UNIVERSITA DEGLI STUDI DI NAPOLI FEDERICO II

DoTtTORADO DI RICERCA IN FIsica

ScuoLA POLITECNICA E DELLE SCIENZE DI BASE
AREA DIDATTICA DI SCIENZE MATEMATICHE FISICHE E NATURALI

DipARTIMENTO DI FisicA "ETTORE PANCINT"

THE EXTENDED NON-CHIRAL 1+1
DIMENSIONAL SACHDEV-YE-KITAEV MODEL

THEORETICAL PHYSICS

CicrLo XXXV
Tutori Dottorando
Prof. Arturo Tagliacozzo Andy Alexis Vidal Yunge
Prof. Alessandro De Martino DR993676

Coordinatore
Prof. Vincenzo Canale

Anno Accademico 2019-2022






UNIVERSITA DEGLI STUDI DI NAPOLI FEDERICO II

DoTTORADO DI RICERCA IN FIsica

ScuoLA POLITECNICA E DELLE SCIENZE DI BASE
AREA DIDATTICA DI SCIENZE MATEMATICHE FISICHE E NATURALI

DipARTIMENTO DI FisicA "ETTORE PANCINT"

THE EXTENDED NON-CHIRAL 1+1
DIMENSIONAL SACHDEV-YE-KITAEV MODEL

THEORETICAL PHYSICS

CicrLo XXXV
Tutori Dottorando
Prof. Arturo Tagliacozzo Andy Alexis Vidal Yunge
Prof. Alessandro De Martino DR993676
Coordinatore

Prof. Vincenzo Canale

Anno Accademico 2019-2022






Abstract

We study the 1+1 (space-time) dimensional extension of the 0+ 1 dimensional Sachdev-Ye-
Kitaev (SYK) model for N Majorana fermions, with random all-to-all quartic interactions,
averaged over disorder. At large effective couplings J and Q, and large N, the conformal
symmetry of the effective action emerges, which is not broken spontaneously as in the
original 0 + 1 d SYK model. Critical two-point correlators are obtained from a coupling
expansion of the Schwinger-Dyson equations. For N = 4, the model can be mapped
onto complex fermions and solved exactly via the bosonization technique. The model
separates in two sectors, nicknamed as “pseudo-charge” and “pseudo-spin®, with gapped
and gapless excitations, respectively. Excitations allow to give an approximate analytic
form of the two-point correlators at large distances, which is adopted heuristically to
numerically evaluate the Ground State Energy of the large N model. Absolute minimum
of the energy is found in a restricted range of parameters.
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Introduction

In recent years, there has been a lot of activity around the Sachdev-Ye-Kitaev (SYK) model
(1, 2, 3, 4, 5] due to its interesting properties. The model is a 0 + 1 dimensional system
described by N Majorana fermions with many fermionic degrees of freedom and all-to-all
random interactions. The theory is partially solvable in a tractable large N limit which is
possible to study through the dynamical mean field theory as well as the so-called tensor
models [6]. This allows applications within both condensed matter physics and high
energy.

These tensor models are considered as a new class of large N theories, different from
vector models [7, 8] or matrix models [9, 10]. For example, the two-point function in tensor
Klebanov-Gurau model [11, 12] is dominated by melon diagrams in the large N limit and
fixed by the N dependent parameter J, whereas the dominant diagrams for vector and
matrix models are bubble and planar diagrams, respectively. However, beyond the melonic
dominance, the low degree of symmetry makes the tensor formalism difficult to study.
In the SYK model case, this difficulty is mitigated by introducing disorder. Furthermore,
the dominance of this simple class of Feynman diagrams and their iterations allows to
evaluate all the correlation functions. Indeed, the Out-of-Time-Ordered-Correlator (OTOC)
grows exponentially on an inverse time scale which corresponds to a classical Lyapunov
exponent Ay and saturates at times less than the "scrambling time" t. with Az t, ~In1/%A
[13]. In this way, the model can be seen as a holographic dual for gravity theories of
black holes [14, 15, 16, 17]. The model presents an emergent approximate conformal
symmetry at low energies, where the reparametrization symmetry is spontaneously
broken down to a SL(2,R) subgroup. Goldstone soft modes appear in the excitation
spectrum. These gapless excitations become gapped when the approximate conformal
symmetry is explicitly broken by reintroducing the derivative term of the Lagrangian
as an ultraviolet correction. This implies that the soft modes acquire a mass, denoted
as pseudo-Goldstone in the literature. As a solvable many-body system, the SYK model
serves as a building block for constructing a metal and study its properties. Its capability
to describe strongly correlated systems opens up the possibility of study "strange metal”
phase [18].

Because of these interesting properties, extensions of the model to higher dimensions
have been explored. The path to reach this goal includes many different approaches. In
particular, in the context of Condensed Matter, some authors have extended the model to
higher dimensions by building a chain or a lattice of SYK dots [19, 20, 21, 22] due to the fact
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that the original 0+ 1d SYK model can be seen as mimicking a quantum dot in Condensed
Matter Physics. These extensions to higher space dimensionality appear to be a tractable
benchmark for a quantum many particle interacting system with non-Fermi-Liquid (NFL)
behaviour [23, 24]. There are complex fermion versions of the SYK model [25, 26, 27, 28]
dubbed as "strange metal" because there is at least a branch of gapless excitations which
are not the quasiparticles of the Fermi Liquid Theory. When dealing with hopping in
a spatial lattice at lowest perturbative order [29], in the infrared limit, the response of
the fermionic excitations, in the conformal symmetry limit, to an external driving to be
specified, gives rise to the celebrated linear temperature dependence of the transported
current over a large range of temperatures and to the constancy in temperature of the
thermal conductivity [27, 30, 31]. As this is a striking feature of the resistivity which
is experimentally found in the normal phase of the High Critical Temperature (HT;)
superconducting materials, these models are extensively studied in that connection [5,
32, 33]. It is interesting that the addition of a kinetic term to the model carries a complex
U (1) phase with, to be added to the real fields, which gives rise to bosonic collective and
gapped diffusive modes [4, 29].

Other possibility is to extend directly the quantum field theory to 1+1d by changing the
canonical scale dimension of the fermionic fields. By adding an extra spatial dimension,
the scale dimension of the coupling constants change as well as the relevance of the
interactions [34]. For a g-fermion interaction, the scale dimension of the interaction
term is q/2, which is marginal if g = 4, i.e. the four-body interaction, which is regularly
studied in SYK models, is not relevant in the power counting in 1 + 1 dimensions. Since
the 0 + 1 d model has relevant interactions, the above is an important obstacle in the
generalization of the SYK model to higher dimensions. However, there are some attempts
in the direct dimensional extension in which some features of the model have been shown
to be preserved. In the extended 1+ 1 dimensional chiral SYK model [35], the interactions
are exactly marginal, leading to an exact scaling symmetry which makes the model exactly
solvable at all energy scales. This allows to compute the OTOC which has a Lyapunov
regime and an asymmetric butterfly cone in the large N limit. The model is integrable in
the case N = 4 by bosonization, where the functional form of the two-point correlators
coincides with the ones coming from the large N case. Non-chiral extension have been
also considered [36, 37] showing that, statistically, the random couplings are overall
marginally irrelevant. An emergent approximate conformal symmetry is present at low
energies which, unlike the 0+ 1 d SYK case, is not broken spontaneously by the conformal
correlator. Furthermore, the model requires a regulator to be included already in the
action, which breaks conformal invariance explicitly. The non-chiral 1 + 1 d model in
[37] can also be seen as a random version of the Thirring model, with random couplings
Jijski drawn from a Gaussian ensemble. From the Callan-Symanzik equation, a positive 8
function is obtained, which means a non-renormalizable theory. Nevertheless, the model
can be studied as an effective theory below some scale.

As we can see, the study of the extension of the SYK model as a 1 + 1 dimensional
quantum field theory is intricate, specially in the non-chiral case. Even though, it is
worthy study some open issues. First, we would like to know if the theory is stable
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below some scale and find an approximation which makes the model solvable. Non-
chiral 1 + 1 dimensional models are statistically marginal irrelevant, in the sense that
after averaging over disorder and using conformal perturbation theory, the  function is
positive. However, there are relevant and irrelevant operators that will grow or decrease
as we flow into the infrared, and these can also change as the couplings themselves evolve.
As all these contributions are screened by the net effect of the average over disorder, we
can think of the model as an effective model with an effective coupling J. Furthermore,
the model is not truly conformal symmetric, which implies that we can still look for some
approximation to study the model. Secondly, it would be interesting to see if gapped
excitations are still present in higher dimensions for the non-chiral 1 + 1 d SYK model. In
this case, it is known that the model is not strictly Lorentz invariant due to the regulator
that must be included. However, we speak of "quasi" Lorentz invariance at IR and an
emerging conformal symmetry at large interaction coupling J, as it happens for the 0+1d
case. In this limit, when an UV cutoff A is introduced in real time-space by regularising
the singularity at small arguments with a logarithmic factor, the disorder average of the
model provides a Schwinger Dyson equation in the 1/N — 0 limit that can be solved
without breaking the conformal symmetry and the model is found to be still critical.
This does not give us any hint about excitations being gapped: they all could be gapless
if the system remains critical. Thus, it is necessary to seek for a different approach in
order to find solutions. Finally, as the Thirring model is dual to sine-Gordon models via
bosonization, it is interesting to search for a dual sine-Gordon version of the non-chiral
SYK model in order to obtain its properties and infer from them, the features of the model
in the large N limit.

In this thesis we propose an extended non-chiral 1 + 1 d Sachdev-Ye-Kitaev model
with the disorder average which includes the cross chirality interaction, that is to say, we
are not fixed to a diagonal coupling J;j.x; ~ J6;;0k. In this sense, we can think the model
as an extension of the random Thirring model [37]. As the "quasi" conformal invariance
solutions do not give any information about excitations, we seek for solutions from the
case N = 4. In this limit, the model is non symmetrical (non Lorentz invariant) and non
traceless (non conformal invariant), however, it can be solved exactly by bosonization.
The two-point correlation functions inform us about excitations: they are both gapless
and gapped. These two branches exist due to the separation of what we nickname as
"pseudo-charge" and "pseudo-spin" sectors. Nonetheless, we should ask if this behavior
remains for large N. From the 1+ 1d chiral SYK model [35], it is shown that the two-point
correlator for N = 4 and large N are equal (beyond the fact that the meaning of the
coupling is not strictly the same in both cases) and the model remains critical with gapless
excitations. On the other side, from the non-chiral case, the model is still critical in the
infrared, as it is shown by the Callan-Symanzik equation and the powerlaw behavior of
the correlator. For the strong J coupling limit, it can be seen by variational arguments
that the model presents gap excitations. Therefore, we assume heuristically analytic
correlators suggested by the N = 4 case to evaluate an approximated free energy in the
large N case, and find the gap in a range of ] values.

This thesis is organized as follows: In Chapter 1 we briefly summarize some aspects of



the original 0 + 1 d SYK model. We present its effective action by averaging over disorder,
finding the Schwinger-Dyson (SD) equations and obtaining the correlation functions
by considering the emergent approximate conformal invariance. These aspects lay the
foundation for calculations in the large N limit.

In Chapter 2 we present a general view of our 1 + 1 d extended non-chiral model in
the large N limit. We explore by dimensional analysis its renormalizability and then we
discuss if interactions in our model are relevant, irrelevant or marginal. We complement
the analysis by comparing with the original 0 + 1 dimensional case. A brief analysis is
also included for the case N = 4.

In Chapter 3 we begin to develop the model and study its properties in the large N limit.
We derive the effective action by using the replica trick after averaging over disorder. After
we introduce cross chirality bilocal Green’s functions, the Schwinger-Dyson equations
are represented including also off-diagonal chirality terms, besides the diagonal ones. The
solution of SD equations is obtained within the approximate conformal invariance scheme
which leads to free-like correlators in the 1/N expansion limit. An alternative expansion
around the conformal symmetry limit is also investigated giving critical correlators with
an strange exponent I' # 1 which implies Non-Fermi-Liquid behavior.

Chapter 4 is the core of the original work and includes most of the results. An
approximate free energy of the non-chiral 1 + 1 d extended SYK model is plotted as a
function of parameters for the interaction. We follow the derivation of the free energy
introduced for the 0 + 1 d SYK model in [2]. The Green’s chiral conserving functions are
required as well as the off-diagonal non-chiral conserving ones. We use results coming
from the Chapter 5 where we derive the nature of the excitation spectrum and some
correlators for our 1+ 1 d SYK extended model for N = 4. Bosonization of the N = 4
case allows to map the model onto the sine-Gordon field theory model and these results
are exact. For a chiral conserving case, the spectrum includes a pseudo-spin branch
which is gapless and a gapped pseudo-charge branch. We assume that these features are
conserved when N >> 4 and that the functional form of the correlators of the N = 4
case holds also for the N >> 4 extension. We are encouraged to do so, based on what we
have discussed above. In the 0 + 1 d SYK model the conformal symmetry of the N — oo
limit is spontaneously broken by the ground state as it is revealed by the time correlator
in the infrared limit. Then, symmetry is explicitly broken by reintroducing the kinetic
term as an ultraviolet correction. This implies that the Goldstone bosons acquire a gap,
denoted as pseudo-Goldstone in the literature. At higher space dimension the conformal
symmetry is broken by hand, as well as ultraviolet corrections and there is consensus on
the fact that gapped excitations persist in all its extensions. The free energy expression
also requires the knowledge of the off-diagonal non-chiral conserving Green'’s function.
We prove that they vanish identically in the N = 4 limit because they correspond to non
number conserving correlators which are absent in the N = 4 case. However, we find
that by posing the interaction parameters Q and J equal we can circumvent this difficulty
because the free energy expression only requires the product gngy which is represented
heuristically by the number conserving operator (O;E(z, z)07%4(0,0)), in the bosonization
approach. In this way, we are able to graph by numerical methods the free energy versus
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the supposed gap and we find that there is a limited range of values for the J parameter
in which the free energy develops an absolute minimum at finite A. This findings are
the most relevant results of this work and seem to confirm that the main features of the
N = 4 case are still present when N >> 4 at least in the 1/N expansion limit.

In Chapter 5 we derive the main features of the model in the N = 4 case. At N = 4,
the model can be bosonized exactly by constructing complex fermions. Within the sine-
Gordon scenario, two sector fields arise which we call the pseudo-charge and pseudo-spin,

characterized by the renormalized velocities u. = ug/1 + J/mug and us = ugy/1 — J/ wuy, re-

spectively, where 1 is a velocity scale. The theory is diagonalized in these sectors but it still
-1/2
J

keeps mixed chiralities. The pseudo-spin interaction factor K = (1 ~ T diverges

when J — muy which establish the strong coupling limit of this N = 4 model. For the
-1/2
pseudo-charge case, this factor appears to be K. = (1 + -1 ) . As is well known, the

Ty
sine-Gordon model is in the critical phase with a powerlaw decay of the two-point corre-
lation function when K > 1, while it has a gapped spectrum with exponentially decaying
correlators when K < 1. In this way, the excitation spectrum of the pseudo-charge modes
turns out to be gapped, while the pseudo-spin modes remain gapless. Correlators are
computed, which are after used in the calculations of the free energy in Chapter 4. The
energy-momentum tensor is obtained, which is non traceless. This indicates the fact
that the theory appears to be non conformal invariance in the N = 4 case. Finally, other
physical quantities are obtained, distinguished by the fact that they are renormalized by a
factor depending on the interaction.
We close this thesis with a brief summary and discussion.
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_1_
The 0+1 dimensional
Sachdev-Ye-Kitaev model

In this initial chapter we describe the original 0+ 1 d SYK model and explore some aspects
that concern us. We present its Hamiltonian and describe the random nature of the
coupling constants. In the large N limit, by considering the average over disorder and the
replica trick, the effective action is obtained. Self-consistent Schwinger-Dyson equations
are derived. At low energies, by dropping the kinetic term, an approximate conformal
symmetry emerges and the model can be solve analytically.

1.1 The model

The Sachdev-Ye-Kitaev model is a 0 + 1 dimensional quantum system of N Majorana
fermions with many degrees of freedom and random all-to-all interactions [1]. The
model proposed by Kitaev, as a variant of the original Sachdev and Ye model for pairwise
coupled spins [38], consists in a Hamiltonian with N >> 1 Majorana sites and four-body
interaction (generalized after to g-interacting fields):

1
H=-— > Jiayiliyuh (1.1)
4!
i<j<k<l
where ;1/; + ;i = J;; and all the indices i, j, k, [ go from 1 to N. Here disorder effects
are weaker than in systems with pairwise interactions. The random couplings J;jx; are
time independent and completely antisymmetric. In the large N context, it is not really
important the specific distribution and we can assumed a Gaussian distribution with zero
mean value and the following variance:

31J?
N3

with J being the characteristic energy scale. The model can be generalized to g-interacting
fermions, but we are going to focus in the quartic interacting case. The reason for this

(Jijk))* = (1.2)
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is that, when we restrict to time-reversal-symmetric interactions, the model with g = 4
represents the dominant interactions at low energy [2].
In order to obtain the free correlator, we use the path integral formulation in the free

theory:
Zy[J] :/szexp [_/dTZ(%lﬁiarlpi*‘]ilpi)] (1.3)

where a Grassmann source was included and the shorthand notation Dy denotes inte-
gration measure over all paths. Expanding the fields in terms of fermionic Matsubara
frequencies w, = % with n € 2Z + 1, the path integral becomes:

ZO[]] = / Z)‘/’ exp [_% Z (%wi,niwi,nwi,—n +]i,nl//i,—n)] . (1-4)

i,n€2Z+1

It is possible to transform the path integral into a Gaussian integral. This can be done by
shifting the fields with 5, — ¢, — 1]6’0—'; and completing the square. Then, absorbing the
proportionality constant into the measure, we obtain:

Z01J] = exp [% 3 (%J%])] , (15)

i,n€2Z+1 b
where the Euclidean time propagator

—iwn(t—7")

A(T—T’):l Z e_.— (1.6)

’B i,n€27Z+1

allows us to write the time-ordered Euclidean free propagator for Majorana fermion at
zero temperature as:

Go(r) = —%sgn(r). (17)

From here, it is possible to compute corrections due to the interactions. A diagrammatic
expansion is shown in Fig. 1.1, where the gray circle is the two-point function G (dress
correlator), the thin solid lines are the free two-point function Gy, (bare correlator), and
the dashed lines denote the average over Jjjx;.
As an operator, the bare correlator Go(7) = —%sgn(r) can be expressed as Gy = (—9;) .
By expanding it, the diagrammatic expansion in Fig. 1.1 is obtained and can be written in
terms of operators as
G=Go+Gy2Go+ (Go2Go)2+--- (1.8)
where the melon diagrams (and all the nested melon that contribute at leading order)
are represented by . By factorizing the bare correlator in the right side of Eq. (1.8) (or
similarly the thin solid line in Fig. 1.1), the expanded part can be seen as the Neumann
1

series analog to the geometric series ;— =1+ x + x? + - and write:

G=G6(1-2G)™" =[G -3] = (-a =)™ (1.9)
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N + ! , + . — — *

Figure 1.1: Corrections to the two-point function due to quartic interactions. The expan-
sion is dominated by melon diagrams at leading order of 1/N. Nested melon diagrams
can also contribute.

where it was used Go(Go) ™! = 1. Eq. (1.9) corresponds to one of the Schwinger-Dyson
equations (see Eq. 1.17) as we will see in following sections.

1.2 The effective action

In this section we show how the disorder-averaged partition function Z can be obtained.
This is important for computation of the effective action which leads to the Schwinger-
Dyson equations. Furthermore, the free energy can also be obtained by means of disorder-
averaged partition function in the replica context [2].

The functional integral of ¢ e~SI62] oyer some variables G and % gives the disorder-

averaged partition function Z, where S is the effective action (strictly speaking, the
disorder-averaged action). On the other side, the average value of the free energy F
can be obtained from f F = —InZ. However, In Z is not the same as In Z by terms of
order O(N?%79) [1]. If we consider quartic interactions, i.e. ¢ = 4, these terms are not too
important in the large N limit and the diagrammatic expansion around the saddle point of
the effective action reproduces correctly all connected 2n-point functions. More accurate
computations can be done by considering a similar action with M replicas and then make
the usual M — 0 trick. In the following, we use the standard replica method to perform
the disorder average over random coupling constants assuming that the replica symmetry
is unbroken.

In the replica context, the average value of the free energy is given by:

— R 1 ZM
fF=-InZ = - lim ———.
M—0 M

(1.10)
For each realization of disorder, Z(J;;x)™ is equal to the partition function of M replicas.
The exact form of the probability distribution is not really important when N is large,

thus we can assume that it is Gaussian. Therefore, we can consider a probability den-
1

sity function of the form P(Kypcq) = m exp (—% Dabed ﬁ(Kabcd)Z)- Finally,
TT(Rabed abc

considering an extended set of Grassmann variables l//f‘ parametrized by r € [0, §], with




j =1,..,N and the replica index & = 1, ..., M, the partition function becomes:

_ B
zM /Z)lﬁ@_]exp Z‘/OV df(—%zlﬁ?af%x‘F Z ]l]kllp ¢ l//k‘h
a Jj

i<j<k<l

[ 2
2/(—<2/ 1)
—%Z/drlﬁ R +—Z/drdr( Zr// (r)tﬁﬂ(f))
L O(,j

(1.

