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Abstract

Over the years, robot started to be used in broad but cluttered envi-

ronments to accomplish di�erent tasks. For this reason, the research in

�eld and service robotics has been directed towards robots able to traverse

large spaces. These robots have to operate in highly complex terrains, and

need to move in wide spaces. For this reason they are characterized by

a mobile platform. Despite the most used mobile robots are the wheeled

one, they could encounter some di�culties when moving on challenging

and irregular terrain. For this reason, other kind of robots started to be

used, able to overcome obstacles and move in complex environments. Nev-

ertheless, these kinds of robots are more unstable and subject to external

disturbances. For this reason, in this thesis, our main focus will be to

investigate disturbance rejection strategies for a particular type of mobile

base robots: the limbed parallel robots. These robots comprise a mobile

�oating base that is connected to a �xed base by some independent kine-

matic chains, referred to as limbs. This category encompasses both legged

and cable-driven parallel robots, which have demonstrated the ability to

overcome many of the limitations associated with wheeled robots. These

robots are highly maneuverable and can navigate challenging terrains and

obstacles with relative ease.

� Quadruped robots. External disturbances, such as hitting the

ground, can cause their fall. For this reason, a disturbance observer-

based control is presented in this thesis. It presents a novel momentum-

based observer that can deal with disturbances applied both to swing

and stance legs. Then, an extension is developed, realizing a novel

hybrid observer that integrates the previous estimation on the legs

with a double observer on the center of mass. In this way, all kinds

of disturbances acting on the robot are taken into account and com-

pensated.



ii

� Cable-driven parallel robots. By replacing rigid links with ca-

bles, cable-driven parallel robots can expand their workspace and

increase their load capacity. However, this modi�cation comes at

a cost of signi�cant vibrations resulting from cable �exibility, which

makes the robot susceptible to external disturbances that can disrupt

its stability. To address this issue, this thesis proposes a model pre-

dictive controller for underconstrained cable-driven parallel robots

that takes into account tension limits. This controller implementa-

tion enables the robot to approach the equilibrium point safely and

smoothly, reducing the oscillatory movements caused by cable �exi-

bility.

Keywords: legged robots, cable-driven parallel robots, disturbance rejec-

tion, optimal control, model predictive controller, whole-body controller



Sintesi in lingua italiana

Nel corso degli anni, i robot hanno iniziato ad operare in ambienti vasti

e pieni di ostacoli. Per questo motivo, la robotica di campo e di servizio

ha iniziato a sviluppare robot capaci di attraversare ampi spazi. Questi

robot devono operare in luoghi complessi, e, data la necessità di muoversi

in spazi ampi, solitamente sono dotati di una piattaforma mobile.

Nonostante i robot mobili più usati siano dotati di ruote, questi ultimi

possono incontrare di�coltà quando operano in ambienti complessi ed ir-

regolari, pieni di ostacoli.

Per questo motivo, altri robot hanno cominciato ad essere usati, capaci di

superare gli ostacoli e muoversi in ambienti complessi. Nonostante la loro

capacità di operare in ambienti non strutturati e sconnessi, questi robot

sono più instabili e soggetti a disturbi esterni. Per questo motivo, questa

tesi si concentra sulle strategie di reiezione dei disturbi per una sottoclasse

di robot mobili: i robot paralleli dotati di arti. Questi robot comprendono

una base mobile connessa ad un sistema �sso tramite almeno due catene

cinematiche indipendenti. Questa categoria include i robot su gambe ed

i robot paralleli azionati dai cavi. Entrambe queste tipologie di robot ri-

escono a superare il problema presente nel caso dei robot dotati di ruote,

potendo superare agilmente gli ostacoli e navigare terreni complessi. La

tesi può essere suddivisa in due sezioni principali:

� Robot quadrupedi. Disturbi esterni, come l'urto al suolo, pos-

sono provocarne la caduta. Per questo motivo, questa tesi presenta

un controllore basato sull'osservatore del disturbo. Verrà dapprima

presentato un nuovo osservatore basato sul momento in grado di

trattare i disturbi applicati sia alle gambe in movimento che a quelle

ferme. Successivamente, viene sviluppata un'estensione, realizzando

un nuovo osservatore ibrido che integra la precedente stima sulle

gambe con un doppio osservatore sul centro di massa. In questo



modo vengono presi in considerazione e compensati tutti i tipi di

disturbo che agiscono sul robot.

� Robot paralleli guidati da cavi (CDPR). Sostituire i link rigidi

con i cavi si introducono signi�cative vibrazioni dovute alla loro

�essibilità, rendendo il robot vulnerabile ai disturbi esterni che pos-

sono in�ciare l'equilibrio del robot. In questa tesi viene presentato

un controllore predittivo basato sul modello per CDPR sottovinco-

lati, ovvero con numero di cavi inferiore al numero di gradi di libertà.

L'utilizzo di questo controllore, tenendo conto dei limiti di tensione,

consente al robot di avvicinarsi al punto di equilibrio in modo con-

trollato e sicuro, attenuando i movimenti oscillatori causati dalla

�essibilità dei cavi.

Parole chiave: robot su gambe, robot paralleli guidati da cavi, con-

trollo ottimo, reiezione dei disturbi, controllo predittivo basato sul modello,

controllo whole-body

iv
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Chapter 1
Introduction

The origins of robotics can be found �rstly in the literature and imagi-
nation of human beings and only later in science. Indeed, the word "robot"
was introduced in 1920 through the play "Rossum's Universal Robots"
written by the Czech Karel Capek with the meaning of executive labour.

Starting from the �rst robotics manipulators employed in industries
(Fig. 1.1), humans have always tried to build new machines to help them
with heavy and repetitive tasks and ultimately replace them with the riski-
est work. Over the years, robots passed from the structured and closed
spaces of industries to unstructured and open spaces full of obstacles. The
branch involved in realizing technologies operating in these environments
is called �eld robotics [87], which encompasses the automation in applica-
tions such as search and rescue, agriculture, underwater exploration, and
patrolling.

Besides the work in unstructured but isolated environments, robots
started to dominate also �elds where interaction with human beings is
predominant. Indeed, in recent years, di�erent robots have also been de-
veloped and deployed in service �elds ranging from tourism and hospitality
to home care assistance [41]. In all these applications, robots must be able
to dexterously and safely interact in a usually broad but cluttered envi-
ronment to accomplish di�erent tasks. For this reason, the research in
�eld and service robotics has been directed towards robots able to traverse
large spaces. These robots should operate in places where dextrous and
safe interaction with humans is required, or in highly complex terrains
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Figure 1.1. Unimate, the �rst industrial robot in 1950s, a precursor of the
machines that now automate assembly lines all over the world [37].

where agility and robust performance are the main requirements. The
main characteristic that a robot capable of operating in an unstructured
and broad space needs to have is a mobile platform [73], that can change
its position and orientation relative to an inertial frame. In this way, the
robot can move around in the environment, unlike the typical robotic ma-
nipulator used in industries constrained to a �xed base.

Di�erent kinds of robots with a mobile base have been realized over
the years, and the �rst one to be introduced in real-life environments has
been the wheeled mobile robot (Fig. 1.2) [15, 58, 77], in which the base
is endowed with wheels. Using wheels allows navigation in a wide space
in small time. It also guarantees an intrinsic balance since the robot is
continuously in contact with a surface. However, despite their capability to
traverse great distances in a relatively short time and the ease of retaining
balance, wheeled robots can encounter di�culties whenever they need to
move in challenging terrains. On complex and uneven ground, the wheels
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Figure 1.2. On the left, a mobile manipulator during an assembly task in an
industrial application [58]. On the right, a vacuum cleaner robot [77].

can easily remain stuck, and they can not overcome obstacles if present, but
they need to circumnavigate them. Other mobile base robots have been
developed to improve mobility over rough terrains, with di�erent methods
of actuation.

� Aerial robots: endowed with propellers allowing them to �y over
challenging terrain, solving the problem of remaining stuck [34].

� Legged robots: they move through the legs, kinematic chains that
allow to can adapt their gait to the irregularities of the terrain, mod-
ulating the ground reaction forces [46].

� Cable-driven parallel robots: they are wired-driven robots able to
traverse large spaces, which perimeter is delimited from some anchor
points for the cables [69].

Despite their ability to navigate in complex environments, these types of
robots are often more prone to instability and external disturbances. These
disruptions can come from a variety of sources, including the ground and
the external environment, especially in severe atmospheric conditions or
cluttered spaces where collisions between the robot and its surroundings
are more likely.

In this work of thesis, the focus will be on the disturbance rejection
strategies for a subclass of mobile base robots: the limbed parallel robots,
including legged and cable-driven parallel robots.
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Figure 1.3. A cable-driven parallel robot with 4 cables. In red one of the
closed loop created by two cables (dashed red segments). Blue circles highlights
the �xed points of these cables on the wall.

1.1 Limbed parallel robots

Legged and cable-driven robots belong to the class of limbed parallel
robots. These robots can be de�ned as a closed-loop mechanism composed
of a �oating base linked to a �xed base by some independent kinematic
chains [67]. The serial chains between the mobile base and the �xed one
are usually called limbs.

Parallel robots are developed in order to substitute serial manipulators
in dull and heavy tasks, thanks to their load-carrying capacity. A large
workpsace may be obtained using wire transmissions, constituting cable-
driven parallel robots (CDPRs) [69, 71]. Cables are mechanical compo-
nents that can withstand a large tensile force. In a cable-driven parallel
robot, a certain number of cables is attached to the �oating base and driven
by actuated winches mounted on the base frame. On the other side, ca-
bles are attached to some �xed point, ensuring to maintain tension within
a given workspace. The advantages are that cables allow motion ranges
larger than those produced by conventional articulated systems. More-
over, since cables can only resist tensile forces, they are much thinner and
lighter than conventional mechanical components.

The limbs of a CDPR are then composed of cables in place of rigid-
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Figure 1.4. A quadruped during the walking. The feet in contact with the
ground creates a closed loop.

link serial chains. Generally speaking, CDPRs can be divided into three
categories: under-constrained if they own less cables than DoFs; fully con-

strained if they own as many cables as DoFs; redundantly constrained if
the number of cables is greater than the degrees of freedom (DoFs). The
under-constrained CDPRs usually approach the minimum gravitational
potential energy to determine the position and orientation of the �oat-
ing base, whose state can be easily changed by any external disturbance.
In fully or redundantly CDPRs the position and orientation are instead
completely determined by the lengths of the cables. The movement of the
�oating base is obtained through the modulation of the tension forces in
the cables. The modulation of cable forces creates a net that commands
the wrench at the center of mass of the �oating base, pushing it along a
desired trajectory.

Similar approaches are employed for the locomotion of legged robots.
In this case, the limbs are composed of rigid-links serial kinematic chains.
A legged robot can be assimilated to a parallel mechanism too. Indeed,
whenever the legs are in contact with the ground, multiple closed loops
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are created [56]. Then, in a legged robot, the trunk is the �oating base,
while the legs are the limbs. Depending on the number of legs, the con-
trol of these robots presents di�erent challenges. Robots with two or four
legs are easily subject to external disturbances. Instead, robots with more
than four legs have high stability, but coordinating the legs becomes more
di�cult. Di�erent from the CDPR, legged robots have no constant point
attached to the �xed base. Closed parallel loops are created by the con-
tact of the feet with the ground (Fig. 1.4). Then, these contact points are
continuously changing according to a foot scheduler and the desired trajec-
tory, making the robot move in a workspace that is, theoretically, in�nite.
Similarly to CDPR, the locomotion is commanded through the modula-
tion of the ground reaction forces. The magnitude of these forces always
needs to be positive along the normal direction to the ground. Moreover,
the ground reaction forces have to be contained inside the friction cone to
avoid the foot sliding.

1.2 Disturbance rejection

In order to reach a signi�cant integration of robots into the human
world, there is a need to make them safe. Indeed, during interaction with
human beings, the robot needs to preserve the safety of everyone and
move in an environment full of obstacles. Moreover, with the �nal goal of
replacing humans in repetitive tasks needing precise execution, the robots
need to increase their thoroughness.

Classical control strategies used in many robotic applications consider
simpli�ed mathematical models subject to di�erent uncertainties. The
performance is greatly a�ected neglecting these uncertainties and external
disturbances. Since the presence of disturbances and uncertainties leads
to a weak performance of the robot, the research in the last years mainly
pointed towards the development of control strategies able to reduce the
entity of disturbance and the in�uence of the model uncertainties [32].
Di�erent control philosophies have been implemented to improve perfor-
mance with uncertain robotic systems. One of the most applied approaches
is adaptive control, which continuously adjusts the controller parameters
based on variations in the system dynamics. When the aim is to miti-
gate plant disturbances and uncertainties, having precise prior knowledge
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of plant dynamics is crucial for optimal performance of adaptive control.
A di�erent controller developed in the �eld of disturbance rejection is the
robust control method, which explicitly deals with uncertainties without
continuously adjusting the controller parameters. This controller, di�er-
ently from an adaptive one, does not need to have an accurate knowledge
of the plant uncertainties. However, it is designed to achieve good per-
formance considering the assumption that disturbances are bounded in a
compact set. In this way, the robust control approach tends to be over-
conservative.

Although adaptive and robust controllers are able to attenuate the
e�ect of disturbances in case of accurate knowledge of the system, they
can not guarantee similar performance when coping with nonlinearities,
unknown uncertainties, and disturbances arising from the environment.
To tackle this problem some observer-based control approaches have been
proposed to successfully control robotic systems. This approach guarantees
to cope with the plant uncertainties and disturbances, that are not only
large and unknown, but also unmeasurable [83, 19, 79]. The main idea of
this approach is to design an observer to estimate disturbances acting on
the robots. Then, the obtained estimations are fed back to the controller
to have a robust control law rejecting the disturbances.

The success of observer-based controllers highly depends on the re-
liability of the estimations, whose quality depends on the knowledge of
the model used in the observer design. It means that, to have a better
estimation, the observer needs to take into account all the possible uncer-
tainties not considered during the modelling of the system. In this way,
the observer also includes internal uncertainties that arise from unknown
parameters and unmodeled dynamics, together with external variations
and disturbances. The estimation of the disturbance observer needs to
be fed back to a control algorithm to be compensated for. Disturbance
observers have been integrated with di�erent control methods, from tra-
ditional PID to a more complex controller, such as sliding mode [19, 7].
In the �eld of limbed parallel robots, especially legged ones, one of the
most used approaches for locomotion is optimal control, which aims to
�nd a control policy leading the system to the equilibrium point in an
optimal way, with respect to a performance cost function [83]. It usually
requires knowledge of the system dynamics, and, also for this case, an ob-
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server is often implemented to compensate for uncertainties and external
disturbances. In the range of optimal control approaches, another method
�nds a wide application in the case of limbed parallel robots: the model
predictive controller (MPC) [52, 17, 59]. It uses the dynamical model to
predict the future behaviour of the process based on a set of inputs and
control actions. The controller then optimizes the control action based
on a prede�ned objective function, which could be minimizing the cost of
production, maximizing the yield, or minimizing the energy consumption.
One of the key bene�ts of MPC is its ability to handle constraints on inputs
and outputs. The controller can be designed to ensure that the inputs and
outputs of the process remain within the speci�ed limits, which can im-
prove the stability and reliability of the process. In this case, the model is
employed to obtain a predicted behaviour. Compensating the model with
the estimated disturbance would lead to an inaccurate prediction unless
the dynamic of the disturbance is known and it could be predicted along
with the state. If the robot moves within an unstructured environment,
the dynamic of the disturbances is usually unknown. In this case, the dis-
turbance attenuation only relies on the MPC's intrinsic stability. Indeed,
being the MPC a feedback control method, it has some inherent robust-
ness, as analyzed by several researchers. However, if the description of
the model uncertainty is available, the approach can consider all possible
future trajectories under the given uncertainty description in the optimal
control calculation. The �rst works considering a model with uncertainty
description formulated robust MPC as a min-max problem, which aims to
minimize the worst-case error over the output trajectories possible for the
given model set. However, it was demonstrated that the receding horizon
control law resulting from such a formulation was not robust at all. More-
over, the lack of robustness was given by the failure to account for the
fact that the control calculation would be repeated in a receding horizon
fashion, with feedback updates. Then, an MPC algorithm that solves a
convex program at each time has been proposed starting from the dynamic
programming [53]. Through this formulation, the MPC can be used in case
of disturbances, guaranteeing robust stability.
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1.3 Optimal Control

Optimal control has attracted huge attention from research and in-
dustries since the beginning of the '80s. Optimal controllers exploit the
model of the system to �nd a control policy that minimizes an objective
function, which represents the system's performance. The cost function
takes into account the initial and �nal state of the system and the control
input applied to the system over a given period. There are two main types
of optimal control problems: open-loop and closed-loop. In an open-loop
problem, the control input is not based on the current system's state but
rather on a predetermined set of inputs. In a closed-loop problem, the
control input is based on the current state of the system and the goal is to
drive the system to the desired state.

One of the most commonly used methods for solving optimal control
problems is the Pontryagin's maximum principle [54, 47]. This method,
based on the calculus of variations, provides the conditions for optimal
control input. The necessary conditions are expressed through the Hamil-
tonian, a function of the state and control variables, and the co-state vari-
ables, related to the cost function.

