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Introduction

In the design and construction of industrial structures, shape optimization is crucial. For
instance, aircraft and spacecraft have to satisfy very rigorous mechanical performance re-
quirements while weighing as little as possible. The shape optimization challenge for such
a structure consists in determining a geometry of the structure that minimizes a particular
cost functional (such as the structure’s weight) while also satisfying specific constraints (such
as thickness, strain energy, or displacement restrictions).

It was only in the last century, with the development of computers and new mathematical
tools, that this topic was reborn and became more rigorous. A mathematical topic was born:
the Shape Optimization.

The formal mathematical problem of the Shape Optimization can be described as follows:
to find an infimum

inf F(Q) (1)

where
e (O is the class of admissible sets;
e Fis the cost functional.

Once you have (1), the first question is whether there is an optimal set Q0 € O for which

F(Qop) = min F(©)

To answer this question, we need to study the dependence of F' on the domains in O,
to control the variation of F', and to search for some compactness properties of the class of
admissible shapes.

Sometimes the right way to approach this kind of problems is to change the set of ad-
missible shapes: extending the class generally makes it easier to find a set that achieves
the minimum of F', while restricting it, in certain cases, makes it a well-posed problem. A
problem is usually said to be ill-posed if érelg F(Q) = —o0.

Once you have a minimizer, other two questions arise:
1. identification of necessary or sufficient optimality conditions ;

2. geometric and qualitative properties of optimal shapes: connectedness, convexity, sym-
metries, regularity, or singularities of domains.

One of the cornerstones of this subject is the isoperimetric problem, i.e. finding a closed
curve of fixed length that maximizes the area enclosed by it. The name ’Queen Dido’s
problem’ is often associated with a variant of this problem. As Virgil tells in the Aeneid,
Queen Dido, after escaping from Tyre, arrived at the site of the future Carthage. The local
chief gave her a field as large as she could encircle with an oxhide. She had the idea of
cutting the oxhide into a very thin strip. She was then faced with the problem of finding the
largest field that could be surrounded by this strip, but with the coast as a given part of its
boundary.



In particular, the isoperimetric problem (in any dimension) can be formalised mathemat-
ically as follows: let 2 € R™ be a bounded and open set, then

PQ)|Q % > P(B)|B|”"% (2)

where P(2) and |Q2] denote the Euclidean perimeter and the Lebesgue measure of {2, respec-
tivelly, and B is a ball.

The isoperimetric property of the circle among all planar shapes with the same perimeter
was known from ancient times. However, its first rigorous proof appeared in the early 20th
century, with Hurwitz’s 1901 proof being one of the earliest. In [97] he proved that given a
simple, closed curve v C R? of length L enclosing an area A then

L? > 47A (3)

where equality holds if and only if v is a circle. His proof used the Gauss-Green formula
and the Wirtinger inequality, i.e. the one-dimensional Sobolev-Poincaré inequality with the
sharp constant. In higher dimensions, the connection between the isoperimetric inequality,
the divergence theorem and the Sobolev inequality is even more evident.

Other proofs in the planar case are given for instance by [28, 29, 31, 51]. In the three-
dimensional case, early proofs were given by Tonelli [143], Schmidt [132, 133] and Rado [127].
A rigorous, complete and elegant proof was only given by De Giorgi [65] almost 65 years ago,

starting from a general definition of perimeter.

From inequality (2) a series of inequalities on functionals begins. Sometimes we also refer
to them as isoperimetric inequalities, even if they do not involve the perimeter.

First among these is the Faber-Krahn inequality involving the first eigenvalue of the
Dirichlet-Laplacian: we are moving into Spectral Geometry. In particular, in his book The
Theory of Sound [128], Lord Rayleigh conjectured that, among all planar sets with a fixed
area, the disk minimizes the first Dirichlet eigenvalue of the Laplace operator, i.e. the least
positive AP such that

—Au=\Pu  inQ
u=20 on 0,

where Au = >, gixg is the so called laplacian of u.

This eigenvalue I;hysically represents the principal frequency of a vibrating membrane
fixed at its boundary, so assuming the conjecture is correct, the circular drum is the shape
with the least membrane required to create a given frequency. It was in the 1920s that Faber
[104] and Krahn [104] simultaneously solved Rayleigh’s conjecture using a symmetrization
technique, and was completely solved later with the work of Pdlya and Szegé [125].

In other words, the following scaling invariant inequality holds
2 2
AL (@0l = AP (B)|B| (4)

where AP (Q) is the first Dirichlet eigenvalue of Q and B is a ball. Furthermore, equality
holds if and only if €2 is equivalent to a ball.

Closely related to the Dirichlet eigenvalue problem is the Saint-Venant problem in the
elasticity theory. A French mathematician and engineer, Adhémar-Jean-Claude Barré de
Saint-Venant proposed that among all cylindrical bars with constant-shaped cross-section
and fixed measure, the one maximizing torsional rigidity is the bar with a circular cross-
section. In n dimensions, the torsional rigidity corresponds to the L'-norm of the unique
positive solution u in HE(Q) to the following torsion problem:

—Au=1 in )
u=~0 on 0N
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where 2 C R" is an open set with finite Lebesgue measure. The torsional rigidity,
denoted as T'(f2), is defined as the integral of u over the domain 2. The Saint-Venant
problem is essential in the study of elasticity and provides insights into the behavior of solid
bodies subjected to torsional forces. The conjecture was firstly proved by Pélya [123]. Makai
in [115] found another estimate and gave a more general proof of it. Mathematically, the
Saint-Venant inequality is

n+2 n+2

T <T(B)|B|" =

()
where B is a ball. Again, equality holds if and only if 2 is equivalent to a ball.

The study of these problems does not end with Dirichlet boundary conditions, but numer-
ous other boundary conditions have been analysed over the last century: Neumann, Robin,
mixed boundary value problems. In these frameworks, they hold true inequalities of the kind

(4) and (5).
Let us now return to the isoperimetric inequality in the plane. In 1920 Bonnesen ob-
tained a series of improved versions of (3), later on named by Osserman [I 19] Bonnesen type

inequalities, of the form
L? — 47 A > d,

where the quantity d on the right hand side is a nonnegative geometrically significant ex-
pression vanishing if and only if v is a circle. In particular in 1924 Bonnesen [30] proved the
following sharp and elegant estimate:

L? — 47 A

>R -
4 - "

where -y enclosing a convex set and the quantities R and r are the radii of the smallest annulus
containing the curve ~.

The latter tries to answer a very old question in shape optimization: if the value of the
cost functional is close to the optimum, is the set € close, in some sense, to the optimal
shape? Fuglede extended the result to convex sets in higher dimensions in 1989. In his work
[79], he proved that the Hausdorff distance between a convex body K and a ball B with the
same volume as K can be estimated using a suitable power of the isoperimetric deficit of K,
represented as P(K) — P(B).

Following Fuglede’s result, Hall, Hayman, and Weitsman, in [39, 90], extended to general
sets of finite perimeter in R™. More specifically, they showed that if £ € R" is a measurable
set and B a ball with the same measure of E, then

min{|[EAB@)|}! < Cn)[P(E) - P(B)] (6)

where C(n) is a positive constant that only depends on the dimension. We stress the fact that
the power 4 on the left side of (6) is independent of the dimension, and that Hall suggest in
[89] that it should be replaced with the power 2. This was proved in [$2] by Fusco, Maggi
and Pratelli using symmetrization arguments. This result was not the end of the story. On
the contrary it initiated a series of papers where other proofs of the same inequality were
given or similar quantitative results were obtained for other inequalities such as the Sobolev,
the Faber—Krahn and the Saint-Venant inequalities.

The aim of this thesis is to study some usefull tools, such as the rearrangement, and
obtain analogous results in this direction for operators with various boundary conditions.

In Chapter 2 we focus on the rearrangement of a function, extending the notion of a
particular rearrangement first to a Sobolev context and then to a BV setting. The interest
in this topic essentially derives from the work [34] where the authors deal with the following
problems involving Hamilton-Jacobi equation



(7b)

{H(Vu) =f ae in (7a)

K(|Vv]) = f; ae. in QF
u=~0 on 0f)

v=20 on 90f

where QF is the ball centered at the origin with the same measure as (in the sequel just
centered ball), H : R" — R and K : R — R are measurable functions, u,v € Wol P and fy is
the increasing rearrangement of f (see Chapter 1 for its definition).

In particular, under suitable assumptions on H and K, it is proven ([84, Theorem 2.2])
that whenever u,v are solutions to (7a) and (7b) respectively, then

||UHL1(Q) < HUHLl(m)-

In [7] the authors study the problem of maximization of the LY norm among functions
with prescribed gradient rearrangement. Specifically, in the following cases

« I<g< Hifp<n,
e 1<g< +o0if p=n,
e 1<q¢< +x0ifp>n,

and for a fixed ¢ = ¢* € LP(0,(2|), they define

1(2) = sup { [[v]]

IVo| < fae inQ,veWeP(Q), f>0, f€LP(Q), f* =" } .
They proved that there exist v, g spherically symmetric on Qf such that ¢* = ¢,
I(¥) = ||vll o
and thus
veW,P(Q),v>0,|Vo|l=g a.e. in QF,

Furthermore I(QF) > I(Q) for all open sets  in R" with |Qf| = |Q|.

In [56] the author proved a representation formula for g, the existence of which was proved
by Alvino, Lions and Trombetti.

Firstly in [12] we extend the result in the Sobolev setting, more precisely, we reach to the
following;:

Theorem. Let  C R" be a bounded, open and Lipschitz set and let uw € WHP(Q) be a non-
negative function. If we denote with QF the ball centered at the origin with same measure as
Q, then there exists a non-negative function u* € WP(QF) that satisfies

[Vu*| = [Vuly(z)  a.e in Of
/ wdH" !
=29 on 9O,
|00
and such that
ull 1) < 1wl L1 an-

While the literature on rearrangements in spaces WP is exhaustive, to our knowledge,
results on functions BV are rarer. One of the most relevant paper in this framework is
[57] where the authors extend the validity of Polya-Szegd inequality to BV functions. More
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specifically, they proved that if « € BV(R"), then its Schwarz rearrangement u® belongs to
BV(R") and it holds [57, Theorem 1.3]

|Du|(R™) < |Dul(R")
| D*F|(R™) < [D°ul(R") (8)
|DIWF|(R) < |D'u|(R")

where D® and D’ denote respectively the singular and the jump part of the gradient (see
[57] for their definitions). There is no analogue of (8) for the absolutely continuous and the
Cantorian part of the gradient, i.e. in the symmetrization procedure the total variation of
D® and D€ can be increased, as shown in the example given in [57].

In [15], we introduce a symmetrization that keeps the absolutely continuous part separate
from the singular part (sum of jump and Cantorian part) of the gradient. To be more precise,
we define the radial function u* € WH(QF) N BVy(QF) N L®°(QF) such that

[Vu*|(z) = [Veuly(z) a.e. in QF
(9)
u*(x) = PertQﬂ)|Dsu|(Rn) on ONF

where V% and D*u will be defined in Chapter 1.
Then we have.

Theorem. Let Q C R" be a bounded open set and let QF be the centered ball. Suppose that
u is a non-negative BVy(Q) function and u* is defined in (9), then

ull i) < llutlloros):
We will also deal with some applications, in particular we will consider

e a Robin torsional rigidity problem

) /]Vz/z[zdm+ﬂlaﬂ]/ P dH"
inf Q o0 .

T(Q,8)  vewi2@) </ z/zd:c)Q
Q

e a penalized torsional rigidity problem

)

Tr@A) == inf (5 [ (Voo [ plde+ A0 £0});

YeHF ()

e a modified torsional rigidity

Tflz ~ = inf /Q‘VM%JF;(/@QLMdm_l)z.
g(Q,m)  yeH(Q) (/dex)

In all these cases, we will prove a Saint-Venant type inequality:

T(9, ) < T(%, ),



Chapter 3 is devoted to the study of two problems involving the p-Laplacian with Robin
boundary condition: one consists of some Talenti comparison results and the other of a study
of the limit case when p goes to infinity. In both cases we consider 8 a positive parameter,
Q a bounded open set of R", n > 2, with Lipschitz boundary and p > 2.

Concerning the first, in [13], we consider the following problem
—Apu=f in Q2
10
|Vu\p_22u + Bluf?u=0 on dQ, (10)
v

where the p-Laplacian is defined as Apu := div (|Vu|P~?Vu) and the function f € LP(Q) is
non-negative.
A function u € WHP(Q) is a weak solution to (10) if

‘/|vuw2vuv¢dx+w{/ MP5%¢dH”1:i/j¢dx Vo € WHP(Q).
Q o0 Q

We want to establish a comparison principle with the solution to the following symmetrized
problem

—Apv = ft in

(11)

0
|Vv|p_2a—z + Blv[P 20 =0 on 89,

where QF is the ball centered in the origin with the same measure of Q and f* is the Schwarz
rearrangement of f .

This kind of problems has been widely investigated in the last decades. The first step
is contained in [I11], where Talenti proved a pointwise comparison result between uf and
v in the case of Dirichlet Laplacian. After this, several papers generalized the result of
Talenti: for instance, the one by Talenti himself [139], in which the operator is a generic non-
linear operator in divergence form, or the one by Alvino, Lions and Trombetti [7] in which
the authors deal with both elliptic and parabolic cases: in both papers, Dirichlet boundary
conditions are considered.

Different kind of boundary conditions are considered by Alvino, Nitsch and Trombetti
in [8], where they establish a comparison between a suitable norm of v and v, respectively
solution to

{—Au_f in {—Av_fﬁ in O

a—u—|—ﬁu:0 on Of). %—Fﬁu:O on ONF.
ov ov

They found out that if f is a non-negative function in L?(Q), then

n

HuHLk,l(Q) < ||U||Lk,1(m) Vo< k < 5 —

n
HUHL%J(Q) < HU||L2I€,2(Qﬁ) Vo< k < FT—

where |[|-||; k. is the so called Lorentz norm, whose definition can be found in next chapter.
Moreover, the authors in [3] were able to establish a comparison & la Talenti,

u(z) < vlz), Yze

in the case f = 1 and n = 2. This was the starting point of our work [13]: our results coincide
with the one in [%] in the case p = 2.

For completeness sake, we cite that this wasn’t the first result in this sense, indeed in
[47] the authors study a comparison result for the p-torsion, that is the case f = 1, with a
completely different argument, obtaining

lull i < Nvll L1 gas-
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Another work that is worth to be mentioned is [5], where the authors obtained similar
results to [3] in the case of mixed Dirichlet and Robin boundary conditions.
In particular, we prove

Theorem. Let u and v be the solutions to problem (10) and (11) respectively. Then we have

n(p—1)

ull pr1 )y < Nlvllpraes VO <k < n—1)p (12)
n(p—1)

ull porr () < 0l okpey VO <k < n—2p+n (13)

We observe that, if p > n, we have
||UHL1(Q) < HUHLl(Qﬁ) and HUHLP(Q) < ”U||Lp(m)~
If the source term f(z) is constant we get a stronger comparison between u* and v.
Theorem. Assume that f =1 and let w and v be the solutions to (10) and (11) respectively.
() [f1<p< " th
i —— then
=P= n—1

uf(z) < v(z) z e QF

-1
, then
p
lull k1) < Vil pe e
[ull ooy < 10l orr sy -
Then we explicitly observe that in the case f = 1, from the last, we have that
||UHL1(Q) < HUHLl(m) and HUHLP(Q) < ”UHLP(Qn) for p > 1.

n
While we have the point-wise comparison only for p < —7
n J—
Furthermore, in [11], a similar comparison but for (x) a function is proven. We generalize

the results in [6] by considering the following problem

—div(|VulP?Vu) = f(z)|z]° inQ

(14)
|VulP—2 ? + B(z)|ufP?u=0 on dQ,
v
where 0 ¢ 0S.
In particular, we work on the assumptions
p=mn, (Hy)
—n<{<0, (Ho2)
m = inf f(z) >0 and M =supf(z) < +o0, (Hs)
o0 80
and, finally,
0< f(.%') S Lp,(Qv ‘l‘|€ d.l‘), (H4)
where p/ = P

p—1



Hypotheses (H;) and (H3) ensure the validity of certain isoperimetric inequalities, where
two different weights (which are suitable powers of the distance from the origin) appear in the
perimeter and in the area element, respectively (see, e.g., [96, 53, 68, 25, 61, 4] and the refer-
ences therein). Indeed we need to use, in place of the more common Schwarz symmetrization,
some weighted rearrangement, based on these “double density” isoperimetric inequalities.

Now we need to construct the so-called symmetrized problem. That is a radial problem,
of the same type of (14), whose solution will estimate the one to problem (14).

To this aim we introduce the set QF which is the ball centered at the origin (in the sequel
just centered ball) of radius 7, with r# such that

mm:/ de:/ 2l da = |, .
Of Q

and the function f*(z) defined by the following relation
{z e Q:|f(x)] >t}e=|{zeQ: fix) >t} forae t>0.
Our symmetrized problem is the following

—div(|Vo|P2Vo) = fi(x)]z[*  in QF
(15)
|VolP~ 20 —|—ﬁ( O ’|v\p_21):0 on 90

where

B —int B(a)lal ¥ >0, (16)

since 0 ¢ 092 and Hs holds. From the (16), it immediately follows that

~ L
Blx) = Blz|”
Our main results are contained in the following theorems.

Theorem. Assume that assumptions (H,)-(Hy) are in force and let u and v be the solutions
to problems (14) and (15), respectively. Then we have

il gatan = [ Ju@ el de < [ p@lla do = ol e atan

and
p p _
14 iy = [ TPl < [ [o@)Plel'de = 1ol g g

If the source term f(z) is constant we get a stronger result, namely a pointwise comparison
between u? and v.

Theorem. Assume that hypotheses (Hy)-(Hy) are in force and suppose that f(z) =1 in Q.
If eitherp=n=2orifp>2,n>2 and

Eg—n—l—p_n
p—2

w(2) <vl)  we®

where w and v are the solutions to (14) and (15) respectively.
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Chapter 4 is devoted to the study of the oo-Laplacian eigenvalue problem with Robin
boundary conditions

min { |Vu| — Au, —Axu } =0  in £,
17
—min{|Vu\—ﬁu,—au}:O on 012, (17)
ov
where A, the so-called oo-Laplacian, is defined by
Asou = <D2u -Vu, Vu> .

We refer to problem (17) as the oo-Laplacian eigenvalue problem because it can be seen
as limit, in some sense, of the p-Laplacian eigenvalues problem

—Apu = A glulfu in Q
{ p p (18)

|Vu\p2g:j + BPlufPPu =0 on 9.

A function u, € W1P(Q) is a weak solution to (18) if it satisfies

/Q W“p’p_QvuvaO dx + p? /89 \up\p_Qupgo dH™ ! = )\p’ﬁ/g \up]p_gupap dx, Ve e WhP(Q),

where 3 and A, g are both positive.
It is well known that the first eigenvalue of the p-Laplacian is the minimum of the following
Rayleigh quotient

Apg = inf {/ VwlP de + p/ wdenl}. 19
o=t [ vupases [ (19
Hw”LP(Q):l

By classical arguments, one can show that the infimum in (19) is achieved and in what
follows we will denote by u, € WP(£) the eigenfunction corresponding to the first eigenvalue

)\pzﬂ :
In [16], we firstly prove that

Lemma. Let { )\, 3 }p>1 be the sequence of the first eigenvalues of the p-Laplacian operator
with Robin boundary condition. Then,

3 =

lim (Ap5)? = Asgg=: inf  max {||Vw”Loo(Q)a 5||w||Loo(aQ)} : (20)

p—o0 weWLo(Q)
lwll poo (9 =1

Moreover, we give a geometric characterization of this quantity, precisely:
Lemma. Let Ay g be the quantity defined in (20) and let rq be the inradius of 2. Then

\ . 1 1
= min = .
P wen Ty d(w,0Q) L +rg

where rq denotes the inradius of 2, i.e. the radius of the | argest ball contained in €.
Thereafter, we prove that A\ g is the first eigenvalue of the infinite Laplacian.

Theorem. Let 2 be a bounded and open set of class C? in R™. If for some X, problem (17)
admits a non-trivial eigenfunction u, then A\ > A 3.
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Similar results, in the case of Dirichlet and Neumann boundary conditions were obtained
in [27, 71, , , ]

More specifically, in [100, 101], Juutinen, Lindqvist and Manfredi have studied the Dirich-
let case as p — +00. They provided a complete characterization of the limiting solutions in
terms of geometric quantities. Indeed, the first eigenvalue of the p-Laplace operator {)\1{)j }
happens to satisfy
tim (A2)"" =2 = —.

p—00 rQ

The related eigenfunctions v}? also converge (up to a subsequence) to some Lipschitz function

P

~- Most important, the Authors show that there exists a natural viscosity formulation of
the eigenvalue problem for the oo-Laplacian, for which A2 and vZ turn out to be the first
eigenvalue and first eigenfunction, respectively.

The Neumann case seems to be more subtle. It was investigated in [71, | and similarly
to the Dirichlet case, the Authors established that the first non-trivial eigenvalues of the

p-Laplacian {yu,} satisfy

: l/p _ o 2
plgl{jo (1p) " = poo = M7
where diam(€2) is the intrinsic diameter of €, i.e. the supremum of the geodetic distance
between two points of 2.

However, while both first eigenvalues and first eigenfunctions converge (as p — co) and are
solutions to some appropriate eigenvalue problem for the oo-Laplacian, in [71], the Authors
are able to prove that they actually converge to the first eigenvalue e first eigenfunction only
if the domain €2 is convex. Whether or not the same holds true in the general case, it is still
an open problem.

Moreover, we also study the limit of the p-Poisson equation with Robin boundary condi-
tions:

—Apy = f in Q2
B)
|vu|p—28% L PP 20 =0 on 09,

when f € L*°(Q) is a non-negative function.

We prove that there exists (up to a subsequence) a limiting solution vy, as p — oo and
we establish conditions on f which are equivalent to the uniqueness of V.

The oco-Poisson problem for Dirichlet boundary conditions was already studied in [27] by
Bhattacharya, DiBenedetto and Manfredi, while, to the best of our knowledge, similar results
have not been addressed in the case of Neumann boundary conditions.

Finally, Chapter 5 is dedicated to a collection of shape optimization problems that we
dealt with over the last three years. All the shape optimization problems we dealt with have
as admissible sets the class of convex sets.

In particular, in [17] we study a generalization and we find a quantitative result for Pdlya’s
inequality, that gives an estimate from below of the torsion of a non-empty open, bounded
and convex set, in terms of its perimeter and measure.

In [124] the author proves that, among all bounded, open and convex planar sets, the following
inequality holds
T(Q)P?()

1
> = 21
of 3 -

and equality is asymptotically achieved by a sequence of thinning rectangles. An upper bound
of the same functional is given by Makai in [ 14] proves that among all bounded, open and
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convex planar sets, it holds
T(Q)P?(Q) <2
o T3
which is sharp on a sequence of thinning triangles (for the exact definition of thinning domains

see Capter 1). Estimates (21) and (22) are generalized to the p—Laplacian in [76]. More
precisely, the authors prove that, in the class of bounded, open and convex planar sets,

(22)

L _L@Pi) 2 Cp
g+1 QT @+2)(q+1) °

= — 23

L (23)

where the lower and the upper bounds hold asymptotically on a sequence of thinning rect-

angles and on a sequence of thinning isosceles triangles, respectively. In [67] the authors

generalize the lower bound (23) in every dimensions, proving that, for bounded, open and
convex sets 2 C R", it holds

Tp () P(©2) 1
T :
|27 qg+1

(24)

and they extend such result also to the anisotropic case.

We also recall that in [39] the authors consider the functional
P(Q)T*(Q 2k — 1
H’“(Q)_(yg)zm() ap=1+k+

and prove that, among bounded, open and convex sets in R"™, this functional is bounded if
and only if £ = 1/2. More precisely, they prove the following:

2nn3n/2 n %
Hy(@) < w (n+2> ' (25)

N

1 <
V3~
where wy, is the Lebesgue measure of the unit ball. We note that, in the planar case, the
lower bound in (25) coincides with the one given in (21), while the upper bound is strictly
larger than the one given in (22). It is conjectured that, in the higher dimensional case, the
upper bound is
(Foe7s)
n+1)(n+2)) °
Moreover, we observe that the lower bound in (25) is asymptotically achieved by a sequence
of thinning cylinders.

Let Q C R™ n > 2, be a non-empty, bounded, open and convex set and let p € (1, +00).
We consider

Hi(2)<n

1
2

(26)

—Apu(z) = f(d(xz,00)) inQ
u =0 on 01,

where f : [0,7q] — [0, +00] is a continuous, non-increasing and not identically zero function,
d(-,090) : Q — [0, +00][ is the distance function from the boundary defined as

d(xz,00) == yie%f(z |z —y|

and rq is the inradius of 2, i.e.

ro = supd(zx, 0Q).
€

This class of functions, depending only on the distance, are the so called web functions, see
as a reference [60]. A function u € VVO1 P(Q) is a weak solution to (26) if and only if

/ |Vu(x)]p_2Vu(:U)ch(:c) dx = / fld(xz,00))p(x)dx Ve € Wol’p(Q).
Q Q
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The (f, p)-torsional rigidity of €, that we denote by T (), is defined as

Q) = (/Q f(d(z,09))]¢(2)| dx) o1

max (27)

1
PEW, P (Q) 1
0 ( /Q V() [” dﬂf)

and, if u, € Wol P(2) is the unique solution to (26), we have

T (

pg

Tﬁp / fupdz.

For the sake of simplicity, when f =1 in , we set T,,(Q2) := 17 ,(12) and, if we are also in
the case p = 2, we set T'(Q) := T12(9).

The first result that we prove, following the method of proof used in [124] with the use of web
functions as test functions, is a lower bound for the (f, p)-torsional rigidity, which generalizes
the lower bound in (23).

Theorem. Let Q be a non-empty, bounded, open and convexr set of R™", n > 2, and let
f:]0,rq] = [0,400[ be a continuous and non-increasing function such that f # 0. Then, it

holds il
Hy ()
Te (02 2
f7p( ) Cpf( ) (Q) ( 8)
where
o P g= P
P op— 17 p—1
and

Moreover, the equality sign is asymptotically achieved by a sequence of thinning cylinders.

For the definition of thinning cylinder see next Chapter. We stress that both the estimate
and the constant in this Theorem are independent of the dimension of the space.

In the second part of the present paper, we focus our study on the case f =1 and n =2
and we obtain some quantitative estimates. We define the following functional

Tp(2) P1($2) p
‘FP(Q) = |Q|q+1 q= p— 17

which is scaling invariant, since for every t > 0
(tQ =t"Q,  P@IQ)=t""1P(Q)
and
T, (tQ2) = t"T9T,(Q).
We can rewrite inequality (28), in the case f = 1, as follows
Fp(Q) > cp.
From last Theorem follows that along a sequence of thinning cylinders {€;};cn, we have

Folu) £ ¢,
This leads to the following stability issue: if F,(2) is close to ¢, can we say that Q is close
in some sense to a cylinder? The following result gives us information on the nature of the
geometry of Q: when F,(Q2) — ¢, is sufficiently small, the set 2 is a thin domain.
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The main novelty of the paper consists indeed in the following quantitative results of the
Pélya estimates (21) and the Pdlya type lower bound in (23) by means of suitable deficits.
For completeness, we recall some standard references about isoperimetric quantitative results,
see for example [36, 37, 81, 82 83 ]. The main difference between these results and ours
is that the equality in Pdlya’s estimates is achieved only asymptotically for a sequence of
thinning cylinders. Hence, the proof of quantitative result must take into account that we do
not have a minimum, as in the classical isoperimetric stability results.

Theorem. Let §) be a non-empty, bounded, open and convex set of R™ and let f = 1. Then,

n—1
wo
Fp(Q) — ¢, > K(n, _— ,
A = = K)o
where K (n,p) is a positive constant depending only on p and the dimension of the space n.

In particular, in the case n = 2, the exponent of the quantity is sharp.

waq
diam(2)
We prove a second quantitative result in the case p =n = 2.

Theorem. Let  be a non-empty, bounded, open and convez set in R?, let f = 1 and let
p = 2. Then, there exists a positive constant K such that

TQPHQ) 1 - <IQAQI>37

PO me=""0r 325

where QA Q denotes the symmetric difference between Q and a rectangle Q with sides P(€2)/2
and wq containing €.

The second problem we face is related to the eigenvalues of the Robin-Laplacian. In [14],
we consider the following problem

—Apu = X\ () |ulfu in Q

29
]Vu|p_2@ + Blulf2u=0 on dQ, (29)

v

where S € R, 1 < p < +00.
The fundamental eigenvalue of the Robin Laplacian on € is defined by
/ VwlP dz + 5/ P dH!

App(2) = min 2 et (30)

' w Lr(Q

elg?ég( ) /Q lw[P da

and a minimizer v in (30) satisfies the equation (29) in the weak form if

/Q IVulP2VuVe dr + B/@Q [ulP " Pup dH™ L = A, 5(Q) /Q luP2upde, Yo e WHP(Q).

It is well-known (see for instance [26, 110] for the Dirichlet case) that the first eigenvalue (30)
is simple and that in the case of a ball, the corresponding eigenfunction is radially symmetric
(see [11, Remark 3.1]).

In this paper, we want to study the different behavior of eigenvalues in the case g > 0
and # < 0. For the sake of completeness, we recall that, in the case of f = 0, we recover
the Neumann boundary condition, for which the first eigenvalue is zero and the associated
eigenfunctions are constants.
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In the case § > 0, Bossel [33] and Daners [64] proved a Faber-Krahn inequality for the
first eigenvalue of the Robin-Laplacian in two and higher dimensional case, respectively. In
particular, they proved that among sets of given volume, the one which minimizes the first
Robin-eigenvalue is the ball, i.e.

A2,6(%) < X p(9), (31)

where QF is the ball, centered at the origin, having the same volume as Q. This result was
generalized by Bucur, Daners, Giacomini and Trebeschi in [13, 46, 47, 48] to the eigenvalues
of the p-Laplacian with Robin boundary conditions

This Faber-Krahn inequality for fixed volume and the following rescaling property (see

1))
A (1) < 1A 5(0) < Nps(), V> 1, (32)

give a Faber-Krahn inequality for fixed perimeters, i.e.
Apyﬁ(Q*) S )\pzﬁ (Q)7

where Q* is the ball having the same perimeter as €.
Our aim is to give a continuity bound, in terms of the isoperimetric deficit, to the ratio

)‘pﬁ(Q) — )‘p,ﬁ(Q*)
/\p,B(Q) ’

indeed, we prove

Theorem. Let 8 be a positive parameter. Let Q be a bounded, open and convex set in R™
and let 0* be the ball, centered at the origin, such that P(2) = P(2*) = p. Denote by A, g(£2)
and X\, g(2*) the first eigenvalues of the p-Laplacian operator with Robin boundary conditions
respectively on Q and 0%, and by v a positive eigenfunction associated to \p g(2), then

n L
)\pﬁ(Q) _ Apﬁ(Q*) nﬁw/i—l ‘Q’
, A < Cnppp) (1T (%)
Ap.5(2) Pr1©)
where wy, is the measure of the unitary ball in R", and C(n,p, B,p) = |||
p

It is possible to give a uniform bound to the constant in (33) from above with a constant
independent of the parameter 5 and the perimeter, indeed it holds

oo 180 €]

[vsolly

C(n,p,B,p) < C(n,p) = ,
where vy is the first Dirichlet eigenfunction. Thanks to the rescaling property of Dirichlet
eigenvalues and eigenfunctions, C(n,p) does not depend on the perimeter.

We observe that this result can be seen as a generalization to the Robin case of the result

in [34], which holds true in the case of Dirichlet eigenvalues of the p-Laplacian. Incidentally,
let us mention that the anisotropic case is studied in [67].
When f is a negative parameter, the authors in [11] proved a reverse Faber-Krahn in-

equality for the first eigenvalue of the Robin-Laplacian among convex sets of given perimeter.
In particular, they proved that among convex sets of given perimeter the ball * maximizes
the first Robin eigenvalue of the p-Laplacian, i.e.

AP,B(Q) < )‘p,B(Q*)‘ (34)
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For sake of completeness, we quote that in [21], the authors already proved that the disc
maximizes the first eigenvalue under a perimeter constraint, among C? domains in R?, while
the question remained open in arbitrary dimension.

This question is related to the conjecture of Bareket (see [23]) claiming that the ball
[77] proved that the conjecture is false, giving a counter-example based on the asymptotic
behaviour of the eigenvalues on a disc and an annulus of the same area when 8 — —oo. They
also proved that among sets of area equal to 1, the conjecture is true, provided § is close to
0. For more details see [93].

In [58] the authors proved a quantitative version of the reverse Faber-Krahn (34) in the
case p = 2 among convex sets of fixed perimeter following the Fuglede’s approach introduced
in [79].

In this paper, we recover the result in [58] obtaining a quantitative version of (34) for
all p € (1,400), but using a different approach. Indeed, following the method introduced
by Payne and Weinberger in [122], we establish a comparison using the so-called parallel
coordinates method. In particular, we firstly prove a lower bound in terms of perimeter and
measure of €2, that is

Theorem. Let 8 be a negative parameter. Let ) be a bounded, open and convexr set in R"
and let 0* be the ball, centered at the origin, such that P(2) = P(2*) = p. Denote by A, 3(£2)
and \p 3(2) the first eigenvalues of the p-Laplacian operator with Robin boundary conditions
respectively on Q and 0%, and by v a positive eigenfunction associated to X, g(2*), then

n L
nn—Tw; Q]
A ()

)‘pﬁ () — )‘pﬁ )
Ap,5 ()]

> C(nvpaﬁno) (1 -

D | (O)*
where wy, is the measure of the unitary ball in R™, and C(n,p, B, p) = mlV]

with v, = minv.
[[vll; "

In this case, the constant C(n, p, 3, p) cannot be replaced by a constant independent of (3
and of the perimeter, as it is shown in Chapter 5.
Then we prove the quantitative result as in [58].

Theorem. Letn > 2, p > 0 and f < 0. Then, there exist two positive constants C(n,p, 5, p) >
0 and do(n,p, B,p) > 0, such that, for all Q@ C R"™ bounded and convex with P(2) = p and
Ap,3 (%) — Ap g(€2) < do, it holds

)\pﬁ(Q*) - Ap,ﬁ(ﬂ) > C(?’L,p, /Ba p)g(A;-L(Q»

where 0* is a ball with the same perimeter of ), A3, is the Hausdorff asymmetry defined in
Chapter 1.

In [10], we approached another problem, namely that of obtaining a quantitative estimate
for the first Neumann eigenvalue in terms of diameter and minimal width. Let € be a
bounded, open and convex set in R”, n > 2, and let p : Q@ — (0,1] a %—concave function,

for m € N (i.e. the function p% is concave). We consider the following weighted Neumann

eigenvalue problem:
/ Vel
CAC (35)

in
peH (Q,p)\{0} 2
Jo pp=0 /Qp 14

M1 (va) =

For p = 1, the value above is related to the optimal constant in the Poincaré inequality on €2

Vu € H'(Q) inf [lu =t p2(0) < callVullp2(), (36)
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The best constant cq in (36) is related to p1(£2) := p1(£2, 1) in the following way
() = e’

Among convex sets in R", Payne and Weinberger in [121], and more recently Bebendorf in
[24], provided a sharp lower bound of 11(£2) in terms of the diameter of the set €, i.e.

