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Chapter 1

Introduction

The classical obstacle problem consists in finding the equilibrium position of an elastic
membrane whose boundary is held fixed, and which is constrained to lie above a given obstacle.
The mathematical formulation of the problem is to seek minimizers of the Dirichlet integral

/ | Dul|?dx
Q

in a domain 2 C R", among all functions v € uy + VVO1 () above a prescribed obstacle ).

The same mathematical problem is motivated by numerous applications: fluid filtration in
porous media, elasto-plasticity, optimal control, and financial mathematics. We refer to [53]
for an overview of these applications.

The obstacle problem appeared in the mathematical literature in the work of Stampacchia
[99] in the special case 1) = x g and related to the capacity of a subset £ € €2 in potential theory.
In an earlier independent work, Fichera [50] solved the first unilateral problem, the so-called
Signorini problem in elastostatics. It consists in finding the elastic equilibrium configuration of
an anisotropic non-homogeneous elastic body, resting on a rigid frictionless surface and subject
only to its mass forces.

The study of the regularity theory for obstacle problems is a classical and important topic
in Partial Differential Equations and Calculus of Variations. It is well known that the solution
to the obstacle problem cannot be of class C? independent on how regular the obstacle is; this
led to the origin of the concept of weak solution and to the theory of variational inequalities,
after the fundamental work by Lions and Stampacchia [81]. The underlying principle is that
the regularity of solutions to obstacle problems is influenced by the one of the obstacle itself.
A solution cannot be more regular than the assigned obstacle function, as immediately follows
considering the so called coincidence set, i.e. the set where the solution and the obstacle coincide.
For linear obstacle problems, solutions are as regular as the obstacle (see |7, 10, 73]). However,
this is no longer the case in the nonlinear setting for general integrands without any specific
structure. In this situation, extra regularity must be imposed on the obstacle to balance, in
some sense, both the nonlinearity and the non-standard growth. Hence along the years, there
have been intense research activities for the regularity of the obstacle problem in this direction.

A first important result by Michael and Ziemer [86] establishes Hélder continuity of solutions
to the obstacle problem when the obstacle itself is Holder continuous. Choe [17]| proved that
if the gradient of the obstacle is Holder continuous, the same happens for the gradient of
solutions. Other results that deserved to be quoted are [18, 55, 80|, in the case of a single



obstacle problem, and [4] in the case of double obstacle problems. Since then, many regularity
results have been obtained in different situations: for instance we quote [42] in the setting of
Morrey and Campanato spaces, [8, 43, 44, 91| in the setting of non-standard growth conditions
(see also [9, 43, 92| for Calderon-Zygmund case). Moreover we refer to |2, 93] for gradient
continuity for nonlinear obstacle problems, [45] for global results up to the boundary, [5] for
the parabolic case, [6] for the porous medium problem.

This thesis deals with the regularity theory for solutions to some classes of obstacle problems.
In Chapter 2, we recall some notation and preliminary results. In Chapter 3, we prove higher
integrability and differentiability properties of solutions to obstacle problems associated to an
elliptic variational integral of the type

Flw, Q) = /QF(x,w, Dw)dz, (1.0.1)

where €2 is a bounded open set of R", n > 2. More precisely, given an obstacle function
Y Q) — [—00,400), the functional F is minimized under the obstacle condition w > 1. This
problem can be reformulated as a variational inequality, i.e. u > ) is a minimizer of F if, and
only if, u solves the following variational inequality

/Q<A(x, u, Du), D(¢p — u))dx > / B(z,u, Du)(p — u)dz,

Q

for every ¢ > 1), where we set
A(z,v,§) == DeF(x,v,§) and B(x,v,§) := —D,F(z,v,§).

We assume p-ellipticity and standard p-growth conditions on the operator A(x,v, &), for an

exponent p > 2.
We present two main results contained in the paper [67]. First, we establish a Calderon-
Zygmund type estimate for the gradient of the solution, stating that Du is as integrable as the
gradient of the obstacle. Next, this estimate allows us to prove that a higher differentiability
in the scale of Besov spaces of the gradient of the obstacle transfers to the gradient of the
solution. Here, the main novelty is the treatment of v-dependence in the integrand, respectively

the coefficients.
The results in Chapter 3 holds for minimizers to functionals as in (1.0.1) where the integrand

F' has p-growth
& < F(r,0,8) SA+6D)2,  pe(2,+0). (1.0.2)

Now, let us take a look at the following functionals, where 1 < p < q are fixed numbers:

Fi(w, Q) :—/g)Zai(x)]Diw

Folw, Q) = /Q[\Dv\p +a(@)Dwlldz, 0 <a(z) <L,

Pidx, 1<ai(z) <L, 1<pi=p <ps <. <p,=i¢g,

Fa(w, @)= [ D, 1<p<p) <o
Q

None of the above integrands satisfies the growth conditions (1.0.2) for any possible choice of
the exponent p > 1. But all of them satisfy the more general growth conditions

FSF@O)SA+8):,  1<p<q (1.0.3)



Functionals satisfying conditions (1.0.3) are called functionals with (p, q)-growth conditions.
The study of regularity of minima of functionals with non-standard growth of (p, ¢)-type was
initiated by Marcellini in the seminal papers [82, 83, 85]. When referring to (p, ¢)-growth
conditions (1.0.3), we call the quantity q/p > 1 the gap ratio of the integrand F', or simply, the
gap. A condition that ensures the regularity of minima is that the gap ¢/p does not differ too
much from 1, in other words, the difference between the growth exponents p and ¢ is not too
large.

The main point here is that functionals satisfying (1.0.3) exhibit nonuniform ellipticity
features, which emerge when looking at the Euler-Lagrange equation divD¢F (z, Du) = 0. This
lead us to the definition of the rate of non-uniform ellipticity quantified by the ratio

sup,c g of the highest eigenvalue of DecF(z, €)

B) =
R(& B) inf,ep of the lowest eigenvalue of DgeF(x,§)

on any ball B C 2, that in the nonuniformly elliptic case becomes unbounded as || — oo.
This is not the case of p-Laplacean type functionals, i.e. F'(z,&) ~ |£|P, for which R(, B) = 1.
This occurs instead in the case of the double phase functional F»(w,€2), where it is R(, B) ~
L+ ||a|| e ()|&|7P on any ball B intersecting the set {a(x) = 0}. Another example is given by
the variable exponent energy F3(w,€2) and in this case it is R(&, B) ~ [¢|P+P-, for [{] large,
where p_ := mingc g p(z) and py := max,cp p(x).

The rest of the thesis is devoted to the study of regularity properties of solutions to obstacle
problems with non-standard growth obtained in [37, 68, 69, 70].

Chapter 4 deals with the higher differentiability of fractional order of the solutions to a class
of obstacle problems with (p, ¢)-growth conditions, for 2 < p < ¢. In particular, we consider
variational obstacle problems of the form

min{/ f(z, Dw)dr : we W (Q), w > ae. in Q}, (1.0.4)
Q

where f is a Caratheddory function with radial structure. The novelty of our results consists in
the fact that the gradient of the obstacle and the partial map z — D¢ f(x,&) are only assumed
to be differentiable of fractional order in the sense that they belong to a certain Besov space.
More precisely, we prove higher fractional differentiability of the solution in the sense of

(14 |Dul®>)"s Du € BS,,..(9),

2,0,loc

provided the obstacle function satisfies

Dd} € B;q—p,mloc(Q)’
for 0 < a < v < 1, and if the gap between ¢ and p is not too large. We show two main
theorems, one for the case 0 = oo and a second one for the case of a finite 0 < nzga, in which
the parameters v = a are admissible.
In Chapter 5, we investigate the local boundedness of solutions to obstacle problems of the

type

min{/ F(x,w, Dw)dz : we W"P(Q), w>1 ae. in Q}, (1.0.5)
Q



where the integrand F' satisfies (p, ¢)-growth conditions, for some exponents 1 < p < ¢, and
the function ¢ € W'?(Q) is the obstacle.

The study of the local boundedness for minimizers of integral functionals is a classic topic

in Partial Differential Equations and Calculus of Variations starting from the classical result
by De Giorgi [66] and often is the first step in the analysis of the regularity properties of the
solutions.
In the last years there has been an intense research activity concerning the local boundedness
of minimizers of unconstrained problems, in case of energy densities satisfying non-standard
growth conditions. In [27, 28, 30|, the authors established the local boundedness of minimizers
of integral functionals satisfying the anisotropic growth conditions

n
&1 Z |fz
i=1

In this case, local boundedness is proven under the condition ¢ < p*, where }—15 =>", pii and
p* = n’%. Recently, in [29] the previous boundedness result has been obtained also in the
bordeline case ¢ = p*. Moreover, the functionals, there considered, allows the dependence on
u. Other related boundedness result that deserved to be quoted are [11, 32, 76, 77, 89].

The analogous study for solutions of obstacle problems under non-standard growth has been

exploited in [15], where the local boundedness has been established assuming that

P f(,8) < el 4 [€]7).

q<p;= L (1.0.6)

n—p
provided the obstacle is locally bounded. We also point out a particular case of (p, ¢)-growth
condition considered in the paper by Chlebicka and De Filippis [16]. There the authors proved
the local boundedness for solutions to double-phase obstacle problems, where the model func-
tional is given by

Flw, Q) = /Q[|Dw|p + a(z)| Dw|?dz,

for a non-negative function a € C%*, with a € (0,1]. For this kind of problems, the local
boundedness of the solutions is proven assuming that the obstacle, beside the boundedness,
belongs to the Sobolev space WK with K(t) = t + a(x)t?, and the exponent p, ¢ and a
satisfy the relations

<1+ and 1<p<qg<n.

EsEES)
e

A restriction on the closeness between the growth exponents cannot be avoided, since thanks
to the well known Marcellini’s counterexample [85], we know that if

—1
q>u:p2_l 1<p<n—1
n—1—p

minimizers of functionals with (p, ¢)-growth can be unbounded even in the unconstrained set-
ting. In a very recent paper [72|, Hirsch and Schéffner proved that the sharp bound

1 1
p n-—1

> (1.0.7)

|



is sufficient to the local boundedness for unconstrained minimizers.
We show that (1.0.7) is sufficient also to establish the local boundedness of solutions to the
obstacle problems (1.0.5). Here, we improve the previous local boundedness result for obstacle
problems contained in [15] in different directions: we admit the dependece of the integrand
F not only on x and Du, but on u too; the bound (1.0.7) is less restrictive than (1.0.6) and
it is essentially sharp for local boundedness, since, in view of a counterexample by Franchi,
Serapioni and Serra Cassano [52], the conclusion of Theorem 5.0.1 is false if condition (1.0.7)
is replaced by
1 1 1
-+ -<——-+c
p q n-—1
for any € > 0, already for unconstrained minimizers. Furthermore, our result shows that
solutions to double-phase obstacle problems are locally bounded under weaker assumptions on
the data with respect to the one considered in [16] (see Corollary 5.3.2).
In Chapter 6, we exploit the result in Chapter 5 in order to analyse the higher differentiability
of a priori bounded solutions u € W?(Q2) to the obstacle problem (1.0.4).
As we already mentioned, it is well known that in order to get regularity of minimizers to
functionals with non-standard growth conditions, even the boundedness, a restriction between
p and ¢ need to be imposed, usually expressed in the form

q < c(n)p, with ¢(n) — 1 as n — 0. (1.0.8)

We refer to |62, 85] for counterexamples. Now, it happens that when minimizers are bounded,
then we do not have to require a relation between p and ¢ of the type (1.0.8) in order to prove
regularity results for the gradient.

When dealing with bounded minimizers, both for unconstrained and constrained problems
with (p, ¢)-growth, regularity results for the gradient can be proved under dimension-free con-
ditions on the gap ¢/p and weaker assumptions on the data of the problem (see for instance
[12, 22, 34, 60, 61, 65]). Moreover, in [60, 61, 65|, the higher differentiability of integer order
of bounded solutions to (1.0.4) is obtained assuming that the map z — D¢f(z,£) and the
gradient of the obstacle belong to a Sobolev class that is not related to the dimension n but to
the ellipticity and the growth exponents of the functional.

In Chapter 5, we prove that, assuming the local boundedness of the obstacle 1, the solution
to obstacle problem (1.0.4) is locally bounded under a sharp relation between p and ¢. Here,
we study higher fractional differentiability properties of bounded solutions to obstacle problems
satisfying (p, q¢)-growth conditions. The novelty of our resutls consists in showing that, even
in the fractional setting, the higher differentiability properties of bounded solutions to (1.0.4)
hold true assuming that the Besov type regularity on the partial map x — D¢ f(z,§) is not
related to the dimension n.

Finally, in Chapter 7, we study the differentiability properties of the gradient of the solutions
to obstacle problems driven by the double-phase energy density

F(w,Q) = /Qb(x,w)HDw]p + a(z)|Dwl|?] dz, w > 1 a.e. in £, (1.0.9)

where 0 < a(-) € C%*(Q), ¢ is the obstacle function and 0 < by < b(+) < By is Holder continuous
in all its arguments. Assuming the condition on the gap ¢/p

«
€<1+—,
P n



we prove the following implication

DY € Bl pooroe(@), 0<a <y <1 = Vy(Du), al)Vy(Du) € By 1,o(), ¥t € (0,5),
where V,(z) := |2|" 2, s € {p,q} and & € (0,1) is a threshold parameter depending only on
the data of the problem.
The main difficulty of this work is the dependence of the integrand on the w-variable, since
for functional (1.0.9) the Euler-Lagrange equation is not available due to the mere Holder
continuity of w — b(z,w). In fact, in general, for proving higher differentiability for minima
of variational integrals, the availability of the Euler-Lagrange equation is a crucial ingredient
already in the case of p-Laplacian.

The double-phase energy density given by (1.0.9) is a model case of functions f satisfying
the following set of conditions

vi|z|P < flz,w,€) < Li(1+z2]9)
va|2[P2 AP < (Dee f (w0, )N A) < Lo(1+ |2|972)|A]?

[ (21, w01, 8) = [, w2, ) < hws([or = 2o + Jwr — wa|)(1+ |2])

for all x,x1, 29 € Q, w, w1, ws € R and every &, A € R", where 0 <1y < L1, 0 <y < Lo, 13 > 1
are fixed constants and ws : RT — [0,1] is a function defined by ws(p) = min{p’, 1}, for some
5 €(0,1).

The regularity theory for obstacle problems driven by quasilinear operators of the p-Laplacian
type started with the contributions of Duzaar and Fuchs [40], Duzaar [39], Choe and Lewis [21]
and Fuchs [54]. It is worth noticing that double phase functionals are a useful tool to study the
behaviour of strongly anisotropic materials whose hardening properties are strongly dependent
on the point and connected to the exponent ruling the growth of the gradient variable. The
coefficient a(-) regulates the mixture between two different materials, with p and ¢ hardening,
respectively (see, for instance, [103, 104]). The regularity properties of local minimizers to such
functionals recently have been investigated for unconstrained problems. In particular, we quote
the works [23] by Colombo and Mingione, [3] by Baroni, Colombo and Mingione and [24] by
Coscia, who dealt with the functional defined by

F(w,Q) = /Qb(x,w)HDw]p + a(z)|Dw|Plog(e + |Dw|)]dx.

Furthermore, a higher fractional differentiability [102] and a Lipschitz continuity result [35]
have been proved for solutions to double phase elliptic obstacle problems.



Chapter 2

Definitions and preliminary tools

Here, we introduce some notation. We will use the symbols C' or ¢ to denote general positive
constants. Different occurrences from line to line will be still denoted using the same letters.
Relevant dependencies on parameters will be emphasized using parentheses or subscripts. We
denote by B(z,r) = B,(z) = {y € R" : |[y — x| < r} the ball centered at x of radius r. We
shall omit the dependence on the center and on the radius when no confusion arises. Moreover,
we set S, := {x € R™ : |z| = r} the sphere of radius r on R". For a function v € L'(B), the
symbol

vp = ]év(x)da; _ %/Bv(:c)d:c.

will denote the integral mean of the function v over the ball B.
In the following, €2 will denote a bounded open set of R", with n > 2. Define the integral
functional

F(u, ) ::/Qf(x,u, Du)dx (2.0.1)

where f : 2 x R x R® — R is a Carathéodory function. Given a function ¢ € WHhP(Q),
1 < p < +o0, which is called obstacle, we define a closed convex set

Ky(Q) i= {w € up + Wy P (Q) : w > 1 a.e. in Q}, (2.0.2)

where uy € WP(Q) is a fixed boundary datum. To avoid trivialities, in what follows we shall
assume that Cy(€2) is not empty.
Let us now give the definition of local minimizers of (2.0.1).

Definition 2.0.1. A function u € W'P(Q) is a local minimizer of (2.0.1) in Ky (Q) if and only
if f(x,u, Du) € L. _(Q) and the minimality condition

loc

/ f (2, u, Du)da < / J(2, 0, Dp)da
supp(u—p)

supp(u—p)
is satisfied for all p € Ky(S2).

Let 1 <p < 400 and p € [0, 1]. We define an auxiliary function by

Vp(€) == (u® + |€]) 7 ¢
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for all £ € R™. One can easily check that, for p > 2, it holds
A1 (2.0.3)
For the auxiliary function V), we recall the following estimate (see e.g. [66, Lemma 8.3|).

Lemma 2.0.2. Let 1 < p < +oo. There ezists a constant ¢ = ¢(n,p) > 0 such that

C_l(,u2 + |€|2 + ’m2)‘%2 < |Vp(£) - ‘/;7(77”2

p—2
< ETp <c(p?+ [EP 4+ nl*) =

Jor any &,n e R", £ # 1.

Now we state a well-known iteration lemma (see [66, Lemma 6.1] for the proof).

Lemma 2.0.3. Let ¢ : [}5%, R] — R be a bounded nonnegative function, where R > 0. Assume
that for all % <r<s<Ritholds
B C

O(r) < 0P(s) + A+ TESE + o)

where 0 € (0,1), A, B, C > 0 and y > 0 are constants. Then there exists a constant ¢ = ¢(0,7)

such that R B o
o(B) s £1C)

We recall the following higher integrability result, also known as Gehring’s Lemma (see e.g.
|66, Theorem 6.6]).

Lemma 2.0.4. Let f € L'(Bg), and assume that for every balls B C B € Bg we have

7{9 fla)de < c{ (]i f(x)mdx) " + ]é g(as)das}

with 0 < m < 1. Assume that the function g belongs to L°(Bg) for some s > 1. Then, there
exists an exponent v € (1,s) such that f € L"(Bgy2), and moreover it holds

- (2)"dx < c{( : f(x)dx)r + ]i ) g(m)rda;}.

2.1 Difference quotient

We recall some properties of the finite difference quotient operator that will be needed in
the sequel.

Definition 2.1.1. Let F' be a function defined in an open set 2 C R™ and let h € R". We call
the difference quotient of F' with respect to h the function

TwF(z) = 7, F(2) := F(x + h) — F(x).
Moreover, for every r € N\ {1} we define the r-th finite difference quotient with respect to h as
T F(z) = m(7]  F(2)).
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The function 7, F' is defined in the set
7Q:={reQ:x+heQ},

and hence in the set
Q) := {x € Q: dist(z,00) > |h|}.
We start with the description of some elementary properties that can be found, for example,
in [66].

Proposition 2.1.2. Let FF € WY(Q), withp > 1, and let G : 2 — R be a measurable function.
Then
(Z) ThF S Wl,p(Q‘h‘) and

Di(ThF) == Th(DlF)

(ii) If at least one of the functions F' or G has support contained in |, then

/FTthx:/GT_hFdx.
Q Q

m(FG)(x) = F(x + h)mG(r) + G(a)mmF (2).

(111) We have

The next result about the finite difference operator is a kind of integral version of Lagrange
Theorem.

Lemma 2.1.3. If0<p <R, |h| < £2£, 1 <p < +o0 and F € W'?(Bg), then
|7 F(x)[Pdx < c(n,p)|h|p/ |DF(z)Pdzx.

Br
Moreover,

\F(x+h)\pdx§/ |F(z)|Pdx.

B, Br

We conclude this subsection recalling a fractional version of Sobolev embedding property.

Lemma 2.1.4. Let F' € L*(Bg). Suppose that there exist p € (0,R), 0 < a < 1 and M > 0
such that

| mF@Pde < aap,
By

for every h such that |h| < Z52. Then F € L"gigﬁ‘(Bp) for every 5 € (0,a) and

< (M 4[| F||L2Bg)),

HFHLnEgﬂ(B)
P

with ¢ = ¢(n, R, p, v, B).

2.2 Function spaces

In this section, we list the definitions and the properties of some function spaces.
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2.2.1 Morrey spaces

We recall the definition of Morrey spaces (see [66]).
Let 1 < p < +oo and A > 0. By LP*(Q2) we denote the linear space of functions u € LP(£2)
such that, if we set Q(xo, p) := QN B(xg, p), we get

[ull ooy = { sup p_A/ |u(x)]pdx} < +o00.
20 €Q,0< p<diam(Q2) Q(z0,p)

It is easy to see that ||u||zra(q) is a norm with respect to which LP*(Q) is a Banach space.
Notice that ||ul|zro@) = |lu|lr(), so that LP?(Q) = LP(Q2). More generally, using Holder’s
inequality, one proves easily that if s > p and ”p%’\ > #=* the following holds:

n—\A_n—

]| or (o) < diam(€2) 7 M

Ls,n(Q),

and therefore the immersion

LF(Q) < LP(Q) (2.2.1)

1S continuous.

2.2.2 Besov spaces
We give the definition of Besov spaces as done in |71, Section 2.5.12].

Definition 2.2.1. Let 1 < p < +o00 and let a > 0 be a positive real number. Denote by r the
smallest integer larger than .

Let 1 < s < 4+00. We say that a function v : R™ — R belongs to the Besov space BgS(R”) if,
and only if, v € LP(R™) and

iro(@)P .\ dh \ ¢
(V] B (mr) = (/ (/ dx < +00.
RV ST

Equivalently, we could simply say that v € LP(R™) and % € LS(%; LP(R”)).

When s = +o00, the Besov space BS  (R"™) consists of functions v € LP(R") such that

1
Tu(x)P »
[U]Bgm(Rn) = sup (/ %dl’) < +00.

heR™

Accordingly, for 1 < s < 400, the Besov space By (R") is normed with
vl Ba ®n) = vl Lr@n) + [V]Bg &)

Observe that, if 1 < s < 400, integrating for h € B(0, §) for a fixed § > 0 then an equivalent
norm is obtained, because

()P )5 dh )i
dx 1hIn < C(”vaap78’5)||v|llzp R7)-
(/{Ihlza} (/Rn |h|o® |h|" (R™)

In the case s = +00, one can simply take supremum over |h| < ¢ and obtain an equivalent
norm. By construction, one has By (R") C LP(R"). One also has the following version of
Sobolev embeddings (a proof can be found at |71, Proposition 7.12]).
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Lemma 2.2.2. Suppose that 0 < o < 1.

(a) If 1 <p <2 andl < s <p; =25 then there is a continuous embedding By (R") C
LPa(R™).

(b) If p="2 and 1 < s < 400, then there is a continuous embedding By (R") C BMO(R™),
where BMO denotes the space of functions with bounded mean oscillations [66, Chapter 2|.

We recall the following inclusions between Besov spaces (|71, Proposition 7.10 and Formula
(7.35)]).

Lemma 2.2.3. Suppose that 0 < f < a < 1.

(a) If 1 <p < +oo and 1 < s <t < +oo, then By (R") C By, (R™).
(b) If 1 <p < +o0 and 1 < s,t < 400, then By (R") C Bﬁt(R").
(c) If 1 < s < +oo, then B% [(R") C B'%S(R”).

Combining Lemmas 2.2.2 and 2.2.3, we get the following Sobolev type embedding theorem
for Besov spaces By (R").

n

Lemma 2.2.4. Suppose that 0 < o < 1 and 1 < p < Z. There is a continuous embedding
By (R") C LpE(R”), for every 0 < B < a. Moreover, for every function F' € By (R") the
following local estimate

c
HF”Ln%p(BQ) < (R — Q)a(”FHL"(BR) + [F]Bg,q(BR)) (2.2.2)

holds for every ball B, C By, with ¢ = ¢(n,p,q, o, 3) and § = 6(n,p, q).

Given a domain 2 C R", we say that a function v : R® — R belongs to the local Besov
space By, .. if v € By (R") whenever ¢ € C5°(€2). It is worth noticing that one can prove
suitable version of Lemmas 2.2.2 and 2.2.3, by using local Besov spaces.

We have the following lemma.

Lemma 2.2.5. Let 1 <p <400, 1 <s <400 and 0 < o < 2. A function v € L} () belongs
to the local Besov space B if, and only if,

p,s,loc?
THU

o]

< 400,

Lo (it L (B))

for any ball B C 2B C Q with radius rg. Here the measure % is restricted to the ball B(0,rp)
on the h-space.

Proof. For the proof of the claim in the case 0 < a < 1 we refer to [1, Lemma 7|. Therefore,
we concentrate only on the case a € [1,2). We first note that, given h € R", for any function
¢ € C§° () Proposition 2.1.2 yields

Ti(pv) (@) _ mle(z + h)mho(x) + v(@)mhe(x))
I I

mpo(z) | (@) The(T + h) Trp(a)
7o +2 P + v(x) )

= p(z + 2h) (2.2.3)




2.2 Function spaces 12

It is clear that

|
1Dl

mo(x)me(z + h) ‘ |0 ()
o] I
and so, since« —1 <1l and v € Bg;lloc(Q) from Lemma 2.2.3, one has
mo(z)mhe(z + h) ( dh )
(2 Ry ).
I o[
Moreover, it holds
v(@)7ye() “a
W < (@) Dpllool Al

< (@)[ID*¢lcl "

and therefore we have

o@)io(e) L (dh
e EL(vﬂm’”R >)'

As a consequence, we have the equivalence

2 dh
pv € B2 (R") <= oz + 2h) T}IZS) e L (W; LP(R")>.

However, it is clear that ¢(x + 2h) T’F:ff) € LS(%; LP(R™)) for every ¢ € C§°(Q) if, and only if,

the same happens for every ¢ = yp and all ball B C 2B C ). This concludes the proof. m

It is known that Besov spaces of fractional order a € (0, 1) can be characterized in pointwise
terms. We give the following definition according to [74].

Definition 2.2.6. Given a measurable function v : R — R, a fractional a-Hajlasz gradient
for v is a sequence {gi}r of measurable, non-negative functions g : R™ — R, together with a
null set N C R", such that the inequality

() —v(¥)] < (ge(@) + gr(y))|z —y[*
holds whenever k € Z and x,y € R*\ N are such that 27% < |z —y| < 27FFL. We say that
{on}r € °(Z; LP(R™)) if

1

o = (Z Hgkuzp(m) < 4.

kEZ

{9k

The following result was proved in [74].

Theorem 2.2.7. Let 0 < a < 1,1 < p < 400 and 1 < s < +oo. Let v € LP(R™). One has
v € By (R") if, and only if, there exists a fractional a-Hajlasz gradient {gx}r € 1°(Z; LP(R™))
for v. Moreover,

[vll g ) == mf[[{gx}x

where the infimum runs over all possible fractional a-Haglasz gradients for v.

1s(LP),
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2.2.3 Fractional Sobolev spaces

We recall here the definition of Sobolev spaces of fractional order (also known as Slobodeskii
spaces).

Definition 2.2.8. Let 2 C R™ be a domain and let 0 < s <1 and 1 < p < +oo. We say that
a function v : Q@ — R belongs to the space W*P(Q) if and only if

v [ @) )P
[y ._/Q P dxdy < +oo0.

Then we set
[ollwer) = [[vllzr@) + [V]lwer@)-
When s > 1 is not an integer, we write s = m+ o, with m € N and o € (0, 1), and then we let
WeP(Q) :=={v e W™P(Q): D™v e WP (Q)},
normed with

|vllwer) = [[V|lwme@) + | D™ v|lwer @)

The next lemma states fundamental embedding properties between Sobolev and Besov
spaces (see e.g. [88, 100]).

Lemma 2.2.9. Lety >0 and 1 <p < +0.

(a) If 1 < s < 400, then there is a continuous embedding B) (R") C W™P(R"), for every
m € N such that m < 7.

(b) If 1 < s < min{p, 2}, then there is a continuous embedding B) ,(R") C WP(R").

2.3 Gagliardo-Nirenberg inequality

In this section, we collect some interpolation inequalities in the setting of Besov spaces.

Lemma 2.3.1. Let v € W2P(R™). If Dv € B, 10e(R"), for some 1 < s < 400 and 0 <y <1,

loc

then v € B;BOC(R“). Moreover, the following estimate

[Wlprtrs,) < clDV]By. (Br)
holds for every ball B, C Bg, with ¢ = ¢(n,p).

Proof. We give the proof of Lemma 2.3.1 only for s = +o00, since the case s finite can be
obtained in a similar way:.
Fix 0 < p< R, |h] < ? and consider balls B, C Bg. Since 1 < 1+ v < 2, we have that

1
_ [Thv(@)P 7
[U]B;Q(Bp) - ;;]Rg (/Bp |h’(1+v)p dz ) .

Now, using v € W,.?(R") and Lemma 2.1.3, we obtain

ocC

/ |Th(ThU(I))|de < Clhlp/ |ThDU($)|pdx
B, Br

|h|(1+7)p |h|(1+7)p
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= c/ Mdaz [DU]

[ oo (Br)’

which is finite by the assumption on Dv. This completes the proof. O

The following interpolation inequality can be found in [98].
Lemma 2.3.2. Let 1 <p < +00, 1 <s< 400, 7> 0and 0 < 0 < 1. Then, the following
interpolation inequality
Ioll g,y < ellolg o (23.1)

holds for every v € B) (R") N L*(R").
Now, Lemmas 2.3.1 and 2.3.2 lead to the following higher integrability result.
Proposition 2.3.3. Let v € WLP(R") N L2, (R™) and let Dv € B)

loc loc

+oo and 0 < v < 1. Then Dv € L‘Z)CHB (R™), for every 0 < < . Moreover, the following
estimate

"), for some 1 < p <

P,00, loc(

/B | DuPUHD gz < C’||v||Loo(B )([DU]ZJ;;,OO(BR) + = R ) || V||V BR)

holds for every ball B, C Bg, with C = C(n,p,, ).

Proof. Thanks to Lemma 2.3.1, we obtain
v e BTI(R") locally.

Then, Lemma 2.3.2 yields
ve BYUT(RY)  locally, (2.3.2)

p/6,00

for every 6 € (O 1).

Choosing 0 = for 0 < B <, we have

T

1—|—’Y
0(1+~)= > 1.
1+ =173
Let us consider 0 < p < R < 1 and fix balls B, C Bg and a Cut off function n € COO<BR+;J)

such that 0 <7 <1, =1on B, [Dn| < 5= and | D%n)| <7 ) By virtue of Lemma 2. 2 9,

we have
(1 (1
| Do) da < ||nvllﬁvﬁﬁ+m(w) < cflno|"3 : (2.3.3)
By By gy o (BY)

From Lemma 2.3.2, we get

1
o] PG < cf|v||PZ,

iy
Bp(1+ﬁ),0<>(Rn)

BR)||nv|lBl+'¥ Rn) (234)

Using identity (2.2.3) and the properties of 1, we infer

o
| [p()

Il any < Ol Moy, + € sup [ e +2R)F
|h<f e JRe
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s [T ()
p_t' =i plLnth /1
+C sup /n [T (@ + h)| [P dr+C sup o |v] B[P dx

R— R—
Ih|l<=52 |h|<=72

< CHUH]ZP( y+C sup / %dz
T |h|<R 2 JB3Rrip |h’p 7

[ TholP
*Barso) ||y

+C sup | Dnl|% dx

|h|< e JR?

+C sup |h|p(1_7)/ |U|p||D277||poo(BM)d$
B3ryp 4

R—
|h| <=2

< CHUHZP(BM) + O[ ]BHW(BsRer)
2 B

oy [ o
——— sup x
(R —p)r h<te J Bans, [P
C
+ ———> sup ]h|p(1_7)/ |v[Pdz.
(R - p)2p |h|<Er2 B3sr+p
4

Now, exploiting Lemma 2.1.3 and using the fact that R — p < 1, we obtain

||77U||Bl+~/ R") CHU”IEP(BIH +Clv ]BHW(B:aRw)

c
+—Y  ap |h|p1‘7/ |\ DulPda
(R —p)r |h|< Be Br

)
+— |v|Pdx
(R—p)* Bsns,

C
T, 2:35)
By oo (B3R+p) (R—p) WhP(Bg)®

Combining inequalities (2.3.3), (2.3.4) and (2.3.5) and Lemma 2.3.1, we derive

C
(1+8) p -
/Bp |Doff dz < C”UHLOO (Br) [U]B;,JEZ(B:;RA;L/J) + (R - p>2PHvHL°°(BR HUHW“" (Br)

< CHUHL‘X’ B )[DU]%;,OO(BR) t 53 ( ) || ||L°° (Br) ||U||W1p (Br)

i.e. the desired estimate. O

The following proposition is an immediate consequence of the previous result.

