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Introduction

Currently, the most accurate depiction of Nature is through quantum theory, describing parti-
cles and interactions at the fundamental level, and general relativity, which predicts a variety
of macroscopic phenomena. Remarkably, even before these theories attained their status as
well-established frameworks, with predictions confirmed across numerous physical regimes, in-
herent incompatibilities between quantum theory and general relativity had been recognized.
For instance, a famous argument by Bronstein [1,2] shows a fundamental incompatibility be-
tween the equivalence and the uncertainty principles by investigating the localizability of the
electromagnetic and gravitational fields. The uncertainty principle allows for arbitrarily sharp
localization of fields, depending on the charge to mass ratio of the probe used to measure it.
Since the electric charge and the mass are two distinct physical quantities, sharp localization
of the electromagnetic field is viable. As for the gravitational field, the equivalence principle
(still confirmed today with very high precision [3]) dictates that the gravitational charge and
the mass are one and the same, thus providing a localization limit of the order of the Planck
length ¢, = \/ﬁi? ~ 1073% m [1].

If this argument is to be taken at face value, the classical notion of smooth spacetime
should be replaced by that of a ”quantized” spacetime, incorporating the idea of a localization
limit. Moreover, the tools of Riemannian geometry would not be sufficient to describe objects
that lack the notion of infinitesimal points. A first attempt at a model of quantum spacetime
was put forward by Snyder, with the hope of regularizing the ultraviolet divergences of quan-
tum electrodynamics [4]. In his original paper, he showed that a spacetime with a discrete
spacing is indeed compatible with Lorentz invariance as long as the coordinate functions sat-
isfy non-trivial commutation relations. In more formal advancements, it was understood that
smooth spacetime manifolds could be completely characterized by the commutative algebra of
functions on that manifold [5,6]. Replacing that algebra with a noncommutative one leads to
a quantization of the coordinate functions (i.e. they satisfy non-trivial commutation relations)
and to the modern notion of noncommutative geometry [7].

In most of the modern approaches to quantum gravity, the issue of localizability is one of the
guiding principles in laying the foundations of the theory. In String Theory, the intrinsic length
scale of strings has been conjectured to prevent probing arbitrarily small distances [8] while
in Loop Quantum Gravity the localization limit is encoded in the discreteness of the spectra
of geometric operators [9]. For both of these proposals, there exists a regime in which the
theories can be effectively described using the language of noncommutative geometry [10-12].
Another compelling example is that of 2+1-dimensional General Relativity. This theory lacks
local propagating degrees of freedom and can be successfully quantized, contrary to its 3+1-
dimensional counterpart. When the theory is coupled to matter and the gravitational degrees
of freedom are integrated out, the result is a theory of matter propagating on a noncommutative
spacetime [13,14], where the Planck scale is the scale of coordinate noncommutativity.

These theoretical hints have encouraged investigations on noncommutative spacetime as an
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effective regime of a tentative full theory of quantum gravity, without referring to any particu-
lar approach. Especially relevant for physical applications is the fate of relativistic symmetries,
which can be either broken or deformed upon the introduction of a noncommutativity scale.
The former scenario provides a Lorentz-breaking preferred background with respect to which
the noncommutativity of coordinates is specified. The latter case requires that such noncom-
mutativity should be the same for every observer, typically yielding a generalization of the
Poincaré group. In the context of noncommutative geometry, these symmetry deformations
are described with the language of quantum groups and Hopf algebras [15-17], which can be
thought of as nonlinear generalizations of Lie algebras.

In the early 2000s, these investigations culminated in a series of seminal papers advocating
that quantum gravity effects may manifest themselves as observable deviations from special
relativity [18-21] at the energies we are able to probe today, very far from the conjectured
Planck scale. The idea of deformations of relativistic symmetries was also concretely im-
plemented in a new physical framework known as Doubly Special Relativity [22-24], where
the noncommutativity scale is promoted to a second relativistic invariant scale, on par with
the speed of light ¢. These efforts gave birth to what is known today as quantum gravity
phenomenology [25-28], a research program with the objective of developing falsifiable effec-
tive quantum gravity models and comparing the new physics effects to a variety of physical
scenarios ranging from astrophysical to table-top experiments.

This thesis contains the analyses and the results of several research works I have coau-
thored during my doctoral studies, concerning both coneptual and phenomenological aspects
of noncommutative spacetime. In chapter 1 I briefly review the basic mathematical concepts
behind quantum groups and Hopf algebras, providing both historical and more recent exam-
ples, including some new results derived in [29]. Chapter 2 is dedicated to the development of
noncommutative quantum field theory on the lightlike x-Minkowski noncommutative sapce-
time, mainly following [30]. The focus is on the definition of multiparticle states and on the
fate of discrete symmetries when this particular type of noncommutativity is enforced. I move
on to two still technical, but less formal chapters. In chapter 3, I mainly follow [31], where we
study the role of quantum complementarity for observers living in a universe where standard
rotational symmetry is replaced by symmetry under the SU,(2) quantum group. The results
found suggest a conceptual reassessment of observers and reference frames when quantum
properties of spacetime and its symmetries are taken into account. Chapter 4 focuses on the
definition of Noether charges in noncommutative spacetime and is based on [32], where we find
a strong connection between the conserved charges of a multiparticle system and their inter-
acting potential. Last but not least, chapter 5 is dedicated to quantum gravity phenomenology
in the infrared, and is based on a forthcoming publication. After briefly reviewing the present
status of quantum gravity phenomenology, I show some preliminary results suggesting that
effective quantum gravity models inspired by noncommutative spacetimes with IR/UV mixing
mechanisms may lead to observable corrections in atom interferometry experiments.

Unless otherwise specified, the system of natural units in which ¢ = A = 1 is employed
throughout the thesis.
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Chapter 1

Quantum groups and Hopf Algebras

We give the formal definition of a Hopf Algebra by reviewing the relevant mathematical struc-
tures needed for its construction. The review is by no means exhaustive, and only serves the
purpose of introducing the mathematical language employed in the subsequent chapters. We
also give the definition of a quantum homogeneous space and discuss how its symmetries can
be described by means of a Hopf Algebra. A more formal and complete treatment of the sub-
ject is contained in [15-17]. In closing the chapter, we give three examples of noncommutative
spacetime models and their associated symmetries which are well studied in the literature.

1.1 Mathematical preliminaries

A Lie group G can be described in terms of the algebra of complex valued functions on the
group, denoted by C[G]. The defining operations of the algebra are the commutative product
and the sum between two functions, as well as the multiplication of a function by a scalar.
Let f,h : C[G] — C be functions on the Lie group and z € C; then, for every g € G, these

operations may formally be written as

(f-h)g) = flg)-hlg),  (f+R)(g)=[fl9)+hg), (2f)g)==2[(9). (1.1)
The algebra is also unital, i.e. it posses the identity element 1, such that
1(g)=1 Ygeg. (1.2)

The operations relevant for group theory such as group product, group inverse and existence
of the group identity can thus be understood as maps on C[G] as follows. The group product
is implemented by a map A : C[G] — C[G] ® C[G] ~ C[G, G|, known as coproduct, acting as

Alfl(g,9') = flgg")  Vg.9'€G. (1.3)
The group inverse is encoded in the antipode S : C[G] — C[G]:
Sifllg) =flg™), Vgeg, (1.4)
while the identity element is implemented though the counit € : C[G] — C:
elf] = f(e), (1.5)

where e is the identity of the Lie group. In turn, the Lie group axioms imply certain properties
for the maps A, S,e. The associativity of the group product translates to what is known as
the co-associativity of the coproduct:

9(dd") = (999 = (A®id)oA=(id®A)oA, (1.6)

9



10 CHAPTER 1. QUANTUM GROUPS AND HOPF ALGEBRAS

where id : C[G] — C[g] is the identity map. This relation can be easily shown in terms of
Sweedler’s notation for the coproduct. We write the expression for the coproduct of a function
[ €C[g] as

Alfl = fa) ® f2) 5 (1.7)
where f(1) and f(o) are a shorthand notation for the components of the tensor product and

summation over all terms of A[f] is implied. Applying a generic f € C[G] to the left hand-side
of (1.6), we obtain

flalg'g") = f((99)9") = Alfl(g.9'd") = Alf](99". ")
fay(9) ® fioy(9'd") = faylag) @ fa(g")

fy(9) ® fia) (@) @ fye)(d") = fow(9) © faye () @ fioy(g")
(id® A) o Alfl(g. 9", 9") = (A ®id) o Alf](g,9",9").

The existence of the identity element implies that the counit map is neutral with respect

(1.8)

to the coproduct, namely
eg=ge=g < (id®e)oA=(e®id)oA=id, (1.9)

while the existence of the inverse entails an analogous compatibility between product, coprod-
uct, counit and anitpode:

gg_lzg_lg:ez:}~o(S®’id)oA:-O(id®S)OA:€, (110)

i.e., multiplying a group element by its inverse from the left or the right is the same thing,
and yields the identity element. The proofs of these other two properties follow the same line
of reasoning as (1.8). Let us appreciate how these unfamiliar structures are implemented, by
considering C[GL(n)|, where GL(n) is the Lie group of invertible matrices of dimension n.
The group multiplication, identity element and inverse are respectively given by

adj" (M)

(M™Ye= —— 4 j=1...n, (1.11)

MM"e = MiM* L= gt
( )j kg o € j det(M)

where M, M',M~' € G, adj(M) and det(M) are the matrix adjugate and the determinant
of M, respectively. The group manifold can be coordinatized by N? coordinate functions
M ; : GL(n) — C, which give the 4, j-th component of the matrix representation of the group
element, and the unit function 1 : GL(n) — 1. These coordinate functions, subject to the
constraint detM # 0, provide a basis for the commutative algebra C[GL(n)]. The group rules
are codified by the following maps

All]=1®1,  A[M]=M®M

SIMI] = (MY, [M] =55,

(1.12)

The above expressions can be used to prove the compatibility conditions (1.6),(1.9),(1.10).
We have just shown, both in general and with an example, that Lie group structures can
be expressed in algebraic language, through the use of the algebra of functions on the group
C[G]. While this framework is certainly redundant for the description of Lie groups, it is
ideal for the characterization of quantum groups, where the pointwise product defined in (1.1)
becomes noncommutative. The ensuing algebraic structure, endowed with all the operations
and compatibility relations defined in the examples above, is known as a Hopf algebra, which
we will define shortly, after some technicalities are introduced.
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A unital associative algebra A is a vector space over a field K, with a product p :
A® A — A and a unit element 1, codified in a map 1 : K — A, satisfying

pro(p®@id) = po (id® p)

. . . (1.13)
po (id®n) =id=po(n®id).

The first property is just the associativity of the product while the second represents the
two-sidedness of multiplication of an algebra element by a scalar.

A coalgebra C is a vector space over a field K, with two K-linear maps, the coproduct
A:C— C®C and counit € : C — K. Notice that the coproduct goes from a single copy of the
vector space to a tensor product of C with itself, while the counit goes from the vector space
to the field K. These operations are in fact dual with respect to their algebraic counterparts,
as shown in fig. 1.1. The coalgebra maps satisfy the following axioms

(A®id)o A= (id® A)o A,

(id®e)oA=id=(e®id)oA. (1.14)

These are just the coassociativity property and the neutrality of the counit map with respect

A A K

I A n €

A A

Figure 1.1: Duality of Algebra and Coalgebra structures: the domain of p and 7 is the image
of A and e, respectively

to the coproduct we also found in the example for C[G]. The coalgebra axioms are dual with
respect to the defining axioms of the algebra, in the way shown by the commutative diagrams
in fig. 1.2. The duality is expressed by the fact that one diagram can be mapped into another
by simply flipping the arrows and exchanging algebra and coalgebra maps.

Formally, two vector spaces X, Y over K are dual if there exists a nondegenerate sesquilinear
form (-,-) : X X Y — K. So, given a unital algebra A, equipped with multiplication y and

d 4@ A
ASARA _2®H _ seu4 cecec %4  ogc
1 ®ed 7 AR®id A
AR A A cCeC C
,u A

Figure 1.2: Commutative diagrams for associativity and coassociativity axioms. One diagram
can be mapped onto another by flipping the direction of the arrows and exchanging algebraic
operations with coalgebraic ones.
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A
BgB " B BB
AR A TR
d® o ®id
BRIBRBRB BRIBRBRB

Figure 1.3: Commutative diagram representing the homomorphism property of the coproduct
A with respect to the product p. In the map above the bottom arrow, the flip operator
c: BB — B®B,with c(a®b) =b® a for a,b € B is also present, to take into account the
proper of the components of the tensor product.

unit element 1, and its dual vector space A*, one can define
(u(a,b),&z(a@b,A[c]), Va,be A,cc A"
(1,¢c) =€(c).

Assuming the algebraic properties for the multiplication and identity, the coalgebraic opera-

(1.15)

tions A : C - C®C and € : C — K can be shown to satisfy the coalgebra axioms through
(1.15), and the vice-versa also holds. We thus conclude that algebras and coalgebras are dual
structures.

It is also possible to define a structure endowed with both algebraic and co-algebraic
operations. A bialgebra B is a unital algebra and a coalgebra, whose coproduct A and
counity € are algebra homomorphisms with respect to the product p (also denoted by -) and
the identity 1. In formulas:

Ala-b) =A(a) - A(b),  ela-b) = ela)e(h), Va,be B

(1.16)
Al =1®1, e1)=1, 1eK.

The homomorphism properties are depicted in the commutative diagrams in fig. 1.3 and fig. 1.4.
It is worth noticing that a bialgebra is a self-dual structure. Indeed, by reversing the role of
multiplication, identity, coproduct and counit in the commutative diagram in fig. 1.3, one
basically obtains the same commutative diagram. The diagrams in fig. 1.4 are not invariant
under such exchange, but are self-dual. Overall, we may conclude that the dual of a bialgebra is
another bialgebra. At this point, we have introduced the relevant structures that characterize
the group multiplication and the identity element. To complete the algebraic description of a
Lie group, we need something to play the role of the group inverse.

A Hopf Algebra H is a bialgebra over a field K equipped with a K-linear map S : H — H
called antipode, which satisfies the following compatibility condition with the other bialgebra
structures:

po(S®id)oA=po(id®S)oA =1e, (1.17)

which, in the language of functions over a Lie group, expresses the fact that multiplying a
group element by its inverse from the left or from the right yields the same result, the identity
element. It can be shown [16] that this definition implies that S is unique and that it is an
antihomomorphism and an anticoalgebra map, namely

S(a-b) = S()-S(a), S(1)=1

(1.18)
(S®S)oA=00Ao0S, eoS(a) =e(a),
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A
BB —H - 3 BB —— > B
€Qe ¢ nemn .
KK=K KK=K

Figure 1.4: commutative diagrams for the homomorphism properties of the unit and counit.
The diagrams are dual to each other, by exchanging the direction of the arrows and replacing
the algebraic operations with their respective coalgebraic counterparts.

where a € H and o is the flip operator o : H ® H — H ® H such that c(a ® b) = b® a,
for a,b € H. It is easy to show that the commutative diagram depicting the Hopf Algebra
property (1.17) is invariant under the inversion of all arrows, modulo the exchange A < p,
€ <> 1, while S is left untouched. It is indeed the case that the dual of a Hopf Algebra H is
another Hopf Algebra H*, whose maps are defined in terms of the dual pairing (-,-), as :

<a'ba C> = <a®b,A(c)>, <1,C> = G(C)¢
a.c-dy = (Aa),c®d),  {a,1) = e(a), (1.19)
(S(a),c) = (a, S(c)), Va,be H* c,d e H.
Basically, the structures of H define the structures of H* and vice-versa. To further illustrate
this concept with an example, let us consider the dual of the Hopf Algebra of functions on a Lie

Group C[G]. Consider the coordinate functions x! € C[G] for a neighbourhood of the identity
e of the group, such that z%(e) = 0. We can introduce the dually paired basis t; € C[G]* as

(1,1) =1, (L,t;)=0, (2',1)=0

. e 1.20
(@ t;) =8, (@2t t) =0, Yn>1. (1.20)

Let g and ¢’ be group elements inside a coordinate chart z? that includes the identity. The
coproduct map A[z%](g,g’) = 2%(g,g’) gives the coordinates of the group element gg’ in this
chart. This can be thought of as a Taylor series around the identity

Ale(g.9) =2(g,0) = Y D Cirringroim® (g) -2 ()27 (g) - 2P (g) . (1.21)
n,m=0 {i} {j}

The fact that A[z%](g,e) = Alx'](e, g) = 2%(g) implies that the first terms of the series can be

written as
Alz')(g.9") = 2'(g9) + 2'(g') + vipa’ (9)2" (g) + ... (1.22)

Namely, the coproduct of the coordinate functions assumes the form
Al =2’ @141z’ + 2! @a" + ... (1.23)
Using relations (1.20), it is possible to show that

<1¢ tjtk> =0, <xi7 tjtk’> = (A[$Z]7 tj ® tk> = ’Y;k ’ <xixj> tktl> = 612513 + (%5; ) (124)
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while all relations containing higher order terms in the coordinate functions are 0. By taking
the antisymmetric part in the dual basis elements, we obtain

while analogous relations with higher order monomials in ¢ are all 0. This implies that the
generators t; close a Lie Algebra with structure constant C;k = ’y;k — *y,i ;- The construction
for an associative algebra in which generators close a Lie algebra is unique and is none other
than the universal enveloping algebra U[g] associated to the Lie algebra g of the Lie group
G. With the techniques developed above it is also possible to find all the other relevant Hopf
algebra structures for ¢[g|, which are summarized below:

[t5, k] = it Altil=t;®1+1®t;,

() =0, S =t (1.26

When studying symmetries of noncommutative spacetimes, the above structures above will
acquire non-linear deformations proportional to the noncommutativity scale, in general. This
further strengthens the motivation behind the development of such abstract algebraic struc-
tures. In the context of Lie groups and Lie algebras, they are of course a redundant description.
However, when dealing with non-linear deformations of relativistic symmetries, the descrip-
tion in terms of Hopf Algebras is inevitable, as Lie algebras and groups only allow for linear
structures such as in (1.26).

In our discussion of noncommutative quantum field theory, we will focus on a particular
class of Hopf Algebras known as triangular Hopf Algebras. A quasi-triangular Hopf Algebra
posses an invertible element R € ‘H ® H known as the R-matrix, which satisfies the following
properties:

RA(a)R™! = (00 A)(a)
(A®1)(R) = RizRas (1.27)
(1® A)(R) = Ri3Ri12

where R;; indicates that the two components of the R-matrix are placed in the i-th and j-th
components of the tensor product, in order. As a consequence of the last two properties, the
R-matrix can be shown to be the solution of the Yang-Baxter equation, which reads

Ri2R13R23 = Ro3Ri3R12. (1.28)

If the R-matrix satisfies
R™' =Ry & RRy; =1 = Ry R, (1.29)

where Ry = (0 ® R), then the Hopf Algebra is said to be triangular. A quasitriangular
Hopf-Algebra satisfies the Poincaré-Birkhoff-Witt property [33], particularily relevant for non-
abelian Hopf Algebras. The property ensures that, once a finite set of generators of the
algebra are specified, the ordered monomials in any given order are a basis for polynomials
of fixed degree. In other words, all monomials of a specified order are independent of each
other, which is a desirable property when dealing with noncommutative field theory, where the
protagonists of the analysis are functions of noncommutative coordinates. In the case-study
we will investigate, we will show that coordinate noncommutativity is also governed by the
R-matrix, ensuring the Poincaré-Birkhoff-Witt property. Therefore, a noncommutative field
and products of noncommutative fields can be expanded in series without ambiguity. It will
also be shown that the R-matrix plays a fundamental role in characterizing the deformation
of bosonic and fermionic statistics.
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As discussed in the Introduction, Hopf Algebras are a useful tool to describe deformations
of relativistic symmetries acting on a noncommutative spacetime, which may be realized as
a quantum homogeneous space. In the abstract algebraic language we are developing, this
requires the introduction of two dual notions: that of an algebra module and of a coalgebra
comodule.

Given an algebra A, a left- (right-) A-module is a vector space M whose elements can be
multiplied by A from the left (right), yielding another element of M. As a familiar example,
consider the so(3) Lie algebra, specified by the commutators [L;, L] = €5 Li. A left so(3)-
module is the vector space R3, coordinatized by z;. The action of L; on x; can be defined
as

Li > T = €175, (1.30)

and it needs to be compatible with the product of the so(3) Lie algebra, given by the Lie
bracket. Indeed, it can be explicitly verified that

L[i > (Lj} > .%'k) = eiﬂLl > T . (1.31)

The action & : 50(3) X R® — R3 transforms elements of R? into other elements of R3. In general,
if © and 1 are the product and the identity of the algebra, then the compatibility condition
can be written as

>o(id®@>) =po (u®id),

(1.32)
>o(n®id) = id,

while the second simply ensures that acting with the identity of the algebra leaves the element
of the vector space invariant. As usual when dealing with Hopf Algebras, it is also useful to
introduce the dual notion of action, named coaction, where the Hopf Algebra comultiplication
is involved.

Given a coalgebra C, a left comodule is a vector space X whose elements can be co-
multiplied by C by means of a left coaction ' : X — C ® X, which is compatible with the
coproduct A in the following sense:

(A®id) o’ =(id® )0,

(e®id)o’ =id. (1.33)

The left coaction is dual with respect to the action in the usual sense. By exchanging the
coalgebraic operations with the algebraic ones in (1.33) and reversing the order of the map
composition, we obtain exactly (1.32). As an example, recall the algebra of functions on the
invertible matrices of dimension n, C[GL(n)], and consider the vector space R™, coordinatized
by x%. A left coaction of C[GL(n)] on R™ can be realized as

(') = M} ® a7, (1.34)

which basically expresses the fact that matrices of the GL(n) group transform vectors of R”
into vectors of R™ in an abstract way. The compatibility conditions (1.33) can be easily verified
using expressions (1.12). Indeed, the first in (1.33) reads

(A®id)(Mi®al) = AMl] @2l = Mi® MF ®17 = M} @ («%) = ((2"))'. (1.35)

Given that a Hopf Algebra H is both an algebra and a coalgebra, it is possible to define both an
action and a coaction when acting on a vector space X. The latter is promoted to a quantum
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homogeneous space if a Hopf Algebra #H, equipped with an action > and a coaction ’; leaves X’
covariant in the sense that

hl>(a‘b):(h(l)Da)-(l’L(g)Db),

1.36
(a-b) =d -V heH,abe X, (1.36)

i.e. both the left action and left coaction are compatible with the product - of the homoge-
neous space X. In the physical applications we are about to present, X is a non-commutative
spacetime (in the sense that coordinates satisfy non-trivial commutation relations) and # is
a Hopf Algebra describing a quantum version or the Poincaré group or the Poincaré algebra,
which leave the commutators covariant. The idea is that the spacetime of different observers
connected by relativistic transformations should experience the same type of noncommutativ-

ity.

1.2 6/-Minkowski

The simplest example of noncommutative spacetime, denoted by AXjp, is one in which the
coordinates satisfy commutation relations of the form

[xH, 2V = 0" (1.37)

where 0*” is a constant, real valued matrix. This is known as #-Minkowski or the canon-
ical/Moyal noncommutative spacetime and has been intensively studied in the context of
String Theory [10,11] and of noncommutative quantum field theory [34,35].

The algebra of functions on the Poincaré group is deformed accordingly and is denoted by
Co(150(3,1)), commonly known as 6-Poincaré. This deformation of the Poincaré group is a
symmetry of Xp if commutation relations (1.37) are covariant under the standard coaction:

PP =AN@z"+ad" @1 — [ 2] =", (1.38)

where A} and a* refer to the Lorentz and translation parameters of the §-Poincaré trans-
formation, respectively. The compatibility condition (1.38) implies that the quantum group
parameters satisfy the following commutation relations

[0, a"] = i(6505 — ApAZ)077 , [AD, AJ] = [A],a’] =0, (1.39)
while the coalgebra sector and the antipode are left unchanged:

A=A © AL, Al =M oa’ +d e,
SIAE] = (AT, S[at] = —(A7!)ka?, (1.40)
Al =4}, ela] =0,

and the Lorentz matrices still satisfy the orthogonality relations AGAY 1, = 1y, with 7,, being
the usual Minkowski metric. The Hopf Algebra dual to C¢(1SO(3,1)) is the #-deformed uni-
versal enveloping algebra of the Poincaré group, denoted by Up(iso(3,1)), and is characterized
by undeformed commutators

[PWPV] =0, [MIMHPﬂ] :i(nuppu_nl/pp,u)v

. (1.41)
(M, Mpo] = i(nupMyp — uoe Myp — MupMpue + Mue Myp) ,
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where P, and M, are the translations and Lorentz generators, respectively. The antipodes
and counits are also undeformed, S(P,) = —P,, S(M,,) = =M, €(P,) = €(M,,) = 0; all
the non-linearity is stored in the coproducts

AP|=P,®1+1®P,,
1 (1.42)
AMpw] = My @1 +1& My, — 50/)0(77#[#]31/] @ Py +Fp® na[u]PV]) .

These can be obtained via the application of a ”Drinfeld twist”, starting from the undeformed
coproducts. The twist, denoted by F, is an invertible element of Uy(iso(3,1)) @ Uy(iso(3,1)),
whose expression is given by

F = exp (;HWPu ® P,,) , (1.43)

and is combined with the undeformed coproducts A (X), X € Uy(iso(3,1)), to obtain the
deformed ones by the similarity transformation

AX)=F'AOx)F. (1.44)

Starting from the twist operator (1.43), it is possible to construct the R-matrix as R =
ForF~1 = (F)72 [36]. The §-Poincaré algebra is triangular, since one can easily verify that
RRy1 = 1 ® 1. The existence of the R-matrix allows the construction of the so-called ”6-
Minkowski braided tensor product algebra” [37,38]. This concept will be formally introduced
in chapter 2 and analyzed in detail for the lightlike k-Minkowski spacetime. For the scope of the
present section, it suffices to say that this algebra is necessary to define multi-local functions
when constructing quantum field theory on the #-Minkowski spacetime. The main idea is that
the construction of N-point functions requires multiple copies of the noncommutative spacetime
from an algebraic point of view. Coordinates belonging to different copies of the braided tensor
product must satisfy non-trivial commutation relations if they are to be invariant under the
action of the relevant quantum group.

For the 6-Minkowski case, the status of the corresponding noncommutative quantum field
theory is still unclear. A first proposal advanced by Fiore & Wess [36] finds that all N-
point functions are equal to the ones employed in the commutative case so that the theory
is completely equivalent to the commutative one. A more recent approach based on Oeckl’s
algebraic definition of braided quantum field theory [39,40], finds that N-point functions for
N > 3 are indeed deformed [41], leaving room for possible deviations from the standard theory.
It is worth mentioning that a a 14+1-dimensional toy model based on #-noncommutativity has
been studied by Grosse and Wulkenhaar [42] and was proven to be finite at all energies. This
is the only known example of an interacting quantum field theory that is well-defined at all
scales, and realizes Snyder’s original dream of keeping the divergences of quantum field theory
under control via noncommutativity.

Apart from these formal developments, more phenomenological approaches to quantum
field theory on #-Minkowski predict violations of the Pauli exclusion principle as potential
testable effects [43-45]. The idea is that fermionic construction operators satisfy a braided
commutation relation given by [43]

a (p)at(q) + R~ (q,p)a’ (¢)a’(p) = 0, (1.45)

where p, ¢ are two four-momenta and R~1(q,p) = exp(if,,¢"p”). Underground experiments
searching for forbidden Pauli transitions allow to put constraints on f-noncommutativity pa-
rameters [44-46]. The tightest bounds on this noncommutativity scale been found in [46]:
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expressing 6 ~ 1/A2, where A is an energy scale in units of the Planck energy, the authors
in [46] find that A > 6.9 - 1072 if % = 0 and A > 2.6 - 10% otherwise.

Approaches to quantum field theory on 6-Minkowski with breaking of Lorentz symmetry
have also been studied [47,48], yielding surprising results. When analyzing loop corrections to
the propagator, the usual ultraviolet-infrared decoupling that forms the basis for conventional
renormalization programs disappears. Instead, the ultraviolet and infrared degrees of freedom
couple to each other when integrating over high momenta in loop integrals, via a mechanism
known as IR/UV mixing. As it will be relevant in our cold atom phenomenology studies in
chapter 5 (but under a very different form), we review the basic aspects of this mechanism
following [48]. Corrections to the propagator in noncommutative field theories involve both
planar and non-planar diagrams, the latter of which are exclusive to noncommutative sce-
narios. Upon introducing an ultraviolet momentum cutoff A, the planar tadpole diagram is
characterized by a contribution of the form

A 3 2
k 1., 1 A
dk—" = “A%— ~m2In 1+ — 1.4
/0 iym2 2o 2" n( +m2>’ (1.46)

while the corresponding nonplanar contribution is given by

A 3 A 3
1 k k k
dkcos | skp ) 55 = [ dkcos | s | 5——s 1.47
/0 C°S<2 p>k2+m2 /0 COS<2ﬁ‘1>k2+m2’ A7

where p, = 0"p, and p, is the external momentum. The nonplanar diagram is cut off by

_1|.

the smaller between A and [p In fact, for A < [p|~!, the §-dependent cosine function

approaches one, while in the other regime, for A > [j|~!, the integrand oscillates rapidly in
the integration region such that k > |p|~!. In this latter case, (1.47) can be expanded as

2
A 3 2 2
k k 1/ 2 1 (\p|>
dk - ~ | = — —m?1 1 . 1.4
/0 COS<2ﬁ1>k2+m2 2(|15|> PR (1.48)

As in the commutative limit, the planar diagram diverges in the A — oo limit. The non-planar

contribution is instead independent of A, and is finite until p # 0. The UV portion of the
loop integration introduces the dependence on |p|~!, bringing about an IR singularity when
p — 0. This is the essence of the IR/UV mixing mechanism. The introduction of an UV
noncommutativity scale brings about non-trivial effects also in the IR portion of the theory.

