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Abstract

Fluid dynamics is characterized by several physical phenomena, lead-
ing to complex spatial and temporal structures characterized by different
spatial and temporal scales. This thesis is a comprehensive exploration of
data-driven approaches for modal analysis, stability analysis and reduced-
order modeling in fluid dynamics, aiming to enhance the understanding
of complex flow phenomena.

As regarding the modal analysis, this work delves into the extraction
of coherent flow structures using conventional techniques like Spectral
Proper Orthogonal Decomposition (SPOD) and introduces innovative ap-
proaches like Robust SPOD to deal with noisy or corrupt data and Gappy
POD for handling two-phase PIV measurements. These methods are ap-
plied to various flow configurations, including the vertical liquid jet, the
turbulent jet, the open cavity flow and the two-phase mixing layer.

A data-driven approach to estimate the global spectrum of gravitational
liquid jet is presented. The underlying linear operator has been extracted
with the Dynamic Mode Decomposition (DMD), considering random
perturbations of the base flow. This analysis has shed light on sinuous and
varicose modes, their interaction, and the influence of the main governing
parameters.

Conventional and novel Reduced-order models (ROM) are presented,
including Extended Cluster-based Network Modeling (eCNM) and func-
tional based CNM. These methods offer efficient ways to capture flow
dynamics, forecast fluid behaviours and handle undersampled data.

This thesis advances data-driven approaches in fluid dynamics, pro-
viding valuable tools for the comprehension of complex flow phenomena.
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Chapter 1
Introduction

Fluid dynamics involves quantities that vary in space and time that
are driven by several physical phenomena, leading to complex spatial and
temporal structures characterized by different spatial and temporal scales.
Recent fluid dynamics research is therefore the identification of ordered
motion within field data and the analysis of coherent structures.

These structures, often seen as organized patterns, can impact the
transport of momentum, heat, and mass in a fluid flow (Hussain [1]). In
engineering systems, they can significantly affect the operation by causing
noise and vibrations (Assi et al. [2]), affecting fluid mixing (Bobusch et al.
[3]) and perturbing chemical reactions within the flow (Poinsot et al. [4]).
As an example, the shedding of vortices from a cylinder, the von Kármán
vortex street, can induce vibrations in structures (Ausoni et al. [5]). In
aerodynamics, coherent structures can affect drag and noise (Pujals et al.
[6], Bastin et al. [7]). It is therefore crucial to understand and control
coherent structures in order to increase efficiency of technical systems
(Nair et al. [8]).

The emergence of data-driven methods in fluid dynamics can be at-
tributed to the remarkable advancements in computational power. As
computational techniques have evolved, they have paved the way for novel
approaches in data analysis (Taira et al. [9]), simulations (Hesthaven et al.
[10]), and flow control (Brunton and Noack [11]). In particular, the syn-
ergy between computational simulations and experimental measurements
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has enabled the acquisition of large-scale, high-fidelity data in the field
of modal analysis. The compression of a vast amount of flow field data
to a low-dimensional form is ever more important in studying complex
fluid flows and in developing models for understanding and modeling
their dynamical behavior. Furthermore, the application of global stability
analysis, which investigates the linear stability of both two- and three-
dimensional base flows, has recently undergone extensive review and is in
a continuous phase of expansion (Theofilis [12]). Additionally, reduced
order modelling, where the primary objective is to reduce the computa-
tional complexity of fluid dynamic models while maintaining a high level
of accuracy, can facilitate the creation of efficient surrogates for complex
systems (Noack et al. [13]).

This thesis deals with the employment and development of data-driven
approaches for modal analysis, stability analysis and reduced order mod-
elling.

1.1 Modal analysis

Modal decomposition techniques represent a powerful tool to gain
physical insights on fluid dynamics problems through the identification and
the analysis (in terms of spatio-temporal evolution) of the main coherent
structures of the flow (Taira et al. [14]).

Among the modal analysis techniques, spectral proper orthogonal de-
composition (SPOD) has gained much interest in the last years due to its
ability to extract the main spectral features of a flow field, optimally cap-
turing the two-point space–time correlations, thus providing modes that
evolve coherently in space and time (Schmidt et al. [15], Towne et al. [16]).
SPOD algorithm has been employed in a wide range of fluid dynamics
applications, mainly for the post-processing of numerical and experimen-
tal data. This technique is a valuable tool to investigate the flow topology
itself (Chiatto et al. [17], Nidhan et al. [18], He et al. [19], Chu et al.
[20], Abreu et al. [21]) and even to evaluate the flow receptivity and the
effectiveness of an applied control strategy (Chiatto et al. [22]).
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In this framework, the topology and the dynamics of the vertical liquid
jet, harmonically forced at inlet section, has been analyzed by means of the
SPOD analysis. Also the three dimensional (3D) configuration has been
studied. This part of the work has been carried out in collaboration with
prof. Francesco Grasso of the Princeton University (Princeton, USA).

Nowadays, one of the most used experimental measurement techniques
is the particle image velocimetry (PIV), which can suffer from erroneous
measurements due to inadequate illumination, optical issues, reflections
and sharp gradients in field properties (Huang et al. [23], Mendez et al.
[24]). Experimental measurements have to deal with the trade-off between
the quantity and quality of PIV data; thus, acquired flow fields often
have corrupt and even missing measurements. Standard filtering and
reconstruction techniques involve interpolation methods, that rely only
on local flow information (Westerweel and Scarano [25]), least square
methods and Kriging (Oliver and Webster [26]).

The problem of gappy measurements has traditionally been addressed
with approaches based on proper orthogonal decomposition, POD (Ever-
son and Sirovich [27], Venturi and Karniadakis [28], Gunes et al. [29]).
Recently, Nekkanti and Schmidt [30] have demonstrated the gappy SPOD
capability in reconstructing flow fields. Even machine learning techniques
such as Physics-informed neural networks, PINNs (von Saldern et al. [31]),
deep generative adversarial model, deep-GAN (Buzzicotti et al. [32]) and
autoencoders (Discetti and Liu [33]) can be efficiently employed to gen-
erate missing data in turbulence and processing PIV data. On the other
hand, the problem of the presence of outliers in data, whose location is not
known a priori, was efficiently faced using matrix completion, which sep-
arates the sparse noise from meaningful data (Candes et al. [34]) through
different algorithmic approaches such as augmented Lagrange multiplier
(ALM) and alternating directions method (ADM) (Yuan and Yang [35]
and Lin et al. [36]). These techniques have been proven helpful for ex-
perimental data post-processing and modal decompositions (Scherl et al.
[37]).

Such limitations are overcome by a novel approach here proposed, the
robust spectral proper orthogonal decomposition (robust SPOD), which
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implements the robust principal component analysis within the SPOD
technique. The new technique is firstly presented with details on its
algorithm and its effectiveness is tested on two different fluid dynamics
problems: the subsonic jet flow field numerically simulated and the flow
within an open cavity analyzed experimentally. This novel technique
has been developed in collaboration with prof. Oliver T. Schmidt of the
University of San Diego (San Diego, USA).

Furthermore, two-phase gappy PIV measurements of the two-phase
mixing layer past a splitter plate have been analyzed by means of a tailored
alghoritm inspired by the Gappy POD (Gunes et al. [29]).

1.2 Stability analysis

The global stability analysis focuses on the temporal and spatial evo-
lution of small-amplitude perturbations superimposed upon a base flow
(Huerre and Monkewitz [38]). This method offers insight into the eigen-
values spectrum of the system, which helps us identify the onset of flow
fluctuations and instabilities. Consequently, it enables us to predict the
dominant frequencies within the flow field.

The recent increase in computing power encouraged the development
of many data-driven analysis tools (Hou et al. [39], Ma et al. [40]); in
particular, the rediscovery of Koopman spectral analysis by Mezic [41]
and ROWLEY et al. [42] traced the road-map for the formulation of the
Dynamic Modes Decomposition (DMD) by Schmid [43] and Tu et al.
[44]. DMD generates the best linear fit data-driven model and provides
structures ranked according to the dynamics of the system. Its application
field is quite wide including the analysis of fluid flows configurations
(Schmid [45]), face recognition (Tirunagari et al. [46]), neuroscience
(Brunton et al. [47]) and infectious diseases (Proctor and Welkhoff [48]).

Following the approach outlined by Ranjan et al. [49] for the data-
driven stability analysis of one-phase flows, in the present work this method
is extended to two-phase flows. The global spectra of viscous gravitational
jets is estimated by applying the DMD technique on randomly perturbed
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base flow.

Vertical planar gravitational liquid jets (sheet or curtain flows) are an
interesting industrial class of flows, whose modeling has been investigated
since the middle of the last century. Typical applications are coating layer
deposition (Weinstein and Ruschak [50]) and paper production (Soderberg
[51]); the ability to control and eventually suppress undesired oscillations
(or non-uniformities) in the steady configurations is fundamental for the
final quality of an industrial process. Vertical curtain flows are also
related to the nappe configuration, i.e. the flow of waterfalls generated
by the overflow of water over long crests of dams or weirs (Binnie [52],
Girfoglio et al. [53], Lodomez et al. [54]); one of the major drawback of
these flows is related to the onset of self-sustained oscillations which can
lead to significant noise levels and structural damages.

In recent years there has been a renewed interest towards the unsteady
dynamics of the gravitational liquid sheets also promoted by the possibility
of performing direct numerical simulations of this relevant two-phase flow
field ( Schmidt and Oberleithner [55], Arote et al. [56, 57], Agbaglah [58],
Liu et al. [59],Torsey et al. [60]).

Due to gravitational effects, the flow field is not parallel and the deter-
mination of the oscillation frequencies of the liquid jet involves a global
problem essentially governed by the Weber number. The global stability
analysis has been until now theoretically carried out by using a linear
one-dimensional (1D) model (Della Pia et al. [61], Della Pia et al. [62])
and taking advantage from an energy budget approach (Della Pia et al.
[63]). A recent application of data-driven techniques to liquid jets has
been presented by Arote et al. [57], who focused on the effect of the
Reynolds number on the topology of the flow; moreover, Colanera et al.
[64] and Della Pia et al. [65] explored the effect of a continuous harmonic
perturbation enforced at the inlet section on the main coherent structures
of the unsteady field and the related temporal frequencies. Recently,
Schmidt and Oberleithner [55] studied the stability of planar liquid jets,
harmonically forcing the transversal velocity at the inlet section without
gravitational effects.
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1.3 Reduced order modelling

Over the last decade, reduced order modeling (ROM) has gained sig-
nificant attention in the field of computational science and engineering.
It has become a crucial tool for achieving high-performance computing
in various industries, including mechanical and electronic engineering,
as well as in fundamental and applied sciences such as neuroscience,
medicine, biology, and chemistry (Quarteroni et al. [66]). These methods
are also gaining importance in emerging areas that deal with complex
problems (Papaioannou et al. [67]) spanning multiple physical phenom-
ena and scales (Mendez et al. [68]), as well as in addressing uncertainties
(Cinnella et al. [69], Edeling et al. [70], Xiao and Cinnella [71]).

A typical way to obtain a ROM is to extract physically important
features or modes which characterize the flow topology and project the
Navier-Stokes equations (Galerkin projection) onto a subset of these
modes, resulting in a system of ordinary differential equations (Noack
et al. [13], Rowley and Dawson [72]). Choosing a restricted set of modes
among those available, it is possible to built a reduced model able to pre-
dict the flow field behavior, with a lower computational cost.

Recently, the integration of Machine Learning has opened new per-
spectives for understanding and modeling complex behaviors (Lee et al.
[73], Fabiani et al. [74], Alvarez et al. [75]). For instance, Physics-
Informed Neural Networks (PINNs) can help to estimate mean fields in
linearized approaches when the governing equations are known but data
is sparse (Raissi et al. [76], von Saldern et al. [31]).

Cluster-based Network Modeling (CNM) emerges as a powerful ap-
proach for data-driven modeling of complex nonlinear dynamics. This
technique employs unsupervised machine learning to reduce a collection
of snapshots into selected few flow states that best represent the system
(Fernex et al. [77]). By means of statistical approaches a probabilistic re-
duced order model is then obtained. CNM’s strength lies in its automation,
offering a comprehensive framework for understanding system dynamics
(Vogel et al. [78], Hou et al. [39]), estimating parameters, and enabling
model-based control (Wang et al. [79]). Furthermore, CNM proves to be
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highly effective in analyzing phenomena like bifurcations and the emer-
gence of secondary flow patterns (Deng et al. [80]).

Generally, the methodology is applicable to any time series. In com-
plex configurations, however, challenges may arise. Inherent variable
heterogeneity and measurement noise, both in time and space, can com-
plicate interpretations and model training. Additionally, researchers might
be interested in specific subdomains of the field, such as shear layers or in-
flow/outflow regions and how they affect the overall dynamics. Within the
framework of Proper Orthogonal Decomposition, extended approaches
have been proposed to address these challenges, like Extended POD
(EPOD) (Borée [81]) and Extended SPOD (ESPOD) (Sieber et al. [82]).

The present work introduces an analogous approach in the clustering
procedure to focus on specific, potentially more informative, subspaces or
subsets of variables. Furthermore, an extension is proposed to leverage
a high-temporal-resolution quantity to identify the coherent motions in
a temporally undersampled dataset. This work has been carried out in
collaboration with prof. Kilian Oberleithner of the Technische Universität
Berlin (Berlin, Germany), where the candidate spent spent a Visiting
Scholar period of three months during his Ph.D. Program.

Standard CNM can affect the estimation evolution by experiencing
diffusion of the state vector to post transient attractors (Fernex et al.
[77], Kaiser et al. [83], Ishar et al. [84]). To overcome this limitation
a method presented in this dissertation will focus on the analysis of piece-
wise trajectories instead of temporal local states. The standard Galerkin-
ROM techniques and previous CNM approaches consider a state vector
composed of the realizations of flow field variables. The new method
consists in considering a state vector composed of trajectories of the dy-
namical system. This methodology has been developed during a Visiting
Scholar period of two months spent in Harbin Institute of Technology
(Shenzhen, China), under the supervision prof. Bernd R. Noack.
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1.4 Outline
The rest of the thesis is structured as follows. Chapter 2 discusses

in detail the modal analysis techniques that have been employed and de-
veloped during the Ph.D. activities. In particular SPOD analysis of the
vertical liquid jet, the novel Robust SPOD algorithm and the Gappy POD
of two-phase PIV data. Chapter 3 contains a detailed description of the
data-driven stability analysis of the 2D vertical liquid jet (whose insights
are given in appendix A.1). Chapter 4 is dedicated to the reduced order
models developed. Specifically, the Extended CNM approach is described,
a comparison between POD-Galerkin ROM and CNM is reported for air-
foil flow fields and the functional CNM is introduced. The thesis ends with
Chapter 5, containing a summary of the main findings and suggestions for
possible future research activities.



Chapter 2
Modal analysis

It is known that the comprehension of complex flows takes advantage
from the recognition of physically important features, associated with the
modes, that characterize the spatial topology. Modes can also be used to
construct reduced-order modeling and to control the flow itself as shown
in Schmidt and Colonius [85]. Several techniques have been developed to
extract the main features of the flow, as reported in the reviews of Rowley
and Dawson [86], Taira et al. [9], Towne et al. [16], and others. POD
(Berkooz et al. [87]), dynamic mode decomposition (DMD; Schmid [43],
[44]), and SPOD (Towne et al. [16]) are the most used techniques for this
purpose. In particular, the POD provides the minimal number of basis
functions (the modes) to capture as much energy as possible, whereas the
SPOD allows one to characterize the spatial and temporal evolution of
coherent structures through the decomposition in the frequency domain of
the flow in various modes, ordered by their energy content. Recent works
on this topic have been carried out to extract the features of swirling coaxial
jets (Kadu et al. [88]) and of the flow around a square-section building
(Zhang et al. [89]), to characterize the dynamics of flows past finite curved
cylinders by Chiatto et al. [17] and the dynamics of actively controlled
flow past a backward facing ramp by the same authors (Chiatto et al. [22]).
Recently, in the framework of two-phase flows, Barreiro-Villaverde et al.
[90] analyzed numerical simulations of the jet wiping process by means
of multiscale proper orthogonal decomposition (mPOD), to characterize
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the interaction between the gas flow and the liquid film, by detecting
characteristic timescales of the phenomenon and related dominant spatial
structures.

The algorithm of the SPOD technique represents the frequency do-
main version of the standard space-only POD (Lawrence [91]), which is
not robust to outliers and corrupted data. the present work aims to over-
come this limitation by introducing the robust spectral proper orthogonal
decomposition (robust SPOD), and describing its algorithm in detail. The
technique is applied to classical fluid dynamics problems to analyze dif-
ferent aspects of the algorithm: the subsonic jet flow field numerically
computed by large-eddy simulations (LES) (Schmidt et al. [15]) and the
flow within an open cavity, obtained by means of PIV measurements.

The chapter is organized as follows: Section 2.1 provides an introduc-
tion to the Spectral Proper Orthogonal Decomposition (SPOD) technique,
highlighting its key features. This is followed by its application in the
analysis of vertical liquid jets. In Section 2.2, the robust SPOD procedure
is introduced and subsequently applied to two distinct test cases: a sub-
sonic turbulent jet and an open cavity flow. Finally, Section 2.3 introduces
the Gappy Proper Orthogonal Decomposition (Gappy POD) method for
two-phase flows, with an illustration of its application in the context of the
two-phase mixing layer past a splitter plate.

2.1 Spectral Proper Orthogonal Decomposition
In this section the main elements of the spectral proper orthogonal

decomposition are recalled.
Defining the fluctuation of a stochastic field q(x, t), withx the position

and t the discrete time, as:

q′(x, t) = q(x, t)− q̄(x) (2.1)

where q̄ = E {q(x, t)} is the ensemble average (andE {·} the expectation
operator), in accordance with the works by [16], the SPOD decomposition
provides the best representation of q′(x, t), with the least number of
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modes, in the space-time domain(Schmidt and Colonius [85]).
The SPOD modes satisfy the eigenvalue problem of the cross-spectral

density tensor S, and are computed with the Welch periodogram method
(Schmidt and Colonius [85]). Accordingly, the flow snapshots (each
snapshot representing a flow field realization at a given time instance)
are grouped in Nb blocks of equal length Nf (Nf being the number of
snapshots per block): Q(j) =

[
q
(j)
1 , q

(j)
2 , ..., q

(j)
Nf

]
, with j = 1, ..., Nb. For

clarity, the superscript {·}′ (which represents the fluctuation) has been
removed. Each block overlaps with adjacent ones.

For each block j, the weighted discrete Fourier transform (Welch [92]),
Q̂(j) = F

{
Q(j)WT

}
(where WT is the matrix of the window weights)

is first computed. Then all Fourier transform realizations at the same kth
frequency are collected in the matrices as Q̂k =

[
q̂
(1)
k , q̂

(2)
k , ..., q̂

(Nb)
k

]
, and

the cross-spectral density tensor Sk = Q̂kQ̂
∗
k is computed one frequency

at a time, thus obtaining the SPOD modes (Φk) and eigenvalues (Λk).
Once the SPOD modes have been identified, a low rank reconstruc-

tion of the fluctuation field can be obtained through the inverse weighted
(discrete) Fourier transform Q(j) = F−1

{
Q̂(j)W−1

T

}
to come back in

the time domain. This approach was recently presented by Nekkanti and
Schmidt [93] and applied by Chiatto et al. [22] to reconstruct the flow past
a backward facing ramp (with and without active flow control) considering
a limited number of SPOD modes.

More in detail, the Fourier realizations matrix is expressed as Q̂k =
ΦkΛkΨ

∗
k, where Ψk is the matrix containing the eigenvectors of Q̂∗

kQ̂k.
For low rank reconstruction only r eigenvalues are retained and Q̂k is
approximated as

Q̂k ≈ Φ̃kΛ̃kΨ̃
∗
k, (2.2)

where Φ̃k and Ψ̃k are, respectively, the first r columns of Φk and Ψk.
As previously stated, once the reconstruction procedure of the Q̂k has

been completed, the Fourier realizations are re-arranged into the blocks
form Q̂(j) =

[
q̂
(j)
1 , q̂

(j)
2 , ..., q̂

(j)
Nf

]
, and, the snapshots in the time domain

are obtained through a inverse weighted Fourier transform. Particular at-
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tention needs to be paid to avoid the ambiguity for the snapshots belonging
to two different block. To solve the ambiguity, as proposed by Nekkanti
and Schmidt [93], the snapshot with the higher windowing weight w(j) is
chosen.

2.1.1 Application to vertical liquid jet

In this section a modal decomposition analysis based on the spectral
proper orthogonal decomposition (SPOD) is applied to viscous thin liquid
sheets to extract the spatially and dynamically most relevant flow struc-
tures. For all cases a POD (Proper Orthogonal Decomposition) analysis
has also been carried out. Numerical data of two-dimensional liquid sheets
flow fields computed by means of the two-phase code BASILISK (Popinet
[94, 95]).

The flow here considered is a gravitational viscous liquid jet interacting
on both sides with an unconfined gaseous ambient. Panel (a) of Fig. 2.1
contains a sketch of the system, together with the reference frame: its
origin is coincident with the center of the inlet flow section (whose width
is denoted by H), the x axis is directed along the streamwise direction,
while the y axis is across the width of the sheet. Red lines represent the
symmetric unperturbed flow, corresponding to the Torricellian solution
whose thickness (h̄(x)) is described by the law

h̄(x)

H
=

(
1 +

2g

U2
x

)−1/2

, (2.3)

where U is the mean axial velocity at the inlet section and g is the gravity
acceleration. Black lines, instead, correspond to the instantaneous left
and right interface locations, and are denoted with y−(x, t) and y+(x, t),
respectively. Further details on the liquid sheet configuration and numeri-
cal simulations are reported in appendix A.1. For the subsequent analysis
dimensionless parameters have been conveniently introduced, the Weber
number ( (We = ρlU

2H/(2σ), σ being the surface tension), the Reynolds
number (Re = ρlUL/2µl), the Froude number (Fr = U2/(gL)), the
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(a) Physical domain. (b) Computational domain.

Figure 2.1. Sketch of physical (a) and computational (b) domains. The red
lines represent the steady (or mean) interface locations corresponding to the
Torricellian shape.
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Strouhal number (St = fH/U ) and the density ratio (rρ = ρa/ρl), where
subscripts a and l stand, respectively, for ambient and liquid.

The configuration consists in a forced liquid sheet flow, with a fully
developed parabolic axial velocity profile at the inlet, which is perturbed
by a sinusoidal forcing of variable amplitude in the lateral velocity com-
ponent. Accordingly, Dirichlet boundary conditions are imposed at the
inlet, for y ∈ [−H/2;H/2]:

u =
3

2
U

[
1−

(
2y

H

)2 ]
, (2.4a)

v = ÂU sin (2πff (t− ts)) Θ (t− ts) , (2.4b)
C = 1, (2.4c)

where U and H are, respectively, the mean axial velocity and the thick-
ness of the liquid sheet at the inlet, Â is the dimensionless amplitude of
the forcing lateral velocity perturbation, ff is the forcing frequency and
Θ(t− ts) the Heaviside function acting at the forcing starting time ts. On
the remaining part of the inlet side (|y| > H/2) no-slip conditions are
imposed.

Note that here and in the following any variable ϕ is decomposed as:

ϕ(x, y, t) = ϕ̄(x, y) + ϕ′(x, y, t) (2.5)

where ϕ̄ denotes the temporal mean and ϕ′ the fluctuation.
A parametric study is carried out to further elucidate the influence

of the Weber, Strouhal and Reynolds numbers on the dynamics of planar
liquid sheets subjected to lateral perturbations at the inlet section in both
supercritical and subcritical regimes.

For the SPOD analysis the state vector q(x, t) is obtained by stacking
the fluctuations of the velocity components (u′ and v′) and of the volume
fraction (C ′) in a column vector for a given time instance. N = 2500
snapshots, corresponding at least to 150 travel times, have been considered,
subdividing the data in Nb = 12 blocks of equal length (Nf = 374). The
Strouhal number ranges from 0 to 0.30, with a resolution of∆St = 0.0017.
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Figure 2.2. Supercritical conditions (case (a) of Table A.1). Normalized
SPOD spectrum. Only the first 4 modes are reported. Arrow, labeled j,
indicates increasing order of modes, with j the running index associated with
the modes.

For all cases we have also carried out a POD analysis. However, the
results are not discussed systematically unless relevant for the physical
understanding of the flow structure and dynamics.

Supercritical regime

The SPOD spectrum for the supercritical condition (We > 1, case
(a) of Table A.1) corresponding to We = 2.5, Re = 400, Stf = 0.076
(dimensionless forcing frequency corresponding to ff = 25 Hz), and
Â = 0.02 is shown in Fig. 2.2.

The flow presents the largest modal separations at the forcing frequency
and its harmonics, meaning that the greatest amount of energy content
is concentrated at these frequencies. Another separation region occurs
at a lower frequency, St ≈ 0.01, which is associated with the natural
frequency predicted by the linearized 1D inviscid analytical model of
Della Pia et al. [61]. As shown by Della Pia et al. [61, 65], supercritical
regimes are characterized by natural oscillation frequencies which are one
order of magnitude lower than the corresponding frequencies in subcritical
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conditions, as will be recovered by the modal analysis hereafter reported.

The spatial structures at the leading frequency ff = 25 Hz (Stf =
0.076) of the 1st SPOD mode are reported in Fig. 2.3. Panels (a)-(c) show
the real part of the mode, whereas panels (d)-(e) refer to the correspond-
ing imaginary parts. Both real and imaginary structures show a sinuous
behavior of the interface, exhibiting an antisymmetric distribution (with
respect to the axis y = 0) for u′ and C ′ and a symmetric one for v′. By
comparing the real and imaginary parts of the spatial structures, one can
recover the traveling nature of the disturbances, as the imaginary struc-
tures are shifted upstream by a quarter of wavelength along the advection
direction with respect the corresponding real structures. A sketch of sin-
uous disturbance, obtained from the previous distributions, is reported in
Fig. 2.4, panel (a). Fig. 2.4, panel (b) depicts the streamlines pattern as
viewed by an observer moving with the mean flow; the color map refers
to the spatial distribution of C ′ mode.

The structures at St ≈ 0.01, reported in Fig. 2.5, confirm a dominant
sinuous deformation of the interface, in agreement with the previous study
(Della Pia et al. [61]) carried out with the simplified 1D model.

The topology of the POD modes (not reported) is practically similar to
that of the SPOD ones. In Fig. 2.6 we report the energy content (panel a)
and the cumulative energy (panel b) of the POD modes. The figure shows
that the most energetically relevant modes are the first two that contain
approximately the 85% of the total energy, to be compared with the 99%
cumulative energy of the first 10 modes.

The power spectral density (PSD) of the POD modes is reported in
panel (c) of Fig. 2.6. The figure shows that at the natural frequency
(St ≈ 0.01) the dominant mode is the 9th one, even though its total energy
content is far less than the first mode. Therefore, one could consider the
first 2 modes for which the cumulative energy is about 85% of the total
energy, thus producing the same loss of space-wise information of the
SPOD decomposition. However, the low frequency features would be
lost, indeed to recover low frequency effects one should include the 9th

POD mode.
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(a) Real part
u′ mode

(b) Real part
v′ mode

(c) Real part
C ′ mode

(d) Imaginary part
u′ mode

(e) Imaginary part
v′ mode

(f) Imaginary part
C ′ mode

Figure 2.3. Supercritical conditions (case (a) of Table A.1). 1st SPOD mode
at St = 0.076, real parts in panels (a)-(c), and imaginary parts in panels (d)-
(f).
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(a) (b)

Figure 2.4. Panel (a): Sketch of sinuous disturbance. The red lines denote
the interface of the mean field. Panel (b): Streamlines pattern as viewed by an
observer moving with the mean flow. The color map refers to C ′ mode.
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(a) u′ mode,
at St = 0.01

(b) v′ mode,
at St = 0.01

(c) C ′ mode,
at St = 0.01

Figure 2.5. Supercritical conditions (case (a) of Table A.1). (a) u′ mode, (b)
v′ mode, (c) C ′ mode at St ≈ 0.01.
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(a) Energy content of POD modes. (b) Cumulative energy.

(c) normalized PSD of POD modes.

Figure 2.6. Supercritical regime (case (a) of Table A.1). Energy content
(panel (a)), cumulative energy (panel b) and power spectral density (panel
(c)) of POD modes. Red line, 1st mode; blue line, 2nd mode; magenta line,
3rd mode; black line, 9th mode.
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Figure 2.7. Subcritical conditions (case (c) of Table A.1). Normalized SPOD
spectrum. Only the first 4 modes are reported. Arrows, labeled j, indicate
increasing order of modes, with j the running index associated with the modes.

Subcritical regime

In order to further elucidate the prominent role played by the surface
tension in the subcritical regime (We < 1), we have carried out a paramet-
ric study at various We, Re and forcing frequency (Stf ) (cases (b)-(k) of
Table A.1). Because of the stabilizing effect of the surface tension and in
order to detect the liquid sheets oscillations on the adopted computational
grid, we have set the initial disturbance amplitude to Â = 0.1.

Four different values of the Reynolds number have been considered
at a given Weber number (We = 0.75) and a forcing frequency ff = 25
Hz (St = 0.76) (cases (b)-(e) of Table A.1). Note that for the subcritical
regime 25 Hz coincides with the natural frequency (Della Pia et al. [65])
(i.e. the planar sheet is forced in resonance conditions). The SPOD
spectrum of case (c) is reported in Fig. 2.7.

At low frequencies (St < 0.076), unlike the supercritical regime, the
spectrum does not exhibit any local maximum (corresponding to leading
eigenvalues), confirming the occurrence of a discontinuous frequency
behavior between the subcritical and supercritical regimes(Girfoglio et al.
[53]).
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(a) u′ mode
at St = 0.076

(b) v′ mode
at St = 0.076

(c) C ′ mode
at St = 0.076

Figure 2.8. Subcritical conditions (case (c) of Table A.1). 1st SPOD mode at
St = 0.076. (a), u′; (b), v′; (c), C ′.

The leading SPOD mode (St = 0.076 of the 1st SPOD mode) for case
(c) of Table A.1 is reported in Fig. 2.8 (panel (a), u′ mode; panel (b), v′;
panel (c), C ′). The sheet exhibits only a sinuous motion; u′ and C ′ modes
show an antisymmetric behavior whereas v′ is symmetric.

The spatial topology is similar to the one of the corresponding su-
percritical regime (case (a) shown in Fig. 2.3, panels (a)-(c)). However,
the dimensionless wavelength of the subcritical sinuous deformation is
greater.

