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Abstract

Positioned at the forefront of scientific progress, the quantum realm promises
transformative advancements, reshaping our responses to intricate challenges. In
the dynamic landscape of quantum technologies, this doctoral thesis endeavors to
unravel two distinct facets. The first part delves into the complexities of steering
a quantum array into a pure steady state, where distant, non-directly interacting
qubits become entangled. By artfully manipulating dissipative dynamics on a central
element, we not only showcase the attainability of an entangled steady state, but also
underscore its resilience to additional decoherence. With broad applications across
atomic systems and solid-state nano-devices, this approach allows for the realization
of diverse geometries. Shifting focus to the second part, our attention turns to the
quantum illumination, addressing imperfections inherent in experimental setups.
Here, correlation-to-displacement conversion-based receivers take the spotlight,
revealing their efficacy in amplifying return signals to counter losses in heterodyne
detection. Notably, a simple Kennedy receiver outperforms classical counterparts in
practical settings, presenting a quantum advantage over known quantum receivers.
The synthesis of theoretical exploration and practical enhancements contributes
meaningfully to the evolving narrative of quantum technologies, marking a distinctive
stride towards realizing their potential.
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Introduction

Quantum computation, communication, and simulation have emerged as trailblazers
in scientific and technological advancement, ushering in unprecedented possibilities
and transforming our approach to intricate challenges. In the dynamic expanse of
quantum technologies, a realm where the extraordinary becomes palpable, this doc-
toral thesis endeavors to illuminate two distinct facets. Anchored by two published
articles, each offering insights into different dimensions of the quantum world, our
exploration unfolds.

The initial article navigates the process of steering a quantum array into a pure
steady state, where many pairs of distant, non-directly interacting qubits become en-
tangled. Through astute manipulation of dissipative dynamics on a singular central
element, we not only demonstrate the attainability of an entangled steady state but
also unveil its resilience to additional decoherence, affecting neighboring qubits.
The practical implications span diverse physical scenarios, encompassing atomic
systems and solid-state nano-devices, fostering versatility in realizing various ge-
ometries.

Shifting our focus to the second article, we delve into the quantum illumina-
tion, aiming to address inherent imperfections in experimental setups. Here, the
emphasis is on correlation-to-displacement conversion-based receivers, showcasing
their efficacy in amplifying return signals to counter losses in heterodyne detection.
Notably, even a simple Kennedy receiver proves superior in practical settings to
both classical counterparts, providing a quantum advantage, and known quantum
receivers.

Embarking on this analytical journey, the subsequent chapters will dig into the
intricacies, methodologies, and profound implications of these investigations. The
synthesis of theoretical exploration and practical enhancements contributes mean-
ingfully to the ever-evolving narrative of quantum technologies, offering insightful
strides toward unlocking their potential.
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Chapter 1

Dissipative stabilization of
entangled qubit pairs in quantum
arrays

1.1 Overview on entanglement distribution

The burgeoning availability of quantum computing and communication systems, in-
tegrating an increasing number of components, is anticipated to spur a demand for
efficient schemes to transfer quantum states or distribute entanglement across net-
works [1|-[4]. While fundamental protocols for such tasks are established and suc-
cessfully implemented across various platforms [S[]-[13]], future quantum devices
are expected to necessitate the generation and exchange of entanglement among
thousands of qubits within limited coherence times. In response to this, there is a
compelling drive to explore quantum communication strategies that are not only fast
and parallelizable, but also minimize classical control requirements, moving beyond
serial application of existing protocols.

This impetus underlies the recent surge of interest in driven-dissipative quan-
tum systems. One primary objective is to explore how tailored dissipative pro-
cesses [14], [15]] could stabilize entangled quantum states across both few and
many-body regimes, potentially impacting quantum information processing [16]—
[34]]. A seemingly separate avenue of research explores the distinct properties of
non-equilibrium steady states emerging in driven quantum spin chains, arising from
the interplay of driving, lattice dynamics, and dissipation [|35[]-[47]].

1.2 Introduction

A crucial element in quantum technologies, including quantum computation, simu-
lation, and communication, involves the capability to manage and distribute entan-
gled resources across extensive arrays of quantum systems. A compelling approach
employs controlled dissipative processes to steer and protect arrays of quantum sys-
tems into entangled states [27]], [48[]-[56]. Specifically, studies [24]], [28], [29],
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[B1]-[34]l, [57]-[63] have demonstrated that to drive the whole system into non-
trivial and potentially useful multipartite entangled states, it is sufficient to control
the dissipative dynamics of one or two localized elements within a quantum array.
This has been proved for arrays of both bosonic (by employing a single localized
squeezed reservoir [29], [32]-[34], [61]-[63]]) and fermionic (via a correlated reser-
voir for two fermions [28]]) modes. Additionally, it has been shown that manip-
ulating the coupling between a central cavity and two qubits (spin-1/2) in a qubit
chain [24] and creating a correlated reservoir involving two elements in an array of
qubits [28]], [31]], [57]], [60] and cavities (bosonic modes) [31]], [57]-[59] can yield
many entangled pairs.

Here, we present that, even in the case of qubits, it is enough to control the local
environment of a single element within an array to generate many pairs of entan-
gled qubits in the steady state [30]. We establish this for both arrays of cavities and
qubits, as well as arrays comprising solely qubits. In the former scenario, a single
cavity is coupled to a squeezed reservoir (see to Ref. [64] for an experimental im-
plementation in the microwave domain and Refs. [65]], [66] for its application in the
optical domain to enhance the performance of gravitational wave interferometers).
All interactions in this setup conserve the number of excitations. In the latter case,
a single qubit may decay, and the qubits are coupled based on a specific geometry
of XY-interactions. We assume, in an ideal scenario, that only one element of the
arrays experiences losses. Additionally, we analyze how these dynamics respond to
additional noise affecting the qubits.

It is worth noting that similar states have been identified in the ground states of
specific spin Hamiltonians [47]], [[67]—[/69]], namely the concentric singlet phase [47]]
and rainbow states [28]], [67]. These states can also be induced in a spin chain
through specific dynamics [70]—[72]], where they are referred to as nested entan-
gled states (or matryoshka states). Moreover, analogous states are recognized as
thermofield double states in the high-energy community [73]], [74]]. Unlike these
instances, our findings reveal that these states can exist as the unique pure steady
state of a dissipative dynamics.

Lastly, we highlight the related findings documented in Refs. [75], [[76], al-
though it is important to note that in those cases, the entangled steady states are not
unique, so that they are only attained when the system is peculiarly initialized.

The chapter unfolds as follows: In Sec. we outline the four models involving
both qubits and cavities, elucidating the main outcome — the robust generation
of a stationary state featuring many entangled qubit pairs. Moving to Sec.
we delineate how a comparable dissipative generation of entangled qubit pairs can
be achieved with effective models solely involving qubits. In Sec. [I.5] we verify
our findings by numerically solving the dynamics of all models introduced in the
preceding sections. Finally, Sec. [I.6]is reserved for concluding remarks.

1.3 Models with qubits and cavities

This section delves into the examination of models involving both qubits and cav-
ities. We identify four distinct models distinguished by their geometries and array
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Figure 1.1: (a) Configuration of cavities and qubits denoted as “Ccq”, featuring a
chain where each cavity, but the central one, interacts with a qubit. The central
cavity is locally coupled to a squeezed bath. Irrespective of the initial conditions,
steady-state entangled qubit pairs (highlighted by the red and green thick lines)
arise. (b) Star-shaped geometry with cavities and qubits “S cq”. (c) Chain of qubits
with a central cavity “Cq”. (d) Star of qubits with a central cavity “S¢g”.

compositions, outlined as follows. In each scenario, a central cavity is coupled to
a squeezed reservoir, resulting in a pure and factorized stationary state between the
qubit state |y) and the state of the cavity/ies |p).. Notably, in every instance, each
qubit j gets entangled with the — jth, giving rise to the formation of many entangled
pairs. The steady state of the qubits can be expressed as

N 1 p—
|w>—(§§l)( 2”_++1| )il)-i = x| 5 - j),

(1.1)

where the variable j runs over all the entangled pairs, N is the total number of pairs
(yielding a total of 2N qubits), |+); is the eigenvalue of the Pauli operator 0'52) for
the qubit j, with eigenvalue +1, and 7 is the number of excitations in the squeezed
reservoir. Moreover, y; introduces a phase factor contingent on the specific model
[as detailed in Eq. (I.I2)]. It is noteworthy that as 7 increases, each pair’s state
in Eq. (I.T) tends toward a Bell, maximally-entangled state, pivotal in numerous

quantum information protocols [[77].

1.3.1 The four models

Chain of cavities and qubits. The first model represents an extension of the cav-
ity chain studied in Ref. . In this version, each cavity, but the central one,



6 CHAPTER 1 - QUANTUM ARRAYS

interacts also with a qubit [see Fig. (a)]. This particular configuration is denoted
as “Ccq,” where the uppercase “C” signifies a chain, referring to the geometric ar-
rangement, while “cq” the composition of the array, i.e., of cavities and qubits.

Star of cavities and qubits. Likewise, the second model represents an extenstion
of a star-like bosonic array, akin to the one examined in Ref. [61]. In this adapta-
tion, each of the external modes interacts with a qubit [refer to Fig. (b)]. This
particular model is designated as “S cg,” with the ““S” denoting the star geometry.

Chain of qubits with a central cavity. Next, we explore a chain of qubits, wherein
the central element is, in fact, a cavity (alternatively described as two chains coupled
at one end to a shared cavity) [see Fig.[I.T](c)]. This model is denoted by “Cg,” for
chain of qubits.

Star of qubits with a central cavity. Lastly, we investigate a star-like array where
a central cavity is coupled to many qubits [see Fig.[I.1|(d)]. For this model we use
the symbol “S¢q.”

1.3.2 The master equation

In each scenario, the system dynamics are described by a master equation of the
form

p= —% [He. ] + 5 Lep. (12)

with & € {Ccq, Scq, Cq, Sq}. The Lindblad operator L. describes dissipation via
the squeezed reservoir of the central cavity with photonic annihilation operator bg
(see Fig.[I.1), and reads

Lep = BopBl — BiPop — pBPo. (1.3)
where

Bo = Vi + by — Vb, (1.4)

is the squeezed annihilation operator. A squeezed reservoir can be achieved by
driving the system with a broadband squeezed field [58]], [61], [78]]. Notably, in
the microwave regime, experimental realization of a squeezed reservoir has been
reported [|64]]. This technique has also been employed to enhance the performance
of gravitational wave interferometers in the optical domain [65]], [66].

1.3.3 The Hamiltonians of the four models

In all instances, we exclusively consider Hamiltonian interactions that conserve the
number of excitations. For two interacting cavities with annihilation operators b;
and by, our consideration extends to interaction Hamiltonians of the form H._. o«
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bj.bk + h.c. (where h.c. denotes the Hermitian conjugate). Moreover, cavity-qubit
interactions are described by Jaynes-Cummings Hamiltonians H._, o b;a' i+ hc.,

where o; = [a-(jx) - ia-&”] /2 is the lowering operator for qubit j. Finally, inter-
actions between two qubits are modeled by an XX spin-1/2 Hamiltonian H,_, o«
0'5.)()0'5:) + 0'5.”0'](:) = 20’;0’1( + h.c..

