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Introduction

Josephson Effect

Superconductivity is an ordered phase of matter characterizing materials that can host
charge currents without heat dissipation, i.e. supercurrents, [1–6]. This is possible
because in superconductors, according to Bardeen Cooper Schrieffer (BCS) theory [1],
couples of electrons with opposite spin and momentum are paired together in the so-
called Cooper pairs of charge 2e (e is the electron charge). Although a thorough dis-
cussion on the microscopic nature of superconductivity is far from the objectives of this
thesis and we thus refer the interested reader to Refs.[1–6], it can be useful to recall the
main findings of BCS theory.

Transition from normal metal to superconducting state can be only achieved at tem-
peratures below a certain threshold, called critical temperature TC , which depends on
the specific material. For T < TC , electrons near the Fermi surface, k ∼ kF (kF being the
Fermi quasi-momentum), experience a weak phonon-mediated attractive potential that
leads to the formation of Cooper pairs with a spatial extension of ξ0 = (~vF )/(2πkBTC)
(vF is the Fermi velocity and kB is the Boltzmann constant), called superconducting
coherence length [1–6]. In conventional BCS superconductors, Cooper pairs consist
of time-reversed pairs of electrons, namely, with k, ↑ and −k, ↓. Their wave-function,
which must be totally antisymmetric due to the Pauli exclusion principle, is the prod-
uct of an antisymmetric spin-singlet state, e.g. |S2 = 0, Sz = 0〉 ∝ |↑↓〉 − |↓↑〉, and a
symmetric wave-function in real space, often referred to have s-wave symmetry [1–6].
For this reason, they effectively behave like bosons, and, contrary to electrons in normal
metals, they can be collectively arranged in a minimum energy state that is separated by
an energy gap ∆ from the superconductor fermionic excitations, called quasiparticles,
Fig. 1.

Moreover, Cooper pair condensate can be described by a collective macroscopic
wave-function

Ψ (~r ) = |Ψ (~r )| eiϕ =
√
ρ (~r )eiϕ ,

where ϕ is the phase common to all Cooper pairs and ρ is their spatial density, that
is found to be proportional to the gap ∆ in BCS theory [1–6]. Note that Ψ (~r ) has to
fulfill the above mentioned prescriptions regarding spatial and spin symmetries.

In other words, superconductors can be seen as macroscopic quantum objects whose
properties are encoded in their macroscopic state Ψ. Due to the phase coherence of all
the Cooper pairs in the condensate state, in the presence of a current bias dissipation-
less currents arise inside the superconductor. Nevertheless, superconductivity can be
suppressed if the current and, so the energy, supplied to the system exceeds the critical

11



Introduction 12

Normal Metal Superconductor

Quasiparticles excitations

Holes branch

Electrons branch

a) b)

Δ
𝑘! 𝑘!

Figure 1: Comparison between the excitations spectrum in a normal metal in (a) and
the one of a BCS superconductor in (b). In the superconductor energy spectrum, a gap
∆ opens up between the Cooper pairs condensate and the quasiparticles excitations.
While in normal metals below the Fermi surface k < kF only hole-like excitations are
possible and the viceversa is valid for electronic ones, in the superconductor quasipar-
ticles excitations have no definite charge and thus no more hole- and electron- branches
exist.

value I > IC [1–6], analogously to the fact that at T > TC no superconducting phase
is possible [1–6].

Interestingly, superconducting-like properties can be induced in normal materials
when they are placed in contact with superconductors [6–8]. This effect known as
proximity effect is observable in Superconductor - Normal Metal (SN) interfaces and
consists in the penetration of superconducting correlations inside N, Fig. 2. Cooper pairs
enter the normal layer over a distance from the interface of ξ = ~vF/(2πkBT ), that is
called normal coherence length, and become available for superconducting transport in
SN heterostructures [6–8].

Ψ ∝ #!"

!

Superconductor Normal Metal

Figure 2: Proximity effect at a SN interface. Penetration of the superconducting wave-
function in the normal layer over the normal coherence length ξ = ~vF/(2πkBT ) is
shown. Simultaneously a leakage of Cooper pairs occurs in S near the interface, i.e.
inverse proximity effect

Penetration of Cooper pairs wave-function in normal materials is at the bottom
of the famous Josephson Effect [7–10] that describes the supercurrent flow in a weak

12



13

link between two superconducting leads, i.e. a Josephson junction (JJ), Fig. 3. The
weak link often consists of a thin layer of non-superconducting material called barrier
[7–10], that in most of the superconducting circuits applications is an insulator, i.e.
Superconductor - Insulator - Superconductor (SIS) JJ [7–10].

Right Superconductor

𝛹! ∝ 𝑒"#! 𝛹$ ∝ 𝑒"#"

𝐸% =
𝐼&Φ'

2𝜋
𝜑 = 𝜑$ − 𝜑!

Left Superconductor Insulator
SIS junction

𝐼 = 𝐼& sin𝜑 𝐸 = 𝐸% 1 − cos𝜑

Figure 3: SIS JJ. The exponential decay of the wave-functions ΨL/R of the supercon-
ducting leads inside the barrier is shown. The overlap between ΨL and ΨR, in the
presence of a current bias I, makes the Cooper pairs tunneling possible, giving rise to
the supercurrent I = IC sinϕ across the insulating layer. IC is the JJ critical current
and E is the energy stored in the junction.

Due to the overlap of the leads wave-functions, ΨL/R ∝ eiϕL/R , inside the barrier, a
current bias I < IC allows the Cooper pairs to tunnel across the junction thus giving rise
to a supercurrent. Josephson current measurements in SIS JJs, also called tunnel JJs,
represent an accessible way to experimentally observe a quantum effect at macroscopic
scale.

Josephson Effect appeal for research on quantum phenomena primarily stems from
the fact that it relates easily measurable macroscopic variables, as the current I and
voltage V across barrier, to the phases of the superconducting electrodes wave-functions,
ϕL/R, that have a pure quantum nature [6–10].

For conventional BCS superconductors [1] and insulating barrier, i.e. SIS JJ, the
two Josephson relations for the junction supercurrent I and voltage V respectively read

I(ϕ) = IC sinϕ, V =
Φ0

2π

∂ϕ

∂t
,

where the critical current IC is the maximum dissipationless current flowing through
the barrier, ϕ = ϕR−ϕL is the phase difference between left and right superconducting
leads and Φ0 = h/2e = (~π/e) the superconducting flux quantum (h and ~ being
the complete and reduced Planck constants, respectively), thus describing the coherent
tunneling of Cooper pairs between the two electrodes. Josephson equations also allow
us to derive the coupling energy E (ϕ) stored in the JJ. Integration over time t of the
electrical work necessary to change the JJ phase yields

E (ϕ) =

∫
IV dt =

∫
Φ0

2π
IC sinϕdϕ = EJ (1− cosϕ) ,

where the Josephson energy is defined as EJ = IC(Φ0/2π) = IC(~/2e) and we choose to
set E(ϕ = 0) = 0 for the sake of simplicity, Fig. 3. Critical current is hence a measure

13
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of the coupling between the S leads phases across the weak link and it depends on the
nature and geometry of the barrier [6–10].

Josephson effect thus represents a unique playground to both study some leads and
barrier microscopic properties and test the BCS theory of superconductivity. Josephson
relations characterize the junction current-voltage behavior, I − V , together with the
constraint that for I < IC there is no voltage drop between the leads. The features
of the I − V diagram are signatures of the superconducting gap and the dissipation
mechanisms occurring in the junction Fig. 4 (a). Measuring the voltage drop appearing
across the JJ when the bias current is ramped up to IC , we can infer the value of ∆, since
the system switches from the 0 voltage to resistive state at V = 2∆/e, corresponding to
the energy necessary to break a Cooper pair and create two quasiparticles excitations
[6–10]. From the slope of the high voltage branch we can also calculate the normal
state resistance of the barrier, RN = V/I [6–10]. In this context, the hysteretic I − V
curve in Fig. 4 (a) turns out to be typical of insulating SIS junctions and becomes the
fingerprint of tunnel JJs with high resistance barriers, intrinsically characterized by low
dissipation [6–10]. Analogously, the temperature dependence of the critical current, i.e.

𝑉

2Δ/𝑒

𝐼!

𝐼
a)

0 1
T/Tc

IC(T)b)

Figure 4: The experimental benchmarks assuring the insulating properties (e.g. high
resistance) of the barrier are the hysterestic current-voltage I(V ) curve (a) and the
monotonic AB trend in the IC(T ), with IC vanishing at the S leads critical temperature
TC (b). From their features it is possible to extract information about the supercon-
ducting gap ∆ and about the normal state resistance of the barrier RN .

IC(T ), quantifies how much the Josephson current and thus the coupling between the
electrodes is reduced when increasing T . IC(T ) is, at the same time, a test for BCS
predictions on the temperature behavior of the gap, ∆(T ), and a source of information
about the barrier properties. In the case of SIS junctions, for example, Ambegaokar
and Baratoff [11, 12] worked out an analytic expression for IC(T ) reading

ICRN =

(
π∆(T )

2e

)
tanh

(
∆(T )

2kBT

)
,

from which RN and/or ∆(T ) can be derived. This relation for BCS superconductors
yields the monotonic AB trend in Fig. 4 (b) identifying conventional tunnel SIS junc-
tions.

On top of that, not only do JJs show quantum effects on macroscopic scale but, under
proper conditions, the phase difference between the leads ϕ can effectively behave as a
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Figure 5: Current-biased JJ equivalent circuit, according to the RCSJ model. This
involves a resistor R accounting for dissipative effects in the finite voltage state and the
shunting capacitance C in parallel with the JJ.

macroscopic quantum variable. Macroscopic quantum effects are especially observable
in current-biased SIS junctions.

From the circuital perspective, ideal Josephson junctions act as a non-linear induc-
tors [6–8, 10]

V =
Φ0

(2πIC cosϕ)

dI

dt
= LJ

dI

dt
,

with Josephson inductance LJ = Φ0/ (2πIC cosϕ). However, when considering resistive
and capacitive effects a more realistic picture of the JJ behavior is provided by the
Resistively and Capacitively Shunted Junction (RCSJ) model [6–8, 10]. The equivalent
circuit for the JJ consists in a parallel of a resistor R, a capacitor C and the junction
itself, with the current-bias provided by I, Fig. 5. Here, R (often coinciding with
RN) and C account for dissipative effects in the finite voltage regime and geometric
capacitance between the two S leads, respectively [6–8, 10]. Kirchoff law for this circuit,
together with Josephson relations, yields an equation of motion for the phase ϕ [6–8,
10]

I = IC sinϕ+ V/R +
dV

dt
= IC sinϕ+

~
2eR

dϕ

dt
+

~C
2e

d2ϕ

dt2
.

This actually describes the dynamics of a fictitious phase particle of massM = (~C)/2e
subject to a drag force with coefficient γ = ~/(2eR) moving in a tilted cosinusoidal
potential U (ϕ) ∝ (1 − cos (ϕ) − (I/Ic)), called washboard potential, Fig. 6. When
I becomes larger than IC , U(ϕ) has no more wells and thus no stable points for ϕ
particle, that starts slipping downward the potential hills [6–8, 10]. This correspond to
the junction jumping from the dissipationless to the finite voltage state, i.e. from the
zero-voltage to the high voltage branch of the I−V characteristic in Fig. 4(a) [6–8, 10].
Nevertheless, in SIS tunnel JJs with small capacitance and high resistance, the phase-
particle can also escape from a given potential well by the means of quantum tunneling
with the JJ switching to the running (finite voltage) state for I < IC , Fig. 6 [13–22].
Although, this phenomenon, known as Macroscopic Quantum Tunneling (MQT), is only
visible at very low temperatures, when other thermal escape processes are prevented
[6, 7, 13–22], it indicates that ϕ is properly a macroscopic quantum variable, thus
being described by a quantum operator ϕ̂. Experimental evidences of MQT were of
fundamental importance for research on quantum phenomena, since for the first time
proved that SIS JJs can show genuine quantum mechanical effects, thus, paving the way
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Phase point 𝜑 φ

U(φ)=EJ(1-cos(φ)-(I/IC)φ)

MQT

𝐸

𝜑

𝑈 𝜑 = 𝐸! 1 − cos𝜑 −
𝐼
𝐼"
𝜑	

Figure 6: Washboard potential for the current-biased JJ U(ϕ) is shown. Under proper
conditions (very high junction resistance and/or very low capacitance) the phase of the
JJ can behave like a macroscopic quantum degree of freedom that can experience tunnel
effect between the wells of the potential (MQT).

to their application in superconducting quantum bits (qubits) [13–22]. Qubits are the
building blocks for the emergent field of quantum computation and, roughly speaking,
consist in two levels systems whose states play the role of logical 0 and 1 states [10, 23–
32]. In this framework, quantum tunneling of ϕ is the key ingredient to build artificial
two levels systems in all those superconducting qubits architectures exploiting the JJ
phase as macroscopic quantum degree of freedom, as phase and flux qubits [10, 23–31].

Flux Qubits designs, for example, are based on the Superconducting - Quantum -
Interference - Device (SQUID), i.e. a superconducting ring with two tunnel JJs as in
Fig. 7 [27–31].

𝐼 = 𝐼! sin𝜑

Superconducting ring
𝐸 = 𝐸" 1 − cos𝜑

𝜑 = 𝜑# − 𝜑$

SQUID SIS JJ

Figure 7: Basic scheme of the SQUID (Supercoducting-Quantum-Interference-Device)
as a superconducting ring with two SIS Josephson junctions.

In order to make a SQUID behave like a qubit an external magnetic flux bias of
ΦBIAS = Φ0/2 is needed, Fig. 8(a)-(b). For ΦBIAS = Φ0/2, the SQUID exhibits a
bistable potential configuration, U(Φ) (U(ϕ)), with two degenerate minima at Φ =
±Φ0/2, corresponding to macroscopic quantum states with clockwise |↓〉 and counter-
clockwise |↑〉 currents in the loop, Fig. 8 (a) and (c). In this case, the magnetic flux
Φ̂ = Φ0ϕ̂/(2π) piercing the loop plays the role of macroscopic quantum variable that can
tunnel between the wells of the SQUID potential U(Φ) (here ϕ̂ is the phase difference
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between the two JJs of the ring).

b)

↓ clockwise current
↑ counterclockwise current

𝐿
𝐼!"#$

𝐵

a)

𝑈(Φ)

Φ↓ ↑

𝟏 ∝ ↓ − ↑
𝟎 ∝ ↓ + ↑

d)

𝑈(Φ)

Φ−Φ!/2 Φ!/2
↓ ↑

Φ!"#$ =
Φ%
2

c)

Flux
‘‘particle’’ Φ

Figure 8: Basic scheme of the Flux Qubit as a SQUID with an external magnetic flux
bias (a) and its circuital scheme involving an inductor L to bias the superconducting
ring with the external magnetic flux (b). For ΦBIAS = Φ0/2, the system assumes a
bistable potential configuration with two minima, in Φ = ±Φ0/2, corresponding to
the macroscopic quantum states |↓〉 and |↑〉, i.e. supercurrent flowing clockwise and
counter-clockwise around the loop, respectively (c). Coherent quantum tunneling of
the flux "particle" between the two potential wells (c) leads to coherent superpositions
of |↓〉 and |↑〉, resulting in the two qubit states, |0〉 and |1〉 (d). Figures adapted from
https://www.dwavesys.com (a) and from Ref.[33] (c)

Coherent tunneling of the flux (phase) particle between the two minima generates
coherent superpositions of |↓〉 and |↑〉 states, giving rise to the so-called bonding and
anti-bonding states that act as the two qubit states |0〉 ∝ |↓〉+ |↑〉 and |1〉 ∝ |↓〉 − |↑〉,
Fig. 8 [13, 14, 27–31, 33].

In JJs operating in the quantum "regime", the charge on one of the leads, called
island, expressed in number of Cooper pairs, Q̂ = en̂, is the quantum mechanical
conjugate of the phase ϕ̂, fulfilling the commutation relation [ϕ̂, n̂] = i. For this reason,
similar principles apply to qubits that use the charge Q degree of freedom. In particular,
coherent superposition of macroscopic quantum states of charge Q observable in Cooper
Pair Boxes [34–39], i.e. Macroscopic Quantum Coherence (MQC), led to the first charge
qubits and transmons schemes [23–26].
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Why ferromagnetic Josephson junctions?

In recent years, the growing complexity of the barriers employed in JJs in terms of layout
and materials has significantly increased the "parameters space" for a full understand-
ing and control of their properties [7, 10]. In particular, junctions with ferromagnetic
barriers, i.e. Superconductor - Ferromagnet - Superconductor (SFS) JJs, provide unique
platforms for observing intriguing phenomena resulting from the coexistence and com-
petition of superconducting and magnetic ordering such as 0 − π transitions [40–56],
spin-triplet supercurrents [57–75] and hysteretic current vs. field, I(H), behavior [76–
79]. These effects, in turn, open up new scenarios for exploring different tuning mech-
anisms for JJs and incorporating smart functionalities in superconducting circuitry.

0−π transitions consist in a change in the equilibrium phase difference from ϕ = 0 to
ϕ = π when a JJ is in the ground state [40–56]. π JJs, with a built-in phase difference
of π, are currently subject to intense research activity due to their applicability as
architectural elements for superconducting quantum computing devices, in view of the
increased robustness against magnetic noise and a more compact design [80–86]. The
advantage they carry especially to flux and phase qubits schemes lies in the fact that,
due to the flux quantization inside the SQUID (ΦBIAS = Φ0ϕ/(2π) with ϕ being the
difference between the two junctions phases), an intrinsic π-shift is equivalent to an
external flux bias ΦBIAS = Φ0/2. This provides the intriguing chance of building a self-
biased qubit by simply using one SFS JJ in the π phase in place of a conventional SIS
JJ inside the loop, Fig. 9 [80–88]. In this way not only are simpler and more compact
qubits schemes possible, hopefully paving the way to scalable designs, but this solution
could help in reducing the external flux lines needed for qubits control, thus, avoiding
the dephasing due to noise in the external flux [80, 81, 89].

Ferromagnetic junctions including spin-mixing effects, such as magnetic impurities,
non-homogeneous exchange field or spin-orbit interaction, have been also identified as
promising platforms to host and engineer unconventional spin-triplet superconductiv-
ity [57–72]. Equal-spin triplet Cooper pairs are characterized by S = 1 and Sz = ±1
(|1, 1〉S,Sz = |↑↑〉 and |1,−1〉S,Sz = |↓↓〉) and, being insensitive to exchange field of
the ferromagnet (in principle detrimental for conventional spin-singlet Cooper pairs),
give rise to long-range superconductivity in Superconductor - Ferromagnetic (SF) het-
erostructures. These devices, in which spin-polarized supercurrents can arise without
dissipation, thus represent the possible building blocks for the emerging field of super-
conducting spintronics [57–72].

More recently, ferromagnetic tunnel JJs with hysteretic current vs. field, I(H),
behavior [76–79] have been proposed to realize a hybrid transmon qubit scheme. The
hysteretic behavior of the ferromagnetic barrier indeed provides an alternative and
intrinsically digital control of the JJ critical current IC and Josephson energy EJ . In
this way, the qubit frequency, proportional to EJ , can be properly tuned by means of
magnetic field pulses [78, 79].

In this framework, our research activity involves both transport and current-noise
properties of magnetic JJs, with a focus on JJs with Ferromagnetic Insulator (FI)
barriers, i.e. Superconductor - Ferromagnetic Insulator - Superconductor (SFIS) JJs,
that would be more suitable for applications in superconducting quantum circuits, due
to their lower dissipation with respect to junctions with normal-metal ferromagnets.
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We investigated both the 0 − π transitions and realization of π states in SFIS JJs
[90] and the presence of spin-triplet supercurrents when spin-mixing effects are also
considered [91]. We explored the possibility of controlling and tuning temperature-
induced 0− π transitions in SFIS JJs by external control knobs, in view of engineering
temperature stable π JJs [90]. Indeed, having tunable 0−π devices that can be switched
between the 0 and π phases, without being strongly affected by noise, would represent
a further important step toward application of ferromagnetic junctions in qubits [90].

We theoretically modeled the transport in experimental NbN / GdN / NbN SFIS
JJs displaying peculiar IC(T ) curves with non-monotonic trend, Ref.[75], showing that
this was due to an incipient 0−π transition possibly resulting from the interplay of spin-
mixing mechanisms and disorder [91]. Moreover, the analysis we carried out on the spin
pair correlations in FI, highlighted the possible link between this IC(T ) behavior and
the competition of the oscillating singlet supercurrents with long-range spin-polarized
triplet currents [91].

Further, we studied the current fluctuations, δI (ϕ), in a simple magnetic junction
at the 0− π transitions with the aim of understanding whether these phase switchings
are accompanied by enhanced current noise [92]. In other words, we investigated if the
current-noise response to charge or magnetic fluctuations, at the 0 − π transitions, is
different from that of the JJ in the standard 0 phase. We considered a Superconductor
- Quantum Dot - Superconductor (SQDS) junction in an external magnetic field that,
due to its simplicity, represents an interesting playground to study the mechanisms
underlying the 0 − π current noise response to magnetic fluctuations [92]. Our results
pointed out the presence of Josephson current jumps, i.e. strongly non-harmonic I (ϕ)
behavior, that in certain regimes can characterize the 0 − π transitions, as a source
of current noise amplification [92]. This kind of analysis could be relevant for future
researches on the feasibility of employing tunable 0 − π devices in superconducting
circuits.

0− π transitions and π junctions
The Josephson energy stored in the JJ indeed reads: E = Φ0IC/(2π) (1− cosϕ) [6, 7],
thus, the ground state energy, as well as the corresponding phase difference ϕ, depends
on the sign of the critical current. In conventional JJs the ground state occurs at ϕ = 0
(IC > 0), by contrast in the so-called π junctions the minimum energy corresponds to
ϕ = π (IC < 0 ) [45, 50, 51], this translating to a change in sign of the JJ current-phase
relation (CPR), I(ϕ) = IC sin (ϕ+ π) = −IC sinϕ. Flux quantization inside a SQUID,
reading Φ = Φ0ϕ/(2π) (Fig. 8(b)), implies that an intrinsic π-shift in the relative phase
ϕ between the two JJs is equivalent to an external flux bias ΦBIAS = Φ0/2. In Refs.[80,
81], by exploiting this fact, alternative flux qubits architectures using SQUIDs with one
SFS π junction, acting as static π phase shifter, have been proposed, in Fig. 9. These
π qubits are naturally characterized by a bistable potential configuration without any
external flux bias, thus being a simple example of self-biased flux qubit that might
provide an efficient solution to the magnetic stability problem of the circuit [82, 85].

In this case only small magnetic fluxes for the qubit manipulation and readout are
needed [80], as compared to Φ0/2 for conventional flux qubits [27, 28], that can be
obtained for fields of few mT also in small size qubits (reduced area of the SQUID
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Figure 9: Scheme of the Flux Qubit proposed in Ref.[80] with one conventional SIS JJ in
the 0 state and one ferromagnetic π JJ, together with its potential energy configuration
U(ϕ) with respect to the 0 JJ phase ϕ (or flux Φ = Φ0ϕ/(2π)). By varying the ratio
between the energies of π and 0 JJs the barrier between the two minima is modified
(a). Scheme of the three JJs Flux Qubit proposed in Ref.[81] with one ferromagnetic π
JJ, together with its potential energy U as a function of the two 0 JJs phases ϕ1 and
ϕ2, in the whole phases space and along the ϕ1 - ϕ2 diagonal (b).

loop), with a considerable improvement for large-scale integration [80, 81].
The desired π-shift can be promisingly implemented in SFS JJs where 0 − π tran-

sitions take place as a consequence of the peculiar nature of proximity effect at the
interface between s-wave superconductors and ferromagnetic materials [41–44, 48, 50,
51, 58]. Cooper pairs in the S leads are characterized by spin-singlet symmetry, while
the exchange field favors the alignment of Cooper pairs spins, thus trying to suppress
the superconductivity induced in Ferromagnet (F) [48, 50, 51, 58]. However, super-
conducting pairing correlations are still possible inside the F layer, since the system
reaches a new equilibrium in the so-called Fulde - Ferrel - Larkin - Ovchinnikov (FFLO)
state, where Cooper pairs with non-zero net momentum can survive [94, 95]. When
spin-singlet Cooper pairs enter the ferromagnet the energies of their electrons are, in-
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deed, splitted due to the Zeeman interaction with exchange field h = gµBB (where
g is the Landé factor in F, µB is the Bohr magneton and B is the magnetic field),
i.e. Eex

↑,↓ = ∓h/2. Hence, the Cooper pairs electrons acquire a relative momentum
|~q| = h/vF (with ~ = 1), Fig. 10.

|𝑞|
𝑞⃗

𝑘 +
𝑞
2 , ↓

−𝑘 +
𝑞
2 , ↑FFLO state−𝑘, ↑

𝑘, ↓

Conventional 𝑠 − wave 
superconductivity

Figure 10: Pictorial representation of Cooper pairs in momentum space in conventional
s-wave superconductors and in the FFLO state, figure adapted from Ref.[93].

This reflects in the spatial modulation of the Cooper pairs wave-function inside the F
barrier along the direction normal to the SF interfaces [45, 46]. In this case, the pairing
function oscillations are superimposed to its exponential decay inside the ferromagnet,
yielding

Ψ (x) ∝ e
− x
ξF1 e

− ix
ξF2

with ξF1/ξF2 being the characteristic decay/oscillation length in the ferromagnet, that,
in clean limit (low impurities concentration), respectively, read ξF1 = vF/ (2πT ) and
ξF2 = vF/ (2πh) (here and in the following ~ = kB = 1) [45, 51, 59]. As a consequence,
also the JJ equilibrium supercurrent (and thus its critical current IC) is an oscillating
function of the F layer thickness dF , Fig. 11(a). A change in the supercurrent sign
can, therefore, occur when dF equals half-integer multiples of the oscillation period,
ξF2, [45, 96], with the system ground states phase moving from ϕ = 0 to ϕ = π, as
the experiment in Ref.[46] testified. The hallmark of a 0 − π transition is a peculiar
cusp-like trend of the JJ critical current with increasing its F barrier thickness, i.e.
IC(dF ), Fig. 11 (b). Nevertheless, IC(dF ) measurements do not allow to observe 0− π
transitions in a single JJ, that is bound to be either in the 0 or in π phase. On
the other hand, by changing the temperature T and/or the exchange field h we can
modify the superconducting coherence length, ξF1, and/or the spatial period of current
oscillations, ξF2, thus inducing a 0 to π switch in a single Josephson device. The proof
of temperature-induced 0 − π transitions was first provided in Ref.[45]. Their results
suggest the possibility to realize both the 0 and π phases in a single JJ, where the
fingerprint of the 0 − π transition is a cusp-like IC(T ) behavior that strongly deviates
from the well-known monotonic Ambegaokar-Baratoff (AB) trend for SIS JJs, Fig. 11
(c) [11, 12, 45].

Even though SFS JJs are suitable for achieving 0−π transitions and π states, these
systems are affected by dissipative effects possibly due to the quasiparticles present in
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Figure 11: Supercurrent oscillations in SFS junctions (a) that induce a crossover from
the 0 to the π state by changing the ferromagnetic layer thickness (b), pictures adapted
from Ref.[51] and Ref.[46]. First experimental evidences of temperature induced 0− π
transitions in singe SFS junction (c), picture adapted from Ref.[45].

junctions with normal metal ferromagnets [34, 89], leading to short decoherence times
when they are employed in Josephson quantum devices. To overcome this issue, π-
JJs with a nonmetallic barrier result to be more suitable for this kind of applications
[89], since quasiparticles contribution is sizably reduced in SIS tunnel junctions, even
though not negligible [97–102]. As matter of fact, 0−π transitions in SFIS JJs have been
investigated both theoretically [73, 103–105] and experimentally [66, 75, 106–108], and
the possibility to reach an equilibrium phase of π has been theoretically predicted also
in this case [73, 103–105]. Moreover, experimental evidence of macroscopic quantum
tunneling (MQT) phenomena in SFIS JJs [109, 110] has been provided, together with
the proof of their hysteretic current-voltage I(V ), typical of insulating tunnel JJs [111–
116], thus giving promise for their application in quantum hybrid circuits [117].

Spin-triplet supercurrents

If the appearance of opposite-spin triplet pair correlations, with total spin momentum
S = 1 and spin z-component Sz = 0, is automatically predicted when modeling the
proximity-induced superconductivity inside the ferromagnet, when considering non-
homogeneous exchange field distributions also equal-spin Cooper pairs, characterized
by S = 1 and Sz = ±1 (|1, 1〉S,Sz = |↑↑〉 and |1,−1〉S,Sz = |↓↓〉), can be found [57–59,
61–72]. On the one hand, opposite-spin triplet pairing correlations, with |1, 0〉S,Sz =

1/
√

2(|↑↓〉+ |↓↑〉), are characterized by an oscillating behavior and a fast decay inside
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the ferromagnet, as well as spin-singlet wave-function, |0, 0〉S,Sz = 1/
√

2(|↑↓〉 − |↓↑〉).
Therefore, these cannot be distinguished from spin-singlet correlations by the means of
critical current measurements, since they both lead to 0−π transitions and to the same
IC(dF ) and IC(T ) behaviors, Fig. 12. On the other hand, the spin-aligned triplet Cooper
pairs are immune to the exchange field of the F layer, hence their wave-functions decay is
slower with respect to to singlet and opposite-spin triplet components and do not show
any spatial modulation, Fig. 12. While both equal-spin and opposite-spin components

FerromagnetSuperconductor

Singlet pairing 0,0 ∝ ↑↓ − ↓↑

Opposite-spin triplet pairing 1,0 ∝ ↑↓ + ↓↑
Equal-spin triplet pairings 1,1 = ↑↑ , 1, −1 = ↓↑

𝜉!"

𝜉!#

𝜉!" = 𝑣!/ 2𝜋𝑇

𝜉!# = 𝑣!/ 2ℎ

Figure 12: Cooper pairs wave-functions for different spin symmetries at the SF inter-
face. For short F layer, x < ξF1, while spin-singlet and opposite-spin triplet pairing
functions oscillate and strongly decay inside F, the equal-spin triplet pairings that are
insensitive to the exchange field are only subject to a slow decay. When the F layer
thickness increases, x� ξF1, both equal-spin and opposite-spin components decay over
the thermal decay length, ξF1 = vF/ (2πT ), as e−x/ξF1 . Picture adapted from Ref.[59].

present the same exponential decay on length scales given by ξF1 = vF/ (2πT ) (in
the limit of clean ferromagnets), they show different short-distance decay, respectively
proportional to ξF1/x (i.e. vF/ (2πTx)) and ξF2/x (i.e. vF/ (2hx)) [59, 60, 65, 72]

Ψ|0,0〉,|1,0〉 ∝
( vF

2hx

)
cos

(
2hx

vF

)
e−(2πTx)/vF ,

Ψ|1,1〉,|1,−1〉 ∝
( vF

2πTx

)
e−(2πTx)/vF .

Therefore, for F barrier thickness within the characteristic oscillation length ξF2 and
the exponential decay length ξF1, i.e. ξF2 < x < ξF1, opposite-spin correlations are
rapidly reduced while equal-spin ones slowly decrease. On the contrary, for long barriers
x� ξF1 both components decay as e−x/ξF1 , Fig. 12.
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Spin-triplet Cooper pairing functions are thus longer-range than spin-singlet and
can carry non-dissipative spin currents, thus constituting the essential element for the
emerging field of superconducting spintronics [62, 63, 65, 70].

Equal-spin triplet currents can be artificially generated in SF heterostructures with
multi-domain ferromagnets or with multiple F layers [58, 59, 65], where the orienta-
tion of the exchange field varies along the barrier. Indeed, the spatial change of the
spin-quantization axis of the system introduces spin-flipping processes that promote the
generation of triplet Cooper pairs. Evidences of spin-polarized supercurrents have been
also reported in JJs with magnetically inhomogeneous SF interfaces [58, 65, 67, 70, 72]
and in multi-layered ferromagnetic, S-F’-F-F”-S, JJs, where the F’, F” spin-mixer layers
mediate the conversion of singlet to triplet pair correlations [62–64, 68–71, 113]. Re-
cently, theoretical and experimental studies investigated the role of spin-orbit coupling
(Spin - Orbit Coupling (SOC)) [118–124] in combination with a magnetic exchange field
in triplet pair generation [73, 125–127]. Other important building blocks of spintronic
circuits, in view of maximizing the ratio between spin-polarized and zero-spin currents
in JJs, are magnetic insulating barriers with spin-dependent transmission, so-called
spin-filters, which often consist of multi-layered structures involving thin ferromagnetic
films and insulating barriers [67].

Tunnel junctions with ferromagnetic insulator (FI) barriers, made of NbN / GdN
/ NbN sandwiches, have been proposed to implement spin-filter JJs in a single-layered
barrier. In these devices, combining the domain-wall structure of the GdN ferromagnet
with its insulating properties, not only are the spin-polarized Cooper pairs available for
the transport but the unpolarized supercurrents should be reduced [66, 75, 108, 115,
128–131]. Moreover, macroscopic quantum tunneling has been observed in these SFIS
JJs [109], making them especially well-suited for superconducting circuits in which
a very low dissipation is required [56, 104, 110, 114, 117]. In particular, in Ref.[75]
unconventional incipient 0−π transitions in NbN / GdN / NbN possibly related to the
presence of spin-triplet currents have been detected. These peculiar 0−π transitions are
characterized by the presence of a plateau or a non-zero local minimum in the IC(T ),
in place of the cusp-like curves typical of SFS 0− π JJs.