Fig. 2.9 reports the normalized spectra at variousRe. The flow presents
a clear modal separation at the forcing frequency and its harmonics at all
Reynolds numbers. At the highest Reynolds number (Re = 1600) a peak
occurring at the sub-harmonic frequency St = 0.038 is also detectable,
this being a typical behavior of nonlinear phenomena (Hayashi [96]),
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Figure 2.9. Subcritical regime (cases (b)-(e) of Table A.1). Normalized
SPOD spectra at various Reynolds numbers Re. The spectra report only the
frequency content of the first 2 modes.

associated with the quadratic phase coupling(Schmidt [97]).
Fig. 2.10 shows the normalized cumulative energy distribution of

SPOD C ′ modes at various Reynolds numbers for a driving frequency
close to the natural one. At low Re, the first 10 modes contribute for ap-
proximately 99% to the total energy of the flow. As the Reynolds number
increases, due to nonlinear effects, higher modes are excited and about 100
modes are needed to capture the same amount of energy at Re > 1000.
The same results are retrieved when applying the POD technique (not
reported).

In Della Pia et al. [65] it has been shown that forcing the liquid sheet
with a (forcing) frequency close to the natural one produces a maximum
amplitude of the centerline deflection. They also observed that at high
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Figure 2.10. Subcritical regime (cases (b)-(e) of Table A.1). Cumulative
energy distribution of SPOD modes at various Reynolds numbers.

Reynolds numbers, in subcritical regime the flow experiences resonance
due to nonlinear coupling, exhibiting a varicose deformation. As previ-
ously discussed, sinuous contributions show an antisymmetric behavior
for u′ and C ′ and a symmetric behavior for v′ (Fig. 2.4), whereas the
opposite behavior holds true for the varicose ones as sketched in Fig. 2.11,
panel (a). The panel (b) depicts the streamlines pattern as viewed by an
observer moving with the mean flow. The color map refers the spatial
distribution of varicose part of C ′ mode.

To recover sinuous and varicose structures, any mode φj is decom-
posed as:

φj(x) = φs
j(x) +φv

j (x) (2.6)

where superscripts s and v stand for sinuous and varicose, respectively.

Fig. 2.12 reports the varicose and sinuous components extracted for
the C ′ mode (case (e)), where φs

j and φv
j are defined as:

φs
C′(x, y) =

[
φC′(x, y)−φC′(x,−y)

]
/2 (2.7a)

φv
C′(x, y) =

[
φC′(x, y) +φC′(x,−y)

]
/2 (2.7b)
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(a) (b)

Figure 2.11. Panel (a): Sketch of varicose disturbance. The red lines denote
the interface of the mean field. Panel (b): Streamlines pattern as viewed by an
observer moving with the mean flow; the color map refers to the varicose part
of C ′ mode.
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(a) C ′ mode
at St = 0.076

(b) varicose compo-
nent
(symmetric).

(c) sinuous component
(antisymmetric).

Figure 2.12. Subcritical regime (case (e) of Table A.1). (a) C ′ mode, (b)
varicose component and (c) sinuous component at St = 0.076 for Re = 1600.
Decomposition in sinuous and varicose components.

.
The eigenvalues (normalized by the total energy) of the first and second

SPOD modes at three forcing frequencies and at a givenRe andWe (cases
(e)-(g) of Table A.1) are reported in Fig. 2.13 as a function of the Strouhal
number. A clear mode separation is observed at the forcing frequency and
its superharmonics for all forcing frequencies.

The spatial distributions of the leading u′ andC ′ modes are reported in
Fig. 2.14. Panels (a)-(b) and (c)-(d) refer to cases (f ) and (g), respectively.
The figure shows that forcing at frequencies greater than the natural one
(25 Hz) induces a sinuous deformation of the liquid sheet.

Looking at the cumulative energy distribution reported in Fig. 2.15,
one observes that forcing at resonance conditions the first leading SPOD
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Figure 2.13. Subcritical regime (cases (e)-(g) of Table A.1). Normalized
SPOD spectra at various forcing Strouhal numbers Stf . The spectra report
only the frequency content of the first 2 modes.

modes (modes 1-3) are energetically less significant than the correspond-
ing ones at higher forcing Strouhal numbers. This is due to the nonlinear
interactions between sinuous and varicose components, exhibiting differ-
ent frequencies and producing a large number of energetically relevant
modes.

Four different values of the Weber number have been considered for a
given Re at resonant frequency ff = 25 Hz (Stf = 0.076) (cases (e) and
(h)-(k)). The spectra of the first and second SPOD modes are reported in
Fig. 2.16.

For all Weber numbers, the spectra peak at the forcing frequency (the
leading one) and its harmonics. For We = 0.75 and 0.8 the spectra
also peak at the subharmonic (St = 0.038). To understand the response
of the sheet subjected to a sinuous forcing as a function of the Weber
number, in Fig. 2.17 we report the u′ and C ′ SPOD modes corresponding
to We = 0.85 and Re = 1600 (case (j)).

The figure shows that the SPOD modes have a dominant varicose
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(a) u′ mode
at
St = 0.137.

(b) C ′ mode
at
St = 0.137.

(c) u′ mode
at
St = 0.182.

(d) C ′ mode
at
St = 0.182.

Figure 2.14. Subcritical regime (cases (f ) and (g) of Table A.1). Spatial
distribution of the leading SPOD modes at St = 0.137 (panels (a)-(b)) and
St = 0.182 (panels (c)-(d)), respectively, in terms of u′ and C ′.

Figure 2.15. Subcritical regime (cases (e)-(g) of Table A.1). Cumulative
energy distribution of SPOD modes at various forcing Strouhal numbers.
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Figure 2.16. Subcritical regime (cases (e) and (h)-(k) of Table A.1). Normal-
ized SPOD spectra at various Weber numbers We. The spectra report only
the frequency content of the first 2 modes.
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(a) u′ mode
at
St = 0.076.

(b) C ′ mode
at
St = 0.076.

(c) u′ mode
at
St = 0.152.

(d) C ′ mode
at
St = 0.152.

Figure 2.17. Subcritical regime (case (j) of Table A.1). Spatial distribution
of the 1st SPOD mode at St = 0.076 (panel (a)-(b)) and St = 0.152 (panel
(c)-(d)), in terms of u′ and C ′.
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character at the harmonic St = 0.152 (panels (c) and (d)), whereas at the
forcing frequency they exhibit a dominant sinuous character. Decreasing
the Weber number, at We = 0.75 and 0.80, the varicose component of
the modes becomes significant at the leading frequency (see panel (b) of
Fig. 2.12) and at its subharmonic (St = 0.038) (not shown herein).

The role of the sinuous and varicose components in the dynamics and
topology of the flow can be further highlighted in terms of their energy
content. For that purpose we introduce the energy ratio of the first SPOD
mode at a frequency k defined as Ek = λ1,k/

∑
i,j λi,j . Then, the sinuous

and varicose energy contents (respectively, Es and Ev) can be obtained
from the antisymmetric and symmetric parts of the energy ratio.

The energy contents (%) of the sinuous and varicose components of the
first SPOD mode are given in Fig. 2.18 and Table 2.1 as a function of the
Weber number at the leading frequency (St = 0.076) and its first harmonic
(St = 0.152). The figure shows that Es and Ev have opposite trends. At
St = 0.076 Ev becomes progressively more important (energy-wise) as
We decreases, attaining a maximum atWe = 0.75, whereEs is minimum
and then increases with We. At St = 0.152 the sinuous contribution is
always smaller than the varicose one. This is further confirmed by the
streamwise distributions of the sinuous and varicose components along the
liquid sheet axis reported in Fig. 2.19. From the figure we also observe that
disturbances associated with the leading frequency and its first harmonic
propagate with different velocities (in one case due to disturbances having
both sinuous and varicose character, in the other predominantly varicose).

The excitation of the varicose mode when the Weber number is de-
creased, with a progressive shift from higher harmonics towards the lead-
ing frequency, can be interpreted as a prelude to the rupture experienced by
the liquid sheet and experimentally observed whenWe is reduced by pro-
gressively reducing the inlet flow rate (e.g., de Luca and Meola [98]). [99]
have also concluded that the progressive thinning of the sheet observed
when the inlet Weber number is reduced down to the subcritical regime,
can indeed be one of the rupture mechanisms of a three-dimensional liquid
curtain configuration.
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Figure 2.18. Subcritical regime (cases (e) and (h)-(k) of Table A.1). Energy
content (%) of the sinuous (continuous lines) and varicose (dashed lines)
components of the first SPOD mode as a function of the Weber number at
St = 0.076 (red curves) and St = 0.152 (blue curves).

We

0.7 0.75 0.8 0.85 0.9

St = 0.076
Es (%) 44.80 32.72 36.80 42.02 52.14

Ev (%) 0.94 13.28 0.88 0.44 0.00

St = 0.152
Es (%) 0.16 2.78 0.20 0.14 0.00

Ev (%) 6.68 6.94 5.94 9.54 6.76

Table 2.1. Subcritical regime (cases (e) and (h)-(k) of Table A.1). Sinuonus
and varicose energy content of 1st SPOD mode at leading frequency and its
first harmonic.
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(d) St = 0.152

Figure 2.19. Subcritical regime (cases (e) and (j) of Table A.1). Distributions
of the first SPOD mode at the leading frequency (St = 0.076) and its first har-
monic (St = 0.152). Solid lines represent the sinuous components, whereas
dashed lines the varicose ones. Panels (a) and (b) refer to We = 0.75; panels
(c) and (d) to We = 0.85.
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Field reconstruction

From the spectral decomposition, any variable can be reconstructed
by applying the weighted inverse Fourier transform to the blocks as de-
scribed in section 2.1. In order to make some considerations on low-order
reconstruction, we have applied both SPOD and POD to reconstruct the
volume fraction C for the subcritical flow conditions corresponding to
cases (e) and (j), which exhibit a more relevant dynamics (with respect the
supercritical conditions), presenting a varicose deformation of the liquid
sheet. For the analysis, the field is reconstructed considering either a lim-
ited number of frequencies of the first SPOD-mode or its full spectrum.

The reconstructed interface location at a given time instant considering
only the leading frequency of the 1st SPOD mode is reported in panel (a)
of Fig. 2.20 in black solid line and compared with the original one (red
dashed line); panels (b) and (c) show, respectively, the reconstructed field
using two frequencies (the leading and its first harmonic) and the full
spectrum (i.e. 188 frequencies) of the 1st SPOD C ′ mode.

Let ER be the cumulative energy ratio defined as
∑

m̃ λ1,m̃/
∑

i,j λi,j ,
where m̃ is the running index of the selected frequencies. Table 2.2 shows
that ER varies between 42.6% and 98.1% when considering, respectively,
only the leading frequency and the whole spectrum of the 1st mode and a
(qualitatively) better interface reconstruction is obtained (Fig. 2.20). Let
ε be the reconstruction error defined as

ε(t) =
||q(x, t)− q̃(x, t)||

||q(x, t)||
(2.8)

where ||·|| is the L2 norm, q is the snapshot of the disturbance field at a
given time and q̃ its reconstruction; ε̄ represents its temporal mean value.

The evolution of the reconstruction error for the case (j), considering
one (leading frequency), two (leading frequency and its first harmonic)
and all frequencies of the first SPOD mode, the first two and five SPOD
modes, is reported in Fig. 2.21. As expected, as the number of selected
frequencies and modes increases, ε progressively decreases. Due to win-
dowing effects in the SPOD computation (Nekkanti and Schmidt [93]),
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(a) 1 frequency of
the 1st SPOD
mode.

(b) 2 frequencies of
the 1st SPOD
mode.

(c) full spectrum of
the 1st SPOD
mode.

Figure 2.20. Subcritical regime (case (j)) of Table A.1). Comparison of the
original interface shape (dashed red line) and the reconstructed one with 1, 2
and all (panels (a) to (c), respectively) frequencies of the first SPOD mode.

1 frequency of the 2 frequencies of the all frequencies
1st SPOD mode 1st SPOD mode 1st SPOD mode

ER(%) 42.6 52.4 98.1
ε̄(%) 57.6 49.3 12.9

Table 2.2. Subcritical regime (case (j)) of Table A.1). Cumulative energy
ratio ER and mean reconstruction error ε̄.
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Figure 2.21. Subcritical regime (case (j)) of Table A.1). SPOD reconstruction
error ε considering 1 (blue dashed line), 2(red dashed line) and all (black
dashed line) frequencies of the first SPOD mode, the first two (black dash-dot
line) and five modes (black solid line).

the error at the initial snapshots is largest. Case (j) exhibits a strong modal
separation (Fig. 2.16) and using the full spectrum of the first SPOD mode
suffices to reconstruct the original snapshot with an error of about 13%.
Considering more than one SPOD mode for the reconstruction does not
add any additional relevant information regarding the topology of the flow
field.

At a lower Weber number (We = 0.75, case (e)), for which the liquid
sheet has a dominant varicose character, the reconstruction error (see
Fig. 2.22) varies between O(10%) and O(5%) when using, respectively,
only the first mode (full spectrum) and the first five modes (full spectrum).

Fig. 2.23 compares the POD- and SPOD-based low order reconstruc-
tion of the liquid sheet shape of case (j). For the comparison, the number
of modes and frequencies (for the SPOD) have been selected imposing a
cumulative energy of about 52% of the total energy and considering only
two frequencies (the leading and its first harmonic) of the first mode. For
the POD we have selected the first two energetically leading modes for
which ER ≈ 63%. The figure shows that at low order POD does not
capture the varicose component, even though its energy content is greater.
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Figure 2.22. Subcritical regime (case (e)) of Table A.1). SPOD reconstruction
error ε considering the full spectrum of the first SPOD mode (black dashed
line), the first two (black dash-dot line) and five (black line) SPOD modes.

2.1.2 Application to 3D vertical liquid jet

In this section, the analysis of a three-dimensional (3D) configuration
of the vertical liquid jet is presented. The SPOD technique introduced in
section 2.1 has been employed for the investigation. Specifically, consid-
ering non-uniformity of the numerical grid and the heterogeneity of the
variables included into the state vector q, the eigenvalue problem of the
cross-spectral density matrix Sk is modified including a weight matrix:
SkWΦk = ΦkΛk. The weight matrix W is computed according to the
energy norm:

E =

∫
Ω

[
ρ̄
(
u′2 + v′2 + w′2)+ (

ū2 + v̄2 + w̄2
) ∆ρ2

ρ̄
C ′2

]
dΩ, (2.9)

where ∆ρ = ρl − ρa.
At moderately high We, the flow is stationary. In panel (a) of Fig-

ure 2.24 is reported a snapshot of the interface location for We = 2.5. In
subcritical regime (We < 1) the flow in unsteady. Panel (b) of Figure 2.24
contains a snapshot of the interface location for We = 0.75 in which it is
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Figure 2.23. Subcritical regime (case (j)) of Table A.1). Comparison of
POD- and SPOD-based reconstruction of the liquid sheet shape. Dashed red
line, POD; solid blue line, SPOD.



2.1. Spectral Proper Orthogonal Decomposition 39

(a) We = 2.5 (b) We = 0.75

Figure 2.24. 3D vertical liquid jet: snapshot of interface shape for We = 2.5
and 0.75.

possible to notice that the flow regime characterized by three-dimensional
asymmetric holes enucleation and advection and by irregular dynamics of
the columnar curtain tail.

The application of SPOD highlights some interesting features of the
flow field. In panel (a) of Figure 2.25 is reported the SPOD spectrum
for the base case analysis (We = 0.75). The largest modal separation
occurs at St = 0.19. In this section the Strouhal number is defined as
St = fH/U , where H is the thickness of the curtain and U the mean
inlet axial velocity. The inspection of the leading mode of C ′, reported
in panels (b) and (c) for the principal planes xy and xz, reveals that the
columnar curtain tail exhibits an irregular dynamics and, according to the
definitions given in Colanera et al. [64], it reports different symmetries
in the two main planes. Panels (d) and (e) contain a zoom of C ′ leading
mode (real and imaginary parts) in the holes region. Green and magenta
lines are two snapshots of the interface location. The spatial shift of real
and imaginary parts highlights the advection direction.

The effect of the variation of the We is explored. We influences
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both the leading frequency and the spatial topology of the leading modes.
By looking at SPOD spectra at several We, reported in panel (a) of
Figure 2.26, it is possible to notice that the flow presents leading frequency
at St = 0.06 for We = 0.9. Decreasing the flow rate, that correspond
to a decrease of the We, the leading frequency firstly increases and then
decreases again. This occurrence can be further investigated by looking
at the leading modes reported in panels (b)-(g). At We = 0.9 the flow
if slightly unsteady and the modes exhibit a shape very close to that of
the supercritical configurations (panels (b) and (e)). The region with
We ≈ 0.75 is characterized by rapid holes formation and advection. With
a further decrease in We, holes dimension increase and the characteristic
frequency decreases. Further details on the analysis can be found in
Colanera et al. [100].



2.1. Spectral Proper Orthogonal Decomposition 41

(a) SPOD spectrum

(b) C ′ mode
(xy plane)

(c) C ′ mode
(xz plane)

(d) Zoom of C ′

mode
real part

(e) Zoom of C ′ mode
imag. part

Figure 2.25. 3D vertical liquid jet: (a) SPOD spectrum for We = 0.75.
SPOD parameters: Nt = 230, Nb = 6, Nf = 64, Hamming window for DFT,
j is the running index associated with the modes. (b)-(c) Leading mode of C ′

in the planes xy and xz. (d)-(e) Zoom of C ′ leading mode (real and imaginary
parts) in the holes region. The white arrows identify the advection direction.
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(a)

(b) We = 0.9 (c) We = 0.75 (d) We = 0.6

(e) We = 0.9 (f) We = 0.75 (g) We = 0.6

Figure 2.26. Effect of the Weber number We. (a) SPOD spectra at several
We. SPOD parameters: Nt = 230, Nb = 6, Nf = 64, Hamming window for
DFT, only first 2 modes are reported. (b)-(g) Leading C ′ mode at several We.
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2.2 Robust SPOD

SPOD algorithm, as seen in the section 2.1, is based on the eigen-
value decomposition od the cross spectral density (CSD) matrix. In this
way, if the original data include outliers, the latter will be retrieved (and
even amplified) in the Fourier realizations leading to corrupted and noisy
modes. To avoid this occurrence, we propose the use of the robust PCA,
introduced by Candes et al. [34] and reviewed by Scherl et al. [37], within
the SPOD technique.

Specifically, we present two distinct procedures: one applies robust
PCA to the Fourier realization Q̂fk , while the other directly applies it to the
snapshots blocks Q(j). The features and algorithms of these procedures
will be discussed in detail hereafter.

The robust PCA can be used to decompose the matrix of the Fourier
realizations Q̂fk (or equivalently the snapshots blocks Q(j)), into

Q̂fk = L̂fk + Ĥfk , (2.10)

with L̂fk being a low rank structure and Ĥfk a sparse matrix containing
outliers and corrupted data, Candes et al. [34]. In this way the principal
components of L̂fk would not be affected by the presence of the incorrect
data. To highlight how the robust PCA isolates outliers into the matrix Ĥfk ,
it is insightful to consider that, for the standard POD, the mathematical
problem for the extraction of the desired low rank (r) structures L̂fk
consists in the minimization of the Frobenius norm (∥ · ∥F ) of the term
Ĥfk = Q̂fk − L̂fk :

min
L̂fk

∥Q̂fk − L̂fk∥F subject to rank(L̂fk) ≤ r. (2.11)

The choice of the Frobenius norm makes the results of the computation
highly sensitive to outliers.
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For the robust PCA, instead, the optimization problem consists in:

min
L̂fk

,Ĥfk

rank(L̂fk) + ∥Ĥfk∥0 subject to L̂fk + Ĥfk = Q̂fk , (2.12)

in which ∥Ĥfk∥0 is the cardinality of nonzero elements in Ĥfk (featuring
the sparsity of Ĥfk). Problem (2.12) is non convex and typically is solved
considering its convex relaxation (Candes et al. [34]):

min
L̂fk

,Ĥfk

∥L̂fk∥∗ + α0∥Ĥfk∥1 subject to L̂fk + Ĥfk = Q̂fk , (2.13)

in which ∥ · ∥∗ is the nuclear norm (i.e. the sum of the singular values)
and ∥ · ∥1 is the L1 norm (i.e. the sum of the magnitudes of each entry in
the matrix). The coefficient α0 is defined as,

α0 = α/
√

max(N,Nb), (2.14)

where α has to be tuned and represents the filter intensity (Scherl et al.
[37]).

The problem (2.13) is known as principal component pursuit, and may
be solved using the augmented Lagrange multiplier (ALM) algorithm, see
Lin et al. [36] and Yuan and Yang [35]. Following Candes et al. [34], in
this work the augmented Lagrangian has been defined as:

ℓ(L̂fk , Ĥfk ,Y) = ∥L̂fk∥∗ + α0∥Ĥfk∥1 + ⟨Y, Q̂fk − L̂fk − Ĥfk⟩+

+
µ

2
∥Q̂fk − L̂fk − Ĥfk∥F ,

(2.15)

in which Y is the matrix of Lagrange multipliers, ⟨·, ·⟩ is the standard
trace inner product and µ a parameter that counts the error in (2.10).
In this work, the relaxation parameter µ has been chosen according to
µ = 0.25NNb/∥Q̂fk∥1. It is worth to notice that µ does not affect the
solution of the problem (2.12) but only the convergence speed. The set of
(L̂fk , Ĥfk ,Y) that minimizes the (2.15) can be found in different ways,
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as reported in Candes et al. [34], Lin et al. [36] and Yuan and Yang [35].
In the present work the alternating directions method (ADM) has been
employed. Once the robust PCA algorithm converges, the so-obtained
de-noised Fourier realizations matrix L̂fk is employed instead of Q̂fk in
the standard SPOD procedure.

In case of the application of robust PCA directly on the snapshots
blocks Q(j), it extracts a the low rank blocks matrices L(j) and the sparse
matrices H(j) containing the noise. In this case the denoised matrices
L(j) are employed for the computation of the CSD matrix following the
standard SPOD algorithm.

It is worth to notice that standard ADM method deals with real ma-
trices, whereas in case of the procedure considering the decomposition
of the matrices Q̂fk it has to deal with complex matrices. For this
reason shrinkage operator S is not defined as usual with S (τ,B) =
sign(B)max(|B| − τ, 0) but as shown in the following Equation (2.16).

The robust SPOD algorithms proposed here are reported in the fol-
lowing section. Algorithm 1, shows the robust SPOD algorithm with
denoising of the Q̂fk , the robust PCA procedure is reported in Algorithm
2, while Algorithm 3 illustrates the robust SPOD with Principal Compo-
nent Pursuit on each block.

Robust SPOD algorithms

In this section the mayor features of the proposed methodology will
be hereafter outlined.

Algorithm 1 Robust spectral proper orthogonal decomposition
algorithm.

1. For each data block j = 1, ..., Nb:

(a) assemble data matrices

Q(j) =
[
q
(j)
1+(j−1)(Nf−No)

, q
(j)
2+(j−1)(Nf−No)

, ..., q
(j)
Nf+(j−1)(Nf−No)

]
,
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with No being the number of overlapping snapshots.

(b) Within each block perform weighted FFT

Q̂(j) = F
{
Q(j)WT

}
,

where WT is the matrix of the window weights. Columns of
Q̂(j), q̂(j)

k are the jth realizations of the Fourier mode at the kth
discrete frequency fk.

2. For each frequency fk, with k = 1, ..., Nf :

(a) Collect Fourier transform realizations in the matrices

Q̂fk =
√
κ
[
q̂
(1)
k , q̂

(2)
k , ..., q̂

(Nb)
k

]
, whereκ = ∆t/(Nb∥WT∥2F ).

(b) Split Q̂fk in L̂fk and Ĥfk with robust PCA algorithm (see
Algorithm 2). Store Ĥfk if needed.

(c) With the de-noised matrix L̂fk calculate

Mfk = L̂∗
fk
WL̂fk .

(d) Perform the eigendecomposition of Mfk

Mfk = ΘfkΛfkΘ
∗
fk
.

For the kth frequency, store de-noised SPOD eigenvalues Λfk .

(e) Compute de-noised SPOD modes for the kth frequency with

Φfk = L̂fkΘfkΛ
−1/2
fk

3. Return Φfk and Λfk .
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Algorithm 2 Robust PCA algorithm with Principal Component Pursuit
by ADM (from Lin et al. [36] and Yuan and Yang [35]).

Given a matrix Q̂fk and the parameters α0 and µ:

1. Initialize matrices Ĥfk , L̂fk and Lagrange multipliers matrix Y:

Ĥi
fk

= 0,

L̂ifk = 0,

Yi = 0.

2. Update matrices

L̂i+1
fk

= T (1/µ , Q̂fk − Ĥi
fk
−Yi/µ),

Ĥi+1
fk

= S (α0/µ , Q̂fk − L̂i+1
fk

+Yi/µ),

Yi+1 = Yi + µ(Q̂fk − L̂i+1
fk

− Ĥi+1
fk

),

in which operators T is the singular value thresholding operator:

A = T (τ,B) = US (τ,S)UH with [U,S,V] = svd(B),

and S is the shrinkage operator defined as:

A = S (τ,B) = ei arg(B) max(|B| − τ , 0) (2.16)

3. Compute the convergence parameter ϱ:

ϱ =
∥Q̂fk − L̂i+1

fk
− Ĥi+1

fk
∥F

∥Q̂fk∥F
. (2.17)

4. If ϱ is greater than an assigned tolerance, go to point (ii), else return
L̂i+1
fk

and Ĥi+1
fk

.
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The algorithm corresponding to the application of the robust PCA
algorithm before those of the FFT, directly on matrices Q(j) is reported in
algorithm 3. Indeed, if the FFT algorithm is carried out before the PCA,
then the technique completely preserves the spectral information related
to the dynamics occurring in small regions of the domain. Contrary,
the application of the robust PCA technique before the FFT results in a
complete filtering of the local dynamics.

Algorithm 3 robust SPOD with Principal Component Pursuit on each
block.

1. For each data block j = 1, ..., Nb:

(a) assemble data matrices

Q(j) =
[
q
(j)
1+(j−1)(Nf−No)

, q
(j)
2+(j−1)(Nf−No)

, ..., q
(j)
Nf+(j−1)(Nf−No)

]
.

(b) Split Q(j) in L(j) and H(j) with RPCA algorithm (see Algo-
rithm 2). Store H(j) if needed.

(c) Within each block perform weighted FFT

Q̂(j) = F
{
L(j)WT

}
,

where WT is the matrix of the window weights. Columns of
Q̂(j), q̂(j)

k are the jth realizations of the Fourier mode at the kth
discrete frequency fk.

2. For each frequency fk, with k = 1, ..., Nf :

(a) Collect Fourier transform realizations in the matrices

Q̂fk =
√
κ
[
q̂
(1)
k , q̂

(2)
k , ..., q̂

(Nb)
k

]
, whereκ = ∆t/(Nb∥WT∥2F ).

(b) Calculate
Mfk = Q̂∗

fk
WQ̂fk .
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(c) Perform the eigendecomposition of Mfk

Mfk = ΘfkΛfkΘ
∗
fk
.

For the kth frequency, store de-noised SPOD eigenvalues Λfk .

(d) Compute de-noised SPOD modes for the kth frequency with

Φfk = L̂fkΘfkΛ
−1/2
fk

3. Return Φfk and Λfk .

2.2.1 Differences between the proposed algorithms

To elucidate the differences between the latter two approaches, a toy
signal denoted as h(x, t) = cos(x − ωt), with the angular frequency
ω = 2πf and the frequency f = 1, has been hereafter considered. The
original signal has been reported in panel (a) of Figure 2.27 for different
time instances with a phase delay of 45◦ (the temporal order of the reported
curves is black, red and blue); in x = 2 the signal has been set to the value
cos(2ωt) and its location is highlighted by a black rectangle. Perturbing
the signal with a salt and pepper noise (panel (b)), obtained summing to
the 0.2% of corrupted data points a value equal to ±2 at each time step,
one can appreciate the differences in the local dynamics. Despite this
low level of perturbation, the SPOD reconstruction (panel (c)) based on
the entire first mode already appears particularly noisy. Panels (d) and
(e) reports the robust SPOD application considering the de-noising phase
before and after the FFT application, respectively. As expected, the local
dynamics introduced in x = 2 has been completely removed in the panel
(d).

If one is not interested in preserving local sparse dynamics Algorithm
3 is preferred. In the following sections the latter is employed to real world
data, the turbulent jet and the open cavity flow.
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(e) Robust SPOD with RPCA past FFT

Figure 2.27. Comparison between SPOD and robust SPOD reconstructions
of a toy signal. In panel (a) is reported the analyzed signal. Panel (b) contains
the perturbed signal with salt and pepper noise. Panel (c) reports the SPOD
reconstruction by the whole spectrum of 1st SPOD mode. Panel (d) and (e)
contain the robust SPOD reconstruction with de-noising stage before and past
FFT, respectively.

2.2.2 Application of RSPOD to the turbulent jet

The first application considered in this work regards a turbulent jet
presented in the work by Schmidt et al. [15]. The jet was numerically
simulated by means of the unstructured flow solver “Charles” (Brès et al.
[101]) at a subsonic Mach number (defined as the ratio between the mean
inlet jet velocity Uj and the speed of sound aj) equal to M = 0.4 and
Reynolds number (Re = UjDj/ν, with Dj the nozzle diameter and ν
the kinematic viscosity) of Re = 450000; the large-eddy computations
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Figure 2.28. Mean pressure distribution in the turbulent jet. Panel (a) depicts
the mean pressure (p̄0) for azimuthal wavenumber m = 0, normalized as
(p̄0 − p̄min)/(p̄max − p̄min). Panel (b) shows the normalized mean pressure
p̄0 variation along the axis of the jet. ( black, yellow, red, 0 < (p̄0 −
p̄min)/(p̄max − p̄min) < 1 )

include also the nozzle geometry where synthetic turbulence combined
with a wall model is applied to obtain a fully turbulent boundary layer.
The data were interpolated onto a structured cylindrical grid of [0, 30] ×
[0, 6]×[0, 2π], respectively, in the axial (x), the radial (r) and the azimuthal
(θ) directions.

The analysis considers the pressure field p, which is decomposed in

p(x, r, θ, t) = p̄(x, r, θ) + p′(x, r, θ, t), (2.18)

where (̄·) is the long time mean, (·)′ represents the fluctuating part. More-
over, p′ is further decomposed in azimuthal Fourier modes

p′(x, r, θ, t) =
∑
m

p̂m(x, r, t)e
imθ, (2.19)

being m the azimuthal wavenumber.
Panel (a) of figure 2.28 presents the spatial distribution of the mean

pressure p̄0 (m = 0 Fourier component) within the turbulent jet; whereas
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Figure 2.29. SPOD spectrum for the turbulent jet case. Red shaded area
highlights the separation between the first and second mode.

panel (b) reports the normalized pressure profile along the jet axis. The
terms p̄max and p̄min represent the maximum and the minimum of p̄0,
respectively. The pressure is almost constant in the potential core region
(0 < x/Dj < 5); then it decreases in the developing jet region and
finally starts to increase near the beginning of the self-similar region
(5 < Dj < 25).

