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Preface

Gravity governs the first experienced phenomena in our lives, driving our
minds towards the experiential intuition about the free fall of heavy objects
on the ground from the outset. Nevertheless, even though gravity is the
most instinctive force we encounter in our daily lives, it continues to stand
as one of the enduring enigmas in the realm of fundamental physics. Start-
ing from the fall of an apple onto Newton’s head, proceeding by rolling into
complexities, until deepening our minds in the abysses of the cosmos, the
story of Physics has guided us to Einstein’s theory of General Relativity, an
outstanding theory of gravity describing with accurate precision the major-
ity of gravitational phenomena occurring in our solar system.

Nevertheless, “General Relativity embraces the seed of its own denial: black
holes” [1]. As we try to unveil the fundamental theory of gravity, delving
into the shortest reachable distances in the Universe, General Relativity pre-
dicts gravitational collapses and the subsequent emergence of black holes,
apparently hiding within their horizon the fundamental degrees of freedom
of gravity themselves.

With great surprise, right in this inevitable breakdown, driven by the un-
stoppable attractive tendency of gravity, a new interpretation is born. In-
formation about physical system inside a black hole is only apparently lost.
Somehow, it reorganises and spreads across the area of the event horizon,
allowing for the description of physics inside the black hole in terms of new
fundamental binary bits of information. As pointed out by Gerard ‘t Hooft,
this feature is peculiar of gravity and extends to a broader range of phe-
nomena: given a gravitational system bounded within a closed region of the
space, we can effectively characterise that system using binary bits of infor-
mation distributed across the surface of the enclosing region, with no more
than one bit per Planck area. This is true for every gravitational system in
our space-time, included the Universe itself.

Within this new interpretation, the space-time is visualized as compactified,
with the fundamental degrees of freedom of gravity diffuse over an asymp-
totic boundary region encompassing the entire Universe. This asymptotic
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region represents the boundary of our the space-time, today also known
as Celestial Sphere. We therefore deduce that gravity is different from the
other fundamental forces in nature: gravity has a holographic nature. Citing
Gerard ‘t Hooft [2]:

“The situation can be compared with a hologram of a three dimensional
image on a two-dimensional surface.”

In the last 25 years, we have learned how to manage holographic theo-
ries of gravity in asymptotic Anti-de Sitter space-time. However, our un-
derstanding of holography in other, more physically relevant space-times,
such as de Sitter and Minkowski, is still primordial. Nevertheless, signifi-
cant advancements have been made in recent years, which registered a surge
of activity in flat space holography. Celestial Holography is today the lead-
ing candidate theory to establish a holographic correspondence for quantum
gravity in asymptotically flat space-time, focusing on the imprint of two-
dimensional conformal symmetry in four-dimensional scattering amplitudes.

Outline of the Thesis

This thesis is devoted to the study of the connection between Celestial and
EAdS Holography, with the overarching goal of gaining a deeper under-
standing of holographic theories on maximally symmetric space-times. This
work relies heavily on the content of articles [3–5], written in collabora-
tion with Wolfgang Mück [3], Charlotte Sleight and Massimo Taronna [4,
5]. By employing the de Boer-Solodukhin hyperbolic foliation of Minkowski
space-time [6], we will show that it is possible to place holographic theories
in maximally symmetric spaces on an equal footing, revealing connections
between these theories and Euclidean AdS holography. The current study
relies on two main research lines.

The first one is rooted in the “Cosmological Boostrap” program (here
a recent review [7]). Specifically, the authors of [8–10] provided important
results in recasting late-time dS correlators in the Bunch-Davies vacuum as
a linear combination of corresponding Witten diagrams in Euclidean AdS
via suitable analytical continuations within the respective Poincaré patches
of the two spaces. This connection has been perturbatively established at all
orders and serves as a cornerstone for the analysis conducted in this thesis.

The second line of research has been pursued in the context of Celes-
tial holography (for some reviews [11–15]). In the papers [6, 16–18] the
authors recast Celestial correlators in terms of Euclidean AdS ones. Our
research also fits in this perspective, furnishing a new technique to reach
the same goal. Specifically, in our work we achieve the same result by em-
ploying the hyperbolic slicing of Minkowski space-time [6], which consists in

4



Figure 1: The Holographic Triangle: A cartoon representation of how ob-
servables at infinity in different maximally symmetric spaces can all be recast
in terms of boundary observables in EAdS. Top: Λ < 0, bottom-right: Λ > 0
and bottom-left: Λ = 0. The same theory on different spaces will analyt-
ically continue to different theories on EAdS. We stress that the analytic
continuation is a only proper Wick rotation between AdS and EAdS.

foliating Minkowski by Euclidean AdS spaces inside the light-cone and dS
ones outside. This slicing opens up the possibility of importing the wealth
of techniques, results and understanding of EAdS holography to Celestial
holography. Further, operating under this new light, Celestial and Euclidean
AdS holography will result manifestly connected, following the same pattern
as with dS. Advancing within this pursuit, we will show that, in total anal-
ogy with dS, each Feynman diagram in Celestial holography can be recast in
terms of a linear combination of corresponding Witten diagrams in EAdS.

Inspired by all of these results, the analysis presented in this thesis has
culminated in the realization that Euclidean AdS plays a pivotal role in
connecting holographic theories in maximally symmetric space-times. It
emerges as the fundamental holographic theory from which to derive general
considerations and fundamental properties of holography itself.

The collection of all the aforementioned considerations and results has
been illustrated in the Holographic Triangle, Fig.1, highlighting the bridging
between holographic theories in maximally symmetric space-times. In the
diagram, Euclidean AdS is positioned at the center of the triangle, under-
scoring its central role in the framework of holographic theories.
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Chapter 1

Introduction

In this introduction, we will review the fundamental steps in the develop-
ment of holographic theories. The discussion will initially adhere to [1],
deviating towards the end. We’ll begin by explaining Quantum General
Relativity as an effective field theory and then discuss the reasons for its
breakdown. After that, we will explore the unique aspects of gravity, lead-
ing to a new revolutionary understanding of gravity as holographic. Finally,
having outlined the pivotal role of AdS in the advancement of holographic
theories, we will move towards more physical space-time, addressing the
main problem discussed in this thesis.

1.1 Quantum Gravity as an Effective Field Theory

General Relativity (GR) stands out as one of the most predictive and grati-
fying theories, offering a comprehensive and harmonious synthesis from both
a physical and mathematical perspective. As a result, it has established it-
self as an enduring cornerstone in modern physics, providing an immensely
satisfactory framework that continues to shape our understanding of gravi-
tational phenomena in the universe. However, it has limitations in aligning
itself with something that goes beyond, towards Quantum General Relativ-
ity (QGR). Today we know that QGR is an effective field theory, which gives
good predictions in a range of distances that are large compared to Planck
length LPlanck. Given the Einstein-Hilbert action

SEH = 1
2κ2

∫
d4x
√
−g (R− 2Λ) , κ =

√
8πG, (1.1.1)

where R, Λ and G are, respectively, the Ricci scalar, the cosmological and
the Newton constant, we can consider small fluctuations of the metric tensor
gµν around Minkowski metric ηµν :

gµν = ηµν + κhµν + o(κ2). (1.1.2)
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Plugging this last equation in (1.1.1), we get an expansions of the Lagrangian
in powers of κ. In particular [1],

2
κ2
√
−gR = L(2) + L(3) + ... (1.1.3)

where
L(2) ∼ ∂h∂h (1.1.4)

is the graviton propagator and

L(3) ∼ κh∂h∂h (1.1.5)

accounts for the leading-order vertex interactions. In the terms above, we
suppressed the information about Lorentz indices and numerical factors.
In particular, with ∂h∂h we just indicate a sum of terms behaving as the
product of two derivatives of h, with Lorentz indices properly contracted.
The same considerations hold for h∂h∂h. For more details, we also refer
to [19, 20]. Eq.s (1.1.4) and (1.1.5) describe an interacting theory of a spin
2 field, the graviton, whose cubic vertex interaction contains a couple of
derivatives in h. Being very similar to a Yang-Mills (YM) theory, we know
how to proceed perturbatively, constructing scattering amplitudes within
such a framework. However, when we couple gravitons with other particles,
such as scalar ones, the theory exhibits one-loop divergences that cannot be
reabsorbed via renormalization procedure [19].

Divergences at one loop are also present when we expand gµν around a
non-trivial background gµν :

gµν = gµν + κhµν + o(κ2). (1.1.6)

In this case, also considering a theory with gravitons only, the one-loop
diagram yields the divergent term [1, 19, 20]

Ldiv1−loop = 1
8π2ϵ

(
R

2

120 + 7
20RµνR

µν

)
, ϵ = 4−D, (1.1.7)

where R and Rµν are, respectively, the Ricci tensor and scalar computed in
the background metric gµν , while ϵ comes from the dimensional regulariza-
tion.

The divergent term (1.1.7) vanishes when the background metric coincides
with ηµν . Nevertheless, a 2-loop divergent term arises in any case, even
when considering an expansion around ηµν [1, 21]:

Ldiv2−loop = 209
2880

κ2

16π2ϵ
RαβγδR

γδ
ησR

ησ
αβ, (1.1.8)
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where Rµνσρ is the Riemann tensor computed with respect to hµν . Since
both the divergent terms (1.1.7) and (1.1.8) involve powers of R greater than
one, we cannot just reabsorb these divergences by adding counter-terms
in the Einstein-Hilbert action (1.1.1). Nevertheless, ‘tHooft and Veltman
demonstrated in [19] that pure gravity is 1-loop finite even when expanding
around the background metric ḡµν ̸= ηµν . Specifically, they showed that
in this case it is allowed to employ classical equations of motion to set
R̄µν = 0 in (1.1.7), effectively canceling out the divergence. However, the
theory of gravity described by the Einstein-Hilbert action remains 2-loop
non renormalisable [22].

In any case, we can still think of QGR as a low energy effective field
theory with cut-off MPlanck ∼ κ−1. Reasoning in this way, we must consider
the most generic action compatible with symmetries [1],

S = 1
2κ2

∫
d4x
√
−g

(
−2Λ +R+ c1R

2 + c2RµνR
µν + ...

)
, (1.1.9)

where ci are bare parameters. In this EFT, one can get rid of divergences by
adding suitable counter-terms c(r)

i in order to renormalise the theory. For
example, the one-loop divergence (1.1.7) is readily eliminated by setting

c
(r)
1 = c1 + 1

960π2
1
ϵ
, c

(r)
2 = c2 + 7

160π2
1
ϵ
. (1.1.10)

The parameters c(r)
i are finite and must be measured experimentally. There-

fore QGR is a good predictive Effective Field Theory (EFT) within energies
that are small compared with MPlanck.

1.2 Gravity Breakdown

Being an EFT, we expect that, at energy scale comparable with MPlanck,
hints of new physics should emerge. Driven by other examples in litera-
ture, like Fermi’s theory and QCD, we would be inclined to say that, at this
point, we should add new degrees of freedom in the theory. The story of
physics tells us that, so far, there are essentially two ways to address this
problem: either by enhancing the “resolution” of the vertex, introducing
new heavy bosons to mediate the interaction, or by “resolving” the gravi-
tons themselves, viewing them as composite particles made up of degrees of
freedom from a new, fundamental theory [1]. At this stage, someone might
argue that we are talking about strings, or other theories candidate to be the
UV completion of gravity. Actually, strings only partially solve the gravity
breakdown problem. The roads we are following here, will lead us to some-
thing more fundamental also than strings. Evidence of strings should come
out at energies lower than MPlanck, in order to restore the unitarity of the
theory.
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(a) (b)

(c)

Figure 1.1: (a) The four-fermion Fermi vertex (left) resolution is improved
by visualising a short-range interaction mediated by new bosons (right).
(b) Pions in the contact process (left) are resolved into quarks, leading to
a new process (right) where not all the new particles are involved. (c)The
interaction in the graviton scattering process (left) is smeared across a 2-dim
sheet representing the scattering of strings.

To be preserved, perturbative unitarity requires that scattering ampli-
tudes do not grow too fast. In Fermi’s theory, scattering amplitudes violate
unitarity bounds around E ∼ 100GeV . To restore unitarity, one improves
the resolution of the four-fermion vertex, unveiling new heavy bosons which
mediate the interactions (Fig.(1.1a)). In QCD, instead, at energy lower than
chiral-symmetry breaking, degrees of freedom are pions, whose interactions
are described by non-linear sigma models. At higher energy, pions are lit-
erally resolved by introducing new light d.o.f., i.e. quarks. In this way, the
four-pion contact interaction is literally smeared in the interaction of the
new fundamental constituents (Fig.(1.1b)).

The case of gravity is more similar to the latter situation. Introducing
the Mandelstam variables t = −(p2 + p3)2 and s = −(p1 + p2)2, let us
couple gravity with scalar particles and study the amplitude of a graviton
exchange diagram in this theory. Since the interaction term (1.1.5) contains
two derivatives, in the t-channel the behaviour of the amplitude for large s
is given by [23]

Aexch ∼ −
s2

t
. (1.2.1)

Therefore, this amplitude grows too large to be compatible with the unitar-
ity bounds. One way to restore unitarity when s >> |t|, is to invoke duality
between t and s channel and introduce an infinite tower of higher spin par-
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ticles at energy Mstring << MPlanck [23]. The only consistent theory known
so far capable to justify the introduction of such a tower of states is string
theory. Introducing strings, we resolve gravitons, smearing the interaction
over a two-dimensional world sheet (Fig.(1.1c)). However, as energy grows
further, approaching Planck scale, also perturbative String theory breaks
down. Nevertheless, somehow, strings contain all the hints to describe what
comes next. As length of strings probe LPlanck, they start to become denser
and denser. Then, pushing energies beyond MPlanck causes a gravitational
collapse and a black hole emerges, swallowing the insights of new physics
within its horizon.

In the end, what we learned is that, if we try to complete QGR in the
UV, we get black holes. This is a peculiar property, characteristic of gravity.
It is precisely this property that will guide us towards a new, unique and
distinctive framework to describe the fundamental theory of gravity.

1.3 Gravity is not Wilsonian

General Relativity contains within itself the seed of its own breakdown:
black holes [1]. Black holes are classical objects, with a characteristic length
given by the radius of the event horizon. With “classical” we mean that their
existence is predicted in classical GR. General Relativity predicts black holes
and, overall, what causes GR breakdown is its own unstoppable tendency
to produce ever larger concentration of energy. In this sense, we can say
that, somehow, a large classical length comes out at high energies. The
shortest distance we can probe is LPlanck because shorter distances are always
hidden inside the event horizon of a black hole. This limitation is tied to
the challenge of information loss in GR, which originates also the principle
encapsulated in the mantra “In gravity, there are no local observables”.

Indeed, if we try to set up an ultra-planckian scattering experiment in
the regime s ∼ |t| >> M2

Planck, at some short distance a black hole pops
up. This is because we are concentrating an enormous amount of energy
in a small region of space embracing all the particles in the experiment.
This small region has a size comparable with the impact parameter b of the
process, with

b ∼ 1√
|t|
, ℏ = 1, (1.3.1)

from the Heisenberg’s Uncertainty Principle. As the energy of the experi-
ment increases, the size of the black hole will also increase, with a radius
growing as

RBH ∼ G
√
s. (1.3.2)

Therefore, at ultra-planckian energies black holes dominate and all the quan-
tum effects stay hidden inside them. In principle, as E → +∞, the radius
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RBH → +∞, and the black holes swallows the entire universe. This is the
main reason why we say that in gravity there are no local observables. An
observable should be something that, in principle, we can measure with
asymptotic precision in a (gedanken) experiment. However, when we at-
tempt to achieve this goal, everything gets swallowed by a black hole. At
least we can say that in gravity there exist “quasi local observables”, with
precision bounded by LPlanck. Moreover, since at higher and higher energies
the black hole probes larger and larger distances, we can say that there is no
separation between low and high energy modes. In this sense, we say that
gravity is not Wilsonian.

Wilsonian theories are (fundamental) QFTs dominated at high energies
by Conformal fixed points. This means that, as energy increases, Wilso-
nian theories tend to manifest recursive structures, ultimately converging
to CFTs as E → +∞. Trivial examples are provided by asymptotic free
theories, which, at higher and higher energies, are dominated by the free-
theory Lagrangians, or, in other words, by propagators. In the latter case,
Conformal fixed point coincides with Gaussian one. The important property
of Wilsionian theories is that, being controlled by Conformal fixed points,
they are well defined at high energy.

In any quantum theory, the entropy S is related with the total number
of degrees of freedom of the system [2]. Specifically, the dimension N of the
Hilbert space H associated to the system is the exponent of S. For instance,
consider a lattice fermion field theory, where spins are Boolean variables.
Enveloping this theory within a bounding region V with the topology of a
sphere S2, then N = 2n and

n = S

ln 2 , (1.3.3)

where n is the number of sites inside the region V [2, 24]. Therefore, entropy
S provides information about the count of the number of degrees of freedom
in a system. Now, by confining a Wilsonian theory within a box of radius R
and increasing the energy, the fundamental degrees of freedom of the theory
will uniformly distribute inside the box, ensuring scale invariance. Since
interactions are controlled, for R sufficiently large the model becomes very
similar to a thermal gas and we can compute the entropy S of the system.
We get [1, 2]

SCFT = cRD−1TD−1, KB = 1, (1.3.4)

where D is the dimension of the space-time, T is the temperature of the
system and KB the Boltzmann constant. The constant c is typical of the
theory and accounts for the number of degrees of freedom at each point.
Therefore, entropy S is related to the total number of degrees of freedom of
the QFT, and (1.3.4) tells us that this latter grows as the volume V = RD−1

11



of the box, in a Wilsonian theory. In terms of the energy [2]

ECFT ∼ TDV, (1.3.5)

we find
SCFT ∼ (ECFTR)

D−1
D . (1.3.6)

In the presence of gravity, however, this method inevitably fails. Once again,
in the latter situation, classical predictions tell us that, by increasing the
temperature within the box, a black hole will emerge at a certain energy
threshold, hiding within its event horizon the fundamental constituents of
gravity.

1.4 Gravity is Holographic

Gravity is not a conventional QFT: it is not Wilsonian. Black Holes always
emerge at ultra-planckian scale, apparently hiding its fundamental degrees
of freedom. At this scale, every attempt to describe quantum mechani-
cally scattering processes fails. However, since Black Holes dominate at this
scale, we can try to describe the process semiclassically. Indeed, Black Holes
can be treated as thermodynamical objects. After the formation of a black
hole through an ultra-Planckian scattering process, it starts emitting en-
ergy. The resulting radiation exhibits a thermal spectrum law, which, for a
Schwarzschild black hole, goes as the inverse of the Black hole mass M [25]:

T ∼ 1
8πM ∼ 1

E
∼ ω, (1.4.1)

where T and E are, respectively, the temperature and the energy of the
black hole, while ω is the energy of the emitted quanta. The number of the
emitted quanta goes as N ∼ E2. Therefore, high-energety ultra-planckian
scattering processes produce a great number of very soft particles. The
heavier the black hole produced in the scattering, the lower its temperature
and thus the energy of the emitted quanta. In this sense, black holes make
gravity soft. The entropy of a black hole is given by the famous Hawking-
Bekenstein formula [25, 26]:

SBH = A

4G, G = LD−2
Planck. (1.4.2)

Let us, therefore, put a gravitational system into a spherical box. Increasing
the temperature inside the box, classical GR predicts a gravitational collapse
at a certain energy threshold. Even taking the box incredibly large, adding
more and more energy will make a bigger and bigger black hole, which, at
some point, will fill the entire box.
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The Schwarzschild-Tangherlini metric, describing the space-time geometry
in the presence of a static spherically symmetric massive object in D dimen-
sions when Λ = 0, is given by [27, 28]

ds2 = −f(r)dt2 + dr2

f(r) + r2dΩ2
D−2, (1.4.3)

where dΩ2
D−2 is the metric of a (D − 2)-dimensional sphere and

f(r) = 1− µ

rD−3 , µ = 16πGM
(D − 2)ΩD−2

, (1.4.4)

with ΩD−2 the area of the (D− 2)-dimensional sphere. Considering a black
hole of mass M , the zero of the function f(r) in (1.4.4) determines the radius
of the event horizon of the black hole:

rs = µ
1

D−3 . (1.4.5)

Now, let us assume to put such a system into a very large spherical box
and increase the temperature until the black hole fills all the space inside
the box. In this case, the entropy of such a system is described by the
Bekenstein-Hawking formula [1]

SBH = A

4G ∼ (ELPlanck)
D−2
D−3 , G ∼ LD−2

Planck, (1.4.6)

where A is the area of the box, A ∼ rD−2
s , and rs ∼ (GE)

1
D−3 . Comparing

(1.4.6) with (1.3.6) we realise that the entropy of a black hole scales with
a different powers of E with respect to SCFT . Therefore, in asymptotically
flat space, gravity does not behave as a D-dimensional CFT at high energy,
since its high energy behaviour is incompatible with that of (1.3.6). This is
coherent with what we said in previously: gravity does not fit the Wilsonian
paradigm.

However, we learned two main lessons:

• Gravity manifests a UV/IR connection: moving to higher energies
leads to the creation of bigger black holes, that will become sensitive
to the asymptotic properties of the space-time;

• At high energy, the number of degrees of freedom needed to fully
describe a gravitational system confined in a spherical region of radius
R, grows like the area of the boundary of the region containing the
system.

Hence, the description of our fundamental theory, at extreme energy, would
be sensitive to the asymptotic property of the space-time and its fundamen-
tal degrees of freedom would be spread over asymptotic spherical surfaces,
that can be also interpreted as distant screens.

13



Consider, now, a gravitational system inside a region V of the space,
whose boundary surface is Σ. Let A be the area of Σ. Then, the entropy
of the gravitational system inside V cannot exceed the one of a black hole
with horizon area equal to A. In other words, we found the upper bound [2,
24]

S ≤ A

4G, (1.4.7)

for the entropy of any gravitational system inside V . As a consequence, the
max number of degrees of freedom of such a system grows as A and not as
V . Motivated by this general consideration, ‘t Hooft argued that: “Given
any closed surface, we can represent all that happens inside it by degrees
of freedom on this surface itself” [2]. For instance, we could describe these
degrees of freedom, spread over the surface Σ, as Boolean variables. From
(1.3.3), we deduce that the total number of Booleans degrees of freedom in
this case is given by [2]

n = A

4 ln 2 (1.4.8)

Citing Susskind: “According to ‘t Hooft it must be possible to describe all
phenomena within V by a set of degrees of freedom which reside on the
surface bounding V . The number of degrees of freedom should be no larger
than that of a two dimensional lattice with approximately one binary de-
gree of freedom per Planck area. In other words the world is in a certain
sense a two dimensional lattice of spins” [24]. Finally, sending the radius
of the bounding region V at infinity, the surface Σ tends to embrace the
entire space. As a result, in this limiting situation, the degrees of freedom
of gravity would be stored on a codimension-2 surface Σ, with the topology
of a sphere, surrounding the entire spatial Universe. This is precisely what
we mean when we say that our Universe is holographic.

In the conventional approach to QFT, the long-distance behavior is typi-
cally associated with the definition of external states, or solutions of the
free theory, such as plane waves. Fundamental degrees of freedom, instead,
are visualised as interactive fields permeating space-time. Nevertheless, our
argument proposes a new perspective, by suggesting that, in a theory of
gravity, the fundamental degrees of freedom are distributed across asymp-
totic surfaces in space-time. They are, therefore, sensitive to the asymptotic
behaviour of the space-time itself. In the end, what we revealed here, is that
gravity is not like other quantum field theories. We deduced that gravity is
different: gravity is holographic! Citing Susskind [24]:

“In a certain sense , the world is two dimensional and not three
dimensional as previously supposed”
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Figure 1.2: Partons are be transported along rays and projected onto a
distant screen, with no more than parton per Planck area. The presence of
two black holes in the illustration emphasises that the gravitational lensing
law is considered in the mapping.

1.5 The Holographic Principle

Suppose that, as argued in the last section, degrees of freedoms of a gravita-
tional system are spread over the surface Σ of a spherical region containing
the system itself. Now, let us suppose that, at a fundamental level, our sys-
tem is composed of elementary structureless constituents called partons [24].
By employing a semiclassical approach that incorporates all the properties
of General Relativity (GR), such as lensing, we can establish a mapping
between points on Σ and points on a distant screen S. This mapping is
analogous to a stereographic projection, but also encodes physical informa-
tion. Being pointwise, partons can be transported along rays from Σ to
S, according to the mapping (see Fig.(1.2)). More details about the con-
struction can be found in [24]. Since partons represent bit of information,
this construction allows us to assert that all the information of a compact
gravitational system can be stored on a screen, that we represent asymptot-
ically far away from the source. We will refer to these screens as holographic
screens.

Raphael Bousso gives a precise prescription about how to construct such
screens [29, 30]. In addition, he offers a precise formulation of the Holo-
graphic Principle. As stated by Bousso, Holographic principle establishes
a relation between space-time geometry and number of degrees of freedom
of a system. In particular, Bousso formulation of the Holographic Princi-
ple implies that all information contained on a null hypersurface L can be
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stored on a (D − 2)-dimensional spatial hypersurface B at a density of no
more than one bit per Planck area, with L bounded by B and generated by
one of the four families of light-rays orthogonal to B. In this way we are
also able to bound the number of degrees of freedom Ndof on L, which will
not exceed a quarter of the area of B, in ln 2 units [29].

Given a space-time with a fixed geometry, if the Holographic Principle is
satisfied, then, given a theory of gravity, it allows the possibility of the ex-
istence of a conventional QFT without gravity, living on the boundary of a
space-time region. Therefore, satisfying the Holographic Principle is a con-
dition necessary, but not sufficient, to ensure the existence of such a theory.
If the latter exists and is constructed on a screen, then we will refer to this
theory as dual to the theory of gravity in the bulk. In particular, we will call
this dual theory the holographic theory on the asymptotic screen. Hereafter,
we shall present the formulation of holographic principle given by Bousso
[29]:
Definition 1.5.1. Holographic Principle Let A be the area of a connected
(D − 2)-dimensional spatial surface B. Let L be a hypersurface bounded
by B and generated by one of the four null congruences orthogonal to B.
Let N be the number of elements of an orthonormal basis of the quantum
Hilbert space that fully describes all physics on L. If the expansion of the
congruence is non-positive (measured in the direction away from B) at every
point on L, then N ≤ eA/4 (working in ln 2 units). Simplifying slightly, one
could state that Ndof ≤ A/4, where Ndof is the total number of independent
quantum degrees of freedom present on L.

The holographic principle implies a radical reduction in the number of de-
grees of freedom we use to describe nature [31], underlying a redundancy
in the description of quantum systems in presence of gravity. Holographic
theories, both the ones living on asymptotic screens or on bounding surfaces
B, should resolve this redundancy, making manifest the effective number
of degrees of freedom necessary to describe the theory. In his papers [31],
Bousso presents a constructive method to project information onto asymp-
totic screens in maximally symmetric space-times, i.e. Minkowski, dS and
AdS. This would suggest that a holographic theory of gravity in these space-
times should exist. Among these three space-times, undoubtedly AdS serves
as the foundational example.

1.6 The Maldacena Conjecture and the AdS/CFT
Correspondence

Let us go back to (1.4.6). There, we put a gravitational system into a box
and we studied its high energy behaviour in an asymptotically flat space-
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time. As we already discussed, in terms of powers of E, SBH does not match
with (1.3.6), describing the high energy behaviour of a CFT. This ensures
that, at least in an asymptotic flat space-time, gravity is not a CFT. Now,
let us analyse other asymptotic conditions and consider the example of AdS.
Static black holes in AdS are described by

ds2 = −V (r)dt2 + dr2

V (r) + r2dΩ2
D−2, (1.6.1)

where dΩ2
D−2 is the metric of a (D − 2)-dimensional sphere and

V (r) = 1− µ

rD−3 + r2

L2
AdS

, LAdS = 1√
−Λ

, (1.6.2)

is the gravitational potential, which depends on the mass M ∝ µ/G of the
black hole and on the AdS radius LAdS. As we can see from (1.6.2), the
cosmological constant Λ < 0 enters in the definition of LAdS. Studying the
potential V (r), we realise that this system, describing a black hole with
singularity in the origin of AdS and radius of its horizon given by V (r) = 0,
behaves like a covariant box. Indeed, the term r2

L2
AdS

in the potential V (r) is
always attractive and grows for r → +∞. Therefore, a thermal gas in AdS
will be attracted and drawn towards the center of AdS. When the energy is
very large, µ >> LD−3

AdS , we can neglect the constant term in (1.6.2). In this
situation, imposing V (rH) = 0 yields [1]

µ

rD−3
H

≃ r2
H

L2
AdS

=⇒ rD−1
H ∼ GEL2

AdS, (1.6.3)

where we have indicated with rH the radius of the event horizon of the black
hole. For very high energy, the balck hole tends to fill the entire AdS box.
Using (1.6.3) and A ∼ rD−2

H , from the Bekenstein-Hawking formula (1.4.6),
this time we find the following behaviour for the entropy of our system in
the AdS box:

SAdS ∼ (ELAdS)
D−2
D−1 . (1.6.4)

The power of E in (1.6.4) is different from the one in both (1.4.6) and
(1.3.6). Nevertheless, shifting D → D − 1, we realise that the behaviour of
SAdS matches with (1.3.6) in one less dimension. Therefore, there exists a
possibility that Quantum Gravity in AdSD is a CFT in one less dimension
[1].

Note that what we showed so far is not sufficient to assert that, given
a theory of gravity in AdS, then there exists a conformal dual theory on a
holographic screen of AdS. However, in literature there exist several exam-
ples that validate this last assertion. The most famous one, probably, was
formulated by Maldacena [32], who conjectured that a N = 4 supersymmet-
ric Yang-Mills theory in (3 + 1)-dimension, with gauge group SU(N) and
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coupling gYM , is dual to a full-spectrum Type IIB superstring theory on
the background AdS5 × S5, with string coupling gs = 4πg2

YM , N units of
five-flux form on S5 and radius R of the 5-dimensional sphere equal to the
one of AdS5, given by R2 =

√
Nα′gYM .

In particular, defining the ‘t Hooft coupling x = g2
YMN , we can study the

equivalence between the two theories above in the so-called ‘t Hooft limit.
This is realised by sending [32, 33]

gs → 0, α′

R2 finite, (1.6.5)

in the type IIB string theory, which corresponds to send N → +∞, keeping
x large but finite in the N = 4 super Yang-Mills. On one hand, string theory
is weakly coupled in this limit, therefore supergravity should furnish a good
approximation to it. On the other hand, in the ‘t Hooft limit, the number of
degrees of freedom Nd.o.f. ∼

√
N of the Super Yang-Mills becomes incredibly

large. Pushing further, we can hope that in the classical limit, reached by
sending

gs → 0, α′

R2 → 0, (1.6.6)

in the type IIB string theory, which is equal to send

N → +∞, x→∞ (1.6.7)

in the super Yang-Mills, tree level supergravity might still furnish an equiv-
alent description of the super Yang-Mills. Note that, while supergravity is
weakly coupled in the classical limit, super Yang-Mills is strongly coupled.
The equivalence between this two theories in the classic limit would realise
a weak-strong duality, allowing to address very hard questions for strongly
coupled QFTs.

Maldacena conjecture was the first concrete realization of an AdS/CFT
correspondence. His work profoundly inspired Witten, who developed a pre-
cise prescription for computing observables of the corresponding CFT by
starting from a suitable theory of gravity in AdS. To perform his construc-
tion, Witten interpreted the AdS/CFT correspondence constructed by Mal-
dacena as holographic. Indeed, it is well known that AdS5 admits a foliation
in terms of M4 slices. This is called the flat foliation of AdS and is manifest
by employing Poincaré coordinates (see (2.2.9)). In the flat foliation, the
boundary of AdS5 is a copy of M4 and the isometry group SO(2, 4) of AdS5
acts as the conformal group on M4. In the Maldacena correspondence, the
CFT is the N = 4 super Yang-Mills theory on M4, which is dual to a theory
of gravity on AdS5, neglecting the compact manifold S5. Witten, therefore,
identified the aforementioned M4 as the boundary of AdS5 and interpreted
the result of Maldacena as suggesting that a suitable theory of gravity on
AdSD+1 would be equivalent to a CFT in D dimensions [33].
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The Witten prescription is precisely given by [33]〈
exp

∫
ϕ

(i)
0 O

(i)
∆i

〉
CFT

= ZAdS
[
ϕ(i)|∂AdS = ϕ

(i)
0

]
. (1.6.8)

Let us clarify this identity. First of all, it is clear that (1.6.8) equates two
partition functions. On the left, we have the partition function of a CFT,
while on the right, we have the partition function of the corresponding quan-
tum theory of gravity in AdS.

{
O(i)

∆i

}
and

{
ϕ(i)

}
are, respectively, the set

of operators in the CFT and the set of the bulk fields, some of which would
correspond to gravitational fluctuations in AdS. The relation (1.6.8) is holo-
graphic in the following sense: the boundary values ϕ(i)

0 of the bulk fields
ϕ(i) on the boundary of AdS act as sources for the CFT. Therefore, assigned
the boundary conditions ϕ(i)

0 of the bulk fields in AdS, (1.6.8) states that, in
principle, the partition function of the boundary CFT defines the partition
function of the quantum theory of gravity in AdS. Indeed, the fundamen-
tal side is the CFT side, gives us a way to describe gravity in the bulk.
A complete and non-perturbative formulation of a Conformal QFT on the
boundary would give us a complete and non-perturbative formulation of
quantum gravity in the bulk. In other words, (1.6.8) must be read in the
following order:

CFT =⇒ AdS
If we try to move in the opposite direction, starting from a known theory
in the bulk, such as supergravity or String Theory, we can proceed by per-
turbative computations only. Indeed, we do not have any complete and
non-perturbative formulation of gravity in AdS. This means that (1.6.8)
does not describe a complete duality, but a complete correspondence [1].

CFT =⇒
←−

AdS

Nevertheless, we can always decide to work perturbatively, starting from
the bulk AdS side. In this case, an effective method for progress is to oper-
ate in the leading saddle point approximation. Within this approximation
(1.6.8) reduces to

WCFT[ϕ(i)
0 ] ≃ I[ϕ(i)|∂AdS = ϕ

(i)
0 ], (1.6.9)

where I is the known on-shell action, describing our theory in the bulk, such
as supergravity or string theory, and WCFT is the functional generator of
connected correlation functions in the CFT. This last equation allows us to
compute CFT correlators, also known as Witten correlators, as

⟨O1 · · ·On⟩c = δnI

δϕ1
0 · · · δϕn0

∣∣∣∣
ϕi

0=0
. (1.6.10)
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In this way, we can proceed by perturbative computations to figure out prop-
erties of the boundary CFT or to check fundamental results. The Feynman
diagrams associated with each contribute to a Witten correlator are com-
monly referred to as Witten diagrams, that we will recursively encounter
during this thesis (see Fig. 4.1 and 4.2 for some examples). They have been
extensively studied in literature, providing an exceptional understanding of
holographic theories in AdS. During this thesis, we will exploit this knowl-
edge to compute Celestial correlators, by recasting them in terms of known
Witten correlators.

1.7 Beyond AdS Holography

The AdS/CFT correspondence provides the most comprehensive under-
standing of holographic theories we currently possess. A multitude of sci-
entists have contributed to advancing the understanding of holography in
AdS, employing both perturbative methods, such as Witten diagram cal-
culations, and non-perturbative approaches, such as Conformal Bootstrap,
which is grounded in the properties of CFT. However, AdS is not a physical
universe. Today we know that the cosmological constant Λ of our universe
is positive. This has led scientists to endeavor to extend concepts and re-
sults uncovered in the study of holography in AdS to other, more physically
relevant types of space-time, such as dS and Minkowski. Since the early
2000s, researchers have tried to establish a dS/CFT correspondence, draw-
ing inspiration from what they learned in AdS [34]. However, even though
very similar, AdS and dS present important differences. We learned that
AdS behaves as a covariant box and has a time-like Lorentzian boundary,
naturally endowed with a notion of time direction. This means that unitar-
ity and causality in AdS space are intimately tied to the same properties on
the boundary system. The boundary theory, therefore, would be a standard
Lorentzian CFT defined non-perturbatively by conformal symmetry, uni-
tarity and an associative (and, in particular, convergent) operator product
expansion [35–37]. In dS, instead, the boundary is space-like, lacking of any
concept of time. The boundary CFT would be Euclidean, but there’s no
strict requirement for correlators to respect the usual Osterwalder-Schrader
axioms, such as positivity. Boundary correlators of dS are, indeed, called
spatial correlations to distinguish them from Euclidean correlators, respect-
ing Osterwalder-Schrader positivity [38–40]. Moreover, dS has two bound-
aries, one in far past and one in the far future. The situation in flat space is
quite similar. To establish a holographic correspondence in asymptotic flat
space-time, one must consider that the asymptotic boundary of Minkowski
is a null-like hypersurface. It is therefore unclear what kind of axioms a
boundary CFT should respect in this context.
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Bridging dS and EAdS Holography. Late time correlators in dS have
been extensively studied in the “Cosmological Bootstrap” (see [7] for a recent
review). Among these results, it has been shown [9] that any perturbative
contribution to dS boundary correlators in the Bunch-Davies (Euclidean)
vacuum can be recast as a linear combination of corresponding Witten dia-
grams in Euclidean AdS, generated by the same collection of particles and
couplings as the original process in dS space. This opens up the possibility
to import the wealth of techniques, results and understanding from AdS to
dS, with the caveat that one might have to consider a non-unitary process
in AdS to study dS physics since the unitary irreducible representations of
the dS and AdS isometry groups (respectively, SO (d+ 1, 1) and SO (d, 2))
do not coincide (though they are overlapping).

Bridging Celestial and EAdS Holography. A similar result has been
recently obtained in the new fashion of Celestial Holography. Considering
a (d+2)-dimensional Minkowski space-time, in [6, 16–18] it has been shown
that scattering amplitudes can be recast as d-dimensional Euclidean confor-
mal field theory correlators by expressing them in a basis of SO (d+ 1, 1)-
primary solutions to the free equations of motion. Such correlators naturally
live on the celestial sphere at null infinity, where the Lorentz group acts as
the d-dimensional Euclidean conformal group SO (d+ 1, 1). Celestial holog-
raphy (for reviews see e.g. [11–14]) then postulates that there is a dual
Conformal Field Theory (CFT) description. Note that, also in this case,
these would not be the standard correlators in Euclidean CFT, encountered
as Wick rotations of correlators in Lorentzian CFT. For this reason, we will
distinguish such correlators as Celestial correlators. They are defined on
the Celestial Sphere at null infinity, which lacks a standard notion of local-
ity and time, and are therefore not necessarily bound to satisfy the usual
Osterwalder-Schrader axioms. Efforts to understand the properties of Ce-
lestial correlators so far include the study of symmetries and translating of
properties of scattering amplitudes in the standard plane-wave basis to the
conformal basis, see e.g. [16, 41–71].

1.8 The Holographic Triangle.

It is natural to ask if any of our understanding from the AdS case can be
adapted to Celestial Holography. This is further motivated from the simple
observation that Celestial and AdS boundary correlators can be placed on
a similar footing by Wick rotating the AdS to Euclidean AdS, so that they
satisfy the same conformal Ward identities. Any differences in the way they
encode consistent physics therefore lies in the freedom left over after taking
constraints from conformal Ward identities into account.

We will show in this thesis that is possible to realise this connection by
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employing the hyperbolic foliation of Minkowski space-time [6]. Minkowski
space-time Md+2 can be foliated by constant curvature hypersurfaces, which
are either dSd+1 or EAdSd+1 depending on whether one is inside or outside
the light-cone. The idea is to adopt this foliation and then apply hologra-
phy to each slice, in order to exploit the results obtained in the context of
the dS/CFT correspondence. We will use this technique for computing Ce-
lestial correlators both in the conformal primary basis formulation of QFT
(ref. chapter 4), and in the revisited version of Celestial Holography (ref.
chapter 5). In both cases, each contribute to Celestial correlators results
proportional to corresponding Witten diagrams in EAdSd+1, like in dS. The
proportionality term turns out to be a function encoding the radial depen-
dence and information about the masses of the particles involved in the
process. This confirms that such contact contributions to Celestial correla-
tors are single-valued solutions to the conformal Ward identities.

All of the results discussed in this first chapter are illustrated in the Holo-
graphic Triangle, Fig (1), highlighting the connections between holography
in different maximally symmetric spaces. As evident from the figure, Eu-
clidean AdS plays a pivotal role in this bridging. Once again, AdS hologra-
phy plays a pivotal role in the scientific community, serving as the canonical
example from which researchers may endeavor to advance. The bridging
between (A)dS and EAdS holography passes essentially trough a Wick ro-
tation, which allows us to move from the Poincaré patch of (A)dS to that
of EAdS. Instead, as we will see, the bridging between Celestial and EAdS
holography is essentially established by the Kontorovich-Lebedev transform,
whose fundamental role in this bridging will be uncovered during the course
of this thesis.
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Chapter 2

Geometrical Background

In this chapter, we will introduce the geometric background constituting
the framework for the entire thesis. First of all, we will split Minkowski
space-time in four disconnected regions: two inside the light-cone and two
outside. Following [6], we will proceed by performing a hyperbolic slicing of
such regions, foliating the ones inside the light-cone by Euclidean Anti de-
Sitter (EAdS) spaces and the ones outside in terms of Lorentzian dS spaces.
Then, after presenting some commonly employed coordinate patches over
the (EA)dS leaves, we will analyse the last hypersurface necessary to cover
the entire Minkowski space-time: the light-cone C. We will learn that the
light-cone can be split into two components: the future and past light-cone,
C±. Each of these components has the topology of a cone-like manifold,
R+ × Sd, where R+ is the positive real line. Exploiting this structure, we
will define two projective manifolds, C±∼ , presented in this section as the
set of future/past light-rays of the origin. Roughly speaking, a future/past
light-ray of the origin is a half-line lying on the future/past light-cone with
starting point at the origin of Minkowski. It is therefore clear that C±∼
is diffeomorphic to each smooth section of C±, as each section of the lat-
ter is intersected by a light ray in one and only one point. In this sense,
C±∼ can be regarded as the equivalence class of all the smooth sections of
C±. We will choose, as representative of this equivalence class, the so-called
Poincaré section C±P of the future/past light-cone, which is diffeomorphic
to Rd through a stereographic projection (see (2.3.7)). At this point, we
will introduce the Penrose’s method of conformal compactification, and we
will apply this procedure to compactify each slice in the hyperbolic foli-
ated Minkowski space-time. In this way, we will visualise Minkowski in
a new guise, looking at it as foliated by compactified (EA)dS slice. The
conformal boundary of each hyperbolic slice is represented by an equiva-
lence class of conformally flat Riemannian manifolds known as the Celestial
Sphere CS±. We can consistently represent CS± as Rd, which we will em-
bed in C±P . The correspondence between fields in the single (EA)dS slices of
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Minkowski and those on CS± is realised by applying the well-known rules of
the (EA)dS/CFT correspondence. All of these considerations will suggest
that, working in a hyperbolic foliated Minkowski space-time, where each ex-
tended unphysical slice is topologically closed at infinity by CS±, a Flat/CFT
correspondence can be found. It will emerge, indeed, in the end of the thesis,
that this correspondence is realised by combining a transformation known as
Kontorovich-Lebedev transform with the (EA)dS/CFT correspondence [4,
6]. Working in this way, a duality between a QFT in the bulk of Minkowski
and a CFT living in a codimension-2 boundary hypersurface, the Celestial
Sphere, can be constructed, opening also a new road towards the extension
of this duality to asymptotically flat space-time.

2.1 Slicing Minkowski Space-Time

Consider the (d+2)-dimensional Minkowski space-time Md+2, with signature
given by η = diag(−1, 1, . . . , 1). The light-cone or null-cone C of the origin
is the submanifold of Md+2 whose element are light-like or null-like vectors
with respect to the origin,

C =
{
q ∈Md+2| q2 = 0

}
. (2.1.1)

The null-cone C splits the Minkowski space-time into two regions [6]:

• The interior of the null-cone,

A =
{
X ∈Md+2|X2 < 0

}
; (2.1.2)

• The exterior of the null-cone,

D =
{
X ∈Md+2|X2 > 0

}
. (2.1.3)

Moreover, the interior of the null-cone can be further divided into two
smaller subregions, called the chronological future A+ and the chronologi-
cal past A−, which are identified by the additional condition X0 ≷ 0, re-
spectively. Each of these regions of Minkowski space-time, in turn, can be
foliated into (d + 1)-dimensional submanifolds with constant curvature. In
the region A, for example, these foliating submanifolds are defined by the
embedding relation, X ∈Md+2,

X2 = −T 2, T ̸= 0, (2.1.4)

where T must be thought as fixed on each slice. Eq.(2.1.4) describes in A a
double-sheet hyperboloidHTd+1 of ray T , which is an Euclidean Anti-de Sitter
(EAdS) space. By factorising X = TX̂, with X2 = −T 2, one finds that the
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Figure 2.1: Hyperbolic slicing of Minkowski space. Region D outside the
light-cone is foliated by co-dimension one de Sitter spaces and regions A±
inside the light-cone by the upper sheet (in region A+) or lower sheet (in
region A−) of co-dimension one Euclidean anti-de Sitter spaces.

point X̂ belongs to the double-sheet unitary hyperbolid H1
d+1 ≡ Hd+1. We

will call H±d+1 the upper/lower sheet of Hd+1 in the subregion A±. Starting
from X̂ ∈ H+

d+1 and then varying T ∈ R, one achieves the whole foliation
of the entire region A. Alternatively, by restricting T ∈ R±, one spans the
subregion A± only. Moreover, by adopting the above factorisation, the two
chronological subregions inside the null-cone are described as product spaces
endowed with the product topology, A± = R± ×H+

d+1. Similarly, both the
metric

ds2
A± = −dT 2 + T 2 ds2

H+
d+1
, T ∈ R±, (2.1.5)

and the integration measure∫
A±

dd+2X =
∫
R±
|T |d+2dT

∫
H+

d+1

[dX̂], (2.1.6)

in this way assume a factorized form, that will provide helpful simplifications
in upcoming computations. Note that, coherently, the metric ds2

H+
d+1

of the

unitary slice H+
d+1 has an Euclidean signature, since the hyperboloid H+

d+1
is an Euclidean AdS space.
Similarly, in the region D the foliating submanifolds are defined by the
embedding relation

X2 = R2, R > 0. (2.1.7)
Each of these submanifolds is a Lorentzian de Sitter (dS) space dSRd+1 of
ray R, surrounding the light-cone C. Setting anew X = RX̂, with X̂2 = 1,
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we can analogously factorise D = R+ × dSd+1, with dSd+1 unitary dS slice.
Even in this case, the metric in the region D factorises as follows:

ds2
D = dR2 +R2 ds2

dSd+1 , R > 0, (2.1.8)

where the metric ds2
dSd+1

of the unitary slice dSd+1 has a Lorentzian signa-
ture, this time. Analogously, the integration measure becomes∫

D
dd+2X =

∫
R+
Rd+2dR

∫
dSd+1

[dX̂]. (2.1.9)

2.2 Global vs Poincaré Coordinates in Minkowski
Space-Time

Up to this point, we have seen that the hyperbolic foliation splits the
Minkowski space-time into three simply connected regions: two inside the
light-cone, called A+ and A−, and one outside, denoted D, surrounding the
light-cone. In this section, we shall illustrate some commonly used coordi-
nate patches to parameterize points in these different regions.

Poincaré coordinates. To begin with, let us consider the double-sheet
hyperboloidHTd+1. Eq.(2.1.4) states that every point inHTd+1 can be parametrised
by a number of d + 1 coordinates. For example, in cartesian coordinates,
one can set

X0 = ±

√√√√T 2 +
d+1∑
i=1

XiXi, i = 1, . . . , d+ 2, (2.2.1)

and use Xi as independent coordinates. In (2.2.1), the sign ± has to be
chosen for X ∈ A±, respectively. Alternatively, another option is to employ
the so-called Poincaré coordinates. They are defined as follows [72, 73]:

X+ = T

y
, X− = T

y2 + |z⃗|2
y

, Xa = T

y
za, z⃗ ∈ Rd, y > 0, (2.2.2)

where T ∈ R± for X ∈ A±. From (2.2.2), it follows that X0 = X+ +X− ≷ 0
for X ∈ A±, coherently to what we have said so far. In Poincaré coordinates,
the metric on HTd+1 assumes the conformally flat form

ds2
HT

d+1
= T 2

y2

(
dy2 + dz⃗ · dz⃗

)
. (2.2.3)
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It is possible to check that the metric ds2
HT

d+1
remains unchanged under the

action of the following transformation subgroups [18]:

Rd translations: y′ = y, z⃗ ′ = z⃗ + a⃗; (2.2.4a)
SO(d) rotations: y′ = y, z⃗ ′ = R · z⃗; (2.2.4b)

Dilations: y′ = λy, z⃗ ′ = λz⃗; (2.2.4c)
Special conformal
transformations : y′ = y

1 + 2⃗b · z⃗ + |⃗b|2 (y2 + |z⃗|2)
, (2.2.4d)

z⃗ ′ = z⃗ +
(
y2 + |z⃗ |2

)
b⃗

1 + 2⃗b · z⃗ + |⃗b|2 (y2 + |z⃗ |2)
. (2.2.4e)

As readily seen, the infinitesimal generators of these isometry transforma-
tions recombine to form up the algebra of the Lorentz group SO(1, d + 1),
which is known to be the isometry group of the Riemannian manifold HTd+1.
On the unitary slice H+

d+1, the integration measure in Poinaré coordinates
becomes ∫

H+
d+1

[dX̂] =
∫ +∞

0

dy
yd+1

∫
Rd

ddz, (2.2.5)

that, plugged in (2.1.6), gives back the full expression of the factorised mea-
sure we shall use in A± when adopting Poincaré coordinates.

In the region D the situation is quite similar, but there are important dif-
ferences. In fact, on dS there exist two different Poincaré patches,

X+ = R

η±
, X− = T

|z⃗|2 − η2
±

η±
, Xa = R

η±
za, z⃗ ∈ Rd, η± ≷ 0, (2.2.6)

covering two disjoint charts dSR,±d+1 of dSRd+1. Endowed with the coordinates
(2.2.6), the charts dSR,±d+1 are called the Expanding and the Contracting
Poincaré patch of dS. In particular, from (2.2.6) it follows that a point
X ∈ dSR,±d+1 is characterized by the additional condition X+ ≷ 0. Moreover,
given a point X ∈ dSR,±d+1 , there exists a unique antipodal point XA =
−X ∈ dSR,∓d+1 . The map that associates to each point X its antipodal point
XA in the opposite Poincaré patch is called the antipodal map. Therefore,
the antipodal map is an automorphism of each dS slice. Instead, given
X ∈ HTd+1, it follows that XA ∈ HT

′
d+1, with T ′ = −T . The antipodal map

also allows us to redefine η± = ±η, with η > 0, making dSR,±d+1 diffeomorphic
to R+ × Rd. Note that the Contracting and the Expanding Poincaré patch
of dS do not form an atlas of dSRd+1, since they do not cover the hypersurface
X+ = 0. In Poincaré coordinates, the metric on dSR,±d+1 is given by

ds2
dSR,±

d+1
= R2

η2
±

(
−dη2

± + dz⃗ · dz⃗
)
, R > 0, η± ≷ 0, z⃗ ∈ Rd. (2.2.7)
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Over the chart dS±d+1 of the unitary dS slice, the integration measure assumes
the form ∫

dS±
d+1

[dX̂] =
∫ +∞

0

dη
ηd+1

∫
Rd

ddz, η± = ±η. (2.2.8)

which has to be plugged in (2.1.9) to find back the full factorised form of
the integration measure over the regions D±, defined as the subregions of D
whose points respects the further condition X+ ≷ 0.