Proposition 2.3.4. Let v € WLP(R™) N LS (R™), for some p > 2, and assume that V,(Dv) €

loc

B3 o 10c(R"), for some 0 < < 1. Then Dv € L’l’;Qﬂ(R") for every 0 < B < ~. Moreover, the
followmg inequality

1
/B | Dol dz < Cllo)| e g, <[Vp(Dv)]zB;m(BR) + WHUH%,P(BM)

P

holds for every ball B, C Bg, with C = C(n,p,, ).
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Proof. By Lemma 2.0.2, we get

[mDo(@)|? < |7 Do + [Do(z + h)P + | Du(@)[2)"> < clnVy(Do(@))l?,

where in the first inequality we used the fact that p > 2. Dividing by |h|*” and integrating over
the ball Bg the preceding inequality imply

DolP DulP V,(Dv)|?
/ 7 i' dx :/ 7 21)] dr < c/ Mdm for every h. (2.3.6)
Br |h[P7 B |A» Br  |M*

Now, thanks to the assumption on V,(Dv), taking the supremum over h leads us to

2y
Dv € By (R™) locally.

This together with Lemma 2.3.1 yields

7'7
P

v € Bpo' (R") locally.

By virtue of Lemma 2.3.3 and (2.3.6), it follows

/ |[DuP#de < Ollol e (5, Vo (DB (5 + 75— R=p)> ) [ [0

for every 0 < 8 < 7. O

Arguing similarly, but assuming that V,(Dv) € B ,.(R"), for some 1 < s < +00, we can
prove the following result.

Proposition 2.3.5. Let v € WLP(R™) N LS (R™), for some p > 2, and assume that V,(Dv) €
B3 s 10c(R"), < pf%. Then Dv € LVT*'(R™). Moreover, the
followmg inequality

1
Du[P*dz < Co||3% Vo (Dv)]3 - vl
/Bpl Ul i H’UHL (B )([ ;D( U)]Bz,s(BR (R p)zp” HW P(BR)

holds for every ball B, C Bg, with C = C(n,p,7).



Chapter 3

Gradient regularity for nonlinear obstacle
problems with standard growth

In this chapter we deal with the regularity theory for obstacle problems involving elliptic
operators. The results we report are contained in the paper [67].

We are interested in the regularity properties of the function u : @ — R belonging to Cy(2)
and satisfying the variational inequality

/(A(:E, u, Du), D(p — u))dx > / B(z,u, Du)(¢ — u)dzx, Vo € Kp(), (3.0.1)
Q Q
where ¢ € WP(Q) is the obstacle function and Ky (2) is the admissible class defined in (2.0.2).
We suppose that there exist positive constants v, L, a parameter p € [0, 1], that will allow us to
consider in our analysis both the degenerate case and the non-degenerate one, and an exponent
p > 2 such that the following conditions are satisfied:

<A(‘T7 u7§) - A(ZL‘, Uu, 77)76 - 77> Z V|€ - 77|2(:u2 + |€|2 + |77|2)p772 (Al)
Az, u, €) — Al u,n)| < LIE = n](1® + €2 + [n>) = (A2)
Az, u,€) — Aly, 0,6)] < w(lz —y| + |u— o)) (1% + [¢2) T (A3)

for all z,y € Q, u,v € R, {,n € R", where w : [0,4+00) — [0, 1] is given by w(p) = min{p*, 1},
with 0 < @ < 1. As a consequence of assumptions (A2) and (A3), we also have

Az, u, &) <UL+ |62 (A4)

forall z € 2, u € R and £ € R™ and for a positive constant [. Moreover, we suppose that there
p

exist a non negative function a € Lf;? (©) and a positive exponent r < p — 1 such that
B(z,v,8)| < [€]" + |v]" + a(z) (B1)

for a.e. v € Q and every v € R, £ € R™.

First, we will present higher integrability properties of the gradient of the solution to (3.0.1),
having as initial information the integrability properties of the gradient of the obstacle func-
tion. Accordingly, we shall provide a local Calderén-Zygmund type estimate for variational
inequalities of the form (3.0.1). The result tells that the gradient of the solution is as integrable

17
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as the gradient of the obstacle, and this assertion is sharp, as easily follows by considering
the regularity of the solution on the coincidence set, i.e. that portion of the domain where the
solution and the obstacle coincide.

There have been many research activities on the Calderén-Zygmund theory for obstacle
problems. We refer to [5, 9, 17, 80, 90] and references therein, for the regularity of solutions to
obstacle problems with constant growth. In particular, Bégelein, Duzaar and Mingione in [5]
attained local Calderén-Zygmund type estimates for elliptic and parabolic obstacle problems
involving possibly degenerate operators in divergence form of p-Laplacian type with irregular
obstacles. The result was extended to a global one in [9], where a discontinuous nonlinearity
and a nonsmooth domain are involved. In the setting of variable growth exponent, we quote
[43, 49] and [8] for local and global Calderén-Zygmund estimates, respectively.

Compared with this works, the novelty of our result consists in obtaining a local estimate
for elliptic obstacle problems involving operators with an explicit dependence on the u-variable,
other than on its gradient Du and on the x-variable. More precisely, we are going to prove the
following result.

Theorem 3.0.1. Let 1 < ¢ < +oo and assume that a7, |DyP e L] (Q). If ¢ < 5, assume

loc

that Dy € LX""(Q), for somet > 1 and n —p < k < n. Then, under assumptions (A1)—(A4)

loc

and (B1), the weak solution u € ICy(2) of the variational inequality (3.0.1) belongs to WL(S2).

loc

Moreover, there exists a constant C' = C(n,p,q,v, L,l) such that the following inequality
/ | DuPdz < o/ (a5 4 [u" + |DJ™ + | Duf? + 1)da (3.0.2)
T By

holds for every ball B, € S2.

In Theorem 3.0.1 the continuity assumption of the solution u cannot be removed, since
the technique used for the proof relies on the fact that the map x — A(x,u(z),€) is locally
uniformly in VMO (see Section 3.2.1 for the precise definition). Indeed, as shown by an explicit
example in the paper by Di Gironimo, Esposito and Sgambati [38], the composition of a VMO
function with a C* function is not a priori VMO.

Next, we study the higher fractional differentiability properties of the gradient of the solution
u € WHP(Q) to the variational inequality (3.0.1), provided the gradient of the obstacle 1
possesses some extra differentiability properties.

Such analysis has been carried out for the first time in the work by Eleuteri and Passarelli
di Napoli [46], in the setting of standard growth of p-type, with p > 2. More precisely, the
authors consider solutions to variational inequalities of the form

/Q(a(a:, Du), D(p — u))dx >0 (3.0.3)

for all ¢ € ICy,(€2). It is usually observed that the regularity of the solutions to (3.0.3) is strictly
connected to the analysis of the regularity of the solutions to partial differential equations of
the form

div a(z, Du) = div a(z, Dv).

It is well known that no extra differentiability properties for the solutions of partial differential
equations of the type
div a(xz, Du) = div G (3.0.4)
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can be expected even if G is smooth, unless some assumption is given on the z-dependence of a.
On the other hand, recent results concerning the higher differentiability of solutions to (3.0.4)
show that the weak differentiability of integer or fractional order of the map = — a(x,&) is a
sufficient condition (see |64, 65, 95, 96, 97| for the case of Sobolev space with integer order and
[1, 19] for the fractional one).

In [46] it turns out that the differentiability of a, as function of the x-variable, is sufficient
also in the context of obstacle problems to prove that the differentiability of the gradient of
the obstacle transfers to the gradient of the solution. Moreover, we refer to [58, 59| for higher
differentiability properties for obstacle problems with sub-quadratic growth, that is the case
1<p<2.

Here we continue the study of the higher differentiability properties of the solutions to ob-
stacle problems. Our result covers a more general class of variational inequalities with respect
to the works quoted above. Indeed, in (3.0.1) we consider operators which allow also the depen-
dence on the u-variable. This kind of problem has already been treated in [47| for minimizers
of integral functionals, but there the energy densities are not supposed to be differentiable
with respect to the u-variable. Therefore, minimizers are not solutions to suitable variational
inequalities.

We have the following theorem.

Theorem 3.0.2. Assume that assumptions (A1)—(A4) and (B1) hold for an exponent 2 < p <
5, where 0 < § < 1. If p < 515, assume that Dy € Lfotf(Q), for somet >1andn—p < kK < n.

Let u € KCy(€2) be the solution to the obstacle problem (3.0.1). We set

_ )b ifp=2
| min{B,a0} ifp#2

where 0 is the Holder exponent of u. Then the following implication

a € LE=0G1(Q), Dy € B? (Q) = (2 + |Dul>)*T Du € B, (Q)
_np_
n—PBp’

The proof of Theorem 3.0.2 is achieved by means of difference quotient method, that is quite
natural when trying to establish higher differentiabilty results and local gradient estimates (see
for instance |84, 85]). Here the difficulties come from the set of admissible test functions that
have to take into account the presence of the obstacle. In order to overcome this problem, we
need to consider difference quotient involving both the solution and the obstacle, so that the
function satisfies the constraint of belonging to the admissible class ICy(€2).

Observe that, due to the local nature of our regularity results, we are not requiring further

properties on the boundary datum wuy in (2.0.2). Existence of solutions to the (3.0.1) can
be easily proved through classical results regarding variational inequalities, so we will mainly
concentrate on the regularity results.
Finally, we observe that the Morrey regularity of the gradient of the obstacle is only needed
to get the local Holder continuity of the solution (see Theorem 3.1.1). Therefore if we deal
with a priori local Holder continuous minimizers, then the result holds without the hypothesis
Dy € L ().

The structure of this chapter is as follows. After recalling a Holder continuity result for
obstacle problems in Section 3.1, we prove Theorem 3.0.1 in Section 3.2. In particular, we

holds locally, provided s < pjz =
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give the definition of VMO functions in Section 3.2.1. In Section 3.2.2, we provide comparison
estimates by a method of approximation. Then, in Section 3.2.3, we prove our local higher
integrability result for the gradient of the solution. Finally, Section 3.3 is devoted to the proof
of Theorem 3.0.2.

3.1 Preliminary result

We now present a regularity result we need in the sequel. The proof can be found in [42,
Theorem 2.10].

Theorem 3.1.1. Let u € WHP(Q) be the weak solution to the variational inequality (3.0.1),
under assumptions (A1)—(A4) and (B1). Suppose that the obstacle ¥ fulfils the assumption

Dy e LINQ),

loc
where § = pq for some ¢ > 1 andn—p < A <n. Then, we have u € cf(;ﬁ(ﬂ), with 6 =1 — %.

Remark 3.1.2. In Theorem 3.0.1, we do not need to assume for q > % a Morrey regularity
on the gradient of the obstacle, in order to get the Hélder continuity of the solution. Indeed,
thanks to (2.2.1), for every q > % there existt > 1 and n — p < kK < n such that

Dy € L}(Q) — LP"F(Q).

loc

3.2 Local gradient estimates

In this section we will prove Theorem 3.0.1. First, we derive comparison estimates for the
solution to (3.0.1). Next, using a Vitali type covering lemma and performing a truncation
technique lead us to a local estimate for the gradient of the solution.

Throughout this section, we denote by u € K(€2) the weak solution of (3.0.1) and we will
assume that hypotheses of Theorem 3.0.1 are in force.

3.2.1 VMO coefficients
For convenience of notation, we set

A(z,8) = Alz,u(r),§)

for every z € Q and every £ € R™. Consider Ap, (5,)(§) which is the integral average of A(-,¢)
over B,(xg), i.e.

A o) (€) = 7{9 A

One can easily check that Ap (,,)(&) also satisfies assumptions (A1), (A2), (A3) and (A4).

Setting
A —Ap (,
H(z, Bu(z0)) = sup o 8) = A (@) (32.1)
&0 (L2 [EP)
we will say that the map = — A(x,§) is locally uniformly in VMO if for each compact set
K C ) we have that

R—0 r<RxzoeK

lim sup sup ][ H(z, B, (x¢))dz = 0. (3.2.2)
Br(zo)
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Remark 3.2.1. We point out that it follows from (3.2.2) and the growth condition (A4) that
for any s > 1,

lim sup sup ][ H(z, B.(z9))*dx = 0.
By (zo)

R—=0 <R 2ogek

Now, we prove that assumption (A3) and the Holder continuity of the solution u yield that
A is locally uniformly in VMO. The proof can be deduced by that of [1, 19] taking into account
that the operator A implicitly depends on the solution u. We report it here for the sake of
completeness.

Lemma 3.2.2. Let A be such that (A3) holds. If ¢ < 2, assume that D € LP2(Q), for some

loc

t>1andn—p<X<n. Then, A is locally uniformly in VMO, that is (3.2.2) holds.

Proof. First, we note that from Theorem 3.1.1 and Remark 3.1.2 we deduce that u € CIOC(Q)
for some § € (0,1). Now, let B C Q be a ball. Assumption (A3) implies

f o A0 -As0),,
B0 (u2+ )T
A (2 v-8)l,
d
7{9#07[ u+!£l) i
< f f wll =yl + lula) = ulo) s
Recalling that w(p) = min{p®, 1}, for some « € (0, 1), we infer
fspmu£> 5,
Bero (2 +[€2)"

<c fB f (I — yl° + Ju(z) — u(y)|*)dydz

= C'][ ][ |x—y|adydx+C][ ][ lu(z) — u(y)|“dydz
BJB BJB
< C(n,a)|B|" + C][ ][ |z — y|*dydx
BJB
< C(n,@)|B|* + C(n,)|B|™

where in the last inequality we used the Holder continuity of the solution u. Thus

][ p!A(w §) — (6)\dx%0’
B &0 (2 + (€%

as |B| — 0. O

3.2.2 Comparison estimates

We start with the following comparison principle.
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Lemma 3.2.3. Let O C R" be a bounded open set. Suppose that f,g € W'P(O) satisfy

—divA(z,Df) < —divA(xz,Dg) in O
f<yg on 00,

in the weak sense that

/<A([E, Df)— A(x,Dg), Dp)ydr <0 Vo € Wy (O) with ¢ > 0 (3.2.3)
@

and (f — ) € WyP(O). Then, f < g a.e. in O.

Proof. Taking ¢ = (f — g)+ as test function in (3.2.3), we obtain
| (Al.Df) ~ Al D). Df - Dg)ds <0
Oon{f>g}
From the ellipticity assumption (A1), we find that
| IDf = Dyl +1DF +1DgP) T ds =0
Oon{f>g}

which implies Df = Dg a.e. in O N {f > g} and therefore D((f — g)+) = 0 a.e. in O. Since
(f — 9)4 € WyP(O), we have that f < g a.e. in O. ]

We next discuss higher integrability results for homogeneous problems.

Lemma 3.2.4. Let v € WYP(Bg) be a weak solution of
divA(z, Dv) = 0 in Bg, (3.2.4)

where B C Q. Then, there exists o € (0,1) such that

140
][ | Do[PUH) dy < c{ (][ |Dv|pdx) + 1}
Bp2 By

for every ball B, C Bg, with a constant ¢ = c¢(n,p,v, L,1).
Proof. We consider a ball B, C Br and we test (3.2.4) by the function ¢ := n?(v — v,), where
n € C5°(B,) is a cut-off function with n =1 on B/, 0 <7 <1 and |Vp| < =. We obtain

Oz/B (A(z, Dv), Dp)dx

:/ n?(A(x, Dv), Dv)dx + p/ (v — v,)(A(z, Dv), Dn)dx
BQ,— B2'r
=I+1I.

From the ellipticity assumption (A1), it follows

(A(2,€).6) > Sl — ¢
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for every £ € R™ and so
v -
I> —/ n’|Dv|Pdx — ¢|B,|.
2 B2'r

Now, we take care of the term 7/. Using assumption (A4), properties of n and Young’s inequal-
ity, we get

<t / P YAz, €)||o — vyl
p

By

<& / P 1+ | Dol — v, lde
P

By
p=1 1
§£</ nP(1+ |Dv|p)dx> (/ lv — vp]pda:)
P\JB, B,
gz/ n?(1 4+ |Dv|P)dz + £/ |v —v,|Pdz.
2/B P’ I,

Joining the preceding estimates and re-absorbing the terms containing Dv in the right-hand
side into the left-hand side yield

P

c
/ |Dv|Pdr <— |v —v,|Pdx + c|B,|.
B, PP JB,
With an application of Sobolev-Poincaré inequality, we find that

][ | Dv|Pdz §£ v —v,[Pdx + ¢
Bo/2 pp B,
n+p

SC{ (][ |Dv|7:fz>dx) " 1}.
By
Now, the higher integrability of Dv follows by Lemma 2.0.4. O]

For the proof of next lemma see [78, 79].
Lemma 3.2.5. Let v € WY?(Bg) be a weak solution of

divAg,(Dv) =0 in Bg

where Br C Q2. Then, Dv € L>(Bg/2) and the following estimate holds

IDelimisg < (f, Dol +1)
Br

for a constant ¢ = c¢(n,p,v, L,1).

Fix B € Q and y € Bg. Let By, = By, (y) C Q be a ball with r < Ry/4, where Ry > 0 will
be determined later. By k € u + VVO1 P(By,) we denote the weak solution of

{divA(x, Dk) = divA(x, D) in By, (3.2.5)

k=u on 0By,
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and w € k + W, (By,) the weak solution of

(3.2.6)

divA(z, Dw) =0 in By,
w==k on 0By,.

We prove the following
Lemma 3.2.6. Let e € (0,1) and A > 1. There exists § = 0(n,p,v, L,l,e) > 0 such that if

][ (|DulP + |uP)dx < A and ][ UPdz < A, (3.2.7)
B4T B4r

where V(z) 1= a(x)ril + |Dy(x)| + 1, then
][ |Dw|Pdx < cA (3.2.8)
B4'r

for a constant ¢ = ¢(n,p,v, L,1) and

][ |Du — Dw|Pdx < e. (3.2.9)
By

Proof. Taking k —u € W,”(By,) as test function in (3.2.5), we have
][ (A(z, Dk), Dk — Du)dz — ][ (A(z, DY), Dk — Du)dz
B4r B4r

and so

][ (A(z, Dk) — A(z, Du), Dk — Du)dx = ][ (A(x, DY) — A(x, Du), Dk — Du)dz.

B47"

Using the equality divA (z, Dk) = divA(x, D) in the ball By,, the ellipticity assumption (A1)
and assumption (A2), we get

V]i Dk — DulPda g]i (A(z, D) — A(x, Du), Dk — Du)dz
S]i (A(z, DY) — A(z, Du), Dk — Du)dz
gL]i (1+ |DGP~" + |Du))| Dk — Duldz
gg]i \Dk — DulPdz + C(p,v, L)][ (1+ DY + | Dul)dz,

By

where in the last line we used Young’s inequality. Re-absorbing the first integral in the right-
hand side by the left-hand side we obtain

][ Dk — DulPdz < Clp, v, L)][ (14 |DUP + | Dul)dx
By, B

4r
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which by virtue of assumption (3.2.7) yields

][ |Dk — Du|Pdx < cA (3.2.10)
Byr

with a constant ¢ := ¢(p, v, L,€). On the other hand, taking w — k € W, (By,) as test function
in (3.2.6), we have

][ (A(z, Dw), Dw — Dk)dx = 0
B4r
that leads to

][ (A(z, Dw) — A(x, Dk), Dw — Dk)dzx = —][ (A(z, Dk), Dw — Dk)dzx.

By
By using the ellipticity assumption (A1) in the left-hand side and assumption (A4) in the
right-hand side, we get
V][ |Dw — Dk|Pdx §][ (A(x, Dw) — A(z, Dk), Dw — Dk)dzx
By, Bar

p—1
gl][ (1+ |Dk|*)"= |Dw — Dk|dx
B4r

gg ][ |Dw — Dk|Pdz + C(p, v, 1) ][ (1+ |Dk[P)dz
B47‘ B.

which yields
][ |Dw — Dk|Pdx < C(p, y,l)][ (1 + |Dk|P)dzx.
By

Bar

Thanks to (3.2.7) and (3.2.10), we infer

7[ |Dw|Pdx < c),
By

for a constant ¢ := (p,v, L, [, ¢).
In view of Lemma 3.2.3 and (3.2.5), we see that k > v a.e. in By,. We extend k by u in
Q2 \ By, hence, we have k € IC,;(2). Therefore we can take ¢ = k in (3.0.1), thus obtaining

/ (A(z, Du), D(k — u)dz > | B(a,u, Du)(k — u)da. (3.2.11)

Bar

Taking k — u € WyP(By,) as test function in (3.2.5), we also get

/B (A(z, D), D(k — u))dz — / (A(z, Dv), D(k — u))da. (3.2.12)

Byr

We then subtract (3.2.11) from (3.2.12) to find that

]i (A(z, Dk) — A(z, Du), D(k — u))dx
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< ]i (A(z, Dv), D(k — u))dz — ][ Bz, u, Du)(k — u)da. (3.2.13)

By

We first estimate the left-hand side of (3.2.13). Since p > 2, the ellipticity assumption (A1)
implies

y][ Dk — DufPds < ][ (A(z, DE) — A(z, Du), D(k — u))dz. (3.2.14)

Next, we estimate the right-hand side of (3.2.13). By assumptions (A4) and (B1), from Young’s
inequality and Sobolev-Poincaré inequality, denoting by ¢ the Poincaré constant, we have that
for any positive numbers 7 and 6,

][B (A(x,DvY), D(k —u))dr — f B(x,u, Du)(k — u)dx

B47‘

< l][ (14 |Dy|P~ 1| Dk — Du|dx + ][ (|Du|" + |u|" + a)|k — u|dz
By B

Ar

<uf |Dk-Dupde+Clalp)f (1+]DoP)ds
B4r B

4ar

i |k—u|pdx+o<n,co,p>][ (DUl + [ul7 + a7 )de

CO By By

< 77][ |Dk — DulPdz + C(n,l,co,p)][ (1 + |DY[P + a7"7)da
B4r B

4r

+77][ IDk—DUI”dfCJrC(n,cO,p)f (|Du|#T + |ul#"1)da
By, B

4r

§277][ |Dk3—Du|de+C(7],l7CO,p)][ UPdx
Bur B

ar

+04 (Dup + [ul")do + C(6.m.c0.p)
B4r
< 277][ |Dk — DulPdx 4+ C(n,1, co, p)IX + O, (3.2.15)
B47‘
where in the last line we used (3.2.7). Combining (3.2.13), (3.2.14) and (3.2.15), we derive that

][ |Dk — DulPdz < 27]][ |Dk — DulPdz + C'(n,1,n,p)0X + 6.
B4T B47‘

Choosing

and 6 < c

b_¢ e
’ 4 = 4C(n,l,n,p)’

we get

][ |Dk — Du|Pdx < e. (3.2.16)
Byr

On the other hand, by taking w —k € W, (By,) as test function in (3.2.5) and (3.2.6), we have

]i (A(x, Dw) — A(z, Dk), D(w — k))dx = ][ (A(x,Dv), D(k —w))dzx.

B4r
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In a similar way of estimating (3.2.16), we can find § = é(n, v, L, [, p,e) > 0 such that

][ |Dw — Dk|Pdx < e.
Byr

This completes the proof of the lemma. m

Denote by v € w + I/VO1 ?(Bsy,) the unique weak solution of

{divABQT(DU) =0 in By, (3.2.17)

V=W on 0By,

where w € k + W, ?(By,) is the weak solution of (3.2.6).

Lemma 3.2.7. Let ¢ € (0,1) and A > 1. There exists a radius Ry = Ro(n,p,v, L,l,¢) € (0, R)
such that if

][ \Duwldz < A (3.2.18)
BQT

for some r < Ry/4, then
][ |Dv|Pdz < cA
BQT

for a constant ¢ = c¢(n,p,v, L,1) and

][ |Dw — DvPdz < e).
Bar

Proof. We test (3.2.6) and (3.2.17) by v — w € W, (Ba,) to see that
I ::]{B (Ap,, (Dv) — Ap,, (Dw), Dv — Dw)dx
2r
:]{9 (A(z, Dw) — A, (Dw), Dv — Dw)dz =: J. (3.2.19)
2r
We estimate from below the term [ using the ellipticity assumption (A1). We have
I> V]é |Dv — Dwl|Pdz. (3.2.20)
2

Now, we take care of the term J. Recalling the definition of the function H in (3.2.1), using
Young’s inequality and (3.2.18), we infer

J §][ A(z, Dw) — Ap, (Dw)||Dv — Duwldz
B2’I‘

< H(z, By,)(1 + |Dw|?~")|Dv — Dw|dx

B2’I‘

g%][ \Dv — DuwlPde + c(p.v) 4 H(z, Boy)71(1 + | Dwl)de.
B2'r

B2T
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Then Holder’s inequality and Lemma 3.2.4 applied to the function w imply

c H(z, Bs,)77(1 + | Dwl|?)dx
BQr

p_1lto ﬁ 4o
< c( H(x,BQT)Pladx> (][ (1+ |Dw|p(1+"))dx)
Bgr BZr
p_1lto IJ'L"
< c( H(x,BQT)p_lgd:C> <][ (1+ ]Dw]p)dx)
Bar Bay

p l4o T+o
< cA( H(I’,BQT)Pl‘TdZE)
B2r

for some o € (0,1), with ¢ := ¢(n,p,v, L,l). From Remark 3.2.1 it follows that there exists
0 < Ry < R sufficiently small so that

_p_ltco “;L" eV
< H(z,By)p 1 o dx) <=
BQT

for all » < Ry/4. Thus, we can conclude that
v eAV
J< —][ \Dv — DuwlPde + 2. (3.2.21)
2 /g, 2

Inserting (3.2.20) and (3.2.21) in (3.2.19) and re-absorbing the first integral in the right-hand
side by the left-hand side, we obtain

][ |Dv — Dw|P < e,
BQT

which, together with (3.2.18), yields

][ |Du|P < cA. O
Bay

Combining Lemmas 3.2.5, 3.2.6 and 3.2.7, we finally obtain the following comparison esti-
mates.

Lemma 3.2.8. Let ¢ € (0,1) and X\ > 1. There exist a positive constant 6 = 6(n,p,v, L, ¢)
and a radius Ry = Ro(n,p,v, L,l,¢) € (0, R) such that if

][ (|DulP + |uP)dx < A and ][ UPdz < A,
B4T B4r

for some ball By, C Q with r < Ry/4, then there exist w € W'?(B,) and v € Wh*(B,) such
that

|Du — Dw|Pdx < e], |[Dw — DvfPdz <eX  and  |[Dv[[ju g,y < 1),
B, By

for a constant ¢c; = c1(n,p,v, L, 1, €), where B, @ By, are concentric balls.
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3.2.3 Proof of Theorem 3.0.1

In this subsection we will derive the gradient local estimate (3.0.2). We start by showing
that hypotheses of Lemma 3.2.8 are satisfied.

Let B € Q and 0 < Ry < min{R, dist(02,0Bg)} that will be determined later. For the
weak solution v € W'P(Q) of (3.0.1) and for the function ¥(z) := a(x)PlTl + |Dyp(z)| + 1, we
define

Er(|Dul?, \) :={x € Bg : |Du(z)]” + |u(z)|P > A}

and
ER(\I’p,)\) = {.Z' € Bp: q’(l‘)p > )\}

for any A > 0. Moreover, we set

1
Ao = ][ (]Du\p + |ul? + —\pr) dr, (3.2.22)
Br 0
where 6 > 0 will be determined later. For any y € Bgr, we define a continuous map G(y,-) :
(0, Ro] — [0, 00) by
1
G(y,r) ::][ (|Du|p + |ul? + —\pr) dx.
B.(y) 0

Then, for almost every y € Eg(|Dul?, ), it follows from the Lebesgue’s Theorem that

1
lim Gy, ) = Du(y)l” + lu(y)l” + =¥(y)" > A (3.2.23)

On the other hand, for any r € [, Ro|, with 0 > (R/Ry)", we compute

| Br| ( 1 ) R
Gly,r) <—— DulP +ulP 4+ =UP Jdo = —Ag < oXg < A 3.2.24
(y ) ‘Br<y)| B | | | | 5 rn 0 0 ( )

for A chosen sufficiently large such that
A> A\ = U)\O- (3225)

Now fix any A > A;. Since G(y,-) is a continuous map, estimates (3.2.23) and (3.2.24) imply
that for almost every y € Eg(|Dul?, \), there exists a number r, € (0, =£-) such that

gl/n

G(y,my) =X and G(y,r) <X forall r € (r,, Ry

In view of Vitali covering Lemma, there is a countable family of mutually disjoint balls { B, (y*) }ien,

with 4" € Eg(|Dul?, X) and r; € (0, %), and negligible set N C R" such that

Er(|Dul, \) € | B, (') UN, (3.2.26)
i>1
1
][ (|Du|p + |ul? + —\I’p> dr = A, (3.2.27)
Bri(yi) 5

1
][ (]Du\p + |ul|? + 5@”) dr < XA for each r € (r;, Ry]. (3.2.28)
B (y*)
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Now let us fix i € N. From (3.2.27) we have

IB,.(")] —1/ (\Du|p+yu\f’)da:+l/ Y= try lm (3.2.29)
TN Jp Moy 0 TN T -

y?)

with the obvious meaning of I, II. For I we have

1.1
- (/ (IDul? + |u|p)dx—|—/ (|Dul? + |u|p)dx>
A AN B wdndiDup+ur <3y Br, (y)N{|Dulp+ulp> 3}

< / (1Duf? + [ul?)da. (3.2.30)
4 A J B, (s )nER(IDulr.2)

In a similar way, we get the following estimate for IT

1 1
—II =— (/ UPdx +/ \prdx)
0N A\JB,, infur<sry By, ()N {wr> 52}
B, (4 1
BuGAl —/ WPz, (3.2.31)
4 oA Bri(yi)ﬁER(‘I“",%)

Inserting estimates (3.2.30) and (3.2.31) in (3.2.29) and re-absorbing the term |B, (y;)| from
the right into the left we find that

X 2 1
B < 2 (/ (|Dul? + [u?)dz + = \I/pdx) (3.2.32)
Br,(y))NEg(|Dul?,3) )

0 By, (y ) NER (%2

Now, choosing o > (20R/R,)", we have that Bag,,(y") C Q, with 5r; < Ry/4. Hence, from
inequality (3.2.28) we derive that

][ (|DulP + |ulP)dz < X and ][ WPdz < A, (3.2.33)
Baor; (y") Baor; (y*)

for every A > \;, where \; was defined in (3.2.25).

Let € € (0,1). According to Lemma 3.2.8, there exist a positive constant 6 = d(n,p,v, L[, ¢)
and a sufficiently small radius Ry = Ry(n,p,v, L,l,¢) such that (3.2.33) implies the existence
of two functions w; € WP (Bs,.(y")) and v; € Wh(Bs,,(y")) satisfying

y)

][ |Du — Dw;[Pdx < e, ][ |Dw; — Dv;|Pdx < e (3.2.34)
B5T1‘(yi) BBr,L-( g

and

1DVl e s, (i) < €12 (3.2.35)

(W)

for a positive constant ¢; = ¢i(n, p, v, L, [, ) which is independent of i and A.

Now we are in the position to prove Theorem 3.0.1.
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Proof of Theorem 3.0.1. Let ¢y = 2-4P71(¢; + 2) > 1, where ¢; is given in (3.2.35). For each
A > )\, we recall the covering {B,.(y%)} satisfying (3.2.26)—(3.2.28). We define

Er(|DulP, \) := {z € By : |Du(z)” > \}.

Since we have Ex(|Dul?, c;\) C Egr(|Dul?, c\) € Eg(|Dul?, \), we can conclude that

/ | DulPdx < Z( / \Du]pdx). (3.2.36)
Egr(|DulP,ca)) i—1 \J Eg(|DulP,c2\)NBsy, (y*)

We use the definition of ¢, and (3.2.35), to find that for almost every = € Eg(|Dul?, co\) N
Bs,,(y*) it holds

|DulP <4?~'(|Du — Dw|? + | Dw; — Dv;| + | Dv;|P)
<4P~Y(|Du — Dw;|? + |Dw; — Dv;[P + | Dv; P + 2)
§4p71(|DU — Dwz|p + |Dw2 — DUZ'|p + (Cl + 2))\)
[ Duf?
( .