The present analysis is carried out considering only them = 0 Fourier
component; at each time instance ti the state vector q contains the evalu-
ation of p̂0 in each point of the domain (x, r).

The standard SPOD algorithm is initially used to determine the prin-
cipal frequencies of the turbulent jet, reporting also the main coherent
structures of the 1st and 2nd mode; later, the data is artificially corrupted
comparing the performance of the SPOD and robust SPOD procedures
separately.

The snapshots have been sampled with a dimensionless time equal to
0.2, and a total of Nt = 10000 snapshots were considered. For the SPOD
analysis, Nf = 128 snapshots has been used, considering a Hamming
temporal window and a 50% overlap among blocks. This resulted in
Nb = 155 blocks. It’s worth noting that in this particular test, where only
the p̂0 component was considered, the spatial weights were determined by
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Figure 2.30. Real part of 1st and 2nd mode at different St. Modes have been
normalized with respect their maximum. In all the panels the abscissa and
ordinate are the dimensionless axial coordinate x/Dj and radial coordinate
r/Dj , respectively, omitted for clarity. ( blue, cyan, black, yellow, red,
−1 < ϕfk/∥ϕfk∥∞ < 1 )

taking into account only the integration quadrature, following the approach
outlined by Schmidt and Colonius [85]. Figure 2.29 displays the SPOD
spectrum as a function of the Strouhal number St = fDj/Uj . The most
prominent modal separation is observed at St ≈ 0.4. Figure 2.30 exhibits
the real part of the first two SPOD modes at different values of the Strouhal
number. The pressure field takes the form of a compact wavepacket in
the initial shear-layer region of the jet similar to a the Kelvin–Helmholtz
shear-layer instability as shown by Schmidt et al. [15].

To assess the robustness of the SPOD method, artificial data corruption
was introduced by randomly selecting a certain percentage of corrupted
data points across the spatial domain at each time step. The pressure field
hereafter represented is limited to the shear layer region only, x/Dj < 4,
with a grid of nx × ny = 137 × 45 = 6115 points. Note that the robust
SPOD algorithm was unaware of the specific locations of these corrupted
data points. Two kinds of data corruption have been considered:

• Gaussian noise with zero mean and 4pmax variance, pmax being the
maximum of the p̂0 component;
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• Salt and pepper noise with values of ±4pmax.

This kind of noises introduce a high perturbation in the L2 norm of
the flow even with a low percentage of corrupted data points.

The differences between the two techniques are highlighted in Fig-
ure 2.31 which reports a comparison between the coherent structures of
the 1st mode at different St values, computed with the SPOD and robust
SPOD technique; the results refer to the salt and pepper corruption of the
10% of the data and consider different values of α, defined in Eq.(2.14).
Panels in first line contain the real part of the leading SPOD mode at
St = 0.4, 0.8, and 1.2, considering the corrupted data; they show how a
quite small percentage of corrupted data results in noisy modes, particu-
larly at higher frequencies. The use of robust SPOD relevantly improves
the modes quality, as confirmed by panels from (g) to (r). Here, the influ-
ence of the α parameter, as discussed in Scherl et al. [37], can be observed
in terms of noise filtering. The higher the α the lower the filtering effects.
The value α = 2 gives the modes corresponding to the uncorrupted con-
figuration (not shown herein), see Schmidt et al. [15].

The effectiveness of the robust SPOD technique is confirmed also with
a Gaussian noise. Indeed, Figure 2.32 clearly show how the robust SPOD
algorithm enhances the quality and the accuracy of the modes.

To quantify the validity of the robust SPOD, the relative error, denoted
as εfk, is introduced as:

εfk =
∥ϕcorr

fk
− ϕfk∥2

∥ϕfk∥2
, (2.20)

in which ϕfk denotes the original SPOD modes and ϕcorr
fk

refers to the
modes obtained from corrupted data using either SPOD or robust SPOD.
This relative error provides a measure of the accuracy and reliability of
the robust SPOD technique. The dependency of εfk with respect α and
St has been reported in Figures 2.33 and 2.34, respectively. In particular
Figures 2.33 refers to two different types of noise, various percentages of
corrupted data points, and different values of α, specifically at the leading
frequency St = 0.4. In both panels solid lines represent the εfk at several
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Figure 2.31. Comparison between SPOD and robust SPOD leading modes
at different St. Salt and pepper noise with the 10% of corrupted data points.
Panels in first line refer to SPOD modes of corrupted data. Other panels show
the effect of the de-noising parameter α on the robust SPOD modes. Data
corruption modelled as salt and pepper noise ±4pmax. In all the panels the
abscissa and ordinate are the dimensionless axial coordinate x/Dj and radial
coordinate r/Dj , respectively, omitted for clarity. Field variables have been
normalized with respect to their maximum.
( blue, cyan, black, yellow, red, −1 < ϕfk/∥ϕfk∥∞ < 1 )
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Figure 2.32. Comparison between SPOD and robust SPOD leading modes at
different St. Gaussian noise with the 10% of corrupted data points. Panels in
first line refer to SPOD modes of corrupted data. Other panels show the effect
of the de-noising parameter α on the robust SPOD modes. Data corruption
modelled as Gaussian noise with ±4pmax variance. In all the panels the
abscissa and ordinate are the dimensionless axial coordinate x/Dj and radial
coordinate r/Dj , respectively, omitted for clarity. Field variables have been
normalized with respect to their maximum.
( blue, cyan, black, yellow, red, −1 < ϕfk/∥ϕfk∥∞ < 1 )
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(a) Salt and pepper noise (b) Gaussian noise

Figure 2.33. Relative error εfk computed with SPOD and robust SPOD
techniques at St = 0.4 for different levels and types of noise, considering
several values of α. Solid lines represent the εfk at several α, color-coded
according to the corrupted data points percentage. Dashed lines represent the
SPOD error, namely α approaching infinity.

α, color-coded according to the corrupted data points percentage. The
dashed lines represent the SPOD error, specifically when α approaches
infinity. Each curve exhibits its unique minimum for α, but regardless the
error type or the percentage of corrupted data points, as in Scherl et al.
[37], the lowest values of εfk are found when α is o(1), approximately
in the range of 1 ∼ 3. Figures 2.34, instead, reports the results for the
salt and pepper noise only, highlighting the influence of the de-noising
parameter α on the mode error ε for the first four modes as a function of
St. The effect of the de-noising parameter α on the mode error varies
with the frequency of interest; the relative performance of robust SPOD
tends to be more pronounced and advantageous at higher St values. For
this case the optimal choice of α is 2.

The SPOD spectrum is strongly affected by α. Figure 2.35 reports
both the SPOD spectra of the clean (red lines) and corrupted (dashed
magenta curves) configurations and those obtained by the robust SPOD
at various filter levels (black curves). The introduction of noise, even in
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(a) (b)

(c) (d)

Figure 2.34. Effect of de-noising parameter α on the error ε. Panels (a) to (d)
goes from the 1st to the 4th SPOD mode. Salt and pepper noise with 10% of
corrupted data points.
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(a) mode 1 (b) mode 2

Figure 2.35. Effect of de-noising parameter α on the robust SPOD spectrum.
Panels (a) refers to 1st SPOD mode, panel (b) to the 2nd one. Black lines
represent the robust SPOD spectra and red lines the original SPOD spectrum.
Dashed magenta lines are the SPOD spectra of corrupted data. Salt and pepper
noise with 10% of corrupted data points.

a limited number of data points, significantly perturbs the spectrum. At
high α values the robust SPOD produces exactly the same spectrum of
the SPOD technique; a reduction of α is accompanied by a decrease in
the noise levels and, thus, the robust spectrum tends towards the clean one
(the best result is obtained for α = 2). This optimal value strikes a balance
between noise reduction and preservation of relevant flow features.

Robust SPOD can be also a valuable tool for de-noising data and
reconstructing the signal from de-noised modes. This ability is reported in
Figure 2.36, which contains a snapshot of the original pressure fluctuation
(first panel), the corresponding perturbed field (second panel) considering
the 10% of corrupted data points, the SPOD reconstruction (third panel)
and various robust SPOD reconstructions (lower panels). The SPOD
reconstruction, based on the entire spectrum of the first three modes,
shows noticeable noise levels. Panels (d) to (i) demonstrate the de-noising
effect achieved by adjusting the parameterα, which increases asα reduces.
For values lower than 5 the reconstructed snapshots exhibit a remarkable
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Figure 2.36. De-noising with robust SPOD. First panel contains a sample
snapshot of p̂0. Second panel shows the 10% of corrupted data points with salt
and pepper noise. Third panel reports an attempt of de-noising with SPOD
by employing the whole spectrum of the first 3 modes. Lower panels show
the robust SPOD reconstruction by employing the whole spectrum of all the
robust SPOD modes, highlighting the de-noising effect of the parameter α.

reduction in noise, leading to a clearer representation of the underlying
flow structures.

Finally, the robust spod algortithms using the turbulent jet data are
compared. At the location x/Dj = 0.3 along the axis r = 0 a synthetic
cosine signal with a frequency corresponding to Stf = 1.2 has been
implemented. The first panel of Figure 2.37 presents a zoomed-in view
near the inlet section (0 < x/Dj < 1) of the leading pressure SPOD mode
at St = 1.2. This mode exhibits the oscillating pressure pattern previously
observed in the paper and captures the synthetic signal. Subsequently, salt
and pepper noise is introduced to corrupt only 0.2% of the dataset. The
second panel of the figure displays the same SPOD mode obtained from
the corrupt dataset. While the synthetic signal remains detectable, the
noise introduced by even such a low number of corrupted data points
results in significantly noisier modes. The lower panels of the figure
demonstrate the application of both robust SPOD algorithms, both with
the same denoising parameter α = 2. It is evident that Algorithm 1, while
providing less smooth modes, preserves the local sparse dynamics. On
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the other hand, Algorithm 3 should be preferred if local behaviors are not
of a primary interest.
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Original SPOD mode Perturbed SPOD mode

Algorithm 1 Algorithm 3

Figure 2.37. Comparison between robust SPOD algorithms using the turbulent
jet data with a syntetic cosine signal at x/Dj = 0.3. Salt and pepper noise
with the 0.2% of corrupted data points has been considered. In all the panels
the abscissa and ordinate are the dimensionless axial coordinate x/Dj (0 <
x/Dj < 1) and radial coordinate r/Dj (0 < r/Dj < 0.7), respectively,
omitted for clarity. The first panel shows the leading SPOD mode at St = 1.2
near the inlet section. The second panel displays the same SPOD mode
obtained from the corrupt dataset. The lower panels illustrate the application
of the two robust SPOD algorithms with the same denoising parameter α = 2.
Field variables have been normalized with respect to their maximum.
( blue, white, red, −1 < ϕfk/∥ϕfk∥∞ < 1 )
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2.2.3 Application of RSPOD to the open cavity flow
The second investigation concerns the flow field within an open cavity,

whose measurements have been acquired by means of PIV technique. Such
a configuration is of significant industrial relevance, given its complex
spatio-temporal dynamics, and raises several unresolved questions. The
standard SPOD tends to produce noisy outcomes, especially for non-
leading modes. As demonstrated later in this dissertation, the application
of robust SPOD enhances the smoothness and physical interpretability
of these modes. The dataset reported in Zhang et al. [102] has been
considered here limited to a free stream Mach number (defined as the
ration between the incoming flow velocity Uc and the speed of sound ac)
equal to M = 0.6.

Panel (a) of Figure 2.38 reports a sketch of the rectangular cavity. It
has a length of Lc = 158.8 mm, a depth ofDc = 26.4 mm, and a width of
Wc = 101.6 mm; the resulting nondimensional ratios are Lc/Dc = 6 and
Wc/Dc = 3.85.

In accordance with the panel (b) of Figure 2.38, reporting the tempo-
ral mean distribution of the streamwise velocity component, the incoming
boundary layer separates at the cavity leading edge forming a shear layer,
which can induce acoustic resonance phenomena. Indeed, the shear layer
formed at the cavity leading edge can generate small disturbances, that
grow moving downstream and then interact with the trailing edge; the re-
sulting acoustic field radiates waves and those traveling upstream can feed
and generate further disturbances in the shear layer (Zhang et al. [102], Sun
et al. [103, 104]). This feedback process results in an aeroacoustic res-
onance whose main tones are known as Rossiter modes (Rossiter [105]).
The characteristic dimensionless frequencies (in terms of the Strouhal
number, St) associated with these modes can be predicted using the em-
pirical relation from Heller and Bliss [106]:

Stn =
fnLc
U∞

=
n− a

1/κr +M/
√

1 + (γ − 1)M2/2
. (2.21)

Here, U∞ represents the freestream velocity, κr = 0.65 is an empirical
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(a) (b)

Figure 2.38. Open cavity flows. Panel (a): geometrical sketch; panel (b):
mean distribution of streamwise velocity component and streamlines. (
blue, cyan, black, yellow, red, −1 < ū/∥ū∥∞ < 1 )

coefficient, a = 0.38 is the phase lag, and n = 1, 2, . . . corresponds to
the Rossiter mode index. Equation (2.21) provides a prediction for the
dimensionless frequencies Stn associated with the resonance modes in
open cavities.

The open flow cavity data-set consists of velocity component mea-
surements on a uniform grid with dimensions nx × ny = 156 × 55,
with a sampling frequency of fs = 16000 Hz. The analysis is based on
Nt = 16000 snapshots, with Nb = 30 blocks and Nf = 1024 frequencies.
The corresponding spectrum has been reported in Figure 2.39; a good
agreement between the leading frequencies and the Rossiter frequencies,
predicted by Equation (2.21) and indicated by vertical dashed lines, can
be appreciated.

Figure 2.40 presents the real part of the first SPOD mode at the two
leading frequencies, St = 0.75 and St = 1.22. Panels (a) and (b) show
the streamwise component of the mode, while panels (c) and (d) report
the transversal component. The spatial structures at higher frequencies
exhibit finer scales compared to those at lower frequencies. Panels (d) and
(e), instead, contains the magnitude of velocity mode gradients, defined
as the square root of the sum of squares of the individual velocity mode
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Figure 2.39. SPOD spectrum of open cavity flows from Zhang et al. [102].
Case with M = 0.6. Vertical dashed lines represents Rossiter frequencies
from equation (2.21). Red shaded area highlights the separation between the
first and second mode.

gradient components:

ξfk(x, y) =

√(∂φufk
∂x

)2

+
(∂φufk

∂y

)2

+
(∂φvfk

∂x

)2

+
(∂φvfk

∂y

)2

.

(2.22)
It provides important information about the spatial distribution and

intensity of flow structures within the open cavity. Indeed, these distribu-
tions have the largest magnitude in the shear layer, which indicates that
Rossiter modes are mainly driven by the shear layer of the flow, as high-
lighted in Sun et al. [103].

For this case, the robust SPOD analysis is based on the algorithm 3,
with a de-noising parameter α = 1. Figure 2.41 presents the spectra
obtained from both SPOD (red lines) and robust SPOD (black lines)
analysis. The robust SPOD analysis primarily focuses on reducing noise
at high frequencies, meaning that the obtained reconstructed signals tend to
exhibit less noise contamination compared to those obtained from SPOD,
particularly in the higher frequency range. To provide a reference for
the spectral behavior, the blue dashed line represents the Kolmogorov



66 Chapter 2. Modal analysis

(a) (b)

(c) (d)

(e) (f)

Figure 2.40. Leading SPOD modes of open cavity flows data from Zhang
et al. [102]. Panel (a): real part of leading SPOD mode of u at St = 0.75.
Panel (b): real part of leading SPOD mode of u at St = 1.22. Panel (c):
real part of leading SPOD mode of v at St = 0.75. Panel (d): real part of
leading SPOD mode of v at St = 1.22. Panel (e): magnitude of velocity mode
gradient mfk at St = 0.75. Panel (f): magnitude of velocity mode gradient
ξfk at St = 0.75. White lines are the sreamlines pattern as viewed by an
observer moving with the mean flow. Field variables have been normalized
with respect to their maximum.



2.2. Robust SPOD 67

Figure 2.41. Comparison between the SPOD spectrum (black) and the robust
SPOD one (red) for the cavity flow. The reference blue dashed curve represents
St−5/3. Vertical dashed lines represents Rossiter frequencies. Note that for
robust SPOD the Algorithm 3 has been employed.

power law (St−5/3), which is a well-established representation of the
energy spectrum in turbulent flows and serves as a benchmark for assessing
the spectral characteristics of the analyzed data (Wilczek et al. [107]),
showing how the curve tends to align with this well-known benchmark.
As expected, the power law scaling is not valid at low frequencies, where
the flow is characterized by relatively larger coherent structures.

Figures 2.42 and 2.43 provide a comparison between the leading u
and v modes, respectively, obtained from both SPOD and robust SPOD
analysis. The comparison is done for the first four Rossiter frequencies as
well as a generic high Strouhal number (St = 4).

It is worth noting that the application of robust SPOD leads to consider-
able improvements in the smoothness of the extracted modes. Specifically,
for the first mode at the leading frequencies (St = 0.75 and St = 1.70),
SPOD already performs well, producing relatively smooth modes. How-
ever, for the remaining modes, the employment of robust SPOD signif-
icantly enhances the smoothness of the modes. Moreover, at high fre-
quencies, such as St = 4, the coherent structures, extracted with SPOD
technique, are not easily recognizable; whereas the robust SPOD modes
exhibit clearer and more distinguishable coherent structures.

To quantify the roughness of the modes, following Grohmann et al.
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Figure 2.42. Comparison between SPOD and robust SPOD leading u modes
at different St. Field variables have been normalized with respect to their
maximum. Note that for robust SPOD the Algorithm 3 has been employed.
De-noising parameter α = 1. In all the panels the abscissa and ordinate are the
dimensionless axial coordinate x/Dc and radial coordinate r/Dc, respectively,
omitted for clarity. ( blue, cyan, black, yellow, red,−1 < ϕfk/∥ϕfk∥∞ <
1 )
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Figure 2.43. Comparison between SPOD and robust SPOD leading v modes
at different St. Field variables have been normalized with respect to their
maximum. Note that for robust SPOD the Algorithm 3 has been employed.
De-noising parameter α = 1. In all the panels the abscissa and ordinate are the
dimensionless axial coordinate x/Dc and radial coordinate r/Dc, respectively,
omitted for clarity. ( blue, cyan, black, yellow, red,−1 < ϕfk/∥ϕfk∥∞ <
1 )
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Figure 2.44. Spatial standard deviation of the velocity mode gradient magni-
tude. Comparison between SPOD and robust SPOD.

[108], it is convenient to compute the spatial standard deviation of the
velocity mode gradient magnitude defined in Eq.(2.22):

σfk = std(ξfk) =

√√√√ 1

nxny

nx∑
i=1

ny∑
j=1

(
ξfk(xi, yj)− ξ̄fk

)2 (2.23)

where ξ̄fk = 1
nxny

∑nx

i=1

∑ny

j=1 ξfk(xi, yj). Figure 2.44 displays the values
of σfk for the leading four modes obtained from both SPOD and robust
SPOD analysis. Comparing the two sets of modes, it is evident that the ro-
bust SPOD modes exhibit greater smoothness, particularly at high Strouhal
numbers (St). The lower values of σfk for robust SPOD modes indicate
reduced roughness and enhanced coherence in flow field structures.
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2.3 Gappy POD of two-phase PIV data

Experimental measurements often contain corrupted data. This sec-
tion presents a modal analysis that explores the spatially dominant coherent
structures and their corresponding temporal dynamics in presence of miss-
ing data. This analysis is based on time-resolved particle image velocime-
try (TR-PIV) applied to a wake-mixing layer flow, where the velocity field
is simultaneously measured in both gas and liquid phases. To identify
the leading modes, we have utilized the Gappy POD (Proper Orthogonal
Decomposition) iterative algorithm, initially introduced in Everson and
Sirovich [27] and subsequently reviewed in Venturi and Karniadakis [28]
and Gunes et al. [29].

Specifically, for this analysis, the state vector q comprises fluctuations
in both velocity components at each point x within the flow field. It’s
important to note that measurement locations in x originate from two
separate cameras: one for the liquid phase and the other for the gaseous
phase. To address this heterogeneity within the modal analysis, a spatial
weight matrix, which defines the norm of the state vector, has been de-
signed to account for the varying densities of the two phases, ρa for the
gaseous phase and ρl for the liquid phase, as well as the Voronoi area Av
associated with each point.

In Figure 2.45 are presented the mean axial velocity ū in Panel (a) and
the Voronoi cells corresponding to the measurements points in Panel (b).
Blue dots represent measurements from the gaseous phase camera (GC),
while red dots represent measurements from the liquid phase camera (LC).
In the Figure, x̃ = x/e and ỹ = y/e, where e represents the thickness of
the splitter plate.

The spatial weight function w(x) is defined as follows:

w(x) =

{
ρaAv(x) if the field variable is recorded by GC,
ρlAv(x) if the field variable is recorded by LC.

(2.24)

To address the presence of corrupt measurements, we introduce the
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(a) ū (b) Voronoi cells

Figure 2.45. Visualization of the experimental setup: Panel (a) shows the
mean axial velocity ū, while Panel (b) displays Voronoi cells corresponding
to the measurements. Black ashed lines represent the mean interface location.
Blue dots represent measurements from the gaseous phase camera, and red
dots represent measurements from the liquid phase camera.

variable υ(x, t), which tracks spatio-temporal missing data:

υ(x, t) =

{
1 if the field variable is known at (x, t),
0 if the field variable is missing at (x, t).

(2.25)

Algorithm 4 outlines the Gappy POD procedure employed for our
analysis.

Algorithm 4 Gappy POD algorithm for two-phase flows.
Given a set of M corrupt snapshots qi

1. Use time-average values as initial guesses at the locations where
υ(x, t) = 0 to obtain M snapshots of an initial complete field
q̃(x, t).

2. Perform weighted POD of q̃(x, t) to obtainM guessed spatial modes
φ̃i(x) and the corresponding temporal modes ãk(t).

3. Select the number of modes Nm (Nm < M ) to be employed in the
reconstruction.
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4. Construct a new vector field as follows:

w̃(x, t) =
Nm∑
k=1

φ̃k(x, t)ãk(t)

and overwrite the previous guess, i.e., set

q̃(x, t) = w̃(x, t) only where υ(x, t) = 0.

5. Upon convergence of the POD eigenvalues return q̃, otherwise go
to 2.

The key dimensionless quantities for the analyzed configuration are
as follows: Rea = ρaUaδa/µa = 768, where Ua represents the reference
velocity of the gaseous phase, δa denotes the vorticity thickness (Fuster
et al. [109]), and µa is the viscosity of the gaseous phase. Additionally,
Wel = ρlU

2
l δl/σ = 0.19, where σ stands for surface tension, and the

subscript l pertains to liquid phase properties. Other important quantities
include Mu = ρgU

2
g /ρlU

2
l = 25.56 and e/δa = 2.6.

In Fig. 2.46 is reported the Gappy POD analysis for the analyzed case.
Panel (a) contains the energy distribution per mode (red) and cumulative
(blue). It is possible to notice that with only about 50 modes more that
95% of the fluctuations energy is retrieved. In panels from (b) to (f) are
presented the leading POD modes for this configuration; white dashed
lines represent the mean interface location. The inspection of this modes
reveals that there is a superposition of a flapping motion of the separation
region and an interfacial advection behavior. In particular, the first mode
(panel (a)), with about 23% of the total energy, is related to the flapping
of the wake separation region. By looking at the 2nd and 3rd modes
(panels (c) and (d)) it is possible to notice a spatial shift between them that
highlights the advective nature of this modes couple. The same behavior
is retrieved for 4th and 5th modes, shown in panels (e) and (f).

PSDs of the temporal coefficients ai of the leading modes are reported
in Fig. 2.47. All the modes present a dimensionless frequency peak at
2.8× 10−4.
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(a) POD energy (b) 1st u′ POD mode

(c) 2nd u′ POD mode (d) 3rd u′ POD mode

(e) 4th u′ POD mode (f) 5th u′ POD mode

Figure 2.46. Gappy POD analysis. Panel (a), POD energy distribution. Panels
(b) to (f), leading u′ modes. Field variables have been normalized with respect
to their maximum. White dashed lines represent the mean interface location.
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Figure 2.47. Power spectral densities (PSD) of the leading modes temporal
coefficients ai.





Chapter 3
Data driven Stability analysis

One classical way of examining fluid flows is by linearizing the gov-
erning equations, and studying the mathematical evolution of disturbances
(of small-amplitude) superposed on a base flow. This approach provides
the eigenvalues spectrum of the system, revealing the emergence of the
flow unsteadiness and thus allowing the prediction of flow field domi-
nant frequencies (Drazin and Reid [110], Schmid and Henningson [111],
Criminale et al. [112] and Chen et al. [113]). Many effort, both in modal
(Theofilis [12]) and non-modal (Schmid [114]) analysis, have been made
in the framework of Linear Stability Analysis (LSA) on the identification
of how the small-amplitude perturbations develop in space and time. How-
ever, spectral information of the system can be also obtained by means
of the DMD technique, that can be conveniently applied instead of the
linearization procedure, as shown in Ferrer et al. [115] and Ranjan et al.
[49].

In this case, the DMD provides the linear relationship between a
generic snapshot and the subsequent one, considering random perturba-
tions of the base flow. Other very recent applications involve data-driven
resolvent analysis (Herrmann et al. [116]) and optimally time-dependent
modes (Kern et al. [117]). This approach avoids the linearization process
of the governing equations, together with the related numerical and theo-
retical complexity.

In this work, the global spectra of viscous gravitational two-dimensional
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(2D) liquid sheets has been obtained by applying the DMD technique
on randomly perturbed base flows. The DMD is used to estimate the
linearized evolution operator and to extract the main spatial structures,
together with information on the system dynamics. The flow fields have
been obtained by means of numerical simulations performed with the two-
phase code BASILISK (Popinet [95]).

The chapter is structured as follows: Section 3.1 covers the method-
ology, with a focus on base flow perturbation and the DMD (Dynamic
Mode Decomposition) algorithm for estimating the underlying linear op-
erator, along with the associated eigenspectra and eigenfunctions. In
Section 3.1.1, the results for the 1D model of the vertical liquid jet are pre-
sented. Subsequently, Section 3.1.1 examines the 2D jet configurations.

3.1 Data-driven global stability analysis
The global stability analysis focuses on the temporal and spatial evo-

lution of small-amplitude perturbations superimposed upon a base flow.
With this assumption, the governing equations can be recast in the form
of a classic first order dynamical system,

q̇ = f(q), (3.1)

with f being a non-linear operator depending on q.
From a practical point of view, the analysis is carried out through the

decomposition of q in the sum of a base flow q̄ and the fluctuations q′,
such that q = q̄ + q′; in this way it is possible to obtain the linearized
form of the equation (3.1):

q̇′ = Lq̄q
′, (3.2)

with Lq̄ being the Jacobian operator evaluated at the base flow.
The computation of Lq̄ is numerically prohibitive. Theofilis [118]

and Bagheri et al. [119], in the hypothesis of small perturbations, showed
that its evaluation can be simplified when based on instantaneous fields
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of q′ (snapshots), obtained by a high-order solver (in present case the
BASILISK). Moreover, following Gomez et al. [120] a proper set of
snapshots is constructed through the Fréchet derivative:

q̇′ = Lq̄q
′ =

∂f(q)

∂q

∣∣∣∣
q̄

q′ ≈ f(q̄+ q′)− f(q̄), (3.3)

that when integrated from a generic time instance t = tn to the subsequent
one t = tn +∆t, leads to

q′
n+1 = eLq̄∆tq′

n = Aq′
n ≈

∫ tn+∆t

tn

f(q̄+q′)dt−
∫ tn+∆t

tn

f(q̄)dt. (3.4)

The inspection of the previous equation highlights the linear relationship
between two subsequent snapshots q′

n and q′
n+1 through the matrix A;

note that Aq′
n approximates the difference between the variation of the

perturbed field and that of the base flow.
In the framework of two-phase flows, it is convenient to define a state

vector q by stacking the velocity components and the volume fraction at
every time instance. For the vertical liquid jet, introduced in section 2.1.1
and appendix A.1, the base flow q̄ has been assumed coincident with the
flow field after an evolving time t0 = 6tr, where tr is the reference time
tr = L/U . The perturbed field has been obtained by adding a purely
random perturbation to the whole flow field at t = t0. In particular, this
perturbation is modeled as white noise, with an amplitude of 1% of U for
the velocity components (u and v) and 0.01 for the volume of fraction in
the interface region.

The matrix A has been obtained by means of the DMD technique
(Ranjan et al. [49]), which decomposes time-resolved data into modes,
each of one with its own frequency and growth rate. Considering a
standard DMD algorithm (Tu et al. [44]), it is convenient to define a
physically meaningful norm for q′ related to the fluctuations energy of the
velocity components and of the volume fraction. In particular, the norm
is ∥q′∥2P = q′∗Pq′, where (·)∗ denotes the conjugate transpose operator
and P represents a weight matrix whose element have been computed
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according to work of Chu [121] providing the following energy norm:

E =

∫
Ω

[
ρ̄
(
u′2 + v′2

)
+
(
ū2 + v̄2

) ∆ρ2
ρ̄
C ′2

]
dΩ, (3.5)

in which Ω is the computational domain. In this way, P takes into account
the integration quadratures and appropriate scaling of heterogeneous vari-
ables of the problem. Finally, a Cholesky decomposition P = F∗F, has
been computed to obtain E = ∥q′∥2P = q′∗F∗Fq′ = ∥Fq′∥22.

The DMD algorithm considers the snapshots (Fq′
k) collected as columns

in the matrices Q1 and Q2

Q1 = F

 | | |
q′
1 · · · q′

k · · · q′
M

| | |

 ,
Q2 = F

 | | |
q′
2 · · · q′

k+1 · · · q′
M+1

| | |

 , Q1,Q2 ∈ RN×M ,

(3.6)

where N is the cardinality of the state vector q′, and M the number of
snapshots. In this view, the linear operator approximates the temporal
dynamics of the data such that

Q2 ≈ ΘQ1. (3.7)

It is worth noting that the matrix Θ is related to the matrix A by Θ =
FAF−1; it shares the same eigenvalues of A and has eigenvectors scaled
by F. Moreover, snapshots collected within the matrices Q1 and Q2

can also refer to several simulations with different random initializations
(Herrmann et al. [116]). The following analysis considers 200 simulations
each one composed of 200 snapshots, with ∆t = 10∆ts ≈ 0.003 tr.

