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Abstract

Sealing of polymeric films is a widespread process, exploited in sev-
eral industrial and technological applications, ranging from aeronautics to
large consumer goods and bio-medical devices. Thus, the study of poly-
mer/polymer interfaces and local polymer dynamics is currently raising a
great deal of interest. Among several approaches, a modern way to pro-
mote the welding of two polymeric films is the absorption of a liquid solvent
at the polymer surface: the so-called solvent-sealing technique. According
to this method, a given amount of solvent is applied on a given polymeric
film and, then, the wet film and the dry companion are put in contact,
also applying pressure to promote the joint formation.

The objective of this Ph.D. project is to study the fundamentals of the
solvent-sealing transformation, by investigating the nature of its two main
steps: solvent diffusion and swelling of the film, and the adhesion process
itself, laying the foundations for a predictive tool for the seal strength. The
main target application is the sealing of Polyvinyl alcohol films for laundry
detergent pods’ production, where water is used as a solvent. The thesis
combines experimental, theoretical and numerical tasks.

From an experimental perspective, solvent diffusion, film swelling and
adhesion between polymer layers have been characterized for the system
water-Polyvinyl alcohol by means of several techniques, including optical
microscopy, optical coeherence tomography and peel tests.

From the theoretical and numerical side, a new model for solvent dif-
fusion in a deforming polymer matrix has been developed and numerically
solved. We demonstrate that the model provides fully satisfactory predic-
tions by validating its outcomes both with our own experimental results
and with literature data.

Keywords: anomalous diffusion, wet adhesion, solvent sealing
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CHAPTER 1

Introduction

Sealing of polymeric materials is a widespread process, employed in sev-
eral fields of industry, like recycling of thermosetting polymers [1], packag-
ing and manufacturing of plastic pipes [2]. It is therefore clear why interest
in studying polymer/polymer interfaces and the local polymer dynamics is
rapidly growing. Sealing can be accomplished by different techniques, like
through impact, heating or vibrations [3]. A modern way to improve the
welding strength of two polymeric layers is through absorption of a solvent
at the polymer surface: the so-called solvent-sealing technique [4, 5]. The
solvent, indeed, can soften the adherend’s surface, promoting the molec-
ular mobility of polymer chains and the subsequent inter-diffusion across
the interface.

Recently, a considerable interest has been growing specifically around
the design of these adhesives in wet conditions, especially employing liq-
uid solvents on the surfaces of polymer films. The field of applications
ranges from aerospace industry to medical field, where the optimal bio-
compatibility of hydrated polymers and gels was exploited for wounds
healing and tissues repair [6]. Moreover, it has been proved that, accu-
rately tuning the solvent amount at the interface, a very strong joint can
be obtained even if the contact of the two films lasts as short as 10 seconds
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[7, 8]. This feature makes the process very appealing also for the field of
large consumer goods, like Laundry Detergent Pods.

Laundry Detergent Pods are water-soluble pouches containing a pre-
dosed quantity of detergent. Their functioning is simple: the casing dis-
solves at contact with hot water in the washing machine, releasing the
detergent and the perfumes. Pods production is, obviously, a continuous
process. A film roll essentially made of Polyvinyl alcohol (PVA) is un-
winded and the film is placed on a belt with cavities. Here, a vacuum
machine deforms the polymeric material to make it adhere to the cavities’
walls, obtaining the characteristic shape of the pod; this process is aided
by a temperature increase of the system. Once the cavities are covered by
the film, they can be filled with the detergent. At the same time, another
film is wetted on one surface and, after just a couple of seconds (or so),
the two companions are put one on the other, with a small pressure to
promote intimate contact between the polymer chains. In this way, seal-
ing will occur at cavities’ edges, with the aim of avoiding detergent leaks
from the pod. Finally, after only few seconds of contact, the pouches are
cut and put into their package.

Obtaining a good seal quality (in such a small amount of time) is a key
step in the process of pods’ production, for several reasons, including:

• Legal Requirements: there is a legally required minimum strength to
be reached. Such a limit has been set to avoid health risks for kids
that could accidentally try to ingest the products;

• Consumer Experience: poor sealing can cause leaks, affecting not
only the single faulty pod but the entire package. Detergent leaks
constitute one of the biggest consumers’ complaints;

• Unplanned Down Time: Leaks cause production stops due to the
necessity to clean the plant, hence affecting the fabrication of new
pods.

To examine the seal quality, a rupture test is used. Once a production
batch is ready, the seal force of a statistically meaningful sample of pods
is measured by squeezing them under a press, measuring the pressure at
which the seal breaks. Such a test presents at least two disadvantages: it
is indeed a destructive methodology that wastes a percentage of the final
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product, and it does not give insights on the causes of the possible bad
sealing quality.

It would be thus useful to complement such a rupture test with a pre-
dictive tool for the sealing strength, based on the physical phenomena un-
derlying the adhesion mechanism. The development of a predictive model
has indeed several advantages.

First of all, such a model would take into account a given (ideally small)
number of parameters and independent variables, identified as significant
predictors of a high-quality sealing. These features could therefore be
tested through controlled experiments on raw materials (e.g., the polymer
film) before the actual pod is made, blocking upstream the production
of faulty pouches. Moreover, if a variation on the process is proposed
(e.g., to increase film solubility), the consequences on seal quality could be
immediately evaluated. Finally, the design of new materials and the choice
of the most effective operating conditions could be driven by the model,
obtaining the best possible welding in a cost-efficient way.

In a bottom-up approach, the complete knowledge of wet adhesion
mechanism relies on understanding and modelling: i) solvent diffusion in
the polymer film, and ii) chains’ motion across the interface, and, of course,
the connections between those two processes.

Solvent absorption in polymer matrices is a complex issue that cannot
be treated with the standard Diffusion Equation, due to the emergence
of strong couplings between polymer and solvent. For instance, the poly-
mer typically tends to increase its volume (swelling) to accommodate the
penetrant molecules, and its deformation can, in turn, affect the diffusion.
The interplay between these two phenomena gives rise to a wide range of
peculiar effects: very often, for example, the solvent concentration profile
shows sharp discontinuities. It is clear that such a property cannot be
explained by classic Fick’s equation, that predicts a smooth concentration
profile; a different theory is thus needed. Up to date, however, no single
model has been capable to enclose the variety of behaviours observed in
these systems [9, 10] without employing a huge amount of parameters.

Regarding the adhesion itself, the main contribution to the joint forma-
tion is thought to be polymer entanglement, a largely studied phenomenon
for which excellent theories are available [11]. However, the impact of the
solvent presence can not be easily taken into account. Moreover, the largest
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part of the experiments to measure adhesion force relies on the breaking
of the seal itself: this (stongly non-linear) approach leads to different force
estimates depending on the adopted technique, especially for polymeric
materials where viscoelastic phenomena play a huge role.

The aim of this work is to lay the foundations for understanding such
an intricate problem in a PVA-water system of interest for pods’ produc-
tion. Our work mainly focuses on the first steps of the solvent assisted
polymer sealing, namely diffusion and swelling. From an experimental
perspective, this process has been characterized both optically (by means
of Optical Microscopy and Optical Coherence Tomography) and gravimet-
rically, measuring the absorbed mass of solvent as a function of time. From
a theoretical perspective, a new model has been developed that has been
proven to be very versatile, correctly predicting diffusion and swelling be-
haviours not only in our system, but also in a range of different cases.
It is emphasized that the model only requires a small set of measurable
parameters. In addition, we have also investigated the second step of the
process, namely the joint formation, by developing a protocol to perform
reliable peel force measurements, under conditions strictly mimicking the
real pods’ production. Actual measurements to characterize the adhesion
between the two polymer layers have been conducted, changing the oper-
ating conditions in a significant window.

The thesis is structured as follows.
Chapter 2 presents a literature review, mainly describing experimental

features (and anomalies) of liquid solvent absorption in polymeric films.
Some models, based on modifications of Fick’s Second Law, are also pre-
sented, highlighting the different ways through which film deformation has
been taken into account. The second section of this Chapter is devoted
to the adhesion of two polymeric layers, and shows a simple prediction for
seal force as a function of contact time of the two films in dry conditions.

Chapter 3 introduces the model we developed, and the way in which
it has been conveniently solved. Excellent agreement between model out-
comes and experimental data is shown, first for systems analyzed in pre-
vious works in the available literature [12, 8], and secondly, and more
importantly, on the PVA-water systems of direct interest here.

In Chapter 4, materials and methods regarding the experimental part
of the work have been widely discussed; results of these tests are reported
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in Chapter 5 and there compared with model predictions.
Finally, Chapter 6 summarizes the main achievements of this work and

discusses the comparison among the model developed in Chapter 3 and
some of the previous ones that were presented in Chapter 2.





CHAPTER 2

Background on Absorption/Swelling and Sealing

In this Chapter, a literature review describing the physical phenomena
underlying the process of solvent sealing is presented.

Section 2.1 is dedicated to the transport of a low molecular weight
solvent inside a polymer matrix: both the phenomenology and the available
continuum mechanics models to describe the transport are presented.

The second section of this Chapter will provide instead a brief overview
on the sealing process itself: a model is presented that tries to explain the
mechanisms behind seal formation, and gives some predictions on the peel
force dependence from control parameters.

2.1 Solvent Absorption in Polymer Films

The literature on solvent absorption in polymer films is quite vast since
the technological and scientific interest about the subject started long time
ago and never really switched off, due to both the huge importance of this
process in industrial applications, and to the physical and mathematical
challenges underlying the process itself. A comprehensive description of
such vast amount of data and theories is far beyond the scope of this Chap-
ter, that is instead to present the main experimental features occurring in
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this kind of systems, and of introducing and comparing the various model-
ing strands that gained the largest interest over the years, thus showing the
connections among the ideas underlying these models. Extensive reviews
can of course be found in literature [13, 14, 10, 15, 16, 17, 18, 19]; moreover,
various research papers have wonderful introductory sections to describe
both the key features of fluid sorption in polymers and the fundamental
modeling approaches [20, 21]. Even if most of the described features are
valid for both liquid and gas solvents, the main focus of this thesis is on
liquid absorption.

2.1.1 Experimental Features

A wide range of experimental features in the absorption of low molec-
ular weight solvents in polymer films has been observed, showing peculiar-
ities and system-specific characteristics, both in the concentration profiles
and in integral quantities like the absorbed mass.

One very often observed phenomenon is the emergence of two sharp
advancing fronts in the mixture [22, 23, 24, 25]: the first one separates
the solid part of the film from the hydrated area, and is usually termed
penetration (or hydration) front, while the second is the interface between
the swollen area itself and the solution, the so-called swelling front.

The position of these fronts as a function of time has been investigated,
and two limiting cases were found: depending on several features of the
polymer films, such as the glass transition temperature of the polymeric
film, its thickness, and the orientation of polymer chains, the motion of
these fronts is typically well-described by a square-root or a linear func-
tion of time. The position of these fronts, for example, has been found to
increase as t

1
2 for unoriented [25, 26], thick [27] polymer films at a temper-

ature above their glass transition [12]; on the other hand, a linear function
of time has often been observed in films with a preferred chain direction
[28], thin [27] and in a glassy state [12]. These must be merely interpreted
as a rule of thumb, since exceptions are reported in literature to the above
given cases [29].

Assuming a power-law for the position of these fronts as a function of
time, the exponent of such power-law is the first element that has been used
to create a classification of the types of solvent diffusion and swelling of
the polymeric films. The categories that are still used today trace back to
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Alfrey, Gurnee and Lloyd [30], who employed the term "Case I" diffusion to
indicate a penetration front proportional to t

1
2 (which is a typical exponent

observed in diffusion-driven processes), as opposed to "Case II" diffusion,
characterized by a penetration front moving with a constant velocity (i.e.
whose motion is linear with time). Moreover, other features have been
recognized as being typical of "Case II" diffusion, namely:

• Negligible concentration gradient in the swollen area;

• Mass of absorbed solvent linear in time;

• Existence of a small "Fickian" precursor in the dry region;

• Existence of an induction time before the front motion starts.