7I.2

(diam(©2))2’

Let us point out that this inequality is sharp in the sense that it is asymptotically achieved
by a sequence of thinning cylinders.

A series of papers, with different refinements, have followed and completed the result of
Payne-Weinberger, see e.g. [24, 38, 72, 74]. In particular, in [72] the authors deal with the
non-linear case of Payne and Weiberger’s inequality (37), while in [7/] the non-linear case of
(35) for a log-concave function is studied.

It is worth mentioning that several authors have investigated other bounds on the first
non-trivial eigenvalue of 11 (£2) of a convex set 2, in terms of different geometric quantities.
For instance, in [52, 105] and later in [95], in a more general setting, the authors establish an
upper bound in terms of diameter

p(2) = (37)

Ky

pi(€2) < ma (38)
where K,, depends only on the dimension n. Moreover, this inequality is sharp, meaning that
it is asymptotically achieved by considering sets obtained by glueing an appropriate pair of
thin cones together. Inequality (38) is generalised to the non-linear case in [34].

Our purpose was to prove a quantitative version of the Payne-Weinberger inequality (37).
In 2007, Hang and Wang [91] conjectured in the planar case the following quantitative form

of the inequality

72 (width())?
Q) >
1) 2 @2 T (dam()t
where c is independent of ).
The aim of [10] is to prove this conjecture, in a more general and stronger version. In

fact, we shall prove a quantitative inequality valid in any dimension of the space, for power
concave weights, and where the extra term involving the second largest dimension of the John
ellipsoid of €. The extra term is the one conjectured by Hang and Wang in dimension 2, but
is in general larger in dimension n > 3.

For example, in dimension n > 3, for a rectangle parallelepipeds (0, L) x (0,1) x (0,¢) of
dimensions L > [ > ¢ > 0, in our version, the extra term in the Payne-Weinberger inequality
is equivalent to c% instead of c%i.

Concerning the presence of a power concave weight, it not complicated to observe that
if the quantitative form the inequality holds for the classical, non-weighted, problem, the
passage to %—concave weigths with m € N is for free. However, surprisingly (or not) the key
to prove the non-weighted result in any dimension is precisely the quantitative form of the
Payne-Weinberger inequality in dimension 2 for general power concave weights.

Here is our main result.

Theorem. Let m € N. For n > 2 there exists a constant ¢ > 0 such that for every Q C R"
bounded, open, convex set having as John ellipsoid E,, . 4, with ay > --- > ap, > 0 and for

every %-conccwe function p : Q — (0,400), the following occurs
2 a’

(diam(@)2 T “(diam())*

p1(€2,p) >

Moreover, the constant ¢ depends only on n + m.
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The quantitative form of the inequality does not answer the following (different) question:
provided for some convex set €2, u1 () is close to m, is it true that €2 is close to a thin
cylinder? To this question, we bring a positive answer in two dimensions of the space. In this
case, our answer is not quantitative, but only asymptotical: a sequence of sets of diameter
d > 0 for which p;(€2,) converges to 22 converges in a blow up sense to a rectangle of one
side equal to d.

Last but not least, in [2], we study the relationship between the Neumann and Steklov
principal eigenvalues emerging in the class of collapsing convex domains in R2.

Let Q C R? be an open and Lipschitz set. We define the Neumann and Steklov eigenvalues
as follows: find positive constants i, o such that there exist non-zero solutions to the boundary

value problems

—Au=pu in Q, Av=0 in Q,
ou ov
o 0 on 052, W ov on Jf2.

The regularity assumption we made on €2 ensures that we can find two increasing and diver-
gent sequences of eigenvalues

0=10(R2) <pr(2) < pa(2) < < () <o
0=00(22) <01(2) <02(Q) <--- <oy (Q) < ..o,

which are the spectrum of the Neumann laplacian and the spectrum of the Dirichlet-to-
Neumann map respectively. We recall the variational characterization of the eigenvalues:

Vwl|* dz Vwl|? dz
up(2) = inf sup o op(Q) = inf sup
ECH'(Q) weE\{0} w2 d ECHY(Q) weE\{0} w? dH"
dim(E)=Fk 0 dim(B)= 20
and in particular, we are interested in the principal eigenvalues, namely
/ V| da IVwl|? da
w1 (Q2) = inf o1(Q) = inf e
weH! (2)\{0} w? da weH Q\{0} [ 2 g ym—1
Jow=0 Q Joq w=0 o0

Many authors in the literature identified remarkable similarities between the two families
of eigenvalues. Moreover, an underlying relationship holds between the two quantities. For
instance, Steklov eigenvalues can be seen as limits of weighted Neumann eigenvalues, while
Neumann eigenvalues can be obtained as limits of Steklov eigenvalues by suitably perforating
the set Q. We refer to [30, | for these results. In the specific context of collapsing
convex domains, we will explore additional relationships that emerge between the principal
eigenvalues.

A further natural question arising in this context is to provide a comparison between
11 (€2) and o01(£2). More precisely, we could be interested in the scale invariant ratio

2m (@)
) = o)

and, consequently, in the two problems

F(Q F(Q
min F(£Y), max F'(§2), (39)
where K is a suitable class of sets, |-| denotes the area, and P(-) denotes the perimeter.

Unfortunately, the choice

K= { Q c R? ‘ Q open, bounded and Lipschitz }
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causes the problems in (39) to be ill-posed, in the sense that

inf F(2) =0, sup F'(Q2) = +o0,
K K

as showed in [19, 87, 94].
In order to obtain some comparison between Neumann and Steklov eigenvalues, we address
the problems in (39) restricting the class of admissible sets to

Ke= { Q C R? ’ 2 bounded and convex } (40)

This choice of K. avoids shapes that could make F' degenerate, and precisely it could be
shown, as in [94], that there exist two constants ¢, C' > 0 such that

c<FQ)<C vQ e K.
Additionally, numerical simulations lead the authors to state the following
Conjecture (Henrot, Michetti [91]). Let K. be as in (40), then

1< F(Q) <2 vQ e K.

Moreover, the inequalities are sharp in the following sense: there exists a sequence R, of
thinning rectangles, and a sequence T,, of thinning triangles such that

li}bn F(R,) =1, liénF(Tn) =2

The aim of [2] is to take steps towards proving the conjecture; however, we are far from
providing an exhaustive solution.

The numerical simulations which support the conjecture also suggest that the infimum and
the supremum of F'(Q2), in the class K., are asymptotically achieved by particular sequences
of thinning domains. Therefore we focus on the limits of F(€2.), where €. is a family of
thinning domains. Indeed, following in the footsteps of [91], for such a family, there exists a
non-negative concave function h : [0, 1] — R such that

-1

lim 11 (92.) = g (h) tig Z022)01(8e) _ ( / o) dt) |
0

e—0 e—0 ‘Q€|

where (11 (h) is the first eigenvalue of the Sturm-Liouville problem

_% (h(ﬂf)j:;(x)> = p1(h)h(x)v(z) z e (0,1),
h(0)22(0) = h(1) T (1) =0,

while o1(h) is the first eigenvalue of the Sturm-Liouville problem
d dv
_ e = 1
(M F@) =atp@)  se@),
dv dv
—(0) =h(1)—
750 =h(1)-

The function &, in some sense, represents the profile of the thinning sets 2., and, in particular,
we have that h = 1 represents the limit of a family of thinning rectangles. On the other hand,
for every xo € (0,1), we let

h(0) (1) = 0.

2
ﬁ 33‘6[0,1’0],
@={ "
T (x):=
o 200-2) o)
- X xo, 1],

1—%0
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and
To(x) =2(1 — x), T (x) = 2z,

which represents the limit of a family of thinning triangles. Consequently, familiarizing oneself
with the properties of u1(h) and o1(h) can offer advantages when it comes to analyzing the
eigenvalues 1 (€2) and o1(€Q). It is worth mentioning that the quantities p1(h) and oy (h) are
in a way related to a weighted Hardy constant (see [108, 118, 121]).

Following this path, we refer to [121], [94] and [144] for the proof of the subsequent
properties: let

P ={heL*0,1): hnon negative, concave and not identically zero } ,

Plz{h€P|/1h(t)dt:1},
0

then for every h € Pj, we have that
m = (1) < pa(h) < pa(Ty)0)

o1(h) < o1(p) = 12,

and

where p is the arc parabola p(x) = 6z(1 — z).
Here we state the main results of this work

Theorem. The minimum problem

i h
yain o1 ()

admits the functions Ty and T1 as unique solutions.

We prove the theorem following two distinct approaches. one of that relies on a rear-
rangement method that, up to our knowledge, appears to be new. Finally, we establish a
relationship between pi(h) and oy (h).

Theorem. There exists an invertible operator
G:P—-P

such that, for every h,k € P, we have
2

1
( /0 (1) dt) u(h) = o (G(h)).

1 2 B .
(/ k(t)dt> o(k) = (G~ (k).

It may help to solve problems obtained by studying (39) among thinning domains, namely

1 1
) /0 p(t) di i (h) /0 h(t) di
heP  ou(h) wer  ou(h)

and

In particular, we can fully solve the maximizing problem, and partially solve the minimizing
problem. We summarize these results in the following two theorems.

Theorem. Let h € P;. Then

1(h
o1(h)

and the equality holds if and only if h = Ty, for some xy € [0,1]. If, in addition, h(z) =

h(1 —x) for every x € [0, 1], then

=

~—

<2,

=

—_
=

~—

> 1.
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Chapter 1

Preliminaries

1.1 Notations

Throughout this thesis, | - | will refer to both the Euclidean norm in R™ and the Lebesgue
measure £ in R™, while - is the standard Euclidean scalar product for n > 2. By H¥(-), for
k € [0,n), we denote the k—dimensional Hausdorff measure in R”.

Moreover, for a given set 2 C R", we denote by d(-,0Q) : R" — [0, +o0o[ the distance

function from the boundary
o) := inf — 1.1
d(x,00) yleafz lz —yl (1.1)

and by rq the inradius of €2, i.e.

ro = supd(x, Q). (1.2)
xeQ)

For an exhaustive discussion about this function and its properties see [35].

1.2 General facts

1.2.1 Rearrangements of functions

Let us recall some basic notions about rearrangements. We refer for instance to [142, 92, 54]
for all the details.

Definition 1.1. Let u:  — R be a measurable function, the distribution function of u
is defined as

pi 0,400) = [0,400)  p(t)=|({z €9 |u@)] > t})| (1.3)
It can be proved that
o u is a decreasing function in [0, +00);
e is right-continuous;
* 11(0) = |suppu| and p(+o00) = 0;
s p(t)=HzeQ| fu@)| =t}

Definition 1.2. Let u: Q — R be a measurable function, the decreasing rearrangement

of u is defined as
u*: R — RT u(s)=inf{t>0 | u(t) <s} (1.4)

and the increasing rearrangement of u as

ue: R — RT us(s) = u* (|9 — s) (1.5)

21
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It can be proved that
o u* (u4) is a decreasing (increasing) function in [0, +00);
e u* and u, are lower semi-continuous;
o whenever u € L*(Q) u*(0) = [Jul| 00 () and u*(t) = 0 V¢ > |suppul;
o ux(|Qf) = [Jull g () and u.(t) = 0 V¢ > |suppul;

e u* and u, have the same distribution function as wu, so by Cavalieri’s principle the L?
norms are equal for every p;

o u*(u(t)) <t for every non-negative t, u(u*(s)) < s for every non-negative s;

e it holds the Hardy-Littlewood inequality: for any u,v: Q CR"” - R

/Q w(z)v(z) de < /Q () () dr = / we(z)vs (2) d (1.6)

Q

e the operator which assigns to a function its decreasing rearrangement is a contraction
in LP, i.e.
1 = 9"l oo < I1F = 9llr () (1.7)

Definition 1.3. Let u: 2 — R be a measurable function. The Schwarz rearrangement
or the spherically symmetric decreasing rearrangement of u is defined as

uf: R" —» R uf () = u* (wp|z|™)

where w,, is the measure of the n-dimensional ball of radius 1.
Moreover the spherically symmetric increasing rearrangement of v is defined as

ug: R" —» R ug(x) = s (wnlz]™) (1.8)
It can be proved that
o u (uy) is non-negative, radial and radially decreasing (increasing);

o uf, uy and u are equally distributed which means they have the same distribution func-
tion;

« the Polya-Szegd inequality holds: if u € W, (), then uf € Wy () and

V]| Loy < IVull 1o (- (1.9)

1.2.2 Functions of bounded variation

Let us summarize some basic notions about BV functions, for more details see e.g. [19, 57, 73].
In the following, 2 will be a bounded open set of R™.

Definition 1.4. A function u € L'(f2) is said to be a function of bounded variation in
Q if its distributional derivative is a Radon measure, i.e.

o) )
/ wZ? gy = / pdD"u Yo € C&(9), (1.10)
Q 0% Q
with Du a R"-valued measure in 2. The total variation of Du will be denoted with |Dul.
The set of functions of bounded variation in €2 is denoted by BV(2) and it is a Banach
space with respect to the norm [|lullgy g := [lull 11 (q) + [Dul(2).
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Definition 1.5. Let E be a L"-measurable set. The perimeter of F inside (2 is defined as
Per(E, Q) := |Dxg|(9),

and say that E is a set of finite perimeter in Q if yg € BV(Q2) while we just say finite
perimeter if xg € BV(R") and Per(E,R") will be denoted with Per(E), or, in case there is
no ambiguity, even just P(E).

It is also worth mentioning the isoperimetric inequality for sets of finite perimeter.

Theorem 1.1 (Isoperimetric inequality). Let E C R™ be a bounded set of finite perimeter.
Then it holds

1 n

|E| < n” 71w, "' [Per(E)]71,
where wy, is the measure of n-dimensional ball of radius 1.

By the Lebesgue decomposition Theorem, we can decompose each component of Du with
respect to the Lebesgue measure, namely

Diu = Dju + Dju with Dju < L™, Dju L L".

and
D?u = fil L,
for some f; € L'(2). So, defining
ou a ou ou s s s
8;[ji I:fi7 vu:(aml,,amn) andDu:(Dlu,...,Dnu),

we can write
dDu = L" L V®u + dDu.

Clearly it holds
|Du|(A) = |D*u|(A) + [D*ul(A) =/ |VPu| dz + [ Dul(A),
A

for every Borel set A C €.

Theorem 1.2 (Coarea formula). Let @ C R™ be an open set. Let f € Wi)cl(Q) and let
u: Q) — R be a measurable function. Then,

Jervs@iae= [ wwan)

Moreover, if f € BV(RQ), then it holds the Fleming-Rishel formula, i.e.
+oo
IDFI(Q) = / Per({u>t})dt. (1.11)

Some references for results relative to the sets of finite perimeter and for the coarea
formula are, for instance, [19, 75, ].
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1.2.3 Gronwall’s lemma

Lemma 1.3 (Gronwall). Let £(t) : [19,+00] — R be a continuous and differentiable function
satisfying, for some non negative constant C, the following differential inequality

(1) < (p—1Dé(T)+C Vr>19>0.

Then we have

a)aﬂs(amﬂwf:><;yyiyflVTZE;
(ii) €'(r) < <(p— l)iiro) +C> (;)H VI

Proof. Dividing both sides of the differential inequality by 77, we obtain
¢'(7) &)\ _ (&MY _ C
(5h-0-00)=(35) <5
Now, we integrate from 7y to 7 and we obtain
T / T
C
/ (5(2> dTS/ —dr
70 TP TO TP

— < (-5 (2) -5

which gives (7).
In order to obtain (7i), we just take into account (%) in the differential inequality. O
1.2.4 Rearrangement of the gradient

We recall the Theorem of Giarrusso and Nunziante ([341, Theorem 2.2]).

Theorem 1.4. Let Q C R” be a bounded open set, let QF be the centered ball, let p > 1, let
f:Q — R be a measurable function, let H: R™ — R be measurable non-negative functions
and let K: [0, 4+00) — [0, 4+00) be a strictly increasing real-valued function such that

0<K(yl) <H(y) VvyeR" and K71(f) € LP(9).

Let v € Wol’p(Q) be a function that satisfies

)

H(Vv) = f(x) a.e. inQ
v=20 on 0$2

denoting by z € Wol’p(Qﬁ) the unique spherically decreasing symmetric solution to

9

K(|Vz|) = fy(z) a.e. in QF
z=0 on O

then
vl ) < 2l ey (1.12)

Moreover, in [117] the following uniqueness result is proved:
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Theorem 1.5. Let ) C R" be a bounded open set, let v € I/V0 (Q) be a non-negative function.
Denote by f(x) = |Vv|(z) and by w € I/V1 L(QF) the decreasing spherically symmetric solution
to

V| =
If ||v]|;r = ||lwll;1 then there exists zg € R™ such that Q = xo + QF, f = fy(- + o) and
v=w(- + xg).

Let u € BVp(Q) = {u € BV(R"): «w =0 in R"\Q} be a non-negative function and let
be its distribution function.
Vs € [0, +00) let us consider D(s) C € such that

« |D(s)| = s;
o if 51 < s then D(s1) C D(s2);
o if s = p(t) then D(u(t)) ={xe€Q | u(z) >t}

The existence and properties of such a family of sets are studied in [9].
By properties of rearrangements,

{u>u"(s)} CD(s) C{u>u*(s)} Vs € [0, 4+00). (1.13)
Indeed, since p(u*(s)) < s, we observe
{u>u*(s)} C D(s) Vs € [0, +00).

On the other hand, by the definition of u* (1.4), for every ¢t < u*(s) we have u(t) > s. Hence
we have
D(s) C{u>t} Vit < u*(s),Vs € [0, +00)
and so
ﬂ {u>t}={u>u"(s)} Vs € [0, +00).

t<u*(s)
We will use the following propriety ([9, Lemma 2.2]).

Lemma 1.6. Let Q be a bounded open set. Let g € LP([0,4+00)) with p > 1, then there exists
a sequence of functions { gr } whose decrasing rearrengment coincide with g* such that

gk — ¢ in LP([0,00)). (1.14)
If g € LY([0,+00)), then

+o0 Foo
hm/ s)dx = /0 g(s)p(s) ds, Vo € BV(]0,00)). (1.15)

1.2.5 Lorentz Norm

Definition 1.6. Let 0 < p < 400 and 0 < ¢ < +00. The Lorentz space LP4((2) is the space
of those functions such that the quantity:

1
1 o adt\a
pQ(/ tq,u(t)g>q 0<g<oo
gl o0 = 0 t

sup (1P pu(t)) q =00
>0

is finite.

Let us observe that for p = ¢ the Lorentz space coincides with the L? space, as a consequence
of the well known Cavalieri’s Principle

+oo
Ll =p [ o ar
Q 0

See [1412] for more details on Lorentz space.
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1.2.6 Weighted volumes and perimeters

In this subsection we recall some weighet volumes and perimeters, and some related isoper-
metric inequallities.

Definition 1.7. Let Q be a Lebesgue measurable subset of R™ and let £ € (—n,0). We define
the f-weighted measure of 2 as

1, ::/ 2|’ da, (1.16)
Q

and the k-weighted perimeter of ) as

/ lz|FdH! if Qis (n — 1)-rectifiable
Pp(Q) = ¢ /00 (1.17)

+o00 otherwise.

For this family of measures, an isoperimetric inequality holds true if £, £ and n are suitably
related. Here we recall the following result (see either [53] Theorem 1.3 or [1] Theorem 1.1
case Ii).

Theorem 1.7. If assumptions (Hy) and (Hs) hold true, then

P

P

~

~)

(Q) > P (0F), (1.18)

where Q¥ is the centered ball with same (-measure as S).

Remark 1.8. Since |QF|, and P,(Q) can be explicitly computed, is it possible to rewrite
(1.18) in the following equivalent way

L(p—1)+(n—1)p

P (Q) > Ynl,p Q|£ rimet) ) (119)

P

where
L+p Lp—1)+(n—1)p
Ynbp = (nwn) p(n+) (e + n) p(n+e)

and w, is the Lebesgue measure of the unit ball of R".
The introduction of weighted volumes and perimeters naturally leads to the definition of

certain quantities already defined for the Lebesgue measure.
More precisely, let u : 2 — R be a measurable function, we define:

o the weighted distribution function of w is the function p, : [0, +oo[ — [0, 400 defined
by
pe(t) = {z € Q = u(x)| >t}

o the weighted decreasing rearrangement of u, denoted by u*, is the distribution function
of pur;

o the weighted rearrangement of u is the function u! whose level sets are centered balls
with the same f-measure as the level sets of |u|. More precisely,

NWn,

W) = (|B, ) = (72 o147,

with B, the centered ball of radius |x[;
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e if p € [1,400) we will denote by LP(Q, |z|*dz) the space of all measurable functions
such that

1
Vi P
Hu||LP(Q7|x|edz) = (/Q |U’p|$| daj) < +00;

e let 0 < p < 400 and 0 < ¢ < 4+00. The weighted Lorentz space LP9((2, |x!Z dzx) is the
space of those functions f(z) such that the quantity

1
1 R a dt\
p‘11</ tq,ug(t)gd>q 0<g<oo
0 t (1.20)

sup (" (1)) q =00
>0

||9HLp,q(Q,|x\édx) =

is finite.

By the definition of decreasing rearrangement, the following result holds true (see for instance

[55], [102] and [103]).

As in the euclidian space both u, u* and u are equi-distributed, and if v € L*(€, |z|* dz)
is a non negative function, then the Hardy-Littlewood inequality states

/ u(z)|z| de < /|E|e u*(s)ds VE C Q. (1.21)
E 0

Moreover, we have the following weighted Rellich-Kondrachov Theorem
Proposition 1.9. If Q is a bounded and Lipschitz domain of R", p > n and —n <1 <0
then W2(Q) is compactly embedded in LP(S, |z|* dz).

1.2.7 Viscosity solutions

We recall the definition of viscosity solutions to a boundary value problem, see [59] for more
details.

Definition 1.8. We consider the following boundary value problem

{F(x,u, Vu,D?*u) =0 in ©Q, (1.22)

B(z,u,Vu) =0 on 0f),
where F: R" x RxR" x R"™" — R and B : R" x R x R™” — R are two continuous functions.

Viscosity supersolution A lower semi-continuous function w is a viscosity supersolution
to (1.22) if, whenever we fix zg € €, for every ¢ € C?(Q) such that u(zo) = ¢(zo) and
xg is a strict minimum in  for u — ¢, then

e if zg € , the following holds
F (w0, ¢(wo), Vo (o), D*6(x0) ) = 0
o if xg € 012, the following holds
max{ F (xo, d(0), Vo(xo), D2¢(x0)) , B (w0, #(20), Vé(z0)) } >0
Viscosity subsolution An upper semi-continuous function u is a viscosity subsolution to

(1.22) if, whenever we fix x¢ € Q, for every ¢ € C?(Q) such that u(zg) = ¢(xg) and xg
is a strict maximum in  for u — ¢, then
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o if 29 € Q, the following holds
F (@0, ¢(x0), Vé(0), D*é(0)) <0
e if 29 € 99, the following holds
min { F (29, 6(z0), Vé(w0), D*6(9)) , B (w0, d(0), V(o)) } <0

Viscosity solution A continuous function w is a viscosity solution to (1.22) if it is both a
super and subsolution.

Remark 1.10. The condition u — ¢ has a strict maximum or minimum can be relaxed: it
is sufficient to ask that u — ¢ has a local maximum or minimum in a ball Br(xo) for some
positive R.

1.3 Some properties of convex sets

Let Q be a open set of R". We say that € is a convex set if V¢ € [0, 1] and for any z,y € ,
then
tr+ (1 —t)y € Q.

Since 0f) is locally a graph of a concave function, then € an open set with Lipschitz boundary,
hence P(Q) = H"1(09).
We denote by diam(2) the sup between a pair of points in €2, i.e.

diam(Q) = sup d(z,y).
z,y€e)

For a convex set, the definition of the support function and the minimum width (or
thickness) are crucial.

Definition 1.9. Let 2 be a bounded, open and convex set of R™. The support function of
Q) is defined as

ho(y) =sup(z-y),  yeR™
e

Definition 1.10. Let 2 a bounded, open and convex set of R™, the width of 2 in the direction
y € R is defined as

w¥ = ha(y) + ha(-y)
and the minimal width of €2 as
wo = min{wY | y € S"71}.

We recall the following estimate, which is proved in [32] in the planar case and is gener-
alized in [35] to all dimensions.

Proposition 1.11. Let © be a non-empty bounded, open and convex set of R™. Then,

]

= P(Q)rq

1
— < 1. 1.23
. (1.23)

The upper bound is sharp on a sequence of thinning cylinders, while the lower bound is sharp,

for example, on balls. Moreover, for n = 2, any circumscribed polygon, that is a polygon
whose incircle touches all the sides, verifies the lower bound with the equality sign.

In the planar case the following inequalities hold true (see as a reference [137, ) D).
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Proposition 1.12. Let Q be a bounded, open and convex set of R%. Then,

waq
2 < — <3. 1.24
<R s (124

The upper bound is achieved by equilateral triangles and the lower bound is achieved by disks.
Moreover,

2
wq — 2Rq) P(Q) < —=wd, 1.25
(we Q) P(Q) < 3va (1.25)
with equality holding for equilateral triangles, and
9] < Ro (P() — nRa) | (1.26)
with equality holding for the stadii (convex hull of two identical disjoint balls).
FEventually,
2 diam(Q) < P(2) < m diam(£2), (1.27)

where the lower bound is asymptotically achieved by a sequence of thinning rectangles and the
upper bound by sets of constant width.

Finally, we recall the definition of sequence of thinning domains that will be used in the
following.

Definition 1.11. Let §; be a sequence of non-empty, bounded, open and convex sets of R".
We say that €); is a sequence of thinning domains if

W 120, (1.28)

Figure 1.1: Minimal width and diameter of a convex set.

In particular, if I > 0 and C is a bounded, open and convex set of R"™! with unitary
(n — 1)-dimensional measure, then, if [ — 0, the sequence

1 1
Y=0"1Cx |—=,= 1.29
l 53] (1.29)
is called a sequence of thinning cylinders. Moreover, in the case n = 2, the sequence (1.29)
is called sequence of thinning rectangles.

1.3.1 Quermassintegrals

Let us recall some basic facts about convex sets. For the content of this section, we will refer
to [134]. Let K C R™ be a non-empty, bounded, convex set, let B be the unitary ball centered
at the origin and p > 0. We can write the Steiner formula for the Minkowski sum K + pB as

K + pB| = f: C)WZ-(K),% (1.30)

=0
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Figure 1.2: Thinning cylinders.

The coefficients W;(K) are known in literature as quermassintegrals of K. In particular,
Wo(K) = |K|,nW1(K) = P(K) and W,,(K) = w, where w, is the measure of B.

If K has C? boundary, the quermassintegrals can be written in terms of principal cur-
vatures of K. More precisely, denoting with H; the j-th normalized elementary symmetric
function of the principal curvature k1, ..., k,—1 of 0K, i.e.

—1
1
Hy =1 Hj:(”j ) S Kiy ook j=1..,n—1,

1<iy<...<ij<n—1

then the quermassintegrals can be written as
1
Wi(K) = / HiydH™'  i=1,...,n. (1.31)
n Jok

Moreover, the Steiner formula holds true also for quermassintegrals, that is

W;(K + pB) = Z( >]+Z(K)pi j=0,...,n—1. (1.32)

For j =1 we have

n—1
P(K + pBy) = Z( ) Wit (K)p'

from which follows
lim P(K + pB) — P(K)

p—0 p
and if OK is of class C?, formula (1.31) gives
P(K + pB) — P(K)

=n(n — 1)Wy(K), (1.33)

lim =(n—1) | HdH" '
p—0 p oK
Furthermore, Aleksandrov-Fenchel inequalities hold true
1 L
(WJ(K))]2<W<K)>" 0<i<j<n-—1, (1.34)
Wn Wn

where equality holds if and only if K is a ball. When i = 0 and j = 1, formula (1.34) reduces
to the classical isoperimetric inequality, i.e.

1
P(K) > nwit | K|
In the following, we will use (1.34) for ¢ = 1 and j = 2, that is

Wy(K) > n niw; " P(K)n 1. (1.35)
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1.3.2 Inner parallel sets

Let € be a non-empty, bounded, open and convex set of R”. We defined the distance function
from the boundary in (1.1). We remark that the distance function is concave, as a consequence
of the convexity of ).

The superlevel sets of the distance function

Q={xeQ:dz00) >t}, t €10,7q] (1.36)
are called inner parallel sets, where rq is the inradius of €2, and we use the following notations:
u(t) =, P@) =P ) tel0,rql (1.37)

By coarea formula (1.2), recalling that |Vd| = 1 almost everywhere, we have

|Vd| /m 1 n-1 e
Mt:/ ——dxr = — dH d5:/ P(s) ds;
Q {d>ty V| ¢ V| Jia=s) ¢ (s)

hence, the function p(t) is absolutely continuous, decreasing and its derivative is u/(t) =
—P(t) almost everywhere.
Moreover, by the Brunn-Minkowski Theorem ([134, Theorem 7.4.5]) and the concavity of

1
the distance function, P(¢)»-T is concave in [0, Rg], hence absolutely continuous in (0, Rq).

1
Let us point out that, since P(t)»-1 is strictly monotone decreasing, there exists its right
derivative at 0 and it is negative.
The following result is contained in [341]. We report its proof for the reader’s convenience.

Lemma 1.13. Let 2 be a bounded, convex, open set in R"™. Then for almost every t € (0, Rg)

_ %p(Qt) > n(n — 1)Wa(Q), (1.38)

and equality holds if Q is a ball.

Proof. For every s € (0,t) it holds
Qy+sBy C Qt—s;

and if Q is a ball, the two sets coincide. The monotonicity of the perimeter with respect to
the inclusion of convex sets and formula (1.33) give, for almost every t € (0, Rq),

d . P(Qi_s) — P(%)
——P =1
dt (Qt) sir(ljl‘* S
P(Q By) — P(Q2
> lim (2 + sB1) () =n(n—1)Wa ().
s—0t S
O
As a consequence of (1.38) and (1.35), we have
L/ P(t)\ "1
_ () > n(n—1)wi " (()) , (1.39)
n
that, for N = 2, reads
— P'(t) > 2m, (1.40)

with equality if €2 is a ball or a stadium.
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In particular, (1.39) implies that the perimeter P(t) is non increasing in R", while (1.40)

yields to the Steiner formulas for the inner parallel sets (see e.g. [138]):
P(t) < P(Q) — 2wt vt € [0,rq), (1.41)
p(t) > Q] — P(t+wt> Yt e[0,7ql, (1.42)

equality holding in both (1.41) and (1.42) for the stadii (see [70]).
Finally, combining the chain rule, the previous lemma and the fact that |Vd(x)| = 1
almost everywhere, we obtain

Lemma 1.14. Let f: [0,4+00) — [0, +00) be a strictly increasing C* function with f(0) = 0.
Set u(z) = f(d(z)) and
Ey={xeQ:ux) >t} =01,

then
d Wa(Ey)

—YpE) > (n—1 .
gD E) = (n )|Vu\u:t

(1.43)

1.3.3 Asymmetry indices

Since, we want to prove quantitative results, we need a geometric quantity that gives us
information about the shape of 2. We will consider the Hausdorff asymmetry index, as
already done in [58], so we recall some basic notions about the Hausdorff distance.
If £, F are any two convex sets in R™ the Hausdorff distance between F and F' is defined
as
dy(E,F):=inf{e>0: EC F+¢B, F C E+¢B},

where B is the unitary ball centered at the origin and F' + B is the well-known Minkowski
sum. For any measurable set E of finite perimeter, we define two isoperimetric deficits

D(E):= P(E) — P(E"), M(E):=|E*| - |E|, (1.44)

where Ef and E* are the balls with the same measure and the same perimeter of E, respec-
tively.
Moreover, we will consider the following Hausdorff asymmetry indices

A3,(B) = min {du(B, B,(2)), P(2) = P(B(x)}, (1.45)
and
A5y (B) = min {dy (B, B,(x)), 2] = B, (x)|}. (1.46)
Lemma 2.9 in [83] tells us how these two indices are related one to the other.

Lemma 1.15. Let n > 2 and let E C R"™ be a bounded, open and convex set with D(E) < 4,
then
A5 (E) < C(n) AL (E). (1.47)

With these definitions, we can recall the quantitative isoperimetric inequality proved in

[79, 80].

Theorem 1.16 (Fuglede). Let n > 2, and let E be a bounded open and convex set with
|E| = wy. There exists 0p,C, depending only on n, such that if D(E) < dp then

D(E) > Cg(A}(E)), (1.48)
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where g is defined by

52 ifn=2
g(s)={f7'(s*) ifn=3 (1.49)
s" ifn>4

and f(t) = y/tlog(3) for0 <t <e L.
We are interested in a modified version of this theorem, in terms of M(E), so we have

Lemma 1.17. Let E C R" be a bounded, open and convex set and let E* be the ball satisfying
P(E) = P(E*) = p. Then, there exist 0,C, depending only on n and p, such that, if

M(E) = |E*| - |E| <4, (1.50)
then
M(E) =z Cg(A3(E)),
where g is the function defined in (1.49).

12

Proof. Let us start by setting § <

, SO

[E7

|E| > 5 (1.51)

Let us divide the proof in two steps. First we assume that |E| = w,. By the differentia-
n—1

bility of the function h(t) =t = , there exists £ € (|E|,|E*|) such that

n—1 n—1 n — 1
|E*|" — Bl 7 =06 (1B~ |E]) < —= (1E*| — |E]). (1.52)
nwy
Moreover,
e w1  P(E n-1  P(E) P(EY) D(E
NWyY NWyY nwyy nwmn

Hence, by (1.52) and (1.53), we get
D(E) < (n — ))M(E).

1 where dp(n) is the one provided by Theorem 1.16, we can apply the

So, choosing ¢ <

aforementioned Theorem to write

P(E) > nwy (14 4(n)g (A}, (E))),

obtaining
P(E)n—T 2
|E*| — |E| = 7& ) —— — |E| > wn (1 +7(n)g(Ag{(E))) Y w,
nn—1wp
mn(n) g(A%(B))
- n-—-1 H ’

where in the last step we used Bernoulli’s inequality

(1+z)" >14rx r>-1,r>1.
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Applying Lemma 1.15, we eventually have
[ — 19| = C(n)g(A%(Q)).

Now we treat the general case. Let us rescale the set E as

1
w n
m- (2
|E|
so we have
w
M(Ey) = |ET| = |E1| = E:,IE*I — Wn
Wn 2w,
= 2M(E) < M(E),
|E| ||

where the last inequality follows from (1.51).
In order to apply the previous case to the set E1, we need

oF

n—1

M(E;) <

)

which is guaranteed if we choose

M(E) < |E7]

= m op = d(n, p).



Chapter 2

On the rearrangement of the
gradient

In this chapter we consider the rearrangement of the modulus of the gradient of a function.
In particular, in the first part we consider a Sobolev function and we compare some suitable
norms of u with those of a radial function whose gradient is the increasing rearrangement of
u.

In the second part of the chapter we do a similar study for a function which is only BV.
It will become clear that the latter is a generalisation of the first case, which is completely
recovered as a special case.

In the end, we present some applications of this type of rearrangement.

2.1 On the rearrangement of the gradient of a Sobolev func-
tion
Let us deal with the Sobolev case, hence it holds the following.