To be specific, the Hamiltonians corresponding to each of the four models are
given in Eqgs. (I.5)-(I.8) below. These expressions describe the system in a refer-
ence frame rotating at the frequency of the central cavity wg/2r. In particular, in
the models “Ccq” and “S cg” with many cavities (each interacting with a qubit), all
qubits are resonant with the central cavity, while the other cavities are detuned by
a frequency A, ; from wy. Conversely, in the models “Cq” and “S g,” consisting of
many qubits and a central cavity, the transition frequency of each qubit is detuned by
Ay, j from wq. Our analysis relies on the assumption that wy dominates the param-
eters in the studied systems. As a result, the frequencies of the cavities and qubits
(wo + A, j and wp + A, j, respectively) are orders of magnitude greater than the in-
troduced coupling strengths — a common feature of quantum-optical systems. This
crucial assumption justifies our adoption of the local master Eq. (1.2) [[79]-[82].

We also note that, for maintaining the steady state Eq. (I.1), the Hamiltonians
must adhere to specific symmetry properties: they need to be symmetric in the inter-
action strengths and antisymmetric in the detunings, as discussed below. This sym-
metry requirement bears resemblance to the chiral symmetry identified in Ref. [28§]]
(see also Ref. [32]), which underlies the emergence of steady-state entangled pairs
— equal to those under investigation here — in a finite chain of qubits when the two
central qubits are coupled to a correlated reservoir.

Now, let us explicitly introduce the formulas for the Hamiltonians.

Chain of cavities and qubits: “Ccq” [Fig. [I.1](a)]

=

Heeg =1 ; {Ac.j (b0~ bl b)) (1.5)

+ [8j (bj-o'j + biﬂ'—j) + 17, j (b;bj—l + bijb_jﬂ) + h.c.]} ,

where j = 0 denotes the central cavity, and positive and negative values of j indicate
elements on the right and on the left of the central cavity, respectively, with |jl|
measuring the distance from the central cavity. Notably, cavities at equal distances
on the right and on the left exhibit opposite detunings, while all interactions are
symmetric.

In such a situation (and in the following), many entangled pairs form between
both qubits and cavities. The dynamics of the cavities align with Ref. [29] (which
specializes Ref. [33]]). Here, we illustrate how the entanglement within these bosonic
modes is transferred to the qubits, similarly to Refs. [[16f], [31[], [57], [83]-[85].
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Star of cavities and qubits: “S cg” [Fig. [1.1](b)]

=

Hseq =N ; {AC,,- (b;bf - bijb—f) (1.6)

+ [gj (b;r’o-f + injo-—j) + 7, jbg (bj + b_j) + h.c.]} .

In this context, the index j no longer indicates the distance from the central cavity;
instead, it is employed to label elements entangled in the steady state. In other
words, elements (both cavities and qubits) with indices j and —j form entangled
pairs. This model shares various features with the previous one. Firstly, the cavities
are entangled in the steady state, following a dynamics similar to that in Ref. [33]
(see also Ref. [61]]), which, in turn, induces entanglement in the qubits, analogous
to the previous case [16], [31]], [57], [83]-[85]. Secondly, the cavities within each
pair have opposite detunings, while their interaction coefficients are equal.

Chain of qubits with a central cavity: “Cq” [Fig.[1.1](c)]

N

H :hZ%[G(Z)_U(Z)

Cq Lo 1 -
]:

N

+7h glbg (o1 +0_-1)+ Z Ng,j (0'1:0']_1 + o{ja'_jﬂ) + h.c.|,
j=2

(1.7)

where, similar to the “Ccg” model, positive and negative values of j indicate, re-
spectively, the qubits on the right and on the left of the central cavity. A qubit on
the right chain has a detuning opposite to that of the corresponding qubit on the left
chain, while the corresponding couplings are identical. As described earlier, pairs
of qubits at the same distance on the right and on the left of the cavity get entangled
in the stationary state.

Star of qubits with a central cavity: “S¢” [Fig.[1.1](d)]
N (A
9] [ (2 () i
Hs, = hzl {T [o-j.z - O'_Zj] + [gjbo (O’j + O'_j) + h.c.]}. (1.8)
j:

As in the “Scq” case, the index j does not indicate the distance from the central
cavity, but it is used to label the elements entangled in the steady state, meaning the
qubits with indices j and —j form entangled pairs.

1.3.4 The steady state

Let us now examine in detail the steady state of the previously defined models.
When g; = 0 (indicating no interaction with the qubits), the squeezed reservoir
drives the central cavity towards a squeezed state. Correspondingly, as shown in



CHAPTER 1 - QUANTUM ARRAYS 9

Refs. [29], [33]], [61]], the remaining cavities (in the models “Ccqg” and “Scq”) ap-
proach a pure entangled state composed of many two-mode squeezed states. This
state can be expressed as

lp)e = UclO)e, (1.9)

where |0) is the vacuum, and U, the unitary responsible for producing the steady
state. In detail, for the cavities and qubits models (“Ccq” and “Scq”), U, is the
product of a squeezing operator on the central cavity mode and many two-mode
squeezing operators for the modes with opposite indices

r(pi2_ 2 N oot
U, = e5001) &) i) for Ceq and Scq, (1.10)
=1

where tanh(r) = +/n/ (n + 1). In contrast for the “Cq” and “S ¢” models, U, is the
single-mode squeezing operator

r T27 2
U, = 300, for Cg and S q. (1.11)

In particular, the term y; featured in Egs. (1.1) and (1.10) is defined as

(—l)j, for Ccg,
] = forCyg,
= o) forsa, (1.12)
1, for S¢q

for j # 0. We also note that these operators [Eqs. (I.10) and (I.11))] realize the
Bogoliubov transformation

UlbjU, = N+ 1b; + x; Nab! , (1.13)

for all j, including j = 0 with yp = 1.
Now, it can be verified that, in general, the product state

) = @)y, (1.14)

involving the qubits state given by Eq. and the cavity/ies state given by Eq. (I.9),
with U, and y; provided in Eqs. (I.T0)-(T.12),, is a steady state for the four models.
In other words, one finds that 1 | He, |¥) (¥|| + 5L [¥) (%] = 0.

This is the result of the destructive interference occurring when these systems
possess the specific symmetries described in Sec. To elaborate, the Hamil-
tonians can be separated into distinct components: one involving only the cavity
operators H. ¢ (which is non-zero solely for the “Ccq” and *“S cq” models); and the
terms describing the interactions between cavity/ies and qubits, denoted as H._, ¢,
such that

Hé: = Hc,§+Hq,§+Hc—q,§e (115)
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we find

i K
3 |Hee: lodetel] + 5 Lelo)otel = 0. (1.16)
as demonstrated in Refs. [29]], [32], [33]], and

Hq,f|w> = 07

(1.17)
Hc—q,§|\{l> =0,

due to the quantum interference that hinders transitions involving qubit states in the
quantum superposition Eq. (I.T).
1.3.5 Dynamics in the squeezed representation
To verify Eq. (1.17) and gain insight into the steady-state dynamics, it is useful to
analyze the system in a representation where the cavity’s steady state corresponds to
the vacuum. Namely, we consider the master equation for the transformed density
matrix p = U Z pU,., expressed as

- 1=~ — K~

p =7 |He |+ 3 Lp. (1.18)
with the Lindblad term which describes dissipation of the zeroth mode being

Lp = 2bopb; — blbop — pb} bo. (1.19)
The transformed Hamiltonian in Eq. (I.T8) can be written as
Hy = UlH;U,

_ (1.20)
= Hc’é: + Hq’f + Hc_q’ér,

where the Jaynes-Cummings interaction term ﬁc_q, &= UI H._, U, may be ex-
pressed as

N
ﬁc_q’f = thj (bjrj + bij‘r_j + h.c.), for ¢ € {Ccq, Scq},
j=1
H,—q.cq = hg1b} (11 + T_1) + h.c., (1.21)

N
ﬁc—q,Sq = hZ gj [bg (Tj + T_j) + h.c.] R
j=1

with 7; given by the collective qubit operator
tj= Va+loj+y;Vao! . (1.22)
Now it is straightforward to verify that the transformed state

[¥) = @)t = 10)cl), (1.23)
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A=hA,

A1=0

A=-hA,

el > 20+ 1

20 R
¢ v’;%ﬂ

A=-2hA.,
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Figure 1.2: Low-excitations eigenlevels (black horizontal lines) for the Hamilto-
nian ﬁchLh 0610 (in the squeezed representation), excluding interaction terms
[see Egs. , @ and (T.2T)]. The figure includes matrix elements of interac-
tion terms (red, blue, green, and orange arrows; each color marks a different cou-
pling strength, as shown in the right-bottom corner), pertaining to the “Ccqg” model
with N = 1 (equivalent to the “S cg” model with N = 1). A purple wavy arrow illus-
trates population transfer due to the central cavity decay. The qubit state Eq. (T.1) is
denoted by |y) = (Vi + 1| = =) + Vail + +))/ V2n + 1 and its orthogonal state by
ly+) = (\/ﬁl — =y = Va+ 1]+ +>)/\/2ﬁT. Parameters nj and n = }; n; repre-
sent Fock states |n_jnon;). of cavities in the squeezed representation (i.e., squeezed
Fock states U,.|n_1ngn;). in the original representation). The values of A tag the
eigenvalues of I:IVccq|m =0,g/=0 for dirrent group of levels. Horizontal dashed gray
lines delineate groups’associated with each eigenvalue, and levels with the same
eigenvalue (in the same group) are reported at different vertical positions for clar-
ity. The state |y) with zero excitations n = 0 (steady state) accumulates population,
being decoupled from other levels. Indeed, it does not lose population but it is pop-
ulated by the cavity decay.

(with [y = U |...)) fulfilling H,—, ¢[¥) = 0 [equivalent to Eq. (1.17)]. Indeed, on
one hand, b jIF‘I7> = 0 due to the vacuum state of the cavity/ies (in this representation),
and on the other hand

Ty =0, V] (1.24)

In other terms, in this representation, all the cavities dissipate (via the central cavity)
and approach the vacuum. Correspondingly, the qubits’ population accumulates in
the entangled state Eq. (I.I)), akin to an optical pumping process. Notably, the
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state Eq. stands out as the only state that remains unaffected by decay, being
decoupled from all others, while concurrently being populated through the decay
process of the central cavity.

[lustrating this concept with a straightforward example, let us consider the case
when N = 1 for the models “Ccqg” and “Scq”, which are identical. In Fig. we
report the eigenstates of the system Hamiltonian without interactions, using arrows
to connect levels that are coupled by interaction terms. The number of cavity excita-
tions (in the squeezed representation) increases from left to right, and the dissipation
of the central cavity induces an irreversible transfer of population from right-side
levels to left-side ones. The figure shows that the qubit state Eq. (I.23)) [equivalent
to the state Eq. with zero cavity excitations] is the only state decoupled from
the other levels. Simultaneously, it remains immune to decay while being populated
through the cavity decay. Consequently, this state maintains stability in the steady
state. Analogous considerations apply to the other models as well.

1.4 Models with only qubits

A comparable dynamics of qubits (in the squeezed representation) can be observed
by modifying our models to replace all the cavity modes with fresh new qubits.
Namely, we may consider the master Eq. (I.18)) and substitute all occurrences of
bj and b' with other lowering and rising qubit operators, denoted as o ; and U'Z, i
respectively (where the subscript . indicates these as the new qubits replacing the
cavities from Sec.[I.3|and Fig.[I.1). This transformation yields new models consist-
ing solely of qubits, featuring a single central lossy qubit. Furthermore, the qubits
interact with a peculiar structure (unique for each model) of XY-interactions, as
depicted in Fig.