1.3 Timelike k-Minkowski

The 3 + 1-dimensional k-Minkowski noncommutative spacetime is defined by commutations
relations among coordinates of the form

[zH, "] = %(v“x”—v”x“), v =0,...,3, (1.49)
where k is a deformation parameter with the dimensions of energy and v* is a set of four real
parameters. Contrary to the §-Minkowski case, these commutators are linear in the coordinate
functions, which is an appealing opportunity for quantum gravity phenomenology. If one is to
associate the deformation parameter to the Planck energy, the leading order corrections appear
at the first order in the deformation scale, as opposed to 8-Minkowski, where the leading order
effects would be quadratic in the Planck energy.
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One can introduce a (commutative) arbitrary constant metric tensor g, , and require that it
is preserved by a quantum group of symmetries, which also acts covariantly on the coordinate
functions, so that the form of (1.49) is the same for each observer. One obtains different
quantum groups depending on the relationship between the parameters v# and the metric
Guv- If the parameters form a lightlike/null vector, i.e. v*v”g,, = 0, one obtains a triangular
Hopf algebra [49], which is the best-behaved case in terms of constructing a noncommutative
quantum field theory (we will study it in detail in chapter 2). This quantum group has been
discovered in [50-52]. The spacelike case has been discussed in [53,54], while the timelike one,
which we will focus on in this subsection, was first introduced in [55-57] and is by far the
most-studied one [58-82]. The symmetries of (1.49) are expressed in terms of the k-Poincaré
quantum group, denoted by C.[ISO(3,1)]. The algebra sector reads [83] (all greek indices
run in the set {0, ...,3})

[A# AP ] =0, [a" a"]= %(v“a” —vYat)
[a¥, A*)] = %[(Aﬂavo‘ —0")AY, + (A%, gap — g,,g)vﬁg’”] (1.50)
AN 5° = g NN G = G-
The coproduct A, antipode S and counit €, are given by
AA )] =A@ A, Ala,) =AM, @a" +ad"®1
SIAM] = (A1, Slat] = —(AT)a", A ] =0f,  ea’] =0.

v v

(1.51)

Upon specifying v* = (1, 6) and gog = diag(1l,—1,—1,—1) the timelike case is characterized
by commutation relations of the form
0 2] = Lyt (1.52)

[z -

One of the appeals of the timelike case is that, superficially, the algebra (1.52) appears spatially
isotropic, and indeed it is invariant under commutative/undeformed spatial rotations. At an
early time of investigation of the physics of quantum groups, when some phenomenological
consequences were being conjectured, undeformed spatial isotropy seemed compelling, because
before clarifying the difference between symmetry breaking and symmetry deformations, a non-
isotropic model could be feared to be incompatible with very basic observations of the isotropy
of empty space [84]. Moreover, this deformation of standard Lorentzian geometry also appears
naturally in studies of 2 + 1 quantum gravity [14,85-87].
The commutation relations (1.50) are thus specified to

[a",a"] = %(5“()@” —§¥0al), [A%5, A% =0
. ) ; . . , " (1.53)
[A ﬁ,a]z—g((l\ 0—0%)A’s 4+ (Aog — 908)9™")

while the coproducts and antipode remain the same. The dual Hopf algebra in the timelike
case in the so-called bicrossproduct basis is denoted by U, (iso(3,1) and was found in [88],
characterized by commutation relations between the Poincaré generators given by

[P;HPI/]:O) [R’HP]]:ZG”LJ/CP]C)

2Py /)

. K _ 1
[Ni, Bj] —Z5ij<2(1 —e )+ 2FdeP,g> - PP,
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where N;, R; are boosts and rotations, respectively, and the Lorentz subalgebra remains un-
deformed. The coproducts are given by

APO:P0®1—|-1®P0,

P

AP, =P®1l+e = ®P,
1.
AR, =R;®1+1® R;, ( 55)

P 1

AN;=N;®@1+e =» @ N; — —eiji Py ® N

To further clarify the definition of covariant Hopf Algebra action defined in (1.36), let us
verify that commutation relations (1.52) are covariant under the application of the translation
generators F,. We define said action as P, >z” = —id,;. Focusing on the spatial translations
P;, when acting on products of coordinates we have

Piv oV =(Pi) > 27) (P2 >al) = (Pa®)(1sa2?) + (67% >20) (P> al) =

| . (1.56)
7 O
7 l(x + I‘i)7
P> a72® =(Pyyy b a?) (Pyy > 2°) = (P> a?) (1 2°) + (e b ad)(Pvad) = (1.57)
—idixo, |
so that
Piv 20, 2] = 514' _ (1.58)

From the right-hand-side of (1.52), we simply have P; > %xj = %55 , thus proving covariance.
With analogous techniques, the same can be shown for Py and for the Lorentz generators,
upon defining

N>zl = ixoéj-, N>z =iy, M, >l = egkxk, M;>2'=0, (1.59)

and using the coproducts (1.55).

The term ”bicrossproduct” refers to the algebraic generalization of the semi-direct prod-
uct. In the present case, U, (iso(3,1) is realized as the bicrossproduct between the unde-
formed Lorentz enveloping algebra in 341 dimensions and the deformed translation subalgebra
spanned by P,. In terms of this basis, the noncommutative space time (1.52) can be realized
in a natural way by duality with respect to the translation subalgebra, as discussed in detail
in [88].

In this basis, the Casimir element of the k-Poincaré algebra is given by

P P
C = 452 sinh? (22) —ew PP, (1.60)

and, as we will discuss in detail in chapter 5, has interesting phenomenological consequences
if one is to interpret it as a deformation of the usual mass-shell relation of relativistic particles
[26-28]. On the more technical side, several works have explored noncommutative quantum
field theory and gauge theories on timelike k-Minkowski [78,89-97]. Only very recently, there
has been a first step towards a connection with the phenomenology of particle physics [98].
One of the obstructions encountered in the construction of the full theory is a lack of a notion
of multiparticle states of identical particles [99-103]. As we will see in chapter 2, this issue can
be resolved for the lightlike x-Minkowski case, thanks to the existence of a universal R-matrix.
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1.4 p-Minkowski

The p-Minkowski noncommutative spacetime is an example of a class of Lie-algebra type
quantum spacetimes, introduced in [104], whose quantum symmetries can be realized by means
of a twist deformation. In [29], it was shown that the symmetries can also be realized in terms
of a bicrossproduct construction, akin to what is done for timelike xk-Minkowski in [88]. The
commutation relations among the coordinates are of the form

[',L,O?xl] = —ip.'L‘Z, [xoa CC2] = prl ’ (161)

while the other commutators are 0; in particular, the 2> coordinate is central. This may be
referred to as a sort of angular noncommutativity, given that the time variable acts as the
generator of rotations in the (x1,x2) plane. Indeed, (1.61) is just the Euclidean subalgebra
involving the three spatial translations and the rotation about the 3-axis. As a consequence,
when these coordinates are represented as operators on a Hilbert space, the spectrum of the
time coordinate is discrete [105]. The associated p-Poincaré quantum group, denoted by C,(P)
in [29], is defined by the following commutation relations [105, 106]:

[a",a”] = ip[é”o(a25“1 — alé“g) — 5“0(a25”1 - alél’g)] . [AFL AP, =0, (1.62)
[A¥),aP] = ip [APo(A* 192, — AFagry) — 0P0(A2yd*1 — A1dHa)] . '

Like in the previous examples and in the other cases of quantum Poincaré groups outlined
in [104], the coalgebra sector and the antipodes have their expressions undeformed.

AAF) =A@ A%, Ald') =AYy ®@ad +ad'®1,

e(AM)) = 6", e(a*) =0, S(A%)=(A"H* S(a") = —a” (A=) (1.63)

v v®

Using these quantum group transformations and the representations of the spacetime coordi-
nates, the properties of observers and localization were investigated in [106]. The dual Hopf
Algebra in the bicrossproduct basis found in [29] is denoted by U,(p) and is characterized by
the usual Poincaré commutators, while the coproducts are p-deformed and read

APy =P®1+1Q P,

AP = P, ® 1+ cos(pPy) ® Pp —sin(pPy) ® Ps,

APy = P, ® 1+ cos(pPy) @ Po +sin(pPy) @ Py,
AP;=P3®1+1Q P,

ARy = Ry ® 1+ cos(pPy) ® Ry —sin(pPy) ® Ra,

ARy = Ry ® 1+ cos(pPy) ® Ry + sin(pFPy) ® Ry,
AR3=R3®1+1® Rs,

ANy = Ny ® 1+ cos(pPy) ® N1 —sin(pPy) ® N2 + pP1 ® Rs,
ANy = Ny ® 1+ cos(pPy) ® No + sin(pFy) @ N1 + pP> @ Ra,
AN3=N3®1+1Q® N3+ pP; ® R3.

(1.64)
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The counits are all 0 while the antipodes are given by

S(Ry) = — Py,
S(P1) = —Picos(pPy) — Pysin(ph),
S(P2) = —Pacos(pPy) + P sin(ph),
S(P3) = =P,
S(R1) = —Rjy cos(pPy) — Rasin(phPy),
, (1.65)
S(Ry) = —Rycos(pPy) + Ry sin(ph),
S(R3) = —Rg,
S(N1) = —cos(pPy) N1 — sin(pFPy) No + pcos(pPy)P1R3 + psin(pFy) P2 R,
S(Nz) = — COS(pPo)Nz + Sin(pPo)Nl + pCOS(pP())PQRg — pSin(pPo)Ple,
S(N3) = —N3 + pR3Ps.

This Hopf Algebra structure is obtained by applying a Hopf Algebra isomorphism [29] to the
algebra found in [107] via twist deformation. The isomorphism does not affect the generators
Py, R3, so that the form of the R-matrix

R =exp [ip(Rg QPy— Py ® Rg)] , (1.66)

is the same in the two bases. One can easily check that RR2; = 1®1, so that the Hopf Algebra
is triangular. The existence of the R-matrix makes this model appealing for the construction
of a quantum field theory following the prescriptions outlined in chapter 2, and will be done
in the near future. The results are to be compared with the ones obtained using a different
approach [108], where IR/UV mixing properties arise in loop corrections to 2- and 4-point
functions.

Gaining inspiration from this noncommutative framework, phenomenological studies have
found instances of relative locality [109] in models with p-deformed symmetries [110-113]. The
effect found is known as dual lensing and predicts that if two particles of different energy travel
parallel to each other for an observer at rest with respect to the source that emitted them, then
the two particles will be seen under a non-zero angle for a boosted observer. In the not-so-
far feature, there will be the possibility of putting bounds on these phenomenological models
inspired by the p-noncommutative framework, thanks to the new generation of multisatellite
telescopes [114,115].

An analogous type of angular noncommutativity, known as A-Minkowski, was studied in
[116,117]. The algebraic structure is almost identical to the one outlined for p-Minkowski, but
the roles of z° and 23 are exchanged. In this case, time is a commutative variable, so that the
model avoids the difficulties in setting up an Hamiltonian analysis, crucial for the development
of interacting quantum field theory. Investigations of this type are reported in [116], where

the IR/UV mixing mechanism plays a role in loop corrections to the propagator.



Chapter 2

Braided k-lightlike noncommutative
Quantum Field Theory

Quantum field theory on noncommutative spacetimes has been studied for decades [34, 118,
119], with the original motivation of taming the divergences of the theory developed on classical
spacetime. The status of quantum field theory on the well known - and timelike x-Minkowski
has been briefly reviewed in section 1.2 and section 1.3, respectively.

Recently, the very first steps have been taken towards the investigation of quantum field
theory on the lightlike xk-Minkowski spacetime [30,120,121], symmetric under the “lightlike” k-
Poincaré quantum group [50-52]. The focus of [120] was the construction of N-point functions,
for which the concept of braiding was realized to be crucial. In the commutative case, N-
point functions are simply functions from several points on the spacetime manifold onto the
complex or real numbers, and in terms of the (commutative) algebra of functions on the
manifold, they can be simply formulated as elements of tensor products of copies of the same
algebra of functions. In the noncommutative setting, simply taking the tensor product fails to
produce a covariant structure: in other words, assuming that the coordinates of different points
commute with each other is not covariant under the quantum group Poincaré transformations,
as we will review shortly. Fortunately, there is a generalization of the concept of tensor
product, called braiding [49], which allows one to identify a noncommutative algebra of N-
points that is invariant under the relevant quantum group. In [120], the covariant braided
N-point algebra for a general parametrization of k-Minkowski-like noncommutative spacetimes
was constructed, and it was proven that its associativity is only compatible with the lightlike
model. Furthermore, the coordinate differences between different points (and therefore all N-
point functions) were shown to be commutative, just like in the work of Wess and Fiore [36,122].
In [120], a proposal for a covariant Pauli-Jordan function was put forward, but a technical
obstacle prevented the definition of general Lorentz-invariant N-point functions. Namely, the
momentum space of the theory was observed to be not closed under Lorentz transformations,
which practically meant that certain momentum space integrals would have a Lorentz-breaking
upper bound related to the deformation energy scale. Thanks to a recent observation [96], this
problem of the non-closure of momentum space under Lorentz transformations can be solved
by enlarging the basis of noncommutative functions that are used in the Fourier expansion
of fields, to plane waves that include a constant complex contribution to the frequency. This
allows one to “double” momentum space into two halves that are connected to each other
by Lorentz transformations, and together, are globally Lorentz invariant. This observation
was used in the recent work [121] to define a free complex scalar field theory consistently
(using covariant quantization based on a Pauli-Jordan function), and derive the associated

23
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deformed construction and annihilation operator algebra. Unfortunately, this algebra turned
out to be extremely complicated, due to the presence of the additional region of momentum
space, which, together with the mass shell, splits the commutator of two creation/annihilation
operators into no less than twenty cases which need to be listed separately.

In the most recent results we will be reporting [30], we find a substantial simplification for
the oscillator algebra. We are able to find a simple representation for our deformed creation
and annihilation operators that can be expressed in one line, and is based on infinite nonlinear
combinations of standard creation and annihilation operators. Such representation makes the
unwieldy algebra of [121] treatable, and allows us to begin drawing some physical conclusions
from the theory. First, the one-particle sector is completely undeformed and coincides with that
of a commutative free complex scalar quantum field theory. Secondly, the charge conjugation
operator is undeformed and Poincaré covariant. This was not the case in other approaches
to quantum field theory on x-Minkowski (in the case of timelike v*) [96]. In particular, the
recent [94] shows that the charge conjugation operator sends a one-particle state into a one-
antiparticle state with different momentum. This phenomenon is not present in our model.
Regarding P and T symmetries, these are not symmetries of the commutation relations between
coordinates, and this fact manifests itself already at the level of the one-particle sector: we are
not able to introduce a P or a T operator that acts on the oscillator algebra or on the Fock
space in the desired way. This, however, does not prevent PT symmetry from being realized:
thanks to the antilinearity of the T operator, both the coordinate commutation relations and
the free field theory can be shown to be PT-invariant. Having C and PT, the CPT invariance
of the model is also guaranteed.

The nontriviality of the model manifests itself all in the multi-particle sector. Already
at the level of two particles one sees that the total momentum depends nonlinearly on the
momenta of the two particles, and the action of Lorentz transformations on two momenta
becomes nonlinear and mixes the components of the momenta of the two particles (something
dubbed “backreaction” in previous works [77,123]). Finally, we are able to introduce a “braided
flip operator” that exchanges the momenta of two particles in a nonlinear way, which possesses
all the properties that such an operator should: it is Lorentz covariant and is an involution
(its square is the identity operator). This operator can be used to define symmetric and
antisymmetric states, which are necessary to define the Fock space of bosonic and fermionic
fields. Recent work by another group [103] showed that, in the case of the “timelike” k-
Minkowski spacetime, such a flip operator does not exist. The next best things are either
non-Lorentz-covariant at all orders, or are not involutive [85,100, 124, 125], which means that
one can build an infinite tower of two-particle states that all share the same total momentum.
The conclusion of the authors of [103] is that the very notion of identical particles, and (anti-
)symmetrized multiparticle states loses meaning. These results do not apply to the model
considered in the present chapter, as our flip operator is both involutive and Lorentz-covariant.
This allows us to introduce a well-defined notion of multi-particle states, which is something
that has eluded studies of quantum field theory on rk-Minkowski for decades. The deformed
multi-particle states allow for a revision of the classical concepts of indistinguishability of
identical particles and of the Pauli exclusion principle. We find that, given enough precision,
particles of the same species which are described by a deformed (anti)-symmetric state can
be distinguished by an experiment measuring their momenta. Moreover, the class of states
prohibited by the Pauli Exclusion Principle is instead allowed in this setting, while another
class of states not excluded by the standard Principle is instead prohibited.
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2.1 Noncommutative geometry of lightlike k-Minkowski

2.1.1 The lightlike x-Minkowski spacetime and the x-Poincaré quantum
group

In the following, we will focus on a 1 4+ 1-dimensional quantum field theory. Nevertheless,
the construction of the braided tensor product algebra is valid in any number of dimensions.
Therefore, we start with the definition of the d 4+ 1-dimensional k-Minkowski spacetime and
the associated k-Poincaré quantum group C,[ISO(d,1)]. The relevant expressions are just a
trivial generalization of those written in the beginning of section 1.3. For simplicity, we choose
to work in units in which x = 1. The commutation relations between coordinates are

[zH, 2" = i(vFa” —v2?), pu=0,1,...,d, (2.1)

where v* is a set of d + 1 real parameters. The algebra of functions on Minkowski spacetime
is hence deformed into a noncommutative algebra A, generated by z* and the identity 1,
and equipped with a noncommutative product defined by (2.1). The relevant structures of
Cx[1SO(d,1)] are given by

[A¥,, AP ] =0, [a*, a"] =i(vFa” —v¥at)

[a?, A%, = i[(A¥,0* = v*) AT, + (A%, gas — gup)0"g"] (2.2)

AMQAuﬁgaﬁ — g,lw’ ApuAUyng = G
with greek indices running in the set {0, .., d} and g, being a constant, invertible metric. The
coproduct A, antipode S and counit €, are given by

A[AMV] :A“a®Aay, A[a“] :ANV®aV_|_aM®1
S[A%] = (AT, Sla] = —(ATHa", AR] =6, €d] =0.

v v

(2.3)

The Poincaré transformations of spacetime coordinates can be understood in terms of a
left co-action operator -’ : A — C.[ISO(d,1)] ® A. We will write this coaction in a compact
way as

o't = A 2+ at (2.4)

where the product on the right-hand side is understood as the tensor product A*, ® 2" +a*®1.
In this notation, it is understood that [A",, x?] = [a*,2"] = 0. It is easy to check that, given
the coordinate transformation (2.4) and the commutation rules (2.2), the commutator (2.1) is

covariant, in the sense that
[ 2] = i(vta"” — vV a?), (2.5)

and the commutation relations appear identical to all inertial observers.

In the commutative limit, a two-point function is a function of two copies of Minkowski
space R%! x R%1. The commutative algebra of such functions is C[R%! x R%!], which, under
the canonical isomorphism, can be identified with the tensor product algebra C[R%!] @ C[R%1],
which is canonically defined as generated by the coordinate functions:

i =2*®1, zh=1xz", (2.6)

which are such that [z4,z4] = 0. The extension of this construction to the noncommutative
setting is not so straightforward. Adopting a similar prescription in the noncommutative case,
the A®2 = A® A algebra is generated by x’l’:Q, where

[x’f,:c‘l'] =i(vtz] — v”x’f) , [ﬁg,azg] = i(vtzs — v”xg) , [:c’f,xg] =0. (2.7)
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Extending the x-Poincaré left coaction (2.4) in the canonical way, we obtain

' =M@ +ad" @1 =AMrel+d @11

! ®2 (2.8)
' =A@y +ad" @1 =A1lz"+d" @121,
and one can immediately verify that
o', 23] = [A}, "] @ (2f — a5) + [0, a”] ® 197 £ 0. (2.9)

The way to make the above commutator covariant is to relax the commutativity between z/
and z§, giving rise to the algebraic structure known as ”braided tensor product”. Our algebra
of two points still closes two k-Minkowski subalgebras, and we want to find the form of the
cross-commutation relations starting from the most general expression

[z, 28] = iahyvPv? + z‘vp(b’;gx({ + c%xg) , (2.10)

which can be obtained by dimensional analysis and requiring it to be polynomial in the co-
ordinates such that the commutative limit is restored when v* — 0. The invariance of the

[z, 2] commutator implies that it should have the form

@, ] = ioha — v'ah — i per? (2 — a)]. (2.11)
The invariance is guaranteed even when considering more than two copies of A, so we may
generalize the notation to [z, x|, with labels a,b running over any set of more than two
integers. Moreover, if we require the A% algebra to be associative, the commutators also
need to satisfy the Jacobi identity

24, [y, we]] + [y, [, 25]] + [2€, [25, 2] = 0. (2.12)

This yields the condition v®v, = 0, meaning that the only k-deformation which allows the
construction of a braided tensor product algebra is lightlike. This class of k-noncommutative
spacetimes is the only one on which the algebraic notion of multi-local functions can be defined.
We will denote the braided tensor product algebra of N points as ASN tp distinguish it from
the standard tensor product algebra A®N.

We now restrict our attention to the lightlike k-Minkowski spacetime in 1+ 1 dimensions,
with the following choices for the metric g,,, and the constants v#:

0 1

P =1(2.0 =
v (2,0), Guv (10

) = guv'v” =0, (2.13)

leading to the commutations relations between coordinates of the form

[zT,27] =2z, e (2.14)

Using the fact that the Lorentz sector of the x-Poincaré algebra is commutative and the
orthogonality conditions with respect to the lightlike metric in (2.2), it is possible to show
that

AT =A7=0. (2.15)

The algebra (2.2) is thus specified to

[A* AP ] =0, [aT,a”]=2ia"
[a™,AY ] = 2i[(AY, — DAY], [a", A ] =2i(A —1)

(2.16)



2.1. NONCOMMUTATIVE GEOMETRY OF LIGHTLIKE xk-MINKOWSKI 27

while all the other commutators are 0. The coalgebra and the antipode do not depend on the
specific values of v# and g,

These symmetries can also be described in terms of the dual Hopf Algebra U,[iso(1,1)],
which can be thought of as a noncommutative deformation of the universal enveloping al-
gebra U[iso(1,1)] of the Poincaré Lie algebra iso(1,1). To extract the relevant structures of
U, [iso(1,1)], we apply a finite transformation on noncommutative plane waves, with a given
ordering, and extract the action of the generators of the algebra by evaluating the first order
of the transformation rules of plane waves. In this calculation and throughout the manuscript,
we choose to work with the ™ to-the-right ordering, and a transformed plane wave can be
written as

eik_m’feik+m’+ ’ (217)

where 2/~ , 2'" can be read off from (2.4) and k, € C.'. In our 1+ 1-dimensional example, the
Lorentz part of the transformation can be parametrized by a single operator 7, as follows:

AP, = < c 97 ) . (2.18)
0 e

From commutators (2.2), it is possible to show that
[at, 7] = 2i(e” — 1), [a=, 7] =0. (2.19)
Using relations (2.19) and some algebra, we can write (2.17) as

pik—e Tz g log[l+em (P —1)]at jik_a” jikiaT (2.20)

Focusing on the Lorentz sector of the transformation, we want to write
eik,e*Ta:*eé log[1+e7 (e2*+ —1)]z ~ (1 + Z-TND)eik,x* eik+x+ + 0(7_2) , (2'21)

where N is the boost operator in Uy[iso(1,1)] and > is a left action > : U,[iso(1,1)] ® A — A.
Expanding the left hand-side at first order in 7, one finds

. —ro— i 7.2k ) _ 1— e*2k+ .
eif—eTTa gy log[lteT (e Dt (1- Z'Tx_k—)ezkj <1 + ’L'TZU+< 2 ))e”ﬂx* - (2.22)
This can be understood as a non-linear deformation of the action of the standard boost operator
on a commutative plane-wave which is then mapped to a noncommutative one with a given
ordering (in this case z* to the right), by means of a Weyl map € : C[R?] — A [126], defined
as (kx is a shorthand for k,az#):

Q(ehe) = k-2 gihra™ (2.23)

The action of the boost operator N can thus be written as

N Q(etk®) = Q[((m;—a) + T <1_§26+>>e’m] (2.24)

By inspecting the translation sector of the transformation, the action of the Py generators can
instead be defined as
Py Q(e*®) = Q(—i01e™) = kL Q(e7) (2.25)

'Here and in the following, we consider ordered exponentials of the noncommutative coordinates with both
real and complex parameters. The properties of the exponentials do not depend whether the parameters are
real of complex, in general. For the sake of simplicity, we will refer to these functions as plane waves, even if
the parameter has an imaginary component (see section 2.2.1)
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Using expressions (2.24)-(2.25) and applying the generators in succession on a single plane
waves, one finds the commutators:

~ 1 e—2P+ - -
[N, Py] = z() [N,P_] = —iP_, (2.26)

which can be easily shown to satisfy the Jacobi identities. The coproducts encode the deviation
from the Leibniz rule, and are found by applying the generators on products of plane waves.
The antipode is obtained by acting on “inverse” plane waves, i.e. plane waves which multiplied
by their standard counterpart give the identity. The counit codifies the action of the generators
on plane waves with k = 0.

AP =Pr@l+1®P,, AP ]=P_ ®1+e2rop.
AINJ]=N®1+e 2P+ @N, S[N]=—-Ne2P+ S[P|=-P_ ¢+ (2:27)
SIP.) = =Py, e[N] =] = [P-] =0.

The procedures outlined above define a Hopf Algebra: all its axioms are satisfied, including
the compatibility rules with the commutators (2.26) (i.e., the homomorphism property of A,
S and €). The structures thus obtained define the lightlike x-Poincaré Hopf algebra in the
so-called bicrossproduct basis (characterized by momenta which close a Hopf subalgebra [52,
88]). In particular, expressions (2.24),(2.25) define the infinite-dimensional representation of
U,[iso(1,1)] in the bicrossproduct basis. The mass Casimir element of this algebra is

C=-P_(2Pr —1). (2.28)

N |

The action of the Weyl map is also useful to define generic noncommutative functions in
A, by means of a noncommutative Fourier transform

f(z) = /ko f(k)Q(e*) . (2.29)

For such generic functions, a k-Poincaré transformation can be written as (id is the identity
map, and the dots indicate all higher order monomials in the transformation parameters, with
a given, specified ordering: in this case, 7 is chosen to be to the right of a™, which is, in turn,
to the right of a™):

f(a) = @ BP= o OP TN (i @) f(z) = 1® fz) +iak ® By f() +iT @ N> f(z) + ...
(2.30)
with P,, N € U[iso(1,1)] and the left action on coordinates is easily read from (2.24),(2.25),

P,>a’ =i,  Npat=+iz*. (2.31)

A peculiarity of the k-lightlike Hopf algebra, which will prove to be useful in charac-
terizing the physical results of this work is the fact it is quasi-triangular,? i.e., it admits a
quantum R-matrix. It has been derived in [52,127,128], by exploiting an isomorphism be-
tween C,(1S0O(d, 1)) and U, (iso(d, 1)), where d = 1,2,3. In 1 + 1 dimensions, the expression

of the R-matrix is given by
R— e*Qi}B*@Ne%N@ISJf (2.32)

2In our specific case, a stronger condition holds: the R-matrix is triangular, meaning that Rg‘éR%? =
A _<B
0% g [127).
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and in terms of it, relations (2.2), specified by (2.13) can be written in a compact way as
“RTT” relations, often used in the quantum group literature [33]. Relations (2.31) define a
three-dimensional representation pg, with A, B = {+, —, 2} for pﬂ, N acting on vectors of the
form X4 = (z#,1):

0 0 — 00 O - 0 0
p(P)ts=00 0 |, pP)=l00 —i |, pMN)*=] 0 +i 0
00 O 00 0 0 0 0

(2.33)

By noticing that the p(Py)% matrices are nilpotent, in this representation(2.32) reduces to:
R=1®1-2iP; ® N +2iN ® P;, (2.34)

and by realizing the tensor product as the standard Kronecker product, in components we find

RAB = G468 + 21 (54080255 — 510050, — Ra0sEs + 54006sh) . (29
By defining
At AT_ ot e 0 a*
T =| Ay A a |=] 0 7 a |, (2.36)
0 0 1 0o 0 1

one can explicitly verify that the expression
TAcTPp RPS = REATC TP (2.37)

reproduces the commutation relations (2.16). Moreover, the commutation relations between
coordinates can be written in a compact way as

XAXP = REA XC xP. (2.38)

Equivalently, these “RXX” relations can also be verified using the infinite-dimensional repre-
sentation of U, (iso(d, 1)) and relations (2.31). For instance:

e =poRp (v ®at) =2 o +2i, (2.39)

where pu: A® A — A is the noncommutative multiplication of A. This deformed flip property
can also be extended to products of plane waves. Indeed, one can verify that

poRb> [Q(eiqx) ® Q)| = (et el (2.40)

where k,q € C2. As we will see in the subsequent sections, the R-matrix proves to be a valuable
instrument in switching plane waves even in the braided tensor product algebra introduced
in [120, 121], so that the task of covariant quantization of the noncommutative scalar field
becomes more feasible.

