Figure 3.8: Numerical results. Screenshots of magnetizaih vector eld during
reversal for precessional switching. The external eld isH, =19:51 kA/m.

of the following expressions [71]:

COS cCoOs

Ne= G e Pl ) Bl 24
7 sind sin? (Fls ) EBGT (3.24)
cos cos : ., si® sin cos
Ny = S s coz S0 cos F (ki ) o5 . (3.25)
Nz COS COs SIn COSs E(k, ) , (326)

"~ sii? cog cos

where cos = c=a cos = b=g and the angle is de ned by

1 (=92 * _sin _
F(k; ) and E(k; ) are the incomplete elliptic integrals [72] of the rst and sec-
ond kind respectively. All the angles ; ; are intended to belong to the inter-
val [0; =2].
In our case, the application of the above formulas gives:

Ny = 0:0062 ; Ny =0:0175 ; N, =0:9763 ; (3.28)
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which, give the following values for the Dy;Dy; D, coe cients (shape and mag-
netocrystalline anisotropy):
2K 1
oM 2

We assume that the external eld h, is applied along they axis:

=1:2 10 3% Dy=Ny; D;=N; : (3.29)

ha= hae, : (3.30)

We compute the critical time instants ty;ty; Ts expressed by Egs. (2.53)-(2.55),

slightly generalized [50] for the caseDy;Dy; D, 6 0:
Z

Y1 du
t1 = p 3.31
! Uo k%DZ D) 1 pZcofu [ay (p=K)sinu]? (3:31)
U2 du
th=1t,+2 p 3.32
2 ; u, k(D Dy) 1 p2Zcofu [ay (p=K)sinu]? (3.32)
U2 du
Ts = p 3.33
" k(D Dy) 1 pZcodu [ay (p=K)sinu]? (3.33)
where the parameters are given by:
k?=(D,; Dy)=D; Dy) ; (3.34)
ay= ha=D; Dy) ; (3.35)
D, 29
2= Kk2aZ+ 22— ; 3.36
p %* 5 b, (3.36)
— DX .
Qo = > (3.37)

Notice that here we are supposing that the initial state ism = e4. Similarly to
the derivation presented in section 2.4.3, in equations (81)-(3.33) the value of
the parametersug, u, can be found by using parametric equations

My = pcosu ; my=ay+ Esinu ; (3.38)

of the elliptic curve on which magnetization motion occurs:
m2 + k*(my  ay)%?=p® ; (3.39)

to nd the intersections with the unit circle mZ + mZ = 1. The value u; can
be found from the intersection between the elliptical trajectory (3.39) with the
ellipse mg + k?mZ = k? delimiting the high energy region.

The above technique can be applied to whatever external eldapplied in the
X;y plane. When the eld is applied along one axis, as in our casef is possible
to carry out the integration of conservative LLG equation (= 0) where my; my
are given in the parametric form (3.38):

du
p = k(D Dy)dt; 3.40
"1 p2cofu [ay  (p=K)sinu]? (D2 x) (3.40)
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|ha=hsw | 1.0 | 1.1 | 12 | 1.3 | 14 | 15 |
Ha [KA/m] | 13.01] 14.31] 15.61] 16.91] 18.21] 19.51
Ts [ns] 0.194]0.181] 0.171] 0.162] 0.155] 0.149

Table 3.1: Values of the switching timesTg, analytically computed with for-
mula (3.33) and used in micromagnetic simulations Mg = 795 kA/m, A =
1:3 10 1Y Jm, =0:02).

— analytic
- - - macro spin H
-- FEM

<m >

o XY BT 04 05
time [ns]

Figure 3.9: Analytical and numerical solutions of Landau-Lifshitz-Gilbert equa-

tion. Plot of <my > vstime. hy =1:5 hgw, Dy =1:2 10 3, Dy =0:0175,

D, =0:9763.

which gives the relation between the parametric variableu and time. In fact it
is possible [42, 50] to bring Eq. (3.40) in the canonical formwhich can be inte-
grated by means of Jacobi ellipti¢ functions [72]. In this way one can obtain the
magnetization dependance on time in exact analytical form ad exact expression
of the critical instants (3.31)-(3.33).

It is also shown in [42] that, in the case ofh, = haey, the critical value of
the external applied eld for precessional switching is stll one half of the Stoner-
Wohlfarth eld:

Dy Dy _ hsw

he= —Yo—= ¢ (3.41)

3.2.4 Numerical results

We performed a set of micromagnetic numerical simulations bthe precessional
switching process for the values ofH, and Ts specied in the table 3.1. This
table reports the switching time Tg, analytically computed using Eqg. (3.33), for
di erent values of H;. The simulations were started from both initial magnetiza-
tion con gurations which can be observed in the experimentson thin- Im media:

the S-state and C-state (see gure 3.4). In gure 3.9 a compaison between the

3See Appendix B
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Figure 3.10: Numerically computed< m > as a function of time. S-state (a),
C-state (b) initial condition. (In both gures) symbol\ " for hy = hgw; \O"

for hg =1:1 hgw; \X"for hy =1:2 hgw; \r "for hy =1:3 hgy; \ " for
ha=1:4 hgw;\4"for hy=1:5 hgw.

analytical solution of LLG Eq. (2.18) with =0, the numerical solution of LLG
Eqg. (2.18) with = 0:02 for a uniformly magnetized thin- Im shaped ellipsoidal
particle (macro-spin model) and the nite element solution of Eq. (3.20) is re-
ported for an applied eld strength hy =1:5 hgw.

In the undamped case, at timet = Tg the magnetization is exactly in the
reversed position. Therefore, when the external eld is swiched o, it remains
de nitely in this state. If the damping term is introduced, o ne can see that after
t = Ts there is a small oscillation of< m 4 > because the system is not yet in the
minimum energy state. In the general nonuniform case one caeasily see that
the uniform mode theory provide anyway a reasonably good irdrmation about
the duration of the eld pulse, but the presence of nonuniform modes produces
an oscillation that can bring magnetization back to the initial state as one can see
in Figs. 3.10(a)-(b). For this reason, a eld strength h, =1:5 hgw is required
to achieve successful switching starting from either an Siate or a C-state. We
observe that this value is moderately larger than the critical value provided by
uniform mode theory, he = hgw=2.

3.2.5 Precessional switching: dependance on the anisotrop y and
switching time tolerance window

In this section we will demonstrate that the agreement with the analytical predic-
tion increases for increasing values of the anisotropy cotent. In this respect, we
will verify that the time window tolerance ( t1;t,) computed by Egs. (3.31)-(3.32)
gives very accurate information on the reliability of the switching.

In Fig. 3.11 the plot of the time instants tq, Tg, ty is reported as a function
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215 é 7‘.5 10
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Figure 3.11: Plot of switching times Tg (solid line), t; and t, (dashed lines).
ha= Dy Dy, Dx=Nyx 2K;= oM2), Dy =0:0175D, = 0:9763.

Ki[10* J/m3] | 1:.0 255 5.0 75 10
Ha [KA/m] 30.88 | 60.88 | 110.88 | 160.88 | 210.88
Ts [ps] 1243 | 86.6 62.0 49.8 421
t1 [ps] 92.9 64.6 46.0 36.7 30.9
to [ps] 155.6 | 108.7 | 78.0 62.9 53.3

Table 3.2: Values of the parameters used in micromagnetic siulations (Mg
795 kA/m, A=1:3 10 1 Jm, =0:02).

of the anisotropy constant K, when the applied eld amplitude is chosenH4

Mshsw = (Dy Dx)Ms. The normalized applied eld hy = Dy Dy is related

to K; through Eq. (3.29). It is important to underline that the tim e window

for switching the eld o is reasonably wide because, in the analyzed interval

of K1 2 [10%10°] J/m 3 (moderately soft materials used in magnetic recording

technology), ist; < 0:75 Tg andt, > 1.25 T, that is, a tolerance of at least
25% on the switching pulse is allowed.

On the basis of the above analysis we performed a set of micraagnetic sim-
ulations of precessional switching experiments for the 500 250 5 nm thin- Im
described at the beginning of section 3.2. Initially, the thin- Im is saturated along
the positive x-axis, then it is relaxed to the remanent state. At time t = 0 the
rectangular external eld pulse is applied Hy = (Dy Dy)Ms until time t = Ts
at which the eld is switched o and the magnetization relaxe s towards equilib-
rium. We performed di erent simulations for di erent value s of K1, reported in
Table 3.2. The results are reported in Fig. 3.12. One can claly see that for
moderately low values ofK; (Fig. 3.12a) at t = Ts magnetization is not exactly
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Figure 3.12: Micromagnetic simulations: plot ofmy vs time; (a) K1 = 104 J/m 3;
(b) K1 =25 10°JIm3; (c) K1 =5 10°JIm?3; (d) Ky =7:5 10*Im?3; (e)
K1=10 10* J/m3. The switching time Ts is marked with a vertical line.

close to the reversed state, but micromagnetic simulationshow that the higher
the applied eld strength is, the better is the agreement with the uniform mode
theory. By moderately increasing the value of the anisotroly constant there is a
very good agreement with the above prediction and the remaiimg oscillation after
t = Ts tends to be very close to the magnetization reversed state [i§. 3.12(b)-(e)].

Next, we chose to verify the prediction of the uniform mode theory regarding
the time window for switching the eld o. We analyze, for sak e of brevity, the
case of anisotropy constantk, = 2:5 10* J/m3. The applied eld is Hy =
(Dy Dx)Ms = 60:88 kA/m. The results (Fig. 3.13) show the accuracy of the
uniform mode theory prediction. In fact, switching the applied eld o just
few picoseconds after timet = t, (Fig. 3.13b) or just a few picoseconds before
time t = t; (Fig. 3.13d) leads to non-successful switching, while swihing the
applied eld o just few picoseconds before timet = t, (Fig. 3.13a) or just
a few picoseconds after timet = t; (Fig. 3.13c) leads to successful switching.
Thus, we can conclude that, in precessional switching exp@nents on thin- Im
media constituted of moderately soft materials, the time window for switching
the applied eld o can be derived by using the uniform mode th eory with a very
high accuracy. Moreover, the knowledge of the time windowt];;t,] can be used
to nd the switching diagrams proposed in Ref. [34] to designMRAM storage
cells, in the case of short (rectangular) eld pulse duratins, without performing
numerical simulations.
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Figure 3.13: Micromagnetic simulations: plot of my vs time. K1 = 2:5 10*
Jim3, H, = (Dy Dx)Ms =60:88 KA/m. The eld is switched o at time (a)
t =108 ps; (b) t =120 ps; (c) t =65 ps; (d) t =63 ps.