Summarising, the hyperbolic slicing of the individual regions A± and D±
are naturally described by Poincaré coordinates. In fact, in the hyperbolic
slicing Md+2 splits up into four patches (M = 0, . . . , d+ 1):

A+ : XM = +T

y

(
1 + y2 + |z⃗ |2

2 ,
1− y2 − |z⃗ |2

2 , z⃗

)
, T > 0, (2.2.9a)

A− : XM = +T

y

(
1 + y2 + |z⃗ |2

2 ,
1− y2 − |z⃗ |2

2 , z⃗

)
, T < 0, (2.2.9b)

D+ : XM = +R

η

(
1− η2 + |z⃗ |2

2 ,
1 + η2 − |z⃗ |2

2 , z⃗

)
, R > 0, (2.2.9c)

D− : XM = −R
η

(
1− η2 + |z⃗ |2

2 ,
1 + η2 − |z⃗ |2

2 , z⃗

)
, R > 0. (2.2.9d)

In this thesis, we shall call these patches, respectively from top to bottom,
the Chronological Milne Patch (CMP), the Anti-chronological Milne Patch
(AMP), the Expanding Rindler Patch (ERP) and the Contracting Rindler
Patch (CRP).

Global Coordinates. Another coordinate patch commonly used in (A)dS
is the so-called global coordinate patch. Given a point X̂ on a unitary slice
of Minkowski, satisfying

−(X̂0)2 +
d+1∑
i=1

X̂iX̂i = ±1, (2.2.10)

it is readily seen that a solution of this embedding relation is given by
X̂0 = cosh(τ), X̂i = n̂isinh(τ), τ ≥ 0, n̂ ∈ Sd, (2.2.11)

for X̂ ∈ H+
d+1, and by

X̂0 = sinh(σ), X̂i = n̂icosh(σ), σ ∈ R, n̂ ∈ Sd, (2.2.12)
for X̂ ∈ dSd+1. Employing these coordinates, the metric on the unitary
slices assumes the form

ds2
H+

d+1
= dτ2 + sinh2(τ) dΩ2

d, X̂ ∈ H+
d+1 (2.2.13)

ds2
dSd+1 = −dσ2 + cosh2(σ) dΩ2

d, X̂ ∈ dSd+1, (2.2.14)
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along with the respective integration measures∫
H+

d+1

[dX̂] =
∫
Sd

[dΩ]
∫ +∞

0
sinhd(τ) dτ, (2.2.15)∫

dSd+1
[dX̂] =

∫
Sd

[dΩ]
∫ +∞

−∞
coshd(σ) dσ. (2.2.16)

In the formulas above, dΩ2 and [dΩ] are, respectively, the metric and inte-
gral measure over the unitary d-dimensional sphere Sd.

In summary, another natural set of coordinates to parameterise points in
the hyperbolic foliation of Minkowski space-time is given by adopting the
Global coordinate patches over the unitary slices. Employing these patches,
we get

A+ : XM = T (cosh τ, sinh τ n̂), T > 0, τ ≥ 0, (2.2.17a)
A− : XM = T (cosh τ, sinh τ n̂), T < 0, τ ≥ 0, (2.2.17b)
D : XM = R (sinh σ, cosh σ n̂), R > 0, σ ∈ R, (2.2.17c)

which is the analogue of spherical coordinates. Respectively, we shall call
these patches: the Chronological Global Milne Patch (CGMP), the Anti-
Chronological Global Milne Patch (AGMP) and the Global Rindler Patch
(GRP).

2.3 The Projective Light-Cone

So far, we divided Minkowski space-time in four regions, A+, A−, D+, D−,
that we have extensively analysed by presenting a hyperbolic foliation con-
sisting of (EA)dS slices. The last remaining submanifold to study, to cover
the whole Minkowski space-time, is the light-cone C, which we are now
preparing to analyse. Consider the restriction of C ⊂Md+2 to the half-space
q0 ≷ 0. We will call the submanifold C± = {q ∈ C|q0 ≷ 0} the future/past
light-cone of Minkowski space-time. Now, let us consider the equivalence
relation

q ∼ λq, λ ∈ R+, (2.3.1)

of elements in C±, which are named future/past projective null-vectors. We
shall refer to the equivalence classes

[q]± =
{
qλ ∈ C± : qλ = λq, λ ∈ R+

}
(2.3.2)

as future/past null-rays or light-rays. The set of all the future/past light-
rays [q]± of Minkowski space-time form a manifold, C±∼ = C±/ ∼ , called the
future/past projective light-cone. This manifold is diffeomorphic to a section
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of C± defined by the additional condition q+ = α, with α constant. Indeed,
a null-vector q ∈ C has only d+ 1 independent components,

q2 = 0 =⇒ q− = |q⃗ |
2

q+ , (2.3.3)

where q⃗ ∈ Rd and |q⃗ |2 = qaqbδab, with a, b = 1, . . . , d. Therefore, a repre-
sentative qλ of the equivalence class [q]± ∈ C±∼ , is given by

qλ = λ

(
q+,
|q⃗ |2

q+ , q⃗

)T
, (2.3.4)

where λ > 0. Now, setting λ = α/q+, with α ≷ 0 and fixed, we can embed
C±∼ in a section of C±,

[q]± 7−→ q = α

(
1, |ω⃗ |2 , ω⃗

)T
, (2.3.5)

where we have redefined

ω⃗ = q⃗

q+ , ω⃗ ∈ Rd. (2.3.6)

In particular, the choice α = ±1 provides the embedding of C±∼ in the so-
called Poincaré section C±P ⊂ C±, whose elements are parameterised as

q = ±
(

1, |ω⃗ |2 , ω⃗
)T
. (2.3.7)

In general, Eq.s (2.3.5) and (2.3.6) furnish the relations to embed the Eu-
clidean space Rd in the section of C± defined by q+ = α, generating the
chain of diffeomorphisms [74, 75]

C±∼ ≃ C±P ≃ Rd. (2.3.8)

As reviewed in Appendix B, this chain of diffeomorphism serves as the foun-
dation for the Dirac’s embedding formalism, establishing a correspondence
between conformal primary tensors in Rd and Lorentz tensors in Md+2.
The Dirac’s idea is rooted in the basic observation that the connected com-
ponent of Conformal group in d dimensions is diffeomorphic to the con-
nected component of the Lorentz group in d + 2 dimensions. Parameter-
ising HTd+1, T ≷ 0, by means of the Poincaré coordinates (2.2.2), in the
embedding formalism it is possible to visualize two points q (ω⃗) ∈ C±P and
X (T ; y, z⃗ ) ∈ HTd+1, which belong to different submanifolds, in the same am-
bient space Md+2. This two submanifolds are disjoint, but, geometrically,
Fig.(2.2) shows that HTd+1 reaches the future/past null-cone C± at infin-
ity. As we said so far, the section at infinity of C± (the blue upper circle
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Figure 2.2: The bijective mapping from points on the Poincaré section (in
green) to points on the far-future horizontal section (blue circle) of the fu-
ture light-cone (light blue) is achieved using light-rays (red). Additionally,
these light-rays intersect the boundary (black circle) of the one-sheet uni-
tary hyperboloid (grey) at infinity, ensuring an isomorphism between the
conformal boundary of the hyperboloid and the Poincaré section.

in Fig.(2.2)) can be identified with C±∼ , since points of this section are in
one-to-one correspondence with light-rays. Indeed, in the figure, the (red)
light-ray intersects the upper (blue) circle only at one point. Moreover, C±∼
can be identified with C±P , by the chain of diffeomorphisms (2.3.8). One may
then ask if the submanifold C±P can be thought of the boundary manifold of
HTd+1, T ≷ 0, placed at infinity. Strictly speaking, this is not possible! In
fact, the boundary of H±d+1 would be reached for y → 0+. However, given

X = T

(
1
y
,
y2 + |z⃗|2

y
,
z⃗

y

)
, (2.3.9)

one finds that the limit
lim
y→0

X (T ; y, z⃗) (2.3.10)

diverges for all z⃗ ∈ Rd. Similarly, the metric ds2
HT

d+1
, defined by Eq.(2.2.3),

diverges for y → 0+ as well. This means that C±P cannot be thought of an
analytical extension of the Riemannian manifold HTd+1. Nevertheless, the
limit

lim
y→0+

y

|T |
X (T ; y, z⃗) = ±

(
1, |z⃗ |2 , z⃗

)T
≡ q (z⃗) , z⃗ ∈ Rd, (2.3.11)
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converges to an element of C±P ≃ Rd. Analogously, the metric ds2
HT

d+1
can be

extended to C±P via the limit operation

lim
y→0+

y2

T 2 ds2
HT

d+1
= (dy2 + dz⃗ · dz⃗)|y=0 ≡ ds2

E , z⃗ ∈ Rd, (2.3.12)

where in the second equality we restricted the metric onto C±P , seen as the
0-level set of the function ΩH+

d+1
. Therefore, by means of the smooth func-

tion ΩHT
d+1

(y) = y/|T |, T ≷ 0, a correspondence between points on HTd+1

and points on C±P ≃ Rd can be constructed through a limit prescription.
The limits (2.3.11) and (2.3.12) provide a kind of extension of the manifold
HTd+1. The new extended manifold H̃Td+1 = HTd+1 ⊔ C

±
P , where ± = sign(T ),

has now a boundary, C±P ≃ Rd+1, that can be meant as placed at infinity
and is endowed with the metric ds2

E . The procedure just described is called
Penrose’s Conformal Compactification, allowing us to associate a bounded
manifold to an unbounded one. In particular, H̃Td+1 is called the conformal
extension ofHTd+1 and C±P is its conformal boundary. However, this construc-
tion is not unique. The general function ΩHT

d+1
(y), that we can use here to

ensure such an association, must have the following properties [76–78]:
• ΩHT

d+1
(y) must be positive definite in the bulk, which is the hyper-

boloid HTd+1;

• ΩHT
d+1

(y) and d
dyΩHT

d+1
(y) ̸= 0 on the boundary (y = 0).

The set of functions ΩHT
d+1

(y), satisfying the above properties, leads to
a set of Riemannian manifolds that are conformal to H̃Td+1. The boundaries
of all of these manifolds form an equivalence class of boundary Riemannian
manifolds that we will call Celestial Sphere. In the next section we will de-
scribe in detail this procedure and we will apply it to Minkowski by using
several coordinate patches.

In the end, what we learned in this section is that, in the ambient space
Md+2, we can compactify each hyperboloid HTd+1 by the Poincaré section
C±P of the light-cone, that we can visualise as the boundary of HTd+1, T ≷ 0,
placed at infinity. Obviously, this construction can be analogously carried
out for each dS slice. In the latter case, employing Poincaré coordinates
(2.2.6), C±P is established to be the future/past conformal boundary of dSR,±d+1 .
Since q (ω⃗) in (2.3.7) transforms as a conformal vector with respect to the
action of SO(1, d + 1), in terms of SO(1, d + 1) tensors, the correspon-
dence ensured by (2.3.11) and (2.3.12) maps Minkowski Lorentz tensors to
conformal primary ones of Rd. This is the basic of the Dirac’s embedding
formalism (see Appendix B) . In the upcoming section, we will delve deeper
into Penrose’s conformal compactification procedure, clarifying some points
that we have introduced in this discussion.
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2.4 The Conformal Boundary

The concept of Conformal Boundary was introduced by Penrose in [79] and
was then employed to study the geometrical background and the symmetries
of an isolated gravitational system emitting outgoing radiation [79–81]. The
solution gµν to Einsten’s equation,

Rµν −
1
2Rgµν + Λgµν = 8πGNTµν , (2.4.1)

where Rµν is the Ricci tensor, R the scalar Ricci curvature, Tµν the stress
tensor, Λ and GN the Cosmological and Newton constant, respectively, for
an isolated gravitational system describes a space-time approaching Minkowski
as we move far away from the source. Indeed, in such a system, the mass
density has compact support and the radiating energy flow goes to zero in the
long distance limit. This ensures asymptotically both Ricci and Weyl flat-
ness, making the geometry of the asymptotic space-time indistinguishable
from that of Minkowski [82–85]. For this reason, the space-time generated
by an isolated gravitational system is said to be asymptotically flat.

Nevertheless, a precise definition of asymptotic flatness is far from ob-
vious. The first formulation was given by Bondi, Sachs et al. [86–89], who
studied this problem in a coordinate-wise fashion. Working in a precise
patch, today known as the Bondi-Sachs patch, they arrived to give a list of
large-distance conditions that the metric g and its components must satisfy
in order to ensure the asymptotic flatness of the space-time. Such a metric
g, satisfying the Bondi-Sachs asymptotic conditions, is called asymptotically
flat metric (see also [82, 84, 85]).

However, the list of conditions they worked out, at first, seemed not
to have any geometric foundation, as stated by Sachs himself. This aspect
was justified only later, by using the Penrose’s geometrical approach. Be-
sides that, the most significant result, achieved in the early sixties by Bondi
et al., was undoubtedly the discovery of an infinite-dimensional extension
of the Poincaré group as the group of transformations which preserve the
asymptotic flatness of the metric. This group of transformations is called
asymptotic symmetry group and can be regarded as the group of transfor-
mations that preserve the geometry generated by an isolated gravitational
system far away from the source. Therefore, even though the geometry of
an asymptotically flat space-time, at large distance, becomes the same as
the Minkowski’s one, with great surprise, Bondi, Van de Burg, Metzner and
Sachs discovered that the asymptotic symmetry group of an asymptotically
flat space-time is not the Poincaré group, but a much bigger and richer
group, today known as the Bondi-Metzner-Sachs (BMS) group (for further
information on this group we also suggest [90–101]).

Initially, Sachs did not accepted this discovery favorably and unsuccess-
fully attempted to restrict the BMS group, in order to restore Poincaré as the
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asymptotic symmetry group of an asymptotic flat space-time. Nevertheless,
today we know that the infinite-dimensional extension of the Poincaré group
can be justified by a conformal extension of space-time itself, as demon-
strated by Penrose using a purely geometric approach, without adopting
any set of coordinates. In order to study the behaviour of the space-time
near infinity, Penrose proposed to compactify the space-time, by essentially
using a conformal transformation to bring all points at infinity to a finite dis-
tance. This kind of shrinking can be achieved by employing a new unphysical
space-time, conformal to the physical one, where the supporting manifold is
compact. In what follows, we will proceed by elaborating on Penrose’s idea
in detail, applying then the methodology of Conformal Compactification to
the hyperbolic foliated Minkowski space-time.

2.5 Conformal Compactification

In the subsequent discussion, the outcomes, included theorems and defini-
tions, are predominantly sourced from a selection of papers and books, [77,
80–82, 84, 85, 102–105]. The results are presented in 4 dimensions, even
though most of them can be generalized to arbitrary dimensions. Hence-
forth, we will emphasize that we are working in 4 dimensions only when
strictly necessary. Let us begin by recalling some basic definitions.

Definition 2.5.1. A 4-dimensional space-time is a couple (M, g), where M
is a 4-dimensional, connected, smooth manifold without boundary and g is
a non-degenerate rank-(0, 2) tensor with Lorentzian signature. This means
that at each point p ∈ M there exists a basis of tangent vector B =

{
Xa
p

}
,

a = 1, . . . , dim(M), such that gp = diag(−1, 1, . . . , 1) in B. Moreover, the
space-time is said to be time-orientable if there exist a nowhere vanishing
time-like vector field T over M .

The existence of a nowhere vanishing vector field T , in general, enables
us to designate, at any point of our space-time, future-directed vectors as
those vectors oriented as T and past-directed vectors as those oriented oppo-
site to T . Besides the time-orientability, another important concept is the
causal structure of a space-time.

Definition 2.5.2. A curve γ in a time-orientable space-time (M, g) is said
to be a causal curve if each tangent vector of γ is ether a time-like or null
future-directed vector. Moreover, given two points p and q in M , we will
say that p causally precedes q if there exist a future directed time-like curve
γ starting from p and ending in q.

Strictly speaking, the physical meaning behind the notion of causality be-
tween two points p and q is related to the possibility that an event repre-
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sented by p can be the causal factor for a subsequent event occurring at q.
Now that we have clarified these fundamental concepts, let us proceed with
the main definition of this section.

Definition 2.5.3. A time-oriented and causal space-time (M, g) is said to
be asymptotically simple if there exists a Lorentzian manifold (M̃, g̃), an
embedding ι : M ↪→ M̃ and a function Ω ∈ C∞(M̃), called conformal factor,
such that:

1. M̃ is a compact manifold with interior ι(M) and boundary I , so that
M̃ ≃ ι(M) ⊔I ;

2. Ω |ι(M)> 0, Ω|I = 0 and dΩ|I ̸= 0;

3. The pull-back ι∗g̃ = Ω2g, which means that g̃ is conformal to g in
ι(M);

4. Every null geodesic of (M̃, g̃) has two endpoints on I .

In addition, an asymptotically simple space-time (M, g) is also said empty
if Rµν |ι−1(Õ) = 0 in any open neighborhood O of I ⊂ M̃ .

The Lorentzian manifold (M̃, g̃), constructed following the above prescrip-
tion, is called the conformal extension of (M, g) and I is its conformal
boundary. Often, people also refer to (M̃, g̃) as the unphysical space-time.
Indeed, by taking a geodesic γ̃ in the unphysical space-time (M̃, g̃), its com-
ponents in a chart (Ũ , ψ̃) of M̃ must satisfy the differential equation

d2xa

dλ̃2 + Γ̃abc
dxb

dλ̃
dxc

dλ̃
= 0, a = 1, . . . , dim(M̃), (2.5.1)

where ψ̃(γ̃) = x ∈ Rdim(M̃), λ̃ is an affine parameter and Γ̃abc are the
Christoffel symbols in the metric g̃,

Γ̃abc = 1
2 g̃

ad(∂bg̃cd + ∂cg̃bd − ∂dg̃bc). (2.5.2)

Property 1 of Def.(2.5.3) allows us to employ a chart (U,ψ) of M such that
ψ̃(γ̃) = ψ(ι−1 (γ̃)) and ι(U) = Ũ . The subsequent transformation property
of the Christoffel symbols is, therefore,

Γ̃abc = Γabc + 2Ω−1δa(b∇c)Ω− Ω−1 (∇dΩ) gadgcb. (2.5.3)

Hence, the components of a physical geodesic γ, such that ι(γ) = γ̃, in the
chart (U,ψ) must satisfy

0 = d2xa

dλ2 + Γabc
dxb
dλ

dxc
dλ = − 1

λ′

(
λ′′

λ′
+ 2Ω′

Ω

) dxa
dλ , (2.5.4)
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where λ = λ(λ̃) is the affine parameter of the physical geodesic and the
primes represent the derivatives with respect to λ̃. The right-hand side of
(2.5.4) vanishes for

dλ = c

Ω2 dλ̃, (2.5.5)

with c constant. Since the smooth function Ω vanishes on the conformal
boundary I , the affine parameter λ diverges as the unphysical geodesic
approaches I . Therefore, we could say that the physical geodesic never
reaches I and, from the point of view of a physical observer, the conformal
boundary can be meant as at infinity.

For an asymptotically simple and empty space-time, important prop-
erties can be deduced for I . The components of the Ricci tensor of the
physical space-time Rab are related to the ones of the Ricci tensor R̃ab in
the unphysical space-time via (see [106])

Rab = R̃ab − 2Ω−1∇a∇bΩ− g̃ab
(
Ω−1∇c∇cΩ− 3Ω−2∇cΩ∇cΩ

)
. (2.5.6)

Remembering that, for an asymptotic simple and empty space-time, Rab = 0
in any neighborhood of I , multiplying both sides of (2.5.6) by Ω2 yields

∇cΩ∇cΩ = 0. (2.5.7)

Since from property 2 of Def.(2.5.3) ∇cΩ ̸= 0 everywhere on I , it follows
that ∇cΩ is a nowhere vanishing null covector on I . Further, ∇cΩ is also
the normal covector of I . Indeed, as stated in property 2 of Def.(2.5.3),
I is the 0-value level set of the smooth function Ω. This last consideration
implies that I is a null hypersurface. Moreover, plugging (2.5.7) in (2.5.6)
and then multiplying both sides by Ω, we find

2∇a∇bΩ + g̃ab∇c∇cΩ = 0, (2.5.8)

which means that the normal covector ∇cΩ is divergent- and shear-free:

∇c∇cΩ = ∇a∇bΩ = 0. (2.5.9)

To present another important property of I , we have to use the following
theorem, demonstrated by Hawking and Ellis:

Theorem 2.5.1. An asymptotically simple and empty space-time (M, g) is
globally hyperbolic.

This result, along with property 3 of Def.(2.5.3), implies that the confor-
mal boundary I of an asymptotic simple and empty space-time consists of
two disconnected pieces: I +, the locus where all the null geodesics have
their future end-point and I −, the locus where all the geodesics have their
past end-point. Moreover, working in four-dimensions, I ± has the topol-
ogy of S2 × R. All of these considerations apply to an asymptotically flat
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space-time whenever Einstein’s empty equations hold in any neighborhood
of I . Indeed, an asymptotic flat space-time is asymptotically empty, in the
sense given above, if no outgoing radiation is emitted from the source. In
general, when the cosmological constant is different than zero, the following
theorem holds [80]:

Theorem 2.5.2. If the trace of the stress-energy tensor vanishes near I ,
then I is space-like, time-like, or null according as the cosmological con-
stant Λ in the Einstein’s equation is positive, negative, or zero.

Even though the previous theorem regards maximally symmetric spaces as
dS and AdS, there are some subtleties to be aware of. Strictly speaking,
both AdS and dS are not asymptotically simple space-times. For example,
globally, AdS has the topology of S1 ×R3. It has been shown by Bengtsson
[107] that there exist closed time-like curves in this topology, which means
that the causal structure of AdS is violated. However, if one unwraps the
circle S1 and considers the universal covering of AdS, topologically R4, it
does not contain any closed time-like curves and the assumptions made in
this section work out for it. In general, we will refer to AdS as its universal
covering. Regarding dS, instead, it is stated that only half of the space can
be treated as an asymptotically simple and empty space-times. Indeed, in
the following section, we will perform the conformally compactification of
dS in its EPP and CPP, separately.

2.6 Compactifying Minkowski Space-Time

Let us put into practice the concepts acquired in the last section to com-
pactify Minkowski space-time. In the following, we will carry out the confor-
mal compactification in the far future using the time-retarded coordinate u.
However, it’s worth noting that a comparable analysis is applicable for com-
pactifying Minkowski in the far past. In this latter scenario, the appropriate
choice would involve employing the time-advanced coordinate v = X0 + r.

Consider the (d+ 2)-dimensional Minkowski metric

ds2 = ηMN dXMdXN , ηMN = diag(−1, 1, . . . , 1), (2.6.1)

with M, N = 0, . . . , d+ 1. Then, let us introduce time-retarded coordinates

u = X0 − r, Xd+1 = r cos(θ), Xa = r m̂asin(θ), (2.6.2)

where a = 1, . . . , d and m̂ ∈ Sd−1. The new metric is

ds2 = −du2 − 2dudr + r2
(
dθ2 + sin2(θ)dΩ2

d−1

)
, (2.6.3)

where dΩ2
d−1 is the metric of the (d−1)-dimensional sphere. As readily seen

from the metric (2.6.3), hypersurfaces u = const are future null-cones, with
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r > 0 generating their null-rays. Indeed, the normal vector kM = gMN∇N u
to each level surface u = const is null and future-pointing:

gMN∇Mu∇Nu = guu = 0, ∇uu = 1. (2.6.4)

Being null, the vector kM is also tangent to each light-cone defined by u =
const. Moreover, we can parameterise the integral curve γ(λ) of each light-
ray as

R+ ∋ λ 7→ γ(λ) =


u = u0
r = λ
θ = θ0
m̂ = m̂0

 , (2.6.5)

where u0, θ0 and m̂a
0 are arbitrary constants. It is then clear that γ(λ) are

geodesics. Indeed, their velocity vector γ′M ≡ −∇Mr = δMr is constant
along γ and satisfies (2.5.4). Further, gMNkN∇Mr = −1, which means that
the velocity vector γ′M is future-directed. All of these considerations enable
us to say that the radius r is an affine parameter for geodesics along null-
rays. Intuitively, future null infinity can be reached by following these paths.
Therefore, we will employ r to play the role of our physical parameter λ, as
in (2.5.4), and we will send λ→∞ to reach the conformal boundary I + in
the unphysical space-time.

Equation (2.5.5) gives us some arbitrariness to choose the function Ω.
Commonly, Ω is taken in such a way that Ωλ → constant for λ → ∞. In
particular, setting Ω = λ̃, (2.5.5) leads us to the solution λ = f(λ̃−1), with f
arbitrary linear function. Therefore, we are free to put Ω = λ̃ = r−1. Then,
by performing the change of variables y = r−1, the physical metric becomes

ds2 = y−2
(
−y2du2 − dudy + dΣ2

d

)
, (2.6.6)

where the last term represents the metric on a d-dimensional unit sphere Sd,

dΣ2
d = dθ2 + sin2(θ) dΩ2

d−1. (2.6.7)

Note that null infinity is reached for y → 0, therefore λ̃ is finite at null
infinity. Moreover, all the conditions of Def.(2.5.3) are satisfied in this new
metric. The unphysical metric is immediately tracked out from (2.6.6), i. e.

ds̃2 = y2du2 − du dy + dΣ2
d. (2.6.8)

This unphysical metric can be resctricted on I +, defined by the condition
y = 0, yielding

ds̃2
I + = 0 · du2 + dΣ2

d, (2.6.9)

where the zero in front of the first term is just a symbol to point out that
the metric is degenerate on I +. From the structure of the induced metric
(2.6.9), it results evident that I + ≃ R × Sd, with the retarded time u
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generating the factor R. Therefore, I + is a codimension-1 hypersurface of
Md+2 and its sections u = const are topologically codimension-2 spheres.
Redefining the conformal factor Ω′ = ΘΩ, with Θ arbitrary positive smooth
function on the unphysical space-time M̃d+2, yields, after the restriction,
just a rescaling of the metric (2.6.9). This makes evident the conformal
structure of the hypersurface I +, translating the gauge freedom on the
choice of the conformal factor Ω into the freedom of rescaling the metric
ds̃2

I + by an arbitrary positive smooth function Θ2. All the Riemannian
manifolds obtained by this rescaling are, in principle, physically equivalent.
Therefore, I + can be regarded as a smooth manifold N ≃ R× Sd endowed
with the equivalence class of degenerate metrics [99]

[ds̃2
I + ] =

{
ds̃2

Θ = Θ2ds̃2
I + |Θ ∈ C∞(N ,R+)

}
. (2.6.10)

The conformal structure defined in this way, naturally induces a con-
formal structure on the sphere Sd. By means of the canonical projection
π : N 7→ Sd, define a section s : Sd 7→ N as satisfying π ◦ s = idSd . We can
than pull-back all the elements of (2.6.10) on Sd by employing s. We will
call future Celestial Sphere, CS+, the equivalence class of all the Riemannian
manifolds,

CS+ :=
{(
θ2dΣ2

d, Sd
)
| θ ∈ C∞(Sd,R+)

}
, (2.6.11)

where θ = Θ ◦ s. Note that, by applying the pull-back π∗, the equivalence
class of metrics

[dΣ2
d] =

{
dΣ̃2

θ = θ2dΣ2
d | θ ∈ C∞(Sd,R+)

}
, (2.6.12)

define a sub-equivalence class of metrics in (2.6.9), characterized by functions
Θ constant along the rays generated by u [99]. Now, let us represent Sd in
stereographic coordinates. Looking at Sd as embedded in Rd+1, consider the
stereographic map

st : Sd/{(0, . . . , 1)} → Rd, st(ξ̂) :=
(

ξ̂1

1− ξ̂d+1
, . . . ,

ξ̂d

1− ξ̂d+1

)T
,

(2.6.13)
with inverse

st−1 : Rd → Sd/{(0, . . . , 1)}, ξ̂(ω⃗ ) =
(

ω⃗

|ω⃗|2 + 1 ,
|ω⃗|2 − 1
|ω⃗|2 + 1

)T
. (2.6.14)

The extended stereographic map [82]

s̃t =
{

st(ξ), ξ ∈ Sd/{(0, . . . , 1)},
∞, ξ = (0, . . . , 1).
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is a diffeomorphism s̃t : Sd → R̃d = Rd ⊔ {∞}. Employing stereographic
coordinates, the metric on the sphere becomes

dΣ2
d = 4

(|ω⃗|2 + 1)2 ds2
E , (2.6.15)

where ds2
E is the standard metric on Rd. This gives back

ds̃2
I + = 0 · du2 + 4

(|ω⃗|2 + 1)2 ds2
E . (2.6.16)

The conformal factor in (2.6.15) can be included in the redefinition of the
function θ in (2.6.11). In conclusion, we can always represent the future
Celestial Sphere as the extended Euclidean plane Ẽd ≃ Rd ⊔ {∞} endowed
with the standard Euclidean metric ds2

E in its interior Rd. Therefore, we
can also redefine CS+ as the equivalence class

CS+ ≃
{(
θ2ds2

E , Rd
)
× P | θ ∈ C∞(Rd,R+)

}
, (2.6.17)

where P is a point representing the boundary of Ẽd.

Definition 2.6.1. The group of transformations that preserve the induced
metric (2.6.9) up to a conformal factor is the Newman-Unti (NU) group,
N U d.

Since the connected component of the d-dimensional conformal group is
isomorphic to SO+

c (1, d), the connected component of SO(1, d+ 1), we can
state that N U d consists of the group of transformations

u 7→ u′ = F (u, ω⃗), ∂F

∂u
> 0, ω⃗ ∈ Rd; (2.6.18)

ω⃗ 7→ ω⃗ ′ = Λ[ω⃗], Λ ∈ SO+
c (1, d+ 1). (2.6.19)

The NU group is bigger than the BMS group (we suggest [108] for a dis-
cussion on it). To restrict the former to the latter, we need to introduce
another structure defined on I +, called by Penrose strong conformal geom-
etry. Strong conformal geometry requires that the ratio

dl
du = ν (2.6.20)

must be invariant and independent on the choice of the conformal factor Ω.
Given the degeneracy of the metric on I +, there always exists a vector field
N such that g(N, ·) = 0 [99]. We will denote N isotropic vector field and
the integral curves of N isotropic directions. Therefore, it may happen that,
given two non-null vectors Xp, Yp at p ∈ I +, they span a plane containing
Np. In this case, the angle between Xp and Yp vanishes because of the
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degeneracy of the metric. In fact, setting αXp + βYp = µNp, α, β, µ ∈ R0,
then

gp(Y,X) = −α
β
gp(X,X) + µ

β
gp(N,Y ) = −α

β
gp(X,X), (2.6.21)

and
gp(X,Y ) = µ

α
gp(N,Y )− β

α
gp(Y, Y ) = −β

α
gp(Y, Y ). (2.6.22)

Therefore,
cos θ = gp (X,Y )√

gp (X,X) gp (Y, Y )
= 1. (2.6.23)

Nevertheless, the ratio (2.6.20) furnishes a well-posed definition for angles
between the non-isotropic directions generated by X and Y . Such an angle
ν, defined via (2.6.20), is called null angle between the directions [X] and
[Y ] [99]. Now, exploiting the isomorphism between SO+

c (1, d + 1) and the
connected component of the d-dimensional conformal group, from (A.0.6)
we deduce that the metric ds̃I + rescales by a function K2, under the action
of SO+

c (1, d+ 1). In particular,

K(ω⃗) = 1 + |ω⃗|2
1 + |ω⃗′ |2 Λ(ω⃗), (2.6.24)

where ω⃗′ is the target of the map Λ : ω⃗ 7→ ω⃗ ′, Λ ∈ SO+
c (1, d + 1), and the

function Λ(ω⃗) is the conformal factor in (A.0.6). Therefore

dl =
√

ds̃2
I + → K(ω⃗) dl, ω⃗ ∈ Rd. (2.6.25)

Correspondingly, the subset of transformations in (2.6.18) preserving null
angles ν, must have the form

u 7→ u′ = K(ω⃗) (u+ α(ω⃗)) . (2.6.26)
Definition 2.6.2. The group of transformations preserving both angles and
null angles on I + , or, equivalently, the group of conformal transformation
of I + respecting the strong conformal geometry is the BMS group.

The general element of the BMS group is given by the coordinate trans-
formation

u 7→ u′ = K(ω⃗)(u+ α(ω⃗)), ω⃗ ∈ Rd; (2.6.27)
ω⃗ 7→ ω⃗ ′ = Λ[ω⃗], Λ ∈ SO+

c (1, d+ 1). (2.6.28)
At least in 4 dimensions, the map κ : (ΛK , u) 7→ K(ω⃗)u, with ΛK ∈
SO+

c (1, 3) acting on dl as in (2.6.25), define an automorphism on the trans-
formation group [82],

u 7→ u′ = u+ α(ω⃗), (2.6.29)
for all ΛK . The subgroup (2.6.29) is called supertranslations subgroup and
is usually denoted by S. Therefore, at least in four dimensions, the BMS
group can be always regarded as BMS4 = S ⋊κ SO

+
c (1, 3).
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2.7 Compactifying Hyperbolic Slices

So far, we have conformally compactified Minkowski space-time following
the Penrose’s standard procedure, based on employing time retarded and
advanced coordinates. In what follows, instead, we will exploit the same
method to compactify each leaf in the hyperbolic foliation of Minkowski
space-time [109–111]. More precisely, the conformal infinity of each slice of
Minkowski will be a class of Riemannian manifolds that we will identify as
the Celestial Sphere [33]. This approach enable us to apply techniques ac-
quired over the years within the framework of the (EA)dS to investigate flat
space holography, feeding the soil for the emergence of Celestial holography.
The outcomes will be similar to those presented in the previous section, yet
viewed through this new perspective that will guide us throughout the entire
thesis.

To begin with, let us now consider the metric (2.1.5) in the region A±,
that we rewrite here employing Poincaré coordinates on the unitary EAdS
slice:

ds2
A± = −dT 2 + T 2

y2

(
dy2 + dz⃗ · dz⃗

)
. (2.7.1)

T = constant hypersurfaces are one-sheet hyperboloids HTd+1 with radius T .
Let us restrict our metric on one of these hypersurfaces,

ds2
HT

d+1
= T 2

y2

(
dy2 + dz⃗ · dz⃗

)
, y > 0, z⃗ ∈ Rd. (2.7.2)

This metric blows up for y → 0 and has an horizon for y →∞ [33]. We can
compactify the space by setting ΩHT

d+1
(y) = y/T . In this way, the boundary

of the unphysical space H̃Td+1 = HTd+1 ⊔ {y = 0} is reached for y → 0. The
unphysical metric

ds̃2
HT

d+1
= y2

T 2 ds2
H+

d+1
, (2.7.3)

does not diverge for y → 0 and, restricted to the level-set hypersurface
y = 0, reduces to the standard Euclidean metric ds2

E = dz⃗ · dz⃗. There-
fore, it turns out that the conformal boundary of each EAdS slice HTd+1
is precisely the Celestial Sphere [109–111], represented in this case as the
extended Euclidean plane Ẽd. Indeed, by rescaling the conformal factor
ΩHT

d+1
with a positive function θ, we span the entire equivalence class of

Riemannian manifolds defined in (2.6.17). Therefore, by sending y → 0 we
move towards the conformal boundary over the single EAdS slices HTd+1.
Indeed, from Fig.(2.2) we realise that, geometrically, each curve γ ⊂ HTd+1,
parameterised as γ = (y, z⃗0), with z⃗0 fixed, reaches smoothly a section of the
light-cone C+ at infinity. This section represents the projective light-cone
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C±∼ , which can be therefore identified with the conformal boundary CS±
of HTd+1, where the sign ± coincides with sign(T ). Therefore, since C±∼ is
diffeomorphic to the Poincaré section C±P , the Celestial Sphere CS± can be
visualised as C±P in the Dirac’s embedding formalism. The same construction
can be carried out for D±. In this latter case, employing the Expanding/
Contracting Rindler Patch (see (2.2.9)), the metric assumes the form

ds2
D± = dR2 + R2

η2
±

(
−dη2

± + dz⃗ · dz⃗
)
. (2.7.4)

Setting dR = 0 and Ω = η±
R , the unphysical metric becomes

ds̃2
dSR,±

d+1
= −dη2

± + dz⃗ · dz⃗, (2.7.5)

which, restricted on the boundary of the single dS slice, dη± = 0, gives

ds̃2
CS± = dz⃗ · dz⃗ ≡ ds2

E . (2.7.6)

This time, the far future, resp. past, Celestial Sphere is reached by sending
η± → 0 in the Expanding, resp. Contracting, Poincaré patch of dS, showing
how these patches have only one conformal boundaries. Globally, each dS
slice has two conformal boundary: one in the far past and one in the far
future. These boundaries are represented by the Poincaré sections of the
light-cone in the Dirac’s embedding formalism. This is also confirmed geo-
metrically by looking at Fig. (2.1)

The construction showed in this section leads us to think of the conformal
compactification of Minkowski in two different ways. The first way con-
sists in following the standard Penrose’s conformal compactification, which
starts with a null-like foliation of Minkowski and leads to a codimension-
1 conformal boundary, denoted as I . This boundary exhibits a cone-like
structure, with each section identified as a Celestial Sphere. In this first sce-
nario Carrollian Holography, a theory stating the duality between a theory
of gravity in flat space and a CFT on I . The alternative approach follows
the procedure detailed in this section. Employing the hyperbolic foliation of
Minkowski, this alternative leads to a codimension-2 conformal boundary,
comprising the disjoint union of two Celestial Spheres: one in the far past
and one in the far future. In this second scenario are deepened the roots
of Celestial Holography. It is therefore intuitive that a connection between
Carrollian and Celestial holography should exist. In [112, 113], the au-
thors studied this connection, bridging Celestial and Carrollian correlators
through a Mellin-like tranformation in the variable u± over I± . In this the-
sis we will be adherent to the second scenario, exploiting the compactified
hyperbolic foliation of Minkowski space-time to exploit all the knowledge
about (EA)dS to compute correlators in Celestial Holography.
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Chapter 3

Conformal Primary Bases in
Quantum Field Theory

In the previous chapter, we introduced the general framework that will guide
us in the exploration for the construction of a Flat/CFT correspondence. In
particular, we ended up with a foliation of (EA)dS slices, closed at infinity
by an equivalence class of Riemannian manifolds that we called Celestial
Sphere CS±, where the ± sign stands for those slices reaching the confor-
mal boundary at future/past infinity. The Celestial Sphere can always be
represented as the extended Euclidean space and, in the Dirac’s embedding
space formalism, is visualised as the Poincaré section of the light-cone C±P .
In this chapter, we will apply this framework to the momentum space, devel-
oping the Conformal Primary Bases formulation of Quantum Field Theory
(QFT). In this new formulation, fields are decomposed into a basis of wave-
functions transforming covariantly under the action of the Lorentz group,
rather than Poincaré. Working in a (d + 2)-dimensional Minkowski space-
time, under the action of SO(1, d + 1), these wavefunctions transform as
conformal primary operators of conformal weight ∆, with ∆ belonging to
the principal continuous series, ∆ = d

2 + iν. In particular, a basis of these
wavefunctions is found for ν ≥ 0 in the massive case and for ν ∈ R in the
masseless one [3, 17, 18, 52, 114, 115].

Employing conformal primary bases, whose elements belong to irre-
ducible representations of Lorentz instead of Poincaré, we may highlight
new properties, usually hidden in the momentum basis formulation of QFT.
Since the connected component of the BMS group can be always written
as SOc(1, d + 1) ⋊ S, with S supertranslation subgroup and SOc(1, d + 1)
connected component of SO(1, d + 1), from this perspective, it seems that
Lorentz is more fundamental than Poincaré. Thus, developing a descrip-
tion of flat QFT based on wavefunctions transforming covariantly under the
action of Lorentz instead of Poincaré may lead to more general properties,
remaining true also when considering QFTs in asymptotically flat space-
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time.

The outline of this chapter is to study the conformal primary bases both
in the massive and massless case. Particular emphasis will be given to the
spinor case, mostly following [3], and to the scalar case [17, 18] for later
purpose. We will start by analysing conformal primary basis in the massive
scalar case, presenting the prescription of Pasterski, Shao and Strominger
[17, 18]. Next, we will generalise the method, working out massive confor-
mal primary bases both in the higher spin bosonic [116] and in the Dirac
spinor case [3, 115]. In all of these examples, we will note that basis elements
are labelled by conformal weight ∆ belonging to only half of the principal
continuous series. The reason for that must be tracked in the theory of the
shadow transform [117–119], presented in section 3.4. There, we will furnish
a quite general integral representation for the shadow transform of confor-
mal primary operators [120, 121] and then we will proceed by computing
shadow transformed conformal primary wavefunctions for Dirac spinors. In
general, given ∆ = d

2 + iν, in the massive case it comes out that confor-
mal primary wavefunctions labelled by ν ≥ 0 are proportional to those with
ν ≤ 0 through a shadow transform. This does not occur in the massless case.
Therefore, in the massive case, only conformal primary wavefunctions with
∆ belonging to half of the principal continuous series are independent and
can be chosen to form a basis for fields in Minkowski. For further examples
on the computation of shadow transformed conformal primary wavefunc-
tions, we refer to [3, 18, 120]. Finally, in the last section of the chapter,
we will explore the massless case, constructing massless conformal primary
bases for scalars and Dirac spinors. A detailed study of the masseless spin
1 and 2 case, can be found in [18].

3.1 Massive Scalar Conformal Primary Basis

In what follows, we shall represent the Celestial Sphere CS+ as Rd rather
than the extended d-dimensional Euclidean space Ẽd ≃ Rd × P . Therefore,
ignoring the point P , let X ∈ Md+2 and ω⃗ ∈ Rd. The conformal primary
wavefunctions, Φ±∆(X; ω⃗), are solutions of the relativistic equation of motion
transforming covariantly, under the action of SO(1, d + 1), as Lorentz ten-
sors with respect to X and as conformal primary tensors of conformal weight
∆ with respect to ω⃗. To construct such wavefunctions, we will follow the
Shao-Pasterski-Strominger prescription, which is based on the application
of the Dirac’s Embedding formalism in the momentum space. To fix the
ideas, we will start by constructing the conformal primary wavefunctions in
the scalar case and then we will advance to explore non-trivial spin cases.

Let us consider the massive scalar case. We are looking for solutions ϕ±∆(X; ω⃗)
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of the Klein-Gordon equation,

(□−m2)ϕ±∆(X; ω⃗) = 0, (3.1.1)

which transform as

ϕ±∆(ΛX; ω⃗ ′) =
∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣−∆/d
ϕ±∆(X; ω⃗), (3.1.2)

under the action of SO(1, d + 1). In Eq.(3.1.2), Λ ∈ SO(1, d + 1) is a
linear matrix and ω⃗ ′ = Λ[ω⃗] is the target of the non-linear map representing
the action of SO(1, d + 1) on Rd. In the massive case, incoming (-) and
outgoing (+) solutions of the Klein-Gordon equation are given by the Fourier
expansion

ϕ±∆(X, ω⃗) =
∫
H+

d+1

[dp̂]G∆(p̂; ω⃗)e±imp̂·X , (3.1.3)

where p = mp̂, p̂2 = −1 and [dp̂] is the SO(1, d + 1) invariant measure
over the unitary hyperboloid H+

d+1 in the momentum space. In cartesian
coordinates, given a smooth function f (p̂) ∈ C∞(H+

d+1,R), the SO(1, d+1)-
invariant measure [3, 18]∫

H+
d+1

[dp̂] f (p̂) ≡
∫
H+

d+1

dd+1p̂i

p̂0 f (p̂) (3.1.4)

where i = 1 . . . , d+ 1 and p̂0 =
√
p̂ip̂jδij + 1.

To make (3.1.5) a massive scalar conformal primary wavefunction, we impose
that the function G∆(p̂; ω⃗) transforms as

G∆(Λp̂; ω⃗ ′) =
∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣−∆/d
G∆(p̂; ω⃗). (3.1.5)

under the action of SO(1, d + 1). Embedding Rd ↪→ C+
P , ω⃗ 7→ q(ω⃗), in the

momentum space, we recognise that the transformation property (3.1.5) is
the same of the EAdS scalar bulk-to-boundary propagator, p̂ ∈ H+

d+1 being
the bulk point and q ∈ C+

P the boundary one. Therefore, taking G(p̂; q) as
proportional to the up-lifted scalar bulk-to-boundary propagator,

G∆(p̂; q) = 1
(−2p̂ · q)∆ , (3.1.6)

we find out the up-lifted conformal primary wavefunction ϕ±∆(X; q), q ∈ C+
p .

Here, the Poincaré section C+
P of the light-cone represents the far future Ce-

lestial Sphere CS+ in the momentum space. Therefore, the main difference
between the momentum and the conformal primary basis description of QFT
consists in the employment of a different manifold as parameter space. In
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the momentum basis description, the plane-wave parameter space is H+
d+1,

instead, in the conformal primary basis description of QFT, the parame-
ters of the conformal primary wavefunctions live in the far future Celestial
Sphere CS+, meant as the conformal boundary of the hyperboloid H+

d+1.
This suggests that the connection between these two different descriptions
of QFT should be traced in the context of the AdS/CFT correspondence.
From the completeness of the Harmonic functions in EAdS [75], the bulk-to-
boundary propagator G∆(p̂, q), with ∆ = d

2 + iν, inherits two orthogonality
relations [18]. The first one is∫ +∞

0
dν µ(ν)

∫
ddωG d

2 +iν(p̂; ω⃗)G d
2−iν

(p̂′; ω⃗) = δ(p̂, p̂′), (3.1.7)

where δ(p̂, p̂′) is the covariant delta-function on H+
d+1 and

µ(ν) =
Γ
(
d
2 + iν

)
Γ
(
d
2 − iν

)
2πd+1Γ(iν)Γ(−iν) . (3.1.8)

The second one is∫
H+

d+1

[dp̂]G d
2 +iν(p̂; ω⃗)G d

2−iν′(p̂; ω⃗ ′) = δ(ν − ν ′)δd(ω⃗ − ω⃗ ′)
µ(ν)

+ 2π
d
2 +1 Γ(iν)

Γ
(
d
2 + iν

) δ(ν + ν ′)
|ω⃗ − ω⃗ ′|2( d

2 +iν)
. (3.1.9)

When ν ≥ 0, we can use these properties to invert (3.1.5) and find

e±imp̂·X =
∫ +∞

0
dν µ(ν)

∫
ddωG d

2 +iν(p̂; ω⃗)ϕ±d
2−iν

(X; ω⃗). (3.1.10)

This proves that the conformal primary wavefunction ϕ±∆(X; ω⃗) with ∆ =
d
2 + iν, ν ≥ 0, form a complete basis for Minkowski scalar fields. The series
∆ = d

2 + iν, ν ∈ R, is called the principal continuous series. In (3.1.10) we
take only half of this series because conformal primary wavefunctions with
ν < 0 are proportional to the ones with ν > 0 through shadow transform
(see Section 3.4). The Klein-Gordon inner product,(

ϕ±( d
2 +iν)(ω⃗) , ϕ±( d

2 +iν′)(ω⃗ ′)
)

= (3.1.11)

= −i
∫

Σ
dΣµ

(
ϕ±d

2 +iν(X; ω⃗)∂µϕ±d
2 +iν′(X; ω⃗ ′) + c.c.

)
,

where Σ ⊂Md+2 is a smooth space-like infinite hypersurface and dΣµ is the
external infinitesimal pseudo-vector associated to the (d+1)-form of volume
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on Σ, furnishes the following result(
ϕ±( d

2 +iν)(ω⃗), ϕ±( d
2 +iν′)(ω⃗ ′)

)
=

± 2d+3π2d+2

md

Γ(iν)Γ(−iν)
Γ
(
d
2 + iν

)
Γ
(
d
2 − iν

)δ(ν − ν ′)δd(ω⃗ − ω⃗ ′)
± 2d+3π

3d
2 +2

md

Γ(iν)
Γ
(
d
2 + iν

) δ(ν − ν ′)
|ω⃗ + ω⃗ ′|2(

d
2 +iν) , (3.1.12)

together with (
ϕ±( d

2 +iν)(ω⃗), ϕ±( d
2 +iν′)(ω⃗ ′)

)
= 0. (3.1.13)

Restricting ν ≥ 0, the second term in (3.1.12) drops out and we find out
that the massive scalar conformal primary wavefunctions ϕ±∆(X; ω⃗), with
∆ = d

2 + iν, ν ≥ 0, form a δ-normalizable orthogonal basis with respect to
the Klein-Gordon inner product.

3.2 Massive Bosonic Conformal Primary Wavefunc-
tions

The generalization to the massive higher spin bosonic spinning case is straight-
forward. Following [116], in this section we will develop the construction
of totally symmetric and traceless spin-(s, J) conformal primary wavefunc-
tions Φ±∆,{Ms},{aJ}(X; ω⃗) satisfying the Fierz-Pauli conditions, with {Ms} =
M1, . . .Ms and {aJ} = a1, . . . , aJ bulk and boundary multi-index, respec-
tively. In particular, we assume that the Fierz-Pauli conditions

(□−m2)Φ±∆,{Ms},{aJ}(X; ω⃗) = 0, (3.2.1)

∇MkΦ±∆,M1,...,Mk,...MJ ,{aJ}(X; ω⃗) = 0, (3.2.2)

are valid for each component of the conformal primary wavefunctions, trans-
forming as

Φ∆,{Ms},{aJ}(ΛX, ω⃗
′) = ∂ωb1

∂ω′a1
· · · ∂ω

bJ

∂ω′aJ

∣∣∣∣ ∂ω⃗∂ω⃗ ′
∣∣∣∣−(∆−J)

× ΛM1
N1 · · ·ΛMs

NsΦ∆,{Ms},{aJ}(X, ω⃗). (3.2.3)

Roughly speaking, we just need to replace in (3.1.3) the scalar bulk-to-
boundary propagator G∆(p̂; ω⃗) with the spinning one. Starting from the
spin-J free-index bulk-to-boundary propagator defined in (B.3.55), we can
construct a spin-J conformal primary tensor by applying J-times the Thomas
operator DM (Z), defined in (B.3.11), and then pulling the result back to the
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Celestial Sphere. In particular, the Fourier transform of the bulk-free-index
conformal primary wavefunction Φ±,s∆,a1,...,aJ

(X,W ; ω⃗), transforming under
the action of SO(1, d+ 1) as a spin-s Lorentz tensor with respect to X and
as a spin-J conformal primary operator with respect to ω⃗, is taken to be
(up to a normalization factor)

G
(s)
∆,a1,...,aJ

(p̂,W ; ω⃗) = 1
J !(d−2

2 )J
(∂ω⃗q ·D(Z))a1 · · · (∂ω⃗q ·D(Z))aJ

× (W · ∇p̂)s−JΠ∆,J(p̂,W ; q(ω⃗), Z), (3.2.4)

where (a)n = Γ(a+n)
Γ(a) is the Pochhammer symbol, (∂ω⃗qM )a = ∂qM

∂ωa and the
factor (W · ∇p̂)s−J ≡ (W · ∂p̂)s−J has been properly employed in order to
construct a (free-index) spin-s Lorentz tensor. The bulk-free-index tensor
G

(s)
∆,a1,...,aJ

(p̂,W ; ω⃗) satisfies the orthogonality relation (∆ = d
2 + iν, ν ≥ 0)

s∑
J=0

∫ +∞

0
dν µJ,s(ν)

∫
Rd

ddωG∆,a1,...,aJ
(p̂1,W1; ω⃗) (3.2.5)

×Ga1,...,aJ

∆∗ (p̂2,W2; ω⃗) = (W1 ·W2)sδ(p̂1, p̂2),

with

µJ,s(ν) =
2s−Jµ(ν)J !

