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Introduction

Artificial Intelligence (AI) is becoming increasingly important for the advancement

of humankind, with the potential to transform aspects of our lives ranging from

healthcare and education to transportation and entertainment, among others. Many

of these transformations are already before our eyes and we are continually drawing

benefit from them in our daily lives. However, the development of AI turns out to

be increasingly complex, because increasingly complex are the scenarios in which

these techniques must be applied. Indeed, these are increasingly characterized by

high numbers of variables to be considered, large amounts of data to be handled,

and increasingly short response times required by the algorithms. An AI field that

responds well to these demands is Computational Intelligence (CI), which focuses on

developing algorithms and models that enable computers to perform tasks that would

typically require human-like intelligence. Indeed, like human intelligence, CI seeks

to develop systems that can autonomously adapt to changing environments, learn

from experience, and make decisions based on incomplete or uncertain information.

CI encompasses a diverse range of techniques, including machine learning, neural

networks, fuzzy logic, evolutionary computation, and swarm intelligence, among oth-

ers. Today, intelligent systems based on these theories are used in a wide range of

applications, including robotics, data analysis, decision-making, optimization, and

pattern recognition.

The great success of these algorithms is closely related to the great development of

computers from the 1970s to the present. Indeed, as predicted back in 1965 by Gordon
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INTRODUCTION

Moore, co-founder of Intel, the number of transistors on a microchip would double

approximately every two years, leading to a corresponding increase in computing

power. Turned out to be true, this law has been a driving force behind the rapid

advancement of computing technology over the past few decades. However, as the

size of transistors approaches the limits of what is ’physically possible’, some experts

believe that Moore’s law may no longer hold true in the future. And if Moore’s law

no longer applies, it would no longer be possible to increase the computational power

of each individual processor and consequently, the increasingly complex artificial

intelligence algorithms can no longer be efficiently carried out. Considering this

scenario, one might think that it will no longer be possible to further develop the

above CI algorithms because the hardware used for their computation will not be

proficient enough to run them.

However, it was realized that if it is not physically possible to further miniaturize

the transistors in the processors, what needs to be changed is the kind of physics we

need to look at. In the world of the infinitely small, in fact, quantum mechanics ap-

plies, and it was on this theory that Richard Feynman in 1982 proposed to build a new

type of calculator, a quantum computer precisely, that would be able to perform com-

putations unattainable for any classical processor. In recent years these calculators

proposed by Feynman are becoming a reality thanks to large investments by major

companies and research centers. Although these devices are still in a primordial state

and several problems limit their current applicability, such as a limited number of

qubits and high error rates affecting the computation, computer scientists and physi-

cists are developing new algorithms based on this innovative computing paradigm to

solve problems more efficiently than equivalent classical algorithms. One field that

can particularly benefit from quantum computing is indeed the field of CI.

To pave the way in that direction, this thesis aims to investigate this new research

scenario, in which the CI and QC coexist and support each other, that it is possible

to denote as ’Quantum Computational Intelligence’. On the one hand, the
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INTRODUCTION

proposed work introduces innovative quantum CI algorithms in the context of opti-

mization and reasoning, and on the other hand, it introduces CI-based algorithms

able to improve the current status of quantum computers.

In the former research line, Quantum Genetic Algorithms (QGAs) and Quantum

Fuzzy Inference Engines (QFIEs) are proposed. In detail, the QGAs introduced in

this thesis are composed of quantum operators able to be run on actual quantum

machines that can exploit quantum noise to enhance the exploration capability of

these classical optimization algorithms. The QIFEs developed in this work are the

very first fuzzy engines able to be run on quantum devices, both annealers and digital

quantum computers, and in this latter case, the proposed QFIE is exponentially

faster than a classical fuzzy inference engine in computing fuzzy rules, opening up

new application scenarios for these linguistic rule-based inference systems.

In the latter research line, where CI algorithms are used to improve the current

status of quantum computers, this thesis proposes an innovative compiling method

for quantum algorithms based on deep neural networks. This method aims to solve

the important issue of mapping quantum algorithms to quantum processors, which

is a crucial point in the current era of quantum computers.

In order to fully describe the dichotomic view of the proposed thesis, it is struc-

tured as follows: an introduction about the basic aspects of QC and CI is provided

in Chapter 1; in Chapter 2 the quantum-enhanced CI algorithms proposed in this

thesis will be shown; in Chapter 3 it will be discussed in general how CI can support

the current status of quantum computers and the neural network-based mapping

strategy will be analyzed.

7



Chapter 1

Preliminars

This chapter introduces the basic concepts of Quantum Computing (QC) and Com-

putational Intelligence (CI). In detail, Section 1.1 discusses the innovative quan-

tum computational model, highlighting the two most popular quantum computing

paradigms to date, namely the quantum circuit-based and the quantum annealing-

based computing paradigms. On the other hand, Section 1.2 aims to briefly describe

the three main blocks composing the CI research area, such as Fuzzy Logic, Evolu-

tionary Algorithms, and Neural Networks.

1.1 Quantum Computing

Quantum computing can be described as the exploration of how the characteristics

of quantum systems, such as superposition, entanglement, and interference, can be

leveraged to enhance specific computational tasks [130, 57]. These attributes are

not evident in our everyday macroscopic world, and while they exist at the fun-

damental level within our computing devices, they are not actively utilized in the

conventional computing models we employ for developing microprocessors and de-

signing algorithms. Consequently, quantum computers exhibit a drastically distinct

behavior compared to classical computers, enabling the possibility to develop better
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PRELIMINARS

algorithms than those that can be computed on traditional computing devices. For

instance, the most famous problem for which quantum algorithms offer a huge ad-

vantage over classical methods is finding prime factors of big integers. Indeed, this

problem is addressed by the groundbreaking quantum algorithm proposed by Peter

Shor [159] with a computational complexity of O((log n)2(log log n)(log log log n)),

where n is the number to factorize, whereas the computational complexity of the

best classical algorithm for integer factorization is O(exp
(
c(lnn)

1
3 (ln lnn)

2
3

)
), where

c is a constant. Shor’s algorithm is not the only known quantum speed-up exam-

ple, several other fundamental algorithms have been discovered over the years such

as Grover’s algorithm [80] and HHL algorithm (Harrow-Hassidim-Lloyd) [82] among

the (few) others. In detail, Grover’s algorithm is a quantum algorithm for searching

an unsorted database with N entries in O(
√
N) time and using O(logN) storage

space, whereas the complexity of the best classical algorithm that performs the same

operation in O(N) steps. On the other hand, HHL algorithm is used to find a scalar

measurement on the solution vector of a sparse linear system with a low condition

number k with a runtime of O(logNk2), where N is the number of variables in the

linear system, whereas the fastest classical algorithm is exponentially slower running

in O(Nk).

Wonderful as the properties of these quantum algorithms are, they require quan-

tum computers that are fault-tolerant and more powerful than those available today.

Indeed, current quantum computers denoted as Noisy Intermediate-Scale Quantum

(NISQ) computers [144] are characterized by a high level of noise and a low num-

ber of qubits available for computation and thus a practical quantum advantage for

real applications remains something still far off. Only in 2019 a team of researchers

from Google in a landmark paper published in the prestigious Nature Journal [29]

reported that a quantum computer had solved, in just a few minutes, a properly

designed problem that would have taken the most powerful classical supercomputer

in the world thousands of years.
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To bridge the gap there is for practical applications of quantum computing, re-

searchers are studying several paradigms of quantum computation, including quan-

tum Turing machines, measurement-based quantum computing, adiabatic quantum

computing or the quantum circuit model. All of them are equivalent in power, but

the most popular one is for sure the quantum circuit model. In the following section,

this model will be discussed since it is the computing model used to develop most

of the algorithms proposed in this thesis work. However, the remaining part of the

algorithms is developed by using the adiabatic quantum computing paradigm, which

will be discussed instead in Section 1.1.2.

1.1.1 Circuital Model

Every computation has three elements: data, operations, and output. In the

quantum circuit model, these correspond to: qubits, quantum gates, and mea-

surements. This paradigm uses the qubit as the basic unit to store and manage

information. Informally speaking, while a classical binary digit (bit) can be in a

classical state either 0 or 1, a qubit can be in a quantum state that is a quantum

superposition of 0 and 1, before being measured. In a sense, before performing a

quantum measurement, a qubit may have simultaneously the values 0 and 1 and,

only when it is measured, does it collapse to one of these two values, corresponding

to classical bits. When a qubit is in a superposition of states, it can be said that it has

an amplitude associated with each state. Two key aspects are related to the concept

of amplitude, two knobs to adjust the configuration of a qubits superposition:

• The magnitude associated with each basic state of a qubit (0 or 1), which is

related to the probability that a qubit will collapse to the state 0 or 1 after a

quantum measurement;

• The relative phase between the different states in the qubits superposition.

Note that though the probability of measuring a certain state in the superpo-

10
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sition is related only to the magnitude associated with it, the relative phase

takes a key role in several quantum algorithms such as amplitude amplification,

quantum Fourier transform or phase estimation [93] in modeling desired mag-

nitude distributions and enabling the design of efficient quantum algorithms in

different applications domains.

The magnitude and relative phase are values available for being exploited when

computing, and it is worth thinking of them as being encoded in a single qubit.

As classical computation does with classical gates, quantum circuit-based com-

puting uses logic gates (quantum gates) to change the state of qubits and transform

input information into a desired output. These quantum gates are reversible. This

means that, given an output, the corresponding input can be retrieved by using the

reverse of the original operation. Some examples of quantum gates are listed in Table

1.1.

As in classical computation where single bits can be aggregated together to form

a classical register, one or more qubits can be aggregated together to form quantum

registers. A classical register can contain any arbitrary number of bits, say n. A

quantum register can hold any superposition of n-qubit quantum states. Therefore,

while an n-bit classical register can embody any one of 2n possible numbers, it can

store just one at a time. An n-qubit register, on the other hand, can store any

combination of 2n numbers. Moreover, some of the qubits belonging to a single

register or multiple registers can be entangled among them; the entanglement is a

non-local property of two or more qubits that allows a set of qubits to express higher

correlation than is possible in classical systems.

Formally speaking, a qubit is represented by a unit vector, namely |ψ⟩, of a

two-dimensional Hilbert space:

|ψ⟩ = α |0⟩+ β |1⟩ (1.1)

11
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where α, β ∈ C, |α|2 + |β|2 = 1, and |0⟩ and |1⟩ are the basis states of the Hilbert

space:

|0⟩ =

 1

0

 |1⟩ =

 0

1

 (1.2)

The value |α|2 is to be interpreted as the probability that, after measuring the

qubit, it will be found in state |0⟩, whereas |β|2 is to be interpreted as the probability

that, after measuring the qubit, it will be found in state |1⟩. The notation adopted

to represent a qubit (|·⟩) is named ket notation and it is used in quantum mechanics

to model quantum state vectors [130].

There is an alternative representation of a qubit enabling its visualization in a

three-dimensional reference system. This representation is named Bloch sphere1, and

it uses the following representation of a qubit to work, derived from the polar form

of complex numbers [96]:

cos

(
θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩ (1.3)

By using this representation only two real numbers, namely θ and ϕ, are necessary

to identify a qubit, and consequently, it can be represented as an arrow from the

origin to the surface of a three-dimensional sphere of R3 of radius 1, as shown in Fig.

1.1. According to the general notation presented in (1.1), θ refers to the magnitude

associated to each basis state and ϕ is the relative phase between them.

The evolution of a closed quantum system is described by special linear operators,

unitary operators2 U which operates on qubits as follows:

U |ψ⟩ = U [α |0⟩+ β |1⟩] = αU |0⟩+ βU |1⟩ (1.4)
1Named after the German physicist Felix Bloch.
2A linear operator is said to be unitary if UU † = U†U = I, where U† denotes the adjoint of the

operator U and I the identity matrix.

12
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|ψ〉

φ

θ

|ψ〉

Figure 1.1: Bloch sphere

Therefore, for each of the above quantum gates, there will be a unitary operator

capable of formalizing its behavior. In general, the unit operators perform rotations

of the vectors corresponding to the quantum states in a two-dimensional Hilbert

space. As an example, let us consider the Pauli-X gate acting on a single qubit.

It is the quantum equivalent of the NOT gate for classical computers and, for this

reason, it is sometimes called bit-flip. The unitary matrix associated with the Pauli-

X gate is the one reported in Table 1.1. Let us suppose to have a qubit in a state

|ψ⟩ = 1 · |0⟩ + 0 · |1⟩, where α = 1 and β = 0, |α|2 = 1 and |β|2 = 0, and compute

|ψ′⟩ = X |ψ⟩ (see Fig. 1.2):

|ψ′⟩ =

 0 1

1 0


 1

0

 =

 0

1

 (1.5)

In addition to the X gate, other quantum single-qubit gates can be used to

change the state of a qubit. Among these, the Ry and Rz gates are of particular

interest, because they allow a simple and direct modification of the aforementioned

magnitude and phase knobs. As an example, the Ry gate performs a single-qubit

rotation through angle θ radians around the y-axis. The Ry rotation mainly acts on

the magnitude knob of the qubit. Thus, this gate modifies the probability that a

qubit in a state |ψ⟩ will collapse to 1 or 0, after measuring it.

13
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|ψ〉 |ψ′〉 = X |ψ〉

Figure 1.2: The X gate applied to a qubit in state |0⟩: X |0⟩ = |1⟩

As useful as single qubits can be, they are much more powerful in groups. Indeed,

when a quantum device has access to more than one qubit, it can make use of another

powerful quantum phenomenon, entanglement. Formally speaking, a size n quantum

register is a quantum system comprising n individual qubits, where each qubit qi

with i ∈ {0, . . . , n − 1} is represented by a unit vector of two-dimensional Hilbert

space Hi with i ∈ {0, . . . , n−1}. Then, the resulting quantum register is represented

by a unit vector of n-dimensional Hilbert space:

H = Hn−1 ⊗Hn−2 ⊗ . . .⊗H0

where the symbol ⊗ computes the tensor product of two vector spaces. Therefore,

the generic quantum state can be written as:

|ψ⟩ =
2n−1∑
k=0

αk |k⟩ αk ∈ C (1.6)

where
∑2n−1

k=0 |αk|2 = 1, k is the integer representation of the binary string composed

of n bits and |k⟩ refers to the k-th basis vector of H.

When working with a multi-qubit quantum register, the computation is done by

both single-qubit gates and multi-qubit gates, i.e., gates that act simultaneously on

14
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more than one qubit. An important example of a quantum gate acting on two qubits

is the Controlled NOT (CX). Precisely, the CX gate operates on two qubits, a

control qubit, and a target qubit, and it applies the logical quantum NOT operation

to the target qubit, if and only if the control qubit is in the state |1⟩. The matrix

representation for the unitary operator related to the CX gate is shown in Table

1.1. In Dirac notation, the action of a CX gate on a two-qubit quantum state |ψψ′⟩,

where ψ is used as control and ψ′ as target, is as follows:

CX |ψψ′⟩ = CX[αα′ |00⟩+ αβ′ |01⟩+ βα′ |10⟩+ ββ′ |11⟩]

= αα′ |00⟩+ αβ′ |01⟩+ ββ′ |10⟩+ βα′ |11⟩

The role of CX gate is particularly relevant when the control qubit is in a super-

position state because, in this case, it enables the quantum entanglement and for this

reason, it is called entangling gate. Together with superposition, entanglement is an-

other quantum property useful for improving the performance of computing devices.

Quantum entanglement often is seen as a key ingredient if quantum computers are

to demonstrate an advantage over classical computers. In particular, if a quantum

system is not highly entangled it can often be simulated efficiently on a classical

computer [125].

For the sake of completeness, it is essential to highlight that any controlled gate

can be generalized to its multi-controlled version, where there are more than one

control qubits. For instance, the CX gate can be generalized to its multi-controlled

version MCX. In the case of two control qubits, the MCX is also known as the Tof-

foli gate (see Table 1.1). Denoting with |ψ1⟩ =
∑1

i=0 α
c1
i |i⟩ and |ψ2⟩ =

∑1
j=0 α

c2
j |j⟩

the quantum states of the two control qubits, and with |ψt⟩ =
∑1

k=0 α
t
k |k⟩ the state

of the target qubit, then the action of MCX on the system |ψ1ψ2ψt⟩ is as follows:

15
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MCX |ψ1ψ2ψt⟩ =
1∑

i,j=0
i∧j ̸=1

1∑
k=0

αc1
i α

c2
j α

t
k |i, j, k⟩+

+ αc1
1 α

c2
1 α

t
0 |111⟩+ αc1

1 α
c2
1 α

t
1 |110⟩

All the above gates enable the design of quantum algorithms by means of circuits

composed of collection gates in the same way classical computation uses gates such

as AND, OR, and NOT to develop algorithms on classical computers. An example

of a quantum circuit is in (1.7) and it is used to generate the aforementioned Bell

state |ψ⟩ = 1√
2
(|00⟩+ |11⟩).

H • (1.7)

In particular, classical algorithms can be designed by using a subset of classical

gates, such as NAND and FANOUT , capable of reproducing the behavior of any

function of the form: f : {0, 1}n → {0, 1}m. In the same way, a fundamental theo-

retical result in quantum computing proves that {Rx, Ry, Rz, CNOT} is a universal

gate set3 [130]. Any quantum gate can be unrolled in terms of this set of gates. As

an example, the SWAP decomposition in terms of CX is the following [77]:

• •
=
×

• ×

(1.8)

3This set is not the only universal gate sate for unitary matrices. Many others can be used.
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Table 1.1: Examples of Quantum Gates

Symbol Name Description Matrix

X Pauli X (also NOT) Logical bitwise NOT
(
0 1
1 0

)

H Hadamard H
The Hadamard gate is a
single-qubit operation cre-
ating an equal superposition
of the two basis states, typ-
ically |0⟩ and |1⟩

1√
2

(
1 1
1 −1

)

Ry Rotation Ry
The Ry gate is one of the
Rotation operators. It is
used to modify the magni-
tude knob of qubits.

(
cos
(
θ
2

)
− sin

(
θ
2

)
sin
(
θ
2

)
cos
(
θ
2

) )

Rz Rotation Rz
The Rz performs a rotation
of ϕ around the Z-axis direc-
tion

(
1 0
0 eiϕ

)

S S Gate4 This is an Rz-gate with ϕ =
π/2 . It does a quarter-turn
around the Bloch sphere.

(
1 0
0 ei

π
2

)

c •

t
CX Controlled NOT: if (c) then

NOT(t). This gate is
used to enable the quantum
entanglement between two
qubits


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



q0 ×
q1 ×

SWAP The SWAP gate performs
the swap of two qubit states
q0 and q1


1 0 0 0
0 0 1 0
0 1 0 1
0 0 0 1



c1 •
c2 •

t

Toffoli CCX The Toffoli gate: if (c1 AND
c2) then NOT(t)



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


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1.1.1.I Quantum Oracles

In the realm of quantum computing, a remarkable concept known as the quantum

oracle holds a pivotal role. Quantum oracles are an essential tool that enables quan-

tum algorithms to harness the full potential of quantum mechanics. They act as

black boxes, providing an interface for quantum computers to interact with classical

data and perform computations that surpass the capabilities of classical computing.

At its core, in theoretical computer science, an oracle is a black box capable

of producing a solution for any instance of a given computational problem. This

problem can be a so-called decision problem when a yes-no question of the input

values is posed or a so-called function problem where the solution is the value f(x)

given an input x for a certain function f . The most typical form of an oracle is

described by a Boolean function, and, for this reason, it is referred as to Boolean

oracle. Formally, a Boolean function h is defined as follows:

h : {0, 1}n → {0, 1}. (1.9)

In other words, the Boolean function h maps an n-bit string x = x1, x2, . . . , xn

where xi ∈ {0, 1} to a binary value h(x) ∈ {0, 1}. In literature, also multi-output

Boolean functions where the output is represented by a m-bit string are discussed.

Formally, a multi-output Boolean function h is defined as follows:

h : {0, 1}n → {0, 1}m (1.10)

where m > 1.

However, in the quantum realm, oracles possess extraordinary properties that

allow for the exploitation of quantum phenomena such as superposition and en-

tanglement. These properties make quantum oracles instrumental in a multitude

of famous quantum algorithms, paving the way for groundbreaking advancements
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in various fields. For instance, the aforementioned algorithms proposed by Shor

and Grover are based on the concept of a quantum oracle, as are the algorithms of

Deutsch and Josza [65], Bernstein-Vazirani [39], and Simon [161] among the others.

Also, some of the algorithms proposed in this thesis are based on the same quantum

oracle concept. All these quantum algorithms exploit a so-called quantum oracle Uh

that represents a black box (composed of one or more quantum gates) taking in input

|x⟩ and giving in output |h(x)⟩. Formally, considering two quantum registers:

Uh |x, y⟩ = |x, y ⊕ h(x)⟩ . (1.11)

where the output |h(x)⟩ is encoded in the output register by initializing it to the

state |0⟩.

Graphically, the action of the quantum oracle Uh is displayed as follows:

|x⟩
Uh

|x⟩
|0⟩ |h(x)⟩

In the case of multi-output Boolean functions where h(x) represents an m-bit

string, the application of a quantum oracle Uh is defined as follows:

Uh |x, 0̄⟩ = |x, h(x)⟩ (1.12)

where 0̄ represents a quantum register whose qubits are initialized to the quantum

state |0⟩. It is worth noting that the unitarity of a quantum oracle is ensured if

and only if every unique input x results in a unique output h(x). To conclude, the

advantage of implementing an oracle in quantum computing is that it can be used

with superposition quantum states. Formally,

Uh

∑
x

|x, 0̄⟩ =
∑
x

|x, h(x)⟩ . (1.13)
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And that is where the magic happens! By means of quantum oracles, it is possible

to evaluate the Boolean function h on all the possible n- dimensional inputs simul-

taneously, with just one query to the oracle thanks to the quantum superposition of

the input state.

For the sake of completeness, it must be said that on quantum computers Boolean

functions can be mapped also as Phase Oracle. Here, a phase oracle Ph implementing

the function h acts as follows:

Ph |x⟩ = (−1)h(x) |x⟩ (1.14)

The equivalence between this phase oracle and the Boolean oracle in (1.11) can

be easily shown by considering the output register in (1.11) initialized to the state

|−⟩ = |0⟩−|1⟩√
2

:

Uh
|x,0⟩−|x,1⟩√

2
=

|x,0⊕h(x)⟩−|x,1⊕h(x)⟩√
2

=
|x,−⟩ if h(x) = 0

− |x,−⟩ if h(x) = 1

(1.15)

which omitting the output register is equivalent to (−1)h(x) |x⟩.

1.1.1.II Digital Quantum Computers: The State of the Art Quantum

Technologies

Digital, or gate-based, quantum computers represent the most widespread approach

to quantum computing and have garnered significant attention and investment from

numerous companies. These companies are investigating which is the best underlying

technology to harness the power of quantum mechanics. These technologies vary in

their implementation of qubits, methods of qubit manipulation, and approaches to

correct errors. Hereafter it is proposed a brief summary of these promising technolo-

gies highlights the pros and cons of each.
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1. Superconducting Qubits: One prevalent technology is superconducting qubits,

employed by companies such as IBM Quantum, Google, and Rigetti Comput-

ing. Superconducting qubits are implemented using superconducting circuits

that exhibit quantum behavior at extremely low temperatures. These qubits

rely on the controlled flow of electrical current and the manipulation of mi-

crowave signals to encode and manipulate quantum information. They offer

scalability potential, and the recent advancements have improved qubit coher-

ence times and gate fidelities. However, coherence times and error rates are

relatively worse compared to other qubit technologies.

2. Trapped Ion Qubits: Companies like IonQ utilize trapped ion qubits for

their quantum computing systems. Trapped ion qubits involve the precise

control and manipulation of individual ions trapped in electromagnetic fields.

Laser beams are used to initialize, manipulate, and measure the quantum states

of ions. Trapped ion qubits are known for their long coherence times and

high gate fidelities, making them attractive for performing accurate quantum

computations. On the other hand, they have limited scalability.

3. Topological Qubits: Microsoft’s approach to digital quantum computing in-

volves the utilization of topological qubits. These qubits rely on the exotic

properties of certain two-dimensional materials called topological supercon-

ductors. Topological qubits are more robust against environmental noise and

errors, as the quantum information is encoded in non-local properties. How-

ever, achieving the conditions required for topological qubits is still an active

area of research.

4. Quantum Dot Qubits: Quantum dot qubits are employed by companies

like Intel in their pursuit of digital quantum computers. Quantum dots are

tiny semiconductor structures that can confine a small number of electrons.

The quantum information is encoded in the charge or spin of these confined
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electrons, and precise control of quantum dot parameters allows for qubit ma-

nipulation. Quantum dot qubits have shown potential for scalability and com-

patibility with existing semiconductor fabrication techniques.

5. Photonic Qubits: Some companies, such as Xanadu, focus on using photonic

qubits for quantum computing. Photonic qubits represent quantum informa-

tion using the properties of light. They can be generated, manipulated, and

measured using photonic components such as waveguides and beam splitters.

Photonic qubits offer advantages in terms of long-distance communication and

the potential for integration with existing optical technologies.

Among these technologies, superconductors and trapped ions are the ones that

currently appear to be the most advanced and ’mature’, while the others still face

important technical complexities. Because of this, the experiments exploiting quan-

tum gates proposed in the following chapters of this thesis work were performed by

using mostly superconductive devices (provided by IBM) and sometimes trapped-ion

devices (provided by IonQ).

1.1.1.III NISQ Device Limitations

Although in these years quantum devices are growing fast, some hardware limitations

still affect the performance they can achieve. One of them is surely related to the short

decoherence times of current systems. Quantum decoherence can be viewed as the loss

of information from a system into the surrounding environment. Formally speaking, a

quantum system is said to be coherent as long as there exists a definite phase relation

between different states. However, the interaction of a quantum device with the

surrounding environment causes the first to pass from a coherent state to a statistical

mixture of states, which no longer contains the quantum information encoded in its

states. This loss of information is mainly due to two types of decoherences: transverse

relaxation and longitudinal relaxation. The first one is caused by the loss of coherence

22



PRELIMINARS

between the relative phases of the amplitudes of a quantum state. The resulting

decoherence time is indicated by T2. The second one is due to population decay:

excited states tend to decay spontaneously at the ground state in a certain typical

time T1. Considering this, to ensure a proper execution of a quantum algorithm

it has to be executed in a time that is shorter than the decoherence times of the

system. In recent years incredible efforts have been made in this direction. For

instance on superconductive devices, execution times for single-qubit gates are on the

order of nanoseconds, while typical decoherence times vary from tens to hundreds of

microseconds. This makes it possible to manipulate qubits using quantum gates.

A further limitation, indeed, is related to the high error rates in the current

quantum devices. The main issue is due to the high error rate of the CNOTs and

readout operations. On IBM devices each CNOT gate has a typical error rate order

of 10−2, while single-qubit gates have an error rate order of 10−4. The reliability

of a quantum circuit is, therefore, mainly influenced by the number of CNOTs in it.

Similarly, also the measurement operation has an error rate not negligible, order 10−2.

Lastly, in current quantum hardware (at least on the superconductive one), the qubits

are not entirely connected to each other, but a quantum processor is characterized

by a coupling map that limits the interactions of qubits by means of CNOT gates.

This limitation is what is faced by the research proposed in Section 3.1, where a new

technique based on classical machine learning is proposed as a workaround to this

issue.

1.1.2 Quantum Annealing

The primary emphasis of this chapter was on digital quantum computing, although

it has been briefly acknowledged the existence of alternative quantum computing

models. Among these models is Adiabatic Quantum Computing (AQC), which was

introduced in 2000 by Farhi, Goldstone, Gutmann, and Sipser through a highly
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influential paper [73]. AQC is polynomially equivalent to other quantum computing

models, as proved by Aharonov et al. [23], including the quantum circuit model.

This means that anything that is efficiently computable in one of these models is also

efficiently computable in AQC, and vice versa. However, in its practical incarnation,

AQC is usually implemented in a restricted version called quantum annealing. In

detail, quantum annealers work by solving QUadratic Binary Optimization (QUBO)

or Ising problems. Therefore, to fully describe how a quantum annealer works, QUBO

and Ising problems will be discussed in detail, AQC will be analyzed, and finally, these

two ingredients will be combined in the analysis of quantum annealers.

1.1.2.I QUBO and Ising Problems

Binary Quadratic Model (BQM) problems are traditionally used in computer science,

with applications ranging from machine learning [61] to biology [74]. They are defined

as optimization problems formulated as follows: if Q is an upper-diagonal matrix,

which is an NxN upper-triangular matrix of real weights, and X is a vector of binary

variables, a BQM problem consists in minimizing the function:

f(X) =
n∑

i=1

(qixi) +
n−1∑
i=1

n∑
j=i+1

(qijxixj) (1.16)

where qi and qij are configurable (linear and quadratic) coefficients. BQM en-

compasses both Ising and QUBO problems, with the difference that in the former

case, the solutions are spin solutions, i.e. xi ∈ {−1, 1} with i ∈ [1, . . . n], whereas in

the latter case, the solutions are binary solutions, i.e. xi ∈ {0, 1} with i ∈ [1, . . . n].

Let us focus for a moment on Ising problems: they aim to find the state of minimum

energy of an instance of the Ising model, i.e. a mathematical model for the ferro-

magnetic interaction of particles with spin, usually arranged in a lattice [75]. The

particle spins are represented by variables zj that can take values 1 (spin up) or -1
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(spin down). The total energy of the system is given by the Hamiltonian:

H = −
∑
j,k

Jj,kzjzk −
∑
j

hjzj (1.17)

where the coefficients Jj,k represent the interaction between particles j and k and

the coefficients hj represent the influence of an external magnetic field on particle

j. From a quantum point of view, solving an instance of the Ising problem means

finding the ground state of the Hamiltonian of the system, i.e. :

Minimize ⟨ψ|H |ψ⟩ . (1.18)

Although sometimes finding the exact ground state is very complex since the

problem (1.18) is NP-Hard, a pseudo-optimal solution consists of a state |ψ⟩ such

that the amplitude αzmin
= ⟨zmin|ψ⟩ is big in absolute value, then it will be high the

probability of finding zmin by measuring |ψ⟩.

This is what quantum annealers are used for!

Moreover, it is easy to see that each QUBO problem can be reformulated as an

Ising problem by performing the transformation xj = (1 − zj)/2. In such a way, xj

will be 0 when zj is 1 and 1 when zj is -1.

At this point, to fully understand how quantum annealers can solve BQM prob-

lems, it is required to introduce the theoretical paradigm of computing on which they

rely, i.e. the AQC.

1.1.2.II Adiabatic Quantum Computing

In the context of quantum circuits, operations are performed using discrete and se-

quential steps, employing quantum gates. In contrast, adiabatic quantum computing

operates through continuous transformations. In this approach, it is employed a time-
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varying Hamiltonian5 as the driving force to alter the state of the qubits according

to the time-dependent Schrödinger equation:

H(t) |ψ(t)⟩ = iℏ
∂

∂t
|ψ(t)⟩ (1.19)

where H(t) is the time-dependent Hamiltonian, |ψ(t)⟩ is the state vector of the

system, i is the imaginary unit and ℏ is the Planck constant. Now, the idea behind

the AQC is that if it is prepared a quantum state that is a ground state of a simple

Hamiltonian (let’s say H0), it can be ’very gently’ evolved to the ground state of

another Hamiltonian (let’s say H1) which codifies the problem to solve. This idea

exploits the adiabatic theorem introduced by Born and Fock in [44]. It says

that the process to be adiabatic should be ’slow enough’, i.e. its total time should

be inversely proportional to the square of the spectral gap, which is the minimum

difference in energy between the ground state and the first excited state of the time-

dependent Hamiltonian during the whole evolution. From an informal point of view,

this means that if there is always a big difference in energy between the ground state

and the first excited state, then the process can be speeded up. Otherwise, if the

difference is small, with a higher probability it is possible to jump to a higher energy

state. More formally, the time-dependent Hamiltonian used in AQC is of the form:

H(T ) = A(t)H0 +B(t)H1 (1.20)

where A(t) and B(t) are real-valued functions that accept inputs over the interval

[0, T ], with T total time of the adiabatic process. In detail, A and B are in such a

way that A(0) = B(T ) = 1 and A(T ) = B(0) = 0, and therefore H(0) = H0, while

H(T ) = H1. Considering this, if the adiabatic evolution starts in a ground state of
5The Hamiltonian can be thought of as a mathematical object that can describe the energy of

the system. In the time-independent Schrödinger equation, the Hamiltonian remains unchanged
during the evolution of the quantum system. Instead, in the time-dependent counterpart, energy
can vary with time. This is the case, for instance, if it is applied an electromagnetic pulse to the
qubits and it is changed its intensity or frequency.
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H0, and the process is effectively adiabatic, it will end up in the ground state of H1

which is the solution of the problem that must be solved. A common choice for the

functions A and B is to set:

A(t) = 1− t
T
; B(t) = t

T
(1.21)

1.1.2.III Quantum Annealers

Practically, AQC is implemented in a restricted version called quantum annealing

[57]. It deviates from full AQC in two ways:

• The final Hamiltonian H1 cannot be chosen completely at will;

• Evolution in real quantum annealers is not guaranteed to be adiabatic.

Let’s exploit in detail these two points.

Firstly, H1 in quantum annealers has to be selected from a certain, restricted

class. A typical option is an Ising Hamiltonian of the form reported in (1.17), where

the user can select the appropriate Jj,k and hj coefficients. Due to this restriction in

the choice of the final Hamiltonian, quantum annealing, unlike AQC is not universal

and can be only used to solve a specific type of problem. Moreover, the initial

Hamiltonian in the quantum annealing setup is also fixed to H0 = −
∑n−1

j=0 Xj, where

n is the number of qubits, and Xj represents the X matrix acting on the j−th qubit.

Therefore, the ground state of H0 is ⊗n−1
i=0 |+⟩ which is relatively easy to prepare

because it is completely unentangled.

Secondly, in quantum annealing, the other significant departure from the AQC

approach is that the evolution is no longer guaranteed to be adiabatic. This deviation

arises due to two main reasons. Firstly, determining the spectral gap, which repre-

sents the minimum difference between the ground state and the first excited state of

the time-dependent Hamiltonian, H(t), over the interval [0, T ], can be highly chal-

lenging. In fact, computing this spectral gap can be even more difficult than finding
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the desired ground state itself, as demonstrated by Cubitt et al. [59]. Secondly, even

if we manage to compute the required time for adiabaticity, it may be impractical or

even infeasible to run the system evolution for such a long duration.

Hence, in the context of quantum annealing, the system evolution is conducted

for a specific period of time that does not necessarily satisfy the conditions for adia-

baticity. Nonetheless, the expectation is to still obtain reasonably accurate approxi-

mations of the optimal solution to our problem. Indeed, it is not strictly needed to

remain in the ground state H(t), because, in the end, the state will be measured,

and it would be enough if the amplitude of an optimal (or sufficiently good) solution

in the final state was big enough.

On the bright side, physical quantum devices based on quantum annealing are

simpler to construct, making it possible to scale the size of these quantum annealers

up to hundreds or even thousands of qubits. In 2011, the Canadian company D-Wave6

was the first to ever commercialize a quantum annealer. That quantum annealer,

called D-Wave One, had 128 qubits, while one of D-Wave’s most recent quantum

devices, ’Advantage’, has more than 5000 qubits.

1.2 Computational Intelligence

Computational Intelligence (CI) is a multidisciplinary field that encompasses various

artificial intelligence (AI) techniques aimed at solving complex real-world problems.

It draws inspiration from biology, neuroscience, mathematics, and computer science

to develop intelligent algorithms and systems capable of learning, adapting, and

making decisions in dynamic environments. By combining the power of advanced

computing technologies with the principles of human intelligence, CI offers innovative

solutions to a wide range of applications [3, 31, 191].

The field encompasses several key techniques, including neural networks, evolu-
6https://www.dwavesys.com
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tionary computation, and fuzzy logic. These techniques enable machines to learn

from data, optimize their performance, and make intelligent decisions. In the fol-

lowing part of this section, these three main blocks of CI will be introduced and

discussed in more detail.

1.2.1 Fuzzy Logic

Lotfi Zadeh introduced fuzzy sets in 1965 with the main goal of modeling classes of

objects that do not have precisely defined criteria of membership [187]. This new

vision has made possible the introduction of fuzzy logic as an approach to computing

that implicitly takes into account the notion of uncertainty in a way that mimics

human thinking [186]. Thanks to this capability, fuzzy logic has found great appli-

cation in the field of automatic control and decision-making, explained by the fact

that expert knowledge is easily introduced into fuzzy systems in a faster and easier

way than conventional engineering approaches, by means of fuzzy rules [188].

In order to explain how a Fuzzy Rule-Based Control System (FRBS) works, it is

important to introduce the concepts of fuzzy variables and fuzzy logic. By definition

a fuzzy variable X is composed of a set of m linguistic terms X = {T1, T2, . . . , Tm},

where each linguistic term Ti (with i = 1, 2, . . . ,m) is described by a fuzzy set.

A fuzzy set S in a universe of discourse U is a collection of ordered pairs, where

each pair consists of a generic element x and its grade of membership, as follows:

S = {(x, µS(x))|x ∈ U}. Figure 1.3 reports an example of a fuzzy variable defined

by four fuzzy sets.