Another popular method for solving optimal control problems is the dy-
namic programming approach [74]. This method is based on the principle
that optimal solutions can be found by breaking a problem into subprob-
lems and solving them recursively. Dynamic programming can be used
to solve both open-loop and closed-loop problems, but it is particularly
helpful for problems with a large number of states and control inputs. In
addition to these methods, several numerical methods can be used to solve
optimal control problems. The choice of the method depends on the spe-
ci�c case and the requirements of the application. Then, optimal control
is a powerful tool for designing systems that perform e�ciently and ef-
fectively. The methods used to solve optimal control problems are based
on a combination of mathematical optimization and numerical techniques.
With the ever-growing computational power, the application of optimal
control problems has been used in various �elds to solve the most di�cult
control problems.

Over the years, optimal control demonstrated to be a powerful tool
in robotics. In this �eld, usually, optimal control is used to �nd the best
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control inputs for the robot to achieve a speci�c goal, such as minimizing
energy consumption or maximizing performance. One of the main chal-
lenges in robotic optimal control is dealing with the complexity of the
robot's dynamics. Many robotic systems have a high number of degrees
of freedom, which makes it di�cult to model and control the system. Ad-
ditionally, the presence of uncertainty, such as unmodeled dynamics or
sensor noise, can further complicate the control problem.

One of the most widely used methods for solving optimal control prob-
lems in robotics is the linear quadratic regulator (LQR) method [70, 90].
LQR is a type of model-based control that uses a linearized model of the
robot's dynamics to design the controller. LQR is well-suited for robotic
systems with linear dynamics and small uncertainties. Also the MPC is a
popular method in robotics. MPC is a model-based control method that
uses a model of the robot's dynamics to predict its future behaviour. The
controller uses this prediction to determine the best control input at each
time step. MPC is particularly useful for systems with nonlinear dynamics
or large uncertainties and can handle constraints on the control inputs and
states. In addition to these methods, there are several other techniques
used in robotic optimal control, such as iterative LQR, feedback lineariza-
tion, and nonlinear model predictive control. Each of these methods has
advantages. Limitations and the choice of method depends on the speci�c
problem at hand and the application's requirements.

In conclusion, optimal control is a crucial tool for designing robotic
systems that perform e�ciently and e�ectively. There are a variety of
methods available for solving optimal control problems in robotics, each
with its advantages and limitations. With the advancements in computa-
tion and machine learning, it is possible to apply new techniques to tackle
more complex robotic problems.

1.4 Contribution of the Thesis

This thesis contributes to develop control architectures that enhance
the stability and safety of robotic systems. By doing so, it will facilitate
technological advancement and enable limbed parallel robots to be intro-
duced more e�ectively into real-life situations. Indeed, despite the great
recent developments in robust control and disturbance rejection to inte-
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grate robots in real-life situations and unstructured environments, robots
are still mostly con�ned to industrial or research scenarios. While simple
wheeled mobile robots such as robotic vacuums are gradually becoming
more prevalent in human environments, other types of robots still strug-
gle to establish themselves due to their inherent instability. The aim of
this thesis is to address some of the numerous challenges that remain in
achieving stable and safe control for these robots. The contribution of this
thesis can be divided into two main sections:

� Quadruped robots. Quadruped robots are not so robust in the
presence of challenging terrain and signi�cant external disturbances.
For this reason, di�erent solutions have been realized, like distur-
bance observers and model predictive controllers. This thesis con-
tributes to solve the problem of disturbance rejection for quadruped
robots using the previously mentioned approach of disturbance observer-
based control. It will be �rst presented a novel momentum-based
observer that can deal with disturbances applied both to swing and
stance legs, di�erently from existing approaches that usually con-
sider only disturbances acting on the CoM. Then, an extension is
developed, realizing a novel hybrid observer that integrates the pre-
vious estimation on the legs with a double observer on the CoM.
In this way, all kinds of disturbances acting on the robot are taken
into account and compensated. Robust control and a disturbance
rejection allow the robots to start making their way into the real-life
environment and tasks, especially for the safety of the humans work-
ing in the same environment. For this reason, the natural evolution
of this work has been an application in real life for a human-robot
interaction task, useful in the �eld of care assistance.

� Cable-driven parallel robots. Replacing rigid links with cables
enables CDPRs to achieve a wider workspace and larger load capac-
ity, but it also poses challenges for control due to their inherent �ex-
ibility, which causes signi�cant vibrations during motion. Typically,
the robot's desired wrench is computed and commanded for move-
ment. However, the minimum and maximum cable tension limits are
crucial, as slack cables must be avoided. Unfortunately, conventional
control strategies are often unable to handle these constraints within
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the motion controller, and they are usually addressed in a cable ten-
sion distribution algorithm that acts after the controller computes
the desired wrench. Consequently, if the desired wrench is unfeasi-
ble with the cable tension limits, the robot's movement cannot be
executed. To solve this problem, MPC has been introduced, but it
has only been applied to fully and redundantly constrained CDPRs.
This thesis contributes to solve these challenges realising an MPC
for underconstrained CDPRs, which considers the tension limits and
allows the robot to approach the equilibrium point smoothly and
safely, attenuating the oscillatory movements caused by cable �ex-
ibility. The results are compared with other controllers that have
limited capabilities in handling vibrations.

1.5 Thesis Structure

A brief outline of the thesis is given in the following.
The disturbance rejection problem for quadruped robot is addressed

in 2. A description of di�erent control and disturbance rejection ap-
proaches in the literature is given, along with a description of the dynamic
model of the robot. Then, the framework and the proposed observers are
introduced. Di�erent case studies are shown along with the obtained re-
sults.

A review of the state of the art of cable-driven parallel robots is pro-
vided in Chapter 3. Then, the dynamic model of these robots is described,
followed by the proposed model predictive controller. Finally, the results
and the comparisons with other kinds of the controller are provided.

The conclusions and the perspective of future works in this �eld can
be found in Chapter 4.



Chapter 2
Disturbance Rejection in

Optimal Control for

Quadruped Robots

Life is like riding a bicycle. To keep

your balance, you must keep moving.

Albert Einstein

This chapter deals with the part of this thesis related to the legged
robots. It �rst presents the state of the art of control approaches for
biped and quadruped robots and the importance of taking into account
possible external disturbances. Then, the main contribution of this thesis
about legged robotics is highlighted. Afterwards, the dynamic model of a
legged robot is presented, along with the whole-body controller and the
novel approaches for disturbance rejection. Finally, the obtained results
for di�erent case studies are presented.

2.1 State of the art

The main advantage of legged robots is the capability to navigate
through complicated and challenging terrains to accomplish di�erent tasks,
from inspection or search and rescue to care assistance. This is possible
because of their capability to adapt their footstep and overcome obstacles,



14 Chapter 2. Disturbance Rejection in Optimal Control for Quadruped Robots

which allows these robots to move in unstructured environments full of
stairs, holes and obstacles. For this reason, these robots are expected to
start collaborating with humans in daily life tasks and being an essential
resource in dangerous situations like search and rescue after environmental
disasters, but also to start having a central role in care assistance tasks,
such as helping visually impaired people in moving around.

In recent years, research has focused on realizing highly dynamic gaits
and improving the ability to maintain a stable balance during motion to
recreate the natural movement of living beings. Despite the signi�cant
advances made in motion planning and control methods on real hardware,
legged robots cannot yet cope with all the di�culties of unstructured en-
vironments. These robots have started to be recently used in tasks such as
inspection or patrolling. Thus, they need to be able to move in con�ned
or cluttered environments, where it is di�cult retaining balance and adapt
their foothold to the slope and the roughness of the terrain but also to
reject external disturbances.

The �rst challenge in robust control for legged robots is related to
their structure. As seen in Chapter 1, the structure of a legged robot
is determined by the number of legs. Indeed, robots with only two legs
have an inherently unstable structure, meaning that controlling this kind
of robot requires a high knowledge of the dynamic model and complex
controller architecture with a certain computational complexity.

Quadruped robots are characterized by a high instability if they are ex-
ecuting gaits with at least two legs swinging at the same time, for example:
trot gait, when diagonal pairs of legs move together; pace gait, with lateral
pairs of legs moving contemporary; gallop gait, when either the front legs
or the rear ones are swinging simultaneously. Given this instability, similar
to the behaviour of biped robots, controllers explicitly realized for bipedal
locomotion are often modi�ed and adapted for quadrupeds.

A common approach for quadrupedal locomotion control is to exploit
a reduced model, in which the quadruped robot is assimilated to a biped.
An example is the approach employed in [24], where the quadruped is
modeled as a biped using the concept of virtual legs. Then, the virtual
biped model is reduced to a linear inverted pendulum, considered able to
swing in a planar workspace. This modelling makes it possible to react
against pushes along both the forward and lateral directions. Then, an



2.1. State of the art 15

estimator is designed to calculate the desired position of the legs, based
on the concept of capture points. The obtained results are used within a
model predictive control algorithm, which redesigns the reference path of
the robot's footsteps and center of mass such that the robot can recover
after a sudden push applied to its body. However, in this case, only the
trot gait has been considered, since using this gait it is easier to model the
quadruped as a virtual biped.

Modelling the robot as a biped allows one to employ standard con-
trollers to exploit these reduced models, like controllers for a linear in-
verted pendulum. However, these approximations neglect some aspects
of the quadruped dynamics, making it possible to move the robot only
in an easy and �at environment. Indeed, in [94], the quadruped robot is
modeled as a cart-table, which does not fully capture the dynamics of the
real system. In order to account for this, the ZMP is required to stay
away from the edge of the support polygon. The design complexity and
the computation overhead are actually reduced using these approximated
dynamics, but the dynamism could be limited. To avoid this situation,
most controllers usually take into account the full dynamic of the robot.

In order to realize a highly dynamic gait, the full dynamic of the robot
should be employed. A widely used approach that considers the full dy-
namic of the robot employs operational-space control. Usually, within
these frameworks, a desired motion is imposed for relevant points, such as
the CoM or a reference point for feet and hands. This approach found wide
application both for biped and quadruped robots. It has been employed
in [72] for a biped robot. In this case, the inverse dynamics control is used
and uses the center of mass and its future prediction as a criterion for bal-
ance control. It enables the robot to perform fast whole-body movements
without falling: the robot keeps its balance taking steps only whenever the
CoM and its prediction remain within the foot reachable limits.

In the �eld of quadrupedal locomotion, the full dynamic of the robot
has been employed in di�erent whole-body controllers, usually exploiting
quadratic problems that involve inverse dynamics for the movement of the
feet [43, 96, 97, 26]. The framework usually exploits the inverse dynamics
imposing various priorities for di�erent tasks. The task with higher priority
always regards the equation of motion, guaranteeing dynamic consistency,
while secondary tasks can track a desired motion, force, or torque. Tech-
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niques based on null space projection or a standard constrained quadratic
problem (QP) ensure that priorities are respected.

Always considering the desired motion of a speci�c point, di�erent
approaches involve the zero moment point (ZMP), where the in�uence
of all forces acting on the mechanism can be replaced by one single force.
Even in this case, the optimal control, employing QP methodology, is often
used, such as in [4], where a ZMP-based optimization problem is solved to
�nd optimal joint torques and acceleration that guarantee the tracking of
the previously generated trajectory.

Nevertheless, in the previously cited approaches, there is usually no
modulation of the ground reaction forces, a meaningful aspect for robust
control and locomotion on rugged terrains. For this reason, a ZMP-based
optimal control is presented in [5, 6], method that relies on an online mo-
tion planner that computes the reference motion trajectory as a function
of the foot schedule and the state of the robot. The planner is employed
together with a hierarchical whole-body controller, optimizing the whole-
body motion and contact forces, and solving a cascade of prioritized tasks.
Through this framework, optimal joint accelerations and contact forces are
founds, obtaining better results in terms of robustness, given the modula-
tion of ground reactions. In this way, the robot can approach the ground
in a smooth and gentle way, reducing impacts, and being able to modify
its step based on the irregularities of the terrain. A heuristic-based plan-
ning approach, always based on ZMP, was presented in [36], assuming a
quasi-static dynamic without achieving highly dynamic gaits.

In recent years, the model predictive control found wide application
in legged robotics. It considers the full dynamic of the robot to predict
the movements over a �nite horizon to stabilize the robot. Sometimes a
nonlinear predictive optimization is used instead in order to cope with the
nonlinearity of the legged robots dynamic [9, 49, 65, 86].

All these whole-body controllers consider a motion planner decoupled
from the control, meaning that a desired trajectory is �rstly computed and
then injected into the controller. There is often the possibility of online
re-planning, in order to compute a new desired trajectory after a certain
period, to cope with the roughness of the terrain and all the external
disturbances.

The robustness against external disturbances has been widely investi-
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gated, over the years, for both quadruped and biped robots. Most of the
studies concentrated on the external forces given by the touchdown phase
of the feet. This is because one of the main capabilities of a legged robot
is to traverse challenging terrain. Indeed, given its irregularity, the foot
could have an anticipated impact on the ground, causing external forces
acting on the system [10, 57]. A solution to this problem is provided in [42],
where an impedance control approach using contact forces is performed to
obtain references for feet such that contact with the ground is modeled as
desired to have a smooth and safe interaction. This impedance controller
has also been used for quadrupeds in [96], adding an impedance estimation
of external forces on swing legs.

In order to allow the robots to move in unstructured environments with
a good balance and rejecting external disturbances, a powerful tool for ro-
bust control is the disturbance observer. This kind of observer can handle
external forces acting on the robot through the dynamic model, and it is
often employed given its simple structure and high performance. In [8], a
momentum-based observer detects the anticipated touchdown of the foot,
sending this information to a framework of Kalman �ltering to increase
robustness. A disturbance observer model for �oating base robots using
kinematic constraints on �xed contact positions, such as the supporting
foot, is proposed in [51]. In most cases, the observer's estimation is inte-
grated into a controller acting on the position of the center of mass.

In most of these cases, only the disturbances applied to the CoM are
taken into account [30, 36, 51, 31], assuming that there is no external force
on legs that are moving. For example, a nonlinear disturbance observer
is presented in [25, 23] as a virtual force sensor, assuming there is no
disturbance on the swing legs. This observer is applied in combination
with sliding control, and coupling forces between the legs and the torso of
the robot are estimated.

Observing only disturbances acting on the center of mass can robustify
the locomotion on uneven terrains. Nevertheless, if the robot is subject to
severe impact on swing legs, estimating only disturbances acting on the
CoM could not be enough. In this case, the robot could not be prevented
from falling. Indeed, in similar situations, the foot of the hit leg can drift
from the desired motion, and the touchdown could happen far away from
the planned foothold, reducing the support polygon and unbalancing the
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robot. In worst cases, the swing leg may not touch the ground or may im-
pact another leg, making the robot fall. For this reason, it is necessary to
estimate external forces acting on swing legs and compensate for the dis-
turbance. An estimation of the external forces through impedance control
on swing legs has been carried out in [96]. However, such a methodology is
not integrated with an observer and is used only for static or quasi-static
situations.

Hence, during their locomotion, the legged robot can encounter un-
known obstacles and can be subject to external disturbances acting both
on the trunk of the robot and on the legs that are moving. Then, it is
necessary to estimate and compensate for the disturbances acting on the
legs, but this compensation alone could not be enough whenever major
forces are acting directly on the CoM. This brings to the need to combine
the action of di�erent observers, acting on both the legs and the CoM.

2.2 Main Contributions

On the base of the state of the art presented in the previous section, and
with the aim to advance the disturbance rejection strategies for the legged
robot, the main contribution of this thesis, in this �eld, is the realization
of two observers.

As previously seen, disturbance rejection strategies for legged robots
take usually into account only forces acting on the CoM. With this in mind,
the �rst observer has been designed in order to reject mainly disturbances
acting on the legs, with the �nal goal to make the robot robust against
irregularities of the terrain [64]. However, if major forces acting on the
CoM, the use of this observer alone could not be enough. For this reason,
a second observer acting directly on the CoM will be presented. It is
composed of an acceleration-based observer for the translational part and
a momentum-based observer for the angular one. Given its combination
of two observers, it is here identi�ed as hybrid [63].

The combined action of these two observers takes into account both
disturbances acting on swing legs and on the center of mass, having a good
retaining of the balance and an optimal rejection of external disturbances
in almost all situations. These observers are employed within a whole-body
controller to realize the locomotion of the robot. The performance and the
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validity of this framework will be demonstrated through some numerical
case studies in a simulation enviroment endowed with a physics engine
(i.e., Gazebo).

2.3 Dynamic model of quadruped robots

Legged robots are usually modelled as a free-�oating base with some
legs attached. The �oating base can be usually modelled through six vir-
tual joints that endow the robot with six additional degrees of freedom
(DoFs) with respect to a �xed world frame W (see Fig. 2.1). The number
of legs attached depends on the kind of robot. More generally, nl ≥ 2 legs
are attached to the �oating base, giving other nnl additional DoFs to the
structure, where n > 0 is the number of joints for each leg.