Theorem 2.1. Let Q C R" be a bounded, open and Lipschitz set and let u € WHP() be a
non-negative function. If we denote with QF the ball centered at the origin with same measure
as Q, then there exists a non-negative function u* € WhP(QF) that satisfies

|Vu*| = [Vuly(z) a.e in Of

/ wdH" ! (2.1)
AL R 0
|00
and such that
lull 1) < ¥l g s)- (2.2)

Remark 2.2. By the explicit expression of u* on the boundary and the Hoélder inequality,
we can estimate the LP norm of the trace:

p
|am|ﬂ—1/ (u*)de”_1:</ ud’H”_l) §|aQ|P—1/ WP dH™Y Wp>1. (2.3)
o0t o0 o0

Proof of Theorem 2.1. Let us consider € and § := §. and the sets

Qe={zeR"|d(z,Q) <} Y. =0\,
O = {2 eR" | d(z, %) <4} 5= Qf\ OF, (2.4)
|| = 0] S| = |28,

35
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where, since |Y.|/e — [09] and |XE|/§ — [09F] as € — 0, we have
im o _ 1091
>0 e |00
Let d(-,Q) defined as follows:
d(@, ) = inf [z =yl

Then we divide the proof into four steps.

Step 1 First of all we assume € with C1® boundary, u € W5*(Q) and u > o > 0 in .
So we can consider the following "linear" extension of u, u. in £

d(x,00)
5

ues(z) = u(p(x)) (1 - ) Vo e Q. \ Q,

where p(x) is the projection of 2 on 9 (for e sufficiently small, this definition is well
posed since €2 is smooth, see [$5]). The function w., has the following properties:

(a) uelo = u,
(b) ue =0 on 98,
(©) Vel 00y < Vuel(y) Vy € E. for e sufficiently small,

(d) hm/ \Vua\da:—/ wdH™
e—0t 90

Properties (a) and (b) follow immediately by the definition of u., while (¢) is a con-
sequence of the regularity of u. Property (d) can be obtained by an easy calculation,
indeed

d(x,00)

3

Vd(z,09)
3

Vue(z) = V(u(p(x))) {1 —

For the first term, we can notice

/yv [1—@’589)]da;§L/ dx = L|%|

€

| - upla)

where L is the L norm of Vu(p(z)). Now we deal with the second term and, keeping
in mind that |Vd| = 1 and using coarea formula, we have

3
lim / |Vue| de = lim — u(p(az)) dxr = lim dt/ (wop)dH" !
Iy

e—0t e—0t € e—=0t Jo

where I't = { z € ¥, | d(z,092) = ¢ }. By continuity of u and Lebesgue differentation
theorem we get

lim / dt/ wopdH™ ! /(uop)cm” 1 / wdH" 1
e—0t € T To 17)9]

that proves property (d).

For every € > 0, we consider the following problem

[Vve|(z) = [Vuely(z)  in Of
ve =0 on 8(25.
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and by Theorem 1.4 it holds
el ey < el o (2.6)
Moreover it exists € such that for every ¢ < &
[Vve|(z) = [Vue|y(z) = [Vuly(z) vz € OF. (2.7)

We can see u. as a WH1(€z) function and we have

[ 1ved= [ 190l = [ [9ul+ [Vl < [Vullpe + 2ulony  @8)
o Qs Q e

by property (d).
Finally, by Poincare and (2.8), there exists a constant 0 < C' = C(n, ) such that

el gty < CIVOEl iy, < O D) ullya oy

Therefore, up to a subsequence, there exists a limit function u* € BV(Qg—) such that
([19, Proposition 3.13])

Ve = u* in Ll(Qg) Ve = Vu* in Q

namely

lim pdVuve. = / pdVu* Vo € Co(Q2,R™)
e—0 Qﬁé Qg:

Our aim is to show that u* satisfies properties (2.1), (2.2) and (2.3).
Concerning (2.1) then [Vu*| = |Vul, follows from (2.7).

To find the value of u* at the boundary, we observe that, from (2.5) and (2.7), we have

/]Vuglz/ |Vve|.
e »t

Q
Now, for ¢t > 0 setting I’y = {d(x,Q) :t}, Fg = {d(w,ﬂﬁ) = t}, r = <H> and

Wn,

3=

recalling that v. is radially symmetric we have

r+0 ) g r+0 g "
/2” Vel :/ /F” |Voe| dH" ™" dt = ]Ft\/ —L|Tf| dt = |TF| ve(r).
J r : r

Therefore by monotonicity of \F§| we have

r—+3d
M joe(r) < / (—ol ()[TE]) dt < [T%, 5o (r)

and since

T v (r) = / ve dH" !
ot

using the fact that v. — v in LY(Q), Vv, = Vu in Q and the continuity embedding of
WHL(Q) in L1(2), in the end we have

/ ]Vvelé/ u* dH™ L
»t o0t
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Using property (d) we obtain

/ ud?-[”lz/ ur dH L.
15)9) oOt

In the end we have that for v* it holds

|Vu*| = [Vul, in QF
wdH" !
U* = BQ‘BT on GQﬂ

that proves (2.1).
Furthermore by

luellipy = Nullpipy  and  [lvellprpey = ™l L1 (psy-

we can pass to the limit ¢ — 0 in (2.6) and we get

lull iy < llellzqs)-
that proves (2.2).

Now we remove the extra-assumption u > ¢ > 0 defining

Uy := U+ 0.

Then wu, is strictly positive in €2 and we can apply the previous result: there exists a
function v, in QF such that

[Vvo| = [Vue |y = [Vul, a.e. in QF
Uy dH" 1 wdH !
_ Joo _ Joa 109 ¢
Vg = ‘89” = |8Qﬁ| +U\6Qﬁ\ on OOF,
and
loto 2y < Nl ey (2.9)
If we define
. 109
=V — 0>
|00
then u* solves
[Vu*| = |Vu\ﬁ in Qf
wdH™ !
’LL* = 8Q|T on aQﬁ,

Sending o — 0 in (2.9) we have
lull iy < llellqs)-

Now we remove the assumption on the regularity of 2.

Let © be a bounded, open and Lipschitz set, and v € W°(Q). Then there exists a
sequence { Qx } C R™ of open set with C? boundary such that Q C Q, Vk € N (for
istance you can mollify xq and take a suitable superlevel set) and

U AQ =0 HH Q) — HHOQ) for k — +o0.
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Step 4

Let @ be an extension of v in R™ such that

ilo = u, @l 1,00 @ny < Clliullpreo -

We define
U = ﬂXQka

and clearly uj = u in Q. By the previous step, we can construct uj € Wl’oo(Qi) such
that it is radial, |Vug|, = |Vuz|, and

< ||u¥ 2.1
okl 21y < (2.10)

/ up dH" :/ uf dH" ! (2.11)
Giol a0k

Therefore, since ||uk|[w1r,) < M, for all p, the sequence { uy } is equibounded in
WLP(QF) and it has a subsequence which converges strongly in LP and weakly in WP
to a function w.

Let us prove that |Vu| and |Vw| has the same rearrangement.
limksup [|Vuz] — ‘Vuhj”[,p(m) < hin H(fk)ﬁ - fﬁHLP(R")

where

~ in O in O
f(w)z{wf' e and sz{'vqﬁk' .
||VUHLOO(R7L) in R \Q ||VUHL<>O(RTL) in R \Qk

So using (1.7) we have
1(fr)e = Fill pory < e = Flloey = e = Fllzrne) < 20Vl oo ey €0\

that tends to 0 as k — 400 by the fact that |Q,AQ| — 0.

Hence, the functions Vw and Vu has the same rearrangement, by the uniqueness of
the weak limit in QF.

In the end, passing to limit k¥ — 400 in (2.10) and (2.11), we have

lullzre) < lwllp o)

/ud’l—l”_lz/ wdH™ L.
o0 o0t

Hence w = u*.

Finally, we proceed by removing the assumption u € W1>°(Q).

If w € WHP(Q), by Meyers-Serrin Theorem, there exists a sequence {ux} C C*(Q) N
W1P(Q) such that ux — u in WIP(Q). We can apply previous step to obtain uj €
WL2°(QF) such that |Vug| and |Vu| are equally distributed and

lurll L@y < Nkl VkeN (2.12)
/ up dH" ! —/ uf dH" ! vk € N. (2.13)
o0 o0t
Arguing as the previous step, there exists a function w such that, up to a subsequence

uj — w in LP(Q) Vuj = Vw in LP(; R")
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and |Vw| has the same rearrangement as |Vu.

Finally, sending k¥ — 400 in (2.12) and (2.13), we have

lull 1@y < lwllLras)

/udH”_lz/ wdH™ L
o0 o0t

Hence w = u*. O

2.1.1 A weighted L' comparison

Let us check how extend the result by [110] to the case of function non vanishing on the
boundary.

Theorem 2.3. Let Q@ C R" be a bounded, open and Lipschitz set. Let f € L*(Q) be a
function such that

) > <1 _ i)i/gt F(s)ds  vielo, |0 (2.14)

If u € WHP(Q) and u* is the function given by Theorem 2.1, then
/Qf(x)u(x) dr < o A (@)u* () da. (2.15)
Proof. If u € I/VO1 P(Q), the result is contained in [110]. We recall it, for sake of completeness.

By [84, eq. 2.7] it is known

@
w(s) < 11/ 5(’? dt (2.16)

where F' is a function such that

/OSF(t) dt = /D(s) V], (s) ds

with D(s) defined in Chapter 1.
t
Setting g(t) :=

3 / f*(s) ds, multiplying both terms of (2.16) for f*(s), integrating from
-

0 to |2| and using Fubini’s Theorem we get

e . 1 (L 12| F(t) ! €2
F(s)u* (s) ds < /0 ! (s)(/s = dt) ds = /0 Flyg(t)dt  (2.17)

0 nwy NWr,

Let us suppose that g(t) is non-decreasing, so g.(s) = g(s) and by Lemma 1.6 there exists a
sequence {Fj} such that (Fy). = (Vu), and Fy, — F in BV. Therefore

/QI F(t)g(t)dt = lim/lQ Fr(t)g(t) dt
0 k- Jo

Using Hardy-Littlewood’s inequality we have

€2 €2

€2
Fu(t)g(t) dt < /0 Vul, (£)gu (t) dt = / V. (£)g () dt

lim
k 0

0
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Hence, by (2.17) and Fubini’s Theorem, we obtain

1€2] 1 1€2]
| e = [ w00
0 nwy 0
_ “ Vul,(t ! e ds | dt
- |mxﬁﬂﬁéf@>§
[T 0
- el [N
1€2]
- [ rewy s
Therefore, by Hardy-Littlewood inequality, we have
2]
| @iz < [ pou
Q 0
12|
< Fr(s) @) (s)ds = | fHx)u*(z)de
0 Ot

But we have to deal with the assumption that g is non-decreasing, that is ¢’(¢) > 0 if and

only if
d 1 t . n—1 1 t . 1 .
i [ ree) = e ([ ree) s oz

hence, if and only if
1\1 [
* > I B * ]
ro=(1-1)7 [ reas

Now let us deal with u ¢ VVO1 P(Q2). Suppose that u € C?(f2) is a non-negative function, that
Q has C? boundary and that f satisfies (2.14). Proceeding as in Step 1 of Theorem 2.1, for
every € > 0 we can construct u. that coincides with « in 2 and is zero on 9€).. Moreover we
can extend f to 2. simply defining

() = {f(:L‘) in Q

f92) in 9\ Q

The rearrangement, for every € > 0, is

* in |0, |2
ﬁ@:{fw .[\H
faen i 19l Q]

so we just have to check (2.14) for ¢ € [|Q], |Q.]], namely

oz () [ e (218)

Keeping in mind that f verifies (2.14), we have

o =ron = () b [ s

If we show that

2| i - t
|(12‘/0 F(s)ds > li F*(s) ds+tt|Q|f*(\QD1 = 1/0 fe(s)ds

0
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then (2.18) is true. By direct calculations

o ) Fea= =) e g [T e as s o),

that is true of the fact that f* is decreasing.
So, Ve > 0 we can apply the first part of the Theorem obtaining

/ uefsdxg/ 'Usfgdx

Qe 0!
/ufdwﬁ/ uw* fide.
Q Q

Arguing as in Theorem 2.1, we get (2.15). O

Sending € — 0 we get

Remark 2.4. Condition (2.14) implies the f is strictly positive. Moreover, if the essential
oscillation of f is bounded

ess sup,eql|f(2)] o

ess inf,cq|f(z)] — n—1

ess osc|f] :=

then (2.14) is satisfied.

Moreover we can use Theorem 2.3 to get a comparison between Lorentz norm of v and

ur.

Corollary 2.5. Let 1 < p < =5, under the assumption of Theorem 2.1 it holds

[l o1y < [[w*[| o1 (2t (2.19)
where u* is the function given by Theorem 2.1

Proof. Let us explicit the L' norm of u

toa oo a1
||uHLp,1(Q) :/0 tr u*(t)dt:/o t P ut(t)dt

Hence by Theorem 2.3, it is sufficient to have

1 —11 [t 2
DA / s ds > 0. (2.20)
0

If we compute

then we have

so (2.20) is true and we can apply Theorem 2.3 obtaining

+0o0 1 +oo 1
/ t P ut(t) dtg/ t P ur(t) dt
0 0

that is (2.19). O

Remark 2.6. We emphasize that the bound p < -2 is the best we can hope for Lorentz

n—1

norm L%!. Indeed, if by absurd (2.19) holds for p > -, by the embedding of LP*? spaces,

n—1"

LeY(Q) C L®9(Q) = L4(£2), which gives a contradiction.
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2.2  On the rearrangement of the gradient of a BV function
Let us switch to the BV case. For this aim, let €2 be a bounded open set and let us
BVo(2) :={u € BV(R"): u=01in R"\Q}.
For a given funcion v € BV, let us define
f(z,s) = (u(@) —u*(s))  (2) z €R", s€[0,400). (2.21)

Since for each s € [0, +00) the function f(-,s) is a truncation of u, by the Fleming-Rishel
formula 1.2 it is in BV((Q2), and for each s € [0, +00) we denote

G(s) = [Df(- s)|(R") = [DUf (-, $)[(R™) + [D*f (-, 8)[(R™) = Gi(s) + Ga(s) (2.22)

Vs € [0,+00), where D*f and D?f are respectively the absolutely continuous part and
singular part of the measure Df.
Here we have a corollary to the Fleming-Rishel formula.

Corollary 2.7. Let uw € BVy(Q2) be a non-negative function and let G(s) be defined as in
(2.22). Then for a.e. s € [0,+00), we have

+00

G(s) = / Per({u>¢})dé. (2.23)
u*(s)

Proof. For a.e. s € [0,+00), applying (1.11) to the function f(x,s) defined in (2.21), we have

G(s) = | D((u - w(s)) , |(R") = /m Per ({ (u(z) = u*(s)) , (z) > € }) de.

—00

By (1.13) we have

/ :O Per ({ (u(@) = w'(s)) (2) > € }) d = /0 e ({ule) - () > € 1) e
and a change of variables gives (2.23). O

We observe the following properties:

1. since G is an increasing function by (2.23), it is a BV function and there exists a measure
F such that

G(s) = /OS dF (1) Vs € [0, +00); (2.24)

2. since Gi(s) = / |D*u| dz, it is an increasing AC' function by the absolutely
{u>u*(s)}
continuity of the integral, so there exists a L' function F; such that

S
Gi(s) = / Fi(r)dr Vs € [0, +00);
0
3. G4 is an increasing BV function, so there exists a measure dF3 such that

Gols) = /O CdB(r) Vs € [0, 400);



44 On the rearrangement of the gradientt

Hence, Vs € [0,4+00) , we can write G as

Gls) = /O " dR(r) = /O CR(r)dr+ /0 T ARy(r). (2.25)

Now, let us define the following function

+oo 1
o(s) = / — L 4R Vsel0,+m), (2.26)
s nw/;Tl_Z

where F is defined in (2.24). We observe that, since supp(F') C [0,]€|], v is identically 0 on
(192], +00), hence v € BV (][0, |€]]).
As intermediate step towards Theorem 2.9, we prove the following proposition.

Proposition 2.8. Let 2 C R™ be a bounded open set and suppose that u is a non-negative
BVy(2) function. If v(s) is defined as in (2.26), then

u*(s) < w(s) a.e. s €[0,400). (2.27)

Proof. By the isoperimetric inequality it holds

1
nwi p() % < Per(fu>1t}) Vi€ 0.+ 00),

and by (2.23) and (2.25) we have

+oo s
G(s) = /*( )Per({u > &} dE = /0 dF(T) a.e. s € [0,400).

Hence, for all 0 < s1 < 89 < +00 we have

u*(s1) 1

52 ’lL*(Sl) 1
/ dF (1) = G(s2) — G(s1) = / Per({u > £})d¢ > / nw u(€) de

s1 u*(s2) u*(s2)

Since this holds for every couple s; and s2, we have
F > DH(u"(s)) (2.28)

where

400 1 1
Hr) = [ noiue) s de.

The computation of - H(u*(s)) is possible thanks to the work of Ambrosio and Dal Maso
[18], since H is a Lipschitz function. More precisely

1
—nwy; 51_%Du*(s) if s & Jy

DHW%»_{HW%D—HW@ﬂ)iHG%*

Since

w(s7) 1 )
(0 (0) = () = [ ) g
= nwn%(sl_% (u*(s7) —u*(s))
= fnszl_%Du*(s),

in any case we can write
1

DH(u*(s)) = —nwy s = Du*(s).
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Therefore, by means of (2.28), we can estimate the Radon-Nikodym derivative of F' with
respect to Du*

- > nwisl™n  ae. . +00).
d(Du*)(s) > nwpy $ a.e. s € [0,400)
Then
. +eo . teo dF (T
w* (s) :—/ d(Du)(7) g/ CIET ),
s s nwp T W

In this section, we want to introduce a symmetrization that keeps the absolutely contin-
uous part separate from the singular part (sum of jump and Cantorian part) of the gradient.
To be more precise, we define the radial function u* € Wh1(QF) N BV,(QF) N L®(QF) such
that

[Vu*|(z) = [Veuly(z) a.e. in QF
(2.29)

* _ s n f
u*(x) = Per(Qﬂ)|D u[(R")  on 90

where V% and D*u is defined in Chapter 1.
The main theorem of this section can be stated as follows.

Theorem 2.9. Let Q C R” be a bounded open set and let QF be the centered ball. Suppose
that u is a non-negative BVy(Q2) function and u* is defined in (2.29), then

lell 1oy < el oy sy (2.30)

Proof. First of all, let us emphasize that the decreasing rearrangement of u*, defined in (2.29),

18 oo a

[D*ul(R™) xjo,jq1(s) Vs € [0, +00).

I 1
nwpt —n

Per(Qf)

Now, let us integrate (2.27) between 0 and +oo and let us use Fubini’s Theorem to obtain

/0+00 u*(s)ds < /OJroov(s) ds

_ 1; /0+oo </s+00 cif(?) ds
- 1l /0+°° </Ot tfi) dF(t)
b /;Oo tw dF(t)

1 oo g T 1
= l/o tnFl(t)dt+/0 tn dFQ(t)]-

By (1.15) applied to F; and the Hardy-Littlewood inequality (1.6), we have

+o00 1 too too
/ By () dt = lim / (B dt < / 15 Vol (8) dt,
0 0 0
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+oo 1 +oo too
/ u(s)ds < — [/ tn | Voul.(t) dt + / tn ng(t)]
0 n 0 0

U

1 ooy 1 [To°
<l [ [ dn|.
n 0 0

Wy

then

(2.31)

since F5(A) =0 for all A C (||, +00).
Using again Fubini’s Theorem, we can compute

400 400 a +00 +oo a
(Vaul, ()t dt = [Veul) [ o _ Vule®) 1) as,
0 0 tl_’ ==

and

’Q'i/mdF(t)—mrl\Ds |<R”>—/+°O L Drul(R)xo e (5) d
a e R T Pper(n) T T Per(ap)! T Xl

Hence, (2.31) can be written as

+oo +o00 vau* t 1 s N N
ol < | [/ VA 4 D IR0 (s >] ds = [l ey

nwyy tl_% ( )

O]

Remark 2.10. We want to stress the fact that the total variation of the symmetrization
thus obtained is equal to that of the starting function, i.e.

| Du|(R") = |[Du”|(R™),

and moreover the total variations of the absolutely continuous and singular part are preserved

]Dau\(R")—/ \Vau]dx—/ |[V3u*|dx and |D°u|(R") = |D*u*|(R").
R™ Qf

2.3 Applications: Shape optimization for torsional rigidities

In this section we deal with some applications of this type of rearrangement. We consider
different boundary value problems and the functionals associated with them.

2.3.1 Torsional rigidity with Robin boundary condition

Let 8 > 0, let 2 C R™ be a bounded and open set with Lipschitz boundary and let us consider
the functional

/|v¢|2dx+5|an|/ 02 dHn
Q o0

()

5 = min  Fo()

Fp(¢) = v e WH(Q)

and the associate minimum problem
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The minimum u is a weak solution to

—Au=1 in Q

(2.32)
%eramu:o on 09

Our aim is to compare T'(Q, 8) with

/|vv\2dx+mam\/ v dH™!
T(Q% B):= min Fopg(v)= min =& o0

= m
vEWL2(Q) vEWL2(Q) 2
vdr
Ot

where the minimum is a weak solution to

—-Az=1 in O

(2.33)
gz + 8109 2z =0 on OO
v

In particular we have

Corollary 2.11. Let 8 > 0, let Q C R™ be a bounded, open and Lipschitz set. If we denote
with QF the ball centered at the origin with same measure as €2, it holds

T(Q, 8) = T(YF, )

Proof of Corollary 2.11. Let 1 € W'P(Q), by Theorem 2.1 and Remark 2.2 there exists
Y* € Whe°(QF) radial such that

| vitas = [ Vo
/Qrw\da:s/mw*mx

oo [ wrr<ion [ v

Fs(p) = Fp(y™)

Passing to the infimum on right-hand side and successively to the left-hand side, we obtain

Therefore

T(Q,8) > T(Q, 8)
O

Remark 2.12. We highlight that all the arguments work also in the non-linear case, where
the functional

/|Vw\pdaf+ﬁ]8§2]p_l/ w? dHm!
_ JQ (219

Fpp(w) = iz
ﬁ ARD

for w € WHP(Q).

is considered.
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Remark 2.13. If f satisfies (2.14), then theorem 2.3 allows us to compare the minimum of

5’89’ w2d7-[”_1—/wfdx}
o0 Q

s i {3 ool

weWbh2(

with the one of

) 1 B0 _
Qﬂ = d 2d n 1—/ jjd .
Ts,£(€¥) veWmlgl(m){Q/ [Vol* da + = — o O | uffda

In particular, it holds
T,4(92) = Ty s (F).

2.3.2 A penalized torsional rigidity

Let us consider the functional
1
Faw)i=g [ IVldo— [des QT O} veny@ @30

with A > 0, and the associated minimum problem

Tr(Q,A) == — inlf(Q) Fal). (2.35)
PeH]

First of all, let us observe that the minimum can be found among non-negative functions.
Indeed, passing from ) to |¢| it holds F (i) > F(|¢]).

Assuming that problem (2.35) admits a minimum u € H{ (), then it is also a maximum
for the torsional rigidity defined by Diaz, Polya and Weinstein in [69, | of a multiply-
connected cross-section with fixed measure of the holes, that is

2
e e o)

$»eCy(D) ﬁC’
woconstant /‘Vlﬂ dﬂj‘

in every A;

where A; are the connected component of {|Vu| =0} and D = QUJ; 4;.

Functionals with penalizing terms have been revealed to be very useful and powerful tools
in the study of a large amount of physical and mathematical problems. The bibliography is
wide and some cornerstones are [3, (6].

However, in many of the works we refer to, the penalizing term considered is of the type
|{v # 0}|. Despite its form, these kinds of functionals differ deeply from (2.34) considered in
this paper.

The main difficulty for (2.34) regards the existence of the minimum. Indeed, one of the
key ingredient to prove existence of minimum, via direct methods of calculus of variations, is
the lower semicontinuity of the functional and this is not the case.

For this reason, we prove the existence of the minimum when 2 is a ball, while it remains
an open problem for a general domain.

Proposition 2.14. Let A, R > 0 and let Br be the ball centered at the origin with radius R.
Then the functional Fp defined in (2.34) admits minimum v and the minimum is unique up
to a sign. Moreover v is radially symmetric and |Vv| is radially increasing.

Proof. We divide the proof in 3 steps.
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1. Boundness from below.

First of all, let us prove that the functional F, is bounded from below for every choice
of A and for every R > 0. For all ¢p € H}(Bg), sing Young and Poincaré inequalities,

we get
Fath) = [ 90— [ wdes AT 20}
1 v 1Bal

V| dz —
Q/BR“/" T e 2 2

1 B B
/ IV|? de — 5C(n’R)/ V| da — |Br|
2 Br Br 9

2 2
1-— B B
2 Br 2e

Chosing ¢ sufficiently small such that

Y

O<e< C'(n,lBR)
then
Fal) = —wﬁ% > —C(n,Bg) > —o0
S0
T(Bp, A) = —wegg(fBR)fA(w) < .

2. Compactness and semicontinuity.

Now we consider a minimizing sequence {¢} for Tx(Bgr,A) and we prove that it is
bounded in H} (Bg). We can assume that Fp (¢y) < —Tx(Bg, A)+1 and by Proposition
1.4 we can assume that 1, are radial function with | V)| radially symmetric increasing.

Using Young and Poincaré inequalities, we obtain

1
Fath) =5 [ Voo = [ pudo+ AT £ 0)
R R
1
2/ |v¢k|2dx—/ Yy d
2 /B, Br
1/ 2 Ui |Bg|
> [ |Vlde—e [ kA
2 BR' g B, 2 2

1 C(n, B, B
22/ |vwk|2dm—€(“2’)/ |vwk|2dx—‘f‘
Br Br €

1—£C’(n,BR)/ 2 |BR|

= IRy de — R

2 g, VRl =

Choosing € < 1 h
11n ———
oosing C(n7BR) we nave

1
(B A) +12 o) 2 | [V de - C(Ba)
Br
then by Poincaré inequality, the sequence {11} is bounded in H}(Bg).
This implies that there exists a subsequence (still denoted with 1) and a function
v € H}(BRr) such that v — v strongly in L?(Q) and a.e. and Vi, — Vv weakly in
L?. Let us show that v is a minimum for Fjy.
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The lower semicontinuity of the norms gives

1 1
liminf[/ |V¢k\2dm—/ 1/1kdx] > / |Vv|2dx—/ vdz. (2.36)
k 2 /By Br 2 /By Br

Let us deal with the last term of F, and let us prove that
lim inf [{|Vug| # 0} > [{[Vu] # 0}

Denoting by 7, the radius of the ball where |V | = 0, we can assume that r converges
to some r > 0. Therefore

lim inf [{|Vr] # 0} = lim [wn(B" = )] = wo(B" — ™).

So we have just to prove that |[Vo| = 0in B,. Since {¢} are radial functions, obviously
v is radial too.

If » = 0 there is nothing to prove.

If » > 0, assume by contradiction that there exists A C B, with |A| > 0 and that
|[Vu| # 0 in A. Clearly there exists € > 0 such that |A N B,_| > 0.

Since r, — 1 if we choose a function g € C (Bg, R") with support included in ANB, _,
we have

/ (Vv, g)dx = lim (Vipi, gy dx = 0.
BR k BR

Since this must be true for every g € C¥ (AN B,_.,R"), we get a contradiction.

Then in any case
lim inf [{[ V| # 0} > [{[ Vo] # 0} (2.37)

By (2.36) and(2.37), we get

—Tr(Bgr,A) = Umkinf Fa(r) > Fa(v) > =Tx(Bg,A)

so v is a minimum of F in Bpg.

. Uniqueness.

Let us suppose that v is a minimum of FA(¢)). By Theorem 1.4, it exists v € H{(Bg)
such that
Fa(v) = Fi ()

and since v is minimum, it holds
Fa(v) = Fp(0).

Since |Vv| is equally distributed with |V©|, the previous equality implies
[oll g = o]l g

so Theorem 1.5 gives that |v| = ©.

O]

Remark 2.15. We highlight that Theorem 1.4 ensures us that the minimum in the case of
Bpr, has gradient equal to zero only in a ball B, centered at the origin with 0 < r < R.
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Now, as already mention in the introduction, we prove a Saint-Venant type inequality for

Tr(Q,A).

Corollary 2.16. Let Q C R™ be a bounded open set and let QF be the centered ball. If A > 0,
then
Tf(Qa A) < T]—'(Qﬁa A)

Proof. For every function 1) € Hg(Q), by Theorem 1.4 or 2.9, there exists overliney € Ha(QF)
that satisfies B
Fa(y) = Fa() > =Tr (2%, A)

and then
O
2.3.3 A torsional rigisity related to optimal insulation
Now we deal with the functional
2 1 2
[vekdss ([ julant)
G(y) = 22 ULANLD, e HY(Q). (2.38)

(e
with m > 0.

The interest in this type of functional is related to the problem of optimal insulation in
a given domain. Indeed, the minimum of G gives the long-time distribution of temperature
of the domain €2 and the displacement around €2 of a thin layer of insulator with total mass
equal to m. We refer to [12] for more details.

If 2 is a Lipschitz domain, G(¢)) achieves its minimum among all H!(Q) functions. So we

define
1

To(Qm) ~ vemi(o)

G(¥).

It is easy to check that the Euler—Lagrange equation of this functional is

—Au=1 in Q
1

('9u+/ luldH" ' =0 on 0.

ov - m Joq

So Theorem 2.9 gives us the following Saint-Venant type inequality for Tg(2).

Corollary 2.17. Let Q C R" be a bounded open set and let QF be the centered ball. If m > 0,
then
TQ(Q7 m) < Tg(Qﬁ, m)

Proof. For every function v € H'(Q), by 2.9, there exists ¢ € H'(QF) that satisfies

1

G(¥) = G(v) > To(F.m)

and then
To(Q,m) < To(F,m).
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On the rearrangement of the gradient



Chapter 3

Talenti’s type results for solution to
non linear equations with Robin
boundary conditions

Let 8 be a positive parameter, let 2 be a bounded open set of R", n > 2, with Lipschitz
boundary and let f € L” (Q) be a non-negative function with p > 1.
We consider the following problem

{—div(|Vu|p2Vu) =f in Q

3.1
]Vu\p_QgZ—l—B\u]p_Qu:O on 99. (3.1)

A function u € WHP(Q) is a weak solution to (3.1) if

/|Vu|p_2Vqu0d:U+B/ |u|p_2u4pd’H”_1:/fgpda: Yo € WHP(Q).
Q o0 Q

In the first part of the chapter, we are interested in obtaining a Talenti comparison result
for this problem. In other words, we want to compare some suitable norms of u, the solution
of (3.1), with those of v, the solution of the following symmetrized problem

{—div(]VUV’QVv) = ft in Qf

3.2
]Vv|p_2%+6\v\p_2v:0 on OO, (3.2)

where QF is the ball centered in the origin with the same measure of Q and f* is the Schwarz
rearrangement of f.
Furthermore, a similar comparison but for 8(x) a function is proven in the later section.

3.1 The comparison result in the case of constant Robin pa-
rameter
Let 8 be a positive parameter, let {2 be a bounded open set of R"®, n > 2, with Lipschitz

boundary and let f € L” () be a non-negative function with p > 1.
We can state the main theorem of this section as follows.

Theorem 3.1. Let v and v be the solutions to problem (3.1) and (3.2) respectively. Then

we have ( 0
n(p —
ull iy < vllpeiqey VO <k < n—1p’ (3.3)
n(p—1)
ull porr () < 0l okpey VO <k < n—2p+n (3.4)

53
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We observe that if p > n in (3.3) and (3.4), we have

lull 1@y < lvllprqey and  flull sy < [0l e -
For t > 0, we denote by
U ={zxecQ:ulx) >t} U™ =0U,nNQ, U =0oU,Nox,

and by
u(t) = Ui Pu(t) = Per(Uy).

Using the same notations, we set
Vi={z e v@)>th, o) =[Vil, Pu(t)=Per(Vy).

Because of the invariance of the p-Laplacian and of the Schwarz rearrangement of f by
rotation, there exists a radial solution to (3.2) and, by uniqueness of solutions, this solution
is v.

Since v is radial, positive and decreasing along the radius then

Vi = QF for 0 <t < v, (3.5)

while, for v, <t < maxq: v, V; is a ball, concentric to 0F and strictly contained in it.

Moreover, we observe that the solutions u and v to (3.1) and (3.2) respectively are both
p-superharmonic and then, by the strong maximum principle in [145], it follows that they
achieve their minima on the boundary. Denoting by u,, and v,, the minimum of » and v
respectively, thanks to the positiveness of 5 and the Robin boundary conditions, we have
that u,, > 0 and v, > 0. Hence uw and v are strictly positive in the interior of 2. Moreover
we have

Uy = minu < minv = v 3.6
= i < i = v, (36)

since

1 1
o Per(@) = [ oy tan = [ fde=2 [ g
o0 B Jat B Ja

= / u(z)P~tdH™ !
o0
> ub; 1Per(Q) > [uf? ' Per(QF).
A consequence of (3.6) and (3.5)that will be used in what follows is that
pt) < o(t) = |2 Yt < vy (3.7)
The main ingredients for a comparison result are the following lemmas.

Lemma 3.2. Let u and v be solutions to (3.1) and (3.2) respectively. Then for almost every
t > 0 we have

1\ p p(t) =1
fynmt)(l—n)p—s(/o f*(s)ds> <u’<t>+ﬁlll /an‘”{> (3.8)

where v, = (nw}/”) p%l

And
-z = ([ g ) <_ YRS n—1>
T (t) ( /0 f(s)d ¢(t) + /8 ). (39)

1
ﬁp,1 ‘/tewt v

[un
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Proof. Let t > 0 e h > 0, we choose the test function

0 ifu<t
pelx)=qu—t ift<u<t+h
h it u>t+h.
Then,
/ |Vul? dx + ﬂh/ uPtdH T+ B uP (u —t) dH" !
U\Usyn ouUeTt dUFTN\OUET!

:/ flu—t)dx+h fdx.
U\Utsn Ugyn
Dividing by h, using coarea formula and letting h go to 0, we have that for a. e. t > 0
| a@ant = [ pa.
8Ut Ut
where ‘
|VulP™t if 2 € dUM,
g(z) = . ot
BuP it x € oUS™".

So, using the isoperimetric inequality, for a. e. ¢ > 0 we have

1 11
P 1 D
k") R < Pty = | anr < (/ gdHn_1> (/ — dH)
oUL oU; oU; gr—1
1 ] ) . .t
P P
= / gdn"! / dH"1+1/ —dH"!
U BUgnt ’vu‘ Bﬁ aUte.rt u

u) > ! ! =5
/ *(s)ds —i(t) + — / —dH"! t € [0, max u),
0 Br—1 Jouget U Q

Then (3.8) follows. We notice that if v is the solution to (3.2), than all the inequalities are
verified as equalities, so we have (3.9). O

IN

Lemma 3.3. For all 7 > v, we have

T 1 gy AL
/0 t (/anwt @) dH ) dt < pﬁ/o f*(s)ds. (3.10)

o g L
/0 t </avtmam (@) dH ) dt pﬁ/o f*(s)ds, (3.11)

Proof. If we integrate the quantity

tp—l (/ 1 df}_[ﬂ—l) ’
ouert u(x)

from 0 to +00, by Fubini theorem, we obtain

00 u(z) p—1
/ Pl ( / L d?—l”‘1> dr = / ( / A d7> "
0 aUeat u(z) a0 \Jo u(z)

= 1/ u(x)p_l dH" 1!