3.3 Fast switching of Tilted Media

In this section we present a very particular case of switchig process in which
it is possible to obtain magnetization reversal of a whole gain ensemble with
external elds whose amplitude is below the Stoner-Wohlfath limit. This kind
of switching process has considerable applications in hardisks realizations for
several reasons that we will see below. Our purpose is to shothkat, although
the medium is consisted of many weakly (exchange and magnedtatically cou-
pled) interacting grains, it can be approximately treated as a collection of non-
interacting grains. Therefore, the necessary conditionsdr the switching can be
investigated with the uniform mode theory applied to a single grain.

3.3.1 Introduction

It has been recently underlined that tilted magnetic media can have considerable
advantages in magnetic recording applications [74, 75, 76] These media are
usually realized as thin Ims constituted by grains with easy axis at an angle
of approximately 45 with respect to the Im plane (see for example Fig. 3.14).
This leads to coercive elds smaller by a factor two comparedto perpendicular
media®, and thus allows the use of high anisotropy magnetic materis, which in
turn provide a better thermal stability or a higher areal density. Higher data rates
can be also realized owing to the high torque that acts on the ragnetization and

4Since the medium \sees" the external eld as applied at 135 o the easy axis, this can be
understood by looking at the Stoner-Wohlfarth astroid (see Fig. 3.16) in the direction at 135
o the x axis, where the critical eld is about hsw =2.
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Figure 3.14: Granular structure of perpendicular and tilted media.

the high signal-to-noise ratio (SNR) related to the fact that grains with slightly
di erent easy axes have almost the same switching el@. As mentioned before,
in these media it is possible to realize switching for exteral elds below the
Stoner-Wohlfarth (SW) limit [75], and, in the appropriate r ange of external eld
amplitude, it has been shown that the switching time decreass with decreasing
amplitude of the external eld pulse [76].

In the following we intend to analyze the switching process m weakly cou-
pled granular tilted media. As rst approximation we will an alyze the case of
noninteracting grains. Since the grains are usually almosuniformly magnetized,
this case can be treated by using the uniform mode theory. In his respect, we
consider a family of noninteracting grains with dispersionin the easy axis and
initial magnetization directions. This analysis provides an estimate of the range
of external eld amplitude and directions required to realize switching. The pa-
rameter values predicted by the theory are then used in a 3D miromagnetic
simulation of the switching process in which the interactions of the grains are
taken into account.

3.3.2 Uniform mode approximation

To start the discussion, consider a uniformly magnetized Saner-Wohlfarth (SW)
particle, with easy axis along the x-axis of a cartesian reference system, charac-
terized by the following normalized free energyg(m):

1
g(m) = E(Dx N?)m)2< haxmy haymy ; (3.42)

whereDy = Ny K1 OMSZ), K1 is the uniaxial anisotropy constant, Nx and
N- are demagnetizing factors along and perpendicular to the-axis, respectively.
Equilibria and switching of this particles can be analyzed ty SW model which

5This can be inferred by observing that directions at about 13 5 o the x axis intersect the
SW astroid at almost the same distance from the origin. This | eads to very close values of
critical elds.
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15

Figure 3.15: Phase portrait of LLG equation in the stereograhic plane: M
is a maximum, S is the saddle point, m is the target minimum. N, = 0:5,
Dyx = 3:0159, hgyw = 3:5159.

leads to the well-known asteroid curve in the applied eld plane (see section 2.2
and Fig. 3.16) which separates the regions characterized biywo minima of free
energy (inside the asteroid) and one minimum (outside the ateroid). Within
the static SW theory switching is attainable only for eld ab ove hsyy = N»

Dy. Nevertheless by using magnetization dynamidy it is possible to realize
switching also below this limit. To investigate this circumstance, we will analyze
magnetization dynamics by means of Landau-Lifshitz-Gilbet (LLG) equation:

dm dm

D= m he + o (3.43)

wherehe = r 1. In order to illustrate the main idea behind fast switching
below SW limit, let us consider the conservative LLG equatio, i.e. we put

=0 in Eqg. (3.43). The gqualitative features of LLG dynamics are conveniently
represented on the plane by using the stereographic transfmation introduced
in section 2.3.

In Fig. 3.15 a portion of the conservative phase portrait of E. (3.43) is re-
ported in the case of an external eld with h, = 0:43 hgsw and applied at an
angle 45 o the x axis. The magnetization trajectories coincide with the con
tour lines of the energy function (3.42). Sinceh, < h sw, there is still a minimum
of the free energy in the point U near the initial state | which is assumed to
be in the position (1;0) (positive easy axis direction). One can see that if the
initial state is inside the homoclinic loop around the mini mum, the dynamics
remains trapped around U, conversely when the initial magnetization state is

SWe have already seen an example of switching below SW limit, namely the precessional
switching analyzed in section 2.4.3.
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Figure 3.16: The solid line represents SW astroid, the dasltline represents the
parametric curve de ned by Egs. (3.44).

outside , the precessional oscillation brings magnetizaton far from the mini-
mum U and this is instrumental to speed up the switching process. Tie dashed
lines in Fig. 3.15 represent an example of these two possibkeajectories. The
critical case between the two behaviors occurs when the inial state | exactly
lies on the homoclinic loop . This situation is realized when the applied eld is
on a line in the hay  hay plane which is inside the SW asteroid (see Fig.3.16).
This curve can be expressed, in parametric form [28, 36] as:

hax = hsw cosu cos % ;  hay = hsw sinusin? % ; (3.44)

wherejuj < = 2isthe parameter. It turns out that it is necessary that the applied
eld is inside the region F between the dashed and the solid line to realize the
switching. This region can be characterized by specifyingdr each angle |, the
allowed applied eld amplitude range [ha1; ha] (emphasized in Fig. 3.16). The
upper limit hg, is given by the SW theory [77]

haz = hswl(sin 1)*2+(cos 1)*®] 32 (3.45)

while hz1 can be found using Egs. (3.44) once the applied eld angley is
connected with the corresponding parameter , through the equation

hay(U )=hax(u )= tan , : (3.46)

Next we want to use the above uniform mode theory to study an esemble of
N noninteracting particles to take into account dispersion d anisotropy axis and
initial magnetization. We assume that the nominal (average easy axis direction
of the media is along the unit vector e which is aligned with the x axis. The



3.3 Fast switching of Tilted Media 103

10—

0.41 0.42 0.43 0.44 0.45 0.46 0.47
h, Tyl

d[°]

Figure 3.17: Up: phase portrait of LLG equation for =0:02, =45 . Down:
plots of the deviation angle as a function of h,.

j -th particle is characterized by a magnetization direction m; and an easy axis
direction g; forming an angle ; with e. We assume that the maximum ; is less
than a prescribed angle .

We indicate by n; the angle betweerh, and e; which satis es the inequality

h < hj< nt . (3.47)

By assuming that the initial states are given by m; = g;, we nd a family of

applied eld intervals S; = [hay;j; hazj] Which corresponds to the fast switching
of each particle. Thus, we can determine the applied eld inerval S that allows

the fast switching of all the particles by taking the intersection of the S;:

\N
S= g (3.48)

We computed this applied eld interval for , =45 and =5 and the result
isS=[0:401 hsw;0:47 hsw].

The analysis above has been carried out by using the consenvee dynamics.
In the case of the actual dynamics with damping the study of svitching is more
complicated and a careful analysis of the phase portrait is @quired. Magnetiza-
tion dynamics is now described by Eq. (3.43) with > 0. In Fig. 3.17 (up) one
can see a portion of the phase portrait of the dynamical systm for = 0:02,
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Figure 3.18: Comparison of the switching time for a perpendiular recording
media and a tilted media.

h =45 ,hy; =0:43 hsw. The shaded regionB, enclosed in the separatrices 1
and o, is the basin of attraction of the undesired minimum U. Magnetization
trajectories spiral toward minima of the free energy and thephase portrait (see
Fig. 3.17) is divided into the basins of attraction of the two minima m and U. A
necessary condition for switching is that the initial position | is in the basin of
attraction of the target minimum m.

In addition, it is desirable that a whole neighbor of the initial position is
inside this basin of attraction. Indeed, in real granular materials the di erent
grains, due to exchange and stray eld interactions with other grains, will have
slightly di erent initial conditions with certain deviati on from the easy axis. In
this respect, by analyzing the phase portrait in Fig. 3.17 wecan determine quan-
titatively what is the allowed deviation ; of the j-th particle magnetization m;
from the its easy axisej, compatible with the requirement that the magnetization
state is within the basin of attraction of the target minimum . This can be done
by considering for each particle the circle of allowed inital conditions (see the
dashed circle in Fig. 3.17). The analysis must be carried oufor each particle in
the ensemble and lead to the estimate of the maximum angular @viation . The
results are summarized in Fig. 3.17 (down).