In order to describe the dynamic model of a legged system, let consider
B as the frame whose position is attached to the CoM of the robot (see
Fig. 2.1). It is worth noticing that this point is not �xed, but it changes
during the movement with the change of the con�guration of the robot.
The orientation of the frame B can be instead represented through the
one of a �xed frame on the trunk of the robot. Let consider xcom =[
xc yc zc

]T ∈ R3, ẋcom ∈ R3, and ẍcom ∈ R3 as the position, velocity,
and acceleration of the frame B's origin with respect to W , respectively.
Besides, let ωcom ∈ R3 and ω̇com ∈ R3 be the angular velocity and the
angular acceleration of B with respect to W , respectively. The angular
velocity can be computed from the rate of change of ZYX Euler Angles,

stacked in the vector Θ =
[
ϕ θ ψ

]T
[22], that can be extracted from the

rotation matrix Rb ∈ SO(3).
Finally, let's indicate with q ∈ Rnnl the vector collecting the legs' joints.
Then, the state of the legged robot is represented not only by the joint
variables relative to the actuated joints of the legs but also by the pose
of the �oating base that is often represented by a chosen �xed point on
the trunk and a chosen orientation reference. However, starting from a
�xed point on the trunk, the model can be transformed in order to be
formulated in terms of the global CoM, meaning the center of mass of the
whole robot. The transformation to apply in order to obtain the dynamic
model expressed in terms of the CoM has been introduced in [66].

With this transformation, the inertia matrix assumes a decoupled struc-



20 Chapter 2. Disturbance Rejection in Optimal Control for Quadruped Robots

Figure 2.1. DogBot, the platform used for simulations. The reference frames
for the robot are shown. Ground reaction forces need to stay in the cones.

ture

M(q) =

[
Mcom(q) O6×nnl

Onnl×6 Mq(q)

]
∈ R6+nnl×6+nnl . (2.1)

In this way, it is clear the decoupling of the inertia term relative to the
CoM Mcom(q) ∈ R6×6 from the one related only to the legs Mq(q) ∈
Rnnl×nnl . Moreover, also the inertia term relative to the CoM is diagonal

Mcom(q) =

[
Mcom,l(q) O3×3

O3×3 Mcom,a(q)

]
, with Mcom,l(q) relative to the linear

part of the CoM, and Mcom,a(q) relative to the angular part. To obtain
a similar decoupled structure for the vector accounting for Coriolis and
centrifugal forces, it is necessary to assume that the angular motion of
the robot's main body is slow and that the leg mass is negligible with
respect to the total mass of the robot. In this way, the coupling between
the angular dynamics of the robot's CoM and the legs' joints dynamics
can be supposed negligible. As a consequence of these assumptions, the
Coriolis and centrifugal terms related to the angular part of the CoM can
be neglected [40, 22], obtaining the vector

h(q, υ) =

[
O6×(6+nnl)

Cq(q, υ)

]
υ +

[
mg
0nnl

]
, (2.2)
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as the sum of Coriolis and centrifugal forces, Cq(q, υ) ∈ Rnnl×(6+nnl), and

gravitational forces where υ =
[
ẋTcom ωT

com q̇T
]T ∈ R6+nnl is the stacked

velocity; vector m > 0 is the total mass of the robot, g =
[
gT0 0T3

]T ∈ R6,
and g0 ∈ R3 the gravity vector; 0× and O× the zero vector and matrix of
proper dimensions, respectively. The resultant model can be written as

M(q)υ̇ + h(q, υ) = ST τ + Jst(q)
T fgr + J(q)T fext + ST

wwe,c, (2.3)

with S =
[
Onnl×6 Innl

]
a selection matrix for the terms relative to the

legs' joints; τ ∈ Rnnl the joint actuation torques; fgr ∈ R3nst are the
ground reaction forces, with 0 < nst ≤ nl the number of stance legs;
Jst(q) =

[
Jst,com(q) Jst,j(q)

]
∈ R3nst×6+nnl where Jst,com(q) ∈ R3nst×6

and Jst,j(q) ∈ R3nst×nnl are those Jacobians whose transpose map the
ground reaction forces into the acceleration of the CoM and the legs' joints,
respectively; fext ∈ R3nl is the stacked vector containing the resultant ef-
fect at the legs' tips of all external forces accounting for unmodelled dynam-
ics and disturbances at any point of the robot; J(q) =

[
Jcom(q) Jj(q)

]
∈

R3nl×6+nnl where Jcom(q) ∈ R3nl×6 and Jj(q) ∈ R3nl×nnl are those Ja-
cobians whose transpose map such external forces into the acceleration of
the CoM and the legs' joints, respectively. The Jacobian matrix J includes
a matrix Jcom representing the centroidal dynamics and a matrix Jj re-
lated to the legs' dynamics J =

[
Jcom Jj

]
, and it can be divided into

a matrix referring to support legs Jsu =
[
Jsu,com Jsu,j

]
and a matrix

referring to swing legs
Jsw =

[
Jsw,com Jsw,j

]
.

Di�erently from [31], the assumption that all the external forces are ground
reaction ones is no longer made. For this reason in (2.3), there is a distinc-
tion between the ground reaction forces fgr and the external forces fext.
The former act only on the stance legs, while the latter accounts for the
e�ects at the legs' tip, including the swing legs, of the disturbances acting
at any structure level. As an assumption, the external torques resulting at
the legs' tip are negligible. In (2.3), the ground reaction forces are taken

into account in the following term

[
JT
su,com

JT
su,j

]
fgr; while external forces apart

from the ground reaction are considered in the term

[
JT
com

JT
j

]
fext.
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Figure 2.2. Conceptual block scheme of the devised whole-body controller.

Finally, Sw =
[
I6×6 O6×nnl

]
is a selection matrix of the unactuated

part; while we,c =
[
fTe,c τTe,c

]T ∈ R6 is the external wrench acting directly
on the CoM. In conclusion, it can be noticed that the dynamics of the
CoM are decoupled from the ones of the legs, so that the CoM's dynamics,
also called centroidal dynamics, are included in the �rst six rows of (2.3),
while the remaining rows take into account the dynamics of the joints. It
should also be noticed that the resultant external forces at the legs' tip,
fext, can be considered as contacts that dictate a net wrench delivered to
the CoM, while the external wrench directly applied to the CoM, we,c,
in�uences only the centroidal's dynamics.

2.4 Whole-Body Controller

In order to realize the locomotion of the quadruped robot, a whole-body
controller has been used. This controller �nds the optimal joint torques
and joint accelerations by solving an optimization problem. Along with
the optimization problem, the whole-body controller (WBC) is composed
of a foot scheduler, a motion planner and the hereby presented observers.
These last are the main contributions of this thesis in this chapter. In
Fig. 2.2 the block scheme of the whole-body controller is presented. In the
following, the various blocks of the scheme are explained in detail.
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2.4.1 Foot Scheduler and motion planner

Given high-level user commands, the foot scheduler de�nes a contact
schedule for all the legs. The schedule is depending on the chosen gait.
Usually, four di�erent gaits are used for quadruped robots:

� crawl: in each instant, there is only one leg moving;

� trot: diagonal pairs of legs move at the same time;

� pace: lateral pairs of legs move simultaneously;

� gallop: either the front legs or the rear ones are moving together.

Based on the chosen gait, a schedule for each leg is computed, that es-
tablishes the events of lift-o� and touchdown for the leg so that in every
instant it is established which ones are the stance legs and which are the
swing legs. This is important in order to have a known support polygon [5]
that will be used inside the motion planner for the planning of references
that allow retaining the balance of the robot. Indeed, starting from a
desired trajectory, that is simply computed as a spline from the current
position to the target position, a new trajectory for the robot is continu-
ously replanned by the motion planner module. This replanning is made

such that the ZMP, xzmp =
[
xz yz zz

]T ∈ R3 expressed in W , is always
contained inside the support polygon.

From now on, the position and the orientation of the CoM will be

combined into the vector rc =
[
xTcom ϕT

]T ∈ R6, while the velocity and

the acceleration will be considered as υc =
[
ẋTcom ωT

com

]T ∈ R6 and υ̇c =[
ẍTcom ω̇T

com

]T ∈ R6.
For each footstep, the motion is split into two phases, replanning the

desired trajectory for the CoM at the beginning of each footstep, with a
period Tfs.

Stance phase

All the legs are in contact with the ground, ensuring an intrinsic bal-
ance. Therefore, the reference of the CoM, rc,ref ∈ R6 can be computed
as a 3-rd order spline that brings it at the center of the support polygon
with the desired orientation [6].
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Swing phase

At least one leg is swinging. The motion could be quasi-static if only
one leg is moving, or highly dynamic if two legs are swinging and the
support polygon degenerates into a line. During this phase, both the ref-
erences for the CoM and the swing feet need to be planned. The reference
xsw,des ∈ R3(nl−nst) for the swing feet is computed using two splines: the
�rst one to lift the foot, the second to lower it. Considering Tsw > 0 the
duration of the swing phase, each spline lasts 0.5Tsw [100]. The linear ref-
erence of the CoM is instead computed solving an optimization problem,
having as variables the coe�cients of a third-order spline for each coordi-
nate of the CoM [5].

The problem penalizes the deviation from a regularized path p(t) ∈ R3,
expressed in W , approximated as a sequence of splines, such that:

� the initial state p(0), ṗ(0) and p̈(0) coincides with xcom(0), ẋcom(0),
and ẍcom(0), respectively;

� the position p(tf ), where tf > 0 is the �nal time, is set to be at the
center of the planned support polygon, while ṗ(tf ) and p̈(tf ) are zero
so that the robot can stop and stand up at the end of the support
polygon sequence.

An important constraint during this phase regards the ZMP, which can be
written in the function of the CoM as follows

xz = xc −
1

(gz + z̈c)

(
zcẍc +

L̇y

m

)
, (2.4)

yz = yc −
1

(gz + z̈c)

(
zcÿc −

L̇x

m

)
, (2.5)

with gz > 0 the gravity acceleration and L =
[
Lx Ly Lz

]T ∈ R3 the

angular momentum at the CoM. In the following, it will be assumed L̇ = 0,
since there is no optimization for rotations within the trajectory compu-
tation.
Considering (2.4) and (2.5), the ZMP can be limited inside the support
polygon adding a constraint for each of its edges [5]. The angular reference
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of the CoM is computed as a 3-rd order spline, bringing the robot to the
desired orientation.

2.4.2 Disturbance Observer

As previously discussed, there is the need to reject external distur-
bances to obtain good locomotion.
The approach followed in this thesis is disturbance observer based. The
estimated disturbance is compensated within the whole-body controller,
as can be seen by the block scheme.
However, although for a legged robot only the disturbances acting on the
center of mass are usually compensated for, severe external forces acting on
the legs can lead the robot to a severe unbalance and a consequent falling.
Section 2.5.2 will provide an example of this scenario to demonstrate the
signi�cance of compensating for these forces.
With the aim to prevent similar situations, this work of thesis presents
�rstly a momentum-based observer for the robot's legs, demonstrating its
capability to reject external disturbances acting on the legs [64].
Then, a hybrid observer for rejecting disturbances acting both on legs and
on the CoM is presented [63] in order to demonstrate the importance of
rejecting both disturbances in severe irregularities conditions that can have
a major impact on the whole structure.

Momentum-based Observer for robot's legs

The observer presented in this section is based on the legs system's
momentum and di�ers from those already employed in legged robotics. It
takes inspiration from estimators already applied in aerial robotics [76].
Such an estimator creates a linear relationship in the Laplace domain and
can be extended to any desired order.
This estimator can reconstruct unknown forces arising for several reasons,
such as unmodelled or inaccurate model parameters, external pushing ac-
tions, collision with obstacles, and so on. Some of these uncertainties can
not be avoided or predicted in the real world.
The objective of this observer is to consider the momentum of all the legs,
whether they are stance or swing legs. This is di�erent from observers in
the literature of legged robots, such as the ones investigated in [30, 36].
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To take into account the legs momentum, the observer considers the last
nnl rows of (2.3). Suppressing dependencies to compact the notation, the
generalized momentum of the legs from (2.3) can be expressed as

ρ =Mq q̇, (2.6)

Taking into account (2.3), the time derivative of (2.6) is

ρ̇ = CT
q q̇ + τ + JT

st,jfgr + JT
j fext, (2.7)

where the property Ṁq = Cq + CT
q has been taken into consideration

in the calculations [82]. Here the general procedure of momentum-based
estimator design in [76] is being followed, which is investigated in [75] .
Let consider f̂ ∈ R3nl as the estimation of the vector fext, that accounts
for the resultant e�ects at the legs tips of the external forces acting on the
structure of the robot. The observer aims to reduce the di�erence between
the estimated forces and the real ones.
Without loss of generality, the e�ect at the joint torques of the resultant
force at the legs' tips can be considered as Fext = JT

j fext ∈ Rnnl , while its

estimation can be written as F̂ = JT
j f̂ ∈ Rnnl .

The observer is explicitly designed to achieve a linear relationship between
the estimated external forces and the real ones in the Laplace domain

F̂ = G(s)Fext, (2.8)

with s ∈ C the complex Laplace variable andG(s) ∈ C(nnl)×(nnl) a diagonal
matrix of transfer functions.These transfer functions should have poles
located in the left-half plane.
The i-th diagonal element of G(s) is

Gi(s) =
k0

sr + cr−1sr−1 + · · ·+ c1s+ c0
, (2.9)

with i = 1, . . . , nnl, r > 0 the desired degree of the estimator, k0 > 0 a
gain, and cj the coe�cients of a Hurwitz polynomial, with j = 0, . . . , r−1.
Notice that, in principle, the Hurwitz polynomial can change among the
single Gi(s).
To obtain (2.9) in the Laplace domain, taking into account (2.7), the esti-



2.4. Whole-Body Controller 27

mator is designed in the time domain as follows

γ1(t) = K1

(
ρj(t)−

∫ t

0
(F̂ (σ) + α(σ))dσ

)
, (2.10)

γi(t) = Ki

∫ t

0
(−F̂ (σ) + γi−1(σ))dσ, i = 2, . . . , r, (2.11)

where F̂ = γr,Ki ∈ R(6+nnl)×(6+nnl) are positive de�nite gain matrices,
with i = 1, . . . , r, and

α(σ) = CT
q q̇ + τ + JT

st,jfgr, (2.12)

In practical implementation, integrals in (2.10) and (2.11) are discretized,
while F̂ (σ) is referred to the estimation obtained at the previous time step.

Notice that, if r = 1, only (2.10) is relevant. Besides, notice that the
elements of Ki, with i = 1, . . . , r, are related to the coe�cients cj in (2.9),
with j = 0, . . . , r − 1, and it is assumed that ρ(0) = γi(0) = 0, with
i = 1, · · · , r, meaning that the estimator's kick-o� should be prior to the
robot control.

Having in mind (2.3) and (2.7), the estimator's dynamics in the time
domain can be written in the following compact form

r∑
i=0

i+1∏
j=r

Kj

 F̂ (i) =
r∏

i=1

KiFext, (2.13)

where F̂ (i) = γr−i is the i-th time derivative of the F̂ , with F̂ (0) = F̂ and∏r+1
j=r Kj = Innl

, with I× the identity matrix of proper dimensions.

It should be noticed that the estimation of the external forces at the
legs tips can be retrieved through f̂ = JT †

j F̂ . Here, the pseudo-inversion
is indicated for the general case, in which ad-hoc solutions can be em-
ployed [25, 8, 55, 21]. For the quadruped adopted in this thesis, the ma-
trix Jj ∈ R12×12 is squared, so this is simply an inversion. Singularities
are instead avoided through the gait generator.

Some quantities need to be fed back into the observer, as can be seen
from (2.12). In particular, there is the need to have the joints position, q,
and velocity, q̇; the legs' input torques, τ ; and the ground reaction forces,
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fgr. The joints position and velocity can be easily obtained from the mo-
tors' encoder. The input torques should be measured after feeding the
command. However, in this work, it is thus assumed that the reference
torque input τ⋆, obtained from the optimization problem, is perfectly fol-
lowed (i.e, τ⋆ = τ). Finally, the ground reaction forces can be obtained by
embedded sensors on the robot's feet.

Hybrid Observer

The previously presented momentum-based observer estimates distur-
bances deploying only the leg's dynamics, neglecting the CoM's ones. This
approximation might be crucial whenever the robot is stressed by major
forces acting directly on the CoM. For this reason, a hybrid observer that
sees the combination of an estimation employing centroidal dynamics with
the one deploying legs' dynamics will be presented in this section.

Together with the momentum-based for the legs presented in the pre-
vious section, a novel hybrid observer for the centroidal dynamics is used.
This observer is inspired by aerial robotics once again [89], which aims
to employ only direct measurements from an inertial measurement unit
(IMU). Indeed, usually, a momentum-based observer estimating the exter-
nal wrench acting on the CoM [36, 30] requires the CoM's translational
velocity knowledge. Such a velocity is indirectly obtained through the
transformation presented in [66] and not directly from a sensor. Robots
with a mobile base, as the ones introduced in 1, are usually endowed with
an IMU, that provides the �oating base's angular velocity and translational
acceleration, leaving the translational velocity to a numerical estimation.
If the centroidal's dynamics introduced in 1 is employed for a legged robot
there is the need to report every measurement to the CoM's frame. Thus,
using an IMU that can not provide the translational velocity, leaving it to
a numerical estimation, there is the need to

� compute the �oating base's translational velocity;

� transform the obtained quantity into the CoM's translational veloc-
ity.

