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Abstract

In cases where entanglement is disrupted, quantum illumination (QI) surpasses classical
illumination significantly in target detection. The superiority of QI was previously mea-
sured using a Bayesian framework, assuming equal likelihood of the target’s presence or
absence, with error probability as the performance metric. However, radar theory favors
the Neyman-Pearson performance criterion over the Bayesian approach. The Neyman-
Pearson criterion sidesteps challenges related to assigning appropriate prior probabili-
ties to target presence and absence, as well as the associated costs of false alarms and
missed detections. This study utilizes findings from our phase conjugate receiver (PC) and
Correlation-To-Displacement (C-D) receiver research to compute the receiver operating
characteristic, which illustrates the trade-off between detection probability and false alarm
probability. This analysis aims to optimize QI target detection under the Neyman-Pearson
criterion. The correlation-To-Displacement (C-D) receiver is studied in this thesis first
part. Entanglement is vulnerable to degradation in a noisy sensing scenario, but surpris-
ingly, the quantum illumination protocol has demonstrated that its advantage can survive.
However, designing a measurement system that realizes this advantage is challenging
since the information is hidden in the weak correlation embedded in the noise at the re-
ceiver side. Recent progress in a correlation-to-displacement conversion module provides
a route towards an optimal protocol for practical microwave quantum illumination. In
this work, we extend the conversion module to accommodate experimental imperfections

that are ubiquitous in microwave systems. To mitigate loss, we propose amplification of



the return signals. In the case of ideal amplification, the entire six-decibel error-exponent
advantage in target detection error can be maintained. However, in the case of noisy am-
plification, this advantage is reduced to three-decibel. We analyze the quantum advantage
under different scenarios with a Kennedy receiver in the final measurement. In the ideal
case, the performance still achieves the optimal one over a fairly large range with only
on-off detection. Empowered by photon number resolving detectors, the performance is
further improved and also analyzed in terms of receiver operating characteristic curves.
Our findings pave the way for the development of practical microwave quantum illumina-
tion systems.

In the second part of this thesis, we generate the W entangled state through Heisenberg
exchange interaction. The spread of entanglement is a problem of great interest. It is
particularly relevant to quantum state synthesis, where an initial direct-product state is
sought to be converted into a highly entangled target state. In devices based on pairwise
exchange interactions, such a process can be carried out and optimized in various ways.
As a benchmark problem, we consider the task of spreading one excitation among N two-
level atoms or qubits which is the typical feature of a W state. Starting from an initial
state where one qubit is excited, we seek a target state where all qubits have the same
excitation amplitude a generalized-W state. This target is to be reached by suitably chosen
pairwise exchange interactions. For example, we may have a a setup where any pair of
qubits can be brought into proximity for a controllable period of time. We describe three
protocols that accomplish this task, each with N — 1 tightly-constrained steps. In the first,
one atom acts as a flying qubit that sequentially interacts with all others. In the second,
qubits interact pairwise in sequential order. In these two cases, the required interaction
times follow a pattern with an elegant geometric interpretation. They correspond to angles
within the spiral of Theodorus — a construction known for more than two millennia. The
third protocol follows a divide-and-conquer approach — dividing equally between two

qubits at each step. For large N, the flying-qubit protocol yields a total interaction time



that scales as VN, while the sequential approach scales linearly with N. For the divide-
and-conquer approach, the time has a lower bound that scales as In N. With any such
protocol, we show that the phase differences in the final state cannot be independently
controlled. For instance, a W-state (where all phases are equal) cannot be generated by

pairwise exchange.
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plot indicates that the amplification stage provides a factor of advantage

greater than 2 (as indicated by the horizontal dashed line) for a range of

relevant parameters. This 1s due to the robust compensation of noise ef-

fects achieved by amplifying, as demonstrated by the vertical dashed line

atNy (U —1/G)=Np.| . .. ... o

Black lines represent the ratio rg;%) /rcs as a function of log,, Ns, purple

ones r(clig) /rcs, dashed gray for the QCB (see chapter 2), and blue ones

rs’/rcs, where rML is obtained by applying the substitution Eq. (3.20).

(a) Ideal return detection, no additional signal loss n¢ = 1 and therefore

no amplification needed, G = 1. (b) Lossy return detection g = 0.1,

assuming pure loss Ng, = 0. We apply quantum-limited amplification of

G = 100, Ny = 0. (c) Ideal return detection g = 1, and noisy amplifica-

tion G = 100, Ny = Np at room temperature. (d) Lossy return detection

ns = 0.1 with noise Ng, = Ny at room temperature. We apply noisy am-

plification G = 100, Ny = Np at room temperature. The lower bound of

the C:D module consistently aligns with the QCB.| . . . . ... ... ..
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ideally stored). Solid lines represent the ratio r(CLB) /rcs as a function of the

>D

gain log,, G, for different values of r7s (visible in the legend); dashed lines

1’ /rcs, where rML is obtained by applying the substitution Eq. (3.20).
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Chapter 1

Introduction

In this thesis, I explore two distinct areas of research. The first area delves into quantum
illumination involving target detection, while the second area focuses on the synthesis of
quantum entangled W states through exchange interactions.

The objective of this chapter is to outline the rationale behind these two distinct re-
search topics. Section [I.1] explores the motivation for generating entanglement through
Heisenberg exchange interactions and delves into the concept of quantum illumination
with target detection.

Subsection[I.T|examines the conventional pulse-based classical radar system, which is
proficient in detecting and gauging a target’s range. In classical radar, the signal-to-noise
ratio (SNR) signifies the ratio of the transmitted signal strength to the level of background
noise received by the radar system.

Section[I.3]delves into the early conceptualization of the quantum illumination narra-
tive. Quantum illumination, a type of quantum sensing, has recently captured substantial
attention. Initially presented as quantum radar, it demonstrates the potential to outper-
form classical radar systems, particularly in situations where classical systems encounter
inherent constraints.

Lastly, in Section we clarify the concept of microwave quantum illumination and
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its associated receivers. The presently accessible receivers include an optical parametric
amplifier and a phase-conjugate receiver, both incorporated into an experimental setup.

Section [I.7]talks about the outline of my thesis work.

1.1 Motivation

Quantum technologies leverage quantum-mechanical phenomena to achieve outcomes
that are not possible with classical means. This field offers numerous practical applica-
tions, including quantum computing, quantum cryptography, quantum sensing, and quan-
tum metrology. Before delving into the technological aspects, it is essential to grasp the
fundamental principles of synthesizing quantum entanglement across different quantum
optical setups. Scientific research has deeply delved into bipartite entanglement, result-
ing in a thorough comprehension of the properties, creation, and uses of entangled states
involving two particles. Lately, there has been an increasing emphasis on examining
entanglement in systems with multiple particles. In the realm of multiparticle entangle-
ment [25]], researchers have mainly concentrated on two specific categories of states: the
GHz class state and the W class state. The GHz state and the W state are distinct and
cannot be transformed into each other through stochastic local operations and classical
communications (SLOCC) [93}/135]]. The GHz state is particularly noteworthy due to
its maximal entanglement properties: it strongly violates Bell inequalities, has maximum
mutual information in measurement outcomes, and can be used to locally create an EPR
state shared by any two of the three parties with certainty. In contrast, even when one of
the three particles is traced out, the remaining two particles in the W state still maintain
a relatively high level of entanglement. Consequently, the W state demonstrates greater
stability in the face of particle losses compared to the GHz state. Each application relies
on the entangled states that are prepared initially [149], to achieve this, systematic meth-

ods are required to transform direct-product states into the desired superposition states.
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These processes must be optimized to minimize operation time and counter the effects of
decoherence. Several studies have focused on time-optimized protocols due to this imper-
ative. Simultaneously, ensuring scalability is paramount. Entanglement protocols must
be efficient as the number of qubits in quantum devices increases. Optimization balanc-
ing operating time and qubit count complexity becomes crucial in this context. Drawing
inspiration from these principles, we explore the fundamental task of distributing entan-
glement, specifically distributing a single excitation uniformly among N qubits [122].
The entanglement of multiple entities, such as qubits within a device, presents intrigu-
ing possibilities. Many experiments have successfully generated the W state, and there
have been numerous suggestions for its synthesis. Therefore, a key goal in quantum in-
formation theory (QIT) is the preparation of entanglement. Various techniques, such as
single-photon interference, cavity quantum electrodynamics (QED) [47./147]], parametric
down-conversion, ion trap methods, and nuclear magnetic resonance (NMR), have been
recently suggested for generating entangled states. Further information on the generation
of the W state will be discussed in more detail later in Chapter 4.

To explore these applications of quantum entanglement, researchers study the inter-
actions of quantum systems with each other and external factors, particularly focusing
on the interactions between different quantum states. These interactions can lead to the
creation of entangled states, which possess quantum correlations that have no classical
equivalent. These correlations are essential for achieving rapid quantum information pro-
cessing and unmatched measurement sensitivity. Leveraging these quantum correlations
enables the development of highly sensitive sensors at the nanoscale, surpassing classical
limits and scaling proportionally with sensor size. Among various implementations of
quantum technologies, practical sensing applications appear to be more attainable in the
near future compared to others that require precise control over multiple quantum states
simultaneously. Recent advancements have demonstrated the potential of exploiting non-

classical states of radiation in both theoretical and experimental quantum technologies.
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One specific example, which is the focus of this thesis, is quantum illumination with a
target detection. By leveraging quantum mechanical phenomena, quantum target detec-
tion offers a theoretical advantage in detection capabilities. This task is closely related to
other quantum sensing protocols such as quantum ranging, quantum metrology, quantum
sensing, and quantum illumination (also known as quantum radar). Quantum illumina-
tion, being the first microwave-based quantum target detection method, shows significant
improvements over classical radar systems and other coherent state protocols. The first
three quantum illumination and its applications in microwave quantum target detection.
In order to avoid misunderstandings, it is necessary to define terms like “quantum
target detection”, “quantum illumination”, and “quantum radar” before using them in this
thesis. Any protocol based on the principles of quantum mechanics that finds a target
or establishes its presence in a designated region of interest is referred to as quantum
target detection. All aspects of the protocol are susceptible to quantumness, such as the
receiver’s decision-making process or the source’s probing of the target region. Within
the domain of quantum target detection, quantum illumination (QI) is a distinct category
that relies on entanglement. In the context of QI, the probing source forms an entangled
connection with the receiver, allowing the receiver to glean insights into the interactions of
the source through entanglement as decisions are made. Quantum radar refers to a specific
application of certain quantum target detection techniques meant for the microwave range.
This application is crucial because QI’s detection efficiency is increased by significant
noise, which is commonly present in the microwave range. Interestingly, QI is not a
prerequisite for using quantum radar exclusively; in fact, QI is frequently used in quantum

radar research.
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1.1.1 Classical Radar

Radar technology has its roots in the early 20th century, stemming from Heinrich Hertz’s
discovery of radio wave reflection by solid objects in 1886 [[107,/108]]. The initial pulse-
based radar system, capable of detecting and measuring a target’s range, was created
by the US Naval Research Laboratory in 1934. Since then, major military powers have
extensively researched and developed radar technology. Remarkably, the fundamental
principles of classical radar systems have remained unchanged for over 50 years.

A radar system is an electrical setup that sends out radiofrequency (RF) electromag-
netic waves to a designated area and captures the reflected waves when they bounce off
objects in that region. Figure(l.1|shows the key components: transmitting the radar signal,
signal propagation through the atmosphere, signal reflection from the target, and receiv-
ing the reflected signals. Although radar systems may have different setups, they usually
include fundamental parts: a transmitter, an antenna, a receiver, and a signal processor.

The radar system’s receiving antenna gathers reflected electromagnetic waves from
objects, including both the target and unwanted clutter. The portion of the signal that
comes back to the radar antenna is captured and sent to the receiver circuits. Within the re-
ceiver, the received signal is amplified, and the radiofrequency (RF) signal is transformed
into an intermediate frequency (IF). This signal then goes through an analog-to-digital
converter (ADC) and is sent to the signal/data processor. The detector in the receiver is
responsible for extracting the modulated target return signal by removing the carrier wave.
This process allows the target data to be separated and analyzed by the signal processor.
By removing the carrier, the detector enables the extraction and processing of specific
information related to the target.

The range, denoted as R, to a detected target can be calculated by considering the time
it takes for the electromagnetic (EM) waves to travel to the target and back at the speed

of light [79]. Since distance is equal to speed multiplied by time, and the EM waves have
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Figure 1.1: Classical Radar

to travel the distance to the target and then back to the radar, which is a total of 2R. The
emitted electromagnetic pulse, after reflection off the target, arrives back at the receiver

after a time, At, which can be used to compute the target range
R=— (1.1)

where c is the speed of light in a vacuum. In general, a significant amount of the emitted
energy is lost during the radar pulse propagation process. This energy loss occurs due to
various factors, including attenuation in the medium through which the pulse travels and
the reflectivity of the target, which is influenced by its material properties and geometry.

Consequently, the total power density incident on the target can be expressed as follows:

P,G,F?
WT: t 12
471RT

(1.2)

where the form factor F € [0, 1] describes the transmissivity of the area between the
target and the radar, the electromagnetic pulse of power P,, target located a distance Ry
and transmitter gain G,.

The reflectivity of the target is quantified by a parameter known as the radar cross-

section (RCS), which represents the proportion of incident power that is scattered back
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towards the receiver. The power density that arrives back at the receiver can be expressed
as follows:
_ PoGF* P,

W= —=— (1.3)
47rR‘} A,

where P, is the power arriving at the receiver and A, is the receiver’s collecting area. Thus

we arrive at the radar equation
_ PGAoF 4

P,
4JTR‘;

(1.4)

This formulation is used to model the performance of current state-of-the-art classical

radar systems.

1.1.2 Signal-to-noise ratio (SNR)

The signal-to-noise ratio (SNR) in radar is the ratio of the transmitted signal strength
to the amount of background noise received by the radar system [[65,(94]]. This noise,
known as Johnson-Nyquist noise, is caused by inherent electronic noise in the radar sys-
tem. Thermal noise affects all radar receivers, limiting the detectable strength of target
signals. A higher signal-to-noise ratio (SNR) indicates a stronger signal, which improves
the system’s ability to identify and isolate targets from background noise. The overall

power associated with this noise is as follows:
P, = kgTB,F,, (1.5)

where T is the system operating temperature, kg is the Boltzmann constant, F,, is a di-
mensionless constant expressing the variation of the true noise with respect to the purely
thermal Johnson noise, and B, is the receiver bandwidth. The definition of the signal-to-
noise ratio defined as

P PGAgoF*

SNR =L = .
P, (4n)*R*kgTB,,F,,

(1.6)
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Further expressing the collecting area of the receiver, A,, in terms of the receiver gain,

Gr = 4nAg/ A%, we are able to write

SNR = .
(4m)2R*kgT B,,,F,,

(1.7)

There is a minimum detectable signal, SNR, that must be greater than the system noise

[73]]. The maximum detection range, for a fixed given minimum S NR,,;, is given by

P ApoA12F* 1/
~( (GiGrAro ) , (1.8)

(47)°R4*kgT B, F,, S NR,in

where S NR,,;, is typically between 10 and 20 dB.

1.1.3 Quantum Radar

Quantum radar, a type of quantum sensing, has gained significant interest in recent years.
Initially introduced as quantum illumination (QI) [82,|105,|134], it holds the potential to
surpass classical radar systems. This advantage stems from the presence of entangle-
ment, a purely quantum mechanical phenomenon, in the quantum radar system. Quantum
radar offers improved performance even in situations where classical radar capabilities
are known to be restricted, such as:

(i) For long-range detection, classical radar systems face limitations imposed by their
intrinsic electronic noise, leading to a minimum achievable signal-to-noise ratio. Quan-
tum radar, however, shows potential in surpassing these limitations by leveraging its
unique properties. It can provide enhanced detection capabilities even at long ranges,
outperforming classical radar systems in terms of performance.

(i1) Quantum radar also holds promise in dealing with challenging environments char-
acterized by losses, noise, and various sources of interference. These environments typ-

ically include thermal background noise, clutter from surrounding objects, and potential

11
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electronic countermeasure activities. By harnessing the advantages of quantum technolo-
gies, quantum radar can mitigate the effects of these environmental factors, allowing for
improved detection and target identification capabilities compared to classical radar sys-

tems.

1.2 The classical benchmark for quantum radar

In the context of this thesis and the existing literature, the term “classical benchmark”
does not refer to the classical radar system described in the following sections . Instead,
it pertains to the most ideal classical quantum state within quantum optics, known as the
coherent state. Coherent states, which will be extensively discussed in Chapter 2, saturate
the Heisenberg uncertainty principle. They can be viewed as maximizing classical behav-
ior within the quantum realm by minimizing uncertainty. Furthermore, coherent states
are Gaussian, allowing for straightforward study and modeling within frameworks that
resemble those used for true quantum phenomena in quantum optics experiments. This
enables a formal definition and isolation of quantum advantages by comparing them to

the benchmark of coherent states.

1.3 Types of radar

Although it is commonly assumed that quantum radar exclusively relies on entanglement
and quantum information (QI), this is not necessarily the case. The definition of quantum
radar and quantum target detection should be understood more broadly as any detection
system that utilizes non-classical components to enhance its capabilities. These non-
classical components can take the form of a non-classical transmitter, a non-classical
receiver, or both. In essence, there are three main types of quantum sensors [73,{140].

e Type 1: Quantum radars and quantum LIDAR systems can transmit non-classical

12
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quantum states of light without relying on entanglement between the transmitter and the
receiver. This includes the use of single-photon (Fock state) quantum radars as well as
traditional LIDAR systems.

e Type 2: In this type of system, classical (coherent) states are transmitted, but quan-
tum receivers are employed to enhance the sensitivity of the detection. This category
encompasses any quantum-enhanced LIDAR systems where the use of quantum technol-
ogy in the receiver allows for improved detection capabilities.

e Type 3: Quantum states of light are transmitted, and these states are initially entan-
gled with the receiver.

Type 3 quantum sensors involve the use of entangled sources for applications in quan-
tum radar, sensing, and metrology. In this type, entanglement is created between two
modes, with one mode serving as the signal and the other mode, known as the idler, being

utilized as part of the receiver, in Fig.[1.2]

1.3.1 Lloyd initial single photon quantum illumination proposal

In 2008, Lloyd introduced [83]] the concept of quantum information (QI) as a means to
improve the detection of distant objects. He initially argued that quantum bits demon-
strate heightened sensitivity in detection procedures when the signal is entangled with
an anisotropic medium and the measurement of the turning radiation is entangled with
the same medium [111]. In this study, we explore the extent of enhancement in detec-
tion capabilities and inquire whether entanglement contributes to improved sensitivity in
quantum optical processes. Intuitively, if a lone signal photon is dispatched and becomes
entangled with an additional photon, it will either generate or identify the original photon
upon its return. This intuition remains accurate, even though noise and loss completely
disrupt the correlation between signal and noise.

The study compared two protocols: one using N unentangled single-photon states

13
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Figure 1.2: Quantum illumination

and the other using two entangled beams (signal and idler). Both scenarios involved
illuminating a region of space where a weakly reflecting target could be present or absent,
within a thermal background. In both cases, certain assumptions were made.

e Signal comprising N high time-bandwidth product M = TW > 1, single-photon
pulses. Here, T is the detection time window and W is the bandwidth such that the detector
can distinguish between M modes per detection event.

e Round-trip transmissivity 0 < x < 1 when the target is present. k = 0 when the
target is absent.

e Background noise Np < 1.

e For each transmitted signal pulse, at most one photon is detected at the receiver such
that MNp < 1.

These hypotheses led to the identification of two operational regimes “good” and
“bad” for the operation of each single-photon and entangled source based on their quan-
tum Chernoff bounds (QCB). The probability of making an error after N trials was dis-

covered to be, in their good regimes,

1
PP < 3¢ N k> Np, (1.9)
and
1
P2 < Ee—KN, Kk > Ng/M. (1.10)

14
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In their bad regimes, these bounds are given by

1
PP < 5e-KZN/fWB, k > Np, (1.11)
and
1
P2 < 5e—KzNM/gNﬂ, k> Ng/M, (1.12)

resulting in a further expansion of the QI’s valid range, with the error probability dramat-
ically decreasing for M > 1 in comparison to unentangled single-photon sources.

These findings are based on several assumptions that are often unrealistic. Firstly, it
assumes the availability of a source that can generate entangled photons with a high time-
bandwidth product to probe the target area. Additionally, the receiver is assumed to be
optimal, performing an ideal joint measurement on each returning photon and its corre-
sponding idler. Furthermore, it is assumed that the idler storage system remains lossless
throughout the entire round-trip time of the signal. These limitations have sparked debates
about the feasibility of practical quantum radar systems based on quantum information
(QI), and these issues will be discussed in more detail later in the chapter.