3.3.3 Micromagnetic simulations of Fast switching process

The nal steps in our analysis is to verify whether the indication of the theory
above are still reasonable when we take into account the weaikiteractions among
the grains. To this end we have performed nite element [78] alculations (FEM)
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for weakly exchange and magnetostatically coupled granulamedia. The applied
eld is chosen within the range estimated with the uniform mode theory. Both
perpendicular and tilted recording media with a weak exchame coupling between
the grains (Ainer =3 10 14 J/m) are investigated. The material parameters
within the grains are: Js= oMs=05T, A=10 * Jmand K;=3:5 10°
J/m 3. The thickness of the perpendicular media and the tilted meda is 12 nm
and 85 nm, respectively. The average grain diameter is 10 nm for kb media.
More than 45000 nite elements are used to provide an edge lagih smaller than
the exchange length. A normal distribution of the easy axes #@ections with a
maximum opening angle of 5 is assumed for both media. For the perpendicular
media the average easy axis direction is parallel to the Im rormal. For the tilted
media the angle between the average easy axis direction andhé¢ Im normal is
45 . Thus, for both samples the average easy axis direction poia parallel to the
edges between the grains. The external eld is applied 450 the Im normal
and parallel to the Im normal for the perpendicular media and the tilted media,
respectively. The eld rise time is 10 ps. The FEM simulations for granular struc-
tures verify that switching is possible for elds smaller than the SW switching
eld and within the range predicted by the uniform mode theory. The switching
time is de ned as the time until the average magnetization canponent parallel to
the easy axis crosses zero the last time. Figure 3.18 comparthe switching time
as a function of the external eld strength, for the perpendicular media and the
tited media, signi cantly di erent due to the di erent dem agnetizing eld. The
jumps that can be observed in Fig. (3.18) are due to ringing othe magnetization.
For tilted media, the FEM simulations also show that a change of the opening
angle of the easy axes distribution from 5to 1 changes the switching time by
less than 0.1 %. Small switching eld distributions lead to a high signal to noise
ratio.
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Chapter 4

Geometric integration of
Landau-Lifshitz-Gilbert equation

4.1 Introduction

The purpose of this chapter is to address the general probleraf the numerical in-
tegration of Landau-Lifshitz-Gilbert (LLG) equation. In f act, we have observed
more than once, that due to the nonlinear nature of this equaton, analytical
solutions can be derived in very few particular cases, or by sing linearization
techniques (see chapter 2 and references therein). Consesqily, the only gen-
eral (and mostly used) method to study magnetization dynamcs is to solve LLG
equation by suitable numerical methods. In this respect, asnentioned in chapter
3, the most common procedure is to use a semi-discretizatioapproach. First, the
equation is only discretized in space by using nite di erence or nite elements
methods [52]. This leads to a discretized version of the miamagnetic free energy
and a corresponding system of ordinary di erential equatins (ODES). Second,
this system of ODEs is numerically integrated by using apprgriate time-stepping
techniques. It is interesting to underline that, while the spatial discretization is
generally carried out trying to preserve the main properties of the free energy
functional G(M ;H ) introduced in chapter 1, little attention is generally paid
to the preservation, after the time discretization, of the peculiar structure of
LLG temporal evolution. This is probably due to the fact that, in the past,
the main emphasis was on static micromagnetics and on repragting accurate
approximation of the free energy landscape associated to aagnetic system sub-
ject to quasi-static external elds. This goal has been gengally achieved by
using accurate spatial discretization of the free energyG(M ;H ). On the other
hand, when dynamic magnetization processes have to be invigated, the issue
of using appropriate numerical time integration technique becomes rather cru-
cial. Nevertheless, this problem seems to have been substally overlooked, and
most workers in LLG numerical simulation use "o -the-shelf' algorithms such
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as Euler, linear multi-step methods (e.g. Adams-Bashforth Adams-Moulton,

Crank-Nicholson, Backward Di erentiation Formulas (BDF) ) or Runke-Kutta

methods[79, 80]. We must underline here that these standaranethods do not
preserve structural properties of LLG time evolution. This equation has indeed
peculiar dynamic properties, mentioned in section 1.3.5, Wwich it is convenient to

recall below.

a) First, the magnetization has constant magnitude in time at each spatial lo-
cation, as indicated by Eq. (1.97). Equation (1.97) is a funcamental con-
straint on the LLG time evolution that should be respected in the time
discretized version of LLG equation. Since, usual time steping methods
do not preserve this property, most researchers follows th@aive approach
of renormalizing the magnetization vector eld at each time step or after
a prescribed tolerance has been exceeded. This naive appobais actually
a nonlinear numerical modi cation of the time evolution which in princi-
ple can have also relatively strong e ect on the subsequent@mputation of
magnetostatic eld [86] and for this reason is not recommened, especially
when long time regime have to be studied.

b) Second, for constant external eld the LLG evolution has a Lyapunov struc-
ture [82], namely the free energy functional is a decreasinfunction of time
along the trajectories of LLG equation, according to Eq. (1102). This
property is fundamental because it guarantees that the systm tends to-
ward stable equilibrium points, which are minima of free enegy. Usual
time-stepping techniques preserve this property only for & ciently small
time-step. Indeed, when the time-step is too large, instadity phenomena
can produce transient or even steady increase of energy. Thatability con-
straint on the time step is usually rather severe and this geerally leads to
unnecessary long computational time.

¢) Third, the LLG equation is obtained by adding a phenomenolodcal damping
term to an otherwise hamiltonian (conservative) equation and therefore one
should expect that in the limit of ! 0, the numerical integration should
preserve energy and, if possible, the hamiltonian structue. This is not
only a mathematical requirement. In fact, in most experimertal situations
LLG evolution is not strongly dissipative and the damping e ects can be
considered as a perturbation of the conservative motion (se chapter 2, sec-
tions 2.4.3, 2.5, 2.6). In this respect, it is quite reasonale from the physical
point of view, that the numerical integration scheme is ableto reproduce
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accurately the conservative motion. This is de nitely the most challenging
part in the numerical simulation since the conservative preession is gener-
ally much faster than the slow motion associated to dissipat/e processes.
As it is well-known in hamiltonian dynamics studies, most standard nu-
merical schemes do not preserve energy and/or hamiltoniantsicture, and
particular care must by devoted to develop appropriate time stepping tech-
nique.

As matter of fact, it is generally very di cult to obtain the p reservation of the
above properties in the time discretization by using expliét methods (e.g. Euler,
Adams-Bashforth). Implicit methods, on the other hand, have good performances
in terms of stability, but do not preserve the amplitude of magnetization or the
energy in the limit ! 0. However, the use of implicit methods generally makes
it necessary to solve large system of coupled nonlinear eqtians at each time
step which may lead to unacceptable computational cost. In his respect, most
researchers generally try to avoid implicit methods by usirg appropriate semi-
implicit techniques [81]. This has of course the drawback tlat accurate numerical
time integration require stability upper bound for the time step. This in turn can
be quite problematic since LLG dynamics, in many relevant caes, may exhibit
dynamic processes with very di erent time scales.

In fact, the issue of developing time integrators for LLG equation that pre-
serve relevant properties of the equation under discretiziion, has received lately
some attention [25, 84, 85, 86]. The general point of view prented in these
recent works is to use suitable geometric integrators[87] tich are techniques
designed to preserve geometrical properties of dynamicsamely symmetry, con-
servation of quantities, hamiltonian structure etc. In particular, the possibility of
developing integrators for LLG equation based on Lie-groupmethods and Cay-
ley transform have been investigated in Refs. [85, 86]. Thesmethods preserve
the magnetization amplitude, but they do not generally preserve the LLG Lya-
punov structure and the energy in the limit of zero damping. The basic idea is
to take into account the conservation of magnetization magitude by an appro-
priate change of variable (lift of the problem in the Lie-algebra associated to the
Lie-group of rotations). The problem is then solved with uswal RK time-stepping
algorithms. These methods are conditionally stable and thestability require-
ments are certainly a ected by the choice of the new set of vaiables. This could
lead to an increase of the temporal sti ness and, consequelyt to an increase of
the computational cost.
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In this chapter, we will apply the (implicit) mid-point rule to the time integra-
tion of LLG equation. We shall demonstrate that the use of mid-point rule leads
to a numerical time stepping that preserves the fundamentalproperties of LLG
dynamics. This algorithm has been known for a long time and ithas been applied
extensively in the area of hamiltonian dynamics for its interesting preservation
properties [83]. However, in its pure form, it has never beerapplied directly to
the full 3D micromagnetics dynamical problem. A partial use of mid-point rule
has been proposed in Ref. [25]. In this work, the mid point rué has been applied
along with an appropriate explicit extrapolation formula ( second order Adams-
Bashforth) for the e ective eld. This method has the proper ty of preserving
magnetization magnitude and, due to the explicit extrapolation formula, does
not require the inversion of a large system of coupled nonliear equations (but
just three by three linear system of equations at each locatin in space). However,
the method does not in general preserve the Lyapunov structre of LLG equation
neither the energy for zero damping. In addition, the semi-inplicit nature of the
scheme imposes stability restrictions to the time step.

Here we apply the implicit mid-point rule directly to the LLG equation in its
pure form. With the use of the mid-point rule we can overcome he drawbacks of
the standard methods. The methods is unconditionally stabé, preserves exactly,
independently from the time step, magnetization magnitude and, in the case of
zero damping, free energy of the system. In addition, mid-pmt rule preserves
unconditionally Lyapunov structure of LLG dynamics for constant applied eld,
namely in the discrete dynamics, the free energy is always @eeasing regardless
of the time step. The price we have to pay is that now we have to slve a large
(generally full) system of nonlinear algebraic equations. As we will discuss in
the following, this problem has been dealt with by using quasNewton algorithm
which allows one to deal with sparse banded matrix inversioa only.

4.2 The mathematical model

It is very useful for the following discussion, to recall thedimensionless form (1.95)

of LLG equation:

@n _ . @n |
at m he (M;t) @t (4.2)
with the usual normalized quantities introduced in section 1.3.4.

The LLG equation (4.1) is implicit with respect to @n=@t and it can be

transformed in the equivalent normalized Landau-Lifshitz form of Eq. (1.87):

@n

@: mm he (M;t)

7+ 2m (M he (M) (4.2)
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where @n=@tis explicitly expressed. This form of LLG equation is the mos
commonly used for numerical integration.

As seen in chapter 1, the normalized e ective eld hg can be de ned by
the variational derivative he = g= m of the normalized micromagnetic free
energy functional, formed by the sum of normalized exchangemagnetostatic,
anisotropy aznd Zeeman energy, respectively:
K1

M2 1 (m exn)? ha m dv;

(4.3)
where A is the exchange constant,K ; is the uniaxial anisotropy constant, ea,

o(m;ha) = (rmy Shy me+

oM¢Z

is the easy axis unit-vector andhy, is the magnetostatic (demagnetizing) eld,
which is the solution of the boundary value problem:

rr-hhn=r m in (4.4)
n [hmlg =0; n [Am]lg =n m: (4.5)

In Egs. (4.4)-(4.5), we have denoted withn the outward normal to the boundary
@ of the magnetic body, and with [ hy]g the jump of the vector eld hy, across
@.
The magnetization m(r;t) is also assumed to satisfy the following condition
at the body surface:
@n

@ -0 (4.6)

which is related to the presence of rst (laplacian) term in Eq. (4.3).