<4*7Y(|Du — Dw;|P + | Dw; — Dv|?) + 5

Then, from (3.2.34) we have

/ | DulPdx <2 - 4771 (/ |Du — Dw;|Pdx + / | Dw; — Dvi|pdx)
ER(|Dul?,c2\)NBsy, (y?) Bsr,; (y%) Bsr,; (y%)

<4-4P715M B, (") e (3.2.37)

Therefore, combining (3.2.37) and (3.2.32), we have for every i € N

/ | Du|Pdx
ER(‘DU‘P,CQA)QBE)T,; (yl)

1
< cse (/ |Du|Pdx + — \I/pdx>, (3.2.38)
By, (y)NEg(|Dul?,2) 0 JB,,(y)nER(TP, )

4

where c3 = 8-4P715". Since {B,,(y")} are mutually disjoints, summing on i € N, it follows from
(3.2.36) and (3.2.38) that

1
/ | Du|Pdz < c3e (/ | Du|Pdx + —/ \I!pda:) (3.2.39)
Fr(|Dul?,c2)) Er(|Dulr,2) 0 Jp(wr,22)

for any A > A;.
Now, we introduce the cutting operator

Ti(0) := min{k, o}
for every k,o € R and we define for every A > 0
Fu(|DulP, X) := {z € By : Ti(|Du(x) P + |[u(x)[?) > A}

and
F(|IDulP, X)) := {z € Bg : Tp(|Du(x)?) > \}.
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Notice that (3.2.39) implies

1
/ |Du|Pdx < cse (/ | Du|Pdx + —/ \I/pd:v). (3.2.40)
Fi(1Dul?,c20) Fe(IDul?,2) 0 Jy(wr,52)

Multiplying (3.2.40) for A9~2 and integrating with respect to A for A € (A, +00), we get

+00 +oo
/ N2 </ |Du]pd:v) d\ §025/ N2 </ (|Dul? + \u|p)da¢> d\
A1 Fi(|DulP,c2)) A1 Fr(|Dul?, %)

+oo P
+c2s/ N2 (/ —dx)d/\. (3.2.41)
A1 Fk(wpr%) 5

Now we estimate the left hand side of (3.2.41). By using Fubini Theorem, we obtain

+oo
/ N2 ( / \Duypd.x) d\
M Fi(|Dul? c2))

Ty (|1DulP)

— / | Dul? ( / N Aq‘zd)\>d.r
Fi(|Dul?,ca)) A1
1 T (| DulP)]1e—1
_ ,Du‘p{[ k(| ﬂ )] _Xl,—l}dx
4= 1 JB.(Dup,can) )
1 / IDUIp[Tk(\DUIp)]q‘ldx 1 / IDU\”[Tk(IDUI”)]q‘lm
q—1/p, . q =1 J{my(Dup)<esny 4!
1 1
—— [ X Dupdr + —— M DulPda
q—1Jp, q =1 Jim.(pup)<esny
L[ loTpu L [Dupes "X
“q—1Jp, . q = 1 Jim(Dup)<esny 4
1 1
B )\‘f_l‘Du’pd-fC I )\‘{_1|Du|pdx
q—1Jp, 4 =1 Jin,(Dup)<eany
1 DulP[Ty(|DuP)]e1 1
_ / [ DulP[ k(\_lu| )] de — / A({_l‘Du’pd(E. (3.2.42)
q—1 /g, c q—1/p,

Similarly, we estimate the integrals in the right hand side of (3.2.41). Thus we get

+oo
028/ N2 (/ (|Du|P + |u|p)dx> d\
A1 Fy(|Dul?,3)

q—1
< 2 1/ (IDuf? + [ulP) [Ty (| Dul? + |uf?)}*" da (3.2.43)
_ Ba
and
+o00 pP 44*1
CoE / AH( / —dx)d/\§025 — / WPy, (3.2.44)
A1 Fe(wp,22) d 01 Br

Consider s,t > 0. If s <'t, then Ty(s) < Ti(t). Moreover, we have
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2sTi(2s) ift<s

FOTh(s+1) <
(s + Tils >_{2tTk(2t) if s <t,

that implies
(s +)Te(s+t) < 4(sTy(s) + tTi(t)). (3.2.45)
By virtue of (3.2.45), inserting (3.2.42), (3.2.43) and (3.2.44) in (3.2.41) we obtain

1 DulP[Ty.(|DulP)]e—t
[ et
Br

q—1 3!
1 . g1 X
<— N7 DulPdx 4 coe / | Du|P[T (| Dul?)]*  dx
q—1Jg, q—1Jg,
q—1

+ Co€

4a-1
-1
. /BR || P[Th (| u|?)]? dm—|—0265q_1 /BR WPy

For € € (0, 1) sufficiently small, we can re-absorb the term containing | Dul?[Ty(|Du|P)]7"! from
the right into the left thus getting

/B Dup[Ti(|Dul))r dx <C / (IDul? + |l [Ti(juf?)]" + T)de,

Bgr

for a constant C' := C(n,p, q,v, L,l). Eventually, by letting k — +o00, we derive

/‘]DuﬁﬂhfgC (|Duf? + [uf + W) dz.
Br

Br

This completes the proof of Theorem 3.0.1. n

3.3 Higher differentiability

This section is devoted to the proof of Theorem 3.0.2. The main point is the gradient local
estimate proved in Theorem 3.0.1 that ensures that the gradient of the solution to (3.0.1) is as
integrable as the gradient of the obstacle.

Before proceding with the proof, it is convenient to fix some further notation. We set
p = ﬁ the Holder conjugate exponent of p. For a ball B € () of radius R, we shall denote
by Q1 = Q1(B) and Qy = Qs(B) the largest and the smallest cubes, concentric to B and with
sides parallel to the coordinate axes, contained in B and containing B respectively. Clearly

1B ~ | Q1| ~ | Q| &~ R™. We also denote the enlarged ball by B = 48. We set
Q1= Qu(B), Q= Q(B)
so that we have the following chain of inclusions
Q,cBe2Be Qi (B)cBcCQ,.

In the sequel, we shall always take B such that Q,(B) € €.
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Proof of Theorem 3.0.2. Let u € Wlp(Q) be the weak solution to (3.0.1). From Lemma 2.2.2
we have Dy € B? sloc$) = L. b (Q); consequently an application of Theorem 3.0.1 with

loc

q= 51; loc (Q)
Let us fix a ball Bp such that Byr € Q and a cut-off function n € C§°(Bg), n = 1 on Bg/»

R

such that |Vn| < £. Without loss of generality, we suppose R < 1. Then, for || < 3, we

consider
pi(2) = u() + tn*(z)mh(u — ¥)(2)
and
p2() = u() +tn*(z — h)7_n(u — 9) ()
which belong to the admissible class Ky, (£2) for all £ € [0,1). Using ¢; and ¢, as test functions
n (3.0.1), we obtain

/Q(.A(:L‘, u, Du), D(n*7,(u — )))dx + /Q<A(x, u, Du), D(n*(x — h)7_p(u — v)))dx

2AB@m@%DM@WﬂMMW—wwﬂﬂx—MLﬂu—www

By means of a simple change of variable in the second integral in the left hand side of the
previous inequality, we find that

s / (A(z + hu(z + h), Du(z + b)) — A(z, u(z), Du(e)), D(Pra(u — b)))dz
<~ | Bla.uta), Dula)li @) = 0) + o = hyrpfu = )l
—[;< u(a), D)) (o7 — ) dr = .
We can write the integral I as follows
I = /Q (A(x + hyu(e + ), Dule + h)) — Alz + b, ulx + ), Du(x)), 2 Dryu) de
— /Q<A(:c + h,u(x + h), Du(z + h)) — A(x + h,u(x + h), Du(z)), n”* Dy da
+ /Q(A(:v + hyu(x + h), Du(z + h)) — A(z + h,u(z + h), Du(x)), 2nDny(u — ))dx
" /Q (A(z + hyu(z + h), Du()) — Az, u(z), Du(e)), i Dryu)da
— /Q(A(x + h,u(z + h), Du(z)) — A(z,u(z), Du(x)), n* Dmyib)de

+ /(A(aj + h,u(x + h), Du(x)) — Az, u(z), Du(x)), 2nDnm,(u — ¥))dx
Q
=L+ L+ I3+ 1y + Is + L.
Thus, we get

I <|L| + |I3| + |14 + |I5]| + | 1| + | /|- (3.3.1)
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We proceed estimating the various pieces arising up from (3.3.1).
Estimate for ;. The ellipticity assumption (A1) implies

I > 1// 0| mDul?(p® + | Du(x + h)|> + |Du(ac)\2)p772da: (3.3.2)
Q

Estimate for I;. From the growth condition (A2), Young’s inequality and Holder’s inequality,
we get

|12 SL/ 0|7 Dul(® + | Du(x + W) + [Du(@)P) 7 |7, Di|da
Q
Ss/ PlmDul* (i + |Du(z + b)|? + |Du(z)?) 7 dx
Q
+Co(L) / PIT DU (U2 + | Du(w + h)? + | Du(z)?) = dx
Q

Sa/ n* | Dul?(p? + |Du(x + h)|* + ]Du(x)|2)%dx
Q

p—

+CL(L) (/BR |ThD¢|pdx)i (/Bma + |Du|p)dx) ’

<e / PImDul* (1 + [ Du(x + 1) + | Du(@)P) 7 de
Q
(p=2)(n—Bp)

—l—C’g(n,p,ﬁ,L)(/B |ThD1Z)|pdx>p</B (1+|Du|"n%p)dx) C (3.3.3)

where we also used the properties of 7.
Estimate for I5. Similarly as for the estimate of I5, we obtain

| 3| §2L/ | Dygln|7, Dul (2 + | Du(z + )2 + |Du(x)|?) = |73, (u — ¢)|da
Q
Se/ PPl Dul*(4? + | Dulz + h)|* + | Du() )= da
Q
+CE(L)/ Dy Plm(u — ) 2(® + |Du(z + h)[? + | Du(x)|*)"F do
Q

S6/ Pl Dul?(1® + [ Du(z + h) | + |Du(z)?)"7 da
Q

O( /B L) (p—2)(n—Bp) 2(n—8p)
BB Rﬁp(/ (1+ |Du\nf%p)dx) (/ 7 (e — ¢>|nf%pda;>
R Bar Bgr
Se/ 0| Dul?*(p? + |Du(z + h)[* + |Du(a:)\2)p772d:c
Q
o 5.1) (p—2) (n—Bp)
G Cep B L)y o pey / (14 | Du|7% ) da
R? Bor

2(n—pBp)

. (/BQR D(u — w)!nf%pdx> T (3.3.4)



3.3 Higher differentiability 36
Estimate for I,. Assumption (A3), Young’s inequality and the properties of 7 imply
| L] S/ﬂnz\ThDU\w(\ThUI + ) (42 + | Du(x)2) =" da
<z [ FmDuPGE + |Dula -+ W +1Du()) 5 do

+C [ wlmal+ 70+ | Dup)a
Br

By Lemma 2.2.2, we know that D € L'.”(Q). Therefore, Theorem 3.1.1 and Remark 3.1.2
with ¢ = n_”ﬁp yield that the solution u is Holder continuous. Let 6 be the Holder exponent of

u. By virtue of Hélder’s inequality, we get

|| Ss/ Pl Dul?(1? + | Du(z + h)|* + | Du(x)|?) 7 da
Q

n—pBp
n

(1+ |Du|n"’ép)dx) . (3.3.5)

+ Ca(napa 6)(|h‘2a9 + |h|2a)Rﬁp (/B

R

Estimate for 5. Arguing as we did for the estimate of the integral I, we get

1< [ wmDul(mal + ) + | Dute)) 5 do
Q

1

<C(R + |h]) ( / |Thzw|pdx)” ( [ a+ |Du|p>dx) !

go(/ |Thp¢|pdx>”+0(|h|2a9+yh|2a></ (1+|Du|p)dx>p
Br Br

Q(n—fp)

sc( / |ThD¢|pdx> ’
Br

+ C(n, p, B)(|h)* + |h|?*) R~ (/ (1+ mu\n"%p)dx) . (3.3.6)
B

R

Estimate for /5. Assumption (A3), Young’s and Hélder’s inequality and Lemma 2.1.3 lead us
to

1 < | Dl = w)lellrwal + )2 + | Duta) ) da
<C [ 1DaP it — 0P +1DuP) T da
Q

+C / (|l + |h])2 (1% + |Dul?) 2 da
Q

p

g% (/BR 7 (1 — @w)lpdx) : (/BR<1 + |Du|p)dx> '

T Cn,p, B + W) R ( /

n—pBp
n

(1+ |Du|n"%p)dx)

R
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2(n—Bp) (p=2)(n—Pp)

C(n,p, Prdr) e
< (nRZ; ﬂ)|h|2Rﬁp (/BQR |D<u — ¢)|nﬁpd;p) (/BR(l + |Du|nﬁp)d$)

n—pBp
n

(1+ |DUI”n%P)dx> , (3.3.7)

+Cn,p, B)([h]*? + |h[2) R ( /B

R

where we also used the Holder continuity of the solution.
Estimate for J. Using assumption (B1), Young’s and Holder’s inequality and properties of 7,
we get

] < / B, u, Du)| |7 (rPrm (s — )

: </BR 154t Du)|p'dx) : (/Q 7 (P (u — ¢))|pd$> %

<C(n,p)lh| (/BR(|DU|TPI + Jul™ + ap')dx) 7 </Q 1D (%7 (u — ¢))’pdx>’1’

1
I

Br

A([roiima- 2/1)|pd:c);

+ (/ 0| Dul® (1 + |Du(x + h)|* + ]Du(x)|2)p§2da;>
Q

+ </Q ngmede)P}

<C(n, p, B)|h| RZ® < /
Br

(] - vpa)’

+ ( / PP ® V| Dul* (i + | Du(z + h) [ + ]Du(x)|2)p52dx>
Q

+ (/BR |ThD@/)|pd:E>;}

SC(TL,Pa B3) |h|2R6(p—1) (/ (|Du
Br

=

P

n=pBp
np’

(| Du| ™5 + [u| 757 + an-o5 + 1)da:>

=

np
=+ |u

R

([ bt wnpm)’l’

C(np, BB R ( /

w57 + an-or + 1)dx)

(DU 75 + |75 + a7 + 1)dm>

R

+ 6/ | Dul> (1 + |Du(x + h)|* + | Du(z)?) " da
Q
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n—pBp
+ C(n, p, B)|h|RPPD (/ (|Du|75 + |u|75% + a5 + 1)@) v
Br
([ mpopas)
Br
C(n,p. 8) / E
<P P 2 Rov / (|1Du|™5 + [u[=5 +an 5 + 1)dz
R Br
n—pPp
([ ot ia)
Bor
n—pBp

n

+Clnp SN ([ (DUl 41
B

57 + a7 + 1)dx>
R
+ 6/ 72| mDul2(12 + | Du(x + h)[% + | Du(z)[?) "= dx
Q

2(n—pBp)
’ﬂp,

+ C(n, p, B)|h|*R*?@P=D (/ (|Du|™ 5 + |u|7™5 + an-5 + 1)dm)
B

R

wCp ([ mporas) 3:35)
Br
Inserting estimates (3.3.2), (3.3.3), (3.3.4), (3.3.5), (3.3.6), (3.3.7) and (3.3.8) in (3.3.1), we get
v [ PmDuP (R + Do+ W+ |Dula) ) 5 da
Q

555/ n? | Dul?(p® + |Du(x + h)|* + ]Du(a:)]Q)%dx
Q

(p=2)(n—Bp)

+C. (/ \Tth\pd;L) ’ </ (1+ \Duynf’ép)dx)
Br Bar

(p—2)(n—pBp) 2(n—pBp)

vadpro( [ arpuEe) T ([ - v 7
Bsop Baogr

n—pBp
w e e [
B

(1+ |Du|n”’ép)dx) ’
R
%nffm

+ C. (/ \ThD¢|pdx> " L O(|h|2 + |h|?) R (/ (1+ |Du|n?’%p)dx>
Br Br

2(n—Bp) (p—2)(n—Bp)
+CE]h]2R25p(/ |D(u—w>!nf’?fpdx) ’ (/ (1+;Du\nf%p)dx) ’
Bag Br

n—pBp
(P + B2 R ( /
B

(1+ \Duw‘ép)dx) ’
R
n—pp

'n,p,

+ C€|h|2R—1+Bp (/ (|Du‘nﬁ%p -+ |u’nﬁ%p —+ anripﬁp —+ 1)d$)
Br
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n—pp
([ )
Bagr

+ C.|h|"' R (/ (|Du|™% + |u|75 + am-5 + 1)d93)
Br

n—pAp
n

2(n—pBp)
np’

+ CL|h|?R?P@-D) </ (|Du|™5 + |u|™5 + an5 + 1)dx) : (3.3.9)
Br

with a constant C. := C.(n,p, 3, L).
For a better readability, we define

Cy = OE{1+ (/ (1+|Du|f’ép)d;¢) }
Bar

(p—2)(n—Bp) 2(n—pBp)

np

02::05(/ (1+|Du|nf%p>dx) " </ \D(u—w)lnf%pdx) ,
BQR B2R

n—pp

(p—2)(n—Bp)

n

03::05(/ (1+|Du|nf%p)dx) |
Br

2(n—fip)
np np’
Cy:=C. (/ (1+ \Dulnﬁp)daz) )
Bgr
n—Bp n—p8p
np np np/ np’ _np_ np
Cs = C. (/ (|Du|m=pr 4 |u|"=6v + an—Fr + 1)d93) (/ |D(u — ¢)|”3Pd$> ;
Br Bar
Cs = C. (/ (|Du|n?’;p + |u|nf’ép + s + 1)dg;) ,
Br
2(n—pp)

np/

Cr = C. (/ (1Du| 75 + [u|™5 + a7 + 1>d$) |
Br

so that the previous estimate can be rewritten as
—2
”/ 0’| Dul*(p® + | Du( + h)* + | Du(x)[*) " da
Q

< 56/ 0?7 Dul?(p? + |Du(x + h)|* + \Du(x)\2)¥dx
Q

+ ( / |ThD¢|de) ’
Br

+ C2|h|2R72+ﬁp + 03(|h|2aR,3p + ’h|2a0Rﬁp)
+ C4(|h|2aR2,5(p*1) 4 ‘h|2a9R25(p71)>
+ C5|hP R~ 4 Cy|h|P" RPP + C;|n|? R?®~Y),

Choosing € = {5 and using Lemma 2.0.2 we get the following estimate

/ |7‘th(Du)|2d:B
Bpr/2
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< ( / |Tth\pdx) ’
Br

+ Gyl h2R™21PP 4 C3(|n|** RPP + |h|**? RPP)

+ C4(|h|2aR2B(p—1) + |h|20¢0R2,3(p—1))

+ Cs|h|?R™YPP 4 Cg|h|P' RPP 4 Cy|h|* R¥P—D), (3.3.10)
for every balls B C Byr € ).
Let us fix arbitrary open subsets ' € " € Q and choose xy € . Let o € (0,1) be chosen

later and consider the ball B = B(h) = B(x, |h|”) with |A| sufficiently small, depending on the
dimension n, the parameter o and the distance between 2" and the boundary of €” such that

~

Q, € Q.
Estimate (3.3.10) applied over the ball B implies

/ |ThV;)(Du)|2dx
B

<y (/ |7'hD¢|pdx) ’
28

+ CQ’h’2_20+Uﬂp + C3(|h|2a+oﬂp 4 ’h|2a6‘+aﬁp)
+ C4(|h|2a+2cr,8(p—1) + |h|2a0+2a,8(p—1)>

+ C5|h|>~oFBP 4 Cg|n|P' PP + | h|* 281, (3.3.11)
Since o € (0,1) and |h| < 1, we have

‘h‘oﬁp < ‘h|2fo+aﬁp < |h’2720+aﬁp

and
|p|200+208(—1) < | 20008 — > 2, (3.3.12)

Now, consider the case p > 2. We have

’h’p’-i-oﬂp _ ‘h|2—20+a,8p —s o= p—2
2(p—1)

and

|h|p’+o,3p — |h|p’(1+ﬂ’%2)‘
Notice that
-2
p’<1+BpT> > 28 <= [p’ —68p+2p+46 >0

and

p>2,3€(0,1)= Bp*>—68p+2p+48>0.

Choosing o = 2&;_21) estimate (3.3.11) becomes

/ 2V (D) 2z
B
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<0 ( / |ThD¢|de) ’
2B

+ 2(Cs + Cy) | |20 +F@=2)

+(Cy + C5 + Cg) [P 1+7557)

+ Cy|h[FAP=2), (3.3.13)
At this point, arguing as in [75, Lemma 4.5 a covering argument allows us to replace the cubes
Q; and Q, with the fixed open subsets {2’ and ", respectively. Indeed for each |h| € R™

sufficiently small we can find balls By = By(z1, |h|7), ..., Bk = Bx(xk, |h|7), being K = K(h) €
N, such that the corresponding inner cubes Q;(B), ..., Q1(Bk) are disjoint and satisfy

Y\ J QB =

By our assumption we have that Qg(l%k) C Q' for every k < K and each of the dilated
outer cubes Q,(By) intersects at most (164/n) of the other cubes Q,(B;), with j # k. Hence,
after summing up (3.3.13) over the inner cubes Q; € {Q1(B), ..., Q1(Bk)}, and enlarging the
constant by a fixed factor only depending on n and p (in particular independent of /), we arrive
at

/ 0V (D) 2dz
Q/

S 01< |ThD77D|deL'>p
Q/l
+2(Cs + Cy)|h|?20+P@2)

+ (Cy + Cs + Cg) [pP 14757
+ Cr|p[* P2,

Then, by (3.3.12), we get

/ |Th‘/;)(Du)|2d{L‘ SC (/ |ThD¢|pd[[‘) p 4 O(|h|2a9+% + |h|p/(1+6%))
94 ”

_dh_

Dividing by |h|??, raising to the power $ and integrating with respect to the measure T

over
the ball B R (0) both sides of preceding estimates, we obtain

Du)2 \? dh

/ ( IThVL(Qu)I dx)
B (0) \JO |h[*Y |h["
[ Dyl \* dh

< d
C/ (/ npe ) T

Br(

T
_|_C’/ |h| a9+ﬁp(17 )) 'Y)S dh +C ‘h‘ (1+5P 2 dh
By (0 |h[" By (0) |h|"
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::F1+F2+F37

where we denote v = min{3, af}.
Thanks to the assumption on v, we have that

F1 = CHD'@DH%;,S(Q//) < 4-00.

The integrals F; and F3 can be easily calculated in polar coordinates.

R/4 Bp(p—2)
F, = C’/ (@0+55 71dp < 400
0

and

/

R/4 N P2
&:C/ B HBZER 51 o
0

since p > 2 and p/(1 + 22) > 28. Then, V,(Du) € Bj ,(2) locally.
Now, let p = 2. Notice that

|h|2a9+2aﬂ |h|2 204200 So=1-—ab
and
200 +25(1 — af) > 25.

Choosing 0 = 1 — af), estimate (3.3.11) becomes
/ |7, Va(Du)|*dx
B

< / (7 D2
2B

+ (Cy + 2C5 + 20, + C5)|h|20+28(1-af)
+ (CG + 07)‘h|2+2ﬁ(1_a9).

Arguing as we did for the case p > 2, we finally obtain

Du)?2  \? dh
/ ( Lo dx)
B (0) \JO |h| |h|"

I DY[2 .\ 2 dh

< Pzl oge ) 222

C/ B (/ PR T
a

+C Ww“ﬁ +C/ |h|1= ——<+m,

B R (0)
4

that is Vo(Du) € Bj (€2) locally. O



Chapter 4

Higher differentiability for obstacle
problems with non-standard growth

Here, we provide some higher fractional differentiability results, obtained in the paper [69],
for the gradient of the solutions u € W'?(Q) to obstacle problems with (p, ¢)-growth of the
form

min{/QF(x,Dw)dx ; wEICw(Q)}, (4.0.1)

where ¢ € WP(Q) is the obstacle function and Ky (2) is the admissible class defined in (2.0.2).
We assume that F': Q x R" — [0, +00) is a Carathéodory function and there exists a function
f:Qx[0,400) — [0, +00) satisfying the condition

F(x, &) = f(x,[¢]) (F1)

for a.e. x € Q) and every £ € R". Moreover, we also assume that there exist positive constants
v, L, l~, exponents 2 < p < ¢ < +00 and a parameter p € [0, 1], that will allow us to consider
in our analysis both the degenerate and the non-degenerate situation, such that the following
assumptions are satisfied:

%w —uP) < F(x,8) <1(p + 1€[%)? (F2)
(DeeF(, )N N) > 5(i2 + €))7 A2 (F3)
|DeeF(x,€)| < L(p® + |€]2)*F (F4)

for a.e. x,y € Q and every £ € R™. Recently, in [31] it has been proved that (F3) and (F4)
imply the growth conditions (F2).

When dealing with the vectorial case, i.e., when the integrand F is such that ' : O x R™V —
R with N > 1, everywhere local regularity fails in general (see e.g. [87] and references therein).
A way to recover everywhere higher regularity is to restrict to integrands with the special
structure defined in assumption (F'1), also called Uhlenbeck structure after the pioneering work
[101]. However, the above considerations do not affect our problem, since we are dealing with
the scalar case. Here we are interested in an additional property of the Uhlenbeck structure,
which is of fundamental importance in the framework of non-standard growth conditions, both
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in the scalar and in the vectorial setting. Indeed, functionals with (p, ¢)-growth satisfying (F'1)
can be approximated from below with a sequence of integrands with p-growth (see Lemma
4.2.2 below). This rules out the occurrence of the so-called Lavrentiev phenomenon (see [33]
for a comprehensive discussion). Indeed, in this framework the first big problem arising is an
inequality of the type

inf / F(z, Dv)dx < inf / F(z, Dv)dzx. (4.0.2)
veWLP(Q){w>y} Jo veWha(Q)n{w>y} Jq
This is a clear obstruction to regularity, since (4.0.2) prevents minimizers to belong to W14(Q).
We observe that the Lavrentiev phenomenon cannot happen if p = ¢ or if F(z,§) = F(§) and
the obstacle is sufficiently regular.
We say that function F' satisfies assumption (F5) if there exist a non-negative function
ke Li, (), with r > 2 and 0 < « < 1, such that

|DeF(z,€) = DeF(y,€)] < |z — yl*(k(x) + k(y) (1 + €)= (F5)

for a.e. z,y € Q) and every £ € R".
On the other hand, we say that assumption (F6) is satisfied if there exists a sequence of
measurable non-negative functions g, € Lj, .(€2) such that

[oe)
> llgell ) < oo,
k=1

and at the same time

|DeF(x,€) — DeF(y, )| < |z — y|*(gn(@) + guly)) (1® + |€[2) T (F6)

for a.e. r,y €  such that 27*diam(Q) < |z — y| < 27*F'diam(Q) and for every £ € R".

It is well known that the regularity of the minima often comes from the fact that they
are also solutions to the corresponding Euler-Lagrange equation, in the unconstrained setting,
or, in the case of obstacle problems, to the corresponding variational inequality. It is worth
observing that in the case of standard growth conditions, i.e. p = ¢, u € WP(Q) is the solution
to the obstacle problem (4.0.1) if, and only if, u € K,;(€2) solves the variational inequality

/Q<A(93, Du), D(p — u))dx > 0, Vo € Ky(82), (4.0.3)

where we set
A(z,§) := DeF(x,€).

On the other hand, in the framework of (p,q)-growth conditions, the question of whether
minimizers are in fact solutions of the corresponding Euler-Lagrange equation or variational
inequality is an issue that requires a careful investigation (see [13, 14, 48]). However, once we
have attained more regularity for the solutions to (4.0.1) by means of our higher differentiability
result, we will able to reformulate the minimization problem as a variational inequality.

From conditions (F2)—(F4), we deduce the existence of positive constants v, L, [ such that
the following p-ellipticity and ¢-growth conditions are satisfied by the map A:

Az, €)] < 1(p? + |€[%) T (C1)



(A(z,€) — A, n), € —n) = € — 021 + €] + [n*)" = (C2)
Az, €) — Az, n)| < LIE = n|(12 + €2+ n2) =" (C3)

for a.e. z,y € 2 and every &,n € R™.

In [56, 57] Gavioli proved that the weak differentiability of integer order of the partial map
r — A(z,€) is a sufficient condition to prove that an extra differentiability of integer order
of the gradient of the obstacle transfers to the gradient of the solutions to obstacle problems
with (p, ¢)-growth conditions. Other higher differentiability results that deserved to be quoted
are [51], in the setting of variable growth exponents, and [20, 102], in the case of double phase
obstacle problems.

In [69], we continue the study of the higher differentiablity properties of solutions to (3.0.1)
in case of (p,q)-growth conditions. The novelty of our results consists in assuming that both
the gradient of the obstacle and the partial map x — A(z, §) belong to a suitable Besov space.
In particular, our aim is to extend the higher differentiability results in [46] (see Theorems 4.1.1
and 4.1.2 in Section 4.1) to the case of functionals with (p, ¢)-growth.

Theorem 4.0.1. Let F(x,&) satisfy (F1)-(F5) for exponents 2 <p <2 <1, p < q such that

1
o422 (4.0.4)
P n T

Let u € ICy(S2) be the solution to the obstacle problem (4.0.1). Then we have

Dy € B} (Q) = (12 + |Dul?)"T Du € BS._ ,,.(),

2q—p,00,loc 2,00,loc

provided 0 < o < 7y < 1.

It is reasonable to expect that, strengthening the regularity assumptions both on the inte-
grand and the obstacle, we are able to prove better regularity properties than those obtained
in Theorem 4.0.1. Indeed, we have

Theorem 4.0.2. Let F(x,§) satisfy (F'1)—(F4) and (F6) for exponents 2 <p <2 <r,p <gq

such that

i 1
¢, minfend 1 (4.0.5)

P n r
where 0 <y < 1. Let u € Ky(2) be the solution to the obstacle problem (4.0.1). Then we have

D € B, 0 10e() = (12 + | Duf?)"T Du € By} (),
: 2n
provided o < T Emin{a]

We notice that the condition (4.0.4) is the natural counterpart in the fractional setting of
the gap bound

cosidered in [56, 57| in the framework of Sobolev spaces of integer order.

This chapter is structured as follows. In Section 4.1, we recall some regularity results
for obstacle problems with p-growth. In Section 4.2, we prove the existence of a sequence of
functions with standard growth conditions that monotonically converges to our initial problems.
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Section 4.3 is devoted to the proof of Theorem 4.0.1. In particular, in Section 4.3.1, we show
that the closeness condition (4.0.4) ensures the validity of a priori estimates for approximating
problems satisfying p-growth conditions. Then, in Section 4.3.2, we complete the proof of
Theorem 4.0.1 by a convergence argument. Eventually, in Section 4.4 we prove Theorem 4.0.2,
focusing only on the a priori estimate, since the limit procedure works exactly in the same way
as for the previous result.

4.1 Preliminary results on standard growth conditions

For sake of clarity, we would like to recall the following regularity results (see [46] for the
proof), which will be used in order to prove Theorems 4.0.1 and 4.0.2.

Theorem 4.1.1. Assume that A(x,§) satisfies (C1)—(C3) for an exponent 2 < p =g < 2

«

and let u € ICy(S2) be the solution to the obstacle problem (4.0.3). If there exists a sequence of

measurable non-negative functions g, € Lg.(Q2) such that

Z HngZ%(Q) < 09,
k=1
and at the same time

A(2,€) = Ay, O < o — y|*(ge(2) + gu(w)) (1 + €1,

for a.e. x,y € Q such that 27 *diam(Q) < |z — y| < 27% L diam(Q) and for every & € R™, then
the following implication

D € Bl () = (12 + | Dul®)'+* Du € Byne ()
holds, provided o < Pl = nﬁ];p-

In the case of a regularity of the type By, which is the weakest one in the scale of Besov

spaces, both on the coefficients and on the gradient of the obstacle, we have the following.

Theorem 4.1.2. Assume that A(z,§) satisfies (C1)~(C3) for an exponent 2 <p=q <2 and
let uw € Ky(2) be the solution to the obstacle problem (4.0.3). If there exists a non-negative

function k € L; () such that

p—1
|A(z, ) — Ay, ) < [o —y|*(k(z) + k(y) (1* + €)=,
for a.e. x,y € Q and for every & € R"™, then the following implication

(Q) = (12 + |Du|?)"T Du € BS_ ()

2,00,loc

Dy € B)

,00,loc

holds, provided 0 < o < v < 1.
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4.2 Approximation results

The main tool to prove Theorems 4.0.1 and 4.0.2 is Lemma 4.2.2, which allows us to ap-
proximate from below the function F' with a sequence of functions (F}) satisfying p-growth.

We first recall the following theorem, which follows immediately from assumptions (F2) and
(F'3) (see [26, 36]).

Theorem 4.2.1. Let F: Q x R" — [0, 4+00), F = F(z,£), be a Carathéodory function. Then,

assumptions (F2) and (F3) imply that there exist positive constants co(p,q,v,1), c1(p, V) and a
convex function g : Q x R™ — [—c¢q, +00) such that it holds

F(z,€) = ei(p® + €)% + g(x, ),
for a.e. x € Q and every £ € R™.

In the next lemma, we adapt a well known approximation result, which can be found in
[26], to the case when the map = — D¢F(x,§) has a Besov regularity.

Lemma 4.2.2. Let ' : Q x R" — [0,400), F = F(z,§), be a Carathéodory function, con-
vex with respect to &, satisfying assumptions (F1)—(F5). Then there exists a sequence (F})
of Carathéodory functions F; : @ x R" — [0,+00), convex with respect to the last variable,
monotonically convergent to F', such that

(i) for a.e. x € Q and every £ € R*, Fj(x,€) = Fj(x, |€]),
(11) for a.e. x € Q, for every & € R™ and for every j, Fj(x,§) < Fjq1(x,§) < F(z,§),
(iii) for a.e. x € Q and every & € R™, we have (DeeFi(x, )N\, A) > vy (u® + €12)52° A2, with
vy depending only on p and U,

(iv) for a.e. x € Q and for every & € R", there exist Ly, independent of j, and Ly, depending
on j, such that

L La(IEP — 1) < Fy(2,€) < Lu(s® + [€]),
Fj(x,€) < Li(p, q.5) (1* + [€]7),

(v) there exists a constant C(p,q,7) > 0 such that

|DeF;(2,€) — DeFi(y, )| < | — y|*(k(x) + k(y)) (1® + [T .
|DeFy(x,€) — DeFy(y,€)| < C(p, q.5)lw — y|* (h(x) + k() (1u* + |€2) =
for a.e. x,y € Q0 and for every & € R™.

