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PREFACE

Mathematical epidemiology is the cross-disciplinary branch of mathematics
that investigates infectious disease outbreaks and associated mortality pat-
terns within human populations. It employs mathematical models as analyt-
ical tools to comprehend and assess the spread of epidemics, forecast their
impact on humanity and devise a priori strategies for infection prevention
and control. Daniel Bernoulli is credited with the earliest mathematical con-
tributions to epidemiology, dating back to 1760 [10] and 1766 [11]. In his
works, he addressed the effectiveness of the variolation® technique in reduc-
ing the mortality rate of smallpox (see [41] for a contemporary reformula-
tion of Bernoulli’s approach in terms of differential equations). In the early
twentieth century, William Hamer [53] and Ronald Ross [87] proposed the
mass-action principle of transmission, a pivotal concept in mathematical epi-
demiology. This principle was based on the idea that the net rate of spread is
jointly proportional to the number of infectious individuals and the number
of susceptible people, i.e. those who may get the infection.

The pioneering work of Kermack and McKendrick [58] in 1927 estab-
lished the basic foundations of mathematical epidemiology with the age-of-
infection model

S'(t) = BS(t) /Ooo S'(t—s)A(s) ds, (1)

for which we refer to [20, 39] and references therein. Here, S(t) is the num-
ber of susceptibles at time ¢, B > 0 represents the constant rate of effective
contacts and A(s) € L}(Ry) is the non-negative mean infectivity of an in-
dividual who became infected s units of time ago. It has been proved that,
provided the initial value is positive, the solution S(t) to (1) is positive, mono-

The variolation procedure involved the intentional introduction of pulverized dried small-
pox scabs or pustule fluid into an individual’s skin. This method yielded a milder manifes-
tation of the disease with a reduced mortality rate compared to natural smallpox infection.
However, it did not prevent transmission and could even facilitate the spread of other dis-
eases, such as syphilis and hepatitis.



tonically non-increasing and convergent to the final size S(o0) € (0, +0) as
t — +o00. The value S(o0) represents the number of individuals who have
not been infected during the epidemic and provides a quantification of its
impact on the population. It is related to the basic reproduction number Ry
(i.e. the average number of new infections generated by a single infected in-
dividual) through a transcendental equation known as the final size relation
[16, 20].

The age-of-infection model (1) inherently accounts for the dependence of
the infectivity on the time elapsed since the infection. Furthermore, it is
general enough to encompass compartmental differential models with an
arbitrary number of compartments [14, 18, 46] and multiple infective and
treatment stages [15-17]. Several extensions of the original Kermack and
McKendrick model have appeared in the scientific literature over time, en-
riching the class of age-of-infection models based on non-linear Integral and
Integro-Differential Equations (IEs and IDEs, respectively). In [14, 16, 24, 36]
the model (1) was expanded to incorporate demographic turnover and dis-
ease deaths. A more general age-of-infection epidemic model with two path-
ways, covering symptomatic and asymptomatic infections, was presented in
[7]. An extensive examination on the effect of restrictive interventions such
as quarantine and vaccination policies was conducted in [14-16, 46]. More re-
cently, some variants of the original model exploring heterogeneously mixed
populations [17, 20, 23, 33, 36, 50, 62] have emerged, with the aim to inves-
tigate the impact of multifaceted human interactions on the transmission of
the disease.

Modeling epidemics using IEs and IDEs leads to a more realistic depiction
of the infection’s spread, as it allows for the consideration of arbitrarily dis-
tributed disease stages [36, 46], improving traditional approaches based on
differential equations. Moreover, the integral operators naturally incorporate
incubation and latent periods of diseases, as well as the delay between the
introduction of restrictive measures and the observation of their effect on
the course of the epidemics. These peculiarities make age-of-infection mod-
els suitable to describe the dynamics of infectious diseases like smallpox [2],
AIDS [3, 91, 92], SARS [14, 15], cholera [22], COVID-19 [42, 47, 56, 57] and
influenza [48].

Numerical simulations assume a crucial role in the field of mathemati-
cal epidemiology by providing timely responses to epidemics and offering
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early or real-time insights. Classical numerical approaches, such as colloca-
tion methods [26] or Runge-Kutta and block-by-block schemes [63], represent
accurate integrators for problem (1). However, achieving the continuous dy-
namics may require small time steps, resulting in significant computational
costs. Moreover, attaining an asymptotic behaviour for the numerical solu-
tion that mirrors the one of the continuous model can be challenging. In this
perspective, the interest arises to devise dynamically consistent numerical
methods able to replicate, at the discrete-time level and with no limitations
on the stepsize, the dynamical and asymptotic properties of the solution to
(1). Our primary goal is then to develop positivity-preserving schemes that
consistently yield positive numerical solutions, regardless of the discretiza-
tion stepsize. Furthermore, given the significant role of the final size of the
epidemic

S(o0) = tgrfoo S(t),

we are interested in providing approximations of the solution to (1) which
retain its asymptotic behaviour. We emphasize that classic error analysis is
typically performed over bounded intervals and that the convergence of a
numerical scheme is not sufficient to meet the requirement above. Therefore,
accounting for these aspects and motivated by the dearth of established nu-
merical methods with the described attributes in the scientific literature, we
present in this dissertation a set of ad hoc strategies specifically designed to
address the original Kermack and McKendrick integro-differential model (1)
and some of its variants.

Non-Standard Finite Difference (NSFD) discretizations are extensively em-
ployed for epidemic models governed by non-linear Ordinary Differential
Equations (ODEs) to design unconditionally positive numerical methods [6,
59, 93, 96]. The NSFD approach, initially introduced by Mickens in the lat-
ter half of the last century [78-80], has only recently found application to
integral problems [64]. In [71], we introduce a novel non-standard numerical
method to integrate the problem (1). In [75] we extend the same technique
to a multidimensional Volterra integro-differential system, which generalizes
(1) and includes a variety of age-of-infection epidemic models. In both cases,
the proposed linearly implicit schemes preserve the positivity, monotonicity
and boundedness of the continuous-time solution without any constraint on
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the stepsize. Furthermore, the asymptotic limit of the numerical solution, as
the number of time steps tends to infinity, behaves coherently with respect to
the reference problem. Nevertheless, such methods exhibit only linear con-
vergence and may become too demanding from a computational perspective
for long-term integration tasks, requiring a delicate balance between accu-
racy and computational costs.

Direct Quadrature (DQ) [28] numerical methods for Volterra IEs and IDEs
are highly effective and widely employed computational techniques that di-
rectly discretize the integral operators, providing accurate and stable numeri-
cal solutions [30, 68, 77]. However, ensuring the properties of the continuous-
time solution to (1) for this kind of methods, may lead to severe restrictions
on the stepsize, posing practical limitations in the context of long-time sim-
ulations. To overcome this drawback, while retaining the benefits of a DQ
approach, we exploit in [72] an equivalent exponential form of the evolution
operator in (1) and integrate it by DQ method of any order. The resulting
scheme possesses the dual advantage of automatically providing positive
numerical solutions and of attaining high accuracy. Under the assumption
of the existence of a discrete final size, intended as the limit of the numeri-
cal solution as the number of time steps goes to infinity, we prove that the
proposed method replicates the asymptotic behaviour of the model.

The open problem of the existence of the numerical final state and of its
convergence to the continuous limit drives our investigation towards the
wider domain of discrete Volterra equations, of which the method in [72] is
a specific instance. A comprehensive analysis of non-linear implicit Volterra
discrete equations of convolution type is then carried out in [74]. There, suf-
ficient conditions for their solutions to converge to a finite limit are pro-
vided, with applications to the stability analysis of linear methods for im-
plicit Volterra Integral Equations (VIEs).

Finally, in [73] the DQ discretization based on the exponential reformula-
tion is applied to the system of IDEs representing the multi-group age-of-
infection model with heterogeneous mixing. The proposed method yields
accurate, unconditionally positive and long-time behaviour preserving ap-
proximations of the continuous solution. Given these properties and the gen-
erality of the scenarios to which the multi-dimensional model refers, the
numerical method presented in [73] completely fulfills the requirement for
approximation schemes that provide precise simulations over extended time
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intervals. Consequently, it represents an efficient and reliable tool for com-
prehending infectious disease outbreaks.

The present dissertation comprises four parts and six chapters, organized
as follows. Chapter 1 serves as an introduction to the rest of the thesis and
aims to familiarize the reader with some well-established theoretical findings
concerning the class of age-of-infection models. Starting from (1), heterogene-
ity is gradually introduced in the population by initially differentiating symp-
tomatic patients from asymptomatic ones, and later by extending this distinc-
tion to an arbitrary number of groups. The corresponding continuous models
are considered with a particular emphasis on the qualitative and asymptotic
properties of the solution. A comprehensive integro-differential framework
that unifies the specific age-of-infection models examined in Chapter 1 is
then formulated.

Chapter 2 and Chapter 3 constitute the Part II of the thesis, where the
dynamically consistent approximation of the continuous-time solution to
the scalar model (1) is addressed. A linearly implicit, first order numeri-
cal method based on a non-standard finite difference discretization of the
integral term is presented in Chapter 2. The proposed method preserves the
essential properties of the continuous model, unconditionally with respect
to the integration step-length &, and replicates the continuous dynamics as
h — 0.

Aiming to attain higher accuracy in the simulation, we reformulate the
Kermack and McKendrick model as an implicit Volterra integral equation
in Chapter 3. Then, the discretization of this equation by direct quadrature
schemes with Gregory convolution weights results in an accurate numerical
method able to replicate the asymptotic behaviour of the epidemic. Specifi-
cally, we prove that the numerical solution remains positive and bounded for
any step size i and that it inherits the arbitrarily high order of convergence
from the underlying quadrature rule. We introduce the discrete equivalents
of the basic reproduction number and of the final size relation and demon-
strate that they play a role in the discrete dynamics that exactly mirrors their
counterparts in the continuous model.

A thorough investigation of the solutions to non-linear implicit Volterra
discrete equations is carried out with the Part III and Chapter 4. There, we
obtain results about the existence, uniqueness and boundedness of such solu-
tions under mild assumptions on the non-linearity. Emphasis is placed on the



asymptotic analysis of implicit discrete VIEs, along with the identification of
conditions governing the convergence of the state variable to a finite limit
or the onset of oscillations. Since the analysis is conducted across a general
discrete time framework, it proves well-suited for capturing the dynamics
of intrinsic discrete time models and of numerical methods, as well. Specif-
ically, our theoretical findings are relevant in the context of approximating
renewal equations for age-of-infection epidemic models and estimating their
final size. As a matter of fact, the open question raised in Chapter 3 concern-
ing the existence of the asymptotic limit of the DQ numerical solution to (1),
is there addressed. Furthermore, the convergence of this limit, as the stepsize
vanishes, towards the continuous final size is proved.

Considered the benefits of the NSFD and DQ techniques in approximat-
ing the solution to the original model (1), it naturally follows to apply these
approaches to multidimensional age-of-infection models as well. These ex-
tensions are elaborated in Part IV (Ch. 5 and Ch. 6) of the thesis. More specif-
ically, in Chapter 5 we present a direct quadrature method for the integro-
differential system describing an outbreak in a mixed host population. For
the proposed scheme, two crucial properties are established: the uncondi-
tional positivity and the inheritance of the high order convergence from the
underlying Gregory quadrature rule. Additionally, for some choices of the
convolution weights and realistic infectivity functions, the monotonicity of
the continuous solution is retained too. The theoretical findings of Chapter 4
regarding implicit Volterra discrete systems are then employed to show the
existence, uniqueness and positivity of the asymptotic limit of the numerical
solution. Remarkably it is proved that the discrete final size converges, as h
approaches zero, towards the continuous one. This theoretical achievement
represents the central outcome of Chapter 5, as it establishes the asymptotic
numerical solution as an accurate approximation of the continuous-time so-
lution’s limit.

Chapter 6 delves into the non-local approximation of the general renewal
type system outlined in Chapter 1, which includes several age-of-infection
models. The aim is to provide a comprehensive NSFD numerical framework
to analyze a wider class of problems whose continuous dynamic is well
known in the literature and to deepen the investigation in cases where the
theory lacks. In general, the study carried out in Chapter 6 can be regarded as
a stability numerical investigation on a class of epidemic problems that act as
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test equations. The role of the test equations is twofold. Primarily, as the pro-
posed method unconditionally preserves the qualitative characteristics of the
continuous solution, it exhibits reliability in facilitating quantitative assess-
ments, including crucial aspects such as the detection of epidemic peaks and
of the final size. Additionally, the method’s inherent properties suggest its
potential effectiveness in addressing more complex problems, such as mod-
els incorporating disease-induced mortality or time-varying coefficients.

Each chapter includes numerical experiments and simulations designed
to validate the theoretical results, accompanied by pseudo-code sketches of
the algorithms. Some remarks and insights on future works conclude the
dissertation.
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“If I have been able to see further,
it was only because I stood

“Macte nova virtute, puer, on the shoulders of giants”
sic itur ad astra” — Sir Isaac Newton.

— Publius Vergilius Maro,
Aeneid, Book IX, 641.
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Part |

THE CLASS OF AGE-OF-INFECTION EPIDEMIC
MODELS

In this introductory chapter, we discuss equivalent formulations
of the age-of-infection model (1) and underline its relation to com-
partmental differential models. A comprehensive overview of the
main theoretical results is provided, with a specific emphasis on
the asymptotic behavior of the solution. Furthermore, the exten-
sions of the model to more general situations are addressed. More
specifically, we consider the model accounting for the difference
between symptomatic and asymptomatic infections and its gener-
alization to a heterogeneous multi-group population. Finally, we
formulate a unified framework based on renewal integral equa-
tions which encompasses all the aforementioned models and sce-
narios.



INTRODUCTION

1.1 THE AGE-OF-INFECTION MODEL

The original Kermack and McKendrick model (1) delineates the dynamics of
an epidemic within a closed population, for which demographic and mor-
tality effects are neglected. The age-of-infection model’s key feature is the
time-varying total infectivity

o(t) = — /O+OOA(S)S’(t _s)ds,

which depends on the time elapsed since the infection (the age of infection).
The function ¢(t) accounts for the contribution of the entire history of the
epidemic to the total infectivity. As a matter of fact, it traces the number of
new infections, —S'(7) at time T = t —s, for all T < t. Here, S(t) denotes
the number of susceptible individuals, i.e. those who may contract the in-
fection. Our investigation builds upon the assumption that the time t = 0
corresponds to the disease outbreak, so that S(t) = N for all t < 0 (we refer
to [14, 16, 20, 22] and references therein for a detailed description). Equation
(1) can be rewritten as follows

S'(t) = —BS(t)g(t)

¢(t) = @o(t) + ,B/OtA(t —5)S(s)g(s) ds, (1.1)

where the given function ¢o(t) = — [~ A(s)S'(t —s) ds > 0 is the total
infectivity, at time t, of members of the population who were infected at
t = 0 (see [14] for further details). In general the inequality

Po(t) < A(£)(N = So), (1.2)

holds true for t € RI, where N > 0 is the constant population size and
So = S(0) € (0,N] is the initial number of susceptible individuals. Thus,



1.1 THE AGE-OF-INFECTION MODEL

(1.2) turns to an equality when the supplementary assumption is made that
all initial infectives have infection-age zero at the disease outbreak (see, for
instance, [16]). The first equation of (1.1) incorporates the standard bilinear
mass-action principle ([53, 87]) for the incidence® at time t. There, B > 0 is
the constant rate of effective contacts and A(s) € L!(R;) is the non-negative
mean infectivity of members of the population with infection age s, includ-
ing those who are no longer infectious. More specifically, A(s) = 7t(s)B(s),
where 0 < B(s) € L}(R{) is the fraction of infected members remaining in-
fected at infection age s, and 0 < 71(s) < 1 is the mean infectivity of infected
individuals at infection age s ([14, 19]). The number I(t) of infected (and
infective) members of the population at time ¢ is then given by

1) =~ [ BE)S (- 9)ds = Io(t) + [ Bt 9)S(s)p(s) ds, (1)

with 0 < In(t) < B(t)(N — Sp), for t > 0.

Henceforward, we will equivalently refer to (1) or (1.1) as needed. There is
ample literature which deals with the description and analysis of the age-of-
infection epidemic model of the form (1.1). Here we outline the main facts,
that will represent our guidelines for constructing dynamically consistent
numerical schemes.

e The functions S(t) and ¢(t) are non-negative. Additionally, the positiv-
ity assumption on the initial value Sy = S(0) implies that S(t) > 0 for
t>0.

e From the first of (1.1), S(t) is a non-increasing function which decreases
to the finite value S(c0), as t — oo. Further details on the asymptotic
behaviour of the solution are provided in Subsection 1.1.1.

e When ¢((t) = 0 for all t > 0, the solution to (1.1) is constant. Therefore,
owing to (1.2), the condition Sy = N leads to the disease-free equilib-
rium (S(t), ¢(t)) = (N,0), t € R, representing a population in which
the disease does not spread.

1 The incidence is the number of instances of illness commencing, or of persons falling ill,
during a given period in a specified population [84].



1.1 THE AGE-OF-INFECTION MODEL

* The basic reproduction number [16],

Ro = BN /OOOA(S) ds, (1.4)

is the number of secondary disease cases produced by one typical pri-
mary case and represents an important indicator of the risk of epidemic.
Its role can be clarified through the following invasion criterion. Based
on the consideration that at the disease outbreak the entire population
is susceptible (S(t) ~ N), the linearization around the disease free equi-
librium of (1) yields

S'(t) = /m/ [S(F—s)]A(s) ds,
0
which has a solution S(t) = Ne'', with an exponential growth rate r, if
1= ,BN/ A(s)e " ds.
0

Therefore Ry can be expressed in terms of the initial growth rate

Sy A(s) ds
S A(s)ers ds”

Ro (1.5)

and it points out that an epidemic situation, for which initially the
solution grows exponentially (see [18]), is characterized by

r>0 & Ro > 1.
Moreover, the relation (1.5) provides a mean to estimate the basic repro-

duction number from measurements of the initial exponential growth
rate provided the infectivity distribution is known.



1.1 THE AGE-OF-INFECTION MODEL

1.1.1  Asymptotic Behaviour and Final Size Relation

In this section, we present well-established results pertaining to the asymp-
totic behavior of the solution to the age-of-infection model (1.1). The final
size of the epidemic S(o0) = lim; 1 S(t) provides insights on the impact
of the outbreak on the population. As a matter of fact, S(c0) quantifies the
portion of the population unaffected by the infection, while N — S(oc0) cor-
responds to the total number of individuals infected over the course of the
epidemic.

Here we report the final size relation, a transcendental equation relating the
final size to the basic reproduction number defined in (1.4) and show that

S(o0) > 0. Furthermore we underline that, under regularity assumptions on

the known functions of problem (1.1), ¢(t) guazeg) Dividing both members

of (1.1) by S(t), integrating with respect to t from zero up to infinity and
taking advantage of Dirichlet’s formula (see, for instance, [28, p. 11]), yields

log( ) ﬁ/ ) dt — /s/ (/ (t—s)ds) dt
_5/+w ) dt — ,8/ (/ (t—s)dt) ds

=5 [ Too(t) — (N = so) A1) di + B (N = S(c0)) [ AGs) s
(1.6)

which shows the positivity of the final size. Therefore, S(oo) satisfies the
non-linear equation

08 (5 ) = (1= 557 ) Ract B [ ot - (N = S0)a) a1, 1)

commonly referred to as the final size relation®. A slight generalization of the
results in [16], corresponding to the scenario where (1.2) holds as an equality,
leads to a proof of uniqueness for the solution to the final size relation (1.7)
lying within the interval (0, So).

2 The quantity 1 — S(o0)/N represents the attack ratio [16], indicating the proportion of in-
fected individuals in the population.

9
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The asymptotic behaviour of the function ¢(t) can be examined by the
same arguments. As a matter of fact, by integrating the second equation in
(1.1) with respect to t over the interval [0, +o0), we obtain:

/+wq)(t) dt < (N — 5(c0)) /+OOA(S) ds.
0 0

Assume that the known functions A(t) and ¢o(f) are smooth enough to
ensure the differentiability of the solution to (1.1). Therefore ¢(¢) > 0 belongs
to C1(RJ) NLY(Ry) and the total infectivity vanishes as t approaches infinity.
A similar result for the function I(t) can be derived from (1.3).

1.1.2  Reformulation in Terms of the Force of Infection

The original model (1) is equivalently restated in terms of the Force of Infec-
tion3 (Fol) function

E(t) = — /O+°° S'(t—s)A(s) ds,

in [36, 39]. The incidence at time t is expressed as the product F(¢)S(#) and
it is evident that the current value of the Fol depends on the past incidence.
In this context, the non-negative kernel A(s) € L!(R;]) represents the ex-
pected contribution to the force of infection from an individual with an age
of infection s. The age-of-infection model then reads

(1.8)

Although the distinct epidemiological interpretations of the involved func-
tions, a direct comparison of the incidence equations reveals that the system
(1.8) coincides with (1.1) when F(t) = B¢(t). Thus, the two formulations are
equivalent from a mathematical perspective and share the same qualitative

The force of infection is by definition the probability per unit of time for a susceptible to
become infected [36].

10



1.1 THE AGE-OF-INFECTION MODEL

properties. In the following subsection, as we explore the connection with
differential epidemic models, we exploit both formulations interchangeably.

1.1.3 Derivation of Compartmental Models

Compartmental epidemic models partition the population into distinct com-
partments based on the individuals” disease status. By tracking the transi-
tions between these clusters, they provide valuable insights into the progres-
sion of an epidemic and aid in assessing various control measures. Here,
we illustrate how to derive well-established compartmental models from the
age-of-infection model.

THE SIR MODEL The Susceptible-Infective-Recovered model (see, for in-
stance [54] and [67, ch. 2]) is obtained from (1.1) by assuming that the infec-
tious period follows an exponential distribution with parameter «, or equiva-
lently that infectives have a constant probability per unit of time & to become
removed [14]. Assume that all initial infective have infection-age zero at t = 0.
In this case (1.2) holds as an equality,

Aty =e™, At = —aA(t), B(t)=A(t), n(t)=1

and the differentiation with respect to t of the second equation in (1.1) yields

() = 9(6) + BAOS((1) + 5 [ (1= 5)5(:)o(s) d
= BS(1)p(1) — ag(®)

Finally, from (1.3), I(t) = ¢(t) and the age-of-infection model reduces to

S'(t) = —pS(H)I(t),
I'(t) = BS(t)I(t) — al(t),
R'(t) = al(t),

where the last equation is derived from the relation N = S(t) + I(t) + R(t)
for all t > 0, corresponding to the assumption of a closed population. The
flowchart of the SIR model is reported in Figure 1a.

11
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R0 OROLOLOL0

(a) Flowchart of SIR model. (b) Flowchart of SEIR model.

Figure 1: Diagrammatic frameworks of compartmental models. The solid arrows
represent the transitions between different compartments.

THE SEIR MODEL There is ample evidence that exponential distributions
of stay in compartments are much less realistic than gamma distributions [16,
46], which can be expressed as the sum of exponential ones. These consider-
ations allow to view the Susceptible-Exposed-Infective-Recovered model as
an age-of-infection model of the form (1.1). Assume that x is the probability
per unit of time for an exposed member to become infective at infection age
s, while a denotes the probability for an infective individual to transition
into the removed state [14]. In this case,

K(efuct _ efoct) Kefoct _ txe*"t

Therefore, taking E(t) = ﬁf (8)S(t —s)p(t —s) ds — (t), I(t) = ¢(t)
and R(t) = N — (S(t ) + E(t) + ( )) in (1.1) leads to the differential model

S'(t) = —BS()1(t),

E'(t) = BS(t)I(t) — KE(t),
I'(t) = xE(t) — al(t),
R(t) = al(t),

whose flowchart is reported in Figure 1b.
THE GENERAL COMPARTMENTAL MODEL As detailed in [35, Sec. 9.3]

and [38, Sec. 4 and Sec. 6], a general compartmental model with n compart-
ments assumes the following standard form

Y/(t) = ZY(t) + (F(1)S(1))V, (1.9)
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where U € R, V € R™! and £ € R™*". In this context, the components
of the vector Y(t) € R"*! represent the states of the model at time ¢, whose
contribution to the force of infection F(t) is expressed through the compo-
nents of U. The vector V contains crucial information about the incidence,
while the matrix X governs the autonomous Markov chain dynamics of the
states. Notably, the model (1.9) aligns with the age-of-infection model (1.8)
with

+oo
A(H) = U™V and YU):i/ SEVE(t—8)S(t —s) ds.
0

1.2 THE SYMPTOMATIC AND ASYMPTOMATIC AGE-
OF-INFECTION MODEL

Substantial evidence highlights the significant impact of asymptomatic cases
on infectious disease progression, including COVID-19 (see [65, 69, 88, 90]
and references therein). Therefore the distinction between symptomatic and
asymptomatic infections in an epidemic model is a key element for compre-
hending transmission dynamics and anticipating long-term consequences.