4.2.1 General properties of the effective field

By considering the variational derivative of Eq. (4.3) with respect to the vector
eld m and by using Egs. (4.4)-(4.5) and the boundary condition (46), one can
readily derive that the e ective eld is constituted by the s um of four terms: the
exchange eld hey, the magnetostatic eld hy,, the anisotropy eld ha, and the
applied eld hj:

he (Mm;t) = % = hex+ hm + han + ha(t); 4.7)

where the explicit dependence ot on time is related to the dependence on
time of h,. The rst three terms in Eq. (4.7) can be related to the vector eld
m through the following equations (sections 1.2.2 and 3.1):

hex = ’m ; 4.8
ex OMSZZr m ] ( )
— 1 0 1 .
hm = T — m(r%dvio; (4.9)
2K
han = =5 €an(r)(€an(r) (1)) (4.10)
olvls
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From the Egs. (4.4)-(4.5), (4.6) and (4.8){(4.10), one can asily prove that the
sum of the rst three terms of the e ective eld (4.7) is a form ally self-adjoint
operator acting on the vector eld m in a suitable subspace of_2( ) with respect

to the usual scalar product in L2():
z

(V;W)Lz() =  v(r) w(r)dv: (4.112)
In other terms the e ective eld (1.68) can be written in the f ollowing form
he (r;t) = C m + hy(t) (4.12)
where Cis a formally self-adjoint integro-di erential operator i n L?().

4.2.2 Constraints for magnetization dynamics
and hamiltonian structure of conservative dynamics

Let us now summarize the fundamental properties of LLG dynanics in the nor-
malized quantities introduced above.
The rst property a) is expressed as

jm(r;t)j = jm(r;to)j 8t to; 8r2 (4.13)

which can be easily derived as explained in section 1.3.5. Ithe typical micro-
magnetic problem it is assumed initially jm(r;tg)j = 1 which is the normalized
version of the micromagnetic constraintiM j = M q.

The second fundamental property b) is related to the nature d the energy

balance in LLG dynamics:

z z

d . _ @n ? @a
ag(t) = at dv m @t dv (4.14)
which has very important implications. For constant applied eld, Eq. (4.14)
reduces to 7
d (t) = @n 2dV' (4.15)
a9 = @t '

This equation reveals the role of the damping and shows that LG dynamics
has a Lyapunov structure, namely, for constant external eld, the free energy is
always a decreasing function of time. In addition, it also denonstrates the nature
of the Gilbert phenomenological damping: the dissipation $ proportional to the
square of the velocity of variation of magnetization. This is connected to the fact
that the Gilbert damping term can be introduced by using the Rayleigh approach
described in section 1.3.5.

This property is very important because it guarantees that the system tends
toward minima of free energy (i.e. meta-stable equilibriumpoints).
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Third, for = 0the LLG equation becomes an Hamiltonian dynamical system
for the vector eld m de ned as

@n g9

The LLG hamiltonian form (4.16) is related to the following L LG Poisson bracket
f h
ff(m);h(m)g=m - m (4.17)

where f (m) and h(m) are two generic functionals of m. In Eqg. (4.16), the
role of the hamiltonian is played by g(m;hg). It should be underlined that,

although the LLG dynamics is always dissipative, it is interesting to consider
the conservative case as in most experimental situations th dissipative e ect are
quite small (typically 10 2). In other terms, the LLG dynamics, on relatively

short time scale, is a perturbation of the conservative (haniltonian) precessional
dynamics. In this respect, many interesting conclusions oithe nature of dynamics
can be also derived from the conservative Eq. (4.16).

4.3 Spatially semi-discretized LLG equation

We now introduce a spatially discretized version of the mattematical model. The
discussion presented below is considerably general and thwapplicable to all the
usual spatial discretization techniques [52].

To start the discussion, let us assume that the magnetic bodyas been subdi-
vided in N cells or nite elements. We denote the magnetization vectorassociated
to the I-th cell or node by m;(t) 2 R3. Analogously, the e ective and the applied
elds at each cell will be denoted by the vectorhe .(t), ha(t). In addition to the
cell-vectors, we introduce another notation for the mesh vetors which include
the information of all cells of the mesh. In this respect, we il indicate with m,

h, , h, the vectors in R®N given by:

0 1 1
mi

0 0 1
he,l ha,l
m:% § he :% § na:% § : (4.18)
my he N han

4.3.1 Discretized free energy and effective field

Usual spatial discretization techniques [52] (e.g. nite dements and nite di er-
ences) quite naturally lead to a discretized version of theree energy (4.3) which
has generally the form

m"Cm hy,m: (4.19)

NI =

g(m;h,) =

1We have seen examples of this in chapter 2, for uniformly magnetized particles.
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where Cis now a N 3N symmetric matrix [80] which describes exchange,
anisotropy and magnetostatic interactions. Once the free pergy has been dis-
cretized, the corresponding spatially discretized e ectve eld h, (m;t) can be
obtained as
he (D= 2= C me+hy(): (4.20)

We natice that the e ective eld mathematical structure (4. 12) is formally pre-
served after the spatial discretization, and the matrix C is the discretized version
of the formally self-adjoint integro-di erential operato r C.

The matrix C can be naturally decomposed into the sum of the three terms
Ceoxr C» €,y Which correspond to discretized exchange, magnetostaticral ani-
sotropy interactions:

C=Co+Cp+Cay : (4.21)

It is important to observe that C , and C,,, are sparse matrices since the exchange
and anisotropy interactions have a local character, wherea C,, is a full matrix
owing to the long-range magnetostatic interactions.

4.3.2 Semi-discretized LLG equation properties

By using the above notations, the spatially semi-discretizd LLG equation con-
sists in a system of Bl ODEs which, for the genericl th cell, can be written in
the following form :

d d
g™ = m he (m;t) g™ (4.22)
and for the whole collection of cells as:
d d
prils _(m) he (m;t) gm (4.23)
where (m) is a block-diagonal matrix
_(m)=diag(( my);:::; ( mn)) (4.24)

with blocks ()2 R® 3suchthat (v) w=v w,8v;w 2 R3 We also observe
that _(m) is linearly dependent onm through an appropriate third order tensor
as

- m (4.25)

where _is block diagonal with N diagonal 3 3 3 blocks constituted by third
order permutation tensors and the dot product in Eq. (4.25) represent an index
contraction. The meaning of this contraction can be inferral by the considering
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that the component of the vectorv (_ w) corresponding to thel-th cell is given
by
v C W) =vi wp (4.26)

where we have used the notation introduced above for mesh viars (v, w) and
cell vectors (v, w)).

Now, we brie y summarize the properties of the semi-discreized LLG. These
properties are completely analogous to the properties (43)-(4.17) and the demon-
stration can be obtained by following the very same line of rasoning. Indeed, we
can easily prove that

imi(Y)j = jm(to)j 8t to; I=1;:::;N ; (4.27)
d . dm? dhy, X dm * X dhy
= @ ™o T ot m g 42
I=1 I=1
and, in the case of constant applied eld, that:
d dm 2 X dm, 2
Finally, in the case =0, the semi-discretized LLG (4.23) takes the form
dm _ @g.
oM™ G (4.30)
which is related to the semi-discretized version of Poissobracket (4.17)
b= & (m) @ (4.3
B @n — 7 @n '

whereT indicate the matrix transpose, f (m) and h(m) are two generic functions
of m, and @f=@, @h=@ are the corresponding gradients.

In connection with the hamiltonian structure (4.30), it is i nteresting to men-
tion that when the matrix _ (m) has the linear form (4.25), the related hamil-
tonian system (4.30) is said to have a Lie-Poisson structurg88]. As we will discuss
in the sequel, this structure a ects the nature of mid-point approximation of LLG
equation.

4.4 Mid-point LLG discrete dynamics

We now proceed to derive the full discretization of LLG equaton by applying
the mid-point rule (see Appendix C) to the spatially semi-discretized system of
ODEs given by Eq. (4.22). In the following, we will denote the value of physical
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gquantities at the n-th time step with the sux n. The mid-point rule consists in

the following time-stepping s$her|r'1e, written for the for the genericl th cell: 4

n+1
t m|

m™+m" o, o m™ omp
2 ' 2 t '
(4.32)

where t is the time step which, for the sake of simplicity, is assumedhere

mit omp o omtemp
t 2 €

constant. Nevertheless, due to the single-step nature of rdipoint rule, most
considerations in the following can be generalized to noncwstant time steps.
Equation (4.32) can be rewritten in terms of mesh vectors asdllows

mn+1 mn mn+1_|_mn mn+l+mn t mn+1 mn

LLLE — = LLLE LLLE LLLE LLLE ’ tn+_ LLLE LLLE
t - 2 = 2 2 t

(4.33)

Equation (4.33) de nes m"*! in terms of m" implicitly. By solving this equation

for m"*1, we generate a map
m"™ = (m"; 1) (4.34)

which describe the LLG discrete dynamics. We will discuss tk technique for
solving the implicit equation (4.33) in the following section. In this section,
instead, we will focus on the properties of the map (4.34) dened implicitly by
Eq. (4.32) or equivalently by Eq. (4.33).

As a preliminary consideration, we notice that, in most LLG numerical inves-
tigations, numerical discretization of LLG equation is carried out starting from
the Landau-Lifshitz form (4.2) which has the advantage of eylicitly expressing
the time derivative of m. Conversely, in the approach we propose, we directly
discretized the original LLG equation in which the time derivative is implicitly
contained. In fact, since the mid-point scheme is already imlicit, the implicit
nature of LLG equation does not introduce any further complication, but rather
it drastically simpli es the treatment and the algorithm.

4.4.1 Properties of mid-point rule induced dynamics

Point-wise magnitude conservation

The rst important property of the discrete dynamics can be readily obtained
from Eq. (4.32) by scalar multiplying both sides of the equaion by (m|”+1 +mp).
This leads immediately to

n+1 n+1:2

(mM*t m) MMt +m)=jmMj? j mP2=0;1=1:1:N;  (4.35)

which means that the magnitude of the magnetization vector iemains constant in
each cell. Thus, the mid-point rule preserves exactly the mgnitude preservation
property (4.27), regardless of the time step.
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Energy balance and discrete Lyapunov structure

Next, we analyze the energy balance properties of the discte dynamics. The
derivation of the main equation can be carried out by scalar nultiplying both
members of Eq. (4.33) by the quantity

mn+1+mn' N t mn+1 mn '
he T,t +7 — (4.36)
It is clear that, due to the antisymmetry of the matrix _ (m) (which in turn is
related to the antisymmetry of its 3 3 diagonal blocks), the dot multiplication
of (4.36) and the right-hand-side of Eq. (4.33) gives zero. A far as the left-hand
side is concerned, by using the expression of the discretidee ective eld (4.20),

one obtains:

mn+1 mn mn+1_|_mn t mn+1 m"n

—_ c —- th+ — — =0: (437
t = 2 - 2 t (4.37)
Then, by using the symmetry of the matrix C and the following mid-point ap-
proximation for the mid-point value of the applied eld:

t h2*1 + ho t2 d?h
h, t"+— ==2_—"2+ __ — -2 ; (4.38)
4 2 2 4 d? g s
one can readily derive the following equation

g(mn+1.hn+1 g(mnhn) mn+1 mn 2
O\— 1 —a I\— 1_-a — LLLE LLLE +

t ' (4.39)

(mn+l+ mn) n2+1 ng + _t(m n+1 m n) dzna -
2 t 4 — _ dt2 it

2

Notice that since (m"*1 mD") is of the order O( t) then the last term at the
right hand side of the equation is O( t2) and thus, as we expected, up to this
second order term, the discrete dynamics reproduce the engy balance for semi-
discretized equation (4.28).