Let us explicitly express the equations for these models. The master equation
takes the form of Eq. (T.18)

R N K
0= [Hi. o]+ 3 Loe. (1.25)
where, also in this case, we continue to employ labels & € {Ccq, Scq, Cq, Sq} to
highlight the relation with the models in Fig. [I.T] but now the Hamiltonian and the
Lindblad operator exclusively include qubit operators, following the substitution
bj — o ;. In other words

-Lq = ZL b s
_ e (1.26)
H«’f - H§|b]—>0'5,j
namely
L£,0=20c000, )~ T\ (700 — 00 (Teo, (1.27)
and

H; = H; ;+ Hy ¢+ H

S (1.28)
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Figure 1.3: Illustration of qubit arrays analogous to the models depicted in
Fig. (L.I), with the cavities replaced by additional qubits. Each model fea-
tures a central lossy qubit (represented by the wavy line), and qubits entangled
in the steady state are highlighted by thick red and green lines. In panels (a)
and (b), solid black lines connecting two qubits indicate XX- (isotropic XY-) in-
teractions o o-ﬁ.x)oix) + o-(.y)a'g), while dotted black lines represent interactions

of the form o (7(.")0'?) - a’&y)ag ). For panels (c) and (d), interactions between

the central spin and its neighbors are of XY-type, with anisotropic couplings
50 4 g(”)o-(?’)(r]((y ). The black lines in (c) connecting the other spins indi-

J Tk J
cate XX-interactions o a'j.x)aix) + o-i.y )azy ),

x g

where, as in Sec. H, ¢ is non-zero only for & € {Cq, Sq} and H; ¢ is non-zero
only for ¢ € {Ccq, S cq}, with

-

o _ @ e () o o)
Hicog =1 [gAC’J(’c,zj + ST T T aj—l))]’
=1 (=+
" ¢ (1.29)
o _ @ N P
Hc,ch =h Z [KACJO—C, lj + 2 (O-C,Oo—c, lj + O—C,OO—C, {j)] .

T
—_
U~
]
H

Furthermore, the interaction terms, originated from the Jaynes-Cummings terms
discussed in the previous section, are expressed as follows: in the models “Ccq”
and “Scq,” each qubit corresponding to a cavity of the previous model interacts
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with two qubits according to the Hamiltonians

cqf_hz

Z O [NTH 0% s Vi) | +

c{J

n+1 —)(J‘/_O'(y) ]}

(1.30)

c(][

for ¢ € {Ccq, S cq}. Conversely, in the models “Cq” and “S g,” the Jaynes-Cummings
terms result in the anistrotopic XY-interaction Hamiltonians

_ (x) (x) (x) » (y) ()]
H_cq= hZ[ Te0%¢ T81 90%1 ]

(1.31)
H°. qu hZZ[g(X)O.(J%O.(X) +g(Y)O.(Y) ?j)]
J o{==
with

g(,.x)= %(Vﬁ+1+){,‘/ﬁ),

' . (1.32)
y &= =

8 =5 (Ve T-x; V).

where y is defined in Eq. (T.12).
Now, it is straightforward to verify that, as in the previous section, a steady state
for these models is given by
) = =), (1.33)

where |-). indicates the state for all the qubits with lowering operator o, ;, where

(z)

each qubit is in the eigenstate of o~ with eigenvalue —1.

1.5 Numerical results

The uniqueness of the steady state Eq. can be numerically confirmed for
specific choices of the parameters A, j, ¢, j, Ay j, M4, j» and g;. In this section,
we present numerical results obtained in the squeezed representation for different
array sizes of the four models introduced in Sec. The calculations involve
truncating the Hilbert space of the cavities at various Fock numbers. Additionally,
we explore the limiting case where the cavity modes are restricted to only two levels,
corresponding to the qubit models in Sec. [T.4]

Additionally, we explore the impact of additional noise on these dynamics, as
illustrated in Figs. and analyze their scaling behavior with the array size, as
shown in Fig. We consider Eq. and introduce phase noise on the qubits ﬂ

IThe effect of extra cavity decay on analogous systems (comprising only cavities) has been exten-
sively investigated in Refs. [29], [33]], demonstrating that the entanglement dynamics remains unaf-
fected as long as the overall additional decay rate is smaller than the coupling rate to the squeezed
reservoir K.
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This is modeled by the equation p = £p, where the total Liouvillian superoperator
is given by

= 1 K—=— _
L5 =~ |He. | + 5L +yDP. (1.34)
and where the additional noise on the qubits is described by the Lindblad term
N
> — @)~ () _~
D= ) o -p. (1.35)
j=-N
j#0

It is important to note that the structure of the Hamiltonians discussed in the preced-
ing sections is not inherently sufficient to ensure the uniqueness of the steady state.
A trivial example is evident in the “S ¢”” model when all detunings and couplings are
equal, such that A, ; = A,  and g; = gy for all j, j/ € {1, ..., N}. In this highly
symmetric scenario, any partition of qubits can be employed to construct a state
Eq. (L.1), resulting in a stationary state. Each of these possible partitions will give
rise to a stationary subspace in the system dynamics. However, the actual steady
state will rely on the initial state and typically manifest as a statistical mixture of
states within this subspace. To ensure a unique steady state, such as the pure steady
state discussed in Sec. [I.3.4](or an approximate mixed-state version in the presence
of finite ), it becomes imperative to avoid these highly symmetric situations. One
way to achieve this is by employing distinct values of detunings and couplings for
each pair.

In this context, we characterize the steady state in terms of the concurrence [|77]]
between pairs of qubits. In particular, we verify numerically that, for the selected
parameter set, only qubits with opposite indices j and —j become entangled in the
steady state. We numerically compute the system’s evolution using wave func-
tion Monte Carlo techniques and assess the stability of the results by truncating the
Hilbert space of the cavities to various Fock numbers némax) (refer to Fig. . To
ensure the uniqueness of the steady state in our simulated models, we conduct a nu-
merical analysis on the spectrum of the total Liouvillian. Our findings confirm that,
for the given parameters, the steady state is indeed unique, evident from the null
space of the Liouvillian having a dimension of one. Due to the numerical complex-
ity of the problem, we focus on small arrays. In the squeezed representation, a rela-
tively low number of Fock states can be employed, with the lowest value n'™ = 1
corresponding to models solely featuring qubits (as in Sec. [I.4)), while larger val-
ues of ni.max) approach models that incorporate cavities (as in Sec. . For models
consisting solely of qubits, we can simulate the entire Hilbert space, enabling us to
unambiguously demonstrate the uniqueness of the steady state for the chosen pa-
rameters. However, in models involving cavities, the simulation is restricted to a
finite portion of the infinite-dimensional Hilbert space, raising concerns about the
effective uniqueness of the steady state for the complete models. Nonetheless, an
examination of Fig. [I.2] suggests that there are no subspaces beyond the simulated
part that neither dissipate nor are disconnected from it. This observation implies
that the steady state is likely to be unique for these cases as well. In Fig.[I.4](a)-(c),
we observe that in the ideal case (y = 0), the steady-state concurrence is the same
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Figure 1.4: Evolution of concurrence over time for different models: “Cq” with a
single qubit pair, N = 1, in (a) and (d); “Cq” with N = 2 in (b) and (e); and “Ccq”
with N = 1 in (¢) and (f). Various values of the dimension of the working Hilbert
space of the cavities (in the squeezed representation) are considered, as indicated
in the legend. The plots assume n = 1. In (b) and (e), solid (dashed) lines pertain
to the qubit pair j = 2(1). In the first row [(a), (b), and (c)], the dephasing rate
is y = 0. In the second row [(d), (e), and (f)], y = 5 X 10~%«. Specific parameter
values include A,; ~ —0.193k and g; = 0.36« for (a) and (d); A,; =~ —0.193k,
Ay = Ay1 +0.05«, g1 = 0.36k, and 1,1 = 0.362« for (b) and (e); and for (c)
and (f), the Hilbert spaces of all cavities are truncated at the same Fock number
ngnax) = n(i";ax), with A, =~ —0.26« and g; = 0.36«. The detuning values are chosen
to maximize the decay rate of the arrays for the given interaction strengths, selected
for simplicity within the same order of magnitude. This is achieved by maximizing
the real part of the smallest non-zero value of the total Liouvillian £ as a function
of A, as illustrated in Fig. (c) and Figs. (c), (f), and (d) for specific examples.

across all models, irrespective of the dimension of the Hilbert space. This aligns
with the findings of Egs. (I.I) and (I.14), indicating that in the absence of addi-
tional dissipation channels, the steady state of the qubits is identical for all models,
contingent upon the level of squeezing in the reservoir determined by 7. However,
it is noteworthy that the dynamics involving cavities [associated with larger values
of ng.max)] exhibit significantly faster evolution compared to models featuring only

qubits [némax) = 1]. Conversely, the presence of dephasing diminishes the final en-

tanglement, with the maximum reduction observed in the slower models, namely
those featuring only qubits [refer to Figs. (d)-(H)]. Figs. and illus-
trate that, under no additional noise (y = 0), maximum entanglement is attained for
higher values of 7, aligning with the expectation from Eq. (I.1]), which approaches
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Figure 1.5: (a) Steady-state concurrence for the “Cqg” model with N = 1 (equivalent
to “Sq¢” with N = 1) as a function of the average number of excitations of the
squeezed reservoir 7, featuring various values of the dephasing rate y. (b) Real
part of the first two eigenvalues of L for the same points. The initial state is the
vacuum (in the squeezed representation) for the cavity and the eigenstate of o-;Z)
with eigenvalue —1 for all the qubits. The vertical black dashed line in (b) indicates
the value of A, ; = 0.197«. The coupling strength is g; = 0.36«. The cavity Fock
space is truncated at nf)max) = 2 (in the squeezed representation) to approximate
a hybrid model of cavities and qubits. Similar results are confirmed for models
of only qubits (ng“ax) = 1) and larger values of ngmax). (c) Time evolution of the
concurrence for the highlighted (yellow) points in (a), corresponding to n = 0.5
(dark red), 1 (red), and 5 (salmon) with v = 5 X 10~%k. (d) Decay rate analysis:
same results to (c) where, at each curve, we subtract its steady-state value, take the
modulus, and fit the result with an exponential decay. The slopes of these lines
indicate the rate of decay towards the steady state. These rates align with the real

part of the eigenvalues of £ identified by the vertical dashed line in plot (b).

to the product of many Bell, maximally entangled states. Conversely, in the pres-
ence of finite additional noise with a rate y, maximum entanglement occurs at finite
values of n. This is due to the fact that larger n leads to slower dynamics, as de-
picted in these figures [refer to the decay rates for different 7 values in Fig. (d)].
Consequently, if y is excessively large, noise and decoherence have ample time to
disrupt the generation of the steady state.

The relationship between a larger 7 and slower dynamics is depicted in Figs.
(b), (c), and (d) (as well as the corresponding plots in Fig. [I.6). Specifically, in
Fig. (c) [and Figs. (c), (f), and (i)], we report the real part of the eigenvalues
of the total Liouvillian £ [see Eq. (I.34)]. The smallest (in modulus) real part
determines the rate of decay toward the steady state: a larger (in modulus) real part
corresponds to a faster dynamics. This relationship is clearly illustrated in Fig. [1.5]
(d), where we depict the time evolution of the concurrence relative to its steady state
value. This quantity exhibits an exponential decay with a rate given by the values of
the eigenvalues identified in Fig. [I.5](c). We confirmed this behavior for the other
models as well.
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Figure 1.6: Results similar to those in Fig. [I.5](a)-(c) are presented for the models

“Cq” with N = 2 (a)-(c), “S¢q” with N = 2 (d)-(f), and “Ccq” with N = 1 (equivalent

to “Scqg” with N = 1) (g)-(i). In (a) and (d), the solid (dashed) lines pertain to the

pair j = 2(1). For (a)-(c), the parameters are A, ~ —0.13k, A,> = Ay + 0.05x,

g1 = 0.36«, and n,; = 0.362«. The cavity Fock space is truncated at ngnax) =2.