(
d−2

2

)
J

(J + 1)s−J
(
J + d−1

2

)
s−J

(s− J)!(d− 1 + 2J)s−J
(
d
2 − iν + J

)
s−J

(
d
2 + iν + J

)
s−J

,

(3.2.6)
that is the generalization of (3.1.7) to the higher spin case [116]. We can
use this property to invert the relation

Φ±,s∆,a1,...,aJ
(X,W ; ω⃗) =

∫
H+

d+1

[dp̂]G(s)
∆,a1,...,aJ

(p̂,W ; ω⃗)e±imp̂·X (3.2.7)

and to get

WM1 · · ·WMs e±imp̂·X = 1
s!
(
d−2

2

)
s

KM1(W̃ ) · · ·KMs(W̃ )
s∑

J=0

∫ +∞

0
dν µJ,l(ν)

×
∫
Rd

ddωG(s)
∆,a1,...,aJ

(p̂, W̃ ; ω⃗) Φ±,s,a1,...,as

∆∗ (X,W ; ω⃗), (3.2.8)

where we have applied s times the operator KM (W ), defined in (B.3.46),
to track out the spin-s Lorentz tensor from the associated polynomial in
the free-index formalism. Eq.(3.2.8) demonstrates that the relation between
the plane-waves and the conformal primary wavefunctions with ∆ = d

2 + iν,
ν ≥ 0, is invertible and, therefore, the latter form a complete basis for
spin-s Minkowski tensors. It is important to note that, since the polynomial
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G
(s)
∆,{aJ}(p̂,W ; ω⃗) in the auxiliary vector W is Harmonic and transverse to the

hypersurface p̂2 = −1, the action of the operator KM on G
(s)
∆,{aJ}(p̂,W ; ω⃗)

reduces to (B.3.47). Therefore, being the action of KM (W ) independent on
both p̂ and X, it follows that

Φ±∆,{Ms},{aJ}(X; ω⃗) = 1
s!
(
d−2

2

)
s

KM1(W ) · · ·KMs(W )Φ±,s∆,{aJ}(X,W ; ω⃗)

=
∫
H+

d+1

[dp̂]G∆,{aJ},{Ms}(X; ω⃗) e±imp̂·X , (3.2.9)

where

G∆,{aJ},{Ms}(X; ω⃗) = 1
s!
(
d−2

2

)
s

KM1(W ) · · ·KMs(W )G(s)
∆,{aJ}(p̂,W ; ω⃗),

(3.2.10)

is the Lorentz tensor associated to the polynomial G(s)
∆,{aJ}(p̂,W ; ω⃗), are

the spin-(s, J) massive conformal primary wavefunctions. By construction,
the tensor G∆,{aJ},{Ms}(X; ω⃗) is transverse and, therefore, the conformal
primary wavefunction Φ±∆,{Ms},{aJ}(X; ω⃗) automatically respects the Fierz-
Pauli conditions (3.2.2). Further details about the higher spin bosonic con-
formal primary bases can be found in [116].

3.3 Massive Conformal Primary Basis for Dirac
Spinors

The conformal primary basis for Dirac Spinors has been studied in [3] in
general dimensions, and in [115], in four space-time dimensions. Here we
will mainly follow [3]. Given Λ ∈ SO(1, d + 1), let S (Λ) and S∆ [ω⃗] be
the representative operators of Λ in the Minkowski spinor and Euclidean
conformal primary spinor space, respectively. Then, represent the gamma
matrices Γµ ∈ Cℓd+2 (Γ, η) as in (A.3.16).

The conformal primary wavefunctions ψ∆ (X; ω⃗)

• Must be a solution of the (d+ 2)-dimensional Dirac equation,

(Γµ∂µ −m)ψ∆ (X; ω⃗) = 0; (3.3.1)

• Must transform as a Minkowski spinor with respect to X and as an
(adjoint) conformal primary spinor with respect to ω⃗, under the action
of SO (1, d+ 1).
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In formulae, the wavefunction ψ∆ (X; ω⃗) must satisfy the following transfor-
mation rule:

ψ∆
(
X ′; ω⃗ ′

)
= S(Λ)ψ∆ (X; ω⃗)S−1

∆ [ω⃗] , (3.3.2)
where X ′ = ΛX and ω⃗ ′ = Λ [ω⃗] are the target of the transformation map
Λ. Working in analogy with the scalar case, let us consider the Fourier
expansion

ψ±∆ (X; ω⃗) =
∫
H+

d+1

[dp̂] S±∆ (p̂; ω⃗) e±imp̂·X , (3.3.3)

where the signs label the positive and negative energy solutions. Also in this
case, the Fourier transform S±∆ (p̂; ω⃗) must be constructed properly in order
to ensure the transformation property (3.3.2). Moreover, inserting (3.3.3)
in (3.3.1), one finds that

(Γµ∂µ −m)ψ±∆ (X; ω⃗) =
∫
H+

d+1

[dp̂] (±imp̂µΓµ −m) S±∆ (p̂; ω⃗) e±imp̂·X

= (−m)
∫
H+

d+1

[dp̂] Π∓(p̂)S±∆ (p̂; ω⃗) e±imp̂·X , (3.3.4)

where Π±(p̂) are the projectors defined in (B.5.31). From the last line, it
follows that ψ±∆ (X; ω⃗) is a solution of (3.3.1) if and only if

Π∓ (p̂) S±∆ (p̂; ω⃗) = 0. (3.3.5)

As demonstrated in (B.5.33), Π+ (p̂) and Π− (p̂) are orthogonal to each
other. This result suggests to place

S±∆ (p̂, ω⃗) = Π± (p̂) S∆ (p̂ ; ω⃗) , (3.3.6)

where the transformation property of S∆ (p̂ ; ω⃗) has to be fixed. Inserting
(3.3.6) in (3.3.2), it is possible to find out how S∆(p̂ ; ω⃗) must transform.
Thus, given Λ ∈ SO(1, d+ 1), imposing

ψ±∆ (X; ω⃗) = S−1 (Λ)ψ±∆
(
X ′; ω⃗ ′

)
S∆ [ω⃗]

and exploiting both the Lorentz invariance of the measure [dp̂] and the
transformation property

Π± (Λp̂) = 1
2 [1 + (Λµ ν p̂ν) Γµ] = 1

2
[
1 + p̂ν

(
SΓνS−1

)]
= 1

2S (Λ) (1 + p̂µΓµ)S−1 (Λ) = S (Λ) Π± (p̂)S−1 (Λ) , (3.3.7)

where
S−1ΓµS = Λµ νΓν , (3.3.8)

has been used, we find out that

S∆
(
Λp̂ ; ω⃗ ′

)
= S (Λ) S∆ (p̂ ; ω⃗)S−1

∆ [ω⃗] (3.3.9)
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must hold. All the requirements are readily verified by setting the Fourier
coefficient S (p̂ ; ω⃗) as equal to the spinor bulk-to-boundary propagator,

S ±∆
(
p̂, q(ω⃗)

)
=

Π±(p̂)
(
/ω
1

)
(
− 2p̂ · q(ω⃗)

)∆+ 1
2
, (3.3.10)

that we have already introduced in (B.5.39). Defining the polarization vector

φ(ω⃗) =
(
/ω
1

)
, (3.3.11)

the conformal primary solutions of the (d + 2)-dimensional Dirac equation
are found to be

ψ±∆
(
X; q

(
ω⃗
))

=
∫
H+

d+1

[dp̂] Π±(p̂)φ(ω⃗)(
− 2p̂ · q(ω⃗)

)∆+ 1
2

e±imp̂·X . (3.3.12)

By means of the completeness relation∫ +∞

0
dν ρ(ν)

∫
Rd

ddω S ±∆
(
p̂, q(ω⃗)

)
S ±∆

(
p̂′, q(ω⃗)

)
= ±iΠ±(p̂)δ(p̂, p̂′), (3.3.13)

with

ρ(ν) =
Γ
(
d+1

2 + iν
)

Γ
(
d+1

2 − iν
)

πd+1Γ
(

1
2 + iν

)
Γ
(

1
2 − iν

) , (3.3.14)

demonstrated in [3], Eq. (3.3.12) can be inverted and we get

±iΠ±e±imp̂·X =
∫ +∞

0
dν ρ(ν)

∫
Rd

ddω ψ±∆+ 1
2
(X; ω⃗)S ±∆

(
p̂′, q(ω⃗)

)
. (3.3.15)

Therefore, also in this case, the last equation proves that the Dirac spinor
conformal primary wavefunctions ψ±∆(X; ω⃗) with ∆ = d

2 + iν, ν ≥ 0, form a
complete basis for Minkowski Dirac spinors. The wavefunctions with ν < 0
are not independent, resulting proportional to the ones with ν > 0 through
shadow transform (see (3.4.40)). The Dirac inner product,(

ψ±( d
2 +iν)(ω⃗), ψ±( d

2 +iν′)(ω⃗ ′)
)

=
∫

Σ
dΣµ ψ±d

2 +iν(X; ω⃗)Γµψ±d
2 +iν′(X; ω⃗ ′),

(3.3.16)
where Σ ⊂Md+2 is a smooth space-like infinite hypersurface and dΣµ is the
external infinitesimal pseudo-vector associated to the (d+1)-form of volume
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on Σ, gives the result(
ψ±( d

2 +iν)(ω⃗), ψ±( d
2 +iν′)(ω⃗ ′)

)
=

=
(

2π2

m

)d+1
 Γ

(
1
2 − iν

)
Γ
(

1
2 + iν

)
Γ
(
d+1

2 − iν
)

Γ
(
d+1

2 + iν
) δd(ω⃗ − ω⃗ ′)δ(ν − ν ′)

±
iΓ
(

1
2 − iν

)
π

d
2 Γ
(
d+1

2 − iν
) /ω − /ω ′

|ω⃗ − ω⃗ ′|d+1−2iν δ(ν + ν ′)

 , (3.3.17)

with the other products vanishing. The second term in (3.3.17) drops out
by taking ν ≥ 0. Therefore, the Dirac conformal primary wavefunctions
ψ±∆ (X; ω⃗), with ∆ = d

2 + iν, ν ≥ 0, form an orthogonal δ-normalizable basis
with respect to the Dirac inner product.

3.4 Shadow Transformation

Let ϕ(ω⃗k), with ω⃗k ∈ Rd and k = 1, . . . , 4, be conformal primary scalar
fields defined on Rd with conformal weight ∆k. Then, consider the four-
point correlation function between them:

⟨ϕ(ω⃗1)ϕ(ω⃗2)ϕ(ω⃗3)ϕ(ω⃗4)⟩. (3.4.1)

The shadow transform Õ(ω⃗), ω⃗ ∈ Rd, of a conformal primary scalar field
O(ω⃗), with conformal weight ∆, was introduced in the beginning of 1970s
by Gatto and Parisi to single out the contribution of the multiplet represen-
tation induced by O(ω⃗) to the four-point correlation function (3.4.1) [117–
119]. To introduce the shadow transformation in the general tensor case
[120], it is useful to reproduce, first, the method of Gatto and Parisi in the
embedding formalism. Hence, consider the four-point correlation function〈

Φ(q1)Φ(q2)Φ(q3)Φ(q4)
〉
, (3.4.2)

where Φ(qk), with qk ∈ C+, are the up-lifted fields associated to ϕ(ω⃗k). The
projective null-cone C+

∼ , as a submanifold of Md+2, is endowed with a natural
measure defined as follows: let f(q) be a smooth function on the null-cone
C+, such that f(λq) = λ−df(q); then it is possible to define the integral of
f(q) over C+

∼ as [120]∫
C+

[dq] f(q) ≡ 2
Vol GL (1,R)

∫
q++q−≥0

dd+2q δ(q2)f(q), (3.4.3)

where the integral ∫
q++q−≥0

dd+2q δ(q2)f(q), (3.4.4)
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is formally infinite because of the rescaling invariance q 7→ λq, λ ∈ R+, and
hence it must be quotiented by Vol GL(1,R). Concretely, the integral (3.4.3)
must be solved by gauge-fixing the redundancy with respect to GL(1,R)
introducing the Faddeev-Popov determinant. For example, by gauge fixing
λ−1 = q+, the right hand side in (3.4.4) reduces to an integral over C+

P , which
coincides with an ordinary integral over flat space by embedding Rd ↪→ C+

P ,
ω⃗ 7→ q(ω⃗). Exploiting this measure, in the embedding formalism the up-
lifted projector of Gatto and Parisi can be defined as

|O| ≡ 1
NO

∫
C+

[dq]
∣∣O(q)⟩⟨Õ(q)

∣∣, (3.4.5)

where
Õ(q) =

∫
C+

[
dq′
] 1

(−2q · q′)d−∆O(q′), (3.4.6)

is an up-lifted field with homogeneity degree d−∆, which is called the up-
lifted shadow transform of O(q). In general, the four-point function (3.4.2)
can be decomposed as follows:

⟨Φ(q1)Φ(q2)Φ(q3)Φ(q4)⟩ =
∑

O primaries
λ12Oλ34OWO(qk), (3.4.7)

where the coefficients WO(qk) are purely kinematical objects, called up-lifted
conformal partial waves. These objects are completely determined by con-
formal symmetry and contain all the information about the contribution to
the four-point function (3.4.2) from the up-lifted O-multiplet. Furthermore,
the coefficients λhkO, with h, k = 1, . . . , 4, correspond to those present in
the three-point correlation functions,

⟨ϕ(ω⃗h)ϕ(ω⃗k)O(ω⃗)⟩ = λhkO
|ω⃗h − ω⃗k|∆h+∆k−∆|ω⃗h − ω⃗|∆h+∆−∆k |ω⃗k − ω⃗|∆k+∆−∆h

,

(3.4.8)
whose shape is entirely determined by conformal symmetry up to λhkO, that
must be determined through (3.4.7).

It is well-known that conformal partial waves can be expressed in terms
of the operator (3.4.5) (see for example [122]). In the scalar case, a natural
candidate for the up-lifted partial wave WO(qk) is [120]

WM
O (qi) = 1

NO

∫
C+

[dq]
[
dq′
] 〈

Φ(q1)Φ(q2)O(q)
〉 1
(−2q · q′)d−∆

〈
O(q′)Φ(q3)Φ(q4)

〉
,

(3.4.9)
where ∆ is the homogeneity degree of the up-lifted operator O(q) and NO
is a normalizing factor. Defining the monodromy operator Mm,

Mm : qij ≡ −2qi · qj 7→ e4πiqij , i, j < m, m ∈ N, (3.4.10)
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the correct partial wave WO(qi) is obtained by computing the integral (3.4.9)
and then projecting the result onto the eigenspace related to the eigenvalue
of the monodromy operator M4 = e2πi(∆−∆1−∆2) [120].

Now, let us proceed by constructing the operator of Gatto and Parisi in
the tensor case. Therefore, let ϕa(ω⃗), with a SO(d)-multindex, be a con-
formal primary operator with conformal weight ∆ and ΦI

(
q(ω⃗)

)
, with I

SO(1, d + 1)-multindex, be its up-lifted operator. Further, let OI(q) be an
up-lifted operator with homogeneity degree ∆, belonging to an irreducible
representation (J, J̄) of SO(1, d+1). As shown in the embedding formalism,
a generic uplifted operator OI(q) is defined up to a certain gauge transfor-
mation. In the generic tensor case, one has to impose that such a gauge
transformation must leave unchanged the projector |O|. Let ÔI(q) be the
adjoint of the operator OI(q) with respect to q. Following [120], up to a
normalization factor, the generic form of |O| is given by

|O| ≡
∫
C+

[dq]
[
dq′
] ∣∣OJ(q)

〉 Π(q, q′)KJ
(−2q · q′)d+∆+deg Π

〈
ÔK(q′)

∣∣, (3.4.11)

where the tensor Π(q, q′)KJ is properly built to ensures gauge-invariance.
Further, deg Π is the homogeneity degree of Π(q, q′), which is the same both
in q and q′. In total, the homogeneity degree of the integrand is −d both in
q and in q′, as required in the definition (3.4.3).

This general construction can be exploited to build up the projector
|O| in the spinor case [3]. Therefore, let Ψ(q) be an up-lifted spinor with
homogeneity degree ∆ψ. As shown in the embedding formalism, an up-
lifted spinor is defined up to gauge term of the form qµΓµŨ , where Ũ is a
generic Minkowski spinor. Since the projector (3.4.11) must be invariant
under gauge transformation, consider

qµΓµΨ(q)
∣∣0〉〈0∣∣Ψ̂(q′)Γνq′ν , (3.4.12)

that is gauge-invariant. Indeed, sending

Ψ(q) 7→ Ψ(q) + qµΓµŨ , (3.4.13)

one finds(
qµΓµΨ(q) + qµΓµqνΓνŨ

) ∣∣0〉〈0∣∣ (Ψ̂(q′)Γνq′ν + ¯̃Uq′µΓµq′νΓν
)

=

= qµΓµΨ(q)
∣∣0〉〈0∣∣Ψ̂(q′)Γνq′ν , (3.4.14)

where we used q2 = q′2 = 0. However, using (3.3.8), under the action of
SO(1, d+ 1) the object in (3.4.12) transforms as

ΛµνqνΓµΨ′ (Λq)
∣∣0〉〈0∣∣Ψ̄′ (Λq′)ΓνΛνµqµ =

= S (Λ) qµΓµΨ(q)
∣∣0〉〈0∣∣Ψ̄(q′)Γνq′νS−1 (Λ) , (3.4.15)

55



proving that it is not SO(1, d+ 1)-invariant. Nevertheless, using the cyclic
property of the trace, we note that

Tr
[
S (Λ) qµΓµΨ(q)

∣∣0〉〈0∣∣Ψ̂(q′)Γνq′νS−1 (Λ)
]

=

= Tr
[
qµΓµΨ(q)

∣∣0〉〈0∣∣Ψ̂(q′)Γνq′νS−1 (Λ)S (Λ)
]

= Tr
[
qµΓµΨ(q)

∣∣0〉〈0∣∣Ψ̂(q′)Γνq′ν
]
. (3.4.16)

Therefore, the trace of (3.4.12) is both Lorentz and gauge invariant. In
components, it is possible to rewrite

Tr
[
qµΓµΨ(q)

∣∣0〉〈0∣∣Ψ̄(q′)Γνq′ν
]

=
∣∣Ψα(q)

〉 (
qµΓµq′νΓν

)β
α

〈
Ψ̂β(q′)

∣∣, (3.4.17)

which has the form of the numerator in the integral of (3.4.11). Therefore,
it is possible to define

Πψ(q, q′) = qµΓµq′νΓν , (3.4.18)

and to set

|Ψ| =
∫
C+

[dq]
[
dq′
] ∣∣Ψα(q)

〉
(qµΓµq′νΓν)βα

〈
Ψ̂β(q′)

∣∣
(−2q · q′)d−∆+ 1

2
, (3.4.19)

with deg Πψ = 1 and ∆ψ = −∆ − 1
2 (cf.(B.4.1)). Finally, in analogy to

the scalar case, it is possible to define the shadow operator of Ψ(q), in the
up-lifted space, as

Ψ̃(q) =
∫
C+

[
dq′
] Ψ̂(q′)q′µΓµ

(−2q · q′)d−∆+ 1
2
. (3.4.20)

Consider, now, the massive spinor conformal primary wavefunctions
ψ±∆ (X; ω⃗), defined in (3.3.12). In the free index formalism, they can be
rewritten as

ψ±∆ (X; ω⃗, s) =
∫
H+

d+1

[dp] Π±(p̂)φ(ω⃗, s)
(−2p̂ · q(ω⃗))∆+ 1

2
e±imp̂·X , (3.4.21)

where s is an Euclidean polarization spinor and

φ(ω⃗, s) = φα̇s
α̇ =

(
/ωs
s

)
. (3.4.22)
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Note that the spinor φ(ω⃗, s) has the same form of the Minkowski polar-
ization spinor (B.4.19). Thus, the up-lifted massive spinor conformal pri-
mary wavefunctions in the free index formalism are obtained by dropping
the s- and ω⃗-dependence:

Ψ±∆ (X; q, φ) =
∫
H+

d+1

[dp] Π±(p̂)φ
(−2p̂ · q)∆+ 1

2
e±imp̂·X . (3.4.23)

To recover the up-lifted massive spinor conformal primary wavefunctions
from the free index formalism, one has to derive with respect to the polar-
ization spinor φ, so that one obtains

Ψ±∆ (X; q) =
∫
H+

d+1

[dp] Π±(p̂)
(−2p̂ · q)∆+ 1

2
e±imp̂·X . (3.4.24)

By construction, the conformal primary wavefunctions ψ±∆(X; ω⃗) transform
as adjoint conformal spinors with respect to ω⃗ (cf.(3.3.2)). Therefore, the
up-lifted shadow transform of Ψ±∆ (X; q) are

Ψ̃±∆
(
X; q′

)
=
∫
C+

[dq]
∫
H+

d+1

[dp] Π±(p̂)qµΓµ
(−2q · q′)d−∆+ 1

2 (−2p̂ · q)∆+ 1
2

e±imp̂·X .

(3.4.25)
To find out their closed expression, let us compute the integral∫

C+
[dq] qµ

(−2q · q′)a (−2p̂ · q)b
, a = d−∆ + 1

2 , b = ∆ + 1
2 . (3.4.26)

It is possible to note that∫
C+

[dq] qµ

(−2q · q′)a (−2p̂ · q)b
= 1

2(a− 1)
∂

∂q′µ

∫
C+

[dq] 1
(−2q · q′)a−1

1
(−2p̂ · q)b

.

(3.4.27)
By means of the Feynman-Schwinger parameterisation [120]

1∏n
i=1 A

ai
i

= Γ (∑i ai)∏
i Γ (ai)

n∏
j=2

∫ +∞

0

dαj
αj

α
aj

j

1(
A1 +∑n

j=2 αjAj
)∑n

k=2 ak
,

(3.4.28)
we can rewrite∫

C+
[dq] 1

(−2q · q′)a−1
1

(−2p̂ · q)b
=

= Γ (d)
Γ (a− 1) Γ (b)

∫ +∞

0

dα
α
αa−1

∫
C+

[dq] 1
(−2(p̂+ αq′) · q)d

.

(3.4.29)

Setting y = p̂+ αq′, it follows that y2 < 0. The integral∫
C+

[dq] 1
(−2y · q)d

, y2 < 0, (3.4.30)
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has been already solved in [120]; it gives∫
C+

[dq] 1
(−2y · q)d

= πd/2Γ (d/2)
Γ (d)

1
(−y2) d

2
. (3.4.31)

Therefore, it remains to solve

π
d
2 Γ(d2)

2(a− 1)Γ(a− 1)Γ(b)
∂

∂q′µ

∫ +∞

0

dα
α
αa−1 1

(−p̂2 − 2αp̂ · q′ − α2q′2) d
2
.

(3.4.32)
In the computation, the q′-derivative must be calculated before than plug-
ging known numerical values in the integrand. Therefore, let us perform the
derivative first,

π
d
2 Γ(d2)

2(a− 1)Γ(a− 1)Γ(b)
∂

∂q′µ

∫ +∞

0

dα
α
αa−1 1

(−p̂2 − 2αp̂ · q′ − α2q′2) d
2

=

d
2π

d
2 Γ(d2)

(a− 1)Γ(a− 1)Γ(b)

∫ +∞

0

dα
α
αa−1 αp̂µ + α2q′µ

(−p̂2 − 2αp̂ · q′ − α2q′2) d
2 +1

. (3.4.33)

and then insert q′2 = 0 and p̂2 = −1. Splitting the integrand in the RHS of
(3.4.33) in two terms and solving both the resulting integral by employing
the Euler Beta function,

B(x, y) =
∫ +∞

0

dt
t
tx(1 + t)−(x+y) = Γ (x) Γ (y)

Γ (x+ y) , (3.4.34)

lead us to

∫
C+

[dq] qµ

(−2q · q′)d−∆+ 1
2 (−2p̂ · q)∆+ 1

2
=

=
πd/2Γ

(
∆− d

2 + 1
2

)
Γ
(
∆ + 1

2

) [
p̂µ

(−2p̂ · q′)d−∆+ 1
2

+
d−∆ + 1

2
∆− d+1

2

q′µ

(−2p̂ · q′)d−∆+ 3
2

]
,

(3.4.35)

where zΓ(z) = Γ(z + 1), z /∈ Z−, has been used. Hence, it is possible to
assert that the up-lifted shadow conformal primary wavefunctions is given
by

Ψ̃±∆(X; q) =
π

d
2 Γ
(
∆− d

2 + 1
2

)
Γ
(
∆ + 1

2

) ∫
H+

d+1

[dp] Π±(p̂)p̂µΓµ

(−2p̂ · q)d−∆+ 1
2

e±imp̂·X+qµΓµΘ(q),

(3.4.36)
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where

Θ(q) =
π

d
2 (d−∆ + 1

2)π d
2 Γ
(
∆− d

2 + 1
2

)
(∆− d+1

2 )Γ
(
∆ + 1

2

) ∫
H+

d+1

[dp] Π±(p̂)
(−2p̂ · q)d−∆+ 3

2
e±imp̂·X .

(3.4.37)
is a pure gauge term, and hence can be dropped out. Next, since

Π±(p̂)Γµp̂µ = 1
2 (1± ip̂νΓν) p̂µΓµ = ∓iΠ±(p̂), (3.4.38)

it is possible to rewrite

Ψ̃±∆(X; q) =
∓i π

d
2 Γ
(
∆− d

2 + 1
2

)
Γ
(
∆ + 1

2

) ∫
H+

d+1

[dp] Π±(p̂)
(−2p̂ · q)d−∆+ 1

2
e±imp̂·X .

(3.4.39)
Finally, contracting Ψ̃±∆(X; q) with the polarization spinor φ(ω⃗) in (3.4.22)
and parameterising q = q(ω⃗), as in (B.0.2), one finds the shadow transforms
of the massive conformal primary wavefunctions [3]

ψ̃±∆(X; ω⃗) = ∓iπ
d
2

Γ
(
∆− d−1

2

)
Γ
(
∆ + 1

2

) ∫
H+

d+1

[dp] Π±(p̂)φ(ω⃗)
(−2p̂ · q)d−∆+ 1

2
e±imp̂·X

≡ ∓iπ
d
2

Γ
(
∆− d−1

2

)
Γ
(
∆ + 1

2

) ψ±d−∆(X; ω⃗). (3.4.40)

3.5 Massless Conformal Primary Basis

In this section, we will perform the construction of the conformal primary
bases in the massless case [18]. We will achieve this goal by simply start-
ing from the massive case and then taking the massless limit to recover
massless conformal primary wavefunctions. However, as will result mani-
fest in Section 4.2, where we will compute the closed expression of (3.1.3),
the massless limit of the conformal primary wavefunctions does not exists.
Indeed, in (4.2.9), the argument of the modified Bessel function vanishes
for m → 0. In general, when α is not integer, the modified Bessel function
Kα(z) has a branch point at z = 0, with the associated branch cut extending
through the entire negative real semi-axis R−. Nevertheless, even though
the massless limit of the massive conformal primary wavefunctions does not
exist, we can track out a finite expression for the massless conformal primary
wavefunctions by stopping the limit operation right before the branch point
m = 0. Here below, we will main follow [18] and [3], where massless confor-
mal primary wavefunctions have been studied in the boson and spinor case,
respectively. Since the scalar case is essentially contained in the spinor one,

59



in this section, we will start constructing massless spinor conformal primary
wavefunctions and then we will show analogous results in the scalar case.
For other results in the spin 1 and 2 case, we refer to [18].

Massless Spinor Conformal Primary Wavefunctions: Following [3],
let us rewrite the massive conformal primary solutions ψ±∆(X; ω⃗), ∆ ∈ d

2 +
iR+, by representing p̂ ∈ H+

d+1 in Poincaré coordinates,

ψ±∆(X; ω⃗) =
(
m

2π2

) d+1
2 Γ

(
∆ + 1

2

)
Γ
(
∆− d−1

2

) ∫ +∞

0

dy
yd+1

∫
ddz e±i

(
m
y
q(z⃗)+myN−

)
·X

×
(

y

y2 + |z⃗ − ω⃗|2
)∆+ 1

2 1
2

(
1± i

y
qµ(z⃗)Γµ ± iyΓ−

)
φ(ω⃗), (3.5.1)

where N− is the vector of components NM
− = δM− , in light-cone coordinates,

and where we have renormalised the spinor conformal primary wavefunction
with respect to the Dirac inner product (3.3.16). Next, perform the rescaling

y → m

y
. (3.5.2)

In this new variable, send m→ 0 keeping y constant. Actually, one can note
that this is equivalent to taking y small in the old coordinates. Therefore,
to obtain the behaviour for small m of the bulk-to-boundary propagator
G∆(y, z⃗; ω⃗), it is possible to consider its distribution behaviour for small y
first [18],

(
y

y2 + |z⃗ − ω⃗|2
)∆
→
y→0

π
d
2

Γ
(
∆− d

2

)
Γ (∆) yd−∆δd (z⃗ − ω⃗) + y∆

|z⃗ − ω⃗|2∆ + . . . ,

(3.5.3)
and then substitute y → m

y . The neglected terms in (3.5.3) are in powers of
y2 with respect the showed ones. Substituting (3.5.3) into (3.5.1) and using

Γµqµ(ω⃗)φ(ω⃗) =
(
/ω −|ω⃗|2
1 −/ω

)(
/ω
1

)
= 0, (3.5.4)

one finds the following behaviour for small m of the massive spinor conformal
primary wavefunctions:

ψ±∆(X; ω⃗) →
m≪1

m
d
2−∆Υ±∆(X; ω⃗)+

±m∆− d
2

iΓ
(
∆ + 1

2

)
π

d
2 Γ
(
∆− d−1

2

) ∫ ddzΥ±d−∆(X; z⃗) /ω − /z
|ω⃗ − z⃗|2∆+1 + . . . ,

(3.5.5)
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where

Υ±∆(X; ω⃗) = 1
√

2(2π) d
2 +1

∫ +∞

0
dy y∆− 1

2 e±iyq(ω⃗)·Xφ(ω⃗). (3.5.6)

Eq.(3.5.5) shows that the massless limit of the massive spinor conformal
primary solutions ψ(X; ω⃗) does not exist, because of the complex phases
m∓(∆− d

2 ). Nevertheless, from the closed-expression

Υ±∆(X; ω⃗) =
(∓2i)∆+ 1

2 Γ
(
∆ + 1

2

)
√

2(2π) d
2 +1

φ(ω⃗)
(−2q(ω⃗) ·X ∓ iϵ)∆+ 1

2
, (3.5.7)

it is easy to verify that

Γµ∂µΥ±∆(X, ω⃗) =
(∓2i)∆+ 1

2 Γ
(
∆ + 3

2

)
√

2(2π) d
2 +1

Γµqµ(ω⃗)φ(ω⃗)
(−2q(ω⃗) ·X ∓ iϵ)∆+ 3

2
= 0, (3.5.8)

because it is a pure gauge term contracted with the polarization spinor
φ(ω⃗). Therefore, Υ±∆(X; ω⃗) are solutions of the massless Dirac equation
(3.5.8) satisfying the transformation rule (3.3.2), as required for massless
spinor conformal primary wavefunctions.

Now, consider the second term in (3.5.5). It is possible to show that
this term is proportional to the shadow transform of Υ±∆(X; ω⃗). Following
the method exposed in Appendix 3.4, the up-lifted shadow transform of
Υ±∆(X; ω⃗) is

Υ̃±∆(X; q) =
(∓2i)∆+ 1

2 Γ
(
∆ + 1

2

)
√

2(2π) d
2 +1

∫ [
dq′
] q′µΓµ

(−2q′ ·X ∓ iϵ)∆+ 1
2 (−2q′ · q)d−∆+ 1

2
.

(3.5.9)
Next, one has to pull-back Υ̃±∆(X; q) on Rd by embedding Rd ↪→ C+

P and
restoring the polarization vector φ. Given z⃗, ω⃗ ∈ Rd, since

q′µ(z⃗)Γµφ(ω⃗)
(−2q′(z⃗) · q(ω⃗))d−∆+ 1

2
=

(
/z −|z⃗|2
1 −z⃗

)(
/ω
1

)
|ω⃗ − z⃗|2(d−∆)+1 =

(
/z
1

)
(/ω − /z)

|ω⃗ − z⃗|2(d−∆)+1 ,

(3.5.10)
one obtains

Υ̃±∆(X; ω⃗) =
(∓2i)∆+ 1

2 Γ
(
∆ + 1

2

)
√

2(2π) d
2 +1

∫
ddz φ(z⃗)

(−2q′(z⃗) ·X ∓ iϵ)∆+ 1
2

=
∫

ddzΥ±∆(X; z⃗) /ω − /z
|ω⃗ − z⃗|2(d−∆)+1 , (3.5.11)
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which is proportional to the second term in (3.5.5). Eq. (3.5.6), expressing
massless conformal primary wavefunctions as Mellin transform of the plane
waves, can be easily inverted. Let c be any positive number and perform
the following integral:∫ +∞

−∞

dν
2π y

−c−iν Γ (c+ iν)
(∓iq ·X + ϵ)c+iν

=
∫ +∞

−∞

dν
2π y

−c−iν
∫ ds

s
sc+iνe±isq·X

s→ys=
∫ +∞

−∞

dν
2π

∫ ds
s
sc+iνe±is yq·X . (3.5.12)

By means of the substitution s = eu, one finds∫ +∞

−∞

dν
2π

∫ ds
s
sc+iνe±is yq·X =

∫ +∞

−∞
du e±ieu yq·X+cu

∫ +∞

−∞

dν
2π eiνu

=
∫ +∞

−∞
du e±ieuyq·X+cu δ(u) = e±iyq·X .

(3.5.13)

Using this result and (3.5.7), it is possible to write

e±iyq(ω⃗)·Xφ(ω⃗) =
√

2(2π)
d
2 +1

∫ +∞

−∞

dν
2π y

− d
2−

1
2−iνΥ±d

2 +iν(X; ω⃗), (3.5.14)

which proves that the conformal primary wavefunctions Υ±∆(X; ω⃗) form a
basis for ∆ ∈ d

2 + iR. Moreover, with respect to the Dirac inner product,(
Υ±∆(ω⃗),Υ±∆′(ω⃗ ′)

)
= δ(ν − ν ′)δd(ω⃗ − ω⃗ ′), (3.5.15)(

Υ±∆(ω⃗), Υ̃±∆′(ω⃗ ′)
)

= /ω ′ − /ω

|ω⃗ ′ − ω⃗|2(d−∆)+1 δ(ν − ν
′), (3.5.16)

(
Υ̃±∆(ω⃗), Υ̃±∆′(ω⃗ ′)

)
=
πdΓ

(
∆− d

2 + 1
2

)
Γ
(
∆∗ − d

2 + 1
2

)
Γ
(
d−∆ + 1

2

)
Γ
(
d−∆∗ + 1

2

) δd(ω⃗ − ω⃗ ′)δ(ν − ν ′),

(3.5.17)

with all the others products vanishing, as demonstrated in [3].

Massless Scalar Conformal Primary Wavefunctions: In the scalar
case, the result is analogous [18]. Consider the δ-normalised massive scalar
conformal primary wavefunctions with respect to the Klein-Gordon inner
product (3.1.11),

ϕ±∆(X; ω⃗) =
(
m

2π2

) d
2 Γ

(
d
2 + iν

)
2
√

2πΓ(iν)

∫ +∞

0

dy
yd+1

∫
ddz e±i

(
m
y
q(z⃗)+myN−

)
·X

×
(

y

y2 + |z⃗ − ω⃗|2
) d

2 +iν
. (3.5.18)
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Therefore, expanding the bulk-to-boundary propagator G∆(y, z⃗; ω⃗) as in
(3.5.3), plugging the result in (3.5.18) and performing the rescaling y →
m/y, we obtain (∆ = d

2 + iν)

ϕ±∆(X; ω⃗) →
m≪1

m
d
2−∆ 1
√

2(2π) d
2 +1

φ±∆(X; ω⃗)+

±m∆− d
2

Γ
(
d
2 + iν

)
2(2π2) d+1

2 Γ(iν)

∫
ddz

φ±d−∆(X; z⃗)
|ω⃗ − z⃗|2∆ + . . . , (3.5.19)

where

φ±∆(X; ω⃗) =
∫ +∞

0

dy
y
y∆e±iyq(ω⃗)·X = (∓i)∆Γ(∆)

(−2q(ω⃗) ·X ∓ iϵ)∆ (3.5.20)

is the massless scalar conformal primary wavefunction and

φ̃±∆(X; ω⃗) =
Γ
(
d
2 + iν

)
π

d
2 Γ(iν)

∫
ddz

φ±d−∆(X; z⃗)
|ω⃗ − z⃗|2∆ (3.5.21)

is its shadow transform. Inverting (3.5.20) leads to

e±iyq(ω⃗)·X =
∫ +∞

−∞

dν
2π y

− d
2−iνφ±d

2 +iν(X; ω⃗), (3.5.22)

stating that the massless conformal primary wavefunctions φ±∆(X; ω⃗) form
a complete basis for ∆ ∈ d

2 + iR. With respect to the Klein-Gordon inner
product, the only non vanishing products are(

φ±∆(ω⃗), φ±∆′(ω⃗ ′)
)

= ±8πd+2δ(ν − ν ′)δd(ω⃗ − ω⃗ ′), (3.5.23)

(
φ±∆(ω⃗), φ̃±∆′(ω⃗ ′)

)
= ±8π

d
2 +2

Γ
(
d
2 − iν

)
Γ(−iν)

δ(ν − ν ′)
|ω⃗ ′ − ω⃗|2(d−∆) , (3.5.24)

(
φ̃±∆(ω⃗), φ̃±∆′(ω⃗ ′)

)
= ±8π

d
2 +2 πdΓ (∆) Γ (∆∗)

Γ (d−∆) Γ (d−∆∗) δ
d(ω⃗ − ω⃗ ′)δ(ν − ν ′).

(3.5.25)
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Chapter 4

Celestial Amplitudes

Conformal primary bases provides a new formulation of QFT, described in
terms of wavefunctions transforming covariantly with respect to the Lorentz
group, rather than the Poincaré group. As already seen during their con-
struction, in this alternative formulation outgoing, resp. incoming, modes
involve new parameter spaces: the principal continuous series d

2 + iR+ and
Celestial Sphere CS±. Exploiting the Dirac’s embedding formalism, CS± can
be visualised as the conformal boundary of H±d+1, the latter being the on-
shell parameter space of outgoing, resp. incoming, modes in the momentum
basis. This suggests that the connection between these two different QFT
descriptions should be tracked in the context of AdS/CFT correspondence.

This expectation will be confirmed during the course of this chapter,
which is heavily based on [4]. Here we will mainly focus on computing
Celestial amplitudes in the massive scalar case. Celestial amplitudes are
amplitudes in conformal primary basis formulation of QFT and, as we will
see, are related to the ones in momentum basis by Pasterski and Shao for-
mula [17, 114]. This formula (see (4.1.30)) fully aligns with our geometrical
interpretation, looking at Celestial amplitudes as Witten correlators inH+

d+1
whose vertex function is the amplitude in momentum basis.

Efforts to understand properties of Celestial amplitudes so far mostly
include studies in the massless case, especially focused on soft modes and
asymptotic symmetries [16, 41–69]. However, while the Pasterski-Shao-
Strominger formula yields excellent results in the calculation of massless
Celestial amplitudes, computing Celestial amplitudes in the massive case
using this formula proves to be quite cumbersome (see for example the last
section of [17]). Currently, in literature, there are very few examples of
explicit calculations of massive Celestial Amplitudes. One of the few exam-
ples can be found in [17], where the authors have applied their formula to
compute 3-point massive Celestial amplitudes in the case of one in-coming
particles with mass m3 = 2(1 + ϵ)m and two outgoing particles with mass
m1 = m2 = m, at first order in ϵ. The importance of this calculation is to
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show that 3-point Celestial Amplitudes are proportional to 3-point Witten
correlators in H+

d+1. Inspired by this result, in this chapter we will present
an original technique to compute massive Celestial amplitudes by recasting
them in terms of known Witten correlators. The roots of this new method
are deepened in the hyperbolic foliation of Minkowski space-time [6] and in
the work [8–10]. To explain this method, let us consider contact diagrams
first (see (4.3.2)). The idea is to split the integral over Md+2 in four integrals
over the single regions A+,A+,D+ and D+, defined in the first chapter. In
each region, we will show that conformal primary wavefunctions can be ex-
pressed as the product of two functions: the analytically continued EAdS
bulk-to-boundary propagator and a function encoding the radial dependence
(ref. (4.2.9)). This result will allow us to split the integrals further, into
the radial and angular part. Tracing back each angular contribution to an
integral over H+

d+1 by suitable analytical transformations (see (4.3.3)), we
will be able to establish that, like in dS [8–10], Celestial contact diagrams
in (d+ 2)-dimensions are proportional to corresponding contact Witten di-
agrams in EAdSd+1. The proportionality factor will be computed explicitly
in some concrete example for the 3-point contact amplitude (ref. Fig.(4.1)),
specifically considering one or more conformally coupled scalars. This will
confirm that such contact contributions to Celestial amplitudes are single-
valued solutions to the conformal Ward identities.

This last consideration yields important implication for processes beyond the
leading order, such as processes involving particle exchanges. Specifically,
exchange contribution to Celestial amplitudes can be decomposed in terms
of a continuum of corresponding exchange Witten diagrams in EAdSd+1,
with the exchanged particles carrying unitary Principal Series representa-
tions. The coefficient of each individual exchange Witten diagram is fixed by
on-shell factorisation, meaning that it is given by the product of coefficients
that convert each contact subdiagram to their Celestial counterpart.

The chapter unfolds as follows: in sec.4.1, we will decompose massive so-
lutions of the Klein-Gordon equation in terms of conformal primary wave-
functions, defining oscillators in this new basis and relating them with os-
cillators in momentum basis (see Eq.(4.1.23)). These relations will lead us
to the Pasterski-Shao-Strominger formula in the massive case, that we will
present in Eq.(4.1.29). Next, in sec.4.2 we will recover closed expressions
for massive conformal primary wavefunctions, that we will subsequently use
in sec.4.3 to compute contact Celestial amplitudes by means of the proce-
dure previously described. Factorisation property of CFT correlators [37,
118] states that 3-point contact correlators are the building blocks for all
other processes. Therefore, in sec.4.4, we will exploit the proportionality
law figured out in sec.4.3 to analyse higher order processes, like the particle
exchanges (see Fig.(4.2)) and the candy diagram (see Fig.(4.4.6), writing
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down also a dictionary to decompose a general perturbative contribution to
an n-point Celestial amplitude in terms of the corresponding Witten correla-
tors in H+

d+1. Finally, in sec.4.5, we will briefly explore some consequences of
the relation between perturbative Celestial amplitudes and Witten diagrams
in EAdS. In particular, it implies that, like their AdS counterparts, Celes-
tial amplitudes admit a conformal partial wave expansion with meromorphic
spectral density (at least perturbatively). One can then obtain their expan-
sion into Conformal Blocks which, combined with crossing symmetry, lies at
the centre of the bootstrap of standard Lorentzian CFTs. We also discuss
(non-perturbative) constraints from unitarity in Euclidean conformal field
theory at the level of the conformal partial wave expansion, which translates
into positivity of the spectral density.

4.1 The Pasterski, Shao & Strominger Formula

Throughout this section, we will consistently use ∆ = d
2 + iν, ν ≥ 0, even in

cases where it is not explicitly mentioned. Consider a massive scalar theory
on flat space, described by the free Lagrangian action

S = 1
2

∫
Md+2

dd+2X [ηMN∂Mϕ∂Nϕ+m2ϕ2], (4.1.1)

with η = diag(−1, 1, . . . , 1). The conformal primary formulation of this
scalar theory is provided by employing the basis of conformal primary wave-
functions

ϕ±∆(X; ω⃗) =
(
m

2π2

) d
2 Γ(∆)

2
√

2πΓ(∆− d
2)

∫
Hd+1

[dp̂] G∆(p̂; ω⃗)e±imp̂·X . (4.1.2)

The normalization factor

Ñ∆(m) =
(
m

2π2

) d
2 Γ(∆)

2
√

2πΓ(∆− d
2)

(4.1.3)

has been properly chosen in order to satisfy(
ϕ±d

2−iν
(ω⃗), ϕ±d

2−iν′(ω⃗ ′)
)

= ±δ(ν − ν ′)δ(d)(ω⃗ − ω⃗ ′), (4.1.4)

where ( · , · ) indicates the Klein-Gordon product
(
ϕ1, ϕ2

)
= −i

∫
dd+1Xi [ϕ1(X)∂X0ϕ∗2(X)− ∂X0ϕ1(X)ϕ∗2(X)] , (4.1.5)

with ϕ1 and ϕ2 generic massive scalar fields. A general solution ϕ(X) of the
Klein-Gordon equation,

(□−m2)ϕ(X) = 0, (4.1.6)
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can be always expanded in terms of the conformal primary basis elements
as follows:

ϕ(X) =
∫

ddω
∫ +∞

0
dν
(
a†d

2 +iν(ω⃗)ϕ+
d
2−iν

(X; ω⃗) + a d
2−iν

ϕ−d
2 +iν(X; ω⃗)

)
,

(4.1.7)

where a†∆ and a∆∗ , with ∆ = d
2 + iν, ν ≥ 0, are respectively the rising and

lowering operator, whose action on the external state, living on the Celestial
Sphere, is given by

a∆∗(ω⃗)|0⟩ = 0 c.c.=⇒ ⟨0|a†∆(ω⃗) = 0, (4.1.8)
a†∆(ω⃗)|0⟩ = |∆, ω⃗⟩ c.c.=⇒ ⟨∆∗, ω⃗| = ⟨0|a∆∗(ω⃗). (4.1.9)

Imposing the equal time commutation rules

[ϕ(X), ϕ(X ′)]X0=X′0 = 0, (4.1.10)
[∂X0ϕ(X), ϕ(X ′)]X0=X′0 = iδ(d+1)(Xi −X ′i), (4.1.11)

we find out, for the oscillators,

[a d
2−iν

(ω⃗), a d
2−iν′(ω⃗ ′)] = [a†d

2 +iν(ω⃗), a†d
2 +iν′(ω⃗ ′)] = 0, (4.1.12)

[a d
2−iν

(ω⃗), a†d
2 +iν′(ω⃗ ′)] = δ(ν − ν ′)δ(d)(ω⃗ − ω⃗ ′). (4.1.13)

Indeed, plugging (4.1.7) in (4.1.10) and using the commutators (4.1.12) and
(4.1.13), it follows that

[ϕ(X), ϕ(X ′)]X0=X′0 =

=
∫

ddω
∫ +∞

0
dν

(
ϕ+

∆∗(X; ω⃗)ϕ−∆(X ′; ω⃗)− ϕ−∆(X; ω⃗)ϕ+
∆∗(X ′; ω⃗)

)
X0=X′0

= 1
4π

(
m

2π

)d ∫
[dp̂]

∫
[dp̂′]

∫
ddω

∫ +∞

0
dν µ(ν)G∆(p̂; ω⃗)G∆∗(p̂; ω⃗)

×
(
eimp̂′·(X−X′) − eimp̂·(X′−X)

)
X0=X′0

, (4.1.14)

where we used the Fourier expansion (4.1.2) and commuted the integrals.
Then, using (3.1.7), we arrive to

[ϕ(X), ϕ(X ′)]X0=X′0 =
∫ dd+1p(i)

(2π)d+1
1

2p0

(
e−ipi(X′−X)i − e−ipi(X−X′)i

)
,

(4.1.15)
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which vanishes by sending pi → −pi in the second term. Similarly, Eq.s
(4.1.12) and (4.1.13) also yield (4.1.11), as readily verified:

[∂X0ϕ(X), ϕ(X ′)]X0=X′0 =

=
∫

ddω
∫

ddω′
∫ +∞

0
dν
∫ +∞

0
dν ′

{
[a†∆(ω⃗), a∆′∗(ω⃗′)]∂X0ϕ+

∆∗(X; ω⃗)ϕ−∆′(X ′; ω⃗ ′)

+ [a∆∗(ω⃗), a†∆′(ω⃗ ′)]∂X0ϕ−∆(X; ω⃗)ϕ+
∆′∗(X ′; ω⃗ ′)

}
X0=X′0

= i

2

∫ dd+1p(i)

(2π)d+1

(
e−ip·(X′−X) + e−ip·(X−X′)

)
X0=X′0

= iδ(d+1)(X −X ′).

