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Introduction

In the design and construction of industrial structures, shape optimization is crucial. For
instance, aircraft and spacecraft have to satisfy very rigorous mechanical performance re-
quirements while weighing as little as possible. The shape optimization challenge for such
a structure consists in determining a geometry of the structure that minimizes a particular
cost functional (such as the structure’s weight) while also satisfying specific constraints (such
as thickness, strain energy, or displacement restrictions).

It was only in the last century, with the development of computers and new mathematical
tools, that this topic was reborn and became more rigorous. A mathematical topic was born:
the Shape Optimization.

The formal mathematical problem of the Shape Optimization can be described as follows:
to find an infimum

inf
Ω∈O

F (Ω) (1)

where

• O is the class of admissible sets;

• F is the cost functional.

Once you have (1), the first question is whether there is an optimal set Ωopt ∈ O for which

F (Ωopt) = min
Ω∈O

F (Ω).

To answer this question, we need to study the dependence of F on the domains in O,
to control the variation of F , and to search for some compactness properties of the class of
admissible shapes.

Sometimes the right way to approach this kind of problems is to change the set of ad-
missible shapes: extending the class generally makes it easier to find a set that achieves
the minimum of F , while restricting it, in certain cases, makes it a well-posed problem. A
problem is usually said to be ill-posed if inf

Ω∈O
F (Ω) = −∞.

Once you have a minimizer, other two questions arise:

1. identification of necessary or sufficient optimality conditions ;

2. geometric and qualitative properties of optimal shapes: connectedness, convexity, sym-
metries, regularity, or singularities of domains.

One of the cornerstones of this subject is the isoperimetric problem, i.e. finding a closed
curve of fixed length that maximizes the area enclosed by it. The name ’Queen Dido’s
problem’ is often associated with a variant of this problem. As Virgil tells in the Aeneid,
Queen Dido, after escaping from Tyre, arrived at the site of the future Carthage. The local
chief gave her a field as large as she could encircle with an oxhide. She had the idea of
cutting the oxhide into a very thin strip. She was then faced with the problem of finding the
largest field that could be surrounded by this strip, but with the coast as a given part of its
boundary.

1



2

In particular, the isoperimetric problem (in any dimension) can be formalised mathemat-
ically as follows: let Ω ∈ Rn be a bounded and open set, then

P (Ω)|Ω|−
n−1
n ≥ P (B)|B|−

n−1
n (2)

where P (Ω) and |Ω| denote the Euclidean perimeter and the Lebesgue measure of Ω, respec-
tivelly, and B is a ball.

The isoperimetric property of the circle among all planar shapes with the same perimeter
was known from ancient times. However, its first rigorous proof appeared in the early 20th
century, with Hurwitz’s 1901 proof being one of the earliest. In [97] he proved that given a
simple, closed curve γ ⊂ R2 of length L enclosing an area A then

L2 ≥ 4πA (3)

where equality holds if and only if γ is a circle. His proof used the Gauss-Green formula
and the Wirtinger inequality, i.e. the one-dimensional Sobolev-Poincaré inequality with the
sharp constant. In higher dimensions, the connection between the isoperimetric inequality,
the divergence theorem and the Sobolev inequality is even more evident.

Other proofs in the planar case are given for instance by [28, 29, 31, 51]. In the three-
dimensional case, early proofs were given by Tonelli [143], Schmidt [132, 133] and Radò [127].
A rigorous, complete and elegant proof was only given by De Giorgi [65] almost 65 years ago,
starting from a general definition of perimeter.

From inequality (2) a series of inequalities on functionals begins. Sometimes we also refer
to them as isoperimetric inequalities, even if they do not involve the perimeter.

First among these is the Faber-Krahn inequality involving the first eigenvalue of the
Dirichlet-Laplacian: we are moving into Spectral Geometry. In particular, in his book The
Theory of Sound [128], Lord Rayleigh conjectured that, among all planar sets with a fixed
area, the disk minimizes the first Dirichlet eigenvalue of the Laplace operator, i.e. the least
positive λD such that {

−∆u = λDu in Ω
u = 0 on ∂Ω,

where ∆u = ∑n
i=1

∂2u
∂x2
i
is the so called laplacian of u.

This eigenvalue physically represents the principal frequency of a vibrating membrane
fixed at its boundary, so assuming the conjecture is correct, the circular drum is the shape
with the least membrane required to create a given frequency. It was in the 1920s that Faber
[104] and Krahn [104] simultaneously solved Rayleigh’s conjecture using a symmetrization
technique, and was completely solved later with the work of Pólya and Szegö [125].

In other words, the following scaling invariant inequality holds

λD1 (Ω)|Ω|
2
n ≥ λD1 (B)|B|

2
n (4)

where λD1 (Ω) is the first Dirichlet eigenvalue of Ω and B is a ball. Furthermore, equality
holds if and only if Ω is equivalent to a ball.

Closely related to the Dirichlet eigenvalue problem is the Saint-Venant problem in the
elasticity theory. A French mathematician and engineer, Adhémar-Jean-Claude Barré de
Saint-Venant proposed that among all cylindrical bars with constant-shaped cross-section
and fixed measure, the one maximizing torsional rigidity is the bar with a circular cross-
section. In n dimensions, the torsional rigidity corresponds to the L1-norm of the unique
positive solution u in H1

0 (Ω) to the following torsion problem:{
−∆u = 1 in Ω
u = 0 on ∂Ω



Introduction 3

where Ω ⊂ Rn is an open set with finite Lebesgue measure. The torsional rigidity,
denoted as T (Ω), is defined as the integral of u over the domain Ω. The Saint-Venant
problem is essential in the study of elasticity and provides insights into the behavior of solid
bodies subjected to torsional forces. The conjecture was firstly proved by Pólya [123]. Makai
in [115] found another estimate and gave a more general proof of it. Mathematically, the
Saint-Venant inequality is

T (Ω)|Ω|−
n+2
n ≤ T (B)|B|−

n+2
n (5)

where B is a ball. Again, equality holds if and only if Ω is equivalent to a ball.
The study of these problems does not end with Dirichlet boundary conditions, but numer-

ous other boundary conditions have been analysed over the last century: Neumann, Robin,
mixed boundary value problems. In these frameworks, they hold true inequalities of the kind
(4) and (5).

Let us now return to the isoperimetric inequality in the plane. In 1920 Bonnesen ob-
tained a series of improved versions of (3), later on named by Osserman [119] Bonnesen type
inequalities, of the form

L2 − 4πA ≥ d,

where the quantity d on the right hand side is a nonnegative geometrically significant ex-
pression vanishing if and only if γ is a circle. In particular in 1924 Bonnesen [30] proved the
following sharp and elegant estimate:

L2 − 4πA
4π ≥ R− r,

where γ enclosing a convex set and the quantities R and r are the radii of the smallest annulus
containing the curve γ.

The latter tries to answer a very old question in shape optimization: if the value of the
cost functional is close to the optimum, is the set Ω close, in some sense, to the optimal
shape? Fuglede extended the result to convex sets in higher dimensions in 1989. In his work
[79], he proved that the Hausdorff distance between a convex body K and a ball B with the
same volume as K can be estimated using a suitable power of the isoperimetric deficit of K,
represented as P (K)− P (B).

Following Fuglede’s result, Hall, Hayman, and Weitsman, in [89, 90], extended to general
sets of finite perimeter in Rn. More specifically, they showed that if E ∈ Rn is a measurable
set and B a ball with the same measure of E, then

min
x∈Rn
{|E∆B(x)|}4 ≤ C(n)[P (E)− P (B)] (6)

where C(n) is a positive constant that only depends on the dimension. We stress the fact that
the power 4 on the left side of (6) is independent of the dimension, and that Hall suggest in
[89] that it should be replaced with the power 2. This was proved in [82] by Fusco, Maggi
and Pratelli using symmetrization arguments. This result was not the end of the story. On
the contrary it initiated a series of papers where other proofs of the same inequality were
given or similar quantitative results were obtained for other inequalities such as the Sobolev,
the Faber–Krahn and the Saint-Venant inequalities.

The aim of this thesis is to study some usefull tools, such as the rearrangement, and
obtain analogous results in this direction for operators with various boundary conditions.

In Chapter 2 we focus on the rearrangement of a function, extending the notion of a
particular rearrangement first to a Sobolev context and then to a BV setting. The interest
in this topic essentially derives from the work [84] where the authors deal with the following
problems involving Hamilton-Jacobi equation
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{
H(∇u) = f a.e. in Ω
u = 0 on ∂Ω

(7a)
{
K(|∇v|) = f] a.e. in Ω]

v = 0 on ∂Ω]
(7b)

where Ω] is the ball centered at the origin with the same measure as Ω (in the sequel just
centered ball), H : Rn → R and K : R → R are measurable functions, u, v ∈ W 1,p

0 and f] is
the increasing rearrangement of f (see Chapter 1 for its definition).

In particular, under suitable assumptions on H and K, it is proven ([84, Theorem 2.2])
that whenever u, v are solutions to (7a) and (7b) respectively, then

‖u‖L1(Ω) ≤ ‖v‖L1(Ω]).

In [7] the authors study the problem of maximization of the Lq norm among functions
with prescribed gradient rearrangement. Specifically, in the following cases

• 1 ≤ q ≤ np
n−p if p < n,

• 1 ≤ q < +∞ if p = n,

• 1 ≤ q ≤ +∞ if p > n,

and for a fixed ϕ = ϕ∗ ∈ Lp(0, |Ω|), they define

I(Ω) := sup
{
‖v‖Lq

∣∣∣ |∇v| ≤ f a.e. in Ω, v ∈W 1,p
0 (Ω), f ≥ 0, f ∈ Lp(Ω), f∗ = ϕ∗

}
.

They proved that there exist v, g spherically symmetric on Ω] such that g∗ = ϕ,

I(Ω]) = ‖v‖Lq ,

and thus
v ∈W 1,p

0 (Ω), v ≥ 0, |∇v| = g a.e. in Ω].

Furthermore I(Ω]) ≥ I(Ω) for all open sets Ω in Rn with |Ω]| = |Ω|.
In [56] the author proved a representation formula for g, the existence of which was proved

by Alvino, Lions and Trombetti.
Firstly in [12] we extend the result in the Sobolev setting, more precisely, we reach to the

following:

Theorem. Let Ω ⊂ Rn be a bounded, open and Lipschitz set and let u ∈ W 1,p(Ω) be a non-
negative function. If we denote with Ω] the ball centered at the origin with same measure as
Ω, then there exists a non-negative function u? ∈W 1,p(Ω]) that satisfies

|∇u?| = |∇u|](x) a.e. in Ω]

u? =

ˆ
∂Ω
u dHn−1

|∂Ω]|
on ∂Ω].

and such that

‖u‖L1(Ω) ≤ ‖u
?‖L1(Ω]).

While the literature on rearrangements in spaces W 1,p is exhaustive, to our knowledge,
results on functions BV are rarer. One of the most relevant paper in this framework is
[57] where the authors extend the validity of Polya-Szegö inequality to BV functions. More
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specifically, they proved that if u ∈ BV(Rn), then its Schwarz rearrangement u] belongs to
BV(Rn) and it holds [57, Theorem 1.3]

|Du]|(Rn) ≤ |Du|(Rn)
|Dsu]|(Rn) ≤ |Dsu|(Rn)
|Dju]|(Rn) ≤ |Dju|(Rn)

(8)

where Ds and Dj denote respectively the singular and the jump part of the gradient (see
[57] for their definitions). There is no analogue of (8) for the absolutely continuous and the
Cantorian part of the gradient, i.e. in the symmetrization procedure the total variation of
Da and Dc can be increased, as shown in the example given in [57].

In [15], we introduce a symmetrization that keeps the absolutely continuous part separate
from the singular part (sum of jump and Cantorian part) of the gradient. To be more precise,
we define the radial function u? ∈W 1,1(Ω]) ∩ BV0(Ω]) ∩ L∞(Ω]) such that

|∇u?|(x) = |∇au|](x) a.e. in Ω]

u?(x) =
1

Per(Ω])
|Dsu|(Rn) on ∂Ω]

, (9)

where ∇au and Dsu will be defined in Chapter 1.
Then we have.

Theorem. Let Ω ⊂ Rn be a bounded open set and let Ω] be the centered ball. Suppose that
u is a non-negative BV0(Ω) function and u? is defined in (9), then

‖u‖L1(Ω) ≤ ‖u
?‖L1(Ω]).

We will also deal with some applications, in particular we will consider

• a Robin torsional rigidity problem

1
T (Ω, β) = inf

ψ∈W 1,2(Ω)

ˆ
Ω
|∇ψ|2 dx+ β|∂Ω|

ˆ
∂Ω
ψ2 dHn−1

(ˆ
Ω
ψ dx

)2 ;

• a penalized torsional rigidity problem

TF (Ω,Λ) := − inf
ψ∈H1

0 (Ω)

(1
2

ˆ
Ω
|∇ψ|2 dx−

ˆ
Ω
|ψ| dx+ Λ|{ |∇ψ| 6= 0 }|

)
;

• a modified torsional rigidity

1
TG(Ω,m) := inf

ψ∈H1(Ω)

ˆ
Ω
|∇ψ|2 dx+ 1

m

(ˆ
∂Ω
|ψ| dHn−1

)2

(ˆ
Ω
|ψ| dx

)2 .

In all these cases, we will prove a Saint-Venant type inequality:

T (Ω, β) ≤ T (Ω], β),

TF (Ω,Λ) ≤ TF (Ω],Λ), TG(Ω,m) ≤ TG(Ω],m).
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Chapter 3 is devoted to the study of two problems involving the p-Laplacian with Robin
boundary condition: one consists of some Talenti comparison results and the other of a study
of the limit case when p goes to infinity. In both cases we consider β a positive parameter,
Ω a bounded open set of Rn, n ≥ 2, with Lipschitz boundary and p ≥ 2.

Concerning the first, in [13], we consider the following problem−∆pu = f in Ω

|∇u|p−2∂u

∂ν
+ β|u|p−2u = 0 on ∂Ω,

(10)

where the p-Laplacian is defined as ∆pu := div
(
|∇u|p−2∇u

)
and the function f ∈ Lp′(Ω) is

non-negative.
A function u ∈W 1,p(Ω) is a weak solution to (10) if

ˆ
Ω
|∇u|p−2∇u∇ϕdx+ β

ˆ
∂Ω
|u|p−2uϕdHn−1 =

ˆ
Ω
fϕ dx ∀ϕ ∈W 1,p(Ω).

We want to establish a comparison principle with the solution to the following symmetrized
problem −∆pv = f ] in Ω]

|∇v|p−2 ∂v

∂ν
+ β|v|p−2v = 0 on ∂Ω],

(11)

where Ω] is the ball centered in the origin with the same measure of Ω and f ] is the Schwarz
rearrangement of f .

This kind of problems has been widely investigated in the last decades. The first step
is contained in [141], where Talenti proved a pointwise comparison result between u] and
v in the case of Dirichlet Laplacian. After this, several papers generalized the result of
Talenti: for instance, the one by Talenti himself [139], in which the operator is a generic non-
linear operator in divergence form, or the one by Alvino, Lions and Trombetti [7] in which
the authors deal with both elliptic and parabolic cases: in both papers, Dirichlet boundary
conditions are considered.

Different kind of boundary conditions are considered by Alvino, Nitsch and Trombetti
in [8], where they establish a comparison between a suitable norm of u and v, respectively
solution to −∆u = f inΩ

∂u

∂ν
+ βu = 0 on ∂Ω.

−∆v = f ] inΩ]

∂u

∂ν
+ βu = 0 on ∂Ω].

They found out that if f is a non-negative function in L2(Ω), then

‖u‖Lk,1(Ω) ≤ ‖v‖Lk,1(Ω]) ∀0 < k ≤ n

2n− 2
‖u‖L2k,2(Ω) ≤ ‖v‖L2k,2(Ω]) ∀0 < k ≤ n

3n− 4
where ‖·‖Lk,q is the so called Lorentz norm, whose definition can be found in next chapter.
Moreover, the authors in [8] were able to establish a comparison á la Talenti,

u](x) ≤ v(x), ∀x ∈ Ω]

in the case f ≡ 1 and n = 2. This was the starting point of our work [13]: our results coincide
with the one in [8] in the case p = 2.

For completeness sake, we cite that this wasn’t the first result in this sense, indeed in
[47] the authors study a comparison result for the p-torsion, that is the case f ≡ 1, with a
completely different argument, obtaining

‖u‖L1Ω ≤ ‖v‖L1(Ω]).
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Another work that is worth to be mentioned is [5], where the authors obtained similar
results to [8] in the case of mixed Dirichlet and Robin boundary conditions.

In particular, we prove

Theorem. Let u and v be the solutions to problem (10) and (11) respectively. Then we have

‖u‖Lk,1(Ω) ≤ ‖v‖Lk,1(Ω]) ∀ 0 < k ≤ n(p− 1)
(n− 1)p, (12)

‖u‖Lpk,p(Ω) ≤ ‖v‖Lpk,p(Ω]) ∀ 0 < k ≤ n(p− 1)
(n− 2)p+ n

. (13)

We observe that, if p ≥ n, we have

‖u‖L1(Ω) ≤ ‖v‖L1(Ω]) and ‖u‖Lp(Ω) ≤ ‖v‖Lp(Ω]).

If the source term f(x) is constant we get a stronger comparison between u] and v.

Theorem. Assume that f ≡ 1 and let u and v be the solutions to (10) and (11) respectively.

(i) If 1 ≤ p ≤ n

n− 1 then

u](x) ≤ v(x) x ∈ Ω],

(ii) if p > n

n− 1 and 0 < k ≤ n(p− 1)
n(p− 1)− p , then

‖u‖Lk,1(Ω) ≤ ‖v‖Lk,1(Ω])

‖u‖Lpk,p(Ω) ≤ ‖v‖Lpk,p(Ω]).

Then we explicitly observe that in the case f ≡ 1, from the last, we have that

‖u‖L1(Ω) ≤ ‖v‖L1(Ω]) and ‖u‖Lp(Ω) ≤ ‖v‖Lp(Ω]) for p > 1.

While we have the point-wise comparison only for p ≤ n

n− 1.
Furthermore, in [11], a similar comparison but for β(x) a function is proven. We generalize

the results in [6] by considering the following problem
−div

(
|∇u|p−2∇u

)
= f(x)|x|` in Ω

|∇u|p−2 ∂u

∂ν
+ β(x)|u|p−2u = 0 on ∂Ω,

(14)

where 0 /∈ ∂Ω.
In particular, we work on the assumptions

p ≥ n, (H1)

− n < ` < 0, (H2)

m = inf
∂Ω
β(x) > 0 and M = sup

∂Ω
β(x) < +∞, (H3)

and, finally,
0 ≤ f(x) ∈ Lp′(Ω, |x|` dx), (H4)

where p′ = p

p− 1.
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Hypotheses (H1) and (H2) ensure the validity of certain isoperimetric inequalities, where
two different weights (which are suitable powers of the distance from the origin) appear in the
perimeter and in the area element, respectively (see, e.g., [96, 53, 68, 25, 61, 4] and the refer-
ences therein). Indeed we need to use, in place of the more common Schwarz symmetrization,
some weighted rearrangement, based on these “double density” isoperimetric inequalities.

Now we need to construct the so-called symmetrized problem. That is a radial problem,
of the same type of (14), whose solution will estimate the one to problem (14).

To this aim we introduce the set Ω] which is the ball centered at the origin (in the sequel
just centered ball) of radius r], with r] such that

|Ω]|` =
ˆ

Ω]
|x|` dx =

ˆ
Ω
|x|` dx = |Ω|` ,

and the function f ](x) defined by the following relation

|{x ∈ Ω : |f(x)| > t}|` = |{x ∈ Ω : f ](x) > t}|` for a.e. t ≥ 0.

Our symmetrized problem is the following
−div

(
|∇v|p−2∇v

)
= f ](x)|x|` in Ω]

|∇v|p−2 ∂v

∂ν
+ β̃(r])

`
p′ |v|p−2v = 0 on ∂Ω]

(15)

where

β̃ = inf
∂Ω
β(x)|x|−

`
p′ > 0, (16)

since 0 /∈ ∂Ω and H3 holds. From the (16), it immediately follows that

β(x) ≥ β̃|x|
`
p′ .

Our main results are contained in the following theorems.

Theorem. Assume that assumptions (H1)-(H4) are in force and let u and v be the solutions
to problems (14) and (15), respectively. Then we have

‖u‖L1(Ω,|x|`dx) =
ˆ

Ω
|u(x)||x|` dx ≤

ˆ
Ω]
|v(x)||x|` dx = ‖v‖L1(Ω],|x|`dx)

and
‖u‖p

Lp(Ω,|x|`dx)
=
ˆ

Ω
|u(x)|p|x|`dx ≤

ˆ
Ω]
|v(x)|p|x|`dx = ‖v‖p

Lp(Ω],|x|`dx)
.

If the source term f(x) is constant we get a stronger result, namely a pointwise comparison
between u] and v.

Theorem. Assume that hypotheses (H1)-(H4) are in force and suppose that f(x) ≡ 1 in Ω.
If either p = n = 2 or if p > 2, n ≥ 2 and

` ≤ −n+ p− n
p− 2

u](x) ≤ v(x) x ∈ Ω],

where u and v are the solutions to (14) and (15) respectively.
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Chapter 4 is devoted to the study of the ∞-Laplacian eigenvalue problem with Robin
boundary conditions 

min { |∇u| − λu,−∆∞u } = 0 in Ω,

−min
{
|∇u| − βu,−∂u

∂ν

}
= 0 on ∂Ω,

(17)

where ∆∞, the so-called ∞-Laplacian, is defined by

∆∞u =
〈
D2u · ∇u,∇u

〉
.

We refer to problem (17) as the ∞-Laplacian eigenvalue problem because it can be seen
as limit, in some sense, of the p-Laplacian eigenvalues problem−∆pu = λp,β|u|p−2u in Ω

|∇u|p−2∂u

∂ν
+ βp|u|p−2u = 0 on ∂Ω.

(18)

A function up ∈W 1,p(Ω) is a weak solution to (18) if it satisfies

ˆ
Ω
|∇up|p−2∇up∇ϕdx+ βp

ˆ
∂Ω
|up|p−2upϕdHn−1 = λp,β

ˆ
Ω
|up|p−2upϕdx, ∀ϕ ∈W 1,p(Ω),

where β and λp,β are both positive.
It is well known that the first eigenvalue of the p-Laplacian is the minimum of the following

Rayleigh quotient

λp,β = inf
w∈W 1,p(Ω)
‖w‖Lp(Ω)=1

{ˆ
Ω
|∇w|p dx+ βp

ˆ
∂Ω
|w|p dHn−1

}
. (19)

By classical arguments, one can show that the infimum in (19) is achieved and in what
follows we will denote by up ∈W 1,p(Ω) the eigenfunction corresponding to the first eigenvalue
λp,β.

In [16], we firstly prove that

Lemma. Let { λp,β }p>1 be the sequence of the first eigenvalues of the p-Laplacian operator
with Robin boundary condition. Then,

lim
p→∞

(λp,β)
1
p = λ∞,β =: inf

w∈W 1,∞(Ω)
‖w‖L∞(Ω)=1

max
{
‖∇w‖L∞(Ω), β‖w‖L∞(∂Ω)

}
. (20)

Moreover, we give a geometric characterization of this quantity, precisely:

Lemma. Let λ∞,β be the quantity defined in (20) and let rΩ be the inradius of Ω. Then

λ∞,β = min
x0∈Ω

1
1
β + d(x0, ∂Ω)

= 1
1
β + rΩ

.

where rΩ denotes the inradius of Ω, i.e. the radius of the l argest ball contained in Ω.

Thereafter, we prove that λ∞,β is the first eigenvalue of the infinite Laplacian.

Theorem. Let Ω be a bounded and open set of class C2 in Rn. If for some λ, problem (17)
admits a non-trivial eigenfunction u, then λ ≥ λ∞,β.
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Similar results, in the case of Dirichlet and Neumann boundary conditions were obtained
in [27, 71, 100, 101, 130].

More specifically, in [100, 101], Juutinen, Lindqvist and Manfredi have studied the Dirich-
let case as p → +∞. They provided a complete characterization of the limiting solutions in
terms of geometric quantities. Indeed, the first eigenvalue of the p-Laplace operator {λDp }
happens to satisfy

lim
p→∞

(
λDp

)1/p
= λD∞ := 1

rΩ
.

The related eigenfunctions vDp also converge (up to a subsequence) to some Lipschitz function
vD∞. Most important, the Authors show that there exists a natural viscosity formulation of
the eigenvalue problem for the ∞-Laplacian, for which λD∞ and vD∞ turn out to be the first
eigenvalue and first eigenfunction, respectively.

The Neumann case seems to be more subtle. It was investigated in [71, 130] and similarly
to the Dirichlet case, the Authors established that the first non-trivial eigenvalues of the
p-Laplacian {µp} satisfy

lim
p→∞

(µp)1/p = µ∞ := 2
diam(Ω) ,

where diam(Ω) is the intrinsic diameter of Ω, i.e. the supremum of the geodetic distance
between two points of Ω.

However, while both first eigenvalues and first eigenfunctions converge (as p→∞) and are
solutions to some appropriate eigenvalue problem for the ∞-Laplacian, in [71], the Authors
are able to prove that they actually converge to the first eigenvalue e first eigenfunction only
if the domain Ω is convex. Whether or not the same holds true in the general case, it is still
an open problem.

Moreover, we also study the limit of the p-Poisson equation with Robin boundary condi-
tions:

−∆pv = f in Ω

|∇v|p−2 ∂v

∂ν
+ βp|v|p−2v = 0 on ∂Ω,

when f ∈ L∞(Ω) is a non-negative function.
We prove that there exists (up to a subsequence) a limiting solution v∞ as p → ∞ and

we establish conditions on f which are equivalent to the uniqueness of v∞.
The ∞-Poisson problem for Dirichlet boundary conditions was already studied in [27] by

Bhattacharya, DiBenedetto and Manfredi, while, to the best of our knowledge, similar results
have not been addressed in the case of Neumann boundary conditions.

Finally, Chapter 5 is dedicated to a collection of shape optimization problems that we
dealt with over the last three years. All the shape optimization problems we dealt with have
as admissible sets the class of convex sets.

In particular, in [17] we study a generalization and we find a quantitative result for Pólya’s
inequality, that gives an estimate from below of the torsion of a non-empty open, bounded
and convex set, in terms of its perimeter and measure.
In [124] the author proves that, among all bounded, open and convex planar sets, the following
inequality holds

T (Ω)P 2(Ω)
|Ω|3

≥ 1
3 (21)

and equality is asymptotically achieved by a sequence of thinning rectangles. An upper bound
of the same functional is given by Makai in [114] proves that among all bounded, open and
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convex planar sets, it holds
T (Ω)P 2(Ω)
|Ω|3

≤ 2
3 , (22)

which is sharp on a sequence of thinning triangles (for the exact definition of thinning domains
see Capter 1). Estimates (21) and (22) are generalized to the p−Laplacian in [76]. More
precisely, the authors prove that, in the class of bounded, open and convex planar sets,

1
q + 1 <

Tp(Ω)P q(Ω)
|Ω|q+1 <

2q+1

(q + 2)(q + 1) q = p

p− 1 , (23)

where the lower and the upper bounds hold asymptotically on a sequence of thinning rect-
angles and on a sequence of thinning isosceles triangles, respectively. In [67] the authors
generalize the lower bound (23) in every dimensions, proving that, for bounded, open and
convex sets Ω ⊆ Rn, it holds

Tp(Ω)P q(Ω)
|Ω|q+1 >

1
q + 1 , (24)

and they extend such result also to the anisotropic case.
We also recall that in [39] the authors consider the functional

Hk(Ω) = P (Ω)T k(Ω)
|Ω|αk αk = 1 + k + 2k − 1

n

and prove that, among bounded, open and convex sets in Rn, this functional is bounded if
and only if k = 1/2. More precisely, they prove the following:

1√
3
≤ H 1

2
(Ω) ≤ 2nn3n/2

ωn

(
n

n+ 2

) 1
2
, (25)

where ωn is the Lebesgue measure of the unit ball. We note that, in the planar case, the
lower bound in (25) coincides with the one given in (21), while the upper bound is strictly
larger than the one given in (22). It is conjectured that, in the higher dimensional case, the
upper bound is

H 1
2
(Ω) ≤ n

( 2
(n+ 1)(n+ 2)

) 1
2
.

Moreover, we observe that the lower bound in (25) is asymptotically achieved by a sequence
of thinning cylinders.

Let Ω ⊂ Rn, n ≥ 2, be a non-empty, bounded, open and convex set and let p ∈ (1,+∞).
We consider {

−∆pu(x) = f(d(x, ∂Ω)) in Ω
u = 0 on ∂Ω,

(26)

where f : [0, rΩ]→ [0,+∞[ is a continuous, non-increasing and not identically zero function,
d(·, ∂Ω) : Ω→ [0,+∞[ is the distance function from the boundary defined as

d(x, ∂Ω) := inf
y∈∂Ω

|x− y|

and rΩ is the inradius of Ω, i.e.
rΩ = sup

x∈Ω
d(x, ∂Ω).

This class of functions, depending only on the distance, are the so called web functions, see
as a reference [60]. A function u ∈W 1,p

0 (Ω) is a weak solution to (26) if and only if
ˆ

Ω
|∇u(x)|p−2∇u(x)∇ϕ(x) dx =

ˆ
Ω
f(d(x, ∂Ω))ϕ(x) dx ∀ϕ ∈W 1,p

0 (Ω).
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The (f, p)-torsional rigidity of Ω, that we denote by Tf,p(Ω), is defined as

Tf,p(Ω) = max
ϕ∈W 1,p

0 (Ω)
ϕ6≡0

(ˆ
Ω
f(d(x, ∂Ω))|ϕ(x)| dx

) p
p−1

(ˆ
Ω
|∇ϕ(x)|p dx

) 1
p−1

(27)

and, if up ∈W 1,p
0 (Ω) is the unique solution to (26), we have

Tf,p(Ω) =
ˆ

Ω
fup dx.

For the sake of simplicity, when f ≡ 1 in Ω, we set Tp(Ω) := T1,p(Ω) and, if we are also in
the case p = 2, we set T (Ω) := T1,2(Ω).
The first result that we prove, following the method of proof used in [124] with the use of web
functions as test functions, is a lower bound for the (f, p)-torsional rigidity, which generalizes
the lower bound in (23).

Theorem. Let Ω be a non-empty, bounded, open and convex set of Rn, n ≥ 2, and let
f : [0, rΩ] → [0,+∞[ be a continuous and non-increasing function such that f 6≡ 0. Then, it
holds

Tf,p(Ω) ≥ cp
µq+1
f (Ω)

f(0)P q(Ω) , (28)

where
cp = p− 1

2p− 1 , q = p

p− 1 ,

and
µf (Ω) =

ˆ
Ω
f(x) dx.

Moreover, the equality sign is asymptotically achieved by a sequence of thinning cylinders.

For the definition of thinning cylinder see next Chapter. We stress that both the estimate
and the constant in this Theorem are independent of the dimension of the space.

In the second part of the present paper, we focus our study on the case f ≡ 1 and n = 2
and we obtain some quantitative estimates. We define the following functional

Fp(Ω) = Tp(Ω)P q(Ω)
|Ω|q+1 q = p

p− 1 ,

which is scaling invariant, since for every t > 0

|tΩ| = tn|Ω|, P (tΩ) = tn−1P (Ω)

and
Tp(tΩ) = tn+qTp(Ω).

We can rewrite inequality (28), in the case f ≡ 1, as follows

Fp(Ω) ≥ cp.

From last Theorem follows that along a sequence of thinning cylinders {Ωl}l∈N, we have

Fp(Ωl)
l→0−−→ cp.

This leads to the following stability issue: if Fp(Ω) is close to cp, can we say that Ω is close
in some sense to a cylinder? The following result gives us information on the nature of the
geometry of Ω: when Fp(Ω)− cp is sufficiently small, the set Ω is a thin domain.
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The main novelty of the paper consists indeed in the following quantitative results of the
Pólya estimates (21) and the Pólya type lower bound in (23) by means of suitable deficits.
For completeness, we recall some standard references about isoperimetric quantitative results,
see for example [36, 37, 81, 82, 83, 120]. The main difference between these results and ours
is that the equality in Pólya’s estimates is achieved only asymptotically for a sequence of
thinning cylinders. Hence, the proof of quantitative result must take into account that we do
not have a minimum, as in the classical isoperimetric stability results.

Theorem. Let Ω be a non-empty, bounded, open and convex set of Rn and let f ≡ 1. Then,

Fp(Ω)− cp ≥ K(n, p)
(

wΩ
diam(Ω)

)n−1
,

where K(n, p) is a positive constant depending only on p and the dimension of the space n.
In particular, in the case n = 2, the exponent of the quantity wΩ

diam(Ω) is sharp.

We prove a second quantitative result in the case p = n = 2.

Theorem. Let Ω be a non-empty, bounded, open and convex set in R2, let f ≡ 1 and let
p = 2. Then, there exists a positive constant K̃ such that

F2(Ω)− c2 = T (Ω)P 2(Ω)
|Ω|3 − 1

3 ≥ K̃
( |Ω4Q|
|Ω|

)3
,

where Ω4Q denotes the symmetric difference between Ω and a rectangle Q with sides P (Ω)/2
and wΩ containing Ω.

The second problem we face is related to the eigenvalues of the Robin-Laplacian. In [14],
we consider the following problem−∆pu = λp,β(Ω)|u|p−2u in Ω

|∇u|p−2∂u

∂ν
+ β|u|p−2u = 0 on ∂Ω,

(29)

where β ∈ R, 1 < p < +∞.
The fundamental eigenvalue of the Robin Laplacian on Ω is defined by

λp,β(Ω) = min
w∈W 1,p(Ω)

w 6=0

ˆ
Ω
|∇w|p dx+ β

ˆ
∂Ω
|w|p dHn−1

ˆ
Ω
|w|p dx

(30)

and a minimizer u in (30) satisfies the equation (29) in the weak form if

ˆ
Ω
|∇u|p−2∇u∇ϕdx+ β

ˆ
∂Ω
|u|p−2uϕdHn−1 = λp,β(Ω)

ˆ
Ω
|u|p−2uϕdx, ∀ϕ ∈W 1,p(Ω).

It is well-known (see for instance [26, 110] for the Dirichlet case) that the first eigenvalue (30)
is simple and that in the case of a ball, the corresponding eigenfunction is radially symmetric
(see [44, Remark 3.1]).

In this paper, we want to study the different behavior of eigenvalues in the case β > 0
and β < 0. For the sake of completeness, we recall that, in the case of β = 0, we recover
the Neumann boundary condition, for which the first eigenvalue is zero and the associated
eigenfunctions are constants.
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In the case β > 0, Bossel [33] and Daners [64] proved a Faber-Krahn inequality for the
first eigenvalue of the Robin-Laplacian in two and higher dimensional case, respectively. In
particular, they proved that among sets of given volume, the one which minimizes the first
Robin-eigenvalue is the ball, i.e.

λ2,β(Ω]) ≤ λ2,β(Ω), (31)

where Ω] is the ball, centered at the origin, having the same volume as Ω. This result was
generalized by Bucur, Daners, Giacomini and Trebeschi in [43, 46, 47, 48] to the eigenvalues
of the p-Laplacian with Robin boundary conditions

This Faber-Krahn inequality for fixed volume and the following rescaling property (see
[45])

λp,β(tΩ) ≤ 1
t
λp,β(Ω) ≤ λp,β(Ω), ∀t > 1, (32)

give a Faber-Krahn inequality for fixed perimeters, i.e.

λp,β(Ω?) ≤ λp,β(Ω),

where Ω? is the ball having the same perimeter as Ω.
Our aim is to give a continuity bound, in terms of the isoperimetric deficit, to the ratio

λp,β(Ω)− λp,β(Ω?)
λp,β(Ω) ,

indeed, we prove

Theorem. Let β be a positive parameter. Let Ω be a bounded, open and convex set in Rn
and let Ω? be the ball, centered at the origin, such that P (Ω) = P (Ω?) = ρ. Denote by λp,β(Ω)
and λp,β(Ω?) the first eigenvalues of the p-Laplacian operator with Robin boundary conditions
respectively on Ω and Ω?, and by v a positive eigenfunction associated to λp,β(Ω?), then

λp,β(Ω)− λp,β(Ω?)
λp,β(Ω) ≤ C(n, p, β, ρ)

1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

 , (33)

where ωn is the measure of the unitary ball in Rn, and C(n, p, β, ρ) = ‖v‖
p
∞|Ω?|
‖v‖pp

.

It is possible to give a uniform bound to the constant in (33) from above with a constant
independent of the parameter β and the perimeter, indeed it holds

C(n, p, β, ρ) ≤ C(n, p) := ‖v∞‖
p
∞|Ω?|

‖v∞‖pp
,

where v∞ is the first Dirichlet eigenfunction. Thanks to the rescaling property of Dirichlet
eigenvalues and eigenfunctions, C(n, p) does not depend on the perimeter.

We observe that this result can be seen as a generalization to the Robin case of the result
in [34], which holds true in the case of Dirichlet eigenvalues of the p-Laplacian. Incidentally,
let us mention that the anisotropic case is studied in [67].

When β is a negative parameter, the authors in [44] proved a reverse Faber-Krahn in-
equality for the first eigenvalue of the Robin-Laplacian among convex sets of given perimeter.
In particular, they proved that among convex sets of given perimeter the ball Ω? maximizes
the first Robin eigenvalue of the p-Laplacian, i.e.

λp,β(Ω) ≤ λp,β(Ω?). (34)
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For sake of completeness, we quote that in [21], the authors already proved that the disc
maximizes the first eigenvalue under a perimeter constraint, among C2 domains in R2, while
the question remained open in arbitrary dimension.

This question is related to the conjecture of Bareket (see [23]) claiming that the ball
maximizes λp,β(Ω) among all Lipschitz sets with given volume. Freitas and Krejčiřík in
[77] proved that the conjecture is false, giving a counter-example based on the asymptotic
behaviour of the eigenvalues on a disc and an annulus of the same area when β → −∞. They
also proved that among sets of area equal to 1, the conjecture is true, provided β is close to
0. For more details see [93].

In [58] the authors proved a quantitative version of the reverse Faber-Krahn (34) in the
case p = 2 among convex sets of fixed perimeter following the Fuglede’s approach introduced
in [79].

In this paper, we recover the result in [58] obtaining a quantitative version of (34) for
all p ∈ (1,+∞), but using a different approach. Indeed, following the method introduced
by Payne and Weinberger in [122], we establish a comparison using the so-called parallel
coordinates method. In particular, we firstly prove a lower bound in terms of perimeter and
measure of Ω, that is

Theorem. Let β be a negative parameter. Let Ω be a bounded, open and convex set in Rn
and let Ω? be the ball, centered at the origin, such that P (Ω) = P (Ω?) = ρ. Denote by λp,β(Ω)
and λp,β(Ω?) the first eigenvalues of the p-Laplacian operator with Robin boundary conditions
respectively on Ω and Ω?, and by v a positive eigenfunction associated to λp,β(Ω?), then

λp,β(Ω?)− λp,β(Ω)
|λp,β(Ω)| ≥ C(n, p, β, ρ)

1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

 ,
where ωn is the measure of the unitary ball in Rn, and C(n, p, β, ρ) = vpm|Ω?|

‖v‖pp
with vm = min

Ω?
v.

In this case, the constant C(n, p, β, ρ) cannot be replaced by a constant independent of β
and of the perimeter, as it is shown in Chapter 5.

Then we prove the quantitative result as in [58].

Theorem. Let n ≥ 2, ρ > 0 and β < 0. Then, there exist two positive constants C(n, p, β, ρ) >
0 and δ0(n, p, β, ρ) > 0, such that, for all Ω ⊂ Rn bounded and convex with P (Ω) = ρ and
λp,β(Ω?)− λp,β(Ω) ≤ δ0, it holds

λp,β(Ω?)− λp,β(Ω) ≥ C(n, p, β, ρ)g(A?H(Ω))

where Ω? is a ball with the same perimeter of Ω, A?H is the Hausdorff asymmetry defined in
Chapter 1.

In [10], we approached another problem, namely that of obtaining a quantitative estimate
for the first Neumann eigenvalue in terms of diameter and minimal width. Let Ω be a
bounded, open and convex set in Rn, n ≥ 2, and let p : Ω → (0, 1] a 1

m−concave function,
for m ∈ N (i.e. the function p 1

m is concave). We consider the following weighted Neumann
eigenvalue problem:

µ1(Ω, p) := inf
ϕ∈H1(Ω,p)\{0}´

Ω pϕ=0


ˆ

Ω
p|∇ϕ|2

ˆ
Ω
pϕ2

 . (35)

For p ≡ 1, the value above is related to the optimal constant in the Poincaré inequality on Ω

∀u ∈ H1(Ω) inf
t∈R
‖u− t‖L2(Ω) ≤ cΩ‖∇u‖L2(Ω), (36)
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The best constant cΩ in (36) is related to µ1(Ω) := µ1(Ω, 1) in the following way

µ1(Ω) = c−2
Ω .

Among convex sets in Rn, Payne and Weinberger in [121], and more recently Bebendorf in
[24], provided a sharp lower bound of µ1(Ω) in terms of the diameter of the set Ω, i.e.

µ1(Ω) ≥ π2

(diam(Ω))2 . (37)

Let us point out that this inequality is sharp in the sense that it is asymptotically achieved
by a sequence of thinning cylinders.

A series of papers, with different refinements, have followed and completed the result of
Payne-Weinberger, see e.g. [24, 38, 72, 74]. In particular, in [72] the authors deal with the
non-linear case of Payne and Weiberger’s inequality (37), while in [74] the non-linear case of
(35) for a log-concave function is studied.

It is worth mentioning that several authors have investigated other bounds on the first
non-trivial eigenvalue of µ1(Ω) of a convex set Ω, in terms of different geometric quantities.
For instance, in [52, 105] and later in [95], in a more general setting, the authors establish an
upper bound in terms of diameter

µ1(Ω) ≤ Kn

(diam(Ω))2 , (38)

where Kn depends only on the dimension n. Moreover, this inequality is sharp, meaning that
it is asymptotically achieved by considering sets obtained by glueing an appropriate pair of
thin cones together. Inequality (38) is generalised to the non-linear case in [34].

Our purpose was to prove a quantitative version of the Payne-Weinberger inequality (37).
In 2007, Hang and Wang [91] conjectured in the planar case the following quantitative form
of the inequality

µ1(Ω) ≥ π2

(diam(Ω))2 + c
(width(Ω))2

(diam(Ω))4 ,

where c is independent of Ω.
The aim of [10] is to prove this conjecture, in a more general and stronger version. In

fact, we shall prove a quantitative inequality valid in any dimension of the space, for power
concave weights, and where the extra term involving the second largest dimension of the John
ellipsoid of Ω. The extra term is the one conjectured by Hang and Wang in dimension 2, but
is in general larger in dimension n ≥ 3.

For example, in dimension n ≥ 3, for a rectangle parallelepipeds (0, L)× (0, l)× (0, ε) of
dimensions L > l > ε > 0, in our version, the extra term in the Payne-Weinberger inequality
is equivalent to c l2

L4 instead of c ε2
L4 .

Concerning the presence of a power concave weight, it not complicated to observe that
if the quantitative form the inequality holds for the classical, non-weighted, problem, the
passage to 1

m -concave weigths with m ∈ N is for free. However, surprisingly (or not) the key
to prove the non-weighted result in any dimension is precisely the quantitative form of the
Payne-Weinberger inequality in dimension 2 for general power concave weights.

Here is our main result.

Theorem. Let m ∈ N. For n ≥ 2 there exists a constant c > 0 such that for every Ω ⊂ Rn
bounded, open, convex set having as John ellipsoid Ea1,...an with a1 ≥ · · · ≥ an > 0 and for
every 1

m -concave function p : Ω→ (0,+∞), the following occurs

µ1(Ω, p) ≥ π2

(diam(Ω))2 + c
a2

2
(diam(Ω))4 .

Moreover, the constant c depends only on n+m.
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The quantitative form of the inequality does not answer the following (different) question:
provided for some convex set Ω, µ1(Ω) is close to π2

(diam(Ω))2 , is it true that Ω is close to a thin
cylinder? To this question, we bring a positive answer in two dimensions of the space. In this
case, our answer is not quantitative, but only asymptotical: a sequence of sets of diameter
d > 0 for which µ1(Ωn) converges to π2

d2 converges in a blow up sense to a rectangle of one
side equal to d.

Last but not least, in [2], we study the relationship between the Neumann and Steklov
principal eigenvalues emerging in the class of collapsing convex domains in R2.

Let Ω ⊂ R2 be an open and Lipschitz set. We define the Neumann and Steklov eigenvalues
as follows: find positive constants µ, σ such that there exist non-zero solutions to the boundary
value problems 

−∆u = µu in Ω,
∂u

∂ν
= 0 on ∂Ω,


∆v = 0 in Ω,
∂v

∂ν
= σv on ∂Ω.

The regularity assumption we made on Ω ensures that we can find two increasing and diver-
gent sequences of eigenvalues

0 = µ0(Ω) < µ1(Ω) ≤ µ2(Ω) ≤ · · · ≤ µk(Ω) ≤ . . . ,

0 = σ0(Ω) < σ1(Ω) ≤ σ2(Ω) ≤ · · · ≤ σk(Ω) ≤ . . . ,

which are the spectrum of the Neumann laplacian and the spectrum of the Dirichlet-to-
Neumann map respectively. We recall the variational characterization of the eigenvalues:

µk(Ω) = inf
E⊂H1(Ω)
dim(E)=k

sup
w∈E\{0}

ˆ
Ω
|∇w|2 dx

ˆ
Ω
w2 dx

, σk(Ω) = inf
E⊂H1(Ω)
dim(E)=k

sup
w∈E\{0}

ˆ
Ω
|∇w|2 dx

ˆ
∂Ω
w2 dHn−1

,

and in particular, we are interested in the principal eigenvalues, namely

µ1(Ω) = inf
w∈H1(Ω)\{0}´

Ω w=0

ˆ
Ω
|∇w|2 dx

ˆ
Ω
w2 dx

, σ1(Ω) = inf
w∈H1(Ω)\{0}´

∂Ω w=0

ˆ
Ω
|∇w|2 dx

ˆ
∂Ω
w2 dHn−1

.

Many authors in the literature identified remarkable similarities between the two families
of eigenvalues. Moreover, an underlying relationship holds between the two quantities. For
instance, Steklov eigenvalues can be seen as limits of weighted Neumann eigenvalues, while
Neumann eigenvalues can be obtained as limits of Steklov eigenvalues by suitably perforating
the set Ω. We refer to [86, 109] for these results. In the specific context of collapsing
convex domains, we will explore additional relationships that emerge between the principal
eigenvalues.