While this distinction had been done considering the penetration front,
it has later been shown that the swelling front shares the same time-
dependence: ∝ t

1
2 for Case I diffusion [8] and ∝ t for Case II diffusion

[31].
Nowadays, the nomenclature employed in literature can be somehow

confusing. The term "Fickian", for example, is sometimes used as a syn-
onym for Case I diffusion; moreover the same word can also refer to Dif-
fusion Equations with a diffusion coefficient depending on concentration.
In this work, however, Case I diffusion is employed to designate a concen-
tration profile containing discontinuities, while Fickian indicates a smooth
concentration profile throughout the entire film, obtained solving Fick’s
second law (see subsection on Mathematical Modeling) with a constant
diffusion coefficient. It is here noted, however, that, defining the front as
the position at which concentration reaches a certain arbitrary threshold,
the same power-law behaviour for Case I and Fickian diffusion is obtained
for the hydration front. [32].

Case I and Case II diffusion are only limiting cases, and systems in
which the position of penetration front is proportional to tn with n being
different from both 1 and 1/2 have been found [14] (Fig. 2.1): in this work
this kind of diffusion is named anomalous.

The absorbed mass of solvent has also been analyzed as a function of
time. While for Case I and Case II it shares the same power-law behaviour
(with the same exponent) of the two fronts, a wide range of phenomena has
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Figure 2.1. Measured position penetration front as a function of time for the
system Polymethyl methacrylate-methanol. From [14]. The best power-law fit
would lead to an exponent 0.64, thus showing anomalous diffusion.

been reported [15, 33, 34], with time-dependencies of the absorbed mass
that are not necessarily coupled with the ones of the fronts:

• Case I: The mass absorbed by the film shows a square root function
of time M(t) ∝ t

1
2 . Notice that this exponent for the mass is also

characteristics of a standard Fickian Diffusion;

• Pseudo-Fickian: A Fickian behaviour is observed but only at short
times; absorbed mass can thus be fitted by a power-law function with
an exponent smaller than 0.5;

• Sigmoidal: Mass as a function of time is represented by a sigmoidal
function;

• Two-stage: Sorption curves rapidly reach a quasi-equilibrium value,
after which mass uptake increases towards true equilibrium;

• Case II: M(t) ∝ t;
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• Super Case II: Mass increases faster than linear have been observed
(particularly in thin films);

• Overshoots: Overshoots above the equilibrium value are also ob-
served.

Figure 2.2. Some experimental behaviours observed in solvent uptake as a
function of time, from [13]. (a) Case I; (b) sigmoidal; (c) two-stage; (d) Case
II diffusion. Values of mass M(t) are plotted divided by the equilibrium value
M∞.

To sum-up, as a parallel to the front position, solvent uptake has been
modeled by a power-law function:

M(t) = AtB (2.1)
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when B = 1 the diffusion is termed Case II; when B = 1
2 the diffusion is

termed Case I; all other cases are called anomalous.
Investigating the causes of such a variety of behaviours, and under-

standing the key features at play in any of these presented cases, has been
quite challenging and several authors proposed different mechanisms that
could underlie these phenomena, as it is highlighted in Section 2.1.2. For
many authors, the departure from classical Fickian diffusion could be as-
cribed to a non-negligible relaxation time of the polymer matrix. Vrentas
and Duda [35, 36, 29] proposed in fact to define a diffusion Deborah num-
ber, defined as:

DEB =
λm

τD
(2.2)

Where λm is a polymer relaxation time and τD ∝ H2

D the diffusion
time (with H the original film thickness, and D a diffusion coefficient).
When DEB << 1, i.e., when the polymer relaxation time is negligibly
small compared to the diffusion time, the transport could be considered
as the one of a simple fluid in another one (and thus it can be modeled
by classical fickian diffusion); when DEB >> 1 the penetrant molecule is
essentially moving in an elastic or completely rigid solid, a situation that
is also known for being adequately modeled by Fick’s second law with a
constant diffusion coefficient [35]; when the two times are of the same order
of magnitude, DEB ≈ 1 and the mixture shows non-fickian behaviour.

There are clear ambiguities in the definition given in eq. 2.2. Indeed,
DEB is in general a function of penetrant concentration, since both the
polymer relaxation time and the diffusion coefficient can change with sol-
vent content. Vrentas et al. state that, ideally, the value of DEB should
be checked both at beginning (essentially dry solid) and at the end (swollen
polymer) of the diffusion process. When the value is consistently above or
below unity, the standard diffusion equation can be used; changes in these
values, instead, have been linked to non-Fickian diffusion.

To sum-up, the introduction of DEB is mainly a qualitative tool, but
it correctly points out that, to describe the absorption process in polymers,
coupling of mass transport and film deformation plays a key role. The next
subsection aims at describing how different models tried to incorporate this
concept in a mathematical framework.
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2.1.2 Mathematical Models

As already mentioned, analyzing and comparing the plethora of exist-
ing models on the subject is far beyond the scope of this Chapter. To
narrow the field, models consisting in hyperbolic equations ([37, 38]) are
not considered here, and only modifications of the standard parabolic dif-
fusion equation are presented. Moreover, since in our process the time
span going from water application to the contact of the two films is very
short, film dissolution is not taken into account (for this subject, see for
example [39, 40, 41] and references therein). Models are here described as
they were first introduced: for this reason most of them will be presented
in a one-dimensional form.

The mathematical foundation to describe mass transport in a continuum-
mechanic approach is the diffusion equation:

∂c

∂t
= D∇2c (2.3)

with c being the concentration of one species, t the time, ∇2 the Laplacian
operator and D the constant diffusion coefficient. Equation 2.3 is also
known as Second Fick’s Law since it was firstly introduced by Adolf Fick
[42] as an heuristic analogy between heat conduction and mass transport.

To obtain Eq. 2.3, the starting point is of course the mass balance:

∂c

∂t
= −∇ · j (2.4)

with j being the flux per unit time and area, and ∇· the divergence opera-
tor. Fick assigned the following constitutive equation for the flux, usually
called Fick’s First Law:

j = −D∇c (2.5)

(D is here a given constant). It is thus assumed that the driving force for
diffusion is the concentration gradient ∇c. Diffusion equation 2.3 is a very
powerful tool and has been proved to correctly predict the concentration
profile in various systems; moreover, analytical solutions are available in
various geometries [9].

Several attempts have been made to modify such equation in order
to account for non-fickian features. Earliest attempts were introduced by
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Crank. He, for example, proposed to consider a history-dependent diffusion
coefficient D = D(c, t) in eqq. 2.4-2.5, obtained through the additional
equation [43]:

∂D

∂t
=

(︃
dDi(c)

dc

)︃(︃
∂c

∂t

)︃
+ α(c)(De(c)−D) (2.6)

where Di is the part of D that should reflect an instantaneous change
in polymer conformation when the contact with solvent occurs, De is a
local (putative) equilibrium value of the diffusion coefficient, and α is a
parameter that controls the approach rate to the equilibrium. This model
was used to describe curves of solvent uptake in the system methylene
chloride-polystyrene at room temperature, but does not present sharp dis-
continuities in the concentration profile. The easiest way to obtain such
a discontinuity was again indicated by Crank, with a simple modification
of equation 2.3. Notably, he introduced a discontinuity in the diffusion
coefficient [9]: {︄

D = D02 0 ≤ c ≤ ch

D = D01 ch ≤ c ≤ c∞
(2.7)

where ch is the concentration at the discontinuity, and c∞ is the con-
centration at the solvent-polymer interface. Results of this approach are
illustratively shown in Fig. 2.3.

In a way or another, the simple concepts introduced by Crank are found
in the majority of later works.

Weakly coupled models

The first models here presented are labelled, following Ref. [10], as
weakly coupled models, since film deformation is not directly taken into
account as an independent variable, but there is an effect of the stretching
on solvent diffusion. Three different models are here presented: the model
by Petropoulos et al., the model by Thomas and Windle, and the one by
Astarita and Sarti.

Petropoulos et al. The model by Petropoulos et al. [44, 45] still relies
on mass balance 2.4 (in its 1D version) but the chemical potential gradient
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Figure 2.3. Concentration profile as a function of dimensionless distance,
obtained via Standard Diffusion Equation and a discontinuous diffusion coeffi-
cient. Curves are self-similar in time and parametric in ch/c∞. The case here
represented is the one with D02 = 0, see inset.

∂µ
∂x (instead of the concentration gradient) is assumed as the driving force
for sorption:

∂C

∂t
=

∂

∂x

(︃
DT

RT
C
∂µ

∂x

)︃
(2.8)

Here, DT is the thermodynamic diffusion coefficient, related to the
the binary diffusion coefficient D by D = DT

∂lna
∂lnC [16], C is the molar

solvent concentration per unit volume of dry polymer, R the universal
gas constant, T the temperature, and x is the spatial position along the
slab, defined in a polymer-fixed frame of reference, with x = 0 indicating
the interface between pure solvent and hydrated film at any time. Such
equation has been recognized as a valid extension of Fick’s Second Law,
and it constitutes the basis of several models for sorption in polymer films.

Using µ = µ0 + RTln(a), with a being the solvent activity, and µ0 a
reference chemical potential, Eq. 2.8 becomes:
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∂C

∂t
=

∂

∂x

(︃
DT

C

a

∂a

∂x

)︃
(2.9)

In this model DT = DT (C) is some function of the concentration (poly-
nomial or exponential, tipically). In a somehow analogous way as far as
the "history dependence" introduced by Crank through Eq. 2.6, the model
by Petropoulos et al. considered the following "constitutive equation":

∂C

∂t
=

(︃
dC0

da

)︃(︃
∂a

∂t

)︃
+ β(C)(C∞ − C) (2.10)

with C0 and C∞ being the sorption isotherms for the unrelaxed and fully
relaxed polymer, respectively, and β(C) is usually assumed to increase
exponentially with concentration. This model is capable to predict several
non-Fickian features, including the presence of sharp fronts and Case II
diffusion behaviour [45].

Concerning Petropoulos model and, to be precise, also Crank history-
dependent model, it should be clearly evidentiated how both approaches
contain a differential equation in time for an additional field (a and D,
respectively), the physical origin of which is however obscure. Moreover,
both models require three additional functions (Di, De, α for Crank and
C0, C∞, β for Petropoulos) that are given ad-hoc to attain the desired
features of the solution.

Thomas and Windle Thomas and Windle theory [12, 46] is probably
the most famous for solvent absorption and swelling in polymer films. The
main equation is the same as for the model by Petropoulos et al., i.e., eq.
2.9, but they use a different "constitutive equation". Thomas and Windle,
indeed, consider the solvent activity a as a function of solvent concentration
and, in addition, of a solvent-induced "non-equilibrium osmotic pressure"
Π, for which a formal constitutive equation called "Newton’s law" was
assumed:

Π = η
∂ϵ

∂t
(2.11)

where ϵ is the film stretching and η = η0e
KC is the film viscosity, assumed

to be an exponential function of the concentration (η0 and K are constant).
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This model is important because it explicitly recognizes the central role of
film deformation in the absorption process. It is, however, still classified as
a weakly coupled model, because, in the ensuing formulation of the model,
deformation is assumed to be linked to concentration through an unknown
constant (hence, an additional parameter) s:

ϵ = sC (2.12)

Thus, the equation coupled to eq. 2.9 in Thomas and Windle model is:

∂C

∂t
=

Π

ηs
(2.13)

where, however, Π is still an unknown constitutive function, to be assigned.
By a convenient (but arbitrary) choice for Π, an equivalent of eq. 2.10 is
obtained:

∂C

∂t
=

−RT

νNAsη0
ln

(︃
C

a

)︃
exp (−KC) (2.14)

where ν is the volume of a solvent molecule and NA is the Avogadro con-
stant. Thomas and Windle model can predict a wide range of phenomena,
going from Case I to Case II diffusion, especially if the diffusion coefficient
DT is assumed to exponentially increase with concentration; however even
if it is taken as a constant, sharp fronts still appear [12].

Due to such versatility with a relatively small amount of adjustable
parameters, Thomas and Windle model has been variously re-interpreted
and modified [47, 48, 49, 50, 51]. In particular, Durning et al. [47, 48]
assumed a viscoelastic relaxation through a Maxwell equation in place of
equation 2.11:

Π+ τ

(︃
∂Π

∂t

)︃
= η

∂ϵ

∂t
(2.15)

where τ represents a polymer relaxation time. Notwithstanding the in-
troduction of a novel parameter, namely the relaxation time in the "con-
stitutive equation" for the osmotic pressure, however, the description by
Durning et al. remains simpler than the one by Petropoulos (see the dis-
cussion in [45]).

It is worth noting that, for all the weakly coupled models discussed
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so far, the (hidden) assumption is made that the local free energy of the
system is a function of the time derivative of the concentration.