On fuzzy sets are defined operations useful for the implementation of inference

engines. Some examples of such operations are union (∪), intersection (∩), and

height (hgt). Let us consider two fuzzy sets A and B defined in the same universe of

discourse U , their union is a fuzzy set C∪ computed as follows:

C∪ = A ∪B = {(x, µA∪B(x))|x ∈ U} (1.22)
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Figure 1.3: Temperature as fuzzy variable defined in the universe U = [−20◦, 50◦]
composed of the set of linguistic terms T=[Freezing, Cool, Warm and, Hot].

where µA∪B(x) = max(µA(x), µB(x)); similarly, their intersection defines a fuzzy set

C∩ computed as follows: C∪ computed as follows:

C∩ = A ∩B = {(x, µA∩B(x))|x ∈ U} (1.23)

where µA∩B(x) = min(µA(x), µB(x)); finally, the height of the fuzzy set A is defined

as below:

hgt(A) = max
x∈U

µA(x) (1.24)

By using this logic, it is possible to compute the linguistic rules modeling the be-

havior of a FRBS. In detail, a fuzzy rule is an if-then statement where the antecedent

and the consequent consist of fuzzy propositions. A fuzzy proposition represents a

statement “X is T”, where X is a fuzzy variable and T is one of its linguistic terms.

The antecedent of a rule can combine various propositions by means of logical connec-

tives, such as and and or, which are implemented by t-norm and s-norm operators,

respectively [188]. According to the type of the consequent in the rule base, FRBSs

are divided into Mamdani’s [117] and TSK (Takagi-Sugeno-Kang) [166] FRBSs. The

former employs linguistic rules that associate fuzzy sets with output variables, while

the latter uses fuzzy rules with crisp output values derived from linear or nonlinear

functions. Because in this thesis a quantum version improving the Mamdani approach
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is proposed, the remaining chapter will focus on the description of such FRBS. For

the sake of simplicity, let us consider a MISO (Multiple-Input Single-Output) fuzzy

system composed of k rules, n input fuzzy variables X1, X2, . . . , Xn, and a single out-

put fuzzy variable Y . All fuzzy variables are composed of m linguistic terms {Ti}mi=1,

and the logical connective used is and implemented by the product t-norm. In such

a system, a generic fuzzy rule is defined as follows:

IF (X1 is Ts1) and (X2 is Ts2) and . . . and (Xn is Tsn) THEN Y is TsY (1.25)

where s1, s2, . . . , sn, sY ∈ {1, 2, . . . ,m}.

The fuzzy inference engine of such a system uses a database and a rule base to

perform a nonlinear mapping from input and output fuzzy variables, through four

sequential steps [92]:

1. the evaluation of each fuzzy proposition belonging to the antecedent part of

each rule by considering the system inputs;

2. the computation of the degree of fulfillment of each rule obtained by aggregating

the fuzzy propositions of the antecedent part;

3. the computation of the fuzzy output of each rule obtained by applying the

implication operator;

4. the computation of the overall fuzzy output obtained by accumulating the fuzzy

outputs of individual fuzzy rules.

The first step computes a value αj
i for the j-th proposition belonging to the i-th rule

of the system, with j = 1, 2, . . . , n and i = 1, 2, . . . , k. This value is computed by

intersecting the linguistic Tsj belonging to the j-th proposition of the antecedent part

of the i-th fuzzy rule, with a fuzzy set Ij that represents the j-th input of the MISO
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system, and using the height operator as follows:

αj
i = hgt(Tsj ∩ Ij) (1.26)

In the second step, the fuzzy inference engine aggregates fuzzy propositions in

the antecedent part of the i-th rule by using the product t-norm operator to compute

the degree of fulfillment of the rule:

Fi =
m∏
j=1

αj
i (1.27)

This operation can be carried out also with the min operator.

The third step uses Fi to compute Ri, the output fuzzy set of the i-th rule:

µRi
(y) = I(Fi, µY i(y)) (1.28)

where µY i(y) is the membership function of the output variable Y in the i-th rule, and

I is an implication function [68]. Common implication functions are implemented

by a conjunction operator (t-norm) [92], such as Mamdani’s implication [117], based

on the minimum operator, and Larsen’s implication [104], based on the product

operator.

In the fourth and last step, the inference engine computes the whole output fuzzy

set Y by using a disjunction operator, implemented by the maximum operator:

µY (y) = ∪ki=1µRi
(y) = max

k
µRi

(y). (1.29)

The above description shows that fuzzy inference engines work by dealing only with

fuzzy sets. However, the knowledge about the problem at hand is typically expressed

by continuous value variables (crisp values). Therefore, it is necessary to use so-called

fuzzification and defuzzification interfaces to convert these continuous value variables
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Figure 1.4: Workflow of a FRBS.

into fuzzy sets, and vice versa. [92]. Let us consider a fuzzy variable X defined on a

universe of discourse U , and a continuous value input x′ ∈ U , then the fuzzification

interface computes a singleton fuzzy set T on the universe of discourse U to represent

the continuous value input x′ as follows:

µT (x) =

 1 if x = x′

0 otherwise
(1.30)

Among the defuzzification methods in the literature, the Center of Gravity method

(CoG) [101] is widely used. According to this method, the output continuous value

ŷ of a FRBS is computed as follows:

ŷ =

∫ yu
yl
y · µY (y)dy∫ yu

yl
µY (y)dy

(1.31)

where yl and yu are respectively the lower and the upper bounds of the universe of

discourse of the output variable Y .

Fig. 1.4 summarizes all the steps described above graphically.
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1.2.2 Evolutionary Algorithms

Optimization problems are ubiquitous in our lives. They are used, for example, by

satellite navigation systems to suggest travel routes, by shipping companies delivering

packages to our homes, by financial companies to manage client portfolios, by airline

reservation systems to suggest customized and convenient travel proposals, and so

on. These problems can be classified into continuous optimization problems and

combinatorial optimization problems depending upon the structure and shape of

the solutions space. Optimization algorithms are mathematical tools for solving

optimization problems, and they can be classified into exact or heuristic algorithms,

depending on whether they can guarantee exact or approximate optimal solutions

to problems [194]. Hard optimization problems are usually addressed by means of

heuristic optimization techniques [109, 143, 167, 2, 190, 142, 66]. One of the most

widespread strategies is based on evolutionary optimization. These algorithms are

inspired by Darwin’s theory of evolution, with the idea of the survival of the fittest, i.e.

nature lets evolve individuals that are adapted or fit to the environmental conditions

best.

The history of evolutionary algorithms reveals the existence of various variants

within the field. However, the fundamental idea underlying all these techniques re-

mains the same. In a scenario where a population of individuals competes for limited

resources within an environment, natural selection, or survival of the fittest, occurs.

This leads to an increase in the overall fitness of the population. To maximize a given

quality function, an initial set of candidate solutions is randomly generated, repre-

senting elements within the function’s domain. The quality function is then applied

to these candidates as a measure of their fitness, aiming for higher values. Based on

these fitness values, some of the better candidates are selected to serve as parents

for the next generation. Recombination, involving two or more parents, or mutation,

applied to a single parent, is then employed to create new candidates, referred to
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Figure 1.5: Typical progress of an EA illustrated in terms of population distribution.
For each point x in the search space y shows the corresponding fitness value [71].

as offspring. The fitness of the offspring is evaluated, and they compete with the

previous generation’s candidates, considering their fitness and potentially their age,

to secure a place in the next generation. This iterative process continues until a can-

didate with satisfactory quality (a solution) is found or a predefined computational

limit is reached.

Overall, two primary forces shape evolutionary systems.

• Exploration: variation operators, such as recombination and mutation, in-

troduce diversity within the population, fostering novelty.

• Exploitation: selection acts as a driving force to enhance the average quality

of solutions within the population.

By reaching a good trade-off between exploitation and exploration in an evolu-

tionary algorithm, the fitness values tend to improve across successive generations.

This process can be perceived as evolution optimizing or approximating the fitness

function, gradually approaching optimal values over time. Figure 1.5 shows the ideal

result of the above evolutionary cycle.

It should be noted that many components of such an evolutionary process are

stochastic. For example, during selection, the best individuals are not chosen deter-

ministically, and typically even the weak individuals have some chance of becoming a

parent or of surviving. During the recombination process, the choice of which pieces

from the parents will be recombined is made at random. Similarly, for mutation, the
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Figure 1.6: The general scheme of an evolutionary algorithm as a flowchart.

choice of which pieces will be changed within a candidate solution, and of the new

pieces to replace them, is made randomly. The general scheme of an evolutionary

algorithm is given as a flowchart in Fig. 1.6.

The various dialects of evolutionary computing we have mentioned previously

all follow these general outlines, differing only in technical details. In particular,

one notable distinction among these variants lies in the way candidate solutions are

represented. This means that the data structures employed to encode candidates

differ across different streams. For instance, genetic algorithms (GAs) typically uti-

lize strings composed of a limited set of symbols, evolution strategies (ESs) employ

real-valued vectors, classical evolutionary programming (EP) involves finite state ma-

chines, and genetic programming (GP) revolves around trees [71]. Over time, more

and more evolutionary algorithms have been introduced, such as Particle Swarm Op-

timization (PSO) [97], Differential Evolution (DE) [164] among others. However, the

focus of this thesis will be on GAs, as their quantum versions will be proposed in

later chapters.
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1.2.2.I Genetic Algorithms

GAs were proposed by Holland [84] and in its ’canonical’ implementation, they have

a binary representation of solutions, fitness proportionate selection, a low probability

of mutation, and an emphasis on genetically inspired recombination as a means of

generating new candidate solutions. A more in-depth description of crossover and

mutation operators will be carried out in Section2.1.2.I, when they are compared

with a quantum counterpart. For the same reason, this analysis of selection operators

will be carried out in Section 2.1.1.I. Over the years, the canonical GAs have been

adapted to work with integer and real solution vectors, changing the operators acting

on them accordingly. Moreover, some features have been added to this workflow to

boost the performance of the algorithm. For instance, a common mechanism used

at the end of each GA generation is the elitism mechanism. In other words, the best

chromosome from the old population is carried over to the next one replacing the

worst chromosome of the offspring.

Algorithm 1 Pseudo-code of a GA
Require: size of the population pop_size, crossover probability pc, mutation probability pm, termination criterion

t, parameters of the mating pool mechanism mp.

Ensure: the best solution best.

1: gen← 0;
2: pop← generateRandomPopulation(pop_size);
3: evaluateFitness(pop);
4: best← getBestIndividual(pop);
5: while (t is not satisfied) do
6: offspring← executeMatingPoolSetUp(pop, mp);
7: executeCrossover(offspring, pc);
8: executeMutation(offspring, pm);
9: evaluateFitness(offspring);
10: pop← offspring;
11: pop← elitism(pop, best);
12: best← getBestIndividual(pop);
13: gen← gen+ 1;
14: end while
15: return best;

Overall, the pseudo-code of the GA used in this thesis, is reported in Algorithm

1, where the termination criterion t usually uses the maximum number of generations

for the algorithm or the maximum number of fitness evaluations.
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1.2.3 Neural Networks

Neural networks (NN) have emerged as one of the most influential advancements in

the field of artificial intelligence (AI). Inspired by the structure and functioning of

the human brain, neural networks have revolutionized various industries and appli-

cations, ranging from computer vision [122] and natural language processing [25] to

autonomous vehicles [53] and finance[168]. The roots of NNs can be traced back to

the 1940s when the concept of an artificial neuron was introduced. Early pioneers

like Warren McCulloch and Walter Pitts laid the foundation by developing models of

artificial neurons and simple computational systems [120]. The term "neural network"

gained prominence in the 1950s, with the development of the perceptron model by

Frank Rosenblatt [150]. The perceptron consists of three main components: input

values, weights, and an activation function. The input values represent the features

of the input data, and each input value is associated with a weight. These weights

determine the significance of each input value in the decision-making process. The

activation function takes the weighted sum of the inputs, applies a threshold, and

produces a binary output. Fig. 1.7 describes graphically this architecture.

Figure 1.7: Perceptron architecture

With the above architecture it is possible to address binary classification problems

in the context of supervised machine learning, if and only if the data to classify are

binary separable. In these cases, the Perceptron can be trained adjusting the weights

based on the errors made during classification. Initially, the weights are assigned
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random values. For each input instance, the Perceptron computes the output and

compares it with the expected output. If the output matches the expected output, no

adjustments are made. However, if the output differs from the expected output, the

weights are updated to minimize the error. This adjustment is performed iteratively

until the Perceptron achieves satisfactory accuracy.

However, if dataset are not linearly separable then such a linear classifier can

never reach a satisfactory level of accuracy. Therefore, a more complex structure is

required. Here comes the idea of NNs: the simplest structure of a NN is the ’Multi-

layer Perceptron’ (MLP) [150], i.e. interconnected artificial neurons, organized into

layers. The three primary layers are the input layer, hidden layer(s), and output

layer. Each neuron receives inputs, applies an activation function to the weighted

sum of those inputs, and passes the output to the next layer, following a process

that is known as forward propagation. The connections between neurons, known

as synapses, have associated weights that are adjusted during the training process,

usually by means of the backpropagation algorithm [151]. Figure 1.8 shows an example

of MLP.

Figure 1.8: MLP architecture

In the face of increasingly complex and diverse data, the realm of artificial neural

networks has witnessed a remarkable transition from traditional MLP to the power of

deep neural networks (DNNs). The sheer complexity and richness of modern datasets

demand models with the capacity to extract intricate and abstract representations.
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DNNs with their ability to learn hierarchical features through multiple layers, have

emerged as the go-to choice in tackling these challenges.
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Chapter 2

Quantum-Enhanced

Computational Intelligence

This section aims to introduce different quantum-enhanced computational intelli-

gence algorithms. It is divided into two sections, the former devoted to introducing

quantum genetic algorithms (Section 2.1) and the latter proposing different quantum

fuzzy engines (Section 2.2). In detail, Section 2.1 is structured as follows: firstly,

an introduction to quantum evolutionary algorithms is given (Section 2.1), then the

Quantum Genetic Sampling (QGS) and the Quantum Mating Operator (QMO) are

introduced and experimentally evaluated in Section 2.1.1 and Section 2.1.2 respec-

tively. Finally, in Section 2.1.3 a study on the effect of quantum noise in quantum

genetic algorithms equipped with QMO is carried out. On the other hand, the

quantum fuzzy reasoning section is organized as follows: Section 2.2.1 analyzes the

literature about quantum fuzzy inference engines; Section 2.2.2 introduces the very

first fuzzy inference system able to be run on quantum annealers; Section 2.2.3 pro-

poses and evaluates the QFIE to be run on digital quantum computers and that

achieves an exponential speed-up over the classical counterpart.
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2.1 Quantum Evolutionary Algorithms

As seen in Section 1.1, phenomena such as superposition, entanglement and interfer-

ence can allow an enormous degree of parallelism in quantum computation and enable

some peculiarities that cannot be replicated efficiently on digital machines. These

interesting features, together with the fact that quantum computers are real random

number generators, fit very well with the evolutionary optimization paradigm. In-

deed, several researchers and practitioners have proposed lately different quantum

genetic algorithms (QGAs) [116, 192, 103] or hybrid quantum genetic algorithms

(HQGAs) [19, 35] that offer (in theory) improved performance in solving different

types of optimization problems, from combinatorial to continuous. However, many of

these proposed QGAs-HQGAs cannot be executed on current NISQ hardware that,

as seen in Section 1.1.1.III, is strongly limited both in the number of qubits available

and in the high level of quantum noise affecting the computation. Considering this,

the proposed thesis work doesn’t aim to implement wholistic QGAs, but rather to

develop precise quantum operators that can exploit the current conditions of NISQ

devices to boost the performance of classical GAs. To achieve this goal, it will be

proposed a Quantum Genetic Sampling (QGS) algorithm and a Quantum Mating

Operator (QMO) to be used in the context of binary-encoded GAs. The studies

about the former operator have also been recently published in [14, 17], while the

results obtained for QMO have been also reported in [16, 4]. Also, by the end of

Section 2.1 it will be reported the study carried out in [12] investigating how the

quantum noise affects the performance of QGAs boosting their exploration capabil-

ity by introducing some randomness which can positively influence the search for the

optimal solution.
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2.1.1 Quantum Genetic Sampling

As seen in Section 1.2.2, the workflow of GAs is based on the application of an

iterative scheme composed of three sequential operators: selection, crossover, and

mutation. The joint usage of these operators allows a genetic algorithm to evolve a

population of candidate solutions of a given problem towards near-optimal solutions,

making these algorithms particularly well suited to efficiently solving hard prob-

lems. However, under certain circumstances, genetic algorithms could suffer from

two different types of problems: premature convergence, occurring when high-rated

individuals quickly attain to dominate the population, constraining the algorithm

to converge to low-quality local optima ([136]); random behavior, occurring when

completely random individuals attain to dominate the population, constraining the

algorithm to converge towards random solutions ([183]).

Among the genetic operators that can generate the above problems is certainly

selection, that is, the mechanism used in genetic processes to choose a set of individ-

uals from the current population to form a pool of parents (mating pool) from which

the next generation will originate. Indeed, selection provides a mechanism to affect

the trade-off between exploration (i.e. exploring the new areas of search space) and

exploitation (i.e. using already detected points to search the optimum) in genetic

processes ([90]), so as to impact the performance of the whole optimization process.

Based on this, the term selective pressure is used to classify selection operators by

considering a strong (high selective pressure) respectively weaker (smaller selective

pressure) emphasis of selection on the best individuals ([32]). Thus, a selection op-

erator characterized by excessive selection pressure may cause the convergence of

a genetic algorithm to a local optimum because of the loss of population diversity,

whereas an operator based on low selection pressure may cause a genetic algorithm

to provide random results that differ at each iteration of the algorithm ([32]). As

a consequence of this strong dependence on the trade-off between exploration and
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exploitation on the selection mechanism used, several selection operators have been

proposed over the years to try to address the effects of premature convergence and

random behavior. However, at present there is no selection mechanism that can

properly handle these problems. As a result, one could completely overhaul the way

genetic algorithms form the mating pool and introduce a completely new sampling

mechanism.

The main goal of this research is to fill this gap by replacing the genetic algo-

rithm selection mechanism with a sampling operator based on quantum computation,

named Quantum Genetic Sampling (QGS). This novel approach exploits the stochas-

tic nature of quantum mechanics to collect the individuals for the creation of the

mating pool considering the following concept: the probability of choosing elements

belonging to the current genetic population is proportional to their fitness value, as

usual; also, the probability of choosing elements outside the current genetic popula-

tion is greater than zero. The implementation of the proposed operator is based on

a well-known quantum primitive, named Quantum Amplitude Amplification (QAA).

QAA is a quantum algorithm used to change the probability distribution modeled by

a quantum state by increasing the probability of measurement of so-called marked

items. A genetic algorithm equipped with QGS uses a quantum state that embodies

all possible solutions to a problem and exploits quantum amplitude amplification to

opportunely change that quantum state. In particular, quantum amplitude ampli-

fication adjusts the probability of individuals in the current genetic population to

be selected to enter the mating pool, according to their fitness values. The use of

an appropriate quantum state to model the probability distribution used to sample

individuals that will belong to the mating pool has an important side effect: there

is a non-zero probability of sampling (that is, introducing in the mating pool) indi-

viduals do not belong to the current genetic population. This behavior leads to a

key benefit because it allows, at each iteration, new genetic material to be created

and added to the mating pool. Consequently, the use of QGS increases diversity
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in the genetic population and reduces the probability of premature convergence to

local optima. QGS has been designed as an adaptive operator in that it can also

adjust its ability to affect genetic population diversity by using appropriate hyper-

parameters. QGS has been developed on actual quantum backends from the IBM

Q Experience® platform1. Experimental studies have been carried out to show the

suitability of QGS in being embedded in a genetic optimization process and reaching

a good trade-off between exploitation and exploration. This study involves a set

of well-known benchmark functions used to test the performance of the proposed

quantum operator against traditional selection methods in terms of the obtained

solution quality and the genetic population diversity. Moreover, a statistical com-

parison procedure based on the Wilcoxon signed rank test ([179]) has been carried

out to investigate about the impact of the proposed quantum genetic operator on the

performance of genetic algorithms. The Section is structured as follows: firstly, it

will provide a detailed discussion of the selection methods existing in the literature;

secondly, it will describe with detail the QGS algorithm, including a discussion about

hyperparameters; finally, it will highlight the setting of experiments carried out to

evaluate QGS and their comparative results.

2.1.1.I Related Work

Selection methods represent the driving force of the evolution of genetic algorithms.

Indeed, without it, the search would be no better than random ([33]). The design

of a good selection method requires to balance between fast search (exploitation)

and sustaining diversity (exploration). Over the years, several selection methods

have been developed in order to try to satisfy these requirements. All approaches

in literature can be classified into four categories ([78]): proportionate reproduction,

ranking selection, tournament selection, and “steady-state” selection.

The first category, proportionate reproduction, includes methods that choose indi-
1https://quantum-computing.ibm.com/
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viduals according to their fitness values. Formally, in these methods, the probability

p to select the i-th individual at t-th generation is given by pi,t = fi,t∑N
j=1 fj,t

, where fi,t

is the fitness value and N is the size of the population. The method par excellence

belonging to this category is surely the Roulette Wheel Selection (RWS) ([33]), which

chooses several solutions from the population by repeated random sampling. RWS is

characterized by a high selective pressure in the first generations and a low one near

the convergence. In detail, the initial high selective pressure leads to a population

composed of individuals with similar fitness values, which, in turn, leads RWS to

become quite a random search (and, hence, characterized by a low selective pres-

sure). The negative consequence of this behavior is the achievement of a premature

convergence. A variant of RWS aimed at reducing this risk is known as Stochastic

Universal Sampling (SUS) ([34]). Differently from RWS, SUS uses a single random

value to sample all of the solutions by choosing them at evenly spaced intervals ([37]).

This feature allows SUS to improve on RWS by keeping a constant selective pressure.

However, the risk of premature convergence is not completely deleted ([121]).

Regarding ranking selection methods, they sort the population on the basis of

fitness values, and then allocate selection probabilities to individuals according to

their rank, rather than according to their actual fitness values ([72]). The most

popular among the methods belonging to this second category is the Linear Rank

Selection (LRS) ([78]). In detail, this method uses a linear mapping from rank number

to selection probability. Formally, the selection probability p of the i-th individual

at the t-th generation is given by pi,t =
ri,t

N(N−1) , where ri,t is the rank and N is the

population size. LRS is characterized by a constant but limited selection pressure

that leads to a slow convergence.

The previous two categories of selection methods perform sampling by relying on

the knowledge of the entire population. The third category of selection methods, the

Tournament Selection (TS) ([78]), is based on an ordering relation that compares

only k individuals, where k is called tournament size. The general scheme of the
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methods in this category consists of repeating N times (where N is the population

size) the following steps: 1) randomly selecting a set of k individuals; 2) choosing

the fittest individual among them to be inserted in the parent mating pool. Hence,

the methods belonging to this category differ among them for the value associated

with k. The most popular tournament selection method is the binary Tournament

Selection (TS) characterized by k = 2, but general k − ary tournaments are often

applied. Currently, the tournament selection methods are the most widely used

selection operators thanks to the fact that the selection pressure is easy to control by

means of hyperparameter k. Indeed, the larger the tournament size, the greater the

chance that it will contain members of above-average fitness. Thus the probability

of selecting a high-fitness member increases, as k is increased. Hence, increasing k

increases the selection pressure ([72]).

Finally, the “steady-state” selection represents a completely different approach

with respect to previous ones since it selects only a few individuals to be reproduced,

whereas, most part of the population survives to the next generation. This method

was popularized by Darrell Whitley and Joan Kauths GENITOR system ([178]),

i.e., an alternative to the traditional generational approach in genetic algorithms.

Precisely, the idea is to iteratively breed a new child or two, assess their fitness

values, and then reintroduce them directly into the population itself, killing off some

preexisting individuals (typically the worst ones) to make room for them ([114]). The

“steady-state” selection is fairly exploitative compared to a generational approach:

the parents stay around in the population, potentially for a very long time, and thus,

this runs the risk of causing the system to prematurely converge to large copies of a

few highly fit individuals ([114]).

Starting from this analysis, this research aims to develop a genetic operator able

to perform the filling of the parent mating pool in genetic algorithms by achieving a

good balance between exploration and exploitation. The goal of this research is to

enhance the literature by introducing a new genetic operator, named QGS, capable
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of achieving this task better than state-of-the-art selection approaches, as described

in the experimental session, by using the stochastic nature of quantum mechanics.

This quantum view allows QGS to operate in a completely different way than the four

mentioned categories of selection operators. In fact, unlike conventional approaches,

QGS can insert in the mating pool genetic material not present in the current genetic

population.

2.1.1.II Quantum Amplitude Amplification

To fully understand QGS, it is required to describe its core, i.e. the Amplitude

Amplification routine [46, 87, 126]. This technique in quantum computing is the

basis of many well-known algorithms, such as Grovers algorithm among others.

The main goal of amplitude amplification is to maximize the probability of mea-

suring one or more desired basis states among all those present in a given quantum

superposition. As described in [94], this task can be achieved by means of an iterative

scheme where, at each iteration, the following two steps are carried out:

• flip step: this step allows the algorithm to target the desired M basis states

and distinguish their phases from the others thanks to a phase rotation of π.

• mirror step: This step consists of an inversion about the average of the am-

plitudes of all basis states. In other words, this operation finds a different

sequence of amplitudes such that (i) the new amplitudes have the same dis-

tance as before from the mean, but inverted around the mean, (ii) the new

sequence has the same mean.

The quantum amplitude amplification algorithm consists of iterating these two

steps (flip and mirror) multiple times to further increase the probability value to

measure the marked states. However, it is important to note that after a certain

number of iterations, the probability of the marked states will start decreasing. This

is related to the fact that, at a certain iteration, after the mirror step, the marked
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states will be out of phase with the others, so the next flip subroutine will cause

all phases to be in alignment. At that point, there will be no marked states, so

further iterations will start diminishing the probability of the initially marked states

until ending up with the original state [94]. Therefore, it is very important to set

opportunely the number of iterations to achieve the maximum probability for the

marked states. In literature, it is found that the optimal number of iterations NAA

for a quantum register of n qubits is [94]:

NAA = ⌊π
4

√
2n

M
⌋ (2.1)

where M is the number of marked states.

Mathematically, let H be a Hilbert space of a n-dimensional quantum system and

χ : {0, 1, . . . , 2n−1} → {0, 1} be a boolean function that induces a partition ofH into

a marked subspace (spanned by the set of basis states |j⟩ ∈ H for which χ(j) = 1,

with j ∈ {0, 1, . . . , 2n − 1}) and its complementary subspace (spanned by the set of

basis states |j⟩ ∈ H for which χ(j) = 0, with j ∈ {0, 1, . . . , 2n − 1}). Moreover, let

A be any quantum algorithm that acts on H that does not use measurements and

|Ψ⟩ = A |0⟩ denote the state obtained by applying A to the initial zero state. Thus,

the QAA algorithm consists of applying the operator Q, defined in (2.2), repeatedly

on the state |Ψ⟩ [46].

Q = Q(A, χ) = −AS0A−1Sχ (2.2)

Here, the operator Sχ conditionally changes the sign of the amplitudes of the

marked states as follows:

|x⟩ →

 − |x⟩ if χ(x) = 1

|x⟩ if χ(x) = 0
(2.3)

where i is the imaginary unit, whereas, the operator S0 changes the sign of the
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amplitudes if and only if the state is the zero state |0⟩. In other words, the Sχ is

a Phase Oracle of the form reported in (1.14). In Grover’s algorithm A = H⊗n,

leading the state |Ψ⟩ in a uniform superposition of the basis states, and the phase

oracle inverts the phase of the states that need to be found.

Graphically, the circuit representing the amplitude amplification process is re-

ported in Fig. 2.1 where the FP operation is implemented by the operator Sχ,

the MP operation is implemented by the product AS0A−1 and A = H⊗n like the

standard Grover’s algorithm.

q0 : |0⟩ H

FP MP

q1 : |0⟩ H

q2 : |0⟩ H
... H

qn−2 : |0⟩ H

qn−1 : |0⟩ H

Figure 2.1: Circuital representation of amplitude amplification process on an n-qubit
register.

In literature, there are some extensions of the conventional amplitude amplifi-

cation that use arbitrary phase rotations of the marked states [81, 189]. In these

approaches, the operator Sχ is defined as follows:

|x⟩ →

 eiϕ |x⟩ if χ(x) = 1

|x⟩ if χ(x) = 0
(2.4)

where i is the imaginary unit, whereas, the operator S0 multiplies the amplitude

by a factor of eiϕ if and only if the state is the zero state |0⟩.

In our context, QGS uses this variant of the QAA process by relating ϕ to the

fitness value of individuals. In this way, as described in the next section, each marked

state will be characterized by a different probability of being measured according to

its own fitness value (i.e. the higher the quality of the solution, the higher the
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probability of being measured).

2.1.1.III Quantum Genetic Sampling Workflow

In this section, a quantum-based genetic operator, aimed at replacing the selection

mechanism in the conventional workflow of genetic algorithms, is introduced. Due

to the embryonic nature of quantum computers, which are equipped with a limited

number of qubits, the proposed operator will be embedded in a binary-encoded ge-

netic algorithm. In such a context, QGS aims to create a mating pool through two

sequential steps:

1. Represent the search space of a specific problem by preparing a quantum state

|ψ⟩, which models a probability distribution;

2. Use quantum amplitude amplification to adjust the quantum state |ψ⟩, ac-

cording to the fitness values of the best individuals belonging to the genetic

population.

Once the quantum amplitude amplification has properly adjusted the quantum

state, the quantum measurement is used to extract individuals for inclusion in the

mating pool, considering the relative probability distribution. The behavior of QGS

and its ability to adjust the trade-off between exploration and exploitation depends

on a set of hyperparameters. These hyperparameters act both on the definition of

the quantum state |ψ⟩ and on the execution of the quantum amplitude amplification.

The first step of QGS is the preparation of the quantum state |ψ⟩ that models

the search space of a problem. Let U = {s0, s1, . . . , s2n−1} be the set of all possible

binary strings composed of n binary digits, and let P and B be two sets2 such that
2For sake of simplicity, a genetic population is considered as a set rather than a multi-set without

loss of generality.
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|P| = k, |B| = 2n − k, P ∪ B = U and P ∩ B = ∅:

P = {sz0 , sz1 , . . . , szk−1
|zj ∈ {0, 1, . . . , 2n − 1}}

B = {sl0 , sl1 , . . . , sl2n−k−1
|lj ∈ {0, 1, . . . , 2n − 1}}

(2.5)

where P represents a set of binary strings belonging to a genetic population,

whereas B represents a set of binary strings that do not belong to the genetic popu-

lation P . Thus, a superposed quantum state |ψ⟩ modelling a genetic population can

be defined as:

|ψ⟩ =
k−1∑
j=0

cszj
∣∣szj〉+ 2n−k+1∑

j=0

cslj

∣∣slj〉 (2.6)

where cszj , cslj ∈ C. In this scenario, a given individual belonging to the genetic

population, namely szj ∈ P , has a probability |cszj |
2 to be selected when the quantum

state |ψ⟩ is measured. At the same way, an item belonging to the set B, namely slj ∈

B, has a probability |cslj |
2 to be selected when the quantum state |ψ⟩ is measured.

It means that QGS is able to select both individuals belonging to and not belonging

to the current genetic population, increasing the level of diversity in the generation

of the next population. However, so as to enable QGS to work properly, the value of

above probabilities |cszj |
2 and |cslj |

2 need to be set up to maximize the likelihood that

best individuals in P are selected, and minimize the likelihood that binary strings in

B are selected. In order to achieve this goal, the third step of QGS uses a modified

version of the quantum amplitude amplification described in (2.4).

In detail, the workflow of QGS can be summarized as follows:

1. Let P ′ = {sz0 , sz1 , . . . , szt−1 |zj ∈ {0, 1, . . . , 2n − 1}} be the set of t best indi-

viduals of P ordered such that the fitness value of the individual szj is bet-

ter than that of the individual szj+1
, where j = 0, 1, . . . , t − 1. Let Q =

{sl0 , sl1 , . . . , sl2n−t−1
|lj ∈ {0, 1, . . . , 2n − 1}} be the complementary set of P ′

composed of all the remaining possible binary strings of n binary digits.
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2. Initialize a quantum register R of n qubits to the zero state, |ψ0⟩ = |0⟩⊗n.

Then, apply n Hadamard gates to create a quantum uniform superposition of

elements belonging to P ′ and Q as follows:

|ψ⟩ =A |ψ0⟩ = H⊗n |ψ0⟩ =
2n−1∑
s=0

1√
2n
|s⟩ =

=
t−1∑
j=0

1√
2n

∣∣szj〉+ 2n−t−1∑
j=0

1√
2n

∣∣slj〉
(2.7)

3. Define a quantum circuit using the register R and perform the amplitude am-

plification for the states related to individuals in P ′ as follows:

• Define a Boolean function χ : {0, . . . , 2n − 1} → {0, 1} similar to the one

used in (2.3):

 χ(s) = 1 if s ∈ P ′

χ(s) = 0 if s /∈ P ′
(2.8)

• Execute the flip phase operation FP as described in (2.4), marking the

quantum states
∣∣szj〉 as follows:

∣∣szj〉→
 ei(π−jβ)

∣∣szj〉 if χ(szj) = 1∣∣szj〉 if χ(szj) = 0
(2.9)

where i is the imaginary unit, β ∈
[
0, π

t+1

]
and j = 0, 1, . . . , t − 1. This

is a key step in QGS workflow because it ensures that the t marked basis

states belonging to P ′ have a relative phase different from the basis states

belonging to Q. Hence, the probability of measuring the t marked basis

states will be increased in the next mirror step with respect to the other

basis states. Moreover, the choice of setting ϕ to π − jβ in (2.3) permits

to obtain a different probability of measurement also among the t marked
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states. In particular, the higher the value of ϕ, the higher the probability

of measurement. Therefore, the individual szj will be characterized by a

higher probability of being measured with respect to the individual szj+1

(because ϕ increases when j decreases). Hence, among the tmarked states,

the individuals with a better fitness value will have a higher probability

of being inserted in the mating pool.

• Execute the mirror operation MP and iterate the operations FP and

MP for a chosen number of iterations NG, obtaining the final quantum

state |ψf⟩:

|ψf⟩ =
t−1∑
j=0

cszj
∣∣szj〉+ c̄

2n−t+1∑
j=0

∣∣slj〉 (2.10)

such that

|csz0 |
2 > |csz1 |

2 > · · · > |cszt−1
|2 > |c̄|2 (2.11)

where
∑t−1

j=0 |cszj |
2 + |c̄|2 × (2n − t) = 1.

4. Measure |ψf⟩ to obtain one individual ŝ, representing one of the 2n binary

strings belonging to U , to be inserted in the mating pool.

5. Repeat k times the steps from 2. to 4. to obtain the whole mating pool from

which the next generation will originate.

To enhance the understanding of QGS steps, Fig. 2.2 shows a graphical workflow.

According to the QGS workflow, the measurement probability of an individual

(that is, the probability of introducing the individual in the mating pool) can be

tuned by means of three hyperparameters, namely t, β, NG, where:

• The hyperparameter t sets the size of the sub-population P ′ of individuals with

the best fitness values in P , and, it corresponds to the number of marked states

in the quantum state |ψ⟩. Hence, in order to ensure the good behavior of the

amplitude amplification algorithm t << 2n. However, it is worth noting that
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Figure 2.2: Graphical representation of QGS.

a value for t too small (e.g. t = 1 or t = 2) leads QGS will introduce in the

mating pool the same few individuals with a very high probability by reducing

population diversity.

• The hyperparameter β sets the angle for the progressive rotation of the phase for

the states
∣∣szj〉j∈[0,t−1]. The upper limit for β is defined by the number of states

to mark t. If β is equal to zero, QGS works by following the standard amplitude

amplification algorithm: all the phases of the marked states
∣∣szj〉j∈[0,t−1] are

rotated with the same angle π and the probability to measure one of them is

uniform: |csz0 |
2 = |csz1 |

2 = · · · = |cszt−1
|2 > |c̄|2. Otherwise, the closer β to

its upper limit, the greater the inequality between the probabilities shown in

(2.11), according to the number of iterations NG.
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• The hyperparameter NG represents the number of iterations of the amplitude

amplification algorithm. If the value of β is 0, then QGS works similarly to

the standard amplitude amplification algorithm thus the optimal value for NG

is surely given by (2.1). Otherwise, indicating with pj = |cszj |
2 the probability

to measure
∣∣szj〉, if β ̸= 0 the number of iterations NG could be tuned in order

to find a more opportune trade-off among the values p0, . . . , pt−1 related to the

marked t states.

(a) β = 0 (b) β = π/16

(c) β = π
8 (d) β = π

4

Figure 2.3: Graphical representation of how the probability values of measuring t = 3
marked states change against NG by considering in (a) β = 0, (b) β = π

16
, (c) β = π

8

and (d) β = π
4
.

An example of how the hyperparameters affect the probabilities of the marked

states is reported in Fig. 2.3. In detail, the reported plots show the probabilities of

t = 3 marked states and their sum (the blue line) by considering a quantum register
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with n = 5 qubits and, respectively, β = 0, β = π
16

, β = π
8

and β = π
4
. By seeing

these plots, it is possible to highlight some of the aforementioned observations:

• The probability of each one of the t = 3 marked states is characterized by

periodicity, even if it is imperfect. Hence, it is not necessary to consider values

for NG too high. It is sufficient to take into account a value for NG that shows

the first period of all marked states;

• if β = 0 (see Fig. 2.3a) the probabilities p0, p1 and p2 of the t = 3 marked

states are overlapped, i.e., the same;

• if β ̸= 0 (see Figs. 2.3b, 2.3c and 2.3d), the higher the β value, the higher is

the difference among the probabilities of the t = 3 marked states.

2.1.1.IV Experiments and results

Let’s see now the results of our experimental study carried out to highlight the suit-

ability of QGS to be used instead of a selection operator in genetic algorithms and

study its impact on the performance yielded by these optimization algorithms. To

achieve this goal, a traditional binary-encoded genetic algorithm with the genera-

tional approach has been implemented and equipped with QGS or with one of the

state-of-the-art selection methods, namely RWS, SUS, LRS, and TS (see Fig. 2.4).