These computations, alongside the approximation made to obtain the
centroidal's dynamics, can bring signi�cant mistakes in estimating the ex-
ternal wrench. To avoid such mistakes, the hybrid observer here presented
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comprises a momentum-based observer for the CoM's angular term and
an acceleration-based observer for the translational one. Therefore, here,
with hybrid is intended the combination of two di�erent kinds of observers,
the momentum-based and the acceleration-based.

As already seen for the observer acting on the legs, let consider the
angular centroidal's dynamics composed of the second set of three rows
in (2.3). The generalized angular momentum is expressed as

ρcom =Mcom,aωcom. (2.14)

Then, taking into account (2.3), the time derivative of (2.14) is

ρ̇com = JT
st,com,afgr + JT

com,afext + τe,c, (2.15)

with Jst,com,a ∈ R3nst×3 and Jcom,a ∈ R3nl×3 the Jacobians whose trans-
pose map the ground reaction and the external forces into the angular ac-
celeration of the CoM, respectively. Without loss of generality, from (2.3),
de�ne τc = JT

com,afext+τe,c ∈ R3 as the total external torques acting at the
CoM, and τ̂c as its estimation. The straightforward objective is to achieve

τ̂c ≃ τc. (2.16)

The estimator is explicitly designed to achieve a linear relationship between
the estimated external torques and the real ones in the Laplace domain.

Taking inspiration from the observer already designed for the legs, the
design of the estimator in the time domain is

τ̂c(t) = Ka

(
ρcom(t)−

∫ t

0
(τ̂c(σ) + JT

st,com,afgr)dσ

)
, (2.17)

where Ka ∈ R3×3 is a positive de�nite gain matrix. Moreover, it is
assumed that ρcom(0) = 0, meaning that the estimator's kick-o� should be
prior to the robot control. In this case, only the angular velocity, available
from the IMU, is required. The estimator's dynamics can be written as

˙̂τc +Kaτ̂c = Kaτe, (2.18)

that represents a linear exponentially stable system.
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To compute the translational component of the wrench acting on the
CoM, an acceleration-based observer can be used employing the measure-
ment of the translational acceleration of the �oating base given by the
IMU. Considering the linear centroidal's dynamics composed of the �rst
set of three rows in (2.3), it can be obtained

JT
com,lfext + fe,c =Mcom,lẍcom +mg − JT

st,com,lfgr, (2.19)

with Jst,com,l ∈ R3nst×3 and Jcom,l ∈ R3nl×3 the Jacobians whose transpose
map the ground reaction and the external forces into the linear acceleration
of the CoM, respectively. From (2.3), consider fc = JT

com,lfext + fe,c ∈
R3 as the current total external force at the CoM, and f̂c ∈ R3 as the
estimated one. Also in this case, the estimator is designed to achieve a
linear relationship between the estimated external force and the real ones
in the Laplace domain. The following �rst-order stable �lter can be applied

f̂c(t) = Kl

∫ t

0

(Mcom,lẍcom +mg − JT
st,com,lfgr − f̂c)dσ (2.20)

to obtain the estimator's dynamics, that is

˙̂
fc +Klf̂c = Klfc, (2.21)

where Kl ∈ R3×3 is a positive de�nite gain matrix.

2.4.3 Optimization-based Controller

The core of the whole-body controller is the optimization problem,
which, with the feedback of various variables previously introduced, com-
putes optimal joint acceleration and ground reaction forces to retain the
balance and realize the locomotion.

The employed optimization problem is wrench-based, and within the
cost, the function employs the centroidal dynamics only, that is the �rst six
rows of (2.3).To create a comprehensive whole-body controller, the remain-
ing dynamics have been incorporated into both the equality and inequality
constraints. This means that the optimization aims to compute the opti-
mal solution in order to reduce the error between the current wrench at
the CoM with the desired one obtained from the reference trajectory.
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The chosen vector of control variables for the problem is

ζ =
[
r̈Tc q̈T fTgr

]T ∈ R6+nnl+3nst .

The problem described in the following has the form

minimize
ζ

f(ζ) (2.22)

subject to Aζ = b, (2.23)

Dζ ≤ c. (2.24)

The detail for each term of the above minimization problem is detailed in
the following.

Cost function

The CoM's reference obtained from the motion planner is tracked
through the cost function, with the aim to reduce as much as possible
the control e�ort. Since the problem is wrench-based, it is useful to con-
sider the �rst six equations of (2.3)

Mcom(q)υ̇ +mg0 = wcom = Jst,com(q)T fgr + Jcom(q)T fext + we,c, (2.25)

where wcom ∈ R6 is the wrench at the robot's CoM including inertial
and gravity terms. Using the references rc,ref , υc,ref , and υ̇c,ref from the
motion planner, the desired wrench wcom,des ∈ R6 can be written as

wcom,des = Kp(rc − rc,ref ) +Kd(ṙc − ṙc,ref ) +mg +Mcom(q)r̈c,ref ,
(2.26)

with Kp,Kd ∈ R6×6 positive de�nite matrices. Let ŵcom be the estimated
external wrench at the CoM, the cost function minimizing the desired
wrench and compensating for the disturbance can be written as

f(ζ) =
∥∥JT

st,comΣζ − (wcom,des − ŵcom)
∥∥
Q
+
∥∥ζ∥∥

R
, (2.27)

with Σ ∈ R3nst×(6+nnl+3nst) a matrix selecting the last 3nst elements of ζ,
Q ∈ R6×6 and R ∈ R(6+nnl+3nst)×(6+nnl+3nst) two symmetric and positive
de�nite matrices that can be used to specify the relative weight between
the components of the cost function, and ∥ · ∥× the quadratic form with a
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proper matrix.

Equality constraints

Two equality constraints are imposed to guarantee dynamic consis-
tency and satisfy the dynamic constraint relative to the position of the
stance feet. Then, the �rst equality is the equation of the motion and
its constraints on the control variables to be consistent with the �oating
base dynamic in the absence, or perfectly compensated, of external distur-
bances. Such a dynamic regards the �rst six rows of (2.3) as follows[

Mcom(q) 06×nnl
Jst,com(q)T

]
ζ = −mg. (2.28)

The second equality constraint guarantees that the support feet remain
in their position. Indeed, in order to avoid slippage of the robot it is of
main importance that the stance feet do not slip maintaining the support
polygon as it is. This holds by imposing the velocity of the feet equal to
zero as Jst,com(q)ṙc + Jst,j(q)q̇ = 03nst , whose time derivative is

Jst,com(q)r̈c + J̇st,com(q, q̇)ṙc + Jst,j(q)q̈ + J̇st,j(q, q̇)q̇ = 03nst . (2.29)

In terms of control variables the above constraint becomes[
Jst,com Jst,j O3nst×3nst

]
ζ = −J̇st,com(q, q̇)ṙc − J̇st,j(q, q̇)q̇. (2.30)

Collecting (2.28) and (2.30), the terms in (2.23) are

A =

[
Mcom(q) O6×nnl

Jst,com(q)T

Jst,com(q) Jst,j(q) O3nst×3nst

]
, (2.31)

and

b = −
[

mg

J̇st,com(q, q̇)ṙc + J̇st,j(q, q̇)q̇

]
. (2.32)

Inequality constraints

Together with the equality constraint imposed on the position of the
stance feet, an inequality constraint on ground reaction forces must be
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considered in order to avoid the sliding of the supporting feet.
Ground reaction forces need to be constrained inside the friction cone
to avoid slipping. For control design purposes, the friction cone is ap-
proximated as a pyramid to obtain linear constraints in the optimiza-
tion problem. Considering the i-th ground reaction force fgr,i ∈ R3,
with i = 1, . . . , nst, and indicating with n̄i ∈ R3 the i-th normal vec-
tor, l̄1,i, l̄2,i ∈ R3 two tangential vectors related to the i-th contact with
the ground, and µ > 0 the friction coe�cient, the contact constraints can
be written as follows [4]

(l̄1,i − µn̄i)
T fgr,i ≤ 0,

−(l̄1,i + µn̄i)
T fgr,i ≤ 0,

(l̄2,i − µn̄i)
T fgr,i ≤ 0,

−(l̄2,i + µn̄i)
T fgr,i ≤ 0.

(2.33)

Then, for mechanical and safety reasons, joint torques need always to
be limited based on the minimum and maximum reachable torques, that
are τmin and τmax ∈ Rnnl , respectively. Considering the last nnl rows
of (2.3) regarding the robot's legs, the constraints about limited torques
can be expressed as follows

τmin − Cq(q, v)q̇ ≤
[
Mq(q) −Jst,j(q)T

] [ q̈
fgr

]
≤ τmax − Cq(q, v)q̇. (2.34)

The last addressed constraint allows the swing feet to follow the desired
trajectory planned. Let υsw ∈ R3(nl−nst) be the vector collecting the linear
velocity of the swing feet. Besides, let Jsw ∈ R3(nl−nst)×(6+nnl) be the
Jacobian related to the swing feet. The following relation holds υsw =
Jsw,com(q)ṙc + Jsw,j(q)q̇, whose time derivative is υ̇sw = Jsw,com(q)r̈c +
J̇sw,com(q, q̇)ṙc + Jsw,j(q)q̈+ J̇sw,j(q, q̇)q̇. This last constraint compensates
for the external forces acting on swing legs, estimated through the observer.
These disturbances can heavily a�ect the respective foot's motion, so it is
necessary to compensate for them. For this purpose, operational space
formulation for swing feet is now employed. Having (2.3) in mind, the
contact constraints JT

stfgr can be eliminated using an orthogonal projection
operator P ∈ R6+nnl×6+nnl , such that PJT

st = 0, P = P 2, and P =
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P T [43, 62]. Although di�erent valid choice can be used for P [1, 73], the
matrix P in this thesis has been chosen as in [62], that is P = I6+nnl

−
J†
stJst. Pre-multiplying both sides of (2.3) by P yields

P
(
Mυ̇ + h

)
= PST τ + PJT

swfsw,ext. (2.35)

It is worth noticing that, since PJT
st = 0, the only remaining term related to

external forces is JT
swfsw,ext, which regards the swing legs. Following [62],

equation (2.35) can be transformed into

Mcυ̇ + Ph− Cυ = PST τ + PJT
swfsw,ext, (2.36)

where Mc = PM + I6+nnl
− P and C = −J†

stJ̇st. As discussed in [62], Mc

is always invertible, provided thatM is invertible. Let xsw ∈ R3(nl−nst) be
the position of the swing feet. The following relations hold

ẋsw = Jswυ, (2.37)

ẍsw = Jswυ̇ + J̇swυ. (2.38)

Pre-multiplying both sides of (2.36) by JswM
−1
c and substituting (2.38)

into (2.36), the following operational space con�guration for the swing legs
can be recovered

ẍsw − J̇swυ + JswM
−1
c

(
Ph− Cυ

)
= JswM

−1
c PST τ + JswM

−1
c PJT

swfsw,ext.

(2.39)

Let ẍsw,des ∈ R3(nl−nst), ẋsw,des ∈ R3(nl−nst) and xsw,des ∈ R3(nl−nst) be the
swing feet references from the motion planner. The command acceleration
for the swing feet ẍsw,c ∈ R3(nl−nst) can be chosen as

ẍsw,c = ẍsw,des +Kd,sw(ẋsw,des − ẋsw) +Kp,sw(xsw,des − xsw), (2.40)

withKp,sw,Kd,sw ∈ R3(nl−nst)×3(nl−nst) positive de�nite matrices. To com-
pensate for disturbances, the term related to external forces on swing legs
in (2.39) must be taken into account. Therefore, the command accelera-
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tion needs to become

ẍsw,cmd = ẍsw,c − JswM
−1
c PJT

swf̂sw. (2.41)

To follow the trajectory, the following equality constraint should be im-
posed, replacing (2.41) into (2.38)

ẍsw,cmd = Jsw,com(q)r̈c + J̇sw,com(q, q̇)ṙc + Jsw,j(q)q̈ + J̇sw,j(q, q̇)q̇.

(2.42)

Although an equality constraint should be imposed, the constraint is soft-
ened by adding slack variables γ ∈ R3(nl−nst) within the optimization prob-
lem. The addressed inequality constraint is thus chosen as [31]

ẍsw,cmd − γ ≤ Jsw,com(q)r̈c + J̇sw,com(q, q̇)ṙc+

+Jsw,j(q)q̈ + J̇sw,j(q, q̇)q̇ ≤ ẍsw,cmd + γ.
(2.43)

Therefore, collecting (2.33), (2.34), and (2.43), the terms in (2.24) are

D =


O4nst×6 O4nst×nnl

Dfr

Onnl×6 Mq(q) −JT
st,j

Onnl×6 −Mq(q) JT
st,j

Jsw,com Jsw,j O3(nl−nst)×3nst

−Jsw,com −Jsw,j O3(nl−nst)×3nst

 , (2.44)

c =


04nst

τmax − Cq(q, υ)q̇
−(τmin − Cq(q, υ)q̇)

ẍsw,cmd + γ − J̇sw,com(q, q̇)ṙc − J̇sw,j(q, q̇)q̇

−ẍsw,cmd + γ + J̇sw,com(q, q̇)ṙc + J̇sw,j(q, q̇)q̇

 , (2.45)

where Dfr ∈ R4nst×3nst is a diagonal matrix containing the friction cone
constraints expressed in (2.33) for each stance leg [31].

Control torques

The result of the optimization problem is the desired vector ζ∗ =[
r̈⋆Tc q̈⋆T f⋆Tgr

]T
. The control torques can be computed using the second
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part of (2.3), considering that all the external forces have been compen-
sated for inside the quadratic problem

τ∗ =Mq(q)q̈
⋆ + Cq(q, v)q̇ − Jst,j(q)

T f⋆gr. (2.46)

2.5 Case Studies

In the following, the setup used to test the case studies is presented.
Then, the performance of di�erent case studies is analysed:

� the sole momentum-based observer acting only on the legs is used
within the WBC, its performance is compared with two other solu-
tions available within the state of the art;

� the momentum-based observer acting only on the legs is used in
combination with the hybrid observer for the CoM. Even in this
case, the performance is compared with other solutions;

� a possible application of the observers for care assistance is presented.

2.5.1 Setup

Simulations have been carried out through the ROS middleware, in
combination with the dynamic simulator Gazebo. This choice has been
made since Gazebo uses a high-performance physics engine to make the
movement and external conditions as realistic as possible. The quadruped
used for simulations in Gazebo is DogBot from React Robotics, an open-
source platform. The structure of the robot is shown in Fig. 2.1. It presents
three actuated revolute joints for each leg: the �rst one connects the body
with the leg, and its axis is parallel to the longitudinal axis of the body,
realizing all the lateral movement; the second and the third ones allow
the lift-o� of the foot from the ground and coincide with the hip and
the knee, respectively, and their axis are both normal to the plane of the
leg. Then, for this robot, nl = 4 and n = 3. DogBot's con�guration has
all the legs pointing backward so that the push-o� impulse is facilitated,
while fast motions are easy to realize. It weighs 21 kg, the mass is mainly
concentrated in the body, which has a weight of 12 , while each leg is 2 kg.
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Both the upper and the lower segments of each leg have a length of around
0.3 m.

All the simulations were performed on a standard personal computer.
The references for the CoM and the swing feet were generated using Towr [93],
a C++ library for trajectory optimization for legged robots. A �xed
planned step's height for the swing feet has been set to 0.05 m, and the
maximum step length is chosen to avoid a complete stretching or retraction
of the legs: at the planning level, this avoids singularities in Jj . Besides,
these references were replanned at the beginning of each footstep, with a
period Tfs = 0.26 s. The quadratic problem was solved using the C++
library ALGLIB. The gains for the desired wrench in (2.26) have been ex-
perimentally tuned to Kp = diag(250, 250, 250, 250, 250, 250) and
Kd = diag(50, 50, 50, 50, 50, 50). The gains for the command accelera-
tion for swing feet in (2.40) have been experimentally tuned to Kd,sw =
100I3nl−nst and Kp,sw = 25I3nl−nst . The gains for the optimization have
been set as Q = diag(100, 100, 100, 100, 100, 100), R = I6+nnl+3nst , while
µ = 1.0, τmin = −60 Nm, and τmax = 60 Nm.

2.5.2 Disturbance rejection through observer on the legs

This section will present the results obtained using only the observer
on the legs, without any compensation for external disturbances acting di-
rectly on the CoM. For these simulations, the stance phase has been chosen
to last 0.15 s, while the swing phase lasts 0.115 s. Numerical integration
for dynamics is set in Gazebo as δ t = 0.001 s.The torque control loop, the
state estimation and the momentum-based observation have a frequency
of 1 kHz, while the optimization problem runs at a frequency of 400 Hz.
The various operations of the control scheme are applied sequentially.