D Joo
1 rlel
- /O £7(s) ds,

Moreover,
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where the last equality follows from the fact that u solves (3.1).

Analogously
/OO p-1 (/ b d?-[”1> dr = /QI F(s) ds
T T=— )
0 ov.noq: V() B Jo

Since w is positive, we obtain, V¢ > 0,

t,]_—1< L n— 1) T & *
/0 p /é)U;thu(x)dH dr < ﬁ/o fr(s)ds

on the other hand, since 9V; N 0N is empty for t > v,,, we have

Lo IR S R B
/oTp </avmam v(z) " )dT_pﬁ/o f(s)ds

and the proof of lemma 3.3 is complete. O

Remark 3.4. Tt can be observed that, since dV; N 9N is empty for ¢ > vy, and ¢(t) = |Q|
for t < wy,, for all 6 > 0 and for all ¢, we have

t 1
p—1 d r}!n—l
/o e </avmam v(z) ! ) i
o p—1 0 —1 dH™ 1| dr =
/o el (/@Vmam v(z) ) !

“+oo B 1 B ’Q|6 1]
p—1 0 AH" 1 dr = 1 * d
/o e </avmam v(z) " ) T f(s)ds

Let now prove Theorem 3.1.

-1 1 -1
Proof of Theorem 3.1. Let 0 < k < M sod=—— u is positive.

p(n—1)’ ko nlp-1)
Multiplying (3.8) by t*~1u(t)? and integrating from 0 to 7 > v,,, by the previous Lemma, we

obtain
T 1 % T B 1 1
/O%tp u(t) dtg/o (= () P~ (/ F( ) dt

([ poa)”
+ P
prd UARACL

Setting F(I / ( / f( d5> B dw, we can integrate by parts both sides of the last
inequality, getting

(3.12)
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Setting &(7) = /OT P2 (/0 vnu(s)% ds + F(,u(t))) dt and

s o] =)
o= ( f*(s)ds> ,
pBr—1 \Jo

we are in the hypothesis of Lemma 1.3 (Gronwall), namely

&' (1) < (p— 1)é(r) + C,

so, choosing 79 = vy, we have

™ (/OT Ynht()F ds + F(M(T))) < ((p — Uelom) & C) (T)H :

Um Um,

where

élom) = [ ( [ s as+ F(u(ﬂ)) dt.

o7

The previous inequality becomes an equality if we replace u(t) with ¢(t). Since p(t) < ¢(t) =

1|, V¥t < v, and F(l) is monotone, we obtain

- t $)¥ ds
/0 ' ( /0 na(s)E d +F(u(t))> dt

Um, i t 8% .
< /O " ( /0 n(s)F d +F<¢<t>>) dt,

/ "uit(s)E ds + F(u(r)) < / " ud(s)E ds + F(6(r)).
0 0

hence

Passing to the limit as 7 — oo, we get

| wwbas [“owmta

and hence ( )
n(p—1
Hu”Lkﬁl(Q) < ||UHLkvl(m) VO <k < pn—1)

To prove the inequality (3.4), it is enough to show that

o0 1 o0 1
/ P u(t)® dtg/ Lo (t)* dt.
0

0

(3.13)

Let us consider equation (3.12), let us integrate by parts the first term on the right-hand side

from 0 to 7 and then let us pass to the limit as 7 — oo, we have

oo 1 00 g | p—1
/ Yt () s dt < (p — 1)/ P2F (u(t)) dt + L < f(s) dS) :
0 0

1
0 pB T

Therefore, if we show that

| e reyas [T erema

0 0

(3.14)
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_(n=1)
we obtain the (3.13). To this aim, we multiply (3.8) by P71 F(u(t))u(t) "D and inte-
n(p —
n—=2)p+n
(n=Vp

h(l) = F(I)I »®=1 is non decreasing. Hence, we obtain

grate. First, we observe that, by the choice k < , it follows that the function

T T n—1)p M(t) ril
/vﬁHﬂmmﬁé/(wﬂWVW®;@MWMD< Qmwm> d
0 0 0

QD) i¢] . )ppl
U%ZW1<Af@W .

If we integrate by parts both sides of the last expression and set

p(n—1) P
|Q| n(p 1) |Q‘ N )P—l
Q) ————— d
- rgen e ([T e a)

we obtain

T/ YtP 2 F (u(t)) dt + TH, (1 //rp 2F(u drdt+/ H,(t)ydt+C  (3.15)
0

where

+o00 p(n—1 (t) p—1
o) == [ e S Ree) ([T o) aut)

5[f%w%wmmf[mwﬁ

&(1) < €(1) + C.

Setting

then (3.15) becomes

So lemma 1.3, with 79 = vy, gives

/oT Yat? T2 F (u(t)) dt + Hu(7)
(p—1) /vm tP2F (u(t) dt + Hy,(vm) + C
0

( : )p2
Um Um

Of course, the inequality holds as an equality if we replace p(t) with ¢(t), so we get, keeping
in mind that u(t) < ¢(t) = |Q| for t < vy,

<

/T YutP T2 F (u(t) dt + H, (1) < /T Y F(P(t)) dt + Hy(T)
0 0

Letting 7 — o0, one has

oo o0

/ tP2F (u(t))dt < / tP72F(o(t))dt,
0 0

as H,,(7), Hs(1) — 0. This proves (3.14), and hence (3.4).

The fact that both H,, and Hy go to 0 as 7 goes to infinity can be easily deduced distinguishing

the cases.
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2
ol = [ e < / 2 da < Julf ()
u>t >t

/ P2 F( ZiZR(/ (s ds) W (1)) di

(/ )‘“” /T F(u(t))p(t)s w60~ (< (6)) dt T2 .

= |H,(7

p(n—1)

o= [ e ruoue S ([ o) croa
<o [ eyt ?’9??3(/ £5)) (- 0) e T,

and analogously for Hg, which concludes the proof. O

If the source term f(x) is constant we get a stronger result, including a pointwise com-
parison between uf and v.

Theorem 3.5. Assume that f = 1 and let w and v be the solutions to (3.1) and (3.2)
respectively.
(i) I[f1<p< % then
uf(z) < v(x) z e O, (3.16)

n(p—1)

, then
n(p—1)—p

(i) if p> —— and 0<k<
n—1

[l ey < [[ollprao
() (@)

HUHLPkaP(Q) < ”UHLPM(m)’

Proof of Theorem 3.5.

w(t)
(i) Firstly, we observe that / f*(s)ds = u(t), so (3.8) becomes
0

_1_ 1) _p_ 1 1
’ynu(t)(l T < —p'(t) + —— / —dH™ (3.17)
Bp,l auext U

Let us multiply both sides by #*~11(t)%, where § = — (1 — % — %) oo We point out

that § > 0 for p < 75. Hence, integrating from 0 to 7 > vy, we have

T T 1 T 1
| et [y at e de / O Y
0 0 Br—1 ouext U

T o1 s |Q|5+1
g/ot OO e=s

(3.18)

Taking into account remark 3.4, if we replace u(t) with ¢(¢) the previous inequality
holds as equality.
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Hence, we get

/0 () (il (1) di > / () (— o (1)) dt.

0

Then an integration by parts gives

6+1 T 0+1
o) 2 / w20
s m R A 511
0+1 T t)5+1
> p—lm -1 / p—QL )
> -7 51 +(p—-1) ; t 51 dt

Finally, using Gronwall’s Lemma with the function

= [[ors (LY,

0+1
we obtain
S+1/\ _ .6+1 P—2  [Um S+1(o) _ 40+1
TP*Q H (T) ¢ (T) < (p_ 1)7- — / Sp72 H (S) ¢ (8) ds.
0+1 vb, 0 0+1

The quantity on the right-hand side is non-positive, thanks to (3.6), so
w(r) < o(r) V7T = v

and, remembering that,
w(r) < o(r) =19 V7 < vm,

we get the point-wise inequality of the functions.

Now we want to show that
el sy < ol e

so it is enough to show

00 1 +o00 1
/ p(t)F dt < G(t)*® dt (3.19)
0 0

1 1 1
We multiply (3.17) by tp_l,u(t)g_(l_ﬁ_ﬂp%l and integrate from 0 to 7 > v,,. Then
using Lemma 3.3 and Remark 3.4, we obtain

-
< [ tueE (T E ) a e
0
and equality holds if we replace pu with ¢. In order to be shorter, we set

1 1 1 Q[+t
ST R A . )
k n p/p-—1 pBP-1

We point out that (3.20) follows by (3.18) if n > 0, namely

n(p—1)

O<hk< M
np—1)—p
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With these notations and keeping in mind that p is a non increasing function, we have
from (3.20) taht

/ t? () E dt < / — P~ () dp(t) + C (3.21)
0 0

m+1
+17

¢ ¢
Let us set G(¢) = / wdw = let us integrate by parts both sides of (3.21) in
0 n

order to obtain

Y7t /OT p(t)* dt + 7771 G(u(r))
(3.22)

<(p-1) [/OT AptP 2 /Ot p(r)® drdt + /T 272G (u(t)) dt] +C

0

_ [T p—2 ' M E dr " p2
&= | (w NG d)dt+ [ ety

(3.22) reads as follows

Setting

T(r) < (p—1E(r) +C

Hence, using Gronwall’s Lemma 1.3 with 7y = v,,, we get

(p — DE(vm) +0>< T )“

TP 2 /0 ' p(t) dt + 772G (p(r)) < ( T

Um Um

where

Um t 1 Um
&(vm) :/0 ’yntp_2/0 p(r)* drdt+/0 tP2G (u(t)) dt

Again, if we replace p with ¢, the previous inequality holds as an equality and &(vyy,)
is less or equal than the same quantity obtained by replacing p with ¢, as (3.6) holds.
Keeping in mind (3.7), we have

72 (3 [k de+ Gur) < (v [ otk dr+ Glotr)

Passing to the limit as 7 — 400, we get

+o00 1 +o0 1
/ wrdi< [ et dr
0 0

namely (3.19).

To conclude the proof, we have to show that

n(p—1)

lull or() < N0l pornry  VO<k < nlp—1) —p

that is to say
“+o0o +oo
/ () dt g/ PLe(4)F dt.
0 0

We consider (3.21), pass to the limit as 7 — 400 and integrate by parts the first term
on the right-hand side

+00 +oo
| ot s < o1 [ 06 o,
0 0
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Hence it is enough to show that

To this aim, we multiply (3.17) by tp_lG(u(t))u(t)_(l_z_E)ﬁ and integrate from 0
toT > vy,

/0 "G (1)) dt < / "Gt u(t)” (H ) due)

¥ ﬁl | tp:Gw(t))u(t)—(l—i—é)z& (/ B LYo

—1 o
(n(pl))7 using Lemma 3.3 and the fact that the function G(¢)¢ (1-%-3)

is non decreasing, we obtain

Since k <

/ " NG (1)) dt < / "Gt ulty”OFEE du(t) + € (3.23)
0

0

with
1

p

a(apia sl

C -
pBF1

If we replace p with ¢ the previous inequality holds as an equality, thanks to (3.4).
Now, let us integrate by parts both sides of (3.23), obtaining

7’/ VP 2G (u(t)) dt + TH(T)
0
/ /fytp 2G(p drdt+/ H,(t)dt+C

Hy(r) = - /+OO 226G p(t)” 077537 dpe)

//Wsp el drdt+/ H,,(t)dt

the (3.24) reads as follows

(3.24)

where

Setting

¢(1) <&(1) +C
Again, using Gronwall’s Lemma 1.3, we get

/OT YutP2G (u(t)) dt + Hy (1) < ((p — 1)é(vm) + C) <T>p_2

Um, Um

&(vm) /m/ AntP™ 2G drdt—i—/ H,(t)dt.

Keeping in mind that for ¢ the previous inequalities hold as equality and the fact that
G is not decreasing, (vy,) is less or equal to the same quantity obtained by replacing
w with ¢. Hence, we obtain

with

/0 "t 2G () dt + (7)< /O "t 2G(H(8)) dt + Ho(7)
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and passing to the limit as 7 — 400, we finally get

+oo +o0o
/ P2G(u(t)) dt < / #2G(6(1)) dt
0 0

indeed, as in the proof of Theorem 3.1, H,(7) and Hy(7) go to 0 as 7 — oo. That
concludes the proof. O

Corollary 3.6. Let u and v be the solutions to (3.1) and (3.2) respectively. Then, if p > n,
we have

HUHLl(Q) < HUHLl(m) and ”U’HLP(Q) < HUHLp(m)~

Moreover in the case f =1, Theorem 3.5 gives
lullzy < Iolaesy and Nl < lollpsy V> 1

and the point-wise comparison for p < 1
n p—

Proof. If p > n the upper bounds of k, in both cases (3.3) e (3.4), are greater than 1 and so
we can choose k = 1. The assertion follows from the fact that

H'HLPJ)(Q) = H'HLP(Q)‘

Analogously if f = 1. O

3.1.1 The Faber—Krahn inequality

We recall that the first eigenvalue of p-Laplace operator with Robin boundary conditions is
obtained as the minimum of the Rayleigh quotients, i.e.,

Apg(Q) = min (3.25)

ewhr(Q
w w;é()( ) w|P da

We can observe that if u achieves the minimum of Rayleigh quotients, so does |u|. From
this we have that u in non-negative. Furthermore, we have if uy, , > 0, as a consequence of
Harnack inequality, uy, ; > 0.

Another important thing is that the eigenvalue is simple. Indeed, as shown in [110], if
is smooth enough and v and v are to eigenfunctions referred to the first eigenvalue, we can
up f— Up .

choose as test function ¢, = in

up—1
/ |VulP2VuV, dr + B/ uP~ oy dHT = / M s(Q)uP~ oy dx
Q o0 Q

al = —— 111
P2 op—1

/Vv[p_QVvagdx—i-ﬁ/ P Loy d?-l"_lz/)\pﬂ(Q)vp_ltpzda:.
Q a0 Q



64 Talenti’s type results for solution to non linear equations with RBCs

Summing the two equations, we have

v\P u\?
o= [{1r+e-v () hivur+ {1 o-n (%)} wor
9] u v
p—1 p—1
—/p(v) |Vu]p2Vqu+p<u) Vo’ 2VoVu
Q u v
= [ @ =) (Viogup -V logop)
Q
—/pvp|V10gu|p_2|Vlogu|(Vlogv—Vlogu)
Q
—/pup|Vlogv|p2|Vlogv| (Vlogu — Vlogv)
Q

Now, using the well known inequalities, which hold true for each w; and ws € R" ,

jwg — w1]”
or—1 _ 1
|ws — wy |
(Jwi| + [wal])2=P

[wa|” > |w1 [P +p|w1|p_2w1 “(wg —wy) + if p>2

(3.26)

walP > w; |P + plwi [P %wy - (w2 —w1) + C(p) if 1<p<2,

if we consider the case p > 2, we choose wo = Vlogu and w; = V logwv, we obtain

1 1 1
- - 4= _ p_
T — /Q (UP + up> [oVu — uVo|P = 0.

Hence, we obtain that vVu = uVv a.e. in (), and so there exists a constant K for which
u = Kv. This means that \, g(£2) is simple.

For the proof of (3.26), we refer to [110].

The following corollary of Theorem 3.1 holds true, that is Faber-Krahn inequality.

Corollary 3.7. Let u and v be the solutions to (3.1) and (3.2), respectively. Then , if p > n,
we have

Proof. Let u an eigenfunction referred to the first eigenvalue of (3.1), then it solves
—Apu = A p(Q) [ulfu in Q
0
|Vu]p_2fu + Bluff2u=0 on AN
ov
Now, let z be a solution to the following problem
{—Apz =N 5(Q) [ufP~2uf in OF

0
|Vz|p_2£ +B|z[P22 =0 on O,

In that case, corollary 3.6 gives

/|u]pd:r:/ i dw < [ JaP de,
Q Ot Ot

and hence, by Holder inequality

—1

p-1 1
/ ()P~ 2uf 2 da < (/ ‘uﬁ‘pdx) ! (/ zpdx>p S/ 2P dx.
Qt ot Q o
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Therefore, observing that we can write the eigenvalue A, g(€2) in the following way, we obtain

/ |Vz|P dz + ,3/ 2P dH™
Ap,s(82) = = o

/ (P~ 20f 2 dae
ot

/ \vz|pdx+ﬁ/ 2P dH !

/ 2P dx
Off

O

3.2 The comparison result in the case of variable Robin pa-
rameter

Here we generalize the above results by considering the following problem

—div(|VuP"2Vu) = f(z)|z|*  in Q

(3.27)
|VulP—? gz + B(z)|[ufP?u=0 on dQ,

where, here and throughout, n > 2, v denotes the outer unit normal to 9€) and €2 is a bounded
and Lipschitz domain of R" such that 0 ¢ 09.
Furthermore, we assume that

b > n, (Hl)
—n</f<0, (H2)
m =inf f(z) >0 and M =supf(z) < +o0, (Hs)
oN 80
and, finally,
0 < f(z) € V(9 || dx), (Ha)
where p/ = P
p—1

Our symmetrized problem is the following

—div(|Vo[P2Vo) = fi(x)|z|" in OQF

oo .. (3.28)
IVolP—2 872 +BrHY w20 =0 on Q!
where
~ 4
g =inf B(x)]z] » >0, (3.29)
oN
since 0 ¢ 092 and Hj holds. From the (3.29), it immediately follows that
~
B(x) > Blz|* . (3.30)

We point out that, due to proposition 1.9, problems (3.27) and (3.28) admit a unique solution.
Our main results of the section are contained in the following theorem.
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Theorem 3.8. Assume that assumptions (H)-(Hy) are in force and let w and v be the
solutions to problems (3.27) and (3.28), respectively. Then we have

1l 1 o pofany = /Q ju(@)|[2|" dz < /m (@)1l dz = |V 11 (gt ot an) (3.31)
and
14l gy = [ 1Pl < [ [o@)Plel'de = 1ol e gy (332)
For t > 0, we define
Up={zcQ:ulx) >t} UM =0U,nNQ, U =9U, N,
and
pe(t) = [Uly Pu(t) = P, (U).
Analogously, we set

={z e :v(x)>t}, ¢lt)=|Vil,, Pult)= P (V).

\\N

As it is easy to check v(z) = vf(z), therefore for 0 < t < wv,,, V; = QF, while, for t > v,
V; is a centered ball contained in QF.
We have

Uy, = infu < minv = vy, (3.33)
Of

Indeed, using the fact that v(z) = v, Vo € 0QF since f and f* are equidistributed and
choosing ¥ = 1 in the weak formulation of (3.27) and (3.28), respectively, we get

A 1
TP (OF) = / el 7o A = < / flal" da
p’ am ﬂ

/fyx\ dx—ﬁ/ﬁ L A

In turn, by (3.30) and using the isoperimetric inequality (1.18), we get

1 A
ﬂ( Ju(z)P~tdH" " > ug’nl/ |lz|?" dH" !
B o9
= u];n_IPLI (Q) > U%_IPL, (Qﬁ)
p P
Gathering the inequalities above, we conclude that
o P () 2 P ()
P P
and the claim follows.
Furthermore inequality (3.33) implies that
pe(t) < de(t) = |2, YVt < v (3.34)

The proof of the main Theorem passes through the following lemmas.

Lemma 3.9. Let u and v be the solutions to (3.27) and (3.28) respectively. Then, for almost
every t > 0, it holds

(E(p—1)+p(n—1))L

pe(t) = 1 ﬁ . (3.35)
(/O f(s)ds) (_“NHB;I /6 pe dH )
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where
(p—1)2+(n—1)p

L+p
Vnbp = (nwn) p(n+f) (ﬁ —+ n) p(n+0)

and

(Z(p—l)-&-p(n—l) ) D
Yrjop Qe(t)\ PR

de(t) T o (3.36)
(/ f*(s) ds> (—¢g(t)+ 11/ 2] dH"—l) .
0 /Bp_l a‘/tezt v

Proof. Let t >0 e h > 0, we use

0 ifu<t
plx)=<Cu—t ift<u<t+h
h ifu>t+h,

test function in the weak formulation of (3.27)
/ |VulP~2VuVe dz + / B(z) |ulP 2 updH " = / flz|* o dz. (3.37)
Q o0N Q
Hence, we get

/ \Vul|P dz + h / B(z)uP~t dH" !
U\Utsh

ext
ougyy

+ / Bx)uP ™ (u —t) dH™ !
AU\

ext
Ut+h

:/ flalfu—tyde+n [ flof da.
U\Ui+n

Usin

Dividing by h, using coarea formula and letting h go to 0, we have for a.e. £ >0

/ @) dH = [ flef de,
oOU; U

with
|VulP~tif z € U™,
g(x) = (3.38)
Bz)uP~t  if z € QUZE.

Using isoperimetric inequality (1.19) and Holder inequality, for a.e. ¢ > 0, we obtain

L(p—1)+p(n—1) )

At phte(t) D
N
gPu(t):/ 2|7 dpr!
Uy

SOl e
g(/ gcm"—1> (/ . d?-l”‘1> .
OU; oU; ngl

Since, for a.e. £ > 0 it holds that

(3.39)
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by (3.30), the Hardy-Littlewood inequality, (3.38) and (3.39), we get

(2(p*1)+p(n*1) )
’)/n’gyplj/z (t) P(ZJF”)

1 ¢ i’
p ¢ 7 P
< (/ gdH"1> / ﬂ d'Hnil + — 11 / ’x|p danl
aUt 8Utint |VU‘ 5ﬁ 8Uzemt u
pe(t) ’ 1 £ W
14 p i
< (/ f*(s) dS) (_IUJZ(t) +— |JULP d,Hnl)
0 T

pr—1 Jouget

for a.e. t € [0,supq u).

Then (3.35) follows. Replacing v with v, the solution to (3.28), all the inequalities are
verified as equalities, so we obtain (3.36). O

Lemma 3.10. Let u and v be the solutions to (3.27) and (3.28) respectively. Then for all
T > vy we have

£
7

’ p—1 ’x|p n—1 i 2l *
[ (/W o )dtgpg [ 3.0

£ f
T p*l "r|pl d n—1 d — LN ‘Q ‘é * d 3 41
/o ! (/mfmam v(z) " ) ! pﬂ/o f(s) ds. (3:41)

Proof of Theorem 3.8. Firstly we show (3.40). Fubini’s Theorem ensures that

€
/OoTpl / |x’p’ danl dr
0 AU et u(z)
u(z) ~p—1
e e
a9 \Jo u(z)

1 £
= / w(x)P~ | dH" L

b Joa

and

Choosing ¢ =1 as test function in (3.37) and using (3.30), we obtain

~ £
Bl uP~tdH" T < | Bla)uPtdH ! = / fla|t da. (3.43)
oN 0N Q

From (3.42) and (3.43) we immediately get

* p—1 ‘Jf’p n-1 i 121, .
/o (/W ufw) )dfﬁpg | reas

and, arguing in the same way, we deduce

= p—1 |[L"p df}_[nfl d :i 1621 % d
/0 T (/<9V7r16m 'U(IL’) ) T pﬁ/() f (8) S.

Hence for any ¢ > 0, we have

t £ 1|
P 1 L
P! / 27 1) < L f*(s)ds.
/o ( gueat u(T) pB (=)

0

s

s
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Since 0V, N 9NF is empty for any ¢ > v, we get

t [€2]¢
p—1 |$|p d n—1 dr = i * d
L (éwﬁm»v@» & ) ST

Lemma 3.10 is hence proved. O

Proof of Theorem 3.8. Let

. (tp—-1) +pn—1)
=1 - DC+n) )

Note that, since p > n, 7 is a positive constant.
Multiplying both sides of (3.35) by #?~p,(¢)°®* and integrating over (0,7) with 7 > vy,
by Lemma 3.10, we have

1

T T (1) p—1
%mAﬂ”wwﬁSACwWDWMNW<KLf%M% dt

p

(e
F) = /Oéw‘sl (/Ow f*(s) ds)p11 dw,

and, integrating by parts both sides of the last inequality, we obtain

(3.44)

Setting

=1 (’yn,g,p /OT pe(t) dt + F(,ug(r))>
<(-1) /OT th=? (%,z,p /Ot 1e(s) d8+F(W(7§))> di

|m?< e dyﬁ
+p,§p%1 /0 f*(s)ds .

We observe that all the hypotheses of Gronwall’s Lemma 1.3 are satisfied with

() =¢&(r) = /OT P2 <7n7£7pA we(s)ds + F(ug(t))> dt

Qo 1 P
C:clzhfv;(/ “Ps)ds|
pBr-1 \Jo

Applying such a Lemma with 79 = v,,, we infer that for any 7 > vy, it holds

ﬁ*(mMAUm@m+mew)g(@‘”&W“+Cﬂ<T)p3

Um Um

and

Replacing p(t) with ¢4(t) the previous inequality holds as an equality. Therefore for any
T > v, it holds that

%MAEMMHFwws%M[@@@+n@m» (3.45)
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On the other hand, since p,(t) < ¢(t) = ||y, Vt < vy, and F(¢) is an increasing function,
we have that for any 7 < v,, it holds that

ot / " (s ds 4+ F(ue(t)) < vty / " bu(s) ds + F(u(t)) (3.46)
0 0

Combining inequalities (3.45) and (3.46) we conclude that for any 7 > 0 it holds

et /0 " () ds + F(ue(r)) < vty /0 " gu(s) ds + F(u(r)).

Since

lim F (ue(7))= lm F(¢(7)) =0,

T—+00 T—+00

letting 7 goes to +o00, we conclude that

/ " ety dt < / oy dt,

and hence

ull p2 0 dzy) < 10N gt o any:

Now let us show (3.32). Firstly let us observe that it is enough to verify that

/OO P () dt < /OO Py (1) dt. (3.47)
0 0

Integrating by parts the first term on the right-hand side in (3.44), and then letting 7 go to
400, we obtain

0o 1 B oo - ‘Q (21 \Q|£* P’
vn,e,p/o P () dt < (p 1)/0 t F(W(t))degrfl (/0 ff(s)ds|

and similarly we have

/

0o oo 01 121, p
- / Pl gty dt = (p—1) / tp—2F<¢z<t>>dt+'322< /0 f*(S)dS> .

0 0 ppr-1

Thus if we prove

|G < [T E ) i (3.48)
0 0
we get the claim (3.47).
Let
g -1 +pn—1)
L =

(p—1)(l+n)

Multiplying both sides of (3.35) by t* =1 F(1e(t))1¢(t)% and then integrating over (0, 7), taking
into account that the function h(f) = F(£)¢°! is non decreasing, we get

ot / LR (ug(t)) dt
0

p—1

T e(t)
< [ a0 Pl ( /[ f*(s)ds> it (3.49)

Q1 )
+ R0l (/0 F(s) ds

p
—1
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Let

b

Q)9 €2, ‘(s s)pl
Cy = <'Q'>p5,,1</0 Fds)

Integrating by parts both sides of (3.49) we derive

T T t
Ynbp T / P2 F () dt + 7Hyy (1) < e / / P72 F (g (r)) drdt
0 0 0

- (3.50)
+/ Hw(t)dt—{—CQ,
0

where 1

()= [ ) o) / “ o) s)" ).

T t t
N / / VP2 (1g(r)) dr + / H
0 0 0

7&(7) < &o(T) + Ca.

Lemma 1.3, with 79 = v,;,, ensures that the following inequality holds true for any 7 > v,,

Setting

then (3.50) reads as

. / P2 (ug(t)) dt + Hyy ()
0

Um
(- 1)/ P (ug(t) dt + Hy (o) +Co
0 _
Um (Um) .
The previous inequality becomes an equality if we replace pg(t) with ¢4(t), so, recalling that
pe(t) < ¢u(t) =19, for t < vy, we obtain

<

%,&p/o P2 F (ug(t)) dt + H, (1) < ’Yn,e,p/O P2 F (¢y(t)) dt + Ho, (7).

Letting 7 — oo, we have
oo o0
/ 2P (1)) dt < / 2P (g (1)) dt
0 0
since, as we will show,

lim H,,(r) = lim Hy, () = 0. (3.51)

This proves (3.48), and hence (3.32).
To prove (3.51), recalling that p > n, we observe that

‘E\t\)

_ —2) .1
P2y (t) = /{u>t} P2z dx < /{u>t} w2z da < HuHLP (al’ do) we(t)®,

therefore

+oo ¢(t)
\H,, ()] = / o2 )0 /O ) ds ) (o) d
+oo 5
(/ e ds) ’“”mex/ F(e(t) e () p 7 (= (1)) dit.

The claim follows by observing that the right-hand side of the above inequality goes to 0 as
T — +00.
O
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Remark 3.11. We emphasize that, with the same argument in [2, 13], it is possible to obtain
a stronger comparison in Theorem 3.8. It can be shown

(L+n)(p—1)
{p—1)+p(n—1)

HuHLk’l(Q,|x|de) < ”UHLk,l(QWK d) VO<k<

and (t+n)(p—1)
+n)(p—
Fl oot any < Wllimmassoran) VO <k < gy oy

where H-||LM(Q |t dr) 18 defined in (1.20).

In the case of a source term f(z) constant, we have a stronger result, namely a pointwise
comparison between v and v.

Theorem 3.12. Assume that hypotheses (H1)-(Hy) are in force and suppose that f(x) =1
in Q. Ifeitherp=n=2orifp>2,n>2 and

p—n

(< — 3.52
<t (3.52)
then
ut(z) < v(z) z e QF (3.53)
where u and v are the solutions to (3.27) and (3.28) respectively.
Proof. Let
g, =1 +pn—1)
2 p—
p(f +n)
and )
52=—<92—> L
p/p—1
We point out that d2 > 0 by assumption (3.52).
Obviously in this case we have
1e(t) .
/0 £ (s) ds = pel).
Hence (3.35) can be written as
. *
1 P’
e < i+ [ g (3.54)
Br—1 Jougxt U

Multiplying both sides of (3.54) by tP~'u,(¢)% and, then, integrating from 0 to 7 > v,,, we
obtain

ot /0 Pt < /0 g (0) (— iy (1))

1 T 1
i =i /o telt) augxt U " (3.55)
T s |Q 1402
< / L g ()% (— (1)) dt + 1L
0 ppr-1

Taking into account of Lemma 3.10, if we replace py(t) with ¢4(t), the previous inequality
holds as equality. Hence, we get

/ g 0) (1) dt > / (0 (o0

0 0
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In turn an integration by parts yields

1462 T 1462
_ -1 pe(T) +(p— 1)/ P2 fre(t) dt >
0

14 99 1+ 62 B
1462 T 1489
. pfl qbg(T) o / p72 ¢é(t)
[ e +(p—1) ; t 15, dt.

The above inequality allows us to use claim (ii) of the Gronwall’s Lemma, this time to the

T 02 s b2
&3(7) =/0 sP2 (ME(S)H dr(s)™ ) ds.

function

1+ 99
Hence for any 7 > v, it holds

,ul}—&-éz (T) _ ¢%+52 (T) _ p—1 /vm P2 Mé—i—éz (S) _ ¢é+62 (8) s
1+ 6y ~ bt o 1+ 6 '

Inequality (3.33) ensures us that the right-hand side of the inequality above is non-positive,
therefore
pe(7) < @e(r) VT = .

Finally, since by (3.33) we have
fue(7) < Ge(7) = 9], VT < v,

and, therefore, the inequality above holds true in [0, +00). Claim (3.53) is hence proven. [

3.2.1 Some applications

In this subsection we give an applicationaof our previous results: a Faber-Krahn inequality
for the Robin p-Laplacian operator with non-constant boundary parameter.

Theorem 3.13. Assume hypotheses (H,)-(Hs) and let § be the constant defined in (3.29),
then we have

M) (1) 2 A, 5 (),
where

/ Vol do + / B(a) [P apr!
Q o0 .

Ap.B(z)(§2) = min (3.56)
) 1, Q
v [ wplatt do
Q
Proof. Let u be a positive minimizer of (3.56), then
—Apu = X\ () w1z in
|Vu]p_2% + B(z)uP"t =0  on 9N.
v
Now, let z be a solution to the following problem
—Apz = Xy p(Q) ()P [l in QF
(3.57)

]Vz\p_2% + B(Tﬁ)f/z”_l =0 on 00"

Therefore, Theorem 3.8 ensures that

/up\x|€dx:/ (uﬁ)plﬂédxg/ 2P|z de,
Q Qf ok
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while Hélder inequality gives

p—1 1
/(uﬁ)p_lz|$|£d:x§(/ (uﬁ)p\x|€d:p> ’ </ zp|x|£d:£>p
Qf Qf Qi
g/ 2P|zl da.
Qi

Hence, writing A, g(,)(£2) according to (3.57), we get

/|Vz|pd:n~l—/ Bty
)(Q): Of o0k
/(uﬁ)p_lz|x€dx
Off

~ £
/ ]Vz\pda:+/ B et
> Of o0

/ 2P|z dx
ot

s

2P dH!

)‘p,ﬁ(l‘

> A, 5(09).




Chapter 4

Limit of solutions to p-Laplace
equation when p goes to infinity

Let 8 be a positive parameter, let  be a bounded open set of R™, n > 2, with Lipschitz
boundary.
In this chapter, we study the behaviour, when p — 400, of the solution to

{—Apu = Applulfu in

4.1
|Vul? 20u — o+ B |ul” u=0 on 9. (41)

We prove that the limit of the first eigenfunctions is a viscosity solution to the first
eigenvalue problem for the so-called co-Laplacian, given by

min { |Vu| — Au, —Axu } =0 in Q,

4.2
—min{|Vu—Bu,—8u}:0 on 01}, (42)
v

where A, is defined by
Asou = <D2u -Vu, Vu> .

Moreover, we also focus on the p-Poisson equation when the datum f belongs to L>(2)
and we study the behaviour of solutions when p — oo.

4.1 The oo-eigenvalue problem

Let us start this section observing that, since for f,g € W1 (), it holds

s ([ 1) = mas 151l

(see e.g. [129]), then it follows

limsup A5 VP <3\ 3 (4.3)

p—00 o

We can say something more

Lemma 4.1. Let { A5 }p>1 be the sequence of the first eigenvalues of the p-Laplacian oper-
ator with Robin boundary condition. Then,

lim (Aps)7 = Aooys. (4.4)

p—0o0

75
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where

Acp = inf ( )max{kumm,m\wumm)}. (4.5)

Moreover, if { up } ., is the sequence of eigenfunctions associated to {Apg}p>1, then there
exists a function us, € WH(Q) such that, up to a subsequence,

Up — Uoo uniformly in €
Vu, = Vi weakly in L1(Q),Vq.

Proof. As a consequence of (4.3), the sequence { up },., of eigenfunctions associated to A g
is uniformly bounded in W4(Q): indeed, if ¢ < p, by Holder inequality,

1_1 1 1_1

IV upl Loy < IVtpll ooy |21 77 < AJEIQITP < C, (4.6)
1_1 1_1

”UpHLq(Q) < HupHLp(Q)]Q\q Qe <G, (4.7)

where the constant C' is independent of p.
By a classical argument of diagonalization, see for instance [27], we can extract a subse-
quence up; such that

Up, — Uoo uniformly = [Jup, || p; — |[tiool| oo
Vuy, — Vs, weakly in L1(Q), Vg > 1.