(4.1.16)

Further, using the commutation rules (4.1.12) and (4.1.13), the superposi-
tion between external states results δ-normalised,

⟨∆, ω⃗|∆′, ω⃗ ′⟩ = ⟨0|a∆∗(ω⃗)a†∆′(ω⃗ ′)|0⟩ = δ(ν − ν ′)δd(ω⃗ − ω⃗ ′). (4.1.17)

Employing the Klein-Gordon inner product, we can invert the relation be-
tween the field ϕ(X) and the oscillators, getting

a†d
2 +iν(ω⃗) =

(
ϕ, ϕ+

d
2−iν

(ω⃗)
)

= −
(
ϕ−d

2 +iν(ω⃗), ϕ
)
, (4.1.18)

a d
2−iν

(ω⃗) = −
(
ϕ, ϕ−d

2 +iν(ω⃗)
)

=
(
ϕ+

d
2−iν

(ω⃗), ϕ
)
, (4.1.19)

where we exploited ϕ±∆(X; ω⃗) = ϕ∓∆∗(X; ω⃗). Note that, since ϕ±d
2∓iν

(X; ω⃗)
transforms as a conformal primary operator with conformal weight d

2 ∓ iν,
ν ≥ 0, to ensure the invariance of ϕ(X) under the action of SO(1, d + 1),
the oscillator a(†)

d
2 +iν(ω⃗) must transform as

U(Λ)a(†)
d
2±iν

(ω⃗)U−1(Λ) =
∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣−( d
2±iν)/d

a
(†)
d
2±iν

(ω⃗), (4.1.20)

where Λ ∈ SO(1, d + 1) and ω⃗ ′ = Λ[ω⃗]. Therefore, splitting the solution
ϕ(X) of the Klein-Gordon equation as follows, ϕ(X) = ϕ+(X) + ϕ−(X),
with

ϕ+(X) =
∫

ddω
∫ +∞

0
dν a†d

2 +iν(ω⃗)ϕ+
d
2−iν

(X; ω⃗), (4.1.21)

ϕ−(X) =
∫

ddω
∫ +∞

0
dν a d

2−iν
(ω⃗)ϕ−d

2 +iν(X; ω⃗), (4.1.22)

the transformation rules (4.1.20) allow us to regard (4.1.18) and (4.1.19)
as defining a FLAT/CFT-correspondence, a∆(ω⃗) (resp. a†∆(ω⃗)) being the
conformal primary operator on the Celestial Sphere associated to the bulk
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field ϕ+(X) (resp. ϕ−(X)). In this sense, ϕ±d
2∓iν

(X; ω⃗) plays a role similar to
a flat bulk-to-boundary propagator. The relation between oscillators in the
momentum and in the conformal primary basis is easily derived by means
of the Klein-Gordon inner product. In particular,

a†∆(ω⃗) = Ñ∆(m)
∫
H+

d+1

[dp̂]
√

2mp̂0G∆(p̂; ω⃗) a†(pi) (4.1.23)

and

a†(mp̂) = 2(2π)d+1

md

∫
ddω

∫ +∞

0

dν√
2mp̂0 Ñ∆∗(m)G∆∗(p̂; ω⃗) a†∆(ω⃗) (4.1.24)

where a†(mp̂) is the rising operator in the momentum basis, satisfying

a†(mp̂) =
√

2mp̂0
(
ϕ, eimp̂·X

)
, p̂0 =

√√√√1 +
d+1∑
i=1

p̂ip̂i. (4.1.25)

The other relation, between the lowering operators a∆∗(ω⃗) and a(mp̂), can
be immediately found from (4.1.23) by taking its complex conjugate.

Exploiting (4.1.24), we can now study the relation between S-matrix ele-
ments in the momentum and in the conformal primary basis. Therefore, let
us consider an S-matrix element in the momentum basis,

S(p1, . . . pn; p′1, . . . , p′m) := ⟨p1, . . . , pn|S|p′1, . . . , p′n⟩, (4.1.26)

where the momentum-p external state is defined as

|p⟩ =
√

2p0a†(p)|0⟩,

√√√√m2 +
d+1∑
i=1

pipi. (4.1.27)

Plugging this last equation in (4.1.26) and then using (4.1.24) yields

S(p1, . . . pn; p′1, . . . , p′m) =
[
n∏
i=1

∫
ddωi

∫ ∞
0

[dνi]G∆i
(p̂i; ω⃗i) (4.1.28)

×
m∏
j=1

∫
ddω′

∫ ∞
0

[dνj ]∗G∆′
j

∗(p̂′j ; ω⃗′j)

S{∆∗}n,{∆′}m
(ω⃗1, . . . , ω⃗n; ω⃗ ′1, . . . , ω⃗ ′n),

where {∆′}m = ∆1, . . . ,∆m, with ∆i = d
2 + iνi, the integration measure

[dνi](∗) = 2(2π)d+1

md Ñ∆(∗)
i

(mi) dνi and

S{∆∗}n,{∆′}m
(ω⃗1, . . . , ω⃗n; ω⃗ ′1, . . . , ω⃗ ′n) := (4.1.29)

:= ⟨∆∗1, . . . ,∆∗n, ω⃗1, . . . , ω⃗n|S|∆′1, . . . ,∆′n, ω⃗′1, . . . , ω⃗′n⟩
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is the S-matrix element in the conformal primary basis. Eq.(4.1.29) is the
Pasterski-Shao-Strominger formula, which relates scattering amplitudes in
momentum and conformal primary basis. This formula can also be inverted,
providing

S{∆∗}n,{∆′}m
(ω⃗1, . . . , ω⃗n; ω⃗ ′1, . . . , ω⃗ ′n) = Ñ{∆∗}n,{∆}m

(4.1.30) n∏
i=1

∫
H+

d+1

[dp̂i]G∆∗
i
(p̂i; ω⃗i)

m∏
j=1

∫
H+

d+1

[dp̂′j ]G∆′
j
(p̂′j ; ω⃗′j)

S(p1, . . . pn; p′1, . . . , p′m),

where
Ñ{∆∗}n,{∆}m

=
n∏
i=1

m∏
j=1
Ñ∆∗

i
(mi)Ñ∆j

(mj). (4.1.31)

We will refer to Celestial amplitudes as scattering amplitudes in the confor-
mal primary basis.

4.2 Celestial Amplitudes as Witten diagrams

In this section, we will show explicitly that perturbative Celestial amplitudes
can be expressed in terms of corresponding Witten diagrams onH+

d+1. Given
the analyticity properties of the Celestial amplitudes, from here henceforth,
we will release the constraint over ∆, allowing it to vary across the entire
complex plane. To this end, it is useful to evaluate the momentum integral
in the representation (3.1.3) of conformal primary wave functions. This
integral is only formal since it is divergent for real values of the mass m.
One can however define the following convergent integrals:

φ+
∆(X; q+) = N∆

Γ(∆− d
2)

(
m

2π

)d/2 ∫
H+

d+1

[dp̂]KAdS
∆ (p̂; q+) e+mp̂·X , X ∈ A+,

(4.2.1a)

φ−∆(X; q−) = N∆

Γ(∆− d
2)

(
m

2π

)d/2 ∫
H−

d+1

[dp̂]KAdS
∆ (p̂; q−) e+mp̂·X , X ∈ A−.

(4.2.1b)

where q+ ∈ C+
P and q− = −q+ ∈ C−P (see (2.3.7)) and

N∆ = π−
1
2 Γ

(
∆− d

2 + 1
)
. (4.2.2)

The normalised scalar bulk-to-boundary propagator is here defined as

KAdS
∆ (p̂; q) = CAdS

∆
(−2p̂ · q)∆ , CAdS

∆ = Γ(∆)
2π d

2 Γ
(
∆− d

2 + 1
) , (4.2.3)
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with p̂ ∈ H±d+1 coherently with q±. In the hyperbolic slicing we can write:

X = RX̂AdS, with X̂2
AdS = −1, (4.2.4)

where in A+ we have R > 0 and in A− we have R < 0, see (2.2.9). The
integrals (4.2.1) are evaluated in Appendix C.1 and are given by the following
closed form expression:

φ+
∆(R, X̂AdS; q+) = N∆K

AdS
∆ (X̂AdS; q+)K̃

∆−d2
(mR) , (4.2.5a)

φ−∆(R, X̂AdS; q−) = N∆K
AdS
∆ (−X̂AdS; q−)K̃

∆−d2
(−mR) , (4.2.5b)

which are factorised into the bulk-to-boundary propagator (4.2.3) on H±d+1
and the function

K̃
∆−d2

(mR) = 2R−d/2

Γ(∆− d
2)
K

∆−d2
(mR), (4.2.6)

which, as we will see in the next chapter, is the kernel of the Kontorovich-
Lebedev transformation defined in Appenix 5.1. Up to powers of |R| and m,
this function is the Mellin transform of the bulk-to-boundary propagator in
Poincaré coordinates, with the mass m playing the role of the magnitude of
the boundary momentum and |R| the role of the Poincaré coordinate y.

Closed form expressions for the scalar conformal primary wavefunctions
ϕ±∆(X; q±) over the whole of Minkowski space-time can be obtained from
the closed form expression (4.2.5) for φ±∆ by analytic continuation. In this
section we will provide the closed expression of the up-lifted scalar conformal
primary wavefunctions, that we represent here as

ϕ±∆(X; q±) = N∆

Γ(∆− d
2)

(
m

2π

)d/2 ∫
H±

d+1

[dp̂]KAdS
∆ (p̂; q±) e+im p̂·X . (4.2.7)

Precisely, the closed expressions for ϕ±∆(X; ω⃗) have been derived employing
Poincaré coordinates. The detailed methodology is presented in the Ap-
pendix C.1. By comparing with the integral expression (4.2.7) for ϕ±∆(X; q±),
under such analytic continuations we require, for both φ±∆(X; q±), that:

X → iX. (4.2.8)

At the level of the hyperbolic foliation (4.2.4) this can be achieved for all
regions A± and D± of Md+2 by rotating R and X̂AdS respectively. These
are summarised in the following.
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X ∈ A+ : ϕ±∆(X; q±) = N∆K
AdS
∆ (±X̂AdS; q±)K̃∆− d

2

(
mTe±

πi
2
)
, (4.2.9a)

X ∈ A− : ϕ±∆(X; q±) = N∆K
AdS
∆ (±X̂AdS; q±)K̃

∆−d2

(
m |T |e∓

πi
2
)
, (4.2.9b)

X ∈ D+ : ϕ±∆(X; q±) = N∆K
AdS
∆ (e+ πi

2 X̂dS; q±)K̃
∆−d2

(mR) , (4.2.9c)

X ∈ D− : ϕ±∆(X; q±) = N∆K
AdS
∆ (−e−

πi
2 X̂dS; q±)K̃

∆−d2
(mR) . (4.2.9d)

On a given hyperbolic slice of Md+2, the conformal primary wave functions
ϕ±∆(X; q±) can be recast as bulk-to-boundary propagators with the same
conformal weight ∆ on H+

d+1. In regions A±, using the anti-podal identifi-
cation q+ = −q−, it is straightforward to see that:

X ∈ A+ : ϕ±∆(X; q±) = N∆K
AdS
∆ (X̂AdS; q+)K̃∆− d

2

(
mTe±

πi
2
)
, (4.2.10a)

X ∈ A− : ϕ±∆(X; q±) = N∆K
AdS
∆ (X̂AdS; q+)K̃

∆−d2

(
m |T |e∓

πi
2
)
. (4.2.10b)

In regionD±, the relation to the corresponding bulk-to-boundary propagator
on H+

d+1 is more subtle owing to the presence of a short distance singularity
in ϕ±∆(X; q±) and an anti-podal singularity in ϕ∓∆(X;Q∓). In order to clarify
this point and rewrite the corresponding bulk integral as a CFT correlator it
is enough to zoom in around the associated singularities in order to extract
the phase factors arising from the analytic continuation. This is what we
shall do in the following. In global coordinates (2.2.17), we have

ϕ+
∆(X(σ, n̂; q+(n̂ ′)) = e−∆ πi

2
N∆C

AdS
∆

[2 (sinhσ − coshσ cos γ)− iϵ]∆
K̃∆− d

2
(mR) ,

(4.2.11a)

ϕ−∆(X(σ, n̂; q−(n̂ ′)) = e−∆ πi
2

N∆C
AdS
∆

[−2 (sinhσ + coshσ cos γ)− iϵ]∆
K̃

∆−d2
(mR) ,

(4.2.11b)
where

q± =
(
±1, n̂′

)
, cos γ = n̂ · n̂′. (4.2.12)

Let us first consider region D+, where ϕ+
∆ exhibits a short-distance singu-

larity and ϕ−∆ an anti-podal singularity. One zooms in on the short-distance
singularity by taking the limit σ → +∞ and γ → 0:

ϕ+
∆(X; q+) = e−∆ πi

2
N∆C

AdS
∆[

−2e−σ + 1
2γ

2eσ − iϵ
]∆ K̃∆− d

2
(mR) , (4.2.13a)

= e−∆ πi
2 N∆C

AdS
∆

(
η+

−η2
+ + |z⃗ − ω⃗|2 − iϵ

)∆

K̃∆− d
2

(mR) ,

(4.2.13b)
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where in the second equality we switched to Poincaré coordinates (2.2.9)
through the identifications η+ = 2e−σ and |z⃗ − ω⃗| = γ. For the anti-podal
singularity of ϕ−∆, one instead takes the limit σ → +∞ and γ̄ → 0 where
γ̄ = γ + π:

ϕ−∆(X; q−) = e−∆ πi
2

N∆C
AdS
∆[

2e−σ − 1
2γ

2eσ − iϵ
]∆ K̃∆− d

2
(mR) , (4.2.14a)

= e−∆ πi
2 N∆C

AdS
∆

(
η+

η2
+ − |z⃗ − ω⃗|2 − iϵ

)∆

K̃∆− d
2

(mR) .

(4.2.14b)

In the vicinity of the short-distance (s-d) and anti-podal (a-p) singularities
in D+ we therefore have, respectively:1

s-d in D+:ϕ±∆(X; q±) = e∆(1∓1) πi
2 N∆K

AdS
∆ (y, z⃗; ω⃗) K̃∆− d

2
(mR) , y = η+e

−πi
2 ,

(4.2.15a)

a-p in D+:ϕ±∆(X; q±) = e−∆(1±1) πi
2 N∆K

AdS
∆ (y, z⃗; ω⃗) K̃∆− d

2
(mR) , y = η+e

+ πi
2 ,

(4.2.15b)

where in Poincaré coordinates (2.2.9), the bulk-to-boundary propagator
(4.2.3) on H+

d+1 reads:

KAdS
∆ (y, z⃗; ω⃗) = CAdS

∆

(
y

y2 + |z⃗ − ω⃗|2
)∆

. (4.2.16)

A similar result follows in region D−. Here, it is ϕ−∆ that exhibits a
short-distance singularity and ϕ+

∆ an anti-podal singularity. One zooms in
on the short-distance singularity of ϕ−∆ by taking the limit σ → −∞ and
γ → 0:

ϕ−∆(X, ; q−)) = e−∆ πi
2

N∆C
AdS
∆[

−2eσ + 1
2γ

2e−σ − iϵ
]∆ K̃∆− d

2
(mR) , (4.2.17a)

= e−∆ πi
2 N∆C

AdS
∆

(
η−

−η2
− + |z⃗ − ω⃗|2 − iϵ

)∆

K̃∆− d
2

(mR) ,

(4.2.17b)

where in the second equality we introduced Poincaré coordinates (2.2.9)
through the identifications η− = 2eσ and |z⃗ − ω⃗| = γ. For the anti-podal

1Note that ϕ−
∆ is analytic around the short distance singularity of ϕ+

∆ in D+. Likewise,
ϕ+

∆ is analytic around the anti-podal singularity of ϕ−
∆. The analogous holds in region D−,

which is considered below.
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singularity of ϕ+
∆ one instead takes the limit σ → −∞ and γ̄ → 0 where

γ̄ = γ + π:

ϕ+
∆(X; q+) = e−∆ πi

2
N∆C

AdS
∆[

2e+σ − 1
2γ

2e−σ − iϵ
]∆ K̃∆− d

2
(mR) , (4.2.18a)

= e−∆ πi
2 N∆C

AdS
∆

(
η−

η2
− − |z⃗ − ω⃗|2 − iϵ

)∆

K̃∆− d
2

(mR) .

(4.2.18b)

By comparing with (4.2.16), we can conclude that in the vicinity of the short-
distance (s-d) and anti-podal (a-p) singularities in D− we have, respectively:

s-d in D−: ϕ±∆(X; q±) = e∆(1±1) πi
2 N∆K

AdS
∆

(
η−e

−πi
2 , z⃗; ω⃗

)
K̃∆− d

2
(mR) ,
(4.2.19a)

a-p in D−: ϕ±∆(X; q±) = e−∆(1∓1) πi
2 N∆K

AdS
∆

(
η−e

+ πi
2 , z⃗; ω⃗

)
K̃∆− d

2
(mR) .

(4.2.19b)

As we shall see in the following section, the relations (4.2.10), (4.2.15)
and (4.2.19) imply that contact diagram contributions to celestial correlators
can be recast as contact Witten diagrams on H+

d+1 upon integrating out the
curvature radius of the hyperbolic slicing! This in turn leads to a more
general relation between perturbative celestial correlators involving particle
exchanges and corresponding Witten diagrams, which is presented in section
4.4.

4.3 Contact Amplitudes

Consider a theory of scalar fields ϕi, i = 1, . . . , n of mass mi interacting
through the vertex

V (X) = gϕ1 (X) . . . ϕn (X) . (4.3.1)

To leading order in λ the n-point Celestial Correlator is given by

Ãc
∆1...∆n

(±1q1, . . . ,±nqn) = −ig
∫

dd+2X ϕ±1
∆1

(X,±1q1) . . . ϕ±n
∆n

(X,±nqn) ,

where the superscript “c” to indicates that we are considering a contact
diagram. The expressions (4.2.9) for the conformal primary wave function
instruct us to divide the integral over Md+2 into integrals over regions A±
and D±,∫

dd+2X =
∫
A+

dd+2X +
∫
A−

dd+2X +
∫
D+

dd+2X +
∫
D−

dd+2X, (4.3.2)
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Figure 4.1: Contact diagram contributions to correlators on the d-
dimensional celestial sphere (in grey) are proportional to their Witten dia-
gram counterparts in EAdSd+1 with proportionality constant (4.3.14). Red
crosses denote operators inserted on the future boundary CS+

d and yellow
dots operators inserted on the past boundary boundary CS−d . O±i is the
conformal operator dual to the conformal primary wave function ϕ±i .

which in Poincaré coordinates (2.2.9) read∫
A+

dd+2X =
∫ ∞

0
T d+1dT

∫ ∞
0

dy
yd+1

∫
ddz, (4.3.3a)∫

A−
dd+2X =

∫ 0

−∞
|T |d+1dT

∫ ∞
0

dy
yd+1

∫
ddz, (4.3.3b)∫

D+
dd+2X =

∫ ∞
0

Rd+1dR
∫ ∞

0

dη+

ηd+1
+

∫
ddz, (4.3.3c)∫

D−
dd+2X =

∫ ∞
0

Rd+1dR
∫ ∞

0

dη−
ηd+1
−

∫
ddz. (4.3.3d)

Using the relations (4.2.10), (4.2.15) and (4.2.19) between conformal primary
wave functions and bulk-to-boundary propagators of the same conformal
weight on H+

d+1, the contribution from each region of Md+2 factorises into
the corresponding n-point contact Witten diagram on H+

d+1 and an integral
over the curvature radius the hyperbolic foliation:2

Ãc
∆1...∆n

(±1q1, . . . ,±nqn) =
(
c±1...±n
A+

+ c±1...±n
A−

+ c±1...±n
D

)
︸ ︷︷ ︸

c
±1...±n
∆1...∆n

×
∫
H+

d+1

dX̂AdSK
AdS
∆1 (X̂AdS; q1) . . .KAdS

∆n
(X̂AdS; qn)︸ ︷︷ ︸

(AdS)Ãc
∆1...∆n

(q1,...,Qn)

. (4.3.5)

2Here we replaced: ∫
H+

d+1

dX̂AdS =
∫ ∞

0

dy

yd+1

∫
ddz. (4.3.4)
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The Witten diagram (AdS)Ãc
∆1...∆n

(Q1, . . . , Qn) on the second line of (4.3.5)
is simply the well-known D-function [123], which is defined as the n-point
contact Witten diagram generated by a the non-derivative n-point interac-
tion in H+

d+1. The coefficient c±1...±n
∆1...∆n

sums the radial integrals from each of
the regions A± and D. For A±, using (4.2.10) we have:

c±1...±n
A+

= −ig
∫ ∞

0
dT T d+1

n∏
i=1
N∆i

K̃∆i− d
2

(
mi Te

±i
πi
2
)
, (4.3.6a)

c±1...±n
A−

= −ig
∫ ∞

0
dT T d+1

n∏
i=1
N∆i

K̃∆i− d
2

(
mi Te

∓i
πi
2
)
. (4.3.6b)

For region D, let us first consider the case that the celestial correlator con-
tains at least one incoming and at least one outgoing mode. In this case
the integral over regions D± receives contributions from both short-distance
and anti-podal singularities. Inserting (4.2.15) and (4.2.19), we have:

c±1...±n
D = c±1...±n

D+
+ c±1...±n
D−

(4.3.7a)

c±1...±n
D+

= −ig


s-d (4.2.15)︷ ︸︸ ︷

exp

−d+
n∑
j=1

∆j (1∓j 1)

 πi

2

+

a-p (4.2.15)︷ ︸︸ ︷
exp

d− n∑
j=1

∆j (1±j 1)

 πi

2




×
∫ ∞

0
dRRd+1

n∏
i=1
N∆i

K̃
∆i−

d
2

(miR) ,

(4.3.7b)

c±1...±n
D−

= −ig


s-d (4.2.19)︷ ︸︸ ︷

exp

−d+
n∑
j=1

∆j (1±j 1)

 πi

2

+

a-p (4.2.19)︷ ︸︸ ︷
exp

d− n∑
j=1

∆j (1∓j 1)

 πi

2




×
∫ ∞

0
dRRd+1

n∏
i=1
N∆i

K̃
∆i−

d
2

(miR) ,

(4.3.7c)
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where the d-dependence in the phases comes from the change of integration
variable from η± to z. These combine to give

c±1...±n
D = −2ig



singularities of the ϕ+
∆j︷ ︸︸ ︷

cos

d− n∑
j=1

∆j (1∓j 1)

 π

2

+

singularities of the ϕ−
∆j︷ ︸︸ ︷

cos

d− n∑
j=1

∆j (1±j 1)

 π

2



,

×
∫ ∞

0
dRRd+1

n∏
i=1
N∆i

K̃
∆i−

d
2

(miR) .

(4.3.8)

It is interesting to note that the integrals over the curvature radius R
and t in c±1...±n

D and c±1...±n
A±

are (analytic continuations) of the multiple-K
integrals often encountered in momentum space CFT [124, 125]. It is useful
to study such integrals using the Mellin-Barnes representation [8, 10, 126],
where:

K̃
∆j−

d
2
(mjR) = 1

Γ
(
∆j − d

2

) ∫ +i∞

−i∞

dsj
2πi K̃∆j−

d
2
(mj , sj)R−( d

2 +2sj) ,

(4.3.9a)

K̃
∆j−

d
2
(mj , sj) = Γ

(
sj + 1

2

(
∆j − d

2

))
Γ
(
sj − 1

2

(
∆j − d

2

))(m
2

)−2sj

.

(4.3.9b)

By adopting this representation the integral over the radial coordinate triv-
ialises and is replaced by a Dirac delta function in the Mellin variables:

∫ ∞
0

dRRd+1R
−

n∑
j=1

(2sj+ d
2 )

= 2πi δ

− (d+ 2) +
n∑
j=1

(
2sj + d

2

) . (4.3.10)

In the Mellin-Barnes representation, the coefficients (4.3.6) differ simply by
phases in the Mellin variables owing to the analytic continuation of the
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curvature radius:3

c±1...±n
A+

= −ig
∫ +i∞

−i∞
[dsj ]n F∆1...∆n (s1,m1, . . . , sn,mn) e

−
n∑

j=1
±j( d

2 +2sj) πi
2
,

(4.3.12a)

c±1...±n
A−

= −ig
∫ +i∞

−i∞
[dsj ]n F∆1...∆n (s1,m1, . . . , sn,mn) e

n∑
j=1
±j( d

2 +2sj) πi
2
,

(4.3.12b)

where4

F∆1...∆n (s1,m1, . . . , sn,mn) = 2πi δ

− (d+ 2) +
n∑
j=1

(
2sj + d

2

)
×

n∏
i=1

N∆i

Γ
(
∆i − d

2

) K̃
∆i−

d
2
(mi, si). (4.3.13)

The contributions from all four regions A± and D± then combine as:

c±1...±n
∆1...∆n

= 2ig
∫ +i∞

−i∞
[dsj ]n c±1...±n (s1, . . . , sn) F∆1...∆n (s1,m1, . . . , sn,mn) ,

(4.3.14)

where

c±1...±n (s1, . . . , sn) = c±1...±n
A+

+ c±1...±n
A−

+ c±1...±n
D , (4.3.15)

3Here we defined ∫ +i∞

−i∞
[dsj ]n =

∫ +i∞

−i∞

ds1

2πi
. . .

dsn

2πi
. (4.3.11)

4As noted in [10], the Mellin-Barnes representation of momentum space Witten dia-
grams makes manifest the symmetry under dilatations. This is analogous to how momen-
tum space trivialises translation symmetry. For generic ∆i, the solutions to the momentum
space Conformal Ward identities are given by generalised hypergeometric functions with
multiple variables (e.g. for n = 3 they are Appell F4 functions [124]). The Mellin-Barnes
representation gives the analytic continuation of momentum space conformal correlators
valid for all physical values of the momenta (and beyond), analogous to how the Mellin-
Barnes representation of the Gauss hypergeometric function is the analytic continuation
of the hypergeometric series.
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with5

c±1...±n
A+

+ c±1...±n
A−

= − cos

 n∑
j=1
±j
(
d

2 + 2sj
)
π

2

 , (4.3.17a)

c±1...±n
D = −2 cos

d− n∑
j=1

∆j

 π

2

 cos

 n∑
j=1
±j∆j

 π

2

 .
(4.3.17b)

The sinusoidal factor in the Mellin variables sj , coming from regions A±,
indicates the presence of folded singularities in the mass mj – see [10] section
3.1. Such folded singularities are absent in region D, in which case the
corresponding coefficient (4.3.17b) is constant and is, in particular, given
by a product of cosine factors. This in turn implies that the contribution
from region D vanishes for certain values of ∆j , corresponding to zeros of
the cosine factors in (4.3.17b). From the expressions (4.3.17) we can infer
the following useful properties of the coefficient c±1...±n

∆1...∆n
:

c±1...±n
∆1...∆n

= c∓1...∓n
∆1...∆n

, (4.3.18a)
c±...∓...±∆1...∆j ...∆n

= −c±...∓...±∆1...d−∆j ...∆n
. (4.3.18b)

The second property states that correlators involving a single incoming or
outgoing mode are anti-symmetric upon replacing the mode with its shadow:
∆j → d−∆j .6

It is interesting to compare the coefficient c±1...±n
∆1...∆n

(which, we recall,
originates from integrating out the curvature radius in the hyperbolic slic-
ing of Md+2) with the momentum space n-point scalar contact Witten dia-
grams in EAdS. In particular, upon multiplying by Rd and m∆, the function
K̃

∆−d2
(mjR) defined in (4.2.6) is proportional to the bulk-to-boundary prop-

agator in Poincaré coordinates of H+
d+1. Here the mass m plays the role of

the magnitude of the boundary momentum and R the role of the Poincaré
coordinate z. The difference is that, in regions A+ and A−, this coordinate
is rotated according to whether a particle is incoming or outgoing, leading to
folded singularities in the “momenta” mi. Such folded singularities are ab-
sent in standard momentum space EAdS Witten diagrams. A virtue of the

5Here we simplified the cosine factors in (4.3.8) using the identity:

2 cos α cos β = cos (α + β) + cos (α − β) . (4.3.16)

6To see this one also uses that:
N∆

Γ
(
∆ − d

2

) = − Nd−∆

Γ
(

d
2 − ∆

) . (4.3.19)
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Mellin-Barnes representation is that these singularities manifest themselves
in the sinusoidal factor (4.3.17a) in the Mellin variables, where (4.3.13) is,
up to factors of m∆j , indeed proportional to the Mellin-Barnes representa-
tion of an n-point contact Witten diagram in EAdS [10]. It is interesting to
note that the folded singularities only originate from the regions A±, where
Md+2 is foliated by EAdSd+1 hypersurfaces. The contribution (4.3.17b) from
region D, where Md+2 is instead foliated by dSd+1 hypersurfaces, does not
contain folded singularities and, up to factors of m∆j , takes the same form
as momentum space n-point contact Witten diagrams in EAdS.

Let us now turn to the case that we have all incoming or all outgoing
modes. In this case there is just a single contribution from D+, which, in
the case that we have all outgoing modes, corresponds to the short distance
singularity of ϕ+

∆ or, in the case that we have all incoming modes, the anti-
podal singularity of ϕ−∆. And likewise for D− which, in the case that we have
all outgoing modes, corresponds to the anti-podal singularity of ϕ+

∆ or, in
the case that we have all incoming modes, the short-distance singularity of
ϕ−∆. There is therefore only a single cosine factor in (4.3.8) that contributes
in this case, giving:

c±...± (s1, . . . , sn) = −
[
cos

(
dπ

2

)
+ cos

(
(d+ 2) π2

)]
= 0, (4.3.20)

where we used the Dirac delta function (4.3.10) to simplify the total con-
tribution (4.3.17a) from A+ and A−. This vanishing is consistent with the
fact that there is no scattering amplitude with all incoming or all outgo-
ing particles. This in particular means that there is no non-trivial celestial
two-point function with two incoming or two outgoing particles.

It should be noted that, while for generic values of the scaling dimensions
∆i the need for a Mellin-Barnes representation (4.3.14) of the coefficient
c±1...±n

∆1...∆n
is inevitable, for certain values of ∆i the Mellin-Barnes integrals

can be lifted. See e.g. sections 3.3-3.4 in [127] and section 4.6 of [8]. An
example is when ∆i = d+1

2 which corresponds to a conformally coupled
scalar. In the following section we study this case in more detail for n = 3.

Specific cases: 3pt contact diagrams. In the above we saw that ce-
lestial n-point contact diagrams can be re-expressed (4.3.5) as an n-point
contact Witten diagram in H+

d+1 times a coefficient c±1...±n
∆1...∆n

that arises from
the integral over the curvature radius of the hyperbolic slicing. In the fol-
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lowing we analyse in more detail the case n = 3, where we have that

c+++(si) = c−−−(si) = 0 , (4.3.21a)

c−++(si) = c+−−(si) = cos(2πs1)− cos
[(

d
2 −∆1

)
π
]
− cos

[(
d
2 −∆2 −∆3

)
π
]
,

(4.3.21b)

c+−+(si) = c−+−(si) = cos(2πs2)− cos
[(

d
2 −∆2

)
π
]
− cos

[(
d
2 −∆1 −∆3

)
π
]
,

(4.3.21c)

c++−(si) = c−−+(si) = cos(2πs3)− cos
[(

d
2 −∆3

)
π
]
− cos

[(
d
2 −∆1 −∆2

)
π
]
.

(4.3.21d)

For generic ∆i, the Mellin-Barnes integral (4.3.14) with n = 3 can be ex-
pressed in terms of the Appell F4 function (see appendix B.2 of [127]). For
certain values of the scaling dimensions, however, the corresponding the
Mellin-Barnes integrals can be lifted. The simplest example is for confor-
mally coupled scalars, corresponding to ∆i = d+1

2 (see section 3.3 of [127]),
which can be used as seeds for correlators of conserved currents (as in e.g.
[8, 126]). Considering for concreteness the case that we have one incoming
mode and two outgoing (i.e. ±1 = +, ±2 = + and ±3 = −), upon evaluating
all the Mellin-Barnes integrals one obtains:

c++−
d+1

2
d+1

2
d+1

2 |A
= ig

cos
(
dπ
2

)
Γ
(

1−d
2

)
√

2m1m2m3
(m3 −m1 −m2)

d−1
2 , (4.3.22a)

c++−
d+1

2
d+1

2
d+1

2 |D
= ig

cos
(
dπ
2

)
Γ
(

1−d
2

)
√

2m1m2m3
(m1 +m2 +m3)

d−1
2 , (4.3.22b)

where for convenience we gave the contributions from regionD and combined
regions A± separately. Note the expected folded singularities in the mass mi

coming from regions A±. Setting m1 = m2 = m, m3 = 2m(1+ ϵ) and d = 2,
the contribution from regions A± recovers the result given in equation (3.13)
of [17] which was obtained from the corresponding momentum space scat-
tering amplitude using (4.1.29). We therefore differ from the result of [17]
by the contribution from region D, which is regular in ϵ. It should be clari-
fied from where this discrepancy originates, which we leave to future work.
A possible explanation could be that employing (4.1.29) to obtain Celestial
amplitudes from momentum space scattering amplitudes requires to com-
mute the divergent momentum integral in the definition (4.2.7) of conformal
primary wave functions past the integral over the bulk of Minkowski space.

Similarly, one can consider the case that one has two conformally cou-
pled and one general scalar. The fact we have two conformally coupled
scalars implies that two of the three Mellin-Barnes integrals can be lifted.
One obtains the following expression in terms of the Gauss hypergeometric
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function:

c++−
d+1

2
d+1

2 ∆3|A
= −i cos

(
dπ
2

) √
πg (2m3)

d−1
2

√
2m1m2m3 Γ(∆3 − d

2)Γ
(

3−d
2

) (4.3.23a)

×2 F1

(
1−∆3, 1− d+ ∆3; 3− d

2 ; m1 +m2 +m3
2m3

)
,

c++−
d+1

2
d+1

2 ∆3|D
=
−i
(
cos

(
dπ
2

)
− cos

((
d
2 −∆3

)
π
))√

πg (2m3)
d−1

2

√
2m1m2m3 Γ(∆3 − d

2)Γ
(

3−d
2

)
×2 F1

(
1−∆3, 1− d+ ∆3; 3− d

2 ; m3 −m1 −m2
2m3

)
. (4.3.23b)

In d = 2 this gives:

c++−
3
2

3
2 ,1+iν|A

=
2igΓ (1−∆3) cos

(
2 (1−∆3) csc−1

( √
2m3√

m1+m2+m3

))
√
m1m2

,

(4.3.24a)
c++−

3
2

3
2 ,1+iν|D

= 2ig (1 + cos ((1−∆3)π)) Γ (1−∆3) (4.3.24b)

×
cosh

(
2 (1−∆3) csch−1

( √
2m3√

m1+m2−m3

))
√
m1m2

.

Another example in which simplifications arise is when one or more of
the fields are massless. In this case the function (4.2.6) in the representation
(4.2.5) of the conformal primary wavefunction simplifies [18]. In the case of
two massless external fields we have:

c++−
d
2 +iν1,

d
2 +iν2,

d
2 +iν3|A

=
ig cos

(
π
(
∆1 + ∆2 − d

2

))
m∆1+∆2−d

3 (2m3)2−d2

Γ
(
∆3 − d

2

)
× Γ

(
1 + ∆3−∆1−∆2

2

)
Γ
(
1 + d−∆1−∆2−∆3

2

)
, (4.3.25)

c++−
d
2 +iν1,

d
2 +iν2,

d
2 +iν3|D

=
ig
(
cos

[(
d
2 −∆3

)
π
]

+ cos
[(

∆1 + ∆2 − d
2

)
π
])

m−∆1−∆2+d
3 (2m3)−2+d

2 Γ
(
∆3 − d

2

)
× Γ

(
1 + ∆3−∆1−∆2

2

)
Γ
(
1 + d−∆1−∆2−∆3

2

)
. (4.3.26)

Let us finally note that these examples make clear that the coefficients
(4.3.14) are vanishing for certain mass configurations. Analogous zeros ap-
pear in the context of dS boundary correlators [10] and, as in that case, we
expect them to be imprints of (perturbative) unitarity.
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4.4 All Orders in the Perturbative Expansion

In the previous section we saw that contact diagram contributions to celestial
correlators are proportional to the corresponding contact Witten diagram
in H+

d+1:

Ãc
∆1...∆n

(±1q1, . . . ,±nqn) = c±1...±n
∆1...∆n

(AdS)Ãc
∆1...∆n

(q1, . . . , qn) . (4.4.1)

The coefficients c±1...±n
∆1...∆n

can be thought of as the ratio:

c±1...±n
∆1...∆n

=
λ±1...±n

∆1...∆n

λAdS
∆1...∆n

, (4.4.2)

relating the coefficient λAdS
∆1...∆n

of contact Witten diagram to its celestial
counterpart λ±1...±n

∆1...∆n
.

Contact diagrams are the basic building blocks for all other processes
i.e. those that involve particle exchanges. When an exchanged particle goes
on-shell, we expect that the corresponding observable factorises appropri-
ately into subprocesses and, when all exchanged particles are on-shell, these
subprocesses are the contact diagrams generated by the vertices. Using this
property we can extend the result (4.3.5) to Celestial amplitudes involving
exchanged particles, decomposing them as a sum of corresponding Witten
diagrams in H+

d+1.
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Figure 4.2: Contributions from particle exchanges to d-dimensional celestial
correlators decompose into exchange Witten diagrams of particles carrying
Principal Series representations ∆ ∈ d

2 + iR in EAdSd+1. The relative coef-
ficients ensure consistent on-shell factorisation.

To illustrate, let us first consider the tree level exchange of a scalar field of
mass m2 in a 4pt celestial correlator, say in the s-channel. Using that a field
in Md+2 can be decomposed (5.1.18) in terms of fields on (EA)dSd+1 carrying
principal series representations of SO (d+ 1, 1), assuming consistent on-shell
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factorisation then implies (along the same lines as [10])

Ãexch.
∆1∆2|m2|∆3∆4

(±1q1,±2q2,±3q3,±4q4)

=
∫ d

2 +i∞

d
2−i∞

d∆
2πi

∑
±

c±1±2±
∆1∆2∆c

∓±3±4
∆∆3∆4

c∆

(AdS)Ãexch.
∆1∆2|∆|∆3∆4

(q1, q2, q3, q4) ,

(4.4.3)

where (AdS)Ã∆1∆2|∆|∆3∆4 (q1, q2, q3, q4) is the corresponding exchange Wit-
ten diagram in H+

d+1 for a particle of scaling dimension ∆. The coefficients
c±1±2±

∆1∆2∆ and c∓±3±4
∆∆3∆4

convert the coefficients of the three-point contact subdi-
agrams in AdS on the r.h.s. to their celestial counterparts via (4.4.2), where
for each ∆ there are two operators corresponding to incoming (−) and out-
going (+) particles.7 The c∆ account for the change in 2-point function
normalisation,

c∆ = Cflat
∆

CAdS
∆

=
Γ
(
d
2 −∆

)
Γ
(
∆− d

2 + 1
)

2π = 1
2 csc

((
d
2 −∆

)
π
)
, (4.4.4)

where Cflat
∆ is the celestial 2-point function normalisation factor and the

AdS normalisation CAdS
∆ is given in (4.2.3). These clearly have the following

useful property upon replacing ∆ with its shadow d−∆:

c∆ = −cd−∆, (4.4.5)

which is a specific case of the more general property (4.3.18b).
More generally, given a perturbative contribution to a n-point massive

Celestial amplitude, the following steps give its decomposition in terms of
corresponding Witten diagrams in H+

d+1:

1. Draw the same diagram in EAdS: Each external line connected to the
point ±iqi on the conformal boundary of Md+2 becomes an external
line connected to the point qi on the boundary of EAdSd+1, where an
operator with the same scaling dimension ∆i is inserted. Each internal
line becomes an internal line in EAdS. Each vertex becomes a vertex
in EAdS.

2. Assign each internal line a scaling dimension label and divide by the
factor (4.4.4) accounting for the change in 2pt function normalisa-
tion. For each vertex, multiply by the factor (4.4.2) that converts the
contact diagram it generates to the corresponding celestial contact di-
agram as in (4.4.1). For vertices that are attached to internal lines, in
the corresponding contact diagram the external particle can be either
incoming or outgoing and these possibilities should be summed over.

7Note that there is no two-point function for two incoming or two outgoing particles,
which can be seen from (4.3.20).
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3. For each internal line, integrate the associated scaling dimension label
over the Principal Series ∆ ∈ d

2 + iR.

For example, for the candy diagram contribution to the four-point func-
tion in the s-channel, taking ±1 = ±3 = +1 and ±2 = ±4 = −1, one
obtains:
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To summarise this section, we have seen that a given perturbative con-
tribution to a celestial correlator can be expanded in terms of corresponding
Witten diagrams in H+

d+1. This was shown to follow from the assumption of
consistent on-shell factorisation once it was established in section 4.3 that
celestial contact diagrams are proportional their Witten diagram counter-
parts in H+

d+1 (equation 4.3.5). It should be noted that this result would
equivalently follow from conformal symmetry, factorisation and the assump-
tion of single-valuedness (analyticity) of celestial correlators as a function of
the (complexified) cross-ratios, as is the case for AdS boundary correlators
in the Euclidean region. The fact that celestial contact diagrams are pro-
portional to their corresponding contact Witten diagrams in H+

d+1 indeed
shows that the assumption of single-valuedness would have been a valid one.

4.5 Spectral Representation and Unitarity

We have seen that perturbative celestial correlators in d-dimensions can
be decomposed in terms of corresponding Witten diagrams on EAdSd+1.
Through such identities one might try to import the wealth of techniques,
results and understanding available in EAdS to the study of celestial correla-
tors, in the same spirit as analogous studies relating perturbative boundary
correlators in dSd+1 to their EAdSd+1 counterparts [9, 10].

For example, such identities imply that perturbative celestial correlators
have the same analytic structure as their EAdS Witten diagram counter-
parts. In particular, given a single-valued conformally invariant four-point
function of operators Oi in d-dimensional Euclidean space, harmonic anal-
ysis on SO (d+ 1, 1) [37, 128–131] implies that it admits a partial-wave
expansion over an orthogonal basis of Eigenfunctions F∆,J of the Casimir
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invariants taking the following form (say, in the (12)(34) channel):

⟨O1(x⃗1)O2(x⃗2)O3(x⃗3)O4(x⃗4)⟩ = 112134+
∞∑
J=0

∫ d
2 +i∞

d
2−i∞

d∆
2πi ρJ(∆)F12,34

∆,J (x⃗1, x⃗2, x⃗3, x⃗4) ,

(4.5.1)
where ρJ(∆) is the spectral density and the first term on the r.h.s. is the con-
tribution from the identity operator. For correlators (4.5.1) on the boundary
of EAdS ρJ(∆) is a meromorphic function of ∆, which is due to the fact that
the operator product expansion converges. In perturbation theory, celestial
correlators can be expressed as a sum of EAdS Witten diagrams, implying
that ρJ(∆) is meromorphic also for perturbative celestial correlators.

The conformal partial wave expansion (CPWE) of celestial correlators
has been studied in a variety of works [43, 47, 132, 133]. The above results
tell us that one can determine the CPWE of a given perturbative celestial
correlator can be determined using their relation to EAdS Witten diagrams.
For example, considering the exchange (4.4.3) with ±1 = ±2 = +1 and
±3 = ±4 = −1, we can write:

Ãexch.
∆1∆2|m2|∆3∆4

=
∫ d

2 +i∞

d
2−i∞

d∆
2πi

c++−
∆1∆2∆c

+−−
∆∆3∆4

c∆

(AdS)Ãexch.
∆1∆2|∆|∆3∆4

= 1
2

∫ d
2 +i∞

d
2−i∞

d∆
2πi

c++−
∆1∆2∆c

+−−
∆∆3∆4

c∆
(4.5.2)

×
[

(AdS)Ãexch.
∆1∆2|∆|∆3∆4

− (AdS)Ãexch.
∆1∆2|d−∆|∆3∆4

]
,

where in the first equality we used that c+++
∆1∆2∆ = c−−−∆∆3∆4

= 0 and in second
equality we used the anti-symmetric property (4.3.18b) of the coefficients
upon replacing ∆ with its shadow d − ∆. The difference of ∆ and d − ∆
exchanges in EAdS is proportional to a conformal partial wave [74, 134]:

(AdS)Ãexch.
∆1∆2|∆,J |∆3∆4

− (AdS)Ãexch.
∆1∆2|d−∆,J |∆3∆4

= (d− 2∆) (AdS)F12,34
∆,J ,

(4.5.3)
where, adopting the notation of [10], the AdS-normalised conformal partial
wave reads:

(AdS)F12,34
∆,J (x⃗1, x⃗2, x⃗3, x⃗4) =

∫
ddx⃗ (AdS)Ãc

∆1∆2∆(x⃗1, x⃗2, x⃗) (AdS) (4.5.4)

× Ãc
∆3∆4d−∆(x⃗3, x⃗4, x⃗).

This gives the following CPWE for the exchange (4.4.3):

Ãexch.
∆1∆2|m2|∆3∆4

=
(
d
2 −∆

) ∫ d
2 +i∞

d
2−i∞

d∆
2πi

c++−
∆1∆2∆c

+−−
∆∆3∆4

c∆

(AdS)F12,34
∆,J . (4.5.5)

Note that meromorphicity of the spectral density in ∆ then follows from
meromorphicity in EAdS and of the coefficients (4.4.4) and (4.3.14), as
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consistent with single-valuedness of (perturbative) celestial correlators as
a function of complex conformal cross ratios. This shows that in celestial
CFT, which are not unitary in the familiar sense of Lorentzian CFTs and
thus not necessarily endowed with a convergent OPE expansion, a conver-
gent OPE expansion is recovered from the residues of the spectral density
at any order in perturbation theory.

Unitarity. In unitary Euclidean CFT the conformal partial wave expan-
sion (4.5.1) follows by expanding in unitary representations of the Euclidean
conformal group SO (d+ 1, 1). In particular, if one assumes that states have
positive finite norms, which is justified when the CFT arises as boundary
dual of a Minkowski theory, one can expand into contributions from unitary
irreducible representations of SO (d+ 1, 1) by inserting a resolution of the
identity8

1 = |Ω⟩⟨Ω|+
∞∑
J=0

∫ d
2 +i∞

d
2

d∆
2πi

1
N (∆, J)

∫
ddx⃗ |∆, J, x⃗⟩⟨∆, J, x⃗|, (4.5.6)

where P∆,J projects onto the conformal multiplet labelled by the scaling
dimension ∆ and spin J , and N (∆, J) is related to the norm of the state.9
Taking now

O1 = O†3 and O2 = O†4, (4.5.7)

it is straightforward to conclude the following non-perturbative positivity
constraint on the spectral density:

ρJ (∆) ≥ 0. (4.5.8)

This follows from positivity of N (∆, J) > 0, which is ensured by the uni-
tarity of Principal Series representations in Euclidean CFT.

Positivity (4.5.8) of the spectral density has also been observed in the
context of the conformal partial wave expansion of boundary correlators in
dS space [135, 136]. Here we are noting that it applies more generally to
any unitary Euclidean CFT, and therefore also to celestial correlators. It
would be interesting to use (4.5.8) to derive non-perturbative constraints on
bulk Minkowski physics along the lines proposed in [135] and compare with
other implementations of unitarity.10

8In the following for simplicity we assume that only principal series representations
contribute. In the most general case the above resolution of the identity would also
involve discrete and complementary series representations of SO (d + 1, 1).

9Note that the states live in the unitary Hilbert space of the bulk theory which is in
fact Lorentzian. Using positivity of the bulk Hilbert space one can then infer positivity of
the boundary CPW decomposition.

10Note that the positivity (4.5.8) is the analogue of the positivity of conformal block
coefficients in Lorentzian CFT (dual to AdS physics), which is essential in formulating the
numerical conformal bootstrap [137, 138].
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Let us finally note that the above discussion holds for canonically nor-
malised operators. In the context of celestial CFTs, we have a two-fold
degeneracy of operators with the same dimension, one for in-coming and
one-for outgoing particles. Furthermore, their 2pt functions are not canon-
ical: 〈

O+
1 (x1)O+

2 (x2)
〉

= 0 , (4.5.9a)〈
O−1 (x1)O−2 (x2)

〉
= 0 , (4.5.9b)〈

O+
1 (x1)O−2 (x2)

〉
= N∆

(x2
12)∆ . (4.5.9c)

A canonical spectral representation can only be obtained in terms of oper-
ators which are normalised canonically. This amounts to consider:

O>(x) = 1√
2

(
O+

1 (x) +O−1 (x)
)
, (4.5.10a)

O<(x) = 1√
2

(
O+

1 (x)−O−1 (x)
)
. (4.5.10b)

Positivity conditions can now be derived also for celestial CFTs working
with O>/<.
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Chapter 5

Celestial Holography
Revisited

In this last chapter, we will present a revisited version of Celestial Holog-
raphy, following the path initiated in [139] and continued in [5]. The entire
construction is carried out in position space, therefore, we will denote with
Q the boundary points of the hyperbolic unitary slices. For the sake of
clarity, we will call the disjoint union of the unitary hyperbolic slices the ex-
tended unitary slice, or the extended hyperboloid. The key point for this new
construction is Eq.(4.2.9), showing the closed expression of massive confor-
mal primary wavefunctions. As already emphasised in the previous chapter,
these closed expressions present themselves in a factorized form: they in-
volve the analytically continued bulk-to-boundary propagator (3.1.6), which
describes the dependence on the directions across the unitary slices, times
the Bessel function (4.2.6), depending solely on their radii. As noted in [6],
this Bessel function is the kernel of a transformation known as Kontorovich-
Lebedev transform. This transformation generalises the Mellin transform to
the massive case, reducing to the latter by following the same procedure we
used in sec.3.5 to derive massless conformal primary wavefunctions from the
massive ones. As we will show in the first section, the Kontorovich-Lebedev
transform of a massive solution of Klein-Gordon equation in the region D
is automatically a field, defined on the unitary slice, which solves Klein-
Gordon equation in dSd+1 with mass m2

dS = ∆(d−∆). The main idea car-
ried out in this chapter is to expand Minkowski fields ϕ(X) in Kontorovich-
Lebedev transform, in order to find out their corresponding field ϕ(X̂) on
the extended unitary slice. Then, by applying the (EA)dS/CFT correspon-
dence to ϕ(X̂), we can map fields on the extended unitary slice to fields
on the Celestial Sphere. In this sense, the Flat/CFT correspondence arises
as a sequential combination of the Kontorovich-Lebedev transform and the
(EA)dS/CFT correspondence. This aligns with what was seen in the pre-
vious chapter. There, Flat/CFT correspondence was realised by employing
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conformal primary wavefunctions (ref. (4.2.9)). However, at this stage,
it lacks a criterion to fix uniquely the iϵ-prescription when we analytically
continue both the EAdS bulk-to-boundary propagator and the kernel (4.2.6)
to the extended unitary slice. In the previous chapter, closed expressions
of conformal primary wavefunctions were figured out by regularising the
integrals (3.1.3) (ref. Appendix C.1). Here, one way to resolve all the am-
biguities is to consider the Feynman propagator, which possesses its own
iϵ-prescription, dictated by temporal order.