Proof. According to Theorem 4.2.1, which holds under hypotheses (F2) and (F'3), there exist
two positive constants ¢y = ¢o(p, ¢, 7, l, L) and ¢; = ¢;(p, ) and a convex function g : Q x R —
[—co, +00) such that

F(x,€) = ci(p® + €)% + g(x,€). (42.1)
Moreover there exists g : 2 x [0, 400) — [—¢o, +00) such that g(z, |£]) = g(z, &) for any £ € R™.
Since n > 2, for a.e. x € Q, t — §(z,t) is convex and increasing. For any j € N, we might then
define g; : © x [0, +00) — [—cg, +00) as

gj(I,t):§<I,t), V(I,t)EQX [0,]],



4.2 Approximation results 48

9i(x,t) = g(x,j) + Deg(, j)(t — j),  V(x,t) € 2 x (j,00).
We notice that, by definition, for a.e. x € 2, ¢ — g;(x,t) is convex and increasing in [0, 4+00)
and g;(z,t) < gj+1(z,t) < g(x,t). Combining assumption (F2), the definition of §;(z,t) and
(4.2.1), we infer
gil,t) < 1(p* + 1),
gj(aja t) S (Q7 Za])(lu“z + tQ)g'

We now want to show that D;g; has a (F5)-type growth. It is easy to see that D.g;(z,t) =
D;g(z,7) for t > j. In particular, assumption (F5) yields

(4.2.2)

71

1D:g(, §) — Deg(y, 5)| < |z — y|*(k(z) + k(y)) (0* + 52) =

Hence, for a.e. x € €2 and every t > 0,

Dig(a,t) = Digly, )] < |z = y|*(k(w) + k(y)) (12 +£3) . (4.2.3)

Moreover, for t < j, according to (4.2.1) and (4.2.3), we obtain

Dy, t) — Digly, t)| <|lz —y|*(k(z) + k(y) (1® + 137 (1> + tz)
<J& — y|°(k(z) + k() (1 + )7 (12 + 727
<c(p,q, )l — y|*(k(@) + k() (1 + 2) 7

On the other hand, in the same way, for t > j, we get

IDQWJW—D@@JHSM—yW@@%+MwXu+ﬂ)2(u+ﬂ)
<l — y|*(k(z) + k() (12 + 12)7 (12 + 52"
<e(p, g, )|z — y|*(k(z) + k() (1% + 13T

k(
k(

P

Eventually, for any j, we define g; : @ x R" = [—cy, +00) as
gj($7£) = gj(‘ra |€|)
Statements (), (i7), (i74), (v) directly follow by setting F} : Q@ x R™ — [0, +00)
Fy(x,€) = cr(u® + €)% + g;(x, ).
Property (iv) is obtained combining (4.2.1) with (4.2.2) and the definition of F}. O

Remark 4.2.3. [t is worth noting that an analogous version of Lemma 4.2.2 can be proved
similarly, supposing (F6) instead of (F5). In particular, statement (v) would change as follows.

(v) There exists a constant C(p,q,7) > 0 such that
| DeFy(,€) = DeFy(y, )] < lo = yl*(gn(w) + ge() (1® + €*) 7,
|DeFj(,€) — DeFy(y, )| < C(p g, )|x — yl*(gi(x) + ge()(® + €)=

for a.e. x,y € Q such that 27 *diam(Q) < |x — y| < 27* 1 diam(Q) and for every & € R™.
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4.3 Proof of Theorem 4.0.1

In order to prove Theorem 4.0.1, in Section 4.3.1, we derive a suitable a priori estimate for
minimizers of obstacle problems with p-growth conditions, while in Section 4.3.2, we conclude
showing that the a priori estimate is preserved when passing to the limit.

4.3.1 A priori estimate

Let us consider

min{/QFj(:L’,Dw)d:U : we/c¢(9)}, (4.3.1)

where F; : Q@ X R" — [0, +00), F; = Fj(x,§), was set in Lemma 4.2.2.
Denoting

A;(2,€) := DekFj(,€),

one can easily check that A; satisfies assumptions (C1)-(C3) and (F5) and the following con-
ditions:

A (2, €) < li(p,q, ) (12 + €)"T (4.3.2)
A, (2, €) — Az, m)| < La(p, g, HIE — 1l (1> + €12 + [n2)™= (4.3.3)
A (2, €) — Aj(y,6)] < O(p.a, §)|z — y|* (k(x) + k() (1® + €)= (4.3.4)

for a.e. x,y € 2 and every £, € R". It is well known that u; € KCyy(€2) is the minimizer of the
problem (4.3.1) if, and only if, the following variational inequality holds

/Q<Aj(x, Du;), D(¢ — uj))dx >0, Yo € Ky(). (4.3.5)

We have the following theorem.

Theorem 4.3.1. Let Aj(x,§) satisfy (C1)~(C3) and (F5) and (4.3.2)- (4.3.4) for exponents
2<p<Z<r, p<qsatisfying (4.0.4). Let u; € Ky(Q2) be the solution to the obstacle problem
(4.3.5). Suppose that k € L, (2) and DY € By, 1,.(Q), for 0 < o < v < 1. Then, the
following estimate

2q—p,00

/ |Thv;<Duj>|2dxscm|2a{ [ @ 1Duide + Dol <BR)+||k||mBR>},<4.3.6>
Bra Br

holds for all balls Br)y C Br € ), for positive constants C = C(n,p,q,r,o,v,L,R), k =
k(n,p,q,r, ), both independent of j.

Proof. We start by observing that, since p < 2q — p, we have
Dy € B, (Q) = Dy € B)  1,.(€2),

2q—p,00,loc

thus an application of Theorem 4.1.2 implies

(1% + |Duy )T Duy € BS e 1oe(9),

2,00,loc
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which by Lemma 2.2.4 yields

np

DUj S L2 (Q),

loc

for all 0 < # < «a. Therefore, the integral

//(1 + |Du]

is finite, for every ' € Q and g € (0, a).
In the sequel we will profusely use the following inequality:

)%dx

(29 — p) np
< 4.3.7
r—2 ~ n-—24 ( )

2q—p<

for f € (—5*—, «). The first part of inequality (4.3.7) is trivial, while the second part comes

nr+2(ar—n)’

from (4.0.4). Namely,

T(2q—p)< np <:>g<m"—n—5r
r—2 " n=28 p~ r(n—2p)
and
1 nr—mn-—_pr anr

;< r(n —28) <:>6>m“+2(ozr—n)'

Fix 0 < £ <p<s<t<t <%such that B € Q and a cut-off function € Cj(B;) with
0<n<1n=1on Byand |Dn| <:£. Then, for |h| <t — ¢, we consider

1+ -
n

p1(x) = uj(@) + tn* (@) (u; — ¥)(x)

and
pa() = uy(x) +tn*(x — h)T_n(u; — ¥)(2),

which belong to the admissible class ICy(€2), for every ¢ € [0,1). Choosing ¢; and ¢, as test
functions in (4.3.5), we obtain

/Q (A (2, Duy) Doty — o)) + / (A;(2, Duy), DOz — B (u; — )))dz > 0

Q

By means of a simple change of variable in the second integral in the left hand side of the
previous inequality, we find that

[ A5G+ b Duga 4 1) = Ao Duy(o). Dl = ) <0
Q
We can write previous inequality as follows
0> / (Aj(x + h, Duj(x + h)) — A;(z + h, Du;j(x)), 772D7'huj>da:
Q

— /Q<.Aj (z + h, Duj(z + h)) — Aj(z + h, Duj(z)),n* Drytp)da
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+ /(Aj(:ﬂ + h, Duj(x + h)) — A;(z + h, Du;(z)), 2nDnm,(u; — ¢))dz
Q
+ /(Aj(x + h, Duj(z)) — A;(x, Duj(x)), 7> Dryu;)dx
)
— /(Aj (z + h, Duj(z)) — A;(z, Du;(x)), n”* D)) dx
Q
+ [ (Ao + e Dug(@) = Ay, Dy (@), 20Dy — ) do
Q
::Il+[2+13+]4+[5+167 (438)
that yields
Iy <|L| + [I3] + [14] + 15| + |16 (4.3.9)
The ellipticity assumption (C2) implies

L2 v [ P Du P + Dua + W) + | Duy(o)) 5 do (4.3.10)
Q

From the growth condition (C3), Young’s and Holder’s inequalities and the assumption on D,
we get

Ll <L / 0 Dug| (1 + | Du(x + b2 + | Duy(2)[?) % |7, D da
Q
S5/ 0?7 Dy [2(4? + | Duy(w + b + | Duy (@) )= da
Q

2q—p—2

L Cu(L) / Pl DRGE + [ Duy(x + B + |Duy(0)?) " da

S5/ Dy 2 (1% + | Duy(z + B)|? + |Duy(2)?)*7 da
Q

+C(L) ( yTthpy?qu;c) ( /
By By

<z [ PmDus P + Dusta + W + |Duy(a)) 7 da
Q
29g—p—2

LD ( [ a+ \Duj|>2”dx)

B,

2qg—p—2
2q9—p

(1t Dl v

S5/ 7Dy 2 (1% + | Duy(z + B)|? + |Duy(2)?)"7 da
Q

2g—p,00

+ CL)APDYLE T (5 + Ce(Limspr ) A /B (1 + [Duy|)*Pde.

t/

Therefore, from (4.3.7), we infer

|15 §5/9772|7—hDuj|2(M2 + |Duj(x + h)|> + |Duy(x)]?) "7 da
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_ r(29—p) r
FClpan DIV g+ Colpan DN ([ (11D 0 )
(4.3.11)

Arguing analogously, we get
q—2
| L3 SQL/ | Dnf|mh Dug| (L + [Duy(w + 1) [P + | Duj()*) = [ma(uy — ¢)|d
Q

S6/ 0P| Dus (1 + | Du(x + h) + | Dy (2)[2) = dax
Q

Ce(L)
(t = s)?

<z [ PlmDus P + [Duste + W +1Dus (o)) 5 da
Q

29—p

/ (1 — ) [2(4? + [ Dy (z + h)[? + | Duy()2) * 7 da
By

+

2q—p—2

2 i molras) ([ s Dulyras)
c.(L)

2 —p—
(t_5>2( j ]Thuj|2qu:c) (/B (1+|Duj\)2qux) L

Using Young’s inequality and Lemma 2.1.3, we obtain

+

| 13] Se/QUQIThDqu(uQJr |Du;(z + h)|? + | Du(2)2) "= da

IS5 b b 7L —_ %
4 Glnpa L) >|h|2( [ pue Pda:) ( /
t—s) Br B

(
(

Ca(napaqaL) 2 U 2q—p T
= S [ Dy

2q9—p—2
2q—p

(1+ |Duj|)2q_pdx)

t/

p—2
Sg/ 02T Dug*(1® + [Duj(z + h)[* + | Duy(x)?) = da
Q
L

(n,p7Q72 )‘h|2/ |Dw|2q7pdx
(t—s) Bg

(

(

3 Y ) 7L -
i C :b p3€)12 )|h|2/ (1 + | Duyj|)* Pd. (4.3.12)
- B

+/

Recalling the first inequality of (4.3.7), we can write

|13 §6/Q772|ThDuj|2(u2 + |Duj(x + b)) + |Duy(x)]?) "7 da

€ ) Y 7L —
e Dy [ |pyprra
(t—s)? Br
r—2

€ b ) ’L’ Dol ’
N C.(n,p,q R)|h|2 / (1+ |Duy|) Gop) 1 , (4.3.13)
(t —s)? B

+/
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In order to estimate the integral I, we use assumption (F5), and Young’s and Holder’s
inequalities as follows

| s S/QWQIThDuthI“(k(H h) + k(z))(1 + | Du;(z)]) = da
Se/nz‘ThDqu(/f—i-‘DUj(.I—i-h)’Q—l—‘Duj(x)P)p;de
Q
4 CRP [ (ko b) 4+ b(a) 20+ DulPrords
By

Sg/ 0’| Dy (1% + | Du(x + b + | Duy(2)[2) 7 da
Q

2 r=2
+Oe|h|2‘“</ de) (/ (1+ | Duy)) (rqu)dx) . (4.3.14)
BR By

We now take care of I5. Similarly as above, exploiting assumption (F5) and Hoélder’s in-
equality, we infer

7| g/n?yThD¢\\h\a(k(x+h)+k(x)) (1+ Du,?) T do
Q

<|h* / W ( !ThD¢\*(1+|Duj|)r(f11)6”) »»
B, By
(r=1)(2q—p)—r

% 2q— ﬁ _r(g=1)(29—p) r(2¢—p)
<|h[* / K'dx |7 DY[*1Pde / (1 + [Duy|) oD dx
BR By B:

Now, we observe

rle=12¢—p) _r(24-p)
(r=12¢-p)—r~ r=2

which is true by assumption, that is p > 2, 7 > 2 > 2 and ¢ > p. Thus, (4.3.15) and Holder’s
inequality imply

ep—2+r(g—p) >0, (4.3.15)

(r=2)(¢=1)

T r(2q—p r(29—p)
< e ([ wae) 0l ([ 000 ar) T )
BR By

for a constant C := C'(n,p,q,r, R).
c

From assumption (F5), the hypothesis |[Dn| < = and Holder’s inequality, we infer the
following estimate for Ig.

| 16| <—Ihlc“/ [T (k(@ + h) + k() (1 + | Dy )7 da

+ —8|h|o‘/B |Tnu| (k(z + h) + k(x))(1 + | Du,|* )Td$

t—
1 2%
(/ k’”dm) < |Thw|2qua:>
Br Bt
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(r=1)(2g—p)—r

r(29—p)
( / (1 + | Duy|) 0w F dg;) i
By

r—1

1
C o\ - r(g=1) r
+ ——1h| k"dx || =T (1 4+ |Duj|) T do :
t—s B,/ By

_1

Using once again Holder’s inequality, we have
2q—p
DY v da

1
11| <= [pjet (/ /fdx) /
t—s Br B
(r=1)(2g—p)—r
1)(2 r(29—p)
(/ (1+ |Du |)(r ShTere p) le‘)
By
- g (/ de)
t—s B

From Lemma 2.1.3 we find that

< S ([ wae) ([ ipeprras) ™
t—s Br Br

(¢=1)(r=2)

r(29—p) r(2¢—p)
. (/ (1 + |DUJ|) r—2 dl)?)
By
1
t - Br B

rq _1r(2¢—p)
r—1— r—2
which is true by assumption, that is p > 2, r > & > 2 and ¢ > p. Hence

1 _1
1) <= jpp (/ /c’"dx> (/ waP”dx) o
t—s Br Bgr

(¢=1)(r—2)

r(2q—p) r(29—p)
. / (14 |Duy|) 2 dx
By

t/

3=

r—1
Tq

(1+ |Duj])rm1dx>

t/

We remark that

Sp+rig—p) >0,

q(r—2)

t/

% r(29—p)
LGP B o (/ k’”dm) / (1+ |Duy]) "+ da .
t—s Br B

Inserting estimates (4.3.10), (4.3.11), (4.3.13), (4.3.14), (4.3.16) and (4.3.18) in

derive
2 2/, 2 2 2\ 22
v [ D + |Dua + W) + | Duy(a) )5 do
Q

<3e [ i Du e +1Duy(e + WP +[Duy(@))'F do
Q

54

(r=1)(g=1)

r—1
(/ |Thujyff1dx) (/ (1+ \Dujy)f—qldx)
Bt Bt

(4.3.17)

(4.3.18)

(4.3.9), we
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_ r(2g—p) TZQ
FOIPIDUE?, g+ ([ (100 )

C

y—= hz/ Dip|24Pdy

(t_s)gll BR\ |
ﬁ

C. 2 r(2¢—p) "
ot (/B/(l—l—|Duj|) dx)

t

r—2

+C’a|h|2“(/ k’”dx) </ (1+|Duy)) (r—2)dx)
Br By
1 (r=2)(g=1)
T r(29—p) r(24=p)
wedis ([ was) Dol o ([ 0+ 100D )
BR ’ By
C v T
+ ——|p|ott (/ k"dx) (/ \qupdx)
t—s Br Br

(¢=1)(r=2)

r(29—p r(29—p)
([ o) )
By
L =y
C. T r(2q—p rizame
+ e pjent ( / /a“dx> / (1 + |Duy)) " da , (4.3.19)
t—s Br B

ALV

t/
with a constant C. := C.(n, p,q,r, L, R). We now introduce the following interpolation inequal-
ity
10wl ey < Dl Dol (4.3.20)

n—20

where 0 < § < 1 is defined through the equality

r—=2 6 (1-6)(n-28)
2 ot o (4.3.21)

which implies

s_mrp—q) —mwp+Bre—p) | o nlrlg—p) +p)
Br(2q — p) ’ Br(2q — p)

Hence we get the following inequalities

r—2 3(29—p)

(/Bt,<1+ypuj\)"‘3‘iz’”dx> ' S(/Bt,(le\Duijdx)
(U,

(r—2)(g—1) 3(g—1)

r(2q—p r(2¢—p) T
(/ (14 | Duy)) <?z>dx> g(/ (1+|Duj|)pdx>
Bt Bt
(n—28)(¢—1)p’

. (/Bt@ n |Dujy)nf’£adx> T (4.3.23)

(n—2B)[r(q—p)+p]
Bpr

(1+ |Duj|)n”’£ﬂda;) : (4.3.22)
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d

q(r—2)

r(2g—p) r(2¢—p)
(/ (1+ [Duy)) dx) g(/
B B

t/

q

(1+ |Duj|)pdx) ’

tl
(n—2B)q[r(g—p)+p]
Bpr(2g—p)

</B (1+|Duj|)n’i’éﬁdx) o (43.24)

!

_ rle=p)+p
where p' = g

Inserting (4.3.22), (4.3.23) and (4.3.24) in (4.3.19), and exploiting the bounds

-1, n(q—l)[f’(q—p)+p]<1 nq[r(q—p)+p]<17 (4.3.25)

Brp(2q — p) " Bpr(2¢ —p)

n[r(q —p) + p]
Bpr

which hold by assumption (4.0.4) and for § € (W, «), from Young’s inequality, we infer

p—2
/ Pl D > (42 + | Duj(z + h)[? + | Duy(2)]?) 7 dee
9]

<o [ PlmDus P + |Dus(a -+ WP +1Duy(a) S do
Q
3(29—p)p

FCIPIDURE?, g+ Coolt'( [ (14 D)
’ R

n—20
+0\h\27(/ (1+\Duj\)nngﬁdx)
B,
C
+ h2/ Dy Pdy
(t_S)QII BRI |
n—20
+9|h|2(/ (1+|Duj|)nngﬂd:v)
By
p6(29—p)

Cep 2 1P
e (/BR(H Duj) dx)

Ji

+Og,eyh|2a(/ k’”dw) '
Br

p3(29—p)
. (/ (1+ |Duj|)pdx)
Br
+ 0|h* (/
B

+ Gyl (/ k%@) '
Br

- [DyE,

2q—p,00 (BR)

N

n—28
n

(1+ |Duj|)nn§5dx>

t/

8(g—1)(2¢—p)p”’

: (/BR(1 + |Duj|)pd:v)
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n—20
n

+ 0| b)Y (/B (1+ |Dujy)n”’éadx>

/7 "
ya

+ Ce ”’hla—i-l </ krdx) " (/ |D1/)|2q_pd1‘> q—p
(t—s)P Br Br

3(q=1)p"”

: (/BR<1 + |Duj|)pd:v)

+ G|h|*+! (/ (1 + |Du;|)725 dx) !
By
Cy

p p*dq
(t—s)”

_|_

hlotL (/BR krdg;) " (/BR@ + |Duj|)pda:) ’

n—28
+ O] h|t! (/B (1+ |Duj|)nngﬁd:p) : (4.3.26)

Bpr "no_ Brp(2q—p)
Bor—nlr(a—p)+p’ P Brp(2q—p)—(a—L)nlr(q—p)+p]’

for some constant 6§ € (0,1), where we set p =

x _ __p
St
For a better readability we now define

5(2¢—p)p
A=CDUT i+ oo [ 1D )
R

2p Pd(29—p)

+Cuy < /BR /a“dx) " (/BR@ + |Duj])pdx>

P’ 8(g—1)(29—p)p”’

+ Cy (/ krdx) [Dw]g';q_m(BR) (/ (14 |Duj|)pd$)

B ::C’e/ | Dap|*Pdz,
Br

p6(29—p)
Bg Z:CE’Q (/ (1 + |DUJ|)de> s
Br
p” p” s(g—1)p”
r 2q—p P
Bs :=Cy (/ krd:p) </ |D¢|2q_pdx> (/ (1+ |Duj|)pdx) ,
Bgr Bpr Br

p* p*dq

By :=C, </BRI<:7"d:c)r (/BR(1+|Duj|)de) o

so that we can rewrite the previous estimate as
v [ P mDus P + [Dua + WP + | Duy(a) )5 do
Q
<o [ PlmDusP(u? + [Dugta + W + 1Dy (0)) %
Q

n—24
n

+ O(|h|** + |R|*T7 + |R|*th) (/ (1+ ]Duj\)”zgﬁdx)
B

t
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n—28
+O(|Rf* + [R[*Y + [A]**) (/ (1+ \Dumn"‘%ﬁdx)
B

t/

B
h2'y h2a ha—l—'yA h2—1 h2—2~
(24 [0 + A7) A+ 1P + P
B B
+ |h|a+1—3” + |h|a+1—4*‘
(t—s)P (t —s)P

Choosing € = §, we can reabsorb the first integral in the right hand side of the previous estimate
by the left hand side, thus getting
—2
/ [ Dus[* (1® + | Du(w + )P + | Duy(2)P) = dee
Q

n—28 n—28

<361A[ (/ 1+ |Duj|)nm;6d$) " + 30|h[* (/ (1+ |Du]‘|)”ngﬁd1’)
B By

B B B B
_1 . _2 4 |h|2a—3ﬁ+|h|2a%’
(t—s) (t—s)P (t —s)P (t—s)P

where we used the fact that a < 7. Using Lemma 2.0.2 in the left hand side of the previous
inequality, recalling that n = 1 on By, we get

+ |h|**A + |h)? + |h)?

n—28
n

_Qﬁ

/ [TV (Duy)[Pde < |h|2a{39 (/ (1+ |Duj‘)"igﬂd$) ' + 30 </ (1+ |Duj|)n7—”56dx>
B, B .

!

B, By B3 By
+ A+ =) + =) + =7 + NG } (4.3.27)
Lemma 2.1.4 and inequality (2.0.3) imply
n=28 n=28 s
( i |Dujynf’éadx> <30 (/B (1+ \Duj|)n’i‘%ﬁdx) +30 (/B (1+ |Dujy)nf’éﬁdx>
B B, Bs B,
R G A T e e e T (43.28)
for some 5 := B(n,p,q,r) € (0, ).
Setting
n—20
o) = ([ pulPHa) "
Br
we can write inequality (4.3.28) as
B B B B
B(s) < 30D(t) +30D(t) + A4 —— + —>— + —— 4 1 (4.3.29)

(=P @=97 (s -5

By virtue of Lemma 2.0.3, choosing 0 < 6 < 1/3, we obtain

B, By, By B
< ! — 3.
d(p) < c(39<1>(t )+ A+ 7 + o7 + = + Rp*>’ (4.3.30)
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for some constant ¢ := ¢(n,p,q,r, «,0). Then, applying Lemma 2.0.3 again, we get

R B, B, By B
@(—)ga(/x+—1+ R 4), (4.3.31)

4 R? R Rp RP*

with ¢ :=é(n, p,q,r, ).
Now, recalling the definition of ®, we obtain
n—20

(/ |Duj|nz/:fdx) < c{/ (1 + D)z + Dy, + ||1<||U(BR)} ,
Bprya Bgr 7
(4.3.32)

thus, from inequalities (4.3.32) and (4.3.27), we deduce the a priori estimate

/ |Th%<Duj>|2dx30|h|2a{ / <1+|Duj|p>dx+||D¢||ng_p,w<33>+||k||Lr<BR>},
Bra Br
(4.3.33)

where C':= C(n,p,q,r,a,v, L, R) and k := k(n,p,q,r, ) are both independent of j. O]

4.3.2 Passage to the limit

Let u € Ky(€2) be the solution to (4.0.1), and let F; be defined as in Lemma 4.2.2. From
Theorem 4.2.1, there exists ¢; > 0 such that

I€]P < e1(1 4 Fj(x,€)), VjeN (4.3.34)

Fixed Br € (2, let u; be the solution of the problem
min{/ Fi(z, Dw)dz : w > 1 a.e. in Bg, w € u+ Wolvp(BR)}.
Br
From (4.3.34), the minimality of u; implies

/ | Du;|Pdx §C1/ (1+ F;(z, Du;))dx
Br

Br

<ei [ (14 Fyfe, Du)da
Br
< / (14 F(x, Du))dx, (4.3.35)
Br
where in the last inequality we used Lemma 4.2.2. Thus, up to subsequences,

u; — i in u + Wy (Bg) (4.3.36)

and
u; — U in LP(Bg). (4.3.37)
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For any j, F; satisfies the assumptions of Theorem 4.3.1. Combining (4.3.32) and (4.3.35) we
get

R

1D | b+ Hkumm}  (4338)

2q—p,00

< é{/ (1+ F(z, Du))dx + || DY || gz
) B

Ln2ﬁB/

thus, by (4.3.36), (4.3.38) and the weak lower semicontinuity pf the norm, we infer

[ Dall

<liminf | Du;|| s
I n— 2B (B /4) j—00 Ln—QB(BR/4)
Sé{/ (1+ F(x,Du))dz + ||D¢||ng boo(BR) + HkHLT(BR)} . (4.3.39)
Br

Let jo,j € N such that jo < j. Then, by Lemma 4.2.2 and the fact that u; is the minimum for
F}, we might write

/Fjo(x,Duj)de/ F;(z, Du;)dx
Bgr Br

S/ Fj(x,Du)de/ F(x, Du)dz.
Bgr Br

Now from the weak lower semicontinuity of F}, and (4.3.36), it holds, for every j, € N, that

/ F;(z, Du)dx<hm1nf/ Fjo(x,Duj)de/ F(x, Du)dz.
Br Br

Jj—+oo Br

Combining these last inequalities, we get
/ F(z,Du)dx = lim Fjy(z, Du)dx < / F(z, Du)dz, (4.3.40)
Bgr Jo—++00 Bgr Br

where we also applied the monotone convergence theorem, according to Lemma 4.2.2.
Moreover, by the weak convergence (4.3.36), the limit function @ still belongs to K, (Bg), since
this set is convex and closed. Thus, we can conclude that

4 =wu ae.in B (4.3.41)

by the strict convexity of F', and, recalling estimate (4.3.39),

(Br) T ”kHLT(BR)} . (4.342)

2q—p,0

19ul o, < [ 1 P D0 + 1001

Finally, we can repeat the proof of Theorem 4.3.1 obtaining V,,(Du) € By, 1,.(€).

4.4 Proof of Theorem 4.0.2

This section is devoted to the proof of Theorem 4.0.2. We here focus only on the derivation
of the a priori estimate. Indeed, the limit procedure is achieved using the same arguments
presented in Sections 4.2 (cnfr. Remark 4.2.3) and 4.3.2.



4.4 Proof of Theorem 4.0.2 61

Proof of Theorem /.0.2. We a priori assume that the integral

/ (1 + | Du|)7 = da

is finite, for every Q' € Q, where we set A := min{«,~}.

Arguing analogously as in the proof of Theorem 4.3.1, we define the integrals I;—Is according
to (4.3.8) and we are able to derive estimates (4.3.9) and (4.3.10). We need to treat differently
the integrals Iy — I in which the new assumptions (F6) on the map = — A(x, ) comes into
the play.

Similarly as we did for (4.3.7) but using this time (4.0.5), we get

rg—p) _ _mp

20 —p < .
1=pP= r—2 T n—2\

(4.4.1)
Consider the integral I, then according to LP embeddings and Young’s inequality,

|| Sa/ Pl Dul* (1 + [Du(x + h)|? + |Du(z)?)*T dx
Q

rean( [ | Do s ) o ([

S5/ Pl Dul*(1* + |Du(z + h) | + |Du(z)?)*7 da
Q

2q—p—2
2q—p

(1+ |Du|)2qu:c)

(r—2)(2¢g—p—2)

2
2q—p r(2q—p r(2q—p)
+C€(L)< / |ThD¢|2qux> ( / (14 |Du]) (fz)dx) O (449)
Br)2 B

!

where in the last inequality we used (4.4.1).

In order to take care of I3, we are able to perform the same computations which led us to
(4.3.13), that is

| 15| Se/ PPl Dul (i + |Du(z + h)* + [Du(x)[?) " da
Q

€ 777L —
bt Dy [ |poprras
s "

e\1, P, 7L7 H2ap '
¢ (n,p,q R>|h|2 / 1+ |Du)) " de ) . (4.4.3)
(t — s)? B

t/

r—2

Now, we estimate the integral I,. For h € R™ such that 27%(#' —t) < |h| < 27FHL(#' —¢),
k € N, assumption (F6), Young’s and Holder’s inequalities yield that

[1a] < / n? [ Dul || (gi(z + ) + gx(2))(1 + | Du(x)]) 7 da
Q
S5/ n*|mnDul*(p? + |Du(x + h)* + | Du(x)?) 7 da
Q

4 CP [ (gula )+ (@) P14+ Dulrord
By
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§5/ nQ\ThDu\z(,uz + |Du(x + h)\2 + |Du(:z:)|2)p7_2dx
Q

+ CL|h[2 (/Bt(gk(m +h) + gk(x)ydx) % (/Bt(l + | Dul) " dx) i (4.4.4)

Exploiting assumption (F6), Holder’s inequality and (4.3.15), we infer the following estimate
for the integral I5

|I5] < /ﬂ Pl DY|[B] (g(a + ) + gi(2)) (1 + [Dul?) = da

<|h|* (/B (ge(x + h) + gk(w))rdﬂf) ; ( 5 ‘Tth‘Qq_pdx> )

(r—=1)(2q—p)—r
_r(g=1)(2q—p) r(29-p)
. (1 + |Du|) r—Da—p) -7 1
By

<C(n,p,q,r, R)|h|" </ (gr(z +h) + gk<$))rdx>
Br)2

2q—p
( / me?q-pdas)
Br/2
(r—2)(g—1)

r(2q—p r(2¢—p)
: (/ (1+ |Dul)"*=2 )da:) , (4.4.5)
By

where 27F(t' —t) < |h| < 27FH(¢ —t), k e N.
Similarly as above, from assumption (F6), (4.3.15), hypothesis |Dn| < ;< and Holder’s
inequality, we can estimate the integral I as follows

C g—1
ol <7 [ ml oo+ ) + gu(o)(1+ DU do
e

3=

C 1
bl [ Imiul(gs(e + h) + gu(2) (1 + | Duf?) = de

By

< ([ @teem+ara) (| i)

(r=1)(2¢=p)—r

r(g—1)(29—p) r(29—p)
. (/ (1+ |Du])(r1><2qud3;>
By

w15 ([ e oy ar)

r—1

( |Thul :qldx) b
By

1 1
T

(L)

3=

t—s
(r—1)(g—1)

- (/Bt(1+ |Du|)f"1dx) "’

C(n,p,q,7 R),. .
< ( tpqs >|h| “ (/ (gr(z + h) + gr(x)) dl“)
B Br)2

(r=2)(g=1)

r(a=p) go=D)
. (/ (1+ \Du!)rz’d:c)
By

+ M!hla“ (/ (gr(x+ h) + gk(x))’”dx>
Bry/a

r—1
r

(/ (1+\Du|)f—q1dx> . (4.4.6)

3=

t—s
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Inserting estimates (4.3.10), (4.4.2), (4.4.3), (4.4.4), (4.4.5) and (4.4.6) in (4.3.9), we infer
2 2/, 2 2 2\ 222
y/n 7 Dul2(12 + | Du(z + h)|® + |Du(z)2) = de
Q

336/ 0| Dul®(p? + |Du(x + h)|* + |Du(x)|2)p772d:(:
Q

+ C. (/ |Tth|2q_pdm) o (/
Brya B

C
< h2/ Dy Pl
e
r—2

C r(2g—p) r
= __|h)? 1+ |Dul) 2 d
+(t_8)2||</3/( + | Dul) x)

t

(r—2)(2¢—p—2)
r(2¢—p)

(1 + |Dul)™ z“da;)

t/

+

r—2

+ C.|h|* (/ (ge(z + h) + gz dx) (/ (1 + |Dul) (ﬂ;’)dx) '
By
2q17p
+ Cc|h|® </ (gr(z +h) + gi( > < |7 D1 pdf)
Bry2 BR/2

(r=2)(g=1)

q—p r(2q9—p)
: (/ (14 | Dul) " 2)dx)
By

b e ( [, e gk<x>>fdx)

(r=2)(¢=1)

q—p r(29—p)
(/ (1+ |Du))" =" Q)da:)
By

+ t€—68|h|mrl (/BR/2(91<:($ +h) + gk(x))le)

S

1

(/BR |D1p]2qux) "

r—1
r

(1+ |Du|)fq1dx) o (4.4.7)

Sl

(1

with a constant C. := C.(n,p,q,r, L, R). Thanks to (4.4.1), we have the following interpolation
inequality

t/

|]Dw||r<2q 2) < HDwH ||Dw\|1np : (4.4.8)

where 0 < § < 1 is defined through the equality

r—=2 0 (1-=6)(mn=-2)
o p_> = + o . (4.4.9)

Hence, using the interpolation inequality (4.4.8), from estimate (4.4.7), we infer
y/nlehDuP(,tf + | Du(z + b)) + | Du(z)]>) " dx
Q

335/ nPlmDul (i + | Du(z + h)[* + | Du(x)[2) " da
Q
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s
+ C. (/ |ThD@/J|2q_pdx) (/ (1+ |Du|)pdx)
Br/2 Br
(1=6)(n=2))(29—p=2)
(.

np
C.