For the sake of completeness, also a random selection denoted as RS, is considered

in the study.

The performance of the different genetic algorithms, each one equipped with a

different mechanism for creating the mating pool (QGS, RWS, SUS, LRS, TS, RS)

has been assessed in terms of two metrics, namely the average fitness value and

the average genetic population diversity, useful to evaluate genetic algorithms’ ex-

ploration and exploitation capability. Moreover, similar to other works ([56, 54]), a

statistical procedure has been conducted to evaluate the significance of the impact

of the proposed quantum genetic operator on the performance of genetic algorithms.
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Sampling or Selection

START

Initialize Population

Fitness Evaluation

Termination 
Criterion ?

QGS
RWS, SUS, LRS,

TS, RS

Crossover

Mutation

Output Result

No

Yes

END

Figure 2.4: A genetic algorithm equipped with QGS or conventional selection oper-
ators.

The whole experimentation involves the application of different genetic algorithms

to solve a set of typical benchmark functions, both binary and real functions. For

the latter, a discretization procedure has been used to map real solutions into binary

ones. The experimental study has been organized to test part of the benchmark

functions in a simulated quantum environment, and another part in a real quantum

environment so that the robustness of the proposed operator to be executed in both

computational scenarios could be evaluated. Moreover, in both contexts, the exper-

iments have been performed using the maximum number of qubits such that QGS

was not affected by quantum noise. Hereafter, details about the used benchmark

functions, the configuration setup of experiments, the outcomes of the study, and the

results of the statistical comparison for binary and real optimization problems are

given.
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Benchmark functions

Our experimental study involves a set of benchmark functions already used in the

literature related to both binary and real optimization problems in order to inves-

tigate our proposal in different application scenarios. Firstly, Table 2.1 reports the

used n-dimensional binary optimization problems characterized by one or more global

optima (reported in Table 2.2). In detail, f1, f2 and f3 are used in ([67]), whereas

f4, f5, f6 and f7 are introduced in ([185]). Note that with the notation uji (x) used in

the functions f4, f5, f6 and f7, it is intended as the number of ones in the solution

sub-string that goes from the i-th bit to the j-th bit where j > i computed as follows:

uji (x) =

j∑
k=i

xk. (2.12)

Table 2.1: Binary benchmark functions

Function definition
f1(x) =

∑n−1
i=0 xi

f2(x) =
∑n−1

i=0 i · xi

f3(x) =
∑n−1

i=0

∏i
j=0 xj

f4(x) =


1 if un−1

0 (x) = 0 or 6

0 if un−1
0 (x) = 1 or 5

0.360384 if un−1
0 (x) = 2 or 4

0.640576 if un−1
0 (x) = 3

f5(x) =
∑1

i=0 gi(x) where gi(x) =



1 if u
n
2
−1+in

2
in
2

= 0

0 if u
n
2
−1+in

2
in
2

= 1

0.360384 if u
n
2
−1+in

2
in
2

= 2

0.640576 if u
n
2
−1+in

2
in
2

= 3

f6(x) =

{
1− 0.2 · un−1

0 (x) if un−1
0 (x) ≤ n− 1

n if un−1
0 (x) = n

f7(x) =
∑2

i=1 gi(x) where gi(x) =

1− 0.2 · ui·n
2

(i−1)·n
2
+(i−1)

(x) if ui·n
2

(i−1)·n
2
+(i−1)

(x) ≤ 3

3 if ui·n
2

(i−1)·n
2
+(i−1)

(x) = 3

Secondly, our experimentation involves real-parametrized optimization problems

already used in ([19]). Table 2.3 reports the considered functions and the upper and

lower bounds for their variables. All of them represent mono-dimensional continuous

optimization problems with one or more global optima (see Table 2.2). Due to the

binary encoding used by the conventional designed GA, a discretization procedure is
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Table 2.2: Absolute optimum values for all considered benchmark functions.

Function Optimum Function Optimum
f1 6 g1 10.88
f2 15 g2 10.46
f3 6 g3 7.04
f4 1 g4 21.04
f5 2 g5 8.99
f6 6 g6 11.86
f7 6

applied to map real values in binary ones. To achieve this goal, the problem search

space is discretized in a uniform way and each value of the problem variables is coded

in a n fixed-length binary string ([62, 63]). In detail, as described in ([19]), the set ξ

of the discrete values for each variable is calculated as follows:

ξ = {xl + λ ∗ xu − xl
2n − 1

: λ ∈ {0, 1, . . . , 2n − 1}} (2.13)

where xl and xu are the lower and upper bounds of the variable, respectively, and

n is the length of the binary string. Hence, precisely, the fixed-length binary string

encodes the integer value λ. Moreover, Gray code binary representations have been

used in order to guarantee the distance-preserving, i.e., small changes in a binary

string result in small changes in the number that is represented ([62]).

Table 2.3: Properties of the discretized benchmark functions

Test function Bounds
g1(x) = sin(x) + sin

(
10
3
x
)

xl = 2.7, xu = 7.5

g2(x) = −e−x sin(2πx) xl = 0.0, xu = 4.0

g3(x) =
x2−5x+6
x2+1

xl = −5.0, xu = 5.0

g4(x) = −x sin(x) xl = 0.0, xu = 13

g5(x) = −x2/3 − (1− x2)1/3 xl = 0.001, xu = 0.99

g6(x) = sin(x) + sin
(
2
3
x
)

xl = 3.1, xu = 20.4

To ensure the correct behavior of RWS, all benchmarks have been considered as

maximization problems. Due to the limited number of qubits and their noisy nature,
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our experimentation considers as problem dimension n = 5 for real-optimization

functions and n = 6 for binary functions (since the binary functions f4, f5, f6 and

f7 require that n is even). It is worth noting that the small dimensionality is not

a limitation of our approach that will be able to be applied to multi-dimensional

benchmark functions when IBM quantum computers characterized by a large number

of qubits and low noise will be made available via cloud 3.

Experimental Setup

The experimental study consists of running a traditional binary-encoded genetic al-

gorithm with the generational approach equipped with a different mechanism for

creating the mating pool (QGS, RWS, SUS, LRS, TS, and RS) at a time. The

pseudo-code of the implemented GA is the one reported in Algorithm 1. Roughly, a

population of chromosomes is generated randomly and evaluated by using the fitness

function. Successively, the algorithm evolves by means of a set of iterations until some

termination criteria are satisfied. In our experimentation, the algorithm ends when

a maximum number of iterations is reached. In each iteration, the following three

steps are executed: 1) filling of the mating pool by means of one of the compared

operators; 2) recombination to generate an offspring; 3) eventual mutations. Finally,

the offspring is evaluated and replaces the current population. The implemented

genetic algorithm is also equipped with an elitism mechanism. In other words, the

best chromosome from the old population is carried over to the next one replacing

the worst chromosome of the offspring.

In our experimentation, typical values for genetic algorithm hyperparameters have

been set without performing a tuning procedure since the goal of the designed ge-

netic algorithm is not to be the best optimization solver, but, to be a casing for

the compared operators. Table 2.4 reports the genetic algorithm hyperparameter

setting. In particular, the hyperparameters pop_size and num_iters have been set
3https://research.ibm.com/blog/ibm-quantum-roadmap
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in combination in order not to exceed the number of fitness function evaluations for

exhaustive research (32 for n = 5 and 64 for n = 6).

Table 2.4: Hyperparameters of the designed genetic algorithm

Hyperparameter Value
Population size pop_size 7 for n = 6 and 5 for n = 5

Crossover Two-point crossover with proba-
bility pc = 0.8

Mutation Bit flip mutation with probability
pm = 0.005

Number of iterations num_iters 5 for n = 6 and 5 for n = 5

As for the compared operators, only TS and QGS are characterized by hyper-

parameters and, for these, a tuning procedure has been carried out. In particular,

binary TS resulted in the best configuration after investigating three values 2, 3, and

5 for the tournament size. As for QGS, the tuning procedure and its results are

discussed in detail in the next subsection.

To evaluate the balance between exploitation and exploration capabilities and

perform a comparison, two metrics have been used, namely the average fitness value

and the average genetic population diversity. Moreover, a convergence study is carried

out in terms of the average convergence rate as described in ([83]). In detail, the first

metric, the average fitness value, is defined at the g-th iteration as:

Avg_fitness(g) =

∑R−1
r=0 f

∗
r (g)

R
(2.14)

where f ∗r (g) is the best fitness value at the g-th iteration (in our experimentation it

is the maximum value) of the r-th run and R is the number of the runs executed.

By using this metric, the average convergence rate R, defined in ([83]), is computed

as follows:
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R = 1−
(∣∣∣∣opt− Avg_fitness(num_iters)

opt− Avg_fitness(0)

∣∣∣∣) 1
num_iters

(2.15)

where opt is the absolute optimum of the test function and num_iters is the last

generation. The rate represents a normalized geometric mean of the reduction ratio

of the fitness difference per generation. The larger the convergence rate, the faster

the convergence.

Finally, to evaluate the exploration capabilities of the GAs, it has been considered

the average genetic population diversity defined at the g-th iteration as follows:

Avg_diversity(g) =

∑R−1
r=0

∑K−1
i=0

∑K−1
j=0∧i ̸=j H(Cr

i (g), C
r
j (g))

R ·K · (K − 1) · n
(2.16)

where H is the Hamming distance, Cr
i (g) is the i-th chromosome of the population

at the g-th iteration in the r-th run, K is the population size, n is the size of the

chromosome, R is the number of the runs executed. In our experimentation, R is

set to 20. Considering the execution of a set of runs is necessary due to the non-

deterministic nature of genetic algorithms. Moreover, in order to carry out a fair

comparison, the same initial random population is used for the different genetic

algorithms in the r-th run. However, different initial random populations are used

in the different runs.

As for the statistical comparison carried out to investigate the significance of

the impact of the proposed quantum genetic operator on the genetic algorithms’

performance, it is conducted similarly to the work in ([76]) by applying the non-

parametric statistical test known as Wilcoxon signed-rank test. In general, this

test aims to detect significant differences between two sample means, where the two

sample data represent the behavior of two algorithms. The underlying idea of this test

is not just making a count of the wins of each compared algorithm but ranking the

differences between the performance and developing the statistic over them ([58]). In

our statistical comparison, the Wilcoxon test is used to conduct pairwise comparisons
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among the genetic algorithm equipped with QGS and genetic algorithms equipped

with traditional selection operators. Each sample used in the statistical comparison

is composed of the best fitness values obtained at the last generation in the executed

runs (for this reason, the size of the sample is 20). Finally, in our experimentation,

the Wilcoxon test is adopted by considering the most typical level of significance

which is α = 0.05.

All compared genetic algorithms are implemented in Python and run on a classi-

cal computer equipped with an Intel i9 processor and 128 GB of RAM. To investigate

the robustness of QGS, it has been tested both on a noisy simulator and on a real

quantum computer. In detail, genetic algorithms equipped with QGS for solving

binary problems reported in Table 2.1 have been run by using a noisy simulator,

namely Fake Montreal, made available by Qiskit™. On the other hand, genetic al-

gorithms equipped with QGS for optimizing continuous functions reported in Table

2.3 have been tested by using real quantum computers made available by the IBM

Q Experience platform via the cloud, namely ibmq jakarta (equipped with 7 qubits).

Discussion on binary optimization problems

In this paragraph, the results obtained by testing the performance of a genetic al-

gorithm equipped with QGS for the considered binary optimization problems are

reported. The paragraph is structured as follows: firstly the procedure of tuning of

QGS is analyzed; secondly, genetic algorithms equipped with different selector op-

erators are compared in terms of the metrics presented in Eqs. (2.14) and (2.16);

finally, a statistical comparison is carried out to prove the significance of the obtained

results.

As introduced in Section 2.1.1.III, QGS depends on three hyperparameters, namely

t, β and NG. As aforementioned, t should be chosen much smaller than 2n, where

n represents the size of the considered binary strings. At the same time, it should

not be too small, because this leads to the loss of population diversity. Since, our

64



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

experiments involve n = 6, setting t = 3 is a reasonable choice. Indeed, in this way, t

is much smaller than 2n, but, at the same time, it is not too small. The hyperparam-

eter NG is set according to (2.1). Therefore, NG = 3. Finally, to set the value of β it

has been carried out an evaluation of how to change the distribution of probability

encoded in the quantum state by means of quantum amplitude amplification varying

β. As aforementioned, β ∈
[
0, π

t+1

]
. Hence, the tuning investigates the following

set of values: π
32

, π
16

, π
8

and π
4
. Fig. 2.5a shows the probabilities of the t marked

states (together with their sum displayed in blue) against the investigated β values

for the cases NG = 3. By analyzing this plot, π
8

was chosen as the value for β since

this value leads to a high probability (higher than 80%) to measure a marked state

with respect to the other ones, and, at the same time, a strong difference among

the measurement probabilities of each marked states. To check the validity of using

NG = 3, we compute the probability to measure the t marked states as NG varies

when β = π
8

(see Fig. 2.5b). As shown in Fig. 2.5b, the value NG = 3 corresponds

to the maximum value for the sum of the probabilities of the t marked states (blue

line). Hence, NG = 3 corresponds to the maximum probability of measuring one of

the desired states and, as a consequence, it results correctly set.

(a) Probability vs β for NG = 3 (b) Probability vs NG for β = π
8

Figure 2.5: Graphical representation of how the probability values of measuring t = 3
marked states change against β values in (a) and against NG values in (b).

Let’s move to the analysis of the results of the comparison between QGS and the
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Table 2.5: Average convergence rate for each tested binary problem. The best R
values are reported in bold.

RWS SUS TS LRS RS QGS
f1 0.14 0.13 0.12 0.07 0.07 0.14
f2 0.15 0.16 0.08 0.09 0.08 0.26
f3 0.02 0.03 0.07 0.04 0.05 0.13
f4 0.02 0.02 0.02 0.05 0.02 0.27
f5 0.05 0.04 0.06 0.05 0.05 0.17
f6 0.005 0.01 0.005 0.01 0.003 0.12
f7 0.06 0.05 0.05 0.05 0.04 0.13

traditional selector operators after the tuning procedures are reported. The plots in

Fig. 2.6 show the average fitness values metric against the number of generations

for all considered benchmark functions. The dotted line in each plot reports the

real optimum of the related function. As it is possible to see, the average fitness

value for the genetic algorithm equipped with QGS is better than those obtained

with a genetic algorithm equipped with classical selector operators for all considered

benchmark functions except for f1 where the average fitness value is similar to RWS.

Moreover, an analysis of the convergence of the GAs in terms of the average conver-

gence rate R described in (2.15) is reported in Table 2.5. As shown, GAs equipped

with QGS converge faster than GAs equipped with classical selection operators for

all the benchmark functions.

To complete the investigation of the QGS performance, the average diversity

in the genetic population during the genetic algorithm generations has been ana-

lyzed and displayed in Fig. 2.7 for all the considered benchmark functions. As

shown, different from the traditional selector operators, the designed genetic algo-

rithm equipped with QGS maintains a constant degree of diversity within the genetic

population for all the considered benchmark functions.

Finally, Table 2.6 shows the statistical significance of the Wilcoxon test expressed

by p-values for the pairwise comparisons involving QGS and another approach. In

detail, the one-sided version of the test is considered where the null hypothesis is the
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equivalence of the compared algorithms and the alternative one states, instead, that

QGS is better than the compared approach. The null hypothesis is rejected when

(a) f1 (b) f2

(c) f3 (d) f4

(e) f5 (f) f6

(g) f7

Figure 2.6: Average fitness values against the number of iterations for all the com-
pared approaches for the function (a) f1, (b) f2, (c) f3, (d) f4, (e) f5, (f) f6, (g) f7.
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(a) f1 (b) f2

(c) f3 (d) f4

(e) f5 (f) f6

(g) f7

Figure 2.7: Diversity values against number of iterations for all the compared ap-
proaches for the function (a) f1, (b) f2, (c) f3, (d) f4, (e) f5, (f) f6 and (g) f7.

the reported p-value is less than the typical significance level α = 0.05. Therefore,

rejecting the null hypothesis in the pairwise comparisons leads to the state that QGS

statistically outperforms the compared approach at a 95% confidence level. As shown
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Table 2.6: One-sided Wilcoxons Statistical Significance (p-values) for QGS versus the
other compared selectors for binary optimization problems

RWS SUS TS LRS RS
f1 0.6128 0.5000 0.4033 0.0469 0.0715
f2 0.0356 0.0486 0.0057 0.0020 0.0100
f3 0.0030 0.0045 0.0332 0.0129 0.0271
f4 0.0001 0.0001 0.0001 0.0017 0.0001
f5 0.0044 0.0002 0.0064 0.0022 0.0022
f6 0.0012 0.0012 0.0008 0.0001 0.0004
f7 0.0878 0.0400 0.0209 0.0283 0.0108

in Table 2.6, the null hypothesis is always rejected except for the pairwise comparisons

involving RWS, SUS, TS, and RS for the function f1 and RWS for the function f7.

Hence, QGS statistically outperforms at 95% confidence level all compared selectors

for the functions f2, f3, f4, f5 and f6. Moreover, QGS statistically outperforms at

95% confidence level all compared selectors except for RWS for the functions f7.

Finally, QGS statistically outperforms at 95% confidence level LRS for the function

f1, and, it is characterized by similar performance with respect to the other selectors.

Discussion on continuous optimization problems

This paragraph is devoted to presenting the results of the experimentation carried out

in solving continuous optimization problems by using genetic algorithms equipped

with QGS and comparing their performance to genetic algorithms equipped with

classical selection operators already used in the experimentation carried out on binary

optimization problems. The structure of this paragraph is the same as the previous

one.

As for the binary optimization, also in this case QGS needs to be tuned. Also

in this case, the hyperparameter t has been set to the value t = 3, for the reasons

explained in the tuning procedure of previous experimentation. Following the same

steps once fixed t, the procedure selects the most opportune β value among different

values by considering t = 3 and NG set by following the formula in (2.1). Therefore,
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NG = 2 for n = 5. As aforementioned, β ∈
[
0, π

t+1

]
. Hence, the tuning investigates

the following set of values: 0, π
16

, π
8

and π
4
. Fig. 2.8 shows the probabilities of the

t marked states (together with their sum displayed in blue) against the investigated

β value. By analyzing these plots, the values β = π
4

was selected. In detail, β = π
4

leads to a high probability (about 80%) to measure a marked state with respect to

the other ones, and, at the same time, a strong difference among the measurement

probabilities of marked states.

Figure 2.8: Graphical representation of how the probability values of measuring t = 3
marked states change against β values.

As for the previous tuning, once the values for t and β were fixed, the probabilities

to measure the t marked states as NG varies have been computed. Fig. 2.9 shows

these probabilities. Differently from the previous case in which the value of NG used

to compute β corresponded to the maximum probability to measure one of the desired

states, this does not occur. Therefore, a further tuning step was considered: different

values for NG were investigated in order to understand if there is a more opportune

trade-off for the probabilities of the marked states. As aforementioned, it is not

necessary to investigate too high values for NG due to the periodic, even if imperfect,

nature of the measurement probabilities of marked states. It is sufficient to take into

account as an upper limit a value for NG that shows a period for the measurement

probability distributions of all marked states. For this reason, the investigated values

of NG are 2, 3, and 4. By considering these values, three configurations for QGS are
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tested as reported in Tables 2.7. In particular, the vertical lines in the plots in Fig.

2.9 highlight the probabilities of measuring each marked state for the investigated

configurations of QGS.

Figure 2.9: Graphical representation of how the probability values of measuring
t = 3 marked states change against NG values. The vertical lines represent the
configurations of QGS tested.

Table 2.7: QGS hyperparameters for n = 5.

Name Hyperparameters
QGS_2 t = 3, β = π

4
, NG = 2

QGS_3 t = 3, β = π
4
, NG = 3

QGS_4 t = 3, β = π
4
, NG = 4

In order to choose the best configuration for QGS, the tuning procedure has tested

all the considered configurations of QGS, by including them, one at a time, in the

genetic algorithm described in Table 1 instead of a traditional selection operator.

The tests were conducted for all the benchmark functions reported in Table 2.3. The

analysis has been carried out by taking into account both the average fitness metric

and the genetic population diversity formalized in (2.14) and (2.16), respectively.

Figs. 2.10a and 2.10b show the average fitness values and the population diversity,

respectively, against the number of iterations of the genetic algorithm applied to solve

the function g1. As shown, the three configurations QGS_2, QGS_3 and QGS_4,

are characterized by a similar behavior in terms of the average fitness, whereas,

71



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

(a) Average fitness (b) Average diversity

Figure 2.10: Average fitness values in (a) and population diversity values in (b)
against the number of iterations of the genetic algorithm applied to solve the bench-
mark function g1.

QGS_2 is characterized by a better value for population diversity metric. Similar

results are achieved for the other benchmark functions. Therefore, QGS_2 has been

set as the best configuration for the case n = 5. This choice results also in a shallow

quantum circuit with respect to the other QGS configurations.

Let us now move to discuss the results of the comparison between QGS and the

traditional selector operators. The plots in Fig. 2.11 show the values of the average

fitness value metric against the number of generations for all considered benchmark

functions. The dotted line in each plot reports the function’s real optimum. As it

is possible to see, the average fitness value for the genetic algorithm equipped with

QGS is generally greater than the one obtained with genetic algorithms equipped

with classical selector operators for all considered benchmark functions. As for the

binary problems, the average convergence rate R (see (2.15)) has been computed to

evaluate the convergence velocity of the GAs equipped with QGS. Table 2.8 reports

the obtained results. Also for the tested continuous problems, GAs equipped with

QGS show a better convergence rate than GAs equipped with classical counterparts.

To complete the investigation of the QGS performance, the average diversity in

the genetic population during the generations of the genetic algorithm has been an-
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Table 2.8: Average convergence rate for each tested continuous problem. The best R
values are reported in bold.

RWS SUS TS LRS RS QGS
g1 0.06 0.04 0.07 0.07 0.03 0.36
g2 0.09 0.02 0.04 0.04 0.06 0.23
g3 0.10 0.07 0.14 0.07 0.05 0.23
g4 0.04 0.02 0.02 0.05 0.08 0.30
g5 0.09 0.10 0.04 0.09 0.05 0.13
g6 0.05 0.04 0.02 0.06 0.05 0.28

Table 2.9: One-sided Wilcoxons Statistical Significances (p-values) for QGS versus
the other compared selectors for real optimization problems

RWS SUS TS LRS RS
g1 0.003222 0.001129 0.001196 0.002502 0.000349
g2 0.007324 0.000122 0.000244 0.000244 0.008911
g3 0.043384 0.003434 0.008606 0.003518 0.005575
g4 0.000122 0.000238 6.10E-05 6.10E-05 0.002563
g5 0.148682 0.188721 0.02045 0.189248 0.039063
g6 0.000244 0.000122 0.000122 0.000244 0.000244

alyzed and displayed in Fig. 2.12 for all the considered benchmark functions. As

shown, different from the traditional selector operators, the designed genetic algo-

rithm equipped with QGS maintains a constant degree of diversity within the genetic

population for all the considered benchmark functions.

Finally, Table 2.9 shows the statistical significances for QGS expressed by p-

values computed by the Wilcoxon test. In detail, as for the tests carried out for

the binary optimization problems, the one-sided version of the test is considered

where the null hypothesis is the equivalence of the algorithms and the alternative

one states, instead, that QGS is better than the compared approach. Rejecting the

null hypothesis in Table 2.9 leads to the state that QGS statistically outperforms the

compared approach at a 95% confidence level.

The genetic algorithm equipped with QGS outperforms all genetic algorithms

equipped with traditional selection operators in all benchmark functions except for

the benchmark function g5. To support experimental reproducibility, data on which

the statistical comparison has been carried out are available in the supplementary
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(a) g1 (b) g2

(c) g3 (d) g4

(e) g5 (f) g6

Figure 2.11: Average fitness values against the number of iterations for all the com-
pared approaches in the case n = 5 for the function (a) g1, (b) g2, (c) g3, (d) g4, (e)
g5 and (f) g6.

material of this paper.
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(a) g1 (b) g2

(c) g3 (d) g4

(e) g5 (f) g6

Figure 2.12: Diversity values against number of iterations for all the compared ap-
proaches in the case n = 5 for the function (a) g1, (b) g2, (c) g3, (d) g4, (e) g5 and
(f) g6.

2.1.1.V Summary

In this section, an innovative genetic operator, namely QGS, has been proposed.

It exploits a modified version of the quantum amplitude amplification algorithm to
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define a quantum state capable of encoding genetic individuals and adjusting their

probability of being included in the mating pool according to their fitness values. It

is possible to summarize the main features of QGS as follows:

• QGS allows filling the mating pool by adding not only the best individuals of

the current genetic population but also individuals that are not present in it

with a non-zero probability. This leads to adding new genetic material into the

population, reducing the likelihood of converging in local optima, and reaching

a better trade-off between exploitation and exploration;

• QGS is able to control the degree of population diversity thanks to the oppor-

tune choice of its hyperparameters;

• QGS can be natively used for both minimization or maximization problems,

and also when fitness functions are characterized by negative values. In other

words, QGS can be directly used to solve different kinds of problems without

performing specific conversions such as the scaling often used for RWS ([169]).

As shown in the experimental results involving several benchmark functions, the

behavior of genetic algorithms based on QGS is statistically better than genetic al-

gorithms equipped with well-known selection methods such as RWS, TS, SUS, LRS,

and RS in the major part of the considered test cases. Moreover, the good trade-off

between exploitation and exploration has been shown by reaching good solutions,

and at the same time, maintaining a constant population genetic diversity. Although

QGS has been tested using embryonic quantum computers characterized by a limited

number of qubits and non-negligible noise, the rapid evolution of quantum technolo-

gies gives hope that QGS can soon be used on reliable, larger quantum machines.

In future works, further investigations will be conducted to use QGS in no binary-

coded genetic algorithms, use QGS in conjunction with quantum mating operators,

and test the performance of QGS in solving more complex problems belonging to

different real-world applications.
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2.1.2 Quantum Mating Operator

If on the one hand, as seen in Section 2.1.1, a selection operator aims to choose the

‘best’ solutions in the population, on the other hand, crossover and mutation drive

the GA in mating and modifying these solutions for creating new ones. The better

choice of these processes and the better selection of their parameters enhance the

performance of the GA [69, 170]. In particular, crossover and mutation operators

have the crucial role of balancing exploration and exploitation of the GA, prevent-

ing its premature convergence to local optima. Over the years, many types of these

operators have been proposed according to the characteristics of the problem to face

[165, 162, 79]. The aim of this research is to enrich the literature with a quantum

algorithm implementing a new mating operator that combines the crossover and the

mutation steps, namely the Quantum Mating Operator (QMO). The proposed oper-

ator is designed specifically for binary-encoded problems, and it acts by considering

the following steps: it identifies allele frequency patterns from individuals collected by

using conventional selection operators and encodes these patterns through a quantum

state; this state is mutated by means of rotational quantum gates; finally, a quantum

measurement collapses the mutated quantum state to a binary-encoded chromosome,

which will become part of the forthcoming genetic population. QMO can be classi-

fied as a multi-parent mating operator [70] because it performs the mating process

by taking into account the entire set of selected parents. It is important to highlight

that the proposed operator differs from other crossover operators proposed for mat-

ing individuals in quantum-inspired genetic algorithms (QIGAs) [128], a new class of

algorithms that uses quantum computing concepts to manipulate solutions in a dif-

ferent way from classical GA. Indeed, QIGAs are classical algorithms, which simply

are ‘inspired’ by certain principles of quantum mechanics, such as standing waves,

interference, and coherence [128] but they are computed classically. On the contrary,

QMO is a quantum operator designed to be executed on real noisy quantum comput-
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ers and to be embedded in classical GAs in order to fully exploit the computational

benefits of quantum computation in evolutionary optimization. Experimental studies

have been carried out to show the suitability of QMO in being embedded in a genetic

optimization process. This study involves a set of well-known benchmark functions

used to test the performance of the proposed quantum operator against traditional

mating methods in terms of the obtained solution quality. Moreover, a statistical

comparison procedure based on the Wilcoxon signed rank test [179] has been car-

ried out to investigate the impact of the proposed quantum genetic operator on the

performance of genetic algorithms. The section is structured as follows. Firstly,

preliminary concepts about the classical mating operators used for the experimental

comparison with QMO are described; then the QMO algorithm is introduced and

discussed; finally, the experimental results are shown and statistically evaluated.

2.1.2.I Related Work

The following digression will focus on crossover operators that operate on binary-

encoded individuals of length n. In this context, one of the most used crossover

operators is the 1-point crossover. Starting from two parents, it randomly selects

any crossover point pi (with i from 0 to n − 1), then two offspring are created by

combining the parents at the crossover point. In (2.17) it is reported an example

of 1-point crossover carried out on two parents of length n = 6 and using the point

between the 2-th and the 3-th gene as crossover point.

parent 1 100|110

parent 2 001|010

offspring 1 100|010

offspring 2 001|110

(2.17)

Another widely used operator is the 2-point crossover. It selects two crossover

points to create the offspring similarly to the 1-point crossover. As an example, (2.18)
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reports the creation of two offspring using as the two crossover points the one between

the 1-th and the 2-th gene and the one between 3-th and 4-th gene of parents.

parent 1 10|01|10

parent 2 00|10|10

offspring 1 10|10|10

offspring 2 00|01|10

(2.18)

A different crossover operator is the uniform crossover, firstly introduced in [165].

It selects two parents from the parent set and then it creates a bit string mask. The

bits of offspring are duplicated from one of the parents according to the bits of their

mask. If it is a 0 in the binary crossover mask, the bit is copied from the second

parent otherwise from the first parent. The second offspring is obtained by using the

complementary of the original mask. In (2.19) it is reported an application of the

uniform crossover.

parent 1 100110

parent 2 001010

mask 100010

offspring 1 101010

offspring 2 000110

(2.19)

If on the one hand, the crossover is a genetic operator used to combine the genetic

information of two parents to generate new offspring, on the other hand, mutation

is a genetic operator used to increase genetic diversity in the offspring from one

generation to the next. In the case of chromosomes represented as binary strings,

the most common mutation strategy is to use the bit-flip mutation operator. It flips

genes of a chromosome according to a given probability.
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Let us move on to our proposal to evolve population solutions by exploiting a

properly defined quantum algorithm.

2.1.2.II QMO Workflow

Firstly, let us analyze how the workflow of a classical genetic algorithm (see Fig. 1.6)

changes using QMO. As shown in Fig. 2.13, it replaces the crossover and mutation

operators, combining them in a quantum algorithm.

Initialisation

Termination

ParentsSelection

Population QMO

Offspring

Figure 2.13: Workflow of a GA equipped with QMO

QMO pseudo-code is reported in Algorithm 2 and it is hereafter described:

1 Let P = {I0, I1, . . . , In−1} be the set of parents in a given generation of a GA.

Each Ij with j ∈ [0, n − 1] is a binary encoded individual of length m. The

first step carried out by QMO is to randomly select an ensemble SP of parents

from P as follows: for each Ij ∈ P a random number p ∈ [0, 1] is generated if

p < pc then Ij is added to SP . The individuals in SP are mated using QMO,

while the remaining are inserted directly into the offspring set.

2 Then, QMO computes the frequencies of ‘1’ bit by bit for the elements in

SP . For instance, if m = 4 and SP = {0110, 1010} then the four frequencies

computed are [0.5, 0.5, 1, 0]. Let us denote the frequency of ‘1’ in the i-th gene

of the chromosomes in SP as fi, where i ∈ [0,m− 1].
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Algorithm 2 Pseudo-code of the proposed QMO
Require: set of parents P, crossover probability pc, mutation probability pm.

1: SP ← RandomSampling(P, pc);
2: offspring← P − SP ;
3: O ← ComputeOneFrequencies(SP );
4: while ( size offspring ̸= size P) do
5: qc← CreateQuantumCircuit();
6: ApplyCrossoverRy(qc, O);
7: ApplyMutationRy(qc, pm);
8: ind← MeasureQuantumCircuit(qc);
9: AddIndToOffspring(ind, offspring);
10: end while
11: return offspring;

3 At this point, a quantum circuit composed of m qubits is initialized with all

the qubits in the state |0⟩. For each qubit, a Ry(θ) gate is performed. In detail,

the angle used in the Ry gate carried out on the i-th qubit is θi = πfi, with

i ∈ [0,m − 1]. An implementation of this step indicated as Ry crossover step,

is reported in Fig. 2.14, where the case with m = 4 has been considered and

the frequencies computed in step 2 were used.

4 Successively, m random numbers in [0, 1] are generated. Denoting with qi the

i-th number obtained, if qi < pm, then a second Ry(θ) gate is applied on the

i-th qubit of the circuit. This procedure, belonging to the Ry mutation step, is

iterated for all the values of i ∈ [0,m−1]. The angle for each applied rotation is

random in the range [0, π]. For instance, in the m = 4 example, let us suppose

that q1 and q3 are lower than the threshold pm, then this step is implemented

as reported in Fig. 2.14 in the Ry Mutation block, where θr1 and θr3 are the

two randomly computed angles.

5 Finally, the quantum circuit is measured to obtain a new chromosome that is

added to the offspring.

6 Steps 3-5 are repeated until the desired size of the offspring is reached.
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Figure 2.14: Circuital representation of QMO for the generation of a 4-dimensional
chromosome.

2.1.2.III Experiments and Results

This paragraph is devoted to showing the results of an experimental study carried

out to highlight the suitability of QMO to be used as a mating operator in GAs and

study its impact on the performance yielded by the algorithm. To achieve this goal,

QMO is compared with the well-known crossover and mutation methods presented

in sec. 2.1.2.I.

The considered classical mating operators consist of the following pairs of opera-

tors: One-Point Crossover (OPC) and bit flip mutation, Two-Point Crossover (TPC)

and bit flip mutation, Uniform Crossover (UC) and bit flip mutation. Because bit

flip is used in all the classical mating strategies from now on, each pair of operators

will be indicated only by the crossover operator. Both quantum mating and classical

operators are embedded one at a time in a conventional binary-encoded GA applied

to solve a set of typical benchmark functions. Firstly, a comparison in terms of so-

lution quality provided by each genetic algorithm has been carried out. Secondly, a

statistical procedure has been conducted to evaluate the significance of the impact

of the proposed QMO on the performance of GAs.
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Benchmark Functions

The experimental study involves a set of benchmark functions well-known in the

literature. They are n-dimensional binary optimization problems with one or more

global optima. The functions are reported in Table 2.10. In detail, f1, f2 and f3 are

used in [67], whereas f4 and f5 are introduced in [185].

Table 2.10: Benchmark functions

Function definition
f1(x) =

∑n
i=1 xi

f2(x) =
∑n

i=1 i · xi
f3(x) =

∑n
i=1

∏i
j=1 xj

f4(x) =
∑4

i=0 g
4+i+i·4
i+i·4 ; gki =


1 if uki (x) = 0 or 5

0 if uki (x) = 1 or 4

0.360384 if uki (x) = 2 or 4

0.640576 if uki (x) = 3

f5(x) =
∑4

i=0 g
4+i+i·4
i+i·4 ; gki =

{
1− 0.2 · uki (x) if uki (x) ≤ 4

5 if uki (x) = 5

The notation uji (x) used in the functions f4 and f5, represents the number of ones

in the solution sub-string that goes from the i-th bit to the j-th bit where j > i.

Formally:

uji (x) =

j∑
k=i

xk. (2.20)

All benchmarks have been considered as maximization problems. Due to the limited

number of qubits characterizing the current quantum hardware, and the impossibility

of simulating quantum noise circuits with a high number of qubits, our experimenta-

tion considers as problem dimension the case n = 25. However, this is not a limitation

of our approach that will be able to be applied to benchmark functions characterized

by a higher dimension as soon as IBM quantum computers characterized by a larger

number of qubits (e.g. IBM Q Brooklyn with 65 qubits) will be made available via

the cloud.
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Experimental setup

The experimental study consists of running a traditional binary-encoded GA with the

generational approach equipped with a different mechanism for mating individuals

(QMO, OPC, TPC, and UC) at a time. For the sake of reproducibility, the pseudo-

code of the implemented GA is reported in Algorithm 1.

Regarding the hyper-parameters of each GA, two choices are made. Since the

goal of each designed GA is not to be the best optimization solver, but, to be a

casing for the compared operators, for hyper-parameters that are not involved in

the mating step, the tuning procedure wasn’t carried out. Table 2.11 reports these

values. In particular, the hyper-parameters pop_size and num_gens have been set in

combination in order not to perform a number of fitness evaluations that is much less

than of an exhaustive research of the search space (composed of 225 possible solutions

for n = 25). On the other hand, hyperparameters of classical mating operators

Table 2.11: Hyper-parameters of the designed GA

Hyper-parameter Value
Population size pop_size 30
Number of iterations num_iters 10

were tuned with the aim of comparing QMO with the best possible configuration

of classical operators. As the best configuration, it is intended the combination of

hyper-parameters of the operator embedded in the GA which maximizes the metric in

(2.21). In particular, for each benchmark function, different combinations of crossover

and mutation probability have been tested in order to select the best two probabilities

among the following set of crossover probability {0.9, 0.8, 0.7, 0.5} and the following

set of bit flip probability {0.05, 0.1, 0.2, 0.3, 0.5, 0.7}. Table 2.12 reports for each

benchmark function the best values of crossover probability and mutation probability

for each classical mating operator.
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Table 2.12: Hyper-parameters of classical mating operators

OPC TPC UC
Function pc pm pc pm pc pm

f1 0.8 0.05 0.8 0.1 0.9 0.1
f2 0.8 0.05 0.9 0.1 0.9 0.05
f3 0.9 0.2 0.9 0.05 0.8 0.05
f4 0.7 0.7 0.8 0.2 0.9 0.7
f5 0.8 0.05 0.8 0.05 0.9 0.1

On the other hand, the probability pc and pm selected for QMO are 0.8 and

0.25 respectively. Due to the long time required to simulate GAs equipped with

QMO, no tuning procedure was conducted for these hyper-parameters. Therefore, the

comparison shown in the next section has to be intended as a comparison between the

optimal configurations of classical mating operators and a non-optimal configuration

of QMO. Finally, in such a comparison the metric adopted was the average fitness

value. In detail, it is defined at the g-th iteration as:

Avg_fitness(g) =
∑R−1

r=0 f
∗
r (g)

R
(2.21)

where f ∗r (g) is the best fitness value at the g-th iteration (in our experimentation it

is the maximum value) of the r-th run and R is the number of the runs executed.