Astarita and Sarti Astarita and Sarti [52] proposed a different ap-
proach to the problem: the existence of a sharp front moving inside the
polymer film is assumed a priori, and the front motion is given by an equa-
tion resembling chemical reactions:

dΛ

dt
= K(c− c∗)n (2.16)

with Λ being the position of the discontinuity, c∗ a "critical" concentration
and n the order of the "chemical reaction". This equation must be coupled
with the classical diffusion equation (Eq. 2.3 in its 1D formulation) and
with the boundary conditions:

x = 0, ∀t, c = c0 (2.17)

x = Λ(t), −D
∂c

∂x
= c

dΛ

dt
(2.18)

leading to a moving boundary problem, since the position of the front has
to be determined together with the concentration.

This hyper-stylized model is, as a matter of fact, based on an underived
equation for the front motion, containing c∗ as an unknown parameter.
The model, however, has the merit of including a minimum number of
parameters. Furthermore, although polymer deformation is in fact not
explicitly considered, the model picks up as a fundamental quantity the
hydration front motion; this will be a main point in the more complete
strongly-coupled models.

Strongly coupled

Quite recently, a considerable interest has been growing around the
explicit coupling of diffusion and deformation, particularly for the case of
the gels [53, 54, 55, 56, 57, 58], with the deformation of the film considered
to be an independent variable. These theories, termed strongly coupled
[10], share several features: here only the model by Hong et al. [56] is
described. Equations are written in non-Eulerian coordinates, where the
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following mass balance holds:

∂C

∂t
= −∇R · J (2.19)

C is the solvent number concentration per unit volume of dry polymer,
∇R· = ∂

∂X · is the divergence operator, and J is the number flux of molecules
of solvent per unit time and area, for which the constitutive equation:

J = −M · ∇Rµ (2.20)

is used. Thus, also in this case, the driving force is the chemical potential
gradient but, differently from the weakly coupled models, the mobility
tensor M is, in general, a function of both the concentration C and the
deformation gradient tensor F (see below, in Chapter 3): M = M(C,F).
The constitutive equation chosen for the chemical potential by Hong et al.
is the Flory-Rehner [59] equation that, implying additivity of the volumes
of the two species, creates a direct link between deformation and solvent
concentration:

1 + νC = det(F) (2.21)

Notice that assuming volume additivity is not strictly necessary: Govin-
djee and Simo [60], for example, allowed for the volume of mixture to be
smaller than the sum of the volumes of its pure components.1

While Govindjee and Simo explicitly showed the presence of sharp
fronts in the concentration obtained with the theory they developed [61]
(that is also capable to reproduce Case II behaviour), this is not the case
for Hong et al., especially because they focused on gel applications, more
than hydration of an initially dry polymer, where fronts are more likely to
occur. However, very recently, this model was extended by Mao et al. [8].
In their work, like in the one of Astarita and Sarti, the presence of a sharp
front was assumed a priori, dividing an hydrated region of the film from
another considered essentially dry. The position of this front was assumed
to move as a square root function of time (i.e., this is a model for Case I
diffusion only), and the model by Hong et al. was assumed to hold in both

1An interesting discussion among the authors of these two models can be found at:
http://imechanica.org/node/2487

http://imechanica.org/node/2487
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regions, hydrated and dry, with the magnitude of the mobility tensor in
the dry part being much smaller than the one in the hydrated side. The
theory by Mao et al. is quite effective in predicting swelling behaviour
of polymer films, in spite of using a limited set of parameters. For this
reason, we took inspiration right from the Mao model in developing a new
model that is able to capture also anomalous and Case II diffusion, while
further reducing the number of needed parameters at the same time.

2.2 Adhesion of Polymer Surfaces

Adhesion of Polymer Surfaces is a quite challenging problem, since it
involves several phenomena occurring on different length and time-scales.
Several reviews [62, 63, 64, 65] highlighted the underlying mechanisms
that promote adhesion. It is usually recognized that molecule bonding via
chemical, physical and topological bonds is the principal contribution to
the adhesion force: particularly, the entanglements formed between chains
originally belonging to the two different films strongly impact the final
joint strength.

Measurements of the adhesion force can be performed through several
tests [65] and different experimental setups lead to discrepancies in the
measured force, since viscoelastic phenomena play a key role [62].

Among the various possible experimental procedures, lap shear and
peel tests have widely been used [66] to characterize adhesion between
polymer layers. In both these tests, after bonding has occurred, the two
films are pulled apart, measuring the force needed for the separation. The
difference between lap shear experiments and peel tests stays in the di-
rection in which the displacement of the two films occurs: in the former
approach, the films are pulled away from each other following a direc-
tion parallel to the plane containing the two films, whereas in the latter,
the separation direction is perpendicular to the aforementioned plane (see
Fig. 2.4).

These standard tests, however, are not appropriate to measure the
strength in our case, since they require that the sample is fully prepared
before the actual measurement; in other words, this kind of measurements
are made directly on the finite product. In solvent-sealing, however, as
it was discussed above, both the time span going from water application
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Figure 2.4. Lap shear (left) and peel (right) tests to measure adhesion
strength in polymer films. Adapted from [67].

to films’ combining (open time) and the time of contact of the two films
(curing time) play a huge role in contributing to the seal strength, and we
want to obtain the measure of such a strength "on-the-fly". For this reason,
sample "preparation" and measurements should be performed one right
after the other, and open and curing time should be, ideally, adjustable
parameters.

A novel experimental protocol, closely resembling the solvent-sealing
process occurring in the industrial production of laundry detergent pods,
has thus been developed (see Chapter 4). As a consequence of the necessity
of creating a protocol for this kind of measurements, the set of experiments
presented in this thesis is limited and has to be considered as a preliminary
study; in the operating window identified in our protocol, only two values
of curing time have been investigated, which however are within the curing
time window of the actual process (between 1 and 2 seconds).

This stated, this section is closed by presenting a prediction for the
peel force as a function of the curing time, i.e. the time of contact of the
two films prior to peeling.

The prediction for peel force is described using the chain pull-out model
by Wool [3, 68], due to its simplicity. As a first step, a mechanism for joint
formation is presented. Reptation model [11] is employed to describe the
disentanglement of a single chain from the others in the film. Once a tail
of the chain, called minor chain in [3], escapes from its initial tube, it is
assumed to diffuse in a Fickian manner, and thus its length l increases as
a square-root function of time:
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l(t) ∝ t
1
2 (2.22)

The minor chain can diffuse along the interface between the two films
and create new entanglements with the chains of the other film, forming
the joint. Its length is, thus, a fundamental parameter to predict the seal
force as a function of curing time.

The seal breaking is then modelled in an ideal scheme, where the two
films are pulled apart by applying a stress σ (supposedly uniaxial), and
the only possible way to disjoint the films is assumed to be by pull-out of
the chain from the tube create by entanglements: if Uc , the strain energy
density per unit segment, is greater than Up, i.e. the energy density to
pull-out a chain from its tube, the seal is broken. Since it can be shown
that Uc ∝ σ2l and Up ∝ l, the critical fracture stress (and thus the peel
force Pf ) at which Uc = Up is given by:

σc(t) ∝ Pf (t) ∝
√︁
l(t) ∝ t1/4 (2.23)

where t is the curing time. Despite the simplicity in its derivation, 2.23
shows a good agreement with experimental data [3, 69]; nevertheless the
eventual presence of a solvent and its role is not taken into account: in
Chapter 5 results of "on-the-fly" T-peel tests are compared with this pre-
diction, showing that such a monotone dependency is not sufficient to
describe peel force in wet adhesion mechanism.



CHAPTER 3

Model Development and Applications

This Chapter is divided into two sections. Section 3.1 introduces a new
model that has been developed to describe liquid solvent absorption (and
consequent swelling) in polymeric matrices, and shows how such model is
conveniently solved in an appropriate frame of reference. Section 3.2 shows
the successful application of this model to predict diffusion and swelling
behaviour in three different scenarios, i.e., Case I, Case II (drawing on lit-
erature data), and anomalous diffusion (for a PVA-water system analyzed
in Chapter 4).

3.1 Model Development

The premises of the model that will be developed in this section closely
follow references [56, 8], introduced in the previous Chapter. As we already
discussed, solvent diffusion in polymer matrices very often occurs with the
appearance of two sharp fronts: the hydration front that separates the
hydrated area from the dry one, and the swelling front, in between the
hydrated region and the pure solvent. In the model developed in this
chapter, the position of the hydration front is assumed to be known at any
time, and there is no limitation at all on the evolution in time of such a
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position; hence, it might also not be a power-law function.
The equations are introduced in Eulerian coordinates and then trans-

formed in a novel, peculiar description, which proves more convenient from
the mathematical point of view. In a lab-fixed frame of reference, indeed,
the domain will change with time on both sides, i.e., penetration and
swelling, in ways to be determined. The choice of the novel set of coordi-
nates, instead, allows one to deal with a single unknown function describing
the overall hydrated part of the film, thus much simplifying the involved
math.

3.1.1 Eulerian Description

In a binary, isothermal, non-reacting mixture, the mass balance on a
single species reads [70]:

∂c1
∂t

= −∇ · (c1v1) (3.1)

where c1 is the number concentration of molecules of species 1, v1 is its
velocity and ∇· = ∂

∂x · = ( ∂
∂x ,

∂
∂y ,

∂
∂z )· is the divergence operator in Eulerian

coordinates. In the following, subscript 1 indicates molecules of solvent.
Defining the number flux of solvent molecules per unit time and area as
j1 = c1(v1 − v), with v being the average velocity of the mixture [71], Eq.
3.1 can be rewritten as:

∂c1
∂t

= −∇ · j1 +∇ · (c1v) (3.2)

Following [72], we shall consider here only the case where "there is no
macroscopic motion in the fluid except that which may be caused by [...]
concentration gradients. The velocity of this motion is proportional to the
gradients, and terms [...] which involve the velocity are therefore quantities
of the second order, and may be neglected". Thus we have:

∂c1
∂t

= −∇ · j1 (3.3)

To close the problem, a constitutive equation is now needed, to link
the flux to the unknown concentration field: j1 = j1(c1). Expressing j1
in terms of v is indeed purely formal, since of course v is unknown. In
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the framework of linear irreversible thermodynamics, a linear relationship
between the flux and the thermodynamic force, i.e. the chemical potential
gradient [56], holds:

j1 = −D(c1)

kBT
c1∇µ1 (3.4)

where kB is the Boltzmann constant, T is the temperature and the chemical
potential has been defined as the derivative of the Helmholtz free energy
per unit volume, w, with respect to the number concentration of solvent
molecules:

µ1 ≡
∂w

∂c1
(3.5)

Thus, to close the problem, a relationship must be given between the
chemical potential and the concentration field µ1 = µ1(c1), to finally find c1
as a function of time and space. In the following section, such a relationship
will be directly expressed in a novel, more convenient, set of coordinates,
as anticipated.

3.1.2 Non-Eulerian Description

The new coordinates will be indicated by upper case letters X. In
this description, X and t are regarded as the independent variables, rather
than x and t. The transformation x = f(X, t) gives the link between the
two sets of coordinates [73]. Its gradient, a deformation gradient tensor, is
defined as:

F(X, t) ≡ ∇Rf(X, t) =
dx
dX

=

(︃
∂xi
∂Xj

)︃
(3.6)

In such a description, the mass balance reads as:

∂C1

∂t
= −∇R · J1 (3.7)

Here, C1 = c1/det(F) is the "new" number concentration of solvent, hence
C1 = C1(X, t); ∇R· = ∂

∂X · = ( ∂
∂X , ∂

∂Y , ∂
∂Z )· is the divergence operator;

J1 is the number flux of solvent molecules, per unit time and area. The
definition of J1 is given through Nanson’s formula [74]:
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j1 · da = j1 · (det(F))F−T · dA ≡ J1 · dA (3.8)

with da and dA the eulerian and non-eulerian elementary areas, respec-
tively. The eulerian flux is thus related to the non-eulerian one via:

j1 =
F · J1

det(F)
(3.9)

Constitutive equation 3.4 reads as:

J1 = −D(C1)

kBT
C1F−1 · F−T · ∇Rµ1 (3.10)

To express the chemical potential as a function of concentration, the
classical Flory-Rehner theory is here exploited. The Helmholtz free energy
is thus considered to be a sum of two contributions: one due to mixing
of the two components, wm, and the other one due to network stretching,
ws [75, 76]. The mixing term is described by the classical Flory-Huggins
theory for polymer solutions, in the limit of an infinite polymerization
degree [77]:

wm =
kBT

ν(1− ϕ1)
(ϕ1lnϕ1 + χϕ1(1− ϕ1)) (3.11)

where χ is the polymer-solvent interaction parameter and ϕ1 is the solvent
volume fraction, that can be written in terms of C1 and of the volume of
a solvent molecule ν as [53]:

ϕ1 =
νC1

1 + νC1
(3.12)

The stretching contribution is expressed as:

ws =
1

2
NkBT

[︃
λ2
x + λ2

y + λ2
z − 2ln(λxλyλz)− 3

]︃
(3.13)

with N being the number of polymer sub-chains per unit volume. Indeed,
eq. 3.13 is written by thinking to a polymeric network, with sub-chains
between chemical/physical crosslinks. λi are the stretches along i-th axis:
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λi = Fii =
∂xi
∂Xi

(3.14)

(no sum over repeated indices is assumed). Notice that, in eqq. 3.11 -
3.14, variables ϕ1 and λi are not constant values at equilibrium: they
are, in fact, fields ϕ1 = ϕ1(X, t), λi = λi(X, t). Flory-Rehner theory is
however assumed to stay valid, as long as these variables are defined on a
local, elementary volume: on a lattice, for example, this volume could be
thought of as made up of a small number of cells.

