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Chapter 1  
Introduction 

1.1 Emerging Trends in Telecommunications 
Systems 

In the recent years there is a growing trend in the communication 
technologies to shift from analogue toward digital techniques. The use 
of digital techniques, in fact, overcomes many analogue hardware 
limitations (like high sensitivity to process and temperature variations, 
difficult portability as the VLSI technology scales down etc.). 
Moreover, the programmability offered by digital techniques provides 
flexibility that is especially important in the context of rapidly 
evolving communication standards. 
Owing to advances in CMOS circuit performances, digital techniques 
are today able of handling Intermediate Frequency (IF) or even low 
Radio Frequency (RF) tasks. 
Several companies are working in the direction to implement the 
largest part of their transceivers with a digital approach, using 
analogue design techniques only for RF front-ends. 
Even though the technology is ready to face the challenge of the 
implementation of digital transceiver, the design techniques still lack 
in many aspects. For this reason in the last years several technical 
papers have been published on the issues related to the efficient 
implementation of digital building blocks for telecommunication 
systems. 
The field of digital electronics for telecommunications is very wide. 
Nevertheless some specific characteristic are highly desirable in 
almost all the digital circuits used in the modern transceiver. 
The first characteristic is the speed. In order to operate at IF, digital 
circuits for telecommunications must be able to operate with clocks 
running at frequencies of hundreds of megahertzs. 
The second important characteristic is the power dissipation. As a 
matter of fact, due to the high diffusion of wireless transceivers (used 
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in notebooks, PDAs, cell phones, etc.) the power dissipated by every 
building block of the transceiver must be as low as possible. 
In order to match these two requirements, the design of a 
high-performance building block for telecommunication systems must 
go through subsequent optimization stages. 
At the highest level, the analytical description of the functionality of 
the circuit must be optimized in order to reduce the hardware 
architecture needed to implement the computation. This is possibly the 
main difference between the building blocks proposed in Literature. 
An efficient definition of the analytical computation in a digital 
domain can indeed highly reduce the power dissipation of the circuit 
and increase its operating speed. 
Gate and transistor level design techniques can be developed to further 
improve the performance of the circuits. 
As a final note, since the emerging possibilities of digital VLSI 
circuits are related to the advance in technology, experimental 
verification of the performance of a digital building block for 
telecommunication systems is not an option. It is hence important to 
verify the performance of a digital circuit for telecommunication 
through experimental analysis of fabricated prototypes. 

1.2 Research Topics 

On the basis of the emerging trends in telecommunications, my 
research activity is based on the design and the optimization of digital 
building blocks for telecommunication systems. The field of 
telecommunication circuits is very wide. My Ph.D. research activity 
has been focused on two main topics. 
The first topic is the efficient design of digital circuits for signal 
processing at intermediate and base band. In this category I have 
worked to the development of new architectures for Direct Digital 
Frequency Synthesizers (DDFSs), Direct Digital Frequency 
Synthesizers/Mixers (DDFSMs), Cartesian to Polar coordinates 
converters and Interpolators for digital modems. These are the main 
blocks for the processing of the signals elaborated by the analogue 
front-end. They are used to generate sinusoids waveforms, to make 
up/down conversion, to change the sample frequency in the digital 
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domain and to implement a large family of computations used in 
digital modulation schemes. 
The second topic is the development of new architectures for 
Reed-Solomon Decoders. Even though the scheme of the 
Reed-Solomon decoding procedure has been developed more than 
forty years ago, efficient implementation of the decoding circuit and 
its sub-circuits is still a topic of main concern. 

1.3 Thesis Outline 

This thesis is organized as follows. 
The chapter two synthesizes my research activity focused on the 
development of efficient architectures for signal processing. The 
chapter two is divided in four sections focused on the implementation 
of DDFSs, DDFSMs, Cartesian to Polar converter and Digital 
Interpolator respectively. 
The chapter three synthesizes my research activity on the 
implementation of Reed-Solomon decoders. The first section of the 
chapter describes a new architecture for Galois fields multipliers, 
whereas the second section describes a new architecture for Reed-
Solomon decoder. 
In the chapter four the results obtained in the development of high-
performance Flip-Flop and Truncated multipliers is discussed. These 
two circuits are not used only in the design of building blocks for 
telecommunications, but are of main relevance in the design of digital 
VLSI circuits. Nevertheless, the results achieved in the development 
of the two mentioned circuits had a high impact on the development of 
the other circuits. 