In our experimentation, R is set to 20. The execution of a set of runs is necessary

due to the non-deterministic nature of GAs. Moreover, in order to carry out a fair

comparison, the same initial random population is used for the different GAs in the

r-th run. However, different initial random populations are used in the different runs.

As for the statistical comparison carried out to investigate the same significance

of the impact of the proposed quantum genetic operator the same Wilcoxon signed

rank test performed in Sec. 2.1.1.IV is reported. Each sample used in the statistical

comparison is composed of the best fitness values obtained at the last generation

in the executed runs (for this reason, the size of the sample is 20). Finally, in our

experimentation, the Wilcoxon test is adopted by considering the most typical level
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of significance which is α = 0.05.

All compared GAs are implemented in Python by means of the DEAP™ library4.

The GA equipped with QMO is run by using a real quantum computer simulator,

namely Fake Sydney, made available by Qiskit™. All the different GAs are run on a

classical computer equipped with an Intel i9 processor and 128 Gb of RAM.

Results of the study

The results of the comparison between QMO and the other classical mating operators

are hereafter described. Firstly, the plots in Fig. 2.15 report the values of the

average fitness metric (see (2.14)) against the number of generations for all considered

benchmark functions. As shown, the average fitness value for the genetic algorithms

equipped with QMO is generally better than the one obtained by GAs equipped with

classical mating operators, except for function f4, where the performance of QMO is

slightly lower than OPC. Secondly, the set of the 20 best fitness values reached by

each GA at the last generation of each execution has been reported as a box plot

in Fig. 2.16 for each benchmark function tested. The boxes are created from the

first quartile to the third quartile of each set of solutions. The yellow lines refer to

the median value of the related set, while the whiskers extend from the boxes to the

maximum and minimum values of the set. Finally, outliers (represented as empty

circles) are solutions that differ significantly from the rest. As shown in Fig. 2.16

the third quartile of the set of solutions found using QMO is always higher than the

first quartile of the solutions found using the classical mating operators, for each of

the functions tested except for f4, where the box plots related to QMO and OPC

are comparable. This means that for all the functions tested, except for f4, 75%

of solutions found by using QMO are better than the 75% of solutions found by

using the other mating operators. The same reasoning applies to the function f4

except for the box plot related to OPC, which is very similar to the one related to
4https://deap.readthedocs.io/en/master/
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Table 2.13: One-sided Wilcoxons Statistical Significance (p-values) for QMO versus
the other compared mating operators

TPC OPC UC
f1 0.0002 0.0001 0.0004
f2 0.0002 0.0001 0.0003
f3 0.0004 0.0003 0.0007
f4 0.0708 0.6287 0.0007
f5 0.0173 0.0087 0.0005

QMO. As the last evaluation of the achieved results, Table 2.13 shows the statistical

significance of the Wilcoxon test expressed by p-values for the pairwise comparisons

involving QMO and another mating operator. In detail, the one-sided version of

the test is considered where the null hypothesis is the equivalence of the compared

algorithms and the alternative one states, instead, that QMO is better than the

compared approach. The null hypothesis is rejected when the reported p-value is less

than the typical significance level α = 0.05. Therefore, rejecting the null hypothesis

in the pairwise comparisons leads to the state that QMO statistically outperforms

the compared approach at a 95% confidence level. As shown in Table 2.13, the null

hypothesis is always rejected except for the pairwise comparisons involving OPC and

TPC for the function f4. Hence, QMO statistically outperforms at 95% confidence

level all compared mating operators for the functions f1, f2, f3 and f5, while it shows

similar performance with respect to OPC and TPC for the function f4.

2.1.2.IV Summary

In this study, an innovative genetic operator, namely QMO, has been proposed. It

exploits quantum rotational gates to define a quantum state capable of encoding

the main characteristics of a parent set, from which new solutions can be generated.

QMO comprises two steps: in the first, a set of Ry gates is used to perform quantum

multi-parents recombination, while in the second, another set of Ry gates is used

to insert mutations in the mating operation. The main goal achieved by this work

is proof that using the proposed quantum algorithm to perform recombination and
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(a) f1 (b) f2

(c) f3 (d) f4

(e) f5

Figure 2.15: Average fitness values against number of iterations for all the compared
approaches for the function (a) f1, (b) f2, (c) f3, (d) f4, (e) f5
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(a) f1 (b) f2

(c) f3 (d) f4

(e) f5

Figure 2.16: Box plots containing the 20 best solutions found by each GA for the
function (a) f1, (b) f2, (c) f3, (d) f4, (e) f5. Each box is related to a GA equipped
with a different mating operator.
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genetic mutation in a classical GA improves the quality of the solutions found. In-

deed, as shown in the experimental results involving several benchmark functions,

the behavior of genetic algorithms based on QMO is statistically better than genetic

algorithms equipped with well-known mating methods such as OPC, TPC, UC in

the major part of the considered test cases. Also, the result achieved is important

because it proves that genetic algorithms can be improved by means of quantum

operators that can be executed even with current quantum hardware, which is very

sensitive to noise [144] and on which it is currently impossible to compute entire

quantum genetic algorithms reliably. Indeed, the structure of the quantum circuit

implementing QMO is composed just of single-qubit quantum gates, which are much

less prone to noise than multi-qubit quantum gates. In future works, further investi-

gations will be conducted to use QMO in no binary-coded genetic algorithms and in

conjunction with quantum selection operators and to test the performance of QMO

in solving more complex problems belonging to different real-world applications.

2.1.3 On The Effect of Quantum Noise in Genetic Algo-

rithms

Both QGS and QMO show excellent performance when run or simulated on NISQ

devices that are affected by high noise levels. Considering this, a more formal study

was conducted to investigate how quantum noise levels affect the performance of

GAs equipped with quantum operators [12]. This study has been limited to GAs

equipped with QMO, mainly for computational reasons. In fact, this operator can be

easily simulated even taking quantum noise into account, whereas since the quantum

circuit implementing QGS is much more complex, such an analysis would have re-

quired much more computational effort. In this scenario, the proposed analysis takes

into account two different sources of quantum noise, namely readout error and single

qubit quantum gate error : the first is related to the probability of flipping the state
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of a qubit during the measurement operation; the second is related to the probability

of incorrectly performing operations based on single-qubit quantum gates. The ef-

fect of these quantum noises on QMO-based genetic algorithms has been assessed by

solving a well-known combinatorial optimization problem, the 0-1 knapsack problem

[154], as the problem size and quantum noise levels increased. In order to be able to

use QMO-based genetic algorithms to solve the 0-1 knapsack problem on quantum

computers characterized by a limited number of qubits, our study was carried out

on a distributed quantum architecture of the D-NISQ type [5]. Experimental results

show that for highly constrained problem instances, the effect of quantum noise can

increase GA performance, while for weakly constrained problem instances, quantum

noise excessively disturbs algorithm evolution, resulting in worse performance than

the equivalent without noise. In the remaining of the section, it will be better dis-

cussed how quantum noise can be formalized from a mathematical point of view,

then it will be shown how is it possible to distribute the QMO algorithm to enable

faster simulations, and finally, it will be presented the experimental results obtained

in this study.

2.1.3.I Quantum Noise

Quantum operations are not perfect and noise heavily affects their precision and ac-

curacy [11]. Hereafter, a more detailed and formal description of different kinds of

quantum noises is carried out. Firstly, to formally describe quantum noise, a differ-

ent and richer representation of quantum states than just state vectors is required.

Indeed, it is necessary to introduce the so-called mixed quantum states, which are

used to describe, for example, a physical system that is subject to noise and decoher-

ence or is entangled with other quantum systems in the environment outside of our

control. Mixed quantum states are different from the pure state (see (1.1)) because

they represent the state of a quantum system that is not with certainty in a given

state but that can be with different probabilities in different states, which is what
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happens considering noise. Mathematically, the more general description of quantum

states uses density matrices to describe both pure and mixed quantum states. For

pure quantum states, the state-vector formalism and the density matrix formalism

coincide: for each pure state |ψ⟩ such as in (1.1), there is a density matrix that is

an equivalent representation of the same state. In this case, the density matrix ρ is

defined as the outer product of the state |ψ⟩ and its conjugate transpose:

ρ = |ψ⟩ ⟨ψ| (2.22)

As an example, the density matrix ρ corresponding to the two-dimensional state

reported in (1.1) can be written as:

ρ =

 α

β

[ α† β†
]
=

 αα† αβ†

βα† ββ†

 (2.23)

On the other hand, a general mixed state ρ consisting of an ensemble of pure states

{|ψj⟩}nj=1, each with probability of occurrence {pj}nj=1 is defined as:

ρ =
∑
j

pj |ψj⟩ ⟨ψj| (2.24)

For instance, suppose that a qubit in the state |0⟩ undergoes a bit flip error with

probability s, then the quantum state evolves from the pure state ρ = |0⟩ ⟨0| to the

following mixed state:

ρ′ = (1− s) |0⟩ ⟨0|+ s |1⟩ ⟨1| . (2.25)

This final density matrix is a mixed state representing a qubit that is either in |0⟩ or

|1⟩ with a probability distribution {(1− s), s}.

With this density matrix formalism, the representation of the action of unitary

gates on quantum states changes. Let us consider a unitary gate U acting on a state
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|ψ⟩, with the statevector formalism the new state |ϕ⟩ is obtained as |ϕ⟩ = U |ψ⟩.

Therefore the new density matrix ρ′ can be retrieved as:

ρ′ = |ϕ⟩ ⟨ϕ| = U |ψ⟩ ⟨ψ|U † = UρU † (2.26)

Considering the density matrix formalism, the action of quantum noise can be

easily introduced from a mathematical point of view. First of all, let’s define as

quantum channel a general operation on a quantum state. To represent quantum

channels mathematically, Kraus decomposition can be used. A quantum channel N

acting on a density matrix ρ can be decomposed as

N (ρ) =
∑
i

siKiρiK
†
i (2.27)

where the Ki are Kraus operators describing the quantum channel, and the si is

the probability that the operator represented by the Kraus operator Ki occurs. For

instance, considering the action of a unitary gate U on ρ reported in (2.26), the

corresponding quantum channel is given by ρ′ = NU(ρ) = UρU †, i.e. there is only

one Kraus operator K1 = U and it is applied with probability s1 = 1. As for the

density matrix representing the action of a bit flip error reported in (2.25), it can

be obtained starting from ρ = |0⟩ ⟨0| and applying the quantum channel Nbitflip =

(1− s)ρ+ sXρX, where X is the quantum not gate. Therefore the Kraus operators

for the bit flip quantum channel are K1 = I (the identity), and K2 = X (a bit flip),

which are applied with probabilities (1-s) and s, respectively.

At this point, some quantum channels representing different kinds of quantum

errors acting on single qubits are reported:

• Bit Flip: this error represents the flipping of a qubit flips from |0⟩ to |1⟩ or

vice versa with some specified probability s. Bit flip errors are modeled by

applying an X gate. Its Kraus representation is N (ρ) = (1− s)ρ+ sXρX.
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• Depolarizing: This channel describes the process in which a 1-qubit quantum

state loses its quantum information and decays into an incoherent mixture of

the computational basis states, |0⟩ ⟨0| or |1⟩ ⟨1|. The quantum state loses the

phase as well as the superposition between basis states. The Kraus represen-

tation is N (ρ) = (1 − s)ρ + s/3(XρX + Y ρY + ZρZ), where s represents the

strength of the noise.

• Phase Flip: This error rotates with probability s the qubit around the Z-axis,

affecting the phase of the qubit. Phase flips are modeled by applying a Z gate,

and they map |1⟩ to − |1⟩. The Kraus representation isN (ρ) = (1−s)ρ+sZρZ.

• Amplitude damping: This channel represents the process through which the

qubit state of higher energy |1⟩ decays to the lower energy state |0⟩. The Kraus

representation is N (ρ) = K1ρK
†
1 +K2ρK

†
2+, where

K1 =

 1 0

0
√
1− s

 K2 =

 0
√
s

0 0

 (2.28)

Other quantum channels representing errors affecting processes involving more than

1 qubit can be considered too, but as discussed in the following Section, they aren’t

relevant for the QMO algorithm.

2.1.3.II Noise Model in QMO

Current quantum computing libraries, such as Qiskit [1] or Pennyline [38], enable

the simulation of quantum circuits with custom models of quantum noise. In detail,

the offspring generation carried out by means of QMO depends on single Ry gates

and quantum measurement operations. Therefore, the kinds of noise considered for

building our quantum noise model consist of just bit flip and depolarizing quantum

channels. This choice is justified by the fact that the bit flip channel models the

noise that occurs during the quantum measurement operation (readout error), while
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the depolarizing channel models the noise in performing single qubit gate opera-

tions. Other noisy quantum channels such as phase flip and amplitude damping have

been neglected, according to the following considerations: Ry gates performed in the

QMO circuit don’t affect the qubits phase and therefore a degeneration in quantum

phase information is not relevant for QMO performance; typical decoherence times

are on the order of hundreds of microseconds, while quantum rotations are executed

in hundreds of nanoseconds, therefore with the short quantum circuit implementing

QMO, amplitude dumping can be neglected too. According to the above analysis,

QMO has been simulated considering different quantum noise models with different

levels of bit flip and depolarizing strengths. In detail, denoting with sbf the for-

mer probability and with sd the latter, the following ranges have been investigated:

sbf ∈ [0, 0.05, 0.1, 0.15, 0.2, 0.25] and sd ∈ [0, 0.001, 0.005, 0.007, 0.01, 0.02]. Overall,

36 different noise models have been considered with different levels of the strength of

the two quantum channels. The choice of these ranges for sbf and sd is motivated by

actual quantum device data. In particular, as a reference IBM quantum devices were

considered, which readout errors are on the order of [10−3, 10−1] and which single

qubit gate errors are on the order of [10−3, 10−2].

2.1.3.III Experimental Analysis

Let us now describe the analysis carried out to assess how quantum noise can affect

the performance of QMO. To perform such an analysis, QMO has been embedded in

binary encoded GAs to solve the 0-1 knapsack problem by considering different levels

of quantum noise and different sizes of the problem solution space.

The knapsack problem is a constrained combinatorial optimization problem. This

is a classical NP problem in operation research [36] and it has been used as a bench-

mark in several works [95, 171]. In the 01 knapsack problem, items with varying

weights and respective values are given. A knapsack of a given capacity is given.

The goal is to select objects in such a way that maximum values should be gained

95



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

with available capacity. Formally, given N objects, where the i−th object has weight

wi and value vi, denoting with C the knapsack capacity, the objective function is de-

fined as:

Maximize:
N∑
i=1

vixi xi ∈ {0, 1}

Subject to:
N∑
i=1

wixi ≤ C

(2.29)

Here, xi has a value of 1 if it is selected else 0.

In our experiments the value and the weight of each object i were selected ran-

domly in a range [1, 100], while the capacity of the knapsack C has been defined as

a certain percentage of the sum of the N weights:

C =
N∑
i=1

wi · c c ∈ [0, 1] . (2.30)

Solutions out of the constraint are penalized with a fitness value of -1.

The experimental study consists of running a traditional binary-encoded GA (see

(2.13)) with the generational approach equipped with QMO computed for different

levels of quantum noise. The proposed GA was used to solve different instances of the

01-knapsack problem considering different dimensions of the region of the acceptable

solutions space. In detail, for each configuration of quantum noise affecting the

simulation of QMO, three values of N were considered, 10, 30, and 100, as well as

three different values of C, obtained by setting c equal to 0.25, 0.5, and 0.75.

This analysis aims to investigate how quantum noise can affect the search of a

GA equipped with QMO depending on whether the problem to be solved is more or

less constrained.

To avoid the noisy simulation of 30-dimensional and 100-dimensional quantum

circuits which would be quite hard even for the best supercomputer on the earth,

the QMO algorithm has been distributed over sub-quantum circuits according to
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the D-NISQ architecture proposed in [5]. Indeed, the D-NISQ architecture offers a

reference model for distributing quantum computation in smaller quantum circuits

that can then be executed on different quantum processors. In detail, considering

a mating pool composed of M individuals to be mated, each of them with length

m. Then, individuals can be divided into N sub-strings, and QMO on each set of

sub-strings can be run on different quantum devices of smaller sizes than the original

m. Each QMO produces a sub-part of the new individual generated. Finally, the

integration of the different outputs is in the end classically performed by means of

the information fusion layer, which returns the generated offspring solution. Fig.

2.17 reports a schematic view of how QMO is distributed according to the D-NISQ

reference model.

… QMO NQMO 2QMO 1

Information Fusion Layer
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New Individual

Mating Pool

Figure 2.17: QMO distribution according to the D-NISQ reference model: mating
pool individuals are divided into groups of genes; each group is then mated according
to QMO algorithm on a different quantum processor D1, D2, . . . , DN ; finally, the
generated sub-groups of bits are merged by the information fusion layer and the
new individual is therefore obtained.

In the first study, for each problem instance and noise model, the average value of

the best solutions found by the GA over R = 60 independent runs of the algorithm

was analyzed.

In the second step, the solutions found by GAs were grouped in clusters of quan-

tum noise rather than being analyzed for each noise model. This is motivated by
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the fact that also the calibrations of quantum devices are affected by noise as all the

physical operations of measurements, and therefore it may be convenient to study

any patterns in the results grouped by quantum noise ranges rather than for specific

noise models. The clusters considered are labeled as High (H), Medium (M), Low (L),

and Zero (Z). These groups correspond to different intervals of bit flip and depolariz-

ing probabilities: in detail, in the group labeled as High noise, it was inserted all the

results obtained considering sbf in [0.2, 0.25] or sd in [0.01, 0.02]; in the group labeled

as Medium noise the levels of noise considered are for sbf in the range [0.1, 0.15]

and for sd = 0.007; for Low noise the sbf and sd have been considered in the ranges

[0, 0.05] and [0, 0.001] respectively; finally, the group labeled Zero noise refers to the

results obtained in the case of noiseless simulations. Fig. 2.18 graphically shows the

clusters of quantum noise on the heatmap discussed above.

0 0.05 0.1 0.15 0.2 0.25

0

0.001

0.005

0.01

0.007

0.02 High

Medium

Zero

Low

Clusters

Figure 2.18: Graphical representation of the different clusters of quantum noise.

2.1.3.IV Results

This section reports the results of our experimentation. For the sake of reproducibil-

ity, the hyperparameters of GAs used for the different knapsack problem sizes are

reported in Table 2.14.

Moreover, for the 30-dimensional and the 100-dimensional Knapsack problem, the

D-NISQ architecture for QMO distribution is built in such a way that each sub-circuit

uses a maximum of 6 qubits. Firstly, the heatmaps in Fig. 2.19, Fig. 2.20, and Fig.
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Table 2.14: Hyperparameters used for the experiments.

n pop_size pc pm max_eval max_gen tourn_size
10 20 0.8 0.3 524 40 3
30 20 0.8 0.3 5000 300 3
100 20 0.8 0.5 5000 300 3

2.21 report the average best fitness values found at the end of the R independent and

randomly initialized runs of the GAs for the knapsack problem with size 10, 30 and

100, considering the different combinations of noises affecting QMO computation.

These plots show a recurrent behavior: for highly constrained problems (c = 0.25)

the best solutions are found with a high level of noise affecting the computation of

QMO. This is particularly evident in the 30-dimensional knapsack problem. On the

other hand, when the constraint of the problem is lighter (c = 0.75) and therefore the

space of acceptable solutions is bigger, the best solutions are found when low levels of

quantum noise affect QMO. Finally, for the medium-constrained problem (c = 0.50),

no clear effect of noise is highlighted by the proposed analysis. Furthermore, for

the sake of completeness, the 100-dimensional case with c = 0.25 has been reported,

but the very big region of unacceptable solutions doesn’t permit a suitable evolution

considering the same configuration of the GA used for the other cases.

(a) c = 0.25 (b) c = 0.50 (c) c = 0.75

Figure 2.19: Average maximum fitness values against the different levels of quantum
noise, for the 10-dimensional 01 Knapsack problem with different capacities.

Secondly, Fig. 2.22, Fig. 2.23, and Fig. 2.24 report the bar plots representing

the maximum fitness values obtained in the GAs executed with the quantum noise

affecting QMO belonging to the different clusters, for the knapsack size of 10, 30 and
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(a) c = 0.25 (b) c = 0.50 (c) c = 0.75

Figure 2.20: Average maximum fitness values against the different levels of quantum
noise, for the 30-dimensional 01 Knapsack problem with different capacities.

(a) c = 0.25 (b) c = 0.50 (c) c = 0.75

Figure 2.21: Average maximum fitness values against the different levels of quantum
noise, for the 100-dimensional 01 Knapsack problem with different capacities.

100 respectively. In the box plots the median of the results is represented as a yellow

line in the box, while the mean is drawn as a green triangle. The higher these two

quantities, the better the effect of the related cluster of noise on QMO. These bar

plots confirm the behavior highlighted in the first analysis: for the highly constrained

01 knapsack problem a medium-high level of noise boosts the performance of the GAs

equipped with QMO, on the other hand, when the space of acceptable solutions is

big, such as when the capacity of the knapsack is the 75% of the sum of the weights,

then the best results are obtained when no noise or a low level of noise affects QMO.

No particular dependence of the results from the quantum noise is highlighted in the

cases with c = 0.5.

The obtained results are reported also numerically in Table 2.15. Here, for the

different knapsack sizes and for the different clusters of noise affecting QMO, it is

reported for all the different knapsack capacities, the mean of the best fitness µ

obtained at the end of the GAs belonging to such a class, as well as the standard
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(a) c = 0.25 (b) c = 0.50 (c) c = 0.75

Figure 2.22: Box plots containing the set of best fitness values found solving the
independent instances of the 10-dimensional 01-Knapsack for the different clusters of
quantum noise affecting QMO. Each plot refers to a different knapsack capacity.

(a) c = 0.25 (b) c = 0.50 (c) c = 0.75

Figure 2.23: Box plots containing the set of best fitness values found solving the
independent instances of the 30-dimensional 01-Knapsack for the different clusters of
quantum noise affecting QMO. Each plot refers to a different knapsack capacity.

(a) c = 0.50 (b) c = 0.75

Figure 2.24: Box plots containing the set of best fitness values found solving the
independent instances of the 100-dimensional 01-Knapsack for the different clusters
of quantum noise affecting QMO. Each plot refers to a different knapsack capacity.

deviation of this set of results and the percentage gain of the µ with respect the

noiseless cluster5. As highlighted in Table 2.15, important percentage gains of the

mean of the best results are recorded when the capacity of the knapsack is very
5The %gain for a certain cluster of noise with respect the Zero noise cluster is computed as

( µi

µ0
· 100)− 100, where µi is the mean value of the best fitness obtained using the i− th cluster of

noise and µ0 is the mean of the best fitness found in the noiseless simulations.
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Table 2.15: Experimental results of the GA equipped with QMO and a quantum
noise belonging to the different clusters defined.

Knapsack Size Cluster c = 0.25 c = 0.50 c = 0.75
µ σ %gain µ σ %gain µ σ %gain

10

Z 220.9 95 - 366.0 59.9 - 474.6 69.5 -
L 242.6 68.7 9.8 367.5 59.8 0.41 476.8 72.8 0.46
M 256.6 45.9 16.2 366.7 58.1 0.19 477.1 73.4 0.53
H 252.4 50.6 14.2 368.1 59.1 0.57 476.0 71.7 0.29

30

Z 106.5 241.5 - 1098.7 118.1 - 1331.6 131.1 -
L 114.7 249.5 7.7 1092.0 109.1 -0.60 1323.4 133.5 -0.61
M 281.5 318.9 199 1081.1 102.4 -1.6 1302.1 129.5 -2.2
H 388.8 315.0 265 1081.8 102.6 -1.5 1298.0 129.2 -2.5

100

Z

-

3066.9 180.9 - 4088.3 216.6 -
L 3061.9 198.2 -0.16 4037.8 210.9 -1.2
M 3055.1 177.5 -0.38 3894.9 211.7 -4.7
H 3060.1 190.4 -0.22 3861.6 230.1 -5.5

limited. On the other hand, important percentage losses are registered when the

capacity of the knapsack is big. No significant gains or losses are registered for the

case of c = 0.5.

2.1.3.V Summary

The results discussed above highlight a certain dependence between the performance

of the GAs equipped with QMO and quantum noise affecting the computation of

the related quantum circuit. This dependence seems to be strictly related to the size

of the problem-acceptable solutions space (A). For highly constrained 01 knapsack

problems (small A), the best results are obtained when a high level of quantum

noise affects the computation of QMO, while on the other hand, when the constraint

of the problem is small (high knapsack capacity and therefore large A) the best

solutions are found when a low level of noise affects QMO. From this, it appears that

quantum noise increases the randomness of the matching process performed by QMO

in the genetic algorithm workflow. Therefore, in the former case when the space of

feasible solutions is highly constrained, this randomness increases the probability

of generating solutions that respect the constraint. On the other hand, when the

size of the feasible solution space is big (so the constraint is small), randomness
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brought about by high levels of quantum noise penalizes the ‘natural’ evolution of

a GA, generating solutions that are far away from the parent ones not allowing an

appropriate degree of exploitation of the algorithm. In the future, this analysis can be

carried out on real quantum hardware and on different quantum operators from QMO

as well as on different problems from the 01 knapsack problem. The dependency

between acceptable solutions space of an optimization problem and quantum noise

can be in this way further analyzed.
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2.2 Quantum Fuzzy Reasoning

In the realm of classical logic, the principles of true and false stand as distinct,

unwavering states. However, when exploring the intricacies of the quantum world, the

comforting certainties of classical logic begin to waver amidst the haze of uncertainty.

It is within this realm that the marriage of quantum mechanics and fuzzy logic gives

rise to innovative algorithms potentially able to change the fuzzy reasoning we know

today.

This section describes two approaches able to perform fuzzy reasoning on quantum

annealers and on quantum digital computers respectively. The discussion reported in

Sec. 2.2.2 collects the works published in [139, 140, 141], while the quantum algorithm

proposed in Sec. 2.2.3, which is able to obtain an exponential speed-up in computing

fuzzy rules on quantum digital computers with respect the classical counterpart, has

been published with an important paper in [15], further developed in [10, 7] and, it

has been successfully used for the first time in a real-world application in [6].

The two research lines hereafter reported differ not only for the different backends

on which the algorithms are designed for, but also for the ideological approach used:

in the first scenario, the one related to quantum annealers, the idea was to start

from modeling basic fuzzy logic operations as optimization problems to be solved by

means of quantum annealers and then merge together the various steps to achieve a

fuzzy inference engine able to compute the mapping input-output in an FRBS. On

the other hand, in the latter approach, it has been developed a wholistic Quantum

Fuzzy Inference Engine (QFIE) able to speed up the fuzzy inference process, which

is classically impractical in contexts characterized by a high number of variables to

take into account. Indeed, FRBSs suffer from an implementation problem known

as fuzzy rule explosion: the number of rules in an FRBS grows exponentially with

the number of variables that make up the system. The proposed QFIE is able to

tackle this problem by exploiting the massive parallelism in quantum computation
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and enabling simultaneous evaluation of all the rules of an FRBS, thanks to quantum

mechanics peculiarities, such as quantum superposition and entanglement.

As proven by the literature analysis in Sec. 2.2.1, the proposed approaches are

the very first quantum algorithms able to run fuzzy inference on quantum devices.

Moreover as a secondary effect, the ability of fuzzy logic to represent computation

using a linguistic approach, and the ability of fuzzy systems to act as universal ap-

proximators of functions [177][176], can lead to a strong simplification in the design of

quantum circuits by making quantum computing accessible to researchers and prac-

titioners who do not have basic knowledge in the mathematics of complex numbers

and Hilbert vector spaces.

2.2.1 Related Work

Both quantum mechanics and fuzzy sets theory are related to the concept of un-

certainty. This affinity has led the scientific community to develop approaches that

mutually bind these two disciplines, as also demonstrated by recent research activi-

ties [193, 88, 108, 85, 91], where quantum approaches and fuzzy methods interact to

each other’s advantage. More generally, two lines of research have emerged in recent

years: on the one hand, fuzzy sets theory has been used for simulating and mod-

eling physical quantum systems [105, 21]; on the other hand, quantum computing

approaches have been investigated to improve the performance of conventional fuzzy

systems. Our research belongs to the second category, so the main research activities

carried out in this area are discussed below.

An early example of the application of quantum computing to improve the compu-

tational performance of fuzzy systems is presented by Rigatos et al. in [149]. In this

work, one-step quantum addition and subtraction replace operations between large

matrices to speed up the inference process of fuzzy switching control. In more detail,

this research shows that some operations performed in that specific fuzzy inference
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engine, namely increase and decrease, can be replaced by quantum operations. How-

ever, at the time when that research was carried out, no suitable quantum devices or

simulators were available to allow experimental validation on the field. Successively,

different research focused on the quantum implementation of fuzzy logic operators.

In [174], Visintin et al. use quantum gates to implement t-norm and t-conorm op-

erations so as to enable a quantum version of fuzzy union, intersection, and so on.

Similarly, in [30], Avila et al. introduced an approach for the implementation and

validation of fuzzy X(N)or operations using quantum computing. In this research,

the description of these operations is based on compositions of controlled and unitary

quantum transformations, and the corresponding interpretation of fuzzy operations

is obtained by applying operators of projective measurements. In the same vein

as these works, Reiser et al. introduced a quantum circuit-based approach for the

modeling and interpretation of Atanassovs intuitionistic fuzzy logic [148].

Although all of the above research efforts show how quantum circuits can be

useful for performing basic operations between fuzzy sets, none of them implements

an efficient quantum algorithm for executing fuzzy rules on actual quantum devices.

Instead, this is what strongly characterizes the proposed research, which enhances

the embryonic work presented in [9]. Indeed, this research introduced a quantum

approach to implementing a fuzzy system based on a lookup table. In particular,

Grover’s algorithm has been used to perform the search for relationships between in-

put and output variables of a system using a quantum computer. Although this paper

represents the first attempt to use a well-known quantum algorithm to implement

fuzzy systems, its use is very limited since the input-output relationships present in

the lookup must be generated using classical computation. This limitation does not

allow us to obtain a computational advantage from the quantum implementation.

Following the analysis of the state of the art, it can be said that no quantum

approaches for efficient execution of fuzzy rules have yet been studied and tested on

current quantum devices, as is done in this research work by introducing innovative
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QFIEs able to be run both on quantum annealers and on quantum digital computers.

2.2.2 Fuzzy Inference on Quantum Annealers

The idea of representing fuzzy sets with quantum states comes from the similarity

between the degrees of membership (a value between 0 and 1), and the probability of

collapsing a superpositioned qubit into a binary state. Here we focus on the adiabatic

model representation of fuzzy sets in order to exploit the large number of qubits in

the quantum computers developed for the adiabatic model (e.g., D-Wave Systems).

2.2.2.I A Quantum Representation of Fuzzy Sets

Representing a fuzzy set with qubits, may not initially seem to be any similar to an

optimization problem. As will be shown here, they can be formulated in QUBO so

that a quantum computer can treat them as optimization problems. We will review

how to represent a fuzzy set by qubit states in this subsection. In the next subsec-

tion, it will be explained how implementing fuzzy set operations (such as union and

intersection) in the quantum model is formulated as a QUBO optimization problem.

Let A be a fuzzy set with n members (xi) having membership grades µA(xi). A

can be represented by n qubits (qi) in superposition state with pi(1) = µA(xi); where

pi(1) is the probability of qi being collapsed to the state 1.

The above definition is applicable to both circuitry and adiabatic models. In the

adiabatic model, setting up a qubit system to represent a fuzzy set is equivalent to

giving linear biases to the n qubits corresponding to the values of the membership

function. There will be no quadratic term necessary for the representation. This is

trivial since the members of a fuzzy set are independent. This practically means that

a fuzzy set is simply represented by a system of biased (stimulated) qubits called

qfuzzy system.

The corresponding BQM objective function of a qfuzzy system is thus defined as:
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f(X) =
n∑

i=1

(
µA(xi) · xi

)
; X = {x1, . . . , xn} (2.31)

Obviously, a qfuzzy system does not represent an optimization problem, thus it

is not the subject of annealing. It is actually needed in its stimulated state, not in

its collapsed state.

The next step towards implementing a quantum-fuzzy inference engine is to im-

plement the basic fuzzy set operations in quantum algorithms. This will be explained

in the next subsection.

2.2.2.II A Quantum Implementation of Basic Fuzzy Set Operations

Having defined how to represent fuzzy sets as qfuzzy systems, the aim of this section

is to show how applying basic fuzzy set operations (Union, Intersection, Maximum,

Alpha-cut, and Centroid defuzzification) on fuzzy sets can be translated to solving

QUBO problems over the underlying qfuzzy systems, hence can be implemented on

quantum computers.

• Intersection Operator (Q.Intersection): Let fuzzy sets A and B, with dis-

crete membership functions µA(xi) and µB(xi) over the same universe of dis-

course X = {x1, x2, . . . , xn} are represented as two qfuzzy systems as follows:

A :
∑n

i=1

(
µA(xi) · xi

)
B :

∑n
i=1

(
µB(xi) · xi

) (2.32)

where “:” denotes “represented by”.

We choose minimum-intersection and would like to find a new set C represented

by a new qfuzzy system represented as:
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C = A ∩ B :
n∑

i=1

(
µC(xi) · xi

)
(2.33)

µC(xi) = min
(
µA(xi), µB(xi)

)
(2.34)

There is no singular operation existing in quantum computers that can compare

or find the minimum of the bias values of any two qubits. However, we can take

advantage of the fact that the annealing naturally leads to the minimum energy

of a set of interconnected qubits, thus finding the minimum of an objective

function. Therefore the question is which objective function over which qubits

is to be minimised.

Let us create another quantum system Y with n qubits. The idea behind this

system is that by the end of its annealing, the collapsed qubits act as a 0/1

switch between sets A and B, so that if qubit yi = 0, the ith member of A is

selected, and if yi = 1 the corresponding member of B is selected.

Let us define a BQM objective function for this system as:

f(Y ) =
n∑

i=1

(
(µB(xi)− µA(xi)) · yi

)
(2.35)

It can be seen that if µA(xi) < µB(xi), the ith term of 2.35 takes its minimum

when yi = 1. Similarly if µB(xi) < µA(xi), this term takes its minimum

when y = 0. Collectively, f(Y ) takes its minimum when yi = 0 for the terms

with µA(xi) < µB(xi) and yi = 1 for the terms with µA(xi) > µB(xi). For

when µA(xi) = µB(xi), the quantum annealing may randomly collapse yi to

either 0 or 1 randomly, which does not change the result. Finally, when each

yi is observed after the annealing, it indicates which set has the minimum

membership function at the ith point.
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Once the values yi result from the annealing of system Y , the qfuzzy system C

can be made and represented as:

C = A ∩ B :
n∑

i=1

(
µC(xi) · xi

)
(2.36)

µC(xi) = (1− yi) · µA(xi) + yi · µB(xi) (2.37)

Let fuzzy sets A and B, with discrete membership functions µA(xi) and µB(xi)

over the same universe of discourse X = {x1, x2, . . . , xn} are represented as two

qfuzzy systems as follows:

A :
∑n

i=1

(
µA(xi) · xi

)
B :

∑n
i=1

(
µB(xi) · xi

) (2.38)

where “:” denotes “represented by”.

We choose minimum-intersection and would like to find a new set C represented

by a new qfuzzy system represented as:

C = A ∩ B :
n∑

i=1

(
µC(xi) · xi

)
(2.39)

µC(xi) = min
(
µA(xi), µB(xi)

)
(2.40)

There is no singular operation existing in quantum computers that can compare

or find the minimum of the bias values of any two qubits. However, we can take

advantage of the fact that the annealing naturally leads to the minimum energy

of a set of interconnected qubits, thus finding the minimum of an objective

function. Therefore the question is which objective function over which qubits
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is to be minimised.

Let us create another quantum system Y with n qubits. The idea behind this

system is that by the end of its annealing, the collapsed qubits act as a 0/1

switch between sets A and B, so that if qubit yi = 0, the ith member of A is

selected, and if yi = 1 the corresponding member of B is selected.

Let us define a BQM objective function for this system as:

f(Y ) =
n∑

i=1

(
(µB(xi)− µA(xi)) · yi

)
(2.41)

It can be seen that if µA(xi) < µB(xi), the ith term of (2.41) takes its minimum

when yi = 1. Similarly if µB(xi) < µA(xi), this term takes its minimum

when y = 0. Collectively, f(Y ) takes its minimum when yi = 0 for the terms

with µA(xi) < µB(xi) and yi = 1 for the terms with µA(xi) > µB(xi). For

when µA(xi) = µB(xi), the quantum annealing may randomly collapse yi to

either 0 or 1 randomly, which does not change the result. Finally, when each

yi is observed after the annealing, it indicates which set has the minimum

membership function at the ith point.