In order to test the whole-body control design, six case studies have
been considered:

� a sinusoidal disturbance with an amplitude of 20 N has been applied
on the front left knee within the �rst case study;

� in the second case study, the same sinusoidal disturbance has been
applied to carry out a comparison against two state-of-the-art solu-
tions;
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� in the third case study, instead, a disturbance of 80 N has been
applied for a small portion of time, 0.2 s, on the front right knee
during his swing phase, simulating a sudden impact;

� in the fourth case study, a random disturbance is injected every two
seconds on a randomly chosen leg. The force is applied at di�erent
points of the limb to show the e�ectiveness of the approach;

� the situation of the previous case is repeated in the �fth case study,
where this random disturbance is combined with parametric uncer-
tainties in the model known by the controller;

� the robot is tested on irregular terrain in the last case.

Although the estimated vector accounts for the e�ects at the legs' tips
of external forces acting at any point of the robot (information that is
unknown by the controller), the plots presented in the following show the
estimated force vector reported back to the application point of the dis-
turbance. This is obtained after o�ine post-processing of the results. The
presented simulations can be found in the video 1.

Analysis on the order of the estimator

Firstly, a series of simulations have been done to choose the estimator's
order, considering a constant external force. The estimation's error for
di�erent orders is reported in Fig. 2.3. In Fig. 2.3a, a comparison has been
made between �rst-order and second-order estimators. It can be noticed
that the former presents a higher overshoot of the error. Results for the
next orders are shown in Fig. 2.3b. From the third-order, it is not possible
to appreciate any signi�cant improvement. Anyway, the overshoot of the
error is higher for the fourth and second order. For this reason, the best
choices are the third and �fth orders. In this work, as a result of the
analysis carried out, the degree r is set to 3, while coe�cients K1, K2

and K3 have been chosen as 17.5I12, 6.28I12 and 2.25I12, respectively, in
a trade-o� between desired results and the computational time leading to
delays.

1https://youtu.be/styHnKxOot8

https://youtu.be/styHnKxOot8
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Figure 2.3. Analysis on the order of the estimator. (a) Estimation's error
for �rst (blue) and second (orange) order. (b) Estimation's error for second
(blue), third (green), fourth (yellow) and �fth (violet) order.

T= 4.6 s

(a)

Figure 2.4. Case Study A1. In this simulation, external forces on swing
legs are not compensated. These pictures show instants when the disturbance
is around its peaks. The yellow arrow indicates the application point and
direction of the force. The green circle represents the planned foothold, the
drift of the foot is evident. At 11.3 s, the robot loses its balance.
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Case Study A1

The �rst case study has been carried out by considering a sinusoidal
disturbance along the x-axis, with an amplitude of 20 N and a period
T = 2π s, on the front left knee during all the simulation.
This choice is made to see the e�ect of time-varying disturbances on a leg
during both the stance and the swing phase. In this case study, the robot
is guided to follow a trajectory of 5.5 m composed of alternating sequences
of rectilinear and curvilinear motions. The forward velocity is 0.12 m/s
and, during curvilinear motions, the angular velocity is 0.05 rad/s.

A simulation of this case study without counterbalancing for distur-
bances on the swing legs is performed and presented in video to stress
the importance of having such compensation. It could be observed that,
although the robot can retain the balance for a while, the drift of the per-
turbed leg's foot is evident. It brings the robot to fall after 11.3 s. Fig. 2.4
shows in detail this situation with a series of pictures of salient instants of
the movement.

Using the proposed framework, this situation can be avoided. The
norm of CoM error for a portion of the path is shown in Fig. 2.5. It
can be noticed that, although the error is at most 0.01 m, some peaks
can be noticed: these are produced during the swing phase regarding the
front leg subject to the external disturbance. In general, the CoM error
components have sinusoidal trend. This is given by the continuous change
of support legs, so the motion of the CoM is replanned to reach the center
of the current support polygon. During the swing phase, the support
line has been enlarged to a rectangle to soften the constraint about the
ZMP. The disturbance reconstructed by the observer is depicted in Fig. 2.6.
Small uncertainties can be noticed, probably given by some parametric
inaccuracies in the model.

Fig. 2.7 shows the norm of the error between the ground reaction forces
computed by the QP (2.22)-(2.24) and the ones measured by some sensors
put under the feet within the Gazebo environment. The time history is
referred to the front left leg so as to prove the framework's e�ectiveness
in tracking the ground reaction forces. The average of such error remains
under 5 N, which is an improvement with respect to existing works [36].
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Figure 2.5. Case Study A1. Error norm of the robot's CoM using the
proposed whole-body controller.
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Figure 2.6. Case Study A1. Estimation of the disturbance through the
proposed momentum-based observer. In blue the estimated force, in orange
the actual force.
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Figure 2.7. Case Study A1. Error norm of the ground reaction forces for
front left leg, using the proposed whole-body controller.
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Figure 2.8. Case Study A2. Comparison between several control techniques.
The plot show the error norm of the robot's CoM for each of the considered
observer. From left to right: the results obtained with the proposed controller;
the results obtained using [36]; the results obtained through [23].

Case Study A2

A comparison with state-of-the-art observers is now accomplished to
validate the envisaged whole-body controller's performance further. Both
the trajectory and the external disturbance are the ones considered in case
study A1. The observers chosen for comparison are picked up from [36]
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Figure 2.9. Case Study A2. Comparison between several control techniques.
The plot shows the error norm of the front left foot position for each of the
considered observer. From left to right: the results obtained with the proposed
controller; the results obtained using [36]; the results obtained through [23].

and [23]. The former is a �rst-order momentum observer that considers
only the external wrench of the CoM and can deal with disturbance applied
to the stance legs only. This is reasonable in those cases where the only
source of errors comes from the unknown terrain. This observer employs
the �rst six rows from (2.3). The latter observer is a nonlinear disturbance
observer taking into account the four legs' dynamics, but it is not based on
the system's momentum. To the best of the author's capabilities, the gains
for the �rst observer were chosen as Glin = 25I3 and Gang = 10I3 [36],
while for the second observer the gain matrix was set as X = 10I12. The
gains of the optimization problem remain unchanged.

The norm of the CoM errors of the three considered observers is com-
pared in Fig. 2.8. It can be noticed that observer from [36] and the one
from [23] have similar CoM error norm. Nevertheless, the former is not
able to follow the full trajectory. Indeed, the robot loses its balance. An
explanation of this imbalance can be found in Fig. 2.9, where the error
norm of the front left foot position is represented. It can be seen that the
highest error norm of the foot position is obtained using the observer pro-
posed in [36]. As it was already said, this is the only observer, here tested,
that considers only the external wrench of the CoM. Using this observer,
the disturbance on the leg causes a signi�cant drift of the foot during the
swing phase, which, although the CoM error remains small, brings to the
loss of balance. It is highlighted once again the importance of considering
leg dynamics and compensating for external forces on all the legs. Given
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the author's ability to implement and tune the addressed state-of-the-art
observers, the proposed observer seems to outperform the others thanks
to explicitly addressing the errors on the swing legs. This is evident since
the error norm on the robot's CoM is less than 0.01 m and the error norm
of the foot position subject to the disturbance is always less than 0.05 m.
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Figure 2.10. Case Study A3: Error norm of the front right foot position
using the proposed whole-body controller.

Case Study A3

Within the third case study, a brief but severe disturbance is applied
along the x-axis on the front right knee during its swing phase. The
planned trajectory is a rectilinear path and the forward velocity is 0.12m/s.
The disturbance has a magnitude of 80 N, it lasts for 0.2 s, and it is in-
jected at 2.8 s from the planned trajectory's start. The instant of the
injection has been chosen so that it goes to apply on the leg during its
swing phase, demonstrating that the control framework can handle unex-
pected impulsive disturbances. Such a disturbance causes a considerable
drift of the front right foot while it is swinging, unbalancing the robot.
The controller here presented can instead cope with such a disturbance by
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Figure 2.11. Case Study A3: Estimation of the disturbance through the
proposed momentum-based observer. In blue the estimated force, in orange
the actual force.
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Figure 2.12. Case Study A3: Error norm of the robot's CoM using the
proposed whole-body controller.
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minimizing the leg's drift and recovering the given trajectory in the next
footsteps. This can be appreciated in Fig. 2.10, where the foot position's
error is shown. The highest peak coincides with the application of the
disturbance. Fig. 2.11 shows the estimation of the external force, while in
Fig. 2.12 the CoM's error norm can be observed. In this case, there are
two peaks: the �rst one is caused by the external force, while the second
coincides with the recovery footstep, a phase in which the support polygon
is not optimal given the former drift of the foot subject to the disturbance.
However, the CoM's error is still less than 0.01 m, guaranteeing the recov-
ery of the balance after the impact. This third case study demonstrates
that the designed architecture can e�ectively estimate a large disturbance,
also if it happens on a leg during its swing phase. In this way, the legged
robot can work in various scenarios: for instance, in severe atmosphere con-
ditions or during collisions with the environment during the swinging. The
disturbance's magnitude has been chosen so large on purpose to bolster
the performance of the envisaged observer that can cope with a broader
range of disturbances than other state-of-art observers, which can handle
only small external forces acting on swing legs.

Case Study A4

The fourth case study has been carried out considering a random dis-
turbance. Every two seconds, the force's magnitude changes randomly
between 10 N and 35 N. Moreover, both the leg subject to the perturba-
tion and the height of the application point change too. The direction of
the disturbance forces is shown in the video. In this case study, the robot
is guided to follow a trajectory of 3.7 m composed of alternating sequences
of rectilinear and curvilinear motions. The forward velocity is 0.12 m/s
and, during curvilinear motions, the angular velocity is 0.05 rad/s. This
case study aims to demonstrate the validity of the proposed method for a
wide range of disturbances. The approach results robust against a random
perturbation and also against an unexpected variation of the application
point. The location of the external force is chosen along all the length of
the legs. It could be from the top (so it can be considered a disturbance
on the torso) to the bottom (at the foot). In this way, the observer helps
with general disturbance rejection where external forces can be applied
anywhere on the robot. In Fig. 2.13a the plot about the error norm of the
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CoM is reported. It can be observed that the peaks of error are always
around 0.01 m. Nevertheless, in previous cases has been highlighted the
importance of foot position error, that can cause a loss of balance even if
the CoM error is small. For this reason, in Fig. 2.14, the disturbances for
each leg are represented on the right. On the left, the norm errors of the
respective foot can be observed, so that it can be noticed that the highest
peaks correspond to the application of the external force on the leg. In
particular, it can be observed that the error is always under 0.035 m except
for cases when the start of disturbance application coincides with the be-
ginning of the swing phase. This situation veri�es for the front left foot at
10 s and the rear right foot at 26 s. In these instants, the unexpected and
instantaneous disturbance is applied to the leg while its foot lifts o� the
ground. Since this external force is not compensated, the foot is subject
to an initial drift higher than usual. Anyway, the observer demonstrates
to estimate the disturbance in a short time so that the balance can be
retained.
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Figure 2.13. Case Study A4: Error norm of the robot's CoM using the
proposed whole-body controller. (a) Ideal situation. (b) White Gaussian noise
added on the joint torque measurement.

Until now, all the cases have been simulated in an ideal situation. In
a real situation, some sensor noise could in�uence the estimation of the
observer, adding uncertainty. For this reason, this case has also been
tested in a non-ideal condition, adding a white Gaussian noise on both the
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Figure 2.14. Case Study A4-Ideal situation. (a),(c),(e),(g) Estimation of the
disturbance on the four legs, in blue the estimated force, in orange the actual
force. (b),(d),(f),(h) Error norm of respective feet.
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Figure 2.15. Case Study A4-White Gaussian noise added on the joint torque
measurement. (a),(c),(e),(g) Estimation of the disturbance on the four legs,
in blue the estimated force, in orange the actual force. (b),(d),(f),(h) Error
norm of respective feet.
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Figure 2.16. Case Study A5: Error norm of the robot's CoM using the
proposed whole-body controller.

joint torque and the ground reaction forces measurements with a stan-
dard deviation of 10% of the measured signal. This situation has been
tested to analyze further the robustness of the controller. In Fig. 2.15 the
plot about the disturbance estimation for each leg is reported alongside
the norm error of the respective foot. In this case, it can be noticed that
the presence of noise inevitably leads to a noisy estimation. However, the
controller can still guarantee an optimal tracking of the feet position. Its
error is below 0.06 m, except for cases when the disturbance application
coincides with the swing phase's beginning. Also, good tracking of the
CoM is performed, as can be observed in Fig. 2.13b, where the peaks of
error are always less than 0.014 m.

Case Study A5

The �fth case study considers the same random disturbance of the
fourth case study. Now, to add a parametric uncertainty, the total mass
known by the controller is changed by 30%. While the goal of case study 4
was to demonstrate the validity of the approach for external forces applied
at di�erent points, this case study aims to extend the range of disturbances
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considering parametric uncertainties in the model. As in the previous
case, the disturbances for each leg and the respective foot's norm errors
are represented in Fig. 2.17. It is worth noticing that, this time, the
estimated force has an o�set due to the parametric error, which is seen as
a disturbance even when there is no physical force applied to the robot.
This can be appreciated in Fig. 2.17g: no perturbation is acting on the rear
right leg, but the estimation is never equal to zero. The norm error of the
feet position is always less than 0.035 m, guaranteeing a precise tracking
of the support polygon desired. As highlighted in the previous case, some
peaks of the error happen when the beginning of the swing phase and the
disturbance's application coincide. In Fig. 2.16 the plot about the error
norm of the CoM is reported. It can be observed that the peaks of error
are now higher, but always less than 0.015 m. This small increment of the
error can be considered the result of the parametric uncertainty, which can
still be handled.

Case Study A6

The sixth case study focuses on the capability of the whole-body con-
troller to work on irregular terrain. For this purpose, some blocks with
di�erent heights have been added to the environment to reproduce the
terrain's irregularities, as it is shown in Fig. 2.18. Moreover, all the blocks
have di�erent friction coe�cients to simulate various kinds of soils. With
reference to the �gure, the heights of the blocks are 0.015m for blue blocks,
0.04 m for green blocks, and 0.02 m for red blocks. Instead, the friction co-
e�cients are 0.4 for blue blocks, 0.6 for green blocks, 0.8 for red blocks, and
1 for the ground. These friction coe�cients have been chosen after di�erent
simulations, which demonstrated the approach could not guarantee good
performance for coe�cients lower than 0.4. For smaller coe�cients, it is
possible to retain the balance, but there is a foot slipping after the impact
phase. The friction coe�cient inside the whole-body controller has been
chosen, in a conservative way, as 0.4. This is crucial to improve robustness
so that the controller can step over di�erent soils without slipping, main-
taining the ground reaction forces inside the friction cone. In this case, the
path is rectilinear and the forward velocity is 0.12 m/s. The results of this
case study demonstrate the capability of the proposed approach to reject
disturbances given by an irregular terrain.
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Figure 2.17. Case Study A5. (a),(c),(e),(g) Estimation of the disturbance
on the four legs, in blue the estimated force, in orange the actual force.
(b),(d),(f),(h) Error norm of respective feet.
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In particular, these external forces are given by the anticipated touch-
down caused by di�erent heights of the soil. Indeed, the reference foothold
is planned for a �at ground, and the unexpected di�erence in the height
causes an asymmetric gait, unbalancing the robot. This concept can be
appreciated in Fig. 2.19, where the foot's norm error for each leg is shown.
It can be noticed that, di�erently from other cases, there are some inter-
vals where the foot's norm error never goes to zero despite the re-planning
(e.g., from instant t1 = 10 s to t2 = 20 s in Fig. 2.19a). Comparing the
�gure with the video shows that these intervals coincide with the stepping
of the respective foot on one of the blocks. During these phases, the block's
height constitutes a continuous disturbance since the reference foothold is
planned for a �at ground. Observing the �gure, it could be noticed that
the height of di�erent blocks can be retrieved from the position error. It
should also be noticed that the heights of the blocks have been chosen con-
sidering the planned step's height. In the case of a high block, there would
be the need for a strategy for recognition of the height and a consequent
adjustment of the gait. However, this is out of the scope of this work. In
Fig. 2.20, it can be observed that the controller, despite the irregularities,
guarantees a good tracking of the CoM position, with an error always less
than 0.01 m. In the video, some instants are highlighted when a foot im-
pact the edge of a block or slide down between two blocks. Nevertheless,
in all these cases, the balance is retained, demonstrating the robustness of
the controller.

Figure 2.18. Case Study A6: Environment of the Case Study 6. The friction
coe�cient is: 0.4 for blue blocks, 0.6 for green blocks, 0.8 for red blocks, and
1 for the ground. The height of the blocks is: 0.015 m for blue blocks, 0.04 m
for green blocks, and 0.02 m for red blocks.
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2.5.3 Disturbance rejection with hybrid observer with

momentum-based acting on the legs

This section will present the results obtained using the hybrid observer
on the CoM in combination with the momentum-observer acting on the
legs. All the simulations were performed on a standard personal computer.
The stance phase has been chosen to last 0.15 s, while the swing phase
lasts 0.115 s. Numerical integration for dynamics is set in Gazebo as
δ t = 0.001 s. The torque control loop, the state estimation, and the
observation have a frequency of 1 kHz, while the optimization problem
runs at a frequency of 400 Hz. In order to test the whole-body control
design, three case studies are considered in the following. The case studies
can be appreciated in the video2.
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Figure 2.19. Case Study A6. Error norm of the feet.