[ [
— —
S S
< <
: 2

1)

The latter can be solved by using the following identity:

f(%) = /_ "~ dx f(x)8(x — %) = % [ ~ dx /_ "~ dy f(x)eNY&=), (1.12)

o0

If we define Gup(7,7') = % 2 g&f(f)g&}ﬂ(f’), we can identify that x = —Ggp(7, 7). Ad-
ditionally, we denote y by —iX,4(7, 7). Integration over ¥ fields can be assumed as N
identical integrals, in such a way that the partition function becomes:

/ DIDG / Dzﬁexp[—%za: / dry®oy”

1
—= drdr’Sqp(1, 7)Y (D)YP ()
%)

N
+%Zﬂ/d1’dr’ (]ZZGéﬁ(T,T’)—Za’g(r,f')Gaﬂ(T,T'))]) . (1.13)

Now it is easy to perform the integral over the Grassmann variables *(7). This gives the
Pfaffian of the operator —9,; — 2. Integrals over auxiliary fields ¥ and G can be performed
by using the saddle point approximation:

~InZM = —1n (/ DIDG exp (—E(M) [G, Z])) X max(c) min(z)g(M) [G, 2], (1.14)

where

sMG,51=N

—InPf(-9,-3) + % Zﬁ: / drdr’ (zaﬂ(r, T)Gap(7,7') — J—G4ﬁ(f T ))

L
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is the effective action for M replicas. Considering the following ansatz >,4(7,7) =
%(7,7)64p, that is to say, omitting the off-diagonal in replicas, the limit M — 0 becomes
trivial and the effective action is:

S[G, 2] =N . (1.16)

2
—InPf(-9; - 3) + % / drdt’ (Z(T, )G, 7') - JZG4(T, T'))

The replica-diagonal approximation can be justified as follows: on the one hand, the
expansion of f F = —In Z consists of those diagrams that are connected along fermionic
lines. On the other hand, the high temperature expansion of — In Z includes all connected
diagrams, i.e. there are leading diagrams proportional to N~2. Therefore, the replica-
diagonal approximated free energy differs by O(N~?) terms, which can be neglected in
the large N limit [1]. A way to obtain this free energy is provided in section 1.4.

As it can be seen, all this process was possible after averaging over disorder and using
the replica trick. The saddle point values of G and X in the effective action correspond
exactly to the Green function and the self-energy in the mean field approximation.

1.3 The Schwinger-Dyson equations

In the large N limit the model is solvable by dynamical mean field theory, making it
possible to write the self-consistency Schwinger-Dyson equations for the imaginary time
correlator G(r1, 72) = —(T¢i(71)¥(12)), where T denotes time ordering. By taking the
maximum over G and the minimum over ¥ in the effective action (1.16), it is possible to
write the SD equations as (see Fig. 1.2):

G=(-a-3)7", 3(11, 1) = J2G (11, 1), (1.17)

Both Green function and self-energy are bilocal antisymmetric fields with antiperiodic
boundary conditions, parametrized by the inverse temperature by r € [0,f]. At
low energies, there is an emergent conformal symmetry and the model can be solved
analytically.

O+ —O0—0—+  O°

(a) (b)

Figure 1.2: Graphical representation of the Schwinger-Dyson equations. The gray circle
denote the full two-point function, whereas the white circle represent the self-energy.
Equations (a) and (b) correspond to the left and right equations of (1.17), respectively.
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1.3.1 Conformal limit

When we consider strong coupling (low energies), the kinetic part of Eq. (1.17) can be
ignored and this let us write the unitary condition:

/ dv'G(r, 7)2(, ") = =6(r — 1”). (1.18)

In this form, the Green function and the self-energy are invariant under the reparametriza-
tions:

G(r.7) — [f@Of (NG(f (). f(2)),
2(r7) = [F@F @O @), f() (1.19)

where A = 1/q, for general g-interacting case. The Majorana correlator obtains the form:

Ge(7) = bslg:l% (1.20)
for some constant b. The last expression solves the Schwinger-Dyson equations provided
the scale dimension A. Although the effective action and the SD equations are invariant
for any reparametrization of conformal transformations, this does not happen for the
conformal Green function, which is only invariant if we consider a reparametrization
€ SL(2,R). In this way, the strong coupling limit implies that it is possible to approximate
the model by neglecting the kinetic part in the Schwinger-Dyson equations, where
reparametrization invariance is spontaneously broken by the conformal solution G, (7).
In Section 3.2 of Chapter 3, we will see that, for 1 + 1 d SYK model case, a regulator
has to be already included in the action. This also emerges when Fourier transforming
the self-energy appearing in Eq. (3.16) as the integral does not converge and requires
the introduction of a regulator. This UV regularization breaks the conformal invariance,
which implies that the breaking of the scale invariance is explicit and not spontaneous.
This reparametrization invariance can be used to solve the SD equations and find at least
the two-point correlator functions.

1.4 Free energy
The free energy can be studied from the functional integral by considering the original

partition function. However, as it was observed, the leading large N approximation of the
free energy reads:

< 1 ’ / ’ ]2 4 ’
—PF/N =InPf(-0; - 2) — E/drdf (Z(T,T)G(T,T) — ZG (r,7)]. (1.21)

As it is shown in [2], it is convenient to take the derivative with respect Jd; in order to
avoid evaluating the Pfaffian term. Since G and ¥ obey the equations of motion, the only
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contributing term is the derivative of the explicit dependence on J, such that:

2 B
]—’B/ drGi(r) = —'[—gc')fG
4 0 4 7—0%

- & (1.2

Jo7(=PF/N)

Because the partition function just depends on the combination ], we can consider that
J 9y is the same as ffdg. This provides a way to obtain the energy. We adopt this method
to obtain the free energy in our extended 1 + 1 d non-chiral SYK model, as it is shown in
Section 4.1, where diagonal in chirality and cross-chirality (off-diagonal) correlators are
required.

With this we have finished our review of the original 0 + 1 d SYK model. Even if the
theory has other interesting properties such as its relation with chaos and black holes,
we are not going to focus on them in this work. This is basically due to the fact that
reparametrization invariance in the 1 + 1 d case is different from the 0 + 1 d case. In
the original SYK model, the action was consistently reparametrization invariant and a
scale invariant solution can be found. Invariance is seen after spontaneously broken.
By including the explicit breaking of reparametrization, the four-point function can be
computed, and these are required to study the chaos limit. In the extended case, the
cut-off already breaks reparametrization explicitly in the action and solution is not scale
invariant. A four-point function is much more complicated to obtain and possibly requires
a different approach that we do not study here.






i,
The non-chiral 1+1 dimensional SYK
model: generalities

In this chapter we describe some general aspects of the theory. We introduce the action of
the model. The free spectrum is linearized around k = 0 and two branches for right and
left-movers appears. The generalized interaction includes two different random couplings
which control interactions between the same or different chirality branches. We perform
dimensional analysis of the action, making the comparison with the original 0 + 1 d SYK
model. For the N = 4 case, the relevance of the interaction is studied by analyzing the
scaling dimension and the conformal spin parameters.

2.1 The model

We propose an extended 1 + 1 dimensional non-chiral SYK model described by Majorana
fermions with fermionic degrees of freedom labeled by a flavour index that can take N
(even) values on each site x. In a general way, we can express the free theory action as

So = ai / &x (Virom). (2.1)

where the spinor is / = /y® and y# are the gamma matrices. In the chiral representation
[39] the real Majorana fermionic operator of flavor i will be denoted by ¢;(x) with
Ui(x)T = (Yi_ (%), Yir (x)), where ;. (x) are eigenstates of o, and + labels the chirality.
The 1/;(x)’s of different flavor or site satisfy the anticommutation relation

{%(x), 1//j(y)} =6;j 6(x —y). (2.2)

In Euclidean space, ;4 (x, 7) is only a function of the complex coordinate z = x + i 7 while
Yi—(x, 7) is only a function of z = x — i 7. In the following, x in ¥/;. (x) will denote both
variables (x, 7) if no ambiguity arises.
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Following within the chiral representation, in 1 + 1 dimensions the gamma matrices
are given by Pauli’s matrices as follow:

Y=o 5 y'= —ioy Y’ = oy (2.3)
They satisfy the Clifford algebra

y'y =2, (2.4)

where n" is the Minkowski metric with signature (+, —). The action for the free massless
case can then be expressed by

N
Si=2 " / P o) (=0, + i, ody) Y1 (). (25)

After a Legendre transformation of the free Lagrangian, the free Hamiltonian can be
easily obtained to be

L&
H= 5 Z / dx [Yi- (x) (uoidx) Y- + Yis (%) (—uoide) it ] , (2.6)

where it is observed that, after a Fourier transform into k-momentum space, the free
spectrum is linearized around k = 0 with velocity +u, for +k.

In the original SYK model, N Majorana fermions have all-to-all fermion random
interaction where Ji; 4 are a set of random Gaussian couplings. Here, we generalize it by

defining

S = /dzx[% Z ]ijkl(JiYS}’p‘ﬁj)(Jk}’s}’y‘//l)

i<j<k<l

+ ) Q,-jkl(§<%y“¢,-><%yp¢z>+(J,-wjm»ﬂ, (27)

i<j<k<l

where the couplings J;jx; and Q;jx; are real and antisymmetric with respect to any two
indices, and the labels {i, j, k, I} run from 1 to N. In Section 3.2.1, for the large N case
and after averaging over disorder, we will see that the model can be seen as the Random
Thirring model [37] when J = 0, while if Q = 0, the model becomes in two decoupled
left/right-mover SYK chiral systems. As for the original SYK model, the specific distribu-
tion is not very important in the large N case, therefore we will assume that they obey
the random Gaussian distribution P with zero mean and the following variances:

3{]2 §22

(Jijk))? = e ; (Qijk1)? = INE (2.8)

It is important to note that the model is just random with respect to Majorana flavor
indices, while the translational invariance is unaffected.
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On the other side, for the N = 4 case, just one way to order indices is valid and the
couplings become fixed. Hence, without loss of generality, we will assume that both J
and Q are equal. As we will see in Chapter 5, the model can be bosonized by constructing
complex fermions and using a bosonization technique (see Appendix B). Doing that,
the model is separated into "pseudo-charge" and "pseudo-spin" sectors, as it is shown
in Section 5.2. The interaction has two effects: on one hand, the following part of the
interaction

1] — — — —
S| G V) Gy ) + (%y”%)(wknlﬁz))
rescales the velocity. On the other hand, the interacting part

% ¢j Jk 1//1

introduces cosine-like interaction terms in both sectors. These two branches has different
behavior on their excitations according to the interaction parameter K, /s = 1/,/1 £ ”Luo
introduced in Eq. (5.34). For pseudo-spin sector it is found that excitations remains gapless,
while on the contrary, for pseudo-charge sector it is found that excitations becomes gapped.
We will assume that these two branches hold for the N >> 4 case, based on the results
coming from Section 3.2.3 for small coupling regime (where the system remains critical) ,
and from variational analysis in the strong coupling regime (where indications of gapped
excitations appear).

As a last comment, if we add to the interaction the following term

W) Py ), (2.9)

it is possible to obtain a non-symmetrical model having the cosine interacting term in just
one of the spin-charge sectors. For instance, in the Random Gross-Neveu like interaction
[40, 41]

|Gt - Grvn G| ~ 5 cos (Vo) (2.10)

the cosine of the charge sector disappears.

2.2 Dimensional analysis

Doing a dimensional extension in a model implies that we have different scaling dimen-
sions for fields and hence, for interactions. The latter invites us to analyze the conditions
in which interactions are relevant, irrelevant or marginal. It is also worth asking whether
the theory is still renormalizable or not, and see if perturbations can be made.

One of the criteria that gives us information about the convergence of Feynman
integrals and, therefore, about renormalizability of the model, is the "power counting".
This method is used to classify divergences systematically. It can be related with the
superficial degree of divergence, which studies the UV behavior of Feynman diagram
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(a) (b)

Figure 2.1: (a) Four-body fermionic interaction represented by one interaction vertex and
four external fermionic lines. (b) Four-body fermionic interaction with one internal loop
and two interaction vertices.

integrals containing all the contributions with powers of momentum k. In Fig. 2.1 (a), it
is observed a q = 4 fermionic interaction where, for some coupling constant g, there is
a family of diagrams of order g, g%, O(g) in an expansion to one loop, two loops, three
loops, etc. For example, one diagram of order ¢g* and one loop of fermions is represented
in Fig. 2.1 (b), where there are two interaction vertices and one internal loop. In a general
d space-time dimensional system, for a diagram of order n (with n being the number of
interaction vertices), E external lines, I internal lines and L loops, we have a k-momentum

integral:
d'k
/ o (2.11)

The superficial degree of divergence D is defined as [42]:

D=dL-2[+ ZDa (2.12)
a
where D, is the number of derivatives in the interaction for each vertex a. It is useful to
express (2.12) in terms of external lines and vertices. The number of loops is given by:
L=I-n+1 (2.13)
while the number of external lines is:

E= Z ve —2I. (2.14)
a

Here, v, is the number of lines (bosonic ones or fermionic ones) that connect with the
vertex a. Using these expressions, and considering bosonic and fermionic fields, we can
express an extended version of Eq. (2.12) as:

Dzd—(%)EB—(%)EF—Zld—Da—(d;Z)vaB—(dgl)vaF] (2.15)

a

where labels B and F are for bosons and fermions, respectively. It is recognized the vertex’s

dimension d, as:
d-2 d-1
da:Da+( - )vaB+( - )vg. (2.16)

Thus, according to the dimension of the vertex, the model can be considered
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« super-renormalizable, if d, < d
 renormalizable, if d, = d

« non-renormalizable, if d, > d.

The dimension of the vertex a is related to the interacting part of the Lagrandian density.
Thus, by performing a dimensional analysis of the action, we can relate d, with the
dimension of the coupling constant:

do+[g] = d. (2.17)

It is not surprising this relation between convergence of Feynman integrals and the
dimension of the coupling constants. Indeed, when d, < 2 for all vertices, the coupling
constant has a positive dimension. Then, going to higher orders in perturbation theory
produces more powers of g and forces the Feynman integrand to vanish faster at large
momenta so that the total dimension remains fixed. On the contrary, when d, > 2, it is
expected more and more divergent integrals [42]. Accordingly, depending on the coupling
scale [g], the model can be (in mass units):

« super renormalizable if [g] > 0
« renormalizable if [g] = 0

« non-renormalizable if [g] < 0.

A theory can be expressed in terms of different kind of interactions. These interactions
can be relevant, irrelevant or marginal. Broadly speaking, an interaction becomes relevant
if it grows when it is considered larger scales of the theory, having noticeable effects in
the IR. On the other side, an irrelevant interaction decrease when it is increased the scale
of the model, having negligible effects in the IR. Other cases are said marginal. Now let
us consider, for example, the irrelevant terms. As the interaction becomes irrelevant in
the IR, in the momentum space it diverges in the UV. If the model is capable to include
enough counter-terms to cancel these divergent terms, the theory it is said renormalizable
(or super renormalizable). If not, the model is non-renormalizable.

In the following, we are going to analyze the renormalizability of the model and the
relevance of the interactions for each 0 + 1 d and 1 + 1 d models. We must notice that we
have a set of random couplings, which implies that the flows of each realisation can be
different. This is specially important when interactions are marginal in the dimensional
analysis because some operators will grow and some will decrease as we flow to the IR
[37].

2.2.1 Power counting in the 0+1 dimensional SYK model

Let us start with the dimensional analysis of the original SYK model. The dimensionless
action is

s= [ de| Y viai+ Y by | (2.18)

ijkl



For the analysis, we are going to consider the characteristic energy scale J, which is
related to the set of coupling constants J;jx; by means of the variance (1.2). Then, doing a
dimensional analysis, we have

L= [yl = [ 1y (2.19)

—yl=1 - [Jl=[]" (2.20)

It is common to make the power counting by putting time as length by multiplying a
velocity such as [t] — [L] which is the inverse of mass (in natural units) [M] = [L] ™.
With this, the convention indicates that the field is dimensionless and the scale dimension
of the coupling is 1. Therefore, we conclude that the model is super-renormalizable and
the interaction term is relevant, being strongly coupled in the IR. The same conclusion
can be reached evaluating (2.16) by considering D, = 0, d = 1, vaB = 0 and VaF = 4, such
that d, = 0 < d, the model being super-renormalizable.

2.2.2 Power counting in the 1+1 dimensional extension

Let us see what happens if we extend the theory to 1 + 1 dimensions. The dimensionless
action (omitting some interaction terms for simplicity) is

s~ [ arax( 3o+ wadpi+ Y hatidio | @.21)

ijkl

In 0+ 1d, the set of random couplings is related to the characteristic energy scale J. In our
1+ 1 d model, the sets of random couplings J;jx; and Q;ji; are related to the characteristic
velocity scales J and Q, respectively, by means of the variances (2.8). Repeating the
dimensional analysis, we have

1= [e][x] (91?187 = (] [x] 1Y (2.22)

- W=7 - [J]=[x][]7 (2.23)

Considering again that [t] — [L] and [M] = [L]™}, the scale dimension for Majorana
fields is 1/2, while the coupling is now dimensionless. The model is still renormalizable,
but interaction is marginal. The same conclusion can be reached evaluating (2.16) by
considering D, = 0, d = 2, vaB =0 and vaF = 4, such that d, = 2 = d, the model being
renormalizable.

Finally we can conclude that including space in the original 0 + 1 d theory, the model
remains renormalizable, but interaction becomes marginal when we consider a four-
fermion interaction.
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2.2.3 Scaling dimension and conformal spin

Most of the work on SYK model has been described by Majorana fermions with all-to-all
fermion random interaction. Notwithstanding, in the Chapter 5, we present the model in
the bosonization picture for the specific case N = 4, where the model can be related to
its dual sine-Gordon version, after introducing complex fermions. In this subsection, we
explore an alternative approach to analyze the relevance of the interactions in the specific
N = 4 case. In this scenario, fermionic fields can be replaced by bosonic ones described in
general by analytic and anti-analytic fields [43]:

c(p2) ~ exp| pBD +0ED)|  TED) ~ exp| FP=D) -0, (229

where ¢ and ¢ are operators related to the bosonic field ¢ and its dual field 6, z and z
are the complex coordinates, and f and f§ are generally different numerical factors. By
construction, these dual fields are, in fact, compose by chiral "+" components (see Section
5.1).

If we consider first the free case of this N = 4 SYK model in the bosonization picture,
we basically have the Gaussian bosonic model, where the pair correlation function is

—2 ~
(212) 7147 (z1,) P /47 By defining the "scaling dimension" d as
~ — 1 5 =2
d=A+A=—(p"+p) (2.25)
3
and the "conformal spin" S like
— 1 5 52
S=A-A=—(p-p) (2.26)
8
we can study how perturbations affect our model and whether they are relevant or not.

For example, in a d-dimensional system (space and time), a perturbation with scaling
dimension d and conformal spin S = 0 is said to be relevant if [43]

d<d (2.27)
irrelevant if )

d>d (2.28)
and marginal if i

d=d. (2.29)

As already mentioned, in the N = 4 case cosine-like interaction terms will appear, which
are not strange in one-spatial direction systems. This cosine is constructed by exponentials
with exponent’s prefactors proportional to f and B which are in general equal but opposite
in sign. Keeping this in mind, cosine interaction will be relevant if

B < 4rmd. (2.30)



For our 1 + 1 dimensional model d = 2. Thus, in the N = 4 case, relevant or marginal
interactions occur when 2 < 87 or % = 81, respectively.

We will see in Chapter 5 that the model separates in two sectors: the pseudo-charge
and pseudo-spin, as it is showed in the Hamiltonian (5.25). In both sectors there is a cosine-
like interaction of the form cos(B¢$) = cos(V8r¢). Therefore, we can again conclude that
interactions are marginal. However, by re-scaling the bosonic fields and the conjugate
momenta in the Hamiltonian, it is possible to obtain extra information about excitations,
as it is observed in Egs. (5.30), (5.31) and (5.32), where it is found that pseudo-charge has
gapped excitations while the pseudo-spin case is gapless. This analysis shows that the
case N = 4 can help us to explore features of the model.



—3—
Large N limit of the non-chiral 1+1
dimensional SYK model

In this chapter we solve the model for a large number N of left and right-movers Ma-
jorana fermions. The g = 4 fermionic interactions dominate and are mediated by the
independent sets of real random couplings Jijx; and Q;jx; with zero mean and random
Gaussian distribution. They are characterized by dimensionless parameters J and Q
which determinate interactions between fermions of the same and opposite branches,
respectively. Schwinger-Dyson equations are computed after averaging over disorder. An
approximate free energy is obtained. Cross interacting correlators are also considered,
and it is found that they modify the free energy. In the strong coupling limit an emergent
approximate conformal limit appears.