The leading coherent structures (namely the DMD modes) are eval-
uated through the SVD decomposition of Q1, according to which Q1 =
UΣV∗. In this way, Eq. (3.7) becomes Θ = Q2VΣ−1U∗, which gen-
erally requires a large computational cost. To mitigate this effort, it is
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convenient to introduce the matrix Θ̃ = U∗Q2VΣ−1 that shares the same
non-zero eigenvalues of Θ (and of A), but has a lower dimension and
thus requires a reduced numerical cost. Finally, the DMD modes Φ are
retrieved as Φ = Q2VΣ−1W, with W being the matrix of eigenvectors
of Θ̃.

The dimensionless spectrum of the underlying linear operator Lq̄ is
computed by

λk = λr + λi i =
log (µk)

∆t
2πtr, (3.8)

where µk is the kth eigenvalue of Θ̃, λr is the dimensionless growth
rate and λi the dimensionless frequency. Note that throughout this work
relevant eigenvalues are represented with two decimal digits only.

The convergence and the saturation of the DMD algorithm are evalu-
ated by means of the L2 norm of the residual r. Indeed, considering the qr
factorization of the snapshots matrix (Q1 = SR) the residual r is defined
as:

r = q′
M+1 −Q1R

†S∗q′
M+1, (3.9)

in which q′
M+1 is the last snapshot and (·)† is the pseudoinverse operator.

Note that r is the reconstruction error field of the last snapshot q′
M+1 and

simply represents how well the last snapshot can be represented as a linear
combination of the first M ones.

3.1.1 1D global analysis

The methodology illustrated in section 3.1 is first tested on the simpli-
fied 1D model of the curtain flow described by Della Pia et al. [61], which
provides the streamwise distribution of both the sheet centerline lateral
displacement (ℓs) and the lateral velocity on the centerline (vs) for sinuous
perturbations of the jet. Results of the linear stability analysis carried out
by means of the 1D model will be hereafter compared with those obtained
by the application of the DMD technique to the same simplified flow data.

The dimensionless 1D model is based on the following governing
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equations:

∂vs

∂t̂
−RUs

∫ 1

0

∂vs

∂t̂
ln |x̂− ξ| dξ +RUs

∫ 1

0

Us
∂2ℓs

∂t̂∂x̂
ln |x̂− ξ| dξ =

−Us
∂vs
∂x̂

+
Us
We

∂2ℓs
∂x̂2

+
ε

2Re

∂2vs
∂x̂2

,

(3.10)

∂ℓs

∂t̂
= vs − Us

∂ℓs
∂x̂

, (3.11)

where t̂ = t/tr and x̂ = x/L, coupled with only homogeneous boundary
conditions at the inlet section, ℓs(0) = 0, vs(0) = 0, being the free-
outflow condition at the bottom edge self-guaranteed (Girfoglio et al.
[53]). Eq. (3.10) represents the momentum equation averaged along the
lateral coordinate y and contains the unsteady Bernoulli-based pressure
model by Kornecki et al. [122]; Eq. (3.11), instead, is the linearized
kinematic boundary condition imposed at the free interfaces (Girfoglio
et al. [53]). The parameter R takes in account the effects of the density
ratio, rρ, and the sheet slenderness, ε, while Us is the dimensionless axial
velocity (corresponding to the free-fall Torricellian base flow):

R =
2

π

1

ε
rρ, Us(x̂) =

√
1 + 2

x̂

F r
. (3.12)

The analysis starts by considering supercritical flow conditions (We >
1). Note that in this one-dimensional analysis, unlike the subsequent two-
dimensional one, the state vector q′ consists of a collection of the values
of ℓs ans vs in each streamwise location, and snapshots of the simulation
are taken by integrating the system (3.10)-(3.11). Accordingly, the weight
matrix is computed by considering the perturbations energy per unit length
given by Olsson and Henningson [123] and Della Pia et al. [63]:

E1D =
1

2

∫ 1

0

[
v2s
Us

+
1

We

(
∂ℓs
∂x̂

)2
]
dx̂ (3.13)
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in which the first term, proportional to v2s , is related to the kinetic energy;

whereas, the second one, proportional to
(
∂ℓs
∂x̂

)2

, involves the surface

tension.
Panel (a) of Fig. 3.1 reports the global spectrum computed with the

Linear Stability Theory (LST), together with the ones estimated through
the DMD technique for several numbers of random initializations (ns). The
physical conditions are represented by the following set of parameters:
We = 2.5, Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413. The LST
spectrum, as reported by Della Pia et al. [61], exhibits two branches (see
the zoom reported in panel (b)), with an almost constant spacing between
the imaginary part of the eigenvalues, which is directly associated with
the crossing time of slow (upper branch) and fast (lower branch) traveling
waves.
The cases represented consider ns = 1, 7 and 10. It is interesting to
observe that with a few random snapshots (ns = 7) the spectrum exhibits
spurious unstable eigenvalues, but with a slight increase of ns it quickly
tends to converge to the standard one (open circles) for both branches. For
ns = 10 a good match can be appreciated, the leading eigenvalues being
properly captured both in real part (growth/decay rate) and imaginary one
(frequency). Note that the convergence of the residuals comes with the
convergence of the eigenvalues, and the disappearance of the spurious
ones. For the analyzed case the leading dimensionless frequency (imagi-
nary part of the leading eigenvalue) is λi = 3.64.

The leading eigenfunctions of displacement (φl, panel (a)) and lateral
velocity (φv, panel (b)) for the cases ns = 7 and 10 together with those
based on the LST method are reported in Fig. 3.2. The DMD modes
computed with ns = 10 exhibit a very good match with the theoretical
ones; the case with ns = 7 is interesting because even if the leading modes
exhibit spurious oscillations due to the randomness of the perturbations,
the streamwise trend of these modes is correctly predicted.

The convergence and the saturation of the algorithm are evaluated by
means of the L2 norm of the residual, ∥r∥, which measures how much the
last snapshot q′

M+1 can be expressed as a linear combination of first M
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(a) Global spectrum. (b) Zoom of the inner spectrum.

Figure 3.1. Comparison between the supercritical spectrum evaluated with the
linear stability analysis and various spectra computed with the DMD approach
for different values of ns. Panel (a) contains the global spectrum and panel
(b) a zoom of its inner region. We = 2.5, Fr = 0.33, ε = 0.02, rρ = 0.01,
Re = 413.
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(a) Lateral dis-
placement ℓs.

(b) Transverse
velocity vs.

Figure 3.2. Comparison between leading LST eigenfunctions and DMD
modes of lateral displacement (a) and transverse velocity (b).
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Figure 3.3. Convergence of DMD algorithm. Residual value history versus
number of random simulations ns

ones (Schmid [43]). The trend of the residue is reported in Fig. 3.3 as a
function of the number of simulations ns. In accordance with the spectrum
considered above, a rapid convergence can be observed for ns > 8, for
which ∥r∥ ≈ 10−12, thus providing a sufficient accuracy to determine the
spectrum and the corresponding eigenmodes.

Once the capability of the DMD algorithm in determining the eigen-
functions/eigenvalues of the underlying linear system has been proven, it
is interesting to test its ability to properly represent the evolution of the
system by comparing results of its integration with the theoretical ones
(Eq.s (3.10)-(3.11)).

Indeed, the linear operator A can be used to predict the behavior of
the system both in free and forced configurations; to do that, the system
(3.10)-(3.11) is recast in the form

Mq̇′ = Lq′ + b1f + b2ḟ , (3.14)

where f models the effect of an external forcing at the inlet (x̂ = 0),
through non-homogeneous boundary conditions: f = [vs(0, t̂); ℓs(0, t̂)].
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For discrete times the solution reads

q′
n+1 = ALSTq

′
n +B1fn +B2ḟn, (3.15)

in which ALST = e(M
−1L)∆t, fn and ḟn are the forcing and its derivative

at the nth time step, respectively; the matrices B1 and B2 are equal to

B1 =

∫ ∆t

0

e(M
−1L)(∆t−τ)b1dτ, B2 =

∫ ∆t

0

e(M
−1L)(∆t−τ)b2dτ.

(3.16)
Fig. 3.4 shows the solution obtained enforcing homogeneous condi-

tions for ℓs and a harmonic forcing (ff = 25Hz) for the transverse velocity
vs(0, t̂) = sin(2πtrff t̂). A comparison between the integration of (3.15)
by using ALST and the DMD estimations of A is reported. Again, as ns
increases the DMD modes tend to behave strictly as the eigenfunctions of
the LST model. Note that for ns = 7, despite the quite noisy modes of
the DMD model, an acceptable averaged representation of the centerline
deflection (blue lines) is achieved.

3.1.2 2D analysis
The methodology described earlier is now applied to 2D numerical

simulations, providing an estimation of the BiGlobal spectrum in a non-
intrusive way, namely without the linearization of the governing equations.

As stated before, the perturbation is imposed at the initial time in a
random way (white noise) in both the velocity components and volume
fraction fields. Its evolution, for the axial velocity (u′) field only, can
be appreciated considering the snapshots reported in Fig. 3.5. Panel (a)
contains the white noise added to the velocity component at the initial
time (t = 0); panels (b) and (c) show the evolution of these disturbances
that, while reducing in amplitude, excite dynamics with different scales.

The study exploits the DMD technique to obtain the global spectrum;
in this case 200 simulations, corresponding to 40000 snapshots, have been
used for the analysis. The DMD spectrum of the base case has been
reported in Fig. 3.6, together with the corresponding one of the 1D model
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Figure 3.4. Comparison between sheet centerline snapshots of the forced
configuration and the same results obtained by means of the DMD approach.
We = 2.5, Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413. Sinusoidal forcing
of vs at inlet, vs(0, t̂) = sin(f̂f t) with f̂f = 25.
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(a) t = 0 (b) t = 5∆t (c) t = 10∆t

Figure 3.5. u′ random initial disturbance (a) and its temporal evolution (b)
and (c). We = 2.5, Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413. Field
variables have been normalized with respect to the maximum.

(red circles), for a direct comparison. Here, only 400 DMD modes are
reported, which retain more than the 99.9% of the POD (proper orthogonal
decomposition) total energy, avoiding the introduction of spurious modes
(Schmid [43]).

Generally speaking, the BiGlobal spectrum highlights a wider fre-
quency content than the LST results, with a further branch in between
the upper and lower branches previously found for the 1D model. The
physical relevance of the middle branch will be discussed hereafter. All
the eigenvalues have a negative real part due to the stable nature of the
flow; the less damped eigenvalues are located at low frequencies. The
leading mode, labeled A, is equal to λ = −0.54 + i 3.64, which perfectly
matches the value predicted by the low order analysis; other interesting
eigenvalues are highlighted with blue circles in the spectrum and are lo-
cated on different branches: modes A and B belong to the upper branch,
modes C, D and E are on the middle one, and mode F lies on the lower
branch. The corresponding values are reported in Table 3.1.
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Figure 3.6. Data driven BiGlobal spectrum. We = 2.5,Fr = 0.33, ε = 0.02,
rρ = 0.01, Re = 413. Black dots refer to the 2D simulations, red circles
represent 1D model results. Letters denote selected modes.

λk

A −0.54 + 3.64 i

B −3.86 + 20.36 i

C −10.36 + 19.73 i

D −6.75 + 36.08 i

E −10.33 + 55.51 i

F −18.96 + 19.84 i

Table 3.1. Selected eigenvalues of Fig. 3.6 for the case of We = 2.5,
Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413.



3.1. Data-driven global stability analysis 91

The DMD technique also provides insights on the topology of the flow
through the analysis of the coherent structures associated with the main
modes. In particular, for the liquid sheet flow under study, the DMD
provides the spatial distributions of both velocity components (u′, v′) and
volume fraction (C ′). Fig. 3.7 reports the real part of the structures
corresponding to modes A and B, scaled with respect their maximum.
Note that the black dashed line represents the interface location due the
mode’s action, that is computed considering only the correspondent mode
in theC reconstruction according to Tu et al. [44] and Schmid [43]. Panels
(a) and (c) show antisymmetric distributions of u′ and C ′, while panel (b)
contains a symmetric distribution of v′. In accordance with Colanera et al.
[64], this is typical of a sinuous motion. The v′ distribution (panel (b))
along the axis y/H = 0 features the same behavior as the 1D leading
eigenfunction reported in Fig. 3.2, namely an almost monotonic increase
of the transverse velocity component along the downstream direction. A
similar behavior can be also observed for the mode B, which is a generic
mode representative of the flow topology in this branch. Indeed, panels
from (d) to (f) report structures with smaller spatial scales with respect the
previous ones, but still characterized by a sinuous motion. The topology
described above is retrieved, with different scales, in all modes of this
branch, which is therefore characterized by a purely sinuous behavior.
The same characteristics are obtained for the mode F (not reported herein)
belonging to the lower branch, whose eigenvalues physically are associated
with fast traveling waves with a sinuous behavior. Thus, bearing in mind
that the 1D model is purely sinuous, it is not surprising that for these two
sinuous branches there is a good agreement between both the spectra.

As will be detailed in the following, the additional 2D middle branch
is associated with a varicose flow behavior, which could not be predicted
by the 1D model, accounting for the sinuous dynamics only.

To proceed further with the discussion of the spectrum, it is convenient
to recall that each mode φj can be decomposed in sinuous and varicose
contributions (Colanera et al. [64]): φj(x, y) = φs

j(x, y) + φv
j (x, y),

where φs
j(x, y) and φv

j (x, y) are the sinuous and varicose components of
the mode, respectively. φs

j(x, y) contains the antisymmetric part (with
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(a) u′ mode (b) v′ mode (c) C ′ mode

(d) u′ mode (e) v′ mode (f) C ′ mode

Figure 3.7. Spatial distributions of the DMD modes A (panels (a)-(c)) and
B (panels (d)-(f)). We = 2.5, Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413.
The black dashed line represents the interface location. Field variables are
normalized with respect to the maximum.
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respect to the axis y/H = 0) of u′ and C ′ modes and the symmetric one
of v′, while φv

j (x, y) the complementary distributions. Note that sinuous
and varicose components are orthogonal to each other by definition. This
decomposition can be directly extended to the perturbations energy, E, of
Eq. (3.5). In this way, the energy reads E = Es + Ev, where Es and Ev

represent the sinuous and varicose contributions, respectively. Table 3.2
reports the energy contents for the selected DMD modes.

λk Es(%) Ev(%)
A 93.5% 6.5%

B 93.5% 6.5%

C 78.0% 22.0%

D 47.9% 52.1%

E 22.9% 77.1%

F 89.0% 11.0%

Table 3.2. Sinuous and varicose energy contributions of the selected DMD
modes. We = 2.5, Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413.

Looking at the table, one can note that, as expected, the first two
modes (A and B) contain a sinuous energy contribution around the 93%; a
similar energy distribution can be observed also for the mode F, for which
Es = 89%. Different energy contents are observed in the central branch
for increasing frequencies; indeed, modes C, D and E exhibit a growing
varicose energy content, respectively equal to Ev = 22.0%, 52.1% and
77.1%.

Bearing in mind the previous energy distributions, Fig. 3.8 reports
the varicose component of the u′ modes for eigenvalues C, D and E. The
black dashed line represents the interface location, highlighting the cross-
section area variation in varicose regime.

Moving from C to E, a frequency increase is accompanied by a global
decrease of the spatial scales. The resulting wavelength reduction deter-
mines a more uniform energy distribution along the sheet length. This can
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(a) mode C (b) mode D (c) mode E

Figure 3.8. Varicose component of DMD modes of u′ corresponding to
eigenvalues C (panel (a)), D (panel (b)) and E (panel (c). We = 2.5, Fr =
0.33, ε = 0.02, rρ = 0.01, Re = 413. The black dashed line represents
the interface location. Field variables are normalized with respect to the
maximum.
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(a) mode C (b) mode D (c) mode E

Figure 3.9. Energy distribution for the modes C (panel (a)), D (panel (b))
and E (panel (c)). We = 2.5, Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413.
The black dashed line represents the interface location. Field variables are
normalized with respect to the maximum.

be inferred considering the spatial distributions of the modes’ amplitude,
which represents the local contribution of the mode to the energy defined
in (3.5). The corresponding energy distributions are reported in Fig. 3.9;
the energy of the mode C is mainly concentrated downstream of the sta-
tion x/L = 0.6, whereas the modes D and E show a more homogeneous
distribution starting from x/L = 0.5 and 0.4, respectively.

As discussed also for the 1D case, the convergence and the saturation
of the algorithm have been evaluated by means of the analysis of the
residual r. Its trend is reported in Fig. 3.10 which shows that the residual
rapidly tends towards 10−13 using about 95 random initializations.

Weber number effect

This section investigates how the Weber number affects the eigen-
spectra and the leading frequencies both in supercritical and subcritical
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Figure 3.10. Convergence of DMD algorithm. Residual history of the DMD
versus number of random simulations ns for the base case (We = 2.5, Fr =
0.33, ε = 0.02, rρ = 0.01, Re = 413).

regimes. Changes in the We number have been obtained by varying the
surface tension (σ), keeping constant the inlet axial velocity U in order
to not include effects related to Reynolds and Froude numbers variations.
The analysis has been carried out considering the following reference val-
ues: Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413. Note that here only
the effects of the Weber number and the density ratio (next sub-section)
have been considered, as previous works (Della Pia et al. [61, 65]) have
shown that these parameters are the ones with the greatest influence on
the behavior of the flow.

The analysis starts considering the flow in supercritical conditions
for three different We numbers, equal to We = 1.5, 2.5 and 3.5. The
corresponding dimensionless spectra are reported in Fig. 3.11, which
reveals that, for all theseWe values, the flow is stable. WhenWe increases,
at high frequencies the middle branch moves towards the upper one, and the
corresponding modes tend to lose their varicose characteristic assuming
a pure sinuous behavior. The leading frequencies are in good agreement
with the corresponding ones of the 1D model; the frequency values (λi)
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Figure 3.11. Effect of the We number on the global spectrum in supercritical
regime. Red filled markers represent the DMD spectrum at We = 1.5; black
ones at We = 2.5 and blue ones at We = 3.5. Fr = 0.33, ε = 0.02,
rρ = 0.01, Re = 413.

and the relative spreads (normalized with respect to the 1D model values)
are summarized in Table 3.3.

When the Weber number decreases under the unit threshold, the surface
tension has a great influence on the flow field, and the behavior of the
curtain radically changes. Indeed, passing from supercritical to subcritical
conditions, the damping rate increases together with the leading frequency
which presents a jump of about an order of magnitude. The experimental
evidence of this phenomenon has been recently presented in the work by
Chiatto and Della Pia [124].

Fig. 3.12 contains the dimensionless spectra for We = 0.75 (red dots)
and We = 1.5 (black dots). The leading modes are highlighted with
vertical solid lines and the corresponding frequencies are equal to λi =
2.95 and 16.69 for the supercritical and subcritical case, respectively. For
the subcritical spectrum the second leading eigenvalue is also highlighted
(vertical dashed line at λi = 31.64); the first two leading eigenvalues have
a similar growth rate, and the spectrum does not reveal the slow branch.
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Table 3.3. Comparison of the leading dimensionless frequency (λi) of the
DMD and 1D model at various supercritical Weber numbers. The spread
refers to the percentage difference between the values normalized with respect
to the 1D model one.

We

1.5 2.5 3.5

DMD 2.95 3.64 4.02

1D model 2.99 3.78 4.07

% spread 1.4% 3.7% 1.2%

Table 3.4 reports the first two leading eigenvalues together with their
sinuous and varicose energy contents. Unlike the previous cases, here
the second leading eigenvalue has already a remarkable varicose energy
content, about the 53%.

Table 3.4. Sinuous and varicose energy contents of the first two leading
eigenvalues for the case at We = 0.75, Fr = 0.33, ε = 0.02, rρ = 0.01,
Re = 413.

λr λi Es(%) Ev(%)
−5.51 16.69 93.5% 6.5%

−5.56 31.64 46.3% 53.7%

The spatial distributions of the leading DMD mode (with λi = 16.69)
highlight a sinuous behavior, similar to those of the supercritical conditions
(see panels (a)-(c) of Fig. 3.7) but with a lower spatial wavelength, therefore
they have not been reported here. The second leading eigenvalue, as
already said, presents a relevant amount of energy related to the varicose
motion; the corresponding spatial distributions of u′ and C ′ are reported
in panels (a) and (b) of Fig. 3.13. Panel (c) contains both real (black line)
and imaginary (red line) parts of the thickness mode φh that has been
computed as: φh =

∫ 1

−1
φC dŷ, where ŷ = y/H .
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Figure 3.12. DMD spectra comparison between supercritical and subcritical
regimes. Black filled markers represent the DMD spectrum at We = 1.5 and
red ones at We = 0.75. Vertical solid lines highlight the leading eigenvalues.
The red dashed line refers to the second most unstable eigenvalue of the
We = 0.75 case. Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413.
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(a) u′ mode (b) C ′ mode (c) thickness
mode

Figure 3.13. Varicose components of DMD modes with λi = 31.63 (panels
(a) and (b)). We = 0.75, Fr = 0.33, ε = 0.02, rρ = 0.01, Re = 413. The
black dashed line represents the interface location. Field variables have been
normalized with respect the maximum. Panel (c) reports the real (black line)
and imaginary (red line) parts of the thickness mode.
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(a) We = 0.75 (b) We = 1.5 (c) phase velocity

Figure 3.14. Leading modes lateral displacement (φℓ) for We = 0.75, panel
(a), andWe = 1.5, panel (b). The solid lines are the real parts, the dash-dotted
lines are the imaginary ones. Modes have been normalized with respect the
maximum amplitude. Panel (c) reports the phase velocity cph of the modes.

To give further insights on the behavior of the sheet in the subcritical
regime, it is convenient to recover the centerline displacement mode from
the spatial distribution of the volume of fluid C ′ one. In particular, given
a C ′ mode distribution φC(x, y), the lateral displacement mode φℓ(x) is
calculated as

φℓ(x̂) =

∫ 1

−1
φC ŷ dŷ∫ 1

−1
C̄ dŷ

. (3.17)

Panels (a) and (b) of Fig. 3.14 report real (solid line) and imaginary
parts (dash-dotted line) of the leading lateral displacement mode (φℓ) for
We = 0.75 and We = 1.5, respectively.

Apart from the different spatial wavelength, the main difference be-
tween these modes is the disturbances traveling time. To clarify this,
it is useful to compute the dimensionless phase velocity distributions
cph(x̂) = λi/α for both modes, where α(x̂) is the leading spatial wave-
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length, depending on the position x̂, and it is equal to α(x̂) = dθ/dx̂,
where the phase distribution is θ(x̂) = arg(φℓ(x̂)). The corresponding
phase velocities for We = 0.75 and 1.5 are reported in the panel (c) in
black and red lines, respectively. Considering that the phase velocity of
the leading mode at the lower We is always higher than that at the higher
We, the crossing time in the subcritical configuration will be smaller. This
finding agrees with the results of the 1D model discussed in the previous
works of Della Pia et al. [61] and Girfoglio et al. [53].

Density ratio effect

The density ratio rρ has a great impact on the stability of the flow.
Here, three different rρ values, equal to rρ = 0.005, 0.01 and 0.05 have
been considered, whose spectra are reported in Fig. 3.15. The analysis
has been carried out considering We = 2.5. Increasing the density ratio
up to rρ = 0.05, the flow shows an unstable behavior. The most unstable
eigenvalue is equal to λ = 2.69 + 20.85 i, with a characteristic frequency
in good agreement with that reported in the work by Della Pia et al. [61]
(Table VI), that regards the frequency response to an impulse disturbance
of the transversal velocity component.

A comparison between frequencies of the leading DMD modes and
the most unstable eigenvalues of the 1D model is presented in Table 3.5.
A good agreement is retrieved for rρ ≤ 0.01, with a relative spread of
about the 5%. For the case rρ = 0.05 the frequencies of the first two
most unstable eigenvalues are reported, because, according to the work
by Della Pia et al. [61], a better agreement between VOF simulations and
1D model is found for the imaginary part of the second most unstable
eigenvalue (λi = 22.60) rather than the leading one (λi = 34.47). In fact
the ripples of shorter wavelength are likely damped in the more realistic
2D VOF simulations.

The DMD structures for the stable cases at rρ = 0.005 and 0.01 feature
a purely sinuous shape and, being quite similar to those shown in Fig. 3.7,
they are not reported herein. On the contrary, the unstable condition found
for rρ = 0.05 presents leading modes with a different and very interesting



3.1. Data-driven global stability analysis 103

Figure 3.15. Density ratio rρ effect on DMD spectrum. Red filled markers
represent the DMD spectrum at rρ = 0.05; black ones at rρ = 0.01 and blue
ones at rρ = 0.005. We = 2.5, Fr = 0.33, ε = 0.02, Re = 413.

spatial distribution. In this this case last case the investigation is carried
out decomposing the flow field into sinuous and varicose contributions as
shown in Eq. (2.6).

The energy content of the sinuous and varicose components of the
leading mode are equal to Es = 57.0% and Ev = 43.0%, respectively.
This unstable case is therefore characterized by a relevant varicose content,
unlike what has been observed in the previous stable cases, exhibiting a
predominant sinuous behavior. Moreover, the amplitude of the varicose
components increases downstream, as can be observed by the correspond-
ing spatial distributions reported in Fig. 3.16.

Further insights on the topology of the leading mode can be obtained
analyzing the local contribution Ex of the sinuous and varicose compo-
nents to the total energy E of the mode. This contribution is obtained
for each mode by integrating the Eq. (3.5) along the spanwise direction y
only, and therefore Ex depends on the x/L station. Furthermore, as the
orthogonality between the sinuous and varicose components is also found



104 Chapter 3. Data driven Stability analysis

(a) u′ varicose com-
ponent

(b) v′ varicose component

Figure 3.16. Varicose components of the DMD leading mode of u′ (panel
(a)) and v′ (panel (b)) for λi = 20.85. We = 2.5, Re = 413, Fr = 0.33,
ε = 0.02, rρ = 0.05. Field variables are normalized with respect to the
maximum.
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Table 3.5. Effect of the rρ on the leading frequency. For the case rρ = 0.05
the frequencies of the first two most unstable eigenvalues are reported.

rρ

0.005 0.01 0.05

DMD 3.85 3.64 20.85

1D model 4.07 3.78 34.47 - 22.60
% spread 5.4% 3.7% 39.5% - 7.7%

locally, one can write Ex = Es
x + Ev

x, where Es
x and Ev

x are the sinu-
ous and varicose contributions to the total energy, respectively. Fig. 3.17
contains the spatial distribution along the longitudinal direction x of the
local norm Ex together with Es

x and Ev
x. Curves have been normalized

with respect to theEx maximum. The inspection of this figure reveals that
the rupture mechanism of an unstable liquid jet is deeply related to the
amplification of the varicose mode. Indeed, the leading mode is mainly
sinuous until x/L ≈ 0.9, while the varicose behavior gains prominence
moving downstream. The shift from sinuous to varicose shape is strictly
related to the curtain instability, leading to the rupture of the sheet.

Fig. 3.18 reports the DMD reconstructions of the volume fraction field
C at different time instances for this unstable case. By looking at the
panel (b), which refers to a time instance before the curtain rupture, it is
possible to note that the liquid phase (where C = 1, dark red) reports
a greater thickness reduction around x/L = 0.9, that corresponds to the
aforementioned varicose behavior. The sheet rupture can be appreciated
in the panel (c).
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Figure 3.17. Spatial distribution of the local normEx (black line) together with
the corresponding sinuous (red) and varicose (blue) contributions normalized
with respect the maximum of Ex. We = 2.5, Re = 413, Fr = 0.33,
ε = 0.02, rρ = 0.05.

(a) t = 0 (b) t = 1.5 tr (c) t = 2.5 tr

Figure 3.18. DMD reconstruction for the C field, considering the leading
unstable mode only. Panels from (a) to (c) report its temporal evolution.
We = 2.5, Re = 413, Fr = 0.33, ε = 0.02, rρ = 0.05.



Chapter 4
Reduced Order Modelling

As highlighted in recent works (Rowley and Dawson [72]), the for-
mulation of Reduced Order Models (ROM), inheriting the main features
of the Full Order Model (FOM) but with a far lesser computational ef-
fort, is a crucial step to reduce the complexity of the governing equations,
to gain further insights on the features of the flow field and even to de-
sign control strategies. Modern data-driven modal techniques as POD
(Proper Orthogonal Decomposition) and SPOD (Spectral Proper Orthog-
onal Decomposition) can be effectively used in the field of multiphase
flows (Colanera et al. [64]). A way to obtain a ROM is to extract physi-
cally important features, or modes, characterizing the flow topology, and
to project (Galerkin projection) the governing equations onto a subset of
these modes, obtaining a system of ordinary differential equations. POD,
that gives a set of orthonormal modes, has been widely employed for this
purpose in the fluid dynamic community (Stabile et al. [125], Carlberg
et al. [126], Stabile and Rozza [127], Sanderse [128]), while SPOD, that
gives modes that are spatio-temporal functions, has been recently showed
to be effective for the formulation of Galerkin reduced models (Towne
[129]).

A fundamentally different data-centric avenue, cluster-based modeling
(Fernex et al. [77]), rapidly has gained traction. While the Galerkin
method is based on a linear superposition of modes, the cluster-based
approach conceptualizes the dynamics as ‘flights’ in a state-space which
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is discretized by selected centroids.
In the present work new approaches have been proposed to further

improve the capability of cluster-based methods to capture the dynamics
of fluid systems dealing with both numerical and empirical data.

This chapter is organized as follows. In section 4.1, standard clus-
tering procedures are recalled and an innovative approach to deal with
heterogeneous variables, spatial subdomains and temporal undersamplig
is presented. Section 4.2 showcases the application of the latter approach
to a swirl flame configuration. In section 4.3 POD-Galerkin ROM and
cluster based models are compared for an airfoil configuration. In section
4.4 trajectory based CNM is described.

4.1 Cluster-based approaches

4.1.1 Standard Clustering
Let us consider a field u(x, t) within a steady domain Ω. This field

might arise from experimental results or computational simulations and
could include variables such as velocity, pressure, and so forth.

An ensemble of M time-resolved snapshots, which are statistically
representative of the system, serve as the foundation for the analysis.
The field is sampled at equidistant time steps, ∆t, such that tm = m∆t
represents the time instance for the mth snapshot. The corresponding
snapshot field at this time is denoted as um(x) := u(x, tm), where m =
1, . . . ,M .