2https://youtu.be/wbtoAo3Y6Xc

https://youtu.be/wbtoAo3Y6Xc
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Figure 2.20. Case Study A6: Error norm of the robot's CoM using the
proposed whole-body controller.

Case study B1

This case study aims to test the controller in a realistic scenario, pre-
sented in Fig. 2.21, where some blocks with di�erent heights and friction
coe�cients have been added to reproduce an irregular terrain. With refer-
ence to Fig. 2.21, the heights of the blocks are 0.015 m for the blue blocks,
0.035 m for the green ones, and 0.02 m for red blocks. Instead, in Gazebo,
the friction coe�cients between the legs and the blocks are set to 0.4, 0.6,
0.8, respectively, while 1 is the friction coe�cient with the ground.

Figure 2.21. Scenario used for Case Study B1.
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To test robustness, the friction coe�cient inside the whole-body con-
troller has been chosen, in a conservative way, as 0.4. An object of 23 kg
has been put on the robot's torso for further stress. It should be noticed
that the objective of this case study is not the object transportation but to
test the capability of the controller to handle such a disturbance. Combin-
ing an irregular terrain with an object on the torso is a suitable scenario
for testing disturbances on the CoM and the legs. In this case study, the
forward direction is along the y−axis, with a velocity of 0.12m/s. The con-
troller here presented (CoM and legs) is compared with the one using only
the estimation on the legs, as in section 2.5.2 and the controller employing
only the estimation on the CoM [31], thus without the compensation of
disturbances on swing legs implemented in (2.41).

The results showed that this kind of stress is di�cult to handle using
only the estimation on the legs. Indeed, it can be seen in Fig. 2.22b that
the error along the z−axis is one order of magnitude higher than the error
obtained when the observation on the CoM is present. This is plausible
since the object impresses a signi�cant disturbance on the CoM that can-
not be seen through the legs' observer, making the robot lower its torso
and, eventually, fall. Comparing the two controllers addressing the esti-
mation on the CoM, their errors on the z−axis are similar, while on the
x−axis the here presented hybrid estimator has better performance. This
can be explained because the presence of irregular terrains causes antic-
ipated touchdowns that can be better handled using observation on the
legs. Irregular terrain may thus unbalance the robot if it used an observer
on the CoM only. In Fig. 2.23 the estimation of the wrench at the CoM
is reported. It can be seen that the most important estimation is the one
regarding the force acting along the z−axis, whose mean is −228.0635 N.
This is given by the object's weight, which, given the gravity acceleration,
imposes a force of around −225.6300 N. The estimation demonstrates to
be valid enough to handle this force retaining the balance.

Case study B2

The second case study has been carried out considering two random
disturbances: the �rst acting on the CoM and the second acting on a
randomly chosen point of one of the legs. Every four seconds, the force's
magnitude changes randomly between 2.5 N and 40 N. The direction of the
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Figure 2.22. Case Study B1. Error on the x−axis (a) and on the z−axis (b).
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Figure 2.23. Case Study B1. Estimation of f̂c (a) and τ̂c (b).
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Figure 2.24. Case Study B2. Error norm of the robot's CoM using the
proposed controller.

disturbance forces is shown in the video. The forward direction is along
the y−axis, with a velocity of 0.12 m/s.

This case study aims to demonstrate the validity of the proposed hybrid
observer, acting on both the CoM and the legs. The following results can
be discussed. Using the observer only on the CoM, the robot seems unable
to reject the disturbance acting on the legs, with a signi�cant drift of the
foot that causes the fall. Using the observer only on the legs, the robot,
di�erently from the previous situation, seems to have good tracking of
the planned foothold. However, it is unable to reject the disturbance on
the CoM with a consequent fall. Finally, using the hybrid estimator, the
robot can reject the disturbance on the CoM and have good tracking of
the planned foothold at the same time. This case study has been tested in
a non-ideal situation. Adding a white Gaussian noise on the joint torque
and the ground reaction forces measurements, with a standard deviation of
10% of the measured signal, simulates sensors noise. The approach results
robust, with a maximum error in the tracking of the CoM of 0.02 m,
as it can be seen in Fig. 2.24. The estimation of the magnitude acting
on the CoM and the rear right leg are presented in Figs. 2.25 and 2.26,
respectively. In this way, good tracking of the actual disturbances can be
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Figure 2.25. Case Study B2. Estimation of f̂c (a) and τ̂c (b).
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Figure 2.26. Case Study B2. Estimation of f̂e for the rear right leg.

observed.

Case Study B3

The third case study considers the same random disturbances of the
previous case study plus a parametric uncertainty of the total mass known
by the controller, which is changed by 30%. Besides, the same blocks
already employed in case B1 are used to simulate an irregular terrain.
The capabilities of the controller are now tested in a complex situation
where: (i) the robot is stressed by high external forces, simulating impact
with objects or pushes; (ii) there is a rough terrain; and (iii) parametric
uncertainties are present. The error norm's plot of the CoM is reported in
Fig. 2.27. It can be observed that the peaks are now higher but always less
than 0.025 m. However, this small error increment can be considered the
result of the parametric uncertainty and the presence of irregular terrain,
which can still be handled.

2.5.4 A possible application: A Guide Dog to Help Visually

Impaired People

The presented observers can open the path to some new applications
in which a legged quadruped could be involved. This last section aims



62 Chapter 2. Disturbance Rejection in Optimal Control for Quadruped Robots

0 5 10 15 20 25

Time (s)

0

0.01

0.02

0.03

0.04

0.05

Figure 2.27. Case Study B3. Error norm of the robot's CoM using the
proposed controller.

to demonstrate this possibility, modifying the previously presented frame-
work to be employed in a care assistance case study. The focus of this
section is on people su�ering from a visual disease. To this end, di�erent
robotic systems were developed, usually employing wheeled robots. One
of the �rst examples was presented in [84], where the robot has an internal
map of the environment, can detect obstacles using onboard sensors, and
communicates to the blind individual the clear path to follow. Another
guiding device employing a wheeled robot is the GuideCane [11]. It is
equipped with sonar sensors to detect obstacles, while the computer inside
the cane reads the information and constructs a rudimentary map of the
environment. Then, it computes a path to guide the cane around obsta-
cles [14].

In the cases mentioned above, the connection between humans and
robots always happens through a rigid link, limiting the human-robot in-
teraction's �exibility and ability to operate in narrow spaces. For this
reason, recent works started to explore the possibility of using a leash
to connect the robot with the person [95, 88, 39, 99]. The leash can be
considered a hybrid system, switching from a taut to a slack condition.
The human-robot system's dimensions change whenever the leash becomes
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Figure 2.28. On the left, a guide dog helping a visually impaired person. On
the right, a quadruped is connected to a human through a leash in the Gazebo
simulation environment.

slack, allowing the robot to guide the human through narrow spaces [95].
A leash-guided interaction is used in [88], in which a physical connection
tightly couples a human and an aerial robot. In this case, the human holds
a handle which is in turn connected to an aerial vehicle through a cable.

The robots considered in the literature above have evident problems
guiding visually impaired people. Wheeled robots have problems adapting
to irregularities of the terrain. They are unfeasible in anthropic environ-
ments, usually designed for not disabled people with stairs, holes, and
obstacles. The propellers' noise of aerial robots interferes instead with hu-
man hearing, which is a vital resource for visually impaired people. Indeed,
it is often used to understand the dangers around them: for example, be-
fore crossing a road, the guide dog stops and waits for the human to give
it the order to cross the street after having heard that there are no cars. A
quadruped robot can quickly adapt to terrain irregularities and go up and
down stairs, and it usually produces less noise than aerial vehicles [95].

In this section, the framework is adapted for using a tethered robot
quadruped as a guide dog (Fig. 2.28), exploiting the previously presented
hybrid observer to retrieve the information about the leash force. The ob-
server for the legs is instead used to deal with terrain irregularities acting
directly on the quadruped's legs. An admittance �lter is also employed
to guarantee a safe human-robot interaction. Besides, a supervisor is de-
signed and placed side by side with the quadruped whole-body control to
understand human needs and handle realistic situations. The resulting
framework can be observed in Fig. 2.29.
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Figure 2.29. Conceptual block scheme of the devised framework.

Human-robot system

The relation between the human and the robot can be de�ned as a
function of the two connection points of the leash: ph ∈ R3 for the human's
hand, and xr ∈ R3 for the robot, considering it as a �xed point of the main
body ph = xr − lv̄l, where l > 0 is the distance between the robot and
the human, and v̄l ∈ R3 is the unit vector pointing from the human to the
robot along the leash. It is important to consider the interaction between
the human and the robot. As reported in [88], such kind of tasks can
be performed considering the human's dynamics as a mass-spring-damper
system. Let mh ∈ R>0 be the human's mass; Ch ∈ R3×3

>0 be the system's
damping; gh = mhg0 ∈ R3; fh,ext ∈ R3 be the vector containing external
forces acting on the human and vh ∈ R3 be the human's linear velocity.
The human's dynamics can be written as

mhv̇h + Chvh + gh = fh,ext − fe,c. (2.47)

Given the assumption in Section 2.3 about the slowness of the main's
body angular motion, it can be considered that most of the leash wrench
is contained in the translational force, representing the most critical infor-
mation about the human-robot interaction. For this reason, the leash can
be modeled as a spring with sti�ness k > 0 through the Hooke's law, so
that the leash force is

||fe,c|| =

{
k(l − l̄) if (l − l̄) > 0

0 if (l − l̄) ≤ 0
(2.48)
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where l̄ represents the nominal length of the leash. Whenever the leash is
taut, (l− l̄) > 0, and a force is applied between the robot and the human,
so that the human is guided by the robot.

Admittance �lter

The idea of an admittance control scheme is to modify the reference
position of the robot xcom,ref ∈ R3 based on the leash force. It should be
observed that this control is performed only for the translational part, given
the above assumption that the essential information about the human-
robot interaction is given through the linear force.

The admittance controller guarantees a safe human-robot interaction
so that the robot's motion adapts to the human one. In this way, the
robot can accelerate or decelerate based on the cable's tension, avoiding
overcoming human capabilities. To obtain the modi�ed reference trajec-
tory, xcom,mod ∈ R3, the desired admittance model can be considered as

Ma
˜̈x+Da

˜̇x+Kax̃ = fd − f̂c, (2.49)

where ˜̈r = xcom,mod−xcom,ref , andMa, Da, andKa ∈ R3×3 are the desired
inertia, damper, and sti�ness matrices of the desired admittance model,
respectively. In order to achieve a desired human-robot behaviour, fd ∈ R3

is the desired leash force empirically chosen to maximize the velocity of
the robot without pulling too much the human.

Supervisor

A supervisor is employed to decide how the robot should act based
on the intention of the human or the environment. Such a supervisor is
inspired by the training of guide dogs in reality. Whenever the dog meets
an obstacle or a dangerous situation, it usually: (i) stops its motions;
(ii) waits for the human to understand the situation; (iii) waits for an
input to continue the path and, eventually, some information about the
new trajectory to follow [28, 27]. Usually, visually impaired people are
trained to understand the situation by using a cane or hearing. They are
also trained to understand what is better to do afterwards, telling the dog
the new command. In the following, the robot is supposed to be endowed



66 Chapter 2. Disturbance Rejection in Optimal Control for Quadruped Robots

Algorithm 1 SUPERVISOR

1: if ||f̂c|| > σ̄ and MOV E then

2: STOP
3: else if ||f̂c|| > σ̄ and STOP then

4: MOV E and new direction
5: else if env and MOV E then

6: STOP
7: else

8: keep doing what is doing
9: end if

with sensors and algorithms allowing it to detect obstacles or dangerous
situations: the implementation of these skills are out of the scope of this
work.

The devised supervisor should not only start and stop the movement
of the robot based on the leash tension, but it should also change the
robot forward direction based on the estimated cable's force f̂c. The su-
pervisor's behaviour can be resumed in Algorithm 1. It is based on the
following states and commands: MOV E, the state indicating that the
robot is moving; STOP , the state indicating that the robot is not moving;
new direction, the new direction the dog must follow and that is com-

puted based on the estimated force f̂c =
[
f̂c,x f̂c,y f̂c,z

]T
, meaning that

the desired yaw angle for the robot is computed as φ = Atan2(f̂c,x, f̂c,y),
where Atan2 is the arctangent function of two arguments [82]; σ̄ > 0,
a threshold for the leash force indicating the pulling of the leash by the
human; env, a Boolean variable indicating the detection of obstacles or
dangerous situations.

Simulations

Simulations have been carried out through the ROS middleware and the
physics-engine-based simulator Gazebo, as described in Section 2.5.1. Us-
ing a Gazebo plugin, the human is simulated by approximating the model
to a mass-spring-damper system. Another plugin simulates the leash's
force through the equation (2.48). In the following, it is experimentally
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Figure 2.30. Case study C1. Estimated force (blue) and actual force (red).

chosen σ̄ = 50 N.

Case study C1

This case study tests the framework's capabilities on a rectilinear tra-
jectory, characterized by a change in the velocity pro�le of the human and
a sudden stop, testing the robot's capabilities to adapt its motion to the
human. The robot is forced to follow a rectilinear trajectory along the y-
axis of W . The desired force fd presented in the admittance �lter in (2.49)
has been empirically chosen in the forward direction y as fd,y = 30 N. This
force keeps the cable in tension, applying reasonable force on the human.
As shown in Fig 2.30, the actual applied force remains bounded around this
chosen value, overcoming the threshold at the instant t = 62 seconds when
the human suddenly stops. It can also be observed that the reconstructed
force has some oscillations and uncertainties, probably given by paramet-
ric uncertainties and the approximations made to obtain the decoupled
model in (2.3). However, this estimation helps the robot retain balance
and maintain a good gait also in the presence of the leash tension. In order
to show the capability of the framework to adapt the robot's velocity to
the human one, the same case on a rectilinear trajectory has been tested
considering a human's velocity with a sinusoidal trend. The velocities for
both the human and the robot can be appreciated in Fig. 2.33.
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Figure 2.32. Case study C1. Distance l between the robot and the human.

Figure 2.31. Case study C1. Human (blue) and robot (red) positions.

The human's velocity change can be appreciated in Fig. 2.31, observing
the slope of his position. The distance l between the human and the
robot can be observed in Fig. 2.32, as introduced in (2.48). Notice that it
remains constant, validating the performance of the admittance controller
that adapts the robot's velocity to the human, guaranteeing a safe motion.
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Figure 2.33. Case study C1. Human (blue) and robot (red) velocities in the
sinusoidal trend.

Figure 2.34. Case study C2. Estimated force (blu) and actual force (red).

Case study C2

This case study aims to demonstrate the framework capabilities along
a curved trajectory. In order to guide the human, the robot can not imme-
diately change its orientation while standing at the same point. Otherwise,
the human will not understand where it is going, and the leash could also
be slack without giving the human any information regarding the direction.
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Figure 2.35. Case study C2. Human (red) and robot (blu) trajectories. The
arrows indicate the starting points.

Figure 2.36. Case Study C3. Scenario and movements.

For this reason, the robot should perform a curved trajectory to change its
direction, constantly imposing a force on the leash that, even if it changes
the orientation, can guide the human through a similar curved trajectory.
The resultant trajectories performed by both the human and the robot can
be seen in Fig. 2.35, noticing that the human can �nally smoothly change
direction. Also in this case, the resultant leash force is bounded thanks to
the admittance controller (see Fig. 2.34) with its estimation.

Case study C3

Suppose the dog meets an obstacle on the path (env = 1). In this
case, it usually stops its walking, waits for the human to understand the
situation or a signal to continue, and some information about the new
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trajectory to follow.

(a)

(b)

Figure 2.37. Case Study C3. Estimated force along the x− (a) and the y−
(b) axes.

This case study aims to test the observer to understand when the robot
should restart. However, it uses this estimation to retrieve the direction of
the new trajectory decided by the human (i.e., the impressed leash force).
In this case, a simple scenario with only one obstacle is considered (see
Fig. 2.36). In Fig. 2.37, the estimations for both x-axis and y-axis can be
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observed. It can be noticed that for the �rst part of the path, most of the
leash force is along the y-axis since this is the direction of the path. From
instant t = 16 to t = 36 seconds, the estimated force is lower regarding
the movement phase, so the leash can be considered almost slack, and the
human understands that the dog has stopped. Afterwards, the human
understands which is the best direction to follow, rotates to align with
it, and gives the robot a pull along the x-axis to start moving in that
direction. Indeed, at instant t = 36 seconds, the estimated force f̂c,x along
the x-axis is greater than 50 N, which is the threshold for the leash force.
For the rest of the path, most of the leash force is along the x-axis because
the robot is now moving in this direction.



Chapter 3
Disturbance Rejection in

Optimal Control for

Cable-Driven Parallel Robots

Experience is the hardest kind of

teacher: it gives you the test �rst and

the lesson afterward.