In (d)-(f), the parameters are A, ~ 1.3k, Ayp = Ay1 + 0.05«, g1 = 0.36k, and
(max)

g2 = 0.362«k. The cavity Fock space is truncated at n, = 2. In (g)-(i), the
parameters are g1 = 0.36x and A, ; = —0.17«k. The Fock spaces of the cavities are

truncated at némax) =2and n(;’ax) =1.

In Fig.[I.7] we numerically verify that the steady state remains unique even for a
larger number of qubit pairs, provided that the values of the detuning and couplings
are appropriately selected. We display the concurrence for the model “Cq” with up
to 10 qubits. Both the detuning and couplings vary linearly with the pair index ac-
cording to the relations A, ; = A* +0.05«(j—1) and 14, j = g1 +0.002«(j—1). In this
figure, we maximize the final concurrence as a function of A* only. More precisely,
we choose the value of A* to maximize the smallest real part of the eigenvalues of £
for each N (while keeping all other parameters fixed). This choice determines how
quickly the system approaches the steady state, as discussed earlier. These results
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Figure 1.7: (a) Time evolution of the concurrence for the jth pair, considering
different numbers of qubit pairs N < 5 in the “Cq” model. N = 1 is denoted
in cerulean, N = 2 in turquoise, N = 3 in sea green, N = 4 in lime green, and
N = 5 in amber. Only the results for the first pair are color-coded, while all others
are presented in grayscale. The Fock space of the central cavity is truncated at

gmax) = 2. System parameters include g; = 0.36k, 1, ; = g1 + 0.002«(j — 1), and
Ag j = A* +0.05«(j — 1), where the value of A* is distinct for each N as indicated
in the legend, chosen to maximize the concurrence. (b) Corresponding steady-state

concurrence for all pairs.

demonstrate that the final concurrence decreases with the number of pairs and ex-
hibits a behavior closely resembling the entanglement obtained in chains of bosonic
modes [29]].  Finally, we examine, in Figs. [I.§] and [I.9] the impact of random
variations in the system parameters from the symmetric configurations identified in
Secs.[I.3]and [I.4] The findings indicate that, as expected, the entanglement in the
steady state tends to decrease when the system lacks symmetry. The reduction is
more noticeable for deviations in the values of the detunings than in the couplings
and becomes more pronounced with an increase in system size.
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Figure 1.8: Steady state concurrence for the “Cq” model comprising only qubits
with N = 1, 2, and 3 entangled pairs, evaluated under random variations of the
system parameters from the symmetric configuration used in the previous figures.
The results in the left column are obtained by relaxing the condition of oppo-
site detunings for qubits with opposite indices. Instead of A, ;, we use A(r ) v =
Ay | (1 + r L] ) where r( ) are random variables uniformly distributed in the range
[=7max, Fmax]. The results in the right column are obtained by relaxing the condition
of equal couplings for qubits with opposite indices. Instead of g and n;, we use
gi’i =g (1 + r(g)) and n(irj =1n; (1 + r("])) respectively, with r(g) and rE_L"]) being ran-
dom variables uniformly distributed in the range [—7max» Fmax]- In each plot, for each
value of rmax, we present 200 random realizations (gray lines), their corresponding
averages (red dots), and standard deviations (red lines). The blue lines represent the
ideal results evaluated for the symmetric configuration with r(A) = (g) ('7) =0.
All plots share the parameters A; = (1.8 + 0.2 j) k, g1 = 0.3k, 17] = (0. 45 + 0. 05 7k,

andy = 107«.
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Figure 1.9: As in Fig.[1.§|(a) and (b) for the model “Ccq” with only qubits.

1.6 Conclusions

We have shown the feasibility of driving a quantum array into a pure steady state
featuring many entangled qubit pairs. This control is achieved by manipulating the
dissipative dynamics of a single central element, be it a cavity or a qubit. The purity
of the steady state is maintained when dissipation acts solely on the central element.
However, in the presence of additional decoherence affecting other qubits, the sta-
tionary state becomes an entangled mixed state. Notably, its entanglement remains
substantial and resilient, especially when the decay rate of the supplementary de-
phasing processes is significantly smaller than that of the dissipative decay rate of
the central element.

These models have broad applicability and can be implemented in various physi-
cal scenarios involving atomic systems [86]—[90] and solid-state nano-devices [91]]—
[103]]. This flexibility allows for the realization of both chain and star geometries.

An intriguing extension of this work involves exploring whether similar ap-
proaches can be employed for the preparation of more intricate multipartite entan-
gled qubit states, such as the graph states essential for measurement-based quantum
computers [104]. Analogous achievements have been demonstrated for bosonic
modes in Ref. [33]].
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Chapter 2

Microwave quantum illumination
with correlation-to-displacement
conversion

2.1 Overview on Quantum Illumination

Quantum illumination (QI) marks the forefront of emerging technology, harness-
ing entangled states to surpass classical benchmarks. Originating from preliminary
studies in 2005 that illuminated entanglement’s potential to enhance discernibil-
ity of entanglement-breaking channels [[105]], the QI protocol was subsequently in-
troduced in 2008 [106], [107]. Employing an entanglement-based strategy, this
protocol enhances detection capabilities of weakly-reflecting objects amidst bright
thermal backgrounds. Its enduring significance is evidenced by replication across
various contexts. Essentially, a source generates entangled pairs, with one member
probing the target region while the other awaits recombination with the signal upon
its return. Optimal joint measurement of this pair exploits their entangled nature,
yielding heightened sensitivity to the target detection challenge.

Initially confined to the optical domain, QI models spanned both discrete- [[106]]
and continuous-variable [[107]] systems, representing an initial extension of classical
LiDAR (Light Detection and Ranging) into the quantum realm. However, insights
from these early endeavors unveiled the potential of non-optical frequencies, par-
ticularly in environments characterized by intense thermal noise. Consequently,
in 2015, the QI paradigm shifted to the microwave regime [108]], where amplified
background noise enhances its quantum advantage. This transition marked the in-
ception of the first theoretical blueprint for quantum radar, poised to outperform
classical designs in efficacy.

The foundational principles underpinning sensitivity enhancement in QI pro-
tocols, in contrast to classical counterparts, are firmly rooted in the framework of
quantum detection and estimation theory introduced by Helstrom [109]]. This the-
ory, based on quantum hypothesis testing, deduces the optimal measurement oper-
ator to minimize error probabilities associated with single-copy discrimination of
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quantum states. It extends and generalizes Chernoff’s theory [[110], holding partic-
ular relevance within the domain of quantum discrimination.

Despite successful experimental demonstrations of various QI protocols, span-
ning optical [111]-[114] to emerging microwave applications [115[]-[118]], the re-
alization of a functional quantum radar, particularly one based on entanglement,
faces formidable technological hurdles. Notwithstanding excitement within defense
circles and the media regarding the military applications of quantum radars, the
tangible prospect of a fully-fledged quantum radar, capable of sustaining quantum
advantage across substantial distances in practical scenarios, remains elusive.

Indeed, the journey toward a quantum radar is fraught with myriad challenges,
both theoretical and experimental, hampering the fulfillment of essential criteria.
Notably, fully quantum designs, reliant on entanglement distribution akin to QI and
joint quantum measurements, prove susceptible to losses, hindering practical imple-
mentation in microwave scenarios. At optical frequencies, the pervasive high-noise
environment typical of atmospheric conditions is not consistently met. Moreover,
issues such as signal fading impose additional constraints on exploiting sensitivity
advantages in realistic scenarios [119]. In the microwave frequency domain, two
primary hurdles hinder quantum radar development. Firstly, achieving extremely
low signal intensities necessary for quantum illumination, as opposed to coherent
light, poses a significant challenge. Secondly, attaining the ultra-low temperatures
required to generate entanglement remains a formidable obstacle. In the context
of accuracy enhancement applications, requisite integration times present a major
practical challenge. Consequently, near-term development of a long-range quantum
radar appears improbable. Additionally, aside from distance constraints, formidable
hurdles loom concerning ranging capabilities and detection times.

However, despite the long road ahead for quantum radar development, the appli-
cation of QI holds promise for short-range detection of stationary or slow-moving
targets, as for example in scanning and surveillance scenarios. In this case, in fact,
ranging is not relevant, and the interrogation time can be long enough. The in-
herent advantage of the quantum design lies in reducing error probabilities while
minimizing the mean number of photons necessary for scanning. Moreover, the
latter feature of very low irradiation energies, makes QI also potentially useful for
biomedical scanning applications.

2.2 Introduction

Quantum illumination is an entanglement-assisted sensing scheme that enhances the
precision and sensitivity of target detection [106], [107]], [120], [121], via entangling
the signal probes with locally stored idlers. Originally developed to simply detect
the presence or absence of a target, QI offers a 6-decibel improvement in error expo-
nent due to entanglement [107]]. In recent years, QI has been extended to improve
target range and angle detection [[122f], [[123]], demonstrating an even greater ad-
vantage over classical counterparts in the intermediate signal-to-noise-ratio (SNR)
region, thanks to the threshold phenomena of nonlinear parameter estimation [[123]].

Despite these theoretical advancements in QI, its experimental realization in
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the microwave domain, which is the natural scenario for its application, has faced
several limitations. One of the practical challenges is the need for extensive cooling
for microwave quantum-limited detection, due to the high natural noise background,
and the lack of developed photon-counting detection technology [118]], [124]]. To
address these issues, a solution for QI based on optical-microwave transduction has
been proposed [108]. This approach utilizes an optical idler mode for noiseless
storage at room temperature, and up-converts the microwave return mode to the
optical domain for quantum-limited joint detection of optical photons. However,
the current state-of-the-art efficiency in optical-microwave transduction [4]], [13]],
[[125]-[128]] falls short of what is required to sustain this transduction-based scheme
in the near future.

In addition to the practical challenges, a fundamental limitation of QI is the re-
ceiver design problem. Currently, practical receivers such as the optical parametric
amplifier receiver (OPAR) and the phase-conjugate receiver (PCR) can only attain
half of the error exponent advantage [129]]. The optimal receiver would require
unit-efficiency sum-frequency-generation at the single photon level [130]], which is
highly challenging to realize experimentally. The problem of optimal receiver de-
sign seems to necessitate nonlinear processes and joint operations on the idler and
return modes, making it difficult to implement in practice.

Previous in-principle demonstrations of QI target detection have been hindered
by the aforementioned limitations. One example is an optical domain simulation,
which injected noise to mimic a microwave scenario and utilized a sub-optimal
OPAR [113]. This approach achieved approximately 20% of the error exponent
advantage. Another demonstration in the microwave domain used a digitally re-
constructed PCR [117]], but was unable to surpass the performance of the classical
benchmark represented by an ideal coherent state source with the same mean num-
ber of photons and homodyne detection. More recently, the OPAR scheme was
adapted to the microwave domain, overcoming several challenges in microwave
photon processing [118]] and again yielding roughly 20% of the error exponent ad-
vantage.