It’s crucial to remember that Lloyd did not directly compare a quantum scheme with
a classical one in his initial comparison. Rather, it contrasted an entanglement-based
scheme with a non-entanglement scheme. Even when single photons are used as a source
for target detection without entanglement, the data must still be processed and decisions
made using quantum photo-detection theory. This method is classified as a Type 1 quan-
tum sensor.

In 2009, Shapiro and Lloyd [[121] compared entanglement-based QI to the coherent
state, which is currently the standard, at least in the optical domain. The output of an ideal

laser can produce minimum-uncertainty classical states, which are discussed in detail in
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Chapter 2. The case of a transmitter emitting a coherent state with an average of N
photons is covered by the quantum Chernoff bound [[134]. This can be accomplished, for
instance, by sending a coherent state with an average photon number of unity N times. In
this instance, the QCB was found to be

Pes < Lo (Vv s, (1.13)
for all values of 0 < k < 1 and N > 0. In the low background noise Ny < 1, this reduces

to

e N, Np< . (1.14)

This output is better than Lloyd’s quantum illumination discrete variable transmitter’s
output in its “bad” regime, and coherent state protocol output is comparable to that trans-
mitter’s output in its “good” regime. As of now, no quantum advantage has been identi-
fied over the classical benchmark, despite the superior performance of entangled photons

compared to their single-photon counterparts.

1.3.2 Gaussian source of Quantum illumination

The findings of Shapiro and Lloyd [[121], which indicated limitations in the potential of
Quantum Illumination (QI) at the time, did not put an end to research in the field. Tan
et al [134]]. presented their version of QI at the same time, utilizing a more practical
model within the Gaussian state framework. This version, along with the mathematical
foundations of Gaussian quantum information and continuous variable theory outlined in
Chapter 2, will be the primary focus of this thesis.

Let us consider a resource state that can be represented as a Gaussian two-mode
squeezed vacuum (TMSV) state, more details in chapter 2. This state consists of two

modes, each containing Ng photons: a signal mode that is sent to a target region and an
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idler mode that is kept at the source for a later joint measurement. A few presumptions
underlie the Gaussian Quantum Illumination (QI) theory’s operation:

e [ow-brightness signal Ny < 1. The signal and idler modes each have an extremely
small number of photons.

e High time-bandwidth product, M = TW > 1.

e Low target reflectivity, 0 < x < 1 (with k = 0 when the target is absent).

e The average thermal photon number per mode for background noise is extremely
high, Np > 1.

The Quantum Illumination experimental setup assesses two hypotheses concerning
the outcome, as elaborated in Chapter 2. The first hypothesis, labeled H,, posits the
absence of the target, with the returning signal modeled as a noisy background in the
form of a thermal state. In this situation, the average number of thermal photons per
mode, denoted as Np, is notably higher (Ng > 1) than in previous studies, where the
assumptions were Ng < 1 and MNp < 1.

The second hypothesis, H;, corresponds to the presence of a weakly reflective target
in the region with a reflectivity parameter k < 1, indicating a high loss regime.In this
scenario, the background is very strong, and the mean number of photons per mode in the
return is given by Np/(1 — k). In both cases, the returning signal and the retained idler are
no longer entangled.

The decision problem is then focused on distinguishing between the two conditional
states, and the ability to do so is quantified by computing various bounds and it will be
explained in chapter.2. The choice of a specific bound depends on how the associated
costs for different types of errors are weighted. This involves considering symmetric or
antisymmetric costing procedures.

Tan et al. adopted the Gaussian state approach with a symmetric cost quantum hypoth-
esis testing (QHT) framework. They determined that the quantum Bhattacharyya bound

(QBB) for the quantum information (QI) source takes an asymptotic form.
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P2 < %e-MKNS/NB (1.15)

in the limits 0 < k < 1, Ny < 1 and N > 1.
The statement implies that the coherent state mentioned earlier, which is associated
with achieving an optimal classical benchmark, has a Quantum Chernoff Bound (QCB)

that can be

PeS < %C-Mkzvs(m—mv (1.16)

In the same limitationsO < k < 1, Ng < 1 and N > 1, the coherent-state transmitter
QCB is given by

P2 < %e—MKNS/‘WB (1.17)

In contrast to earlier findings, it is observed that the error exponent of the quantum
information (QI) transmitter in this regime has a 4-fold advantage (equivalent to 6 dB)
over the corresponding coherent-state transmitter. This means that an optimal QI-based
approach provides a 6 dB improvement in the effective signal-to-noise ratio (SNR) com-
pared to coherent light illumination.

Theoretical studies have demonstrated that this 6 dB advantage is maximally achiev-
able when considering optimal collective quantum measurements [29]. However, when
restricting the receiver to local operations and classical communications (LOCCs) only,
the advantage reduces to 3 dB. It has also been established that the two-mode Gaussian
state utilized to achieve these bounds is the optimal quantum state [[74].

Additionally, it has been shown that without a quantum memory (the ability to store
an idler), the optimal source is a coherent state. Recent research has further demonstrated
that this well-known benchmark can be strictly surpassed by employing a squeezed-based
protocol where both displacement and squeezing are jointly optimized under a global

energy constraint [128]].
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1.4 Microwave Quantum illumination

Lloyd and Tan et al. conducted research on quantum illumination (QI) that focused on
operations in the optical range. They assumed that optical wavelengths would be used, as
this is a well-established domain for QI implementation. In the optical range, there are
readily available tools such as spontaneous parametric down-conversion (SPDC) sources
for generating signals, which naturally produce low-energy modes (Ny < 1). Addition-
ally, high fidelity single-photon detectors, which have minimal noise associated with their
operation and are close to quantum-limited, are widely used.

Lloyd’s findings were not affected by this assumption, but Tan et al. discovered a
quantum advantage of 6 dB in effective signal-to-noise ratio (SNR) under the assumption
that there is a high background mean number of photons per mode (N > 1). However,
this assumption does not hold true in the optical wavelength range. In fact, the background
mean number of photons per mode (NB) is typically on the order of 107® or smaller in
optical wavelengths.

To address the issue of the low background photon count in the optical domain, a
possible solution is to expand the theory of quantum illumination (QI) to the microwave
domain [[10]. This would take advantage of the naturally occurring thermal microwave
background, which provides a background with a high number of photons (Nz > 1) re-
quired for the quantum advantage in QI. Barzanjeh et al. proposes to use an electro-opto-
mechanical (EOM) converter for generating an hybrid entangled source with a microwave
signal and an optical idler. The microwave signal was then transmitted to the desired
target region. Upon its return, another EOM converter was used to reverse the process
and convert the microwave signal back into the optical region. A phase-conjugated (PC)
joint measurement was performed with the retained optical idler. This microwave exten-
sion of QI gained significant attention in the wider scientific community as a potential

quantum-mechanical alternative to classical radar. It has the potential to detect stealth tar-
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gets while concealing a weak signal within the naturally occurring and strong microwave

background.

1.5 Illumination receivers

Creating a receiver for quantum illumination capable of realizing the complete 6 dB en-
hancement in signal-to-noise ratio (SNR) as predicted by the comprehensive theoretical
model presents a significant challenge. In the framework of Gaussian quantum illumina-

tion, the operator describing the useful quantum correlation for detecting the target is
Ori(k) := g, ay,. (1.18)
The k—th return mode ag, is given by

&Rk = \/ﬁagk + \/1 —T]é\lBk, (119)

where ag, is the signal, and g, idler mode annihilation operator, and ag, is the thermal
background noise. Consider the two hypotheses that target absent is Hj and target present
is H;. The outcome of the cross-correlation is the following: if one sends a two-mode

squeezed state (see chapter 2)

Cy' =(ag ty, ) =0, Cp'={(ag )= \nNg(Ns + 1). (1.20)

Instead, in the case of classically correlated signal and idler modes in the limit Ny < 1,
the cross-correlation is C g ' = (g, aj, ) = N5, the value of the quantum correlation
exceeds the classical correlation Cy > Cc. In experiments, it is impossible to measure the

operator O, (k) directly.
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e = vGal? + VG —T1al”
Ny = <6T(k)@(’€)>
Figure 1.3: Optical parametric amplifier (OPA) with gain G, the measurement of the total number

of photons, N, is counted. If N is less than a certain threshold 7, the receiver collapse to Hy;
otherwise, H;.

1.5.1 Optical parametric amplifier (OPA)

To address the impossibility to measure the phase-sensitive correlation of Eq. (1.20),
Guha and Erkmen [54] proposed a receiver that converts phase-sensitive cross-correlation

into photon counting shown in Fig.

¢k = VGal + VG - 14", (1.21)
d = NGa® + NG =14}, (1.22)

where G = 1 + & is the gain of the OPA, N = (62‘,{)6(;()) counts photons in the amplified

idler mode. The mode ¢ is in a thermal state under both the Hy, and H; hypotheses,

Pe= 2 olNI /(1 + N,,)!*"|n)n|, for m = [0, 1], with mean phothon number.

Ny = GN; + (G = 1)(1 + Np),

N; =GN+ (G- 1)(1 + Ng + «Ny) (1.23)

+24/G(G = 1) VKkN,(N, + 1).

The best joint quantum measurement for differentiating between the two hypotheses is
to count photons on each output mode ¢, and decide between the two hypotheses based

on the total photon count N over all M detected modes, using a threshold detector [[103]].
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Figure 1.4: The input of the balanced difference detector in the PCR are phase-conjugated return
and idler modes. The measured total number of photon counts, N, less than a threshold 7, the
receiver decides Hy; otherwise, Hj.

1.5.2 Phase conjugate receiver (PCR)

Guha and Erkmen’s research also presented the idea of utilizing the stored half of the en-
tangled photon pair to perform dual-balanced difference detection after phase-conjugating
the returned light. When Ny < 1, k < 1, and Np > 1 are present, this technique yields
the same 3 dB error exponent gain in terms of error probability. It also shows better per-
formance when compared to the OPA (Optical Parametric Amplification) receiver. For

1 <k < M, Fig.[1.4shows the M modes’ output from the phase-conjugate receiver.

= pa® +vai®, (1.24)

where &(Vk) are the vacuum-state operators that secure the commutator. The phase con-
jugate return and idler modes’ outputs are fed into the 50 — 50 beam splitter, and the
outcome modes are a(k) (ag‘) + &;(k)) / V2 and & A(k) (Ag‘) - &j(k)) / V2. The result of the

measurement on the unity-gain difference amplifier is,
N (5 NS A, )
N = Ry - N = ai®a® + a®ai®, (1.25)

N R NN
Where Ng( = a;(k) oY and N( ) T(k) (k)
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Under hypothesis H [&g‘) = pa® + v&;(k)], the mode a* and &gk) are independent

and uncorrelated. The decision is based on the sum of the photon counts N over all
M modes. The final random variable is Ny = Y7, N* the N* are independent, iden-
tically distributed (iid) random variables mean and variance given by (N), = 0 and
02 = N+l (Ng+1)(2N,+1). Under hypothesis H; [a% = pa® +v ykal®+v V1 - ka1,
as and a; are in a two-mode squeezed with correlation of the mean and variance are
(NYo = 2vVkN,(N, + 1) and 02 = N, + v [(N + DN, + 1) + k2N, + 1) = k(N, + 1)].
Despite the fact that N is not Gaussian in general, we can safely approximate the prob-
ability distribution of N with a Gaussian with mean MN; and variance Moﬁ for the two
hypotheses, j = 0, 1, by using the central limit theorem in the limit M > 1 that we are

assuming. The Gaussian probability distribution function is

—(n=MNoj1)*/(2Ma, )

Pyiay, (n|Hopt) = : (1.26)

) /27TM0'3/1

In the QI case involving PCR detection, the decision is made by differentiating be-

tween two Gaussian distributions, despite the fact that in this instance both the variance

and the mean differ between the two cases.

1.6 Experimental studies

The first Quantum Illumination (QI) experiment was carried out by Lopaeva et al [[84].
using a 50:50 beam splitter as a model for the target and a spontaneous parametric down-
conversion (SPDC) source for photon counting. They demonstrated that, in comparison
to a correlated thermal state in a thermal background, an entanglement-breaking channel
could achieve a QI-like advantage in effective signal-to-noise ratio (SNR). But employing
photon counting with SPDC outputs is a less-than-ideal detection scheme, as previously

shown. Furthermore, their choice of the classical benchmark was not the best one ac-
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cording to coherent light [36]. Later on Zhang et al [151]. and afterwards used an OPA
receiver to put Tan et al.’s Gaussian QI protocol into practice. Their experiment showed
a sub-optimal 20% improvement in effective SNR compared to the best classical scheme,
which is equivalent to 0.8 dB versus the 3 dB available with OPA receivers.

S. Barzanjeh [10] implemented a digital version of the phase-conjugate receiver in
a proof-of-concept Quantum Illumination (QI) experiment in the microwave regime. A
Josephson parametric converter (JPC) was used inside a dilution refrigerator to gener-
ate entanglement. This method allows the phase-conjugate receiver to be implemented
without the use of analog photodetection while fully utilizing the correlations of the JPC
output fields. The experiment then compares the signal-to-noise ratio (SNR) with alterna-
tive detection strategies at the JPC output, using the same signal path and photon numbers.
A Josephson parametric converter (JPC) was used in each of these experiments [[10,21,[86]
to produce entanglement in low-brightness microwave modes. Next, a comparison was
made between the obtained results and a radar with classical correlation. Following the
JPC’s creation of entanglement, the signal was transmitted to the target region and am-
plified in both modes. Concurrently, the idler was quickly heterodyne identified. The
traditional result of this heterodyne detection was digitally saved during post-processing
so that it could subsequently be compared to the result of the returning signal that was
detected using a heterodyne. A Quantum Illumination (QI)-like advantage over their
classical counterparts, which were classically correlated noise radars, was shown in all

experiments.

1.7 Thesis outline

The structure of the thesis follows an incremental development, starting with the introduc-
tion of the mathematical tools and preliminary concepts necessary for the context of the

research. The subsequent chapters are organized based on the publications that present
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the contributions made by the research project upon which this thesis is based. These
contributions focus on the theory of quantum illumination and quantum target detection,
as well as the practical aspects of implementing these concepts, particularly in the mi-
crowave domain. Lastly, I will present the theory of entanglement and the synthesis of
entangled states using Heisenberg exchange interactions. The thesis is divided into the
following chapters:

e Chapter 2: Preliminary Notations: This thesis provides a comprehensive overview
of the mathematical tools and formalism of continuous variables that are necessary for
understanding the subsequent chapters and contributions. The mathematical framework
underpinning continuous variables is explained in detail, enabling readers to grasp the es-
sential concepts and techniques used throughout the thesis. These mathematical tools lay
the foundation for the exploration and analysis of quantum detection and quantum radar,
allowing for a deeper understanding of the research contributions presented in the later
chapters.

e Chapter 3: Publication 1: At the start of my published research project, Entan-
glement faces vulnerability to degradation in a noisy sensing environment. Nevertheless,
the quantum illumination protocol has surprisingly demonstrated resilience against such
conditions, maintaining its advantageous features. However, implementing a measure-
ment system to leverage this advantage proves challenging, given that pertinent infor-
mation is concealed within weak correlations embedded in noise on the receiver side.
Recent progress in correlation-to-displacement conversion modules provides a promising
avenue for an optimal protocol in practical microwave quantum illumination. This study
extends the conversion module to accommodate common experimental imperfections in
microwave systems. To mitigate losses, we propose amplifying the return signals. Under
ideal amplification, the entire six-decibel advantage in target detection error can be pre-
served. However, with noisy amplification, this advantage is reduced to three decibels.

We analyze the quantum advantage under various scenarios using a Kennedy receiver in
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the final measurement. In the ideal case, performance still achieves optimal results over
a significant range with only on-off detection. Photon number-resolving detectors further
enhance performance, and their impact is examined using receiver operating character-
istic curves. These findings open the door for the practical development of microwave
quantum illumination systems.

e Chapter 4: Introduction of the W state:

This thesis offers an extensive exploration of the concepts of entanglement and the
formalism of qubit representation, which are crucial for comprehending the subsequent
chapters and the contributions made. A detailed explanation of the entanglement for-
malism and qubit representation supporting the generation of the W state is provided,
ensuring that readers can comprehend the fundamental principles and methodologies uti-
lized throughout the thesis. These entanglement tools serve as the groundwork for the
investigation and examination of the spin system and the synthesis of the many-body W
state, facilitating a more profound understanding of the research contributions outlined in
the later chapters.

e Chapter 5: Publication 2: At the start of my published research project, the phe-
nomenon of entanglement spread holds significant interest, especially in the context of
quantum state synthesis. This is particularly relevant when the goal is to transform an ini-
tial direct-product state into a highly entangled target state. In devices relying on pairwise
exchange interactions, various methods can be employed to optimize this process. As a
benchmark scenario, we focus on the challenge of distributing one excitation among N
two-level atoms or qubits.

Beginning with an initial state where one qubit is excited, the objective is to achieve a
target state where all qubits exhibit the same excitation amplitude—a generalized W-state.
This transformation is to be accomplished through suitably chosen pairwise exchange in-
teractions. For instance, in a setup where any pair of qubits can be brought into proximity

for a controllable period, we explore three protocols, each with N — 1 tightly-constrained
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steps.

In the first protocol, one atom serves as a flying qubit that sequentially interacts with
all others. The second protocol involves qubits interacting pairwise in sequential order.
The interaction times in these two cases follow a pattern with an elegant geometric inter-
pretation, corresponding to angles within the spiral of Theodorus—a construction known
for over two millennia. The third protocol adopts a divide-and-conquer approach, dis-
tributing equally between two qubits at each step.

For large N, the flying-qubit protocol results in a total interaction time scaling as VN,
while the sequential approach scales linearly with N. The divide-and-conquer approach,
on the other hand, has a time lower bound that scales as In N. Regardless of the protocol,
we demonstrate that the phase differences in the final state cannot be independently con-
trolled. For instance, generating a W-state (where all phases are equal) is not achievable
through pairwise exchange.

e Chapter 6: Summary and Conclusion
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Preliminary Notations

2.1 Introduction

The aim of this chapter is to introduce important definitions and tools that will be used
throughout the thesis work. Specifically, Sec. [2.2] covers Gaussian states, which play a
fundamental role in many aspects of continuous variable quantum information.

Sec. discusses the generation and properties of bosonic Gaussian states, includ-
ing coherent states, two mode squeezed states, and thermal states, which are used in many
protocols and enter into the description of quantum illumination which we will study in
the following. Sec. also introduces quantum hypothesis testing, which is used to eval-
uate the performance of quantum detection schemes.

Finally, Sec. 2.4 explains the Gaussian positive operator value measurement (POVM)
and General-dyne measurement. For readers interested in more details, references and

books on continuous variable quantum systems and quantum optics are provided.
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2.2 Continuous variable systems, harmonic oscillators and

bosonic modes

This section provides an overview of fundamental concepts of continuous variable sys-
tems (CV) and notation that will be used throughout the thesis. It begins by examining
the Cartesian decomposition of mode operators and phase-space variables. The concept of
characteristic function and Wigner function is then introduced. Additionally, the signifi-
cance of symplectic transformations in describing Gaussian operations in the phase-space

is emphasized.

2.2.1 Bosonic modes

The Hamiltonian of a bosonic system corresponding to a single mode of radiation is rep-

resented by a harmonic oscillator, with each mode labeled by & [15,41,/145].
N i 1
H; = hwy a.ai + E . 2.1)

The additional 1/2 term arises from the zero-point energy fluctuations that are associated
with the vacuum state, where the photon number operator 7, = a,ﬁak equals zero. Here,
hwy represents the quantization energy of a single photon.

The Fock basis |n;) ,—,, which is also known as the number state representation, de-
notes the orthonornormal set of eigenstates of the photon number or 7. These states
represent the set of all possible number state vectors for the mode k, where n; indicates
the number of field excitations present in mode k. The bosonic annihilation and creation
operators are represented by @, and &Z, respectively, and they are defined by their action

on the Fock basis
a0y =0, alny= Vnln—1y, (for n>1), (2.2)
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specifying the vacuum state as well, and
&Z n)y = Von+1|n+1), ({or n>0). (2.3)

The definitions of annihilation and creation operators for bosonic quantum fields demon-
strate that the former removes a particle, whereas the latter adds one. These definitions

are consistent with the well-known bosonic commutation relation.
G, a | =6 2.4
a, d, ki- (2.4)

We can easily generalize this formalism to describe a system of N modes, with pairs
of bosonic field operators, denoted by { &k,&z 1, and a tensor product of infinite-
dimensional Hilbert space H® = @ H,.