Moreover, from (4.6) and (4.7), the following inequality holds

Vu Vu Vu
Wl AVl IVl 0
Tl — 7% Tuplpae 7% Tupllem
1
Q| 1
< [ hminf()\pﬁ)l10
[tsoll fa(qy P70
Letting ¢ — oo we obtain
1
p

IVtoo|l oo (@) < liminf (Ayp)

Similarly
1_1 1/p 1_1
BHUPHLQ((?Q) < g up||Lp(aQ)|aQ|q P< )‘p,ﬁmmq r<C,
gives us
1
Bllucoll oo (agy < liminf (Ap6)7
hence

Acos < liminf ALV,

p—00

O]

Now we want to show that the limit us solves (4.2) in viscosity sense, but before we need
the following proposition

Proposition 4.2. A continuous weak solution u to (4.1) is a viscosity solution to (4.1).

Proof. The proof is similar to the one in [101, 71] for the p-Laplacian with other boundary
conditions.

We only write explicitly the proof that u, satisfies the boundary conditions in the vis-
cosity sense.
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Let u be a continuous weak solution to (4.1), let g € 992 and let us consider a function
¢ such that ¢(z¢) = u(xp) and such that v — ¢ has a strict minimum at zp. Then

max { — [V (z0)[P~*Ad(wo) — (p — 2)|V(20) P~ * Ac(0) — Ay, sld(20) [P (o),

) (4.8)
Va2 AT 4 vl ) o2 ) 0.

Assume by contradiction that both terms are negative. If we choose r sufficiently small, in
QN By(xg), we have

— |V (@) [P Ad(x) — (p — 2)|V(2)[P* Asc(@) — Ay sld() P (z) <0
and, in 92 N By.(x),

|p 28¢( )

V() + B l(@)P () <0, where ¢ = ¢+ .

Then

/ VPOV (Y — u) de
{¥>u }NBr(z0)

< Aps / 6P 2 (¢ — u) dx — P / [P (yp — u) dH" T,
{¥>u }NBy(z0) O0NB, (zo)N{ Y>u }

using the definition of weak solution, we have
C(N, p) / V4 — Vul da
{¢Y>u }NBr(z0)

<[ (IVoPP 29y — [VupP >V, Vo — u)) do
{¢Y>u }NBr(z0)

< [ (16726 — [uP~2u) (¥ = w) da
{¥>u }NBy(z0)

- 5p/ (|¢|p_2¢ - IUIp_QU) (Y —u)dH" 1 <0
89037»(1‘0)0{ w>u}

which gives a contradiction. O
Now we can prove the following

Theorem 4.3. Let uy, be the function given in Theorem 4.1. Then us s a viscosity solution
to
min { |Vu| — Ao gtt, —Ascu } =0 in Q,

—min{ |Vu| — Bu,—@ } =0 on 0.
ov

(4.9)
Proof. We divide the proof in two steps.

Step 1 u is a viscosity supersolution.
Let 29 €  and let ¢ € C*(9) be such that us — ¢ has a strict minimum in z¢. We want to
show

min{ ’vd)(xO)‘ - Aoo,,3¢($0)7 _AOO¢(x0) } >0

Notice that u, — ¢ has a minimum in z, and x, — xo. If we set ¢,(z) = ¢(z) + ¢, with
¢p = up(zp) — ¢(zp) — 0 when p goes to infinity, we have that u,(zp) = ¢p(xp) and u, — ¢,
has a minimum in x,, so Proposition 4.2 implies

- |v¢p(37p)’p72A¢p($p) —(p- 2)|v¢p(xp)|pi4Aoo¢(xp) - /\p,ﬂ|¢p(xp)|p72¢p(xp) > 0. (4.10)
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Now dividing by (p — 2)|Vé,(x,)|P*, we obtain

Von(2)PAG () [Vap(aplt [ Mhen(n)\”
p—2 = (p— 2)¢p(xp) < ‘V¢p($p)| (411)

This gives us |Vo(zo)| — Moo g@(x0) > 0 since, otherwise, the right-hand side of (4.11)
would go to infinity, in contradiction with the fact that ¢ € C?(€2). Moreover —A . ¢(xg) > 0,
just taking the limit.

Then, min { Vo (zo)| — Moo g0(20), —Ascd(x0) } > 0 and us is a viscosity supersolution.

Let us fix z¢ € 99Q, ¢ € C%(Q) such that u — ¢ has a strict minimum in xo, our aim is to
prove that

v { min { [V6(00)] — Ao, 0(0), ~Boc(in) }, — min { [V6(a0)] = 86(s0), ~L(a0) } } > 0

— Aootp(zp) —

If for infinitely many z, € 2 (4.10) holds true, then we get

min { [Vé(z0)| — Aso,8¢(20), —Aoc(20) } = 0.
If for infinitely many p, x, € 0Q the following holds true

|p 2 5%(:3,,)

o + BP|dp(z )|p72¢p(xp) >0,

Vop(ey)
then 5
Von(an)l? 2 (~222)) < 5016, )P 200,

Only two cases can occur:

. —g(xo) <0;

. _gqb(xo) > 0, then letting p to infinity in the following
v

(19euto) 2 (~225)) Y < (16,200 0)

we get |Vo(zo)| < Bd(wo).
That is 96
- min{ [V6(z0)] — Bo(xo), — o (o) } > 0.

Step 2 u is a viscosity subsolution.
Let us fix 79 € Q, ¢ € C%(Q) such that us, — ¢ has a strict maximum. We want to prove
that
min {|Vé(x0)| — Ac,80(20), —Aocd(0)} < 0,
so it is enough to prove that only one of the two terms in the bracket is non positive.

For instance, assume that —Ay¢(z9) > 0, we can argue as in (4.10), but now, all the
inequality involving the second order differential operator are reversed and we get

2
M) = (0= DIV, () |- LOATILO) 5 g )

As —As¢p(zp) > 0, the term in the big parenthesis is non-negative, we can erase everything
to the power 1/p, obtaining
Aoo,80(0) = [V(zo)l,
which shows that us is a viscosity subsolution to (4.9).
Similar arguments to step 1 give us the boundary conditions for viscosity subsolution. [J
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We are also able to give a geometric characterization of Ay g.
Lemma 4.4. Let A g be the quantity defined in (4.5) and let rq be the inradius of Q. Then

R _ 1 1
= min = .
0T e T d(wo,0Q) ~ L +rg

Proof. The function % +d(z,09) € WhH*(£), moreover
IV(1/8+d(z,00)) ooy =1  and  S1/B + d(x, 0Q)[| o 9y = 1-

Then

1
)\ < min ——.
2 = 20e 1+ d(wo, 09)

In order to prove the reverse inequality, we take w € W1°°(Q) such that ||w||Loo(Q) =1.

The following facts can occur

Case 1 IfBHwHLOO(aQ) S ||VIU||L00(Q), then

max { | Vel| oy Bl o o) = 1720 o -

We choose = € Q and y equal to the point on the boundary such that |z — y| = d(z, 99).
So, we have
w(z)] < fw(z) —w(y)| + lwy)]
<Vl poo oyl = yl + [0l oo a0

1
< [Vl ooy d(x, 02) + EHVU}HLW(Q)

1
= [Vl (5 + dw02))

S NIVwll oo (o I11/8 + d(@, 0| oo ()

and then
[Vwl| oo 0 1

|wllpeoiy — I11/8+ d(z, 0Q)| Lo ()

Case 2 Ifﬁ”wHLoo(ag) > HVUJHLOQ(Q), then

max { | Vol oo s Bllwl o o) } = Bllwll e -
With the same choice of z and y, we have

jw(@)] < w(z) —w(y) + [w(y)]
< IVwll pee oyl =yl + 1wl oo a0

< Bllwl poo (90 A, 0Q2) + [[w] oo (90
1

= Bl oy (4,09 + 5)

< Bllwl Lo (agyl1/6 + d(2, 0Q) || oo ()

Hence,
Bllwll oo a0 1
[wll ooy~ I11/8+d(z,09)| o)
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Finally we get Vw € W1>(Q) : ||w”LOO(Q) =1,

1
max Vw oo ) W oo Z
{H e (y: Bllwllp (69)} 11/8 + d(z, 09)]| oo (g

and then the desired inequality

1
D S —
# = 20et T4 d(zo, 09)

Theorem 4.5. Let Ay g be the quantity defined in (4.5). Then

Aoo,8(8) 2 Aco,a(OF),
where QF is the ball centered at the origin with the same measure of €.

Proof. The Faber-Krahn inequality for the first eigenvalue of the p-Laplacian with Robin
boundary condition (for instance see [13]) states that

Letting p go to infinity, we have
Aoo 5 (Q) > Ao 5(QF).

This can follow also from the geometric characterization in Lemma 4.4

1
A pu—
00,8 % Tro
as the ball maximizes the inradius among sets of given volume. O

Remark 4.6. One can easily prove that the function % + d(z,09) is an eigenfunction if the
domain €2 = Bg(zp). This is not true if €2 is a square: see for instance [101].

4.1.1 The first Robin oco-eigenvalue

Now we want to show that Ay g is the first eigenvalue of (4.2), that is the smallest A such
that
min{ |Vu| — Au, —Axu } =0  in Q,

—min{ |Vul —Bu,—a—u } =0 on o
ov
admits a non-trivial solution.

Theorem 4.7. Let Q be a bounded and open set of class C? in R™. If for some X, problem
(4.2) admits a non-trivial eigenfunction u, then A\ > A 8.

Proof. Let A be an eigenvalue to (4.2), let u be a corresponding eigenfunction. We normalize
it in this way
(0) =3
m =—.
a0 T
Then u is viscosity subsolution to

min { [Vu| —1,-Asu } =0in Q.
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For every € > 0 and v > 0, let us consider the function
1
Jey = 3 + (1 + e)d(z, 09Q) — yd(x, 0Q).

It is well known (see [85]) that in a small tubular neighbourhood I',, of 92, the boundary
09 and the distance function d(z,d€) share the same regularity: so both d(x,02) and g.
are C%(T',,).

Moreover, by a direct computation, one can check that if

€
7 < g’

then g. , is a viscosity supersolution to
min{ |Vge | =1, =Axgey } =0 in Q.
Hence, Theorem 2.1 in [98] ensures that

me = inf (g0 (2) — (@) = inf (0. (x) — u(z)).

Assume by contradiction that m. < —%, and set v = g. , — m.. We observe that v > u in
and v(xg) = u(xg), where ¢ is the point which achieves the minimum on the boundary, so
we can use it as test function in the definition of viscosity subsolution for w.

Assuming v < ﬁ, we obtain

Vo(z) =1+ e — 2vd(x,00)] Vd(x, 09)
|Vu(zo)| =14 ¢ — 2vd(xp,00) > 1
ov

—5(:50) = —[1+¢& — 2vd(x0,00)| Vd(x0,0) - v >0

—Asov(z0) = 27 [1 4 € — 2vd(z0, OQ))* |Vd(z0, OQ)[* > 0.

The fact that m. < —% implies

[Vo(zo)| — Bv(zo) = € + Bme < 0.

Therefore

. v .

—mln{|Vv| — P, _81/} >0 and min{|Vv|—1,—-Asv} >0

against the fact that

. . . ov

min {mln{]V’u| —1,—-Axv},—min {]V”U] — fv, —a}} <0.
v

So we have .

gs,'y(x) - U(x) > me > _Ba

letting € and v go to zero, it follows
1
3 + d(z,00) > u(x) V€ Q.

Hence

1 1 1
7oy =2 (5 000 ) > mgeato) = 5

which concludes the proof. ]
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4.2 The oco-Poisson equation

Let f be a function in L*°(€2) and let § > 0. We consider the following p-Poisson equation
with Robin boundary conditions

—Apv = f in Q
4.12
|Vv|p72% + 8PP 20 =0 on ON. (4.12)

A function v, is a weak solution to (4.12) if it satisfies

/|vap_2vaVg0dx+,8p/ |vp|p_2vp<pd7-[”_1:/fgodx, Yo e WHP(Q).  (4.13)
Q o9 Q

It is well known that the solution to this equation is the unique minimum of the functional

1 p
Ip(p) = p/g |Vl? dz + /; /aﬂ lofP dH™t — /Qfgo dx. (4.14)

Indeed, it is possible to prove the existence and the uniqueness of the minimum of the
functional thanks to the so-called direct method of calculus of variation, see for instance

[ ’ ) ) ]

If we let formally p go to oo in (4.14), we obtain the functional

w— min/ —fodr e Wh(Q). (4.15)
Q
The limit procedure imposes two extra constraints to (4.15), namely
IVellw <1, Bllell poo(an) < 1.
The following proposition holds true.

Proposition 4.8. Let v, be the solution to (4.12). Then there ezists a subsequence {Upj }
J
such that

Up; = Voo unmiformly, Vup, = Vv weakly in L™(82), Ym > 1.

Moreover
[Vvsollow €1 Bllveoll oo a0y < 1-

Proof. Choosing ¢ = v, in (4.13), we have

/Q]va|p+5p/mv£:/ﬂfvp,

and Young inequality gives

1 er /
va—i—ﬁp/ v — — vp<p/fp. 4.16
/Q’ 2 oo U epla T 0 Jo (4.16)
Taking into account
Ay g = inf Vw|P dx + p/ wde”_l}, 4.17
PP ewta(q) {/Q| | ’ 8Q| | (417

Hw”LP(SZ):l
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we get
1-— U Vo p+ﬁp/ vp]g

( p)\ 6€p> ‘ P’

1 6” /

/|Vv|p+ﬁp/ vb — ugg— fp.

Epp 2
. 1 1
Choosing ¢, such that 1 — ——— = -, we have

PApgep 2

p/
/ywp\“rﬁp/ up<2 /fp <C/ id (4.18)
Q o0
where the constant C' is independent of p, thanks to Lemma 4.1.
Hence
1/p , 1/p '\ 1/p
([war) " <(c[ )" < (crnm)
Q Q
1/p , 1/p N\ 1/p
([ )" < (e[ )" < (conmm)
o0 Q

(/Q vg)l/p <C (/Q fp'>1/p. (4.19)

If p > m, Holder inequality gives

. 1/m 1/p — A\ 1/p o
([rwar) " < ([ vur) " iapmte < (i) e
Q Q

1/m 1/p ,
s([ o)< (o [ ) Troapim < (i) e, a20)
oN oN

1/m 1/p _ N\ 1/p m
(L) = (Lon) "imrmie < (i) 2,

Then there exists Up; such that

Analogously

Up; — Voo uniformly, Vup, — Vs weakly in L™(Q), Vm > 1,

moreover

N\ 1/pj
IV0scll, < liminf [Fu, | < Tim (cufu’éé) Clap/m = japt/m
j—o00 m Jj—00

1/p; 1 1
< lim (C]f\oo> 90]/™ = |ag /™
L™m(0Q) — j—oo

Bllvoc oy = B Jim [,

and then
Vool o) €1 Bllvcoll gy < 1-
L]

We are also able to link the so obtained function vy, with the functional (4.15), indeed

Theorem 4.9. The functional

Jos(0) = /Q fo  pew'=Q) (4.21)

admits at least one minimum @ satisfying [|[V@|| o) < 1 and Bl|@]| Loo(90) < 1.
Moreover, if v is a limit of a subsequence of {vp}, then vs is a minimizer of (4.21).
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Proof. Let v a limit of a subsequence of {v,} and let us assume it is not a minimum of J..
This implies that 3o € W1*°(Q) such that

Aj¢<ménw

We want to show that there exists a function ¢ and an exponent p, such that J,(¢) < J,(vp),
which contradicts the minimality of v,,.
First of all, we recall that exists a sequence vy, — Voo in WH™(Q) ¥m. Then

Aﬁ@ﬁéﬁ@

and so there exists ¢ for which we still have
— / fo < —/ fop, Vi > i. (4.22)
Q Q

Two cases can occur:

/‘vspypz _|_sz/ ‘80|p2 /‘V’U |pz+l8pz /vaz

Inte) =3 [ 196+ 2 / o= [ i
/ |V, [P + / vbi — /fvpl = Jp,; (Vp,)

case 1 Ji >4

Then

which is a contradiction.

/|v(p‘pz_‘_ﬁpz/ |§0‘p1 /|VU ’pl _i_BPL/ UPL

Considering ¢ = ap with a € (0,1):

/f¢——a/f<p< /fvp <0 Vi>i,

/ |v¢’pi _i_ﬂpi/ ’¢|m — P [/ ’v@|Pi _i_ﬁpi/ ’(p|pz}.
Q GiY) Q 0
Moreover

o T e

/Q Vol + 8 | 1ol <1901Vl ey + B 10011915 oy < 12 1062,

case 2 Vi > i

we have

We now choose p;:

0 {200 opi M < fQ|VUP; + B fm”l:
|Q|+\3Q! Jo IVel? + 8P [50 |l

[wopsm [ ior< [l e [
Q oN Q [2}9]

obtaining
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O

Proposition 4.10. Let v, be the solution to (4.12) and let vy be any limit of a subsequence
of {vp },sq- Then

Voo () < = + d(x,00). (4.23)

|+

Proof. We notice that
Voo (7) = Voo (y)] < |2 -y

as we have proven that ||Vus||, < 1. This holds true for every x,y in Q. In particular, we
can choose y equal to the point on the boundary which realizes |z — y| = d(x,92). So, we
have

1
as Vs also satisfies BH’UOOHLOO(BQ) <1. O

Remark 4.11. We explicitly observe that the estimate ¢(z) < % + d(z,09) holds for every
admissible function .

Proposition 4.12. Assume f > 0 in Q. Then the sequence of solution to (4.12) converges
strongly in W™ (Q), for allm > 1, to

B + d(l’, OQ)

Proof. Let vy be any limit of a subsequence { Up; } C { vp }. Theorem 4.9 gives that v is a

Too(T) =

minimum of the functional Jo, in the class {y € W1>*(Q) : |[Vy| <1, Bllell oo a0y < 1}
The function % + d(z,00) is a competitor and then

/Qf (Uoo - ; - d(w,m)) > 0. (4.24)

Then (4.23) gives voo(z) = % +d(x,00).

Since every subsequence of { v, } has a subsequence converging to % + d(z, 092) weakly
in W1™(Q), the whole sequence { v, } converges to % +d(z, 00) weakly in WH™(Q), and in
particular, in C*(Q2) and its gradient weakly in L™(£2).

It remains to prove the strong convergence in W1 (Q).

Clarkson’s inequality implies for p,q > m

m m
/ ’VUP +mvvq‘ +/ ‘V'Up mVUQ‘ S 1/ ‘va’m_i_l/ ’vvq‘m
0 2 Q 2 2 Ja 2 /o

From (4.20) we deduce

hm/\va] <19,

then semicontinuity of L™-norm gives

hmsup/ M <9 = / |Vd(z,00)|™ <l1m1nf/ [Vup + Vg™

m

and then v V
hmsup/ | Up va|” =0.
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Remark 4.13. If suppf C 2, then we can deduce that v (z) = % + d(z,00) for all z €
suppf, while in Q \ suppf inequality (4.23) can be strict.

Definition 4.1. We denote by R the set of discontinuity of the function Vd(x,d). This
set consists of points x € Q for which d(x, d2) is achieved by more than one point y on the
boundary.

Then it holds true the following

Theorem 4.14. Let f be a non-negative function in §2, then function
1
Too(T) = 3 + d(x,00)

is the unique extremal function of (4.21) if and only if R C suppf.

Proof. Suppose that R C suppf and let w be a minimum of (4.21)in the class {¢ € WH*(Q) :
Vel <1, Bllell (o) < 1} By Remark 4.11 we have

w(z) < ; + d(x,00) Vr € Q,

and arguing as in Remark 4.13 we have
1 -
w(z) = 3 + d(z,00) Vx € suppf.
Assume by contradiction that there exists x € (suppf)¢ such that

w(z) < ; + d(z,090),

setting n = Vd(x, ), we choose the smallest ¢ such that y = x + tn belongs to d(suppf)
(Lemma 4.15 will justify this choice), thus

VW[ oo yly — 2] = w(y) — w(z)
> d(y,090) — d(z,09) = Vd(£,090) - (y —z) = |y — 2|

where the last equality follows from Lemma 4.15.
So we have ||[Vw||fe(q) > 1 that is a contradiction.

Assume now that w(z) = 5 + d(x,09) is the unique extremal of (4.21), and assume by

contradiction that R ¢ suppf. Then, thanks to the Aronsson theorem (see [22]), we can
construct a function ¢ different from w which coincide with w in suppf and such that it is
admissible for (4.15). Then ¢ is a minimum too.

This contradicts the fact that w is the unique minimum of (4.15), so R C suppf.

We have to prove Lemma 4.15 to complete the proof.

Lemma 4.15. Let x € Q\ R and set n = V(d(x,00)). Let us consider y, = x + tn, then
there exists T' such that yr € R and y¢ ¢ R for allt < T. Moreover,

Vd(x +tn,002) =n vt € [0,T).
Proof. Consider the following Cauchy problem

{"y(t) = Vd(v(t),09),
7(0) =2z

in a maximal interval [0,T"). We have that
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T
. Liy) = /0 4(t)] ds = T

. %d(w), Q) = Vd(y(t), 02)3(t) = 1, then

T a
- /0 & d(+(1), 090 dt = d(+(T), 09) ~ d(xr, 09).

These considerations give us the following:
e T < o0, otherwise d is unbounded, and this is a contradiction as €2 is bounded,;

o Y(T) € R, otherwise one can extend the solution for ¢ > T, in contradiction with the
fact that [0,7) is the maximal interval.

In the end, if y = v(T'), we have
d(y,00) = d(z,09) + T = d(z,00) + L(v),

L(vy) > |y — z|, and they are equal if and only if v is a segment.
If L(y) > |y — | then

d(y, 0Q) = d(x,092) + L(v) > d(z,00) + |y — = = |y — 2|

with z € 99 such that d(x,0Q) = |z — z|, and this is a contradiction, because d(y, 0f2) is the
infimum. Then L(v) = |y — z| and, remembering the fact (t) = Vd(v(t), 02), whose norm
is 1, then ~ is a segment and

Vd(~(t),00) =n vVt €[0,T).

This conclude the proof. O

4.2.1 The limit PDE

We have proved that any limit v, of subsequence { v, } is a minimum of the functional (4.21)
defined in W1°°(Q2). Now we want to understand if such limits are solutions to a certain PDE,
which, in some sense, is the Euler-Lagrange equation of the functional (4.21).

Proposition 4.16. Let f € L>°(Q) N C(Q2) be a non-negative function. Then any limit voo
of a subsequence { v, } satisfies

|[Vus| <1 in the viscosity sense. (4.25)

Proof. The proof follows the techniques contained in [27, , , .
If 29 € Q, let ¢ € C?(Q) be such that v, — ¢ has a local maximum at zg

(Voo — ) (@0) > (Voo — )(2), V& € BR(wo),
then
[Vip(xo)| < 1. (4.26)
Indeed, let

“= iglfmax{ HUqHLoo(BR(IO)); H<P||Loo(BR(x0)) }a

we consider the following sequence

. 4C
fq($):vq($)_¢(x)_k|x_$0| ) k:ﬁv a>2.
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So fy(z) < =3C for x € 0Br(xo), and fy(xg) > —2C. Then f,(z) attains its maximum at
some point x4 in the interior of Br(zo). and it holds

Vug(zg) = Vo(zg) + ka(zg — x0)|0g — $0|a72-

Moreover, the sequence { z, } must converge to .
Assume by contradiction that |V (zg)| > 1, so there exists § € (0, 1) such that |Vy(zg)| >
1+ §. Choosing G large enough, we have

1) _ 0
[Vvg(zq)| > 1+ 5 kalzg — xo* ' > 1+ R Vg > 7q.

By Lemma 1.1 of Part IIT in [27],

1
1 a
Vo ()| < <7> (/ (L + [Vog))? d:v) . Va e Ba(wo)
Rn BR 2
7(10)
where v is a constant independent of q.
For ¢ sufficiently large, this contradict |Vug(zq)| > 1+ g. O

Proposition 4.17. Let f € L>®(Q) N C(2) be a non-negative function, then a continuous
weak solution to (4.12) is a viscosity solution.

Proof. The proof follows the same techniques of Proposition 4.2. O

Theorem 4.18. Let f € L>°(Q) N C(Q) be a non-negative function. Then any vy, satisfies

V| =1 on{f>0} in the viscosity sense (4.27)
— Asloo =0 on({f>0}) in the viscosity sense (4.28)

Proof. We first prove (4.27). Let zo € QN { f > 0} and let » € C?(Q) such that v, — ¢ has
a strict minimum in zo. We want to show

[Veo(zo)| = 1

Let us denote by z, the minimum of v, — ¢, we have that x, — xg, then z, € Br(xg) C
{ f >0} for p large enough. Setting y,(z) = ¢(z) + ¢p, then ¢, = vp(x,) — ¢(zp) — 0 when
p goes to infinity. We notice that v,(z,) = ¢p(zp) and v, — ¢, has a minimum in x,, so by
Proposition 4.17,

_|V‘Pp(xp)|p_2AS0p(xp) —(p- 2)‘V90p($p)|p_4Aoo<P(xp) > f(xp) > 0.

Dividing by (p — 2)|Ve,(z,)[P*, we obtain

) — ‘VSpp@p)’QASOp(mp) > f(zp)
p—2 (- 2)|v@p($p)|pi4

This gives us |V(zg)| > 1, otherwise the right-hand side would go to infinity, in contra-
diction with the fact that ¢ € C%(Q).

We stress that, if we let p — oo in (4.29), we get —Asp(xg) > 0, 80 v is a supersolution
to —Agu = 0.

Now, we only have to prove that v is a viscosity solution to Ase =01in ({ f >0 })“.

If we fix 29 € ({ f > 0})¢, and ¢ € C?(Q) such that vy — ¢ has a strict maximum in
xg, we can choose R such that Br(z¢) C ({ f > 0})¢. The function v, — ¢ has a maximum
x, — x9, and x, € Br(zg) for p large enough.

— Asotop(Tp (4.29)
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The definition of viscosity subsolution implies

_|v90p($p)|p_2A90p(xp) —(p— 2)‘V80p($p)|p_4Aoo<P(l’p) < f(zp) = 0.

Without loss of generality, we may assume |Vp(zg)| # 0. Dividing both side of the last
equation by (p — 2)|V,(z,)[P*, we obtain

Veop(2p)[* App(p)
—Acopp(p) < £ ;_2 P

Letting p — oo, we get

—Asop(xg) <0.

Analogously if ¢ € C?(€) is such that vs, —¢ has a minimum at xg, a symmetric argument
shows that —Asp(xo) > 0. O
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Chapter 5

Some shape optimization problems
in the class of convex sets

In this chapter, we study some shape optimization problems concerning some spectral quan-
tities.

All the shape optimization problems we dealt with have as admissible sets the class of
convex sets.

The problems studied in the chapter are summarised here:

« A Poélya type inequality and a quantitative Pélya type inequality for the p-Torsion of a
convex set, i.e.

“Au(z)=1 inQ
T,(Q) = / udr  with { pg(x) o 0
Q u = on .

e An upper bound for the first Robin eigenvalue of the p-Laplacian with a positive bound-
ary parameter and a quantitative version of the reverse Faber-Krahn type inequality
for the first Robin eigenvalue of the p-Laplacian with negative boundary parameter,
among convex sets with prescribed perimeter.

e A quantitative version of Payne and Weinberger inequality

2 —Au = Mu in O
pi(2) > .7777 with ou )
(dlam(Q))Q 67 = 0 on 89,
v

e The study of a relationship between the Neumann and Steklov principal eigenvalues
emerging in the class of collapsing convex domains in R2. Such a relationship allows us
to give a partial proof of a conjecture concerning estimates of the ratio of the former to
the latter: we show that thinning triangles maximize the ratio among convex thinning
sets, while thinning rectangles minimize the ratio among convex thinning with some
symmetry property.

5.1 Sharp and quantitative estimates for the p-Torsion
Let Q@ C R™, n > 2, be a non-empty, bounded, open and convex set and let p € (1,400).
Moreover, let f : [0,rq] — [0, 400 be a continuous, non-increasing and not identically zero

function, let d(-,0€) : Q@ — [0, +o0] be the distance function from the boundary.

91
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The (f, p)-torsional rigidity of €2, that we denote by T ,(2), is defined as

_p_

- (/| stz 00)lp) ds ) -

) = max

1
CEWIP(Q) T
0 < /Q [Ve(z)[? dw)

In this Section we prove the following Theorem.

Theorem 5.1. Let Q be a non-empty, bounded, open and convexr set of R™, n > 2, and let
f:10,rq] = [0,400[ be a continuous and non-increasing function such that f # 0. Then,

pit(Q)

Te () > 5.2
fvp( ) Pf() ( ) ( )
where
. p—1 g= >
P op— 17 p—1
and

_ / Fd(z,09)) dx
Q

Moreover, the equality sign is asymptotically achieved by a sequence of thinning cylinders.
Since the proof is quite long, we split it in two parts: firstly we prove inequality (5.2)

and, then, we prove its sharpness.

Step 1: proof of inequality (5.2) in Theorem 5.1

Proof. Let us choose in the variational characterization (5.1) p(x) = g(d(z,00)) as a test
function, where g is a positive and non-decreasing function in WP ([0, rq]) such that g(0) = 0.
Then, by coarea formula (1.2),

/f d(z, 09) dyc—/ £(1) (5.3)

[ 1vet@r i - / PP d. (5.4)

By (5.1), (5.3) and (5.4) we have
([ rosorwa)”
vap(Q) Z : 1 . (55)

(f Crwp@a)”

Now, if we define the following measure

_ / F(d(z,09)) da
E

nst) = 1y() = | fld(e,00))do = / " H()Pls) ds. (5.6)

and

we have

Since f(s)P(s) is a decreasing function, we get

py(t) < (ro —t)f(t)P(t). (5.7)
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From (5.6), we have
— py(t) = f(t)P(t) a.e. t € [0,rq]. (5.8)

Using (5.3), (5.8) and integrating by parts, we obtain

Atmmwmoﬁz—A mmmwsz o (O)pp (1) .

Consequently, (5.5) becomes

- /O b g (t)py(t) dt
Typ(Q) =~
A g7 (t)P(t) dt

We can choose

g(t) = /Ot (‘g((j))y/(p_l) ds

and we observe that g € WHP([0, Rq)), since, using (5.7), we have

g(t) < /Om(m —5)7 T f(s)7 T ds < ||f||L°° TQ ' € LP([0, Ral),

gt) < Hf||fool7”§ e LP([0, Ra))-

So, we have

_pP_ 2p—1
rQ p—1 t o 1 rQ p—1 t /
Tf,p(Q)z/ 'ufl()dt:—p / (1f 5)) dt. (5.9)
0 Pr(t) 2p—1Jo  ft)yPoi(t)
Let us set ¢, = (p—1)/(2p — 1). Since f(s) is a non-negative and non-increasing function,
integrating by parts in (5.9), we get
2p—1 2p—1 ro
rO i p—1 t / m p—1 t
Typ() 2 —Cp/ %dt = _cpfii) +
o f(t)Pri(t) fR)Pr=1(t) |,
2p—
O p—1 t
o [ Wi)(f@ﬂﬂ@+pf@P%aww0ﬁ (5.10)
0 f2t)Pr1(t) p—1
2p-1 2p-1

c pr—l (Q) p ra pr—1 (t) i
- pf(O)P%(Q) - Pppl(Q)/O 72() (—=f'(t))dt,

where in the last inequality we use (5.7) and the fact that P/(t) < 0. Now, since f(s) is
non-increasing, we obtain the desired estimate

Typ() =2 cp——%——. (5.11)
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Step 2: proof of the sharpness of (5.2)

Proof. We prove that inequality (5.2) is sharp and that the optimum is asymptotically
achieved by the sequence of thinning cylinders €; with unitary measure, as defined in (1.29),

that is
O =1""1C x (—l l)
L= 279

where C C R"! is a bounded, open and convex set with unitary (n — 1)—measure. It is easy
to verify that, for n > 3,

P(y) = 2H" (177 10) + IH 29+ 1C)) 65.12)
=207 4 ITTH2(AC), '

and we observe that, in the case n = 2, we have that H"~2(9C) = 2.
Let u be the solution to the following p-torsion problem

—Apu=1 inQ
u =0 on 08,

such that

/ udr = Tp(QZ),
9)

and let us consider the following function, depending only on the last component z,, of x € R",

v(z) = T [(é)z& - ‘xn\zﬂpll )

satisfying
—App=1 in Yy
v>0 on 0.
The comparison principle, see [111], ensures that u < v in §; and, as a consequence,

1 5 [/71\3T
— — P
e PO e
p 1o -1 [\2
S (5.13)
_ = .
—9 pzl/ () — 22| day,
b 0 2
2p—1 2p
-1 -1
=2t g (5) T = (5)
By (5.13) and (5.12), we have
2p—1 n _pP_

1

: (2 + 15T H 2 (00)) T =, <1+“21H”—2(60)> o

T, () Pr1 () < 2¢,0 (2> T

Now, since f(z) < f(0), we have that, for every bounded, open and convex set €2,

Ty () < f77(0)TH(9). (5.14)
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It follows that

Ty () P71 () < [757 (0)T, () P77 ()

, et o1 (5.15)
< cpf71(0) (1 + 2%”‘2(60)> .

Moreover we observe that, if f never vanishes, we can use its monotonicity property to bound
¢ from below in the following way:

() = /Q F(d(z,09)) dv > f(Ra)|9,

obtaining
7 (Ro)|Q|FT
Ty () Zcpfp ( @r (5.16)
f(0)PP=1()
Joining (5.16) and (5.15), we obtain
217*11 l n %
p— n—1
Cpff(é;nl) < Tf,P(Ql)Pp%(Ql) < Cpfﬁ(o) (1 + 27’[”_2(60)) .
Eventually, passing to the limit when [ — 0, observing that }iH(l) ro, = 0 and that f is
N
continuous, we have
_p_ _p_
Ty p(U)PP=1 () — ¢ f771(0).
O
Remark 5.2. If we assume that f : [0,rq] — [0,400[ is a function in L*°([0,rq]), then,
using the variational characterization (5.1) and the result (24) proved in [(67], we have
_p_ _p_ 2p—1
T @ = wt ) n@ = mt fw) o A (5.17)
in in Cp——p—— .
PP =\ eioral PR\ teforal ppp’%l(Q)

and the sharpness of (5.17) can be proved in an analogous way as in (5.2).

5.1.1 The quantitative results

In the second part of the section, we focus our study on the case f = 1 and we obtain some
quantitative estimates. We define the following functional

T,(2)P1(Q) p

fP(Q) = ’Q“H‘l ) q:p_la

(5.18)

then we have the following.

Theorem 5.3. Let Q be a non-empty, bounded, open and convex set of R™ and let f = 1.
Then,

n—1
Fp(Q2) —¢p > K(n,p) (%) : (5.19)

diam(

where K (n,p) is a positive constant depending only on p and the dimension of the space n.

In particular, in the case n = 2, the exponent of the quantity is sharp.