1.4 PUBLICATIONS 

• A.G.M. Strollo, N. Petra, D. De Caro, “Dual-tree error 
compensation for high performance fixed-width multipliers”, 
IEEE Transactions on Circuits and System II, vol.52, no.8, 
pp.501-507, Aug.2005. 
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Chapter 2  
Signal Processing 

2.1 Direct Digital Frequency Synthesis 

Direct Digital Frequency Synthesizers (DDFSs) compute single-phase 
or quadrature sinusoids with excellent frequency resolution, good 
spectral purity, very fast frequency switching and phase continuity on 
switching [1]-[4]. Typical applications include modern 
communication systems (including spread-spectrum and frequency 
hopping systems) and measurement instrumentations. 
As shown in Fig. 2.1, a quadrature DDFS is basically composed by 
the series of a phase accumulator and a sine/cosine generator. Analog 
outputs, when needed, are obtained by using DACs followed by low-
pass reconstruction filters. 
The phase accumulator is an overflowing N-bit accumulator that 
produces a digital sweep with a slope imposed by the value FCW of 
the frequency control word. The frequency fout of generated signals is 
proportional to FCW and is given by 

1;       0  2    
2

N
out clkN

FCWf f FCW −= ≤ ≤  (2.1) 

where fclk is the clock frequency. 
The most critical block in a DDFS is the sine/cosine generator. In the 
simplest implementation, the output of the accumulator addresses a 
read only memory (ROM). The ROM implements a big lookup table 
storing R-bit digitized sine and cosine waveforms. To reduce the 
ROM size, the phase value passed to the sine-cosine generator is 
normally truncated to P-bits. Phase truncation introduces spurious 

Fig.2.1. Simplified schematic of a DDFS. Digital to Analog 
Converter and Low-Pass Filter are included when analog 