Noise in ferromagnetic junctions
We can consider the problem of noise in ferromagnetic JJs at different levels and thus
imagine different analyses that we might carry out to accomplish their noise character-
ization. First, we may think of the noise contribution that a SFS π JJ would provide,
in terms of decoherence, to a superconducting qubit architecture, by considering that
noise comes from the coupling between the π JJ and the environment. The impact of π
junctions as passive phase shifters in flux qubits architectures [30] in terms of noise and
decoherence effects has been theoretically studied by means of Caldeira-Legget model.
In Ref.[89], the damped dynamics of the π JJ has been studied within the context of
RCSJ model by considering the JJ as coupled to a bosonic bath with a Ohmic dissipation
through a shunting resistance R. Then the π JJ noise contribution when it is coupled
to an ordinary flux qubit has been analyzed. Although the results indicated that for
current density values as in Ref.[53] the qubit dephasing time would be very short, if
insulating π JJs with large junction area and large critical current are employed, the
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coherence time can be strongly increased [89]. Then, the role of a quasiparticles in SFS
and SFIS JJs can be considered, since they constitute one of the most relevant noise
sources in superconducting qubits [34, 97–100, 132, 133]. In this respect, ferromagnetic
Josephson devices could in principle behave as standard junctions. Indeed, contrary to
singlet Cooper pairs, quasiparticles currents are less sensitive to the exchange field of
the ferromagnet [79]. As well as it happens for non-magnetic junctions, quasiparticles
noise might be reduced even if not disregarded in insulating tunnel barriers [98–100,
133], e.g. SFIS JJs or multi-layered heterostructures with insulating and ferromagnetic
materials. The effect of magnetic noise in qubits architectures involving ferromagnetic
junctions can be also studied. Recently, a transmon design including one SFIS JJ has
been proposed in Refs. [78, 79], where the influence of magnetic flux noise on the JJ and
thus on the qubit coherence times has been analyzed. Flux noise due to external field
and magnetization fluctuations in F has been taken into account in the case of Ohmic
and of 1/f spectral density. First estimates of dephasing time due to magnetic noise
have been compared with Purcell noise, dielectric losses and quasiparticles noise. Under
appropriate conditions, magnetization noise does not constitute a practical limit to the
application of SFIS JJs in qubits, if compared with standard quasiparticles dissipation
in state-of-the-art architectures [79]. Conversely, an in depth study of the magnetiza-
tion dynamics inside the F layer of JJs at microscopic scale and of how exchange field
fluctuations in F affect the Josephson current is still lacking. Exchange field noise in FI
can provide fluctuations of both the critical current IC (and thus EJ) and current-phase
relation I(ϕ), thus leading to dephasing and relaxation processes when the JJ is em-
bedded in qubits circuits [79]. Thus, studying the microscopic properties of magnetic
noise sources in SFIS JJs would be a further step toward the noise characterization of
ferromagnetic qubits schemes.

On the other hand, we can ask whether 0− π transitions are themselves a source of
current noise amplification in SFS and SFIS junctions. A thorough research on 0 − π
current noise is missing. The main target of such investigation would be understanding
if at 0−π transitions the JJ current-noise response to magnetic fluctuations is enhanced.
This aspect needs to be clarified in view of the possible integration of tunable 0 − π
devices in the superconducting circuitry.

Content of this thesis

We address both the study of 0− π transitions and spin-triplet currents in SFIS junc-
tions and the current noise characterization of magnetic JJs at the 0 − π transitions.
Specifically, by using lattice Green’s Function (GF) techniques [73, 134–137], we the-
oretically investigated the transport properties of SFIS JJs with particular attention
to the temperature dependence of the critical current IC(T ), that might be used as a
fingerprint of the JJ, and to the spin-resolved pairing correlations. We explored the
possibility to tune and control the 0 − π transitions by a direct action on IC(T ). We
predicted that combining spin-mixing and disorder effects a temperature stable π state
may be achieved [90]. We applied the same techniques to model the IC(T ) behavior of
experimental SFIS JJs of Ref.[75], and studied the pairing correlations functions induced
inside the FI barrier. We identified a connection between the appearance spin-polarized
triplet supercurrents and unconventional incipient 0 − π transitions characterized by
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non-monotonic IC(T ) curves [91]. In view of a future applicability of ferromagnetic
JJs in superconducting circuits, the versatility of lattice GF techniques guarantees an
efficient method of studying and possibly designing novel junctions. For example, more
complex SF heterostructures might be used to engineer and control spin-triplet cur-
rents [91], as well as specific Josephson current features (e.g. in the case of anomalous
Josephson Effect [74, 138–144]) or IC(T ) behaviors [90].

Furthermore, we analyzed the static current noise in a magnetic SQDS junction,
studying the mechanisms underlying the current noise response to magnetic fluctua-
tions at the 0−π transitions. We pointed out a current-noise amplification phenomenon
linked to the presence of jump-like discontinuities in the Josephson current, I (ϕ), that
accompany these phase switchings in short ballistic junctions [92]. On the one hand,
our findings on Quantum Dot (QD) JJs could be useful to understand the way 0 − π
ferromagnetic JJs react to the presence of exchange field noise and analyze possible
solutions to mitigate this effect. On the other hand, this increased sensitivity to mag-
netic fluctuations might be exploited to infer information about magnetization noise in
ferromagnetic JJs and design novel kind of Josephson spin-noise detectors [92].

This thesis is, thus, organized as follows.

• In Chap. 1 we introduce the Nambu-Gor’kov Green’s functions for a supercon-
ducting system and present the spin-resolved pair correlations. We report the
Josephson current calculation in a SQDS JJ and extend it to a 2D JJ. Then, we
show how to compute the QD Green’s function in the SQDS JJ and illustrate
the Recursive Green’s Function (RGF) method used in the case of a 2D-lattice
barrier.

• In Chap. 2 we use a tight-binding Bogoliubov de Gennes (BdG) approach with
the RGF method to study the temperature dependent transport properties of a
SFIS JJ. We investigate the possibility to tune and control the 0− π transitions
through a direct action on the junction IC(T ).

• In Chap. 3 we apply the lattice Green’s function techniques to model the IC(T )
behavior of experimental NbN/GdN/NbN JJs in Ref.[75] showing unconventional
0−π transitions. We investigate the symmetries of the pairing correlations induced
in the FI GdN barriers.

• In Chap. 4 we study the static current noise in a magnetic SQDS JJ in the presence
of magnetic field fluctuations at the 0 − π transitions. Then we explore how to
exploit this kind of devices as spin-noise detectors.
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Transport in junctions with ferromagnetic insulator barrier (SFIS)

Tight-Binding model and Recursive Green’s Function Method

We model the SFIS JJ as 2D tight-binding lattice, Fig. 13, and study the Josephson
effect using the BdG approach [73, 90, 135, 136].

! = 0

! = $

! = !#$% &' &
( %

&
S

S
FI + SOC + impurities

Figure 13: 2D-lattice model of the SFIS JJ including exchange field, spin-orbit coupling
(SOC) and impurities in the barrier. The junction lies in the x − y plane and it is
represented by a lattice with (L+ 2) and W sites along x and y directions, respectively.
The influence of the S leads (blue sites) is condensed in the border stripes at j = 0 and
j = L + 1. The FI barrier (red sites) extends from j = 1 to j = L along the transport
direction, i.e. along x. The exchange field h (violet arrow) is parallel to the z axis,
thus perpendicular to the JJ plane. The hopping t between nearest-neighbor sites is
here represented by green arrows. The SOC α is depicted by the spin-flipping process
highlighted by the yellow arrow.

The proximity effect in SFS junctions has widely been investigated with quasi-
classical approaches (i.e. Eilenberger equations, [50, 51, 58, 145–147]), however our
approach results to be especially well-suited in the case of short tunnel junctions. Fur-
ther, a tight-binding description of the junction turns out to be very convenient for
modeling the desired interactions in the FI barrier Hamiltonian site by site. In this
way, spin-mixing effects, like SOC or non-uniform exchange field patterns, as well as
magnetic and non-magnetic impurities, very common in the experimental samples, can
be straightforwardly included in the JJ model.

The transport properties, as well as the superconducting pairing correlations are
encoded in the barrier GF, and, hence, can be studied by computing the FI layer GF
[90]. The latter, in Matsubara representation, is given by Ǧωn(~r, ~r ′), where ~r = j~x+m~y
and ~r′ = j′~x+m′~y run over all the possible lattice site indices j, j′ = 0, 1, . . . , L, L+1 and
m,m′ = 1, . . . ,W . The barrier GF is, thus, a 4WL× 4WL matrix in the Nambu⊗spin
space, whose blocks with fixed (~r, ~r ′) can be numerically calculated by solving the
Gor’kov equation [3, 4, 73] (its derivation is provided in Appendix A))[

iωn1̌−
∑
~r1

(
Ĥ(~r, ~r1) ∆̂(~r, ~r1)

−∆̂∗(~r, ~r1) −Ĥ∗(~r, ~r1)

)]
× Ǧωn(~r1, ~r

′) = τ̂0σ̂0δ(~r − ~r ′),
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where ωn = (2n+ 1)πT is the fermionic Matsubara frequency with T the temperature,
while Ĥ and ∆̂ describe the normal state Hamiltonian and the superconducting inter-
actions inside the barrier (in spin space). Here, 1̌ is the unit matrix in Nambu⊗spin
space.

In principle, calculating Ǧωn(~r, ~r ′) would consist in the inversion of the system
Hamiltonian matrix Ȟ(~r, ~r ′)

Ȟ(~r, ~r ′) =

(
Ĥ(~r, ~r ′) ∆̂(~r, ~r ′)

−∆̂∗(~r, ~r ′) −Ĥ∗(~r, ~r ′)

)
.

For systems with L × W lattice sites the Hamiltonian (Ȟ(~r, ~r ′)) is a 4LW × 4LW
matrix. From a computational point of view, the number of operations needed for its
inversion scales as L3 ×W 3, thus, making the calculation hard for large size lattices.

We solve the Gor’kov equation for the barrier GF by applying the RGF technique [73,
134–137, 148, 149]. RGF is a numerical technique that allows calculating the Green’s
function (GF) of a central device when it is connected to two leads. This method is
extremely useful if the device GF cannot be computed from the direct inversion of its
Hamiltonian, e.g. for very large devices. The RGF is applicable to systems (devices
and leads) which are described by lattice models. When dealing with a JJ, the two
leads are the superconducting electrodes and the central device is the barrier. RGF
method consists in dividing the 2D lattice of the junction along the transport direction
in transverse stripes, Fig. 14(a), and recursively calculating the GFs at each stripe of
the barrier, starting from the two superconducting leads, Fig. 14(b).

In other words, with this technique we manage to solve the Gor’kov equations for the
barrier GF one transverse stripe at a time from one S lead to the other and viceversa.
In practice, we divide the FI in L isolated stripes, Fig. 14(a), whose bare GF Ǧ0

j,j (for
the isolated stripe, not connected to the leads and to adjacent stripes) can be easily
computed by direct inversion of their Hamiltonian (tight-binding Hamiltonian of the
single stripe) as follows:

Ǧ0
j,j =

[
iωn1̌− Ȟ0

j,j

]−1
, (1)

where 1̌ is the 4W × 4W unit matrix for the stripe j, Ȟ0
j,j is the Hamiltonian of the

stripe j, involving only interactions in Ȟ(~r, ~r ′) between lattice sites at the positions
~r = j~x+m~y and ~r ′ = j~x+m′~y, with same index j.

Then, we recursively attach the FI barrier stripes to the leads one after the other,
by the means of the hopping matrices Ť± involving the couplings between lattice sites
belonging to adjacent stripes. In this way, we are able to cast a Dyson-like equation to
compute the interacting GF of the stripe j, Ǧj,j, when it is connected to the leads

Ǧj,j =
[
iωn1̌− Ȟ0

j,j − Ť−ǦR
j+1,j+1Ť

+ − Ť+ǦL
j−1,j−1Ť

−]−1
,

where ǦL
j−1,j−1 and ǦR

j+1,j+1 indicate the GF of stripes in j− 1 and j+ 1 when they are
connected only to the left and right lead, respectively (see Chap. 1 for more details). We
repeat this procedure for all the barrier stripes, 1 < j < L, until we get the GF of the
connected system, Fig. 14(b). Green’s function of the stripe j, Ǧj,j, can be visualized
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Figure 14: In (a) the schemes representing the system made up of two leads and one
central device and its division in transverse stripes are shown. Ǧj,j is the interacting
GF of the j-th stripe when connected to the others. Ǧ0

j,j stands for the bare GF of the
isolated j-th stripe. In (b) the scheme describing how to connect the stripe j to the
left lead is presented. The first j− 1 stripes are already connected. In order to add the
stripe j, its interacting GF when it is connected to the previous stripes, ǦL

j,j, and the
one linking it with the left lead, ǦL

0,j, need to be computed. The same procedure has
to be carried out starting from the right lead. Figures adapted from Ref.[90].

as a 2× 2 block matrix in the Nambu space, where each block consists in a 2W × 2W
sub-matrix:

Ǧj,j = Ǧωn(~r, ~r ′) =

[
Ĝωn(~r, ~r ′) F̂ωn(~r, ~r ′)

−F̂ ∗ωn(~r, ~r ′) −Ĝ∗ωn(~r, ~r ′)

]
, (2)

where ~r = j~x+m~y, ~r ′ = j~x+m′~y with j fixed.
The off-diagonal terms of the matrix in the right-hand side of Eq. 2 are the so-called

anomalous Green’s functions F̂ωn , that describe the superconducting pair correlations,
from which we can derive the four pairing components with s-wave symmetry at each
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stripe j:
1

W

∑
ωn

W∑
m=1

F̂ωn(~r, ~r) =
3∑

ν=0

fν(j)σ̂ν i σ̂2 , (3)

where f0 is the spin-singlet component and fν with ν = 1, 2, 3 are the spin-triplet
correlations. Analogously, we can compute the GF connecting adjacent stripes Ǧj,j+1

and Ǧj+1,j entering the Josephson current formula that can be written as

J(j, φ) = −ie
2
T
∑
ωn

Tr
[
τ̂3 ⊗ σ̂0

(
Ť+Ǧj,j+1 − Ť−Ǧj+1,j

)]
, (4)

where σ̂0 is the unit matrix in spin space and τ̂3 is the analogous of Pauli matrix σ̂3 in
the Nambu space. Further, from the knowledge of Ǧj,j+1 and Ǧj+1,j we can derive the
odd-parity pairs correlation functions in p-wave symmetry.

RGF approach allows us to obtain the junction transport properties, such as CPR
and IC(T ) and pairing correlations, from the only knowledge of the S leads GFs, that
can be analytically calculated for semi-infinite leads [149, 150] (see Appendix B), and
of the barrier Hamiltonian. Interestingly enough, the only assumption of this method
is the hypothesis of rigid superconductors [73, 134, 136], hence, it returns the pair
correlations in the barrier without the need of assuming specific boundary conditions
on the barrier GF at the interfaces with the electrodes. From a computational point of
view the RGF technique is much more efficient than calculating the GF of the barrier
by direct inversion of its Hamiltonian matrix. With the RGF technique we have to do
2L steps in which we invert one 2W × 2W matrix. Hence, the number of operations
to do scales as L×W 3, thus gaining a factor L2 in efficiency with respect to the direct
inversion of the Hamiltonian that scales as L3×W 3. This makes the calculations simpler
also for large size systems.

Tunable 0− π transitions in SFIS junctions

Tuning the exchange field of the barrier is an available technique to manipulate the
JJ critical current, thus driving the switching between 0, 0 − π and π regimes, since
modifications in h lead to changes in the oscillation length of the singlet and opposite-
spin triplet supercurrents [45, 50, 51]. However, this approach does not provide an easy
engineering of ferromagnetic JJs based devices. Indeed, the exchange field is an intrinsic
property of the magnetic barrier and, moreover, the current experimental procedures
required for its manipulation may induce magnetic noise. For this reason, it would
be extremely useful to find alternative and more accessible mechanisms that can be
exploited to drive the 0−π transition in such devices. We recognize spin-mixing effects
and lattice impurities as good candidates to approach this kind of task. Spin-orbit
coupling has been investigated in previous works [73] to induce the π − 0 transition in
SFS JJs. However a thorough study of the SOC effect on the IC(T ) with 0 − π cusps
is lacking. On the other hand, while previous works investigated the 0 − π transition
induced in SIS JJs by magnetic impurities [40, 151–153], the chance of controlling the
0 − π transition by means of lattice non-magnetic impurities is not yet well explored.
In particular, we extend the results in Ref.[73] to the temperature dependence of IC , by
identifying the SOC as a tool to drive the switching between the 0−π and 0 regime, i.e.
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from a cusp-like to an AB IC(T ) curve. On the other hand, we analyze the peculiar role
that impurities may have for the IC(T ) manipulation. We show that disorder effects
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Figure 15: Effect of increasing Vimp on temperature-induced 0 − π transitions in the
cases without and with SOC (a, f). Corresponding calculated CPRs (b-e, g-l) and
formation of π state.

could promote the system moving to the π state at lower temperatures, with respect
to to the clean case. This reflects in a temperature broadening of the 0− π transition
that changes the cusp-like trend in the IC(T ) in a local minimum. In this respect,
we find out the opportunity to reach a temperature stable π regime, starting from a
0−π JJ, by increasing the strength of the impurity potential. Therefore, a well-defined
phase difference of π can be established between the two superconductors separated

31



Introduction 32

	0

	0.5

	1

	0 	0.2 	0.4 	0.6 	0.8 	1

I
c

T/T
c

	0

	0.5

	1

	0 	0.2 	0.4 	0.6 	0.8 	1

I
c

T/T
c

	0

	0.5

	1

	0 	0.2 	0.4 	0.6 	0.8 	1

I
c

T/T
c

	0

	0.5

	1

	0 	0.2 	0.4 	0.6 	0.8 	1

I
c

T/T
c 𝛼

𝜋 00 − 𝜋 0 𝜋0 − 𝜋 0 𝜋0 − 𝜋

𝑉!"# 	= 	0.125

a) b) c) d)

Figure 16: Effect of SOC strength (α) increasing on the Ic(T ) behavior, at fixed value
of the impurity potential (Vimp = 0.125).

by a ferromagnetic insulator, which shows great stability over the whole temperature
range, Fig. 15.

In addition we present how the interplay between SOC and non-magnetic disorder
may be exploited for the engineering of fully tunable 0−π JJs which can be switched be-
tween the 0, 0−π and π regimes. In principle, by choosing the impurities concentration
inside the barrier in order to have a stable π state over a wide range of temperatures, the
SOC could be exploited as tuning mechanism, controllable by external means, to move
the JJ toward 0− π and 0 states, Fig. 16. As supplementary analysis we also calculate
the correlation functions in these SFIS JJs in the presence of SOC and impurities, both
for s-wave and p-wave symmetry (respectively even and odd pairing functions in real
space). Indeed, besides the short-range singlet and triplet pairings with total spin pro-
jection Sz = 0, in our system we also find the equal spin-triplet long-range correlation
pairs with total spin projection Sz = ±1 on the direction of the exchange field, due to
the presence of SOC which allows the spin symmetry breaking at S/FI interfaces. In
particular, we show that intensifying the impurities strength results in an enhancement
of the odd-frequency correlations (i.e. s-wave equal-spin triplet and p-wave singlet, re-
spectively). Therefore, we identify SFIS JJs as sources of unconventional odd-frequency
superconductivity and equal-spin triplet pairings when spin-mixing (SOC) and disorder
effects are involved [58, 59, 61, 73, 154–160].

Spin-Triplet Transport in SFIS junctions

With the aim of probing the presence of spin-triplet supercurrents in the SFIS JJs
and deeply investigating their influence on the JJ current, i.e. on the I(ϕ) and IC(T ),
we apply the theoretical techniques of Refs.[73, 90, 135, 136] to analyze the spin pair
correlations in NbN/GdN/NbN JJs of Ref.[75] and model their peculiar non-monotonic
IC(T ) behavior.

Indeed, although, spin-mixing phenomena generating equal-spin Cooper pairs are
very likely to occur in the ferromagnetic-insulating GdN barriers, possibly due to its
domain-wall structure, spin-orbit coupling or magnetic impurities, the capability of
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Figure 17: SFIS JJs 2D-lattice model. The barrier (in red) has a total thickness L
along x and width W along y. The spin-mixing mechanism due to SOC is depicted by
the spin-flipping process highlighted at the interface between the S leads (blue sites)
and the barrier. The impurities, with random strength, are depicted by the height of
the yellow potential peaks. The exchange field h (violet arrow) is parallel to the z axis,
while the hopping t between nearest-neighbor sites is represented by pink arrows. In
the inset, sketch of NbN-GdN-NbN JJs of Ref.[91]. The external magnetic field H is
parallel to the z axis, [91]

quantifying the amount of spin-polarized supercurrents remains a fundamental bench-
mark to prove triplet correlations [91]. In this context, solution of the Gor’kov equation
for the real-space barrier Green’s function with the RGF method offers a practical way
to predict the spatial behavior of the Cooper pairs correlation functions inside the GdN.

Moreover, the tight-binding Bogoliubov de Gennes (BDG) description of the junc-
tion allows us to easily include the interactions we assume to generate spin-triplet pairs
in the FI Hamiltonian. For the sake of simplicity, in Ref.[91] we assume that the inter-
play of spin-orbit field in the junction plane (thus perpendicular to the exchange field
of the FI) and of non-magnetic impurities effectively mimics the spin-mixing effects
occurring in the GdN, Fig. 17. In light of the results in Ref.[90], this choice is also
suitable for reproducing the incipient 0− π transitions characterizing the IC(T ) of the
experimental samples, Fig. 18.

We successfully reproduce the critical current behavior for the analyzed JJs, where
IC is not completely suppressed at the transition temperature Tπ. The simulated CPRs
confirm that in all the cases a 0 − π transition broadened in a range of temperatures
of the order of some K occurs. The IC(T ) curves show a region in which the IC is
constant in a wide range of temperatures, i.e. it shows a plateau, or alternatively a
non-monotonic trend characterized by a non-zero local minimum, i.e. incipient 0 − π
transitions [75]. This behavior sets in due to the combined effects of impurities and
spin-mixing mechanisms.

Such unconventional IC(T ) behavior turns out to be the benchmark for the coexis-
tence of spin-singlet and spin-triplet superconductivity in SFIS junctions, Fig. 19. When
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Figure 18: Comparison between the experimental IC(T ) curves, tight-binding BdG
simulations and corresponding CPRs. Critical current (black points) for spin-filter
junctions with GdN barrier thickness dF = 3.0 nm (a), dF = 3.5 nm (b) and dF = 4.0 nm
(c). In the insets of figures (a), (b) and (c): measured saturation of the Ic(T ) down
to 20 mK. The red lines are Ic(T ) curves obtained with the RGF method from the
tight-binding BdG Hamiltonian of the barrier. In (d), (e) and (f): CPRs at selected
temperatures near the 0−π transition to highlight the arising of higher order harmonics,
compared with those in the 0 and π state, at 0.05 Tc and 0.7 Tc, respectively.

the IC(T ) curve shows a plateau over a wide range of temperatures, the competition
between the singlet and triplet pairing amplitudes becomes significant, in both s-wave
and p-wave symmetries. When the IC(T ) curve exhibits an incipient 0 − π transition,
the equal-spin triplet component is gradually suppressed, becoming irrelevant in the
limit case of a more standard cusp-like 0−π transition. This last situation corresponds
to relative low values of disorder and spin-mixing effects.

Magnetic noise in 0− π Josephson junctions

In the second part of this thesis, we investigate the current noise response of magnetic
JJs when 0−π transitions occur [92]. The main goal of this research activity is to explore
whether the 0− π transitions are accompanied by enhanced current fluctuations and if
these are linked to an increased sensitivity to magnetic noise.

To focus our attention on the mechanisms underlying the current noise response
to exchange field fluctuations, we consider a simple system consisting of a single-level
quantum dot coupled to superconducting leads in the presence of an external magnetic
field Fig. 20, i.e. SQDS JJ.
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Figure 19: S- and p-wave spin-singlet and triplet pair-correlation amplitudes in the
FI barrier. In (a), (b) and (c), the amplitudes of the ensamble average of the s-wave
correlation functions 〈|f |〉, determined by numerical simulations at temperature T =
0.025 Tc, being Tc the critical temperature, are shown as a function of the lattice
position in the barrier along the x direction (with index j) for the junctions with GdN
thickness dF = 3.0, 3.5 and 4.0 nm, respectively. f0 is the spin-singlet (black line and
square symbols), f3 is the opposite-spin triplet (red line and circles) and f↑ (f↓) is the
equal-spin triplet with up (down) Sz projection (respectively, blue line and up-triangle
symbols, and green line and down-triangle symbols). In (d), (e) and (f), we show the
same correlation functions components for the p-wave symmetry. Data are reported on
a log-scale to highlight the gradual suppression of the equal-spin triplet pair-correlation
amplitude when pointing towards a non-monotonic critical current vs. temperature
Ic(T ) curve.

When superconducting pairings are induced on the dot, the supercurrent is carried
by only two subgap Andreev Bound States (ABS), each split in two by the Zeeman
interaction, and by the continuum quasiparticles spectrum. This makes it particularly
straightforward to analyze and distinguish the bound states and quasiparticles contri-
butions to the current noise in this device. Furthermore, by tuning the ratio between
the superconducting gap ∆ and the hybridization parameter between the dot and the
superconducting leads Γ, we can control the quasiparticles current and thus achieve
both short and long junction regimes. On top of that, this model allows us to easily
visualize how the Andreev levels are modified when a 0 − π transition, driven by the
external field, sets in. This leads to a deep understanding of the difference between the
JJ current noise close to and away from a 0− π switching.

In particular, when increasing the external magnetic field the Zeeman splitting be-
tween the two spin resolved ABS is enhanced, thus, leading to the appearance of zero-
energy crossings of two particle-hole symmetric states in the ABS spectrum. These
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Figure 20: Scheme of the SQDS JJ in the presence of an external magnetic field ~B0.
Here, εd is the dot energy and h = gµB| ~B0| is the Zeeman splitting between the two spin
channels affecting the dot level when ~B0 is turned on. The two s-wave superconductors
are chosen to have equal gap ∆ and chemical potential µ. φL/R is the superconducting
phase of the L/R lead, respectively. t is the amplitude of the hopping integral among
the superconducting leads and the dot. A sketch of the fluctuations in the orientation
of nuclear spins in the substrate beneath the dot is reported.

crossings accompany the exchange field driven transition of the system from the 0 to
the π phase, that is accomplished when the two Andreev levels are completely swapped,
Fig. 21. We show that the presence of ABS crossings between particle-hole symmet-
ric levels in this kind of SQDS JJs reflects in the occurrence of sharp jumps in the
CPR, from positive to negative currents, at the crossings phases along 0 − π transi-
tions, Fig. 22 [161–166]. Peculiar jump-discontinuities in CPR , well known in ballistic
Quantum Point Contact (QPC)s in resonant regime and short ballistic JJs [50, 163,
167–169], have been already predicted in SQDS junctions along the 0 − π switchings
[50, 162, 170] and in topological parity transitions [166, 171, 172] also in the presence
of Coulomb interaction on the dot [161–163, 165, 166, 170, 172–177], and correspond to
a system state characterized by the contemporary presence of two minima in the total
energy at φ = 0 and π [50, 162, 163, 170]. We show that CPR jumps are the origin and
the hallmarks of noise amplification at Zeeman field induced 0 − π transitions, giving
rise to strong current noise response. When analyzing the equilibrium current noise in
the presence of magnetic static Gaussian fluctuations, in the small fluctuations regime,
current fluctuations δJ (φ) can be expanded in terms of the Zeeman field fluctuations
δh [178–182]

δJ (φ, h) ≈ ∂J (φ, h)

∂h

∣∣∣∣
δh=0

δh+
1

2

∂2J (φ, h)

∂h2

∣∣∣∣
δh=0

δh2 ,

yielding the following expression for current variance σ2
J

σ2
J (φ, h) = 〈δJ2 (φ, h)〉 =

(
∂J (φ, h)

∂h

∣∣∣∣
δh=0

)2

σ2
h +

1

2

(
∂2J (φ, h)

∂h2

∣∣∣∣
δh=0

)2

σ4
h .
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Figure 21: Andreev levels spectrum for the SQDS JJ along a Zeeman field induced
0 − π transition. By increasing the Zeeman splitting between the different spin levels,
Andreev Bound States (ABS) crossings at zero energy occur for φ = ±φ0 6= 0,±π.
Transition between the 0 and π phases is accomplished when the two near-zero ABS
are switched.

CPR jumps reflect in δ-like divergences in ∂hJ (φ, h) and this translates to the appear-
ance of σJ(φ) peaks at ABS crossings φ = ±φ0.

We identify quasiparticles currents as a possible cause of current noise mitigation in
0 − π JJ, since they do not show jump discontinuities, Fig. 23. This suggests that, in
ballistic JJs, there might be a competition between quasiparticles poisoning and 0− π
noise amplification.

Further, also the system temperature T plays a crucial role in smoothening the CPR
jumps accompanying magnetic field driven 0 − π transitions and washing out the σJ
peaks even at temperatures of the order of T ≈ 10−1TC . In this context, temperature
turns out to be a valuable resource as a control knob of sensitivity to magnetic noise in
these devices, also in view of their application in superconducting quantum circuits.

On the other hand, although enhanced sensitivity of the current noise response
to magnetic fluctuations along the 0 − π transition may constitute a practical limit
to employ these devices in quantum circuits, it also represents a unique opportunity
to probe the magnetic fluctuations, accessing information about the microscopic noise
sources from the junction equilibrium transport properties, thus, inspiring novel kind
of Josephson spin-noise detectors.

Indeed, spin-noise spectroscopy exploiting spin-fluctuations to extract information
about the system spin dynamics represents a promising investigation technique [183].
Specifically, probing the electron spin dynamics we can gain information about the
underlying microscopic interactions such as spin-orbit coupling and magnetic disorder
[183, 184]. Among the several methods to probe magnetization fluctuations, Faraday
rotation spectroscopy, whose working principle consists in measuring spin fluctuations
from the Faraday polarization rotation of a linearly polarized light impinging on the
sample, deserves to be mentioned [185]. In particular, this method has been success-
fully applied to study electron-spin dynamics for conduction electrons in bulk GaAs
[186] and to extract spin relaxation time and Landé g factor from the spin-noise signal.
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Figure 22: CPR behavior of the SQDS JJ in the resonant tunneling regime (at εd = 0,
∆ = 0.01, Γ = 1 and T = 0.02 TC) computed along the Zeeman induced 0−π switching
at h = 0 (blue solid curve), h = 0.2 (green dot-dashed curve), h = 0.9 (orange dashed
curve) and h = 1.05 (red dotted curve), respectively. Along the 0− π transition the JJ
shows peculiar CPR jump discontinuities at the ABS crossings.

In Ref.[187], electrons and holes g factors have been derived for localized states in semi-
conductor (In, Ga)As/GaAs QDs from the measured magnetic fluctuations. Similarly,
in view of having more compact experimental on-chip setups, SQUID-based magnetom-
etry [6, 7] has been recognized as a valuable tool to measure magnetic field fluctuations
in spin glasses [188, 189] and superconductors [190] with the sample being placed close
to a dc-SQUID circuit [183].

Our proposal consists in exploiting the magnetic field dependence of Andreev tun-
neling characterizing Josephson effect in ballistic QPCs [161–165, 167, 168, 170, 172–
177, 191–197] to detect spin fluctuations. Indeed, when the dot is tuned in resonance
with the superconducting leads, the SQDS JJ appears to be much more sensitive to
spin rather than charge noise (i.e. dot energy fluctuations), thus implying that, under
appropriate conditions, the supercurrent noise fluctuations can be directly related to
spin noise. In this scenario, the enhanced current noise sensitivity to magnetic field
fluctuations of SQDS JJs, along the 0 − π transitions, might be used to probe micro-
scopic spin-noise sources and magnetization fluctuations in the ferromagnets employed
as barriers in SFS and SFIS junctions for superconducting qubits [73, 75, 78–81, 86, 90,
91, 109]. Furthermore, the investigation of noise in these systems underlies the possi-
bility to simultaneously highlight material specific features, such as the decay time of
spin-spin correlations. Interestingly enough, our work might be relevant also to model
noise in a Josephson junction through a Yu-Shiba-Rusinov state, recently realized by
Karan et al. [198], and the oscillations of Gilbert damping, recently revealed by Yao et
al. in ferromagnetic Josephson junctions [199].
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Figure 23: In the upper panel (a) the current-phase relation (blue solid lines) together
with the relative current contributions of ABS (red dashed lines) and quasiparticles
(green dot-dashed lines), computed at different values of the superconducting gap ∆,
expressed in unity of Γ (Γ = 1 and T = 0.02 TC), are respectively shown. In the lower
panel (b) the corresponding current variance curves σJ(φ) are reported. As long as the
system is in the short junction limit, i.e. ∆� Γ, quasiparticles current remains negli-
gible, while it reaches the same order of magnitude of the current carried by Andreev
levels when ∆ approaches Γ. Reduction of CPR jumps due to quasiparticles current
leads to strong attenuation of the current noise peaks at the ABS crossings, when the
JJ exits the short-junction regime
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Chapter 1

Transport Properties of Josephson
junctions

In this chapter, we discuss how to investigate the transport properties of Josephson
junctions within the Green’s functions formalism. First, we introduce the Nambu-
Gor’kov Green’s function formalism to describe superconductivity. We show that the
Nambu-Gor’kov Green’s function of the barrier encodes important information about
the junction transport properties such as the subgap bound states (Andreev levels) [92]
and spin-resolved pairs correlations [90, 91]. We provide the derivation of the Josephson
current formula in the case of the SQDS junction and extend it to the case of 2D lattice
models for JJs with finite size barriers. We show that the knowledge of the interacting
barrier Green’s function, when it is connected to the S leads, is necessary to calculate
the current flowing through the junction (J(φ)). Therefore, we specify our discussion
to the calculation of the barrier GF in both the SQDS and in SFIS junctions. In the
first case we derive the interacting dot GF in the Matsubara formalism by the means of
perturbation theory. In the second case, we introduce the Recursive Green’s function
(RGF) method that allows us to calculate the barrier GF even for large-size systems.