3.1 Effective action

Let us remember our extended 1+ 1 d SYK model of N (even) g = 4 interacting Majorana
fermions. The full action is given by:

S=S+S = éi/dzx (%yﬂayl//i)+/d2x

+ ) Q,-jkl(g@,-ww,-)(%yym)+(%¢j%¢l>ﬂ, (3.1)

i<j<k<l

. Z Jijki W’y v) @k)’s)’plﬁl)

2
i<j<k<l

where spinors and gamma matrices are in the chiral representation [39]. Sy refers to the
free action, while on the contrary, S; refers to the interacting part of the full action. In
Euclidean space, ¥;1(x, 7) is only a function of the complex coordinate z = x + i  while
Yi—(x, 7) is only a function of Z = x — i 7. We maintain the convention from the previous
chapters where x in ;. (x) will denote both variables (x, 7) if no ambiguity arises. As in
the original SYK model, N Majorana fermions have all-to-all fermion random interaction
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where the couplings J;jx; and Q;jx; are a set of real random Gaussian couplings and they
are antisymmetric with respect to any two indices. In the large N case, the exact form of
the probability distribution is actually unimportant and we will assume that they obey a
random Gaussian distribution P with zero mean and the following variance:
. 3|]2 . Q2
(Jijk1)? = e ; (Qijk1)? = N3 (3.2)
where its randomness is just with respect to Majorana flavor indices, keeping translational
invariance unaffected.

In the incoming calculations, we follow the same procedure as in Section 1.2 to obtain
the effective action. We use the standard replica method [1] to perform the ensemble

average over random coupling constants assuming that the replica symmetry is unbroken.
To achieve it we must find the average partition function ZM for the replica integer M
and then take the limit M — 0. For each realization of disorder, Z(J; jkl)M is equal to
the partition function of M replicas. In this way we can relate ﬁ InZM with In Z = —fF,
where F is the averaged free energy. For a general probability density function P(Kgpeq),

it is known that P(Kpeq) = ﬁ exp (—% D abed ﬁ(Kabcd)z)- Then, considering
T\ Kabcd aoc

P(Jijki) and P(Q;jk;) from our model, averaging disorder, completing the square and doing
Gaussian integration over couplings, the partition function

Z = / Dy / D) / DO PU) P(Oijer) exp [~So + ] (33)
becomes:

Z — /Z)lﬁ e_%zy/dzx(%)/ﬂaﬂlﬁi)

4 4
X eXp{% Z / d*xd*x’ []2 (Z M) + 2 (Z M)
a=+ 7 ;

2 2
+20° (% Zjl %a(x)%a(x')) (% Zk: ¢ka(x)¢ka(x'))
2

2
+20° (% > wja<x>¢ja(x'>) (% > ¢ka<x>¢ka<x'))
J k

Yia () Yia(x) 0 Via(0)Vja(x") O Yra(x)¥ia(x') o Yia(x)Yia(x”)
D I e |

(3.4)

where, if a — +, then @ — F. In the previous calculation, after Gaussian integration, we

2
obtained sums like 3, ;x; ( f dxtic e g&kitﬁli) . Taking care on the antisymmetry of index
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and using combinatorial properties of the sum ijkl, it was possible to write the latter as
& f d*xd*x’ (2 Vi ()Y (x'))4 and similar expressions for the other sums. Now, we use
the Hubbard-Stratonovich procedure which requires the introduction of bilocal auxiliary
fields g and 3, with the following definition: % 2 Via(x) Yjor (x') = gaa (x,x"), where a
is the chirality label. Thus, the partition function is written as:

7 = / 929G / Dy 12 dz"(W"“‘“’)Xexp{— / dzszx/ (Z+1//+(x)¢+(x/)
+ZP- (0P () + 2o (0 Y- (x) + 2y (x)¥-(x")

J2 N 4 Q2 2 2 2 2 :
7 2, 0ax X)) == (6" +ghgh + 4 gigng-g0) || - (3.5)

where the label @ runs over (+ —, N,U) with the short notation g. = ¢.. and gn =
g+, gu = g (and similar ones for ¥ auxiliary fields). In the original 0 + 1 d SYK model,
due to the fact that diagonal replicas terms minimized the solution in the saddle-point
approximation for effective action, only diagonal replica terms of the partition function
were considered (see Section 1.2). In this way, the action is diagonal in all its labels. In
our case, we also consider just diagonal replica terms, however, as our model is 1+ 1d
with chirality label, it is possible for off-diagonal chirality terms have some contribution
to the free energy. The integral over fermions /.. is equal to the Pfaffian of the operator
—(0; £ idx) — X4 while, in the large N limit, the outer integrals 0X9G can be performed
by finding a saddle point [1]. We introduce the G and the self energy 3 as 2 X 2 matrices
in the chirality label:

A 9+ 9In & Xy 2n
G= , Y= , 3.6
PRI =
aop _ [ —(0r —idy) — 24 —2n
G = ( —% —(9, +10y) — 3_ ) (37)
and the parity transformed (and transposed) G function, PGP = ( Z - Z n ) Integrating
U +

the fermion degree of freedom in Eq. (3.5), and considering the previous definition of the
matrices, we can write the effective action as:

—-S[3,G] = N

InPf [G‘l] - % / dzxdzx’(Tr[i(x, x") G(x', x)]

4 et o] frir e -t |

(3.8)



Since the model is translationally invariant in both time and space, its two-point functions
go and self-energy >, will depend on the difference of the two space-time points, e.g.
9o (11, ix15 T2, ix2) = o (11 — 72), i(x1 — X2)).

As for the original SYK model, the effective action (3.8) allows us to obtain the
Schwinger-Dyson equations using a saddle point approximation.

3.2 The Schwinger-Dyson equations

In the replica-diagonal approximation, the diagrammatic expansion of —In Z contains
all the connected diagrams, whereas  F = ~InZ just contains those connected along
fermionic lines. The difference between both are leading diagrams of order O(N~2), with
the free energy error being of the same order [1]. Since we are in the large N limit,

the integrals in —InZ = —1In (f D3DG exp (-S[2, G])) can be performed by the saddle

point approximation. The maximum for G fields and the minimum over X fields give the
Schwinger-Dyson equations. In the mean field approximation, these saddle point values
of G and ¥ are exactly the Green function and self-energy of the model.

3.2.1 First approximation: diagonal solution

As in the 0 + 1 d SYK model, in the limit of large J, Q, the Schwinger-Dyson equations
provide solutions which are invariant under reparametrizations. We prove this here in
the simpler setup which drops the off-diagonal terms in the matrices of Egs.(3.6) and (3.7).
This is partially justified since, when focusing in the case N = 4, the cross-correlators
vanish (see Appendix C, Eq. C.45). In this context, the effective action becomes:

S[%G] = NZ —InPf [~ (0; + aidy) — Za(x.x')]

1 2 2.7 ’ ’ ]2 4 ’ Q2 2 n 2 /
+5/d xdx (Za(x,x)ga(x,x)—Zga(x,x)—7g+(x,x)g_(x,x))].
(3.9)

In the large N limit we resort to the saddle point approximation which gives the Schwinger-
Dyson equations:

24 (x,x) = JPgi(x, x) + Q%4 (x, ") g2 (x, %) (3.10)

>_(x,x') = JP¢2 (x,x") + Q%9 (3, x) g% (x, X'). (3.11)
The approximate solution of the Schwinger-Dyson equations in the large J, Q limit, where
it is dropped the inverse free Green function term appearing in Eq.(3.7), is justified as the
prefactor of 3, given by Egs. (3.10) and (3.11) includes positive powers of J and Q.
Finally, in the Schwinger-Dyson equations (3.10) and (3.11), it is evident the role that
play J and Q. If J = 0, we have the Random Thirring model [37], while on the contrary if
Q = 0, we have two decoupled left/right-mover SYK models [35].
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Reparametrization invariance

In original 0 + 1 d SYK model, the strong coupling limit implies that it is possible to
approximate the model by neglecting the kinetic part in the Schwinger-Dyson equations.
Written in that way, they are invariant under reparametrizations and a scale invariant
solution can be found. Then, it occurs a spontaneous symmetry breaking down to
SL(2,R) in the two-point correlator. In 1 + 1 d SYK models [35, 37] it has seen that UV
regularization plays an important role on correlation functions. Regularization breaks
conformal invariance and a regulator has to be included in the action, with the breaking
of scale invariance being explicit and not spontaneous.

In the large J, Q limit, by dropping the dependence on free propagator, the Schwinger-
Dyson equations are invariant under reparametrization. According to [37], it is also
possible to include the kinetic part in the equations and still have conformal invariance.
However, as it was said, the regulator which is included in the action, breaks the scale
invariance and the situation becomes quite different from 0 + 1 d SYK model. Within this
approximation, Egs. (3.10) and (3.11) are invariant under the conformal transformation
z— f(z)and z — ]_”(E), which reads:

9:(27327) = [F@F OIIf @F @)1™0:(f(2). f():F 2. F @)
= (1M 16 (3.12)

where
F=f@QFf @) : F=F@FE@) ; G =9:(fQ2.f(2):f@.f@)). (313)

Up to now we have considered a four fields interacting model. Generalising to a g—interaction
model, the self-energy 3,, according to Eq.(3.11), with the same short-hand notation,
transforms as:

_— — —2.A —_ ~ g—
Su(z2527) = JFIAMCVF g
+Q2 [fZ] g(Ai+Ax)—%Ai [?2] %(E:r"'zq:)—%zr 5 % - g (3]4)

Under the same approximations, the unitary condition,
/ d°7 9.(2,2;2,7) 2:(2,2",7,7") = -6(z - 2") 6(z - Z), (3.15)

arises from minimization of the action with respect to X.. The unitary condition of
Eq.(3.15) implies that g(Ai + Az) = %(Zi + A;) = 1. Unbroken parity implies that
9+(2,Z) = g_(2,2) = g(z z). Under these assumptions, A, = 0 and A_ = 0, so that we
can just redefine A, — A_ and A_ — A,, and we can conclude that the saddle point
and unitary equations are invariant under conformal transformation z — f(z),z — f(z)
withA=A_ =2



Solutions of the Schwinger-Dyson equations in the q=4 case

Reparametrization invariance suggests the following solutions for Egs.(3.10), (3.11) and
(3.15) in the g = 4 case:

: % ) (3.16)

= C = 3

9(z,2z) = > 3(z,z) =C (23 +222
Here C’ is a constant to be fixed by the unitary condition (3.15). Unlike the 0 + 1 d SYK
model, where scale invariance breaking was spontaneous, here the scale invariance is
an explicitly broken solution starting from the action where a UV regularization has to
be introduced all the way down to the IR limit with an UV cutoff A. This also emerges
when Fourier transforming the self-energy appearing in Eq. (3.16) as the integral does
not converge and requires the introduction of a regulator. Following [37], we pose the
Ansatz:

—_Ca—2 —_3(-]2 Qz) 3/ =A2
9(z,z) = — In“(zzA"), 3(z,2) =C |7 + = | In™(2zA7), (3.17)

z z zz
where the log-term softens the RG flow on top of some leading power law term. The
second of the Egs. (3.17) derives from the saddle point equation (3.10). In the present form,
these equation already solve the Schwinger-Dyson equations. To obtain the constant C
from the unitary condition (3.15), we have to express it, along with the Ansatz (3.17), in
momentum space:

g(p.p) Z(p.p) = -1, (3.18)

d?’z o
9(p,p) = C/ — In(zzA%)%e'P**iP? (3.19)
z

_ d - d* .
%(p,p) = C* (]2 / 5 In(zzn%) e P 4 F / Z—;ln(zzAZ)?'“e’P”lPZ). (3.20)

The Fourier transforms in the large J, Q limit are given by:

_ C A?
9(p.p) = i”g In® (W) (3.21)

(3.22)

2(p.p) = inp C° UHQ) e (A—Z)

3a+1 Ip|?

where |p|? = pp. Computations are developed in Appendix A. From the unitary condition
in momentum space given by Eq.(3.18), we get a = —1 and 47%C* (J*+ Q%) = 1.
Inclusion of the cutoff A makes the model not strictly Lorentz invariant. Just by consid-
ering low energy solution, i.e. by neglecting the kinetic part of Eq. (3.9), we have a Lorentz
covariance and conformal symmetry solution. This is a free-like solution except by the
inclusion of the regulator in the logarithmic term, as it is shown in Eq. (3.17). Our "quasi"
conformal symmetry is not broken by this free-like solution, therefore, not spontaneously
breaking of symmetry occurs. Also, by Fourier transform the quasi-conformal correlator,
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it is possible to solve the quasi-conformal Schwinger-Dyson equations. However, we
are still in a quasi-conformal invariant case, in such a way that no information about
excitations can be obtained from the quasi-conformal correlator solution.

The logarithmic dependence appearing in Egs. (3.21) and (3.22) suggests to look for a

solution of the unitarity condition in terms of the correlation functions F, [ln (@—;)] =

In* (IQ_IZZ) by rewriting Eq. (3.15) as:

N .
F=r ) [ diny F[y]. (3.23)

(24

From Eq. (3.23) one can get the differential equation F/, = 7%(J% + Q?)F, (the prime means

~1/4
derivative), which provides the solution: F, = [1 +47%(J2+ 0% 1n (II;_IZZ)] .

Correlation functions involving F, can be plugged into the Callan-Symanzik equation

(with J% = J% + Q2):
1

. 1/4
272 4A?
[1+47l'] ln(|p|2)]

=0. (3.24)

Mg P2y

The f-function satisfied by the fermion propagator g(p, p) can be obtained
Py =4an’] s y() =] (3.25)

Since the f-function is positive, the coupling increases with increasing energy scale, and
the model becomes strongly coupled at high energy.

We must notice that RG flows have been obtained by considering the average coupling
j , which is coming from random coupling for realisations i, j, k, [. One can think that some
realisations make also the coupling scale invariant or decreasing with increasing energy
scale. Then, there are relevant and irrelevant operators that will grow or decrease as we
flow into the IR, and these can also change as the couplings themselves evolve. However,
all these contributions are screening by the net effect of the average over disorder, and we
can think the model as an effective model with an effective coupling J. A nice description
of this analysis is discussed in [37], where authors studied the flow of ensemble for the
random Thirring model, which is also a model with an infinite number of couplings in a
given realisation. Despite the above, the model serves as an effective theory below some
scale, how it is shown in Chapters 4 and 5, where properties of the model are inferred
from the limiting case N = 4.

3.2.2 Full effective action: off-diagonal solution

In order to obtain the full solution from the effective action (3.8), we have to include the
off-diagonal terms of Eqs.(3.6) and (3.7). These give us the extra terms X~gy and 2ygn



A A A . oa\2
for Tr[Z(x, x") G(x', x)] and the extra terms 2¢%g¢, and 12 g,gng_gy for Tr[(PGP’ G) ]

Collecting these terms, the action becomes:

A 1
InPf [G_l] ~3 / dzxdzx’(2+g+ + 209U + 2ugn + 2-g-

-S[%,G] = N

>

J? i Q°
~7 2 G X)) = 2 (gl +ghg + 4 9gn9-90)
a

(3.26)

where the label @ runs over (+, —, N, U). Most of the arguments developed for the diagonal
case can be extended and applied to the off-diagonal solution. The Schwinger-Dyson
equations are taken from the saddle-point approximation where, from the maximum for
go We have:

>4(2,2) = J'9, + 0% [4° 9+ + 2 gng-gu| (3.27)
> (z.2) = J*g> + Q% [¢9- +2 gug.9n] (3.28)
2n(2.2) = J?g) + Q% [ghgn + 2 9-9ng- | (3.29)
>u(z.2) = JPg5 + Q% [ghgu + 2 9+gug-] - (3.30)

In the same way, the equations can be solved in the conformal limit, which is suggested by
reparametrization arguments. Thus, in real space we assume that g, (z,z) = ¢In” (|z|*A?),

g-(z,2) = £In” (1z]?A%) and gn = gu = L 1n® (1z°A?), obtaining:

Izl

[ 3 3 b2 1
5(22) = | P2 + 0% [ —— + 2 = | | In® (|212A?) (3.31)
" 2 zlz|*  Z|z]*) )
[ 3 3 2\
5 (27) = | PL 40t [ 40 In®® (|z|2A2) (3.32)
" 2 zlz|*  z|z]?) )
b3 b3 2p
>u(2,2) = 2n(2,2) = | JP— + 0° Z 422 In** (|2]°A%), (3.33)
B lz> |z

where |z|? = zz and a and b are two constant parameters. From the minimization of
effective action over self-energy we can obtain the second group of Schwinger-Dyson
equations, which are of the form G™! = -3 in momentum space. Accordingly, we need
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the matrix equations (3.6) and (3.7) expressed in Fourier space. In conformal limit they
take the form:

A1, - -~ - -z = . —
G_l s = g g s = " " > ==2(p,p)-
(p.p) P ( i )(p p) ( 3, -3 )(p p) (p.p)

(3.34)

The latter takes the form of the unitary condition (3.18) when off-diagonal terms are
neglected. Equations from diagonal terms are equal. The same occurs from the off-
diagonal terms, therefore we have two independent equations to obtain constants a and b.
By taking the Ansatz, it is not difficult to find that, after Fourier transform (see Appendix
A), we have

wa1 [ N2 1
ar® [@®(J* + Q%) + 2b°Q?| In***! (Iplz) =T (3.35)
and
7{[(]+Q)+aQ]n W——m (3.36)
which again requires @ = —1/4 and has the solution b = +ia. Inserting the solution in any
of previous equation we found that:
1
4 (3.37)

This proves that the Schwinger-Dyson equations can be easily solved in the conformal
limit. In this limit, the off-diagonal part changes the contribution of the Q interaction in
the self-energy. However, as for the diagonal solution, the quasi-conformal correlator does
not give us any hint about excitation spectrum. Since we are still in a quasi-conformal
invariant case, excitations could be gapless if the system remains critial and/or gapped if
not.

3.2.3 Critical correlator at large distances in the conformal sym-
metry limit

The previous case shows that except for a very soft breaking obtained by the envelope

1
N
function In (lﬁ—lz) ' the conformal symmetry forces the correlation function g (z,z) « 1/z

as in the free 1+1d case. Here we show that a critical powerlaw decay of the correlators at
large distance with non free-like exponent I' # 1 can also be obtained from the conformal
symmetry limit, for intermediate values of the couplings. Actually we will use linearization
in approximating the self-energy obtained from the Schwinger-Dyson equations, which
will hold for just one single value of the coupling strengths. However, the method could
be extended to introduce dependence of I' on J in some range of J values.

We consider the correlator by keeping just the lowest order of the expansion in
inverse powers of z for large z. Introducing the additive correction 7(z) and the expansion



parameter A << 1 we have:
9(22) ~ i P2 [1+ Ap(2)] + ... (3.38)
z

We linearize the saddle point equations for ¥, given in Eq. (3.16), with n(z) = n;(z) +
no(z, 2):

S (z.2) ~ —i [~ zi(@)3(1+3)L (2)) (3.39)
JR% muy) C\z g ’ '
(Y (g
%0(z,2) ~—13/1(7w0) e (z|z|2)’ (3.40)

where we have put 7o(z, Z) just constant in 3¢ for simplicity. We have dropped the
regularizing logarithmic term of Eq. (3.31). Cr and Cp are fixed by the unitarity condition.
We invert the Fourier transform of Eq. (3.38) and use the Schwinger-Dyson equation
g '(p) = g;'(p) — =(p), assuming that, as in the conformal symmetry limit, all three
quantities have a p— dependence, which we drop, obtaining:

1
5 = L AFT [(ro/2) X 1] (p, p)
~ ip—ipPAFT [(ro/2) Xl (p.p) =ip—Cr2(p.p),  (3.41)

where #7 stands for Fourier transformation. The last equality allows to write down two
separate differential equations for 7;(r) and no(r). The first one is:

P |2 x1s(2)| z( / )2(%)3(%%0](2))- (3.42)

Crx g7 (p)

7TU0C1"

Introducing hj(z) = [% Xn ](z)], the first contribution in Eq. (3.38) can be written as
J

mugCr

A 2
§(2)/Cr = ; +i A hj, where z is in units of rg. Defining b = ( ) , we get the simple

differential equation

3b b
2 J _ Y]
9 hy(2) — — hy(2) = = (3.43)
whose solution is
1 1 1
hj(z) = —= +z?2 (clzs/2+czz_s/2), s>=1+12b.
7'/1[1+2(1—%)]
Putting ¢; = 0, we get:
N . 1 .
gla) _1_1 + ey — (3.44)

=z Z[1+2(1—i)] ziva.
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If we want that the free-like 1/z dependence to disappear in favour of zif =1/ (z%_%), we

have to put b; = 1 and ¢, o< 1/A. Also the exponent I' = (V13 - 1)/2 ~ 1.3 is fixed. The
value of the exponent has been obtained just for a fixed J, Q pair, due to the linearization
procedure adopted in Egs. (3.39) and (3.40). It is remarkable that it is independent of A.
We now turn to the second term, Xp, which provides a contribution that does not
conserve chirality.
As 3¢ involves g% g, in real space, in place of Eq. (3.42), we have:

2 3
ro _ Q Cr "o
& [—X Z,Z]%— — = —. 3.45
z/ro z UQ( ) (77,'110) Cé z 22 ( )
0 \3
Defining once more by = (m) , o solves the differential equation

2 2 1 N
ag r’Q(Z: i) - ; z UQ(Z, 2) + ; UQ(Z, Z) = —bQ ? 63 hQ(Z,Z).

The solution for this equation, which adds non chirality to the general solution, is
no(z,z) = i—z [1 - bg ln(zz)]. Adding this contribution to Eq. (3.44) gives finally

g(z,Z)_i' _ i B Ni' ) lian(z,Z)
Cr —Z+l)th](z)+z/1nQ(z,z)~(Z+l)lh](z))[1+é.—z

2
z 1
1+1—=

= w (3.46)

-
w

N

(%)
o
The term in square brackets recalls an analogous term ( but in #7), characterizing F, in
Eq. (3.24). However, the linearization of Egs. (3.39) and (3.40) has the consequence that
the non chiral contribution disappears in the limit A — 0.