In fact, very interesting properties of the scheme can be irdrred from Eq. (4.39).
First we notice that, if the applied eld h, is piece-wise linear with respect to
time, in each time interval [t";t"*1], then the last term in right hand side vanishes
and the energy balance is exactly reproduced in its mid-pointime discretized
version. In addition, in the case of constant applied eld, the last two terms in
Eg. (4.39) vanish and the energy balance reduces to the folldng form

gm"*;h,) gm"hy) 0 mmt mn ?

t t (4.40)

Equation (4.40) has very important consequences. First, idependently of the
time step, the discretized energy gm";h,) is decreasing. This conrms that
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the mid-point rule is an unconditionally stable algorithm w hich reproduce the
relaxation behavior in LLG discrete dynamics for any choiceof the time step.
Notice also that the rate of variation of energy in the discree dynamics is coherent
the mid-point version of Eq. (4.29).

Second, for =0 the energy is exactly preserved regardless of the time sps.
These two properties con rms the unconditional stability of mid-point rule, but
more importantly they indicate that, in the short time scale , the mid-point rule
will tend to reproduce correctly the most important part in t he LLG dynamics,
i.e. the precessional magnetization motion.

Preservation of Hamiltonian structure

Finally, it is also important to address the issue of the pregrvation of the hamil-
tonian structure [89] (in the case = 0) given by Eq. (4.30). Let us indicate by
m(t) = (t; mgy) the ow of Eq. (4.30), namely the solution of the Cauchy prob-
lem for the system of ODEs (4.30) with the initial condition m(t = tg) = mg. It
is well known that the map (t; my) mapping m, into m(t) satis es the following
symplecticity condition

@@tm) '

@ (t;m) _ . :
W _(m) W = _((tm)): (4.41)

A numerical scheme is said to preserve the hamiltonian struitire if the associated

map, which connects one step to the following (in the case of id-point rule the
map ( m"; t) introduced in Eq. (4.34)), fullls the condition (4.41). | n this
respect, by using the fact that the LLG equation has a Lie-Pogson structure (i.e.
the matrix _(m) is linear with respect to m as expressed in Eq. (4.25)), it is
possible to prove the following error formula [83]

: : T
@ tm) (m) @ tm)

@n @n

which means that, the mid-point rule applied to LLG equation preserves hamil-

_(( tm)=0O( t°) (4.42)

tonian structure up to the third order term in  t.

It is also interesting to underline that the preservation of hamiltonian struc-
ture would be exact for an hamiltonian system de ned by a Poison bracket of
the type ff (m);h(m)g=(@f=@) J (@h=@)" where the matrix J does not
depend onm. In LLG studies this situation is encountered in all those problems
in which LLG equation is linearized around a given magnetizéion state as it
is generally done in Spin-wave analysis [4] and nucleationrpblems [5]. In this
respect, it must be underlined that, although these problens are linear in nature,
analytical solutions are obtainable only under quite restictive assumptions about
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the geometry of the magnetic body. General geometries can bieated only by
numerical techniques.

4.5 Solution of the time-stepping equation

The properties we have just discussed are strongly relatedotthe implicit nature of
mid-point rule. As consequence of this implicit nature, we tave to solve the time-
stepping Eq. (4.33) for the unknownm"*! at each time step which amounts to
solve the following system of 8l nonlinear equations in the N unknownsm"**:

Fm")=0 ; (4.43)

where F(y) : R® 1 R3N is the following vector function:

Fy= 1 _ X+2mn y m" o tf X+2mn : (4.44)
and where @
f(m)=_(m) he (m)= _(m) @—; (4.45)

is the right-hand-side of the conservative LLG equation. Itis interesting to notice
that the damping is present in only one term in the function F(y) and it introduce
only a slight modi cation of the function.

The solution of the system of equation (4.43) can be obtainedby using
Newton-Raphson (NR) algorithm. To this end, we derive the jacobian matrix
Je(y) of the vector function F(y) which, after simple algebraic manipulations,
can be written in the following form
y+m"
T2

FW=L Y (4.46)

where J is the jacobian matrix associated tof(m). By using the Egs.(4.25),
(4.45), one obtains:

3(m) = %(m): (M) C+_ (C m+hy): (4.47)

The main di culty in applying NR method is that the Jacobian J _g(y) of F(y) is
a full matrix, due to the long-range character of magnetostdic interactions which
re ects in the full nature of the matrix C . In this connection, let us observe that
the damping term a ect only a small sparse component of the j@obian J:(y)
and thus does not introduce any basic di culty.

Anyhow, due to the full nature of Jg(y), the use of the plain NR method
would require an unpractical computational cost. However, as it is usual in
solving eld problems with implicit time stepping, we can use a quasi-Newton
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method by considering a reasonable approximation of the Jambian. In order to
have a sparse Jacobian one can consider the following expsésn Jz in which
magnetostatic interactions are not included:

t. y+tm"
Fy)=L _m") % = : (4.48)
where the matrix J; is
J(m)= _(M) ( CextCan))t _ [ (Cex+Can) m+hy] : (449

Basically, the latter equation is obtained by substituting the full matrix C_ with
its sparse component G, + C 4, in Eq. (4.47). Thus, the iterative procedure can
be summarized as follows:

n

Yo= M Y =Yt Yy, Wwith Je(y,) vy, = Fy): (4.50)

At each iteration, the linear system de ned by the matrix (4. 49) has to be in-
verted. Since this matrix is non-symmetric, we have found apropriate to use
generalized minimum residual (GMRES) method [91]. The iteation (4.50) is
repeated until the norm kF (Xk)k is under a prescribed tolerance.

The iterative technique we developed to solve Eq. (4.43) behngs to the main
category of quasi-Newton methods. In this respect, it has ben proven [92] that
this kind of iterative procedure is convergent and the orderof convergency is the
rst order, provided that the initial guess is su ciently cl ose to the “true' solution
of the system.

4.6 Accuracy tests for LLG discrete dynamics

We have shown that mid-point rule time-stepping preserves mnagnetization magni-
tude conservation and Lyapunov structure of LLG equation. Nevertheless, since
the time-stepping equations (4.33) are solved through an #rative procedure,
the properties of mid-point rule we have demonstrated in Sec4.4 are ful lled
only within a certain accuracy related to the tolerance which we imposed on the
quasi-NR technique. In this respect, it is important to test the accuracy of the
preservation of LLG properties during the computation.
To this end, as far as magnetization magnitude conservationwe will check
the accuracy with the following quantities:
_ 1 o .2
May = N jmyy m
I=1 I=1

(mij ma)? (4.51)

which are, respectively, mean value and variance of the maggtization magnitude
over the cells of the mesh.
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As far as the energy balance equation is concerned, we use thelf-consistency
criterion proposed by Albuquerque and coworkers [94]. Thiriterion is based on
Eqg. (4.28) rewritten in the following form

_ d ©odm *
= G o (4.52)

which is valid for constant applied eld. Itis quite natural , to test the preservation
of energy dynamics in numerical computation, to compute

|
m"*!:h m";h,) lomn 2
an_ 9m _a)t g(m";hy,) % ; (4.53)

at each time step, and compare the value of the sequence® Awith the constant
In this respect, we observe that if we could exactly invert the nonlinear system
of equations (4.43), then the sequence ™would be constant coincident with
This can be immediately derived from the property (4.40) of the mid-point rule.
However, since we determine the new time step by an iterativeprocedure, the
sequence will be in fact nonconstant and it will usually exhbit an oscillatory
behavior. It has been shown in Ref. [94] that numerical insthilities can be
detected from the observation of the behavior of the values ™.

For the case of conservative dynamics, the discretized engy is conserved
according to Eq. (4.29) for =0:

git)y=g(to) 8t to : (4.54)
With mid-point rule time discretization, this property bec omes (see Eq. (4.40)):
gm"*h)=g(m";hy) (4.55)

which holds regardless of the time step. One can test the accacy of the scheme
by recording the deviation of the total energy from its initi al value. Again, one
cannot expect that this property will be exactly ful lled as far as we solve the
time stepping algorithm with an iterative procedure. In thi s respect, we will verify
a-posteriori that the energy conservation is guaranteed vith su cient precision
by computing the relative error e5 of g(m"; h,) with respect to the initial energy
g(m®h,):

n_ 9m®%h,) g(m"hy)

€

? 9(m%h,) / (459

and checking that the sequencesj remains within prescribed tolerance.
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4.7 Finite differences spatial discretization of LLG equatio n

Up to this point the considerations we made about the propertes and the im-
plementation of mid-point rule were rather independent from the spatial dis-
cretization used. In the following, to test the method we hawe chosen a specic
technique based on nite-di erences method. The magnetic ody is subdivided
into a collection of rectangular prisms with edges parallelto the coordinate axes.
The edge lengths aredy; dy;d,. In this framework, it is convenient to identify
each cell by three indiceq;j; k instead of using the indexl as we did before. The
magnetization mij is assumed to be uniform within the generic (j;k ) cell.
With this notation, the e ective eld in the generic ( i;j;k ) cell can be expressed
as

heiijk = Nexijk ¥ Dmijk + Nanijk + Nasijk (4.57)
The exchange eld (4.8) is computed by means of a 7-point lagcian discretiza-
tion, which is second order accurate in space. In the generlinternal” cell ( i;j; k),
the exchange eld can be expressed as follows:

2A Misgjk + My gk LM+t Mij 1k

heX;i,j,k = OMSZ d)z/ d)2< +
Mijk +1 + Mijk 1 2 2 2
+ —+ 4+ = my 4.58
d% d§ d)z( d% I,J,k ( )

A similar expression holds for the boundary cells where the Bumann boundary
condition (4.6) has to be taken into account. Since the exchage interaction
is a rst-neighbors interaction, one can easily observe thathe matrix C , is a
block-diagonal matrix.