An age-of-infection model accounting for both infection pathways is de-
scribed in [7], by the following system

Vp)
~
—~
A
~—
I

~ SO0 + 9" (1),
90 = ghl0) + 5 [ F(E= ) A= )SE (@) + ') s (110)

a [t
WU)Z@HO+¢QA(1—fU—SDA%ﬁ—@5@X¢@)+¢%ﬂ)%-
Model (1.10) tracks the evolution of the epidemic by differentiating between

the infectivity functions of symptomatic and asymptomatic individuals, de-
noted as ¢°(t) and ¢“(t), respectively. The total infectivity, given by

@(t) = ¢°(t) + ¢"(t),

13



1.2 THE SYMPTOMATIC AND ASYMPTOMATIC AGE-OF-INFECTION MODEL

plays a crucial role in the incidence equation. An analogous distinction is
made for the non-negative functions

Pp(t) < (N —S0)A%(¢) and 9o(t) < (N — So)A"(t),

which describe the contribution to the total infectivity of people who got
infected before the initial time (the positive value Sy = S(0) is given).

Regarding the known parameters of the model, N > 0 is the total size of
the closed population and a > 0 is the average number of contacts made
by a member per unit of time. The function f(¢) € (0,1) denotes the prob-
ability at time f for an individual to develop symptoms after infection and
can be formulated as a Heaviside function or its smooth approximations
(e.g. generalized logistic functions). Consequently, 1 — f(¢) represents the
probability at time ¢ for an infected individual to become asymptomatic. Fur-
thermore, A%(s) = B%(s)7°(s) € LY(R{) and A%(s) = B(s)n"(s) € LY(R{)
represent the mean infectivity of symptomatic and asymptomatic individ-
uals (infectious or not) with infection age s, respectively. More specifically,
the integrable non-negative functions B*(s) and B“(s) denote the fractions of
infected symptomatic and asymptomatic members remaining infected at in-
fection age s, while 0 < 7t°(s) < 1and 0 < 71%(s) < 1 are the mean infectivity
of infected individuals.

The equations

B = B0+ [ F= B (= 9)SE)0°(s) + ¢7(6)) ds,

; (1.11)

1) = () + 1 [ ft=9)B (1 = 9)SE)(0°(s) + ¢°(6)) ds,
govern the number of symptomatic and asymptomatic patients at time f,
I°(t) and I“(t), respectively. Here, the non-negative functions Ij(t) < (N —
So)B°(t) and I§(t) < (N — So)B“(t) account for individuals who were in-
fected before the initial outbreak. Furthermore, the absence of demographic
turnover leads to the equation

R(t) = N = (5(t) + I(t) + I*(1)),

14



1.2 THE SYMPTOMATIC AND ASYMPTOMATIC AGE-OF-INFECTION MODEL

Figure 2: Flowchart of the symptomatic and asymptomatic age-of-infection model.
The solid and dashed arrows represent the transitions between different
compartments and the occurrences of new infections, respectively.

for the number of recovered people at time t. The modeling flowchart of
(1.10) is depicted in Figure 2. In this scenario, the basic reproduction number,
given by

—+o00 ~+o00

AS(s) ds +a(1— £(0)) / A(s)ds,  (1.12)

0

Ry =af(0) |

0

depends on the initial ratio f(0), as well as on the mean period in each
infective stage, but not on the specific distribution of the stages.

1.2.1  Asymptotic Behaviour and Final Size Relation

To investigate the asymptotic behaviour of the continuous-time solution to
(1.10), we assume that f(t) = f and 1 — f(t) = f for all t > 0. The function
S(t) is positive, monotonically non-increasing and converges to the positive
final size S(o0). Given the definition of Ry in (1.12), by the same arguments
of Subsection 1.1.1, we outline that

08 (50) = 5 ( /0*""(4,3@) 980~ [ A TS 1~ ) as )

( ( ) + 96 (s) /+°Z’fAS<s>+fA“<s>>s'<t—s>dt)ds)

/ 96(s)) ds + Ro SO_TS(“’)

Z |

(1.13)
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which corresponds to the final size relation for the model (1.10). Intuitively, the
final size provides insights on the total number of symptomatic and asymp-
tomatic patients, (So — S(c0))f and (Sg — S(c0))f, respectively. A more de-
tailed derivation of this relationship, based on additional integro-differential
equations for the removed class, is available in [7, pp. 81-82].

The integration over Rar of the second equation in (1.10) and the first in
(1.11) yields

o0
[e 0 d < Nyl [0 < N 1B ey

with Ng() = N — 5(0). Assuming the known functions are sufficiently
smooth, the inequalities above suggest that both the number of infected
symptomatic people and their mean infectivity tend to zero as t approaches
infinity. Thus, analogous results may be carried out for the asymptomatic
infectious pathway and the functions ¢?(t) and I°(t).

1.3 THE AGE-OF-INFECTION MODEL WITH HET-
EROGENEOUS MIXING

The original age-of-infection model (1) lacks population heterogeneity and
the ability to incorporate multifaceted human interactions and individual-
ized responses to contagion. To overcome this issue, several extensions of
the original model addressing heterogeneously mixed population have re-
cently been presented in the literature (see, for instance, [17, 33, 38, 50, 62]
and references therein). In [13], for instance, a time since infection model in-
volving static heterogeneity is devised to assess the efficiency of face masks
as non-pharmaceutical interventions to reduce the spread of the disease (see
also [12] for further details on the model and its relation the Herd Immunity
Threshold (HIT)).
Here, we examine the multi-group age—of-infection model with mixing

d +eo 9
af(t@ tg/pCZ (/0 ai(t—s z)A (s,z)ds)dz, (1.14)

16
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as proposed in [23], where S(t,{) is the number of susceptible members of
group { (i.e. with trait {) at time ¢ and A(s, z) is the mean infectivity of indi-
viduals of group z with infection-age s. In (1.14) the variable { € ¥, identifies
the subpopulation of size N((,t) at time t. Here, the traits are considered
static and do not change during the life of the host individual, who always
belongs to one and only one group. Furthermore, we assume that the state
space X consists of discrete states, so the integral in (1.14) turns to a finite
sum. Under this assumption, ¥ = {1,2,...,d} and the population is parti-
tioned into d disjoint sub-groups P; of constant sizes N;, i = 1,...,d. Let
a; > 0 be the contact rate for members of group P;, and p;; be the frac-
tion of contacts made by a member of P; with a member of P;. Therefore
27:1 pij = 1and, if i # j, a balance [23] or consistency [13] relation

a;pijN; = ajp;iN;, (1.15)

governs the total number of contacts made in unit time by members of group
i with members of group j. In this multi-group heterogeneous setting, the
epidemic model (1.14) reads

d

Si(t) = —aiSi(t) ) %(Pj(t),
=17 (1.16)
t
@i(t) = @oi(t) —/0 Ai(s)Si(t —s) ds, i=1,...,d

Here t = 0 corresponds to the disease outbreak and the initial value SY =
Si(0),i =1,...,d is given. Furthermore, 0 < S;(t) < S? and 0 < A;(s) €
LY(R*) are the number of susceptibles belonging to P; at time t and the
mean infectivity of members of this group with infection age s, respectively.
The non-negative function

—+o00
P0i(t) = —/ Ai(s)S!(t —s) ds, i=1,...,d,
t

belonging to L!(R™), represents the infectivity, at time ¢, of members of P;
who were infected before the initial time t = 0. It is @g;(t) < (N; — S?)A;(t),

17
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where the equality holds if all the initial infectives of group P; are supposed
to have infection-age zero at t = 0 (see, for instance, [16]).

We emphasize that the framework (1.16) is devised to address diverse pat-
terns of contact and a wide range of scenarios, including social interactions
among different age groups, workplace-specific mixing patterns and the in-
fluence of educational and socioeconomic factors. A known type of mixing
between groups is the proportionate* one, introduced by Barbour in 1978 [8].
Based on the assumption that the number of contacts between groups is pro-
portional to the relative activity levels, it yields

pij = Pj, for all 1<q,j<d. (1.17)
Further details on the model can be found in [20, Sec.5.4] and [23], where
it is proved that the solution S;(t), i = 1,...,d, to (1.16) remains positive,

bounded from above by the initial value and non-increasing. Furthermore,
¢(t) >0,fort >0andi=1,...,d.

1.3.1 Asymptotic Behaviour and Final Size Relation

Let S;(00) = lims— 400 Si(f), be the final size of the epidemic. Then, manipu-
lating (1.16) and integrating with respect to t € [0, +o0) leads to the final size
relation

tog <22 ) =
%8\ Si(e0) _alj

a;

—+00

poj(t) dt — /Om(/ot Aj(s)Sj(t —s) ds> dt)

Contyar— [ a0 ( [ se—s) dt) ds)

H( oo dree (52 si0) [ o) )

0

S—

M=
Z|z

1~
Z[=
N
S~

~.
Il
—_

I
2
M-
Z|3

(1.18)

4 From a biological perspective, (1.17) corresponds to a scenario where the distribution of
people who get infected is independent of the distribution of those who transmitted the
infection [37]. For this reason, it is also referred to as a specific instance of separate mixing.
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for i = 1,...,d. Therefore, if @g;(t) = (N; — S?)Aj(t) for each 1 < j < d, the
final size relation reads

S} d Si(o0)\ e |
108 <SZ(OO)> ZQi;pij (1— N] /0 A](S> ds i=1,...,d,

J

where 1 — S;(c0)/N; represents the attack ratio for the group P;.

Since the computation of the dominant eigenvalue of the Next Generation
(NG) operator is, in general, not an easy task, the calculation of the basic
reproduction number Ry for the model (1.16) is involved [23, 37]. However,
when proportionate mixing is assumed, the condition (1.17) results in a sepa-
rable NG operator and Ry = 2?21 pia; f0+°°Aj(s) ds. Furthermore, in this case,
(1.18) simplifies and if a; > 0,1 =1,...,d, the final size can be computed as

Si(c0) = SV, i=1,...,d,
where ¢ solves the scalar non-linear equation

d Pj e a; Hee
log(o) -1—]; ﬁ]] (/0 @oj(s) ds + S?(l -0 /)/0 Aj(s) ds ) =0. (1.19)

A straightforward extension of the results of the previous sections yields the
boundedness of f0+°°(p,-(s) ds for i = 1,...,d. Therefore, under smoothness
assumptions for the given functions, we can conclude lim;_, . ¢;(t) = O,
i=1,...,d

19
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While the previous sections focus on the analysis of specific epidemic models,
here we take a broader approach and formulate a comprehensive framework
that encompasses several scenarios, including the previously investigated
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age-of-infection models. Consider the following 2M + 1 dimensional system
of Volterra integro-differential equations

Si(t) = —BiSi(t)Vi(t),

9i(t) = @io(t) + Bi /Ot Ai(t —5)5i(s)Vi(s) ds, (1.20)

t M
P(t) = Py(t) +/O B(t—s) Y crgn(s) ds,
r=1
where t € Rg and, fori=1,..., M,

Vi(t) = L4y Birgr (1) + aiP(1).

Here @j(t), A;i(t),i=1,...,M, Py(t) and B(t) are given functions and SY =
Si(0) > 0 and &, Bi,c;, Bir > 0,i,r =1,..., M, are given constants.

We introduce the following assumptions to facilitate a theoretical exami-
nation of the properties of the solution to (1.20) and of its numerical approx-
imation, as well. Specifically, we assume that the known functions in (1.20)
belong to C[0, +00) N L]0, +0) and that:

ASSUMPTIONS A fori=1,...,M:
® ‘Xi 2 0/ ,Bir 2 0/ r= 1/---/M/
o S7=5;(0) >0, gio(t) >0, Ait) >0, t >0,
and
e Py(t) >0, B(t) >0, t>0.

ASSUMPTIONS B there exist positive constants ¢gmax, Pomax, Amax, and B
such that:

* 9o(t) < Pomax, Po(t) < Pomax, t =0,
e Ai(t) <Apax,i=1,...,M,t>0,
e hYy, oB(nh) <B,h>0.
ASSUMPTIONS C there exist positive constants A, @, Dy such that for h > 0:
o hY S Ai(nh) <A, i=1,..., M,
o hY % poi(nh) < o, i=1,..., M,

20
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b hE:i% Po(nh) < po.

The third of Assumptions B and the Assumptions C imply that the functions
@io(t), Ai(t),i=1,...,M, Py(t) and B(t) tend to 0 as t — +oc. Furthermore,
these assumptions are particular instances of the condition

hy s Q(nh) <Q, with Qe LY(R]), Q >0, h >0,

which is certainly accomplished, for example, when the function Q'(t) €
L! (RJ) (see [71]) or when Q(t) is strictly non-increasing, which is often the
case in realistic situations.

A thorough analysis of the qualitative properties of the continuous-time
solution to (1.20) may be performed by a generalization of the theoretical
findings in [19, 20, 33]. It can be proved that, under the Assumptions A,

Si(t) >0, ¢@i(t)>0, P(t)>0, forall teRS, i=1,...,M.
If in addition Assumptions B hold, then S;(t), ¢;(t),i =1,..., M and P(t) are

bounded from above. To investigate the asymptotic behaviour of the solution
Si(00) = lims— 0 Si(t), we reformulate the first equation of (1.20) as follows

log (Sié;o)> = _ ‘Biri (ocicr /()Jroo(/ot B(t —s) ¢ (s) ds) dt + Biy /OJroo(pr(t) dt)

+o0
—,31'061'/0 Py(t) dt, i=1,..., M.

(1.21)

From Dirichlet’s formula (see, for instance, [28, p. 11]),

—+o0

[ty at= [ gunte) dtr pi(s? = .(e0)) [ Ad(e) a,

0

/;m(/otza(t —5)¢r(s) ds) dt = (/(:OOB(t) dt) (/()+°§or(t) dt), r=1,...,M
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and therefore S;(o0) satisfies the limiting algebraic system R;(x) = 0, i =
1,...,M, where R; : RM 5 R is given by

0

Ri(x) =log (%) iy /0 T po(t) dt — B f <5ir + e, /0 B dt)

r=1

. (59 (1 . ;C_;) /0+oo Ay(t) dt+/0+oo Por () dt) ,

(1.22)

with x = [xq,..., xM]T, if a solution to the system exists. Moreover, from the
Assumptions B,

Ipill 1 sy < Noill sy + BiS I Aill i g,

which leads to lim; 4 @;(t) = 0, i = 1,..., M, under differentiability hy-
potheses for the known functions.

1.4.1 Derivation of Age-of-infection Models

As already pointed out, the motivation for considering system (1.20) is that it
represents a general problem that includes a variety of epidemic mathemat-
ical models that, taking into account the age of infection, involve memory
terms. We report some examples and demonstrate how to recover the mod-
els examined in the previous sections.

I. The unified framework (1.20) reduces to the original age-of-infection model
(1.1) when

M = ]-/ X1 = O/ 511 = 1/ ﬁl = ,3/ 1 = 0/ B(t) = PO(t) - 0/

for t > 0. The final size relation (1.6) coincides with the equation
R1(S(0)) = 0, with Rq(x) defined in (1.22).

11. The age-of-infection model accounting for both symptomatic and asymp-
tomatic infections (1.10) corresponds to the general system (1.20) with

M=2  «=0, f;=1 pi=a/N, =0,
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fori,j € {1,2} and

1 S(t),  As(t) = f(£)A%(t), p1(t) = ¢°(t),  B(t) =0,
Sa(H) = S(t), Ax(t) = (1= FDAE), ga(t) = ¢"(),  P(t) =0,
for t > 0. Due to these identifications, the system R;(S(o0)) =0,i = 1,2,
matches the final size relation (1.13).

111. The age-of-infection model in a multi-group heterogeneous population
(1.16) may be derived from (1.20) by taking
M:d, 0(1':0, ,31']': %, ,Bi:ai, CiZO, B(t) :Po(t) =0,
]
fori,j =1,...,Mand t > 0. Thus, (1.18) directly adheres to the alge-
braic system R;(x) =0,i=1,..., M, where R;(x) is given in (1.22).

1v. In [33] the virus shedding epidemic model is studied

Si(t) = —BiSi(t)P(t),

pilt) = pu(t) + B | At = $)S,(5)P(s) ds, (1.2

P(t) = Py(t) + /Ot L(t—s)(r11(s) +r2¢a(s)) ds,

i = 1,2, where P(t) is the pathogen shed by infected individuals of each
group at a rate 1 and r, respectively. Here, B;, i = 1,2, are the contact
rates, Aj(s) and A;(s) are the mean infectivity of individuals in group
1 and 2 at age of infection s and I'(s) is the fraction of pathogen remain-
ing s time units after having been shed by an infectious individual (see
also [19, p. 168] in case of homogeneous mixing). The comprehensive
framework (1.20) coincides with (1.23) when M = 2, a; = 1, B;; = 0,
ci=rqi,j=1,2and B(t) =T(t), for t > 0.



Part II

DYNAMICALLY CONSISTENT NUMERICAL
METHODS FOR THE AGE-OF-INFECTION
MODEL

In this part of the thesis we propose two unconditionally pos-
itive numerical methods for approximating the solution to the
integro-differential Kermack and McKendrick model (1). Chapter
2 presents a linearly implicit scheme based on a non-local dis-
cretization of the memory term. This method preserves positivity,
monotonicity and boundedness of continuous-time solutions, as
well as the final size relation for the epidemic and plays the role of
a discrete epidemic model. Nevertheless, the major drawback of
the non-standard approach lies in its linear convergence rate. In
fact, despite its straightforward implementation due to its linearly
implicit formulation, it may pose high computational costs when
aiming for accurate long-term simulations. The issue of low ac-
curacy is then addressed, for the same scalar integro-differential
equation, in Chapter 3. There, the direct quadrature discretization
of the model, reformulated as an exponential Volterra integral
equation, results in a high order and positive numerical scheme.
Remarkably, this numerical method retains the asymptotic prop-
erties of the solution and, for a fixed accuracy, it outperforms the
NSFD method in terms of computational cost.



A NON-STANDARD FINITE
DIFFERENCE SCHEME

In this chapter we propose a dynamically consistent numerical method for
the scalar age-of-infection model (1). We refer to Subsection 1.1 for the nota-
tions, the assumptions and the theoretical results that are utilized throughout
this chapter.

2.1 THE NON-STANDARD NUMERICAL METHOD

Consider an uniform mesh t,, = nh, where n > 0 and h > 0 is the stepsize.
We define the following discretization scheme for (1.1)

Sn+1 :Sn - h,BSn—&—lqon

n
@1 =9o(tn1) +hBY_ A(tni1-7)Sit19;,
=0

(2.1)

where Sgp = 5(0), 9o = ¢o(0) and S, = S(t,), ¢n =~ @(t,), for n > 0. Here, we
have discretized the integral in (1.1) by a modified rectangular rule, which is
a left approximation in A(f)¢(t) and a right approximation in S(t). For this
reason, the numerical scheme (2.1) falls into the class of Non-Standard Fi-
nite Difference (NSFD) methods, originally introduced for differential equa-
tions (see [78] and references therein) and only recently extended to integral
problems [64]. In the same fashion, the NSFD discretization of equation (1.3)
reads

n
Ins1 = Io(tpsa) + B Y B(tui1-j)Sii19), n=0,1,..., (2.2)
=0

where I, ~ I(t,) is the approximation of the number of infected individuals
at time t,. A pseudo-code implementation of the linearly implicit method
(2.1) is presented with the Algorithm 1.
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2.1 THE NON-STANDARD NUMERICAL METHOD

Algorithm 1 : Non-Standard Finite Difference Scheme for (1.1)
Inputs: 1, T,B,So, o(t), In(t), A(t), B(t)
Outputs : [to,...,ta], [So,---,Sal, (@0, -, @al, Lo, - -, In]
i< [T/h], to <0
for0<n<n-—1do
thy1 < (Tl + 1) h
for0 <j<mndo

L aj < A( n+1 _t')

b < B( n+1 — ti )

Sut1 ¢ Su(1+hBg,)~!

8 ol — [S1,--.,Sus1l o [@o,- -, ul // Component-wise product
9 Py Qo(tni1) +hBo" -0
10 Int1 < IO(tn+1> + hIBU;H—l ‘b

)

N

N U AW

N

2.1.1  Qualitative Properties of the Numerical Solution

In this subsection, we investigate the numerical solution obtained using the
NSFD method (2.1) and demonstrate that it exhibits qualitative properties
mirroring those of the continuous solution to (1.1), regardless of the integra-
tion step-length. From now on, we make the following additional assump-
tions on the known functions describing problem (1.1)

@o(t) = A(t)(N — Sp), for t >0, (2-3)
Al(t) € LY(RY). (2.4)
The following preliminary lemma is a generalization to the convergence

result stated in [34, Cor. p. 208].

Lemma 2.1. Let A(t) € LY(R]) be a differentiable function satisfying (2.4). Then,
foreach h > 0,

400 +o00
BY All) < [ AW+ HIA g (2.5)
n=0
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2.1 THE NON-STANDARD NUMERICAL METHOD

and
+o0 +o0
limh Y- A(tin) = [ Alt)d, 6
lim n;) (tw) = | Al) (2.6)
Proof. Immediately comes from [77, Lem.1]. O

The following result concerns the unconditional preservation at the discrete-
time level of the properties of the continuous solution to the age-of-infection
model highlighted in Subsection 1.1.

Theorem 2.2. Let {Sy, }en, and { @n }nen, be the solutions to the discrete equations
in (2.1), with h > 0 and non-negative initial values Sy, ¢o = ¢o(0). Then:

* S, and ¢y are non-negative, for all n € N;
* the sequence {Sy },cn, is non-increasing;

* {Su}tnen, and {@n}nen, are bounded sequences,

lim S, = Seo(h) >0 and lim ¢, = 0.

n—oo n—o00

Proof. For the first two items we proceed by induction to prove that the state-
ment S,11 > 0, ¢y41 > 0and S, 41 < Sy, holds for all n € Ny and /2 > 0.
The case n = 0 is true because the initial values are non-negative. Assume
n > 0 and that the properties hold true for each j = 1,...,n — 1. Therefore,
14+ hB¢, > 1 and from (2.1) and (2.2)

Sn
< = <
n
Pn1 = @o(tus1) +hB Y Atyi1-)Sjs195 >0
=0

In order to prove the third item we observe that, for each > 0, since
{Sn}nen, is a non-negative, non-increasing sequence, then it is bounded
from above by Sy and convergent to a finite non-negative value Se(h). Fur-
thermore, the second of (2.1) and assumption (2.3) on ¢o(t), imply that
on < N- SUP; Rt A(t), for all n > 0, so also {¢,},cn, is bounded by the
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2.1 THE NON-STANDARD NUMERICAL METHOD 28

same constant that does depend neither on 7 nor on h. Again from the sec-
ond of (2.1) and assumption (2.3) we have

+00

+o00 +o0 +oo
hY @ni1=(N—=So)h Y Altuy1) +hB Y Siv1pih Y Alty1).  (2.7)
n=0 =0 0

n=0 j n=

In equation (2.7), the first of (2.1) and condition (2.5) lead to

400 +o0
hY @1 < (N = Se(h)) (/0 A(t)dt+h|yA’HLl(RO+)> :
n=0

It is clear that for & smaller than an arbitrary i > 0, it is

—+o00

—+00
Y, ¢ni1 <N </
n=0 0

Then ¢, converges to zero, as n — 400, for any h > 0, which completes the
proof. O

Remark. Analogous arguments to those presented in Theorem 2.2 establish a non-
negativity result for the solution {I},cn, of the discrete equation (2.2). Further-
more, it can be demonstrated that, regardless of h > 0, lgn I, =0.

n—oo

2.1.2  Error Analysis and Convergence

The non-local integration rule in (2.1), based on a combination of explicit
and implicit integrand approximations, is designed to unconditionally pre-
serve the qualitative properties of the continuous solution. However, owing
to this non-standard approach, the analysis of the approximation error is
not straightforward. Here we refer, when needed, to the equivalent compact
notations for the continuous problem (1.1) and the numerical method (2.1),

. ]
t
/
0

-l
@(t) po(t)

-1 0 ][S(s)(p(s)] ds,
0 A(t—s)| |S(s)e(s)
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and

ThpY

j=0

Sj-l—l ¢]] , (29)

~1 0 ]
0 A(tn+1 — t]) S]'_|_1(p]'

[sm] _ [ So
Pn+1 q)O(tn—H)
for n = 0,1,.... The local truncation error of the NSFD scheme (2.9) then
reads

S(h;ty) = /tn -1 0 ] [S(S)<P(S)
b LO A(ta—s)] [S(s)g(s)

w0 st (p<t->]
—h J 71 n=20,1,....
Lo A(tn—t»”(- (1)

Lemma 2.3. Assume that the given function A(t), describing problem (1.1), is
continuously differentiable on an interval [0, T|, with T < +oo. Then the method
(2.1) is consistent with (1.1), of order 1.

Proof. The assumption on A(t) implies that also S(t) and ¢(t) are continu-
ously differentiable on [0, T]. Let h = T /7, with 71 positive integer. Because of
the convergence properties of rectangular quadrature rule (see for example
[34]), foreach j =0,...,71 —1itis

/t1+1
t,

]

< ch?,

—S(s+h)p(s) ]ds_
Aty —s)S(s+h)e(s)

~S(tn)g(t;) ]
A(tn—j)S(tjs1) (t7)

(2.11)
where the constant ¢ > 0 does not depend on h. For 0 < n < #, by simple
manipulations and the mean value theorem (see, for instance [61, Sec. 1.3]),
we write the integral in (2.10) as

[T —se)e) ]d
];)[j Aty —5)56)0()]

ti
[ =S(s +1)p(s) ] .
|

~S'(s+ ;1) (s) D N
()

Aty —s)S(s+h)p(s) Aty —s)S'(s +0ih)g

29



2.1 THE NON-STANDARD NUMERICAL METHOD 30

with 6; € (0,1), for j = 0,...,n — 1. Therefore, given (2.11), the local trunca-
tion error (2.10) satisfies

T
oty < cﬁhz—l—h
|| ( =
0

n =0,...,7 and the regularity properties of the functions involved lead to

ds,

—5/(s + ) (s) ] ‘
Aty —s)S (s + Gjh)go(s)

max [[6(h;t,)]|| < Ch.