_we
diam(2)
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Proof. Let us start by proving (5.19) in the case n = 2. If f =1, (5.10) becomes

7= P [T\,
Tp(Q)chPppl(Q)+cpp_1/0 (P(t)) (—P/(t)) dt. (5.20)

Joining (1.23), (1.24), (1.40) and (5.20), we have that

LOPE®) o p PO 0
’Q‘T p > pp—l ‘Q’ipjll /0 (P(t)) (—=P'(t)) dt

P

T p Pri(Q) /Rn 2p-1

> — rq—t)r-1 dt
271 20— 1 o5 Jo ( )

T (p—1)p rQ (rgP(Q)) =
T2t (Bp—2)2p -1 P(Q)\ |9

™ (p—1Dp O
~ 21 Bp—2)(2p - 1) P(Q)

Hence, by applying (1.27) and (1.24) we get

wa

Fp(Q) —cp > K(Q,p)m,

(5.21)

where
(p—1p

27°13(3p — 2)(2p — 1)

K(2,p) = (5.22)

We now prove that the exponent of — L (5.21) is sharp. In order to do that, we

diam(2)
only need to find a sequence {€;};cn of convex sets with fixed measure such that

we,

_ _
diam(€;) — Fp(Sh) =,

for some positive constant M. Let 0 <l < 1, we consider the following rectangle
11 1
Y=, —55
: < 21’21> 8 ( 2’2)

and we notice that its inradius and area are r, = & and || = 1. Let u be the unique
solution to

—Apu=1 in
u=20 on 0%

and let us consider the following function

which solves

—Av=1 1in
v>0 on 0€);.

The comparison principle gives v < v in ; and

TP(QZ):/Q updgvg/Q vdx.
1 1
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Arguing as in (5.13), we have

p

I\r—1
/led:n—cp<2> .

On the other hand, the perimeter of the rectangle is given by
2 2
P() = 7 (1+2)

and its Taylor expansion with respect to [ > 0 is
p p
Ppl(Ql)_<l) (1+7) _(z L Lol ol)).
Using (1.24) and (1.27), we get

P D

»_ INp—T [2\ 7T
TJD(QI)PF’g1 () —cp<¢ (2) a (l) . (1 - Lll2 T 0(l2)> — %
p—
Db 9 b Ty
I <16cp——
p—1 = Cpp—lP(Ql)
b we,
p — 1 diam()
and this concludes the proof in dimension n = 2.
Let us now prove (5.19) in the case n > 2. If we choose f =1, (5.10) becomes

< 2¢,

< ¢,

QT e [T
1) 2 6 +cpp_1/0 (P(t)) (—P'(1)) dt. (5.23)
Hence, combining (1.39) and (5.23), we have
LAOPTI@) o ) PP / N (%5) [ T= P
Q|7 0> Jo (t)
Moreover, from (1.23), we obtain that
P(t) > nwn(Rg — )" 1, (5.25)

and so, using (5.25) in (5.24), we get

p% P% Rg p—
TP(Q)P 1(9) —c, > k(n,p)P I(Q)/ (RQ —t)2 Lin—2 dt
0

2p—1 D 2p—1 p-l
Q[ 7= |27 (5.26)
RoP(Q)\ »1 R
()
€2 P(Q)
If we combine (5.26) with (1.23), with the following estimate (that can be found in [32]):
wa Yt 2 n even
Comt2
Rqo >
. odd
wQ2\/ﬁ n ,
and with o
P(Q) < < n >2 diam(Q)"!
< nwn | 5 iam ,
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we finally get

T,() P (Q)

n—1
wao
— > K _ .
’Q|2§:11 P = (n’p)(diam(Q))

O]

Remark 5.4. As far as the sharpness of (5.19) in the case n > 2, we conjecture that the
sharp exponent is 1 as in the planar case. Indeed, the minimizing sequence {);} satisfies
we,

Tp(Ql)Pp_l (Ql) —Cp ~ Cm

Remark 5.5. As already remarked in the Introduction, inequality (5.19) gives information
on the set . Indeed, if

Fp(2) —¢cp

is small, then the ratio between wq and diam(€2) has to be necessarily small, i.e.  must
be a thin domain. Moreover, inequality (5.19) tells us also that the infimum of F,(2) is not
achieved among bounded, open and convex sets. Assuming by contradiction that there exists
a bounded, open and convex set € such that

FplQ) = cp,

we have that
—=— < Ve > 0,

which is impossible.

Theorem 5.3 only tells us that any minimizing sequence of F,(+) is a sequence of thinning
domains. On the other hand, Theorem 5.6 gives us more precise information on the geometry
of such minimizing sequence in the planar case.

Theorem 5.6. Let Q be a non-empty, bounded, open and convez set in R?, let f =1 and let
p = 2. Then, there exists a positive constant K such that

TQPQ) 1 = (1RAQ\°
ar 325 (S ) 520

where QA Q denotes the symmetric difference between 2 and a rectangle Q with sides P(Q2)/2
and wg containing €.

Proof. Let © be a non-empty, bounded, open and convex set in R? and let us consider a
rectangle () with sides P(€2)/2 and wq containing €. Such a rectangle exists, since it is
enough to choose the shorter side of @) parallel to the direction of wq and to recall the lower
bound in (1.27) (see Figure 5.1).

Figure 5.1: Rectangle with sides P(£2)/2 and wgq containing .
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Now, let o > 0 be such that

1 2 o?
_ > 0; 2
43.6 23.33 K2(2) 20 (5 8)
1 T O 2 o
- — > 0; 2
P06 8KQ2) P 3K =V (5:29)
T T o 4
2 > , 5.30
4 2V/3K(2) ~ 3V3 (5:30)
where K (2) := K(2,2) is the constant defined in (5.22). If
T(Q)P?() 1
S OA oA
oF 37
then, by (1.24) and (1.23), we have
Qo8 _ (P ) (3P0 ),
1] 2|92 2 19
So, it follows that
2 3
TOPQ) 1o, o (|c2m|> |
|©2)3 3237 — 23 |2
On the other hand, let us assume that
T(Q)P?(Q) 1
= . 5.31
By Theorem 5.3, we have that
wo 1 |T(QP*(Q) 1 o
< - = — 5.32
diam(Q2) = K(2) [ |3 3 K(2)’ (5:32)

and we observe that, by the choice of o made in (5.28)-(5.30), a ball cannot satisfy (5.31).
Now, arguing as in (5.9) with f =1 and p = 2, we know that

ro ,,2
T(Q) > /0 ‘]‘D((f)) dt. (5.33)

P2(Q)

We set p =

positive by the isoperimetric inequality and the monotonicity of the perimeter, respectively.
Using inequalities (1.41) and (1.42) in (5.33), we have that

— Q] and p, = P(Q) — 27rq and we observe that they are both strictly

Q| — P(Q)t + 7t?)?
P(Q) —2nt

rQ — o 2 2 2
- PQ(Q)/O P(Q)l— omt <(P(Q)47r2 7 - <P4§TQ) B IQ\>> dt

e ((PQ) —2mt)’  p p?
_ pz(Q)/ V=2 2 (pq) - 2mt) + M) dt

_ P%(Q) <P4(Q) -pr P (PZ(Q) —p,%) ~ plog (1 _ 27”"Q>> ’

dt

TPz Po) [
0

(5.34)

P(Q)
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and, using Newton’s formula and the Taylor series for the logarithm, we get
P%(Q) — p? = 4nrqP(Q) — 4n’rd;
PYQ) — pt = 81rqP3(Q) — 247213 P2(Q) + 327313 P(Q) — 167

~log (1_ QTFTQ) :il (27‘rrﬂ>i . 21rq n 27727"522 +§ 71'37“?2 n 47ty 4 |
P(Q) = P(Q) P(Q)  P2(Q)  3P3Q) P4(Q)

(5.35)

By (5.35) and (5.34), dividing by |Q|* and subtracting 1/3, we have

TQP2(Q) 1 _1/P(Q)rq B2 2
Iore 2 23< _1) bty (\Q]—gP(Q)m)

\ ) ; (5.36)
e L o B 2
3 B (121 - $P@ra).

As an intermediate step we want to prove the following inequality:

(- (-3

4 5 T ( 3 ) 1<P(Q)m )3
+-rP—2 _(10]-SPQ)rq ) > - -1),
37 o U2 ) 2 5( g

that, combined with (5.36), implies

(5.37)

TOQ)P2(Q) 1 _1 (P(Q)m B 1)‘”” (5.38)

_ >

€3 376\ |9
where we choose the constant 1/6 as an arbitrary constant less then 1/3. In particular, (5.37)
is equivalent to

é(P(Q)rQ —1Q)? + w30 <|Qy - zP(Q)m) + ;%2 ’”(Q)

In order to prove (5.39), we distinguish three cases:

0] (|Q| - iP(Q)m) > 0. (5.39)

3
1) if | > ZP(Q)T’Q, then (5.39) is trivial, since the left hand side is the sum of positive
quantities;

2
2) if gP(Q)TQ <19 < %P(Q)TQ, using (1.24), (1.27), (5.28) and (5.32), we have

1 2 4 o 1} 3
5 (P@)ra ~190)* + wrdje (10] - ZP@)ra) + 37 519 (191 - $P@)ra)

3" P(Q)
1 212 rd
3 3 Q
= P(8Yrg <436 - 33p2<9>>
3 3 1
= (g (43 5 E dlam )
>0

1 2 o?
3 3
ZP (Q)TQ (43-6 33K2( ))

(5.40)
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1 2
3) if §P(Q)TQ <9 < gP(Q)TQ, arguing as before, we have

1 3 5 2 4 5 1 3
5 (P@)ra —100)" +wrdi0 (1] = SP@)ra) + 37 il (191 - P@ra
1 T weo 2 w3
> P3(Q)r3 _ T _ Q
= (g (33 -6 48 diam(Q) 25-3 diam2(9)>
1 T o 2 o2
> P3(Q)rd -— - > 0.
= P(SYrg (33 6 A8K(2) 25-3K2(2)) =
(5.41)

So, we have proved the intermediate step (5.38). Now, by combining (5.38) and (1.25), we
deduce

T(Q)P2(Q) 1 _ 1[P(Q 3 1[P@ 1w’
P 1, 1P 1P 1 uh )
€2 3761 19 6| 209 V319
Using (1.26), (1.25), (5.32) and (5.30), we have
2
P(Q)wq s P(Q)rq isa rQ > T (wQ wQ>
18] €2 BT V3P(Q)
_wo (7 anAZ%
| \ 4 3 P2(Q)
wh ( w ) (5.43)
4 Q\f dlam( )
%C )
1] \ 4 QfK (2)
4 w?—l
“ 3B
Finally, by combining (5.42) and (5.43), we get the conclusion
TQPX(Q) 1 _1 {P(Q)m r . [\QAQ\T
— 7> -1 > K . 5.44
oF 376l @ Y FE e o4
[

The next remark shows that a sequence of thinning triangles is not sharp for (5.19) in

the case n = 2 and this is the reason for which we need Theorem 5.6 to obtain more precise
information.

Remark 5.7. Let us consider a sequence of isosceles triangles 7; of base L and height [ such
that |7;| = 1.

If we compute (5.38) on the sequence 7; and we use (1.23), we get, for every [,

T(T)P*(T)) 1 %Hm% )31
7F 376\ ] 6 (5>4)

and, so, the quantity on the left-hand side of (5.45) is bounded away from zero.

Remark 5.8. We point out that

P@ro | QA

1] I U

in (5.44) is a quantitative version of the inequality in the right hand side of (1.23).
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I

Figure 5.2: Isosceles triangle 7; of base L and height I.

11 1
Example 5.1. Let ; = <_2l’ 2l> X (—2, 2) be a sequence of rectangles of measure 1. It
is possible to give an explicit upper bound to the functional F2(€);). Hence, following the
computations in (5.13), we have

Fo(Q) — ca < 202
Considering the rectangle @) with sides P(€);)/2 and wq containing €, that is

0= BRI R ><<l l)
N 20 7 21 272)’

it is straightfoward to compute

|QAQ| = 212

Hence, we have
Fo() —c2 = 2 o4
2> "> K|QA = KI".
N 12AQ

5.2 Estimates for Robin p-Laplacian eigenvalues with pre-
scribed perimeter

Let © be a bounded, open and convex set in R”. The fundamental eigenvalue of the Robin
Laplacian on €2 is defined by

/|vw\pdx+6/ lw[P dH™
Ap.g(2) =  min Q 0%

WLP(Q
wew#o( ) /Q|w|pdx

(5.46)

Before we going on we need to know some proprierties of the eigenfunction related to
Apyﬂ(Q)'
5.2.1 Monotonicity of eigenfunctions

It is clear from the definition of the eigenvalue (5.46) that for fixed 1 < p < 400 and 2 C R",
the map
B eR= A p(Q)

is increasing and it holds (see for instance [20])
fp < Apg < AJ VB € (0,+00),
and

. . D
BIEBL Ap,g = tp =0, /3213-100 Aps = Ap s
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where p, and )\pD are the first eigenvalues of the Neumann p-Laplacian and Dirichlet p-
Laplacian respectively.

Now we want to observe that, if we consider a ball B and we fix the value of the
eigenfunction in the origin, the map

85— Up,B5 such that Up,B(0) = C,
is decreasing, in the sense that
if p1 < B2 = vpp,(x) > vpp, (), Va € Bp.

With this aim, let us recall that the first eigenvalue of p-Laplacian is simple and that the
corresponding eigenfunction is radially symmetric, i.e. there exists h: [0, R] — R such that
vp.g(x) = h(|z|). In the following, we will denote with v, g both the eigenfunction and the
function h.

Lemma 5.9. Let 0 <r < R, 1 <p < 400, B € R. Let us denote by A\, g the first eigenvalue
of the p-Laplacian on the ball Br defined in (5.46) with boundary parameter B and let v, g be
the corresponding eigenfunction. Then, vy g|p, is the first eigenfunction of the p-Laplacian
on the ball B, with boundary parameter

[0hsl" 2 ()0 5(r)
Y=— p—1 .
Yp,8 (r)

Proof. Let us suppose p = 2, the general case is analogous. For sake of simplicity, we denote
by Ag = A g and vg := v g.
By the radiality of vg, we can infer that it is a solution to

0
9B +7yvg =0 on dB,.

{—Av[g = M\gvg in B,
ov

Let us suppose by contradiction that Ag is not the first eigenvalue of the Robin Laplacian
with boundary parameter v. So we can choose

Ay < g, (5.47)

the first Robin eigenvalue with boundary parameter v and w, the associated eigenfunction,
that is
/ ]Vw7|2d:c—|—’y/ w,2y dH" 1
Br OBy

/ wg dx

/Vzb\zdx—i—'y/ P!
B, 0B, .

2 dx
B,

Ay =

(5.48)

= min
YeEWL2(B,)

We know that w,, is unique up to a multiplicative constant, so we can choose the constant
such that vg = w, on 0B,.
Let us consider the function

o) = wy(z) ifz € B,
i@ {vg(x) if z € Bg\ By,
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we can use it as a test function in the definition of Ag. In particular, we have

/BR IVf!2+ﬁ/aBT 72 annt

f?dx
Br

/\v%f+/‘ vwﬁ+6/ v dH"
— B BR\BT aBR

2 2
wd:n—i—/ v dr
/r ! BBy

If we add and subtract ~ / w?/ dH" and / |Vwg|? dzz, and we recall that vg achieves
0B, B,
(5.46) on Bg with value Ag and w.,, achieves (5.46) on B, with value \,, we have

)\,Y/ wid:r—l—)\,g/ v%dm—fy/ w%d?—[”_l—/ |V05|2d1‘
Br BR aBr T

2 2
wdm—i—/ V5 dr
/r 7 BB,

Since vg = w, on 0B, and vg is an eigenfunction on B, with eigenvalue A\g, we get

)\7/ wgdx+)\5/ v%dx)\g/ v%dm
B, Bgr B,
/ wg dr + / v% dzr
B BR\BT‘
)‘v/ w%dw—%)\g/ v%dx
B, Bg\B-

/ wf/ dr + / v% dx

B; BR\BT'
/ w? dx + / w?dz

B, BR\Br

= )\ﬂ’
/ w?dx + / w?dz
B, BR\Br

where in the last formula we use (5.47), and this is an absurd.

)\5<

Agﬁ

>
&
IA

O]

Proposition 5.10. Let R > 0, 1 < p < 400 and $1 < 2. Let us denote by A\, 3, and A, 3,
the eigenvalues defined in (5.46) and let v, g, and v, g, be the corresponding eigenfunctions
normalized such that vy g, (0) = v, 3,(0) > 0, then

Upg, (¥) = vp g, (¥)  Va € Bp. (5.49)

Proof. Let us suppose p = 2, the general case is analogous. For sake of simplicity, we denote
by Ag, == A2, and vg, 1= va ;.
Since both vg, and vg, are radial, we can write the Laplacian in polar coordinates, that
is
T Au(r) = (P (r)) r € [0, R]. (5.50)

Therefore function ug,, for i = 1,2, satisfies

1 " n—1
v, (1) = ~oaT [/0 5" Ag, v, ds]. (5.51)
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Since Ag, < Ag, and vg, (0) = vg,(0), by continuity there exists o > 0 such that
Mg (8) < Agyvpy(s) Vs € (0,0),

and by (5.51)
v, (5) > v, (s) s € (0,0).

By classical ODE comparison result, we obtain
v, (5) > va,(s) s € (0,0). (5.52)

Let us define

A={r>o: vﬁl(r) = 1)52(7“)},
we want to prove that A is empty, so by (5.52) we get the claim. Let us suppose by contra-
diction that A # @, hence there exists

t = inf A.

By continuity vg, (t) = vs,(t), and this, combined with (5.52), leads to

v, (t) < v, (). (5.53)
Let us set ,
- Vg, (t)
v, (1)

by (5.53) we have v > 7o.

By Lemma 5.9, vg, and vg, are the first eigenfunctions of the Robin Laplacian in B; with
eigenvalue A\, and \,, with parameter v; and v respectively. Therefore by monotonicity of
eigenvalues with respect to the boundary parameter, we get

)\51 = )‘71 > )\72 = )\52
that is an absurd. O

Remark 5.11. We highlight that, if we fix the value v, g(0), (5.49) implies that

5 = vaﬁ ‘LP

is non increasing, while the map

_ up,8(0)[€¥]
BD—)C(n7p)ﬁap)_ |vpﬂ’p
PP

is non decreasing, for all 8 € R.

5.2.2 When [ is positive

Now we focus on the 8 > 0 case. Hence, our main result reads

Theorem 5.12. Let 8 be a positive parameter. Let Q be a bounded, open and convex set in
R™ and let * be the ball, centered at the origin, such that P(Q) = P(Q*) = p. Denote by
Ap.3(Q) and A, 3(2%) the first eigenvalues of the p-Laplacian operator with Robin boundary
conditions respectively on Q and 2*, and by v a positive eigenfunction associated to Ay g(€2*),

then )
\ S T
Ap,8(2) — Ap g (1) < C(n,p, B, p) (1 _ nlwn‘Q]) , (5.54)

Ap5 (1) PRI(Q)

p O*
where wy, s the measure of the unitary ball in R™, and C(n,p, 3, p) = W
v
P
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Proof. The quantity
Ap,8(€2) — Ap(€2)

)‘p,B(Q> ’
(

5.54) is trivial when

is bounded from above by 1, so inequality

R
N t 1 _ wlE 2]
pri(Q) | = Cnp,B,p) Jollp

n 1
nnTw; Q] 1
1— = < . 9.55
< Pr-1 (Q) ) C(napvﬁvp) ( )

V

We can assume

Let v be the solution to

—Apu = XA p(Q) 0P 20 in QF
' 26 5 , (5.56)
|VolP™ o+ BlofP"“v =0 on 0N,
as we have already remarked, v is positive and radially symmetric. So the function
g(t) = ‘vv‘vzt
is well defined for all t € (v, vpr), where v, = n{azi*nv and vy = max v.
Let us define u(x) = G(d(z,09Q)), x € 2, where
1 '
G~ t:/ ——ds. U < T < vpg.
©= ], o
By construction, u € W1P(Q) and
minu = G(0) = v,
[ulloe < var,
Vul,_, = |G (d(z,00))],—, = 9(t) = [VV],_,.
Let
E:={zeQ:ulx)>t}, Bi={xeQ :v(x) >t}
By Lemma 1.14 and formula (1.35) we have
n—2
d Wa(Er) i (P(Ey)) L
_2pE)> (n-1 S (n— ) il ,
gl By 2z =) gty ~ (n=1) g(t)
while for v it holds
—2
d Wa(By) =2 L (P(By))!
——P(B n—1 =(n— 1n" Lwy ™ )
and P(Ep) = P(By). Then, by classical comparison theorems for ODEs, it holds
P(E;) < P(By), 0<t<|ul. (5.57)

Denoting by p(t) = |E:| and by v(t) = |By|, the coarea formula 1.2 ensures us that

L1 . PE)_P®B)
o= B2 R Ty

= —dH" = V(¢
/mwr ®),
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for almost every t € (0, |lul|,,). The first equality holds true since |Vu| # 0in { v, < u < ||Jul|o, }
(see [10]). So the function v — p is decreasing in [0, ||ul|, ], and

llull UM
/ uP do = / ptP () dt = / ptP 1 u(t) dt
Q 0 0
VN UM
:/ 0 dt—/ PP L (u(t) — p(t)) dt z/ o da — o (1| = ).
0 0

*

Moreover, by (5.57), we get

/ IVulP~HdH = g(t)P I P(E,) < g(t)P ' P(By) = / IVolP~tdH L,
u=t v=t

so, if we integrate over €2,

ol
/|Vu|pd.r§/ / VoP! d’H”‘ldtg/ Vol
Q 0 v=t Q*

We observe that by construction both u and v are constant on 952, so

B[ wPdH" ' = puE,P(Q) =2 P dH
oN o0N*

We eventually get

/|Vu|pdm+5/ uP dH™ ! /|Vv|pd:v+ﬁ vP dH™ !

/\p,ﬁ( = o
uP dx / vPdr — o8 (|QF] — |9
/| [ wa—ge-e)
1
= )‘pvﬁ(Q*) |Q’ .
1-— 1-—
Clnp.r) (1= i)
The claim follows from (5.55) as the quantity
1€
]-_C(n)p)ﬁ?p) (1_ * )
€2
is non-negative. [
p Q*
Remark 5.13. The constant C(n,p, 3, p) = W depends on the perimeter of the set €2
v
P

and on . Thanks to Proposition 5.10 and Remark 5.11, it is possible to bound the constant
C(n,p, B, p) from above with a constant independent of the perimeter and of §. Indeed,
VB > 0, if we denote by vy« the first Dirichlet eigenfunction normalized in such a way
Up,3(0) = vp,o(0), we have

Upoo (0)7°]

[vp,00lIZs

C(n,p, B, p) < =: C(n, p)

that is independent of the perimeter thanks to the rescaling properties of the Dirichlet p-
Laplacian eigenfunction.
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5.2.3 When [ is negative
We switch to the case of a negative parameter, so we have

Theorem 5.14. Let 8 be a negative parameter. Let ) be a bounded, open and convez set in
R™ and let O be the ball, centered at the origin, such that P(QQ) = P(Q*) = p. Denote by
Ap,3(2) and A, g(2%) the first eigenvalues of the p-Laplacian operator with Robin boundary
conditions respectively on Q and ¥*, and by v a positive eigenfunction associated to Ay g(€2*),
then

n 1
Ap,a (%) — Aps(R2) nrTwy Q)
: : Z C(n,p, 67 P) 1- n , (559)
| Ap,5 ()] Pr1(Q)

. . . vb || .
where wy, is the measure of the unitary ball in R™, and C(n,p, B, p) = IR with vy, = minv.

U *

p

Proof. Let v be a positive eigenfunction associated to A, 3(£2*), then v is a p sub-harmonic
function as A, g(€2*) < 0. We denote by vy, = v(0) = ming« v and by vy = maxgxv.
Let us consider the function o = vy; — v, that is a positive function with zero trace, and

g(t) = V| 0<t<uvpy — V.

=t

We set ii(z) = G(d(z,09)), € Q, where G™1(t) = /Ot g(ls)ds with 0 < t < vasr — vy. By
construction, @ € Wol’p(Q). Now we can set u = vy — @, and we have:
uM = maxu = vy
Uy, = mg%nu = vy — mgxﬂ > Uy — IISIZE}(X’D = néi*nv = Um
(Vul,—y = Vil gy, ¢ = VO], | VVmy = 9(8)  wm <t <upr.
Let
By ={xeQ: a(z) >t} Bi={re€Q: ix) > t},
EBi={reQ:u@)>t}=Q\Ey, 1, Bi={reQ:v(@) >t} =Q\ By, 1.

By Lemma 1.14 and formula (1.35) we have

iy s VB o ya gt (PEDET

P& 2 (n—1) ) > (n—1) iz OB
while for 9 it holds

8y = (o)W B) _ (-t (PBOR

a" P =T =y SO R

and P(Ey) = P(By). Then, by classical comparison theorems for differential inequalities,
P(E,) < P(By), 0<t<uvy—vnm.

Hence

P(Ey) = P(Ey,,—t) < P(By,,—t) = P(Bt), vm <t <uvpy. (5.60)
Denoting by ji(t) = |E;| and () = | By, the coarea formula 1.2 ensures us that
1 P(E) _P(B
_~l(t) :/ —d n—1 _ ( t) < ( t)
a=t |Vl 9(t) 9(t)

1
:/ Vi) dH" 1 = -7/ (), 0<t<uvp—Vpn.
b=t
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Moreover, setting u(t) = |Ey| = || — fi(vyr — t) and by v(t) = |By| = || — v(vpyr — t), we
have —p/(t) < —=/(t) in [vm, var]. So the function v — p is decreasing in [v,,, vas], and

Py — o p—1 — o p—1, _ o P=Ll,(t) —
/Qu d /0 ptP™ u(t) dt /0 pt (t)dt /0 ptPH(v(t) — w(t)) dt
= [t [ o o - o)t~ [ o) - ) di
0 0 Um

p
Um

s/ v”dw—vfn(lﬁ*\—lﬂl)Z/ o da [1— p<|ﬂ*|—|m>].
: o foll?

By (5.60), we get
/ Vapl anrt = g(tr P(E) < gty P(By) = / Vot ann,
u=t o=t

so, if we integrate over 2,

il
/\Vu|pdac:/ ]Vﬁ|pdx:/ / \VaP~t aH" 1 dt
Q Q 0 a=t
il
g/ / |Vz7|p_1d7{"_1dt:/ |va|1’:/ Vol?.
0 =t Q* Q*

We also observe that by construction both v and v are constant on 9f2, so

B wPdH™ ' = puk,P(Q) = Bk, P(Q) =3 oP dH™ L.
oN o0N*

We eventually get

/Nu|pdm+ﬁ/ uP dH" ! /|Vv\pd:c+ﬁ oP dH"
< Q o0 < * o0*

Aps(2) < = P
/upd:v / vPdz |1 — = (10 - |9))]
0 . o]l
. 1
ST R e e
1— (| — |2
lolly
Hence, by direct calculation
Ap () = Ap () _ W o
P > s (0] - Q). (5.61)
Ap,s ()] o]l
O
. : uh |V
Remark 5.15. Unlike the constant in Theorem 5.12, the constant C(n,p, 3, p) = TR
v
p

cannot be bounded from below with a constant independent of the perimeter and of f.
Indeed, for example if n = p =2 and P(2) = 27, we have that

vg(x) = Ip (WI%!) ;

where I is the modified Bessel function.
We recall that for z sufficiently large (see [1, Section 9.7]), we have

Io(z) ~ —2 {1+1+9+ }
Y e R PRI CS PR
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therefore

-B
e _
lop(@)lize ~ g 5= oo
and ) )
B _
C@z@%ylﬂh%ﬂwffﬁlﬁo
lvally e=?

Remark 5.16. We want to highlight that the constant C' depends actually just on n,p and
—1
p% S. Indeed, for all Q@ C R™ bounded and convex set with P(£2) = p, we can consider

1 1 1
le<nwn>n IQ QT:(M>n 19* tz( P )n 1
p p nwr,

so P(Q1) = P(Q7) = nw,, and we have

Apa(SY) — Ap,p(€) _ Ap,s(t827) — Apg(t€21)
_/\p,ﬂ(Q) _)‘p,ﬁ(tgl)
~ Apr—15(8) = Ay -15()

B Ap,tp—l,b’(Ql)

1
nnzlw{{_l]m)

> C(n, p, nwy, P~ (1 -
> C(n,p B) P Q)

w1l
p o\ ( Wl%lM)
- o (-2 -
C(n,p,nw (nwn) ,8) P ()
n _1
p=1 nn—Twy Q|
- Clo ity (- L TIRN)
(n,p, pm=15) P Q)

Finally, we prove the quantitative result as in [53].

Theorem 5.17. Letn > 2, p > 0 and B < 0. Then, there exist two positive constants
C(n,p,B,p) > 0 and do(n,p, B,p) > 0, such that, for all Q@ C R™ bounded and convexr with
P(Q) = p and X\, g(2%) — Ay g(2) < b, it holds

Ap,a () = Xp 3(Q) > C(n,p, B, p)g(As5 ()

where 0 is a ball with the same perimeter of 1, A3, is the Hausdorff asymmetry defined in
(1.45) and g is defined in (1.49).

Proof. If we choose w = 1 in the definition of A, g(€2) (5.46), we get

s (€)] > |B|P|g,“,

and if we combine it with (5.61) we have

Mot () = A a(2) > (@ (107 — )

[
P(Q) P
> B —=t 2 (| — |2
n L
nn—Twy ' vb,
> |Bl—— p(|Q*| — [2]).
[[v]]
pn—l P
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Now, if we suppose that X\, 5(Q2*) — A, g(2) < g, by (5.62) we have
|Q*| - ‘Q’ S K(n7p7p7 5)50
So by Lemma 1.17 we conclude

Ap,a(27) = Aps(Q) = C(n, p, p, B) g(A3,(2)).

Remark 5.18. Our result, Theorem 5.17, applies only when

It is possible to get rid of this constraint, obtaining a weaker result.
In order to obtain it, we need the quantitative version of the isoperimetric inequality
proved in [32]

QAB,
P(Q) > P() (1 +~(n)a(R)?) where a(Q) = min{ | 0 | ’ |Br| = |9 } ,  (5.63)
and the following result [70, Lemma 4.2]: there exists a constant C'(n) such that if C,W are

open and convex sets such that |C| = |W| and |CAW| < %, it holds

1
YA n
d32(C, W) < C(n)[diam(C) + diam(W)] (’C‘ C‘f’) | (5.64)
Moreover, we have to recall that
P"% Q 1l n-
o= D a0 = i)
i Twy
so we have
n 1
B R e
| €] P()
1
2 1-—- _n_
(1 +7(n)a? ()™ T
1
(1+7(n)a?(9))
y(n)a?(9)

1+v(n)a?(Q)’
where we used Bernoulli’s inequality
(I+x)" >14+rz Vo > —1,Vr > 0.

Since 0 < a?(Q2) < 4 we have

1

€2 v(n) _
~ o] > T ) a?(Q) = C(n)a?(Q).

If OF is a ball that realizes the minimum in (5.63), then using (5.64) we obtain
dyy (2, )"
[diam(Q) 4 diam ()]

C(n)a*(Q) > C(n)

2n?

and so
(2, Q)"

[diam(2) + diam(Qﬂ)]zn'

)‘pﬁ(ﬂ*) — )‘pﬁ(Q)

()] > C(n,p,Bp)C(n)
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5.3 A sharp quantitative Poincaré inequality

Let us start with some general fact that holds for the Neumann eingenfunctions.

5.3.1 General facts
L bounds for eigenfunctions

We start with a bound on the L* norm of a Neumann eigenfunction on a convex set {2 in
terms of measure, diameter and eigenvalue. This kind of bounds are not new, however since
specifically for our purpose we did not find any suitable reference in the literature, we prove
the following.

Theorem 5.19. Let Q C R"™ be bounded, open, convex set. Then for every Neumann eigen-
function u € H*(Q) assoicated to an eigenvalue pi, we have

el oo < Cope® P22 (i
o

Proof. In this proof, the constant C), is dimensional and may change from line to line. Let
Eq, .., be the John ellipsoid of €2 (see for instance [99]) which, assuming is centered at the
origin and has the semi axes aq,...,a, along the Cartesian system of coordinates, satisfies

Eal,...an cQcC nEal,...an

Assume without restricting generality that 1 = ay > a2 > -+ > a, > 0 and perform a
change of variables X = T'(x) such that

al ai
Xi=z, Xo=—x9, ... Xy=—x,,
ag (7%

for x € Q. Then, if B,, is the ball centered at the origin of radius a; we get
B,, C T(2) C nBy,.

Let us introduce v : T(2) — R by

U(le'-')X )_U(Xla XQ)"'vaan)v
ai
then
/ 2aX = [P de wd ol = e 669
()
We have

i v \2 [a1\?
v X[ (ox) (3) ax
/Jz/Q' ul i ) \9X; a;

/ u? / v2dX
Q T(Q)

Since a; is comparable with the diameter of 2 up to a dimensional constant, it is enough
to prove that

10/l e ey < Crtt™ Q)0 g2y @i’ (5.66)
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=

Indeed, assuming (5.66) is proved, we get from (5.65)

2
ull oo = 0]l e < Cot™?(R2) | 2a}

- (az...ap)'/?

ay

= CnM"/Q(Q)HUHmm

< Chpt 3l HL2(d1am(Q))”.
€22

Our main objective now is to prove (5.66). Let U := T'(Q2) and denote ¢ = (c¢;);, where
2
= (‘;—1) > 1 and (e, v) an eigenpair associated to the following problem

v dp
HY U .
Vo€ / Z "Ox; Ox; /UU%D

/;Cl<3fm)
e /Uv dz

We use the Moser iteration scheme. The Sobolev inequality for a BV function reads as:

n—1
[vels [ pizen( [ )T
U ou U

In the same time, the BV trace operator in U gives

[ = co ([ [ 10l).

where the constant Cp; depends on the set U. However since U is convex and enjoys uni-
form rigidity (its inradius and outradius are controlled from below and above by 1 and N,
respectively) the constant is uniform in U, being dimensional.

/U\WH/Uw\zcn (/Um) (5.67)

Now assume v € LP(U), we shall prove that v € La-P (U) and get a good estimate for
the norm in LP. We take |v[P~2v as test function and get

Z/ v O|v|P~*v /Mp
prt 8302 ox;

In particular

Hence

Since ¢; > 1, we have

[N \

/Z Z>2SMC/U|U|’“,
[ () = e

(%

B
2

therefore

/ \vmz

Moreover,
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[l [ = [ e+ [ 9002
U U U U
— [ 1ol 2 [ 1ol
U
1 2
< [wrra [ e [ vl
U a
_<a—|—1—|— ficp? >/|U|p

p
| 2

for some positive constant a > 0.

By (5.67), we have
< (a—l—l—i— picp® )/ |v|P.

n—
([ ) T
U
1 Mcp2

Since p. > W > %, we get a +1 < 236-1) for every p > 2, provided a si small

1

enough (depending on the dimension only). Hence, we get

n—1
_n_ n p
()™ < g [

Let us set pg = 2 and pgy1 = %Pk, then

1
/chk; Pk
N e =

and sending p — oo, we have

2 P
anoo_Hu (205’) el

Moreover, we have

and

oo 1
1 (55,5 P ) < [Tk = 079" < oo

k=0 (pk: - ]-

Consequently, for some suitable dimensional constant

vlloe < Crpé v 2,
so that (5.66) holds true. O

Although we shall not use it, we note below that a similar control of the L°°-nomr of
the gradient occurs. This is a consequence of the result above and of the gradient estimate
of the eigenfunctions proved by Maz’ya in [116], together with an estimate on the relative
isoperimetric constant in terms of diameter and measure (see [63]). Precisely, we have the
following.
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Corollary 5.20. Let Q C R" be bounded, open, conver set. Then for every Neumann
eigenpair (u, ) on Q we have

[Vull e < Copalull, diam(®) (5.68)
or
[Vul e < cnﬁ“”;;”’f(dmm(ﬂ))”“. (5.69)

Proof. Following Maz’ya’s result we have that
1.1
IVl oo < C(n,0)CH Q77 prllu]| o

where Cg, is the relative isoperimetric ratio, i.e.