We will show how to decompose Feynman propagator in terms of 2-point
correlation functions defined on the extended unitary slice. These correla-
tors coincide with the time-ordered bulk-to-bulk propagators when both the
bulk points in the Feynamn propagator lie inside the region D+ and, in gen-
eral, provide an analytical extension of the former to the extended unitary
slice. Further, in this decomposition, the spectral density ρ(m)(ν) of the
Feynamn propagator will also provide the aimed analytical extension of the
kernel (4.2.6) to the extended unitary slice. Next, by sending one bulk point
in the Feynman propagator to the boundary, we will recover the Celestial
bulk-to-boundary propagator as defined in [139]. In complete analogy with
what happened with the conformal primary wavefunctions, we will show
that the Celestial bulk-to-boundary propagator can be expressed as an an-
alytic continuation of the EAdSd+1 bulk-to-boundary propagator times the
previously found analytically continued kernel of the Kontorovich-Lebedev
transformation. This result will allow us to compute Celestial correlators,
defined in (5.3.1), by operating as in the previous chapter. Once again, we
will found that Celestial correlators can be recast in terms of a linear combi-
nation of corresponding Witten correlators, in total analogy with the result
found in the previous chapter. Unlike what was done in the last chapter,
here, we will compute the particle exchange diagram through a direct cal-
culation, using the new spectral decomposition of the Feynman propagator.
The result in shape will correspond to the one found in the previous chapter
by using the decomposition properties of CFTs (ref.(4.4.3)), demonstrating
once again that exchange contribution to Celestial amplitudes can be decom-
posed in terms of a continuum of corresponding exchange Witten diagrams
in EAdSd+1, with the exchanged particles carrying unitary Principal Series
representations.

The structure of this chapter is heavily influenced by [5] and unfolds as
follows: the Kontorovich-Lebedev transform will be introduced in the first
section. Next, in sec.(5.2) we will find out the spectral decomposition of
the Feynman propagator in terms of 2-point correlation functions of the
extended unitary slice, also determining the analytical continuation of the
Kontorovich-Lebedev kernel. Then, in the same section, we will recover
both the Celestial bulk-to-boundary and boundary-to-boundary propaga-
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tor, providing also the analytical extension of the EAdS bulk-to-boundary
propagator on the extended hyperboloid. Using these acquired concepts,
we will move on to perturbative calculations of Celestial correlators. In
sec.(5.3.1), we will focus on computing contact Celestial correlators. Sub-
sequently, in sec.(5.3.2), we will extend our approach beyond the leading
order, tackling the computation for the Celestial four-point exchange dia-
gram. Celestial correlators will be recast in terms of corresponding EAdS
Witten correlators, in total analogy with the result shown in the previous
chapter.

5.1 Kontorovich-Lebedev Transform

In standard QFT, Minkowski space-time is foliated into X0-constant hyper-
plane, making translation invariance in all directions manifest. It is then
natural to consider a field decomposition in exponential plane waves, which
diagonalise the translation generator. Such a decomposition is easily ob-
tained via Fourier transform. In EAdS1, instead, we only have translation
invariance in the boundary directions. As an alternative, perpendicularly to
the boundary it is natural to expand in terms of Eigenvalues of the Dilatation
generator [10]. In Poincaré coordinates (2.2.9) the direction perpendicular
to the boundary is parameterised by the coordinate y and the Dilatation
generator is diagonalised by power-laws:

fα(y) = ⟨y|fα⟩ = y−iα+d
2 , (5.1.1)

which satisfy completeness and orthogonality:

⟨fα|fβ⟩ = 2πδ(β − α) , (5.1.2a)∫ +∞

−∞

dα
2π ⟨y1|fα⟩⟨fα|y2⟩ = yd+1

1 δ(y1 − y2) . (5.1.2b)

Any element of L2(R+, dy
yd+1 ) can be expanded in terms of power laws (5.1.1)

and this is implemented by the Mellin transform. See [10] for more details.
In the context of Celestial holography, an orthogonal basis to expand

elements of L2(R+, dRRd−1) is given by Bessel-K functions:

K̃α(R) = ⟨R|K̃α⟩ = 2R−d/2

Γ(iα) Kiα(mR) , (5.1.3)

1The same applies to dSd+1 (see [10]) but we stick to EAdSd+1 for concreteness.
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which are complete and orthogonal:2

⟨K̃α|K̃β⟩ = 2πδ(β − α) + 2πΓ(iα)δ(α+ β)
Γ(−iα) , (5.1.4a)

1
2

∫ +∞

−∞

dα
2π ⟨R1|K̃α⟩⟨K̃α|R2⟩ = R−d+1

1 δ(R1 −R2) . (5.1.4b)

The above completeness and orthogonality relations can be shown straight-
forwardly by employing the Mellin-Barnes representation of the Bessel func-
tion. To prove (5.1.4a) one first goes to Mellin space rewriting it as:

⟨K̃α|K̃β⟩ =
∫ ∞
ϵ

dR
R

∫ +i∞

−i∞

dsdt
(2πi)2 R

κ−2s−2t
(
m

2

)−2s−2t

×
Γ(s− iα

2 )Γ(s+ iα
2 )Γ(t− iβ

2 )Γ(t+ iβ
2 )

Γ(−iα)Γ(iβ) , (5.1.5)

where we have introduced two cut-off ϵ and κ. At this point the radial
integral can be replaced with:∫ ∞

ϵ
dRRκ−2s−2t−1 = ϵκ−2s−2t

2s+ 2t− κ , ℜe(2s+ 2t− κ) > 0 . (5.1.6)

Taking the limit ϵ→ 0, this integral yields a δ-function:∫ ∞
0

dRRκ−2s−2t−1 = (2πi)δ(2s+ 2t− κ). (5.1.7)

This last result can be proven by integrating over η = 2s + 2t − κ on both
sides of (5.1.6), with η running over a vertical line in the complex plane,
in accordance with the inequality ℜe(η) > 0 (see (5.1.6)). After closing the
contour on the left, the integral over η reduces to the residue

2πiRes
η→0

ϵ−η

η
= 2πi, (5.1.8)

proving (5.1.7) in the ϵ → 0 limit. The remaining Mellin-Barnes integral
can then be evaluated using Barnes’ first lemma, giving:

⟨K̃α|K̃β⟩ = lim
κ→0

Γ
(

1
2(κ+ iα+ iβ)

)
Γ
(

1
2(κ− iα− iβ)

)
2−κ+1mκΓ(κ)Γ(−iα)Γ(iβ)

× Γ
(1

2(κ− iα+ iβ)
)

Γ
(1

2(κ+ iα− iβ)
)

= 2πδ(β − α) + 2πΓ(iα)δ(α+ β)
Γ(−iα) . (5.1.9)

2Note that the integral over α can be restricted to the interval [0, ∞) removing the
factor of 1/2 and dropping the δ(α + β).
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By taking both α and β positive, as usually considered in this context, the
second term can be dropped and (5.1.4a) follows. To prove (5.1.4b), one can
first show that: ∫ ∞

0

dR1
R1

∫ +∞

−∞

dα
2π

Kiα(R1)
Γ(iα)

K−iα(R2)
Γ(−iα)︸ ︷︷ ︸

≡ k(R1,R2)

= 1
2 , (5.1.10)

from which it follows that3

k(R1, R2) = R1
2 δ(R1 −R2) . (5.1.11)

From this (5.1.4b) follows upon multiplying by the appropriate powers of
R and changing variables. To prove (5.1.10), as we did above for the or-
thogonality relation one uses the Mellin-Barnes representation for the Bessel
function:∫ ∞

0

dR1
R1

k(R1, R2) =
∫ ∞

0

dR1
R1

∫ +∞

−∞

dα
8π

∫ +i∞

−i∞

ds dt
(2πi)2

(
R1
2

)−2s (
R2
2

)−2t

×
Γ(s− iα

2 )Γ(s+ iα
2 )Γ(t− iα

2 )Γ(t+ iα
2 )

Γ(−iα)Γ(iα) . (5.1.12)

One performs the R1 integration by placing a cut-off around zero:

lim
ϵ→0

∫ ∞
0

dR1
R1

R−2s
1 = lim

ϵ→0

ϵ−2s

2s , ℜe(s) > 0 . (5.1.13)

At this point one can close the s contour of integration to the left. Picking
the contribution of the s ∼ 0 residue one obtains:∫ ∞

0

dR1
R1

k(R1, R2) =
∫ +i∞

−i∞

dt
2πi

∫ +∞

−∞

dα
2π cosh

(
πα
2
)

Γ(t− iα
2 )Γ(t+ iα

2 ).

(5.1.14)

One performs first the α and then the t integral simply closing the contours
and picking the residues:

∫ ∞
0

dR1
R1

k(R1, R2) =
∞∑

n,m=0

(−1)n
(
R2
2

)m+n
cos

(
π
2 (m+ n)

)
2n!m! . (5.1.15)

Upon changing summation variables as ñ = n−m and one can perform the
sum over m using the identity:

∞∑
m=0

(−1)−m
Γ(m+ 1)(ñ−m)! = δñ,0, (5.1.16)

which collapses the leftover sum over ñ to obtain (5.1.10).
3It is straightforward, picking up the residues in the α complex plane, to show that for

R1 ̸= R2 the integral over α is vanishing.
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Massive Scalar Fields. Consider now a scalar field ϕ (X) in Md+2 of
mass m with free equation of motion(

∂

∂XM

∂

∂XM
−m2

)
ϕ (X) = 0. (5.1.17)

The field ϕ (X) can be decomposed into fields that live on the hyperbolic
slices (2.1.4) and (2.1.7) of Md+2 with unit radius by applying the Kontorovich-
Lebedev transform [6] (see appendix 5.1). Focusing for concreteness on re-
gion D (analogous expressions hold for the other regions A±) this reads

ϕ (X) = 1
2

∫ d
2 +i∞

d
2−i∞

d∆
2πi ϕ∆(X̂)K̃

∆−d2
(mR) , (5.1.18)

where
K̃

∆−d2
(mR) = 2R−d/2

Γ(∆− d
2)
K

∆−d2
(mR), (5.1.19)

which is proportional to a modified Bessel function of the second kind,
K

∆−d2
(mR) and where in D we have set X = RX̂dS with X̂2

dS = 1. The

field ϕ∆(X̂) satisfies the massive field equation on the de Sitter hyperboloid
(2.1.7) with R = 1 (

∇2
dS −∆ (d−∆)

)
ϕ∆ = 0. (5.1.20)

Expression (5.1.18) can be analytically continued inA+ by applying (C.1.24)
and (C.1.34). Subsequently,we can pass from A+ to A− by means of the
antipodal map XAdS 7→ −XAdS. What we see is that the radial reduction of
a field ϕ (X) in Md+2 onto the hyperbolic slices (2.1.4) and (2.1.7) yields an
infinite number of fields on EAdSd+1 and dSd+1, respectively, which carry
principal series representations ∆ ∈ d

2 + iR of SO (d+ 1, 1).4 Applying
holography to each slice, the existence of a dual conformal field theory de-
scription of Md+2 living on the Celestial Spheres CS± was postulated in [6].
Upon the anti-podal identification Q+ = −Q−, Q± ∈ C±P ≃ CS±, the cor-
relation functions of the corresponding dual conformal operators have come
to be known as Celestial Correlators.

4Much like in the standard CFT literature [37, 128–131], the ∆ ∈ d
2 + iR on the

Principal Series can be analytically continued to ∆ ∈ C [56]. In the context of celestial
correlators this is relevant for the treatment of conformally soft Goldstone modes [16, 18,
46, 48–51, 140].

94



5.2 Spectral Decomposition of the Feynman Prop-
agator

In order to develop a perturbative theory for the calculation of Celestial
Correlators, in this section, we will decompose the Feynman propagator

Π(m)
T (X1, X2) = −i

∫ dd+2p

(2π)d+2
eip·(X1−X2)

p2 +m2 − iϵ
, (5.2.1)

X1, X2 ∈Md+2, in terms of 2-point conformal correlation functions living on
the Minkowski’s unitary hyperbolic slices. To reach this goal, let us factorise
Xj = RjX̂j , j = 1, 2, with Rj ∈ R+ and X̂2

j = ±1, and then compute the
double-Mellin transform of the Feynman propagator

Π(m)
∆1,∆2

(
X̂1, X̂2

)
=
∫ +∞

0

dR1
R1

R∆1
1

∫ +∞

0

dR1
R2

R∆2
2 Π(m)

T

(
R1X̂1, R2X̂2

)
.

(5.2.2)
The result of the computation is given in Appendix D.0.1; it yields

Π(m)
∆1,∆2

(X̂1, X̂2) = md−∆1−∆2

2(4π) d+1
2

Γ(∆1)Γ(∆2)Γ
(

∆1+∆2−d
2

)
Γ
(

∆1+∆2+1
2

)
×
(
X̂2

1 + iϵ
)−∆1

2
(
X̂2

2 + iϵ
)−∆2

2
2F1

(
∆1,∆2; ∆1 + ∆2 + 1

2 ; 1 + ẑ

2

)
,

(5.2.3)

where
ẑ = X̂1 · X̂2 − iϵ√

X̂2
1 + iϵ

√
X̂2

1 + iϵ
. (5.2.4)

Note that the iϵ-prescriptions assure the analyticity of the right hand side.
Now, in [74] it has been demonstrated that the AdS-Harmonic functions,

ΩAdS
ν (σAdS) = 1

Γ(iν)Γ(−iν)
Γ(∆)Γ(∆∗)

(4π) d+1
2 Γ

(
d+1

2

)2F1

(
∆,∆∗; d+ 1

2 ;σAdS

)
(5.2.5)

= Ων(0) 2F1

(
∆,∆∗; d+ 1

2 ;σAdS

)
, ∆ = d

2 + iν, ν ∈ R,

with
σAdS = 1

2
(
1 + X̂1 · X̂2

)
, X̂1, X̂2 ∈ H+

d+1, (5.2.6)

chordal distance onH+
d+1, ensure an isometrical mapping between the spaces

of square integrable functions L2
(
(−∞,−1], µ(ζ)dζ

)
and L2

(
R, dν

Ων(0)

)
, where

the integration measure µ(ζ) = Vol(Sd)(ζ2 − 1) d−1
2 and ζ = X̂1 · X̂2. Given
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the analyticity of the right hand side in (5.2.3), this isometric mapping en-
able us to decompose

2F1

(
∆1,∆2; ∆1 + ∆2 + 1

2 ;σϵ
)

=
∫ +∞

−∞
dν F∆1,∆2(ν) Ων(σϵ), (5.2.7)

with
σϵ = 1 + ẑ

2 , (5.2.8)

in terms of the functions

Ων(σϵ) = Ων(0) 2F1

(
∆,∆∗; d+ 1

2 ;σϵ
)
, ∆ = d

2 + iν, ν ∈ R. (5.2.9)

The spectral density F∆1,∆2(ν) has been computed in Appendix D.0.2 by
inverting (5.2.7),

F∆1,∆2(ν) = 2∆1+∆2−d−1
Γ
(

1+∆1+∆2
2

)
Γ
(

∆1−∆
2

)
Γ
(

∆1−∆∗
2

)
Γ
(

∆2−∆
2

)
Γ
(

∆2−∆∗

2

)
(4π)

1−d
2 Γ (∆1) Γ (∆2) Γ

(
∆1+∆2−d

2

) .

(5.2.10)
Therefore, plugging (5.2.10) in (5.2.3) and then inverting (5.2.2), we arrive
to the aimed spectral decomposition of the Feynman propagator:

Π(m)
T (X1, X2) =

∫ +∞

−∞

dν
2π ρ

(m)
ν (X1, X2) Ων(σϵ), (5.2.11)

where

ρ(m)
ν (X1, X2) = 1

4Γ(iν)Γ(−iν)K̃(m)
−ν

(√
X2

1 + iϵ

)
K̃(m)
ν

(√
X2

2 + iϵ

)
=

2∏
j=1

(√
X2
j + iϵ

)− d
2
Kiν

(
m
√
X2
j + iϵ

)
(5.2.12)

is its spectral density. Observe that the structure of (5.2.11) aligns with
(5.1.18), with the function ρ(m)

ν (X1, X2) representing the kernel of the double
Kontorovich-Lebedev transformation. In regions D±, which are foliated by
dSd+1 space-times, the decomposition (5.2.11) is a superposition of Feynman
propagators in dSd+1. In particular, we have

σϵ(X̂D± , ŶD±̂
) = σdS(X̂D± , ŶD±̂

)− iϵ, (5.2.13)

so that, via (C.2.16a),

Π(m)
T (XD± , YD±̂

) = 1
2

∫ +∞

−∞

dν
2π K̃

(m)
−ν (R1)K̃(m)

ν (R2)GdS
d
2 +iν, T (X̂D± , ŶD±̂

).
(5.2.14)
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In regions A± foliated by Euclidean AdSd+1 spaces, we have

σϵ(X̂A± , ŶA±̂
) = 1− σAdS(X̂A± , ŶA±̂

) + iϵ. (5.2.15)

When both points belong to the same sheet of EAdS we obtain (ref. (C.2.26)):

Π(m)
T (XA± , YA±) =

∫ +∞

−∞

dν
2π e( d

2 +iν)πicdS-AdS
d
2 +iν K̃

(m)
−ν (±e

πi
2 T1)K̃(m)

ν (±e
πi
2 T2)

×GAdS
d
2 +iν(X̂A± , ŶA±). (5.2.16)

In summary, the radial reduction (5.2.11) of the Minkowski Feynman propa-
gator is a superposition of Greens functions on the extended unit hyperboloid
carrying Principal Series representations of the isometry group SO (1, d+ 1).
In the de Sitter regions D± these are time-ordered two-point functions on
dSd+1, which is is inherited from the time-ordering of the original Minkowski
Feynman propagator (as expected).

The Celestial Bulk-to-Boundary propagator the Mellin transform of the
boundary limit of one of the bulk points [139]:

Π(m)
∆ (X,Q) =

∫ ∞
0

dt
t
t∆ lim

Ŷ→Q
Π(m)
T

(
X, tŶ

)
(5.2.17)

= cdS-AdS
∆ K̃

(m)
i( d

2−∆)
(√

X2 + iϵ
)
GAdS

∆ (Xϵ, Q).

The dependence on the hyperbolic directions is given by the corresponding
(analytically continued) bulk-to-boundary propagator in anti-de Sitter space

GAdS
∆ (Xϵ, Q) = CAdS

∆

(√
X2 + iϵ

)∆

(−2X ·Q+ iϵ)∆ . (5.2.18)

Notice that, as anticipated above, in the dS region D± of the hyperbolic
slicing this dependence is precisely that of the corresponding time-ordered
bulk-to-boundary propagator in dSd+1:

Π(m)
∆

(
XD± , Q

)
= K̃

(m)
i( d

2−∆) (R) KdS
∆, T

(
sdS(X̂D± , Q)

)
. (5.2.19)

In the EAdS regions A±, in Poincaré coordinates (2.2.9) we have√
X2 + iϵ

∣∣∣
A+

= e
πi
2 T,

√
X2 + iϵ

∣∣∣
A−

= e
πi
2 |T |, (5.2.20)

so that in these regions:

Π(m)
∆ (XA± , Q) = cdS-AdS

∆ K̃
(m)
i( d

2−∆)(±e
πi
2 t ) i+∆KAdS

∆

(
sAdS(X̂A± , Q)− iϵ

)
,

(5.2.21)
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in terms of the corresponding bulk-to-boundary propagator (C.2.7) in EAdSd+1,
where the ϵ prescription here is accounting for the fact that Q can parame-
terise either boundary C±P .

The free theory two-point function on the celestial sphere, is the bound-
ary limit of the Mellin transformed Feynman propagator (5.2.3) (see Ap-
pendix D.0.1):

Π(m)
∆1∆2

(Q1, Q2) := lim
X̂i→Qi

Π(m)
∆1∆2

(X̂1, X̂2), (5.2.22)

=
Cflat

∆1

(−2Q1 ·Q2 + iϵ)∆1
(2π)δ(i(∆1 −∆2)) ,

with normalisation

Cflat
∆ =

(
m

2

)d−2∆ 1
4π d+2

2
Γ(∆)Γ(∆− d

2). (5.2.23)

This can be equivalently obtained as the Mellin transform of the boundary
limit of the Celestial bulk-to-boundary propagator (5.2.17):

Π(m)
∆1∆2

(Q1, Q2) = lim
Ŷ→Q2

∫ ∞
0

dt
t
t∆2 Π(m)

∆1

(
tŶ , Q1

)
, (5.2.24)

as presented in [139].
In the view of recasting celestial correlation functions in terms of EAdS

Witten diagrams in later sections, it will be useful to introduce the ratio of
celestial (5.2.23) and AdS (C.2.4) boundary two-point function coefficients,

cflat-AdS
∆ = Cflat

∆
CAdS

∆
=
(
m

2

)d−2∆ Γ(∆− d
2)Γ(∆− d

2 + 1)
2π , (5.2.25)

which is the celestial analogue of the coefficient cdS-AdS
∆ in dS.

5.3 Perturbative Calculations

Following [139], holographic correlation functions on the Celestial sphere
are defined as the boundary limit of Mellin transformed time-ordered bulk
Minkowski correlation functions. Considering the correlation functions of n
scalar fields ϕi, i = 1, . . . , n, in Minkowski space, the corresponding Celestial
correlator is

⟨O∆1(Q1) . . .O∆n(Qn)⟩ =
∏
i

lim
X̂i→Qi

∫ ∞
0

dti
ti
t∆i
i

〈
ϕ1(t1X̂1) . . . ϕn(tnX̂n)

〉
.

(5.3.1)

This definition naturally extends the extrapolate definition of holographic
correlators in AdS and dS.
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5.3.1 Contact diagrams

Consider the contact interaction governed by the following vertex in Md+2

V12...n = gϕ1ϕ2 . . . ϕn, (5.3.2)

where ϕi are real scalar fields with masses mi, i = 1, 2, . . . , n. The corre-
sponding celestial contact diagram was computed in [139], where it was in
particular found to be proportional to the corresponding contact diagram in
Euclidean Anti-de Sitter space. In the following we reproduce this result by
using suitable analytic continuations and Wick rotations, aligning this work
with [8–10] (see also sec.(C.2) for a review).

The Celestial contact diagram decomposes into contributions from each
region A± and D± in the hyperbolic slicing of Md+2

−ig
∫

dd+2X
n∏
i=1

Π(mi)
∆i

(X,Qi) = −ig
(
IA+ + IA− + ID+ + ID−

)
, (5.3.3)

where we defined

I• =
∫
•

dd+2X
n∏
i=1

Π(mi)
∆i

(X,Qi) , (5.3.4)

with • = A+, A−, D+, D−.
For the sake of clarity, let us rewrite here the expression of the flat bulk-

to-boundary propagator:

Π(m)
∆ = (X,Qi) = cdS-AdS

∆ K̃
(m)
i( d

2−∆)
(√

X2 + iϵ
)
GAdS

∆ (Xϵ, Q), (5.3.5)

where

GAdS
∆ (Xϵ, Q) = CAdS

∆

(√
X2 + iϵ

)∆

(−2X ·Q+ iϵ)∆ (5.3.6)

and

K̃(m)
ν

(√
X2 + iϵ

)
=
(
m

2

)−iν 2
(√

X2 + iϵ
)− d

2

Γ(−iν) Kiν

(
m
√
X2 + iϵ

)
. (5.3.7)

Then, define the Mellin representation of the Kontorovich-Lebedev kernel
as follows:

K̃(m)
ν

(√
X2 + iϵ

)
=
∫ +i∞

−i∞

ds
2πi K̃

(m)
ν (s)

(√
X2 + iϵ

)− d
2−2s

, (5.3.8)
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with

K̃(m)
ν (s) =

Γ(s+ iν
2 )Γ(s− iν

2 )
Γ(−iν)

(
m

2

)−2s−iν
(5.3.9)

Let us begin by computing the contribution to (5.3.3) in the region A+ when
all the boundary points lie in the far future, Q+i ∈ C+

P . In this case, the
denominator of (5.3.6) is well defined and the iϵ-prescription can be sent to
zero. Therefore, we find that

IA+ =
(

n∏
i=1

cdS-AdS
∆i

)
R

(A)
∆1...∆n

(m1, . . . ,mn)

× ei
π
2
∑n

i=1 ∆i

∫
H+

d+1

dd+1X̂
n∏
i=1

KAdS
∆

(
X̂,Q+i

)
, (5.3.10)

where
KAdS

∆

(
X̂,Q+

)
= CAdS

∆(
−2X̂ ·Q+

)∆ (5.3.11)

is the normalised bulk-to-boundary propagator on H+
d+1 and

R
(A)
∆1...∆n

(m1, . . . ,mn) =
∫ ∞

0
dRRd+1

n∏
i=1

K̃
(mi)
i( d

2−∆i)(e
πi
2 R), (5.3.12)

which encodes the dependence on the masses in the region A. Employing
the Mellin representation for each Kontorovich-Lebedev Kernel in the radial
integral, we are led to solve∫ +∞

ϵ
dRRd+2−

∑n

i=1( d
2 +2si) = (2πi)δ

(
d+ 2−

n∑
i=1

(
d

2 + 2si
))

, (5.3.13)

where si are the Mellin variables. Using this last result, we can recast the
contribution (5.3.10) as follows

IA+ = 1
2e−i

π
2 (d+2−

∑n

i=1 ∆i)
(

n∏
i=1

cdS-AdS
∆i

)
R̃∆1...∆n (m1, . . . ,mn)

×
∫
H+

d+1

dd+1X̂
n∏
i=1

KAdS
∆

(
X̂,Q+i

)
, (5.3.14)

where

R̃∆1...∆n (m1, . . . ,mn) =
∫

[ds]n
n∏
i=1

K̃(m)
ν (si)

× (2πi) δ
(
d+ 2

2 −
n∑
i=1

(
d

4 + si

))
. (5.3.15)
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Now, let us define the EAdS D-function [123]

D∆1,...,∆n(Q+1, . . . , Q+n) =
∫
H+

d+1

dd+1X̂
n∏
i=1

KAdS
∆

(
X̂,Q+i

)
(5.3.16)

In Mellin representation, this function can be rewritten as

D∆1,...,∆n(Q+1, . . . , Q+n) = −π
d
2 Γ
(−d+∑n

i=2 ∆i

2

) n∏
i=1

CAdS
∆i

Γ(∆i)

×

∏
i<j

∫ +i∞

−i∞

dsij
2πi Γ(sij) (−2Q+i ·Q+j)−sij

∏
j

(2πi)δ

∑
j ̸=i

sij −∆j

 .
(5.3.17)

This last formula makes the analytical properties of the EAdS D-function
manifest, allowing us to extend our previous result to the most general case,
allowing the boundary points to belong to both C±P . This analytical exten-
sion can be achieved by employing the antipodal map in the complexified
Minkowski space-time. In this context, we define the analytical antipodal
map as the continuous transformation that maps a boundary point Q to its
antipodal one −Q. In particular, let us set Q+i = σiQ̂+i, σi > 0, where
Q̂+i and Q+i lie on the same light-ray of the origin. Then, by sending
continuously σi → e±i(π−ϵ)σi, the product

−2Q+i ·Q+j → −2Q−i ·Q+j ± iϵ, (5.3.18)

where Q−i = −Q+i ∈ C−P . The analytical extension of (5.3.17) is provided
right in this way. Following this path, we can state that, in general,

IA+ = 1
2e−i

π
2 (d+2−

∑n

i=1 ∆i)
(

n∏
i=1

cdS-AdS
∆i

)
R̃∆1...∆n (m1, . . . ,mn)

×Dϵ
∆1...,∆n

(Q1, . . . , Qn), (5.3.19)

where

Dϵ
∆1...,∆n

(Q1, . . . , Qn) = −π
d
2 Γ
(−d+∑n

i=2 ∆i

2

) n∏
i=1

CAdS
∆i

Γ(∆i)

×

∏
i<j

∫ +i∞

−i∞

dsij
2πi Γ(sij) (−2Qi ·Qj + iϵ)−sij

∏
j

(2πi)δ

∑
j ̸=i

sij −∆j


(5.3.20)

is the analytically continued EAdS D-function [139]. Note that in this last
equation boundary points can belong indistinctly to C±P and the same holds
for (5.3.19).
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This procedure is general and can be applied for computing all the other
contributions to (5.3.3). For simplicity, in what follows we will omit the
subscript ± and use only Q to denote boundary points. However, it is
important to keep in mind that our calculations will be always carried out
with all the boundary points located on the future Poincaré section of the
light-cone. Only at the end of the computation we will strategically employ
the analytical antipodal map to rotate future boundary points to the past,
ensuring in this way the generality of the results. This step is the key to
avoid potential branch cuts in the calculations.

Let us consider the contribution

IA− =
(

n∏
i=1

cdS-AdS
∆i

)
R

(A)
∆1...∆n

(m1, . . . ,mn)

× ei
π
2
∑n

i=1 ∆i

∫
H−

d+1

dd+1X̂

(
n∏
i=1

CAdS
∆i

(−2X ·Qi + iϵ)∆i

)
, (5.3.21)

which is quite similar to previous one. The main difference consists in the
angular integral

ÎA− =
∫
H−

d+1

dd+1X̂
n∏
i=1

CAdS
∆i

(−2X ·Qi + iϵ)∆i
. (5.3.22)

Let us represent a point X̂ ∈ H−d+1 as follows:

X̂ = (X̂+, X̂−, X⃗)T = 1
y−

(
1, y2
− + z2, z⃗

)T
, (5.3.23)

where y− < 0 and z2 ≡ |z⃗|2. This parameterisation is slightly different from
the one defined in (2.2.9), but it is more efficient for the purposes of this
chapter. The point Q, instead, is represented as

Q =
(
Q+, Q−, Q⃗

)T
=
(
1, ω2, ω⃗

)T
(5.3.24)

In these coordinates, the integral (5.3.22) becomes

ÎA− =
∫ 0

−∞

dy−
(−y−)d+1

∫
Rd

ddz
(

n∏
i=1

CAdS
∆i

(−y−)∆i(
−y2
− − |z⃗ − ω⃗i|2 + iϵ

)∆i

)

= e−iπ(
∑n

i
∆i)

∫ +∞

0

dy+

yd+1
+

∫
Rd

ddz
(

n∏
i=1

CAdS
∆i

(y+)∆i(
y2

+ + |z⃗ − ω⃗i|2
)∆i

)
, (5.3.25)

where we set y+ = −y− and then we used

e±i(π−ϵ)A2 ≃ −A2 ± iϵ, A2 = y2
− + |z⃗ − ω⃗i|2. (5.3.26)
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Therefore, the contribution to (5.3.3) from the region A− is readily found
to be

IA− = 1
2e−i

π
2 (d+2+

∑n

i=1 ∆i)
(

n∏
i=1

cdS-AdS
∆i

)
R̃∆1...∆n (m1, . . . ,mn)

×Dϵ
∆1...,∆n

(Q1, . . . , Qn), (5.3.27)

In regions D± instead, the contributions can be reformulated as

ID± =
(

n∏
i=1

cdS-AdS
∆i

)
R̃∆1...∆n (m1, . . . ,mn) ÎD± . (5.3.28)

Employing Poincaré coordinates (2.2.9) on the unitary slices, we get

ÎD± = ±
∫ ±∞

0

dη±
(±η±)d+1

∫
Rd

ddz
(

n∏
i=1

CAdS
∆ (±η±)∆i

(∓η2
± ± |z⃗ − ω⃗i|2 + iϵ)∆i

)
. (5.3.29)

These last integrals present a branch cuts with branch points given by

η± = ±|z⃗ − ω⃗|2 + iϵ. (5.3.30)

The crucial point is that all these branch cuts are located above the real
line in the complex plane η±. Therefore, we can proceed by applying the
Wick rotation η± → e∓iπ

2 y±, which brings us to the final result for the
contributions in the region D±. It is

ID± = 1
2e−i

π
2 (∓d+

∑n

i=1 ∆i)
(

n∏
i=1

cdS-AdS
∆i

)
R̃∆1...∆n (m1, . . . ,mn)

×Dϵ
∆1...,∆n

(Q1, . . . , Qn), (5.3.31)

Notice that ID± and IA± are proportional to the same integral over the
hyperbolic directions X̂. Moreover, we used that

R
(D)
∆1...∆n

(m1, . . . ,mn) =
∫ ∞

0
dRRd+1

n∏
i=1

K̃
(mi)
i( d

2−∆i)(R) (5.3.32)

gives no phase when we expand in Mellin representation the Kontorovich-
Lebedev kernerls. Therefore, it follows that

R
(D)
∆1...∆n

(m1, . . . ,mn) = R̃∆1...∆n (m1, . . . ,mn) . (5.3.33)

Putting everything together, as anticipated, the contributions to the bulk
integral from regions A− and D− cancel:

IA− + ID− = 0. (5.3.34)
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We will see that this feature carries over to processes involving particle
exchanges. The Celestial contact diagram (5.3.3) is therefore the sum of
contributions from regions A+ and D+, which can be combined to give

A(n)
c = −ig sin

(
π

2

(
−d+

n∑
i=1

∆i

))(
n∏
i=1

cdS-AdS
∆i

)
R̃∆1...∆n (m1, . . . ,mn)

× Dϵ
∆1...,∆n

(Q1, . . . , Qn)︸ ︷︷ ︸
Contact Witten diagram in EAdSd+1

(5.3.35)

In summary, we see that celestial contact diagrams are proportional to
corresponding contact Witten diagrams in EAdS. This recovers the result of
[139], which was obtained by directly integrating over Md+2. Here instead,
we have shown that it is possible to recover the same result by applying
simply Wick rotations and then exploiting the analytical antipodal map in
the complexified Minkowski space-time.

5.3.2 Four-point exchange diagram

In this section we consider the celestial correlation function corresponding
to the four-point exchange diagram mediated by cubic vertices

V12ϕ = gϕ1ϕ2ϕ, V34ϕ = gϕ3ϕ4ϕ, (5.3.36)

with external scalar fields ϕi of mass mi and the field ϕ has mass m.
The corresponding Celestial correlator reads

Em1,m2|m|m3,m4
∆1,∆2,∆3,∆4

(Q1, Q2, Q3, Q4) = (−ig)2
∫

dd+2X

∫
dd+2Y

×Π(m1)
∆1

(X,Q1) Π(m2)
∆2

(X,Q2) Π(m)
T (X,Y ) Π(m3)

∆3
(Y,Q3) Π(m4)

∆4
(Y,Q4)

= (−ig)2∑
±±̂

(
IA±A±̂

+ IA±D±̂
+ ID±A±̂

+ ID±D±̂

)
, (5.3.37)

where the bulk integrals decompose into contributions from each region in
the hyperbolic slicing of Minkowski space:

I•1 •2 =
∫
•1

dd+2X

∫
•2

dd+2Y Π(m1)
∆1

(X,Q1) Π(m2)
∆2

(X,Q2)

×Π(m)
T (X,Y ) Π(m3)

∆3
(Y,Q3) Π(m4)

∆4
(Y,Q4) , (5.3.38)

where •1,2 = A+, A−, D+, D−.
We will compute this diagram, by applying the same technique outlined

in the previous section, with the enhancement provided in sec.(C.2.2). All
the results obtained in these two sections are summarised in Table 5.1 below.
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This table represent a comprehensive overview and provides a clear guide for
computing the Celestial four-point exchange diagram. Following the table,
one has just to pick the right phases to insert inside the ν-integral in the
respective contribution.

Contribution Internal Leg External Leg Integration Measure

A+/A+ eiπ∆ eiπ
2 ∆a/eiπ

2 ∆b 1

A+/A− 1 e−iπ
2 ∆a/e−iπ

2 ∆b 1

A+/D+ 1 eiπ
2 ∆a/e−iπ

2 ∆b eiπ
2 d

A+/D− 1 eiπ
2 ∆a/eiπ

2 ∆b e−iπ
2 d

D+/A− e−iπ∆ e−iπ
2 ∆a / e−iπ

2 ∆b eiπ
2 d

D+/D− e−iπ∆ e−iπ
2 ∆a / e−iπ

2 ∆b 1

D+/D+ e−iπ∆ e−iπ
2 ∆a / e−iπ

2 ∆b eiπd

D−/D− eiπ∆ e−iπ
2 ∆a / e−iπ

2 ∆b e−iπd

D−/A− eiπ∆ e−iπ
2 ∆a / e−iπ

2 ∆b e−iπ
2 d

A−/A− eiπ∆ e−iπ
2 ∆a / e−iπ

2 ∆b 1

Table 5.1: The phases derived from mapping each contribution in the ex-
change process into the corresponding EAdS term. The first column indicate
the regions, while the second column displays the respective phases isolated
from the Feynman propagator. The third column illustrates the external
legs contribution to the overall phase. The slash indicates the presence of
two internal points in the process where the external leg can be attached.
Wick rotations from D to A regions introduce additional phases through the
integration over internal points, as accounted in the last column.

In analogy with contact diagrams, each contribution can be expressed as
a superposition of exchanges in AdS carrying Principal Series representations
of the Lorentz group. With the help of Table 5.1 for inserting the right
phases, let us focus first on the contributions from regions A+ and D+, we
have

IA+A+ = i∆1+∆2+∆3+∆4

( 4∏
i=1

cdS-AdS
∆i

)∫ ∞
−∞

dν
2π e

( d
2 +iν)πicdS-AdS

d
2 +iν

×R(A)
∆1∆2

d
2 +iν (m1,2,m)R(A)

d
2−iν∆3∆4

(m,m3,4)

×AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) , (5.3.39)
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IA+D+ = e+ dπi
2 i∆1+∆2−∆3−∆4

( 4∏
i=1

cdS-AdS
∆i

)∫ ∞
−∞

dν
2π c

dS-AdS
d
2 +iν

×R(A)
∆1∆2

d
2 +iν (m1,2,m)R(D)

d
2−iν∆3∆4

(m,m3,4)

×AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) , (5.3.40)

ID+A+ = e+ dπi
2 i−∆1−∆2+∆3+∆4

( 4∏
i=1

cdS-AdS
∆i

)∫ ∞
−∞

dν
2π c

dS-AdS
d
2 +iν

×R(D)
∆1∆2

d
2 +iν (m1,2,m)R(A)

d
2−iν∆3∆4

(m,m3,4)

×AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) , (5.3.41)

ID+D+ = e+dπii−∆1−∆2−∆3−∆4

( 4∏
i=1

cdS-AdS
∆i

)∫ ∞
−∞

dν
2π e

−( d
2 +iν)πi cdS-AdS

d
2 +iν

×R(D)
∆1∆2

d
2 +iν (m1,2,m)R(D)

d
2−iν∆3∆4

(m,m3,4)

×AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) , (5.3.42)

where

AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) =
∫
A+

dd+1X̂

∫
A+

dd+1Ŷ GAdS
d
2 +iν(X̂, Ŷ )

×
2∏
i=1

GAdS
∆i

(
X̂ϵ, Qi

) 4∏
i=3

GAdS
∆i

(
Ŷϵ, Qi

)
(5.3.43)

is the analytically extended four-point exchange of a particle with scaling
dimension ∆ = d

2+iν in EAdS. Note that, as for contact diagrams, in (5.3.43)
we used the analytical extended bulk-to-boundary propagators (5.3.6) to
take into account boundary points on both the future and past Poincaré
section of the light-cone. Further, the radial dependence from each bulk
point is encoded in the functions (5.3.32) and (5.3.12).

The contributions from the remaining regions cancel in a pair-wise fash-
ion, where the contribution from a bulk point in region D− cancels with the
contribution from the same bulk point in region A−:

I•D− + I•A− = 0, (5.3.44)
ID−• + IA−• = 0. (5.3.45)
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For example, applying the Feynman rules we have

ID−D− = e−
dπi

2 e−
dπi

2 i∆1+∆2+∆3+∆4

( 4∏
i=1

cdS-AdS
∆i

)∫ ∞
−∞

dν
2π e

−( d
2 +iν)πi cdS-AdS

d
2 +iν

×R(D)
∆1∆2

d
2 +iν (m1,2,m)R(D)

d
2−iν∆3∆4

(m,m3,4)

×AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) , (5.3.46)

and

IA−D− = e−
dπi

2 i∆1+∆2+∆3+∆4

( 4∏
i=1

cdS-AdS
∆i

)∫ ∞
−∞

dν
2π e−( d

2 +iν)πi cdS-AdS
d
2 +iν

×R(A)
∆1∆2

d
2 +iν (m1,2,m)R(D)

d
2−iν∆3∆4

(m,m3,4)

×AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) . (5.3.47)

Like for the contact diagram in the previous section, using (5.3.33) which
implies

R
(A)
∆1∆2

d
2 +iν (m1,m2,m) = e−(d+2) πi

2 R
(D)
∆1∆2

d
2 +iν (m1,m2,m) , (5.3.48)

one finds the two contributions to be equal and opposite:

IA−D+ + ID−D+ = 0. (5.3.49)

After having observed this property for contact diagrams and now also for
particle exchanges, one understands that the pairwise cancellation of contri-
butions from regionsA− and D− is a general property of Celestial correlation
functions (5.3.1), at least in perturbation theory. The proof follows simply
from the cancellation (5.3.34) of the contributions from regions A− and D−
at the level of contact diagrams, combined with the analytic properties of
the Feynman propagator, as shown in sec.(C.2.2).

The full celestial exchange diagram (5.3.37) is therefore the sum of con-
tributions (5.3.39) - (5.3.42) from regions A+ and D+, giving5

Em1,m2|m|m3,m4
∆1,∆2,∆3,∆4

(Q1, Q2, Q3, Q4) =

= g2
∫ ∞
−∞

dν
2π

cflat-AdS
∆1∆2

d
2 +iν (m1,m2,m) cflat-AdS

d
2 +iν∆3∆4

(m,m3,m4)

cflat-AdS
d
2 +iν

×AAdS
∆1,∆2| d2 +iν|∆3,∆4

(Q1, Q2, Q3, Q4) . (5.3.51)

5To write the exchange in this form in terms of flat-AdS coefficients we used that

R
(D)
d
2 −iν ∆3∆4

(m, m3,4) =
(

m

2

)2iν Γ (−iν)
Γ (iν) R

(D)
d
2 +iν ∆3∆4

(m, m3,4) . (5.3.50)
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This result expresses the celestial exchange diagram as a continuum of ex-
change Witten diagrams in EAdSd+1 where the exchanged particles have
scaling dimension belonging to the Principal Series of the Euclidean confor-
mal group. The coefficient of each exchange Witten diagram is factorised,
where the two factors cflat-AdS

∆1∆2
d
2 +iν (m1,m2,m) and cflat-AdS

d
2 +iν∆3∆4

(m,m3,m4) serve
to convert the coefficients of the three-point contact subdiagrams in EAdS
to their Celestial counterparts, while cflat-AdS

d
2 +iν accounts for the change in

two-point function coefficient (5.2.25).6

The expression (5.3.51) for the exchange is the celestial analogue of the
formula [9, 10] for exchange contributions to late-time correlation functions
in dSd+1 space, where they are similarly expressed in terms of corresponding
exchange Witten diagrams in EAdSd+1 with coefficients ensuring consistent
factorisation. A key difference is that the result for the dS exchange is a sum
of two exchange Witten diagrams for a particle of the same mass in EAdS
(one for each boundary condition), while celestial exchanges are a continuum
of exchanged particles in EAdS carrying Principal Series representations.
This difference is simply owing to the fact that the equations of motion for a
field in dSd+1 are identified with those of a field of the same mass in EAdSd+1
under the analytic continuations (C.2.19). In Minkowski space instead, the
radial reduction of a massive scalar in Md+2 onto a single (d+ 1)-dimensional
leaf of the hyperbolic foliation gives rise to a continuum (5.2.11) of scalar
fields carrying Principal Series representations of SO (1, d+ 1).

6It would be interesting to compare in more detail with the corresponding result [47,
132] arising from the prescription for celestial amplitudes given in [17, 18], where they are
defined as a change of basis for flat-space scattering amplitudes. In [132] it was noted that
in the latter prescription the conformal block coefficients do not factorise.
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Chapter 6

Conclusions and Outlook

In the scope of this thesis, we delved into the properties of Celestial cor-
relators, with a specific focus on the massive scalar case. Our primary
emphasis was on exploring their connection with Witten correlators on Eu-
clidean AdS, by following the line traced by [6, 17]. To make the connec-
tion manifest, we adopted the de Boer-Solodukhin hyperbolic foliation of
Minkowski space-time [6], which enabled us to exploit all the powerful tools
of the (EA)dS/CFT correspondence to carry out our analysis. The study
culminated in a wider perspective of general properties of holographic the-
ories in maximally symmetric space-times. Previous works [8, 9] have led
us to bring holographic theories on these space-times to the same footing,
connecting them especially with holography on Euclidean AdS. Euclidean
AdS plays a central role in bridging holographic theories on maximally sym-
metric spaces, emerging as the foundational theory from which to derive
overarching considerations and properties concerning holography in general.
All of the connections we shall describe in details below have been illus-
trated in the Holographic Triangle (see Fig.(1)), highlighting the bridging
between holographic theories in maximally symmetric space-times. In par-
ticular, connections between (A)dS and EAdS rely on simply Wick rotations
between the respective Poincaré patches of the spaces taken into considera-
tion. Nevertheless, these Wick rotations encode different physical meanings.
Instead, the bridging between Celestial and EAdS holography is rooted in
the consistent employment of the Kontorovich-Lebedev tranform [6].

Bridging AdS and EAdS Holography: Wick rotation from AdS to the
EAdS translates into a canonical Wick rotation on the boundary of these
two spaces. This involves, indeed, a boundary coordinate in EAdS, which
is Wick rotated in a time-direction coordinate on the boundary of AdS.
This means that Euclidean correlation functions on the boundary of EAdS
can be analytically continued to Minkowski space-time and further to the
∞-sheeted cover Md+2

∞ ≃ Sd+1 × R of the (d + 2)-dimensional compacti-
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fied Minkowski space-time [35, 37, 141]. This imply that boundary AdS
and Euclidean AdS correlators must be single-valued solutions of the same
Ward identities. Further, requiring Osterwalder-Schrader axioms to bound
Euclidean correlators implies that correlation functions on the boundary of
AdS must satisfy the Wightman ones [38], and vice versa.

Bridging dS and EAdS holography: The case of dS in completely
different. The Poincaré patches on dS and EAdS are connected by Wick
rotations in the conformal time of dS. The main difference with the pre-
vious case is that this is a Wick rotation in a bulk variable. Since there
is no way to transport conformal properties of the CFTs directly from one
boundary to the other, like in the EAdS/AdS case, we have to recover them
by perturbative computation. It has been shown [9] that any perturba-
tive contribution to late-time dS boundary correlators in the Bunch-Davies
(Euclidean) vacuum can be recast as a linear combination of corresponding
Witten diagrams in Euclidean AdS. This result has been recovered at all
orders in perturbation theory by recasting Schwinger-Keldysh propagators
in dS as certain analytic continuations of propagators for the same par-
ticle in EAdS [8, 9]. This is a strong result, allowing us to state, as in
the AdS/EAdS case, that corresponding processes in dS and EAdS satisfy
the same conformal Ward identities, assuming in dS Bunch-Davis bound-
ary conditions. Single-valuedness in the Bunch-Davis vacuum, then, comes
from the analysis of the coefficients in the aformentioned linear combination,
which are given by certain sinusoidal factors encoding (perturbatively) uni-
tary time evolution in de Sitter [10]. In summary, dS boundary correlators
with Bunch-Davies initial conditions have the same singularity structure as
their Euclidean AdS counterparts in perturbation theory.

Bridging Celestial and EAdS Holography: The previously analysed
case of dS/EAdS has been a cornerstone for the study carried out in this
thesis. During this work we exploited most of the results above, that we also
extended taking into account both the asymptotic boundaries of dS. This
last result has been achieved by using the hyperbolic foliation of Minkowski
space-time and leveraging the analytical properties of (EA)dS propagators
through the analytical antipodal map. In the complexified Minkowski space-
time, this map brings continuously a point Q on the future boundary to
the corresponding antipodal point on the past one (ref. Appendix (C.2)
and sec.(5.3.1)). Relying on these analytical properties, in complete anal-
ogy with dS, we showed in this thesis that each contribution to massive
Celestial correlators can be recast in terms of a linear combination of contri-
butions to corresponding massive Witten correlators in EAdS. This is true
both in the conformal primary basis formulation (ref. chapter 4) and in
the revisited version of Celestial holography (ref. chapter 5). The coeffi-
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cients, in such linear combinations, carry information about the masses of
the particles involved in the process and appear as integrals of a product
of Kontorovich-Lebedev kernels over the radial variables in the hyperbolic
foliated Minkowski space-time, times usual sinusoidal factors.

Positivity and Unitarity: The study on the analytical properties of
these coefficients leads us to assert that, in complete analogy with dS, cor-
responding processes in Celestial and EAdS are single-valudness solutions
of the same conformal Ward identities. In particular, in sec.4.5, we briefly
explored some consequences of this assertion. It implies that, like their AdS
counterparts, Celestial correlators admit a conformal partial wave expansion
with meromorphic spectral density (at least perturbatively) [37, 141]. We
also discussed (non-perturbative) constraints from unitarity in Euclidean
CFT at the level of the conformal partial wave expansion, which translates
into the positivity of the spectral density. It seems that it applies more
generally to any unitary Euclidean CFT, and therefore also to Celestial am-
plitudes and/or correlators as well.

The Kontorovich-Lebedev Transform: Finally, we want to underline
here that, as well as the connection between dS and EAdS holography passes
throught a Wick rotation, the bridging between Celestial and EAdS holog-
raphy is rooted in the consistent employment of the Kontorovich-Lebedev
tranformation [6], which provides a radial reduction over the radii in the
hyperlobic foliation of Minkowski space-time (ref. sec.(5.1)). This trans-
formation reduces to the Mellin transformation on the light-cone, applying
as the true fundamental transformation from which to draw general conclu-
sions in the pursuit of understanding a holographic theory in asymptotically
flat space-time.
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Appendix A

Conformal Group

Consider a smooth d-dimensional (pseudo-)Riemannian manifold (M, g).
Given p ∈M, let (ψ, U) be a chart onM, with ψ(p) =

(
ω1, . . . , ωd

)T
∈ Rd

and p ∈ U ⊂ M. Let f ∈ Diff (M) be a smooth transformation function
acting onM. Assuming that f(p) ∈ U , set ω⃗ ′ = ψ

(
f(p)

)
∈ Rd. Let X,Y be

two vectors belonging to the tangent space TpM . Hence, given the pull-back
f∗ associated to f , define its action on the metric tensor g as follows:

f∗gf(p)(X,Y ) = gf(p)(f∗(X), f∗(Y )), (A.0.1)

where f∗ is the push-forward associated to f , which maps

f∗ : X ∈ TpM 7−→ f∗X ∈ Tf(p)M. (A.0.2)

Then, the conformal group is defined as the subgroup Conf (M) ⊂ Diff (M)
of transformations leaving the metric tensor g invariant up to an arbitrary
smooth positive function Λ(ω⃗), known as scale factor. In formulae [142]

f∗gf(p) = Λ2(p)gp. (A.0.3)

Moreover, define the isometry group Iso (M) as the subgroup of the con-
formal group identified by the additional condition Λ2(p) = 1. Therefore,
Iso (M) can be defined as the group of smooth transformations that leave
the metric tensor g invariant. The elements of the conformal group are called
conformal transformations; further, the elements of the isometry group are
named isometry transformations.

It is also possible to give a geometrical definition of the conformal group.
Indeed, it is easy to show that conformal transformations preserve the angle
between two vectors applied at a point p of M [142].