Once the values yi have resulted from the annealing of system Y , the qfuzzy

system C can be made and represented as:

C = A ∩ B :
n∑

i=1

(
µC(xi) · xi

)
(2.42)

µC(xi) = (1− yi) · µA(xi) + yi · µB(xi) (2.43)

• Union Operation (Q.Union): Similarly, the union operation (based on max-

imum) of qfuzzy systems A and B is defined by introducing an intermediate

quantum system Y consisting of n qubits and a BQM objective function defined
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as:

f(Y ) =
n∑

i=1

(
(µA(xi)− µB(xi)) · yi

)
(2.44)

After annealing of Y , it can be similarly shown that:

C = A ∪ B :
n∑

i=1

(
µC(xi) · xi

)
(2.45)

µC(xi) = (1− yi) · µA(xi) + yi · µB(xi) (2.46)

• Alpha-cut Operation: The alpha-cut operator takes a fuzzy set and produces

a crisp set of values along the x-axis for which their membership grade is equal

to or greater than a given alpha. Let fuzzy set A be represented as a qfuzzy

system as:

A :
n∑

i=1

(
µA(xi) · xi

)
(2.47)

We would like to extract a crisp set Z, in which:

Z = {x ∈ A |µA(x) ≥ α} (2.48)

Again, in the lack of any comparison operator, the alpha-cut operator has

to be reformulated in BQM. Similar to the max operator, we would need an

intermediate qubit system Y in order to binarily flag out the x-values which are

the members of the alpha-cut from those who are not. An initial suggestion

is that the required BQM objective function should penalize (i.e., produce

positive terms for all µA(xi) < α). This initial objective function can then be

formulated as:
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f(Y ) =
∑(

α− µA(xi)
)
· yi (2.49)

This function takes its minimum by setting yi = 0 for those xi with greater

membership grades than α and setting yi = 1 otherwise. However, the problem

is that if there is a xi point in which µA(xi) = α, the corresponding linear bias

in the objective function is zero, thus the result is independent of the corre-

sponding yi value. This means that the objective function takes its minimum

equally for both yi = 0 and yi = 1, in which case the algorithm is unable

to identify if xi is in or is out of the α-cut. To resolve this issue we need to

adjust the objective function, so that it produces no zero biases, i.e. it must

produce either positive biases for µA(xi) ≥ α or negative biases otherwise. For

this, a parameter ϵ is needed that is equal to half of the membership function

resolution, so that the objective function can be adjusted as:

f(Y ) =
∑(

α− ϵ− µA(xi)) · yi (2.50)

In this case, setting yi = 1 for all the α-cut members would give f(Y ) its

most negative possible value. Therefore the collapsed values of yi’s after the

annealing process are actually a membership flag for any corresponding xi to

the alpha-cut.

Finally, the alpha-cut Z can be redefined as:

Z = {xi ∈ A | yi = 1; yi ∈ Y } (2.51)

• Maximum Operator (Q.Max): The maximum operator determines the mem-

ber(s) of a fuzzy set with maximum membership grade(s). This is particularly

useful for defuzzification in FOM/MOM/LOM (First/Mean/Last of Maxima)
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methods. Let fuzzy set A be represented as a qfuzzy system:

A :
n∑

i=1

(
µA(xi) · xi

)
(2.52)

We would like to extract a crisp set M, in which:

M = {x ∈ A |µA(x) = max
i

(
µA(xi)

)
} (2.53)

Although this looks similar to the case of the maximum operator, the key

difference is that instead of switching between corresponding members of two

sets, here the aim is switching between the members of the same set based

on whether the member has the maximum membership function or not. For

example, if the set takes its single maximum at point m, there will be a single 1

in the mth qubit of Y when collapsed to binary states. This key difference, as

will be seen, leads to a substantially different algorithm, unlike the previously

examined operations, adding some quadratic terms to the objective function.

Since there is no maximum operator existing for qubit biases, here we need

another quantum system (Y ) with n qubits, in which the binary state of the

qubit yi can indicate whether xi belongs to set M or not. In other words, Y

acts as a 0/1 flag so that xi has taken the maximum membership grade in A

only if yi = 1.

The BQM objective function of system Y must be formulated in a way that it

increases more if smaller values of µA(xi) are flagged, compared to the larger

values of µA(xi). Since flagging is equivalent to setting yi = 1, this means that

the objective function must be increased (i.e. penalized) by 1 − µA(xi) if its

corresponding yi is 1. Thus we expect the objective function to be in the form

of:
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f(Y ) =
∑(

1− µA(xi)
)
· yi + . . . (2.54)

A problem with this partial objective function is that it always takes its mini-

mum when all yi = 0. Note that 1−µA(xi) ≥ 0 therefore the minimum of f(Y )

is zero by setting all yi to zero. We must then need to penalize the case of all

yi = 0. On the other hand, having more than a single zero should be penalized

too since this will always increase the value of f(Y ).

Without losing the generality, let us assume that µA(xi) has a single maximum.

In this case, we expect exactly a single 1 in the result, i.e., the sum of all yi’s

should not be more nor less than 1. Therefore we define the penalty term as

(Σyi − 1)2. The objective function then becomes:

f(Y ) = Σ
(
1− µA(xi)

)
yi + (Σyi − 1)2

= (1− µA(x1)) · y1 + (1− µA(x2)) · y2+

+ . . .+ (1− µA(xn)) · yn+

+ y21 + y22 + . . .+ y2n + 1+

+ 2y1y2 + 2y1y3 + . . .+ 2yn−1yn−

− 2y1 − 2y2 − . . .− 2yn

Note that for binary values, y2i = yi, and that the constant value 1 has no effect

on minimizing the objective function. Then the equivalent objective function

(named the same for simplicity) is defined as:

f(Y ) = −µA(x1)y1 − µA(x2)y2 + . . .

= −µA(xn)yn + 2y1y2 + 2y1y3 + . . .+ 2yn−1yn

Therefore,
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f(Y ) = −
n∑

i=1

µA(xi)yi +
n−1∑
i=1

n∑
j=i+1

2yiyj (2.55)

The above is in BQM form with linear biases −µA(xi) and all quadratic coeffi-

cients equal to 2. Practically, the quadratic terms of this system of qubits are

independent of the membership grade, so that they can be pre-programmed.

If there is more than a single maximum point, f(Y ) will equally take its mini-

mum by setting yi = 1 for either of them (not for a combination of them). This

means that running the quantum annealing algorithm by this point may not

give a single answer to the fuzzy set operation (i.e., the maximum operation).

Due to the embedded randomness of the quantum annealing, each run of the

algorithm may give one of the possible answers.

To find a single answer in the form of binary bits, we first notice that any given

answer can maximize the membership function. Let us assume that the mth

bit of Y is found to be 1, and we call µA(xm) as µM . Then we notice that by

knowing µM , the required maximum operator is a special case of applying α-cut

operator when α = µM . The implementation of this part is already explained

in the previous subsection.

Therefore, applying the maximum operator can be split into two steps:

– A quantum annealing based on (2.55) to find a possible binary sequence

leading to µM .

– Another quantum annealing based on (2.50) with α = µM to find the final

binary sequence.

Now that the binary sequence yi is determined, the target set M can be simply

defined as:

M = {xi ∈ A | yi = 1} (2.56)
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The resulting yi bits can also be readily used for FOM/MOM/LOM defuzzifi-

cation: The xi values corresponding to the left-most, middle, and right-most

1’s in the binary sequence are equivalent to the FOM, MOM, and LOM of X,

respectively.

Note that by changing the linear and quadratic coefficients in (2.55) respectively

to 1−µA(xi) and 2 it is possible to compute the smallest membership grade of

A (Q.Min operator).

• Centroid Defuzzification (Q.Defuzzifier): Centroid defuzzification for a dis-

crete fuzzy set A with membership function µA(x) is defined as:

C =

∑n
i=1 xiµA(xi)∑n
i=1 µA(xi)

(2.57)

where n is the number of samples along the x axis. To formulate this as a BQM

problem let us consider a given discrete membership function µA(xi), and let’s

assume that the centroid is located at the kth position between 0 and n. By

definition, the centroid divides the set based on its center of gravity. This

means that the sum of the membership values on the left side of k must be

equal (or the closest, due to the quantization error) to the sum of the values on

its right side. This is therefore equivalent to minimizing an objective function

defined as:

fc(k) =

( k∑
i=1

µA(xi)−
n∑

i=k+1

µA(xi)

)2

(2.58)

This time, to convert the above problem to BQM it is used the Ising implemen-

tation on quantum annealers. Indeed, the Ising implementation has a simpler

match to mapping the centroid problem to the BQM problem, since one can

simply associate yi = 1 to the centroid’s left side and yi = −1 to its right side

(or vice-versa) and can target minimizing f1(Y ) defined as:

117



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

f1(X,Y ) =
( n∑

i=1

yiµA(xi)
)2
;Y = {1, ..., 1,−1, ...,−1} (2.59)

For a given fixed set of A, let’s rename the values µA(xi) as simply µi. In this

case, the objective function for a given set is a function of binary values yi,

defined as:

f1(Y ) = (
n∑

i=1

yiµi)
2 ; Y = {1, ..., 1,−1, ...,−1} (2.60)

The constraint of having a single switch-over point between 1 and -1 in Y

is an extra limitation that makes f not readily mappable to BQM since the

function can take smaller values if Y has more than a single switch-over point.

We suggest adding to f1 another function f2 (as a penalty function) that adds

positive values to it unless the sequence of yi’s has a single switch-over point.

To realize this function, we notice that the sum of the square of differences

between each two consecutive yi’s in Y becomes 4 if and only if there is a

single-switch-over point in Y . Therefore we define:

f2(Y ) = (y1 − y2)2 + (y2 − y3)2 + ...+ (yn−1 − yn)2 − 4 (2.61)

For more than one switch-over point, f2(Y ) takes positive values. In an extreme

case, any added penalty value that is more than zero should be big enough to

rule out any small value of f1(Y ) from being detected as a minimum by the

annealer. We notice that:

max
(
f1(Y )

)
= (n− 2)2

f2(Y ) ∈ {0, 4, 8, ..., (n− 1)2 − 4}
(2.62)

To make sure the penalty value is big enough, we consider a factor k so that
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the value of f2(Y ) in the case of one switch-over point is equal to or greater

than the maximum of f1(Y ):

kf2(Y ) ≥ f1(Y ); if f2(Y ) ≥ 4

4k ≥ (n− 2)2 or k ≥ n

4
(n− 4) + 1

(2.63)

Therefore, the new objective function is defined as:

f(Y ) = f1(Y ) + kf2(Y ); k ≥ n

4
(n− 4) + 1 (2.64)

There is still an outstanding issue, which is for when there is no switch-over

point in Y , i.e., when Y = {1, 1, ..., 1} or Y = {−1,−1, ...,−1}. For these two

cases, f2(Y ) = −4 which gives f(Y ) a lower value than what it would be for

any single or multiple switch-over forms of Y , thus misleading the annealer. To

avoid these two cases, we notice that the outcome of a quantum annealer is a list

of Y arrangements sorted by their energy levels. If one simply ignores the first

two low energy levels and takes the third lowest one, the two problematic cases

will be avoided. This policy has no effect on the objective function formulation

but is something to be done programmatically after the annealing process.

Next, let’s convert f1(Y ), f2(Y ) and f(Y ) to BQM forms, so that the coefficient

values qi and qij are determined.

f1(Y ) =

( n∑
i=1

yiµi

)2

= y21µ
2
1 + ...+ y2nµ

2
n

+ 2y1y2µ1µ2 + ...+ 2yn−1ynµn−1µn

=
n∑

i=1

µ2
i + 2

n−1∑
i=1

n∑
j=i+1

µiµjyiyj

(2.65)

In the above, we notice that y2i = 1 for all i.
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kf2(Y ) =k
(
(y1 − y2)2 + ...+ (yn−1 − yn)2 − 4

)
= k(y21 + 2y22 + ...+ 2y2n−1 + y2n)

− k(2y1y2 + 2y2y3 − ...+ 2yn−1yn)− 4k

= k(2n− 2)− 2k
n−1∑
i=1

yiyi+1 − 4k

= 2kn− 6k − 2k
n−1∑
i=1

yiyi+1

(2.66)

f(Y ) =f1(Y ) + kf2(Y )

=
n∑

i=1

µ2
i + 2

n−1∑
i=1

n∑
j=i+1

µiµjyiyj

+ 2kn− 6k − 2k
n−1∑
i=1

yiyi+1

=
n∑

i=1

µ2
i + 2kn− 6k (constant term)

+ 2
( n−1∑

i=1

n∑
j=i+1

µiµjyiyj − k
n−1∑
i=1

yiyi+1

)

(2.67)

For minimizing f(Y ) in (2.67), we ignore the constant terms and factors, thus

the aim is to minimize the following term:

n−1∑
i=1

n∑
j=i+1

µiµjyiyj − k
n−1∑
i=1

yiyi+1 (2.68)

To determine the BQM coefficient, (1.16) and (2.68) can be compared, therefore

the linear and quadratic coefficients of (1.16) can be determined to be:

qi = 0

qij = µiµj −


k if j = i+ 1

0 otherwise

(2.69)

120



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

k can be any value equal or greater than n
4
(n− 4) + 1.

The linear and quadratic coefficients determined in (2.69) can be calculated

for any given fuzzy set, and be used to set up a quantum annealer. Once

the annealer reaches its collapsed state, the collapsed qubit values in the third

lowest energy level can be picked up. The location of the single switch-over

between 1 and -1 in (or vice-versa) in the collapsed bit array is equivalent to

the location of the centroid.

• Singleton Operator (Q.Singleton) and Replication Operator (Q.Replicate):

In order to define a pipeline implementing a Mamdani FRBS it is required to

define two other operators: the Q.Singleton operator takes a crisp value x̂ and

makes a singleton fuzzy set A = {1/x̂} (i.e., having a single member x̂ with

µA(x̂) = 1); the Q. Replicate operator takes a crisp value x̂ and makes a fuzzy

set A, in which µA(xi) = x̂ for all i .

2.2.2.III Implementing the Mamdani Fuzzy Inference on Quantum An-

nealers

In this subsection, it will be shown how each of the four building blocks of a Mamdani

inference system (Fig. 1.4) can be made by pipelining the implemented operational

units explained earlier. The challenge is to deliver the function of each block exclu-

sively by using the operational units stated previously.

Let us assume a Mamdani fuzzy inference system is to be implemented with n

crisp inputs (x1...xn), single crisp output (y), m rules, minimum intersection, maxi-

mum union, and centroid defuzzification operators.

• Fuzzifier: The fuzzifier block takes crisp values for each input variable, then

given the antecedent fuzzy sets, it calculates the membership grade of each

fuzzy set at the point of the corresponding input values. In other words, given

x̂ and a fuzzy set A, it must produce a non-normal singleton fuzzy set F with

121



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

a single spike at x̂ where µF (x̂) = µA(x̂). Different fuzzifier blocks are to be

employed for each input and each relevant antecedent. Let us focus on a single

block that converts x1 to F1 = {Σ µA1(x1)/x1}. The implementation of this

single block is shown in Fig. 2.25. First, a Q.Singleton unit converts x1 to a

singleton set {1/x1}, then a Q.Intersection unit, makes the intersection of this

set with the antecedent set A1. Since the singleton set has a single non-zero

grade at x1, the result is a singleton at x1 with the grade µA1(x1).

Figure 2.25: The implementation of a single fuzzifier block

• Rule Strength Calculator: The job of this block is to calculate the firing

strength of each rule. Each rule has n antecedents, thus the inputs of this block

are n fuzzified values. In Mamdani’s inference method, the firing strength of

the rule can be computed as the minimum of the fuzzified values. According

to our design, the inputs to the block are n fuzzy singletons coming from the

fuzzifier blocks. As shown in Fig. 2.26, calculating the firing strength of a rule

(e.g. the first rule) includes two steps: first, a union set of all the incoming

fuzzified values is produced (i.e., {Σ µAi
(xi)/xi}) by Q.Union unit(s). This

will be a set with all the fuzzified values aggregated in a single set, in which

each non-zero grade is a fuzzified value located at its corresponding crisp input.

Secondly, a Q.Min unit takes the produced union and calculates the maximum

grade, which is the rule’s firing strength by definition (i.e., w1 for rule 1).

• Rule Output Calculator: Once the firing strength of all the rules is calcu-

lated, the consequent set of each rule is to be capped with the rule’s strength
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Figure 2.26: The implementation of a rule firing strength calculator

to produce the rule’s output fuzzy sets (O1...Om). This is equivalent to inter-

secting the consequent set with an intermediate "flat" fuzzy set. The strength

of the rule is the membership grade of all members of such a set. This can be

implemented by a Q.Replicate unit followed by a Q.Intersection unit, as shown

in Fig. 2.27. For example in rule 1, a consequent set C1 = {Σ µC1(yj)/yj}

is defined over its universe of discourse Y (which can be different from X).

A Q.Replicate unit in this block takes the calculated rule firing strength w1

and creates an intermediate fuzzy set {Σ w1/yj} with all the grades equal to

w1. Then, this set is intersected with C1 in order to create a capped ver-

sion of C1. Formally, the output fuzzy set of this block can be expressed as

O1 = {Σ min[w1, µC1(yj)]/yj}.

Figure 2.27: The implementation of a rule output calculator block

• Aggregator and Defuzzifier: After each rule’s output set is created, the

union of all the output sets is to be created and finally defuzzified in order

to calculate the final crisp output of the inference. This can be implemented

by serializing Q.Union unit(s) and a Q.Defuzzifier unit. As shown in Fig.
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2.28, different output sets (O1...Om) coming from m rules are taken to the

block, then their union set is produced as O = {Σ µO(yj)/yj} where µO(yj) =

max[µO1(yj), ..., µOm(yj)]. Finally, the fuzzy output set O is to be defuzzified

by a Q.Defuzzifier unit in order to calculate the final crisp output y. It is

noticeable that the Q.Defuzzifier unit is an implementation of the centroid

defuzzification. If more simplicity is needed, this unit can be replaced by a

Q.Max that implements a MAX defuzzifier.

Figure 2.28: Implementing the block for aggregating the individual output sets of
each rule, and defuzzifying it

Once the building blocks of the inference are designed based on the quantum

annealer operational units, the blocks are to be replicated and pipelined according to

the number of inputs and rules, in order to create the whole inference. The proposed

design of the inference system is shown in Fig. 2.29. As illustrated, for a system

with n inputs (A1...An), up to n antecedent sets can exist (A1...An). Each of the

m rules (e.g., rule i) can have up to n stacked fuzzifier blocks. In each rule, the

multiple outputs of the fuzzifiers corresponding to the different antecedents are given

to a single rule strength calculator block, in which the rule’s firing strength (wi) is

calculated. Each rule also has a single consequent set Ci (which can be repeated in

other rules). The calculated wi along with the consequent set of the rule are given

to a single rule output calculator block in order to produce an output set of the rule.

Repeating this process for m rules produces m output sets which are to be given to

a single aggregator/defuzzifier block in order to produce the final crisp output.
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Figure 2.29: Mamdani inference system made of the pipelined building blocks

2.2.2.IV A Sample Numerical Example and Its Implementation on a Real

Quantum Computer

In this subsection, the suitability of the proposed approach is first evaluated by a

sample numerical example and secondly with a test on a real quantum annealer from

the D-Wave systems.

Let us consider a simple fuzzy control system with two inputs, two antecedent

fuzzy sets, one consequent fuzzy set, and two rules. A quantum annealer with 10

qubits is assumed to be available, therefore the x-values of the discretized fuzzy sets

are integers 1 to 10. Let the rules be:

• Rule 1: IF x1 IS A1 and x2 IS A2 THEN y IS C1

• Rule 2: IF x1 IS A2 and x2 IS A1 THEN y IS C2

and let the fuzzy sets be:

• A1 = {0.0/1, 0.5/2, 1.0/3, 1.0/4, 1.0/5, 0.5/6, 0.0/7, 0.0/8, 0.0/9, 0.0/10}

• A2 = {0.0/1, 0.0/2, 0.0/3, 0.0/4, 0.5/5, 1.0/6, 1.0/7, 1.0/8, 0.5/9, 0.0/10}

• C1 = {1.0/1, 1.0/2, 1.0/3, 0.8/4, 0.6/5, 0.4/6, 0.2/7, 0.0/8, 0.0/9, 0.0/10}

• C2 = {0.0/1, 0.0/2, 0.0/3, 0.2/4, 0.4/5, 0.6/6, 0.8/7, 1.0/8, 1.0/9, 1.0/10}
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Finally, let us set the inputs as x1 = 2 and x2 = 6.

Each of the two rules has two fuzzifier blocks. In the first block of the first rule,

with reference to Fig. 2.25 and 2.29, the steps are conducted as follows:

• The Q.Singleton unit produces a singleton set {1.0/2}

• The Q.Intersection takes the above set and A1 to produces a fuzzy set F 1
1 =

{0.5/2}

Similarly, the outputs of the other three fuzzifier blocks are F 2
1 = {1.0/6}, F 1

2 =

{0.0/2} and F 2
2 = {0.5/6}.

The rule strength calculator block (Fig. 2.26) acts as follows:

• In rule 1: The Q.Union unit makes F 1
1 ∪ F 2

1 = {0.5/2, 1.0/6} then the Q.Min

units calculates the rule’s firing strength as w1 = 0.5.

• In rule 2: The Q.Union unit makes F 1
2 ∪ F 2

2 = {0.0/2, 0.5/6} then the Q.Min

unit calculates the rule’s firing strength as w2 = 0.0.

The rule output calculator block (Fig. 2.27) acts as follows:

• In rule 1: The Q.Replicate unit takes w1 = 0.5 and creates a fuzzy set {0.5/1...10},

then the Q.Intersect unit produces the intersection of this set and C1, which is

O1 = {0.5/1, 0.5/2, 0.5/3, 0.5/4, 0.5/5, 0.4/6, 0.2/7,

0.0/8, 0.0/9, 0.0/10}

• In rule 2: taking w2 = 0.0, the Q.Replicate creates {0.0/1...10}, then the

Q.Intersect unit produces the intersection of this set and C2 which is O2 =

{0.0/1...10} (i.e., rule 2 is not fired).

Finally, in the aggregator/defuzzifier block (Fig. 2.28) the Q.Union acts onO1 and

O2 to create O = {0.5/1, 0.5/2, 0.5/3, 0.5/4, 0.5/5, 0.4/6, 0.2/7, 0.0/8, 0.0/9, 0.0/10},

and the Q.Defuzzifier calculates the centroid of O as the final inference output y.
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Calculating the centroid of O yields 3.7. Given the system’s resolution, the rounded

centroid is y = 4.

Let us now implement this numerical example on a real adiabatic quantum com-

puter with 10 qubits. The implementation is based on D-Wave System a cloud-based

real quantum computing platform. D-Wave also provides some Python libraries for

programming using web-based and desktop IDE that connect to the same platform6.

Each operational unit explained above is to be implemented individually, then

pipelined as shown in Fig. 2.29. Sample implementations of these units on a real

quantum computer are already shown in [139, 140]. So as not to exceed the size of this

dissertation, it will be reported a real implementation of just a single building block of

the inference process, namely the final Aggregator/Defuzzifier block. From the exam-

ple, the aggregated set isO = {0.5/1, 0.5/2, 0.5/3, 0.5/4, 0.5/5, 0.4/6, 0.2/7, 0.0/8, 0.0/9,

0.0/10} and hereafter it will be shown an implementation a Q.Defuzzifier unit to cal-

culate its centroid y. The Q.Defuzzifier output is shown in Fig. 2.30, in which each

row contains the states of the collapsed qubits. The rows are descendingly ranked

by the system’s energy levels. As explained, the defuzzified value is indicated by the

first switchover point of the qubit spins in a single state (row). As highlighted in

Fig. 2.30, the switchover is in the third row between the 3rd and the 4th qubits,

i.e., the defuzzified value is a number between 3 and 4. We notice that the system’s

resolution is 1 and this result matches with y=3.7 which was theoretically calculated

above.

2.2.2.V Summary

Considering that todays applications of fuzzy systems increasingly involve large

amounts of data or large sets of rules, there is a strong emergence of identifying

innovative computational paradigms capable of efficiently managing these types of
6more details is out of the scope of this paper, and can be found in

https://docs.ocean.dwavesys.com
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Figure 2.30: Output of Listing 1 on the real adiabatic quantum computer

systems. In this direction, the above study proposes the very first FIS able to be

run on quantum annealers. The main goal of this study was not to demonstrate

the advantage of using quantum annealers to implement a fuzzy logic system in

the currently available machines but to prove that these quantum machines can be

considered to perform a whole fuzzy inference process.

However, as soon as quantum annealers more resilient to noise and equipped

with a larger number of qubits are available, the proposed approach could be used by

distributing and parallelizing the computation of each operational unit in Fig- 2.29

over different sets of qubits, speeding up the whole inference process.

In the future, the plan is to investigate the results of the proposed approach on

more complex fuzzy systems - with more variables and rules. Also, some real-world

applications of the developed system will be explored and showcased. Moreover, this

approach will be used to implement other inference methods such as zero-order TSK.
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2.2.3 Fuzzy Inference on Digital Quantum Computers

In the previous section, a fuzzy inference system able to be run on quantum annealers

was proposed. If on the one hand, this approach proves that quantum annealers

are a suitable backend to compute fuzzy rules, on the other hand, it doesn’t prove

any computational advantages in running fuzzy systems over classical counterparts.

In this subsection, this gap is filled by introducing the first methodology aimed at

supporting the design and implementation of quantum algorithms able to perform a

fuzzy inference process and take advantage of the computational benefits of this new

computing paradigm. This methodology, named Quantum Fuzzy Inference Engine

(QFIE), allows the achievement of the above goals by introducing an oracle-based

quantum algorithm (see Section 1.1.1.I). The implementation of QFIE is particularly

relevant because it allows for an exponential speedup in the evaluation of fuzzy

rules, in terms of oracle queries, evaluation of the antecedent part of a single fuzzy

rule, and aggregation of rule outputs. In addition to the above advantages, the

proposed methodology has another important side effect. It allows, for the first

time, a digital quantum computer to be programmed linguistically. This result is

also remarkable because, at present, the design of quantum algorithms is based on

extensive knowledge of mathematical concepts, such as complex numbers and Hilbert

vector spaces. Consequently, the proposed approach opens up new possibilities for

using quantum computers for those who do not possess such skills, making this

computational paradigm less difficult to use.

The design and implementation of a QFIE-based rule-based system are shown

through a case study based on the inverted pendulum, in which it is possible to

see how even a quantum computer programmed with fuzzy rules is able to identify

in a correct way the point of equilibrium of the system. Successively, a real-world

application like the control of real particle accelerators at CERN will be provided.

The section is organized as follows: firstly, a formulation of an FRBS as a boolean
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oracle is proposed; secondly, the QFIE algorithm is described; then, the pendulum

case study is discussed; after this, it is shown how it is possible to control particle

accelerators by using QFIE; lately, an analysis on which is the ideal quantum digital

backend to execute QFIE is provided; finally, it is proposed a way to distribute QFIE

according to the D-NISQ architecture proposed in [5].

2.2.3.I Oracle-based FRBS

This section introduces an oracle-based view of a FRBS. In this new vision, the rule

base is replaced with an oracle able to reconstruct the relationships between the

antecedent and consequent parts of the system. These changes result in the design of

a new inference engine that uses the oracle to reconstruct the rule base of the system,

before evaluating them (see Fig. 2.31).

For the sake of simplicity, the design of the oracle-based FRBS considers a MISO

fuzzy system S with n input fuzzy variables X0, X1, . . . , Xn−1 and one output fuzzy

variable Y . Each input variable Xj is defined by using mj linguistic terms: Xj =

{T j
0 , T

j
1 , . . . , T

j
mj−1}, with j = 0, 1, . . . , n − 1. The output variable Y is defined by

using mY linguistic terms: Y = {T Y
1 , T

Y
2 , . . . , T

Y
mY
}. The oracle-based design of an

inference fuzzy system requires that input and output linguistic terms are encoded

by binary strings. Then, for input variables, let {Bj
I}

n−1
j=0 be a family of sets, whose

j-th component is defined as follows: Bj
I = {b

j
i |i = 0, 1, . . . ,mj − 1}, where bji is the

binary encoding of the number i, with i = 0, 1, . . . ,mj − 1, computed by using the

conventional decimal to binary conversion, and such that η̄j = |bji | = ⌈log2(mj)⌉ is

the number of bits used to encode above strings. In this way, the j-th element of

{Bj
I}

n−1
j=0 contains the binary representations bji of the linguistic terms T j

i related to

the i-th input variable, where i = 0, 1, . . . , n− 1. For the output variable, let BO be

a set defined as follows: BO = {ci|i = 1, 2, . . . ,mY }, where ci is the binary encoding

of the number i, with i = 1, 2, . . . ,mY , computed by using a one-hot encoding: ci is

a mY -bit binary string consisting of all 0’s except for a 1 in the i-th position from
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left, and such that |ci| = mY is the number of bits used to encode above strings.

Thus, BO contains the binary representation ci of the linguistic term T Y
i related the

output variable, where i = 1, 2, . . . ,mY . Now, let AS and CS be two new sets defined

as follows:

AS =
∏n

j=0B
j
I ; CS = BO ∪ {c0} (2.70)

where AS is a Cartesian product that contains the binary encoding of all possible

antecedents that can be defined with the input variables {Xj}n−1j=0 ; CS contains the

binary encoding of all possible consequent parts that can be defined with the output

variable Y ; and c0 = {0}mY is a mY -bit string containing all 0’s. Thus, the function

f : AS → CS (2.71)

is an oracle (as can be seen in (1.10)) that maps the antecedent parts to the conse-

quent parts to compose fuzzy rules7. For a given a ∈ AS , f returns a binary string

other than {0}mY if a is a suitable antecedent part present for the system S, {0}mY

otherwise. Therefore, f is a functional view of a rule base that works as shown in

the following example: let us suppose to have a system with two input variables X0

and X1, and a single output variable Y , each of which characterized by the following

linguistic terms: X0 = {T 0
0 , T

0
1 , T

0
2 }, X1 = {T 1

0 , T
1
1 , T

1
2 }, and Y = {T Y

1 , T
Y
2 , T

Y
3 }.

Then, the system’s rule base can be reconstructed by running the following queries
7To be preciseAS contains n-ple of binary strings, and not binary strings as required by the oracle

definition. This abuse of notation, which can be easily fixed, does not compromise the behavior of
f .
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to the oracle:
f((00, 00)) = 000; f((00, 01)) = 010;

f((00, 10)) = 000; f((00, 11)) = 000;

f((01, 00)) = 000; f((01, 01)) = 100;

f((01, 10)) = 001; f((01, 11)) = 000;

f((10, 00)) = 000; f((10, 01)) = 000;

f((10, 10)) = 000; f((01, 11)) = 000;

f((11, 00)) = 000; f((11, 01)) = 000;

f((11, 10)) = 000; f((11, 11)) = 000;

(2.72)

which corresponds to the following linguistic rules:

IF(X0 is T 0
1 ) and (X1 is T 1

2 ) THEN Y is T Y
3

IF(X0 is T 0
0 ) and (X1 is T 1

1 ) THEN Y is T Y
2

IF(X0 is T 0
1 ) and (X1 is T 1

1 ) THEN Y is T Y
1

(2.73)

Once the oracle-based rule-base concept is introduced, the fuzzy rule-based system

architecture changes by considering the following steps:

1. Fuzzification

2. Inference Engine

(a) Oracle-based Fuzzy Rules Preprocessing

(b) Inference Operator

3. Defuzzification

Therefore, the main difference with the conventional approach is the new inference

engine, composed of two sub-modules: Oracle-based Fuzzy Rules Preprocessing and

Inference Operator. The Oracle-based Fuzzy Rules Preprocessing reconstructs the

rule base through an appropriate number of queries to the Oracle f . The Inference
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Knowledge Base

Fuzzification 
Interface

Defuzzification 
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Figure 2.31: An oracle-based view of a fuzzy rule-based system.

Operator uses a set of fuzzy operators to apply the inference process to the rules

identified by the oracle.

Although this new vision of a fuzzy system may seem strange and abstruse, it

leads to three significant benefits: it allows the use of the superposition principle

to develop an efficient quantum algorithm for a fuzzy inference engine; it defines a

methodology to implement the above quantum algorithm via quantum circuits; it

provides a framework by which to perform a computational complexity analysis of

quantum and classical fuzzy inference engine.

2.2.3.II A Quantum Fuzzy Inference Engine

The design of this module leverages two main phases: 1) the encoding of the fuzzi-

fied values of the system in quantum states; 2) the set-up of a quantum oracle Of

corresponding to the Boolean function f defined in (1.10). As will be shown later,

the definition of a quantum oracle Of creates a positive side effect: in addition to

selecting rules for the rule base of the system, it initiates a parallel process that allows

QFIE to be computationally more efficient than its classical counterpart.

QFIE requires that the data on which a fuzzy inference engine operates, i.e., fuzzi-

fied values, be modeled through quantum states. This goal is achieved by mapping
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linguistic terms of each input fuzzy variable to the basis states of a Hilbert vector

space, and using quantum amplitudes of these basis states to store the real values

relative to the fuzzified inputs.

For the sake of simplicity, let us consider an FRBS system S composed of n in-

put variables X0, X1, . . . , Xn−1, and a single fuzzy variable Y . Each input variable

Xj is defined by using mj linguistic terms: Xj = {T j
0 , T

j
1 , . . . , T

j
mj−1} ∪ {N

j}, with

j = 0, 1, . . . , n − 1. The linguistic term N j is a dummy fuzzy set specifically added

when the terms {T j
0 , T

j
1 , . . . , T

j
mj−1} do not represent a fuzzy partition, to allow the

proposed quantum inference engine to properly work. The output variable Y is de-

fined by using mY linguistic terms: Y = {T Y
1 , T

Y
2 , . . . , T

Y
mY −1}. Let Bj

I be the set

containing the binary encodings of the linguistic terms of the j-th input fuzzy vari-

able Xj, made as shown in the previous subsection, then the corresponding Hilbert

computational basis is as follows:

BHj
= {

∣∣bji〉 | bji ∈ Bj
I , with i = 0, 1, 2, . . . ,mj − 1}

∪ {
∣∣bjk〉 | k = mj,mj + 1, . . . , 2ηj − 1}

where bjk is the binary encoding of k and ηj = ⌈log2(|Xj|)⌉. Now, let {I0, I1, . . . , In−1}

be a collection of fuzzy sets (e.g. singletons), where Ij represents the fuzzified j-th

input to the inference engine, with j = 0, 1, 2, . . . , n− 1. Then, for each variable Xj

the following values are calculated:

αj
i = hgt(T j

i ∩ Ij) (2.74)

where i = 0, 1, . . . ,mj − 1. Then, the quantum state of a fuzzy variable Xj to

which a dummy fuzzy set has been added is described as follows:

|ψj⟩ =
∑mj−1

i=0

√
αj
i

∣∣bji〉+∑2ηj−2
i=mj

0 ·
∣∣bji〉

+

√
1−

(∑mj−1
i=0 αj

i

) ∣∣∣bj2ηj−1〉 (2.75)
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where the first summation quantum encodes the set of linguistic terms of the

variable Xj with respect to the fuzzified input Ij; the second summation encodes the

basis states
∣∣∣bjmj

〉
,
∣∣∣bjmj+1

〉
, . . . ,

∣∣bj2ηi−2〉 that are not associated with any linguistic

term and, consequently, their amplitude is set to 0; in the last addend the basis state∣∣bj2ηi−1〉, defined as garbage state and associated to the dummy linguistic term N j,

ensures the normalization of the quantum state |ψj⟩. If the dummy fuzzy set is not

required, the quantum state of a fuzzy variable Xj is described as follows:

|ψj⟩ =
∑mj−1

i=0

√
αj
i

∣∣bji〉+∑2ηj−1
i=mj

0 ·
∣∣bji〉 (2.76)

where only the summation that encodes the basis states
∣∣∣bjmj

〉
,
∣∣∣bjmj+1

〉
, . . . ,

∣∣bj2ηi−1〉
that are not associated with any linguistic term is included to compensate for the fact

that the number of linguistic terms of the variable Xj is not a power of 2. Also, this

encoding procedure requires that for each variable Xj,
∑mj−1

i=0 αj
i ≤ 1, otherwise a

preprocessing for scaling the values {αj
i}

mj−1
i=0 , with j = 0, . . . , n−1, is necessary. For

reasons of space and simplicity, let us consider the case in which the number of terms

of the input fuzzy variables is a power of 2, and there is no need for normalization

of |ψj⟩. In these hypotheses the quantum state |ψj⟩ related to variable Xj becomes:

|ψj⟩ =
mj−1∑
i=0

√
αj
i

∣∣bji〉 . (2.77)

In order to define a quantum state that takes into account all n fuzzy variables

involved, the tensor product of the individual states {|ψj⟩}n−1j=0 is computed:

|ψ0, ψ1, . . . ψn−1⟩ =

m0−1∑
j=0

m1−1∑
k=0

. . .

mn−1−1∑
l=0

√
α0
j · α1

k · . . . · α
n−1
l

∣∣b0j , b1k, . . . , bn−1l

〉 (2.78)

This quantum state has an important property: its basis states correspond to
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all possible antecedent parts of fuzzy rules that can be generated with the variables

X0, X1, . . . , Xn−1. Consequently, the squared amplitude of each basis state represents

the degree of fulfillment of the related antecedent part.