As last comment, correlator g(z, zZ) can be Fourier transformed with respect to time
and acquires a powerlaw dependence ~ w!~!. As the exponent is smaller than unity (in

the approximate derivation presented above is I' — 1 = 0.3), we find that this correlation
function originates from Non-Fermi-Liquid collective excitations.






—4—
Approximate Free Energy in the

non-chiral 1+1 dimensional extended
SYK model

This Chapter is the core of the original work and includes most of the results. It is a direct
continuation of the previous Chapter. However, we heavily use results and concepts
coming from the Chapter 5. Readers are invited to start reading the next Chapter if they
want to go deeper into the topic, or continue with this Chapter first to go directly to the
main results.

In the following Chapter 5 we derive the nature of the excitation spectrum and some
correlators for the N = 4 version of the model which can be bosonized exactly. We find
that the pseudo-charge excitations display a gap, while the pseudo-spin ones are gapless.
In this Chapter we try to draw an analogy between the 0+1d SYK model and our extended
model by assuming that the features of the spectrum found in the N = 4 case still hold
when N >> 4.

In the 0+ 1d SYK model the conformal symmetry of the N — oo limit is spontaneously
broken by the ground state. Then, symmetry is explicitly broken by reintroduce the
derivative term of the free Lagrangian as an ultraviolet correction. This implies that
the Goldstone bosons acquire a gap and they are denoted as pseudo-Goldstone in the
literature. At higher space dimension the symmetry is broken by ultraviolet corrections
and we can guess that gapped excitations are also present in our model. In this Chapter
we derive an expression for the free energy of the model in terms of the Green’s functions
that solve the SD equations and we assume that the correlators of the N >> 4 case consist
again of two branches, one corresponding to the pseudo-spin, with free-like excitations
(Eq.5.77) and renormalized velocity us = ug/1 — J/wug of the linear spectrum, and another
corresponding to the pseudo-charge, with gapped excitations (Eq.5.100) with velocity
ue = up\1+ J/mug, that reduce to the free-like excitations when J — 0. While the
pseudo-charge excitations allow any large value of J, the velocity vanishes at J/mwuy = 1
in the pseudo-spin branch. Therefore, this should be considered as the strong coupling
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limit.

Evaluation of the free energy requires also that the cross-chirality Green’s functions
Jn, gu are known. We show that the correlators corresponding to these ones in the N = 4
model vanish because they are non number conserving (Appendix C.3). A direct evaluation
of these correlators would require a precise knowledge of the excitation spectrum and it is
out of the present possibilities. However, the correlator corresponding to gngy (Eq.5.104)
is number conserving in the model and can be evaluated in the N = 4 limit exactly.

By looking at the free energy, we realize that if the coupling Q is set equal to the
coupling J, the single gn, gy are not needed in the free energy expression, as they always
appear as a product. Consequently we have decided to limit ourselves to the Q = J case.
In this way we can surmise the contribution of the off-diagonal chirality correlators to
the free energy and give its approximate expression in terms of the velocities u,, us and
of a gap A for the gapped excitation spectrum branch, which is chosen as a parameter. In
this way we are able to plot the free energy vs the gap A, given the value of J and of the
velocities in the two spectrum branches and look for the minimum of the free energy for
a given coupling J. The J = 0 limit corresponds to the conformal symmetry at N — oo
limit which is a free limit. The results at finite J are plotted in Fig. 4.1 and 4.2. They
show that a small value of J is unable produce a minimum of the free energy at finite
gap, but the minimum at J = 0 disappears and the free energy increase with A. When J
increases the free energy develops a minimum which becomes the absolute minimum
of the free energy in a restricted range of values of J. In this range, at least within our
approximations, our model confirms the presence of gapped excitations in the spectrum.
At higher values of J, 0.7 < J < 0.9, the minimum is still present but it is metastable.
Meanwhile a stable minimum of free energy is lost. Values of J > 0.9 make the minimum
fully disappear.

We now turn to show these results starting from the derivation of the free energy in
the 0 + 1 d SYK model [2].

4.1 Free energy

In the following we are going to derive the free energy as it can be done for the 0 + 1 d
case. It is possible to relate the free energy with the effective action by writing the original
partition function as a functional integral and then inserting the solutions of Green’s
function and self-energy in the resulting expression [44, 45]. Due to the fact that G and
> obey the equations of motion, the only contributing term are the derivatives of the
explicit dependence on J and Q, so that we can take derivatives to avoid evaluating the
Pfaffian term [2]:

! P4 1 r (4124
Pf(A) ox 2 ox
Therefore, for the J part first, we have:

A InPf [—(0; + aidy) — Za(x.x")] = % Tr (G %) ; (4.1)
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1 1
915 (ZG) = -5 [£0,G + Go,z]; (4.2)

3% (Z 9a . x'>) . 2.7 @520 arge

J 1
. G+ T [= 9,G] (4.3)

[1]2 D (Galxx ]

where the last term is ¥, g4 +2Xngu + Zugn + 2_g- and cancels with the one in the previous
line. Therefore, by summing all together, only one term survives from the J contribution:

) 2
—ﬂFU) =] oy (_ﬂlj\[ ) = (’B;) /dzz Zal (9a(2,2))* (4.4)

Applying the same argument to evaluate the Q? contribution to the free energy we obtain
the final result:

—pF J 95 (=BF/N) +Q 9o (—pF/N)
2
/ dZZ(@Za: (9a(z,2) (ﬁ Q) [9392 + ghg0 + 49:9n9-9u](2,2) | -

(4.5)

As we can observed, single cross-chirality correlators gn, gy are required. We do not have
any information about them. However, the product gngy can be assumed heuristically
from correlators obtained in the N = 4 case. This can help us to circumvent the lack of
information about off-diagonal correlators, as we will explore in Section 4.3.

4.2 Green’s functions

Let us recap the necessary Green’s functions to be used in the free energy expression.
From the N = 4 case (see Chapter 5 for details) we have suggestions for g.(z, Z) (see
Eq.5.100) and for the product gn(z, Z) gu(z, Z) (see Eq.5.104). Here we emphasize the fact
that the capital G will refer to correlators coming from the N = 4 case, while g stands for
large N case. These quantities are all real and non chiral. However, in principle we have
no hint on gn(z, z), which is not expected to be real, but can be reasonably assumed to be
complex conjugate of gy(z, Z). In fact, as it turned out in Section 3.2.2, gy ~ b/|z| with
b = +ia, and a being a real constant.

Assuming that the functional form of the correlators of the N = 4 case holds also for
the large N case, we are going to use the average Majorana fermion two-point function

G=(r) = 1 D WL(YL(0) 9)



as an indication for the N >> 4 limit. In the N = 4 case, it is possible to write the latter
as:

1
Ga(r) = 7 D (eox(r)elu(0) + el (r)es= (0)). (47)
o=T.]
To reach this result, we have to introduce the complex fermions (5.64) and (5.65). The
bosonized version of this two-point function is:

G.i(r) = J_rL (e§<¢c(r)¢c(0)—¢?(0)>e§<9c(r)9c(0)—93(0)>e’—z[<¢s(r)¢s(0)—¢§(0)>e%<95(r)95(0)—9§(0)>)'
- 2ma

(4.8)
The explicit form of the latter depends on the strength of the coupling. By considering
the strong coupling limit, the Green’s chiral conserving function g.(z,z) ~ G+(r) is:

o (7t )i(m%) e [ 4V K (e e

2Z) =+ ——
gi( ) 2na ﬂ/(us‘r+(x)z+x2
Auct+i x —e_AHCT
B P - . . 8K
x[1.e™ ] [ o T (5F) e %(Yﬂ)] (4.9)

which reproduces the free-like case when J — 0. Evaluation of the free energy requires
also the off-diagonal Green’s functions gn(z, z) and gy(z, z), which are different from zero
in the large N limit but they unfortunately vanish in the N = 4 model (Appendix C.3).
For instance, some of the combinations which mix both left and right-movers Majorana
fermions that we can consider for the off-diagonal Green’s functions are: the sum on
Majorana’s flavors,

3 D VLA = 2 [VLOWAO) + 2020 + 2O +JANPE0)], (410)
the next combination that we will call O%s( r),

Ofg(r) = 5 [(P22 = Y202 + Y203 = 4g) = IGU02 + g2+ g2pd +929d)] (1)

and other similar combination that we call O?S(r),

OU(r) = = [(UAy2 + Y2y = Y2y — YA + iYL — y2y2 — y2yE + y2yd)] . (412)

Introducing again complex fermions (5.64) and (5.65) and its complex conjugates, previous
expressions are given by:

1

I i) = 2 S [eon(ret(0) + ¢ (r)eo=(0)] (4.13)
4 - 40=T,l

Ofs(r) = ¢l (Ne]_(r) +¢[_(r)e], (n), (4.14)
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0y = =i |cf (Nej_(r) - CI_(r)CL(f’)] : (4.15)

They reflect that, starting from mixed chirality Majorana components, expressions of
mixed chirality complex fermions are reached. The first of those, Eq. (4.13), is non-chiral
conserving and its correlator in the N = 4 case vanishes (see Appendix C, Eq. (C.45)) and
is given by:

Goo(r) = 3 D ULOIEO) = 7 D {eou(ehe(0) + hu (o (0)) =0, (4.16)
,~ o=

The other two, Egs. (4.14) and (4.15), are non number conserving and, therefore, their
correlators also vanish in the N = 4 case. Accordingly, no information about single
9n/u(z,2) is suggested from the N = 4 case, at least for the cross-chirality expressions
considered above.

On the other side, the correlator corresponding to gngy is number conserving and
it does not vanish in the N = 4 model. To see this, let’s consider again the off-diagonal
expression Eq. (4.13) and let us define the four-Majorana component

IR AGIAOVAGIHOESDY [cﬁ(r)ci_<o>caf_<r)c§,,+<o> +cor(r)ef_(0)el,_(r)eq+(0)
Lj

0,0’

400 (1)eg-(0)eg - (r) ey, (0) + ¢ (M- (0)cy,_(r)eg+(0) |-

(4.17)
The corresponding correlator of the last expression depends on the first and fourth terms
of the right side, while the others do not contribute. In this way, we obtain heuristically

the correlator corresponding to the product gngy to be a four-point function that, in the
N = 4 language, we define as Gny:

GOU

D WYL (n(0))
Lj

~ D (eor(Nef (00— (r)e],, (0) + cou(r)eS_(0)c],_(r)ee+(0)
o,0'=T,]
+C;+(T‘)CG_(O)CU'_(V)CZ,_'_(O) + ch(r)ca_(0)ci,_(r)ca/+(0))
~ {ear(r)el_(0)co— (el (0) + ¢l (M e—(0)c), (F)ewr(0)) £0.  (4.18)

These behaviors of the correlators for g/, and gngy corresponds to the ones of the
triple-pairing operators O%¢(r), O%S(r) and O%4(r) = O74(r) + iO%S(r), which describe
pairing with zero total momentum and are detailed in Subsection 5.4.4. Specifically, the
correlators of the non number conserving operators

1 . .
O74(r) = ZcL(r)cL(r) = ﬂ—ae_”/%e‘f(r)e_l@&(r) (4.19)



and its complex conjugate, vanish, while for the number conserving operator

074(r)054(0) = depy (r)el_(0)er-(r)er, (0) (4.20)

does not. As Eq. (4.20) behaves as Eq. (4.18) in the N = 4 case, we adopt the correlator
(O?; (2,2)0%4(0,0)) as an indication on the product gn (2, 2) gu(z, 2). Its explicit expression
is computed in Chapter 5 (Subsection 5.4.4) and allows us to write gn(z,2) gu(z,2) ~
(O?;(z, z)074(0,0)) in such a way that we have:

1

Ks ix+uct 57 -

gmgu(z 7) = 1 a ° e—qu(c [/0 " 22 Ky (2 V=2i xVz+a)dz+ln (a2)+c.c.]
m2a® \ \[(ust + a)? + x2

Auct

Auct+ix S € L
A - . . 27(6‘
+

2L L
(4.21)

which reproduces the free-like case when J — 0. In this way, we can relate the triple-
pairing operators with the correlators needed to compute the free energy, with the single
9n/u(z,z) being non number conserving, while the product gngy is number conserving,
in the N = 4 case.

4.3 Approximate Free energy in the Q = J case

Since we have no information about single gn,u(z, z) in the large N limit (and it is not
possible to obtain any suggestion from N = 4 model), we restrict the model to the case

JP =0

2
pr=C [ d(z (9(2.0)" +2 (g0 + g + 4 9e9ng-00)(2.D) | (@.22)

By doing this, we can rearrange the related terms in order to obtain dependence only in
the product gngy. We proceed as follows:

2

2 —
gh+gb+2giel = (gh+db) = (dh+T)

= 4 [(‘Regn)z - (Smgm)z]z =4 [Re(gngu) + Sm(gmgu)]z
= 4|gngul®. (4.23)

The free energy takes the form:

(BIY / 0z {(9:9-)" + (gngu)” +2 gsgng-gu)
= &f/dzz (Tréz)z, (4.24)

_’BF
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with G given in Eq. (3.6). This is the extension of the result for the 0+1d Sachdev-Ye-Kitaev
model [2] to the 1+ 1 d non chiral case for J? = Q?. We now discuss how this expression
behaves in presence of the gap A, defined in Eq. (5.94) as:

A 2 |[K2-1
Z = E 7(2 N (425)

where K1 = \/1+ ”LMO is a dimensionless factor related to the interaction. Up to now,
all ours calculations have been performed analytically. Now, graphs are drawn from
numerical solutions of the diagonal correlators g.(z,z), given by Eq. (4.9), and the off-
diagonal correlators product gn(z, z)gu(z, z), given by Eq. (4.21). We also have to consider
the gap A, which is choosen as a parameter.

In Fig. 4.1 it is shown the free energy BF vs the gap A for different values of the
coupling J normalized to uy, in the physical bound 0 < J/ug7 < 1. In the range J < 0.3,
the model is unable to produce a minimum of the free energy for a finite gap. When J goes
to zero, the minimum disappears and the free energy increases with A. For increasing
values of J, the free energy develops an absolute minimum which confirms, at least within
our approximations, the presence of gapped excitations in the model’s spectrum in the
range 0.4 < J < 0.6. At higher values of J, let us say 0.7 < J < 0.8, the minimum is still
present but becomes metastable, meanwhile a stable minimum of the free energy is lost
and the model with a gap no longer holds. Close to the upper limit J = 1 of the physical
bound, when J > 0.9, the minimum fully disappears, as it is shown in Fig.4.1(b) and, more
in detail, in Fig. 4.2.

0.00 0.00

-0.108

-0.02|
-0.20° -0.04
J=0.9
-0.30 | | ~0.06 , ,
00 40 80 120 00 40 80 120
A A
(a) (b)

Figure 4.1: Free energy BF vs the gap A for different values of J. From (a) it is observed
that the model does not develop any minimum when J = 0.3 or lower. At J = 0.4 an
absolute minimum starts. Gapped excitations hold until J = 0.6. Figure (b) shows high
values of J. The minimum is not longer stable, but it is metastable and well defined at
J =0.7.For J > 0.7, the minimum becomes shallow and eventually disappears for J > 0.9.
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Figure 4.2: Free energy fBF vs the gap A for J = 0.9. In the strong coupling limit, close
to the upper limit /] = 1 of the physical bound, the minimum of the free energy fully
disappears.

In Fig. 4.3 are represented the x/L dependent Green’s functions used in the code in the
gapped regime J = 0.6, where x represents the difference of the two space points, due to the
translational invariance, and L is the size of the system. Both g, = g+ and g,—g_+ = gngu
are taken from the N = 4 case in such a way that g, ~ G4y and gnhgy ~ G+-G_; by
assuming that the functional form of the correlators are the same for N >> 4. Correlators
were drawn for the specific time 7 = 0.01, and the fixed gap A = 1.71. g, = g tends
to unity by construction when x — 0 and shows a crossover from powerlaw decay to

exponential decay ~ e~ TR at large x. The product gn(z,z) gU(z z) has been chopped to

unity at small distances and has an exponential decay ~ e~ T at large distances. This
does not affect the qualitative results.
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Figure 4.3: Spatial x/L dependent decay of the normalized Green functions g+ = g+(7 =
0,01,x;] = 0.60,A = 1.71) and g4- * g_+ = gn(r = 0,01, x;J = 0.60,A = 1.71)gy(r =
0,01,x; J = 0.60, A = 1.71) used to compute the free energy. The figure shows them for
the specific fixed values A = 1.71, 7 = 0.01 and J = 0.6, in the gapped regime.
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Figure 4.4: (a) Gap of the minimum A,,;, vs coupling J. By increasing J also the A,
increases. (b) Minimum depth of free energy vs gap of the minimum A,;,. The minimum
of BF approaches to zero when A, increases, i.e. when J increases, becoming shallow.

Finally, from Fig. 4.4 (a) we can realize that, as J increases, so does A of the minimum.
The divergent tendency for values close to the upper limit J = 1 of the physical bound
reflects the fact that the minimum becomes shallow for higher values of J, as can be seen
in Fig. 4.4(b).

In conclusion, we have drawn an analogy between the 0 + 1 d SYK model and our
extended model by assuming that the features of the spectrum found in the N = 4 case still
hold when N >> 4. We surmise that the spectrum of the N >> 4 case includes again two
branches as in the N = 4 case: a gapless one, corresponding to the pseudo-spin sector with
renormalized velocity us = ugy/1 — J/muy, and a gapped one, with gap A, corresponding
to the pseudo-charge sector with velocity u, = ugy/1 + J/mu,. While the pseudo-charge
excitations have no restriction in the value of J, the velocity of the pseudo-spin branch
vanishes at J/7uy = 1, so that we consider J/7muy, < 1 as the strong coupling limit in
this approach. In this way, the physical bound 0 < J/7muy < 1 is established. We derive
an expression for the free energy fF in terms of the Green function given by Eq. (3.6).
We evaluate it , for the case J = Q, in the zero temperature limit f — oo, by adopting
heuristically the functional form of g.(z, Z) and gn(z, Z)gu(z, Z) obtained in the Chapter 5
for the N = 4 case (Egs. 4.9 and 4.21). These functions tend to the "free-like" limit when
J/mug is small and A — 0, a limiting form that has been discussed in the Section 3.2.
This limiting form is in contrast with the fact that the derivation of the pseudo-charge
correlators in the N = 4 case requires A and J/mu, to be sizeable. It follows that our
results, which are in any case just qualitative, cannot reproduce the real features of the
large N model in the two opposite limits of small and large coupling J/muy. As it is shown
in Fig. 4.1, there is a range of intermediate values for J/muy in which the free energy of
our model has a minimum at finite A and the minimum is indeed lower in energy than
the reference energy at A = 0 (see Fig.4.4).






_5_
The non-chiral 1+1 dimensional SYK
model: N = 4 case

In this chapter we solve the model for a specific value of N by considering four Majorana
fermions. In this context, random Gaussian distribution of coupling loses its meaning and
becomes fixed at a constant value J > 0. By studying the theory in the bosonization picture
after constructing complex fermions, it is observed a pseudo-charge and pseudo-spin
sectors separation. Correlators are obtained for small and large coupling J. In the small
coupling regime, correlators are free-like in the sense that, free solutions are renormalized
by the interaction factor K, and the renormalized velocity u,. In the strong coupling
regime, an approximate correlator function is obtained, which becomes free-like in the
limit J] — 0. By studying the energy-momentum tensor, it is observed that the model is
non traceless. Therefore, the N = 4 case appears to be non conformal invariant. Finally,
other physical quantities are obtained, characterized by renormalized factors.

5.1 Bosonization of the model

In the N = 4 case there is just one interaction parameter /] = Q > 0 and just one way to
order the four Majorana fermions. Lagrangian density acquires a simple form:

L= Lov L= 3 0200 910 =200 )
TR YRR S PRI+ I+ (o ).
(5.1)

Bosonization is an useful technique in one-spatial dimensional systems where some results
can become trivial by considering bosonic operators. For instance, a quartic fermionic
interaction can be replaced by a quadratic bosonic interaction, which is easier to solve
[46]. One of the bosonization prerequisites is a theory that can be formulated in terms of
a set of fermion creation and annihilation operators with canonical anti-commutation

45



relations [47]
{Ckn’ szq'} = Sy Ok (5.2)

where 7 denotes species (chirality, spin, etc.) and k is an energy index. Therefore, it is
convenient to introduce complex fermion fields for each chirality of Majorana fermions:

1 1 .12 1 3 .14

Ci:_(++l +): Ci:_(++l +)

==z Vo + iYL =75 Yo+ i
do=Liowd, =Ll (53)

SRV A * L= o7 *

distinguished by a pseudo-spin index (T,]). The free action adopts the following form:
Sy = / d*% Z [c;(at +i0x)Cos + €1 (0 — i0y)Co |, (5.4)
o=T.

where o labels the pseudo-spin fermion index. For any pair of indices o+ and x # x,
{c(x), cf (x’)} ={c(x),c(x")} = {cT (x),c’ (x’)} = 0. In the free case, right and left movers
are decoupled, and the second quantized Hamiltonian appears to be:

Hy= ), / dx [cL(x)(—iax)cﬁ(x)+cj;_(x)(iax)c0_(x)]. (5.5)
o=1]
After Fourier transform, we obtain
dp 1 -
Hy= ), / ﬁ b (P () + f(¥) (=p)es- ()] (5.6)
o=1]

which say us that right and left fermions have energies E = +p, respectively. Furthermore,
the V-like spectrum is linearized around p = 0 and it is extended to all values of p, leading
to an infinite number of negatives states. This is also a prerequisite of constructive
bosonization [47], even though it is not mandatory for using the technique itself. Negative
states can lead to not-well defined theory after bosonization and a momentum cutoff
could be necessary. In the next section, bosonization conduces to pseudo-spin and pseudo-
charge sectors separation (don’t confuse pseudo-spin sector with pseudo-spin fermion
index o), where we will have to restrict values of coupling J in order to have a well defined
Hamiltonian.