Cluster analysis, an unsupervised method of data organization, aggre-
gates similar entities into groups known as clusters, all without the need
for prior data labeling or classification. In the context of our set of M
snapshots um(x), the method coarsens the data into K clusters, each rep-
resented by a centroid ck(x), where k = 1, . . . , K. These centroids are
determined via the unsupervised k-means++ algorithm ( [130]; MacQueen
[131]; Lloyd [132]), representing the characteristic flow patterns or modes
within each cluster.
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The cluster-affiliation function plays a crucial role here, associating a
specific velocity field u with the index of its nearest centroid:

k(u) = argmin
i

∥u− ci∥Ω, (4.1)

where ∥ · ∥Ω denotes an Hilbert space norm within the domain Ω. Details
on the spatial norm choice will be given in section 4.1.4. The function
k(u) enables the definition of cluster regions as Voronoi cells around the
centroids:

Ci = {u ∈ L 2(Ω) : k(u) = i}. (4.2)

It is useful to establish a characteristic function χmi to indicate if the
mth snapshot belongs to the ith centroid:

χmi =

{
1, if i = k(um).

0, otherwise.
(4.3)

The effectiveness of a given set of centroids ck, relative to a given
set of snapshots um, can be evaluated based on the mean variance of the
snapshots in relation to their nearest centroid. This inner-cluster variance
gives the cost function:

J(c1, . . . , cK) =
1

M

M∑
m=1

∥um − ck(m)∥2Ω, (4.4)

where k(m) := k(um). The optimal centroids c⋆k are those that minimize
this inner-cluster variance:

(c⋆1, . . . , c
⋆
K) = argmin J(c1, . . . , cK). (4.5)

It is worth to notice that this algorithm is indeterminate with respect to
both snapshots and clusters reordering. In the following, the first cluster
is determined as the one with the highest population, that is, it has the
highest number of associated snapshots. Subsequent clusters, starting
from the second one (k+1), are chosen based on the maximum transition
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probability from the preceding cluster (k).
To solve the optimization problem indicated by equation (4.5), the

k-means++ algorithm is employed (Lloyd [132]). This algorithm begins
by randomly initializing the K centroids. It then iteratively adjusts these
centroids until J falls below a predefined threshold, indicating that the
clustering is sufficiently accurate. The k-means++ algorithm repeats the
clustering process several times and selects the best set of centroids.

The cluster population nk, that is the total number of snapshots within
the kth cluster, is calculated as follows:

nk =
M∑
m=1

χmk . (4.6)

Moreover, the centroids ck that are representative of each cluster, are
computed as the mean of all snapshots within the respective cluster:

ck =
1

nk

∑
um∈Ck

um =
1

nk

M∑
m=1

χmk u
m. (4.7)

In this equation, Ck represents the set of snapshots that belong to the kth
cluster.

4.1.2 Extended Clustering
In the Extended Clustering approach, similarly to Extended Spectral

Proper Orthogonal Decomposition (Extended SPOD), see Sieber et al.
[133], only a subset of variables from the vectoru or a spatial subspaceS ⊆
Ω is considered. In the Extended SPOD methodology, this subset forms the
basis for calculating spatial/temporal correlations, and the Extended SPOD
modes are subsequently derived from projecting the original snapshots
onto these temporal modes.

The present Extended Clustering approach leverages the distance func-
tion ∥ · ∥2Ω choice in the evaluation of the inner-cluster variance in (4.4).
In this approach the snapshots um now consist only in a subset of the
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variables (or the spatial subspace), and is denoted as ums (x), where x be-
longs to the subspace S. This necessitates modifying the definition of the
cluster-affiliation function, the characteristic function and the inner-cluster
variance as follows.

The cluster-affiliation function becomes:

ks(u) = argmin
i

∥u− csi∥S, (4.8)

where ∥ · ∥S denotes the norm in the spatial subspace S. Note that
ks(u) ≡ ks(us). The characteristic function can be rewritten as:

ξmi =

{
1, if i = ks(u

m),

0, otherwise
(4.9)

The modified inner-cluster variance in the subspace S is:

J(cs1, . . . , csK) =
1

M

M∑
m=1

∥ums − csks(m)∥2S. (4.10)

The optimization problem then becomes to find the optimal centroids
set {cs⋆k}Kk=1 that minimize this inner-cluster variance (4.10), and again is
solved using the k-means++ algorithm. Thus, the centroid computation in
the subspace is:

csk =
1

nsk

∑
um
s ∈Csk

ums =
1

nsk

M∑
m=1

ξmk u
m
s , (4.11)

where, similarly to standard clustering, nsk =
∑M

m=1 ξ
m
k and Csk are the

clusters. The extended centroids can be obtained with:

cek =
1

nsk

M∑
m=1

ξmk u
m. (4.12)

Figure 4.1 provides a visual comparison between Standard and Ex-
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(a) Sample Data (b) Standard Clustering (c) Extended Clustering

Figure 4.1. Comparison of Standard and Extended Clustering Techniques.
Panel (a) displays a 2D sample dataset generated from three distinct Gaussian
distributions. In Panel (b), Standard Clustering is applied with K = 3,
resulting in Voronoi clusters Ci, and the corresponding centroids ck. Panel (c)
illustrates the results of Extended Clustering, wherein only the only dimension
u1 from the data is considered. This results in spatial-subspace Voronoi
clusters Csi, and the corresponding extended centroids cek.

tended Clustering techniques, applied to a simple 2D dataset generated
from three Gaussian distributions, shown in Panel (a). Panel (b) presents
the results of the Standard Clustering technique with a chosen number
of clusters, K = 3. The resulting Voronoi clusters, Ci, and their corre-
sponding centroids, ck, illustrate the conventional approach of identifying
clusters based on minimizing inner-cluster variance over the entire dataset.
In contrast, Panel (c) showcases the outcomes of the Extended Clustering
method, which focuses on a specific subspace, in this case, the single di-
mension u1 from the data. The derived spatial-subspace Voronoi clusters,
Csi, and the corresponding subspace centroids, cek, underline the flexibility
of Extended Clustering to focus on specific, potentially more informative,
subspace or subsets of variables.

This Extended Clustering approach allows for more refined control
over the clustering process by focusing on a subset of variables, providing a
flexible and robust tool for handling complex, noisy and high-dimensional
data.
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Temporal undersampling

The extended clustering approach allows the processing of quantities
acquired at different sampling rates. Namely, it allows the aggregation of
undersampled data based on another variable that was sampled at a higher
rate. Therefore each snapshot um (the same holds for ums ) can be regarded
as a combination of its associated cluster centroid and a residual value γm,
resulting in the relationship um = cek(m) + γm. This can be expressed
component-wise for every state vector component, with the spatial index
i which ranges from 1 to N and temporal index from 1 to M :

umi = cei,k(m) + γmi = ξmk c
e
i,k + γmi . (4.13)

Similarly to Manohar et al. [134], it is possible to define U as a matrix
whose lines are the um, C as a matrix containing theK values of cek along
the lines, Γ holding the γm, and Ξ with elements of ξmk . The optimization
problem:

min
C

∥Γ∥F subject to U− ΞC = Γ, (4.14)

in which ∥·∥F is the matrix Frobenius norm, yields the simple relationships
described in (4.12) for each centroid.

In situations in which there are temporally undersampled field vari-
ables, denoted as ũp (where p spans from 1 to Mu < M ), it is possible to
use the characteristic function ξmk (and thus Ξ) derived from clustering of
the available high-resolution measurements. TheMu dimensional ensem-
ble of the ũp, stored in Ũ, can be linked to the supposed high-resolution
snapshot ensemble um using a rectangular projection matrix P. This ma-
trix could either be a basic sampling matrix or could hold a windowed
mean of the um:

Ũ = PU. (4.15)

It’s important to note that the matrix P has dimensions Mu ×M . The
optimization problems can then be written as:

min
C

∥∥∥Γ̃∥∥∥
F

subject to Ũ−PΞC = Γ̃, (4.16)
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where Γ̃ = PΓ. The solution of the problem (4.16) from a practical
point of view is achieved by applying the Moon-Penrose pseudoinverse of
the matrix PΞ. This provides an estimation of the cluster centroids for
temporally undersampled data, using the available high-resolution data as
reference.

4.1.3 Cluster-based Network Model
After the original snapshots are coarse-grained into K clusters, either

via the Standard or Extended method, each cluster can be interpreted
as a distinct state of the system dynamics. This representation not only
reduces the data dimensionality but also provides an abstracted view of
the complex data structure, facilitating the understanding and analysis of
the underlying dynamics.

Following the works by Fernex et al. [77] and Li et al. [135], these
clusters are then used to conceptualize the system dynamics as a directed
network. In this network, the centroids represent the nodes, each signifying
a unique state of the system. The directed edges, on the other hand, denote
potential finite-time transitions between these states. This network-based
representation aids in uncovering the temporal flow or transition tendencies
among the clusters, revealing the structure and progression of the system’s
states.

Figure 4.2 shows and example a directed network of clusters. Each
node in the network represents a cluster, more specifically the centroid of
that cluster, which is characterized by typical flow patterns. The directed
arrows between nodes indicate transitions between different states of the
system, with the direction of the arrow indicating the shift from one
state to another. The transitions in the cluster-based network model are
characterized by two parameters: the probability Qij and the transition
time Tij from cluster j to cluster i. The residence time in a cluster is
defined as:

τn = tn+1 − tn, (4.17)

where tn is the time associated with the first snapshot of a consecutive
snapshots sequence assigned to cluster n.
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Figure 4.2. Schematic representation of a directed network of clusters. The
nodes (1 to 5) represent the centroids of the identified clusters, and the arrows
indicate the transitions between them. Each transition is associated with a
transition probability Qij and mean transition time Tij .

Consider j and i as the indices of the clusters at times tn and tn+1,
respectively. The definition of the transition time from cluster j to cluster
i is given as half the total residence time in both clusters:

τij =
τn + τn+1

2
=
tn+2 − tn

2
. (4.18)

From the dataset, the direct transition probability, denoted as Qij , and
transition time, denoted as Tij , can be deduced. The equations for these
quantities are as follows:

Qij =
nij
nj
, i, j = 1, . . . , K, (4.19)

where nij represents the count of transitions from centroid cj to cen-
troid ci. Moreover, nj refers to the total count of transitions originating
from centroid cj , regardless of the destination:

nj =
K∑
i=1

nij, i, j = 1, . . . , K. (4.20)
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The probabilities Qij are stored into the direct transition matrix (DTM)
Q =

[
Qij

]
∈ RK×K . It is worth noticing that, in contrast to Cluster

Markov Models (CMM, Kaiser [83]), in the CNM framework, it is not
possible to stay in the same cluster, read nii = Qii = 0 for i = 1, . . . , K,
as only non-trivial transitions from cluster j to cluster i are considered.

The direct transition time Tij from cluster j to cluster i is defined as
the mean of all observed transition times, which is represented as:

Tij = ⟨τij⟩. (4.21)

These averaged transition times are stored into the matrix T =
[
Tij

]
∈

RK×K .
The asymptotic probability p∞i to be in a cluster i can be estimated

with
p∞i =

∑
τi

Tf
, (4.22)

where Tf being a sufficiently long time horizon simulated by the model,
and

∑
τi being the cumulative residence time from (4.17).

The Cluster-based Network Model (CNM) is based on centroid visits
at discrete times. The clusters, denoted as k0, k1, k2, . . ., are visited in
sequence at the following times:

t0 = 0, t1 = Tk1k0 , t2 = t1 + Tk2k1 . . . (4.23)

This visitation sequence is in accordance with the direct transition matrix
(Qij) and the transition times Tij . In the following, a continuous motion is
assumed between these visits by means of a linear interpolation. However,
it should be noted that the application of splines could potentially result
in a more smooth motion. Hence, the reconstructed field ur(x, t) for
t ∈ [tn, tn+1] is formulated as:

ur(x, t) = wn(t)ckn(x) + [1− wn(t)] ckn+1(x), wn =
tn+1 − t

tn+1 − tn
.

(4.24)
An important observation to make here is that standard clusters were



4.1. Cluster-based approaches 117

utilized in (4.24); however, when extended clusters cek are used to estimate
the extended reconstruction uer(x, t), the equation remains identical in
form:

uer(x, t) = wn(t)c
e
kn(x) + [1− wn(t)] c

e
kn+1

(x). (4.25)

In Section 4.2, the effectiveness of the Extended Cluster-based Net-
work Model (eCNM) will be examined through its application to several
datasets.

4.1.4 Clustering distance metric and parameters choice

Choice of the distance metric

The choice of an appropriate distance metric influences the clustering
algorithm. In sections 4.1.1 and 4.1.2, the choice of the distance metric
∥·∥Ω (and its subset-limited counterpart ∥·∥S) significantly impacts various
aspects of the analysis, including the cluster affiliation function k(u)
(4.1), the cost function J (4.4), and their subset-limited equivalents (4.8)-
(4.10). These choices lead to distinct computations for cluster centroids
and ultimately influence the structure of the network models that are
constructed. The most commonly employed approach involves using the
standard Euclidean distance metric. This choice not only finds utility
in application but also helps in terms of computational efficiency, as
demonstrated in Li et al. [135]. To enhance the separation in the phase
space of spatially and temporally coherent structures, in this work a filtered
version of the Euclidean distance has been employed. This filtered distance
metric is derived as follows.

The squared standard Euclidean distance between two snapshots ui

and uj is fundamentally linked to the elements of the correlation matrix
Rij (Dattorro [136]). Mathematically, this relationship is given by

∥ui − uj∥22 = Rii +Rjj − 2Rij, (4.26)
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where the elements Rij are defined as

Rij =
⟨ui,uj⟩
M

, (4.27)

and ⟨·, ·⟩ represents the L2 scalar inner product, defined as ⟨ui,uj⟩ =
uiTWuj , W being a weight matrix taking into account of the grid non-
uniformity and possibles variables inhomogeneity, and (·)T the transpose
operator.

In analogy to Spectral Proper Orthogonal decomposition (SPOD), see
Sieber et al. [137], it is possible to introduce a filtered version of the
correlation matrix. The elements of this filtered matrix, denoted Sij , are
formulated as:

Sij =

Nf∑
k=−Nf

gkRi+k,j+k, (4.28)

where gk is a filter function that can be of various forms, such as a box filter
or a Gaussian filter andNf is the filter span. Given the filtered correlation
matrix, it is possible to define a filtered distance metric, ∥ui − uj∥2filt,
based on the filtering parameters Nf and gk:

∥ui − uj∥2filt = Sii + Sjj − 2Sij =

Nf∑
k=−Nf

gk∥ui+k − uj+k∥22. (4.29)

It is worth noting that Nf = 0, gk = 1 leads to standard euclidean
clustering.

From the practical point of view, similarly to the standard euclidean
distance in which POD temporal coefficients are employed instead of
snapshots to accelerate the distances computation (Li et al. [135]), here
the same is made for the filtered distance. In particular, considering
the SPOD temporal modes am(t) that lead to the decomposition of the
snapshots:

ui =
d∑

m=1

φmam(t
i), (4.30)
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they are the eigenvectors (mutually orthogonal) of the filtered correlation
matrix whose elements are Sij (Sieber et al. [137]), it is possible to show
that:

∥ui − uj∥2filt = ∥ai − aj∥22, (4.31)

where ai are the vectors containing all the SPOD temporal modes am(ti),
m = 1, . . . , d, with d being the number of non-zero eigenvalues of the
filtered correlation matrix (lossless SPOD). Typically d < N and this lead
to relevant computational savings during the distances computation. For
further details on SPOD the reader is referred to [137].

Parameters choice

Choosing the right number of clusters,K, and the optimal SPOD filter
size, Nf , is pivotal to the integrity and accuracy of clustering analysis.
One possible approach is to use the Bayesian Information Criterion (BIC),
see Pelleg [138], Schwarz [139] and Priestley [140].

The BIC score is quantified as:

BIC =M log(J) +K log(M)− 2

d

K∑
1

nk log(nk/M), (4.32)

where d (with d ≤ N ) is the dimension of the state vector. The BIC is a
measure wherein a lower score is preferred, indicating a more favorable
model (Konishi [141], Wit et al. [142]). This score, when considering
the number of snapshots M , penalizes a high value of the inner-cluster
variance J and a high number of clusters K. A high J implies that the
points in the cluster are spread out, which might indicate the need for
further clusters to describe the data or a different value of Nf to better
describe the coherent spatio/temporal structures. On the other hand, an
high number of clusters may result in overfitting and in a not converged
probability distributions (4.22) of the dataset. BIC score offers a trade off
between these purposes. It is worth to notice that the last term of (4.32)
becomes negligible for high dimensional state vectors, such as the lossless
SPOD reduction in which d is equal to the rank of the filtered correlation
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matrix.

Finite Time Lyapunov Exponent for flow visualization

The Finite Time Lyapunov Exponent (FTLE) is a Lagrangian met-
ric used to identify coherent structures within complex fluid flows, as
discussed by [143]. It quantifies the divergence of pathlines within the
flow, and these pathlines can be computed in either forward or backward
time, each emphasizing attracting or repelling structures within the flow,
respectively. In this study, we focus on the backward time FTLE, which
highlights regions where fluid from different flow regions converges, re-
vealing vortex structures within shear layers.

To compute the FTLE, we consider a set of initial conditions, denoted
as x0, which are uniformly distributed. We then calculate the pathlines
of these initial conditions using a fourth-order Runge-Kutta solver (RK4).
The backward integration time, denoted as τ , is chosen to be 1.5 periods of
the PVC oscillation. The resulting distribution of final points represents a
flow map of the initial state, denoted asΦτ (x0). The spatial distribution of
the FTLE, which depends on the time instance tm and τ , can be calculated
as [144]:

λ(x0, t
m, τ) =

1

τ
ln
√
σmax, (4.33)

where σmax represents the maximum eigenvalue of the right Cauchy-Green
deformation tensor G, defined as:

G = (∇Φτ )
T∇Φτ . (4.34)

Here, ∇ denotes the gradient operator.
Within the framework of the CNM, the flow map Φτ is constructed by

considering a realization of the clusters centroids sequence, and equation
(4.24) provides a smooth temporal function suitable for the backward-in-
time RK4 solver.
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4.1.5 Toy model: SEIRD Model for Disease Spread
In the present investigation the SEIRD model has been employed as

a representative toy model to test the efficacy of our Extended Clus-
tering approach before applying it to high-dimensional flow data. The
acronym SEIRD stands for Susceptible, Exposed, Infected, Recovered,
and Deceased, which represent the five categories, or compartments, into
which the population is divided. SEIRD is a commonly used compart-
mental model in epidemiology, designed to provide insights into the way
infectious diseases can spread through a population (Hethcote [145], Pic-
colomini and Zama [146]).

• Susceptible (S ): This category includes individuals who are not
infected with the disease but could potentially become infected if
exposed.

• Exposed (E ): These are individuals who have been exposed to the
disease and are carrying it, but are not yet infectious.

• Infected (I ): This category includes individuals who have been
exposed to the disease and are now capable of transmitting it to
others.

• Recovered (R): These individuals have been infected and have fully
recovered, and are now immune to the disease.

• Deceased (D): This category includes individuals who have died
from the disease.

The transitions between these categories are described by a system of
differential equations. Let H = S + E + I + R + D be the total
population. The model assumes that the population size is fixed (i.e.,
birth and natural death are not considered), and is given by the following
equations:
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dS

dt
= −βS I

H
,

dE

dt
= β

S I

H
− δE ,

dI

dt
= δE − (γ + µ)I ,

dR

dt
= γI ,

dD

dt
= µI ,

(4.35)

where β is the transmission rate, δ is the rate at which exposed indi-
viduals become infectious (the inverse of the incubation period), γ is the
recovery rate (the inverse of the infectious period), µ is the disease-induced
death rate, t is the time expressed in days. The SEIRD model provides
a useful tool for studying the dynamics of infectious diseases and can be
used to predict the course of an outbreak under different conditions. The
transmission rate (β) is set to 0.8, suggesting a relatively high likelihood
of the disease spreading from infected to susceptible individuals. The
recovery rate (γ) is fixed at 0.1, implying a mean infectious period of 10
days. The incubation rate (δ), which governs the speed at which exposed
individuals become infectious, is set at 0.2. Lastly, a disease-induced
death rate (µ) of 0.05 is chosen, indicating a 5% mortality rate among
infected individuals. The ratio between transmission rate and the recovery
rate is the well known R0 index, R0 = β/γ, that in this example is equal
to R0 = 8.

The simulation results presented in Figure 4.3 provide a visual repre-
sentation of the dynamics of the SEIRD model with the specific parameters
detailed previously. Over time, the Susceptible population decreases due
to exposure to the disease, while the Exposed, Infected, and Deceased
populations show respective increases based on the disease’s transmission
rate, incubation period, and death rate. Concurrently, the Recovered pop-
ulation rises as infected individuals overcome the disease.

Both the standard CNM and the eCNM have been applied to the
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Figure 4.3. Time evolution of the SEIRD model. The simulation showcases
the dynamics of Susceptible (S ), Exposed (E ), Infected (I ), Recovered (R),
and Deceased (D) populations over time.

SEIRD dataset with a selected number of clusters K=10. For the eCNM,
the Infectious population has been excluded from the clustering procedure.
The simulation results are presented in Figure 4.4. This figure compares
the original Infectious population curve, as predicted by the SEIRD model,
drawn in black, with the discrete dynamics predicted with CNM, in red,
and with the eCNM in blue. A continuous motion between the discrete
jumps can be obtained by means of (4.25) or (4.24).

The standard CNM effectively replicates the time evolution of the In-
fectious population as it takes into account all five compartments of the
SEIRD model during the clustering process. However, it’s worth noting
that the eCNM also successfully captures the dynamics of the Infectious
population despite excluding this compartment from the clustering pro-
cess. This is indicative of the inherent interconnections within the system
variables, suggesting that the dynamics of the Infectious population can
be inferred from the dynamics of the other compartments.

The eCNM remains effective even when analyzing the infectious pop-
ulation sampled at a reduced frequency. In Figure 4.4, the undersampled
I , with a sampling period of 5 days, depicted as a piecewise constant
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Figure 4.4. Comparison of Infectious population dynamics using original
SEIRD model, standard CNM, Extended eCNM, eCNM with undersampled
I .

function, is shown in gray. By employing the method outlined in Section
4.1.2 by using a basic sampling matrix P, the discrete dynamics of I
with the undersampled data can be estimated, indicated by the magenta
dots in the figure. The results showcase satisfactory performance.

The effectiveness of eCNM in capturing the dynamics of the Infectious
population, as showcased by the SEIRD model simulation, is encouraging
for its applicability in more intricate scenarios. This potential will be
further investigated in subsequent sections, where eCNM will be applied
to a real-world fluid dynamics system, demonstrating its robustness and
adaptability in handling complex dynamical systems.

4.2 Application to swirl flame
In this section, we put to test the methodologies introduced earlier

by applying them to real-world data. Our primary test case involves
a specific fluid dynamics scenario: a turbulent swirl flame under self-
excited oscillations.
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In Subsection 4.2.1, we introduce the swirl flame and provide context
on its operating conditions in the presence of a PVC. In Subsection 4.2.2,
clustering is applied to the velocity components obtained using Particle
Image Velocimetry (PIV). In Subsection 4.2.3, we use extended clustering
to extend the PIV-based clusters to simultaneously recorded flame images,
that capture the distribution of heat release in terms of OH* chemilumi-
nescence. Subsection 4.2.4 takes a more specialized approach, focusing
on the application of extended clustering on a subdomain of the flow
field. Concluding the exploration, Subsection 4.2.5 delves into extended
clustering on temporal undersampled data, where clustering is applied to
pressure measurements and subsequently extended to the undersampled
velocity components.

4.2.1 Model flow: Swirl Flame
The dataset analyzed in this section comes from a combustor with a

swirl-stabilized natural gas flame. The flow in the combustion chamber
exhibits a precessing vortex core, a helically shaped coherent flow struc-
ture, commonly found in both reacting and nonreacting swirling flows
when a vortex breakdown happens [147, 148].

In the context of combustion systems, the interplay between oscilla-
tions of the flow field and flame behavior is crucial. In many combustion
systems, such as those used in aero-engines or gas turbines, swirling flow
field is generated to stabilize the flame (Candel et al. [149]). These con-
figurations often feature a Precessing Vortex Core (PVC), a large-scale co-
herent flow structure frequently observed in swirling flows (Syred [150]).
The presence of a PVC can influence the stability of the combustion pro-
cess (Oberleithner et al. [151]). Its effect on flame anchoring can also
impact combustion efficiency (Stöhr et al. [152], Lückoff et al. [153], An
et al. [154]). Depending on its characteristics, the PVC can either stabilize
or destabilize the flame, which can be used for flow control (Lückoff and
Oberleithner [155], Müller et al. [156]).

The first part of the dataset consists in Particle Image Velocimetry
(PIV) measurements, which provide time data for both velocity compo-
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nents and synchronous flame images [157]. The latter are given in the
form of UV-images filtered around the characteristic wavelength of OH*
chemiluminescence. The chemiluminescence emission indicates the pres-
ence of excited OH molecules, a species which is known to be produced in
heat-releasing reactions within the flame. In particular, perfectly premixed
flows exhibit a linear correlation between the spatial distributions of OH*
chemiluminescence and heat release rate [158]. The sampling rate of the
UV images and the PIV recordings is fs = 2kHz. The PIV grid consist in
73× 77 measurements while the UV images are 251× 251. By studying
the velocity components together with the heat release, denoted by q, it
is possible to gain insights into the combustion dynamics when a PVC is
present.

Figure 4.5 depicts the time-averaged flow field within the combustor in
its natural state. Panels (a) and (b) show the temporal mean of the velocity
components u and v, respectively. These panels reveal a radial expansion
of the swriling jet flow with a conical vortex breakdown shape [159].
The measurement domain spans up to the combustor side walls, making
evident the attachment and deflection of the jet upon the wall. Within the
conical jet, the streamlines reveal the presence of a large inner recirculation
zone (IRZ), induced by vortex breakdown. This distinct zone is delimited
at its upstream extremity by a stagnation point located along the axis of the
jet. Adjacent to the jet and the outer confinement, an outer recirculation
zone (ORZ) is visible. The formation of this ORZ can be attributed
to the sudden expansion in cross-sectional area occurring between the
mixing tube and the combustion chamber. Moving forward to Panel (c), it
illustrates the turbulent kinetic energy (TKE), defined as u′2 + v′2. Panel
(d) then showcases the radial distribution of time-averaged heat release, q̄,
obtained from an Abel deconvolution of the UV images [160] . It displays
a detached, M-shaped flame configuration starting from the combustor
inlet. In all panels, D denotes the diameter of the inlet section, x and y
are the axial and transversal coordinate respectively; every field variable
has been normalized with respect to its maximum value.

In addition to the PIV dataset, pressure signals have been collected.
Four pressure probes, located on the burner base plate are circumferentially
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(a) ū (b) v̄

(c) u′2 + v′2 (d) Ī

Figure 4.5. Mean (Time-averaged) flow. Panel (a)-(b): mean axial (ū) and
transversal (v̄) velocity components. Panel (c): mean turbulent kinetic energy
(TKE) distribution. Panel (d): Abel deconvoluted temporal mean of heat
release distribution q̄. Blue lines are the q̄/q̄max = 0.5 isolines. All variables
are normalized with respect to their respective maxima.
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Figure 4.6. Pressure signals analysis.

arranged around the inlet at x = 0. Their location is shown in panel (a)
of figure 4.6. The data from these probes have been sampled at a rate of
fsp = 16384Hz.

To analyze these signals, they have been decomposed into Fourier
modes characterized by azimuthal wavenumbers α:

p̂α(t) =
4∑

k=1

pk(t) exp

(
i
2πα

4
(k − 1)

)
. (4.36)

The resultant Fourier modes are complex and it is worth noticicing that

Re(p̂1) = p1 − p3,

Im(p̂1) = p2 − p4,

Re(p̂2) = (p1 + p3)− (p2 + p4),

Im(p̂2) = 0. (4.37)

Further insights can be drawn from panel (b) of figure 4.6, where the
Power Spectral Densities (PSD), computed with Welch’s method [161],
are plotted. The real part of p̂1 is shown in black, its imaginary part in
blue, and the real part of p̂2 in red. The first Fourier mode p̂1 is related to
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the PVC with normalized frequency of St = 0.14, while p̂2 is associated
to its first harmonic. Here, the Strouhal number, St, is expressed as
St = fD/U , where U denotes the reference velocity.

For the subsequent analyses each field variable ϕ has been decomposed
in its temporal mean ϕ̄ plus the fluctuation ϕ′:

ϕ(x, y, t) = ϕ̄(x, y) + ϕ′(x, y, t). (4.38)

All the methodologies have been applied onto the fluctuating parts.
This comprehensive dataset, characterized by both its detailed flow

patterns and spectral features, will serve as the foundational basis for the
analyses presented in the subsequent sections.

4.2.2 CNM analysis
The analysis starts with the application standard clustering to velocity

components PIV measurements. The computational load of clustering is
significantly reduced by an effectively lossless SPOD compression detailed
in section 4.1.4. In fact, all operations are performed on the SPOD
amplitude vector ai = [a1(t

i), a2(t
i), . . . , ad(t

i)]T instead of the snapshots
uis.

Preliminary remarks

The preliminary step in this process is to examine the phase portrait
of the temporal modes am(t) across different values of the SPOD filtering
parameter Nf . As depicted in Figure 4.7, the phase portrait of the three
leading modes for variousNf values is presented. For the case ofNf = 0,
as shown in panel (a) which corresponds to the application of standard
POD, the phase portrait appears to be somewhat chaotic, especially in
the third dimension. On the contrary, when Nf = nt that correspond
to a DFT, as seen in panel (c), the first two dimensions of the phase
portrait become distinctly clear, although the third dimension remains
ambiguous. A good comprimise is realized at Nf = 75, demonstrated in
panel (b). Here, the motions in all the three dimensions are both distinct
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(a) Nf = 0 (b) Nf = 75 (c) Nf = M

Figure 4.7. Phase portraits of the three leading temporal modes for various
Nf values.

and interpretable. Notably, from an inspection of this figure, it’s evident
that the third dimension is representative of a harmonic corresponding to
the primary frequency.

The first step for the clustering approach is to determine is the sizing of
the cluster-based model, namely the choice the proper number of clusters
K (Nair et al. [8]) and the optimal value of the filter dimension for the best
distance metric. The optimal values for both Nf and K are determined
according to the Bayesian information criterion (BIC score), delineated
in equation (4.32). Figure 4.8 show the evaluation of the BIC score.
Specifically, panel (a) showcases the contour plot of the normalized BIC
score plotted against Nf and K. Subsequent panels offer sectional views:
one delineating BIC against Nf for a fixed K = 10 and another versus K
at a specified Nf = 75. A distinct minimum in the BIC score is found at
K = 10 and Nf = 75. The latter correspond to about 7.5 period times of
PVC oscillations. Based on this analysis, these values are adopted for the
subsequent analyses.