As for the output fuzzy variable Y , it is embodied in a quantum state |ψY ⟩

composed of mY qubits, each of which is initialized to |0⟩:

|ψY ⟩ = |00, 01, . . . , 0mY −1⟩ = |0̄⟩ . (2.79)

Once the input and output quantum states are defined, let us proceed to define

the oracle Of . Oracles are implemented on quantum computers through unitary

matrices (see (1.13)). A quantum oracle Of for fuzzy inference engine is a 2ξ × 2ξ

unitary matrix, where:

ξ =
n−1∑
j=0

ηj +mY , (2.80)

n is the number of input fuzzy variables, ηj is the number of bits used to binary

encode the linguistic terms of the j-th input fuzzy variable, and mY is the number

of the linguistic terms of the output variable. The main role of the oracle is to use

the input state |ψ0, ψ1, . . . , ψn−1⟩ to relate the actual antecedent parts of the system

to the proper qubits of the quantum output state |ψY ⟩, so as to reconstruct the rule

base of the system. Thanks to this reconstruction, the quantum oracle computes a

new output state |ψ′Y ⟩ where the probability to measure the |cl⟩ encodes the output

cutting value of the linguistic term T Y
l . In order to better clarify the role of the

oracle, let us consider a fuzzy system consisting of a single rule:

IF(X0 is T 0
ī ) and (X1 is T 1

j̄ ) and . . . and (Xn−1 is T n−1
k̄

)

THEN Y is T Y
l̄

(2.81)

Recalling that the input state is defined as in (2.78), the output state is |ψY ⟩ = |0̄⟩,

and cl̄ is the one-hot encoding of output term T Y
l̄

, the oracle Of acts as follows:
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|ψ′Y ⟩ = Of |ψ0, ψ1, . . . , ψn−1⟩ |ψY ⟩ =

Of


m0−1∑
i=0

m1−1∑
j=0

. . .

mn−1−1∑
k=0

√
α0
i · α1

j · . . . · αn−1
k∣∣b0i , b1j , . . . , bn−1k

〉
|0̄⟩

 =

∑
i,j,...,k ̸=ī,j̄,...,k̄

√
α0
i · α1

j · . . . · αn−1
k

∣∣b0i , b1j , . . . , bn−1k

〉
|0̄⟩+

+
√
α0
ī
· α1

j̄
· . . . · αn−1

k̄

∣∣∣b0ī , b1j̄ , . . . , bn−1k̄

〉
|cl̄⟩

(2.82)

In other words, the oracle Of creates a superposition of states |ψ′Y ⟩, where the

basis state related to the antecedent of the rule in the (2.81) is associated with the

output state |cl̄⟩, whereas all other basis states are associated with the state |0̄⟩.

Once the quantum oracle has computed the new quantum state |ψ′Y ⟩ relative to the

input state |ψ0, ψ1, . . . , ψn−1⟩ associated with the rule in (2.81), the QFIE computes

the probability Pcl̄
that the quantum measurement of |ψ′Y ⟩ collapses into the state

|cl̄⟩ as follows:

Pcl̄
= ⟨ψ′Y |M†

cl̄
Mcl̄
|ψ′Y ⟩ = α0

ī · α
1
j̄ · . . . · α

n−1
k̄

(2.83)

where Mcl̄
= |cl̄⟩ ⟨cl̄| is the projection operator related to the basis state cl̄.

The value Pcl̄
will be used by the inference operator (see Section 1.2.1) to cut the

membership function of the output linguistic term T Y
l̄

.

Now it will be shown how the oracle works on a system S characterized by a

number of rules greater than one, where quantum computing exposes all its compu-

tational power by enabling the parallel computation of fuzzy rules. Indeed, since the

quantum state |ψ0, ψ1, . . . ψn−1⟩ embodies all antecedents contained in AS , then the

quantum oracle can associate each antecedent with the correct consequent, if any, in

137



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

parallel, as shown in the (1.13). Let us consider the following family of sets:

Ai
S = {a ∈ AS |a→ T Y

i is a fuzzy rule of S} (2.84)

where i = 1, . . . ,mY . Precisely, Ai
S is the subset of AS containing all the antecedents

a ∈ AS whose consequent is the linguistic term T Y
i of the output variable Y . Conse-

quently, A0
S = AS − ∪mY

i=1Ai
S is the set of antecedent parts not belonging to the rule

base of S. Finally, let Fa, where a ∈ Ai
S , be the fire strength of the rule having a as

the antecedent part. Then, the action of the oracle Of is:

|ψ′Y ⟩ = Of |ψ0, ψ1, . . . , ψn−1⟩ |0̄⟩ =

=

mY∑
i=1

∑
a∈Ai

S

(√
Fa |a⟩ |ci⟩

)
+
∑
a∈A0

S

(√
Fa |a⟩ |0̄⟩

) (2.85)

where the first addend represents a superposition of quantum states that relates

the antecedents in Ai
S to the output linguistic terms represented by the binary string

ci, where i = 1, 2, . . . ,mY ; the second addend is a superposition of states that relates

antecedent in A0
S to the state |0̄⟩.

The state returned by the Oracle application is then used by the inference engine

to compute the values Pci , corresponding to the probability of measuring the output

quantum state as |ci⟩, to cut the membership function related to the output linguistic

term T Y
i , with i = 1, 2, ...,mY :

Pci = ⟨ψ′Y |M†
ci
Mci |ψ′Y ⟩ =

=
∑
a∈Ai

S

∑
b∈Ai

S

(√
Fa ⟨a| ⟨ci|

)
·
(√

Fb |b⟩ |ci⟩
)
=

=
∑
a∈Ai

S

∑
b∈Ai

S

δa,b
√
Fa

√
Fb ⟨a|b⟩ =

∑
a∈Ai

S

Fa

(2.86)

where δa,b is the Kronecker delta8. Once the Pci values have been calculated, the

aggregation operator will use them appropriately to complete the inference process.
8The Kronecker delta is a function δa,b working as follows: δa,b = 1 if a = b; 0 otherwise.
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It is important to highlight that the unitarity of the quantum oracle Of is ensured

under two constrictions: firstly, the antecedent part of each rule has to be composed of

a combination of clauses involving all the input variables of the system, and secondly,

it is required that there are no conflicting rules. Indeed, the former ensures that each

input of f has the same form (bit-strings of equal lengths); the latter results in the

fact that each input (b0i , b
1
j , . . . , b

n−1
k ) has a unique output cl ensuring that f is a

bijective function.

At this point, starting from the values {Pci}
mY
i=1, the inference operator applies two

sequential operations, namely implication and aggregation. The implication operator

computes the output fuzzy set µY
i (x) related to the i-th linguistic term of the output

variable Y :

µY
i (x) = min(Pci , µTY

i
(x)) ∀x ∈ Ui (2.87)

where Ui is the universe of the discourse of the fuzzy set {(x, µTY
i
(x))|x ∈ Ui} that

describes the linguistic term T Y
i of the output variable Y , with i = 1, 2, . . . ,mY .

The aggregation operation combines, the fuzzy membership functions {µY
i (x)}

mY
i=1

to compute the output fuzzy set SY = {(x, µY (x))|x ∈ ∪mY
i=1Ui} as follows:

µY (x) = maxi=1,2,...,mY
(µY

i (x)) ∀x ∈
⋃mY

i=1 Ui (2.88)

Then, the output crisp value can be obtained by applying the preferred defuzzi-

fication method on the fuzzy set SY , such as the CoG approach reported in (1.31).

Considering this, it is possible to analyze how to design a quantum circuit imple-

menting the QFIE algorithm.

Firstly, according to the encoding procedure described above, for a FRBS system

composed of n input variables X0, X1, . . . , Xn−1 each defined with mj linguistic terms,

and one output variable Y defined with mY linguistic terms, n+1 quantum registers
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have to be initialized. In detail, regarding the input variables, a collection of n

quantum registers is defined as follows:

{QRXj
= {q0Xj

, q1Xj
, . . . , q

ηj−1
Xj
}}n−1j=0 (2.89)

where each set QRXj
, with j = 0, 1, . . . , n − 1 is composed of ηj = ⌈log2(|Xj|)⌉

qubits. With regard to the output variable, a single quantum register QRY =

{q1Y , q2Y , . . . , q
mY
Y } composed of mY qubits, is defined. Thus, the quantum state re-

lated to the input variable (see (2.75)) is initialized by using the approach proposed

in [158], where Shende et al. introduced a way of initializing quantum registers based

on quantum multiplexor (QMUX) that is asymptotically optimal in the number of

multi-qubits gates. The circuit block related to this initialization procedure for the

variable Xj, with j = 0, 1, . . . , n− 1, is shown in Fig. 2.32.

q0Xj

Init

q1Xj

... ...

q
ηj−1
Xj

Figure 2.32: Initialization of quantum register QRXj
.

Regarding the quantum register related to the output variable, it is initialized by

setting all the qubits in the state |0⟩.

After completing the description of the initialization of the input and output

quantum states, let us show how to construct the quantum circuit related to the

Of oracle introduced in (2.85). The oracle circuit is implemented by encoding each

rule (b0ī , b
1
j̄ , . . . , b

n−1
k̄

) → cY
l̄

of the system by applying a MCX quantum gate. The

control state of the MCX gate is the basis state related to the binary encoding of

the antecedent part (b0ī , b
1
j̄ , . . . , b

n−1
k̄

) of the rule, used as follows: if the i-th bit of

the j-th variable of the antecedent part is zero then the state of the qubit qηj−1−iXj
is

inverted using the quantum gate X, otherwise the state of the qubit qηj−1−iXj
is left
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unchanged9. Regarding the target qubit related to the consequent part cY
l̄

, it is set

to q l̄Y . To better clarify the above circuital description, let us consider the following

rule:

IF (X0 is T 0
0 ) and (X1 is T 1

2 ) THEN Y is T Y
2 (2.90)

The oracle view of the above rule is:

f((00, 10)) = 010 (2.91)

which corresponds to the quantum circuit shown in Fig. 2.33.

q0X0 X • X

q1X0 X • X

q0X1 X • X

q1X1
•

q1Y

q2Y

q3Y
Figure 2.33: Implementing the rule f((00, 10)) = 010 as quantum circuit.

In reference to the circuit version of QFIE it is important to take into account

two important aspects. Since the rules are executed sequentially, it is necessary to

reset the state of the qubits related to the antecedent part of the rules, when the

computation switches from one rule to the next; this can be done using the reversible

nature of the quantum gates, as shown in Fig. 2.33, where the X quantum gates

are applied symmetrically with respect to the MCX gate. Furthermore, the nature

of quantum measurement does not allow a quantum circuit to compute the proba-

bilities Pci , with i = 1, 2, . . . ,mY , used by the QFIE inference operator. However,
9Note, that it is common in quantum computation using an indexing of qubits that is opposite

to the indexing of classical bits.
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these probabilities can be estimated by running the circuit a constant number of

times (shots) and reconstructing a discrete probability distribution from the results

obtained from each run of the circuit. In particular, the definition of Hellinger fi-

delity [138] can be used to retrieve the number of shots NS required to reconstruct

a certain discrete probability distribution with a given level of fidelity according to

the following equation:

NS ≈
Nci

(1− F )2
(2.92)

where Nci is the number of possible outcomes of the QFIE circuit execution, and F

is the level of fidelity desired.

2.2.3.III QFIE Computational Complexity and Limitations in NISQ Era

In this subsection the computational complexity of QFIE is assessed in terms of

the number of the input fuzzy variables n, and compared to the complexity of the

classical oracle-based fuzzy inference system introduced in Section 2.2.3.I. Moreover,

it will be highlighted some limitations related to the implementation of QFIE on

NISQ devices.

Firstly, since both QFIE and the classical system use the same fuzzification and

defuzzification interfaces, the discussion will focus on the complexity analysis related

to the evaluation of the rules and the aggregation of the obtained fuzzy outputs. A

common approach to evaluating the complexity of an oracle-based quantum algorithm

is to count the required number of queries to the oracle. For instance, Grover’s

algorithm requires O(
√
N) queries to the oracle for finding the desired item in the N -

dimensional unsorted database, or the Deutsch-Josza algorithm requires O(1) queries

to the oracle for establishing if a given Boolean function is balanced or constant. For

the sake of simplicity, let us consider a fuzzy system S composed of n input fuzzy

variables each of them having m linguistic terms, and one output fuzzy variable Y

composed of my linguistic terms. Then, the cardinalities of the sets AS and CS
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defined in (2.70) are mn and my, respectively.

Let us consider the worst case in which the rule base of S consists of all possible

mn rules definable by the antecedent parts of AS . Then, the classical oracle-based

fuzzy inference system needs to perform mn queries to the oracle f in order to re-

construct the rule base of S. Once the rule base is reconstructed, the degree of

fulfillment of each rule is calculated according to (1.27). This operation requires the

computation of n− 1 t-norms for each rule. Then, mn implication functions have to

be computed to obtain the output fuzzy set of each rule according to (1.28). Finally,

the aggregation operator combines all these fuzzy sets according to (1.29), in which

mn max operations are carried out. Overall, the computational complexity of a fuzzy

inference that equips a classical fuzzy oracle-based engine is O(mn), since there are to

be considered O(mn) queries to the oracle, O(mn) t-norm operations for computing

the degree of fulfillment of the whole rule base, O(mn) implication operations, and

O(mn) disjunction operations.

On the other hand, the quantum implementation of an oracle-based fuzzy infer-

ence engine requires initializing n quantum states related to the n input fuzzy vari-

ables. The computational cost of Shende’s initialization approach is O(4q), where q

is the number of qubits to initialize. Since QFIE uses ⌈log2(m)⌉ qubits for each one

of the n input fuzzy variables, the total cost of this operation is:

∑n−1
j=0 O(4

⌈log2(m)⌉) =
∑n−1

j=0 O(m
2) = O(n ·m2) = O(n).

Successively, the degree of fulfillment of all rules is computed in O(1) thanks to the

application of the tensor product between the Hilbert spaces related to the previously

initialized quantum registers. Moreover, QFIE needs O(1) query to the quantum or-

acle f to reconstruct the rule base of S. Even if the estimation of the probabilities

{Pci}
my

i=1 requires to repeat above query Ns times, Ns is a constant value. Finally,

as shown in (2.87), my implication operations are performed to compute the output
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fuzzy sets, which are finally aggregated according to (2.88), by using my max oper-

ations. Summing up, the computational complexity of QFIE is O(n +my) = O(n),

since there are to be considered O(1) queries to the oracle10, O(n) operations related

to the initialization of quantum states, O(my) implications and O(my) disjunction

operations for obtaining the whole output fuzzy set. Overall, the above complex-

ity analysis demonstrates that, for the same computational cost required to perform

classical and quantum oracle, QFIE results in an exponential quantum advantage in

fuzzy inference.

This quantum advantage is currently limited by some technological issues that

plague NISQ computers. As seen in sec. 1.1.1.III, these devices are characterized by

a high level of noise that adversely affects calculations. This issue turns out to be

particularly serious for quantum circuits containing a high number of multi-controlled

gates, as those required for computing QFIE in real big data contexts. Indeed, during

the transpiling phase, these gates have to be decomposed in terms of CNOT gates

that can be actually executed on real superconductive hardware. This decomposition

procedure generates deeper quantum circuits that often, cannot be executed on the

hardware reliably, due to the high level of noise of CNOT gates (on average current

CNOTs have error rates of 10−2). At the time of writing, such a level of noise does not

allow QFIE to handle fuzzy systems composed of a large number of rules because,

otherwise, the circuit resulting from the transpiling phase would be too prone to

noise and return erroneous results. Moreover, NISQ devices are equipped with a

limited number of qubits and they are not yet ready to deal with big data contexts.

For example, considering a system characterized by a thousand input variables, each

modeled by 7 fuzzy sets, QFIE would require more than 1000 · ⌈log2 7⌉ = 3000 qubits

to operate, and current quantum computers do not yet achieve such performance.

Consequently, although QFIE shows important theoretical advantages, it will have

to wait until the post-NISQ quantum era to make it fully applicable. By virtue of
10Ns is a constant value absorbed by O(1).
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such limitations in the next section, QFIE will be tested on a conventional case study

for FRBSs, such as the inverted pendulum, where the number of variables and rules

allows for a reliable QFIE design of the system.

2.2.3.IV A Case Study: The Inverted Pendulum

This section shows the suitability of QFIE to be used as a fuzzy inference engine

of an FRBS for the inverted pendulum. It will be provided a discussion about the

inverted pendulum system, the usage of QFIE in this application scenario, and its

implementation through an IBM Quantum backend. Finally, QFIE will be compared

with a traditional Mamdani fuzzy system in order to show its good performance.

Due to the technological limitations of NISQ quantum devices, experiments have

been carried out by noise-free simulation and using a constrained number of qubits,

which, at present, does not allow dealing with complex systems characterized by a

large number of variables or rules.

Firstly, let us describe the environment used as the benchmark control problem.

The inverted pendulum system consists of a pendulum in a dynamic equilibrium, i.e.

it continuously slips from the vertical and is brought back through the application of

torque resulting from a motor to which is applied a certain current I. The dynamic

of such a system is regulated by the following two equations [86]:

θnew = θ0 + w0t+
t2

2

(
3τ
ml2

I − 3g
2l
cos(θ0)

)

ωnew = ω0 + t

(
3τ
ml2

I − 3g
2l
cos(θ0)

)
where g is the gravitational constant, τ the torque of the motor, m the pendulum

mass, l its length and t the time step considered. Fig. 2.34 reports the setup of the

inverted pendulum system.

In this context, the role of a FRBS is to compute the right current I according
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Figure 2.34: Inverted pendulum setup.

to the detected angular position θ of the pendulum and its angular velocity ω. This

new value of I is used to determine the new angular position θnew and velocity of

the pendulum ωnew. The database of a traditional FRBS for the inverted pendulum

contains two input fuzzy variables, θ, and ω, and an output one, I, partitioned as

shown in the Fig. 2.35. In detail, the input variables are characterized by the fol-

lowing linguistic terms: negative (N), zero (Z), and positive (P). The output variable

uses the following linguistic terms: negative medium (NM), negative small (NS), zero

(Z), positive small (PS) and positive medium (PM). The normalization factors are
π
4
rad, π rad

s and 1 A for θ, ω and I respectively, this means that, for instance, a value

of θ = 1 corresponds to an angle of θ = π
4

of the pendulum with respect the vertical.

(a) θ (b) ω

(c) I

Figure 2.35: Fuzzy partitions for fuzzy variables (a) θ, (b) ω and (c) I.

Finally, the rule base of a conventional Mamdani-based FRBS is composed of the

following rules:
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Table 2.16: Mapping between binary strings and fuzzy linguistic terms for each
variable used in the QFIE-based inverted pendulum.

θ ω I
N → 00 N → 00 NM → 00001
Z → 01 Z → 01 NS → 00010
P → 10 P → 10 Z → 00100

PS → 01000
PM → 10000

1. If θ is Z and ω is Z Then I is Z;

2. If θ is Z and ω is N Then I is PS;

3. If θ is Z and ω is P Then I is NS;

4. If θ is P and ω is Z Then I is NS;

5. If θ is P and ω is P Then I is NM ;

6. If θ is P and ω is N Then I is Z;

7. If θ is N and ω is Z Then I is PS;

8. If θ is N and ω is P Then I is Z;

9. If θ is N and ω is N Then I is PM.

Now, let us describe how QFIE works to model the inverted pendulum system.

Precisely, let us define the sets Bθ
I , Bω

I , and BI
O as follows:

Bθ
I = {00, 01, 10}

Bω
I = {00, 01, 10}

BI
O = {10000, 01000, 00100, 00010, 00001}

where Table 2.16 reports the mapping between binary strings in Bθ
I , Bω

I , and BI
O

and the collection of linguistic terms of the database.

This mapping enables the definition of an oracle f as follows:
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f((01, 01)) = 00100;

f((01, 00)) = 01000;

f((01, 10)) = 00010;

f((10, 01)) = 00010;

f((10, 10)) = 00001;

f((10, 00)) = 00100;

f((00, 01)) = 01000;

f((00, 10)) = 00100;

f((00, 00)) = 10000;

Now, let us move from the classical to the quantum world by introducing the

appropriate set of basis states of the Hilbert vector spaces used to model quantum

states in QFIE:

BHθ
= {|00⟩ , |01⟩ , |10⟩ , |11⟩}

BHω = {|00⟩ , |01⟩ , |10⟩ , |11⟩}

BOI
= {|00001⟩ , |00010⟩ , |00100⟩ , |01000⟩ ,

|10000⟩}

where BOI
is a subset of the canonical basis of a Hilbert space of dimension 25,

containing only the output states of interest for the implementation of QFIE in the

context of the inverted pendulum; BHθ
and BHω are the basis states of the 22-

dimensional Hilbert spaces related to the variable θ and ω, respectively, as depicted

in (2.74). Since for both the variables θ and ω the linguistic terms are 3 and in both

cases they form a fuzzy partition in which no dummy fuzzy set has to be considered,

the state |11⟩ included in BHθ
and BHω is associated with no linguistic term and, for

this reason, the corresponding amplitude is set to 0, as reported in (2.76). Starting

from these definitions it is possible to introduce a 29 × 29 unitary matrix acting as

the quantum oracle Of .
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In order to show the quantum execution of the rules through the oracle Of , let us

consider an example in the absence of gravity where the initial state of the inverted

pendulum is θ = −0.5 and ω = 0.5. After fuzzification of the system inputs, the

following values are calculated using (1.26):

αθ
N = 0.5; αθ

Z = 0.5; αθ
P = 0

αω
N = 0; αω

Z = 0.5; αω
P = 0.5

Recalling the encoding procedure introduced in the description of the QFIE al-

gorithm, the quantum input state of the system is defined as:

|ψθ, ψω, ψI⟩ =
√
0.5 · 0.5 |00, 01, 00000⟩+

+
√
0.5 · 0.5 |00, 10, 00000⟩+

+
√
0.5 · 0.5 |01, 01, 00000⟩+

+
√
0.5 · 0.5 |01, 10, 00000⟩

The oracle Of takes the quantum state |ψθ, ψω, ψI⟩ as input and works as follows:

Of |ψθ, ψω, ψI⟩ =
√
0.5 · 0.5 |00, 01, 01000⟩+

+
√
0.5 · 0.5 |00, 10, 00100⟩+

+
√
0.5 · 0.5 |01, 01, 00100⟩+

+
√
0.5 · 0.5 |01, 10, 00010⟩

Next, a series of appropriate quantum projection operations compute the following

values:
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PcNM
= 0

PcNS
= 0.25

PcZ = 0.5

PcPS
= 0.25

PcPM
= 0

Finally, QFIE’s inference operator and the CoG defuzzification use PcNM
, PcNS

,

PcZ , PcPS
and PcPM

to calculate the output value for the variable I and the corre-

sponding values of θnew and ωnew after an interval of time t = 0.05 s (the following

values are computed according to (2.93) considering g = 0):

I = 0

θnew = −0.475

ωnew = 0.5

The next step is to show QFIE at work on a quantum device by means of its

circuit representation.

According to the implementation of QFIE via quantum circuits, for the inverted

pendulum system, three quantum registers are required. Namely, QRθ = {q0θ , q1θ}

and QRω = {q0ω, q1ω} are the two registers needed to encode the input values after

the fuzzification process, while QRI = {q1I , q2I , q3I , q4I , q5I} is the register required to

encode the output probabilities that are then used from the inference operator and the

CoG defuzzification. Considering this, the input quantum registers can be initialized

and the oracle Of is implemented by means of MCX gates. Fig. 2.36 shows the

implemented circuit, where a measurement operation on each qubit of QRI is added

after the implementation of the oracle.

At this point, the aforementioned quantum circuit has to be executed for a certain

number of shots to estimate the probabilities {Pci}
my

i=1 encoded in the output register.
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QFIE Oracle

Rule1 Rule2 Rule3 . . . Rule8 Rule9

q0θ
Init

• • • . . . X • X X • X

q1θ X • X X • X X • X . . . X • X X • X

q0ω
Init

• X • X X • X . . . X • X X • X

q1ω X • X X • X • . . . • X • X

q1I = |0⟩ . . . 




q2I = |0⟩ . . . 




q3I = |0⟩ . . . 




q4I = |0⟩ . . . 




q5I = |0⟩
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Figure 2.36: Quantum circuit implementing QFIE for controlling the inverted pen-
dulum system.

As an example, Fig. 2.37 reports estimated probabilities after executing11 the circuit

for NS = 8000 shots. NS is computed according to (2.92) where Nci = 5 and the

desired level of fidelity is F = 0.975 and using as input of QFIE the values in (2.93).

Figure 2.37: Estimation of probabilities used as cutting values of the linguistic terms
related to the output variable I.

11In our experimentation the quantum circuit implementing QFIE have been simulated using the
IBM Qasm Simulator.
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Each bar in the histogram represents the frequency with which the related basis

state was measured. Considering the mapping among basis states and linguistic

terms shown in Table 2.16, the obtained results reflect the theoretical expectation

of the values {Pci}
my

i=1 reported in (2.93). Finally, the value of the current that has

to be applied to the pendulum is computed by means of the inference operator and

the CoG defuzzification method and the new values of θ and ω can be computed

consequently as follows:
I = −0.006

θnew = −0.475

ωnew = 0.499

Finally, to investigate the suitability of QFIE to act as a fuzzy inference engine, a

comparison with a traditional Mamdani fuzzy system has been carried out. In detail,

such a fuzzy system uses the min operator as the T-norm for aggregating fuzzy

propositions in the antecedent part of rules, the min operator as the implication

method, and the max operator for accumulating the outputs of fuzzy rules in a

final output fuzzy set to be undergone to defuzzification. In our experiments, CoG

defuzzification is used for both the classical Mamdani system and the one equipped

with QFIE.

The comparison is carried out in two different scenarios: 1) in the absence of

gravity (g = 0m
s2 ); 2) with gravity (g = 9, 8m

s2 ).

In the first experimentation, the pendulum environment was: l = 30cm, m = 28g,

τ = 112Kg
m
A

. QFIE is iterated for T = 600 time steps with t = 0.01s and the values

of θ and ω obtained at each iteration have been compared to the ones obtained in the

same condition using the traditional Mamdani fuzzy system. The starting point for

both the classical and the quantum system is: θ = −2, ω = 0. As shown by plots in

Fig. 2.38, both QFIE-based and classical Mamdani fuzzy systems reach the vertical

equilibrium of the pendulum approximately after 3s.

In the second experiment (with gravity), the pendulum environment consists of
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(a) θ(T ) (b) ω(T )

Figure 2.38: Trend of θ (in radiant (rad)) in (a) and ω (in rad
s ) in (b) under the action

of classical (blue line) and quantum fuzzy control (green line) over the time in the
case of g = 0m

s2
.

(a) θ(T ) (b) ω(T )

Figure 2.39: Trend of θ (in rad) in (a) and ω (in rad
s ) in (b) under the action of

classical (blue line) and quantum fuzzy control (green line) over the time in the case
of g = 9.8m

s2
.

the same configuration as for the case in the absence of gravity, except for the motor

torque τ which is increased by a factor ×100. Also in this case the starting point

for both the systems is: θ = −2 and ω = 0. Fig. 2.39 reports the trends of θ and ω

during the control action of T = 600 time steps, each one of t = 0.01s. Also in this

case, both FRBSs are able to keep the pendulum in its vertical position after around

3 seconds, although there are oscillations due to gravity.

In conclusion, the two case studies show that QFIE is able to suitably regulate

an inverse pendulum like a conventional Mamdani fuzzy system.

In the next section, the suitability of QFIE in controlling complex environments

will be assessed thanks to the development of control systems able to control for
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the very first-time particle trajectories in two accelerators of the CERN (European

Organization for Nuclear Research) facilities.

2.2.3.V Quantum Fuzzy Inference Engine for Particle Accelerators Con-

trol

Despite the computational advantage proven in the previous sections, until now QFIE

has been only tested by means of ideal simulations and on a control application

characterized by a simple dynamic, such as an inverse pendulum, and, as a result,

there is no concrete evidence of its operational usability.

This section fills this gap by performing two important steps: for the very first

time, QFIE will be run on an actual Quantum device from those available on IBM

Quantum and secondly, it will be shown that QFIE can be used to efficiently man-

age complex systems such as those related to particle accelerator facilities at CERN.

The suitability of QFIE for the automatic control of particle accelerators has been

demonstrated in two different experimental settings, related to two different CERN

facilities: the T4 target station at the CERN Super Proton Synchrotron (SPS) fixed

target physics beam line and the Advanced Proton Driven Plasma Wakefield Accel-

eration Experiment (AWAKE).

The first beam line involves directing a proton beam towards a target with a single

control variable, while the second beam line, related to the AWAKE experiment,

entails ten control parameters to be manipulated for electron beams. The project

primarily utilizes accurate simulations of these beam lines to develop and test the

implementation of QFIE for control purposes. The environments for these simulations

are constructed using the OpenAI GYM template [48]. Finally, by the end of this

section, it will be shown the performance of the QFIE-based FRBS when employed

to control in real time the actual AWAKE beam line.
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Target Steering Environment Control

This section aims to show the application of QFIE in controlling the 1-dimensional

beam target steering environment based on the beam optics of the TT24-T4 transfer

line at CERN [60]. This line is about 170 m long and transports protons with

a momentum of 400 GeV/c from the Super Proton Synchrotron (SPS) to some of

the fixed-target physics experiments installed in the CERN North Area. TT24 is

equipped with several dipole and quadrupole magnets to steer and focus the beam,

various beam position monitors (BPMs), and the actual target, which is placed at

the end of the line. The objective of the task is to optimize the number of particles

hitting the target by tuning the first dipole magnet in the line to maximize the

event rates in the particle detectors. The left-hand side of Fig. 2.40 shows the

relevant elements of TT24 together with horizontal beam trajectories obtained from

tracking simulations for three different settings of the main bending dipole (orange).

Depending on the dipole deflection angle, the particles hit the target (grey, hatched)

at different horizontal positions, as illustrated by the zoomed view on the right-hand

side of the figure. There are focusing (purple) and defocusing (olive) quadrupoles

along the beam line to keep the beam particles confined.

Overall, the QFIE-based controller implemented aims to deflect the beam via the

magnetic dipole according to two input variables such as the position reading of one

of the BPMs installed in the beam line (cyan) Xbpm and the desired target position

XT . The allowed range of deflection angles Y is [-140, 140] µrad.

Two scenarios have been considered: in the first configuration (C1) XT was any

value in the range [−1.5, 1.5] mm, while in the second configuration (C2), XT was

set to zero, and therefore Xbpm was the only input variable of the system. This

simplification of the environment enables the construction of smaller quantum circuits

for QFIE that can be reliably executed on real quantum hardware. Finally, to assess
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Figure 2.40: 1-dimensional beam target steering task at the CERN TT24-T4 beam
line. Left: Horizontal beam trajectories obtained from tracking simulations are shown
for three different settings of the main deflecting dipole (orange). Right: Zoomed
view on the target (grey, hatched) region showing the horizontal position of impact
of the beam for the three settings of the main dipole [155].

how well the beam is hitting the target, the following reward function is considered:

R = −(1− I) (2.93)

where I represents the intensity of the Gaussian beam in the range XT ± 3σ, where

σ is the beam size following from a fixed emittance of 11.8 nm rad. The beam is

hitting the perfect target position when R = 0.

The fuzzy partitions and the rule base used by QFIE in controlling C1 and C2

are reported in Fig. 2.41 and Fig. 2.42, respectively. For C1, five linguistic terms

were considered for each variable: Negative (N), Medium Negative (MN), Zero (Z),

Medium Positive (MP), and Positive (P). As a consequence, the number of fuzzy

rules having as antecedent an and connection of two linguistic terms related to the

different input variables is 25. For C2, three linguistic terms were considered for

the input and the output variable: Negative (N), Zero (Z), and Positive (P). This

leads to a set of 3 fuzzy rules. The limited number of fuzzy rules in C2 enables the

execution of QFIE also on real NISQ devices, while their high level of noise forces

the control of C1 via noiseless simulations of QFIE.
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Figure 2.41: Membership functions for C1 (a) and C2 (b).

For C1 evaluation 20 different episodes with different initial beam positions were

considered, while the target XT was randomly selected in the range [−1.5, 1.5] mm.

Both Xbpm and Y have been normalized in the simulations in the range [-1, 1]. For

the sake of space, the reported results refer just to a particular target position, but

the performances are very similar for all the different target positions tested. For

C2 evaluation, due to the limitation in time for the availability of IBM quantum

devices, just 10 different initial beam positions were considered. In particular, these

experiments have been carried out on the IBMQ Montreal device. In each episode

and for both C1 and C2, the controller deflects the beam until a threshold reward

value of -0.1 is reached. The results obtained for both C1 and C2 are reported in Fig.

2.43. In detail, the upper plots represent the number of controller actions (steps)

required to achieve the reward threshold. The second plot reports the value of the

reward function R at the beginning of the episode (red line) and at the end of it
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Figure 2.42: Rule set for C1 (a) and C2 (b). The conjunction of the elements of
the first row and column represents the antecedent part of a fuzzy rule having as
consequent the corresponding matrix element. For instance, the first rule in C1
corresponds to the sentence If Xbpm is Negative and XT is Negative then the correction
angle is Zero.

(green line). The two boxes on the bottom of the figure, represent the dipole angle

in mrad (Y ) and the beam position at the BPM in mm respectively. The dashed

lines represent the ideal output of the system, while the red and green lines show

the initial and final values, respectively. For configuration C2, the ideal output for

both these plots is 0, where the target was set. It can be seen that QFIE is able to

control the environment in all the episodes and for both configurations. The absence

of noise during the simulation for C1 enables the control of the beam with two steps

at worst. On the other hand, the noise in computing the QFIE action that occurs in

C2 and the lower granularity of the input fuzzy partition, make more steps required

for achieving the optimal solution. Overall, these results prove the suitability of

QFIE in controlling this kind of environment, both by means of simulations of the

quantum circuits and by means of execution on real quantum hardware.

Electron Beam Line Control

This section reports the experiments carried out by using QFIE to control the

AWAKE beam line. The Advanced Wakefield Experiment (AWAKE) at CERN uses

high-intensity 400 GeV proton bunches from the Super Proton Synchrotron (SPS)
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Figure 2.43: Experimental results for the target steering environment control by
computing QFIE quantum circuits via noiseless simulations C1 (a) and via execution
on IBMQ Montreal quantum processor C2 (b).

as a plasma wakefield driver. Electron bunches are simultaneously steered into the

plasma cell to be accelerated by the proton-induced wakefields. Electron energies up

to 2 GeV have been demonstrated over a plasma cell of 10 m length corresponding to

an electric field gradient of 200 MV/m [20]. The ultimate goal for AWAKE is to reach

a field gradient of 1 GV/m. These numbers are to be compared to conventional ac-

celerating structures using radio-frequency (rf) cavities in the X-band regime, which

are currently limited to accelerating field gradients of about 150 MV/m [22]. The

AWAKE electron source and beam line are particularly interesting for algorithm

preparation and testing due to the high repetition rate and insignificant damage po-

tential in case of losing the beam at accelerator components. The AWAKE electrons

are generated in a 5 MV photocathode rf gun, accelerated to 18 MeV, and then

transported through a beam line of 12 m to the AWAKE plasma cell. The trajec-

tory is controlled with 10 horizontal and 10 vertical steering dipoles according to the

measurements of 10 BPMs (per plane), see Fig. 2.44. The BPM electronic read-out
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Figure 2.44: Representation of the CERN AWAKE beam line with 10 trajectory
correctors and 10 beam position readings per plane along the line.

is at 10 Hz and acquisition through the CERN middleware is at 1 Hz.

The goal was to develop a QFIE-based controller able to correct the horizontal

trajectory with similar accuracy as the response matrix-based singular value decom-

position (SVD) algorithm that has been traditionally used [55].

The input state of the controller is formalized as a 10-dimensional vector of hori-

zontal beam position measured with respect to the reference trajectory. Accordingly,

the controller action is a 10-dimensional vector of corrector dipole magnet kick an-

gles within a range of ±300µrad. To evaluate the performance of the controller, a

reward function is used that consists of the negative root-mean-squared (rms) of the

measured beam trajectory with respect to the reference at all the BPMs.

Developing a single QFIE controlling simultaneously all the corrector dipole mag-

nets along the AWAKE trajectory would reflect in a quantum circuit too big for being

classically simulated or executed on a current NISQ device. Therefore to solve the

control problem an approach based on the D-NISQ reference model proposed in [5]

has been exploited: the original 10-dimensional problem was divided into ten 1-

dimensional control problems, where each corrector dipole magnet Ki with i ∈ [1, 10]
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is controlled by a QFIE, QFIEi with i ∈ [1, 10]. Each QFIEi ∀i ∈ [2, 10] acts

considering two input variables xi and dki, where the former refers to the distance

from the ideal position of the beam registered by the corresponding BPMi, while the

latter refers to the sum of the deviation carried out by the magnets that are placed

previously to the i-th magnet on the AWAKE beam line. Formally, denoting with ŷi

the corrector dipole magnet kick angles computed by QFIEi, the dkm input variable

for QFIEm is defined as follows:

dkm =
m−1∑
i=1

ŷi. (2.94)

The action of QFIE1 depends just on the position of the particle beam at the first

beam position monitor along the trajectory. In detail, dki is defined in an interval

[-2,2] ∀i ∈ [2, 10]; xi is defined in an interval [-1,1] ∀i ∈ [1, 10]; the output corrector

dipole magnet kick angles yi are defined in the normalized interval [-1,1] ∀i ∈ [1, 10] .

Fig. 2.45 summarizes graphically how the whole FRBS has been distributed

according to the D-NISQ architecture. However, due to the quantum noise affecting

current quantum processors, the quantum circuits implementing the different QFIEi

∀i ∈ [1, 10] were ideally simulated.

The fuzzy partitions used for the variables of each QFIEi are the same. In

particular, Fig. 2.46 shows them for QFIE10. Moreover, Fig. 2.47 shows the fuzzy

rule base for QFIEi ∀i ∈ [1, 10].