Turning now to interactions, the interacting action S; in terms of complex fermions
becomes:

Sp=17 / d*x Z (C-T{‘aCTO(CIaClOf + c?acmcz_acl_a + C?,ZCT—OCCI_O(CW + c;acT_acIacl_a . (56.7)
a=+

The first process in the interaction c?acTacIac la just couples fermions on the same side of

the Fermi surface. The second process c}facTacI_ac |- corresponds to a forward scattering,
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where fermions are coupled from each side of the Fermi surface but staying both of
them in the same side after interaction. Finally, the last two process correspond to a
backscattering where fermions exchange sides after interaction [48]. The interacting
action can be written in a more simplified form by defining ¢, = c5— + cg4:

Sy = ]/ d27c;(x) cr(x) cj(x) ci(x). (5.8)

In the present form the problem is similar to the Tomonaga -Luttinger model solved by
Dzyaloshinski and Larkin [49, 50], but in the absence of a Fermi sea. The interaction
is Hubbard-like and the model can be completely related with the Hubbard model by
nmny = c? cTcIc |- To see the connection, it is necessary to consider just conserved chirality
interaction from our model, and drop the rapidly oscillating factors from Hubbard model.
Even if the final result seems equal, as it was said, one essential difference is that our
model is unbounded from below.
Now, after all these considerations, the model can be bosonized according to

_ pEiVAnes(tx) | ’ CZ+(t, x) =: 1 e Fi VAo (%) S (5.9)

2na 27

Co+ (L, x) =

S

where ¢, (t, x) are bosonic fields satisfying the commutation relation

/ i / /
[$oa(x), $porar (x)] = 2500’ sgn(x—=x") ; (a=4a) (5.10)
- L i (a#d) (5.11)
4
and : O : is the normal ordering of the operator O. Thus, we can obtain the following

normal ordered transformations (see Appendix B):

Loor(0) 0 —iCh ()0 (x) = [Beos (D], (5.12)
\r
These transformations relate two complex fermions with the same chirality. Thereby, it
can be directly applied in the two first terms on the right side of the interacting action S;
(5.7). Note that they are proportional to the operator d,¢,. because the point splitting
was made in the x direction [35]. Egs. (5.9) and (5.12) correspond to our bosonization
dictionary.

Let us start deriving the bosonized part of the interaction. From Eq. (5.8), it is seen
that the Hubbard’s like interaction is proportional to

: CZ'i (x)cgs(x) :=

C%LCTCIcl = C%L+CT+CI+CL+ + C;_CT—CI_Cl—
+C;+CT+CI_Cl_ + CLCT—CLCH
+c¥+cT_CI_Cl+ + C%L_CT_,.CL_Cl_

+CLCT_CLCL_ + c?_cTJrcI_cl+ (5.13)



c?cTcIcl = Jjotjo, + CL_CT_CI_C“_ + c;_cT+chl_ + chT_chl_ + c'Tr_cTJrcI_cH. (5.14)
Using the first equation of the bosonization dictionary (5.12), it is easy to see that, for
instance, CL_CT+CI+C I+ = ﬁaxgbﬁ (x) %axgb 1+(x). With this (and similarly for the others),
we have

. 1
Jotdol = — (OxPrexPLe + IxPridxPl + Oxfr-Ox Pl + xp1-0x-)

1
~0x10: (5.15)

where ¢, = ¢,+ + ¢,— was considered. The others four last terms appearing in the
interaction are related with interactions like Jtﬁ which are proportional to é cos ¢, with
the mean value of the composite operator being zero since they create and destroy different
right or left moving fermions. For simplicity, in the following we are going to omit the
constants in the bosonization dictionary (5.9) and put them back at the end. For the first
two backscattering process we have:

c-TlcT_clT_cl_'_ + c?_ CT+CI+C‘|,— = e—i¢T+e—i¢T— ei¢l— ei¢i+ + ei¢T— ei¢T+e—i¢’1+e—i¢l_
e—i(¢T++¢T—)e—% [P1+:67-] ei(¢¢++¢1—)e% [f1+:01-]

el G1+912) g [ Bradr—] g=i(Batdi) o= 3 [Pry-]

(5.16)

where it was used the relation e?e? = eBedelABl = eA+Be%[A’B], which is valid if A and
B commutes with [A, B]. This is true since the bosonic commutator [A, B] is zero if the
spins are different. On the other hand, it is also true for equal spins but different movers
+, —, since the bosonic commutator [A, B] is again zero. Bosonic commutator is a constant
when spin and chirality are equal for both operators, but even with this, the constant does
not depend on the spin and the exponential with the commutator cancels in both terms
of the sum. Recalling that ¢, + ¢5— = ¢, we have

i i i

€1 1€ _Cl+ + €5 = e Pelfl 4 o170

_CT_,_CL_Cl_ =
— e—i(¢T—¢L)e%[¢Ts¢1] + ei(¢T_¢l)e%[¢T’¢1]
) e~ (P1=01) 4 i(P1=01) ]
2

2cos (Pr = 4y),

and recovering constants, we obtain:
1
CLCT_CI_CH + C%L_CTJrchl_ = S22 008 Var (¢ — ¢)). (5.17)
In a similar way, for the other two backscattering process we obtain:

1
chT_chl_ + c?_cTﬁLcI_cl+ = 32 €08 Van(dr + ¢)). (5.18)
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For the kinetic part, we found easier to apply bosonization technique by considering the
Hamiltonian form of the model and the second relation of Eq. (5.12). In this way we can
directly bosonize the Hamiltonian density as follows

Hy = Z [C(T,Jr(—iax)cﬁ+cj,_(i8x)cg_]
o=1.]
= ) [(0cfor)* + (05 )] . (5.19)
o=T.]

Meanwhile the interaction part can be expressed as a combination of ¢, and ¢,_, the
kinetic part has them explicitly. In the free model both chiralities are independent and
nothing have to be diagonalized. It is because interaction when chiralities are mixed up.
One possible way is to attempt to separate them in the interacting part, but cosines make
the task difficult. The other possibility is to mix chiralities in the kinetic part and find an
unitary transformation that allows us to diagonalize the Hamiltonian. For instance, let us
consider that

Ho

5 [2(8x¢0'+)2 + 2(8x¢0'—)2 + 28x¢0'+ax¢0'— - 28x¢0'+ax¢0'—]
o=T,l

[(0xos — Oxpo=)® + (Oxos + Ixo-)’] (5.20)

DN | =

o=Tl

where, considering ¢, = @0y + P,_, the second term is clearly (dxp,)?. For the first term it
is useful to take into account dual fields ¢, = ¢+ + po— and 0, = P5— — ¢4, Obeying the
commutation relations (5.11) (and similar relation for 6) and [¢(x7), 0(x2)] = %sgn(xz —X1).
Because each of ¢, and 6, commutes with itself at any x and y, we can define a canonical
momentum field conjugate to ¢, (x)

s (x) = 9x05(x) = Ox(Po— — Po+)s (5.21)
being possible in this way to recover the canonical form of the free boson kinetic part:

1
Ho =3 ;l [(T1,) + (3c60)?] - (5.22)

The complete Hamiltonian of the model becomes
1
H = E Z Ug [(Ho)z + (ax¢a)2]
o=T.
1 1 1
+] (;8x¢T8x¢l + W CcOS m(¢1‘ — (]Sl) + W CcOS m(¢1‘ + QZSl) s
(5.23)



where free boson velocity u, has been restored for dimensional reasons (considering the
dimensionless action S/%). Again, we can see that free kinetic energy is just the sum
of both pseudo-spins, meanwhile the interaction introduces process which couples the
pseudo-spin T with the pseudo-spin |.

5.2 Pseudo-charge and pseudo-spin sectors

Despite the backscattering process, the Hamiltonian (5.23) is quadratic in fields but it is
not diagonal in pseudo-spin index. In order to diagonalize the model, we can introduce
two boson fields, corresponding to the pseudo-charge ¢ and pseudo-spin s sectors, by
defining
1

V2
and a similar relation for dual fields 6, where the "+" sign corresponds to the c-sector and
the "—" sign to the s-sector. Naturally, the Hamiltonian is separated into pseudo-charge
and pseudo-spin sectors as follows:

Pess = —=(Pr £ ¢)) (5.24)

H = o+, (5.25)

H = @ ()% + (1 + L) () + 252 €08 (MQSC)] (5.26)
2 TTU UgTT X

Ho= Bl (1o L) apots s (Verg)|. G20
2 TTUg UpT X

Note that the pseudo-spin Hamiltonian H; signals an instability as H; is unbounded
from below when J/muy > 1. A similar situation can happen when electron-phonon
interaction is introduced in a low dimensional electronic system[50, 51]. This absence of
an underlying Fermi sea and the unbounded pseudo-spin Hamiltonian from below imply
that the bosonization mapping is only meaningful for 0 < J/zuy < 1.

It could be also interesting manipulate a bit the Hamiltonian. Let us define the "re-
scaling factor" A, like

A, = (1 + L)E (5.28)
TTUy

where the upper sign is for p = ¢ while the lower sign is for p = s. It is evident that
two different boson speeds uyA./; appear in the model. This is a feature of spin-charge
separation where single-particle excitations in which charge and spin would be carried
together cannot exist. The Hamiltonian can then be rewritten in a condensed way as

H=> % [(np)2 + A2 (0xdp)? + uOL cos (V8rg,)|. (5.29)

o
p=c,s

We can observe that, unlike the not half-filled Hubbard model, the total Hamiltonian (5.29)
has a symmetric form between c and s-sectors. According to [43], the symmetric form of
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Eq. (5.29) can tells us that the total Hamiltonian is characterized by SU (2) xSU (2) = SO(4)
symmetry. Due to the particle-hole symmetry of the half-filled band, the free c-sector U (1)
symmetry of the not half-filled case is restricted to SU(2) when backscattering process
(cosine term) is included. This is also the case of the half-filled Hubbard model, when both
coupling g. and g; are equal (indeed, we are considering just J for both sectors). Half-filled
case implies that rapidly oscillating factors e*** are not neglected, but simply equal to
unity. Therefore, those terms in the sine-Gordon model in which two right movers are
created and two left movers are destroyed (and vice versa) give play into umklapp process
with conserved lattice momentum equal to 2z [52, 53].

On the other side, the unconventional velocity in Eq. (5.29) can be fixed by re-scaling
the fields ¢, as follows ¢, — \/%q’)p. However, it is mandatory to re-scale also the

p

conjugate momentum in an opposite way II, — {/A,II, in such a way that commutation
relations [¢p, I1,] are not affected. This procedure set an overall factor A, that does not
concern us for the next analysis. Then, the Hamiltonian becomes

J 8
\a, %

_W 2 2
H=- Z A, [(np) + (3cdp)? + o,
p=c,s
If we consider the cosine term as a perturbation of a bosonic theory with cos (f,¢,) we
have that, according to what we discussed in Section 2.2.3, the spin case is gapless in
accordance with

]. (5.30)

A <1 — B> 8n (5.31)

while the charge case is gapped according to
A > 1 — B < 8. (5.32)

The positive coupling J, this is, the repulsive interaction, implies that there is a cost to
move one fermion from one site at the half-filling to another site where is another fermion.
Considering a negative J would give the opposite case, with spin being gapped and charge
gapless. In this case, opposite spin attraction would form on-site single pairs that would
require some cost to break the pair and have a spin excitation [54]. In this work we just
going to consider positive J.

Another useful and well know way to express the Hamiltonian is defining the next
quantities:

J 1/2
Up = Up (1 + ]T_uo) = qup (533)
1 2 1
%, = ( ) - (5.34)
J
1+ g Ap

where u, is the renormalized velocity and K, a dimensionless parameter. Then, the
Hamiltonian can be rewritten as

1 2 2
H=1y [upvcpm,,) o COR

mla

> cos (\/%gbp) . (5.35)

p=c,s



Finally, after a Legendre’s transform, we can obtain the Lagrangian density for the two
separate sectors:

cos (\/%gbp) . (5.36)

= 1 L 2 _ u_P 2 _
-1 ,)Z [%Wp(a@p) 0

o

The model is not considering interaction between parallel spins densities, but just opposite
spins. This is because in the N = 4 case there is just one fixed coupling constant Ji234 =
J and one way to order Majorana fermions. By construct the complex fermions and
bosonize them it just appears L process. In "g-ology" notation (see for instance [48]),
g1 = Gg21 = gar = J. = Jand gy = g2 = g4 = Jjj = 0. The fact that parallel spins
process g|| are zero implies that for J # 0 the model is not spin rotation invariant between
x,y plane and z.

5.3 Some physical quantities

In this short section we explore some physical quantities in the bosonized version of the
theory for the N = 4 case. We also get some hint about conformal invariance by studying
the trace of the energy-momentum tensor.

5.3.1 Energy-momentum tensor

Considering that the Lagrangian (5.36) is just a function of a set of fields ¢, and their
derivatives (not explicitly of any space-time coordinates), we can construct the energy-
momentum tensor by considering % = 0. Developing this derivative, we have

P

oL oL 9(upp) 9L 99y

—_— fod + —_—

ox, (du9,) ox, ¢, ox,

_ oL % oL P
3(aupp) “ox,  F\a(ax,)) ox,

3 oL 9P,
= 9y (—a(apgbp) axv) (5.37)

where in the last line we have used the Euler-Lagrange equations and the commutation
of the partial derivatives. On the other hand, considering a flat space, the last equation is
equal to 9,¢"" L, so it is possible to write the next expression

o (5252
"\ o(aug,) ox,
Finally, the energy-momentum tensor is defined as

oL
~ 3(9up)

- g’”L) =0. (5.38)

TH

3¢, —g"L (5.39)
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which is a zero divergence tensor; this means that continuity equations can be obtained
from here. By looking its contravariant components, the energy-momentum tensor T#"
already gives us information about energy density T%, energy current T*°, momentum
density T% and pressure T**. Using Eqgs. (5.36) and (5.39) we obtain:

T00 _ 1 Z [upr(Hp)Z + u_p(ax¢p)2 + J cos (\/ggbp)] =H (5.40)
Ky

2 L ma?
p=c,s
u
T=- ) L25¢,0.¢ (5.41)
;S 7(13 P P
Ox _ 1
T = — Z Wat¢pax¢p (5.42)
p=c,s
T2 1 Z W, I, (TL)2 + 2 (0:)? o[ farxc ¢ (5.43)
2 pIrpitip %, p up”zaz p¥r ||

p=c,s

where the conjugate momentum II = ﬁatgﬁp was used. In the non-interacting case,
despite the dimensional factor, this becomes a symmetrical tensor. It is also interesting
study the trace of the tensor in order to know if the model has conformal symmetry.
According to this, traceless energy-momentum tensor implies conformal theory [55].
Lowering the v index using the Minkowski metric, we have from Eq. (5.39) the following:

1 Up J

T = 5 ;s [uﬂ(p(ﬂp)z + 7Tp(ax¢p)2 + —32 08 (\/ggbp)] =H (5.44)

u
T%, = _p;s éatgbpax(ﬁp (5.45)

1
0. = Z Ratgspaxgsp (5.46)

p=c,s
T = 2 S T )+ (o) — o cos [ sy || # ~H. 47
x 5 pp Uy X, xPp u, pPp

p=c,s

We can conclude that the 1+ 1 SYK model in the N = 4 case is not conformal invariant.
However, even if traceless energy-momentum means conformal theory, the opposite
cannot be assured, i.e. conformal theory implying traceless tensor. In this context it could
be that, as in the 0 + 1 d case, an emergent approximate conformal limit can rises in the
large N case. In fact, according to Chapter 3 for large N case, an approximate conformal
limit emerges for low energies.



5.3.2 Finite temperature energy density and energy current

Following [35], we are going to compute the energy density and energy current at finite
temperature for the free-like case (by "free-like" case we mean that cosine interacting
part is omitted, but interactions still have an effect in the renormalized velocities. We
developed more about free-like case in Section 5.4):

1 1
e=(T")p =~ [;s[ma?@p(x, B$,(0,0))g tﬁo’x%+%a§<¢p<x, £)$,(0,0))p HOH]
(5.48)
o = (T = ), 250109y, 08, (0,0) (5.49)
14 t—0,x—e€

p=c,s
To reach this goal we will use the bosonic correlator at finite temperature and perform a
point splitting € in the x direction. After that, we will take the limit € — 0. In order to
consider finite temperature, we can include the Bose function f3(z) = eﬁz_l—1 to compute
the time-ordered Green function as follows:

(Bpxobpon — 800 =G}, (%0 =g} (x.7) =g} (0,0) (5.50)
where
gy (60 = > [0 BpnBo00) + 07 bp00dpixn)]
B dq e—q(upriix) eq(upriix) e~
— ar | 1—eha eba — 1 q

Ko (28 . | .
= —Zilaln(fsm[ﬁ(uprizx+a)

), (5.51)

where the divergence because of the lower limit g = 0 was regularized calculating the
principle-value of the integral. The Green function diverges as L — oo. This is not
a problem because we need to take the difference between two Green functions, i.e.

p _ P .
g, (x.1) =g}, (0,0

e %sin [%(upr—ix+a)] %sin [%(upr+ix+a)]
§£¢ (x,7) = ——2|In +1In
rrr 4 ZL—ﬂ sin [%a] % sin [%a]
%, sin [%(—ix+upr+a)] sin [%(ix+upr+a)]
= T In ne T ) (5.52)
sin [Ea] sin [ﬁ“]

Similar results can be obtained by analytic continuation [56]. In order to compare with
zero temperature results (see Section 5.4), let us evaluate the limit f — oo (T — 0). In
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that limit, the sine function approaches to the argument, and we can verify that

%, (x2 + (u,7 + a)z)
—1In ,

T=
Gy (6.0) = {Pp(xn$p0.0) ~ Po(00)) = — (5.53)

4 a?

which corresponds identically with Eq. (5.74). The finite temperature Qgﬁ o (x,7) in the
pYp
free-like case for dual field is equal as for ¢ fields but changing K, — 7(%, Because of
. 1 2/ ~B . 2, ~p el e .
this, we can relate mat (G s (x,7))p with upwpax@@pep (x,7))p, therefore, it is just

necessary to make derivatives with respect x (at least for energy density). Finally, the
finite temperature energy density and energy current are:

Tu
€= p:zcj‘s 6—[35 (5.54)
Je = %ﬂz(a -C) (5.55)

where C. = £, uﬁ?( » are the central charges for right and left movers. As you can
notice, there is an absent of the energy current which is signal of an equilibrium state.
Furthermore, it is also a signal that the model cannot flow to a Conformal Field Theory
with a non-zero (Cy — C-) [57].

For the full-interacting case (considering also the cosine term), we can make a rude
approximation by considering the interaction proportional to ¢? but still using the finite
temperature correlator (5.52). In this case, a logarithmic correction which tends to zero
appears, leaving the same results.

5.3.3 Other physical observables

We can still use a bit more the results coming from energy-momentum tensor. For example,
the thermal Hall conductance is given by
OJex T
Kye = — e = —Cs (5.56)
TRa(p) op
for each branch. For chiral models the latter does not vanish and becomes ;. ~ % as
it is expected for a gapped system with four flavors of chiral Majorana fermions on the
edge [58]. Using now the energy density, we can obtain the entropy density to be:

_ N\
S_p;s 3 (5.57)

Finally, we are going to calculate compressibility and susceptibility of the system. The
compressibility is the response to

H= —/1/ dx [pT +Pl] = —p/ dx p (5.58)



where p, = %( pe + ps) is the density operator for spin o =T, |. The compressibility just
depends on the charge part p = p1 + p| = V2p, which is in our case:

Z Zpaa = Z Z OxPoa = Z OxPo = x¢o (5.59)

GTL“*' U—Tl“+ GTl

where it was used that ¢, = ¢+ + ¢,—, the pseudo-charge boson ¢, = %(g{)T +¢)) and

the bosonization p,. = cj,icgi = #axgbgi. To compute it we take the density-density
correlation {p(k, w,)p(—k, —w,)) that gives for the free-like case the following:

Ke = 2<Pc(k, O)n)pc(_ks _a)n)>

wn,k,m—0
2k?
= _<¢c(k wn)¢c( —k, wn))
wn,k,m—0
29,
= X . (5.60)
TU,

By taking first the limit w, — 0 we have a static chemical potential to get a thermodynamic
response and then an uniform potential by taking k — 0. In a similar way, the uniform
magnetic susceptibility is the response to

h
H=-2 / dx [pr - py| (5.61)

where h = guph depends on the magnetic field A, the Bohr magneton pp and the Lande
factor g. For the free-like case is given by

K

27U

Ks = (5.62)
Even when cosine interacting part is neglected, having in this way the free-like case, the
interaction still has the effect of renormalize some physical quantities. This also applies to
other observables that we are not to see here but are easy to obtain from the model in this
limit like, for example, the specific heat, which is also renormalized by changing uy — u,.