(t—s)
3(29—p)

e Ay

(1—-6)(n—2X)(29—p)
(L,

vedn( [ R (o)) de)

3(2¢—p—2)

(1+ ymp%da:)

+

P [ \puprrds
Br

(14 |Du|)nm§Adx>

3(29—p)

3N

(/ (1+\Du!)pda:)
Br
(1-8)(n=2X)(2¢—p)
(/ (1+|Du|)nigkdx)
By
+ C:|h|* (/ (gr(x + h) + gk(:c))Td:c>
Br/2
3(g—1) (1-6)(n—2X)(q—1)
(/ (1+|Du|)pdx> (/ (1—|—|Du!)nngkdx)
BR By
1 1
Ce 1 ' 2 2amr
sl ([ e n) gy ) ([ Deprrds
t—s Bry2 Br
3(g—1) (1-6)(n—=2X)(qg—1)
(/ (1—|—|Du|)pd:v) (/ (1+|Du|)nf’é»dx)
Br By
dq

+ G g ( [ aaens gk<x>>rdx)i ([ a+puypa)’

(1=8)(n=2)\)q

Choosing € = ¢ yields

Sl

1
[
Br/2

(1+ yDu\)nﬁ’éxdx>

!

/nQIThDuF(uQ + [Du(z + h)? + | Du(x)]?)"7 dz
Q

SC(/ \th¢|2q‘pd:v> (/ (1+|Du|)pda7>
Br/2 Br
(1-6)(n—2X)(2¢—p—2)
i

3(29—p—2)

(1+ |Du|)vf‘%»da;) v

t/

64

(4.4.10)
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C 2 2q—
- D q—p
+ ot [ 1Dvpras

3(2q¢—p)

C
+—h2(/ 1+ |Du pdx)
(], o+ 1Du)
(1-6)(n—2X)(29—p)
(/.

+ C|hf2 (/BR/Q (gulx +h) + gk(x))rdx) % (/BRu + ymppm)

(1-8)(n—2X)(29—p)

(/ (1+|Du|)f’éxdx> "’
By
+[hl° (/BR/Q(gk(ﬂerh) +gk(x))rdx> (/BM ITth\Zq‘pdx> _

5(g=1) (A=8)(n=2))(g—1)

(/ (1+|Du|)”dx) ’ (/ (1+\Du|)n"€»dx> "
BR By
C ' e
e ([ e m v aoyas) ([ Do)
t—s Br/2 Br
d(g—1) (1—-6)(n—2X)(g—1)
(/ (1+|Du|)pdx) (/ (1+|Du|)ﬁ’é»dx)
BR By
)

4 %WH (/BM (gn(z+ 1) + gk(x))"dx> % (/BR(1 + |Du])pd:z:) ’

(1-8)(n=2))q
(/

np
for a positive constant C' := C(n,p,q,r,v, L, R).

(1+ |Du|)%dx)

3(29—p)

(1+ |Du|)n7—LgAdx>

t/

65

(4.4.11)

Using Lemma 2.0.2 in the left hand side of the previous estimate, recalling that » = 1 on

B, and dividing both sides by |h|**, we get
|7,V (Du)|?
B, |h]?

Di|?a—P %

§O</ %dl«) (/ (1+ |Du|)pdx)

Brs |h| (2¢—p) Br

(1*5)(n*25)(2q*17*2)
()

C 9(29—p)
+ ZWUA){/ | DY) Pda + (/ (1+ yDu\)pdx>
(t - 5) Br Br

(1=6)(n—=2))(29—p)
(),

(1+ |Du|)n’i’5xda;) v }

dx

3(2g—p—2)

(1+ yDuW‘%Adx)

t/

t/
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rempen ([ et (o)) ds % ([ a+ipuyas) o

(1A=8)(n=2))(29—p)
1 1

(/ (1+|Du|)nn§%dx> v
By
v Da|2a—P 20-p
e / (g(z + ) + gel)dz / DU
BR/Q BR/Q |h'| a-p

8(g—1) (1=6)(n—=2X)(g—1)
. (/ (1+ ymppm)
Br

(/ (1+ \Duy)nf’%»dx) "
By

c -
+ m|h|°‘+1_2’\ (/ (gp(z + h) + gk(:)s))’"d:):>
B Br/o

5(g—1) (A-=8)(n—2X\)(¢g—1)
{(/ (1+|Du|)pd:c) (/ (1+|Du|)nnp2kdx>

BR Bt
n (/ (1—|—]Du\)pda:)p (/
Br B

59 (1-5)(n=2)q
We need now to take the L norm with the measure 2% restricted to the ball B(0, R/4) on the

t/

(1+\Duy)nf’éxdx) v } (4.4.12)
Thl

h-space of the L? norm of the difference quotient of order A of the function V,(Du). Since the
functions g, are defined for 27%(¢' — t) < |h| < 27%*1(¢' —t) we interpret the ball B(0,t —t) as

(@

B(0,t' —t)=| | B0, 27" (¢’ — 1))\ B(0,27* UEk

k=1

We obtain the following estimate

Du))>  \?
/ (/ !Th‘/};(ﬂu)\ d$) dh
o \Js, 7] |h|"

t

6(2q—2p—2)<7 (1—6)(n—22k)(2q—p—2)0'
n np
gc(/ (1+ |Duy)pda;) (/ (14 |Du\)n—’5xdx)
Br By
I DY|2P  \ %5 dh
' R hn
5(2<12—p)rf (1=8)(n=2\)(29—p)c

2np

o (/BR“ eouyar) ([

: I|(1- No_dh
A
Bpry4(0)
3(29—p)o (1-6)(n—2X)(29—p)o

+C(/19R(1+‘Du’)pdx)2p(/3t(1+ VDu|)"7-l€“dx> "

. e o\ dh
Z/ || (/ (ge(x 4+ h) + gr(z)) dx) ¥

(1+ \Du|)nf’éxdx)

t/




4.4 Proof of Theorem 4.0.2 67

o

> el 2r qul?qu 2(2:17*10) dh
+C h|(@=N3 / ge(x 4+ h) + gr(x)) dx / m—dm —
; 5, | | BR/2( k( ) k( )) Brs |h|)\(2q—p) |h|n

5(g—1)o (1-8)(n—2\) (g~ 1)o
. (/ (1+ |Du|)”dx>
Br

np 2np
(/ (1+ |Du|)mdx)
By

2 " dh
(,/22 [ ne (/ <gk<x+h>+gk<m>>fdx) e
Br/2

5(g—1)o (1=8)(n=2M)(¢=1o

.{(/BR(H'DUDPCZ:C) ’ (/Bt(1+|Du|)nngdm)

dqo (1=8)(n—2X\)qo

—|—(/BR(1—|—|Du|)”dx)2p</B (1+|Du|)%dx) } (4.4.13)

Note that, since A < ~, the integral

[ Dy[2rr  \ = dh
Jl 3_/ </ ——dx
By_,(0) \JBp/s |h|*2a=P) |h|"

is controlled by the norm in the Besov space B
which is finite by assumptions. The integral

dh
Jo = / ’h| (1=Ne n
By_,(0) B

can be calculated in polar coordinates as follows

fed

+/

99—po O1 Bry2 of the gradient of the obstacle

t'—t R/4
J, = C(n) / Vg < C(n) / N7y — Cn, a7, 0, R),
0 0

since A € (0,1).
Now, we take care of the integral

= " dh
J3 = Z |h|(@=Ne (/ (gp(z + h) + gk(yc))rdx) T
k=1 Ek BR/2 ’h’

Recalling that |h| < 1 and a > A, we have

Iy < ?;/E ([BR/2(gk(x+ B —l—gk(x))?"dx)i%.

We write the right hand sinde of the previous estimate in polar coordinates, so h € Fj, if, and
only if, h = m¢ for some 27FH1(#' —t) <m < 27%(#' — t) and some £ in the unit sphere S"~! on
R". We denote by dS() the surface measure on S"~!. We infer

J3<Z/m Lo wernra@ya) s
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=L [T - dm
=S [ et ), S
k=1 Sn—l m

mg_1
where we set my = 27%(#' — t). We note that for each £ € S ! and myp_1 < m < my,
[(Timegr + 9k:)||LT(BR/2) §||9k||LT(BR/2—mk£) + Hgk“LT(BR/g)
§2||ngLT(B3R/4),

hence
J3 < C(n){gr}ellio ()

which is finite by assumption (F6).
Recalling that |h| < 1, @ > X and using the Young’s inequality with exponent 2, we deduce the
following estimate

3 a-A)g o\ T
S L wei( [ e nra@ra) ([ DBOEERa)
k=1 Ek Br/2 Bry2 | | ’l

g
r

dh |75, Dap |23 T g
<C / / ge(x + h) + gr(x)) dx +C’/ / ————dx
kZ:; 5, ( BR/Q( k( ) k( )) \h\" Bu_,(0) Brjs ’h’,\@qu) ’h’n

where the two integrals in the right hand side can be estimated as the integrals J; and Js.
Similarly, we obtain

o

= . " dh
So[oweE ([ e gy ) o
k=1 Eg BR/2 ||

dh > " dh
< / ([t / / (el + ) + gel@))de | ——.
B,/_,(0) ’h‘| k—1 Ey, Bpr/2 ’hl

The latter term can be estimated as the integral J3; the first integral can be calculated as we
did for J, thus obtaining

o

dh R/4
/ ||t =2 < C(n)/ oV do < C(n, @, 7,0, R),
B, _,(0) |h|" 0

since 0 < A< a<1.
Estimate (4.4.13) can be written as follows

V,(Du)2  \? dh
[ ([ moue,)i e
By \Js, N A
5(2q—2p—2)0 (1—-6)(n=2X))(29—p—2)c
SC(/ (1+|Du|)pdx)
Bg

(/Bt/(l * |Du|)’£g‘)‘dz) o
+ (t _CS)U (/BR(l + |Du|>pdx>

3(2g—p)o (1—8)(n—2X)(29—p)o

(/ (1+ |Du|)n"%dx) v
B

+/



4.4 Proof of Theorem 4.0.2 69

8Qe-p)z A=9)(n—2)(2g=p)o
P n np
+C</ (1+ |Du|)pdx) (/ (1+ |Du|)n—’%»dm)
Br
(q 1) (1=8)(n—2)\)(¢g—1)o

2np

+C’</ (14 |Dul) pdx) (14 |Du|)=- 2Adx>
B
: 5(«1 1)0 (1=6)(n—=2))(g—1)o

(.
+ﬁ(/&z 4 |Du)) pdx) < +|Du|)nz»dx)
)’

C QL (A=8)(n=2))qo
+ m(/}g (1 +[Du|)’dx ( (14 |Du|)7>= mdx)
R

2np
:H1+HQ+H3+H4+H5+H6, (4414)

for a constant C := C'(n,p,q,r,0,a,7,v, L, R, ||D¢”qu_p,(,(BR/z)v 1{gx }ellie L Br)))-
We proceed estimating the various pieces arising up from (4.4.14).
By assumption (4.0.5), we have that

(1—5)(2q—p—2)<1 and L =0)(2¢—p)
p p

< 1.

Thus, using the Young’s inequality, we deduce the following estimate

1"

Hy + Hy + Hz <Cj (/ (1+ !DUI)pdw> + Cy </ (1+ IDUD”dﬂ?)
B Br

p ([ s ipure)
(t — 5) p—(1-9)(2¢—p) Br

(n—2X\)o
120 ( /
B
(n—2\)o

2n
np 2n
4 0(/ (1+ |Du|)nmdx) | (4.4.15)
By

R

(1+ |Du|)n’—”éxdx)

t/

r_ 0(2g—p—2)c " _ 6(29—p)o
for 0 < # < 1, where we set 0/ = (-9 © = Tp=(-0)@a=p)]"

According to the second inequality of (4.3.25) with 3 replaced by A, the use of Young’s inequality
yields

" 111

ot <G [ aripipas) o+ ([ i)
Br Br

(t — S) 2[p—(1—0)(g—1)]

(n—2X\)o

np 2n
+ 26 (/ (1+ |Du|)de) , (4.4.16)
By

p(g—1o
2[p—(1-0)(¢—1)]"
Similarly, recalling the third inequality of (4.3.25) with § replaced by A, we deduce that

Hy<— G0 (/ (1+|Du|)pdx) +9(/
(t — s)2p=0-9a1 \JBp B

where we set ¢ =

(n—2X\)o

np 2n
(1+ |Du|)wdx) : (4.4.17)

tl
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where we set ¢ = ﬁ

To simplify the presentation, we now define

"

A= Cy (/ 1+ |Du|)pdx) + Gy (/ (1+ |Dul) Pdm) rC ( (1+ |Du|)Pdw) ,
Br Br
B, = Cy (/ (1+ ]Du\)pdx) , =Yy </ 1+ |Dul) pdx) ,
Br

By = (Ja(/BR(HlD“Dpdx> S p—(l—ig@q—p)’

op op
Ty 1=

- ) T3 = ’
- 1=0)—1" 7" 2p—(1-0)
so that, inserting estimates (4.4.15), (4.4.16) and (4.4.17) in (4.4.14), we obtain

D) \? dh
[ ([ oo,
B,_,(0) . Al A"
(n—2X\)o

np 2n
gse(/ (1+ |Du|)nvdx>
By
(n—2\)o
ol -
B

+A+

(1+ |Du|)n’i’éxdx)

By . By . B3
(t—s)m  (t—s)™ (t—s)™

Lemma 2.2.2 (a) and inequality (2.0.3) imply

(n—2X\)o

np 2n
( \Du!n—%dx)
Bs
(n—2\)o
<30 (/ (1+ |Du|)nng‘kd:c)
By
(n—2X\)o
+ 30 (/
B

2n
!

(1+ |Du|)n"’5»dx)

By n By n B3
(t—s)m  (t—s)™  (t—s5)™

Arguing as in the proof of Theorem 4.3.1, we finally obtain

+A+

(n—2B)c K
_np_ n -
(/ |Du|n—2kd1’) S C{/ (1 + |Du|p)d$ + ||D¢||B2q b BR/Q) + ||{gk}k||l“(LT(BR))} s
Bprya Br

which implies

Vo(DW[2 . \? dh
/ (/ ’Th p<2)\U)| dﬂ?) nd.flf
By, \JBy,, N Al
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<of [ a+1papas+10uil,
Br

2q—p,o

(Brja) T “{gk}k”l“(LT(BR))} ’

for every ¢’ —t < R/4. Therefore, we get

Du)?2 \? dh
/ (/ |Tth(2AU)| dx) de
Brja() \Brye |1 A"

< c{ [+ 1Dayas+ |Dvls;
Br

2q—p,o

(Brye) + ||{gk}knla<mm>} |

for some constants C' := C(n,p,q,r,0,a,7,v, L, R) and k := k(n,p,q,r,0,a,7).
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Chapter 5

Local boundedness for obstacle problems
with non-standard growth conditions

Here we deal with the local boundedness of the solutions u € W1P(Q) to variational obstacle
problems of the type

min{/QF(x,w,Dw)dx ; wEICw(Q)}, (5.0.1)

where the function ¢ € WP(Q) is the obstacle and the set K,y (2) was defined in (2.0.2).
We assume that the energy density F': 2 x R x R” — R is a Carathéodory function such
that

(v,€) = F(z,v,§) is convex, (5.0.2)
algl’ < Flz,v,8) <1+ [s[" +[€]%), (5.0.3)

for almost all x € 2 and all v € R, £ € R, where 1 < p < ¢, 0 < v and ¢1,¢y > 0 are fixed
constants.
More precisely, we are to going to prove the following theorem contained in [37].

Theorem 5.0.1. Let u € W'P(Q) be the solution to (5.0.1) under assumptions (5.0.2) and
(5.0.3), for exponents 1 < p < q, 0 <~ verifying (1.0.7) and

o ifp<n
y<pr=<"P , fp (5.0.4)
any finite exponent in [q, 00) if p>n.

If v € L32.(2), then u € LS.(Q) and the following estimate

loc loc

sup [u| < C(sup [¢] + [lullwrepg,)"

Brqy/2 Br,

holds for every ball Br, € €, for constants C' = C(n,p,q, Ry) and m = w(n,p,q).

The proof of Theorem 5.0.1 is achieved following the strategy first proposed in [15], i.e. us-
ing the well known De Giorgi method that consists in deriving a suitable Caccioppoli inequality
on the superlevel sets of the solution to (5.0.1). In order to do so, one has to use test functions
obtained truncating the solution. Here, the difficulties come from the set of admissible test

72
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functions that must belong to the admissible class ICy(£2) and this is where the local bounded-
ness of the obstacle 1) comes into play. We also remark that the crucial tool in order to achieve
the result under the sharp bound on the gap between the exponents is the Sobolev inequality
on the spheres as done in [72].

This chapter is organized as follows. In Section 5.1 we collect some results that will be needed
in the sequel. in Section 5.2 we derive a Caccioppoli inequality for the minimizer of (5.0.1).
Finally, Section 5.3 is devoted to the proof of Theorem 5.0.1.

5.1 Preliminary Results

A key ingredient in the proof of Theorem 5.0.1 is the following lemma, that can be found
in [72, Lemma 2.1|.
Lemma 5.1.1. Letn > 2. For any0 < p <o < oo, v € L'(B,) and s > 1, we set

I(p,o,v):= inf{ / lv||Dn|*dx € Co(By),n>0,1=1in Bp}.

Then for every ¢ € (0, 1]

I(p.o,v) < (0 — p)*i+} (/:(/33 |v|d’f—[”_1)6dr)§.

Next Lemma, whose proof can be found in [66, Lemma 7.1], allows us to iterate the Cac-
cioppoli type estimate and it is crucial to establish the local boundedness result.

Lemma 5.1.2. Let a > 0 and let (J;) be a sequence of real positive numbers, such that
J’H—l S AAiJil—Hl)
with A >0 and A\ > 1. If Jo < A5 \"a2, then

1——+00

We conclude this section recalling the Sobolev inequality on spheres (see e.g. [63, Chapter
16)).

Lemma 5.1.3. Let v € W'™(S; dH"™ 1) with m € [1,n — 1). Then there exists ¢ = c(n,m)
such that

1

( mm*m“) < c(/ (|Do]™ + yv\m)cm“) "
Sl Sl

1 N
n—1"

where £ = L
m m
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5.2 Caccioppoli Inequality
If ue WP(Q), k € R and B C Q is a ball, we set
Apr = {x € Bg:u(x) > k}.

The main result of this section is the following Caccioppoli type inequality.

Theorem 5.2.1. Let u € WHP(Q) be the solution to (5.0.1) under assumptions (5.0.2) and
(5.0.3), for exponents 1 < p < q verifying (1.0.7) and 0 < ~y. Assume that ¢» € L35.(Q). Then
the following inequality

C q q(=-1)
N |D(u — k)4 |Pdr < WH(U = k)i | A" P + CKTAg g (5.2.1)

holds for all balls B, C Br C Bg, € ) and for every k > max{supBRO ¥, 1}, where

1 1 1
— = min{— + — 1}, (5.2.2)

G q n—1
pi=gq—1+ =L and with C'= C(n,q, Ro).
Proof. Let us fix Bg,(z0) € Q. Let £ < p < s <t < R < Ry and let n € C*(B;) be a

cut-off function such that 0 < n <1, n =1 in B, |Dn| < ﬁ By virtue of the assumption
Y e L2 (), we may fix k > max{supBR0 1,1} and define uy, == (u — k), = max{u — k,0}.

loc

Note that ¢ = u — n%uy, with o > ¢, belongs to K, (£2). Indeed,

_ {“ 2 ifus<k (5.2.3)

CNu—nTu—k) =10 =) u—Fk)+k>k>1 if u>k'

By the minimality of u and the convexity assumption (5.0.2), we get

/ F(z,u, Du)dr < / F(z,u+ ¢, Du+ Dyp)dx
Apg,s Agt

= / F(x,(l —nu+n7k, (1 —n”)Du—anU&(u— k))da:
At U
Dn
< / (1 —=n°)F(z,u, Du) +n° F| z, k, —O'T(U — k) | |dx.
Ap.t

Taking into account that supp(l —n?) C Ag; \ Aks, 0 > ¢, t < R and the growth assumption
(5.0.3), we obtain

/ F(z,u, Du)dz
Ak,s

Dnla
< / (1 —=n°)F(z,u, Du)dx + CQ/ n° (1 + k7 + Jqﬂ(u - k)q> dx
Ak, \Ak,s At U
< / F(z,u, Du)dz + Ck? Ay g| + C/ | Dn|?(u — k)dz. (5.2.4)
Akt \ A, s A

k,t
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Exploiting Lemma 5.1.3 after the use of Holder’s inequality in case ¢ € (1, %), we infer

(/S |v|qd’}—["1)éé c(n,q)(/&(]Dv

for every v € Wha= (S, dH™!), where ¢, > 1 is given by
1 . { 1 1 }
— = minqg — + ;1 0.
dx q n—1

A(s,t) :=={neCy(B:) :0<n<1, n=1in B}.

Combining (5.2.5) applied to v(y) = uj(zo + ry) with r € (s,¢) and Lemma 5.1.1 with ¢ = £,
we get

q*)d?—["1> ", (5.2.5)

T+ v

We set

inf Dnltuldx
As) Bt‘ ul k

q t g% T ql*
g@—@‘“ﬂﬂ( / r“”q( / uz<xo+ry>dﬂn-1<y>) qdr)
s S1
t
C(n,Q)(t—S)_(q_H’i)(/ T(”_l)qf;/ (r
s S1
a

+—uZ*<xo-+-ry>>d?{”—1<y>dr) q

t
=dm@@—@*“H$(/VM*W<+”*/<wwmm+w
q

q*

Dug(zo + ry)|*

g+ )M )
Using the fact that % <s <t < Ry, we deduce

f [ |Dpluid
] |77|ukl"

n
*

< C(n,q, Ro)(t — s)~@ a0 (/ /s (| Dug(zo + )" + uj (o + y))d’H”_l(y)dr) " (5.2.6)

Now, notice that inequality (1.0.7) implies ¢, < p. Thus, using Holder’s inequality in estimate
(5.2.6), we obtain

C(n,q, Roy)
q,,d P B q
8 1ot < ol
C(n,q, Ro) 11
<\ H 7 »q A Q(q* p)
<l ) e A
C
Cn.g, o) ARG, (5.2.7)

= (t ) || k”WlP BR
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where pp=¢—1+ L.
Since estimate (5.2.4) holds for every n € A(s,t), by (5.2.7), we get

/ F(z,u, Du)dz
Ak,s

< / F(z,u, Du)dx + CkY| Ay gl
Akt \Ak,s

C(n q, RU)

g Al

Adding the integral [ AL F(z,u, Du)dz to both sides of the previous estimate, by Lemma 2.0.3
we get i

/ F(z,u, Du)dx
Agp

1
a(L -1
< C’(n,q, Ro){k’y’Ak,PJ +m‘|uk‘|W1pBR ’AkR‘ } (528)
Eventually, inequality (5.2.8) and the growth condition at (5.0.3) yield

|D(u — k), |Pdz

By

1 11
< Cln g R} KAl + Ty Ml

i.e. the conclusion. O

5.3 Proof of the Main Result

Before giving the proof of Theorem 5.0.1, we need to introduce some notations.
For a fixed ball Bg, € €2, define two sequences by setting

Ry 1
i = 1
p 2(+2@)

1
]{32‘ = 2d<]. - 2i+1)’

where d > max{sup Br, ¥ 1} will be determined later. Note that

and
d<k <2d, k; 72d.

The use of estimate (5.2.1) on the concentric balls B,,,, C B,, translates into

Pi+1

| D(u — ki+1)+”ip(3%+1)
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WG9 4 O | A

(5.3.1)

< —MH(U - ki—H) ||W1p ’ kit1,0: i+1,Pi 1

(Pz‘ - Pi+1)

for every ¢ € N.
Moreover, define the sequence (.J;) setting

Joi= = k) By,
We begin proving an inequality that will be crucial for the proof of Theorem 5.0.1.

Lemma 5.3.1. Let u € W'?(Q) be the solution to (5.0.1) under assumptions (5.0.2) and
(5.0.3), for exponents 1 < p < q, 0 <y verifying (1.0.7), (5.0.4) respectively. Then, there exists
a constant C' > 0 such that for every i € N

% 1+a
J +1 S dg)\ J
1 1 L 1
for some A > 1 and o > 0, where — o T ma {dpn_p 1 L drh }

Proof. We observe that k1 —k; < u—k; on Ay, ,, for every ¢« € N. By Sobolev inequality
we get

u—k; Pn ||(U - k‘li)-ﬁ-”i:;;‘L(Bp‘)
——— | dr < :
(k

A / (
‘ kit1,pi1 = Ao ki+1 — k i1 — ki)Pn
J%n
< Clnp)— 2, (5.3.2)

where p} was introduced in (5.0.4).
Furthermore, we have

[(u — ki+1)+||€vl,p(3pi)

:/ (u—k’iﬂ)ﬁder/ D — kir), [Pda
B

Pi By,

= / (U—k’H_l)pdl'*F/ |D(u—k2+1)|pdx
A

Ak
</
A

Inserting estimates (5.3.2) and (5.3.3) in (5.3.1), we obtain

i+1:P7 i+1:P7

(u — ky)Pda + / \D(u— ky)|Pde = Ji. (5.3.3)

kispi Aki 204

B(E-1)) =
C Jp( P qx P k“f J p
D(u — k; b < —— +C— . 5.3.4
1D w1l Brivt) = (pi — pig1)* (ki1 — k)@= —wlPh (Kig1 — ki)Pn (5:5.4)
By using Holder’s and Sobolev inequalities and estimate (5.3.2), it follows
o )<y € 60— KD s <O (5:35)
it1)+ (B, ) = i)+ es kit1,pi = (kip1 — kl)p,*l—p' e
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Summing (5.3.4) and (5.3.5), we obtain

Pn 1+Pn(*_l)) Pn
J.p 1 J ( ax P k’Y J P
Jiy1 <C : + . + A=

: | (536
(kisr = k)P (01 = pisa) (kg — k)% o7 (Kign — Ka)Pn (5:3.6)

for a constant C := C'(n, p, q, Ro).
Recalling the definition of k;, p; and using the fact that k; < 2d, we can write inequality (5.3.6)
as follows

Ji+1

Py q 1

P (i+2) \ptalz—3) ’(”pn(** )) i+2 5
<0 sz 2(i+2)(pnfp) N 9 (M q D ) ‘]ip P 2( +2) pp
= |drp Rl 49 =3P dri=r "

C . i ( +pn 771 ) j

< 2T (J.P Jr J;" 5.3.7
< g2 U+, +I), (537

where

1 1 1 1

T = maX{pn — P it q(— - —)pn,pn}-
G P

Notice that by the definition of J; and d, we easily derive

5 < =500 W) Vi€ N.

Ro

* 1 1
o= min{&,g(1+p;(———>)}> 1 (5.3.8)
pp q« P
1 1
B = max{& — 0, g(1 —|—p:;(— ——)) —o}> 0,
p p q« D

estimate (5.3.7) can be written as

Setting

and

C C .
ir B g0 __ iT JO
J1+1 < R,ud92 (1 + ”(u - Sl}l}zw) HW1P (Br, )) J d92 ‘]z : [

Now, we are in position to give the proof of our main result.

Proof of Theorem 5.0.1. Notice that u > 1 and ¢ € L2.(2) imply that u is bounded from
below. Hence, we only need to show that u is bounded from above.

In order to show that the minimizer u is bounded in the ball Bg,/2, we prove that the sequence
(J;) satisfies the assumptions of Lemma 5.1.2. Indeed, Lemma 5.1.2 yields

lim J; = 0. (5.3.9)

1——+00
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On the other hand, we have

lim J; = ||(u— 2d)+

i—4-00

(5.3.10)

HI‘ZVI”’(BRO/Q)'

Thus, (5.3.9) and (5.3.10) allow us to conclude that

sup u < 2d.
Brqy2
Denote
1 1
gi= — — —.
qx p

If v < pf and € > 0, by Lemma 5.3.1 the sequence (.J;) satisfies assumptions of Lemma 5.1.2
with

, A=2" and a=0-1,

where o was defined in (5.3.8).
We also have that

Jo < ATEA"2  with d> (A %||u||W1pBR).

Therefore, (5.3.9) holds.
If v < p! and € = 0, Lemma 5.3.1 implies that the sequence (.J;) satisfies Lemma 5.1.2 with

A=C, A=2" and a=oc-1.
Therefore, by Lemma 5.1.2 we have that (5.3.9) holds if
Jo < Amexar, (5.3.11)

By definition, Jy = ||[(u — d)4 lep (Brg) . We choose d > 0 large enough so that (5.3.11) holds;

this is possible since u € W'?(Bpg,) and
JO:H(U’_ ) HWlpAdR —HUHWIpA )—>0 an—>+OO.

With this choice of d, we get (5.3.9).
Eventually, the case v = p’ and € > 0 can be treated as the previous one. O

Corollary 5.3.2. Let us consider functionals F' satisfying the double-side bound
vH(z,2) < F(x,s,2) < LH(z,z2), (5.3.12)
for constants 0 < v < L, where
H(z, 2) := |2]" + a(z) 2],

with 1 < p < q and 0 < a(z) € L>®(Q2). Then, under the closeness condition (1.0.7) on the
exponents p,q, solutions to (5.0.1) with F wverifying (5.3.12) are locally bounded provided the
obstacle 1s locally bounded.
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Proof. The arguments are essentially the same of Theorem 5.0.1. Indeed, an analogous version
of Theorem 5.2.1 and Lemma 5.3.1 can be proved similarly with exponent v = 0.

Let u € WHP(Q) be the solution to (5.0.1) with energy density satisfying the growth condition
(5.3.12). Using the same notation introduced in the proof of Theorem 5.2.1, we have

/ F(z,u, Du)dz < / F(z,u+ ¢, Du+ Dy)dx
Ak,s Ak,t

<L H(xz, Du+ Dy)dx
Ag,t

D
= L/ H(x, (1—n%)Du — an”—n(u - k)) dz. (5.3.13)
Akt n

By the very definition of H(z, z), we have that for a.e. z € Q and every z;, 2z, € R"
H(x, 21+ 29) <29(H(x,21) + H(z, 22)). (5.3.14)

Using (5.3.14), the fact that n < 1 and the boundedness of the function a, we estimate inequality
(5.3.13) as follows

/ F(z,u, Du)dx
Ak,s

<C(q,L) H(z,(1—n")Du)dx
Ap ¢

+C(.L) /

A

D
H(x, —an”—n(u - k)) dx
ot n

<C(q, 1) /A (1— 7 VP H(z, Du)dx

(g, L all) / (1+ | Dyft(u — k)7)dz.

Akt

Taking into account that supp(1—n7) C Ag: \ Axs, the growth assumption (5.3.12) and t < R,
we obtain

H(z, Du)dx < C’/ F(z,u, Du)dx

Ak:,s Ak,s

< 0/ H(z, Du)dz + C| Ay n| + 0/ Dl (u — k)7dz.
Akt \ Ak, s At

Recalling the definition of H(x, Du), the previous estimate yields the Caccioppoli inequality
(5.2.1) with v = 0.

It is worth noting that assumption (1.0.7) improves the bound on the gap ¢/p established in
[16] for obtaining the local boundedness of solutions to double phase obstacle problems. O



Chapter 6

Regularity for bounded solutions to
obstacle problems with non-standard
growth

In this chapter we study the higher fractional differentiability properties of the gradient of
bounded solutions u € W?(£2) to obstacle problems of the form

min{/ﬂF(:p,Dw)d:p : wem(m}, (6.0.1)

where ¢ € W'P(Q) is the obstacle function and K, (2) was defined in (2.0.2). The results we
report have been proved in [68].

In what follows, we assume that the energy density F' : Q x R" — [0, +00) is a Carathéodory
map satisfying assumptions (F'1)—(F4), for some exponents 2 < p < q. We say that function F’

p+28
satisfies assumption (F7) if there exists a non-negative function g € LZ77(Q), with 0 < 8 <

loc
a < 1, such that

|DeF(z,€) — DeF(y,€)| < |z — y|*(g(x) + g(v)) (12 + €13 (F7)

for a.e. z,y € Q) and every £ € R".
On the other hand, we say that assumption (F8) is satisfied if there exists a sequence of
p+2a

measurable non-negative functions g, € L{:**(€2), with 0 < a < 1, such that

oo
S el iz < o0,
k=1 Lrrema(@)

for some ¢ > 1, and at the same time

|DeF(x,€) — DeF(y, )| < |z — y|*(gn(@) + guly)) (1% + |€[2) T (F8)

for a.e. z,y € Q such that 2 *diam(Q) < |z — y| < 27¥Ldiam(Q) and for every ¢ € R™.
More precisely, we shall prove the following theorems.