1.1 Nambu-Gor’kov formalism
In the framework of the BCS theory, Hamiltonian for a conventional superconductor
has the following form (in momentum space, ~k) [1–7]:

HBCS =
∑
~kσ

ε~kc
†
~kσ
c~kσ +

∑
~k

[
∆∗c−~k↓c~k↑ + c†~k↑c

†
−~k↓

∆
]

+
V

g
∆∗∆. (1.1)

Here V is the volume of the system, g electron-electron attractive potential due to the
electron-phonon scattering and ∆ is the superconducting gap, i.e. the complex order
parameter, which has to be determined self-consistently [1–7].

The Hamiltonian in Eq. 1.1 can be diagonalized using the Bogoliubov transforma-
tions

γ†~k0
=u~kc

†
~k↑
− v~kc−~k↓

γ†~k1
=u~kc~k↑ + v~kc

†
−~k↓

,
(1.2)
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41 1.1. Nambu-Gor’kov formalism

where by conventional choice

u2
~k

=
1

2

(
1 +

ε~k
E~k

)
, v2

~k
=

1

2

(
1−

ε~k
E~k

)
, (1.3)

with E~k = ε~k + ∆. Using this change of basis in Eq. 1.1 yields the diagonal Bogoliubov
Hamiltonian [3–5]:

HB =
∑
~k

√
ε2
~k

+ ∆2
[
γ†~k0

γ~k0 + γ†~k1
γ~k1

]
+ µ , (1.4)

where µ is the ground state energy of the Bogoliubov superconductor, that is often
chosen equal to its chemical potential in the normal state. Note that Bogoliubov anni-
hilation γ and creation γ† operators, respectively, annihilate and create quasiparticles
without definite charge, thus they coherently mix quasielectron and quasihole excita-
tions.
Hence, to describe the Bogoliubov quasiparticle excitations is very useful to introduce
the charge analogue of the electron spinors, the Nambu spinors [3–5]:

Ψ~k =

(
c~k↑

c†
−~k↓

)
, Ψ†~k =

(
c†~k↑, c−~k↓

)
. (1.5)

In this formalism, the first and the second components of the Nambu destruction op-
erator (Ψ~k) respectively destroy an electron in the state (~k ↑) and a hole in the state
(−~k ↓).
We can introduce the field operators in real space, thus obtaining the Nambu field
operators [4, 73, 136]

Ψ (~r ) =

(
ψ↑ (~r )

ψ†↓ (~r )

)
, Ψ† (~r ) =

(
ψ†↑ (~r ) , ψ↓ (~r )

)
(1.6)

From the Nambu operators we can define the Nambu-Gor’kov Green’s function as fol-
lows:

Ǧ (~r, t, ~r ′, t′) = −i
〈
T (Ψ (~r, t) Ψ† (~r ′, t′))

〉
(1.7)

where T is the time-ordering operator and the brackets
〈 〉

denote the thermal average〈
O
〉

= Tr
(
e−H/(kBT )O

)
(where H is the Hamiltonian of the system). This Green’s

function takes the form of a 2× 2 matrix in the particle-hole space (Nambu space):

Ǧ (~r, t, ~r ′, t′) =

[
G1 F1

F2 G2

]
(1.8)

where its elements are respectively

G1 = G↑↑ (~r, t, ~r ′, t′) = −i
〈
T
(
ψ↑ (~r, t)ψ†↑ (~r ′, t′)

)〉
, (1.9)

G2 = G†↓↓ (~r, t, ~r ′, t′) = −i
〈
T
(
ψ†↓ (~r, t)ψ↓ (~r ′, t′)

)〉
, (1.10)

F1 = F↑↓ (~r, t, ~r ′, t′) = −i
〈
T (ψ↑ (~r, t)ψ↓ (~r ′, t′))

〉
, (1.11)

F2 = F †↓↑ (~r, t, ~r ′, t′) = −i
〈
T
(
ψ†↓ (~r, t)ψ†↑ (~r ′, t′)

)〉
. (1.12)
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Chapter 1. Transport Properties of Josephson junctions 42

The diagonal elements of Ǧ matrix represent respectively the particle-particle and the
hole-hole propagator and they are called normal Green’s functions G(G†). The off-
diagonal elements of Ǧ matrix represent respectively the particle-hole and the hole-
particle propagators and they are called anomalous Green’s functions F (F †). Hence,
the anomalous Green’s functions can be regarded as the Cooper pairs’ correlations
(condensate Green’s function).

Pair correlations and their symmetries

In the case of a BCS superconductor, the only Cooper pairs’ correlations allowed are
the zero-spin singlet correlations.
In the presence of exchange field or other interactions that provide spin mixing effects,
e.g. spin-orbit coupling, the Green’s functions G and F in the Nambu-Gor’kov Ǧmatrix
become non trivial 2× 2 matrices in the spin space (Ĝ and F̂ ) that read [73, 136]

Ǧ (~r, t, ~r ′, t′) =

[
Ĝ F̂

−F̂ ∗ −Ĝ∗

]
(1.13)

For example, if the exchange field h is homogeneous, the F̂ matrix (also called Pair
Correlations’ matrix) is an off-diagonal matrix and can be represented in the form [73]:

F̂ = f0σ̂0iσ̂2 + f3σ̂3iσ̂2. (1.14)

Here, f0 is the amplitude of the singlet component of the Cooper pairs’ correlations
matrix while f3 is the zero-spin triplet component, σ̂i are the Pauli matrices in the spin
space.
In the real time representation the singlet and zero-spin triplet correlations have the
following form:

f0 ∼
〈
T (ψ↑ (~r, t)ψ↓ (~r ′, 0))

〉
−
〈
T (ψ↓ (~r, t)ψ↑ (~r ′, 0))

〉
f3 ∼

〈
T (ψ↑ (~r, t)ψ↓ (~r ′, 0))

〉
+
〈
T (ψ↓ (~r, t)ψ↑ (~r ′, 0))

〉
.

(1.15)

When also spin-mixing interactions are present, also the spin-aligned triplet components
appear in the Pair Correlations’ matrix F̂

f↑↑ ∼
〈
T (ψ↑ (~r ′, t)ψ↑ (~r ′, 0))

〉
f↓↓ ∼

〈
T (ψ↓ (~r, t)ψ↓ (~r ′, 0))

〉
.

(1.16)

In the Matsubara representation, the F̂ matrix can be expressed in terms of the Cooper
pairs’ correlation functions as [73]

F̂ωn (~r, ~r ′) =
3∑

ν=0

fν(~r, ~r
′)σ̂νiσ̂2 (1.17)

where ωn = πT (2n+ 1) (with T as the temperature) is the Matsubara frequency, f1and
f2 are the spin-aligned triplet components of the anomalous Green’s function F̂ . In the
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43 1.1. Nambu-Gor’kov formalism

matrix form of the Eq. 1.17, the spin aligned components appears as diagonal elements
while the opposite spin components are the off-diagonal elements.

F̂ =

(
f↑↑ f↑↓
f↓↑ f↓↓

)
=

[
if2 − f1 f3 + f0

f3 − f0 if2 + f1

]
(1.18)

Pauli exclusion principle requires the Cooper pairs wave-function to be totally anti-
symmetric. This constraint reflects also on the symmetry properties of pair correlations
in Matsubara formalism. Indeed, among all the combinations of momentum (space),
spin and frequency (time) symmetries only those which yield pairing correlations with
an overall odd symmetry are allowed. Some insights about the symmetries in momen-

Spin Momentum Frequency Overall symmetry
Singlet (odd) Even Even Odd
Singlet (odd) Odd Odd Odd
Triplet (even) Odd Even Odd
Triplet (even) Even Odd Odd

Table 1.1: Spin, momentum and frequency symmetries in Cooper pairs. Requirement
of Pauli exclusion principle on the overall odd symmetry of pairing correlations has to
be fulfilled. Table adapted from [59].

tum and frequency can be gained by considering, for example, spin-triplet correlations,
e.g. f3 or f↑↑/↓↓. These are even symmetry in spin domain, therefore they can be either
odd in momentum and even in frequency or even in momentum and odd in frequency.
If we consider spin-triplet correlations with odd orbital (momentum) symmetry, e.g.
p-wave, they must have even-frequency symmetry. On the contrary if these are even
orbital symmetry, e.g. s-wave symmetry, they must be odd-frequency functions. From
a more physical point of view, we can say that, when the orbital part is odd the Cooper
pairs electrons avoid each other in space, while an odd frequency symmetry implies that
electrons avoid each other in time. Similar considerations can be applied to spin-singlet
correlations. We summarize these results in Tab. 1.1 [59].

Andreev levels from Nambu-Gor’kov Green’s function

Dynamics of Nambu-Gor’kov GF is governed by the Gor’kov equation of motion for
Ǧ, whose derivation is provided in Appendix A, that in the Matsubara representation
reads[

iωnτ̂0σ̂0 −
∫
d~r1

(
Ĥ (~r, ~r1) ∆̂ (~r, ~r1)

−∆̂∗ (~r, ~r1) −Ĥ∗ (~r, ~r1)

)]
× Ǧ (~r1, ~r

′) = τ̂0σ̂0δ (~r − ~r ′) , (1.19)

where Ĥ is the normal state Hamiltonian of the system and τ̂j with j = 0− 3 are the
unit and Pauli matrices in the particle-hole space, respectively. Solution of Gor’kov GF
allows, in principle, to study the superconducting properties of every material starting
from the knowledge of the pairing mechanisms involved, i.e. of ∆̂ (~r, ~r ′), regardless of
the origin of superconductivity. It is thus extremely useful to study proximity effect in
normal materials in contact with superconductors and, more generally, JJs. We have
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Chapter 1. Transport Properties of Josephson junctions 44

already shown how symmetry properties of the pair correlations can be derived inside
the barrier of a JJ from its anomalous GF, as in Eq. 1.17-1.18.

However, Nambu Gor’kov GF of the barrier encodes other important information
about the system transport properties, such as the Andreev bound states ABS of the
junction. Andreev levels constitute the discrete part of the energy spectrum of a JJ
and lie within the superconducting gap of the leads, i.e. ε < ∆, while above-gap
quasiparticles excitations represent the continuum part (here we assume leads with
equal order parameter ∆). Andreev levels can be calculated from the poles of the
barrier GF, that is by solving the following secular equation

det

[
zτ̂0σ̂0 −

∫
d~r1

(
Ĥ (~r, ~r1) ∆̂ (~r, ~r1)

−∆̂∗ (~r, ~r1) −Ĥ∗ (~r, ~r1)

)]
= 0 , (1.20)

where we perform the analytic continuation of Matsubara frequency ωn to the complex
plane, i.e. iωn → z. Through ABS supercurrent can flow across the junction by the
means of Andreev reflection processes at the interfaces between the S leads and the
barrier. Andreev reflection is a process involving electrons impinging on a Normal
Metal - Superconductor (NS) interface, Fig. 1.1. It consists in the back reflection of a
electron of charge −e coming from the N side as a hole of charge +e while a Cooper
pair of charge −2e is generated in the superconductor. In the case the energy of the

NS interface

𝑘!−𝑘!𝑘!−𝑘! 𝑘 𝑘

𝐸(𝑘) 𝐸(𝑘)

Holes
branch

Electrons branch

Δ

Normal Metal Superconductor

1 2 345

678

Figure 1.1: Schematic diagram of excitation spectra Ek at NS interface. An incident
electron at (1), with energy E > ∆, can be transmitted in the superconductor at (2,3)
or be reflected back as a hole at (4) or as an electron at (5). In particular, the reflection
from (1) state to (4) state is an Andreev reflection of the electron as a hole of opposite
momentum. An electron impinging on NS at (6), with energy E < ∆, can only be
reflected in (8) or undergo Andreev reflection at (7), since there are no subgap states
available for transmission in S. Adapted from Ref.[200].

electron exceeds the energy gap ∆, the probability of having an Andreev reflection is
rather small. Nevertheless, incident electrons with energy lower than the ∆ can only
be reflected back at NS either as an electron or as a hole, hence, the probability of
Andreev reflection becomes sizable.

In Superconductor - Normal Metal - Superconductor (SNS) JJs, by the means of
two Andreev reflections, a supercurrent can be carried through the junctions. Let us
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45 1.1. Nambu-Gor’kov formalism

consider, for the sake of simplicity, only the current flowing from the left superconductor
to the right lead Fig. 1.2. When a Cooper pair in the left superconductor reach the left

Normal Barrier SuperconductorSuperconductor

𝑒!

ℎ"

Figure 1.2: Scheme of the Andreev reflection in a SNS JJ. The blue points are the
electrons, the red points are the holes and the Cooper pair are in red and yellow.

interface a hole, coming from N "annihilates" one of the two electrons of the pair, this
resulting in a transmitted electron e− in the barrier. This electron is then reflected back
as a hole h+ at the other interface while at the same time a Cooper pair is transmitted
in the right superconductor. In this way supercurrent can be sustained in SNS JJs.
This effect can be also seen as a constructive interference between the electron like and
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Figure 1.3: Example of Andreev levels crossings for the SQDS JJ in an external magnetic
field analyzed in Chap. 4 (a). Andreev levels that effectively carry the supercurrent
through the SQDS JJ and its total energy state (b).

the hole like excitations, in the normal region, giving rise to subgap Andreev bound
states [6, 46, 200]. By the means of the SNS the supercurrents propagates from one
superconducting lead to the other. For the sake of clarity we report, in Fig. 1.3 (a),
an example of ABS spectrum for the single level quantum dot junction analyzed in
Chap. 4, SQDS JJ.

The ABS that effectively carry current through the junction are the ones with nega-
tive energy, i.e. below the chemical potential of the leads µ, Fig. 1.3(b). Under specific
conditions only the Andreev levels contribute to the Josephson current with the quasi-
particles currents that, at low temperature, can be disregarded. This is the case of
short junctions in the ballistic transport regime, characterized by the fact that the
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Chapter 1. Transport Properties of Josephson junctions 46

superconducting coherence length ξ is much larger then the barrier thickness L, i.e.
ξ � L, which has to be much shorter than the mean free path of electrons l, i.e. l� L.
For short ballistic junctions, the current flowing through the JJ, J (φ), can be simply
written as the derivative of the total junction energy, defined as the sum of the negative
energy Andreev levels, Fig. 1.3(b), with respect to the JJ phase φ [167, 168, 192, 201,
202]

JABS (φ) =
∑
j, ε≤0

∂εj (φ)

∂φ
. (1.21)

1.2 Josephson current formula

In this section, we report the calculation methods to compute the equilibrium Josephson
current of the systems analyzed in the next chapters, i.e. in the SFIS JJ and in the
magnetic SQDS JJ. For the sake of simplicity, we firstly derive the current formula for
the case of the SQDS junction, as in Ref.[92], and then extend it to the 2D tight-binding
lattice model of the SFIS JJ employed in Refs.[90, 91].

J(φ) in a Quantum Dot Josephson junction (SQDS JJ)

The current flowing through a system composed by two leads and a quantum dot, as in
Fig. 20, can be derived by the means of the tunneling Hamiltonian method [4]. In the
case of Josephson junctions, the current is, in principle, driven by both the voltage bias
V and the superconducting phase difference φ = φL − φR between the S leads. Since
we are interested in the equilibrium transport properties of the JJ, in the following we
assume no bias voltage is considered, i.e. V = 0, but the calculation can be easily
generalized to the finite voltage case [4].

We start the discussion, introducing the field operator formalism in particle-hole
⊗ spin space (i.e. Nambu⊗spin space), hence defining ψD and ψi,~k as the field oper-
ators annihilating an electron on the QD and on the lead i (i = L,R) in the state ~k,
respectively, as:

ψD =
(
d↑, d↓, d

†
↑, d
†
↓

)T

, ψi,~k =
(
ci,~k,↑, ci,~k,↓, c

†
i,−~k,↑

c†
i,−~k,↓

)T

. (1.22)

In this framework, the system Hamiltonian H made up of leads, dot and tunneling
Hamiltonians, H = Hleads +HD +HT , can be written as follows

Hleads =
∑
i=L,R

∑
~k

ψ†
i,~k
Ȟi,~kψi,~k, HD = ψ†DȞDψD,

HT =
∑
i=L,R

∑
~k

ψ†DȞTψi,~k + H.c.,
(1.23)

where ȞD, Ȟi,~k and ȞT are the QD, the lead i and the hopping Hamiltonian matrices in
Nambu⊗spin space, respectively. Here and in the following, the symbol .̂ stands for 2×2
matrices in spin or Nambu space while .̌ indicates the 4 × 4 matrices in Nambu⊗spin
space. In particular, we indicate with σ̂0 and σ̂ν (ν = 1, 2, 3) the identity and the Pauli
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47 1.2. Josephson current formula

matrices in the spin space, respectively, while τ̂0 and τ̂ν (ν = 1, 2, 3) play the same role
in the Nambu space.

Without any loss of generality, we compute the current flowing from the dot to the
right lead, since it is equal to the current from the dot to the left bank apart for the
sign [4, 203]. Henceforth, we adopt units with ~ = c = kB = 1, where c is the speed of
light and kB is the Boltzmann constant.

The junction current in the Heisenberg picture reads as [4]

J (t) = −|e|
〈
dNR(s)

ds

〉
(1.24)

where e is the electron charge, NR(s) =
∑

~k,σ c
†
R,~k,σ

(s)cR,~k,σ(s) is the electron number

operator in the R electrode at time s and the summation over ~k and spin σ states has
to be performed. In the case no bias voltage is applied to the banks, the Heisenberg
equation for NR yields

dNR(s)

ds
= i [H,NR(s)] . (1.25)

If we assume the tunneling Hamiltonian ĤT has the simple form

ĤT = tσ̂0, (1.26)

with t being the ~k-independent hopping amplitude between the leads and the dot, we
can derive with straightforward calculations the following expression for the current [4]:

J (s) = −i|e|t
∑
~k,σ

(〈
c†
R,~k,σ

(s)dσ(s)
〉
−
〈
d†σ(s)cR,~k,σ(s)

〉)
. (1.27)

Notice that, here, in the hypothesis of time-translational invariance the equal time
correlators 〈c†

R,~k,σ
(s)dσ(s)〉 and 〈d†σ(s)cR,~k,σ(s)〉 can be computed at time s = 0. More-

over, if no bias voltage is applied to the leads J simply coincides with the Josephson
current J(φ).

By taking the approximation of flat-band superconducting electrodes [176], the cur-
rent formula can be further simplified substituting the cR,~k,σ operators with their ~k-
independent analog c†R,σ:

J(φ) = −i|e|t
∑
σ

(〈
c†R,σdσ

〉
−
〈
d†σcR,σ

〉)
. (1.28)

The correlation functions
〈
c†R,σdσ

〉
and

〈
d†σcR,σ

〉
are the so-called lesser Green’s

functions in Non-equilibrium Green’s function formalism [4]. These correlators mix
the dot states with the ones in the right lead, describing the propagation of electrons
between from the dot to the lead and vice versa. In equilibrium conditions, e.g. when
no bias voltage is applied to the junction, 〈c†R,σdσ〉 and 〈d†σcR,σ〉 can be directly related
to the diagonal elements of the so-called dot-lead and lead-dot Green’s functions (i.e.
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Chapter 1. Transport Properties of Josephson junctions 48

ǦcR,d, Ǧd,cR) in the Nambu⊗spin space, thus leading to the following current formula
in the thermal Matsubara representation [73, 90, 91, 134–136]

J (φ) = −ie
2
T
∑
ωn

Tr
[
τ̂3 ⊗ σ̂0

(
ȞT ǦcR,d(ωn)− ȞT Ǧd,cR(ωn)

)]
, (1.29)

where Tr stands for the trace over the Nambu⊗spin space and T is the temperature.
In the above equation, the summation over the fermionic Matsubara frequencies ωn =
(2n+ 1)πT is performed.

J(φ) in a 2D lattice model JJ

Results in Eq. 1.29 can be easily extended to the case in which the barrier is a 2D tight
binding lattice with L sites in the transport direction and W sites in the transverse
direction, Fig. 1.4. Indeed, when dividing the barrier in L transverse stripes, in the

1 2

𝑚 = 𝑊

𝑚 = 0

𝑗 = 0 𝐿 𝐿 + 1

z+ 𝒙 -

𝒚 -

Left S lead
Central device - Barrier

Interacting GFs for 
connected stripes 𝐺"!,!

𝐺"!#$,!

𝐺"!,!#$

a)

b)

𝒓

Right S lead

Figure 1.4: In (a) a representation of the 2D tight-binding lattice model of the SFIS
junction with L+ 2 sites along the transport direction (x̂ axis) and W transverse sites
(along ŷ axis) is shown. The S electrodes are treated as semi-infinite leads and their
influence on the system transport properties is described by the two edge stripes in
j = 0, L+ 1, while the barrier extends from the stripe in j = 1 to the one in j = L. In
(b) the Green’s functions entering the Josephson current formula, Eq. 1.30, are depicted.

hypothesis of nearest-neighbors hopping, only adjacent stripes can be connected (i.e.
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49 1.3. Green’s function of a Quantum Dot junction

the j-th stripe is linked to the j − 1-th and j + 1-th) by the means of the hopping
matrices Ť±j,j+1 (that here play the role of the tunneling Hamiltonian HT in Eq. 1.29).

Therefore, the Josephson current J(φ) at the position j in the barrier can be written
in terms of the GFs connecting the stripes in j and j + 1, i.e. Ǧj,j+1 and Ǧj+1,j, as
follows

J(j, φ) = −ie
2
T
∑
ωn

Tr
[
τ̂3 ⊗ σ̂0

(
Ť+
j,j+1Ǧj,j+1 − Ť−j,j+1Ǧj+1,j

)]
, (1.30)

where, in the case of the 2D lattice model, .̂ stands for 2W × 2W stripe matrices in the
spin space while .̌ indicates 4W × 4W stripe matrices in the Nambu⊗spin space. Note
that in equilibrium conditions, the Josephson current J(φ) is uniform inside the barrier
and does not depend on the position along the transport direction j.

In this context, both in the case of the SQDS junction (SQDS JJ) and in that of
the 2D lattice model junction the knowledge of the interacting GFs connecting the
central device to the leads reveals to be necessary to compute the Josephson current.
In the next section, we present the procedure to calculate the dot-lead/lead-dot GFs,
ĜcR,d, Ĝd,cR , by the means of the perturbation theory. Then, we illustrate the Recursive
Green’s function (RGF) method to compute the barrier GF in the case of 2D lattice
model JJ.

1.3 Green’s function of a Quantum Dot junction

In this section, we show the procedure to connect the QD to the superconducting leads
by calculating its interacting GF Ǧdd in the Matsubara representation. The dot GF
indeed encodes important information about the junction transport properties such as
the Andreev Bound States forming inside the superconducting gap and through which
supercurrent flows. Moreover, we show that the knowledge of Ǧdd is necessary to obtain
the lead-Dot/Dot-lead GFs, ǦcR,d, Ǧd,cR , needed in the Josephson current calculation.

In order to compute Gdd(ωn), we consider the coupling between the leads and the
Dot as a small perturbation and we calculate the interaction effect on the Dot within
the perturbation theory framework. Starting from the bare leads and Dot GFs, i.e.
Ǧ0
i=L/R and Ǧ0

dd, we can express Ǧdd in terms of the following Dyson series :

Ǧdd(ωn) = Ǧ0
dd(ωn) +

∑
i=L,R

Ǧ0
dd(ωn)ȞT Ǧ

0
i (ωn)ȞT Ǧ

0
dd(ωn)+

+
∑
i=L,R

Ǧ0
dd(ωn)ȞT Ǧ

0
i (ωn)ȞT Ǧ

0
dd(ωn)ȞT Ǧ

0
i (ωn)ȞT Ǧ

0
dd(ωn) + ... , (1.31)

that is easily obtained by the means of Feynman diagrams approach (Fig. 1.5).
Each diagram of the expansion contributing to the Dot GF (Ǧdd(ωn)) consists of a

sequence of Dot/lead bare propagators (Ǧ0
dd(ωn)/Ǧ0

i (ωn)) separated by the scattering
processes between the lead and Dot. The Dyson perturbative expansion for the Dot GF
can be re-written in a more compact way by exploiting the defintion of Dot self-energy
Σ̌(ωn),
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Figure 1.5: Feynman diagram representation of the perturbative expansion for Ĝdd.

Ǧdd(ωn) = Ǧ0
dd(ωn) + Ǧ0

dd(ωn)Σ̌(ωn)Ǧ0
dd(ωn)+

+Ǧ0
dd(ωn)Σ̌(ωn)Ǧ0

dd(ωn)Σ̌(ωn)Ǧ0
dd(ωn) + ... , (1.32)

where the expression for Σ̌(ωn) follows straightforwardly from the Feynman diagrams
in Fig. 1.6 :

Σ̌(ωn) =
∑
i=L,R

ȞT Ǧ
0
i (ωn)ȞT . (1.33)

× ×
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Figure 1.6: Self-energy of the Quantum Dot due to the coupling with the leads.

We can perform the re-summation of the QD Dyson series in Eq. 1.32, thus, reaching
the Dyson equation for Ǧdd(ωn) (Fig. 1.7):

Ǧdd(ωn) = (Ǧ0
dd(ωn)−1 − Σ̌(ωn))−1 , (1.34)

that, recalling the definition of the dot GF in Matsubara representation, i.e. Ǧ0
dd(ωn) =(

1̌ωn − ȞD

)−1, and the result in Eq. 1.33, yields

Ǧdd(ωn) = (iωn1̌− ȞD −
∑
i=L,R

ȞT Ǧ
0
i (ωn)ȞT )−1 , (1.35)
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Figure 1.7: Feynman diagram representation of the Dyson equation for the Quantum
Dot Green’s function.

with 1̌ being the identity matrix in Nambu⊗spin space.
We highlight that the dot and superconducting leads Green’s functions, Ǧdd and

Ǧ0
i , have the structure of 4× 4 matrices in Nambu⊗spin space, organized as follows

Ǧdd =

(
Ĝdd F̂dd
−F̂ ∗dd −Ĝ∗dd

)
, Ǧ0

i =

(
Ĝ0
i F̂ 0

i

−F̂ 0,∗
i −Ĝ0,∗

i

)
. (1.36)

The off-diagonal terms of the GFs in Eq. 1.36 are the so-called anomalous GFs F̌dd and
F̌ 0
i , describing the superconducting pair correlations in the dot and leads, respectively.
By calculating the dot GF poles we access the knowledge about the junction spec-

trum of subgap Andreev levels that carry the supercurrent through the JJ [4, 5]. Start-
ing from the Eq. 1.35, and performing its analytic continuation, i.e. iωn → z, we obtain
the ABS by solving in z the following secular equation:

det

(
z1̌− ȞD −

∑
i=L,R

ȞTǦ
0
i (z)ȞT

)
= 0 . (1.37)

Analogously to Ǧdd in Eq. 1.35, also the GFs connecting leads and Dot, Ǧcid/Ǧdci

(involved in the calculation of Josephson current [4, 73, 90–92, 135, 136]), can be
calculated by the means of the perturbation theory. Their expression in terms of Ǧ0

i

and Ǧdd at the first non-vanishing order in the interaction (ĤT ) are, respectively:

Ǧcid ' ǦddȞT Ǧ
0
i ,

Ǧdci ' Ǧ0
i ȞT Ǧdd .

(1.38)

1.4 Green’s function of the SFIS JJ: Recursive Green’s
Function Method

Green’s function for a finite size barrier

In principle, the barrier GF for the SFIS JJ described with the 2D lattice in Fig. 1.4,
can be computed similarly to the SQDS JJ case. In other words, we can include the
influence of the leads on the barrier by the means of a self-energy term. More generally,
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Chapter 1. Transport Properties of Josephson junctions 52

this technique could be applied to any system composed by two leads and one central
device regardless its size. If the Hamiltonian of the system is written as

H = Hcd +
∑
i=L,R

H i
lead +H i

T , (1.39)

where Hcd, H i
lead and H i

T are the Hamiltonians of the central device, of the lead i
and of the interaction between the lead i and the device, respectively, then the device
self-energy Σcd reads as

Σcd = H i
TG

0,i
leadH

i
T , (1.40)

with G0,i
lead being the bare GF of the isolated lead i. For this reason, computing the

central-device GF Gcd translates to the inversion of the effective Hamiltonian Heff
cd =

Hcd + Σcd,

Gcd =
[
E + iη+ −Heff

cd

]−1

, (1.41)

where the parameter η+ → 0+ is necessary to preserve causality. Note that, according
to this convention, taking η > 0 allows us to compute the retarded GF while choosing
η < 0 we can calculate the advanced GF [3].

In the case of a tight-binding lattice Heff
cd at least consists of a LW × LW matrix

(with L and W number of longitudinal and transverse lattice sites, respectively), when
neglecting both spin-dependent and superconducting interactions. For this reason, the
number of operations needed for its inversion scales as O((LW )3), thus making the
calculation of Gcd very expensive from a computational point of view and constituting
a limitation for studying the transport properties of large size systems.

In this context, the RGF method represents a sophisticate numerical technique that
allows calculating the Green’s function (GF) of a central device described by lattice
model when it is connected to two leads. This method is extremely useful if the device
GF cannot be computed from the direct inversion of its Hamiltonian. Indeed, as we
show in next section, number of operations need to compute the barrier GF in this way
scales as O(LW 3), thus gaining factor of L2 in the algorithm efficiency.

Recursive Green’s Function Method

RGF was first introduced in the study of electronic transport in mesoscopic systems
[134, 137, 148, 149]. Moreover, in the last twenty years this has been widely employed
to investigate the transport properties of superconducting JJs [73, 135, 136]. In this
section, we briefly illustrate the main features of the RGF technique applied to our
case, without the purpose of providing a thorough explanation of the method, that can
be found in Refs.[73, 134–137, 148, 149].

Let us specify the discussion to the case of the Josephson junction in Fig. 1.4.
Here and in the following, we assume that the system is described by a tight-binding
Hamiltonian including only nearest neighbors interactions. The RGF method consists in
dividing the barrier Fig. 1.8, along the transport direction, in transverse stripes, whose
GFs have to be computed by recursively connecting them to the leads. In particular,
we suppose that the bare Matsubara GF of each stripe j can be calculated from the
definition as follows:

Ǧ0
j,j =

[
iωn1̌− Ȟ0

j,j

]−1
, (1.42)
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53 1.4. Green’s function of the SFIS JJ: Recursive Green’s Function Method
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left lead

Figure 1.8: Scheme of the system made up of two leads and one central device, on the
left. On the right, the system divided in stripes. Ǧj,j is the interacting GF of the j-th
stripe when connected to the others. Ǧ0

j,j stands for the bare GF of the isolated j-th
stripe.

where Ȟ0
j,j is the Hamiltonian of the stripe, involving only couplings between lattice sites

within the same stripe (i.e. lattice sites at the positions ~r = j~x+m~y and ~r ′ = j~x+m′~y,
with same index j, whose interaction is included in Ĥ(~r, ~r ′) ).

In order to derive the full barrier GF, we have to compute the interacting GF of
each stripe j, Ǧj,j, that corresponds to the stripe GF when it is connected to the two
leads and to its nearest neighbors (i.e. (j − 1)-th and (j + 1)-th stripes).

As a starting point, the knowledge of the two leads GFs is necessary. In practice,
we consider semi-infinite leads and encode their influence in their surface GFs for the
two edges (respectively with j = 0 and j = L + 1 in Fig. 1.8). These latter can be
evaluated by applying the calculation method used in Refs.[135, 150], that we report
in Appendix B. Then the GF for each stripe j, i.e. Ǧj,j, can be recursively computed
by the means of a Dyson-like equation [73, 135, 149], thus attaching the stripes to the
superconductors one at a time. In other words, this method consists in "propagating"
the surface GFs of the S leads inside the barrier. Leads surface GFs are defined as
ǦL

0,0(ωn) and ǦR
L+1,L+1(ωn) for the left and right S leads.

Here and in the following we indicate with Ǧj,j the GF of the j-th barrier stripe
when it is linked to both the left and right leads, whereas ǦL

j,j (ǦR
j,j) stands for the GF

of the stripe j when it is only connected to the left (right) lead.
For the sake of clarity, we show how to calculate the interacting GF for the first

stripe of the barrier (with j = 1, Fig. 1.8) when it is attached to the left S lead (with
j = 0, Fig. 1.8), i.e. ǦL

1,1 . Two adjacent stripes can be attached by using the hopping
matrices Ť±, including the interactions between sites belonging to nearest neighbor
transverse stripes.