CNM of velocity components

Once the ideal parameters are identified, the subsequent step involves
partitioning the phase space. For this purpose, the Kmeans++ algorithm is
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(a) BIC score

(b) K = 10

(c) Nf = 75

Figure 4.8. Bayesian information criterion (BIC) for parameter selection. The
minimum is observed at K = 10 and Nf = 75.
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Figure 4.9. Clusters of the ai phase potrait. K-means++ algorithm hase been
employed for the clustering. K = 10 and Nf = 75 are used.

employed. A visual representation of this clustering is illustrated in Figure
4.9. The depicted phase portrait differentiates the centroids of each cluster,
represented by larger dots, from the individual snapshots, represented by
smaller dots. Each snapshot is color-coded according to its pertaining
centroid, highlighting the cluster boundaries and affiliations in the phase
space. The phase portrait vividly displays the evolution corresponding to
a limit cycle.

The limit cycle behavior is highlighted with the construction of the
Cluster Network Model described in section 4.1.3. In particular direct
transition probabilities matrix Qij and direct transition times matrix Tij
can describe the system dynamics by telling how often and how quickly
our system moves from one state (or cluster) to another. In figure 4.10 are
reported Qij , panel (a), and Tij , panel (b). The most probable transitions
are consistently to the next cluster in the sequence, corroborating the limit
cycle nature of the dynamics.

Moreover, from the transition times matrix the leading frequency can
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Figure 4.10. CNM’s direct transition probabilities (Qij) and times (Tij)
matrices.

be estimated by means of:

StPVC ≈ 1

T2,1 + T3,2 + . . .+ T1,10

D

U
≈ 0.14. (4.39)

The cluster centroids for the velocity components u and v can be ex-
amined to discern patterns and underlying dynamics. Using the sequence
of cluster centroids smoothed according to (4.24), the backward finite time
Lyapunov exponent (FTLE), detailed in appendix 4.1.4, serves to eluci-
date the structures influenced by the velocity centroids. The backward
integration time for the FTLE calculation was set to 1.5 times the period
of the PVC oscillation. In Figure 4.11, the spatial distribution of FTLE for
selected centroids is presented. These distributions distinctly highlight the
vortex structures formed by the PVC. The FTLE in the xy-plane reveals
vortex roll-up, characteristic of Kelvin-Helmholtz instability. However,
the PVC’s helical nature results in alternating vortices forming a helix.
These vortices, moving downstream along the inner shear layer, eventu-
ally collide with the combustor wall. Additionally, an overlay of the heat
release cluster centroids is included for further analysis in the subsequent
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Figure 4.11. Spatial distribution of the backward finite time Lyapunov ex-
ponent (FTLE) for selected velocity centroids. The figure also includes an
overlay of heat release cluster centroids. Each distribution has been normal-
ized with respect to its maximum.

section.

4.2.3 Extended CNM of the heat release
Having successfully clustered the velocity components and constructed

the associated CNM, it is possible to proceed to the construction of the
extended clusters. Leveraging the methodology introduced in section
4.1.2, the extended clusters cek are derived using the function ξmk , as
detailed in Eq. (4.9). This allows for the incorporation of the heat release
data into our clustering model, providing a comprehensive representation
that combines both velocity and flame patterns. For the analysis the heat
release has been decomposed in temporal mean q̄ plus fluctuation q′:

q = q̄ + q′, (4.40)

where the fluctuation term q′ has been subjected to the clustering proce-
dure.

The analysis of the heat release centroids can provide insights into the
flame dynamics and the structures that arise within the combustor. Figure
4.11 displays an overlay of the backward FTLE analysis of velocity cen-
troids and the heat release reconstruction. The heat release reconstruction
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Figure 4.12. Three-dimensional reconstruction of heat release rate centroids,
representing the dynamic behavior of the flame. This visualization com-
bines the Abel-deconvoluted symmetric mean flame with symmetric (Abel-
deconvoluted) and antisymmetric heat release rate fluctuations, representing
the azimuthal wavenumber α = 1 component. In all panels, the isosurfaces
q/qmax = 0.5 are depicted in semi-transparent red, while q/qmax = 0.8 in
yellow.

combines the Abel-deconvoluted symmetric mean flame with the fluctu-
ating heat release rate centroids. This overlay reveals the predominant
localization of heat release (q) within areas influenced by the PVC vor-
tices roll-up. The progression of these vortices extends from the center to
the sides of the combustor chamber, reflecting the PVC’s impact on flame
dynamics [? ].

Further emphasizing the flame’s rotational motion, Figure 4.12 in-
cludes a 3D plot showcasing the dynamic behavior of the flame. This
3D reconstruction integrates the symmetric mean flame, obtained through
Abel-deconvolution, with symmetric (Abel-deconvoluted) and antisym-
metric fluctuations in the heat release rate, the latter representing the
azimuthal wavenumber α = 1 component. Specifically, the isosurface
representing q/qmax = 0.5 is drawn in semi-transparent red, while the iso-
surface for q/qmax = 0.8 is rendered in yellow. The sequence of clusters
centroids vividly illustrates the dynamic of the combustion, showing the
rotating pattern of the flame.

The efficacy of the extended CNM in predicting q dynamics is evalu-
ated using an error measure, denoted by ε(t). This metric is formulated
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Figure 4.13. Reconstruction error ε(t).

as:

ε(t) =

√
1

A

∫
Ω

(q(x, y, t)− qr(x, y, t))2dA, (4.41)

where A represents the measurement area and qr the reconstructed dis-
tribution of heat release rate. Given the inherent error introduced by the
clustering procedure, it is insightful to consider the error in relation to its
initial value, ε0 = ε(0). Figure 4.13 displays the evolution of the error
ε(t). Notably, the error remains close to the initial value ε0 (ε/ε0 ≈ 1),
indicating the model’s reliable predictive capability for the q temporal
evolution. It should be noted that the initial error ε0 is inherent to the
clustering process and is unavoidable unless the number of clusters equals
the number of snapshots. An effective model is characterized by its ability
to not accumulate further errors arising from incorrect modeling of the
dynamics [10].

The model’s performance can be also assessed using the unbiased
autocorrelation functionR, as suggested by Deng et al. (Deng et al. [80]).
This function, defined by Protas et al. [162] as:

R(τ) =
1

Tf − τ

∫ Tf

τ

b(t− τ)Tb(t)dt, τ ∈ [0, Tf ), (4.42)

provides insights into the temporal relationships within the dataset. Here,
Tf is the final time, τ stands for time delay, and b is a generic vector that
contains the values of the field variable under examination at all spatial
locations. In Figure 4.14, the autocorrelation function for the velocity
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Figure 4.14. Autocorrelation function R for velocity components and I .
Comparison between the real data and the model outputs. Rref corresponds
to the R(0) of the actual dataset.

components and I is shown. Both real and model-generated data are
included. The reference autocorrelation value, Rref , used in these plots,
corresponds to the R(0) of the actual dataset. By comparing the actual
and model-derived R, it’s evident that the model proficiently reproduces
the temporal statistics of the flow.

The presented results underscore that the extended clustering method
performs effectively when there’s a pronounced correlation between the
data incorporated into the clustering process and the data left unclustered.
This correlation ensures that the method can accurately capture and rep-
resent underlying dynamics.

4.2.4 Extended CNM analysis on spatial subdomains
In many situations, rather than considering the entire domain, it may

be of interest to focus on a specific subdomain which exhibits unique or
dominant features. By focusing on such a subdomain, one can often un-
cover specific behaviors or patterns that might be obscured in a full domain
analysis. In this section the extended CNM is tested considering only a
spatial subdomain of the velocity components to describe the dynamic of
I in the entire domain.

Figure 4.15 offers a visualization of the time-averaged streamwise
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Figure 4.15. Spatial subdomain for extended CNM. Normalized ū distribution
with respect to its maximum.

velocity component, ū, together with the mean flow streamlines. The
region of interest, adjacent to the inlet section, is highlighted in gray.

With the same procedure as previous section, the function ξmk is con-
structed considering only data from the subdomain. This leads to the
determination of the cluster sequence and the extended cluster centroids.
The latter due to their resemblance to the ones presented in figures 4.11
and 4.12, are not reported herein.

A crucial step in this process is the quantitative evaluation of the
model’s ability to capture the dynamics of I . To this end, figure 4.16
displays a comparison of the error ε, described in Eq.(4.41). Specifically,
the black curve represents the error for the full domain model, while
the red curve corresponds to the subdomain model. Remarkably, the
deviation between these two curves is negligible, indicating that both
models perform equivalently in capturing the dynamics of the system.

The observed congruence in performance between the full domain and
subdomain models can be attributed to the strong correlation between the
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Figure 4.16. Comparison between ε for the full domain, black line, and sub-
domain, red dashed line.

(a) u′ (b) v′ (c) I ′s (d) I ′a

Figure 4.17. Leading local frequency. The white lines are the streamline
pattern of the mean flow.

flow at the inlet section and the regions where most dynamics occur. This
relationship is clarified in figure 4.17, which showcases the spatial distri-
bution of the predominant local frequency across different field variables.
Specifically, panel (a) of the figure details the primary frequency for u′,
panel (b) for v′, and panels (c) and (d) for I ′s and I ′a respectively. A crucial
observation is that the inlet section exhibits the same leading frequency
as the PVC region in both u and v distribution. Similarly, there’s a match
in the leading frequencies associated with the helical structures of I ′a and
I ′s. This synchronization in frequencies underlines the strong correlation
between the regions, and it provides an explanation for the comparable
results presented in figure 4.16.
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4.2.5 Extended CNM analysis for temporally undersam-
pled data reconstruction

In this section the effectiveness of the approach described in Sec-
tion 4.1.2 to deal with temporal undersampled data is evaluated. The
Fourier azimuthal modes of pressure measurements detailed in Section
4.2.1 served as available high-resolution data, while the velocity compo-
nents acted as the temporally undersampled dataset.

The first step involved applying the standard CNM to the α = 1 and
2 pressure azimuthal modes. The BIC score, defined in (4.32), for this
application is displayed in panel (a) of Figure 4.18. The optimal number
of clusters are identified where the BIC is at its minimum. A notable
dip in the BIC score is evident at K = 10. In panel (b) of the same
figure, a phase portrait is presented, with the cluster centroids distinctly
marked. The various colors in the figure represent the cluster affiliations.
The transition probability Qij and the time Tij matrices (not reported
herein) identify a behavior consistent with a limit cycle, showing patterns
analogous to that seen in Figure 4.10.

In this study, after determining the cluster sequence from the tempo-
rally high-resolution pressure data, the matrix Ξ, containing each ξmk was
extracted. Here,m ranges from 1 to the total number of pressure measure-
ments, Mp, as detailed in section 4.1.2. By addressing the optimization
problem given by Equation (4.16), where undersampled data ũi coincide
with the available undersampled velocity components, the extended clus-
ters’ centroids for the velocity were estimated. The difference in sampling
frequencies between pressure and velocity measurements has been ac-
counted with the matrix P that in this case has dimension Mu ×Mp.

In panel (a) of figure 4.19, the first v′ cluster centroid derived using this
approach is shown. Interestingly, this centroid aligns closely with the one
in panel (a) of figure 4.11, which was obtained through standard clustering
directly on velocity components. Panels (b) through (f) in figure 4.19
display the estimates of the first centroid at different sampling frequencies
f es , by artificially further undersampling the velocity field, achieved by
using distinct configurations of the sampling matrix P. As expected,
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(a) BIC (b) Phase portrait

Figure 4.18. CNM of pressure azimuthal modes. Panel (a): BIC score as a
function of the number of clusters. Panel (b): Phase portrait of the m = 1 and
2 pressure azimuthal modes.

a decrease in the sampling frequency is associated with a diminished
quality of the clusters centroids. Considering that the PVC dynamics are
associated with a frequency of approximately 200Hz (St = 0.14), even
when panels (d) to (f) represent frequencies below the Nyquist limit, the
derived clusters remain physically interpretable. It is worth to notice that
a sampling frequency below the PVC Nyquist limit would not allow any
standard analysis of such dynamics.

The effectivenes of the proposed method was assessed using the mean
reconstruction error for the velocity field, denoted by ε̄ũ. This mean error
is calculated as:

ε̄ũ =

√
1

ATf

∫ Tf

0

∫
Ω

(ũ(t)− ũer(t))
T (ũ(t)− ũer(t)) dAdt, (4.43)

where ũer is the velocity field constructed from the discrete sequence of
extended centroids, subsequently smoothed according to (4.25). Panel (a)
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(a) fe
s = 2kHz (b) fe

s = 1kHz (c) fe
s = 400Hz

(d) fe
s = 200Hz (e) fe

s = 100Hz (f) fe
s = 50Hz

Figure 4.19. Extended cluster centroids for v′ velocity component derived
using temporally undersampled data.
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(a) (b)

Figure 4.20. Analysis of the reconstruction error for temporally undersampled
velocity data.

of Figure 4.20 plots εũ against f es . The error εũ is normalized with respect
to the error value at f es = 2kHz, namely when using all the available
velocity snaphots. As anticipated, when the sampling frequency decreases,
the error rises. However, it stays below 10% even for f es < 2fPVC, fPVC

being the PVC frequency. In the plot, vertical black dashed line represents
the PVC frequency, and the red line indicates the Nyquist limit at 2fPVC.
In panel (b) of Figure 4.20, the influence of a box windowing parameter
Nw during the computation of P is examined. The results indicate that
windowing adversely impacts εũ. Such an outcome is attributed to the
fact that, in this test, ũwas procured through straightforward subsampling,
making simple sampling the most effective window choice.

When exploring subsampling techniques, it’s interesting to compare
uniform subsampling, which was previously utilized, with random sub-
sampling. Random subsampling can be beneficial when the sampling
frequency approaches, or is less than, the Nyquist limit (see Manohar et
al. [134]). In Figure 4.21, a comparison of the error εũ is presented,
as a function of the percentage of sampled velocity data relative to the
available data (set at f es = 2kHz). The black line represents the results
from uniform undersampling, while the red line showcases the effects of
random subsampling. Black and red vertical dashed line represent the per-
centage of sampled snapshots corresponding the the PVC frequency and
the Nyquist limit respectively. Notably, for a sampling frequency near or
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Figure 4.21. Comparison between mean reconstruction error of uniform
(black) and random (red) sampling. Black and red vertical dashed line are %
sampled corresponding the the PVC frequency and the Nyquist limit respec-
tively.

lower than the Nyquist limit (around f es ≈ 400Hz), random subsampling
offers superior results compared to its uniform counterpart.

4.3 Comparison between CNM and POD-ROM
The aim of this section is to develop ROMs for the flow around an

airfoil configuration. In particular two kinds of low order models are
built: proper orthogonal decomposition (POD) Galerkin ROMs (Stabile
and Rozza [163]), based on the projection of the governing equations
onto selected POD modes, and the cluster-based network models (CNM)
(Kaiser et al. [83] and Li et al. [135] ).

This section is organized as follows: section 4.3.1 contains a brief
introduction the analyzed configuration and the FOM. In section 4.3.2
POD-ROM is recalled. Section 4.3.3 reports the obtained results and the
comparison between the different low order models.

4.3.1 Full order model of an airfoil configuration
Drag reduction and improvement of the lift-drag ratio of an aircraft

has always been an important goal for aircraft design (Couto and Bergada
[164] and Chiatto et al. [165, 166]). The implementation of flow control
devices such as synthetic jets (Ceglia et al. [167], Girfoglio et al. [168],
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de Luca et al. [169]) can be helpful for both delay separation and turbulence
transition (Tousi et al. [170] and Tousi et al. [171]). By optimizing the
shape of the airfoil and the control parameters, the available lift and
resulting drag were tailored for the desired flight envelope. Aerodynamics
optimization usually involves a lot of numerical simulations that can be
time-consuming and computationally expensive.

The physical problem analyzed in the present work is the two dimen-
sional, unsteady, incompressible flow past a NACA0012 airfoil. Numeri-
cal solutions of the Unsteady Raynolds-Averaged Navier-Stokes (URANS)
equations have been obtained by using pimpleFoam, a one-phase solver
from the open-source software OpenFOAM, which uses the PIMPLE al-
gorithm for pressure–velocity coupling and allows the modeling of the 3D
transient flow on a discretized domain by solving the Reynolds-averaged
Navier–Stokes equations. Turbulence has been modeled using the widely
validated κ − ω turbulence model. In particular, the equations system
related to as FOM are reported in Eq.(4.44).

∇ · u = 0, (4.44a)
∂u

∂t
+ (u · ∇)u+∇p−∇ ·

(
νeff(∇u+ [∇u]T )

)
= 0, (4.44b)

where t is the time, p is the kinematic pressure, u is the velocity vectoru =
[u, v, w], νeff = ν+νt with ν and νt being the kinematic and turbulent eddy
viscosity, respectively. The free-stream condition of Reynolds number is
Re∞ = U∞c/ν = 7000 , where U∞ is the free-stream velocity and c
is the airfoil chord. The angle of attack, α, has been set to α = 8◦ for
the present investigation. The FOM unsteady CFD simulations are run
until the time-averaged flow variable values (e.g., velocity, drag, and lift)
become constant. Then snapshots of flow field variables are saved for the
construction of the low order models.

The FOM, incorporating the URANS approach and the κ − ω turbu-
lence model, provides a detailed representation of the unsteady turbulent
flow around the NACA0012 airfoil. It serves as the foundation for further
analysis and the development of reduced-order models.
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4.3.2 POD-ROM

Following the approach described by Hĳazi et al. [172], a systematic
procedure combining the POD technique and Galerkin projections can be
utilized to obtain ROMs from simulation or experimental data.

Specifically, the truncation of the POD expansions for the discretized
fields of velocity u, pressure p, and eddy viscosity νt can be expressed as
follows:

[
u(xi, yi, t)
v(xi, yi, t)

]
= Φ̃uar,

[
p(xi, yi, t)

]
= Φ̃pbr,

[
νt(xi, yi, t)

]
= Φ̃νtcr,

(4.45)
where Φ̃u, Φ̃p and Φ̃νt represent the POD mode matrices of velocity,
pressure, and eddy viscosity, respectively. These mode matrices are com-
puted using the procedure outlined by Stabile and Rozza [163] based on
the numerical data obtained from the FOM.

The momentum equation is then projected onto the Φ̃u modes, result-
ing in the following low order system:

dar
dt

= fu(ar, cr,br), (4.46)

where ar, cr, and br represent the coefficients associated with the velocity,
eddy viscosity, and pressure fields, respectively. The projections of the
pressure Poisson equation and the eddy viscosity model provide additional
equations for the determination of the br and cr coefficients. Initial
conditions for ar and cr are obtained by projecting u(0) and νt(0) onto the
POD modes. To stabilize the pressure, a supremizer enrichment strategy
of the velocity space is employed, as described in detail by Ballarin et al.
[173]. The entire procedure is implemented using ITHACA-FV, a C++
library developed in the OpenFOAM framework (Stabile and Rozza [163]).

The combination of POD and Galerkin projections offers an effective
approach for constructing ROMs, enabling the efficient analysis and pre-
diction of flow behavior while significantly reducing computational costs.
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(a) u mean (b) v mean

(c) 1st POD u mode (d) 1st POD v mode

(e) 2nd POD u mode (f) 2nd POD v mode

Figure 4.22. Mean flow and leading POD modes for a NACA 0012 at α = 8◦

and Re∞ = 7000. All field variables have been normalized with respect to
their maximum.

4.3.3 Results
The methodologies described above have been applied to 2D numer-

ical data of an unsteady, incompressible flow past a NACA0012 airfoil.
These data have provided valuable insights into the flow dynamics and
the performance of the ROMs. For both the POD-based and CNM-ROM
approaches, a total of 400 snapshots have been considered for the training
stage, with a sampling time of ∆t = 0.025 s.

Panels (a) and (b) of Figure 4.22 present contours of the time-averaged
streamwise velocity component u and transversal velocity component v,
respectively. These contours provide a visual representation of the mean
flow behavior. Panels (c) to (f) display the leading velocity Proper Or-
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thogonal Decomposition (POD) modes, with the first two modes capturing
the most dominant fluctuations in the flow field. It is noteworthy that the
spatial shift along the advection direction depicted in the POD modes
corresponds to the traveling pattern of the emitted eddies.

Figure 4.23 compares the velocity contours obtained from the FOM,
the POD-ROM (considering 10 velocity modes and 12 pressure and vis-
cosity modes), and the CNM-ROM (with 10 clusters and a 4th order ROM)
at t = 1 s. This comparison allows us to assess the accuracy and fidelity
of both the reduced-order models in capturing the flow features. The
reconstructed flow fields obtained from both the POD-ROM and CNM-
ROM are in good agreement with the original FOM results, indicating the
effectiveness of the reduced-order models in capturing the essential flow
dynamics.

Figure 4.24 provides a comprehensive comparison of the lift and drag
coefficients (Cl and Cd) obtained from the FOM, the POD-ROM, and
the CNM-ROM at various ROM parameters. This comparison allows us
to evaluate the accuracy and predictive capability of the reduced-order
models in capturing the aerodynamic forces acting on the airfoil. The
black lines represent the lift and drag coefficients obtained from the FOM
simulations. The red lines correspond to the lift and drag coefficients
obtained from the POD-ROM, which utilizes 10 velocity modes and 12
pressure and viscosity modes. The blue lines correspond to the lift and
drag coefficients obtained from a 2nd order CNM-ROM, while the red
lines correspond to a 4th order CNM-ROM.

This comparison enables us to assess the performance of the reduced-
order models in replicating the aerodynamic forces evaluated in the full-
scale simulations. The figure clearly demonstrates the capabilities of
the CNM-ROM technique in accurately predicting the lift and drag co-
efficients, surpassing the performance of the POD-ROM. Therefore the
CNM-ROM approach (with a higher order) captures the complex flow
phenomena more effectively, resulting in improved predictive accuracy of
the aerodynamic forces.

To further analyze the statistical properties of the flow, the unbiased
autocorrelation function R(τ) (4.42) between the FOM, POD-ROM, and
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(a) u snapshot from FOM (b) v snapshot from FOM

(c) POD-ROM u snapshot (d) POD-ROM v snapshot

(e) CNM-ROM u snapshot (f) CNM-ROM v snapshot

Figure 4.23. Comparison between FOM, POD-ROM, and CNM-ROM snap-
shots. All field variables have been normalized with respect to their maximum.
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Figure 4.24. Comparison between FOM, POD-ROM, and CNM-ROM force
coefficients. The black lines represent the FOM force coefficients, the red lines
refer to the POD-ROM with 10 velocity modes and 12 pressure and viscosity
modes; the blue lines refer to a 2nd order CNM-ROM, while the red ones
correspond to a 4th order CNM-ROM.

CNM-ROM approaches, is shown in Figure 4.25.
Figure 4.25 clearly demonstrates that the ROM approaches perform

quite well in capturing the statistical properties and temporal correlations
of the flow. However, the CNM-ROM exhibits a closer match to the auto-
correlation function obtained from the FOM data, indicating its superior
capability in reproducing the flow statistics.

The CNM-ROM approach proves its versatility by allowing predictions
of the system behavior under different parameter and control settings.
Figure 4.26 presents the Cl (panel (a)) and Cd (panel (b)) predictions
for α = 6◦ by training the CNM-ROM with snapshots from different α
values, excluding α = 6◦. This demonstrates the CNM-ROM’s ability
to extrapolate and generalize the learned dynamics to unseen parameter
settings.

In Figure 4.26, the red and blue lines correspond toα = 5◦ andα = 7◦,
respectively. The black dashed lines represent the lift and drag coefficients
obtained from the FOM simulations, while the black solid lines represent
the CNM-ROM predictions. Remarkably, the CNM-ROM accurately cap-
tures both the amplitude and frequency of the force coefficients for varying
α values, including the unseen α = 6◦. This showcases the robustness
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Figure 4.25. Comparison of the autocorrelation functionR between the FOM,
POD-ROM, and CNM-ROM. The black line represents the FOM, the blue line
represents the POD-ROM, and the red dashed line corresponds to the CNM-
ROM.

and generalization capability of the CNM-ROM, as it effectively predicts
the aerodynamic forces even for parameter values that were not included
in its training data.

Overall, the results presented in this section validate the effectiveness
of the POD-ROM and CNM-ROM approaches in accurately capturing
the flow dynamics, reproducing the flow fields, predicting force coeffi-
cients, and capturing the statistical properties of the flow. These findings
highlight the potential of reduced-order modeling techniques in enhancing
computational efficiency and enabling rapid design iterations for airfoil
configurations.

4.4 Trajectory based CNM

The standard Galerkin-ROM techniques and previous CNM approaches
consider a state vector composed of the realizations of flow field variables.
Here we propose a new approach considering a state vector composed of
trajectories of the dynamical system.

The basic idea behind trajectory-based CNMs is to cluster piecewise
trajectories from a given dataset, dealing with data in terms of curves or
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(a) Cl prediction (b) Cd prediction

Figure 4.26. Prediction of the effect of α using CNM-ROM. The red and
blue lines correspond to α = 5◦ and α = 7◦, respectively. The black dashed
lines represent the FOM simulations, while the black solid lines represent the
CNM-ROM predictions.

functions. Using functional approaches, data clustering can be performed
more efficiently and effectively, as the shape and features of trajectories can
be more accurately represented by curves. Compared to standard CNM,
in which snapshots order does not influences the clustering, this allows
a more meaningful and informative clustering of trajectories, leading to
improved insights and decision-making.

In order to understand the aim of trajectories clustering, in figure 4.27 is
reported a functional clustering sketch. An ensemble ofn two-dimensional
trajectories presenting noise are analyzed, in figure are reported in grey.
In standard clustering approach, a centroid would be a two-dimensional
vector, and in figure are reported 3 centroids in black. In the functional
framework the clusters are no more state vector realizations but function-
s/trajectories.

While working with functional data one could assume that observa-
tions exist in an infinite-dimensional space, but, actually, we only have
samples that are observed in a finite number of points. It is common to
work with discrete observationsui,j of each sample pathui(t) in a finite set
of knots, j. Therefore, the first step in functional data analysis frequently
involves reconstructing the functional shape of the data from discrete ob-
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Figure 4.27. Sketch of functional clustering on an ensemble of n two-
dimensional trajectories presenting noise. Black marker denotes standard
centroids. Coloured lines trajectories clusters.
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servations. Depending on the shape reconstruction method, functional
data analysis can be broadly classified into three categories: raw data ap-
proaches, filtering approaches and adaptive methods. Raw data analysis
involve analysing the functional data without any preprocessing or trans-
formation; this approach is suitable for data that are relatively smooth and
continuous over the entire domain. In the filtering approach, the curve
shape reconstruction is addressed by assuming that the sample paths be-
long to a finite-dimensional space that is generated by a basis of functions.
Finally, adaptive methods combine the previous ones depending on the
data local variability.

The first step of the analysis involve the segmentation of the original
d dimensional time series denoted with u(t), where t represents the time
defined in the interval t ∈ [0, T ]. The dimensions d corresponds to the
number of variables times the number of points of the spatial discretization.
Letui(t) be the i−th segment of the time series, where i = 1, 2, ..., N . The
segments can be overlapping between each other. It is possible to consider
u1(t

′), . . . ,uN(t
′) to be a sample of N trajectories, with t′ = t − t0i and

defined in t′ ∈ [0, Tt]. In this domain ui(t
′) is further discretized into ni

points giving the discrete observationsui,j . Tt is chosen to be proportional
to τ ∗, with τ ∗ being the first time instance in which R(τ) = 0 (4.42). The
foundation of the analysis is that the data ui(t

′), in the framework of
Functional principal component analysis (FPCA), can be approximated as
a linear combination of N basis functions, ϕ1(t

′), . . . , ϕN(t
′), such that

ui(t
′) ≈ µ(t′) +

N∑
k=1

cikϕk(t
′), i = 1, . . . , N, (4.47)

where µ(t′) = E(ui(t
′)) is estimated by µ(t′) = 1

n

∑N
i=1 ui(t

′) and rep-
resents the mean trajectory observed. Coefficients cik are the principal
component scores. It is worth to notice that at this stage µ(t′) and ϕk(t

′)
are d-dimensional. The assumption (4.47) implies that the functional data
lies in a finite dimensional subspace spanned by the ϕk basis functions.

Functionsϕk can be chosen a priori (filtering approaches) and based on
raw data by means of Functional principal component analysis. Appendix
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B.1 reports the description of FPCA analysis.
The truncation of the series (4.47) to the order P < N

ũi(t
′) = µ(t′) +

P∑
k=1

cikϕk(t
′), (4.48)

leads to a representation of the trajectories ensemble containing the es-
sential features of the data. Once piecewise trajectories have been recon-
structed it is possible to merge the segments to reconstruct the original
data. Outside their domain t′ = t − t0i ∈ [0, Tt], the ũi(t

′) can be either
zero-padded or periodically extended. The original data can be recon-
structed with the introduction of the weights wi(t):

ũ(t) =
N∑
i=1

wi(t)ũi(t). (4.49)

The inspection of the Eq. (4.49) reveals that wi(t) must satisfy the condi-
tion

N∑
i=1

wi(t) = 1, ∀t. (4.50)

In particular the Eq. (4.50) simply comes from the fact that Eq. (4.49)
must be valid also for a perfect reconstruction involving not only the first
P eigenfunctions but the whole basis set ϕk, namely when ũi ≡ ui.

4.4.1 Functions clustering
The goal of functions clustering is to identify groups of functions

that share similar characteristics, such as shape, amplitude, or frequency
(Jacques and Preda [174]). The first step to cluster functions consists in
the definition of a metric to quantify the similarity or dissimilarity between
pairs of functions. The choice of the distance metric can have a significant
impact on the results of the clustering analysis; different data types or
specific research goals can require different metrics.
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A very common choice considers the Euclidean distance between two
d-dimensional functions f(t) and g(t). It is defined as:

d2E(f, g) =

∫ b

a

(f(t)− g(t))T (f(t)− g(t))dt. (4.51)

This metric calculates the root-mean-square difference between the two
functions over the specified domain [a,b]. However, the Euclidean dis-
tance is generally used for functions with continuous domains, and can be
sensitive to outliers (Scherl et al. [37]). To overcome this issue and deal
with discontinuous domains or sparse data the Manhattan distance can be
employed

dM(f, g) =

∫ b

a

∥f(t)− g(t)∥1dt. (4.52)

Once the distance matrix between all pairs of functions has been
computed, it is possible to use standard clustering algorithms to group
the functions together. Most popular choices can be the hierarchical
clustering (Nielsen [175]), the spectral clustering (von Luxburg [176])
or the K-means clustering (MacQueen [131]). Here, the K-means++
algorithm (Arthur and Vassilvitskii [177]) has been employed.