0<n<n

Thus, the positive constant C depends on the bounds in [0, T| for the func-
tions and derivatives involved, as well as on T, but not on h. O

. s<tn>] B [sn
Denote by e(h; t,) =
el ) L"(tn) Pn

(2.9). The following theorem provides sufficient conditions for the conver-
gence of the numerical method.

] the global error of the discretization

Theorem 2.4. Assume that the given function A(t), describing problem (1.1), is
continuously differentiable on an interval [0, T), and that h = T /7, with i € N.
Let {Sy}o<n<i, {@n}o<n<n be the approximations to (1.1), defined by (2.1). Then

li h;t =0.
lim max le(h; tn)l]

Furthermore, the order of convergence is 1.

Proof. The smoothness of the kernel function and the boundedness of both
the continuous and numerical solutions lead to

1o s<t-+1><o<t'>—s-+1fp'”
e(t)|| < ||6(h;ty)|| +h ] ] J+H15]
JeCis )| < 150 ) -+18 | 1 | A(tm_tj)] [S(tjﬂ)@(tj)_sj%

n—1

< N6(h; ta) || + hBE Y (lle(h; tisa) || + lle(h ), n=0,...,1,
=0
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with & > 0 not depending on h. For a sufficiently small i, the Gronwall
discrete inequality (see, for example, [63, p. 101]) yields

lothitwll , ,, _2p¢
)| <
le(h; )]l < - hpe 1—hﬁ*ZH e(h; ;)
maxo<,<p ||[6(h; tn)]| 2T _
< == —_— =0,...
—( 1—hpe P\T g ) n=0reorh,

which, in conjunction with the outcome from Lemma (2.3), concludes the
proof. O

Remark. The numerical solution computed by (2.1) contributes to the approxima-
tion of the number of infected individuals, as outlined in (2.2). Proceeding as in the
proof of Theorem 2.4 and under its assumptions, one may prove that

lim max ||I(t,) — I,|| = 0.
h—00<n<n

2.2 DISCRETE ASYMPTOTIC DYNAMICS

In this section, our focus will be on the possibility of replicating the asymp-
totic dynamics of the continuous model (1.1) with the numerical method (2.1).
In this perspective, establishing the boundedness of the local error 6(h; t,),
as defined in (2.10), for all n € N and its convergence to zero as h — 0,
becomes pivotal. Stated differently, a theoretical result is required to extend
the established consistency over a finite interval, as outlined in Lemma 2.3,
to an integration over [0, +o0).

Here, we make the assumption (2.4) on A(t), which consequently assures
sufficient regularity for the solution to (1.1). Furthermore, in this context, the
results of Lemma 2.1 and (2.5) hold true.

Theorem 2.5. Assume that the given function A(t), describing problem (1.1), is
continuously differentiable on Ra’ . Then the scheme (2.1), is consistent with (1.1)
on Ry.

tn
Proof. Since /] S(tiy1)@(t;) ds = h S(tj11)@(t;), for each j > 1, it follows
t

j—1
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<,+1> () ]
]+1 (t])

—5( T+h)go( )
Aty —1)S(T+h)e(T)

)

]dr ds.

Thus, for n € N,

/*" —Ss+h (s) ] i ~S(t)plt) |
A Aty — (s+h)o(s j=0 Aty — t])s(t]+l)§0(t]')_
/ s(rame) |,
Aty —T)S(t+h)o(T)
‘ =S(ta)(t) + S || _
A0)S(tu1)@(t) — At)S(h)@(0)] || ~

where the constant ¢ > 0 does not depend on n and #, since, due to the as-
sumption (2.4) on A’(t), it is S'(t), ¢'(t) € L'[0,+o0), and ¢(t) bounded.
Then, for the local error defined in (2.10), proceeding as in the proof of

Lemma 2.3, we have
S'(s+ 0,h)¢(s) s
Aty —$)S'(s + 0,h) @(s) ’

tn
sup ||6(h; ty)|| < h | ¢+ sup
n>0 n>0 0

with 0, € (0,1), for all n = 0,1,.... Since, §'(t) € L}[0, +o0), A(t) and ¢(t)
are non-negative and bounded, the proof is completed. O

We define the numerical basic reproduction number

“+oo
Ro(h) = hBN Y Altus1), (2.12)
n=0
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corresponding to the discretization of (1.4). Thus, Ro(h) = Ro — BNT(h),
where the error

(h) = /0+°° ADdt—h Y Altrn), (2.13)

n=0

tends to zero as h vanishes, accordingly to (2.6). In compliance with the defi-
nition of Ry, the discrete reproduction number serves as a threshold parame-
ter within the numerical model. As a matter of fact, the direct discretization
of equation (1)

S - S (o] S = S —i1
% = 1Sy i1 ;}A(tjﬂ) ] . o (2.14)
]:
is equivalent to (2.1), with ¢, = —h Z;;"S A(tj+1)w, and
+o0 S .—8§ i
@o(tnt1) = —h ZA(thrl) ! 2 ——. (2.15)
j=n

The assumption that all initial infectives have infection age zero at the disease
outbreak implies that, at time t > 0, no member of the population can have
infection age s > t. It follows that, since for n < 0, S, = S(t,) = N, the
right-hand-side of (2.15) gives back expression (2.3) for @o(t;+1)-

Here, we establish a discrete analogue of the invasion criterion as intro-
duced in Subsection 1.1. We examine the scenario where the solution to (2.1)
exhibits initial exponential growth characterized by (1 + rh)", in cases where
r > 0. If we assume that, initially, S, ~ N, the linearization of (2.14) is

_ co S_i— Sp_i_
# = BBN Y A(ty) L2, (2.16)
j=0

which has an exponential solution S, = (1 +rh)", if

“+oo
1=hBN Y A(tys1)(1+rh)~ 41, (2.17)
n=0
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holds true. Furthermore, (2.12) and (2.17) give

h Z::z) A(tn+1)

R h = )
o hY 25 Altnr) (14 rh) =041

which is the discrete equivalent to (1.5) and for which r > 0 if and only
if Ro(h) > 1. The role of Ry(h) in depicting the discrete dynamic closely
aligns with that of Ryp concerning the disease outbreak. Moreover, the fact

that Ro(h) = Ro — BNT(h), with T(h) =2 0, and

lim Ro(h) = Ro,
i Rol) = Ro

implies that the NSFD discrete scheme (2.1) retrieves the continuous dynamic
when / vanishes.

As highlighted in Section 2.1.1, since {S;, } ,cN, is a non-negative and mono-
tonically non-increasing sequence regardless of 1 > 0, it converges to a non-
negative limit denoted as Se(h) = lim,— 4 Sy. Thus, the positiveness of
Se(h) is guaranteed for any fixed value of the stepsize 1 > 0. This value is
henceforth referred to as the numerical or discrete final size. From the first of
(2.1) it is clear that independently of 1 > 0,

[Tio(1 + hBon)’

Seo(h) (2.18)

thus implying the following relation for the discrete final size of the epidemic

log (Sj?h)) i log (1+ hBpn). (2.19)

n=0

The series at the right-hand side of (2.19) converges if and only if 1Y " ¢n
is finite. This is true because of (2.8). The following result shows how to ex-
press this series in terms of the numerical basic reproduction number (2.12).
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Theorem 2.6. Let {S; }yen,, { @n }nen, be the numerical solution to (1.1), obtained
by the discrete scheme (2.1), and Se(h) be defined in (2.18). Then, for each h > 0,
it holds:

[e's] —+o00
1 1 gnin = (N = Salb)1B 1 Altrn) = Rofl) (1-2). Gao)

Proof. From (2.7) and the first of (2.1) it is

16 3 guin = BN = Sulh 1 Alty12) = B(Sa () = S0l 1 Aty

n=0 n=0
Thus
+o00 +o0
hB Y @ni1 = B(N = Seo(l)) ) Altns1). (2.21)
n=0 n=0
The result then comes from the definition of Ry (%) in (2.12). O

From (2.19) and (2.20), we have

log (%?h)) — U(h)Ro(h) (1 _ &”T“l)) Lo,

which, under the assumption (2.3), is the discrete equivalent to the final size
relation (1.7), for any h > 0. The equivalence is more evident as 1 — 0, since
the spurious term

_ Yuolog (1 +hBgn)
U(h) B h.B ZZO:O Pn ’

tends to 1, as shown in the next theorem.

Theorem 2.7. Consider the solution {¢,},cn, to the discrete equation (2.1), ob-
tained by a fixed stepsize h > 0, and define

Uy, (h) — log(l + hIB(P”)

, n € Np. 2.22
HBon 0 (2.22)
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Then
e limy,_,guy(h) = 1, uniformly with respect to n;

h—0

Proof. From Theorem 2.2, the sequence {¢; }cn, is bounded by a constant
@, that does not depend on /. Consider h < (B¢) !, by Taylor expansion in

(2.22) it is un(h) = L2, % and

3

n € Np.

< i g
n(h) =11 <) (hBen) < ) (hBp) = -,
i) =11 < (o) < Y hpo) = 7250

Since the last term in the previous inequality vanishes as h goes to 0, it
follows that

. hpg
Ve>0, dh.>0 : <h<hS = 1—h,3(P<€>'

Hence, if ¢ > 0 is fixed, the choice for i < min {h, (8@) '} leads to |u, (h) —
1| < ¢, ¥n € Ny. This proves the first part of the theorem.
So, for h < heand n € N, itis 1 — e < u,(h) < 1+ ¢ and, since

iologu T hpgu) = hp io(pnun(h),

with hB Y ;" ¢n < o0, as proved in (2.8), we can state that

(1—¢e)hB ioqon < hB ijgonun(h) = iolog(l +hBen) < (1+¢)hp ;)gon.

Therefore

. Yn—olog(l+ hlB(PH)) _
’%13‘13 ( hB Y 5o Pn -

which completes the proof since, from (2.8), the denominator is bounded.
0
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As h — 0, we expect to recover the continuous dynamic. We prove the
following theorem.

Theorem 2.8. Let {S, }nen,, { @n}nen, be the numerical solution to (1.1), obtained
by the discrete scheme (2.1), and S« (h) be defined in (2.18). It holds:

lim <log SOOSEh) — hB(N — Seo(h)) i A(th)) = 0.

h—0 =0

Proof. We use (2.19) and simple algebraic manipulations, to obtain

log (205 ) BN 50 1 Altwn) =

(iologu + hBon) —hﬁi(J?n) " (hﬁioqon ~HB(N = S(i) Y A(tnﬂ))-

n=0

The statement is proved by taking the limit for & — 0 of both terms and by
using the result of Theorem 2.7 and (2.21). O

Remark. Assume that there exists limy_,gSeo(h) = Sk > 0. For h — 0, S(o0)
and S}, satisfy the same final size relation (1.7), which (see [16] or [20]) has a unique
solution in [0, So). It follows that S(oo) = S, thus implying that the dynamic of
the continuous model (1.1) is preserved by the numerical one (2.1), as h — 0.

The theoretical insights presented in this chapter provide evidence that the
NSFD scheme (2.1) can be considered also as a discrete-time epidemic model,
regardless of its association with the continuous-time age-of-infection model
(1.1). Therefore, from a distinct perspective, it may serve as an ideal frame-
work for conducting data-driven analyses of infectious disease outbreaks (we
refer to [21, 40] for further details on discrete-time modeling).

2.3 NUMERICAL EXPERIMENTS

Aiming to experimentally corroborate the theoretical outcomes of the pre-
vious sections, we present some numerical examples. For our experiments
we choose illustrative test equations of the form (1.1) and we use the non-
standard numerical method detailed in (2.1).
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Our first simulation addresses the problem (1.1) for t € [0, 1], with

1 5

e PO = Gaay NS0 S=9 £=03 G2

A(t) =

Ip(t) = (N — Sp)B(t) and ¢o(t) given by (2.3). Table 1 and Figure 3 re-
port the absolute errors E(h) and the experimental order of convergence
p = log,,(E(h)/E(0.1h)) related to the approximations of S(f), ¢(t), and
I(t) computed by (2.1) and (2.2), respectively. In compliance with the results
of Theorem 2.4, the reduction of numerical errors as function of the stepsize
confirms the expected linear convergence. Here, we have used the numerical
solution computed with stepsize & = 10° as reference solution.

Approximation Error on S Approximation Error on ¢

10° 10°

10—1 L

102

10° . . . 10 . .
10° 104 107 1072 10" 10° 107 107 102 107"

Approximation Error on |

10-5 L L
10 104 1073 102 107
h

Figure 3: Logarithmic scale plot of the approximation errors and experimental con-
vergence of the NSFD method (2.1).
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APPROXIMATION ERRORS EXP. ORDER OF CONVERGENCE

h ErronS Errong Erronl Ord.onS Ord.on¢ Ord. onl

10~ 737-107! 6.83-107' 853-107! \\ \\ \\
1072 9.24-1072 834-1072 1.04-107! 0.90 0.91 0.91
1073 9.46-107% 852-10~% 1.06-1072 0.99 0.99 0.99
107% 9.40-107* 8.46-107* 1.06-1073 1.00 1.00 1.00

Table 1: Approximation errors and experimental rate of convergence for the NSFD
method (2.1).

In order to examine the long time behaviour of the numerical solution,
we consider problem (1.1), with a Gaussian distribution for the infectivity
function. More specifically, we take

1 _=w?
Alt) = e" 22, N=10°, Sp=99950, u=02, o=2u (224)

B = 3-107° and ¢q(t) given by (2.3). In Figure 4 the behaviour of the nu-
merical solution is reported for & = 10~3. Notably, an epidemic outbreak is
evident accordingly to the value of the numerical basic reproduction number
Ro(h) ~ 1.29, derived from equation (2.12). By running the code on a suffi-
ciently large interval, we obtain the values reported in Table 2 for S, (/) and
Poo(h) = lim;,_, 1 o @y,. These outcomes align with the value So, = 1.8389 - 104,
achieved through iterative resolution of the non-linear final size relation (1.7).

LONG TIME BEHAVIOUR
h Seo (1) Poo(h)

10-1 2.3211-10* 6.8092-107
1072 1.8852-10* 2.1778-10~°
103 1.8435-10* 1.1588-10"°

Table 2: Long time behaviour of the NSFD numerical solution to problem (1.1)-
(2.24).
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<104 NSFD Scheme, h=10"3

Figure 4: Long time behaviour of the NSFD solution to problem (1.1)-(2.24).

In our last example we assess the effectiveness of the NSFD scheme (2.1) by
comparing it to the direct quadrature Trapezoidal method’s performance. We
integrate problem (1.1)-(2.24) with B = 5.8 - 10>, and using a relatively large
stepsize h = 0.25. It is evident from Figure 5 that, despite the higher order
of convergence, the Trapezoidal Direct Quadrature method fails to preserve
the positivity and monotonicity of the solution.

«104 NSFD Scheme, h=0.25 10 %10% Trapezoidal Scheme, h=0.25

S
1 #(
(o0) L ® S(o) |

Figure 5: Comparison of the NSFD method and the composite trapezoidal discretiza-
tion for the problem (1.1)-(2.24) with B = 5.8 -10°.
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UNCONDITIONALLY POSITIVE
AND HIGH ORDER DQ SCHEME

In Chapter 2, we employed a non-standard discretization technique to nu-
merically integrate problem (1). The linearly implicit method there presented
is computationally efficient and suitable for a straightforward implementa-
tion. Its primary strength lies in the unconditional preservation of the essen-
tial features of the continuous model. As a matter of fact, the numerical so-
lution generated by the NSFD scheme exhibits positivity, boundedness and
monotonicity properties for any positive value of h. Moreover, the scheme
provides a reliable approximation of the asymptotic dynamic and can be in-
terpreted as a discrete-time epidemic model. Nevertheless, the drawback of
the non-standard approach arises from its limited accuracy due to its lin-
ear convergence, resulting in a computationally demanding algorithm for
long-time simulations. Consequently, our primary objective is to devise a
higher-order dynamically consistent numerical method that addresses this
limitation.

When considering numerical solutions derived from direct discretizations
of equations (1) or (1.1), establishing the same unconditional preservation
properties of the NSFD scheme is not trivial. These complexities have mo-
tivated us to pursue an alternative methodology, built upon an exponen-
tial reformulation of the original model. Our starting point is the integro-
differential equation (1) under the assumption (2.3). Taking advantage of the
positivity of S(t) and of the identity

tods d [ [T
[ Als) Tt —s)ds = (/0 A(s)S(T — ) ds) — A(1)So,
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3.1 GREGORY QUADRATURE RULES

Then, the integration for T € [0, ¢] leads to the expression

S(t) = Spexp (—5/;14@ —5) (N = 5(s)) ds> . (3.1)

The implicit Volterra integral equation (3.1) is mathematically equivalent to
the age-of-infection model (1) and to (1.1). However, from a numerical per-
spective, the formulation (3.1) is more advantageous. In fact, the presence
of a positive continuous-time exponential operator in the right-hand side of
(3.1) constitutes a significant benefit, as its direct discretization results in a
positive numerical method.

In this chapter, we discretize equation (3.1) using Direct Quadrature (DQ)
methods with Gregory convolution weights, achieving a high order of con-
vergence while retaining the dynamical consistency of the non-standard ap-
proach (2.1). In order to do that, we preliminarily provide further insights on
integral approximation by Gregory quadrature rules.

3.1 GREGORY QUADRATURE RULES

Consider a uniform mesh {t,},en, with t, = tg + nh and k > 0. In order to
define a discretization to (3.1), let {w;;} be the weights associated with the
quadrature formula

ty n
/0 F(£) dt ~ h ;)wnjf(tj), n>ng> 1.
]:

Here, we consider the weights obtained by the (19 — 1)-th Gregory quadra-
ture rule with ng > 1 quadrature points

Tlo—l

n—1
h (%f(m) + LI +§f<tn>) —h L e (V) + (a5 (0) 62
= =

where Af(t) = f(t+h) — f(t) and Vf(t) = f(t) — f(t — h) denote the for-
ward and the backward difference operators, respectively. When 1y = 1, the
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3.1 GREGORY QUADRATURE RULES

Gregory rule (3.2) reduces to a composite trapezoidal rule, for which the
quadrature weights read

1 .
wno:wmzi, wpj =1, j=1,...,n—1 (3-3)

For ng > 1, the general (19 — 1)-th Gregory rule is obtained by adding some
corrective terms to the composite trapezoidal rule. These terms are weighted
through the coefficients

L(i+1)/2] . B,.s@ b
c; = Z (_1)1_2]—“'2]1—1" i=1,...,n90—1,
j=1 (2/)! [T1—p;!
where B; and S](i) are the Bernoulli and first kind Stirling numbers, respec-
tively, defined by
N log/(1+3) _ 3% g0
e —1 '].:0 I i! '].:1 7ot

The Gregory weights are non-negative and exhibit a convolution structure
(see, for instance, [97, 98]), i.e. W, = w,_k, for n > kand k > ng. Furthermore
(see, for example, [28, Thm. 2.6.10, p. 79]),

sup max w,; < W < 400 and sup wy, < 0 < +o0. (3-4)
n>0 0<j<no n>0

To represent the weights of Gregory methods with ny > 1, we define, for
n > nop, the matrix 2, , € R(1=n0+1)x10 and the semi-circulant matrix Oy €
R(=mo+1)x(n=no+1) a5 follows

wno,O e wno,no—l (UO
Wno+1,0 -+ Wnp+1mp—1 wp  Wo
Zlno,n = | Wng4+2,0 -+ Wny+2,m9—1] 7 Qno,n = wy w1 Wy

L wn,O . e wn/no_l ] _wn_no e . e w]_ a)o_
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3.2 THE DIRECT-QUADRATURE METHOD

In the cases of the first (nyp = 2) and second (np = 3) Gregory rules, the
explicit form of the matrices ¥, , and (), ,, is reported below.

_ - -5 |
14 13 5
1|5 13 1 (12 13 5
2=l TR n o os s
5 13 : A
- 12 ... 12 12 13 5
- _
(9 27 27 28 9
28 22 23 28 9
an—i 28 23|, QS,n—21—4 24 23 28 9
: 24 24 23 28 9
9 28 23] : e e
24 ... 24 24 23 28 9]

3.2 THE DIRECT-QUADRATURE METHOD

Consider a uniform mesh {t,},cn, with t, = nh and h > 0. The direct
discretization of (3.1) by np-steps DQ methods with Gregory convolution
weights (see, for example, [28]) reads

no—1
Sn:Soexp< (Zwm ti—j) (N —Sj) +an] (ti—j) (N — S)))

j=no
(3.5)
where the starting values So, Sy, ..., Sy,—1 are given and S, ~ S(t,), for n >

no > 1. In this context, w,; and w; denote the Gregory quadrature weights.

Our primary focus lies in the approximation of the function S(f), whose
values may be involved in the estimation of the mean infectivity and of the
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3.2 THE DIRECT-QUADRATURE METHOD

number of infected individuals, accordingly to the second equation of (1.1)
and to (1.3).

For the specific case of np = 1, wp = 0 and wj =1, the numerical method
(3.5) corresponds to the discrete-time Kermack-McKendrick model intro-
duced by Diekmann in [40]. This motivates us to deepen the analysis of the
dynamic behaviour of (3.5) since, as it will be clear later in this chapter, from
a numerical point of view it possesses good convergence properties and, in
many cases, is easy to implement.

A pseudo-code implementation of the numerical method (3.5) is presented
with the Algorithm 2.

Algorithm 2 : Direct Quadrature Scheme for (1)
Inputs : h, T,ﬁ,n(),A(f),[So, 51,...,5110,1]
Outputs : [to,...,ta],[So, .-, Sl

i [T/h], [to,t1,.. ., tyg—1] < [0,h,..., (ng —1)h]
2 fornyg <n <ndo

3 t, (1’1 + 1) h

s | STsum  —MBL}2y  whjA(taj)(N = S))

5 | DQsum < —hp 27:_;110 W jA(ty—j)(N = Sj)

=

6 solve the non-linear equation
7 t g — Soe_h:B(’JOA(O)(N_C) . eSTSum“’DQSum — 0
8 Sy ¢

3.2.1  Qualitative Properties of the Numerical Solution

In this subsection, we investigate the numerical solution obtained using the
DQ method (3.5) and show that it replicates the qualitative properties of the
continuous-time solution to (1.1), regardless of the integration step-length.

Theorem 3.1. Let {S,,},cn, be the solution to the discrete equation (3.5). Assume
that 0 < §; < N forj=0,...,n9 — 1. Then, for each h > 0,

* the sequence {Sy }yeN, is positive;

* the sequence {Sy } e, is bounded from above by Sy.
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3.2 THE DIRECT-QUADRATURE METHOD

Proof. At each step and for any fixed /1 > 0, Equation (3.5) implicitly defines
Su, n > ng, as the solution of the nonlinear equation F,(x; 1) = 0, where

Fu(x;h) = x — Spexp (—hPwoA(0)(N — x))

np—1 —1
'eXP< <an] n] N S +an] ( )(N S)))

j=no

Independently of #, the non-linear function F;,(x; h) is concave, F,,(0;h) < 0
and because of the assumption on the starting values, F,,(N;h) > 0. Thus,
Fn has exactly one root in [0, N]. Furthermore, this root is less than Sy, which
yields the result. [

TRAPEZOIDAL DISCRETIZATION IN SOME REALISTIC CASES In this para-

graph, our attention is directed towards specific selections of A(t) in (3.1)
that are relevant to practical applications (refer to, for instance, [36, Sec. 2.1]
and [2, 56, 86]) and bestow a monotonicity preserving property on the numer-
ical method (3.5). Specifically, we delve into scenarios where the infectivity
function A(t) is consistently zero on an initial time interval

A(t) =0, fort <, with 7 > 0. (3.6)

From a physical perspective, infectivity kernel functions that satisfy (3.6)
inherently incorporate strictly positive incubation periods for the disease,
along with induced delays in the infection. On the other hand, from an al-
gorithmic viewpoint, A(0) = 0 renders the numerical scheme (3.5) explicit,
simplifying its analysis and reducing the computational cost at each step.

In such scenarios, we opt to employ in (3.5) the trapezoidal DQ method
(no = 1) for approximating the continuous-time model. Consequently, the nu-
merical solution not only unconditionally conforms to the fundamental prop-
erties outlined in Theorem 3.1 but also exhibits monotonic non-increasing
behaviour. The resulting explicit scheme has the form

n—1
Sn = So-exp <_gﬁ (A(tn)(N —So) +2 Z Altn—j) (N = Sj))) , (37)

j=1

for n > 0, for which we state the following result.
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3.2 THE DIRECT-QUADRATURE METHOD

Theorem 3.2. Let Sg > 0 and {S, },cn, be the solution to the discrete equation
(3.7). Then, for each h > 0, the sequence {Sy},>0 is positive, bounded and non-
increasing.

Proof. The positivity and the boundedness of the sequence immediately come
from Theorem 3.1. Furthermore, we establish its non-increasing nature by in-
duction, starting from

51 = So exp (—gﬁA(tl)(N — So)) < So.