In what follows, we will work in a different basis for Uj[iso(1,1)], which is connected to the
bicrossproduct one by a redefinition of the + momentum, given by

1 ~
Pr=3 (62P+ ~ 1) . (2.41)

The U, [iso(1,1)] commutators are, in this basis, the undeformed ones of the Poincaré algebra,

[N,P,]=iP,  [N,P_]=—iP_. (2.42)
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All the non-linearity is moved to the coproducts and the antipodes, which now take the form

Py
AP ] =P, ®1+1® P, +2P, ® P Py)=——>t
[Py] =Py ®14+1® Py + 2P, ® Py, S(Py) 152P,
2P

AlP]=P.®14+10P.——F_@P_, S(P.)=—-P_(1+2P,), (2.43)

1+2P,
AINJ=N@l+1oN— —2L* gN  S(N)=—N(1+2P.),

1+ 2P,

while the counits remain all zero. The Casimir element in these variables can be obtained by
substituting (2.41) in (2.28) and is undeformed:

C=P.P_, (2.44)

in agreement with the linearity of commutators (2.42).

Nonlinear transformations of the translation generators lead to different bases for the
U,[iso(1,1)] Hopf algebra, which, as we will see in the following, correspond to different co-
ordinate systems on momentum space. The theory we are presenting in this chapter has the
aspiration of being invariant under general coordinate transformations on momentum space.
This would imply that the physical observables do not depend on the momentum coordinate
systems used in their prediction (see the discussion in [129], Sec. IT). The presence of such an
invariance in our theory is supported by the preliminary results in [121] (sec. 2.3), which show
that the two-point functions of the theory are the same regardless of the coordinate system on
momentum space that was used to calculate them.

Even in a generally-covariant theory, certain situations are better described by certain
choices of coordinates, e.g. Cartesian coordinates in Minkowski space are preferred because
they transform covariantly under Lorentz transformations. In our model, the choice of coor-
dinates Py has the same advantage: they transform in an undeformed fashion under boosts.
For this reason, we find it convenient to work with them. As it turns out, plane waves are
eigenfunctions of the momenta, and the Py basis has the following eigenvalues:

. 1 . . .
P, (e = 5((32’“+ — 1)Q(e*®) P_Q(e™) = k_Q(e*) . (2.45)
These relations inspire a redefinition of the momenta appearing in the plane waves:
=k, &= %(62’“ —1), = Q) =TT (2.46)
so that _
PiQ(e*) = Py b 77 ez 4260027 — ¢, pe] (2.47)
where we defined E[¢] = eib-77 o5 (142602t e algebraic properties of noncommutative

plane waves reflect the non-linear structure of momentum space. First of all, from redefinition
(2.46), we notice that the & component of the momentum is bounded from below, &y > —1/2,
so that plane waves E[{] only cover half of momentum space [120,121]. Although, if the value
of k is allowed to assume complex values, then £, ranges over all of the real numbers. We
will come back to this issue in the subsequent sections. Products of plane waves define the
deformed composition law for momentum (denoted by A with a slight abuse of notation) and
the deformed inverse momenta (denoted with §), which mimick the structures of coproduct
and antipode, respectively:

A&, n) = <f— + 1_:_77;&’5-% +n+ + 25+77+> ;

5(©) = (60260 -5 )

(2.48)




2.1. NONCOMMUTATIVE GEOMETRY OF LIGHTLIKE xk-MINKOWSKI 31

for £, € C2. Namely, we have that

E[§1E[n] = E[A(E, )], (2.49)

The Hopf algebra properties then imply the following consistency relations between composi-
tion law and antipode, which can be checked explicitly using (2.48):

). =0, (2.50)

for £, 7m,x € C2. The first relation implies the associativity of the composition law, the second
the existence of a momentum inverse, and the third codifies the anti-homomorphism property
of the antipode. The Casimir element (2.44) defines mass-shells in momentum-space through
the constraint

m? =6, (2.51)

just as in the ordinary theory.
The proof of (2.49) simply follows from the definition of plane waves (2.47) and the non-
commutativity relations (2.14). The plane wave product can be written explicitly as

E[¢]En] = ei6-7 o3 (1426 )2t gin-—a” o In(l+2n )™ (2.52)

We want to write this as a single plane wave E[x] and show that x = A(£,n). In order to do
this, we want to bring all of the exponentials with ™ to the right. It is convenient to notice
that

rtr” =27 (2i+a27),
(z1) 2™ =27 (2i 4+ 2)2,
| (2.53)
(xF)"z” =2 (2i +27)".
Therefore,
e =y e = S et st s
n n

so that the left multiplication of an #1 exponential by an = exponential can be reordered as

eik+m+ez’q,x— _ 6z‘k+m+ Z (Z.qf)m (:E_)m _ Z (iq7672k+$7)meik+z+ _ ez‘e*?’w-qu—ei]mrm-k
m! ’

— — m!
(2.55)
Applying this result to (2.52) with ky = %ln(l +2¢4) and g— = n_ yields
_ i<5—+#>z_ n (142(64 4204 64))at _
E|EM] =e THET e TSI = E[AE,n)], (2.56)

thus proving the first property in (2.49). The second one is just a consequence of the first
when n = S(&).

Making use of property (2.55), we can now also prove property (2.40) adapted to our linear
momentum redefinition. The braided tensor product version of this equation, which we will
prove in a subsequent section, is going to be invaluable in order to swiftly implement the
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covariant quantization scheme for our complex scalar field. In terms of the linear momentum
variable P, the expression for the R-matrix (2.32) can be rewritten as

R — ¢—iIn(14+2P+)®N LiN@In(1+2P4) (2.57)

Let us apply this operator on the product of plane waves, i.e. we want to compute
po Ro (Bl ® E[g]) = po e MIH2PION NG o (Bly) @ E[E]). (2.58)

We start by applying the rightmost exponential figuring in the expression for the R-matrix
to the tensor product of plane waves. We can expand said exponential in a formal series of
operators and exploit the fact that P, acts diagonally on plane waves to obtain

6iN®1n(1+2P+) > (E[U] ® E[ﬂ) _ Z g(]\[n > E[’Iﬂ ® ln(l + 2P+)” > E[é-]) =

(2.59)

:<Z (iIn(1 ;IL—!25+))"NH [>E[77]> ® E¢] = E[l _:;£+’17+ + 277+f+] ® Elf].

The application of the lefmost exponential in the R-matrix now yields

—iln(1+2P+)®N - _
e > (E{1+2§+,77++277+§+} ®E[§]>

1+2¢

:E[l fégﬂ” i 2”+f+] =2 (_ni!) In(1 +2(n4 +201£4))"N" > E[€] =

:EZO;W<mU+QPQWﬁn_+m++%H@}®AWEm>:
| (2.60)

n

- £+
] ® E|(1+2n, +4 - .
[1+2£+ N+ 77+f+] [( Nt +4n4§4)€ 1+277++477+5+]

Multiplying the resulting plane waves in the last line of the above equation and using (2.55)
to bring the "n” plane wave to the right, we obtain

E+
1420 + 40184

E L f_2§+777+ + 277+§+} E [(1 + 204 + 4N 8§y )6,

So we have shown that

} — BlEW.  (261)

po Re (Eln © E[¢]) = E[§] @ Eln, (2.62)

As can be inferred by the computations above, the action of the R-matrix simply consists in
boosting the plane waves in the tensor product with two different parameters which depend
on their momenta.

This concludes the analysis of the lightlike k-Minkowski noncommutative spacetime A and
its symmetries, as long as a single copy of A is concerned. We have extensively reviewed the
properties of the x-Poincaré quantum group, described in terms of {AL, a#}, and of its dual,
the k-deformation of the enveloping algebra U (iso(1, 1), described in terms of Py, N. We have
found the infinite-dimensional representation for these operators and studied the properties of
plane waves of a single copy of A, highlighting the role of the R-matrix, only available in the
lightlike versions of xk-deformations of Minkowski spacetime. Later on, we will see that the set
of operators P, P_, N can also be represented in terms of creation-annihilation operators of
standard quantum field theory, and their action on well defined (multi)-particle states follows
the Hopf algebraic structures displayed above. Before diving into such considerations, we
continue with some mathematical preliminaries needed to construct a consistent quantum
field theory on the 1 4 1D lightlike x-Minkowski quantum spacetime.
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2.1.2 Braided N-point algebra and its representations

The defining commutation relations for the 1+ 1D braided lightlike x-Minkowski algebra ASN
are given by (2.11), specified by (2.13):

laf o) = 2i(af — o)), lad,zp] = 2iay, [ag,z;] =0, (2.63)

a

with a,b =1, ..., N. These relations can equivalently be written in terms of center of mass and
relative coordinates:

N
1
dhy= o Sak =t (264
a=1
so that (2.63) becomes
[xj—mv Tem) = 20T e, [:UZ_Tm yczzt] = :F%y(:zt? [T y(:llz] = 0. (2.65)

It is easy to check that the coordinate differences Axt, = aff — z} are commutative (a feature

also shared by the braided tensor product of the #-Moyal noncommutative spacetime [36]):

[Azt

ab’

Azl =0, abe,d=1,...,N and p,v=+,—. (2.66)

This, combined with the fact that sk-Poincaré invariant N-point functions depend solely on
coordinate differences (proved in [120]), immediately tells us that x-Poincaré invariant V-
point functions are commutative themselves. This greatly simplifies the interpretation of the
theory, given that all physical information should be encoded in N-point functions. Once
again, commutation relations (2.63) can be written in terms of an R-matrix [33] as

X XP = Rép X5 X7, (2.67)

where X, gf‘ = (x4, 1), and the operators appearing in the R-matrix act in the same way on the
xh coordinates whatever the value of a.
In [120], a representation for the center of mass and relative coordinates has been found,

and reads

N—-1
. .0 ) . 0 _ 0 o _ . o _
xz—m = 2Z$cma$— i+ 2 Z (yt—li_ay;r " Ya aya)7 Lem = Lems yz—zi_ = y;_v Yo = Ya »
(2.68)

+ ,y+ are Hermitian. For purposes which shall be clear once we discuss

and is such that z_,,,

noncommutative plane waves in more detail, we will consider a more general, one-parameter
class of representations, given by

) ey ) )
Bom = 20 (m‘ S— s) +2i ) <y++ - y;_>, Pom = Tomy G2 =Yas Ja =Ya

T 0Ya

(2.69)

where 0 < s < 1, and the Hermitian representation is regained with s = 1/2. When analyzing
plane waves, in the subsequent sections, it is useful to study the action of operators of the
type ¢it®ém on functions of the braided tensor product algebra. Using (2.69), it is easy to check
that, for any complex t,

At _ _ _ — — — —
Gl fpm oyt ym) = et f(e e, Myt e My ) (2.70)

Then, exploiting the fact that

2t
o+ . + + i(e —1) + .+
eltxa — €Zt(mcm+ya) —e 2 Ya 6Ztmcm ) (271)
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we obtain A
T e + i . T
e*gxi — e’( 2 1>ya e~ aTem — eflyiefgxim 7 (2_72)
so that
—zzt — + =\ _ _—iyd _—ims —im, - im, 4 —im, —\ . —ims  —iya - + -
e 2 f(xcmvya7ya)_e € f(e Lemr€ Yg € ya)_e € f(_mcmv_ya?_ya)‘
(2.73)
The square of this operator is then simply
_aaT _ _ —92; _ _
€ 7t f(xcm’ y[—l‘r7 y(l ) =e 2Z7rsf($cm7 y(—l‘r7 ya ) N (2'74)
and thus
_ + _ _ —9 _ _
€ e f(xcnw y;’_7 ya ) =€ 2Z7rsnf(xcm7 y(—l"_7 ya ) ° (2'75)

Having introduced the one-parameter family of representations (2.69), we would like to find
a condition that fixes the parameter s. This will be identified in the next Section, in order to
eliminate a sign ambiguity that emerges when introducing a certain type of noncommutative
plane waves (first introduced in [96,121]) that are necessary to ensure the covariance of the
theory. In the meantime, we need to briefly discuss the Hermiticity /self-adjointness properties
of the N-point coordinate operators z§,. This will be necessary, as later we will need to
introduce an involution that sends a noncommutative plane wave into its inverse, which is
necessary in order to discuss field theory. What we would like is an involutive, anti-linear
anti-homomorphism which sends E[¢] (from Eq. (2.47)) into ET[¢] such that ET[¢]|E[¢] =
E[¢]ET[¢] = 1. We start by defining a putative operator  as the ”naive” Hermitian conjugation
on operators, such that its action on & is given by

(#F ) =3t +2i(25 — 1) (2.76)

where, as expected, we obtain that (},)* = 2}, only when s = 1/2, which corresponds to the
symmetric ordering for the representation (2.69). We can now define  as the operator that

/\+ . . . /\+ . A+
leaves 27 invariant for any choice of s, (&F ) = &

oms SO that its relation with * is simply

given by
(#d)" = (@85.)" —2i(2s = 1) (2.77)

The (-)* operator is the Hermitian conjugate with respect to the standard inner product of
L2 (RQN—I):

/]RQN_1 V@ dzgndyy - dyy_ydyf . dyy_ (2.78)

RQN—I

where 1, ¢ are square-integrable functions on . The T operation is the Hermitian con-

jugate with respect to a different inner product:
/]RQN—1 (o)™ Y dagdyy . dyy_ydyf - dy_y (2.79)

where, in this case, the space of functions that have a finite norm is different from L?(R?N~1).
For s > 1/2, it includes L?(R?N~1), and also functions that diverge sufficiently slowly in
— 0. For s < 1/2, the space is smaller than L?(R?*¥~!), as the functions need to go
to zero sufficiently fast at x_,, — 0. The fact that the representations of A and the related
braided algebras require different inner products for the self-adjointness of the generators has

xcm

been already noticed in [63,64, 130]. From now on, we will use the { operator to conjugate
plane waves.
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2.2 Braided lightlike xk-deformed quantum field theory

2.2.1 Old and new-type noncommutative plane waves and momentum space

We have introduced plane waves for a single copy of the A in section 2.1 using the linear
momentum parametrization. As it will be relevant for what follows, we add a label indicating
in which copy of the braided tensor product algebra A®N the plane wave is defined. Also, for
the time being, we restric our definition of E,[{] to values of {4 > —1/2:

Eul€] = eié-a ez m(420)za e 5 /9 (2.80)
Under the involution that leaves ™ invariant, the above transforms as
EJ[¢] = Ed[S(£)], (2.81)

where S(§) is the antipode defined in (2.48), while the product of two plane waves gives a
composition law compatible with the coproducts in (2.43):

Eq[¢]Ealn] = Ea[A(&,n)], (2.82)

as anticipated in section 2.1. The spacetime coordinates 2 close the Lie algebra (2.14) of the
affine group of the line, aff(1). Thus, when focusing on values of &4 > —1/2, plane waves (2.80)
span the connected component of the identity of the corresponding Lie group, Aff(1). This is
just a semiplane of 1+1-dimensional Minkowski space, bounded by a straigth line [120,121].
The boundary is given by the reality constraint for the logarithm term, £, > —1/2 and implies
that such plane waves only cover half of the Minkowski momentum space, an issue already
pointed out in [120]. There, it was shown that a field theory built from plane waves (2.80) spoils
k-Poincaré invariance. This can easily be seen by considering a k-Poincaré transformation of
(2.80): ' _

Eél, [f] _ pleTTE T o5 In(1+2e7¢4)xt eié-a" o3 In(14+2¢4 )a™ ] (2.83)

Notice that in this linear parametrization, the boost simply acts as a dilation on &4, given
the linear structure of the commutators (2.42). For any value of 7, a positive value of &4
remains positive, and we obtain a different group element connected to the identity. When
&4+ is negative, an excessively large boost may result in ¢, < —1/2, so that the argument
of the logarithm in (2.80) becomes negative and we obtain a group element not connected to
the identity, which we can think of as a plane wave of the form (2.80) with a complex “+”

¢

argument. In [121], these “new type” plane waves were identified as the missing piece of the
puzzle needed to construct a consistent k-Poincaré invariant field theory.
Suppose we boost a plane wave of the form (2.80), such that e"¢; < —1/2; then, the

logarithm term can be written as
In[—|1+4+2e"¢4 || =in+1In|l+2e"&L|+2nmi. (2.84)

Focusing on the Lorentz transformation sector of (2.83):

o — i + - — + + +
ele TE_xg e%ln[—|1+2€ﬂ'§+|]za — ele TE_xy e%1n|1+2675+\xa e—g Tq o~NTTq (285)

We now come to an issue not discussed in [121]. There, using representation (2.68), a sign

ambiguity emerges in (2.85), due to the fact that eTNTTL = (—=1)™. In our novel parametric

representation (2.69), using the identification e = e~ 2mn from (2.75), (2.85) becomes

i

;=T - _ T + ;=T - i T + 7+ 9
ele §,xa€21n[ 14+2e7Ep [[zq ete §,:pa621n|1+26 £+|mae 5 Ta p—2imsN (286)
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To avoid the aforementioned sign ambiguity, we may choose s = 1. Notice that this implies
that the coordinates are only Hermitian with respect to the inner product (2.79). Nevertheless,
the physical quantities characterizing our quantum field theory (two point functions) are not
affected by this choice. From now on, whenever we refer to the (braided or not) x-Minkowski
coordinate algebra we mean representation (2.69) with the choice s = 1, and the Hermitian
conjugate operator 1 defined in Eq. (2.77). Having solved the sign ambiguity, we have sin-
gled out one new type plane wave, among the infinite possibilities arising from crossing the
momentum space boundary with a too large boost:

1
E.[§] — EleTE, 3 In|l+2e"¢4]], (2.87)
where, as in [121], we have defined
_ Tt
Eal¢] = Eql¢le 2" (2.88)
Notice that the new type plane wave (2.88) can be written as
E€] = eis*x_eéln(1+25+)m+e_g = ei'sfgﬂ_e%111(_1—2§Jr)9fF = ein*x_eéln(1+2n)r+ (2.89)
where
n-=§&  mp=-1-¢, (2.90)

If & is in the range | — 1/2;00[, then 74 is in the range | — co; —1/2[. Therefore, we may
formally extend the definition of E,[¢] to all real values of {4 with a slight abuse of notation:

gll[g] = FEq f—a % ln(l + 2§+) ’ €+ < _1/27 (291)

The advantage of this redefinition is that one can than exploit the properties found for old type
plane waves and products of old type plane waves, since they only depend on the algebraic
properties of the braided tensor product algebra. Since the new variables in (2.91) cover the
other half of momentum space, as expected, the on-shell relation is still (2.51), also implied
by the linearity of the commutators of U, (iso(1,1)).

2.2.2 Pauli-Jordan function

As is well known, a quantum field theory on a commutative spacetime (in particular Minkowski)
is entirely defined in terms of N-point functions [131]. In the noncommutative setting, these
functions are replaced with elements of the braided tensor product algebra of N-points, which
should also be invariant under x-Poincaré transformations. In [54], it was shown that N-point
functions only depend on coordinate differences, which close an abelian subalgebra of A%V, so
that the N-point functions themselves are simply commutative functions. This hugely simpli-
fies the process of covariant quantization, in which the Pauli-Jordan function, written in terms
of the two-point function, intervenes in the defining commutation relations of the quantum
field theory. The two-point function should also satisfy the k-Klein Gordon equation, which
simply reduces to the standard Klein-Gordon equation in linear momentum variables. The first
step is identifying products of two plane waves that depend solely on coordinate differences.
Using the A®?2 algebra in (2.63), one can compute the most general plane wave product, which
has the form

E7[€)Eal) =exp{z'(s_:c1 + 1;72&> } x

< In[(1+ 264 )(1 + 2n4)] + + }
e p{z 204+ + & +2n4:.84) (Gt +me (14 260)75) ¢

(2.92)
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In the above, the variables £+, 74 range over all real numbers, in order to cover both old and
new type plane waves. Indeed, (2.92) only depends on the algebraic properties dictated by the
commutation relations (2.63), and not by the specific value of the arguments. Requiring that
(2.92) only depends on coordinate differences yields n = S(), so that the product of the two
plane waves becomes

Er[€)Baln] = Er[€]Ea[S(6)] = Ei[€)EL[€] = i€ (7 —22) it (o7 —2) (2.93)

as requested. To write down the two-point function, an ordering prescription for plane waves
living in different spaces of the braided tensor product must be specified. We choose to put
the coordinates of the second point to the right, and no physical quantities will be affected by
such prescription, given that the dependence of the function is solely through the coordinate
difference. The most general form for the two-point function is thus

A(.ﬁlfl — .%'2) = F(xl — xg) + H(:Bl — .21?2) , (2.94)

with F' being related to products of old type plane waves and H being related to products of

new type plane waves as follows

Far—a2) = | 010/2 e [ T de_ BB F (€5t — m?)
Y e (2.95)

1/2 00

H(ry — ) = / e, / de_& [EELIEThE)S(Exe — m?).

—0o0 —0o0
It can be checked explicitly that the products E;[€]ES[¢], El[¢]Ea[¢], £1[¢)€L[¢] and £][¢)&,€)
are the only independent plane wave products that depend on coordinate differences; all other
plausible combinations (for example mixing old and new type plane waves) result in one of the
above. Choosing one or the other alternative for the specific class of plane waves is irrelevant,
since they both give the same contribution to the two-point function (modulo a constant
factor) [121]. The functions f(£) and h(§) are supposed to be Lorentz-invariant functions of
the momenta. As in the commutative case, we can assume them to be constants in momentum

space, namely
f(§) = f+O(&4) + f-O(=E&4), h(§) = h-O(=¢4), (2.96)

where h(£) does not possess a hy term given that the new-type plane waves are only defined
for negative values of £, in the sense of (2.91).

Enforcing the on-shell relation dictated by the o-functions, the first of the integrals in (2.95)
can be rewritten as

i 21 21
F(ay — x2) Z/ des By [m, SIn(1+ 2§+)} E} [m7 5 In(l+ 2§+)] f++
0o 2+ £+ 2 £+ 2
0 ag, m? 1 t m? 1 (2.97)
— — F1|—,=In(1+2 }E [,1n1+2 ] _
/1/2 2£+ 1 |:£+ 9 ( g‘f‘) 2 £+ 2 ( €+) f
For convenience, we introduce the shorthand notation
m? i N 1
eqa(é4) = exp zg—xa exp |5 In(1+ 24 )z, &y > —3 (2.98)
+

for on-shell plane waves with momenta greater than —1/2. In the first integral of (2.97), we
perform the following change of variables

&+ =Vp*+m? +p, (2.99)



38CHAPTER 2. BRAIDED k-LIGHTLIKE NONCOMMUTATIVE QUANTUM FIELD THEORY

and recalling (2.93), along with the fact that ¥ = 20 + 1 it can be rewritten as

/°° AP ol /pPrmE(a —af) +p(at—ad)] o (2.100)
—o0 2¢/p? +m?

For the second integral in (2.97), the change to cartesian components of the momentum is

v =—VpP+m?+p, (2.101)

to take into account the negative frequency modes. Summing up the two contributions, the
expression for F(x; — z2) can be rewritten as

Flo1 — x2) = / T il -ab) gy

—00 2\/]?2 +m26

—-m?+1/4
-/ Py il el
o 2 /p2+m2

The first integral is identical to the commutative two-point function while the second-one is

(2.102)

manifestly non-Lorentz invariant, given the presence of the integration boundary (—m2 +1/ 4).
This issue does not affect the definition of the Wightman function, the positive frequency part
of the two-point function which, up to constant, is simply given by

Ay (z1 — x9) = / dp o2/ PP +m? (@] —ad)+p(ef—=3)] (2.103)

—oo 2¢/p? +m2

However, the Pauli-Jordan function, defined as the anti-Hermitian part of the Wightman
function i.e.,

Apj(xl — 1'2) = AW(-TI — 1’2) — A;&V(.%'l — 1’2) y (2.104)

cannot be constructed since there is no way to write Ai,v(a:l — x2) in terms of old type plane
waves with z9 to the right. Indeed, let us write

Ao —an) = [~ Gracod @) = [ Gttalalse). (2.105)

0

and try to re-order the plane waves by putting all the x5 coordinates to the right. As explained
in section 2.1.1, this can be done with the aid of the R-matrix. We have that

e2(&4)e1(S(6+)) = po R (e1(S(€+)) ®ea(é4)) - (2.106)

Recalling the expression (2.57) for the R-matrix, this results in

er(E)er (S(E4)) = 61(—£+)62( ) | (2.107)

i
1—2¢,
For & in the range ]0; co[, the plane wave of point x; is not always of old type, thus proving
our statement. This further strengthens the claim that a well-defined Pauli Jordan function
necessitates of the contributions from the new type plane waves. Indeed, let us return to the
H(z1 — x2) function and check whether we can rewrite it in a way that is complementary to
the one found in F'(z; — x2). Recalling the definition of A(n) in (2.96), we can write

-1/2
Ha -a) = [ S ag)dEnn-. (2.108)
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where we have introduced another shorthand notation

2 : 1
cal€) = exp iy | exp |sIn(l+26)a) | & <, (2.100)

&+ 2 2

Using the change of variables (2.101), (2.108) can further be rewritten as
H(xl —_ :[;2) — 1/00 Le_%[\/ p2+m2(x?—x8)+p(x%—x%)}hi . (2110)
2 Jom241/4 \/p? + m?

Notice that by setting h_ = f_, we obtain an integral which is complementary to the second
integral in (2.102). By setting fi = 2A and hy = h_ = f_ = —2B, we obtain a k-Poincaré

invariant result, which is just the commutative Poincaré invariant two-point function employed
in standard quantum field theory:

Alz1 — 29) =A / 2P Em (29 —of) +p(a3—ad)]
Vp? +m2

+B/
—00 \/]32 + m2

The Wightman function corresponds to the positive frequency part, selected by A = —1, B = 0.

(2.111)
sz[m (29 —29)+p(z2—23)] )

The Pauli-Jordan function is constructed as its anti-Hermitian part and reads

Apster =) == [ G (er(En)elie) - eate)el(€2) (2.112)

Recalling equation (2.107), we can rewrite the second part of the integral by bringing the plane
wave of point 2 to the right, as follows

/0 B el (es) =

284
0 g 2 2
:/0 2?1 exp {—iwa,i; In(1 — 2§+)$ﬂ exp [_iS(iL@)xQ_’i; In(1 + 2S(—§+))x; -
1/2 o0
- [ e tasco + ) Sera(—Ena(S(-6) =
~1/2 1/2
[ raase) - [ raEdase) -
_ > d£+ i . 1/2 ngr T
—/0 mel(f+)e2(§+) /oo E€1(5+)62(5+)’ o113

where in the third equality we have performed the {; — S(£4) change of variables and
recognized that e,(S(£4)) = e:rl(er) (the analogous property also applies for €,(£+ ), as hinted
in the last equality). The final expression for the Pauli-Jordan function is thus

Apj(x1 —x2) = —/0 dﬁel(&r)e;(@) + /OOO %(d&rei(&)ez(&)*'

P et (2.114)
124 .
- [ Eraendien.
Notice that the last integral can also be rewritten as
-1/2 dé. ; B -1/2 de. ;
_/_Oo £61(€+)62(£+) = /_OO m61(§+)62(§+)7 (2.115)
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by performing the &4 — S(£4) change of variables, which maps the | — co; —1/2] region onto
itself. Although not explicitly evident in (2.114), the overall integration is performed over
all momentum space, as is evident in (2.111). In particular, the expression contains only
one between the combinations 61(£+)€£(£+) or E.{(€+)€2(£+) in contrast with their old type
counterparts, which are both present. As already hinted above, this is due to the fact the
antipode leaves the | — 0o; —1/2[ region invariant, so an expression containing both new type
plane waves combinations would overcount these new Fourier modes.

2.3 Covariant quantization and oscillator algebra

We can expand a scalar field ¢(z,) in terms of old type and new type plane waves and
require that it satisfies the x-Klein-Gordon equation [121], which is just the usual Klein-
Gordon equation in linear momentum variables. The expression for the scalar field is simply
given by

e = [ e [ acioee —midi© Bl +
- 12 ) (2.116)
[ e [ Tassies - mae).