Theorem 6.0.1. Let F(z,£) satisfy (F1)~(F4) and (E7) for exponents 2 < p < q such that

g<p+p (6.0.2)

81
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and
1

1
p n—1

1
> 6.0.3
.2 (6.0.3)
Let u € ICy(S2) be the solution to the obstacle problem (6.0.1). If ¢ € L2.(S2), then we have

loc

(Q) = (u* +|Du’)5 Du € B3 1,.(Q),

2,00,loc

Dy € B? 10

p+1+8-q’

00,loc

provided 0 < B < a < 1.

«

On the other hand, a Besov regularity of the type B;,, with o finite, is stronger than the
one of the type By . In this case, we prove the higher fractional differentiability properties
for bounded minimizers under weaker assumptions both on the coefficients of D¢ F(x, &) and on
the gradient of the obstacle and on the bound for the gap ¢/p. The main difference is that a
stronger embedding theorem between Sobolev and Besov spaces holds (see Proposition 2.3.5).

Theorem 6.0.2. Let F(x,€) satisfy (F1)~(F4) and (F8) for exponents 2 < p < q verifying
(6.0.3) and
¢<p+a (6.0.4)

Let u € ICy(S2) be the solution to the obstacle problem (6.0.1). If ¢ € L32.(S2), then we have

loc

(Q) = (12 + |Dul>)"T Du € BS,, 1,.(9),

2,0,loc

Dw E BOﬁ pH2a

pHita—q

,0,loc

for a constant o > 1 such that o(a + %) < 2.

Note that Theorems 6.0.1 and 6.0.2 improve the results contained in Chapter 4. Here, the
local boundedness allows us to use an interpolation inequality (see Lemma 2.3.2) that gives
the higher local integrability LPT2“ of the gradient of the solutions. Such higher integrability
is the key tool in order to weaken the assumptions on the partial map = — D¢F(x,&) and
on D1 with respect to the ones in Theorems 4.0.1 and 4.0.2. Indeed, for p < n — 2a and
q<p+aoa-— @, we have Lo C L%, and, moreover, under our assumption on the gap,

Le.q<p+a, By _,,C B, for every o > 1.
p+lta—q’

We observe that the bound (6.0.3) is only needed to get the local boundedness of the solution
(see Theorem 5.0.1). Therefore, if we deal with a priori bounded minimizers, then the result
holds without the hypotesis (6.0.3).

The structure of this chapter is the following. In Section 6.1, we prove Theorem 6.0.1. In
particular, we derive the a priori estimates in Section 6.1.1, and, in Section 6.1.2, we pass to the
limit in the approximating problems. Eventually, in Section 6.2, we give the proof of Theorem
6.0.2, focusing only on the a priori estimate since the approximation procedure works exactly
in same way as in the proof of Theorem 6.0.1.

6.1 Proof of Theorem 6.0.1

This section is devoted to the proof of Theorem 6.0.1. In particular, in Section 6.1.1, we
derive the a priori estimates for regular minimizers of obstacle problems (6.0.1), while in Section
6.1.2, we conclude through an approximation argument.
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6.1.1 A priori estimate

We have the following theorem.

Theorem 6.1.1. Let F(x,§) satisfy (F1)—-(F4) and (F7) for exponents 2 < p < q such that
(6.0.2) and (6.0.3) hold. Letu € ICy(2) be the solution to the obstacle problem (6.0.1). Suppose
that

p+28
ge L), e LX(Q) and Dip € B® s

loc loc
p+1+B—q

(Q)7

,00,loc

for 0 < g < a< 1. If we a priori assume that
Vo(Du) € By 10(2),

2,00,loc

then the following estimates

/ DU dz <C ([ 1) + lallwro)”
Bprya

p+28 4
. (/ (gp+[3—q + 1)d$ + ||DwHBD‘ 2 (BR)) (611)
Br

pFHIFA—q"

and

/B V(D) P <C R ([ ooy + Nallin )T
R/4

p+28 i
. (/ (gp+ﬂ—f1 + 1)dl’ + HDwHBa 0128 (BR)> (612)
Br pHI+B—q >
hold for all balls Bry C Br € ), for positive constants C = C(n,p,q,5,v,L,R) and 7 =
m(n,p, ¢, B).-

o)
loc

Proof. By virtue of assumption (6.0.3) and Theorem 5.0.1, u € L{2 (£2). Hence, using Proposi-
tion 2.3.4, we deduce that

Du e LH?P (). (6.1.3)

loc

Notice that Du € LP?(Q) implies that the u satisfies the variational inequality (3.0.1) for

loc

every ¢ € W19(Q) such that ¢ > 1. Indeed, let o € WH4(Q), » > 1, then the function
u + (¢ — u) belongs to the admissible class, for every € € (0,1), since

utelp—u)=cp+(1-eu=>v.

Hence, by minimality of u, we get

/ F(z, Du)dz < / F(z,Du+eD(p —u))dz,
Q 0

which leads to

/[F(x, Du+eD(p — u)) — F(z, Du)ldz > 0.
Q
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From Lagrange’s theorem, there exists 6 € (0, 1) such that
/Q(A(a:, Du+e0D(p —u)),eD(¢p —u))dx > 0,
where we set A(z,§) := DeF(x,€). Since € > 0, we get
/§2<A(x,Du+59D(<p—u)),D(@—u»d:c > 0. (6.1.4)

Since assumptions (F2)—(F4) are in force, then the operator A satisfies conditions (C1)—(C3).
Now, from assumption (C1), we obtain

[(A(z, Du+0D(p — u)), D(p — u))|
< |A(z, Du+0D(p — u))||D(p — u)|
< CO(1+ [Du+e0D(p — u)|*)|D(p — u)]
< O+ |Du|* + [Dgl?),

where we also used that ¢,0 € (0,1).
On the other hand, by virtue of assumption (6.0.2) and (6.1.3), we have

1+ |Dul? + |Dg|? € Li..(Q).
Therefore, by applying the Dominated convergence Theorem, we can pass to the limit for

e — 0% in (6.1.4), getting the inequality

/Q(A(x, Du), D(¢ — u))dx > 0, (6.1.5)

for every ¢ € W4(Q) such that ¢ > .
Fix 0 < & <p<s<t<t < Zsuchthat B € Q and a cut-off function n € C}(B;) such
that 0 <n<1,n=1on By, |Dn| < & Now, for |h| <t —t, we consider functions

p1(2) = u(z) + tn*(z)mh(u — ¥)(2)

and
pa() = u(z) + tn*(x — B)T_p(u — ¥)(2),

which belong to the admissible class ICy(€2), for every t € [0,1). Choosing ¢; and g9 as test
functions in (6.1.5), we obtain

/Q<.A(a:, Du),D(n*r(u — )))dx + /(A(I, Du), D(n*(z — h)m_p(u — )))dz > 0.

Q

By means of a simple change of variable in the second integral in the left hand side of the
previous inequality, we infer

/Q(A(x + h, Du(x + h)) — A(z, Du(z)), D(n*m,(u — ¥)))dz < 0.
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We can write previous inequality as follows
0> /Q (A(z + h, Du(z + ) — Az + h, Du(x)), 2 Dryu) dz
— /Q(A(:v + h, Du(z + h)) — A(x + h, Du(z)),n”* Dpab)dx
- /Q (A(x + h, Du(x + h)) — A(z + h, Du(z)), 20Dy, (u — )Y da
- /Q (A(x + h, Du(x)) — A(z, Du(z)), n* Dmyu)dx
— /Q (A(z + h, Du(x)) — A(z, Du(z)), n* DTptb)da

+ /Q<.A(1: + h, Du(z)) — A(z, Du(z)), 2nDnr,(u — ¢))dx
=0y + Iy + I3+ Iy + Is + I,
that yields
Iy || + |13 + |Ls| + |I5] + |Tg].
The ellipticity assumption (C2) and Lemma 2.0.2 imply

ho2v [ PmDuPe + Dute + WP+ Du()) = do
9,

>C(n,p, V)/n2|7'h\/;,(Du)|2dx.
Q
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(6.1.6)

(6.1.7)

(6.1.8)

From the growth condition (C3), Young’s and Holder’s inequalities, Lemma 2.0.2 and assump-

tion on D, we get
| 12| SL/ 0?7 Dul(p? + | Du(z + h)[2 + | Du(2) )= |, Dl da
Q
S’5/ PlmDul* (1 + | Du(z + b)? + | Du(a) )+ du
Q

2q—p—2

+CE<L)/Qn%hpw\?(uM|Du(x+h)\2+|Du<x)|2) 22,

<< [ imVy(Du) s
Q

2(p+14+B—-q) 29—p—2

p+2 p+28 p+28
+ Cg(L) (/ |7'hD¢|p+1165qu) (/ (1 + |Du|)p+25dx>
By B

<< [ PlnVy(Du) s
9.

p+28
+ CE(L)|h|2a[D¢]2Ba (Br) (/ (1+ |Du|)p+25dx) .
pHI+B—q' > By

p+28
t

(6.1.9)
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Arguing analogously, we get
1 <2L [ IDalafrDul + |Duta+ W + | Du(@)) 5 (= ) o
= /Q 0| Dul* (4 + | Du(x + h) + | Du(x)) "= dx

29g—p—2

+ CE([,;) / 70 (u — )P (1 + [Du(z + h)|* + | Du(z)|*) "2 dz

2(p+1+B—q) 29—p—2

p p+28 p+2p
Tn(u — 1 A d 1+ |Du|)P**Pdz .
B

!

i <tci( L>) (/B

Using Lemma 2.1.3, we obtain

!

] <= [ PlnVy(Du) s
Q

2(p+1+8—q) 2q—p—2

p+283 p+28
(/ (1+ ]Du\)pﬁﬁdm)
By
(6.1.10)

C€(n7p7Q767 L)
T sy

W( |D(u — wnﬂfﬁﬁqdw)
By

In order to estimate the integral I, we use assumption (F7), Young’s and Holder’s inequalities
and Lemma 2.0.2 as follows

1 < [ PmDullbf(gle + 1) + g1+ [Du) 5 do
§€/ 72| mDul®(12 + | Du(z + h)|? + | Du(z)?) "= da
Q
CP [ (gl )+ g(e) 20+ DulPrords
By

<< [ PlmVy(Du) s
Q

2(p+B—q)

29—p
P p+2B P28
+Ca|h|2°‘(/ gp++f3w4dx) (/ (1+\Duy)p+2/3dx) . (6.1.11)
BR Bt

We now take care of I5. Similarly as above, exploiting assumption (F7) and Holder’s inequality,
we infer

q—

L) < / Pl DYl (g + 1) + g(x)) (1 + |Duf?) T de

p+B—q

o p+28 s p+28 (¢=1)(p+28) P55
<|h| grti-adx |7 D] 5 (1 4 |Du|) e+ dx
By B:

Tl p+1+8—g

p+28
+28 +28 P28
<|h|® < / gp’iﬁqda;> ( / |ThD¢\pf1+aqu>
By B
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2q—p—1

_ “pt2B
(/ (1+|Du|)de) A
By

Now, we observe

(g —1)(p+28)
2g—p—1

<p+26<=p<q. (6.1.12)

Hence, (6.1.12) together with Holder’s inequality yields

p+B—q q—1

2c pt28 p+2p P28 p+28
|I5| < C|hl : gri-adx (D)) go pizs _(Br) . (14 [Du|)P™* dx , (6.1.13)
R t

p+1+B8—q’

with a constant C' := C(n,p,q, 3, R). From assumption (F7), hypothesis |Dn| < % and

Holder’s inequality, we infer the following estimate for .

Us!<—!h!‘”/ 7 (u — )|(g(x + h) + g(2)) (1 + | Dul?) 7 da

pt+B—q p+1+8—q

p+28 128
<L|h’a / gﬁf_ﬁthx ( |Th(u—¢)|zﬂ2§—qdq;) -
t— By B
2q—p—1
_ T
(/ (1+|Du|)wdz> -
By
Using once again Holder’s inequality, inequality (6.1.12) and Lemma 2.1.3, we have
C +23 pp+25
L Al /
t—s Br B

p+28
(/ (1+|Du|)f’+2ﬂdx> : (6.1.14)
By

for a constant C' := C(n,p,q, 5, R).
Inserting estimates (6.1.8), (6.1.9), (6.1.10), (6.1.11), (6.1.13) and (6.1.14) in (6.1.7), we infer

p+1+B8—q

p+28
D(u— wﬂw”lﬁ‘“”)

+B8—q

tl

C(n,p, 1/)/772|7'th(Du)|2dx
Q

<se [ P lnvs(Dw)Pds
Q

2a 2 p+28 22;2;2
+ P (DB (| [ (L [DulpPPde
pFHIFB— By

t
2(p+1+B8—q) 2q—p—2

+ Ce 2|h]2</ ]D(u—?ﬁ)hﬂff—qu) o </ (1—|—\Du|)p+2ﬁd:v> ’
(t—s) By B

2(p+B—q)

p+2 p+28 %%%%
+ C.|h* (/ gp:,_BﬁQd:L‘) (/ (1+ |Du|)p+2ﬁdx)
Bgr By

+/
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ptB—q q—1

_p+28 p+28 p+23
+ Og|h|2a (/ gPJrﬁ*q d.l?) [D@ZJ]B& vy (BRr) (/ (1 —+ |DUDP+25d-T>
BR Bt

pFHIFB—q
p+B—q

CE p+2 p+28
+ —=|n|**? (/ gPJBﬁqdm) /
t—s Br B,/
gq=1
p+28
' (/ (1+ \DUI)””ﬁdx) , (6.1.15)
By

with C. := C.(n,p,q, 3, L, R). Using Lemma 2.0.2, n < 1 and u € W'?(2), we obtain

p+1+B8—q
p+28

|D<u_¢>|mdx>

/ 772\Th‘/;,(Du)\2dx < c(n,p)/ ]ThDu]2(u2 + |Du(z + h)]2 + \Du(m)\2)¥d1’ < 00.
Q Q

Choosing ¢ = C("ép ) we can reabsorb the first integral in the right hand side of the previous

estimate by the left hand side, thus getting

/ P2 lmVi(Du) P de
Q

<ClhPAL ( /
B

2q—p—2
+28

(1+ |Du|)p+25dx>

t/

C ngﬂ 24—%2
p+2 p+ Pt
+ 5| h)? (/ |D(u — w)|p+1++§—ng;> (/ (1+ |Du|)f’+25dx>
(t - S) B By
L O (/ (1+ yDu\)Mﬁdw)
By
a-1
p+28
+ C|h|** Mg </ (1+ |Du|)P+25dg;>
By
P+1:25[;q a—1
C pt2 ’ »+2s
+ _|h|a+1MR (/ |D(U _ ¢)|p+1tré}*q d$> (/ (1 + |Du|)p+26dfﬁ) s
t—s By By
(6.1.16)
for a constant C' := C(n,p, q, 5, v, L, R), where we set Mp := ||g||Lpp+1;zfq (BR)—I—HD@/JHBzﬁﬁf_qm(BR)-

From Young’s inequality, we infer

/ P lmVi(Du) P da
Q

<Cylhf +e|h|2a/ (14 | Dul)** da
By

Co

sy

i [ 1D ) P o [ (1 |Dulp
Bt

By

+ Cylh> + ewa/ (1 + | Du| )" dx

By
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+ Cy|h* + e\h\%/ (1 + | Du|)P™*dx
By
ﬁ(p+i+gfq)
0,9 p+28 e
—— _|p|**t / D(u — FESE:Erg |
+ (r (u =) )
—I—9|h|°‘+1/ (1 + |Du| )P da, (6.1.17)
By
with Cy := Cy(n,p,q,B,v, L, R, M), where p := i”f and p := 1%'

Using Young’s inequality, we estimate the third and the second last integral appearing in the
right hand side of estimate (6.1.17) as follows

C, p
" |n? [ D(u - )7 da
(t—s)P By
C p+2 C p+2
< 20 2| |DulFEmdr + —2 |2 | | Dy de
(t - S)p By (t - S)p By
<O|nf | |DulP*®dz + Co |h|?| Br| + Co _|h|? (6.1.18)
B B, (t—s)” (t—s)p "
and analogously
ﬁ(p+1+-gg—q)
C p+2 P
Cslet ([ 1p - v
(t —s)P By
B (t —s)" By
C
< Colh|*™ +0|n> | |DulPt*dz + —2—|h|?| Br| + ———|h|? 6.1.19
< Colh|*™ + 6] Btl ul $+(t_8>p|\| R|+<t_8)p~| %, ( )
e ' = L Y =

Inserting (6.1.18) and (6.1.19) in (6.1.17), we get

/7]2|Th‘/;3(Du)|2dx
Q

<Cylh)> + 9]h|2°‘/ (1+ | Du|)"***dx

By

C C
HOIR? | |Dul ™ de o W Bal + = AP

+9|h|2/ (1+ | Dul)"**dz
B

t/

+CylhP 9yhy2a/ (1+ |Dul)"**dz

By

+ CylhfPe + 9|h|20‘/ (1 + |Du|)"+*da

By
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Cy
Cylh|*T! + 6]h)? DulPt?8d _
+ Colh|*™ + 0] h| Bt| ul $+(t—s)p
Cy

— 7 _|p)? eha“/ 1+ |Du|)P*8dx. 1.2
+ gl ORI [ (L [Dul) (6.1.20)

|h*| Brl

By

We can rewrite the previous estimate as
2 2
JRAACORE
Q

§59|h|20‘/ (1+|Du|p+2ﬁ)dx+2e|h|2a/ (1+ |Dulr*2%)dz
By B

i/

1 1 1
2a 1 _
+ Colh ( +<t—s>p'+<t—s>p+<t—s>p“>’

for a constant Cy := Cy(n,p,q, 5,v, L, R, Mg).
Dividing both sides of the previous estimate by |h|**, recalling that 7 = 1 in B, and passing to
the limit as ¢’ — ¢+, we get

|7 Vo (D)

B, |h*

S?@/ (1 + |DulP™5)dx
By

dx

1 1 1
+Cg(1+ T + T oF + (t_s)p,,), (6.1.21)

for every h € R".
Since u € Lis5,(Q2) and V,(Du) € B 1,.(§2), by virtue of Proposition 2.3.4 and Theorem 5.0.1,
we infer the following inequality

V,(Du)|?
/ | D[P da g0||u||§{;(35)sup/ [T Vo(Du)P
h

By B, P
TG el o s,

7r |71 Vp(Du)|?
<C([[] oo () + llullwrr(zy)) sgp/ de
< ¢ T 6.1.22
+ (S _ p)2p (Hq/]”LOO(BR) + HuHleP(BR)) ) ( . )

for a constant m := 7(n, p, q).
Taking the supremum over h in the left hand side of (6.1.21) and using estimate (6.1.22), we
obtain

| DulP*# de <C([|¢]| 1=, + HUHWLP(BR))”@/ (1 + | Duf**")dz
B, By
1 1 1

C ) s g 1 0 ~ M
+ Col[[ll =By + [lullwin ) [ e T a—sp Ty
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C ™
+ (S_—p)Qp(HTPHLMBR) + lullwrr )" (6.1.23)
forevery0<§<p<s<t<§.
Now, choosing s such that s —p =1 — s, i.e. s = %9, it follows

[ 1Dul s <O ey + Nl [ 1+ [Dup)da
B, By

1 1 1
C [e%s} 1,p g 1 ~ /1
+ Coll[Wll =By + [lullwioz) [ = T = =y
C

+ (t __p)Qp(||77Z}||L°°(BR) + |ullwresg))" (6.1.24)

Setting
B(r) / Dl da,

we can write inequality (6.1.24) as
®(p) <C(|1¢||l LB + lullwiosg)) 02(t)

ﬂ 1 1 1
+ Colll¥ll =By + ullwreisg)) {1 L TS A T A T p)P”:|
C

t (t — p)2p(||¢|le(BR) + ||u||W1»P(BR))7r~

By virtue of Lemma 2.0.3, choosing 6 such that C(|[¢||re(p,) + ||ullwis(sm)™0 = 3, we obtain

R _ 111
o) <Ol + lulwroe)” |1+ 75+ 75+ 7]
C

+ ﬁ(lWHLO@(BR) + [Jullwrrsg)"

with C':= C(n,p,q, 8,v, L, R, Mg).
Now, recalling the definition of ®, we obtain

/ |DulP**Pdz <C(||Yl| 1 (Br) + [ullwrr )
Bprya

428 m
. (/B (/{:p%@fq -+ 1>dZE + ||D1/)||BCx 28 (BR)) , (6125)
R

pHIFB—q

thus, inserting (6.1.25) in (6.1.21), we deduce the a priori estimate

/B 17,V (D) *dz <CIhP*([|©]| oo (Br) + lwllwiesa))"
R/4

p+28 T
( [ @5 a4 10l <BR>),
Br

pHI+A—q'>

for constants C':= C(n,p,q, 8,v, L, R) and 7w := 7(n, p, q, B). ]
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Now, we are able to establish the following higher differentiability result for obstacle prob-
lems with p-growth.

Theorem 6.1.2. Assume that A(x, &) satisfies (C1)—(C3) for an exponent 2 < p = q and let
u € KCy(Q) be the solution to the obstacle problem (6.0.1). If there exist a non-negative function
g € L. (Q) and an exponent 0 < a < 1 such that

Az, €) — Ay, )| < |z — y|*(g(x) + g(v)) (12 + |€[%) 7,

for a.e. x,y € Q and for every & € R", then the following implication

U € L), DY € Biass (D) = (1* + |Dul’) T Du € B (9,

holds, provided 0 < 8 < .

Proof. Using Proposition 2.3.3, we infer Dt € LP+%° (Q). Hence, |8, Theorem 2.6] yields Du €

loc
Lfot%(ﬂ). Arguing as in the proof of Theorem 6.1.1, we derive estimate (6.1.21) in the case

p = q. This completes the proof. O

6.1.2 Passage to the limit

Proof of Theorem 6.0.1. Let u € Ky(£2) be the solution to (6.0.1), and let F; be defined as in
Lemma 4.2.2. Fixed B @ (2, let u; be the solution of the problem

min{/ Fi(z, Dw)dz : w > 1) a.e. in Bg, w € u+ Wol’p(BR)}. (6.1.26)
Br

Setting

Aj(z,§) == DeFj(x, §),

one can easily check that A; satisfies (C1)-(C3) and (F7) and the following assumptions:

A, (2, 6)] < L) (1 + €T (6.1.27)
A (,€) — Aj(a,m)| < L)€ — nl(12 + € + n)"7 (6.1.28)
A, (2,€) — Aj(y,6)] < 00|z — yl*(9(x) + 9(9)) (1® + €)= (6.1.29)

for a.e. z,y € Q, for every {,n € R" and j € N. It is well known that u; € Ky(Bpg) is the
minimizer of problem (6.1.26) if, and only if, the following variational inequality holds

/(Aj(x, Du;), D(¢ — u;))dx >0, Ve € Ky(Bg). (6.1.30)

Let € € Q2 be an open set. Fix a non-negative smooth kernel ¢ € C§°(B1(0)) such that
/ B1(0) ¢ =1 and consider the corresponding family of mollifiers {¢,, }men. Setting

Gm = g * O
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and

Ajm(2,8) = o(y)Aj(x +my, §)dy, (6.1.31)

B1(0)

an easy computation shows that A, satisfies assumptions (C1)-(C3) and (6.1.27), (6.1.28)
and the conditions:

Ajon (2, ) = Ajun (1, €)] < |7 = Y| (g (@) + g () (12 + 1) T

(A (2,6) = Ajun(y, )] < O |z = y|* (g (@) + g () (1* + €))7
for a.e. z,y € 1, for every £,n € R™ and every j,m € N.

Step 1. Fixed j € N, let Aj,, be defined as in (6.1.31) and let uj, € u; + Wy"(Bg) be the
solution to the variational inequality

/ (Ajp(z, Duj), D(@ — wjp))dz >0, Vo € Ky(Bgr). (6.1.32)
Br

By the ellipticity assumption (C2), we have
/ (W + D + | Dujun*) 7 | Dt — Dy P
Br
S / <Ajm(ZL', Dujm) - Ajm<l', DUj), DUjm — Du])dx
Br
2/ (Ajp(z, Dujp,), D, — Duj)dx
Br
—/ (Ajp(z, Duj), Dujp — Duj)dx
Br
:/ (Ajp(z, Dujp,), Dujy, — Duj)dx
Br
—/ (Ai(x, Du;), Dujy, — Duj)dz
Br
+ / (Ai(z, Du;) — Ajp(z, Duj), Dujp — Duj)dx (6.1.33)
Br
Since u; and u;,, are solutions to (6.1.30) and (6.1.32) respectively, we notice that

/ (Ajm(z, Dujm), Dtjm, — Duj)de — / (Aj(x, Du;), Dujy — Duj)de <0 (6.1.34)
Br

Br

Combining (6.1.33) and (6.1.34), we get
v [ D D)5 [ Duy — D
Br

S/ (Ai(z, Du;) — Ajp(z, Duj), Dujn — Duj)dx
Bgr

p—1

S(/ |A;(z, Duj) — Ajp(z, Duj)|pp1dx) ’ (/ | D, — Duj|pd:p) p, (6.1.35)
Br Br
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where in the last inequality we used Holder’s inequality.
Since p > 2, from (6.1.35), we obtain

/ | Dy, — DujlPde < C |Aj(x, Duj) — Ajm(z, Duj)|p%1dx. (6.1.36)
Bpr Br

Since Aj,,(z, Du;) satisfies
, p=1
[Ajin (2, Dug)| < L(j)(1* + | Duy*) =

and
Ajp(z, Du;) = Aj(x, Du;) a.e.in Q

as m — 400, applying the Dominated convergence Theorem, we have
A (2, Duy) =m0 Aj(x, Duj)  strongly in L%(Q)
Therefore, passing to the limit for m — oo in (6.1.36), we deduce that

Ujr, — uj in WHP(Bg). (6.1.37)

p+28

Moreover, since g € LI777(2), we have

p+28

gm — g In LE71(Q). (6.1.38)

loc

By virtue of Theorem 6.1.2, Vj,(Dujy,) € B 1,.(Br). Hence, from Theorem 6.1.1, u;,, satisfies
the a priori estimate

/B D de <C(1 ]l + ltgmllwrogem)”
R/4

p+28 ™
: </ (gn”" + L)dz + || DY~ (BR)) : (6.1.39)
Br

pFHI+B—q

for constants C' := C(n,p,q, 5,v, L, R) and 7 := w(n,p, q, 3), both independent of j and m.
Finally, by the weak lower semicontinuity of the norm, (6.1.37) and (6.1.38), we get

/ | Du; [P dx <lim inf/ | Dujn PP de
Brya m—00

Brja
<C([[YllzoBr) + willwresg)”

p+28 7r
. (/ (gpri—a 4+ 1)dz + || Dy|| p= 25 (BR)) . (6.1.40)
Br

pFIFB—q"

Step 2. From Theorem 4.2.1, there exists ¢; > 0 such that
‘5|p < Cl(l + Fj(xag))’ vjeN.

The previous estimate and the minimality of u; imply

/ | Du;|Pdx §C1/ (14 Fj(x, Du;))dx
Bgr Br
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§cl/ (14 Fj(x, Du))dx
§cl/ (1+ F(z, Du))dx, (6.1.41)

where in the last inequality we used Lemma 4.2.2. Thus, up to subsequences,
u; — @ in u + Wy (Bg). (6.1.42)

Now, fix jo € N. Then, by Lemma 4.2.2 and the fact that u; is the minimum for Fj, for every
J > jo, we might write

/F’]-O(:U,Duj)dxg/ Fi(z, Du;)dx
Bgr

Bgr
§/ Fj(x,Du)dzcg/ F(x, Du)dz.
BR BR

From weak lower semicontinuity of F};, and (6.1.42), it holds,
/ Fy(z, Du)dx < liminf/ Fy(z, Du;)dx S/ F(z, Du)dzx.
Br J=+o Jpg Br
Combining these last inequalities, we get
/ F(z,Du)dx = lim Fj,(z, Du)dx < / F(z, Du)dz,
Br Jo=+oo Jpp Br

where we also applied the monotone convergence theorem, according to Lemma 4.2.2.

Moreover, by the weak convergence (6.1.42), the limit function @ still belongs to Ky (Bg), since

this set is convex and closed. Thus, by strict convexity of F', we have that & = u a.e. in Bpg.
Now, from estimates (6.1.40) and (6.1.41), it follows

/B 1Dy P22 <C 1) + 1wy
R/4

p+28 T
. (/ (gp-l*ﬂ‘q + 1)d$ + ||D¢||Bo¢ pi28 (BR)>
Br

p+HI+B—q >

sc(|rw||mBR> AT +F<x,Du>>das)
Br

P28 i
. (gpti—a 4+ 1)dz + || D|| ge pi28 (Br) | »
Br =

p+1+B8—q’

for constants C':= C(n,p,q, 8,v, L, R) and 7 := 7(n, p, q, ), both independent of j.
Hence, from (6.1.42) and weak lower semicontinuity, it follows

J]—00

/ | Du[PT2P dx Sliminf/ | Du; [P dx
Brja Brya
<C(Wllimm + [ (4 1+ Flo Duic)
Br

_p+28 "
. B (ngrﬂ*‘I —+ 1)dl’ + ||D¢||Ba 25 (Bg) .
R

pHI+B—q >

[0}

Eventually, proceeding as in the proof of Theorem 6.1.1, we get V,(Du) € B 1,.(€2). O
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6.2 Proof of Theorem 6.0.2

Proof of Theorem 6.0.2. We derive only the a priori estimates, since the approximation proce-
dure is achieved using the same arguments presented in Section 6.1.2.
We a priori assume that V,(Du) € By, ..(). By virtue of assumption (6.0.3) and Theorem

5.0.1, u € L. (). Hence, using Proposition 2.3.5, we deduce that
Du € LT (Q).

loc

Arguing analogously as in the proof of Theorem 6.1.1, we define the integrals I;-I according
to (6.1.6) and we are able to derive estimates (6.1.7) and (6.1.8) for the integral I;. We need
to treat differently the integrals I>-Ig in which the new assumptions on the coefficients of the
map A(x, ) and on the gradient of the obstacle come into the play.

Consider the integral I,. From the growth condition (C3), Young’s and Hélder’s inequalities,

Lemma 2.0.2 and the assumption Dy € B* ,,,, UIOC(Q), we get
p+l+a—q’’
] <= [ PlmVy(Du) s
Q

2(p+lta—q) 2q—p—2

p+20 pH2a pH2a

+ CE(L)< |75, D) | pFiTe—a dx) (/ (1+ |Du|)p+2adx> . (6.2.1)
Bt Bt’

Performing the same computations which led us to (6.1.10) with 5 = «a, we get the following
estimate for I3

1) << [ wPlmy(Du) s
Q

2(pt+14+a—q) 2g—p—2

CE sy Uy )L __pt2a pt2a p+2a
| Gelmpa,a W( D(u— wwfaqdz) ( [ a+ !Du|>p+2ada:)
(t - 5) B, B

t/

(6.2.2)

Now, we take care of the integral ;. For h € R" such that 27%(¢' —¢) < |h| < 27k (¥ — ),
k € N, applying lemma 2.0.2, assumption (F7), Young’s and Holder’s inequalities give that

Sf/ Pl Dul* (i + |Du(z + h) + |Du(z)?)*7 da
Q
+ Cslh\z“/ (ge(x + h) 4 gi(2))*(1 + [Du(x)])** Pda
By

Se/ n |V, (Du)|*dx
Q
2(pto—q)

p+20 pH2a ;273»7;2
+ C.|h|* (/ (gu(x 4+ h) + gk(m))P++aqu) (/ (14 |Du|)p+2o‘dx> . (6.2.3)
Bt Bt

Exploiting assumption (F7) and Holder’s inequality, we infer

q—

L] < / DYl (gi(z + ) + ge(x) (1+ | Duf?) T de
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pta—q gta
P2 +2a a (a=1) (p+20) +2a
<JhJ° (/ <gk<x+h>+gk<x>>f”’+f‘ldx>p (/ 7 D) 555 (1 + | Du) d"”)P
Bt Bt

pta—gq ptlta—g

p+2a p+2a
|7, D | pHi+e=adz
By

<t ([ (anto+ onta)) 5 )

2q—p—1

(a=1)(p+2a) +2a
(/ (1+!Du\)q235+fdx> o
By

Now, we observe

(g —D(p+2a)
2g—p—1

<p+2a<=p<q. (6.2.4)

Hence

|I5] <C|h|® (/ (gr(x + h) +gk<x>>p"+faqu>
By

q—1
p+2a
(/ (1+\DUI)p”“dx) , (6.2.5)
By

for a constant C' := C(n, p, q, a, R), where h € R" is such that 275(¢' —¢) < |h| < 27F+1(¥ —¢t),
k e N.