Consider n > 1 and assume that S]' < Sj_l for each j < n — 1. Since from
(3.7) we have

o8 (2 ) == 2B (Altr-1) (N + 50— 251)

n—1
Ly (z T Alta (81— 5) + Alta) (N - So>) <0,

j=2
itis Sy < S,_1. O

Theorem 3.2 assures that the solution {S,; (%) },,cn, to the discrete equation
(3.7) is non-increasing for each positive value of h and then it admits a finite
limit Seo(h), as n goes to +o0. Thus, S (1) corresponds to the numerical final
size (see Section 3.3 for further details on the discrete asymptotic dynamics).

We compare the behaviour of the numerical solutions obtained by (3.7)
and the following second order trapezoidal discretization of (1.1)

n—1 h
Sn="S0—hp Y Sjg;— 5PSn@n,
= (3.8)

n—1

on = (N —So)A(tn) + hB Y A(tu—j)Si9j,

j=1

for n > 0. In (3.8), the enforcement of positiveness and monotonicity of the
solution leads to the following constraint on the discretization stepsize
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3.2 THE DIRECT-QUADRATURE METHOD 48

2
< ’
BN SUPteRr$ A(t)

h
which may result in a severe limitation.

3.2.2  Error Analysis and Convergence

Aiming to investigate the approximation error of the DQ scheme (3.5), we
refer to the properties of the Gregory quadrature weights reported in Section
3.1 and place emphasis on (3.4).

Consider T > 0 and h = T/n, with 7 € N. The local truncation error of
the numerical methods (3.5) is given by

O(h;ty) = exp (—[3 /Ot” Aty —s)(N —5(s)) ds)
np—1 n
—exp (hIB< Zé wnjA(tnfj) (S(t]') - N)+Z wnfjA(tnfj) (S(t]') - N))) ’
]:

j=no

(3.9)

for n = 0,...,7. It is known that if the kernel function A(t) is sufficiently
regular, then p = ng + 1 is the largest integer so that

. < 14
JHax. |6(h; t,)| < chP. (3.10)

Denote by e(h; t,) = S(t,) — Sn, n =0, ..., 7, the global discretization error.
The following convergence result holds.

Theorem 3.3. Let the given function A(t) be sufficiently smooth on an interval
[0,T], with h = T/ and i € N. Let {S,}o<n<n be the approximation of the
solution to (1), computed by the DQ method (3.5). Assume that

* the starting errors nj(h) = S(t;) — Sj, for 0 < j < ng — 1, satisfy

()| = O(™); (3.11)
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* the kernel function A(t) is smooth enough to assure (3.10).
Then the method (3.5) is convergent of order p = ng + 1.

Proof. Owing to the expression of the local truncation error 6(k;t,) in (3.9),
the identity

np—1 n
+exp <h18< Z wn]A(tn ]) S(t]') - N)+Z wn—jA(tn—j)(S(tj) - N)))

j=0 j=no

nop—1
—exp (hﬁ( Z wnjA(tn —l—an - S — N))) ,

j=0 j=no
(3.12)

holds true for n = ny, ..., 7. Denote by ag = BwoA(0)Sp. Then from (3.12), if
h < 1/060,

Sold(h; ty)] SoB maxg<i<T A(f) max{W,Q} '
. < SIS
le(h; tn)] < 1~ g +h T §| (h; t;)

for n = nyg,...,n, with W and Q) defined in (3.4). The Gronwall discrete
inequality (see, for example, [63, p. 101]) yields

BSoT maxo<i<T A(t) max{W,Q}
. < . SEs
|€(h, tn)| - 1- htX() P ( 1-— h(X()
Tl()fl
(50 ax 00 tu)| +hSop max A(t) max{W,Q} ];,) |17; () |> ,

for n = no,...,7. Since the local error d(h;t,) and the starting errors 7;(h)
satisfy (3.10) and (3.11), respectively, it follows that

max |e(h;t,)| < ChP,

n=ny,..., a1

with C positive constant not depending on h. O
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Theorem 3.3 naturally applies, with ny = 1, to the specific case of (3.7),
assuring the second order convergence.

3.3 ASYMPTOTIC BEHAVIOUR OF THE NUMERICAL
SOLUTION
In this section, we examine the asymptotic behaviour of the solution S, (), n €

Ny, to the discrete equation (3.5). Our investigation will be based on (2.3) and
on the following assumptions

Vh >0, 3Se(h)e€(0,S0] : Seo(h) = LHE Su(h), (3.13)
n (e
Vh >0, h Z wnA(ty) < Hoo. (3.14)
n=0

As a result of Theorem 3.2, the existence of the discrete final size in (3.13)
is assured when (3.6) holds and the trapezoidal weights (3.3) are employed.
Moreover, the assumption (3.14) is achieved if A’(t) € L}(R]) (see [76, Lem.
1]), or if A(t) is ultimately monotonic (see [34, p. 208]).

We define the numerical basic reproduction number

R()(h) = hﬁN +Z°° CUnA(tn)/
n=0

as the direct discretization (see [28]) of (1.4). The following theorem estab-
lishes the connection between S (/1) and Ro(h), thereby presenting the dis-
crete counterpart of the final size relation (1.7).

Theorem 3.4. Assume that the given function A(t) describing problem (3.1) is
sufficiently smooth and that (3.14) holds true. Let {S,},>0 be the solution to the
discrete equation (3.5) with positive starting values Sy, ..., Sy,—1 < So. If the con-
dition (3.13) is satisfied, then for each h > 0

tog (o0 ) = Rot) (1- 25). (315)
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Proof. For n > nyp, the DQ scheme (3.5) is equivalent to

no—1
log<§—z>:hﬁ<2wn] (ti—j)(N = Sj) —i—an]( i) (N - S))

j=ng
(3.16)
and therefore

log (Sg;l) — ( Z Wy jA (S] 1 — S-)—|—wn_n0A(tn_n0)(N—Sn0)>

j=np+1
no—1

+hp Z Wyj A ) Wy— le(tn—j—l)) (N_Sj)'

Summing for n ranging from ny + 1 to +o0, we obtain

—+o0
log (szoh)> =h(N — Sy,)B Z wpA(t
+hp Z Z Wy — ] )(S] 1— S])

n=ng+1j=np+1

ng—1 400
+hp Z ( Y wnjA(fn—j)—wn—1,jA(fn—1—j))> (N=5)),

n=ngp+1

hence

log <Si@z)) =hp ( Z wpA (N — Sno)woA(O)>

ng—1 (3-17)
—hp ( Z wn0] no j (N S; ))

Equation (3.16) with n = ng reads

nog—1
log (SSOO) — ( Y WajA (ki) (N — ;) + (N—Sno)woA(O)),
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so that summing it to (3.17) yields

log<sj€h))—hﬁ N — S an

which completes the proof. O

Thus, accounting for the assumption (2.3), (3.15) can be regarded as the
discrete counterpart of (1.7) and, just like (1.7), it possesses a unique solution
in (0, Sp) (see also [16]).

3.4 NUMERICAL EXPERIMENTS

Here we provide some numerical simulations to experimentally demonstrate
the theoretical outcomes of Section 3.2 and Subsection 3.2.1.

For our experiments, we employ the scheme (3.5) to integrate problem
(3.1). Our first example consists of problem (3.1) with

L5 - 0.6 04, N=10% Sy =90, p=10"3
e 20 , 0 =10.0, = VU.4, = , e , e ,
oV 21 a 0

(3.18)
for t € [0,1]. We approximate the solution to (3.18) by the DQ method with

trapezoidal (n9p = 1, order 2), first (ng = 2, order 3) and second Gregory
(np = 3, order 4) quadrature rules. In this case, since A(f) does not meet
condition (3.6), the methods are implicit and require at each step the resolu-
tion of a nonlinear equation for which a fixed-point iteration process is used.
Table 3 and Figure 6 show the behaviour of the numerical error E(h) for
different values of the stepsize I and the experimental rate of convergence
log,,(E(h)/E(0.1h)). The numerical errors are computed against the refer-
ence solution obtained by second Gregory rule with & = 107°. It is evident
that the experimental order of convergence of DQ methods is coherent with
the theoretical one predicted in Theorem 3.3. For the sake of comparison, we
also report the errors obtained by integrating (3.18) with the first order NSFD
method (2.1) presented in Chapter 2. The work precision diagram of Figure
7 reports the number of function evaluations with respect to the accuracy of
the numerical solutions by the four methods under consideration. It shows

A(t) =
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APPROXIMATION ERRORS

Trap. rule I Gregory II Gregory
(no=1) (no =2) (no =3)
107! 248-10 2 334-10 % 438.10 * 1.98 .10 ~*
1072 232-10 % 3.33-10 > 4.08-10 7  6.79-10
1073 2.31-10 % 333-10 7 4.05-10710 6.86- 10713

107 2.31-10 > 333-10 % 3.94-10°1 \\

h NSFD

EXPERIMENTAL ORDER OF CONVERGENCE

h NSFD Trap. rule I Gregory II Gregory
102 1.02 2.00 3.03 4.46
103 1.00 2.00 3.00 4.00
104 1.00 2.00 3.01 \\

Table 3: Approximation errors and experimental rate of convergence for the DQ
method (3.5)

better performances in higher order methods. Indeed, even though we are
comparing an explicit method with implicit ones, we see that, at the same
computational cost, DQ methods exhibit higher accuracy than the NSFD dis-
cretization. Furthermore, in achieving specific levels of accuracy, the NSFD
scheme proves considerably more demanding than the DQ methods.

Our second experiment investigates the long time behaviour of the nu-
merical solution computed by the DQ framework. Specifically, we integrate
problem (3.1) with:

A(ty=2te!, T=80, N=10°, S;=9-10, B=10"° (3.19)

In Figure 8, the behaviour of the numerical solution, computed by (3.5) and
second Gregory weights, with i1 = 1073, is reported. In this case, the theoret-
ical value for the final size, obtained by solving the nonlinear Equation (1.7)
by the MATLAB routine fzero (see [82]), is S(o0) = 17171.
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Erroron S

sennnnnn Ord. 1 slope

10710 =—©—Trap.rule |4
weeeaea Or, 2 slope
60— | Greg. rule

1072 wrexeer Ord. 3 slope [3
=—O0— Il Greg. rule
rer=ree Ord. 4 slope

10714 .

107 10° 102 107

Figure 6: Logarithmic scale plot of the approximation errors and experimental con-
vergence of the DQ method (3.5).

Work Precision Diagram

108 Errr

# of function evaluations
b
E N
T

10%F E
=—— NSFD
=—©— Trap. rule
=6 | Gregory rule
=—O— Il Gregory rule

100 L I L L L L

107" 1073 107 107 10°° 107" 10713
Error

Figure 7: Logarithmic scale plot of the number of function evaluations with respect
to the approximation errors for the DQ method (3.5).
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%104 Numerical solution with Il Gregory weights
S(t)
® S(x)
o
O 1 1 1 1 1 I}
0 5 10 15 20 25 30
t
Infectivity Kernel Function
0.8
0.6
F 047
0.2
0 . ‘ ‘ ‘ ‘ ,
0 5 10 15 20 25 30

t

Figure 8: Problem (3.1)-(3.19): infectivity kernel function and zoom on [0, 30] of the
numerical solution.

Aiming to investigate the asymptotic discrete dynamics of the solution to
(3.5), we introduce the truncated numerical basic reproduction number R (h)
and the truncated numerical final size Se(h; T) as follows

il
fi=T/h, Ro(h) = BNh Y w,Alty), Seo(h) = Ss (3.20)
n=0
and define the residual on the numerical final size relation (3.15) as

08 (5-557) ~ o (1- =)\

The condition (3.6) holds for the infectivity function A(t) describing prob-
lem (3.1)-(3.19). As a result, from Theorem 3.2, the numerical solution is

r(h; T) =

unconditionally non-increasing and the existence of the discrete final size
Seo(h) = lim,_, 40 Sy is guaranteed when 1y = 1 and the direct quadrature

55



3.4 NUMERICAL EXPERIMENTS

DISCRETE ASYMPTOTIC DYNAMICS

DQRulein (3.5) k& Rel. Err. on Ro(h; T) Rel. Err. on Seo(h; T) r(h; T)

Trapezoidal ~ 107! 8.33-10 ~* 2.10-10 3 3.98-10" 1
102 8.33-10 —© 2.10-10 —° 3.86-10714
103 8.33-10 8 2.10-10 7 4.17-107 14
I Greg. Rule 101 7.89-10 —° 1.99-10 —* 3.82-10714
102 8.29.10 8 2.09-10 ~7 3.80-10"14
1073 8.33-10° 11 2.10-10710 3.89-10714
I Greg. Rule 1071 7.13-10 ~° 1.80-10 3.82-1071
102 7.83.10°10 1.98-10 —° 3.82-10714
103 791-10"14 258-10°13 3.86-10"14

Table 4: Long time behaviour of the numerical solution to (3.1)-(3.19) by the DQ
method: numerical truncated Ry and discrete final size.

method employs the trapezoidal weights (3.3). On the other hand, the exis-
tence assumption (3.13) is necessary when ng > 1, for the cases of the first
and second Gregory rules. Our empirical tests comply with this assumption
and demonstrate that, for a fixed & > 0, the value of S« (/) converges to a
finite limit as T increases, regardless of the choice of quadrature weights.

Here, we have used T = 80 for computing S (h) and the effectiveness
of this choice is confirmed by the values of r(; T) reported in Table 4. In
particular, Table 4 furnishes, for different values of h, the relative errors for
the approximation of Ry and S(o0) by (3.20), as well as the corresponding
numerical final size residuals. Numerical results validate the outcomes of
Theorem 3.4 and also provide insight into unproved theoretical properties.
As a matter of fact, it is evident from Table 4 that the the numerical final size
converges to its continuous counterpart, as /1 vanishes, with the same order
p = no + 1 of the quadrature rule employed in (3.5). In this perspective, the
DQ method (3.5) provides a reliable approximation of the continuous-time
asymptotic behaviour.

56



3.4 NUMERICAL EXPERIMENTS

4+ DQ Scheme, n0=1

«10°Direct Trap. Scheme 10 %10
4
o 2 o °
0
2 s ‘ 0
0 5 10 0 5 10
t t
0 «10*Direct Trap. Scheme 0 «10¢ DQScheme, n,=1
a ° ? °
0 0
0 5 10 0 5 10

t

Figure 9: Comparison of the DQ method and the composite trapezoidal discretiza-

tion for the test problem (3.1)-(3.21).

Motivated by the considerations in [86], we take for our conclusive test

p
1 t—t
ty = 0.4 days, T tzftll
ty = 2.8 days, L
2 y A(t) — TI
t3 = 3.8 days, 1 ty—t
Tr ta—t3
ty = 7.4 days, 0
\

if 1 <t<t,
if bh<t<ts,
lf t3§t§t4/

elsewhere.

(3.21)

The kernel function in (3.21) is well-suited for modeling influenza, as it in-
herently incorporates the assumptions that no individual in the population
is infectious before t; days or after t4 days post-exposure, and that the high-
est infectivity is reached between t; and 3 days after exposure. The latent

period T7, and the infectious period Tt are

b+t

byt itz -t —

T = 1.6 days, T;

2

2 4.0 days.
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We integrate problem (3.1)-(3.21) with
T = 10, N =10°, So =9-10% B=1072,

by the explicit DQ method (3.7) and the implicit scheme (3.8). Figure 9 dis-
plays simulation results using two distinct stepsizes. We remind that, accord-
ing to Theorem 3.2, the numerical solution computed by the DQ scheme (3.7)
with the trapezoidal weights in (3.3) is positive and non-increasing, regard-
less of the step-length h. Conversely, we observe in Figure 9 that the numeri-
cal solution computed by means of the direct trapezoidal scheme (3.8), with
h = 0.5, exhibits increasing or even negative unrealistic values at certain
points.

58



Part III

ASYMPTOTIC SOLUTIONS OF NON-LINEAR
IMPLICIT VOLTERRA DISCRETE EQUATIONS

This part is dedicated to the examination of discrete Volterra equa-
tions, which are frequently employed to model phenomena in-
volving memory effects and arise in the discretization of continu-
ous Volterra Integral Equations (VIEs). Motivated by the results of
the previous chapters on the approximations of age-of-infection
epidemic models, we analyse the boundedness and asymptotic
behavior of the solutions to discrete implicit equations of convo-
lution type. Specifically, we investigate discrete models that can
often be simplified to non-linear Hammerstein type discrete equa-
tions. The theoretical results we provide remain valid even when
relaxing the conventional assumptions of Lipschitz-type condi-
tions or of bounded derivatives for the non-linearity. These find-
ings apply to the stability analysis of direct quadrature methods
for implicit VIEs and, in a specific case, to the numerical study of
the final size of an epidemic modeled by renewal equations.



VOLTERRA DISCRETE
EQUATIONS: THEORETICAL
AND NUMERICAL INSIGHTS

In Chapter 3 we have introduced an unconditionally positive and high or-
der numerical method for approximating the solution to the age-of-infection
epidemic model (1). Based on the DQ discretization of the exponential refor-
mulation (3.1), it outperforms the NSFD method (2.1) presented in Chapter
2 in terms of accuracy and overall computational cost. However, the more
involved structure of the discrete equation underlying the DQ method (3.5)
makes the asymptotic analysis of the numerical solutions less straightfor-
ward. The necessity arises of a more in-depth investigation, with particular
emphasis on two key aspects. Firstly, apart from the specific scenario dis-
cussed in Subsection 3.2.1, it becomes imperative to establish the discrete
final size’s existence for any selection of quadrature weights. On the other
hand, as the numerical tests in Section 3.4 demonstrate the empirical conver-
gence of the discrete final size to its continuous counterpart, a corresponding
theoretical result is needed asses the convergence of the asymptotic numeri-
cal solution.

Motivated by these considerations, we carry out a comprehensive analysis
of non-linear implicit Volterra discrete equations, of which the DQ method
(3.5) serves as a specific instance.

4.1 IMPLICIT VOLTERRA DISCRETE EQUATIONS

Volterra discrete equations find relevant applications in numerous mathe-
matical models where memory effects assume a pivotal role (cf. [27] and
the references therein). Owing to their inherent ability to interlink empirical
data and theoretical models [1, 44, 66, 85], they emerge as a compelling tool
for describing several real life phenomena. The analysis of Volterra discrete
equations traces its origins to [43] and has been subject of great attention over
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the years, as evident from [4, 21, 32, 40, 45, 52, 81, 89, 94]. Despite the variety
of approaches, the principal focus resides in investigating the boundedness
and asymptotic behaviour of the solution.

Our main focus will be on implicit equations of the form

n
f(xn) = &gn+ Y ku_jx;, neN, Xo given, (4.1)
j=0

under the assumptions:

A) f: ACR — B C R strictly increasing and continuous on A and the
derivative f’ exists on A;

B) k, > 0, for all n € Ny;

C) limy 400 §n = oo < +09;

+o00
n=0

E) there exists a solution {x; },cn, to (4.1).

Equations of the form (4.1) can be regarded as equivalent to non-linear dis-
crete equations of the Hammerstein type

Yn = 8n+ an_w(yj), neN, X given. (4-2)
j=0

In fact, equation (4.1) can be transformed into the Hammerstein form (4.2)
with v, = f(x,), and ¢ = f~!. For such cases, existing results detail the be-
haviour of solutions when the non-linearity possesses bounded derivatives.
Conversely, the theory is less developed in more general cases and is primar-
ily focused on specific problem analyses. Here, we examine the asymptotic
behaviour of solutions to implicit equations in the general form (4.1) and
then extend the consequent findings to (4.2).

The upcoming outcome serves as the preamble for all forthcoming discus-
sions throughout the remainder of this section.
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Lemma 4.1. Consider the discrete equation (4.1), and assume that the solution
{xn }n>0 is bounded. Denote by X = lim sup x,, and ¥ = liminf x,,. Then

n——4oo n—r+00
f(%) < goo + K%, (4-3)
f(%) = goo + Kz (4-4)

Proof. Let m > n be an arbitrary positive integer, from (4.1) it follows that

m—1

flxn) < gn+ Z k. ]x]—|-supx] Z ki. (4.5)
= jzm - j=0

Owing to the assumption D), the non-negative sequence {k; },cn, vanishes

as n tends to infinity, implying

lim sup an jxj = limsup Z ky—jxj < Ksup x;.

n——+00 j=0 n—-+00 j=m j>m
Therefore, back to (4.5), we have

limsup f(xn) < goo + Ksup x;.

Since f is a continuous strictly increasing function it is limsup,, , . . f(x,) =
f(limsup,,_, . X,), and passing to the limit for m — +oo, we obtain (4.3). By
similar arguments, one may prove that (4.4) holds true for the limit inferior
x. [l

As a consequence of Lemma 4.1, if the limit x exists, as n — 4o, for

the solution {x; }nen, to (4.1), then the relation f(Xe) = oo + KXo is valid.

In other words, if the limit x., exists, it constitutes a zero of the non-linear
function

D(x) = f(x) = goo — Kx. (4.6)
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In fact, the inequalities (4.3) and (4.4) for the limit superior and inferior of
{xn}nen,, respectively, yield

d(x) >0 and d(x) <0, (4-7)

so that, when ¥ = X = xo, P(xe) = 0.

Theorem 4.2. Consider the discrete equation (4.1). Suppose that the non-linear
function ®(x) in (4.6) has a unique zero X« in R, with ® (x«) > 0. Then, for any
bounded solution {xy},>o, it is

lim xn = Xoo-
n—+oo

Proof. From ®'(x) > 0, the fact that ®(x) has a unique zero x« and (4.7),
we have ¥ < x, < ¥ and therefore ¥ = ¥ = x. O

In some cases of interest the function ®(x), defined in (4.6), may have more
than one zero in R (for example if limy_ 0 % = 0) and, for one of them,
it is possible to find an isolation interval which contains also the sequence
solution of (4.1). In this case we can state a corresponding result, whose proof
is identical to that of Theorem 4.2 and therefore will be omitted.

Theorem 4.3. Consider equation (4.1) and assume that, for the given functions,
there exist X,i and Xypax, with Xyin < Xpax, such that, for each n > 0, Xy <
Xn < Xmax. If the non-linear function ®(x), defined in (4.6), has a unique zero
Xeo € [Ximin, Xmax), with @' (xe0) > 0, then

Iim x, = Xeo.
n—+oo
An investigation upon the significance of hypotheses 8) and ¢) leads to a
non-convergence result, when {k, },> is a non-positive sequence and a limit
to {gn }n>0 does not exist. We outline that, when k, < 0, for all n € Ny, the
inequalities (4.7) become

d(x) <0, and d(x) >0

Theorem 4.4. Consider the discrete equation (4.1) and assume that k, < 0, for any
n > 0. If {gn }n>0 is bounded and has no limit, then also {xy },>0 has no limit.

63



4.1 IMPLICIT VOLTERRA DISCRETE EQUATIONS

Proof. We prove the result by contradiction. Assume that lim,, 0 X, = ¥ =
X. Let § = liminf, gy and § = limsup,_, . ., gn. Then § > f(X) — Kx and
g < f(%) — K&. Since ¥ = %, it follows that § = g, which is absurd. O

4.1.1  Existence and Uniqueness of a Solution

Here, we present some conditions that ensure the existence of a unique solu-
tion to the non-linear implicit Volterra discrete equation (4.1). In order to do
that, we introduce the function

n—1
D, (x) = f(x) —gn— Y ku_jxj — kox, neN, (4.8)
j

and outline that the sequence {x, },cn, satisfies (4.1) if and only if ®,(x,) =
0 holds true for any value of n > 0.

Theorem 4.5. Consider the function (4.8) and assume that there exist X,,;, and
Xmax, With —00 < Xyyin < Xipax < 400, such that, for each n > 0,

n n
f(Xnin) — Xunin Zk] < &n < f(Ximax) — Xunax Zk] (4.9)
=0 =

If xo € [Xinin, Xmax|, the nonlinear equation ®,(x) = 0 has, for n > 0, at least one
root in [Xyin, Xmax|. Furthermore, if f" has constant sign in [X,nin, Xmax), then the
root Xn € [Xipin, Xmax] is unique.

Proof. We prove the existence by induction. For n = 1, ®1(x) = f(x) — g1 —
kixg — kox and the statement is true since, from (4.9),

q)l(Xmin) < kl(Xmin - xO) <0, and q)l(Xmax) > kl(Xmax - xO) > 0.
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Assume that n > 1 and that x; € [X;uin, Xmax] is a root of @;(x) = 0, for j =
1,...,n—1. Consider ®,(x) and observe that due to induction hypothesis,

n—1 n
ch(Xmm) = f(Xmin) —&n — an—jxj — koXmin < f(Xmln) —8n — Xumin Zk]/
j=0

=0
n—1 n

q)n(Xmax) = f(Xmax) — 8n — an—jx]’ — koXimax > f(Xmax) —8n — Xmax Zk]'/
j=0 j=0

Then, from (4.9), it follows that
D, (X,in) <0, and D, (Xpax)>0. (4.10)

Therefore the existence is proved. As for the uniqueness, we suppose that
f" has a constant sign in [X,;i;, Xmax] and proceed by contradiction. Let,
forn > 1, Xpuin < % < %y < Xyax be two different roots of ®,(x) = 0.
Conditions (4.10) then imply that &, admits at least one inflection point in
[, £1], which is absurd since @), = f”. O

The sufficient conditions (4.9), for the existence of a solution to (4.1), can
also be used to assure that ®(x), defined in (4.6), has a zero Xeo € [Xynin, Xmax),
with positive derivative. As a matter of fact, passing to the limit for n — +o0
in (4.9) leads to

f(Xmin) — KXin < oo < f(Xmax) — KXnax-

So, if at least one of the previous inequalities is strict, and the second deriva-
tive of f has constant sign in [Xi;,, Ximax|, then this zero is also unique. Thus
®’(xs) > 0 and the asymptotic behaviour of {x,},>¢ is described by Theo-
rem 4.3.