As seen in section 3.1, the magnetostatic eld (4.9) can be gxessed as dis-

crete convolution:
X X X

Nmijk = Ni ioj jok ko Mijojoxodyxdyd, (4.59)
i%i %] ko k

whereN; jo; jox koisthe 3 3 block of the magnetostatic interaction matrix C,
which describes the magnetostatic interaction between theellsi;j;k andi®j®k°
The discrete convolution (4.59) is computed by means of 3D Fst Fourier Trans-
form (FFT) using the zero-padding algorithm [64]. The kernd of the convolution
is obtained in exact analytical form by means of a slight gengalization of the
one proposed in Ref. [93] for cubic cells. As far as anisotrgpis concerned, we
assume that the body has uniaxial anisotropy de ned by the arisotropy constant

K 1. Therefore, the anisotropy eld is
2K 1
oM¢Z

and the matrix C,, is a diagonal matrix.

Nanijk = (Mijkx  ex)ex (4.60)
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z

y
3 nm .

500 nm

Figure 4.1: (Left) Thin- Im geometry for -mag standard problem n. 4. (Right)
Initial equilibrium S-state.

4.8 Numerical Simulations of -mag standard problem n. 4
4.8.1 Definition of the problem

We apply the above numerical technigue to solve the -mag standard problem
n. 4 (see Ref. [79]). This problem concerns the study of magtieation reversal
dynamics in a thin- Im subject to a constant and spatially un iform external eld,
applied almost antiparallel to the initial magnetization. The geometry of the
medium is sketched in Fig. 4.1. The material parameters aré\ = 1:3 10 ' J/m,
Ms=8:0 10° A/m, K;=0Jm 3and =0:02 (permalloy). The initial state
is an equilibrium s-state (see Fig. 4.1, right) such as is olained after applying
and slowly reducing a saturating eld along the [1; 1; 1] direction to zero. In all
the numerical simulations the equilibrium condition has besn chosen such that:

mn+1 mn
max —————1 <10°% ; (4.61)
I=1::N t

i.e. the maximum of the (normalized) torque across the body las been checked
for equilibrium. Moreover, the stopping criterion of the quasi-Newton iterative

procedure has been chosen
maxjFq(yk)j < 10 * ; q=1;::15;3N (4.62)

where Fy(yk) is the g-th components of the vector F(yk), and the index k indi-
cates the number of quasi-Newton iterations.

Two switching events will be calculated using elds appliedin the x-y plane
of di erent magnitude and direction. In the rst case the ext ernal eld is applied
at an angle of 170 o the x axis with x y components such that gMghay =

246 mT, oMshy =4:3mTand oha =25 mT. In the second case the external
eld is applied at an angle of 190 o the x axis with x y components such
that oMshax = 355 mT, oMshay = 63 mT, and oMshy =36 mT. In both
cases the cell edges aré, = 3:125 nm, dy = 3:125 nm, d, = 3 nm and therefore
the number of cells isN =160 40 1 =6400.
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—— d'Aquino et al.
x  McMichael et al.
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time [ns]
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Figure 4.2: Comparison between solutions of -mag standard problem no. 4.
Plots of <my >=<My >=Msand<my >=< My > =M versus time. The
external eld is applied at an angle of 170 o the x-axis.

4.8.2 Numerical results

Next we report the comparison between the solution obtainedusing the above
numerical technique and the solutions submitted by other researchers [79] to the
-mag website. The time step of the mid-point numerical algoithm is xed and
has been chosen such thatj(jMs) * t=2:5 ps. We observe that the time steps
related to the other solutions (see Ref. [79]) are consideldy smaller (less then
0.2 ps) to ful ll numerical stability requirements. In Figs . 4.2 and 4.3 plots of
<my > (< > means spatial average) as a function of time are reported. We
observe that in the rst case (Fig. 4.2) there is substantial agreement between the
submitted solutions (see Ref. [79]) and for this reason we peort, for comparison
purposes, only the solution proposed by McMichael and cowders. In Fig. 4.4
the plots of magnetization vector eld when < m 4 > crosses zero for the rsttime
are reported. Numerical simulations of the same problem wer performed with a
smaller cell edge (2.5 nm, number of celliN = 10000). The results, reported in
Fig. 4.5, show that the computed magnetization dynamics doe not depend on
the mesh size. As far as accuracy is concerned, the self-cisiency conditions
mentioned in section 4.6 have been veri ed by means of the coputation of the
values my,, 2 and ~". The result of this computations is reported in Figs. 4.6-
4.8.3. One can observe from Fig. 4.6 that the magnetization ragnitude is very
well preserved, since the mean value i 1 10 !© and the variance 2 is
in the order of 10 3°. Moreover, one can see from Fig. 4.8.3 that the relative
errorg" = (A" )= is in the order of 10 7. As far as conservative dynamics is
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concerned, the same problem has been simulated with = 0. The results, shown
in Fig. 4.8.3 show that the reversal of the thin-Im occurs, in the sense that
the average magnetization exhibits a persistent oscillathn around the reversed
state. This means that the precessional e ects are prevalanwith respect to the

damping e ects. The free energy is conserved as one can seerfr Fig. 4.8 where
exchange, magnetostatic, anisotropy, Zeeman energy and ¢htotal free energy
are reported as functions of time. Quantitatively speaking the relative error gy

of the free energy with respect to its initial value is in the arder of 10 & as one
can see from Fig. 4.9.

4.8.3 Discussion about computational cost

As far as computational e ort is concerned, numerical simubtions for di erent
number of cells and di erent time steps have been performed byond the previ-
ous ones, with the only purpose of performance evaluation ofthe code. Some
indicators, such as the average number of quasi-Newton itations per time step
(NR), the average number of GMRES iterations in one quasi-N&ton iteration
(LIN), the simulated time T, the simulation time Tg and the ratio between them,
the maximum relative error e. max = max j("" )= j, the angle of the applied
eld , the number of cellsN and the time step are reported in Table 4.1. In
this respect, some considerations can be drawn. First, oneaa observe that the
total number of cells N does not a ect the quasi-Newton procedure in both the
cases =170 and = 190 , whereas it a ects the solution of the linear sys-
tems by increasing the average number of GMRES iterations. &cond, one can
clearly see that the minimum and maximum values of quasi-Newn and GMRES
iterations are close to the average values, meaning that théerative procedure
weakly depends on magnetization dynamics; in fact, as seenefore, the approxi-
mate jacobian matrix Jx depends on the particular value of magnetization vector
m. Third, some considerations on computational cost can be made. We expect
that the computational cost function C(N) of the algorithm can be reasonably
expressed by the sum of two terms. In fact, at each quasi-Newh iteration the
cost of the evaluation of magnetostatic eld (3D FFT convolution [64]) is pro-
portional to N logN. On the other hand, within each quasi-Newton iteration,
the cost of LIN iterations of GMRES is proportional to N, since basically is the
cost of LIN sparse matrix-vector products. Thus, we can expess the overall cost
function C(N) as:

C(N)= T¢(N)=T = tNRN logN + ¢, NRLIN N ; (4.63)
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N H—N‘I [ps] NR LIN e max T [ns] Ts [s] Ts=T [s/ns]
170 1000 25 11/14/17 4/5/5 1:5 10 & | 57700 | 648.05 112
170 2500 25 11/14117 /717 220 10 7 | 5.8450 | 1976.47 338
170 6400 25 11/14/18 | 11/13/15 | 3.0 10 7 | 5.8400 | 5631.23 964
170 | 10000 25 11/14/18 | 17/19/22 | 1:3 10 7 | 5.8425 | 12152.74 2080
190 1000 25 11/14117 4/5/5 14 10 & | 55800 | 632.34 113
190 2500 25 11/14/18 6/7/8 0:7 10 7 | 6.4100 | 2183.36 341
190 6400 25 11/14/18 | 12/13/15 | 62 10 7 | 6.4100 | 6257.13 976
190 | 10000 25 11/14/18 | 18/20/23 | 7.0 10 7 | 6.4100 | 13546.79 2113
170 6400 1.0 9/12/14 6/6/7 37 10 7 | 5.8420 | 10145.46 1737
170 6400 25 11/14/18 | 11/13/15 | 3.0 10 7 | 5.8400 | 5631.23 964
170 6400 5.0 14/18/25 | 24/26/28 | 3:5 10 7 | 5.9400 | 4624.31 779
190 6400 1.0 9/12/14 6/6/7 1:3 10 7 | 6.4150 | 11163.490 1740
190 6400 25 11/14/18 | 12/13/15 | 62 10 7 | 6.4100 | 6257.13 976
190 6400 5.0 14/18/27 | 23/26/30 | 1:1 10 7 | 7.4950 | 5705.520 761

Table 4.1: Numerical results. Indicators of computational e ort for the pro-
posed mid-point rule numerical technique. is the angle of the applied eld,
N is the number of cells, t is the time step, column NR reports mini-
mum/average/maximum number of quasi-Newton iterations per time step, col-
umn LIN reports minimum/average/maximum number of GMRES it erations for
one quasi-Newton iteration, €. max = max j("" )= j is the maximum relative
error with respect to the assigned damping parameter , T is the simulated time,
Ts the simulation time. N = 1000 refers to a prism cell of size 15 5 3 nm.
N = 2500 refers to a prism cell of size 5 5 3 nm. N = 6400 refers to a
prism cell of size 3125 3:125 3 nm. N = 10000 refers to a prism cell of
size 25 25 3 nm. The simulations have been performed with a Pentium 4
processor workstation (3 GHz), 1 GB RAM under RedHat Linux 9.

where ¢; and ¢, are tting parameters. One can see from Fig. 4.10 that for
moderately large number of cells, the ratio Ts=T increases according to the
O(N logN) scaling expected for the computation of the demagnetizingeld by
the 3D FFT convolution, whereas, for larger number of cells,the computational
cost of the GMRES iterations becomes prevalent. Finally, itis important to
underline that by increasing the time step t, the numerical algorithm exhibits
a considerable speed-up, as one can see comparing the ratibs=T obtained in
both the cases for a given number of celliN = 6400 and time steps such that
(j iMs) ¥ t=1, 25,5 ps. In all the simulations it has been observed thatthe
relative error e. max is in the order of 10 7,
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Figure 4.5: Numerical results for -mag standard problem no. 4. Plots of<
my >=<My > =M versus time for two di erent sizes of the mesh edge length.
The external eld is applied at an angle of 190 o the x-axis.