To minimize the number of interactions of the whole controller with the envi-

ronment a bias factor b has been multiplied by the ten QFIEs output. Formally,

denoting with ŷi the output computed by QFIEi, the final corrector dipole magnet
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Figure 2.45: D-NISQ computation of the quantum FRBS for the AWAKE beam line.

kick angle yi used to modify the environment state is obtained as follows:

yi =


ŷi · b if ŷi · b ∈ [−1, 1]

1 if ŷi · b > 1

−1 if ŷi · b < −1

(2.95)

In our experiments, b has been set to 10.

Fig. 2.48 reports the experimental results obtained by simulating the AWAKE
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Figure 2.46: Fuzzy Partitions for QFIE10 Input variables x10, dk10 and the Output
variable Y10.

Figure 2.47: Rule set for QFIEi ∀i ∈ [2, 10] (Left) and QFIE1 (Right). The con-
junction of the elements of the first row and column represents the antecedent part
of a fuzzy rule having as consequent the corresponding matrix element. For instance,
the first rule in QFIEi corresponds to the sentence If dki is Very Negative and xi is
Very Negative then the correction angle is Very Positive.

environment controlled by QFIEs. The simulations stop when the reward objective

reaches an rms value of 2 mm. As shown by the plots, considering 50 different

episodes, where the initial condition of the beam is far away from the threshold rms

value, the quantum fuzzy control system is able to align the particle beam to the

ideal trajectory in 100% of the episodes. Moreover, in all the episodes the desired

trajectory is obtained at the worst by means of two interactions of the controllers with

the environment, proving the sample efficiency of the proposed quantum controller

also in this case study.

The QFIE-based FRBS was also evaluated on the real AWAKE environment

to test sim-to-real transfer. The same configuration of QFIE considered for the

simulated environment has been exploited. In detail, the distributed approach used

to compute the 10-D action enables a fast simulation time of the circuits, which

made it possible to test the proposed approach in real time on the actual AWAKE
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Figure 2.48: Experimental results on the simulated AWAKE environment.

facility. Fig. 2.49 shows the histograms reporting the obtained results: QFIE has

been tested by considering four different levels of reward objective threshold value,

-2 mm (Fig. 2.49 (a)), -1.6 mm (Fig. 2.49 (b)), -1.2 mm (Fig. 2.49 (c)) and

-0.8 mm (Fig. 2.49 (d)). A lower absolute reward value reflects in more precise

control of the particle beam. For each threshold value, 20 independent episodes

were collected. Histograms in Fig. 2.49 report respectively the distribution of the

number of interactions environment-control required to reach the desired rms value,

the distribution of the 20 initial state reward values, and the distribution of the 20

final state reward values. As highlighted by the plots, the QFIE-based controller is

able to solve the control problem also in the real AWAKE environment. Indeed the

objective reward value is reached in 100% of the episodes considered. The number

of steps required to achieve such an impressive result is in line with the simulated

environment, except for an outlier in the scenario with an rms threshold equal to 0.8

mm.

164



QUANTUM-ENHANCED COMPUTATIONAL INTELLIGENCE

Figure 2.49: Online experiments on the real AWAKE beam line. Each plot refers to
a different value of rms threshold.
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To summarize, these sections have shown how a QFIE-based FRBS is able to con-

trol real-world environments, such as those related to particle physics accelerators at

CERN facilities. The main result obtained from this research is twofold: on the one

hand, it has been shown that QFIE is able to control these complex environments

both by means of simulations and real executions of quantum circuits implementing

the algorithm on a quantum computer; on the other hand, it has been proved that

quantum FRBSs could be a valid tool for the real-time control of particle accelerators

for the physics experiments at CERN, as shown by the test carried out on the real

AWAKE beam line. In detail, the research was carried out on two successive scenar-

ios, two existing CERN beam lines representing control problems of different degrees

of complexity. In the first scenario, the QFIE controller implemented aims to deflect

the beam via the magnetic dipole in an environment based on the TT24-T4 transfer

line at CERN: in this simpler context, the whole algorithm was executed on a real

IBM Quantum computer, proving the feasibility of QFIE in controlling this kind of

environment on real quantum devices. The second scenario consists of the AWAKE

use case, where the 10-dimensional environment is much more complex and current

NISQ devices are not ready to handle the resulting QFIE circuits. However, in this

case, the simulated quantum circuits were tested on real data as an online controller

of the beam line. This result proves for the very first time the capability of a FRBS

to control a real particle accelerator.
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2.2.3.VI A Comparison of Quantum Computer Architectures in Running

Fuzzy Inference Engines

In the previous section, the first run of a QFIE on a real quantum computer has been

presented. In detail, it covered the application of a quantum-based FRBS to control

an environment based on the TT24-T4 transfer line at CERN. The quantum circuits

implementing the QFIE algorithm were executed on a superconductive quantum de-

vice from the IBM Quantum facilities. However, as pointed out in Section 1.1.1.II

different technologies are currently under study to implement the current and the

future generation of quantum computers. This section aims to analyze which tech-

nology fits better to be used as a backend for running the QFIE algorithm. Among

the technologies introduced in Section 1.1.1.II superconductors and trapped ions are

the ones that currently appear to be the most advanced and ’mature’ and there-

fore the theoretical/experimental comparison carried out in this section is limited to

them. The superconductive and the ion-trap-based quantum devices were compared

in several works [42, 113, 89], that from a theoretical and experimental point of view

highlight both the pros and cons of each. From these works, it is possible to point out

the differences between these hardware technologies, highlighting which can mainly

affect the performance of QFIE.

• Physics of the Systems: Ion trap quantum computers store qubits in the

internal states of individual electrically charged atoms (ions). The ions are

laser-cooled and confined with electric fields from nearby electrodes, forming a

1D crystal in free space and in a vacuum environment [182]. Quantum gates

are implemented by poking the ions with focused laser beams that affect a

qubit state-dependent force that modulates the Coulomb interaction between

the ions and effectively wires together any pair of qubits. On the other hand,

superconducting quantum computer systems store qubits in Josephson junc-

tions typically arrayed on a 2D lattice and cooled to very low temperatures
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(a)
(b)

Figure 2.50: Copuling Map of the quantum computers used in the experiments.
Nodes represent qubits, edges represent the available two-qubit gates between qubits.
(a) ibmq mumbai (27 qubits); (b) ionq harmony (11 qubits).

[98]. Here, quantum gates are executed by running electrical currents through

the device in a way that either changes the state of a single qubit or exploits

the nonlinear interaction between adjoining qubits.

• Qubits Connectivity: Both ion-trap and superconducting quantum comput-

ers have their own topology and layout. As shown in sec. 3.1.0.II, this is

expressed by means of a graph that indicates the connections between qubits.

If two qubits are connected, then a two-qubit quantum gate can be executed

between them. Otherwise, SWAP gates have to be inserted in the original quan-

tum circuit to preserve the logical structure of the process. These operations

strongly increase the depth of the original quantum circuit degrading its per-

formance. Superconducting systems generally have fewer connections because

of the two-dimensional wiring between nearest-neighbor Josephson junctions.

On the other hand, ion-trap quantum computers can be fully connected with

direct gates available between any pair of qubits (see Fig. 2.50).

• Native Gates: Another important difference between ion-trap and supercon-

ducting quantum devices is surely the basis gates set that can be physically

executed on the machine. Considering the two devices used to perform our

tests, namely ibmq mumbai and ionq harmony, it can be seen that for the for-

mer the basis gate set is composed of [CX, ID,RZ, SX,X ], while for the latter

the set of native gates is [GPI,GPI2,MS]. Focusing our attention on multi-
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qubit gates, which are the gates with the highest error rate, both the universal

set of gates have one entangling gate: for superconducting devices this is the

controlled not (CX) gate [130], for ion trap devices it is the MølmerSørensen

gate (MS) [123]. The MS gate is native to ion-trap systems and it has an impor-

tant difference with respect to the CX gate used by superconducting systems:

MS can potentially be applied to multiple ions to entangle multiple qubits si-

multaneously, while CX acts just between two qubits. However, the current

implementation of IonQ Hardware enables the execution of MS just between

two qubits. In this case, the MS gate is equivalent to an XX(θ) interaction.

• Coherence and Clock Speed: A factor to take into account when com-

paring quantum devices is the coherence time of qubits and the time required

to execute quantum gates. It is important to highlight that such a compari-

son is strictly related to the current status of the technology development and

could be completely overturned in the future. Today, while a superconduct-

ing computer has gate times in the nanosecond range, ion traps reach "only"

microseconds. The faster gate times are, the higher the number of circuits

that can be executed according to the algorithm and, as of today, it seems to

favor the superconducting quantum computer. In contrast, ion trap comput-

ers can shine with coherence times, which express the stability of a quantum

state and it is of the order of about a few seconds. Superconducting quantum

computers currently have a coherence time of microseconds. This comparison

can be interpreted as an indication that ion trap-based architectures can better

tolerate more complex algorithms, i.e. longer circuits, at the current stage of

construction.

• Scalability: A crucial point in the development of future quantum proces-

sors is how these quantum technologies can scale to large systems. One of

the biggest challenges is the management of the control complexity in larger
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systems and potential cross-talk from overlapping qubit interactions or control

buses. In most superconducting designs, there are many current-carrying wires

necessary for controlling and biasing the individual qubits, and this may be dif-

ficult to route through a large superconducting chip [133]. It will likely become

a great challenge to manage the dilution refrigerator heat budget with such

circuitry. Alternative modular superconducting architectures improve connec-

tivity by integrating qubits with microwave cavity modes, at the expense of

significant added volume per qubit [47]. Ion trap designs will hinge upon the

stable and accurate delivery of laser beams (or near-field microwave sources)

to address each qubit individually in a vacuum chamber. The fully connected

structure of the ion trap architecture may not scale to arbitrarily large numbers

of qubits, owing to the spectral overlap of collective normal modes of motion.

However, full connectivity between 20-100 trapped ion qubits seems possible

[64] and a modular approach for scaling to much larger systems with high

connectivity and distance-independent operations seems promising [124].

From the above analysis, two advantages of using an ion-trap backend for QFIE

can be highlighted. Firstly, the oracle used in QFIE uses MCXs for its implementation

on a digital device. Considering this, the ideal backend should have high connectivity

between the inputs and the output quantum registers used by QFIE. Therefore, the

one-to-all connectivity of ion-trap devices can result in shorter QFIE quantum circuits

than the equivalent circuits mapped on superconducting devices. Secondly, MS gates

executed on ion-trap could involve simultaneously more qubits, and therefore the

decomposition of MCX gates in a set of single and two-qubit gates could be avoided,

decreasing the depth of the quantum circuit for QFIE dramatically. However, at the

time of writing such an implementation of MS gate is not available and the two-qubit

gates decomposition also remains on ion-trap devices.

To experimentally analyze the differences in running the QFIE on ion-trap and
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superconducting devices, the control problem related to a one-dimensional beam

target steering environment based on the beam optics of the TT24-T4 transfer line

at CERN has been used as a testbed. The details of the environment have already

been discussed in sec. 2.2.3.V. In particular, in the following experiments, the C2

configuration of the FRBS was exploited (see the fuzzy partitions in Fig. 2.41 (b)

and the fuzzy rules in Fig. 2.42 (b)). To perform the comparison of the different

backends, 16 independent random initial positions of the beam were considered. For

each episode, the QFIE-based controller was run on three different backends: an ideal

quantum circuit simulator (qasm simulator), the ion-trap ionq harmony device, and

the superconducting ibmq mumbai processor. In each episode, each controller rotates

the beam until a threshold reward value (2.93) of -0.1 is reached. The number of

rotations carried out by each controller in a given episode will be denoted as a number

of steps. If in 10 steps the threshold isn’t reached, then the episode automatically

ends.

Figure 2.51 shows the experimental results obtained simulating the TT24-T4 en-

vironment controlled by the QFIE executed on the different backends for all the

episodes tested. All the backends used to compute QFIE are useful to have a con-

troller able to achieve the desired reward value. However, a clear behavior arises

from these plots: in noiseless simulation, QFIE is able to control the particle beam

efficiently using a maximum of one step for pointing the beam to the target position.

This trend is also confirmed for QFIE computed on ionq harmony for 75% of the

tested episodes while in the remaining 25% of the cases, QFIE takes a maximum of

two steps to reach an acceptable reward value. In contrast, QFIE computed on ibmq

mumbai takes one step to reach the threshold in only 37.5% of the tested cases, and

in the remaining, it sometimes takes more than two steps (as for episodes 10 and 15

- this trend confirms the results presented in Fig. 2.43 (b). The main reason behind

the less accurate computation per step of QFIE on the ibmq mumbai device is related

to the transpiling process: the original quantum circuit implementing QFIE (see Fig.
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2.52) is transpiled differently on the two backends and the one-to-all connectivity of

ionq harmony results in a shallower quantum circuit than the equivalent circuit run

on the IBMQ device. In the former case, the final quantum circuit depth is 89, while

in the latter case, it is 111. Moreover, the quantum circuit executed on the ionq

harmony has a total of 19 XX entangling gates, while the circuit executed on ibmq

mumbai has a total of 47 CX gates, many of which are related to the decomposition

of SWAP gates required to respect the processor topology. Considering the high level

of noise of these two-qubit gates, the difference between the two algorithms can be

related to that.

Figure 2.51: Number of Steps and Reward function for each episode tested.

Figure 2.52: QFIE quantum circuit.

To conclude, this study has presented the first comparative study to evaluate the
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performance of superconducting and trap-ion quantum computers in running fuzzy

inference engines, paving the way for a practical application of fuzzy systems in the

quantum world. Results showed that, at this pioneering stage in the development of

quantum technologies, quantum ion trap computers proved to be more adequate for

doing fuzzy computation by limiting the noise levels typical of quantum computation.
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2.2.3.VII Distributing Fuzzy Inference Engines on Quantum Computers

In the previous sections, it has been shown that the QFIE algorithm can be run

on actual quantum computers. However, independently from the technology, these

NISQ devices are characterized by a limited number of qubits and are unable to im-

plement error correction codes to efficiently minimize the negative impact of quantum

noise on computation. As a result, there is a strong need to think of technological

tricks through which to use NISQ devices to run QFIE by minimizing the effects of

quantum noise and making this innovative and efficient inference engine usable in

real application environments where the number of variables and the number of rules

is higher than the examples shown above. The research described hereafter bridges

this gap by introducing a distributed version of QFIE (D-QFIE) based on the Dis-

tributed Noisy Intermediate-Scale Quantum (D-NISQ) approach, a reference model

for distributed quantum computation [5]. This model consists of a hybrid and hierar-

chical architecture in which classical and quantum processors interact to decompose

a problem into a collection of sub-problems, solve each sub-problem using an appro-

priate quantum algorithm, and fuse the output quantum information to compute the

final solution to the problem posed. From this point of view, D-NISQ enables the

implementation of a distributed version of QFIE by decomposing the fuzzy rule base

into sets of rules characterized by the same output, where each subset of rules is eval-

uated on a different quantum processor; then the results from the different quantum

processors are aggregated and appropriately defuzzified by a classical processor. This

computational distribution approach simplifies and reduces the size of the quantum

circuits involved in the execution of the fuzzy inference engine. In particular, these

circuits are characterized by a low depth and a small number of multi-qubit quan-

tum gates, which are the ones that generate the most noise in the computation. The

proposed quantum/fuzzy framework was tested also experimentally and a significant

improvement in the accuracy of the calculations performed could be appreciated.
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Figure 2.53: Reference model of D-NISQ architecture introduced in [5].

In order to understand how QFIE can be distributed over more quantum pro-

cessors according to the D-NISQ architecture, it is necessary to better describe this

reference model. In detail, this architecture is structured in four layers, as shown in

Fig. 2.53:

• Decomposition Layer: Let P be a generic problem that needs to be solved by

means of a quantum algorithm QAP . Let IP be the input space corresponding

to P , e.g. a space of possible solutions to the problem. In this first layer,

the problem is decomposed in a given number n of sub-problems for which a

reduced version of QAP can be implemented on a separate quantum processor.

In particular, n sub-problem instances Pj are created and IP is divided in n
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sub-spaces IjP so that:

IP =
n−1⋃
j=0

IjP (2.96)

• Classical to Quantum Layer: In the second layer, each partition IjP of the

classical input space IP must be expressed as a set of quantum states that

can serve as inputs to a quantum algorithm QAPj
. This can be achieved by

defining n maps Φj : I
j
P → Hj, that associate each classical input in IjP with a

quantum state |ψj⟩ ∈ Hj, where Hj is the Hilbert space corresponding to the

j-th sub-problem. This encoding allows the feeding of each sub-problem to a

quantum processor, along with its corresponding input sub-space.

• Distributed Quantum Computation Layer: A set of n quantum algo-

rithms QAPj
is run on n independent quantum devices. Each algorithm returns

an output quantum state, on which a measurement operation is performed.

• Quantum Information Fusion Layer: Thanks to the measurement opera-

tion, a probability distribution can be extracted at the end of each quantum

algorithm QAj, whose most likely value encodes the classical solution to the

j-th sub-problem. In this final layer, the n classical solutions are pieced back

together by means of a fusion operator Ξ (whose action depends on the problem

at hand and the strategy adopted to express it in a distributed form), so that

the complete classical solution to the original problem P can be estimated.

Let’s now retrace the four steps of the D-NISQ architecture in the particular case

where such a model is applied to a control problem P to be addressed by means of

QFIE.

1. Decomposition Layer : The original control problem P is broken down in n =

mY subproblems, where mY is the number of linguistic terms associated with
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the output fuzzy variable Y . By doing so, each sub-problem will be associated

with one single linguistic term among the ones describing the output Y , as will

be clarified in the following. The input space IP is made up of the knowledge

base of the original problem, i.e. a database of fuzzy input/output variables

along with their respective fuzzy sets and a rule base (RS) containing a given

number of if-then statements. The first layer deals with instantiating n equal

sub-problems Pj, each one having its own input sub-space IjP . In detail, each

IjP contains:

• the same database of fuzzy variables and fuzzy sets of the original problem,

except that only one linguistic term T Y
j is allowed for Y ;

• a subset RSj of the original rule base including only the rules whose

consequent proposition contains T Y
j .

Note that such a partition of the original input space is coherent with (2.96).

In terms of Boolean oracle formulation of RSj, it can be modeled as described

in Section 2.2.3.I by considering the same antecedent set AS and a different

consequent set CjS = {1, 0}j for each sub-problem. By doing so, n Boolean

oracles fj can be considered, in such a way that if a ∈ AS is an antecedent

present for RSj then fj(a) = 1j, otherwise fj(a) = 0j.

2. Classical to Quantum Layer: In this layer the input and the output quantum

registers are initialized. For the former, the amplitude encoding procedure de-

scribed in (2.75) is carried out for each sub-problem. For the latter, considering

that |CjS | = 2 ∀j ∈ [1,mY ], then in each sub-problem Pj the output quantum

register will be composed of only 1 qubit initialized in the state |0j⟩.

3. Distributed Quantum Computation Layer: A quantum oracle Ofj is applied on

each quantum state |ψj, 0j⟩ in order to reproduce the transformation reported

in (2.85).
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4. Quantum Information Fusion Layer: The final quantum states are measured

several times to retrieve the distribution of probability encoded in each out-

put register. In detail, for each sub-problem Pj, the probability of measuring

the output qubit in the state |1j⟩ will be equivalent to a specific probability

Pcj reported in (2.86). Therefore, the set {Pcj}
mY
i=j is obtained and finally the

fusion operator Ξ can return the crisp output value by performing the impli-

cation, aggregation, and defuzzification steps as for the not-distributed QFIE

algorithm.

The quantum circuits of D-QFIE have two important advantages over the quan-

tum circuits of QFIE. Firstly, the depth of the latter is given approximately by the

sum of the depths of the different oracles used in D-QFIE, which are for this reason

much shallower and thus more resistant to quantum noise than the not-distributed

counterpart. Secondly, each quantum circuit in D-QFIE uses an output register com-

posed of just one qubit against the mY qubits used in the standard QFIE algorithm.

This last feature also has the additional side effect of reducing the number of shots

NS used to sample the probabilities {Pcj}
mY
j=1 from which the implication operation

is performed. Indeed, the number of shots required to reconstruct with some fidelity

F these probabilities is given by (2.92). Therefore, in a noisy not-distributed case

Ncj = 2mY , while for each sub-circuit of D-QFIE Ncj = 2. From the above analysis, it

is clear that as more rules and output linguistic terms are in an FRBS more D-QFIE

is profitable compared to standard QFIE.

To evaluate the suitability of D-QFIE in being executable on noisy quantum

hardware, two FRBSs equipped respectively with QFIE and D-QFIE have been im-

plemented for the control of a MISO environmental lighting system. Two input

variables are considered: the environmental light l (described by means of three lin-

guistic terms, i.e. dark, medium and light) and its changing rate r (negative small,

zero and positive small, in the following denoted by NS, Z, and PS respectively).
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The output variable is the dimmer control d of a bulb light (very small (VS), small

(S), big (B) and very big (VB))12. Overall, considering the FRBS setup, the D-QFIE

algorithm is distributed over mY = 4 quantum circuits. To perform the comparison

between the FRBS equipped with QFIE and D-QFIE three control surfaces have

been computed (see Fig. 2.54): the first one obtained by running QFIE on an ideal

quantum simulator (i.e., a simulator that reproduces the behavior of a quantum com-

puter with perfect gate implementations and protection from noise and decoherence);

the second, by running QFIE on a noisy quantum simulator (i.e., a simulator that

reproduces the imperfect behavior of a real NISQ device); the third, by computing

D-QFIE using the same noisy simulator for each of the quantum devices required by

the Distributed Quantum Computation layer. All the above quantum simulations

have been run by means of Qiskit SDK. In particular, the qasm simulator back-

end has been used for the ideal simulations, while the noisy simulations reproduce

the behavior of ibmq guadalupe, a 16-qubit IBM Quantum processor. Moreover, for

each quantum simulation, the number of repeated executions (shots) of the quantum

circuits has been set to 16000.

(a) (b) (c)

Figure 2.54: Control surfaces for the lighting control system obtained by running
QFIE and D-QFIE on different backends. Surface (a) refers to ideal simulations;
surface (b) refers to standard QFIE noisy simulations; and lastly, surface (c) refers
to D-QFIE noisy simulations.

As graphically shown in Fig. 2.54, the control surface obtained by means of noisy

simulations of quantum circuits in D-QFIE (Fig. 2.54c) looks more similar to the
12The fuzzy partitions defined for each variable and the rule base for the system can be found at:

https://qfie.readthedocs.io/en/latest/Lighting_Control.html
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Table 2.17: RMSD and HD Metrics.

Reference surface Noisy surface RMSD HD
QFIE ideal simulator QFIE 1.31 3.73
QFIE ideal simulator D-QFIE 1.01 2.44

ideal one (Fig. 2.54a), if compared to the one returned by QFIE (Fig. 2.54b), due

to the advantages of the distributed approach discussed above. Indeed, the compiled

quantum circuit computed in QFIE results in a final depth of 586 with a number of

326 two-qubit gates. On the other hand, the four quantum circuits computed in D-

QFIE related to the four different linguistic terms VS, S, B, and VB have respectively

a final depth of 66, 131, 326, 66 and a number of two-qubit gates of 38, 74, 182, 38.

To also quantitatively compare the different control surfaces two similarity metrics

were considered. Say S and S ′ are two generic surfaces to compare. The first metric

considered is the well-known root-mean-square deviation (RMSD), namely:

RMSD =

√√√√ 1

N

N∑
i=1

(ri − r′i)
2 (2.97)

where ri (r′i) denotes the three-dimensional coordinates of the i-th point of S (S ′)

and N is the total number of surface points. The second metric is the Hausdorff

distance (HD), defined as:

HD = max

{
sup
r∈S

d(r, S ′), sup
r′∈S′

d(r′, S)

}
(2.98)

where d(r, S ′) is the Euclidean distance between the surface S ′ and a given point

belonging to S (or vice versa). Both (2.97) and (2.98) tend to zero in the limiting

case of identical surfaces. Their values are reported in Table 2.17. The distributed

approach allows us to improve the control surface by 22.9% with respect to the

RMSD, and by 34.6% with respect to the HD.
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The other thing to analyze is the additional effect related to the distributed

approach of QFIE about a lower number of shots required to sample the output dis-

tribution probability with a certain level of fidelity. To experimentally analyze this

aspect, the control surfaces of the FRBSs controlling the lighting systems were com-

puted with different numbers of shots both for QFIE and D-QFIE with noiseless and

noisy simulators. Let us denote with S(Q, I,NS) and with S(Q,N,NS) the control

surfaces obtained with a FRBS equipped with QFIE computed with NS shots and

by using ideal and noisy simulations of the quantum circuit respectively. Moreover,

let S(DQ, I,NS) and S(DQ,N,NS) be the corresponding surfaces obtained by us-

ing the FRBS equipped with D-QFIE. Our goal was to analyze how these surfaces

were sensible to the parameter NS. The numbers of shots NS investigated are 16000,

8000, 4000, 1000, 500, 100, 50, 20 and 10. To assess this aspect, the following steps

were performed: first, the surfaces S(Q, I, 16000), S(Q,N, 16000), S(DQ, I, 16000),

S(DQ,N, 16000) were computed and considered as reference surfaces; then, the num-

ber of shots was gradually decreased in each configuration and it was calculated the

RMSD between the new surfaces and the reference ones. The lower this value is as

the number of shots decreases, the less sensitive the relative quantum inference en-

gine is to the variable NS. The results are shown in Fig. 2.55. It can be seen that, for

ideal simulations, there are no appreciable advantages that make D-QFIE preferable

to QFIE in terms of shot minimization. For noisy simulations, on the other hand,

D-QFIE generally leads to smaller RMSD values with respect to QFIE at a fixed

number of shots. For the FRBS implemented in our work, the difference between the

ideal and the noisy case can be explained because according to (2.92), the fidelity

with which the Pcj are esteemed is related to the number of possible outcomes in the

measurement operation Ncj . In the noiseless simulations of QFIE Ncj = mY = 4,

because only the states in CS − {c0} can be measured on the output register. On

the other hand, when noise affects the computation any quantum state in the output

register can be measured, and therefore Ncj = 2mY = 24. Contrary, for the quantum
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Figure 2.55: RMSD distance between a reference control surface (obtained with
quantum simulations where the number of shots is set to 16000) and new control
surfaces corresponding to decreasing numbers of shots. Please note that the number
of shots is equally spaced for readability reasons.

circuits in D-QFIE both for noisy and noiseless simulations Ncj = 2 because just one

qubit in each circuit is measured.

To summarize, in this section the QFIE algorithm has been distributed according

to the D-NISQ architecture, paving the way for fuzzy inference systems that can be

computed on real quantum devices. Indeed, the D-QFIE approach has two great

advantages over the not-distributed counterpart: firstly, it decreases quantum noise

that disrupts computation by reducing the depth of the quantum circuits used to

perform fuzzy inference; secondly, it reduces the number of shots to be carried out

on actual quantum devices required to sample the probability distributions encoded

in the output quantum state of each quantum circuit. These features are analyzed ex-

perimentally by using noisy and noiseless simulations of D-QFIE and QFIE employed

in an FRBS controlling a lighting system.
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2.2.3.VIII Summary

Section 2.2.3 has introduced the very first QFIE able to achieve an exponential speed-

up with respect to classical Mamdani inference engines. This is due to properly for-

mulating a fuzzy rule set as a boolean oracle and a specific amplitude encoding of

fuzzified values in quantum states. QFIE was evaluated on different benchmark prob-

lems, such as the inverse pendulum environment and the control system for particle

accelerators at CERN. In this latter scenario, QFIE has been executed both on quan-

tum simulators and real quantum machines. Remarkably, by using the simulation

of QFIE it has been possible to develop and test successfully the first QFIE-based

FRBS for the real-time control of the actual AWAKE accelerator.

However, as already pointed out, the current status of NISQ devices limits the

range of applicability for QFIE, and today it is not yet possible to use QFIE in a

context too complicated for classical FRBS. This is mainly due to the high error rate

of NISQ devices which particularly affects the quantum circuits implementing the

Boolean oracle in QFIE. Still, this research proves that not all the quantum backends

degrade QFIE performance in the same way: it has been shown that thanks to the

full connectivity of trapped-ions devices the performance achieved by QFIE is higher

than those achieved by running it on superconductive devices, where the low level of

connectivity severely complicate the structure of the original QFIE circuit. Moreover,

to begin to close the gap there is toward reliable execution of QFIE on real quantum

machines, a distributed version of QFIE has been proposed. This enables the running

of shallower quantum circuits whose output is classically aggregated so as to get the

same final global output of a non-distributed QFIE circuit. Experimentally, it was

seen that control surfaces obtained in this way also in noisy environments are much

closer to the ideal ones than those obtained by not distributing QFIE.

In the future, QFIE will be tested on more complicated environments, and in par-

ticular, more compact circuit designs of the Boolean oracle will be studied. Finally,
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the encoding procedure introduced in this thesis will also be exploited to implement

quantum TSK-FRBS.
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Chapter 3

Computational Intelligence for

Quantum Computing

As already discussed, this work aims to study two complementary paths: if in Chap-

ter 2, quantum-enhanced computational intelligence algorithms have been proposed

in the field of genetic optimization and fuzzy reasoning, this chapter aims to analyze

the other pillar of this thesis, namely the exploitation of classical CI techniques to im-

prove the current state of NISQ quantum devices. This research field can be divided

into four macro-areas: CI for the control of quantum processors, CI for quantum

compiling, CI for quantum error correction, and CI for quantum error mitigation.

The first area involves all those approaches of CI used to optimize processes very

close to the quantum hardware, e.g. pulse optimization [119, 145] or readout op-

timization [111]. The second area is related to the use of CI algorithms to adapt

quantum circuits to hardware structures of quantum processors, in such a way that

quantum algorithms can be effectively executed on a quantum backend [147, 102].

The third area is devoted to developing error correction schemes based on CI ap-

proaches [129, 134]. However, the restriction in the number of qubits available on

NISQ devices doesn’t enable the practical implementation of such approaches, which

on the other hand will be crucial for the transition to the next generation of quantum
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processors. Considering this, to maximize the reliability of computation on current

NISQ devices, techniques of error mitigation have been developed, i.e. software ap-

proaches to minimize the effect of quantum noise that affects the computation on

NISQ devices, which don’t require further hardware resources. Many of these tech-

niques are based on CI techniques [18, 8].

In this thesis, however, the focus is on the compiling problem. Section 3.1 intro-

duces an approach based on Neural Networks to map quantum circuits over physical

qubits composing a superconductive quantum processor. These results have been

recently published in [11] and [13].

3.1 Deep Neural Networks for Quantum Circuit

Mapping

Sec. 1.1 has introduced the fundamental concepts of quantum computing and its di-

vision into two computational paradigms, such as the gate-based quantum computers

and the quantum annealing paradigm. Let us now focus on the former paradigm. As

said, theoretical quantum algorithms have already been designed for such a compu-

tational approach, but physical realizations of quantum computers able to run these

algorithms have been considered a kind of utopia for a long time. Nevertheless, this

changed in recent years in which quantum computers more and more evolved from

an academic idea to an upcoming reality thanks to the effort of main majors acting

in information and communication technology in developing so-called NISQ devices,

i.e., quantum computers with 50-100 qubits may be able to perform tasks which

surpass the capabilities of todays classical digital computers [144]. In this scenario,

several companies are providing access to their quantum computers to a broad au-

dience of researchers and practitioners by means of cloud computing technologies.

However, although both advanced techniques for designing quantum algorithms and
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technologies capable of executing such algorithms are available, there are still some

technological limitations, which slow down the race to quantum supremacy and ad-

vantage. Specifically, there is a significant gap between the quantum resources re-

quired to execute quantum algorithms and the resources available in current NISQ

devices. In particular, current quantum processors based on superconductive qubits

(the most widespread technology at the moment) are characterized by a weakly in-

terconnected coupling map, which limits the interactions among different qubits. As

a consequence, a quantum algorithm needs to be adapted to a specific quantum pro-

cessor’s coupling map in order to be correctly and efficiently run. This adaptation

requires adding a set of SWAP quantum gates to the original quantum algorithm,

increasing the quantum error rate and potentially compromising calculations. By

virtue of this, there is a strong emergence for efficient techniques of circuit mapping

able to minimize the number of SWAP gates useful to run the quantum algorithm in

a correct way. This research faces this key challenge in quantum technologies by in-

troducing Neural Layout, the very first approach for quantum circuit mapping based

on machine learning, which uses deep neural networks to improve the performance of

current methods based on mathematical solvers and heuristic cost functions. Indeed,

as shown in Section 3.1.0.IV, Neural Layout is able to speed up state-of-the-art cir-

cuit mapping algorithms used by IBM Qiskit1 Transpiler 2 when it is used to perform

circuit mapping operations on 5-qubits IBM quantum processors. Moreover, the ex-

periments show that Neural Layout outperforms other well-known machine learning

techniques in carrying out quantum circuit mapping. The obtained results show that

approaches based on deep neural networks can effectively support the design of quan-

tum devices and open the way towards a completely new research area that blends

the foundations of machine learning with those of quantum computing.

The chapter is structured as described hereafter. Section 3.1.0.I presents a collec-
1In this work the version of Qiskit meta-package used is the 0.19.6
2https://qiskit.org/documentation/stubs/qiskit.compiler.transpile.html
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tion of approaches currently used to solve quantum circuit mapping, and it provides

an overview about the application of machine learning to the design of classical elec-

tronics circuits. Section3.1.0.II gives a formal definition of the mapping quantum

circuits problem. Section 3.1.0.III shows the design of Neural Layout and its capa-

bilities in efficiently performing quantum circuit mapping. In Section 3.1.0.IV the

performance of Neural Layout is assessed and compared to the performance obtained

by other machine learning techniques, and to the performance yielded by state-of-

the-art circuit mapping algorithms used in IBM Qiskit. Section 3.1.0.V provides

some insights about future research directions mainly aimed at improving the perfor-

mance of the proposed approach when applied to perform quantum circuit mapping

on larger processors previously introduced.

3.1.0.I Related Works

Limiting the error during the current quantum computation is one of the biggest

challenges researchers are facing. Efficiently mapping a quantum circuit to a pro-

cessor is a fundamental step in this direction. Previous approaches to this problem

can be classified into two classes. One is to formulate the circuit mapping prob-

lem into an equivalent mathematical problem and then apply well-known solvers

[118, 51, 156, 157, 181, 115, 173, 172, 43, 132, 41]. However, these methods lack

scalability as the number of qubits in the circuits increases, suffering from a very

long run time. Thus, even though optimal solutions computed by these approaches

are theoretically useful, they are impractical to be actually used in real scenarios.

For this reason, some research proposes a second set of approaches, which are based

on heuristic search for sub-optimal solutions [24, 153, 112, 180, 160, 99, 100, 40, 135].

However, most of the above methods were developed for ideal 1D/2D lattice models

and they are not usable with superconductive NISQ devices, which are character-

ized by more complicated coupling maps. In this scenario, a quantum compiler used

in IBM quantum computers, named IBM Transpiler, uses two different, not trivial,
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heuristic approaches to addressing circuit mapping3: Dense Layout4 and NoiseAdap-

tiveLayout [127]. DenseLayout, carries out a breadth-first search starting from each

qubit belonging to the processor, so as to compute a collection of connected subsets

of qubits. Successively, this approach selects the subset characterized by the high-

est connectivity and low noise. Finally, the selected subset is given in input to the

reverse Cuthill Mckee algorithm to order the qubits in the selected set in ascending

order of degree of connectivity. NoiseAdaptiveLayout leverages a qubit mapping tech-

nique that uses the calibration information from the backend devices and evaluates

several optimal and heuristic mappings. To the best of our knowledge, there are no

previous works about the possibility to use artificial intelligence (AI) and machine

learning (ML) to address the quantum circuit mapping problem as proposed in this

manuscript.

Although quantum technologies are very recent and machine learning has never

been used to support the development of these technologies, there is a strong scien-

tific production where machine learning has been widely used in supporting design,

simulation and optimization of classical circuits, as reported in [152]. Some exam-

ples of the recent and significant application of machine learning techniques applied

to circuit design are shown hereafter. The research presented in [175] proposes a

two-layer evolutionary scheme based on genetic programming (GP) and neural net-

work (NN), which uses a divide-and-conquer approach to design analog circuits by

especially focusing on how to select component values and topology sizes for a given

circuit topology. Several researchers, instead, focus their attention on developing

electronic design automation (EDA) techniques using machine learning [106, 146].

Furthermore, NNs have been used in applications ranging from circuits optimization

[52], replacing empirical modeling solutions or numerical modeling methods limited

by their computationally expansive behavior, to resource optimization for circuit
3At the time of this research the transpiler did not yet provide the possibility of using SABRE

qubit placement algorithm presented in [107]
4DenseLayout
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simulation [50] or to circuit partitioning, as shown in [184], where a neural network

model was proposed for circuit bipartitioning. In particular, in this research, the

massive parallelism of a NN has been successfully exploited to reduce the exter-

nal wiring between the partitions and to balance the partitions of the circuit. In

[28, 26, 163, 49, 27] NNs were also applied to develop a fault-diagnostic system for

analog electronic circuits.

NNs are not the only machine learning algorithms applied to analog and digital circuit

design and optimization. The research in [137] offers a review of different methods

of Machine Learning such as K-nearest neighbor (KNN) Logistic regression (LR) or

Support vector machines(SVM) and their usage in analog circuits. In particular, in

[110] SVM and LR are compared to NN for the task of automated performance-driven

placement of analog integrated circuits.

All the above studies prove that machine learning algorithms are particularly

suitable to address issues in the design, simulation, and optimization of classical

circuits by providing several benefits both in terms of the accuracy of solutions and

computational time. These studies were the inspiration for using machine learning to

support the design of quantum technologies by efficiently carrying out a critical task

such as quantum circuit mapping, so as to prove that the aforementioned benefits

can be used to address the limits previously highlighted by current circuit mapping

approaches.