A further natural question arising in this context is to provide a comparison between
µ1(Ω) and σ1(Ω). More precisely, we could be interested in the scale invariant ratio

F (Ω) = |Ω|µ1(Ω)
P (Ω)σ1(Ω) ,

and, consequently, in the two problems

min
Ω∈K

F (Ω), max
Ω∈K

F (Ω), (39)

where K is a suitable class of sets, |·| denotes the area, and P (·) denotes the perimeter.
Unfortunately, the choice

K =
{

Ω ⊂ R2
∣∣∣ Ω open, bounded and Lipschitz

}
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causes the problems in (39) to be ill-posed, in the sense that

inf
K
F (Ω) = 0, sup

K
F (Ω) = +∞,

as showed in [49, 87, 94].
In order to obtain some comparison between Neumann and Steklov eigenvalues, we address

the problems in (39) restricting the class of admissible sets to

Kc =
{

Ω ⊂ R2
∣∣∣ Ω bounded and convex

}
. (40)

This choice of Kc avoids shapes that could make F degenerate, and precisely it could be
shown, as in [94], that there exist two constants c, C > 0 such that

c ≤ F (Ω) ≤ C ∀Ω ∈ Kc.

Additionally, numerical simulations lead the authors to state the following
Conjecture (Henrot, Michetti [94]). Let Kc be as in (40), then

1 < F (Ω) < 2 ∀Ω ∈ Kc.

Moreover, the inequalities are sharp in the following sense: there exists a sequence Rn of
thinning rectangles, and a sequence Tn of thinning triangles such that

lim
n
F (Rn) = 1, lim

n
F (Tn) = 2.

The aim of [2] is to take steps towards proving the conjecture; however, we are far from
providing an exhaustive solution.

The numerical simulations which support the conjecture also suggest that the infimum and
the supremum of F (Ω), in the class Kc, are asymptotically achieved by particular sequences
of thinning domains. Therefore we focus on the limits of F (Ωε), where Ωε is a family of
thinning domains. Indeed, following in the footsteps of [94], for such a family, there exists a
non-negative concave function h : [0, 1]→ R such that

lim
ε→0

µ1(Ωε) = µ1(h) lim
ε→0

P (Ωε)σ1(Ωε)
|Ωε|

= σ1(h)
(ˆ 1

0
h(t) dt

)−1

,

where µ1(h) is the first eigenvalue of the Sturm-Liouville problem
− d

dx

(
h(x)dv

dx
(x)
)

= µ1(h)h(x)v(x) x ∈ (0, 1),

h(0)dv
dx

(0) = h(1)dv
dx

(1) = 0,

while σ1(h) is the first eigenvalue of the Sturm-Liouville problem
− d

dx

(
h(x)dv

dx
(x)
)

= σ1(h)v(x) x ∈ (0, 1),

h(0)dv
dx

(0) = h(1)dv
dx

(1) = 0.

The function h, in some sense, represents the profile of the thinning sets Ωε, and, in particular,
we have that h ≡ 1 represents the limit of a family of thinning rectangles. On the other hand,
for every x0 ∈ (0, 1), we let

Tx0(x) :=


2x
x0

x ∈ [0, x0],

2(1− x)
1− x0

x ∈ [x0, 1],
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and
T0(x) = 2(1− x), T1(x) = 2x,

which represents the limit of a family of thinning triangles. Consequently, familiarizing oneself
with the properties of µ1(h) and σ1(h) can offer advantages when it comes to analyzing the
eigenvalues µ1(Ω) and σ1(Ω). It is worth mentioning that the quantities µ1(h) and σ1(h) are
in a way related to a weighted Hardy constant (see [108, 118, 121]).

Following this path, we refer to [121], [94] and [144] for the proof of the subsequent
properties: let

P = { h ∈ L∞(0, 1) : h non negative, concave and not identically zero } ,
and

P1 =
{
h ∈ P

∣∣∣∣∣
ˆ 1

0
h(t) dt = 1

}
,

then for every h ∈ P1, we have that
π2 = µ1(1) ≤ µ1(h) ≤ µ1(T1/2)

σ1(h) ≤ σ1(p) = 12,
where p is the arc parabola p(x) = 6x(1− x).

Here we state the main results of this work
Theorem. The minimum problem

min
h∈P1

σ1(h)

admits the functions T0 and T1 as unique solutions.
We prove the theorem following two distinct approaches. one of that relies on a rear-

rangement method that, up to our knowledge, appears to be new. Finally, we establish a
relationship between µ1(h) and σ1(h).
Theorem. There exists an invertible operator

G : P → P
such that, for every h, k ∈ P, we have(ˆ 1

0
h(t) dt

)2

µ(h) = σ (G(h)) ,

and (ˆ 1

0

1√
k(t)

dt

)2

σ(k) = µ(G−1(k)).

It may help to solve problems obtained by studying (39) among thinning domains, namely

min
h∈P

µ1(h)
ˆ 1

0
h(t) dt

σ1(h) , max
h∈P

µ1(h)
ˆ 1

0
h(t) dt

σ1(h) .

In particular, we can fully solve the maximizing problem, and partially solve the minimizing
problem. We summarize these results in the following two theorems.
Theorem. Let h ∈ P1. Then

µ1(h)
σ1(h) ≤ 2,

and the equality holds if and only if h = Tx0 for some x0 ∈ [0, 1]. If, in addition, h(x) =
h(1− x) for every x ∈ [0, 1], then

µ1(h)
σ1(h) ≥ 1.
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Chapter 1

Preliminaries

1.1 Notations
Throughout this thesis, | · | will refer to both the Euclidean norm in Rn and the Lebesgue
measure Ln in Rn, while · is the standard Euclidean scalar product for n ≥ 2. By Hk(·), for
k ∈ [0, n), we denote the k−dimensional Hausdorff measure in Rn.

Moreover, for a given set Ω ⊂ Rn, we denote by d(·, ∂Ω) : Rn → [0,+∞[ the distance
function from the boundary

d(x, ∂Ω) := inf
y∈∂Ω

|x− y| (1.1)

and by rΩ the inradius of Ω, i.e.
rΩ = sup

x∈Ω
d(x, ∂Ω). (1.2)

For an exhaustive discussion about this function and its properties see [85].

1.2 General facts

1.2.1 Rearrangements of functions

Let us recall some basic notions about rearrangements. We refer for instance to [142, 92, 54]
for all the details.

Definition 1.1. Let u : Ω → R be a measurable function, the distribution function of u
is defined as

µ : [0,+∞)→ [0,+∞) µ(t) =
∣∣∣({ x ∈ Ω | |u(x)| > t }

)∣∣∣. (1.3)

It can be proved that

• µ is a decreasing function in [0,+∞);

• µ is right-continuous;

• µ(0) = |suppu| and µ(+∞) = 0;

• µ(t−) =
∣∣{ x ∈ Ω | |u(x)| ≥ t }

∣∣.
Definition 1.2. Let u : Ω→ R be a measurable function, the decreasing rearrangement
of u is defined as

u∗ : R→ R+ u∗(s) = inf { t > 0 | µ(t) ≤ s } (1.4)
and the increasing rearrangement of u as

u∗ : R→ R+ u∗(s) = u∗(|Ω| − s) (1.5)

21
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It can be proved that

• u∗ (u∗) is a decreasing (increasing) function in [0,+∞);

• u∗ and u∗ are lower semi-continuous;

• whenever u ∈ L∞(Ω) u∗(0) = ‖u‖L∞(Ω) and u∗(t) = 0 ∀t ≥ |suppu|;

• u∗(|Ω|) = ‖u‖L∞(Ω) and u∗(t) = 0 ∀t ≥ |suppu|;

• u∗ and u∗ have the same distribution function as u, so by Cavalieri’s principle the Lp
norms are equal for every p;

• u∗(µ(t)) ≤ t for every non-negative t, µ(u∗(s)) ≤ s for every non-negative s;

• it holds the Hardy-Littlewood inequality: for any u, v : Ω ⊆ Rn → R
ˆ

Ω
u(x)v(x) dx ≤

ˆ
Ω]
u∗(x)v∗(x) dx =

ˆ
Ω
u∗(x)v∗(x) dx (1.6)

• the operator which assigns to a function its decreasing rearrangement is a contraction
in Lp, i.e.

‖f∗ − g∗‖Lp([0,|Ω|]) ≤ ‖f − g‖Lp(Ω) (1.7)

Definition 1.3. Let u : Ω → R be a measurable function. The Schwarz rearrangement
or the spherically symmetric decreasing rearrangement of u is defined as

u] : Rn → R+ u](x) = u∗(ωn|x|n)

where ωn is the measure of the n-dimensional ball of radius 1.
Moreover the spherically symmetric increasing rearrangement of u is defined as

u] : Rn → R+ u](x) = u∗(ωn|x|n) (1.8)

It can be proved that

• u] (u]) is non-negative, radial and radially decreasing (increasing);

• u], u] and u are equally distributed which means they have the same distribution func-
tion;

• the Polya-Szegö inequality holds: if u ∈W 1,p
0 (Ω), then u] ∈W 1,p

0 (Ω]) and

‖∇u]‖Lp(Ω]) ≤ ‖∇u‖Lp(Ω). (1.9)

1.2.2 Functions of bounded variation

Let us summarize some basic notions about BV functions, for more details see e.g. [19, 57, 73].
In the following, Ω will be a bounded open set of Rn.

Definition 1.4. A function u ∈ L1(Ω) is said to be a function of bounded variation in
Ω if its distributional derivative is a Radon measure, i.e.

ˆ
Ω
u
∂ϕ

∂xi
dx =

ˆ
Ω
ϕdDiu ∀ϕ ∈ C∞C (Ω), (1.10)

with Du a Rn-valued measure in Ω. The total variation of Du will be denoted with |Du|.
The set of functions of bounded variation in Ω is denoted by BV(Ω) and it is a Banach

space with respect to the norm ‖u‖BV(Ω) := ‖u‖L1(Ω) + |Du|(Ω).
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Definition 1.5. Let E be a Ln-measurable set. The perimeter of E inside Ω is defined as

Per(E,Ω) := |DχE |(Ω),

and say that E is a set of finite perimeter in Ω if χE ∈ BV(Ω) while we just say finite
perimeter if χE ∈ BV(Rn) and Per(E,Rn) will be denoted with Per(E), or, in case there is
no ambiguity, even just P (E).

It is also worth mentioning the isoperimetric inequality for sets of finite perimeter.

Theorem 1.1 (Isoperimetric inequality). Let E ⊂ Rn be a bounded set of finite perimeter.
Then it holds

|E| ≤ n−
n
n−1ω

− 1
n−1

n [Per(E)]
n
n−1 ,

where ωn is the measure of n-dimensional ball of radius 1.

By the Lebesgue decomposition Theorem, we can decompose each component of Du with
respect to the Lebesgue measure, namely

Diu = Da
i u+Ds

iu with Da
i u� Ln, Ds

iu ⊥ Ln.

and
Da
i u = fi

¬ Ln,

for some fi ∈ L1(Ω). So, defining

∂u

∂xi
:= fi, ∇au =

(
∂u

∂x1
, · · · , ∂u

∂xn

)
and Dsu =

(
Ds

1u, . . . ,D
s
nu
)
,

we can write
dDu = Ln ¬ ∇au+ dDsu.

Clearly it holds

|Du|(A) = |Dau|(A) + |Dsu|(A) =
ˆ
A
|∇au| dx+ |Dsu|(A),

for every Borel set A ⊆ Ω.

Theorem 1.2 (Coarea formula). Let Ω ⊂ Rn be an open set. Let f ∈ W 1,1
loc (Ω) and let

u : Ω→ R be a measurable function. Then,
ˆ

Ω
u(x)|∇f(x)|dx =

ˆ
R
dt

ˆ
Ω∩f−1(t)

u(y) dHn−1(y).

Moreover, if f ∈ BV(Ω), then it holds the Fleming-Rishel formula, i.e.

|Df |(Ω) =
ˆ +∞

−∞
Per({ u > t }) dt. (1.11)

Some references for results relative to the sets of finite perimeter and for the coarea
formula are, for instance, [19, 75, 113].
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1.2.3 Gronwall’s lemma

Lemma 1.3 (Gronwall). Let ξ(t) : [τ0,+∞[→ R be a continuous and differentiable function
satisfying, for some non negative constant C, the following differential inequality

τξ′(τ) ≤ (p− 1)ξ(τ) + C ∀τ ≥ τ0 > 0.

Then we have

(i) ξ(τ) ≤
(
ξ(τ0) + C

p− 1

)(
τ

τ0

)p−1
− C

p− 1 ∀τ ≥ τ0;

(ii) ξ′(τ) ≤
((p− 1)ξ(τ0) + C

τ0

)(
τ

τ0

)p−2
∀τ ≥ τ0.

Proof. Dividing both sides of the differential inequality by τp, we obtain(
ξ′(τ)
τp−1 − (p− 1)ξ(τ)

τp

)
=
(
ξ(τ)
τp−1

)′
≤ C

τp
.

Now, we integrate from τ0 to τ and we obtain
ˆ τ

τ0

(
ξ(τ)
τp−1

)′
dτ ≤

ˆ τ

τ0

C

τp
dτ

=⇒ ξ(τ) ≤
(
ξ(τ0) + C

p− 1

)(
τ

τ0

)p−1
− C

p− 1 ,

which gives (i).
In order to obtain (ii), we just take into account (i) in the differential inequality.

1.2.4 Rearrangement of the gradient

We recall the Theorem of Giarrusso and Nunziante ([84, Theorem 2.2]).

Theorem 1.4. Let Ω ⊂ Rn be a bounded open set, let Ω] be the centered ball, let p ≥ 1, let
f : Ω → R be a measurable function, let H : Rn → R be measurable non-negative functions
and let K : [0,+∞)→ [0,+∞) be a strictly increasing real-valued function such that

0 ≤ K(|y|) ≤ H(y) ∀y ∈ Rn and K−1(f) ∈ Lp(Ω).

Let v ∈W 1,p
0 (Ω) be a function that satisfies{

H(∇v) = f(x) a.e. in Ω
v = 0 on ∂Ω

,

denoting by z ∈W 1,p
0 (Ω]) the unique spherically decreasing symmetric solution to{

K(|∇z|) = f](x) a.e. in Ω]

z = 0 on ∂Ω]
,

then
‖v‖L1(Ω) ≤ ‖z‖L1(Ω]). (1.12)

Moreover, in [117] the following uniqueness result is proved:



1.2. GENERAL FACTS 25

Theorem 1.5. Let Ω ⊂ Rn be a bounded open set, let v ∈W 1,1
0 (Ω) be a non-negative function.

Denote by f(x) = |∇v|(x) and by w ∈W 1,1
0 (Ω]) the decreasing spherically symmetric solution

to
|∇w| = f].

If ‖v‖L1 = ‖w‖L1 then there exists x0 ∈ Rn such that Ω = x0 + Ω], f = f](· + x0) and
v = w(· + x0).

Let u ∈ BV0(Ω) = {u ∈ BV(Rn) : u ≡ 0 in Rn \Ω} be a non-negative function and let µ
be its distribution function.
∀s ∈ [0,+∞) let us consider D(s) ⊆ Ω such that

• |D(s)| = s;

• if s1 < s2 then D(s1) ⊆ D(s2);

• if s = µ(t) then D
(
µ(t)

)
= { x ∈ Ω | u(x) > t }.

The existence and properties of such a family of sets are studied in [9].
By properties of rearrangements,

{ u > u∗(s) } ⊆ D(s) ⊆ { u ≥ u∗(s) } ∀s ∈ [0,+∞). (1.13)
Indeed, since µ(u∗(s)) ≤ s, we observe

{ u > u∗(s) } ⊆ D(s) ∀s ∈ [0,+∞).
On the other hand, by the definition of u∗ (1.4), for every t < u∗(s) we have µ(t) > s. Hence
we have

D(s) ⊆ { u > t } ∀t < u∗(s),∀s ∈ [0,+∞)
and so

D(s) ⊆
⋂

t<u∗(s)
{ u > t } = { u ≥ u∗(s) } ∀s ∈ [0,+∞).

We will use the following propriety ([9, Lemma 2.2]).
Lemma 1.6. Let Ω be a bounded open set. Let g ∈ Lp([0,+∞)) with p > 1, then there exists
a sequence of functions { gk } whose decrasing rearrengment coincide with g∗ such that

gk ⇀ g in Lp([0,∞)). (1.14)
If g ∈ L1([0,+∞)), then

lim
k

ˆ +∞

0
gk(s)ϕ(s) dx =

ˆ +∞

0
g(s)ϕ(s) ds, ∀ϕ ∈ BV([0,∞)). (1.15)

1.2.5 Lorentz Norm

Definition 1.6. Let 0 < p < +∞ and 0 < q ≤ +∞. The Lorentz space Lp,q(Ω) is the space
of those functions such that the quantity:

‖g‖Lp,q =


p

1
q

(ˆ ∞
0

tqµ(t)
q
p
dt

t

) 1
q

0 < q <∞

sup
t>0

(tpµ(t)) q =∞

is finite.
Let us observe that for p = q the Lorentz space coincides with the Lp space, as a consequence
of the well known Cavalieri’s Principle

ˆ
Ω
|g|p = p

ˆ +∞

0
tp−1µ(t) dt.

See [142] for more details on Lorentz space.
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1.2.6 Weighted volumes and perimeters

In this subsection we recall some weighet volumes and perimeters, and some related isoper-
metric inequallities.

Definition 1.7. Let Ω be a Lebesgue measurable subset of Rn and let ` ∈ (−n, 0). We define
the `-weighted measure of Ω as

|Ω|` :=
ˆ

Ω
|x|` dx, (1.16)

and the k-weighted perimeter of Ω as

Pk(Ω) =


ˆ
∂Ω
|x|k dHn−1 if Ω is (n− 1)-rectifiable

+∞ otherwise.
(1.17)

For this family of measures, an isoperimetric inequality holds true if k, ` and n are suitably
related. Here we recall the following result (see either [53] Theorem 1.3 or [4] Theorem 1.1
case ii).

Theorem 1.7. If assumptions (H1) and (H2) hold true, then

P `
p′

(Ω) ≥ P `
p′

(Ω]), (1.18)

where Ω] is the centered ball with same `-measure as Ω.

Remark 1.8. Since |Ω]|` and Pk(Ω]) can be explicitly computed, is it possible to rewrite
(1.18) in the following equivalent way

P `
p′

(Ω) ≥ γn,`,p |Ω|
`(p−1)+(n−1)p

p(n+`)
` , (1.19)

where
γn,`,p = (nωn)

`+p
p(n+`) (`+ n)

`(p−1)+(n−1)p
p(n+`)

and ωn is the Lebesgue measure of the unit ball of Rn.

The introduction of weighted volumes and perimeters naturally leads to the definition of
certain quantities already defined for the Lebesgue measure.

More precisely, let u : Ω→ R be a measurable function, we define:

• the weighted distribution function of u is the function µ` : [0,+∞[→ [0,+∞[ defined
by

µ`(t) = |{x ∈ Ω : |u(x)| > t}|`;

• the weighted decreasing rearrangement of u, denoted by u∗, is the distribution function
of µ`;

• the weighted rearrangement of u is the function u] whose level sets are centered balls
with the same `-measure as the level sets of |u|. More precisely,

u](x) = u∗
( ∣∣B|x|∣∣` ) = u∗

(
nωn
`+ n

|x|`+n
)
,

with B|x| the centered ball of radius |x|;
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• if p ∈ [1,+∞) we will denote by Lp(Ω, |x|` dx) the space of all measurable functions
such that

‖u‖Lp(Ω,|x|` dx) :=
(ˆ

Ω
|u|p|x|` dx

) 1
p

< +∞;

• let 0 < p < +∞ and 0 < q ≤ +∞. The weighted Lorentz space Lp,q(Ω, |x|` dx) is the
space of those functions f(x) such that the quantity

‖g‖Lp,q(Ω,|x|` dx) :=


p

1
q

(ˆ ∞
0

tqµ`(t)
q
p
dt

t

) 1
q

0 < q <∞

sup
t>0

(tpµ`(t)) q =∞
(1.20)

is finite.

By the definition of decreasing rearrangement, the following result holds true (see for instance
[55], [102] and [103]).

As in the euclidian space both u, u∗ and u] are equi-distributed, and if u ∈ L1(Ω, |x|` dx)
is a non negative function, then the Hardy-Littlewood inequality states

ˆ
E
u(x)|x|` dx ≤

ˆ |E|`
0

u∗(s) ds ∀E ⊂ Ω. (1.21)

Moreover, we have the following weighted Rellich-Kondrachov Theorem

Proposition 1.9. If Ω is a bounded and Lipschitz domain of Rn, p ≥ n and −n < l < 0
then W 1,p(Ω) is compactly embedded in Lp(Ω, |x|` dx).

1.2.7 Viscosity solutions

We recall the definition of viscosity solutions to a boundary value problem, see [59] for more
details.

Definition 1.8. We consider the following boundary value problem{
F (x, u,∇u,D2u) = 0 in Ω,
B(x, u,∇u) = 0 on ∂Ω,

(1.22)

where F : Rn×R×Rn×Rn×n → R and B : Rn×R×Rn → R are two continuous functions.

Viscosity supersolution A lower semi-continuous function u is a viscosity supersolution
to (1.22) if, whenever we fix x0 ∈ Ω, for every φ ∈ C2(Ω) such that u(x0) = φ(x0) and
x0 is a strict minimum in Ω for u− φ, then

• if x0 ∈ Ω, the following holds

F
(
x0, φ(x0),∇φ(x0), D2φ(x0)

)
≥ 0

• if x0 ∈ ∂Ω, the following holds

max
{
F
(
x0, φ(x0),∇φ(x0), D2φ(x0)

)
, B (x0, φ(x0),∇φ(x0))

}
≥ 0

Viscosity subsolution An upper semi-continuous function u is a viscosity subsolution to
(1.22) if, whenever we fix x0 ∈ Ω, for every φ ∈ C2(Ω) such that u(x0) = φ(x0) and x0
is a strict maximum in Ω for u− φ, then
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• if x0 ∈ Ω, the following holds

F
(
x0, φ(x0),∇φ(x0), D2φ(x0)

)
≤ 0

• if x0 ∈ ∂Ω, the following holds

min
{
F
(
x0, φ(x0),∇φ(x0), D2φ(x0)

)
, B (x0, φ(x0),∇φ(x0))

}
≤ 0

Viscosity solution A continuous function u is a viscosity solution to (1.22) if it is both a
super and subsolution.

Remark 1.10. The condition u − φ has a strict maximum or minimum can be relaxed: it
is sufficient to ask that u − φ has a local maximum or minimum in a ball BR(x0) for some
positive R.

1.3 Some properties of convex sets
Let Ω be a open set of Rn. We say that Ω is a convex set if ∀t ∈ [0, 1] and for any x, y ∈ Ω,
then

tx+ (1− t)y ∈ Ω.

Since ∂Ω is locally a graph of a concave function, then Ω an open set with Lipschitz boundary,
hence P (Ω) = Hn−1(∂Ω).

We denote by diam(Ω) the sup between a pair of points in Ω, i.e.

diam(Ω) = sup
x,y∈Ω

d(x, y).

For a convex set, the definition of the support function and the minimum width (or
thickness) are crucial.

Definition 1.9. Let Ω be a bounded, open and convex set of Rn. The support function of
Ω is defined as

hΩ(y) = sup
x∈Ω

(x · y) , y ∈ Rn.

Definition 1.10. Let Ω a bounded, open and convex set of Rn, the width of Ω in the direction
y ∈ R is defined as

ωy = hΩ(y) + hΩ(−y)

and the minimal width of Ω as

wΩ = min{ωy | y ∈ Sn−1}.

We recall the following estimate, which is proved in [32] in the planar case and is gener-
alized in [35] to all dimensions.

Proposition 1.11. Let Ω be a non-empty bounded, open and convex set of Rn. Then,

1
n
≤ |Ω|
P (Ω)rΩ

< 1. (1.23)

The upper bound is sharp on a sequence of thinning cylinders, while the lower bound is sharp,
for example, on balls. Moreover, for n = 2, any circumscribed polygon, that is a polygon
whose incircle touches all the sides, verifies the lower bound with the equality sign.

In the planar case the following inequalities hold true (see as a reference [137, 136, 131]).
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Proposition 1.12. Let Ω be a bounded, open and convex set of R2. Then,

2 ≤ wΩ
RΩ
≤ 3. (1.24)

The upper bound is achieved by equilateral triangles and the lower bound is achieved by disks.
Moreover,

(wΩ − 2RΩ)P (Ω) ≤ 2√
3
w2

Ω, (1.25)

with equality holding for equilateral triangles, and

|Ω| ≤ RΩ (P (Ω)− πRΩ) , (1.26)

with equality holding for the stadii (convex hull of two identical disjoint balls).
Eventually,

2 diam(Ω) < P (Ω) ≤ π diam(Ω), (1.27)

where the lower bound is asymptotically achieved by a sequence of thinning rectangles and the
upper bound by sets of constant width.

Finally, we recall the definition of sequence of thinning domains that will be used in the
following.

Definition 1.11. Let Ωl be a sequence of non-empty, bounded, open and convex sets of Rn.
We say that Ωl is a sequence of thinning domains if

wΩl
diam(Ωl)

l→0−−→ 0. (1.28)

diam(Ωl)

wΩl

Ωl

Figure 1.1: Minimal width and diameter of a convex set.

In particular, if l > 0 and C is a bounded, open and convex set of Rn−1 with unitary
(n− 1)-dimensional measure, then, if l→ 0, the sequence

Ωl = l−
1

n−1C ×
[
− l2 ,

l

2

]
(1.29)

is called a sequence of thinning cylinders. Moreover, in the case n = 2, the sequence (1.29)
is called sequence of thinning rectangles.

1.3.1 Quermassintegrals

Let us recall some basic facts about convex sets. For the content of this section, we will refer
to [134]. Let K ⊂ Rn be a non-empty, bounded, convex set, let B be the unitary ball centered
at the origin and ρ > 0. We can write the Steiner formula for the Minkowski sum K + ρB as

|K + ρB| =
n∑
i=0

(
n

i

)
Wi(K)ρi. (1.30)
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l−
1

n−1C

l

Ωl

Figure 1.2: Thinning cylinders.

The coefficients Wi(K) are known in literature as quermassintegrals of K. In particular,
W0(K) = |K|, nW1(K) = P (K) and Wn(K) = ωn where ωn is the measure of B.

If K has C2 boundary, the quermassintegrals can be written in terms of principal cur-
vatures of K. More precisely, denoting with Hj the j-th normalized elementary symmetric
function of the principal curvature κ1, . . . , κn−1 of ∂K, i.e.

H0 = 1 Hj =
(
n− 1
j

)−1 ∑
1≤i1<...<ij≤n−1

κi1 . . . κij j = 1, . . . , n− 1,

then the quermassintegrals can be written as

Wi(K) = 1
n

ˆ
∂K

Hi−1 dHn−1 i = 1, . . . , n. (1.31)

Moreover, the Steiner formula holds true also for quermassintegrals, that is

Wj(K + ρB) =
n−j∑
i=0

(
n− j
i

)
Wj+i(K)ρi j = 0, . . . , n− 1. (1.32)

For j = 1 we have

P (K + ρB1) = n
n−1∑
i=0

(
n− 1
i

)
Wi+1(K)ρi

= P (K) + n(n− 1)W2(K)ρ+ . . .+ nWn(K)ρn,

from which follows
lim
ρ→0

P (K + ρB)− P (K)
ρ

= n(n− 1)W2(K), (1.33)

and if ∂K is of class C2, formula (1.31) gives

lim
ρ→0

P (K + ρB)− P (K)
ρ

= (n− 1)
ˆ
∂K

H1 dHn−1.

Furthermore, Aleksandrov-Fenchel inequalities hold true(
Wj(K)
ωn

) 1
n−j
≥
(
Wi(K)
ωn

) 1
n−i

0 ≤ i < j ≤ n− 1, (1.34)

where equality holds if and only if K is a ball. When i = 0 and j = 1, formula (1.34) reduces
to the classical isoperimetric inequality, i.e.

P (K) ≥ nω
1
n
n |K|

n−1
n .

In the following, we will use (1.34) for i = 1 and j = 2, that is

W2(K) ≥ n−
n−2
n−1ω

1
n−1
n P (K)

n−2
n−1 . (1.35)
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1.3.2 Inner parallel sets

Let Ω be a non-empty, bounded, open and convex set of Rn. We defined the distance function
from the boundary in (1.1). We remark that the distance function is concave, as a consequence
of the convexity of Ω.

The superlevel sets of the distance function

Ωt = {x ∈ Ω : d(x, ∂Ω) > t } , t ∈ [0, rΩ] (1.36)

are called inner parallel sets, where rΩ is the inradius of Ω, and we use the following notations:

µ(t) = |Ωt|, P (t) = P (Ωt) t ∈ [0, rΩ]. (1.37)

By coarea formula (1.2), recalling that |∇d| = 1 almost everywhere, we have

µ(t) =
ˆ
{ d>t }

|∇d|
|∇d|

dx =
ˆ rΩ

t

1
|∇d|

ˆ
{ d=s }

dHn−1 ds =
ˆ rΩ

t
P (s) ds;

hence, the function µ(t) is absolutely continuous, decreasing and its derivative is µ′(t) =
−P (t) almost everywhere.

Moreover, by the Brunn-Minkowski Theorem ([134, Theorem 7.4.5]) and the concavity of
the distance function, P (t)

1
n−1 is concave in [0, RΩ], hence absolutely continuous in (0, RΩ).

Let us point out that, since P (t)
1

n−1 is strictly monotone decreasing, there exists its right
derivative at 0 and it is negative.

The following result is contained in [34]. We report its proof for the reader’s convenience.

Lemma 1.13. Let Ω be a bounded, convex, open set in Rn. Then for almost every t ∈ (0, RΩ)

− d

dt
P (Ωt) ≥ n(n− 1)W2(Ωt), (1.38)

and equality holds if Ω is a ball.

Proof. For every s ∈ (0, t) it holds

Ωt + sB1 ⊂ Ωt−s,

and if Ω is a ball, the two sets coincide. The monotonicity of the perimeter with respect to
the inclusion of convex sets and formula (1.33) give, for almost every t ∈ (0, RΩ),

− d

dt
P (Ωt) = lim

s→0+

P (Ωt−s)− P (Ωt)
s

≥ lim
s→0+

P (Ωt + sB1)− P (Ωt)
s

= n(n− 1)W2(Ωt).

As a consequence of (1.38) and (1.35), we have

− P ′(t) ≥ n(n− 1)ω
1

n−1
n

(
P (t)
n

)n−2
n−1

, (1.39)

that, for N = 2, reads
− P ′(t) ≥ 2π, (1.40)

with equality if Ω is a ball or a stadium.
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In particular, (1.39) implies that the perimeter P (t) is non increasing in Rn, while (1.40)
yields to the Steiner formulas for the inner parallel sets (see e.g. [138]):

P (t) ≤ P (Ω)− 2πt ∀t ∈ [0, rΩ], (1.41)

µ(t) ≥ |Ω| − P (Ω)t+ πt2 ∀t ∈ [0, rΩ], (1.42)

equality holding in both (1.41) and (1.42) for the stadii (see [76]).
Finally, combining the chain rule, the previous lemma and the fact that |∇d(x)| = 1

almost everywhere, we obtain

Lemma 1.14. Let f : [0,+∞)→ [0,+∞) be a strictly increasing C1 function with f(0) = 0.
Set u(x) = f(d(x)) and

Et = { x ∈ Ω : u(x) > t } = Ωf−1(t),

then
− d

dt
P (Et) ≥ (n− 1)W2(Et)

|∇u|u=t
. (1.43)

1.3.3 Asymmetry indices

Since, we want to prove quantitative results, we need a geometric quantity that gives us
information about the shape of Ω. We will consider the Hausdorff asymmetry index, as
already done in [58], so we recall some basic notions about the Hausdorff distance.

If E,F are any two convex sets in Rn the Hausdorff distance between E and F is defined
as

dH(E,F ) := inf {ε > 0 : E ⊂ F + εB, F ⊂ E + εB} ,

where B is the unitary ball centered at the origin and F + εB is the well-known Minkowski
sum. For any measurable set E of finite perimeter, we define two isoperimetric deficits

D(E) := P (E)− P (E]), M(E) := |E?| − |E|, (1.44)

where E] and E? are the balls with the same measure and the same perimeter of E, respec-
tively.

Moreover, we will consider the following Hausdorff asymmetry indices

A?H(E) = min
x∈Rn

{dH(E,Br(x)), P (Ω) = P (Br(x))} , (1.45)

and
A]H(E) = min

x∈Rn
{dH(E,Br(x)), |Ω| = |Br(x)|} . (1.46)

Lemma 2.9 in [83] tells us how these two indices are related one to the other.

Lemma 1.15. Let n ≥ 2 and let E ⊂ Rn be a bounded, open and convex set with D(E) ≤ δ,
then

A?H(E) ≤ C(n)A]H(E). (1.47)

With these definitions, we can recall the quantitative isoperimetric inequality proved in
[79, 80].

Theorem 1.16 (Fuglede). Let n ≥ 2, and let E be a bounded open and convex set with
|E| = ωn. There exists δF , C, depending only on n, such that if D(E) ≤ δF then

D(E) ≥ Cg
(
A]H(E)

)
, (1.48)
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where g is defined by

g(s) =


s2 if n = 2
f−1(s2) if n = 3
s
n+1

2 if n ≥ 4
(1.49)

and f(t) =
√
t log(1

t ) for 0 < t < e−1.

We are interested in a modified version of this theorem, in terms ofM(E), so we have

Lemma 1.17. Let E ⊂ Rn be a bounded, open and convex set and let E? be the ball satisfying
P (E) = P (E?) = ρ. Then, there exist δ, C, depending only on n and ρ, such that, if

M(E) = |E?| − |E| ≤ δ, (1.50)

then
M(E) ≥ Cg

(
A?H(E)

)
,

where g is the function defined in (1.49).

Proof. Let us start by setting δ < |E
?|

2 , so

|E| > |E
?|

2 . (1.51)

Let us divide the proof in two steps. First we assume that |E| = ωn. By the differentia-
bility of the function h(t) = t

n−1
n , there exists ξ ∈ (|E|, |E?|) such that

|E?|
n−1
n − |E|

n−1
n = h′(ξ) (|E?| − |E|) ≤ n− 1

nω
1
n
n

(|E?| − |E|) . (1.52)

Moreover,

|E?|
n−1
n − |E|

n−1
n = P (E)

nω
1
n
n

− |E|
n−1
n = P (E)

nω
1
n
n

− P (E])

nω
1
n
n

= D(E)
nω

1
n

. (1.53)

Hence, by (1.52) and (1.53), we get

D(E) ≤ (n− 1)M(E).

So, choosing δ ≤ δF (n)
n− 1 , where δF (n) is the one provided by Theorem 1.16, we can apply the

aforementioned Theorem to write

P (E) ≥ nωn
(
1 + γ(n)g

(
A]H(E)

))
,

obtaining

|E?| − |E| = P (E)
n
n−1

n
n
n−1ω

1
n−1
n

− |E| ≥ ωn
(
1 + γ(n)g

(
A]H(E)

)) n
n−1 − ωn

≥ nωnγ(n)
n− 1 g

(
A]H(E)

)
,

where in the last step we used Bernoulli’s inequality

(1 + x)r ≥ 1 + rx x ≥ −1, r ≥ 1.
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Applying Lemma 1.15, we eventually have

|Ω?| − |Ω| ≥ C(n)g
(
A?H(Ω)

)
.

Now we treat the general case. Let us rescale the set E as

E1 =
(
ωn
|E|

) 1
n

E,

so we have

M(E1) = |E?1 | − |E1| =
ωn
|E|
|E?| − ωn

= ωn
|E|
M(E) ≤ 2ωn

|E?|
M(E),

where the last inequality follows from (1.51).
In order to apply the previous case to the set E1, we need

M(E1) ≤ δF
n− 1 ,

which is guaranteed if we choose

M(E) ≤ |E?|
2(n− 1)ωn

δF = δ(n, ρ).



Chapter 2

On the rearrangement of the
gradient

In this chapter we consider the rearrangement of the modulus of the gradient of a function.
In particular, in the first part we consider a Sobolev function and we compare some suitable
norms of u with those of a radial function whose gradient is the increasing rearrangement of
u.

In the second part of the chapter we do a similar study for a function which is only BV.
It will become clear that the latter is a generalisation of the first case, which is completely
recovered as a special case.

In the end, we present some applications of this type of rearrangement.

2.1 On the rearrangement of the gradient of a Sobolev func-
tion

Let us deal with the Sobolev case, hence it holds the following.

Theorem 2.1. Let Ω ⊂ Rn be a bounded, open and Lipschitz set and let u ∈ W 1,p(Ω) be a
non-negative function. If we denote with Ω] the ball centered at the origin with same measure
as Ω, then there exists a non-negative function u? ∈W 1,p(Ω]) that satisfies

|∇u?| = |∇u|](x) a.e. in Ω]

u? =

ˆ
∂Ω
u dHn−1

|∂Ω]|
on ∂Ω].

(2.1)

and such that

‖u‖L1(Ω) ≤ ‖u
?‖L1(Ω]). (2.2)

Remark 2.2. By the explicit expression of u∗ on the boundary and the Hölder inequality,
we can estimate the Lp norm of the trace:

|∂Ω]|p−1
ˆ
∂Ω]

(u?)p dHn−1 =
(ˆ

∂Ω
u dHn−1

)p
≤ |∂Ω|p−1

ˆ
∂Ω
up dHn−1 ∀p ≥ 1. (2.3)

Proof of Theorem 2.1. Let us consider ε and δ := δε and the sets

Ωε = { x ∈ Rn | d(x,Ω) < ε } Σε = Ωε \ Ω,

Ω]
ε =

{
x ∈ Rn

∣∣∣ d(x,Ω]) < δ
}

Σ]
ε = Ω]

ε \ Ω],

|Ωε| = |Ω]
ε| |Σε| = |Σ]

ε|,

(2.4)

35
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where, since |Σε|/ε→ |∂Ω| and |Σ]
ε|/δ → |∂Ω]| as ε→ 0, we have

lim
ε→0

δ

ε
= |∂Ω|
|∂Ω]|

.

Let d(·,Ω) defined as follows:
d(x,Ω) := inf

y∈Ω
|x− y|.

Then we divide the proof into four steps.

Step 1 First of all we assume Ω with C1,α boundary, u ∈W 1,∞(Ω) and u ≥ σ > 0 in Ω.
So we can consider the following "linear" extension of u, uε in Ωε

uε(x) = u
(
p(x)

)(
1− d(x, ∂Ω)

ε

)
∀x ∈ Ωε \ Ω,

where p(x) is the projection of x on ∂Ω (for ε sufficiently small, this definition is well
posed since Ω is smooth, see [85]). The function uε, has the following properties:

(a) uε|Ω = u,
(b) uε = 0 on ∂Ωε,
(c) ‖∇uε‖L∞(Ω) ≤ |∇uε|(y) ∀y ∈ Σε for ε sufficiently small,

(d) lim
ε→0+

ˆ
Σε
|∇uε| dx =

ˆ
∂Ω
u dHn−1.

Properties (a) and (b) follow immediately by the definition of uε, while (c) is a con-
sequence of the regularity of u. Property (d) can be obtained by an easy calculation,
indeed

∇uε(x) = ∇
(
u(p(x))

)[
1− d(x, ∂Ω)

ε

]
− u

(
p(x)

)∇d(x, ∂Ω)
ε

For the first term, we can notice
ˆ

Σε

∣∣∇(u(p(x))
)∣∣[1− d(x, ∂Ω)

ε

]
dx ≤ L

ˆ
Σε

dx = L|Σε|

where L is the L∞ norm of ∇u(p(x)). Now we deal with the second term and, keeping
in mind that |∇d| = 1 and using coarea formula, we have

lim
ε→0+

ˆ
Σε
|∇uε| dx = lim

ε→0+

1
ε

ˆ
Σε
u(p(x)) dx = lim

ε→0+

ˆ ε

0
dt

ˆ
Γt

(u ◦ p) dHn−1

where Γt = { x ∈ Σε | d(x, ∂Ω) = ε }. By continuity of u and Lebesgue differentation
theorem we get

lim
ε→0+

1
ε

ˆ ε

0
dt

ˆ
Γt
u ◦ p dHn−1 =

ˆ
Γ0

(u ◦ p) dHn−1 =
ˆ
∂Ω
u dHn−1

that proves property (d).
For every ε > 0, we consider the following problem{

|∇vε|(x) = |∇uε|](x) in Ω]
ε

vε = 0 on ∂Ω]
ε

(2.5)
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and by Theorem 1.4 it holds

‖uε‖L1(Ωε) ≤ ‖vε‖L1(Ω]ε)
. (2.6)

Moreover it exists ε̄ such that for every ε ≤ ε̄

|∇vε|(x) = |∇uε|](x) = |∇u|](x) ∀x ∈ Ω]. (2.7)

We can see uε as a W 1,1(Ωε̄) function and we have
ˆ

Ω]ε̄
|∇vε| =

ˆ
Ωε̄
|∇uε| =

ˆ
Ω
|∇u|+

ˆ
Σε
|∇uε| ≤ ‖∇u‖L1(Ω) + 2‖u‖L1(∂Ω). (2.8)

by property (d).
Finally, by Poincarè and (2.8), there exists a constant 0 < C = C(n,Ω) such that

‖vε‖W 1,1(Ω]ε̄)
≤ C‖∇vε‖L1(Ωε̄) ≤ C(n,Ω)‖u‖W 1,1(Ω).

Therefore, up to a subsequence, there exists a limit function u? ∈ BV (Ω]
ε̄) such that

([19, Proposition 3.13])

vε → u? in L1(Ω]
ε̄) ∇vε

∗
⇀ ∇u? in Ω

namely
lim
ε→0

ˆ
Ω]ε̄
ϕd∇vε =

ˆ
Ω]ε̄
ϕd∇u? ∀ϕ ∈ C0(Ω,Rn)

Our aim is to show that u? satisfies properties (2.1), (2.2) and (2.3).
Concerning (2.1) then |∇u?| = |∇u|] follows from (2.7).
To find the value of u? at the boundary, we observe that, from (2.5) and (2.7), we have

ˆ
Σε
|∇uε| =

ˆ
Σ]ε
|∇vε|.

Now, for t > 0 setting Γt = { d(x,Ω) = t }, Γ]t = {d(x,Ω]) = t}, r =
( |Ω|
ωn

) 1
n

and
recalling that vε is radially symmetric we have

ˆ
Σ]ε
|∇vε| =

ˆ r+δ

r

ˆ
Γ]t
|∇vε| dHn−1 dt = |Γ]t|

ˆ r+δ

r
−v′ε|Γ

]
t| dt = |Γ]t| vε(r).

Therefore by monotonicity of |Γ]t| we have

|Γ]r|vε(r) ≤
ˆ r+δ

r

(
−v′ε(t)|Γ

]
t|
)
dt ≤ |Γ]r+δ|vε(r)

and since
|Γ]r|vε(r) =

ˆ
∂Ω]

vε dHn−1

using the fact that vε → v in L1(Ω), ∇vε = ∇u in Ω and the continuity embedding of
W 1,1(Ω) in L1(Ω), in the end we have

ˆ
Σ]ε
|∇vε| →

ˆ
∂Ω]

u? dHn−1.
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Using property (d) we obtain
ˆ
∂Ω
u dHn−1 =

ˆ
∂Ω]

u? dHn−1.

In the end we have that for u? it holds
|∇u?| = |∇u|] in Ω]

u? =

ˆ
∂Ω
u dHn−1

|∂Ω]|
on ∂Ω].

that proves (2.1).
Furthermore by

‖uε‖L1(D) → ‖u‖L1(D) and ‖vε‖L1(D]) → ‖u
?‖L1(D]).

we can pass to the limit ε→ 0 in (2.6) and we get

‖u‖L1(Ω) ≤ ‖u
?‖L1(Ω]).

that proves (2.2).

Step 2 Now we remove the extra-assumption u ≥ δ > 0 defining

uσ := u+ σ.

Then uσ is strictly positive in Ω and we can apply the previous result: there exists a
function vσ in Ω] such that

|∇vσ| = |∇uσ|] = |∇u|] a.e. in Ω]

vσ =

ˆ
∂Ω
uσ dHn−1

|∂Ω]|
=

ˆ
∂Ω
u dHn−1

|∂Ω]|
+ σ
|∂Ω|
|∂Ω]|

on ∂Ω],

and
‖uσ‖L1(Ω) ≤ ‖vσ‖L1(Ω]), (2.9)

If we define
u? := vσ − σ

|∂Ω|
|∂Ω]|

,

then u? solves 
|∇u?| = |∇u|] in Ω]

u? =

ˆ
∂Ω
u dHn−1

|Ω]|
on ∂Ω],

Sending σ → 0 in (2.9) we have

‖u‖L1(Ω) ≤ ‖u
?‖L1(Ω]).

Step 3 Now we remove the assumption on the regularity of Ω.
Let Ω be a bounded, open and Lipschitz set, and u ∈ W 1,∞(Ω). Then there exists a
sequence { Ωk } ⊂ Rn of open set with C2 boundary such that Ω ⊂ Ωk, ∀k ∈ N (for
istance you can mollify χΩ and take a suitable superlevel set) and

|Ωk4Ω| → 0 Hn−1(∂Ωk)→ Hn−1(∂Ω) for k → +∞.
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Let ũ be an extension of u in Rn such that

ũ|Ω ≡ u, ‖ũ‖W 1,∞(Rn) ≤ C‖u‖W 1,∞(Ω).