The free Hamiltonian of the system (non interacting modes) is given by

N

) 1

He = ho, (a,ﬁak + E)' (2.5)
k=1

Position and momentum-like operators for each mode are defined through the Cartesian

decomposition of the mode operators,
o= (a+a)), po=iay—a). (2.6)
satisfying the commutation relations.

[@1, f?k] = 2i51k- (2-7)
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We can group together the canonical operators in the vector

X =1, Dos-e sl ) (2.8)

which allows us to write in compact form the bosonic commutation relationships between

the quadrature phase operators,
| % %] =20, G.j=1.....2N), (2.9)

where €;; is the symplectic 2N X 2N matrix, defined as the direct sum of identical 2 X 2

blocks:

N
Q:=Po=digw... v o= . (2.10)
= 10

2.2.2 Phase-space representation

The density operator p represents the quantum state of an N-mode bosonic system and
encodes all of its physical information in its phase-space Wigner distribution which we
can define as follows [99]/144].

Given a state p, and the Weyl displacement operator
D (&) := exp (iXTQg), @.11)

where ¢ € R?V, we can define the Wigner (or symmetrically ordered) characteristic func-

tion y (&) as
X (&) :=Tr[pD()]. (2.12)

Then, the Wigner function W (X), is a quasi-probability distribution defined over a 2N-

dimensional phase space, which can be obtained by taking the Fourier transform of the
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characteristic function associated to the density operator p,
W(X) = f LL e (-XT08) @ (2.13)
rv (2m)*Y ’ '

where XT = (g1, p1,....qn, py) € R?M. The Wigner function is defined on the real
symplectic phase space K := (RZN , Q), where Q is the symplectic form. The continuous
variables X € R?" span this space.

The vector of first order moments, i.e., the mean values, is represented by the dis-

placement vector.

X :=(X) =Tr(pX) = f dPVNXW (X) X. (2.14)

The covariance matrix (CM) V is a representation of the second moment or covariance of

the canonical variables. The elements of this matrix are given by:

V= %Tr({AXi, AX), p). (2.15)

where AX; := X;—(X,). The diagonal elements of the covariance matrix, denoted by V;; =
V(X;) and V(f(i) = ()A(?) — (X,)?, represent the variances of each individual quadrature
operator. The symbol {...} refers to the anti-commutator.

For canonically conjugate variables, the Heisenberg uncertainty relations can be recast

as a constraint on the covariance matrix (CM) \Y [32,/126],
V+iQ>0. (2.16)

This pasitivity condition implies the typical Heisenberg relation for position and momen-
tum,

V(@)V(pe = 1. (2.17)

The inequality of Eq. (2.16) represent a necessary condition for the covariance matrix
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of any quantum state in order to be physically acceptable.

For a specific class of states, the first and second order moments are sufficient for their
complete characterization, i.e., we can write p = p (X, V). This is the case of the Gaussian
states. By definition, these are bosonic states with Gaussian Wigner representations (y or
W), ie.,

Y (@) = exp [—%gT (QvaT)é - i(ex)' g], (2.18)

or

W (X) —l(X—X)Tv-‘ (X—X)]. (2.19)

1
" 21" Vdetv eXp[ 2
It is interesting to note that a pure state is Gaussian if and only if its Wigner function in
non-negative, that is, the only pure states with non-negative Wigner function are Gaussian
states.

Moreover, the Heisenberg inequality Eq. (2.16)) becomes a necessary and sufficient
condition for a Gaussian state to be physically acceptable. Williamson’s theorem [118]],
is an essential tool for manipulating Gaussian states. According to this theorem, it is pos-
sible to find a symplectic matrix S (that is, such that STQS = Q), such that any covariance

matrix V can be transformed into its Williamson form.

V =SWs’, (2.20)
where,
N
W=l I=diag(l,1). 2.21)
k=1
The collection of symplectic eigenvalues {vy, ..., vy} represents the symplectic spectrum

of the matrix V, while the matrix W denotes the Williamson form of V. The uncertainty
principle implies that each symplectic eigenvalue must satisfy the condition v, > 1. More-
over, if all symplectic eigenvalues are equal to 1, then the corresponding Gaussian state is

pure.
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For example: a two-mode Gaussian state’s symplectic spectra can be determined by
using its first and second-order moments. The state’s covariance matrix (CM) can be

represented in a block form to facilitate this calculation.

V= , (2.22)

where A = AT, B = BT and C are 2 x 2 real matrices. Then, the Williamson form is

simply wob = D @ (v,I), where the symplectic spectrum {v_, v, } is given by

Vi:

\/Ai VAT =4 det(V) (2.23)

2 2

where A is defined as A := det(A) + det(B) + 2 det(C). In this two-mode case, the

uncertainty principle can be expressed in terms of the bona-fide conditions.
V>0, and A <1+det(V). (2.24)

The CM of a generic two-mode Gaussian state of Eq. (1.22) can always be put, by means

of a proper symplectic transformation, into its “standard form”,

al C cg 0
Vsr = , C= . (2.25)
C »nl 0
When ¢; = —c; = ¢ > 0, the symplectic eigenvalues can be simply obtained as v, =

% ( Vy (b - a)), where y is given by (a + b)? — 4¢?. The symplectic transformation S for
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arriving at the standard form in this special case, that is Vs = SVST, is given by

wl w7 a+b+
S = RPN il 1) (2.26)
2y
wl w1
The following text aims to provide the reader with a general understanding of the essen-

tial examples of Gaussian states used in quantum illumination, which will be frequently

mentioned in this thesis.

2.2.3 Coherent State

A coherent state is just obtained as a phase-space-displaced vacuum Fock state,
@) = D (a) 10), (2.27)
where D (@) is a displacement operator
D(a) = exp(ad’ - a"a). (2.28)

Coherent states |a) are characterized by a complex amplitude @ = (¢ + ip) /2, as shown
in Fig.[2.1] These states are eigenfunctions of the annihilation operator & with eigenvalue
a. As a consequence of its definition, a coherent state has the same covariance matrix of
the vacuum state (V = I) and mean values X = (g, p)T.

The coherent state represents the classical state of a radiation field which can be gen-
erated by a standard coherent radiation source such as a laser. It represents the state of the
radiation which is sent to a target in order to verify its presence in a classical illumination

scenario.
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coherent state vacuum state
AX=Aar=l AX =AP =1
Pl = P

q

Figure 2.1: Depicts the vacuum state and the coherent state.

2.2.4 Photon statistics of coherent states

The coherent states |@) can be expressed as a sum of number states |[n) with complex

coeflicients given by the Poisson distribution. This expansion allows us to calculate the

4

expectation value of the photon number 72 = a'a in a coherent state, which turns out to be

equal to the square of the coherent state amplitude, (i) = |a|?,
(allay = |af* = 7.

The probability of observing a certain number of photons, n, in a coherent state |a) is

given by

ﬁn

2n —
P, = |<n|a’>|2 = €_|a|2& =e nb» (2.29)
n

which corresponds to a Poisson-distribution with mean number of photons 7i = |a/|*.

2.2.5 Thermal State

Thermal states define the state in which the mode is at thermal equilibrium 7', p o

exp (—ﬁI:I), where 8 = 1/ KT,

N.
p)=>, T (2.30)
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where the average number of photons N,

-1
Ny = [exp(I?;UT) - 1] = Tr[a'ap|. 2.31)

Thermal states are Gaussian states with a Wigner function with mean (X) = (0,0) and a
covariance matrix V = (2Nr + 1) I,,,. While at room temperature, Ny ~ 0 for optical
frequencies, it is significantly greater than one for microwave frequencies. In quantum
illumination, thermal states are used to describe the noise background, which is therefore
always very large in microwave radar applications. This explains why in most QI studies

one focuses only onto the case Ny > 1.

2.2.6 Single mode Squeezed State

When a bright laser is used to pump a nonlinear crystal, some of the pump photons at
frequency 2w are split into pairs of photons at frequency w. When the conditions for a
degenerate optical parametric amplifier (OPA) are met, the output mode ideally consists
of a superposition of even-number states (|2m)). To generate photon pairs, the interaction
Hamiltonian must include a term a'” to create pairs of photons and a term &> to ensure
Hermiticity. This interaction is associated with the one-mode squeezing operator, which

is a Gaussian unitary transformation defined as

A 1 ) ~ -1-2

S (r) =exp 7 (r a —ra ) , (2.32)
where r = |rle” is called the squeezing parameter. Its action the operators & and &' is the
following linear transformation

a— STnas(r) = ua — va',
(2.33)

at— ST (na's(r) = pa’ - v'a,
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(a)Squeezed vacuum state (b)Displaced squeezed state
AX = exp(—r)
P =0 Pt "B
(P)
AP1= exp(—r) AP = exp(r)
! X (x)y X
—
AX = exp(r)

Figure 2.2: Single mode: (a) Squeezed vacuum state and (b) displaced squeezed state

where

w=cosh(r]), v =e"sinh(r|. (2.34)

By applying the squeezing operator to the vacuum state we generate a squeezed vacuum
state |r,0) = S(r)|0), as shown in Fig. @ whose covariance matrix (in the special case

0 = 0) is given by

V= . (2.35)

This covariance matrix exhibits varying quadrature noise-variances, meaning that one
variance is squeezed below the quantum shot-noise level, while the other variance is anti-

squeezed and exceeds the shot-noise level.

2.2.7 Two mode Squeezed State

A two-mode squeezed state is a quantum state that can exist between two electromagnetic
field modes, such as two optical modes in a cavity. This state is achieved through a
process called parametric down-conversion, where a nonlinear crystal is irradiated with a
strong pump beam. In the non-degenerate optical parametric amplifier (OPA) regime, we
generate pairs of photons in two distinct modes, namely the idler and the signal.

The squeezing parameter characterizes the amount by which fluctuations in one mode
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X1 4 Xo TMSV X1 4 Xo

I7) [ Texp(2r) | ) exp(—2r)
—_——— - —_—
X] — XQ X1 —Xo
i
exp(—2r) exp(2r)

Figure 2.3: Two mode: Squeezed vacuum state

are reduced at the expense of the other mode, as shown in Fig. The squeezing param-
eter can be changed by altering the pump beam or the nonlinear crystal. The process can
be described by a bilinear interaction Hamiltonian, and the corresponding Gaussian uni-
tary operator is known as the “two-mode squeezing operator” (TMS). The TMS is defined

as follows:

O (r) = exp [ra*ia'" - r*&B] , (2.36)

where again r = |r| exp (if) is the squeezing parameter, which now quantifies the degree
of two-mode squeezing in a two-mode squeezed state.
Applying the two-mode squeezing transformation Q(r) to the vacuum state of both

modes results in the two-mode squeezed vacuum state (TMSV),
0 (110,00 = Vi =2 3" (1) In)sln)y, (2.37)
n=0

where A = tanh|7| € [0, 1].
It is easy to verify from Eq. (2.37) that the mean number of photons of the idler and

signal modes is the same, and it is given by

(a’a) = (b'b) = sinh?|r| = N,. (2.38)
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The two mode squeezed vacuum state is a Gaussian states with zero mean (X) = 0

and covariance matrix V

vl Vvi - 1Z
V = , (2.39)

V2 —1Z M |

where v = cosh 2r measures the quadrature’s noise variance.

2.3 Quantum Hypothesis testing

Quantum state discrimination mirrors the statistical problem of hypothesis testing in the
quantum realm. The objective is to differentiate between two arbitrary quantum states
after they have undergone a quantum channel [20, 104]]. This task involves identifying
which version of a quantum state aligns with a specific hypothesis. Accuracy and a low
error rate in this process are vital for selecting the correct hypothesis.

In the realm of quantum illumination theory, the challenge is to detect the presence
or absence of a target based on measurements from a quantum channel’s output. This
can be tackled using either the asymmetric hypothesis testing approach (Neyman-Pearson
method) or the symmetric hypothesis testing method employing the Bayes criterion. Both

methods aim to enhance the precision of quantum state discrimination.

2.3.1 Bayes Symmetric Hypothesis test

In a Bayes test, two fundamental assumptions are made [60]. Firstly, prior probabilities,
P1(R) and Py(R), are assigned to the hypotheses H; (target present) and H,, (target absent)
respectively. These probabilities reflect the observer’s knowledge of the source before
conducting the experiment. Secondly, each possible action incurs a specific cost. The
costs associated with the four potential actions are denoted as Cyy, Ci9, Co1, and Cyy,

where the first subscript signifies the chosen hypothesis and the second subscript indicates

40



CHAPTER 2

Z : observation space

Figure 2.4: Hypothesis test

the true hypothesis.

The expected cost, often denoted as the risk R, quantifies the anticipated cost of mak-
ing an incorrect decision depending on the chosen hypothesis. To calculate the risk, one
multiplies the cost of each potential action by its respective probability and then sums up
these values. By comparing the risks associated with different decisions, it is possible to

identify the optimal course of action. Mathematically, the risk is expressed as follows:

R:C()() P()f P(rlH()) dr+C10P0f P(rlH()) dr

Zo - (2.40)

+Co Py f P (r|H,) dr + Cy; Plf P (r|H,) dr,
Z() Zl

where r represents a real observable r € Z a set of N observations: r = {ry,r,...ry}.
Each set can be conceptualized as a point in an N-dimensional space, denoted as r :=
(1,72, ..., %

The decision space Z is a real space, and it is divided into two regions, Z, and Z;, for
the purpose of choosing between the two hypotheses, Hy and H;, as shown in Fig.
If R belongs to Z,, we conclude that Hy is valid. Conversely, if R belongs to Z;, we
conclude that H; is valid. The way in which the regions Z, and Z,; are constructed to
minimize the error in determining which hypothesis is correct is known as the decision
strategy.

We can express risk in an equivalent way by saying that
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R = Cy Py Pry (say Hy|H, true) + Cyy Py Pr, (say H,|H, true)
(2.41)

+ C1y Py Pr; (say Hi|H, true) + Co; Py Pry(say Hy|H, true).

In the context of hypothesis testing, the outcomes can be classified as either correct
decisions or errors. Mistakes or errors include type-I and type-II errors, which are rep-
resented by outcomes 2 and 4 respectively, while outcomes 1 and 3 represent correct
decisions.

In the case of quantum illumination, H, indicates the absence of a target, and H,
represents the presence of a target. The decision strategy is particularly useful in situations
where false alarms (type-I errors) and miss detection (type-II errors) occur, corresponding
to outcomes 2 and 4 respectively.

Pp = P(H,|Hy) = Pr, (say H,|H, true),
(2.42)

Py = P(Hy|H,) = Pry (say Ho|H, true).
Consider a simple experiment with binary outcomes. The positive and negative outcomes
will be represented by the null hypothesis, Hy, and the alternative hypothesis, H;. Let

P = {pu | 1 € {0, 1}} be the prior probability of hypothesis H with 0 and 1 such that

Hy : p=py P=Dpo
(2.43)

H : p=p, p=p.

The probability of receiving a false positive or false negative result in our determination

is then given by

P(ﬂzllﬁ:ﬁo):P(HllHO)’

P(u=01[p=p;)=P(HlH).

(2.44)
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The probability of getting an error, of any kind, in our discrimination process is overall
Py = p1 P(Ho | Hy) + po P (H, | Hp) . (2.45)

In the realm of quantum mechanics, where it’s impossible to perfectly distinguish
between non-orthogonal states, various metrics have been devised to measure the distinc-
tions between these states. One of these metrics is minimum error discrimination, which
permits the imperfect differentiation of non-orthogonal states by accounting for the prob-
ability of making errors.

In the context of quantum hypothesis testing, the two hypotheses correspond to two
possible quantum system states, oy and p;. Bob performs a dichotomous POVM on this
system with I, and u = 0, 1 as its value. The objective is to minimize the error probability

in quantum state discrimination using Bob’s POVM {I1y, I1, },
Py = poTr (I1; py) + piTr(Iy o) - (2.46)

2.3.2 Helstrom Bound

The Helstrom bound is a method to determine how well Bob can differentiate between two
states, p, and p,, with probabilities py and p;, respectively, while minimizing the proba-
bility of error. In other words, it helps Bob to determine the optimal way to distinguish

between two quantum hypotheses. Let us define the Helstrom matrix y.

Y 1= PoPo = P1 Py (2.47)

whose spectral decomposition in terms of its eigenvalues and eigenvectors is

Y= Z Yulk){ul. (2.48)
M
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The optimal POVM for Bob, denoted by {Ily, II; = I — Iy}, consists of a projector I
onto the positive part of the Helstrom matrix, denoted as .. This POVM is referred to as
the “Helstrom POVM.” To construct this optimal detection scheme, we use the spectral
decomposition of the Helstrom matrix and define the POVM {I1, IT; = I —1Ily}, where II,

is the projector

Py) = ) l)l, (2.49)
Vi

onto the eigenspace associated to the positive positive eigenvalues y, of y. The minimum

probability of error is,

err

: 1
Per' = 5 (=1, (2.50)

where

Al = Teldl, Iyl = ) byl )l (2.51)
M

From this point forward, we assume that the probabilities of the two states p, and p,

are equal, i.e., po = p; = 1/2. This implies that both quantum hypotheses are equiproba-

ble.
. 1
Hy P =pPo Po= 5
1 (2.52)
Hy @ p=p. p=3
In this case the Helstrom matrix is given by
[P
y=500-p1)- (2.53)
The minimum error probability takes the form
min 1 1 A P 1
Perr ZE l_lli(p()_pl)”] :E[l_D(,OO, pl)] (254)
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The formula for the Helstrom bound can be used to determine the minimum error

probability P™" in distinguishing between two equiprobable pure states (kets) |¢o) and

err

lg1). For D = 0, the two states are the same and P™" = 1/2 (random guessing), while for

err

D = 1, the two states are orthogonal and P™" = 0 (perfect discrimination).

2.3.3 Quantum chernoff Bound (QCB)

The Helstrom bound can sometimes be challenging to calculate [7]], but there are alterna-

tive bounds that can give an approximation of the minimum error probability P¢7 . The

min*®

most significant of these is the quantum Chernoff (QC) bound, which provides an upper

bound.
P < Py, (2.55)
which is defined as
1 .
PQC = 5 s él%(f)‘,l] Cs, (256)

where the generalized overlap C; is given by
C,:="Tr(p) pi™"). (2.57)

Due to the possibility of discontinuities in the generalized overlap C at the border
points s = 0,1 where Cy = C; = 1, the QC bound is defined using an infimum in [0, 1]
rather than a minimum. When one of the two states is pure, this does indeed occur. For

instance, suppose we

Po = lpoXel, (2.58)

then
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inf C; = lim Cy. (2.59)

s—0*

Furthermore, in this special case, the QC bound is directly related to the quantum

fidelity by the formula

1
Poc = EF (o), o), (2.60)

where

F (leo), po) = (ol p1 | @o ). (2.61)

2.3.4 Quantum Battacharyya Bound

The Quantum Battacharyya Bound (QB) bound is obtained by setting s = 1/2 and ignor-
ing the minimization. This simplification makes the bound easier to compute and useful

in discriminating mixed states.

1 1
PQC < PQB = EC% = ETI'[\/[_)() \/E]] . (262)

Fidelity Bounds

Quantum fidelity is a measure of the similarity between two quantum states, given by the

square root of the overlap between them. It is defined as follows:

F= [Tr(,/ N )r (2.63)

where p; and p, are two quantum states. Fidelity satisfies the following properties: 0 <
F(p1, p2) < 1, where F = 0 indicates the states are orthogonal and F = 1 indicates the
states are identical. Fidelity is symmetric: F(py, p2) = F(p2, p1) Fidelity is contractive:
for any quantum operation &, F(E(py1), E(02)) < F(p1, p2). The quantum fidelity can be

used to derive additional bounds on the error probability in state discrimination, such as
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the Chernoff bound. It is possible to prove the two following inequalities for two arbitrary
states pp and p;:

1
Pos < Fy 1= 2 VF, (2.64)

and

1-VI-F .
Foi= ———— < P (2.65)

so that, we have a chain of inequalities

F_ < PM™ < Poe < Pyp<F,. (2.66)

2.3.5 Formulas for Gaussian states

The generalized overlap between two equiprobable Gaussian states, p, and p;, can be

computed using a closed formula.

1 . As Al—s
tlae) ot eo

which is involved in the definitions of the QC bound and QB bound.
Consider the general case of two n-mode Gaussian states p, ()_(0, VO) and p, (5( 1s Vl)

where their CMs can be decomposed via a sympletic decomposition

Vo =So [@ vk‘)I) ST,
k=1

V, =S, [@ v"ll] ST,
k=1

(2.68)

where {vg} is the symplectic spectrum of V), {v,i} is the symplectic spectrum of V;, and
So, S; are symplectic matrices.