Enforcing the on-shell constraints the field can be expressed as

2

0 ) o ) 5
o) = [ SEEdenE | gm0+ [T S B [ j 26 +

_1/2 28+ &+ 284 €2
-1/2 g, - 2
_/ 2?; 2(§+)5a [2721n(1+2£+):| ’
(2.117)
In terms of on-shell plane waves introduced in the previous subsection, this becomes
*©d 1 - -
oan) = [ |1 (SE)© + h(©eals)] +
0
! 4 (2.118)
4 ]
IR G RE C

Hereafter, we will only focus on on-shell plane waves. Therefore, to further simplify the
notation, we remove the 4 subscript from linear momentum and implicitly refer to the +
component of momenta unless otherwise stated. As was the case in the construction of the
Pauli-Jordan function, we notice that the region £ < —1/2 is mapped onto itself via the
application of S. This suggests that, while the integral containing old type plane waves
may be customarily expanded in terms of both old type plane waves and their Hermitian
conjugates, for the integral containing new type plane waves, only one between £ and £ is
needed, otherwise one would be overcounting Fourier modes. Taking inspiration from the
undeformed quantum field theory, we define

P1(S(€) =al§)  £€>0
€ =0b¢) €>0 (2.119)
) =a) &<-3,

where the bar indicates complex conjugation. Upon quantization, a(§) will play the role of

o1
é2

a particle annihilation operator while b'(¢) will play the role of an anti-particle construction
operator. The newly introduced operator «(§) is defined ”across” the momentum space border
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and introduces a relation between operators a(¢) and bf(€) when the involved momenta also
lie across the border. Of course, this feature is unique to the noncommutative scenario and
is washed away when taking the x — oo limit. The expression for the scalar field is thus
rewritten as

oan) = [ 5 | 7o + B©)ea(e)] +

N
| e

We now promote the Fourier coefficients a(€),b(£), a(§) and indicate their Hermitian conju-

(2.120)

SIS

gates with the t symbol®. We finally have all the ingredients needed to implement the covariant
quantization approach. The Pauli-Jordan function is the one found in (2.114), which we report
for completeness:

+oo g +oo g
Apy(ay —a2) = - / @O+ [ G ©a©+

(2.121)

The quantum scalar field (2.118) is denoted as ¢ and is treated as an element of A ® O(H),
where O(H) is the set of operators acting on the (anti-)particle Hilbert space. The expression
for QE is simply

i) = /0 d’f[ L a©el(©) + b (©)eal®) | +

26 [26+1
T de (2.122)
— T
" /oo 26 (1 + 2€) a(§)e(§)
and the covariant quantization rules are
[b(21), 01 (22)] = Apy(x1 — z2),  [B(w1), d(x2)] = [¢'(x1), ¢ (22)] = 0. (2.123)

Commutators (2.123) then involve products of creation and annihilation operators as well as
products of noncommutative plane waves. In explicitly writing these expressions, we must
reorder products of plane waves with the x5 to-the-right ordering previously specified. Then,
the quantization rules (2.123) imply commutation relations for the creation and annihilation
operators. The general strategy to perform this calculation is based on the fact that all plane
waves, regardless of their type, can be exchanged by making use of the R-matrix. By formally
indicating both old- and new-type plane waves by e,, the switch reads:

a()er(€) = o Roer(©) wealn) = er(E+2600er (gl ) (2420
where R is defined in (2.57). Whether the resulting waves are of old or new type depends on
the specific values of &, 7. This procedure leads to a splitting of the commutation relations
between creation and annihilation in various regions of momentum space. The resulting list of
commutation relations is still rather involved, but the overall picture is much simpler than the
one presented in [121], thanks to the linear momentum redefinition. From the first commutator
n (2.123), we obtain:

3 Although we will indicate the Hermitian conjugates of these operators with the usual 1 symbol, as is also
the case with plane waves, it is important to keep in mind that they act on different Hilbert spaces.
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e In the region £ €]0; +o00[, n €]0; 4%[

; 1 n+26n\ .+ (§+28n\ B
O - et (T ) ot (550 = —aete - (229
e In the region ¢ €]0; 00|, 7 e]ﬁ; oo
t L n+28n _§+2n\ B
O + el (-3 o (- 5e ) = 260 ) (2.120)
e In the region 7 €]0; +o0l, £ €]0; 00|
Vg () = T2 (&
010 = 1y ge 04 2000 (1550 e ) (2,127
B 1+ 2¢ n
) = 1ot (1 ae e ) €+ 260) (2.128)
i _(1+2€)(1+2n)T< U ) < 3 >_ B
a(§)a'(n) Tr2e oy “ \i7ee)\i5gy = 2n(1+2n)s(§ —n) (2.129)
e In the region 1 €] — oo; —3[, £ €] — 00; —1]
; (1+26)(1+2n) | B B
a@al () + IOt (Y (15 ) =k s (2130)
e In the region n €] — oo; —3 |, £ €]0; 00|
1+2
b(E)a () = H;ﬁ%a*(n vona (e ) 1D
e In the region 7 €]0; +00[, £ €] — 00; —3|
1426
o (E)b(n) = 1+2§+4§n“( e ) A )
e In the region n €]0; —1 — ¢, £ €] — oo; — 3|
t (1+2n)(1+ 2¢) 13
A = o e ( 1+2n+2£> <1+277> (2.133)
e In the region n €] — 3 — & 00, € €] — 00; — 3|
i __(1+277)(1+2§) T( n )T<_§)
a(§a’(n) = Ty @ \135)? UirmTa (2.134)
e In the region n €] — 3 — & —3[, £ €]0; +00]
i __(1+2n)(1+2£) (_ n ) ( § )
a(§)a' (n) = g S pne eyl L g (2.135)
e In the region n €] — —&[, € €]0; +oo]
i _(1+2n)(1+2§) T( U >T<_ 3 >
ale)at) =75 o “ i3 ) Y Uiae oy (2.136)

From the [¢(z1), ¢(x2)] = 0 commutator, the resulting relations are:
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e In the region 1 €]0; +o0], £ €]0; 00]

BT (€)bT (1) = bT (n + 2¢m) b (M) (2.137)
a(§)bt(n) = b’ (1 f%) a (1 f%) (2.138)
olan) = o (1530 e ) 46+ 260 (2.139)
o In the region £ €]0; +00, 7 €]0; ¢
b (©)aln) = a (’ffig;) bt <ffi§z> (2.140)
o In the region & €]0; +o00l, 1 €] 4¢; o0
b (&)a(n) = a <717 i iéZ) a (— 51122277) (2.141)
e In the region ¢ €]0; +o0], n €] — 0o; —31]
bl (&)a(n) = a <717 a ?éz> a (— 51“;222") (2.142)
e In the region ¢ €]0; +o00], €] — 2 -4
a(§)a(n) = o <1+2£17+4£n> bf (%) (2.143)
e In the region ¢ €]0; +-00[, 1 €] — 00; =2 |
ool = o (g e ) @ (€ + 209 (2.144)
e In the region ¢ €] — oo; —1[, n €]0; —3 — ¢]
a()bl(n) =a (‘1+22+2n>“ <1f2n> (2.145)
e In the region { €] — co; —%[, n €] — 1 — & +o0]
a(§)b'(n) = <_1+22+2n> bt <_1+2§n+2§> (2.146)

e In the region ¢ €] — oo; —1[, 1 €]0; +00]

a(&)a(n) = of (—1 o +772£ - 4577) a(é + 2¢n) (2.147)

e In the region ¢ €] — oco; —1[, n €] — 0o; —1]

a(&)a(n) =o' <— T +n277 " 4%) a (€ + 2né) (2.148)

Commutation relations for the [¢f(21), ¢T(x2)] = 0 commutator can be obtained by taking

the Hermitian conjugate of the commutators stemming from [¢(z1), d(x2)] = 0. We will
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explicitly show how to obtain relations (2.125) and (2.126) as an example. For the first,

/0 o /0 5 b ©)ckmer (). (2.149)

stemming from the ¢f(z2)d(x1) term. The plane waves are re-ordered with the R-matrix as

consider the integral

follows

eb(mer(§) =p o R> [e1(§) @ ea(S(n))] = ex (15277) €2 <—1+277+2§> =

2.150
=€1 € CT " . ( )
1+2n) 2\ 1+2¢
The integral in (2 149) can thus be rewritten as
§ t n B
1+2n7)\142¢) ~
0 (2.151)

= 1/45 1 04208\ 1 (€ + 206 ;
/0 dg/o d”4§n(1—4§n)b<1_4gn)b (1_4577)61(5)62(77%

Notice that the Waves obtained in (2.150) via application of the R-matrix are still of old
type since both 1+277 1+2£ are both greater than —1/2. The integral in (2.151) is to be

compared with the corresponding terms stemming from (;AS(:cl)gZA)T (z2) and Apj(z1—122), yielding

and

commutation relation (2.125) with the appropriate range of validity. The complementary part
of this commutation relation is found by inspecting the term of the type

—-1/2 dn —-1/2 d¢ .
/oo 277(1+277)/oo m@*(n)a(ﬁ)@(n)q(i), (2.152)

which, with techniques analogous to the previous case, can be rewritten as

-1/2 d77 -1/2 df ; f ; n B
/oo 2n<1+2n>/oo 25<1+2£>“(”)a@“(lwn)e?(lma)‘

I Sl b 1 (208 €+ 2n8 i
) e (e o (i oo

In this case, the product of two new type plane waves has turned into a product of two old type

(2.153)

plane waves upon xo to-the-right ordering. Again, comparing this term with the appropriate
ones figuring in the ¢(21)¢! (22) term and in Ap (21 — 23) we obtain the complement of rule
(2.125), given by (2.126). All of the other commutation relations can be obtained using this
same strategy.

2.3.1 Representation of the deformed oscillator algebra

A useful technique employed in studies of quantum field theories on noncommutative spacetime
is to represent the creation and annihilation operators of the deformed theory in terms of the
ones of the standard theory [43,132]. We introduce operators ¢ and ¢! which satisfy the
standard bosonic commutation relations (in lightcone coordinates [133]):

[e(€), '] =265(E—m)  [e(€),etm)] = [c'(€). T (m)] =0, (2.154)

for any real value of &, 7. These operators act on the usual Fock space employed in quantum
field theory. The vacuum state |0) is annihilated by c(¢) and cf(—¢€), for € > 0. Then, single
particle states are defined as excitations of the vacuum state as

AdEoy=18p £>0, (2.155)



2.3. COVARIANT QUANTIZATION AND OSCILLATOR ALGEBRA 45

while single anti-particle states are instead defined by

(=910 =Hsp  £>0. (2.156)

This parametrization of the standard oscillator algebra might not be familiar to the reader:
it is a compact way of expressing the bosonic algebra of a complex scalar field in terms of
a single infinite one-parameter set of operators. This is possible because, when expressed in
lightcone coordinates, the creation and annihilation operators for particles and antiparticles
depend on a single positive parameter, & > 0, which is the lightcone momentum (fig. 2.1).
Instead of having different symbols for the particle and antiparticle operators, we define ¢()
on negative values of £ too, and identify ¢(§) for negative £ with the creation operator for the
antiparticles. The corresponding annihilation operators will be the Hermitian conjugates of
those. This choice just amounts to a relabeling of the Fourier coefficients of our scalar fields,
and makes the notation more compact.

We recall the expressions for the Poincaré charges in terms of these operators. The boost

e () )
v =i [T e (e + “d-9) (2.157)

while the translations generators are given by

operator reads

d§
*5e2 (€ (©)el®) + (=€)l (=9)).
(2.158)

These generators close the standard Poincaré algebra given that they are undeformed. Using

(2.154) and (2.157), it is also easy to show that

de(€)

Po= [T GO0 +e-0d (=) P~ [Tm

dcf (€)

[V, e(§)] = —ig i [N, (¢)] = —i€ e (2.159)
for every £, and hence
einc(g)efixN _ C(exg)’
eizNCT (€)e—ixN _ cT(e“‘f) ) (2'160)
E_A
| $o
£
| §1

Figure 2.1: The mass-shells (in red) in light-cone coordinates are all confined in the £, > 0,
&_ > 0 region.
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For what follows, it is convenient to introduce the shorthand notation for the following finite
boost transformation with momentum-dependent rapidity:

¢MI+2)N . B (2.161)

It allows to write a representation for a(€),b(€) in a compact way, as follows (for £ > 0)

1 1

a(§) = \/TT@BS(@C(@ = \/TiS({)C(_S(g))BS(O
ey Y eap - Y gp.
1(€) = el €0 Be = e BeelS(0) -
e L i I S S '
€3] m (g)Bf \/WBE (=S(&))
1 1
b(§) = ﬁBS(@CT(_O = WCT(S(O)BS@) :
When ¢ < —1/2, the commutators involving «(&), of(€) impose the constraints
1
a(f) = —— By c(€) = al) = bT(S
() NETE R (&) = a(§) =b'(S(€)) 155
of(€) = () Be = al(€) = H(S(€)

VI+25(9)

which can be obtained by extending the definitions in (2.162) to negative {. Notice that these
constraints also identify a(¢) with b7(S(€)), which is consistent with (2.162) and with the
commutative limit. Indeed, when k — oo, the momentum space boundary £ = —k/2 vanishes,
so that a and bf are not constrained anymore, as it should be in the commutative quantum
field theory of the complex scalar field.

The presence of the particular operator Be in these representations is by no means inciden-
tal. It can be traced back to the plane wave flip governed by the R-matrix (2.124), which is
explicitly dependent on N. When changing variables in the integrals appearing in the covari-
ant quantization procedure, the braiding of the momenta in plane waves is then reflected in
the arguments of the creation and annihilation operators. The deformed harmonic oscillator
algebra (2.163) is quite different from the one found in [134] for #-Moyal noncommutative
quantum field theory. There, the arguments of the creation and annihilation operators are
left untouched, but the commutation relations are deformed by multiplication of a phase, de-
pendent on p,0”q,, with p, ¢ being the momenta involved and 0*” the antisymmetric matrix
controlling the noncommutativity between coordinates.

Having represented the deformed creation and annihilation operators in terms of ordinary
ones, we can now define (anti)-particle states of the deformed theory making use of the ordinary
operators ¢, ¢/ on the standard Fock space.

2.3.2 1-particle Fock state and C, P, T symmetries

We start by exploring the 1-particle states of the deformed theory. They are elements of the
1-particle Hilbert space H. From representations (2.162), it is immediate to see the the vacuum
of the ordinary theory, |0) is also annihilated by the annihilation operators of the deformed
theory

a(§)10) = b(£)[0) = 0. (2.164)
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Single particle states are then defined as excitations of the vacuum

a’(¢)
vVI+2¢

where we used the fact that B¢ |0) = |0) for every £ and the square root factor in the denomi-

10) = cT(€)Be [0) = c'(£) |0) = &) p (2.165)

nator guarantees normalization. Single anti-particle states are instead given by

b (¢)

Tirzs VT ATOBel0) == [0) =18 ap (2.166)

The single (anti)-particle states are thus identical to the ones defined in the commutative
quantum field theory. As a consequence of this, the action of the momentum operators Py
defined in (2.158) give the standard results

PG p=E1E)p P& ap =§1€) ap

2 2 (2.167)
P_l&), = % ©p,  Po|&ap= % €) ap -

What about the «(€) operator? By letting it act on the vacuum, it is easy to see that
a(€)10) = af(£)]0) = 0. So we see that on the one-particle states, the a(£) leave no observable
trace.

We attempt to define the charge conjugation operator as is ordinarily done in standard
quantum field theory. We require that

Coh(z™, 2T = ¢ (z™,27T). (2.168)

Recalling the expression for the scalar field (2.120), the above constraint yields, for £ > 0

;
C1afz)§c_1 —bE)  Ccof)et = 1a+(§2)§ : (2.169)

while for £ < —1/2, we have
Clo‘f;écl = —al(S(¢)). (2.170)

For single particle states, (2.169) yields simply

ClE)ap = 18P (2.171)

as is the case in the undeformed quantum field theory. As a result, we can write the charge
conjugation operator as

¢= [ ae[d© (-9 + et@re(-)] (2172)
0

which is just the usual expression one obtains also in commutative quantum field theory. Using
the above and representations (2.162), (2.163) for the creation and annihilation operators,
properties (2.169) and (2.170) can be explicitly verified.

A remark on the consequences of Eq. (2.172): as can be seen from Eq. (2.167), the one-
particle state and the one-antiparticle state associated to it through the charge conjugation
operator carry the same momentum. This departs from what was recently found in the timelike
k-Minkowski case in [94], where it appears that the charge conjugation operator sends a one-
particle state into a one-antiparticle state with different momentum. This led to an interesting
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phenomenology and the possibility of putting bounds to the noncommutativity parameters
only a few order of magnitude lower than the Planck energy [135,136].

Regarding parity (P) and time revesal (T), in the commutative case, in lightcone
coordinates, these operators are introduced as, respectively:

P:ax* =2t T: 25 — —aT, (2.173)

which are mapped to two involutive operators P and 7 acting on the creation and annihilation
operators, defined by

Pé(fﬁ_, $+>P_1 - ¢E( +a x_) ) 7-(5(-75—, $+)T_1 - é(_x—’_v _x_) ) (2174)

where the operator over the quantum field on the right hand side of the action of the 7
operator is a complex conjugate, as opposed to a Hermitian conjugate, as it acts only on the
plane waves in the Fourier expansion of the fields, and leaves the construction and annihilation
operators unchanged. It is necessary to compose the naive time reversal operator with this
complex conjugate, thereby making the operator antilinear, in order to have a well-behaved
transformation on the Fock space (the naive operator ¢(z~,z%) — ¢(—at, —2~) would be
unacceptable, as it would end up annihilating all one-particle states [131]). Replacing in the
above the expansion of an on-shell quantum field in creation and annihilation operators [i.e.
the commutative equivalent of Eq. (2.120)], one gets the following action of P and T

Pa(§)P~" = ia(f) PP = ib(f) ’ 2.175
Pal ()P~ = iaT<TZQ> . PE(E)P ! = bt <”§2> 7 o
and
_ m’ - m?
Ta()T™ =a<5>2’ THOT :b<€)2’ (2.176)
Tal(©)T ! = aT(”;) L THEOT = @) |

where the + sign depends on the parity of the particle and the overall phase for the time-
reversal was omitted since it has no effect on our discussion. Acting on the vacuum with the

left- and right-hand sides of the equations above, one gets:

2 2
P\§>p=i‘"§> . Ploap== ”§> ,
P AP (2.177)

2 2
o), ronslt),

One could imagine to extend this analysis to the noncommutative case, exactly like what
we did in Subsec. 2.3.2 for the charge conjugation operator. However, an obstacle immediately
manifests itself: there is no sense in which the coordinate commutation relations (2.14) can
be invariant under parity and time-reversal transformations. In the noncommutative case,
we have to choose what these operators do to the noncommutative product between coordi-
nates: they may leave it unchanged, meaning that they are homomorphisms for this product,
or they may exchange the product order, in which case they are anti-homomorphisms. This
distinction is absent in the commutative case, precisely because the products are commuta-
tive. So, for consistency with the commutative limit, we need a linear P operator and an
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antilinear T operator, however we are free to choose either of them as homomorphisms or anti-
homomorphisms. Regardless of what we choose, since the commutation relations (2.14) have
x~ on the right-hand side, an operator that sends = to z* can never leave them invariant.

If we insist on introducing a P and a T operator as in (2.174), acting on our on-shell
noncommutative quantum fields (2.120), then our on-shell plane waves are sent to off-shell
ones. For example, choosing P to be a homomorphism one gets the following transformation
rule for a noncommutative plane wave:

m2 . . _om? 2
efg] — T a0 _ ppmaage " e et (2.178)

9

and the pair of momentum components that appear on the right hand side:

m2 2
<; In(1 + 26)e 2%, "g) : (2.179)

does not satisfy the on-shell relation anymore. The same happens for the other on-shell waves in
the field expansion, including those of “new type”. If we chose P to be an anti-homomorphism:

) m2
e[¢] — e m(1+2)a” %o (2.180)

we end up with the following a pair of momentum components:

<1ln(1 +20), m2> , (2.181)
2 §

which again does not satisfy the on-shell relation (the £ and &4 components are in the wrong
order). Analogous calculations can also be done for the time reversal operator 7, and still
result in an off-shell plane wave.

This is just a manifestation of the non-invariance of the basic commutation relations (2.14),
which are the starting point of the whole model. This theory is parity- and time-reversal-
breaking. However, the theory can still be said to preserve combined PT invariance: if both
P and T are chosen to have the same behaviour with respect to the noncommutative product,
i.e. they are both homomorphisms or anti-homomorphisms, and P is assumed linear while T is
assumed antilinear, then the coordinate commutation relations (2.14) turn our to be invariant.
Such a PT operator would leave also the on-shell plane waves e[¢] invariant, however the new-

2

type waves could, in principle, change: looking at Eq. (2.88), &,[¢] = Ea[é]e_g , it is clear

that, an antilinear homomorphism like our PT operator would leave E,[{] invariant, while
changing the e~ 374 term into et 3¢
e~3% = ¢T574 in our representation, when acting on functions of a single variable. Thus, the

. This, however, is harmless, as we can easily prove that

new-type plane waves are also left invariant by PT.

It appears that PT transformations are still a symmetry of our theory. In particular, PT
acts like the identity on the scalar field Fock space (this is true in the commutative case too
for spin-zero fields [131]). Finally, CPT is preserved too.

2.3.3 Braided flip operator and multiparticle states

We now begin exploring the multi-particle sector of the theory. To get a feeling of the novelties
introduced by our noncommutative framework, let us start by focusing on two particle states
(the conclusions drawn will be analogous for anti-particle states):

a'(¢)

al
) @ lnhp =~z 0@~ [0} (2.152)

v1+2n
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which are elements of the tensor product of two copies of the 1-particle Hilbert space H.
The total momentum for this two-particle state is obtained by acting with the coproducts
of the translation generators, as dictated by Hopf Algebra axioms when acting on the tensor
product of its representation. To obtain the total + component of the momentum, we apply
the coproduct (2.43) for Py,

A[P+](‘§>P® ’77>P) =Py |§>P ® |77>P+ ’£>P®P+ |77>P + 2Py ‘§>P®P+ |77>P =

(2.183)
=€+ n+2n)(6)p @ n)p) = Al nl+(16)p @ n)p)

where the A[¢, 7] operation for liner momentum was defined in (2.48). In a similar fashion, we
can calculate the — component for the total momentum, yielding

APJ(I8) p @ |mp) = P-1&)p @ [n)p +18)p @ P-|n)p — 2 &)p @ P [n)p =

1+ 2P,
m2  m2 26 m?
_<§ L 2“) (185 ® [n)p) = AlE, - (1€)p © In) )

(2.184)
The same line of reasoning can be applied to anti-particle states, obtaining the same results
for the total momenta.

In ordinary quantum field theory, multi-particle states live in symmetrized or anti-symmetrized
tensor-products of single-particle states, which characterize the notion of identical particles.
The key ingredient is the ordinary flip operator o, which is an involutive operation on the tensor
product of Hilbert spaces of single particle states, where the multi-particle states are defined.
In general, an analogous construction of the multi-particle Fock space is not so straightforward
for quantum field theories on noncommutative spacetime [103]. The main reason for this is
that the standard flip operation applied to a two-particle state yields another two-particle state
carrying different total momentum, due to the noncommutative nature of the coproducts. In
our specific model, this simply follows from observing that

APJ(I8) p @ Im p) # AIP-I(In)p @ 1§) p) - (2.185)

The way out of this empasse is to define a deformed notion of particle exchange. This is
possible, for example, in noncommutative quantum field theory on the -Moyal noncommuta-
tive spacetime [36,43], due to the properties of the twist operator, linked to the existence of an
R-matrix [137]. For the much-studied timelike x-Minkowski case, several works [100,103,124]
have tried to identify a braiding of single-particle states in order to construct a deformed no-
tion of symmetric and anti-symmetric states. These approaches all present some shortcomings:
either the braiding is not involutive, or it is not covariant when constructing the theory at
all orders in k. The recent [103] finds that, accepting a non-involutive flip operator as the
physical one, the notion of identical particles has to be abandoned. The lack of involutivity of
the flip operator leads, in fact, to an infinite tower of states characterized by the same total
momentum. In the present work, we find that the x-lightlike framework, although character-
ized by the same non-abelian momentum Lie-group structure as the timelike case, admits a
well-defined notion of identical particles, thanks to the existence of the universal R-matrix.
Consider, for instance, the two-particle state defined as

R(I€)p @ In)p) =Roo (I€)p @ n)p) = R(In)p @ €)p). (2.186)

i.e., we act with the flip operator o, where o (|£)p ® [n)p) = |n)p ® |€) p, and then with the
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R-matrix. In detail, we have

R(’£>P ® |77>P) :e—Qiln(1+2P+)®N62iN®ln(1+2P+)(’n>P ® ‘§>P) _
= HIORPOEN (B ), ) ) =
= |77 + 2§77>P X BS(n+2§n) ‘§>P = (2'187)

B 3
=n+29)p® ‘1+277+477€>p :

The structure of the new obtained two-particle states mimicks the structure of the Hermitian
conjugate of commutation relation (2.139), where the deformation emerges from applying the
R-matrix to exchange plane waves upon performing covariant quantization, as discussed in
section 2.3. By acting with the momentum coproducts (2.43), it is now easy to check that

¢ B §
Aug(m+2%m»ﬂl+2n+mﬁ>P)—¢M&m10n+%ﬁh&ﬂl+2n+@ﬁ>P>’
(2.188)

so the deformed symmetric state (2.186) has the same total momentum as (2.182), thus being
a suitable candidate for our construction of deformed (anti-)symmetric states. It is also easy
to show that R is an involutive operator, i.e. (RZ = 1). Indeed, repeating the same analysis
as in (2.187), one can show that

§

R 2 . S
<|n+ n§>P®‘1+2n+4n£

) ) =lep @l (2150)
P

This last property makes R and ideal candidate for constructing a deformed symmetrization
operator, useful in defining deformed symmetric states in our field theory. We can define it as:

1 -
Sﬂ:§G®1+R% (2.190)

which is such that (ST)? = ST, i.e. ST is idempotent. Then, we can define deformed
symmetric two-particle states simply as

V2St(I6)p @ Imp) (2.191)

where the /2 factor is introduced for normalization. In an analogous way, we can define the
antisymmetrization operator S™:

1 ~
S =501®1-R), (2.192)

which is also idempotent and can be used to define antisymmetric multi-particle states.*

So far, we have shown that there exists an involutive braiding that suggests the definition
of deformed symmetric two-particle states in lightlike x-Minkowski quantum field theory. We
now show the covariance of such braiding, in order to complete the picture.

A single particle state transforms under a finite boost of parameter T as

&) p — e & p=1e"p (2.193)

When acting on the tensor product of single-particle states, the boost coproduct (2.43) needs
to be taken into account. For a finite transformation, using the commutation relations (2.42),

we can prove that

. (1+2P+)J>
. , zln(iﬂ. RN
T AIN] — giTN@l, T : (2.194)

4Although so far we only worked out the quantization of a scalar field, we can already say something about
fermionic fields and their deformed Fock space, just by analyzing the general properties of the R-matrix.
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For our two particle state (2.182), this yields

iT iln % N r 1+ 2§ r
©p @ p — e [6)p @ MTHE)Y 1y ey 0 L2 r o (a105)
1+ 2e7¢ P
The deformed flipped state (2.187) is instead mapped into
In+2n8)p ® ‘5 > — |e™(1+28))p ® ‘ i > : (2.196)
1+2n+4né/ p L+2e™n(1+28) / p

Conversely, by first boosting the two-particle state (2.182) and then flipping it with R, the

result is
[ . eé
A(ioreliiase),) <k aee oy, e

which is identical to the right-hand side of (2.196). We have thus proved that

(1429) .

Re™AINI — (imAINI R (2.198)

Basically, our deformed flip operator R commutes with all the Hopf Algebra generators Py, N,
also given its compatibility with the momenta coproducts shown above. Therefore, relativistic
covariance is guaranteed.

2.4 Physical interpretation of deformed multi-particle states

2.4.1 On the indistinguishability of identical particles

In quantum mechanics, two particles of the same species are described by a symmetric or
anti-symmetric state [138], defined as

\/§<1:|2:U) P ® |g) = p>®IQ>j§|q>®lp>’ (2.199)

where o is the standard flip operator and p, ¢ are the linear momenta of the particles. Oper-

ationally, the indistinguishability of the two particles may be understood as follows. Suppose
we have a calorimeter that can measure the energy of one particle at a time, from which we
can deduce the corresponding momentum (we are in 141 dimensions). According to state
(2.199), the calorimeter can measure either p or ¢. If our calorimeter measures momentum p,
for example, we have no way of knowing if the measured particle is the one in the first or second
place of the tensor product. This indistinguishability simply follows from the (anti)-symmetric
property of the quantum mechanical state describing the two-particle system. What happens
then if the two-particle state is instead defined by the deformed (anti)-symmetrization oper-
ators ST in (2.190)? We reintroduce the dimensional parameter x, for clarity. Consider a
decay process of an initial particle of mass M with momentum II, = (I, M?/II) (in light-
cone coordinates). The particle decays into two identical particles of mass m and momenta
& = (&,m?/€), nu = (n,m?/n). We will call £ the momentum of the particle that enters the
coproduct (2.48), in the deformed momentum conservation law, from the left, while n is the
label of the momentum on the right-hand side of the coproduct. Notice that this labeling
choice has nothing to do with the placement of the particle momenta in the tensor product,
and has no physical consequences: we could choose the opposite convention and nothing would
change in the calculations. The deformed momentum conservation law dictates:

H=&¢+n+2¢n,
M?  m? 2¢& m? (2.200)
n“g*@‘ﬁ+%>

bl

n
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the above two equations can be solved with respect to ¢ and 7, and they have two solutions
(recall that all the on-shell momenta, II, £ and 7 are positive-definite):

fZFl(Hanm)> n:Gl(HaMamﬂQ)?