We define
uk = ũχΩk ,

and clearly uk = u in Ω. By the previous step, we can construct u?k ∈ W 1,∞(Ω]
k) such

that it is radial, |∇uk|∗ = |∇u?k|∗ and

‖uk‖L1(Ωk) ≤ ‖u
?
k‖L1(Ω]

k
) (2.10)ˆ

∂Ωk
uk dHn−1 =

ˆ
∂Ω]

k

u?k dHn−1 (2.11)

Therefore, since ‖uk‖W 1,p(Ωk) ≤ M , for all p, the sequence { u?k } is equibounded in
W 1,p(Ω]) and it has a subsequence which converges strongly in Lp and weakly in W 1,p

to a function w.
Let us prove that |∇u| and |∇w| has the same rearrangement.

lim sup
k

∥∥|∇u?k| − |∇u|]∥∥Lp(Ω]) ≤ lim
k

∥∥(fk)] − f]∥∥Lp(Rn)

where

f(x) =
{
|∇ũ| in Ω
‖∇ũ‖L∞(Rn) in Rn \Ω

and fk =
{
|∇uk| in Ωk

‖∇ũ‖L∞(Rn) in Rn \Ωk

So using (1.7) we have∥∥(fk)] − f]∥∥Lp(Rn) ≤ ‖fk − f‖Lp(Rn) = ‖fk − f‖Lp(Ωk\Ω) ≤ 2‖∇ũ‖L∞(Rn)|Ωk \ Ω|

that tends to 0 as k → +∞ by the fact that |Ωk4Ω| → 0.
Hence, the functions ∇w and ∇u has the same rearrangement, by the uniqueness of
the weak limit in Ω].
In the end, passing to limit k → +∞ in (2.10) and (2.11), we have

‖u‖L1(Ω) ≤ ‖w‖L1(Ω])ˆ
∂Ω
u dHn−1 =

ˆ
∂Ω]

w dHn−1.

Hence w = u?.

Step 4 Finally, we proceed by removing the assumption u ∈W 1,∞(Ω).
If u ∈ W 1,p(Ω), by Meyers-Serrin Theorem, there exists a sequence {uk} ⊂ C∞(Ω) ∩
W 1,p(Ω) such that uk → u in W 1,p(Ω). We can apply previous step to obtain u?k ∈
W 1,∞(Ω]) such that |∇uk| and |∇u?k| are equally distributed and

‖uk‖L1(Ω) ≤ ‖u
?
k‖L1(Ω]) ∀k ∈ N (2.12)ˆ

∂Ω
uk dHn−1 =

ˆ
∂Ω]

u?k dHn−1 ∀k ∈ N. (2.13)

Arguing as the previous step, there exists a function w such that, up to a subsequence

u?k → w in Lp(Ω) ∇u?k ⇀ ∇w in Lp(Ω;Rn)
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and |∇w| has the same rearrangement as |∇u|.
Finally, sending k → +∞ in (2.12) and (2.13), we have

‖u‖L1(Ω) ≤ ‖w‖L1(Ω])ˆ
∂Ω
u dHn−1 =

ˆ
∂Ω]

w dHn−1.

Hence w = u?.

2.1.1 A weighted L1 comparison

Let us check how extend the result by [140] to the case of function non vanishing on the
boundary.

Theorem 2.3. Let Ω ⊂ Rn be a bounded, open and Lipschitz set. Let f ∈ L∞(Ω) be a
function such that

f∗(t) ≥
(

1− 1
n

)1
t

ˆ t

0
f∗(s) ds ∀t ∈ [0, |Ω|]. (2.14)

If u ∈W 1,p(Ω) and u? is the function given by Theorem 2.1, then
ˆ

Ω
f(x)u(x) dx ≤

ˆ
Ω]
f ](x)u?(x) dx. (2.15)

Proof. If u ∈W 1,p
0 (Ω), the result is contained in [140]. We recall it, for sake of completeness.

By [84, eq. 2.7] it is known

u∗(s) ≤ 1

nω
1
n
n

ˆ |Ω|
s

F (t)
t1−

1
n

dt (2.16)

where F is a function such that
ˆ s

0
F (t) dt =

ˆ
D(s)
|∇u|∗(s) ds

with D(s) defined in Chapter 1.

Setting g(t) := 1
t1−

1
n

ˆ t

0
f∗(s) ds, multiplying both terms of (2.16) for f∗(s), integrating from

0 to |Ω| and using Fubini’s Theorem we get
ˆ |Ω|

0
f∗(s)u∗(s) ds ≤ 1

nω
1
n
n

ˆ |Ω|
0

f∗(s)
(ˆ |Ω|

s

F (t)
t1−

1
n

dt

)
ds = 1

nω
1
n
n

ˆ |Ω|
0

F (t)g(t) dt (2.17)

Let us suppose that g(t) is non-decreasing, so g∗(s) = g(s) and by Lemma 1.6 there exists a
sequence {Fk} such that (Fk)∗ = (∇u)∗ and Fk ⇀ F in BV . Therefore

ˆ |Ω|
0

F (t)g(t) dt = lim
k

ˆ |Ω|
0

Fk(t)g(t) dt

Using Hardy-Littlewood’s inequality we have

lim
k

ˆ |Ω|
0

Fk(t)g(t) dt ≤
ˆ |Ω|

0
|∇u|∗(t)g∗(t) dt =

ˆ |Ω|
0
|∇u|∗(t)g(t) dt
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Hence, by (2.17) and Fubini’s Theorem, we obtain
ˆ |Ω|

0
f∗(t)u∗(t) dt ≤ 1

nω
1
n
n

ˆ |Ω|
0
|∇u|∗(t) g(t) dt

= 1

nω
1
n
n

ˆ |Ω|
0
|∇u|∗(t)

(
1

t1−
1
n

ˆ t

0
f∗(s) ds

)
dt

=
ˆ |Ω|

0
f∗(s)

( 1

nω
1
n
n

ˆ |Ω|
s

|∇u|∗(t)
t1−

1
n

dt

)
ds

=
ˆ |Ω|

0
f∗(s)(u?)∗(s) ds

Therefore, by Hardy-Littlewood inequality, we have
ˆ

Ω
f(x)u(x) dx ≤

ˆ |Ω|
0

f∗(t)u∗(t)

≤
ˆ |Ω|

0
f∗(s)(u?)∗(s) ds =

ˆ
Ω]
f ](x)u?(x) dx

But we have to deal with the assumption that g is non-decreasing, that is g′(t) ≥ 0 if and
only if

d

dt

( 1
t1−

1
n

ˆ t

0
f∗(s) ds

)
= −n− 1

n

1
t2−

1
n

(ˆ t

0
f∗(s) ds

)
+ 1
t1−

1
n

f∗(t) ≥ 0,

hence, if and only if

f∗(t) ≥
(

1− 1
n

)1
t

ˆ t

0
f∗(s) ds.

Now let us deal with u /∈W 1,p
0 (Ω). Suppose that u ∈ C2(Ω) is a non-negative function, that

Ω has C2 boundary and that f satisfies (2.14). Proceeding as in Step 1 of Theorem 2.1, for
every ε > 0 we can construct uε that coincides with u in Ω and is zero on ∂Ωε. Moreover we
can extend f to Ωε simply defining

fε(t) =
{
f(x) in Ω
f∗(|Ω|) in Ωε \ Ω

The rearrangement, for every ε > 0, is

f∗ε (t) =

f
∗(t) in

[
0, |Ω|

]
f∗(|Ω|) in

[
|Ω|, |Ωε|

]
,

so we just have to check (2.14) for t ∈
[
|Ω|, |Ωε|

]
, namely

f∗ε (t) ≥
(
n− 1
n

)1
t

ˆ t

0
f∗ε (s) ds. (2.18)

Keeping in mind that f verifies (2.14), we have

f∗ε (t) = f∗(|Ω|) ≥
(
n− 1
n

) 1
|Ω|

ˆ |Ω|
0

f∗(s) ds.

If we show that

1
|Ω|

ˆ |Ω|
0

f∗(s) ds ≥
[

1
t

ˆ |Ω|
0

f∗(s) ds+ t− |Ω|
t

f∗(|Ω|)
]

= 1
t

ˆ t

0
f∗ε (s) ds
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then (2.18) is true. By direct calculations

t− |Ω|
t|Ω|

ˆ |Ω|
0

f∗(s) ds ≥ t− |Ω|
t

f∗(|Ω|) ⇐⇒ 1
|Ω|

ˆ |Ω|
0

f∗(s) ds ≥ f∗(|Ω|).

that is true of the fact that f∗ is decreasing.
So, ∀ε > 0 we can apply the first part of the Theorem obtainingˆ

Ωε
uεfε dx ≤

ˆ
Ω]ε
vεf

]
ε dx

Sending ε→ 0 we get ˆ
Ω
uf dx ≤

ˆ
Ω]
u?f ] dx.

Arguing as in Theorem 2.1, we get (2.15).

Remark 2.4. Condition (2.14) implies the f is strictly positive. Moreover, if the essential
oscillation of f is bounded

ess osc|f | := ess supx∈Ω|f(x)|
ess infx∈Ω|f(x)| ≤

n

n− 1

then (2.14) is satisfied.

Moreover we can use Theorem 2.3 to get a comparison between Lorentz norm of u and
u?.

Corollary 2.5. Let 1 ≤ p ≤ n
n−1 , under the assumption of Theorem 2.1 it holds

‖u‖Lp,1(Ω) ≤ ‖u
?‖Lp,1(Ω]) (2.19)

where u? is the function given by Theorem 2.1

Proof. Let us explicit the Lp,1 norm of u

‖u‖Lp,1(Ω) =
ˆ +∞

0
t

1
p
−1
u∗(t) dt =

ˆ +∞

0
t
− 1
p′ u∗(t) dt

Hence by Theorem 2.3, it is sufficient to have

t
− 1
p′ − n− 1

n

1
t

ˆ t

0
s
− 1
p′ ds ≥ 0. (2.20)

If we compute
1
t

ˆ t

0
s
− 1
p′ ds = 1

t
p t
− 1
p′+1 = p t

− 1
p′ ,

then we have

t
− 1
p′ − n− 1

n

1
t

ˆ t

0
s
− 1
p′ ds = t

− 1
p′

(
1− n− 1

n
p

)
≥ 0 ⇐⇒ p ≤ n

n− 1

so (2.20) is true and we can apply Theorem 2.3 obtaining
ˆ +∞

0
t
− 1
p′ u∗(t) dt ≤

ˆ +∞

0
t
− 1
p′ u?(t) dt

that is (2.19).

Remark 2.6. We emphasize that the bound p ≤ n
n−1 is the best we can hope for Lorentz

norm Lq,1. Indeed, if by absurd (2.19) holds for p > n
n−1 , by the embedding of Lp,q spaces,

Lq,1(Ω) ⊆ Lq,q(Ω) = Lq(Ω), which gives a contradiction.
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2.2 On the rearrangement of the gradient of a BV function
Let us switch to the BV case. For this aim, let Ω be a bounded open set and let us

BV0(Ω) := {u ∈ BV(Rn) : u ≡ 0 in Rn \Ω} .

For a given funcion u ∈ BV0, let us define

f(x, s) =
(
u(x)− u∗(s)

)
+(x) x ∈ Rn, s ∈ [0,+∞). (2.21)

Since for each s ∈ [0,+∞) the function f(·, s) is a truncation of u, by the Fleming-Rishel
formula 1.2 it is in BV0(Ω), and for each s ∈ [0,+∞) we denote

G(s) = |Df(·, s)|(Rn) = |Daf(·, s)|(Rn) + |Dsf(·, s)|(Rn) = G1(s) +G2(s) (2.22)

∀s ∈ [0,+∞), where Daf and Dsf are respectively the absolutely continuous part and
singular part of the measure Df .

Here we have a corollary to the Fleming-Rishel formula.

Corollary 2.7. Let u ∈ BV0(Ω) be a non-negative function and let G(s) be defined as in
(2.22). Then for a.e. s ∈ [0,+∞), we have

G(s) =
ˆ +∞

u∗(s)
Per({ u > ξ }) dξ. (2.23)

Proof. For a.e. s ∈ [0,+∞), applying (1.11) to the function f(x, s) defined in (2.21), we have

G(s) =
∣∣∣D((u− u∗(s))+∣∣∣(Rn) =

ˆ +∞

−∞
Per

({ (
u(x)− u∗(s)

)
+(x) > ξ

})
dξ.

By (1.13) we have
ˆ +∞

−∞
Per

({ (
u(x)− u∗(s)

)
+(x) > ξ

})
dξ =

ˆ +∞

0
Per ({ u(x)− u∗(s) > ξ }) dξ,

and a change of variables gives (2.23).

We observe the following properties:

1. since G is an increasing function by (2.23), it is a BV function and there exists a measure
F such that

G(s) =
ˆ s

0
dF (τ) ∀s ∈ [0,+∞); (2.24)

2. since G1(s) =
ˆ
{u>u∗(s)}

|Dau| dx, it is an increasing AC function by the absolutely

continuity of the integral, so there exists a L1 function F1 such that

G1(s) =
ˆ s

0
F1(τ) dτ ∀s ∈ [0,+∞);

3. G2 is an increasing BV function, so there exists a measure dF2 such that

G2(s) =
ˆ s

0
dF2(τ) ∀s ∈ [0,+∞);
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Hence, ∀s ∈ [0,+∞) , we can write G as

G(s) =
ˆ s

0
dF (τ) =

ˆ s

0
F1(τ) dτ +

ˆ s

0
dF2(τ). (2.25)

Now, let us define the following function

v(s) :=
ˆ +∞

s

1

nω
1
n
n τ

1− 1
n

dF (τ) ∀s ∈ [0,+∞), (2.26)

where F is defined in (2.24). We observe that, since supp(F ) ⊆ [0, |Ω|], v is identically 0 on
(|Ω|,+∞), hence v ∈ BV0([0, |Ω|]).

As intermediate step towards Theorem 2.9, we prove the following proposition.

Proposition 2.8. Let Ω ⊂ Rn be a bounded open set and suppose that u is a non-negative
BV0(Ω) function. If v(s) is defined as in (2.26), then

u∗(s) ≤ v(s) a.e. s ∈ [0,+∞). (2.27)

Proof. By the isoperimetric inequality it holds

nω
1
n
n µ(t)1− 1

n ≤ Per({u > t}) ∀t ∈ [0.+∞),

and by (2.23) and (2.25) we have

G(s) =
ˆ +∞

u∗(s)
Per({u > ξ}) dξ =

ˆ s

0
dF (τ) a.e. s ∈ [0,+∞).

Hence, for all 0 ≤ s1 < s2 < +∞ we have
ˆ s2

s1

dF (τ) = G(s2)−G(s1) =
ˆ u?(s1)

u?(s2)
Per({u > ξ}) dξ ≥

ˆ u?(s1)

u?(s2)
nω

1
n
n µ(ξ)1− 1

n dξ

Since this holds for every couple s1 and s2, we have

F ≥ DH(u∗(s)) (2.28)

where
H(τ) =

ˆ +∞

τ
nω

1
n
n µ(ξ)1− 1

n dξ.

The computation of d
dsH(u∗(s)) is possible thanks to the work of Ambrosio and Dal Maso

[18], since H is a Lipschitz function. More precisely

DH(u∗(s)) =

−nω
1
n
n s

1− 1
nDu∗(s) if s 6∈ Ju∗

H
(
u∗(s)

)
−H

(
u∗(s−)

)
if s ∈ Ju∗

Since

H
(
(u∗(s)

)
−H

(
(u∗(s−)

)
=
ˆ u∗(s−)

u∗(s)
nω

1
n
n µ(ξ)1− 1

n dξ

= nω
1
n
n s

1− 1
n
(
u∗(s−)− u∗(s)

)
= −nω

1
n
n s

1− 1
nDu∗(s),

in any case we can write
DH(u∗(s)) = −nω

1
n
n s

1− 1
nDu∗(s).
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Therefore, by means of (2.28), we can estimate the Radon-Nikodym derivative of F with
respect to Du∗

− dF

d(Du∗)(s) ≥ nω
1
n
n s

1− 1
n a.e. s ∈ [0,+∞).

Then

u∗(s) = −
ˆ +∞

s
d(Du∗)(τ) ≤

ˆ +∞

s

dF (τ)

nω
1
n
n τ

1− 1
n

= v(s).

In this section, we want to introduce a symmetrization that keeps the absolutely contin-
uous part separate from the singular part (sum of jump and Cantorian part) of the gradient.
To be more precise, we define the radial function u? ∈ W 1,1(Ω]) ∩ BV0(Ω]) ∩ L∞(Ω]) such
that 

|∇u?|(x) = |∇au|](x) a.e. in Ω]

u?(x) =
1

Per(Ω])
|Dsu|(Rn) on ∂Ω]

, (2.29)

where ∇au and Dsu is defined in Chapter 1.
The main theorem of this section can be stated as follows.

Theorem 2.9. Let Ω ⊂ Rn be a bounded open set and let Ω] be the centered ball. Suppose
that u is a non-negative BV0(Ω) function and u? is defined in (2.29), then

‖u‖L1(Ω) ≤ ‖u
?‖L1(Ω]). (2.30)

Proof. First of all, let us emphasize that the decreasing rearrangement of u?, defined in (2.29),
is

(u?)∗(s) =
ˆ +∞

s

|∇au|∗(t)

nω
1
n
n t

1− 1
n

dt+ 1
Per(Ω]) |D

su|(Rn)χ[0,|Ω|](s) ∀s ∈ [0,+∞).

Now, let us integrate (2.27) between 0 and +∞ and let us use Fubini’s Theorem to obtain
ˆ +∞

0
u∗(s) ds ≤

ˆ +∞

0
v(s) ds

= 1

nω
1
n
n

ˆ +∞

0

(ˆ +∞

s

dF (t)
t1−

1
n

)
ds

= 1

nω
1
n
n

ˆ +∞

0

(ˆ t

0

ds

t1−
1
n

)
dF (t)

= 1

nω
1
n
n

ˆ +∞

0
t

1
n dF (t)

= 1

nω
1
n
n

[ˆ +∞

0
t

1
nF1(t) dt+

ˆ +∞

0
t

1
n dF2(t)

]
.

By (1.15) applied to F1 and the Hardy-Littlewood inequality (1.6), we have
ˆ +∞

0
t

1
nF1(t) dt = lim

k

ˆ +∞

0
t

1
n (F1)k(t) dt ≤

ˆ +∞

0
t

1
n |∇au|∗(t) dt,
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then ˆ +∞

0
u∗(s) ds ≤ 1

nω
1
n
n

[ˆ +∞

0
t

1
n |∇au|∗(t) dt+

ˆ +∞

0
t

1
n dF2(t)

]

≤ 1

nω
1
n
n

[ˆ +∞

0
t

1
n |∇au|∗(t) dt+ |Ω|

1
n

ˆ +∞

0
dF2(t)

]
,

(2.31)

since F2(A) = 0 for all A ⊂ (|Ω|,+∞).
Using again Fubini’s Theorem, we can compute

ˆ +∞

0
|∇au|∗(t)t

1
n dt =

ˆ +∞

0

|∇au|∗(t)
t1−

1
n

ˆ t

0
ds =

ˆ +∞

0

(ˆ +∞

s

|∇au|∗(t)
t1−

1
n

dt

)
ds,

and

|Ω|
1
n

nω
1
n
n

ˆ +∞

0
dF2(t) = |Ω| 1

Per(Ω]) |D
su|(Rn) =

ˆ +∞

0

1
Per(Ω]) |D

su|(Rn)χ[0,|Ω|](s) ds.

Hence, (2.31) can be written as

‖u‖L1(Ω) ≤
ˆ +∞

0

[ˆ +∞

s

|∇au|∗(t)

nω
1
n
n t

1− 1
n

dt+ 1
Per(Ω]) |D

su|(Rn)χ[0,|Ω|](s)
]
ds = ‖u?‖L1(Ω]).

Remark 2.10. We want to stress the fact that the total variation of the symmetrization
thus obtained is equal to that of the starting function, i.e.

|Du|(Rn) = |Du?|(Rn),

and moreover the total variations of the absolutely continuous and singular part are preserved

|Dau|(Rn) =
ˆ
Rn
|∇au| dx =

ˆ
Ω]
|∇au?| dx and |Dsu|(Rn) = |Dsu?|(Rn).

2.3 Applications: Shape optimization for torsional rigidities

In this section we deal with some applications of this type of rearrangement. We consider
different boundary value problems and the functionals associated with them.

2.3.1 Torsional rigidity with Robin boundary condition

Let β > 0, let Ω ⊂ Rn be a bounded and open set with Lipschitz boundary and let us consider
the functional

Fβ(Ω, ψ) =

ˆ
Ω
|∇ψ|2 dx+ β|∂Ω|

ˆ
∂Ω
ψ2 dHn−1

(ˆ
Ω
ψ dx

)2 ψ ∈W 1,2(Ω)

and the associate minimum problem

T (Ω, β) = min
ψ∈W 1,2(Ω)

Fβ(ψ)
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The minimum u is a weak solution to
−∆u = 1 in Ω
∂u

∂ν
+ β|∂Ω|u = 0 on ∂Ω

(2.32)

Our aim is to compare T (Ω, β) with

T (Ω], β) := min
v∈W 1,2(Ω)

FΩ,β(v) = min
v∈W 1,2(Ω)

ˆ
Ω]
|∇v|2 dx+ β|∂Ω]|

ˆ
∂Ω]

v2 dHn−1

(ˆ
Ω]
v dx

)2

where the minimum is a weak solution to
−∆z = 1 in Ω]

∂z

∂ν
+ β|∂Ω]| z = 0 on ∂Ω]

(2.33)

In particular we have

Corollary 2.11. Let β > 0, let Ω ⊂ Rn be a bounded, open and Lipschitz set. If we denote
with Ω] the ball centered at the origin with same measure as Ω, it holds

T (Ω, β) ≥ T (Ω], β)

Proof of Corollary 2.11. Let ψ ∈ W 1,p(Ω), by Theorem 2.1 and Remark 2.2 there exists
ψ? ∈W 1,∞(Ω]) radial such that

ˆ
Ω
|∇ψ|2 dx =

ˆ
Ω]
|∇ψ?|2 dx

ˆ
Ω
|ψ| dx ≤

ˆ
Ω]
|ψ?| dx

|∂Ω]|
ˆ
∂Ω]

(ψ?)2 ≤ |∂Ω|
ˆ
∂Ω
ψ2

Therefore
Fβ(ψ) ≥ Fβ(ψ?)

Passing to the infimum on right-hand side and successively to the left-hand side, we obtain

T (Ω, β) ≥ T (Ω], β)

Remark 2.12. We highlight that all the arguments work also in the non-linear case, where
the functional

Fβ,p(w) =

ˆ
Ω
|∇w|p dx+ β|∂Ω|p−1

ˆ
∂Ω
wp dHn−1

(ˆ
Ω
w dx

)p for w ∈W 1,p(Ω).

is considered.
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Remark 2.13. If f satisfies (2.14), then theorem 2.3 allows us to compare the minimum of

Tβ,f (Ω) := min
w∈W 1,2(Ω)

{1
2

ˆ
Ω
|∇w|2 dx+ β|∂Ω|

2

ˆ
∂Ω
w2 dHn−1 −

ˆ
Ω
wf dx

}
with the one of

Tβ,f (Ω]) := min
v∈W 1,2(Ω])

{
1
2

ˆ
Ω]
|∇v|2 dx+ β|∂Ω]|

2

ˆ
∂Ω]

v2 dHn−1 −
ˆ

Ω]
vf ] dx

}
.

In particular, it holds
Tβ,f (Ω) ≥ Tβ,f](Ω]).

2.3.2 A penalized torsional rigidity

Let us consider the functional

FΛ(ψ) := 1
2

ˆ
Ω
|∇ψ|2 dx−

ˆ
Ω
ψ dx+ Λ|{|∇ψ| 6= 0}| ψ ∈ H1

0 (Ω) (2.34)

with Λ > 0, and the associated minimum problem

TF (Ω,Λ) := − inf
ψ∈H1

0 (Ω)
FΛ(ψ). (2.35)

First of all, let us observe that the minimum can be found among non-negative functions.
Indeed, passing from ψ to |ψ| it holds F(ψ) ≥ F(|ψ|).

Assuming that problem (2.35) admits a minimum u ∈ H1
0 (Ω), then it is also a maximum

for the torsional rigidity defined by Diaz, Polya and Weinstein in [69, 126] of a multiply-
connected cross-section with fixed measure of the holes, that is

T (Ω) = max
ψ∈C0(D)∩C1(Ω)

ψ constant
in every Ai

(ˆ
D
ψ dx

)2

ˆ
D
|∇ψ|2 dx

,

where Ai are the connected component of {|∇u| = 0} and D = Ω ∪⋃iAi.
Functionals with penalizing terms have been revealed to be very useful and powerful tools

in the study of a large amount of physical and mathematical problems. The bibliography is
wide and some cornerstones are [3, 66].

However, in many of the works we refer to, the penalizing term considered is of the type
|{ψ 6= 0}|. Despite its form, these kinds of functionals differ deeply from (2.34) considered in
this paper.

The main difficulty for (2.34) regards the existence of the minimum. Indeed, one of the
key ingredient to prove existence of minimum, via direct methods of calculus of variations, is
the lower semicontinuity of the functional and this is not the case.

For this reason, we prove the existence of the minimum when Ω is a ball, while it remains
an open problem for a general domain.

Proposition 2.14. Let Λ, R > 0 and let BR be the ball centered at the origin with radius R.
Then the functional FΛ defined in (2.34) admits minimum v and the minimum is unique up
to a sign. Moreover v is radially symmetric and |∇v| is radially increasing.

Proof. We divide the proof in 3 steps.
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1. Boundness from below.
First of all, let us prove that the functional FΛ is bounded from below for every choice
of Λ and for every R > 0. For all ψ ∈ H1

0 (BR), sing Young and Poincaré inequalities,
we get

FΛ(ψ) = 1
2

ˆ
BR

|∇ψ|2 dx−
ˆ
BR

ψ dx+ Λ|{∇ψ 6= 0}|

≥ 1
2

ˆ
BR

|∇ψ|2 dx− ε
ˆ
BR

ψ2

2 −
|BR|
2ε

≥ 1
2

ˆ
BR

|∇ψ|2 dx− εC(n,BR)
2

ˆ
BR

|∇ψ|2 dx− |BR|2ε

= (1− εC(n,BR))
2

ˆ
BR

|∇ψ|2 dx− |BR|2ε .

Chosing ε sufficiently small such that

0 < ε ≤ 1
C(n,BR)

then
FΛ(ψ) ≥ − |BR|

2C(n,Br)
≥ −C(n,BR) > −∞

so
T (BR,Λ) = − inf

ψ∈H1
0 (BR)

FΛ(ψ) <∞.

2. Compactness and semicontinuity.
Now we consider a minimizing sequence {ψk} for TF (BR,Λ) and we prove that it is
bounded inH1

0 (BR). We can assume that FΛ(ψk) ≤ −TF (BR,Λ)+1 and by Proposition
1.4 we can assume that ψk are radial function with |∇ψk| radially symmetric increasing.
Using Young and Poincaré inequalities, we obtain

FΛ(ψk) = 1
2

ˆ
BR

|∇ψk|2 dx−
ˆ
BR

ψk dx+ Λ|{∇ψk 6= 0}|

≥ 1
2

ˆ
BR

|∇ψk|2 dx−
ˆ
BR

ψk dx

≥ 1
2

ˆ
BR

|∇ψk|2 dx− ε
ˆ
BR

ψ2
k

2 −
|BR|
2ε

≥ 1
2

ˆ
BR

|∇ψk|2 dx−
εC(n,Br)

2

ˆ
BR

|∇ψk|2 dx−
|BR|
2ε

= 1− εC(n,BR)
2

ˆ
BR

|∇ψk|2 dx−
|BR|
2ε .

Choosing ε < 1
C(n,BR) we have

−TF (BR,Λ) + 1 ≥ FΛ(ψk) ≥
1
4

ˆ
BR

|∇ψk|2 dx− C(BR)

then by Poincaré inequality, the sequence {ψk} is bounded in H1
0 (BR).

This implies that there exists a subsequence (still denoted with ψk) and a function
v ∈ H1

0 (BR) such that ψk → v strongly in L2(Ω) and a.e. and ∇ψk ⇀ ∇v weakly in
L2. Let us show that v is a minimum for FΛ.
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The lower semicontinuity of the norms gives

lim inf
k

[1
2

ˆ
BR

|∇ψk|2 dx−
ˆ
BR

ψk dx

]
≥ 1

2

ˆ
BR

|∇v|2 dx−
ˆ
BR

v dx. (2.36)

Let us deal with the last term of FΛ and let us prove that

lim inf
k
|{|∇uk| 6= 0}| ≥ |{|∇u| 6= 0}|.

Denoting by rk the radius of the ball where |∇ψk| = 0, we can assume that rk converges
to some r ≥ 0. Therefore

lim inf
k
|{|∇ψk| 6= 0}| = lim

k
[ωn(Rn − rnk )] = ωn(Rn − rn).

So we have just to prove that |∇v| = 0 in Br. Since {ψk} are radial functions, obviously
v is radial too.
If r = 0 there is nothing to prove.
If r > 0, assume by contradiction that there exists A ⊂ Br with |A| > 0 and that
|∇v| 6= 0 in A. Clearly there exists ε > 0 such that |A ∩Br−ε| > 0.
Since rk → r if we choose a function g ∈ C∞C (BR,Rn) with support included in A∩Br−ε
we have ˆ

BR

〈∇v, g〉 dx = lim
k

ˆ
BR

〈∇ψk, g〉 dx = 0.

Since this must be true for every g ∈ C∞C (A ∩Br−ε,Rn), we get a contradiction.
Then in any case

lim inf
k
|{|∇ψk| 6= 0}| ≥ |{|∇v| 6= 0}|. (2.37)

By (2.36) and(2.37), we get

−TF (BR,Λ) = lim inf
k
FΛ(ψk) ≥ FΛ(v) ≥ −TF (BR,Λ)

so v is a minimum of FΛ in BR.

3. Uniqueness.
Let us suppose that v is a minimum of FΛ(ψ). By Theorem 1.4, it exists v ∈ H1

0 (BR)
such that

FΛ(v) ≥ FΛ(v)

and since v is minimum, it holds

FΛ(v) = FΛ(v).

Since |∇v| is equally distributed with |∇v|, the previous equality implies

‖v‖L1 = ‖v‖L1

so Theorem 1.5 gives that |v| = v.

Remark 2.15. We highlight that Theorem 1.4 ensures us that the minimum in the case of
BR has gradient equal to zero only in a ball Br centered at the origin with 0 ≤ r ≤ R.
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Now, as already mention in the introduction, we prove a Saint-Venant type inequality for
TF (Ω,Λ).

Corollary 2.16. Let Ω ⊂ Rn be a bounded open set and let Ω] be the centered ball. If Λ > 0,
then

TF (Ω,Λ) ≤ TF (Ω],Λ).

Proof. For every function ψ ∈ H1
0 (Ω), by Theorem 1.4 or 2.9, there exists overlineψ ∈ H1

0 (Ω])
that satisfies

FΛ(ψ) ≥ FΛ(ψ) ≥ −TF (Ω],Λ)

and then
TF (Ω,Λ) ≤ TF (Ω],Λ).

2.3.3 A torsional rigisity related to optimal insulation

Now we deal with the functional

G(ψ) :=

ˆ
Ω
|∇ψ|2 dx+ 1

m

(ˆ
∂Ω
|ψ| dHn−1

)2

(ˆ
Ω
|ψ| dx

)2 ψ ∈ H1(Ω). (2.38)

with m > 0.
The interest in this type of functional is related to the problem of optimal insulation in

a given domain. Indeed, the minimum of G gives the long-time distribution of temperature
of the domain Ω and the displacement around Ω of a thin layer of insulator with total mass
equal to m. We refer to [42] for more details.

If Ω is a Lipschitz domain, G(ψ) achieves its minimum among all H1(Ω) functions. So we
define

1
TG(Ω,m) := min

ψ∈H1(Ω)
G(ψ).

It is easy to check that the Euler–Lagrange equation of this functional is
−∆u = 1 in Ω
∂u

∂ν
+ 1
m

ˆ
∂Ω
|u| dHn−1 = 0 on ∂Ω.

So Theorem 2.9 gives us the following Saint-Venant type inequality for TG(Ω).

Corollary 2.17. Let Ω ⊂ Rn be a bounded open set and let Ω] be the centered ball. If m > 0,
then

TG(Ω,m) ≤ TG(Ω],m).

Proof. For every function ψ ∈ H1(Ω), by 2.9, there exists ψ ∈ H1(Ω]) that satisfies

G(ψ) ≥ G(ψ) ≥ 1
TG(Ω],m)

and then
TG(Ω,m) ≤ TG(Ω],m).
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Chapter 3

Talenti’s type results for solution to
non linear equations with Robin
boundary conditions

Let β be a positive parameter, let Ω be a bounded open set of Rn, n ≥ 2, with Lipschitz
boundary and let f ∈ Lp′(Ω) be a non-negative function with p > 1.

We consider the following problem−div(|∇u|p−2∇u) = f in Ω

|∇u|p−2∂u

∂ν
+ β|u|p−2u = 0 on ∂Ω.

(3.1)

A function u ∈W 1,p(Ω) is a weak solution to (3.1) ifˆ
Ω
|∇u|p−2∇u∇ϕdx+ β

ˆ
∂Ω
|u|p−2uϕdHn−1 =

ˆ
Ω
fϕ dx ∀ϕ ∈W 1,p(Ω).

In the first part of the chapter, we are interested in obtaining a Talenti comparison result
for this problem. In other words, we want to compare some suitable norms of u, the solution
of (3.1), with those of v, the solution of the following symmetrized problem−div(|∇v|p−2∇v) = f ] in Ω]

|∇v|p−2 ∂v

∂ν
+ β|v|p−2v = 0 on ∂Ω],

(3.2)

where Ω] is the ball centered in the origin with the same measure of Ω and f ] is the Schwarz
rearrangement of f .

Furthermore, a similar comparison but for β(x) a function is proven in the later section.

3.1 The comparison result in the case of constant Robin pa-
rameter

Let β be a positive parameter, let Ω be a bounded open set of Rn, n ≥ 2, with Lipschitz
boundary and let f ∈ Lp′(Ω) be a non-negative function with p > 1.

We can state the main theorem of this section as follows.
Theorem 3.1. Let u and v be the solutions to problem (3.1) and (3.2) respectively. Then
we have

‖u‖Lk,1(Ω) ≤ ‖v‖Lk,1(Ω]) ∀ 0 < k ≤ n(p− 1)
(n− 1)p, (3.3)

‖u‖Lpk,p(Ω) ≤ ‖v‖Lpk,p(Ω]) ∀ 0 < k ≤ n(p− 1)
(n− 2)p+ n

. (3.4)

53
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We observe that if p ≥ n in (3.3) and (3.4), we have

‖u‖L1(Ω) ≤ ‖v‖L1(Ω]) and ‖u‖Lp(Ω) ≤ ‖v‖Lp(Ω]).

For t ≥ 0, we denote by

Ut = {x ∈ Ω : u(x) > t} ∂U intt = ∂Ut ∩ Ω, ∂U extt = ∂Ut ∩ ∂Ω,

and by
µ(t) = |Ut| Pu(t) = Per(Ut).

Using the same notations, we set

Vt =
{
x ∈ Ω] : v(x) > t

}
, φ(t) = |Vt|, Pv(t) = Per(Vt).

Because of the invariance of the p-Laplacian and of the Schwarz rearrangement of f by
rotation, there exists a radial solution to (3.2) and, by uniqueness of solutions, this solution
is v.

Since v is radial, positive and decreasing along the radius then

Vt = Ω] for 0 ≤ t ≤ vm, (3.5)

while, for vm < t < maxΩ] v, Vt is a ball, concentric to Ω] and strictly contained in it.
Moreover, we observe that the solutions u and v to (3.1) and (3.2) respectively are both

p-superharmonic and then, by the strong maximum principle in [145], it follows that they
achieve their minima on the boundary. Denoting by um and vm the minimum of u and v
respectively, thanks to the positiveness of β and the Robin boundary conditions, we have
that um ≥ 0 and vm ≥ 0. Hence u and v are strictly positive in the interior of Ω. Moreover
we have

um = min
Ω
u ≤ min

Ω]
v = vm, (3.6)

since

vp−1
m Per(Ω]) =

ˆ
∂Ω]

v(x)p−1 dHn−1 = 1
β

ˆ
Ω]
f ] dx = 1

β

ˆ
Ω
f dx

=
ˆ
∂Ω
u(x)p−1 dHn−1

≥ up−1
m Per(Ω) ≥ |u|p−1

m Per(Ω]).

A consequence of (3.6) and (3.5)that will be used in what follows is that

µ(t) ≤ φ(t) = |Ω| ∀t ≤ vm. (3.7)

The main ingredients for a comparison result are the following lemmas.

Lemma 3.2. Let u and v be solutions to (3.1) and (3.2) respectively. Then for almost every
t > 0 we have

γnµ(t)(1− 1
n) p

p−1 ≤
(ˆ µ(t)

0
f∗(s) ds

) 1
p−1

(
−µ′(t) + 1

β
1
p−1

ˆ
∂Uext

t

1
u
dHn−1

)
, (3.8)

where γn =
(
nω1/n

n

) p
p−1 .

And

γnφ(t)(1− 1
n) p

p−1 =
(ˆ φ(t)

0
f∗(s) ds

) 1
p−1

(
−φ′(t) + 1

β
1
p−1

ˆ
∂V ext

t

1
v
dHn−1

)
. (3.9)
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Proof. Let t > 0 e h > 0, we choose the test function

ϕ(x) =


0 if u < t

u− t if t < u < t+ h

h if u > t+ h.

Then, ˆ
Ut\Ut+h

|∇u|p dx+ βh

ˆ
∂Uext

t+h

up−1 dHn−1 + β

ˆ
∂Uextt \∂Uext

t+h

up−1(u− t) dHn−1

=
ˆ
Ut\Ut+h

f(u− t) dx+ h

ˆ
Ut+h

f dx.

Dividing by h, using coarea formula and letting h go to 0, we have that for a. e. t > 0ˆ
∂Ut

g(x) dHn−1 =
ˆ
Ut

f dx,

where

g(x) =
{
|∇u|p−1 if x ∈ ∂U intt ,

βup−1 if x ∈ ∂U extt .

So, using the isoperimetric inequality, for a. e. t > 0 we have

nω1/n
n µ(t)(1− 1

n) ≤ Pu(t) =
ˆ
∂Ut

dHn−1 ≤
(ˆ

∂Ut

g dHn−1
) 1
p
(ˆ

∂Ut

1
g

1
p−1

dHn−1
)1− 1

p

=
(ˆ

∂Ut

g dHn−1
) 1
p
(ˆ

∂U intt

1
|∇u|

dHn−1 + 1
β

1
p−1

ˆ
∂Uextt

1
u
dHn−1

)1− 1
p

≤
(ˆ µ(t)

0
f∗(s) ds

) 1
p
(
−µ′(t) + 1

β
1
p−1

ˆ
∂Uextt

1
u
dHn−1

)1− 1
p

t ∈ [0,max
Ω

u),

Then (3.8) follows. We notice that if v is the solution to (3.2), than all the inequalities are
verified as equalities, so we have (3.9).

Lemma 3.3. For all τ ≥ vm we have
ˆ τ

0
tp−1

(ˆ
∂Uextt

1
u(x) dH

n−1
)
dt ≤ 1

pβ

ˆ |Ω|
0

f∗(s) ds. (3.10)

Moreover, ˆ τ

0
tp−1

(ˆ
∂Vt∩∂Ω]

1
v(x) dH

n−1
)
dt = 1

pβ

ˆ |Ω|
0

f∗(s) ds, (3.11)

Proof. If we integrate the quantity

tp−1
(ˆ

∂Uextt

1
u(x) dH

n−1
)
,

from 0 to +∞, by Fubini theorem, we obtain
ˆ ∞

0
τp−1

(ˆ
∂Uextτ

1
u(x) dH

n−1
)
dτ =

ˆ
∂Ω

(ˆ u(x)

0

τp−1

u(x) dτ
)
dHn−1

= 1
p

ˆ
∂Ω
u(x)p−1 dHn−1

= 1
pβ

ˆ |Ω|
0

f∗(s) ds,
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where the last equality follows from the fact that u solves (3.1).
Analogously ˆ ∞

0
τp−1

(ˆ
∂Vτ∩∂Ω]

1
v(x) dH

n−1
)
dτ = 1

pβ

ˆ |Ω|
0

f∗(s) ds.

Since u is positive, we obtain, ∀t ≥ 0,
ˆ t

0
τp−1

(ˆ
∂Uextτ

1
u(x) dH

n−1
)
dτ ≤ 1

pβ

ˆ |Ω|
0

f∗(s) ds,

on the other hand, since ∂Vt ∩ ∂Ω] is empty for t ≥ vm, we have
ˆ t

0
τp−1

(ˆ
∂Vτ∩∂Ω]

1
v(x) dH

n−1
)
dτ = 1

pβ

ˆ |Ω|
0

f∗(s) ds.

and the proof of lemma 3.3 is complete.

Remark 3.4. It can be observed that, since ∂Vt ∩ ∂Ω] is empty for t ≥ vm and φ(t) = |Ω|
for t ≤ vm, for all δ > 0 and for all t, we have

ˆ t

0
τp−1φ(τ)δ

(ˆ
∂Vτ∩∂Ω]

1
v(x) dH

n−1
)
dτ =

ˆ vm

0
τp−1φ(τ)δ

(ˆ
∂Vτ∩∂Ω]

1
v(x) dH

n−1
)
dτ =

ˆ +∞

0
τp−1φ(τ)δ

(ˆ
∂Vτ∩∂Ω]

1
v(x) dH

n−1
)
dτ = |Ω|

δ

pβ

ˆ |Ω|
0

f∗(s) ds.

Let now prove Theorem 3.1.

Proof of Theorem 3.1. Let 0 < k ≤ n(p− 1)
p(n− 1) , so δ = 1

k
− (n− 1)p
n(p− 1) is positive.

Multiplying (3.8) by tp−1µ(t)δ and integrating from 0 to τ ≥ vm, by the previous Lemma, we
obtain

ˆ τ

0
γnt

p−1µ(t)
1
k dt ≤

ˆ τ

0

(
−µ′(t)

)
tp−1µ(t)δ

(ˆ µ(t)

0
f∗(s) ds

) 1
p−1

dt

+ |Ω|δ

pβ
p
p−1

(ˆ |Ω|
0

f∗(s) ds
) p
p−1

.

(3.12)

Setting F (l) =
ˆ l

0
ωδ
(ˆ ω

0
f∗(s) ds

) 1
p−1

dω, we can integrate by parts both sides of the last
inequality, getting

τp−1
((ˆ τ

0
γnµ(t)

1
k dt

)
+ F (µ(τ))

)
≤ (p− 1)

ˆ τ

0
tp−2

((ˆ t

0
γnµ(s)

1
k ds

)
+ F (µ(t))

)
dt

+ |Ω|δ

pβ
p
p−1

(ˆ |Ω|
0

f∗(s) ds
) p
p−1

.
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Setting ξ(τ) =
ˆ τ

0
tp−2

(ˆ t

0
γnµ(s)

1
k ds+ F (µ(t))

)
dt and

C = |Ω|δ

pβ
p
p−1

(ˆ |Ω|
0

f∗(s) ds
) p
p−1

,

we are in the hypothesis of Lemma 1.3 (Gronwall), namely

τξ′(τ) ≤ (p− 1)ξ(τ) + C,

so, choosing τ0 = vm, we have

τp−2
(ˆ τ

0
γnµ(s)

1
k ds+ F (µ(τ))

)
≤
((p− 1)ξ(vm) + C

vm

)(
τ

vm

)p−2
,

where

ξ(vm) =
ˆ vm

0
tp−2

(ˆ t

0
γnµ(s)

1
k ds+ F (µ(t))

)
dt.

The previous inequality becomes an equality if we replace µ(t) with φ(t). Since µ(t) ≤ φ(t) =
|Ω|, ∀t ≤ vm, and F (l) is monotone, we obtain

ˆ vm

0
tp−2

(ˆ t

0
γnµ(s)

1
k ds+ F (µ(t))

)
dt

≤
ˆ vm

0
tp−2

(ˆ t

0
γnφ(s)

1
k ds+ F (φ(t))

)
dt,

hence ˆ τ

0
γnµ(s)

1
k ds+ F (µ(τ)) ≤

ˆ τ

0
γnφ(s)

1
k ds+ F (φ(τ)).

Passing to the limit as τ →∞, we get
ˆ ∞

0
µ(t)

1
k dt ≤

ˆ ∞
0

φ(t)
1
k dt,

and hence
‖u‖Lk,1(Ω) ≤ ‖v‖Lk,1(Ω]) ∀ 0 < k ≤ n(p− 1)

p(n− 1) .

To prove the inequality (3.4), it is enough to show that
ˆ ∞

0
tp−1µ(t)

1
k dt ≤

ˆ ∞
0

tp−1φ(t)
1
k dt. (3.13)

Let us consider equation (3.12), let us integrate by parts the first term on the right-hand side
from 0 to τ and then let us pass to the limit as τ →∞, we have

ˆ ∞
0

γnt
p−1µ(t)

1
k dt ≤ (p− 1)

ˆ ∞
0

tp−2F (µ(t)) dt+ |Ω|δ

pβ
1+ 1

p−1

(ˆ |Ω|
0

f∗(s) ds
) p
p−1

.

Therefore, if we show that
ˆ ∞

0
tp−2F (µ(t)) dt ≤

ˆ ∞
0

tp−2F (φ(t)) dt (3.14)
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we obtain the (3.13). To this aim, we multiply (3.8) by tp−1F (µ(t))µ(t)−
(n−1)p
n(p−1) and inte-

grate. First, we observe that, by the choice k ≤ n(p− 1)
(n− 2)p+ n

, it follows that the function

h(l) = F (l)l−
(n−1)p
n(p−1) is non decreasing. Hence, we obtain

ˆ τ

0
γnt

p−1F (µ(t)) dt ≤
ˆ τ

0

(
−µ′(t)

)
tp−1µ(t)−

(n−1)p
n(p−1)F (µ(t))

(ˆ µ(t)

0
f∗(s) ds

) 1
p−1

dt

+ F (|Ω|) |Ω|
− (n−1)p
n(p−1)

pβ
p
p−1

(ˆ |Ω|
0

f∗(s) ds
) p
p−1

.

If we integrate by parts both sides of the last expression and set

C = F (|Ω|) |Ω|
− p(n−1)
n(p−1)

pβ
p
p−1

(ˆ |Ω|
0

f∗(s) ds
) p
p−1

,

we obtain

τ

ˆ τ

0
γnt

p−2F (µ(t)) dt+ τHµ(τ) ≤
ˆ τ

0

ˆ t

0
rp−2F (µ(r)) drdt+

ˆ τ

0
Hµ(t) dt+ C (3.15)

where

Hµ(τ) = −
ˆ +∞

τ
tp−2µ(t)−

p(n−1)
n(p−1)F (µ(t))

(ˆ µ(t)

0
f∗(s) ds

) 1
p−1

dµ(t).

Setting

ξ(τ) =
ˆ τ

0

ˆ t

0
γnr

p−2F (µ(r)) dr +
ˆ t

0
Hµ(t) dt

then (3.15) becomes
τξ′(τ) ≤ ξ(τ) + C.