x10™° @
10f
S
S
- 5
0 1 2 3 4 5 6 7
x 10 (®)

4 I I I I I I
0 1 2 3 4 5 6 7

time [ns]

Figure 4.6: Numerical results for -mag standard problem no. 4. (a) Plot of
1 mg as a function of time. (b) Plot of the variance 2, as a function of time.
In both plots =190 , N =6400.
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Figure 4.8: Numerical results for -mag standard problem no. 4 in the conserva-
tive case = 0. Plot of exchange, anisotropy, magnetostatic, Zeeman ad total
free energy as functions of time. =190 , N = 6400.
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Figure 4.9: Numerical results for -mag standard problem no. 4 in the conserva-
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as function of time. =190 , N = 6400.
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Conclusions and Outlook

In this thesis some categories of magnetization phenomenapnnected with high-
end technological applications have been investigated. T followed approach has
its foundations in micromagnetics, which is capable of proerly describing mag-
netic phenomena on sub-micron scale. A rst step has been danby studying
magnetization dynamics under the hypothesis that the particles were uniformly
magnetized. In this framework, it has been recalled that magetization dynam-
ical processes of technological interest, like damping stehing and precessional
switching, can be treated with analytical approaches preset in literature, which
provide critical design parameters like critical elds, aswell as switching time and,
for precessional switching, the time tolerance allowed in @ler to have successful
switching. A slightly di erent context in the framework of u niform mode theory,
has been touched, regarding some aspects of the LLG dynamicsder circularly
polarized elds, which arises in typical ferromagnetic re®nance experiments. In
particular, a special perturbative technique, based on mahematical background
in the framework of dynamical systems theory, has been deveped for the study
of quasiperiodic solutions of LLG equation under circulary polarized eld. In this
respect, the problem of nding quasiperiodic solutions hasbeen turned into the
determination of limit cycles of a suitable modi cation of L LG equation, obtained
by introducing the appropriate rotating reference frame. Basically, the result is
that the study of the existence, the number, the stability of limit cycles of the
dissipative LLG dynamics can be performed, at rst order, on the conservative
dynamics. The analytical results have been con rmed by numeécal simulations
that indeed show the accuracy of the predictions.

In addition, this technique, which permits also to study the (global) bifurca-
tions of the limit cycles, has been applied to the study of LLGdynamics driven by
spin-transfer torque. This subject is currently the focus d considerable research
for its applications to current-driven switching of MRAMs c ells. In particular,
by using the above perturbative technique, and on the other land the analytical
treatment of the conservative dynamics, it is possible to pedict analytically the
critical values of the electric current and magnetic elds that rule complicated
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behaviors, like the onset of self-oscillations and the cuent-driven switching, ob-
served in recent experiments on spin-injection. Moreoverwith this technique
characteristics of the self-oscillations like frequency ad amplitude can be ana-
lytically computed from the knowledge of the conservative g/namics.

As soon as the hypothesis of uniformly magnetized particlehas been aban-
doned, the problem of the numerical computation of the magné&ostatic eld,
which has been recognized to be the bottleneck of micromagtie computations,
has been analyzed. The two most used methods, respectivelprf nite di er-
ences and nite elements discretizations, have been desbed. Afterwards it has
been shown with micromagnetic simulations of damping and pecessional switch-
ing, that the former is an intrinsically non-uniform process, whereas the latter
can be reasonably considered quasi-uniform also for dimeiloms of hundreds of
nanometers (half micron) and moderately low anisotropy. Inthis respect, by
computing the switching time with the uniform mode analysis, reliable switching
can be obtained. It has been demonstrated that the accuracy fothe prediction
increases for increasing anisotropy of the material. Moreger, for moderately soft
materials, with K in the order of 10 10° J/m 3, a tolerance of 25% on the
pulse amplitude is allowed. The predicted time window agreevith micromagnetic
simulations with a precision of few picoseconds.

Then the fast switching of tilted granular media has been andyzed by means
of a uniform mode approximation. The medium has been consided as a collec-
tion of noninteracting grains with dispersion of easy axes ad initial conditions.
In this framework, the necessary condition for the switchirg of the whole gran-
ular medium, i.e. the applied eld amplitude range which makes fast switching
possible, has been derived by analyzing the single grain dymics, rst conser-
vative and then dissipative. A set of micromagnetic simulaions have con rmed
the predictions made with the uniform mode analysis.

Thus, the main result of this study is the fact that the unifor m mode theory
can be applied to study processes of technological interesand in some cases it
provides critical design parameters.

Beside the above analysis, the problem of geometrical integtion of LLG
equation has been addressed. In fact, the mostly used numeal time-stepping
techniques do not preserve the fundamental properties of LG dynamics, namely
magnetization magnitude conservation, Lyapunov structure for constant in time
applied eld and hamiltonian structure in the conservative case. There is an
interesting example in literature of how the missed ful llm ent of magnitude con-
servation leads to inaccurate computation of magnetostaic eld. Moreover, the
gquantitative discordance arising in the solution of micromagnetic standard prob-
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lems suggests that the particular choice of numerical methds may a ect the
results of the computations. Therefore, we are convinced tat a numerical model
has to qualitatively reproduce the properties of the contiruous model as best as
possible, but, nevertheless it must have a feasible comput@nal cost. In this
respect, the proposed implicit mid-point rule technique ha revealed very e -
cient from both points of view. First of all, it can be applied to any spatial
discretization, like nite di erences and nite elements, which preserves the for-
mal structure of the e ective eld. Then, we have shown that t he mid-point
discretized LLG equation exactly ful lls magnetization magnitude conservation
regardless of the time step. In addition, in case of constan@applied eld, the
discrete dynamics has itself a Lyapunov structure regardlss of the time step,
and in the case of conservative dynamics ( = 0) the discretized free energy is
preserved regardless of the time step and the hamiltonian sticture is preserved
up to third order in the time step.

The implicit nature of the mid-point time-stepping leads to the solution of
a nonlinear system of equations at each time step. Thereforespecial and rea-
sonably fast quasi-Newton iterative procedure has been deloped to solve this
system. Since the solution is approximate depending on thederance of the
quasi-Newton procedure, the precision in the ful Iment of the LLG dynamics
properties has been checked a posteriori. In particular, fo nite di erences spa-
tial discretization, we have solved the micromagnetic stanard problem no. 4. As
far as the accuracy tests are concerned, the magnitude has be preserved within
machine precision for each cell and the Lyapunov structured preserved with a
relative error in the order of 10 8. Conservative simulations of the same prob-
lem show that the free energy is preserved with relative erroalso in the order
of 10 8. As far as computational e ort is concerned, the use of quasNewton
technique which approximates the full jacobian matrix of the nonlinear system of
equations as a sparse matrix, allows the use of fast iteraty methods (GMRES)
for the inversion of the linear systems arising in the singlequasi-Newton itera-
tion. The moderately low measured simulation times, togetter with the fact that
the time step can be chosen much larger than explicit methodslue to mid-point
rule unconditional stability, make this method a good candidate for accurate
micromagnetic simulations.

Future work in this framework could be made by developing a nite element
code with mid-point rule time-stepping, which would permit to treat magnetic
bodies with in principle arbitrary shape. Moreover the computational cost could
be lowered by implementing suitable preconditioning for the GMRES method. In
addition, the inclusion of the spin-transfer torque term in the code would permit
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to investigate non-uniform spin-injection phenomena in mdti-layers structures.

Finally, the inclusion of thermal e ects in magnetization d ynamics model and,
consequently in micromagnetic simulations, would be a coriderable improvement
of the investigation. This direction will be pursued in futu re activities.



Appendix A

A.1 Main Properties of Ferromagnetic Materials

Some material properties of typical ferromagnetic materids are listed in the table

below:

Material Tc  oMs A K1 lex (M) !
Unit K] [T] 10 ' [dIm] 10°[I/m?3] [nm] [ps]

Fe 1044 2.16 15 0.48 2.8 2.6
Co 1398 1.82 15 5 3.4 3.1
Ni 627 0.62 15 -0.057 9.9 9.2
Permalloy 720 1.0 1.3 0 5.7 5.7
CrO, 0.5 0.1 0.22 3.2 11.4
SmCao; 993 1.05 2.4 170 7.4 54

T. is the Curie temperature of the material, Mg is the saturation magneti-
zation, A is the exchange constant,K 1 is the uniaxial magneto-crystalline ani-
sotropy constant, lgx is the exchange length (see Eq. (1.92)) of the material,
(M) lis the value of the normalized time unit for a given material.
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Appendix B

B.1 Elliptic Functions

The Jacobi elliptic functions are standard forms of elliptic functions [72]. The
three basic functions are denoted by snf; k); cn(u; k) and sn(u; k), where k is the
modulus such that 0< k? < 1. They arise from the inversion of the incomplete
elliptic integral of the rst kind:
z
u=F(;k)= pd: : (B.1)
o 1 Kk2sin®'

The inverse function of F (u; k) is given by the Jacobi amplitude am(u; k)
=am(u;k) = F Y(u;k) : (B.2)

The Jacobi elliptic functions can be de ned as follows:

sn(u;k) =sin  =sin F (u;k) =sin(am(u;k)) (B.3)
cn(u;k) =cos =cos F *(u;k) =cos(am(u;Kk)) (B.4)
dn(u;k)= 1 siP = 1 siP(am(u;k)) : (B.5)

By introducing x = sin' as new integration variable in Eq. (B.1), one obtains
the following new expression of the incomplete elliptic inegral of the rst kind:
Zs . dx

o (I kXL xI

; (B.6)

where s = sin . By taking into account that u = sn I(sin ;k ) we may also

write the last equation as
Z S
dx

Ja) - (- .
. ,,(1 BT D) sn “(s;k) : (B.7)

Similar formulas can be written for cn(u; k) and dn(u; k). The Jacobi elliptic
function are doubly periodic in K and K %in the following sense:

snu+2mK +i2nK ¢k) =( 1)"sn(u; k) (B.8)
cn(u+2mK +i2nK k) = ( 1)™* "cn(u; k) (B.9)
dn(u+2mK +i2nK k) = ( 1)"dn(u;k) ; (B.10)
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wherem;n 2 Z,i = P 1, K (k) is the complete elliptic integral of the rst kind:
z

=2 dl Zl
K(k)=F :2,k = D =
(= F( ) o 1 K2sin?'