A recent development in the field of optimal receiver design is the correlation-to-
displacement (‘CsD’) conversion proposal, which suggests that the optimal receiver
design can be achieved by heterodyne-detecting the return mode separately and pro-
cessing the associated conditional idler field [[I131]]. Upon heterodyne detection of
the return modes, the idler modes collapse to coherent states embedded in weak
thermal noise. With the help of well-established coherent state discrimination pro-
tocols, the C-D receiver design can attain the optimal error probability of QI [[132].
This receiver design requires only programmable linear optics [133|], [134] and pho-
ton detection, making it more feasible for experimental realization. Additionally, it
eliminates the need for mode-matching between the noisy return fields at room tem-
perature and the cooled idler fields, avoiding technical difficulties. In this study, we
evaluate the feasibility of the C-D receiver design in the microwave domain [[135].
We account the lossy antenna coupling to the detection in real radar systems, by
introducing loss 1 — g < 1 in the return mode prior to heterodyne detection. To
mitigate this loss, we suggest using parametric amplification with gain G > 1. Our



26 CHAPTER 2 - QI WITH C-D

Signal Fridge 7T’
Returned & g6 25

signals ns

Receiver . . m . -
— : :

o9

Transmitter
Measurement

results

—————

Idler Fridge T .
1
Beam- ParE
= - Z . splitter _T
> : : array
Idlers

Entanglement source

Figure 2.1: Schematic of quantum illumination, with a practical receiver based on
correlation-to-displacement conversion, in the presence of noise and loss. A set of
M signal-idler TMSYV states is generated by an entanglement source, with the idler
mode (ay) stored in a refrigerator (at temperature 7;) for later detection. The signal
mode (as ) is transmitted from the transmitter to investigate a target, which is repre-
sented by a phase-shift thermal-loss channel (®y ). The returning modes (ag) are
gathered at the receiver, where they undergo processing (at temperature T’ ). To ac-
count for losses (175) and noise, they are first amplified (G) before being heterodyne-
detected (het). The measurement results are then collected and used to operate a
programmable beamsplitter array. This array transforms the phase-sensitive cross-
correlation among the M signal-idler pairs into the complex displacement amplitude
dr of a collective idler mode (with thermal photon number E) at the output of the
array, which is detected by a photodetector (PD). We take into account the impact
of imperfect idler detection using the 5; elements, which commute with the beam-
splitter array and thus appear beforehand.
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results show that the full optimal six-decibel error-exponent advantage can be re-
tained when Gng > 1 if the amplifier is quantum limited. Even if the amplifier
introduces noise at room temperature, the C-D receiver still provides a three-decibel
advantage over the ideal classical system. Furthermore, we consider the case of
limited detection capability in the idler modes. Instead of the complex Dolinar re-
ceiver, we consider the simpler Kennedy receiver and still observe the optimal error
exponent advantage. Finally, we compare the practical C-D receiver design with
both the classical coherent-state homodyne detection and the PCR (which is more
effective than the OPAR [136]]).

This chapter is organized as follows. Sec. [2.3] describes the protocol, while
Sec. recalls the basic properties and tools of QI. Sec. provides a brief re-
view of the C-D receiver and its performance under ideal conditions. Sec. [2.6]dis-
cusses relevant experimental limitations in the case of microwave QI, and Sec. 2.7
shows the performance of the C-D module in the presence of such realistic scenar-
i0s. Sec. compares the performance of the C-D module with that of classical QI
based on coherent state and homodyne detection and that of the PCR. In Sec. [2.9]
we consider performance enhancement if we further allow number-resolving detec-
tion. In particular, Sec. presents the Neyman-Pearson framework and receiver
operating characteristic (ROC) curves. Finally, we conclude in Sec. 2.10]

2.3 Overall protocol

As shown in Fig. in a target detection scenario, the transmitter sends signals
to the target, and then the receiver collects return signals and performs measure-
ment to infer about target’s presence or absence. To benefit from entanglement, a
source generates pairs of idler-signal entangled pulses. The idlers are stored locally
and used to assist joint measurements with the return signals. In QI, such signal-
idler entanglement provides a six-decibel error exponent advantage, despite being
destroyed by extremely lossy transmission and high noise background.

Our proposed receiver system adapts the CsD conversion approach to practi-
cal receiver operating conditions. While the idlers are cooled to 7; ~ 10 mK to
enable quantum advantage, the returned signal part is cooled to a much higher tem-
perature T's for experimental convenience. Such a layout is possible as the C-D
conversion module only feeds the classical heterodyne measurement results on the
“warm” and noisy returned signals, to perform conditional linear optical transforms
on the “cool” idler alone (indicated by the dashed line), avoiding idler contamina-
tion. Finally, photo-detection is performed on the transformed idler, and a decision
on the target’s presence or absence is made according to the measurement result.
To compensate for additional loss 1 — s at the receiver antenna, amplification of
gain G is performed. On the contrary, the loss 1 — 77; on the idler needs to be min-
imized and cannot be compensated. In fact, the idler pulses are not contaminated
by noise, and any amplification will actually degrade the overall performance. The
photo-detection can be realized via coupling the microwave idler modes to transmon
qubits, as demonstrated in Refs. [118]], [[124]].
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2.4 Quantum illumination for target detection

QI is a quantum-based remote sensing technique that leverages the entanglement
between signal (as) and idler (a;) modes. The signal mode probes a target region,
while the idler one is kept at the emission station. By performing a joint mea-
surement on the signal and idler modes, the quantum correlations of the transmit-
ted state are exploited at the receiving station. The problem is framed as a binary
decision-making task, where the two hypotheses are: “target absent” (Hp) and “tar-
get present” (H;). The asymptotic optimal input state is a two-mode squeezed vac-
uum (TMSV) state, a bipartite Gaussian state characterized by its covariance matrix
(CM) [132], [137]

vo _ @Ns+DI  2VNs(Ns + DZ o
ST\ 2VNs(Ns+DZ 2(Ns+ DT ) ‘
where Z = diag{1, —1), I = diag{1, 1}, and (afas) = Ny is the signal brightness.
While the idler is stored for later detection, the signal is transmitted through a phase-
shift thermal-loss channel @, g, whose action on its mode when the target is present

is described by

ag = e vkas + V1 — kag, (2.2)

while the absence of a target corresponds to the case x = 0, i.e., where the channel
is @ . Upon the channel @, 4, the CM Eq. (2.1)) becomes
Vo = [2(kNs + Np) + 1]I  2+kNs (Ns + 1)RZ 2.3)
RE=\ 2 vikNs (Ns + DZRT (2Ns + D1 : '

where R = cos 6l — isin0Y (with Y indicating the Pauli-Y matrix) and <aga3> =
Np/ (1 — k) is the mean number of thermal background photons. Tab. 2.1 shows the
mean thermal photon number for a typical microwave field at w = 27 X 5 GHz at
temperatures of interest. The signal and return modes propagate at room temper-
ature, while — depending upon the chosen device — detectors and amplifiers can
be operated at temperature Ts equaling either the room temperature, a few Kelvins,
or ideally close to the Josephson parametric amplifier generating the TMSV state
at microwave frequency [[138]], [[139], which is typically placed in the cold plate
of a dilution refrigerator at about 10 mK [115], [117], [118]. The idler is always
stored in the dilution refrigerator at about 7; ~ 10 mK [[115], [117]], [118]], to enable
quantum advantages.

2.5 Correlation-to-displacement conversion in the ideal case

Ref. [[131]] proposes a conversion module for capturing and transforming quantum
correlation into coherent quadrature displacement, to enable the optimal receiver
design for various entanglement-enhanced protocols. The module is based on het-
erodyne and programmable passive linear optics, and maps the multi-mode quantum
detection problem to the semi-classical detection problem of a single-mode noisy
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w/2n [GHz] T [K] N ~
5 3x102 1.25x10°
10? 4.15 x 10?
10 40
4 15
1 4
107! 107!

1072 4x 1071
4% 1073 9x107%

Table 2.1: Values of mean thermal photon numbers for a microwave mode at w =
271 x 5 GHz at temperature values of interest.

coherent state, allowing for explicit measurements to achieve the optimal perfor-
mance. The module provides a paradigm for processing noisy quantum correlations
for near-term implementation and can be applied to a wide range of entanglement-
enhanced protocols, including quantum illumination, phase estimation, classical
communication, target ranging, and thermal-loss channel pattern classification.

QI for target detection considers the discrimination between two channels, @ o
and @, o. In fact, we will consider from now on the simple case of a fixed known
phase-shift 6 (which can always be chosen equal to zero), as the protocol’s perfor-
mance in the large M limit is independent of this phase [[123]. Additionally, the
possibility of a random return phase-shift has been explored [[140].

In the ideal case, the conversion module produces the displaced thermal states
po, Ny (target absent, Hp) and p ;.  (target present, H,), where

+00 n

E T
Pa.E = ZO ErT @il DT @), 2.4)

with |n) a Fock state and D (@) the displacement operator. The total displacement
amplitude square x ~ P (., E1deal) Obeys a (generalized) y? distribution with
Eldeal = kNs(Ns +1)/2(kNs + Np + 1). Here the probability density function for the
x? distribution parameterized by ¢ is given by

M—16-x/(2€)

P (o=
0= e

(2.5)

where I' (M) = (M — 1)! is the gamma function [131]]. This leads to the error prob-
ability performance limit

+00
Pew = f dx PM (x; £) Py (po.ng- Py 5) 2.6)
0
where Py is the Helstrom limit [[109]], [[141]], [[142]]

1 1
Py (p1,p2) = 3 (1 - ETr“Pl —Pz|]), (2.7)
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Figure 2.2: Behavior of r(CLf)) /rcs as a function of log;, [Ny (1 — 1/G)] with ampli-
fication and ideal signal and idler detection, for different values of log;, Ns, given
Np = 1250 and x = 0.01. Ng = {10!, 10°, 107!,1072, 1072, 107} from bottom
to top, as indicated by the labels on top of the curves. The plot indicates that the
amplification stage provides a factor of advantage greater than 2 (as indicated by
the horizontal dashed line) for a range of relevant parameters. This is due to the
robust compensation of noise effects achieved by amplifying, as demonstrated by
the vertical dashed line at Ny (1 — 1/G) = Np.

in the case of equal prior probability. As shown in Ref. [131], even though the
exact solution of Eq. (2.6) is challenging, we can obtain lower (LB) and upper
bounds (UB) for the error exponent rc.p = —limpy_e In(Pc.p) /M. The upper
bound can be achieved by approximating p . g as a coherent state and po, g as
vacuum. In the respect of the asymptotic analysis, the Helstrom limit approaches
Py (po, Ns»> Py, E) ~ e */4, which — combined with Eq. — gives the upper

bound r(CLIg) = 2¢£. On the other hand, a lower bound of the conversion module

performance can also be obtained as [[131]]

1) = 26 (VN5 + 1~ VNs) @8)

In comparison, the optimal classical case, achieved when a coherent-state with mean
photon number Ny is sent to the target, has the error exponent

res = kNs (VN + 1= yNg) . 2.9)

(UB) _ (LB)

In the Ng < 1 and Np > 1 limit, one finds that r, oD

CsD = 4rcs, which
achieves the optimal advantage.

2.6 Practical microwave detection scenario

Regardless of the technology or setup employed, non-idealities or imperfections will
always exist in practical systems, affecting their performance. To mitigate this, we
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propose the use of a pre-detection amplifier, which can compensate for additional
coupling loss. Our results demonstrate that this approach can effectively improve
the performance of binary hypothesis testing and enhance the accuracy of state dis-
crimination.

Before detection, the returned mode is amplified using a quantum amplifier,
leading to the amplified mode

ap = VGag + VG - la}, (2.10)

where <a"r,av> = Ny is the mean photon number of the amplifier noise mode. The
amplified a4 and the idler a; modes share the CM
var=( Tzt et ) @1
where
Ny = <aZaA>
=G[kNs + Ng+ (1 -1/G)(Ny + 1)], (2.12)

Vi =24/ GkNg (NS + 1).

Microwave amplifiers with gain G ~ 100 and excess noise of Ny ~ 10 photons
have been successfully utilized in various microwave QI experiments [[117]. Addi-
tionally, superconducting quantum computers employ microwave quantum-limited
amplifiers that exhibit added noise levels of about half a photon [143]]. The behavior
of such experimental systems can be accurately described by the phase-insensitive
linear amplifier model presented in Eq. (2.10).