Oscar Wilde

This chapter deals with the part of this thesis related to cable-driven
parallel robots. The state of the art of this kind of robots is �rstly presented
along with the di�erence between fully and under constrained CDPRs and
an overview of the existing control strategies. Then, the main contribution
presented in this chapter is highlighted. Afterwards, the dynamic model
of a CDPR is presented, along with the problem of the MPC. Finally,
the obtained results are presented, with a highlight of the improvement in
disturbance rejection and the dampening of the oscillations caused by the
�exibility of the cables.

3.1 State of the art

Cable-driven parallel robots are a particular type of parallel robot,
usually employed whenever there is the need to work in a broad space or
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to have a high payload. Indeed, a CDPR is suspended by several �exible
cables, that take the place of rigid links, and that is actuated by some
winches positioned on the mobile base. These cables are usually connected
to the mobile platform on one side and to some connection points that can
be chosen either on a �xed or on a mobile structure.

The �rst CDPR has been built in 1989 in America, within the RoboCrane
project [12, 13]. The realization of the RoboCrane design took inspiration
from the Stewart platform parallel link manipulator, with the unicity of
using for the �rst time cables as limbs and winches as the actuators. The
RoboCrane was endowed with 6 �exible cables, with the main goal to
perform land, air, water, and space applications depending on what is sus-
pended from its work platform. With the employment of RoboCrane in a
di�erent task, especially construction one, the concept of CDPRs started
to gain more and more attention and interest. Indeed, using a RoboCrane
instead of a conventional gantry guarantees di�erent advantages, such as
minimal ground loading, large work volume, precise manipulator control
with the possibility to change the tool on the mobile platform based on
the need of the task, �exible gantry for mobility over uneven terrain.

In the last years, the research on CDPRs had great developments,
highly motivated by the modern engineering demand for large load capac-
ity and large workspace. However, although the use of cables allows for
the enlargement of the workspace, it is still con�ned whenever the anchor
points are considered �xed. For this reason, for tasks needing to have a
wider workspace, there is the possibility to make mobile connection points.
An example can be found in cooperative CDPR, consisting of multiple mo-
bile cranes [102, 81]. For this kind of CDPR, the problem is not only related
to the control of the mobile platform, which is mainly a dynamic problem,
but it becomes a cooperation problem, including the localization of multi-
ple mobile cranes, obstacle avoidance, and adaptive orientation control of
the payload. Not only wheeled mobile robots can actuate the locomotion
of the anchors, but also �ying robots, such as drones as in [45, 61, 35]. This
system can also be called aerial towed-cable-body systems and has been
used in emergency response, and industrial, and military applications for
object transport in inaccessible environments. While in the case of a mo-
bile gantry structure, the attachment points are moving together with the
whole structure, in the case of an aerial cable-driven system, the position
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of the pole coincide with the drone. So, the winches actuating the tension
in the cables are not used in this case but are substituted by the drones.

Despite their great value on construction sites, CDPRs started to be
used for most various tasks and activities. Indeed, wide applications of
these robots can be found in the television �eld, with the use of a wire-
suspended camera for videotaping and recording [20]. The �rst witness of
a camera taping cable suspended can be found around 1990 when Au-
gust Design Company developed a video tape recorder system named
SkyCam. The robot is endowed with 4 cables and can reach up to 44.8
km/h at maximum speed, which is widely used for live broadcasts on large
scale, especially for high-speed tracking photographs. These systems pro-
vide computer-controlled, stabilized, cable-suspended camera transporters.
The systems are manoeuvred through three-dimensional space with a set
of four computer-controlled winches. Both static and dynamic active sta-
bilizations of camera carriers that ensure proper camera orientation are
included in the real-time control system.

The performance of CDPRs and their dexterity highly depend on the
number of cables with which it is endowed. Generally, considering that a
cable-driven parallel robot is endowed with m cables and n DoFs, three
types of CDPRs can be de�ned:

� Under-constrained: when n+ 1 > m;

� Fully-constrained: when n+ 1 = m;

� Redundantly-constrained: if n+ 1 < m.

The number of cables determines not only the stability of the robot
and its dexterity, but also its controllability. Indeed, in fully and redun-
dantly constrained CDPRs, both position and orientation of the mobile
platform can be controlled. Generally speaking, a CDPR moves around
thanks to the wrench that is generated at the mobile base by pulling on
it with the cables. For this reason, the workspace of a CDPR is de�ned
as the set of poses of the moving platform for which a particular wrench
is feasible. The set of poses of the platform for which tense cables can
achieve static equilibrium is instead a particular subset of poses, called
wrench feasible workspace (WFW). This workspace is determined by the
geometry of the structure, the position of the anchor points and the limits



76
Chapter 3. Disturbance Rejection in Optimal Control for Cable-Driven Parallel

Robots

of the cables' tension. Moreover, the WFW for fully constrained CDPRs
depends also on the method used to compute the needed tensions in the
cables. Indeed, for any desired wrench at the mobile base, there exists
an in�nite combination of tension forces that could exceed the limits of
the maximum tension. Consequently, another subset of workspace, called
wrench-closure workspace, can be identi�ed. It corresponds to the set of
poses of the platform for which any wrench can be generated at the plat-
form by tightening the cables. For a fully-constrained robot, the WCW
does not depend on the method used to generate the tensions in the cables,
but it depends only on the geometry and on the positions of the connec-
tion points of the cables. It has been demonstrated that a WCW exists
only if the number of cables is greater than the number of DoFs. Instead,
for under-constrained CDPRs, the mobile platform usually approaches the
position and orientation of minimum gravitational potential energy. Then,
these robots determine the position and orientation of the platform rely-
ing on gravity. However, the state can be easily changed by any external
disturbances. Under-constrained CDPRs are characterized by a coupling
between the kinematics and the statics of the robot, but they are much sim-
pler in structure with respect to fully and redundantly constrained robots.
Compared with fully-constrained CDPRs, limited research has been con-
ducted on under-constrained ones [18]. A major challenge in the kinematic
study of under-constrained CDPRs comes from the fact that, when a de-
sired cable length is reached, the �oating base is still movable and the
actual con�guration is determined by the applied forces. For this reason,
equilibrium equations must be solved, and displacement-analysis problems
become geometric-static. As the �oating base pose depends on the applied
load, it may change due to external disturbances and equilibrium stability
is essential. An equilibrium con�guration is feasible only if cable tensions
are positive and equilibrium is stable. Di�erent control strategies have
been presented over the years [98, 78, 16, 3], with the aim not only to
move the robot but also to �nd an equilibrium con�guration whenever a
desired target is reached.

Usually, one of the main challenges to face for the control of CDPRs is
related to the vibrations of the system caused by the �exibility of the ca-
bles [92, 91]. Di�erent studies have been performed to obtain a deep knowl-
edge of the natural oscillation frequencies of CDPRs. This knowledge can
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be used to derive frequency-based trajectory planners based on periodic
excitation [103] or input-shaping [68, 44], with the aim to limit oscillations.
A typical control strategy for CDPRs is the combination of feedback con-
trol with a feedforward computed torque. The computed torque allows
to use of classical linear control approaches [50, 48]. Instead, a commonly
nonlinear approach used for CDPR is the sliding mode control (SMC) that
has been implemented successfully in CDPRs [2, 29]. The main advantages
of this controller are the possibility to obtain a �nite time convergence and
robustness to uncertainties. However, recent and advanced SMC methods
still present chattering issues in experimental setups [80].
A fully-constrained CDPR has more cables than DoFs and, for this rea-
son, there are in�nitely many possible combinations of cable tensions for
the desired wrench. In order to choose the cable tensions, usually, a re-
dundancy resolution algorithm is employed. Moreover, in computing the
cable tensions, lower and upper limits should be taken into account. The
lower limit is a positive tension to avoid cable slackness, while the up-
per one is imposed for mechanical limitations of cables and winches. In
classical linear approaches [50, 48] or in the SMC approaches previously
mentioned, the limits of the cable tensions are not considered within the
problem. For this reason, the tension distribution problem is solved in a
second moment. This could lead to having an unfeasible desired wrench.
The use of an MPC as a control strategy is proposed in [78] because of the
advantage of solving the tension distribution problem as an integral part
of the control strategy. However, the proposed MPC strategy has been
realized to be used only with fully and redundantly constrained CDPRs.
For under-constrained CDPRs only either the position or the orientation
is controllable, and the robot tends to reach an equilibrium that is the
pose with a minimum gravity potential. Employing this concept, di�er-
ent strategies have been realized to solve the inverse geometric problem of
under-constrained CDPRs, to obtain the orientation starting from the de-
sired position and di�erent trajectory planning for this kind of robots have
been realized [101, 85, 60]. In this work of thesis, an MPC will be presented
for CDPRs, it is combined with a strategy resolution of the inverse geomet-
ric problem to obtain the equilibrium con�guration and the desired pose
of the robot, in order to be employed with an under-constrained CDPR.
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3.2 Main Contributions

In this chapter, an MPC is presented. It employs the kino-centroidal
dynamics of the robot to realize a wrench-based controller. The MPC can
be employed in combination with an algorithm of tension distribution that
computes the equilibrium cables' tension for the desired position. Intro-
ducing a term for the equilibrium con�guration allows the controller to
obtain higher robustness against external disturbances and dampening os-
cillations caused by the �exibility of the cables. The validity of the MPC is
demonstrated through some experiments with an under-constrained CDPR
with four cables. It is also compared with a classical approach to demon-
strate the improvement obtained in disturbance rejection.

3.3 Dynamic model of a cable-driven parallel robot

The dynamics of a cable-driven parallel robot can be modelled using
the kino-centroidal dynamics[38].
The �oating base can be usually modelled through six virtual joints that
endow the robot with six DoFs with respect to a �xed world frame W
(Fig.3.1).
Let consider B as the frame whose position and orientation are attached
to the CoM of the robot.
Let consider xcom =

[
xc yc zc

]T ∈ R3, ẋcom ∈ R3, and ẍcom ∈ R3 as the
position, velocity, and acceleration of the frame B's origin with respect to
W , respectively.
Besides, let ωcom ∈ R3 and ω̇com ∈ R3 be the angular velocity and the
angular acceleration of B with respect to W , respectively.
The angular velocity can be computed from the rate of change of ZYX

Euler angles, stacked in the vector Θ =
[
ϕ θ ψ

]T
[22], that can be

extracted from the rotation matrix Rb ∈ SO(3).

Finally, let consider the state vector as q =
[
xTcom ΘT

]T ∈ R6 and the

velocity vector as υ =
[
ẋTcom ωT

com

]T ∈ R6. Let consider the centroidal
momentum vector of the robot h ∈ R6, which is a composition of the robot
linear and angular momentum expressed at the center of mass

h = A(q)υ, (3.1)
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Figure 3.1. Scheme of a CDPR with nc cables. In the �gure, the main frame
are shown: B is the frame attached to the �oating base's CoM, W is the
inertial �xed frame. The black parallelogram represents the environment on
which the cables are attached. The red �gure represents the moving platform
of the robot.

where A(q) is called the centroidal momentum matrix.
The centroidal momentum can also be expressed as

h =

[
mẋcom
L

]
(3.2)

with m the robot's total mass, and L ∈ R3 the angular momentum at the
center of mass.
In order to model the action of the nc cables on the structure, it can be
considered that nc three dimensional external forces fc1 , fc2 , . . . fcnc

are
applied on the �oating base at nc connection points pb1 , pb2 ,... pbnc

.
These forces are constrained to be in cables direction, and the only DoF
for the i− th cable is the applied force magnitude f̄ci .
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The cable direction can be described through the unit vector

λi =
pci − pbi

∥pci − pbi∥
(3.3)

where pci ∈ R3 is the i− th connection point, while pbi ∈ R3 is the i− th
attachment point on the �oating base (See Fig. 3.1). This last can also
be written in function of the orientation of the robot as pbi = Rbri + d,
where ri ∈ R3 is the vector between the CoM of the moving base and pbi ,
depending only on the geometry of the robot. Instead, d ∈ R3 is the vector
connecting the origins of the frames B and W (See Fig. 3.1). Then, the
i− th force vector can be computed as

fci = f̄ciλi. (3.4)

The action of these forces create a net wrench on the center of mass, that
allows to describe the centroidal dynamics of the robot as

x =


ẋcom
L̄

xcom
Θ

 ∈ R12 (3.5)

with x the state vector, L̄ =
1

m
L the normalized angular momentum at

the CoM.
Moreover, the input u of the system can be de�ned as a vector composed
of the tensions' magnitude

u =


f̄c1
f̄c2
...
f̄cnc

 ∈ Rnc (3.6)

Then, considering g ∈ R3 as the vector containing the gravitational accel-
eration, the dynamic of the system can be written in the following form
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ẋ = f(x, u) as

ẍcom =
1

m
(fc1 + fc2 + ...+ fcnc

) + g, (3.7)

˙̄L =
1

m
(Rbr1 × fc1 +Rbr2 × fc2 + ...+Rbrnc × fcnc

), (3.8)

υ = A−1(q)h (3.9)

3.4 Model Predictive Controller

The controller presented in this thesis is prediction-based, and it em-
ploys the kino-centroidal dynamics introduced in Section 3.3.
The optimal control used within the MPC has the following form

minimize
u

ϕ(x(t)) +

∫ t

0
L(x(t), u(t), t) dt (3.10)

subject to x(0) = x0, (3.11)

ẋ(t) = f(x(t), u(t), t), (3.12)

h(x(t), u(t), t) ≥ 0, (3.13)

where t is the current time.
The cost function in (3.10) consists of an intermediate and a �nal cost,
the (3.12) is the system �ow map that imposes dynamic consistency, while (3.13)
imposes some inequality constraints.
To set up the MPC, this optimal problem is solved repeatedly at each
control instant with the latest state measurement.
In this work, the integration with a sequential linear quadratic model pre-
dictive control (SLQ-MPC) method is employed. This is based on dif-
ferential dynamic programming and employs linearized dynamics and a
quadratic approximation of the cost function around the latest trajectory.
In order to design the cost function employed within the MPC, let con-
sider having a desired trajectory for the state vector of the �oating base
xdes(t) =

[
ẋcom,des(t)

T L̄des(t)
T xcom,des(t)

T Θdes(t)
T
]
.

Moreover, consider as udes(t) =
[
f̄c1,des f̄c2,des ... f̄cnc ,des

]T
the vector

of desired cable tensions. This vector could be computed using an optimal
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algorithm of tension distribution in order to minimize the distance from
an equilibrium con�guration, given a desired pose.
Otherwise, if such an algorithm is either unavailable or requires too high
computational power, it can be considered as a vector of zeros and mini-
mizes the tensions.
The quadratic cost function of the MPC can be written as

J =
1

2

∫ T

0
(x− xdes)

TQ(x− xdes) + (u− udes)
TR(u− udes) dt+

+
1

2
(x− xdes)

TQf (x− xdes),

(3.14)

where Q ∈ R12, R ∈ Rnc and QT ∈ R12 are positive semi-de�nite state
and input cost Hessian.
The second term of the function Φ(x(T )) = 1

2(x−xdes)
TQf (x−xdes) is the

�nal state cost, which is a heuristic to approximate the truncated in�nite
horizon, and it is implemented as a diagonal cost on the base pose and
velocities.

Instead, the �rst term L(x(t), u(t)) =
1

2
(x − xdes)

TQ(x − xdes) + (u −
udes)

TR(u − udes) is the intermediate cost, where a diagonal cost on all
state variables and cables tension is used.
The input of the problem is composed of the cable forces. However, it
should be noticed that the cables can not be subject to compression but
only to tension. This means that the cables need to be always taut, oth-
erwise it is not possible to create the adequate wrench at the CoM of the
�oating base.
The situation of a slack cable brings the robot to enter a con�guration
of singularity, since the needed tension can not be impressed on the slack
cable, stacking the robot in the current pose.
For this reason, the tensions always need to be maintained positive, and
the following constraint for the i− th cable must be included in the func-
tion

f̄c,i ≥ 0. (3.15)

Moreover, for mechanical safety, also an upper-bound f̂ci,max should be
imposed for the i − th cable force, considering the maximum torque that
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the correspondent winch can apply

f̄c,i ≤ f̄ci,max. (3.16)

Taking into account (3.15) and (3.16), and considering the vector of bound-

ing forces f̄c,max =
[
f̄c1,max f̄c2,max ... f̄cnc ,max

]T
, the following con-

straint should be considered within the MPC

0 ≤ u ≤ f̄c,max. (3.17)

This constraint is enforced by projecting the inputs onto the feasible set
in the forward rollout of the SLQ-MPC algorithm.
It is important to mention that the resulting optimization problem is highly
nonlinear and non-convex. Classical MPC guarantees on recursive feasi-
bility and stability can thus not be provided. This is the reason why, as
previously mentioned, the sequential linear quadratic (SLQ) algorithm is
used.
This algorithm, in each iteration, alternates between two steps: the for-
ward pass, where the system dynamics are forward integrated over the time
horizon using the feedback policy of the previous step, and the backward
pass where the local linear quadratic (LQ) approximation of the non-linear
optimization problem is constructed, allowing to e�ciently �nd a solution
of the problem by solving the Ricatti's di�erential equation.
Moreover, it allows designing a continuous controller for a non-linear sys-
tem with a linear computational complexity with respect to the optimiza-
tion time horizon.
Using the SLQ method, the update for the controller has the form

u(t, x) = ū+ α(I(t)) + Ie(t)) + L(t)(x− x̄), (3.18)

with ū and x̄ the input and state nominal trajectories. L(t), I(t) and Ie(t)
are the LQR gains and the feedforward inputs for the cost reduction and
the constraint correction, respectively. The parameter α is the learning
rate for the feedforward inputs [33].
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3.5 Experiments

In the following, some experiments are presented to validate the con-
troller. The controller has been tested on a robot built at the Robotics
System Lab, ETH Zurich. The robot has four cables, and the position of
the connection points is known, while the position of the robot is retrieved
from the measurement of an IMU sensor, using a Kalman �lter as state
estimator. The maximum force for the cable tension is Fmax = 800 N.
The MPC runs with a frequency of 100Hz, the state estimation has in-
stead a frequency of 200Hz.
The MPC has been realized using the OCS2 toolbox1. In the following,
some details about the robot will be provided.
The MPC is compared with a classical control based on the solution of an
inverse geometric problem.