The angle θ between two vectors X,Y ∈ TpM applied at p ∈ U , is
defined as

cos θ = gp (X,Y )√
gp (X,X) gp (Y, Y )

. (A.0.4)
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Therefore, if f is a conformal transformation, the angle θ′ between the vec-
tors f∗X, f∗Y ∈ Tf(p)M is given by

cos θ′ =
f∗gf(p) (X,Y )√

f∗gf(p) (X,X) f∗gf(p) (Y, Y )

= Λ2(p)gp (X,Y )√
(Λ2(p) gp (X,X)) (Λ2(p) gp (X,X))

= gp (X,Y )√
gp (X,X) gp (Y, Y )

= cos θ.

(A.0.5)

Hence, it is possible to define the conformal group Conf (M) as the group
of smooth transformation functions that preserve the angle between two vec-
tors applied at a point p of M.

Consider, next, the infinitesimal form of a conformal transformation f .
The coordinate expression of (A.0.3) is given by

∂ω ′a

∂ωc
∂ω ′b

∂ωd
gab(ω⃗ ′) = Λ2(ω⃗)gcd(ω⃗). (A.0.6)

In the chart (ψ, U), set Λ(ω⃗) ≃ 1 + ϵλ(ω⃗) and ω′a = ωa + ϵΩa, where ϵ > 0
is an infinitesimal parameter. At the first order in ϵ, (A.0.6) becomes

∂cgab(ω⃗)Ωc + gcb(ω⃗)∂aΩc + gac(ω⃗)∂bΩc = 2λ(ω⃗)gab(ω⃗). (A.0.7)

Endowing the manifoldM with a Levi-Civita connection∇, it is possible
to rewrite (A.0.7) as [142]

∇aΩb +∇bΩa = 2λ(ω⃗)gab(ω⃗), (A.0.8)

where
∇aΩb = ∂aΩb − ΓcabΩc (A.0.9)

and Γcab are the Christoffel symbols. The vector fields Ω satisfying (A.0.7)
or, equivalently, (A.0.8) are called conformal Killing vector fields. They are
the infinitesimal generators of the conformal transformations.

A.1 Conformal Algebra

Now, consider the Euclidean space Rd. In this case, (A.0.7) becomes [143,
144]

∂aΩb + ∂bΩa = 2λ(ω⃗)δab. (A.1.1)
Taking the trace of both sides of (A.1.1), one finds that

λ(ω⃗) = 1
d
∂ · Ω, (A.1.2)
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where ∂ · Ω ≡ ∂aΩa. Substituting this result into (A.0.9), one has

∂aΩb + ∂bΩa = 2
d

(∂ · Ω) δab. (A.1.3)

Consider d ≥ 3. In this case, acting on both sides of (A.1.3) with ∂a

yields
∂c∂

cΩa + ∂a (∂ · Ω) = 2
d
∂b (∂ · Ω) δab. (A.1.4)

Next, by acting on both sides of (A.1.4) with ∂b, we get

∂b ∂c∂
cΩa + ∂b∂a (∂ · Ω) = 2

d
∂b∂a (∂ · Ω) . (A.1.5)

Further, by means of Eq.(A.1.4), one finally obtains[
δab ∆ + (d− 2)∂a∂b

]
(∂ · Ω) = 0, (A.1.6)

which is a partial differential equation of third order. Note that (A.1.6)
depends on the dimension d of the ambient space. In particular, the second
term vanishes for d = 2. For d ≥ 3, taking the trace of (A.1.6), it turns out
to be

(d− 1)∆ (∂ · Ω) = 0. (A.1.7)
Therefore, Ωa is a solution of (A.1.7) if it is at most quadratic in the coor-
dinates. The general solution can be written as [143]

Ωa = aa + bab ω
b + cabc ω

bωc, (A.1.8)

where aa, bab, cabc are infinitesimals and cabc is symmetric in the last two
indices. Consider, first, the constant solution Ωa = aa, a⃗ ∈ Rd. In this case

ω⃗ ′ = ω⃗ + ϵ⃗a, (A.1.9)

which is the infinitesimal form of a d-dimensional translation. Therefore,
the infinitesimal generator of this transformation is the translation operator
P = −i∂a, represented in the space of coordinates of Rd.

Next, consider the linear solution Ωa = bab ω
b. Inserting this result in

(A.1.1), one finds
bab + bba = 1

d

(
δcdbcd

)
δab, (A.1.10)

which fixes the symmetric part of bab. Writing

bab = α δab +mab, (A.1.11)

where mab is antisymmetric and α ∈ R is given by (A.1.10), it is possible
to distinguish two types of transformations, corresponding to the symmetric
and antisymmetric part of bab. Indeed,

ω′a = ωa + ϵmab ω
b, (A.1.12)
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is an infinitesimal d-dimensional rotation. Therefore, the operators repre-
senting the infinitesimal generators of rotations in the coordinate space are
Lab = i (ωa∂b − ωb∂a). Instead, the infinitesimal transformation

ω⃗ ′ = ω⃗ + c ω⃗, (A.1.13)

with c = ϵ α, is an infinitesimal rescaling. Then, in the coordinate space,
the infinitesimal generator of this transformation is the dilation operator
D = −iωa∂a. Eq.(A.1.13) integrated gives the finite rescaling

ω⃗ ′ = eicDω⃗ = ecω⃗. (A.1.14)

In the end, consider the quadratic case Ωa = cabc ω
bωc. First, return once

again to (A.0.9) and act with ∂c on both sides of this equation. It follows
that

∂c∂aΩb + ∂c∂bΩa = 1
d
∂c (∂ · Ω) δab. (A.1.15)

After cyclic permutations of the indices,

∂a∂bΩc + ∂a∂cΩb = 1
d
∂a (∂ · Ω) δbc, (A.1.16)

∂b∂cΩa + ∂b∂aΩc = 1
d
∂b (∂ · Ω) δca, (A.1.17)

are found. Subtracting (A.1.17) from the sum of (A.1.15) and (A.1.16), one
obtains the expression

2∂c∂aΩb = 1
d

(δab∂c + δbc∂a − δca∂b) (∂ · Ω) . (A.1.18)

Inserting the general solution (A.1.8) in this equation one finds

cbac = δab bc + δbc ba + δca bb, ba = 1
2d c

d
da. (A.1.19)

Therefore, the corresponding quadratic infinitesimal transformation of ω⃗ is

ω⃗ ′ = ω⃗ + 2
(
ω · b⃗

)
ω⃗ − |ω⃗|2 b⃗, (A.1.20)

which integrated gives the finite form [143, 145]

ω⃗ ′ = ω⃗ − |ω⃗|2 b⃗
1− 2

(
ω⃗ · b⃗

)
+ |⃗b|2 |ω⃗|2

. (A.1.21)

These transformations are called finite special conformal transformations,
and they are generated by Ka = −i

(
2ωa ω⃗ · ∂ − |ω⃗|2∂a

)
, in the coordinate

space. To better understand the meaning of these transformations, introduce
the inversion

I : ω⃗ 7−→ I(ω⃗) = ω⃗

|ω⃗|2
, (A.1.22)
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which is a discrete transformation. It is important to note that I ◦ I =
id. By means of the inversion, it is possible to rewrite a special conformal
transformation as follows [143]

I(ω⃗ ′) = I
(
I(ω⃗)− b⃗

)
, b⃗ ∈ Rd. (A.1.23)

Therefore, it is possible to assert that every special conformal transforma-
tion ΛSCT ∈ Conf

(
Rd
)

can be found by means of the inversion I and a
translation ΛT,

ΛSCT = I ◦ ΛT ◦ I. (A.1.24)

In the discussion above, the generators of the conformal group in d ≥ 3
dimensions have been found. In the space of the smooth functions on Rd,
they are

Pa = −i∂a, (A.1.25)
Lab = i (ωa∂b − ωa∂b) , (A.1.26)
D = −iωa∂a, (A.1.27)

Ka = −i
(
2ωaωb∂b − |ω⃗|2∂a

)
. (A.1.28)

Moreover, they close the algebra

[D,Pa] = iPa, (A.1.29)
[D,Ka] = −iKa, (A.1.30)
[Ka, Pb] = 2i (δabD − Lab) , (A.1.31)

[Ka, Lbc] = i (δabKc − δacKb) , (A.1.32)
[Pa, Lbc] = i (δabPc − δacPb) , (A.1.33)

[Lab, Lcd] = i (δbcLad + δadLbc − δacLbd − δbdLac) , (A.1.34)

with all the other commutators vanishing. Defining

Jab = Lab, (A.1.35)

Jd+1 a = 1
2 (Pa −Ka) , (A.1.36)

J0 a = 1
2 (Pa +Ka) , (A.1.37)

Jd+1 0 = D, (A.1.38)

it is a straightforward calculation showing that these generators close the
SO(1, d+ 1) algebra

[Jµν , Jρσ] = −i (ηνρJµσ + ηµσJνρ − ηµρJνσ − ηνσJµρ) , (A.1.39)
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with η = diag(−1, 1, . . . 1) and µ, ν, σ, ρ = 0, . . . , d + 1. This result states
that the connected part of Conf

(
Rd
)

is diffeomorphic to the connected part
of SO(1, d+ 1). Henceforth, Conf

(
Rd
)

will be identified with SO(1, d+ 1).

A.2 Representations of the Conformal Group

Given an element Λ ∈ SO(1, d+ 1) and an Euclidean spin-ℓ field ϕ(ω⃗), the
action of Λ on ϕ(ω⃗) is the following:

ϕ′(ω⃗) = ρ (Λ)ϕ(Λ−1ω⃗), α = 1, . . . , ℓ, (A.2.1)

where ρ (Λ) is the operator representing Λ in the space of ϕ(ω⃗). The in-
finitesimal form of the above equation is given by

ϕ′(ω⃗) = iϵG (Λ, ω⃗)ϕ(ω⃗)−ϵΩa∂aϕ(ω⃗)+o(ϵ) = ϵF (Λ, ω⃗)ϕ(ω⃗)+o(ϵ), (A.2.2)

where
δϕ(ω⃗) = iϵG (Λ, ω⃗) , (A.2.3)

is the infinitesimal shape variation and ϵ is an infinitesimal parameter. In
particular, G (Λ, ω⃗) is an operator representing an element of the conformal
algebra L acting on ϕ(ω⃗) at the point ω⃗ ∈ Rd. The representing operator
ρ (Λ) (ω⃗) in the finite transformation (A.2.1) is given by the formula

ρ (Λ) (ω⃗) = eϵF (Λ,ω⃗), (A.2.4)

with F (Λ, ω⃗)† = −F (Λ, ω⃗). To find a representation of SO(1, d + 1) in the
field space of ϕ(ω⃗), consider, first, the little group H(0) of ω⃗ = 0. This is
the subgroup of transformations that leaves the origin of Rd unchanged. It
is formed by d-dimensional rotations, dilations and special conformal trans-
formations. Since [D,Lab] = 0, (A.1.30) and (A.1.32) states that [146]

H(0) ≃ (SO(d)⊗D) ⋊Kd, (A.2.5)

where D and Kd are the subgroups generated by dilations and special con-
formal transformations, respectively. Since Kd is diffeomorphic to the d-
dimensional translation group Td, the Lie algebra Lie (H) of H(0) is iso-
morphic to

Lie (H) ≃ Lie (P)⊕ Lie (D) , (A.2.6)
where Lie (P) and Lie (D) are the Poincaré and dilation group Lie algebras,
respectively. Therefore let ∆̃, K̃a, Sab be the generators of the subgroup
H(0). According to (A.2.6), they close the algebra[

∆̃, K̃a

]
= −iK̃a, (A.2.7)[

K̃a, Sbc
]

= i
(
δabK̃c − δacK̃b

)
, (A.2.8)

[Sab, Scd] = i (δbcSad + δadSbc − δacSbd − δbdSac) . (A.2.9)
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Moreover, it is always possible to represent the generator P as above in
every field space:

Paϕ(ω⃗) = −i∂aϕ(ω⃗), ∀ω⃗ ∈ Rd. (A.2.10)

Starting from the operators representing the generators of the little group
H(0), it is possible to construct the operators representing d-dimensional
rotations, dilations and special conformal transformations acting in every
point ω⃗ ∈ Rd, by means of Pa. Indeed, a finite translation is given by

ei⃗a·P⃗ [ϕ](ω⃗) = ϕ(ω⃗ − a⃗), a ∈ Rd. (A.2.11)

Therefore, given an element G of the conformal algebra L, it follows that
[146]

G[ϕ](ω⃗) =
(
e−iω⃗·P⃗G′eiω⃗·P⃗

)
[ϕ](ω⃗) =

(
e−iω⃗·P⃗G′

)
[ϕ](⃗0) =

(
G′ϕ

)
(ω⃗),
(A.2.12)

where
G′ = eiω⃗·P⃗Ge−iω⃗·P⃗ . (A.2.13)

Therefore, using the Baker-Campbell-Hausdorff (BCH) formula

e−ABeA = B+[B,A]+ 1
2! [[B,A] , A]+· · ·+ 1

n! [. . . [B,A] , . . . ]+. . . , (A.2.14)

it is possible to compute D, Ka and Lab starting from ∆̃, K̃a and Sab, re-
spectively. For example, compute the action of Ka. Using the commutation
rules above, by means of the BCH formula one finds

e+iω⃗·P⃗Kae−iω⃗·P⃗ = Ka + 2ωb (δabD − Lab) + 2ωaωbPb − |ω⃗|2Pa. (A.2.15)

Following (A.2.12), the operator on the right side acts on ϕ(0). Since

Kaϕ(0) = K̃aϕ(0), Dϕ(0) = ∆̃ϕ(0), Labϕ(0) = Sabϕ(0), (A.2.16)

and assuming that the action of of K̃a, ∆̃, and Sab on ϕ(0) is known by
hypothesis, one finds

Paϕ(ω⃗) = −i∂aϕ(ω⃗), (A.2.17)
Labϕ(ω⃗) = i (ωa∂b − ωb∂a)ϕ(ω⃗) + Sabϕ(ω⃗), (A.2.18)

Dϕ(ω⃗) = −i
(
ωa∂a − i∆̃

)
ϕ(ω⃗), (A.2.19)

Kaϕ(ω⃗) =
(
2∆̃ωa − 2ωbSab − 2iωaωb∂b + i|ω⃗|2∂a + K̃a

)
ϕ(ω⃗). (A.2.20)

Therefore, “all field theoretically admissible representations of the conformal
algebra are induced by a representation of the algebra of the little group”
[146]. Since Lie (H) has two non trivial ideals, which are Lie (Td) and
Lie (D ⋊ Td), there exist two types of representations of the little group
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H(0): finite-dimensional and infinite-dimensional representations. There-
fore the group H(0) is not semisimple and the finite representation will be
not unitary. To construct finite representation of H(0), assume that ϕ(ω⃗)
belongs to a certain irreducible representation of SO(d). In this case, the
action of the generators Sab on ϕ(ω⃗) are known and they are interpretable
as the spin operators. Therefore, since ∆̃ commutes with all the generators
Sab, the Schur lemma imposes that ∆̃ must act as a multiple of the identity
on ϕ(ω⃗). By means of these considerations, one imposes

∆̃ϕ(ω⃗) = −i∆ϕ(ω⃗). (A.2.21)

In this case, from the commutation rules (A.2.7) and (A.2.8), it follows
that one can always choose K̃a = 0 for all a = 1, . . . , d. Therefore, the
commutation rules of the conformal algebra becomes

Paϕ(ω⃗) = −i∂aϕ(ω⃗),
Labϕ(ω⃗) = +i (ωa∂b − ωb∂a)ϕ(ω⃗) + Sabϕ(ω⃗),
Dϕ(ω⃗) = −i (ωa∂a −∆)ϕ(ω⃗),

Kaϕ(ω⃗) =
(
−2i∆ωa − 2ωbSab − 2iωaωb∂b + i|ω⃗|2∂a

)
ϕ(ω⃗),

(A.2.22)

where Sab are the representations of the d-dimensional rotation generators
in the ϕ(ω⃗) space, while the c-number ∆ is called conformal weight. A
spin-ℓ Euclidean field ϕ(ω⃗), which transforms infinitesimally accordingly to
(A.2.22), is called a conformal primary field of conformal weight ∆. Now
that the infinitesimal action of the conformal group has been shown, it
remains to determine its finite action. Consider, for the purpose of this
work, a conformal primary Euclidean spinor ψ(ω⃗) of conformal weight ∆.
In this case,

Sab = − i4 [γa, γb] , (A.2.23)

where the gamma matrices γa belong to the Euclidean Clifford algebra
Cdℓ (γ, δ), which means that they satisfy the anticommutation relations

{γa, γb} = 2δab. (A.2.24)

As shown above, the special conformal transformations can be decomposed
by means of the inversion and translations. Therefore, in order to determine
the finite transformation of ψ(ω⃗) under the action of the conformal group, it
is sufficient to determine how it transforms under d-dimensional rotations,
d-dimensional translations, dilations and inversion. If ΛD ∈ SO(1, d+ 1) is
a finite dilation, then the representative operator ρψ(ΛD) ≡ Sd(ΛD) is given
by the exponential

Sd (ΛD)ϕ(ω⃗) = eic(D+iωa∂a)ϕ(ω⃗) = e−c∆ϕ(ω⃗). (A.2.25)
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Therefore, a conformal primary spinor transforms under dilation as follows:

ϕ′(λω⃗) = λ−∆ϕ(ω⃗), (A.2.26)

where λ = ec. Obviously, being a d-dimensional euclidean spinor, ψ(ω⃗) is
invariant under d-dimensional translations and transforms as

ψ′(ω⃗) = Sd(ΛR)ψ(Λ−1
R ω⃗) (A.2.27)

under d-dimensional rotations, where ΛR ∈ SO(1, d+ 1) is the rotation and

Sd(ΛR) = eiϵabSab (A.2.28)

represents ΛR in the space of ψ(ω⃗). Finally, under inversion a conformal
spinor transforms as follows (apart of a possible phase) [117]:

ψ′(ω⃗) = 1
|ω⃗|2∆S(ω⃗)ψ (I (ω⃗)) , (A.2.29)

where
S(ω⃗) = /ω

|ω⃗|
, /ω = ωaγa, (A.2.30)

with a = 1, . . . , d.
It is possible to note that D acts diagonally on conformal primary fields.

Therefore, every finite representation of the conformal group SO(1, d + 1)
is labelled by a couple (R, ∆), where R is an irreducible representation of
SO(d) and ∆ is the conformal weight of the representation.

Then, it is possible to construct the representation (R, ∆) starting from
the primary fields. Indeed, observing the commutation rules (A.1.29) and
(A.1.31), and remembering that [D,Lab] = 0, it is possible to note that the
operator ad(D) = [D, · ] acts diagonally on the conformal algebra. Moreover,
every set of operators {D, Pa, Ka}, with a fixed, close an algebra diffeomor-
phic to the one of SL(2,C). This means that the Cartan subalgebra of the
conformal algebra is formed by the single element D, and that Ka and Pa
are the rising and lowering operators, respectively. Therefore, starting from
the primary fields, it is possible to construct the entire representation acting
several times with Pa and Ka, for all a = 1, . . . , d.

In every dimension, given a representation of the conformal group, any
element found by acting several times with the lowering operators on the
primary fields are called descendant.

For later purposes, it is useful to represent the conformal group action
both in the Minkowski space-time R1,d+1 and in the Minkowski spinor space.
The matrix representations of the elements of SO(1, d + 1) in these spaces
will be shown in the next section.
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A.3 Matrix Representations

As observed above, the conformal group SO(1, d+1) is formed by the follow-
ing subgroups of transformations: d-dimensional rotations, d-dimensional
translations, dilations and special conformal transformations.

Since SO(1, d+1) acts linearly on R1,d+1, the operators representing the
elements of SO(1, d+ 1) will be constant matrices in R1,d+1. It is useful to
work in light-cone coordinates. Given X ∈ R1,d+1, define

X+ = X0 +Xd+1, X− = X0 −Xd+1. (A.3.1)

Therefore
Xµ =

(
X+, X−, X⃗

)T
. (A.3.2)

To find a representation of SO(1, d + 1) in R1,d+1, start from the following
representation of its generators:

(Jµν)α β = −i
(
δαµηνβ − δαν ηµβ

)
, (A.3.3)

where µ, ν, α, β = +,−, 1 . . . , d. In light-cone variables, ηµν takes the block
form

ηµν =

 0 −1
2 0

−1
2 0 0

0 0 1

 . (A.3.4)

Then, consider first the d-dimensional rotations. Their representation is
trivial: they are represented in R1,d+1 by the matrix

ΛR =

 1 0 0
0 1 0
0 0 R

 , (A.3.5)

where R ∈ SO(d) is the matrix representing the rotation in the Euclidean
space Rd.

Now, take a finite dilation ΛD. In light-cone coordinates, D is repre-
sented in R1,d+1 by the matrix

D = −i

 1 0 0
0 −1 0
0 0 0

 , (A.3.6)

with D2n = 1, n ∈ N. Given a parameter c > 0, one finds that

ΛD = eicD =

 ec 0 0⃗ T
0 e−c 0⃗ T
0 0 1

 . (A.3.7)
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Next, consider the d-dimensional translations. It is a straightforward
calculation to show that Pa = 2J−a, in light-cone variables. The generator
J−a is given by the matrix

(J−a)α β = −i



0 0 . . . 0 . . . 0
0 0 . . . 1 . . . 0
...

...
...

...
1
2 0 . . . 0 . . . 0
...

...
...

...
0 0 . . . 0 . . . 0


. (A.3.8)

Note that

(
J2
−a

)α
β =


0 0 . . . 0 . . . 0
0 −1

2 . . . 0 . . . 0
...

...
...

...
0 0 . . . 0 . . . 0

 , (A.3.9)

while J3
−a = 0. Therefore, given a vector b⃗ ∈ Rd, exponentiating one finds

ΛT = e2i baJ−a =

 1 0 0
|⃗b|2 1 2⃗b T
b⃗ 0 1

 . (A.3.10)

Working in the same way with special conformal transformations, it is easy
to find their matrix representation in R1,d+1. It is given by the matrix

ΛSCT = e2i baJ+a =

 1 |⃗b|2 2⃗b T
0 1 0
0 b⃗ 1

 . (A.3.11)

Moreover, from (A.1.24) it is possible to extract the matrix representation
of the inversion I in R1,d+1; it is

ΛI =

 0 1 0
1 0 0
0 0 1

 , (A.3.12)

from which, it follows that the inversion can be seen as the discrete trans-
formation which exchanges X+ with X−, leaving the other coordinates un-
changed.

Now, consider a Minkowski spinor ψ(X). Given Λ ∈ SO(1, d + 1), the
operator S (Λ) representing the action of Λ in the Minkowski spinor space
is

S = e
i
2 ϵ

µνSµν , (A.3.13)
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where Sµν are the operators representing the SO(1, d+ 1) generators in the
Minkowski spin space. They are given by

Sµν = − i4 [Γµ,Γν ] , (A.3.14)

where the matrices Γµ are elements of the Clifford algebra Cℓd+2 (Γ, η). They
satisfy

{Γµ,Γν} = 2ηµν . (A.3.15)

To represent the gamma matrices Γµ, assume that a representation for the
matrices γa ∈ Cℓd (γ, δ) has already been found. Moreover, let k = 2[ d

2 ] be
the dimension of such a representation, where

[
d
2

]
is the integer part of d

2 .
Therefore, it is possible to construct a 2k-dimensional representation for the
gamma matrices Γµ in the following way:

Γa =
(
γa 0
0 −γa

)
, Γ+ =

(
0 0
1 0

)
, Γ− =

(
0 −1
0 0

)
. (A.3.16)

Hence, consider a d-dimensional rotation ΛR. In the Minkowski spinor
space, from (A.3.16) one can assert that ΛR can be represented by the matrix

S (ΛR) =
(
Sd (ΛR) 0

0 Sd (ΛR)

)
, (A.3.17)

where Sd (ΛR) is given by (A.2.28).
For dilations ΛD, one finds

S (ΛD) = e
c
2 (Γ+Γ−−η+−), (A.3.18)

where
Γ+Γ− − η+− = 1

2

(
1 0
0 −1

)
. (A.3.19)

Therefore, it follows that

S (ΛD) =
(

e c
2 0

0 e− c
2

)
. (A.3.20)

Next, for the d-dimensional translations one has to compute

S (ΛT) = e
c
2 (baΓ−Γa), (A.3.21)

where b⃗ ∈ Rd is a constant vector and

Γ−Γa =
(

0 γa
0 0

)
. (A.3.22)
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Since (Γ−Γa)2 = 0, Eq.(A.3.21) yields

S (ΛT) =
(

1 baγa
0 1

)
. (A.3.23)

Equivalently, for special conformal transformations one obtains

S (ΛSCT) = e
c
2 (baΓ+Γa) =

(
1 0

baγa 0

)
. (A.3.24)

Finally, from (A.1.24) it is possible to find the operator representing the
inversion in the Minkowski spinor space. It turns to be

SI = Γ+ − Γ− =
(

0 1
1 0

)
. (A.3.25)

A.4 Conformal Group in Two Dimensions

In this section, the conformal group of the Euclidean plane R2 will be studied
and will be shown its conformal algebra. Therefore suppose to be d = 2; in
such a case, in the Euclidean plane the differential equation (A.1.3) reduces
to a couple of independent differential equations,

∂1Ω2 = −∂2Ω1, for a = 1, b = 2, (A.4.1)
∂1Ω1 = ∂2Ω2, for a = 1, b = 1. (A.4.2)

Next, let ω1 and ω2 be the coordinates in the Euclidean plane R2; it is possi-
ble to pass from R2 to the complex plane C by means of the transformation

z = ω1 + iω2, (A.4.3)
z̄ = ω1 − iω2, (A.4.4)

by which the tensor metric components become off-diagonal:

δab → gαβ =
(

0 1
2

1
2 0

)
, α, β = z, z̄. (A.4.5)

In the complex plane, define the complex vector coordinates 2 Ωz = Ωz̄ =
Ω1 + iΩ2 and 2 Ωz̄ = Ωz = Ω1 − iΩ2; then it is possible to rewrite the
differential equations (A.4.1) and (A.4.2) in the following way:

∂Ωz̄ = 0, (A.4.6)
∂̄Ωz = 0, (A.4.7)

where ∂ ≡ ∂
∂z and ∂̄ ≡ ∂

∂z̄ . This means that the vector field Ω = Ωz∂+Ωz̄∂̄ is
a conformal vector field if and only if its coordinates are arbitrary functions
of z and z̄, respectively: Ωz = Ωz(z) and Ωz̄ = Ωz̄(z̄).
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One can expand Ωz(z) and Ωz̄(z̄) in Laurent series around the complex
zero as follows:

Ωz(z) =
∑
n∈Z

anz
n+1, (A.4.8)

Ωz̄(z̄) =
∑
n∈Z

ānz̄
n+1. (A.4.9)

(A.4.10)

In this way, it is possible to read off the generators of the conformal trans-
formations in two dimensions, written in the complex plane; they are

ℓn = zn+1∂, ℓ̄n = z̄n+1∂̄, (A.4.11)

with n ∈ Z. These are a numerable infinity of generators, which satisfy the
so-called classical Virasoro commutation relations

[ℓn, ℓm] = (m−n)ℓm+n,
[
ℓ̄n, ℓ̄m

]
= (m−n)ℓ̄m+n,

[
ℓ̄n, ℓm

]
= 0. (A.4.12)

From this, it follows that the finite conformal transformations are all and
only the holomorphic and the anti-holomorphic transformations in the com-
plex plane [145],

z 7−→ f(z), z̄ 7−→ f̄(z̄). (A.4.13)

Therefore, the Lie algebra L of the conformal group Conf
(
R2) is infinite-

dimensional and it is composed by the direct sum of two commutating
infinite-dimensional Virasoro algebras V and V̄; in formulae

L = V ⊕ V̄, (A.4.14)

where
V = {ℓn : [ℓn, ℓm] = (m− n)ℓm+n, n ∈ Z} , (A.4.15)

and
V̄ =

{
ℓ̄n :

[
ℓ̄n, ℓ̄m

]
= (m− n)ℓ̄m+n, n ∈ Z

}
. (A.4.16)

Henceforth, even if the same considerations hold for V̄, the discussion will
involve only V. The Virasoro algebra V admits an infinite number of sub-
algebras. Indeed, considering the triad ℓ0, ℓm, ℓ−m, with m fixed, these
generators span the subalgebra

[ℓ0, ℓ±m] = ±mℓ±m, [ℓ−m, ℓm] = 2mℓ0, (A.4.17)

which is isomorphic to the SL (2,C) one. In particular, consider the subal-
gebra spanned by ℓ1, ℓ0, ℓ−1. These generators are the only ones that are
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well-defined on the sphere S2 ≡ C ∪ {∞}. In the complex plane, and hence
on the sphere, they generate the following transformations (a, b, c ∈ C) [144]:

Infinitesimal Finite
Generator transformation transformation

ℓ−1 z 7−→ z − ϵ z 7−→ z + b Complex translations
ℓ0 z 7−→ z − ϵz z 7−→ az Scaling
ℓ1 z 7−→ z − ϵz2 z 7−→ z

1−cz Special conformal

Actually, ℓ−1 = ∂ and ℓ0 = z∂ are nothing else than the translation opera-
tor and the Euler operator represented in the complex plane, respectively.
The finite transformations in the table above can be summarized by the
expression

z 7−→ z′ = az + b

cz + d
, (A.4.18)

with a, b, c , d ∈ C and ad − bc = 1. Therefore, from (A.4.18) it is possible
to extract the matrix

A =
(
a b
c d

)
, (A.4.19)

with detA = 1.
Moreover, sending at the same time a, b, c, d 7−→ −a, −b, −c, −d, z′

is left unchanged. This means that the matrices A and −A describe the
same transformation (A.4.18). From these considerations, one can assert
that the group formed by transformations like (A.4.18) is diffeomorphic to
the Lorentz group SO(1, 3) ≃ SL (2,C) /Z2. Therefore, the global conformal
group is diffeomorphic to the complexified Lorentz group SO(1, 3), on the
sphere S2.

Further, from the generators ℓ0 and ℓ̄0, it is possible to construct the di-
lation generator as D = ℓ0 + ℓ̄0 and the rotation operator as R = i(ℓ0 − ℓ̄0).
The eigenvalues of these operators respectively are ∆ = h+ h̄ and s = h− h̄,
where h and h̄ are the eigenvalues of ℓ0 and ℓ̄0.

Suppose, now, to want to construct an irreducible representation of the
conformal group in two dimensions. As in higher dimensions, to find an
irreducible representation of the conformal group, one has to find a set of
operators which satisfy the rising and lowering operator algebra. In two
dimensions, the Cartan subalgebra of V is constituted by the single element
ℓ0, indeed the roots of the algebra V are given by the commutation relations

[ℓm, ℓ0] = mℓm. (A.4.20)

In particular, the elements ℓm with m < 0 are the lowering operators, while
the elements ℓm with m > 0 are the rising operators. To construct an
irreducible conformal representation, one has to find a set of elements |h⟩
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of the representation, which are annihilated by all the rising operators ℓm,
with m > 0. Then one finds all the others elements of the representation by
applying to |h⟩ several times the lowering operators ℓm, for all m < 0. In this
way one obtains the so-called Verma modules associated to the elements |h⟩.
Alternatively, one can start from the primary fields, which in two dimensions
are defined as those fields ϕ(z, z̄) which transform as [144, 145]

ϕ′(z′, z̄ ′) =
(
∂z′

∂z

)h (∂z̄ ′
∂z̄

)h̄
ϕ(z, z̄), (A.4.21)

under the conformal transformation z → z′(z), z̄ → z̄ ′(z).
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Appendix B

Embedding Space Formalism

Consider the d-dimensional Euclidean space Rd, with d ≥ 3. As already
shown in the previously, the Conformal Group Conf

(
Rd
)

of the Euclidean
space is isomorphic to SO(1, d+ 1). The conformal covariance imposes
strong constraints on the correlation functions of the conformal primary
fields. Such constraints owing to the transformation rules of these fields
under the action of the Conformal Group. To analyse the transformation
properties of the conformal primary fields on the d-dimensional Euclidean
space, it is convenient to look at the non-linear action of the Conformal
Group on Rd as induced from the linear one on R1,d+1.

The key idea, due to Dirac [147], is based on looking at Rd as a subman-
ifold embedded in the Minkowski space Md+2; in such a way it is possible
to make a correspondence between the conformal primary fields defined on
Rd and the tensorial ones living on Md+2. Therefore, one studies first lin-
ear transformation properties of Minkowski fields on the “canonical” space
Md+2 and then restricts the action of SO(1, d+ 1) onto its submanifold Rd,
in order to find the transformation rules of the associated conformal primary
fields.

From this point of view, the non-linearity of the transformation rules of
the Euclidean conformal primary fields emerges from the restriction of the
action of SO(1, d+ 1) onto a d-dimensional submanifold of Md+2, that will
be indentified as the Poincaré section of the light-cone. Indeed, in sec.(2.3)
the Euclidean space Rd has been embedded in the Poincaré section C±P of
the future/past light-cone. In this section, we will present the consequences
of this embedding, that will lead us to construct an efficient technique to
translate conformal transformation properties from Rd to Md+2. We will
employ this technique, refined over the years, especially in the study of high-
spin theories in AdS, to bring about significant simplifications in calculations
and to set up our study from the outset for a potential future extension to
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higher spin cases. In the study conducted in this section, we will focus
exclusively on the future Poincaré section of the light-cone, even though a
parallel analysis can be performed by considering the past one. Therefore,
throughout this section, when referring to the Poincaré section of the light-
cone, we will simply denote it as CP , omitting any sign at the apex.

The elements of a generic section of Cq+ can be parameterised in light-
cone coordinates as

q (ω⃗) = q+
(

1, |ω⃗|2 , ω⃗
)T
. (B.0.1)

In particular, setting q+ = 1, it is possible to embed Rd in the Poincaré
section CP , whose elements are represented as

q (ω⃗) = q+
(

1, |ω⃗|2 , ω⃗
)T
. (B.0.2)

In what follows, we will develop in detail the Dirac’s embedding formalism.
In particular, we will start from scalar fields and the we advance to unfold
the method for SO(1, d+ 1)-tensorial fields.

B.1 Embedding Scalar Conformal Primary Fields

Consider an Euclidean conformal primary scalar field ϕ (ω⃗) on Rd. The
purpose of this section is to construct a correspondence between this con-
formal primary field and a Minkowski scalar one, by restricting the latter
on CP ≃ Rd.

For this, consider the future null-cone C+. It is possible to represent the
action of SO(1, d+1) on C+ by its definitory representation since SO(1, d+1)
maps null-vectors into null-vectors in R1,d+1.

Let Φ (q), q2 = 0, be a Minkowski scalar field defined on C+; this means
that:

Φ′ (q) = Φ
(
Λ−1q

)
, Λ ∈ SO(1, d+ 1). (B.1.1)

To relate the Minkowski scalar field Φ(q) to ϕ (ω⃗), it is necessary, first,
to map Φ(q) on the projective null-cone C∼ [74, 75, 120].

Since one element of C∼ is an entire equivalence class of null-vectors, a
scalar field Φ(q) must satisfy a suitable homogeneity property to be well-
defined on C∼.

In fact, Φ(q) must be such that, choosing a certain representative q of
the equivalence class [q] ∈ C∼, for any other element qλ = λq equivalent to
q, the pointwise values Φ(qλ) must be related to Φ(q) for all λ ∈ R+. This
is necessary because the value Φ([q]) refers to a single c-number, on C∼.
Hence, one must construct a correspondence between the set of c-numbers
Φ(qλ), with qλ ∈ C+. To do this, one generically imposes

Φ(q) = f(λ)Φ(λq), λ ∈ R+, (B.1.2)
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where f(λ) is a smooth function that can be fixed by using the transitive
property of the equivalence classes. Specifically, it must be verified what
follows:

Φ(qλ) = f(λ′)Φ(λ′qλ) = f(λ′)f(λ)Φ(λ′λq) = f(λ′′)Φ(λ′′q), (B.1.3)

where λ′′ = λ′λ and λ, λ′ ∈ R+. Obviously, (B.1.3) is satisfied if and only if

f(λ′)f(λ) = f(λ′λ); (B.1.4)

which holds if and only if f(λ) = λ∆, where ∆ ∈ C is called homogeneity
degree of the scalar field Φ(q).

Therefore, the Minkowski scalar field Φ(q) must satisfy the homogeneity
condition [74, 120, 148]

Φ(q) = λ∆Φ(λq), ∀λ ∈ R+, (B.1.5)

to be projected on C∼. Next, define

Φ(q) =
(
q+
)−∆

ϕ
(
q⃗/q+

)
, (B.1.6)

where, at this level, ϕ
(
q⃗/q+) is a generic field, the transformation rules of

which must be determined.
It is trivial to demonstrate that the field defined in (B.1.6) respects the

homogeneity condition (B.1.5). Indeed, by sending q 7−→ λq, with λ ∈ R+,
q+ is mapped to λq+, while the argument of ϕ does not change. Therefore,
the field ϕ

(
q⃗/q+) is invariant under rescaling.

Moreover, embedding Rd in CP by means of (2.3.8), it is possible to verify
that the field Φ

(
q(ω⃗)

)
in Eq.(B.1.6) is an SO(1, d+1) scalar field if and only

if ϕ (ω⃗) is an SO(1, d+ 1) conformal scalar one.
In order to prove what just asserted, it is useful to demonstrate, first,

what follows [18].

Lemma B.1.1. Let q(ω⃗), with ω⃗ ∈ Rd, be an element of a section of the
future null-cone C+ parametrized as in (B.0.2). Moreover, let ω⃗ ′ = Λ[ω⃗],
where Λ[·] is the operator representing the action of Λ on Rd, with Λ ∈
SO(1, d+ 1).

Then,

q(ω⃗ ′) =
∣∣∣∣ ∂ω⃗ ′∂ω⃗

∣∣∣∣1/d Λq(ω⃗), (B.1.7)

where,

|J | =
∣∣∣∣ ∂ω⃗ ′∂ω⃗

∣∣∣∣ , (B.1.8)

is the Jacobian of the transformation ω⃗ ′ = ω⃗ ′(ω⃗).
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Proof. To demonstrate (B.1.7), it is necessary to know how SO(1, d+1) acts
on ω⃗ ∈ Rd.

In the previous chapter, SO(1, d+1) has been decomposed in d-dimensional
translations, d-dimensional rotations, dilations and special conformal trans-
formations. Further, any special conformal transformation ΛSCT has been
rewritten as follows:

ΛSCT = I ◦ ΛT ◦ I, (B.1.9)

where I is the inversion and ΛT is a d-dimensional translation. Hence,
the action of SO(1, d + 1) on ω⃗ can be totally determined by studying the
action of d-dimensional translations, d-dimensional rotations, dilations and
inversion.

First of all, consider a d-dimensional translation:

ω⃗ ′ = ω⃗ + b⃗, (B.1.10)

where b⃗ ∈ Rd is a constant vector. In the Minkowski space-time R1,d+1, ΛT
is represented by the matrix (A.3.10). The target of q(ω⃗) by the action of
ΛT(⃗b) is

q(ω⃗ ′) =
(

1, |ω|2 + 2ω⃗ · b⃗+ |⃗b|2, ω⃗ + b⃗

)T
, (B.1.11)

which corresponds to

q(ω⃗ ′) =

 1 0 0⃗
b⃗ · b⃗ 1 2⃗b
b⃗ 0⃗ 1


 1
|ω⃗|2
ω⃗

 = ΛT(⃗b) q(ω⃗). (B.1.12)

This result, together with

∣∣∣∣ ∂ω⃗ ′∂ω⃗

∣∣∣∣1/d =
∣∣∣∣ ∂
(
ω⃗ + b⃗

)
∂ω⃗

∣∣∣∣1/d = 1, (B.1.13)

provides (B.1.7) for d-translations.

Next, consider a d-dimensional rotation: ω⃗ ′ = Rω⃗, R ∈ SO(d). In
R1,d+1, a d-dimensional rotation is represented by the matrix (A.3.5)

Also in this case∣∣∣∣ ∂ω⃗ ′∂ω⃗

∣∣∣∣1/d =
∣∣∣∣ ∂ (R ω⃗)

∂ω⃗

∣∣∣∣1/d =
∣∣ detR

∣∣1/d = 1, (B.1.14)

and

q(ω⃗ ′) =

 1
|ω⃗|2
Rω⃗

 =

 1 0 0⃗
0 1 0⃗
0 0 R


 1
|ω⃗|2
ω⃗

 = ΛR q(ω⃗). (B.1.15)
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It remains to treat the dilations, as the last subgroup.
A dilation maps:

D : ω⃗ 7−→ ω⃗ ′ = ecω⃗, c ∈ R, (B.1.16)

and is represented by the matrix (A.3.7), in R1,d+1. Therefore,
∣∣∣∣ ∂ω⃗ ′∂ω⃗

∣∣∣∣1/d =
∣∣∣∣ ∂ (ecω⃗)

∂ω⃗

∣∣∣∣1/d = |det [ec1]|1/d = ec. (B.1.17)

In addition,

q(ω⃗ ′) =

 1
e2c |ω⃗|2

ecω⃗

 = ec
 e−c

ec |ω⃗|2
ω⃗

 , (B.1.18)

which can be rewritten as

q(ω⃗ ′) = ec
 e−c 0 0⃗

0 ec 0⃗
0 0 1


 1
|ω⃗|2
ω⃗

 = ec ΛD q(ω⃗), (B.1.19)

proving (B.1.7) for dilations.

Finally, consider the inversion,

I : ω⃗ 7−→ ω⃗ ′ = ω⃗

|ω⃗|2
. (B.1.20)

In R1,d+1, the inversion I is represented by the matrix (A.3.12). More-
over,

∂ω′a

∂ωb
= Ma

b (ω⃗)
|ω⃗|2

, a, b = 1, . . . , d; (B.1.21)

where the matrix
Ma
b (ω⃗) = δab − 2ω

aωb

|ω⃗|2
, (B.1.22)

is such that
Ma
bM

b
c = δac , (B.1.23)

as can be easily verified. Eq.(B.1.23) implies that

detM = ±1; (B.1.24)

hence, the Jacobian of the inversion is

|J | =
∣∣∣∣ ∂ω⃗ ′∂ω⃗

∣∣∣∣ =
∣∣∣∣∣det

[
Ma
b (ω⃗)
|ω⃗|2

]∣∣∣∣∣ = 1
|ω⃗|2d

, (B.1.25)
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from which one obtains ∣∣∣∣ ∂ω⃗ ′∂ω⃗

∣∣∣∣1/d = |ω⃗|−2 . (B.1.26)

Then,

q(ω⃗ ′) =

 1
|ω⃗|−2

ω⃗/|ω⃗|2

 = |ω⃗|−2

 |ω⃗|
2

1
ω⃗

 = |ω⃗|−2 ΛI q(ω⃗), (B.1.27)

which completes the demonstration of Lemma (B.1.1).

Now, return to the definition (B.1.28). Embedding Rd in C+ by (2.3.8),
it is possible to write

Φ
(
q(ω⃗)

)
=
(
q+
)−∆

ϕ(ω⃗), ω⃗ ∈ Rd, (B.1.28)

or, otherwise,
ϕ(ω⃗) =

(
q+
)∆

Φ
(
q(ω⃗)

)
. (B.1.29)

It is possible to demonstrate the following

Theorem B.1.1. The field Φ(q), defined by Eq.(B.1.28), is a Minkowski
scalar field with respect to SO(1, d+1) if and only if ϕ(ω⃗) is a d-dimensional
Euclidean conformal primary scalar field. In formulae,

Φ′
(
Λq(ω⃗)

)
= Φ

(
q(ω⃗)

)
⇐⇒ ϕ′

(
ω⃗ ′
)

=
∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣−∆/d
ϕ(ω⃗), (B.1.30)

where the prime indicates the transformed quantities by means of the Λ ac-
tion, with Λ ∈ SO(1, d+ 1).

Proof. Let Λ be an element of SO(1, d+1). Using the homogeneity condition
(B.1.5) and the Lemma reflemma, it is possible to write

Φ′
(
q(ω⃗ ′)

)
= Φ′

(
|J |1/d Λq(ω⃗)

)
= |J |−

1
d Φ′

(
Λq(ω⃗)

)
, (B.1.31)

where |J | is the Jacobian defined in (B.1.8). Moreover, by definition,

Φ′
(
q(ω⃗ ′)

)
=
(
q+
)−∆

ϕ′
(
ω⃗ ′
)
. (B.1.32)

Therefore, if Φ(q) is a scalar field, then

Φ′
(
Λq(ω⃗)

)
= Φ

(
q(ω⃗)

)
=⇒ Φ′

(
q(ω⃗ ′)

)
= |J |−

1
d Φ
(
q(ω⃗)

)
, (B.1.33)
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or, equivalently, by substituting (B.1.32) and using the definition (B.1.28),(
q+
)−∆

ϕ′
(
ω⃗ ′
)

= |J |−
1
d

(
q+
)−∆

ϕ (ω⃗) , (B.1.34)

which holds if and only if

ϕ′(ω⃗ ′) =
∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣−∆/d
ϕ(ω⃗). (B.1.35)

This proves the direct implication of the Theorem B.1.1. Vice versa, if ϕ(ω⃗)
is a d-dimensional conformal scalar field, then, inserting (B.1.35) in (B.1.31),
one finds

Φ′
(
Λq(ω⃗)

)
= |J |

1
d Φ′

(
q(ω⃗ ′)

)
= |J |

1
d

(
q+
)−∆

ϕ′
(
ω⃗ ′
)

=
(
q+
)−∆

ϕ (ω⃗) = Φ
(
q(ω⃗)

)
,

(B.1.36)

which completes the proof of the theorem.

The field Φ
(
q(ω⃗)

)
defined by (B.1.28) is said to be the scalar field up-

lifted associated to ϕ(ω⃗). In particular, Φ
(
q(ω⃗)

)
can be restricted onto the

Poincaré section by using the homogeneity condition. Indeed, it is possible
to write

Φ
(
λq(ω⃗)

)
= λ−∆Φ

(
q(ω⃗)

)
=
(
λq+

)−∆
ϕ(ω⃗). (B.1.37)

Hence, setting λ = 1/q+, one finds

Φ
(
q(ω⃗)

)∣∣
CP

= ϕ(ω⃗), ω⃗ ∈ Rd, (B.1.38)

which is the relation used to embed a d-dimensional scalar conformal pri-
mary field ϕ(ω⃗) into a Minkowski scalar one Φ

(
q(ω⃗)

)
, restricted on CP .

Suppose, now, to want to calculate a two point correlation function

G∆1,∆2(ω⃗1, ω⃗2) = ⟨ϕ∆1(ω⃗1)ϕ∆2(ω⃗2)⟩, (B.1.39)

where ϕ∆i
, with i = 1, 2 are two scalar conformal primary fields of conformal

weight ∆i, valued at ω⃗i ∈ Rd. Following the construction above, in order to
find G∆1,∆2(ω⃗1, ω⃗2), it is possible to calculate, first, the up-lifted correlation
function G∆1,∆2

(
q(ω⃗1), q(ω⃗2)

)
and then restrict the result to the Poincaré

section by means of (B.0.2) and (B.1.38). Specifically,

G∆1,∆2

(
q(ω⃗1), q(ω⃗2)

)
= ⟨Φ∆1

(
q(ω⃗1)

)
Φ∆2

(
q(ω⃗2)

)
⟩, (B.1.40)

where Φ∆i
, i = 1, 2, are the up-lifted fields of ϕ∆i

and ∆i are the homogene-
ity degrees of Φ∆i

with respect to q, at this level.
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It is possible to find the generic two point up-lifted correlation function
G∆1,∆2 by using nothing else than relativistic consideration, that means look-
ing at anything but the the constraints imposed onto the up-lifted fields. In
particular, the up-lifted correlation function G∆1,∆2

(
q(ω⃗1), q(ω⃗2)

)
defined in

(B.1.40), must satisfy the following properties:

1. It is defined on the future null-cone C+; thus one must impose:

q(ω⃗i)2 = 0, ∀ i = 1, 2; (B.1.41)

2. It is a two-point scalar field with respect to SO(1, d+ 1):

G′∆1,∆2

(
q′(ω⃗ ′1), q′(ω⃗ ′2)

)
= G∆1,∆2

(
q(ω⃗1), q(ω⃗2)

)
, (B.1.42)

where the prime indicates the transformed quantities;

3. It has homogeneity degree ∆i, i = 1, 2, with respect to q(ω⃗i):

G∆1,∆2

(
λ1q(ω⃗1), λ2q(ω⃗2)

)
= (λ1)−∆1(λ2)−∆2G∆1,∆2

(
q(ω⃗1), q(ω⃗2)

)
,

(B.1.43)
where λ1, λ2 ∈ R+.

The properties (B.1.41), (B.1.42), (B.1.43) are so restrictive that they
uniquely determine the shape of G∆1,∆2

(
q(ω⃗1), q(ω⃗2)

)
. Specifically, the two-

point up-lifted correlation function can only be of the form [143, 149]

G∆1,∆2

(
q(ω⃗1), q(ω⃗2)

)
= c

δ∆1∆2(
− 2q(ω⃗1) · q(ω⃗2)

)∆1
, (B.1.44)

where the factor (−2)∆1 in the denominator is placed for convention, and c
is a constant. Inserting (B.1.38) into (B.1.44) and using the parametrization
(B.0.2), one restricts the up-lifted two-point correlation function G∆1,∆2 to
the Poincaré section. The result is

G∆1,∆2(ω⃗1, ω⃗2) = c
δ∆1∆2(

|ω⃗1 − ω⃗2|2
)∆1

. (B.1.45)

Obviously, it is also possible to find the shape of the conformal scalar corre-
lation function G∆1,∆2(ω⃗1, ω⃗2), by imposing on it the conformal constraints
directly.

B.2 Embedding Tensor Conformal Primary Fields

The construction of the general tensor case is quite similar to the scalar one.
At the beginning, let q be a point in R1,d+1; then, consider a rank-(J,0)

irreducible tensor field T (q) of components Tµ1...µJ (q), with J ∈ N. First
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of all, one has to project Tµ1...µJ (q) on the future null-cone C+. To do so,
only q2 = 0, with q0 > 0, has been imposed in the scalar case; while here
an additional constraint is required. Indeed, given q ∈ C, the rank-(J,0)
tensor space T (J,0)

q C is included in T
(J,0)
q R1,d+1. Therefore, the condition

q2 = 0 ensures T (q) ∈ T
(J,0)
q R1,d+1, with q ∈ C, but does not guarantee

T (q) ∈ T (J,0)
q R1,d+1.