It should be noted how, comparing Eq. (2.11)) with the one without any amplifi-
cation Eq. (2.3), the performance lower bound Eq. (2.8) applies also to the case with
the amplifier, as long as one replaces the parameters k — Gk and Ng — N4y —GkNs.
Furthermore, we see that if (1 — 1/G) (Ny + 1) < Np, the performance of the con-
version module does not change asymptotically. This is verified in Fig. via
calculating r(CE]f')) /rcs vs log,o [Ny (1 — 1/G)], where the factor of four (6 dB) ad-
vantage is seen at the Ng << 1 limit.

The same analysis can also be applied to the non-ideal scenario of imperfect
heterodyne detection of the amplified mode and imperfect idler detection. Hetero-
dyne detection efficiency in the microwave regime typically ranges from 40% to
70% depending on the input power. However, in the scope of our analysis, s repre-
sents the overall channel efficiency, which is dependent on the specific experiment
and may be much lower, with realistic values around 10% or even less (down to
1%). Therefore, to account for the efficiencies of the detectors, we introduce two
beamsplitters, as illustrated in Fig. 2.1] with transmissivities ng and 1, respectively.
These beamsplitters combine the incoming modes a4 and a; with their respective
thermal modes ag, and ag,.

For simplicity, we assume the non-ideal heterodyne detection to be symmetric
in the quadratures, resulting in the input-output relation

ay = \msas + V1 —nsag,, (2.13)
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where we set <a21a51> = NE,. By performing the analysis through channel compo-

sition [see Eqgs. (2.2)), (2.10), and (2.13)], one can obtain
a, = ¢ \InsGkas + \1 - nyGxa,
VitsG (1= a + s (G = Day, + \T-nsar, 2.14)
V1 —nsGk ’

a=

with [Zt, fo] =1, and

(aa) = BGNp s (G —11)_(]17\%1 D+ (1 —ns) N, o15)
With this composition, the channel is now characterised by the parameters
k = ns Gk,
Ng = nsG|[Np+(1-1/G)(Ny + 1) + 1_ZSNE1 ' (2.16)

If we combine this reparameterization with an imperfect idler detection

ay = \nar + N1 —niag,, 2.17)

with <a22aE2> = Ng,, the CM of these two non-ideal modes a); and a; can be
expressed as

2N +1)1 V. RZ
Vi =( ( A T) 12 ) (2.18)
VL, ZRT  (2N;+ 1)1
where we call
N = 1_775
A —USG KNS +NB+(1—1/G)(Nv+1)+ . G NE] .
S
Vi, = 24/nsnGkNs (Ns + 1), (2.19)

’ 1 -
N[ =nI (NS + T”NEZ).
n

Itis worth noting how the dominance of N} by N in Eq. (2.19) suggests that excess
noise from the electronics may not play a significant role.

2.7 Correlation-to-displacement conversion in practice

Since the procedure has been extensively discussed in Ref. [131]], we will not delve
into it in this paper. By heterodyning mode &/, one obtains the remaining modes
are still in a Gaussian state, resulting in the following expression for the output CM

Vi = QE + 1,
nsniGkNg (Ng + 1) (2.20)

E'=Nj-
! Ny +1
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Correspondingly, with measurement result X = (g, pn)T, the mean of the non-
ideal idler becomes

2.21)

< \nsniGkNs (Ns + 1) ( gy cos 6 + prysin 6
= N, +1 g sinf — prycosf |-

Here I1 s just a subscript reminding ourselves that these are measurement outcomes.
With the imperfections in consideration, the distribution of the measurement out-
comes is given by

__[xaf
eXp( 4<N2+1)) (2.22)

pMy) = (2.23)

Finally, by utilizing the displacement conditional on the heterodyne measurement
result in the idler complex plane

_ \/nsniGkNs (Ns + De My

dm ’ b
N, +1

(2.24)

we can express the total displacement of the collective idler mode at the output of
the programmable beam splitter array, through a change of variables, as

M 2M
drlP = D ldul® =€) 7 7~ NO, D,
m=1 i=1

_ smGkNs (Ns + 1)
2(N}y +1)

(2.25)

3

where N (0, 1) denotes a Gaussian distribution with zero mean and unit variance. In
the following sections, we will make extensive use of the parameter &, which plays a
critical role in our analysis. We note that |d7|* satisfies the y? distribution Eq. 2.5),
with mean 2M¢ and variance 4M¢?. Furthermore, Eq. (2.20) can be conveniently
rephrased as £ = N, — 2¢.

2.7.1 Performance limits of the conversion module in practice

Here we introduce a further, commonly used, benchmark for analysing the illumina-
tion protocol, i.e., the Quantum Chernoff Bound (QCB). It provides an upper bound
for the Helstrom error probability of Sec. which is asymptotically tight in the
error exponent for large M [144]). Thus, the error exponent of the QCB provides the

best achievable error exponent, and must be larger than r&%).
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Figure 2.3: Black lines represent the ratio r(CEB) /rcs as a function of log,, Ns, purple

ones rgBD) /rcs, dashed gray for the QCB (see App.|A.2), and blue ones r(cl\él) /rcs,
where rgé is obtained by applying the substitution Eq. EI) (a) Ideal return de-
tection, no additional signal loss g = 1 and therefore no amplification needed,
G = 1. (b) Lossy return detection s = 0.1, assuming pure loss Ng, = 0. We
apply quantum-limited amplification of G = 100, Ny = 0. (c) Ideal return detection
ns = 1, and noisy amplification G = 100, Ny = Np at room temperature. (d) Lossy
return detection g = 0.1 with noise Ng, = Np at room temperature. We apply
noisy amplification G = 100, Ny = Np at room temperature. The lower bound of

the C-D module consistently aligns with the QCB.

The comparison between the error exponent of the C-D module [see Eq. (2.8)
and that for the upper bound, which is within the text] and the one obtained from the
QCB (see App. for further details) can be seen in Fig. showing that even
in the worst case scenario of lossy amplification and imperfect detection, there is a
factor of 2 improvement compared to the classical case Eq. (2.9). Furthermore, it
is worth noting that the lower bound of the conversion module consistently exhibits
a close alignment with the QCB. The plots in Fig. provide evidence for the
importance of an amplification stage in the microwave domain, where losses from
detection may be challenging to overcome. It compares the ratio r(CE]IB)) /rcs with
rgl) /rcs versus log, G, in two different temperature conditions (cool and warm).
It can be seen that amplification is not necessary in a cool environment, but it is cru-
cial in practical cases characterized by warm environments where g < 1/2: only
through amplification can a factor of 2 advantage be achieved, with the emergence
of an optimal value of G. In the later part of the paper, we will refer to the pa-
rameter setting above as either the “cool case” or the “warm case”, referring to the
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Figure 2.4: The impact of losses and gain on two scenarios: (a) a cool case with
Ny = Ng, = 0.1 (corresponding to 7s = 100 mK) and (b) a warm one with
Ny = Ng, = Np (corresponding to Ts = 300 K). The other parameters are fixed at
Np = 1250, k = 0.01, Ng = 1073, and nr = 1 (i.e., we assume the idler is ideally
stored). Solid lines represent the ratio r&%) /rcs as a function of the gain logy G,

for different values of g (visible in the legend); dashed lines r(CI\éD [rcs, where rig
is obtained by applying the substitution Eq. (2.16). Amplification is not necessary
in a cool environment (a), but it is crucial in practical cases characterized by warm
environments (b) where g < 1/2: only through amplification can a factor of 2 ad-

vantage be achieved.

processing temperature of the returned signal.

2.7.2 Kennedy receiver

Let us now study the performance of the C-D module in the case of a specific de-
tection scheme of the conditional idler state. A simple idler’s detection scheme is
the classical Kennedy receiver, described by the set of POVMs Ily = |0){0| and
IT; = 1 — Iy, where 1 is the identity operator and |0){0| represents the absence of
a photon. The receiver operates in the on/off mode and distinguishes between the
presence or absence of a photon.

A practical approach to implement such a receiver is described in Ref. [|118]],
where the authors introduce a method based on a photo-current and photo-counting
discriminator. While the calibration and measurement of every parameter in their
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system are rather complex, the basic idea is to use a dispersive qubit to read out
single photons in a regime where the probability of having more than one photon is
low.

We present a simple approach that provides useful insights and motivates the
adoption of a Kennedy receiver, but we will not employ it for our analysis. In the
limit where the number of signal photons Ny < 1 is low, the receiver (neglecting
experimental limitations) accurately selects |0) as the measurement outcome. How-
ever, the uncertainty in the decision arises from the fluctuations in the coherent state
|a). When the least probable classical situation pg = p; = 1/2 is considered, the
error probability can be calculated as [[131]

1 1
pe = 5 (@l ja) = 7e™* ~ 2Py = P ~ 2Pco, (2.26)

when |a| > 1 [see Eq. 2.6)] .
Nevertheless, the idler photon counting formula Eq. only considers the
ideal case of vacuum versus coherent state. To account for deviations from this ideal
scenario, we introduce a Kennedy receiver that attempts to discriminate between
two differently displaced thermal states at finite Ng. In the P-representation, the
two density operators to be distinguished are described by [145]
&p [WW
—L exp|-

9 =
pth( ) c ﬂ'NT NT

} 188l (2.27)

where 6 = {O, \/E} is the phase-space displacement, and Ny = N; — {0, 2¢} rep-
resents the average number of photons produced by thermal noise, with N; and &
defined in Eqs. (2.19) and (2.25)), respectively. The error probability can then be
calculated using the two POVMs as
Pe = poTr [ pr, (0)] + p1 Tr [Topm (@)]
= po {1 = Tr oo (0)]} + p1Tr [Mopm (@)]

where Tr [[Tpo, (6)] = exp (— |5|21 ) / (N7 + 1) [see Eq. (E1) of Ref. [136]]. Applied

(2.28)

Nr+
to our case, the least classical probability situation pg = p; = 1/2 yields

1 eXp (_ N;+)1C—2§) 1

=—|1+ - . 2.29
Pe=3 N +1-26 N +1 &
Finally, the error probability of the Kennedy receiver is given by
+00
owdemm, (2.30)
0
with PM (x; £) given in Eq. (2.5)). In other words
1 2 1-M }
Py = ——— (1 + ,—) + Nj|. (2.31)
2V + 1) [\ Np+1-28 !

While we have adopted the Kennedy receiver in this work, it is worth noting that
further performance improvements can be achieved by optimizing the displacement
amplitude and consider the improved Kennedy receiver [146].
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Figure 2.5: Comparison of the error exponent ratio r/rcs between the C-D module
and the PCR [see Eqs. (2.8), (2.33)), and (2.9), respectively] as a function of log;o Ny
and log,y Np. The other parameters correspond to the ‘cool’ case and are set to:
Ny = Ng, = Ny = 0.1 (corresponding to Ts = 100 mK), Ng, = 4 x 107!
(corresponding to 77 = 10 mK), G = 100, Gpcr = 2, ns = 0.1, and n; = 0.9. The
red circle represents the parameters used in Fig. 2.6l The C-D module possesses
clear better performance, as stated by the wide yellowish areas.