Therefore, we can easily find a Dyson-like equation for the first barrier stripe, ǦL
1,1,

starting from its bare GF, Ǧ0
1,1:

ǦL
1,1 = Ǧ0

1,1 + Ǧ0
1,1Ť

−
1,0Ǧ

L
0,1 , (1.43)

where we exploit the fact that Ť−1,0 is the interaction term between the 0-th (left lead)
and the first stripe (barrier).
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interacting GF of connected stripe 

Figure 1.9: Scheme describing how to connect the stripe j to the left lead. The first
j − 1 stripes are already connected. In order to add the stripe j, ǦL

j,j and ǦL
0,j need to

be computed.

We observe that this expression for ǦL
1,1 in Eq. 1.43 depends on the knowledge of

the GF connecting the stripes 0 and 1 (namely ǦL
0,1), which needs to be evaluated.

Analogously to ǦL
1,1, we can derive ǦL

0,1 as follows :

ǦL
0,1 = ǦL

0,0Ť
+
0,1Ǧ

L
1,1 , (1.44)

where we exploit the fact that Ǧ0
0,1 vanishes, because the bare GFs, Ǧ0, cannot con-

nect together different stripes. Hence, we obtain two coupled equations for the ǦL
1,1,

Eqs. 1.43-1.44, that depend only on the bare GF of the stripe 1, the surface GF of the
left S lead and the matrices Ť±.

If we assume the hopping matrices between nearest neighbor stripes (i.e. Ť+
j,j+1 and

Ť−j+1,j) are equal for every value of the index j, we can simply indicate with Ť± the
stripes interactions.

With straightforward calculations, we manage to find a more compact expression
for ǦL

1,1:
ǦL

1,1 =
[
iωn1̌− Ȟ0

1,1 − Ť+ǦL
0,0Ť

−]−1
, (1.45)

where we explicitly use the Eq. 1.42. This equation can be easily generalized to the
j-th stripe as follows

ǦL
j,j =

[
iωn1̌− Ȟ0

j,j − Ť+ǦL
j−1,j−1Ť

−]−1
, 0 ≤ j ≤ L , (1.46)

thus, allowing the calculation of the j-th stripe GF from the one of the j−1-th, Fig. 1.9.
By repeating the procedure, starting from the right (R) side (i.e. starting from the

stripe with j = L + 1 in Fig. 1.8), we can connect the stripe j to the right lead in the
following way:

ǦR
j,j =

[
iωn1̌− Ȟ0

j,j − Ť−ǦR
j+1,j+1Ť

+
]−1

L+ 1 ≤ j ≤ 1 . (1.47)

Then, the GF Ǧj,j inside the barrier (1 ≤ j ≤ L) is computed by using the formula

Ǧj,j =
[
iωn1̌− Ȟ0

j,j − Ť−ǦR
j+1,j+1Ť

+ − Ť+ǦL
j−1,j−1Ť

−]−1
. (1.48)
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55 1.4. Green’s function of the SFIS JJ: Recursive Green’s Function Method

At last, we obtain GFs connecting adjacent stripes (namely the stripe j with the ones
at j − 1 and j + 1) by the relations

Ǧj+1,j = ǦR
j+1,j+1 Ť

+
j+1,j Ǧj,j,

Ǧj,j+1 = Ǧj,j Ť
−
j,j+1 Ǧ

R
j+1,j+1,

Ǧj−1,j = ǦL
j−1,j−1 Ť

−
j−1,j Ǧj,j, (1.49)

Ǧj,j−1 = Ǧj,j Ť
+
j,j−1 Ǧ

L
j−1,j−1 ,

that we use in the calculation of the Josephson current, Eq. 1.30.
From the computational point of view, this method requires attaching the L stripes

to both left and right leads, by inverting the 4W × 4W matrices in the Eqs. 1.46-1.47
for the left and right Green’s functions. The RGF algorithm thus involves 2L matrix
inversions of 4W×4W GF matrices and, for this reason, scales as O(LW 3), thus gaining
factor of L2 with respect to the direct inversion of the whole barrier Hamiltonian.

From the barrier Green’s Function to the Pair Correlations

Green’s function of the stripe j, Ǧj,j, is a 4W × 4W matrix in Nambu⊗spin space,
where W is the number of lattice sites in each stripe. It can be visualized as a 2 × 2
block matrix in the Nambu space, where each block consists in a 2W ×2W sub-matrix:

Ǧj,j = Ǧωn(~r, ~r ′) =

[
Ĝωn(~r, ~r ′) F̂ωn(~r, ~r ′)

−F̂ ∗ωn(~r, ~r ′) −Ĝ∗ωn(~r, ~r ′)

]
, (1.50)

where ~r = j~x+m~y, ~r ′ = j~x+m′~y with j fixed. In Fig. 1.10 we provide an example of
the GF of a single stripe with 2 sites along the transverse direction, i.e. along y.

The off-diagonal terms of the matrix in the right-hand side of Eq. 1.50 are the
so-called anomalous Green’s functions F̂ωn , that describe the superconducting pair cor-
relations. Furthermore, by taking the off-diagonal elements of the stripes GFs (Ǧj,j) in
the right-hand side of Eq. 1.50, F̂ωn(~r, ~r ′) with ~r = ~r ′ = j~x + m~y (with j fixed), we
can derive the four pairing components with s-wave symmetry at each stripe j along
the ~x-direction:

1

W

∑
ωn

W∑
m=1

F̂ωn(~r, ~r) =
3∑

ν=0

fν(j)σ̂ν i σ̂2 , (1.51)

where f0 is the spin-singlet component and fν with ν = 1, 2, 3 are the spin-triplet
components.

Similar considerations can be applied to the GFs connecting the j-th stripe with
its neighbors j ± 1 (i.e. Ǧj,j+1, Ǧj+1,j, Ǧj,j−1, Ǧj−1,j), from which we can calculate the
odd-parity pairing functions:

1

4W

∑
ωn

W∑
m=1

(
F̂ωn (~r + x̂, ~r) + F̂ωn (~r, ~r − x̂)− F̂ωn (~r, ~r + x̂)− F̂ωn (~r − x̂, ~r)

)
=

3∑
ν=0

fν (j) σ̂ν i σ̂2 , (1.52)
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Figure 1.10: Schematic representation of the stripe GF matrix structure, in the case of
only 2 sites along the transverse direction. Different colors stand for different propaga-
tors Ǧ(jx̂+ ŷ, jx̂+ ŷ), Ǧ(jx̂+ ŷ, jx̂+ 2ŷ), Ǧ(jx̂+ 2ŷ, jx̂+ ŷ), Ǧ(jx̂+ 2ŷ, jx̂+ 2ŷ), with
this being 4× 4 matrices in Nambu⊗spin space. The blocks of the same colors indicate
the 2× 2 blocks of a given GF in spin space. For example, in green we have the blocks
of Ǧ(jx̂ + ŷ, jx̂ + ŷ), i.e. Ĝ(jx̂ + ŷ, jx̂ + ŷ), F̂ (jx̂ + ŷ, jx̂ + ŷ), −F̌ ∗(jx̂ + ŷ, jx̂ + ŷ),
−Ǧ∗(jx̂+ ŷ, jx̂+ ŷ).

that give rise to p-wave superconductivity.
Making explicit the term in right hand side of Eqs. 1.51 (Eq. 1.52), we can rewrite

the s-wave (p-wave) pairing components as

f0 =
f↑ ↓ − f↓ ↑

2

f3 =
f↑ ↓ + f↓ ↑

2

f1 =
f↓ ↓ − f↑ ↑

2

f2 =
f↑ ↑ + f↓ ↓

2 i
,

(1.53)

from which we extract the standard spin correlation functions, f0, f3, f↑ (that is f↑↑)
and f↓ (that is f↓↓).
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Chapter 2

Tuning the 0− π transitions in SFIS
JJs

In this chapter, we investigate the transport properties of Josephson junctions with a
ferromagnetic insulator barrier with a focus on the temperature behavior of the Joseph-
son current (i.e. current-phase relation) and of the critical current IC [90]. Since the
capability of engineering a temperature stable π JJ would be of vital importance in
view of the possible implementation of π qubits with ferromagnetic JJs in supercon-
ducting quantum circuits, we explore the opportunity to tune and control the 0 − π
transitions through a direct action on the JJ IC(T ), that may be used as a fingerprint
of the junction. We investigate the specific role of impurities as well as of possible spin
mixing mechanisms, due to the spin orbit coupling (SOC).

First, we present the 2D tight-binding lattice model of the SFIS junction. Then,
we recall and extend previous theoretical results [73, 104] on 0− π transitions in ferro-
magnetic insulator barriers induced by exchange field variations to the junction IC(T ).
Then, we study influence of SOC and disorder effects on the peculiar IC(T ) cusp present
in 0− π JJs. We show that transition between the 0 and the π phases can be properly
tuned, thus achieving stable π junctions over the whole temperature range [90]. At the
end, we present first analysis of Cooper pairs correlation functions when the system
switches from a cusp-like 0− π to a π regime [90].

2.1 SFIS Junction Model

Tight-Binding Hamiltonian

In this section, we describe the SFIS JJ using a two dimensional lattice model, shown
in Fig. 2.1. We, thus, introduce the tight-binding Hamiltonian of the system including
both the FI barrier and the superconducting electrodes Hamiltonians. Then, we report
our choice of the system energy parameters we used for the simulations. In Fig. 2.1,
L is the length of the ferromagnetic insulator barrier, W is the width of the junction,
expressed in units of lattice sites, and ~x (~y) is the unit vector along the longitudinal
(transverse) direction. Here, the vector ~r = j~x + m~y points a lattice site with j =
0, 1, . . . , L, L+ 1 and m = 1, . . . ,W . The Hamiltonian of the junction in the Nambu ⊗
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Figure 2.1: Schematic representation of the SFIS junction geometry with a ferromag-
netic insulator barrier in the presence of spin-orbit coupling (SOC) and impurities. The
junction lies in the x − y plane and it is represented by a lattice with (L + 2) and W
sites along x and y directions, respectively. The influence of the S leads (blue sites)
is condensed in the border stripes at j = 0 and j = L + 1. The FI barrier (red sites)
extends from j = 1 to j = L along the transport direction, i.e. along x. The exchange
field h (violet arrow) is parallel to the z axis, thus perpendicular to the JJ plane. The
hopping t between nearest-neighbor sites is here represented by green arrows. The SOC
α is depicted by the spin-flipping process highlighted by the yellow arrow.

spin space is given by

Ȟ =
∑
~r,~r ′

Ψ†(~r)

[
Ĥ(~r, ~r ′) ∆̂(~r, ~r ′)

−∆̂∗(~r, ~r ′) −Ĥ∗(~r, ~r ′)

]
Ψ(~r ′) (2.1)

with

Ψ(~r) =
[
ψ↑(~r), ψ↓(~r), ψ

†
↑(~r), ψ

†
↓(~r)

]T
. (2.2)

ψ†α(~r) and ψα(~r) are the field operators creating/annihilating an electron with spin α
at lattice point ~r. Here, we recall that the symbols .̂ and .̌ describe the 2× 2 and 4× 4
matrices in spin and Nambu⊗spin spaces respectively.

In Eq. 2.1, Ĥ is the normal-state hamiltonian of the junction while ∆̂ describes the
superconducting pairing potential. The former can be written as Ĥ = Ĥs + ĤFI , with
Ĥs and ĤFI referring to the S leads and FI barrier, respectively.

In Fig. 2.1, the S regions extend for j < 1 and j > L. Ĥs consists in a kinetic term
(i.e. Ĥs = ĤK

s ) that reads:

ĤK
s (~r, ~r ′) ={−ts (δ~r,~r ′+~x + δ~r+~x,~r ′) σ̂0 − ts (δ~r,~r ′+~y + δ~r+~y,~r ′) σ̂0 (2.3)

− (4ts − µs) δ~r,~r ′σ̂0} × [Θ (−j + 1) + Θ (j − L)]
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59 2.1. SFIS Junction Model

where ts and µs are the hopping parameter and the chemical potential, respectively,
and Θ is the Heaviside step-function. Here and in the following, we indicate with σ̂0

and σ̂ν (ν = 1, 2, 3) the unit and the Pauli matrices in the spin space, respectively.
We take the pairing potential ∆̂ different from zero only in the S leads, which, thus,

vanishes inside the FI barrier. ∆̂ is of spin-singlet s-wave symmetry and is expressed as

∆̂(~r, ~r ′) = ∆δ~r,~r ′ i σ̂2 ×
[
Θ (−j + 1) eiφL + Θ (j − L) eiφR

]
, (2.4)

where φ = φL − φR defines the phase difference across the junction and φL (φR) is the
phase in the left (right)-hand side superconductor. In our model, the order parameter ∆
is constant in the leads and it is not derived from self-consistent calculations. Further,
we assume that there is no disorder in the superconductors.

The FI barrier extends from j = 1 to j = L and its hamiltonian consists of four
terms

ĤFI = ĤK
FI + ĤSOC

FI + Ĥex
FI + Ĥ i

F I . (2.5)

ĤK
FI is the kinetic energy,

ĤK
FI(~r, ~r

′) ={−tFI (δ~r,~r ′+~x + δ~r+~x,~r ′) σ̂0 − tFI (δ~r,~r ′+~y + δ~r+~y,~r ′) σ̂0 (2.6)
− (4tFI − µFI) δ~r,~r′σ̂0} ×Θ (j) Θ (L+ 1− j) .

The spin-orbit coupling (SOC) is Rashba-like [118] and reads

ĤSOC
FI (~r, ~r ′) =iα [{δ~r,~r ′+~x − δ~r+~x,~r ′} σ̂2 (2.7)

− {δ~r,~r ′+~y − δ~r+~y,~r ′} σ̂1] Θ (j) Θ (L+ 1− j) .

The exchange potential is

Ĥex
FI(~r, ~r

′) = −~h′ · σδ~r,~r ′Θ (j) Θ (L+ 1− j) , (2.8)

where σ is the vector of the Pauli matrices (σ̂1, σ̂2, σ̂3). The on-site random impurity
potential is

Ĥ i
F I(~r, ~r

′) = v~r σ̂0 δ~r,~r ′Θ (j) Θ (L+ 1− j) . (2.9)

In the above equations, tFI is the hopping integral among nearest-neighbor lattice sites
(in the following we omit the subscript FI for simplicity, i.e. we take tFI = t), µFI
the Fermi energy, α the amplitude of the spin-orbit interaction, v~r the on-site random
impurity potential strength, uniformly distributed in the range −Vimp ≤ v~r ≤ Vimp.
Finally, so as to introduce a spin-dependent disorder, the exchange field is assumed
to be affected by small on-site fluctuations ~δh and is modeled as ~h ′ = ~h + ~δh. The
strength of the ~δh (~r) is extracted randomly from a uniform distribution in the range
−h/10 ≤ δh ≤ h/10. For the sake of simplicity, we choose δh to lie along the ~h-
direction. Since the junction plane, where the spin-orbit interaction is active, coincides
with the xy-plane, the exchange field ~h ′ is always taken in the perpendicular direction,
~h ′ = h′~z (along the z-direction). In this way we are able to introduce the spin-mixing
mechanisms generating equal-spin triplet correlations in FI, that are very likely to occur
in ferromagnetic junctions [59, 60, 65, 75]. We note that in the presence of SOC field
in the xy-plane, choosing ~δh (~r) ‖ ~z is sufficient to mimic a slight magnetic disorder.
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Chapter 2. Tuning the 0− π transitions in SFIS JJs 60

In the following we report the choice of the model parameters used for these cal-
culations. Henceforth, we adopt units with ~ = c = kB = 1, where c is the speed of
light and kB is the Boltzmann constant. All the energies are, thus, scaled by t and
the magnitude of the spin-orbit coupling α is scaled by ta, where the lattice constant
is set a = 1. The Josephson current in Eq. 1.30, here indicated as I (φ), is calculated
in units of I0 = e∆. Further, we fix several parameters as ts = t = 1, µFI = 0,
µs = 3, ∆ = 0.005. The chosen chemical potential mismatch at FI and S interfaces
allows to describe the insulating regime in our model. In order to focus our attention
on the short-junction regime, typical of tunnel junctions employed in superconducting
circuits, we fix the number of lattice sites along the transport direction to be L = 8 in
all the simulations, unless otherwise indicated. For lattice spacings of fractions of nm,
this barrier length corresponds to few lattices. In particular, this thickness is consistent
with GdN films of 3÷4 nm employed in SFIS JJs of Ref.[75, 116], for which a ≈ 5×10−1

nm [208]. Moreover, since typical experimental SFIS JJs are characterized by barriers
with transverse dimensions larger than their length [75, 116], we choose W = 32.

Transport properties of the SFIS JJ

Barrier GF is given by Ǧωn(~r, ~r ′), where ~r = j~x + m~y and ~r ′ = j′~x + m′~y run over
all the possible lattice site indices j, j′ = 0, 1, . . . , L, L + 1 and m,m′ = 1, . . . ,W . The
barrier Matsubara GF is, thus, a 4WL×4WL matrix in the Nambu⊗spin space, whose
blocks with fixed (~r, ~r ′) can be numerically calculated by solving the Gor’kov equation[

iωnτ̂0σ̂0 −
∑
~r1

(
Ĥ(~r, ~r1) ∆̂(~r, ~r1)

−∆̂∗(~r, ~r1) −Ĥ∗(~r, ~r1)

)]
× Ǧωn(~r1, ~r

′) = τ̂0σ̂0δ(~r − ~r ′), (2.10)

where ωn = (2n+1)πT is the fermionic Matsubara frequency and T is the temperature.
Here and in the following, τ̂0 and τ̂ν (ν = 1, 2, 3) are the analogous of the unit and Pauli’s
matrices in the Nambu space, respectively.

Starting from the surface GFs of the two S leads, as they are reported in Ref.[135]
(see Appendix B), solve the Gor’kov Eq. 2.10 recursively calculating the GF at each
stripe transverse j inside the FI barrier. Ǧj,j with RGF technique Ǧj,j structure in
Nambu⊗spin space, in Eq. 1.50, is here reported for the sake of clarity:

Ǧj,j = Ǧωn(~r, ~r ′) =

[
Ĝωn(~r, ~r ′) F̂ωn(~r, ~r ′)

−F̂ ∗ωn(~r, ~r ′) −Ĝ∗ωn(~r, ~r ′)

]
, (2.11)

where ~r = j~x+m~y, ~r ′ = j~x+m ′~y with j fixed.
The barrier stripes can be connected (to the leads and to each other) by using the

hopping matrices Ť±, given by

Ť± =


−t ∓α 0 0 . . .
±α −t 0 0 . . .
. . . . . . . . . . . . . . .
0 0 . . . t ±α
0 0 . . . ∓α t

 , (2.12)
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61 2.2. Tuning of 0, 0− π and π regimes with the exchange field h

involving the hopping and spin-orbit coupling along the x-direction. Since we consider
nearest-neighbors hopping, only adjacent stripes can be connected by the Ť± matrices
(i.e. the j-th stripe is linked to the j − 1-th and j + 1-th).

From the anomalous Green’s functions in Eq. 2.11, i.e. F̂ωn(~r, ~r ′) , we access the
information about pair correlation functions in s-wave symmetry inside the FI, as in
Eq. 1.51.

Once we have connected each barrier stripe j to the superconducting banks, i.e. Ǧj,j

has been computed for each 1 < j < L, we use Eqs. 1.49 to calculate the GFs connecting
adjacent stripes that enter the Josephson current formula Eq. 1.30. In the clean case,
when no impurities are supposed to be present in the barrier, i.e. Vimp = 0 in Eq. 2.9,
we manage to reconstruct the whole JJ current-phase relation (CPR , i.e. I (φ)) at
fixed temperature T by varying the phase bias φ between the two S leads in Eq. 1.30.
We notice that here the ferromagnet exchange fields and the spin-orbit are assumed to
be perpendicular, with the first one pointing along the z-axis and the second one lying
in the xy-plane. In this way no anomalous Josephson Effect [138–144] is induced on
the JJ CPR , that remains an antisymmetric function of φ, I (φ) = −I (φ). For this
reason, computing I (φ) for φ values in the interval [0, π] is sufficient to describe the
junction transport properties. Finally, the critical current Ic(T ) is estimated from the
CPR at different temperatures between 0 and Tc, by taking its maximum in absolute
value (Ic(T ) = maxφ[|I(φ, T )|]).

When the presence of impurities in the barrier is accounted, i.e. when Vimp 6= 0,
both the temperature dependence of the critical Josephson current (i.e. Ic(T )) and
correlations functions are averaged over Ns samples with different random impurity
configurations. We choose Ns = 200 for both the Ic(T ) curves and the pairing correla-
tion functions. In particular, the ensemble average of the Josephson current (Eq. 1.30)
over a number of different samples is obtained as: < I >= 1

Ns

∑Ns
n=1 In, where In is the

Josephson current in the n-th sample. Then, evaluating the average Josephson current
by varying φ in the range from 0 to π we obtain the average CPR at fixed T (i.e.
I(φ, T )) and the averaged critical current Ic(T ).

2.2 Tuning of 0, 0−π and π regimes with the exchange
field h

In this section, we extend the results in Refs.[73, 104], that theoretically predict 0− π
transitions in SFIS JJs driven by magnetic fields, to the temperature dependence of the
critical current IC(T ). In particular, we illustrate how the IC(T ) behavior is affected
by varying the exchange field h, showing that our model recovers the possibility to
switch between the 0, 0−π and π regimes in SFIS JJs, as reported in the literature for
normal-metal ferromagnetic barriers [45–47, 49, 52, 204]. As the exchange field enters
the formula for the supercurrent oscillation length inside a ferromagnet, modifications
in h lead to changes in the I spatial period and, thus, in the equilibrium state of the
system. In this way, the transition temperature T0−π between the 0 and π phases, at
which a cusp is visible in the IC(T ), can be tuned so as to obtain 0 or π states that
are stable over the whole temperature range from 0 to TC . In Fig. 2.2 (a) we show the
temperature dependence of the critical current, obtained for increasing values of h in

61



Chapter 2. Tuning the 0− π transitions in SFIS JJs 62

	0

	0.5

	1

	0 	0.5 	1

I/
I c

ϕ/π

-0.5

	0

	0.5

	1

	0 	0.5 	1

I/
I c

ϕ/π

-1

-0.5

	0

	0 	0.5 	1

I/
I c

ϕ/π

-0.05

-0.03

-0.01

	0 	0.5 	1

I
ϕ/π

	0

	0.5

	1

	0 	0.2 	0.4 	0.6 	0.8 	1

I c
	(
a
rb
.	
u
n
it
s
)

T/Tc

ℎ = 0.10
ℎ = 0.25
ℎ = 0.40
ℎ = 0.45
ℎ = 0.60

	0

	0.5

	1

	0 	0.2 	0.4 	0.6 	0.8 	1

I c
	(
a
.u
.)

T/Tc

a)

T = 0.05 Tc
T = 0.20 Tc
T = 0.25 Tc
T = 0.30 Tc

T = 0.35 Tc
T = 0.40 Tc

T = 0.70 Tc

T = 0.45 Tc

T = 0.80 Tc

b)

c)

d)

Figure 2.2: (a): Ic(T ) for different values of h. For these simulations we used α = 0.04,
L = 8 and W = 32 sites in the x and y direction. CPR of a 0 (b), 0 − π (c) and π
(d) JJ, obtained for h = 0.10, 0.25, 0.40, respectively. In (e) the Josephson current (at
T = 0.1TC and φ = π/2) as a function of the exchange field h and SOC strength α is
shown.

the clean limit (i.e. Vimp = 0 and δh = 0) at fixed spin-orbit field strength α = 0.04.
We can notice that, starting from the Ambegaokar-Baratoff (AB) [11] behavior

(h = 0.10, red dotted curve), IC is strongly modified with increasing the exchange field
h in the ferromagnetic layer, causing the system to move towards 0−π regime (h = 0.25,
green curve), where a non-monotonic dependence of IC(T ) is visible, and temperature
stable π state (h = 0.40, dashed light-blue curve). Then, undergoing some oscillations,
the AB trend is established again when h increases (h = 0.60, dot-dot-dashed blue
curve). Moreover, the cusp-minimum of the 0 − π transition appears to be shifted in
temperature as h varies. We also report in Figs. 2.2 (b-d) the CPR corresponding to
the IC(T ) curves obtained for h = 0.10, 0.25, 0.40, respectively. As can be seen, the
AB-type curves shown in (a) correspond to pure 0 (b) and π (d) JJs, stable over the
whole range of temperatures.

However, it is worth noting that varying the exchange field of the FI in a such
wide range of values, would require strong external fields, that are detrimental for
superconductivity. This effect would be even more considerable in the short junction
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63 2.3. The role of spin-orbit coupling (SOC). Switching between 0 and π state.

regime, namely the situation we are considering.
In the following sections, we explore the possibility to manipulate the junction IC(T )

by the means of spin-orbit and non-magnetic impurities, thus proposing new mecha-
nisms to engineer tunable 0− π Josephson devices. Indeed, we show how 0, 0− π and
π phases can be more easily attained acting on the SOC and non-magnetic impurities.

2.3 The role of spin-orbit coupling (SOC). Switching
between 0 and π state.

In order to investigate efficient tools for controlling the transition between 0, 0− π and
π regimes, we focus on how spin mixing and disorder effects can be exploited for this
task. In this section, we consider the case of a clean (Vimp = 0 and δh = 0) 0− π SFIS
JJ which presents temperature induced 0−π transitions and analyze the effect of SOC
on its IC(T ) behavior. For the following numerical simulations, we fix the exchange
field inside the FI to the value h = 0.45 such that for zero SOC, i.e. α = 0, the JJ
exhibit 0− π cusp in the IC(T ), dashed purple curve in Fig. 2.3.
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Figure 2.3: Effect of SOC increasing on the IC(T ) (a) and current-length relation (CLR)
(e). We set the exchange field h = 0.45 in (a-d). In (b-d), the CPR s relative to the
simulations in (a) for α = 0, 0.07, 0.2 are shown.

In Fig. 2.3 (a) we can see that, starting from a 0 − π transition corresponding to
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α = 0, we recover the Ambegaokar-Baratoff behavior [11] for α = 0.20. For larger α
the critical current is always of AB type. We can also notice that the second lobe of the
IC(T ) curve is reduced in height and its (cusp-like) minimum is shifted toward higher
temperatures when α increases, until the non-monotonic Ic(T ) behavior visibly changes
and it completely disappears in the AB regime. In Figs. 2.3 (b-d), the characteristic
CPR corresponding to Ic(T ) curves for α = 0, 0.07, 0.20 are shown. We can notice
that the 0 − π transition is well evident for α = 0 and only slightly appreciable for
α = 0.07, while it is completely washed out for α = 0.20. Hence, by increasing α, we
induce a shift in the transition temperature T0−π towards higher values, until the 0− π
transition cancels out. Further, we observe visible contributions due to the second and
higher order harmonics in the CPR at T0−π, when the first order harmonic appears
strongly weakened [54, 55]. Our results confirm the fact that SOC stabilizes the 0 state
rather than the π state [73] in these devices.

To better illustrate this mechanism, in Fig. 2.4 we show the critical Josephson
current as a function of the length of the ferromagnetic-insulator layer (with L from
L = 3 to L = 50), i.e. current-length relation (CLR). In these simulations we used
T = 0.1Tc and φ = π/2 respectively. Furthermore, we set h = 0.45, α = 0, 0.07, 0.20
and a uniform distribution of the exchange field in the 2D lattice is assumed (δh = 0).
The change in sign of Josephson current, indicating the corresponding 0−π transitions
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Figure 2.4: Effect of SOC increasing on the CLR I (L) is shown. CLR is computed by
varying the length of the junction from L = 3 to L = 50, with φ = π/2, T = 0.1Tc
and W = 32, for α = 0, 0.07, 0.2. The CLR curves are normalized to the value of their
current at L = 3.

at fixed lengths of the FI layer due to the presence of the exchange potential, is more
frequent in the cases with α = 0 and α = 0.07. The effect of SOC increasing is the
suppression of the above-mentioned 0−π transitions and consequently a mostly always
positive Josephson current for α = 0.20. Indeed, the SOC produces a shift of the CLR
curve from lower to higher current values; negative critical currents are representative
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of π states while, when Ic becomes positive (at fixed length L), the π − 0 transition
occurred and the system reaches the 0 final-state under the SOC growth. Taking h and
L fixed, there is no possibility that, by further increasing α, the system will return to
the π state experiencing another 0− π transition.

A qualitative explanation of this effect follows. The short-range spin-triplet com-
ponent Sz = 0 appears in S/FI systems due to exchange field breaking time-reversal
symmetry in F. In the presence of spin-orbit interaction, the spin-mixing effect at S/FI
interfaces allows for long-range equal spin-triplet components Sz = ±1 inside the fer-
romagnetic region. The Sz = 0 components (singlet and zero-spin triplet) show an
oscillating behavior due to the different phase shifts acquired by the up and down-spin
electrons of the Cooper pair, as they propagate in F, while the Sz = ±1 pairing com-
ponents show a long-range decay, since the exchange field h has the same effect on
the two equal spin electrons [58, 67, 94, 95]. In the long junction limit all the pairing
functions decay exponentially over the thermal coherence length ξT = vF

2πT
, whereas the

oscillation period of the zero-spin pairing components is given by ξh = vF
2h

[51, 59, 60,
73]. Therefore, for x � ξT , heuristically, the Josephson current can be considered as
consisting of two contributions:

I ∼ ISz=±1 e
−x/ξT + ISz=0 e

−x/ξT cos

(
x

ξh

)
, (2.13)

where ISz=0 and ISz=±1 are the amplitudes of the opposite spin and parallel spin compo-
nents, respectively. Increasing the SOC results in an enhancement of the non-oscillating
part of the Josephson current, whose superposition with the oscillating term produces,
in turn, an enlarged total current and, thus, may prevent that Ic vanishes in the 0− π
transition.

In this context, while raising the exchange field drives promotes the system switching
between 0, 0 − π and π regimes, since it changes the spatial period of the current
oscillations, spin-orbit progressively leads the system toward a stable 0 state.

To better illustrate what we explain in terms of the IC(T ) behavior, in Fig. 2.5 we
additionally report the density plot of Josephson current (at T = 0.1Tc and φ = π/2)
as a function of the exchange field h and SOC strength, α, for a wider range of these
latter parameters. The black/dark-violet regions indicate negative values of the current,
where the JJ is π. For low values of spin-orbit coupling varying the h drives the system
toward a sequel of 0 − π transitions. In particular, we can notice a well-defined π-
island that in our simulations appear stable in temperature. The white/light-yellow
regions, where I > 0, indicate conventional 0-JJs, with a mostly constant occurrence
at low values of the exchange field (h < 0.05) for any value of α. More generally, when
α increases the 0 state is favored. Intermediate orange-red areas represent JJs which
show a good probability to undergo a 0− π transition, since the critical current is very
low. Our results, obtained for SFIS JJs, are in accordance and extend those previously
demonstrated in [73, 136].

Ultimately, our results identify SOC as a useful tool for driving the evolution of the
Ic(T ) of SFIS JJs from 0− π to 0 regime.
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ℎ
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𝛼

Figure 2.5: An example density plot of the Josephson current (at T = 0.1TC and φ =
π/2) as a function of the exchange field h and SOC strength α is shown. Yellow/white
zones correspond to the system being in the 0 state while in violet zones it is in the π
phase.

2.4 The dirty regime: the role of impurities in the
formation of π-JJs

It is legitimate to ask under which conditions the junction displays a stable π state over
the whole temperature range, similar to what happens in the case of the 0 state with
strong SOC. Real systems are affected by the unavoidable presence of impurities and in
this section, we show that interesting features for the existence of π states in SFIS JJs
can be detected in the presence of non-magnetic impurities, modeled as scalar on-site
potentials.

In what follows we focus on the effect of disorder on the Ic(T ) curves exhibiting a
0 − π transition and on the corresponding CPR. In particular, firstly we consider the
case of a SFIS JJ in the presence of disorder, secondly we analyze the combined effect
of impurities and SOC on the Ic(T ) of these devices. As a matter of fact, the influence
of increasing Vimp results in different scenarios.