Similary to above, from assumption (F7), hypothesis |Dn| < & and Holder’s inequality,
we are able to estimate the integral I as follows

C -1
I <7 bl [ = )l + )+ gu(o)) 1+ D)7 do
ta—q ptlta—g

EE¥§57 pt2a pt2a
(/f 1t w15
By

< St ([ o)+ o))

“t—s

2q—p—1

By

Using once again Holder’s inequality, inequality (6.2.4) and Lemma 2.1.3, we have

(/

e
: </ (1+ |DU\)”“‘“dr> , (6.2.6)
By

with C := C(n,p,q,«, L).
Inserting estimates (6.1.8), (6.2.1), (6.2.2), (6.2.3), (6.2.5) and (6.2.6) in (6.1.7) and reabsorbing
the integral [, n?|7,V,(Du)[*dx in the right hand side by the left hand side, we infer

ptlta—q
p+2a

pta—gq

C p+2a P2
| Ig| <——|h|*"! (/ (ge(z + h) + gk(az))P++aqu>
By

“t—s

|D(u —w\zﬂ?qdas)

tl

[ irvi(DwPds
Q
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2(pt+1t+a—q) 2q—p—2

o ~ pf2a F2a
go( / |D¢|pf1+faqdz) ’ ( / (1+] Du|)P+2adx) ’
Bgr B
2(pt+lta—q) 2¢—p—2

p+20 p+2a p+2a
I 2|h|2< |D(u_¢)|p+1fa—qu> </ (1+|Du|)p+2"‘dx)
(t—S) Bt B
2(p+a—q) 2q—p

p+2a p+2c P2a
+ C|h|* (/ (gp(x + h) + gk(x))pﬁchdm) (/ (1+ ‘Du’)p—i-Qadx)
Bry2 B,

t/

+/

p+2a
p+2a
+ g ( [ at+n +gk<x>>p+a—qda:)
Bpr/2

ptlta—g

q—1
p42a p+2a p+2a
. (/ |7-hD¢|p+f;aqu) (/ (1+ |Du|)p+2°‘dm)
Br By

pta—q pt+l+a—q

¢ +1 p+2a 2o 20 p2a
T s / (gr(x 4+ h) + gr(x))rre—adz / |D(u — o) |r+iFe=adx
t—s Brys 5,

=r
: (/ (1+ IDU|)p+2"dI) , (6.2.7)
By

for a positive constant C := C(n,p, q, o, v, L, R), where 27%(#' —t) < |h| < 27%F1(¢' —t), k € N.
Recalling that 7 = 1 on B, and dividing both sides by |h|?*, we get

[ mbour,,

|h|20¢
2(p+1+a—gq) 2q—p—2

p+2c
D p+l+a—g p+2a p+2a
gc(/ %dm) (/ (1+|Du|)P+2adg;)
Br ’h’p+1+a7q B

t/

2(p+1+a—q) g—p2
¢ = o opEIa F2a
M=E |h|2(1_a)( D= 1/})|p+ﬁ2aqd:c) ! (/B (1+ |Du|)p+2adx) ’
t »
2(pta—q) 24— p
p+2a pH+2c ) o
+C / (gr(x 4+ h) + gi(z))pre—adx / (1+ |Du|)p+ @
Br2 B,
pta—q
p+2a
+ / (gk(x + h) + gk(l‘))::ffq T
Bry2
’ThD 'l/} ‘ p+plt-2(? —q p+p1120;7q ) pq+;21a
' / T apnm T / (14 | Du|)”*?*dx
BR |h| p+1l1+a—q Bt
e ptlta—g

p+2a

C o420 pH2a
+ t—|hll_a </ (gr(z +h) + gk(w))p:“dx) (/
- S Brya B

q—1

([ o ipupreas)™ (6:2:5)

We need now to take the L7 norm with the measure % restricted to the ball B(0,# —t) on

|D<u—¢)|zﬁ?qu>

t/
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the h-space of the L? norm of the difference quotient of order « of the function V,(Du). Since

the functions g, are defined for 27%(¢' —t) < |h| < 27%F1(¢' —t) we interpret the ball B(0,# —t)
as

0,t' —1) UB 0,27 — 1))\ B(0,27* UEk.

We obtain the following estimate

V,(Du)? . \? dh
[ (] e,y
By, \Jp,  |h[* A
0(22(q712Jf>2) D p+2a U(P"’l‘g‘l*q) dh
p+2a p+ita—q ptH2a
g(}( / (1+|Du\)p+2“dx) / < / Dyl dx) an
B Byr_,(0) Bgr |]’L|P+1+O‘ q |h|n

o(p+l+a—q) (2¢—p—2)0
C o ot Srza)

+ ( \D(u—@hfﬁa‘qdfﬁ) p (/ (1+ IDuW‘“dﬂf) p / [
(t —5)2\ /3, B Bt/ t(()) [
o(p+

2(p+2a) p+2a p+2a dh
+c</ (1+ |Du|)p+2adx> }:/ (/ (gele + b) + gila ))pff—qu) =
Bt E BR/2 | |

(pra—g)o 2a (p+ita—q)o

o 2(p+2a) pt
p+2a 7 D) pFi+a—q 2(p+20)  dh,
S el )+ ) F ([ o) o
Ek BR/2 BR ‘h|p+1+a q | |

k=1

(g—1)o
. (/ (1 N ‘Du’)p"r?adx) 2(p+2a)
By
(p+a—q)o

C & o(1-a) pt2a Hze)
P [ (el )+ o) E
-5 k=1 Y Ex Bpr/2

(pt1lta—q)o (1)

o 2p+2e) 2(p3a)
: </ | D(u — )]p+112a qu> (/ (1+ ]Du\)p”ada:) : (6.2.9)
B By

tl

+/

y dh

+/

Note that, since o <, the integral

p+2a o(pt+lta—q)
J / ( / |73 Dip| T+ d) e dh
By_,(0) \J By |h|p+(fii = 1K

is controlled by the norm in the Besov space B* , .. , on Bpr of the gradient of the obstacle
p+1l+a—gq’

which is finite by assumptions. The integral

dh
Jo 1= / || —
By_,(0) Id

can be calculated in polar coordinates as follows

t'—t R/4
B=Clw) [0 dg <) [ 0 Mg = Ol R)
0 0
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since t' —t < & and o € (0,1).
Now, we take care of the integral

o(p+a—q)

- pt2a ri2a dh
J3 = / (/ g+ h) + gr(x p++a—qu) —_—
=3 (|, e+ o) TG

k=1

We write the right hand sinde of the previous estimate in polar coordinates, so h € Ej, if, and
only if, h = m¢ for some 27FH1(#' —t) <m < 27%(¢' — t) and some £ in the unit sphere S"~! on
R". We denote by dS () the surface measure on S"~!. We infer

o(p+a—q)

Jy < /m [ (] R Ol Sar) T aso

> Mk dm
Z / (g + 907 e SO
k=1 Y mk—1 /8"

p+a=d(Bg/s) m

where we set my = 27%(#' — t). We note that for each £ € S ! and myp_1 < m < my,

« < « «
1(Timegn + gk)HLng{q(BR/ Igkll, piza - (Bajame) +gxll | peza (B
<2||grll prae

)
LP+a=4(Bgr oy ry/4)

where in the last inequality we used that ¢’ — ¢ < %. Hence

o < COORGIIT, | oz,
4 (Br))

which is finite by assumption (F8).
Using the Young’s inequality with exponent 2, we deduce the following estimate

E pza N\ TEEESY
o +2a “ T, D) | pHiTa—q ° dh
S ] wrn s at)FEe [ R o
k=1 Bk Bry2 Br/2 |h|p+1+a q | ‘
o(p-_&‘-g—q)
<C), / / (g1 + h) + gi()) i da Thin
k=1 Y Ek Br/2 |h|
o(p+l+a—q)

e / / Dyl N dh
—— - ax
By, (0) Br/o ’h|p+(fii )q ‘h‘n

where the two integrals in the right hand side can be estimated as the integrals J; and Js.
Similarly, we obtain

a(pt+a—q)

. (1-a)2 pt2a KO dh
> |0t (gr(z + h) + gi(x))rre=adx -
k=1 " Ek Bpy2 |h|
o(pa—q)

dh i R
< P g / [ (ot )+ gule))F5ds |
/Bt/_t(o) |h|™ Z Brys |h|™
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The first term and the latter one can be estimated as the integral J; and .Js3, respectively.
Estimate (6.2.9) can be written in the following way
[y
B \Jp, [P |
o(2g—p—2)
2(p+2a)
<c( [ a+ipulyrea)
By
C w (22‘?—252;”
+ - ( 1D (u — ¢)|p+’ﬁa"qu) ( / (14 |Du|)p+2°‘dx)
(t—s) By By
(29—p)o (g—l)o
2(p+2a) 2(p+2a)
+ 0(/ (1+ |Du])p+20‘dx) e (/ (1+ |Du|)P+2adx>
Bt Bt
(p+14+a—q)o (¢=1)o
C p+2a 2(p+29) 9 2(p+2a)
+ — / |D(u — ) |pFite=adx (/ (1 + |Du|)P* O‘dx) , (6.2.10)
t—s5\Jg, By
for a constant C' := C(n,p,q,0,a,v, L, R, ||D¢||B;f1+f§,q,o(BR)’ ||{gk}k||lf’(sz*-+7£—aq(BR)))'
From Young’s inequality, we infer
Vo(Du)|> | \? dh
[ ([ mgione i
Bo_ o \Jp, [}l |
%
<6 (/ (1+ |Du|)p+20‘d:r> + Cy
By
C pH2a % 2
+ —9< ID(u — ¢>|p+f+i—qu> + e(/ (1+ |Du|)7’+2adx>
(t - 8)p Bt By
3 3
+ 9(/ (1+ ]Du|)p+2adx> +6 (/ (1+ |Du\)p+2°‘d:v>
Bt Bt
(p+1+a—q)o
Ce i20 2(p+1+2a—q) 3
+ : / |D(u — )| 75 da 40 (/ (1+ \Duy)p+2adx) ,
(t—s)P By By
(6.2.11)

for 0 < § < 1, where we denote p’ := —£t2%_ and p .= —LF29

. pt+l+a—q . pHl+2a—q" . . .
We estimate the second and the penultimate integral appearing in the right hand side of
estimate as follows

C _pt2a 2
([ 00 )

C pt2a % C pH2a %
< —6// |DU|P+1170‘*‘7d{L‘ +—9// |D1/}|P+1-:7a*qu
(t—s) By (t—s)P B

2 L o p+2a g
< 9(/ |Du|p+2adx) + LL(JBRP + L,,(/ |D¢|P+1iaqu) (6.2.12)
Bt (t )7 (t - S)p BR

— S
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and similarly

;((:T—ll:;—q))
P a—q
B )

t/

Cg pt+2c %

_ % +2 : : _pt2a 2
S " +0 |Du|p “dz + |BR|2 +C¢9 |D77Z)|p+1+a7qdl’
(t - s)P B, By

(6.2.13)
where we set p := ’j:;o‘ and p"” = p+2°‘
Inserting estimates (6.2.12) and (6 2. 13) in (6.2.11), we obtain
Vo(Du))>  \ % dh
[ ([ oo,
By \Jp,  [h]* A"
% a
<48 ( / (1+ |Du|)p+2adx) 430 ( / (1+ |Du|)7’+2°‘d:z:>
By By
Co(L . C p20 z
+CG+L>@,‘BR|2+—9,,(/ ’Dw’pﬂt@aqu)
(t—s)z (t — 5" \ /gy
Cy - pt2a E
+ ——— +|Bgr|2 + Cy |Dip|ptite=adx | . (6.2.14)
(t—s) Br
Now, by virtue of Proposition 2.3

we infer the following inequality

[mV(Dw)?  \? dh
IDu|p+2adx) <Clul’L / (/ "
( B, L>(Bs) By_.(0) . ’h’Qa ’h’n
C > o
+ (s — p)apHuHLZO(B b (6.2.15)

Combining inequalities (6.2.14) and (6.2.15) and arguing as in the proof of Theorem 6.1.1, we
obtain

g
( / |Duwp+2adx) <Ol 5y + Nl )"
Brya

(H{gk}kH piza (BR))+||D¢||Bv+p1++2a m<BR>+1)’ (6.2.16)
p a—q’
which yields

[ (] )i
B,/_,(0) Brya |h’| ¢

e = Cl[YllzoeBr) + llullwrezr)”

p+2a
R pHIfo—q >

(bl e+ UDU o +1)
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for every t' —t < £ Hence, we eventually get
4

mVy(Dw)? | \# dh "
/ ( [t e o <Ol + lulwros)
Bpry4(0) \J Br/4 | | | |

: 7 pi2a +||D +1),
(Hodely g+ 1DV 1)

for constants C' := C(n,p,q,0,a,v, L, R) and 7 := 7(n,p,q, o, 0). ]



Chapter 7

Higher differentiability for double phase
obstacle problems

In this chapter we shall consider higher fractional differentiability properties of the gradient
of the solutions u € WP(Q) to variational obstacle problems of the form

min{/QF(x,w,Dw)dx ; we/@,(m}, (7.0.1)

where the energy density F': 2 x R x R” — R is defined by

F(z,w,§) = bz, w)H (z,), (7.0.2)
being

H(z,§) = £ + a(z)[¢]", (7.0.3)

for some exponents 2 < p < ¢, where 1 € WP(Q) is the obstacle function and the class Ky (€2)
was set in (2.0.2). The results we present are contained in the work [70].

We assume that the coeflicients a(z) and b(z, w) satisfy the following assumptions:
Assumption 1:

(i) a:Q — [0,400) is a bounded and measurable function such that

ja(z) = a(y)] < wallz —yl),

for all x,y € Q, where w, : R™ — [0,1] is defined by w,(p) = min{p*, 1}, for some
a e (0,1);

(ii) the function b : Q x R — (0, +00) is a bounded Carathéodory function, i.e. there exist
0 < v < L such that
0<v<blxr,w) <L <+oo.

Assumption 2:

(i) there exists a function wj, : Rt — [0, 1] defined by wy(p) = min{p?, 1}, for some 3 € (0, 1),
such that
b(z, u) — by, v)| < wp(|lz —y| + |u—v]),

for all x,y € 2 and every u,v € R.

104
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We point out that the choice of stating Assumption 1 and 2 separately is due to the fact
that they are needed independently.

The main difficulty of this the regularity result contained in [70] is the dependence of
our double phase functional both on the z-variable and the w-variable, where the map w
b(x,w)H (z,z) is non-differentiable. In order to deal with this issue, we follow the strategy
proposed in |75] and later used in [47]. Namely, we introduce the so-called "freezed" functional
defined in (7.1.1) and the solution to the corresponding obstacle problem (see (7.1.2)) for which
we prove a higher differentiability result in the scale of Besov spaces following the argument
in [69]. The idea is to compare the solution u to the original obstacle problem (7.0.1) and the
solution v to the "freezed" one (7.1.2). More precisely, we estimate the fractional difference
quotients of v and v, in an integral sense, gaining a Besov regularity for u. In order to do so,
we also have to derive some ad hoc higher integrability results, both at the interior and up to
boundary, that is for the solution u of the original obstacle problem (7.0.1) and the solution v
to the freezed one (7.1.2) respectively. The first one is obtained adapting the argument in [41],
while the second one generalizes the result by Cupini, Fusco and Petti in [25]. Eventually, we
use a boot-strapping argument to get the maximal higher fractional differentiability.

The main result of this chapter is the following

Theorem 7.0.1. Let u € WP(Q) be the solution to the obstacle problem (7.0.1), with F defined
by (7.0.2), under Assumptions 1 and 2, for exponents 2 < p < 2, p < q verifying

148
p n

If DY € By, 10.(2), for some 0 < a < 7y < 1, then there exists a threshold parameter
g=2a(p,q,n,a,B) € (0,1) such that

. Va(@)Vy(Du) € B 1, (), V€ (0,5).

This chapter is organized as follows. In Section 7.1, we show that the solution to the freezed
obstacle problem (7.1.2) satisfies a variational inequality and moreover we present interior and
up to the boundary higher integrability properties, which will be crucial for the comparison
argument, as already mentioned. In Section 7.2, we prove the higher fractional differentiability
of the solution to the freezed obstacle problem (7.1.2). We remark that the procedure used in
order to do so requires the assumption p > 2. The comparison argument is presented in Section
7.3. Finally, in Section 7.4, we show that a suitable fractional differentiability property on the
gradient of the obstacle transfers to a higher fractional differentiability for the gradient of the
minimizer, so that we are eventually able to prove Theorem 7.0.1.

We point out that, in order to prove the higher integrability of the solution to the original
obstacle problem (see Theorem 7.1.2) and the higher differentiability of the solution to the
freezed obstacle problem in Section 7.2, Assumption 1 (77) is the only one needed on the
function b(z,w). On the other hand, in order to prove the comparison lemma (see Lemma
7.3.3), we require Assumption 2 on the coefficient b(x,w).

7.1 Higher integrability

The results contained in this section will be crucial for the comparison argument presented
in Section 7.3.
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Let u be the solution to the obstacle problem (7.0.1) and fix a ball B = Br (x0) € Q, for a
given radius R > 0 and x( € 2. Let us consider the so-called "freezed" functional

/ F(z, Dw)dz = / b(xg,upg)H (z, Dw)dzx, (7.1.1)
B B
where H was defined in (7.0.3), and let v € u + W, "*(B) be the solution to
min{/ F(z,Dw)dr : w € Ky(Q), w=uon 83}. (7.1.2)
B

Now, we show that a local minimizer of functional (7.1.1) satisfies a variational inequality. More
precisely, we have

Proposition 7.1.1. A function v € u + WyP(B) is the solution to (7.1.2) if and only if it
satisfies the following variational inequality

/B(DgH(x, Dv), D(p —v))dz > 0, (7.1.3)

for every ¢ € u+ Wy (B) N Ky(Q) such that H(x, Dy) € LY(B).

Proof. 1t is clear that the solution v to (7.1.3) must also be the minimizer of (7.1.2). Conversely,
let g =v+e(p —wv) for e € (0,1). Then, g belongs to the obstacle class. Indeed,

g=vtelp—v)=cp+ (-2 > .
We notice that H(x, D(v + (¢ —v))) € L'(B). Moreover,
/BH(az, Dv)dz < /BH(Q:, Dv +eD(p —v))dx,

which leads to

/BH(x, Dv+eD(p —v))dx — /B H(z, Dv)dx > 0.
From Lagrange’s theorem, for 6 € (0,1) it holds

/B(DgH(x, Dv+¢e0D(p —v)),eD(p —v))dx > 0.
Dividing for € > 0 both sides of the preceding inequality, we have

/B<D§H(x, Dv+e0D(p —v)), D(¢ —v))dx > 0. (7.1.4)

By a standard calculation, it immediately follows that
(DeH (2,€),\)| < Cp,q) (H(z,&) + H(x, ),
for every x € 2 and every £, A € R". Therefore,

[(D¢H (2, Dv +0D(p — v)), D(p — v))|
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<C(H(x,Dv+e0D(p —v))+ H(z,D(p —v)))
<C (H(z,Dv)+ H(xz,e0D(p —v)) + H(x, Dp) + H(x, Dv))
<C (H(xz,Dv) + (¢0)’H(z, Dy) + (¢0)’H(z, Dv) + H(z, Dy)), (7.1.5)

where in the last passage we also used the direct property H(xz,0¢) < (e0)PH(x,§). Fore — 0,
the second and the third term on the right hand side of (7.1.5) go to zero. Hence, the right
hand side tends to C' (H(z, Dv) + H(z, Dy)) in L'. Then, we can pass to the limit for € — 0
in (7.1.4) applying the Dominated convergence theorem, which concludes the proof. ]

If u is the solution to (7.0.1), then we are able to establish for u a higher integrability result.

Theorem 7.1.2. Let u be the solution to the obstacle problem (7.0.1) where the integrand
satisfies Assumption 1, for exponents 2 < p < q verifying

Ty @
P n

If the function ¢ is such that H(x,Dy) € L' (), for some my > 1, then there exist an

loc
exponent my > mgo > 1 and a positive constant C' such that it holds

1
my

f (H(x, Du))™*dx <C

H(x, Du)da + (][ (H(x,D¢))m1dx> L
Br Br
for all balls Bg C Br € Q2.

R
Proof. Let 3 <t<s<R<1andletne C§(Bg) be a cut-off function such that 0 < n <

2
1I,n=1on By,n =0 outside By, |Dn| < P We set p = n(x)(u(z)—ug,)—n(x)(Y(x)—Ygs,)

and g = u—p € Ky(£2). We observe that g = u on 0B, and g = ) —¢p,, + up, on B, therefore
Dg = D on B,. Using Assumption 1 (ii) and the fact that u is a local minimizer, we have

H(x, Du)dx

By

< C/ F(z,u, Du)dz
By

< C/ F(z,g,Dg)dz

<C [ |DgP -+ a(a)|Dyltdz
Bs

<c / D] — ) + 1| DE| + 1Dl (u — uy) + (1 — )| Du”

s

+a(z) [|1Dnl(v = ¥Bg) +nlDY| + |Dnl(u — up,,) + (1 —n)|Dul]" dz
< C/ (1 —n)? (|Dul’ + a(x)|Dul|?) dx
‘1} dx

S

vef |
Bs

p

+ a(z)

U — UBpR
s—t

U — UBpR
s—t
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rof [

e / (IDYP? + a(x) D7) da

+ a(x) ¥ 7Br

s—1

< C/ H(x, Du)dx
Bo\B:

C / C
+ lu — up,[Pdx + / a(z)|u —up,|de
s =t Jpy, : |s =7 /By, )

c C
_ p o q
g Vel + 2 [ alolle = s

+C H(xz, Dy)dx

Br

Adding the quantity C' [, H(x, Du(z))dz to both sides of the previous estimate, by Lemma
2.0.3 we get

1 1
H(x, Du)dz <C {ﬁ /BR lu — up, |Pdx + R/, a(x)|u — ug,|?dx

Br
b

1
|¢ 1/}BR|pd$ + =

R <$>|1/} - ¢BR|qu

RP

+ [ Ha, Dw)da:] .

Br

Setting H(z,u(r)) := |u(z)[P + a(w)[u(z)|? and H(z,¢(z)) := [(x)|P + a(z)[i(2)]?, we can
write the previous inequality as

H(z, Du)dx

Bgr
T

N U — UBg - Y — gy
S]iRH (x, 7 ) dzr + ]iRH (x, 5 )dm+ . H(x, Dy)dzx. (7.1.6)

According to [94, Theorem 2.13] and Hélder’s inequality, it holds

dy i
~ U —up ~ U —up
H it < H i
fo (o=, (n () o)

< (]iR (H(z, Du))® dx )dz (7.1.7)

where dy < 1 < d; depend on n, p, ¢, «. Analogously,

Lol (=) )

< (]iR (H(xz, D)™ dx) % . (7.1.8)

IN
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Inserting (7.1.7) and (7.1.8) in (7.1.6) and exploiting Holder’s inequality, we infer

H(z,Du)dx < C

Bgr
T

(]iR(H(x,Du))dz);? “f H(x,D¢)dx] S (719)

Since H(x, DY(zx)) € L™, for my > 1, from Lemma 2.0.4 it follows that there exists m; >
mgy > 1 such that H(z, Du(x)) € L™2. Then, holding to dy < 1, we might write

]i (G, D)) < © < G Du)dac) i ]i (e qu))m?dx}

2

<C ( o H(I,Du)dx)m + (]iR(H(x, D@Z))mldm) Z] .

Hence,

1
mg

]iR (H(z,Du))™dz |  <C . H(x, Du)dzx + <]éR(H(x,D¢)m1dx) m] . O

The higher integrability of the minimizer u stated in Theorem 7.1.2 allows us to prove the
following higher integrability up to the boundary result for the solution to the freezed obstacle
problem (7.1.2).

Theorem 7.1.3. Let v € u+ Wol’p(Bg) be the solution to the obstacle problem (7.1.2) where

the integrand F satisfies Assumption 1, for exponents 2 < p < q verifying
«
To142

P n

If the function v is such that H(x, D) € L)1 (S2), for some mqy > 1, then H(x, Du) € L})2(2),
for some my > mgy > 1, and there exist a constant C' and an exponent mg, with my > my >

mg > 1, such that H(xz, Dv) € L7"*(2) and

loc

1

][BR (H(x, Dv))™ dx : <C [(ﬁR(H@, Du))mzdx> "y (]{BR(H@, Dw))””da:) m] :

Proof. We start setting

v(x if v € Br
w(z) = { uix; if x 2 BZ \ Bx. (7.1.10)

We first consider B,(z1) C B x. In this case the Caccioppoli inequality (7.1.9) holds, namely

1

][ H(z,Dv)dx < C (f (H(x,Dv))dex> b + H(z,Dy)dx | . (7.1.11)

By
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Let us now focus on the case B,(x1) C Bg, with 27 € 88% Fix £ <t < s < p and a cut-off
2

function n between Bg(z1) and By(x1), with |Dn| < R Let us set g(z) := (1 —n(z))v(z) +
-5

n(z)u(x). Tt is straightforward that g € u + Wy" and g(x) > ¢(x). Since v is a minimizer,
according to the definition of H and Assumption 1 (ii), we have

/ H(z, Dv)dx < C/ F(z,Dv)dx
Bthg

BiNBgr
2

<C F(x,Dg)dzx.

BSQBE
2

Therefore, from the definitions of g and 7, we get

/ H(z, Dv)dx
BtﬂBg
<C / ( ! lu —vlP + a(x) ! |u—v|q>dx
B BinBp (t—s)P (t —s)

+ / H(z, Dv)dx
(BS\Bt)ﬁBg

+ [ Hx, Du)dm] ,

Bs

As before, adding the quantity C [, BB H(x, Dv)dx to both sides of the previous inequality,
2

by Lemma 2.0.3 we get

][ H(zx, Dv)dx
B%QB%

(7.1.12)

We set

. — 1 1
H(x,u U) = —|u—v’ +a(x)—=|u—v|"
p PP Pl

Adapting the argument in [23, Remark 2| and |94, Theorem 2.13] and exploiting Holder’s
inequality, we have

J— - — dl
][ F[(x,u U) dz < ][ (H (x,u U)) dz
ByNBp p ByNB g p
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d

< ][ (H(z, Du— Dv))?dx | (7.1.13)
B,NBR

where dy < 1 < d; depend on n,p, ¢, a. Inserting (7.1.13) in (7.1.12), it yields

1

]{BHB H(z, Dv)dzx <C (Ji (H(z, Du)™ dm)@

P

<C ][ (H(z, Dv))* da + 4 H(z,Du)dx
B,NBRr

By

Therefore, from the definition of w in (7.1.10), we infer

1

H(z, Dw)dz SC{(][ (H(z, Dw))® dx) " + 1 H(z, Du)dz

B% By

++ Hix, D@Z))da:} . (7.1.14)

By

Hence, by (7.1.11) it follows that (7.1.14) holds not only if B,(x1) C B or B,(z1) N Br # 0,
but also when B,(z1) C Bg and z; € 8BR

We now take care of the case B,(x1) N 8BR # () and By, C Br. We fix 29 € B,(z1) N 8BR

][ H(z, Dw)dz

(z1)
Nf H(z, Dw)dx
B%ﬁ (z2)

<c ]i
<c (]é

w\ﬁ

<

w

L 7

da
H(x Dw))d2d33> + ][ H(z, Du)dx + ][ H(z, Dy)dx
Bsp(x2)

3p(zg) B3P(x2)

H(z, Du)dz + ][ H(z, Dy)dx

Bap(z1)

(H(x, Dw))dex> g + ]{3

4p(z1) 1p(21)

Since this estimate holds for every Bg such that By, C Bg, by a covering argument it follows
that inequality (7.1.14) holds for every By such that B, C Bg. Now, since H (x, DY) €
L™ my; > 1, Theorem 7.1.2 yields that ‘there exists mo, with 1 < mo < my, such that
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H(x, Du) € L™2. Therefore, according to Lemma 2.0.4, there exists ms, with 1 < mgz < my <

mz, such that,

1

(7[ (H(z, Dw))™ dx)
Bg (1)
f H(x, Dw)dx
Bp(ml)

+ (]ip(xl)(H(x,Du))dex> + (/jgp(xl)(H(I’D¢))m2dx>

In particular, for p = R and x; = z, recalling the definition of w we have

<C

1

][ (H(x, Dv))™ dx
5
<C H(z, Dv)dx —I—][ H(x, Du)dz
Bg BR\Bg
H(z, Du))™d " H(x, Dy))™d ™
+ (f, . puyas) ™+ (f e Doyras) ]
<C H(z, Dv)dx
oy

N (]{S’RU_](:]C’Du))malgg)W12 + (]éR(H(x,DW)mdx) ”12] '

Since v is a minimizer and recalling that my > 1, it holds

1

m3

]é (e D) da

<7{3R(H(x’ puyas) . (JiR<H<x, DUy ] ,

<C

i.e. the conclusion.

]

Remark 7.1.4. We point out that Theorems 7.1.2 and 7.1.5 hold true also under the more
general hypothesis ¢ > p > 1. However, they are stated for q > p > 2 for later purpose in

Section 7./.

7.2 Higher differentiability for comparison maps

The higher differentiability of the solution v to (7.1.2) has been already establish in Chapter
4 under weaker assumptions on the coefficients of the energy density. Indeed, Lemma 7.2.1
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below can be seen as a special case of Theorem 4.0.1 where the coefficients are assumed to be
bounded. Here, we only give the proof of the a priori bounds, in order to establish precise
estimates on the difference quotient that will be crucial for the comparison argument. On the
other hand, the approximation procedure is achieved using the same arguments in Section 4.3.2,
therefore it will not be presented.

Before stating the result, it is worth noticing that Assumption 1 implies that there exist positive
constants l , L such that the following conditions are satisfied:

|DeF(z,€)] < U(€lP + alx) e (H1)

(DeF(2,€) — DeF(x,m), & —n) > (|6 — (€ + )= +a(@)]€ —nl*(IE2 + [n])*T) (H2)
|DeF(2,€) — DeF(x,n)| < L(l€ = nl(1€[* + 10[)'F" + a(@)|€ —nl(1€2 + [n®)T)  (H3)
DeF(2,€) — DeF(y,€)| < |z —y|lg]*! (H4)

for every x,y € Q and every £,n € R™.
The following lemma holds.

Lemma 7.2.1. Letv € u+W,"?(B) be the solution to (7.1.2) under Assumption 1, for exponents
2<p<2 p<q satisfying

To149 (7.2.1)
P n
If
Dy e B2q pool(B),
for0 < a <y<1, then
Vo(Dv) € B3 o 10e(B)

and the following estimate

/ (Vi (Do) + a(z + h)|maVy(Dv)P)de
B4

1

< Cm,Qa{ﬁ(‘/B (1 + |Dv|p + |Dw’2qp)dq;> [Dw]%?qppoo(Br)} (7.2.2)

T

holds for all balls B,y C B, € B, with C = C(n,p,q,, ||la||lx), p = p(n,p,q,) > 1 and
k= £K(n,p,q,a) <p.

_np
Proof. We a priori assume that Dv € Ly, ™ (B), for all -5
In the sequel we will profusely use the following inequality:

np

2g —p < 7.2.3
U T (7.2.3)
for p € [-55-, «). Indeed,
2g—p< np2 el 220
n—2u p - n—2u
d
a a _ n—pu
I1+—-< Sl

n - n-—2u n+2a
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Fix 0 <% <p<s<t<t <%suchthat B, € B and a cut-off function n € Cj(B;) such that
0<n<1,np=1on By, |Dn| < % Due to the local nature of our results, there is no loss of
generality in supposing r < 1, that we will do from now on.