P(QNOE
CQ:iIlf{ : (RNOF) T ECQmeasurable}.
min{|E|, [\ E[} "=

By sending ¢ to infinity, and being

C(n,q) = Cnnflq_—nl)%ll_}l 17 C’nn2%,
we get
19ull o < OGN ()]
Following [63], we have that

C5YQl < 40" diam(9),

hence (5.68) follows.
To obtain the (5.69), we just use the estimate of ||ul|, from Theorem 5.19. O

Well posedness of the weighted problem

Let m € N. Let 2 C R™ be an open, bounded and convex set and p: Q@ — [0,1] a %—concave
function. In order to prove that the formal eigenvalue problem

du (5.70)

—div(pVu) = ppu  in Q
=0 on 0,

p@l/

is well posed (in general only in a weak form), we shall prove that H'(Q,p) is compactly
embedded in L2(Q, p).

Lemma 5.21. Under the hypotheses above, the embedding H (2, p) < L?(2,p) is compact.

Proof. Let Q C R"™™ be defined as

0= {(:p,y) eR"XR™: ze€Q, [|y|lgm < pl/m(az)} C R™™,

Since p!/™(z) is a concave function Q@ € R™™ is open and convex. In particular,

HY(Q) — L*(Q)
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is compact. If (ug)x € H'(Q,p) is bounded, then defining iy (z,y) := ux(z) we have

[t drdy = [ @pte) as

Q
/Qnyyﬁkp(x,y)dxdy:/Q\quk\z(x)p(x)dm.

In particular, for a subsequence (still denoted with the same index) and for some % € H'(£2)

' D, i LD,
. ~ . . . . ~ 1 L2(Q,p)
Since @ is constant in variable y, setting u(z,y) = u(x) we get u € H'(Q,p) and u, —
u. O

For every f € L?(,p) such that Jopfdz =0, one denotes R p)(f) = u, where u is the

unique minimizer of
i (3,79 = [ 7o)
inf — Voul|® — v ).

Then, Rq,) : L2(,p)|r — L?(2,p)|ris a self-adjoint, positive and compact operator. In
particular this implies that the eigenvalues of the weighted problem can be computed by the
classical min — —max formula. In particular,

Vu|*pdx
pa(,p) = min Miz'
we HH(Qp)\{0}, [ up=0 [ u?pdx

the minimum being attained, so that the eigenvalue equation (5.70) is well posed in a weak,
variational, setting.

Domain and weight perturbations

We point out the following continuity property, whose proof follows the outline of the one in
[78]. We focus here only on the first eigenvalue, but the result can be expressed in terms of
convergence of the resolvent operators and so applies to the full spectrum.

Lemma 5.22. Let ;,,Q2 C D be a sequence of convex sets such that xq, converges to xq in
LY (D) and let py be a sequence of positive, 1/m-concave functions defined on Q, such that
pr — p in L®(K) for all K CC Q. Then

p1 (e, o) — p1(Q2,p).

Proof. Let uy be the eigefunction associated to pq(Q, pr) i.e.
/ ugpy dr = 0, / uppp dz = 1, / Vur*pe da = 111 (R, p-
Qu, o Q,

Clearly, we have that p;, — p strongly in L'(R") (when extended by 0) so that from
Lemma 4 in [50] we get

lim sup p1 (Q, i) < p1(Q, p).

k—o0

Let us consider the convex sets

1
O ={(z,y) €eR"™ [z € Uy, |yllgm < pi ()},

and

1
Q={(z,y) eR"™ |2 €Q, [lylgm < p= (2)}.
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For all € > 0 there exists K CC Q and K CC €y, such that | \ K| < ¢, and there exists 7
such that for all n > 7 [|pr — pl| Lo () < €, then

G\ 0] = /Q o 4 S 2ol \ K+ il = Pl < 5 (5.71)
k

Since the same holds for ’Qk \ Q

Hence, we can equiextend the funcion 4y (z,y) = ug(z) defined on Q. to one @y on D D
in such a way

HakHHl(D) < CHﬂkHHI(Qk)'
Up to a subsequence, there exists a function @ which @ converges weakly in H' (Jj) and

strongly in L?(D).
We claim that

liminf/ o \Vﬂk|2d,x2/ \o|Viil? da (5.72)
ko Jp D
lim / Xq, G dr = / Xq? dx (5.73)
kJp b
lim/ X6 ﬂkdm:/ XoUde. (5.74)
ke Jp b

We also know that @ does not depend on y in €, indeed, as for (5.72), we have
0= liminf/ V| do > / Vi) da.
ko Jay 0

Hence, using u(x) = a(z,y) for all x € Q as test function for u;(£2,p), we get

Vul> [y |Vl 5, | Vi)
(o) < VT JoVIE g Jo 0
JopleP ~ Jalal R fy
2
| Vug
= liminf ‘/}2’“7’2‘ = limkinf 1 (Qk,pk).
ka Pr|ug]
O
Collapsing domains
Lemma 5.23. Let (Q)r be a sequence of bounded, open, convex sets of R", and let Ea’f,-n,a’“

be their respective John ellipsoids, assumed to be centered at the origin and aligned with the
azes. Suppose that

(alf,...,a’,j,aﬁﬂ,...aﬁ)—>(a1,...,ah,0,...0)

with a; >0 for alli=1,...h (and for some h > 1).
Then there exists an open convex set w C R" and an nih—concave function p: w — Ry |
such that

p1 (%) = pa(w, p).

Moreover, if (ug)g,u are first eigenfunctions on (Q)k, (w,p), respectively, then

lullpe < li]gicgfq/a’,jﬂ cocal|ug || oo
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Proof. Let us define T : R™ — R" by
Te(x1, .. Xh, That, - Tn) = (21, ... ,xh,aﬁﬂmhﬂ, .. .aflxn)
and let us consider Q = T, 1(Qk) There exist r, R > 0 such that for every k£ € N we have
B, ¢ Qi C Bg.

Consequently, up to extracting a subsequence one can assume that the sequence () con-
verges in the Hausdorff sense to a convex set ). Let us define

W = Wth(O,...O)(Q) = {(.291, ce ,:L’h) : 3(.7}1, ooy LhyTh+1y- - ZEn) S Q},

and p:w — Ry

p(xlw'-;xh) :Hn_h({y 'y € Q7VZ = 17"'7h7 Yi :.’EZ})

/P!th!2

Ml(&),p) = . inf -
[, pu=0 /pu2
w

Then, we introduce

and we denote a minimizer by v. Let 0(x1,...,2p, Tpi1,. .., Tn) := v(Z1,...,2,) be defined
in Q. Then o € H'(Q). From the Hausdorff convergence, there exists e, > 0, e — 0
such that (1 + )Q D Q4. Defining o (x) = 6(@3:) we get that @, € H'(Q) and that
(Uxla,, @vklgk) converge strongly in L? to (9, V).

Then we can use vy = U — ka U as test function for uq (), then

[Vl |V
lim sup p1(Q) < lim sup T —lim sup AL S
k k / v /
Q

hence
limkSUP 111(Q) < pu1(w, p). (5.75)

On the other hand, let uj be the first Neumann eigenfunction of €2 normalized in such a
way [kl 12(q,) = 1 and let us consider

op(z) = Jaf .. abug(Ti(z)) Vo € Q.

Then HkaLQ(Qk) = llurllp2(q,) = 1 and

/ IVor|? = af ak/ Zh:(au>2+ z”: a2<6u)2 </ \Vag|? < 21 (w, p)
Qk k h+1---Yn Qk P aml 7 al’l = o kEl > 1 3 3

i=h+1

for k sufficiently large.
Hence, equi-extending vy, to a larger set D containing all the sets, there exists V € H'(D)

such that, up to a sub-sequence,

vp — V in HY(D) and strongly in L*(D).
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Moreover, for all K cC Qand i = h+1,...,n, we have

~ 2 2 9
/ ov < lim inf/ (avk) = lim inf a? / <8uk) =0,

and

0:/ Xﬁkvk%/ XaV = 0.

D D
Let us call V(z1,...,2p) = V(€1, ..., Th, Thols - - - Tn) fOr (T1,...,Th, That, ... Tn) € CL
Since H‘N/‘ .. =1, we have
L2()
|Vug|
Qp

limkinf w1 () = limkinf

(5.76)

which concludes the proof.

Note that inequality (5.76) together with inequality (5.75) that V has to be an eigenfunc-
tion for the problem (w,p). In particular

[V lloe < limn n oo = lim inf /af .. af e (5.77)

Remark 5.24. The previous result gives the behavior of collapsing domains in terms of the
axes of the John ellipsoid. In the particular case in which 2 C R" a bounded, open and
convex set, p: ) — R, an %-concave function and

1
Qe ={(z,y) e xR™: 2 € Q0 < |ly|lgm < ewmmpi(x)}.

then the semiaxes of the John ellipsoids of €. are (a1,...,an,an41,-- -, Entm) Where
(a1,...,0n+m) are the semiaxes of ;.

Following the same argument as in Lemma 5.23, if u is a first normalized eigenvalue of
(Q,p) and wu. are normalized first eigenfunctions of €2, then (5.77) becomes

|lul| Lo < liminf ve™||ugl| oo
E—r0O0
We conclude this section with the following.

Lemma 5.25. Let us consider Q C R™ a bounded, open and convex set, p : @ — Ry an
%—cancave function. Then, if u is an eigenfunction associated to pu(£2,p)

mn (diam/(§))m*"

()"

Proof. We apply the inequality of Lemma 5.19 to any set of the sequence (€2:).. The result
follows from Lemma 5.23 and Remark 5.24 by passing to the limit. O

[ullog < Crnana(Q, p) [l 2 (0,p)-
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5.3.2 The weighted one dimensional problem
Well posedness and properties of the 1D-problem with power concave weights

In this section we deal with the one-dimensional weighted problem, which is of Sturm-Liouville
type. Let d > 0, m € N and p : (0,d) - Ry be an %—concave function. We consider the
problem (in its weak form)

(5.78)

{—(pu’)’ = ppu in (0, d)
pu'(0) = pu'(d) = 0.

For one dimensional problems, the first non zero eigenvalue will be denoted pu1(d, p) instead
of 111((0,d),p) and when d = 1 simply p1(p). Provided p is smooth and bounded from below
away 0, it is easy to check that the function w = p'/2u/ solves the equation

Z (150/)2 — 1;9“] w = p(p)w in (0,d),

w(0) = w(d) = 0.

1
—w" +

/ 2 /1
We point out that m, := {Z (%) — %Z} is a nonnegative Borel measure on (0,d), which

in the arguments below will play the same role as the capacitary measure potentials in
the analysis of shape optimization problems with Dirichlet boundary conditions in higher
dimensions (see [11]). Note that Dirichlet problems are well defined for any nonnegative
Borel measures absolutely continuous with respect to capacity (in one dimension, this means
for every nonnegative Borel measure).
Lemma 5.26. Let pg,p : (0,d) — Ry be L-concave functions such that |pyllc = 1. If
pr " p, then

My, 2 my, on (0,d). (5.79)

Moreover, if we consider Fy, : L*(0,d) — [0, +oc]
1 1 /N 2 "
3(p lp :
2 k k 2 1
¥ +/ <> 5 | ¥ ZfQOEH O)da
Fi(p) = /0( S l4 pe)  2pk 0(0.)
400 if not,

then Fy 5 F in L?(0,d), where

©*  if o € HE(0,d),

+00 if not.

Proof. We fix d = 1 without restricting generality. To prove (5.79) it is enough to show that
Ve, f] € (0,1) then
pr — p in C%(e, f) for some o > 0,

Py —p'in Li(e, f),Vg > 1, (5.80)
pil = p” weak x in M(e, f).
From the %—concavity of pr we get that py = pi*, with p; : (0,1) — (0, 1] concave. Conse-

T
quently (p;")" is a bounded and decreasing function in [e, f], and

PEKE) 2 el (D2 1=LGEY (O < ¢ 0FV () 2 =15 = [phl= < Cagim on [e. ]
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This implies the first two lines of (5.80). Moreover,
f + iz 1 1 C
0<— mY <S4~ <Oy,
> /e (pk ) — e + 1 _ f —_ evf

hence, by standard arguments the last convergence in (5.80) holds true as well.
Concerning the second part of the theorem, let ¢ € L?(0,d) such that F(¢) < oo , then

1 /N 2 1"
3 1
¢ € H}(0,d) and / [4 <p> — §p— gp2 < 0o. Assume, without restricting generality that
0 p p
1> ¢ > 0. First, we have to prove the following I'-limsup inequality.
For every M > 0 we consider ¢; = (gp - ﬁ)_ﬁ then

Fo(Yar) = F(Ym),

as a consequence of (5.80). A diagonalisation argument ensures us that there exists a sequence
my. such that

E($m,,) = F(¥).
For the I-liminf inquality, let 3, — ¢ in L?(0,d). Assuming that

1 1 7\ 2 1"

1
lim inf/ (@2)2+/ 3<pk) _ Pk
ko Jo o |4 \pk 2 pi

then, for a subsequence,
1 1
©r — @ in Hol = limkinf/ (4,0%)2 > / (@’)2.
0 0

2
(Pk<OO7

For the second part of Fy (), we note that ¢ — ¢ in C° and we define ¢3¢ = min{pg, 7.},
where
ifxe0,e]U[l—e,1]
) if x € (e, 2e)
(l—e—x) ifzxe[l—2e1l—e¢)
if x € [2e,1 — 2e)

—~
8
|
ﬂ)

Ne(x) =

= olal= O

By the convergence in (5.80), we have

l—e 1\ 2 7 l—e N "
liminf/ § (pk> _ 1& @i > / § (p) _ 1& 9527
B e 4 \pk 2 pk e 4 \p 2 p

hence, by sending e to 0, we get

limkinf Fi(pr) > F(p).

In the following technical lemma, we fix d = 1.

Lemma 5.27. Letp: (0,1) — Ry be a log concave function. We consider the problem

. 3 p/ 2 1]9// B ]
—w'+ |7 (p) — 21)] w = i (p)w in (0,1),
w(0) = w(1l) =0.

There exists a constant C > 0, independent on p, such that if u1(p) < 72+ 1 then

3

3 1
/ w? dx > C/ w? dz. (5.81)
0

1
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Proof. If (5.81) does not occur, it means that there are py and ¢, — 0 such that

/,

4

1w

1
w? dz < ck/ w} da.
0

We can normalize wy, in such a way ||wg|/;2 =1, so

3

/14 widr < ¢, — 0. (5.82)
1

By compactness of the y-convergence, there exists a nonnegative Borel measure v with values
in [0, 4+o00] such that for a subsequence we get m, T v (even though we do not have an
explicit description of v). In particular, u(px) — p1(v) and wy — w strongly in L%(0,1),
where w is a first eigenfunction of v. We get that w = 0 on [%, %] hence p1(v) > p1(0,1) =

14
1672, in contradiction with uy(v) < 72 + 1. O

Lemma 5.28. Let [%, %] C [a,b] C (0,1) and p,h : [0,1] — R4 be log concave functions such
b

P, such that

- 2
MMﬂzﬂ+C<m§$wﬁ%»). (5.83)

Proof. Clearly, it is enough to prove the inequaity for weights p such that u;(p) < 72 + 1.

By direct computation
N2 -
(P'> _
P P

As in [121], we have

The thesis follows from Lemma 5.27. OJ

General quantitative results for concave weights

Since the Sturm-Liouville problem corresponds to the one-dimensional weighted Neumann
problem, we want to give a general quantitative version of it. Unfortunately, the notion of
width does not take place on the line, so we propose the following inequality.

Lemma 5.29. Let p: [0,1] — Ry 1/m-concave. Then

1
)
/ mysin? (rz) dr < m17r2.
0
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Proof. Let us assume p is smooth, p(0)p(1) > 0 and, by the log-concavity,

p(z) >0 onze€l0a)
p(z)=0 onzx€ |a,b)
p(z) <0 onxelbl]

Then, from the 1/m-concavity, we have

p%(x) + (p%y ()(—z) >0onz € [0,a) =

We obtain the thesis through an integration by parts

/Oa my(z) sin? (1) do = le/oa (Z;I)2 sin?(mz) da + % /0“ l(g)z - ];”] sin®(rz) dx

1 a pl 2 ) 1 a ) p/ !
= — — | sin“(7wx) dx — / sin“(mx ()
4/0 (p) (m) 2 Jo (m) p

/

1 [ p\2 L
— / (p) sin?(rx) dx + / o sin(mx) cos(mz) dx
p 2Jo p

4 0
a . 2 a .
< m/ (sm(wx)) dx + m/ QWSID(W:U) cos(mzx) dx
4 Jo 2 Jo

T T

<m 7L2—i—7r2 a
— 4 .

Since the same is true in [b, 1] as well, we obtain the inequality by summing.
By density, using Lemma 5.26, the general case follows. O

Proposition 5.30 (General quantitative inequality). There ezists C : [0,1] — (0, 400) such
that for every p : [0,1] — Ry 1/m-concave

1
p1(p) > w2 —I-/ C(x) sin®(mx) dmy(z). (5.84)
0

Moreover, C(1 —x) = C(z), C(0) =0, C(z) >0 on (0,1) and C is conver in [0,1/2].

Proof. Let us first prove the following assertion: for every § € (0,1/2) there exists ¢(§) > 0
such that

1-6
p1(p) — % > (:((5)/(S sin(z) dm,(z). (5.85)

Suppose (5.85) is false. Then, there exist two sequences {cj} and {p;}, with ||px| ., = 1, such
that

1-6
)
p1(pr) — 72 < Ck/& sin?(z) dmy, (z) < Ckaﬂ'Q.

Hence, we conclude that yu;(px) converges to m2. Moreover, since py converges to p, and
p — p1(p) is continuous with respect to this convergence, we have that u(p) = 72. Therefore,
p is the constant function.

Applying Lemma 5.26, we can deduce that the first non-trivial eigenfunction wy converges
to sin(wz) in L?(0,1). Moreover, since p1(pi) converges, we have that the convergence of wy,
to sin(mx) is actually weak in H}(0,d) and, consequently, locally uniform.

In particular, for k large enough

sin(7x)
- 2

W, on [9,1 —4].



124 Shape optimization in convex sets

In the same time, by definition

1 1-6
1
i (pe) — 7° > / w2 dmy, > 2/ sin? () dmy, ,
0 é
finding

1-46 1 1-6
ck/ sin? (7)) dmy, > 2/ sin? () dmy,
é 0

which cannot hold, since [ 51_6 sin?(rx) dmy, > 0 (otherwise py = 1).
So Vé € (0,1/2), ¢(0) is strictly positive, and increasing in ¢. Let us introduce C' : (0,1) —
R as

V€ {0, ﬂ , Cz)= /Or c(0) dd,

and C(1 —xz) = C(z) for x € (1/2,1]. Then C is strictly positive on (0,1) and convex on
(0,1/2).

Moreover, summing (5.85) from 0 to 1/2 and integrating by parts, we get

i (p) — w2 2 =
— 5 >/0 0(6)/5 sin®(x) dmp(z) dd

= /2 C(z) sin®(rz) dmy(z) + /2 O(z)sin?(r(1 — z)) dmy(1 — )
0

0

1
_/0 C(a) sin® () dmy ().

5.3.3 Rigidity of the weighted Payne-Weinberger inequality

We start by recalling some elements of the strategy of Payne and Weinberger for the proof
of the inequality and to propose some suitable modifications.

Modified Payne-Weinberger procedure. Let @ C R" be a bounded, open, convex set
and p : Q — (0,1] a L-concave function, for some m € N. Let u be an L*($, p)-normalized
first eigenfunction of (€, p). For every k = 2" h € N, we follow the partition procedure of
Payne-Weinberger by successively dividing the cells w; with hyperplanes requiring that

(i)/updx:O, Vi=1,...k;

1
(ii)/pzﬂ:k, Vi=1,...k.

The difference with respect of the original Payne-Weinberger procedure comes from the fact
that we do not ask |w;| = | . Instead we ask (ii), above. This technical modification does not
rise any difficulty but is cruc1al for our further estimates. Note that wq,...,w; are pairwise
disjoint and that their union is equal to €.

Lemma 5.31. Let m € N. Let Q be a bounded, open, convex set of R™, p: Q — Ry be a
L _concave function, ||plloc =1 and let wy, . ..wy, be a convex partition which satisfies (i) and
(ii). Then there exists a constant K = K(n +m) such that

d
Vi=1,... 0k /pdm>KfQZk) L (5.86)

and
K Q]

Vi=1lk il > gy

(5.87)
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Proof. We apply Lemma 5.25, so that for every cell w; we can write

2 .
1 W, Pu” dz 9 (diam(£2))?nt2m
== < lullzee < Cpi™™(2,p) : (5.88)
k fwi pdx fwi pdx L 1 Jopdz
Since (€2, p) is bounded by a constant which depends only on n and m (see [106, 95]), we
conclude with the first inequality.
For the second inequality, we just notice, using (5.86), that
Jopdx K
llpllie > [ pde> K9P > ooyl
The last inequality is a consequence of the following two observations
e Let the origin, 0 € 2, be a maximum point for p. Then
1 1
‘q:m
2 AL
e From the %—concavity and the positivity of p
Vi € 20, pla) > Il
x - T oo ——.
2 " p Z ||PIIL om
O

In order to achieve the quantitative inequality, below we justify the Payne-Weinberger
inequality for a power concave weight and, moreover, we prove its rigidity. In fact, rigidity is
a first necessary step in the proof of the quantitative inequality.

Proposition 5.32 (Weighted Payne-Weinberger inequality and rigidity). Let m € N. Let
Q C R"™ be a open, bounded, convex set andp: Q) — Ry a %—concave function. Then

2

pa (82, p) > W-

Proof. For every ¢ > 0 small, we set

Qe = {(@,y) R €0, [ylgn < ep'/™(2)}

then, by (5.75) and the Payne-Weinberger inequality we have

7T2

> 1i Q) > _—
ul(Qap) - hmesup NI(QE) . (dlam(Q))Q

It remains to prove that the inequality is strict, which corresponds in fact to a rigidity
statement. We shall prove it in two steps.

Step 1. Assume first Nn = 2. In this case, we follow the modified Payne-Weinberger
procedure. For an L?((2, p)-normalized first eigenfunction u we divide the set  with a line in
two parts €21, 29 such that le pu =0, le pu? = % Each of the two sets has necessarily the
diameter exactly equal to d, otherwise equality could not occur. Let A;As = B1 By = d be two
respective diameters of €21, 2. Since they are separated by the line, it can be observed that if
an angle, say Ay, is not smaller than 7 then d > (A2B1)? > (A142)%+(A2B1)? = d>+(A2B)%.

This implies that A2 = By, so both points belong to the line. Continuing the procedure
we get that {2 has to be a cone, precisely a convex sector of a circle with vertex at its center,
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Figure 5.3

B

Ay

say O. Moreover, each cutting line corresponds to a sector of circle and the size of arcs goes
to 0.

Let us select a decreasing sequence of sectors of diameter d and opening going to zero.
For one of them the limiting problem on the segment (0,d) x {0} will be given by the new
weight p = p(z)z. Moreover, on the segment with this weight the first eigenvalue is Z—;. This
is not possible, as a consequence of Lemma 5.28.

Step 2. Assume now n > 3. We follow the division strategy of the modified Payne-
Weinberger procedure but we stop when we arrive to two dimensional collapsing domains.
Like [24, | we start by choosing a hyperplane of normal (cosa,sina,0,...,0,) that di-
vides  in two convex sets €1, such that [, pu? = Ja, pu?. This hyperplane is unique.
Moving continuously «, we find a position in which we moreover have le pu = fﬂg pu = 0.
We continue this procedure with each €2; and their subdivisions, until the width of each set
parallel to e,_1, e, smaller than some § > 0. This is a consequence of [135].

We continue this procedure for each set with the new normals (0, cos o, sin, 0, ..., 0, )
and repeat it N — 2 times. We finish with sets which have either a two dimensional or a one
dimensional structure. Assume now that § — 0 and a sequence of sets converges to a two
dimensional set. Then the eigenvalue of this set equals g—j and, as a consequence of Step 1,
we get a contradiction.

Assume that all the cells with vanishing measure converge to one dimensional sets. Then,
this sets are segments all of them perpendicular to ey, . .., e,_1 of diameter d and this exhausts
the set. The set is then a parallelepiped with higher diameter: indeed, take two of such
diameters which are parallel. Then, measuring the length between their extremities, the
diameter of the set (2 is strictly larger. O

Theorem 5.33. Let (Q)r be a sequence of bounded, open, convex sets of R"™ of diameters
equal to 1 and let Ea’f,...,ak be their respective John ellipsoids, assumed to be centered at the
origin and aligned with the axes.

If
Ml(Qk) — 7T2,

x2 Tn
xl,—k,...,—k GQk
GQ a,,

converges in the Hausdorff metric to a convex set § = (—%, %) x K where K C R"! is a
bounded, convex body with non empty interior.

then a¥ — 0 Vi>2 and

Qk—{(djl,...,l’n)
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Proof. First, we observe that from Lemma 5.23 and Proposition 5.32, if € loses less than

n — 1 dimensions, then there exists an open convex set w C R" and an ni »-concave function

p:w — Ry | such that

= Tim iy () = p (w, p) > 7.

Hence af — 0 Vi > 2.
Furthermore, in the proof of Lemma 5.23 we proved that €2 converges in the Hausdorff
sense to ) to which we associate the ﬁ—concave function

pla) =H" ({yy € Ly = 21)).

Taking into account Lemma 5.23
7T2 = hllc’nul(Qk) = /’Ll((o’ 1)7p) > 7T27

and by the rigidity proved in [121], we have that p is costant.
Assume moreover that (€;)r converges to 2. Now we relay on the Brunn-Minkowski
inequality (see [131]). Let o € I and

So =QN{z; =0}

The Brunn-Minkowski inequality and the convexity of  entail that for any z1,z0 € I,
te0,1]

_1 _
pr=1(try + (1 —t)xe) = H" 1(Stx1+(1—t)x2)"*l
> (1S, + (1= 1)S,,) 7T
> AH" Y (S0y) T + (1= M (S,) T = tpiT () + (1 — H)p7T (w2).

Moreover, equality holds if and only if S;, and S;, are homothetic, i.e. they coincide up to
translation and dilatation. Since  must be convex and p constant, the translation must be
linear in z and the dilatation constant. As the John ellipsoids of €, converge to the one of
in the Hausdorff sense, and each of them are aligned with the axes, the same holds also for
the John ellipsoid of Q.

If, by contraddiction, Q = {(z,y) Cx € (—%, %) Yy € K+ a(a:)} for some o # 0 and F,
its John ellipsoid, is aligned with the axes, then necessarly T'(E) C Q where

T{m’:x
y =y —a(z).

This is a contraddiction since |T'(E)| = |E|, T(E) is still an ellipsoid and the fact that the
John ellipsoid of a set € is unique.

This implies that € is a cylinder centered in the origin, ie. Q = (—%, %) x K where
K C RV is a bounded, convex body with non empty interior. ]

5.3.4 The quantitative, weighted Payne-Weinberger inequality in two di-
mensions

Let © C R? an open, bounded, convex set of diameter d = [0,d] x {0}. We call depth of Q
with respect to the diameter d the maximum of the length of all sections orthogonal to the
diameter. The depth will be denoted by 7. The minimal width of ) is denoted by w and the
width orthogonal to the diameter d is denoted w9.
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It can be observed that

n < wd < 2,

d
%S!QISM

wd

— < Q.

= <ol

Moreover, the inequality |2| < wd holds provided the width is small with respect to the

diameter, precisely w < @d (see [107, 137]).

Theorem 5.34. Let m € N. There exist ¢ > 0 such that for every open, convez set Q C R?
and for every p : Q — (0, 4+00) L-concave, the following inequality holds true

L (width(©))?
(diam(92))? (diam(Q2))*

p(Q2,p) > (5.89)

Proof. By rescaling, it is not restrictive to fix d = diam(2) = 1 and, by displacement, a
diameter of €2 to be the segment [0, 1] x {0}. Moreover, by approximation arguments, we can
also assume that both p and  are smooth such that the first eigenfunction u of the problem
(22, p) belongs to C?(£2). We denote by M a bound of both its norm in W2 (Q) and of p in
W1(Q). As a consequence of the rigidity result, is enough to prove the inequality for sets
) with a small width.

Let us suppose that u;(Q,p) < 72 + 1. If not, inequality (5.89) holds, being wq < 1 and
choosing ¢ < 1.

Assume that [, pu? =1 and Jopu = 0. We follow the modified Payne-Weinberger proce-
dure. Let us call wq,...ws, the partition thus obtained after a certain number of operations
(practically k is a power of 2). Then, fwi pu? = % and fwi pu = 0. Moreover,

sup |w;| = 0 as k — oo,
i=1,..k

otherwise u would vanish in a convex non-zero measure set, in contradiction with the unique
continuation property [135]. For each cell w;, let us denote d; a diameter, w;i the width
orthogonal to this diameter, n; the depth in this same direction and w; the minimal width.
Consequently, we have
er = sup wd =0 as k — oo.
i=1,..k

This means that w;, is contained between two parallel lines (parallel to the diameter)
at distance ;. As in [121], we introduce a rectangular coordinate system with the z-axis
containing the diameter on [0, d;] and the y-axis tangent to one end of w;. The projection of
w; on the z-axis is precisely its diameter which obviously satsifies d; < 1.

Let us denote w} the vertical section of w;, by the line passing through (z,0) orthogonal
to the horizontal axis. Let h;(x) := H!(w¥). Then x — h;(x) is concave and h;(z) < &.
Moreover,

2 d;
[ o(5) dody— [ m@ple. 0w @ 0P dy| <30l (590
w; 1 0
d;
/quda:dy—/ hi(x)p(z, 0)[u(z, 0)]? dx| < 3M3|w;|er; (5.91)
wj 0
d;
/pudmdy—/ hi(x)p(z, 0)u(x, 0) dz| < 2M?|w;|e. (5.92)
wj 0
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Let us denote p;(z) = hi(z)p(z,0). Taking into account (5.90), (5.91) and (5.92), we have

2
[ vl asay > [ p (25 sy
Wi w; 0z,

7

> M(di,Pi)/

wi

1
pu® dedy — 3M3 <1 + (7% +1) {1 + 25n]> |wileg. (5.93)

Then summing up, all these quantities we obtain

k
1 1
/ p|Vul? dedy > Zu(di,pi)% —3M3 (1 + (r2 4 1) [1 + 2%}) Qe (5.94)
Q i=1

Below we perform an analysis involving the diameter of the sets w;. We denote by ¢ € (0,1)
a small positive constant which will be fixed later. We fix a small constant 79 > 0, which
will be diminished several times along the proof. We work with sets €2 having a depth in the
vertical direction denoted by 7, with n < ny. Below, all constants which are not depending
on {2 and p are denoted by the letter K.

We split the discussion in several cases.

Case 1. Assume that for at least % of the cells we have

di <+\/1—cn?
Then, in (5.94) we can write

21 n? 1
R Y € <1+(7r2—|—1) {1+gn]> 1Qer

2
dody > —
/Qp’v“‘ W= a2 T2 2

(5.95)
2 w? 2 2 1
> o — 30 <1+(7T +1) [1+25n]> Qe

If the situation above of Case 1 occurs for a sequence n; — +00, then inequality (5.89)
is true and follows by passage to the limit.

Case 2. For at least % of the cells we have

d; >1\/1—cn?.

Let us introduce a parameter a (which will be fixed later in the proof) such that 473 <
a < 1. Recalling that [0,d] x {0} is a diameter of 2 and that d = 1, we focus on
the strip [a,1 —a] x R. Consider the vertical lines l1,l2 of equations {z = a} and
{x = 1—a}, respectively. We observe that each diameter d; of a cell w; falling in Case 2
must necessarily intersect both /1 and lo. Indeed, if this was not true, we can estimate
the length of the projection of the cell on the vertical axis by w > (d? — (1 — a)Q)% >

V6my > wd. The last inequality leads to a contradiction since w9 < 2n.
la

Iy
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The main consequence of this fact is that the g cells of Case 2 are ordered in a vertical
way, and all of them, except the highest and the lowest, have to be polygons in the
strip [a,1 — a] x R. This is true since only the extremal ones can touch the boundary
of €2 inside the strip and inside all cuts are done by lines.

We split the analysis in two sub-cases.

Sub-case 2-a. We focus first on cells which contain a vertex in the strip [2a, 1 —2a] xR
(note that in this strip the cells have polygonal boundary). Assume that at least
% of the total number of cells contain a vertex in the strip [2a,1 — 2a] x R. If
such a cell has a vertex in [2a, 1 — 2a] X R, this vertex was necessarily obtained as
intersection of at least two lines in the division procedure of the cells. Hence there
is a neighboring cell sharing this vertex, with a diameter less than

dj < \J(1—20)2 +4i2 < \J1 - 82,

where the last inequality is true since 473 < a < %. Such a neighboring cell

can touch at most two different Sub-case 2-a cells, so we conclude as in Case 1,
inequality (5.95), since the inequality above holds for at least % of the total number
of cells.

&% Wj

Sub-case 2-b. At least % of the total number of cells are a trapezoid in the strip

[2a,1—2a] xR (they are polygons in the strip with no vertex). The angle between d;
and the horizontal line has a measure not larger than arcsin(22) < arcsin(—=1—).
di/ = Vi-en?

We focus on the one-dimensional problem on d;. Let us denote by h; the profile
function of w; with respect to the direction orthogonal to the diameter d; (we work
in a local coordinate system, where d; is the segment [0, d;] x {0}). Provided 7y is
small enough i.e. such that ¥n € (0,7)

2a n 2n
cos(arcsin( 12’7 ~)) 77\/1—6772

—cn

) < 4a (5.96)

the function h; is necessarily affine on [4a, d; — 4a]. Moreover, the function p; is a
product of an affine function h; in the strip [4a, d; —4a] x R and the power concave
function p restricted to d;. Therefore, the function p; satisfies the conditions of
Lemma 5.28 and

7T2 h’ina:c — h}mzn ’

max

where hl, . and hi . are the lengths of the bases of the trapezoid in the strip

[4a,d; — 4a).
We distinguish two situations.
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(2-b-T)

(2-b-IT)

If for g of the total number of cells we have

. . 2
h?na:p — hlmm
Kq (hi ) > eon?,

max

we proceed as in Case 1, inequality (5.95), and conclude.
Otherwise, for g of the cells we have

. . 2
Kdl (h:nazi_ h%zn) < CnQa

max
or
h c%
min
hi >1=—n
l{ 2
max dl

We shall now prove that if ¢, ng and a are well chosen, this last case 2-b-II can
not occur.

1
Let us decrease the value of 79 such that %7]0 < % The area of each cell
K

is not smaller then %M\ so that h!
im'n

max
following estimate for h

M/ﬁ

0 d

Consequently, there are at least % of the total number of cells such that each
one intersects the straight lines l3 = {x = 8a} and Iy = {z = 1 — 8a} with a

trace of length %77,

H ({z = 8a} Nw;) > %n and H'({x =1—-8a}Nuw;) > %.
The sum of all these traces is not smaller than Kgsn on both I3 and 4. Let us
select the lowest and the highest of these cells. Denote A1 By and A3 Bs their
respective diameters. In the quadrilateral Ay BiBoAs at least one angle has
measure not smaller than g Assume it is El. We project the segment By B»
on l4. The length of the projection is not smaller than

2n

Kgsn — 2 - 8a - tan(arcsin(
1—ocn

2
Consequently, the length of the segment BBy is not smaller than the value
above. In the triangle A Ay By B> we have

2n 2

(A1B3)? > (A1 B1)*+(B1B3)? > 1—cn?+(K 45n—2-8a-tan (arcsin( : >

32a

)2
V1—cn?—4n?