In the following simulations, we use α = 0.04 (for the case with SOC) and four
different values of Vimp = 0.025, 0.125, 0.150, 0.250. Moreover, here, small on-site ex-
change field fluctuations are considered (δh 6= 0) to model a more realistic scenario in
which the exchange field may be non-uniform in the whole barrier. In Fig. 2.6 (a) the
Ic(T ) curve at α = 0 is calculated as the impurity potential increases. We notice that
for high values of Vimp the system changes its Ic(T ) behavior leaving the 0− π regime
and reaching a stable π state almost over the whole temperature range, as it is evident
in the corresponding CPR s (Figs. 2.6 (c-e)). Precisely, for Vimp = 0.025 (green curve)
both the maximum of the second lobe and the dip of the 0 − π transition settle at
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Figure 2.6: Effect of increasing Vimp on the JJ critical current IC(T ) in the cases without
and with SOC (a, f). Corresponding calculated CPR s (b-e, g-l) and formation of
temperature stable π state.

higher values of current with respect to the clean regime (black line in Fig. 2.6 (a)).
Consequently, the clear effect of increasing Vimp is the filling of the minimum of the
0 − π transition and its shifting toward very low temperatures (red and blue curves),
leading to the AB-like behavior for the highest disorder configuration (orange curve),
corresponding to a pure π regime (Fig. 2.6 (e)). The presence of impurities seems to
be a driving force for the conversion of a 0 − π JJ into a pure π one. As it is shown,
in the absence of SOC the realization of an almost pure π-JJ is feasible even for small
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values of the impurity potential (Fig. 2.6 (c, d)).
In the presence of SOC (Fig. 2.6 (f)) the clean Ic(T ) curve (black line) exhibits a

0−π transition occurring at T ∼ 0.45Tc, characterized by a lower value of the current in
the π state. In this case, we can notice that enhancing the impurity strength produces
a more gradual filling of the 0−π dip together with its broadening (Fig. 2.6 (f), red and
blue curves), shifting it toward higher critical current values and lower temperatures.
When passing from the 0 − π regime to the π one, with α 6= 0, the system also shows
a peculiar plateau region in the Ic(T ) extended over a wide range of temperatures, for
intermediate values of Vimp (Fig. 2.6 (f), red curve).

The combined effect of SOC and impurities allows to stabilize the 0− π transition
over a wide range of temperatures. However, for Vimp = 0.250, we observe a sharp
change in the Ic(T ) behavior, where neither the plateau nor the 0−π dip are no longer
visible, suggesting that the 0 − π transition may occur at very low temperatures and
that the pure π regime may be reached at larger values of Vimp.

We may further analyze the system response to the presence of disorder by looking
at the CPR (Figs. 2.6 (b-e), (g-l)), corresponding to the Ic(T ) curves in Figs. 2.6 (a)
and (b), respectively. For the first scenario (Fig. 2.6 (a, b-e)), the increase of Vimp
produces strong modifications in the CPR, characterized by an enhanced contribution
of higher order harmonics at low temperatures, reflecting the lowering of the 0 − π
transition temperature (T0−π). Further, for Vimp = 0.250 the CPRs are opposite in sign
with respect to the typical sinφ behavior, indicating that a phase difference of π is
established across the junction.

In Fig. 2.6 (f, g-l), the CPRs in the case of α 6= 0 are presented. Here, the 0 − π
transition gradually moves to lower temperatures as Vimp increases, until the junction
is totally π for the highest value of Vimp (Fig. 2.6 (l)).

In Fig. 2.6 (f) we observe that the influence of the SOC on the dirty SFIS JJs consists
in stabilizing the 0−π regime even for moderately high values of the impurity potential.
Here, the result of the coexistence of two competing effects, namely the spin-orbit and
the disorder, is noticeable. Indeed, as for the clean regime, also in the dirty case the
SOC tends to bring the system toward the 0 state; whereas the non-magnetic on-site
impurities encourage it to turn toward the π state. This results in the slowdown of the
switching from 0−π to π Ic(T ) behavior, which, thus, takes place more gradually as Vimp
is enlarged. For this reason, the system goes through an intermediate regime involving
a widened 0 − π transition characterized by the plateau in the critical current, before
reaching the π regime. In this situation, we can better visualize how the impurities
drive the transformation of the Ic(T ) from that of a 0 − π JJ to the one of a π-JJ.
Indeed, this mechanism is only slightly perceivable when α = 0 and the entire process
happens almost suddenly.

We can provide a qualitative picture of this phenomenon in Fig. 2.7 In the clean
case, for temperatures lower than the 0− π transition one (T < T0−π) the lower energy
level is the 0 state. When T = T0−π the 0 and π energy levels are coinciding; finally,
for T > T0−π the 0− π transition has occurred and the Josephson energy minimum is
reached at φ = π (Fig. 2.7 (a)). On the other hand, the presence of on-site non-magnetic
impurities produces a broadening in energy (and, therefore, in temperature) of the 0 and
π energy levels (Fig. 2.7 (b)). The latter, becoming wider, give rise to an overlap region
in which the JJ comes to be in a "hybrid 0−π state" over a more or less extended range
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Figure 2.7: Schematic representation of 0 and π energy levels in the clean (a) and dirty
(b) regime. In the latter case, the broadening in energy, due to the presence of on-site
non-magnetic impurities, is shown.

of temperatures. When the impurities strength is enhanced, the overlapping between
the levels grows together with the probability that, for T > T0−π, the system prefers to
stabilize in the lower π energy state. Finally, we illustrate, in Fig. 2.8, the possibility
to build up a controllable device that can host all the Ic(T ) regimes, in view of possible
applications in superconducting quantum circuits. Here, we show that, once we have
fixed the impurity potential strength in such a way to have an almost pure π-JJ in the
α = 0 configuration (Fig. 2.8 (a)), by adding the spin-orbit interaction and modifying
its coupling strength, we manage to drive the junction toward 0 − π (Figs. 2.8 (b-c))
and 0 (Fig. 2.8 (d)) regimes. This happens in a reversible manner, in the sense that
decreasing the SOC would bring back the system in the initial π state.

2.5 Pairing functions in the presence of spin-mixing
and disorder effects

In this section, as a further investigation, we analyze the pair correlations induced in
the FI barrier in the presence of both SOC and impurities. In particular, we study how
spin-resolved pairs correlations are modified when increasing the impurity potential
strength Vimp in both s-wave and p-wave symmetries. Our goal is to understand if
the transition to a temperature stable π state is accompanied by the appearance of
unconventional pairing mechanisms in the ferromagnetic insulator.

In SFIS JJs, the exchange field breaks the time-reversal symmetry, giving rise to the
zero-spin triplet pairing correlations. However, when we consider systems with impuri-
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Figure 2.8: Effect of SOC strength (α) increasing on the IC(T ) behavior, at fixed value
of the impurity potential (Vimp = 0.125). The IC(T ) curves are calculated for the
following values of α = 0, 0.04, 0.07, 0.20. The Ic(T ) curves in (a) and (b) correspond
to the ones in Fig. 2.6 (a) and (f), respectively, for Vimp = 0.125.

ties and SOC the chance to have more exotic pairing components becomes relevant. In
particular, in the presence of SOC, triplet pairings with parallel spins (with Sz = ± 1
projection) emerge. Indeed, the generation of equal-spin triplet correlations via SOC is
provided by the fact that, at interfaces, this latter breaks the spin symmetry, leading
to a mixing of spin up and spin down channels in such a way that the total spin S
is no longer a good quantum number. As a result, the proximity amplitudes in the
ferromagnet will intrinsically be a mixture of singlet and triplet pair correlations.

Moreover, we notice that SOC breaks also the inversion symmetry at the S/FI
interfaces, thus, all four types of pair amplitudes (i.e. s-wave singlet, s-wave triplets,
p-wave singlet, p-wave triplets) can be found in the F region [59–61]. Since the Pauli’s
principle requires the pairing correlations to be totally anti-symmetric, the possible
types of pairing functions have to fulfill specific symmetry properties with respect to
spin, momentum and frequency [59–61, 154, 156, 158, 160]. For this reason, the s-wave
singlet as well as the p-wave triplets are even functions of the Matsubara frequencies
ωn (even-frequency), while s-wave triplets and p-wave singlet are odd-frequency.

In Figs. 2.9 we show the amplitude of spatial profile of the calculated s and p-wave
correlation functions (Eqs. 1.51, 1.52 and 1.53) as a function of the position inside the
FI barrier (expressed in terms of the number # of sites), corresponding to the system
configurations analyzed in the previous section in the presence of SOC and disorder,
Figs. 2.6 (f, g-l).

In the following calculations we set T = 0.025Tc and φ = 0. As well as for the
systems in Figs. 2.6 (f, g-l), we choose the following values of the on-site impurity
potential: Vimp = 0.025 (Figs. 2.9 (a, b, f)), Vimp = 0.125 (Figs. 2.9 (c)), Vimp = 0.150
(Figs. 2.9 (d)) and Vimp = 0.250 (Figs. 2.9 (e, g)). The plots in (b-e) represent a zoomed
view of the s-wave spin-triplet components, while in (f, g) we show a zoomed view of
the p-wave correlations for the configurations with the lowest and highest value of Vimp.

In the s-wave symmetry, the majority component is the spin-singlet one f0 (for

70



71 2.5. Pairing functions in the presence of spin-mixing and disorder effects

s-wave

𝑓! 𝑓" 𝑓↑ 𝑓↓

p-wave

	0

	0.4

	0.8

	1.2

	1.6

	2

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
.u
.)

#	sites

a)

	0

	0.01

	0.02

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
.u
.)

#	sites

b) c)

	0.02

	0.04

	0.06

	0.08

	0.1

	2 	3 	4 	5 	6 	7
<
|f
|>
	(
a
.u
.)

#	sites

	0.04

	0.08

	0.12

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
.u
.)

#	sites

d) e)

	0.08

	0.12

	0.16

	0.2

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
.u
.)

#	sites

	0

	0.2

	0.4

	0.6

	0.8

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
.u
.)

#	sites

	0

	0.2

	0.4

	0.6

	0.8

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
.u
.)

#	sites

f) g)

	0.04

	0.08

	0.12

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
rb
.	
u
n
its
)

#	sites

	0.04

	0.08

	0.12

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
rb
.	
u
n
it
s
)

#	sites

	0.04

	0.08

	0.12

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
rb
.	
u
n
its
)

#	sites

	0.04

	0.08

	0.12

	2 	3 	4 	5 	6 	7

<
|f
|>
	(
a
rb
.	
u
n
its
)

#	sites

Figure 2.9: Module of spatial profile of s and p-wave pairing components, calculated at
h = 0.45, α = 0.04, T = 0.025Tc and φ = 0, for Vimp = 0.025 (a, b, f), Vimp = 0.125 (c),
Vimp = 0.150 (d) and Vimp = 0.250 (e, g).

simplicity only shown in Fig. 2.9 (a)); nevertheless, this is to be expected since we
are considering a short-FI barrier directly coupled to conventional s-wave singlet SCs.
Furthermore, f0 is an even-frequency function and in the Matsubara summation it
is reinforced. We observe that the s-wave spin-triplet pairings, initially generated by
SOC at interfaces, survive throughout the FI region and intriguingly appear remarkably
enhanced by the effect of increasing the impurity potential Vimp.

In the middle of the FI barrier (site # 4) we obtain that, passing from Vimp = 0.025
to Vimp = 0.250 (Figs. 2.9 (b, e)), the s-wave singlet f0 (even-frequency) remains almost
unchanged, while the s-wave spin-triplets (odd-frequency) f3, f↑ and f↓ result increased
by a factor ∼ 15, ∼ 21, ∼ 33, respectively.

Further, in Figs. 2.9 (f, g), it is shown that a sizeable p-wave pairing is already
induced in the FI layer in the nearly-clean situation (Vimp = 0.025). In this case, the
majority contribution is provided by the zero-spin triplet (f3). However, this latter
results enlarged by the influence of non-magnetic disorder, while the triplet correlations
(even frequency), contrary to s-wave ones, appear rather stable with respect to the
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increment of lattice impurities. Finally, at site # 4 comparing the p-wave pairings with
the s-wave ones corresponding to the highest value of impurities strength, we find that
the equal-spin components f↑ and f↓ are almost of the same order of magnitude in both
s and p-wave cases.

Our results highlight the importance of SFIS JJs with SOC and tuned impurities
as promising platforms hosting unconventional odd-frequency superconductivity and
showing sizeable equal-spin triplet pairings.

Moreover, we recognize a possible link between the presence of unconventional pair-
ing mechanisms in the FI barrier and IC(T ) behaviors characterized by broadened
0− π transitions, with both phenomena turning out to be consequence of the interplay
of spin-mixing and disorder effects.

2.6 Summary
We focused our attention on the problem of the tunability of 0− π transitions in SFIS
JJs. The possibility to realize controllable devices that can be switched between dif-
ferent working regimes (namely 0, 0 − π and π) might be a further step toward the
application of JJs with ferromagnetic links in superconducting circuitry [91]. We ex-
tended the analysis carried out in Ref.[73] to the case of 0−π junctions with FI barriers.
Using a tight-binding BdG model we manage to study the temperature dependent trans-
port properties of these devices. In particular, we studied the influence of spin-mixing
and disorder effects on SFIS JJs, focusing on the Ic(T ) behavior and on the correlation
functions. We pointed out the role of SOC in driving the switching between 0 − π
and 0 regimes and the capability to induce 0 − π to π conversions by adding disorder
to the system. In particular, the engineering of the impurity concentration (that is
strongly linked with the model parameter Vimp) could lead to the realization of stable
π junctions, highly desired for superconducting circuits.

Moreover, we figure out the opportunity to obtain a fully tunable system, start-
ing from a π-JJ and tuning the spin-orbit field by external means. Tuning the SO-
interaction in semiconducting quantum wells [118, 205, 206] can be achieved by gating
the structure. In the devices studied here, this procedure is yet unexplored, but, as we
have shown, could produce potentially interesting effects and it worths further investi-
gation. In this context, the SFIS JJs analyzed here could represent an intriguing and
unexplored platform which can be switched among the three different regimes.

As a further analysis, we studied the correlation functions in the presence of SOC
and impurities. In particular, we observe an enhanced contribution of the odd-frequency
pairings, i.e. s-wave triplets and p-wave singlet, due to the increasing of non-magnetic
disorder. Therefore, we recognize these tunable SFIS JJ s as good candidates to host
unconventional superconducting pairing mechanisms and source of sizeable spin-triplet
superconductivity, confirming the results of Refs. [73, 91].
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Chapter 3

Coexistence of spin-singlet and triplet
currents in SFIS JJs

Our theoretical investigation on temperature-induced 0 − π transitions in SFIS junc-
tions, points out the role that spin-mixing, provided by spin-orbit coupling (SOC), and
disorder effects may have in inducing unconventional IC(T ) behaviors [90]. In particu-
lar, we observe how the presence of impurities promotes higher harmonics contributions
in the CPR. These do not vanish at the transition temperature T0−π, where the first har-
monic is negligible, thus preventing the junction IC(T ) going to 0 at the 0−π switching.
When increasing the impurity potential strength, the typical cusp-like IC(T ) behavior
is transformed into a non-monotonic trend characterized by a local minimum, while, at
the same time T0−π is progressively shifted toward lower values. Under proper condi-
tions, this allows the system to reach a stable π regime all over the whole temperature
range between T = 0 and T = TC . On the other hand, the interplay between impurities
and SOC tends to stabilize an intermediate 0 − π regime characterized by a widened
0− π transition and a plateau region in the IC(T ). Furthermore, we predict that these
peculiar IC(T ) characteristics are accompanied by the presence of unconventional odd-
frequency pairing correlations of which a sizable fraction is of spin-triplet symmetry.
These results suggest that the combined action of spin-mixing mechanisms and disorder
might be also invoked to explain the incipient 0− π transitions observed in spin-filter
JJs in Ref.[75].

For this reason, in this chapter, we apply our tight-binding BdG approach, reported
in Chap. 1-2, to model the critical current characteristics, i.e. the IC(T ) curves, of the
NbN/GdN/NbN junctions analyzed in Refs.[75, 91]. We use the same 2D tight-binding
Hamiltonian in Eqs. 2.5-2.9 to describe the SFIS JJs and we adjust accordingly the
energy parameters to properly describe the samples under study.

By combining Rashba-like spin-orbit coupling, on-site non-magnetic impurities and
on-site scalar fluctuations of the ferromagnet exchange field in the JJ Hamiltonian,
we mimic the spin-mixing effects, that are very likely to occur in large ferromagnetic
barriers due to magnetic impurities, domain wall structure or spin-active interfaces [75,
91].

Moreover, by computing the barrier Green’s function in real space as shown in
Chap. 1 we are able to analyze the spatial configuration of pair correlations inside the
FI, in view of a better understanding of the link between incipient 0 − π transitions
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and spin-triplet supercurrents.

3.1 Modeling experimental junctions
In this section, we report the choice of the system parameters used to model the ex-
perimental JJs. Henceforth, we adopt units with ~ = c = kB = 1, where c is the
speed of light, kB is the Boltzmann constant and ~ is the reduced Planck constant. The
junction plane coincides with the xy-plane whereas the exchange field h′ is always in
the perpendicular direction h′ = h′z (along the z-direction), Fig. 3.1. All the energy
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Figure 3.1: Picture of the Superconductor/Insulating ferromagnet/Superconductor
(SFIS) junction 2D-lattice model. The barrier (highlighted in red) has a total thickness
L along x. The junction width is W along y. The spin-mixing mechanism due to the
spin-orbit coupling is depicted by the spin-flipping process highlighted at the interface
between the superconducting boundaries (blue sites) and the barrier. The impurities,
with random strength depicted by the height of the yellow potential peaks, are repre-
sented on each site of the lattice. The exchange field h (violet arrow) is parallel to the
z axis, while the hopping t between nearest-neighbor sites is here represented by pink
arrows. In the inset, sketch of the experimental NbN-GdN-NbN Josephson junctions.
The external magnetic field H is parallel to the z axis, [91]

parameters are expressed in dimensionless units where the energy scale is the hopping
t in the FI. The α is scaled by ta (with a lattice constant), while the Josephson current
is calculated in units of J0 = e∆.

In our simulations, we fix several parameters as t = 1, µFI = 0, µs = 3, ∆ = 0.005,
h = 0.25. Further, we note that NbN (S leads) and GdN (FI barrier) are characterized
by almost equal hopping parameters [207–209], which are, thus, set equal ts = t for
the sake of simplicity. As a matter of fact, in order to have a good agreement with
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experimental data, we model these devices as tunnel junctions with GdN barrier in
the ferromagnetic half metal regime [210–212]. Thus, we choose to assume different
chemical potentials for the S and FI regions. The estimate for the exchange energy
h =

∣∣∣~h∣∣∣ is chosen in agreement to the exchange field measured in several works for the
bulk GdN [130, 208, 209, 213, 214], given that t ≈ 3 eV [207–209] and the experimental
constant lattice of GdN is aGdN = 4.974Å.

When modeling the experiments, we use α as a measure of the spin-mixing and it
is chosen to be α = 0.04, unless otherwise indicated. Although we choose a small spin-
orbit field so that α � h, it breaks the spin symmetry at interfaces and is sufficient
to cause the generation of long-range equal-spin triplet correlations with total spin
projection Sz = ±1.

Finally, the strength of on-site impurities is randomly extracted from a uniform
distribution in the range −Vimp/2 < v~r < Vimp/2. Here, we take Vimp in the range
0.05 − 0.50. The chosen values of Vimp will be reported below where we will specify
our considerations to the different analyses carried out in the main text. Due to the
presence of disorder, we perform ensemble averages over several samples to obtain the
final Ic(T ) curves and correlations. In particular, we use NS = 50 − 100 samples to
compute the average Ic(T ) and NS = 200 − 300 samples for the average correlation
functions, depending on the strength of Vimp.

To model the Ic(T ) curves of the experimental JJs with barrier thickness dF =
3.0, 3.5, 4.0 nm, we choose systems with dimensions in the x and y directions, respec-
tively: (L = 8, W = 24), (L = 8, W = 28), (L = 8,W = 32), expressed in units of
lattice sites.

Tunnel junctions experience an exponential suppression of the critical current when
increasing the barrier thickness. In our model, this implies dealing with systems of few
lattice sites, hence, we choose L = 8 and keep it fixed in all the numerical simulations,
in agreement with the short-junction limit. However, the main effect of increasing
the experimental sample thickness (and so the magnetic area of the FI) consists in
enhancing the magnetic activity of the junction [75].

In our model, we manage to mimic this effect by changing the flux of the exchange
field Φ(h) = LWh through the JJ (by the means of the width of the barrier W )
and by tuning the impurity potential strength Vimp (thus, changing the influence of
disorder effects in the system). In particular, by varying the width of the barrier W ,
we change the JJ effective area. In this way, we are able to control the exchange field
flux Φ (h) = LWh, without modifying the value of h, which is kept fixed to that of
the bulk GdN [130, 208, 209, 213, 214]. Therefore, we use Φ (h) and Vimp as effective
control parameters to model the peculiar Ic(T ) behavior of different junctions.

We notice that the Hamiltonian parameters, as well as the lattice size, have no mi-
croscopic origin and are chosen to describe the main mechanisms that are expected to
occur in the experimental devices. Even though the lattice size is scaled down compared
to the experimental system, we think that our theoretical model should give qualita-
tively an accordance with the experimental results as long as the model parameters are
adjusted accordingly.
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3.2 Unconventional incipient 0− π transitions

In this section, we focus on the peculiar behavior of the Ic(T ) in tunnel ferromagnetic
spin-filter JJs studied in Ref.[75]. These samples, in Fig. 3.2, show unconventional incip-
ient 0−π transitions for which the Ic is not suppressed at transition temperature,T0−π.
In practice, these devices are characterized by Ic(T ) curves showing a region in which the
Ic is constant in a wide range of temperatures, i.e. a plateau, or shows a non-monotonic
trend characterized by a non-zero local minimum.

In Fig. 3.2 (a), (b) and (c), we show the comparison between the Ic(T ) curves mea-
sured down to 20 mK at zero field for the junctions with GdN barriers dF = 3.0 nm,
3.5 nm and 4.0 nm (black points), respectively, and the simulations obtained with the
tight-binding BdG lattice model (red straight lines). In the insets, we report the mea-
sured Ic(T ) values down to dilution temperatures.

The experimental data evolve from a plateau over a wide range of temperatures (a
few Kelvins) observed for the junctions with GdN thickness dF = 3.0 and 3.5 nm into a
non-monotonic Ic(T ) curve for the junction with dF = 4.0 nm. The agreement between
numerical outcomes and experimental data is certified by the capability to reproduce
the unconventional plateau (Fig. 3.2 (a) and (b)) and the non-monotonic behavior
(Fig. 3.2 (c)). We can relate the plateau in the Ic(T ) curve to an overall broadening
of a 0 − π transition in temperature. The calculated CPRs in Figs. 3.2 (d), (e) and
(f) indicate that at low temperatures the JJs are in the 0-state (light blue gradient
region in Figs. 3.2 (a), (b) and (c)), while at temperatures above T = 0.7 Tc the JJs
are in the π state (red gradient region). Compared to what has been theoretically and
experimentally observed in 0 − π SFS and SFIS JJs [45, 56, 88, 106, 107], when the
plateau is measured in the JJs with dF = 3.0 nm and 3.5 nm in Figs. 3.2 (a) and (b),
the CPRs exhibit the presence of higher order harmonics in the Josephson current J for
a wide range of temperatures (yellow gradient region). The transition region is reduced
when the Ic(T ) curve gradually points towards a non monotonic behavior, as shown in
Fig. 3.2 (c). In all the cases reported in Fig. 3.2, the 0 − π transition extends over a
few Kelvins in temperature around 4.2 K, in agreement with previous findings reported
in Ref. [108].

3.3 Spin triplet supercurrents and 0− π transitions

In order to investigate the symmetries of proximity induced superconducting pairings in
the GdN layer, we derive the pair correlations from the computed barrier GF, Eq. 1.48,
by exploiting the results in Eqs. 1.51-1.53

In Fig.3.3, we show the amplitude of the correlation functions 〈|f |〉 (〈·〉 indicates
the ensemble average, due to the presence of random on-site impurities) determined
from numerical simulations for the three devices at T = 0.025 Tc (corresponding to
0.3 K) and φ = 0, where φ is the phase-difference across the device. The correlation
functions are determined for the spin-singlet (f0), spin-triplet with opposite spins (f3)
and equal-spin triplet functions (f↑ and f↓), both in s-wave (Figs. 3.3 (a), (b) and
(c)) and p-wave symmetries (Figs. 3.3 (d), (e) and (f)), as a function of the position
in the lattice along the x direction, with index j = 1, . . . , L. In order to assure the
total antisymmetry of the fermionic wave-function, triplet superconductivity for even-
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Figure 3.2: Comparison between the experimental Ic(T ) curves, tight-binding BdG sim-
ulations and corresponding CPRs. Critical current Ic as a function of the temperature
T curves (black points) for spin-filter junctions with GdN barrier thickness dF = 3.0 nm
(a), dF = 3.5 nm (b) and dF = 4.0 nm (c). In the insets of figures (a), (b) and (c): mea-
sured saturation of the Ic(T ) down to 20 mK. The error bars on the measured Ic are
of the order of 1% and represent the statistical error due to intrinsic critical current
fluctuations [109]. The red lines are Ic(T ) curves obtained from the maximum of the
CPR calculated with the RGF method from the tight-binding BdG Hamiltonian of the
barrier. The amplitude of the simulated critical current has been multiplied by the
experimental Ic measured at 20 mK. In (d), (e) and (f): CPRs at selected temperatures
near the 0− π transition to highlight the arising of higher order harmonics, compared
with those in the 0 and π state, at 0.05 Tc and 0.7 Tc, respectively, being Tc the critical
temperature. The CPRs have been normalized to the maximum value of the current at
0.05 Tc. The color-gradient in (a), (b) and (c) represents the temperature range for the
0-state (light blue), the π state (light red), and the width of the 0− π transition region
(yellow region), obtained from the CPRs in (d), (e) and (f).

frequency pairing is conventionally of p-wave type [215]. As shown in the following,
for symmetry reasons here the dominant orbital part in the triplet pairing channel
happens to be of s-wave type. All the cases show a dominant s-wave singlet component
f0 at the superconductor/barrier interface that strongly decays toward the middle of
the barrier thickness. This is reasonable because the sides of the FI-layer are attached
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to the superconducting leads with a usual BCS s-wave symmetry [11] and, due to the
proximity effect, the singlet pair wavefunction enters the barrier. In the middle of the
barrier (lattice position j = 4), where the spin mixing and the exchange field effects take
place, a competition between the s-wave triplet and singlet pair amplitudes arises. On
the contrary, for the p-wave case, the singlet component f0 turns out to be much lower
than the corresponding s-wave one. At the same time, we may observe a prevalence
of the zero-spin p-wave triplet component f3 at the superconductor/barrier interface,
while in the middle of the barrier thickness the spin-aligned triplet correlations become
relevant. These results are justified by symmetry considerations [58, 65, 72]. Indeed,
for the s-wave symmetry, the singlet is an even-frequency function, while the triplets
are odd-frequency. The viceversa is valid for the p-wave case. The 3.0 nm-thick barrier

Figure 3.3: S- and p-wave spin-singlet and triplet pair-correlation amplitudes in the
FI barrier. In (a), (b) and (c), the amplitudes of the ensamble average of the s-wave
correlation functions 〈|f |〉, determined by numerical simulations at temperature T =
0.025 Tc, being Tc the critical temperature, are shown as a function of the lattice
position in the barrier along the x direction (with index j) for the junctions with GdN
thickness dF = 3.0, 3.5 and 4.0 nm, respectively. f0 is the spin-singlet (black line and
square symbols), f3 is the opposite-spin triplet (red line and circles) and f↑ (f↓) is the
equal-spin triplet with up (down) Sz projection (respectively, blue line and up-triangle
symbols, and green line and down-triangle symbols). In (d), (e) and (f), we show the
same correlation functions components for the p-wave symmetry. Data are reported on
a log-scale to highlight the gradual suppression of the equal-spin triplet pair-correlation
amplitude when pointing towards a non-monotonic critical current vs. temperature
Ic(T ) curve.

junction exhibits s-wave triplet correlations functions larger than the singlet one, with
a major contribution provided by the equal-spin triplet component with Sz = +1, f↑
(Fig. 3.3 (a)). For what concerns the p-wave spin-correlation functions for this device,
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f3 provides the main contribution at the borders, while f↓ competes with f3 in the
middle of the barrier (lattice position j = 4), as shown in Fig. 3.3 (d). Moreover, the
opposite- and equal-spin p-wave triplet components are nearly a factor 2 larger than the
corresponding s-wave singlet component. By increasing the thickness of the barrier, thus
gradually pointing towards an incipient 0−π transition with a non-monotonic behavior
in the Ic(T ) curve, in the s-wave cases we can observe a progressive suppression of the
equal-spin triplet components and a dominant spin-singlet channel. At the same time, in
the p-wave case, we observe a slight reduction of the ratio between the equal-spin triplets
(f↑, f↓) and the major zero-spin component (f3). Thus, the p-wave opposite spin-triplet
components are of the same order of magnitude compared to the corresponding s-wave
spin-singlet component, while the equal-spin triplet components are instead reduced.

Our theoretical results in Figs. 3.2-3.3 show that the characteristic behavior of the
Ic(T ) is related to the amplitude of the different s-wave spin-correlation functions. In
Tab. 3.1, we summarize the values of the pair-correlations in the middle of the barrier
thickness (lattice position j = 4), in units of the majority zero-spin component, i. e. f0

for the s-wave (Tab. 3.1 A) and f3 for the p-wave cases (Tab. 3.1 B), respectively. Indeed,
we observe a general decrease in the relative weight of the s-wave equal-spin triplet
components (f↑ and f↓) in the junctions that show an increasing non-monotonicity
of the Ic(T ) curves. Hence, the more Ic(T ) exhibits a behavior approaching the 0 − π
regime, the lower is the weight of the s-wave equal-spin correlations. This is in agreement
with the fact that spin-aligned supercurrents are insensitive to exchange field and, thus,
cannot give rise to 0− π transitions.

(A) s-wave (B) p-wave
dF (nm) f↑/f0 f↓/f0 f3/f0 f↑/f3 f↓/f3 f0/f3

3.0 4.21 3.23 1.28 0.74 1.00 0.32
3.5 0.34 0.80 0.78 0.67 0.84 0.14
4.0 0.11 0.15 0.20 0.51 0.60 0.06

Table 3.1: S- and p-wave symmetry spin-correlations. Ensamble average of the
pair-correlation amplitudes 〈‖f‖〉, here represented as f , in the middle of the barrier
(lattice position along x j = 4) for Josephson junctions with GdN thickness dF : f↑
and f↓ for up- and down spin triplet correlation functions, respectively, f3 for opposite-
spin triplet, f0 for spin-singlet. In (A) and (B), f is reported for both s- and p-wave
symmetry in units of the major zero-spin component: spin-singlet f0 for the s-wave
correlations and the zero-spin triplet f3 for the p-wave correlations, respectively

3.4 Tuning the 0 − π transitions (and spin-triplet su-
percurrents) via external magnetic fields

As a further investigation on the spin-symmetries of Josephson current at the incipient
0− π transitions, the Ic(T ) response to an external magnetic field applied in the plane
of the JJs has been measured [91]. In Fig. 3.4 we show the evolution of the normalized
critical current Ic(T,H/H0)/Ic(0.3 K, H/H0) as a function of a weak magnetic field
H/H0, where H0 is the amplitude of the first lobe of the Fraunhofer pattern curve,
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acquired by applying the magnetic field from +2.4 mT to −2.4 mT. H0 is estimated at
each investigated temperature T (from T = 0.3 K to T = 8 K). The results are reported

Figure 3.4: Tuning of the Ic(T ) curves in the presence of an external magnetic
field. Normalized critical current Ic(T,H/H0)/Ic(0.3 K, H/H0) density plots as a func-
tion of the percentage of magnetic field periodicity H/H0 and the temperature T , for
the Josephson junctions with GdN thickness (a) dF = 3.0 nm and (c) dF = 3.5 nm. The
critical current Ic values at each temperature T are measured by fixing the external
magnetic field to H/H0, where H0 is the amplitude of the first-lobe of the Fraunhofer
pattern measured at the same temperature T . Blue, red and green lines refer to the
cross sections reported in (b) and (d): blue squares for H/H0 = 0%, red circles for
H/H0 = 75% in (b) and H/H0 = 65% for (d), green triangles for H/H0 = 85% for (b)
and H/H0 = 75% for (d). Straight lines in plots (b) and (d) are only a guide for the
eye. The error bar on each measured point is of the order of few percents and it is due
to intrinsic Ic fluctuations[109]. The white dashed arrows in (a) and (c) are a guide for
the eye and highlights the shift of the minimum in the Ic(T,H/H0)/Ic(0.3 K, H/H0) by
increasing H/H0.

in Fig. 3.4 in the two density-plots (a) and (c) for the junctions with dF = 3.0 nm
and 3.5 nm, respectively. Increasing the field H/H0, the plateau structure at zero field
evolves into a non-monotonic behavior with a minimum (dark region around 70−80%H0

and between 2 and 4 K) and a maximum (bright region around 70−80%H0 and between
4 and 6 K). The effect is more pronounced for the JJ with dF = 3.0 nm. The blue,
green and red dashed line cuts are related to the cross-section curves reported in Fig. 3.4
(b) and (d), where the gradual appearance of an enhanced dip and a non-monotonic
behavior in the normalized Ic(T ) curves can be observed by increasing H/H0.

These samples hence turn out to be sensitive to weak magnetic fields [75, 108,
109]. Even if the strength of the external magnetic field is not enough to generate a
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complete magnetic ordering, slight modifications in the microscopic structure of the
barrier arise [216], which has been already predicted to occurr in systems with tunable
domain walls [217], intrinsic SOC [218] and magnetic impurities [151]. At zero field,
the magnetic disorder is maximum and likely introduces electronic defect states in the
barrier [219]. As the field increases, the system evolves towards a more ordered phase,
and hence defect states density reduces. Therefore, the tunability of the Ic(T ) shape
from the plateau towards a non-monotonic curve by applying an external magnetic field
can be related to a reduction of the disorder in the barrier.