Notice further that the assumption of Flory-Rehner lattice theory im-
plies that there is no free volume inside the mixture, with any of the cells
being occupied by either a network monomer or a water molecule. Thus,
the total volume of the mixture is given, at any time, as the sum of the
volume of the dry polymer matrix and the absorbed solvent volume. All
of this is translated in the so-called incompressibility condition:

1 + νC1 = det(F) (3.15)

Relation 3.15 is very handy, since it creates a link between the film de-
formation and the solvent concentration. Such a connection is fundamen-
tal, but the problem is still not mathematically closed. Eq. 3.13, indeed,
introduces three new unknown variables (λx, λy, λz), and the incompress-
ibility condition does not create a one-to-one relation between them and
the concentration, at least not in the general case.

In the general case, in fact, further assumption on the kind of deforma-
tion occurring for the sample must be introduced. In the next subsections,
model equations here presented will be specified for our target application,
where the dimensionality can be reduced to 1, and the problem will be
fully determined.

3.1.3 One dimensional case

Starting from this subsection on out, the subscript 1 is dropped for the
quantities associated to solvent species. Assuming a one-dimensional tran-
sient swelling, λy = λz = 1 and the incompressibility condition becomes:

λ ≡ λ(X, t) = 1 + νC (3.16)
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Mass balance and constitutive equation for the flux are rewritten as:

∂C

∂t
= − ∂J

∂X
(3.17)

J = −D(C)

νkBT

νC

(1 + νC)2
dµ

dX
(3.18)

while the Flory-Rehner constitutive equation becomes:

w = wm + ws =

=
kBT

ν(1− ϕ1)
(ϕlnϕ+ χϕ(1− ϕ)) +

1

2
NkBT (λ

2 − 1− 2lnλ)
(3.19)

In 1D, the problem is thus closed, since, using 3.16 and definition 3.12,
the Helmholtz free energy per unit volume can be written as a function of
C only:

w = kBTC

(︃
ln

νC

1 + νC
+

χνC

1 + νC

)︃
+

+
1

2
NkBT ((1 + νC)2 − 1− 2ln(1 + νC))

(3.20)

Using the definition µ = ∂w
∂C , the expression for the chemical potential

as a function of concentration is finally found:

µ = kBT

[︃
ln

(︃
νC

1 + νC

)︃
+

1

1 + νC
+

χ

(1 + νC)2

]︃
+

+NkBTν

(︃
1 + νC − 1

1 + νC

)︃ (3.21)

The problem is now closed, since equations 3.18 and 3.21 express the
flux as a function of the solvent concentration C only. Once the function
D = D(C) is given, the mass balance 3.17 can be solved for given initial
and boundary conditions.
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3.1.4 Hydration of an initially dry polymer network

The model just presented describes liquid solvent diffusion in a mixture
in which the other component is a polymer network, for example a gel.
Now the equations will be specified for the case in which an essentially
dry polymer film enters in contact with a liquid. As already mentioned,
the hydration causes the emergence of a sharp front beyond which the
solvent quantity is nearly zero. The total time span considered in our
target application will be short enough to avoid the complete hydration of
the slab, that can thus be considered a semi-infinite medium. The position
of the hydration front is denoted by xh in Eulerian coordinates and by Xh

in non-Eulerian ones (Fig. 3.1). The Eulerian position of the penetration
front, which is (in principle) directly measurable in the lab-fixed frame
of reference, will be the only input needed to the model (see below, the
subsection "ODE Formulation").

Figure 3.1. Representation of film hydration in Eulerian and non-Eulerian
coordinates.
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Regarding the other front, i.e., the swelling front, its position is denoted
by xs in Eulerian coordinates, while it will be in the origin of non-Eulerian
coordinates, X = 0, for any time. Thus, the only unknown function de-
scribing the volume of the hydrated film is now Xh(t). Once the problem
will be solved in non-Eulerian coordinates, however, the distance |xs| will
be given by equation 3.22:

|xs(t)| =
∫︂ Xh(t)

0
(1 + νC(X, t))dX − xh(t) (3.22)

in this way, even if the problem is solved in a non-Eulerian description,
the Eulerian swelling will of course always be available.

At the swelling front, i.e., X = 0, the hydrated film will be always in
contact with pure water. Assuming thermodynamic equilibrium across the
interface, and conventionally setting the chemical potential of pure water
to zero, the following equation is obtained:

ln(νC∞)

1 + νC∞
+

1

1 + νC∞
+

χ

(1 + νC∞)2
+Nν(1+νC∞− 1

1 + νC∞
) = 0 (3.23)

Solving Eq. 3.23, the concentration at equilibrium C∞, i.e., the con-
centration at the water-polymer interface, can be calculated.

To mathematically describe the sharp hydration front, the diffusion
coefficient is assumed to be discontinuous: it decreases exponentially in
the hydrated region from a value D01 = D1(C∞), whereas it goes to a
constant value D02 << D01 in the dry side (Fig. 3.2):{︄

D = D02 0 ≤ C ≤ Ch

D ≡ D1 = D01e
Mν(C−C∞) Ch ≤ C ≤ C∞

(3.24)

with M being a positive dimensionless constant value.
The introduction of this discontinuity allows us to uncouple the equa-

tions, solving independently for the dry and the hydrated sides of the film.
In the hydrated side, the mass balance will be, substituting eq. 3.21 in

eq. 3.18, and then this expression for the flux in eq. 3.7:

∂C

∂t
= D01

∂

∂X

[︃
ξ(C)

∂C

∂X

]︃
(3.25)
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Figure 3.2. Diffusivity as a function of water concentration C.

where

ξ(C) = eMν(C−C∞) ·
(︃

1

(1 + νC)4
− 2χνC

(1 + νC)5
+Nν

νC((1 + νC)2 + 1)

(1 + νC)4

)︃
(3.26)

In the dry side, where the matrix is essentially a solid and water diffu-
sion has a very limited rate, Flory-Rehner constitutive equation does not
apply in a meaningful way, since, for example, it is not possible to define
(and to measure) a Flory interaction parameter if no solvent is present.
For this reason, a classical Fickian diffusion is instead assumed:

∂C

∂t
= D02

∂2C

∂X2
(3.27)

To solve Eqq. 3.25-3.27, boundary conditions are needed. As already
mentioned, equilibrium condition is assumed at the interface between water
and the hydrated polymer X = 0, while at X = +∞ the film will be
considered dry at any time. Moreover, a concentration Ch is attained at
the hydration front X = Xh. The boundary conditions to be applied are
thus: {︄

C(X = 0, t ≥ 0) = C∞

C(X = Xh(t), t ≥ 0) = Ch

(3.28)
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for the hydrated side, and:{︄
C(X = Xh(t), t ≥ 0) = Ch

C(X = +∞, t ≥ 0) = 0
(3.29)

in the dry side. At this stage, the concentration on the hydration front Ch

is still unknown. However, in the next section it will shown how Ch can
be determined, because of the requirement to fulfill for the mass balance
across the interface:

D01ξ(Ch)
∂C

∂X

⃓⃓⃓⃓
X=X−

h

= D02
∂C

∂X

⃓⃓⃓⃓
X=X+

h

(3.30)

ODE Formulation

Eqq. 3.25-3.27 and boundary conditions 3.28-3.29 can be rewritten in
a still more convenient way, expressing the concentration not as a function
of X and t, but as a function of a single independent variable.

By defining:

η =
X√
D01t

(3.31)

the problem can be indeed expressed as a system of independent Ordinary
Differential Equations (ODEs), and not as two Partial Differential Equa-
tions (PDEs), as it will be seen in a moment.

Using the chain rule for the partial derivatives, Eqq. 3.25-3.27 become,
respectively: ⎧⎪⎨⎪⎩

d2C
dη2

= − 1
2ξ(C)η

dC
dη − ξ′(C)

ξ(C)

(︃
dC
dη

)︃2

d2C
dη2

= −D01
D02

η dC
dη

(3.32)

where ξ(C) is given by eq. 3.26 and ξ′(C) = dξ
dC . Concerning the boundary

conditions, Eqq. 3.28-3.29, transform into:{︄
C(η = 0, t ≥ 0) = C∞

C(η = ηh(t) =
Xh(t)√
D01t

, t ≥ 0) = Ch
(3.33)
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and {︄
C(η = ηh(t), t ≥ 0) = Ch

C(η = +∞, t ≥ 0) = 0
(3.34)

respectively.
In the general case, the coordinate ηh indicating the hydration front is

a function of time. It is, as a matter of fact, the only place in this problem
formulation where time explicitly shows on.

It is here emphasized, however, that ηh(t) is still unknown, because of
its definition in terms of Xh(t), which itself is presently unknown. Here
comes the working hypothesis in the model, whereby the numerical value of
Xh(t) is always taken to be equal to the numerical value of xh(t), namely:

∀t Xh(t) = xh(t) (3.35)

and xh(t) is considered as a known input in the problem (as previously
mentioned, this front is measurable, at least in principle, in the lab-fixed
frame). Of course, eq. 3.22 will also be affected by this hypothesis. It is
worthly emphasizing that eq. 3.35 is always assumed to hold in previous
modelling papers for absorption and swelling, and that its status as a work-
ing hypothesis is often barely recognized, as discussed in the Conclusions
of this work.

With 3.35 enforced, the mathematics becomes as follows. Once a time
where the solution has to be calculated is given, ηh becomes a known scalar
(since the front position Xh(t) = xh(t) is a given input). The algorithm
can thus proceed as follows:

1) The time where the solution has to be calculated is chosen, thus
assigning a value to ηh;

2) A tentative value for the concentration Ch at the hydration front is
assigned;

3) Equations 3.32 are solved together with boundary conditions 3.33-
3.34 by means of shooting method (solve_ivp routine from the Scipy
package [78] has been used in this work).

Once Steps 1-3 are completed, one has to check if mass balance is fulfilled
across the hydration interface, by checking if condition
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D01ξ(Ch)
∂C

∂η

⃓⃓⃓⃓
η=η−h

= D02
∂C

∂η

⃓⃓⃓⃓
η=η+h

(3.36)

which stems directly from eq. 3.30, is respected. If this is not the case,
another value of Ch has to be assigned, until convergence of the algorithm
within a certain tolerance is attained. The concentration profile has thus
been found at the given time. The procedure is repeated again with dif-
ferent times.

Formulating the problem in terms of a single independent variable η is
thus making any time independent from the others, so one is able to solve
the equations directly at a desired time, without knowing the concentration
evolution.

In other words, there is no need of having an explicit function Xh(t)
describing the position of the solvent front as a function of time: as long
as the front position is experimentally accessible at a given time, the con-
centration profile can be directly calculated at that time.

However, in order to have cleaner results, in the following section the
hydration front is assumed to be well described by a power-law function:

xh(t) = kht
α (3.37)

Under this hypothesis, the solution of the equations 3.32 with boundary
conditions 3.33-3.34 requires the knowledge of 5 parameters:

• N , the number of sub-chains per unit volume;

• χ, the polymer-solvent interaction parameter;

• D01 = D1(C∞), the water diffusion coefficient on the swelling front;

• M , the positive constant describing how diffusion coefficient changes
in the hydrated side: D1 = D01e

Mν(C−C∞);

• D02, the water diffusion coefficient in the dry side of the film.