Remark. The results obtained in this section, on the behaviour of the solution
{xn}n>0 to (4.1), can be transferred to the solution {yn}n>0 of the general Ham-
merstein type discrete equation (4.2). Since the derivative of the non-linear function
@(y) is not necessarily bounded, the results in this section expand the actual knowl-
edge about the asymptotic properties of solutions to Hammerstein discrete Volterra
equations.
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4.2 IMPLICIT VOLTERRA DISCRETE SYSTEMS

All the results of the previous section can be generalized to d-dimensional
discrete systems. From now on, the inequalities involving vectors are consid-
ered component wise. We address implicit systems of the form

n . .
F(X")=G"+Y K"/X, neN, X’ given, (4.11)
=0

where d > 1, X" and G" are real d-dimensional vectors, K" € R9%4 and
F: X=[Xq,..., %" eRY — F(X)=[f(X1),..., fa(Xs)]" € R

Our investigation is based on the assumptions:

A*) fi: A CR — B C R strictly increasing and continuous on A. Moreover,
the derivative fi’ existson A, fori=1,...,d;

B*) K" >0, for all n € Ny;
c*) limy 100 G" = G < Ho0;

+oo
p*) K=Y K" < oo

n=0

E*) there exists a solution {X"},cn, to (4.11).

Let X,y € R? and Xyax € RY be two vectors such that —oco < X, <
Xmax < +00, the result below describes the generalization of Theorem 4.3.

Theorem 4.6. Consider the discrete system (4.11) and assume that the solution
{X"}en, satisfies

Xnin < X" < Xinax, n=>0.
Define the non-linear function

P(X) =F(X) - G* —KX, (4.12)
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and assume that it has a unique zero X* with Xy, < X < Xyax. Furthermore,
assume that

where, for each component of the vector function ®(X), the equal sign cannot happen
at the same time. Then

lim X" = X%,

n—+oo

Proof. Denote X" = (X1,...,X"T, for n € Ny. Let X; = liminf,_,c X! and
X; = limsup, X", fori =1,...,d. Proceeding component-wise on (4.11),
we get

F(X) > G® 4+ KX and F(X) < G® +RX.
Thus, referring to (4.12),
d(X) >0 and o(X) <0.

Set a° = X, and B = X. Construct two vector sequences through the follow-
ing iterative formulas, k =0,1,...,

F(a*!) = G® + Ka* and F(B) = G® + KB~

By (4.13) it is easy to see that X, < ak, ﬁk < Xuax, and that {zxk}kzo is
decreasing and {8}~ is increasing. Hence,

lim a" =a <X and lim g" =8> X,
n——+oo n——+oo
with ®(a) = 0 and ®(B) = 0. Since, for assumption, ®(X) has a unique zero,
X%® =a = B. Thus X < X* < X implies that X = X = X*, which completes
the proof. O
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4.3 FROM DISCRETE EQUATIONS TO NUMERICAL
ANALYSIS

The study of discrete equations is also valuable not only for its intrinsic sig-
nificance but also because it gives insight into the behaviour of numerical
methods used to approximate continuous problems. This relation enables
us to employ theoretical outcomes from the previous section to explore the
degree to which the dynamical and asymptotic behaviour of numerical solu-
tions mirrors that of the continuous problem.

From now on, we focus only on results dealing with the non-linear func-
tion ®(x) defined in (4.6) to have a unique zero with positive derivative.

4.3.1  Continuous Volterra Integral Equations

As already pointed out, the theoretical findings on the discrete operator (4.1)
are general enough to encompass the numerical approximations of implicit
Volterra Integral Equations (VIEs) of the form

f(x(t)) =g(t)+ /Otk(t —s)x(s) ds, teRy. (4.14)

These equations arise, for example, in the study of the existence of contin-
uous solutions of non-linear VIEs of the first type and frequently in some
applications such as percolation theory, shock wave dynamics [27] or in age-
of-infection epidemiological models [20, 36]. When f(x) is invertible, equa-
tion (4.14) turns into a non-linear Hammerstein VIE of the form

v =g+ [Ki-s)plu(s) ds  teRE, (a3

with ¢(y) = f~1(y), for which the theory on continuous and numerical prob-
lem is well known in case of Lipschitz non-linearities. We mainly focus on
implicit VIEs represented by (4.14), as the results derived for these equations
can be straightforwardly transferred to Hammerstein-type equations.

Our analysis will be carried out by supposing that the continuous counter-
parts to the properties A)-E) hold true. Specifically, we assume that:
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A) f: ACR — B C R strictly increasing and continuous on A and the
derivative f’ exists on A;

B) k(t) >0, forall t € R;

¢) g continuous on R and lim;_, e §(F) = geo < +09;
+o00

B) K:/ k(1) dt < oo;
0

E) there exists a continuous solution x(f) to (4.14).

Regarding the assumption E), the local existence of x(t) € C(R) solution to
(4.14), and therefore of y(t) € C(R]) solution to (4.15), can be established by
resorting to [29, Thm. 3.2.2]. From here and [29, Thm. 3.3.1], the continuation,
for t > 0, of any bounded solution follows.

Then, the following result holds, whose proof parallels the one for the
discrete equation reported in the previous section.

Theorem g4.7. Consider the Volterra integral equation (4.14) and assume that its
solution satisfies

Xinin < x(t) < Xinax, te RS—,

with —o0 < Xypin < Xmax < +00. Let k(t) be a uniformly continuous function on
Ry for which limy_, {0 k(t) = 0. Define the non-linear function

D(x) = f(x) — g0 — Kx (4.16)
and assume that it has a unique zero Xoo in [Xyin, Xmax), with ® (xe0) > 0. Then

lim x(t) = Xeo < +00.
t—+o00

Observe that the existence of a unique zero of the non-linear function ®(x)
in (4.16) is guaranteed if

f(Xmin) — KXpin < 8o < f(Xmax) — KXnax,

and if the second derivative f” does not change sign in [Xyin, Ximax)-
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4.3.2  Numerical Approximations of Implicit VIEs

Let t, = nh, for n € Ny, with h > 0. Under the assumptions A)-E), we
discretize the integral terms in (4.14) and (4.15) by the ng-steps DQ method
with Gregory convolution weights, as follows

f(xn) =gnth Z wnfjk(tnfj)xj/ n > ny, (4.17)
j=no
n
Yn =8n+h Z Wn—jk(tn—j)(P(yj)/ n > np. (4.18)
j=no

Here, the starting values xo, x1, ..., X,,—1 are given, x, = x(tu), yn ~ y(tn),
for n > ny and

Tlo*l 1/1071
8n = g(tn) +h Zo wnjk(tn—j)xj = g(tn) +h Zo wnjk(tn—j)(/)(y]')'
= =

The convolution and starting weights w, and w;j, respectively, are positive,
bounded and satisfy the condition (3.4) (we refer to Section 3.1 and to [28,
97, 98] for further details on Gregory quadrature rules).

With the following preliminary result the existence of the numerical solu-
tion, intended as a unique solution to the discrete VIEs (4.17) and (4.18), is
investigated.

Lemma 4.8. Consider the numerical methods (4.17) and (4.18). Then, for suffi-
ciently small values of h, these methods possess a unique solution.

Proof. For the sake of brevity, here we consider only the case of equation
(4.17). Thus, proceeding in a similar way, the statement may be proved for
equation (4.18) too. Consider, for n > ny, the function

n—1
D, (h,x) = f(x) —gn—h Y wy_jk(t,_j)x; — hwok(0)x. (4.19)

j=no
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Since ®,,(0,x) = f(x) — gn, it follows that ®,(0, f ~1(g,)) = 0. Furthermore,

0P, (h, x)
ox

= f'(x) — hwok(0)  and W = f'(x) £ 0.

Therefore, owing to the implicit function theorem, for sufficiently small & >
0, there exists a unique x(h) such that ®,(h, x(h)) = 0. This means that
equation (4.17) has a unique solution (i.e. the numerical solution). O]

Similar arguments of those in Theorem 4.5 lead, under additional assump-
tions, to the existence and uniqueness of a bounded numerical solution for
any given h > 0, as guaranteed by the following result.

Theorem 4.9. Consider the function ®,(h, x) in (4.19) and assume that there exist
Xmin and Xipax, with —oo < Xyiy < Xipax < 400, such that, for n > 0,

n—ngp n—nop
j=0 j=0

If xo,. .., Xpg—1 € [Xmin, Ximax), the non-linear equation ®,(h, x) = 0, has at least
one root in [Xin, Xmax]. Furthermore, if f' has constant sign in [Xyin, Ximax|, then
the root x, € [Xynin, Xmax] is unique.

Remark. The sufficient condition (4.20) can be replaced by the following, more
stringent but easier to check, assumptions:

* if Xypin >0,
fXimin) < 8n < f(Xmax) — XmaxK(h); (4.21)
* if Xopin < 0and Xyay > 0,
[ (Xinin) — XininK(h) < gn < f(Xmax) — XmaxK(h);
* if Xinax <0,

f(Xmm) - XminK(h) <8n < f(Xmax)-
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ERROR ANALYSIS AND CONVERGENCE Consider T > 0 and 7 € N such
that h = T/#n. It is notorious (see, for instance, [28]) that if the kernel k()
and the forcing function g(t) describing problems (4.14)-(4.15) are sufficiently
regular on [0, T], then for the local truncation error

S(hit) = /Ot" k(tn — 5)x(s) ds
ny—1 " (4.22)
—h ( ZO Wik (ta-j)x(t;) + ) wn—jk(fn—f)x(fj)> ,
£

J=nop

the integer 1o + 1 is the largest one for which

max |6(h;t,)| < chP. (4.23)

0<n<M

The following convergence result can be proved by standard analysis.

Theorem 4.10. Let x(t) and {x},cn, be, respectively, the continuous-time solu-
tion of (4.14) on [0, T] and its approximation obtained by (4.17), with h = T /7.
Assume that (4.23) holds, and that:

* the starting errors nj = x(t;) — xj, for 0 < j < ng — 1, satisfy
17l = O(™); (4.24)
o feCl([uv])and f* = minygp, ) f'(x) > 0, where p and v are such that
u<x(t)<v,fort €0, T)and y < x, <v,forn=0,1,...,7.
Then the method (4.17) is convergent of order p = ng + 1.
Proof. The global discretization error is e(h;t;) = 5 for j = 0,...,n9 — 1 and

e(h;ty) = x(tn) — xn, for n =ny,...,n.
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From (4.14), (4.17) and the mean value theorem it follows that for each ny <
n < 7 there exists y < min{x,, x(t,)} < 6, < max{x,, x(t,)} < v, such that

n—1
f(On)le(h; t)| < |6(h;tn)| + W'k Y e(h; t7)] + heook(0) le(T; ),
j=0

where W* = max{W,Q} and k* = max o<;<7k(t). Let a9 = wpk(0). Thus,
for each positive h < f*/ay, it holds

6(h;t,)| Wk il _
< h e(h;t:)|, n=ny,...,n.
~ f*—hay  f*—hag ng( il ’

le(h; £a)]

The Gronwall discrete inequality (see, for example, [63, p. 101]) yields

nﬁaxnogngﬁ‘é(h}tn)| W*k* (e TW*k*
. < . o~ .
el tn)l < ( f* — hag +f*—h0€o h];) |17]| P f*—hag

Since the local error 6(h; t,) and the starting errors Nis j=0,...,n9—1, satisfy
(4.23) and (4.24), respectively, it turns out that

max |e(f; )| < Ch"0*,
0<n<n

with C a positive constant not depending on h. O

Proceeding as in the proof of Theorem 4.10, one may prove the order p con-
vergence of the approximation of the solution to (4.15) computed by (4.18).

4.3.3 Existence of the Limit and Asymptotic Convergence

When k;, in (4.1) and (4.2) is replaced by hw,k(t,), the numerical methods
(4.17) and (4.18) are encompassed within the general framework of discrete
Volterra equations. As a consequence, the theoretical findings of Section 4.1
offer supplementary insights into the approximation of solutions to continu-
ous implicit VIEs of the form (4.14) and to continuous Hammerstein VIEs of
the form (4.15).
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In this case, the assumption D) reads
+00
K(h) =h)_ wuk(ty) < oo, forallh >0 (4-25)
n=0

and, in analogy to (4.6), we consistently define the function

®(,x) = f(x) — geo — K(H)x. (4.26)

The following result, which is essentially a reformulation of Theorem 4.3,
provides conditions for the numerical solution to admit a limit as the num-
ber of time steps goes to infinity. From a wider perspective, it represents
a stability result, as the property of existence of a limit at infinity of the
continuous-time solution is inherited by its approximation.

Theorem 4.11. Consider, for h > 0, the numerical method (4.17). Assume that
there exist X,,in and Xyax, with —oo < Xyyin < Xpax < +09, such that, for n > 0,
Xnin < Xn < Xipax. If the non-linear function ®(h,x), defined in (4.26), has a
unique zero Xoo () € [Xnin, Xmax], with 52 (h, xeo(h)) > 0, then

nngr:oo Xn = Xeo(h).

A bridge between the integral problem (4.14) and its numerical discretiza-
tion (4.17) is possible when

k(t) is definitely decreasing or K(t) € L0, +), (4.27)

then the assumption D) implies (4.25) (see for example [77, Lem. 1]). In these
cases,

(o]

+ +o0
limh' Y wk(tn) = / k(1) dt,
h—0 =, 0

and then

lim ®(h, x) = P(x).
lim (5, x) = (x)
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Furthermore, also the items in Remark 4.3.2 become easier to verify, for suf-
ficiently small h. For example, condition (4.21) is accomplished when the
forcing term g(t) in (4.14) satisfies

f(Xmin) < 8(f) < f(Xmax) — KXmax,

with K given in D).

Theorem 4.11 gives sufficient conditions for the existence of a limit x (k)
of the numerical solution x,, as n — +co. Now we investigate about the
behaviour, as 1 — 0, of the numerical asymptotic solution x« (/) and its
connection with the asymptotic solution of the continuous problem. The fol-
lowing theorem represents a general result on continuity of the fixed points
with respect to parameters (see [60] for a discussion on the continuous de-
pendence of solutions to non-linear equations with respect to parameters).

Theorem 4.12. Consider a closed bounded subset D of R and a function

@ : [0,+00) x D — R, (4.28)

satisfying:
o ®&(h,w) is continuous for each (h,w) € [0, 4+00) x D;
e the equation ®(h,w) = 0 has at least one solution W(h) € D, Vh € [0, 4+0);

e the equation ®(h,w) = 0 has a unique solution for h = 0, namely ® =
w(0) € D.

Then limy,_,o @(h) = .

Proof. In the following, we denote the vector function in (4.28) as follows

p1(h,wy, ..., wy)
q)(h,ZU): (pz(h,wl.,...,wd)

qod(h,wl,. . .,wd)
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Let @(h) be a solution to ®(h, w(h)) = 0 in D, which exists due to the second
assumption. Since @(h) € D, there exist, in D,

ll ll

[ =liminfw(h) = | : and [ =limsup@(h) = | :
h—0 _ h—0 =
la la

with [; = liminf,_,g@;(h) and [; = limsup,,_,,@;(h),i=1,...,d.

Consider @ (h), since liminf,_,o®;(h) = [, for a property of limit inferior
there exists a vanishing sequence {/, },cn,, such that lim,_ 4 @1 (hy) = L.
Consider now the sequence {@;(hy)}, oy, made by the second component of
w(h) evaluated at h,,. This sequence is bounded since @, (h) € D, then for the
Bolzano-Weierstrass Theorem, {@(hs)},cy, has a convergent subsequence
{@2(hn,) }ren, to @2. We turn our attention to the third component sequence
{@3(hn,)} e, - This is still bounded and so it has a convergent subsequence,
say {3 (h”kj )} jeN,, to @3. Continue in this manner until we get all component

sequences converging. Take that subsequence, thus

with lim;_, ;o By, = 0. From the continuity of ® it is ®(0, @) = 0 and then,
J..i

from the last assﬁ}nption, @ = ®. In particular it is [; = o;.

When, instead of limit inferior we consider limsup,,_,, @1 (h) = I, we adopt
the same strategy of constructing cascading sequences for which all com-
ponents of the solution converge. In particular I; = ;. Thus, limy,_,o @7 (1)
exists and it is equal to ;.

Now, turning to @, (h) and observing that an analogous procedure can be
applied to this second component, it results that also lim,_,q@,(h) exists
and it is equal to @;. The repetition of this procedure for all the 4 solution
components produces the desired result. O
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Theorem 4.12 can be applied to the function ®(h, x) in (4.26) (with d = 1
and D = [Xyuin, Xmax]). Therefore, all the outcomes of this section allow to
conclude with the following convergence result.

Theorem 4.13. Assuming that the hypotheses of Theorem 4.11 hold, and that the
kernel k(t) satisfies one of the conditions (4.27), then

lim Xeo (M) = Xeo. (4.29)
h—0

The convergence as i — 0 is an obvious property that a numerical method
must satisfy while integrating over a limited range, but it is not at all guar-
anteed and, in general, difficult to prove for the asymptotic solution. From
this viewpoint, Theorem 4.13 reveals crucial proving that the numerical er-
ror at infinity, intended as the error in approximating the asymptotic limit,
vanishes as h diminishes. Moreover, by employing the result of Theorem
4.29, it is possible to describe the asymptotics of the numerical solution to a
broad range of non-linear problems (which do not necessarily have to satisfy
Lipschitz conditions).

Taking into account the preliminary analysis on implicit discrete systems
carried out in Section 4.2 and the fact that Theorem 4.12 applies to a d-
dimensional non-linear system, all the results of this section can be gener-
alized to systems.

4.3.4 Numerical Experiments

Our objective in this section is to provide experimental evidence to the the-
oretical results of the preceding sections. To achieve this goal, we introduce
two test problems of the form (4.14).

Our first experiment corresponds to problem (4.14) with

flx(t) =2°(t), k(t) = e (4-30)

and ¢(t) such that x(t) =1+¢ ' + 1265~ In this case

1
CID(x):%<2 3_x—1>, KZE' Qoo = = 1 < x(t) < 56,
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4.3 FROM DISCRETE EQUATIONS TO NUMERICAL ANALYSIS

and x = 1 is the only zero of the function ®(x) lying in the interval [1,56].
The DQ numerical solutions computed by the scheme (4.17) with trapezoidal,
tirst and second Gregory weights, are reported in Tables 5 and 6. More specif-
ically, Table 5 shows the norm of errors E(h) and the experimental rate of
convergence log,,(E(h)/E(0.1h)). We observe that the numerical solutions
exhibit the expected convergence behaviour, with an order ranging from 2 to
4, in agreement with Theorem 4.10.

APPROXIMATION ERRORS EXP. ORDER OF CONVERGENCE

h Trap. rule IGregory II Gregory Trap.rule IGregory II Gregory

10-! 1.51-10 2 250-10 3 1.30-10 ~3 \\ \\ \\
1072 1.51-10 % 276-10° 9.08-10 ~8 1.95 2.95 4.14
1073 151-10 ¢ 279-10° 9.57-10712 2.00 2.99 3.98
107* 151-10 % 280-10712 8.13-10"1 2.00 3.00 3.07

Table 5: Approximation errors and experimental rate of convergence for the DQ
method (4.17) on the example (4.14)-(4.30).

In order to study the asymptotic behaviour of the numerical solution, we
compute x;(h) for some values of h and 7 = 30/h, and we use it as an
approximation to the numerical final state x« (/). This choice for 7 is based
on the fact that the exact solution x(t) approximates, for t > 30, the limit of
the exact solution x«, with an error less than 10713, Simulations reported in
Table 6 and Figure 10 show that, when i — 0, the errors in approximating
®(x) in (4.16) by ®j,(x) = P(h, x) in (4.26), and x by x5 (h) decrease at the
same rate of convergence as the DQ method used.

Consider now problem (4.14) with

. 5 o [t t
f(x(t)) =sinh(x(t)), k(t) = Gt g(t) = cos (E) + TR

(4.31)
and its discretization by (4.17). The properties (3.4) of the convolution weights
allow us to state that, for each finite & > 0, the hypotheses of Theorem 4.4 are
verified. Therefore, we expect that, independently of the method and of the
value of &, the numerical solution x,, of (4.14)-(4.31) does not admit a limit
for n — co. In Figure 11 we see that the numerical solution {x,},cn, com-



4.4 THE AGE-OF-INFECTION CASE STUDY

D (x) = Py (x)]eo | X0 — X
h Trap. rule  IGregory II Gregory Trap.rule IGregory II Gregory
107! 933102 868-10 % 126-10 % 6.66-10 * 620-10 ° 723-10 °
1072 9.33-10 % 927-10 ° 9.08-10 8 6.67-10 ° 6.62-10 8 831-10°1°
1073 933-10° 933-10 7 957-10712 6.67-10 % 6.67-107"" 1.77-10713
107* 9.33-10 8% 933-10712 9.60-1071¢ 6.67-1071" 159-1071 9.24.1071

Table 6: Asymptotic errors and final state convergence for the DQ method (4.17) on
the example (4.14)-(4.30).

puted by Trapezoidal and II Gregory rules for & = 2 and h = 1072, behaves
in agreement with the theoretical results.

4.4 THE AGE-OF-INFECTION CASE STUDY

In this section we show how Theorem 4.11 can be employed to answer a
question left open in Chapter 3 for the DQ approximations of the solution to
the age-of-infection model (1). Here, the existence of a numerical final size
approximating the asymptotic number of susceptible individuals S(c0), is
addressed. Furthermore, we prove its convergence towards the continuous
final size as the integration stepsize h tends to 0.

The starting point of our asymptotic investigation is twofold. Firstly, we
consider the implicit continuous VIE

log S(t) = log Sy — ,B/Ot A(t—s)(N —S(s)) ds, (4-32)

obtained from (3.1) by standard manipulations. On the other hand, we define

—+00

®(x) = log x — log So + B (/O As) ds) (N —x),

and delve into the non-linear equation ®(x) = 0 that, owing to (1.7), S(0)
satisfies when (2.3) holds.
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Erroron ® Error on the Final State

1073
[ S
1 - <o
4
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<
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107 10° h 107 10" 1074 10° h 1072 10!

=—O—Trap.rule e Order 2 Slope
=== | Gregory Rule ======- Order 3 Slope

+II Gregory Rule = = =+ Order 4 Slope

Figure 10: Logarithmic plot of the errors at infinity for the DQ method (4.17) on the
example (4.14)-(4.30).

The numerical discretization of equation (4.32) by the nyp-steps DQ method
(4.17) results in

log Sy = gn — hp Z wn—jA(tn—j)(N - Sj)/ n = ny, (4-33)

j=no

where the starting values So, Sy, ..., Sy,—1 are given and S, ~ S(t,), for n >
ny > 1. Here

1’10—1

In = log SO — I’l‘B Z wnjA(tn_]-)(N — S]),
j=0

and wy; and w; are the non-negative quadrature weights satisfying (3.4).

Since the numerical method (4.33) is equivalent to (3.5), the results of Chapter
3 apply. Therefore, the solution {S; },cn, to (4.33) is unconditionally positive
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Trap. rule

Figure 11: Numerical solutions of example (4.14)-(4.31) computed by the DQ scheme
(4.17) with Trapezoidal and II Gregory weights.

and bounded from above by Sy. Furthermore, under the assumption (3.14),
the non-linear function

—+o0
@ (h,x) =logx —log So+hp Y wuA(ty)(N —x), (4-34)
n=0

corresponding to (4.26) has a unique zero in (0, Sp]. In fact, this solution lies
in the compact interval [$, Sp], with

S = Spexp (—hﬁN (Wno max A(t) + Jio wnA(tn)>) >0,
n=0

0<t<ty,

where W is defined in (3.4). Thus, all the assumptions of Theorem 4.11 are
accomplished with X,,;, = S and Xyax = So. Therefore,

lim Sy = Seo(h),

n—o0
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4.4 THE AGE-OF-INFECTION CASE STUDY

which is the numerical approximation of the final size of the epidemic de-
scribed by equation (1).

These observations complement the analysis of Chapter 3 and effectively
address the previously unresolved questions. We refer to (4.34) as the numer-
ical final size relation. When the infectivity function A(t) satisfies one of the
conditions outlined in (4.27), Theorem 4.13 ensures the convergence of the
numerical final size S () to S(o0), as h — 0. It's noteworthy that the con-
vergence as h vanishes is an inherent requirement for a numerical method
when integrating within a bounded interval. However, such convergence is
not generally guaranteed and is particularly challenging to establish in the
context of asymptotic solutions. As a result, taking into account the theoret-
ical findings of Chapter 3 and the comparison with the NSFD strategy, it
can be firmly stated that direct quadrature-based methods constitute an at-
tractive and promising tool for the accurate simulation of an epidemic. As a
matter of fact, the relatively reduced computational costs and the ability to
unconditionally mimic the qualitative and asymptotic properties of the con-
tinuous model, make these schemes effective for even long-time simulations.
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Part IV

UNCONDITIONALLY POSITIVE LONG-TIME
BEHAVIOUR PRESERVING NUMERICAL
METHODS FOR MULTI-DIMENSIONAL

AGE-OF-INFECTION MODELS

In this section, we extend the discretization approaches from the
previous chapters to address more complex variants of the origi-
nal Kermack and McKendrick model and deepen the theoretical
analysis of the resulting numerical schemes. Specifically, we pro-
pose in Chapter 5 a high-order DQ scheme for the system of IDEs
(1.16) representing the age-of-infection model with static hetero-
geneity. In Chapter 6 we present a comprehensive NSFD numeri-
cal framework for the general renewal equations system (1.20), as
a tool to simulate different infection scenarios. In both cases, we
establish the unconditional positivity of the numerical solution.
Our focus is on the asymptotic discrete dynamics, which consti-
tutes the core of our findings and major contributions. As a matter
of fact, we prove the existence of the asymptotic limit as the num-
ber of time steps approaches infinity and the convergence of the
numerical final size to the continuous final size as the step-length
vanishes.