output are needed. 
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noise in the DDFS outputs, and the P value is chosen [5]-[7] 
according to the required Spurious Free Dynamic Range (SFDR). The 
lookup table size is also typically reduced by storing sine and cosine 
values only for angles in [0, π/4). Output values for the full range 
[0, 2π) of input phase are generated by exploiting the quarter-wave 
symmetry of trigonometric functions and trigonometric identities. 
Using both phase truncation and quarter wave symmetry, the total 
ROM size is: (1/4)R·2P bits. This value is usually prohibitive for 
high-speed and low-power implementations. For instance, a DDFS 
with 90dBc SFDR uses R=13 and P=16, with a total ROM size larger 
than 2.1×105 bit. 
For this reason, several alternative approaches for the implementation 
of the sine/cosine generator have been proposed. A comprehensive 
review has been recently published in [8]. Roughly speaking, 
proposed algorithms can be subdivided in three categories.  
Angle rotation techniques (including CORDIC algorithm and its 
modifications) [9]-[14], basically, start from a vector in the complex 
plane for which sine and cosine values are known, and proceed with 
coordinate rotations until an angle sufficiently close to the desired 
angle is reached. These techniques use very small look-up memories, 
but require complex arithmetic circuitry. Some of the angle rotation 
techniques [12]-[14], give the possibility to realize a Direct Digital 
Synthesizer/Mixer (DDFSM). A DDFSM rotates an input vector in the 
complex plane by an angle linearly increasing with time and is, 
therefore, able to modulate both the output frequency and amplitude. 
A DDFSM reduces to a DDFS when the input vector is kept constant. 
However, if only frequency modulation is required, a DDFSM circuit, 
also when realized in a very effective way [14], results in much larger 
silicon area and power dissipation when compared to optimized DDFS 
circuits. Optimized angle rotation techniques for DDFS 
implementation are proposed in [9]-[11]. The solutions of [9], [10], 
being based on the CORDIC algorithm, require a large number of 
cascade rotation stages, and therefore result inherently slow in 
comparison to other approaches. A state of the art angle rotation 
technique optimized for DDFS implementation is presented in [11]. In 
this approach the circuit latency is reduced by employing only two 
multiplier-based rotation stages. 
In polynomial and piecewise polynomial interpolation architectures 
[15]-[19] a small ROM is used to store polynomial coefficients while 
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additional arithmetic hardware (multipliers, squarers etc.) is required 
to implement the polynomial approximation. In some approaches the 
ROM is eliminated altogether, by using high-order polynomial 
approximations with hardwired coefficients [16]. However, piecewise 
linear approximation with optimized coefficients seems a better 
approach when high speed is required [15], [19]. In fact in this 
approach the required ROMs can be effectively implemented as 
random logic, while two simple multiplier-accumulators are required 
to compute the sine and cosine outputs. 
Angular decomposition ROM compression techniques use 
approximations in which the lookup table storing sine values is 
subdivided in two smaller parts (a “coarse” ROM and a “fine” ROM). 
The outputs of the coarse and fine ROMs are added together to yield 
the final sine/cosine values. One of the most effective and more 
popular algorithms was developed by Nicholas [20]. The DDFS 
recently presented in [21] uses an improved approach, in which the 
total ROM size is further reduced by decomposing both coarse and 
fine ROMs as the sum of an “error” ROM and a “quantization” ROM. 
In this section ([22], [35]) we will introduce the developed DDFS 
architecture based on the recently proposed Multipartite Table Method 
[23]. This method has been found ideally suited for high-performance 
synthesizers, requiring both very small lookup tables and simple 
arithmetic circuitry. The algorithm generalizes the Nicholas technique 
by decomposing the lookup table in K ≥ 2 small ROMs, whose 
outputs are added together to obtain the final result. The content of the 
ROMs is calculated by optimizing the SFDR. The DDFSs designed 
with the proposed technique require only small lookup tables and 
simple multi-operand adders. The circuit developed reaches 90dBc 
SFDR while using a total ROM size less than 1400 bits. The small 
ROMs are effectively implemented as random logic, while pipelined 
tree-based multi-operand adders are employed. An operating 
frequency of 630MHz was obtained by using a standard-cell design in 
a 2.5V, 0.25µm CMOS. In order to reduce the power dissipation, we 
employed a power-driven synthesis and included two flip-flop 
topologies (with different power and delay performances) in the 
standard cell library. In this way, a total power dissipation of 76mW at 
630MHz was achieved. By reducing the power supply at 1.8V, a 
maximum operating frequency of 430MHz was measured, with a total 
power dissipation as low as 24.9mW. 
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2.1.1 ROM Compression Algorithm 
The architecture of the sine/cosine generator block is shown in 
Fig.2.2. The P-bits input signal φ  represents the input phase [0,2π). 
The signal x (obtained from the Q=P−3 less significant bits of φ) 
represents an angle in [0,π/4), scaled to a binary fraction in [0,1). The 
two blocks “sine calculation” and “cosine calculation” in Fig. 2.2 are 
the heart of the DDFS, and compute: 

( ) sin ; ( ) cos
4 4

f x Z x g x Z xπ π⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (2.2) 

where Z is the maximum amplitude of the generated signals, given by: 
2R−1 −1. The three most significant bits of φ determine the octant in 
which the input phase lies and are input of a decoding logic. The 
output of the decoding logic are four signals that control the 
complementing of x, f(x), g(x) and the swapping between f(x) and g(x), 
needed to properly reconstruct sine and cosine waveforms [1]. 
In our circuit the sine and cosine calculation blocks of Fig.2 have been 
implemented with a Multipartite Table approximation. In order to 
introduce the Multipartite Table Method (MTM), which is described 
in detail in [23], let us focus on the sine calculation block (which 
approximates f(x) function) in Fig.2.2. In MTM the Q-bit input signal 
x is decomposed in K + 1 non overlapping sub-words: x0, x1, xK of 
lengths q0, q1... qK respectively. Hence the value of the input operand 
is: x = x0 + x1 +…+ xK and the length is: Q = q0 + q1 + … + qK. A 
piecewise linear approximation of f(x) can be written as: 

 
Fig.2.2. Sine/cosine generator architecture. 
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0 1