The additional constraint one needs follows immediately from the defi-
nition of the null-cone. Indeed, it is possible to define C by means of the
function f(q) = q2; specifically

C = f−1(0), (B.2.1)

where f−1 is the preimage of the function f . From this, it is possible to
demonstrate that the tangent space Tq C ≡ T (0,1)

q C is such that

Tq C = Ker (df) . (B.2.2)

In fact, let γ be the smooth curve

γ : t ∈ I0 7−→ γ(t) ∈ C, (B.2.3)

where I0 is a neighborhood of 0 ∈ R. By definition of null-cone, f(q) = 0
for all q ∈ C; therefore, given γ(0) = q ∈ C, one finds

d
dtf

(
γ(t)

)∣∣∣∣
t=0

= ∂f(q)
∂qµ

dγµ(t)
dt

∣∣∣∣
t=0
≡ df [V ] (q) = 0, (B.2.4)

where V (q) is the generic vector belonging to the tangent space Tq C, with
components V µ(q) = dγµ(t)

dt

∣∣∣
t=0

. Therefore, if V (q) ∈ Tq C then V (q) ∈
Ker (df); this implies that

Tq C ⊆ Ker (df) . (B.2.5)

Moreover, since

dim (Ker (df)) + dim (Im (df)) = dim
(
Tq R1,d+1

)
= dim

(
R1,d+1

)
,

(B.2.6)
with dim (Im (df)) = dim (R) = 1, it is possible to assert

dim (Ker (df)) = dim (Tq C) = d+ 1, (B.2.7)

which, together with (B.2.5) implies (B.2.2). Therefore, given q ∈ C, a
Minkowski vector V (q) belongs to Tq C if and only if

df [V ] (q) = 2qµV µ(q) = 0⇐⇒ qµV
µ(q) = 0. (B.2.8)
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Figure B.1: On the future null-cone C+, a future null-vector q identifies a
light ray [q] (in red) onto which several tensors are applied (in blue). On
the projective null-cone C∼, all tensors represented in the picture (in blue)
belong to the same equivalence class known as tractor.

For the Minkowski one-forms, one can employ the isomorphism induced by
the metric to associate to every vector V (q) ∈ Tq C a one-form Ω(q) =
iV η(q) ∈ T

(1,0)
q C. Therefore, by means of (B.2.8), it is possible to assert

that a Minkowski one-form Ω(q), of components Ωµ(q), belongs to T (1,0)
q C

if and only if
iqΩ = Ωµq

µ = 0. (B.2.9)

This last condition can be immediately generalized to the generic rank-
(J, 0) tensor field T (q). In fact, from the isomorphism

T (J,0)
q C = T (1,0)

q C ⊗ · · · ⊗︸ ︷︷ ︸
J−times

T (1,0)
q C, (B.2.10)

follows that T (q) ∈ T (J,0)
q C if and only if its components Tµ1...µJ (q) satisfy

the transversality condition

qµkTµ1...µk...µJ = 0, ∀k = 1, . . . , J ; q ∈ C, (B.2.11)

which is the additional constraint required above.

Next, given q ∈ C+, one has to project the tensor field T (q) on C∼. In
analogy to the scalar case, T (q) must satisfy the homogeneity condition

T (λq) = λ−∆T (q), λ ∈ R+, ∆ ∈ R, (B.2.12)

to be well-defined on C∼. Indeed, a class of tensors applied at points qλ
belonging to the same light-ray [q] must be related, as shown by Fig.B.1.
Therefore, after embedding Md+2, define

T
(
q(ω⃗)

)
=
(
q+
)−∆+J

t(ω⃗), (B.2.13)
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where t(ω⃗) is, at this level, a d-dimensional field,

t(ω⃗) = ta1...aJ dωa1 ⊗ · · · ⊗ dωaJ , ai = 1, . . . , d, ∀i = 1, . . . , J, (B.2.14)

which must transform properly under the action of SO(1, d+ 1). Obviously,
the field t(ω⃗) must have the same pattern of symmetries in the exchange of
the indices a1 . . . aJ as T

(
q(ω⃗)

)
has in the exchange of µ1 . . . µJ .

It is a straightforward calculation to verify that the tensor field in (B.2.13)
satisfies the homogeneity condition (B.2.12). Indeed, in components, the
(B.2.13) becomes

Tµ1...µJ

(
q(ω⃗)

) ∂qµ1

∂ωa1
. . .

∂qµJ

∂ωaJ
=
(
q+
)−∆+J

ta1...aJ (ω⃗), (B.2.15)

where, as before, ai = 1, . . . , d and µi = 0, . . . , d + 1, with i = 1, . . . , J . In
order to write down the (B.2.15), the transformation property

dqµi(ω⃗) = ∂qµi(ω⃗)
∂ωai

dωai (B.2.16)

has been used. Eq.(B.2.15) defines the pull-back of T (q) onto the generic
section of the future null-cone.

Since, by sending
q 7−→ λq, λ ∈ R+, (B.2.17)

the vector ω⃗ is left unchanged; therefore, it is trivially verified that

λJTµ1...µJ

(
λq(ω⃗)

) ∂qµ1

∂ωa1
. . .

∂qµJ

∂ωaJ
= λ−∆+J

(
q+
)−∆+J

ta1...aJ (ω⃗), (B.2.18)

from which

Tµ1...µJ

(
λq(ω⃗)

) ∂qµ1

∂ωa1
. . .

∂qµJ

∂ωaJ
= λ−∆

(
q+
)−∆+J

ta1...aJ (ω⃗), (B.2.19)

that is the homogeneity condition (B.2.12) rewritten on the coordinates of
the tensor T

(
q(ω⃗)

)
.

Moreover, it is a straightforward calculation to demonstrate, in analogy
to the Theorem B.1.1, that Tµ1...µJ

(
ω⃗
)

transforms as a component of a rank-
(J, 0) tensor field if and only if ta1...aJ (ω⃗) transforms as a component of a
conformal primary tensor field of rank (J, 0) [150].

Finally, restricting (B.2.15) on the Poincaré section CP , one finds the
simple relation

ta1...aJ (ω⃗) = ∂qµ1

∂ωa1
. . .

∂qµJ

∂ωaJ
Tµ1...µJ

(
q(ω⃗)

)∣∣
q∈CP

(B.2.20)

The tensor components Tµ1...µJ

(
q(ω⃗)

)
are said to be the up-fifted tensor

components associated to the conformal primary field tensor components
ta1...aJ (ω⃗).
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It is possible to note that the relation (B.2.15) is not a one-to-one cor-
respondence. Indeed, consider the Minkowski tensor field U(q), the compo-
nents of which are

Uµ1...µJ (q) = qµiŨµ1... µ̂i...µJ
(q), (B.2.21)

where the hatted index µ̂i is meant to be missing. It is found that the field
U(q) is mapped into the null tensor by the correspondence (B.2.15). In fact,
by using

∂qµi

∂ωai
qµi = ∂ (qµiqµi)

∂ωai
− qµi

∂qµi

∂ωai
= − ∂q

µi

∂ωai
qµi , (B.2.22)

from which
∂qµi

∂ωai
qµi = 0, (B.2.23)

it is immediate to verify that

∂qµ1

∂ωa1
. . .

∂qµJ

∂ωaJ
Uµ1...µJ (q) = ∂qµ1

∂ωa1
. . .

∂qµi

∂ωai
. . .

∂qµJ

∂ωaJ
qµiŨµ1... µ̂i...µJ

(q)

= ∂qµ1

∂ωa1
. . .

(
∂qµi

∂ωai
qµi

)
. . .

∂qµJ

∂ωaJ
Ũµ1... µ̂i...µJ

(q) = 0.
(B.2.24)

This means the kernel of the application (B.2.15) is not trivial.
Hence, becomes manifest a gauge redundancy in the correspondence

(B.2.15)
ta1...aJ (ω⃗)↔ Tµ1...µJ

(
q(ω⃗)

)
. (B.2.25)

In particular, to the conformal primary tensor t(ω⃗) corresponds an equiva-
lence class of Minkowski tensors. Indeed, redefining

Tµ1...µJ (q)→ T ′µ1...µJ
(q) = Tµ1...µJ (q) + qµiŨµ1... µ̂i...µJ (q), (B.2.26)

where Ũµ1... µ̂i...µJ
(q) are the components of a generic rank-(J − 1, 0) tensor,

the new field T ′(q) is mapped into the same conformal primary tensor field
t(ω⃗) as T (q), by (B.2.15). It will be seen that a gauge redundancy is present
in the spinor case, too.

In summary, in order to map a rank-(J, 0) conformal primary tensor field
t(ω⃗) into a Minkowski tensor one T (q), the components Tµ1...µJ (q) of T (q),
must satisfy the following properties: imposed q2 = 0, they must [74, 120,
148]

1. Respect the transversality condition:

qµkTµ1...µk...µJ = 0, ∀k = 1, . . . , J ;
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2. Have homogeneity degree ∆ with respect to q:

Tµ1...µj (λq) = λ−∆Tµ1...µJ (q), λ ∈ R+, ∆ ∈ R;

3. Be defined modulo tensors of the form

qµiŨµ1...µ̂i...µJ
(q);

4. Manifest, in the exchange of two or more of the indices µ1, . . . µJ ,
the same pattern of symmetries as the components ta1...aj have in the
exchange of their indices.

Suppose, now, to want to construct the tensor two point conformal cor-
relation function Ga1...aj ;b1...bj

(ω⃗1, ω⃗2) between two rank-(J, 0) conformal pri-
mary tensor fields t(ω⃗1) and t(ω⃗2), of conformal weight ∆1 and ∆2, respec-
tively. Let ta1...aJ (ω⃗1) and tb1...bJ

(ω⃗2) be the components of t(ω⃗1) and t(ω⃗2).
In formulae,

Ga1...aJ ;b1...bJ
(ω⃗1, ω⃗2) =

〈
ta1...aJ (ω⃗1) tb1...bJ

(ω⃗2)
〉

(B.2.27)

Analogously to the scalar case, one can calculate the correlation func-
tion (B.2.27) by means of the embedding formalism. Specifically, one can
compute, first, the up-lifted tensor two point correlation function

Gµ1...µj ;ν1...νj

(
q(ω⃗1), q(ω⃗2)

)
=
〈
Tµ1...µJ

(
q(ω⃗1)

)
Tν1...νJ

(
q(ω⃗2)

)〉
, (B.2.28)

where Tµ1...µJ

(
q(ω⃗1)

)
and Tν1...νJ

(
q(ω⃗2)

)
are the components of the up-lifted

tensors associated to t(ω⃗1) and t(ω⃗2), respectively. Once the up-lifted tensor
correlation function (B.2.28) has been calculated, one has to project the
result onto the Poincaré section by means of (B.0.2).

Calculating the tensor correlation function in (B.2.28) by relativistic
considerations is more difficult than in the scalar case. It turns out to be
helpful to use the so-called free index formalism, by means of which it is
possible to express all the tensor quantities discussed so far in terms of
scalar polynomials, which are simpler to treat.

Obviously, all the considerations made in this section for the rank-(J, 0)
tensors can be immediately generalized to the rank-(m,n) tensors, with
m+ n = J , by means of the well-known isomorphism between T

(J,0)
q R1,d+1

and T
(m,n)
q R1,d+1, established via the metric tensor η.

B.3 Free Index Formalism for Up-lifted Tensor Fields

In the formalism that will be developed in this section, will be considered
only rank-(J, 0) totally-symmetric and traceless tensor fields. This limita-
tion, after all, does not affect the generality of the method; in fact, the
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covariant and irreducible conformal primary tensor fields of spin J are to-
tally symmetric and traceless [75]. Moreover, the correspondence (B.2.15)
maps the components of a conformal tensor field t(ω⃗), which is traceless and
totally symmetric, into a transverse tensor field T (q), that is also traceless
and totally symmetric. This can be seen considering the properties 1 and 4
of the summarising list above, and then noting that, in the Poincaré section,

Kµiµk = δaiak
∂qµi

∂ωai

∂qµk

∂ωak
= ηµiµk + qµi q̄µk + qµk q̄µi , (B.3.1)

where
q̄ =

(
0, 2, 0⃗

)T
, (B.3.2)

as can be verified by substituting [75]

∂qµi

∂ωai
=
[(

0, 2ω⃗ T ,1

)T ]µi

ai

. (B.3.3)

Therefore, for a transverse tensor field, one finds

KµiµkTµ1...µi...µk...µJ (q) = ηµiµkTµ1...µi...µk...µJ (q), ∀ i,k = 1, . . . , J,
i ̸= k.

(B.3.4)
Then, contracting any two indices in (B.2.20), it follows that

δaiaj ta1...ai...ak...aJ (ω⃗) =

= ∂qµ1

∂ωa1
· · · ∂̂q

µi

∂ωai
· · · ∂̂q

µk

∂ωak
· · · ∂q

µJ

∂ωaJ
KµiµkTµ1...µi...µk...µJ (q)

= ∂qµ1

∂ωa1
· · · ∂̂q

µi

∂ωai
· · · ∂̂q

µk

∂ωak
· · · ∂q

µJ

∂ωaJ
ηµiµkTµ1...µi...µk...µJ (q), (B.3.5)

where the hatted ratios are missing. Eq. (B.3.5) states what was mentioned
above: ta1...aJ is traceless if and only if Tµ1...µJ is.

Now, consider a totally symmetric tensor field T (q), which, pointwise,
is an element of the covariant symmetric algebra T •q C+. As well-known,
the covariant symmetric algebra T •q C+ is isomorphic to the polynomial ring
K[Z], where Z is the variable of the polynomials. In particular, contracting
T (q) J times with a constant vector field Z with components Zµ, one can
realize the mentioned isomorphism

i : T (q) 7−→ T [Z, . . . , Z︸ ︷︷ ︸
J−times

](q) = Tµ1...µJ (q)Zµ1 · · ·ZµJ ≡ T (q;Z) ∈ Kq[Z].

(B.3.6)
To encode the traceless information in the polynomial T (q;Z), note that
a traceless tensor T (q) is mapped into an harmonic polynomial, by the
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isomorphism (B.3.6). Indeed, T (q;Z) cannot admit powers of Zµi greater
than 1 for all µi = 1, . . . , J , since the contraction of any couple of indices
vanishes because of the tracelessness condition.

Thus, it is possible to state the following theorem [151]:

Theorem B.3.1. Let p(Z) be a polynomial of a certain degree d in the Z.
Then, p(Z) can be uniquely decomposed as

p(Z) = p0(Z) + Z2p1(Z), (B.3.7)

where p0(Z) is harmonic.

Theorem B.3.1 implies that it is possible to encode the traceless informa-
tion by restricting the image of the map (B.3.6) to the submanifold Z2 = 0.
In particular, there exists a one-to-one correspondence between

Tµ1...µj (q)↔ T (q;Z)|Z2=0, (B.3.8)

where Tµ1...µJ (q) are the components of a traceless, totally-symmetric, co-
variant tensor field T (q):

ηµiµkTµ1...µi...µk...µj = 0, ∀i, k = 1, . . . , J ; i ̸= k. (B.3.9)

Moreover, from Theorem B.3.1, it follows also that every polynomial
U(q;Z), associated to a totally symmetric covariant tensor U(q), can be
uniquely decomposed as

U(q;Z) = T (q;Z) +O(z2), (B.3.10)

where T (q;Z) is an element of Kq[Z]|Z2=0. Therefore, starting from a totally
symmetric covariant tensor U(q), one can always find, first, the polynomial
U(q;Z) via (B.3.6) and then obtain the harmonic polynomial T (q;Z), which
holds the “physical interest”, by dropping terms proportional to Z2.

To recover the tensor fields T (q) from the associated polynomial T (q;Z),
it is possible to use the (flat) Thomas operator [74, 148, 152]

Dµ =
(
d− 2

2 + Z · ∂
∂Z

)
∂

∂Zµ
− 1

2Z
µ ∂2

∂Z · ∂Z
, (B.3.11)

which is a conformally invariant, second-order differential operator. It sat-
isfies

DµD
µ = 0, (B.3.12)

and, in the flat case [78],
[Dµ, Dν ] = 0. (B.3.13)
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The properties (B.3.12) and (B.3.13) suggest that one constructs the right
tensor by applying J times the Thomas operator. In fact,

Dµ1 · · ·DµJT (q;Z), (B.3.14)

is totally symmetric and traceless. In particular, acting with D on the
harmonic polynomial T (q;Z), one finds

DµT (q;Z) ≡
(
d− 2

2 + Z · ∂
∂Z

)
∂

∂Zµ
T (q;Z), (B.3.15)

since T (q;Z) is harmonic. Moreover(
d− 2

2 + Z · ∂
∂Z

)
∂

∂Zµ
T (q;Z) =

=
(
d− 2

2 + Z · ∂
∂Z

)
∂

∂Zµ
Tµ1...µJ (q)Zµ1 . . . ZµJ

=
(
d− 2

2 + Z · ∂
∂Z

) J∑
i=1

Tµ1...µi...µJ (q)δµi
µ Z

µ1 . . . Ẑµi . . . ZµJ

= J

(
d− 2

2 + Z · ∂
∂Z

)
Tµµ2...µJZ

µ2 . . . ZµJ

= J

(
d− 2

2 + J − 1
)
Tµµ2...µJ (q)Zµ2 . . . ZµJ , (B.3.16)

where the symmetry properties of Tµ1...µJ (q) and

Zν
∂

∂Zν
Zµ2 · · ·ZµJ =

J∑
r=2

Zνδµr
ν Z

µ2 · · ·ZµJ = (J − 1)Zµ2 · · ·ZµJ , (B.3.17)

have been used. Iterating the method, one finds

Dµ1 · · ·DµJT (q;Z) = J !
(
d− 2

2 + J − 1
)
· · ·
(
d− 2

2

)
Tµ1...µJ (q)

= J !
(
d− 2

2

)
J
Tµ1...µJ (q), (B.3.18)

where
(
d−2

2

)
J

is the Pochhammer symbol of d−2
2 , defined as

(a)J = Γ(a+ J)
Γ(a) , a, J ∈ R. (B.3.19)

Therefore,
Tµ1...µJ (q) = 1

J !
(
d−2

2

)
J

Dµ1 · · ·DµJT (q;Z). (B.3.20)
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Moreover, if one considers the polynomial field U(q;Z) ∈ Kq [Z] associ-
ated to the totally symmetric covariant tensor field U(q), with components
Uµ1...µJ (q), one finds

Dµ1 · · ·DµJU(q;Z) = Dµ1 · · ·DµJ

(
T (q;Z) +O(z2)

)
, (B.3.21)

where Theorem B.3.1 has been used. Another property of the Thomas
operator D is the following: given a function h(Z), such that h(Z) = O(Z2),
then

Dµh(Z2) = O(Z2). (B.3.22)

Therefore, inserting (B.3.22) and (B.3.20) in (B.3.21), it is possible to write
down

1
J !
(
d−2

2

)
J

Dµ1 · · ·DµJU(q;Z) = Tµ1...µJ +O(Z2). (B.3.23)

Hence, once again, it is possible to recover the quantities of physical interest
by dropping the Z2-terms.

Next, one has to encode the transversality condition (B.2.11). From
(B.3.20) it follows that it is possible to encode the transversality condition
by imposing

qµDµ = 0⇔

q
µ ∂

∂Zµ
T (q;Z) = 0,

qµZµ = 0.
(B.3.24)

The second condition in (B.3.24) imposes to restrict, further, the correspon-
dence (B.3.6) to the submanifold{

Z2 = 0,
q · Z = 0.

(B.3.25)

Hence, to a transverse, traceless and totally symmetric covariant tensor field
T (q) corresponds a unique polynomial T (q;Z) on the submanifold defined
by (B.3.25). Specifically [75],

T (q)↔ T (q;Z)|Z2=0, q·Z=0, (B.3.26)

is a one-to-one correspondence up to terms of pure gauge like those in
(B.2.21).

Further, the first condition in (B.3.24) can be rewritten as

T (q;Z) = T (q;Z + αq), ∀α ∈ R. (B.3.27)
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Indeed, expanding around α = 0, one has

T (q;Z + αq) = T (q;Z) +
+∞∑
n=0

αn

n!

(
q · ∂

∂Z
T (q;Z)

)n
= T (q;Z)

⇔ q · ∂
∂Z

T (q;Z) = 0.
(B.3.28)

Obviously, this relation is valid modulo q2 terms.

Summarising, given a transverse, totally symmetric and covariant tensor
field T (q), q ∈ C+, of rank (J,0) and such that T (qλ) = λ−∆T (q), it is pos-
sible to associate to T (q) a polynomial field T (q;Z) satisfying the following
properties [75]:

1. T (q;Z) is defined on the submanifold{
Z2 = 0,

q · Z = 0;

2. T (q;Z) is such that

T (q;Z) = T (q;Z + αq),

for all α ∈ R, modulo q2 = 0 terms;

3. T (q;Z) has homogeneity degree equal to ∆ with respect to q, and
equal to J with respect to Z. In formulae:

T (λq;µZ) = λ−∆µJT (q;Z), λ, µ ∈ R+.

Now, consider two covariant, traceless and totally symmetric fields T (q1)
and T (q2) of homogeneity degree ∆, both in q1 and in q2. In the free index
formalism, the two-point correlation function between T (q1) and T (q2) is
the two point polynomial field

G(q1, q2;Z1, Z2) = Gµ1...µJ ;ν1...νJZ
µ1
1 · · ·Z

µJ
1 Zν1

2 · · ·Z
νJ
2 , (B.3.29)

satisfying the following property:

G(λ1q1, λ2q2; η1Z1 + α1q1, η2Z2 + α2q2)
= (λ1λ2)−∆ (η1η2)J G(∆)(q1, q2;Z1, Z2),

(B.3.30)

where αi,∈ R and ηi, λi ∈ R+, with i = 1, 2. Eq. (B.3.30) resumes all the
properties discussed above. As a consequence of the discussion so far, in the
construction of G(q1, q2;Z1, Z2), one has to drop all the terms in q2

i , Z
2
i and

qi · Zi, with i = 1, 2.
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Hence, in order to determine the shape of G(q1, q2;Z1, Z2), one can use
nothing else than the tensor [75]

Ciµν = Ziµqiν − Ziνqiµ, (B.3.31)

where the minus sign will be justified below. If one contracts Ciµν with itself,
with i fixed, one then finds only terms that must be dropped. Therefore,
considering the contraction between C1µν and C2µν ; this gives the scalar

H12 = −C1 · C2 = −2 [(Z1 · Z2) (q1 · q2)− (Z1 · q2) (Z2 · q1)] , (B.3.32)

which has homogeneity degree equal to 1 with respect to Z1, Z2, q1 and q2.
It is possible to note that in (B.3.32) the minus sign is essential to ensure
the invariance of H12 with respect to

Zi 7−→ Zi + αiqi, (B.3.33)

as required. Moreover, it is possible to check that [75]

(C1C2C1)µν = −1
2 (C1 · C2)C1µν , (B.3.34)

from which one can assert that iterated contractions of C1 and C2 reduce to
functions of C1 ·C2. Hence, there are no other independent scalar besides the
ones present in C1·C2. Finally, since G(q1, q2;Z1, Z2) must have homogeneity
degrees J and ∆ in the variables Zi and qi, respectively, it follows that the
two-point correlation function must be of the form [75]

G(q1, q2;Z1, Z2) = c
H∆+J

12
(−2q1 · q2)J

, (B.3.35)

where c is a constant. From G(q1, q2;Z1, Z2) it is possible to recover the
tensorial two point correlation function Gµ1...µJ ;ν1...νJ (q1, q2) by applying J-
times Dµ(Z1) and Dν(Z2).

Finally, it is possible to compute the-two point conformal correlation
function Ga1...aJ ;b1...bJ

(ω⃗1, ω⃗2) in (B.2.27), by inserting the ω⃗-dependence
into qi and projecting Gµ1...µJ ;ν1...νJ (q1, q2) onto the Poincaré section via the
correspondence (B.2.20).

The construction described so far can result cumbersome for high spin
tensorial field, but it is analytically well-defined. Henceforth, the aim is to
generalize the method exposed for tensorial field defined on the null-cone C.
The main purpose is to compute the general form of the so-called tensorial
bulk-to-boundary propagators, which are kinds of two point tensorial cor-
relation functions that correlate a tensorial field defined on the null-cone C
with one taking values on the hyperboloid Hd+1.
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Bulk-to-boundary propagator construction: Consider the (d + 1)-
dimensional hyperboloid Hd+1 defined by the embedding relation

p̂2 = −1, p̂ ∈ R1,d+1 (B.3.36)

Consider, then, a covariant tensor field H(p̂) which pointwise belongs to
T

(J,0)
p̂ R1,d+1. Let Hµ1...µJ (p̂) be the components of H(p̂); the purpose is

to project the tensor field H(p̂) onto T (J,0)
p̂ Hd+1, as already done so far in

projecting Minkowski tensors onto the future null-cone C+. The technique is
very similar: it is possible to define Hd+1 by means of the function g(p̂) = p̂2;
precisely

Hd+1 = g−1(−1), (B.3.37)
where g−1 is the preimage of the function g. Therefore, using the same
method already exposed in the previous section for the null-cone C, (B.3.37)
allows to write the following transverality condition for the covariant tensor
field H(p̂):

p̂µiHµ1...µi...µJ = 0, ∀ i = 1, . . . , d. (B.3.38)
A tensor field that respects the transversality condition (B.3.38) is said to
be transverse to Hd+1. Hence, it is possible to assert that the covariant
tensor field H(p̂) valued at p̂ ∈ Hd+1 belongs to T (J,0)

p̂ Hd+1 if and only if its
components satisfy the condition (B.3.38).

Eq. (B.3.38) is essentially equivalent to (B.2.11), but there is a major
difference in their implications: because p̂2 = −1, rather than zero as hap-
pens for q ∈ C, the fields the components of which are proportional to p̂,
such as

Iµ1...µJ = p̂µi Ĩµ1...µ̂i...µJ
, i = 1 . . . , d, (B.3.39)

where the index µ̂i is missing, cannot belong to T (J,0)
p̂ Hd+1, since they are

not transverse.

Now, consider H(p̂) to be totally-symmetric and traceless. Then, by us-
ing the free index notation, it is possible to associate to H(p̂) the polynomial
field

H(p̂;W ) = Hµ1...µJW
µ1 · · ·WµJ . (B.3.40)

Next, to encode the tracelessness condition, one requires, again, that the
polarization vector W must be such that W 2 = 0. Finally, to encode the
transversality condition one imposes p̂ ·W = 0, as before.

To recover the original tensorial field H(p̂) from its associated polyno-
mial, it is necessary to construct a differential operator K, which is the
bulk counter part of the Thomas operator D defined in (B.3.11). Therefore,
the aim is to construct K in such a way that it is possible to recover the
components of the tensorial field H(p̂) by applying K J-times:

Hµ1...µJ = cKµ1 · · ·KµJH(p̂;W ), (B.3.41)
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where c is a constant. In order to guarantee the right properties to the
components of the tensor field H(p̂), obtained by (B.3.41), the operator K
must be

• traceless:
KµKµ = 0; (B.3.42)

• symmetric:
KµKν = KνKµ; (B.3.43)

• transverse
p̂µKµ = 0. (B.3.44)

Imposing the above constraints, the differential operator K can be con-
structed as follows [75]:

Kµ = d− 1
2

[
∂

∂Wµ
+ p̂µ

(
p̂ · ∂

∂W

)]
+
(
W · ∂

∂W

)
∂

∂Wµ
+ p̂µ

(
W

∂

∂W

)(
p̂ · ∂

∂W

)
− 1

2Wµ

[
∂2

∂W · ∂W
+
(
p̂ · ∂

∂W

)(
p̂ · ∂

∂W

)]
. (B.3.45)

Since the polynomial associated to a traceless field is harmonic, the action
of K on H(p̂;W ) reduces to

KµH(p̂,W ) = d− 1
2

[
∂

∂Wµ
+ p̂µ

(
p̂ · ∂

∂W

)]
+

+
(
W · ∂

∂W

)
∂

∂Wµ
H(p̂,W ). (B.3.46)

Moreover, the term

p̂µ

(
p̂ · ∂

∂W

)
H(p̂;W ) = (J − 1)p̂µp̂νHνµ2...µJW

µ2 · · ·WµJ , (B.3.47)

vanishes because of the transversality condition (B.3.38).
Therefore, the action of Kµ on H(p̂) becomes

KµH(p̂;W ) =
(
d− 1

2 +W · ∂

∂W

)
∂

∂Wµ
H(p̂;W ), (B.3.48)

from which one finds

Hµ1...µJ (p̂) = 1
J !(d−1

2 )J
Kµ1 · · ·KµJH(p̂;W ), (B.3.49)

similar to (B.3.20).
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Finally, consider a covariant, totally-symmetric and traceless conformal
primary tensor field t(ω⃗), with ω⃗ ∈ Rd, of conformal weight ∆. Let tai...aJ (ω⃗)
be the components of t(ω⃗); then, let H(p̂) be the totally-symmetric and
traceless covariant tensor field of above, with components Hµ1...µJ (p̂). The
bulk-to-boundary propagator Πa1...aJ ;µ1...µJ (p̂; ω⃗), between the fields t(ω⃗)
and H(p̂), is defined as the tensor two-point function

Πa1...aJ ;µ1...µJ (p̂; ω⃗) = ⟨Hµ1...µJ (p̂)tai...aJ (ω⃗)⟩. (B.3.50)

As in the previous section, to find the bulk-to-boundary propagator in
(B.3.50), it is possible to compute, first, the associated up-lifted bulk-to-
boundary propagator

Πν1...νJ ;µ1...µJ (p̂; q(ω⃗)) =
〈
Hµ1...µJ (p̂)Tνi...νJ

(
q(ω⃗)

)〉
, (B.3.51)

where Tν1...νJ

(
q(ω⃗)

)
are the components of the up-lifted tensor field, of homo-

geneity degree ∆, associated to t(ω⃗) by the correspondence (B.2.15). The
form of the bulk-to-boundary propagator (B.3.51) can be determined ex-
ploiting the free index formalism. In fact, one can map Πν1...νJ ;µ1...µJ (p̂; q(ω⃗))
to a polynomial field by means of the polarization vectors Z and W :

Π∆,J(p̂, q(ω⃗);W,Z) =
〈
H(p̂;W )T

(
q(ω⃗;Z)

)〉
. (B.3.52)

In particular, summarising the whole discussion made so far, one has to im-
pose that the polynomial field Π∆,J(p̂; q(ω⃗)) respects the following property:

Π∆,J(p̂;αq(ω⃗);βZ + λq(ω⃗),W ) = λ−∆βJΠ∆,J(p̂; q(ω⃗);Z,W ), (B.3.53)

while the polarization vectors must be such that

W 2 = Z2 = 0,
p̂ ·W = q(ω⃗) · Z = 0.

(B.3.54)

By an argument similar to the one made for the two point correlation func-
tion in the free index notation, it is possible to assert that the spin J free
index bulk-to-boundary propagator has the general form [75]

Π∆,J(p̂; q(ω⃗);Z,W ) = c

(
− 2

(
p̂ · Z

)(
q(ω⃗) ·W

)
+ 2

(
p̂ · q(ω⃗)

)(
Z ·W

))J
(
− 2p̂ · q(ω⃗)

)∆+J

(B.3.55)
From (B.3.55), it is possible to recover the up-lifted bulk-to-boundary prop-
agator in (B.3.51) by applying J times the operators Kµ(W ) and Dµ(Z)
to Π∆,J(p̂; q(ω⃗);Z,W ). Finally, one finds the bulk-to-boundary propagator
Π(∆) ν1...νJ ;µ1...µJ

(p̂; q(ω⃗)) defined in (B.3.50) by projecting the result onto
the Poincaré section via (B.2.20).
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B.4 Embedding Formalism for Spinors

In this subsection the embedding formalism for conformal spinors will be
developed. The treatment will mainly follow [152].

Let ψ(ω⃗), with ω⃗ ∈ Rd, be a k-dimensional conformal primary spinor
and Ψ(q), q ∈ C+, be a Minkowski one, which satisfies the homogeneity
condition

Ψ(λq) = λ−∆− 1
2 Ψ(q), λ ∈ R+. (B.4.1)

The choice −∆ − 1
2 will be justified below. Then, consider the gamma

matrices γa ∈ Cℓd(γ, δ) and Γµ ∈ Cℓd+2(Γ, η) represented as in (A.3.16).
The purpose is to find a correspondence between the conformal primary

spinor ψ(ω⃗) and Ψ(q).
To do so, it should be noticed that the representation (A.3.16) of the

Clifford algebra Cℓd+2(Γ, η) suggests to decompose Ψ(q) into the direct sum
of two k-dimensional spinors belonging to an irreducible representation of
Cℓd(γ, δ). Specifically, it is possible to write

Ψ(q) =
(

Ψ+(q)
Ψ−(q)

)
. (B.4.2)

Hence, by the embedding relation (2.3.8), it is possible to associate to Ψ±(q),
respectively, two SO(d) spinors, namely ψ±(ω⃗), taking values on Rd. Ex-
plicitly,

ψ±(ω⃗) = (q+)∆+ 1
2 Ψ±

(
q(ω⃗)

)
. (B.4.3)

The factor (q+)∆+ 1
2 is necessary to guarantee the homogeneity condition

(B.4.1) to be fulfilled by Ψ±
(
q(ω⃗)

)
and hence by Ψ

(
q(ω⃗)

)
, as well. Indeed,

since ω⃗ does not depend on λ, by sending q 7−→ λq, one finds

Ψ±
(
λq(ω⃗)

)
= λ−∆− 1

2 (q+)−∆− 1
2ψ(ω⃗) = λ−∆− 1

2 Ψ±
(
q(ω⃗)

)
. (B.4.4)

The two spinors ψ±(ω⃗) are not conformal primary ones yet, but the missing
link is established in the following theorem.

Theorem B.4.1. Let Ψ±(q) be the k-dimensional components of a 2k-
dimensional spinor Ψ(q), as in (B.4.2), which satisfies the homogeneity
condition (B.4.1). If ψ±(ω⃗) are the two k-dimensional spinors defined by
(B.4.3), then the linear combination

ψ(ω⃗) = ψ+(ω⃗)− /ωψ−(ω⃗) (B.4.5)

is a conformal primary spinor of conformal weight ∆ + 1
2 .

Proof. As asserted above, the finite action of SO(1, d+ 1) on conformal pri-
mary spinors is completely determined by computing the transformation
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laws under d-dimensional translations, d-dimensional rotations, dilations
and inversion.

First of all, remember that, as stated by LemmaB.1.1, under the action
of the conformal group SO(1, d+ 1), q(ω⃗) transforms as follows:

qµ(ω⃗ ′) =
∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣
1
d

Λµ νqν(ω⃗), Λ ∈ SO(1, d+ 1). (B.4.6)

Therefore, let S(Λ) be the representative operator of Λ ∈ SO(1, d + 1) in
the space of the 2k-dimensional Minkowski spinors, it follows that

Ψ′
(
q(ω⃗ ′)

)
= Ψ′

(
|J |

1
d Λq(ω⃗)

)
= |J |

−1/2−∆
d Ψ′ (Λq(ω⃗) ) =

∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣
−1/2−∆

d

S(Λ)Ψ (q(ω⃗) ) , (B.4.7)

where (B.4.1) has been used and |J | is the Jacobian determinant (cf.(B.1.8)).
Then,

ψ′±(ω⃗ ′) = (q+)∆+ 1
2 Ψ′±

(
q(ω⃗ ′)

)
=
(
q+
)∆+ 1

2
∣∣∣∣∂ω⃗ ′∂ω⃗

∣∣∣∣
−1/2−∆

d

S±(Λ)Ψ± (q(ω⃗) ) , (B.4.8)

where S±(Λ) is the representative operator of Λ in the k-dimensional space
of Ψ±. Specifically, consider, first, the d-dimensional translation ΛT. The
representative operator S(ΛT) acting on Ψ, is the matrix (A.3.23).

In particular

S (ΛT) Ψ
(
q(ω⃗)

)
=
(

Ψ+
(
q(ω⃗)

)
+ /bΨ−

(
q(ω⃗)

)
Ψ−
(
q(ω⃗)

) )
, (B.4.9)

which means that

S+(Λ)Ψ+
(
q(ω⃗)

)
= Ψ+

(
q(ω⃗)

)
+ /bΨ−

(
q(ω⃗)

)
,

S−(Λ)Ψ−
(
q(ω⃗)

)
= Ψ−

(
q(ω⃗)

)
.

(B.4.10)

Therefore, because for translations |J | = 1, one finds

ψ′(ω⃗ ′) =(q+)∆+ 1
2
[
S+(Λ)Ψ+

(
q(ω⃗)

)
−
(
/ω + /b

) (
S−(Λ)Ψ−

(
q(ω⃗)

))]
=(q+)∆+ 1

2
[
Ψ+
(
q(ω⃗)

)
+ /bΨ−

(
q(ω⃗)

)]
− (q+)∆+ 1

2
[(
/ω + /b

)
Ψ−
(
q(ω⃗)

)]
=(q+)∆+ 1

2
[
Ψ+
(
q(ω⃗)

)
+ /bΨ−

(
q(ω⃗)

)]
− (q+)∆+ 1

2 /ωΨ−
(
q(ω⃗)

)
+ (q+)∆+ 1

2 /bΨ−
(
q(ω⃗)

)
=(q+)∆+ 1

2 Ψ+
(
q(ω⃗)

)
− (q+)∆+ 1

2 /ωΨ−
(
q(ω⃗)

)
= ψ(ω⃗). (B.4.11)
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Under d-dimensional rotations the demonstration is trivial. Indeed, since
Ψ has been decomposed into the direct sum of two SO(d) spinors, it is always
possible to represent the operator S(ΛR) by (A.3.17). Therefore, since once
again |J | = 1,

ψ′(ω⃗ ′) = (q+)∆+ 1
2Sd(ΛR)Ψ+

(
q(ω⃗)

)
− (q+)∆+ 1

2 /ωSd(ΛR)Ψ−
(
q(ω⃗)

)
= Sd(ΛR)ψ(ω⃗), (B.4.12)

exactly as a a conformal primary spinor should transform under d-dimensional
rotations.

Consider, further, a dilation. The representative matrix S(ΛD) is (A.3.20).
Moreover |J | = ec, and

ψ′(ecω⃗) = −(q+)∆+ 1
2 e(− 1

2−∆)cec/2Ψ+
(
q(ω⃗)

)
− (q+)∆+ 1

2 e(− 1
2−∆)c(ec/ω)e−c/2Ψ−

(
q(ω⃗)

)
= (ec)−∆

[
(q+)∆+ 1

2 Ψ+
(
q(ω⃗)

)
− (q+)∆+ 1

2 /ωΨ−
(
q(ω⃗)

)]
= (ec)−∆ ψ(ω⃗). (B.4.13)

Finally, consider the inversion I. The matrix representing the inversion
in the 2k-dimensional Minkowski spinor space is given by (A.3.25). It should
be noticed that S(ΛI) exchanges the spinors Ψ+ and Ψ−:

Ψ+ 7−→ Ψ−,
Ψ− 7−→ Ψ+.

(B.4.14)

For the inversion, the Jacobian is |J | = |ω⃗|−2d, as stated by (B.1.25).
Therefore,

ψ′(ω⃗ ′) = (q+)∆+ 1
2 |ω⃗|1+2∆ Ψ−

(
q(ω⃗)

)
− (q+)∆+ 1

2 |ω⃗|1+2∆ /ω

|ω⃗|2
Ψ+
(
q(ω⃗)

)
= (q+)∆+ 1

2 |ω⃗|1+2∆ |ω⃗|2

|ω⃗|2
Ψ−
(
q(ω⃗)

)
− (q+)∆+ 1

2 |ω⃗|1+2∆ /ω

|ω⃗|2
Ψ+
(
q(ω⃗)

)
= (q+)∆+ 1

2 |ω⃗|2∆ /ω
/ω

|ω⃗|
Ψ−
(
q(ω⃗)

)
− (q+)∆+ 1

2 |ω⃗|2∆ /ω

|ω⃗|
Ψ+
(
q(ω⃗)

)
= − |ω⃗|2∆ /ω

|ω⃗|

[
(q+)∆+ 1

2 Ψ+
(
q(ω⃗)

)
− (q+)∆+ 1

2 /ωΨ−
(
q(ω⃗)

)]
= −|ω⃗|2∆ /ω

|ω⃗|
ψ(ω⃗), (B.4.15)

in agreement with (A.2.29).

152



It is useful to consider the free index formalism to encode what has been
stated so far in a straightforward way.

Given a Minkowski spinor S, the adjoint S̄ of S is defined as

S̄ = S†Γ0, (B.4.16)

while, for an Euclidean spinor,

s̄ = s†. (B.4.17)

Let s̄ be an adjoint Euclidean polarization spinor; then, define the adjoint
Minkowski polarization spinor

S̄
(
q(ω⃗)

)
=
(
−s̄, s̄/ω

)
, (B.4.18)

from which one finds
S =

(
/ωs
s

)
. (B.4.19)

Setting ψ(ω⃗) = ψ+(ω⃗) − /ωψ−(ω⃗) as in (B.4.5) and Ψ(q) as in (B.4.2), by
means of Eq.(B.4.3) it is possible to write down

S̄αΨα(ω⃗) = −(q+)∆+ 1
2
[
s̄α̇ψ

α̇
+(ω⃗)− s̄α̇/ωα̇β̇ψ

β̇
−(ω⃗)

]
, (B.4.20)

where α = 1, . . . , 2k and α̇, β̇ = 1, . . . , k. On the Poincaré section, (B.4.20)
reduces to

Ψ
(
q(ω⃗); S̄

)
≡ S̄αΨα(ω⃗) = −s̄α̇ψα̇+(ω⃗) + s̄α̇/ω

α̇
β̇
ψβ̇−(ω⃗) ≡ −ψ(ω⃗; s̄). (B.4.21)

From ψ(ω⃗; s̄), it is possible to recover the conformal spinor ψ(ω⃗) by simply
deriving with respect to s̄α̇:

∂

∂s̄α̇
ψ(ω⃗; s̄) = ψα̇(ω⃗). (B.4.22)

It is crucial to note that S̄
(
q(ω⃗)

)
is such that

S̄α
(
q(ω⃗)

)
(qµΓµ)αβ = 0, q2 = 0. (B.4.23)

The generic solution of (B.4.23) is

S̄
(
q(ω⃗)

)
= T̄ qµ(ω⃗)Γµ, (B.4.24)

where T̄ is a generic constant spinor. In fact,

S̄α (qµΓµ)αβ = T̄ qµΓµqνΓν = T̄ q2 = 0. (B.4.25)
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Eq. (B.4.23) can be thought of encoding the transversality condition in the
free index spinor formalism. An adjoint spinor S̄, satisfying the transver-
sality condition, and hence of the type (B.4.24), is said to be transverse.
Moreover, the scalars formed by contracting two spinors, such as Ψ

(
q(ω⃗); S̄

)
and ψ(ω⃗; s̄), are called spinor quadratics.

From these considerations, it is possible to recover a general rule: in the
free index embedding formalism, to every conformal spinor quadratic ψ(ω⃗; s̄)
is associated the Minkowski spinor quadratic Ψ

(
q; T̄

)
, which has the form

Ψ(q(ω⃗); T̄ ) = T̄ qM (ω⃗)ΓMΨ
(
q(ω⃗)

)
, (B.4.26)

where Ψ
(
q(ω⃗)

)
satisfies the homogeneity condition (B.4.1). It should be

noted that the correspondence between the quadratics

Ψ
(
q(ω⃗); T̄

)
←→ ψ(ω⃗, s̄) (B.4.27)

is not one-to-one. To see that, send

Ψ 7−→ Ψ′ = Ψ + U = Ψ + qMΓM Ũ , (B.4.28)

where Ũ is a generic constant Minkowski spinor. It is trivial to verify that
the new spinor quadratic Ψ′

(
q(ω⃗); T̄

)
has the same target of Ψ

(
q(ω⃗); T̄

)
, by

means of (B.4.27). This happens because the spinor quadratic U
(
q(ω⃗); T̄

)
is the null-quadratic:

U
(
q(ω⃗); T̄

)
= T̄ qNΓNqMΓM Ũ = q2T̄ Ũ = 0, ∀ T̄ , Ũ . (B.4.29)

The spinors proportional to qMΓM , like U , are said to be of pure gauge, and
provide the kernel of the map

Ψ(q) 7−→ Ψ(q, S̄) = S̄αΨα, (B.4.30)

where S̄ is the transverse adjoint spinor (B.4.24). Hence, to the conformal
spinor ψ(ω⃗) corresponds the equivalence class of Minkowski spinors

[Ψ] =
{

Ψ′ : Ψ′ = Ψ + U, U = qMΓM Ũ
}
, (B.4.31)

where Ũ is a generic Minkowski spinor.
With these notions in mind it is possible to construct the two-point cor-

relation function and the bulk-to-boundary propagator in the spinor case.

B.5 Two-point Correlation Function and Bulk-to-
boundary Propagator Construction

The construction of the two-point correlation function in the spinor free
index embedding formalism is quite similar to the scalar case. This time,
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given two embedded quadratics Ψ(q1; S̄1) and Ψ(q2; S̄2), where Ψ(q1) and
Ψ(q2) are spinors of homogeneity degree ∆+1

2 , while S1 and S2 are transverse
spinors, the free index two-point correlation function will be a two-point
scalar field S∆

(
q1, q2;S1, S2

)
with the following properties:

S∆
(
λ1q1, λ2q2;α1S̄1 + β1U1, α2S2 + β2U2

)
=

= (λ1λ2)−∆− 1
2 α1α2S∆

(
q1, q2;S1, S2

)
,

(B.5.1)

where λk, αk, βk ∈ R+, with k = 1, 2, and q2
1 = q2

2 = 0. The only indepen-
dent scalar quantities that can be constructed are

C12 = q1 · q2, S12 = (S̄1)α(S2)α. (B.5.2)

In fact, any other spin quadratic that can be constructed is of the form

⟨S̄1 · · ·S2⟩ ≡ (S̄1)αΓαβ(q1, q2)(S2)β, (B.5.3)

where Γαβ(q1, q2) can be only a function of q1 and q2. It is immediate to
demonstrate that every scalar spin quadratic of the type (B.5.3) vanishes.
Indeed, the generic function Γαβ(q1, q2) must be constructed only with the
following objects: the gamma matrices ΓM and the null-vectors q1 and q2.
The generic form of Γαβ(q1, q2) must be

Γαβ(q1, q2) = qM1
1 ΓM1 · · · q

Mm
1 ΓMmq

N1
2 ΓN1 · · · q

Nn
2 ΓNn , n,m ∈ N. (B.5.4)

Then, the constraints q2
1 = q2

2 = 0 impose n = m = 1, while the transversal-
ity condition (B.4.23) implies

⟨S̄1 · · ·S2⟩ ≡ (S̄1)αΓαβ(q1, q2)(S2)β

= ⟨S̄1 · · ·S2⟩ ≡ (S̄1)α
(
qM1 ΓM

)α
γ

(
qN2 ΓN

)γ
β

(S2)β = 0. (B.5.5)

Therefore, the generic form of the two point correlation function must be

S∆(q1, q2; S̄1, S2) = G∆(C12)S12. (B.5.6)

Imposing that G∆(C12) must have the right homogeneity degree, one finds

S∆(q1, q2; S̄1, S2) = c
S12(

− 2q1 · q2
)∆+ 1

2
, (B.5.7)

where c is a generic constant.
Next, one has to project S∆(q1, q2; S̄1, S2) onto the Poincaré section by

means of (B.0.2), and then to substitute

S̄1 =
(
s̄1, −s̄1/ω1

)
, (B.5.8)
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and
S2 =

(
/ω2s2
s2

)
, (B.5.9)

to compute the two-point correlation function between two spinor conformal
primary fields ψ(ω⃗1) and ψ(ω⃗2). It follows that

S∆
(
ω⃗1, ω⃗2; s̄1, s2

)
= c

s̄1
(
/ω1 − /ω2

)
s2(

|ω1 − ω2|2
)∆+ 1

2
. (B.5.10)

Finally, dropping s̄1 and s2, one finds the spinor two-point conformal pri-
mary correlation function

S∆(ω⃗1, ω⃗2) = ⟨ψ̄(ω⃗1)ψ(ω⃗2)⟩ = c
/ω1 − /ω2(

|ω1 − ω2|2
)∆+ 1

2
. (B.5.11)

Bulk-to-boundary propagator construction: Consider a point p̂ ∈
Hd+1 ⊂ R1,d+1, which means p̂2 = −1. Let Ψ(p̂) a Minkowski spinor defined
on Hd+1 and ψ(ω⃗) a conformal spinor defined on Rd. Then, let Ψ

(
q(ω⃗)

)
an

up-lifted spinor associated to ψ(ω⃗). The aim is to construct the up-lifted
bulk-to-boundary propagator

S∆
(
p̂, q(ω⃗)

)
= c ⟨Ψ(p̂)Ψ̄

(
q(ω⃗)

)
⟩. (B.5.12)

To achieve this purpose, some generalizations are needed; indeed, the transver-
sality condition must be changed, as suggested by Weinberg in [150].

Hence, consider an adjoint polarization spinor S̄ and construct the spinor
quadratic

Ψ(p̂;S) = S̄αΨα(p̂). (B.5.13)
Trying naively to impose the transversality condition (B.4.23) on S̄, a prob-
lem immediately emerges: the equation

S̄p̂MΓM = 0, (B.5.14)

admits only the trivial solution. Indeed, setting

S̄ =
(
S̄+, S̄−

)
, (B.5.15)

where S̄± must be seen as k-dimensional variables, and considering the k-
dimensional block determinant

det
k

(
p̂µΓµ

)
= det

k

(
p̂aγa −p̂−
p̂+ −p̂aγa

)
, (B.5.16)

one finds

det
k

(
p̂aγa −p̂−
p̂+ −p̂aγa

)
= p̂+p̂− − p̂ap̂bγaγb = −p̂2 ̸= 0, (B.5.17)
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which means that the homogeneous system{
S̄+p̂

aγa − S̄−p̂− = 0,
S̄+p̂

+ − S̄−p̂aγa = 0,
(B.5.18)

admits only the trivial solution. The natural generalization of (B.5.14) fol-
lows by an analogy with the vectorial case treated above (cf. (B.2.8)). There,
given a vector V , it has been imposed

qµVµ = 0; (B.5.19)

analogously, the transversality condition (B.4.23) can be seen in the follow-
ing way. Given a Minkowski spinor Ψ(q) defined on the future null-cone C+,
it is possible to construct the SO(1, d+ 1) vector

Ψ(q) −→ Ψ̄(q)ΓµΨ(q). (B.5.20)

Indeed, sending q 7−→ Λq, Λ ∈ SO(1, d+ 1), one finds

Ψ̄(Λq)ΓµΨ(Λq) = Ψ̄(q)S−1(Λ)ΓµS(Λ)Ψ(q) = Λµ νΨ̄(q)ΓνΨ(q). (B.5.21)

Therefore, according to (B.5.19), the vector Ψ̄(q)ΓµΨ(q) must satisfy

qµΨ̄(q)ΓµΨ(q) = 0, (B.5.22)

to be transverse. Moreover, in the free index formalism, one maps

Ψ(q) 7−→ S̄αΨα(q), (B.5.23)

or, equivalently,
Ψ̄(q) 7−→ Ψ̄α(q)Sα. (B.5.24)

Hence, following the analogy with the vectorial case, here construct the
polarization vector S̄ΓνS and impose the transversality condition

S̄qµΓµS = 0⇐⇒ S̄qµΓµ = 0. (B.5.25)

In this way (B.4.23) has been recovered.
In order to generalize (B.4.23), one can try to add a suitable vector to

(B.5.25), in such a way as to make the k-dimensional block determinant
(B.5.17) vanish.