3.5.1 Floating robot

The �oating robot used for these experiments has been built at the
Robotics System Lab, ETH Zurich, from the spin-o�, Floating Robotics2

(Fig. 3.2).
This CDPR o�ers mobility and manipulation on large scales. It brings
cable winches inside and o�ers easy deployment and compactness.
Cables can be taken out and installed on four poles, whose tips correspond
to the connection point of the cable to the environment. The robot is for
gardening applications in rough terrain, such as vineyards. The tasks of the
robot are local spraying, cutting, and monitoring. Thus, the robot allows
harvesting in optimal conditions. Then, the robot is endowed with four
cables, so nc = 4 and with four coupled onboard actuators. The coupling
of the actuators is realized by a di�erential system mounted within a cylin-
drical structure. The di�erential system relies on a di�erential mechanism
constructed with bevel gears. The actuators are connected to the di�er-
ential mechanism by means of side contact between the actuator gearbox
output and the bevel gear's circumferential area. Commanding a torque
to these actuators, the tension in the cables is modulated and the cables
can be wound and unwound inside the robot allowing to move it around.

1https://leggedrobotics.github.io/ocs2/
2https://�oatingrobotics.com/

https://leggedrobotics.github.io/ocs2/
https://floatingrobotics.com/
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Figure 3.2. The �oating robot, used for the experiments, during a locomotion
task within a vineyard.

3.5.2 Inverse Geometric Problem of a Cable-Driven Paral-

lel Robot with four cables

In order to show a comparison with a di�erent control method, and to
introduce a tension algorithm able to give the desired udes to use in (3.14),
the solution of the inverse geometric problem of the used robot will now
be introduced [16].
The employed robot has nc = 4 cables, so it is under-constrained.
Usually, for an under-constrained robot only either a desired position or a
desired orientation of the robot can be commanded [16]. As previously said,
the robot tends to approach the con�guration of minimum gravitational
potential energy. So, if a target position is commanded, it is possible
to compute the orientation the robot will have in a static equilibrium
con�guration once it reached the desired position.
Let consider (3.7) and (3.8), the static equilibrium condition can be written
as 

0
0
mg
0
0
0

+W


fc1
fc2
fc3
fc4

 = 0, (3.19)
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where the matrix W ∈ R6×12 is a wrench matrix mapping the cables
tension into the wrench of the CoM.
Rearranging and decomposing into force and torque equations yield to the
following for the forces equation

 0
0
mg

 = H


f̂c1
f̂c2
f̂c3
f̂c4

 , (3.20)

where H =
[
pc1 − pb1 pc2 − pb2 pc3 − pb3 pc4 − pb4

]
∈ R3×4, and f̂ci =

f̄ci
∥pci − pbi∥

.

Instead, the torques equation is

00
0

 =
[
M1 M2 M3 M4

]

f̂c1
f̂c2
f̂c3
f̂c4

 , (3.21)

where Mi = Rbri × (pci − pbi) ∈ R3. Substituting (3.20) in (3.21) the
following equation is obtained00

0

 =
[
M1 M2 M3 M4

]
H−1

 0
0
mg

 . (3.22)

In order to solve the inverse geometric problem, (3.22) must be solved for
the orientation Θ.
It should be noticed that H is not invertible either if the cables are parallel
to each other or if they are coplanar, so this situation is avoided [16].
Once the orientation is known, the equation relative to the static equi-
librium (3.19) has only the cable tensions as unknown variables. These
tensions can be computed through an optimization problem, as in the fol-
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lowing [78]

minimize
u

∥u∥2, (3.23)

subject to Au = b, (3.24)

where u is the vector of cable tensions and (3.24) coincides with the static
equilibrium condition (3.19). Moreover, once obtained the orientation of
the robot Θ, the lengths of the i − th cable can be retrieved as li =
pci − (Rbri + d).
Usually, the solution of the inverse geometric problem can be employed
within a control algorithm in combination with the solution of the problem
in (3.23) [60]. Indeed, considering xcom,des ∈ R3 as a desired position, the
desired orientation of the robot in a static equilibrium can be retrieved
from the inverse problem. This orientation can be employed to realize a
standard control approach. For example, once the orientation is obtained,
the desired cable length li,des of each cable can be computed. Considering
f̄∗ci as the result of (3.23) for the i− th cable, a simple control law for the
force of each cable can be the following PD

f̄ci = Kpel,i −Kdvl,i + f̄∗ci , (3.25)

where el,i = li,des − li is the error of cable length, while vl,i is the current
velocity of the cable, coinciding with the velocity of the winch actuating
the cable, and f̄∗ci can be considered as a gravity compensation.

Recalling the vector of desired cable tensions udes introduced in (3.14),
a choice of this vector can be computed as the tensions of the static equi-
librium, meaning the solution of 3.23. Indeed, the result of this problem
coincides with the desired cables tension udes for a con�guration of equi-
librium once the desired target is reached. This equilibrium input could
be injected into the MPC as desired tension.

3.5.3 Experiments results

To demonstrate the validity of the proposed approach, some results are
going to be presented.
In order to understand the capability of the model predictive controller
for such a robot to improve the performance of the CDPRs, it should
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Figure 3.3. The setup of the experiments, the four cables are attached to the
wall with four hooks, that are positioned in order to create a parallelogram
whose dimension is 7× 9 m.

be highlighted that two main problems characterize other state-of-the-art
control strategies [78]:

� Oscillations caused by the cables are not damped during the move-
ment;

� Tension in the cables is not constrained to remain within the bound-
aries so that the cable could be near to become slack or impose too
much power on the motor.

The robot has been tested within an empty environment, with no ob-
stacles (Fig. 3.3), and the position of all the connection points is known.
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Damping cables oscillations

A �xed circular trajectory has been performed through three di�erent
control approaches:

� MPCwith equilibrium input: the vector udes obtained through (3.23)
is employed as desired tension;

� MPC without desired input: The vector udes consists entirely
of zeros, thereby ensuring that cable tensions are always minimized
while remaining positive, in compliance with the unilaterality con-
straint (3.17);

� PD: the PD presented in (3.25) is employed.

Analysing the cable tension of the di�erent approaches gives a measure
of the smoothness obtained through the control, and of the mechanical
safety of the actuator, given by the capability of the approach to maintain
the forces within the mechanical limits. Since the behaviour of the di�er-
ent cables revealed to be similar, in Fig. 3.4 only the tension of one cable
is shown for all the approaches. As it can be noticed the forces are al-
ways contained within the bounds in every case. However, the two results
obtained through the MPC show the capability to obtain a force that is
more contained within the bounds. It can also be noticed that whenever
an equilibrium input is given to the MPC, the cable tension appears to be
smoother than in case this value is not provided.
About this aspect, another value can be taken into account to understand
the safety guaranteed by the robot during the task.
This measure regards the derivative of the magnitude of the cable tension
˙̄fc,i. Indeed, this value can be taken as a measure of the aggressiveness of
the control method.
In Fig. 3.5, the derivatives of the tension of one cable (the same as Fig. 3.4)
are shown.
It can be noticed that the control that guarantees smoother and less ag-
gressive behaviour is the MPC with the equilibrium input.
This is given by the fact that within the MPC not only the constraint
that guarantees the tautness of the cable is taken into account but also a
reference for the tension itself is provided.
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Figure 3.4. Force of cable 1 during the task: (a) MPC with no desired input
(b) MPC with equilibrium input (c) PD.

Di�erently, the other two approaches are more aggressive. Indeed, using
the PD a high push of the cable can be obtained when the robot is not able
to track precisely the reference and the error of the cable length becomes
major.
Using the MPC without equilibrium input, the controller always tries to
minimize cable tensions. For this reason, after giving a hard pull to the
cable to reach the desired target, the controller usually tries to bring the
torque of the motor again towards zero, making this force highly discontin-
uous with respect to the case of MPC with equilibrium input. Having cable
tension within the limits guarantees the safety of the hardware, while a less
aggressive control can guarantee the safety of both the hardware and the
environment in which the robot is working. Nevertheless, using an MPC
guarantees to take into account the latest behaviour of the robot, comput-
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Figure 3.5. Force derivative for cable 1.

ing the new control action on the base of the history of the state of the
robot. For this reason, it can be supposed that MPC can be able to damp
the oscillations that are usually caused by the �exibility of the cables. To
validate this aspect, the angles of roll, pitch and yaw of the robot during
the task are presented in Fig. 3.6.
Observing the orientation during the movement, it can be noticed that
the PD approach, the only one not taking into account the history of the
movement, is not able to reject these oscillations, which are constantly
happening during the whole task.
Comparing the two MPC approaches, the one employing the equilibrium
input handles the oscillations in the best way, as can be observed in
Fig. 3.6b. In the plot, the oscillations are rarely happening, and they
are immediately rejected.
The di�erence between the two MPC approaches in handling vibrations
can be related to the aggressiveness of the control. As previously seen,
the MPC without equilibrium input is more aggressive, and the discon-
tinuities in the command forces reduce the capability of the approach to
dampen the vibrations given by the cables' �exibility. A second criterion
to evaluate the smoothness of the trajectory is to consider the acceleration
of the robot. The norm of the linear acceleration of the CoM ∥ẍcom∥ can
be observed in Fig. 3.7. In this case, the two MPC are comparable, while
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Figure 3.6. Euler angles during the task: (a) MPC with no desired input (b)
MPC with equilibrium input (c) PD.

the optimal solution does not guarantee a smooth trajectory.

Rejection of external disturbance

This experiment aims to demonstrate the capability of external distur-
bance rejection of the MPC.
Given the results of the previous section, which demonstrated the better
performance obtained using the MPC with equilibrium input, only this
approach will be compared to the PD approach in this section.
For this experiment, a mass of 5 kg has been attached to the robot and
suddenly released to obtain a perturbation.

In Fig. 3.8, the perturbation of the components xc and yc is presented.
It can be observed that using the MPC the perturbation is damped in a
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(a) (b)

(c)

Figure 3.7. Linear acceleration during the task: (a) MPC with no desired
input (b) MPC with equilibrium input (c) PD.

(a) (b)

Figure 3.8. x and y component during the task: (a) MPC with equilibrium
input (b) PD.
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Figure 3.9. Euler angles during the task: (a) MPC with equilibrium input
(b) PD.

smaller time. Let consider td the dampening time, that is the time in which
the oscillations' amplitude becomes smaller than a certain threshold, here
chosen as 0.02. the experiments showed that using MPC it is td ≃ 4 s,
while the PD approach gives td ≃ 7 s. Moreover, it can be noticed that
MPC is able to give an immediate response to the disturbance. Di�erently
from the PD approach, the amplitude of oscillations obtained with MPC
is always smaller, demonstrating its ability to improve the response to the
disturbance.
Recalling the results of the previous case study, it can be understood that
the vibrations caused by the �exibility of cables, which PD is not able to
handle, increase the oscillations caused by external disturbances, making
the damping slower when this approach is employed.
For completeness, in Fig. 3.9 the angles of roll, pitch and yaw are shown,
to observe also the damping capabilities related to the orientation for both
approaches. Here, the same observation made for the linear components
of the CoM can be made, both regarding the damping time and the oscil-
lations' amplitude.



Chapter 4
Conclusions and Future Study

An overview of the results presented in this thesis is reported in this
chapter. Afterwards, some possible future developments are presented.

4.1 Main Results

The problem of robustness control for limbed parallel robots is faced
within this thesis. Two kinds of robots are the object of interest in this
work

� Quadruped Robots;

� Cable-Driven Parallel Robots.

As it has been demonstrated, quadruped robots are often subject to ex-
ternal disturbances caused by either the irregularities of the terrain or the
presence of obstacles within the environment. In literature, disturbances
acting directly on the swinging legs are usually neglected. However, these
disturbances could make the robot lose its balance and fall in some situa-
tions.
For this reason, a disturbance-observer-based whole-body controller has
been presented in this work. Two observers are integrated within the con-
troller to take into account both the disturbances acting on the CoM and
the ones a�ecting the movement of the legs.
The observer acting on the CoM is composed of an acceleration-based ob-
server for the translational part and a momentum-based observer for the
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angular one. Given its combination of two observers, it is here identi�ed
as hybrid. The observer acting on the legs' dynamics is momentum-based.
The observation coming from these observers is compensated within the
whole-body controller to reject disturbances and parametric uncertainties.
The presented observers have been tested against other state-of-the-art
observers, demonstrating satisfactory performance in reacting to time-
varying external forces. Indeed, they appear to reduce the error to the
planned robot's CoM and improve the stability, even when the swing leg
or the CoM are a�ected by large and impulsive external unpredicted forces.
The proposed approach was also tested with random forces, demonstrating
its robustness against an unexpected variation of the application point and
parametric uncertainties. The controller resulted in being robust against
noisy measurement and irregular terrain.
The observer acting on the legs dynamics demonstrated to allow the lo-
comotion of a legged robot inside an unstructured environment where a
collision could happen. Indeed, if a swing leg impacts an object, it can have
a wide foot drift. It causes a reduction of the support polygon, unbalanc-
ing the robot. The presented controller compensated directly for those
disturbances acting on the moving legs, minimizing the drift. Beyond ob-
stacles, the controller guarantees good performance when irregularities in
the terrain cause disturbance.
The hybrid observer, instead, demonstrated to allow the locomotion of a
legged robot in case an unknown force is acting on the robot's torso. This
capability revealed to be useful in a care assistance application, where the
observer allows to identify the force that a visually impaired person is im-
pressing on the robot through a leash connecting it to the human. Through
the estimation of this force, a supervisor can modify the behaviour of the
robot on the basis of the intention of the human.
Instead, cable-driven parallel robots are characterized by the presence of
cables instead of rigid links. These cables introduce in the dynamic of the
robot a �exibility that causes several vibrations and oscillations. Usually,
the desired wrench is computed and commanded for the robot's movement.
However, during the computation of this wrench, some limits for the ca-
ble tensions play a crucial role, since the cables must not become slack
and have tension limits. Nevertheless, the proposed control strategies are
often not able to handle these constraints within the motion controller,
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and they use a cable tension distribution algorithm, which acts only after
the desired wrench is computed. Thus, if the computed desired wrench is
unfeasible, the controller can not realize the movement. To overcome this
problem, an MPC has been presented in this work. The MPC considers
the constraints related to the cable tension to obtain a feasible solution.
However, to adapt the MPC to be used with an under-constrained robot,
the MPC is combined with a tension algorithm that computes the tension
for an equilibrium con�guration after solving the inverse geometric prob-
lem of the cable-driven parallel robot. The equilibrium con�guration is
used within the MPC as desired tensions.
The results of this MPC have been compared to the ones obtained through
a classical PD approach, demonstrating the capability of the presented
method to improve the rejection of both oscillations given by the �exibil-
ity of cables and external disturbance. Moreover, the MPC has also been
tested without using the tension of the equilibrium con�guration, obtain-
ing rejection of disturbances and a more aggressive control.

4.2 Future Developments

The combination of the observers acting on the CoM and the legs opens
some possible developments in legged robotics. Indeed, the employed de-
coupled model and the use of two di�erent observers could be employed
for a legged manipulator to widen the tasks that this kind of robot can
perform. An idea could be to consider the arm as an external disturbance
to control the robot's locomotion separately from the manipulation tasks.
Combining the two observers allows for rejecting a broader range of exter-
nal disturbances and unmodelled dynamics. Thus, if the arm is considered
an external disturbance, and its dynamics is unknown to the controller of
the legged robot, its movement during a manipulation task will be com-
pensated through the observers.

Also in the case of the cable-driven parallel robots, the possibility to
endow them with a manipulator should be considered. Indeed, in order
to work in an industrial or agricultural �eld, an arm could be mounted
on the robot. Since manipulation tasks usually require high precision,
the �exibility of cables and their oscillations could a�ect the performance
of these tasks. With the dampening of oscillations and the rejection of



98 Chapter 4. Conclusions and Future Study

external disturbances obtained through the MPC, the manipulation task
can be performed without being a�ected by the low sti�ness of the system.
Moreover, the movement of the arm, and the manipulation task, could be
introduced within the MPC, obtaining a uni�ed framework.
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