In order to compute the generalized overlap C; between two equiprobable Gaussian
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states, p, and P, we can express it in terms of the mean values X, and X, and the sympletic

eigenvalues V, and V. To derive this formulation, we introduce the real functions called

— 2S

S x+ D ==Y
(x+ 1D +(x=1)°
(x+ 1) = (x-1D*

Gs(x)

(2.69)
Ag(x) =

which are positive for any x > 1. Then, we also define the “symplectic action” of A,

over an arbitrary CM

n

V=8 [@ vkl) ST, (2.70)

k=1

as

As(V). =S [@ As(vk)I] st 271)
k=1

Given these preliminaries, we can now write the formula. For any s € [0, 1], the

generalized overlap has the Gaussian expression

C L [ dTZ}ld] (2.72)
s = (), 4 - . .
VdetX, P 2
where
d:= XO - Xl, (273)
and
2= A(Vo)e + A (Vi) (2.74)
and finally
I, := 2", G, (V) Giy (1) - (2.75)

A particular case of interest is the discrimination of zero-mean Gaussian states, where

both states have a mean value of zero (X, = X; = 0). In this case, the previous formula
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simplifies to the expression
11,

Vdet X, '

If we consider single-mode states (n = 1), the symplectic spectra consist of a single

Cs = (2.76)

eigenvalue. In this case, we can write the symplectic decompositions as

Vo =8 (1) S = v'SyS],

(2.77)
V1 = S] (VII) S"ll' = vlslslT.
Then, we have
T, = A, (1) SoST + Ai_, (v'T)S;ST,
(2.78)
I, = 2°G, () Gi_, ('),
and
F (po, 1) 2 ep[ 1dT(V +V)‘1d] (2.79)
,P01) = ———=€eXp|—= 5 .
" Nare-ve L2 T
where
A:=det (Vo+Vy), &:=det(Vy—1)det (V,-1). (2.80)

2.4 Measurement Detectors

The class of non-deterministic maps includes well-known detection methods in quantum
optics such as homodyne and heterodyne detection. In Fig. the two types of detection
techniques make use of a balanced beam splitter. Consider a 50 : 50 beam splitter with

the reflection R and transmission 7' coefficients equal to 1/ V2. The two input modes are

49



CHAPTER 2

4 | I
as| MA_A — N
Ga i

K a2 IB—LO> /

Figure 2.5: Schematic setup at the basics of balanced homodyne and heterodyne detection

a; and a,. The two output modes a3 and a4 given by

fl]‘i‘flz R flz—fll

as = ., Qg =
Y, Y

(2.81)

The signal is determined by the disparity in photon number counts and is calculated

as the difference N in signals recorded by photodetectors 713 = &;&3 and 7y = &1&4.

tay +alay. (2.82)

Mode 2 is the “local oscillator”, that is, it corresponds to an intense and stabilized
coherent source (laser or mode), well described by a coherent state |8,0), with 8o =
IBrol € e o' where wyo is the frequency of the local oscillator. Since |Bro] > 1
we can neglect its quantum fluctuations and treat @, as a complex function of time,
a — |Brole o’ where wyo is the frequency of the local oscillator field.

As a consequence, the output of the detection of Fig.[2.5] is a photocurrent propor-
tional to the operator.

iO—iwrot

ale + a e it (2.83)

The operator @ is the annihilation operator of a photon of a field rapidly oscillating at

frequency close to the “carrier” frequency w, so that it is convenient to rewrite it in term
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of a slowly varying operator a, that is, & — a;e™!", so that Eq. (Z.83) becomes
IS g i xt 6 i
Ing()=aee™+ae’e™, (2.84)

where A = w;p — w;.
The photocurrent operator 1 A, o (?) 1s then filtered, that is, it is modulated by an oscil-

lating current at frequency w4, and integrated over a time 7,

at 1 [ N
Jn o (Wmoas 1) = = f ds cos(Wmod $) I, o ()
’ T Ji-r

= €A + Wpoay 1)+ "L (~A = Wy, 1) (285)
+ €8 AA = Wpoas 1) + €7 (=A + Woa» 1)
where we have defined the filtered field operator
1 (" ,
a(w, 1) = —f ds a(s) e, (2.86)
21 Ji+

We first consider homodyne detection, i.e, when w; = wrp &= A = 0. In this case

the integrated photocurrenct is

AT —i6 = 0=
JA, 0 (wmod’ t) =€ ' a‘r(wmod» t) + el al—(_wmod’ t)
+ e_iga"r(_wmod’ t) + eigai(wmoda t) (287)

= XB,T (wmod’ t) + XB,T (_wmod’ Z)$

that is, the two quadratures at the two spectral components +w,,,; around the reference
frequency wyop.

Therefore, when A = 0, the detection system performs a measurement of a field
quadrature; in the limit 7 — oo and in the case of perfect detection, one gets a real number

Xp, and this corresponds to a projection onto the corresponding quadrature eigenstate | Xj).
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We then consider heterodyne detection, i.e, when A # 0 and |A| > Q.= typical

frequency of the field signal. In this case we take wypq = A — Qg

Th o (A= Q. D) =ea,2A - Q,, 1) +e“al(-2A + Q, 1)

T

+e 7@ (Quy, 1) +e’al(—Qyy, 1) (2.88)

sigs

=~ XG,T (wsiga t),

the first two terms are negligible because they oscillate at a frequency where there is
no signal, but only added vacuum noise. So in this case only the quadrature of a given
frequency Q;, is measured, differently from the homodyne case. Moreover the second
term, eigc'li (=g, 1) 1s more relevant than the first one, and this is why we can think of
heterodyne as measurement of the first operator, e"'gc'li (Qyq, 1) and a given measurement

provides in the ideal case, a projection onto the corresponding coherent state |a){a|.

2.4.1 General-dyne measurement

Coherent states, which are called the “most classical” quantum states in the quantum
optical domain, belong to a particular class of Gaussian states [118]. These states are
the eigenvectors of the annihilation operators a and their covariance matrix is given by
the 2 x 2 identity matrix. In Eq. (2.27), in a system with n modes, the coherent states

represent a resolution of the identity operator.

G o & XD-x 10X01 Dy = L. (2.89)
R n

This equation implies that the collection of projections on coherent states D_y [0)(0] Dy
is related to a positive operator-valued measure (POVM). In practice, this corresponds to
a physical measurement setup; one well-known example of such a measurement is the

heterodyne detection scheme, described in the previous paragraph. We now consider a
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unitary transformation S which is a purely quadratic operation that corresponds to the

symplectic transformation S,

d*"X8 D_x 100 Dx8" = 7 f _d”XD 58 100 $'hy=1  (2.90)
Rll

Qr)" Jrer
where §Dy8" = Dy is still a displacement operator with displacement X which is the
displacement transformed by the symplectic transformation S .

Upon observation of the measurement result, the measurement processes outlined in
these identity resolutions map onto projections onto a fully generic pure Gaussian state

DS |0) generalizing the previous examples of heterodyne and homodyne detection,
A AT
[Ys) = DxS 10). (2.91)

They are called “general-dyne” measurement, which, can also approximate the ho-
modyne detection scheme which is a projection onto eigenstates of quadrature opera-
tors when the symplectic transformation S becomes a squeezing operator with an infinite
squeezing parameter S = diag(z, 1/z) for z — oo. The uncertainty associated with one of
the quadrature operators approaches zero, while the uncertainty associated with its conju-
gate counterpart approaches infinity. It is easy to understand that the state onto which the

system is projected is an eigenstate of the quadrature operator in this case.

2.4.2 Conditional general-dyne measurement

A conditional general-dyne measurement [88,/124]], which involve projections onto pure
Gaussian states [¥), would imply that the measurement procedure is contingent on cer-
tain observed outcomes or predetermined conditions. For instance, in quantum commu-
nication protocols or quantum information processing, a conditional general-dyne mea-

surement can entail modifying the measurement plan in response to past measurement
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outcomes or the quantum system’s state at a particular stage of the procedure. This “con-
ditional” part suggests a customized measurement strategy that considers particular infor-
mation gathered during the experiment.

Consider a bipartite system, A with n modes and B with m modes, with the system’s
initial Gaussian state divided into subsystems A and B, each with covariance matrix and

mean

Va Vg _ | Xa
V= , X

Vi Vg X5

(2.92)

A projective measurement involving a collection of pure Gaussian states |¥)s as
shown in Eq. (2.91), each characterized by mean X,, and covariance V,, measurements,
can effectively represent a general-dyne measurement on subsystem B. It’s important to
note that the outcome of the measurement, denoted by X, is just a label. In such a mea-
surement, the other subsystem yields a Gaussian state conditioned on the measurement
outcome, conforming to a Gaussian distribution. We now provide a concise derivation of
the measurement outcomes distribution and the resultant Gaussian state.

Any quantum state p can be written in the basis of displacement operator as shown in

Eq. (2.T1)) using the Fourier-Weyl relation as

1

p = (27T)n+m

f ) )dz”X x (X) D(=X), (2.93)
R n+m

where the displacement operator D (§) := exp (iXTQg) and satisfies orthogonal relation
Tr[D (&) D(&)] = 7" (€ + &’). For Gaussian states with covariance matrix V' and mean

X, the Wigner characteristic function has the Gaussian form

x (X) :=Tr[p D(X)] = exp [—% x"'(Qva')x - i(QX)T X]. (2.94)
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We now perform the general-dyne measurement which projects subsystem B onto the
Gausssian state [Yg)p. As a consequence, the state of subsystem A conditioned to the

measurement result X, becomes

1 1
Trp[pg £l = Y6l 0 1¥6 )8 = f dXgexp|—-iXTQ'VOQX +iXTQT X’
(27‘[) R2(n+m) 4

B¥6lD (=X) [¥6)ss

(2.95)

where we have used Trp [[)G D_ XB] = (VD (=X) |¥s)5. By explicitly calculating the

multivariate Gaussian integral,

- — T - -
H(X=X0)" 5ty (XX )

(27()" (‘/}3 + ‘/:n)
fdXAeX;f(VX—VkBlem)WE)XAe_X;{(XA_VAB(VWIVm)(Xm_XB))D (.QTXA) .

. e
B{ Ye IpI¥e)s =

(2.96)

We get the final characteristics function subsystem A, yielding the mean and covari-

ance matrix of the subsystem A, as well as the probability distribution of measurement

outcomes.
Vi=V,-V ! VT
AT AT ARy, AT
X, = X, + Vs (X — Xa)
A AB(VB v,y B)> (2.97)

- - \T - -
e%(Xm _XB) m(xm_XB)

Qn)" Vdet(Vz +V,)

p(%)-

Notice that the measurement outcome affects only the mean values of the state, while
the covariance matrix does not depend upon it and it is the same for any measurement

outcome.
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Chapter 3

Microwave quantum illumination with

correlation-to-displacement conversion

This chapter incorporates material from the following publications: ([1] Microwave quan-
tum illumination with correlation-to-displacement conversion, Jacopo Angeletti, Haowei
Shi, Theerthagiri Lakshmanan, David Vitali, Quntao Zhuang, Phys. Rev. Applied 20,
024030 — Published 11 August 2023.)

3.1 Introduction

Quantum illumination (QI) is an entanglement-assisted sensing scheme that enhances
the precision and sensitivity of target detection [83,|120,134], via entangling the sig-
nal probes with locally stored idlers. Originally developed to simply detect the presence
or absence of a target, QI offers a 6-decibel improvement in error exponent due to entan-
glement [134]. In recent years, QI has been extended to improve target range and angle
detection [ 152, 153]], demonstrating an even greater advantage over classical counterparts
in the intermediate signal-to-noise-ratio (SNR) region, thanks to the threshold phenomena

of nonlinear parameter estimation [[153].

56



CHAPTER 3

Despite these theoretical advancements in QI, its experimental realization in the mi-
crowave domain, which is the natural scenario for its application, has faced several lim-
itations. One of the practical challenges is the need for extensive cooling for microwave
quantum-limited detection, due to the high natural noise background, and the lack of de-
veloped photon-counting detection technology [6,31]. To address these issues, a solution
for QI based on optical-microwave transduction has been proposed [9]. This approach uti-
lizes an optical idler mode for noiseless storage at room temperature, and up-converts the
microwave return mode to the optical domain for quantum-limited joint detection of op-
tical photons. However, the current state-of-the-art efficiency in optical-microwave trans-
duction [8,/16,39,56,80,112] falls short of what is required to sustain this transduction-
based scheme in the near future.

In addition to the practical challenges, a fundamental limitation of QI is the receiver
design problem. Currently, practical receivers such as the optical parametric amplifier
receiver (OPAR) and the phase-conjugate receiver (PCR) can only attain half of the er-
ror exponent advantage [54]. The optimal receiver would require unit-efficiency sum-
frequency-generation at the single photon level [[154]], which is highly challenging to real-
ize experimentally. The problem of optimal receiver design seems to necessitate nonlinear
processes and joint operations on the idler and return modes, making it difficult to imple-
ment in practice.

Previous in-principle demonstrations of QI target detection have been hindered by
the aforementioned limitations. One example is an optical domain simulation, which
injected noise to mimic a microwave scenario and utilized a sub-optimal OPAR [151].
This approach achieved approximately 20% of the error exponent advantage. Another
demonstration in the microwave domain used a digitally reconstructed PCR [10]], but was
unable to surpass the performance of the classical benchmark represented by an ideal
coherent state source with the same mean number of photons and homodyne detection.

More recently, the OPAR scheme was adapted to the microwave domain, overcoming
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Figure 3.1: Schematic of the quantum illumination, with a practical receiver based on
correlation-to-displacement conversion, in presence of noise and loss. ‘het’: heterodyne
detection. ‘PD’: photo-detection.

several challenges in microwave photon processing [6]] and again yielding roughly 20%
of the error exponent advantage.

A recent development in the field of optimal receiver design is the correlation-to-
displacement (‘CsD’) conversion proposal, which suggests that the optimal receiver de-
sign can be achieved by heterodyne-detecting the return mode separately and process-
ing the associated conditional idler field [[123]]. Upon heterodyne detection of the return
modes, the idler modes collapse to coherent states embedded in weak thermal noise. With
the help of well-established coherent state discrimination protocols, the CsD receiver de-
sign can attain the optimal error probability of QI [96]. This receiver design requires only
programmable linear optics [75,87] and photon detection, making it more feasible for
experimental realization. Additionally, it eliminates the need for mode-matching between
the noisy return fields at room temperature and the cooled idler fields, avoiding technical
difficulties.

In this study, we evaluate the feasibility of the C:sD receiver design in the microwave
domain. We account the lossy antenna coupling to the detection in real radar systems,
by introducing loss 1 — g < 1 in the return mode prior to heterodyne detection. To
mitigate this loss, we suggest using parametric amplification with gain G > 1. Our results

show that the full optimal six-decibel error-exponent advantage can be retained when
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Gns > 1 if the amplifier is quantum limited. Even if the amplifier introduces noise at
room temperature, the CsD receiver still provides a three-decibel advantage over the ideal
classical system. Furthermore, we consider the case of limited detection capability in the
idler modes. Instead of the complex Dolinar receiver, we consider the simpler Kennedy
receiver and still observe the optimal error exponent advantage. Finally, we compare the
practical CsD receiver design with both the classical coherent-state homodyne detection
and the PCR (which is more effective than the OPAR [[125]).

In this chapter is organized as follows. Sec. describes the protocol, while Sec. 3.3
recalls the basic properties and tools of QI. Sec. [3.4] provides a brief review of the C-D
receiver and its performance under ideal conditions. Sec. [3.5] discusses relevant experi-
mental limitations in the case of microwave QI, and Sec. shows the performance of
the C-D module in the presence of such realistic scenarios. Sec. compares the per-
formance of the C-D module with that of classical QI based on coherent state and homo-
dyne detection and that of the PCR. In Sec. [3.8] we consider performance enhancement
if we further allow number-resolving detection. Finally, Sec. (3.8.2| presents the Neyman-

Pearson framework and receiver operating characteristic (ROC) curves.

3.2 Overall protocol

As shown in Fig. in a target detection scenario, the transmitter sends signals to the
target, and then the receiver collects return signals and performs measurement to infer
about target’s presence or absence. To benefit from entanglement, a source generates
pairs of idler-signal entangled pulses. The idlers are stored locally and used to assist joint
measurements with the return signals. In QI, such signal-idler entanglement provides a
six-decibel error exponent advantage, despite being destroyed by extremely lossy trans-
mission and high noise background.

Our proposed receiver system adapts the CsD conversion approach to practical re-
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ceiver operating conditions. While the idlers are cooled to 7; ~ 10 mK to enable quantum
advantage, the returned signal part is cooled to a much higher temperature 75 for experi-
mental convenience. Such a layout is possible as the C-D conversion module only feeds
the classical heterodyne measurement results on the ‘warm’ and noisy returned signals,
to perform conditional linear optical transforms on the ‘cool’ idler alone (indicated by the
dashed line), avoiding idler contamination. Finally, photo-detection is performed on the
transformed idler, and a decision on the target’s presence or absence is made according to
the measurement result. To compensate for additional loss 1 — g at the receiver antenna,
amplification of gain G is performed. However, the loss 1 — 7; on the idler needs to be
minimized and cannot be compensated. The photo-detection can be realized via coupling

the microwave idler modes to transmon qubits, as demonstrated in Refs. [6,31].

3.3 Quantum illumination for target detection

QI is a quantum-based remote sensing technique that leverages the entanglement between
signal (ag) and idler (a;) modes. The signal mode probes a target region, while the idler

one is kept at the emission station.

¥)s; = Z e s (3.1)

By performing a joint measurement on the signal and idler modes, the quantum cor-
relations of the transmitted state are exploited at the receiving station. The problem is
framed as a binary decision-making task, where the two hypotheses are: ‘target absent’
(Hy) and ‘target present’ (H,). The asymptotic optimal input state is a two-mode squeezed

vacuum (TMSV) state, a bipartite Gaussian state characterized by its covariance matrix
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(CM) [96,/100]

2Ns + 11 2+/Ng (Ns + 1)Z
Vs = , (3.2)

2+4Ns (Ns + 1)Z 2(Ns + 11

where Z = diag{l, -1}, I = diag{l, 1}, and <a§a5> = Ny is the signal brightness.
While the idler is stored for later detection, the signal is transmitted through a phase-
shift thermal-loss channel @, 4, whose action on its mode when the target is present is
described by

ag = € \kas + V1 - kag, (3.3)

while the absence of a target corresponds to the case « = 0, i.e., where the channel is @ .

Upon the channel @, ¢, the CM Eq. (3.2) becomes

[2(kNs + Np) + 111 2+kNs (Ns + DRZ
Vi = ; (3.4)

2+kNs (Ng + DZRT (2Ns + DI

where RZ = R [eie (Z + iX)] (with R indicating the real part and X the Pauli-X matrix),
such that R denotes a phase rotation of —6,

and <a;a3> = Np/ (1 — k) is the mean number of thermal background photons. Tab.
shows the mean thermal photon number for a typical microwave field at w = 27 X 5 GHz
at temperatures of interest. The signal and return modes propagate at room tempera-
ture, while—depending upon the chosen device—detectors and amplifiers can be oper-
ated at temperature T's equaling either the room temperature, a few Kelvins, or ideally
close to the Josephson parametric amplifier generating the TMSV state at microwave fre-

quency [3,43]], which is typically placed in the cold plate of a dilution refrigerator at about
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w/2n [GHz] T [K] N ~
5 3x 10> 1.25x10°
10? 4.15 x 10?

10 40

4 15

1 4

107! 107!
1072 4x 1071

4%x1073 9x107%

Table 3.1: Values of mean thermal photon numbers for a microwave mode at w = 27 X 5 GHz at
temperature values of interest.

10 mK [6,/10,21]]. The idler is always stored in the dilution refrigerator at about 7; ~ 10

mK [6,/10,21], to enable quantum advantages.

3.4 Correlation-to-displacement conversion in the ideal
case

Ref. [[123]] proposes a conversion module for capturing and transforming quantum cor-
relation into coherent quadrature displacement, to enable the optimal receiver design for
various entanglement-enhanced protocols. The module is based on heterodyne and pro-
grammable passive linear optics, see Fig. where the explicit implementation of the
array is shown, and maps the multi-mode quantum detection problem to the semi-classical
detection problem of a single-mode noisy coherent state, allowing for explicit measure-
ments to achieve the optimal performance. The input modes of the array are the idler
modes conditioned to the result of the corresponding heterodyne meausurement. Each

idler pulse is stored in a quantum memory and properly delayed so that they are sent pro-
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Figure 3.2: Beamsplitter array with proper weights with each a;

gressively to each beam splitter of the array (see Fig.[3.2). The result of the heterodyne
measurement determines the trasmissivity of each beam splitter in order to accumulate
the coherent amplitute of the conditioned idler modes onto a single collective idler mode.
The other M — 1 output modes of the array are instead in an effective thermal state of no
interest. The module provides a paradigm for processing noisy quantum correlations for
near-term implementation and can be applied to a wide range of entanglement-enhanced
protocols, including quantum illumination, phase estimation, classical communication,

target ranging, and thermal-loss channel pattern classification.