In principle, all of these parameters can be accessible from separate in-
dependent experiments. Once the parameters are estimated, the entire
concentration profile C = C(η) = C(X, t) is accessible. From this infor-
mation, the position of the swelling front as a function of time can be
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calculated by (the modified) eq. 3.22, thus predicting the volume increase
of the film.

Finally, measuring the volume increase implies measuring also the ab-
sorbed solvent mass ms: since volume additivity is assumed, indeed, the
increase in film volume is entirely ascribed to water accomodation. The
swelling and the mass of absorbed solvent are thus related by the (con-
stant) solvent density ρs:

ms = ρsxs (3.38)

3.2 Model Applications

This section will show how the model developed in the previous sec-
tion is applied to predict the absorption and swelling behaviour in three
different systems: water in a chitosan-based polymer film [8], methanol in
Polymethyl methacrylate (PMMA) [31, 12], and water in PVA. The data
of the first two systems were published in literature; the last system has
been experimentally analyzed in this work (see Chapter 4).

3.2.1 Case I Diffusion

Diffusion of liquid water in a chitosan film showed a Case I diffusion
behaviour [8]. Due to the aforementioned similarities between the theory
developed in ref. [8] and the model described in the previous section,
all the parameters needed for the solution of the equations are directly
available in [8] and are here reported in Table 3.1. It is worth noting that
the diffusion coefficient in the hydrated side is considered to be a constant,
thus M = 0.

With these values, Eqq. 3.32 could be implemented together with
boundary conditions 3.33-3.34. Since in Case I diffusion α = 0.5, ηh in
the second condition of eqq. 3.33 becomes a constant, independent from
time:

ηh =
kh√
D01

(3.39)

and thus the solutions are self-similar when C is plotted against η. The
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iterative procedure illustrated in Section "ODE Formulation" is thus not
needed in this case, and the system of equations has to be solved just
once. The results are reported in Fig. 3.3 as νC vs X: in this coordinate,
obviously, the solution will be parametric in time, since self-similarity is
lost. The right panel of this figure represents the comparison between our
model and the prediction by Mao et al. [8]. 5 different times are plotted
in the range [0− 1800] s. Notice that in this interval the water front has
not yet reached the end of the slab, i.e. the process is still in the so-called
coupled hydration and diffusion state.

Figure 3.3. Model results for the system water-chitosan. Prediction for film
thickness and comparison with the experiments are presented in left panel.
Predicted concentration and comparison with Mao model are on right panel:
solid lines represent the output of our model, points are the concentration as
predicted by Mao et al. [8].

Is it clearly visible that the two models give the exact same concentra-
tion in the hydrated side. The inset shows instead the differences for the
dry side of the polymer matrix. Interestingly, despite these differences, the
concentration Ch that guarantees the mass conservation across the hydra-
tion front is the same. In the left panel the model prediction for swelling is
shown as a function of t0.5. It is represented by a straight line, confirming
the Case I diffusion behaviour, and fits the experimental data quite well.

3.2.2 Case II Diffusion

The model chosen as an example of Case II diffusion is liquid methanol
in PMMA, the one studied in the seminal paper by Thomas and Windle
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[12], that still gains a lot of interest nowadays [79]. Penetration front and
swelling as functions of time were experimentally obtained in Ref. [31].
Penetration front as a function of time has been fitted with a linear func-
tion, obtaining kh = 1.8 ·10−9m/s and, obviously, α = 1. Swelling front xs
was not directly shown in [31]; however, the distance between the water-
hydrated film interface and the hydrated-dry interface is given at any time:
subtracting the penetration distance by this quantity xs is obtained.

Notice that in this experiment, as opposed to the previous case of the
chitosan-water system, the difference between D01 and D02 is less marked.
Thomas and Windle propose as reasonable values D02 = 10−14m2/s and
D01 = 5 · 10−12m2/s, assuming that the diffusion coefficient continuously
increases exponentially with solvent concentration throughout the entire
slab D = D02e

23νC (and it is D(C∞) = D02e
23νC∞ = D01) [46] (no discon-

tinuity is assumed at the hydration front). In the implementation of our
model, it is assumed that in the dry side the diffusion coefficient is con-
stantly D02, while the same exponential law has been kept in the hydrated
side.

All the other values are explicitly given, or can be easily calculated,
from the references [31, 12] and are listed in Table 3.2.

Figure 3.4. Model results for the system methanol-PMMA with M = 23 (as
estimated by Thomas and Windle [12]). Left panel shows experiments and
predictions on penetration and swelling: empty circles represent experimental
penetration data, while full circles are positions of the swelling front; dashed
lines are linear fits, while the solid black line is the model prediction. Central
panel shows, in solid lines, the concentration predicted by our model at 5
different times, while points represent measurements at 60 hours. Right panel
shows measurements of solvent mass in full circles and model prediction with
a solid line.
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Fig. 3.4 shows model predictions for swelling (obtained via eq. 3.22,
and shown in left panel), concentration (central panel), and absorbed mass
(right panel) and the respective experimental results. Notice that to ob-
tain mass predictions, eq. 3.38 has been multiplied by a factor 2, since
in the experiment by Thomas and Windle swelling occurs on both sides
of the slab, that it is completely immersed in methanol. Data prediction
is not perfect, especially for concentration and mass predictions. To re-
duce the gap between model and experiments, M has been changed: this
is not a problem since, as Thomas and Windle state "These values [for
the diffusion coefficient] are chosen as being both typical and reasonable;
however, considerable uncertainty must remain". Our best fit is obtained
with a value of M = 28 and the results are shown in Fig. 3.5. Agreement
is excellent.

Notice that, in this system with a glassy polymer film, it was impossi-
ble to predict diffusion behaviour with a constant diffusion coefficient, as
instead was done for Case I diffusion (see previous section).

Figure 3.5. Model results for the system methanol-PMMA with M = 28.
Left panel shows experiments and predictions on penetration and swelling:
empty circles represent experimental penetration data, while full circles are
positions of the swelling front; dashed lines are linear fits, while the solid black
line is the model prediction. Central panel shows, in solid lines, the concen-
tration predicted by our model at 5 different times, while points represent
measurements at 60 hours. Right panel shows measurements of solvent mass
in full circles and model prediction with a solid line.
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3.2.3 Anomalous Diffusion

The model is here also applied to a system of PVA-water that showed
anomalous diffusion, with the best power-law fits for penetration and
swelling having an exponent included in the interval ]0.5 − 0.8[. The de-
scription of this system and of the methods to estimate all the needed
parameters will be given in Chapters 4-5. Figure 3.6, however, anticipates
some results, showing the excellent agreement between the model predic-
tion and the experimental data, regarding both the swelling front and the
absorbed mass. It is interesting to notice that for Case I diffusion Ch is
a constant, while for Case II and anomalous behaviours Ch decreases in
time.

Figure 3.6. Model results for system water-PVA. Left panel shows measured
swelling front (circles) with the model prediction (solid black line); central
panel shows the concentration profile for 5 different times; right panel shows
measured absorbed mass (circles) with the model prediction (solid black line).
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Table 3.1. Parameters used in system chitosan-water

Parameter Value
D01 5.15 · 10−9m2/s
D02 5.15 · 10−14m2/s
M 0
χ 0.41
N 4.25e24m−3

ν 3 · 10−29m3

kh 9.31 · 10−6m/
√
s

α 0.5

Table 3.2. Parameters used in system PMMA-ethanol

Parameter Value
D01 5.15 · 10−9m2/s
D02 10−14m2/s
M 23
χ 1
N 3.5e27m−3

ν 6.72 · 10−29m3

kh 1.8 · 10−9m/s
α 1



CHAPTER 4

Materials and Methods

In the first section of this Chapter, the polymeric films used in this
work are presented. The second section describes instead the experimental
techniques employed to study diffusion of a liquid solvent in polymeric films
(subsections 4.2.1 and 4.2.2) and adhesion between two polymer layers
(subsection 4.2.3).

4.1 Materials

4.1.1 Polymeric film

In this work, two polymeric films provided by Procter and Gamble
(P&G), and mainly composed of Polyvinyl-alcohol (PVA), are studied.
The other components and the exact differences in chemical formulations
are not known in detail, since these materials are not produced in-house by
P&G but commissioned to an external supplier. For this reason, and also
to respect the confidentiality agreement, production names of these films
are not mentioned; film A and film B are instead used to refer to them.
Some results will be also shown for film A after an aging treatment, that
consists in keeping the film in a room with a controlled temperature of 50
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◦C for one week. The two films, A and B, are used for different purposes:
film A, indeed, is the one on which water is directly applied, while film B
encounters the solvent only indirectly, when it is put in contact with film
A.

PVA is an hydrophilic, synthetic polymer widely used for several indus-
trial applications: due to its non-toxicity and bio-compatibility, for exam-
ple, it has found large employment in pharmaceutical industry (drug deliv-
ery, ophthalmic formulations) [80, 81]. PVA is also used in food packaging
[82], for its good barrier properties when cast into a film, and for tissue
regeneration, thanks to its ability to form hydrogels [83, 84, 85, 86]. PVA
seems thus a very good candidate for our scope: due to its hydrophilicity,
in fact, water can be used to enhance chain diffusivity and promote welding
between polymer layers; at the same time, it is very effective in protecting
the final product from the surrounding environment.

4.2 Methods

4.2.1 Measurements of Penetration and Swelling

Water diffusion in PVA films is observed and analyzed by means of Op-
tical Microscopy and Optical Coherence Tomography (OCT). Both tech-
niques showed that water propagation occurs with the appearance of a
sharp front beyond which the film is essentially dry, as often found in hy-
dration of polymeric films, and as already discussed in Chapter 2. Such
discontinuity has been named penetration front or hydration front. The
other front introduced in Chapter 2, namely the swelling front, represent-
ing the increase in volume due to water accommodation, is also clearly
visible. With both techniques, the position of these two fronts is tracked
as a function of time by means of image analysis, using standard algo-
rithms for edge detection: subsequent application of Median blurring and
Sobel filter is sufficient to reliably detect the edges in both films. Image
analysis has been performed in Python, mainly using OpenCV library [87]:
medianBlur (with kernel size of 3) and Sobel (kernel size = 7) routines con-
stitute the core of the developed tracking algorithm.
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FILM

WATER

Figure 4.1. 3D representation and 2D section for Optical Microscopy setup.

Optical Microscopy

For our purposes, any standard microscope is suitable: in this study, a
Leica LSP DM with a magnification of 2.5x was used (spatial resolution:
2.2 µm). A small (length 1 cm x width 1 cm, thickness 76 µm) piece
of PVA film is sandwiched between two Perspex plates (5 cm x 5 cm),
held together by magnets to ensure a constant pressure throughout the
measurements. This setup is inspired to a similar one used by Petropoulos
and Sanopoulou [28, 26], with the magnets substituting the clamps. The
bottom slide is the one on which PVA sample lays, while the top one is
pierced to allow water application. Once the film is positioned in between
the slides, the microscope is focused (top view) on the interface between
the sample and the air, and recording is started. 15 ml of water are
applied through a simple pipette and 10 s of diffusion are recorded at 24
fps. 5 repetitions are performed on each film. It is worth noting that
higher quantities of water led to the same results (indicating that 15 ml
of solvent are enough to saturate the film absorbing capacity).

Bright field has been preferred over polarized light. The latter, indeed,
enhances the contrast between isotropic and anisotropic media, facilitating
the recognition of the penetration front, but at the same time makes the
swelling front more difficult to track. This is especially true at longer
times, when the content of water throughout the film increases.

With this setup, optical microscopy turned out to be a very reliable
and cheap method to observe liquid solvent absorption and swelling of the
polymeric films, making it possible to measure the time dependence of both
penetration and swelling fronts’ positions at the same time. However, this
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methodology has strong limitations. First: in this arrangement, water is
diffusing along the width of the film. The conditions of this experiment
are thus somehow different from what happens in several applications,
including the solvent-sealing of polymer layers, where solvent is applied
on top of the film surface and diffusion occurs along the depth of the
matrix [8]. Second: it is not possible with Optical Microscopy to extract
information on concentration profiles in the slab. Thus, although having
available (Chapter 3) a model capable to predict solvent quantity in the
film as a function of time and space, such a detailed information is not
accessible experimentally with this technique: model validation will thus
be carried on only through the position of the swelling front.

Figure 4.2. Snapshot of Optical Microscopy video recording before (left) and
after (right) contact with water. The thin black line on the left panel is the
interface between air and the film; the large black stripe on the right panel
fully encompasses the hydrated region.