0 0 1

0 0 1 0

( ) ( ... )
( ) ( ) ( ... )
( ) ( ) ... ( )

K

K

K

f x f x x x
A x B x x x
A x B x x B x x

= + + +
+ ⋅ + +

= + ⋅ + + ⋅
 (2.3) 

where the interval [0,1) of x has been divided in 02q  subintervals, the 
quantity x0 represents the starting point of each subinterval and x 
1+...+xK is the offset in each interval between x and x0. 
The term 0 1( )B x x⋅  is then approximated as 1 1 1( )B xξ ⋅ , where 1ξ  is a 
sub-word of 0x  including its 1 0p q≤  most-significant bits. Likewise the 
term 0 2( )B x x⋅  is approximated as 2 2 2( )B xξ ⋅ , where 2ξ  is a sub-word of 

0x  including its 2 1p p≤  most-significant bits. Similar approximation 
can be done for the terms 0( ) iB x x⋅  (i=3...K). The equation (2.3) 
becomes: 

0 1 1 1 2 2 2( ) ( ) ( ) ( ) ... ( )K K Kf x A x B x B x B x+ ξ ⋅ + ξ ⋅ + + ξ ⋅  (2.4) 
In this equation, the term A(x0) is realized with a ROM (named Table 
of Initial Values, TIV) with 02q  entries. Similarly, the terms ( )i i iB xξ ⋅  
(i=1,…,K) are implemented with K ROMs (Table of Offsets, TOi) 
with 2 i ip q+  entries each (see Fig.2.3a). In [23] it is shown that the 
Tables of Offsets can be made symmetric. In this way the Tables of 
Offsets can be reduced in size by a factor of two, at the expense of a 
few XORs, as shown in Fig.2.3b. 
The values to be stored in the ROMs are obtained by using the 
min-max approach (see [23]). For completeness, the formulas to 
calculate ROMs content and size are reported in the Appendix A, by 
particularizing the approach of [23] to DDFS application. 
For a given value of K, the optimal decomposition 

{ }0 1 1, , ,..., ,f K Kq q p q p=  is defined in [23] as the one that allows to 

 
Fig.2.3. Implementation of the Multipartite Table Method using two Table of Offsets (K=2).  

a) Straightforward implementation of the MTM for K=2. 
b) Reduced complexity implementation obtained exploiting symmetry of the TOs values. 
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minimize the total memory size, while fulfilling the accuracy 
requirement known as faithful rounding (the returned result is one of 
the two fixed-point numbers closest to the exact value of f(x)). 
For a quadrature DDFS two (possibly different) decompositions 
should be obtained for the two functions f(x) and g(x) in (2.2). We 
indicate as T = { f, g} the total DDFS configuration. Moreover, 
faithful rounding is not required in DDFS, where the error metric is 
the SFDR. As shown in [15] locally increasing the approximation 
error may, in some cases, result in improved spurious performances. 
Moreover, relaxing the specification on the local approximation error, 
a substantial memory saving can be achieved with respect to a faithful 
rounding approach (see Tab.2.2 in the following). 
Therefore we developed a novel algorithm to find the optimal 
decomposition T = { f, g} which minimizes the ROM size while 
achieving a specified SFDR. Our algorithm, shown in Fig.2.4, 
considers only the case in which the same value of K is used in both 