3.4.1 Heterodyne measurement

Now, we possess a module specifically created to convert the phase-sensitive cross-correlation
among M signal-idler pairs into the complex displacement amplitude of a single-mode co-
herent state. This module effectively transforms the semi-classical challenge of coherent

state processing into the quantum realm of receiver design.
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Chapter 2 provides a detailed explanation of the return-idler mode pairs {ag,,a;, }
in Fig. each ag, undergoes an individual heterodyne measurement, producing the
complex measurement result M,,. In this case, we can assume that the covariance matrix
V,, = (Ng+kNs +1)/2, the first moments X,, = (¢, p) are specified as a two-dimensional
vector consisting of the position ¢g,, and momentum p,,, and the first moments of subsys-
tem return mode (R) and Idler () mode are both equal to zero, i.e., Xz = X; = 0.

In this scenario, the conditional evolution of second moments does not depend on
the measurement outcome, and we can use this fact to determine various properties of
the TMSV system, such as its entanglement and squeezing properties. This property

of Gaussian states is useful in practical applications of quantum information processing,

such as quantum communication, quantum illumination, and quantum cryptography.

VR = (2KNS + 2NB + I)szz,
Vi =(2Ns + 1) I, (3.5)

Vir = (2y/Ns(Ns + 1)) L,oRZ,RZ

where RZ = R [ei(’ (Z - iX)] (with R indicating the real part and X the Pauli-X matrix),

such that R denotes a phase rotation of —6,

cosf sin@
RZ = . 3.6)

sinf  —cosOpp

By applying the general-dyne formulas of the previous chapter 2 in the special case of
heterodyne meausrement and therefore a projection onto a coherent state on subsystem /
of the TMSV system R and I, we can obtain the mean and covariance matrix for the con-
ditional Gaussian measurement outcomes. The mean value is given by X,, = Tr [ﬁmf( ,],

where X is the vector of quadrature operators for subsystem /. The covariance matrix
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is given by V,, = Tr [ﬁ)m ()A( - )_(m) (X [ )_(m)T]. Note that these values depend on the

specific choice of the general-dyne detection V,, and first moments X,,,.

(l —K+NB)NS
V=12 + 1|1y,
! ( kNs + Np + 1 >
. WNs(Ns + 1) cosOqr + sinfpy
Xi=—V—— ;

kNg + Np + 1 3.7
sinfqy — cosfpn

_D(ml2
X
P 4(kNg + Np+ 1)
4(kNg + Ng+ 1)

P(Xn) =

These formulas imply that the state of the idler conditioned to the heterodyne mea-
surement on the return mode is a displaced thermal state, with a mean value of X; and
a thermal photon number of £ = (1 — « + Ng)Ns/(kNs + N + 1). We can represent
this state using the density operator P, z, which is a sum over all photon number states

= 0,1,2,... weighted by a displacement operator D(X;) and a thermal distribution.

Specifically, we have

= ZD( DT En),,+1| nyulD' (X)), (3.8)

where X; represents the displacement parameter, and E is the thermal photon number.
The mean thermal photon number E can be expressed in terms of the system and bath
parameters, where Ny and Np are the average photon numbers of the system and the bath,
respectively.

Each a,,, given the output M,,, is in a displaced thermal state p, r, with an average
thermal photon number E < Ny and a mean d,, = (C,/2V,,) ¢’M;,. As shown in Fig.
there are different approaches to measure the idler modes in this context in order to extract

information. For a given state p,, r, a passive linear optical transformation (beamsplitter
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array with weights appropriately chosen) can combine all outputs into a single mode with
a mean dr = |drle” and thermal noise E. The amplitude square has 2M degrees of
freedom and is expressed as |d7[> = 2™, |d,,[%. It follows a y? distribution.

QI for target detection considers the discrimination between two channels, @ o) and
@ 0. In the ideal case, the conversion module produces the displaced thermal states
po,ns (target absent, Hy) and p ; p (target present, H;), where x ~ P (- Egea) ODEYS
a (generalized) y? distribution with &gea = kNs(Ns + 1)/2(kNs + Ng + 1). Here the

probability density function for the y? distribution parameterized by ¢ is given by

M-1=x/28)

_—, 39
Qe T (M) 39

PO (x; ) =

where I'(M) = (M — 1)! is the gamma function. This leads to the error probability per-

formance limit

+c0
Pen= [ dvP™ ) Pulpons. o is), (3.10)
0

where Py is the Helstrom limit [[S8-60]]

1 1
Py (p1,02) = ) (1 - ETT [lo1 —Pz|]), (3.11)

in the case of equal prior probability. As shown in Ref. [[123], even though the exact
solution of Eq. (3.10) is challenging, we can obtain lower (LB) and upper bounds (UB)
for the error exponent rc,p = — limy, o In (Pcsp) /M. The upper bound can be achieved
by approximating p ;  as a coherent state and pg y, as vacuum. In the respect of the
asymptotic analysis, the Helstrom limit approaches Py (po, Ns» PR, E) ~ e~ */4, which—
combined with Eq. —gives the upper bound rgg) = 2¢. On the other hand, a lower

bound of the conversion module performance can also be obtained as [[123]]

KB = 2g (Vs + 1 yNs ). (3.12)
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Figure 3.3: Behavior of r(C]:B )/ rcs as a function of log,, [Ny (1 — 1/G)] with amplification and
ideal signal and idler detection, for different values of log;, Ns, given Np = 1250 and « = 0.01.
Ng = {101, 109, 1071, 1072, 1073, 10_6} from bottom to top, as indicated by the labels on top of
the curves. The plot indicates that the amplification stage provides a factor of advantage greater
than 2 (as indicated by the horizontal dashed line) for a range of relevant parameters. This is due

to the robust compensation of noise effects achieved by amplifying, as demonstrated by the
vertical dashed line at Ny (1 — 1/G) = Np.

In comparison, the optimal classical case, achieved when a coherent-state with mean pho-

ton number N is sent to the target, has the error exponent

res = kNs (VNg + 1= YN3) . (3.13)

(UB) _, (LB)

In the Ng <« 1 and Np > 1 limit, one finds that r, oD

pases ~ 4rcg, which achieves the

optimal advantage.

3.5 Practical microwave detection scenario

Regardless of the technology or setup employed, non-idealities or imperfections will al-
ways exist in practical systems, affecting their performance. To mitigate this, we propose
the use of a pre-detection amplifier, which can compensate for additional coupling loss.
Our results demonstrate that this approach can effectively improve the performance of

binary hypothesis testing and enhance the accuracy of state discrimination.
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Before detection, the returned mode is amplified using a quantum amplifier, leading

to the amplified mode

as = VGag + VG - 1dl, (3.14)

where <a€,av> = Ny is the mean photon number of the amplifier noise mode. The ampli-

fied a4 and the idler a; modes share the CM

(2N, + 1)I Vi2RZ
Var = ) (3.15)

V12ZRT (2NS + 1) I
where

Ny = <aZaA>
=G [kNs + Ng+ (1 - 1/G) (Ny + 1], (3.16)

Vio =2+4/GkNg (Ng + 1).

Microwave amplifiers with gain G ~ 100 and excess noise of Ny ~ 10 photons have been
successfully utilized in various microwave QI experiments [10]. Additionally, supercon-
ducting quantum computers employ microwave quantum-limited amplifiers that exhibit
added noise levels of about half a photon [1]]. The behavior of such experimental systems
can be accurately described by the phase-insensitive linear amplifier model presented in
Eq. (3.14).

It should be noted how, comparing Eq. (3.15)) with the one without any amplifica-
tion Eq. (3.4)), the performance lower bound Eq. (3.12)) applies also to the case with the
amplifier, as long as one replaces the parameters k — Gk and N — N4 — GkNy. Further-
more, we see that if (1 — 1/G) (Ny + 1) < Np, the performance of the conversion module
does not change asymptotically. This is verified in Fig. via calculating réLB) [rcs VS

D

log,;, [Ny (1 — 1/G)], where the factor of four (6 dB) advantage is seen at the Ny <« 1
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limit.

The same analysis can also be applied to the non-ideal scenario of imperfect hetero-
dyne detection of the amplified mode and imperfect idler detection. Heterodyne detection
efficiency in the microwave regime typically ranges from 40% to 70% depending on the
input power. However, in the scope of our analysis, 1g represents the overall channel
efficiency, which is dependent on the specific experiment and may be much lower, with
realistic values around 10% or even less (down to 1%).

For simplicity, we assume the non-ideal heterodyne detection to be symmetric in the

quadratures, resulting in the input-output relation

ay = \nsas + 1 —nsag,, (3.17)

where we set <a2] aEl> = Ng,. By performing the analysis through channel composition

[see Egs. (3.3), (3.14), and (3.17)], one can obtain

ay = e VnsGkas + /1 —nsGka,
Vi1sG (L= Kag + s (G — Dal, + \T-7sar, (3.18)
V1 -nsGk ’

a=

with [a, zﬂ] =1, and

GNp+ns (G-1)(Ny+ 1)+ (1 —ns)N,
<ZlT6~l>: nsGNp + 15 ( )(Ny + 1) + (1 —ns) B (3.19)
1 —nsGk
With this composition, the channel is now characterised by the parameters
k = nsGk,

1 =g (3.20)

Ng - nsG|Ng+ (1 -1/G)(Ny + 1) + G Ng, |.
UN
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If we combine this reparameterization with an imperfect idler detection

a; = \ma; + 1 —nag,, (3.21)

with <a22aE2> = Ng,, the CM of these two non-ideal modes a);, and a; can be expressed as

(2N, +1)I  Vi,RZ
V), = , (3.22)

VLZR" (2N + 1)1
where we call

I —ns
nsG

NA:T]_QG[KNS +NB+(1—1/G)(Nv+1)+ NE1:|’

Vi, = 24/nsn,GkNs (Ns + 1), (3.23)

, 1-
N, =, (NS + UINEZ).
i

It is worth noting how the dominance of N, by N in Eq. (3.23) suggests that excess noise

from the electronics may not play a significant role.

3.6 Correlation-to-displacement conversion in practice

Since the procedure has been extensively discussed in Ref. [[123]], we will not delve into

it in this paper. By heterodyning mode a/;, one obtains

Vi = QE + )1,
nsniGkNs (Ns + 1) (3.24)
N, +1 ’

E' =N, -
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Correspondingly, with measurement result Xg = (¢, pH)T, the mean of the non-ideal

idler becomes

= _ \/USUIGKNS (Ng + 1) qnicosf + prsinf
T N, +1

(3.25)

qn sin6 — prcosf

With the imperfections in consideration, the distribution of the measurement outcomes is

given by

oxp (_‘*(l%ljl)) (3.26)

p{Fn) = am (N +1) ’

from which the distribution of M,, = (¢n,, +ipn,,) /2

Ml
(-4

p(Mn) = n(Ny+1)

(3.27)

Finally, by utlizing the displacement conditional on the heterodyne measurement result in

the idler complex plane

_ nsmGxNs (Ns + De’ My
- N, +1

dm , (3.28)

we can express the total displacement of the collective idler mode at the output of the

programmable beam splitter array, through a change of variables, as

M M
drlP = D lda =€) 2z~ N (O, D),
m=1 m=1

_ NsmGkNs (Ns + 1)
2(Ny+1)

(3.29)

3
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Figure 3.4: Black lines represent the ratio r; [ /rcs as a function of log;, Ns, purple ones

rgg) /rcs, dashed gray for the QCB (see chapter 2), and blue ones r(Cl\éD/ rcs, where rgé is

obtained by applying the substitution Eq. (3.20). (a) Ideal return detection, no additional signal
loss s = 1 and therefore no amplification needed, G = 1. (b) Lossy return detection g = 0.1,
assuming pure loss Ng, = 0. We apply quantum-limited amplification of G = 100, Ny = 0. (¢)
Ideal return detection s = 1, and noisy amplification G = 100, Ny = Np at room temperature.
(d) Lossy return detection 175 = 0.1 with noise Ng, = Np at room temperature. We apply noisy
amplification G = 100, Ny = Np at room temperature. The lower bound of the C-D module
consistently aligns with the QCB.

where N (0, 1) denotes a Gaussian distribution with zero mean and unit variance. In
the following sections, we will make extensive use of the parameter &, which plays a
critical role in our analysis. We note that |d;|* satisfies the y? distribution Eq. (3.9), with
mean 2M¢ and variance 4M&?. Furthermore, Eq. (3.24) can be conveniently rephrased as

E =N, -2¢.

3.6.1 Performance limits of the conversion module in practice

The comparison between the error exponent of the C:D module [see Eq. (3.12)) and that
for the upper bound, which is within the text] and the one obtained from the Quantum
Chernoff Bound (QCB) (see chapter 2 for further details) can be seen in Fig. [3.4] showing
that even in the worst case scenario of lossy amplification and imperfect detection, there

is a factor of 2 improvement compared to the classical case Eq. (3.13). Furthermore, it is
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Figure 3.5: The impact of losses and gain on two scenarios: (a) a cool case with Ny = Ng, = 0.1
(corresponding to T's = 100 mK) and (b) a warm one with Ny = Ng, = Np (corresponding to
Ts = 300 K). The other parameters are fixed at Nz = 1250, x = 0.01, Ny = 1073, and nr=1q=aGe.,

we assume the idler is ideally stored). Solid lines represent the ratio r(CL;;) /rcs as a function of the

gain log,, G, for different values of ns (visible in the legend); dashed lines rg\g)/ rcs, where rgé is
obtained by applying the substitution Eq. (3.20). Amplification is not necessary in a cool
environment (a), but it is crucial in practical cases characterized by warm environments (b) where
ns < 1/2: only through amplification can a factor of 2 advantage be achieved.

worth noting that the lower bound of the conversion module consistently exhibits a close
alignment with the QCB.

The plots in Fig. provide evidence for the importance of an amplification stage
in the microwave domain, where losses from detection may be challenging to overcome.

It compares the ratio rB /rcs with rg\g) /rcs versus log,, G, in two different temperature

C-D
conditions (cool and warm). It can be seen that amplification is not necessary in a cool
environment, but it is crucial in practical cases characterized by warm environments where
ns < 1/2: only through amplification can a factor of 2 advantage be achieved, with

the emergence of an optimal value of G. In the later part of the paper, we will refer to

the parameter setting above as either the ‘cool case’ or the ‘warm case’, referring to the
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processing temperature of the returned signal.

3.6.2 Kennedy receiver

Let us now study the performance of the C-D module in the case of a specific detection
scheme of the conditional idler state. A simple idler’s detection scheme is the classical
Kennedy receiver, described by the set of POVMs I1 = |0)(0] and I1; = 1 —I1y, where 1 is
the identity operator and |0){0| represents the absence of a photon. The receiver operates
in the on/off mode and distinguishes between the presence or absence of a photon.

A practical approach to implement such a receiver is described in Ref. [6], where
the authors introduce a method based on a photo-current and photo-counting discrimina-
tor. While the calibration and measurement of every parameter in their system are rather
complex, the basic idea is to use a dispersive qubit to read out single photons in a regime
where the probability of having more than one photon is low.

We present a simple approach that provides useful insights and motivates the adoption
of a Kennedy receiver, but we will not employ it for our analysis. In the limit where the
number of signal photons Ny < 1 is low, the receiver (neglecting experimental limita-
tions) accurately selects |0) as the measurement outcome. However, the uncertainty in the
decision arises from the fluctuations in the coherent state |@). When the least probable
classical situation py = p; = 1/2 is considered, the error probability can be calculated
as [123]]

1 1 e
De = 3 (a|l11 |a) = Ee ~ 2Py = Pg ~ 2Pc.p, (3.30)

when |a] > 1 [see Eq. (3.10)] .

Nevertheless, the idler photon counting formula Eq. only considers the ideal
case of vacuum versus coherent state. To account for deviations from this ideal scenario,
we introduce a Kennedy receiver that attempts to discriminate between two differently

displaced thermal states at finite Ng. In the P-representation, the two density operators to
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be distinguished are described by [S0]

pm (6) =

4B [_W
exp

c Nt

- 5'2] BB (3.31)
Nr

where 6 = {O, \/}} is the phase-space displacement, and Ny = N; — {0, 2£} represents
the average number of photons produced by thermal noise, with N; and ¢ defined in
Egs. and (3.29), respectively. The error probability can then be calculated using
the two POVMs as

Pe = poTr [I1ipy (0)] + pi Tr [T ()]

= po {1l = Tr [Hopwm (0)]} + pi Tr [Hopw (@)] ,

(3.32)

where Tr [ITpp., (6)] = exp (—ﬁ) / (N7 + 1) [see Eq. (E1) of Ref. [[125]]]. Applied to our

Nr+1

case, the least classical probability situation py = p; = 1/2 yields

1 eXp (_ N;+)IC—Z§ ) 1

e==|1+ - . 3.33
Pe=3 N +1-26 N +1 (033)
Finally, the error probability of the Kennedy receiver is given by
—+00
Pe= [ dxP (o). (334)
0
with PM (x; &) given in Eq. (3.9). In other words
1 ) 1-M
Py = (1 + — ¢ ) + N;|. (3.35)
2(N;+1) N +1-28

While we have adopted the Kennedy receiver in this work, it is worth noting that further
performance improvements can be achieved by optimizing the displacement amplitude

and consider the improved Kennedy receiver [[132].
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Figure 3.6: Comparison of the error exponent ratio r/rcs between the C-D module and the PCR
[see Egs. (3.12), (3.37), and (3.13)), respectively] as a function of log,, Ns and log;, N. The
other parameters correspond to the ‘cool’ case and are set to: Ny = Ng, = Ny, = 0.1
(corresponding to T's = 100 mK), Ng, =4 X 1071 (corresponding to 77 = 10 mK), G = 100,
Gpcr = 2,175 = 0.1, and 57; = 0.9. The red circle represents the parameters used in Fig. The
C-D module possesses clear better performance, as stated by the wide yellowish areas.

3.7 Performance benchmarks

In order to assess the performance of the C-D module, we compare it with a classical
benchmark based on coherent states and homodyne detection. The error probability of

homodyne detection is given by [134]

P = ! erfc KMNs
E.homo = 7 V22N; + 1)

where erfc[z] = (2 / \/ﬁ) fz " dte ™ is the complementary error function.

) (3.36)

Besides the classical scheme, we also benchmark with known practical receivers for
QI such as the PCR scheme [54}[123]], whose error probability in the QI scenario is simply

given by
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Pgpcr = % erfc ( \/RPCRM) ,

i

4
) -1
+41/2 + 2GpcrNvier |

Recr = = [2N] + (Gper = 1) (2N} + 1) (N} + Ny, +2) (3.37)

where y; is given by Eqgs. ((3.53)), and Gpcr and Ny, correspond to the gain and mean
number of added photons of the phase conjugator, respectively. Fig. [3.6] shows a com-
parison between the performance limits of the C:D module and PCR in terms of error

exponents [see Egs. (3.12) and (3.37)), respectively]. Although we only present the per-

formance analysis for the cool case of return signal processing, it is noteworthy that the
C-D module exhibits superior performance compared to the PCR, as evidenced by a sig-
nificantly larger region of parameter space with better performance, as indicated by the
yellow coloration.

The scaling of major error probabilities with the number of copies M is shown in
Fig. for both the warm and cool cases. Note that the parameter setting of Fig.
corresponds to the red dot in Fig. Specifically, we focus on the performance of the
C-D module with Kennedy receiver (red lines), which is almost comparable to that of
the QCB (blue) and outperforms any other practical scheme considered. The saturation
of the C-D performance is due to the on-off detection of Kennedy receiver, as we will
resolve in Sec. 3.8l We also present the comparison to the Nair-Gu lower bound [96]
(light gray), which shows similar scaling of the QCB. In Fig. [3.6] the dashed curves are
the performance curves of the receivers assuming all equipment become ideal, instead the
solid curves where imperfections are considered (the same color coding of the curves are
adopted for both dashed and solid, as indicated by the legend). To provide a comparison
between the C-D module equipped with an on/off Kennedy receiver and the PCR, Fig.

presents the error probability ratio 1og,, (Pr/ Pg. homo) for the cool case, where M is chosen
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Figure 3.7: Error probability as a function of the number of copies M in both the non-ideal (solid)
and ideal (dashed) case. The non-ideal case is characterised by: Ng = 1073, Ng = 1250,

Ng, = 4x 107! (corresponding to T; = 10 mK), x = 0.01, G = 100, s = 0.1, ; = 0.9, and
Gpcr = 2. (a) Cool case with Ny = Ng, = Ny, = 107! (corresponding to Ts = 100 mK), (b)
warm one Ny = Ng, = Ny, = 1250 (corresponding to T's = 300 K). Dashed lines are the
performance for each solid colored curve in the ideal scenario (175 = 1; = 1 and no amplification
G = 1). The horizontal dashed line marks PE homo = 0.05.

such that the homodyne error probability is fixed at Pg pomo = 0.05. As shown by the wide

dark area, the C:D module clearly outperforms the PCR in the Nz > 1, Ny < 1 parameter

regime.