2.8 Performance benchmarks

In order to assess the performance of the C-D module, we compare it with a classical
benchmark based on coherent states and homodyne detection. The error probability
of homodyne detection is given by [[107]]

P = ! erfc KMNs
E.homo = 7 202Nz + 1)

where erfc[z] = (2/ \/%) fz T dte™ is the complementary error function. Besides
the classical scheme, we also benchmark with known practical receivers for QI such
as the PCR scheme [129], [131]], whose error probability in the QI scenario is simply
given by (details can be found in App.[A3)

Pgpcr = % erfc ( VRPCRM) ,

2
Rock = L[N + (Grcr — 1) (2] + 1) (Vg + N} g +2) (233)

) (2.32)

-1
+143/2 + 2GpcrNvper |

where 1 is given by Eqs. (A.T7), and Gpcr and Ny, correspond to the gain and
mean number of added photons of the phase conjugator, respectively. Fig.[2.5]shows
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Figure 2.6: Error probability as a function of the number of copies M in both the
non-ideal (solid) and ideal (dashed) case. The non-ideal case is characterised by:
Ns = 1073, Ng = 1250, Ng, = 4 x 10~!! (corresponding to T; = 10 mK), x = 0.01,
G= 100, ns = 0.1, nr = 0.9, and GPCR =2. (a) Cool case with NV = NE1 = NVPCR =
107! (corresponding to Ts = 100 mK), (b) warm one Ny = Ng, = Ny, = 1250
(corresponding to Ts = 300 K). Dashed lines are the performance for each solid
colored curve in the ideal scenario (175 = n; = 1 and no amplification G = 1). The
horizontal dashed line marks Pg homo = 0.05.

a comparison between the performance limits of the CsD module and PCR in terms
of error exponents [see Eqs. (2.8) and (2.33), respectively]. Although we only
present the performance analysis for the cool case of return signal processing, it
is noteworthy that the C-D module exhibits superior performance compared to the
PCR, as evidenced by a significantly larger region of parameter space with bet-
ter performance, as indicated by the yellow coloration. The scaling of major error
probabilities with the number of copies M is shown in Fig. for both the warm
and cool cases. Note that the parameter setting of Fig. [2.6] corresponds to the red
dot in Fig.2.5] Specifically, we focus on the performance of the C-D module with
Kennedy receiver (red lines), which is almost comparable to that of the QCB (blue)
and outperforms any other practical scheme considered. The saturation of the C:D
performance is due to the on-off detection of Kennedy receiver, as we will resolve
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in Sec. We also present the comparison to the Nair-Gu lower bound [|132] (light
gray), which shows similar scaling of the QCB. In Fig.[2.5] the dashed curves are
the performance curves of the receivers assuming all equipment become ideal, in-
stead the solid curves where imperfections are considered (the same color coding
of the curves are adopted for both dashed and solid, as indicated by the legend). To
provide a comparison between the C-D module equipped with an on/off Kennedy re-
ceiver and the PCR, Fig. presents the error probability ratio log,, (Pg/PE, homo)
for the cool case, where M is chosen such that the homodyne error probability is
fixed at Pg homo = 0.05. As shown by the wide dark area, the CsD module clearly
outperforms the PCR in the Np > 1, Ny < 1 parameter regime.

2.9 Enhanced performance with number-resolving detec-
tion

So far we have adopted the Kennedy receiver with on-off detection, which leads to
the saturation of error probability (red lines) in Fig. [2.6]at large M. To obtain better
performance, in this section we generalize the Kennedy receiver to a photon number
resolving detector (PNRD) on the idler.

As already analyzed, the decision between the presence or absence of the tar-
get is equivalent to discriminating between two states of the final idler mode af-
ter the beamsplitter array: the thermal state po x; when the target is absent, and
the displaced thermal state p . ;» When it is present. Recall that N is defined by
Eq. (2.19), E’ by Eq. (2.20), and x is a random variable associated with the results of
M heterodyne measurements on the return modes, distributed according to Eq. (2.5),
with £ given by Eq. (2.25). With a PNRD detection, we can now compare the pho-
ton number probability distributions for the two hypotheses: pﬁ,o) = (nl po, v, In) and
pf})(x) = (n|p VE E |n). The presence of the target is declared when the outcome
of the photon number measurement is greater than a predetermined threshold value,
n>np=>1.

To prepare our analyses for the ROC curve, we consider the false alarm proba-
bility Pr and the detection probability Pp for a fixed decision threshold np as

+00

D lpon; Iy, (2.34)

n=np

> fo mde(M)(x; &) nlp i p ), (2.35)

n=np

Pr

Pp

where we average over the random variable x. The evaluation of Pr is simple and
one has

P = N 2.36
rom) = (5] (2.36)

while that of Pp is more involved. We start by using the following result for the
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Figure 2.7: Comparison based on the error probability ratio log,, (Pz/PE, homo) be-
tween (a) the C-D module (equipped with an on/off Kennedy receiver) and (b) the
PCR [see Eqs. (2.31), (2.33), and (2.32), respectively] vs. log;y Ns and log;y Np.
The value of M is selected to set Pg homo = 0.05. The other parameters correspond
to the ‘cool’ case and are: Ny = Ng, = Ny = 0.1, Ng, = 4 x 10711, G = 100,
Gpcr = 2,15 = 0.1, and 17; = 0.9. The red circle indicates the parameters used in
Fig.[2.6] As shown by the wide dark area, the C-D module outperforms the PCR.

photon statistics of a displaced thermal state for a given x [[147]], [148]

exp(—ﬁ)( E’ )”Ln[ x

Wy _
Pr == T\ B EE +1)

, (2.37)

where L, [] is the n-th Laguerre polynomial. Next, one can perform the average
over the probability distribution Eq. (2.5) to obtain the average photon number prob-
ability distribution when the target is present

(E/ + l)M—n—lE/n
(E'+1+26M

e (M; &) =
(2.38)

3
xoFy M, =n, 1, ——— 5 |
2{ TR E 1120

where 2 F (a, b, c, z) is the Gaussian hypergeometric function. Consequently, the
detection probability Pp (np) can be exactly determined as

nD—l

Po(np)=1- )" B (M: §). (2.39)
n=0

2.9.1 Bayesian error probability

To begin with, we consider the symmetric error Pg = (Pg + 1 — Pp)/2 and eval-
uate the performance. Here the results are similar to that of Ref. [140]. This is
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because, given the choice of photon counting, random phase does not change the
performance anymore. From Egs. (2.38) and (2.36), we have the error probability
Pr as a function of the threshold np. We compare this optimal decision strategy
with a variable threshold np, and quantify the error of probability using

1 np—1
(np) _ 2|1 _ .
PR =5 ll Zé yn M f)}, (2.40)
where the function
m
Yn(M; &) = ———
(v;+1) (2.41)

(E/ + l)M—n—lE/n
(E'+1+26M

26
CENE + 1428

2F1 [M9 —-n, 13

Although the above equation is exact, to enable efficient numerical evaluation in all
parameter region of interest, we further make an approximation at the M > 1 limit
and obtain

m

NI
Yn (M; f) =
(N;+1)

E/n
(E"+ )"

(2.42)
2ME

—2MEJE’ F
© ” E(E+1)|

n+1,1,

The precision of such an approximation is sufficient for our evaluation, as verified
in Ref. [[140]. The optimal performance is then given by a minimization of the error
probability over the threshold np

= min P"2). (2.43)
np=>1

Note that P(CIZD = Pk [see Eq. (2.31))], as expected.

Fig.[2.8|shows the results of our analysis, using the same parameter values as in
Fig. We observe that the optimized approach (orange) produces results that are
comparable to those of the non-ideal QCB (blue, see also App.[A.2). Specifically,
the irregular trend in the data is well described by a variable threshold decision strat-
egy approach, which is represented by the dashed lines in the figure. Our findings
suggest that the optimized approach can effectively discriminate between the two

states of interest, even in the presence of noise and other imperfections.
2.9.2 Receiver operating characteristic

Conversion module and photon-number resolving detector

Let us now analyse the performance of the C-D module within the Neyman-Pearson
framework, which is suitable in some radar operations [[149], using ROC curves.
In this approach, a chosen false alarm probability Pr is fixed, and the goal is to
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Figure 2.8: The saturation of the red line in Fig. 2.6 suggests an improvement, fol-
lowing the lines of Ref. [[140]], where a variable threshold decision strategy approach
has been used for asymptotic analysis. The red curve reproduces the usual Kennedy
receiver corresponding to the fixed threshold np = 1. The dashed grey lines cor-
responds to the case of fixed, increasing values of np. The orange line gives the
optimized result in which np is adjusted according to M, and therefore to the two
states to be discriminated. This latter approach yields results comparable to those
of the non-ideal QCB (blue). Parameter values are the same as those of Fig.

maximize the detection probability Pp. By gradually reducing the threshold value
np from a high (ideally infinite) value to zero, a concave ROC curve can be obtained,
plotting Pp versus P, starting from Pr = Pp = 0 and ending at Pr = Pp = 1.

To gain a clearer understanding of the behavior of the ROC curve, we derive
an analytical expression based on a Gaussian approximation. When x > 1, the
probability distribution pf,tl)(x) Eq. can be represented by a Gaussian dis-
tribution with mean (n(x)) = E’ + x, and variance 02(x) = (n*(x)) — (n(x))* =
E’> + E' + x(2E’ + 1). As a result, in this limit, the average probability distribu-
tion Eq. (2.38)) can also be approximated by a Gaussian distribution with properly
averaged mean and variance, and we have

—\2
P (M &) ~ —— exp [— w7 ] : (2.44)

2
oy, 203
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with
n = E+x
= E +2M¢, (2.45)
o2 = E?+FE +xQF +1)+0?
= E?+E +2MEQRE+2E +1), (2.46)

taking into account that the distribution Eq. has mean x = 2M¢, and variance
02 = 4M&?. A necessary condition for the validity of such a Gaussian treatment is
that ¥ = 2M¢ > 1. By using the Gaussian approximation Eq. (2.44), and eliminat-
ing the threshold np with the aid of Eq. (2.36), one gets the following approximate
expression for the ROC curve of the C-D module

PD(PF)~%erfc ! 5 logi —| (2.47)
on V2 log(Wi])

This approximation provides a satisfactory description of the ROC curves for mod-
erate values of Pp and Pr as long as 2M¢ > 1. Although the average probability
distribution [75,1) (M; &) resembles a Gaussian distribution around the peak centered
at its average value, it decays exponentially, not Gaussianly, for Pr — 0 = Pp — 0,
i.e., np — co. As aresult, Eq. tends to underestimate the value of Pp for high
threshold values np.

The ROC curve in the case of the PCR

As discussed in App. [A.3] (see also Ref. [150]]), when M > 1, the photo-count
difference of the PCR, N = N, — N_, according to the central limit theorem, follows
a Gaussian distribution with a probability density for the two hypotheses

_ (n—Muo )2 ]

exp[ ot

2 9
JZHMG‘O/I

where the two mean values p,1 and the two variances 0'(2) /1 are given by Egs. 1|

The discrimination between two Gaussian distributions with different means and
variances can be obtained by using the extended van Trees approximation [[151]], and
it can be expressed in terms of the auxiliary function

PNt (nlHop1) = (2.48)

1-s s
gy Ty

\/so% +(1-1) 0'%

2
><exp{_l‘/l(,Lto — )" s (1 - S)}},

2 [so% +(1—1y) o‘ﬂ

u(s) =In

(2.49)
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where s is a threshold parameter. The false alarm and detection probabilities are
then respectively given by

2

>

1
Pr = Eerfc

_ (2.50)
Pp=1- %erfe [(1 - ) 'l%

’

where ji(s) = dz,u/dsz.
However, one can get a simpler and clearer expression by taking into consider-
ation that the variances for the two hypothesis, 0'(2) and 0'%, are nearly identical for

the typical parameter values in a microwave QI experiment, that is, when x < 1,
Ns < 1, and Np > 1. In fact, Egs. (A.17) give
2
0-1 B 0-(2) _ ’
2 = nsG (Gecr — 1) &Ns [2N] + 1+ 2 (N5 + 1)
o (2.51)

X [N} + (Grcr = 1) (2N] + 1) (N} o + 1) + GecrNvper |+

which scales as kNg/Ng < 1 when Ng > Ng. As a result, one has ji(s) =
Mu% jo] = df)CR in Egs. (2.50), which can be rewritten as

1 1 11’17] dPCR )}
Pr = —erfc|— +—,
T2 [ V2 (dPCR 2

1 1 11’177 dPCR )]
Pp = —erfc|— -—,
) [ V2 (dPCR 2

where we introduce the new threshold parametrization as Inn = (s — 1/2) dIZ’CR‘ By
eliminating this threshold parameter, the analytical expression of the ROC curve for
the PCR can be obtained as

(2.52)

1 d
Pp = Serfc [erfc_l (QPF) — ﬂ] (2.53)

V2

where erfc™!(z) is the inverse of the complementary error function. We notice that
the ROC curve for the PCR is analytically identical to that of the optimal classical
benchmark of using coherent states and homodyne detection. Both have the same
form as in Eq. , but the replacement dpcr — dcs = 2 VM«kNs [ (2N + 1) [150].