5.4 Correlation functions

In this section we compute some correlation functions. In the pseudo-charge and pseudo-
spin sectors separation context, the interaction has two main effects: renormalization of
the velocities, and the competition between dual fields for lock or not the field in one of
the minima of the cosine. We will explore the free-like case, the weak and strong coupling
limit and the triple-pairing operator.
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5.4.1 Free-like correlator

After bosonization and pseudocharge-pseudospin sectors separation, the interacting action
depends on the non-trivial cosine term. Contrary to the kinetic part that favors the field
¢, fluctuate, the cosine term tends to lock it in one of the minima of the cosine. There is
then a competence between kinetic and interacting part. Let us consider first the free-like
action, i.e. neglecting the cosine term. Omitting cosine does not mean that the theory is
completely free because the tendency of locking the field in one of the minima is not the
only effect of the interaction but also renormalize the boson velocity.
The average Majorana femion two point function is

Go(r) = 3 D WLV, (5.69

with r = (x, 7). In the pseudocharge-pseudospin representation chiralities are not sep-
arated. In the following we showed that in the free-like case each chirality, evaluated
in the mentioned representation, provides the same correlator except by an overall sign.
Recalling the initial definition of complex fermions

i) (5:64
V2 + + :

1

V2

CTi =

(2 + 1Y) (5.65)

Cli

it is possible to write

Go(r) = 7 D (ere ()5 (0) + chu(P)epa (0)).
o1l

It is convenient to express the bosonization dictionary in terms of dual fields ¢ and 0
using the charge-spin separation:

oV 26 (N=0c(N+0 (s (N=65(M)] (5.66)

co+(r) =:

Vira

where o in the exponential is +1 for T and —1 for |. Our bosonization dictionary is now
extended to Egs. (5.9), (5.12) and (5.66). The single particle Green function becomes:

1 in/Z i/ Z
Gi(}") = %(<el\/;[i¢c(r)_95(r)i¢s(r)_95(r)]e_l 5[i¢c(0)_06(0)i¢s(0)_93(0)]>

+e! %[isbc(r)—ec(r)i«ﬁs(r)—as(rneix/?[igbc(o)—ec(o)rsz'ws(o)—es(o)]>
+<eix/§ [£6c(r)=0c (N Fs (N+05(N)] ,=iVF [£:(0) -0 (0) 75 (0)+6,(0)]y
e %[i@(r)—ec(r)ws(r)ws<r>]ei@[iqﬁc(m—ecm)ws(o>+93(o>]>)‘ (5.67)



We have to remind that pseudo-charge and pseudo-spin sectors can be completely separate,
while dual fields obey [¢(x1), 0(x2)] = 55gn(x2 — x1). With these considerations and the
A+B _ A B e‘% [AB] — gBoA e% [A,B]

identity e we have:

Gor) = o (VEEFNTRO) (- VEDGNVERO) (g g 6. 6)

- 8na
+(e¢i\/§¢c(r)ei"‘/§¢c(°)><ei\/§gc(’)e_i\/§9”(0)> (P = ps O — 6)
+(eHVFO) FNGI0)y (o IVFO) VFOOy (. 5 —g 0, — —0,)

HFVERD EVELO) (VLD mIVERO) (g~ 6, — —0,)].
(5.68)

For the correlator to be non-zero, the sum of the factors multiplying fields in the expo-
nentials has to vanish. This is because the theory (the Hamiltonian of the massless scalar
field) is invariant under a constant shift in fields. To evaluate this correlator, we need the
following identity:
2, g2
(eA . B = (; VB ) (AB+5) (5.69)

where the vacuum expectation value of a normal-ordered exponential operator is just 1.
All other terms in the series annihilate the vacuum state on the left or right or both. Then,
the correlator becomes:

Gi(r) = iL (e%<¢c(r)¢c(0)—¢§(0)>e%<90(r)9c(0)—9§(0)>e%<¢s(r)¢s(0)—¢§(0)>e%<9s(r)9s(0)—9§(0)>)'
- 2na

(5.70)
Despite the overall sign, at this point we can already notice that any kind of difference
between "+" and "—" chiralities has disappeared, and chiralities behave as the same. It

is also important to mention that for operators, the average (A) means time-ordered
product, this is explicitly (T;:A)p where subindex "O" implies averages without time-
ordered product. For instance, we have

Gas(s1) = —5(Tp(x 1) - H(0.0)P0

e(7)(P(x,7)$(0,0))o + e(—=1)(¢(0,0)P(x, 7))o — (¢(0,0)$(0,0))o
(5.71)

and similar expressions for 8 with €(7) being the step function. In general for this work
we are not going to write explicitly the the time-ordered product but it will be assumed.
The single-particle Green’s function becomes

G.(r) = iz;'(e—§<[¢c<r>—¢c<o>]2>e—§<[ec<r>—ec<o>]2>e—%<[¢s<r>—¢s<o>12>e—§<[es<r>—es<o>]2>).
T
(5.72)

In order to obtain the fermionic correlator it only remains to compute the bosonic corre-
lators ([¢,(r) — ¢,(0)]%) and ([0, (r) — 0,(0)]?) (or equivalent expressions according to
Eq. (5.71)).
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In the free-like case the cosine term is omitted and we just have a renormalized velocity.
Therefore, the Hamiltonian (or Lagrangian) density is quadratic, being convenient to
obtain correlation functions via functional integral
| DDOe 10,0 pr i,

[ DpDGe=S120]

<¢p(r1)¢p’(rz)> = ) (5.73)

where the action can be expressed as S = S.+S;. Since S can also be put in terms of 0 fields
(using the conjugate momentum), correlation functions like (¢0) can be obtained as well.
Actually, a more general representation can be found by consider a matrix representation
with Mgy, Mgy, Myg and Mgy elements, for pseudo-charge and pseudo-spin sectors. We
will explore this when we consider a relevant cosine interacting term. At the moment, we
are just interested in correlators like Eq. (5.71).

Performing calculations (see Appendix C), the desired correlator Gy 4, (x, 7) is found
to be:

K o
(Box0$p00) ~ Do) = 2—7’; ln( ) (5.74)

Vx2 + (upt + a)?
Correlator Gy, g, (x, 7) for 0 fields can be obtained in a similar way. We can also consider

the following: the conjugate momentum II, = m&tgbp = V0, allows us to write the
Hamiltonian in terms of dual fields 0, like:

1
Ho= ; [upw,,(axep)z + %(axqsp)z] . (5.75)

In this form, we can see that the Hamiltonian is invariant by ¢ — 0 and K, — 7% and
p

we would obtain the same as Eq. (5.74) but with (Kip:

1 o
Bp(x.0)0p(00) = 02 00)) = In ‘ (576)
p(x,1)Yp(0,0) =~ Y)(0,0) 21K, \/x2+(up1'+0()2

Finally, plugging the last two equations in Eq. (5.70) we have:

i i L (Kot ) i LKt )
Gi(r) =+ . (5.77)
2 \ \Jx2 + (ueT + a)? Vx? + (usT + @)?

If we put @ — 0 and also turn off the interaction J = 0, then K, — 1 and correlator

behaves as completly free fermions G, ~ (x? + ugrz)_l/z ~ %

5.4.2 Weak coupling: small J limit

Let us us now briefly consider the effects of cosine interacting term by considering weak
coupling. Being J small, the model is close to the free case but it is no longer quadratic



and cannot be solved exactly. However, the cosine term can be expanded and we can use
renormalization procedure to study the flows of the coupling. In the free-like case we
studied G (r) by considering correlators like

Gy g, (r,0) = (e¥IVF90 () =iVFE 0y = o5 (Bp(N6p(0)=95(0)) _ oG, (x7) (5.78)
pPp

which for quadratic Hamiltonian behaves as

L%

<e¢i\/§¢p(r)eii\/§¢p(0)>o ~ ( @ ) (5.79)

Vx2 + (upt + a)?

=

where the sub-index "0" was included to emphasize that is for free-like case. Expanding

cosine, correlator will be in terms of free-like averages, which we already know. At
second order expansion and defining the center of mass R = “£— and relative coordinates

2
r =r" —r” we have:

2
_ SIKGE, () J 22, —4K,Fy(r)
Gg,p,(r1,r2) = e 170 [1 + 2(2ma)u, ;/ / d“Rd°re *"r'r

( 3K o (ri=r)=F, (ri=r"")+Fp (ra=r")=Fp (ra=r")] _ 1)] (5.80)

2 2
where r = (x,u,7) and F,(r) = ﬁ In (’H(u+m)) For small distance r we can expand

the exponential and thus, integrating by parts over R, we obtain

J*KGE,(r)
G¢p¢p(r1,r2) = e_iWPFP(’)[l I i 5 / dr r3e_47(PFP(r)], (5.81)
r>a

2,4
87raup

where it was used the fact that (V5 + V7) InR = 278(R). Considering the definition of
F,(r), the latter is an expansion of exponential which is the same as Eq. (5.79) but with
the effective exponential

. J*K: poyg 3-4%,
K =g, - L / _r(L) ’ (5.82)

871'211,‘,_2) a \a

We can conclude that correlator tends to an asymptotic behavior with an effective exponent

7(/) N q(lgff:

<e¢i‘/ﬁ¢p(7’)eii‘/ﬂ¢p(o)>o ~ ( & (583)

19!
Vx?+ (upr+a)2) ,
however, we can not use results coming from renormalization picture because we do not
have Fermi sea, and renormalization helps us to understand what happens close to the
Fermi level. If we analyze the flow of the coupling starting from Eq. (5.82), we see that

when the coupling J ~ g; = 0 (but still J < gj)), the cosine term is irrelevant and the model
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is in a massless regime. However, when J > g, the flows goes to strong coupling, and the
model goes to a massive regime. In our model J is always positive, so that renormalization
procedure does not help to understand the small J case due to it predicts a strong coupling
flow.

In this case, a better way to study the small J limit is considering variational calculation.
It can gives you information about physics when the model goes to a massive regime
even though is not better than renormalization to obtain critical properties of the theory.
Following the standard variational method [59] it is observed that the self-consistent
equation for the gap is

u,A
where A is a large momentum cutoff. It is seen that K,, > 1 is gapless: the theory behaves
as a free model and the cosine potential is irrelevant. Just in the s-sector, due to the
restriction 0 < J/muy < 1, it is found that K; > 1, with the pseudo-spin sector being
gapless. With these consideration, we have (zero temperature):

(5.84)

A2_4Kpu/§] A K
mauyg

1,
Gy, (r) = e~ TIBM=4:0O1) a (5.85)
o V(usT + a)? + x2

and

4Ks
Gooo.(r) = e HB(-6.01) _ @ _ (5.86)
° V(T + )% + x2

On the other side, it is seen that K, < 1 is gapped: the theory goes to a massive regime,
the cosine potential is relevant and traps the ¢ field in one of its minima. Just in the charge
case K, < 1, the charge sector being gapped. In the context of trapped ¢ the situation is
analogous to have strong coupling. We are going to study this case in the next subsection.

5.4.3 Strong coupling: large J limit

In the pseudo-spin sector, due to the restriction 0 < J/7wuy < 1, large J (i.e. J ~ muo)
implies that u; — 0. A small velocity in the pseudospin sector, u; << uy, gives rise to two
effects. On the one hand, fluctuations of the phase ($?)y grow enormously. On the other
hand, they renormalize the cosine interaction term which, by normal ordering is strongly
depressed as uis cos (V8m¢ps) — uis e~ ¥ cos (V87¢s) : by making it irrelevant. In this
limit, the action is quadratic in the s-sector and the correlator at large distances it takes
the same form as Eqs. (5.85) and (5.86) with u; << 1.

In the pseudo-charge sector, large J imposes that ¢, is locked into one of the minima
of the cosine and the model goes to a massive regime. The gapped pseudo-charge degree
of freedom can be approached quadratically with the Hamiltonian density

_1 2, Uc 2 4
H = > u K (11,) +7(C(ax¢c) +7ra2¢c (5.87)



where the conjugate momentum II, = ucl—,KCatngp = V0, includes the dual field. Writing the
action in terms of dual field 6. (and imaginary time), we have:

—S= / drdx (iVGcat(;Sc - % [uc(Kc(VQC)Z + %(V@)Z + ;—0{2&]) . (5.88)

In Fourier space:

-S = Zﬁ%;(%kwngbc(q)ec(_q) — ucKek*0c(q)0, (—q)

—%k%c(q)qsc(—q) - ;—izqsc(q)fﬁc(—q)) (5.89)

which can be written as a matrix like:

L5 () =) (uﬂ@kz ~ikon )(ec<q> )

—ikon k2 + 25 )\ $e(q)

= 755 1] (5.90)

q

From here, we can obtain the matrix A(q) which is related in the path integral with the
correlator

f Dulqlu * (q1)u(qz)e_% g AlQux(q1)u(gz)

= =AY (q1)é 5.91
(u*(q1)u(q2)) / Dulq] e_% 5, A@ur(q)u() (q1) 91,92 ( )
to be
AQ) (uﬂ(ckz ikwp, ) (5.92)
q) = . Ue 1.2 4] .
lka)n ch + o
and its inverse
1 e (k*+m?) —ikw
A—l — Ke " .
(@ k2(u2k? + ulm? + w?) ( —ikwpy u Kek? (593)
where it was defined the mass term m? = ;—0{2% = %—ZZ. The mass scales as 1/[L] and its

specific form is

A 2 |[K2-1

with L/a = N afinite number. As it is expected, in the free case K, = 1, the gap disappears
and the two chiralities are separated in the (6.0.) correlator. In the other side, when
interaction is turn on the two chiralities cannot be separated in the (6.0.) correlator due
to the presence of a gap A = m L.

We are looking for bosonic correlators to be used in fermionic correlators like (5.70)
or others like the triple pairing operator:

1 . ; , . . ,
(075(r)0%5(r")) = ”z_az@n/ﬁ@c(r)e—n/ﬁec(r )y (V270 () g=iN270, (1), (5.95)



Chapter 5 - The non-chiral 1+1 dimensional SYK model: N = 4 case 63

Assuming the identity (5.69) is still valid what we need at the end is, in general, the
correlators

2 2
<¢c(r1)¢c(rz) _ fe(n) ; ¢C(r2)> (5.96)
and
2 2
<ec<r1>9c<rz) - W> (5.97)

ie. Gy.4.(r) and Gy g, (r). In Appendix C it is found the explicit computation of these
correlators, which are required to be used in objects like (5.70). They are:

i x+u.T A —2j
G4, (1) = —— [/ alye ( V-2ixVz + oc) dz +In(a?) +c.c.| (5.98)
_ Auer
[ AucTHX] ix iy Ae
= '7(C G¢c¢c(r) _ Fi T (y+1)
Go.0.(r) 7( In<e H [‘/27[]4 F( T ) el L ]
(5.99)

where terms proportional to O(m*) have been neglected. The two correlators are non
chiral and have been approximated in such a way that they reproduce the free-like result
leading to Eq. (5.77) in the limit A — 0.

The final form of the diagonal correlator in the gapped pseudo-charge sector to be
plugged in Eq. (5.70) is:

Ga(r) = £ (3Gt (1) g5 G00c(1) g5 Gs0, (1) g5 G0u0, (1)
- 2na

y (Kot e |
+i ( a ) %( )[/0 ¢ A\/f[(( \/sz\/m)dzw,c.]

270\ \J(usT + )% + x2

_Auer
e S (2] Sl
8 x x i X
x| |e™ —or == Mzl . 5.100

Naturally, it also reproduce the free-like result in the limit A — 0. For the gapped limit,
numerical solutions can be performed.

It can be proved that the off-diagonal correlators vanish identically in the bosonized
N = 4 model (Appendix C). For the correlator to be non-zero, the sum of the factors
multiplying fields in the exponentials has to vanish. In the ¢ sector this does not happen
and off-diagonal correlators vanish. On the contrary, in the 6 sector we have signs that
non-zero correlators involving cross-chirality fermions can occur. We will deepen on it in
the next subsection.



5.4.4 Triple-pairing operator

These operators describe pairing with zero total momentum. Let us define them as:

Ors(r) = CT+(r)cT_(r) + c“(r)c (r) = _a —iV270:(r) (o (V276,(r)) (5.101)

O3s(r) = =i|cl, (Nel_(r) =¢|,(Ne]_(n | = —l@‘”’)sm(«/_ 05(r)),  (5.102)

where it was used the bosonization dictionary (5.66). At this point, it is worthy to
mention the Klein factors UJ and U, which ensure that fermion fields of different species
anticommute. In this way by making a permutation in complex fermions in the left side, it
still appears the correct sign in front of cosine in the right side of the previous equations,
otherwise there are not way to obtain a change of sing by permuting bosonic fields. In
general, for models where each separate number of fermion’s species is conserved, Klein
factors are omitted. They do not contribute in space-time decay of correlator function
because they do not have any dependence on coordinates, and we just have to be careful
to track the correct sign. For further discussion you can consult [60].
Turning back to our discussion, now we can define:

2(r) = OFg(r) + 0% (r) = — e V200 =270, (1) (5.103)

The model is "charge" conserving (not really but number conserving) so that for the same
reason correlators stemming from the operator lim,,, O74(2,2") = L gmiV2m0e(z) g=iV205(2)
vanish as well. There is no true superconducting order due to the 1mp0351b111ty to break
a continuous symmetry in one spatial dimension [48]. On the other side, the number
conserving operator (O;g(r)Oés(r’)) provides a non zero result:

1 02 )
(O?;(r)()%s(O)) — g 27(0c(r)0(0)=6:(0)) ;2705 (r) 65 (0)—65(0))

_1
_ 1 o % ¢ 271(8 [ IXWCT 4 24 _zi’ax Kl( V-2i x\/z+a)dz+ln (a?)+c.c. ]
T V(U + )2 + x2

_Aucr

[ Augrilx] - . ﬁe L

+1 X +1 X . x
X et o uistiad) BPS2E 4062 . 5.104
n \ 27L ( L )e (5.104)

We adopt (O;g(z, z)034(0,0)) of Eq.(5.104) as a suggestion for gn(z, ) gu(z, 2) in the large
N case (see Chapter 3).
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Discussions

We have proposed an extended 1 + 1 dimensional non-chiral SYK model described by
Majorana fermions with many fermionic degrees of freedom, where it was included
cross-chirality interactions. As in the original SYK model, N Majorana fermions have
all-to-all fermion random interactions where two sets of random Gaussian couplings J;j
and Q;jx; mediate the interactions between fermions of the same and different chirality
branches, respectively. For the large N case it is seen that the model behaves as the
Random Thirring model [37] when J = 0, while if Q = 0, the model becomes in two
decoupled left/right-movers SYK chiral systems.

In the original 0 + 1 dimensional case, the model presents an emergent approximate
conformal symmetry at low energies, where the reparametrization symmetry is spon-
taneously broken down to a SL(2,R) subgroup. Goldstone soft modes appear in the
excitation spectrum. These gapless excitations become gapped when the approximate
conformal symmetry is explicitly broken by reintroducing the derivative term of the
Lagrangian as an ultraviolet correction. We set out to study if gapped excitations are
still present in higher dimensions for the non-chiral 1 + 1 d case. In our extended non-
chiral 1 + 1 d SYK model, the theory requires a regulator to be included already in the
action, which breaks conformal invariance explicitly and makes the theory not strictly
Lorentz invariant. However, we speak of "quasi" Lorentz invariance at IR. In this limit,
when an UV cutoff A is introduced in real time-space by regularising the singularity at
small arguments with a logarithmic factor, the disorder average of the model provides a
Schwinger-Dyson equation in the 1/N — 0 limit that can be solved without breaking
the conformal symmetry and the model is found to be still critical. Then, unlike the
0+ 1d case, the emergent approximate conformal symmetry present at low energies is not
broken spontaneously by the conformal correlator. This does not give us any hint about
excitations being gapped: they all could be gapless if the system remains critical. Thus,
we seek for solutions from the case N = 4. In this limit, the model is non symmetrical
(non Lorentz invariant) and non traceless (non conformal invariant), however, it can
be solved exactly by bosonization. For N = 4 there are just two independent coupling
parameters Jiz34 = J and Qj234 = Q, where we have limited the analysis to the simpler
case J = Q. The two-point correlation functions have been obtained, indicating that
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both gapless and gapped excitations are present. These two branches exist due to the
separation of the model into the "pseudo-charge" and "pseudo-spin" sectors, characterized
by the corresponding velocities u;s = up4/1 £ ﬁiuo, where uy is a velocity scale. We have
assumed that this behavior remains for large N case based in the following arguments:
from the 1 + 1 d chiral SYK model [35], it is shown that the functional form of the two-
point correlator for N = 4 and large N are equal (beyond the fact that the meaning of
the coupling is not strictly the same in both cases) and the model remains critical with
gapless excitations. On the other side, from the non-chiral case, the model is still critical
in the infrared, as it is shown by the powerlaw behavior of the correlator. However, for
the strong coupling limit, it can be seen by variational arguments that a non zero gap
is present. Therefore, we have assumed heuristically analytic correlators suggested by
the N = 4 case to study the model in the large N case, and we surmise that the large N
limit is characterized by the disorder averaged interaction coupling J, and by a gap A of
the gapped branch of the spectrum. We use the leading term of the gapped correlators,
which leads to the free-like case when the gap goes to zero, to evaluate an approximated
free energy in the temperature limit T = 0 at the lowest 1/N order, which has to be
minimized with respect to the parameter A. We find that there is a range of small ] values
in which A # 0 does not correspond to a minimum of the energy, confirming, also in
this approximate approach to the problem that the gapped branch only arises at large
interaction coupling. However, our approach seem to be justified only at intermediate
J couplings and fails at | — 0 and % < 1. Correlator functions tend to the "free-like"
when J/muy is small and A — 0, in the conformal symmetry limit. This limiting form is
in contrast with the fact that the derivation of the pseudo-charge correlators in the N = 4
case requires A and J/muy to be sizeable. Finally, it was shown that a critical powerlaw
decay of the correlators at large distance with non free-like exponent I" # 1 can also be
obtained from the conformal symmetry limit, for intermediate values of the couplings. By
using linearization in approximating the self-energy obtained from the Schwinger-Dyson
equations, we have found a correlation function with exponent I' = 1.3 for a fixed coupling
J. In Fourier space, the correlation function is proportional to g(p) ~ p*, with 0 < A < 1,
confirming the non-Fermi-Liquid nature of the excitations.