DQ DISCRETIZATION OF THE
HETEROGENEOUSLY MIXED
AGE-OF-INFECTION MODEL

In this chapter we present a direct quadrature numerical method to approxi-
mate the solution to the non-linear integro-differential system (1.16), arising
in age-of-infection models accounting for demographically closed and het-
erogeneously mixed host populations. Thus, we refer to Section 1.3 for the
theoretical details on the model and for the epidemiological interpretation
of the involved parameters.

Proceeding as in the scalar case of Chapter 3, we base our numerical dis-
cretization on an implicit reformulation of the Volterra integral equations in
(1.16). Our starting point is the relation

d _ p1] pz] dS] _
g7 108 (Si(7)) = az]Zpro] +a12 0 () - (t—=s)ds, (51)

derived from (1.16) by straightforward manipulations. Here, we normalize
the number of susceptible individuals at time ¢ > 0 of each group introduc-
ing the unknown functions

Zi(t) := Sis((f), so that 7Y = 7;(0) =1, for 1<i<d. (5.2)
i

Therefore, because of the identity

// d—] T—5) dsdT:—/OtA]-(t—s)(1—zj(s))ds,



DQ DISCRETIZATION OF THE HETEROGENEOUSLY MIXED AGE-OF-INFECTION MODEL

the integration on [0,t] of both members of (5.1) yields the following non-
linear implicit Volterra system equivalent to (1.16)

log(Z(1)) = G(t) ~ P [ Alt~5)(e ~ Z(s)) ds. (53)

In the following, we will refer either to (1.16) or to (5.3) as needed. Here
e=1,...,1]T € R? is the unitary vector and for t € R,

Z1(t) ap1SY/Ny ... 01P1d52/Nd-
2(t) = Z(t)| R? p_ a2p218Y/ N1 ... a2p24S§/ Ny c Rixd
| Z4(t) agpaSY /N1 ... a3paaSS/ Ny
[Gi(t) A(t) 0 ... 0 0
G(t) = Ga(t) cRY At) = 0 Ax(t) ... 0 0 e RIx?
| Gy(t) 0 0 o 0 Ayt
(5.4)
where the components of the known forcing function read
4 pii [t .
Gi(t) = —a; y ﬁ/ @oj(s) ds <0, i=1,...,d (5.5)
j=14Vj 70

Notice that, since @g;(t) € L'(Ry) for 1 < i < d, there exists the limit
G(o0) = lim¢—, 4o G(t), given by

d .. —+o00
Gi(co) = —a; } %/O 90;(5) ds < Gi(t), i=1,...,d  (56)
=1 Nj

In this chapter, as throughout the rest of the thesis, all vector inequalities
have to be interpreted component-wise. From (5.2) and the theoretical find-
ings of [23] it follows that the solution to (5.3) is positive, non-increasing and
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5.1 THE DIRECT QUADRATURE METHOD

bounded from above (0 < Z(t) < 1, for all t € R]). Furthermore, from (1.18),
the final size of the epidemic

Z(o0) = lim Z(t) € (0,1)%, (5.7)

t—+oo

satisfies the d-dimensional non-linear final size relation
+00
P(Z(e9)) = 10g(Z(c2)) = G(e0) + P [ A(s)ds (e~ Z(e2)) =0, (58)

with G(0) = [Gy(00),...,Gy(c0)]T € RY, whose components are defined in
(5.6). The final size relation (5.8) simplifies to a scalar equation in case of
proportionate mixing. As a matter of fact, if the condition (1.17) holds true
and a; > 0, then

where ¢ solves the scalar non-linear equation (1.19).

5.1 THE DIRECT QUADRATURE METHOD

Consider, for positive values of the stepsize h, the uniform mesh {t, =
nh, n = 0,1,2,...}. The numerical discretization of equation (5.3) by the
no-step DQ method with Gregory convolution weights (see [28]) then reads

n
log(Z") = G" —hP Y wy xA(ty k) (e — Z), (5-9)
kII/lo
where, for n > ng > 1, Z" = Z"(h) = [Z}(h),..., Z}(h)]T ~ Z(t,), the
starting values 70 71 .., 7m0~ 1 c RY are given and
no—l
G" = G(tu) —hP Y wuA(ty_y)(e—Z"), (5.10)

k=0
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5.1 THE DIRECT QUADRATURE METHOD

with P, A(t) and G(t) defined in (5.4) and (5.5), respectively. The quadrature
and starting weights in (5.9) and in (5.10) are positive and satisfy the rela-
tion (3.4). We refer to Section 3.1 and to the references therein for further
details on Gregory quadrature rules. A pseudo-code implementation of the
numerical method (5.9) is presented with the Algorithm 3.

Algorithm 3 : Direct Quadrature Scheme for (1.16)
Inputs: h,T,ny, P, A(t), G(t)

Outputs : [to,...,ta],{Z°...,Z"}

i [T/h], [to,t1,.. ., tyyg—1] < [0, 1, ..., (ng —1)h]
2 fornyg <n <ndo

3 | th—(n+1)h

4 STSum < —hP 220:61 wnkA(tn—k) (6 - Zk)

5 DQsym < —hP Elrcl:no Wy A(tn—x)(e — Zk)

6 G" + G(tn) + STsym

=)

7 solve the non-linear system
8 | 1og(§) — G" — DQgum =0
9 " (;I

The numerical method (5.9) is a generalization of the DQ scheme (3.5) to
more complex infection scenarios (multiple groups for which the condition
(2.3) does not necessarily hold). Therefore, since the discrete-time Kermack-
McKendrick model in [40] corresponds to a specific instance of (3.5), it may
be derived from (5.9) as well. From a mathematical standpoint, the analysis
of the implicit Volterra discrete system (5.9) poses additional challenges, and
a more comprehensive examination is warranted to extend the outcomes
established in Chapter 3 for the scalar case.

5.1.1 Existence and Uniqueness of a Positive Numerical Solution

The numerical method (5.9) represents, at each step, a non-linear algebraic
system with unknowns Z, i = 1,...,d. In order to prove the existence of a
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unique solution to it, we establish the following preliminary result for non-
linear systems of the form

d
l“i(xi) = Z ’)/i]'(x]'), i = 1,.. .,d. (5.11)
j=1

Theorem 5.1. Let T; : [q7,4;*] — R, and ;; : [q]*f,q;-‘*] - R,1<14,j<d,be
continuous functions and consider

D={x= [xl,...,xd]TERd:qf <x<gq, i=1,...,d}.

Assume that forall 1 <i,j <d:
Ti(g) > 0,and Tj(§) <O, for & € [47,4;);
7i(§) > 0, and };(&) <0, for & € [47,97%);

iL(?) is strictly decreasing on [q;‘, q]**) ;
ij

for 1 <i <d, is a continuous self-mapping.
Then the solution to system (5.11) exists in D and it is unique.

Proof. The existence of a solution in D immediately comes from Brouwer’s
fixed point theorem applied to the continuous function ¢ : D — D. As for
the uniqueness, the result in [51, Theorem 2.1] can be easily adapted. ]

From now on, we assume that
Vh > 0, A]-(h) =h Z wnA]-(tn) < 400, j=1,...,d (5.12)
n=0

and define the diagonal matrix

Ai(h) 0 ... 0

A(h) = () .0 € R, (5.13)

p:x €D —[P1(x),...,94(x)]T € D, defined as p;(x) = 1"1._1 (2?:1 'yl-j(xj)> ,
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Sufficient conditions for (5.13) are, for example, A;(t) ultimately monotonic
(see [34, p. 208]) or A;(t) € LY(R") for each 1 < j < d (see [76, Lem.1]).

Here we apply Theorem 5.1 to the scheme (5.9) to prove the existence, for
eachn > ngand h > 0, of a unique numerical solution Z" which uncondition-
ally retains the positivity and boundedness properties of the continuous-time
solution.

Theorem 5.2. Assume that the starting values satisfy 0 < Z¥ < 1, for k =
0,1,...,n9 — 1. Then, for each h > 0, the discrete system (5.9) admits, for any
n > ng, a unique solution Z". Furthermore

1. Z(h) < Z" <1, for n > ng, with Z(h) = [Z1(h), ..., Z4(h)]T defined by

0<t<tu,

Z(h) = exp (G(oo) —P (tnow max A(t) + A(h)) e) , (5-14)

where G(c0) and A(h) are defined in (5.6) and in (5.13), respectively.

2. if ng = 1 (Trapezoidal rule) and A;(0) = 0,1 < j < d, then the sequence
{Z"} y>n, is non-increasing.

Proof. Assume that a solution Z" to (5.9) exists for each 7, since

n
7" = exp (Gn — hP Z wn,kA(tn,k) (6 - Zk)) ,

k:no

Z" is positive. Furthermore from (5.10), (5.5) and (5.6)

n
n_ gk s B _ ~
¢ hpkgo Wn—kA(ty—)(e = Z%) 2 G(e0) = P (fnowogtlgif,o A(t) + A(h)> e,

so Z" is bounded from below by Z(h) given in (5.14). For each n > ny,

equation (5.9) implicitly defines Z" as the solution to a non-linear system of
the form (5.11) with I';(¢) = log(1/¢), and

7(8) = €} + hai%sywo/g(om ),
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where
Pii (1,50 = £ ;
ﬁ ( j <Z wnkA ( n— k)(l_Z +k2 Wy, _ kA ( e k)(l—Z].))>
1o
Pij
-I-alﬁ/
Therefore,

ne)\ _ 1 i O, oo (LY 1) G
(%y(é)) BTG (h sfeot0) (14108 () - ) c)'

Let
D(h) = {x=[x1,...,x4]T € RY: Z(h) < x <1}, (5.15)

and define, for n > ng, and 1 <i <d, ;(x) = 171 (Z}i:l f)/ij(xj)> )
We prove the existence and the uniqueness of a solution in D(h) by using
Theorem 5.1. As a matter of fact, for each n > ny, it holds:

I'i(¢) = —log(¢) > 0,and IT'}(¢) = _3 <0, for Zj(h) <& <1;

%{j(g) = _hai%sgwoAj(O) <0, for Zj(h) < ¢ < 1;
J

1+41og(1/8) <1/¢, for Z;j(h) < ¢ <1,
- =[¢1,...,94]" : D(h) — D(h), is a continuous self-mapping.

In order to prove that 7;;(&) > 0 and (Tj({) /’yl](é’))’ < 0 we need that ¢j; > 0,
so we proceed by induction. When n = n, since s?jo > 0, the assertion is
verified. Consider now n > ng and suppose that for each m < n, 8?} > 0 and
thus, by Theorem 5.1, a unique Z" € D(h), solution to (5.9), exists. It follows
that ¢, > 0 and, once again, all the assumptions of Theorem 5.1 are satisfied.
So the first part of Theorem 5.2 is proved.

Regarding the item 2 we notice that in this case equation (5.9) reads

n—1
log(Z") = G(ty) —hP Y_ A(t, ) (e — Z5),
k=1
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and for n = 1, Z! = exp (G(h)) < 1 = ZJ, since, for (5.5), G(h) < 0. Let
n > 1 and suppose the assertion true for each m < n. We get

log (Z;:> =hP (A(tn_l)(e - 7ZhH + ny:;lA(t‘n_k)(Zk1 - Zk)>

k=2

Then Z" < Z"~1 for all n. l

Remark. Infectivity kernel functions A(t), as defined in (5.4), which are identically
zero on an initial time interval are well-suited for modeling realistic infections. As a
matter of fact, initially null kernels naturally account for positive incubation periods
(see, for example, [2, 56, 83]) and for the time delay between the introduction of
restrictive measures and the observation of their effects. Furthermore, the condition
A;(0) = 0 for all 1 < j < d renders the numerical scheme (5.9) explicitly solvable,
resulting in a computationally less demanding algorithm.

5.1.2 Error Analysis and Convergence

Consider, for T > 0, the equispaced mesh points t, = nh, forn =0,1,...,1,
with 71 € N and T = 7ih. We denote by ¥ = Z(t;) — ZF € R¥, for 0 < k < ny,
the starting errors and by

tn
5(h; t) :/0 Aty —s)(e — Z(s)) ds
no—1 n
—h ( Z wnkA(tn—k)(e - Z(tk)) + Z wn—kA(tn—k)(e - Z(tk))> ’

k=0 k:no

for 0 < n < 71, the local truncation error of the discretization (5.9). It is known
(see, for instance, [28]) that if the kernel function A(t) in (5.4) is sufficiently
regular, then p = np + 1 is the largest integer so that

max ||0(h; ty)| < chP. (5.16)

0<n<n

A quite standard analysis leads to the following convergence result.
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Theorem 5.3. Let Z(t) be the solution to (5.3) for t € [0,T], with T > 0 and
let {Z"}o<n<n be its approximation computed by (5.9) with h = T /7 and i > 0.
Assume that

o the starting errors ¥, for 0 < k < ny, satisfy
I ()| = O(H"™); (5.17)

* the kernel function A(t) defined in (5.4) is smooth enough to ensure (5.16).
Then the method (5.9) is convergent of order p = ny + 1.

Proof. Let E(h;t,) = Z(t,) — Z", for ny < n < 71, be the global approximation
error of (5.9). Thus E(h;t,) = n* for k = 0,...,ny — 1. Evaluating (5.3) at t,,
for n = ny, ..., 7 and subtracting (5.9)-(5.10), yields

110—1
log(Z(tn)) —log(Z") = — Pé(h;ty) — Ph Y wuA(ty_)n"
k=0
n
— Ph Z wnka(tnfk)E(h/‘ tk>.

k=7/l0

Since 0 < Z(t,), Z" <1, from the mean value theorem, there exist d positive
constants 01,...,0% > 1 such that

log(Z(ty)) —log(Z") = diag(6") E(h; t,), n=noy,...,1n.

It follows that ||E(h;t,)| < |[log(Z(ts)) —log(Z")||. Consider, recalling the
boundedness property (3.4) of the weights,

* b, 0, A* = At = P[||A(0)]|.
w* = max{w, O} max JAD], a0 = woll Pl AO)]

Then, for a sufficiently small stepsize £, it holds

[ PI[1I6Ch; ta) | IIPIIW*A* .

IE(h; tn)|| < T~ hag T % hZHEhtk n=n,...,n.
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5.2 ASYMPTOTIC PROPERTIES OF THE NUMERICAL SOLUTION

The Gronwall discrete inequality (see, for example, [63, p. 101]) yields

|60 )| w At S Tw A°| [P
. < L L L
||E<h,tn>||_||P||<max 5 gt DI e ()

no<n<i 1——ha0

for n = no, ..., 7. Since the local error §(k;t,) and the starting errors 1*(h)
satisfy (5.16) and (5.17), respectively, it turns out that

max ||E(h; t,)|| < Ch™*?,
0<n<n

with C a positive constant not depending on h. O

5.2 ASYMPTOTIC PROPERTIES OF THE NUMERI-
CAL SOLUTION

In this section, we delve into the analysis of the asymptotic behaviour of
the numerical solution to (5.9) and clarify its relation to the final size of the
epidemic Z(o0), defined in (5.7). Specifically, we demonstrate that, for each
h > 0, the sequence {Z"}, < converges, as n approaches infinity, to the root
of the non-linear system

®(x,h) := log(x) — G(0) + PA(h)(e — x) =0, (5.18)

where G(c0) and A(h) are given in (5.6) and (5.13), respectively.

The initial step to attain the aforementioned result is to prove the existence
of a unique root for (5.18). Then, we show that the DQ approximation of the
solution to (5.3), computed by (5.9), admits an asymptotic limit as n — +oo,
which corresponds to the unique root of (5.18).

Theorem 5.4. Consider D(h) as defined in (5.15). For each h > 0, the non-linear
system (5.18) has a unique solution Z*(h) € D(h).

Proof. Equation (5.18) fits the form of (5.11) with I';(¢) = log (1/¢) and

(@) =kl (S0 -4 + [ go(s) ).
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5.2 ASYMPTOTIC PROPERTIES OF THE NUMERICAL SOLUTION

Then Theorem 5.1 yields the result. O

With the exception of the specific case analyzed in Theorem 5.2-item 2,
the general monotonicity of the numerical solution cannot be proved. Con-
sequently, our objective here is to assess the existence of the limit for the
sequence {Z"},>n,. To do that, we restate the results of Section 4.2 for im-
plicit discrete Volterra systems of the form

n . .
F(x")=v"+ Z K" Ty, (5.19)
=0

where F : RY — R, F(x) = [Fi(x1),...,F(x4)]T and for each 0 < j < n,
" xl € RY and K/ € R4, Define the non-linear function ® : R? — R? as
follows

®(x) = F(x) — v® — Kx. (5.20)

Theorem 5.5. Consider system (5.19). Assume that foreach 1 <j <d,

* F: Bi C R — Ris strictly increasing, continuous and differentiable on Bj;

o Kl >0and K=Y K" < +oo;

® limy, , 100" = 0% < 4o0;

* a solution {{"},>0 to (5.19) exists, with y < " <w, forall n > 0.

o there exists a unique p < &* < v such that ®(¢*®) = 0, with ®(x) in (5.20);

e &(u) <0, and ©(v) > 0, where the equal sign cannot happen at the same
time.

3 n __ xoo
Then ngr}rloorj = ¢%.

The following result applies Theorem 5.5 to the discrete system (5.9), which
represents the numerical method.

Theorem 5.6. Let, for h > 0, {Z"},>n, be the approximation of the solution to
(5.3) computed by (5.9). Let Z*(h) € D(h) be the unique root of ®(x,h) = 0, with
D(h) in (5.15) and ® in (5.18). Then there exists lim,,_,co Z" and

Z®(h) = lim Z".

n—00
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5.2 ASYMPTOTIC PROPERTIES OF THE NUMERICAL SOLUTION
Proof. The DQ numerical method (5.9) falls into the general form (5.19) with

F(x) = log(x), Kni — thnjA(tn,]'), for 0< ] < ny,
xj = Zj, hPwy,_iA(t,—j), for ng<j<n.

np—1 n
0" = G(tn) —hP ( Z wnkA(tn—k) + Z wn—kA(tn—k)> €.

k=0 k:no

With this choice, ®(x, ) in (5.18) coincides with ®(x, ) in (5.20) for all fixed
h > 0. Hence, from Theorem 5.4, Z®(h) is the only zero of ®(x,h) on D(h).
So we set u = Z(h) and v = Z° = 1, then

&(2°,h) = —G(c0) > 0,

&(Z(h),h) = —P (tnow max A(t) + A(h)Z(h)) <0,

0<t<ty,

all the hypotheses of Theorem 5.5 are fulfilled and we get the result. O

Theorem 5.6 states that independently of the step length, the numerical
solution Z" converges, when n — +00, to the root Z®(h) of (5.18) that repre-
sents the discrete counterpart to the final size relation (5.8). For this reason,
we refer to (5.18) as the numerical final size relation and to Z*(h) as the numer-
ical final size.

5.2.1 Convergence of the Numerical Final Size

Theorem (5.3) ensures the high-order convergence of the DQ discretization
(5.9) in case of integration over bounded time intervals. Our objective is to
prove that the numerical solution can accurately replicate and efficiently ap-
proximate the asymptotic behaviour of Z(t). Stated differently, we aim to
demonstrate that the discrete final size Z*(h) converges to the continuous fi-
nal size Z(c0) as h vanishes. This is shown in the theorem below. We assume
that

~ oo
I];iil’(l) A(h) = /0 A(s) ds, (5.21)
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5.2 ASYMPTOTIC PROPERTIES OF THE NUMERICAL SOLUTION

with the matrix A(h) defined in (5.13).

Theorem 5.7. Let Z(t) be the solution on Ry to (5.3) and Z(co) = limy_, o0 Z(F).
Let {Z"},>0 = {Z"(h) } n>0 be its approximation computed by (5.9). Suppose that
(5.21) holds true. Then

o nopy
%ﬂngmwz (h) = Z(o0).

Proof. Owing to the final size relation (5.8), the equality ®(Z(o0)) = 0 holds
true for the non-linear function

+oo
®:xecRY — log(x) +P/ s)ds (e —x) € RY.

Due to the hypotheses, lim;,_,o®(x,h) = ®(x) and the numerical final size
relation (5.18) tends to the continuous one (5.8) as h goes to zero. Further-
more, from Theorem 5.4 and Theorem 5.6, lim,,_, 1 Z"(h) = Z%®(h) is the
only root in D(h) of ®(x,h) = 0. Consider

7 = liminf Z3° (h) and  Z® =limsupZ®(h) for i=1,...,d.
h—0 h—0

Properties of limit inferior ensure the existence of a vanishing sequence
{hn}n>0 such that

lim Z7°(h,) = Z7°.

n—r+00
Due to Bolzano-Weierstrass theorem, the bounded sequence {Z5°(hy)},en,

admits a subsequence {Z5°(hy, ) }ren, such that limy_, | o Z5°(hy, ) = Z3. Then

we proceed by considering the bounded sequence {Z5(hy, ) }xen, and a con-

vergent subsequence of it Z5° (hy, ) o Z5. Proceeding in this way it is pos-

sible to obtain all component sequences converging. Thus there exists a se-
r—co
quence hnk’ —— 0, such that

e

Z* = lim Z° (h ):[Z;",z;,...,z;;]?

r—-+o0
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5.2 ASYMPTOTIC PROPERTIES OF THE NUMERICAL SOLUTION

Hence, given the continuity with respect to both x and & of ®(x,h), we can
conclude that Z* = Z(o0) and Z° = Z;(c0). In a similar fashion it is possible
to prove that Z& = Z;(c0) and consequently that limy,_,o Z(h) = Z;(0).
Repeating the procedure for the remaining d — 1 components then completes
the proof. O

The numerical method (5.9) unconditionally retains the asymptotic prop-
erties of the continuous-time solution to the model (5.3). Furthermore, the
theoretical findings outlined in this section demonstrate that as / tends to
zero, the asymptotic numerical solution converges to its continuous counter-
part. We stress the importance of this result, since the convergence of the
asymptotic solution is not guaranteed and in general challenging to prove,
for still accurate standard numerical techniques.

The commutative diagram in Figure 12 sums up all these outcomes.

DX) =0 ~——

root

of
Z(t) ——"" s 7o)

h—
Theorem 5.3
Theorem 5.7
h—
h—-0

7 n Theorem 5.6 A
n— +00
root
of
@, h) =0

Figure 12: Convergence results for the the DQ approximation of the age-of-infection
model with static heterogeneity. Here, the blue colour represents the
continuous-time level, while the green colour denotes the discrete one.
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5.3 NUMERICAL EXPERIMENTS

5.2.2 The Proportionate Mixing Case

The d-dimensional final size relation (5.8) simplifies to the scalar non-linear
equation (1.19) in case of proportionate mixing. Here we show that the
asymptotic limiting system of the DQ solution exhibits a similar property.
Assume that 4; > 0 and consider A; = G;(o)/a;, fori = 1,...,d, with
G;(c0) defined in (5.6). The numerical final size relation (5.18) then reads
llog (ZF(h)) = —A; — i&SQA~(h)(1—Z9°(h)) i=1 d
a; ! : jlef] J ] ’ e

where A;(h), 1 < j < d, is given by (5.12). In case of proportionate mixing,
(1.17) holds true and

d .. pt
pl]/ .
A-:—Z— @oi(s) ds = A, i=1,...,d.
i = N] 0 ]

Therefore, independently of step length, Z*(h) = o(h)%, foralli =1,...,d,
where o (h) solves the scalar equation

d . +o0 B
log(c(h)) + ]; z% (/0 @oj(s) ds + S?A]-(h)(l - a(h)”f)) =0. (5.22)

Equation (5.22) represents the direct discretization of (1.19) and the results
of this section can be employed to prove that under the assumption (5.21),
limy_go(h) = o as well.

5.3 NUMERICAL EXPERIMENTS

In this section, we present two experiments aimed at validating the theoreti-
cal findings of the preceding sections, alongside a simulation delineating the
dynamics of a typical influenza outbreak.
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5.3 NUMERICAL EXPERIMENTS

Our first example consists of system (5.3) with d = 4,

1000 51+2)"1 0 0 0
-2t
A e Y ° ‘ y X ’
300 0 0 te O 0 (5.23)
200 0 0 0 (02 + t)_z
6 i 1
Ni=g 1% ai=5  pi=g  o(t) = (N;= S)A;),

for 1 < i,j < 4, whose solution is approximated by the method (5.9) with
different choices of the weights (see Section 3.1). The maximum errors E(h)
at the end point of the integration interval [0, 1] and the experimental rate of
convergence

are listed in Table 7. Here, the errors are computed by using, as a reference
solution, the one obtained by II Gregory rule and & = 10~°. From Table 7 and
Figure 13 it is clear that the experimental order agrees with the theoretical
one established in Theorem 5.3.