(2.201)
ngQ(H7M7m)7 77:G2(H7M7m7’i)7
where
I1 4m? I 4m?
Fl(H,M,Tﬂ)—Q(l"‘ 1_]\42> s FQ(H,M,m)—2<1— 1—]\42> ,
KIT (M(/Q 4 200) VM2 — dm? — 4m?TL + M2(k + 2H))
G1(IT, M,m, k) = : (2.202)
8m?2112 + 2k M?(k + 21II)
K11 (—M(HJ 4 2L0)VMZ — dm? — 4m2T1 + M2(k + 211))
GQ(Hv Ma m, K“) =
8m?2I12 + 2k M?(k + 21II)
If we choose the first solution, the final state will be the following;:
1 N
o) =VESH (IR} @1Gy) = s (IR sl + RIF s I ), (2209)
while if we choose the second:
1 .
) = VESH (173} 1G) = s (1) @ 1Ga) + RlIF) @ 1G2)] ). (2200

However, as it turns out, the two states are identical. In fact, it is possible to show that
R[F) |G = |R)®|G),  R[|[FR)®|Ga)] =|F)®|Gy), (2.205)

implying [¢1) = |1)2), just like in the undeformed theory. This is a nontrivial rigidity of
the noncommutative framework, consequence of the Hopf-algebraic constraints that entail its
relativistic nature. The compatibility between the deformed momentum composition law and
the flip operator is what is behind it. The final state, |)1) = |¢)2) is proportional the sum of
the following two kets (at first order in k™ !):

2m2112 _
S T Ou).

2m 2112 9

[F1) ®|Gh) =|F)® |Fy —

(2.206)
R[|F1> ®|G1)] =|F)®

The result is consistent with the commutative limit kK — co. However, when the k-deformation
is switched on, the qualitative features of this multi-particle state are completely different
from their undeformed counterpart. If the calorimeter measures the momentum of one of the

particles, we can obtain one of the following four results:

/ 2
Unflipped, Left: % (1 +14/1— 4m>

IT
Flipped, Left: ) (1 m )
, 2 (2.207)
. . II 2m~Il 9
s (0 1) 2
. . I 2m2n2 5
Unflipped, Right: ) (1 m> Ve O(k™7),
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according to whether we are measuring the left- or right-hand side of the tensor product of the
unflipped state, |F}) ® |G1), or of the flipped state, R[|F}) ® |G1)]. In the noncommutative
theory, the four momenta (2.207) are all different. Measuring the momentum of one particle
allows us to identify which side of the tensor product it came from, and from which state
(flipped or unflipped). Therefore, there is a sense in which the indistinguishability of identical
particles is lost when the x-deformation is taken into account. There is no avoiding this if we
want to construct a relativistic theory. As already stressed in section 2.3.3, a state of the type
(2.199) would not be covariant under the x-Poincaré transformations, which exhibit all their
non-trivial behaviour on multi-particle states, given that the coproduct is involved.

2.4.2 On the Pauli exclusion principle

We now explore the consequences of the deformed permutation symmetry on the Pauli exclu-
sion principle. In standard quantum theory, a state describing two fermions with the same
quantum numbers is annihilated by the undeformed anti-symmetrizer:

(1;“> &) @16 = 0. (2.208)

This is the essence of the Pauli exclusion principle, which has been confirmed in a variety

of experiments searching for classically prohibited transitions to states of the form |£) ® [€).
It is then natural to ask what is the fate of the Pauli exclusion principle in our x-deformed
framework. Assuming that 2-fermion states are left invariant by S, what is the class of states
annihilated by this operator? We require that:

S (& p@Imp) =0, (2.209)
which uniquely selects the two particle states
£ p @ =S&))p=18p @ I§/(1+28))p . (2:210)

The same holds for |n/(1 —2n)) ® |n), which is the same state as (2.210), just parametrized
with respect to the momentum of the particle on the right hand side of the tensor product. In
the undeformed case, the solution £ = 1 would have been selected, in agreement with (2.208).
In light of this reasoning, we can visualize the Pauli principle in a simple manner. In the
(&,m) plane, which contains admissible pairs of momenta that can be attributed to fermions,
the Pauli principle excludes a one-dimensional subset of the (£,7n) plane: the pairs lying on
a curve n = f(£). In the commutative case, f(§) = £ (the bisector of the plane), while the
r-deformed version is f(§) = —S(§) (see fig. 2.2) .
Notice that our deformed identical-particles states are Lorentz-covariant,

A™)[6)p @ |=S(€)p =1€7€) p @ [-S(€7€)) p (2.211)

in the sense that identical-particles states are sent to boosted identical-particles states by a
Lorentz transformation. This is due to the fact that the curve n = —S(§) lays on an orbit of
the Lorentz group.

In light of the previous observations, we notice that the state |£) p ® |£) p is not annihilated
by 87, contrary to the commutative case. Notice, however, that this form of the state is not
preserved by Lorentz transformations: if an observer attributes the same momentum & to two
particles, by the action of the finite boost generator (2.194) on the state |£) p ® |£) p, a boosted
observer would attribute different momenta to them:

eTE(1 + 2€)
A >P 7 (2.212)

) p@I1&)p —1e78)p®
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Figure 2.2: The +-momentum space of momentum-pairs for two-particle states, in units of k.
The dashed line represents the pairs excluded by the undeformed Pauli exclusion principle.
The thick curve represents the pairs excluded by the deformed version of the exclusion principle
when noncommutativity is taken into account. For large &, the curve saturates at 1/2x, which
is the dotted asymptote in the plot.

with 7 being the boost parameter.

The discussion above highlights the fact that, in our model, states of the form [£), ® [€) p
are not excluded by the antisymmetrization operator, because they are not the true “identical
particle” states of the theory. This could potentially lead to new physical phenomena, which
could be interpreted as departures from the Pauli Exclusion Principle (PEP). Notice that
the detection of a state of the form |£), ® |£)p would not necessarily imply that the PEP,
and all of its physical consequences, is violated in our theory: for example, it might well be
the case that the theory keeps forbidding more than two electrons to share the same atomic
orbital, in view of the aforementioned existence of classes of states that are excluded by the
antisymmetrization operator. At any rate, considering that there now are stringent bounds
on PEP violations [139-141], it would be interesting to study the basic physical processes that
are tested by these experiments, within the context of our theory, and investigate possible
observable consequences of noncommutativity. Notice that such modelization would require
significant further development of the theory (at the very least, interacting quantum field
theorys with Dirac fields). Results obtained through rudimentary/simplistic methodologies,
especially if they compromise Poincaré invariance, fall short of the necessary rigor and hold
no significance within the context of our theoretical framework.

Discussion and outlook

Building on the results of [120] and [121], we were able to define a quantum field theory on
the x-Minkowski noncommutative spacetime in the same spirit as [36,122]: the coordinates
of N different points cannot belong to the simple tensor product algebra, otherwise it would
not be k-Poincaré covariant. One needs to introduce a braiding, which requires a quantum
R matrix for the x-Poincaré group. This exists only in the lightlike case, i.e. when the
commutators between the coordinates (2.1) are described by a vector v that is lightlike, or
null, with respect to the metric g,,, that is preserved by the x-Poincaré group (2.2). Within this
framework, one can define consistently covariant N-point functions, which are the backbone
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of quantum field theory. The striking advantage of the approach of [36,122], which is shared
by our model, as proven in [120], is that the translation-invariant combinations of different
coordinates (i.e. the coordinate differences) are commutative, which implies that the N-point
functions are all commutative. This hugely simplifies the physical interpretation of the theory,
as we do not have to deal with noncommutative correlation functions, whose meaning would
be rather obscure. A similar conceptual simplification is achieved in many other approaches
to noncommutative quantum field theory by using a star product, and defining a path integral
over commutative functions in which the action is turned into a nonlocal, infinite-derivative
functional of the fields. Then, the correlation functions are commutative objects, simply
obtained as expectation values or functional variations of the partition function. However,
there is no sense in which these commutative N-point functions can be invariant under the
quantum group of isometries of the noncommutative spacetime they are supposed to live in. In
our approach, we have a way of writing commutative N-point functions which are x-Poincaré
invariant, and we believe that this is a key advantage of the approach based on braiding.
As shown in [36,122] in the case of #-Moyal noncommutative spacetimes, with the braided
structures one can define a quantum field theory built upon the Wightman axioms, and the
quantization of a free complex scalar field can be performed with the introduction of a covariant
Pauli-Jordan function. In the case of #-Moyal spacetimes, the quantum field theorys thus
defined turned out to be completely indistinguishable from their commutative counterparts, as
all the N-point functions of the free theory, as well as the perturbative expansion of the N-point
functions of an interacting theory, turn out to be undeformed. In our lightlike x-Minkowski
case, we find that, although the Pauli-Jordan and two-point functions are undeformed, a
dependence on the deformation parameter appears at the level of multiparticle states already
in the free theory. The momentum, boost and charge conjugation operators are undeformed,
however the creation and annihilation operators can be written, in a key advancement obtained
in this research area for the first time, as an infinite nonlinear combination of undeformed
creation and annihilation operators. The deformed creation operators act in a trivial way on
the vacuum, and the one-particle sector looks undeformed. However, as soon as we create
more than one particle we start seeing a dependence on the noncommutativity parameter: the
momentum of two particles is a nonlinear combination of the two single-particle momenta.
The way that two particle momenta boost under Lorentz transformations is nonlinear and
mixes the momenta of the two particles. We can introduce a covariant and involutive flip
operator, which acts nonlinearly on the momenta of the two particles, changing them in a
more complicated way than simply exchanging them. This flip is used to define two covariant
and idempotent symmetrization and antisimmetrization operators, whose image is the Fock
space of bosonic and, respectively, fermionic fields. The situation is substantially simpler
compared to the attempts at defining a quantum field theory on the timelike xk-Minkowski
spacetime: in this case, the absence of a quantum R matrix makes it impossible to define
a flip operator that is both involutive and Lorentz-covariant [85, 100, 103, 124, 125], which
implies that the notion of identical particles and (anti-)symmetrized multiparticle states loses
meaning [103]. We proved that our theory is C-, PT- and CPT-invariant, however P and T
symmetries do not hold separately. This can already be seen at the level of the coordinate
commutation relations, which break P and T symmetry. The theory allows for the existence
of states which are excluded by the Pauli principle in the classical setting. This opens up
the interesting phenomenological opportunity of setting bounds on the model by experimental
results searching for evidence of transitions into such states.

The noncommutative quantum field theory defined in [120,121] and completed here seems
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in healthy shape, and motivates interest in several future research directions. The simplest
one is to write the N-point functions of the free theory for N larger than two, to check whether
they are undeformed too, or perhaps the nontriviality of the multiparticle sector manifests into
a dependence of higher correlators on the noncommutativity parameter. A further issue to
consider is that the model studied so far is in 1+1 spacetime dimensions, and its generalization
to 341 dimensions seems straightforward, but it has not been worked out explicitly and might
yet hide some surprises. The next natural step is to introduce an interaction, which is where
the theory has the highest chances of providing some predictions that depart from standard
quantum field theory on commutative Minkowski space. Further down the road, gauge theories
and fermions might be explored, and perhaps a possible connection with CP violation in the
Standard Model. Finally, it would be interesting to develop the theory in terms of the approach
developed in [41,142-145], which works for any quantum group deformation of the Poincaré
group that can be expressed as a twist, and compare the results with the ones reported in this
chapter.
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Chapter 3

Quantum Euler Angles and
agency-dependent spacetime

In chapter 1, we explored the mathematical frameworks of quantum groups and Hopf algebras,
suitable for investigating deformation of relativistic symmetries. We have only dealt with the
properties of the relevant mathematical structures, but have yet not discussed the implications
on the nature of observers and reference frames. In this chapter we set the stage for explor-
ing how quantum gravity induced deformations of classical symmetries could introduce some
quantum aspects in the description of observers and reference frames.

Observers play a somewhat “external” role in both general relativity and quantum theory.
In the former, they are assumed to exert a negligible backreaction on spacetime, which they
can thus probe without influencing it. In quantum theory, it is the Heisenberg cut [146, 147]
that separates them from the observed system. The observers’ knowledge and choices are
described classically, however, there are mutually-incompatible measurements that they can
choose to perform (complementarity). Quantum mechanics introduces therefore an important
novelty: the operationally-meaningful properties of the observed systems depend on the choices
made by the observer. Through the impact of these choices, observers are “agents” for what
concerns measurements in quantum mechanics.

When quantum theory and general relativity are combined in a quantum theory of gravity,
one ends up considering spacetime as a quantum object. We may then contemplate the
possibility that the agency-dependence of quantum mechanics might challenge the notion of
an objective spacetime that all observers agree upon: how spacetime reveals itself to observers
may depend on some of their choices. Conversely, the quantum properties of spacetime will
likely affect the spectrum of possible operations available to an agent. These observations
suggest a picture in which spacetime and the agency of observers affect each other inextricably,
so much so that the “externality” idealization, a good working hypothesis in general relativity
and quantum theory, will have to be abandoned in favor of a notion of “internal” observers in
quantum gravity [148].

Consider the example of two purely misaligned reference systems anchored to two observers,
Alice and Bob. In standard quantum theory, Alice and Bob can align their reference frames
sharply, by exchanging an infinite number of physical systems, such as qubits (see fig. 3.1).
While the choices of the two observers affect the single quantum mechanical measurement due
to quantum complementarity, as they exchange an infinite number of physical systems, they
will recover an infinitely precise description of the rotation matrix that maps one reference
frame into the other. Suppose now that standard rotational invariance, implemented as in-
variance under the SU(2) group, is replaced by invariance under the SU,(2) quantum group,

59
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Figure 3.1: Alice (on the left) prepares a set of N qubits (e.g., electron spins) in the spin-up
eigenstate of her x axis (e.g., by passing unpolarized electrons through a z-oriented Stern—
Gerlach apparatus, and selecting only the ones that emerge with their spins up). She then
sends these electrons to Bob, whose laboratory is rotated by an unknown amount with respect
to hers. Bob divides these N qubits in three groups, and sends each group through a machine
that measures the spin along one of his three orthogonal axes (e.g., three perpendicular Stern—
Gerlach apparata - in the picture, he is passing the electrons through a y-oriented machine). He
then counts the number of spin-up and spin-down measurements that each machine reads, and
calculates the expectation value of the corresponding observable. Repeating the experiment
for a set of IV qubits that Alice selected to be polarized along the y—, and, respectively, z—axes
allows Bob to build a statistics of the expectation values of the nine observables associated to
each pair of choices of axes made by him and Alice. In the large-N limit, these expectation
values tend to the nine components of the rotation matrix R that connects Alice’s reference
frame and Bob’s. Notice that, in this illustrative picture the electron beams (in orange) are
manipulated with some "mirrors” (the black cylinders) which are assumed not to have any
effect on the qubit states.

where group parameters are promoted to quantum operators and ¢ is a dimensionless parame-
ter characterizing the deformation. Given that they satisfy non-trivial commutation relations,
quantum complementarity suggests that there will be an intrinsic limit on how precise we are
able to determine the (possibly deformed) rotation matrix that connects the two observers. In
an alignment procedure as the one described in fig. 3.1, we might then expect that even after
the exchange of an infinite number of qubits, there will be a non-zero, unavoidable intrinsic
uncertainty characterizing the transformation connecting the two reference frames. Moreover,
the magnitude and type of uncertainty will depend on the choices of the observers, as suggested
by quantum complementarity. In this sense, the transition from classical to quantum symme-
tries (motivated by quantum gravity) promotes observers to agents whose choices reflect the
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structure of the spacetime they observe.

In exploring this uncharted territory, SU,(2) is one of the easiest quantum groups to handle,
given the vast mathematical literature behind it and its relationship with the familiar rotation
group. Moreover, this quantum group is largely studied also in some formal approaches to
quantum gravity. In loop quantum gravity with a cosmological constant, the local group of
dreibeins is SU4(2), where ¢ depends on a dimensionless ratio between the Planck length
and the Hubble length associated to the cosmological constant [149]. In this context, it has
been argued that the combined effect of introducing a minimal length (the Planck length)
and a maximal radius (the Hubble length) results in a minimal possible resolution to angular
measurements [150]. We now move on to recall some technical features of SU,4(2).

3.1 Quantum rotation matrices in SU,(2)

3.1.1 SU,(2) and its homomorphism with SO,(3)

Before diving into its deformed counterpart, let us recall some basic properties of the SU(2)
group, in order to set the notation. SU(2) is the group of unitary matrices of dimension 2
with unit determinant. In the defining representation, a generic U € SU(2) can be written as

U= (Z _ac> : (3.1)

where a and ¢ are two complex numbers satisfying the unitarity condition aa* 4+ c¢c* = 1. An
SU(2) matrix is thus specified with three real numbers, which may be organized into three
angular degrees of freedom, as follows:

A 0 A
a = e'" cos 2 c=ePsin 3 (3.2)

with 7,6 € [0,27) and 6 € [0,7). SU(2) is the double cover of the 3D space rotation group
SO(3). Given U € SU(2), the corresponding SO(3) element can be computed via the canonical
homomorphism:

1
RijziTI‘{UUjUTO'i}, (3.3)
where ¢ are the Pauli matrices. In terms of variables a,c this 3 X 3 matrix can be written as

(CLZ—CZ—I—(CL*)Q—(C*)Q) %(—az—l—cz—l—(a*)Q—(c*)Q) (a*c+c*a)
(@®+c— (@)= (")) @+ + @) +(c)?) —ilae—c'a)|. (34)
—(ac+ c*a* i(ac — c*a*) 1 —2cc*

[SIEN NI

The double covering nature of SU(2) is explicitly evident in the above, since the map a — —a
and ¢ — —c leaves the rotation matrix invariant. Using parametrization (3.2), the rotation
matrix (3.4) can also be rewritten in terms of angular variables in a more ”recognizable”
fashion. Indeed, the angles of (3.2) are a just a linear redefinition of the well-known Euler

angles:
o+ s oa—
O=6n== ‘=55

(3.5)

in terms of which a rotation matrix is written as R(«, 5,7) = R.(a)Ry(B)R.(v), where R;,R,
are rotations around the x and z axis, respectively.
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The quantum group SU,(2) (also denoted by C,(SU(2)) is defined as the algebra generated
by operators a, ¢, subject to the following commutation relations

* * * *
ac = qca ac = qc a CC =cC¢c¢C
(3.6)

cfet+aa=1 aa* —a*a = (1—q¢°)c*c.

Here, 1 refers to the identity element of the algebra and ¢ is the deformation parameter
assumed to be close to 1 and in particular ¢ < 1. Indeed, in the ¢ — 1 limit, we obtain the
commutative limit and recover the classical description of SU(2). In passing, we mention that
it suffices to consider ¢ < 1 since, if ¢ > 1, the mapping a — a*, ¢ — ¢c* sends the SU,(2)
algebra to the SU,-1(2) one. The Hopf Algebra description can be completed in terms of the
following maps

Ala) =a®a—qc*®c S(a) = a* ela) =1

Ala*) =a*®a* —qc® c* 7 S(a*) =a 7 ela*) =1 (3.7)
Alc)=c®a+a*®c S(c) =—q e e(c) =0
Alc)=c"®a* +a®c* S(c*) = —qc* e(c*)=0

To establish a first link with the classical picture, we present the generalization of the 1/2-spin
representation (3.1), given by [151]

C a

(“ _qf*> a,c € C(SUL2) qe(0,1). (3.8)

In order to describe a deformation of 3D rotation matrices, we may construct an analogous
of the SU(2) to SO(3) homomorphism, by promoting (3.3) to its quantum counterpart, by
simply replacing U with Uy:

1
(Ry)y; =5 Tr {aj Ul o, Uq} . (3.9)

Computing the quadratic elements explicitly, we obtain:

3(a® = qc® + (a*)? —q(c")?) 5(=a® + ¢ + (a*)* —q(c")?)  5(1+¢*)(a*c+cra)
Ry = [ §(a®+q = (a*)? —q(c")?)  5(a® + g+ (a*)? +q(c")?)  —5(1+¢*)(a*c—c*a) | ,
—(ac+ c*a*) i(ac — c*a*) 1— (14 ¢?*)ec
(3.10)

and one can check that this reduces to the standard rotation matrix in the limit ¢ — 1. It is
worth noticing that in (3.9), the cyclic property of the trace does not hold, leading to a “quan-
tization ambiguity” in writing the rotation matrix as %Tr {O'j U;r o; Uq} or % Tr {Ui Ugoj U;r .
However, it can be shown that the two deformation proposals are linked by a similarity trans-
formation which does not affect the qualitative nature of our results. As such, we will not
dwell with this issue further and refer to [31] for an in-depth discussion.

The classical analog of (3.10) describes all possible elements of SO(3) when varying the
complex numbers a and ¢ with continuity. Each of these classical matrices describes a possible
relative orientation between observers A and B. In the quantum case (3.10) has no physical
meaning when taken alone, but only when paired with a certain state |¢)) € H, where H is the
Hilbert space on which a and c act. In the classical case, a and ¢ codify information about the
alignment of two reference frames, via their angular parametrization. For this reason, when
being promoted to operators, we interpret the states on which they act as the ones codifying
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the relative orientation between the reference frames of observers A and B. The physical
information about this orientation can be extracted by computing the expectation values
(¥[(Rg);;1¢) with their relative uncertainties stemming from the noncommutative nature of
these matrix elements, given by

Aij = IR — Wl(Ry)iil)?. (3.11)

In this framework, the A;; do not vanish simultaneously, in general, for a given state |¢)
introducing a “fuzziness” in the alignment procedure. When this occurs, the latter is affected
by an intrinsic uncertainty which cannot be eliminated: A and B are not able to sharply align
their reference frames anymore. In light of these arguments, it is crucial to identify H and
study the representations of operators a and c on it.

3.1.2 SU,(2) representations and quantum Euler angles

The representations of the algebra (3.6) have been thoroughly studied in [152]. The Hilbert
space containing the two unique irreducible representations of the SU,(2) algebra, ¢ € (0, 1),
is H = Hr & H, where Hr = > ® L*(S') ® L*(S') and H, = L*(S'). If x,¢ € [0,2n] are
coordinates on S! and |n) is the canonical basis of £2, the algebra of functions on SU,(2) is
represented as

pl@)) =e™x)  pla)bo=eXx)  ple)lx) = p(c)Ix) =0 (3.12)

m(a)|n, ¢, x) = eXV1—g|ln—1,¢,x)  7(c)|n, ¢, x) = e“q" |n, ¢, x)
(3.13)

m(@*)n, ¢, x) = e XNV1-¢ 2 n+1,6,x)  w()In, ¢ x) = e " n, b, x) -

The fact that the quantum number x appears in both representations p and 7 is by no means
incidental. In [31], it is shown that representation p can be obtained as a limit of representation
7 when acting on a certain class of states, in agreement with the fact that in the classical
limit the most general rotations are specified by three independent parameters. According
to (3.12), only the SO(1) subgroup is spanned by the p representation. Therefore, we can
formally work exclusively with representation 7, but practically it is easier to work with states
of representation p for a specific class of rotations.

As is done in the classical case, we would like to give physical meaning to the quantum
parameters describing the SU,(2) group. A way to do this is by recalling expression (3.2) and
inspecting (3.13). We notice that the phases x, ¢ are just continuous parameters, so we can
make the identification x = n, ¢ = §. Then, exploiting the fact that c is a diagonal operator,
we are led to a significant result

" = sin(e(;)> <= 6(n) = 2arcsin(q"). (3.14)

Namely, the Euler angle § becomes quantized. At this point, a clarification is in order. The

definition of §(n) via (3.14) is consistent with the definition of cos(@) in terms of w(a*a),

which also acts diagonally. Indeed, on a generic basis state |n, ¢, x), we have that

wla'a) In, 6.0 = (1= ) 1. 00x) = cos? (252 ) o) (3.15)
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Furthermore, it is consistent with the commutation relations in (3.6), like a*a + c¢*c = 1, for
example. Nevertheless, one could also define the 6(n) angle starting from m(aa*), which acts
diagonally but is different from 7(a*a), since a and a* do not commute. As can be easily
checked, with this definition we would have the same discrete values of §(n) as in the previous
definition, with the exception of § = w. Indeed, for this other ordering, the first equation
in (3.14) would be written as ¢"™! = sin(@). It will be evident in what follows that this
angle redefinition does not affect the nature of the qualitative results of our analysis. The

quantization of the 8 angle is captured in fig. 3.2, where its qualitative features are discussed.
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Figure 3.2: Discretized angles (3.14) computed with ¢ = 0.9. 6(n) is decreasing with n
starting from 7 and approaching 0 for large values of n. Interestingly, the step between
consecutive angles decreases as n gets very larger, and for very large n we can approximate the
angular distribution as being continuous. This can easily be verified analytically by computing
Af(n) = 6(n+1)—0(n) and taking the limit for n — co. Another feature that gives robustness
to our proposal is that the angular steps get smaller as g is closer to 1.

3.1.3 Semi-classical rotations

To gain further intuition from the classical picture, where the rotation axis and the angle by
which the rotation is performed are specified by three Euler angles, we henceforth focus on
“semi-classical” rotations, specified by the three quantum numbers 6(n), ¢, x, that describe
small deformations of classical rotations defined by these angles. More precisely, the states
|(0, ¢, x)) yielding such deformed rotations should satisfy

(¥(8, 0, X)|(Rq) 1 (0, b, X)) = Rij (0,6, x) + O(1 —q)
Vi,j, (3.16)
A% =0(1-q)

where R;; € SO(3) and where 6 is one of the allowed values in (3.14). This prescription
constrains the quantum rotations we can construct to the ones in which the 6 Euler angle can
only take the allowed values in (3.14), for a fixed ¢. Namely, we focus only on those states
which reproduce SO(3) matrices in the limit ¢ — 1, which is not the case for all states of the
Hilbert space. In order to clarify the meaning of this prescription, we provide some examples.
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A first class of states that trivially satisfies requirement (3.16) is the set of eigenstates
|x) € H,. It is easy to see that the expectation value of the quantum rotation matrix (3.10)
in such states describes a rotation of angle 2y around the z-axis, namely:

cos(2y) —sin(2x) O
(X|Rq|x) = | sin(2x) cos(2x) 0 (3.17)
0 0 1

with all the A;; being zero. Thus, rotations around the z-axis are classical: two observers, A
and B, whose relative orientation is described by |x) € H,, can align themselves sharply.

The relative simplicity of rotations around the z-axis is not representative of the richness of
structure of other rotations, and this is mainly due to the fact that for generic basis states of the
form |n, @, x) the first condition in (3.16) is not satisfied, forcing us to consider superpositions
of such states. Indeed, consider the basis state |n, ¢, x): the expectation value of the quantum
rotation matrix on it reads

—q®" cos(2¢) —q¢?"Hsin(20) 0
(n, ¢, x| Ry |n,y ¢, x) = | —¢*"TLsin(2¢)  ¢*" ! cos(2¢) 0 ) (3.18)
0 0 1—¢*(1+¢%)

As is clear, there is no possibility of ever obtaining non-zero elements for the {13,23,31, 32}
entries of the rotation matrix and the dependence on x is never accounted for. In general,
such a state does not reproduce a rotation of angles {6(n), ¢, x} in the commutative limit
and thus does not satisfy (3.16). Since single basis states do not work, we are led to consider
superpositions of the form

) =D ealngx) o D el =1, (3.19)
n=0 n=0

since ¢ and y are identified with their classical counterparts. Among the states of this form
that satisfy (3.16), we need to find those for which the uncertainties are kept under control.
The best way to do this is to demand that the coefficients {c,} minimize the functional

S| {endioon] = 308 — (vl — 1), (3.20)

where p is a Lagrange multiplier enforcing normalization of |¢)). In general, solving the min-
imization problem (3.20) is a daunting task computationally. Therefore, we invoke physical
intuition to construct these states. Fixing a value for g, we build superpositions of states
|n, @, x) centered around a certain 7 € N. We compute the expectation values and uncertain-
ties relative to such states numerically and check that they reproduce deformations of classical
rotation matrices specified by angles (6(n), ¢, x), in the sense of (3.16). This will be described
in detail in the next subsection.