Optical Coherence Tomography

To overcome the limitations of optical microscopy, thus allowing for
observing the diffusion throughout the depth of the film, Optical Coherence
Tomography (OCT) is employed.

OCT is a non-destructive imaging technique widely used for medical
purposes, like dermatology [89] and ophthalmology [90]; recently, its us-
age has been extended to a broad range of non-medical applications [91],
including optical analysis of various film properties [88]. It is capable to
provide cross-sectional and three dimensional reconstructions of an ob-
ject, based on transmission and scattering of a low-coherence light source.
OCT is often compared to ultrasound, due to their similar working princi-
ples [92]: waves (sound or light) are directed through the sample, and the
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Figure 4.3. Basic scheme for the functioning of OCT. Adapted from [88].

return time for the back-scattered wave is measured, giving information on
shape, morphology and possible flaws in the specimen. Return time of the
light beam cannot be measured directly: OCT is in fact an interferometric
measure. Source light is splitted into two parts: one goes to the sample
and the other to a reference arm of known length (usually a mirror). Since
the light source is broadband, the reconciling of the two returning light
beams creates an interference pattern, from which the light intensity can
be obtained as a function of z, the sample depth direction: this is the
so-called A-scan. Multiple A-scans can be assembled together to create a
B-scan (Brightness scan), the cross-sectional image of the sample.

Figure 4.4. Basic (left) and modified (center and right) setup for OCT.
Central and right images show how the PVA film is kept in place by magnets
and the application of a water droplet.
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The apparatus employed in this work is available in P&G facilities in
Frankfurt (DE). It is a custom version of GanymedeTM Series by ThorLabs,
an OCT instrument with a center wavelength of 900 nm and an high axial
resolution of 1.2 µm. To the basic setup, an acrylic glass plate with magnet
bars is added for the sample positioning (Fig. 4.4). This plate is covered
with a thin layer of silicon oil to improve image quality, reducing noise; the
PVA film is thus placed on the plate and kept in position with magnets,
or with magnets and a weight like in Fig. 4.4, to avoid wrinkles and other
instabilities that can appear during water diffusion. A droplet of 10 µl of
water is added on the film surface with a pipette and the diffusion process
is recorded for 10 s. During this time, 5 B-scans are taken: in this way, a
smooth 2D gray-scale image that reconstructs the specimen along z-axis
is obtained from the average over the 5 different B-scans. To be sure that
film is saturated in the analyzed time span, water content was increased
up to 1 ml without any noticeable difference in the absorption process.
Notice that the required quantity of water is much smaller as compared
to the one needed for the optical microscopy experiment: this is due to
the reduced area over which the solvent is spread in this case. As already
mentioned, 5 B-scans are performed on each sample. Moreover, 5 different
samples of each film are examined.

In measuring swelling and penetration distance fronts with OCT, the
refractive index of the film was considered to be constant: this hypothesis
is made to maintain the same scaling between optical and physical dimen-
sions throughout the entire test. In general, refractive index of the medium
should instead change, decreasing with the increase in water content. The
refractive index of dry PVA, in fact, has been estimated by means of 3D
Ellipsometry in P&G Mason (Ohio) facilities to be nPV A = 1.58, while the
one of pure water is nH2O = 1.33. With the hypothesis of a linear depen-
dence in refractive index of the medium ngroup on the volume fraction of
the two components νH2O, νPV A:

ngroup = νH2OnH2O + (1− νH2O)nPV A (4.1)

The relative error
Er =

nPV A − ngroup

nPV A
(4.2)

is estimated to be around 8% when water volume fraction reaches a value
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of 0.5. It is also worth noting that the maximum relative error, i.e. when
ngroup = nH2O would be of about 16%. This error is considered to be
negligible, and the hypothesis of a constant refractive index is kept.

As a final note, OCT could also overcome the impossibility to measure
the entire water concentration profile (a limitation of Optical Microscopy
already mentioned in the previous subsection, where the color differences
in the hydrated region are less marked): with an appropriate calibration
curve, in fact, it could be possible to directly correlate the pixel color
intensity of in the gray scale to the local solvent content. In this work,
however, such a calibration curve is not created and OCT is employed to
only measure the positions of swelling and penetration fronts as functions
of time.

The possibility of measuring the complete concentration profile via
OCT is a future perspective of this work.

Figure 4.5. Snapshots of OCT B-scan reconstruction before (left) and after
(right) contact with water.

4.2.2 Sealing Test Stand

Sealing Test Stand (STS) is a machine commissioned by the P&G fa-
cilities in Bruxelles and built with the specific purpose of studying the
solvent-assisted welding of polymeric films. In this work, it has been used
for two different tests: the measurement of the maximum mass of water
the film can absorb as a function of the diffusion time (absorption curves)
and the evaluation of the seal strength between two films. A schematiza-
tion of STS, with the two different configurations for the two experiments,
is given in Fig.4.6.

Two rolls of film (the big circles 1 and 2 in the picture) are put on
two unwinders in the machine. It is here recalled that film A (placed on
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W W

Figure 4.6. Sealing Test Stand schematization. Left image represents the
configuration for the absorption curve test; right image is the setup to measure
the peel force.

unwinder 1) is the one that is directly wetted, while film B (on unwinder
2) encounters the water only indirectly, by contact with film A. In this
schematics, film A is represented by a red line, and is wetted in point W;
film B is the blue one, and the two are put in contact in point C. From
point C on out, the setup of the machine changes depending on the desired
test.

To measure the peel force, the two films are peeled apart in point P,
where two loads cells (circles 3 and 4) measure the force needed to break
the seal; in this case, in point 5 the two films are put in contact again to
make it easier the exit from the machine. Notice that, in points 3-4, also
some additional peel rollers, with adjustable speed, are present; to simplify
the schematics, however, they have not been drawn.

If, instead, the aim is to create an absorption curve for the film, the
bond is not broken in point P, the material directly exits from the machine
and is weighted separately, as discussed below.

Notice that, in both scenarios, the described process works in continu-
ous, with the unwinders that keep rotating, unfolding the film that enters
in the machine with a desired speed. The adjustable parameters on STS
are:

• Coat Weight, the mass of water to apply per unit area on the film
[g/m2];

• Line Speed [m/s];

• Open Distance, the space from application point to combining point
(WC Distance) [m];
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• Curing Distance, the space from combining point to peeling (CP
Distance);

• Pressure applied at the combining point C [bar];

• Speed of peel rollers in 3-4, that can rotate with a velocity indepen-
dent from the line speed [m/s].

Absorption Curves

In this section the protocol to create absorption curves is described.
The aim is thus to measure the maximum mass of water the film can
absorb as a function of the Open T ime, defined as:

Open T ime =
Open Distance

Line Speed
(4.3)

To estimate the quantity of solvent the film can absorb, the used setup
is depicted in left panel of Fig.4.6, where the two polymer layers are not
separated and directly dragged outside from the machine.

Once the two films start to exit the STS, an operator proceeds to cut
and weight on a scale 1.5 m of film, repeating the task 5 times to minimize
human error and random variability inside the film rolls. The procedure
has to be repeated without applying water, to have a dry baseline for the
film mass: the difference between the masses of wet and dry films gives a
gravimetric estimation of the grams of solvent absorbed.

To be sure that the size of film sample is constant throughout the
measurements, the last roll of STS has been equipped with a metal plate
that marks down the film every time it completes a full round. Due to
film wrinkling when wet, in fact, it is quite difficult to measure exactly 1.5
m of film each repetition; the marks on the films, at a fixed and known
distance, help to always weight the same amount of material, leading to a
huge decrease in standard deviation of this test method.

It is essential, of course, to choose a quantity of water sufficient to
saturate the instantaneous absorption capacity of the film, simulating a
thermodynamic bath. To reach this purpose it is possible on STS, as
mentioned, to change the applied Coat Weight to a desired target value:
the coat weight can thus be increased step by step until the presence of
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Figure 4.7. Representation of the two final rolls in STS. As time goes on,
film exits from the machine with marks (dashed lines) imprinted by the metal
plate.

free water, not yet absorbed by the film, is visually observed. In this way
the absorption capacity of the material is not underestimated. Notice,
however, that also the weight free water on the film surface would be
measured on the scale, since it would be absorbed by the dry film. It is
essential, in this regard, to increase the Coat Weight up to the minimum
value in which free water appears and perform the measurement at that
value.

The procedure just described leads to the measurement of a single
point in the absorption curve: the 5 repetitions are indeed taken at same
line speed and same WC Distance, i.e. the same Open Time. Since the
entire dependence of absorbed mass on time is desired, the procedure has
to be repeated several times changing, for example, the WC Distance and
keeping the line speed constant: in this way the time given to the water
to diffuse inside the film is modified and for every distance a point in the
graph mass absorbed vs time is created. In our case, on changing the
Open Distance and the Line Speed in the range permitted by the machine
specifications, the absorbed mass can be measured in an interval of [0.3−5]
seconds.
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Measurements of peel force

As mentioned in the previous subsection, the STS is also capable to
peel the two films welded together and to measure the force needed through
two load cells (setup in right panel of Fig.4.6). A test method has been de-
veloped and some preliminary experiments for measuring the seal strength
have been performed.

Figure 4.8. Idealized condition of the peeling mechanism.

To schematize the force balance holding in the system, ideal conditions
are here assumed: load cells are thus considered pulleys with negligible
mass and diameter, and the film splitting happens with a 180 degrees
angle (Fig. 4.8). In this situation, only three forces play a role: the tension
read by the load cells, FLC , the actual peel force, FP , and the force due to
stretching in the peeling arms between peel point P and peel rollers 3-4,
FS . The force balance reads:

FLC = FP + FS (4.4)

It is thus clear that, in order to measure through the load cells the peel force
only, the stretching contribution in the peeling arm must be negligible. In
STS, the film stretching after the peel point can be modified on changing
the velocity of the peel rollers: the faster the peel rollers rotate compared
to the line speed the more the material is elongated. Thus, ideally, the
test should be performed with the speed of peel rollers being equal to the
line speed. In such a configuration, however, STS is not able to break the
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joint: the film thus continuously enters in the curing distance (segment CP)
and the machine is not able to pull it outside with a sufficient speed. This
material accumulation will thus lead to the formation of waves in the curing
distance (see left panel in Fig. 4.9). The presence of waves is undesirable,
since measurements become unreliable, with the STS eventually stopping
after few seconds. Instead, in order to have a straight film in the curing
distance, the speed of the peel rollers is increased step by step, up to the
point where the measurement is stable and no waves appear (right panel in
Fig. 4.9). In this minimum working condition, the stretching contribution
is considered negligible and the force measured by the load cells is FP .
Notice that increasing the speed of the peel rollers further would lead to
an additional contribution to the measured force, due to film stretching.
A force measurement is considered to be reliable when the test runs stable
without waves for at least one minute; 3 repetitions are performed in the
same conditions to check test repeatability. The sum of forces measured
by the upper and the lower load cells is taken as a proxy of peel strength.

Figure 4.9. Peel measurements with (left panel) and without (right panel)
waves formation. Right image represents the condition where measurements
of peel force are reliable.



CHAPTER 5

Experimental and modelling results

This Chapter is divided into two sections. The first one presents ex-
perimental results on water diffusion (i.e., penetration and swelling fronts
tracking and absorption curves) and on layer to layer adhesion (peel tests)
for different films; the second one describes how the model presented in
Chapter 3 has been applied to our system PVA-water and how effective it
is to describe absorption and swelling processes taking place in the poly-
meric film.

5.1 Experimental Results

5.1.1 Penetration Distance and Swelling

Optical Microscopy

In Fig. 5.1 three frames of a typical recorded video are shown. At
time zero, left image, there is no water and the focus of the image is at
the interface between the film and the air. Some structures are clearly
visible in such top view of the polymer matrix. The central panel shows
the situation after 5s from water application. In this image, water diffuses
going from left to right. Two sharp fronts have appeared: the one on the
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right, indicated by a light blue line, is the penetration front; the one on the
left, instead, is the 1D swelling front. At short times, swelling front travels
faster than the penetration front; at longer times, however, a plateau is
observed for the swelling front, while water keeps entering in the polymer.
Comparison between the second and third (10s from water application)
panel of Fig. 5.1 makes this behaviour clearly visible. In both these images,
in fact, light blue and grey lines represent, respectively, penetration and
swelling fronts at the time of the central frame, while the red line is the
original air-film interface: going from 5 to 10 s, swelling front has remained
essentially in the same position, while penetration front kept moving.