f and g. Moreover it assumes that, for a given decomposition, the 
lookup tables’ content is evaluated in order to minimize the maximum 
approximation error (see appendix A). The algorithm includes three 
main steps. A time-consuming search is performed in the final step, 
while the first two steps of the algorithm are aimed to reduce the 
search space. Two parameters are introduced in the first two steps. 
The maxROM parameter limits the maximum ROM size of each 
considered decomposition. Since the algorithm is aimed to find the 
solution with the minimal ROM size, the parameter maxROM does not 
affect the final calculated solution and is included only to reduce the 
search space. The second parameter is the maximum approximation 
error εmax of each considered decomposition. This parameter allows 
not only to reduce the search space, but also to find solutions which 
match a constraint on both the SFDR and the maximum 
approximation error. 
In the first step of the algorithm, for the prescribed K value, all the 
possible decompositions for the input x are enumerated. Each 
decomposition which is acceptable to implement f(x) is saved. A 
decomposition f is considered acceptable if the approximation error 
is smaller than εmax and the size of the ROM for the computation of 
f(x) is smaller than 0.75·maxROM. Similarly, each decomposition g 
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acceptable to implement g(x) is also saved1. In spite of the initially 
large search space, the computation time for this first step is reduced 
since the approximation error and the ROM size can be calculated 
according to [23], with simple formulas (see appendix A). 
In the second step of the algorithm, all the possible DDFS 
configuration that can be realized by using the saved f(x) and g(x) 
decompositions are enumerated. Also in this case, each acceptable 
DDFS configuration is saved. A DDFS configuration is considered 
acceptable if the total ROM size (the sum of the size of the ROMs 
needed to implement both f(x) and g(x)) is smaller than maxROM and, 
moreover, the values of q0, q1, qK... are the same for f(x) and g(x). This 
second condition is imposed to simplify the DDFS hardware 
implementation, as will be detailed in the section 2.1.2. 

                                                 
1 The value 0.75·maxROM has been obtained heuristically. In all our implementations, in fact, the 

cosine ROM size is always smaller than 0.75·maxROM. The same holds true for the sine ROM size. 

set Nsin=0; Ncos=0; Nt=0; 
enumerate all the N possible input decomposition (i); 
for h in 1 to N 
 if (h) is acceptable for f(x)  then 
 (the decomposition is considered acceptable if the approximation error 

is smaller than εmax and the ROM size is smaller than 0.75 × maxROM) 
  set: Nsin = Nsin +1; f(Nsin)= (h); 
 end if 
 if (h) is acceptable for g(x) then 
  set: Ncos = Ncos +1; g(Ncos)= (h); 
 end if 
end for 
for i in 1 to Nsin and for j in 1 to Ncos 
 if { f(i), g(j)} is acceptable for DDFS implementation  then 
 (the set of the two decompositions is acceptable if the total ROM size is 

smaller than maxROM and the values of q0, q1, q2... are the same in 
f(i) and g(j)) 

  set: Nt = Nt +1; T(Nt) = { f(i), g(j)}; 
 end if 
end for 
sort T in ascending order of the total ROM size; 
for i in 1 to Nt 
 Calculate SFDR assuming T as DDFS configuration; 
 if ( SFDR > target_SFDR – ∆)  then 
  Perform “amplitude optimization”; 
  if (final_SFDR >=  target_SFDR)  then 
   Optimal solution found; exit program 
  end if 
 end if 
end for 

Fig.2.4. Algorithm to determine the optimal MTM decomposition, for a
given number of table of offsets. Input parameters are: target_SFDR (the 
required SFDR), εmax (the maximum approximation error) and maxROM (the 
maximum ROM size).  
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A final search is performed in the third step of the algorithm. For each 
saved DDFS configuration, starting from the one with the lowest total 
memory size and proceeding in ascending ROM size order, the values 
to be stored in the tables are calculated following [23] (see appendix 
A) and the SFDR is calculated by numerical simulation. The first 
solution found that meets the target SFDR is the optimal one, with the 
minimum ROM size. As can be seen in Fig.2.4, if the SFDR is near to 
the target value, amplitude optimization is carried-out to improve 
spectral purity. Amplitude optimization [20] consists in scaling the 
values to be stored in the lookup tables before rounding, to provide 
improved performance in the presence of amplitude quantization. To 
that purpose, a search is performed by varying the amplitude Z in (2.2)
. For each trial Z value, the content of the lookup tables is calculated 
and the resulting SFDR is computed. The best amplitude value is 
selected as the one yielding the largest SFDR. The use of a very small 
step size (less than one LSB) during the search in Z guarantees a 
negligible reduction of the output signals amplitude. The value of ∆ in 
Fig.2.4 has been chosen equal to 3dB, which is a SFDR gain which 
can be reasonably obtained with the amplitude optimization. 
The Tab.2.1 shows the optimal DDFS configurations obtained by 
using one, two or three Tables of Offsets, for a 90dBc SFDR, with 
R=13 and P=16. Please note that the MSB of the Table of Initial 
Values of the cosine function is constant, and has not been considered 
in determining the ROM size values reported in Tab.2.1. As can be 
seen, even for K=1 the total DDFS ROM size is only a small fraction 
of the memory size (2.1×105 bits) that would be required by using an 
uncompressed lookup table. The ROM size decreases significantly 
using K=2, while the additional improvement obtained with K=3 is 
less evident. 