So lemma 1.3, with τ0 = vm, gives
ˆ τ

0
γnt

p−2F (µ(t)) dt+Hµ(τ)

≤


(p− 1)

ˆ vm

0
tp−2F (µ(t) dt+Hµ(vm) + C

vm


(
τ

vm

)p−2

Of course, the inequality holds as an equality if we replace µ(t) with φ(t), so we get, keeping
in mind that µ(t) ≤ φ(t) = |Ω| for t ≤ vm,

ˆ τ

0
γnt

p−2F (µ(t) dt+Hµ(τ) ≤
ˆ τ

0
γnF (φ(t)) dt+Hφ(τ)

Letting τ →∞, one has
ˆ ∞

0
tp−2F (µ(t))dt ≤

ˆ ∞
0

tp−2F (φ(t))dt,

as Hµ(τ), Hφ(τ)→ 0. This proves (3.14), and hence (3.4).
The fact that bothHµ andHφ go to 0 as τ goes to infinity can be easily deduced distinguishing
the cases.
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• If p ≥ 2

tp−2µ(t) =
ˆ
u>t

tp−2 dx ≤
ˆ
u>t

up−2 dx ≤ ‖u‖p−2
Lp µ(t)

2
p

⇒ |Hµ(τ)| =
ˆ +∞

τ
tp−2F (µ(t))µ(t)−

p(n−1)
n(p−1)

(ˆ µ(t)

0
f∗(s) ds

)
(−µ′(t)) dt

≤
(ˆ |Ω|

0
f∗(s) ds

)
‖u‖p−2

Lp

ˆ +∞

τ
F (µ(t))µ(t)

2
p
− p(n−1)
n(p−1)−1(−µ′(t)) dt τ→+∞−−−−→ 0.

• If p < 2

|Hµ(τ)| =
ˆ +∞

τ
tp−2F (µ(t))µ(t)−

p(n−1)
n(p−1)

(ˆ µ(t)

0
f∗(s) s

)
(−µ′(t)) dt

≤ τp−2
ˆ +∞

τ
F (µ(t))µ(t)−

p(n−1)
n(p−1)

(ˆ µ(t)

0
f∗(s) s

)
(−µ′(t)) dt τ→+∞−−−−→ 0.

and analogously for Hφ, which concludes the proof.

If the source term f(x) is constant we get a stronger result, including a pointwise com-
parison between u] and v.

Theorem 3.5. Assume that f ≡ 1 and let u and v be the solutions to (3.1) and (3.2)
respectively.

(i) If 1 ≤ p ≤ n

n− 1 then

u](x) ≤ v(x) x ∈ Ω], (3.16)

(ii) if p > n

n− 1 and 0 < k ≤ n(p− 1)
n(p− 1)− p , then

‖u‖Lk,1(Ω) ≤ ‖v‖Lk,1(Ω])

‖u‖Lpk,p(Ω) ≤ ‖v‖Lpk,p(Ω]).

Proof of Theorem 3.5. .

(i) Firstly, we observe that
ˆ µ(t)

0
f∗(s) ds = µ(t), so (3.8) becomes

γnµ(t)
(
1− 1

n
− 1
p

)
p
p−1 ≤ −µ′(t) + 1

β
1
p−1

ˆ
∂Uext

t

1
u
dHn−1. (3.17)

Let us multiply both sides by tp−1µ(t)δ, where δ = −
(
1− 1

n −
1
p

)
p
p−1 . We point out

that δ ≥ 0 for p ≤ n
n−1 . Hence, integrating from 0 to τ ≥ vm, we have

ˆ τ

0
γnt

p−1 ≤
ˆ τ

0
tp−1µ(t)δ(−µ′(t)) dt+ 1

β
1
p−1

ˆ τ

0
tp−1µ(t)δ

ˆ
∂Uext

t

1
u
dHn−1

≤
ˆ τ

0
tp−1µ(t)δ(−µ′(t)) dt+ |Ω|

δ+1

pβ
p
p−1

(3.18)

Taking into account remark 3.4, if we replace µ(t) with φ(t) the previous inequality
holds as equality.
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Hence, we get
ˆ τ

0
tp−1µ(t)δ(−µ′(t)) dt ≥

ˆ τ

0
tp−1φ(t)δ(−φ′(t)) dt.

Then an integration by parts gives

− τp−1µ(τ)δ+1

δ + 1 + (p− 1)
ˆ τ

0
tp−2µ(t)δ+1

δ + 1 dt

≥ −τp−1φ(τ)δ+1

δ + 1 + (p− 1)
ˆ τ

0
tp−2φ(t)δ+1

δ + 1 dt.

Finally, using Gronwall’s Lemma with the function

ξ(τ) =
ˆ τ

0
sp−2

(
µ(s)δ+1 − φ(s)δ+1

δ + 1

)
ds

we obtain

τp−2
(
µδ+1(τ)− φδ+1(τ)

δ + 1

)
≤ (p− 1)τ

p−2

vp−2
m

ˆ vm

0
sp−2

(
µδ+1(s)− φδ+1(s)

δ + 1

)
ds.

The quantity on the right-hand side is non-positive, thanks to (3.6), so

µ(τ) ≤ φ(τ) ∀τ ≥ vm.

and, remembering that,
µ(τ) ≤ φ(τ) = |Ω| ∀τ ≤ vm,

we get the point-wise inequality of the functions.

(ii) Now we want to show that
‖u‖Lk,1(Ω) ≤ ‖v‖Lk,1(Ω])

so it is enough to show ˆ +∞

0
µ(t)

1
k dt ≤

ˆ +∞

0
φ(t)

1
k dt (3.19)

We multiply (3.17) by tp−1µ(t)
1
k
−
(
1− 1

n
− 1
p

)
p
p−1 and integrate from 0 to τ ≥ vm. Then

using Lemma 3.3 and Remark 3.4, we obtain
ˆ τ

0
γnt

p−1µ(t)
1
k dt

≤
ˆ τ

0
tp−1µ(t)

1
k
−
(
1− 1

n
− 1
p

)
p
p−1 (−µ′(t)) dt+ |Ω|

1
k
−
(
1− 1

n
− 1
p

)
p
p−1 +1

pβ
p
p−1

(3.20)

and equality holds if we replace µ with φ. In order to be shorter, we set

η = 1
k
−
(

1− 1
n
− 1
p

)
p

p− 1 , C = |Ω|
η+1

pβ
p
p−1

.

We point out that (3.20) follows by (3.18) if η ≥ 0, namely

0 < k ≤ n(p− 1)
n(p− 1)− p
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With these notations and keeping in mind that µ is a non increasing function, we have
from (3.20) taht

ˆ τ

0
γnt

p−1µ(t)
1
k dt ≤

ˆ τ

0
−tp−1µ(t)η dµ(t) + C (3.21)

Let us set G(`) =
ˆ `

0
wη dw = `η+1

η + 1, let us integrate by parts both sides of (3.21) in
order to obtain

γnτ
p−1

ˆ τ

0
µ(t)

1
k dt+ τp−1G(µ(τ))

≤ (p− 1)
[ˆ τ

0
γnt

p−2
ˆ t

0
µ(r)

1
k drdt+

ˆ τ

0
tp−2G(µ(t)) dt

]
+ C

(3.22)

Setting

ξ(τ) =
ˆ τ

0

(
γnt

p−2
ˆ t

0
µ(r)

1
k dr

)
dt+

ˆ τ

0
tp−2G(µ(t)) dt

(3.22) reads as follows
τξ′(τ) ≤ (p− 1)ξ(τ) + C

Hence, using Gronwall’s Lemma 1.3 with τ0 = vm, we get

γnτ
p−2

ˆ τ

0
µ(t)

1
k dt+ τp−2G(µ(τ)) ≤

((p− 1)ξ(vm) + C

vm

)(
τ

vm

)p−2

where
ξ(vm) =

ˆ vm

0
γnt

p−2
ˆ t

0
µ(r)

1
k dr dt+

ˆ vm

0
tp−2G(µ(t)) dt

Again, if we replace µ with φ, the previous inequality holds as an equality and ξ(vm)
is less or equal than the same quantity obtained by replacing µ with φ, as (3.6) holds.
Keeping in mind (3.7), we have

τp−2
(
γn

ˆ τ

0
µ(t)

1
k dt+G(µ(τ))

)
≤ τp−2

(
γn

ˆ τ

0
φ(t)

1
k dt+G(φ(τ))

)
Passing to the limit as τ → +∞, we get

ˆ +∞

0
µ(t)

1
k dt ≤

ˆ +∞

0
φ(t)

1
k dt

namely (3.19).

To conclude the proof, we have to show that

‖u‖Lpk,p(Ω) ≤ ‖v‖Lpk,p(Ω]) ∀ 0 < k ≤ n(p− 1)
n(p− 1)− p

that is to say ˆ +∞

0
tp−1µ(t)

1
k dt ≤

ˆ +∞

0
tp−1φ(t)

1
k dt.

We consider (3.21), pass to the limit as τ → +∞ and integrate by parts the first term
on the right-hand side

ˆ +∞

0
γnt

p−1µ(t)
1
k dt ≤ (p− 1)

ˆ +∞

0
tp−2G(µ(t)) dt+ C.
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Hence it is enough to show that
ˆ +∞

0
tp−2G(µ(t)) dt ≤

ˆ +∞

0
tp−2G(φ(t)) dt.

To this aim, we multiply (3.17) by tp−1G(µ(t))µ(t)−
(
1− 1

n
− 1
p

)
p
p−1 and integrate from 0

to τ ≥ vmˆ τ

0
γnt

p−1G(µ(t)) dt ≤
ˆ τ

0
tp−1G(µ(t))µ(t)−

(
1− 1

n
− 1
p

)
p
p−1 dµ(t)

+ 1
β

1
p−1

ˆ τ

0
tp−1G(µ(t))µ(t)−

(
1− 1

n
− 1
p

)
p
p−1

(ˆ
∂Uextt

1
u
dHn−1

)
dt

Since k ≤ n(p− 1)
n(p− 1)− p , using Lemma 3.3 and the fact that the functionG(`)`−

(
1− 1

n
− 1
p

)
p
p−1

is non decreasing, we obtain
ˆ τ

0
γnt

p−1G(µ(t)) dt ≤
ˆ τ

0
tp−1G(µ(t))µ(t)−

(
1− 1

n
− 1
p

)
p
p−1 dµ(t) + C (3.23)

with
C = 1

pβ
p
p−1

G(|Ω|)|Ω|−
(
1− 1

n
− 1
p

)
p
p−1 +1

If we replace µ with φ the previous inequality holds as an equality, thanks to (3.4).
Now, let us integrate by parts both sides of (3.23), obtaining

τ

ˆ τ

0
γnt

p−2G(µ(t)) dt+ τH(τ)

≤
ˆ τ

0

ˆ t

0
γnt

p−2G(µ(r)) drdt+
ˆ τ

0
Hµ(t) dt+ C

(3.24)

where
Hµ(τ) = −

ˆ +∞

τ
tp−2G(µ(t))µ(t)−

(
1− 1

n
− 1
p

)
p
p−1 dµ(t)

Setting

ξ(τ) =
ˆ τ

0

ˆ t

0
γnt

p−2G(µ(r)) drdt+
ˆ τ

0
Hµ(t) dt

the (3.24) reads as follows
τξ′(τ) ≤ ξ(τ) + C

Again, using Gronwall’s Lemma 1.3, we get
ˆ τ

0
γnt

p−2G(µ(t)) dt+Hµ(τ) ≤
((p− 1)ξ(vm) + C

vm

)(
τ

vm

)p−2

with
ξ(vm) =

ˆ vm

0

ˆ t

0
γnt

p−2G(µ(r)) drdt+
ˆ vm

0
Hµ(t) dt.

Keeping in mind that for φ the previous inequalities hold as equality and the fact that
G is not decreasing, ξ(vm) is less or equal to the same quantity obtained by replacing
µ with φ. Hence, we obtain

ˆ τ

0
γnt

p−2G(µ(t)) dt+Hµ(τ) ≤
ˆ τ

0
γnt

p−2G(φ(t)) dt+Hφ(τ)
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and passing to the limit as τ → +∞, we finally get
ˆ +∞

0
tp−2G(µ(t)) dt ≤

ˆ +∞

0
tp−2G(φ(t)) dt

indeed, as in the proof of Theorem 3.1, Hµ(τ) and Hφ(τ) go to 0 as τ → ∞. That
concludes the proof.

Corollary 3.6. Let u and v be the solutions to (3.1) and (3.2) respectively. Then, if p ≥ n,
we have

‖u‖L1(Ω) ≤ ‖v‖L1(Ω]) and ‖u‖Lp(Ω) ≤ ‖v‖Lp(Ω]).

Moreover in the case f ≡ 1, Theorem 3.5 gives

‖u‖L1(Ω) ≤ ‖v‖L1(Ω]) and ‖u‖Lp(Ω) ≤ ‖v‖Lp(Ω]) ∀p > 1

and the point-wise comparison for p ≤ n

n− 1 .

Proof. If p ≥ n the upper bounds of k, in both cases (3.3) e (3.4), are greater than 1 and so
we can choose k = 1. The assertion follows from the fact that

‖·‖Lp,p(Ω) = ‖·‖Lp(Ω).

Analogously if f ≡ 1.

3.1.1 The Faber–Krahn inequality

We recall that the first eigenvalue of p-Laplace operator with Robin boundary conditions is
obtained as the minimum of the Rayleigh quotients, i.e.,

λp,β(Ω) = min
ω∈W 1,p(Ω)

ω 6=0

ˆ
Ω
|∇ω|p dx+ β

ˆ
∂Ω
|ω|p dHn−1

ˆ
Ω
|ω|p dx

. (3.25)

We can observe that if u achieves the minimum of Rayleigh quotients, so does |u|. From
this we have that u in non-negative. Furthermore, we have if uλp,β ≥ 0, as a consequence of
Harnack inequality, uλp,β > 0.

Another important thing is that the eigenvalue is simple. Indeed, as shown in [110], if Ω
is smooth enough and u and v are to eigenfunctions referred to the first eigenvalue, we can
choose as test function ϕ1 = up − vp

up−1 in

ˆ
Ω
|∇u|p−2∇u∇ϕ1 dx+ β

ˆ
∂Ω
up−1ϕ1 dHn−1 =

ˆ
Ω
λp,β(Ω)up−1ϕ1 dx

and ϕ2 = vp − up

vp−1 in

ˆ
Ω
|∇v|p−2∇v∇ϕ2 dx+ β

ˆ
∂Ω
vp−1ϕ2 dHn−1 =

ˆ
Ω
λp,β(Ω)vp−1ϕ2 dx.
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Summing the two equations, we have

0 =
ˆ

Ω

{
1 + (p− 1)

(
v

u

)p}
|∇u|p +

{
1 + (p− 1)

(
u

v

)p}
|∇v|p

−
ˆ

Ω
p

(
v

u

)p−1
|∇u|p−2∇u∇v + p

(
u

v

)p−1
|∇v|p−2∇v∇u

=
ˆ

Ω
(up − vp) (|∇ log u|p − |∇ log v|p)

−
ˆ

Ω
pvp|∇ log u|p−2|∇ log u| (∇ log v −∇ log u)

−
ˆ

Ω
pup|∇ log v|p−2|∇ log v| (∇ log u−∇ log v)

Now, using the well known inequalities, which hold true for each w1 and w2 ∈ Rn ,

|w2|p ≥ |w1|p + p|w1|p−2w1 · (w2 − w1) + |w2 − w1|p

2p−1 − 1 if p ≥ 2

|w2|p ≥ |w1|p + p|w1|p−2w1 · (w2 − w1) + C(p) |w2 − w1|2

(|w1|+ |w2|)2−p if 1 < p < 2,
(3.26)

if we consider the case p ≥ 2, we choose w2 = ∇ log u and w1 = ∇ log v, we obtain

1
2p−1 − 1

ˆ
Ω

( 1
vp

+ 1
up

)
|v∇u− u∇v|p = 0.

Hence, we obtain that v∇u = u∇v a.e. in Ω, and so there exists a constant K for which
u = Kv. This means that λp,β(Ω) is simple.
For the proof of (3.26), we refer to [110].
The following corollary of Theorem 3.1 holds true, that is Faber-Krahn inequality.

Corollary 3.7. Let u and v be the solutions to (3.1) and (3.2), respectively. Then , if p ≥ n,
we have

λp,β(Ω) ≥ λp,β(Ω]).

Proof. Let u an eigenfunction referred to the first eigenvalue of (3.1), then it solves−∆pu = λp,β(Ω) |u|p−2u in Ω

|∇u|p−2∂u

∂ν
+ β|u|p−2u = 0 on ∂Ω.

Now, let z be a solution to the following problem−∆pz = λp,β(Ω) |u]|p−2u] in Ω]

|∇z|p−2 ∂z

∂ν
+ β|z|p−2z = 0 on ∂Ω].

In that case, corollary 3.6 gives
ˆ

Ω
|u|p dx =

ˆ
Ω]

∣∣∣u]∣∣∣p dx ≤ ˆ
Ω]
|z|p dx,

and hence, by Hölder inequality
ˆ

Ω]
(u])p−2u]z dx ≤

(ˆ
Ω]

∣∣∣u]∣∣∣p dx) p−1
p
(ˆ

Ω]
zp dx

) 1
p

≤
ˆ

Ω]
zp dx.
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Therefore, observing that we can write the eigenvalue λp,β(Ω) in the following way, we obtain

λp,β(Ω) =

ˆ
Ω]
|∇z|p dx+ β

ˆ
∂Ω]

zp dHn−1

ˆ
Ω]

(u])p−2u]z dx

≥

ˆ
Ω]
|∇z|p dx+ β

ˆ
∂Ω]

zp dHn−1

ˆ
Ω]
zp dx

≥ λp,β(Ω]).

3.2 The comparison result in the case of variable Robin pa-
rameter

Here we generalize the above results by considering the following problem
−div

(
|∇u|p−2∇u

)
= f(x)|x|` in Ω

|∇u|p−2 ∂u

∂ν
+ β(x)|u|p−2u = 0 on ∂Ω,

(3.27)

where, here and throughout, n ≥ 2, ν denotes the outer unit normal to ∂Ω and Ω is a bounded
and Lipschitz domain of Rn such that 0 /∈ ∂Ω.

Furthermore, we assume that
p ≥ n, (H1)

− n < ` < 0, (H2)

m = inf
∂Ω
β(x) > 0 and M = sup

∂Ω
β(x) < +∞, (H3)

and, finally,
0 ≤ f(x) ∈ Lp′(Ω, |x|` dx), (H4)

where p′ = p

p− 1.
Our symmetrized problem is the following

−div
(
|∇v|p−2∇v

)
= f ](x)|x|` in Ω]

|∇v|p−2 ∂v

∂ν
+ β̃(r])

`
p′ |v|p−2v = 0 on ∂Ω]

(3.28)

where

β̃ = inf
∂Ω
β(x)|x|−

`
p′ > 0, (3.29)

since 0 /∈ ∂Ω and H3 holds. From the (3.29), it immediately follows that

β(x) ≥ β̃|x|
`
p′ . (3.30)

We point out that, due to proposition 1.9, problems (3.27) and (3.28) admit a unique solution.
Our main results of the section are contained in the following theorem.
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Theorem 3.8. Assume that assumptions (H1)-(H4) are in force and let u and v be the
solutions to problems (3.27) and (3.28), respectively. Then we have

‖u‖L1(Ω,|x|`dx) =
ˆ

Ω
|u(x)||x|` dx ≤

ˆ
Ω]
|v(x)||x|` dx = ‖v‖L1(Ω],|x|`dx) (3.31)

and
‖u‖p

Lp(Ω,|x|`dx)
=
ˆ

Ω
|u(x)|p|x|`dx ≤

ˆ
Ω]
|v(x)|p|x|`dx = ‖v‖p

Lp(Ω],|x|`dx)
. (3.32)

For t ≥ 0, we define

Ut = {x ∈ Ω : u(x) > t} ∂U intt = ∂Ut ∩ Ω, ∂U extt = ∂Ut ∩ ∂Ω,

and
µ`(t) = |Ut|` Pu(t) = P `

p′
(Ut).

Analogously, we set

Vt = {x ∈ Ω] : v(x) > t}, φ`(t) = |Vt|`, Pv(t) = P `
p′

(Vt).

As it is easy to check v(x) ≡ v](x), therefore for 0 ≤ t ≤ vm, Vt = Ω], while, for t > vm
Vt is a centered ball contained in Ω].

We have
um = inf

Ω
u ≤ min

Ω]
v = vm. (3.33)

Indeed, using the fact that v(x) = vm ∀x ∈ ∂Ω] ,since f and f ] are equidistributed and
choosing ψ ≡ 1 in the weak formulation of (3.27) and (3.28), respectively, we get

vp−1
m P `

p′
(Ω]) =

ˆ
∂Ω]
|x|

`
p′ v(x)p−1 dHn−1 = 1

β̃

ˆ
Ω]
f ]|x|` dx

= 1
β̃

ˆ
Ω
f |x|` dx = 1

β̃

ˆ
∂Ω
β(x)u(x)p−1 dHn−1.

In turn, by (3.30) and using the isoperimetric inequality (1.18), we get

1
β̃

ˆ
∂Ω
β(x)u(x)p−1 dHn−1 ≥ up−1

m

ˆ
∂Ω
|x|

`
p′ dHn−1

= up−1
m P `

p′
(Ω) ≥ up−1

m P `
p′

(Ω]).

Gathering the inequalities above, we conclude that

vp−1
m P `

p′
(Ω]) ≥ up−1

m P `
p′

(Ω])

and the claim follows.
Furthermore inequality (3.33) implies that

µ`(t) ≤ φ`(t) = |Ω|` ∀t ≤ vm. (3.34)

The proof of the main Theorem passes through the following lemmas.

Lemma 3.9. Let u and v be the solutions to (3.27) and (3.28) respectively. Then, for almost
every t > 0, it holds

γn,`,p µ`(t)
(
`(p−1)+p(n−1)

p(`+n)

)
p
p−1 ≤(ˆ µ`(t)

0
f∗(s) ds

) 1
p−1

−µ′`(t) + 1
β̃

1
p−1

ˆ
∂Uext

t

|x|
`
p′

u
dHn−1

 , (3.35)
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where
γn,`,p = (nωn)

`+p
p(n+`) (`+ n)

(p−1)`+(n−1)p
p(n+`)

and

γn,`,p φ`(t)
(
`(p−1)+p(n−1)

p(`+n)

)
p
p−1 =(ˆ φ`(t)

0
f∗(s) ds

) 1
p−1

−φ′`(t) + 1
β̃

1
p−1

ˆ
∂V ext

t

|x|
`
p′

v
dHn−1

 . (3.36)

Proof. Let t > 0 e h > 0, we use

ϕ(x) =


0 if u < t

u− t if t < u < t+ h

h if u > t+ h,

test function in the weak formulation of (3.27)
ˆ

Ω
|∇u|p−2∇u∇ϕdx+

ˆ
∂Ω
β(x) |u|p−2 uϕdHn−1 =

ˆ
Ω
f |x|` ϕdx. (3.37)

Hence, we get
ˆ
Ut\Ut+h

|∇u|p dx+ h

ˆ
∂Uext

t+h

β(x)up−1 dHn−1

+
ˆ
∂Uextt \∂Uext

t+h

β(x)up−1(u− t) dHn−1

=
ˆ
Ut\Ut+h

f |x|`(u− t) dx+ h

ˆ
Ut+h

f |x|` dx.

Dividing by h, using coarea formula and letting h go to 0, we have for a.e. t > 0
ˆ
∂Ut

g(x) dHn−1 =
ˆ
Ut

f |x|` dx,

with

g(x) =


|∇u|p−1 if x ∈ ∂U intt ,

β(x)up−1 if x ∈ ∂U extt .

(3.38)

Using isoperimetric inequality (1.19) and Hölder inequality, for a.e. t > 0, we obtain

γn,`,pµ`(t)
(
`(p−1)+p(n−1)

p(`+n)

)
≤ Pu(t) =

ˆ
∂Ut

|x|
`
p′ dHn−1

≤
(ˆ

∂Ut

g dHn−1
) 1
p
(ˆ

∂Ut

|x|`

g
1
p−1

dHn−1
)1− 1

p

.

(3.39)

Since, for a.e. t > 0 it holds that

−µ′`(t) =
ˆ
∂U intt

|x|`

|∇u|
dHn−1,
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by (3.30), the Hardy-Littlewood inequality, (3.38) and (3.39), we get

γn,`,pµ`(t)
(
`(p−1)+p(n−1)

p(`+n)

)
≤
(ˆ

∂Ut

g dHn−1
) 1
p

ˆ
∂U intt

|x|`

|∇u|
dHn−1 + 1

β̃
1
p−1

ˆ
∂Uextt

|x|
`
p′

u
dHn−1

 1
p′

≤
(ˆ µ`(t)

0
f∗(s) ds

) 1
p

−µ′`(t) + 1
β̃

1
p−1

ˆ
∂Uextt

|x|
`
p′

u
dHn−1

 1
p′

for a.e. t ∈ [0, supΩ u).
Then (3.35) follows. Replacing u with v, the solution to (3.28), all the inequalities are

verified as equalities, so we obtain (3.36).

Lemma 3.10. Let u and v be the solutions to (3.27) and (3.28) respectively. Then for all
τ ≥ vm we have

ˆ τ

0
tp−1

ˆ
∂Uextt

|x|
`
p′

u(x) dH
n−1

 dt ≤ 1
pβ̃

ˆ |Ω|`
0

f∗(s) ds (3.40)

and ˆ τ

0
tp−1

ˆ
∂Vt∩∂Ω]

|x|
`
p′

v(x) dH
n−1

 dt = 1
pβ̃

ˆ |Ω]|`
0

f∗(s) ds. (3.41)

Proof of Theorem 3.8. Firstly we show (3.40). Fubini’s Theorem ensures that

ˆ ∞
0
τp−1

ˆ
∂Uextτ

|x|
`
p′

u(x)dH
n−1

 dτ
=
ˆ
∂Ω

(ˆ u(x)

0

τp−1

u(x) dτ
)
|x|

`
p′ dHn−1

= 1
p

ˆ
∂Ω
u(x)p−1|x|

`
p′ dHn−1.

(3.42)

Choosing ϕ ≡ 1 as test function in (3.37) and using (3.30), we obtain
ˆ
∂Ω
β̃|x|

`
p′ up−1 dHn−1 ≤

ˆ
∂Ω
β(x)up−1 dHn−1 =

ˆ
Ω
f |x|` dx. (3.43)

From (3.42) and (3.43) we immediately get
ˆ ∞

0
τp−1

ˆ
∂Uextτ

|x|
`
p′

u(x) dH
n−1

 dτ ≤ 1
pβ̃

ˆ |Ω|`
0

f∗(s) ds,

and, arguing in the same way, we deduce
ˆ ∞

0
τp−1

ˆ
∂Vτ∩∂Ω]

|x|
`
p′

v(x) dH
n−1

 dτ = 1
pβ̃

ˆ |Ω|`
0

f∗(s) ds.

Hence for any t ≥ 0, we have
ˆ t

0
τp−1

ˆ
∂Uextτ

|x|
`
p′

u(x) dH
n−1

 dτ ≤ 1
pβ̃

ˆ |Ω|`
0

f∗(s) ds.
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Since ∂Vt ∩ ∂Ω] is empty for any t ≥ vm, we get

ˆ t

0
τp−1

ˆ
∂Vτ∩∂Ω]

|x|
`
p′

v(x) dH
n−1

 dτ = 1
pβ̃

ˆ |Ω|`
0

f∗(s) ds.

Lemma 3.10 is hence proved.

Proof of Theorem 3.8. Let

δ1 = 1−
(
`(p− 1) + p(n− 1)

(p− 1)(`+ n)

)
.

Note that, since p ≥ n, δ1 is a positive constant.
Multiplying both sides of (3.35) by tp−1µ`(t)δ1 and integrating over (0, τ) with τ ≥ vm,

by Lemma 3.10, we have

γn,`,p

ˆ τ

0
tp−1µ`(t) dt ≤

ˆ τ

0

(
−µ′`(t)

)
tp−1µ`(t)δ1

(ˆ µ`(t)

0
f∗(s) ds

) 1
p−1

dt

+ |Ω|δ1`
pβ̃

p
p−1

(ˆ |Ω|`
0

f∗(s) ds
) p
p−1

.

(3.44)

Setting

F (`) =
ˆ `

0
ωδ1

(ˆ ω

0
f∗(s) ds

) 1
p−1

dω,

and, integrating by parts both sides of the last inequality, we obtain

τp−1
(
γn,`,p

ˆ τ

0
µ`(t) dt+ F (µ`(τ))

)
≤ (p− 1)

ˆ τ

0
tp−2

(
γn,`,p

ˆ t

0
µ`(s) ds+ F (µ`(t))

)
dt

+ |Ω|δ1`
pβ̃

p
p−1

(ˆ |Ω|`
0

f∗(s) ds
) p
p−1

.

We observe that all the hypotheses of Gronwall’s Lemma 1.3 are satisfied with

ξ(τ) = ξ1(τ) =
ˆ τ

0
tp−2

(
γn,`,p

ˆ t

0
µ`(s) ds+ F (µ`(t))

)
dt

and

C = C1 = |Ω|δ1`
pβ̃

p
p−1

(ˆ |Ω|`
0

f∗(s) ds
) p
p−1

.

Applying such a Lemma with τ0 = vm, we infer that for any τ ≥ vm it holds

τp−2
(
γn,`,p

ˆ τ

0
µ`(s) ds+ F (µ`(τ))

)
≤
((p− 1)ξ1(vm) + C1

vm

)(
τ

vm

)p−2
.

Replacing µ`(t) with φ`(t) the previous inequality holds as an equality. Therefore for any
τ ≥ vm it holds that

γn,`,p

ˆ τ

0
µ`(s) ds+ F ((τ)) ≤ γn,`,p

ˆ τ

0
φ`(s) ds+ F (φ`(τ)). (3.45)



70 Talenti’s type results for solution to non linear equations with RBCs

On the other hand, since µ`(t) ≤ φ`(t) = |Ω|`, ∀t ≤ vm, and F (`) is an increasing function,
we have that for any τ ≤ vm it holds that

γn,`,p

ˆ τ

0
µ`(s) ds+ F (µ`(t)) ≤ γn,`,p

ˆ τ

0
φ`(s) ds+ F (φ`(t)) (3.46)

Combining inequalities (3.45) and (3.46) we conclude that for any τ ≥ 0 it holds

γn,`,p

ˆ τ

0
µ`(s) ds+ F (µ`(τ)) ≤ γn,`,p

ˆ τ

0
φ`(s) ds+ F (φ`(τ)).

Since
lim

τ→+∞
F (µ`(τ)) = lim

τ→+∞
F (φ`(τ)) = 0,

letting τ goes to +∞, we conclude that
ˆ ∞

0
µ`(t) dt ≤

ˆ ∞
0

φ`(t) dt,

and hence
‖u‖L1(Ω,|x|` dx) ≤ ‖v‖L1(Ω],|x|` dx).

Now let us show (3.32). Firstly let us observe that it is enough to verify that
ˆ ∞

0
tp−1µ`(t) dt ≤

ˆ ∞
0

tp−1φ`(t) dt. (3.47)

Integrating by parts the first term on the right-hand side in (3.44), and then letting τ go to
+∞, we obtain

γn,`,p

ˆ ∞
0

tp−1µ`(t) dt ≤ (p− 1)
ˆ ∞

0
tp−2F (µ`(t)) dt+ |Ω|δ1`

pβ̃
p
p−1

(ˆ |Ω|`
0

f∗(s) ds
)p′

,

and similarly we have

γn,`,p

ˆ ∞
0

tp−1φ`(t) dt = (p− 1)
ˆ ∞

0
tp−2F (φ`(t)) dt+ |Ω|δ1`

pβ̃
p
p−1

(ˆ |Ω|`
0

f∗(s) ds
)p′

.

Thus if we prove ˆ ∞
0

tp−2F (µ`(t)) dt ≤
ˆ ∞

0
tp−2F (φ`(t)) dt (3.48)

we get the claim (3.47).
Let

θ1 = −`(p− 1) + p(n− 1)
(p− 1)(`+ n) .

Multiplying both sides of (3.35) by tp−1F (µ`(t))µ`(t)θ1 and then integrating over (0, τ), taking
into account that the function h(`) = F (`)`θ1 is non decreasing, we get

γn,`,p

ˆ τ

0
tp−1F (µ`(t)) dt

≤
ˆ τ

0

(
−µ′`(t)

)
tp−1µ`(t)θ1F (µ`(t))

(ˆ µ`(t)

0
f∗(s) ds

) 1
p−1

dt

+ F (|Ω|`)
|Ω|θ1`
pβ̃

p
p−1

(ˆ |Ω|`
0

f∗(s) ds
) p
p−1

.

(3.49)
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Let

C2 = F (|Ω|`)
|Ω|θ1`
pβ̃

p
p−1

(ˆ |Ω|`
0

f∗(s) ds
) p
p−1

.

Integrating by parts both sides of (3.49) we derive

γn,`,p τ

ˆ τ

0
tp−2F (µ`(t)) dt+ τHµ`(τ) ≤ γn,`,p

ˆ τ

0

ˆ t

0
rp−2F (µ`(r)) drdt

+
ˆ τ

0
Hµ`(t) dt+ C2,

(3.50)

where

Hµ`(τ) = −
ˆ +∞

τ
tp−2µ`(t)θ1F (µ`(t))

(ˆ µ`(t)

0
f∗(s) ds

) 1
p−1

dµ`(t).

Setting

ξ2(τ) = γn,`,p

ˆ τ

0

ˆ t

0
rp−2F (µ`(r)) dr +

ˆ t

0
Hµ`(t) dt,

then (3.50) reads as
τξ′2(τ) ≤ ξ2(τ) + C2.

Lemma 1.3, with τ0 = vm, ensures that the following inequality holds true for any τ ≥ vm

γn,`,p

ˆ τ

0
tp−2F (µ`(t)) dt+Hµ`(τ)

≤
(p− 1)

ˆ vm

0
tp−2F (µ`(t)) dt+Hµ`(vm) + C2

vm

(
τ

vm

)p−2
.

The previous inequality becomes an equality if we replace µ`(t) with φ`(t), so, recalling that
µ`(t) ≤ φ`(t) = |Ω|` for t ≤ vm, we obtain

γn,`,p

ˆ τ

0
tp−2F (µ`(t)) dt+Hµ`(τ) ≤ γn,`,p

ˆ τ

0
tp−2F (φ`(t)) dt+Hφ`(τ).

Letting τ →∞, we have ˆ ∞
0

tp−2F (µ`(t)) dt ≤
ˆ ∞

0
tp−2F (φ`(t)) dt,

since, as we will show,
lim
τ→0

Hµ`(τ) = lim
τ→0

Hφ`(τ) = 0. (3.51)

This proves (3.48), and hence (3.32).
To prove (3.51), recalling that p ≥ n, we observe that

tp−2µ`(t) =
ˆ
{u>t}

tp−2|x|` dx ≤
ˆ
{u>t}

up−2|x|` dx ≤ ‖u‖p−2
Lp(Ω,|x|` dx)

µ`(t)
2
p ,

therefore

|Hµ`(τ)| =
ˆ +∞

τ
tp−2F (µ`(t))µ`(t)θ1

(ˆ µ`(t)

0
f∗(s) ds

)
(−µ′`(t)) dt

≤
(ˆ |Ω|`

0
f∗(s) ds

)
‖u‖p−2

Lp(Ω,|x|`dx)

ˆ +∞

τ
F (µ`(t))µ`(t)

2
p

+θ1−1(−µ′`(t)) dt.

The claim follows by observing that the right-hand side of the above inequality goes to 0 as
τ → +∞.
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Remark 3.11. We emphasize that, with the same argument in [8, 13], it is possible to obtain
a stronger comparison in Theorem 3.8. It can be shown

‖u‖Lk,1(Ω,|x|` dx) ≤ ‖v‖Lk,1(Ω],|x|` dx) ∀ 0 < k ≤ (`+ n)(p− 1)
`(p− 1) + p(n− 1)

and
‖u‖Lpk,p(Ω,|x|` dx) ≤ ‖v‖Lpk,p(Ω],|x|` dx) ∀ 0 < k ≤ (`+ n)(p− 1)

`(p− 1) + p(n− 2) + n
,

where ‖·‖Lp,q(Ω,|x|` dx) is defined in (1.20).

In the case of a source term f(x) constant, we have a stronger result, namely a pointwise
comparison between u] and v.

Theorem 3.12. Assume that hypotheses (H1)-(H4) are in force and suppose that f(x) ≡ 1
in Ω. If either p = n = 2 or if p > 2, n ≥ 2 and

` ≤ −n+ p− n
p− 2 (3.52)

then
u](x) ≤ v(x) x ∈ Ω], (3.53)

where u and v are the solutions to (3.27) and (3.28) respectively.

Proof. Let
θ2 = `(p− 1) + p(n− 1)

p(`+ n)
and

δ2 = −
(
θ2 −

1
p

)
p

p− 1 .

We point out that δ2 ≥ 0 by assumption (3.52).
Obviously in this case we have

ˆ µ`(t)

0
f∗(s) ds = µ`(t).

Hence (3.35) can be written as

γn,`,p µ`(t)
(
θ2− 1

p

)
p
p−1 ≤ −µ′`(t) + 1

β̃
1
p−1

ˆ
∂Uext

t

|x|
`
p′

u
dHn−1. (3.54)

Multiplying both sides of (3.54) by tp−1µ`(t)δ2 and, then, integrating from 0 to τ ≥ vm, we
obtain

γn,`,p

ˆ τ

0
tp−1 dt ≤

ˆ τ

0
tp−1µ`(t)δ2(−µ′`(t)) dt

+ 1
β̃

1
p−1

ˆ τ

0
tp−1µ`(t)δ2

ˆ
∂Uext

t

1
u
dHn−1

≤
ˆ τ

0
tp−1µ`(t)δ2(−µ′`(t)) dt+ |Ω|

1+δ2
`

pβ̃
p
p−1

.

(3.55)

Taking into account of Lemma 3.10, if we replace µ`(t) with φ`(t), the previous inequality
holds as equality. Hence, we get

ˆ τ

0
tp−1µ`(t)δ2(−µ′`(t)) dt ≥

ˆ τ

0
tp−1φ`(t)δ2(−φ′`(t)) dt.
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In turn an integration by parts yields

− τp−1 µ`(τ)1+δ2

1 + δ2
+ (p− 1)

ˆ τ

0
tp−2 µ`(t)1+δ2

1 + δ2
dt ≥

− τp−1 φ`(τ)1+δ2

1 + δ2
+ (p− 1)

ˆ τ

0
tp−2 φ`(t)1+δ2

1 + δ2
dt.

The above inequality allows us to use claim (ii) of the Gronwall’s Lemma, this time to the
function

ξ3(τ) =
ˆ τ

0
sp−2

(
µ`(s)1+δ2 − φ`(s)1+δ2

1 + δ2

)
ds.

Hence for any τ ≥ vm it holds

µ1+δ2
` (τ)− φ1+δ2

` (τ)
1 + δ2

≤ p− 1
vp−2
m

ˆ vm

0
sp−2

(
µ1+δ2
` (s)− φ1+δ2

` (s)
1 + δ2

)
ds.

Inequality (3.33) ensures us that the right-hand side of the inequality above is non-positive,
therefore

µ`(τ) ≤ φ`(τ) ∀τ ≥ vm.

Finally, since by (3.33) we have

µ`(τ) ≤ φ`(τ) = |Ω|` ∀τ ≤ vm,

and, therefore, the inequality above holds true in [0,+∞). Claim (3.53) is hence proven.

3.2.1 Some applications

In this subsection we give an applicationaof our previous results: a Faber-Krahn inequality
for the Robin p-Laplacian operator with non-constant boundary parameter.

Theorem 3.13. Assume hypotheses (H1)-(H3) and let β̃ be the constant defined in (3.29),
then we have

λp,β(x)(Ω) ≥ λp,β̃(Ω]),

where

λp,β(x)(Ω) = min
ψ∈W 1,p(Ω)

ψ 6=0

ˆ
Ω
|∇ψ|p dx+

ˆ
∂Ω
β(x)|ψ|p dHn−1

ˆ
Ω
|ψ|p|x|` dx

. (3.56)

Proof. Let u be a positive minimizer of (3.56), then
−∆pu = λp,β(Ω)up−1|x|` in Ω

|∇u|p−2∂u

∂ν
+ β(x)up−1 = 0 on ∂Ω.

Now, let z be a solution to the following problem
−∆pz = λp,β(Ω) (u])p−1 |x|` in Ω]

|∇z|p−2 ∂z

∂ν
+ β̃(r])

`
p′ zp−1 = 0 on ∂Ω].

(3.57)

Therefore, Theorem 3.8 ensures that
ˆ

Ω
up|x|` dx =

ˆ
Ω]

(u])p|x|` dx ≤
ˆ

Ω]
zp|x|` dx,
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while Hölder inequality gives
ˆ

Ω]
(u])p−1z|x|` dx ≤

(ˆ
Ω]

(u])p|x|` dx
) p−1

p
(ˆ

Ω]
zp|x|` dx

) 1
p

≤
ˆ

Ω]
zp|x|` dx.

Hence, writing λp,β(x)(Ω) according to (3.57), we get

λp,β(x)(Ω) =

ˆ
Ω]
|∇z|p dx+

ˆ
∂Ω]

β̃(r])
`
p′ zp dHn−1

ˆ
Ω]

(u])p−1z|x|` dx

≥

ˆ
Ω]
|∇z|p dx+

ˆ
∂Ω]

β̃(r])
`
p′ zp dHn−1

ˆ
Ω]
zp|x|` dx

≥ λp,β̃(Ω]).



Chapter 4

Limit of solutions to p-Laplace
equation when p goes to infinity

Let β be a positive parameter, let Ω be a bounded open set of Rn, n ≥ 2, with Lipschitz
boundary.

In this chapter, we study the behaviour, when p→ +∞, of the solution to−∆pu = λp,β|u|p−2u in Ω

|∇u|p−2∂u

∂ν
+ βp|u|p−2u = 0 on ∂Ω.

(4.1)

We prove that the limit of the first eigenfunctions is a viscosity solution to the first
eigenvalue problem for the so-called ∞-Laplacian, given by

min { |∇u| − λu,−∆∞u } = 0 in Ω,

−min
{
|∇u| − βu,−∂u

∂ν

}
= 0 on ∂Ω,

(4.2)

where ∆∞ is defined by
∆∞u =

〈
D2u · ∇u,∇u

〉
.

Moreover, we also focus on the p-Poisson equation when the datum f belongs to L∞(Ω)
and we study the behaviour of solutions when p→∞.

4.1 The ∞-eigenvalue problem
Let us start this section observing that, since for f, g ∈W 1,∞(Ω), it holds

lim
p→∞

(ˆ
Ω
|f |p +

ˆ
Ω
|g|p

)1/p
= max {‖f‖∞, ‖g‖∞} .

(see e.g. [129]), then it follows

lim sup
p→∞

λ
1/p
p,β ≤ λ∞,β. (4.3)

We can say something more

Lemma 4.1. Let { λp,β }p>1 be the sequence of the first eigenvalues of the p-Laplacian oper-
ator with Robin boundary condition. Then,

lim
p→∞

(λp,β)
1
p = λ∞,β, (4.4)
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where
λ∞,β = inf

w∈W 1,∞(Ω)
‖w‖L∞(Ω)=1

max
{
‖∇w‖L∞(Ω), β‖w‖L∞(∂Ω)

}
. (4.5)

Moreover, if { up }p>1 is the sequence of eigenfunctions associated to {λp,β}p>1, then there
exists a function u∞ ∈W 1,∞(Ω) such that, up to a subsequence,

up → u∞ uniformly in Ω
∇up → ∇u∞ weakly in Lq(Ω),∀q.

Proof. As a consequence of (4.3), the sequence { up }p>1 of eigenfunctions associated to λp,β
is uniformly bounded in W 1,q(Ω): indeed, if q < p, by Hölder inequality,

‖∇up‖Lq(Ω) ≤ ‖∇up‖Lp(Ω)|Ω|
1
q
− 1
p ≤ λ1/p

p,β |Ω|
1
q
− 1
p ≤ C, (4.6)

‖up‖Lq(Ω) ≤ ‖up‖Lp(Ω)|Ω|
1
q
− 1
p ≤ |Ω|

1
q
− 1
p ≤ C, (4.7)

where the constant C is independent of p.
By a classical argument of diagonalization, see for instance [27], we can extract a subse-

quence upj such that

upj → u∞ uniformly =⇒ ‖upj‖Lpj → ‖u∞‖L∞ ,
∇upj → ∇u∞ weakly in Lq(Ω), ∀q > 1.

Moreover, from (4.6) and (4.7), the following inequality holds

‖∇u∞‖Lq(Ω)
‖u∞‖Lq(Ω)

≤ lim inf
p→∞

‖∇up‖Lq(Ω)
‖up‖Lq(Ω)

≤ lim inf
p→∞

‖∇up‖Lp(Ω)
‖up‖Lq(Ω)

|Ω|
1
q
− 1
p

≤ |Ω|
1
q

‖u∞‖Lq(Ω)
lim inf
p→∞

(λp,β)
1
p .

Letting q →∞ we obtain
‖∇u∞‖L∞(Ω) ≤ lim inf

p→∞
(λp,β)

1
p

Similarly
β‖up‖Lq(∂Ω) ≤ β‖ up‖Lp(∂Ω)|∂Ω|

1
q
− 1
p ≤ λ1/p

p,β |∂Ω|
1
q
− 1
p ≤ C,

gives us
β‖u∞‖L∞(∂Ω) ≤ lim inf

p→∞
(λp,β)

1
p ,

hence
λ∞,β ≤ lim inf

p→∞
λ

1/p
p,β .

Now we want to show that the limit u∞ solves (4.2) in viscosity sense, but before we need
the following proposition

Proposition 4.2. A continuous weak solution u to (4.1) is a viscosity solution to (4.1).

Proof. The proof is similar to the one in [101, 71] for the p-Laplacian with other boundary
conditions.

We only write explicitly the proof that u∞ satisfies the boundary conditions in the vis-
cosity sense.
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Let u be a continuous weak solution to (4.1), let x0 ∈ ∂Ω and let us consider a function
φ such that φ(x0) = u(x0) and such that u− φ has a strict minimum at x0. Then

max
{
− |∇φ(x0)|p−2∆φ(x0)− (p− 2)|∇φ(x0)|p−4∆∞φ(x0)− λp,β|φ(x0)|p−2φ(x0),

|∇φ(x0)|p−2∂φ(x0)
∂ν

+ βp|φ(x0)|p−2φ(x0)
}
≥ 0.