Fig. [2.9| presents the behavior of the ROC curve for the C-D module in both
warm and cool cases, considering losses and amplification in the detection scheme.
The results are compared to the corresponding Gaussian approximation Eq. (2.47),
the PCR Eq. (2.53), and the non-ideal classical benchmark [using Eq. with
dpcr — dcs and Eq. (2.16)], all obtained under the same experimental conditions.

When the Neyman-Pearson decision strategy is considered, it can be observed
that the C-D module exhibits excellent performance in both the cool and warm
cases. In particular, its ROC curve is significantly larger than those obtained with
the PCR and the classical approach for the same experimental conditions.
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Figure 2.9: Comparison of ROC curves. The red line shows the performance of
the C-D module with a PNRD; the black one that of the PCR given by Eq. (2.53));
the dashed light gray line depicts the performance of the Gaussian approximation
of Eq. (2.47); the full dark grey line gives the non-ideal classical benchmark [using
Eq. with dpcr — dcs plus Eq. (2.16)]. The parameters used are the same as
in Fig. and (indicated by the red dots there), with M = 69 x 10”.

2.10 Conclusions

In conclusion, this work analyzed how experimental imperfections can be miti-
gated using correlation-to-displacement conversion-based receivers, and our results
showed that amplification on the return signals can effectively compensate for ad-
ditional loss in the heterodyne detection. We also employed a Kennedy receiver for
idler detection conditioned on heterodyne and demonstrated that in the ideal case,
such a scheme has the optimal error exponent. In practical scenarios, such a receiver
still provides quantum advantages over classical optimal schemes and outperforms
other known practical receivers for quantum illumination.

Compared to sub-optimal receivers like OPA and PCR, the receiver design pro-
posed in Ref. [[131]] and further developed here, based on C-D conversion, not only
achieves optimality but also eliminates the need for direct interaction between the
idlers and the returns. This is particularly advantageous for microwave quantum
illumination, where idlers require low-temperature cooling and isolation, while the
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returns are noisy and at room temperature. By relying only on heterodyne and
photon detection, this receiver design significantly reduces the technical challenges
associated with optimal receivers, as compared to previous proposals based on sum-
frequency generation [130].

Recent attention has focused on exploring non-Gaussian states as quantum probes
in QI [[152], [[153]]. However, it is established that TMSV states are asymptotic op-
timal for QI with a given signal photon number [[132]], [137]], [[154]: Ref. [137]
proved the optimality for asymmetric hypothesis testing, while Refs. [132]], [154]]
find TMSV to be optimal in the symmetric hypothesis testing in the weak reflec-
tivity and large noise limit. The C-D conversion scheme described in this study
could also be extended to the non-Gaussian scenario. Although the analysis may be
more complex, our findings indicate that comparable asymptotic performance can
potentially be achieved.

Overall, our findings illustrate the feasibility of practical microwave quantum
illumination systems that can overcome experimental imperfections and offer quan-
tum advantages for target detection in noisy environments. These insights can in-
form the development of future quantum illumination systems and contribute to the
advancement of quantum sensing technologies.



Chapter 3

Conclusions

With this doctoral thesis, we have delved into two compelling research endeavors,
each constituting a dedicated chapter. The inaugural chapter outlines our efforts
in steering a quantum array towards a pure, steady state composed of many en-
tangled qubit pairs. The key to this achievement lies in our adept manipulation of
dissipative dynamics within a singular central element, whether it be a cavity or a
qubit. We have verified that the purity of the resulting state endures when dissipa-
tion exclusively engages the central element. Intriguingly, even in the presence of
supplementary decoherence affecting other qubits, the stationary state transforms
into an entangled mixed state, resiliently retaining substantial entanglement. This
robustness particularly manifests when the decay rate of supplementary dephasing
processes follows behind that of the dissipative decay rate of the central element.

The versatility of our models finds resonance in their broad applicability across
diverse physical scenarios, spanning atomic systems and solid-state nano-devices.
This adaptability facilitates the realization of both chain and star geometries, thereby
promoting practical applications in quantum information processing. Our work sug-
gests an interesting path for future research, exploring whether similar methods can
be used to create more complex entangled qubit states, such as the graph states
crucial for measurement-based quantum computers.

Shifting the focus to our second chapter, we undertook a comprehensive analysis
of how experimental imperfections can be effectively mitigated within the context
of quantum illumination. Our exploration hinged upon correlation-to-displacement
conversion-based receivers, showing how amplification on return signals skillfully
compensates for additional loss in heterodyne detection. The introduction of a
Kennedy receiver for idler detection conditioned on heterodyne revealed its optimal-
ity under ideal conditions and quantum advantages over classical optimal schemes
in practical scenarios. Our proposed receiver design, rooted in C-D conversion, not
only attains optimality but also eliminates the need for direct interaction between
idlers and returns — a distinct advantage, especially in the context of microwave
quantum illumination.

In contrast to sub-optimal receivers like OPA and PCR, our design outperforms
known practical receivers, particularly in the case of microwave systems. By relying
solely on heterodyne and photon detection, our receiver design notably reduces the
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technical challenges associated with optimal receivers, setting it apart from previous
proposals based on sum-frequency generation.

Our findings also hint at the potential extension of the C-D conversion scheme to
the non-Gaussian scenario. While the analysis may introduce additional complexity,
our results suggest that comparable asymptotic performance is within reach.

This thesis unfolds profound insights into the realm of quantum technologies,
uncovering the intricacies of controlling quantum arrays and adeptly navigating ex-
perimental imperfections in quantum illumination systems. As a result, it guides
future developments in quantum information processing, sensing technologies, and
the practical realization of quantum illumination systems.
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Appendix A

About Chapter 2

A.1 Correlation-to-displacement converter

This section provides insight into the functionality of the conversion module, as dis-
cussed in Ref. [131]. Fundamentally, the module utilizes signal-idler correlations
to facilitate conditional measurements and feed-forward processes. Specifically, the
mth return mode undergoes heterodyning with the measurement result M. Follow-
ing this measurement, the mth idler conditional state assumes a displaced thermal
state characterized by E ~ Ng noise photons and displacement

Mm KNS
I ~ —_—~ 1/—. A.l
d, (aRa1> NB N ( )

Specifically, the outcomes of measurements govern the transmissions of a pro-
grammable beamsplitter array, sketched in Fig.[A.T] The array comprises M — 1
beamsplitters, M — 1 undisplaced thermal output idler modes, and a single relevant
output idler mode subject to collective displacement

M
ldrl = [ D lduP, (A2)
m=1

with |dr|* satisfying the y? distribution Eq. li

xM-1e=x/() _ KkNs (Ns +1)

P (- - - = .
*x €) OMT (M) 2(kNg + Ng + 1)

(A.3)
This implies that the average error probability can be expressed as Eq. (2.6), namely

+00
Pep= [ dxP (6 Pulpnr o). (A4)
0
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Figure A.1: (a) Schematic representation of the conversion module. (b) Pro-
grammable beamsplitter array with M — 1 beamsplitters, controlled by measurement
outcomes. The array includes M — 1 undisplaced thermal output idler modes and a
single relevant output idler mode, subject to collective displacement.

A.2 Quantum Chernoff bound

The Quantum Chernoff Bound (QCB) is a powerful tool for determining an upper
bound to the Helstrom limit Py [[155]-[158]). It is particularly useful for an ensem-
ble of Gaussian states {pp}, where it can be efficiently computed using symplectic
decomposition. In our specific case of discriminating between ®g o and @, o, this

corresponds to the discrimination of {ph}zzo, with mean X, = 0 and CM V:g') [see

Eq. (2.18) with 8 = 0]. Indeed, the matrix V;‘(;’) can be denoted as

'(h) _ ahI ChZ
Var ‘( cnZ bl ) (A-5)

with @, = 2N} +1,b = 2N; + 1, and ¢, = V{,. Its symplectic eigenspectrum is then
given by

ES ;b - ah)’ (A6)

N
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where y, = (ap, + b)2 - 4cfl, and with the symplectic matrix S; described by

= W' W7 I R AT (A7)
ey a)(+h) L) * 24 ‘
In this regard, the QCB is simply expressed as
1 \M
PQCB = 5 (sel[%,fl] Qs) > (A8)

where O, = 4det(3,)"? [TL, G, (vg.o))Gl_S (VS)) =, = Vo(s) + V(1 - 5), and
having defined

Vi(s) = Sy

2
P, (4@)4 7,
j=1

2° (A.9)
x+ 1) =(x-D*
e+ D)+ (x=1)°
x4+ D - (x- DY

Gs(x) =

As(x)

A.3 Phase-conjugate receiver

To ensure clarity and avoid confusion for the reader, we reintroduce the hat notation
in this section, to distinguish between an operator O and its corresponding mean
value O = <0>

In a PCR the &), modes are phase-conjugated according to the following trans-

formation
&C = \/GPCR&VPCR + \/GPCR - 1&2, (A.IO)

where Gpcr is the gain and ay;,, is the annihilation operator of the noise entering the
unused port of the PCR. The conjugated modes are then recombined on a balanced
beamsplitter with the non-ideal idler mode @] as a. = (flc + &}) / V2, that is

. 1 . Y
a= (VGrcravey, + VGrer — 12 % ). (A.11)
In the following analysis, we will not consider terms whose mean value ( - ) is null,
such as those linear in ay,.,. Similarly, we will group together terms whose mean
value (- ) is equal, that is, <&;‘&;> = <&7&Z>. That said, the photon numbers at the
output of the beamsplitter can be expressed as

(A.12)



54 APPENDIX A - ABOUT CHAPTER 2

where
Ne = alac
= GpcR Nvper + (Gper — 1) (NA + 1) , (A.13)
Rvper = &}y @V

When M > 1, the photo-count difference N = N, — N_, according to the central
limit theorem, follows a Gaussian distribution with mean Mu, where

1= +Gpcr — 1V],, (A.14)

and variance Mo, with

2
o2 =Ny (Ny + 1)+ N_(N_ + 1) = (Nc = N}) /2
= GreR NV, + (Grer = 1) (N + 1) + V] (A.15)
+2(Gper — 1) (N + 1) Nj + (Gecr — 1) Vi3 /2.

The values of the mean u and the variance o2 are influenced by both the off-diagonal

CM element Vi, and N}, which vary depending on whether the target is present
(Hy) or absent (Hp). Using the Gaussian approximation, in the QI scenario, the
error probability is simply given by

1 RV
Pgpcr = 3 erfc ( \/RPCRM) , Rpcr = %> (A.16)
179

where the mean and variance for the two hypotheses are given by
Ho =0,
w1 = 2+nsmG (Gecr — 1) kNs (Ns + 1),
o5 = N} + (Geer = 1) (2N} + 1) (N} (o + 1) + GecrNvpey.»
o1 = Nj + (Gpcr = 1) (2N] + 1) (N} + 1) + Gocr Ny, + 11/2.

(A.17)

resulting in the expression given for Rpcr in the main text.
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