This phenomenon can reasonable be explained as follows:

• The water content near the swelling front becomes so high that the
swollen area of the film becomes essentially indistinguishable (within
our accuracy) from the pure solvent;

• Dissolution has started. As already mentioned, in fact, PVA is a
water-soluble material.

Figure 5.1. Three subsequent frames (dry film, hydrated film after 5s of dif-
fusion, hydrated film after 10s of diffusion) extrapolated from a typical Optical
Microscopy video. Red line represents the original interface air-polymer; light
blue and grey lines represent, respectively, penetration and swelling fronts at
the time of the central frame.

It should be highlighted, however, that the plateau in the curve swelling
vs time occurs at longer times than the ones of interest for our main appli-
cation, i.e. solvent-sealing for the production of laundry detergent pods:
for this reason, this issue is not investigated further.

Penetration and swelling fronts can be plotted as functions of time.
In all these graphs, the fronts’ position is defined in a lab-fixed frame
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of reference with the zero positioned at the original air-polymer interface.
Taking as example the central frame of Fig. 5.1, swelling front position will
be defined as the distance between gray and red lines, while penetration
front position will be defined as the distance between light blue and red
lines.

Figure 5.2. Penetration (left) and Swelling (right) as functions of time for
film B. 5 different repetitions are presented.

In Fig. 5.2 penetration and swelling fronts measured in Film B are
reported (5 repetitions). The peculiar shape made by "steps" is, of course,
due to the space resolution of the microscope: the position of the fronts
seems constant for a time span and then jumps to the next "step". In
taking the average of the repetitions, however, only the first point of the
step is considered as the true position of the front.

Reproducibility of the experiment is quite good, with a small stan-
dard deviation, especially at short times. The aforementioned plateau in
the swelling front is observed starting from 6s, while the penetration dis-
tance keeps increasing. It is here anticipated that the model presented in
Chapter 3 cannot account for such a possibility, only giving strictly mono-
tonic fronts; however, as already mentioned, for our target application
only the first 5 seconds of diffusion are interesting and the plateau can be
disregarded. In this time range, the average swelling and the average pen-
etration are directly compared in Fig. 5.3. Dashed lines represent the best
power-law fit atb of the two quantities, with a = 9.7± 0.1, b = 0.63± 0.01
for penetration and a = 13.6± 0.1, b = 0.56± 0.01 for swelling (confidence
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Figure 5.3. Average Penetration and Swelling as functions of time for film
B. Dashed lines represent the best power law fits (see text) for the two sets of
data.

level = 95%). Thus, as already mentioned in Chapter 3, diffusion in PVA-
water system can be defined anomalous. Interestingly, fittings suggest that
the two exponents of the power-laws are different from each other, with
swelling being closer to a Case I Behaviour. Notice that for Case I and
Case II Diffusion, as we saw in Chapters 2-3, the two power laws are in-
stead equal.

Analogous results are shown for film A in Fig. 5.4, where penetration
and swelling fronts are plotted as a function of time for 5 repetitions.

Figure 5.4. Penetration (left) and Swelling (right) as functions of time for
film A. 5 different repetitions are presented.
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The average behaviour of film A in the first 5 seconds is shown in
Fig. 5.5. The best power-law fits obtained are (8.5 ± 0.1)t0.64±0.01 for
penetration and (12.6± 0.1)t0.52±0.01 for swelling. Thus, also for this film,
the two exponents are distinct, with the swelling being much closer to a
Case I behaviour.

A direct comparison between the fitted behaviours of Film A and Film
B is done in Fig. 5.6. Interestingly, diffusion in film B occurs with both
a higher swelling degree and a faster solvent penetration: this probably
happens since film B has only an indirect contact with water, and thus
its higher hydrophilicity is needed to disentangle the polmymer chains,
promoting a stronger joint.

Figure 5.5. Average Penetration and Swelling as functions of time for film
A. Dashed lines represent the best power law fits (see text) for the two sets of
data.

To test the impact of the environmental conditions on water diffusion,
the experiment is also repeated after Film A was aged for 1 week in a room
with a controlled temperature of 50 ◦C. Fig. 5.7 shows the comparison
between fresh and aged film, both in terms of penetration and swelling. It
is really interesting to notice that swelling behaviour is exactly the same
for treated and non-treated film, while penetration seems slower for the
film that faced the aging process. As a perspective, it would be interesting
to investigate the causes for this behaviour.
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Figure 5.6. Measured Penetration (left) and Swelling (right) as functions of
time for films A and B.

Optical Coherence Tomography

In this section, we show results from OCT measurements. For the sake
of brevity, only results pertaining to film A are discussed, Fig.5.8 shows B-
scan reconstructions of the diffusion and swelling process in three different
moments: dry film before the diffusion starts (left image), hydrated film
after 5s of diffusion (central image) and hydrated film after 10s of diffusion
(right image). In the first image, the black area at the top is air, while
the grey-sh (granular) medium in between the white line and the bottom
of the image is the polymer film: white stripe, in fact, is the surface of
the polymeric material, i.e. the location where the change in refractive
index is bigger and the pixel intensity is maximum. When diffusion starts,
water comes from top of the image (large black area previously occupied
by air) and, like in Optical Microscopy, two sharp propagating fronts are
observed, the swelling and the penetration, indicated by a sudden change
in the refractive index of the medium. Below the lower front, the film is
essentially dry, maintaining the same color pattern of the dry material in
the left panel.

As for the case of optical microscopy, the initial interface air-film is
marked by a red line. In the second and third frames, the gray line rep-
resents the position of swelling front at 5s, while the light-blue one in-
dicates the water penetration front at 5s. In this way, it is immediately
highlighted that, differently from Optical Microscopy, no (apparent) arrest
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Figure 5.7. Comparison between average penetration and swelling for film
A fresh and heat-treated (aged) at 50◦C for one week.

Figure 5.8. Three subsequent frames extrapolated from a typical OCT ex-
periment: left (dry film), central (taken after 5s of diffusion), right (10s of
diffusion).

of the swelling front is shown. This mismatch probably reveals the higher
sensitivity of OCT technique to small differences in the local material prop-
erties: tomography can distinguish pure water from the hydrated film at
any time in the observed range. A further cause of discrepancy could be
the intrinsically anisotropy of diffusion in this medium, with different fea-
tures depending on the direction in which water propagates. It should
always be remembered, indeed, that water in OCT experiment propagates
trough the film depth, while it propagates along the width of the film in
the Optical Microscopy setup.

As a further observation, notice that for any time, the region in be-
tween the two fronts (i.e. the hydrated part of the film) is not entirely
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of the same color, but presents shades in the gray-scale that are more
accentuated than in the case of Optical Microscopy: for this reason, as
already mentioned, it could be possible to extract from OCT images the
entire water concentration profile in the film. Notice, for example, that
the area right above the penetration front is essentially black, like it is for
the isotropic media (water and air): this could indicate a water concentra-
tion profile essentially constant above the hydration discontinuity (see the
section 5.2 in this regard). The use of OCT to measure solvent concentra-
tion profile, however, would require the creation of a calibration curve to
quantitatively (and not just qualitatively) link the pixel intensity to the
local amount of water; this issue is not pursued in the present work.

Figure 5.9. Penetration (left) and Swelling (right) as functions of time for
film A, measured via OCT. 5 different repetitions are presented.

Measurements of the positions of swelling and penetration fronts for
film A are shown in Fig. 5.9, for 5 different repetitions. Standard deviation
among the different repetitions is quite small and the test method shows
a good reproducibility. Is it visible that the measurements do not always
reach 10s of diffusion: the reason is that even if the recorded experiment is
of 10s, some time (usually a couple of seconds) is needed for the operator
to drop the water on the film in the right spot.

Fig. 5.10 compares the results from Optical Microscopy and OCT for
film A. Concerning penetration distance, the curves obtained from the
two experiments are essentially equal; there is instead a difference in long
time behaviour for swelling: as already discussed, OCT does not show a
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Figure 5.10. Average Penetration and Swelling as functions of time for film A.
Orange points represent OCT experiments; blue points are results of Optical
Microscopy experiments.

plateauing swelling front, like Optical Microscopy, and keeps increasing
with a higher rate.

In Section 5.2, where the model developed in Chapter 3 is used to
predict swelling behaviour for the system water-PVA, Optical Microscopy
experiments are used for validation, since more data and a more reliable
image analysis algorithm are available for this technique. However, the
difference between the two experimental methods is negligible for the time-
scale of 5s of diffusion.

5.1.2 Absorbed Mass

Absorbed mass as a function of time is plotted in Fig. 5.11 for Film
A. For a direct comparison with Coat Weight, units are in g/m2, since
the weight of absorbed water has been divided by the area of film that
absorbed the solvent. Points represent the average of the 5 repetitions,
while the error bars indicate standard deviation. The best power-law fit
obtained is 12.6t0.49, very close to the value of classical Fickian diffusion.

5.1.3 Peel Force

In Fig. 5.12 some preliminary results for peel tests are shown, using film
A as the substrate that is directly wet, and film B as the dry one. Open
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Figure 5.11. Absorbed mass per unit area as a function of time for film
A. Points represent the average of 5 repetitions, while the errorbar is the
standard deviation. Solid line represents the best obtained power-law fit:
M(t) = 12.6t0.49

time, Coat Weight and Curing Time are adjusted as to find operating
conditions that lead to the maximum peel force. Forces are measured in
the range [0.9-2.2] s of Open Time, for two different Curing Times (1.6
s on the left panel and 2 s on the right panel) and for Coat Weights of
6,7,8 or 9 g/m2. As mentioned, only two values of curing time have been
here investigated, which however are within the curing time window of
the actual process, between 1 and 2 seconds. It is apparent that such
time interval must be investigated in more detail, i.e., with a dense set of
curing times. Notice also that this range of Coat Weights is well below the
maximum absorbing capacity for film A (Fig. 5.11); however, increasing the
Coat Weight made more difficult to obtain a reliable experiment that could
match the criteria explained in the subsection 4.2.3 of previous Chapter.
In the explored operating window, indeed, increasing the mass of water
per unit area given to the film led to increasing the peel strength: for
this reason, STS was not able to stretch the films enough to avoid waves
formation. This is the reason why curves are not complete, with some
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missing points at the highest Coat Weights. Standard deviation is quite
low, smaller than marker size.

Figure 5.12. Peel force as a function of Open Time, parametric in Coat
Weight. Two different Curing Times are shown: 1.6s in the left panel and 2s
on the right panel.

For both Curing Times, it seems clear that Peel Force is increasing on
increasing the Coat Weight.

The trend with Open Time, instead, is more complicated. When the
Curing Time is equal to 2s, in fact, a clear maximum appear in the curve
Force vs Open Time, for every Coat Weight. These observations seem to
indicate that, to obtain a good sealing, the water amount on the surface
of the film is a key parameter: without enough water, or if we do not wait
enough for it to penetrate inside the film, indeed, the peel force seems to be
lower; on the other hand, if the open time is too long, water may progres-
sively diffuse away from the interface, slowing down the disentanglement
dynamics of the polymer chains, inhibiting the formation of a strong joint.
Such a maximum is not present when Curing Time = 1.6s; however, Open
Times shorter than 0.8s have still to be investigated.

Notice also that the impact of curing time is not as direct as one would
expect for a dry sealing, as discussed in Chapter 2. Indeed, without sol-
vents, the longer the curing time, the higher should the measured peel
force be, increasing with curing time as:

Pf (t) ∝ t1/4 (5.1)

In our measurements, however, the trend of the force vs the curing time
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is not monotone at all, and it is highly dependent on the other operating
conditions.

5.2 Modelling Results

In this section, the model developed in Chapter 3 and there applied
to the systems chitosan-water and PMMA-methanol with data taken from
literature, will be applied to the system PVA-water analyzed and described
in Chapter 4. The first subsection illustrates how the parameters needed
for the model implementation are estimated for Films A and B, while
the second one shows the comparison, and excellent agreement, between
predictions and experiments on swelling and absorbed mass for PVA films.

5.2.1 Parameters’ estimate

Penetration front motion

The first parameter to introduce is the motion of the penetration front,
i.e. the position of water front as a function of time. To estimate this, a fit
of the penetration distance measured in optical microscopy has been done,
giving, as already discussed and shown in Figg. 5.3-5.5, 8.5t0.64 for Film
A and 9.7t0.63 for Film B. This directly returns the estimates of kh and α
for the two materials.