=1- CT]2 + 7]2(Kd5 —
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Let ¢ = (%)2, 32a = %Kdg) and 7y small enough such that

32a

V1 —cnd —4n?

7
(A1By)* > 1+ 36 5

in contradiction with our assumption on the diameter length equal to 1.

< -Kygs.

Wl

We get

|
!
I
I
I
. 'I d
I
I
I
I

- /31

7
Aq w1

Finally, the situation 2-b-II can not hold for the chosen constants, which concludes the
proof. O

5.3.5 The main theorem

Theorem 5.35. Let m € N. For n > 2 there exists a constant ¢ > 0 such that for every

Q2 C R" bounded, open and convex set having as John ellipsoid Eq, . 4, withay > -+ > a, >0

1

and for every p : Q@ — (0,+00) —--power concave function, the following occurs

n

w2 a3

W) 2 @)+ iam @7

(5.97)

Proof of Theorem 5.35. We shall prove the inequality for p = 1 in any dimension N, and the
case of a non constant weight p will follow as a consequence. Indeed, once the inequality
proved for p = 1, in a second step, for any %—concave function p in R™ we raise the dimension
to R™™™ and use the approximation results from Lemmas 5.21 and 5.23. The inequality for
the couple (€2,p) in R" is a consequence of the inequalities of the approximating problems
for p =1 in R"™™.

Let us fix p = 1. We assume that the John ellipsoid of Q is Fg, . q,, and satisfies

Eal,...,an cQcC nEal,...,any

with a; > --- > a, > 0. By rescaling, it is not restrictive to fix diam(2) = 1. This implies
a; > ﬁ Moreover, by approximation arguments, we can also assume that €2 is smooth such
that the first eigenfunction u of € belongs to C2(€2). We denote by M a bound of its norm
in W2>(Q).

It is enough to consider only sets for which as < @z, where @y is fixed, but small. Indeed,
for every @y > 0 and a > @y, the inequality holds true for a small enough constant ¢ (depending
on a2), as a consequence of the rigidity result (Proposition 5.32).

We shall proceed with the modified Payne-Weinberger procedure. In order to organize
the partition of the set €2, we assume that a; is aligned on €; and ay is aligned on €, (this last
convention is just to simplify notation). We proceed with the partition during n — 2 steps.
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Let us call wy,...w, the partition thus obtained. We have that

sup |w;| = 0 as k — oo,
i=1,..k
otherwise u would be zero in a non-zero measure set. For each cell w;, let us denote d; its
diameter, w] the width parallel to e, direction, n; the depth in this same direction and w;
the minimal width. For each such cell there exists a plane P; parallel to e,, which contains a
diameter d; of w; such that

ep= sup inf{e>0:w; CP;® B} — 0 as k — oo.

i=1,..k
As in [121], we introduce a local rectangular coordinate system (ef,...,el,_,e,) with
e}, en-axes parallel to P;. Let m(w;) be the projection of w; on P; parallel to the €, ... e/,

axes, which is a convex set with diameter not larger than d;.
Let us denote w; """ the section of w;, by the co-dimension 2 affine space passing through
the point (21,0, ...,0,z,) orthogonal to €], e,-axes. We denote

T?(%, -Tn) — /Hn—Q(wiILG)’

and observe that p is ﬁ concave.

Identifying (x,y) = (x1, 2,,), we have

/ u?dx — / pu? dzdy
wi m(w;)

The same argument gives

< 2M2|w;leg. (5.98)

/ udx — / pudzdy| < M|w;leg. (5.99)
wj W(wi)
/ |V ayt]? dx — / PV yul® dedy| < 2M?|w;|eg. (5.100)
w; m(ws)
Taking into account these inequalities, we have
|Vul? > / BIVayul® — 2M?|wilex
wj e
2
> uln)p) [ pu-f ol -2
W(wi) 71'(0.)1')

2
:m(m,p)_/( )pu2_<][( )pu) /. 7] 20l

2t p)[ [ gl | ] - 20

~—

> p(m(wi), P

/ pu? — M2]wilsk} — 2M2\w,~\£k
Lo

Above, we shall use the quantitative weighted two dimensional inequality for the (n — 2)-
power concave function P,

w(m(w;),p) > % + c(width(m(w;))?.

We can formally write

1
/. |Vul? > (7% + ca%(ﬂ(wi)))% — Cqlwilek. (5.101)
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Let us note that the width of 7(w;) in the direction e, coincides with the width of w; in
the same direction, denoted w]'. We stress the fact that there exists a constant K4s such that
for half of the cells

w? > KdGCLQ.

This is a consequence of Lemma 5.31, indeed let n = n(x1,...,2,—1) be the depth of Q in
(x1,...,2p—_1) in the direction e,. For some & > 0 let

Qg = {(xla v ,.’En_l) : T](.’El, vee 71.77,—1) > ga?}-

Clearly, when
(Pt (wi) Q) # 0 = wi' > &az.

Let ko be the number of cells for which w;* < £as. We shall estimate this number from above
as follows. We know that

K
|lw;| = w] ’H”_l(Pe# (wi)) > Cn?al e

m(w;)

Hence, for each of those cells,
1 K
ffH (Pe% (wl)) > C’nEalag e Qg

Summing the inequality above for all those cells and estimating from above by H"~1(P,1 (Q2))

en
the measure of the projection on e;- of  we get
n—1 K
f/H (PerJ{(Q)) Z Cn?krgalag...an.
On the other hand
Hn_l(Pe#L_ (Q)) ~ a10a3...0an,
hence
K
(& — C’n?no)alaQ(zg c.o.ap > 0.
Let choose & = Cn%. Consequently, kg < %
Hence we will work only with the half of the cells for which
wﬁ(wl) Z Kd6(l2. (5102)

while for the others we will use u(m(w;),p) > m2. Note that each cell satisfying (5.102) enjoys,
following [105], p1(m(w;),p) < ﬁ := Cq. In particular, if diam(m(w;)) > 1/1 — ca3 then
az(m(wi)) = Kagwy ) > Kagas.

Summing inequalities (5.101), we get

2 2
/ |Vul|* > LERE . min{1, Kgg}2a3,
0 2 T2 "o

and conclude the proof. ]
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5.4 Neumann and Steklov principal eigenvalues in collapsing
domains

Let us consider

P ={heL>*0,1): h non negative, concave and not identically zero },

P1:{h€73|/1h(t)dt:1}.
0

In this section, for a given h € P, we study the first eigenvalue of the Sturm-Liouville problem

and

2 (M) @) =m0,
) . (5.103)
h(0) 52 (0) = (1) 72 (1) =0,
and the first of the Sturm-Liouville problem
—% <h(:c)zll;(:c)> = o1(h)v(z) x € (0,1),
(5.104)
dv dv

h(0)7-(0) = A(1)Z=(1) =0,

These two quantities came from the study of the Neumann and Steklov problems for
sequences of collapsing domains. More precisely

p1(2:) = pi(h) +o(1) as € — 0, (5.105)
01(Qe) = Uléh)s +o(e) as e — 0. (5.106)

where h = h™ + h~ and

0<z <1,
(5.107)

Qa = { ($7y) € RQ —Eh_($) Sy < £h+($)-

Both for p;(h) and o1(h) we can give a variational characterisation

1 1
/ (u)?h dx / (v")2h dx
0 (5.108)  o1(h) = A (5.109)

hy—= inf J0_ inf ,
a(h) weHY (0,1) [T ver (01) (1,

Let us observe that the following compactness result for P holds true

Lemma 5.36. Let hy, € P1 be a sequence of functions, then there exists h € P such that, up
to a subsequence, we have:

e hy, converges to h in L*(0,1);
o hy, converges to h uniformly on every compact subset of (0,1).
We also recall a continuity property of the eigenvalues 1 (h) and o1 (h).

Lemma 5.37. Let h,,,h € Py be a sequence such that h, converges in L*(0,1) to h. Then
we have

lim g1 (hn) = pua(h),
lim o1(hyn) = o1(h).
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5.4.1 Minimization of the Steklov eigenvalue

For every h € P; we consider the Sturm-Liouville eigenvalue o1 (h) defined in (5.109)
Lemmas 5.36 and 5.37 prove that the problems

max{oy(h): he P}

min{oy(h): h e Py}

admit solutions. In particular, the solution to the maximization problem (see for instance
[144]) is given by the parabola p(z) = 6z(1 — x), with corresponding eigenvalue o1 (p) = 12.
In this section, we aim to prove theorem 5.43, namely that the problem

min{ o1(h): he P; },

admits as unique solutions the functions Typ(z) = 2(1 —x) and 71 (z) = 2z with corresponding
eigenvalue

o1(Th) = o1(T1) = (jo.)?/2

where j(’)’l is the first positive zero of the first derivative of the Bessel function Jy.

Remark 5.38. The function
hePpPr— o1 (h),

satisfies the following properties:
e monotonicity: for every hg, hy € P, if hg < hy then

o1(ho) < o1(h1);

e homogeneity: for every h € P and for every o > 0,

o1(ah) = aoy(h);

o concavity: for every hg,h; € P and for every t € [0,1], letting hy = (1 — t)hg + thq,
we have that
Ul(ht) > (1 — t)Ul(ho) +t0’1(h1);

o symmetry: let h € P, and let k(x) = h(1 — z), then
o1(k) = o1(h). (5.110)
Definition 5.1. Let V be a vector space, let C' C V be a convex set, and let z € C. We say

that z is an extreme point of C if it cannot be written as a convex combination of distinct
elements of C'. More precisely, if z = (1—t)x+ty, with z,y € C and t € [0,1], thenz =y = 2.

Proposition 5.39. Let h € P1. Then h is an extreme point for Py if and only if there exists
zg € [0,1] such that h = Ty,.

Proof. Let us start by proving that for every zy € [0, 1] the triangle T}, is an extreme point
of P1. Let h € Py and let z; be a maximum point for A, then the concavity of h ensures

h
p> ey
Recalling that fol hdxr =1, we get that
h(zpr) = maxh < 2, (5.111)

[0,1]
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and the equality holds if and only if h =T}, .
Let now zg € [0,1], and assume that

Ty (z) = (1 —t)ho(z) + thi(z) x € [0,1],
with hg,h1 € P1, and t € [0, 1]. Since
2 = Txo (l‘o) S max{ho(:co), hl (SUQ)},

and
2 = (1 —t)ho(wo) + thi(zo),

we get equality in (5.111) for both hg and h;. Therefore, hg = hy = Ty,, and we have proved
that T3, is an extreme point of P;.

We now prove that the triangles are the only extreme points of P;. Let h € Py be such
that h # Ty, for every o € [0,1].
We begin by assuming that h(1) > 0. Notice that, in this setting, there exists s € (0,1),

such that the function b T
hy = L0 e p .
1—s

In particular, we get
h = (1 — S)hs + ST(),

that is, h is not an extreme point of P. An analogous computation can be done when h(0) > 0.

Assume now that h(0) = h(1) = 0 and let v be the positive Radon measure representing
—h". Since h # T,, for every xg, then there exists yo € (0,1) such that v([0,yo]) > 0 and
v((yo,1]) > 0. Let

Vl = V|[0,x0}7 I/2 = V’($0,1]?

and let hq, hy be the solutions to

{_hlllzljla {_hg:V2a
h1(0) = hi(1) =0, h2(0) = ha(1) = 0.
We have that hy, hs € P and h = hy + hg, so that, letting
~i = 1#7 1= 1727
fO hi dzx

we get f~L1, hy € P1, and ) .
h =th; + (1 —t)ha,

with ¢ € (0,1). Hence, h is not an extreme point of P;. O]

Proposition 5.40. Let h € Py be a solution to problem (5.113), then h is an extreme point
Of Pl.

Proof. Let h € P; be a solution to problem (5.113). By contradiction assume that h is not
an extreme point of P;. Let hg,h1 € P1\ {h} and t € (0, 1) such that

h=(1—t)hg+ths.

Let v € H'(0,1) be an eigenfunction for o(h) with

1
/ vide =1,
0
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then
1 1 1
o1 (h) :/0 (v')2h d = (1—t)/0 (v’)zhodx—l—t/o (v/)2hy da

> (1 —t)oy(ho) + toy(hy).

On the other hand, by the minimalityof o1 (£2), we have

1 1
o1(hy) = /0 (w)2ho da, o1 (hy) = /0 (W')2hy da.

Therefore, v is also an eigenfunction for o1(hg) and o1(hy). Let us now prove that hy = h,
thus reaching a contradiction. From the weak form of equation (5.104), we have that for
every ¢ € H(0,1)

1 1
/ vV''hdx = o1(h) / vpdr
0 0

1 1
= o1(ho) / vpdr = / v'¢'ho d,
0 0

that is .
/ (h — ho)v'¢'dx =0
0

for every ¢ € H'(0,1), which yields h = hy, since, for every 1 € L?(0, 1), we can choose

o) = / "t dr.
Il

In order to study the minimum problem (5.113), we need to evaluate o1 on triangles, and
we will need the following result, whose proof can be found in [94].

Lemma 5.41. Let xg € [0,1]. Then o1(Ty,) is the first non-zero root o of the equation
Jo (V20m0) Ty (V20 (1 = 20) ) + Jo (V20(1 = 20)) Jg (V2020) = 0. (5.112)
In addition, here we summarize the properties of the Bessel function Jy which we will use.

Proposition 5.42. Let Jy be the Bessel function of the first kind of order 0, and let jo1 and
j671 be the first zero of Jy and J respectively. Then

0 < joa < Joa
and
Jo(x)
Jo(@)
Jo(x) <0 Vze (Joi,dbq)

)

v

0 Vo € (0,7
0 Vzel(0,j

IN

Theorem 5.43. The minimum problem

i h 5.113
,grel;gm() ( )

admits the functions Ty and T1 as unique solutions.
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Proof. By lemmas 5.36 and 5.37 we have that the minimum problem (5.113) admits a solution.
On the other hand, bypropositions 5.40 and 5.39 we have that a solution to (5.113) has to be
a triangle Ty, for some xg € [0,1]. By the symmetry of o1 stated in (5.110), we notice that
to prove the theorem it is sufficient to show that the function

1
xo € |:0, 2:| — Ul(Tx0)7

attains its minimum for zg = 0.
Let jo1 and jj ; be the first positive roots of Jo and Jj respectively. For every = € [0,1/2],
and s € [0, +00), let

F(z,8) = Jo(sz)J)(s(1 — ) + Jo(s(1 — x))J}(s2),

which is the function defined in lemma 5.41 that determines the value o1(T;,). Let z¢ €
(0,1/2) and let s(zp) be the smallest non-zero root of the equation

F(zg,s) =0. (5.114)

. . i
Jo,1 . Jo,1 Joa
I, = | ————. m 2 ’ . 5.115
8(1‘0)6 o <(1_w0)7 ln{ 0 ’1—1'0 }) ( )

Indeed, since Jy and —J|) are positive in (0, jo.1), and zo < 1 — z¢, then

We claim that

F(zg,5) <0 Vs € <O, 1‘7_0’;0} .

On the other hand, using again the properties in proposition 5.42, a direct computation gives

. ./
F (xo,min{ ‘70’1, Jo1 }) > 0,
i) 1-— i)

thus proving the claim. Notice that (5.115) gives

To(s(z0)z0) > 0, To(s(20)(1 = 20)) < 0, )
J{(s(zo)z0) <0, J(s(z0) (1 — z0)) < 0.
Since Jo solves the equation
JY) + Jét(ﬂ + Jo(t) = 0, (5.117)
then we have
dsF (w0, 8) =Jg(sx0) Jy(s(1 — 0)) — Jo(s20)Jo(s(1 — z0))
— 2 (olsmo)F§(s(1 — o)) + Jols(1 — 20))Fy(50))
In particular, (5.114) and (5.116) ensure that
0,F (20, 5(x0)) > 0. (5.118)

By the implicit function theorem, the function z¢ — s(xg) is continuous, differentiable and
s'(20)0s F (w0, 5(x0)) + 0 F (w0, 5(0)) = 0.
Using (5.117), direct computations give

9, F (30, 5(20)) = _ Jo(s(zo)(1 - 22))%(8(560)960) N J(S(ﬂfo)xo)zlféfzc)(l —0))
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As before, (5.116) ensure that
0. F (g, s(x0)) < 0. (5.119)

Joining (5.118) and (5.119), we have that s'(x¢) > 0 and z¢ — s(z¢) is increasing. Finally,
01(Ta,) = 5%(20)/2
is increasing for xg € (0,1/2), and the minimum is achieved when xy = 0. O

Remark 5.44. Equation (5.112) for xg = 0 reduces to
Ji (V2o) =0
that is, 01(2z) = 01(To) = (jo.1)*/2-

5.4.2 An alternative proof for the minimum of o(h)

In this section, we minimize o;(h) using an alternative approach that avoids the explicit
computation of the eigenvalue. In particular, our aim is to define a particular kind of sym-
metrization that allows us to prove that solutions to (5.113) have to be monotone. Before
defining the aforementioned symmetrization we prove an equivalent formulation for the eigen-
value o1 (h), referring to the ideas for the proof in [1 18, Lemma 4.2]

Proposition 5.45. Let h € Py, then

1
(¢)dx | ¥E Hy(0,1),
0

1 2
lﬁda} /(pdx<oo
o h o h

Proof. Let v € H'(0,1) be a weak solution to (5.104) and let w = hv’. Then, since w’ =
—o1(h)v, we have that w € H?(0,1) N H}(0,1) and that is a solution to

o1(h) = min

h)
—w”:czal( w(x z € (0,1
(@) h(z) (@) ©.1) (5.120)
w(0) = w(l) =0,
and
1
/ (w')? dz
o =o1(h). (5.121)
w
—dx
o h
Following classical arguments (see for instance [71]) we have that v vanishes in one and only

one point oy € (0,1), so that w’ vanishes only in zy. Without loss of generality, we can
assume that w’ is positive in [0,z0) and it is negative in (zg,1]. Let now ¢ € H}(0,1) be

such that
1 sz
/0 o dr < +oo.

Then, for every 0 < x < xg, we have that

) < ( I (f;,((tt))p dt) ([ wioa)
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Then, integrating from 0 to x1 < xg, we get
1,2 T1 T / 2
[EE gy o [l [FEOR
o h(z) o hx) Jo wi(t)

L[ ),
o w() Ji hx)
Using (5.120), and the fact that w’(z1) > 0, then we have

" p?(x) L™ e
/0 dz < Ul(h)/(] (¢'(t))” dt.

Letting x; go to xg we have

Similar computations can be done in the case x > xg, so that we have

1902(1") 1 ! / 2
/x h(z) dx < Jl(h)/x (¢'(z))" dx.

0

Joining (5.122) and (5.123) we have

that is )

/ (¢ 2 dx

L > ai(h).
L

o h

Since w is an admissible function, the assertion follows from (5.121) and (5.124).

N ~—

=9

Xz

We now define the rearrangement mentioned above. Let
w:[0,1] - R
be a quasi-concave piecewise C'! function such that
{w' =0} =05  w(0)=w(l)=0,

and let us denote by
Wy = max w,

[0,1]
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(5.122)

(5.123)

(5.124)

and by x s the maximum point of w. We aim to rearrange w in such a way that the derivative
of the rearranged function w* concentrates at the left of the new maximum point Ty
For every t € (0,wys), we define (x4, ;) := {w(z) > t}, and the distribution functions

m(t) =2y — 2= [{w>t}0(0,21)],
ne(t) =y —xa = [{w>t}N (wp,1)].

Notice that
nlz(oawM)%(OaxM% n?(oawM)%(Oa]-_xM)

(5.125)
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are both decreasing, invertible, absolutely continuous functions, and that, for a.e. ¢t € [0, 1],

O e I Ch i

Let us now define the rearranged distribution functions in such a way that, for a.e. ¢ € [0, 1],

Mot () = max{my (£), m5(£)},

) e (5.126)
77*,2 (t) = mln{nl(t)v 772(t)}7
namely,
wng
mealt)i= [ max{o (). 74()} .
L ons (5.127)
mealt)i= = [ min{i (). 74()} ds.
t
Remark 5.46. Here we emphasize some properties of these distribution functions:
o for every t € (0,wys), we have
m(t) +m2(t) = 01 (t) + me2(t) = {w >t}
o by (5.126), we have that, for a.e. ¢t € (0,wyy),
1 { 1 1 }
———— =max§ —
720 FAGIREAC]
= max{|w'(z¢)|, [w'(ye)[},
and
1 . { 1 1 }
———— = min ,
7,200 FAGIREAG]
= min{|w'(z¢)|, |w'(y)]}-
o By (5.126), we have
L . S N (5.128)
AR Co) N | R Ol VA0 '

for every a € R.

e for t =0, we denote by
x}k\d = 77*,1(0) =1- 77*,2(0)7

this will play the role of the maximum point for the rearranged function.
e the functions
M1t (0,wpr) — (0,27), Nw2 : (0, war) — (0,1 — x3y)
are decreasing, invertible, absolutely continuous functions.

We now define the rearrangement w® as follows:
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v

Figure 5.4: Function w# when w is a quasi-concave affine function

Definition 5.2. Let w be a quasi-concave piecewise C! function such that
Hw' =0} =0,  w(0)=w(l)=0,

and let 71,172,741 and 7,2 be the functions defined in (5.125), and (5.127). We define the
competitor w? as
-1 . *
wH(z) = wm—ni(l‘) ?fo:rM,
Wy, — N, 2(1 — ) it x > x3,.

Remark 5.47. From the definition we have that w? is increasing in [0, #%,) and decreasing in
(x3, 0], so that w! is quasi-concave. Moreover, we have that w? and w are equi-measurable,
ie.

]

Le(01) HwHL”(O,I)
for every p € [1, +0o0].

We now prove some useful properties of this rearrangement.

Lemma 5.48. Let w be a quasi-concave piecewise C* function such that
o' =0} =0,  w(0)=w(1)=0,
and let w¥ be the competitor defined in 5.2. Then
wh(z) = (w(l — z))*.

Proof. Let us set v(z) = w(l — ) and vy, v2, 41 and v, o the equivalent quantities defined
for v. Then we have

vi(t) = ma(t), vo(t) = m(t),
and, in particular,
Vi1 (t) = i 1 (1), Ve o(t) = 1. o(t).
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Lemma 5.49. Let w be a quasi-concave piecewise C' function such that
H{w' =0} =0,  w(0)=uw(1)=0,

and let w® be its competitor defined in 5.2. Then,

| wiy

_ /
LP(0,1) - Hw HLP(OJ_) Vp > 1.

Proof. Let us compute separately the norms: by the coarea formula 1.2, we get

/\w ]pd:r/ / ! ()P~ dHO dt
{w=t}

:/ (\w :z:t)]p + ' (ye) [P 1) dt
0

/W( 1 1 ) g
— — + — | dt.
0 P )P

WM 1 1
ool as= | T

* *

Analogously,

) )

Joining (5.130), (5.131), and (5.128), we get (5.129).

(5.129)

(5.130)

(5.131)

We now state the property of w! that will be crucial in the proof of theorem 5.43.

Lemma 5.50. Let w be a quasi-concave piecewise C* function such that
{w' =0} =0,  w(0)=w(1)=0,
and let w® be its competitor defined in 5.2. Assume that
h:(0,1) = [0, +00)
is a concave function, and let h* be its increasing rearrangement. Then
/Olu;jdx < /01 (121)2 da.

Proof. By Fubini’s theorem, we can write

/01 “;j((;)) dx—/o w?(z )/ dtdx—/ /{h()>t} z) da dt.

The same computation leads to

/01( ;(;g x_/ /h*()%} () da dt.

Hence, to prove the lemma it is sufficient to prove that for a.e. t > 0

w?(z) da < (w*)?(z) de.
/{h&)%} /{m»}
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For every t € (0,]|1/h||,), let us define

Dy = {h(lx) > 1) = (0.5 U (1.1,

for some Zy, g € (0,1). In an analogous way, by the definition of increasing rearrangement

(see (1.4)), we have

D} = {h%x) >t} =(0,% +1— ).

Let m = min{w(Z;), w(7;)}, and let us define the following auxiliary functions

f(x) = min{w(z),m}?, g(z) = (w® —m?),
so that
/thde:/thdx—k/Dtgdx.
Similarly, we define
fo(w) = min{w?(z),m}?, go(x) = ((wh)* = m?)4,

so that

J

We now evaluate separately the two terms:

(wh)? do = fo daz+/ go dz.
D; D

* *
t t

1. By the definition of m, we have that
w(z) >m Va € (0,1)\ Dy.

Therefore, since f and fy are equi-measurable, we get

1
= x)dx — (1 — |Dy|)m?
th(x)dw—/of()d (1— D)

1
:/ fo(x)dx—/ m? da
0 (0,1)\D;

1
< /0 folw) do /( sy T

= fo(.iU) d$,
D;

(5.132)

where we have used that |D;| = |Dj|, and that m > fo;

2. 5.48 allows us to assume without loss of generality that w(g;) = m. Therefore, the
quasi-concavity of w ensures that

w(z) <m Vx € (g, 1),

and we can write

= xtng—mQ T = erw r ZT¢)| dr
/Df’@”)dx‘/o( @) -m?)edo= [ it > pn(.3)ldn (53)
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On the other hand,
Te+1—7¢
/ go(x) dx :/ go(z) dx
* 0

t

> /O " go(e) d (5.134)

= /wM 27“’{10ﬁ >rin (O,jt)‘ dr.

m
We now claim that
\{wﬁ >r}n (0,@)‘ > |{w > r} N (0, ). (5.135)
Indeed, if we let
{w>r} = (2, yr), {wf >r} = (a7, 97),
then (5.126) gives
si= = [ hatds <= [ aids =,

while the equi-misurability of w and w! gives
Therefore we get

[{w? > 1} 0 (0,)| = [{w > r} N (0,7) if y, < Z,

[{w# >} 0(0,30)] > [{w > r}n(0,3)] if y > @,

thus the claim is proved. Finally, joining (5.133), (5.134), and (5.135), we have that

/ go(x)dx > / g(x) dx, (5.136)
D Dy

and the result follows from (5.136), and (5.132). O

*
t

We now turn our attention to the eigenvalue problem.

Alternative proof of 5.43. Let h € Py, by proposition 5.45 we have that

1
JNCIRE
o1(h) = min OIT: o € Hy(0,1) ¢ . (5.137)
—dx
o h
Let w be a minimizer in (5.137), then by 5.49, and 5.50, we have
1 1
[wr [y
o1(h) = 0 > o1(h*). (5.138)

0
/1 UJ2 > /1 (wﬁ)Q
o h o M
By propositions 5.40, and 5.39, we have that the minimum of o; is a triangle T}, for some
zo € [0,1]. Let h = T}, then h, = T} and, from (5.138), we have

01(Tey) = 01(Th),
which concludes the proof. ]
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5.4.3 Ratio p/o

In this section, we prove the following theorems.

Theorem 5.51. There exists an invertible operator
G:P—=P

such that, for every h,k € P, we have

2

( /O Cht) dt) u(h) = o (G(h)), (5.139)

and

1 1 2 B
</O \/@dt> o(k) = (G (k). (5.140)

We begin by defining an operator G on P as follows: let h € P, and let
1 T
H(z) = / h(t) dt; (5.141)
J3 h(t)dt Jo

we notice that H is a strictly increasing function such that H(0) = 0 and H(1) = 1. We then
define
G(h)(x) = h*(H ' (x)).
Lemma 5.52. Let h € P. Then G(h) € P, and the map
G:P—P
is invertible.

Proof. Since h € P, then b’ is defined a.e. in [0, 1], and A’ is decreasing. We also have that
H~'is a locally Lipschitz function and

—1 !
—H <x):h(H—1(a:))/0 h(t) dt. (5.142)

Therefore, G(h) is a.e. differentiable and

LG(h) (@) = 20m (H(2)).

a—/olh(t)dt.

Since H~! is an increasing function and A’ is decreasing, then G(h) is a concave function,

and G(h) € P
Let k € P and define

where

(5.143)

K(z) =
I F dt / V(
then we want to prove that
k(K—1(x)) = g_l(k:)(x). (5.144)

First we prove that vk o K—1 € P. By direct computation,

Bk’ ))
\/ W(ET(2)
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where

1
1
B = / —=dt
o Vk(t)
This proves that vk o K1 is concave, since K ~! is increasing and h’/h is decreasing because
of the concavity of h. On the other hand, to prove (5.144), we observe that with a change of

variables we get
r K
| =
0 IR dt

and by definition of G we get

We now prove that G is the operator in proposition 5.51.

Proof of 5.51. Let v € H'(0,1) be a function such that

and let H denote the integral function defined in (5.141). The change of variables H(t) =

yields
1 1 1
= v(H (s S
(/O h(t)dt)/o v(t)h(t)dt_/o (H~'(s)) ds,
1 1 1
N2 o N2 —1
(/0 h(t)dt)/o (W2(1) h(t)dt—/o (W2(HY(s)) ds,
and ) )
< ) UQ(t)h(t)dt: /0 V2 (H~Y(s)) ds.
Let w(z) = v(H~"(z)), then by (5.142),
zﬂ@=(4hma)ww*@»@wmm*.
Hence,

1 1
‘/wvwhmﬁ a/kwﬂwammﬁ
0 0 .

RE

([ na dt)

/ I L / L w2(0) di
0 0

Choosing v = v, to be the eigenfunction of p(h), then we get

—2
() > (/01 h(t) dt) o1 (h).

On the other hand, choosing w = w, to be the eigenfunction of o1(G(h)), we get

-2

1
uﬂ@§<4hwﬁ) o(G(h)),
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which gives (5.139).
Let k € P and let K be the integral function defined in (5.143). If we evaluate the integral
on the right-hand side by means of the change of variables t = K(s), we finally get

1 1 -1
/Oh(t)dt:</0 k:(t)dt> ,

which gives (5.140). O

The following punctual estimate will be crucial.

Proposition 5.53. Let h € P. Then

-1
( /0 1 h(t) dt) G(h)(z) < 2h(x).

Proof. Up to rescaling h, we can assume without loss of generality that h € P;. Notice, in
addition, that if h = 1, then the proof is trivial. Therefore, let h € P; and h # 1, and define

(5.145)

Indeed, if we denote by
f(z) = H(z) -z,

then, by the concavity of h and the integral constraint, we have that the equation h = 1
admits at most two solutions (h cannot be equal to 1 in an entire interval, otherwise the
concavity would give ||h||; < 1). Therefore, we have that there exist two points z; € [0, 1),
and 2 € (0, 1] such that

f/(SU) <0 T € [0,$1) @] (332, 1],
f(x)>0 x € (x1,x2).

Finally, noticing that f(0) = f(1) = 0, then we have that there exists a unique zero z of f in
the interval [x1, x3], thus the claim is proved. In particular, we have that

H™ ()

H ' z) <z x € [z, 1],

IN IV

and h(z) > 1.

These estimates allow us to compare the derivatives of G(h) and h. Denoting by g(z) =
G(h)(z), we have that

R(H Y (z)) < 20/ (z) x € [0, (5.146)

2
20 (H 1 (z)) > 2K (z) x €[z, 1]. (5.147)

We recall that, as in (5.111), the concavity of h ensures that

[ —
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Therefore, we get

and by (5.146),

Analogously,

and, by (5.147),

Proposition 5.54. Let h € P;.
G(h) =2h

if and only if h = Ty, for some xzo € [0,1].
Proof. By direct computation, one can prove that if h = Ty, for some zg € [0, 1], then
h%(z) = 2h(H(z)).

Let us now assume that G(h) = 2h. Notice that, if y € [0, 1] is a fixed point of the integral
function H, then

h(y) = R*(H ™ (y)) = G(h)(y) = 2h(y), (5.148)

=2
so that either h(y) = 0 or h(y) = 2. In particular, if A(y) = 2, then by the concavity of h, we
have that
h(z) = Ty(z) Vz € [0,1].

Since 0 and 1 are always fixed points of H, if either h(0) = 2 or h(1) = 2 the assertion is
proved. Therefore, let us assume that

h(0) = 0 = h(1),

then the equation A = 1 admits at least two distinct solutions 0 < 7 < x2 < 1 and, arguing
as in the proof of proposition 5.53, we have that there exists a fixed point z € [z1, z2] for the
function H and, by (5.148), necessarily h(Z) = 2 and h = T}. O

Proposition 5.55. Let h € Py, then

<9 (5.149)

and the equality holds if and only if h = Ty, for some xg € [0, 1].

Proof. Let w be an eigenfunction for o1(h). Using Theorem 5.51, 5.53, and the variational
characterization of 1(G(h)), we obtain

1 1
w/2 T w/2 T
/0<>g<h>d 2/0<>hd

T < i
/ w? dx / w?dz
0 0
.

thus proving (5.149). Assume now that for some h € P; equality holds, then by (5.150) we
have

pi(h) = 01(G(h)) < = 201(h), (5.150)

/l(w’)Q(g(h) —2h)dx = 0. (5.151)
0

Since G(h) < 2h, then (5.151) yields G(h) = 2h, and 5.54 ensures that h = T, for some
To € [0, 1]. ]
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Remark 5.56. Since it is not possible in general to have that G(h) > h, then the same
argument, cannot be used for the lower bound

For instance, let .
h(z) = 3 + x,
then G(h)(0) = h2(0) < h(0), while G(h)(1) = h2(1) > h(1).

Here we prove the lower bound in theorem 5.58 in the symmetric case.

Proposition 5.57. Let h € Py such that h(1 — x) = h(x) for all x € [0,1]. Then

> 1. (5.152)

Proof. Let g = G(h). By the variational characterization (5.137) of o1, and proposition 5.51,
we can find a function w € H?(0, 1), symmetric with respect to 2 = 1/2, such that

pi(h) =o1(9) = = 3—5—~—, (5.153)

and w solves the problem

. (5.154)
w'(z) <0 in <2,1)
Moreover, by the variational characterization (5.137), we get
1
/ (w')2(z) da
oi(h) < =2 , (5.155)

g

1 2<$)
|

and then, joining (5.153) and (5.155), we get

S

*(2)

1

pu(h) >/0 he)

o1(h) — /1 w?(z) s
o 9(z)

To prove (5.152) it is sufficient to prove that
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We now compute the left-hand side by means of the change of variables x = H(y), where

so that

V@) [LwP(H()
/Q e dw"'lﬁ ) Y

We now notice that the symmetry of A gives (5.145) with = 1/2, namely

1
H(y)ﬁy £U€|:0,2:|,

1 (5.156)

Finally, joining (5.156), and (5.154), we have
1,2 L2(H 1,2
[ gy [, R,
o 9() 0 h(y) o h(y)

which concludes the proof. O

From what we said, we have the following.

Theorem 5.58. Let h € P;. Then
p(h
Ul(h

and the equality holds if and only if h = Ty, for some xo € [0,1]. If, in addition, h(z) =
h(1 —x) for every x € [0, 1], then

~—

<2

~—

p(h
oi(h

~—

> 1.

~—

Proof. The result follows from propositions 5.55 and 5.57 0
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