3.8 Enhanced performance with number-resolving detec-
tion

So far we have adopted the Kennedy receiver with on-oft detection, which leads to the

saturation of error probability (red lines) in Fig. at large M. To obtain better perfor-
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mance, in this section we generalize the Kennedy receiver to a photon number resolving
detector (PNRD) on the idler.

As already analyzed, the decision between the presence or absence of the target is
equivalent to discriminating between two states of the final idler mode after the beam-
splitter array: the thermal state po x; when the target is absent, and the displaced thermal
state p . p wWhen it is present. Recall that N; is defined by Eq. (3.23), £’ by Eq. (3.24),
and x is a random variable associated with the results of M heterodyne measurements on
the return modes, distributed according to Eq. (3.9), with & given by Eq. (3.29). With a
PNRD detection, we can now compare the photon number probability distributions for
the two hypotheses: pﬁ,o) = (nlpo.n; In) and pﬁ,])(x) = (n|p 5 g In). The presence of the
target is declared when the outcome of the photon number measurement is greater than a
predetermined threshold value, n > np > 1.

To prepare our analyses for the ROC curve, we consider the false alarm probability

Pr and the detection probability P, for a fixed decision threshold np as

P

D lpoy; Iny, (3.38)

n=np

Y[ arr i, (339
0

n=np

Pp

where we average over the random variable x.

The evaluation of P is simple and one has

N; )

Pr(np) = ( N (3.40)
1

while that of Pp is more involved. We start by using the following result for the photon
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Figure 3.8: Comparison based on the error probability ratio log,, (Pg/PE, homo) between (a) the
C-D module (equipped with an on/off Kennedy receiver) and (b) the PCR [see Egs. (3.33)., (3:37),
and (3.36)), respectively] vs. log;( N5 and log;, Np. The value of M is selected to set
PE_homo = 0.05. The other parameters correspond to the ‘cool’ case and are:

Ny = Ng, = Nypep = 0.1, Ng, =4 x 107!, G = 100, Gpcr = 2, 75 = 0.1, and 5y = 0.9. The red
circle indicates the parameters used in Fig.[3.7] As shown by the wide dark area, the C-D module
outperforms the PCR.

statistics of a displaced thermal state for a given x

, (3.41)

exp(—ﬁ)( E )L[ x

E+1 \E+1 CE(E + 1)

where L, [-] is the n-th Laguerre polynomial. Next, one can perform the average over
the probability distribution Eq. (3.9) to obtain the average photon number probability
distribution when the target is present

(E/ + I)M—n—lE/n
(E"+1+26)M

P (M; &) =
o (3.42)

X F1|M, —n, 1, — ,
T TEE 128

where ,F (a, b, c, ) is the Gaussian hypergeometric function. Consequently, the detec-
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tion probability Pp (np) can be exactly determined as

np—1

Po(np)=1->" B\ (M; ). (3.43)
n=0

3.8.1 Bayesian error probability

To begin with, we consider the symmetric error P = (Pr + 1 — Pp)/2 and evaluate the
performance. Here the results are similar to that of Ref. [22]]. This is because, given
the choice of photon counting, random phase does not change the performance anymore.

From Egs. (3.42)) and (3.40)), we have the error probability P as a function of the thresh-

old np. We compare this optimal decision strategy with a variable threshold np, and

quantify the error of probability using

. 1 np—1
Pl =5 [1 = D 7 CM; f)], (3.44)
n=0
where the function
Ny
Ya(M; &) = —————
(v;+1) (3.45)
’ M-n—1gm )
B (E"+1) E E M. - 1, - 2¢ .
(E"+1+26)M E'(E' +1+2¢&)

Although the above equation is exact, to enable efficient numerical evaluation in all pa-
rameter region of interest, we further make an approximation at the M > 1 limit and

obtain

m

N;
Yn(M; &) = ————

n+1
(N; +1) (3.46)
E" , 2M
(E"+ )" E'(E"+1)
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The precision of such an approximation is sufficient for our evaluation, as verified in
Ref. [22]. The optimal performance is then given by a minimization of the error proba-
bility over the threshold np,

(opt) _ - (np)
P&n = min P (3.47)
np>1

Note that PSBD = Pk [see Eq. (3.39)], as expected.

Fig. [3.9] shows the results of our analysis, using the same parameter values as in
Fig. We observe that the optimized approach (orange) produces results that are com-
parable to those of the non-ideal QCB (blue). Specifically, the irregular trend in the data
is well described by a variable threshold decision strategy approach, which is represented
by the dashed lines in the figure. Our findings suggest that the optimized approach can
effectively discriminate between the two states of interest, even in the presence of noise

and other imperfections.

3.8.2 Receiver operating characteristic
Conversion module and photon-number resolving detector

Let us now analyse the performance of the C:-D module within the Neyman-Pearson
framework, using ROC curves. In this approach, a chosen false alarm probability Pg
is fixed, and the goal is to maximize the detection probability Pp. By gradually reduc-
ing the threshold value np from a high (ideally infinite) value to zero, a concave ROC

curve can be obtained, plotting Pp versus P, starting from Pr = Pp = 0 and ending at

To gain a clearer understanding of the behavior of the ROC curve, we derive an an-
alytical expression based on a Gaussian approximation. When x > 1, the probability
distribution pS"(x) Eq. |j can be represented by a Gaussian distribution with mean

(n(x)) = E’ + x, and variance o2(x) = <n2(x)> —m(x)Y? =E?+E +xQE’ +1). Asare-
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Figure 3.9: The saturation of the red line in Fig. suggests an improvement, following the lines
of Ref. [22], where a variable threshold decision strategy approach has been used for asymptotic
analysis. The red curve reproduces the usual Kennedy receiver corresponding to the fixed
threshold np = 1. The dashed grey lines corresponds to the case of fixed, increasing values of np.
The orange line gives the optimized result in which np is adjusted according to M, and therefore
to the two states to be discriminated. This latter approach yields results comparable to those of
the non-ideal QCB (blue). Parameter values are the same as those of Fig.

sult, in this limit, the average probability distribution Eq. (3.42)) can also be approximated

by a Gaussian distribution with properly averaged mean and variance, and we have

P (M; €) ~

_\2
exp [—%} , (3.48)

1
\2no2
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with

n = E +Xx
= E' +2M¢, (3.49)
o} = E*+E +xQE +1)+0°
= E?+E +2M&QE+2E +1), (3.50)

taking into account that the distribution Eq. has mean X = 2M¢&, and variance 02 =
4ME*. A necessary condition for the validity of such a Gaussian treatment is that X =
2M¢ > 1. By using the Gaussian approximation Eq. (3.48)), and eliminating the threshold
np with the aid of Eq. (3.40)), one gets the following approximate expression for the ROC

curve of the C-D module

I 1| logP
Pp(Py) ~ = erfc Il (3.51)
2 o V2 log(%)
T+

This approximation provides a satisfactory description of the ROC curves for moderate
values of Pp and Pr as long as 2M¢ > 1. Although the average probability distribu-
tion pf}) (M; &) resembles a Gaussian distribution around the peak centered at its average

value, it decays exponentially, not Gaussianly, for Pr — 0 = Pp — 0, i.e., np — c0. As

aresult, Eq. (3.51)) tends to underestimate the value of P, for high threshold values np.

The ROC curve in the case of the PCR

As discussed in chapter 2 (see also Ref. [127]), when M > 1, the photo-count difference

of the PCR, N = N, — N_, according to the central limit theorem, follows a Gaussian
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Figure 3.10: Comparison of ROC curves. The red line shows the performance of the C-D module
with a PNRD; the black one that of the PCR given by Eq. (3.57); the dashed light gray line
depicts the performance of the Gaussian approximation of Eq. (3.51); the full dark grey line gives
the non-ideal classical benchmark [using Eq. with dpcr — dcs plus Eq. (3.20)]. The
parameters used are the same as in Fig. and [3.8] (indicated by the red dots there), with
M =69 x10".

distribution with a probability density for the two hypotheses

€X 5
p 2M0'0/1

\ IZHMO'%/I

where the two mean values 1,; and the two variances 0'3 -

3 (n—Myo/l)z]

Py, (nlHopt) = (3.52)

The discrimination between two Gaussian distributions with different means and vari-

ances can be obtained by using the extended van Trees approximation [119], and it can be
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expressed in terms of the auxiliary function

1-s s
oy 0y

\/SO'(Z) +(1-s)0?
X oxp Mo — 1)’ s(1=5) ’
2[3‘0’% +(1-y) oﬂ

where s is a threshold parameter. The false alarm and detection probabilities are then

u(s) =1In

(3.53)

respectively given by

1 -
PF = Eerfc A /? ,
(3.54)
1 -
Pp=1- Eerfc[(l ) 'L% ,

where ji(s) = d*u/ds>.

However, one can get a simpler and clearer expression by taking into consideration
that the variances for the two hypothesis, o5 and o7, are nearly identical for the typical
parameter values in a microwave QI experiment, that is, when x < 1, Ny <« 1, and

Np> 1.

2 2
O-l _0-0 ’
0_2 = nSG(GPCR — 1)KNS [2N1 +1+ 27]1 (NS + 1)]

0 (3.55)
-1
X [N; + (GPCR — 1) (2N; + 1) (N;X,K=O + 1) + GPCRNVPCR] s

which scales as kNg /Ny < 1 when N >> Ns. As aresult, one has ji(s) = Muj/o = dieg
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in Egs. (3.54), which can be rewritten as

1 1 (1 d
Pr = —erfc [— (ﬂ + ﬂ)] ,

2 V2 \deer 2 (3.56)
Pr N Ve \deer 2]

where we introduce the new threshold parametrization as Innp = (s — 1/2) dIZCR. By elim-
inating this threshold parameter, the analytical expression of the ROC curve for the PCR
can be obtained as

1 d
Pp = zerfc [erfc—‘ (2Py) — ﬂ] (3.57)

V2
where erfc™!(z) is the inverse of the complementary error function. We notice that the
ROC curve for the PCR is analytically identical to that of the optimal classical bench-

mark of using coherent states and homodyne detection. Both have the same form as in

Eq. , but the replacement dpcg — dcs = 2 VMkNs [ (2N + 1) [127].

Fig.[3.10|presents the behavior of the ROC curve for the C-D module in both warm and
cool cases, considering losses and amplification in the detection scheme. The results are
compared to the corresponding Gaussian approximation Eq. (3.51)), the PCR Eq. (3.57),
and the non-ideal classical benchmark [using Eq. with dpcg — dcs and Eq. (3.20)],
all obtained under the same experimental conditions.

When the Neyman-Pearson decision strategy is considered, it can be observed that the
C-D module exhibits excellent performance in both the cool and warm cases. In particular,
its ROC curve is significantly larger than those obtained with the PCR and the classical

approach for the same experimental conditions.
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Synthesis of Entanglement

The aim of this chapter is to introduce the spin system and important definitions that will
be used throughout the thesis work. Specifically, Sec. .| covers quantum entanglement ,
which plays a fundamental role in many aspects of the rest of the chapter.

Sec. discusses the generation and properties of photon states, mainly qubit repre-
sentation, which are used in many protocols and enter into the description of quantum W
state which we will study in the following. Mainly focusing on the W state generation
circuit QED setup.

Sec.[d.5]also introduces the spin system, which is used to represent the qubit and used
in many body system particularly generation of W state. Finally, Sec. 4.6] explains the
generation of W state atom-photon interaction in the Dicke model cavity QED setup. For
readers interested in more details, references and books on Dicke model, synthesis of
W state in quantum computer and quantum information theory and quantum optics are
provided.

The rest of the chapter discusses the W state that has been generated successfully and
the various proposals that have been made for its synthesis. The preparation of entan-
glement is therefore a central objective of quantum information theory (QIT). Recently,

several methods for producing entangled states have been proposed, including nuclear
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magnetic resonance (N MR), parametric down-conversion, cavity quantum electrodynam-
ics (QED), single-photon interference, and ion trap techniques. This chapter focuses on
two different W state generation setups, specifically circuit QED setup [[61,143]] and Dicke

model cavity QED setup [48),66].

4.1 Quantum Entanglement

In quantum mechanics, quantum entanglement arises when two or more particles become
interconnected to the extent that the state of one particle immediately influences the state
of the others, regardless of their spatial separation. Entangled particles, like photons,
electrons, or atoms, exhibit interdependent properties, making it impossible to describe
one particle’s state in isolation from the others. This phenomenon has garnered significant
interest due to its profound implications and practical applications in quantum computing,
quantum communication, and quantum cryptography. It challenges traditional notions
of particle independence. Many studies are still being conducted on the existence of
entangled, inseparable states, especially in relation to quantum information theory and
the EPR paradox [35,63]]. This phenomenon can be seen in correlation experiments, such
as those involving the Bell theorem, which states that classical correlations cannot account
for the probabilities of outcomes obtained from specific quantum states when measured
properly.

In Chapter 2, we explored the continuous variable theory and its applications in vari-
ous areas involving entanglement. Now, in this chapter, our focus shifts to discrete vari-
able entanglement theory. The fundamental challenge in quantum entanglement theory
is identifying which states are entangled and which are not. Few situations provide a
straightforward answer to this question. Pure bipartite states represent one of the few
cases where the scenario is relatively simple. In the case of a bipartite pure state, a state

is considered entangled if and only if it cannot be expressed as the product of two vectors
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corresponding to the Hilbert spaces of the individual subsystems. That is, as the smaller
of |lP>AB S HAB = HA ®HBI
)ap = |¢)a @ ). 4.1

The vector [¥)4p is written in any set of orthonormal product basis { [e) ® |e)} },

ds—1dp-1

Whas= ). D Ables ®les, (4.2)

m=0 n=0

It becomes a product state if and only if the coefficient matrix can be factorized AY =
{ A‘,ﬁn } is of rank 1. In general, the rank r(|¥)) < k = min[dg, dg] of this matrix is called
the Schmidt rank of vector ¥ and it is equal to either of the ranks of the reduced density
matrices p;, = Tra[|P)ap(P] and py = Trp[[¥)aps(P[]. The vector takes the Schmidt

decomposition,
r(I¥)

Woap= Y C; L), ® Y, (4.3)

=0
In this case, the nonzero singular eigenvalues of matrix A,,, are represented by the positive
numbers C; = \Pj» where p; are the nonzero elements obtained from the reduced den-
sity matrix’s spectrum. Quantum entanglement remains unchanged regardless of product
unitary operations U, ® Up. In a pure bipartite state represented by a projector |W¥) (Y|,

the coeflicients C; are the only parameters unaffected by these operations and determine

the entanglement of a bipartite pure state.

4.2 Density Operator

In the case of a mixed state, i.e., with purity less than one, one has to use the density

operator formalism. The density operator representing a set of states and probabilities
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{¥i, pi}is
p= ) P¥XT (4.4)
i=1

If the state of a system is known exactly, we say it is pure state. This is a state where a
single p; = 1, and all others are zero. This means that the density operator for a pure state

/) can be written as

p = )l (4.5)

This is a projection operator, so in the case of a pure state, the density operator satisfies
p* = p. A mixed state is a collection of different pure states, each occurring with given

probability.

4.3 Entanglement Entropy

In Eqn, (4.3), the Schmidt decomposition theorem is an extremely helpful tool to find
the entanglement entropy for the subsystem. Assuming we have a system AB in a pure
state ['), given by the Schmidt decomposition of Eq. (4.3) we can evaluate the so-called
entanglement entroy S 4, coinciding with the von Neumann entropy of the reduced density

matrix of system A and B

Sa=-) CllogC?, (4.6)
J

The entanglement entropy iszero for unentangled states and maximal when all the C;

are equal, it is convex: S 4,ua, <S4, + 54,

4.4 Qubit representation

In Chapter 2, we explored number states in coherent states and two-mode squeezed states

derived from harmonic oscillators photon number state |n). Similar to classical bits (0 and
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0) — L2(|0> +[1)) = [0) '
B

Figure 4.1: Beam Splitter

1), qubits are fundamental units in quantum computing and quantum information theory.
Qubits, also known as quantum bits, can exist in states analogous to |0) and |1) photon
path or polarization states and two level spin system | T) and | |), akin to their classical

counterparts [98]. The representation of qubits are:

1 0
y=| 1,10) = 4.7)

Qubits, in contrast to classical bits, are capable of existing in superpositions ) =
a|0) + B|1), where |a|* + |8]*> = 1 and simultaneously representing 0 and 1. In Fig.
superposition states can be created by a beam splitter, a fundamental optical device in
quantum optics. When quantum particles, such as photons, collide with a beam splitter,
a probabilistic process determines whether they are transmitted or reflected. This proba-
bilistic nature allows superposition states to form. Take a single photon incident upon a
balanced beam splitter, for instance. The quantum superposition principle allows a photon
in the state of |0), which is the absence of the photon, to simultaneously be transmitted

(10)) and reflected (|1)) when it comes into contact with the beam splitter. In terms of
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Bloch sphere representation in Fig. this is represented as:

1

Ephoton) = \/§(|O> +|1)). (4.8)

This illustrates how a photon can create a superposition state in which it is simultane-

ously in two different “path encoded” states.

4.4.1 Two-level system

The simplest system that can exist for a single atom is the isolation of two states, which
turns the atom into a pseudo spin-1/2. Then, there are only two states that make up the

basis: |0) and |1). The atomic wavefunction then exists in a superposition.

a

) =al0) +6I1) =1 | (4.9)
B

where @ and 8 are complex numbers that satisfies the |a|* + |8> = 1. More generally, it

exists in some density matrix which is hermitian, positive and with trace equal to one.

Coo Cor
o= , (4.10)
Cio Cn
where for the pure state
la?  ap’
p =1yl = : (4.11)
B 1B

Any non trivial hermitian operator acting on the state for a spin-1/2 particle can be
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described by a combination of the Pauli operators,

0 1
0, = 10)(1] + [1)0] =
1 0
0 i
0y = i (J0)(1] = [1)0]) =
- 0
-1 0
0, = 11| = [0X0] =
0 1

These matrices each have two eigenvectors and eigenvalues +1.

1
lx.) = —=(10) £ |1))

lys) = —=(0) ¥ [i1))

Hl-%

l2-) =10), lzs) =[1).

(4.12)

(4.13)

The way each pair of eigenvectors spans the operator space is similar to how the Pauli

operators span the state space. An alternative method involves connecting these three

sets to a unit-radius sphere’s axes, thereby projecting the state onto it. There is explicit

mention of the sphere’s condition, as shown in Fig. [4.1]

) = sin(g) 10) + e cos (g) 1),

(4.14)

where the spherical coordinate variables ¢ and 6 are defined. The state represented in this

manner is the Bloch vector, and this is the Bloch sphere.
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Figure 4.2: Bell state preparation

4.4.2 Bell state

Quantum gates are utilized to manipulate various physical systems, such as superconduct-
ing circuits and atoms, in order to perform quantum computations [98}[155]]. Leveraging
superconducting circuits enables the creation of maximally entangled states [69,(92]. In

the two-bit context is shown in Fig. .2} this entangled state is referred to as a Bell state.

1
|0*) = — (100) + |11))
\F (4.15)
Py = — (]10) £101)).
=) \/E(l ) =101))

In quantum technology, the use of maximally entangled Bell states has significant advan-
tages [146]. These states, for example, are critical in understanding quantum teleporta-
tion, demonstrating the advantages of entanglement over classical bits. In Fig. 4.2} two
initially independent |0) states are prepared in the direct product state, with the first qubit
undergoing a Hadamard gate operation and the second qubit undergoing a CNOT gate
operation. As a result, the final state becomes maximally entangled. In the case where
Alice measures the first qubit and Bob measures the second, both measurements have a
50% chance of being detected. Even when these qubits are separated by great distances,

such as Alice on Earth and Bob on the Moon, the results of their measurements remain
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Figure 4.3: Bell state Teleportation

the same, Alice strings: 0010110001101011 and Bob strings: 0010110001101011 in the
measurement outcome. In the second scenario, as shown in Fig. @ the unknown state
|V') 1s provided along with an entangled Bell state. These states undergo quantum gate
operations, leading to a final state. Measurement outcomes are determined based on this

process. The initial direct product state [y ),

00} + [1)[1 1
wo={Lﬁl§Lﬁl}®:Fam»+mn)
| 2 2 (4.16)

Y {]0)[0710) + Bl0)|0)1) + 2| HI1)[0) + BII1H[1)}

Action of CNOT gate,

1
) = ﬁ{a|0>l0>l0> + BlO)IO)T) + a1HIDI0) + BT 1)}

= 10)(10)(0) + BI0)1)) + [1)(al1)[1) + B|1)]0))

1 (4.17)
W3) = 1(2l0100) + BI1)) + (all) + BIO))IO1)

+(0) + B10)[10) + (a[1) + BIOHI1T)}.