(4.8)

Assume by contradiction that both terms are negative. If we choose r sufficiently small, in
Ω ∩Br(x0), we have

−|∇φ(x)|p−2∆φ(x)− (p− 2)|∇φ(x)|p−4∆∞φ(x)− λp,β|φ(x)|p−2φ(x) < 0

and, in ∂Ω ∩Br(x0),

|∇ψ(x)|p−2∂ψ(x)
∂ν

+ βp|ψ(x)|p−2ψ(x) < 0, where ψ = φ+ m

2 .

Thenˆ
{ ψ>u }∩Br(x0)

|∇ψ|p−2∇ψ∇(ψ − u) dx

< λp,β

ˆ
{ ψ>u }∩Br(x0)

|φ|p−2φ(ψ − u) dx− βp
ˆ
∂Ω∩Br(x0)∩{ ψ>u }

|ψ|p−2ψ(ψ − u) dHn−1,

using the definition of weak solution, we have

C(N, p)
ˆ
{ ψ>u }∩Br(x0)

|∇ψ −∇u|p dx

≤
ˆ
{ ψ>u }∩Br(x0)

〈
|∇ψ|p−2∇ψ − |∇u|p−2∇u,∇(ψ − u)

〉
dx

< λp,β

ˆ
{ ψ>u }∩Br(x0)

(
|φ|p−2φ− |u|p−2u

)
(ψ − u) dx

− βp
ˆ
∂Ω∩Br(x0)∩{ ψ>u }

(
|ψ|p−2ψ − |u|p−2u

)
(ψ − u) dHn−1 < 0

which gives a contradiction.

Now we can prove the following

Theorem 4.3. Let u∞ be the function given in Theorem 4.1. Then u∞ is a viscosity solution
to 

min { |∇u| − λ∞,βu,−∆∞u } = 0 in Ω,

−min
{
|∇u| − βu,−∂u

∂ν

}
= 0 on ∂Ω.

(4.9)

Proof. We divide the proof in two steps.
Step 1 u∞ is a viscosity supersolution.

Let x0 ∈ Ω and let φ ∈ C2(Ω) be such that u∞ − φ has a strict minimum in x0. We want to
show

min { |∇φ(x0)| − λ∞,βφ(x0),−∆∞φ(x0) } ≥ 0

Notice that up − φ has a minimum in xp and xp → x0. If we set φp(x) = φ(x) + cp with
cp = up(xp)− φ(xp) → 0 when p goes to infinity, we have that up(xp) = φp(xp) and up − φp
has a minimum in xp, so Proposition 4.2 implies

− |∇φp(xp)|p−2∆φp(xp)− (p− 2)|∇φp(xp)|p−4∆∞φ(xp)− λp,β|φp(xp)|p−2φp(xp) ≥ 0. (4.10)
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Now dividing by (p− 2)|∇φp(xp)|p−4, we obtain

−∆∞φp(xp)−
|∇φp(xp)|2∆φp(xp)

p− 2 ≥ |∇φp(xp)|4

(p− 2)φp(xp)

λ1/p
p,βφp(xp)
|∇φp(xp)|

p (4.11)

This gives us |∇φ(x0)| − λ∞,βφ(x0) ≥ 0 since, otherwise, the right-hand side of (4.11)
would go to infinity, in contradiction with the fact that φ ∈ C2(Ω). Moreover −∆∞φ(x0) ≥ 0,
just taking the limit.

Then, min { |∇φ(x0)| − λ∞,βφ(x0),−∆∞φ(x0) } ≥ 0 and u∞ is a viscosity supersolution.
Let us fix x0 ∈ ∂Ω, φ ∈ C2(Ω) such that u− φ has a strict minimum in x0, our aim is to

prove that

max
{

min { |∇φ(x0)| − λ∞,βφ(x0),−∆∞φ(x0) } ,−min
{
|∇φ(x0)| − βφ(x0),−∂φ

∂ν
(x0)

} }
≥ 0

If for infinitely many xp ∈ Ω (4.10) holds true, then we get

min { |∇φ(x0)| − λ∞,βφ(x0),−∆∞φ(x0) } ≥ 0.

If for infinitely many p, xp ∈ ∂Ω the following holds true

|∇φp(xp)|p−2∂φp(xp)
∂ν

+ βp|φp(xp)|p−2φp(xp) ≥ 0,

then
|∇φp(xp)|p−2

(
−∂φp(xp)

∂ν

)
≤ βp|φp(xp)|p−2φp(xp).

Only two cases can occur:

• −∂φ
∂ν

(x0) ≤ 0;

• −∂φ
∂ν

(x0) > 0, then letting p to infinity in the following

(
|∇φp(xp)|p−2

(
−∂φp(xp)

∂ν

))1/p
≤
(
βp|φp(xp)|p−2φp(xp)

)1/p

we get |∇φ(x0)| ≤ βφ(x0).
That is

−min
{
|∇φ(x0)| − βφ(x0),−∂φ

∂ν
(x0)

}
≥ 0.

Step 2 u∞ is a viscosity subsolution.
Let us fix x0 ∈ Ω, φ ∈ C2(Ω) such that u∞ − φ has a strict maximum. We want to prove

that
min {|∇φ(x0)| − λ∞,βφ(x0),−∆∞φ(x0)} ≤ 0,

so it is enough to prove that only one of the two terms in the bracket is non positive.
For instance, assume that −∆∞φ(x0) > 0, we can argue as in (4.10), but now, all the

inequality involving the second order differential operator are reversed and we get

λp,βφ
p−1
p (xp) ≥ (p− 2)|∇φp(xp)|p−4

[
−|∇φp(xp)|

2∆φp(xp)
p− 2 −∆∞φp(xp)

]
.

As −∆∞φ(x0) > 0, the term in the big parenthesis is non-negative, we can erase everything
to the power 1/p, obtaining

λ∞,βφ(x0) ≥ |∇φ(x0)|,
which shows that u∞ is a viscosity subsolution to (4.9).

Similar arguments to step 1 give us the boundary conditions for viscosity subsolution.
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We are also able to give a geometric characterization of λ∞,β.

Lemma 4.4. Let λ∞,β be the quantity defined in (4.5) and let rΩ be the inradius of Ω. Then

λ∞,β = min
x0∈Ω

1
1
β + d(x0, ∂Ω)

= 1
1
β + rΩ

.

Proof. The function 1
β + d(x, ∂Ω) ∈W 1,∞(Ω), moreover

‖∇ (1/β + d(x, ∂Ω))‖L∞(Ω) = 1 and β‖1/β + d(x, ∂Ω)‖L∞(∂Ω) = 1.

Then
λ∞,β ≤ min

x0∈Ω

1
1
β + d(x0, ∂Ω)

.

In order to prove the reverse inequality, we take w ∈W 1,∞(Ω) such that ‖w‖L∞(Ω) = 1.
The following facts can occur

Case 1 If β‖w‖L∞(∂Ω) ≤ ‖∇w‖L∞(Ω), then

max
{
‖∇w‖L∞(Ω), β‖w‖L∞(∂Ω)

}
= ‖∇w‖L∞(Ω).

We choose x ∈ Ω and y equal to the point on the boundary such that |x− y| = d(x, ∂Ω).
So, we have

|w(x)| ≤ |w(x)− w(y)|+ |w(y)|
≤ ‖∇w‖L∞(Ω)|x− y|+ ‖w‖L∞(∂Ω)

≤ ‖∇w‖L∞(Ω)d(x, ∂Ω) + 1
β
‖∇w‖L∞(Ω)

= ‖∇w‖L∞(Ω)

( 1
β

+ d(x, ∂Ω)
)

≤ ‖∇w‖L∞(Ω)‖1/β + d(x, ∂Ω)‖L∞(Ω),

and then
‖∇w‖L∞(Ω)
‖w‖L∞(Ω)

≥ 1
‖1/β + d(x, ∂Ω)‖L∞(Ω)

Case 2 If β‖w‖L∞(∂Ω) > ‖∇w‖L∞(Ω), then

max
{
‖∇w‖L∞(Ω), β‖w‖L∞(∂Ω)

}
= β‖w‖L∞(∂Ω).

With the same choice of x and y, we have

|w(x)| ≤ |w(x)− w(y)|+ |w(y)|
≤ ‖∇w‖L∞(Ω)|x− y|+ ‖w‖L∞(∂Ω)

≤ β‖w‖L∞(∂Ω)d(x, ∂Ω) + ‖w‖L∞(∂Ω)

= β‖w‖L∞(∂Ω)

(
d(x, ∂Ω) + 1

β

)
≤ β‖w‖L∞(∂Ω)‖1/β + d(x, ∂Ω)‖L∞(Ω).

Hence,
β‖w‖L∞(∂Ω)
‖w‖L∞(Ω)

≥ 1
‖1/β + d(x, ∂Ω)‖L∞(Ω)

.
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Finally we get ∀w ∈W 1,∞(Ω) : ‖w‖L∞(Ω) = 1,

max
{
‖∇w‖L∞(Ω), β‖w‖L∞(∂Ω)

}
≥ 1
‖1/β + d(x, ∂Ω)‖L∞(Ω)

and then the desired inequality

λ∞,β ≥ min
x0∈Ω

1
1
β + d(x0, ∂Ω)

.

Theorem 4.5. Let λ∞,β be the quantity defined in (4.5). Then

λ∞,β(Ω) ≥ λ∞,β(Ω]),

where Ω] is the ball centered at the origin with the same measure of Ω.

Proof. The Faber-Krahn inequality for the first eigenvalue of the p-Laplacian with Robin
boundary condition (for instance see [43]) states that

λp,β(Ω) ≥ λp,β(Ω]).

Letting p go to infinity, we have

λ∞,β(Ω) ≥ λ∞,β(Ω]).

This can follow also from the geometric characterization in Lemma 4.4

λ∞,β = 1
1
β + rΩ

as the ball maximizes the inradius among sets of given volume.

Remark 4.6. One can easily prove that the function 1
β + d(x, ∂Ω) is an eigenfunction if the

domain Ω = BR(x0). This is not true if Ω is a square: see for instance [101].

4.1.1 The first Robin ∞-eigenvalue

Now we want to show that λ∞,β is the first eigenvalue of (4.2), that is the smallest λ such
that 

min { |∇u| − λu,−∆∞u } = 0 in Ω,

−min
{
|∇u| − βu,−∂u

∂ν

}
= 0 on ∂Ω

admits a non-trivial solution.

Theorem 4.7. Let Ω be a bounded and open set of class C2 in Rn. If for some λ, problem
(4.2) admits a non-trivial eigenfunction u, then λ ≥ λ∞,β.

Proof. Let λ be an eigenvalue to (4.2), let u be a corresponding eigenfunction. We normalize
it in this way

max
x∈Ω

u(x) = 1
λ
.

Then u is viscosity subsolution to

min { |∇u| − 1,−∆∞u } = 0 in Ω.
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For every ε > 0 and γ > 0, let us consider the function

gε,γ = 1
β

+ (1 + ε)d(x, ∂Ω)− γd(x, ∂Ω)2.

It is well known (see [85]) that in a small tubular neighbourhood Γµ of ∂Ω, the boundary
∂Ω and the distance function d(x, ∂Ω) share the same regularity: so both d(x, ∂Ω) and gε,γ
are C2(Γµ).

Moreover, by a direct computation, one can check that if

γ <
ε

2rΩ
,

then gε,γ is a viscosity supersolution to

min { |∇gε,γ | − 1,−∆∞gε,γ } = 0 in Ω.

Hence, Theorem 2.1 in [98] ensures that

mε = inf
x∈Ω

(gε,γ(x)− u(x)) = inf
x∈∂Ω

(gε,γ(x)− u(x)).

Assume by contradiction that mε < − ε
β , and set v = gε,γ −mε. We observe that v ≥ u in Ω

and v(x0) = u(x0), where x0 is the point which achieves the minimum on the boundary, so
we can use it as test function in the definition of viscosity subsolution for u.

Assuming γ < ε
2rΩ , we obtain

∇v(x) = [1 + ε− 2γd(x, ∂Ω)]∇d(x, ∂Ω)
|∇v(x0)| = 1 + ε− 2γd(x0, ∂Ω) > 1

−∂v
∂ν

(x0) = − [1 + ε− 2γd(x0, ∂Ω)]∇d(x0, ∂Ω) · ν > 0

−∆∞v(x0) = 2γ [1 + ε− 2γd(x0, ∂Ω)]2 |∇d(x0, ∂Ω)|4 > 0.

The fact that mε < − ε
β implies

|∇v(x0)| − βv(x0) = ε+ βmε < 0.

Therefore

−min
{
|∇v| − βv,−∂v

∂ν

}
> 0 and min {|∇v| − 1,−∆∞v} > 0

against the fact that

min
{

min {|∇v| − 1,−∆∞v} ,−min
{
|∇v| − βv,−∂v

∂ν

}}
≤ 0.

So we have
gε,γ(x)− u(x) ≥ mε ≥ −

ε

β
,

letting ε and γ go to zero, it follows

1
β

+ d(x, ∂Ω) ≥ u(x) ∀x ∈ Ω.

Hence
1

λ∞,β
= max

x∈Ω

( 1
β

+ d(x, ∂Ω)
)
≥ max

x∈Ω
u(x) = 1

λ
,

which concludes the proof.
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4.2 The ∞-Poisson equation

Let f be a function in L∞(Ω) and let β > 0. We consider the following p-Poisson equation
with Robin boundary conditions−∆pv = f in Ω

|∇v|p−2 ∂v

∂ν
+ βp|v|p−2v = 0 on ∂Ω.

(4.12)

A function vp is a weak solution to (4.12) if it satisfies
ˆ

Ω
|∇vp|p−2∇vp∇ϕdx+ βp

ˆ
∂Ω
|vp|p−2vpϕdHn−1 =

ˆ
Ω
fϕ dx, ∀ϕ ∈W 1,p(Ω). (4.13)

It is well known that the solution to this equation is the unique minimum of the functional

Jp(ϕ) = 1
p

ˆ
Ω
|∇ϕ|p dx+ βp

p

ˆ
∂Ω
|ϕ|p dHn−1 −

ˆ
Ω
fϕ dx. (4.14)

Indeed, it is possible to prove the existence and the uniqueness of the minimum of the
functional thanks to the so-called direct method of calculus of variation, see for instance
[62, 88, 111, 13].

If we let formally p go to ∞ in (4.14), we obtain the functional

ϕ −→ min
ˆ

Ω
−fϕ dx ϕ ∈W 1,∞(Ω). (4.15)

The limit procedure imposes two extra constraints to (4.15), namely

‖∇ϕ‖∞ ≤ 1, β‖ϕ‖L∞(∂Ω) ≤ 1.

The following proposition holds true.

Proposition 4.8. Let vp be the solution to (4.12). Then there exists a subsequence
{
vpj

}
j

such that

vpj → v∞ uniformly, ∇vpj → ∇v∞ weakly in Lm(Ω), ∀m > 1.

Moreover
‖∇v∞‖∞ ≤ 1 β‖v∞‖L∞(∂Ω) ≤ 1.

Proof. Choosing ϕ = vp in (4.13), we have
ˆ

Ω
|∇vp|p + βp

ˆ
∂Ω
vpp =

ˆ
Ω
fvp,

and Young inequality gives
ˆ

Ω
|∇vp|p + βp

ˆ
∂Ω
vpp −

1
εppp

ˆ
Ω
vpp ≤

εp
′
p

p′

ˆ
Ω
fp
′
. (4.16)

Taking into account

λp,β = inf
w∈W 1,p(Ω)
‖w‖Lp(Ω)=1

{ˆ
Ω
|∇w|p dx+ βp

ˆ
∂Ω
|w|p dHn−1

}
, (4.17)
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we get (
1− 1

pλp,βε
p
p

)[ˆ
Ω
|∇vp|p + βp

ˆ
∂Ω
vpp

]
≤

≤
ˆ

Ω
|∇vp|p + βp

ˆ
∂Ω
vpp −

1
εppp

ˆ
Ω
vpp ≤

εp
′
p

p′

ˆ
Ω
fp
′
.

Choosing εp such that 1− 1
pλp,βε

p
p

= 1
2, we have

ˆ
Ω
|∇vp|p + βp

ˆ
∂Ω
vpp ≤ 2

εp
′
p

p′

ˆ
Ω
fp
′ ≤ C

ˆ
Ω
fp
′ (4.18)

where the constant C is independent of p, thanks to Lemma 4.1.
Hence (ˆ

Ω
|∇vp|p

)1/p
≤
(
C

ˆ
Ω
fp
′
)1/p

≤
(
C|Ω| ‖f‖p

′

∞

)1/p
,(

βp
ˆ
∂Ω
vpp

)1/p
≤
(
C

ˆ
Ω
fp
′
)1/p

≤
(
C|Ω| ‖f‖p

′

∞

)1/p
.

Analogously (ˆ
Ω
vpp

)1/p
≤ C

(ˆ
Ω
fp
′
)1/p

. (4.19)

If p > m, Hölder inequality gives(ˆ
Ω
|∇vp|m

)1/m
≤
(ˆ

Ω
|∇vp|p

)1/p
|Ω|1/m−1/p ≤

(
C‖f‖p

′

∞

)1/p
|Ω|1/m,

β

(ˆ
∂Ω
vmp

)1/m
≤
(
βp

ˆ
∂Ω
vpp

)1/p
|∂Ω|1/m−1/p ≤

(
C‖f‖p

′

∞

)1/p
|∂Ω|1/m,(ˆ

Ω
vmp

)1/m
≤
(ˆ

Ω
vpp

)1/p
|Ω|1/m−1/p ≤ C

(
‖f‖p

′

∞

)1/p
|Ω|1/m,

(4.20)

Then there exists vpj such that

vpj → v∞ uniformly, ∇vpj → ∇v∞ weakly in Lm(Ω), ∀m > 1,

moreover

‖∇v∞‖m ≤ lim inf
j→∞

∥∥∥∇vpj∥∥∥m ≤ lim
j→∞

(
C‖f‖

p′j
∞

)1/pj
|Ω|1/m = |Ω|1/m

β‖v∞‖Lm(∂Ω) = β lim
j→∞

∥∥∥vpj∥∥∥Lm(∂Ω)
≤ lim

j→∞

(
C‖f‖

p′j
∞

)1/pj
|∂Ω|1/m = |∂Ω|1/m

and then
‖∇v∞‖L∞(Ω) ≤ 1 β‖v∞‖L∞(∂Ω) ≤ 1.

We are also able to link the so obtained function v∞ with the functional (4.15), indeed

Theorem 4.9. The functional

J∞(ϕ) = −
ˆ

Ω
fϕ ϕ ∈W 1,∞(Ω) (4.21)

admits at least one minimum ϕ satisfying ‖∇ϕ‖L∞(Ω) ≤ 1 and β‖ϕ‖L∞(∂Ω) ≤ 1.
Moreover, if v∞ is a limit of a subsequence of {vp}, then v∞ is a minimizer of (4.21).
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Proof. Let v∞ a limit of a subsequence of {vp} and let us assume it is not a minimum of J∞.
This implies that ∃ϕ ∈W 1,∞(Ω) such that

−
ˆ

Ω
fϕ < −

ˆ
Ω
fv∞.

We want to show that there exists a function φ and an exponent p, such that Jp(φ) < Jp(vp),
which contradicts the minimality of vp.

First of all, we recall that exists a sequence vpi ⇀ v∞ in W 1,m(Ω) ∀m. Then
ˆ

Ω
fvpi →

ˆ
Ω
fv∞

and so there exists i for which we still have

−
ˆ

Ω
fϕ < −

ˆ
Ω
fvpi ∀i > i. (4.22)

Two cases can occur:

case 1 ∃i > i ˆ
Ω
|∇ϕ|pi + βpi

ˆ
∂Ω
|ϕ|pi ≤

ˆ
Ω
|∇vpi |

pi + βpi
ˆ
∂Ω
vpipi

Then

Jpi(ϕ) = 1
p

ˆ
Ω
|∇ϕ|pi + βpi

p

ˆ
∂Ω
|ϕ|pi −

ˆ
Ω
fϕ

<
1
p

ˆ
Ω
|∇vpi |

pi + βpi

p

ˆ
∂Ω
vpipi −

ˆ
Ω
fvpi = Jpi(vpi),

which is a contradiction.

case 2 ∀i > i ˆ
Ω
|∇ϕ|pi + βpi

ˆ
∂Ω
|ϕ|pi >

ˆ
Ω
|∇vpi |

pi + βpi
ˆ
∂Ω
vpipi .

Considering φ = αϕ with α ∈ (0, 1):

−
ˆ

Ω
fφ = −α

ˆ
Ω
fϕ < −

ˆ
Ω
fvpi < 0 ∀i > i,

we have ˆ
Ω
|∇φ|pi + βpi

ˆ
∂Ω
|φ|pi = αpi

[ˆ
Ω
|∇ϕ|pi + βpi

ˆ
∂Ω
|ϕ|pi

]
.

Moreover
M ≤

ˆ
Ω
fvpi =

ˆ
Ω
|∇vpi |

pi + βpi
ˆ
∂Ω
vpipiˆ

Ω
|∇ϕ|pi + βpi

ˆ
∂Ω
|ϕ|pi ≤ |Ω|‖∇ϕ‖piL∞(Ω) + βpi |∂Ω|‖ϕ‖piL∞(∂Ω) ≤ |Ω|+ |∂Ω|.

We now choose pi:

0 i→∞←−−− αpi ≤ M

|Ω|+ |∂Ω| ≤
´

Ω |∇vpi |
pi + βpi

´
∂Ω v

pi
pi´

Ω |∇ϕ|
pi + βpi

´
∂Ω |ϕ|

pi

obtaining ˆ
Ω
|∇φ|pi + βpi

ˆ
∂Ω
|φ|pi ≤

ˆ
Ω
|∇vpi |

pi + βpi
ˆ
∂Ω
vpipi .
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Proposition 4.10. Let vp be the solution to (4.12) and let v∞ be any limit of a subsequence
of { vp }p>1. Then

v∞(x) ≤ 1
β

+ d(x, ∂Ω). (4.23)

Proof. We notice that
|v∞(x)− v∞(y)| ≤ |x− y|

as we have proven that ‖∇v∞‖∞ ≤ 1. This holds true for every x, y in Ω. In particular, we
can choose y equal to the point on the boundary which realizes |x− y| = d(x, ∂Ω). So, we
have

v∞(x) ≤ v∞(y) + d(x, ∂Ω) ≤ 1
β

+ d(x, ∂Ω),

as v∞ also satisfies β‖v∞‖L∞(∂Ω) ≤ 1.

Remark 4.11. We explicitly observe that the estimate ϕ(x) ≤ 1
β + d(x, ∂Ω) holds for every

admissible function ϕ.

Proposition 4.12. Assume f > 0 in Ω. Then the sequence of solution to (4.12) converges
strongly in W 1,m(Ω), for all m > 1, to

v∞(x) = 1
β

+ d(x, ∂Ω).

Proof. Let v∞ be any limit of a subsequence
{
vpj

}
⊂ { vp }. Theorem 4.9 gives that v∞ is a

minimum of the functional J∞, in the class {ϕ ∈W 1,∞(Ω) : ‖∇ϕ‖∞ ≤ 1, β‖ϕ‖L∞(∂Ω) ≤ 1}.
The function 1

β + d(x, ∂Ω) is a competitor and then
ˆ

Ω
f

(
v∞ −

1
β
− d(x, ∂Ω)

)
≥ 0. (4.24)

Then (4.23) gives v∞(x) = 1
β + d(x, ∂Ω).

Since every subsequence of { vp } has a subsequence converging to 1
β + d(x, ∂Ω) weakly

in W 1,m(Ω), the whole sequence { vp } converges to 1
β + d(x, ∂Ω) weakly in W 1,m(Ω), and in

particular, in Cα(Ω) and its gradient weakly in Lm(Ω).
It remains to prove the strong convergence in W 1,m(Ω).
Clarkson’s inequality implies for p, q > m

ˆ
Ω

|∇vp +∇vq|m

2m +
ˆ

Ω

|∇vp −∇vq|m

2m ≤ 1
2

ˆ
Ω
|∇vp|m + 1

2

ˆ
Ω
|∇vq|m

From (4.20) we deduce
lim
p→∞

ˆ
Ω
|∇vp|m ≤ |Ω|,

then semicontinuity of Lm-norm gives

lim sup
p,q

ˆ
Ω

|∇vp +∇vq|m

2m ≤ |Ω| =
ˆ

Ω
|∇d(x, ∂Ω)|m ≤ lim inf

p,q

ˆ
Ω

|∇vp +∇vq|m

2m

and then
lim sup

p,q

ˆ
Ω

|∇vp −∇vq|m

2m = 0.
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Remark 4.13. If suppf ⊂ Ω, then we can deduce that v∞(x) = 1
β + d(x, ∂Ω) for all x ∈

suppf , while in Ω \ suppf inequality (4.23) can be strict.

Definition 4.1. We denote by R the set of discontinuity of the function ∇d(x, ∂Ω). This
set consists of points x ∈ Ω for which d(x, ∂Ω) is achieved by more than one point y on the
boundary.

Then it holds true the following

Theorem 4.14. Let f be a non-negative function in Ω, then function

v∞(x) = 1
β

+ d(x, ∂Ω)

is the unique extremal function of (4.21) if and only if R ⊂ suppf .

Proof. Suppose thatR ⊂ suppf and let w be a minimum of (4.21)in the class {ϕ ∈W 1,∞(Ω) :
‖∇ϕ‖∞ ≤ 1, β‖ϕ‖L∞(∂Ω) ≤ 1}. By Remark 4.11 we have

w(x) ≤ 1
β

+ d(x, ∂Ω) ∀x ∈ Ω,

and arguing as in Remark 4.13 we have

w(x) = 1
β

+ d(x, ∂Ω) ∀x ∈ suppf.

Assume by contradiction that there exists x ∈ (suppf)c such that

w(x) < 1
β

+ d(x, ∂Ω),

setting η = ∇d(x, ∂Ω), we choose the smallest t such that y = x + tη belongs to ∂(suppf)
(Lemma 4.15 will justify this choice), thus

‖∇w‖L∞(Ω)|y − x| ≥ w(y)− w(x)
> d(y, ∂Ω)− d(x, ∂Ω) = ∇d(ξ, ∂Ω) · (y − x) = |y − x|

where the last equality follows from Lemma 4.15.
So we have ‖∇w‖L∞(Ω) > 1 that is a contradiction.

Assume now that w(x) = 1
β

+ d(x, ∂Ω) is the unique extremal of (4.21), and assume by
contradiction that R 6⊂ suppf . Then, thanks to the Aronsson theorem (see [22]), we can
construct a function ϕ different from w which coincide with w in suppf and such that it is
admissible for (4.15). Then ϕ is a minimum too.
This contradicts the fact that w is the unique minimum of (4.15), so R ⊂ suppf .

We have to prove Lemma 4.15 to complete the proof.

Lemma 4.15. Let x ∈ Ω \ R and set η = ∇(d(x, ∂Ω)). Let us consider yt = x + tη, then
there exists T such that yT ∈ R and yt /∈ R for all t < T . Moreover,

∇d(x+ tη, ∂Ω) = η ∀t ∈ [0, T ).

Proof. Consider the following Cauchy problem{
γ̇(t) = ∇d(γ(t), ∂Ω),
γ(0) = x

in a maximal interval [0, T ). We have that
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• L(γ) =
ˆ T

0
|γ̇(t)| ds = T ;

• d

dt
d(γ(t), ∂Ω) = ∇d(γ(t), ∂Ω)γ̇(t) = 1, then

T =
ˆ T

0

d

dt
d(γ(t), ∂Ω) dt = d(γ(T ), ∂Ω)− d(x, ∂Ω).

These considerations give us the following:

• T <∞, otherwise d is unbounded, and this is a contradiction as Ω is bounded;

• γ(T ) ∈ R, otherwise one can extend the solution for t > T , in contradiction with the
fact that [0, T ) is the maximal interval.

In the end, if y = γ(T ), we have

d(y, ∂Ω) = d(x, ∂Ω) + T = d(x, ∂Ω) + L(γ),

L(γ) ≥ |y − x|, and they are equal if and only if γ is a segment.
If L(γ) > |y − x| then

d(y, ∂Ω) = d(x, ∂Ω) + L(γ) > d(x, ∂Ω) + |y − x| ≥ |y − z|

with z ∈ ∂Ω such that d(x, ∂Ω) = |x− z|, and this is a contradiction, because d(y, ∂Ω) is the
infimum. Then L(γ) = |y − x| and, remembering the fact γ̇(t) = ∇d(γ(t), ∂Ω), whose norm
is 1, then γ is a segment and

∇d(γ(t), ∂Ω) = η ∀t ∈ [0, T ).

This conclude the proof.

4.2.1 The limit PDE

We have proved that any limit v∞ of subsequence { vp } is a minimum of the functional (4.21)
defined inW 1,∞(Ω). Now we want to understand if such limits are solutions to a certain PDE,
which, in some sense, is the Euler-Lagrange equation of the functional (4.21).

Proposition 4.16. Let f ∈ L∞(Ω) ∩ C(Ω) be a non-negative function. Then any limit v∞
of a subsequence { vp } satisfies

|∇v∞| ≤ 1 in the viscosity sense. (4.25)

Proof. The proof follows the techniques contained in [27, 101, 146, 112].
If x0 ∈ Ω, let ϕ ∈ C2(Ω) be such that v∞ − ϕ has a local maximum at x0

(v∞ − ϕ)(x0) ≥ (v∞ − ϕ)(x), ∀x ∈ BR(x0),

then
|∇ϕ(x0)| ≤ 1. (4.26)

Indeed, let
C = sup

q>1
max

{
‖vq‖L∞(BR(x0)); ‖ϕ‖L∞(BR(x0))

}
,

we consider the following sequence

fq(x) = vq(x)− ϕ(x)− k|x− x0|a, k = 4C
Ra

, a > 2.
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So fq(x) ≤ −3C for x ∈ ∂BR(x0), and fq(x0) ≥ −2C. Then fq(x) attains its maximum at
some point xq in the interior of BR(x0). and it holds

∇vq(xq) = ∇ϕ(xq) + ka(xq − x0)|xq − x0|a−2.

Moreover, the sequence { xq } must converge to x0.
Assume by contradiction that |∇ϕ(x0)| > 1, so there exists δ ∈ (0, 1) such that |∇ϕ(x0)| ≥

1 + δ. Choosing q large enough, we have

|∇vq(xq)| > 1 + δ

2 − ka|xq − x0|a−1 ≥ 1 + δ

4 , ∀q ≥ q.

By Lemma 1.1 of Part III in [27],

|∇vq(x)| ≤
(
γ

Rn

) 1
q

ˆ
BR

2 (x0)

(1 + |∇vq|)q dx

 1
q

, ∀x ∈ BR
2

(x0)

where γ is a constant independent of q.
For q sufficiently large, this contradict |∇vq(xq)| > 1 + δ

4 .

Proposition 4.17. Let f ∈ L∞(Ω) ∩ C(Ω) be a non-negative function, then a continuous
weak solution to (4.12) is a viscosity solution.

Proof. The proof follows the same techniques of Proposition 4.2.

Theorem 4.18. Let f ∈ L∞(Ω) ∩ C(Ω) be a non-negative function. Then any v∞ satisfies

|∇v∞| = 1 on { f > 0 } in the viscosity sense (4.27)
−∆∞v∞ = 0 on ({ f > 0 })c in the viscosity sense (4.28)

Proof. We first prove (4.27). Let x0 ∈ Ω∩ { f > 0 } and let ϕ ∈ C2(Ω) such that v∞−ϕ has
a strict minimum in x0. We want to show

|∇ϕ(x0)| ≥ 1

Let us denote by xp the minimum of vp − ϕ, we have that xp → x0, then xp ∈ BR(x0) ⊂
{ f > 0 } for p large enough. Setting ϕp(x) = ϕ(x) + cp, then cp = vp(xp)− ϕ(xp)→ 0 when
p goes to infinity. We notice that vp(xp) = ϕp(xp) and vp − ϕp has a minimum in xp, so by
Proposition 4.17,

−|∇ϕp(xp)|p−2∆ϕp(xp)− (p− 2)|∇ϕp(xp)|p−4∆∞ϕ(xp) ≥ f(xp) > 0.

Dividing by (p− 2)|∇ϕp(xp)|p−4, we obtain

−∆∞ϕp(xp)−
|∇ϕp(xp)|2∆ϕp(xp)

p− 2 ≥ f(xp)
(p− 2)|∇ϕp(xp)|p−4 (4.29)

This gives us |∇ϕ(x0)| ≥ 1, otherwise the right-hand side would go to infinity, in contra-
diction with the fact that ϕ ∈ C2(Ω).

We stress that, if we let p→∞ in (4.29), we get −∆∞ϕ(x0) ≥ 0, so v∞ is a supersolution
to −∆∞u = 0.

Now, we only have to prove that v∞ is a viscosity solution to ∆∞ϕ = 0 in ({ f > 0 })c.
If we fix x0 ∈ ({ f > 0 })c, and ϕ ∈ C2(Ω) such that v∞ − ϕ has a strict maximum in

x0, we can choose R such that BR(x0) ⊂ ({ f > 0 })c. The function vp − ϕ has a maximum
xp → x0, and xp ∈ BR(x0) for p large enough.
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The definition of viscosity subsolution implies

−|∇ϕp(xp)|p−2∆ϕp(xp)− (p− 2)|∇ϕp(xp)|p−4∆∞ϕ(xp) ≤ f(xp) = 0.

Without loss of generality, we may assume |∇ϕ(x0)| 6= 0. Dividing both side of the last
equation by (p− 2)|∇ϕp(xp)|p−4, we obtain

−∆∞ϕp(xp) ≤
|∇ϕp(xp)|2∆ϕp(xp)

p− 2 .

Letting p→∞, we get

−∆∞ϕ(x0) ≤ 0.

Analogously if ϕ ∈ C2(Ω) is such that v∞−ϕ has a minimum at x0, a symmetric argument
shows that −∆∞ϕ(x0) ≥ 0.
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Chapter 5

Some shape optimization problems
in the class of convex sets

In this chapter, we study some shape optimization problems concerning some spectral quan-
tities.

All the shape optimization problems we dealt with have as admissible sets the class of
convex sets.

The problems studied in the chapter are summarised here:

• A Pólya type inequality and a quantitative Pólya type inequality for the p-Torsion of a
convex set, i.e.

Tp(Ω) =
ˆ

Ω
u dx with

{
−∆pu(x) = 1 in Ω
u = 0 on ∂Ω.

• An upper bound for the first Robin eigenvalue of the p-Laplacian with a positive bound-
ary parameter and a quantitative version of the reverse Faber-Krahn type inequality
for the first Robin eigenvalue of the p-Laplacian with negative boundary parameter,
among convex sets with prescribed perimeter.

• A quantitative version of Payne and Weinberger inequality

µ1(Ω) ≥ π2

(diam(Ω))2 , with

−∆u = µ1(Ω)u in Ω
∂u

∂ν
= 0 on ∂Ω,

• The study of a relationship between the Neumann and Steklov principal eigenvalues
emerging in the class of collapsing convex domains in R2. Such a relationship allows us
to give a partial proof of a conjecture concerning estimates of the ratio of the former to
the latter: we show that thinning triangles maximize the ratio among convex thinning
sets, while thinning rectangles minimize the ratio among convex thinning with some
symmetry property.

5.1 Sharp and quantitative estimates for the p-Torsion

Let Ω ⊂ Rn, n ≥ 2, be a non-empty, bounded, open and convex set and let p ∈ (1,+∞).
Moreover, let f : [0, rΩ] → [0,+∞[ be a continuous, non-increasing and not identically zero
function, let d(·, ∂Ω) : Ω→ [0,+∞[ be the distance function from the boundary.

91
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The (f, p)-torsional rigidity of Ω, that we denote by Tf,p(Ω), is defined as

Tf,p(Ω) = max
ϕ∈W 1,p

0 (Ω)
ϕ6≡0

(ˆ
Ω
f(d(x, ∂Ω))|ϕ(x)| dx

) p
p−1

(ˆ
Ω
|∇ϕ(x)|p dx

) 1
p−1

. (5.1)

In this Section we prove the following Theorem.

Theorem 5.1. Let Ω be a non-empty, bounded, open and convex set of Rn, n ≥ 2, and let
f : [0, rΩ]→ [0,+∞[ be a continuous and non-increasing function such that f 6≡ 0. Then,

Tf,p(Ω) ≥ cp
µq+1
f (Ω)

f(0)P q(Ω) , (5.2)

where
cp = p− 1

2p− 1 , q = p

p− 1 ,

and
µf (Ω) =

ˆ
Ω
f(d(x, ∂Ω)) dx.

Moreover, the equality sign is asymptotically achieved by a sequence of thinning cylinders.

Since the proof is quite long, we split it in two parts: firstly we prove inequality (5.2)
and, then, we prove its sharpness.

Step 1: proof of inequality (5.2) in Theorem 5.1

Proof. Let us choose in the variational characterization (5.1) ϕ(x) = g(d(x, ∂Ω)) as a test
function, where g is a positive and non-decreasing function inW 1,p([0, rΩ]) such that g(0) = 0.
Then, by coarea formula (1.2),

ˆ
Ω
f(d(x, ∂Ω))ϕ(x) dx =

ˆ rΩ

0
f(t)g(t)P (t) dt (5.3)

and ˆ
Ω
|∇ϕ(x)|p dx =

ˆ rΩ

0
g′p(t)P (t) dt. (5.4)

By (5.1), (5.3) and (5.4) we have

Tf,p(Ω) ≥

(ˆ rΩ

0
f(t)g(t)P (t) dt

) p
p−1

(ˆ rΩ

0
g′p(t)P (t) dt

) 1
p−1

. (5.5)

Now, if we define the following measure

µf (E) =
ˆ
E
f(d(x, ∂Ω)) dx,

we have
µf (t) := µf (Ωt) =

ˆ
Ωt
f(d(x, ∂Ω)) dx =

ˆ rΩ

t
f(s)P (s) ds. (5.6)

Since f(s)P (s) is a decreasing function, we get

µf (t) ≤ (rΩ − t)f(t)P (t). (5.7)
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From (5.6), we have
− µ′f (t) = f(t)P (t) a.e. t ∈ [0, rΩ]. (5.8)

Using (5.3), (5.8) and integrating by parts, we obtain
ˆ rΩ

0
f(t)g(t)P (t) dt = −

ˆ rΩ

0
g(t)µ′f (t) dt =

ˆ rΩ

0
g′(t)µf (t) dt.

Consequently, (5.5) becomes

Tf,p(Ω) ≥

(ˆ rΩ

0
g′(t)µf (t) dt

) p
p−1

(ˆ rΩ

0
g′p(t)P (t) dt

) 1
p−1

.

We can choose

g(t) =
ˆ t

0

(
µf (s)
P (s)

)1/(p−1)
ds

and we observe that g ∈W 1,p([0, RΩ]), since, using (5.7), we have

g(t) ≤
ˆ rΩ

0
(rΩ − s)

1
p−1 f(s)

1
p−1 ds ≤ ‖f‖

1
p−1
L∞ r

p
p−1
Ω ∈ Lp([0, RΩ]),

g′(t) ≤ ‖f‖
1
p−1
L∞ r

1
p−1
Ω ∈ Lp([0, RΩ]).

So, we have

Tf,p(Ω) ≥
ˆ rΩ

0

µ
p
p−1
f (t)

P
1
p−1 (t)

dt = − p− 1
2p− 1

ˆ rΩ

0

(µ
2p−1
p−1
f (t))′

f(t)P
p
p−1 (t)

dt. (5.9)

Let us set cp = (p − 1)/(2p − 1). Since f(s) is a non-negative and non-increasing function,
integrating by parts in (5.9), we get

Tf,p(Ω) ≥ −cp
ˆ rΩ

0

(µ
2p−1
p−1
f (t))′

f(t)P
p
p−1 (t)

dt = −cp
µ

2p−1
p−1
f (t)

f(t)P
p
p−1 (t)

∣∣∣∣∣
rΩ

0

+

− cp
ˆ rΩ

0

µ
2p−1
p−1
f (t)

f2(t)P
2p
p−1 (t)

(
f ′(t)P

p
p−1 (t) + p

p− 1f(t)P
1
p−1 (t)P ′(t)

)
dt

≥ cp
µ

2p−1
p−1
f (Ω)

f(0)P
p
p−1 (Ω)

+ cp

P
p
p−1 (Ω)

ˆ rΩ

0

µ
2p−1
p−1
f (t)
f2(t) (−f ′(t)) dt,

(5.10)

where in the last inequality we use (5.7) and the fact that P ′(t) ≤ 0. Now, since f(s) is
non-increasing, we obtain the desired estimate

Tf,p(Ω) ≥ cp
µ

2p−1
p−1
f (Ω)

f(0)P
p
p−1 (Ω)

. (5.11)
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Step 2: proof of the sharpness of (5.2)

Proof. We prove that inequality (5.2) is sharp and that the optimum is asymptotically
achieved by the sequence of thinning cylinders Ωl with unitary measure, as defined in (1.29),
that is

Ωl = l−
1

n−1C ×
(
− l2 ,

l

2

)
where C ⊆ Rn−1 is a bounded, open and convex set with unitary (n−1)−measure. It is easy
to verify that, for n ≥ 3,

P (Ωl) = 2Hn−1(l−
1

n−1C) + lHn−2(∂(l−
1

n−1C))

= 2l−1 + l
1

n−1Hn−2(∂C),
(5.12)

and we observe that, in the case n = 2, we have that Hn−2(∂C) = 2.
Let u be the solution to the following p-torsion problem{

−∆pu = 1 in Ωl

u = 0 on ∂Ωl,

such that ˆ
Ωl
u dx = Tp(Ωl),

and let us consider the following function, depending only on the last component xn of x ∈ Rn,

v(x) = p− 1
p

[(
l

2

) p
p−1
− |xn|

p
p−1

]
,

satisfying {
−∆pv = 1 in Ωl

v ≥ 0 on ∂Ωl.

The comparison principle, see [111], ensures that u ≤ v in Ωl and, as a consequence,

Tp(Ωl) =
ˆ

Ωl
u dx ≤

ˆ
Ωl
v dx =

= p− 1
p

ˆ
l
− 1
n−1C

ˆ l
2

− l
2

[(
l

2

) p
p−1
− |xn|

p
p−1

]
dxn dHn−1

= 2 p− 1
p

l−1
ˆ l

2

0

[(
l

2

) p
p−1
− x

p
p−1
n

]
dxn

= 2 p− 1
p

[
1− p− 1

2p− 1

]
l−1

(
l

2

) 2p−1
p−1

= 2cpl−1
(
l

2

) 2p−1
p−1

.

(5.13)

By (5.13) and (5.12), we have

Tp(Ωl)P
p
p−1 (Ωl) ≤ 2cpl−1

(
l

2

) 2p−1
p−1 (

2l−1 + l
1

n−1Hn−2(∂C)
) p
p−1 = cp

(
1 + l

n
n−1

2 H
n−2(∂C)

) p
p−1

.

Now, since f(x) ≤ f(0), we have that, for every bounded, open and convex set Ω,

Tf,p(Ω) ≤ f
p
p−1 (0)Tp(Ω). (5.14)
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It follows that

Tf,p(Ωl)P
p
p−1 (Ωl) ≤ f

p
p−1 (0)Tp(Ωl)P

p
p−1 (Ωl)

≤ cpf
p
p−1 (0)

(
1 + l

n
n−1

2 H
n−2(∂C)

) p
p−1

.
(5.15)

Moreover we observe that, if f never vanishes, we can use its monotonicity property to bound
µf from below in the following way:

µf (Ω) =
ˆ

Ω
f(d(x, ∂Ω)) dx ≥ f(RΩ)|Ω|,

obtaining

Tf,p(Ω) ≥ cp
f

2p−1
p−1 (RΩ)|Ω|

2p−1
p−1

f(0)P
p
p−1 (Ω)

. (5.16)

Joining (5.16) and (5.15), we obtain

cp
f

2p−1
p−1 (rΩl)
f(0) ≤ Tf,p(Ωl)P

p
p−1 (Ωl) ≤ cpf

p
p−1 (0)

(
1 + l

n
n−1

2 H
n−2(∂C)

) p
p−1

.

Eventually, passing to the limit when l → 0, observing that lim
l→0

rΩl = 0 and that f is
continuous, we have

Tf,p(Ωl)P
p
p−1 (Ωl) −→ cpf

p
p−1 (0).

Remark 5.2. If we assume that f : [0, rΩ] → [0,+∞[ is a function in L∞([0, rΩ]), then,
using the variational characterization (5.1) and the result (24) proved in [67], we have

Tf,p(Ω) ≥
(

inf
t∈[0,rΩ]

f(t)
) p
p−1

Tp(Ω) ≥
(

inf
t∈[0,rΩ]

f(t)
) p
p−1

cp
|Ω|

2p−1
p−1

P
p
p−1 (Ω)

(5.17)

and the sharpness of (5.17) can be proved in an analogous way as in (5.2).

5.1.1 The quantitative results

In the second part of the section, we focus our study on the case f ≡ 1 and we obtain some
quantitative estimates. We define the following functional

Fp(Ω) = Tp(Ω)P q(Ω)
|Ω|q+1 , q = p

p− 1 , (5.18)

then we have the following.

Theorem 5.3. Let Ω be a non-empty, bounded, open and convex set of Rn and let f ≡ 1.
Then,

Fp(Ω)− cp ≥ K(n, p)
(

wΩ
diam(Ω)

)n−1
, (5.19)

where K(n, p) is a positive constant depending only on p and the dimension of the space n.
In particular, in the case n = 2, the exponent of the quantity wΩ

diam(Ω) is sharp.
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Proof. Let us start by proving (5.19) in the case n = 2. If f ≡ 1, (5.10) becomes

Tp(Ω) ≥ cp
|Ω|

2p−1
p−1

P
p
p−1 (Ω)

+ cp
p

p− 1

ˆ RΩ

0

(
µ(t)
P (t)

) 2p−1
p−1

(−P ′(t)) dt. (5.20)

Joining (1.23), (1.24), (1.40) and (5.20), we have that

Tp(Ω)P
p
p−1 (Ω)

|Ω|
2p−1
p−1

− cp > cp
p

p− 1
P

p
p−1 (Ω)
|Ω|

2p−1
p−1

ˆ RΩ

0

(
µ(t)
P (t)

) 2p−1
p−1

(−P ′(t)) dt

≥ π

2
p
p−1

p

2p− 1
P

p
p−1 (Ω)
|Ω|

2p−1
p−1

ˆ RΩ

0
(rΩ − t)

2p−1
p−1 dt

≥ π

2
p
p−1

(p− 1)p
(3p− 2)(2p− 1)

rΩ
P (Ω)

(
rΩP (Ω)
|Ω|

) 2p−1
p−1

≥ π

2
p
p−1

(p− 1)p
(3p− 2)(2p− 1)

rΩ
P (Ω) .