4.4.2 Filtering approaches
Filtering methods are a popular class of techniques used in functional

data clustering to pre-process the raw data and reduce its complexity. In
particular they leverage on the fact that the functional data u(t), and the
trajectories segments ui(t′), lie themselves on a finite dimensional space
spanned by some temporal basis of functions,

ui(t
′) =

P∑
j=1

αijfj(t
′), (4.53)

with αik being d-dimensional.
Depending on the choice of the fk, there are several types of filtering
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methods used in functional data clustering, including smoothing (Ramsay
and Silverman [178]), B-splines (Abraham et al. [179]), wavelet-based
methods (Giacofci et al. [180]), Fourier-based methods, and others. Each
of these methods has its own strengths and weaknesses and is suited for
specific types of functional data.

Short time Fourier transform

The short time Fourier transform (STFT) based method is particularly
suited for periodic and quasi-periodic datasets. In appendix B.2.1 STFT
is introduced and described. In the STFT framework, referring to the
Eq. (4.53), each ith trajectory is modelled as a superposition of complex
exponentials ei2πft.

ui(t) =

nf∑
k=1

α̂ike
i2πfkt , (4.54)

where nf is the number of frequencies.
Complex valued coefficients α̂ik (d-dimensional) are the discrete STFT

component and are computed according to the Eq. (B.9). It is worth to
notice that for the STFT case, the weights w for the signal reconstruction
are already contained in the definition of α̂ik, see Eq. (B.9), and the
reconstruction of the original data simply consists in the sum of the local
trajectories as in Eq. (4.54):

u(t) =
N∑
i=1

ui(t). (4.55)

For the clustering procedures the Euclidean distance between two
trajectories i, j can be defined as:

d2ij =

nf∑
k=1

(ξik − ξjk)
T (ξik − ξjk), (4.56)
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where ξik is
ξik = [Re(α̂ik); Im(α̂ik)]. (4.57)

As the standard clustering algorithms deal with real-valued data, the intro-
duction of ξ gives the possibility to employ such techniques for clustering
complex-valued data.

B-splines

Functional data clustering using B-splines is a common approach for
analyzing complex data sets where the observations are functions defined
over a continuous domain. B-splines are a type of basis function that can
be used to represent the functions in the data set, allowing for clustering
based on the coefficients of the B-spline expansion. Each trajectory ui(t

′)
is represented as

ui(t
′) =

p∑
j=0

sijBj(t
′), (4.58)

where Bj(t
′) is the B-spline orthonormal basis and p the order. Further

details on the derivation of the sij and Bj(t
′) can be found in appendix

B.2.2 in which B-splines fitting is introduced and described.

The most commonly used distance metric for this approach is the
squared L2 norm (Euclidean), which measures the difference between two
functions as the sum of the squared differences between their correspond-
ing B-spline coefficients cij:

d2ij =

p∑
k=1

(sik − sjk)
T (sik − sjk) (4.59)

This distance metric captures the difference between the shape of the two
functions, regardless of their magnitude or location.
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Wavelets

In functional data clustering, wavelets can be used as a powerful tool
for data analysis, particularly for non-stationary signals and data with
sharp changes or discontinuities. The wavelet transform is a mathematical
technique used to decompose a signal into its frequency components while
maintaining the time location of these components. In this framework,
each function ui(t

′) can be represented as

ui(t
′) =

Nlev∑
j=−Nlev

Ntra∑
k=−Ntra

βijkψ

(
t′ − 2jk

2j

)
, (4.60)

where βijk are the coefficients of the wavelet expansion, Nlev is the
number of scales levels, Ntra is the number of the translations, and ψ(t′)
is the mother wavelet function. For a detailed derivation of the wavelet
transform, please refer to appendix B.2.3.

As with Fourier and B-spline methods, the squared L2 norm (Eu-
clidean distance) is often used as the distance metric, which measures the
difference between two functions as the sum of the squared differences
between their corresponding wavelet coefficients βijk:

d2ij =

Nlev∑
j=−Nlev

Ntra∑
k=−Ntra

(βijk − βjik)
T (βijk − βjik). (4.61)

This distance metric quantifies the difference in the frequency con-
tent and temporal location of the features of the two functions, making
it particularly suitable for non-stationary and discontinuous signals. The
clustering algorithm is then applied to the wavelet coefficients, which
capture the most important features of the data. This approach is advanta-
geous in many applications where the raw functional data are too complex
to be directly analyzed, and the key features of the data can be effectively
captured by the wavelet transform.

However, the choice of the mother wavelet function can have a signif-
icant effect on the clustering results, making it crucial to select a wavelet
function that is appropriate for the analyzed data. In the present study,
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the Daubechies wavelets of order 10 were used, as discussed in appendix
B.2.3.

4.4.3 Trajectories network model
As already said, in this framework the clusters are no more state

vector realizations but functions/trajectories. The result of the clustering
procedure is a set of K functional clusters, denoted as c̃k(t

′) with k =
1, . . . , K. This approach offers a richer and more dynamic perspective on
the system’s evolution, capturing not only the instantaneous state but also
the temporal trends and patterns over a specific interval.

Similarly to the standard CNM, in the trajectory-based Cluster Network
Model the transitions between these clusters or trajectories are modelled
as a directed network, as sketched in Figure 4.28. The calculations of
transition probabilitiesQij and mean transition times Tij between clusters
follow a similar concept as in standard CNM.Qij is calulated as the number
of transitions from centroid c̃j to c̃i over the total number transitions
departing from c̃j . The mean transition times Tij are the average time that
the system spends in one trajectory-cluster before transitioning to another.

According toQij and Tij , a visitation sequence can be created, denoted
as c̃ki . The signal segments can be reconstructed by means of:

ũi(t) =
N∑
i=1

αj(t)c̃kj(t), (4.62)

where αj(t) can be linear interpolation coefficients or spline ones for a
higher smoothness. The total time series can be reconstructed by means
of (4.49). It must be noticed that reconstruction (4.62) may create discrete
jumps at the trajectories overlap times. In analogy to the standard CNM,
this procedure can also be conveniently extended to an order L. This
involves considering transition probabilities that depend on the preceding
L trajectory clusters, expressed as Pr(c̃kn+1 = i|c̃kn , ..., c̃kn−L

). The
actual flow computations are based on a lossless FPCA, as elaborated in
appendix B.1.
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Figure 4.28. Schematic representation of a directed network of clusters in the
trajectory-based CNM. The directed network represents the potential transi-
tions between different trajectory-clusters, each symbolizing a distinct tempo-
ral behavior of the system. The small curves drawn next to each node illustrate
the general temporal behaviour of each cluster. The arrows between the clus-
ters are labeled with the corresponding transition probabilities Qij and mean
transition times Tij .
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4.4.4 Validation
The performance of the model is evaluated using several metrics: the

autocorrelation function R(τ), its root mean square error (RMSE), the
asymptotic cluster probability, and the representation error.

The autocorrelation function, defined in Equation (4.42), is employed
to avoid issues of comparing two trajectories directly due to phase mis-
match (Hou et al. [39], Fernex et al. [77]). The RMSE of the autocorrela-
tion function is defined as:

RMSE =

√√√√ 1

NR

NR∑
n=1

(
R(τn)− R̂(τn)

)2

, (4.63)

where R̂ is the autocorrelation of the modesl and NR is the number of
time lags τn (fernex2020).

The asymptotic probability p∞i to be in a cluster i can be estimated
with

p∞i =

∑
τi

T0
, (4.64)

where T0 being a sufficiently long time horizon simulated by the model,
and

∑
τi being the cumulative residence time from (4.17). The vector

containing al the p∞i indicates whether the predicted trajectories could
populate the phase space similarly to the original data, thus providing
insight into the transition error of the modeling method (Hou et al. [39]).

The representation error of the reconstructed dynamics, denoted by
Er, is defined as:

Er =
1

M

M∑
m=1

Dm
T , (4.65)

where Dm
T is defined as the minimal distance from the snapshot um to

all the states un of the reconstructed trajectory T :

Dm
T = min

un∈T
∥um − un∥Ω . (4.66)
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This parameter gives an indication of how well the model reconstructs the
dynamics.

A key parameter for the model is the number of clusters K. A model
with a small number of clusters can effectively capture the dominant
transition dynamics behaviour. However, larger representation errors are
induced as fewer clusters represent the dynamics and the snapshot details
are eliminated. Conversely, a large K allows the CNM to model the tran-
sition dynamics with more detail, but the transition relationships become
more complex and often meaningless (Li et al. [135]).

Nair et al. [8] proposed an optimal choice for the cluster number
determined by the F-test (Hand [181]) which considers the ratio of inter-
cluster variance to the total variance. In the framework of functional
clusters c̃i(t), the inner-cluster variance is similar to that of standard
CNM, read

J =
1

N

K∑
k=1

∑
ui∈Ck

∫ Tt

0

∥ui − c̃k∥2 dt, (4.67)

and the inter-cluster variance J̄ can be defined as

J̄ =
1

N

K∑
k=1

Nk

∫ Tt

0

∥c̃k − c̄∥2 dt, (4.68)

where Nk is the number of segments pertaining to the cluster k and
c̄ ≡ µ(t). It is worth to notice that in the definitions (4.67) and (4.68),
when using filtering methods the expansion coefficientsαik are employed.
Except when otherwise specified, in this work the minimum number of
clusters has been chosen such that J̄/(J̄ + J) > 0.9, that corresponds
to resolve at least 90% of the flow fluctuations after the cluster-coarse
graining.
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4.5 Functional CNM results
In this section the practical implementation and effectiveness of our

method is reported, focusing on the comparison between standard CNM
and trajectory based CNM, and presenting the outcomes from both syn-
thetic and real-world scenarios.

In the first part, our method is applied to Landau’s equation (Noack
et al. [13], Luchtenburg et al. [182]) and a synthetic multi-scale signal.
These carefully controlled synthetic environments provide a clear under-
standing of the method’s purpose and behavior under known conditions.

The second part transitions to real-world fluid dynamic systems. Our
methodologies are put to the test with force coefficients and flow fields past
the fluidic pinball (Deng et al. [183, 184]), underlining the applicability
and usefulness of the method in dealing with complex, practical situations.

4.5.1 Landau’s system
The Landau equations, serving as a model system, exhibit the rich

dynamics characteristic of many real-world phenomena. They are utilized
in this work as a "toy problem" to demonstrate the purpose and the capa-
bilities of our trajectory-based Cluster Network Model. The equations are
defined as:

ȧ1 = σa1 − ωa2,

ȧ2 = σa2 + ωa1,
(4.69)

where a1 and a2 are the state variables, σ is a damping term computed
as

σ = l − a21 − a22, (4.70)

ω is a constant angular frequency and l parameter that influences the sys-
tem behaviour. This system exhibits a range of rich dynamics, including
sustained oscillations for certain parameter values, providing a compre-
hensive yet tractable testcase for validating our trajectory-based cluster
network model. In this section ω has been set equal to π and l = 0.1.
Considering the initial conditions a1(0) = 0.01 and a2(0) = 0 it is pos-



4.5. Functional CNM results 165

(a) (b)

Figure 4.29. (a) Phase space of the Landau equations with initial conditions
a1 = 0.01 and a2 = 0, showing the trajectory spiraling out to a limit cycle.
(b) Three-dimensional plot of the trajectory in the σ-a1-a2 space. It illustrates
that as the system settles into the limit cycle, forming a paraboloid manifold,
the variable σ approaches zero.

sible to highlight a distinctive feature of these equations: the trajectory
converges to a limit cycle with a radius equal to

√
l, indicating the system’s

tendency to oscillate. Figure 4.29 provides a visual representation of this
behavior. In panel (a), the phase space depicts the path of the trajectory
toward the limit cycle. It is interesting to note how the system starts from
nearly the origin and gradually spirals out to the limit cycle. Panel (b)
showcases a three-dimensional plot of the variables σ, a1, and a2, forming
a paraboloid manifold. This clearly indicates that the trajectory settles into
the limit cycle as σ approaches zero, reinforcing the notion of the system
entering a state of sustained oscillation.

After obtaining the data from the Landau system, the standard CNM
has been applied on it. For this analysis, we select a model order of L = 1.
8000 snapshots have been collected with a ∆t = 0.01. We explore the
performance of the model with different number of clustersK, specifically,
K = 10, K = 20, and K = 100. With K = 10, the intercluster variance
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(a) K = 10 (b) K = 20 (c) K = 100

Figure 4.30. Phase space plots (a1 versus a2) with the true dynamics of the
Landau system represented in grey. The model dynamics from the standard
CNM withK = 10, K = 20, andK = 100 are overlaid in black, red, and blue
respectively. Panel (a): K = 10, Panel (b): K = 20, Panel (c): K = 100. It
can be observed that the characteristic behavior of amplitude selection is not
well captured, even with the highest number of clusters (K = 100).

J̄/(J̄ + J) is approximately 90%.
In Figure 4.30, three panels display the phase space with the true dy-

namics represented in grey. The model dynamics with K = 10, K = 20,
andK = 100 are overlaid in black, red, and blue respectively. The motion
between cluster sequences (represented by continuous lines) is smoothed
using Eq. (4.24). However, it is noteworthy that the standard CNM often
leads to non-physical transitions, making it less reliable for accurately
modelling the dynamics of the Landau’s system. It is noticeable that
even with the highest number of clusters (K = 100), the standard CNM
struggles to adequately capture the characteristic behavior of amplitude
selection in the Landau’s equations.

Transitioning from standard CNM to trajectory-based CNM affords
an improvement in capturing the Landau system’s intrinsic dynamics, in-
cluding transitions and amplitude selection mechanisms. Each trajectory
segment is composed of ni = 200 snapshots. For the spline basis, we
choose a third-order spline, with comprehensive details available in Ap-
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(a)

(b)

Figure 4.31. Demonstration of the Trajectory-based CNM with K = 10
trajectory clusters. Panel (a): Sequence of jumps among the trajectory cluster
centroids (different colors) with the accompanying residence times denoted
by vertical dashed lines. Panel (b): Comparison of the original dynamics (in
gray) with the smoothed representation (in red) by means of Eq. (4.62).

pendix B.2.2. For the STFT basis, a rectangular window is selected, refer
to Appendix B.2.1. The wavelet CNM employs a Daubechies wavelet,
specifically ’db10’, configured with 5 levels; for an in-depth discussion on
this, refer to Appendix B.2.3.

Figure 4.31 demonstrates the proficiency of the trajectory CNM using
spline basis functions and adopting 10 trajectory clusters. In Panel (a),
the trajectory CNM coarse-graining is illustrated through a sequence of
jumps between the trajectory cluster centroids, represented by distinct
colors. These jumps are characterized by the residence times in each
cluster, which are visualized through vertical dashed lines. To transition
smoothly between the discrete jumps of trajectory segments, Eq. (4.62)
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is utilized. As a result of this smoothing technique, Panel (b) shown the
refined representation (in red) with the original data (in gray). Even with
only 10 clusters, the trajectory CNM captures the underlying dynamics of
the system.

In Figure 4.32, a three-dimensional plot provides a comparative per-
spective on the performance of different CNM variants in capturing the
temporal dynamics of the Landau system. Panel (a) represents the standard
CNM, while panels (b), (c), and (d) depict the spline CNM, STFT CNM,
and Wavelets CNM respectively. For all these representations, a clusters
number of K = 10 has been used. The true dynamics of the system are
displayed in gray across all panels, providing a baseline for comparison. It
becomes evident that the trajectory CNM, across its various adaptations,
demonstrates superior capability in accurately capturing the temporal be-
havior and the amplitude selection mechanism of this system, as compared
to the standard CNM.

The distinctions between the standard CNM and the trajectory-based
CNMs are accentuated when examining Figure 4.33. In this figure, the
representation error Er , as defined in Eq. (4.65), is plotted. It becomes
evident that the trajectory-based CNMs consistently yield a representation
error that is at least an order of magnitude smaller compared to the standard
CNM. Such a dramatic reduction in error underscores the efficacy and
superiority of the trajectory-based approaches in capturing the inherent
dynamics of the system.

To further underscore the strengths of the trajectory CNM, it is in-
structive to analyze the following time-modulated signal:

b1 = A(t) cos(2πf1t+ θ(t)) (4.71)

b2 = A(t) sin(2πf1t+ θ(t)) (4.72)

where
A(t) = cos(2πf2t), (4.73)

θ(t) = c02π cos(2πf3t) (4.74)

and c0 is a constant. The chosen parameters are f1 = 100, f2 = 2,
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(a) Standard CNM (b) Spline CNM

(c) STFT CNM (d) Wavelets CNM

Figure 4.32. Comparison of different Cluster Network Model (CNM) variants
in the three-dimensional space ofa1, a2 andσ for the Landau’s system. The true
data is represented in gray across all panels. Panel (a) showcases the standard
CNM (solid-point black), Panel (b) illustrates the spline CNM (black), Panel
(c) demonstrates the STFT CNM (red), and Panel (d) displays the Wavelets
CNM (blue). This visual representation underscores the enhanced capability
of the Trajectory CNM in its various forms over the standard CNM.
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Figure 4.33. Comparison of representation error Er for different Cluster
Network Model (CNM) variants. The standard CNM error is represented by
the dashed curve. The spline CNM is shown in black, the STFT CNM in red,
and the Wavelets CNM in blue.

f3 = 0.25. A number of samples nt = 106 has been saved within a
simulation time tfin = 100, and with a ∆t = 10−4.

This particular signal is characterized by both frequency and ampli-
tude modulation. It can be interpreted as a post-transient solution to the
Landau’s equations (4.69) if one assumes that the parameters ω, and l vary
over time. Figure 4.34 showcases the phase space representation of this
signal and the temporal evolution of b1(t).

Following the representation in Figure 4.34, we investigate the ap-
plication of both the standard CNM and the trajectory-based CNM. For
this analysis, the STFT-CNM is chosen. Both methods employ K = 16
clusters. For the STFT-CNM, segment length is set at ni = 5000, with
segment overlaps accounting for 75% of the segment length. Addition-
ally, a standard Hamming window is employed, ensuring that the COLA
(Constant Overlap-Add) constraint is satisfied. Figure 4.35 showcases the
original b1 data in black, the output from the standard CNM in blue, and the
STFT-CNM results in red. Notably, while the standard CNM struggles to
accurately capture the dynamics along with the amplitude and frequency
modulation, the STFT-CNM, even with onlyK = 16, is indistinguishable
from the original data.
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Figure 4.34. Analysis of the time-modulated signal. The phase space repre-
sentation (left) illustrates the evolution of the system in the b1 vs. b2 plane.
The right panel depicts the variation of the signal b1 over time, revealing its
temporal complexities. This signal offers insights into the behavior of the
Landau’s equations (4.69) with time-dependent parameters.

Figure 4.35. Comparison between original b1 data (in black), standard CNM
(in blue), and STFT-CNM (in red). Both methods employ K = 16 clusters.
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Figure 4.36. RMSE values vs K. The sharp decrease at K = 16 underscores
its optimal choice for this analysis.

The selection ofK = 16 is due to the Root Mean Square Error (RMSE)
as defined in Eq. (4.63). Figure 4.36 presents the RMSE values across
a range of K. It is evident that at K = 16, there’s a significant drop
in RMSE, which is then followed by a gradual decrease as K is further
incremented.

As previously mentioned, the signal defined by Eqs. (4.71) and (4.72)
exhibits frequency modulation over time. Insight into the temporal behav-
ior of the signal can be obtained from its spectrogram, that is the amplitude
of ξik, where the index i denotes the frequencies and k spans time. Figure
4.37 depicts the spectrogram of the original b1, compared to those from
the standard CNM and the STFT CNM. Through this representation, it is
evident that the STFT CNM perfectly captures the frequency modulation
of the original signal, while the standard CNM is not able to achieve this
purpose.

It is instructive to examinate the trajectory cluster centroids, c̃i. The
spectral content intrinsic to each c̃i can be discerned from its power spectral
density (PSD). Figure 4.38 presents the PSD of each centroid, normalized
with respect to its respective peak value. This representation clearly
illustrates that each centroid is associated with a distinctive frequency. In
this context, the centroids are presented in the sequence corresponding to
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(a) Original data

(b) Standard CNM

(c) STFT CNM

Figure 4.37. Comparison of spectrograms for the original b1 signal, panel (a),
the standard CNM, panel (b), and the STFT CNM, panel (c).
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Figure 4.38. Normalized PSD of each trajectory cluster centroid PSD(c̃i).

their manifestation in the data.
The temporal dynamics within a given segmentation interval, as well

as the phase space corresponding to the centroids c̃i, are depicted in Fig-
ure 4.39. Specifically, even-numbered centroids are showcased in panels
spanning from (a) to (h). Each characteristic trajectory intrinsically en-
capsulates the amplitude modulation. This is due to the fact that within
each segment, a full cycle of the amplitude oscillation is inherently con-
tained. Moreover, the distinct frequency characteristics of these centroids
can be readily observed. Transitioning between these clusters offers a
coherent description that accurately reflects the frequency modulation in
the original dataset.

The frequency modulation’s limit cycle-like behaviour is evident in
the structure of the direct transition probability matrix Q. Figure 4.40
illustrates Q for the standard CNM in panel (a) and for the STFT-CNM in
panel (b). Notably, the Q matrix in the STFT-CNM scenario showcases a
shape that is typical of a limit cycle, as discussed in Hou et al. [39].

To provide deeper insights into the statistical properties of the original
and modeled data, it is interesting to compare the unbiased autocorrelation
function R for the two CNM methodologies. The function R is formally
defined in (4.42). Figure 4.41 presents the normalized R on the left, with
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(a) c̃i : i = 2 (b) c̃i : i = 4

(c) c̃i : i = 6 (d) c̃i : i = 8

(e) c̃i : i = 10 (f) c̃i : i = 12

(g) c̃i : i = 14 (h) c̃i : i = 16

Figure 4.39. Temporal dynamics and the corresponding phase space for even-
numbered centroids c̃i. Panels from (a) to (h). The colorbar adjacent to the
phase spaces indicates the progression of time.
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(b) STFT-CNM

Figure 4.40. Direct transition probability matrixQ for standard CNM in panel
(a) and STFT-CNM in panel (b).

a zoomed view targeting short time lags on the right. The visualizations
represent the original data in black, the standard CNM in blue, and the
STFT-CNM in red dashed lines. A close examination of this figure further
emphasizes the superior ability of the trajectory-based CNM to effectively
capture the complex dynamics inherent in the data.

Thus far, trajectory-based CNM has demonstrated its superiority in
effectively capturing complex temporal behaviors exhibited by toy appli-
cations, like the Landau’s problem and its associated amplitude and fre-
quency modulation. In the subsequent sections, this innovative approach
will be extended to a real-world fluid dynamic configuration, namely the
fluidic pinball.

4.5.2 Fluidic Pinball
The fluidic pinball flow has recently emerged as an intriguing and

efficient setup for investigating the application of machine learning in fluid
flow control (Brunton et al. [185], Farzamnik et al. [186], Maceda et al.
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Figure 4.41. Comparison of the normalized unbiased autocorrelation function
R: Original data in black, standard CNM in blue, and STFT-CNM in red
dashed lines. The right panel provides a zoomed-in view for small time lags.

[187]). This system undergoes various flow patterns, starting with a stable
flow and transitioning into a symmetric oscillatory flow characterized by
post-Hopf bifurcation. It further evolves into asymmetric vortex shedding
following the pitchfork bifurcation, eventually reaching a state of chaos, all
by manipulating the Reynolds number (Deng et al. [183]). The system’s
geometric layout, as illustrated in Figure 4.42, comprises three cylinders
with a diameter of D, positioned at the vertices of an equilateral triangle
oriented upstream, with each side measuring 3D/2 in the (x, y) plane. The
inlet of the domain is subjected to a uniform velocity U∞ for the incoming
flow, without any external forces acting on the cylinders throughout this
study. We enforce a no-slip condition on the cylinders, and we assume that
the velocity in the far wake region remains at U∞. The Reynolds number,
defined as Re = U∞L/ν, where ν is the kinematic viscosity of the fluid.
At the output region of the domain, a no-stress condition is applied.

The numerical data presented here has been generated using a solver
based on a second-order finite-element discretization method of the Tay-
lor–Hood type, as outlined by Taylor and Hood [188]. This solver operates
on an unstructured grid consisting of 4225 triangles and 8633 vertices, em-
ploying implicit integration of the third order in time. The instantaneous
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(a) Numerical grid

(b) Vorticity snapshot Re = 160

Figure 4.42. Numerical grid and a sample snapshot for fluidic pinball at
Re = 160.
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(a) Re = 60 (b) Re = 90 (c) Re = 120 (d) Re = 160

Figure 4.43. Phase portrait of force coefficients at different values of Re.

flow field is determined through a Newton–Raphson iteration process, per-
sisting until the residual reaches a predefined, extremely small tolerance.
A sketch of the grid and a sample snapshot are shown in Figure 4.42.

This approach is also utilized to compute the steady-state solution,
which stems from the steady Navier–Stokes equations. The Navier–Stokes
solver employed in this work has undergone validation in prior studies by
Noack et al. [13] and Deng et al. [183], with comprehensive technical
documentation available in Noack and Morzyński [189]. For further
insights into the simulation methodology, refer to Deng et al. [183].

In subsequent sections the novel functional based CNM will be applied
onto force coefficients and velocity fields of the fluidic pinball at different
Re.

Force coefficients

The fluidic pinball system exhibits diverse behaviors depending on the
Reynolds number (Re) value. In Figure 4.43, we present phase portraits
illustrating the variations in force coefficients. The time delay for these
representations is fixed at τ = 1/4fc, with fc representing the characteris-
tic frequency for each case. Panel (a) demonstrates the system’s oscillatory
behavior as it converges toward a limit cycle (Hopf bifurcation). In Panel
(b), we observe the transition of the limit cycle into instability, marking a
supercritical pitchfork bifurcation. Panels (c) and (d) display instances of
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quasi-chaotic and fully chaotic motion, respectively (Deng et al. [184]).
Figure 4.44 presents a comparative analysis between the use of con-

ventional CNM and functional-based CNM. In the case of STFT-CNM,
a Hann window with a 75% overlap has been applied. The figure clearly
illustrates the superior performance of functional-based CNM.

Flow fields

In this section, we utilize snapshots of both velocity components to con-
struct both conventional CNM and functional-based CNM using Fourier
basis. The comparison focuses on the configuration corresponding to
Re = 160.

In Figure 4.45, we present spatial distributions of the leading POD
modes in terms of vorticity. These visualizations allow us to identify both
low-order shedding modes (modes 2-3) and higher-order structures in the
wake region.

Figure 4.46 presents a side-by-side comparison of the results obtained
using conventional CNM and functional-based CNM. When employing
STFT-CNM, a Hann window with a 75% overlap is utilized. The figure
demonstrates that functional-based CNM, even with a lower number of
clusters, outperforms its conventional counterpart.

The new approach results mentioned in this section are encouraging
for future developments of cluster-based reduced order modelling.
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(a) Re = 60

(b) Re = 90

(c) Re = 120

(d) Re = 160

Figure 4.44. Comparison between standard CNM and functional based CNM
with Fourier basis.
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Figure 4.45. Leading POD modes in terms of vorticity for the post-transient
solution of the fluidic pinball at Re = 160. All the field variables have been
normalized with respect to its maximum.
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Figure 4.46. Comparison between the reconstructions of leading POD tem-
poral coefficients using conventional CNM and functional-based CNM with
Fourier basis.





Chapter 5
Conclusions

The main goals of the work developed in this thesis is to employ and
develop data-driven approaches for modal analysis, stability analysis and
reduced order modelling.

To accomplish these objectives, theoretical and numerical method-
ologies have been developed and employed over a wide range of fluid
dynamics configurations.

This thesis has been developed within the Doctor Europaeus frame-
work. Part of the work has been carried out in collaboration with prof.
Francesco Grasso of Princeton University in the framework of modal anal-
ysis of two-phase flows. A novel approach for robust modal decomposition
has been carried out in collaboration with prof. Oliver T. Schmidt of the
University of California San Diego. The candidate has spent two months
in Harbin Institute of Technology in Shenzhen (China), under the supervi-
sion of prof. Bernd R. Noack, developing a functional approach for cluster
based network modelling. Furthermore, three months have been spent in
Technische Universität Berlin (Berlin, Germany) under the supervision
of prof. Kilian Oberleithner where the candidate has developed a novel
clustering procedure that focuses on specific subspaces or subsets of the
variables to extract the global behaviour of the system.

The main conclusions that can be drawn from this work are hereafter
summarized, separately for the topics area, namely modal analysis, stabil-
ity analysis and reduced order modelling. Recommendations for possible
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future developments of the work are finally reported.

5.1 Modal analysis

In this work conventional modal analysis methods are employed to
extract the main features of unsteady viscous liquid jet flows, both in 2D
and 3D configurations. Innovative approaches for analysis of experimental
data have been developed, namely the robust spectral proper orthogonal
decomposition and the Gappy POD for two-phase PIV measurements.

A modal decomposition analysis, including both POD and SPOD tech-
niques, has been performed on two-dimensional numerical data (obtained
with the VOF code BASILISK) of vertical liquid sheets falling in still air,
both in supercritical (We > 1) and subcritical (We < 1) regimes. The
flow configurations analyzed in this study refer to unsteady sheet dynam-
ics driven by a continuous harmonic perturbation in the lateral velocity
component applied at the inlet section. POD and SPOD modes have been
calculated for fluctuations of the streamwise and transverse velocity com-
ponents and volume fraction. The investigation has been carried out at
various Weber number, forcing frequencies and Reynolds numbers. In the
supercritical regime, both POD and SPOD technique yield leading sinuous
modes only and both exhibit a structure featuring a traveling perturbation.
In the subcritical regime, when the system is forced at relatively high
Reynolds number (approaching the inviscid limit), the analysis shows the
excitation of a combined sinuous-varicose motion. The appearance of the
varicose component is due to nonlinear coupling occurring in resonance
conditions, i.e. when the sheet is driven by a frequency equal to the leading
natural frequency and its emergence is favored by low Weber numbers.

A data-driven modal analysis of 3D gravitational liquid sheet direct
numerical simulations has been carried out. The SPOD analysis of 3D
gravitational liquid jet has highlighted the nucleation of three-dimensional
asymmetric holes and their advection, characterizing the topology of the
liquid sheet at low flow rate. The effects of the Weber number variation
have been analyzed. It has been found that the leading frequency presents



5.1. Modal analysis 187

a maximum in the region aroundWe ≈ 0.75 that is characterized by rapid
holes formation and advection.

Data corruption is a significant obstacle to systems modeling and
forecasting; noisy and gappy measurements can severely affect the learned
models and lead to invalid conclusions. The ability to handle this type of
data has a major role in the inference of physical insights from experimental
investigations. These limitations are overcome by a novel approach, the
robust spectral proper orthogonal decomposition which incorporates the
robust principal component analysis within the SPOD algorithm. The
investigation focused on evaluating the potential of this innovative method
in improving the extraction of coherent structures from complex data-sets.