This picture is supported by numerical simulations obtained when changing the
strength of the impurity potential in the 2D-lattice model while keeping fixed all the
other parameters. As a matter of fact, in order to have a good agreement with ex-
perimental data, we model the GdN as a ferromagnetic half metal [210–212]. Hence,
local impurity potentials in the FI barrier are assumed to induce small site-dependent
fluctuations of the chemical potential. In our approach, the coexistence of spin mix-
ing mechanisms, promoted by SOC-like interactions, and on-site impurities model the
magnetic disorder. In Fig. 3.5 (a), in fact, we can notice that the characteristic 0 − π
behavior is modified by increasing the impurity potential Vimp. The enhancement of
the impurity strength produces a shift of the minimum of the curve towards lower
temperatures and higher critical current values, with a consequent broadening of the
typical 0 − π cusp that progressively gives rise to the plateau. Viceversa, decreasing
Vimp, one can recover the 0− π transition. In Figs. 3.5 (b)-(g) we finally report the s-
and p-wave correlation functions corresponding to simulated Ic(T ) curves for different
impurity potentials Vimp in (a): Vimp = 0.3, Vimp = 0.23 and Vimp = 0.05. We here
take as a reference the JJ with dF = 4.0 nm, i.e. the simulations for lattice dimensions
L = 8, W = 32. While the p-wave components appear to be approximately unaffected
by disorder (Figs. 3.5 (e)-(g)), for the s-wave symmetry the effect of increasing the
impurity strength Vimp results in a pronounced enhancement of the equal-spin triplet
pairing correlations, f↑ and f↓ (e.g. Figs. 3.5 (b)-(d)).

In Fig. 3.6, we show how the impurities and the SOC affect the Ic(T ) shape. Lattice
dimensions are L = 8,W = 32, i. e. they refer to the JJ with dF = 4.0 nm. To
accomplish the Ic(T ) diagram, we select the following values for α and Vimp: from panels
(a) to (d), (e) to (h), (i) to (l) and (m) to (p), Vimp = 0.05, 0.23, 0.3, respectively, and
from panels (a) to (m), (b) to (n), (c) to (o) and (d) to (p), α = 0.2, 0.1, 0.07, 0.04.
For small values of α and Vimp (bright red- and blue-scales), the simulated Ic(T ) curve
shows a cusp-like 0− π transition, provided that the exchange field h in the junction is
non-zero, as it occurs in SFS JJs tipically reported in literature [45, 56, 88, 106, 107].
By increasing α (dark red-scale), the main effect is to reduce the height of the second
maximum in the Ic(T ) curve, without recovering the plateau structure observed in SFIS
JJs. At very large α (see panel (a) in Fig. 3.6), the 0− π transition is washed out and
an AB-like shape sets in, stabilizing a "0"-phase. In this case the main contribution
is expected from the spin-singlet, though the spin-triplet correlations are increased
compared to the cases with smaller α.

At the same time, by keeping the spin-orbit field weak and by increasing Vimp (dark
blue-scale), the minimum of the 0−π transition occurs at higher critical current values
and it is broadened in temperature, but always showing a non-monotonic trend for
the Ic(T ). The characteristic plateau structure is observed only when considering a
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Figure 3.5: Simulated Ic(T ) curves and calculated pair-correlation amplitudes
as a function of the impurity potential. In (a), normalized critical current Ic vs.
temperature T curves simulated with the 2D-lattice model at fixed dimensions for three
different impurity potential Vimp values: Vimp = 0.05 (green curve), Vimp = 0.23 (red
curve) and Vimp = 0.3 (blue curve). The current is normalized to the maximum of the
CPR at the lowest investigated temperature T , while T is normalized to the critical
temperature Tc. In (b), (c) and (d), calculated s-wave ensamble average of the pair
amplitude 〈‖f‖〉 in arbitrary units for different impurity potential values Vimp in (a).
In (e), (f) and (g), calculated p-wave ensamble average of the pair amplitude 〈‖f‖〉 in
arbitrary units for different impurity potential values Vimp in (a). f0 is the spin-singlet
component (black line and square symbols), f3 is the opposite-spin triplet component
(red line and circle symbols), f↑(↓) is the up (down) equal-spin triplet component (blue
lines and up-triangle symbols, and green lines and down-triangle symbols, respectively).
Both s- and p-wave data are reported on a log-scale.
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Figure 3.6: Competition between the spin-orbit coupling and the impurity
potential and their effect on the Ic(T ). Normalized critical current Ic vs. T curves
simulated with the tight-binding BdG 2D-lattice model as a function of the spin-orbit
coupling α and the on-site impurity potential Vimp. In all the panels, the Ic (y-axis) is
normalized to its value at the lowest temperature investigated, i.e. T = 300 mK, while
the T (x-axis) is normalized to the critical temperature of the device Tc. Red-color scale
refers to increasing values of α, while blue-color scale refers to increasing Vimp values,
with parameters reported in the main text. The scale on the y-axis on each plot ranges
from 0 to 1.1, as on the x-axis. Minor thicks represent an increment of 0.1. We also
highlight for sample curves in panel (a), (g), (m) and (p) the state of the Josephson
junction: 0, 0− π or π.
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combined effect of SOC and impurities, once fixed the dimensions of the system. As it
is shown for the SFIS JJ with dF = 3.0 nm in Fig. 18 (a) and Fig. 19 (a), the formation
of the plateau goes along with the coexistence of comparable spin-singlet and triplet
superconductivity. In the limit of large Vimp (see panel (p) in Fig. 3.6), the 0 − π
transition is shifted towards very low T values, stabilizing a "π"-phase almost over the
whole temperature range. This evidence is given by the sharp decrease of Ic when the
temperature drops. In this regime, in agreement with Fig. 3.5, we predict an enhanced
contribution of the s-wave spin-triplet components due to the interplay of spin-orbit
and disorder. In the limit of large Vimp and α (see panel (m) in Fig. 3.6), an AB-like
behavior is recovered. This latter corresponds to a stable "0"-phase, reflecting the fact
that, in the competition between SOC and impurity scattering, the equilibrium state
is dominated by α. This also confirms the presence of a threshold value of α (at fixed
value of h), above which the JJ is always in the "0"-phase [73, 90].

A transition between the peculiar plateau-shape of the Ic(T ) curve towards an in-
cipient 0 − π-curve is experimentally observed increasing the strength of an external
weak magnetic field (Fig. 3.4). The position in temperature of the Ic(T ) dip is an im-
portant benchmark relating the 0− π transition induced by the weak magnetic field to
the combined effect of impurities, exchange field fluctuations and spin-orbit coupling in
the simulations. For weak on-site impurity potential, by increasing α, the minimum of
the Ic(T ) curve occurs at the same temperature. Instead, as shown in Fig. 3.5, when
increasing Vimp, the minimum is shifted in temperature, as it occurs in the experimental
Ic(T ) curves at a finite external magnetic field. We highlight the evolution of the 0− π
transition and the dip shift in the experimental data in Fig. 3.4 (a) and (c) by using
the dashed white arrow in figure.

3.5 Summary

We built on a previous study of the critical current IC(T ) as a function of the tempera-
ture T in SFIS NbN-GdN-NbN JJs [75], to investigate the coexistence and tunability of
singlet and triplet pairings. By using a tight-binding BdG approach and lattice Green’s
function techniques [73, 90, 135, 136], we modeled the IC(T ) curves in the whole temper-
ature range, along with the corresponding CPR as a function of the temperature T . We
found correspondence between neat experimental benchmarks in the temperature be-
havior of the critical current, showing unconventional non-monotonicity and theoretical
modeling. Lattice Green’s function techniques allowed us to study the spin-singlet and
triplet correlation functions in the FI barrier. Our results showed that such unconven-
tional Ic(T ) behavior turns out to be the benchmark for the coexistence of spin-singlet
and spin-triplet superconductivity in SFIS junctions [73, 135, 136]. These phenomena
set in due to the combined effects of impurities and spin-mixing mechanisms. When
the IC(T ) curve shows a plateau over a wide range of temperatures, the competition
between the singlet and triplet pairing amplitudes becomes significant, in both s-wave
and p-wave symmetries. When the IC(T ) curve exhibits an incipient 0 − π transition,
the equal-spin triplet component is gradually suppressed, becoming irrelevant in the
limit case of a more standard cusp-like 0−π transition. This last situation corresponds
to relative low values of disorder and spin-mixing effects. Our approach highlighted the
role played by the disorder in the barrier in generating broadened 0 − π transitions.
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At the same time, the presence of a spin-mixing effect, in this context provided by the
spin-orbit interaction, is crucial to reproduce the characteristic plateau in the IC(T )
curves. Furthermore, the obtained results confirmed that the reinstatement of an over-
all ordering in the system by the means of an external magnetic field points towards
the recovery of more standard 0 − π transition. Within this picture, the application
of a weak magnetic field might represent a tool for controlling the relative weight of
equal-spin-triplet transport in SFIS JJs.
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Chapter 4

Current noise in magnetic 0− π
Josephson junctions

In this chapter we investigate the current noise at 0−π transitions in magnetic Joseph-
son junctions, in particular, whether these phases changes are accompanied by an in-
creased sensitivity to magnetic noise. We consider a superconductor - quantum dot -
superconductor (SQDS) JJ as a simple prototype of magnetic junction [92]. We study
the equilibrium current noise in SQDS JJs in an external magnetic field in the pres-
ence of magnetic and dot energy fluctuations. We consider the case of static Gaussian
noise, which is justified if the magnetic noise can be described in the "central spin
model" within the "frozen spin approximation" [183, 184, 220]. We analyze the micro-
scopic mechanisms underlying the current noise response to magnetic field fluctuations
in these devices. Further, we investigate how to extract information about magnetic
noise sources from current fluctuations, thus, paving the way to a novel spin-noise
spectroscopy technique.

In the first section of this chapter, we introduce the SQDS JJ model and the different
transport regimes that can be explored in these devices, i.e. short and long junction
limits and resonant and non-resonant tunneling regimes. In second section, we recall
how magnetic field driven 0 − π transitions take place in SQDS JJs. Then, we study
the link between the presence of Andreev bound states crossings in the JJ energy
spectrum along 0 − π switchings and the amplification of current noise sensitivity to
magnetic fluctuations, in the case of non-resonant tunneling (i.e. when quantum dot
is off-resonance with respect to the superconducting leads). At the end, we explore
the possibility to exploit the enhanced current noise in these devices to probe magnetic
fluctuations, thus, proposing a novel kind of spin-noise detector based on the Andreev
levels sensitivity to magnetic fluctuations [92].

4.1 Quantum Dot Junction Model

SQDS junction Hamiltonian

We model the device as a Josephson junction with a single level quantum dot (QD)
barrier of energy εd in an external magnetic field ~B0, that we here chose to lie along
the z-axis, thus perpendicular to the transport plane, i.e. x− y plane, Fig. 4.1.
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Figure 4.1: Scheme of the Superconductor - Quantum Dot -Superconductor Josephson
junction (SQDS JJ) in the presence of an external magnetic field ~B0. Here, εd is the dot
energy and h = gµB| ~B0| is the Zeeman splitting between the two spin channels affecting
the dot level when ~B0 is turned on. The two s-wave superconductors are chosen to have
equal gap ∆ and chemical potential µ. φL/R is the superconducting phase of the L/R
lead, respectively. t is the amplitude of the hopping integral among the superconducting
leads and the dot. Finally, a sketch of the fluctuations in the orientation of nuclear spins
in the substrate beneath the dot is reported.

In the presence of noise the Hamiltonian can be written as

H = HS +Hnoise (4.1)

where HS denotes the system Hamiltonian in the absence of fluctuations while Hnoise

accounts for noise fluctuations. The system Hamiltonian is:

HS = Hleads +HD +HT , (4.2)

where HD, Hleads and HT are the dot, the leads and the tunneling Hamiltonian, respec-
tively. The dot Hamiltonian, depends on the dot energy, εd, and the Zeeman splitting
provided by the magnetic field, ~h = h~z = gµB| ~B0|~z, with µB and g denoting the Bohr
magneton and the electronic gyromagnetic ratio:

HD = εd
∑
σ=↑,↓

d†σdσ + h
(
d†↑d↑ − d

†
↓d↓

)
, (4.3)

where dσ indicates the annihilation operator for electrons of spin σ =↑, ↓ on the dot.
Following Ref.[162], we neglect Coulomb interaction on the dot. This assumption is jus-
tified in the limit of large coupling between the leads and the dot, namely the situation
considered in the following sections. Indeed, if the transparency from the dot to the
leads is close to unity, the lifetime of electrons on the dot is too short to observe Coulomb
blockade effects [162, 176]. For the sake of simplicity, the superconducting electrodes
are supposed to be s-wave with equal chemical potential µ, normal-state dispersion ε~k,σ
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and superconducting gap ∆, thus yielding the following leads Hamiltonian

Hleads =
∑
i=L,R

∑
~k

∑
σ=↑,↓

(ε~k,σ − µ)c†
i,~k,σ

ci,~k,σ+

+
∑
i=L,R

∑
~k

∆eiφic†
i,~k,↑

c†
i,−~k,↓

+ H.c.,
(4.4)

where ci,~k,σ represents the annihilation operator for electrons in the state ~k with spin σ
on the lead i (i = L,R). Here, φi is the superconducting phase in the lead i. We set
φL = −φ/2, φR = φ/2 and µ = 0.

The tunneling Hamiltonian HT reads

HT = t
∑
i=L,R

∑
~k

∑
σ

c†
i,~k,σ

dσ + H.c., (4.5)

where the hopping amplitudes between the leads and the dot are chosen to be equal
and ~k-independent for both leads.

We assume rigid superconductors and constant hopping amplitude. The noise
HamiltonianHnoise only involves fluctuations of the dot energy and Zeeman field, i.e. δεd
and ~δh, where the latter, in principle, can be non-collinear to the equilibrium Zeeman
field h~z

Hnoise = δεd
∑
σ=↑,↓

d†σdσ +
∑

σ,σ′=↑,↓

d†σ (σ̂ · ~δh)dσ′ . (4.6)

Here, σ̂ = (σ̂1, σ̂2, σ̂3) is the vector of the Pauli matrices in the spin space.
Fluctuations in dot energy, δεd, can originate from statistical retrapping processes

of charge carriers in the substrate beneath the QD, possibly inducing fluctuations in the
control gate voltage [180–182, 221, 222]. Fluctuations of the Zeeman field may arise, in
this geometry, due to the interactions between the dot electrons and spins of the nuclei
in the substrate that, for weak external fields, can be described within the so-called
"central spin model” [183, 184, 220]. In this framework, the intrinsic dynamics of the
spin-bath happens on time-scales τi ' 100µs [183] and thus can be neglected. The noise
Hamiltonian only involves the hyperfine coupling between electrons and nuclei of the
substrate,

Hhf
noise '

∑
n

∑
σ,σ′=↑,↓

d†σAn (σ̂ · ~In)dσ′ (4.7)

where ~In denotes the spin of the nucleus n and An quantifies the interaction between
the n-th nucleus and the electron on the dot.

The effects of the hyperfine coupling between electrons and substrate nuclei, within
the "frozen spin approximation” [184], yields, for an ensemble of N nuclei, an effective
Overhauser field given by ~BN =

∑
iAi

~Ii [183, 184]. Thus, Zeeman field fluctuations
would simply read as ~δh = µBg ~δBN. It can be shown [183, 184] that, within this
approximation, due to the rotational symmetry of the system, the direction of the total
Zeeman coupling, i.e. h~z+ ~δh, does not affect the transport. Hence, later on we consider
~δh parallel to the equilibrium Zeeman field, i.e. ~δh = δh~z.
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89 4.1. Quantum Dot Junction Model

Dot Green’s function and Josephson current

Starting from the transport formalism described in Chap. 1, here, we define the QD,
the lead i and the hopping Hamiltonian matrices in Nambu⊗spin space, ȞD, Ȟi,~k and
ȞT , respectively, reading

Ȟi,~k = (ε~ki − µs)τ̂3 ⊗ σ̂0 + i∆eiφi
(
τ̂1 + iτ̂2

2

)
⊗ σ̂2 + H.c.,

ȞD = τ̂3 ⊗ (εdσ̂0 + hσ̂3), ȞT = tτ̂3 ⊗ σ̂0 .

(4.8)

Then, we recall the Dyson equation for the dot GF, Eq. 4.9,

Ǧdd(ωn) =

(
iωn1̌− ȞD −

∑
i=L,R

ȞT Ǧ
0
i (ωn)ȞT

)−1

, (4.9)

where 1̌ is the identity matrix in Nambu⊗spin space, Ǧ0
i (ωn) is bare GF of the lead i

(i = L,R) and we set ~ = kB = 1.
For the sake of completeness, we recall that from the dot GF poles we access the

knowledge about the junction ABS spectrum [4, 5, 162]. Performing the analytic con-
tinuation of Eq. 4.9, i.e. iωn → z, we obtain the ABS by solving in z the following
secular equation:

det

(
z1̌− ȞD −

∑
i=L,R

ȞT Ǧ
0
i (z)ȞT

)
= 0. (4.10)

Here, we approximate normal-state dispersion ε~k,σ of the two leads, assuming that
they are described by a flat band with a constant density of state ρ0 (i.e. the leads
density of states at the Fermi level) [162, 176, 203]. Under this assumptions, Ǧ0

i (ωn)
reads [92, 162, 176, 203]

Ǧ0
i (ωn) =

−iωnπρ0√
∆2 + ω2

n

1̌+
i∆πρ0√
∆2 + ω2

n

(
eiφi

(
τ̂1 + iτ̂2

2

)
− e−iφi

(
τ̂1 − iτ̂2

2

))
⊗σ̂2 . (4.11)

Then, using the results of Eqs. 4.9 and 4.11, it easy to derive the Ĝdd(ωn) for the
Hamiltonian in Eq. 4.8.

Defining the auxiliary matrix P̂ (ωn) as

P̌ (ωn) =

(
iωn1̌− ȞD −

∑
i=L,R

ȞT Ǧ
0
i (ωn)ȞT

)
, (4.12)

and introducing Γ = 2πρ0t
2 [162, 176, 203, 204], describing the dot-lead hybridization,
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we can explicitly write Ǧdd(ωn) as follows :

Ǧdd(ωn) =
1

det
(
P̌ (ωn)

)× (4.13)



iΓωn√
∆2+ω2

n

−h+iωn−εd 0 0 Γ∆
2

(
e−

iφ
2 +e

iφ
2

)
√

∆2+ω2
n

0 iΓωn√
∆2+ω2

n

+h+iωn−εd −Γ∆
2

(
e−

iφ
2 +e

iφ
2

)
√

∆2+ω2
n

0

0 −Γ∆
2

(
e−

iφ
2 +e

iφ
2

)
√

∆2+ω2
n

iΓωn√
∆2+ω2

n

+h+iωn+εd 0

Γ∆
2

(
e−

iφ
2 +e

iφ
2

)
√

∆2+ω2
n

0 0 iΓωn√
∆2+ω2

n

−h+iωn+εd


,

where det
(
P̌ (ωn)

)
reads

det
(
P̌ (ωn)

)
=

(iωn +
iωnΓ√

∆2 − (iωn)2
− h

)2

− ε2
d −

Γ2∆2 cos (φ/2)2

∆2 − (iωn)2

×
(iωn +

iωnΓ√
∆2 − (iωn)2

+ h

)2

− ε2
d −

Γ2∆2 cos (φ/2)2

∆2 − (iωn)2

 .

(4.14)

Once the interacting dot GF Ǧdd is obtained, also the GFs connecting leads and dot,
entering the Josephson current in Eq. 1.29, can be calculated by the means of pertur-
bation theory. Their expression at the first non-vanishing order in the interaction (ȞT )
are, respectively:

ǦcRd ' ǦddȞT Ǧ
0
R,

ǦdcR ' Ǧ0
RȞT Ǧdd.

(4.15)

By recalling that Ǧdd and Ǧ0
i structure in Nambu⊗spin space is given by

Ǧdd =

(
Ĝdd F̂dd
−F̂ ∗dd −Ĝ∗dd

)
, Ǧ0

i =

(
Ĝ0
i F̂ 0

i

−F̂ 0,∗
i −Ĝ0,∗

i

)
. (4.16)

and exploiting Eqs. 4.5 and 4.15, the CPR formula, Eq. 1.29, can be further simplified

J (φ) =
iet2

2
T
∑
ωn

Trσ

[
F̂dd(ωn)F̂ 0,∗

R (ωn)− F̂ 0
R(ωn)F̂ ∗dd(ωn)

]
, (4.17)

where the trace over the Nambu space has been performed and the remaining trace Trσ
is over the spin space. Here, F̂dd and F̂ 0

R are the anomalous blocks (in spin space) of
the dot and bare R lead GFs, respectively. It is worth noticing that only the super-
conducting correlation functions of the dot and bare R lead contribute to the charge
transfer across the junction [203].
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91 4.1. Quantum Dot Junction Model

Finally, we can write the more clear-cut Josephson current equation by expliciting
the dot and right lead GFs, i.e. F̂dd and F̂ 0

R, and performing the trace over spin space
[92, 162, 168, 176, 203]

J (φ) = eT∆Γ sin

(
φ

2

)∑
ωn

< (Fdd,↓↑(ωn))√
∆2 + ω2

n

, (4.18)

with Fdd,↓↑(ωn) being the ↓↑ element of the anomalous dot GF. By analytic continuation
of Fdd,↓↑(ωn), i.e. iωn → z = ω + iη+ (with η+ → 0+), we can get the retarded dot GF
FR
dd,↓↑ (ω) from which the expressions of Andreev levels and quasiparticles (continuum

spectrum) current contributions can be derived. These, in the zero temperature limit,
respectively read [176, 203, 204, 223]

JABS (φ) = 2eΓ∆ sin

(
φ

2

)∫ 0

−∆

dω

2π

=
(
FR
dd,↓↑ (ω)

)
√

∆2 − ω2
, (4.19)

JQP (φ) = 2eΓ∆ sin

(
φ

2

)∫ −∆

−∞

dω

2π

<
(
FR
dd,↓↑ (ω)

)
√
ω2 −∆2

. (4.20)

In the following, the Josephson current J is scaled by e∆.

Choosing the transport regime

In SNS junctions ballistic and diffusive regimes differ from the fact that the electron
mean free path l in N is, respectively, much longer and much shorter then the barrier
length L. In ballistic regime the short junction condition, i.e. ξ � L, can be rewritten
in terms of the superconducting gap ∆ and the Thouless energy, defined as ETh = vF/L
[167, 168, 192, 201, 202]. Since in the zero temperature limit ξ = ξ0 = vF/π∆, we have
that

ξ � L =⇒ ∆� ETh . (4.21)

Similar considerations can be applied to the diffusive limit, i.e. l� L, where coherence
length and Thouless energy read ξ =

√
D/(π∆) and ETh = D/L2 (D being the electron

diffusion constant in N) [51, 167, 168, 192, 201, 202]. We collect these considerations
in Tab.4.1.

ξ ETh Short junction Long junction

ballistic vF/(π∆) vF/L ξ � L or ∆� ETh ξ � L or ∆� ETh

diffusive
√
D/(π∆) D/L2 ξ � L or ∆� ETh ξ � L or ∆� ETh

Table 4.1: Short and Long junction limits in ballistic and diffusive regimes in SNS JJs.
Table adapted from [168].

In the SQDS JJ, where the ballistic transport condition is naturally satisfied, the
line-width of the dot level Γ plays the same role of Thouless energy ETh in diffusive SNS
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Chapter 4. Current noise in magnetic 0− π Josephson junctions 92

JJs [167, 168, 192, 201, 202]. Thus, the small and long junction conditions reading, re-
spectively, ∆� ETh and ∆� ETh, simply become ∆� Γ and ∆� Γ [167, 168, 192].
For this reason, moving the JJ in short and long junction regimes, here, simply trans-
lates to tuning the value of ∆ or Γ. Short junction limit is characterized by negligible
quasiparticles contribution to Josephson current [167, 168, 192], thus representing the
proper regime to simulate transport properties of novel tunnel ferromagnetic Josephson
junctions with insulating barrier [73, 75, 78, 90, 91], more suitable for quantum circuits
applications in view of the low quasiparticles current. For this reason, all along this
work we analyze SQDS JJs characterized by ∆� Γ and all the energy parameters are
scaled by Γ, that is chosen to be Γ = 1. Furthermore, in the framework of short junc-
tion regime, the dot energy εd, possibly controlled by external gate voltage, plays the
role of further tuning parameter for the transport through the quantum dot junction.
By tuning dot on and off resonance with the superconducting leads chemical potential,
Fig. 4.2, we control the current flowing through the JJ, reaching two different regimes,
respectively called "resonant" and "non-resonant" tunneling, the former being charac-
terized by the maximum supercurrent achievable in these devices [167, 168, 192, 201,
202]. We summarize the transport regimes of the SQDS JJ that can be tuned by the

Δ Δ" "

Resonant
Tunneling

Non-Resonant
Tunneling

#!

#!

Γ

Left SC 
lead

Right SC 
lead

Quantum Dot

Figure 4.2: SQDS JJ level scheme in the absence of magnetic field. Dot level finite
linewidth Γ is the result of hybridization with the leads. By controlling εd one can
reach both "resonant" and "non-resonant" tunneling regime.

means of ∆/Γ and εd in Tab.4.2.

92



93 4.2. Current noise in the static limit

Regime Tunneling ∆/Γ εd quasiparticles current

Short non-resonant ∆� Γ εd 6= µ negligible

Short resonant ∆� Γ εd = µ negligible

Long non-resonant ∆� Γ εd 6= µ comparable with ABS

Long resonant ∆� Γ εd = µ comparable with ABS

Table 4.2: Short and Long junction regimes in resonant and non-resonant tunneling for
SQDS JJs. Table adapted from [168].

4.2 Current noise in the static limit

We aim to exploit the junction current noise response as a probe of the magnetic noise
source. Thus, we focus our attention on the intrinsic link between J and h fluctuations.
In the following, we assume the two noise sources to be uncorrelated.

To keep the discussion simple, we further specify our analysis to the case of static
Gaussian noise, where the QD degrees of freedom are characterized by time-independent
zero-mean fluctuations, 〈δh〉 = 〈δεd〉 = 0, described by Gaussian probability distribu-
tion, P (δεd) and P (δh), with variance given by σ2

εd
= 〈(δεd)2〉 and σ2

h = 〈(δh)2〉,
respectively reading

P (δεd) =
1√

2πσεd
exp

(
−(δεd)

2

2σ2
εd

)
, P (δh) =

1√
2πσh

exp

(
−(δh)2

2σ2
h

)
(4.22)

The assumption of Gaussian static noise can be justified for magnetic fluctuations
considering that, in the central spin model and "frozen spin approximation” [184], the
Overhauser field ~BN yields classical static fluctuations, that in the limit of a large
N are Gaussianly distributed with a standard deviation σBN

= BN max/
√
N , BN max

indicating the maximum Overhauser field which is typically of the order of a few mT
[129, 220, 224]. For an electron confined in a GaAs quantum dot and interacting
with a typical number 100 spin-3/2 nuclei, this results in σBN

∼ 4 mT [224] and,
consequently, in an overall magnetic field with probability distribution given by P (B0) =
exp(−B2

0/(2σ
2
BN

))/(
√

2πσBN
). A careful discussion of the limits of validity of the frozen

spin approximation in external magnetic fields can be found in Ref.[220]. In the context
of Gaussian static noise, the SQDS JJ current-noise characterization reduces calculate
the Josephson current variance as a function of the superconducting phase difference
between the leads can be expressed as [178, 179, 225]:

σ2
J (φ) =

〈
(δJ(φ))2〉 =

〈
J2(φ)

〉
− 〈J(φ)〉2 , (4.23)

where 〈·〉 is intended as the average over dot energy and Zeeman field fluctuations
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distributions, P (δεd) and P (δh), thus yielding

σ2
J (φ) =

∫ ∞
−∞

J2 (φ, εd + δεd, h+ δh)P (δεd)P (δh)d(δεd)d(δh)

−
(∫ ∞
−∞

J (φ, εd + δεd, h+ δh)P (δεd)P (δh)d(δεd)d(δh)

)2

.

(4.24)

Small fluctuations

By assuming that the two noise channels, δεd and δh, are uncorrelated, i.e. 〈δεdδh〉 = 0,
in the case of small fluctuations, i.e. for δεd ≈ δh ≈ 0, the CPR J (φ) can be expanded
up to the second order as follows

J (φ, εd, h) ≈ J (φ, εd, h)

∣∣∣∣
δεd=0
δh=0

+
∂J (φ, εd, h)

∂h

∣∣∣∣
δεd=0
δh=0

δh+
∂J (φ, εd, h)

∂εd

∣∣∣∣
δεd=0
δh=0

δεd

+
1

2

∂2J (φ, εd, h)

∂h2

∣∣∣∣
δεd=0
δh=0

δh2 +
1

2

∂2J (φ, εd, h)

∂ε2
d

∣∣∣∣
δεd=0
δh=0

δε2
d,

(4.25)

yielding the following expression for the current fluctuations δJ = J − 〈J〉

δJ (φ, εd, h) ≈ ∂J (φ, εd, h)

∂h

∣∣∣∣
δεd=0
δh=0

δh+
∂J (φ, εd, h)

∂εd

∣∣∣∣
δεd=0
δh=0

δεd

+
1

2

∂2J (φ, εd, h)

∂h2

∣∣∣∣
δεd=0
δh=0

(
δh2 − 〈δh2〉

)
+

1

2

∂2J (φ, εd, h)

∂ε2
d

∣∣∣∣
δεd=0
δh=0

(
δε2

d − 〈δε2
d〉
)
,

(4.26)

where we use that 〈δεd〉 = 0 and 〈δh〉 = 0. Therefore, for uncorrelated noise sources
small fluctuations expansion for σ2

J (φ) = 〈δJ2 (φ)〉 reads

σ2
J (φ, εd, h) =

〈
δJ2 (φ, εd, h)

〉
=

(
∂J (εd, h)

∂h

∣∣∣∣
δεd=0
δh=0

)2

σ2
h +

(
∂J (εd, h)

∂h

∣∣∣∣
δεd=0
δh=0

)2

σ2
εd

+
1

2

(
∂2J (εd, h)

∂ε2
d

∣∣∣∣
δεd=0
δh=0

)2

σ4
εd

+
1

2

(
∂2J (εd, h)

∂h2

∣∣∣∣
δεd=0
δh=0

)2

σ4
h

− 1

2

(
∂2J (εd, h)

∂ε2
d

∣∣∣∣
δεd=0
δh=0

∂2J (εd, h)

∂h2

∣∣∣∣
δεd=0
δh=0

)
σ2
εd
σ2
h,

(4.27)

Here, we use the fact that, for Gaussian distributions, all odd-order correlators
vanish, i.e.

〈
(δεd)

2n+1〉 = 0 and
〈
(δh)2n+1〉 = 0 with n ∈ N , and that the fourth
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95 4.3. Zeeman field driven 0− π transitions in SQDS JJs

order moment of δεd and δh can be expressed as
〈
(δεd)

4〉 = 3σ4
εd

and
〈
(δh)4〉 = 3σ4

h,
respectively [178, 179, 225].

Eq. 4.27, hence, relates the CPR variance to the width of εd and h statistical dis-
tributions, i.e. σεd and σh.

4.3 Zeeman field driven 0−π transitions in SQDS JJs

In this section, we analyze how Zeeman field driven 0 − π transitions take place in a
SQDS JJ [161–164]. In the following, we focus on the more general case in which the
dot is off-resonance with respect to S leads chemical potential, i.e. εd 6= 0 in our case.

In Fig. 4.3, we show the ABS spectrum computed for increasing h along a Zeeman
interaction driven 0− π, transition. The Dot energy εd and Zeeman field amplitude h

Figure 4.3: Andreev levels spectrum for the SQDS JJ (εd = 1, Γ = 1, ∆ = 0.01) along
an exchange field induced 0 − π transition, computed, from left to right, at h = 0.5
(a), h = 1.05 (b), h = 1.3 (c) and h = 1.7 (d), respectively. By increasing the Zeeman
splitting between the different spin levels, Andreev Bound States (ABS) crossings at
zero energy occur for φ = ±φ0 6= 0,±π. Transition between the 0 and π phases is
accomplished when the two near-zero ABS are switched.

affect the levels structure in different ways. The former opens up a gap in the Andreev
spectrum, thus, moving apart the particle-hole symmetric levels. The latter introduces
a Zeeman splitting between different spin channels [163, 164], Fig. 4.3(a), enhancing
the exchange field strength leads to levels crossings at zero-energy when h effect on the
ABS equals and overcomes the one of Dot energy εd, Fig. 4.3(b). At fixed Γ, crossings
phase points ±φ0 turn out to be only a function of h and εd. By further increasing the
Dot Zeeman field the ABS crossing points are pushed toward φ0 = 0, Fig. 4.3 (c)., thus,
driving the system to the π phase, where two particle-hole symmetric Andreev levels
are switched, Fig. 4.3 (d).