By analyzing the superficial degree of divergence, the model appears to be renor-
malizable, with interactions being marginal. Non-chiral 1 + 1 dimensional models are
statistically marginal irrelevant [37], in the sense that after averaging over disorder and
using conformal perturbation theory, the § function is positive. However, there are rele-
vant and irrelevant operators that will grow or decrease as we flow into the infrared. Since
all these contributions are screened by the net effect of the average over disorder, added
to the fact that the model is not truly conformal symmetric, we found that the theory
can be studied as an effective model in a range of couplings J determined by the physical
bound 0 < J/ugm < 1, coming from the gapless pseudo-spin sector. For this, we use the
dual sine-Gordon version of the model, which can be solved exactly by bosonization, as
an approximation to infer the features of the system.

With these discussions, we have answered the open questions that motivated this



Discussions 67

work. We have found an approximation which makes the model solvable and a physical
bound where the theory can be studied safely. Gapped excitations were found in the
extended 1+ 1 dimensional SYK model, in our approximate approach, for large interaction
coupling regime. Nonetheless, our model cannot reproduce the large N results in the
entire physical bound, therefor, it is restricted to an intermediate range of values of
coupling constant J. Accordingly, there are some aspects of the theory that can be studied
further: as our approach seem to be valid only for a specific range of the physical bound,
a complete description is desirable. Also, similarity of the functional form of correlators,
for the N = 4 and large N cases, is only valid for the two-point functions. Therefore,
our approach is not able to infer four-point correlators in the large N limit. Finally, it
remains to explore how the model can be studied as a holographic dual for gravity, and
also explore in depth the non-Fermi-Liquid behavior of the model.
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Appendix A
Fourier transforms

In this appendix we provide the Fourier transforms of the two-point function g(z, z) and
the self-energy %(z, z) for the solution of the SD equations in the large N case (Chapter
3).

A.1 Diagonal first approximation

In the simpler approach where off-diagonal terms in matrix G are neglected, the integrals
that we need to solve are the following:

_ d’z o
g(p,p) = C/ TIn(zEAz)“e’P”’PZ (A1)

2 _ 2 o
S(p,p) = 3 (]z/ % In(2ZA%)3%iP=+iP% 4 Qz/ g In(2ZA2)3%eiP=+iP? | (A.2)

We are going to start with the Fourier transforms of the Green function g(z, z) and the Q
part of the self-energy, let’s call it £¢. For this task, we are going to use the following
integral [37]:

Fg(lpl/A)

) . 00
/ d__z In(2ZA%)Pelp=+iP% = 2/3+17-,;/ glnﬁ (Ar) Jo(lplr)
0

zZz

T AZ )ﬁ+1
—_In|— , A3
p+1 (Ipl2 (A.3)

where |p|?> = pp. For B = @, we can note that

9(p.p) = —iCopFa(Ipl/A)
C. (A )“
= in=In[— . A4
p (Ipl2 (A4
On the other side, defining
2(p.p) = 25(p,p) +Zo(p, p), (A.5)
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where p
2(p.p) = C°J? / Z—fln(zfAz)“‘e"P”"sz (A.6)
and
_ d*z o
So(p.p) = C°Q? / Eln(zEAz)melp””’Z, (A7)

we can note that

%o = IC°Q*Faq(Ip|/A)

2\ 3a+1
- iC3Q2# In (@7) (A.8)
where, neglecting O (lnS“ |1P\_|22) terms we obtain:
T 2\ 3a+1
So(p.p) = iﬁCSsz In (W) : (A9)

These are solution already know from Random-Thirring model where Q interactions
domain. However, in our case remains to obtain the self-energy coming from J interacting
sector. From definition of 2;(p, p), we proceed as follows:

d?  (pgris
pLy = C3]2i/—zln(zzAz)gae’(p”Pz)
z2
ey Koyt - 2xy s (e
= C]l/dxdy 2 1 50)? In (22A%)™ €' P7P2), (A.10)
ﬁ-)?and el PZTHPZ — ol |plr[cos y cos O+sinysin ] _ ei|p|rcosq with n= 0_),'

Note that (pz + pz)
Thus,

= ™ cos20 i sin2f 4
3%y = ~C*Ji / rdr / d 2R (r2A2) M el (A
0 -

r

As cos 20 = cos 27 cos 2y — sin 27 sin 2y, we have
cos 20 — i sin20 = (cos 2y — i sin2n) (cos 2y — i sin 2y), (A.12)

also df — dn and the extrema cover a period, anyhow. We drop sin 2n which is odd in
the integration to obtain:

—C3J%i (cos2y —i sm2y)/ rdr/ dn

2 G2 P / (A% L(plr)

3p2] COs 2’7 In ( 2A2)30‘ ei |p|r cosn

g3a+l C3]21P/ ln3“(rA) L(lplr)

C3 )2 F(])(lpl/A) (A.13)
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where it was used that % ~ e 2 = (cos 2y — i sin2y) and it was introduce the integral

Féi)(| pl/A) in the same spirit as

A

o)

in such a way that it’s observed:

the Q case. In a similar way, we define

| @ man gl (a19

FL(1pl/A) = 22 lim 02G) (%)

or for general intenger

PO

n+1

From [61] (Eq. 6.771 pg. 747) we

/ xx"*2 Inx J,(ax) dx
0

fulfilled by p = -3/2, v =2

GV (M) _Lr[l_”i (A) [¢(1+E)+1//(2—E)+21n£\].

A) 27T |2

Expanding for small e:

ol

&

A

_omiz i on~() 1P
(Ipl/A) = 2" lim /G (A)

have:
3
a=0; —‘Rev—5<‘Rey+e<0 (A.15)

= -7/2<-3/2+e<0.

2 2

pl

(A 1 [y(y— 1)+21n2—A]
1
2

4
(A) lnA 1+O(1/1n£)]
Ipl lp
1 ¢ o)
EZ m! -

Ipl

1+0 (1/ln|%|)] . (A.16)

When it’s made the derivative with respect e, the first term which survive is proportional
tom(m—1)(m—2)---(m—n+1) and it’s relevant just when m = n (other terms vanishes
or are proportional to € — 0). With these, n(n — 1)(n —2) - - - (n — n+ 1) cancels with n!

and we have:

. i
Fhpln) = 2atimarct) (B

A
2n+17rlnn+1(A/|p|)
= xln"(A?%/|p]?). (A.17)
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Plugging the last equation in Eq. (A.13) and considering in this case n + 1 = 3, we found:

@;J:Cv%gan@vAm%.
Finally, by perform the integral on p we reach the desired result:

pd = 3a
—C3]2i7[[)/ ?pln(/%p)

C3 2. = 2\ 3a+l1
_ Jein p N A
3a+1 Ip|?

25(p.P)

In conclusion, the Fourier transforms in the large J, Q limit are given by:

_ C A? )
,p) =in=In*|—|,
9(p.p) > (mv

3(p,p) ~ im p C U+ In**! ( A )

3a+1 W

A.2 Complete solution

(A.18)

(A.19)

(A.20)

(A.21)

Here we present the results for the complete solution, including the off-diagonal terms of

G. By reparametrization arguments, we assume that

9:(2,2) = gln“ (12[2A2)

9-(2,2) = =In" (|z|*A?)

S owll e

gn =9gu = mlna (|Z|2A2),

meanwhile, unitary condition allows us to write for self-energies

24(2,2) VJ2a3+Q2 < L 3 (|2]2A2)
zZ,Z2) = — e e n zZ
¥ 28 zlz[2 7 Z[z[2) ]

zlz|*  zlz|?

[ 3 3 b3 1
S (2,7) = ]Zf—3+Q2( T 42 ) In*® (|z[2A2)
| Z i

3 3 3

b
S0(2.2) = Sn(2.2) = []zﬁ + Q2 (IZ? +2 W)] In® (|z]2A%)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)
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where |z|? = zz and a and b are two constant parameters. Unbroken parity implies that
9+(2,2) = g-(z,z) = g(z,z) and 2,(z,z) = 2_(z,2) = 3(z,z). Therefore, the Fourier
transforms for the diagonal terms in matrix G are exactly the same as before, up to a
different constant, and are given by:

— a A? )
,p) =ir=In"[—], A28
9(p.p) > (|p|2 (A.28)
_ _ (@] + (@ +20°)0%) A?
) ~i In*** (—]. A.29
For the off-diagonal terms, the integrals that we need to solve are the following:
5 5 A’z | oAyl
gn(p,p) = gu(p,p) = b mln(|2| A%)%e (A.30)
— — 3 72 3 3y 2 d*z 2 2\3ailp||zl
Zn(p.p) =2u(p.p) = (a’J* + (a’ +2b%)Q%) WIH(IZI A7) P (A.31)

In the same way as for the diagonal solution, we are going to compute the Fourier
transforms of the Green function gn(z,zZ) = gu(z,z) and the self-energy, ¥n(z,z) =
>u(z,z) by using the following integral [37]:

1 d?z AN E
/ - [ 4z B ilpllz|
Fy(lpl/A) = 2] T2 In(|z|*A%)"e
1 2 ﬁ+1
o (A (A.32)
2p+1  \lpl?

where |p|?> = pp. For f = @, we can note that

9n(2.2) = gu(z,2) —ibaj Fo (1p1/A)

b A\

On the other side, we can note that

A2 (2.2) = 9pZu(2.2) i (@’ J% + (a® +2b°)Q%) Fi, (Ipl/A)
T A2
n —
3a+1 Ip|?

i ((13]2 +(a® + 2b3)Q2)

3a+1
) (A.34)

where, neglecting O (ln3“ G}—TZ) terms we obtain:

(a®]2 + (a® +2b%)0?)
3a+1

Az 3a+1
ipln (W) | (A35)

So(p,p) »irm






Appendix B
Bosonization technique

In this appendix we show some hints in bosonization technique. In the usual lore,
bosonization can be perform by the "Field-Theoretical bosonization" and the "Constructive
bosonization". The first one propose an equivalence between fermions and bosons means
a bosonization dictionary in such a way that reproduce the same correlators as Fermi fields
[46, 62]. The other one naturally obtains the same results but actually also explains why
field-theoretical bosonization works and how bosonic fields and Klein factors naturally
appear from first principles. It also includes models where Hamiltonian doesn’t conserve
each separate total number of l//T and ¢ fermionic fields [47, 53, 63].

B.1 Field theoretical bosonization

Correlation functions of the Fermi fields can be reproduced by the correlator of the bosonic
operator given the follow bosonization dictionary:

Yu(x) = \/;r_aeﬂ@%. (B.1)

We remarks that this is not an operator identity and it is just meaningful when correlation
function are computed in the Fermi (bosonic) vacuum with the same momentum cut-off
a.

In the Field-Theoretical’s spirit, we use the master formula (B.1) to reproduce any
interaction term made out of the Fermi field by the corresponding bosonic counterpart.
For instance, let’s consider the correlation of the massless Dirac fermion:

1

27 (a —ix)’

G (x) = (Y (x)yl (0)) = (B.2)

Bosonization dictionary should relate it with the free massless scalar field correlator

G (x) = (34 ()1 (0) = $2(0)) = — In —

yp n @) (B.3)

77



Indeed, by plugging Eq. (B.1) in Eq. (B.2), we obtain:

A 1 0 1 lm¢+ —i\/G¢+ B.4
¥+ (x)9,(0)) \/_ \/_ ) (B.4)

= < el@% ~iVirg. . Ve 47 ($+ (x)¢+ (0)~¢%(0))

2ma
= L e4”G-$-B) (x)
2ma
1

27 (a — ix)

which correctly reproduces the massless Dirac correlator.

B.1.1 Bosonization and point splitting

To apply bosonization in our model, we consider two Majorana fermion fields ¢/} and 1//i
(i # j), being possible to define complex fermions c,. as:

e (%) = %wt, x) + iy (4, %)) (B.6)
e (tx) = %u@(n x) + iyt (4,2)) (.7)
ol (%) = %(lﬁi(t, x) — g2 (5,%)) B9
elL(63) = G20) (e ) ®9)
and its bosonization )

cos(t,x) = et Vingou (1) (B.10)

2w
cz;i(t, x) =: Leximd"’i(t’x) : (B.11)

2w

where o is the index for pseudospin T or | for the fermion.

At the moment we show how bosonization works in correlators at different points
¥ (x), ¥ (x") (see Eq. B.5). However, it is not guaranteed that a product of two such well-
behaved operators at the same point is itself well behaved. Point-splitting prescription is
required to regularizing infinities. This is equivalent to the normal-ordering regularization
which is used in constructive bosonization [47]. Following [35], on the constant time slice,
the chiral Majorana fermions satisfy the anticommutation relation (omitting indices for
simplicity):

1
{e), e (N} =5 {Wieor Vier } + {Wico- Yo} + 1B Yo } = 1 {ico Vi }]
(B.12)
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where considering that {%(x), l//j(x/)} = 8;j0(x-x) and x # x’, we have

{00, ¢' ()} = {e(@). e(x)} = {F (@), ()} = 0. (B.13)
This requires the boson commutation relation

i

[¢(x), $(x")] = 259n(x - x'). (B.14)

Taking the derivative of the latter with respect x, and considering x # x’, we have

i ’
1 e sgn(x — x’)

[0 (), p(x)]

%5(x — ). (B.15)

Each ¢+ bosonic field can be separate into a sum of creation and destruction operators
that we will name

$(x) = p(x) + ¢ (x) (B.16)
satisfying
[07(x), 0" (x)] = [p(x), p(x)] = 0. (B.17)

The commutation relation can be written now as

[0 (01,97 ()] + [0 (0, 0] = 28(x = %), B.15)

On the other hand, from the Sokhotsky’s formula, it’s possible to show that

[0 (0,07 ()] = o——— (5.19)
[0 (0,00 = ———— (5.20)

and after integrating
[qo(x), (pT(x')] = ln[%(x —x +i0%)] (B.21)

where a plays the role of a short-distance cut-off. We can now calculate the operator
product expansion with a point splitting in the x direction. Considering the bilinear
c¢’(x)c(x’") with small x direction separation x — x’, we have

A 1 . . ,
c'(x)e(x) = P e~V (x) . iVATP(X)
_ L iR () iV (x) VT () i\ () B.22)

2na



Using the operator identity efe? = el4BleBeA, the commutation relation for the creation

and destruction bosonic fields (Eq. B.21) and expanding the exponential, we can reach the
following operator at the same point:
i

cf(x)e(x’) = 1— iVar(x — x') (0cp" + 0cp) +

4r(ac0)? +
27(x — x’ + i0%) 7(9x¢")

(x — x')?
S

+47(0cp)? + iVAmdi (@' + @) + snaxwaxgo) +0((x - x')%) (B.23)
where the imaginary part reflects an infinite vacuum density due to the Dirac sea. Return-

ing to the previous bosonic field ¢(x) = ¢'(x) + ¢(x), taking the normal ordered density
operator by the limit x — x” — 0, and considering indices again, we have

- h (0 e (X) = —des (3). (B.24)
T

\/_

The latter is useful for the interacting part. Next, we consider the kinetic term by point
splitting

= [PL2 0 + L2l (0] = =ichs (s () (B.25)

In order to have the bosonized version, we have to take in account the next expressions.
First, rewrite the previous equation by using the fact that in general dxcs(x) = %
cp(x)+cy(x') L . .
~——— (considering that the limit x’ — x it will be taken). After that,

use Eq. (B.23) and consider the expression %}W ~ 924p(x). Finally, neglect the

vacuum term taking the limit x — x” — 0. The normal ordered kinetic term results to be

and c; (x) ~

—ic;(x)axcﬂ(x) = [oxp(x)]? : . (B.26)

B.2 Klein factors

No combination of bosonic operators can raise or lower the total fermion number by one,
nor can they ensure the anti-commutation relation of different fermion fields species.
Therefore, it is needed to define the so-called Klein factors F,;r and F, (or U and U™
according to [53]). They are defined as operators with the following properties [47]:

(Ff,Fy} =28,  .with FF/=FiF =1 (B.27)
{F3, 1} = {Fy, Fy} = 0. (B.28)

The bosonization dictionary becomes:

F,
Yo (x) = \/er_aeﬂ\@ﬁt. (B.29)




Appendix C
Correlators in the N = 4 case

In this appendix we compute the different correlators used in the main text for the case
N = 4 (Chapter 5).

C.1 Free-like correlators

In the free-like case is convenient to obtain correlation functions via functional integral

| DD 1))
[ DpDhe=5199] '

Let’s start using the Lagrangian representation, with the free-like action

= 1 ; 2_u_P 2
S = / dtdngs[upq(p(at¢p) Wp(axsbp) : (C.2)

In this case, all degrees of freedom of 6 fields can be integrated by a Gaussian integral in
the functional integral. This implies that Eq.(5.73) becomes

S Doe 98,006
/ Z)¢e_5[¢] .
Similar treatment can be done with ¢, and ¢; fields in such a way to obtain an integral

depending just on the charge or spin part of the action, i.e. p = p’ otherwise a §,/, appears.
Naturally, the p = p’ case is what interests us. In terms of the Fourier modes

1

(Do(rnPpr(r2)) = (C1)

(Do(r0)Ppr(r2)) = (C3)

Bp(r) = == > T (k,wy) (C4)
ﬁQ k,wn
the action can be expressed as
1 1 .
Slgpl = a= > |02+ u2K2 | 9 (s o) (K, 00) (C5)

BQ v 2u, K,

< gylkon| 567 [l o) o
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and we can find the average in momentum space to be

BQ
(DpiaPpiq)) = up(Kpm(Sql,_qz

(C.7)
where q = (k, w,) is a vector defined in such a way that e'?" = ¢!(k*=©7) and for real fields
$*(q) = ¢(—q). Using the Fourier modes again, we can express the correlation function as

1

1 iqiry ,iqar: iqiry iqar
50 Z Uy Ky ———— (e' 11! 4 "2 2T) 5, (C.8)

2, 212
= W+ upk

(Dp(r)Ppr)) =

It is convenient to move coordinates by —r, and define r = r; — r;. By doing this, we

obtain
1

pQ
Let’s consider zero temperature and large size system. Sum can be changed according to

1 do dk
502" ) 2o

Bt $p(0) = 7 D 4y Ky——g (€0 4 7). ©9)

2, 212
7 wy +ugk

and integration becomes

do dk 1 .
dk K , .
/ETp(e—k(—lxﬂtpr) +e—k(lx+upr))
dk

(05 + 9 ){DpnPp(0)) = — Eq(p(e_ky +e M)k

K 1 1
= -2 (_— + —) (C.10)
4r \y+a y+a

Performing the integration in w we have two integrals like e %Y /k and e ¥ /k, where
y = —ix +u,7 and y = ix + u,7. Making the derivative with respect y and y it is possible
to eliminate k in the denominator and perform the integral on k. It was also included the
momentum cutoff e~ to ensure that integral over momentum does not diverge. Now we
have to integrate on y and y to obtain

(gbp(x,f)qﬁp(o,o)) =—"2|In (—ix +U,T+ 0{) +1n (ix +U,T+ 0{)

+C. C.11
ppm (C.11)

The constant C can be chosen in such a way that we can obtain the desired correlator

g¢p¢p (x, T):

K o
(Bpx 0000 ~ Poion)) = — ln( ) (C.12)

27 Vx2 + (upt + a)?
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C.2 Strong coupling limit correlators

Let’s start with the ¢, — ¢. component of the matrix (5.93). As it was done for the free-like
case we use the Fourier transform to obtain:

e (r1) + ¢§(rz)>
2

<¢c(rl)¢c(r2) - Z<¢c(q1)¢c(q2)>( iq1r qurz +elq1rzelq2r1

q1,92

(ﬁ )?