Hence, by applying (1.27) and (1.24) we get

Fp(Ω)− cp ≥ K(2, p) wΩ
diam(Ω) , (5.21)

where
K(2, p) = (p− 1)p

2
p
p−1 3(3p− 2)(2p− 1)

. (5.22)

We now prove that the exponent of wΩ
diam(Ω) in (5.21) is sharp. In order to do that, we

only need to find a sequence {Ωl}l∈N of convex sets with fixed measure such that

M
wΩl

diam(Ωl)
≥ Fp(Ωl)− cp,

for some positive constant M . Let 0 < l < 1, we consider the following rectangle

Ωl =
(
− 1

2l ,
1
2l

)
×
(
− l2 ,

l

2

)
and we notice that its inradius and area are rΩl = l

2 and |Ωl| = 1. Let u be the unique
solution to {

−∆pu = 1 in Ωl

u = 0 on ∂Ωl

and let us consider the following function

v(y) = p− 1
p

[(
l

2

) p
p−1
− |y|

p
p−1

]
,

which solves {
−∆v = 1 in Ωl

v ≥ 0 on ∂Ωl.

The comparison principle gives u ≤ v in Ωl and

Tp(Ωl) =
ˆ

Ωl
up dx ≤

ˆ
Ωl
v dx.
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Arguing as in (5.13), we have ˆ
Ωl
v dx = cp

(
l

2

) p
p−1

.

On the other hand, the perimeter of the rectangle is given by

P (Ωl) = 2
l

(
1 + l2

)
and its Taylor expansion with respect to l > 0 is

P
p
p−1 (Ωl) =

(2
l

) p
p−1 (

1 + l2
) p
p−1 =

(2
l

) p
p−1

(
1 + p

p− 1 l
2 + o(l2)

)
.

Using (1.24) and (1.27), we get

Tp(Ωl)P
p
p−1 (Ωl)− cp ≤ cp

(
l

2

) p
p−1

(2
l

) p
p−1

(
1 + p

p− 1 l
2 + o(l2)

)
− cp

≤ 2cp
p

p− 1 l
2 ≤ 16cp

p

p− 1
rΩl
P (Ωl)

≤ 4cp
p

p− 1
wΩl

diam(Ωl)
and this concludes the proof in dimension n = 2.

Let us now prove (5.19) in the case n > 2. If we choose f ≡ 1, (5.10) becomes

Tp(Ω) ≥ cp
|Ω|

2p−1
p−1

P
p
p−1 (Ω)

+ cp
p

p− 1

ˆ RΩ

0

(
µ(t)
P (t)

) 2p−1
p−1

(−P ′(t)) dt. (5.23)

Hence, combining (1.39) and (5.23), we have

Tp(Ω)P
p
p−1 (Ω)

|Ω|
2p−1
p−1

− cp ≥ k(n, p)P
p
p−1 (Ω)
|Ω|

2p−1
p−1

ˆ RΩ

0

(
µ(t)
P (t)

) 2p−1
p−1

P (t)
n−2
n−1 dt. (5.24)

Moreover, from (1.23), we obtain that

P (t) ≥ nωn(RΩ − t)n−1, (5.25)

and so, using (5.25) in (5.24), we get

Tp(Ω)P
p
p−1 (Ω)

|Ω|
2p−1
p−1

− cp ≥ k(n, p)P
p
p−1 (Ω)
|Ω|

2p−1
p−1

ˆ RΩ

0
(RΩ − t)

2p−1
p−1 +n−2

dt

= k(n, p)
(
RΩP (Ω)
|Ω|

) 2p−1
p−1 Rn−1

Ω
P (Ω) .

(5.26)

If we combine (5.26) with (1.23), with the following estimate (that can be found in [32]):

RΩ ≥


wΩ

√
n+ 2

2n+ 2 n even

wΩ
1

2
√
n

n odd,

and with

P (Ω) ≤ nωn
(

n

2n+ 2

)n−1
2

diam(Ω)n−1,



98 Shape optimization in convex sets

we finally get
Tp(Ω)P

p
p−1 (Ω)

|Ω|
2p−1
p−1

− cp ≥ K(n, p)
(

wΩ
diam(Ω)

)n−1
.

Remark 5.4. As far as the sharpness of (5.19) in the case n > 2, we conjecture that the
sharp exponent is 1 as in the planar case. Indeed, the minimizing sequence {Ωl} satisfies

Tp(Ωl)P
p
p−1 (Ωl)− cp ≈ C

wΩl
diam(Ωl)

.

Remark 5.5. As already remarked in the Introduction, inequality (5.19) gives information
on the set Ω. Indeed, if

Fp(Ω)− cp

is small, then the ratio between wΩ and diam(Ω) has to be necessarily small, i.e. Ω must
be a thin domain. Moreover, inequality (5.19) tells us also that the infimum of Fp(Ω) is not
achieved among bounded, open and convex sets. Assuming by contradiction that there exists
a bounded, open and convex set Ω̃ such that

Fp(Ω̃) = cp,

we have that
wΩ̃

diam(Ω̃)
< ε ∀ε > 0,

which is impossible.

Theorem 5.3 only tells us that any minimizing sequence of Fp(·) is a sequence of thinning
domains. On the other hand, Theorem 5.6 gives us more precise information on the geometry
of such minimizing sequence in the planar case.

Theorem 5.6. Let Ω be a non-empty, bounded, open and convex set in R2, let f ≡ 1 and let
p = 2. Then, there exists a positive constant K̃ such that

F2(Ω)− c2 = T (Ω)P 2(Ω)
|Ω|3 − 1

3 ≥ K̃
( |Ω4Q|
|Ω|

)3
, (5.27)

where Ω4Q denotes the symmetric difference between Ω and a rectangle Q with sides P (Ω)/2
and wΩ containing Ω.

Proof. Let Ω be a non-empty, bounded, open and convex set in R2 and let us consider a
rectangle Q with sides P (Ω)/2 and wΩ containing Ω. Such a rectangle exists, since it is
enough to choose the shorter side of Q parallel to the direction of wΩ and to recall the lower
bound in (1.27) (see Figure 5.1).

diam(Ω) wΩ

Ω

P (Ω)/2

Figure 5.1: Rectangle with sides P (Ω)/2 and wΩ containing Ω.
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Now, let σ > 0 be such that

1
43 · 6 −

π2

23 · 33
σ2

K2(2) ≥ 0; (5.28)

1
33 · 6 −

π

48
σ

K(2)) −
π2

25 · 3
σ2

K2(2) ≥ 0; (5.29)

π

4 −
π

2
√

3
σ

K(2) ≥
4

3
√

3
, (5.30)

where K(2) := K(2, 2) is the constant defined in (5.22). If

T (Ω)P 2(Ω)
|Ω|3 − 1

3 ≥ σ,

then, by (1.24) and (1.23), we have

|Q4 Ω|
|Ω| =

(
P (Ω)wΩ

2|Ω| − 1
)
≤
(3

2
P (Ω)rΩ
|Ω| − 1

)
≤ 2.

So, it follows that
T (Ω)P 2(Ω)
|Ω|3 − 1

3 ≥
σ

23 23 ≥ σ

23

( |Q4 Ω|
|Ω|

)3
.

On the other hand, let us assume that

T (Ω)P 2(Ω)
|Ω|3 − 1

3 < σ. (5.31)

By Theorem 5.3, we have that

wΩ
diam(Ω) ≤

1
K(2)

[
T (Ω)P 2(Ω)
|Ω|3 − 1

3

]
<

σ

K(2) , (5.32)

and we observe that, by the choice of σ made in (5.28)-(5.30), a ball cannot satisfy (5.31).
Now, arguing as in (5.9) with f ≡ 1 and p = 2, we know that

T (Ω) ≥
ˆ rΩ

0

µ2(t)
P (t) dt. (5.33)

We set ρ = P 2(Ω)
4π − |Ω| and pr = P (Ω) − 2πrΩ and we observe that they are both strictly

positive by the isoperimetric inequality and the monotonicity of the perimeter, respectively.
Using inequalities (1.41) and (1.42) in (5.33), we have that

T (Ω)P 2(Ω) ≥ P 2(Ω)
ˆ rΩ

0

(|Ω| − P (Ω)t+ πt2)2

P (Ω)− 2πt dt

= P 2(Ω)
ˆ rΩ

0

1
P (Ω)− 2πt

(
(P (Ω)− 2πt)2

4π −
(
P 2(Ω)

4π − |Ω|
))2

dt

= P 2(Ω)
ˆ rΩ

0

(
(P (Ω)− 2πt)3

(4π)2 − ρ

2π (P (Ω)− 2πt) + ρ2

P (Ω)− 2πt

)
dt

= P 2(Ω)
2π

(
P 4(Ω)− p4

r

4(4π)2 − ρ

4π
(
P 2(Ω)− p2

r

)
− ρ2 log

(
1− 2πrΩ

P (Ω)

))
,

(5.34)
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and, using Newton’s formula and the Taylor series for the logarithm, we get

P 2(Ω)− p2
r = 4πrΩP (Ω)− 4π2r2

Ω;
P 4(Ω)− p4

r = 8πrΩP
3(Ω)− 24π2r2

ΩP
2(Ω) + 32π3r3

ΩP (Ω)− 16π4r4
Ω;

− log
(

1− 2πrΩ
P (Ω)

)
=
∞∑
i=1

1
i

( 2πrΩ
P (Ω)

)i
≥ 2πrΩ
P (Ω) + 2π2r2

Ω
P 2(Ω) + 8

3
π3r3

Ω
P 3(Ω) + 4π4r4

Ω
P 4(Ω) .

(5.35)

By (5.35) and (5.34), dividing by |Ω|3 and subtracting 1/3, we have

T (Ω)P 2(Ω)
|Ω|3

− 1
3 ≥

1
3

(
P (Ω)rΩ
|Ω| − 1

)3
+ π

r2
Ω
|Ω|2

(
|Ω| − 2

3P (Ω)rΩ

)
+ 4

3π
2 r3

Ω
P (Ω)|Ω|2

(
|Ω| − 3

4P (Ω)rΩ

)
.

(5.36)

As an intermediate step we want to prove the following inequality:

1
3

(
P (Ω)rΩ
|Ω| − 1

)3
+ π

r2
Ω
|Ω|2

(
|Ω| − 2

3P (Ω)rΩ

)

+ 4
3π

2 r3
Ω

P (Ω)|Ω|2
(
|Ω| − 3

4P (Ω)rΩ

)
≥ 1

6

(
P (Ω)rΩ
|Ω| − 1

)3
,

(5.37)

that, combined with (5.36), implies

T (Ω)P 2(Ω)
|Ω|3 − 1

3 ≥
1
6

(
P (Ω)rΩ
|Ω| − 1

)3
, (5.38)

where we choose the constant 1/6 as an arbitrary constant less then 1/3. In particular, (5.37)
is equivalent to

1
6
(
P (Ω)rΩ− |Ω|

)3 + πr2
Ω|Ω|

(
|Ω| − 2

3P (Ω)rΩ

)
+ 4

3π
2 r3

Ω
P (Ω) |Ω|

(
|Ω| − 3

4P (Ω)rΩ

)
≥ 0. (5.39)

In order to prove (5.39), we distinguish three cases:

1) if |Ω| ≥ 3
4P (Ω)rΩ, then (5.39) is trivial, since the left hand side is the sum of positive

quantities;

2) if 2
3P (Ω)rΩ ≤ |Ω| <

3
4P (Ω)rΩ, using (1.24), (1.27), (5.28) and (5.32), we have

1
6
(
P (Ω)rΩ − |Ω|

)3 + πr2
Ω|Ω|

(
|Ω| − 2

3P (Ω)rΩ

)
+ 4

3π
2 r3

Ω
P (Ω) |Ω|

(
|Ω| − 3

4P (Ω)rΩ

)
≥ P 3(Ω)r3

Ω

(
1

43 · 6 −
2π2

33
r2

Ω
P 2(Ω)

)

≥ P 3(Ω)r3
Ω

(
1

43 · 6 −
π2

23 · 33
w2

Ω
diam2(Ω)

)

≥ P 3(Ω)r3
Ω

(
1

43 · 6 −
π2

23 · 33
σ2

K2(2)

)
≥ 0.

(5.40)
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3) if 1
2P (Ω)rΩ ≤ |Ω| <

2
3P (Ω)rΩ, arguing as before, we have

1
6
(
P (Ω)rΩ − |Ω|

)3 + πr2
Ω|Ω|

(
|Ω| − 2

3P (Ω)rΩ

)
+ 4

3π
2 r3

Ω
P (Ω) |Ω|

(
|Ω| − 3

4P (Ω)rΩ

)
≥ P 3(Ω)r3

Ω

(
1

33 · 6 −
π

48
wΩ

diam(Ω) −
π2

25 · 3
w2

Ω
diam2(Ω)

)

≥ P 3(Ω)r3
Ω

(
1

33 · 6 −
π

48
σ

K(2) −
π2

25 · 3
σ2

K2(2)

)
≥ 0.

(5.41)

So, we have proved the intermediate step (5.38). Now, by combining (5.38) and (1.25), we
deduce

T (Ω)P 2(Ω)
|Ω|3 − 1

3 ≥
1
6

[
P (Ω)rΩ
|Ω| − 1

]3
≥ 1

6

[
P (Ω)wΩ

2|Ω| − 1− 1√
3
w2

Ω
|Ω|

]3

. (5.42)

Using (1.26), (1.25), (5.32) and (5.30), we have

P (Ω)wΩ
2|Ω| − 1 ≥ P (Ω)rΩ

|Ω| − 1 ≥ π r
2
Ω
|Ω| ≥

π

|Ω|

(
wΩ
2 −

w2
Ω√

3P (Ω)

)2

= w2
Ω
|Ω|

(
π

4 −
π√
3
wΩ
P (Ω) + π

3
w2

Ω
P 2(Ω)

)

≥ w2
Ω
|Ω|

(
π

4 −
π

2
√

3
wΩ

diam(Ω)

)
≥ w2

Ω
|Ω|

(
π

4 −
π

2
√

3
σ

K(2)

)
≥ 4

3
√

3
w2

Ω
|Ω|

(5.43)

Finally, by combining (5.42) and (5.43), we get the conclusion

T (Ω)P 2(Ω)
|Ω|3 − 1

3 ≥
1
6

[
P (Ω)rΩ
|Ω| − 1

]3
≥ K̃

[ |Q4 Ω|
|Ω|

]3
. (5.44)

The next remark shows that a sequence of thinning triangles is not sharp for (5.19) in
the case n = 2 and this is the reason for which we need Theorem 5.6 to obtain more precise
information.

Remark 5.7. Let us consider a sequence of isosceles triangles Tl of base L and height l such
that |Tl| = 1.

If we compute (5.38) on the sequence Tl and we use (1.23), we get, for every l,

T (Tl)P 2(Tl)
|Tl|3

− 1
3 ≥

1
6

(
P (Tl)RTl
|Tl|

− 1
)3

= 1
6 (5.45)

and, so, the quantity on the left-hand side of (5.45) is bounded away from zero.

Remark 5.8. We point out that

P (Ω)rΩ
|Ω| − 1 ≥ K |Q4 Ω|

|Ω| ,

in (5.44) is a quantitative version of the inequality in the right hand side of (1.23).
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t

l

L

a θ
2

π
2 − θ

Tl

Figure 5.2: Isosceles triangle Tl of base L and height l.

Example 5.1. Let Ωl =
(
− 1

2l ,
1
2l

)
×
(
− l2 ,

l

2

)
be a sequence of rectangles of measure 1. It

is possible to give an explicit upper bound to the functional F2(Ωl). Hence, following the
computations in (5.13), we have

F2(Ωl)− c2 ≤ 2l2.

Considering the rectangle Q with sides P (Ωl)/2 and wΩ containing Ωl, that is

Q =
(
−1 + l2

2l ,
1 + l2

2l

)
×
(
− l2 ,

l

2

)
,

it is straightfoward to compute
|Ωl∆Q| = 2l2.

Hence, we have
2 ≥ F2(Ωl)− c2

|Ωl∆Q|
≥ K̃ |Ωl∆Q|2 = K̃ l4.

5.2 Estimates for Robin p-Laplacian eigenvalues with pre-
scribed perimeter

Let Ω be a bounded, open and convex set in Rn. The fundamental eigenvalue of the Robin
Laplacian on Ω is defined by

λp,β(Ω) = min
w∈W 1,p(Ω)

w 6=0

ˆ
Ω
|∇w|p dx+ β

ˆ
∂Ω
|w|p dHn−1

ˆ
Ω
|w|p dx

(5.46)

Before we going on we need to know some proprierties of the eigenfunction related to
λp,β(Ω).

5.2.1 Monotonicity of eigenfunctions

It is clear from the definition of the eigenvalue (5.46) that for fixed 1 < p < +∞ and Ω ⊂ Rn,
the map

β ∈ R 7→ λp,β(Ω)

is increasing and it holds (see for instance [20])

µp < λp,β < λDp ∀β ∈ (0,+∞),

and
lim
β→0+

λp,β = µp = 0, lim
β→+∞

λp,β = λDp ,
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where µp and λDp are the first eigenvalues of the Neumann p-Laplacian and Dirichlet p-
Laplacian respectively.

Now we want to observe that, if we consider a ball BR and we fix the value of the
eigenfunction in the origin, the map

β → vp,β, such that vp,β(0) = C,

is decreasing, in the sense that

if β1 < β2 ⇒ vp,β1(x) ≥ vp,β2(x), ∀x ∈ BR.

With this aim, let us recall that the first eigenvalue of p-Laplacian is simple and that the
corresponding eigenfunction is radially symmetric, i.e. there exists h : [0, R] → R such that
vp,β(x) = h(|x|). In the following, we will denote with vp,β both the eigenfunction and the
function h.

Lemma 5.9. Let 0 < r < R, 1 < p < +∞, β ∈ R. Let us denote by λp,β the first eigenvalue
of the p-Laplacian on the ball BR defined in (5.46) with boundary parameter β and let vp,β be
the corresponding eigenfunction. Then, vp,β|Br is the first eigenfunction of the p-Laplacian
on the ball Br with boundary parameter

γ = −
|v′p,β|p−2(r)v′p,β(r)

vp−1
p,β (r)

.

Proof. Let us suppose p = 2, the general case is analogous. For sake of simplicity, we denote
by λβ := λ2,β and vβ := v2,β.

By the radiality of vβ, we can infer that it is a solution to−∆vβ = λβvβ in Br
∂vβ
∂ν

+ γvβ = 0 on ∂Br.

Let us suppose by contradiction that λβ is not the first eigenvalue of the Robin Laplacian
with boundary parameter γ. So we can choose

λγ < λβ, (5.47)

the first Robin eigenvalue with boundary parameter γ and wγ the associated eigenfunction,
that is

λγ =

ˆ
Br

|∇wγ |2 dx+ γ

ˆ
∂Br

w2
γ dHn−1

ˆ
Br

w2
γ dx

= min
ψ∈W 1,2(Br)

ˆ
Br

|∇ψ|2 dx+ γ

ˆ
∂Br

ψ2 dHn−1

ˆ
Br

ψ2 dx
.

(5.48)

We know that wγ is unique up to a multiplicative constant, so we can choose the constant
such that vβ = wγ on ∂Br.

Let us consider the function

f(x) =
{
wγ(x) if x ∈ Br
vβ(x) if x ∈ BR \Br,
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we can use it as a test function in the definition of λβ. In particular, we have

λβ ≤

ˆ
BR

|∇f |2 + β

ˆ
∂Br

f2 dHn−1

ˆ
BR

f2 dx

=

ˆ
Br

|∇wγ |2 +
ˆ
BR\Br

|∇vβ|2 + β

ˆ
∂BR

v2
β dHn−1

ˆ
Br

w2
γ dx+

ˆ
BR\Br

v2
β dx

.

If we add and subtract γ
ˆ
∂Br

w2
γ dHn−1 and

ˆ
Br

|∇vβ|2 dx, and we recall that vβ achieves

(5.46) on BR with value λβ and wγ achieves (5.46) on Br with value λγ , we have

λβ ≤
λγ

ˆ
Br

w2
γ dx+ λβ

ˆ
BR

v2
β dx− γ

ˆ
∂Br

w2
γ dHn−1 −

ˆ
Br

|∇vβ|2 dx
ˆ
Br

w2
γ dx+

ˆ
BR\Br

v2
β dx

.

Since vβ = wγ on ∂Br and vβ is an eigenfunction on Br with eigenvalue λβ, we get

λβ ≤
λγ

ˆ
Br

w2
γ dx+ λβ

ˆ
BR

v2
β dx− λβ

ˆ
Br

v2
β dxˆ

Br

w2
γ dx+

ˆ
BR\Br

v2
β dx

=
λγ

ˆ
Br

w2
γ dx+ λβ

ˆ
BR\Br

v2
β dxˆ

Br

w2
γ dx+

ˆ
BR\Br

v2
β dx

< λβ

ˆ
Br

w2 dx+
ˆ
BR\Br

w2 dx

ˆ
Br

w2 dx+
ˆ
BR\Br

w2 dx
= λβ,

where in the last formula we use (5.47), and this is an absurd.

Proposition 5.10. Let R > 0, 1 < p < +∞ and β1 < β2. Let us denote by λp,β1 and λp,β2

the eigenvalues defined in (5.46) and let vp,β1 and vp,β2 be the corresponding eigenfunctions
normalized such that vp,β1(0) = vp,β2(0) > 0, then

vp,β1(x) ≥ vp,β2(x) ∀x ∈ BR. (5.49)

Proof. Let us suppose p = 2, the general case is analogous. For sake of simplicity, we denote
by λβi := λ2,βi and vβi := v2,βi .

Since both vβ1 and vβ2 are radial, we can write the Laplacian in polar coordinates, that
is

rn−1∆u(r) =
(
rn−1u′(r)

)′
r ∈ [0, R]. (5.50)

Therefore function uβi , for i = 1, 2, satisfies

v′βi(r) = − 1
rn−1

[ˆ r

0
sn−1λβivβi ds

]
. (5.51)
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Since λβ1 < λβ2 and vβ1(0) = vβ2(0), by continuity there exists σ > 0 such that

λβ1vβ1(s) < λβ2vβ2(s) ∀s ∈ (0, σ),

and by (5.51)
v′β1(s) > v′β2(s) s ∈ (0, σ).

By classical ODE comparison result, we obtain

vβ1(s) > vβ2(s) s ∈ (0, σ). (5.52)

Let us define
A = {r > σ : vβ1(r) = vβ2(r)},

we want to prove that A is empty, so by (5.52) we get the claim. Let us suppose by contra-
diction that A 6= ∅, hence there exists

t = inf A.

By continuity vβ1(t) = vβ2(t), and this, combined with (5.52), leads to

v′β1(t) < v′β2(t). (5.53)

Let us set
γi = −

v′βi(t)
vβi(t)

,

by (5.53) we have γ1 > γ2.
By Lemma 5.9, vβ1 and vβ2 are the first eigenfunctions of the Robin Laplacian in Bt with
eigenvalue λγ1 and λγ2 with parameter γ1 and γ2 respectively. Therefore by monotonicity of
eigenvalues with respect to the boundary parameter, we get

λβ1 = λγ1 > λγ2 = λβ2

that is an absurd.

Remark 5.11. We highlight that, if we fix the value vp,β(0), (5.49) implies that

β 7→ ‖vp,β‖Lp

is non increasing, while the map

β 7→ C(n, p, β, ρ) = vp,β(0)|Ω?|
‖vp,β‖pp

is non decreasing, for all β ∈ R.

5.2.2 When β is positive

Now we focus on the β > 0 case. Hence, our main result reads

Theorem 5.12. Let β be a positive parameter. Let Ω be a bounded, open and convex set in
Rn and let Ω? be the ball, centered at the origin, such that P (Ω) = P (Ω?) = ρ. Denote by
λp,β(Ω) and λp,β(Ω?) the first eigenvalues of the p-Laplacian operator with Robin boundary
conditions respectively on Ω and Ω?, and by v a positive eigenfunction associated to λp,β(Ω?),
then

λp,β(Ω)− λp,β(Ω?)
λp,β(Ω) ≤ C(n, p, β, ρ)

1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

 , (5.54)

where ωn is the measure of the unitary ball in Rn, and C(n, p, β, ρ) = ‖v‖
p
∞|Ω?|
‖v‖pp

.
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Proof. The quantity
λp,β(Ω)− λp,β(Ω?)

λp,β(Ω) ,

is bounded from above by 1, so inequality (5.54) is trivial when1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

 ≥ 1
C(n, p, β, ρ) = ‖v‖

p
∞|Ω?|
‖v‖pp

.

We can assume 1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

 <
1

C(n, p, β, ρ) . (5.55)

Let v be the solution to −∆pv = λp,β(Ω?)|v|p−2v in Ω?

|∇v|p−2 ∂v

∂ν
+ β|v|p−2v = 0 on ∂Ω?,

(5.56)

as we have already remarked, v is positive and radially symmetric. So the function

g(t) = |∇v|v=t

is well defined for all t ∈ (vm, vM ), where vm = min
Ω?

v and vM = max
Ω?

v.
Let us define u(x) = G(d(x, ∂Ω)), x ∈ Ω, where

G−1(t) =
ˆ t

vm

1
g(s) ds. vm < t < vM .

By construction, u ∈W 1,p(Ω) and

min
Ω
u = G(0) = vm,

‖u‖∞ ≤ vM ,

|∇u|u=t =
∣∣G′(d(x, ∂Ω))

∣∣
u=t = g(t) = |∇v|v=t.

Let
Et = {x ∈ Ω : u(x) > t}, Bt = {x ∈ Ω? : v(x) > t}.

By Lemma 1.14 and formula (1.35) we have

− d

dt
P (Et) ≥ (n− 1)W2(Et)

g(t) ≥ (n− 1)n−
n−2
n−1ω

1
n−1
n

(P (Et))
n−2
n−1

g(t) ,

while for v it holds

− d

dt
P (Bt) = (n− 1)W2(Bt)

g(t) = (n− 1)n−
n−2
n−1ω

1
n−1
n

(P (Bt))
n−2
n−1

g(t) ,

and P (E0) = P (B0). Then, by classical comparison theorems for ODEs, it holds

P (Et) ≤ P (Bt), 0 ≤ t ≤ ‖u‖∞. (5.57)

Denoting by µ(t) = |Et| and by ν(t) = |Bt|, the coarea formula 1.2 ensures us that

−µ′(t) =
ˆ
u=t

1
|∇u|

dHn−1 = P (Et)
g(t) ≤

P (Bt)
g(t)

=
ˆ
v=t

1
|∇v|

dHn−1 = −ν ′(t),
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for almost every t ∈ (0, ‖u‖∞). The first equality holds true since |∇u| 6= 0 in { vm < u < ‖u‖∞ }
(see [40]). So the function ν − µ is decreasing in [0, ‖u‖∞], and

ˆ
Ω
up dx =

ˆ ‖u‖∞
0

ptp−1µ(t) dt =
ˆ vM

0
ptp−1µ(t) dt

=
ˆ vM

0
ptp−1ν(t) dt−

ˆ vM

0
ptp−1(ν(t)− µ(t)) dt ≥

ˆ
Ω?
vp dx− vpM (|Ω?| − |Ω|).

Moreover, by (5.57), we get
ˆ
u=t
|∇u|p−1 dHn−1 = g(t)p−1P (Et) ≤ g(t)p−1P (Bt) =

ˆ
v=t
|∇v|p−1 dHn−1,

so, if we integrate over Ω,

ˆ
Ω
|∇u|p dx ≤

ˆ ‖u‖∞
0

ˆ
v=t
|∇v|p−1 dHn−1 dt ≤

ˆ
Ω?
|∇v|p.

We observe that by construction both u and v are constant on ∂Ω, so

β

ˆ
∂Ω
up dHn−1 = βvpmP (Ω) = β

ˆ
∂Ω?

vp dHn−1.

We eventually get

λp,β(Ω) ≤

ˆ
Ω
|∇u|p dx+ β

ˆ
∂Ω
up dHn−1

ˆ
Ω
up dx

≤

ˆ
Ω?
|∇v|p dx+ β

ˆ
∂Ω?

vp dHn−1

ˆ
Ω?
vp dx− vpM (|Ω?| − |Ω|)

= λp,β(Ω?) 1

1− C(n, p, β, ρ)
(

1− |Ω|
|Ω?|

) .
(5.58)

The claim follows from (5.55) as the quantity

1− C(n, p, β, ρ)
(

1− |Ω|
|Ω?|

)
,

is non-negative.

Remark 5.13. The constant C(n, p, β, ρ) = ‖v‖
p
∞|Ω?|
‖v‖pp

depends on the perimeter of the set Ω

and on β. Thanks to Proposition 5.10 and Remark 5.11, it is possible to bound the constant
C(n, p, β, ρ) from above with a constant independent of the perimeter and of β. Indeed,
∀β > 0, if we denote by vp,∞ the first Dirichlet eigenfunction normalized in such a way
vp,β(0) = vp,∞(0), we have

C(n, p, β, ρ) ≤ vp,∞(0)|Ω?|
‖vp,∞‖pLp

=: C(n, p)

that is independent of the perimeter thanks to the rescaling properties of the Dirichlet p-
Laplacian eigenfunction.
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5.2.3 When β is negative

We switch to the case of a negative parameter, so we have

Theorem 5.14. Let β be a negative parameter. Let Ω be a bounded, open and convex set in
Rn and let Ω? be the ball, centered at the origin, such that P (Ω) = P (Ω?) = ρ. Denote by
λp,β(Ω) and λp,β(Ω?) the first eigenvalues of the p-Laplacian operator with Robin boundary
conditions respectively on Ω and Ω?, and by v a positive eigenfunction associated to λp,β(Ω?),
then

λp,β(Ω?)− λp,β(Ω)
|λp,β(Ω)| ≥ C(n, p, β, ρ)

1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

 , (5.59)

where ωn is the measure of the unitary ball in Rn, and C(n, p, β, ρ) = vpm|Ω?|
‖v‖pp

with vm = min
Ω?

v.

Proof. Let v be a positive eigenfunction associated to λp,β(Ω?), then v is a p sub-harmonic
function as λp,β(Ω?) < 0. We denote by vm = v(0) = minΩ? v and by vM = maxΩ? v.

Let us consider the function ṽ = vM − v, that is a positive function with zero trace, and

g(t) = |∇ṽ|ṽ=t, 0 < t < vM − vm.

We set ũ(x) = G(d(x, ∂Ω)), x ∈ Ω, where G−1(t) =
ˆ t

0

1
g(s) ds with 0 < t < vM − vm. By

construction, ũ ∈W 1,p
0 (Ω). Now we can set u = vM − ũ, and we have:

uM = max
Ω

u = vM

um = min
Ω
u = vM −max

Ω
ũ ≥ vM −max

Ω?
ṽ = min

Ω?
v = vm

|∇u|u=t = |∇ũ|ũ=vM−t = |∇ṽ|ṽ=vM−t|∇v|v=t = g(t) um < t < uM .

Let

Ẽt = {x ∈ Ω : ũ(x) > t}, B̃t = {x ∈ Ω : ṽ(x) > t},

Et = {x ∈ Ω : u(x) > t} = Ω \ ẼvM−t, Bt = {x ∈ Ω : v(x) > t} = Ω \ B̃vM−t.

By Lemma 1.14 and formula (1.35) we have

− d

dt
P (Ẽt) ≥ (n− 1)W2(Ẽt)

g(t) ≥ (n− 1)n−
n−2
n−1ω

1
n−1
n

(P (Ẽt))
n−2
n−1

g(t) ,

while for ṽ it holds

− d

dt
P (B̃t) = (n− 1)W2(B̃t)

g(t) = (n− 1)n−
n−2
n−1ω

1
n−1
n

(P (B̃t))
n−2
n−1

g(t) ,

and P (E0) = P (B0). Then, by classical comparison theorems for differential inequalities,

P (Ẽt) ≤ P (B̃t), 0 ≤ t ≤ vM − vm.

Hence
P (Et) = P (ẼvM−t) ≤ P (B̃vM−t) = P (Bt), vm ≤ t ≤ vM . (5.60)

Denoting by µ̃(t) = |Ẽt| and ν̃(t) = |B̃t|, the coarea formula 1.2 ensures us that

−µ̃′(t) =
ˆ
ũ=t

1
|∇ũ|

dHn−1 = P (Ẽt)
g(t) ≤

P (B̃t)
g(t)

=
ˆ
ṽ=t

1
|∇ṽ|

dHn−1 = −ν̃ ′(t), 0 ≤ t < vM − vm.
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Moreover, setting µ(t) = |Et| = |Ω| − µ̃(vM − t) and by ν(t) = |Bt| = |Ω?| − ν̃(vM − t), we
have −µ′(t) ≤ −ν ′(t) in [vm, vM ]. So the function ν − µ is decreasing in [vm, vM ], and

ˆ
Ω
up dx =

ˆ uM

0
ptp−1µ(t) dt =

ˆ vM

0
ptp−1ν(t) dt−

ˆ vM

0
ptp−1(ν(t)− µ(t)) dt

=
ˆ vM

0
ptp−1ν(t) dt−

ˆ vm

0
ptp−1(ν(t)− µ(t)) dt−

ˆ vM

vm

ptp−1(ν(t)− µ(t)) dt

≤
ˆ

Ω?
vp dx− vpm(|Ω?| − |Ω|) =

ˆ
Ω?
vp dx

[
1− vpm
‖v‖pp

(|Ω?| − |Ω|)
]
.

By (5.60), we get
ˆ
ũ=t
|∇ũ|p−1 dHn−1 = g(t)p−1P (Ẽt) ≤ g(t)p−1P (B̃t) =

ˆ
ṽ=t
|∇ṽ|p−1 dHn−1,

so, if we integrate over Ω,
ˆ

Ω
|∇u|p dx =

ˆ
Ω
|∇ũ|p dx =

ˆ ‖ũ‖∞
0

ˆ
ũ=t
|∇ũ|p−1 dHn−1 dt

≤
ˆ ‖ũ‖∞

0

ˆ
ṽ=t
|∇ṽ|p−1 dHn−1 dt =

ˆ
Ω?
|∇ṽ|p =

ˆ
Ω?
|∇v|p.

We also observe that by construction both u and v are constant on ∂Ω, so

β

ˆ
∂Ω
up dHn−1 = βupMP (Ω) = βvpMP (Ω) = β

ˆ
∂Ω?

vp dHn−1.

We eventually get

λp,β(Ω) ≤

ˆ
Ω
|∇u|p dx+ β

ˆ
∂Ω
up dHn−1

ˆ
Ω
up dx

≤

ˆ
Ω?
|∇v|p dx+ β

ˆ
∂Ω?

vp dHn−1

ˆ
Ω?
vp dx

[
1− vpm
‖v‖pp

(|Ω?| − |Ω|)
]

= λp,β(Ω?) 1

1− vpm
‖v‖pp

(|Ω?| − |Ω|)
.

Hence, by direct calculation

λp,β(Ω?)− λp,β(Ω)
|λp,β(Ω)| ≥ vpm

‖v‖pp
(|Ω?| − |Ω|). (5.61)

Remark 5.15. Unlike the constant in Theorem 5.12, the constant C(n, p, β, ρ) = vpm|Ω?|
‖v‖pp

cannot be bounded from below with a constant independent of the perimeter and of β.
Indeed, for example if n = p = 2 and P (Ω) = 2π, we have that

vβ(x) = I0

(√
−λβ(B1)|x|

)
,

where I0 is the modified Bessel function.
We recall that for z sufficiently large (see [1, Section 9.7]), we have

I0(z) ∼ ez√
2πz

[
1 + 1

8z + 9
2!(8z)2 + . . .

]
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therefore
‖vβ(x)‖L2 ∼

e−β

β2
β→−∞−−−−−→ +∞

and
C(2, 2, β, 2π) = (vβ)2

m|B1|
‖vβ‖22

∼ β2

e−β
β→−∞−−−−−→ 0.

Remark 5.16. We want to highlight that the constant C depends actually just on n, p and
ρ
p−1
n−1β. Indeed, for all Ω ⊂ Rn bounded and convex set with P (Ω) = ρ, we can consider

Ω1 =
(
nωn
ρ

) 1
n−1

Ω Ω∗1 =
(
nωn
ρ

) 1
n−1

Ω? t :=
(

ρ

nωn

) 1
n−1

so P (Ω1) = P (Ω?
1) = nωn and we have

λp,β(Ω?)− λp,β(Ω)
−λp,β(Ω) = λp,β(tΩ?

1)− λp,β(tΩ1)
−λp,β(tΩ1)

=
λp,tp−1β(Ω∗1)− λp,tp−1β(Ω1)

λp,tp−1β(Ω1)

≥ C
(
n, p, nωn, t

p−1β
)(

1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

)

= C
(
n, p, nωn,

( ρ

nωn

) p−1
n−1

β
)(

1− n
n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

)

= C
(
n, p, ρ

p−1
n−1β

)(
1− n

n
n−1ω

1
n−1
n |Ω|

P
n
n−1 (Ω)

)
.

Finally, we prove the quantitative result as in [58].

Theorem 5.17. Let n ≥ 2, ρ > 0 and β < 0. Then, there exist two positive constants
C(n, p, β, ρ) > 0 and δ0(n, p, β, ρ) > 0, such that, for all Ω ⊂ Rn bounded and convex with
P (Ω) = ρ and λp,β(Ω?)− λp,β(Ω) ≤ δ0, it holds

λp,β(Ω?)− λp,β(Ω) ≥ C(n, p, β, ρ)g(A?H(Ω))

where Ω? is a ball with the same perimeter of Ω, A?H is the Hausdorff asymmetry defined in
(1.45) and g is defined in (1.49).

Proof. If we choose w = 1 in the definition of λp,β(Ω) (5.46), we get

|λp,β(Ω)| ≥ |β|P (Ω)
|Ω| ,

and if we combine it with (5.61) we have

λp,β(Ω?)− λp,β(Ω) ≥ |λp,β(Ω)| v
p
m

‖v‖pp
(|Ω?| − |Ω|)

≥ |β|P (Ω)
|Ω|

vpm
‖v‖pp

(|Ω?| − |Ω|)

≥ |β|n
n
n−1ω

1
n−1
n

ρ
1

n−1

vpm
‖v‖pp

(|Ω?| − |Ω|).

(5.62)
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Now, if we suppose that λp,β(Ω?)− λp,β(Ω) ≤ δ0, by (5.62) we have

|Ω?| − |Ω| ≤ K(n, ρ, p, β)δ0.

So by Lemma 1.17 we conclude

λp,β(Ω?)− λp,β(Ω) ≥ C(n, ρ, p, β) g(A?H(Ω)).

Remark 5.18. Our result, Theorem 5.17, applies only when

λp,β(Ω?)− λp,β(Ω) ≤ δ0.

It is possible to get rid of this constraint, obtaining a weaker result.
In order to obtain it, we need the quantitative version of the isoperimetric inequality

proved in [82]

P (Ω) ≥ P (Ω])
(
1 + γ(n)α(Ω)2) where α(Ω) = min

{ |Ω4Br|
|Ω|

∣∣∣∣ |Br| = |Ω| } , (5.63)

and the following result [70, Lemma 4.2]: there exists a constant C(n) such that if C,W are
open and convex sets such that |C| = |W | and |C4W | < |C|

2 , it holds

dH(C,W ) ≤ C(n)
[
diam(C) + diam(W )

]( |C4W |
|C|

) 1
n

. (5.64)

Moreover, we have to recall that

|Ω?| = P
n
n−1 (Ω)

n
n
n−1ω

1
n−1
n

and P (Ω]) = nω
1
n
n |Ω|

n−1
n ,

so we have

1− |Ω|
|Ω?|

= 1− n
n
n−1ω

1
n−1
n |Ω|

P (Ω)

≥ 1− 1(
1 + γ(n)α2(Ω)

) n
n−1

≥ 1− 1(
1 + γ(n)α2(Ω)

)
= γ(n)α2(Ω)

1 + γ(n)α2(Ω) ,

where we used Bernoulli’s inequality

(1 + x)r ≥ 1 + rx ∀x ≥ −1, ∀r ≥ 0.

Since 0 < α2(Ω) < 4 we have

1− |Ω|
|Ω?|

≥ γ(n)
1 + 4γ(n) α

2(Ω) = C(n)α2(Ω).

If Ω] is a ball that realizes the minimum in (5.63), then using (5.64) we obtain

C(n)α2(Ω) ≥ C(n) dH(Ω,Ω])2n[
diam(Ω) + diam(Ω])

]2n ,
and so

λp,β(Ω?)− λp,β(Ω)
|λp,β(Ω)| ≥ C(n, p, βρ)C(n) dH(Ω,Ω])2n[

diam(Ω) + diam(Ω])
]2n .
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5.3 A sharp quantitative Poincaré inequality

Let us start with some general fact that holds for the Neumann eingenfunctions.

5.3.1 General facts

L∞ bounds for eigenfunctions

We start with a bound on the L∞ norm of a Neumann eigenfunction on a convex set Ω in
terms of measure, diameter and eigenvalue. This kind of bounds are not new, however since
specifically for our purpose we did not find any suitable reference in the literature, we prove
the following.

Theorem 5.19. Let Ω ⊂ Rn be bounded, open, convex set. Then for every Neumann eigen-
function u ∈ H1(Ω) assoicated to an eigenvalue µ, we have

‖u‖L∞ ≤ Cnµ
n
2
‖u‖L2

|Ω|
1
2

(diam(Ω))n.

Proof. In this proof, the constant Cn is dimensional and may change from line to line. Let
Ea1,...an be the John ellipsoid of Ω (see for instance [99]) which, assuming is centered at the
origin and has the semi axes a1, . . . , an along the Cartesian system of coordinates, satisfies

Ea1,...an ⊂ Ω ⊂ nEa1,...an .

Assume without restricting generality that 1 = a1 ≥ a2 ≥ · · · ≥ an > 0 and perform a
change of variables X = T (x) such that

X1 = x1, X2 = a1
a2
x2, . . . XN = a1

an
xn,

for x ∈ Ω. Then, if Ba1 is the ball centered at the origin of radius a1 we get

Ba1 ⊂ T (Ω) ⊂ nBa1 .

Let us introduce v : T (Ω)→ R by

v(X1, . . . , Xn) = u(X1,
a2
a1
X2, . . . ,

an
a1
Xn),

then ˆ
T (Ω)

v2 dX =
ˆ

Ω
u2 an−1

1
a2 . . . an

dx and ‖v‖L∞(T (Ω)) = ‖u‖L∞(Ω). (5.65)

We have

µ =

ˆ
Ω
|∇u|2

ˆ
Ω
u2

=

n∑
i=1

ˆ
T (Ω)

(
∂v

∂Xi

)2 (a1
ai

)2
dX

ˆ
T (Ω)

v2 dX

Since a1 is comparable with the diameter of Ω up to a dimensional constant, it is enough
to prove that

‖v‖L∞(T (Ω)) ≤ Cnµ
n/2(Ω)‖v‖L2(T (Ω))a

n/2
1 . (5.66)
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Indeed, assuming (5.66) is proved, we get from (5.65)

‖u‖L∞ = ‖v‖L∞ ≤ Cnµ
n/2(Ω) a

n−1
2

1
(a2 . . . an)1/2 ‖u‖L2a

n/2
1

= Cnµ
n/2(Ω)‖u‖L2

an1
(a1 . . . an)1/2

≤ Cnµ
n
2
‖u‖L2

|Ω|
1
2

(diam(Ω))n.

Our main objective now is to prove (5.66). Let U := T (Ω) and denote c = (ci)i, where
ci =

(
a1
ai

)2
≥ 1 and (µc, v) an eigenpair associated to the following problem

∀ϕ ∈ H1(U)
ˆ
U

∑
i

ci
∂v

∂xi

∂ϕ

∂xi
= µc

ˆ
U
vϕ.

In particular

µc =

ˆ
U

n∑
i=1

ci

(
∂v

∂xi

)2
dx

ˆ
U
v2 dx

.

We use the Moser iteration scheme. The Sobolev inequality for a BV function reads as:
ˆ
U
|∇v|+

ˆ
∂U
|v| ≥ Cn

(ˆ
U
|v|

n
n−1

)n−1
n

.

In the same time, the BV trace operator in U gives
ˆ
∂U
|v| ≤ CU

(ˆ
U
|∇v|+

ˆ
U
|v|
)
,

where the constant CU depends on the set U . However since U is convex and enjoys uni-
form rigidity (its inradius and outradius are controlled from below and above by 1 and N ,
respectively) the constant is uniform in U , being dimensional.

Hence ˆ
U
|∇v|+

ˆ
U
|v| ≥ Cn

(ˆ
U
|v|

n
n−1

)n−1
n

. (5.67)

Now assume v ∈ Lp(U), we shall prove that v ∈ L
n
n−1p(U) and get a good estimate for

the norm in Lp. We take |v|p−2v as test function and get

n∑
i=1

ˆ
U
ci
∂v

∂xi

∂|v|p−2v

∂xi
= µc

ˆ
U
|v|p.

Since ci ≥ 1, we have
p− 1(p

2
)2

ˆ
U

n∑
i=1

(
∂|v|

p
2

∂xi

)2

≤ µc
ˆ
U
|v|p,

therefore ˆ
U

∣∣∣∇|v| p2 ∣∣∣2 =
ˆ
U

n∑
i=1

(
∂|v|

p
2

∂xi

)2

≤ p2

4(p− 1)µc
ˆ
U
|v|p.

Moreover,
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ˆ
U
|v|p +

ˆ
U
|∇|v|p| =

ˆ
U
|v|p +

ˆ
U

∣∣∣∇(|v|
p
2 )2
∣∣∣

=
ˆ
U
|v|p + 2

ˆ
|v|

p
2

∣∣∣∇|v| p2 ∣∣∣
≤
ˆ
U
|v|p + a

ˆ
U
|v|p + 1

a

ˆ
U

∣∣∣∇|v| p2 ∣∣∣2
≤
(
a+ 1 + 1

a

µcp
2

4(p− 1)

)ˆ
U
|v|p,

for some positive constant a > 0.
By (5.67), we have

Cn

(ˆ
U
|v|p

n
n−1

)n−1
n

≤
(
a+ 1 + 1

a

µcp
2

4(p− 1)

)ˆ
U
|v|p.