In Appendix C, we demonstrate that the ABS crossings between particle-hole sym-
metric levels reflects in the occurrence of sharp jumps in the CPR, from positive to
negative currents, at the crossings phases along 0− π transitions [161–166].
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Indeed, the Andreev levels contributing to the junction supercurrent are those at
negative energies, ε (φ) < 0, i.e. those below the superconducting leads chemical po-
tential. When ABS crossings appear, the near-zero state that actually carries current
is a mix of the particle-like and hole-like levels and presents cusps at the ABS crossing
phases ±φ0, e.g. the level in red in Fig. 4.3 (b) and (c). Since, ABS contribution to
Josephson current, JABS (φ), in the zero-temperature limit, can be simply computed by
deriving the current-carrying levels with respect to φ [167, 168, 192, 201, 202]

JABS (φ) =
∑
j, ε≤0

∂εj (φ)

∂φ
, (4.28)

we can heuristically understand why the cusps lead to jump-like discontinuities in the
CPR.

This effect is clearly visible in Fig. 4.4 where the junction CPRs J(φ) corresponding
to the ABS spectra in Fig. 4.3, computed at temperature T = 0.02 TC , are reported.
Peculiar jump-discontinuities in CPR are well known in ballistic quantum point contacts

- -
2

0
2

-0.2

0

0.2

ϕ

J
ϕ
)

e
Δ

Figure 4.4: CPR behavior of the SQDS JJ (at T = 0.02 TC) corresponding to the ABS
spectra in Fig. 4.3. J (φ) is computed at h = 0.5 (blue solid curve), h = 1.05 (green
dashed curve), h = 1.3 (orange dotted-dashed curve) and h = 1.7 (red dotted curve),
respectively. Along the 0−π transition the JJ shows peculiar CPR jump discontinuities
at the ABS crossings.

(QPC) in resonant regime and short ballistic JJs [50, 163, 167–169, 171, 192, 202]. They
have been already predicted in SQDS junctions along the 0−π switchings [50, 162, 170]
also in the presence of Coulomb interaction on the Dot [161, 163, 165, 166, 173, 175–
177, 191, 223], as well as in ferromagnetic Josephson devices with QPCs, e.g. SFcFS
[50], and correspond to a state characterized by the presence of two minima in the total
energy at φ = 0 and π [50, 162, 163, 170].

This peculiar CPR behavior goes along with an enhanced contribution of higher
harmonics, that is a well established signature of the transition from 0 (blue solid
curve for h = 0.5) to π state (red dotted curve for h = 1.7) in JJs with ferromagnetic
barriers [51, 58, 73, 90, 91]. We can better appreciate and summarize the transport
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properties of the SQDS junction by looking at Fig. 4.5, where the density plot of
the Josephson current as a function of the phase and exchange field, i.e. J(φ, h),
(computed for εd = 1, ∆ = 0.01 and T = 0.02 TC) is presented. Josephson current

Figure 4.5: Density plot of Josephson current as a function of the phase and exchange
field J(φ,h), computed at εd = 1, Γ = 1, ∆ = 0.01 and T = 0.02 TC . Transition
between 0 and π phases is characterized by an intermediate transport regime in which
the junction CPR shows peculiar jump-like discontinuities, abrupt change in the plot
color when moving along the φ axis at fixed exchange field h value.

J (φ) is shown along the lines at fixed h value on the y-axis. In order to accomplish the
0 − π transition, the system has to move across an intermediate regime in which the
J(φ) shows sharp jump discontinuities, corresponding to sudden changes of color in the
graphic. Furthermore, the junction starts its transitions toward the π state at h = ±1
lines when the Zeeman coupling equals the Dot energy, and ABS crossings appear at
φ = ±π in the energy spectrum. This corresponds to the situations in which one of the
two Zeeman splitted Dot levels, with energy ε = εd± h (Fig. 4.1), returns in resonance
with the superconducting leads chemical potential, µ = 0, thus entering the resonant
tunneling regime [167, 168].

Current noise at 0−π transitions in non-resonant tunneling regime

The presence of CPR jumps at the ABS crossing phases, φ = ±φ0, gains relevance when
the Hamiltonian parameters are affected by noise. In our case, CPR discontinuities may
lead to an increased sensitivity of the current noise along the 0−π transition to εd and
h fluctuations (Γ and ∆ are kept fixed).

In particular, the abrupt change in sign of J (φ) leads to δ-like peaks in the current
derivatives with respect to the dot energy and Zeeman field (see Appendix C). This
effect can be observed in the ∂εdJ (φ) and ∂hJ (φ) density plots with respect to φ and
h, in Figs.4.6 (a) and (b).
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Here, ∂εdJ (φ) and ∂hJ (φ) amplitudes along the 0 − π switching are increased by
two orders of magnitude at the ABS crossings with respect to the background. In
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Figure 4.6: Density plots of the current derivatives along εd (a) and h (b) as a function
of the phase and exchange field, ∂εdJ(φ,h) and ∂hJ(φ,h) (εd = 1, Γ = 1, ∆ = 0.01 and
T = 0.02 TC). Along the 0 − π transition ∂hJ divergences at the CPR jumps appear,
Fig. 4.5.

the presence of small fluctuations in the Zeeman field and/or dot energy, for which
the expansion in Eq. 4.27 is valid, ∂εdJ(φ)/∂hJ(φ) divergences at ABS crossing phases
suggest an enhanced current noise response to εd/h fluctuations. Amplified current
noise response can be indeed found in Fig. 4.7 where we show the current variance σ2

J

obtained with Eqs. 4.23-4.24 in the presence of both εd and h fluctuations taken with
the same standard deviation σεd = σh = 0.005 for simplicity. In this density plot, we
observe pronounced σ2

J peaks at the ABS crossing phases.
These results indicate that 0 − π transitions in QD junctions and, in general, in

short ballistic JJs, can be accompanied by enhanced current fluctuations, pointing out
the CPR jumps to be a fingerprint of this noise amplification phenomenon. This might
lead to decoherence effects when these are employed in superconducting qubits.

Mitigation of 0− π current noise via quasiparticles

The device sensitivity, whose fingerprint are the CPR jumps, is tightly connected to the
Andreev spectrum dependence on the microscopic parameters, and it may be reduced
in the presence of strong quasiparticles currents, that lower the current variance peaks.
Indeed continuum levels live above the superconducting gap, ε > ∆ and do not undergo
to zero-energy crossings, thus, not contributing to the CPR jumps [92, 176, 203, 204,
223].

In Fig. 4.8, we analyze Andreev levels and quasiparticles current contributions for
the CPR curve in Fig. 4.4 at h = 1.05 by varying the superconducting gap. We start
from a deeply short junction limit, ∆ = 0.01Γ to the case where ∆ = Γ.

The short junction regime is characterized by a negligible quasiparticles contribution
to J (φ), Fig. 4.8 (a-b), when increasing the ∆/Γ ratio quasiparticles current gradually
grows until reaching the same order of magnitude of ABS supercurrent when ∆ ≈ Γ, as
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Figure 4.7: Density plot of current variance σ2
J (φ, h), as a function of the supercon-

ducting phase difference and the exchange field, along the 0− π transition of Fig. 4.5,
computed from the definition σ2

J (φ, h) = 〈J2 (φ)〉−〈J (φ)〉2 at εd = 1, Γ = 1, ∆ = 0.01,
T = 0.02 TC and σεd = σh = 0.005.

it is evident in Fig. 4.8 (c) . Moreover, here, we can appreciate that when quasiparticles
contribution becomes sizable it is opposite in sign with respect to ABS current [162,
226], hence, leading to a reduction of the CPR jump. Hence, also the maximum of
∂εdJ and ∂hJ divergent peaks results decreased, since their height is proportional to
the jump discontinuity in J (φ). This indicates a strong attenuation of the current
noise sensitivity when the superconducting gap approaches the dot linewidth, as it is
observable in Fig. 4.9. Interestingly, these findings suggest that a mitigation effect of the
JJ sensitivity to magnetic fluctuations at the 0−π transitions sets in when quasiparticles
current becomes sizable. In this framework, a sort of competition between quasiparticles
and magnetic noise might establish in long junctions.

4.4 Resonant tunneling regime

Amplification of current noise response to magnetic fluctuations is also observable and
results even more pronounced when the dot is tuned in resonance with the two S leads,
i.e. εd = 0.

In resonant tunneling, the supercurrent carried through the QD reaches values up to
e∆, being the maximum current sustainable in this kind of devices, as we can observe
in Fig. 4.10, where the J(φ, h) density plot for εd = 0 is shown. Here, we can appreciate
that the system transition toward the π state starts as soon as the exchange field
interaction is switched on since the CPR exhibits jumps even for h = 0 at φ = ±π, as it
is shown in Fig. 4.10, as a consequence of the gapless ABS spectrum at zero magnetic
field, Fig. 4.11

Also in this case, CPR discontinuities lead to δ-like peaks in ∂hJ(φ) at ABS crossing
phases, visible in the ∂hJ(φ) density plot in Fig. 4.12(a). This provides an enhanced cur-
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Figure 4.8: Current-phase relation (blue solid lines) together with the relative current
contributions of ABS (red dashed lines) and quasiparticles (green dot-dashed lines),
computed at different values of the superconducting gap ∆ (εd = 1, h = 1.05, Γ = 1).
As long as the system is in the short junction limit, i.e. ∆ � Γ, quasiparticle current
remains negligible, while it reaches the same order of magnitude of the current carried
by Andreev levels when ∆ approaches Γ.
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Figure 4.9: Current variance, computed at εd = 1, Γ = 1, h = 1.05, σεd = σh = 0.005
and T = 0.02 TC , for different values of the superconducting gap ∆. Strong attenuation
of the current noise peaks at the ABS crossings, Fig. 4.3, is evident when ∆ approaches
Γ, with the SQDS JJ exiting the short-junction regime, Fig. 4.8.

rent noise response to h fluctuations whose hallmarks are the σJ (φ) peaks, Fig. 4.12(b).
Further, the height of ∂hJ(φ) and σJ (φ) peaks is larger than in non-resonant limit by
approximately one order of magnitude. On the other hand, the resonant tunneling limit
strongly differs from the off-resonance case.

Specifically, when we tune the dot in resonance with the two superconducting elec-
trodes (see Fig. 4.2) [167, 168], i.e. εd = 0, ∂εdJ goes identically to 0, actually predicting
a vanishing first order contribution in σεd to σJ .

To demonstrate that ∂εdJ vanishes at εd = 0 we recall the current formula in Eq. 4.18
yielding ∂εdJ ∝ ∂εdFdd,↓↑. Fdd,↓↑ (ωn) has in general a cumbersome expression (the ↓↑
element of the off-diagonal GF in Eq. 4.13) that in the limit of zero Zeeman field h = 0
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Figure 4.10: In (a) CPR of the SQDS JJ in the resonant tunneling regime (at εd = 0,
∆ = 0.01, Γ = 1 and T = 0.02 TC) computed along the Zeeman induced 0−π switching
are reported, at h = 0 (blue solid curve), h = 0.2 (green dot-dashed curve), h = 0.9
(orange dashed curve) and h = 1.05 (red dotted curve), respectively. Along the 0 − π
transition the JJ shows peculiar CPR jump discontinuities at the ABS crossings. In
(b) the density plot of Josephson current as a function of the phase and Zeeman field
J(φ,h), computed at εd = 0, Γ = 1, ∆ = 0.01 and T = 0.02 TC , is shown. Transition
between 0 and π phases is characterized by an intermediate transport regime in which
the junction CPR shows peculiar jump-like discontinuities, e.g. abrupt change in the
plot color when moving along the φ axis at fixed Zeeman field h value.

[176, 203] simplifies to

Fdd,↓↑ (ωn) =
Γ∆ cos

(
φ
2

)√
∆2 + ω2

n

×(
−ω2

n − ε2
d −

Γ2
(
∆2 cos (φ/2)2 + ω2

n

)
(∆2 + ω2

n)
− 2Γω2

n√
∆2 + ω2

n

)−1 (4.29)

Starting from the above equation the current derivative along εd can be easily calculated
in the resonant tunneling where it identically vanishes

∂εdFdd,↓↑

∣∣∣∣
εd=0

= ∂εdJ

∣∣∣∣
εd=0

= 0 , (4.30)

thus yielding a zero first order contribution to the small fluctuations expansion of σ2
J (φ)
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Figure 4.11: Andreev levels spectrum for the SQDS JJ (εd = 0, Γ = 1, ∆ = 0.01) along
an Zeeman field induced 0 − π transition, computed, from left to right, at h = 0 (a),
h = 0.2 (b), h = 0.9 (c) and h = 1.05 (d), respectively. By increasing the Zeeman
splitting between the different spin levels, Andreev Bound States (ABS) crossings at
zero energy occur for φ = ±φ0 6= 0,±π. Transition between the 0 and π phases is
accomplished when the two near-zero ABS are switched.

in Eq. 4.27. The latter, for εd = 0, hence, reads

σ2
J (φ, εd = 0) =

(
∂J (εd = 0)

∂h

∣∣∣∣
δεd=0
δh=0

)2

σ2
h

+
1

2

(
∂2J (εd = 0)

∂ε2
d

∣∣∣∣
δεd=0
δh=0

)2

σ4
εd

+
1

2

(
∂2J (εd = 0)

∂h2

∣∣∣∣
δεd=0
δh=0

)2

σ4
h

− 1

2

(
∂2J (εd = 0)

∂ε2
d

∣∣∣∣
δεd=0
δh=0

∂2J (εd = 0)

∂h2

∣∣∣∣
δεd=0
δh=0

)
σ2
εd
σ2
h,

(4.31)

Moreover, in case of negligible contribution from high order terms in σεd and σh, the
current variance σ2

J (φ) in Eq. 4.27 simply reduces to

σ2
J (φ, εd = 0) =

(
∂J (φ, εd = 0)

∂h

∣∣∣∣
δεd=0
δh=0

)2

σ2
h, (4.32)

From now on we call, without any loss of generality, small fluctuations regime the
limit, in terms of σεd and σh, in which Eq. 4.32 successfully reproduces the σJ (φ)
behavior predicted by its definition σ2

J (φ) = 〈J2 (φ)〉 − 〈J (φ)〉2.
For the sake of completeness, we show, for example, that the case reported in

Fig. 4.12 (b), where the current variance was computed for σεd = σh = 0.005, falls
within the above-mentioned limit, where σ2

J (φ) peaks are directly proportional to Zee-
man field variance σ2

h.
For this purpose, first, we report in Fig. 4.13 the different σ2

J series terms corre-
sponding to the current variance in Fig. 4.12(b) at h = 0.2, where we observe that
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Figure 4.12: Density plots of the current derivative along h (left panel, (a)) and of
the current variance σ2

J (φ, h) (right panel (b)) as a function of the superconducting
phase difference and the Zeeman field (εd = 0, ∆ = 0.01, Γ = 1 and T = 0.02 TC).
σ2
J (φ, h) = 〈J2 (φ)〉−〈J (φ)〉2 is computed in the presence of dot energy and Zeeman field

fluctuations with equal standard deviation σεd = σh = 0.005. Along 0 − π transition
∂hJ divergences at the CPR jumps appear and the SQDS JJ exhibits current noise
peaks.

the second order term in σh is two order of magnitude lower than the first order one,
while the latter exceeds terms involving σεd by at least three order of magnitude, thus,
testifying that dot energy contribution to current noise can be considered negligible in
the resonant tunneling limit. Then, in Fig. 4.13 (b), we compare the results of the first
order σJ expansion in Eq. 4.32 with the σ2

J (φ) curve computed by the means of its def-
inition in Eq. 4.23, thus proving that small fluctuations approach succeeds in providing
a good description of current noise.

Nevertheless, it is worth noticing that the larger is εd standard deviation with respect
to σh the more significant higher order terms in σεd are for CPR noise.
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Figure 4.13: Different contributions to the small fluctuations expansion formula for the
current variance σ2

J , in Eq. 4.31 computed for the CPR curve at h = 0.2 in Fig. 4.10
(εd = 0, Γ = 1, ∆ = 0.01, T = 0.02TC), for σεd = σh = 0.005, testifying that when the
QD is in resonance with the S leads the dot energy noise contribution to current noise
is negligible.

4.5 Andreev spin-noise detector
Although current noise amplification in magnetic JJs at 0 − π transitions might rep-
resent a limitation to their applicability in superconducting quantum circuits, it also
provides us with a novel tool for probing magnetic noise in these kind of devices and, in
general, in ferromagnetic junctions. Indeed, the enhanced sensitivity of these systems to
magnetic fluctuations that can be further maximized by choosing the proper transport
regime, i.e. short-junction limit and resonant tunneling, would be a key ingredient for
magnetic noise detection. Nevertheless, in view of a possible application of SQDS JJs
as magnetic noise detectors, we should be able to isolate and analyze the magnetic field
fluctuations contribution to current noise response σJ . In this respect, the existence of
"sweet spots" in the Hamiltonian parameters space where σεd contribution to σJ can
be disregarded, i.e. resonant tunneling εd = 0, and the junction is much more sensitive
to magnetic rather than charge fluctuations, suggests a strategy to isolate the magnetic
noise contribution. In addition, we observe in Fig. 4.12 that, in resonant tunneling,
the current noise amplification accompanying the 0− π transition starts as soon as the
magnetic field is switched on, and the largest current noise response is achieved at very
low Zeeman coupling values. This suggests the possibility to have a high detection sen-
sitivity without employing strong external magnetic fields that could in principle have
detrimental effects on the superconducting leads. Moreover, the simple proportional-
ity relation between current and magnetic noises, characterizing the small fluctuations
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regime, guarantees an easy and efficient way to investigate the physical properties of
magnetic noise sources in the barrier, starting from the only knowledge of the junction
equilibrium transport properties.

In the case of resonant tunneling, quasiparticles current may have detrimental ef-
fects on the σJ peaks and, thus, on the device sensitivity to magnetic fluctuations. In
Fig. 4.14(a-c) we analyze Andreev levels and quasiparticles current contributions for
the CPR computed at h = 0.2 in Fig. 4.10(a) (green-dashed curve) by varying the
superconducting gap from a deeply short junction limit, ∆ = 0.01Γ, to the case where
∆ = Γ. These results highlight a strong attenuation of the current noise sensitivity
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Figure 4.14: In the upper panel (a) the current-phase relation (blue solid lines) together
with the relative current contributions of ABS (red dashed lines) and quasiparticles
(green dot-dashed lines), computed at different values of the superconducting gap ∆,
expressed in unity of Γ (Γ = 1 and T = 0.02 TC), are respectively shown. In the lower
panel (b) the corresponding current variance curves σJ(φ) are reported. As long as the
system is in the short junction limit, i.e. ∆� Γ, quasiparticles current remains negli-
gible, while it reaches the same order of magnitude of the current carried by Andreev
levels when ∆ approaches Γ. Reduction of CPR jumps due to quasiparticles current
leads to strong attenuation of the current noise peaks at the ABS crossings, when the
JJ exits the short-junction regime
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Figure 4.15: Comparison between σ2
J(φ) calculated by the means of Eq. 4.23 and

Eq. 4.32 for the CPR curve at h = 0.2 in Fig. 4.10 (a) (εd = 0, Γ = 1, ∆ = 0.01), at dif-
ferent values of the dot energy and Zeeman field standard deviations, σεd = σh = 0.005
(a), σεd = σh = 0.01 (b) and σεd = σh = 0.02 (c), respectively.

when ∆ = Γ, Fig. 4.14 (c), further justifying the choice of working in the short junction
limit in order to have also the current noise response maximized. In the followings,
we fix ∆ = 0.01, thus quenching the quasiparticles contribution to supercurrent that is
detrimental for noise amplification.

Once the most favorable transport regime for magnetic noise detection has been
determined, the success in using the SQDS JJ magnetic noise detector relies on the
accuracy of Eq. 4.32. The latter, in resonant tunneling case, not only allows us to access
information about magnetic noise sources but it assures that dot energy noise does not
contributes to σJ . It is thus important to identify the regime of validity of the small
fluctuations approximation. For this purpose, in Fig. 4.15 we show the current variance
σ2
J computed at different widths of the dot energy and Zeeman field distributions, i.e.
σεd and σh, by comparing the outcomes of Eq. 4.23 and of Eq. 4.32. We note that the
smaller is σh, i.e. the narrower is the Zeeman field noise distribution, the higher is the
precision of Eq. 4.32 in reproducing the correct results both for σ2

J peaks height and
width. These results are still better visualized when comparing the maximum of the
σJ (φ) peaks computed with the two approaches, in Fig. 4.16, where we observe that
for σh ≤ 5×10−3 Eq. 4.32 succeeds in providing an accurate description for the current
variance that hence turns out to be proportional to σh. Not only these results validate
the small fluctuations expansion approach but they also demonstrates that dot energy
noise can be disregarded for σ2

J calculation in the resonant tunneling. In this scenario,
these findings points out the possibility to extract information about the magnetic
noise directly from the knowledge of the Josephson current variance and the junction
equilibrium transport properties. Following Refs. [183, 184], we highlight that the small
fluctuations condition does not limit the practical use of these systems as magnetic
noise detectors. Indeed, we find that the expected Zeeman coupling distribution width
σexp
h corresponding to magnetic field standard deviation σBN

∼ 4mT, as mentioned
in Refs.[183, 184], is of the order of σexp

h ∼ 10−7eV, where we consider the electronic
gyromagnetic factor in such heterostructures being g ∼ 0.3÷0.4 [227–231], while in our
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Figure 4.16: Maximum of the σJ peaks at the ABS crossings for the CPR curve at
h = 0.2 (green dot-dashed curve in Fig. 4.10) (a) computed by varying the Zeeman
field standard deviation σh in comparison with the results predicted from first order σJ
expansion in Eq. 4.32.

case, when dealing with systems such that Γ ∼ 100∆ and σh = 5 × 10−3Γ, we predict
Zeeman field standard deviation σh = 5× 10−5eV for ∆ = 10−1meV.

4.6 Temperature induced Noise Damping
Starting from Eqs. 4.18-4.23 we calculate the current and its noise by varying the
system temperature in the range [0.02TC , 0.5TC ]. The results for the QD JJ at h = 0.2
(green-dashed curve in Fig. 4.10(a)) are shown in Figs.4.17 (a) and (b), respectively.
We find that the sharp jumps, strongly evident when the temperature approaches zero,
are significantly smoothed by the temperature.

CPR jump discontinuities in such systems represent a fingerprint of the enhanced
sensitivity to magnetic noise. These findings suggest a strong damping of the current
noise peaks, as confirmed by Fig. 4.17 (b), where the amplitude of σJ peaks is reduced
by one order of magnitude at T = 0.1 TC and by more than two order of magnitude at
T = 0.3 TC .

We can understand this effect by recalling the ABS current formula at finite tem-
perature [167, 168, 192, 201, 202]

JABS (φ) =
∑
j,ε≤0

∂εj (φ)

∂φ
tanh

(
εj (φ)

2T

)
. (4.33)

and looking at the current carrying Andreev levels, i.e. at ε < 0, in Fig. 4.18 (a). When
we compute the Boltzmann thermal factor for the Andreev state exhibiting zero energy
crossings at φ = ±φ0, by varying the system temperature, Fig. 4.18 (b), we notice that
it exhibits a visible dip at the crossings, whose width grows with the temperature. This
leads to the lowering and widening of the CPR jumps, together with a strong reduction
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Figure 4.17: CPR and current variance σ2
J (φ) modifications with the system tempera-

ture increasing. Results for the JJ with h = 0.2 in Fig. 4.10 computed at T = 0.02TC
(blue solid curve), T = 0.1TC (red dashed curve), T = 0.3TC (green dot-dashed curve),
T = 0.5TC (purple dotted curve), respectively, are reported. The temperature induced
smoothing of CPR jumps and damping of the σJ noise peaks are remarkable.

of σJ peaks. In this scenario, the SQDS detector sensitivity is intrinsically related to
the quantum mechanical nature of Andreev current governing the 0− π transition and
thus is maximized at low working temperature, promising even improved performances
when T is further reduced.

Zero temperature limit: Andreev bound states model for noise

Interestingly enough, as long as the junction is in the small fluctuations regime, its
sensitivity to magnetic noise in the zero temperature limit seems to be approximately
independent on the Zeeman coupling variance σh.

For T = 0, semi-analytical results for the Andreev levels current are indeed obtain-
able for a short-junction (i.e. ∆ � Γ) under the hypothesis of resonant tunneling, i.e.
εd = 0, [162].
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Figure 4.18: Negative energy states of the junction ABS spectrum (at εd = 0, h = 0.2,
∆ = 0.01 and Γ = 1) lying below the superconducting leads chemical potential, through
which supercurrent flows across the junction, (a). In (b) the thermal damping factor
computed for the Andreev level exhibiting zero energy crossings at T = 0.02 TC (blue
solid line), T = 0.1 TC (red dashed line), T = 0.3 TC (green dot-dashed line) and
T = 0.5 TC (purple dotted line), respectively, is shown. A dip is present at the ABS
crossing phases, whose width is enhanced by the temperature increasing, thus, providing
the CPR jumps smoothing.

It is easy to show that, for εd = 0, Eq. 1.37 reduces to

det

(
z1̌

(
1 +

Γ√
∆2 − z2

)
− hσ̂3 ⊗ τ̂3 −

Γ√
∆2 − z2

(
∆ cos

(
φ

2

)
iσ̂2 ⊗ τ̂2

))
= 0 ,

(4.34)
whose eigenvalues are the Andreev levels through which the supercurrent flow read

[162]

ε1,2 (φ) = ±∆ cos

arccos

± cos(φ/2)√
1 + h2

Γ2

+ arctan

(
h

Γ

) , (4.35)
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yielding the following expression for the ABS current across the junction

J (φ) = ∂φε1 + ∂φε2 (1− 2Θ(φ− φ0)− 2Θ(−φ− φ0)) , (4.36)

that shows by definition jumps at the ABS crossing points φ = ±φ0 = ±2 arccos(h
Γ
).

In the presence of exchange field static Gaussian fluctuations, with distribution P (δh)
given by Eq. 4.22, the current variance σ2

J = 〈J2〉 − 〈J〉2 reads

σ2
J =

∫ ∞
−∞

J2 (h+ δh, φ)P (δh) d(δh)−
(∫ ∞
−∞

J (h+ δh, φ)P (δh) d(δh)

)2

, (4.37)

that, in general, can only be numerically evaluated.
In order to obtain a simple analytic approximation for σ2

J , in the low exchange field
limit we can Taylor-expand J and J2 around the mean Zeeman coupling h. We can
thus express both the phase crossing points ±φ0 and the Andreev levels derivatives
∂φε1,2 in terms of their first order approximation in h. In addition, when considering
the small fluctuations limit we can disregard the higher order terms in the exchange
field noise σh, obtaining the following approximate equation for σ2

J (at positive phases
and exchange field values):

σ2
J ≈ (∂φε2)2

1− erf


√

1− (h
Γ
)2
(
φ− 2 arccos

(
h
Γ

))
2
√

2σh

2

+ 2

√
2

π
σh exp

((
1− (h

Γ
)2
) (
φ− 2 arccos

(
h
Γ

))2

8σ2
h

)
×

× ((∂φε2) (∂h∂φε1) + (∂φε1) (∂h∂φε2)) .

(4.38)

The first term in the above current variance expression is dominant at the ABS
crossings, since it is proportional to (∂φε2)2, while the second one for σh → 0 is small.
This cause the σJ Gaussian-like peaks to be roughly independent on σh at T = 0. On
the other hand, the peaks width is proportional to that of the exchange field gaussian
distribution, i.e. σh is noticeable. In Fig. 4.19, we compare the phase dependence of
σ2
J for the Andreev levels current, Eq. 4.38, with the current variance computed in the

Matsubara formalism in the low temperature limit, for h = 0.2, Γ = 1, ∆ = 0.01 and
σh = 0.1. We can notice a good agreement between the two approaches, where the small
difference in the noise peaks height is possibly related to the small but non-negligible
quasiparticles current contribution accounted in the Matsubara calculation.

4.7 Summary
In conclusion we studied the equilibrium current noise in a SQDS JJ in an external
magnetic field in the presence of magnetic and dot energy fluctuations. We investi-
gated the microscopic mechanisms underlying the current noise response to magnetic
field fluctuations in these devices and how to extract information about magnetic noise
sources from current fluctuations, possibly, paving the way to a novel spin-noise spec-
troscopy technique. We considered the case of static Gaussian noise, which is justified
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Figure 4.19: Current variance, σ2
J(φ), computed with the semi-analytical ABS model

(red dashed line) and with Matsubara numerical calculations (blue line) at εd = 0,
∆ = 0.01, h = 0.2, Γ = 1, and exchange field standard deviation σh = 0.01. The
system temperature for σJ Matsubara calculations has been set T = 10−4 TC .

if the magnetic noise can be described in the "central spin model" within the "frozen
spin approximation" [183, 184, 220]. Zeeman field induced 0−π transitions in SQDS JJ
turn out to amplify current noise response to magnetic fluctuations. In these systems,
along 0−π switchings the occurrence of peculiar CPR jump discontinuities, intrinsically
linked to the presence of Andreev levels crossings, is visible at low temperatures [161,
162, 164]. CPR jumps are the origin of noise amplification, giving rise to strong current
noise response, i.e. σJ (φ), whose hallmarks are σJ peaks at ABS crossings. Although
enhanced sensitivity of the current noise response to magnetic fluctuations along the
0 − π transition may constitute a practical limit to employ these devices in quantum
circuits, it also represents a unique opportunity to probe the magnetic fluctuations,
accessing information about the microscopic noise sources from the junction equilib-
rium transport properties, thus, inspiring novel kind of Josephson spin-noise detectors.
We identified the short junction regime and the resonant tunneling as the most favor-
able conditions for magnetic noise detection from the current noise response. Indeed,
we demonstrated that, when the dot is tuned in resonance with the leads, dot energy
noise contribution to current fluctuations can be disregarded, thus leading to a simple
proportionality relation between current variance σJ and the standard deviation of the
dot Zeeman splitting σh, in the small fluctuations regime. In addition, we investigated
the quasiparticles destructive influence on CPR jumps and on the detection sensitivity,
pointing out the best working regime for maximizing the amplification of current re-
sponse to magnetic noise. In this scenario, system temperature T plays a crucial role in
smoothening the CPR jumps accompanying the 0− π transitions and washing out the
σJ peaks, thus limiting the detectors sensitivity for T ≈ 10−1TC but suggesting even
improved performances when T is further reduced. For this reason, temperature turns
out to be a valuable resource as a control knob of sensitivity to magnetic noise in these
devices, also in view of their application in superconducting quantum circuits.
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Ferromagnetic Josephson junctions are object of intense research activity. Due to the
competition between superconducting and ferromagnetic ordering, these platforms host
many intriguing phenomena such as 0− π transitions and spin-triplet superconducting
correlations. The former consist in a shift of π in the equilibrium junction phase, whose
typical experimental signature is a cusp-like critical current vs. temperature behavior,
i.e. IC(T ) [45, 50, 51]. 0 − π transitions are necessary for the realization of so-called
π junctions, that may possibly employed in novel designs for self-biased flux and phase
qubits [80, 86, 87, 89]. On the other hand, the capability to generate and control
spin-triplet supercurrents paves the way to novel spin-filter junctions as building blocks
for the emerging field of superconducting spintronics. More recently, junctions where
the ferromagnetic layer is insulating, which are more suitable for quantum circuits ap-
plications in view of their low dissipation, have been theoretically and experimentally
studied [66, 75, 104, 105, 108–110, 114, 116, 117, 130]. Possibility to induce peculiar
temperature induced 0 − π transitions has been predicted and investigated, while ex-
perimental signatures of spin-triplet transport have been provided. Our contribution to
the characterization of ferromagnetic Josephson junctions concerns the study of both
their transport and noise properties at the 0− π transition.

In the first part of the thesis, that summarizes the results of Refs.[90, 91], we inves-
tigated the transport properties of SFIS junctions by using a tight-binding Bogoliubov
de Gennes model and well established lattice Green’s function techniques. On the one
hand, a tight-binding description of the junction is very convenient for modeling the de-
sired interactions in the FI barrier Hamiltonian site by site such that spin-mixing effects,
SOC or non-uniform exchange field patterns, as well as magnetic and non-magnetic im-
purities, very common in the experimental samples, can be straightforwardly included
in the model. On the other hand, from the knowledge of the barrier Green’s func-
tion GF we can easily access information about the symmetries of the superconducting
correlations induced inside the FI [73, 90]. Moreover, the Recursive Green’s Function
method (RGF) provides an efficient way to compute the barrier GF also for large size
systems [73, 90, 134, 135]

First, we focused our attention on the temperature dependence of the SFIS junctions
critical current. IC(T ), indeed, represents an easily accessible experimental measure
encoding information about the barrier, and, thus, might be used as a fingerprint of
the junction. In particular, we explored the possibility to tune and control the 0 − π
transitions through a direct action on the IC(T ) behavior of the junction.

We studied how the presence of spin-mixing and disorder affects the typical cusp-like
IC(T ) curve of a 0−π junction, showing that the interplay between spin-orbit coupling
and impurities leads to the occurrence of temperature broadened 0− π transitions and
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to peculiar IC(T ) plateaus. Further, we predicted that, while enhancing the spin-orbit
coupling favors the 0 over π state, increasing the disorder the junction can be driven
from a 0−π IC(T ) behavior to a π state that is stable over the whole temperature range
from 0 to TC . In this context, we propose the combination of impurities engineering
and SOC external tuning to build tunable 0−π Josephson devices that can be properly
switched between 0, 0−π and π regimes [90]. These results might suggest new strategies
to switch the junction between the 0 and π phases, without introducing strong noise and
decoherence effects, possibly representing a further important step toward application
of ferromagnetic junctions in qubits [90].