—eiar+gn _ ei(qr*'QZ)rZ)‘ (C.13)

Moving coordinates by —r; and defining r = r; — ry:

<¢c(rl)¢c(r2) - ¢c (rl) ;qsc (r2)> (,8 )2 qlzqz<¢c(ql)¢c(QZ)>( zq1r+elq2r z(q1+qg)r1
(C.14)
Inserting now the matrix element coming from the path integral
((e(9)6e(42) = PO s, c15)

212 5 2,02
ucky +ugm® + wp,

we obtain:

<¢c(r1)¢c(r2) _ ¢3(V1) + ¢c2(r2)> — L Z u:Ke (ei(q1(r1—r2)) + e ia(rn=r2)) _ 2)

2 BQ £ uZk? + ufm2 + w?

= ﬁQZ k2+u T (cos<q1(r1—r2))—1)
= ($e()$e(0) — §2(0)). (C16)

This can be simplified by defining generically § = (w,k) and r = (7,x). Also define
q-r=q-rly =wr—kxandq-r|- = wr + kx, so that

T d e dk
@000 -g0) = 7o [ 2 [T R gan-aneer -
Hla- =g e~ ) €17)

Replacing again the matrix element, and redefining w = w'u., where «’ now also scales
as 1/[L], the integral can be rewritten as follow:

+oo do’ +00
($e(r)pe(0)=§2(0)) = K. / o dk 1

2_k2 - — (eiucw’ﬁikx + eiuca)’r—ikx _ 2) )
T +me+w
(C.18)



Following the same procedure, we obtain for the dual field 6,

do’ [ dk (K +m?)
2 k2(k? + m? + 0'?)

(0100600 = 7 [ 5

S NS
(emcw +ikx + plte®'T ikx _ 2) )

(C.19)
which naturally depends on K !. However, the Hamiltonian is not invariant by ¢ — 6
and K — % as before, due to the presence of the gap, therefore we cannot assume results
for 0 field by changing K coming from ¢ results. Turning back to the previous expressions
for correlators, basically we can obtain them by computing the next integrals:

do’ o, [T dk 1

I. = 2 pluco't _eilkx C.20
=+ [w 27 /0 2 k2 + m? + w’? ( )

*do . o (T dk o, m?
Ly = / 2 piuco't / _eith (C.Zl)

oo 2T o 2 (0 + m2) (k% + m? + w'?)
+oo g eiucw/r too Tk eiikx
— 1.2 —

with the next relations:

G (1) = (Pe(r)ge(0) — ¢2(0)) = K. [I1(r) — [(0)] (C.23)
1
Go.0.(r) = (0(r)6:(0) — 62(0)) = 7 [11(r) = L(r) + I(r) — (I1(0) — 12(0) + I3(0))]
(C.24)
where I, = I+ + I,—. The integral I;. is computed as follows:
; ~ /+oo deo’ +00 dk eilkx iw'uet 1 1
- 2”21 ViZ+m?2 \o —iVk2+m?2 o +iVk2+m?
+00 +ikx ,—u.tVk2+m?
_ / ﬁe € (C.25)
o AT VK24 m?

where the circuit has been closed in the upper complex half plane. In the limit m — 0 we
want to go back to the free case result. To this end we derive the m = 0 case with respect
to (—u.t £ix)

d — /+oo ﬁ e—(ucrﬂ x)k’e—ak’ - _ 1
I(—uc.t +1ix) 0 o 4 Ar(Fix + U+ a)
1
= L. = —4—ln (Fix+ucr+a) (C.26)
Vs

where the convergent factor @ has been added. The correlator for ¢. can be completely
determined by this integral by considering Gy 4. = K.(I14(x,7) + I1_(x, 7) — 2[;(0,0)),
obtaining the free case result Eq. (5.74). We use this procedure as a prescription to get the
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9

correct limit when m — 0. In the limit of m << 1 the derivative Pl

L1+, dropping
m? in the exponential, can take the form

+00
Cgless [ e c27)
m

I(—ucr+ix 4r

272

with Vk? + m? — z. Expanding VzZ2-m? — z (1 - m—z) and considering again the

convergent factor « we obtain

#IPF /"‘00 % e_(ucfﬂ x)ze—(iZixmz)i
o(—uct+ix) A

1 +2i m%x - i
= ——|————K; (ViZz msz¢1x+ucr+a)
4r \ Fix+ut+a

(C.28)

2

where the integral can be obtained from tables [61]. The limit m — 0 is correct as the
Bessel function Kj(z) — % at first order. Substituting this into the result gives:

o, _ 1
I(—u.t +1ix) e

— C.29
A (Fix + U T+ ) ( )

as it should be. We have added a spurious contribution { = (u.7 F i x):

/m Z_Z e—(ucfiix)ze—(iZixm2)é /m Z_Z e—{z eiix%
0 0
Fixl (1 _e—{m) _ 1

— eiix%‘/m%e—gvz -
o 4r 4 41
We disregard this term, so that we get, for small m, the non chiral result:

¢ix+ucrd A +2i A
I, = _/ 2 22k (EVezixvz+a). (C31)
0 4Ll VN z+«a L

For the second pair of integrals I,. we are going to compute directly the sum . Using
. . 00 o 2.12 . ..

the parametrization m = /0 e~3(@+%) ds and the generalized Gaussian’s integral, both

integral gives the same result and we can sum them, obtaining:

<

1

4

e—mucge

_ muctFix Sin mg/z ‘
2 - 27

4
(C.30)

w0 g gexVo
I, =m? —e C.32
2 [oo 27 (' + m2)3/2 (C32)

Obviously, in the limit m — 0 the integral vanishes. Of course we are interested in the
massive case and, as for integral I;, we are going to consider the limit m << 1. This limit
implies J small, however this is not a contradiction with the strong coupling limit due to the



physical restriction 0 < J/uoz < 1, hence the strong coupling J can be comparative small

. . . j ' —x Vw2 2 —(x—i V2 2
with other factors. In this sense, let’s approximate e 7e™¥ Vo™ +m*  o=(x=fucr)Vo "4m*

Doing this, splitting the integral and changing the integration limits, we have:

Sl e—(x—iucr)\/m
I, = m? / (C.33)
0

T (0?%+ m2)3/2 )
Again, it is a not trivial integral but we can use a similar trick as before. Taking derivative

9 . .
eI I, twice, we obtain:

00 (i A2 2
m? / da’ g GOV _ M o (m(x — i) (C.34)
o T ApZim? s e '
Turning back by integration, others Bessel K, [z] and Struve L,[z] functions appears.
Nevertheless, we can use the limit m << 1 to approximate the Bessel function before to

integrate. For small arguments |z| << 1 the Bessel function behaves as Ko(z) ~ —In(%) -y
and we finally obtain:

L= —;n—;(ix + u.T)? [3 —2ln (mTeY(x - iucr))] (C.35)

with the correct limit for m — 0. For the last pair of integrals I5., " and k integrals can
be separated and we have two parts: the non-singular I3, and the singular integral I3...
The first case is given by

+00 ’ iuew't
L, = mZ/ do’ €'
a = R —
o 27 (' +m?)

+00
- m [e™"Ei(iu.tw — uctm) — e " Ei(iu.tw + uctm)|
4mm —00
_ fe—mucr, (C.36)
2
where Ei(z) is the exponential integral, with the following properties Ei(ico) = iz and
Ei(—ico) = —im, and where just the decaying exponential part was considered. The
singular part for I;_ is:
+00 e—ikx
B /1/L I e
~ xlim [y = x1i L[ Eile+iy) - e Ey(~e+iy)]
= xel_l’)l’(l) y62+y2_xel—r>r(l)2€ eriet+iy e 1(—€+1y
. |dE(iy) . . . .
= ix [# +Ey(i y)] = ~ix [Eo(iy) - Ex(iy)]
e e i
= —ix _——El(iy)]—>—ix —El(iy)]
ly y x/L

Q

Le_i%+ix[y+lni%] (C.37)
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and similar for I5j,, where the infinite limit limy_,oo E1 [i x] = 0, while lim,_, e~ I isalso
chosen as zero. The singular part I3, becomes:

1wr+zkx -
mL x Fix
= —(mr¥i ) MM _ vy +In—|]. C.38
./ / 2m k2(w? +m?) 4w [e Tl L (Y T )] (€38)

On the other side, asInT(z) = (z — 3)Inz—z+ ;In27+ O (%), we have

+ix +ix _lx 1 iix +ix

and the final expression for 5. is

mL _ | .= Fix Fix +l x
L.~ e e’'L +1n o] r i (y+ 1)]. (C.40)
Finally, the correlators required to be used in objects like (5.70) are:

(](c I x+ueT A [=2i A

G4, (1) = —— [/ —,/ ad K; (—V—Zi xVz + a) dz+1n (%) +c.c.| (C.41)
e 4 | Jo LNz+a L

A _ Aucz
Aucfilx e
+ix +ix) iz
= 1 7(c G¢c¢c(r) [ ] — T — + Z(Y+l)
Go.s.(7) 7( e 1—[ Nz \2 ) ¢
(C.42)

where terms proportional to O(m*) have been neglected.

C.3 Off-diagonal non-chiral conserving correlator

It can be proved that the off-diagonal correlators vanish identically in the bosonized N = 4
model because they correspond to non-number conserving correlators which are absent
in the N = 4 case. To see this, let’s start defining the average two point Majorana fermion
cross-chiral correlators

Gn(r) = 3 DL WAV (0) (43

and

Gu(r) = DL WLYL(O)). (44

Recalling the initial definition of complex fermions it’s possible to write

Gy = 3 D (eosr)eial0) + L (r)cas (0).
o=T.



Using the bosonization dictionary in terms of dual fields (5.66), the fact that pseudo-
charge and pseudo-spin sectors can be completely separate, the dual fields commutator
[p(x1),0(x2)] = %sgn(xg — x;) and the identity e**? = edeBem3lABl = ¢BoAgs[AB] the
correlators become:

Grju(r) = igL <eii\/§¢c(r)eii\/§¢c(0)><e—i\/§9c(r)ei\/§ec(0)> (e > s, O > 0,)
o

H(eFVESD) FiVER0y (oiVEO) =Ny (5 5 6 0, — 6,)
(e VL) =i VES(0y (=N VOO (5. 5 —4 6, — —6,)

HeFVERDFIVELO) (VRO mIVERO) (g~ 6, — -0,)].
(C.45)

For the correlator to be non-zero, the sum of the factors multiplying fields in the expo-
nentials has to vanish. In the ¢ sector this doesn’t happens and off-diagonal correlators
vanish. On the contrary, in the 6 sector we have signs that non-zero correlators involving
cross-chirality fermions can occur. We will deepen on it in the next subsection.

C.4 2d lattice approach: the Villain’s approximation

In the following, we present an alternative picture of the N = 4 case, by considering
the model as a 2d lattice. In principle, physic bound 0 < J/mu, implies that we have
different renormalized velocities, and therefore, different weights for kinetic part in time
and space. To fix this, we look for scaling time to obtain approximated correlators for
small J pseudo-charge sector and for large J pseudo-spin sector.

C.4.1 Motivation

In the XY-model, which describes two component classical spins interacting with their
nearest neighbours, the partition function is proportional to exp ( %;; cos (S; — S;))
where at low temperature alignment of spins is favored. When temperature is increased
(small ) a disordered phase appears and correlators decrease exponentially, while for
low temperature (large f) and ordered phase, correlator behaves like (ry/ Ix)"?. In our
case, cosine interaction is proportional to the coupling J being possible to infer that
similar correlator behavior occurs for strong coupling at least in the pseudo-spin sector.
In fact, if we forget the physical bound for coupling, we found that in the large J limit the
pseudo-spin correlator (5.85) behaves like («/ |z|)7(s where K ~ i/J'/2. As alignment is
favored for large J and ¢ = %(ng — ¢,), we can assume that disorder is favored for small

Jand ¢, = %(QST +¢@). In this context, we are going to study the SYK model in the N = 4

case by considering the model as a 2d lattice and applying the Villain’s approximation
[64] for small J in the pseudo-charge sector and large J in the pseudo-spin sector.
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C.4.2 Time scaling

Before to proceed with the approximation, we have to notice that there are different
weights for the time and space derivatives in the action, depending on the strength of the
interaction mediated by J. In order to perform the procedure, we are going to consider
the two cases independently with the actions:

5. = / dtdx [uio(atqsc)z - qu3<ax¢c>2] (C.46)

and

o

hlil
S = / dtde [—(8t¢s)2 — UupA% (e s)? — J cos (V8n¢s)] , (C.47)
Up
where for the c-sector was neglected the cosine interaction as it was done for the free-like

case. In the following, we are going to focus in the s-sector and then we will infer the
pseudo-charge case. In the large J limit, applying the Villanin’s approximation, the action

becomes
S, = / altdxﬁ
2

It’s possible to re-scale time t — 1/%t which now behaves as a length and move to

1 2 ] 2 4] 2
u—o(atd)s) + ;(8,((/’)5) + ﬁ(ﬁs] (C48)

imaginary time to obtain the re-scaled action for pseudo-spin sector

is, = / alwzx;/”iu0 [—(@@)H(M)M%sﬁ?]. (C.49)

In the s-sector the scaling factor ,/ L is equal to u; = 7 when large J limit is considered.

Ty
Therefore, it will be easy to track the scaling for pseudo-charge sector by considering the
scaled time as u.t and the spatial derivative (9,¢.)* with a minus sign in front.

C.4.3 Lattice approach

The idea is obtain the inverse of the propagator by calculate the kernel of the quadratic
form

Z[0] = / DPD*exp (—§¢*G‘l¢) (C.50)

and then follow [64] by considering the model like a 2d space-time lattice, where time is
now a length. After integrate by parts, and moving the model to a lattice, it’s seen that

ﬁ 1 ,L k02 A2 i 2
h /dl’d)(z o [¢S (aq— ax)¢s+ a2¢5:|

uhfal [ ] ., 4
Z 9 _¢s(r) [33 - aazc + P> Ps(r)- (C.51)
-

N 2 TTUg



where % is the lattice area. On the other side, we have that

1
|07+ 2] peijy = = [(Betisziy = Petirr i) = (Beqirryy = Pe(ip) ]

1
+; [(¢c(i.j+2) = Pe(ijar) — (Pe(ijrr) — ¢c(i.j))]

= L [ (o gy + cosgy) — 4] 6 (C52)
= e (277:)26 COS g1 +COS Q2 c(q) .

and

1
[312. - (9)2(] ¢s(i.j) = E [(¢s(i+2.j) - ¢s(i+1.j)) - (¢s(i+l.j) - ¢s(i.j))]

1
—— [(Bs(ij+2) = Pstijen) — (Ds(ijer) — Ds(ipy) ]

1 d*q iar 19 ) ¢ (C.53)
= e (27[)26 COS g1 COS 4> s(q)- .

Defining y; = Y |-L and Ye =

Na \ muy
proportional to y [4 — 2(cos g1 + cos gz)] and the correlator is found to be

%7% we have that the kernel in the lattice approach is

1 [ dq 1- el
L N ' C.54
”g(ﬁp‘ﬁp p(r) Yp / 21T 4 — Z(COS q1 £ cos qz) ( )

where the plus sign is for p = ¢ and the minus sign is for p = s. Here we can already
observe some signals of what we were discussing at the beginning of the section: large J
s-sector behaves similar to small J c-sector, in concordance with what we observed for
strong coupling pseudo-spin and free-like pseudo-charge case in previous sections. Of
course, the power law parameter, in this case y,, changes.

Pseudo-charge sector

In the pseudo-charge case, it’s observed the combination 4 — 2(cos q; + cos ¢;) in the
denominator. In the small momentum limit, this becomes q% + qg, which is the modu-
lus square of the two-dimensional momentum (g, g2). Therefore, in the limit of small
momentum, the denominator is rotational invariant. This implies that the integral has
an isotropic behaviour at large distances (corresponding to small momenta). Since the
integral has an isotropic behaviour at large distances, i.e., it only depends on the modulus
of (x1, x2), it is possible to select an arbitrary direction, let’s say x direction, perform the
integral and then in final result replace x; with the modulus of (xy, x3). In this way the
correct result for the integral at large distances is obtained. In other words, if you are
looking for the behaviour of the integral at large distances, you can replace the cosines in
the denominators by their expansion to lowest order in q, because at large distance what
matters is the behaviour of the integrand a small momenta.
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With previous considerations, let’s calculated the integral for x = (2p, 0) for conve-
nience reasons:

1 dzq 1 — e%iqp
rp(zpa 0) = —_ Py

Yp 27 4 — 2(cos g1 + cos gz)
1 @%1 ) sin 2 )/d 1

= — —(1 —cos — 1S51ln
Y o P P 12y 2(cosqy = cosqz)
1 dql .. 3 —cos ql

= — — (1 — 2 - 2
" o (1 —cos2pq; —isin pql)3 —cosqi \1-cosqu

1 dg; 1 —cos2pg; —isin2pq;
Yp 2 \/(l—cosql)(3—cosq1)

(C.55)

In the pseudo-charge case, we have to consider the plus sign in the integration on g.
However, it is interesting to see that the integration on g, gives the same result also
for minus sign (pseudo-spin sector). Making a change of variable q; = 2q, and using
trigonometric identities, we can reach

1 [7/? 2 sin? 2
L(2p.0) = / dg— =0 °P4 (C.56)
0

c sin gy/1 + sin® q

where the odd integral coming from the imaginary part has been obtained equal to zero.
Now, we can split the integral by define

7[/2 s 02 2
Ty = 2 / g2 “P4 (C.57)
0 smgq
and
/2 sin® 2pq 1
n:z/' dg— ~-1]. (C.58)
0 sSIng |\ /1+sin’q

For the first one, expanding the sine function:

2p—1
1 1 1
= § — _ (02 02
I =2 2, P 14 (2)+gb (2 +2p) (C.59)

where 1/(¥) (z) is the polygamma function of order zero. Expanding around p = co we have
Ih~In2p+2In2+y (C.60)

where y is the Euler’s constant. On the other hand, in that limit of p, the sin® 2pq can be



replaced by its average

I = 2/ dg— -1
0 2sing \ \/1+sin’q
N /”/qu .1 isinznq I'(1/2)
0 sing <4 n! I'(1/2-n)
1
~ ——In2. (C.61)
2
With all of these, it’s obtained that
1
[(2p,0) = y_(r0+rl)
1
~ —(In2p +In2V2e")
Ye
1 2
~ —m2® (C.62)
Yc ro

where was defined ry = 2V2e". Finally, we obtain the Gy.¢. (1) correlator in the lattice
approach by define 2p — r and consider G 4, (r) = —%Fc(r) to be:

Ir

G¢c¢c(r) = €%g¢c¢c(r) ~ e‘ilnﬁ

(r—") " (C.63)

Ir

2

The correlator is the same as the one computed from field theory. Of course we should
recover the scaling time by changing t — u.t in |r| = Vx? + t2. Furthermore, in this
case the cutoff « is replaced by the lattice spacing ry and the non-universal power law

parameter K. is changed for %. However, we should remember that y, = %7%, which
gives us a relation between physical parameters and implying that the ratio “" should be

Na
set equal one.

Pseudo-spin sector

In the case of pseudo-spin sector, the denominator of I is 4 — 2(cos q; — cos qz). Now,
looking for the behaviour of the integral at large distances, and expanding around
(91,92) = (0,0), you don’t find the modulus square of the momentum. As a conse-
quence, the integral is not isotropic, and it is not possible to compute it as in the case for
the charge. To go around this problem, one possibility is expand the denominator around
(g1, q2) = (0, ) or (7, 0). If this is done, it is necessary to keep track of the fact that now
the expansion is not around zero momentum. In fact, the meaning of this is that we are
looking at the staggered component of the Green function, i.e., at the part that oscillates
on the scale of the lattice constant.



Appendix C - Correlators in the N = 4 case 93

With previous considerations, let’s calculated the integral for shifted momentum
q2 — q + 7 as follow:

d2 1— ei(q1x1+(q2+ﬂ)xz)
T (x1, x2) 4

Vs 27 4 — 2(cosq; +cosqz)

1 dzq 1 — ei(@x1+q2x2) pinxs
= —/ o 4— 2(cosq; +cosqz)
d?q 1 — ella@p+a:(2p2)] gin(2p:)

— L(2p1,2p2) = _ﬂ/ (C.64)

4 —2(cosqy +cosqz)

where we are considering half integer coordinates. Now, in the small momenta (large
distance) limit, we have again the modulus in the denominator. If we consider an arbitrary
direction (2p;, 0), we obtain exactly the same limit as the charge case, and we can proceed
as before. On the other side, if we consider the arbitrary direction (0, 2p;), the half integer
exponent ensure that, in the large distances limit, the exponential goes to exactly the
same as if you consider the other (2p1, 0) direction. Taking the first case for simplicity,
and calling 2p; — 2p we have

1 — ei(2pq1)
rs(zp’ 0) = _/

2 4 —2(cosqy +cosq)

= —/ (1—c052pq1—1sm2pq1)/dq2

1
4 —2(cosq; +cosqz)

3—-cosq;

= l/ﬂ(l—coszlbq — isin2pq)
Vs 27 ! 13—cosq1 1-cosq;

_ l/ dq: 1 - cos2pq, —isin2pq, . (C.65)
2 \/(1 —cosq1)(3 —cosqr)
Performing the same calculations as the charge case, we reach
L
o
Gpop, (r) = “|) , (C.66)
where now y; = 1;\15 7 in the large J context. The latter implies that K — ”}’0, ie.

correlator behaves like (ro / |r|)T as it was expected.
Finally, if we want to extend the previous results to Gg,g,(r) we just have to exchange

7(_)?/3
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