Since µc ≥ π2

(diam(Ω))2 ≥ π2

4n2 , we get a + 1 ≤ 1
a

µcp2

2(p−1) for every p ≥ 2, provided a si small
enough (depending on the dimension only). Hence, we get

Cn

(ˆ
U
|v|p

n
n−1

)n−1
n

≤ µcp
2

2a(p− 1)

ˆ
U
|v|p.

Let us set p0 = 2 and pk+1 = n
n−1pk, then

‖v‖pk+1
≤
(

µcp
2
k

2aCn(pk − 1)

) 1
pk

‖v‖pk ,

and sending p→∞, we have

‖v‖∞ ≤
∞∏
k=0

µ
1
pk
c

(
p2
k

2aCn(pk − 1)

) 1
pk

‖u‖2.

Moreover, we have ∑
k≥0

1
pk

= 1
2
∑
k≥0

(
n− 1
n

)k
= n

2 ,

and
∞∏
k=0

( p2
k

2(pk − 1)
) 1
pk ≤

∏
k = 0∞p

1
pk
k < +∞.

Consequently, for some suitable dimensional constant

‖v‖∞ ≤ Cnµ
n
2
c ‖v‖L2 ,

so that (5.66) holds true.

Although we shall not use it, we note below that a similar control of the L∞-nomr of
the gradient occurs. This is a consequence of the result above and of the gradient estimate
of the eigenfunctions proved by Maz’ya in [116], together with an estimate on the relative
isoperimetric constant in terms of diameter and measure (see [63]). Precisely, we have the
following.
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Corollary 5.20. Let Ω ⊂ Rn be bounded, open, convex set. Then for every Neumann
eigenpair (u, µ) on Ω we have

‖∇u‖L∞ ≤ Cnµ‖u‖∞ diam(Ω) (5.68)

or
‖∇u‖L∞ ≤ Cnµ

n
2 +1 ‖u‖L2

|Ω|
1
2

(diam(Ω))n+1. (5.69)

Proof. Following Maz’ya’s result we have that

‖∇u‖L∞ ≤ C(n, q)C−1
Ω |Ω|

1
n
− 1
qµ‖u‖Lq ,

where CΩ is the relative isoperimetric ratio, i.e.

CΩ = inf
{

P (Ω ∩ ∂E)
min{|E|, |Ω \ E|}1− 1

n

: E ⊂ Ω measurable
}
.

By sending q to infinity, and being

C(n, q) = Cn
n(q − 1)
q − n

2
1
n
− 1
q q→∞
−→ Cnn2

1
n ,

we get
‖∇u‖L∞ ≤ C(n)C−1

Ω |Ω|
1
N µk(Ω)‖u‖∞.

Following [63], we have that

C−1
Ω |Ω|

1
n ≤ 40n diam(Ω),

hence (5.68) follows.
To obtain the (5.69), we just use the estimate of ‖u‖∞ from Theorem 5.19.

Well posedness of the weighted problem

Let m ∈ N. Let Ω ⊂ Rn be an open, bounded and convex set and p : Ω→ [0, 1] a 1
m -concave

function. In order to prove that the formal eigenvalue problem−div(p∇u) = µpu in Ω

p
∂u

∂ν
= 0 on ∂Ω,

(5.70)

is well posed (in general only in a weak form), we shall prove that H1(Ω, p) is compactly
embedded in L2(Ω, p).

Lemma 5.21. Under the hypotheses above, the embedding H1(Ω, p) ↪→ L2(Ω, p) is compact.

Proof. Let Ω̃ ⊆ Rn+m be defined as

Ω̃ =
{

(x, y) ∈ Rn×Rm : x ∈ Ω, ‖y‖Rm < p1/m(x)
}
⊆ Rn+m .

Since p1/m(x) is a concave function Ω̃ ⊆ Rn+m is open and convex. In particular,

H1(Ω̃) ↪→ L2(Ω̃)
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is compact. If (uk)k ⊆ H1(Ω, p) is bounded, then defining ũk(x, y) := uk(x) we have
ˆ

Ω̃
ũ2
k(x, y) dxdy =

ˆ
Ω
u2
k(x)p(x) dx,

ˆ
Ω̃
|∇x,yũk|2(x, y) dxdy =

ˆ
Ω
|∇xuk|2(x)p(x) dx.

In particular, for a subsequence (still denoted with the same index) and for some ũ ∈ H1(Ω)

ũkH
1(Ω̃)
⇀

ũ, ũkL
2(Ω̃)
−→ ũ.

Since ũ is constant in variable y, setting ũ(x, y) = u(x) we get u ∈ H1(Ω, p) and uk
L2(Ω,p)−→

u.

For every f ∈ L2(Ω, p) such that
´

Ω pfdx = 0, one denotes R(Ω,p)(f) = u, where u is the
unique minimizer of

inf
v∈H1(Ω,p)

(1
2

ˆ
Ω
p|∇v|2 −

ˆ
Ω
pfv

)
.

Then, R(Ω,p) : L2(Ω, p)|R → L2(Ω, p)|Ris a self-adjoint, positive and compact operator. In
particular this implies that the eigenvalues of the weighted problem can be computed by the
classical min−−max formula. In particular,

µ1(Ω, p) = min
u∈H1(Ω,p)\{0},

´
Ω up=0

´
Ω |∇u|

2pdx´
Ω u

2pdx
,

the minimum being attained, so that the eigenvalue equation (5.70) is well posed in a weak,
variational, setting.

Domain and weight perturbations

We point out the following continuity property, whose proof follows the outline of the one in
[78]. We focus here only on the first eigenvalue, but the result can be expressed in terms of
convergence of the resolvent operators and so applies to the full spectrum.

Lemma 5.22. Let Ωk,Ω ⊂ D be a sequence of convex sets such that χΩk converges to χΩ in
L1(D) and let pk be a sequence of positive, 1/m-concave functions defined on Ωk, such that
pk → p in L∞(K) for all K ⊂⊂ Ω. Then

µ1(Ωk, pk)→ µ1(Ω, p).

Proof. Let uk be the eigefunction associated to µ1(Ωk, pk) i.e.
ˆ

Ωk
ukpk dx = 0,

ˆ
Ωk
u2
kpk dx = 1,

ˆ
Ωk
|∇uk|2pk dx = µ1(Ωk, pk.

Clearly, we have that pk → p strongly in L1(Rn) (when extended by 0) so that from
Lemma 4 in [50] we get

lim sup
k→∞

µ1(Ωk, pk) ≤ µ1(Ω, p).

Let us consider the convex sets

Ω̃k = {(x, y) ∈ Rn+m |x ∈ Ωk, ‖y‖Rm ≤ p
1
m
k (x)},

and
Ω̃ = {(x, y) ∈ Rn+m |x ∈ Ω, ‖y‖Rm ≤ p

1
m (x)}.
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For all ε > 0 there exists K ⊂⊂ Ω and K ⊂⊂ Ωk such that |Ωk \K| ≤ ε, and there exists n
such that for all n ≥ n ‖pk − p‖L∞(K) ≤ ε, then∣∣∣Ω̃k \ Ω̃

∣∣∣ =
ˆ

Ω̃k\Ω̃
dx ≤ 2ωm|Ωk \K|+ ωm‖pk − p‖L∞(K) ≤ Cε. (5.71)

Since the same holds for
∣∣∣Ω̃k \ Ω̃

∣∣∣, ∣∣∣Ω̃k∆Ω̃
∣∣∣→ 0.

Hence, we can equiextend the funcion ûk(x, y) = uk(x) defined on Ω̃k to one ũk on D̃ ⊃ Ω̃k

in such a way
‖ũk‖H1(D̃) ≤ C‖ũk‖H1(Ω̃k).

Up to a subsequence, there exists a function ũ which ũk converges weakly in H1(D̃) and
strongly in L2(D̃).

We claim that

lim inf
k

ˆ
D̃
χΩ̃k |∇ũk|

2 dx ≥
ˆ
D̃
χΩ̃|∇ũ|

2 dx (5.72)

lim
k

ˆ
D̃
χΩ̃k ũ

2
k dx =

ˆ
D̃
χΩ̃ũ

2 dx (5.73)

lim
k

ˆ
D̃
χΩ̃k ũk dx =

ˆ
D̃
χΩ̃ũ dx. (5.74)

We also know that ũ does not depend on y in Ω̃, indeed, as for (5.72), we have

0 = lim inf
k

ˆ
Ω̃k
|∇yũk|2 dx ≥

ˆ
˜̃Ω
|∇yũ|2 dx.

Hence, using u(x) = ũ(x, y) for all x ∈ Ω as test function for µ1(Ω, p), we get

µ1(Ω, p) ≤
´

Ω p|∇u|
2

´
Ω p|u|

2 =
´

Ω̃ |∇ũ|
2

´
Ω̃ |ũ|

2 ≤ lim inf
k

´
Ω̃k |∇ũk|

2

´
Ω̃k |ũk|

2

= lim inf
k

´
Ωk pk|∇uk|

2

´
Ωk pk|uk|

2 = lim inf
k

µ1(Ωk, pk).

Collapsing domains

Lemma 5.23. Let (Ωk)k be a sequence of bounded, open, convex sets of Rn, and let Eak1 ,...,akn
be their respective John ellipsoids, assumed to be centered at the origin and aligned with the
axes. Suppose that

(ak1, . . . , akh, akh+1, . . . a
k
n)→ (a1, . . . , ah, 0, . . . 0)

with ai > 0 for all i = 1, . . . h (and for some h ≥ 1).
Then there exists an open convex set ω ⊂ Rh and an 1

n−h -concave function p : ω → R+ ,
such that

µ1(Ωk)→ µ1(ω, p).
Moreover, if (uk)k, u are first eigenfunctions on (Ωk)k, (ω, p), respectively, then

‖u‖L∞ ≤ lim inf
k→∞

√
akh+1 . . . a

k
n‖uk‖L∞ .
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Proof. Let us define Tk : Rn → Rn by

Tk(x1, . . . , xh, xh+1, . . . xn) = (x1, . . . , xh, a
k
h+1xh+1, . . . a

k
nxn)

and let us consider Ω̃k = T−1
k (Ωk). There exist r,R > 0 such that for every k ∈ N we have

Br ⊂ Ω̃k ⊂ BR.

Consequently, up to extracting a subsequence one can assume that the sequence (Ω̃k)k con-
verges in the Hausdorff sense to a convex set Ω̃. Let us define

ω := πRh×(0,...0)(Ω̃) =
{

(x1, . . . , xh) : ∃(x1, . . . , xh, xh+1, . . . xn) ∈ Ω̃
}
,

and p : ω → R+

p(x1, . . . , xh) = Hn−h({y : y ∈ Ω̃,∀i = 1, . . . , h, yi = xi}).

Then, we introduce

µ1(ω, p) = inf´
ω pu=0

ˆ
ω
p|∇hu|2ˆ
ω
pu2

,

and we denote a minimizer by v. Let ṽ(x1, . . . , xh, xh+1, . . . , xn) := v(x1, . . . , xn) be defined
in Ω̃. Then ṽ ∈ H1(Ω̃). From the Hausdorff convergence, there exists εk > 0, εk → 0
such that (1 + εk)Ω̃ ⊇ Ω̃k. Defining ṽk(x) = ṽ( 1

1+εkx) we get that ṽk ∈ H1(Ω̃k) and that
(ṽk1Ωk , ∇̃vk1Ωk) converge strongly in L2 to (ṽ,∇ṽ).

Then we can use vk = ṽk −
´

Ωk ṽk as test function for µ1(Ωk), then

lim sup
k

µ1(Ωk) ≤ lim sup
k

ˆ
Ωk
|∇vk|2

ˆ
Ωk
v2
k

= lim sup
k

ˆ
Ω̃k
|∇ṽk|2

ˆ
Ω̃k
ṽ2
k

=

ˆ
Ω̃
|∇ṽ|2

ˆ
Ω̃
ṽ2

=

ˆ
ω
p|∇v|2

ˆ
ω
pv2

≤ µ1(ω, p)

hence
lim sup

k
µ1(Ωk) ≤ µ1(ω, p). (5.75)

On the other hand, let uk be the first Neumann eigenfunction of Ωk normalized in such a
way ‖uk‖L2(Ωk) = 1 and let us consider

vk(x) =
√
akh+1 . . . a

k
nuk(Tk(x)) ∀x ∈ Ω̃k.

Then ‖vk‖L2(Ω̃k) = ‖uk‖L2(Ωk) = 1 and

ˆ
Ω̃k
|∇vk|2 = akh+1 . . . a

k
n

ˆ
Ω̃k

 h∑
i=1

(
∂u

∂xi

)2
+

n∑
i=h+1

a2
i

(
∂u

∂xi

)2
 ≤ ˆ

Ωk
|∇uk|2 ≤ 2µ1(ω, p),

for k sufficiently large.
Hence, equi-extending vk to a larger set D containing all the sets, there exists V ∈ H1(D)

such that, up to a sub-sequence,

vk ⇀ Ṽ in H1(D) and strongly in L2(D).
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Moreover, for all K ⊂⊂ Ω̃ and i = h+ 1, . . . , n, we have
ˆ
K

(
∂Ṽ

∂xi

)2

≤ lim inf
k

ˆ
K

(
∂vk
∂xi

)2
= lim inf

k
a2
i

ˆ
Tk(K)

(
∂uk
∂xi

)2
= 0,

and
0 =

ˆ
D
χΩ̃kvk →

ˆ
D
χΩ̃Ṽ = 0.

Let us call V (x1, . . . , xh) = Ṽ (x1, . . . , xh, xh+1, . . . xn) for (x1, . . . , xh, xh+1, . . . xn) ∈ Ω̃.
Since

∥∥∥Ṽ ∥∥∥
L2(Ω̃)

= 1, we have

lim inf
k

µ1(Ωk) = lim inf
k

ˆ
Ωk
|∇uk|2

ˆ
Ωk
u2
k

≥ lim inf
k

ˆ
Ω̃k
|∇vk|2

ˆ
Ω̃k
v2
k

≥

ˆ
Ω̃

∣∣∣∇Ṽ ∣∣∣2
ˆ

Ω̃
Ṽ 2

=

ˆ
ω
p
∣∣∣∇V ∣∣∣2

ˆ
ω
pV

2
≥ µ1(ω, p),

(5.76)

which concludes the proof.

Note that inequality (5.76) together with inequality (5.75) that V has to be an eigenfunc-
tion for the problem (ω, p). In particular

‖V ‖∞ ≤ lim inf
k→+∞

‖vk‖∞ = lim inf
k→+∞

√
akh+1 . . . a

k
n‖uk‖∞. (5.77)

Remark 5.24. The previous result gives the behavior of collapsing domains in terms of the
axes of the John ellipsoid. In the particular case in which Ω ⊂ Rn a bounded, open and
convex set, p : Ω→ R+ an 1

m -concave function and

Ωε = {(x, y) ∈ Ω× Rm : x ∈ Ω, 0 ≤ ‖y‖Rm < εω
− 1
m

m p
1
m (x)}.

then the semiaxes of the John ellipsoids of Ωε are (a1, . . . , an, εan+1, . . . , εan+m) where
(a1, . . . , an+m) are the semiaxes of Ω1.

Following the same argument as in Lemma 5.23, if u is a first normalized eigenvalue of
(Ω, p) and uε are normalized first eigenfunctions of Ωε, then (5.77) becomes

‖u‖L∞ ≤ lim inf
ε→∞

√
εm‖uε‖L∞ .

We conclude this section with the following.

Lemma 5.25. Let us consider Ω ⊂ Rn a bounded, open and convex set, p : Ω → R+ an
1
m -concave function. Then, if u is an eigenfunction associated to µ(Ω, p)

‖u‖∞ ≤ Cm+nµ(Ω, p)
m+n

2
(diam(Ω))m+n(ˆ

Ω
p

)1/2 ‖u‖L2(Ω,p).

Proof. We apply the inequality of Lemma 5.19 to any set of the sequence (Ωε)ε. The result
follows from Lemma 5.23 and Remark 5.24 by passing to the limit.
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5.3.2 The weighted one dimensional problem

Well posedness and properties of the 1D-problem with power concave weights

In this section we deal with the one-dimensional weighted problem, which is of Sturm-Liouville
type. Let d > 0, m ∈ N and p : (0, d) → R+ be an 1

m -concave function. We consider the
problem (in its weak form) {

−(pu′)′ = µpu in (0, d)
pu′(0) = pu′(d) = 0.

(5.78)

For one dimensional problems, the first non zero eigenvalue will be denoted µ1(d, p) instead
of µ1((0, d), p) and when d = 1 simply µ1(p). Provided p is smooth and bounded from below
away 0, it is easy to check that the function w = p1/2u′ solves the equation−w

′′ +
[

3
4

(
p′

p

)2
− 1

2
p′′

p

]
w = µ(p)w in (0, d),

w(0) = w(d) = 0.

We point out that mp :=
[

3
4

(
p′

p

)2
− 1

2
p′′

p

]
is a nonnegative Borel measure on (0, d), which

in the arguments below will play the same role as the capacitary measure potentials in
the analysis of shape optimization problems with Dirichlet boundary conditions in higher
dimensions (see [41]). Note that Dirichlet problems are well defined for any nonnegative
Borel measures absolutely continuous with respect to capacity (in one dimension, this means
for every nonnegative Borel measure).

Lemma 5.26. Let pk, p : (0, d) → R+ be 1
m -concave functions such that ‖pk‖∞ = 1. If

pk
∗L∞
⇀ p, then

mpk
∗Mloc⇀ mp on (0, d). (5.79)

Moreover, if we consider Fk : L2(0, d)→ [0,+∞]

Fk(ϕ) =


ˆ 1

0
(ϕ′)2 +

ˆ 1

0

[
3
4

(
p′k
pk

)2
− 1

2
p′′k
pk

]
ϕ2, if ϕ ∈ H1

0 (0, d),

+∞ if not,

then Fk
Γ→ F in L2(0, d), where

F (ϕ) =


ˆ d

0
(ϕ′)2 +

ˆ d

0

[
3
4

(
p′

p

)2
− 1

2
p′′

p

]
ϕ2 if ϕ ∈ H1

0 (0, d),

+∞ if not.

Proof. We fix d = 1 without restricting generality. To prove (5.79) it is enough to show that
∀[e, f ] ⊂ (0, 1) then

pk → p in C0,α(e, f) for some α > 0,
p′k → p′ in Lq(e, f), ∀q ≥ 1,
p′′k

∗
⇀ p′′ weak ∗ inM(e, f).

(5.80)

From the 1
m -concavity of pk we get that pk = ρmk , with ρk : (0, 1) → (0, 1] concave. Conse-

quently (p
1
m
k )′ is a bounded and decreasing function in [e, f ], and

p
1
m
k k(e) ≥ e, p

1
m
k (f) ≥ 1−f, (p

1
m
k )′(e) ≤ 1

e
(p

1
m
k )′(f) ≥ − 1

1− f =⇒
∥∥p′k∥∥L∞ ≤ Ce,f,m on [e, f ].
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This implies the first two lines of (5.80). Moreover,

0 ≤ −
ˆ f

e
(p

1
m
k )′′ ≤ 1

e
+ 1

1− f ≤ Ce,f ,

hence, by standard arguments the last convergence in (5.80) holds true as well.
Concerning the second part of the theorem, let ϕ ∈ L2(0, d) such that F (ϕ) < ∞ , then

ϕ ∈ H1
0 (0, d) and

ˆ 1

0

[
3
4

(
p′

p

)2
− 1

2
p′′

p

]
ϕ2 <∞. Assume, without restricting generality that

1 ≥ ϕ ≥ 0. First, we have to prove the following Γ-limsup inequality.
For every M > 0 we consider ψM =

(
ϕ− 1

M

)
+
, then

Fn(ψM )→ F (ψM ),

as a consequence of (5.80). A diagonalisation argument ensures us that there exists a sequence
mk such that

Fk(ψmk)→ F (ψ).
For the Γ-liminf inquality, let ϕk → ϕ in L2(0, d). Assuming that

lim inf
k

ˆ 1

0
(ϕ′k)2 +

ˆ 1

0

[
3
4

(
p′k
pk

)2
− 1

2
p′′k
pk

]
ϕ2
k <∞,

then, for a subsequence,

ϕk ⇀ ϕ in H1
0 =⇒ lim inf

k

ˆ 1

0
(ϕ′k)2 ≥

ˆ 1

0
(ϕ′)2.

For the second part of Fk(ϕk), we note that ϕk → ϕ in C0 and we define ϕ̃ek = min{ϕk, ηe},
where

ηe(x) =


0 if x ∈ [0, e] ∪ [1− e, 1]
1
e (x− e) if x ∈ (e, 2e)
1
e (1− e− x) if x ∈ [1− 2e, 1− e)
1 if x ∈ [2e, 1− 2e)

By the convergence in (5.80), we have

lim inf
k

ˆ 1−e

e

[
3
4

(
p′k
pk

)2
− 1

2
p′′k
pk

]
ϕ̃2
n ≥

ˆ 1−e

e

[
3
4

(
p′

p

)2
− 1

2
p′′

p

]
ϕ̃2,

hence, by sending e to 0, we get

lim inf
k

Fk(ϕk) ≥ F (ϕ).

In the following technical lemma, we fix d = 1.

Lemma 5.27. Let p : (0, 1)→ R+ be a log concave function. We consider the problem−w
′′ +

[
3
4

(
p′

p

)2
− 1

2
p′′

p

]
w = µ1(p)w in (0, 1),

w(0) = w(1) = 0.
.

There exists a constant C > 0, independent on p, such that if µ1(p) ≤ π2 + 1 then
ˆ 3

4

1
4

w2 dx ≥ C
ˆ 1

0
w2 dx. (5.81)
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Proof. If (5.81) does not occur, it means that there are pk and ck → 0 such that

ˆ 3
4

1
4

w2
k dx < ck

ˆ 1

0
w2
k dx.

We can normalize wk in such a way ‖wk‖L2 = 1, so

ˆ 3
4

1
4

w2
k dx < ck → 0. (5.82)

By compactness of the γ-convergence, there exists a nonnegative Borel measure ν with values
in [0,+∞] such that for a subsequence we get mpk

γ−→ ν (even though we do not have an
explicit description of ν). In particular, µ1(pk) → µ1(ν) and wk → w strongly in L2(0, 1),
where w is a first eigenfunction of ν. We get that w = 0 on [1

4 ,
3
4 ] hence µ1(ν) ≥ µ1(0, 1

4) =
16π2, in contradiction with µ1(ν) ≤ π2 + 1.

Lemma 5.28. Let [1
3 ,

3
4 ] ⊆ [a, b] ⊂ (0, 1) and p, h : [0, 1]→ R+ be log concave functions such

that h is affine t in [a, b]. Let p = hp. There exists a constant C > 0, independent on h and
p, such that

µ1(p) ≥ π2 + C

(
h(a)− b(b)

max{h(a), h(b)}

)2
. (5.83)

Proof. Clearly, it is enough to prove the inequaity for weights p such that µ1(p) ≤ π2 + 1.
By direct computation[(

p′

p

)2
− p′′

p

]
=
[(

h′

h

)2
− h′′

h

]
+
[(

p′

p

)2
− p′′

p

]
.

As in [121], we have

µ1(p) ≥ π2 +

ˆ 1

0

[
3
4

(
p′

p

)2
− 1

2
p′′

p

]
w2

ˆ 1

0
w2

≥ π2 +

ˆ b

a

3
4

(
h′

h

)2
w2

ˆ 1

0
w2

≥ π2 + 3
4

1
(b− a)2

(
h(a)− h(b)

max{h(a), h(b)}

)2

ˆ b

a
w2

ˆ 1

0
w2
.

The thesis follows from Lemma 5.27.

General quantitative results for concave weights

Since the Sturm-Liouville problem corresponds to the one-dimensional weighted Neumann
problem, we want to give a general quantitative version of it. Unfortunately, the notion of
width does not take place on the line, so we propose the following inequality.

Lemma 5.29. Let p : [0, 1]→ R+ 1/m-concave. Then
ˆ 1

0
mp sin2(πx) dx ≤ m5

4π
2.
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Proof. Let us assume p is smooth, p(0)p(1) > 0 and, by the log-concavity,

p′(x) > 0 on x ∈ [0, a)
p′(x) = 0 on x ∈ [a, b)
p′(x) < 0 on x ∈ [b, 1].

Then, from the 1/m-concavity, we have

p
1
m (x) +

(
p

1
m

)′
(x)(−x) ≥ 0 on x ∈ [0, a) =⇒ p′(x)

p(x) ≤
m

x
on x ∈ [0, a).

We obtain the thesis through an integration by parts
ˆ a

0
mp(x) sin2(πx) dx = 1

4

ˆ a

0

(
p′

p

)2
sin2(πx) dx+ 1

2

ˆ a

0

[(
p′

p

)2
− p′′

p

]
sin2(πx) dx

= 1
4

ˆ a

0

(
p′

p

)2
sin2(πx) dx− 1

2

ˆ a

0
sin2(πx)

(
p′

p

)′
= 1

4

ˆ a

0

(
p′

p

)2
sin2(πx) dx+ 1

2

ˆ a

0
2πp

′

p
sin(πx) cos(πx) dx

≤ m

4

ˆ a

0

(sin(πx)
x

)2
dx+ m

2

ˆ a

0
2π sin(πx)

x
cos(πx) dx

≤ m
(
π2

4 + π2
)
a.

Since the same is true in [b, 1] as well, we obtain the inequality by summing.
By density, using Lemma 5.26, the general case follows.

Proposition 5.30 (General quantitative inequality). There exists C : [0, 1]→ (0,+∞) such
that for every p : [0, 1]→ R+ 1/m-concave

µ1(p) ≥ π2 +
ˆ 1

0
C(x) sin2(πx) dmp(x). (5.84)

Moreover, C(1− x) = C(x), C(0) = 0, C(x) > 0 on (0, 1) and C is convex in [0, 1/2].

Proof. Let us first prove the following assertion: for every δ ∈ (0, 1/2) there exists c(δ) > 0
such that

µ1(p)− π2 ≥ c(δ)
ˆ 1−δ

δ
sin2(x) dmp(x). (5.85)

Suppose (5.85) is false. Then, there exist two sequences {ck} and {pk}, with ‖pk‖∞ = 1, such
that

µ1(pk)− π2 < ck

ˆ 1−δ

δ
sin2(x) dmpk(x) ≤ ckm

5
4π

2.

Hence, we conclude that µ1(pk) converges to π2. Moreover, since pk converges to p, and
p→ µ1(p) is continuous with respect to this convergence, we have that µ(p) = π2. Therefore,
p is the constant function.

Applying Lemma 5.26, we can deduce that the first non-trivial eigenfunction wk converges
to sin(πx) in L2(0, 1). Moreover, since µ1(pk) converges, we have that the convergence of wk
to sin(πx) is actually weak in H1

0 (0, d) and, consequently, locally uniform.
In particular, for k large enough

wk ≥
sin(πx)

2 on [δ, 1− δ].
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In the same time, by definition

µ1(pk)− π2 ≥
ˆ 1

0
w2
n dmpk ≥

1
2

ˆ 1−δ

δ
sin2(πx) dmpk ,

finding

ck

ˆ 1−δ

δ
sin2(πx) dmpk ≥

1
2

ˆ 1−δ

δ
sin2(πx) dmpk ,

which cannot hold, since
´ 1−δ
δ sin2(πx) dmpk > 0 (otherwise pk ≡ 1).

So ∀δ ∈ (0, 1/2), c(δ) is strictly positive, and increasing in δ. Let us introduce C : (0, 1)→
R as

∀x ∈
[
0, 1

2

]
, C(x) =

ˆ x

0
c(δ) dδ,

and C(1 − x) = C(x) for x ∈ (1/2, 1]. Then C is strictly positive on (0, 1) and convex on
(0, 1/2).

Moreover, summing (5.85) from 0 to 1/2 and integrating by parts, we get

µ1(p)− π2

2 ≥
ˆ 1

2

0
c(δ)

ˆ 1−δ

δ
sin2(x) dmp(x) dδ

=
ˆ 1

2

0
C(x) sin2(πx) dmp(x) +

ˆ 1
2

0
C(x) sin2(π(1− x)) dmp(1− x)

=
ˆ 1

0
C(x) sin2(πx) dmp(x).

5.3.3 Rigidity of the weighted Payne-Weinberger inequality

We start by recalling some elements of the strategy of Payne and Weinberger for the proof
of the inequality and to propose some suitable modifications.
Modified Payne-Weinberger procedure. Let Ω ⊆ Rn be a bounded, open, convex set
and p : Ω → (0, 1] a 1

m -concave function, for some m ∈ N. Let u be an L2(Ω, p)-normalized
first eigenfunction of (Ω, p). For every k = 2h, h ∈ N, we follow the partition procedure of
Payne-Weinberger by successively dividing the cells ωj with hyperplanes requiring that

(i)
ˆ
ωi

up dx = 0, ∀i = 1, . . . k;

(ii)
ˆ
ωi

pu2 = 1
k
, ∀i = 1, . . . k.

The difference with respect of the original Payne-Weinberger procedure comes from the fact
that we do not ask |ωi| = |Ω|

k . Instead we ask (ii), above. This technical modification does not
rise any difficulty but is crucial for our further estimates. Note that ω1, . . . , ωk are pairwise
disjoint and that their union is equal to Ω.
Lemma 5.31. Let m ∈ N. Let Ω be a bounded, open, convex set of Rn, p : Ω → R+ be a
1
m -concave function, ‖p‖∞ = 1 and let ω1, . . . ωk be a convex partition which satisfies (i) and
(ii). Then there exists a constant K = K(n+m) such that

∀i = 1, . . . , nk,
ˆ
ωi

p dx ≥ K
´

Ω p dx

k
. (5.86)

and
∀i = 1, . . . , k, |ωi| ≥

K

2N+m
|Ω|
k
. (5.87)
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Proof. We apply Lemma 5.25, so that for every cell ωi we can write

1
k
´
ωi
p dx

=
´
ωi
pu2 dx´
ωi
p dx

≤ ‖u‖2L∞ ≤ Cµ
n+m
1 (Ω, p)(diam(Ω))2n+2m´

Ω p dx
. (5.88)

Since µ1(Ω, p) is bounded by a constant which depends only on n and m (see [106, 95]), we
conclude with the first inequality.

For the second inequality, we just notice, using (5.86), that

|ωi|‖p‖L∞ ≥
ˆ
ωi

p dx ≥ K
´

Ω p dx

k
≥ K

2n+m ‖p‖L∞ |Ω|.

The last inequality is a consequence of the following two observations

• Let the origin, 0 ∈ Ω, be a maximum point for p. Then∣∣∣∣12Ω
∣∣∣∣ = 1

2n |Ω|.

• From the 1
m -concavity and the positivity of p

∀x ∈ 1
2Ω, p(x) ≥ ‖p‖L∞

1
2m .

In order to achieve the quantitative inequality, below we justify the Payne-Weinberger
inequality for a power concave weight and, moreover, we prove its rigidity. In fact, rigidity is
a first necessary step in the proof of the quantitative inequality.

Proposition 5.32 (Weighted Payne-Weinberger inequality and rigidity). Let m ∈ N. Let
Ω ⊂ Rn be a open, bounded, convex set and p : Ω→ R+ a 1

m -concave function. Then

µ1(Ω, p) > π2

(diam(Ω))2 .

Proof. For every ε > 0 small, we set

Ω̃ε =
{

(x, y) ∈ Rn+m : x ∈ Ω, ‖y‖Rm < εp1/m(x)
}

then, by (5.75) and the Payne-Weinberger inequality we have

µ1(Ω, p) ≥ lim sup
ε

µ1(Ω̃ε) ≥
π2

(diam(Ω))2 .

It remains to prove that the inequality is strict, which corresponds in fact to a rigidity
statement. We shall prove it in two steps.
Step 1. Assume first Nn = 2. In this case, we follow the modified Payne-Weinberger
procedure. For an L2(Ω, p)-normalized first eigenfunction u we divide the set Ω with a line in
two parts Ω1,Ω2 such that

´
Ω1
pu = 0,

´
Ω1
pu2 = 1

2 . Each of the two sets has necessarily the
diameter exactly equal to d, otherwise equality could not occur. Let A1A2 = B1B2 = d be two
respective diameters of Ω1,Ω2. Since they are separated by the line, it can be observed that if
an angle, sayA1, is not smaller than π

2 then d ≥ (A2B1)2 ≥ (A1A2)2+(A2B1)2 = d2+(A2B1)2.
This implies that A2 = B1, so both points belong to the line. Continuing the procedure

we get that Ω has to be a cone, precisely a convex sector of a circle with vertex at its center,
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Figure 5.3

ΩH

Ω1

Ω2

A1

A2

B1

B2

ΩH

Ω1

Ω2

A1

A2 = B1

B2

say O. Moreover, each cutting line corresponds to a sector of circle and the size of arcs goes
to 0.

Let us select a decreasing sequence of sectors of diameter d and opening going to zero.
For one of them the limiting problem on the segment (0, d) × {0} will be given by the new
weight p̃ = p(x)x. Moreover, on the segment with this weight the first eigenvalue is π2

d2 . This
is not possible, as a consequence of Lemma 5.28.
Step 2. Assume now n ≥ 3. We follow the division strategy of the modified Payne-
Weinberger procedure but we stop when we arrive to two dimensional collapsing domains.
Like [24, 121] we start by choosing a hyperplane of normal (cosα, sinα, 0, . . . , 0, ) that di-
vides Ω in two convex sets Ω1,Ω2 such that

´
Ω1
pu2 =

´
Ω2
pu2. This hyperplane is unique.

Moving continuously α, we find a position in which we moreover have
´

Ω1
pu =

´
Ω2
pu = 0.

We continue this procedure with each Ωi and their subdivisions, until the width of each set
parallel to en−1, en smaller than some δ > 0. This is a consequence of [135].

We continue this procedure for each set with the new normals (0, cosα, sinα, 0, . . . , 0, )
and repeat it N − 2 times. We finish with sets which have either a two dimensional or a one
dimensional structure. Assume now that δ → 0 and a sequence of sets converges to a two
dimensional set. Then the eigenvalue of this set equals π2

d2 and, as a consequence of Step 1,
we get a contradiction.

Assume that all the cells with vanishing measure converge to one dimensional sets. Then,
this sets are segments all of them perpendicular to e1, . . . , en−1 of diameter d and this exhausts
the set. The set is then a parallelepiped with higher diameter: indeed, take two of such
diameters which are parallel. Then, measuring the length between their extremities, the
diameter of the set Ω is strictly larger.

Theorem 5.33. Let (Ωk)k be a sequence of bounded, open, convex sets of Rn of diameters
equal to 1 and let Eak1 ,...,akn be their respective John ellipsoids, assumed to be centered at the
origin and aligned with the axes.

If
µ1(Ωk)→ π2,

then aki → 0 ∀i ≥ 2 and

Ω̃k =
{

(x1, . . . , xn)
∣∣∣∣∣
(
x1,

x2
ak2
, . . . ,

xn
akn

)
∈ Ωk

}

converges in the Hausdorff metric to a convex set Ω̃ = (−1
2 ,

1
2) × K where K ⊂ Rn−1 is a

bounded, convex body with non empty interior.
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Proof. First, we observe that from Lemma 5.23 and Proposition 5.32, if Ωk loses less than
n− 1 dimensions, then there exists an open convex set ω ⊂ Rh and an 1

n−h -concave function
p : ω → R+ , such that

π2 = lim
k
µ1(Ωk) = µ1(ω, p) > π2.

Hence aki → 0 ∀i ≥ 2.
Furthermore, in the proof of Lemma 5.23 we proved that Ωk converges in the Hausdorff

sense to Ω̃ to which we associate the 1
N−1 -concave function

p(x1) = Hn−1({y : y ∈ Ω̃, y1 = x1}).

Taking into account Lemma 5.23

π2 = lim
k
µ1(Ωk) = µ1((0, 1), p) ≥ π2,

and by the rigidity proved in [121], we have that p is costant.
Assume moreover that (Ω̃k)k converges to Ω̃. Now we relay on the Brunn-Minkowski

inequality (see [134]). Let α ∈ I and

Sα = Ω̃ ∩ {x1 = α}.

The Brunn-Minkowski inequality and the convexity of Ω̃ entail that for any x1, x2 ∈ I,
t ∈ [0, 1]

p
1

n−1 (tx1 + (1− t)x2) = Hn−1(Stx1+(1−t)x2)
1

n−1

≥ Hn−1(tSx1 + (1− t)Sx2)
1

n−1

≥ tHn−1(Sx1)
1

n−1 + (1− t)Hn−1(Sx2)
1

n−1 = tp
1

n−1 (x1) + (1− t)p
1

n−1 (x2).

Moreover, equality holds if and only if Sx1 and Sx2 are homothetic, i.e. they coincide up to
translation and dilatation. Since Ω̃ must be convex and p constant, the translation must be
linear in x and the dilatation constant. As the John ellipsoids of Ωk converge to the one of Ω̃
in the Hausdorff sense, and each of them are aligned with the axes, the same holds also for
the John ellipsoid of Ω̃.

If, by contraddiction, Ω̃ =
{

(x, y) : x ∈
(
−1

2 ,
1
2

)
, y ∈ K + α(x)

}
for some α 6≡ 0 and E,

its John ellipsoid, is aligned with the axes, then necessarly T (E) ⊂ Ω̃ where

T =
{
x′ = x

y′ = y − α(x).

This is a contraddiction since |T (E)| = |E|, T (E) is still an ellipsoid and the fact that the
John ellipsoid of a set Ω̃ is unique.

This implies that Ω̃ is a cylinder centered in the origin, i.e. Ω̃ = (−1
2 ,

1
2) × K where

K ⊆ RN−1 is a bounded, convex body with non empty interior.

5.3.4 The quantitative, weighted Payne-Weinberger inequality in two di-
mensions

Let Ω ⊂ R2 an open, bounded, convex set of diameter d = [0,d]× {0}. We call depth of Ω
with respect to the diameter d the maximum of the length of all sections orthogonal to the
diameter. The depth will be denoted by η. The minimal width of Ω is denoted by w and the
width orthogonal to the diameter d is denoted wd.
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It can be observed that

η ≤ wd ≤ 2η,
ηd

2 ≤ |Ω| ≤ ηd,
wd

2 ≤ |Ω|.

Moreover, the inequality |Ω| ≤ wd holds provided the width is small with respect to the
diameter, precisely w ≤

√
3

2 d (see [107, 137]).

Theorem 5.34. Let m ∈ N. There exist c > 0 such that for every open, convex set Ω ⊂ R2

and for every p : Ω→ (0,+∞) 1
m -concave, the following inequality holds true

µ1(Ω, p) ≥ π2

(diam(Ω))2 + c
(width(Ω))2

(diam(Ω))4 . (5.89)

Proof. By rescaling, it is not restrictive to fix d = diam(Ω) = 1 and, by displacement, a
diameter of Ω to be the segment [0, 1]×{0}. Moreover, by approximation arguments, we can
also assume that both p and Ω are smooth such that the first eigenfunction u of the problem
(Ω, p) belongs to C2(Ω). We denote by M a bound of both its norm in W 2,∞(Ω) and of p in
W 1,∞(Ω). As a consequence of the rigidity result, is enough to prove the inequality for sets
Ω with a small width.

Let us suppose that µ1(Ω, p) ≤ π2 + 1. If not, inequality (5.89) holds, being wΩ ≤ 1 and
choosing c ≤ 1.

Assume that
´

Ω pu
2 = 1 and

´
Ω pu = 0. We follow the modified Payne-Weinberger proce-

dure. Let us call ω1, . . . ωk, the partition thus obtained after a certain number of operations
(practically k is a power of 2). Then,

´
ωi
pu2 = 1

k and
´
ωi
pu = 0. Moreover,

sup
i=1,...k

|ωi| → 0 as k →∞,

otherwise u would vanish in a convex non-zero measure set, in contradiction with the unique
continuation property [135]. For each cell ωi, let us denote di a diameter, wd

i the width
orthogonal to this diameter, ηi the depth in this same direction and wi the minimal width.
Consequently, we have

εk = sup
i=1,...k

wd
i → 0 as k →∞.

This means that ωi, is contained between two parallel lines (parallel to the diameter)
at distance εk. As in [121], we introduce a rectangular coordinate system with the x-axis
containing the diameter on [0, di] and the y-axis tangent to one end of ωi. The projection of
ωi on the x-axis is precisely its diameter which obviously satsifies di ≤ 1.

Let us denote ωxi the vertical section of ωi, by the line passing through (x, 0) orthogonal
to the horizontal axis. Let hi(x) := H1(ωxi ). Then x → hi(x) is concave and hi(x) ≤ εk.
Moreover, ∣∣∣∣∣

ˆ
ωi

p

(
∂u

∂x1

)2
dxdy −

ˆ di

0
hi(x)p(x, 0)[u′(x, 0)]2 dy

∣∣∣∣∣ ≤ 3M3|ωi|εk; (5.90)∣∣∣∣∣
ˆ
ωi

pu2 dxdy −
ˆ di

0
hi(x)p(x, 0)[u(x, 0)]2 dx

∣∣∣∣∣ ≤ 3M3|ωi|εk; (5.91)∣∣∣∣∣
ˆ
ωi

pu dxdy −
ˆ di

0
hi(x)p(x, 0)u(x, 0) dx

∣∣∣∣∣ ≤ 2M2|ωi|εk. (5.92)
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Let us denote pi(x) = hi(x)p(x, 0). Taking into account (5.90), (5.91) and (5.92), we have
ˆ
ωi

p|∇u|2 dxdy ≥
ˆ
ωi

p

(
∂u

∂x1

)2
dxdy

≥ µ(di, pi)
ˆ
ωi

pu2 dxdy − 3M3
(

1 + (π2 + 1)
[
1 + 1

2εn
])
|ωi|εk. (5.93)

Then summing up, all these quantities we obtain
ˆ

Ω
p|∇u|2 dxdy ≥

k∑
i=1

µ(di, pi)
1
k
− 3M3

(
1 + (π2 + 1)

[
1 + 1

2εn
])
|Ω|εk. (5.94)

Below we perform an analysis involving the diameter of the sets ωi. We denote by c ∈ (0, 1)
a small positive constant which will be fixed later. We fix a small constant η0 > 0, which
will be diminished several times along the proof. We work with sets Ω having a depth in the
vertical direction denoted by η, with η ≤ η0. Below, all constants which are not depending
on Ω and p are denoted by the letter K.

We split the discussion in several cases.
Case 1. Assume that for at least k

2 of the cells we have

di ≤
√

1− cη2.

Then, in (5.94) we can writeˆ
Ω
p|∇u|2 dxdy ≥ π2

(1− cη2)
1
2 + π2

2 − 3M3
(

1 + (π2 + 1)
[
1 + 1

2εn
])
|Ω|εk

≥ π2 + c
π2

2 η
2 − 3M3

(
1 + (π2 + 1)

[
1 + 1

2εn
])
|Ω|εk.

(5.95)

If the situation above of Case 1 occurs for a sequence nj → +∞, then inequality (5.89)
is true and follows by passage to the limit.

Case 2. For at least k
2 of the cells we have

di ≥
√

1− cη2.

Let us introduce a parameter a (which will be fixed later in the proof) such that 4η2
0 ≤

a < 1
4 . Recalling that [0, d] × {0} is a diameter of Ω and that d = 1, we focus on

the strip [a, 1− a] × R. Consider the vertical lines l1, l2 of equations {x = a} and
{x = 1−a}, respectively. We observe that each diameter di of a cell ωi falling in Case 2
must necessarily intersect both l1 and l2. Indeed, if this was not true, we can estimate
the length of the projection of the cell on the vertical axis by wd ≥ (d2

i − (1− a)2) 1
2 >√

6η0 > wd. The last inequality leads to a contradiction since wd ≤ 2η0.

l1
l2

d

ωi

di

0
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The main consequence of this fact is that the k
2 cells of Case 2 are ordered in a vertical

way, and all of them, except the highest and the lowest, have to be polygons in the
strip [a, 1 − a] × R. This is true since only the extremal ones can touch the boundary
of Ω inside the strip and inside all cuts are done by lines.

We split the analysis in two sub-cases.

Sub-case 2-a. We focus first on cells which contain a vertex in the strip [2a, 1−2a]×R
(note that in this strip the cells have polygonal boundary). Assume that at least
k
4 of the total number of cells contain a vertex in the strip [2a, 1 − 2a] × R. If
such a cell has a vertex in [2a, 1− 2a]×R, this vertex was necessarily obtained as
intersection of at least two lines in the division procedure of the cells. Hence there
is a neighboring cell sharing this vertex, with a diameter less than

dj ≤
√

(1− 2a)2 + 4η2 ≤
√

1− 8η2
0,

where the last inequality is true since 4η2
0 ≤ a < 1

4 . Such a neighboring cell
can touch at most two different Sub-case 2-a cells, so we conclude as in Case 1,
inequality (5.95), since the inequality above holds for at least k8 of the total number
of cells.

ωi ωja

1− a

Sub-case 2-b. At least k
4 of the total number of cells are a trapezoid in the strip

[2a, 1−2a]×R (they are polygons in the strip with no vertex). The angle between di
and the horizontal line has a measure not larger than arcsin(2η

di
) ≤ arcsin( 2η√

1−cη2
).

We focus on the one-dimensional problem on di. Let us denote by hi the profile
function of ωi with respect to the direction orthogonal to the diameter di (we work
in a local coordinate system, where di is the segment [0, di]×{0}). Provided η0 is
small enough i.e. such that ∀η ∈ (0, η0)

2a
cos(arcsin( 2η√

1−cη2
))

+ η
2η√

1− cη2 ) ≤ 4a (5.96)

the function hi is necessarily affine on [4a, di − 4a]. Moreover, the function pi is a
product of an affine function hi in the strip [4a, di−4a]×R and the power concave
function p restricted to di. Therefore, the function pi satisfies the conditions of
Lemma 5.28 and

µ((0, di), pi) ≥
π2

d2
i

+Kd1

(
himax − himin

himax

)2

,

where himax and himin are the lengths of the bases of the trapezoid in the strip
[4a, di − 4a].
We distinguish two situations.
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(2-b-I) If for k
8 of the total number of cells we have

Kd1

(
himax − himin

himax

)2

≥ cη2,

we proceed as in Case 1, inequality (5.95), and conclude.
(2-b-II) Otherwise, for n

8 of the cells we have

Kd1

(
himax − himin

himax

)2

≤ cη2,

or
himin
himax

≥ 1− c
1
2

K
1
2
d1

η.