It is worth noticing that there is a special class of such semi-classical rotations for which
some simplifications arise. This is the case of rotations with # = 7 around axes of the x — y
plane. The classical theory predicts that x = 0 and a generic ¢ select a direction in the z — y
plane (¢ = 7/2 selects a rotation around the z-axis, while ¢ = 0 selects one around the y-axis)
around which we rotate of an angle 6. As emphasized before, since ¢, x behave classically, the
quantum numbers associated to these angles specify the axis of rotation also in the quantum
case. For the case 0(0) = , building a superposition of basis states is not necessary to satisfy
(3.16) and the basis state |0, ¢,0) is sufficient to describe the corresponding semi-classical
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rotation around an axis in the x — y plane, specified by ¢. The expectation value of R, on
such state is
—qcos(2¢) —gsin(2¢) 0
(0,0,0/R4|0,0,0) = | —gsin(2¢) qcos(2¢) 0 |, (3.21)
0 0 -1

while the A;; are non-zero and do not depend on the specific value of ¢:
2
WO-A0-¢) 3/I-P0-¢) SH2/T-¢)

AR = | 3/I-A(-¢) H/I-A0-¢) HR/a-@)| 622
Ve VP ¢t 0

From the above matrices, it can be verified analytically that the state |0, ¢,0) satisfies (3.16).

For a generic axis of rotation, the quantum Euler angle 6 will play a non-trivial role both
in the determination of the axis itself and in the determination of the rotation angle.

3.1.4 Numerical construction of semi-classical states

As anticipated in the previous subsection, we resort to numerical computations to construct
some of the states describing semi-classical rotations. We focus on the case ¢ = 0.99 as an
illustrative example. However, by increasing the value of ¢ closer to 1, it is possible to check
that the states presented below satisfy (3.16) with increasing precision.

We will focus on rotations in the (y, z)-plane, thus setting x = 0, ¢ = 5. We want to
construct states that semi-classically describe a deformed rotation of a certain angle in this
plane. Since n defines the only angle left, 6, we choose to build superpositions (3.19) centered
on particular values of n, dubbed 7, with coefficients ¢, multiplying the states |n, ¢, x) rapidly
decreasing as 6(n) deviates from 6(n). Our ansatz is that these coefficients have the form of a
discretized Gaussian distribution.

The variance is then chosen in the following way. Recalling that

6(n) = 2arcsin ¢" (3.23)
we can define An as J
n
ni= — .24
" df 1o(n) (3.24)

We take Af = § — arcsin g, which is just half of the value of the maximum angular deviation
and weigh it with the rate of change of n with respect to 6, approximated as the derivative.
Therefore, the value of the variance depends on the central value n. This approximation
becomes more and more accurate with increasing values of n for which 6(n) becomes quasi-
continuous.

We then define our superposition coefficients ¢, as

(3.25)

Cn = =
ZZO:O e 24an2
For computational reasons, we do not consider the full superposition going from n = 0 to
n = oo but we truncate the series by considering the 3-0 range of our Gaussian. Namely, the

sum goes from npin t0 Nmax, Where

Nmin — 1 = —3An Nmax — 1 = 3AR. (3.26)
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For relatively small values of n, the value for npi, might be negative when considering the 3-c
range. When this happens, we simply truncate the Gaussian and start the series from n = 0.
We have explicitly verified that this doesn’t affect our results in a significant way.

We have used this algorithm to construct the states used for the numerical analysis of
table 3.1. In what follows, we show the results for the computation of the expectation values
of the matrix elements (R,), ; with their relative uncertainties for states centered around n =
95,34,7,0, corresponding to angles 6 = 45.275°,90.560°,137.518°, 0 = 180°.

o n =95 0=45275°

0.997 0.000 0.000
(1h(45.275°)| Ry|(45.275°)) = | 0.000 0.695 0.708
0.000 —0.708 0.698

0.005 0.071 0.030
AR, =]0.071 0.073 0.069
0.030 0.069 0.073

(3.27)

e n =34, 0 = 90.560°

0.990 0.000  0.000
(16(90.560°)| Ry|(90.560°)) = | 0.000 —0.015 0.990
0.000 —0.990 —0.005

0.015 0.100 0.100
AR, = | 0.100 0.099 0.004
0.100 0.004 0.100

(3.28)

e n=170=137.518°

0.982  0.000  0.000
((137.518°)| R,|¢(137.518°)) = | 0.000 —0.739  0.663
0.000 —0.663 —0.721

0.025 0.067 0.173
AR, = | 0.067 0.067 0.074
0.173 0.074 0.067

(3.29)

e n=0, 6 = 180°
099 0 0
(1h(180°)| Ry|w(180°)) = [ 0 —0.99 0
0 0 —0.99

0.014 0.014 0.140
AR, = |0.014 0.014 0.140
0.140 0.140 0

(3.30)

To obtain the states describing ¢-deformations of rotations of negative angles { < 0, we just

have to consider the same states but with ¢ = —7. It is straightforward to show that for

states of the form (3.19) with x = 0 having real superposition coefficients like (3.25), the map
¢ — —¢ exchanges (Ry)y; With (Ry),,, leaving all the other elements unchanged, and yields

the same uncertainty matrix.



68CHAPTER 3. QUANTUM EULER ANGLES AND AGENCY-DEPENDENT SPACETIME

For the 6 = 0 case, we use the state in the representation p which gives the identity matrix
in computing the expectation values which is simply given by |x =0) € H,. From (3.17) we
thus have

(1(0°)[Rq|p(0°)) = L3xs ARy = 03x3 . (3.31)

3.2 Same stars, different skies

Our results admit an interesting interpretation regarding the relationship between observers
and the spacetime they observe, namely that the choices made by observers in setting up their
reference frames affect the spacetime properties they observe.

We shall argue for this by first advocating Einstein’s operational notion of spacetime, whose
points have physical meaning only in as much as they label an event there occurring. We use as
reference example a network of sources emitting photons (“stars”): each photon emission is a
physical point of spacetime. These points of spacetime will be labeled by measured coordinates
and uncertainties on those coordinates. Given one reasonable operational assumption, our key
observation will be that, in our model, these uncertainties are not intrinsic properties of the
spacetime points but rather depend on the choices made by the observer. Put another way,
different skies may originate from the observation of the same stars.

3.2.1 Agency-dependent space

We will apply our formalism to draw a connection between the g-deformation of the SU(2)
group and a conceivable agency-dependence of space. While this is not a necessary conclusion,
we will now argue by means of a thought experiment that this property of space does follow
from a physically reasonable assumption. Thereafter, we illustrate it with a concrete numerical
example.

Consider two observers, Alice and Bob, each equipped with their own set of telescopes,
who want to map the starry sky. Each of them chooses their reference frame (in particular
their z-axis) to assign coordinates to the stars they observe. We assume that their origins
coincide but their z-axes do not. Without loss of generality we can focus on the (y, z)-plane so
that, for each observer, any telescope is mapped onto another by a rotation about the x-axis.
In the classical case, Alice and Bob can compare their experimental results by rotating their
data with a classical rotation matrix. Formally, there exists an element of the SO(3) group
that sharply describes the relative orientation between Alice and Bob.

We now analyze how the situation changes in the noncommutative framework. As in the
classical case, we shall assume that the theory is spatially relativistic in the sense that it does
not contain any a priori preferred direction in space. In this light, it is reasonable to further
assume — as we henceforth do — that Alice and Bob can choose the direction along which points
are sharp independently from one another.

For definiteness, we focus on observer Alice first. In her task of mapping the starry sky, she
focuses on a particular star, which she observes with one of her telescopes. This instrument is
generally misaligned with respect to the z-axis she has chosen. In our framework, this means
that there exists a state [14) connecting the relative orientation between the aforementioned
telescope and the z-axis. Following our physical interpretation, [i)4) determines a quantum
rotation matrix through the expectation value of R, and an uncertainty matrix defined by
(3.11). This means that Alice cannot appreciate the relative orientation between the telescope
and her z-axis with arbitrary precision since there will always be some intrinsic uncertainty
given by the deformation of the SU(2) group. As a consequence of this, she will not be able to
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Figure 3.3: A semi-quantitative description of the starry skies observed by Alice and Bob.
Alice’s z-axis is aligned with the yellow star while Bob’s z-axis is aligned with the green star,
so that the yellow star is sharp for Alice while the green star is sharp for Bob. For Alice
(Bob) the fuzziness increases as the angular deviation from the yellow (green) star increases
and the same stars are observed with different fuzziness because of the relative orientation of
the z-axes of the two agents.

sharply deduce the position of this star in the sky. For that same star, this line of reasoning
also applies to Bob but the state |)p) will generally be different from [¢4), implying a different
degree of fuzziness. In turn, this procedure can be applied to any star in the sky so that Alice
and Bob each have their own picture of the celestial sphere, as can be seen in fig. 3.3.

Given our background assumptions, the result is that the uncertainty associated with
each star is not an intrinsic property of spacetime but depends on the choices made by the
observers. In particular, different choices of the z-axis give rise to different pictures of the
starry sky. Accordingly, there is no way for Alice and Bob to define an objective celestial
sphere, meaning that the definition of space itself cannot be independent of the observer who
reconstructs it. In this sense, we say that Alice and Bob are agents: we are abandoning the
idea of objective space, replacing it with a notion of observed space from which we cannot
subtract the choices of the observer who infers it.

As mentioned earlier, it is important to note that, even though the z-axis is a preferred
direction for observers (only its points can be sharp), our framework produces an isotropic
description of space. Indeed, spatial rotations are a (g-deformed) symmetry. There is no di-
rection which is preferred a priori, and the special role played by the z-axis in the reference
frame of a given observer is only the result of the choices made by that observer in setting up
their frame. The oberver chooses freely their preferred z-direction. This should be contrasted
with the case of standard spatial anisotropy, in which different directions have different prop-
erties a priori, independently of the choices made by observers, and invariance under spatial
rotations is lost.

3.2.2 Numerical analysis

To gain insight into these conceptual novelties and to better grasp the meaning of fig. 3.3, we
now show some numerical examples in support of our claims. We start with Alices’s point
of view. Let her z-axis be aligned with a certain star («) and consider another star (8) she
wants to observe from a telescope, whose relative orientation with respect to the first star is
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described by the following state:

[ha) =|n=0;¢= g;x=0> - (3.32)

This state, already introduced in section section 3.1.3 and which satisfies the “classicality”
conditions (3.16), can be seen as a g-deformed rotation of 7 around the z-axis. The expectation
value is obtained by substituting ¢ = 5 in (3.21) while the variances are the ones in (3.22)

¢ 0 0 WI-A0-¢) $/I-Pi-¢) B2
(YalRylpa) =10 —¢ 0 AR, = %\/(1_(]2)(1_(14) \/ 2)(1—qh %

0 0 —¢? /2 — ¢* q4 0

(3.33)
which at first order in (1 — ¢) give
1-(1-9q) 0 0
(YalRqglpa) = 0 —1+(1—q) 0 :
0 0 —14+2(1—q)
(3.34)

V2(1—q) V2(1—4q) 2(1-q)
AR, = [ V2(1—-¢) V2(1—-q) 2(1—q)
V2(1—q) 2(1—q) 0

Identifying Alice’s z-axis with the vector v = (0,0, 1) and applying these matrices on v, the

transformed vector v' = (v}, v}, v4) will lie in the range

V21 —g) <vi <V2(0-q) V20 -¢)<up<V2(1-q) vy=-1+2(1—-¢).
(3.35)
This quantitatively shows what we mean by fuzziness: the g-rotated vector v’ lies in a cone
with aperture given by
Aa ~2y/2(1 —q). (3.36)

The agency feature of the model can be well understood if we now compare these results with
the ones obtained if Alice chose to align her z-axis with star 8. In this case she would have
seen (3 sharply and a under a cone with aperture (3.36). This line of reasoning can be extended
when considering multiple stars: different states describing the relative orientation of these
stars with respect to Alice’s z-axis will produce different uncertainties in determining their
direction. In turn, this is characterized by different cone apertures under which the stars are
seen. In table 3.1 we exhibit some numerical examples expressing this feature.

From this analysis, it is worth noticing that the fuzziness grows as our quantized Euler
angle increases, resulting in a starry sky inferred by Alice, similar to what is depicted in
fig. 3.3. Of course, the analysis can also be repeated for Bob, who chooses a different z-axis, in
principle, and observes the same stars as Alice. The states describing the relative orientation
between these stars and his z-axis will be different from the ones characterizing Alice’s frame.
The degree of fuzziness he observes for a particular star will be different from the one assigned
to it by Alice, resulting in a different inference of the starry sky, as shown in fig. 3.3.

Discussion and outlook

Through the example shown in this chapter, it is clear that by taking the quantum symme-
tries hypothesis (motivated by quantum gravity) at face value, we are in need of a conceptual
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0(n) Aperture
0° 0
+45.275° 0.210
£90.560° 0.284
+137.518° 0.402
+180° 0.442

Table 3.1: Dependence of the aperture on the observation angle §(n) using ¢ = 0.99. The
aperture is monotonically increasing as the angles grow in absolute value. The states used to
obtain these results are constructed numerically in section 3.1.4. For consistency, the aperture
for 180° is not truncated at first order in (1 — ¢) as in (3.36), but is computed numerically
with eq. (3.33) with ¢ = 0.99. The aperture of the cone is the same for opposite angles since
the uncertainty matrix remains the same for opposite angles, as discussed in section 3.1.4.

reassessment of observers and reference frames. Quantum mechanics forces the introduction
of a notion of complementarity in describing a physical system, when transitioning from clas-
sical to quantum observables. The above analysis shows that this is also to be expected
when transitioning from classical to quantum symmetries. The mathematical details lead-
ing to this physical interpretation are nonetheless similar in nature. The promotion of smooth
functions describing observables (reference frame transformations) to operators satisfying non-
trivial commutation relations inevitably introduces uncertainty relations between the associ-
ated physical quantities (group transformation parameters) which cannot be subtracted from
the analysis. As a result, the information regarding a physical system (spacetime) depends
on the choices of the observers themselves. The semi-quantitative results obtained in this
example supports the claim anticipated in the beginning of the chapter. A quantum commu-
nication protocol that takes into account the quantum features of symmetry deformations is
likely to deny arbitrary sharp alignment between two reference frames. This is indeed one of
the next directions to explore using the quantum group framework. If invariance under SU,(2)
is invoked, two observers would exchange g-spinors (the generalization of spinors) as physical
systems to deduce the relative orientation between their reference frames, with the expecta-
tion that these cannot be determined with arbitrary precision. The benefits of the analysis
of this novel quantum communication protocol would be twofold: the origin of the fuzziness
would be understood from an operational point of view and we would have a first example of a
fuzzy communication protocol inspired by a quantum gravity scenario, strengthening the link
between quantum gravity and quantum foundations and information. A preliminary step to
take towards this direction is to fully enforce the quantum spacetime and symmetries hypoth-
esis, extending the analysis presented in the previous sections. In fact, it should be stressed
that in this preparatory work, we have performed a semi-classical analysis, only focusing on
the quantum features of the symmetry transformations, while leaving spacetime classical. A
complete treatment should also take the quantum properties of spacetime into account (the
homogeneous space on which SU,(2) acts is also a quantum space). We conclude by also
mentioning a further possible development along this line of research; that of investigating
agency-dependence also when translations and boosts are taken into account. The target ex-
ample would be the k-Poincaré quantum group, largely employed in studies of quantum gravity
phenomenology. We may anticipate observations similar to the ones obtained in our SU,(2)
example, as suggested by results in [63].
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Chapter 4

Noether charges and interactions in
quantum spacetime

Deformed relativistic symmetries emerging from noncommutative spacetime models have been
intensively studied in various contexts these past three decades [29,88,126,137], but the as-
sociated conserved charges are still poorly understood. The missing piece of the puzzle is a
full generalization of the Noether theorem, which has been found in some studies [153, 154]
pertaining only to free theories, which have no physical counterpart. Central to the issue
of shedding light on the nature of Noether charges in noncommutative spacetime is the fact
that substantial progress has been made in studying empty noncommutative spacetime and
its associated symmetries but the consequences of introducing particles and particles interac-
tions on a noncommutative spacetime are still unclear. Particularly noteworthy in this context
is a study [155] focusing on the renowned Snyder spacetime, characterized by commutation
relations

[Ty, 2] = i)\QMW, (4.1)

where A is a length scale and M, are the Lorentz generators. As shown in [155] and antic-
ipated in Snyder’s original paper [156], the Snyder model leads to a description of space in
Cartesian coordinates as a cubical lattice of spacing A. This feature can indeed be uncovered
by studying the properties of the kinematical Hilbert space on which the coordinate operators
are represented. However, already for a non-interacting model, the introduction of particles
requires the enforcement of some Hamiltonian constraint, defining a physical Hilbert space,
which is a restriction of the aforementioned kinematical Hilbert space. The Cartesian coor-
dinates do not leave the Hamiltonian constraint invariant and so novel self-adjoint operators
which commute with the Hamiltonian constraint need to be introduced as position observables.
The covariant quantum mechanics analysis conducted in [155] shows that the enforcement of
the Hamiltonian constraint leaves no observable trace of space discretization. Moreover, the
result is generalized and shows that all of observables compatible with the Hamiltonian con-
straint are undeformed, trivializing the theory. From these considerations, the take home
message is that questions regarding the physical consequences of living in a noncommutative
spacetime should be answered in a setting where the presence of particles and interactions is
fully enforced. The analysis we will briefly show follows this philosophy, shedding light on the
nature of Noether charges in a noncommutative spacetime in a a first quantization setting,
where a spatial version of the well-studied timelike x-Minkowski spacetime is considered. The
results show a strong connection between the form of the conserved charges and that of the
interaction potential.

73
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4.1 Preliminaries

Before getting to our novel results, we devote this section to a short review of properties of
spatial 2D k-Minkowski and to a general perspective on possible noncommutative-spacetime
generalizations of harmonic-oscillator-type Hamiltonians (the type of Hamiltonians for which,
in the following sections, we shall derive Noether charges).

4.1.1 Spatial 2D k-Minkowski

The most studied variant of x-Minkowski noncommutativity is a case of space/time noncom-
mutativity (spatial coordinates commute among themselves but do not commute with the time
coordinate), which in the 2D case is characterized by the following commutator between time
and spatial coordinate [88]

(20, 2] = itx? (4.2)

where ¢ (often rewritten as 1/k) is a length scale usually assumed to be of the order of the
Planck length. It is well established [55, 60, 88] that the symmetries of 2D space/time k-
Minkowski noncommutativity are described by the 2D k-Poincaré Hopf Algebra.

In the study we are here reporting we follow Ref. [157] by focusing on a scenario with a time
coordinate which is fully commutative and two spatial coordinates governed by x-Minkowski
noncommutativity

[x2,x1] = ilxy . (4.3)

All the results establishd in a wide literature on the 2D space/time k-Minkowski of Eq.(4.2) and
its Hopf-algebra symmetries are easily converted into results for our 2D spatial x-Minkowski
of Eq.(4.3) and its Hopf-algebra symmetries, by the replacement of coordinates x° — ixo, a
replacement of noncommutativity parameter ¢ — i, and then replacing the time-translator
generator with a suitable generator of translations along the xo direction, Py — —¢ P, while
the boost generator of 2D space/time xk-Minkowski is replaced by the rotation generator of 2D
spatial k-Minkowski, N — —iR. This leads to a description of the translation and rotation
symmetries of 2D spatial k-Minkowski such that

1

[-PZ’Pl]:Ov [R7P2]:*/L'P15 [Rvpl] 2€

L
(1—e 2002) 4 zEPE , (4.4)
which is a deformation of the Euclidean algebra in 2 dimensions. A central element of this
algebra, which will be a crucial ingredient for the construction of our Hamiltonians, is given
by
4
C=45 sinh?(¢Py/2) + T2 P2 (4.5)
This is a deformation of the P? + P? Casimir element of the Euclidean algebra.
We shall introduce interactions among particles within a Hamiltonian setup and be satisfied

showing our results to order /2. We note here some commutation relations which shall be
valuable in those Hamiltonian analyses:

[l’l,Pl]:i, [1:17P2]:07 {Z'Q,Pl]:—igpl, [x27P2]:i7 (46)
[R,x1] = iz,

' /¢ Y 5 5 62 5 5 (47)

[R, :IZQ] = —Z(:Cl — b1 Py + §$2P1 + §P1x2 + 0fx Py + Z(l’lpl + P 1:1)) ,

which satisfy Jacobi identities.
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The nonlinearity of the commutators (4.4), typical of Hopf-algebra symmetries, produce
the difficulties for Noether charges which are the main focus of the study we are here reporting.
For free particles it has been shown [72,153] that the charges associated to P, P, and R are
conserved (but of course any nonlinear function of a conserved quantity is also conserved).
For interacting particles it is unclear which combinations of the charges should be conserved
in particle reactions. In particular, for a process A+ B — C + D it is clear that PlA + PP =
PE + PP is not an acceptable conservation law because of the nonlinearity of [R, Pi] (i.e.
P + PP = PC 4 PP would not be covariant). So it is clear that the total momentum
of a system composed of particles A and B cannot have the component PlA + PlB , but it
is not clear which nonlinear combination of the momenta gives the total momentum of a
system (and would be therefore conserved in particle reactions). A popular way to guess the
momentum-composition formula is based on the so-called “coproduct” [68,158,159], which
for our purposes it is sufficient to introduce in terms of the properties of suitably ordered
products of plane waves: for two plane waves of momenta &k and ¢ one has that, as a result of
the noncommutativity (4.3),

it gikaa® it igpa® _ pilkesnat pikerg)2a® (4.8)

where
(k ®x q)1 = k1 + e %2q

(4.9)
(k®rq)2=ka+qo.

In order for these quantities to close the single-particle algebra (4.4), rotations should also
combine non-linearly

(Ry ®x Ry) = Ry + e *2R,. (4.10)

In particular, in [157], it was pointed out that this tentative way of computing the total-
momentum, as in (4.8), is inspired by the request that fields describing several particles should
be multiplied in the same quantum spacetime point. However, the conserved charges when
dynamics is involved are shown to be different than the coproduct-inspired ones.

Alternative ways for guessing the momentum-composition formula have also been pro-
posed. As an alternative to the “k-coproduct composition law” of Eqs.(4.9)-(4.10) we shall
also consider the “proper-dS composition law”,

P1 = (p" @as ") = pi +pi’ — Lp3p? + pi'pd)+
62 A_B A _B A B A/ B\2 A\2, B
+ 5 [(p2pr +pip2) (03 +p2) —pi (1) — (1)1 ]
52
Pa=(p" @as p7)2 = p5 +p5 +pip? — [ =0l 03 +p2) + 03 (07) + (01)°p5]
R = (R @45 R®?) = R* + RP
(4.11)
which was motivated using some geometric arguments (one can show that with these choices of
composition laws momentum space acquires the geometrical structure of de Sitter space [160]).

4.1.2 Deformations of harmonic-oscillator Hamiltonians

Our next task is to introduce the class of Hamiltonians on which we shall focus our search
of Noether charges. Their core ingredient is the harmonic oscillator potential in 2 spatial
dimensions. We shall consider deformations of the Hamiltonian
~A\2 ~B\2
1
HAB _ (7) (P°) L oA oBy\2 4.12
0 o T g T 9@ —d7) (4.12)
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where ¢ is the coupling constant, the labels A and B refer to the two particles interacting,
¢’ (J € {A, B}) are ordinary commutative spatial coordinates, and p” are the corresponding
momenta, with standard Heisenberg commutators ([q}-],pkK] = i 68§, with J,K € {A, B}
and 7,k = 1,2). The total momentum and total angular momentum defined through

P=p*+3® Ry=R{}+RP (4.13)
are conserved charges since they commute with the Hamiltonian, [H{*Z, P] = 0 and [H{Z,| Ry =
0. Both the total generators {P;, Ro} and the single particle generators {p!, R} close the un-
deformed Galilean algebra.

For reasons which shall soon be clear, we want to test our approach also for interactions
among more than two particles, and for that purpose our starting point is the 3-particle

Hamiltonian
~4\2 ~B\2 —C\2
1 1
HABC ") (") (p™) 1A —»B el —»B —C\2 414
om " om T oam T290 T )+9( =)+ 50" =0 (414)

This is of interest to us particularly because the interacting potential V3(g4, @%,¢®) can be

split into the sum Va(g?, 7%) + Va(@?, ¢©) + Va(q?, ¢¢) with V, having the same functional
form for each pair of particles: in the case studies for which we perfomed our Noether-charge
analyses this property cannot be maintained in presence of noncommutativity of coordinates.
Evidently, the Hamiltonian (4.14) commutes with the total charges defined as P = 5 +
75 +p¢ and Ry = Ry + R} + RS.
A key ingredient of our deformed Hamiltonians will be of course the kinetic term, for which
we adopt the form

C p% P% p1p2 2p1p2 2 p2
Hy=—~-"++4+ 24/ !/ /! 4.15
K=o ™ om T om T T T T 2dm (4.15)

obtained from the Casimir element C of our Eq.(4.4) (to order £2).
We will look for suitable interaction potentials within some rather broad parametrizations.
We parametrize the two-particle case as follows

A - 1
VAB — v (¢4, 7P) = 29 gzt +€gZafj‘]kalIxjx£( +€292ﬁfjﬁpr{p3]:1:k xy,  (4.16)

where oz[ JE and ﬁfj‘{fh( H are numerical coefficients and the sum extends both to spatial indices
(lower case letters) and particle indices (upper case letters).
Similarly, for the three-particle case our ansatz is given by
A - 1 - 1 1 .
VARC = V(@ 27, 5) =g - 37)? + Sg(@” - 39) + Sg(@7 — )%+

2 2 (4.17)

~TIK T J K | 2 GIJKH I J K H

+£g Z Qi DiTj Ty + 4 g Z Bz]kh Pip; Ty T,

AIJK and BLIKH

where & igh o are other sets of numerical coefficients and the particle indices run
over {A, B,C}.

4.2 Charges with proper-dS composition

The debate on the alternative ways to combine charges in a xk-Minkowski setup has mainly
relied on naturalness arguments based on the properties of free particles in x-Minkowski. As
announced in our opening remarks, we here intend to show that there is no notion of “natural-
ness” at stake here: how charges should combine depends on the form of the laws of interaction
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among particles (so evidently goes beyond the scopes of the description of free particles) and
different composition laws can emerge from different descriptions of the interactions. We shall
establish our case relying on Hamiltonian theories within first-quantized quantum mechanics,
where the relevant issues can be seen in particularly vivid fashion.

We choose as our first task the one of exhibiting a Hamiltonian (within first-quantized
quantum mechanics) which selects uniquely the proper-dS composition law, which we already
reviewed in Eq.(4.11) and we show again here for convenience:

P1 = (p” Das p°)1 = pi' +pf — LW p? + pipd)+
2

e A B A B A B A/ B A B
+ 5 [(p2p?’ +p1'p2) (P2 +12) — P11 )? — (p1)*p?]

52
Py = (p" @as %) =p3 +p5 +'pl — 5 [ = ol 05 +p2) + 95 (07)° + (01)p5]
R = (R* @45 R?) = R* + RP
(4.18)
One can easily verify that Py, Pa, R close the algebra (4.4) up to order £?, which we also

rewrite here for convenience

20°P3 )
3

L
(PPl =0 [R,Po]=—iP1  [R,Pi] =i(P— Py + ;P + (4.19)
We start by showing that for the case of two particles interacting there is a Hamiltonian
H#B | deformation of the H{'Z of Eq.(4.12), such that P, H2P] = 0 and [R, H{P] = 0. As
anticipated in Subsection 4.1.2, our Hamiltonian H (‘1453 will be of the form

HAP = HE + HE + v;iiP (4.20)

where H is fixed to be the one of Eq.(4.15), while Vd‘%B must be specified consistently with
Eq.(4.16), for some choice of the parameters that Eq.(4.16) leaves to be determined.

We work partly by reverse engineering: we use [P, H 2Bl =0 and [R, H/P] = 0 as condi-
tions that must be satisfied by the parameters of Eq.(4.16), and then, once we have such an
acceptable Vd‘f‘gB, we show that the resulting Hamiltonian H fSB uniquely selects the proper-dS
charges (4.18) as its conserved charges.

We find that in particular the following choice of Vng
VAB _9 (ﬂA B ﬂB)Z_‘_
as - 2 T T

1 1
+2€( —py(z1)* + 5p{‘x’149:‘24 + 536‘2436{11014 +pgatal —aypiaf + (Ao B))+

1 A A A A _AB A A_A
+§€2<(p113)2(—2(m2 )? + 6ag'ad — 2(25)?) + dpPpSatas — piplas el + pPpdaias+
B A B.B B. B A.A B B B\2//.A\2 A B B\2
—6pyay a3 py — 2pTay (pyay — a3 py) — 2(py)*((27)” — 272y — (x7)7)+
B A A B B. A A B B A B.B A A A A AB, AA
+py p1 vy a7 — 2py py i@y — 3pg wy a7 py + 227 py (prwy — pray +pywy+

Spdal 4 Sabof) + afpiePol + (A o B))]
(4.21)
is indeed such that [P, Hit + HE + V{iP] = 0 and [R, Hf + HE + V{iF] = 0.
We observe that our Vdng is symmetric under exchange of the particles (this is not always
the case, see later). Most importantly, we find that indeed the Hamiltonian H f} +H 5 + VdASB

uniquely selects the proper-dS charges (4.18) as its conserved charges. In order to see this we
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start from a general parametrization of the two-particle charges

Pt =% pi + 0 pip] + T pll it
Pyt =" py + 00 plp] + 05K plp]pi (4.22)

R' =N "R+ t¢]'p[R7 + [/ X plp] RF

where v,0,¢,I',0, ® are sets of real coefficients and the sum is intended over particle indices
I, J, K (which take values in { A, B}) and over the spatial indices i, j, k. We also require that no
terms with all particle indices equal to each other are present, so that we recover the definition
of single particle charge when the charges of the other particles are zero.