Now, for |h| < %, we consider functions

pi(x) = u(@) + tn*(x)mh(u — ) (2)

and
pa() = u(z) +tn*(x — B)T_p(u —¥)(2),

which belong to the admissible class ICy(€2), for every t € [0,1). Choosing ¢; and g9 as test
functions in (7.1.3) and arguing analogously as in the proof of Theorem 4.3.1, we obtain the
following estimate

0> /Q<D§H(x + h, Dv(z + h)) — DeH(x + h, Dv(x)), n* Dryv)da
- /Q<D§H(x + h, Dv(z + h)) — DeH(x + h, Dv(z)), n* D) dx
+ /Q (DeH(z + h, Dv(z + h)) — DeH(x + h, Do(z)), 20Dy (v — 1)) da
+ /Q (DeH (x + h, Dv(x)) — DeH (, Do(x)), 7 Dryv)da
- /Q<D§H(x + h, Dv(z)) — D¢H(z, Dv(z)), n* DTytb)da

+ /(DgH(x + h, Dv(x)) — DeH(x, Dv(x)), 2nDnm,(v — 9))dx
Q
=+ L+ I3+ 1y + Is + I,
that yields
I <|L| + |Is] + |La| + |I5| + | 1s]. (7.2.4)
The ellipticity assumption (H2) and the properties of a(z) imply
~ 2 2 2 2\ -2
I zy/ o2 DUl2(| Dol + B2 + | Do(a)[2) 55 da
Q
+ D/ a(z + h)\mDol(|Du(e + 1) + |Do(e)?) T da
Q
ZD/ (|7 V(D) |? + a(x + h)|m.V,(Dv)|?)dx. (7.2.5)
)
From the growth condition (H3), the boundedness of a(x) and Young’s inequality, we get
1Bl <E [ D (Dot + W + D)) 5 Dl
Q

" i/ n’a(x + h)|[mDo|(| Do(z + h)[* + [Do(@) )7 |7, Dy|de
Q

gi/ 27 Do|(|Dv(x + B + [Do(x) )2 |7 D d
Q
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+ Llale [ i Del(De(a + W + Dota) )= | Dolds
Q
<z [ lmDeP(Dula + 1) + Do) 5 do
Q

2g—p—2

+C.(L, IIGIIW)/UQIThD@/)V(lJrIDU($+h)I2+|Dv($)I2) > da.
Q

The calculations performed in Theorem 4.3.1 and Lemma 2.0.2 lead us to the following estimate
for the integral I,

] <= [ PlnVy(Do) s
Q

+ C(L, ||alloo)| [P [ D] 277

2q7p,oo(BT)

+C.(p,q, L, ||a||oo)]h|27/ (14 | Dv|)*" Pdu. (7.2.6)

By
Now, we consider the integral I3. From assumption (H3), hypothesis [Dp| < ;< and Young’s
inequality, we get
| 5] §2z/ | Dnlnlm Dol(|Dv(z + h)|* + | Do(@)?) 7 |7 (v — o) |d
Q
+ 2L ol [ 1Dalal Do+ Dol + B + Do) (o — )l
Q

SE/ n*[nDvl*(| Du(z + B + | Do(x) )= da
Q

C.(L, ||a||s

g Clbloloe) [ o )P Dot + 1)+ Do)
(t—s) B:

where we also used the boundedness of function a(z). Arguing analogously as in the proof of

Theorem 6.0.1, we can estimate the integral I3 as follows

2q—p—2
2

dx,

| I3 §5/n2|Th\/;3(Dv)]2dx
Q

15 77"5’ o —
Celnp 0. L ol s [ g

(t — s)? B,
5 [ ] aza 0 -
+ C. (n b, q ||Cl|| )|h|2/ (1 + |DU|>2q Pdx. (727)
(t — 5)? B

t/

In order to estimate the integral I, we use assumption (H4), Young’s inequality and Lemma
2.0.2 as follows

7| §/7]2|ThDv||h|a|Dv|q_1dx
Q
S‘5/ P2 lmDuA(|Du(z + h)[2 + | Do(a)?) " da
Q

+ C|n** [ |Dv|* Pdw

By
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<< [ iPlmy(Do) s
Q

+ C.|h* | |Dv]*Pda. (7.2.8)

By

We now take care of I5. Similarly as above, exploiting assumption (H4) and Holder’s inequality,
we infer

151 < [ aPlm Dl bl Dol
Q

a 20— T e |\
S‘h‘ |7'th| TPy ’DU’ 2¢-p-1 )
By B
Now, we observe
120 —
(=DC1-p) o 0, 729)
2g—p—1
Thus, Holder’s inequality yields
bt
[Is] <C(n,p, )|h|a+7[D77/}]B;/q (B ( |Dv|2q_pdx)
By
a—+y
<C(np, Q)RI* DY B34—p,00(Br)
+C(n,p,Q)|h|a+v( |Dvl2q‘pdl‘) o (7.2.10)
By

From assumption (H4), hypothesis |Dn| < % and Holder’s inequality, we infer the following
estimate for Ig.

o] <72 {he / lro|| Dol da

C
—I——\h\a/ |Thv] [ Dv|9 da
t—s By

_1 29—p—1
<iostnle ([ rmoprrac) T ([ ool )
Bt Bt

t—
2q—p—1

1
+ L|h|a ( |ThU|2q_pd1’> 29—p ( |DU‘<q2ql iqlp)dx) 29—p '
t—s B, By

Using Lemma 2.1.3, (7.2.9) and Hoélder’s and Young’s inequality, we have

1

C’(n,p, Q) +1 2q— ey (¢=1)(29—p) 2q—p
[lg| <————=|h|* | Dy|*7Pdx |Dv| 2T da
t—s B, B,

1

c 2-p (4=1)(2g=p) 24—
+ (napa q>’h’a+l (/ ’D,U|2q—pdx> ( ‘D/U‘qmzlsqlpdx> q—p
t—s B B
2 ¢
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% Sir
Sc(napa q) |[o+! </ |D1p|2q_pd1‘) (/ |DU|2q_pd$>
t—s B, B,

2qqu
+ C<n7p’ Q) |h|a+1 </ |DU|2q_pdl’>
t—s B

%p
SC(napa Q) |h|a+1 < |D¢|2q_pdl‘)
t—s B,

n C’(n,p, Q)|h|a+1 </
t—s B

2q—p
|Du|2q—de> : (7.2.11)
Inserting estimates (7.2.5), (7.2.6), (7.2.7), (7.2.8), (7.2.10) and (7.2.11) in (7.2.4), we infer

tl

+/

v [ VD) + ale + W) Vo(Dv)P)da

SS&/ n° |V, (Do) [*dx

+ CAL,p,q, lallo) P DU

ClLupan el [ (1 Dol

By

Ce(L,n,p, q, HaHoo)|h‘2 | D> P da
(t — s)? B

C (L n,p,dq, Ha’|’00)|h‘2/ (1 + ‘DUDQlI—de
(t - S) By

+ Ca|h|2a/ | Dv|*"Pdg
By

CI DUl + Cali ([ |poprras)

s
n C(na_p(;Q) |h|a+1 (/ |D¢|2q—pd$)

t

I C(n,l% q)|h|a+1 (/
t—s B

We now introduce the following interpolation inequality

By

q

2q—p
|Dv|2q_pdx> : (7.2.12)

tl

1Dwllag—p < [|DwIlDw] sy,

where 0 < 6 < 1 is defined through the condition
1 b (1=109)(n—2u)
+
2¢—p) p np

which implies
5 a—p)
#(2q — p)
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Hence we get the following inequalities

/B (1+ | Dv))Pda g(/B

3(29—p) (n—2p)(g—p)

(1+ ympm)p (/B "

(1+ \Dv\)nﬁg#dx) ,

t/ t/ t!

(7.2.13)
_q 8q (n—2p)qp’
2q9—p p np p
( / |Dv|2q_pdx) g( / |Dv|pdx) - ( / |Dv|n2udx> , (7.2.14)
By By By
where p' = u(%;fp).

Inserting (7.2.13) and (7.2.14) in (7.2.12), and exploiting the bounds

n@—p)<1 nq(q — p)

) <17
Lp pp(2q — p)

which hold by assumption (7.2.1) and for p € (22 (q 2 ), from Young’s inequality, we infer
v [ DO + ale + 1) (Do) )ds
Q

<3¢ / V(D) [P
0

+ Ce(Lop, g llallo) WP DU

3(29—p)p

- Coo(Eompr g llallo) B2 ( [a~ |Dv|>pda:)

+mM%(/
Bt’

C.(L,n,p,q,|lal|)
(t —s)?

n—2u
n

(1+ yDv|>n’i‘5udx)

h? / DT
B,

n—2p ~ pd(29—p)
np " CE L7 y 5 Y )
+ 0|h)? / (1 + |Do|) "% de 4 Geollinip.aflalleo) 2 /(1~|—|Dv|)pda;
By (t_8)2p r
P(29—p) n—2u
+C’€79|h|2a( |Dv|pd:v> +9|h|2‘"( |Dv|nngud:v)
B, By
p*éq
QWD |y Cotn ol ([ Dotas )
q—p,00 B,
n—2u
+9mwﬂ(/\Dm5%mJ
By
Cy Tap
+ (77, b, )’h|o¢+1( |Dw‘2q—pdx)
t— B,
p"dq n=2u
Co(n,p.4) h|°‘“< \Dv\pdx) T et / | Dol 75 da . (7.2.15)
(t—s)P B, By
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pp(29—p)
pp(29—p)—n(g—p)q”

Lp
pp—n(g—p)’

for some constant 6 € (0,1), where we set p =
For a better readability we now define

Pt =

3(2¢—p)p

A ::CE(E7p7 Q7 ||a||00)[D¢]?;;f)p,oo(Br) + CE,Q(£7n7p7 Q7 HaHOO) (/ (]‘ + |DU|)pde’)

T
P6(29—p)

+C.p ( |Dv|pdx)

B
p*dq

+ Gl DU |+ Cotnplbf ([ Do)
q—p,o0 B’r‘

By =C.(L,m,p. 4. llalloc) / DY P da,
By
pé(29—p)

By —Coy(Lnp.q. ||a||oo>( / 1+ |Dv|>pdx) |

T

q
29—p
|Dw|2q—pdx> ,
p*dq

|Dv|pd1’) ’ :

B3 5206(”:]?, Q) (

By

B4 ::CQ(napa q) (

By

so that we can rewrite the previous estimate as
v [ DO + ale + ) Vi(Do)P)ds
Q

<3¢ / IV (D) [P
Q

n—2u
n

o + i ([

By

(1+ |Dv|)nf’éudx>

n—2u

+0(|h* + [ + A" (/ (1+|Dv)f‘éudw)
By

By
(t—s)%

B
+ (I (B2 (B A+ b =+ Al

B B
h a+1 3 _ h a+1 4 )

Choosing € = §, we can reabsorb the first integral in the right hand side of the previous estimate
by the left hand side, thus getting

/Q (Vi (DV)? + ala + h)|m V(D)) da

n—2u n;lZ;L
<36|h|* (/ (1+\Dv\)nngudx> "4 300 (/ <1+\Dv|)n"’éuda;>
By By
B B
B2 A + |p|?—2 Rl2P—2 4 |p2e 22 4 |pf2e 22 7.2.16
+ || +||<t_8)2+||(t_8)2p+|| t_8+|| E— s ( )
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where we used the fact that a < 7.

Since the right hand side of (7.2.16) depends on the integrability of Dv, in order to exploit
inequality (7.2.2), we need to derive an a priori estimate for the gradient of the minimzer v.
First, we bound (7.2.16) from below as follows

/ ]Th‘/;,(Dv)Ide

S

< / (mVo(D0)? + alz + h) m V(Do) )

E]

n—2u n;?u
§|h|2°‘{20 (/ (1+ |Dv|)nngud:v) 436 (/ (1+ |Dv|)%dx>
By Bt’
By By B; B,
A - 7.2.17
* +(t—s)2+(t—s)2p+t—s+(t—s)P*}’ (7.2.17)
where we also used that n =1 on Bs. Then, Lemma 2.2.4 and equality (2.0.3) imply
n—2u n—2u n:LZ,u,
( |Dv|nngud9§) <20 (/ (1+ yDvy)n”’éudx> +30 / (1 + |Dv|) % da
Bs By By
B By B3 By
A - 7.2.18
AT T T s T e (7.2.18)
for all p € (@,a).
Now, applaying the iteration Lemma 2.0.3 twice, we obtain
n—2u 1 K
= ! 2a) _— p 2q—p 2q—p
(/B ) | Du|»=2 dm) < Clh| {7'215 (/BT(l + |Dv|? + | Dy| )dm) + [D@D]B;q_pm(BT)},
(7.2.19)

thus, using Lemma 2.2.4, from inequalities (7.2.19) and (7.2.17), we deduce the a priori estimate

/ (Vo (D0)? + alz + B)|mVy(Do)[2)d
B4

1 K
gcwa{ﬁ(/ (1+\Dv\p+|Dw\2q‘p)d:c) + Dy (BT)}, (7.2.20)

2q—p,00
T

for constants C' := C(n,p, q, a, ||a||«) and & := @ < P. ]

According to the previous result, we state the following remarks, which will be crucial for
the proof of Theorem 7.4.1.

Remark 7.2.2. From Proposition 2.1.2, it follows that
(v a(2)V(Dv))]* < Ca(z + h)|[mVe(Dv)|* + C[Vg(Dv)[*|mha(@)]. (7.2.21)
Combining (7.2.20) and (7.2.21), we obtain

/ I7(V/a(@) V(D)) [Pda
B4
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< / (Vo (Do) + [ma(/a(2) V(Do)
B4

SC/ (17 Vo(DO)* + a(x + h) |7 Ve(Dv)|* + Vo (Do) *|mha(x) | dz

B'r/4

1 K
§C|h|2a{ﬁ(/ (1—|—|Dv|p—|—|Dw|2qp)dx> +[DVIE" s, }+Clh| 1Dvl 2oz,

T

1 - K
§C|h|a{ﬁ </B (1 + |Do|? + | Do p)da:) + HDUHLq By T [Dw]Zqqupoo(Br)}’ (7.2.22)

which 1s finite by Theorem 7.2.1. Therefore,

V a VDU e‘B2o<>loc(B)
Lemma (2.2.4) yields

loc

a(x)|Dolt € L= (B), Vf < %

Remark 7.2.3. Choosing p < o s.t. q = ;25., estimates (7.2.19) and (7.2.22) yield

/ (|7, V(D) |2 + |7 (v/a(z)V,(Dv))|*dx

B'r/4
1 g ,
<cl{ ([ @i+ poproi )+ eT )
1 i
§C|h|a{7~27 (/B (1+ |Dvl” + |D¢|2q—P)dx> + [DY]%, Bl (B + 1}, (7.2.23)

where % =p > 1, % =K1 < Py and (2q;p)q = q < p1, with p and K introduced in (7.2.15) and
(7.2.20) respectively.

7.3 Comparison

In this section we prove a comparison lemma (see Lemma 7.3.3 below), where we estimate
the distance between the solution u to the problem (7.0.1) and the solution v to the problem
(7.1.2). In order to do so, we first need the following lemma.

Lemma 7.3.1. Let F : Q x R" — R be the function defined in (7.1.1) under Assumption 1.
Then there exists a positive constant ¢ = c¢(r,n,v) such that the following inequality holds for
every x € ) and every z1,zy € R"

c([Vo(21) = Vi(22)]* + a(2)|Vy(21) — Vo(22)I")
< F(z,2) — F(x,2) — (DeF (2, 25), 21 — 2). (7.3.1)

Proof. We start proving that for every r > 2 there exists a constant ¢ = ¢(r, n) such that

c(rn)|Vi(z1) = Vi(2)I* < gr(21) = gr(22) — (Degr(22), 21 — 22),

where we denote g¢,(z) := |z]".
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Let us consider the function G, : [0,1] — R defined by G,(t) := g,(tz1 + (1 —t)z2). Since
G, € C*([0,1]), by using Taylor’s formula with integral remainder, we obtain

G,(1) = G.(0) + GL.(0) + /1(1 — 5)GY(s)ds. (7.3.2)

Since

G (t) =(Degr(tz1 + (1 = t)22), 21 — 22),
G (1) =(Deegr(tzr + (1 = t)22)(21 — 22), 21 — 22),

from (7.3.2) we get
gT(Zl) - gr<z2) - <D£gr(z2>, 21 — 22>

= /0 (1 = 5)(Deegr(sz1 + (1 — 5)20) (21 — 22), 21 — 22)ds
> c(r)|z — z2|2/0 (1 —5)|sz1 + (1 — 8)2o| " 2ds. (7.3.3)

Now, we want to estimate from below [sz; + (1 — s)29|" 2. If |21| < |25] and s € [3/4, 1], then
—1/4<s—-1<0and

3 1 1
[s21 4+ (1= 8)2| 2 slar] + (s = Dlzaf 2 Zlar] = Zleaf 2 (1] + [z2]),
while, if |z5| > |22| and s € [0,1/4], then 3/4 <1 —s <1 and
1 3 1
[s21+ (L= 8)z| 2 =slar| + (1 = s)lz2| 2 —7laf + 7 lze] 2 Z(l2a] + [z2)).
Therefore
521 + (1 — 8)z|"72 > 427" (21| + |22])" 2 (7.3.4)

holds on a suitable subinterval of [0, 1]. Eventually, inserting (7.3.4) in (7.3.3) we obtain

gr(21) = gr(22) = (Degr(22), 21 — 22) Ze(r)(|z] + |22]) ?|21 — 2o/
>c(r,n)|Vi(z1) = Vi(22) ],

where in the last inequality we used Lemma 2.0.2.
At this point, using the bound from below on b in Assumption 1 and estimate (7.3.1) we
deduce

F(x,z1) — F(x,20) — (DeF (2, 22), 21 — 22)
= b(zo, up)|gp(21) — gp(22) — (Degp(22), 21 — 22)
+ a(z)(gq(21) — gg(22) — (Degq(22), 21 — 22))]
> c(r,n, v)([Vy(21) = Vi(22)]? + a(2)|[Vy(21) = Vo(22)[?),

which is the desired estimate. O
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Remark 7.3.2. In the proof of Lemma 7.5.5 we will take advantage of the higher integrability
results established in Section 7.1, in particular in the case % <1+2.

n(29—p)
Indeed, the assumption Dy € B] (Q) and Lemma 2.2.4 imply that Dy € L"*i@qw), for

2q—p,00,loc

every 0 < p < 7. Therefore, H(x, D) belong to some L™, with m > 1.

Lemma 7.3.3. Let u be the solution to (7.0.1) and v € u+ W, P(B) be the solution to (7.1.2),
under Assumptions 1 and 2, for exponents 2 < p < q verifying

L1422
P n

If
Dy € B, (),

2q—p,00,loc

for0<a<y<1, then
| WD) = VD) + al) Vi D) = Vi Do)
<CR / (1 + (H(z, Du))™ + (H(z, D))"z, (7.3.5)

with 0 = min{fB, m — 1}, where (B is the exponent appearing in the Assumption 2 and where m
1s the minimum of the two higher integrability exponents of Theorems 7.1.2 and 7.1.5.

Proof. Assumption 1, the definition of F' and the minimality of v imply

/ H(z, Dv)dx < C/ F(x, Dv)dz < / F(x, Du)dz < C/ H(z, Du)dz, (7.3.6)
B B B B
on the other hand, Theorem 7.1.3 yields

/B (H(z, Dv))"dz < /B (H (z, Du))™ + (H(x, Dv))™]dz, (7.3.7)

for some m > 1. From inequality (7.3.1) we get
/B Vo (Du) = V(Do) * + a(x)|Vy(Du) — Vy(Dv)[*dz
< C/BF(J}, Du) — F(x, Dv) — (D¢ F(z, Dv), Du — Dv)dx,
moreover, recalling inequality (7.1.3), i.e.
/B(DgH(:c, Dv), Du — Dv)dx > 0,
and that b(zg,up) > v > 0, we deduce

/B [V,(Du) — V,,(Dv)|* + a(x)|Vy(Du) — Vy(Dv)Pdx < C’/BF(a:, Du) — F(z, Dv)dzx.
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Hence, we can write the previous estimate as follows
/B Vo(Du) = Vi (Do) * + a(@)|Vy(Du) — Vy(Dv)|*dx
< C/BF(;C,DU) — F(z, Dv)dx
e /B (b(o, ) H (2, Dut) — bz, ug) H(xr, Dv)]da
_c /B (b0, up) H(z, Du) — b, up) H(x, Du)]dz
e /B (b, us) H(x, Dut) — b(a, u) H(xr, Du))de
e /B (b, u)H (xr, Du) — b(a, v) H(x, Do)l da
e /B bz, v) H(z, Dv) — b(z, vg) H(x, Dv)|dz
e /B bz, vp) H (2, Do) — bl ug) H (2, Do)de

+ C/ [b(x,up)H (x, Dv) — b(xo,up)H (z, Dv)|dzx
B
— Ol + I+ Is + Iy + I + I). (7.3.8)

We proceed estimating the various pieces arising up from (7.3.8).
By Assumption 2 and estimate (7.3.6), we get

L+ §/Bwb(|x ~ wo|)H(z, Du)dz + /Bwb(p; ~ wo|)H(z, Dv)da
< /B & — 20|’ (H (z, Du) + H(x, Dv))da
<CR’ /B H(z, Du)dz
<CORF /B [1+ (H(z, Du))"|dz. (7.3.9)

Now, we take care of the integral I5. From Assumption 2, Young’s and Poincaré’s inequalities,
we infer

I, S/wb(|u—u3|)H(x, Du)dx
B

1 o
:/ ——wyp(|u — up|)R™7 H(z, Du)dz
B

Ri+e

1 140
SC/ Ewb(|u—uB|)$—i—R”(H(x,Du))H”dx
B

1 (o
§CR"/B R1+U|u—uB]1+"+ (H(z, Du))"™dx

SC’R"/ |Dul** + (H(z, Du))""dx
B
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<CR’ / (1 + |DufPU*9)) + (H(z, Du)) o dx
<CR° / 1+ (H(z, Du)"|dz, (7.3.10)

where o := min{s, m — 1}.
The minimality of u yields that

I; < 0. (7.3.11)

Arguing analogously as for the integral I, we obtain

Iy g/ wy(|v — vp|)H (z, Dv)dx
B

<CR’ /B RLUW —vp|"t + (H(x, Dv)) ™ dz

<CR° /B |Dv|"* + (H(x, Dv))' "7 dx

<CR’ /B 1+ (H(z, Dv))™|dz

<CR’ /B 1+ (H(z, Du))™ + (H(z, Dy))™)dz, (7.3.12)

where in the last inequality we used (7.3.7).
Since u = v on 0B, using Poicaré inequality for the function u — v, we infer the following
estimate for I5.

I S/ wy(lup — vg|)H (z, Dv)dz
B

o 1 lto o
<CR /BRHowb(\uB—vBI) o + (H(z, Du))"*7dx

<CR° /B R11+U|u |7 4 (H(z, Do)+ da

SCR(’/B|Du|1+U+ |Dv|**7 4 (H(x, Dv))*dx

<CR /B 1+ (H(z, Du))"™ + (H(x, Dv))")dz

<CR° /B 1+ (H(z, Du))™ + (H(z, Di))™|dz, (7.3.13)

where in the inequality we used estimate (7.3.6). Finally, inserting estimates (7.3.9)—(7.3.13)
in (7.3.8), we get the desired estimate. O

7.4 Main result

In order to prove Theorem 7.0.1 we follow the strategy first proposed in [75].
Before proving our main result, in Section 7.4.1, we fix some further notation and derive a
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preliminary regularity theorem for solutions to (7.0.1).
As done in Section 3.3, for a ball B € 2 of radius R, we will denote by Q; = Q;(B) and
Qy = Qy(B) the largest and the smallest cubes, concentric to B and with sides parallel to the
coordinate axes, contained in B and containing B respectively. We also denote the enlarged
ball by B= 48 and we set Q1 = Q1(B), Qg = QQ(B). In what follows, we shall always take B
such that Q,(B) € Q.

Our next result shows that a fractional differentiability property on the gradient of the
obstacle transfers to a higher fractional differentiability for the gradient of the minimizer.

Theorem 7.4.1. Let u be the solution to (7.0.1) under Assumptions 1 and 2, for exponents
2<p<Z,p<querifying

(0]
T14%
p n

Then the following implication

Dy € By, o0 10e() = Vi (Du), \/a(x)Vy(Du) € By, 1,.(2)

holds provided 0 < oo < v < 1, with 0, = 04(p,q,n,a, 5, m), where B is the exponent appearing
in the Assumption 2 and where m is the minimum of the two higher integrability exponents of
Theorems 7.1.2 and 7.1.5.

Proof. Let us fix arbitrary open subsets ' € Q" €  and choose zp € 2. We recall the
definition of p; from (7.2.23). Let § € (O, 5 > be chosen later and consider the ball B =

B(xo, |h|°) with |h| sufficiently small, depending on the dimension n, the parameter J and
the distance between € and the boundary of Q" such that Q, € Q”. Furthermore, let v €
u+ W,*(B) be the solution to (7.1.2) with B = B.

We estimate the difference quotient for V,(Du) and \/a(x)V,(Du) as follows

[ IV + [ (ValVy (Du) P
= [ VDuta + 1) = Vy(Du(e) P
+ /B v a(z + h)V,(Du(z + h)) — \/a(a:)Vq(Du(x))Fdx
< C/ \V,(Du(x + h)) — V,(Dv(x + h))|*dx
B
+C [ WDu(e 1) = V(Do) P
+C [ Wh(Do(w) = Vy{Du(w) P
C’/B |V a(z + h)Vy(Du(z + h)) — \/a(z + h)Vy(Dv(z + h))|*dx
+ C’/ |\ a(x + h)V,(Dv(z + h)) — \/a(x)Vq(Dv(:c))|2dx
/|\/ 2)Vy(Dv(z)) — v/a(z)Vy(Du(z))|*dz. (7.4.1)
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Notice that if 2 € B, then = + h € B, for |h| < 1. Thus, we get
| VADute 1)) = VDot + )P
+ [ Wale+ AVi(Duta + ) = v/ala BV, Dol + 1)

< /B Vo (Du) = Vo (Dv)[* + a(x) | Vy(Du) — Vy(Dv)[*dz. (7.4.2)
Inserting inequality (7.4.2) in (7.4.1), we obtain

[ 1V + [ alVy (D)

< C/B Vo (Du) = Vo (Do) * + a(2)|Vy(Du) — Vy(Dv)[*dz

e / TV (D)2 + [ (v/a(@)Vy(Dv)) P
g (7.4.3)

From estimate (7.3.5) applied over the ball B, we infer

J, < C|h|7? /Q (1+ (H(z, Du))™ + (H(z, D)™ )dz, (7.4.4)

where we used that the radius of B is proportional to |h|?. Now estimate (7.2.23) (see Remark
7.2.3) applied over the ball B yields

o< clple= ([ e 1Dup + popran) o Clnl
B 2

q—p,

BT C|h|*,  (7.4.5)
recalling that the radius of B is |h|°. Inserting (7.4.4) and (7.4.5) in (7.4.3), we get

/B [T Vo(Dw)* + 7 (Va(2)Vy(Du)) [ da

< Cyhyffé/ (1+ (H(z, Du))™ + (H(z, Dy))™)dx

Q2

w2 ([ @ Dol 4 Do) O g+ Ol

< C|h|"5/ (14 (H(x, Du))™ + (H(z, D)™ dx

Qo
K1
veme ([ e D)+ Cll U
O, 2g—p,00(22)
+C|h|a—25ﬁl( ) |D¢|2Q—Pd;p> + C|h|®, (7.4.6)
Q2

where in the last inequality we used (7.3.6).
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Now we choose 0 in order to minimize the right hand side of the previous estimate. It is
easy to check that the best possible estimate is given by the choice

(6] (6]
5: = 6 0,—~ .
o+ 2p; ( 2]71)

With such a choice of § estimate (7.4.6) becomes

/B|Tth(Du)|2 + |mn (v a(x)Vy(Du))|*dz

§C|h|£é’m{ /Q (1+(H(x,pu))m+(H@,Dw))m)dﬁ|yD¢||B;qW(QQ)H} (T4

where ko 1= Ko(n, p, q, @).

At this stage, using the same covering argument presented in the proof of Theorem 3.0.2,
for each |h| € R™ sufficiently small we can find balls By = By(z1,|h|?), ..., Bk = Bk (xk, |h|7),
being K = K(h) € N, such that the corresponding inner cubes Q;(B;), ..., Q1(Bk) are disjoint
and satisfy

O\ [ J 2By =o0.

k=1

By our assumption we have that QQ(Bk) C Q7 for every k < K and each of the dilated outer
cubes Qy(By) intersects at most (164/7) of the other cubes Qy(B;), with j # k. Hence, after
summing up (7.4.7) over the inner cubes Q; € {Q1(By), ..., Q1(Bk)}, and enlarging the constant
by a fixed factor only depending on n and p (in particular independent of h), we arrive at

|7 Vo (D) | + |7(v/ a(2)V,(Du))|*dx
o
g0|h|vi‘é’m{ / (4 (H e, Du))™ + (H w, D)™z + [ Dol | o+ 1} (748)

Since the right hand side of the previous estimate is finite by our assumptions, it follows by
arbitrariness of €)' that

@O

Vo(Du), v/a(z)Vy(Du) € By () locally.

Setting
ao

= 7.4.9
7= 50 + 25) (7.4.9)

it follows the conclusion. O

7.4.1 Proof of Theorem 7.0.1

We are now able to give the proof of the main result of this chapter.

Proof of Theorem 7.0.1. Let us consider the function

o+ 2P — \/(O’ +2p1)? — dr1a0
4/11

oo

At) = Vt e (0,

212(p1 — kat) + o]’

) =1 (0,5), (7.4.10)
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where py, k1 are defined in (7.2.23), o is defined in Lemma 7.3.3 and « is the exponent appearing
in Assumption 1.
It is easy to see that ¢ — A(t) is increasing and that

t<At) <a, (7.4.11)
A(g) = 0. (7.4.12)
It is worth noticing that
oo
Oq < 6' < -, 7413
% ( )

where 0, was introduced in (7.4.9). Indeed, owing to (7.4.9), the first part of inequality (7.4.13)
holds if, and only if,

(o +2p)\/ (0 4 2p1)2 — 4ria0 < (0 + 2p1)* — 2k100.

The last inequality is satisfied if, and only if,

(o +2p1)" — dario(o + 2p1)* < (0 4 2p1)" + 4K5a°0” — dkyao (o + 2p)?,

that is equivalent to
0 < 4r2a’c?

On the other hand, the second part of inequality (7.4.13) is valid if, and only if,

Pi(o +2p1) — 26100 < Pi1y/ (0 + 2p1)? — 4k1a0,
or, equivalently,
o+ 2p1)? + 4kia’0? — Apikiao(o + 2p1) < pi(o + 2p1)? — 4pikiao.
The previous inequality can be written as
K10 — Pro < i,

that holds true since 1 < k; < py and «a, 0 € (0, 1).

Let us now fix
ao
Ope |0, ————
’ ( 2(0+2P1))

9]‘ = A(@jfl), VJ € N, j Z 1.

and denote

Hence, the sequence (6;); is increasing and

limf; = &. (7.4.14)

J

Now we define the sequence (¢;); inductively as follows:

0o n oo - oo
Lo —— — ~
72 T4l +2p) 200+ 2p)
' :Gj + A(Lj_l)

Lj 5
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Using the fact that A is increasing and (7.4.11), (7.4.12), we obtain
9j < < o, \V/] c N, (7415)
and therefore, from (7.4.14), it follows that

lime; = 6. (7.4.16)

J
Arguing by induction, we shall prove that

, Va(2)Vy(Du) € By _1,.(Q)  VjeN.

The case j = 0 follows from Theorem 7.4.1 and our choice of ¢g. Now, let us prove the
implication

, Va(z)Vy(Du) € By 1,.(Q) = V,(Du), va(x)Vy(Du) € By 1,.(Q).  (7.4.17)

By virtue of Lemma 2.2.4, the assumptions V,(Du), \/a(x)V,(Du) € By, ,.(2) imply

2,00,loc
Du), \a(x)Vy(Du) € L7 (Qy),

for every 0 < A < ¢j_1 and so, recalling equality (2.0.3), we have that
|DulP, a(z)|Dul|? € L= (Q,).
In particular, it follows R
H(z, Du) € L"2x(Qy),

for every 0 < A < LJ 1. Moreover, the assumption Dy € B (Q2) and Lemma 2.2.4 imply

2q—p,00,loc

that Dy € Lot (D), for every 0 < m < 7. Therefore, using Holder’s inequality in estimate
(7.4.6) we infer

/B|Th‘/;>(DU)|2 + | (v a(x)Vy(Du))|*dz

< Clh| /Q (1+ (H(z, Du))™ + (H(z, D))" )dax
(n—2M\)ry

+C|h|a—25ﬁ1+25m([ (1+H(x,Du))n—n2Adx) L Ry,
(o))

B3, 0o(Q2)
(n—m(2g—p))r1
- n(2g—p) n
+ C|h|a—25pl+<2q—p>5m< |D¢|n—w<2q—p>da:) + C|h|*
o))
< I [ (1+ (H(, Du)" + (H (s, D))o
o}
’ (n—2X)rq
+ C|p|o~ 2P H20mA ( / (1+ H(z, Du))n—"mdx) +CIRDYIS,
Q 2q p,00
’ (n—m(2g—p))r1
N n(29—p) n
4 C| | 201 +20m1A ( | Dap| 7= 2i-p) dx) + Clh|%, (7.4.18)
o)
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for some ™ > %}, where we used the fact that the radius of the cube Q, is proportional to
|h|?. Therefore, choosing § in order to maximize the right hand side of (7.4.18), namely

(03
o+ 2(p1 — kiN)’

we have

/B\Th‘/};(Du)\z + |7 (v a(z)Vy(Du))|*dx
< C\hlwﬁ%{/g (14 (H(z, Du))™ + (H(z, Dy))™)da

*

+/ (14 H(z, Du))==de + ||DYll gy (5, + 1} : (7.4.19)
Qo P
where £* := k*(n,p, q, u, \). Thus, again through a covering argument, we deduce that

), Val@)Vy(Du) € BT 9(0) = BAY, (), YA <.

2,00,loc 2,00,loc

We have just proved the following implication

, Va(@)Vy(Du) € By 10.(Q) = Vo(Du), /a(z)Vy(Du) € B 1,.(Q),  (7.4.20)

for all t < A(1j_1).

Since A is increasing, it follows from (7.4.15) that 6; < A(t;—1). Moreover, the definition
of ¢; implies ¢; < A(tj—1). Therefore, (7.4.17) follows from (7.4.20). Besides, from (7.4.15) and
(7.4.16), we infer

, Va(z)Vy(Du) € Bj o 10.(Q), Yt e (0,5).

It is worth noting that the exponent & defined in (7.4.10) is bigger than o,. Therefore,
Theorem 7.0.1 improves the higher fractional differentiability result established in Theorem
7.4.1. O
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