3.1.0.II Circuit Mapping on Quantum Processors

Currently, quantum computing is becoming a popular paradigm in computation

thanks to the cloud-based availability of so-called Noisy Intermediate-Scale Quan-

tum (NISQ) devices, i.e., quantum processors equipped with a low number (typically

50-100) of qubits not fully tolerant to quantum noise, which enable researchers and

practitioners in developing quantum algorithms [144]. Besides the issues related to

their size and noise, another critical problem that characterizes this kind of technol-
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Figure 3.1: IBM Q Burlington coupling map

ogy is the low connectivity of their coupling map, for which each qubit is connected

to a limited number of other qubits. As a consequence, two-qubit gates, such as a

CNOT, cannot be placed in a circuit if the target and control qubits are not physically

connected in the processor coupling map.

As an example, Fig. 3.1 shows the coupling map of an IBM Q processor named

Burlington composed of n = 5 qubits. The IBM Q Burlington coupling map defines a

set {(0, 1), (1, 0), (1, 2), (2, 1), (1, 3), (3, 1), (3, 4), (4, 3)} containing the pairs of qubits

that can be used as target and control in a CNOT gate; thus, on this processor, only 8

out of 20 (n2−n) pairs can be used to position a CNOT in a circuit, severely limiting

the possibilities offered by quantum devices. However, current quantum devices use

so-called quantum compilers that are able to solve the above issue. These compilers

use a sequence of SWAP operations (see Tab. 1.1) between adjacent qubits so as to

enable the computation of a CNOT gate between two non-adjacent qubits. However,

this approach could very negatively affect the execution of a quantum circuit for two

fundamental reasons:

• It increases the circuit depth and, consequently, increases the probability of a

decoherence error, with the consequent loss of the information that the circuit

carries.

• Each CNOT gate has a typical error rate order 10−2. Thus, the execution of a

single SWAP operation involves the execution of three gates with a high error
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rate, negatively affecting the computation of the whole circuit.

As a consequence, there is a strong emergence for quantum compilers able to

identify an optimal initial mapping among circuit qubits and physical qubits, so

as to minimize the number of SWAP operations required to execute the compiled

circuit. This optimization problem is known as circuit mapping and it is formalized

as described hereafter. Let Cn = {ci}i∈N be the set of all quantum circuits that can

be designed with n qubits belonging to the set Qc = {qc0, qc1, . . . , qcn}, and let P be a

NISQ processor composed of m ≥ n qubits belonging to the set Qp = {q0, q1, . . . , qm}

and characterized by a coupling map Mp = {(qi, qj) | qi, qj ∈ Qp and i ̸= j}, then

a collection of initial quantum circuit mappings consists in a set of functions FM =

{fk : Cn → ℘(QC × QP )}k∈N where each fk relates the qubits of each circuit in

Cn to the qubits of the processor P ; the solution of the circuit mapping problem

is a function f ∗ ∈ FM able to minimize the number of SWAP operations to add to

original circuits and enable its efficient execution on the processor P . In Fig.5 3.2

there is a graphical representation of a circuit mapping function f̄ ∈ FM , which maps

a circuit c̄ ∈ C designed with n = 5 qubits on a processor P composed of m = 20

qubits and a coupling map MP shown on the right side of the Figure. In particular

f̄(c̄) = {(qC0 , q1), (qC1 , q0), (qC2 , q5), (qC3 , q6), (qC4 , q7)}.

The circuit mapping problem has been proved to be NP-complete in [45] and, as a

consequence, the computation of its exact solution could be not suitable to deal with

the future generation of quantum processors characterized by thousands or millions of

qubits 6. Thus, there is a strong need for approximate algorithms capable of efficiently

computing sub-optimal solutions for this problem and paving the way for the next

generation of compilers for quantum computers. In this research, this challenge has

been faced by introducing the first approach based on machine learning to efficiently

address the circuit mapping problem on real IBM Q processors.
5https://qiskit.org/documentation/apidoc/transpiler.html
6IBM Quantum Roadmap 2023
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Figure 3.2: Graphical representation of a circuit mapping function f̄ ∈ FM .

3.1.0.III Neural Layout

This section introduces Neural Layout, a machine learning-based approach aimed

at solving the above circuit mapping problem. In particular, Neural Layout acts in

three sequential steps:

1. initially, it models the quantum circuit mapping problem as a conventional

classification task;

2. successively it trains an appropriate deep neural network aimed at efficiently

addressing the classification task for circuit mapping;

3. finally, it uses a refinement step to make neural network predictions compliant

with some logical constraints that characterize quantum processors.

Modelling Quantum Circuit Mapping as a Classification Task

In general, a classification problem can be defined as the task of estimating a la-

bel y from a K-dimensional input vector x, where x ∈ X ⊆ RK and y ∈ Y =

{L1,L2, . . . ,LQ}. This task is accomplished by using a classification rule imple-

mented by a function g : X → Y able to predict the label of new patterns, where g is
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learned and adjusted by using a training set composed of N points, represented by a

set D = {(xi, yi),with i = 1, . . . , N}. In order to model the quantum circuit mapping

problem by a classification task, let us consider a quantum circuit c ∈ Ck composed

of k qubits belonging to the set QC = {qC1 , qC2 , . . . , qCk }, and a quantum processor P

composed of n qubits belonging to the set QP = {q1, q2, . . . , qn} and characterized by

a specific coupling map MP . Then, a classification task for quantum circuit mapping

is implemented by a function ϕ that uses an input vector x ∈ X ⊆ RK , containing a

set of features characterizing both the circuit c and the processor P on which running

c, to estimate an array y composed of n elements, where each element belongs to

the mapping label set Y = {−1} ∪ {1, . . . , k} ⊂ N. The function ϕ is learned and

adjusted by using a training set Dϕ = {(xi,yi),with i = 1, . . . , N}, where xi ∈ X is a

feature set and yi ∈ Yn is an array of mapping labels representing an ideal mapping

from the circuit c to the processor P . Reasoning in this way, the function ϕ will be

able to provide mapping capabilities similar to the best algorithms currently used

in quantum circuit mapping, but with lower computational complexity, as shown in

sec. 3.1.0.IV. The aforementioned input vector x is composed of a set of features

characterizing both the circuit c and the processor P . In particular, with respect to

the circuit c, the following pieces of information have been considered:

• an integer value representing the number of qubits composing the circuit;

• an integer value representing the total number of CNOT gates in the circuit c;

• a matrix of integer values where the item [i, j] contains the number of CNOT

gates between the control qubits qCi and the target qubit qCj of the circuit c.

To make the network work with any circuit width less than or equal to the

number of processor qubits, this matrix of integers is set of size n× n.

At the same time, with respect to the processor P , the following pieces of infor-

mation have been taken into account:
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• an array of real values where each value represents the error rate of a CNOT

using qi as control qubit and qj as target qubit for each (qi, qj) ∈MP ;

• an array of real values where each value represents the execution time of a

CNOT using qi as control qubit and qj as target qubit for each (qi, qj) ∈MP ;

• an array of real values where each value represents the transverse relaxation

time (T2) characterizing a qubit qi of the processor P

• an array of real values where each value represents the longitudinal relaxation

time (T1) characterizing a qubit qi of the processor P

• an array of real values where each value represents the readout error charac-

terizing a qubit qi of the processor P .

A schematic view of the features related to the quantum circuit mapping problem is

provided in Table 3.1. The output array y = [y1, y2, . . . , yk] is composed of n items

where each yi ̸= −1 represents the mapping between the qubits qCyi ∈ C and qi ∈ P ,

whereas yi = −1 means that the processor qubit qi must remain un-mapped. In

other words, the collection {y} of all arrays generated by the above function ϕ by

applying it to all circuits c ∈ Ck encodes a function f ′ : C → ℘(QC × QP ) ∈ FM ,

and our approach uses the dataset Dϕ to attempt to learn a function ϕ capable of

approximating the aforementioned function f ∗ in a proper way.

In order to provide further clarification about the representation of the circuit

mapping problem by a classification task, a practical example is proposed hereafter.

Let us to consider a quantum circuit c made up of 5 qubits QC = {qC0 , qC1 , . . . , qC4 }

and a quantum processor P composed of 5 qubits QP = {q0, q1, . . . , q4}, and let us

suppose that the above classification function ϕ computes an array y = [3, 2, 4, 0, 1]

starting from the set of features modelling the circuit c and the processor P . Then,

the array y = [3, 2, 4, 0, 1] corresponds to the following mapping between circuit and
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Table 3.1: Summary table of the features used by the proposed DNN approach
for circuit mapping. The first column contains the name of the feature; the column
contains the description of each feature; the last column represents the dimensionality
of each feature.

Quantum Circuit Features

Feature Name Feature Description Dimension

Nqubits Number of qubits in C 1

NCNOT Number of CNOTs in C 1

N i,j
CNOT Total number of CNOT gates between each pair of qubits qi and qj in C. 20

Quantum Processor Features

CNOTER CNOT error rate between each pair of qubits connected in the coupling map 8

CNOTET CNOT execution time between each pair of qubits connected in the coupling map 8

T2 Transverse relaxation time for each processor qubit 5

T1 Longitudinal relaxation time for each processor qubit 5

ERo Readout error for each processor qubit 5

processor qubits:
qC3 → q0;

qC2 → q1;

qC4 → q2;

qC0 → q3;

qC1 → q4.

(3.1)

Once the circuit mapping problem has been defined as a classification task, it

is necessary to design an appropriate algorithm based on a deep neural network to

learn the function ϕ.

Designing a Deep Neural Network for Circuit Mapping

The identification of the aforementioned function ϕ is based on the design of Neural

Layout, a deep neural network extended with a constraint satisfaction method. This

network is composed of an input layer, a collection of hidden layers, and an output

layer. The input layer has been designed by taking into account the size of the

vector x introduced in the definition of circuit mapping as a classification task and

containing the features that characterize both a quantum circuit and a quantum
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processor on which running the circuit. Let us suppose to have a circuit c composed

of k qubits, P a quantum processor composed of m qubits, Mp the coupling map

related to P , and l the cardinality of Mp, then the input layer of the proposed

network is composed of 2 + (m2 − m) + 3 · m + 4 · l nodes. The first term of this

formula is related to two features representing the number of qubits and the number

of CNOT gates belonging to the circuit c; the term (m2−m) refers to the maximum

number of CNOT gates that can be placed between each pair of qubits belonging

to a generic circuit computable by the processor P ; the term 3 · m describes the

number of features related to the qubits calibration data of the processor P , namely

the decoherence times T1, T2, and the readout error; finally the term 4 · l refers to the

error rate and execution time of the CNOT gate for each pair of qubits connected in

the coupling map Mp. The output layer of the proposed network has been designed to

model the vector y introduced in the definition of circuit mapping as a classification

task and contains the set of labels used to map the qubits related to the quantum

circuit to the qubits related to the quantum processor where the circuit will be run.

In particular, the output layer is organized in a collection of m slots, where each slot

outputs a single item of the vector y.

More properly, each slot can be considered as a complex neural structure com-

posed of different hidden layers and an output layer embodying m + 1 neurons and

equipped with a softmax activation function [131]. Formally speaking, the output

layer of the ith slot, named sloti, is an array P (yi) =
[
pi0, p

i
1, . . . , p

i
m−1, p

i
−1
]
, where pij

corresponds to a neuron representing the probability that the ith item of the array y

is equals to j, and
∑m−1

j=−1 p
i
j = 1, due to the use of the softmax activation function.

By virtue of this modeling scheme, the output vector y can be obtained by selecting

the argmax of each P (yi) value related to each sloti with i = 0, 1, . . . ,m, as shown

in (3.2).

y = [argmax(P (y0)), argmax(P (y1)), . . . , argmax(P (ym))] (3.2)
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Figure 3.3: Circuit mapping workflow via Neural Layout.

However, this approach can compute not feasible solutions for the circuit mapping

problem, because it is not certain that argmax(P (yi)) ̸= argmax(P (yj)) ∀i, j, and

i ̸= j. When that happens, it would lead to mapping the same circuit qubit qC onto

two different processor qubits qi and qj (see the mapping in (3.3) in the case study

for a practical demonstration of this issue). In order to address this feasibility issue,

our approach introduces and uses a repair operator to move the set of unfeasible

solutions generated by the above deep neural network to a feasibility area. This

repair operator, named Ξ, can be summarized as follows:

1) Let F = {P (yi)}m−1i=0 be the set of vectors computed by the different slots of

the DNN;

2) Let ȳ = [ȳ0, ȳ1, . . . , ȳm] be a feasible output vector composed of m items and

initially initialized as ȳ = [−1,−1, . . . ,−1];
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3) Let F ′ = {P ′(yi)}m−1i=0 be the set of vectors composed by the first k components

of each vector in F ;

4) Let κ = 1 be an iteration variable;

5) Let yjt be the κ-th maximum among all probability values stored in the vectors

P ′(yi), with i = 0, . . . ,m − 1, belonging to the set F ′, located in the t-th

position of the vector P ′(yj);

6) If the value t is not present in ȳ, set the value of the j-th item of the vector ȳ

to t: ȳj = t. Go to step 8);

7) If t is present in ȳ, set κ = κ+ 1 and go to the step 5);

8) Remove P ′(yj) from the collection F ′: F ′ = F ′ − P ′(yj);

9) If the number of items equal to -1 in the vector ȳ is equal to m− k go to step

10), else go to step 4) and find a new item for the vector ȳ;

10) End.

In the case study presented in the next section, a step-by-step application of the

repair operator is provided (See (3.4)).

Once obtained a feasible output vector ȳ is then possible to decode the circuit

mapping that it encodes by following the procedure shown in Section 3.1.0.III. The

number and type of hidden layers of the proposed network are identified by means

of an experimental approach, as shown in the Section 3.1.0.IV. A complete graphical

view of the proposed approach for quantum circuit mapping is summarized in Fig.

3.3.

A case study for IBM Q Burlington

This section shows the proposed circuit mapping approach at works on a real 5-

qubits processor from IBM, named IBM Q Burlington, whose coupling map is shown
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in Fig. 3.1. From this map it appears that m = 5 and l = 4 and, as a consequence, the

required input layer is composed of 53 nodes, whereas the output layer is characterized

by m = 5 slots, where the i-th slot is a neural structure composed of two hidden dense

layers characterized by a relu activation function [131] and an output layer containing

m+ 1 = 6 neurons representing the output vector P (yi) = [pi0, p
i
1, p

i
2, p

i
3, p

i
4, p

i
−1] and

characterized by a softmax activation function. The structure of the generic slot is

shown in Fig. 3.5.

The set of hidden layers for the whole network is composed of three different layers,

where the first two are dense layers, whereas the third layer is a dropout layer that

during training time, turns off in a random way some neurons from the previous layer

helping to prevent overfitting. The architecture of Neural Layout for circuit mapping

on IBM Q Burlington is graphically presented in Fig. 3.4. In the topology shown in

the figure, each block is a neural network layer and the number of neurons for each

corresponds to the number of columns of the output tensor.

Figure 3.4: DNN topology in Neural Layout for mapping quantum circuit on IBM Q
Burlington processor.

The behaviour of Neural Layout applied to the IBM Q Burlington has been
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Figure 3.5: SLOT topology.

assessed by considering a random quantum circuit shown in the Fig. 3.6. Moreover,

the mapping result computed by Neural Layout has been compared with the so-called

Trivial Mapping Algorithm provided by IBM Qiskit.

q0 : Rz(2.48)

q1 : •
q2 : ×
q3 : S

q4 : ×
Figure 3.6: A case study quantum circuit

Before applying circuit mapping algorithms it is necessary to convert the starting

circuit into an equivalent circuit containing only elementary gates used by the IBM

Q Burlington processor and belonging to the set {U1, U2, U3, CNOT, I}. This step is

named circuit unrolling. Once the circuit is unrolled, its 53 features are encoded in

a vector x which is given input to Neural Layout so as to compute the following set

of output vectors:
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Slot0 → P (y0)→ [0.15, 0.23, 0.12, 0.06,0.4, 0.04] → argmax = 4

Slot1 → P (y1)→ [0.08, 0.16,0.25, 0.13, 0.2, 0.18] → argmax = 2

Slot2 → P (y2)→ [0.05, 0.06, 0.31,0.33, 0.2, 0.05] → argmax = 3

Slot3 → P (y3)→ [0.45, 0.1, 0.03, 0.15, 0.17, 0.1] → argmax = 0

Slot4 → P (y0)→ [0.27, 0.2, 0.18, 0.06, 0.18, 0.11] → argmax = 0

(3.3)

The outputs related to the different slots of Neural Layout are aggregated together

to compute the circuit mapping output vector y = [4, 2, 3, 0, 0], which unfortunately

corresponds to a not feasible solution. However, Ξ operator used by Neural Layout

is able to solve this issue by incrementally computing the output vector ȳ as follows:

F ′ = {P ′(y0), P ′(y1), P ′(y2), P ′(y3), P ′(y4)} → y03 → ȳ = [−1,−1,−1, 0,−1]

F ′ = {P ′(y0), P ′(y1), P ′(y2), P ′(y4)} → y40 → ȳ = [4,−1,−1, 0,−1]

F ′ = {P ′(y1), P ′(y2), P ′(y4)} → y32 → ȳ = [4,−1, 3, 0,−1]

F ′ = {P ′(y1), P ′(y4)} → y21 → ȳ = [4, 2, 3, 0,−1]

F ′ = {P ′(y4)} → y14 → ȳ = [4, 2, 3, 0, 1]

(3.4)

Thus, the final vector representing the computed quantum circuit mapping is

ȳ = [4, 2, 3, 0, 1]. The quantum circuit obtained by using the circuit mapping encoded

in the vector ȳ, shown on the right side of Table 3.2, is characterized by 10 CNOT

gates and a single SWAP gate. Vice versa, a quantum circuit obtained by using

the trivial approach provided by IBM Qiskit, shown on the left side of Table 3.2, is

characterized by 16 CNOTs and 3 SWAP gates. In this way, it is possible to state that

Neural Layout generates a quantum circuit more tolerant to the effects of quantum
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noise than traditional approaches when used to run the circuit shown in Fig. 3.6.

3.1.0.IV Experimental Results

In this section, the suitability of Neural Layout in performing quantum circuit map-

ping operations is assessed by comparing its performance with those yielded by other

machine learning techniques, and other techniques used in real quantum compilers,

such as IBM Qiskit Transpiler. These comparisons were made taking into account

both quality of mappings and computational times. The experiments were conducted

by using a dataset composed of 5-qubit random circuits mapped on a specific pro-

cessor provided by the IBM Q Experience, namely IBM Q Burlington.

Dataset Creation for Quantum Circuit Mapping

The dataset used to train and test Neural Layout is composed of 42039 random

unrolled quantum circuits operating on 5 qubits and characterized by a maximum of

10 CNOT gates.

From each circuit, twenty-two features have been extracted (see Section 3.1.0.III).

Moreover, besides circuits’ features, the dataset also contains a collection of features

related to the processor where the above circuits are mapped on, namely IBM Q

Burlington, which have been collected by using calibration data provided by IBM7.

Each instance belonging to the dataset is then related to an output label encoding

the best circuit mapping computed by using well-known algorithms available in IBM

Qiskit, namely Dense Layout and Noise Adaptive Layout. In this context, the best

mapping of a circuit is the one that generates a new circuit characterized by the

smaller number of SWAP gates. The number of SWAP gates in a circuit is computed

by means of two IBM Qiskit routing algorithms, named Look ahead Swap 8 and

Stochastic Swap 9.
7https://qiskit.org/documentation/stubs/qiskit.providers.models.BackendProperties.html
8IBM Qiskit Lookahead Swap Algorithm
9IBM Qiskit Stochastic Swap Algorithm
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Table 3.2: Final quantum circuit obtained using a naive mapping strategy on the
left and the Neural Layout mapping approach on the right. The circuits must be
read from the bottom. At the beginning of each line there is the mapping used. The
integers refer to circuit qubits, while qis are processor qubits.
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Therefore, the process of labeling each circuit c randomly generated is outlined

as follows:

1. Compute two initial mappings for the circuit c by using both Dense Layout

and Noise Adaptive Layout approaches;

2. For each mapping computed at the previous step, compute the number of

SWAPs needed to run the circuit c by using both Look ahead Swap and Stochas-

tic Swap approaches;

3. Choose the mapping requiring the smaller number of SWAP gate executions.

Figure 3.7: Histograms representing the target frequencies for each processor qubit
of 42039 random quantum circuits used to train and test our model.
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However, the above random generation of quantum circuits does not ensure a

perfect balance of output classes in the dataset. Indeed, each histogram in Fig. 3.7

highlights the imbalance in output classes by showing how many times each qubit of

the circuit has been mapped to its processor qubit by means of the above approach.

Therefore, to develop an efficient predictor, two precautions have been taken. Firstly,

a weighted average of the cost function with respect to the target frequencies for each

output layer in the model was done. Secondly, appropriate dropout layers have been

added to our model to face overfitting due to data imbalance, as shown in Section

3.1.0.IV.

Analysis of Experimental Results

The experimental results section has been organized into three parts. In the first part,

a complete experimental setting of the optimal configuration of Neural Layout has

been performed so as to identify the right number of hidden layers able to maximize

the network accuracy. In the second part, the optimized Neural Layout has been

compared to other well-known classifiers such as Random Forest, Support Vector

Machine, and Logistic Regression Cross Validation, in order to validate its superiority

in solving the problem under consideration with respect to other machine learning

techniques. In the last part, the performance of the optimized Neural Layout has been

compared to the performance yielded by state-of-the-art quantum circuit mapping

algorithms provided by IBM Qiskit, both in terms of circuit mapping accuracy and

running time, so as to prove that the proposed approach is ready to be used in real

quantum compilers.

Table 3.3: Test and Training Accuracy of the four Neural Layout configurations.

Configuration Test Accuracy Training Accuracy
Configuration 1 0.7041 0.8471
Configuration 2 0.7548 0.8867
Configuration 3 0.7188 0.8295
Configuration 4 0.7645 0.8752
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Experimental setting of Neural Layout

This experimental session is aimed at identifying the best configuration of Neural

Layout. Here, four different configurations, based on the use or not of the Ξ operator

and a dropout layer have been considered:

1. Neural Layout composed of an input layer of 53 units, a dense layer of 264

units (D(264)), a dense layer of 1024 units (D(1024)), a dropout layer, and five

output slots, without Ξ operator and dropout layer in slot 4;

2. Neural Layout composed of an input layer of 53 units, a dense layer of 264

units (D(264)), a dense layer of 1024 units (D(1024)), a dropout layer, and five

output slots extended with Ξ operator;

3. Neural Layout composed of an input layer of 53 units, a dense layer of 264

units (D(264)), a dense layer of 1024 units (D(1024)), a dropout layer, and five

output slots extended with a dropout layer in Slot 4 to face overfitting due to

the imbalance of the dataset;

4. Neural Layout composed of an input layer of 53 units, a dense layer of 264

units (D(264)), a dense layer of 1024 units (D(1024)), a dropout layer, and five

output slots extended with both Ξ operator and a dropout layer in Slot 4 to

face overfitting due to the imbalance of the dataset;

Each of the above configurations has been trained and tested by using the above

dataset composed of 42039 5-qubit random quantum circuits split in training(80%) -

test(10%) - validation(10%) sets. Each configuration has been trained for 150 epochs

using Adam Optimizer with a learning rate equal to 0.0005. The experiments were

run on a classical computer equipped with an Intel i9 processor and 128 Gb of RAM.

The results obtained in terms of accuracy are shown in Table 3.3. The best accuracy

on the test set was obtained by configuration 4. It should be emphasized that by
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using the repair operator Ξ accuracy increases significantly, while the exploitation

of a dropout layer in slot 4 results in a percentage increase in test accuracy and a

simultaneous decrease in training accuracy, which can be interpreted as a reduction

of overfitting phenomenon.

Once the best configuration has been identified, further analysis is performed by

using confusion matrices to evaluate the performance of this configuration in correctly

identifying the i-th qubit of the output vector, with i ∈ {0, 1, 2, 3, 4} (see Fig. 3.8).

The accuracy obtained by the best configuration in identifying the i-th qubit of the

output vector is reported in Table 3.4. Here, the slight difference between the values

is due to the aforementioned imbalance present in the dataset.

In the next sections, the identified best model Neural Layout will be compared

with other machine learning classifiers and with other deterministic quantum circuit

mapping algorithms already used in real quantum compilers.

Table 3.4: Accuracy of individual output slots related to Neural Layout extended
with Ξ operator and a dropout layer for slot 4.

Slot 0 Slot 1 Slot 2 Slot 3 Slot 4
Test Accuracy 0.85 0.85 0.84 0.88 0.92
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Figure 3.8: Confusion matrices related to the different output slots for Neural Layout.

Comparing Neural Layout and Machine Learning Techniques for Circuit

Mapping

In this section, well-known machine learning classifiers, such as Random Forest (RF),

Support Vector Machine (SVM) and Logistic Regression (LR-CV) are compared with

Neural Layout with respect to their capabilities in solving the quantum circuit map-

ping problem modeled by a classification task. These classifiers can be easily adapted

to perform the multi-output classification that the proposed mapping approach re-

quires. In order to allow these machine learning techniques to generate feasible

solution for the problem, Ξ operator has been applied to their output. For each clas-

sifier different combinations of hyperparameters have been tried in order to identify

a suitable model to solve the quantum circuit mapping problem. All these combi-

nations are summarized in Table 3.5: Random Forest has been tested with several

numbers of estimators and two different splitting criteria for the construction of de-
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Table 3.5: Hyperparameter setting for machine learning techniques.

Classifier Hyperparameters

SVM
Kernel Function C Value

Rbf [0.01, 0.1, 1.0, 10.0, 20.0, 50.0, 100.0, 500.0]
Poly [10.0, 20.0, 50.0, 100.0, 500.0]

LR - CV CV C Value
5 [10.0, 20.0, 50.0, 100.0, 500.0]

RF
Criterion N Estimators

Gini [100, 500, 1000]
Entropy [100, 500, 1000]

cision trees, namely Gini and Entropy criterion; furthermore, SVM has been tested

with two different kernel functions; LR-CV has been tested by using several values of

the regularization parameter c. All these techniques have been trained and tested by

using the dataset prepared in Section 3.1.0.IV and, as shown in Fig. 3.9, performance

yielded by these machine learning techniques in terms of test accuracy is worse than

the best configuration of Neural Layout identified in the previous section

As already done for Neural Layout, a further verification of the performance for

these classifiers has been made by calculating the test accuracy for the individual

output slots. The obtained results are shown in Table 3.6. This table is a further

confirmation of how Neural Layout is far more suitable to perform the operation of

mapping quantum circuits than conventional machine learning models. Indeed, the

best classifier, Random Forest with Gini criterion, has an average accuracy value for

individual slots that is more than 10% lower than Neural Layout, reflecting an overall

accuracy value that is more than a 15% lower than that provided by Neural Layout.

Comparing Neural Layout and IBM Qiskit Mapping Algorithms

In the last step of the evaluation process, the performance of the optimal configura-

tion of Neural Layout have been compared with two state-of-the-art quantum circuit
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Figure 3.9: Comparing test accuracy of Neural Layout (NL) and other machine
learning techniques.

Table 3.6: Test Accuracy of output Slots for each classic classifier.

Test Accuracy
Classifier Slot 0 Slot 1 Slot 2 Slot 3 Slot 4

SVM (Rbf) 0.69 0.74 0.70 0.73 0.82
SVM (Poly) 0.67 0.72 0.67 0.72 0.80

LR 0.43 0.60 0.30 0.47 0.66
RF (Gini) 0.72 0.76 0.75 0.75 0.84

RF (Entropy) 0.71 0.76 0.75 0.75 0.83

mapping algorithms, namely Dense Layout and Noise Adaptive Layout, provided by

IBM Qiskit, both in terms of quality of the mappings and running times. For this

purpose 1000 random quantum circuits were generated and unrolled in terms of the

basic gates. The total number of CNOTs belonging to the unrolled circuits varies

between 0 and 50. These unrolled circuits have been mapped on the IBM Q Burling-

ton processor, by using two circuit mappings: the one computed by Neural Layout

and the best circuit mapping returned by the execution of the two aforementioned

algorithms provided by IBM Qiskit. For each of these two mappings, the depth of

the final circuit was calculated by using both routing algorithms made available by

Qiskit: Look ahead Swap (LAS) and Stochastic Swap (SS). The plots in Fig. 3.10
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show the results about the quality of the mappings proposed by Neural Layout, as

the routing algorithm used varies. On the x axis there is the number of CNOTs in

the unrolled circuit, on the y there is the percentage of final circuits in which the

initial mapping provided by Neural Layout returns a circuit characterized by a depth

less than or equal to that of the best Qiksit mapping. The plots in blue and red

refer to the different routing methods used to obtain the final circuits: in blue the

required SWAP insertions were computed with the LAS routing algorithm, while in

red they were computed with SS routing algorithm. In green there is the percentage

of random quantum circuits mapped by Neural Layout which have a depth less than

or equal to the one obtained by the best mapping provided by Qiskit using at least

one of the two routing algorithms. The random quantum circuits generated were

1000, with a number of CNOTs after the unrolling, less or equal to 50. Table 3.7

shows the average percentage values and relative standard deviation for the three

cases above considered. It should be also emphasized that although the network has

been trained through unrolled circuits with a maximum of 10 CNOTs, it manages

to keep its performance almost constant even as the number of CNOTs within the

circuits increases.

Figure 3.10: Percentage of final circuits mapped by DNN resulting in a depth less
than or equal to the depth resulted after the Qiskit best map.
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Table 3.7: Mean values and relative standard deviations of the percentages of 1000
random circuits mapped via DNN resulted in a final circuits less or equal deep to the
final circuits obtained mapping the random circuit via Qiskit algorithms depending
on the routing algorithm used.

Routing Algorithm Mean StDev
LAS 0.582 0.239
SS 0.578 0.195

LAS or SS 0.757 0.168

As further proof of the suitability of the proposed approach, a comparative analy-

sis of running times of Neural Layout, Dense Layout and Noise Adaptive Layout has

been performed. This comparison was made by generating random quantum circuits

of different depths and mapping these on the IBM Q Burlington processor by using

the three above algorithms. For each depth value, 10 random circuits were generated

and the mean value of the mapping time for each depth has been collected. These

values are shown in the Fig. 3.11 according to the mapping algorithm used.

Figure 3.11: Mapping time in second of each mapping algorithm as the depth of the
circuit to map varies. A point in these plots is the average mapping time value of 10
circuits mapped.

As highlighted in the figure, the computational time taken by Neural Layout

remains constant as the depth of the circuits increases. On the contrary, the times

taken by Qiskit algorithms grow linearly with the depth. This result, combined with
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a good accuracy of Neural Layout, encourages the use of this mapping approach for

larger circuits and processors. Indeed, the constant execution time means that the

mapping of quantum circuits via the Neural Layer can be a strong candidate to solve

the problem of scalability that occurs in current mapping algorithms when applied

large circuits to large processors.

3.1.0.V Summary

This chapter introduced Neural Layout, the very first approach aimed at facing the

quantum circuit mapping problem by means of machine learning techniques. In order

to achieve this goal, the circuit mapping problem has been modeled as a conventional

classification task and, successively, a deep neural network, characterized by a proper

output layer, has been integrated with a repair operator capable of moving values

computed by the neural network towards feasibility regions and allowing the proposed

approach to work correctly. The performance yielded by Neural Layout have been

compared to that obtained by other well-known machine learning techniques when

applied to the circuit mapping problem and, in all cases, Neural Layout proved to

be to most efficient one. Moreover, Neural Layout has been compared to two state-

of-the-art algorithms for quantum circuit mapping belonging to IBM Qiskit and, in

this case, Neural Layout showed similar performance in terms of mapping accuracy,

but a considerable speedup in terms of running time, making the proposed approach

appropriate to be used in real quantum computing environments, such as IBM Q

Experience.

Considering the results obtained by Neural Layout both in terms of quality and

runtime of the mappings, it can be further developed to significantly impact the

current state-of-the-art for the quantum circuit mapping algorithms. Indeed, the

proposed DNN model has to be considered as a proof that machine learning can be

used to address quantum circuit mapping problem opportunely modeled as a classifi-

cation task, but further investigations on the optimization of the proposed model will
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be conducted in future studies. These results lay the foundation to a new mapping

paradigm and despite this approach has been tested on ibmq_burlington processor,

the procedure to build and test models is completely independent from the processor

used. Therefore, practically implementation of Neural Layout for other processors

requires only the construction of proper datasets using the workflow proposed in

section 3.1.0.IV. Moreover, in [13]we released a collection of datasets for other IBM

Quantum processor. Furthermore, the described way to collect data can be inte-

grated with other deterministic mapping algorithms such as SABRE Layout[107] or

better algorithms which will be developed in future, so as to increase the quality of

the training data for classification models. The practical application of NL can be

further supported by means of online-training techniques of the prediction models,

which could be re-trained daily thanks to the calibration data provided simultane-

ously by IBM for each quantum processors.

In the future, other important studies will be conducted on the possibility to

embed NL in a recursive framework, where unsupervised machine learning techniques

will be used to partition n-qubit circuits (n >> 5) in a collection of equivalent k-

qubits circuits (k ≤ 5) to be mapped to m-qubit quantum processors (m >> 5) so

as to enable an efficient quantum circuit mapping on future generation of quantum

computers.
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Conclusion

This thesis investigated the synergy between Quantum Computing and Computa-

tional Intelligence with a dichotomic approach: on the one hand, new quantum-

enhanced computational intelligence algorithms were proposed, and, on the other

hand, classical computational intelligence algorithms have been exploited to improve

the current status of quantum computers. In detail, new quantum genetic operators

and fuzzy inference engines were developed in the first research line. In the former

field, the goal was to propose quantum genetic operators able to be run on current

NISQ devices and exploit quantum noise to enhance the exploration capability of

classical genetic algorithms. The suitability of these approaches in finding better

solutions than the classical counterparts has been confirmed almost in all the experi-

mental studies carried out. In the latter field, it has been proved that both quantum

annealers and quantum digital computers can carry out fuzzy inference. Moreover,

the QFIE algorithm proposed for quantum digital computers is able to achieve an

exponential speed-up in computing fuzzy rules over the classical FRBS. Remarkably,

all the QFIEs proposed have been tested both by means of simulations and execution

on real quantum machines, and a QFIE-based FRBS has been exploited for the very

first time to control an actual particle accelerator at CERN.

The application scenario of the above algorithms is enormous. After all, any

classical genetic algorithm and any classical fuzzy inference engine can potentially

be replaced by the quantum counterpart introduced in this thesis. For example, in

dynamic and volatile financial markets, it is crucial to use genetic algorithms capable
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of finding excellent solutions in very fast search times. The proposed quantum genetic

algorithms are therefore perfect candidates to improve this aspect. Moreover, to date

many decision-making tasks performed by AI are performed by machine learning

algorithms. However, if one thinks of sensitive decision-making contexts such as

medical or industrial, where the interpretability of the AI models used is almost

as important as efficiency, almost all the machine learning models are black boxes

where one may be wary of trusting them. At the same time, the more interpretable

classical FRBSs cannot be used because of the poor ability to handle the large number

of rules that controlling these environments would require. However, QFIE could

revolutionize these application scenarios since on the one hand it would preserve

the interpretability of classical FRBSs, and on the other hand it would exploit the

exponential computational advantage in computing the large number of fuzzy rules.

Despite these results and these potential impacts, a critical reader might doubt

the relevance of the proposed work, criticizing in particular the complexity of the

problems used as benchmarks to validate these innovative quantum algorithms that

indeed, can still be solved by classical counterparts. It should be made clear to

such a reader that the limitations of the experiments carried out in this thesis are

due solely to the current state of NISQ quantum computers: the limited number of

qubits, the high error rates, and the relatively short qubits’ coherence times don’t

enable the reliable execution of complex algorithms, which obviously cannot either be

classically simulated over a certain size (otherwise what would be the point of quan-

tum computers?). Therefore, the algorithms proposed in this thesis that are among

the first (and in the case of fuzzy systems the very first) quantum computational

intelligence algorithms will be able to replace their classical counterparts as soon as

the hardware allows. But, considering that from punched-card computers today, we

daily use smartphones or calculators that were inconceivable until a few years ago,

this step into the future is very likely according to the most popular opinion. In

this direction, Chapter 3 investigates the possibility of using classical CI algorithms
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to speed up this technological process, with a particular focus on the problem of

quantum compiling. The research reported in Chapter 3 proposes to exploit machine

learning and in particular neural networks to solve the circuit mapping problem on

quantum chips. This study, together with the other accomplishments that compa-

nies and academies around the world are achieving, will allow the results obtained

in the benchmark problems studied in this thesis to be extended into problems that

classically could not be solved.

If the reader is still critical, it should be pointed out that the world is mak-

ing a revolution toward quantum technology not only in computing. As proven

by initiatives of major world governments, such as the European Union’s Quantum

Flaghsiph (https://qt.eu) or the U.S. National Quantum Initiative (https:

//www.quantum.gov) quantum technology is set to heavily change the lives of

even ordinary citizens. Quantum sensing, metrology, and communication will pro-

duce scenarios where data and protocols will be different from the classical data and

protocols we know. As a result, the way we process information will also have to

change. To intelligently compute this new kind of information a new form of quan-

tum computational intelligence is required. This thesis tries to be a first step in that

direction.
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Code Availability Statements

Scan the QR Code for accessing the

GitHub Repository to implement Ge-

netic Algorithms equipped with QMO

and QGS.

Scan the QR code to open the QFIE

Python library. There, you can read

about the documentation and look at sev-

eral tutorials.
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