By requesting that these charges commute with H fé—i—H E—G—V the parameters in Eq.(4.22)
get fully fixed, giving indeed the proper-dS charges (4.18).

Next we turn to the corresponding three-particle case, for which the proper-dS composition
leads to the following formulas for the charges:

Pr1 = (0" ®as p®) Bas p9)1 = pit + P + 05 — (5 O + pi') + 5 (PP + piH)+
52
+p5 (0 +pP)) + 5(—229{‘2?151?10 — (p2)2p{ + 2p1p8p§ — PP (02 — T2 + pi)+
— (0) (PP + ph)? + 205 pPps + 0F + p3) WP + pipT)+
A
+ (p§ + pF + 5@ (0F + pi) + p§ (03 + pF)))

Po = ((p" ®as p®) Bas p9)2 = p5 +p5 + 5 + L(pPpit + p{p? + pi'p§)+
Cocoa, B C, C( B, A B A B A
_5(1)2 (pi' +p0)* = pf 0 (07 +pi) + (pF — pi) (P — p3))+
C B A B A B_A B _A
+ (09)2(pF + p3) + (0 — pi)(—pPpi + pp3))

R = (R* @45 R”) @45 R® = R* + R” + R®
(4.23)
Evidently we must find a Hamiltonian H C‘l“SBC, deformation of the H§'BY of Eq.(4.14), such

that [77 H/PC) =0 and [R, H{PC] = 0. As anticipated in Subsection 4.1.2, our Hamiltonian

HABC will be of the form

HPC = i+ HE + HS + ViABC (4.24)

where Hy is again fixed to be the one of Eq.(4.15), while VABC must be specified consistently
with Eq.(4.17), for some choice of the parameters that Eq. (4 17) leaves to be determined.

A natural first guess is that the three-particle potential Vg ABC he given (see Eq(4. 14)) by a
combination of our two-particle potentials given in Eq.(4.21), 1. VAB C = Vd’gB —|—Vd Vds ,
but one can easily check that this does not commute with the three—partlcle proper-dS charges
(4.23). What does work is adding an extra term:

Vig® = Vis® + Vi + Vi + Vistho (4.25)
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with

apc 90 CA_ CoA_ CACB_ CBCA__C A_ CAC B
Vis(x) = <P1P2 (272 —xyxy) —prpyag ey —pypr (2705 — o9 21) — Py piay ey +

+p1 p‘f‘ﬂfg(%g — x4 —ay) = prpyaf (227 — 2} ) — 2p5'pilaf xS +
+pypyaf 20 — af — 2f) + plafpPzs + 2 p{py 2l +

+ ' ps pi'al + a1 pips ey + 28 pyplal )

(4.26)

One can easily check that the H{PC of Egs.(4.24), (4.25), (4.26) commutes with the proper-dS
charges (4.23). Most importantly we find that indeed our Hamiltonian H ABC uniquely selects
the proper-dS charges (4.23) as its conserved charges. In order to see thls we start from a
general parametrization of the three-particle charges

~ t t

© =l + 3 plp] + T plp pi
~ t t

=" ph + 00 plp] + 65  plp] it (4.27)
Rtot ZRI + Ed)IJ RJ + EZQ{JJKPZPJ RK

which shares the same properties outlined for the two-particle ansatz (4.22) (the particle indices
run over {A, B,C} and 7,0, ¢,T", 0, ® are sets of real coefficients).

We find that by requesting that these charges commute with our H ;‘é + H E + Vg AB the
parameters in Eq.(4.27) get fully fixed, giving indeed the proper-dS charges (4.23).

We leave to future studies the task of exploring the meaning of the extra term VA AS(k)"
Whereas the potential in the original three-particle Hamiltonian H{'PC of Eq.(4.14) was just
a sum of two-particle potentials, we found that the potential in its correct “proper-dS defor-

7 H ABC must include the extra term V’gj(gf) which is cubic in the observables of the

mation
three partlcles and is made of all terms involving simultaneously observables of all the three

particles.

Also noteworthy is that for the three-particle case the proper-dS composition gives charges
which are not symmetric under particle exchange (see (4.23)) and accordingly our Hamiltonian
H; ABC also is not symmetric under particle exchange. We do not see any objective problem
Wlth this lack of particle-exchange symmetry, but still it is a bit unsettling. This made us
interested in investigating which charges would be conserved if we adopted a particle-exchange
symmetrized version of our Hamiltonian H, équC

HEC ) = Hit + HE + HE + VAP + VEC + + ==Y VdSABC (4.28)
w(A,B,C)

i.e. the Hamiltonian obtained by summing over all the possible particle permutations, 7(ABC),

of the extra term.
We then ask for which choices of the parameters of our Eq.(4.27) the Hamiltonian H fsliglm)

commutes with the charges parametrized in our Eq.(4.27), and we find that H fsﬁgm) uniquely
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selects as its conserved charges the following ones

pstovm) — é[(pA Das P°) @as p¢ +p? @as (0° ®as p°) + (p* Bas p°) Bas PP =
= p‘f‘ +pf +p? — 0(pi'py +pU'ps +pips +pips +pU'ps +pipd)+
- E(p{‘ +(05)%) + (of +p7)(02)* — pi' (7)) — P (1) +
—pf (p7)? - plB(pl )2+ 7 (05)7 + 0§ (05) + +p7 55 + PP Py s +
—pt(0f)? — pf (p1)* — 4pi'pPpf + g(p‘{‘p? ps +pr'pdps + pSpEps )+
+p3 (075 + pU'pS + pi'ps + pi'p?))
Py = 1[(IDA @as pP) Bas p° + p* @as F Bas p°) + (0 @as p°) Bas PPl =

3
=5 +p¥ +p§ +(f (pF + pi') + pPpiH)+

1
- 552(3(190)2(1923 +p5) — o (305 0 + pi) + 3pPpf — apPps — 4pPpit + 3pipd)+
+p5(3(pP)? + 4pPpit + 3(H)?) + 3(0f — piH) (pPps — pEpi))

RdS(Sym) RA +RB +RC
(4.29)
which are indeed symmetric under particle exchange. Moreover, these charges Pfs(sym),

péis(sym)’ R4S(sym) close the algebra (4.4).

4.3 Charges with k-coproduct composition

We now move on to applying the same strategy of the analysis to the coproduct composition
law of Eqs.(4.9)-(4.10), which we rewrite here (at order £?) for convenience

€2

Pr=(p" @xp”)1 = pi' +p7 — 3p7 + 5 (03)°p7

Py = (p" @ p®)2 = p3 +p7 (4.30)
62

R =R @, R® = R* + R® — ips' R® + —(p3')*R%,

2

As done for the proper-dS case, our first objective is to find a Hamiltonian HAE deformation
of the H{'P of Eq.(4.12), such that [P, HAP] = 0 and [R, HAB] = 0. Applying the same
strategy of the previous section, we find that the Hamiltonian H/ AB _ = Hy, AL H I]? + VAB with

VKAB — %[(;fA - 53)2_’_
1 1 1
26 (ot + afpdad + Jodnlaf + Jafolnl — afpet - oot ) (s
1 1
26 ((3a)? + qufl et — Lot a? )

is such that indeed [P, Hff + HE + VAP] = 0 and [R, H{f + HE + V5] = 0. And we find
that the Hamiltonian H# + HZ + VAP uniquely selects the x-coproduct charges (4.30) as its
conserved charges. This is easily shown by starting again from the general charge ansatz (4.22)
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and requiring that they commute with H fé + H E + VHAB: this requirement fully fixes all the
parameters in Eq.(4.22), giving indeed the k-coproduct charges (4.30).

It is noteworthy that the x-coproduct charges (4.30) are not symmetric under the exchange
of particles A and B, and accordingly also our Hamiltonian H2P is not symmetric (because
the potential VAP of (4.31) is not symmetric). We found that the analogous issue of lacking
particle-exchange symmetry that we encountered in our analysis of the proper-dS composition
law could be “fixed” by resorting to a symmetrized version of the Hamiltonian, but for the
k~-coproduct composition law this is not the case: if one considers the symmetrized Hamiltonian

HAB HIB + HBA

k(sym) — 9 (432)

then one finds that no choice of the parameters in (4.22) leads to charges that commute with
.

For the three-particle case the k-coproduct composition law gives

Pr = (p ©r p® @k p1 = it + 0P + 07 + € (—pPps — 0§ (04 +pF)) +

B, A\2 1
+ 0 (pl (52) + 5pf (08 +p5) )

Pa = (p” Br p® @k p%)2 = pi + p¥ +p§ (4.33)

R = (R* @, RP @, R°) = R* + R® + R® + 1 (—ps (R®) — RC (p§ + p¥)) +
1 1
+ £ <2RC (g + %) 2 + 2(195‘)2RB>

Using the same procedure of Section 4.2 one finds that the Hamiltonian

HPC = Hig + HE + HE + VP + VPO + VA + v, (4.34)
with
V,:(‘f)c =gt (pf (27 x5 — 2§z + wi'wy —afad) + pPaf (2f — =)+
62 ((P P (xfai —aPaf +afzl) — (07) (a7t — 22727 + pU'af (pi'=' — pad))+
+P113p'24($§9014 viwy) + py (prai'ad + py'ai'a?)) (4.35)

commutes with 73 and R. Tt is noteworthy that the k-coproduct extra term VR“(‘E)C, besides
involving terms that depend simultaneously on observables of all three particles, also involves
terms that depend only on two of the particles (and these additional terms cannot be re-
absorbed in a redefinition of the potentials VHI 7 since they are different for different pairs of
particles).

Also in this case we find that the Hamiltonian HABC

of our Eq.(4.34) uniquely selects
the k-coproduct charges (4.33) as its conserved charges: by requesting that the parametrized
charges of Eq.(4.27) commute with HAPC the parameters in Eq.(4.27) get fully fixed, giving

indeed the k-coproduct charges (4.33).

H; ABC s not symmetric under particle exchange and its symmetrized version,
1
H{ Gy = HR+ HR+ HE + o D7 ViAo, (4.36)

w(A,B,C)
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is not a viable alternative since it does not have any conserved charges: there is no choice of

the parameters in Eq.(4.27) such that the parametrized charges of Eq.(4.27) commute with

ABC
K(sym)’

Discussion and outlook

Inevitably, the physics community is approaching the challenge of understanding the deformed
relativistic symmetries of some quantum spacetimes from a perspective which is mainly in-
formed by our experience with special relativity, but a price can be payed when we unknowingly
make inferences based on the linearity of most special-relativistic laws. In particular, the way
in which special relativity governs how free-particle charges combine in conservation laws ap-
plicable when particles interact is completely governed by the linearity of transformation laws,
so that charges inevitably combine linearly. Working within special relativity one does not
even fully appreciate how the chosen form of interaction could affect the conservation laws,
because the linearity of transformation laws imposes that in all cases charges combine linearly,
independently of the type of interactions being considered. This is probably the reasons why,
before the study we here reported, the debate on total charges for quantum spacetimes had
not contemplated a possible role for the interactions, and instead relied on one or another
“naturalness argument” based on the form of the relativistic properties of free particles.

We here showed, using the toy model of spatial 2D x-Minkowski, that the nonlinearity
of deformed-relativistic transformation laws is such that the correct notion of total charge
depends strongly on how one introduces interactions among particles. We found that, starting
from the same description of free particles, for interacting particles one can have at least three
different ways for obtaining total charges: the one based on the proper-dS composition law,
the one based on the x-coproduct composition law, and the one obtained by symmetrizing
the proper-dS composition law. Interestingly, we also found that it is instead not possible
to introduce interactions such that conservation laws are obtained by symmetrizing the -
coproduct composition law.

We are confident that the lessons learned within the spatial 2D x-Minkowski toy model
apply also to other quantum spacetimes. Where we suspect that the specific form of spacetime
quantization might affect the analysis is the required level of complexity of Hamiltonians.
The Hamiltonians we here exhibited, the ones that do enjoy deformed relativistc invariance,
are not very simple. To the human eye they appear to be unpleasantly complex, and it
would be surprising (though of course possible) that Nature would choose such complex ways
to describe interactions among particles. It is therefore natural to wonder if some ways to
quantize spacetime with deformed relativistic symmetries could produce simpler descriptions
of interactions among particles. If such an aspect of simplicity was found for a certain scheme
of spacetime quantization it might provide encoragement for the studies of other aspects of
that quantum spacetime.



Chapter 5

Quantum gravity phenomenology
with cold atoms

About thirty years ago, the legitimacy of quantum gravity as a genuine branch of physics was
strongly challenged [161]. Based on purely heuristic arguments, it was believed that the only
relevant regime in which quantum gravity effects could be studied directly would be in the
immediate post big-bang era of the Universe. Indeed, it was argued that if the characteristic
scale of quantum gravity is the Planck energy Ep =~ 10?® eV, we would never have any chance
of setting up laboratory-based experiments to test quantum gravity effects in the foreseeable
future.

Today, we are at the dawn of quantum gravity phenomenology [25,27], and it is not
because there has been a huge leap in human technology which has brought us to contemplate

0%% eV nor have we gained access

experimental situations where the relevant energy scale is 1
to the immediate post big-bang era of the Universe. The birth of this new season of physics
research is due to a change of perspective with respect to the arguments presented in [161].

Physical predictions pertaining to a model or theory characterized by some physical scale
can be of either smooth or steep onset. Steep onset effects manifest themselves when the phys-
ical quantities characterizing the system under study are in the vicinity of the scale relevant
for the effect under investigation. If the relevant scale of the effect is some energy scale and
the energy of the system under study is below that scale, there will be no observable traces
of that target effect. As soon as the target energy is reached by the system, the desired effect
switches on and can be observed. This mechanism is relevant, for example, when considering
energy thresholds for interaction processes. If the energy of the system is below the threshold,
the process is not kinematically allowed and there will be no chance to observe it. When the
threshold energy is reached, the process becomes kinematically allowed and there will be some
probability to observe it based on its specific mechanisms.

On the other hand, smooth onset effects manifest themselves even when the physical quan-
tities characterizing a system are far from the target scale. In the example involving an energy
scale, these effects would typically depend on the ratio between the energy of the system and
the target energy scale, so they would leave observable traces even if the energies are many
orders of magnitude apart. Consider for example the discovery of the Higgs boson. While
the existence of this particle was only recognized when reaching the desired energy to observe
processes involving the particle directly [162], its presence could already be deduced at lower
energies due to its intervention in higher order corrections of other processes [163].

If we are to eventually observe some quantum gravity effects, it is clear that the smooth
onset scenario is the most favorable one, but it is not enough, in general. The huge gap between

83
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energies we currently probe, E, and the quantum gravity scale (supposedly of the order of the
Planck energy) Eqg¢, would still be a limitation for direct observation of effects that depend
on the ratio E/Eqgg, unless the effects are amplified by some mechanism. Smooth onset
effects enhanced by amplifiers are the best chance we have to observe some quantum gravity
signatures, a possibility not realized in [161]. We may think of amplifiers as functions of the
relevant physical quantities at play that compensate for the small leading order dependence
of the effect, which in the quantum gravity case is some power of E/Egg. The concept
of amplification is crucial in quantum gravity research, but it is not new and has already
been exploited to make new physics discoveries in the past century. It is sufficient to think
about Brownian motion, the detection of which has been decisive evidence of the fact that
macroscopic matter is made up of atoms. In that case, the observable effect is the collision
between a dust particle and the smaller particles of some fluid. Of course, it would have been
unthinkable of deducing the atomic nature of the fluid by observing the collision of the dust
particle with a single fluid particle. Instead, the observation of the collective effect of a huge
number of collisions, resulting in a random walk of the dust particle, is what made the discovery
possible. The huge number of particles (the amplifier) enhances the tiny displacement caused
by the collisions to a macroscopic effect observable within the sensitivities of the microscopes
available at the time.

The hope is that a similar phenomenological situation might also apply for quantum gravity.
For this reason, several effective quantum gravity models have been put forward during the
last two decades, in order to capture signatures of the yet unknown Planck scale physics at
the physical regimes available to us today. In the perspective of searching for some observable
effects, most studies have focused on astrophysical phenomena, where highly energetic probes
are involved. This line of investigation was also motivated by the advent of multi-messenger
astronomy, characterized by an increase of the quality and quantity of experimental data
obtained by the detection of various cosmic messengers (photons, neutrinos, cosmic rays and
gravitational waves) from numerous and diverse sources [27]. Only a handful of works [164,165]
have investigated the possibility that quantum gravity effects could also be relevant in table-top
experiments with infrared probes (like cold atoms) and that they could be detected with present
day sensitivities. Thanks to experimental advancements, this trend is changing in recent years
(see for example [166-168]). After briefly reviewing the most studied effective quantum gravity
models and the status of quantum gravity phenomenology in the multi-messenger approach, we
will show how an effective model inspired by the lightlike xk-Minkowski introduces corrections
in atom interferometry experiments that can be detected with present day sensitivities.

5.1 Lorentz Invariance Violation vs. Doubly Special Relativity

If quantum gravity phenomena admit an effective description at low energies through the
introduction of Egg, two possiblities arise: either Lorentz symmetry is broken due to the
introduction of the new energy scale or a new set of symmetries must be identified to acco-
modate it. In the early stages of quantum gravity phenomenology, it was suggested that Egg
could play a role in modifications of the in vacuo dispersion relation [18], as follows

m? :EQ—p2—|—f(E,p,m,EQg), (5.1)

where f is an unknown function with the dimensions of mass squared depending on the kine-
matical quantities at play. For phenomenological studies, the focus is on a class of models
expanded at the first order in the quantum gravity scale where, for example, the dispersion
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relation can be written as

2 . ;2 2 p
m*~E*—p +f1EQG+f2EQG, (5.2)
where f1, fo are two real constants. It is straightforward to check that this expression is not
invariant under the usual Lorentz boost transformations for non-zero values of f1, fo. Without
any additional ingredient, phenomenological models with modified dispersion relations of the
form (5.1) break Lorentz invariance and are known as Lorentz Invariance Violating (LIV)
models. They introduce a preferred class of reference frames where the on-shell relation is
valid so that the quantum gravity scale itself becomes observer dependent. By contrast,
Doubly Special Relativity (DSR) theories preserve the principle of relativity and require that
the quantum gravity scale should be an invariant energy scale, in addition to the speed of
light [22-24]. The relativity principle ensures that the modified dispersion relation (5.1) is
the same for every inertial observer, in contrast with the LIV models. As we will now show
with an example, this inevitably requires the deformation of special relativistic symmetries
and of the energy-momentum conservation laws. We gain inspiration from the timelike x-
Minkowski framework presented in section 1.3 and restrict it to 14 1 dimensions for simplicity
(the extension to the 3 4+ 1 case is straightforward). At the first order in the deformation
parameter, the Casimir element inspires a modified dispersion relation of the form

m? = E? — p? —(Ep?, (5.3)

where / is a shorthand notation for 1/Eg¢q. If we allow a deformation of the boost transfor-
mations such that

[N,E]=ip [N,p] = z(E —(E? — §p2> , (5.4)

then (5.3) is invariant under the deformed Lorentz transformation at first order in ¢. Indeed

[N, m? =[N, E? — p? — (Ep?] =

5.5
=i(2Ep — 2pE + 20pE® 4 1p® — 0p® — 20pE?) = 0. (5:5)

When more particles are involved, it can be easily shown that the standard energy-momentum
composition law is not compatible with the deformed boost transformations (5.4). Consider
a scattering process involving two particles, labeled by A, B interacting with another pair of
particles, labeled by C, D. The standard energy-momentum conservation law reads

Es+FEp=FEc+Ep, pat+tpp=pc+pp. (5.6)
Employing the deformed transformations (5.4), it can be shown that

[Na+ NB,pa+pB| # [Nc + Np,pc + pp], (5.7)

spoiling relativistic covariance. The way out of this issue is to require that both the momentum
and boost composition laws are deformed. This time, gaining inspiration from the timelike
k-Poincaré coproducts in section 1.3, one can verify that the composition laws

(EA®Ep)=FEs+Ep  (pa®pB) =pa+ps—LEapB

(5.8)
(Na® Np) = Ng+ Np —(EsNp

guarantee that the novel energy-momentum conservation law is covariant. Indeed, it can be
shown that if

(Ea® Ep) = (Ec ® Ep) (pa ®pB) = (pc © pp), (5.9)
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then, the deformed boost composition law yields

[No ® Np,Ea® Ep| = [Nc © Np, Ec ® Ep]

(5.10)
[Na @ Np,pa @ pg] = [Nc © Np,pc @ pp],

at first order in £. As stressed in chapter 4 for the spatial counterpart of the timelike x-
Minkowski model, and first observed in [160], the deformed boost transformation (5.4) is not
exclusively compatible with the composition laws (5.8). That they would work is merely a
consequence of the Hopf algebra axioms of the timelike k-Poincaré algebra. In [160], investiga-
tions of the momentum space structure of the timelike x-Poincaré model lead to the realization
that the composition laws

(EA D EB) =F4s+ Ep— prpB
(pa ® pB) =pa+pB— U(Eaps + EBpa) (5.11)
(Na® Np) =Njg+ Np,

are also compatible with the algebra (5.4). These are none other than the Loentzian version
of the dS composition laws introduced in (4.11).

The two phenomenological models presented are fully relativistic, differing only in their
multi-particle sector, and there is no reason to prefer one over the other. In this bottom up
approach where the first order corrections to special relativity are contemplated, it is important
to explore all the phenomenological possibilities. If ever, only data will guide us towards the
framework that best describes the relevant physical phenomena [169].

The structural difference between DSR and Special Relativity resides in the geometry of
momentum space [160]. In the former, the momentum space geometry presents non-linearities
that vanish in the limit £ — 0, where we recover the flat and linear momentum space of Special
Relativity. The main idea is that the deformed dispersion relation is linked to the metric on
momentum space, the deformed symmetries are the Killing vectors associated to that metric
and the composition laws depend on the connection [160]. In the case of the timelike x-
Poincaré model, the momentum space is identified with the de-Sitter manifold AN(3) in 3+1
dimensions [62,69, 70|, and the two different composition laws correspond to different choices
for the connection: the noncommutative but associative composition laws (5.8) result from a
choice of a torsionful connection while the commutative but non-associative composition laws
(5.11) stem from the metric connection [160], which is torsionless.

In passing, it is worth mentioning that some first steps have been taken towards the gen-
eralization of relativistic theories with an invariant energy scale when also spacetime curva-
ture is taken into account [170-172]. Some phenomenological analyses have found interesting
physical effects that depend on the interplay between the Planck scale and the cosmological
scale [173-176]. More formal developments have found that a pivotal role might be played
by Finsler geometry [177,178], a generalization of Riemannian geometry in which the metric
acquires a velocity dependence. It was also shown that flat DSR models can be embedded
within this framework [179-181].

In the next section we will review some of the most studied predictions of DSR and LIV
models, relevant for astrophysical experiments, discussing analogies and differences between
the new physics effects stemming from the two frameworks.
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5.2 Quantum gravity phenomenology in the multi-messenger
approach
An immediate consequence of the modification of the in-vacuo dispersion relation is an energy-

dependent correction to the speed of massless particles [18]. At leading order in 1/Eqgq, this
modification can be written in the form

E E \?
E2:p2—|—sE2—|—O<) , 5.12
Foc Faoo (5.12)

where s = +1 is a sign distinguishing different models. Assuming that the velocity of massless
particles is calculated as v = dE/dp, we obtain

E
v R <1+s ) . (5.13)
The case s = 1 allows for subluminal propagation of massless particles while the case s = —1

allows for superluminal propagation instead. These tiny velocity corrections lead to poten-
tially observable effects in the following scenario. Consider a cosmological source emitting two
photons of different energies nearly simultaneously. When propagating for cosmological dis-
tances to reach a telescope on Earth, the small velocity difference translates to an observable
time delay between the arrival of the two photons [18]. When taking into account spacetime
curvature according to the standard cosmological model, the expression for the time delay can
be written as [182]

Ey,—FEy [P1+42

At =s dz", 5.14
Eqgc  Jo H(Z) (5.14)

where H(2') = Hor/Qm(1+ 2')3 + Qp, O, Qa are the matter and dark energy fractions in
the Universe, respectively, and Hj is the Hubble constant. This is known as the Jacob-Piran
formula [182] and provides an example of smooth onset quantum gravity effect which depends
on the ratio between the energy of the probes involved and the quantum gravity scale. The
part of the amplifier is played by the cosmological distance.

In [18], Gamma Ray Bursts (GRBs) were identified as a promising candidate sources to
study this effect. GRBs are a transient astrophysics phenomena characterized by very bright
emissions of gamma rays. The first observations suggested the existence of two classes of
GRBs, short and long, based on the duration of the prompt phase, with a boundary around
2s. Particularly relevant for investigations on the time delay effect are short GRBs, given
the 2s upper bound on the intrinsic time lag between hard and soft photons produced in the
explosion. Indeed, for a GRB of redshift z = 1, the prediction is that two photons with an
energy difference of about 100 GeV will arrive with a time delay of about 4s (with Egg ~ Ep),
well within the reach of current experimental sensitivities.

So far, several strategies of analysis have been identified to set bounds on the quantum
gravity scale by testing the time delay effect using gamma ray data coming from GRBs [183—
189], the majority of which yield a lower bound on Egg of the order of 10" GeV. The major
challenge for this type of studies is to discern between possible delays due to the GRB emission
mechanism and quantum gravity induced time delays.

In this perspective, a complementary experimental opportunity lies in the observation of
cosmological neutrinos. These were widely expected to be emitted from GRBs [190], but after
several years of activity, the IceCube collaboration found no conclusive evidence of neutrino-
GRB association [191,192]. It was soon realized that the absence of such associations could
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be due to quantum gravity corrections to the propagation speed of neutrinos, stemming from
modifications to the in-vacuo dispersion relation [193]. Typical cosmological neutrino energies
lie in the TeV-PeV range, which translates into a time delay up to the order of days, so that
the intrinsic GRB emission mechanisms can be safely neglected.

Some first analyses [112,193,194] using IceCube data found preliminary evidence that GRB-
neutrino pairs could exist when taking into account the time delay effect, but were inconclusive
regarding the super- or sub-luminal nature of the propagation. Whether this is to be considered
a weak point of those analyses depends on the specific model under consideration. Some
effective quantum gravity models predict that all half-integer spin particles should be affected
by the same corrections [26] while some other predict that the sign of the time delay should
depend on the helicity, which however IceCube does not measure [195]. After IceCube revised
the angular data of the detected neutrinos, a new analysis [196] was conducted providing
encouraging, but still preliminary evidence of quantum gravity induced time delays due to
subluminal propagation of the very high energy neutrinos. To get a feeling of how these
phenomenological analyses are conducted, we give a brief review of the main steps performed
to reach this last outstanding result, following [196].

e The objective is to test the correlation between times of arrival of neutrinos (with respect
to the prompt emission of their GRBs) and their redshift rescaled energy:

e o SES), 15

where 7 is a dimensionless parameter and IC(E, z) = ED(z)/D(1), with

z 1 /
D() = / i = , (5.16)
0 Hor/Qp + (14 2)3Q,

being the redshift function present in the Jacob-Piran formula introduced in (5.14).

e The focus is on events with energies between 60 TeV and 500 TeV and a temporal window
of 3 days, prior and post the prompt emission of the GRB. A wider energy range, say up
to 1 PeV, would allow for a temporal window of up to 6 days, which would increase the
number of cases where multiple GRB partners are associated to a single neutrino, greatly
increasing the computational complexity when data simulations have to be performed
(see last step).

e Angular associations between neutrinos and GRBs are performed by requiring that
the angular distance between the netrinos and the source is less than 30, where o =
\/o2 + O'é rps With 0,,0¢rp being the uncertainties on the angular position of the neu-
trino and the GRB, respectively.

e The selection criteria discussed above yield a list of N neutrinos, each associated to
multiple GRBs, in general. Among these, the dataset with the N GRB-neutrino pairs
leading to the highest correlation between At and K(FE, z) is selected.

e The robustness of the result is judged by computing a False Alarm Probability (FAP), a
statistical indicator signaling how likely it would be that background events might exhibit
the correlation found using the available data. This step is performed with ”fake” data,
realized by randomizing the times of arrival of the neutrinos, while keeping their energies
and directions fixed. The FAP is then calculated by estimating how likely it would be
that a set of IV background GRB-neutrino candidates would produce a correlation greater
or equal to the highest correlation found in the previous step.
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Figure 5.1: The seven late GRB neutrino candidates selected with the criteria outlined above.
The blue line is obtained by performing a best fit using (5.15). Figure taken from [196].
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Figure 5.2: The two late GRB-neutrino candidates with energy greater than 500 TeV are
added in red to the plot of fig. 5.1. Figure taken from [196].