The Bob’s measurement outcome of [00) occurs with a 25% probability. In Alice’s
case, if the outcome is |00), the unknown qubit is represented as (a|0) + S|1)), and if the

outcome is |01), the unknown qubit is (a|1) + 5|0)). Likewise, the outcomes |00) and |[00)
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Figure 4.4: A circuit to create a perfect W-state involves using the Pauli X-gate and the general
unitary gate U3(6, @, A).

each occur with a 25% probability.
Similarly, we can generate the W state in the three-qubit system’s circuit QED setup.

We will study in the following how to generate W states for spin systems.

4.4.3 W state synthesis

The W-state is a type of multipartite entangled state that is well-known for its ability to

withstand particle loss. The following is the usual expression for the W-state:

W)= > pilln{0h, D lplP =1, (4.18)

Ifp = %W (N is the number of qubits) is chosen, the resulting state is known as the

maximally entangled W state, which is denoted as,

W) = L(|100...0)+|010...0>+...---+|0...001>). (4.19)
VN

The maximally entangled W-state has been successfully created in experimental set-

tings 150] and numerous theoretical proposals 130]. The three-qubit en-

tangled perfect W-state given in Eq. (4.19) has been successfully produced in a variety

of experimental setups as shown in Fig. 4.19] using IBM’s five-qubit quantum comput-

ers 148].
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Figure 4.5: Silver atoms are heated in an oven with a small opening, allowing some atoms to
escape. The emitted atoms pass through a non-homogeneous magnetic field created by pole
pieces.

4.5 Spin system

We discussed photon entangled states and the implications they carry in the qubit repre-
sentation. These entangled states are similar to maximally entangled spin-related qubit
states. The fundamental concept underlying the Stern-Gerlach experiment’s observation
of spin behavior. In Fig.[4.5] a well-known physics experiment used to show how particle
spin is quantized is the Stern-Gerlach experiment. In this experiment, an inhomogeneous
magnetic field produced by a set of magnetic poles is passed through by a beam of par-
ticles, typically silver atoms or other particles with magnetic moments [113]]. The beam
is deflected into discrete, distinct lines as a result of the experiment, suggesting that the
magnetic moments of the particles are quantized and can only have particular orientations.
Important support for the quantized character of intrinsic angular momentum, or spin, in
quantum mechanics was given by this observation.
An atom’s initial wavefunction can be used to write a superposition state,

R

2(I D+ (4.20)

W’spin) = \/—

The Sequential Stern-Gerlach experiment poses intriguing questions. In Fig. 4.6](a)

setup, the remaining particles with S .+ spin component pass through a second S G, ap-
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Figure 4.6: Collapse wavefunction measurement

paratus, while those with S .- spin component are blocked after the first apparatus. As
anticipated, only the S .+ component emerges from the second apparatus. This outcome
is unsurprising, given that without external influences, the spins of atoms are expected to
remain unchanged between the first and second S G, apparatuses.

The setup depicted in the Fig. 4.6](b) adds an intriguing twist to the experiment. In
this configuration, the first apparatus (S G,) remains the same, but the second one (S GX :)
features an inhomogeneous magnetic field in the x-direction. When the S .+ beam enters
the second apparatus (SGX :), it splits into two components: an S ,+ component and an
S .- component, each with equal intensities. One might wonder if this implies that 50%
of the atoms in the S ,+ beam from the first apparatus (S G,) possess both §,+ and S .+,
while the remaining 50% have both S .+ and S ,-. However, this interpretation encoun-
ters challenges, as we will explore below. Moving forward, we delve into a third step,
as illustrated in the subsequent Fig. 4.6] which vividly highlights the peculiar nature of
quantum-mechanical systems.

In this scenario, a third apparatus of the S Gz type is added to the setup depicted in the
Fig.[4.6l(c). Surprisingly, the experiment reveals that two components emerge from this
third apparatus: one with an S+ component and another with an S ,- component. This
outcome is unexpected because efforts were made to block the S .-component after the
atoms passed through the first apparatus. The reappearance of the S ,-component raises the

question of how it could persist despite our previous attempts to eliminate it. The existing
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model, which assumes that atoms entering the third apparatus have both S.+ and §,+
components, is clearly inadequate to explain this phenomenon. This example is frequently
cited to demonstrate the principle in quantum mechanics that we cannot simultaneously
determine both S, and § .. Specifically, when the second apparatus (S Gx) selects the S ,+
beam, it erases any prior information about the S ; property of the particles and it is called
the wavefunction collapses. In Eqn. is similarly to the two spin-1/2 particles (say two

electrons) representation | T) = |s = 1/2,m=1/2)and | |) =|s = 1/2,m = —1/2) are,

1 0
Im=l [.1L=] | 4.21)

4.5.1 Collective spin operators

Quantum optics [24]] and condensed matter theory are extensively studied, particularly in
the context of angular momentum. For a comprehensive understanding of these topics, |
have included references that delve into these subjects [2,28]].

For two spin-1/2 particles (say, two electrons), the total spin operators is usually writ-
ten as

S=8,+5, (4.22)

but again it is to be understood as

S=8501+1®S5, (4.23)

Where 1 is the identity operator in the spin space of electron.
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The usual commutation relations are,

[S 1xs S ly] = th 1z [Slx’ SZy] = ihSZz’ [Sx’ Sy] = thZ

The eigenvalues of the various spin operators are denoted as follows

Szls’ m;) = s(s + 1)h2|S, my),  Scls,my) = mhls,m), (4.24)

Again, we can expand the ket corresponding to an arbitrary spin state of the two elec-
trons in terms of either the eigenkets of S? and S or the eigenkets of S, and S,,. The

two possibilities are as follows,

1) The {m,, m,} representation based on the eigenkets of S|, and S,

|+ +), [+ | =+), [==) or [T, [TL, [1D, L)

| =

where | + —) stands for m; = +

2) The {s, m} representation (or the triplet-singlet representation) based on the eigen-
kets of S? and S.. where S = 1 (S = 0) is referred to as spin triplet. S = 0 is singlet.

s = 1,m = 1) = | T7) tell us that we have both electrons with spin up. This situation
can correspond only to s = 1, m = 1 and apply ladder operator to both side of below
equation.

S_=851-+5,, (4.25)

and

Sls=1Lm=1)=(S-+S521 D (4.26)

In doing so, we must remember that operators like S ;_ affects just the first spin-1/2 and
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S, affects just the second spin-1/2 of particles | TT) and so on. using the C;—Tm coeflicients
of ladder operators and S ,|—) = A|+), S_|+) = h|-) and acting S ,|+) = 0, S_|-) = 0 and

SO on.

Sils,m)y = \/s(s + 1) —m(@m = Dh|s,m = 1). 4.27)

The N-qubit system can be described using a wavefunction for N-spin-1/2 moments,
which are expressed in terms of total angularmomentum states |S;,;, M,,,). The total spin

operators are determined by the sum of the individual qubit operators.

N
$z7=) 0L S, =Si+--+8y, with v=xyz (4.28)
=0

The ladder operators have the greatest effect on states with m close to zero and coef-
ficients ~ S, and the least effect on states that are almost fully polarized and have coeffi-
cients ~ VS. Therefore, bigger spins—or, in the case of an ensemble, more spins—have
a more noticeable effect.

In Chapter 2, we delved into topics such as the second quantized number operator
i = a'a, the qubit representation of photons, and in this chapter add the spin quantization.
The primary focus of this thesis is to generate W states and Bell states within the spin
system. To understand the generation of W states within the cavity setup, it is crucial to
grasp the interaction between atoms and photons in a two-level system. This interaction
occurs within the context of Dicke model in the cavity quantum electrodynamics (QED)

setups.

4.6 Dicke model

In the field of quantum optics [44},117,129], the examination of N two-level atoms (qubits)
interacting with an oscillator holds significant importance. Excitation of the atoms occurs

when the frequency of the oscillator is resonant with the energy difference between the
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two atomic energy levels. The subsequent transition of the excited state to the ground
state leads to the spontaneous emission of light [116]. When atoms (or molecules) are
in proximity, the collective emission of photons is naturally accelerated and more intense
compared to the emission from isolated atoms. The direction of emission is distinct and
depends on the geometry of the sample [19].

The emission of light in each direction is random, resulting in the incoherent cyclic
process of radiation emission. In this context, the radiation field’s intensity, represented
by I, is observed to be proportional to N, demonstrating a linear relationship between
them. However, Dicke introduced the concept of coherent radiation emission when the
frequency of the oscillator significantly exceeds the qubit frequency [30]. This condition
leads to the collective interaction of the ensemble of atoms with the incident radiation
field. The atoms jointly undergo de-excitation to the ground states, resulting in the coher-
ent emission of more powerful radiation, recognized as superradiance.

Within the rotating wave approximation [?,/137], this system is described by the Dicke

Hamiltonian,

Z
tot

+weata+gl8, a' +8, al, (4.29)

tot tot

H =28

where a (a") represents photon annihilation (creation), w, is a cavity mode and S 1or COI-
lective spin operator as shown in Eqn. (4.28).

For a qualitative grasp of the phenomenon of superradiance, envisioning N atoms
collectively emitting radiation in phase is crucial. This cooperative emission results in
superradiance, where the coherent emissions reveal a dependence of I on the number of
atoms as N2. Consequently, the emission rate is amplified by a factor of N in superra-
diance, a characteristic not observed in the typical incoherent spontaneous emission of

radiation.
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Figure 4.7: Cavity QED setup and Spin representation of Bloch sphere

4.7 Two Spin-1/2 particles

For the two qubit system containing one atom in the excited state | T) and the other in the

ground state | |), the initial state is taken to be | | T) as shown in Fig. Consider a pair

of electron 1 and 0.The total spin of pair of electron is 1 and 0. The three states of total

spin 1 is called triplet, the state of spin O is called singlet.

1
SZ=SIZ+ng= iEZI,O.

| =

Now |s = 1,m = —1,0, +1) — three states are triplet |f_; o1):

lt) =Is=1Lm=1)=]1T)

lto) =Is =1,m=0) =

V2
) =ls=1m=-1)=1l]),

and |s = 0,m = 0) — |S) one states is singlet:

[T —11iD]
A

Iso) =ls=1,m=0) =

[T +11D)]

(4.30)

4.31)

(4.32)

Normally four states are available but in our aims to generate the Bell state and W
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state since m, = 0, we can write initial state as superposition of two states,
V) =11lT) =ails=1,m; =0)+ asls =0,m; = 0) (4.33)

It is prepared in such a way that atoms have non overlapping spatial wave functions.
This initial state is in the superposition of the singlet state |sy) and triplet state |¢). It is
then allowed to interact with the radiation field where the triplet part participates in the
radiation process and jumps to the lower energy triplet state. The singlet state does not
couple with the triplet states during the process. It is observed that after a long period
of time there is still a probability of one-half that a photon has not been emitted. When
there is no emission of photons even after a sufficient period of time two atoms resides in
a singlet state and it is impossible to say which atom is in the excited one.

Suppose if we consider the initial state as the triplet state |fy), a state with single
excited atom and the transition probability of this state upon emission of radiation would
be double that for a lone excited atom. Thus the presence of the unexcited atom in this
case doubles the radiation rate. In the event that a photon is detected, this measurement
will cause the spinwave function to collapse into the |¢;) state. On the other hand, when
photon emission is not observed, the system collapses into a singlet state |sy), leaving both

spins entangled. Eq. (4.15) indicates that the singlet and triplet states are Bell states.

4.7.1 Three Spin-1/2 particles

Initially three spin-1/2 particles are
3
S=Si+Sa+Sy=UN. S=5 5 mim= . (4.34)

Given that m, = —1/2 out of the eight states, only three states are accessible. We can

represent the initial states as a superposition of these three states for a system of three
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spin-1/2 particles.

3 1 1 1

1
¥ =111 = a’1|§, —§> + CY2|§, —5, B). (4.35)

1
A) + aszl=, —=
) a/3|2, 5

Starting |%, —%) = | lll), with the given state we aim to identify another state using
ladder operators. These two states are both normalized and orthogonalized. Applying
ladder operators will allow us to find additional states. The lowering operator is connected
to the concept of “collective emission” of a photon, wherein a single atom undergoes a
transition from the excited to the ground state by emitting a photon. However, the specific
atom responsible for the emission remains uncertain.

Now, consider three atoms situated in close proximity (though not close enough to
directly interact with each other), all initially in the ground state collectively absorb a
photon.

ls =3/2,m, =-=3/2) =] ]ll). (4.36)

When a photon is absorbed collectively, the atoms transition to the subsequent state.
ls =3/2,m; =3/2) =| TTT). (4.37)

1 1 1
——,A —,——.B
> >and|2, > )

do not emit photons. However, the two not emitted photon states can absorb photons

3 1 1
The state IE, —5) undergoes photon emission, while the states li’

through interaction with the cavity mode. This is because the reduction of m, values
is not possible, defining them as dark states. This distinction highlights the difference
between a singlet state and a dark state.

In scenarios where the atoms are not freely floating in space but instead interacting
with their surroundings, the state would rapidly decohere, and the uncertainty would be
resolved. If one of the atoms absorbs the photon, the uncertainty arises regarding which

specific atom is involved. In such cases, a single atom, chosen randomly, would be identi-
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fied as the one that absorbed the photon, aligning with everyday intuitive expectations.
However, for the current discussion, we assume the absence of decoherence. In this
context, it is implied that the distance between the atoms is significantly smaller than

a wavelength; otherwise, the expression would be modified.

1 : , ,
|5 =3/2,m. = 1/2) = $[exp'k-”| LD +exp™ U0 +exp™ 11| (4.38)

where k is the wavevector of that absorbed photon and ry,r,, and r; are the atom positions.
It represents a generalized W state. Let’s assume that the atoms are either extremely
close together (much smaller than a wavelength) or precisely spaced at one wavelength
intervals, allowing us to disregard the influence of exponential factors for simplicity.
Under the Dicke condition, this process leads to the formation of the W state with

equal amplitude and phase.

1

Is=3/2,m, = —1/2) = =

[FLD + 1D + 110, (4.39)

when N = 3, this state represents the three spin W state that resembles the Eq. (.19).
Dicke’s original thought experiment was recently reproduced in a lab setting with two
superconducting qubits inside a microwave cavity [12,/95]] . They showed that the spins
together create a mixed state with both dark and bright components by measuring the
density matrix of the released photon. The following succinctly sums up their findings:
Interaction with a shared photon field causes two spins that would otherwise be isolated
to become entangled. An innovative method for creating entangled quantum states in a
lab is presented in this experiment. Increasing the number of spins in parallel to create
highly entangled states with superradiance and subradiance (Dark state) is an extension
of this experiment. From a technological standpoint, it is more advantageous to store

information in the subradiant state and share information in the superradiant state.
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4.8 Many-body Entangled state

We first take the simplest non-trivial initial state [37,[137], |Tl] --- |). This can have only

two S ,,; components:
[Winitiar) = [TL -+ 1) = as=npl¥n2) + @s—njp-1l¥np-1), (4.40)

where [yn/2) ~ PsonpITl - 1) and Wino-1) ~ Psonjp-iltd - 1)

Different numbers of photons will be emitted by each component of this state, which is
indexed by S, [45,46]. Perform a Stern-Gerlach-type measurement, which collapses the
wavefunction, by counting the number of photons emitted. Specifically, the wavefunction

collapses onto the W state observation.

|lPW—State> ~ pS:N/leIlinitiaD- (441)

This is because any permutation of spins in the projection operator itself results in

symmetry. This is evident in construction,

A2
. 8% —S/(S"+ 1)
P _ — tot .

§== l_[ SE+1) =SS + 1)

S/#X

(4.42)

It is symmetric under any permutation of the constituent spins because it only contains
S tor-

We use Ps_s to denote the projector onto states with total spin S,,, = Z. In analogy
with the two-spin problem, |i/y/») is a bright state which will emit a photon and decay to
IS0 = N/2,my,, = —N/2). On the other hand, |yy/>-) is a dark state as it cannot reduce

its my,, quantum number further.
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The generalized W-state as

1 & .
W —stare) = i ; e Ly o LicaTibist -+ Ly)s (4.43)

Every component within the system shares the same probability amplitude, although
the phases ¢, may not necessarily be identical. If all ¢, values are equal, this configuration
corresponds to the familiar W state [34]. However, it’s important to note that there are no
constraints imposed on the values of ¢, in this context. In fact, as we will explore later,
the ¢, values cannot be independently adjusted in many situations.

In the context of the Dicke condition, the projection of the initial state, representing

the equal amplitude and phase Yy, state, can be expressed as follows:

1

\/N(ITll-~~l>+|lTl~--l>+-~~+|ll---lT>)- (4.44)

|LPW—smte> =

This [Ww_guar.) represents the W maximally many-body entangled state.
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Spreading entanglement through

pairwise exchange interactions

This chapter includes content from the following journals: (Theerthagiri, L., Ganesh, R.
Spreading entanglement through pairwise exchange interactions. Quantum Inf Process

22,355 (2023). https://doi.org/10.1007/s11128-023-04104-z)

5.1 Introduction

The synthesis of entangled states is an enduring problem in quantum science.This Thi
requires systematic protocols for transforming a direct-product state into certain superpo-
sitions. To mitigate decoherence effects, any such process must be optimized to min-
imize operation time. This has inspired several studies on time-optimized protocols
[13017,/18,27,149,|136, 141]. At the same time, it is important to ensure scalability. As
quantum devices grow in qubit-number, entangling protocols must be able to operate
within reasonable timeframes. This requires optimization with respect to qubit-number-
complexity (operating time vs. number of qubits). Motivated by these ideas, we consider

the simplest entanglement-spreading task — that of spreading a single excitation equally
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among N participating qubits. We impose a constraint informed by the design of multiple
quantum architectures: this task is to be achieved solely by pairwise exchange interac-
tions. We present three solutions and discuss their scaling with qubit number.

The interest in entanglement spreading can be gauged from the large number of studies
on the W state — a prototypical entangled state where an excitation is equally spread
over N qubits [34] as explained in chapter 4. Many proposals have been put forward
to synthesize the W-state [11,|101] and many experiments have succeeded in creating
it [52,55,68L97]] . The challenge in these protocols can be stated as follows: starting from
an unentangled initial state with only one qubit excited, how can the excitation be spread
equally among all qubits? In this article, we take an approach that is inspired by mancala
games — a family of games with a long history and wide geographical spread [109]. They
are played on a board with pits that contain pieces. In a typical game, a player picks
pieces from one pit and distributes them over the other pits. Here, we have N qubits
that are analogous to N pits. An excitation (an T state or a 1-state) is initially stored
in one qubit, analogous to pieces stored in a pit. The goal of the game is to spread the
pieces evenly among N pits. Below, we describe three protocols to achieve this goal and
characterize their scaling with N.

We assume an architecture where qubits can undergo pairwise exchange interactions.
Exchange interactions have been proposed as a mechanism for designing logic gates [|85]]
and it is explained in chapter 4. They can be achieved in many settings. For example, with
ultracold atoms in an optical lattice, a lattice-modulation can be used to induce an XXZ-
exchange interaction [5]]. The time period and the strength of the interaction can both be
controlled by tuning the modulation. In semiconductor qubits, exchange interactions can
be induced in a similar fashion by tuning tunnelling barriers [[71,91,|102]. Alternatively,
they can be mediated by a cavity-mode [142] explained in chapter 4, where the strength

and duration can be controlled by varying the detuning.
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5.2 Entanglement by exchange

To set the stage, we begin by considering two two-level atoms (qubits), labelled A and B.
They undergo an exchange interaction which entangles them. The degree of entanglement
can be tuned by varying the interaction time, ¢.

We first discuss Heisenberg exchange as it leads to a simple form for the time-evolution
operator. We then generalize to anisotropic exchange of the XXZ type. The results dis-
cussed in subsequent sections hold for the any value of the XXZ anisotropy, including the
Heisenberg limit. A Heisenberg exchange interaction between two qubits is described by
the Hamiltonian A, = J [0“;‘0'5 + ool + 0'?0'5], where ¢’s are single-qubit operators
encoded by Pauli matrices. With the two qubits interacting for time #, the wavefunction
undergoes unitary evolution. The time-evolution operator can be written in various forms.