Polymer-solvent interaction parameter

For the polymer-solvent interaction parameter, the most common value
measured in literature for the solutions of PVA in water at room temper-
ature is here used : χ = 0.494 [93, 94].

Volume of the solvent molecule

For the value of water molecule volume, ν = 3 · 10−29[m3] has been
chosen [8].
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Diffusion coefficients

Since PVA is an highly hydrophilic material, the diffusivity in the hy-
drated part of the film has been chosen to be constant and equal to the self
diffusion coefficient of water at 25◦C: D1 = D01 = Ds.d. = 2.3 ·10−9[m2/s]
[95].

Figure 5.13. Measured Diffusion Coefficient of water by NMR in a solution
of Water and PVA as a function of the solvent volume fraction. Solid lines
represent the best exponential fit to the data.

As already discussed in Chapter 4, the exact chemical composition of
the film is not known: thus, even if the main component is PVA, the affinity
of our film with solvent could be somehow different compared to the pure
material. To check the validity of choosing self-diffusivity as D01, Fig. 5.13
shows 1H Nuclear Magnetic Resonance (NMR) measurements performed
in the P&G facilities in Reading (UK). In the graph, measured diffusion
coefficients are plotted as a function of the solvent volume fraction ϕ, at
equilibrium, i.e., for the water-PVA solution. An exponential function with
two free parameters D = Ddrye

pϕ fits the data-set quite well, and returns
D(ϕ = 1) ≈ 1.6 · 10−9[m2/s]. Hence, D(ϕ = 1) for PVA-water solution
and Ds.d. are of the same order of magnitude. Concerning the possible
variation of the diffusivity in the hydrating (non-equilibrium) film, in the
lack of any local measurement (which would however be not easily done),
it is assumed to be neglibigle (M = 0 in eq. 3.24).

The value of water diffusion coefficient in the dry side of the film,
D02, is chosen small enough to guarantee the stability of the solution,
but not too small, to avoid numerical issues in the algorithm. Values
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of D02/D01 = 10−5 proved to be the best in terms of robustness of the
routine.

Number of sub-chains per unit volume

The number of sub-chains per unit volume N is the only value left as
a fitting parameter in the model. It is shown that, on the time scale we
are interested in, swelling is not highly affected by N : Fig. 5.14 shows,
indeed, that even if this parameter is changed by two orders of magnitude,
the impact on the predicted volume increase is negligible, especially when
compared to the change in χ. N has been modified in the range [1024 −
1026][m−3], an interval considered to be typical for polymer films above the
glass transition [56]. The best fit is obtained with a value of N = 1024[m−3]

Figure 5.14. Sensitivity Analysis on the model. N and χ are changed in
the ranges [1024 − 1026][m−3] and [0.3− 0.6] respectively. The impact on the
predicted swelling front at specific times is shown.

both for film A and B. Dynamic mechanical analysis tests are planned to
measure the shear modulus G = NkBT for these two films and confirm
the choice made for N .

5.2.2 Results

The main output of the model implementation is, of course, the water
concentration profile as a function of time and position inside the polymer
matrix.
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Figure 5.15. Predicted concentration profile for Film A, plotted for t =
1, 2, 3, 4 and 5[s]

In Fig. 5.15 the concentration C multiplied by the volume of a water
molecule ν is plotted as a function of the non-eulerian coordinate X for
film A. It is here reminded that, in this frame of reference, X = 0 will
correspond, for any time, to the swelling front; the position of the discon-
tinuity, instead will be a function of time indicated by the symbol X = Xh.
The inset, that focuses on the area where discontinuity occurs, shows that
the concentration on the hydration front, Ch, decreases with time: this is
different from Case I diffusion where, as shown in Chapter 3, Ch is con-
stant in time.

The main graph also shows that, especially at long times, the concen-
tration has a huge drop in a small space, after which it decreases with
a much lower slope. This resonates with the observations performed by
OCT, where the area immediately before the hydration front seems ho-
mogeneously black, indicating no change in refractive index (and thus an
almost constant concentration).

As mentioned, however, at this stage the model could not be validated
on the entire concentration profile, since an experimental setup to measure
water content in the film in such a short time was not available to us. The
validation, instead, has been done on the position of the swelling front,
using Eq. 3.22.

Fig. 5.16 shows the excellent agreement between model prediction and
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the average swelling as measured by Optical Microscopy.

Figure 5.16. Swelling Front as measured by Optical Microscopy (points) and
predicted by the model (solid line).

For Film A, the model can also be validated by an independent mea-
sure: the water mass absorbed by the film, obtained from STS. Fig. 5.17
shows that, also in this case, the model output reproduces data quite well.

Figure 5.17. Absorbed mass as measured by STS (points) and predicted by
the model (solid line).

Analogous results in swelling behaviour is shown in Fig. 5.18 for film
B. Absorption curve is not available for this material, but the agreement
with swelling performance is again very good.
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Figure 5.18. Predictions for swelling (left) and concentration profile (right)
for film B. Swelling prediction (solid line) is compared with optical microscopy
data (points).





CHAPTER 6

Discussion, Conclusions and some Perspectives

The aim of this thesis was to give physical insights on solvent-assisted
welding of polymeric films, laying the foundations for a predictive tool for
the seal strength. Most of the work has been done on characterizing the
diffusion behaviour of water in a Polyvinyl alcohol-based film, and the sub-
sequent deformation of the polymer matrix: the main target application is,
indeed, the solvent sealing of polymer films for the production of Laundry
Detergent Pods.

By means of optical microscopy, a top view of the process is obtained.
Two sharp fronts are clearly visible: the first one represents water diffusion,
and has been termed penetration or hydration front; the other one, named
swelling front, follows the volume increase of the film. As it is common in
this kind of problems, the position of the two fronts have been tracked (by
means of image analysis) and monitored as a function of time. Fitting both
fronts’ positions with a power-law function, the best exponent obtained was
included in the interval [0.51 − 0.65], for both analyzed films. Moreover,
for each single film the behaviour of the penetration front was significantly
different from the one of swelling front. These two features are peculiar of
a diffusion/swelling process that is usually termed anomalous.

The top view of the optical microscopy setup allowed for observing
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diffusion and swelling only along the width of the polymer film. In most
applications, including Laundry Detergent Pods’ production, however, liq-
uid solvent is applied on top of the film surface, and the process of diffusion
and swelling occurs along the depth of the film.

To overcome this limitation of the Optical Microscopy technique, Op-
tical Coherence Tomography has also been used. This interferometric tech-
nique, indeed, allows for a reconstruction of the film along its depth even
during diffusion, showing the positions of both fronts in the desired direc-
tion.

While the two techniques give identical results for the position of the
penetration front, differences at longer times are found for the swelling
front. Optical microscopy, indeed, shows a plateau starting around 5 sec-
onds; a plateau that is absent in the measurement with Tomography, where
the swelling front keeps increasing for the entire duration of the recorded
process. These differences, that are to be investigated as a future perspec-
tive, have here been disregarded, since the range of times relevant to pods’
production is shorter than 5 s. Another interesting feature of Tomography
that would be worth investigating is the possibility to directly correlate
the pixel intensity with the local solvent content: in this way, the com-
plete concentration profile would be measurable.

In the lack of a direct measure for local concentration, the total ab-
sorbed mass of solvent has been measured as a function of time, specifically,
for film A, which is the one directly wet in the industrial process. In this
way, two independent measurements (swelling front and absorbed mass)
were available for model validation for this important case.

In an effort to rationalize and predict experimental results, a new model
has also been developed that provides the full concentration profile in the
mixtures of liquid solvent-polymers. The model assumes a priori the ex-
istence of a sharp penetration front; moreover the position of this front
in a lab-fixed frame of reference xh(t) must be known. Beyond xh(t), few
other parameters are needed, all of them being, in principle, measurable.
Two thermodynamic parameters, i.e., the number of polymer sub-chains
per unit volume N and the polymer-solvent interaction parameter χ, are
needed in the hydrated side, together with the diffusion coefficients in the
hydrated and dry regions, D1(C) and D02 respectively.

To predict the behaviour in the system water-PVA, a constant diffu-
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sion coefficient equal to the self-diffusivity of water was assumed in the
hydrated side, D1 = D01 = Ds.d., which was proven to be a good ap-
proximation for our system. Moreover, decreasing the ratio r = D02/D01

led to convergence of the algorithm in the results for r = 10−5: thus, in
actual facts, there was no need to measure the diffusion coefficient in the
dry side, provided that a large difference between transport properties in
hydrated and dry regions of the film can be assumed a priori. Regarding
the thermodynamic parameters, χ = 0.494 was used as a reasonable value
for our water-PVA system, while N was left as a fitting parameter. As
a perspective, the actual value of N could be estimated from the relation
G = NkBT , where the elastic modulus G can be measured, for example,
through Dynamic Mechanical Analysis; however, we checked that a change
of this parameter by two orders of magnitude has a negligible impact on
the predicted swelling, at least on the time-scale we are interested in.

Notice that the value employed for χ = 0.494 is a constant one, as typ-
ically found for solutions of water in PVA. Some authors [96, 97] however
argued that the actual value of χ should decrease with increasing water
content. Since in the original Flory-Huggins theory χ is a constant, and
since the agreement between model prediction and experiments is already
excellent, the actual dependence χ = χ(C) has been here neglected. Even
more so, N has been kept constant since, as already discussed, it also has
a very low impact on the final predictions.

The developed model has also been applied to data published in liter-
ature for systems in which Case I [8] and Case II [12] diffusion type were
found. Here, a brief comparison is made between the model introduced
in Chapter 3 and the ones presented in the two just mentioned references,
i.e., the model by Mao et al. and the one by Thomas and Windle.

The application of our model to Case I followed a similar approach to
the the one just described for anomalous diffusion, and the agreement was
equally good. Compared to the model by Mao et al., that is a model for
Case I diffusion only, the one developed in this work is much more versatile,
since, as mentioned, the position of the hydration front could follow any
function of time. Despite being more versatile, our theory also needs less
parameters than the one by Mao et al.: thermodynamic constants Nd and
χd in the dry polymer are indeed not needed, since a standard Fickian
diffusion equation holds.
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To successfully predict Case II behaviour, a constant diffusion coeffi-
cient in the hydrated side was not sufficient, and we assumed an exponen-
tial dependence of D1 from water concentration. Even with this choice,
the number of parameters needed by our model is still smaller than that
needed in the theory by Thomas and Windle. In their equations, indeed,
also the film viscosity and its dependence from water concentration are
required. However, differently from the model by Mao et al. and from
ours, the front position as a function of time will be obtained by Thomas
and Windle as an output.

It is here remarked that both those models use the assumption Xh(t) =
xh(t): Thomas and Windle explicitly state that "it is not worth while to
correct for increasing thickness of the specimen as swelling proceeds", while
Mao et al. use the simplified version of eq. 3.22 to predict the swelling
front in the lab-fixed frame, even if no comment is done on this working
hypothesis. We have instead commented on this hypothesis in Chapter 3.

Finally, to shed some light on the second step of solvent-assisted seal-
ing of polymer films, T-peel tests measurements have also been performed
to measure adhesion strength on-the-fly, which required the development
of an adequate protocol to obtain stable and reproducible results. In-
terestingly, in the wet adhesion process, the effect of the curing time on
the peeling force, is not as direct as it would be for a dry sealing, as we
demonstrated clearly through some preliminary results. It should be how-
ever stressed that the behaviour of the final junction will depend on other
operating parameters, like the applied Coat Weight and/or the open time.
In this respect, we found an interesting dependence on the open time (i.e.,
the time given to water for diffusion in the first film before contact) for the
peel force, with an unexpected maximum found around an open time of
1.3 s. This confirms that water content at the polymer surface plays a key
role for adhesion and that tuning the solvent concentration at the moment
of contact between the two films can lead to high quality sealing only by
changing the operating conditions.

As a perspective, a wider experimental campaign should be carried out
for measuring the peel force and building a predictive tool for the entire
process, assessing the role of surface water concentration.

While the solvent absorption process has been modelled by means of
continuum mechanics, a microscopic approach would probably be the best
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way to model the adhesion itself since, as already discussed, the motion of
polymer chains plays a key role in this regard. Thus, as a final perspective,
the inter-diffusion of polymer chains could also be studied by means of
Molecular Dynamics simulations, which will give us the opportunity to
exploit the numerical expertise we developed working on different glassy
materials [98, 99].
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