In [196], seven late neutrino-GRB candidates have been identified, with a highest correlation
of 0.56. The seven pairs with the highest correlation yield n = 21.7 + 9.0 (see fig. 5.1) with a
FAP of only 0.7%. The early neutrinos are found to be compatible with background events.
To avoid the computational complications discussed above, neutrinos with energies above 500
TeV are treated differently. These are selected if they satisfy the same angular criterion
for the previous GRB-neutrino candidates and if their time of arrival lies within the range
|At—nK(E, z)| <26nK(E, z), when At is positive, where 07 is the uncertainty on 7. In [196],
two such neutrinos are selected, so that fig. 5.1 is updated to fig. 5.2. By dealing with the
multiple GRB-neutrino candidates as done previosuly, the highest correlation increases to
0.9997. Upon performing the time randomization for these more energetic neutrinos, the FAP
of finding two neutrino-GRB pairs with energy greater than 500 TeV compatible with the
previous 7 candidates is of only 0.005%. This outstanding result is not conclusive evidence of
quantum gravity induced time delays of subluminal nature, but it encourages to proceed with
further analyses, possibly using the same logic, once more data is acquired.

The Jacob-Piran formula employed in time delay analyses mentioned above is by far the
most used in phenomenological studies, but is by no means the only possibility to contemplate.
In the context of LIV models, it has been shown that in principle any arbitrary form of
redshift dependence could be allowed [174,197]. In DSR theories, the constraints coming from



90 CHAPTER 5. QUANTUM GRAVITY PHENOMENOLOGY WITH COLD ATOMS

relativistic symmetries only allow a linear combination of three distinct time delay terms with
different redshift dependence [173,176,198].

Another notable opportunity for this type of astrophysical phenomenology is the modifi-
cation of energy thresholds. In effective quantum gravity models these can be altered due to
the changes in the kinematics of particle processes arising from modified dispersion relations
and modified energy-momentum conservation laws. In this scenario, the difference between
LIV and DSR becomes all the more important, given that the latter models are supplemented
with with modified energy-momentum conservation laws, yielding very different results with
respect to their symmetry breaking counterpart. A relevant example is electron-positron pair
production from the interaction of very-high energy photons with low-energy photons, such as
those from the CMB and extragalactic background light (EBL). Following [199], the modified
energy threshold for the high-energy photon can be written in the LIV and DSR scenario as

2 4 2 SR
ELIV o e (4 me — (1 Me Zth ) SR
th p + aegEQG ta €2 EQG th »

2 ESR
EDSR ~ 1 me — 1 th ESR
th € ( + ﬂEEQG + BEQG tho

(5.17)
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where m. is the mass of the electron, € is the energy of the background photon, a and 3
are dimensionless parameters characterizing the deformation. This result is computed at first
order in the inverse of Egg and predicts that the universe is more transparent to high-energy
radiation for positive values of «, 8 while the converse is true for negative values of these
coefficients. For the LIV scenario, the amplifier is given by T—Qg, which ranges from 10!
to for visible EBL photons to 10'® for CMB photons while in the DSR case the effect is
much attenuated, due to the absence of this ratio. For phenomenology, the basic idea is that
observation of very-high energy photons allows to set limits on the quantum gravity scale
using (5.17). More refined analyses evaluate corrections to the mean free path of the very-high
energy photons by also taking into account the spectral density of background photons [200].
Going beyond the deformation of the kinematics of the process, one should further consider
corrections to the cross-sections of the relevant processes, which in the LIV case is handled
by adopting the LIV extension of the Standard Model [201], while in the DSR context such
technology is still lacking, although some first formulas have been proposed in [202].

In the context of LIV models, considerably more sensible to modifications of energy thresh-
olds than their DSR counterparts, a further phenomenological distinction is in order when
particle processes are considered. Indeed, superluminal LIV models allow for in-vacuo pho-
ton decay (y — ete™) and neutrino electron-positron pair emission (v — ve'e™) which
are forbidden processes in subluminal LIV and in DSR models. For example, the energy
threshold for photon decay when the dispersion relation is modified as in (5.12) is given by
E, = {/4m2Eg; [203], leading to an estimate of the lower bound given by

E3
FEoa > —% , 5.18

QG > g3 (5.18)
when a high energy photon is observed. Once kinematically allowed, there is a high probability
for the decay to occur, so this allows to put very stringent bounds on the superluminal LIV scale
upon the observation of high energy photons. The latest bounds come from the observation
of ultra-high energy gamma rays by LHAASO. In [188] the collaboration estimated that the
superluminal first order LIV scale should be higher than 10° times the Planck scale, improving
previous limits by an order of magnitude.
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5.3 Quantum gravity phenomenology in the infrared

The phenomenology discussed in the previous section may be referred to as ”UV phenomenol-
ogy”, given that highly energetic probes are involved in the relevant physical scenarios. We
will now present the main results obtained in the complementary IR quantum gravity phe-
nomenology” program, much less explored than its UV counterpart. The focus is on infrared
probes, in particular cold atoms, so we will be interested in the Galilean-relativistic limit
(p < m) of modified dispersion relations. In a pioneering study [164], a LIV dispersion rela-

tion of the form 5

2
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m 2m  2Mp (ﬁlmp Lop §3m>7 (5.19)

was considered, where &1, &2, €3 are three dimensionless parameters. The main idea developed
in [164] was to quantify corrections to the ratio h/m, measured with high accuracy in atom
interferometry experiments, where m is the mass of the atom. As they will also be relevant
for the original results of the next subsection, we review the basic concepts regarding atom
interferometry and report the results of [164]. For obvious reasons, we restore the units of
Planck’s constant in what follows.

Atom interferometers measure the difference in phase between atomic matter waves trav-
eling along different paths, which are usually controlled with laser beams. The phase shifts
are measured with extremely high accuracy, yielding high precision measurements useful in
fundamental physics, like tests of the equivalence principle [3] and measurements of the fine-
structure constant [204,205]. Of interest for us is the measurement of the h/m ratio of an
atom subject to a two-photon Raman transition [206], which is a way of imparting momentum
to an atom through a process involving the absorption of a photon of frequency v and the
stimulated emission (in the opposite direction) of a photon of frequency +/. Upon the absorp-
tion of a photon, the atom transitions from its ground state |g) to an excited state |e) with
energy separation given by hv,. From energy conservation we have

p? p
% + hl/ = hV, + ﬁ s (520)

where p is the initial momentum of the atom and py is its final momentum. The momentum
conservation reads
pr=p+hv+v), (5.21)

and the lasers are fine-tuned such that
h(v + V') = 2hv, . (5.22)

Combining the two conservation laws, we can obtain an estimate of the h/m ratio:

Av h
2w, (Ve +p/h)  m’ (5:23)

where Av = v — /. In cases where the quantities Av, v, and p are well controlled in atom
interferometry experiments [207], the ratio % can be estimated with a sensitivity as high as

a part in 1010

. When introducing Planck-scale corrections, we follow the same logic as in the
undeformed case, with the exception that the kinetic energy is given by (5.19). We start by
only switching on only coefficient &; in (5.19), yielding the following expression for Av, at first

order in 1/M,:

2 * *
Ay = 20alhvs +p) ra.. (5.24)

m p
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The estimate for h/m now contains a &;-dependent correction, and reads

s 9 (o) ()] = 52

As could be expected when introducing a mass scale in the corrections for the dispersion

relation, the quantum gravity correction exhibits a suppression factor m/Mp, which is of the
order of 1077 for the Caesium and Rubidium atoms typically employed in the interferometry
experiments [204,205]. However, the above expression also contains a factor m/(hvs. + p)
which plays the role of the amplifier in this case. Indeed, this dimensionless combination of
mass, momentum and resonance frequency can be of the order of 10° in typical experiments
[207]. It turns out that such an amplification yields a sizeable correction that falls within the
sensitivities of atom interferometry measurements. Using data collected from the Caesium
atom interferometry experiment conducted at the time [207], [164] reported an estimate for
&1 of —1.8 £ 2.1 at 95% confidence level, thus showing for the first time that quantum gravity
effects in infrared physics might be as detectable as their ultraviolet counterpart, enriching
the number of phenomenological possibilities at our disposal. The quantum gravity effects
proportional to & and &3 turn out to be less interesting. When switching on only the correction
term proportional to p? in (5.19), we obtain

s (5] = (5:26)

Compared to its & counterpart, this type of correction loses a factor 10 due to the absence
of the amplification term, thus leading to less stringent constraints. In this perspective, the
situation is even worse for the &3 term, which produces an expression of the form

A Ah212 . 2
v )[1_€3<h1/*+6h1/p+3p )}:h7 (5.27)
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so it is characterized by a suppression of the order ~ p/M, < m/M,. The fact that the &
term produces the highest correction is not unexpected and may be understood qualitatively
as follows. The dispersion relation (5.19) is valid in the infrared regime p/m < 1 and the intro-
duction of the Planck mass as an UV scale triggers a kinematical IR/UV mizing mechanism.
When the relevant momenta involved are very small with respect to the mass of the atom,
as is the case in atom interferometry experiments, the correction term linear in p becomes of
leading order in the dispersion relation (except for the constant mass term) and results in an
enhancement of the kinetic energy thanks to the amplifier m/p. In this context, the mixing
mechanism is said to be kinematical since it arises from the modifications to the dispersion
relation, in contrast with the IR/UV mixing in #-Poincaré mentioned in section 1.2, which is
triggered when analyzing the dynamics of the theory. In formulas, (5.19) can be rewritten as

2

P m m m P
FE ~ — |14+ 26—— + 26— + 263— | . 5.28
m+2m +§1Mpp+§2Mp+§3Mp (5.28)

The corrections to the kinetic energy in the square brackets reflect the functional form of the
corrections obtained for the ratio h/m, which is computed from an energy difference. In (5.28)
it is even clearer that in the ”small momenta” regime, the kinetic energy receives a major

correction from the &; term.
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5.4 Cold atom phenomenology in lightlike k-Minkowski

As mentioned in section 5.2, it is of theoretical and phenomenological interest to distinguish
between LIV and DSR effects. In the context of cold atom phenomenology, a first DSR
computation of the corrections to h/m has been performed in [208], yielding corrections of
the & type”, as in (5.26). In [208], the DSR model is inspired from a particular basis of the
timelike k-Poincaré algebra [209], in which the dispersion relation is unmodified and all the
non-triviality is stored in the energy-momentum conservation. We will now show that a DSR
model inspired by the lightlike xK-Minkowski noncommutative framework exhibits a dispersion
relation with a kinematical IR/UV mixing mechanism analogous to the one produced by
the & term in (5.19), yielding measurable corrections to the kinematics of cold atoms in

interferometry experiments.

5.4.1 Mathematical preliminaries

We start by considering the 3+ 1-dimensional k-lightlike noncommutative framework following
[210], characterized by commutation relations among the coordinates of the form:

[zt 27 = ivV2lz™ [z, 2'] = ivV20xt i=2,3. (5.29)

In the above and in the subsequent equations, ¢ is a deformation parameter which we have
defined as ¢ = 1/+/2k with respect to the conventions adopted in [210]. The complete Hopf Al-
gebra structure describing the set of deformed symmetries for this noncommutative spacetime
can be found in [51,52,210]and is written in the so-called bicrossproduct basis, which differs
from the one employed in the quantum field theory chapter, as explained in chapter 2. For the
purposes of the present study we will only be interested in the coproducts of the translation

generators:
A(Py) =Py ®1+1® Py,

(5.30)
AP)=Pr®l+ e VP @ pr,
where I € {—,2,3}, and on the deformed Casimir given by
4 e P+> 9 p2y V2P
C=—P_ev2sinh|(l— | — (P + Pi)e +. 5.31

To gain a more direct physical interpretation of the physical quantities characterizing the
cold-atom kinematics, let us switch to Cartesian coordinates using the maps

+ xoiaﬁl P0:|:P1
= P:I:: s
V2 V2

while the 2,3 components are left unchanged. The coordinate commutation relations (5.29)

x (5.32)
can thus be rewritten as

(20, 2] = il(z! — 20), [20 2% =iz’ [2',2%) =il2t, i=2,3 (5.33)
and the coproducts (5.30) assume the form

P, — P,
AP)=Py®14+1@ P+ (1 — e {PotP)yg 21— -0

AP) =P @1+10 P+ (1-e U)o 2o —, (5.34)
AR)=P@1+e P g P,
A(Ps) = P31 4 e B0tP) g py
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while the mass-Casimir is

2 ( ) Py+ P
C=-(P— Pl)ee oy sinh(ﬁo—gl

/ ) — (3 + Pf)e! o), (5.35)

In the equations presented above, it is clear that direction z; plays a special role in lightlike
k-Minkowski. Along the lines of what is discussed in chapter 3, this feature does not imply
that there is a physical preferred direction in space. The relativistic consistency relations of
this noncommutative framework deform rotation symmetry, as can be appreciated by inspect-
ing the commutators and coproducts involving the rotation generators in [210]. The idea is
that each observer connected by a deformed symmetry transformation experiences different

2 23 directions. We will comment on the

effects along the ! direction with respect to their x
phenomenological consequences of this feature in the subsequent paragraphs.

The key elements of our DSR model are obtained in the standard way [26]: the deformed
mass-shell relation is inspired by the Casimir (5.35) while the energy-momentum composi-
tion laws are inspired by the coproducts (5.34). For phenomenological purposes, we expand
these quantities at first order in £ and compute all relevant quantities up to this order. The

composition of two momenta, k,, q,, thus reads

14
(k@Q)O:kO+QO_§(kO+k1)(QO_Q1)7

14
(k®gh =k +aq + B (ko + k1) (20 — q1) (5.36)

(k@ q)2 =ka+qz2 (1 —L(ko + k1)) ,
(k@ q)s =ks+qz(1—L(ko+ k1)),

while the dispersion relation for a particle of mass m and momentum p,, reads

m? = (p§ — ) (1 +€<p0 ;m)) — (P53 +13) (1 +L(po+p1)) - (5.37)

A perturbative solution of the on-shell relation above, at first order in ¢, is:

(~m?+ g +03) (Vm? + i+ B+ 3+ )
4/m? +p +p + 1} '

Po = \/m2 +pi+p3+pi+4 (5.38)
Since our objective is to describe the deformed kinematics of cold atoms, we expand (5.38) up
to first order in m™!, obtaining

2
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Inspecting (5.39), one can recognize some similarities with the isotropic LIV dispersion relation
(5.19), with the structural difference that our DSR formula spoils the usual notion of isotropy.
The term proportional to mp; is a byproduct of the kinematical IR/UV mixing mechanism.
It will play a role analogous to the ”£;” term of the LIV case, amplifying our result thanks
to the small momenta of the atoms. The p? and p? terms in the deformations are analogous
to the 7&” and ”¢3” terms of (5.19) and will produce subleading corrections with respect to
mpi. It is also worth mentioning that in (5.39), the mass m is not defined as the rest energy

m?
4 bl

one insists on the definition of mass as the rest energy of a particle, then the physical mass

of a particle, since pg = m — ¢ when the spatial components of the momentum vanish. If

m' should be defined in terms of m as m’ = m — W”TQ. Nevertheless, one can show that this
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redefinition does not affect the leading order of our results, so for all practical purposes we
can keep using (5.39) as the expression for our mass-shell relation. The IR/UV mixing term
produced in (5.39) is unavailable in the timelike x-Poincaré scenario. Indeed, insisting on
the standard notion of isotropy, the corresponding ”¢;” term would be proportional to m|p],
which is absent in the frameworks inspired by Hopf Algebras, due to the fact that all relevant
quantities are analytic in P,.

Since we want to study interactions between cold atoms and photons, we are also interested
in the on-shell relation for massless particles which reads:

lp3  lp3 Ipy

2 2 2 2 3 2 2

po=\/P{+Dp5+p3+—=+ -2+ (p3 +p3) (5.40)
4 4 a/pirpi+p

at first order in ¢. As expected, the IR/UV mixing mechanism plays no role in this case,

given that the mass is 0. Moreover, the role of the special direction z'

can be clearly appre-
ciated. When propagating along the x! axis, the photon energy receives no quantum gravity

corrections.

5.4.2 Planck scale corrections along a generic direction

A complete atom-interferomety sequence can be well approximated as the propagation of an
atomic wave in 1 spatial dimension, which interacts with photons traveling along the same
direction.

We can model the Raman transition as a two-body into two-body interaction, involving
an atom and a photon both in the initial and in the final state. Since the composition law is
noncommutative, we have a total of four possible orderings choices for the momenta entering
the kinematical description of the interaction. A full-fledged interaction theory on lightlike
k-Minkowski would also allow us to weigh the various momenta configurations in comput-
ing the overall correction for this process. In absence of this, we have no way of preferring
one configuration over the other, so the final result will be the average of the four possible
interactions.

The idea is similar to the one discussed for the LIV model, with the additional complica-
tion of the deformed energy-momentum conservation laws. Let pfu p,]: be the initial and final
momentum of the atom, respectively, and let &, k; be the momenta associated to the photon
in the initial and final state, respectively. For the A +~ — A’ + ' ordering, where A and ~y
refer to the atom and the photon in the initial state, respectively, and primed quantities refer
to the final state, the energy momentum conservation reads

W@k, =0 &), n=0,..3, (5.41)

where the @ is defined in (5.36) for all the components. Upon enforcing the on-shell relation,
the ensuing system of equations can be solved to obtain corrections to the quantity h/m at
first order in £. We parametrize them via

Av

h
e o

where p’ is the modulus of the spatial part of the initial momentum of the atom and « has
dimensions of energy and is a function of the momenta involved. Expressing the spatial part
of pi as pi = p(sin(0) cos(¢), sin(#) sin(¢), cos(#)), where 0 < § < 7 and 0 < ¢ < 27 are the
usual polar coordinates, the resulting list of leading order corrections for the various particle
orderings is given by
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A+y— A ++
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All the correction terms are amplified by the m/(p’ + hv,) factor, which is analogous to
the one obtained in (5.25) for the LIV scenario. Such an amplification factor is a byproduct
of the IR/UV mixing term in the on-shell relation and is absent in the timelike k-Poincaré
framework where the leading order correction is of the order fa ox m [208], thus being a first
of its kind in a DSR framework.

We now come to a crucial point for our phenomenological discussion. To appreciate the
corrections along a generic direction, it is necessary to define a reference system and identify
the propagation direction of the atom wave according to that reference frame. In this DSR
framework in which one of the spatial directions plays a special role, operationally defining
such a reference system is not so straightforward. To better understand the issue, let us think
about the corresponding situation in a LIV context, where only spatial isotropy is broken so
that there is a fized special direction in space. In that case, the operational procedure of
setting up a reference system is more clear. Ideally, one would have to perform an experiment
in which the effect under study is is sensible to the direction of propagation of the system.
Repeating the experiment along different directions and analyzing the distribution of outcomes,
one would then identify a characteristic feature in the data, signaling which is the preferred
direction in space. The analogous procedure in the DSR context adds a layer of complexity
from the interpretive point of view. Repeating the procedure described above for the LIV
scenario, each observer would in principle identify a special direction in their reference frame,
but this special direction is bound to be different for different observers, given the relativistic
nature of the theory. The missing piece of the puzzle for a satisfactory physical interpretation
lies one step before performing the experimental procedure to determine the special direction.
If the special direction is unique to each observer, how is it selected in the first place? What
is the operational procedure that allows each observer to select direction ! if they were to
live in a world governed by the lightlike xk-Poincaré symmetries? Recall that a similar issue is
also present in chapter 3, where the reconstruction of spacetime as a collection of fuzzy events
depends on each observer’s choice of the z-axis. In that context too, the operational procedure
needed to perform the choice of the special axis requires further investigation.

At our current understanding of fully relativistic models with deformed isotropy, the phe-
nomenological scheme we propose to obtain our physical prediction is to average over the
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momenta orderings and the spatial configurations. The correction terms we have obtained are

of the form

m2

Q= ——
v pz+hy*

k; cos(¢) sin(0) , (5.47)

1
4 4’4

dependence of the o, it is easy to see that the average correction () is

<a>:1:}7r/52dﬂ;ai:o, (5.48)

for numerical coefficients k; running in the set { —%, — L1, Given the particular angular

so that there is no effective correction to the mean value of % Nevertheless, the variance of

the correction is non-trivial, yielding

3 m? 2
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— 4
(Aa ~ 167 /52 ZZ: 128( (p* +h1/*)> ’ (5:49)

which is to be compared to the variance obtained from the data in an atom interferometry
experiment where measurements are performed for an experimental setup oriented in various
configurations.

Discussion and outlook

Over the past 20 years, quantum gravity phenomenology has progressed so much that it
has been established as its own research area in frontier physics [27,28]. The development of
effective quantum gravity models is mature enough that new physics predictions can be derived
in a variety of physical scenarios ranging from highly energetic particles travelling through the
cosmos to cold atoms accurately controlled in table-top experiments.

By now, the astrophysics sector is quite advanced, thanks to the synergy between theorists
developing the effective models and experimentalists devising accurate statistical analyses to
test the potential quantum gravity effects. Fundamental for the cause is also the parallel
advancement of multi-messenger astronomy [27,28].

The infrared, table-top sector is still largely unexplored and does not yet benefit from the
aforementioned synergy between theory and experiment. Among the most essential objec-
tives, the theoretical side requires further comprehension and systematization of models of the
IR/UV mixing mechanism. In this chapter, for the first time, we have exposed the kinematical
IR/UV mixing mechanism for the x-lightlike noncommutative spacetime, known for more than
20 years [51,52]. The result is the first of its kind in the context of theories with deformed
relativistic symmetries. Other instances of IR/UV mixing have been found when studying
quantum field theories on noncommutative spacetime [108,116], yielding infrared divergences
when the dynamics of the theory is investigated. Also paramount for setting meaningful
bounds to the quantum gravity scale is to connect the theoretical predictions to what is di-
rectly measured in atom interferometry experiments, which are differential phase shifts. In
the latest measurements of the h/m ratio using Caesium and Rubidium atoms [204,205], the
experimental setups involve several transitions of different nature to impart momentum to the
atom. The atom waves are split and recombined using a system of lasers (akin to what is done
for laser interferometry using mirrors) yielding differential phase shifts that can be measured
with high precision, so that the ratio h/m is estimated with high sensitivity. A meaningful
bound on a deformation parameter can only be set once a reliable computation of the quan-
tum gravity corrections to the differential phase shift is performed. We plan to do this in the
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near future, by analyzing the interferometric sequences employed in the latest measurements
of the h/m ratio. Nevertheless, this is not the end of the story. Due to the interpretative
challenge posed by the deformed spatial isotropy of the model, any computation involving
the lightlike xk-Minkwoski model is likely to require an angular average. A direct comparison
between theoretical prediction and experimental evidence will thus inevitably require that the
experiment itself is conducted in various configurations, by rotating the relevant apparatuses.
This is currently not the case for the latest measurements mentioned above [204,205]. These
issues suggest a complementary, phenomenology-oriented research direction, which is to de-
sign interferometry configurations that may be more sensible to the quantum gravity effects
predicted by effective and noncommutative spacetime models of the IR/UV mechanism.



Summary and conclusions

In this thesis we have explored some conceptual and phenomenological aspects of spacetime
noncommutativity models, motivated by the very early stages of research development in
quantum gravity. Throughout the various works on which this thesis is based, we have appre-
ciated the fact that both formal and toy models can provide us with insights on the novelties
introduced by the quantization of spacetime.

In chapter 2 we set up the quantum field theory for a complex scalar field in the lightlike
k-Minkowski noncommutative spacetime. After realizing that the lightlike deformation is
the only viable one for constructing multilocal functions that serve as the basis for defining
k-Poincaré invariant N-point functions, we investigated the Fock space of the theory. The
single-particle sector is identical to its undeformed counterpart, with the only difference that
parity and time reversal are not symmetries of the theory, as can also be inferred by the
defining commutators of the noncommutative spacetime. For the first time in the literature of
k-deformed quantum field theories, we proposed a well-defined notion of multiparticle states,
thanks to the existence of the universal R-matrix, unique to the lightlike case. The R-matrix
is the fundamental ingredient in constructing a deformed flip operator, the generalization of
the usual one employed in standard quantum field theory to define bosonic and fermionic
states. Gaining inspiration from the scalar case, we analyzed multi-fermionic states, finding
that the concept of indistinguishability of particles of the same species is lost upon introducing
the invariant energy scale. Moreover, the theory presents deviations from the Pauli exclusion
principle, allowing for states containing two fermions with the same quantum numbers while
excluding a different class of states. Especially this last novelty deserves further investigation
in light of possible phenomenological applications to searches for Pauli exclusion principle
violations in underground experiments [139-141].

Chapter 3 focuses on a toy model where the usual notion of isotropy is replaced by symme-
try under the SU,(2) quantum group. Classical group parameters are replaced by operators
acting on a Hilbert space whose states are interpreted as the ones describing the relative ori-
entation between two reference frames. Upon investigating the Hilbert space of the theory, we
found that one of the classical Euler angles becomes quantized, while the remaining two are
continuous as their classical counterparts. Appropriately defining a quantum version of the
SO(3) rotation matrix, we found that rotations around a certain axis can be defined sharply,
while all other rotations are inevitably affected by uncertainties on their angle parameters, due
to quantum complementarity. We exploited a novel qualitative feature of quantum symmetries,
that of agency-dependent spacetime. Spacetime, seen as a collections of events, is dependent
on the choices of the observers in setting up their reference frame. Different observers will
associate a different degree of fuzziness to a same event, due to the different states connecting
their axes to the direction of that event.

In chapter 4, we focused on interactions between particles living in a Euclidean version of
the timelike k-Minkowski in 2 dimensions. We defined Noether charges (a concept still unclear
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in the context of spacetime noncommutativity) as those quantities that commute with a given
Hamiltonian, thus establishing a strong link between the structure of the Noether charges
and that of the interaction potential between particles. It turns out that for the Euclidean
k-Minkowski model, the total charges inspired by the coproducts of the theory are not the only
choice available to define the total linear and angular momentum for a two- and three-particle
system. An alternative choice, based on studies of the de-Sitter momentum space associated
to k-Minkowski, turns out to be compatible with the algebra sector of the model and yields
a well-defined notion of conserved charges, on par with the coproduct inspired ones. We then
investigated whether these charges could be ”symmetrized”, in the perspective of eliminating
the ambiguities stemming from the noncommutativity and nonassociativity of the coproduct
inspired and momentum space inspired composition laws, respectively. We found that for the
former, such a symmetrization is not viable given that there exists no form of the interacting
potential which commutes with the symmetrized charges, while for the latter this possibility
is allowed.

The final chapter 5 is devoted to quantum gravity phenomenology in the infrared. A differ-
ent basis of the lightlike k-Minkowski framework adopted in chapter 2 inspired a DSR model
with potential applications to cold-atom interferometry. Upon performing a nonrelativistic
expansion of the deformed on-shell relation, we found an instance of a kinematical IR/UV
mixing mechanism. In the infrared limit of very small momenta (with respect to the mass
of the atom), a correction term to the kinetic energy, induced by the introduction of the ul-
traviolet noncommutativity scale, is the dominant one. By taking into account the deformed
dispersion relation and the deformed energy-momentum conservation laws, we computed cor-
rections to the kinematics describing a process in which momentum is imparted to a cold atom
via absorption and stimulated emission of photons. The computation yields a correction to
the uncertainty of the h/m ratio which can be measured with very high sensitivity in inter-
ferometry experiments. For the first time, we found a highly amplified correction in the DSR
context, thanks to the mechanism of IR/UV mixing. So far, such a sizeable correction had
only been found in LIV models in [164]. This preliminary result encourages further studies of
applications of models with IR/UV mixing to cold atom interferometry experiments, with the
hope that when all the details of the experimental sequence are taken into account, we will be
able to put stringent limits on the noncommutativity scale.

While the topics treated in the various chapters are rather diverse, there is a common thread
linking them, associated to a largely unexplored venue of research in deformed relativistic
symmetries. The models employed in deriving the main results of this thesis are equipped, in
one form or another, with a deformed notion of spatial isotropy. The first studies on spacetime
noncommutativity with deformed relativistic symmetries all focused on isotropic models like
timelike x-Poincaré, with longitudinal deformations only affecting the boost sector of Lorentz
symmetry. Expected features like spacetime fuzziness enter the picture only in the longitudinal
sector and have been treated quite satisfactorily, also for what concerns the transformations
between reference frames [63,64,211]. Analogous techniques can also be employed in the cases
of transverse spacetime noncommutativity, as suggested by the preliminary results obtained for
p-Minkowski [106]. Nevertheless, from the physical point of view, we are still far from a clear
interpretation of models with deformed isotropy in which there is a special direction unique
to each observer, in contrast with Lorentz-breaking models in which the preferred direction is
the same for all observers. The results presented in this thesis do not address this question
directly, but are certainly a good starting point for further investigations of the issue, with the
hope of also finding novel phenomenological consequences for quantum gravity.
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