We shall now prove that if c, η0 and a are well chosen, this last case 2-b-II can
not occur.
Let us decrease the value of η0 such that c

1
2

Kd1
η0 ≤ 1

2 . The area of each cell
is not smaller then Kd2

k |Ω| so that himax + himin ≥
Kd3
k η, hence we obtain the

following estimate for himin
himin ≥

Kd4
k
η.

l3 l4

d

ωi
di

Kd4
k
η

0
Consequently, there are at least k

8 of the total number of cells such that each
one intersects the straight lines l3 = {x = 8a} and l4 = {x = 1 − 8a} with a
trace of length Kd4

k η,

H1({x = 8a} ∩ ωi) ≥
Kd4
k
η and H1({x = 1− 8a} ∩ ωi) ≥

Kd4
k
.

The sum of all these traces is not smaller than Kd5η on both l3 and l4. Let us
select the lowest and the highest of these cells. Denote A1B1 and A2B2 their
respective diameters. In the quadrilateral A1B1B2A2 at least one angle has
measure not smaller than π

2 . Assume it is B̂1. We project the segment B1B2
on l4. The length of the projection is not smaller than

Kd5η − 2 · 8a · tan(arcsin( 2η√
1− cη2 )).

Consequently, the length of the segment B1B2 is not smaller than the value
above. In the triangle ∆A1B1B2 we have

(A1B2)2 ≥ (A1B1)2+(B1B2)2 ≥ 1−cη2+(Kd5η−2·8a·tan(arcsin( 2η√
1− cη2 )))2

= 1− cη2 + η2(Kd5 −
32a√

1− cη2 − 4η2 )2.
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Let c =
(Kd5

2
)2, 32a = 1

6Kd5 and η0 small enough such that

32a√
1− cη2

0 − 4η2
0

≤ 1
3Kd5.

We get
(A1B2)2 ≥ 1 + 7

36K
2
d5,

in contradiction with our assumption on the diameter length equal to 1.
l3 l4

d

ω2

A2

B2

A1

B1
ω1

Finally, the situation 2-b-II can not hold for the chosen constants, which concludes the
proof.

5.3.5 The main theorem

Theorem 5.35. Let m ∈ N. For n ≥ 2 there exists a constant c > 0 such that for every
Ω ⊂ Rn bounded, open and convex set having as John ellipsoid Ea1,...an with a1 ≥ · · · ≥ an > 0
and for every p : Ω→ (0,+∞) 1

m -power concave function, the following occurs

µ1(Ω, p) ≥ π2

(diam(Ω))2 + c
a2

2
(diam(Ω))4 . (5.97)

Proof of Theorem 5.35. We shall prove the inequality for p = 1 in any dimension N , and the
case of a non constant weight p will follow as a consequence. Indeed, once the inequality
proved for p = 1, in a second step, for any 1

m -concave function p in Rn we raise the dimension
to Rn+m and use the approximation results from Lemmas 5.21 and 5.23. The inequality for
the couple (Ω, p) in Rn is a consequence of the inequalities of the approximating problems
for p = 1 in Rn+m.

Let us fix p = 1. We assume that the John ellipsoid of Ω is Ea1,...an , and satisfies

Ea1,...,an ⊂ Ω ⊂ nEa1,...,an ,

with a1 ≥ · · · ≥ an > 0. By rescaling, it is not restrictive to fix diam(Ω) = 1. This implies
a1 ≥ 1

2n . Moreover, by approximation arguments, we can also assume that Ω is smooth such
that the first eigenfunction u of Ω belongs to C2(Ω). We denote by M a bound of its norm
in W 2,∞(Ω).

It is enough to consider only sets for which a2 ≤ a2, where a2 is fixed, but small. Indeed,
for every a2 > 0 and a ≥ a2, the inequality holds true for a small enough constant c (depending
on a2), as a consequence of the rigidity result (Proposition 5.32).

We shall proceed with the modified Payne-Weinberger procedure. In order to organize
the partition of the set Ω, we assume that a1 is aligned on e1 and a2 is aligned on en (this last
convention is just to simplify notation). We proceed with the partition during n− 2 steps.
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Let us call ω1, . . . ωk, the partition thus obtained. We have that

sup
i=1,...k

|ωi| → 0 as k →∞,

otherwise u would be zero in a non-zero measure set. For each cell ωi, let us denote di its
diameter, wni the width parallel to en direction, ηi the depth in this same direction and wi
the minimal width. For each such cell there exists a plane Pi parallel to en which contains a
diameter di of ωi such that

εk = sup
i=1,...k

inf{ε > 0 : ωi ⊆ Pi ⊕Bε} → 0 as k →∞.

As in [121], we introduce a local rectangular coordinate system (e′1, . . . , e′n−1, en) with
e′1, en-axes parallel to Pi. Let π(ωi) be the projection of ωi on Pi parallel to the e′2, . . . , e′n−1
axes, which is a convex set with diameter not larger than di.

Let us denote ωx1,xn
i the section of ωi, by the co-dimension 2 affine space passing through

the point (x1, 0, . . . , 0, xn) orthogonal to e′1, en-axes. We denote

p(x1, xn) = Hn−2(ωx1,xn
i ),

and observe that p is 1
n−2 concave.

Identifying (x, y) ≡ (x1, xn), we have∣∣∣∣∣
ˆ
ωi

u2 dx−
ˆ
π(ωi)

pu2 dxdy

∣∣∣∣∣ ≤ 2M2|ωi|εk. (5.98)

The same argument gives ∣∣∣∣∣
ˆ
ωi

u dx−
ˆ
π(ωi)

pu dxdy

∣∣∣∣∣ ≤M |ωi|εk. (5.99)

∣∣∣∣∣
ˆ
ωi

|∇x1,xNu|
2 dx−

ˆ
π(ωi)

p|∇x,yu|2 dxdy
∣∣∣∣∣ ≤ 2M2|ωi|εk. (5.100)

Taking into account these inequalities, we haveˆ
ωi

|∇u|2 ≥
ˆ
π(ωi)

p|∇x,yu|2 − 2M2|ωi|εk

≥ µ(π(ωi), p)
ˆ
π(ωi)

p

∣∣∣∣∣u−
 
π(ωi)

u

∣∣∣∣∣
2

− 2M2|ωi|εk

= µ(π(ωi), p)
[ˆ

π(ωi)
pu2 −

( 
π(ωi)

pu

)2 ˆ
π(ωi)

p
]
− 2M2|ωi|εk

≥ µ(π(ωi), p)
[ ˆ

π(ωi)
pu2 − ‖u‖∞

ˆ
π(ωi)

hipu
]
− 2M2|ωi|εk

≥ µ(π(ωi), p)
[ ˆ

ωi

pu2 −M2|ωi|εk
]
− 2M2|ωi|εk

Above, we shall use the quantitative weighted two dimensional inequality for the (n− 2)-
power concave function p,

µ(π(ωi), p) ≥ π2 + c(width(π(ωi))2.

We can formally write ˆ
ωi

|∇u|2 ≥ (π2 + ca2
2(π(ωi)))

1
k
− CΩ|ωi|εk. (5.101)
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Let us note that the width of π(ωi) in the direction en coincides with the width of ωi in
the same direction, denoted wni . We stress the fact that there exists a constant Kd6 such that
for half of the cells

wni ≥ Kd6a2.

This is a consequence of Lemma 5.31, indeed let η = η(x1, . . . , xn−1) be the depth of Ω in
(x1, . . . , xn−1) in the direction en. For some ξ > 0 let

Ωξ = {(x1, . . . , xn−1) : η(x1, . . . , xn−1) ≥ ξa2}.

Clearly, when
(Pe⊥n (ωi) ∩ Ωξ) 6= ∅ =⇒ wni ≥ ξa2.

Let k0 be the number of cells for which wni < ξa2. We shall estimate this number from above
as follows. We know that

|ωi| ≈ wnπ(ωi)H
n−1(Pe⊥n (ωi)) ≥ Cn

K

k
a1 . . . an.

Hence, for each of those cells,

ξHn−1(Pe⊥n (ωi)) ≥ Cn
K

K
a1a3 . . . an.

Summing the inequality above for all those cells and estimating from above by Hn−1(Pe⊥n (Ω))
the measure of the projection on e⊥n of Ω we get

ξHn−1(Pe⊥n (Ω)) ≥ Cn
K

k
k0a1a3 . . . an.

On the other hand
Hn−1(Pe⊥n (Ω)) ≈ a1a3 . . . an,

hence

(ξ − Cn
K

k
n0)a1a2a3 . . . an ≥ 0.

Let choose ξ = Cn
K
2 . Consequently, k0 ≤ k

2 .
Hence we will work only with the half of the cells for which

wnπ(ωi) ≥ Kd6a2. (5.102)

while for the others we will use µ(π(ωi), p) ≥ π2. Note that each cell satisfying (5.102) enjoys,
following [105], µ1(π(ωi), p) ≤ π2

(Kd6a2)2 := CΩ. In particular, if diam(π(ωi)) ≥
√

1− ca2
2 then

a2(π(ωi)) ≥ Kd7w
n
π(ωi) ≥ Kd8a2.

Summing inequalities (5.101), we get

ˆ
Ω
|∇u|2 ≥ π2

2 + π2

2 + c

2 min{1,Kd8}2a2
2,

and conclude the proof.
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5.4 Neumann and Steklov principal eigenvalues in collapsing
domains

Let us consider

P = { h ∈ L∞(0, 1) : h non negative, concave and not identically zero } ,

and
P1 =

{
h ∈ P

∣∣∣∣∣
ˆ 1

0
h(t) dt = 1

}
.

In this section, for a given h ∈ P, we study the first eigenvalue of the Sturm-Liouville problem
− d

dx

(
h(x)dv

dx
(x)
)

= µ1(h)h(x)v(x) x ∈ (0, 1),

h(0)dv
dx

(0) = h(1)dv
dx

(1) = 0,
(5.103)

and the first of the Sturm-Liouville problem
− d

dx

(
h(x)dv

dx
(x)
)

= σ1(h)v(x) x ∈ (0, 1),

h(0)dv
dx

(0) = h(1)dv
dx

(1) = 0.
(5.104)

These two quantities came from the study of the Neumann and Steklov problems for
sequences of collapsing domains. More precisely

µ1(Ωε) = µ1(h) + o(1) as ε→ 0, (5.105)

σ1(Ωε) = σ1(h)
2 ε+ o(ε) as ε→ 0. (5.106)

where h = h+ + h− and

Ωε =
{

(x, y) ∈ R2
∣∣∣∣∣ 0 ≤x ≤ 1,
−εh−(x) ≤ y ≤ εh+(x).

}
(5.107)

Both for µ1(h) and σ1(h) we can give a variational characterisation

µ1(h) = inf
u∈H1(0,1)´ 1
0 uh dx=0

ˆ 1

0
(u′)2h dx

ˆ 1

0
u2h dx

, (5.108) σ1(h) = inf
v∈H1(0,1)´ 1

0 v dx=0

ˆ 1

0
(v′)2h dx

ˆ 1

0
v2 dx

, (5.109)

Let us observe that the following compactness result for P holds true

Lemma 5.36. Let hn ∈ P1 be a sequence of functions, then there exists h ∈ P such that, up
to a subsequence, we have:

• hn converges to h in L2(0, 1);

• hn converges to h uniformly on every compact subset of (0, 1).

We also recall a continuity property of the eigenvalues µ1(h) and σ1(h).

Lemma 5.37. Let hn, h ∈ P1 be a sequence such that hn converges in L2(0, 1) to h. Then
we have

lim
n
µ1(hn) = µ1(h),

lim
n
σ1(hn) = σ1(h).
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5.4.1 Minimization of the Steklov eigenvalue

For every h ∈ P1 we consider the Sturm-Liouville eigenvalue σ1(h) defined in (5.109)
Lemmas 5.36 and 5.37 prove that the problems

max { σ1(h) : h ∈ P1 }

min { σ1(h) : h ∈ P1 }

admit solutions. In particular, the solution to the maximization problem (see for instance
[144]) is given by the parabola p(x) = 6x(1 − x), with corresponding eigenvalue σ1(p) = 12.
In this section, we aim to prove theorem 5.43, namely that the problem

min { σ1(h) : h ∈ P1 } ,

admits as unique solutions the functions T0(x) = 2(1−x) and T1(x) = 2x with corresponding
eigenvalue

σ1(T0) = σ1(T1) = (j′0,1)2/2,
where j′0,1 is the first positive zero of the first derivative of the Bessel function J0.

Remark 5.38. The function
h ∈ P 7−→ σ1(h),

satisfies the following properties:

• monotonicity: for every h0, h1 ∈ P, if h0 ≤ h1 then

σ1(h0) ≤ σ1(h1);

• homogeneity: for every h ∈ P and for every α > 0,

σ1(αh) = ασ1(h);

• concavity: for every h0, h1 ∈ P and for every t ∈ [0, 1], letting ht = (1 − t)h0 + th1,
we have that

σ1(ht) ≥ (1− t)σ1(h0) + t σ1(h1);

• symmetry: let h ∈ P, and let k(x) = h(1− x), then

σ1(k) = σ1(h). (5.110)

Definition 5.1. Let V be a vector space, let C ⊂ V be a convex set, and let z ∈ C. We say
that z is an extreme point of C if it cannot be written as a convex combination of distinct
elements of C. More precisely, if z = (1−t)x+ty, with x, y ∈ C and t ∈ [0, 1], then x = y = z.

Proposition 5.39. Let h ∈ P1. Then h is an extreme point for P1 if and only if there exists
x0 ∈ [0, 1] such that h = Tx0.

Proof. Let us start by proving that for every x0 ∈ [0, 1] the triangle Tx0 is an extreme point
of P1. Let h ∈ P1 and let xM be a maximum point for h, then the concavity of h ensures

h ≥ h(xM )
2 TxM .

Recalling that
´ 1

0 h dx = 1, we get that

h(xM ) = max
[0,1]

h ≤ 2, (5.111)
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and the equality holds if and only if h = TxM .
Let now x0 ∈ [0, 1], and assume that

Tx0(x) = (1− t)h0(x) + th1(x) x ∈ [0, 1],

with h0, h1 ∈ P1, and t ∈ [0, 1]. Since

2 = Tx0(x0) ≤ max{h0(x0), h1(x0)},

and
2 = (1− t)h0(x0) + th1(x0),

we get equality in (5.111) for both h0 and h1. Therefore, h0 = h1 = Tx0 , and we have proved
that Tx0 is an extreme point of P1.

We now prove that the triangles are the only extreme points of P1. Let h ∈ P1 be such
that h 6= Tx0 for every x0 ∈ [0, 1].

We begin by assuming that h(1) > 0. Notice that, in this setting, there exists s ∈ (0, 1),
such that the function

hs = h− sT0
1− s ∈ P1.

In particular, we get
h = (1− s)hs + sT0,

that is, h is not an extreme point of P. An analogous computation can be done when h(0) > 0.
Assume now that h(0) = h(1) = 0 and let ν be the positive Radon measure representing

−h′′. Since h 6= Tx0 for every x0, then there exists y0 ∈ (0, 1) such that ν([0, y0]) > 0 and
ν((y0, 1]) > 0. Let

ν1 = ν|[0,x0], ν2 = ν|(x0,1],

and let h1, h2 be the solutions to{
−h′′1 = ν1,

h1(0) = h1(1) = 0,

{
−h′′2 = ν2,

h2(0) = h2(1) = 0.

We have that h1, h2 ∈ P and h = h1 + h2, so that, letting

h̃i = hi´ 1
0 hi dx

, i = 1, 2,

we get h̃1, h̃2 ∈ P1, and
h = th̃1 + (1− t)h̃2,

with t ∈ (0, 1). Hence, h is not an extreme point of P1.

Proposition 5.40. Let h ∈ P1 be a solution to problem (5.113), then h is an extreme point
of P1.

Proof. Let h ∈ P1 be a solution to problem (5.113). By contradiction assume that h is not
an extreme point of P1. Let h0, h1 ∈ P1 \ {h } and t ∈ (0, 1) such that

h = (1− t)h0 + th1.

Let v ∈ H1(0, 1) be an eigenfunction for σ1(h) with
ˆ 1

0
v2 dx = 1,
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then

σ1(h) =
ˆ 1

0
(v′)2h dx = (1− t)

ˆ 1

0
(v′)2h0 dx+ t

ˆ 1

0
(v′)2h1 dx

≥ (1− t)σ1(h0) + tσ1(h1).

On the other hand, by the minimalityof σ1(Ω), we have

σ1(h0) =
ˆ 1

0
(v′)2h0 dx, σ1(h1) =

ˆ 1

0
(v′)2h1 dx.

Therefore, v is also an eigenfunction for σ1(h0) and σ1(h1). Let us now prove that h0 = h,
thus reaching a contradiction. From the weak form of equation (5.104), we have that for
every ϕ ∈ H1(0, 1)

ˆ 1

0
v′ϕ′h dx = σ1(h)

ˆ 1

0
vϕ dx

= σ1(h0)
ˆ 1

0
vϕ dx =

ˆ 1

0
v′ϕ′h0 dx,

that is ˆ 1

0
(h− h0)v′ϕ′ dx = 0

for every ϕ ∈ H1(0, 1), which yields h = h0, since, for every ψ ∈ L2(0, 1), we can choose

ϕ(x) =
ˆ x

0
ψ(t) dt.

In order to study the minimum problem (5.113), we need to evaluate σ1 on triangles, and
we will need the following result, whose proof can be found in [94].

Lemma 5.41. Let x0 ∈ [0, 1]. Then σ1(Tx0) is the first non-zero root σ of the equation

J0
(√

2σx0
)
J ′0

(√
2σ(1− x0)

)
+ J0

(√
2σ(1− x0)

)
J ′0

(√
2σx0

)
= 0. (5.112)

In addition, here we summarize the properties of the Bessel function J0 which we will use.

Proposition 5.42. Let J0 be the Bessel function of the first kind of order 0, and let j0,1 and
j′0,1 be the first zero of J0 and J ′0 respectively. Then

0 < j0,1 < j′0,1,

and

J0(x) ≥ 0 ∀x ∈ (0, j0,1),

J ′0(x) ≤ 0 ∀x ∈ (0, j′0,1),

J0(x) < 0 ∀x ∈ (j0,1, j′0,1).

Theorem 5.43. The minimum problem

min
h∈P1

σ1(h) (5.113)

admits the functions T0 and T1 as unique solutions.
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Proof. By lemmas 5.36 and 5.37 we have that the minimum problem (5.113) admits a solution.
On the other hand, bypropositions 5.40 and 5.39 we have that a solution to (5.113) has to be
a triangle Tx0 for some x0 ∈ [0, 1]. By the symmetry of σ1 stated in (5.110), we notice that
to prove the theorem it is sufficient to show that the function

x0 ∈
[
0, 1

2

]
7→ σ1(Tx0),

attains its minimum for x0 = 0.
Let j0,1 and j′0,1 be the first positive roots of J0 and J ′0 respectively. For every x ∈ [0, 1/2],

and s ∈ [0,+∞), let

F (x, s) = J0(sx)J ′0(s(1− x)) + J0(s(1− x))J ′0(sx),

which is the function defined in lemma 5.41 that determines the value σ1(Tx0). Let x0 ∈
(0, 1/2) and let s(x0) be the smallest non-zero root of the equation

F (x0, s) = 0. (5.114)

We claim that
s(x0) ∈ Ix0 =

(
j0,1

(1− x0) ,min
{
j0,1
x0

,
j′0,1

1− x0

})
. (5.115)

Indeed, since J0 and −J ′0 are positive in (0, j0,1), and x0 < 1− x0, then

F (x0, s) < 0 ∀s ∈
(

0, j0,1
1− x0

]
.

On the other hand, using again the properties in proposition 5.42, a direct computation gives

F

(
x0,min

{
j0,1
x0

,
j′0,1

1− x0

})
> 0,

thus proving the claim. Notice that (5.115) gives

J0(s(x0)x0) > 0, J0(s(x0)(1− x0)) < 0,

J ′0(s(x0)x0) < 0, J ′0(s(x0)(1− x0)) < 0.
(5.116)

Since J0 solves the equation
J ′′0 (t) + J ′0(t)

t
+ J0(t) = 0, (5.117)

then we have

∂sF (x0, s) =J ′0(sx0)J ′0(s(1− x0))− J0(sx0)J0(s(1− x0))

− 1
s

(
J0(sx0)J ′0(s(1− x0)) + J0(s(1− x0))J ′0(sx0)

)
.

In particular, (5.114) and (5.116) ensure that

∂sF (x0, s(x0)) > 0. (5.118)

By the implicit function theorem, the function x0 7→ s(x0) is continuous, differentiable and

s′(x0)∂sF (x0, s(x0)) + ∂xF (x0, s(x0)) = 0.

Using (5.117), direct computations give

∂xF (x0, s(x0)) = −J0(s(x0)(1− x0))J ′0(s(x0)x0)
x0

+ J(s(x0)x0)J ′0(s(x0)(1− x0))
1− x0

.
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As before, (5.116) ensure that
∂xF (x0, s(x0)) < 0. (5.119)

Joining (5.118) and (5.119), we have that s′(x0) > 0 and x0 7→ s(x0) is increasing. Finally,

σ1(Tx0) = s2(x0)/2

is increasing for x0 ∈ (0, 1/2), and the minimum is achieved when x0 = 0.

Remark 5.44. Equation (5.112) for x0 = 0 reduces to

J ′0

(√
2σ
)

= 0

that is, σ1(2x) = σ1(T0) = (j′0,1)2/2.

5.4.2 An alternative proof for the minimum of σ(h)
In this section, we minimize σ1(h) using an alternative approach that avoids the explicit
computation of the eigenvalue. In particular, our aim is to define a particular kind of sym-
metrization that allows us to prove that solutions to (5.113) have to be monotone. Before
defining the aforementioned symmetrization we prove an equivalent formulation for the eigen-
value σ1(h), referring to the ideas for the proof in [118, Lemma 4.2]

Proposition 5.45. Let h ∈ P1, then

σ1(h) = min


ˆ 1

0
(ϕ′)2 dx

ˆ 1

0

ϕ2

h
dx

∣∣∣∣∣∣∣∣∣
ϕ ∈ H1

0 (0, 1),
ˆ 1

0

ϕ2

h
dx <∞

 .
Proof. Let v ∈ H1(0, 1) be a weak solution to (5.104) and let w = hv′. Then, since w′ =
−σ1(h)v, we have that w ∈ H2(0, 1) ∩H1

0 (0, 1) and that is a solution to−w
′′(x) = σ1(h)

h(x) w(x) x ∈ (0, 1)

w(0) = w(1) = 0,
(5.120)

and ˆ 1

0
(w′)2 dx

ˆ 1

0

w2

h
dx

= σ1(h). (5.121)

Following classical arguments (see for instance [74]) we have that v vanishes in one and only
one point x0 ∈ (0, 1), so that w′ vanishes only in x0. Without loss of generality, we can
assume that w′ is positive in [0, x0) and it is negative in (x0, 1]. Let now ϕ ∈ H1

0 (0, 1) be
such that ˆ 1

0

ϕ2

h
dx < +∞.

Then, for every 0 < x < x0, we have that

1
h(x)ϕ

2(x) ≤ 1
h(x)

(ˆ x

0

(ϕ′(t))2

w′(t) dt

)(ˆ x

0
w′(t) dt

)

= w(x)
h(x)

ˆ x

0

(ϕ′(t))2

w′(t) dt.
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Then, integrating from 0 to x1 < x0, we get
ˆ x1

0

ϕ2(x)
h(x) dx ≤

ˆ x1

0

w(x)
h(x)

ˆ x

0

(ϕ′(t))2

w′(t) dt dx

=
ˆ x1

0

(ϕ′(t))2

w′(t)

ˆ x1

t

w(x)
h(x) dx dt.

Using (5.120), and the fact that w′(x1) > 0, then we have
ˆ x1

0

ϕ2(x)
h(x) dx ≤ 1

σ1(h)

ˆ x1

0
(ϕ′(t))2 dt.

Letting x1 go to x0 we have
ˆ x0

0

ϕ2(x)
h(x) dx ≤ 1

σ1(h)

ˆ x0

0
(ϕ′(x))2 dx. (5.122)

Similar computations can be done in the case x > x0, so that we have
ˆ 1

x0

ϕ2(x)
h(x) dx ≤ 1

σ1(h)

ˆ 1

x0

(ϕ′(x))2 dx. (5.123)

Joining (5.122) and (5.123) we have
ˆ 1

0

ϕ2(x)
h(x) dx ≤ 1

σ1(h)

ˆ 1

0
(ϕ′(x))2 dx,

that is ˆ 1

0
(ϕ′)2 dx

ˆ 1

0

ϕ2

h
dx

≥ σ1(h). (5.124)

Since w is an admissible function, the assertion follows from (5.121) and (5.124).

We now define the rearrangement mentioned above. Let

w : [0, 1]→ R

be a quasi-concave piecewise C1 function such that∣∣{w′ = 0}
∣∣ = 0, s w(0) = w(1) = 0,

and let us denote by
wM = max

[0,1]
w,

and by xM the maximum point of w. We aim to rearrange w in such a way that the derivative
of the rearranged function w] concentrates at the left of the new maximum point x∗M .

For every t ∈ (0, wM ), we define (xt, yt) := {w(x) > t}, and the distribution functions

η1(t) = xM − xt = |{w > t } ∩ (0, xM )|,
η2(t) = yt − xM = |{w > t } ∩ (xM , 1)|.

(5.125)

Notice that
η1 : (0, wM )→ (0, xM ), η2 : (0, wM )→ (0, 1− xM )
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are both decreasing, invertible, absolutely continuous functions, and that, for a.e. t ∈ [0, 1],

η′1(t) = − 1
|w′(xt)|

, η′2(t) = − 1
|w′(yt)|

.

Let us now define the rearranged distribution functions in such a way that, for a.e. t ∈ [0, 1],

η′∗,1(t) = max{η′1(t), η′2(t)},
η′∗,2(t) = min{η′1(t), η′2(t)},

(5.126)

namely,

η∗,1(t) := −
ˆ wM

t
max{η′1(s), η′2(s)} ds,

η∗,2(t) := −
ˆ wM

t
min{η′1(s), η′2(s)} ds.

(5.127)

Remark 5.46. Here we emphasize some properties of these distribution functions:

• for every t ∈ (0, wM ), we have

η1(t) + η2(t) = η∗,1(t) + η∗,2(t) = |{w > t}|;

• by (5.126), we have that, for a.e. t ∈ (0, wM ),

1∣∣∣η′∗,1(t)
∣∣∣ = max

{ 1
|η′1(t)| ,

1
|η′2(t)|

}

= max{
∣∣w′(xt)∣∣, ∣∣w′(yt)∣∣},

and

1∣∣∣η′∗,2(t)
∣∣∣ = min

{ 1
|η′1(t)| ,

1
|η′2(t)|

}

= min{
∣∣w′(xt)∣∣, ∣∣w′(yt)∣∣}.

• By (5.126), we have

1∣∣∣η′∗,1(t)
∣∣∣α + 1∣∣∣η′∗,2(t)

∣∣∣α = 1
|η′1(t)|α + 1

|η′2(t)|α (5.128)

for every α ∈ R.

• for t = 0, we denote by
x∗M := η∗,1(0) = 1− η∗,2(0),

this will play the role of the maximum point for the rearranged function.

• the functions

η∗,1 : (0, wM )→ (0, x∗M ), η∗,2 : (0, wM )→ (0, 1− x∗M )

are decreasing, invertible, absolutely continuous functions.

We now define the rearrangement w] as follows:
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Figure 5.4: Function w# when w is a quasi-concave affine function

Definition 5.2. Let w be a quasi-concave piecewise C1 function such that∣∣{w′ = 0}
∣∣ = 0, w(0) = w(1) = 0,

and let η1, η2, η∗,1 and η∗,2 be the functions defined in (5.125), and (5.127). We define the
competitor w# as

w](x) =
{
wm − η−1

∗,1(x) if x ≤ x∗M ,
wm − η−1

∗,2(1− x) if x > x∗M .

Remark 5.47. From the definition we have that w] is increasing in [0, x∗M ) and decreasing in
(x∗M , 0], so that w] is quasi-concave. Moreover, we have that w] and w are equi-measurable,
i.e. ∥∥∥w]∥∥∥

Lp(0,1)
= ‖w‖Lp(0,1)

for every p ∈ [1,+∞].

We now prove some useful properties of this rearrangement.

Lemma 5.48. Let w be a quasi-concave piecewise C1 function such that∣∣{w′ = 0}
∣∣ = 0, w(0) = w(1) = 0,

and let w] be the competitor defined in 5.2. Then

w](x) = (w(1− x))].

Proof. Let us set v(x) = w(1 − x) and ν1, ν2, ν∗,1 and ν∗,2 the equivalent quantities defined
for v. Then we have

ν ′1(t) = η′2(t), ν ′2(t) = η′1(t),

and, in particular,
ν ′∗,1(t) = η′∗,1(t), ν ′∗,2(t) = η′∗,2(t).
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Lemma 5.49. Let w be a quasi-concave piecewise C1 function such that∣∣{w′ = 0}
∣∣ = 0, w(0) = w(1) = 0,

and let w] be its competitor defined in 5.2. Then,∥∥∥(w])′∥∥∥
Lp(0,1)

=
∥∥w′∥∥Lp(0,1) ∀p ≥ 1. (5.129)

Proof. Let us compute separately the norms: by the coarea formula 1.2, we get
ˆ 1

0

∣∣w′(x)
∣∣p dx =

ˆ wM

0

ˆ
{w=t}

∣∣w′(x)
∣∣p−1

dH0 dt

=
ˆ wM

0

(∣∣w′(xt)∣∣p−1 +
∣∣w′(yt)∣∣p−1

)
dt

=
ˆ wM

0

(
1

|η′1(t)|p−1 + 1
|η′2(t)|p−1

)
dt.

(5.130)

Analogously, ˆ 1

0

∣∣∣(w])′(x)
∣∣∣p dx =

ˆ wM

0

1∣∣∣η′∗,1(t)
∣∣∣p−1 + 1∣∣∣η′∗,2(t)

∣∣∣p−1 dt. (5.131)

Joining (5.130), (5.131), and (5.128), we get (5.129).

We now state the property of w] that will be crucial in the proof of theorem 5.43.

Lemma 5.50. Let w be a quasi-concave piecewise C1 function such that∣∣{w′ = 0}
∣∣ = 0, w(0) = w(1) = 0,

and let w] be its competitor defined in 5.2. Assume that

h : (0, 1)→ [0,+∞)

is a concave function, and let h∗ be its increasing rearrangement. Then
ˆ 1

0

w2

h
dx ≤

ˆ 1

0

(w])2

h∗
dx.

Proof. By Fubini’s theorem, we can write
ˆ 1

0

w2(x)
h(x) dx =

ˆ 1

0
w2(x)

ˆ 1
h(x)

0
dt dx =

ˆ ∞
0

ˆ{
1

h(x)>t
}w2(x) dx dt.

The same computation leads to
ˆ 1

0

(w])2(x)
h∗(x) dx =

ˆ ∞
0

ˆ{
1

h∗(x)>t
}(w])2(x) dx dt.

Hence, to prove the lemma it is sufficient to prove that for a.e. t > 0
ˆ{

1
h(x)>t

}w2(x) dx ≤
ˆ{

1
h∗(x)>t

}(w])2(x) dx.
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For every t ∈ (0, ‖1/h‖∞), let us define

Dt :=
{ 1
h(x) > t

}
= (0, x̃t) ∪ (ỹt, 1),

for some x̃t, ỹt ∈ (0, 1). In an analogous way, by the definition of increasing rearrangement
(see (1.4)), we have

D∗t =
{ 1
h∗(x) > t

}
= (0, x̃t + 1− ỹt).

Let m = min{w(x̃t), w(ỹt)}, and let us define the following auxiliary functions

f(x) = min{w(x),m}2, g(x) = (w2 −m2)+,

so that ˆ
Dt

w2 dx =
ˆ
Dt

f dx+
ˆ
Dt

g dx.

Similarly, we define

f0(x) = min{w](x),m}2, g0(x) = ((w])2 −m2)+,

so that ˆ
D∗t

(w])2 dx =
ˆ
D∗t

f0 dx+
ˆ
D∗t

g0 dx.

We now evaluate separately the two terms:

1. By the definition of m, we have that

w(x) > m ∀x ∈ (0, 1) \Dt.

Therefore, since f and f0 are equi-measurable, we get
ˆ
Dt

f(x) dx =
ˆ 1

0
f(x) dx− (1− |Dt|)m2

=
ˆ 1

0
f0(x) dx−

ˆ
(0,1)\D∗t

m2 dx

≤
ˆ 1

0
f0(x) dx−

ˆ
(0,1)\D∗t

f0(x) dx

=
ˆ
D∗t

f0(x) dx,

(5.132)

where we have used that |Dt| = |D∗t |, and that m ≥ f0;

2. 5.48 allows us to assume without loss of generality that w(ỹt) = m. Therefore, the
quasi-concavity of w ensures that

w(x) ≤ m ∀x ∈ (ỹt, 1),

and we can write
ˆ
Dt

g(x) dx =
ˆ x̃t

0
(w2(x)−m2)+ dx =

ˆ wM

m
2r|{w > r} ∩ (0, x̃t)| dr. (5.133)
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On the other hand, ˆ
D∗t

g0(x) dx =
ˆ x̃t+1−ỹt

0
g0(x) dx

≥
ˆ x̃t

0
g0(x) dx

=
ˆ wM

m
2r
∣∣∣{w] > r} ∩ (0, x̃t)

∣∣∣ dr.
(5.134)

We now claim that ∣∣∣{w] > r} ∩ (0, x̃t)
∣∣∣ ≥ |{w > r} ∩ (0, x̃t)|. (5.135)

Indeed, if we let

{w > r} = (xr, yr), {w] > r} = (x∗r , y∗r ),

then (5.126) gives

x∗r = −
ˆ r

0
η′∗,1(s) ds ≤ −

ˆ r

0
η′1(s) ds = xr,

while the equi-misurability of w and w] gives

y∗r = (y∗r − x∗r) + x∗r = (yr − xr) + x∗r ≤ yr.

Therefore we get∣∣∣{w] > r} ∩ (0, x̃t)
∣∣∣ = |{w > r} ∩ (0, x̃t)| if yr ≤ x̃t,∣∣∣{w] > r} ∩ (0, x̃t)
∣∣∣ > |{w > r} ∩ (0, x̃t)| if yr > x̃t,

thus the claim is proved. Finally, joining (5.133), (5.134), and (5.135), we have thatˆ
D∗t

g0(x) dx ≥
ˆ
Dt

g(x) dx, (5.136)

and the result follows from (5.136), and (5.132).

We now turn our attention to the eigenvalue problem.

Alternative proof of 5.43. Let h ∈ P1, by proposition 5.45 we have that

σ1(h) = min


ˆ 1

0
(ϕ′)2 dx

ˆ 1

0

ϕ2

h
dx

: ϕ ∈ H1
0 (0, 1)

 . (5.137)

Let w be a minimizer in (5.137), then by 5.49, and 5.50, we have

σ1(h) =

ˆ 1

0
(w′)2

ˆ 1

0

w2

h

≥

ˆ 1

0
((w])′)2

ˆ 1

0

(w])2

h∗

≥ σ1(h∗). (5.138)

By propositions 5.40, and 5.39, we have that the minimum of σ1 is a triangle Tx0 for some
x0 ∈ [0, 1]. Let h = Tx0 , then h∗ = T1 and, from (5.138), we have

σ1(Tx0) ≥ σ1(T1),

which concludes the proof.
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5.4.3 Ratio µ/σ

In this section, we prove the following theorems.

Theorem 5.51. There exists an invertible operator

G : P → P

such that, for every h, k ∈ P, we have(ˆ 1

0
h(t) dt

)2

µ(h) = σ (G(h)) , (5.139)

and (ˆ 1

0

1√
k(t)

dt

)2

σ(k) = µ(G−1(k)). (5.140)

We begin by defining an operator G on P as follows: let h ∈ P, and let

H(x) = 1´ 1
0 h(t) dt

ˆ x

0
h(t) dt; (5.141)

we notice that H is a strictly increasing function such that H(0) = 0 and H(1) = 1. We then
define

G(h)(x) = h2(H−1(x)).

Lemma 5.52. Let h ∈ P. Then G(h) ∈ P, and the map

G : P → P

is invertible.

Proof. Since h ∈ P, then h′ is defined a.e. in [0, 1], and h′ is decreasing. We also have that
H−1 is a locally Lipschitz function and

d

dx
H−1(x) = 1

h(H−1(x))

ˆ 1

0
h(t) dt. (5.142)

Therefore, G(h) is a.e. differentiable and

d

dx
G(h)(x) = 2αh′(H−1(x)),

where
α =

ˆ 1

0
h(t) dt.

Since H−1 is an increasing function and h′ is decreasing, then G(h) is a concave function,
and G(h) ∈ P.

Let k ∈ P and define
K(x) = 1´ 1

0
1√
k(t)

dt

ˆ x

0

1√
k(t)

dt, (5.143)

then we want to prove that √
k(K−1(x)) = G−1(k)(x). (5.144)

First we prove that
√
k ◦K−1 ∈ P. By direct computation,

d

dx

√
k(K−1(x)) = βk′(K−1(x))

2k(K−1(x)) ,
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where
β =

ˆ 1

0

1√
k(t)

dt.

This proves that
√
k ◦K−1 is concave, since K−1 is increasing and h′/h is decreasing because

of the concavity of h. On the other hand, to prove (5.144), we observe that with a change of
variables we get ˆ x

0

√
k(K−1(t)) dt = K(x)´ 1

0
1√
k(t)

dt
,

and by definition of G we get

G
(√

k ◦K−1
)

(x) = k(x).

We now prove that G is the operator in proposition 5.51.

Proof of 5.51. Let v ∈ H1(0, 1) be a function such that
ˆ 1

0
v(t)h(t) dt = 0,

and let H denote the integral function defined in (5.141). The change of variables H(t) = s
yields (ˆ 1

0
h(t) dt

)ˆ 1

0
v(t)h(t) dt =

ˆ 1

0
v(H−1(s)) ds,

(ˆ 1

0
h(t) dt

)ˆ 1

0
(v′)2(t)h(t) dt =

ˆ 1

0
(v′)2(H−1(s)) ds,

and (ˆ 1

0
h(t) dt

)ˆ 1

0
v2(t)h(t) dt =

ˆ 1

0
v2(H−1(s)) ds.

Let w(x) = v(H−1(x)), then by (5.142),

w′(x) =
(ˆ 1

0
h(t) dt

)
v′(H−1(x))

(
G(h)(x)

)− 1
2 .

Hence, ˆ 1

0
(v′)2(t)h(t) dt

ˆ 1

0
v2(t)h(t) dt

=
(ˆ 1

0
h(t) dt

)−2

ˆ 1

0
(w′)2(t)G(h)(t) dt
ˆ 1

0
w2(t) dt

.

Choosing v = vµ to be the eigenfunction of µ1(h), then we get

µ1(h) ≥
(ˆ 1

0
h(t) dt

)−2

σ1(h).

On the other hand, choosing w = wσ to be the eigenfunction of σ1(G(h)), we get

µ1(h) ≤
(ˆ 1

0
h(t) dt

)−2

σ(G(h)),
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which gives (5.139).
Let k ∈ P and let K be the integral function defined in (5.143). If we evaluate the integral

on the right-hand side by means of the change of variables t = K(s), we finally get

ˆ 1

0
h(t) dt =

(ˆ 1

0

1√
k(t)

dt

)−1

,

which gives (5.140).

The following punctual estimate will be crucial.

Proposition 5.53. Let h ∈ P. Then(ˆ 1

0
h(t) dt

)−1

G(h)(x) ≤ 2h(x).

Proof. Up to rescaling h, we can assume without loss of generality that h ∈ P1. Notice, in
addition, that if h ≡ 1, then the proof is trivial. Therefore, let h ∈ P1 and h 6= 1, and define

H(x) =
ˆ x

0
h(t) dt.

We claim that there exists a unique x̄ ∈ [0, 1] such that

H(x) ≤ x x ∈ [0, x̄],
H(x) ≥ x x ∈ [x̄, 1].

(5.145)

Indeed, if we denote by
f(x) = H(x)− x,

then, by the concavity of h and the integral constraint, we have that the equation h = 1
admits at most two solutions (h cannot be equal to 1 in an entire interval, otherwise the
concavity would give ‖h‖1 < 1). Therefore, we have that there exist two points x1 ∈ [0, 1),
and x2 ∈ (0, 1] such that

f ′(x) < 0 x ∈ [0, x1) ∪ (x2, 1],
f ′(x) > 0 x ∈ (x1, x2).

Finally, noticing that f(0) = f(1) = 0, then we have that there exists a unique zero x̄ of f in
the interval [x1, x2], thus the claim is proved. In particular, we have that

H−1(x) ≥ x x ∈ [0, x̄],
H−1(x) ≤ x x ∈ [x̄, 1],

and h(x̄) > 1.

These estimates allow us to compare the derivatives of G(h) and h. Denoting by g(x) =
G(h)(x), we have that

g′(x) = 2h′(H−1(x)) ≤ 2h′(x) x ∈ [0, x̄], (5.146)
g′(x) = 2h′(H−1(x)) ≥ 2h′(x) x ∈ [x̄, 1]. (5.147)

We recall that, as in (5.111), the concavity of h ensures that

‖h‖∞ ≤ 2.



150 Shape optimization in convex sets

Therefore, we get
g(0) = h2(0) ≤ 2h(0),

and by (5.146),
g(x) ≤ 2h(x) x ∈ [0, x̄].

Analogously,
g(1) = h2(1) ≤ 2h(1),

and, by (5.147),
g(x) ≤ 2h(x) x ∈ [x̄, 1].

Proposition 5.54. Let h ∈ P1.
G(h) = 2h

if and only if h = Tx0 for some x0 ∈ [0, 1].

Proof. By direct computation, one can prove that if h = Tx0 for some x0 ∈ [0, 1], then

h2(x) = 2h(H(x)).

Let us now assume that G(h) = 2h. Notice that, if y ∈ [0, 1] is a fixed point of the integral
function H, then

h2(y) = h2(H−1(y)) = G(h)(y) = 2h(y), (5.148)
so that either h(y) = 0 or h(y) = 2. In particular, if h(y) = 2, then by the concavity of h, we
have that

h(x) = Ty(x) ∀x ∈ [0, 1].
Since 0 and 1 are always fixed points of H, if either h(0) = 2 or h(1) = 2 the assertion is
proved. Therefore, let us assume that

h(0) = 0 = h(1),

then the equation h = 1 admits at least two distinct solutions 0 < x1 < x2 < 1 and, arguing
as in the proof of proposition 5.53, we have that there exists a fixed point x̄ ∈ [x1, x2] for the
function H and, by (5.148), necessarily h(x̄) = 2 and h = Tx̄.

Proposition 5.55. Let h ∈ P1, then

µ1(h)
σ1(h) ≤ 2 (5.149)

and the equality holds if and only if h = Tx0 for some x0 ∈ [0, 1].

Proof. Let w be an eigenfunction for σ1(h). Using Theorem 5.51, 5.53, and the variational
characterization of σ1(G(h)), we obtain

µ1(h) = σ1(G(h)) ≤

ˆ 1

0
(w′)2G(h) dx
ˆ 1

0
w2 dx

≤
2
ˆ 1

0
(w′)2h dx

ˆ 1

0
w2 dx

= 2σ1(h), (5.150)

thus proving (5.149). Assume now that for some h ∈ P1 equality holds, then by (5.150) we
have ˆ 1

0
(w′)2(G(h)− 2h) dx = 0. (5.151)

Since G(h) ≤ 2h, then (5.151) yields G(h) = 2h, and 5.54 ensures that h = Tx0 for some
x0 ∈ [0, 1].



Neumann and Steklov principal eigenvalues in collapsing domains 151

Remark 5.56. Since it is not possible in general to have that G(h) ≥ h, then the same
argument cannot be used for the lower bound

µ1(h)
σ1(h) ≥ 1.

For instance, let
h(x) = 1

2 + x,

then G(h)(0) = h2(0) < h(0), while G(h)(1) = h2(1) > h(1).

Here we prove the lower bound in theorem 5.58 in the symmetric case.

Proposition 5.57. Let h ∈ P1 such that h(1− x) = h(x) for all x ∈ [0, 1]. Then

µ1(h)
σ1(h) ≥ 1. (5.152)

Proof. Let g = G(h). By the variational characterization (5.137) of σ1, and proposition 5.51,
we can find a function w ∈ H2(0, 1), symmetric with respect to x = 1/2, such that

µ1(h) = σ1(g) =

ˆ 1

0
(w′)2(x) dx

ˆ 1

0

w2(x)
g(x) dx

, (5.153)

and w solves the problem−w
′′(x) = σ1(h)

h(x) w(x) x ∈ (0, 1),

w(0) = w(1) = 0.

We can choose w to be positive and concave, so that

w′(x) ≥ 0 in
(

0, 1
2

)
,

w′(x) ≤ 0 in
(1

2 , 1
)
.

(5.154)

Moreover, by the variational characterization (5.137), we get

σ1(h) ≤

ˆ 1

0
(w′)2(x) dx

ˆ 1

0

w2(x)
h(x) dx

, (5.155)

and then, joining (5.153) and (5.155), we get

µ1(h)
σ1(h) ≥

ˆ 1

0

w2(x)
h(x) dx

ˆ 1

0

w2(x)
g(x) dx

.

To prove (5.152) it is sufficient to prove that
ˆ 1

0

w2(x)
g(x) dx ≤

ˆ 1

0

w2(x)
h(x) dx.
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We now compute the left-hand side by means of the change of variables x = H(y), where

H(y) =
ˆ y

0
h(t) dt,

so that ˆ 1

0

w2(x)
g(x) dx =

ˆ 1

0

w2(H(y))
h(y) dy.

We now notice that the symmetry of h gives (5.145) with x̄ = 1/2, namely

H(y) ≤ y x ∈
[
0, 1

2

]
,

H(y) ≥ y x ∈
[1

2 , 1
]
.

(5.156)

Finally, joining (5.156), and (5.154), we have
ˆ 1

0

w2(x)
g(x) dx =

ˆ 1

0

w2(H(y))
h(y) dy ≤

ˆ 1

0

w2(y)
h(y) dy,

which concludes the proof.

From what we said, we have the following.

Theorem 5.58. Let h ∈ P1. Then
µ1(h)
σ1(h) ≤ 2,

and the equality holds if and only if h = Tx0 for some x0 ∈ [0, 1]. If, in addition, h(x) =
h(1− x) for every x ∈ [0, 1], then

µ1(h)
σ1(h) ≥ 1.

Proof. The result follows from propositions 5.55 and 5.57
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