APPROXIMATION ERRORS EXP. ORDER OF CONVERGENCE

1 Trap. I Greg. II Greg. Trap. I Greg. II Greg.

(Tlo = 1) (TZQ = 2) (1’10 = 3) (1’10 = 1) (Tlo = 2) (TZO = 3)
107! 3.15-10 2 1.48-10~2 9.07-10 73 \\ \\ \\
1072 334-10 % 259-10° 3.23-10 ° 1.98 2.76 3.45
1073 3.34-10 ¢ 276-10 8 3.83-10°1 2.00 2.97 3.93
107% 334-10 % 278-107' 3.99.1071 2.00 3.00 3.98

Table 7: Approximation errors and experimental rate of convergence for the DQ
method (5.9)
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5.3 NUMERICAL EXPERIMENTS

E(D)II,
3

—O— Trap. rule

............. Order 2 Slope
=60 | Gregory rule |3
............. Order 3 Slope | ]
=—©— || Gregory rule
............. Order 4 Slope

107"

Figure 13: Logarithmic scale plot of the approximation errors and experimental con-
vergence of the DQ method (5.9).

To assess the numerical method’s reliability and confirm the preservation
of the distinctive characteristics of the continuous model, we examine prob-

lem (5.3) with for1 <i,j <3,

N; = 1000, 900
N, =2000, S°= [1800],
N3 = 3000, 2700

0.6 1
4 == Pij= 3 Poj(t)

e 2t 0 0
A= 0 J2e 2 o
0 0 2| (524

= (N; = S?)A(t), 1<i,j<3.

The numerical solution over the interval [0,30], computed using the DQ
scheme (5.9) with second Gregory weights, is depicted in Figure 14. There,
we report the continuous final size Z(o0) as well, obtained by using the fzero
MATLAB routine [82] for the equation (1.19), within the context of the pro-

portionate mixing case. From

Figure 14 it is clear that the positivity, the

boundedness and the qualitative long-time behaviour of the continuous so-
lution are retained. Our tests show that for fixed i > 0, the value of Z" con-
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5.3 NUMERICAL EXPERIMENTS

verges to a finite value, as n grows, for any choice of the quadrature weights.
To quantitatively investigate the asymptotic behaviour of the DQ numerical
solution, we integrate the problem (5.3)-(5.24) on a large time interval [0, T],
with T >> 0. Then we define the truncated numerical final size Z*(h; T)
and the truncated sum A" (h; T) of (5.13) as follows

i
Z°(h;T)=2Z"(h) € R* and A"(;T)=h Y wpAlty) € R¥>*? (5.25)
n=0

where 7 is the positive integer for which 71h = T. Furthermore we consider
the residual on the numerical final size relation (5.18)

r(h;T) = ||log(Z%(h; T)) — G(o0) 4+ PA™ (h; T) (e — Z*(h; T))|

2/

as a measure of the goodness of the choice of T.

We conduct our experiment by setting T = 100 for computing Z®(h; T),
and the effectiveness of this choice is confirmed by the values of r(h;T).
Table 8 shows the residuals of the numerical final size and the asymptotic
approximation errors ||Z(c0) — Z"(h)||2, which tend to zero as h vanishes.
The numerical outcomes agree with the theoretical result of Theorem 5.6
and illustrate a convergence of the numerical final size to the continuous one
with an experimental rate of 1y + 1.

5.3.1 Age Structured Simulation of Influenza in Italy

Age-structured models are founded on the idea that the social behaviour and
the contact pattern of host individuals may vary with the age, resulting in
different responses to the infection. A common assumption in this context is
that the disease spread occurs within a relatively short time frame, during
which the heterogeneity can be considered static. In this setting, we select the
parameters in (5.3) to model the evolution of an influenza outbreak in Italy.
From demographic data in [55], we derive the age-structured partition of
Italian population in 2018 reported in Table 9. Moreover, the contact matrix
[Pijl1<ij<5 is determined from [49, Table S1] by reorganizing the age-specific
groups and calculating the relative frequency of contact for each group. Fi-
nally, the contact rates a;, 1 < i < 5, are computed by solving the balance
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Il Gregory Rule, h=10"2

— i1
R}

—— 3

L 4 N J

0.91 : : :
0 5 10 15

t

20

25 30

Figure 14: Problem (5.3)-(5.24): results of simulation on [0, 30].

relation (1.15) with the fsolve MATLAB routine (see [82]) with tolerances of

1015,

Epidemic models arising from VIEs and renewal equations provide a pre-
cise description of the non-instantaneous nature of the contagion process
by incorporating delays. We base our investigation on the assumptions that
no member of the population is infectious before t; days or after t4 days
post-exposure and maximum infectivity occurs between t, and t3 days after
exposure. To incorporate these considerations, we choose, for j = 1,2...5,

the trapezium kernel functions

t; = 1.0 days, Tll
tr = 2.0 days, L
2 y A](t) — T[
t3 = 2.4 days, L
ty = 3.0 days, 01

\

if t1 <t<ty,
if 1) <t<ts,
if t3 <t <ty

elsewhere,

as suitable to model a common flu (see, for instance, [86]).

(5.26)
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5.3 NUMERICAL EXPERIMENTS 103

DISCRETE ASYMPTOTIC DYNAMICS

DQRulein (5.9) h  ||Z(c0) —Z"(h)|l2  r(h;10?)  Exp. Conv. Rate

Trapezoidal 10° 6.24-10 3 6.13-10"Y \\
1071 6.57-10 ~° 1.60-10716 1.98
1072 6.57 -10 =7 1.39-10"16 2.00
1073 6.57 -10 ~° 2.12-10716 2.00
I Greg. Rule 10° 2.72-10 3 8.06-10~17 \\
1071 6.83-10 ~° 2.89-10716 2.60
1072 7.46-10 ~° 117-107Y 2.96
1073 75210712 5.93.10716 3.00
Il Greg. Rule 107! 1.70-10 3 5.40-10"Y \\
1072 1.10-10 ~° 1.55-10"16 3.19
1073 1.25-10710 3.20-1071° 3.95

Table 8: Long time behaviour of the numerical solution to (5.3)-(5.24) by the DQ
method: numerical final size convergence.

Here, in agreement with recent influenza literature (see [31, 70, 95] and
references therein), the latent period 17, and the infectious period T7 are

b+t
2

itz —thh— 1

T
L 2

= 1.5 days, T;

= 1.2 days.

From a computational standpoint, the shape of the functions in (5.26) and
the condition A]-(O) = 0, for all 1 < j < 5, render the numerical method
(5.9) explicit. We assume that the 99% of the individuals in each group are
susceptibles and that all initial infectives in each group have infection-age
zero, at the disease outbreak. Specifically, we set

S?=099N;, and ¢y = (N;=S)A;(t), forj=1,...,5.
We simulate problem (5.3)-(5.26)-Table 9 on [0,60] by second Gregory rule

and h = 1073. The results, showed with Figure 15, illustrate the variation of
susceptibles S;(t) = SVZ;(t),1 <i <5.
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DEMOGRAPHIC AND CONTACT DATA FOR ITALY

i Age Groups N; pi1 Pi2 pis Pia pis

1 00—19years 10745563 0.5782 0.1861 0.1762 0.0476 0.0118
2 20—39years 13113139 0.1583 0.3939 0.3260 0.1072 0.0146
3 40 —59 years 18445702 0.1652 0.3595 0.3217 0.1288 0.0248
4 60—79years 13215981 0.0999 0.2645 0.2882 0.2832 0.0641
5 > 80 years 4296288 0.1201 0.1746 0.2677 0.3097 0.1279

Contact rates a1 = 2.557, a, = 2.464, a3 = 1.589, a4 = 0.991, a5 = 0.631

Total Population size = 59816673,

2]5:1 pij = 1 foreach 1 <i<5.

Table 9: Age structure partition and contact patterns of 2018 Italian population.

Il Gregory Rule, h=103

T
abhwn =

Figure 15: Age structured simulation of influenza in Italy, problem (1.16)-(5.26)-

Table 9.

It is evident that, since we are not in the case of proportionate mixing, an-
alyzing the asymptotic behaviour through the non-linear system (5.8) could
potentially incur higher computational costs compared to conducting long
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time simulations using (5.9). For # = 1072 and T = 10?, we compute the

5.3 NUMERICAL EXPERIMENTS

truncated numerical final size defined in (5.25)

7°(h; T)

with a residual of order of 10712 (here, o denotes the component-wise prod-

uct).

0.246
0.297
0.466
0.656

0.770

and

$®°(h;T):=80Z2%(;T) =

2621706
3860315
8511097
8577571
3274802
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NON-LOCAL DISCRETIZATION
OF A CLASS OF RENEWAL TYPE
EPIDEMIC MODELS

In this chapter, we introduce a numerical method that employs a non-local
discretization technique to address the general renewal-type system (1.20),
which encompasses the class of age-of-infection epidemic models. Our ob-
jective is to develop numerical schemes capable of replicating specific qual-
itative properties of the continuous system, regardless of the step size. To
achieve this goal, we combine implicit and explicit approximations of the
convoluted functions. Then we delve into the discrete asymptotic dynamics,
showing its adherence to the continuous one. Thus, our analysis is built upon
the assumptions outlined in Section 1.4.

6.1 THE NON-LOCAL FINITE DIFFERENCE SCHEME

Consider, for positive values of the step length /1, a uniform mesh {t, =
nh, n = 0,1,...}. Our approach for approximating the continuous solu-
tion to the non-linear integro-differential system (1.20) involves the following
Non-Local Finite Difference (NLFD) scheme

St =St —npiSiHVY,

n o
(P?H = @io(tu+1) + hpi Z Ai(tnﬂ—j)sgﬂvij’
far) (6.1)

n M .
P = Po(tr1) + 1) Btur1-j) Y crgph,
j=0 r=1

forn =0,1,..., where

M
V=Y Big} + P, i=1,...,M.
r=1
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6.1 THE NON-LOCAL FINITE DIFFERENCE SCHEME

Here, the starting values S? = S;(0), ¢? = ¢;0(0),i =1,..., M and P° = Py(0)
are given. Furthermore, S ~ S;(t,), ¢! ~ ¢;(ty), fori = 1,...,M, and
P" = P(t,), for n > 0. We designate the scheme (6.1) as non-standard owing
to its non-local approximation of the integral operator in (1.20). Furthermore,
since the NSFD method (2.1) is derived from (6.1) with the positions specified
in I, the theoretical results of the subsequent sections extend to more general
scenarios the investigation carried out in Chapter 2. A pseudo-code imple-
mentation of the numerical method (6.1) is reported with the Algorithm 4.

Algorithm 4 : Non-standard Finite Difference Method for (1.20)

Inputs: h,T,M,{S} i oA}, () {Ai(H) 11, B(t),
{Bi }1 11{131r ir= 11{["1}1 11{01 i=1

Outputs : [fg,...,t ],{[S?,.. SSIIML {19Y, .. "M, [P, ..., P7]
i< [T/h]
to < 0, PO < Py(0)
3 forl <i< Mdo

| @Y — 9i(0)
5 for1 <i< Mdo
6 | VPN Birg) + a;P°
s for0<n<@n-—1do

-

N

8 | tipr < (m+1)h
9 forl1 <i< Mdo
+1 5/

10 ST TIpr

oy
11 qozrl+1 — 9010( n+1) +hﬁl ;l:o Ai(thrlij)SF_ ‘/.i]
12 pn+1 — PO( n+1) + hz;l 0 ( n+17j) Zﬁ\il ero{,
13 Vn—H « Z 1 ,Blr(Pn+1 + pr+1

6.1.1 Non Negativity, Monotonicity and Boundedness Preservation

Within this subsection we investigate the qualitative properties of the ap-
proximation of the solution to (1.20), obtained by (6.1). The following result,
concerning non-negativity and monotonicity of the numerical solution, holds
true.
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6.1 THE NON-LOCAL FINITE DIFFERENCE SCHEME 108

Theorem 6.1. Consider the discrete system (6.1) under the Assumptions A. Then,

independently of h > 0, the solution sequences {S" }pen,, {9 }neng, i=1,..., M

and {P"},,cN,, are non-negative. Furthermore, the sequence {S"} yen,, i = 1,..., M,
is positive and non-increasing.

Proof. By inductive arguments we demonstrate that the assertions S > 0,
@i > 0and P" > 0, hold for all n € Ny, h > 0 and 1 < i < M. For the base
case, n = 0, the result immediately comes from the non-negativity of the
starting values and from Vio = Er]\il ,Birq)Q +a;P'>0,i=1,..., M. Consider
n > 1 and assume that the properties are true for each 0 < j < n —1. It
follows that Vl-] > 0, for 0 <j < n — 1, therefore it is

st
S?:Z—n—l>0’ 121,,M (62)
1+ hp;V;
and then, from (6.1), also ¢/ > 0,i = 1,...,M and P" > 0. Furthermore,
from (6.2), S} < S?*l, foralln > 1and i = 1,..., M, which completes the
proof. O

The existence of a bound for the numerical solution, independent of the
stepsize value, is provided by the following result.

Theorem 6.2. Consider the discrete system (6.1) under the assumptions Assumnp-
tions A and B. Then, independently of h > 0, the solution sequences {S!},cn,,
{9t} neny, i =1,...,Mand {P"},cN,, are bounded.

Proof. From Theorem 6.1, {S!'},cn, is a non-increasing sequence, thus it is

bounded from above by S?, i=1,...,M. Consider ¢, from the first equation

and the second equation of (6.1), it is
(P? < Q0,max + Amux(s? - S?—H) < Qo,max + AmaxS?;

fori=1,...,M and n > 0. Finally, the inequality

M
Pt < PO,max + B Z Cr (GDO,max + Amax59> ’
r=1

directly follows from the assumptions and the third equation in (6.1). O
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As previously discussed in Section 1.4, the continuous-time solution to
(1.20) is non-negative and bounded from above. Therefore, the results of this
section show that the proposed numerical method retains these properties
unconditionally with respect to the discretization step-length.

6.1.2 Error Analysis and Convergence

To investigate the convergence of the numerical method (6.1), we assume
that the known functions are continuously differentiable over the interval
[0, T], where T < +oco. Our primary objective is to analyze the behaviour of
the local truncation error, as defined in [63]. For the sake of this discussion,
we narrow our focus to the case where M = 1, since extending the analysis
to M > 1 is straightforward. In this particular scenario, the local truncation
error of the discretization in (6.1) can be expressed as follows

b —B1S1(T) V4 (7) a1 | —BiSi(tiy1)Valt))
" (h) = B1S1(T)Vi(T)A1(t, —T)| dT—h Z B1S1(tir1)Va(t) Ar(tn—j) | -
0 | Bt~ D7) Pl Bt et
(6.3)

where n = 0,...,7 and T = #h. From the mean value theorem (see, for
instance [61, Sec. 1.3]), there exist 6, € (0,1),j=0,...,n—1, such that

& —B151(1)Va(7)
B1S1(T)Vi(T)Aq(ty — T) | dT
0 | aB(ty —T)e1(T)
- ti+1 —B1(S1(t+h) —hS' (Tt + 0;h))V1(T)
=, B1(S1(T+h) —hS' (T + 0;h)) Vi (T) A1 (t, — T) | dT.
=y c1B(ty — T)p1(T)
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Moreover, owing to the convergence properties of the rectangular quadrature
rule (see, for example, [34]), for each 0 < j < n —1, the norm

Pl —BiSi(T+ h)Vi(T) —B1S1(tip1)Va(t))
B1S1(T + M) Vi(T) Ar(ty —T) | 4T = h | B1S1(tj1) Vi (t) A (ta—j) |||
t c1B(tn — 7)1(7) c1B(tn—j)p1(t))

is bounded from above by the product Ch?, with C > 0, independent of h.

Therefore, from (6.3), it follows that

t,
71 j+1
6" ()| < nCH2 41 Y / [ BN ] .
j=0 : ,315/(”( + th)vl(T)Al(tn —T)
foreachn =0,...,7. Hence
max [|8" (h)|| < Ch, (6.4)

0<n<n

being C a positive constant not depending on h.
With the following theorem we analyse the behaviour of the global error

T
E"(h) = [ Si(tn) = St, oo, @iltn) — @, ..., P(tn)—P”} e R*MH,

arising in approximating the continuous-time solution to (1.20) by (6.1) and
provide conditions for the linear convergence of the numerical method.

Theorem 6.3. Assume that the given functions A;(t), i = 1,...,M and B(t),
describing problem (1.20), are continuously differentiable on an interval [0, T|. Let
{SHneny {98 neny, {P" Fnen, be the approximations of the solution to (1.20),
defined by (6.1) with h = T /i and 7i positive integer. Then

lim max ||E"(h)| = 0.

h—00<n<n

Furthermore, the order of convergence is 1.
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Proof. Here, we confine our proof to the case of M = 1 since, by the same
arguments, the result readily extends to M > 1. When M = 1, the continuous
system (1.20) reads

S1(tn) 51(0) " =BiSi(n) V()
P1(tn) | = |Pr0(ta) | T B1S1(T)Vi(T)A1(t, — T) | AT
P(tu) | Po(tn) | 0 | aB(th—1)e1(7)
51(0) a1 | —PiSitir)Va(t))
= pwo(ta) | T 2 | BiS1(tia) Valt) Ar(ta_j) | + 0" (R),
2ot | | Bt ()

forn =0,...,7, with §"(h) defined in (6.3). Subtracting (6.1) from the rela-
tion above leads to the global error

Y P 0 |[Sit)vicy) =SV
E"(h) = 6" (h)+h ZO 0 BrAi(t,;) O Si(tip)Valt) — 17V |
=1 o 0 c1B(tn—j) p1(t;) — ¢4
(6.5)

forn =0,...,7. Furthermore, for eachj=0,...,n -1,

1S1(t ) Va(ty) =SSV = 1S1(t40) (Valty) — V) + VI(Sa(tja1) — SUTY)
< K(|EI(h)|| + |EF (m)),

hence, from (6.5),

n—1 . )
IE" ()| < (10" ()| +RK Y (1B ()|l + [E7+ ()])),
j=0
with K and K positive constants depending on the parameters and the known
functions of problem (1.20) but not on h. Therefore, for a sufficiently small &,

E"(h)| < = +h _ E/(h)||, n=0,...,17.
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Finally, the Gronwall discrete inequality yields (see, for instance [63, p.101]),

i ||0" 2K (S + ¢ + PP &
HEn(h) H < maXo<n<i H~5 (h) ” +h ( 1 + §01~+ ) ex 2KT~ )
1—-hK 1—hK 1 —hK

forn =0,...,7. Then, from (6.4), the result follows. O

6.2 ASYMPTOTIC BEHAVIOUR OF THE NUMERICAL
SOLUTION

To investigate the asymptotic behaviour of the numerical solution to system
(6.1), we establish some preliminary theoretical results.

Lemma 6.4. Consider the discrete system (6.1), fori =1,..., M, it is

VT — ;Y Boty) +f (ﬁir ey B(tn)> (59 (1 _ S?;gh)) ¥ Ar(tn))
n=0 n=0 r=1 n=1 r =
M +o00 +00
+ ; (,Bir +aicrh ; B(tn)> (;) q)Or(tn)) .

Proof. Summing from 0 to oo in the last equation of (6.1), interchanging the
order of summation and adding to both members P(0) = PY, it is

+oo +o0 M +o0 +0oo
Y. P" =) Py(tu)+ Y ch ) B(ta) Y. ¢r.
n=0 n=0 r=1 n=1 n=0

The same can be done for the second equation of (6.1), where taking into
account that, from the first of (6.1) it is hp, Z].*:"S STV = 89— s2(h), we
have

+o00

+oo +o00
Yo 9 = (87— 57 (h) Y Arlta) + Y gor(tn), (6.6)
n=0 n=1 n=0
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6.2 ASYMPTOTIC BEHAVIOUR OF THE NUMERICAL SOLUTION

for any r = 1,..., M. Combining the previous expressions with

+o00 +o00 M +o00
Y Vi=a; Y P"+ )Y By ). ¢r, i=1,...,M,
n=0 n=0 r=1 n=0

we get the result. O

Theorem 6.5. Consider equation (6.1) with Assumptions A, B and C, then there
exists 0 < V < +oo, such that kY[ VI' < V.

Proof. The result comes from 6.4 since, fori =1,..., M, itis

+00 M
h Z VI <Py + ( rglax Bir + Ba; nliax cr) ( Z "’MG"O)

n=0 r=

which completes the proof. O

6.2.1 Numerical Final State and Asymptotic Convergence

The results of Section 6.1 establish the dynamical consistency of the scheme
(6.1), whose solution unconditionally retains the basic properties of the model
(1.20). Our objective here is to prove that the asymptotic behaviour of the nu-
merical solution {S"},cn,, {9 }nen, exactly replicates its continuous coun-
terpart.

Firstly we point out that, from Assumptions C and (6.6),

+o00
By o <(S)—S2(h)A+ @o < +oo, i=1,...,M,  (67)

hence, in compliance with the theoretical observations of Section 1.4, we have
lim, 10 @} =0, foreachh >0and 1 <i < M.

Referring to Theorem 6.1, the numerical scheme (6.1) exhibits a monotonicity-

preserving property for the sequence {S!'},cn,, ensuring the existence of the
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discrete final state S{°(h) = lim, ,00 S¥, i = 1,..., M, regardless of the value
of h > 0. Furthermore, from the first equation of (6.1) it is

sY
SY-ZJFI = L - n € Ny,

B S (N C RN A

therefore the asymptotic numerical solution S5°(h) satisfies the relation

Sy = ’ .
log (S”(h)) = ng:olog (1+hg; V), i=1,...,M. (6.8)

In Chapter 1.4 we proved that the limit of the continuous solution is as a
root of the non-linear system R;(x) =0,i =1,..., M, where R; : RM — R is
defined in (1.22), under the assumption that a solution to this system exists.
Aiming to investigate the discrete equivalent of this property we introduce

2 olog (14 hpB; V")
hBi Y% v ’

U;(h) = i=1,...,M (6.9)

and forh >0, x = [x1,...,xm]T,andi =1,..., M,

Ri(x,h) =log (i—?) — Bia;U;(h hEPO tn) (h) AZ/I: (,BW + ajch Z B(ty >

r=1

.(59(1—@)}12& tn) +h2¢0r tn>.
r

- =0
(6.10)

Because of (6.9), the relation (6.8) is equivalent to

0
i

S: o _
Soo(h) _ul(h) (hﬁIVEJK) =0, i=1,..., M.

log
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Hence, upon substituting the expression for Y 7% V! from Lemma 6.4 into
it, it becomes evident that for any given positive /, the asymptotic numerical

solution 5°(h),i =1,..., M, is a root of the non-linear system of equations
Ri(x(h),h) =0, i=1,...,M, (6.11)

if a solution to (6.11) exists.

To show that the behaviour of 5°(h) mirrors the one of the asymptotic
continuous-time solution, we firstly prove that (6.11) admits a unique solu-
tion for i > 0. To do that, we consider a general non-linear algebraic system,

Ti(x1,...,xm) =0, i=1,...,M, (6.12)

for which the following result holds.

Theorem 6.6. Consider D; = (a;,b;], fori = 1,..., M and denote by D = TT™, D;.
LetT;: D = R,i=1,..., M, be a twice continuously differentiable function and
assume that, for each i = 1,..., M and any fixed (x1,...,%_1,Xiy1,--.,XM) €

M
ITj=1,j2i Djs

A) the univariate function Tj(x1,...,%i_1,, Xi11,- .., Xp) admits at least one zero
lying in D;;

B) limg_mi+ Fi(...,xifl,é,xiﬂ,...) > 0and I—'i(...,xl',l,bi,xi+1,..-) <0;
C) axjri(x) >0, forallx € Dand j € {1,..., M} \ {i};

D) aij I'i(x) >0, forallx € Dand j,k € {1,..., M}.

Xk
Then, the system (6.12) has a unique solution in D.

Proof. We proceed by induction on M. Choose M = 2. Let x; € D;, then
from 4), B) and D), T'3(x1,¢) has a unique zero §» = &(x1) € D,, with
dx,I2(x1,¢2) < 0. Therefore, taking in account the arbitrariness of x; in Dy,
from the implicit function theorem, Vx € D1, there exists a unique z(x) € D,
such that uy(x) := I'x(x,z(x)) = 0. Since u5(x) = 0 and uj(x) = 0, using
assumption c) and the fact that 4), B) and D) imply 9,,T2(x,z(x)) < 0, we
conclude that z’(x) > 0 and z”(x) > 0. Now, we exploit the function z(x) to
build a solution to system (6.12) with M = 2.
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For an arbitrary ay € Dy, let &y € D; be the unique root of the function
(¢, z(a)). If a3 = g, then (ag,z(ap)) is a solution to (6.12) with M = 2.
Otherwise we can suppose, with no loss of generality, that oy < a1. It follows
that z(xg) < z(aq) and, from c), 0 = Tq(ay,z(ap)) < T1(a1,z(a1)). Thus
I'1(g,z(a1)) has a unique zero ay € Dj, for which ay < a7 < ap. Similar
arguments lead to an increasing sequence {ay, },en C D1, such that

I (aps1,z(0n)) =0, foralln € N,

o= lim a,, and  Tq(a,z(a)) =Ta(a,z(a)) =0.
n——+0o

Hence, («,z(a)) € D is a solution to system (6.12), with M = 2.
To prove its uniqueness, we consider another solution (B, y) € D and define
the function u; : x € D; — T1(x,z(x)). Since I'2(B,y) = 0, it follows that
v =z(B) and u1(B) = 0 = uy(a). Since u; is convex and, from B), it admits a
unique zero = «a, then the solution to (6.12) for M = 2 is unique.
Now assume that the result holds for any M — 1 dimensional system satisfy-
ing A)-D). Consider M > 2, proceeding as in the previous case, for each
(x1,...,xm-1) € HinIl D;, there exists a unique function z(xy,...,xp-1)
such that

Tm(xr, .o xp-1,2(x1, -0, Xm-1)) =0,

axiz(xl,...,xM_l) >0 and aizz(xl,...,xM_l) >0, i=1,.... M—1.