. dx
o T kX)T xI)

(B.11)
Kqk) = K (k9 and k%= P 1 k2 is the complementary modulus. The Jacobi
elliptic functions sn(u; k); cn(u; k); dn(u; k) can be seen as doubly periodic gener-
alizations of the trigonometric function satisfying the conditions:

sn(u; 0) =sinu (B.12)
cn(u; 0) =cosu (B.13)
dn(u;0)=1 : (B.14)

In addition, they are related through the following identit ies:

srP(u; k) +cn?(u;k) = 1 (B.15)
k?sr?(u; k) + dn 2(i;k) = 1 (B.16)
k?cn?(u; k) + k® = dn?(u; k) (B.17)
cn?(u; k) + k®sré(u; k) = dn ?(u;k) (B.18)

B.2 Perturbative analysis of limit cycles in 2D dynamical
systems

Here we present the Poincae-Melnikov perturbative technique to analyze limit
cycles in dynamical systems de ned on a 2D manifold . We follow the approach
proposed by Perko in Ref. [43].

Let us consider an autonomous dynamical system:

&= to0) (B.19)

with x = (x1;X2) 2 R? and fo(x) analytical in R2. Let us suppose to perturbe
the system in the following way:
?j—)t( = fo(x) + "f1(x;") (B.20)

where" is the amplitude of the perturbation and f1(x;") is an analytical function
in R2. We assume now that the unperturbed system (B.19) has a contiuous
family of periodic trajectories:

xo - X(t) = (Xo;t) (B.21)

These trajectories can be determined by the initial conditon xg chosen on a
Poincae section S (see Fig. B.1 and Ref. [43]) normal to the family of periodic
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trajectories. Conversely, the generic trajectory of the peturbed system (B.20)
will be, in general
x(t)="(t;x0;") (B.22)

where we have indicated with' (t; Xg;") the ow of the dynamical system (B.20)
From Eq. (B.22) it follows that:

(t)="({txe"=0) ; (B.23)

where, for sake of brevity, the dependance orxg has been not indicated. The
ow (B.22) can be developed in Taylor series with respect to he perturbation
parameter ": .

K=" (6%6i0)+ Stxai0) + O(*) (B.24)

By remembering Eq. (B.23) and by setting

@.(t; X0;0)= X (B.25)

@
one obtains
x(t)= ' (X 0)+ " x+ O("?) (B.26)
By using the latter equation in the perturbed dynamical system (B.20), we end
up with:
d d x
g O g =l M+ )+ "M+ x7) (.27)

By developing in Taylor series the right-hand side of the later equation with
respect to the variablesx;", one has:

d X

GO S @) SO X+ i ©:0

+%< (©;0" x + %.( ©:07 :  (B.29)

By remembering that % (t) = fo( (t)) and by neglecting second order terms,
one ends up with the following equation:

d x @' : .
&~ gl W x+hO:0) ; (B.29)

which we call rst variational equation with respect to ". Equation (B.29) de-
nes a 2D dynamical system which can be used, in principle to sudy how the
perturbation a ects the displacement x of the perturbed trajectory with re-
spect to the unperturbed orbit in one period. We notice that the dynamical
system (B.29) has periodic coe cients and, therefore it is ot possible to solve it
in exact analytical form. Nevertheless, we observe that we i@ interested only on



142 Appendix B

e(gt)) x i(a®)

f(at) —,

(N

Figure B.1: Planar sketch of a portion of the phase portrait o the unperturbed
dynamical system (B.19). S is the Poincae section normal to the family of
continuous trajectories.

the component of x normal to the unperturbed trajectory (t):
Xp= X n ; (B.30)

wheren is the unit-vector normal to (t) and tangential to the manifold . The
unit-vector n is proportional to the following vector:

fo( (1) e( (1) (B.31)

where e is the unit-vector normal to . Therefore, we can express X, as
xn= X fo( (1)) e( ()= x"fo( (1) ; (B.32)

where the wedge productv * w, with v = (v1;Vv2);w = (w1;W») 2 R?, is de ned
as
VAW = VW Vowg (B.33)

By di erentiating both members of Eq. (B.32) with respect to time, remembering
Eq. (B.29), and using straightforward algebra, one ends up \th the following
one-dimensional di erential equation, with periodic coe cients, for Xxp:

d

gt Xn = OO0 @)+ 1 fo( (1) *n (B.34)

h i
wherer  fg=tr %( (t)) is the divergence of the 2D vector eldfg( (t)). It

can be shown [43] that

r fo( ()dt=0 (B.35)
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Equation (B.34) can be analytically integrated over one peiod of the unperturbed
solution Ty,. By taking into account the latter equation, the solution can be

written as:
Xn(Txo) = exp r fo( ())d [fa( (t);0)" fo( ()] dt
0 0
(B.36)
In addition, if fo(x) is a conservative vector eld it happens that:
r fo=0 : (B.37)
Thus, Eq. (B.36) reduces to the following simpler form:
Z T)(O
Xn(Txo) = . f1( (1);0)" fo( (1)) dt (B.38)

Let us suppose now that the generic unperturbed trajectory, determined by
the initial condition Xg, can be univocally determined by a scalar parameter
0o through a correspondencegy = g(xp). From Eg. (B.36) one can de ne the

Melnikov function M (gp):
z Toy Z,
M (%) = , P T fo( ())d [f2( (1);0) " fo( ()] dt ; (B.39)

where Tg, = Ty(x,). Therefore, to summarize, the Melnikov function, computed
on the value gp, determines the one period displacement of the unperturbedra-
jectory, determined by go, in the direction normal to that unperturbed trajectory.
Intuitively, it can be inferred that when M (gp) = 0, the unperturbed trajectory
corresponding to gy becomes a limit cycle when the perturbation is introduced.
This can be rigorously proven (see Ref. [43]) for nite (but amall) values of the
perturbation parameter ". Thus, the zeros of the Melnikov function correspond
to limit cycles of the perturbed dynamical system (B.20). Moreover, the sign of
the derivative of the Melnikov function at the zero determines the stability of
the corresponding limit cycle. In particular, positive derivative implies that the
limit cycle is stable, whereas negative sign corresponds tan unstable limit cycle.
By using this technique, also bifurcations of limit cycles @n be studied. In par-
ticular, it is possible to nd algebraic conditions which corresponds to suitable
bifurcation conditions [43]. For instance, the condition for the Andronov-Hopf
bifurcation is given by:

M(%)=0 ; —=0 ; (B.40)

and the condition for homoclinic connection bifurcation is obtained by impos-
ing that the Melnikov function vanishes in correspondence 6 an unperturbed
homoclinic trajectory.
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Appendix C

C.1 Brief remarks on the mid-point rule numerical technique

Let us consider the generic ordinary di erential equation:

d J— . .
=0 (C.1)

with f (x;t) : R? ! R. Let us consider the time interval [t;t + t] where tis
the time step. The latter equation can be written at the time instant t + t=2:

dx

e t:2: f(x(t+ t=2);t+ t=2) ; (C.2)

Let us develop the functionx(t) in Taylor series with respect to the initial point t:

dx t  d%x t2

t+ t)= x(t+ t=2)+ — —+ == — +0( t% ; (C3

X( )= x( ) dt t+ t=2 2 dt2 t+ =2 4 (1) 5 (€3
2 2

dx t, dx Yo (C.4)

X() = x(t+ =2) dt o+ t:27+ dat2 1+ t=2 4

where the symbolO( t3) indicates the terms of the third order and greater in
t. By subtracting the latter expressions, one obtains:

X(t+ t) x(t) _ d_x
t Todt t+ =2

+0O( t%) ; (C.5)

meaning that the substitution in Eq. (C.2) of the derivative in the mid-point of
the interval [t;t + t] with the left-hand side of Eq. (C.5), leads to a truncation
error of the second order with respect to the time step.

By summing Egs. (C.3)-(C.4) and using simple algebra the fdbwing mid-
point formula can be derived:

x(t+ 1)+ x(t)

x(t+ t=2)= >

+0( t?) (C.6)

In addition, by using Eq. (C.6), it can be shown with the very same line of
reasoning that:

+0O( t?) : (C.7)

oy t_ o x(t+ )+ x(t), t
foxt+ t=2it+ o =1 : o
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Therefore, the numerical scheme obtained from Eq. (C.2) wih the second-order
approximations (C.5) and (C.7)

dx _oXx(t+ ) x(t) 2
E t+ t=2 a t + O( t ) (C'8)
X(t + ;)+ x(t) _ x(t+ t=2)+ O( t?) (©9)

with the position t, = tg+ n t and x, = x(ty), can be written in the following

way:
Xn+1  Xn Xn+1 + Xp t
= f ith + —
t 2 T2
This scheme is commonly refereed to amid-point rule numerical technique and

(C.10)

is second-order accurate with respect to the time step t.
Now we want to investigate the stability property of the mid- point rule
scheme (C.10). We refer, for sake of simplicity, to the scalainitial value problem:
dx _
dt

The latter equation can be discretized according to the midpoint rule:

X ;5 X (tg)= Xo ; 2C:Re[]< 0 : (C.11)

t
Xn+1 Xp = T(Xnﬂ + Xp) (C.12)

With some straightforward algebra, one can obtain the follaving time-stepping

algorithm:
1 !

" ; Xn (C.13)

Xn+1 =

Now, if we study the evolution of two solutions of Eq. (C.11), one starting from
the initial condition Xq and the other starting from yg = Xg + €, the evolution
of the perturbation e, = y, X can be found with the same time-stepping as
Eg. (C.13):

1 -
1+

which can be rewritten with respect to the initial perturbat ion eg:
_t#
2

€n+1 = e (C.14)

n

=

e, = e (C.15)

+ t

=
.

In particular, the modulus of the perturbation evolves accading to the following

equation:
n

jeoj : (C.16)

=

2

t
1+ L

It turns out that, in order that the error vanishes for n ! 1 , the following

jenj =

constraint is required:

=

NIN
N
=

(C.17)

[EEN
+
NIN
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where the complex variablez = t has been de ned. It can be shown that the
complex function ,
1 Z

92 = 3 z (C.18)

2
ful lls the constraint (C.17) 8z 2 C : Rejz] < 0. Therefore, the mid-point rule

numerical scheme is stable for any 2 C : Re[ ] < 0 and for any time step
t, namely is unconditionally stable. In particular, this pro perty is referred in
literature [95] to as A-stability of the mid-point rule numerical method.
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