For our purposes, it is best written as
Uas(t) = "*{ cos(t) 145 — i sin(r) Tap, (5.1)

where time 7 is measured in units of 27/J. The identity operator, iAB, leaves both
qubits unchanged. In contrast, I1, is the permutation operator that switches the states of

A and B. In the S, basis ({171, Tl, 1T, ll}), itis given by
1 000
0010
g = (5.2)

0100

0 0 01

If one qubit is initially excited and the other is in the ground state, the permutation
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operator transfers the excitation from the former to the latter. As seen from Eq. the
amplitude for excitation transfer is sin(¢), while that for retaining the excitation at the same
qubit is cos(?). By tuning the interaction time ¢, the ‘transferred weight’ can be tuned. For
a generic value of 7, the final state is entangled with the excitation spread over two qubits.

We next consider a more general interaction Hamiltonian of the XXZ form,
I:IiB = J[o“;‘af + 0";0'5 + /10'?0'5], (5.3)

where A is an anisotropy parameter. This Hamiltonian leads to the unitary time-evolution

operator,
~ A —i IS A .. a i 2
U,p(t) = e ”/ZP(,A#,B{ cos(?) 14 — isin(r) HAB} + VPP, s, (5.4)

Here, IADUA:(,B is a projection operator onto the o4 = oy sector, where both qubits
are in the same state. In this case, UjB(t) leaves the state unchanged (up to a global
phase). In contrast, P, .., selects states where the qubits are in opposite states. Acting
on such states, U Z (1) exchanges their states with probability amplitude sin(#). If the initial
state had one qubit excited and one in the ground state, the final state will generically be
entangled. The interaction time, ¢, controls the spread of the excitation across the two
qubits.

Before stating the problem of interest, we note that the amplitudes in Eqgs. [5.T]and [5.4]
are periodic in time with period 27. In the following discussion, we always choose the

shortest time that can effect a desired operation.
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5.3 Problem statement

In chapter 4, we explained the N two-level atoms (qubits) in the cavity QED setup. We
consider N two-level atoms and we assume a setup where pairs of atoms can be selected
and made to interact for a specified period of time. For instance, this may involve bringing
two atoms close to one another—at a certain fixed distance and for a chosen time interval.

Initially, the N qubits are in a direct-product state represented as

Winitiar = | Trdads ... L) (5.5)

The first qubit is in the excited state, while the others are in the ground state. This can be
viewed as one quantum of information stored in qubit-1.

The target state is a generalized W-state as seen in chapter 4 given by

1
Vars = = Dl LTl ), (5.6)
j=1

This is a sum of N components, each having the excitation positioned at a different qubit.
Each component has the same probability amplitude, but not necessarily the same phase.
If all ¢;’s are equal, this would be the well-known W state [34]. We do not place any
restriction on ¢;’s here. In fact, we will see below that ¢;’s cannot be independently
tuned.

In the following sections, we propose three protocols that take the initial state of
Eq. 5.5 to the target state of Eq. [5.6l Our arguments hold for interactions of the XXZ

type with any value for the anisotropy parameter, A.
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1 2 3 4
(b) () (d)
1 2 3 4 1 2 3 4 1 2 3 4
1 2 3 4 1 2 3 4 1 2 3 4
1 2 3 4 1 2 3 4

Figure 5.1: Three protocols illustrated for a system with N = 4 qubits. (a) The initial direct
product state with one qubit excited and N — 1 qubits in the ground state. (b) A flying-qubit
protocol where qubit-1 interacts with each of the other qubits in order. (c) A sequential protocol
where pairs of neighbouring qubits interact in succession. (d) A divide-and-conquer protocol
where the system is arranged hierarchically in units of two qubits. At each stage, interactions act
at one level of the hierarchy.

5.4 Protocol with a single flying qubit

We assume that one of the qubits can move freely and interact with each of the others. The
qubit could be a photon or a vibration mode that can selectively couple to static qubits.
In fact, the protocol discussed below was successfully used to generate a generalized W
state with trapped ions in 2005 [55]. In this study, the role of the flying qubit was played
by a vibration mode of a trapped-ion-chain. In the following discussion, we assume that
this flying qubit is labelled as j = 1. We further assume that this qubit is initially in the
excited state while all other qubits (j = 2,3, ..., N) are in the ground state.

We propose a protocol where qubit-pairs interact in the following order: qubits 1 and
2 interact for time #; 5, qubits 1 and 3 interact for time 7, 3, ..., qubits 1 and N interact for
time #; y. Initially, qubits 1 and 2 begin in the state | T,],). As they interact for time ¢, ,,
their state is acted upon by the time-evolution operator of Eq. or[5.4] The resulting

state is (up to a global phase)

cos(t1)l Tidads ... Iy —isin(t )| LiT2ls ... Iw)-
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After time ?;,, qubit 2 does not interact with any of the other qubits. The component
that is proportional to sin(#; ;) remains unchanged in amplitude, although it may accrue a
phase. Therefore, in the final state, the probability amplitude for qubit 2 to be excited is

sin(t; ). Upon comparing with the target state of Eq.[5.6] we must have

1
Sin(l‘l’z) = ﬁ (5.7)

This fixes ;5. Subsequently, qubit 1 interacts with qubit 3 for time #;3. At the start of
this process, the amplitude for qubit 1 to be excited is cos(?;2) = \/% . The probability
amplitude for the excitation to be transferred to qubit 3 is given by a product of two
amplitudes: (i) that for qubit 1 to be initially excited and (ii) that for the excitation to be

transferred during the interaction. This is given by

N -1 1
in(¢;3) = —. 5.8
N X sin(t; 3) N (5.8)

We have set the amplitude to 1/ VN in order to match the target state of Eq. As qubit
3 does not interact after this step, it will always retain its amplitude through to the end.

We obtain

Sin(ll,g) = (5.9

1
VN-1

At this point, the amplitude for qubit-1 to be excited is

IN -1 N-1 N-2 N-2
N xcos(t1,3):\/ N X\/N—1: v (5.10)

At the next step, qubits 1 and 4 interact. The amplitude for an excitation to be transferred

N-2 1
N 5 ><sin(t1,4):ﬁ. (5.11)

to qubit 4 is given by
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Figure 5.2: Top: The spiral of Theodorus, constructed as a sequence of right-angled triangles.
Bottom: The n'" triangle in the spiral, with sides 1, vn and Vn + 1.

This fixes sin(t;4) = ﬁ Proceeding in this manner, we find
1 1
sin(t; 5) = ., sin(ty) = —. (5.12)

VN-3 V2

These relations can be gather into a general expression for the j time interval,

fij = sin {1/ /N = j+1}. (5.13)

Remarkably, these time periods have an elegant geometric interpretation. These are angles
within the spiral of Theodorus, a geometric construction known since the 5th century
BCE [26],53]]. The spiral is constructed as a series of right-angled triangles. At each
step, a unit line segment is drawn perpendicular to the hypotenuse of the previous step.
This forms a new right-angled triangle with a longer hypotenuse. This procedure leads
to a sequence of points spiralling outwards. The n™ point is given as (r,,6,) in polar
coordinates. Here, r, = +/n and 6, is a monotonically increasing function of n. For large
n, it is known [26,|62] that 6, ~ 2 4/n, with corrections that are subleading in powers of 7.

Fig.[5.2] shows the angles as they appear in the spiral. The ‘interior angles’, denoted
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as a,’s, are precisely the time intervals given in Eq.
@y =h N, @2 =T N-15 ... QN1 = L. (5.14)

From the figure, it is clear that the interior angles decrease progressively, i.e., @, mono-
tonically decreases with n. We deduce that the time intervals increase progressively, with
o < ti3 < ... < tn. The total process time, excluding overheads such as rearranging

qubits, is given by
N-1
tiying = tip +higt+ ...+ hHy = Zaj =0y = 2\/ﬁ (5.15)
=1

where «;’s are angles as shown in Fig. The sum over «;’s yields 6y, the angular
coordinate of the N point of the Theodorus spiral. In the last step, we have used the
approximate form for 8y when N is large. We arrive at the following result: this protocol
yields a generalized W-state with the operation time scaling as VN for large N. This time

scale applies to the setup discussed in Chapter 4.

5.5 Protocol with sequential pairwise interactions

We next consider a protocol where qubit-pairs interact in the following order: qubits 1
and 2 interact for time #;,, qubits 2 and 3 interact for time 7,3, ..., qubits N — 1 and N
interact for time #y_; 5. Initially, qubit 1 is taken to be excited while all others are in the
ground state. As qubits 1 and 2 interact, their state is acted upon by the time-evolution
operator of Eq. or Eq. A portion of the excitation can be transferred from qubit 1
to 2. At the next step, a portion of the excitation in qubit 2 is transferred to 3 and so on.
Qubit 1 is only modified during the first step. As a result, its final excitation-amplitude

is determined at the first step alone. From Eq.[5.1] or this is given by cos(t;,) — the

118



CHAPTER 5

amplitude for no excitation transfer occurring during the first step. In the final target state,

the amplitude for qubit-1 to be excited must be 1/ VN, so that

cos(t ) = % (5.16)

This fixes time #;,. After the first step, the amplitude for qubit-2 to be excited is given
by sin(t;,) = \/% . During the second step, this excitation may be passed onto qubit-3.
Beyond the second step, qubit-2 remains unchanged. As a result, the final amplitude for
qubit-2 to be excited is given by sin(#; ) X cos(t,3). In the final target state, the amplitude

for qubit-2 to be excited must be 1/ VN, so that

1 1
N cos(ty3) = —= = cos(f3) = ——. (5.17)

VN VN -1

This fixes #,3. Considering each following step in the same fashion, we arrive at

1 1
cos(t34) = ——, ..., cos(ty_1n) = ——=. (5.18)

VN -2 NG

These relations determine all time intervals in the problem, with ¢; j,; = cos™'(1/ m ).
These times are, once again, angles that appear in the spiral of Theodorus. As shown in
Fig.@ they are ‘exterior angles’ denoted as 8,’s. We have 51 = tx_1n, 52 = IN-2N-15 - - -
Bn-1 = 112

From Fig. we see that ’s increase monotonically with n. We conclude that the
time intervals in this protocol are arranged in descending order: #;5, > t,3 > ... > ty_jn-

As seen from Fig.[5.2] 8; and a; form a pair of complementary angles for any j. In

Sec. the total operation time was written as a sum over a-angles. Here, the total
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operating time is

N-1
tsequential =thaoths+...+tIy-in = Zﬁj
=1
p N-1 -
= (V- 1>5—;aj~<zv— D2 -2VN.

We have used the result quoted in Eq. for the sum over «;. We conclude that the
total operating time scales linearly with N in this protocol. This time scale applies to the

configuration described in Chapter 4.

5.6 Divide-and-conquer protocol

The previous two sections present two protocols. In both, an initial excitation in one qubit
is spread over N qubits in serial fashion — through a sequence of exchange interactions that
must be executed in serial order. We now consider a third protocol that allows for parallel
operations. At each step, we consider two qubits. One has a certain probability of being in
the excited state, while the other is entirely in the ground state. An exchange interaction
is carried out to equally spread the excitation-amplitude between the two qubits.

This protocol is particularly suited for N’s that are powers of 2, i.e., N = 2M where
M is an integer. The protocol proceeds through M stages where each stage may involve
multiple pairwise interactions. For illustration, we take the example of 4 qubits (M = 2).
Initially, qubit-1 is excited while all others are in the ground state. During the first stage,
qubit-1 and qubit-3 are made to interact. The interaction time is chosen such that the
qubit-1 and 3 both acquire the same excitation-amplitude. That is, cos(t;3) = sin(t;3) =
1/ V2.

During the second stage, qubit-1 interacts with qubit-2 while qubit-3 interacts with

qubit-4. These two interactions may take place at the same time, in parallel. For each
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to-c
tflying

A 4 tsequential

Figure 5.3: The total interaction time # vs. the number of qubits, N for the three protocols
discussed here. The lines show the approximate scaling form for large N.

interaction, the time period is fixed such that the likelihood of excitation-transfer is equal
to that of excitation-retention, i.e., cos(#;,) = sin(f;2) = cos(t34) = sin(t34) = 1/ V2. This
yields the target state, with each qubit having the same amplitude (1/2) for carrying an
excitation.

For any larger value of M, we have M stages. It can be easily seen that the total number
of pairwise interactions is still N —1, the same as for the previous two protocols. However,
all interactions within a stage may take place in parallel. Each of these interactions takes
place over a time period given by cos(f) = 1/ V2, i.e., t = /4.

If the setup is such that only one pairwise interaction can take place at a time, the
total operating time would be (N — 1)x/4, scaling linearly with N. If parallel pairwise
interactions are possible, they significantly reduce operating time. We have M distinct
stages in the problem, each involving pairwise interactions over a time period of /4. The
lowest time is achieved if all interactions of a stage are performed simultaneously. This
yields a lower bound for the operating time, #,yer pouna = Mm/4. This quantity scales as

M ~ In, N. For the setup covered in Chapter 4, this timeline is relevant.
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5.7 Phase differences in the target state

The target state, as defined in Eq.[5.6] has N phases denoted as ¢;’s. These phases cannot
be independently controlled. With the Heisenberg exchange of Eq. every action of the
permutation operator carries a phase of 37/2 (a factor of —i). With an XXZ interaction,
we get additional phases as seen from Eq.[5.4] As a result, in any of the three protocols,
the final state corresponds to Eq. [5.6] with disparate values of ¢;’s. To illustrate this,
we formally show that a W state (with all ¢;’s being equal) cannot be synthesized using
pairwise exchange interactions.

Our argument is based on two observations: (i) pairwise interactions, as described by
the operator in Eq. are unitary and therefore, reversible. (ii) The W state is invariant
under any permutation. As a result, it is unchanged (up to a global phase) by operators
of the form Eq. or Eq.[5.4] Suppose the W state could be synthesized starting from a
direct product state via pairwise interactions. It must be possible to reverse the process —
to start from a W state and to arrive at a direct product state with only pairwise interac-
tions. However, this is not possible, as any operation of the form of Egs. or[5.4 does
not change the W state. We conclude that the W state cannot be produced within this

approach.
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Conclusion

The developments in quantum mechanics, especially with regard to non-classical phe-
nomena, have had a revolutionary effect on a number of contemporary technologies, such
as computation, communication, metrology, and sensing. The idea behind quantum illu-
mination (QI) is to use the existence of quantum correlations in a system to enhance its
performance and make them a useful tool for obtaining a quantum advantage. This idea
is used in ”quantum target detection,” a subset of problems related to quantum sensing.
Throughout this dissertation, we have methodically investigated a number of signif-
icant open problems and limitations related to quantum illumination (QI). We started
Chapter 1 by going over the Gaussian QI that Tan et al. had proposed, but recasting it
in terms of symmetric and asymmetric Quantum Hypothesis Testing (QHT) and adding
arbitrary quantum correlations. According to this analysis, maximal entanglement is not
strictly necessary to achieve a quantum advantage. Additionally, the study provided a
concrete interpretation of parameters by drawing parallels between quantum and classical
radar theories. This analogy showed that, akin to QI, the target range affects the effec-
tive limit of entanglement-based quantum target detection, particularly when taking into
account the feasibility of carrying out experiments to produce a significant number of

entangled states in a practical amount of time.
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Continuing the exploration of practical considerations in experimental settings, Chap-
ter 1 delves into the implications of a conventional microwave Quantum Illumination
(QD) technique. The concept involves using the stored half of an entangled photon pair
for dual-balanced difference detection following the phase conjugation of the reflected
light. In scenarios where Ny < 1, k < 1, and Ng > 1, this method provides an identi-
cal 3 dB error exponent gain in error probability. Additionally, it demonstrates superior
performance compared to the Optical Parametric Amplification (OPA) receiver.

Chapter.2 focused on examining the mathematical foundations essential for the quan-
tum illumination (QI) setup. The target detection in QI involves employing hypothesis
testing and continuous variable theory. The continuous variable theory discussed in Chap-
ter 3 specifically applied to the microwave correlation-to-displacement conversion-based
receivers quantum illumination setup. In conclusion, this study looked into methods based
on correlation-to-displacement conversion that could be used to handle experimental im-
perfections in receivers. The findings showed that extra loss in heterodyne detection can
be effectively compensated for by boosting the return signals. In addition, we developed
a Kennedy receiver and proved that under optimal conditions, its error exponent is opti-
mal. This receiver outperforms other known practical receivers for quantum illumination
and still shows quantum advantages over classical optimal schemes in realistic scenarios.
All things considered, our research demonstrates the feasibility of realistic microwave
quantum illumination systems that can overcome experimental flaws and provide quan-
tum advantages for target detection in noisy environments. These discoveries advance
quantum sensing technologies and have implications for the design of upcoming quantum
illumination systems.

Chapter 4 delves into the realm of entanglement within systems composed of multiple
particles. The GHZ class state and the W class state are the predominant categories of
states that have garnered significant focus in the study of multiparticle entanglement. It’s

noteworthy that the combination of GHZ and W states is not achievable through stochastic
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local operations and classical communications (SLOCC); these two types of states are
distinct and cannot be transformed into each other through such operations. Chapter 4
discusses two separate experimental configurations—namely, the Dicke model and the
circuit QED—employed for generating the W state.

Chapter 5: We have discussed procedures that initiate from a direct product state and
create highly entangled generalized W states. The entanglement is generated through
pairwise interactions, where two qubits are brought together and allowed a specific du-
ration for interaction at each step. This configuration imposes significant constraints on
both the protocol and the resulting state. Despite enabling equal-weight superposition,
it lacks the flexibility to adjust the phase difference between components. Nevertheless,
these limitations lead to highly structured solutions. Geometrically, the time intervals
involved can be interpreted as angles along Theodorus’ spiral.

Our initial protocol is rooted in the flying-qubit model, and a practical implementa-
tion involves a cavity-photon mode that can be tuned into resonance through a set of static
qubits, as demonstrated in studies such as [[144/78]]. The protocol described in [55] utilized
this approach to generate a generalized-W state with trapped ions, where inter-qubit in-
teractions are sequential.

In the second protocol, inter-qubit interactions take place sequentially. A similar pro-
tocol has been realized with semiconductor spin-qubits, as documented in [70]], although
the primary objective in that case was to transfer a qubit-state between the ends of a chain.
Our sequential protocol can be applied within the same setup to produce a generalized W
state. Notably, prior research has explored qubit chains where all interactions occur si-
multaneously, investigating the transfer of a qubit state from one end of the chain to the
other, as discussed in [42].

We have evaluated three protocols and compared them based on the required time,
noting that the time for each protocol scales with the number of qubits, as illustrated in

Fig. Our analysis has focused solely on the overall interaction time, without account-
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ing for potential overheads associated with moving qubits, adjusting interaction circuits,
and other tasks inherent in experimental implementations. Future studies dedicated to
practical realizations may consider these additional times.

Furthermore, our analysis has not addressed adiabaticity concerns, assuming that ex-
change interactions precisely drive the system’s evolution. However, variations in interac-
tions over time can introduce errors in practice, as discussed in, for instance, Ref. [131]].
Despite these limitations, our research provides valuable approximations that can aid in
protocol development. It is worth acknowledging that not all the protocols discussed here
may be feasible on a given quantum computing platform. For example, in systems where
qubits are arranged in a linear configuration, like ultracold atoms in optical lattices, the
divide-and-conquer algorithm may not be well-suited due to the requirement for extensive
qubit movement. Nevertheless, our results provide a rough estimation of the time duration

for such scenarios.

6.1 Future Direction

My upcoming research direction involves investigating the benefits of the simplest ex-
perimental models to extract advantages and exploring the utilization of non-Gaussian
entangled multi-mode states in Quantum Illumination C-D model setups.

In the future direction of the cavity QED setup bridge with condensed matter system,
various physical systems, including Bose-Einstein condensates [64], nuclear spins [110],
magnons [106]], and excitons in quantum dots [[139]], have been utilized to realize and
experimentally test the concept of superradiance. Presently, researchers are actively ex-
ploring spin-spin interactions within quantum dot spin systems, leveraging optical con-
nections to interface with condensed matter systems [57,/138]. Two intriguing areas of
investigation include the cyclic activation and deactivation of an isotopically enriched

“nuclear-spin island” by electrons and the examination of superradiant-like dynamics in
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the nuclear-spin bath within a single-electron quantum dot [40,[76]. The study assumes
a uniform hyperfine interaction and meticulously analyzes the evolution of nuclear spin
during shuttling, exploring its connection to superradiance. Additionally, the study calcu-
lates the shortest time required to exit spin evolution while maintaining adiabaticity.

The existence of long-lived dark states [23,133]], where an experimentally accessible
qubit remains out of thermal equilibrium with the surrounding spin bath, is a common
phenomenon in solid-state systems [114,|115]]. These dark states, situated near integrable
lines that share the same dark eigenstates, are prevalent in various inhomogeneous cen-
tral spin models. Over extended periods, the qubit retains its initial polarization, and
these dark states persist as eigenstates even under significant departures from integrabil-

ity, within the range accessible to numerical simulations.
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