It is possible to note that, given any constant matrix M , the object
Ψ̄(q)p̂µMΨ(q) is a vector if and only if

[M,S(Λ)] = 0, ∀Λ ∈ SO(1, d+ 1). (B.5.26)

This imposes M = α1, with α ∈ R, apart from the alternative M = Γ, with
Γ = iΓ0 . . .Γd+1, which reduces to the first choice in odd dimensions.
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Hence, impose
S̄p̂µ (p̂µα+ Γµ) = 0, (B.5.27)

which, in light-cone coordinates, reads

det
k

(
−α+ p̂aγa −p̂−

p̂+ −α− p̂aγa

)
=

= p̂+p̂− + (α− p̂aγa)
(
α+ p̂bγb

)
= (α2 + 1) = 0 ⇐⇒ α = ±i. (B.5.28)

Then, the new transversality condition is

S̄ (∓i+ p̂µΓµ) = 0, (B.5.29)

or, equivalently
S̄ (1± ip̂µΓµ) = 0. (B.5.30)

Defining
Π±(p̂) = 1

2 (1± ip̂µΓµ) , (B.5.31)

it is possible to rewrite
S̄Π±(p̂) = 0. (B.5.32)

It is trivial to demonstrate that

Π±(p̂)Π∓(p̂) = 0; (B.5.33)

indeed,
(1± ip̂µΓµ) (1∓ ip̂µΓµ) =

(
1 + p̂2

)
= 0. (B.5.34)

Therefore, using the (B.5.33) it is possible to assert that the general solution
of the transversality condition (B.5.32) is

S̄ = T̄Π∓(p̂). (B.5.35)

One can also note that the new term added in the transversality condition
(B.5.27) vanishes for q ∈ C, and one recovers the former transversality con-
dition (B.4.23). In this sense, a natural generalization of the (B.4.23) has
be found .

Finally, one has all the elements to construct the bulk-to-boundary prop-
agator (B.5.12). Compute the bulk-to-boundary propagator in the free index
formalism, first.

Let T (p̂) and S(q) be the Minkowski polarization spinors of the up-
lifted spinors Ψ(p̂) and Φ(q), respectively. The bulk-to-boundary propagator
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in the free index notation is a scalar, namely S∆
(
p̂, q;T (p̂), S(q)

)
, which

satisfies the property

S∆
(
p̂, λq;T (p̂), αS(q) + βU

)
= λ−∆− 1

2αS∆
(
p̂, q;T (p̂), S(q)

)
, (B.5.36)

where λ, α ∈ R+ and U is a pure gauge spinor. The general form of
S∆
(
p̂, q; T̄ (p̂), S(q)

)
can be found as in the case of the two-point correlation

function. In particular, the generic form of the bulk-to-boundary propagator
in the free index formalism is

S∆
(
p̂, q; T̄ (p̂), S(q)

)
= c

T̄αS
α(

− 2q · p̂
)∆+ 1

2
, (B.5.37)

where c is a constant. Therefore, substituting the explicit form of the po-
larization vectors, it follows that

S±∆
(
p̂, q(ω⃗); V̄ , S

(
q(ω⃗)

))
= c

(
V̄Π±(p̂)

)
α

(
/ωs
s

)α
(
− 2q(ω⃗) · p̂

)∆+ 1
2

. (B.5.38)

Finally, dropping the polarization spinors V and s, one finds the bulk-to-
boundary propagators

S±∆
(
p̂, q(ω⃗)

)
= c

Π±(p̂)
(
/ω
1

)
(
− 2q(ω⃗) · p̂

)∆+ 1
2
. (B.5.39)
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Appendix C

Analytical Continuation and
Wick Rotations

C.1 Closed Expressions of the Conformal Primary
Wavefunctions

In this Appendix we will first evaluate the integral

φ+
∆(X; q+) = N∆

Γ(∆− d
2)

(
m

2π

)d/2 ∫
H+

d+1

[dp̂]KAdS
∆ (p̂; q+) e+mp̂·X , X ∈ A+,

(C.1.1)

where q+ ∈ C+
P and

N∆ = π−
1
2 Γ

(
∆− d

2 + 1
)
. (C.1.2)

This integral is convergent for X ∈ A+ and is the starting point to define
the analytic continuation of the conformal primary wavefunctions over all
Minkowski space-time.

To evaluate the above integral, we apply Schwinger representation for
the normalised EAdS bulk-boundary propagator (4.2.3):

KAdS
∆ (p̂; q+) = CAdS

∆
Γ(∆)

∫ ∞
0

dt

t
t∆e2tp̂·q+ , CAdS

∆ = Γ(∆)
2π d

2 Γ
(
∆− d

2 + 1
) .

(C.1.3)

Plugging into (C.1.1) gives

φ+
∆(X; q+) = N∆

Γ(∆− d
2)

(
m

2π

)d/2 CAdS
∆

Γ(∆)

∫
H+

d+1

[dp̂]
∫ ∞

0

dt

t
t∆ e2 p̂·T , (C.1.4)
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where, in the hyperbolic slicing X = RX̂AdS, we introduced the future-
pointed time-like vector

T = tq+ + 1
2mRX̂AdS, (C.1.5)

which, in a proper reference frame, can be rewritten in the form

T = |T |(1, 1, 0⃗), |T | =
√
−T 2. (C.1.6)

The integral over H+
d+1 can then be evaluated by employing the parameter-

isation:

p̂ = 1
y0

(
1, y2

0 + |x⃗|2, x⃗
)

x ∈ Rd, y0 ≥ 0, (C.1.7)

in light-cone coordinates (see (2.2.2)). Evaluating the Gaussian integral over
x⃗ gives

φ+
∆(X; q+) = N∆

Γ(∆− d
2)

(
m

2

)d/2 CAdS
∆

Γ(∆)

∫ ∞
0

dt
t
t∆
∫ ∞

0

dy0
y0

y
−d/2
0 e

−y0+ T 2
y0 ,

(C.1.8)

where

T 2 = −m
2R2

4 +mRtX̂AdS · q+ . (C.1.9)

The integral over t can then replaced with the bulk-to-boundary propagator
(C.1.3):

φ+
∆(X; q+) = R−d/2 N∆

Γ(∆− d
2)

( 2
mR

)∆− d
2

(C.1.10)

×KAdS
∆ (X̂AdS; q+)

∫ +∞

0

dy0
y0

y
∆− d

2
0 e−y0e

−m2R2
4y0 .

The remaining integral over y0 can be performed using the Mellin-Barnes
representation for the exponential function. In particular,

e−y0 =
∫ +i∞

−i∞

ds1
2πi Γ (s1)x−s1

0 , (C.1.11a)

e
−m2R2

4y0 =
∫ +i∞

−i∞

ds2
2πi Γ (s2)

(
m2R2

4

)−s2

ys2
0 . (C.1.11b)

The integral over y0 yields a Dirac delta function,∫ ∞
0

dy0
y0

y
∆− d

2 +s2−s1
0 = 2πi δ

(
s1 − s2 −∆ + d

2

)
, (C.1.12)
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that can be used to eliminate one of the two Mellin-Barnes integrals. There-
fore,

φ+
∆(X; q+) = R−d/2N∆

Γ(∆− d
2)
KAdS

∆ (X̂AdS; q+) (C.1.13)

×
∫ +i∞

−i∞

ds

2πi Γ
(
s− 1

2

(
∆− d

2

))
Γ
(
s+ 1

2

(
∆− d

2

))(mR
2

)−2s

= N∆K
AdS
∆ (X̂AdS; q+)K̃

∆−d2
(mR),

where in the last equality we identified the Mellin-Barnes representation
(4.3.9) of

K̃
∆−d2

(mR) = 2R−d/2

Γ(∆− d
2)
K

∆−d2
(mR) , (C.1.14)

which is the kernel of the Kantorovich-Lebedev transformation.

Note that this demonstrates how standard embedding space techniques (see
e.g. [153–155]) for evaluating Witten diagrams in EAdS can be adapted to
Celestial correlators. Moreover, since X̂AdS ∈ H+

d+1, than −2X̂AdS · q+ > 0.
Therefore, the bulk-to-boundary propagator

KAdS
∆ (X̂AdS; q+) = CAdS

∆(
−2X̂AdS · q+

)∆ , CAdS
∆ = Γ(∆)

2π d
2 Γ
(
∆− d

2 + 1
) ,

(C.1.15)
is well-defined. In the next section, we will start from this integral to find
out the closed expression of the conformal primary wavefunctions over all
Minkowski space-time.

C.1.1 Analytical continuation in A+ and D+

Let q± ∈ C±P , with C±P representing the Celestial Spheres CS± in the Dirac’s
embedding formalism. The integral

ϕ±∆(X; q±) =
∫
H±

d+1

[dp̂]KAdS
∆ (p̂; q±) eimp̂·X (C.1.16)

is divergent for all X ∈ Md+2, owing to the purely imaginary argument of
the exponential function involved in the integrand. However, starting from
the convergent integrals

φ±∆(X; q±) =
∫
H±

d+1

[dp̂]KAdS
∆ (p̂; q±) emp̂·X , (C.1.17)

with X ∈ A±, we can move by analytical continuation to get the closed
expression of ϕ±∆(X; q±) in the regions A± and D± of Minkowski space-time.
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Let us begin with the region A+. The solution of φ+
∆(X; q+) has been

computed in the last section. It is

φ+
∆(R, X̂AdS; q+) = N∆C

AdS
∆

Γ
(
∆− d

2

) 2R− d
2

(−2X̂AdS · q+)∆
K∆− d

2
(mR), (C.1.18)

where X = RX̂AdS, R =
√
−X2. In light-cone Poincaré coordinates

X̂AdS = 1
y

(
1, y2 + z2, z⃗

)T
z⃗ ∈ Rd, y ∈ R+, (C.1.19)

q+ =
(
1, ω2, ω⃗

)T
ω⃗ ∈ Rd, (C.1.20)

so that

φ+
∆(R, y, z⃗; ω⃗) = N∆C

AdS
∆

Γ
(
∆− d

2

) 2y∆R−
d
2

(y2 + |z⃗ − ω⃗|2)∆ K∆− d
2
(mR). (C.1.21)

Now, let us move continuously R along the path R → e±iθT , with θ ∈
[0, (π2 − ϵ)]. The integral (C.1.1) converges along the entire path, as the real
part of the exponential’s argument is negative as θ runs from 0 to π

2 − ϵ.
At the final point, (C.1.1) assumes the same form as (C.1.16), up to the
replacement iRp̂ · X̂AdS → iRp̂ · X̂AdS − ϵ, which ensures the negativity of
the real part of the exponential’s argument for all ϵ > 0. Therefore, at
the final point, we obtain the closed expressions of the integrals (C.1.16),
regularised for all X ∈ A+, i. e.

ϕ±∆(T, y, z⃗; ω⃗) = N∆C
AdS
∆

Γ
(
∆− d

2

) 2y∆

(y2 + |z⃗ − ω⃗|2)∆ (e±i
π
2 T )−

d
2K∆− d

2
(e±i

π
2 T ),

(C.1.22)
where we sent ϵ → 0. The functions (C.1.22) are analytical in A+ and
coincide with (4.2.9a), in the embedding formalism. As is well-known, in
order to analytically continue our function from A+ to D+, we need to send
continuously [8–10]

T → e±i
π
2R,

y → e±i
π
2 η+, (C.1.23)

so that

X = T

y

(
1, y2 + z2, z⃗

)T
→ R

η+

(
1, z2 − η2

+, z⃗
)T
∈ D+, (C.1.24)

where X ∈ A+.
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Therefore, by replacing T → e∓i( π
2−ϵ)R, y → e∓i( π

2−ϵ)η+ in (C.1.22), we
get the couple of solutions

ϕ±∆(R, η+, z⃗; ω⃗) = N∆C
AdS
∆

Γ
(
∆− d

2

) 2η∆
+ e∓iπ

2 ∆

(|z⃗ − ω⃗|2 − η2
+ ∓ iϵ)∆ R−

d
2K∆− d

2
(mR),

(C.1.25)
for the conformal primary wavefunctions in the region D+. Note that the
same result is achieved by rotating y → e∓i( π

2−ϵ)η+ in (C.1.21). Using this
last transformation, it is necessary to highlight that the integral (C.1.1)
converges consistently along the entire rotation and matches with (C.1.16)
at the end point. Equally important is to point out that we cannot let ϵ→ 0,
this time, in order to preserve the analyticity of our functions. Indeed, by
stopping our (anti-)clockwise rotation in the y-complex plane at θ = π

2 − ϵ,
we analytically continue the AdS bulk to boundary propagator (C.1.15) from
A+ to D+, finding

G±iϵ∆ (R, η+, z⃗; ω⃗) = CAdS
∆

η∆
+ e±iπ

2 ∆

(|z⃗ − ω⃗|2 − η2
+ ± iϵ)∆ . (C.1.26)

If we sent ϵ→ 0, this last function would present a branch for

η+ ≥ |z⃗ − ω⃗|, η+ > 0. (C.1.27)

Holding ϵ > 0, the closed expressions (C.1.25) of the conformal primary
wavefunctions ϕ±∆ are analytical for all X ∈ D+ and coincide with (4.2.9c), in
the embedding formalism. Another pair of solutions in D+ could be obtained
from (C.1.22) via T → e±i( π

2−ϵ)R, y → e±i( π
2−ϵ)η+, but this alternative path

would yield non-normalizable solutions, proportional to

K∆− d
2
(e±i(π−ϵ)mR) ∼ 1√

2π
(e±i(π−ϵ)mR)−

1
2 emR. (C.1.28)

C.1.2 Analytical continuation in A− and D−
Let us consider q− ∈ C−P and X = R′X̂AdS ∈ A−. In this case, the integral

φ−∆(R′, X̂AdS; q) =
∫
H−

d+1

[dp̂]KAdS
∆ (p̂; q−)emR′p̂·X̂AdS , (C.1.29)

with X̂AdS ∈ H+
d+1 and R′ < 0, is convergent. The resolution of (C.1.29) is

very similar to the one of (C.1.1), yielding

φ−∆(R′, X̂; q−) = N∆C
AdS
∆

Γ
(
∆− d

2

) 2(−R′)− d
2

(2X̂AdS · q−)∆
K∆− d

2
(−mR′), R′ < 0,

(C.1.30)
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which, in Poincaré coordinates, becomes

φ−∆(R′, y, z⃗; ω⃗) = N∆C
AdS
∆

Γ
(
∆− d

2

) 2y∆(−R′)− d
2

(y2 + |z⃗ − ω⃗|2)∆K∆− d
2
(−mR′), (C.1.31)

with y > 0, z⃗ ∈ Rd.
Now, as before, by rotating R′ → e∓i( π

2−ϵ) T in (C.1.31), T < 0, we find
the closed expressions

ϕ±∆(T, y, z⃗; ω⃗) = N∆C
AdS
∆

Γ
(
∆− d

2

) 2y∆(e∓iπ
2 |T |)− d

2

(y2 + |z⃗ − ω⃗|2)∆K∆− d
2
(e∓i

π
2m|T |), (C.1.32)

for the conformal primary wavefunctions in the region D−. This last equa-
tion coincides with (4.2.9) in the embedding formalism. Note that (C.1.32)
can be also found by replacing T → e∓iπ|T | in (C.1.22), which is the same
as performing a π-angle (anti-)clockwise rotation in the complexified T -
plane. Analogously, by sending continuously y → e±i( π

2−ϵ)(−η−) in (C.1.31),
η− < 0, and replacing R′ → −R, R > 0, we find the closed expressions of
the conformal primary wavefunctions in the region D−:

ϕ±∆(R, η−, z⃗; ω⃗) = N∆C
AdS
∆

Γ
(
∆− d

2

) 2(−η−)∆e∓iπ
2 ∆

(|z⃗ − ω⃗|2 − η2
− ∓ iϵ)∆ (mR)−

d
2K∆− d

2
(mR), R > 0,

(C.1.33)
that match with (4.2.9d) in the embedding formalism. Indeed, under the
transformation y → e±iπ

2 (−η−),

X̂AdS = 1
y

(
1, y2 + z2, z⃗

)T
→ ±i

η−

(
1, z2 − η2

−, z⃗
)T

= ±i
(
−X̂dS

)
, (C.1.34)

with X̂dS ∈ dS+
d+1 and −X̂dS ∈ dS−d+1, by means of the antipodal map.

C.2 Analytical continuation of Propagators from
dS to AdS

It has been shown [8–10, 127] that the Feynman rules for boundary (Schwinger-
Keldysh) correlators in the expanding patch of dS can be recast via analytic
continuation as Feynman rules for boundary correlators in Euclidean AdS.
In the first section of this appendix we will review these results and extend
them to propagators in both the expanding and contracting patch, which
will be needed to apply them to Celestial correlators since both patches are
present in the hyperbolic slicing of Minkowski space. Indeed, in the sec-
ond section we will lay the groundwork for the computation of the Celestial
four-point exchange diagram by applying the results showcased in the first
section.
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C.2.1 Rewiev on (EA)dS propagators

Consider (d+ 1)-dimensional Euclidean anti-de Sitter space of unit radius,
where the two sheets can be parameterised in Poincaré coordinates via

X̂A± = 1
y±

(
1 + y2

± + z2

2 ,
1− y2

± − z2

2 , z⃗

)
, y± ≷ 0. (C.2.1)

Propagators are functions of the EAdS chordal distance

σAdS(X̂, Ŷ ) = 1
2
(
1 + X̂ · Ŷ

)
. (C.2.2)

The bulk-to-bulk propagators for a scalar field of mass mAdS is the Green’s
function

GAdS
∆ (σAdS) = CAdS

∆ (−4σAdS)−∆
2F1

(
∆,∆− d

2 + 1
2

2∆− d+ 1 ,
1

σAdS

)
, (C.2.3)

with normalisation
CAdS

∆ = Γ (∆)
2π d

2 Γ
(
∆− d

2 + 1
) , (C.2.4)

and where ∆ is a solution to the quadratic equation:

m2
AdS = ∆ (d−∆) . (C.2.5)

It is often useful to parameterise these solutions by ∆± = d
2 ± iµ where

µ ∈ R. The difference of the two solutions for the bulk-to-bulk propagator
is a regular homogeneous solution of the Klein-Gordon equation,

Ωµ (σAdS) = iµ

2π
[
GAdS

∆+ (σAdS)−GAdS
∆− (σAdS)

]
(C.2.6)

= 1
(4π) d+1

2 Γ(d+1
2 )

Γ(d2 + iµ)Γ(d2 − iµ)
Γ(iµ)Γ(−iµ) 2F1

(
d
2 + iµ, d2 − iµ

d+1
2

;σAdS

)
.

Taking µ ∈ R these provide a complete orthogonal basis for normalisable
two-point functions in EAdS [153, 156], which is reviewed in appendix D.0.2.

The bulk-to-boundary propagator is obtained from the bulk-to-bulk prop-
agator (C.2.3) upon sending one of the bulk points to the boundary

KAdS
∆ (sAdS) = lim

λ→∞
λ∆GAdS

∆

(
X̂, Ŷ = λQ+ . . .

)
= CAdS

∆
(−2sAdS)∆ , sAdS(X̂,Q) = X̂ ·Q, (C.2.7)
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where the . . . serve to enforce the constraint Ŷ 2 = −1. In Poincaré coordi-
nates this is

KAdS
∆ (y±, z⃗; ω⃗) = CAdS

∆

(
±y±

y2
± + |z⃗ − ω⃗|2

)∆

, (C.2.8)

where in A± we parameterise the boundary points as

Q± = ±
(

1 + ω2

2 ,
1− ω2

2 , ω⃗

)
. (C.2.9)

Consider now (d+ 1)-dimensional de Sitter space of unit radius, where
the expanding and contracting patches can be parameterised in Poincaré
coordinates via

X̂D+ = 1
η+

(
1− η2

+ + x⃗2

2 ,
1 + η2

+ − x⃗2

2 , x⃗

)
, η+ > 0, (C.2.10)

X̂D− = 1
η−

(
1− η2

− + x⃗2

2 ,
1 + η2

− − x⃗2

2 , x⃗

)
, η− < 0. (C.2.11)

Two-point functions are now functions of the dS chordal distance

σdS
(
X̂, Ŷ

)
= 1

2
(
1 + X̂ · Ŷ

)
. (C.2.12)

= 1 + (η1 − η2)2 − (x⃗1 − x⃗2)2

4η1η2
. (C.2.13)

Propagators for a scalar field of mass mdS in the Bunch-Davies (Euclidean)
vacuum [157, 158]1 are derived from the function

GdS
∆ (σdS) = Γ(iµ)Γ(−iµ)Ωµ (σdS) , (C.2.14)

where now
m2

dS = ∆ (∆− d) . (C.2.15)
Unlike the harmonic function (C.2.6) in EAdS, which is regular, the two-
point function (C.2.14) has a short distance singularity at σdS = 1 and a
branch cut for σdS ∈ (1,∞) where the two-points become time-like sepa-
rated. Different prescriptions for approaching the branch cut give rise to
the different dS two-point functions. The (anti)-Feynman propagators GT
are

GdS
∆,T (σdS) = GdS

∆ (σdS − iϵ) , (C.2.16a)
GdS

∆,T̄ (σdS) = GdS
∆ (σdS + iϵ) . (C.2.16b)

1In dS there is in fact a one-parameter family as possible vacua that are invariant under
the dS isometry group [159]. The Bunch-Davies vacuum can be uniquely defined as the
one in which the Green’s functions satisfy the Hadamard condition - that they behave as
in Minkowski space on the light cone.
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The corresponding bulk-to-boundary propagators can be derived similarly
as in EAdS as a boundary limit of bulk-to-bulk propagators as in dS (see [8,
127]), giving

KdS
∆, T (sdS) = CdS

∆
(−2sdS + iϵ)∆ , (C.2.17a)

KdS
∆, T̄ (sdS) = CdS

∆
(−2sdS − iϵ)∆ , (C.2.17b)

where sdS(X̂,Q) = X̂ ·Q and the two-point coefficient

CdS
∆ = 1

4π d+2
2

Γ(∆)Γ(d2 −∆). (C.2.18)

C.2.2 Analytical Continuation of the Feynman propagator
to EAdS

Propagators in dS± can be analytically continued in the upper/lower sheet
of EAdS, that we visualise as H±d+1. In general, it is well known that dS±d+1
and H±d+1 are formally related by analytic continuation, which at the level
of the Poincaré patches is implemented via η± → ±iy±. In this way, dS±d+1
two-point functions can be expressed as a linear combination of analytically
continued bulk-to-bulk propagators (C.2.3) in H±d+1. In these latter, the
iϵ-prescription is dictated by the analytical transformations [8, 127]:

time-ordering : η± → e∓i(
π
2−ϵ)y±, (C.2.19)

anti-time-ordering : η → e±i(
π
2−ϵ)y±, (C.2.20)

which, in terms of embedding coordinates, can be expressed as

time-ordering : X̂D± → e±i(
π
2−ϵ)X̂A± ± (0, ϵ, 0⃗)T , (C.2.21)

anti-time-ordering : X̂D± → e∓i(
π
2−ϵ)X̂A± ± (0, ϵ, 0⃗)T . (C.2.22)

The vector on the right in (C.2.21) has been written in light-coordinates,
with T at the apex indicating the transpose operation.

We are now interested in studying how the generalised chordal distance

σϵ(X̂1, X̂2) = 1
2

1 + X̂1 · X̂2 − iϵ√
X̂2

1 + iϵ
√
X̂2

2 + iϵ

 (C.2.23)

transforms under (C.2.21). Specifically, our primary focus in this section is
to establish the groundwork for computing the Celestial four-point exchange
diagram, carried out in sec.(5.3.2). Our aim is to compute this process by
implementing the same technique outlined in sec.(5.3.1). To reach this goal,

168



here we delve into the study of the behaviour of the Feynman propaga-
tor (5.2.11) under the Wick rotations employed in sec.(5.3.2), which coin-
cide with time-ordered transformations in (C.2.21). Additionally, to map
the contribution from H−d+1 to H+

d+1, in sec.(5.3.1) we also used the (non-
analytical) antipodal map X → −X. Consequently, here below, we will
proceed by analysing the behaviour of the function Ω(σϵ), defined in (5.2.9),
under these transformations. This function encodes all angular information
of the Feynman propagator (ref. (5.2.11)) and will determine how this latter
transforms under time-ordered Wick rotations and antipodal map.

We will start this study by reformulating Feynman propagator in terms
of the EAdS bulk-to-bulk propagator (C.2.3) when both points lie inside the
region A+. Subsequently, we will explore various scenarios, utilising both
time-ordered Wick rotations and the antipodal map to trace each contribu-
tion from the outside back to the region A+. Throughout the entire analysis,
we will use the subscript X̂•, with • = A±, D± to indicate the regions where
the points are situated. We won’t delve into all the possible scenarios, our
focus will be on the crucial cases to which all others can be reduced. The
results of this section are summarised in Table 5.1, in sec.(5.3.2).

A+/A+ contribution: In this case, the generalised chordal distance σϵ
becomes

σϵ(X̂A+ , ŶA+) = 1− σAdS(ŶA+ , ŶA+) + iϵ. (C.2.24)

Therefore, we can exploit the properties of the hypergeometric functions 2F1
to rewrite Ων(1− σAdS + iϵ) as

Ων

(
σϵ(X̂A+ , ŶA+)

)
= iν

2π
[
eiπ∆GAdS

∆+ (σAdS)− e−iπ∆GAdS
∆− (σAdS)

]
,

(C.2.25)
in total analogy with (C.2.6). Plugging this last result in (5.2.11), we find
the expression for the Feynman propagator:

Π(m)
T (XA+ , YA+) =

∫ +∞

−∞

dν
2π ei(

d
2 +iν)π︸ ︷︷ ︸

Phase

cdS-AdS
d
2 +iν K̃

(m)
−ν (e

iπ
2 T1)K̃(m)

ν (e
iπ
2 T2)

×GAdS
d
2 +iν(X̂A+ , ŶA+), (C.2.26)

where we emphasised the phase of interest for the computation of the Ce-
lestial four-point exchange diagram. In sec. (5.3.2), we will trace out other
phases in this expression. These phases will emerge from the Kantorovic-
Lebedev kernels K̃(m)

ν once we express them in Mellin representation (see,
for example, (5.3.12), (5.3.32) and (5.3.48)). Here, our main focus is to
highlight the phases that stem from the Wick rotations.
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A+/D+ contribution: In this case,

σϵ(XA+ , YD+) ≃ 1
2
(
1 + e−i(

π
2−ϵ)X̂A+ · ŶD+

)
. (C.2.27)

Then, via time-ordered Wick rotation (ref. (C.2.21)), we get

σϵ → σAdS + iϵ =⇒ Ω(σϵ)→ Ω(σAdS + iϵ). (C.2.28)

This result allow us to state that, under time-ordered Wick rotation,

Π(m)
T (XA+ , YD+)→

∫ +∞

−∞

dν
2π c

dS-AdS
d
2 +iν K̃

(m)
−ν (ei

π
2 T1)K̃(m)

ν (R2)

×GAdS
d
2 +iν(X̂A+ , ŶA+). (C.2.29)

where we exploited (C.2.6) to recast the Feynman propagator in terms of
the EAdS bulk-to-bulk propagator. Note that, in this case, Wick rotation
did not yield any phase

A−/D+ contribution: This case can be reduced to the previous ones by
simply applying the antipodal map on XA− :

σϵ(XA− , YD+) ≃ 1
2
(
1 + e−i(

π
2−ϵ)X̂A− · ŶD+

)
= 1

2
(
1− e−i(

π
2−ϵ)X̂A+ · ŶD+

)
. (C.2.30)

Next, by Wick rotating Ŷ to A+, it follows that

σϵ → 1− σAdS − iϵ, (C.2.31)

which leads us to a result very similar to that of the first case:

Π(m)
T (XA− , YD+)→

∫ +∞

−∞

dν
2π e−i(

d
2 +iν)π︸ ︷︷ ︸

Phase

cdS-AdS
d
2 +iν K̃

(m)
−ν (e

iπ
2 T1)K̃(m)

ν (R2)

×GAdS
d
2 +iν(X̂A+ , ŶA+). (C.2.32)

As you can see, here we got the opposite phase with respect to the A+/A+
situation.

D−/D− contribution: In this case, we need to first apply a time-ordered
Wick rotation on both the bulk points, and then subsequently utilise the
antipodal map:

σϵ(XD− , YD−)→ 1
2
(
1− X̂A− · ŶA− − iϵ

)
= 1

2
(
1− X̂A+ · ŶA+ − iϵ

)
(C.2.33)

= 1− σAdS(XA+ , YA+)− iϵ. (C.2.34)
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This brings us to the result

Π(m)
T (XD− , YD−)→

∫ +∞

−∞

dν
2π e−i(

d
2 +iν)π︸ ︷︷ ︸

Phase

cdS-AdS
d
2 +iν K̃

(m)
−ν (R1)K̃(m)

ν (R2)

×GAdS
d
2 +iν(X̂A+ , ŶA+), (C.2.35)

where we have isolated the same phase as in the A−/D+ case.
This method can be applied to all possible combinations of points X̂ and

Ŷ in the regions A±, D±. The phases collected in this way are summarised
in the Table 5.1 in sec.(5.3.2). For completeness, the table also takes into
account the phases traced out by applying Wick rotations and antipodal
map on the external legs, as in sec.(5.3.1).
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Appendix D

Representations of the
Feynman Propagator

In this appendix we give the derivations of the various representations of
propagators for Celestial correlation functions presented in this work.

D.0.1 Mellin Transform of the Feynman Propagator

In this section we derive the expression (5.2.10) for the Feynman propagator
in Mellin space, which is defined by the double Mellin transform:

Π∆1,∆2(X̂, Ŷ ) =
∫ ∞

0

dt1
t1

dt2
t2

t∆1
1 t∆2

2 ΠT (t1X̂, t2Ŷ ) . (D.0.1)

At the end of this second we also take the boundary limit, to obtain the
boundary-to-boundary two-point function (5.2.22).

The Mellin transform integrals can be evaluated by employing a Schwinger
parameterisation of the Feynman propagator (see e.g. equation (C.4) of
[139]):

Π∆1,∆2(X̂, Ŷ ) = 1
4π d+2

2

(
m

2

) d
2
∫ +i∞

−i∞

ds
2πi Γ(s− d

4)

×
∫ ∞

0

dt
t
ts+

d
4

∫ ∞
0

dti
ti
t∆i
i

(
m
2
)−2s

i−s−
d
4 eit(t1X̂−t2Ŷ )2

. (D.0.2)

By sending t→ t/t1t2, we have

Π∆1,∆2(X̂, Ŷ ) = 1
4π d+2

2

(
m

2

) d
2
∫ +i∞

−i∞

ds
2πi Γ(s− d

4)
∫ ∞

0

dt
t
ts+

d
4

×
∫ ∞

0

dti
ti
t
∆i−s− d

4
i

(
m
2
)−2s

i−s−
d
4 e
it

(
t1
t2
X̂2+ t2

t1
Ŷ 2−2X̂·Ŷ

)
. (D.0.3)
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Following this with the change of variables

q1 = t1t2 , q2 = t1
t2
, (D.0.4)

the integration measure becomes:∫ ∞
0

dti
ti
t
∆i−s− d

4
i = 1

2

∫ ∞
0

dqi
qi
q
− d

4 + ∆1
2 + ∆2

2 −s
1 q

∆1−∆2
2

2 (D.0.5)

= πiδ

(
s+ d

4 −
∆1
2 −

∆2
2

)∫ dq2
q2

q
∆1−∆2

2
2 , (D.0.6)

where we have performed the q1 integral since the integrand only depends
on q2. The Dirac-delta then allows to perform the s integral, giving

Π∆1,∆2(X̂, Ŷ ) = 1
8π d+2

2

(
m
2
)d−∆1−∆2 Γ(∆1+∆2−d

2 )
∫ ∞

0

dt
t
t

∆1+∆2
2

×
∫ ∞

0

dq2
q2

q
∆1−∆2

2
2 i−

∆1+∆2
2 e

it

(
q2X̂2+ 1

q2
Ŷ 2−2X̂·Ŷ

)
. (D.0.7)

The leftover integrals can be evaluated in terms of a Mellin representation.
Using

e
i t

q2
Ŷ 2

=
∫ +i∞

−i∞

ds
2πi Γ(s)

(
−i t
q2
Ŷ 2 + ϵ

)−s
(D.0.8)

=
∫ +i∞

−i∞

ds
2πi Γ(s)t−sqs2(−i)−s(Ŷ 2 + iϵ)−s , (D.0.9)

one can then first evaluate the q2 integral, which is a Schwinger parameter-
isation, providing

Π∆1,∆2(X̂, Ŷ ) = 1
8π d+2

2

(
m
2
)d−∆1−∆2 Γ(∆1+∆2−d

2 )

×
∫ +i∞

−i∞

ds
2πi Γ(s)(−i)−s+

∆1+∆2
2 (Ŷ 2 + iϵ)−sΓ

(
s+ ∆1−∆2

2

)
×
∫ ∞

0

dt
t
t

∆1+∆2
2 −s(−itX̂2 + ϵ)−s−

∆1−∆2
2 e−2itX̂·Ŷ . (D.0.10)

Similarly for the t-integral, obtaining

Π∆1,∆2(X̂, Ŷ ) = 1
8π d+2

2

(
m
2
)d−∆1−∆2 Γ(∆1+∆2−d

2 ) (D.0.11)

×
∫ +i∞

−i∞

ds
2πi Γ(s)Γ

(
s+ ∆1−∆2

2

)
Γ (−2s+ ∆2) (−i)−2s+∆2

×(Ŷ 2 + iϵ)−s(X̂2 + iϵ)−s−
∆1−∆2

2 (2iX̂ · Ŷ + ϵ)2s−∆2 .
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After shifting s→ s− ∆1−∆2
4 , this is

Π∆1,∆2(X̂, Ŷ ) = 1
8π d+2

2

(
m
2
)d−∆1−∆2 Γ(∆1+∆2−d

2 ) (D.0.12)

×
∫ +i∞

−i∞

ds
2πi Γ(s− ∆1−∆2

4 )Γ
(
s+ ∆1−∆2

4

)
Γ
(
−2s+ ∆1+∆2

2

)
×(Ŷ 2 + iϵ)−s+

∆1−∆2
4 (X̂2 + iϵ)−s−

∆1−∆2
4 (−2X̂ · Ŷ + iϵ)2s−∆1+∆2

2 ,

or equivalently

Π∆1,∆2(X̂, Ŷ ) = 1
8π d+2

2

(
m
2
)d−∆1−∆2 Γ(∆1+∆2−d

2 )(√
X̂2 + iϵ

)∆1 (√
Ŷ 2 + iϵ

)∆2
(D.0.13)

×
∫ +i∞

−i∞

ds
2πi Γ(s− ∆1−∆2

4 )Γ
(
s+ ∆1−∆2

4

)
Γ
(
−2s+ ∆1+∆2

2

)

×

 −2X̂ · Ŷ + iϵ√
X̂2 + iϵ

√
Ŷ 2 + iϵ

2s−∆1+∆2
2

.

Finally performing the Mellin integral closing on the poles on the positive
real axis we arrive to the closed form expression (cf. equation (D.0.31)):

Π∆1,∆2(X̂, Ŷ ) = 1
2

1
(4π) d+1

2

md−∆1−∆2(√
X̂2 + iϵ

)∆1 (√
Ŷ 2 + iϵ

)∆2
(D.0.14)

×
Γ(∆1+∆2−d

2 )Γ(∆1)Γ(∆2)
Γ
(

∆1+∆2+1
2

) 2F1

 ∆1,∆2
∆1+∆2+1

2
;
1− −X̂·Ŷ+iϵ√

X̂2+iϵ
√
Ŷ 2+iϵ

2

 .

The free theory boundary two-point function is then the boundary limit
of the Mellin transformed Feynman propagator (D.0.14):

Π(m)
∆1∆2

(Q1, Q2) := lim
X̂i→Qi

Π(m)
∆1∆2

(X̂1, X̂2). (D.0.15)

To this end, it is useful to employ the Mellin-Barnes representation (D.0.13)
of the Gauss hypergeometric function where, since Q2

i = 0, we close the
contour on the negative real axis, on the poles:

s = ∆1 −∆2
4 ,

∆1 −∆2
4 − 1, ∆1 −∆2

4 − 2, . . . , (D.0.16)

s = ∆2 −∆1
4 ,

∆2 −∆1
4 − 1, ∆2 −∆1

4 − 2, . . . . (D.0.17)
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This gives

Π(m)
∆1∆2

(Q1, Q2) = 1
8π d+2

2

(
m

2

)d−∆1−∆2

Γ
(∆1 + ∆2 − d

2

)

×
[

Γ (∆2)
(−2Q1 ·Q2 + iϵ)∆2

lim
X̂→Q1

Γ
(∆1 −∆2

2

)(√
X̂2 + iϵ

)∆2−∆1

+ Γ (∆1)
(−2Q1 ·Q2 + iϵ)∆1

lim
Ŷ→Q2

Γ
(∆2 −∆1

2

)(√
Ŷ 2 + iϵ

)∆1−∆2
]

+ . . . , (D.0.18)

where the . . . are subleading in the boundary limit. Regarded as a distribu-
tion in ∆1 or ∆2 only one of the two terms contributes, giving

Π(m)
∆1∆2

(Q1, Q2) =
Cflat

∆1

(−2Q1 ·Q2 + iϵ)∆1
(2π)δ(i(∆1 −∆2)) ,

with
Cflat

∆ =
(
m

2

)d−2∆ 1
4π d+2

2
Γ(∆)Γ(∆− d

2). (D.0.19)

Another way to obtain the same result is to take the boundary limit
of the radial Mellin transform of the celestial bulk-to-boundary propagator
(5.2.17),

Π(m)
∆1∆2

(Q1, Q2) = lim
Ŷ→Q2

∫ ∞
0

dt
t
t∆2Π(m)

∆1

(
tŶ , Q1

)
, (D.0.20)

as presented in [139].

D.0.2 Spectral Representation

In this section we present a derivation of the spectral representation (5.2.11)
of the Mellin transformed Feynman propagator (D.0.14). This makes use of
harmonic analysis on EAdS [153, 156], which we review below, which can be
extended to points in dS via analytic continuation [8–10, 127] and, therefore,
also to Minkowski space through its hyperbolic foliation.

Consider functions F (X̂, Ŷ ) with X̂, Ŷ ∈ EAdSd+1, which depend only
on the chordal distance r between X̂ and Ŷ ,

cosh r = −X̂ · Ŷ . (D.0.21)

If such functions are square integrable∫
A+

dd+1X̂ |F (X̂, Ŷ )|2 = Vol(Sd)
∫ ∞

0
dr (sinh r)d |F (r) |2 < ∞, (D.0.22)
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they admit a spectral decomposition of the following form in terms of Eigen-
functions (C.2.6) of the AdS Laplacian

F (r) =
∫ ∞
−∞

dν F̃ (ν) Ων (r) , (D.0.23)

where

F̃ (ν) = 1
Ων (0)

∫
A+

dd+1X̂ F (X̂, Ŷ )Ων(X̂, Ŷ ), (D.0.24)

= Vol(Sd)
Ων (0)

∫ ∞
0

dr (sinh r)d F (r)Ων(r), (D.0.25)

which follows from completeness and orthogonality of the Eigenfunctions
(C.2.6):∫

A+
dd+1Ŷ Ων(X̂1, Ŷ )Ων̄(Ŷ , X̂2) = 1

2 [δ (ν + ν̄) + δ (ν − ν̄)] Ων(X̂1, X̂2),

(D.0.26)∫ ∞
−∞

dν Ων(X̂, Ŷ ) = δ(X̂, Ŷ ). (D.0.27)

A well-known example is the spectral representation of the AdS bulk-
to-bulk propagator (C.2.3), which is normalisable for ∆ > d

2 and therefore
admits a spectral representation of the form:

GAdS
∆ (r) =

∫ ∞
−∞

dν g (ν) Ων(r). (D.0.28)

The spectral function is determined by evaluating the inversion formula:

g (ν) = Vol(Sd)
Ων (0)

∫ ∞
0

dr (sinh r)d GAdS
∆ (r) Ων(r). (D.0.29)

In this example, to proceed it is useful to make the change of variables
y = cosh−2 ( r

2
)
, so that

g (ν) = Vol(Sd)
Ων (0) 2d

∫ 1

0
dy y−( d+3

2 )
(1
y
− 1

) d−1
2
GAdS

∆ (y) Ων(y). (D.0.30)

By combining this with the following Mellin-Barnes representation of the
Gauss hypergeometric function:

2F1 (a, b; c; z) = Γ (c)
Γ (a) Γ (b)

∫ +i∞

−i∞

ds
2πi

Γ (s+ a) Γ (s+ b) Γ (−s)
Γ (s+ c) (−z)s ,

(D.0.31)
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the integral over y reduces to a ratio of gamma functions (the Beta function)

∫ 1

0
dy (1− y)

d+1
2 −∆−s+t−1 y−d+∆+s−t−1 =

Γ
(
d+1

2 −∆− s+ t
)

Γ(−d+ ∆ + s− t)

Γ
(

1
2 −

d
2

) .

(D.0.32)
This gives

g (ν) = 1
Γ
(

1
2 −

d
2

)
Γ
(
d
2 − iν

)
Γ
(
d
2 + iν

) ∫ +i∞

−i∞

ds
2πi

dt
2πi

Γ(−s)Γ(−t)Γ(s+ ∆)
Γ
(
d+1

2 + t
)

Γ(−d+ s+ 2∆ + 1)

×Γ
(
−d

2 + s+ ∆ + 1
2

)
Γ
(
d
2 + t− iν

)
Γ
(
d
2 + t+ iν

)
Γ
(
d
2 − s+ t−∆ + 1

2

)
Γ(−d+s−t+∆).

(D.0.33)

The Mellin-Barnes integrals in s and t both take the form of the second
Barnes lemma, which recovers the known result

g (ν) = 1

ν2 +
(
∆− d

2

)2 .

One proceeds in a similar fashion to determine the spectral decomposi-
tion of the Mellin transformed Feynman propagator (5.2.10):

Π∆1,∆2(r) =
∫ +∞

−∞
dν g∆1,∆2(ν)Ων(r) , (D.0.34)

where in appendix D.0.1 we showed that

Π(m)
∆1∆2

(r) = 1
2

1
(4π) d+1

2

md−∆1−∆2(√
X̂2 + iϵ

)∆1 (√
Ŷ 2 + iϵ

)∆2

×
Γ(∆1+∆2−d

2 )Γ(∆1)Γ(∆2)
Γ
(

∆1+∆2+1
2

) 2F1

(
∆1,∆2

∆1+∆2+1
2

; 1− cosh (r)
2

)
. (D.0.35)

The inversion integral takes the following form:

g∆1,∆2(ν) = Vol(Sd)
Ων (0)

∫ ∞
0

dr (cosh (r) + 1)
d
2 (cosh (r)− 1)

d
2 Π(m)

∆1∆2
(r) Ων(r).

(D.0.36)
Now, performing the change of variable z = cosh(r), we get

g∆1,∆2(ν) = Vol(Sd)
Ων (0)

∫ −1

−∞
dz (z2 − 1)

d−1
2 Π(m)

∆1∆2
(z) Ων(z). (D.0.37)
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It is convenient to set

g∆1,∆2 = md−∆1−∆2

2(4π) d+1
2

Γ(∆1)Γ(∆2)Γ
(

∆1+∆2−d
2

)
Γ
(

∆1+∆2+1
2

) (
X̂2

1 + iϵ
)∆1

2
(
X̂2

2 + iϵ
)∆2

2

F∆1,∆2(ν),

(D.0.38)

so that we can focus on the integral

F∆1,∆2(∆) = 4
d−1

2 Vol(Sd)
∫ −1

−∞
dz
(
z2 − 1

4

) d−1
2

2F1

(
∆,∆∗; d+ 1

2 ; 1 + z

2

)
× 2F1

(
∆1,∆2; 1 + ∆1 + ∆2

2 ; 1 + z

2

)
. (D.0.39)

The hypergeometric function 2F1 also admits the following Mellin-Barnes
integral representation:

2F1(a, b; c; z) = Γ(c)
Γ(a)Γ(b)Γ(c− a)Γ(c− b) (D.0.40)

×
∫ γ+i∞

γ−i∞

ds
2πiΓ(s)Γ(c− a− b+ s)Γ(a− s)Γ(b− s)(1− z)−s,

where max[0,ℜe(a+ b− c)] < γ < min[ℜe(a),ℜe(b)]. Using this representa-
tion for both the hypergeometric functions in (D.0.39) and then commuting
the integration order, we are led to solve the integral

I(s1, s2) =
∫ −1

−∞
dz
(
z2 − 1

4

) d−1
2 (1− z

2

)s1+s2

. (D.0.41)

Here s1 and s2 are the Mellin-Barnes variables in the representation (D.0.40)
of the hypergeometric functions. Setting 2u = −(1+z), the integral becomes

I(s1, s2) = 2
∫ +∞

0
du u

d−1
2

(1 + u)−s1−s2+ 1−d
2

= 2
Γ
(
d+1

2

)
Γ(−s1 − s2 − d)

Γ
(
−s1 − s2 + 1−d

2

) .

(D.0.42)
Therefore, it follows that

F∆1,∆2(∆) = C∆1,∆2(∆)

×
∫ +i∞

−i∞

ds2
2πi Γ(−s2)Γ

(1−∆1 −∆2
2 − s2

)
Γ(∆1 + s2)Γ(∆2 + s2)

(D.0.43)

×
∫ +i∞

−i∞

ds1
2πi

Γ(−s1)Γ
(

1−d
2 − s1

)
Γ(∆ + s1)Γ(∆∗ + s1)Γ(−s1 − s2 − d)

Γ
(
−s1 − s2 + 1−d

2

) ,
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where

C∆1,∆2(∆) =
(4π) d

2 Γ
(

1+∆1+∆2
2

)
Γ(∆)Γ(∆∗)Γ

(
1+d

2 −∆
)

Γ
(

1+d
2 −∆∗

)∏2
i=1 Γ(∆i)Γ

(
1+∆1+∆2

2 −∆i

) .
(D.0.44)

The integral

J(∆) =
∫ +i∞

−i∞

ds1
2πi

Γ(−s1)Γ
(

1−d
2 − s1

)
Γ(∆ + s1)Γ(∆∗ + s1)Γ(−s1 − s2 − d)

Γ
(
−s1 − s2 + 1−d

2

) ,

(D.0.45)

after sending s1 → −s1 − ∆1 can be solved by using the second Barnes’
Lemma . We found

J(∆) =
Γ(∆)Γ(∆∗)Γ

(
1+d

2 −∆
)

Γ
(

1+d
2 −∆∗

)
Γ(∆− d− s2)Γ(∆∗ − d− s2)

Γ
(

1+d
2

)
Γ
(

1−d
2 − s2

)
Γ(−s2 + ∆ + ∆∗ − d)

.

(D.0.46)
Plugging this last equation in (D.0.43), we are led to compute the last Mellin-
Barnes integral

J̃∆1,∆2(∆) =

=
∫ +i∞

−i∞

ds2
2πi

Γ(∆1 + s2)Γ(∆2 + s2)Γ(∆− d− s2)Γ(∆∗ − d− s2)Γ
(

1−∆1−∆2
2 − s2

)
Γ
(

1−d
2 − s2

) ,

(D.0.47)

which, this time, cannot be solved by means of the second Barnes’ Lemma,
as the integrand does not satisfy its assumptions. Nevertheless, after sending
s2 → −s2−∆1, we can use the formula (Bailey, Generalized Hypergeometric
Series, pag. 43)∫ +i∞

−i∞

ds
2πi

Γ(−s)Γ(−s+ b1 − a1 − a2)Γ(a1 + s)Γ(a2 + s)Γ(b2 − a3 + s)
Γ(b2 + s) =

= Γ(b1 − a1)Γ(b1 − a2)Γ(b2 − a3)Γ(a1)Γ(a2)
Γ(b1)Γ(b2) 3F2(a1, a2, a3; b1, b2; 1),

(D.0.48)

with ℜe(s+ b2 − a3) > 0, which yields

J̃∆1,∆2(∆) =
Γ(∆2 + ∆∗)Γ(∆2 + ∆)Γ

(
1−∆1+∆2

2

)
Γ
(

1+∆1−∆2
2

)
Γ
(

1+∆1+∆2
2 + ∆∗

)
Γ
(
∆1 + 1−d

2

) (D.0.49)

× 3F2

(
∆1 + ∆∗, 1 + ∆1 −∆2

2 ,
1 + d

2 −∆∗; 1 + ∆1 + ∆2
2 + ∆∗,∆1 + 1− d

2 ; 1
)
.
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Now, the Dixon’s theorem states that

3F2(a, b, c; 1 + a− b, 1 + a− c; 1) =

=
Γ
(
1 + a

2
)

Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a
2 − b− c)

Γ(1 + a)Γ(1 + a
2 − b)Γ(1 + a

2 − c)Γ(1 + a− b− c) . (D.0.50)

Therefore, using Eq.(D.0.50), after some algebraic computation we get

J̃∆1,∆2 =

=
Γ(∆1 −∆)Γ(∆1 −∆∗)Γ(∆2 −∆∗)Γ(∆2−∆

2 )Γ(1−∆2+∆1
2 )Γ(1+∆2−∆1

2 )Γ(1 + ∆1−∆∗

2 )
Γ(1 + ∆1 −∆∗)Γ(1+∆2−∆∗

2 )Γ(1+∆1−∆
2 )Γ(∆1+∆2−d

2 )
.

(D.0.51)

By applying the Doubling formula to the Euler gamma functions Γ(∆2−∆
2 )

and Γ(1 + ∆1−∆∗

2 ), we finally find that

J̃∆1,∆2 = π 21+d−∆1−∆2

×
Γ(∆1 −∆)Γ(∆1 −∆∗)Γ(∆2 −∆∗)Γ(∆2 −∆)Γ(1−∆2+∆1

2 )Γ(1+∆2−∆1
2 )

Γ(1+∆1−∆∗

2 )Γ(1+∆2−∆∗

2 )Γ(1+∆1−∆
2 )Γ(1+∆2−∆

2 )Γ(∆1+∆2−d
2 )

,

(D.0.52)

Gluing all together, we get

F∆1,∆2(∆) = (4π)
d
2× (D.0.53)

Γ(∆1 −∆)Γ(∆1 −∆∗)Γ(∆2 −∆∗)Γ(∆2 −∆)Γ(1+∆1+∆2
2 )Γ(1−d+∆1+∆2

2 )
Γ(∆1 + ∆2 − d)Γ(∆1)Γ(∆2)Γ(1+∆1−∆∗

2 )Γ(1+∆2−∆∗

2 )Γ(1+∆1−∆
2 )Γ(1+∆2−∆

2 )
,

which, plugged in (D.0.38) gives the result for g∆1,∆2(ν).
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