Then, we applied the same techniques to model the IC(T ) behavior of experimental
NbN / GdN / NbN SFIS JJs of Ref.[75] displaying peculiar IC(T ) curves with non-
monotonic trend, that we recognized as temperature broadened 0−π transitions, possi-
bly resulting from the interplay of spin-mixing mechanisms and disorder [91]. Moreover,
the analysis we carried out on the spin pair correlations in GdN pointed out the presence
of spin-triplet components in both s-wave and p-wave symmetries, including unconven-
tional odd-frequency s-wave correlations that appear to be enhanced when increasing
the disorder. Our results highlight the possible link between this IC(T ) behavior and
the competition of the oscillating singlet supercurrents with long-range spin-polarized
triplet currents [91], identifying weak external magnetic fields as an in situ control knob
to tune the 0− π transition and, thus, the relative weight of spin-triplet correlations.

In view of a future applicability of ferromagnetic JJs in superconducting circuits, the
versatility of lattice GF techniques guarantees an efficient method of studying and pos-
sibly designing novel junctions. For example, more complex SF heterostructures might
be used to engineer and control spin-triplet currents [91], as well as specific Josephson
current features (e.g. in the case of Anomalous Josephson Effect and Josephson Diode
Effect [74, 138–144]) or IC(T ) behaviors [90].

In the second part of this thesis, we studied the static current fluctuations, δI (ϕ),
in a simple magnetic junction at the 0 − π transitions with the aim of understanding
whether these phase switchings are accompanied by enhanced current noise [92]. We
considered a SQDS junction in an external magnetic field that, due to its simplicity,
represents an interesting playground to study the mechanisms underlying the 0−π cur-
rent noise response to magnetic fluctuations [92]. Our results pointed out the presence
of Josephson current jumps, i.e. strongly non-harmonic I (ϕ) behavior, that in certain
regimes can characterize the 0 − π transitions, as a source of current noise amplifica-
tion [92]. This translates to a high sensitivity of the system to magnetic and charge
fluctuations along the 0−π in short ballistic junctions, that might be in principle detri-
mental for their circuital applications. However, we showed that this can be controlled
by choosing the proper transport regime and, thus, tuning the quasiparticles current
contribution, that has a destructive influence on CPR jumps. Moreover, temperature
T , that smooths the CPR discontinuities, helps in lowering the junction current noise
even at temperatures of the order of T ≈ 10−1TC . On the one hand, our findings
could be useful to understand the way 0 − π ferromagnetic JJs react to the presence
of exchange field noise and analyze possible solutions to mitigate this effect. On the
other hand, this increased sensitivity to magnetic fluctuations in SQDS JJs represents
a valuable opportunity to infer information about magnetization noise in ferromagnetic
JJs, accessing knowledge of the microscopic noise sources from the junction equilibrium
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transport properties and, thus, inspiring novel kind of Josephson spin-noise detectors.
[92]. This kind of analysis could be relevant for future researches on the feasibility of
employing tunable 0− π devices in superconducting circuits.
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Appendix A

Gor’kov equations

In this section we will derive the Gor’kov equations for the Green’s function Ĝ for a
conventional BCS superconductor . In our treatment we will follow the Ref.[3]. We
will apply the Equation-of-Motion technique [3] to obtain the Gor’kov equation for the
Green’s function. Let us consider an Hamiltonian of the following form

H =
∑
~p σ

ξ~pC~p σC
†
~p σ +

1

2

∑
~q ~p ~p ′ σ σ

V (~q )C†~p+~q σC
†
~p ′−~q σC~p ′σC~p σ; (A.1)

where ~p , σ and ~q indicate respectively the electron momentum and spin and the phonon
momentum. With σ we indicate the spin state opposite to that indicated by σ. This
Hamiltonian describes a BCS superconductor, i.e. a fermionic system in the presence of
a phonon-mediated coupling V (~q ). It is made up of two terms: the kinetic energy and
the attractive electron-electron effective interaction resulting from the electron-phonon
scattering. Note that the interaction term does not conserve the particle number.
In the imaginary time representation, the correlation functions describing the propaga-
tors are defined as follows :

G(~p , τ − τ ′) = −
〈
TτC~p σ(τ)C†~p σ(τ ′)

〉
F(~p , τ − τ ′) = −〈TτC−~p ↓(τ)C~p ↑(τ

′)〉

F †(~p , τ − τ ′) = −
〈
TτC~p ↑(τ)C†~p ↓(τ

′)
〉

G†(~p , τ − τ ′) = −
〈
TτC

†
~p σ(τ)C~p σ(τ ′)

〉 (A.2)

where Tτ is the time-ordering operator. For the sake of simplicity, we write the explicit
expression of the Green’s function G:

G(~p , τ − τ ′) = −[Θ(τ − τ ′) 〈C~p σ(τ)C†~p σ(τ ′)〉 −Θ(τ ′ − τ) 〈C†~p σ(τ ′)C~p σ(τ)〉], (A.3)

where Θ(τ − τ ′) denotes the Heaviside step function

Θ(τ − τ ′) =

{
0 for (τ − τ ′) < 0

1 for(τ − τ ′) ≥ 0,
(A.4)
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By deriving with respect to the imaginary time τ , we have

∂

∂τ
G(~p , τ − τ ′) = −δ(τ − τ ′)

〈
C~p σ(τ)C†~p σ(τ ′) + C†~p σ(τ ′)C~p σ(τ)

〉
− (A.5)〈

Tτ

[
∂

∂τ
C~p σ(τ)

]
C†~p σ(τ ′)

〉
.

To calculate ∂/∂τC~p σ(τ) we use the Heisenberg equation

∂

∂τ
C~p σ(τ) = [H,C~p σ(τ)]. (A.6)

Using the Hamiltonian in Eq. A.1, we obtain

∂

∂τ
C~p σ(τ) = −ξ~pC~p σ(τ)−

∑
~q ~p ′s′

V (~q )C†~p ′−~q s′(τ)C~p ′s′(τ)C~p−~q σ(τ), (A.7)

where s′ is a spin variable. Inserting the last expression into Eq. A.5, we obtain(
− ∂

∂τ
− ξ~p

)
G(~p , τ − τ ′)+ (A.8)∑

~q ~p ′s′

V (~q ) 〈TτC†~p ′−~q s′(τ)C~p ′s′(τ)C~p−~q σ(τ)C†~p σ(τ ′)〉 = δ(τ − τ ′).

Using the Wick theorem, the second term on the left hand side gives rise to all possi-
ble combinations 〈CC†〉 〈CC†〉 and 〈CC〉 〈C†C†〉. A possible simplification consists in
neglecting the terms with ~q = 0, thus assuming that the long-wavelength phonons give
no contribution to the potential (V (~q = 0)).
The term which conserves the number of particle represents the exchange energy, thus
being present even in the normal state,

−
〈
TτC

†
~p ′−~q s(τ)C~p−~q σ(τ)

〉〈
TτC~p ′s′(τ)C†~p σ(τ ′)

〉
. (A.9)

If we explicitly perform the calculation, we find

− 〈TτC†~p ′−~q s′(τ)C~p−~q σ(τ)〉 〈TτC~p ′s′(τ)C†~p σ(τ ′)〉 = δ~p ,~p ′δs′,σn~p−~q σG(~p , τ − τ ′), (A.10)

where n~p σ is the particle-number operator, defined as n~p σ = C†~p σC~p σ.
Other combinations do not conserve the particle number, hence they exist only in
superconducting state and give (σ = −s′ =↑)

〈TτC~p ′↓(τ)C~p−~q ↑(τ)〉
〈
TτC

†
~p ′−~q ↑(τ)C†~p ↓(τ

′)
〉

= (A.11)

−δσ,−s′δ~p ′,−~p+~qF(~p − ~q , 0)F †(~p , τ − τ ′),

The same result is obtained with the choice σ = −s′ =↓. It could be shown [3] that F
and F † do not depend on the sign of their argument either momentum or τ .
Eq. A.8 becomes (

− ∂

∂τ
− ξ~p

)
G(~p , τ − τ ′)+ (A.12)∑

~q

V (~q )[G(~p , τ − τ ′)n~p−~q −F(~p − ~q , 0)F †(~p , τ − τ ′)] = δ(τ − τ ′). (A.13)
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The first term on the left hand side [3] can be rewritten as follows:∑
~q

V (~q )G(~p , τ − τ ′)n~p−~q σ = ΣxG(~p , τ − τ ′); (A.14)

that is the exchange self-energy of the electron due to the phonon induced interaction
between electrons. It just renormalizes the chemical potential in ξ~p , but its contribute
is negligible for weak coupling and, thus, will be ignored.
Hence, the second term on the left hand side can be rewritten in terms of the following
quantity

∆(~p ) = −
∑
~q

V (~q )F(~p − ~q , 0). (A.15)

that is the gap function or the BCS order parameter. Its relation with F implies a non
vanishing value only in superconducting state.
Using Eq. A.15, Eq. A.12 can be rewritten in the form((

− ∂

∂τ
− ξ~p

)
G(~p , τ − τ ′)

)
+ ∆(~p )F †(~p , τ − τ ′) = δ(τ − τ ′). (A.16)

Since Eq. A.16 two unknown terms: the normal G and the anomalous propagators F †,
we need to write the Equation-of-Motion for F †:

∂

∂τ
F †(~p , τ − τ ′) = − ∂

∂τ

[
Θ(τ − τ ′) 〈C†~p ↑(τ)C†−~p ↓(τ

′)〉 −Θ(τ ′ − τ) 〈C†−~p ↓(τ
′)C†~p ↑(τ)〉

]
= −δ(τ − τ ′)

〈
C†~p ↑, C

†
−~p ↓

〉
+

〈
Tτ [

∂

∂τ
C†~p ↑(τ)]C†−~p ↓(τ

′)

〉
=

〈
Tτ

[
∂

∂τ
C†~p ↑(τ)

]
C†−~p ↓(τ

′)

〉
.

(A.17)

Here the term with δ(τ−τ ′) vanish due to the anticommutation relations. Again, using
the Heisenberg equation we obtain

∂

∂τ
C†~p σ(τ) = [H,C†~p σ(τ)] = ξ~pC

†
~p σ(τ) +

∑
~q ~p ′s′

V (~q )C†~p+~q σ(τ)C~p ′+~q s′(τ)C~p ′s′(τ), (A.18)

which is not the Hermitian conjugate of ∂C~p σ(τ)/∂τ since [C~p σ(τ)]† is not the Hermitian
conjugate of C~p σ(τ).
Eq. A.17 becomes((
− ∂

∂τ
+ ξ~p

)
F †(~p , τ − τ ′)

)
+
∑
~q ~p ′ s

V (~q )
〈
TτC

†
~p−~q ↑(τ)C†~p ′+~q s′(τ)C~p ′s′(τ)C†−~p ↓(τ

′)
〉

= 0.

(A.19)
Using the Wick theorem, the second term on the left hand side gives rise to all possible
pair combinations, but the terms

〈C†~p ′+~q s′(τ)C~p ′s′(τ)〉 〈C†~p−~q ↑(τ)C†−~p ↓(τ
′)〉 = δ~q ,0n~p ′s′F †(~p , τ − τ ′), (A.20)
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provides ~q = 0 and thus will be neglected.
As well, the combination :

〈C†~p ′+~q s′(τ)C~p ′s′(τ)〉 〈C†~p ′+~q s′(τ)C†−~p ↓(τ
′)〉 = −δs′,↑δ~p ′,~p−~q n~p−~qF †(~p , τ − τ ′), (A.21)

again gives the exchange self energy Σx =
∑

~q V (~q )n~p−~q , so will be ignored.
The only used combination is :

〈C†~p−~q ↑(τ)C†~p ′+~q s′(τ)〉 〈C~p ′s′(τ)C†−~p ↓(τ
′)〉 = δs′,↓δ~p ′,−~p∆†(~p )G(−~p , τ − τ ′), (A.22)

hence we have: ((
− ∂

∂τ
+ ξ~p

)
F †(~p , τ − τ ′) + ∆†(~p )G(~p , τ − τ ′

)
= 0. (A.23)

The Eqs. A.16-A.23 are the Gor’kov equations in the momentum space in the imaginary
time representation.
In order to obtain the Eqs. A.16-A.23 in the Matsubara representation, we define the
Fourier transforms of the correlation functions as follows:

G(~p , τ) =
1

β

∑
ωn

e−iωnτG (~p , ωn)

F(~p , τ) =
1

β

∑
ωn

e−iωnτF (~p , ωn) (A.24)

F †(~p , τ)
1

β

∑
ωn

e−iωnτF † (~p , ωn) .

where β = 1/kBT , with kB Boltzmann constant. Using these transformations in
Eqs. A.16-A.23 we obtain the Gor’kov equations in the Matsubara representation:

(iωn − ξ~p )G (~p , ωn) + ∆(~p )F † (~p , ωn) = 1 (A.25)
(iωn + ξ~p )F † (~p , ωn)−∆†(~p )G (~p , ωn) = 0. (A.26)

In the same way we can obtain two equation for F and G†:

(iωn − ξ~p )F (~p , ωn) + ∆(~p )G† (~p , ωn) = 1 (A.27)
− (iωn + ξ~p )G† (~p , ωn) + ∆†(~p )F (~p , ωn) = 0. (A.28)

We can generalize the Gor’kov equations considering a system with a generic Hamilto-
nian:

H =

[
HN ∆
−∆∗ −H∗N

]
(A.29)

where HN is the normal state Hamiltonian. Defining the matrix of the propagators:

Ĝ (ωn) =

[
G (ωn) F (ωn)
−F∗ (ωn) −G∗ (ωn)

]
; (A.30)
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we can rearrange the Gor’kov equations in a matricial form:[
iωn1̂−

(
HN ∆
−∆∗ −H∗N

)]
× Ĝ (ωn) = 1̂, (A.31)

where 1̂ is the unit matrix in Nambu space. These can be rewritten in the real space
performing a Fourier transform thus finding:[

iωn1̂−
∫
d~r1

(
HN (~r, ~r1) ∆ (~r, ~r1)
−∆∗ (~r, ~r1) −H∗N (~r, ~r1)

)]
× Ĝ (~r1, ~r

′, ωn) = 1̂δ (~r − ~r ′) . (A.32)
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Appendix B

Green’s function of a semi-infinite
lead.

Green’s functions of certain lattice systems may be obtained in analytical form rather
than by matrix inversion, this is the case of semi-infinite lattices [150]. In the study of
systems made up of two leads and one central device, e.g. the Josephson junctions, we
may assume that the two electrodes as well described by semi-infinite lattices. In order
to apply the RGF technique to resolve the Eq. 2.10 inside the barrier, and compute the
barrier GF, we need to know the surface Green’s functions of the superconducting leads.
In our system, the barrier coincides with the ferromagnetic insulator with Rashba spin-
orbit coupling, Fig. 2.1. Since we assume that the order parameter is uniform and that
there is no disorder in the superconductors, we can "condense" all the semi-infinite two-
dimensional superconducting leads in their edge stripes, thus calculating their surface
GFs.

Here we will evaluate the surface Green’s function of a semi-infinite normal lead.
The extension of these calculations to the superconducting case is rather complicated
and therefore we will only report the results of Ref.[135]. We start from the tight-
binding Hamiltonian of a semi-infinite lead including nearest neighbor hopping. This
lead extends infinitely to the right and ends at the site m0, Fig. B.1. Let us denote

Figure B.1: Representative scheme of the semi-infinite lead, Ref.[150].
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with x the longitudinal direction, parallel to transport, and with y the transverse one.
The lead Hamiltonian as the following form:

Hsemi (m0) =
∞∑

m=m0

N∑
n=1

[εmnc
†
mncmn + tmnx c†mncm+1,n+

tmny c†mncm,n+1 +
(
tm−1,n
x

)∗
c†mncm−1,n +

(
tm,n−1
y

)∗
c†mncm,n−1]

(B.1)

where m and n are respectively the indices of the lattice position in the longitudinal
and transverse direction, tmnx (tmny ) is the hopping energy onto site (m,n) from its
longitudinal x (transverse y) neighbor [150]. If we want to evaluate the exact Green’s
function of the lead from this tight-binding Hamiltonian, we have to ensure that we can
recover the free-particle case from our results, in the continuum limit. In particular, we
have to do two fundamental assumptions [150]. First, the on-site energy is set equal to
the negative sum of the nearest-neighbor hopping energies,

εmn = −(tmnx + tmny +
(
tm−1,n
x

)∗
+
(
tm,n−1
y

)∗
) (B.2)

which yields the same zeros of energy in the undiscretized case as in the continuous
case. Second we have to define the hopping energies as follows:

tx = −~2
2m∗

1
a2x

ty = −~2
2m∗

1
a2y
,

(B.3)

where ax (ay) is the lattice constant in the x (y) direction.
From now on, we will consider the hopping energy to be uniform along each direction.
Hence, we have tmnx = tx (tmny = ty). In this way, assuming uniform hopping parameters
corresponds to consider an equally spaced grid in both directions.
Now, we start solving the time-independent Schrödinger equation to obtain eigenvalues
and eigenstates of our system. For the Hamiltonian in Eq. B.1 the eigenvalue problem
is :

Hsemi |Ψµν〉 = Eµν |Ψµν〉 , (B.4)

where µ and ν are respectively the longitudinal and transverse quantum numbers of
the system (this distinction is due to the different hopping amplitudes along the two
directions, tx 6= ty), Eµν is the energy measured with respect to the bottom of the
conduction band.
The eigenstates may be expanded as follows:

|Ψµν〉 =
∑
mn

uµνmnc
†
mn |0〉 (B.5)

uµνmn = 〈0| cmn |Ψµν〉 .

Substituting the first of the Eq. B.5 in the Eq. B.4, we find a set of coupled equations
for the expansion coefficients uµνmn:

t∗xu
µν
m−1,n + txu

µν
m+1,n + t∗yu

µν
m,n−1 + txu

µν
m,n+1 = (Eµν − εmn)uµνmn. (B.6)
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As a further simplification, we suppose that the eigenvalue problem has a separable
solution. Hence, we can divide the dependence on the indices (m,n) and (µ,ν) in the
expressions for the eigenvalue energies Eµν and coefficients uµνmn.

uµνmn = φµm · χνn, Eµν = Eµ + Eν , (B.7)

where φµm (χνn) represents the longitudinal (transverse) wave-function. Therefore, the
Eq. B.6 splits into longitudinal and transverse parts:

t∗xφ
µ
m−1 + txφ

µ
m+1 − (Eµ − 2tx)φ

µ
m =0

t∗yχ
ν
n−1 + tyχ

ν
n+1 − (Eν − 2ty)χ

ν
n =0.

(B.8)

Now, we have to find a solution for φµm and χνn. We may therefore construct the solutions
of the Eq. B.8 starting from well-known analytic solutions to the continuous problem.
We choose functions that satisfy the hard-wall boundary conditions, i.e. the wave-
functions must vanish at the left end m = m0 − 1 and at the lateral edges of the lead
n = 0, n = N + 1. Hence, we have:

• for the longitudinal wave-function φµm, the condition φµm0−1 = 0 yields

φµm =

√
2

π
· sin (kµx · ax (m−m0 + 1)), (B.9)

with kµx as wave-vector in the longitudinal direction, and for the energy dispersion
relation

Eµ = −2tx · (1− cos (kµx · ax)); (B.10)

• for the transverse wave-function χνn, the conditions χν0 = χνN+1 = 0 yield

χνn =

√
2

N + 1
· sin

(
πνn

N + 1

)
; (B.11)

with ν as discrete mode number of the transverse wave-function,
ν = 1, . . . , N and for the energy dispersion relation

Eν = −2ty ·
(

1− cos

(
πνn

N + 1

))
. (B.12)

Therefore, the total energy dispersion relation has the form:

Eµν = −2 (tx + ty) + 2tx cos (kµx · ax) + 2ty cos

(
πνn

N + 1

)
; (B.13)

and the solutions of the time-independent Schrödinger equation are:

|Ψµν〉 =
∑
mn

φµmχ
ν
nc
†
mn |0〉 . (B.14)

By definition [3, 149, 150], the Green’s function of the system can be written as follows:

G (m,n,m′, n′;E) = Gm,m′ (n, n
′) =

∑
µν

c†mn |Ψµν〉 〈Ψµν | cm′,n′
E − Eµν + iη

, (B.15)
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where η is an infinitesimal real positive quantity which is needed to preserve causality.
Now we use the decomposition of |Ψµν〉 in Eq. B.14 inside the Eq. B.15, thus finding
the expression :

Gm,m′ (n, n
′) =

∫ π

0

dµ
N∑
ν=1

φµm (φµm′)
∗ χνn (χνn′)

∗

E − Eµν + iη
, (B.16)

where we introduced the variable µ = kµx · ax, as the product between the wave-vector
and the lattice constant in the longitudinal direction. In principle, for each couple of
transverse indices (n,n′) we have an infinite-dimensional matrix (this comes from the
fact that m goes from m0 to ∞): the matrix of Green’s functions. When we deal
with a tight-binding model for our system, in the nearest-neighbor approximation, only
adjacent transverse stripes of the system are connected with each others. Hence, when
we consider the ensemble of two leads and one central device, only the edges of the
leads influence the latter. Therefore, the unique Green’s function we have to compute
is that for m = m′ = m0, i.e. the surface Green’s function of the lead:

Gm,m′ (n, n
′) =

N∑
ν=1

χνn (χνn′)
∗ 2

π

∫ π

0

dµ
sin2 (µ = kµx · ax)

E − (Eµ + Eν) + iη
. (B.17)

Using the Eq. B.13, we get for the integral:

2

π

∫ π

0

dµ
sin2 (µ)

E + iη + 2 (tx + ty)− 2tx cos (µ)− 2ty cos
(
πνn
N+1

) .
It is useful to define the following parameters:

p = p(ν) = E + iη + 2 (tx + ty)− 2ty cos

(
πνn

N + 1

)
,

q = −2tx,

so obtaining :

2

π

∫ π

0

dµ
sin2 (µ)

p+ q cosµ
=

2p

q2

(
1−

√
1− q2

p2

)
=

2

q

(
p

q
− i

√
1− p2

q2

)
.

The latter can be further simplified by introducing θ such that :

exp (iθ) = cos θ + i sin θ =

(
p

q
− i

√
1− p2

q2

)
, (B.18)

θ = arccos

(
p

q

)
.

Hence, we find the final expression for the surface Green’s function of the lead :

Gm,m′ (n, n
′) =

N∑
ν=1

χνn (χνn′)
∗ 2

q
exp iθ =

(B.19)

−
N∑
ν=1

2

N + 1
sin

(
πνn

N + 1

)
sin

(
πνn′

N + 1

)
exp (iθ)

2tx
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with

θ = − 1

2tx

[
i arccos

(
− 1

2tx

(
E + iη + 2 (tx + ty)− 2ty cos

(
πνn

N + 1

)))]
. (B.20)

We can finally notice that the elements of the Green’s functions’ matrix depend on the
transverse mode number ν. It is worth to notice that in these calculations we set the
hard-wall boundary conditions in the y-direction [150]. Therefore, in this direction we
obtain a quantized eigenvalues spectrum. At the end of our calculations, we get the
GFs for every couple of sites (n, n′) in the edge stripe of the leads [150].

Now we report the surface GF for the superconducting leads as in Ref.[135] applied
to our junction scheme, that we report in Fig. B.2 for the sake of clarity. The barrier
lies in the interval 1 ≤ j ≤ L and the superconducting leads lie in the intervals j ≤ 0
and j ≥ L + 1. The left and right edge stripes are located, respectively, at j = 0 and
j = L+ 1 and are described by the surface GFs G0,0 and GL+1,L+1 [135].

! = 0

! = $

! = !#$% &' &
( %

&
S

S
FI + SOC + impurities

Figure B.2: 2D-lattice model of the SFIS JJ including exchange field, spin-orbit cou-
pling (SOC) and impurities in the barrier. The junction lies in the x− y plane and it is
represented by a lattice with (L+ 2) and W sites along x and y directions, respectively.
The influence of the S leads (blue sites) is condensed in the border stripes at j = 0 and
j = L + 1. The FI barrier (red sites) extends from j = 1 to j = L along the transport
direction, i.e. along x. The exchange field h (violet arrow) is parallel to the z axis,
thus perpendicular to the JJ plane. The hopping t between nearest-neighbor sites is
here represented by green arrows. The SOC α is depicted by the spin-flipping process
highlighted by the yellow arrow.

Here, we will indicate with G0,0,k,k′ (GL+1,L+1,k,k′) the GF’s matrix describing the
particle propagation between the sites k and k′ in the left (right) lead’s edge stripe. For
each couple of indices (k, k′) we have a 2 × 2 matrix (in the Nambu space) [135] or a
4× 4 matrix (in the Nambu-spin space).
We now start presenting the surface GFs of the S leads in the Nambu space [135]. Then
we will generalize the result to Nambu-spin space. Therefore, the left and right surface
GFs have the following structure in Nambu space, given in Ref.[135]:
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Gωn (0, 0, k, k′) =
W∑
l=1

eip
+
l

tΩn (W + 1)
sin (qlk) sin (qlk

′)

×
( c↑ c†↓

c†↑ Ω1 −i ∆
c↓ −i ∆ Ω2

)

−
W∑
l=1

e−ip
−
l

tΩn (W + 1)
sin (qlk) sin (qlk

′) (B.21)

×
( c↑ c†↓

c†↑ Ω2 −i ∆
c↓ −i ∆ Ω1

)
and

Gωn (L+ 1, L+ 1, k, k′) =
W∑
l=1

eip
+
l

tΩn (W + 1)
sin (qlk) sin (qlk

′)

×
( c↑ c†↓

c†↑ Ω1 −i ∆ eiφ

c↓ −i ∆ e−iφ Ω2

)

−
W∑
l=1

e−ip
−
l

tΩn (W + 1)
sin (qlk) sin (qlk

′) (B.22)

×
( c↑ c†↓

c†↑ Ω2 −i ∆ eiφ

c↓ −i ∆ e−iφ Ω1

)

where φ is the phase difference between the two superconductors and we have

Ω1,2 = ∓Ωn − ωn
Ωn =

√
ω2
n + ∆2

ql =
lπ

W + 1
(B.23)

p±l = arccos

[
− 1

2t
(µ+ 2t cos ql ± i Ωn)

]
,

125



Appendix B. Green’s function of a semi-infinite lead. 126

with the conditions: =(p+) > 0 and =(p−) < 0 [135]. Note that ql are the eigenvalues
of the wavenumber labelling the eigenfunctions along the y-direction.

As next step, we have to generalize the matrices Ǧ0,0,k,k′ (ǦL+1,L+1,k,k′) in the
Nambu-spin space. Here we use the notation Ǧ to denote Green’s function in the
Nambu-spin space. Hence, we have:

Ǧk,k′ (ωn, 0, 0) −→


ck↑ ck′↓ c†k↑ c†

k′↓

c†k↑ Ω1 0 0 ∆
c†
k′↓ 0 −Ω∗2 −∆∗ 0

ck↑ 0 −∆∗ −Ω∗1 0
ck′↓ ∆ 0 0 Ω2



(B.24)

Ǧk,k′ (ωn, L+ 1, L+ 1) −→


ck↑ ck′↓ c†

k′↑ c†
k′↓

c†k↑ Ω1 0 0 ∆ ei φ

c†
k′↓ 0 −Ω∗2 −∆∗ ei φ 0

ck↑ 0 −∆∗ e−i φ −Ω∗1 0
ck′↓ ∆ e−i φ 0 0 Ω2

 .

(B.25)

Taking for example the left lead, each GF matrix with (k, k′) fixed has the form in
Fig. B.3. Thus we have W ×W different matrix blocks Ǧ0,0,k,k′ (ǦL+1,L+1,k,k′) labelled
by the couple of indices (k, k′). In order to reconstruct the stripe GF form as in Fig. 1.10
we have to rearrange them.
Let us consider the left S lead surface stripe with only two sites in the y-direction, W =
2. The indices (k, k′) run from 1 to 2. In principle we have four different 4× 4 matrices
in the Nambu-spin space: Ǧ1,1 (ωn, 0, 0), Ǧ1,2 (ωn, 0, 0), Ǧ2,1 (ωn, 0, 0), Ǧ2,2 (ωn, 0, 0).
Every block has the structure in Fig. B.3. We can reconstruct the whole matrix of the
left surface GF by separating each block Ǧk,k′(ωn, 0, 0) in its 2× 2 component matrices
(G,F ,−F †,−G†). Then we rearrange them in the following way, Fig. B.4. Doing the
same for the right lead surface GF and generalizing this reasoning to W -sites stripes,
we have the leads GFs ready to start the recursive algorithm of the RGF technique.
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Figure B.3: Structure of the left Green’s function matrix that describes the particle
propagation between the sites k and k′ (in Nambu-spin space).

Figure B.4: Structure of the surface Green’s function matrix for the left lead with two
lattice sites along the y-direction (in Nambu-spin space).
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Appendix C

From Andreev levels crossings to J(φ)
jumps and current noise amplification

In this appendix, we illustrate the connection between the crossings of level pairs in
Andreev Bound States (ABS) spectrum and the jumps discontinuities in the Josephson
current. Moreover, we show that the abrupt change in sign of J (φ) leads to δ-like peaks
in the current derivatives with respect to the dot energy and Zeeman field. These, in
turn, provide an amplification of the current noise response to charge and magnetic,
i.e. εd and h, fluctuations, as it can be predicted from Eq. 4.27. Let us consider, as an
example, the ABS spectrum for the SQDS JJ in Fig. 4.3(c) (at εd = 1, h = 1.3, Γ = 1
and ∆ = 0.01) that we, here,report in Fig. C.1(a), for the sake of clarity. In this case,
we indeed observe ABS crossings at ±φ0 6= ±π and energy ε = 0.
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Figure C.1: Example of Andreev levels crossings at ±φ0 6= ±π, for the SQDS JJ at
εd = 1, h = 1.3, Γ = 1 and ∆ = 0.01 (a). Current carrying Andreev levels and the
total energy state, defined as the sum of these two levels, that effectively carries current
through the SQDS JJ (b).

If the Andreev levels {εn} (with n = 1, ..., 4) together with the crossing phases
±φ0 are functions of the system microscopical parameters {λi} = {εd, h,Γ,∆}, i.e.
εn = εn({λi}) and φ0 = φ0({λi}), we clarify why jump-like discontinuities appear in
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J (φ). Then we demonstrate that CPR jumps lead to δ-like divergences in the first
current derivatives along {λi}, i.e. ∂λiJ (φ), in correspondence of the levels crossings.

Since the current is expressed in terms of the negative energy part of the Andreev
spectrum we can define the current-carrying ABS level as follows

εtot(φ) = ε1 (φ) + ε̃2 (φ) (C.1)

where ε̃2 (φ) reads

ε̃2 (φ) = ε3 (φ) [Θ (−φ− φ0) + Θ (φ− φ0)] +

ε2 (φ) [1−Θ (−φ− φ0)−Θ (φ− φ0)] ,
(C.2)

and it is reported in Fig. C.1 (b).
Expression for ε̃2 (φ) can be simplified by noticing that the two crossing levels are

particle-hole symmetric, thus, ε3 (φ) = −ε2 (φ), leading to

ε̃2 (φ) = ε2 (φ) [1− 2Θ (−φ− φ0)− 2Θ (φ− φ0)] . (C.3)

When computing the Andreev bound states contribution to the current, we have to
perform the energy derivative along φ, according to the equation:

J(φ) = ∂φεtot (φ) , (C.4)

that, using the expression in Eq. C.3, yields

J(φ) =∂φε2 [1− 2Θ (−φ− φ0)− 2Θ (φ− φ0)] +

+ ∂φε1 + 2ε2 [δ (φ+ φ0)− δ (φ− φ0)] .
(C.5)

The first term in the right-hand side of Eq. C.5 provides the current with jumps at
φ = ±φ0, while second term vanishes, since the δ functions are identically 0 except for
the crossing points φ = ±φ0 where ε2 (φ = ±φ0) = 0. Therefore, the final expression
for the CPR reads

J(φ) = ∂φε1 + ∂φε2 [1− 2Θ (−φ− φ0)− 2Θ (φ− φ0)] . (C.6)

Starting from the CPR formula in Eq. C.6, we can easily demonstrate the presence of
δ-like divergences in the current derivatives along system parameters {λi} (e.g. h) by
direct calculation. Performing the derivative along the system parameter λi, we get

∂λiJ (φ) = ∂λi∂φε2 [1− 2Θ (−φ− φ0)− 2Θ (φ− φ0)] +

+ ∂λi∂φε1 + 2∂φε2∂λiφ0 [δ (φ+ φ0)− δ (φ− φ0)] ,
(C.7)

where we use that φ0 is a function of {λi} and consequently ∂λiΘ (±φ− φ0) yields

∂λiΘ (φ− φ0) = ∂λiφ0 ({λi}) δ (φ− φ0) . (C.8)

In addition, the second term in the right-hand side of Eq. C.7 describing the δ
divergences does not vanish unless ∂λiφ0 does, i.e. unless φ0 does not depend on the
parameter λi. This demonstrates that, at T = 0, the current derivatives along the dot
energy and Zeeman field exhibits δ-like divergences at the crossing points, φ = ±φ0,
between two particle-hole symmetric Andreev levels. Divergent current derivatives,
∂εdJ and ∂hJ , in turn suggest that the current noise response to charge and magnetic
fluctuations may be amplified along the Zeeman field driven 0− π transitions.
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