The effectiveness of robust SPOD was properly tested through two dis-
tinct fluid dynamics problems: the subsonic jet, investigated through nu-
merical simulations, and the flow within an open cavity, studied by means
of experimental measurements. Robust SPOD demonstrates superior per-
formance by providing effectively converged and physically interpretable
modes compared to those of classical SPOD. RSPOD was applied in the
analysis of the open cavity flow, obtaining smooth modes, especially at
high frequencies. This outcome is of substantial significance for appli-
cations where high-frequency information is critical. This new method
not only addresses the challenges posed by corrupted data and outliers but
also extends its utility to removing data noise, improving the reliability of
results. The promising outcomes from both numerical and experimental
data-set suggest that robust SPOD holds interesting potential for advancing
the understanding of complex fluid dynamics phenomena and improving
the robustness of modal analysis in various practical applications.

Finally, two-phase gappy PIV measurements of the two-phase mixing
layer past a splitter plate have been analyzed by means of a tailored algo-
rithm inspired by the Gappy POD, highlighting the leading structures and
the characteristic frequencies of this experimental configuration.
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5.2 Stability analysis

A data-driven approach, based on the Dynamic Mode Decomposition,
has been employed to obtain 2D global (BiGlobal) spectra of gravitational
viscous liquid sheet flows both in supercritical and subcritical regimes.
The flow fields have been obtained by means of the BASILISK com-
puter code, considering a one-fluid formulation and the volume-of-fluid
approach. The procedure has been verified considering first simplified 1D
equations, modeling the lateral displacement and the transversal velocity
of the sheet. The estimated eigenmodes and eigenfunctions quickly con-
vergence towards the standard ones of the linear stability theory, computed
with the Chebyshev collocation method.

The BiGlobal spectrum for the supercritical case shows three different
branches. The upper and the lower branches, already observed with
the 1D model, are associated with the crossing time of slow and fast
traveling waves, respectively; they exhibit a purely sinuous behavior with
frequencies quite close to those predicted by the 1D model. The middle
branch, instead, presents a predominant varicose component, increasing
with the frequency, and a uniform energy distribution along the curtain.
This last branch could not be predicted by the 1D model, which takes into
account the curtain sinuous behavior only.

A parametric investigation has also been performed, to elucidate the
impact of the Weber number and the density ratio between the two phases
on the dynamics of the curtain. In the supercritical regime, for moderate
values of We, the flow is stable and the leading eigenmodes are purely
sinuous. When We increases, the varicose middle branch moves towards
the upper one at high frequencies. The subcritical regime, instead, shows
a leading mode with a frequency almost an order of magnitude higher
than the previous ones, but still with a sinuous behavior; the second most
unstable eigenvalue has a growth rate comparable with the leading one
and a varicose behavior.

In the supercritical regime, increasing the density ratio, flow insta-
bilities arise. The topology of the leading modes reveals how in the
unstable configuration there is a superposition of both sinuous and vari-
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cose regimes. By means of the inspection of the streamwise contribution
to the total energy of the leading mode some insights on the disturbance
propagation have been shown. In particular, moving downstream along
the curtain there is a prominent shift from the sinuous shape to the vari-
cose one, highlighting that the instability mechanism, which leads to the
rupture of the sheet, is deeply related to the amplification of the varicose
modes.

5.3 Reduced order modelling

In the framework of reduced order modelling several results and new
methods have been carried out.

A novel approach, based on the Extended Cluster-based Network Mod-
eling (eCNM) for analyzing complex fluid dynamics has been introduced.
This procedure focuses the dynamics characterization on specific, poten-
tially more informative, subspaces or subsets of variables. The applica-
tions of the eCNM within specific spatial subdomains and the challenges
posed by temporally undersampled data have been explored. The novel
approach has been applied to a swirl flame in unforced condition exibiting
a precessing vortex core. Data consist in PIV measurements, UV-images
filtered around the characteristic wavelength of OH* chemiluminescence
and pressure signals from probes arranged around the inlet section of the
jet.

The application of CNM on the velocity components has showcased
the typical PVC flow field patterns and the characteristic frequency of the
PVC mode has been estimated. A filtered distance, based on the filtered
correlation matrix has been employed. This choice allowed us to enhance
the separation of spatially and temporally coherent structures improving
the interpretability of the phase portraits.

The construction of the extended cluster centroids has highlighted
the existence of a rotating helical flame pattern, predominantly localized
within regions influenced by PVC, and a symmetric motion of the flame
from the central region of the combustor chamber, developing towards its
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sides. The investigation then focused on the analysis of spatial subdomains,
revealing the potential benefits of narrowing the focus to specific regions of
interest within the fluid system, especially when a strong synchronization
is present among the regions of the analyzed domain.

The eCNM approach gives the possibility to deal with different sam-
pling frequencies among the dataset. Specifically, by leveraging high-
resolution pressure measurements as the reference dataset and velocity
components as the undersampled data, extended cluster centroids for ve-
locity were successfully estimated. The analysis showcased the efficacy of
this method in terms of mean reconstruction error even when the sampling
frequency is artificially reduced below the Nyquist limit of the character-
istic frequency.

This study has underscored the adaptability and robustness of Ex-
tended Cluster-based Network Modeling as a tool for comprehending and
analyzing coherent structures in complex fluid flows.

Furthermore, a comparison between the Galerkin-POD-ROM and the
conventional CNM has been carried out for NACA0012 airfoil flow fields
at low Reynolds number. The results of this comparison have demon-
strated the superior capability of the CNM-ROM in capturing the flow
dynamics and statistics with a reduced computational effort. The CNM-
ROM approach, based on direct transition matrices and cluster analysis,
provided accurate predictions of the flow field and aerodynamic forces.
Furthermore, the CNM-ROM model showcased its versatility by success-
fully predicting the effect of varying flow parameters, such as the angle
of attack. By training the CNM-ROM with snapshots from different an-
gle of attack settings, it accurately captured the amplitude and frequency
of the lift and drag coefficients for unseen angle of attack values. This
demonstrates the robustness and generalization capability of the CNM-
ROM approach.

Finally, a functional approach for CNM, based on the analysis of
piecewise trajectories has been proposed. This method aims at increasing
the capability of CNM to capture high frequency behaviours and to reduce
diffusion of the state vector to post transient attractors.

The trajectory-based CNM has demonstrated its superiority in effec-
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tively capturing complex temporal behaviors exhibited the simple Landau
oscillator and its variant with associated amplitude and frequency modu-
lation. This innovative approach has been applied the fluidic pinball flow
revealing its better performances compared with conventional CNM.

5.4 Recommendations for future work

In this work several data-driven approaches have been developed and
applied on a variety of flow fields configurations.

The first step in future research should be the extension of the appli-
cation of the data-driven methodologies here developed to diverse fluid
dynamics problems, considering different flow regimes and physical phe-
nomena; nevertheless to investigate their potential in complex industrial
and environmental scenarios assessing their robustness in various con-
texts.

As regarding the future development in the modal analysis framework,
further development should be the exploitation of the nonlinear modal
reduction technique like Autoencoders, Neural Networks and Kernel POD.
These approaches could further enhance the capability of the analysis in
capturing complex nonlinear behaviours.

The development of an operator based Bi-Global Linear Stability Anal-
ysis code for two phase flows could be particularly useful in the characteri-
zation of mixing layers and jets. Furthermore, the nonlinear generalization
the data-driven stability analysis approach proposed here, could be also
effective for more complex flow configurations and applicable in industrial
environment.

Step forward in reduced-order modeling techniques, exploring their in-
tegration with machine learning methods and expanding their application
to high-dimensional and multiscale problems, may have the potential to
significantly reduce computational costs in aerodynamic design, optimiza-
tion processes and flow control. The development of Galerkin-ROMs and
Neural Network ROMs with application to two-phase flows with Volume-
of-Fluid formulation goes in this direction. Moreover, the control aimed
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modal analysis of conventional Synthetic Jets (SJ) and Plasma Synthetic
Jets (PSJ) actuators represents a challenging progress in this research
topic.

The major findings from this work offer new insights into complex
flow behaviors, by creating opportunities for further research and practical
applications in various domains.



Appendix A
Insights into liquid curtains

Planar liquid sheets, falling under the effect of the gravity in still air,
are often employed to deposit liquid layers over a solid surface in coating
processes (e.g. Weinstein and Ruschak [50]).

Liquid sheet flows issuing a gaseous environment have been exten-
sively investigated since the mid-20th century (Squire [190], Brown [191]).
These studies hold significant scientific and industrial importance, includ-
ing applications in coating deposition (Weinstein and Ruschak [192]), pa-
permaking (Soderberg and Alfredsson [193]), the space industry (Chubb
et al. [194]), dam safety, and waterfall noise reduction (Lodomez et al.
[195]), among others. The literature encompasses a wide array of geo-
metrical and physical configurations, spanning both planar (Barlow et al.
[196], Weinstein et al. [197]) and round (Duke et al. [198]) geometries,
as well as high-speed (Zandian et al. [199]) and low-speed (gravitational)
flows (Lhuissier et al. [200], Girfoglio et al. [53]). In the case of low-speed
flows, the term "curtain" is often used. These flows can occur in quiescent
conditions (de Luca and Costa [201]) or in the presence of co-flowing air
(Tammisola et al. [202]). The flow can either be confined by an enclosure
on one side of the sheet (De Rosa et al. [203]) or unconfined on all sides
(Barlow et al. [204]).

Despite extensive research efforts, which have been comprehensively
reviewed in historical works by de Luca [205], Finnicum et al. [206],
Lin and Jiang [207], Soderberg [51], and in a more recent contribution by
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Torsey et al. [60], various aspects of the unsteady dynamics of gravita-
tional liquid curtain flows remain the subject of ongoing studies and are
presently unresolved. This work focuses on understanding the behavior
of unconfined liquid sheets under different flow conditions, specifically in
supercritical conditions (We > 1), during the supercritical-to-subcritical
flow transition (We = O(1), transcritical regime), and in the subcritical
regime (We < 1). The Weber number, denoted as We, serves as a pri-
mary governing parameter for the flow system. It is defined as the ratio
between inertia and capillary forces within the liquid phase. Depending
on the value of We, each of the three regimes mentioned above exhibits
distinct characteristics and stability properties.

It is well-documented that the behavior of a liquid plane jet (often
referred to as a sheet or curtain) interacting with an unconfined gaseous
environment under the influence of gravity is not solely determined by the
amplification of modal disturbances. Experimental observations indicate
that the disintegration of the sheet occurs (especially when the flow rate
is reduced) below the critical Weber number threshold (We = 1). This
disintegration results from various phenomena, including the formation
of holes characterized by two unsteady oscillating free-edges within the
three-dimensional plane (Brown [191], de Luca and Meola [98], Roche
et al. [208], Kacem et al. [209]).

The theoretical investigation of the dynamics of unconfined liquid
sheets necessitates addressing a singularity that arises in the governing
equations when employing low-order models (Finnicum et al. [206], We-
instein et al. [210], Girfoglio et al. [53]). This singularity emerges as the
Weber number crosses the critical threshold of We = 1, that is, during
the transition from supercritical (We > 1) to subcritical (We < 1) flow.

In the context of this research, the analysis of the singularity inherent
in the equation governing the unsteady subcritical behavior of the liquid
nappe has only recently been completed by Girfoglio et al. [53]. The liquid
nappe represents a freely falling liquid sheet interacting with a one-sided
closed air chamber. An illustrative example of this configuration is the flow
of waterfalls, which occurs when water overflows over the long crests of
dams or weirs. The noise generated by the oscillation of the waterfall can
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propagate over considerable distances from the source, potentially causing
vibrations in nearby building windows and even structural damage to the
dam itself (Erpicum et al. [211], Lodomez et al. [54]).

A.1 Numerical simulation layout
Direct numerical simulations of thin liquid sheet flows have been

obtained through the single-phase formulation and the Volume-of-Fluid
(VOF) approach (Scardovelli and Zaleski [212]). In this framework the
flow is incompressible, and the continuity and momentum equations (in
index notation) for a two-dimensional formulation are respectively:

∂ui
∂xi

= 0, (A.1a)

ρ

(
∂ui
∂t

+ uj
∂ui
∂xj

)
= − ∂p

∂xi
+

∂

∂xj

[
µ

(
∂ui
∂xj

+
∂uj
∂xi

)]
+ σκniδS,

(A.1b)

in which xi = (x, y) are the spatial coordinates, ui = (u, v) are the
longitudinal and transverse velocity components, p the pressure, σ the
surface tension coefficient, κ the mean interface curvature and ni the
outward pointing unit normal vector n components. Following Popinet
[95], n and κ are computed as: n = ∇C̃/|∇C̃| and κ = ∇ · n, where
C̃ is a smoothed (i.e., diffused) version of the sharp volume fraction field.
The effects of the gravitational field are contained in the pressure term p.
The density (ρ) and dynamic viscosity (µ) are modeled as:

ρ = ρa + (ρl − ρa)C, (A.2a)
µ = µa + (µl − µa)C, (A.2b)

where subscripts a and l stand, respectively, for ambient and liquid, and
C(xi, t) is the volume fraction, i.e. the ratio between the liquid volume
to the total volume. In the liquid phase C = 1, whereas C = 0 in the
ambient phase. Hence, from Eqs. (A.2a) and (A.2b) the density and the
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viscosity are constant within each phase and vary across the separating
interface, which is located where 0 < C < 1 (throughout this work the
interface is identified with the isoline C = 0.5). As shown by Hirt and
Nichols [213], C satisfies the following advection equation:

∂C

∂t
+
∂Cui
∂xi

= 0. (A.3)

The governing equations are solved by means of the finite volume
method using the open-source code BASILISK (http://basilisk.fr).
For further details the reader is referred to the works of Popinet [94, 95].

In Fig. A.1 a schematic representation of the physical domain, the
adopted numerical grid and a sample snapshot of the volume fraction C
are reported. The right and left interfaces, respectively, are named y+(x, t)
and y−(x, t) (panel (a)). Knowing the geometry of the interface, the
centerline shape l(x, t) and the liquid sheet thickness h(x, t) are computed
according to [

l(x, t)
h(x, t)

]
=

[
1/2 1/2
1 −1

] [
y+(x, t)
y−(x, t)

]
. (A.4)

The configuration analyzed in section 2.1.1 consists in a forced liquid
sheet flow, with a fully developed parabolic axial velocity profile at the
inlet, which is perturbed by a sinusoidal forcing of variable amplitude in the
lateral velocity component. Accordingly, Dirichlet boundary conditions
are imposed at the inlet, for y ∈ [−H/2;H/2]:

u =
3

2
U

[
1−

(
2y

H

)2 ]
, (A.5a)

v = ÂU sin (2πff (t− ts)) Θ (t− ts) , (A.5b)
C = 1, (A.5c)

where U and H are, respectively, the mean axial velocity and the thick-
ness of the liquid sheet at the inlet, Â is the dimensionless amplitude of

http://basilisk.fr
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(a) Domain
sketch.

(b) Numerical grid. (c) Snapshot of C.

Figure A.1. Typical numerical arrangement and sample output of the super-
critical case (a), Table A.1. (a) domain sketch, (b) numerical grid and (c)
snapshot of C. The white dashed lines represent the interface between phases.

the forcing lateral velocity perturbation, ff is the forcing frequency and
Θ(t− ts) the Heaviside function acting at the forcing starting time ts. In
the case of stability analysis carried out is Chapter 3, equation (A.5b) is
replaced with homogeneous conditions. On the remaining part of the inlet
side (|y| > H/2) no-slip conditions are imposed. At the right and left
edges Neumann boundary conditions are imposed for all variables, whilst
at the lower edge standard outflow conditions are set:

∂ui
∂x

= 0, (A.6a)

∂C

∂x
= 0, (A.6b)

p = 0. (A.6c)
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Simulations have been carried out in both supercritical

We =
ρlU

2H

2σ
> 1,

whereWe is the Weber number based on half-thickness of the liquid sheet
and subcritical (We < 1) regimes. The computational domain is a square
of dimension 50H . The adopted mesh is a quadtree-structured grid (see
panel (b) of Fig. A.1) that retains its maximum level of refinement in
the rectangular region 0 < x/L < 1, −1 < y/H < 1, containing the
entire liquid sheet, and dynamically refines the cells elsewhere according
to user-defined adaptation criteria. For further details on the adaptive grid
refinement strategy the reader is referred to van Hooft et al. [214]. The
modal analysis focuses on the region 0 < x/L < 1, −1 < y/H < 1,
which is discretized considering 1025× 41 uniform grid cells. Numerical
data have been obtained every 5 · 10−3 s over a period T = 12 s. For
the subsequent analysis dimensionless parameters have been conveniently
introduced, the Reynolds number (Re = ρlUL/2µl), the Froude number
(Fr = U2/(gL)), the Strouhal number (St = fH/U ) and the density
ratio (rρ = ρa/ρl). The main flow parameters that have been investigated
are reported in Table A.1, where Stf refers to the forcing frequency ff .
For all cases we have assumed Fr = 0.33 and rρ = 0.01.

case a b c d e f g h i j k

We 2.5 0.75 0.75 0.75 0.75 0.75 0.75 0.70 0.80 0.85 0.90

Re 400 20 400 1200 1600 1600 1600 1600 1600 1600 1600

Stf 0.076 0.076 0.076 0.076 0.076 0.137 0.182 0.076 0.076 0.076 0.076
Â 0.02 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Table A.1. Main flow parameters.

As an example, Fig. A.2 shows the mean flow (upper panels) and an
instantaneous field (lower panels) corresponding to the subcritical case
(e). The mean flow recovers the classic torricellian interface shape of the
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(a) ū(x, y) (b) v̄(x, y) (c) C̄(x, y)

(d) Snapshot of u (e) Snapshot of v (f) Snapshot of C

Figure A.2. Supercritical conditions (case (e) of Table A.1). Mean flow
((a) ū(x, y), (b) v̄(x, y) and (c) C̄(x, y)) and generic snapshot of total field
(snapshots of (d) u, (e) v and (f) C). In each panel the field variable is
normalized by its maximum.
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sheet; the snapshots show the emergence of varicose deformation. In fact,
in the subcritical regime, as will be clarified in detail later on, a sinuous
forcing in the v component at the inlet can excite a coupled sinuous-
varicose response, highlighting the appearance of nonlinear resonance
phenomena.

A.2 Linear stability analysis

To determine the asymptotic behaviour of a flow system, and to provide
comparisons with results arising from direct numerical simulations and
experiments, a boundary value eigenvalues problem can be formulated.
For the case of a gravitational liquid sheet flow, this has been carried
out starting from Eqs. (3.10)-(3.11) of the linear inviscid one-dimensional
theoretical model presented in Section 3.1.1.

The classic global temporal modes position is then enforced assuming
the following form of the disturbances:

ℓs(x, t) = ℓ̂(x) · eλt, (A.7)
vs(x, t) = v̂(x) · eλt, (A.8)

where ℓ̂ and v̂ are eigenfunctions and λ is the complex eigenvalue. This
permits one to recast the governing equations into the following matrix
form

λM

(
v̂

ℓ̂

)
= A

(
v̂

ℓ̂

)
, (A.9)

where the temporal operator is the block matrix

M ≡

 I −RU · I N T RU · I N T · U · D

O I

 ,
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Figure A.3. Typical eigenvalue spectrum obtained from Eq. (A.9) (left panel)
in supercritical conditions (We > 1), with zoom around the least stable part
(right panel).

and the spatial operator is the block matrix

A ≡

 −U · D +
ε

2Re
D2 U/We · D2

I −U · D

 ,

with I denoting the identity operator, O = 0 · I , D (D2) is the first
(second) spatial derivative operator, and I N T represents the integral∫ 1

0
(·) ln |x− ξ| dξ.

Eigenvalues and eigenfunctions are numerically computed by a Cheby-
shev collocation method in the MATLAB environment, with both differ-
ential and integral terms being spectrally accurate. A countable set of
separated modes is found in the spectrum, which in supercritical condi-
tions (We > 1) appears clustered in two separated branches, each one
being characterized by eigenvalues with different real λr (i.e. growth rate)
and evenly spaced imaginary λi (i.e. frequency) coefficients; an example
is reported in Fig. A.3. In supercritical regime, two boundary conditions
are required at the inlet section to close the system (A.9), i.e.
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ℓ̂(0) = 0, (A.10)
∂ℓ̂

∂x

∣∣∣∣
0

= 0. (A.11)

On the contrary, for subcritical cases, We < 1, due to the upstream
directed wave characteristic velocityU−

√
U/We, the condition ℓ̂ = 0 can

only be retained at the inlet boundary. On the other hand, the system (A.9)
becomes singular, and the condition removing the singularity constitutes
the required second constraint to calculate the spectrum in subcritical
regime (We < 1). This aspect is detailed in Della Pia et al. [61].
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Functional data analysis

B.1 Functional principal component analysis

Functional principal component analysis (FPCA) is a method used
in functional data analysis to reduce the dimensionality of the data by
representing it in terms of a small number of principal components. FPCA
provides a representation of the functional data as a linear combination of
a small number of basis functions, where the coefficients corresponds to
the principal components.

As shown in the Section 4.4, for the analysis, the raw original time
series u(t) is split inN trajectories u1(t

′), . . . ,un(t
′),with t′ = t− t0i and

defined in t′ ∈ [0, Tt]. The functional data ui(t
′) can be approximated as

a linear combination of N basis functions, ϕ1(t
′), . . . , ϕp(t

′), such that

ui(t
′) ≈ µ(t′) +

N∑
k=1

cikϕk(t
′), i = 1, . . . , N. (B.1)

where µ(t′) = E(ui(t
′)) is the mean trajectory observed. To calculate the

spatio-temporal modes ϕk it is useful to define the covariance matrix :

C(s, t) = E
[
(u(s)− µ(s))(u(t)− µ(t))T

]
, (B.2)
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that is estimated by means of:

C(s, t) ≈ 1

N − 1

N∑
i=1

((ui(s)− µ(s))(ui(t)− µ(t))T ). (B.3)

where C(s, t) is a d × d matrix-valued function. The basis functions ϕk

are the eigenfunctions of the integral operator:∫ Tt

0

C(s, t)ϕk(t)dt = λkϕk(s), (B.4)

where λk are the eigenvalues of the covariance operator and the first
p eigenfunctions of the covariance operator, ϕk(t), are the basis func-
tions used in FPCA (4.47). The leading eigenfunctions capture most of
the variation in the data, and the remaining eigenfunctions having small
eigenvalues are considered as noise. Note that the ϕk functions are or-
thonormal, as ∫ Tt

0

ϕk(τ)
Tϕl(τ)dτ = δkl, (B.5)

where δkl is the Kronecker delta. It is worth to notice that the discrete
counterpart of (B.4) consists in an eigenvalue problem the dimensions of
which being (d×ni)× (d×ni). This procedure can be done numerically
using standard techniques, such as singular value decomposition. Notice
that in Eq. (B.4) the covariance matrix C can be also substituted by
nonlinear kernels K(s, t), as in [215].

Once the eigenfunctions are estimated, the functional data can be
represented in terms of the principal component scores cik, which are
projection of ui(t′)− µ(t′) onto the ϕk eigenfunctions:

cik =

∫ Tt

0

(ui(τ)− µ(τ))T ϕk(τ)dτ. (B.6)

The method involves the representation of the functional data as a linear
combination of a small number of basis functions, which are chosen to
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capture the essential features of the data. The principal component scores
can be used to visualize the data or to perform further analysis, such as
clustering.

In filtering methods, the matrices containing the STFT ξij , spline sij
and wavelets βijk coefficients can be quite large. Despite the possibility of
sparsity, these matrices can still be computationally expensive to cluster
due to their size.

Consider a generic functional expansion basis for the signal ui(t) as
shown in Eq. (4.53). In this scenario, it’s also possible to expand the
function ϕk(t

′) as follows:

ϕk(t
′) =

P∑
j=1

bkjfj(t
′). (B.7)

By substituting Eq.s (4.53) and (B.7) into Eq. (B.4), it is possible to
derive the coefficients bkj . Depending on the basis chosen, the coefficients
cik can be obtained from Eq. (B.6).

In the work presented here, the number of expansion basis functions
P has been set equal to the number of trajectories N , thus avoiding any
loss in the approximation process.

B.2 Basis expansions

In this Appendix, several types of basis expansions that serve as crucial
tools in signal processing are discussed. Section B.2.1 reports the Short
Time Fourier Transform (STFT), an adaptable method used for balancing
time and frequency information. Section B.2.2 introduces B-spline basis
expansion, a versatile tool that is notable for its capability to create smooth
and continuous functions. Lastly, Section B.2.3 explains the Wavelet
Transform, a technique suited multi-resolution analysis.
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B.2.1 Short time Fourier transform

The short-time Fourier transform (STFT) is a signal processing tech-
nique used to analyse the frequency content of a signal over time; it pro-
vides the spectral content of a signal in short overlapping time intervals,
or windows. The STFT is computed by performing the Fourier transform
of a windowed segment of the signal, and then repeating the process for
each segment obtained sliding the window along the signal. This results
in a time-frequency representation of the signal, reporting its frequency
content as a function of time.

Considering a generic vectorial function u(t) it can be expressed as:

F̂ (ω, t) =

∫ ∞

−∞
w(t− τ) u(τ)e−iωτdτ, (B.8)

where ω = 2πf represent the frequency and w(t − τ) is the chosen
temporal window. The size and overlap of the window used for the
STFT can be adjusted to control the trade-off between frequency and time
resolution.

The discrete counterpart of (B.8) can be written as:

α̂ik =
∞∑

n=−∞

u(tn)w(n−Ri)e−i2πfkn∆t (B.9)

where R is the sliding parameter equal to the difference between the
window size nw and overlapping nov. The inverse STFT is calculated as
follows:

u(t) =
1

2π

∫ ∞

−∞

∫ ∞

−∞
F̂ (ω, τ) eiωtdτdω, (B.10)

that in discrete formulation reads:

u(tn) =
∞∑

i=−∞

∞∑
k=−∞

α̂ike
i2πfkn∆t . (B.11)

By substituting (B.9) into (4.54), it is possible to recover the Constant
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Overlap-Add (COLA) Constraint:

∞∑
i=−∞

w(n−Ri) = 1 ∀n, (B.12)

that assures a correct reconstruction.

B.2.2 B-splines decomposition

B-splines are a popular choice for modelling functional data, as they
provide a flexible and computationally efficient way to represent function-
s/trajectories over a continuous domain t ∈ [a, b]. Each trajectory ui is
sampled over a set of knots t1, t2, ..., tni

, where a = t1 ≤ t2 ≤ ... ≤ tni
≤

b, with a, b generally different between trajectories. By defining a set of
basis functions B1(t), B2(t), ..., Bp(t), where p = ni − o− 1 (o being the
degree of the polynomials) is the order of the B-spline basis, it is possible
to represent each function ui using such basis as follows:

ui(t) =

p∑
j=0

si,jBj(t), (B.13)

where si,j are the coefficients of the B-spline expansion. The B-spline
basis functions can be recursively defined as follows:

Bi,0(t) =

{
1 if ti ≤ t < ti+1

0 otherwise,
(B.14)

Bi,j(t) =
t− ti
ti+j − ti

Bi,j(t) +
ti+j+1 − t

ti+j+1 − ti+1

Bi+1,j−1(t), (B.15)

for i = 1, 2, ..., ni − p and j = 2, 3, ..., p. To fit the B-spline basis to
each function ui, we can use a least squares regression to estimate the
coefficients si,j . It is worth to notice that

∑
iBi,j(t) = 1 ∀t and the

B-spline basis functions form a complete and orthonormal basis.
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B.2.3 Wavelet Decomposition
Wavelets are mathematical functions with the property of being able

to divide data into various components, each of which is studied with a
resolution that matches its scale. This feature makes wavelets particularly
suitable for analysing physical scenarios where the signal comprises dis-
continuities or sharp spikes.

The Continuous Wavelet Transform (CWT) of a signal, u(t), is math-
ematically expressed as:

CWTu(a, b) =
1√
|a|

∫ ∞

−∞
u(t)ψ∗

(
t− b

a

)
dt. (B.16)

In the above equation, a and b represent the scale factor and the
translation factor respectively, while ψ(t) denotes the mother wavelet.
(·)∗ represents the complex conjugate operator.

A mother wavelet ψ(t) is a function in L2(R) (the space of square
integrable functions), from which all other wavelet functions are generated
through dilations and translations. Essentially, a wavelet is a waveform of
effectively limited duration that has an average value of zero.

In practical applications, the Discrete Wavelet Transform (DWT) sam-
ples the CWT in a non-redundant manner, allowing for perfect reconstruc-
tion. The DWT of a signal u at a given scale level j and translation k is
represented as:

DWTu[j, k] =
1√
2j

∫ ∞

−∞
u(t)ψ

(
t− 2jk

2j

)
dt, (B.17)

In the equation above, j and k are integers representing the scale and
the translation on the time axis, respectively. The ’db10’ wavelet, also
known as the Daubechies wavelet of order 10, is the wavelet chosen for
this analysis. It has 10 vanishing moments, expressed as:∫

tkψ(t)dt = 0, for k = 0, 1, ..., 9. (B.18)

The Daubechies wavelet family, including the ’db10’ wavelet, com-
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prise orthogonal wavelets with varying numbers of vanishing moments.
Figure B.1 showcases the ’db10’ wavelets, illustrating how wavelet de-
composition provides a multiresolution analysis that decomposes the sig-
nal into its constituent temporal scales.

Figure B.1. The ’db10’ wavelet and its decomposition of a time series signal.

The Inverse Continuous Wavelet Transform (ICWT) and Inverse Dis-
crete Wavelet Transform (IDWT) are employed to reconstruct the signal
from its continuous or discrete wavelet transform, respectively. In the
continuous case, given CWTu(a, b), the original signal can be retrieved
by integrating across all scales (a) and translations (b):

u(t) =
1

Cψ

∫ ∞

−∞

∫ ∞

−∞
CWTu(a, b) ·

1

|a|
ψ∗

(
t− b

a

)
dbda, (B.19)

where Cψ is a normalization constant that depends on the wavelet
function.

For the discrete wavelet transform, given DWTu[j, k], the original
signal can be reconstructed by summing over all scales (j) and translations
(k):
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u(t) =
∞∑

j=−∞

∞∑
k=−∞

DWTu[j, k] · ψ
(
t− 2jk

2j

)
. (B.20)

For a perfect reconstruction, it is crucial that the wavelet functions are
orthogonal, as is the case for the Daubechies family of wavelets. It is also
essential to use the same wavelet function for both the wavelet transform
and its inverse.
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