(6.13)
Define, fori = 1,..., M — 1, the functions

ul-(xl, .. -/fol) = I“i(xl,. . .,fol,Z(xl,. . -/fol))- (614)

Now we want to prove that assumptions A)-p) are true for the M — 1 dimen-
sional system

ui(xl,...,xM,ﬁ:O, iZl,...,M—l, (6.15)
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which is equivalent to (6.12). Regarding the assumption ), we need to prove
that, for each fixed (xq,...,%;_1,Xi41,--.,XpM-1) € Hj]\i;};&i D;, the function

ui(xli e Xie1, C/ Xit1see-ys xM—l)

has at least one zero in D;, i = 1,..., M — 1. For the theorem assumptions,
given «y € D;, there exists a unique ay € D;, such that

Ti(x1, ..o, X1, 81, X1, - -, Xp1—1,2(X1, - -+, Xi—1, &0, Xit1, - - -, Xp—1)) = 0.

If xp = aq, we get the result. Otherwise, proceeding as in the M = 2 case, we
construct a monotone sequence {ay, },cn such that

x = lim wa, € D; and wi(x1, ..., Xi1,08,%i_1,...,Xpm-1) = 0.
n——+0o

Furthermore, B), ¢) and D) immediately follow from the hypotheses of the
theorem, from (6.13) and from (6.14). Therefore, induction hypotheses assure
that there exists a unique A € Hf\ifl D;, root of the system (6.15). It follows
that (A,z(A)) is a solution to the original system (6.12).

Finally, if (7,0) is another solution of (6.12), with 17 € H?ﬁ;l D; and 6 € Dy,
then 6 = z(). Thus 7 solves (6.15) and the uniqueness of its solution, that
we have just proved, yields # = A, which completes the proof. O

In order to prove that Theorem 6.6 applies to the non-linear system (6.11)
for h > 0, we consider I';(x) = R;(x, h), where R;(x, h) is defined in (6.10) and
set D; = (O,SIQ] fori=1,...,M. We address, forh >0andi=1,..., M, the
twice continuously differentiable function R;(x1,...,%;_1,{,Xj11,...,Xpm, h),
with 0 < ¢ < S and 0 < xj < S? fixed, for j € {1,..., M} \ {i}. Since

CEI%]I+Ri(x1, e Xio1, C/ Xit1r+- 7 XM, h) = +o0,

Ri(xl,...,xi_l,S?,xiH,...,xM,h) < O, 1= 1,...,M,
there exists a positive S°(h) < SY, such that

Ri(xl,. . .,xi_l,S?(h),x,-H,. . .,xM,h) =0, = 1,..., M.
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Moreover, for each i,j =1,..., M, with i # j, itis

dx;Ri(x, 1) > 0, ai}ZRi(x,h):O and aiisz-(x,h):l/xiz.

As a result, all the hypotheses of Theorem 6.6 are fulfilled. This implies

that, for each 1 > 0, the system (6.11) has a unique solution S*(h) =
(S°(h),...,S%5(h)]T with 0 < S®(h) < SY, for i = 1,..., M. This solution
represents the asymptotic numerical solution lim,_ S”(h) and, from this
perspective, we may refer to the non-linear system (6.11) as the numerical

final state relation.

Regarding the continuous-time system (1.20), the observations of Section
1.4 indicate that if a solution exists for the non-linear system

R;(x) =0, i=1,...,M, (6.16)

51(00) = lim Si(t), i=1,..., M,

is indeed one of its roots. Thus, Theorem 6.6 may be applied to establish the
asymptotic state S(c0) = [S1(c0),...,Sp(c0)]T as the unique solution belong-
ing to [T, (0, Y], of the continuous final state relation (6.16). We explore,
as the step-length / vanishes, the asymptotic properties of the numerical so-
lution computed by (6.1) and delve into its connection with S(c0) and the
associated algebraic limiting system.

We base our investigation on the assumptions that for each 1 > 0,

400 400 +oo 400
limh Y Ay(ty) = / A dt, limh Y B(t,) = / B(1) dt,
h—0 = 0 h—0 = 0

+00 +o0
lim J (¢ :/ (1) dt, i —1,..., M.
hlg(l) EQOOZ( n) 0 Poi(t) l

(6.17)

The mathematical conditions outlined in (6.17) hold true under various sce-

narios. For instance, they are satisfied when the involved functions exhibit ul-
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timate non-increasing behaviour or when their derivatives belong to L]0, +c0)
(as detailed in [71] and related references).
The following lemma establishes a preliminary result.

Lemma 6.7. Consider equation (6.1) with Assumptions A, B and C, then, for U;(h)
defined in (6.9), it is

lim U;(h) =1, i=1,..., M. (6.18)
h—0

Proof. From its definition and Lemma 6.4 it follows that for n € Ny, the term
V', i=1,...,M, is bounded by a constant independent of h. This implies
that limy,_,o hV/" = 0, uniformly with respect to 7. In this situation, we are
allowed to proceed as in the proof of Theorem 2.7 to get (6.18). O

The following result addresses the convergence, as h tends to zero, of the
asymptotic numerical solution to the continuous one.

Theorem 6.8. Consider a bounded subset D of RM and a function
®:D x|[0,400) — RM

satisfying:
o ®&(w, h), continuous for each (w,h) € D x [0, +00);
e equation ®(w, h) = 0, has at least one solution w(h) € D, Vh € [0, +0c0);

e equation ®(w, h) = 0 has a unique solution for h = 0, namely @ = @(0) €
D.

Then limy,_,o@(h) = @.

Proof. An extension of the arguments of Theorem 4.12’s proof to the case of
functions defined on open sets yields the result. O

Consider D = [TM,(0,5Y] and the vector function
R : (x,h) € DxRf — [Ri(x,h),...,Ru(x, h)]T € RM,

with R;(x), i = 1,..., M, defined in (1.22). The hypotheses of Theorem 6.8
are valid for the system R(x,h) = 0. Furthermore, owing to the assumptions
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(6.17) and the result of Lemma 6.7, the system corresponding to & = 0 is
given by (6.16). Therefore, Theorem 6.8 establishes a connection between the
asymptotic numerical solution S{°(k), i = 1,..., M and the solution S;(c0),
i =1,...,M of the non-linear system (6.16), thus emphasizing that the limit
of $°(h),i=1,..., M, for h — 0 exists and

. . Y — i Q1) — G, .
}lzlgcl) nl_l)l}rioo Sit(h) = illli% S (h) = S;(c0), i=1,...,M. (6.19)
The outcome above constitutes the primary accomplishment of the non-local

method in (6.1), which is established as an efficient tool to simulate the long-
term dynamics of the system (1.20).

63 NUMERICAL EXPERIMENTS

As highlighted in Section 1.4, the continuous-time system (1.20) serves as a
comprehensive theoretical framework encompassing various epidemic mod-
els documented in the literature. We focus on four specific cases of particular
interest, which, owing to their connection with the age-of-infection models
outlined in Chapter 1, serve as crucial test cases in our analysis. Within this
context, the final state S(c0) and the discrete final state S*(h) represent the
continuous and the numerical final size of the epidemic, respectively. Fur-
thermore, the non-linear systems (6.16) and (6.11) correspond to the final
size relation of the continuous solution to (1.20) and to its approximation
computed by (6.1), respectively. Sections 6.1 and 6.2 analyse how the quali-
tative properties of epidemic models are preserved when the system is inte-
grated by the numerical scheme (6.1). As a matter of fact, Theorems 6.1 and
6.2 guarantee that the numerical solution remains both non-negative and
bounded for any positive stepsize h, thereby ensuring a reliable simulation
of the epidemic using the method (6.1). The analysis of the preceding section
is applicable to demonstrate that the asymptotic behaviour is also preserved,
as the numerical final size converges to the epidemic’s final size as h ap-
proaches zero. This convergence is experimentally verified and showed with
figures and tables, illustrating the results of our numerical simulations for
each test model under consideration.
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THE AGE-OF-INFECTION MODEL Our first case study involves the origi-
nal Kermack and McKendrick model (1), derived from (1.20) under the iden-
tifications of the parameters in I. In this case, the final size of the epidemic
S(o0) is the unique root of the non-linear equation (1.7) which, if (2.3) holds
true, reduces to

0

log 57 ~Ro (1~ %) =0, (6.20)
where Ry is the basic reproduction number defined in (1.4) (we refer to [9,
25] for more general discussions on Ry and its numerical computation). Thus,
when the identifications in I hold, the non-linear system (6.16) corresponds
to the equation (6.20). Furthermore, in this case, the non-local discretization
(6.1) coincides with the NSFD numerical method (2.1). In Chapter 2, The-
orem 2.8 demonstrates that the limit of the numerical final size S*(h), as
h — 0, corresponds to the continuous-time final size, provided that this limit
exists. The results of Section 6.2 and Theorem 6.8 then apply to ensure the ex-
istence of the aforementioned limit, under the smoothness assumption (2.4).
As a results, we can assert that the numerical method (6.1) is asymptotically
coherent with (1.1). We integrate problem (1.1) on [0,100] with B = 1074,
SO = 49950, N = 50000 and select the infectivity function as follows

(
O OStSTa/
t—1) (T —t
( a)( h ) T, <t<T,
A(t) = (7 —tTa)(Th—Te) (6.21)
T —
T <t<T,
\0 i’ZTh,

with 7, = 12, 1, = 14, T, = 16, T, = 19 (we refer to [2] for further details on
the low regularity kernel). The results of the simulation by (6.1) for h = 0.1,
presented in Figure 16, comply with the theoretical findings. The dot at the
left end point of the integration interval represents the value S(co) = 148.83
of the continuous final size, obtained by solving the non-linear equation
(6.20) through the Matlab routine fzero. We compare this value with the dis-
crete final size S*(h) obtained by running the method (6.1) in the interval
[0,1000]. More specifically, we have S®(1073) = 149.97 and the accuracy in
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the approximation improves linearly as the stepsize h — 0. Furthermore, in
compliance with (6.7), the endpoint approximation of ¢ is numerically zero.
Other numerical tests are reported in Section (2.3).

<10 NLFD Scheme, h=10""

4.5 q

35 4

251 1

1.5 4

051 4

0 . . . N

0 10 20 30 40 50 60 70 80 90 100
t

Figure 16: Long time behaviour of the non-local finite difference numerical solution
to problem (1.1)-(6.21).

THE SYMPTOMATIC AND ASYMPTOMATIC AGE-OF-INFECTION MODEL
The comprehensive renewal system (1.20) incorporates the age-of-infection
model which considers both symptomatic and asymptomatic infection path-
ways. In fact, (1.10) can be derived from (1.20) by configuring the parameters
as described in II. In this case, the final size of the epidemic S(o0) is the root
of the non-linear equation

S0 So— x a too too B
1og7_]-"< N )_N</o Po(t) dt—l—/o @5(t) dt) =0, (6.22)

where F = a O+°°f(t)A5(t) dt+a f0+°°(1 — f(t))A"(t) dt, is considered to be
finite. Thus, if f(t) is constant with respect to f, F = Ry and the relation (1.13)
is recovered. The theoretical results of Section 6.2 establish the uniqueness
of 5(c0) as a root of (6.22), within the interval (0, S°]. Furthermore, the con-
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vergence of the discrete final size provided by (6.19) validates the numerical
method (6.1) as a dependable tool for predicting the epidemic’s asymptotic
behaviour and the total count of symptomatic and asymptomatic patients.
These insights expand upon the research conducted in [7].

Our test concerns problem (1.10) with 0 <t < 30 and

A1) = 7 (HDB(D), B —exp(—VE/2), () =5v(51,2),
A%(t) = *(t)B(t), B*(t) = (1 +0.6t)’1, ' (t) = v(t3,2),
Pp(t) = (N = S%)A(1), Ph(t) = (N = S%)A%(1), f(t) =0.783,
(6.23)
where
H(E5.0) = th=1g—k,—t/0

JoF ke dx’
is the gamma probability density function. Here, we approximate the num-
ber of symptomatic and asymptomatic individuals at time t,, I°(t,) and

1°(t,) respectively, by employing for (1.11) the same non-local discretization
technique of (6.1), as follows

n—1 ; . i
I = I5(t,) + h%f 2 BS(tn_]')S]‘H((PS,] + ¢™),
]:
—1
I = 1§ (ta) + b ZB“ w8 (g™ + ™).
j=

Here, we take I = (N — Sg)B*(¢), for * € {a,s}. Since no demographic
turnover is accounted for in the model, the number of recovered people at
time ¢ is given by R(t) = N — (S(¢) + I*(t) + I°(t) ). Thus, we compute it by

R" = N — (§" + I*" + "), n e N.

Figure 17 shows the approximation of S(t), I°(t), I*(t) and R(t) by (1.20), as
well as the continuous final size S(o0), root of (6.22).
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NLFD Scheme, h=10""
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Figure 17: Long time behaviour of the non-local finite difference numerical solution
to problem (1.10)-(6.23).

THE AGE-OF-INFECTION MODEL WITH HETEROGENEOUS MIXING
When the conditions in III are fulfilled, the integro-differential system (1.20)
coincides with the age-of-infection model (1.16), involving static heterogene-
ity in the host population. From equation (1.18), the non-linear system gov-
erning the final size of the epidemic in group i, S;(c0), fori = 1,...,d, can
be expressed as

s} M Pii (/o oo e
log o ¢ ((s]- ~ %)) /O Aj(t) di + /0 9jo(t) dt) =0. (6.24)
=

Thus, (6.16) corresponds to (6.24) under the assumptions in III.

For our test, we consider a host population of N = 1000 individuals di-
vided in 2 subgroups of sizes N = 0.1N and N, = 0.9N, respectively. Fur-
thermore, we set

Aq(t) = As(t) =

e 22, u=202, c=3u, (6.25)
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we choose S =99, S =899, a; = 5, a, = 10, p11 = 04, p1o = 0.6, py1 = 0.5,
P22 = 0.5 and

¢io(t) = (Ni = S7) Ai(t), 1=12
The results of the numerical simulation by (6.1) are reported in Figure 17.

NLFD Scheme, h=10""

100 T 1000
S1(t) Sa(t)
I oi(t) I @(t)
80 ® Si(x) 800 ® 5(x)
60 1 600 |
40t 1 400}
20 1 200
0 — ® 0 ®
0 5 10 0 5 10
t t

Figure 18: Long time behaviour of the non-local finite difference numerical solution
to problem (1.16)-(6.25).

In order to check the asymptotic properties of the numerical solution, we
have solved problem (1.16) by (6.1) on a [0,100] many times, each time halv-
ing the value of the stepsize h. Then we have used the numerical solution at
the end point of the integration interval to evaluate the expression (6.24) and
compute the final size residual

r°(h) = |R(5F(h), S5 (h))|, with R :R?> = R? such that for i =1,2,

SO 2 _X']' +o00
Ri(xl, XZ) = log —l — a; Z pij - A]'(t) dt.
Xi j=1 N 0

]

This procedure gives a measure for the errors in approximating S(co) =
(S1(c0),S2(00))T which are listed in Table 10, where it is clear that the nu-
merical final size converges linearly to its continuous counterpart.
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DISCRETE ASYMPTOTIC DYNAMICS

h SP(h) S$(h) [|S(00)—S®| r*(h) EXP. ORDER

271 4836 5238 3.351 0.991 On S(c0) On r®
272 4953  4.257 2.397 0.787 0.48 0.33

273 4850 3.294 1.434 0.536 0.74 0.55
2-% 4716 2.652 0.780 0.325 0.88 0.72
275 4618 2.290 0.405 0.181 0.94 0.84

276 4560 2.100 0.206 0.096 0.97 0.92

Table 10: Long time behaviour of the numerical solution to (1.16)-(6.25) by the NLFD
method: numerical final size convergence.

THE VIRUS SHEDDING MODEL  The virus shedding epidemic model (1.23)
is a particular instance of (1.20), obtained with the identifications in IV. Here
we assume that

t

Po(t) = [ T(=5)(rign(s) +raga(s))ds, g = [ Ai(t=5)S(s)P(s)ds,

—00

for i = 1,2, are known functions respectively of the form ¢;y(t) = (N; —
SY)A;(t), and Py(t) = PoI(t). In this case the final size relation (1.21) for
i=1,2, reads

s? X1 X2 e _
IOg x—l — ﬁi <R01 (1 — ﬁl) + Roz <1 - ﬁz) + PO/O r(t)dt> - 0/ (626)

where N; is the size of the i—th group and
“+o00 —+00
Ro; = riN; / A(t) dt / T(¢) dt, i=1,2,
0 0

is the corresponding basic reproduction number. The uniqueness of S(o0) =
(S1(c0),52(0))T as a solution to the final size system (6.26) immediately
comes from Theorem 6.6, since it corresponds to (6.16) under the conditions
in IV.
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For our experiment we consider

1 _(=w? 1
Aq1(t) = Ay(t) = e 22, =0.2, o =3y, I'(t) = ,
(1) = Aa(t) = : ke T =5y
N; = 200, N, = 300, SY =199, S9 =298, Py=2,
51 = 0015, ‘32 = 003, r = 0.1, rp = 1.
(6.27)

The outcomes of the numerical simulation by the NLFD scheme (6.1) are
reported in Figure 19. Again an at least linear convergence for the numerical
final size S{°(h), i = 1,2, to the continuous one can be experimentally ob-
served from Table 11. There, the values of the numerical final sizes and the
residuals

r°(h) = |R(SF(h), S5 (h))|, with R :R? = R? such that for i =1,2,

S? X1 X2 +oo
Ri(x2,x2) = log P Bi (R(n (1 - E) + Ro2 (1 — ﬁz) + Po/o T(f)df),
1

on the relation (6.26) are shown, for different values of 4.

DISCRETE ASYMPTOTIC DYNAMICS

h SP(h) SP(h) ||S(e0)—=S®|| +*(h) EXP. ORDER
2-1 2891 0.140 6.639 1.954 OnS®(h) Onr®(h)
272 5279  0.299 4.245 0.995 0.65 0.97
273 7194 0.458 2.324 0.475 0.87 1.06
274 8403 0.574 1.109 0.206 1.07 1.21
275 9.082 0.644 0.427 0.070 1.38 1.56

Table 11: Long time behaviour of the numerical solution to (1.23)-(6.27) by the NLFD
method: numerical final size convergence.

In conclusion, our study introduced a general framework for analyzing
and comparing qualitative aspects of analytical solutions in epidemic mod-
els, along with their numerical approximations. The numerical method, char-
acterized by a non-standard discretization approach, faithfully reproduces
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Figure 19: Long time behaviour of the non-local finite difference numerical solution

to problem (1.23)-(6.27).

key qualitative features of the analytical solution, irrespective of the chosen
step size. We demonstrated the uniqueness of the asymptotic numerical so-
lution and its convergence to the analytical counterpart as step size tends to
zero. The framework encompasses a range of epidemic models, making it a
valuable tool for stability analysis and providing insights into epidemic dy-
namics. This method’s reliability suggests its applicability to more complex
scenarios, such as models with disease-related mortality or time-varying co-
efficients, which we intend to explore in future research within this general

framework.
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CONCLUSIONS AND FUTURE
INSIGHTS

In this final section, we highlight the significant accomplishments and contri-
butions of our research, which have unfolded across the chapters of this
dissertation. Considering the advantages offered by integral and integro-
differential equations in modeling the spread of infectious diseases, we sys-
tematically described age-of-infection models and the related well-established
theoretical results, with a principal emphasis on the qualitative and asymp-
totic properties of the solutions. Notably, we have developed a rigorous
integro-differential framework with the capacity to unify different age-of-
infection models, providing a robust foundation for future investigations.

The necessity for numerical simulations to comprehend, predict and effec-
tively address the spread of epidemics, coupled with the dearth of efficient
integration methods for this class of models, motivated our interest in de-
signing dynamically consistent numerical schemes. Our principal objective
revolved around the formulation of discretization techniques that preserve
both positivity and asymptotic behaviour of the continuous-time solution.
To attain this goal, we adopted Non-Standard Finite Differences (NSFD) and
Direct Quadrature (DQ) methods and investigated the properties of the cor-
responding numerical solutions within the theoretical framework of implicit
Volterra discrete equations.

The origin of our research traces back to [71] and to Chapter 2, where an
unconditionally positive and linearly implicit NSFD numerical method was
presented. Despite its dynamical consistency and its capability to capture the
asymptotic behaviour of the model, this method was constrained by a solely
linear convergence rate. Therefore, seeking for higher precision we rewrote,
employing an exponential operator, the original integro-differential model
as an implicit Volterra integral equation and then discretized the integral
terms via DQ approaches with Gregory weights. The resultant methodology,
presented in [72] and Chapter 3, yielded positive, bounded and highly ac-
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curate numerical solutions, which replicated the long-term behaviour of the
epidemic.

The need to prove the existence of the discrete final size and its conver-
gence to the continuous limit compelled our analysis towards the solutions
of non-linear implicit Volterra discrete equations, with a particular focus on
DQ methods as a specific instance. In [74] and Chapter 4, we provided in-
sights into the existence, uniqueness and boundedness of the solution to gen-
eral discrete VIEs under mild assumptions on the non-linearity. Additionally,
we established theoretical results governing the existence of the asymptotic
limit of the discrete solution and addressed the onset of oscillations. These
outcomes resolved the question regarding the existence of the DQ numerical
final size and confirmed its suitability as an approximation for the asymp-
totic behavior of the epidemic.

Recognizing the inherent benefits of the methodologies we developed, it
was a natural progression to extend their application to multidimensional
age-of-infection models. The paper [73] and the Chapter 5 introduced a DQ
numerical method tailored to the integro-differential system involving static
heterogeneity in the host population. The resulting scheme not only pre-
served positivity but also inherited high-order convergence. Of paramount
significance, the discrete final size was unequivocally proved to converge to
its continuous counterpart as the integration step size dwindled toward zero.
Finally, following [75], Chapter 6 delved into non-local approximations for
general renewal-type systems, expanding the purview of our methods to a
wider range of scenarios.

Through our research, we have contributed to the field of mathematical
epidemiology simulation, addressing the challenges posed by limited exper-
imental validation and emphasizing the need for robust and efficient nu-
merical tools. The properties of our approximated solutions, combined with
the consideration of time-dependent infectivity in age-of-infection models,
establish our methods as reliable instruments for understanding, predicting
and mitigating infectious disease outbreaks. As we look ahead to future re-
search, it is clear that there are opportunities to improve and extend these
methodologies to more complex epidemic scenarios for which some simpli-
fying modeling assumptions are relaxed.

One common characteristic among the models explored in this disserta-
tion is the assumption of a closed population and constant sizes for its sub-
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groups over time. While demographic turnover may be disregarded in cases
of rapidly progressing epidemics, it holds considerable implications in other
situations, as it could lead to the establishment of an endemic disease. More-
over, the inclusion of disease-related mortality is essential to yield accurate
insights into the dynamics of an outbreak. For continuous-time models with
extensions in this direction, we refer to [14, 16, 24, 36]. The numerical simu-
lation of these models poses additional challenges. First of all, in these cases,
the approximation of the time-varying non-negative population size N(t)
has to be addressed. Furthermore, the continuous final size relation turns
to an inequality and offers limited insights into the long-term behaviour of
the epidemic (see, for instance [5, 16]). In this perspective, it becomes cru-
cial to provide numerical simulations that replicate the unknown asymptotic
behaviour of the solution.

Generalizing the equation governing the incidence dynamics and the con-
tact rate B is a viable option, as well. In fact, the widely employed mass ac-
tion incidence and the standard incidence [18] are just two specific instances.
Furthermore, it is often more realistic to assume that the contact rate is a
non-increasing function of the total population size (see, for instance, [14,
18]). Thus numerical simulations, in conjunction with real-world data, may
help to identify and characterize more complex contact patterns and model-
ing constitutive laws.

Our research has led to the development of efficient numerical methods
for the age-of-infection model within a multi-group, heterogeneously mixed
host population. Throughout the investigation, we maintained the assump-
tion of a discrete trait space and static heterogeneity, with no interchanges
among the multiple groups. However, we remark that, despite the gener-
ality of the model we considered, this assumption may not accurately rep-
resent scenarios in which group structures evolve over time, resulting in
distinct dynamics. This becomes particularly relevant in the context of age-
structured models, where the aging process introduces variations in indi-
viduals” group membership and corresponding infection characteristics. To
address this modeling challenge, the work in [24] introduced a dependency
on continuous-time age variables. Thus, the presence of partial derivatives
and integral terms in the model complicates the extension of our numerical
approaches, necessitating further in-depth investigation.
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