 
Tab.2.1. Optimal decompositions for sine and cosine calculation blocks for a 

DDFS with 90 dBc SFDR, with R=13 and P=16; 
g is the number of guard bits. 
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From the above considerations it follows that increasing the number K 
of Tables of Offsets allows reducing the total memory size. However, 
any additional table requires the introduction of additional adder 
inputs and additional complementers, with a trade-off in terms of 
hardware complexity. Moreover, using more tables increases the 
approximation and rounding errors (see Appendix A), requiring the 
introduction of guard bits that may partly overcome the advantages in 
terms of memory size. By synthesizing many circuits we have found 
that using K=3 gives a good trade-off between ROM and arithmetic 
circuit complexity. 
The Tab.2.1 also highlights that the optimal solution, given by the 
algorithm of Fig.2.4, provides two different decompositions for the 
sine and the cosine functions, with the sine ROM sensibly smaller 
than the cosine ROM. Actually the error introduced by the MTM 
approximation depends on the amplitude of the second derivative of 
the approximated function. Therefore, by using a different 
decomposition for f(x) and g(x), it is possible to obtain a similar 
approximation error for the two functions, while reducing the total 
ROM size. 
The Fig.2.5 shows the approximation error for input angles in the first 
quadrant, for the 90dBc DDFS with K=3. As can be seen, the 
maximum absolute error is about 2.5 LSB. In spite of the fairly large 
error in the time domain, the Fig. 2.6 shows that the DDFS is able to 
reach the required SFDR. This characteristic is common in SFDR 

 
Fig.2.5. Approximated sine wave and amplitude error, 

for the 90dBc DDFS with K=3. 
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optimized DDFS (see [15], [18]).  
In this paper, the sine/cosine tables are optimized in the sense of the 
SFDR metric. The original MTM [23] is based on the faithful 
rounding requirement. A comparison between the two approaches is 
presented in Tab.2.2. This comparison is done for R=13, P=16, 
considering a SFDR constraint (for the proposed approach) of 
92.4dBc. This is the maximum possible SFDR for a DDFS with P=16 
phase bits. 
From Tab.2.2 it can be observed that the proposed approach results in 
substantial memory saving with respect to the faithful rounded MTM 
of [23]. The memory saving is close to 40% for K=1, and reaches 
about 50% for K=3. This improvement is due to the relaxed 
specification on maximum approximation error. 
It is worth to highlight that the SFDR is a long-term averaged metric, 
while the maximum absolute error is a short-term characteristic. In 
same applications, especially when the digital output is directly used, 
it is important to have both long-term and short-term good error 
characteristics. Our algorithm allows designing DDFS circuits with 
excellent error characteristics and reduced memory size also in this 
case. This is possible owing to the presence of the parameter εmax (see 
the algorithm of Fig.2.4) which allows designing DDFS circuits that 
meet a constraint on both SFDR and maximum absolute error. 
The Tab.2.3 shows a comparison between the ROM size and the 

 
Fig.2.6. Output spectrum for the 90dBc DDFS with K=3. fout=0.17·fclk. 
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arithmetic circuits employed in several published DDFS architectures 
with SFDR values ranging from 80 to 100 dBc. As it can be seen, the 
optimized MTM approach compares favorably with CORDIC-based 
architectures that, while requiring less memory, are plagued by the 
need of many arithmetic circuits. A similar consideration applies to 
the ROM-less third-order polynomial approximation technique 
proposed in [16]. Piecewise-linear approximation techniques 
(represented by [15], [18] in Tab.2.3) need slightly less memory with 
respect to the proposed technique, but require multipliers (or 
equivalent circuitry) that easily becomes a speed bottleneck when high 
clock frequency is required. 
The comparison of our DDFS with the ROM compression approaches 
highlights that the DDFS of [24] requires a 38% smaller ROM size. 
However the circuit of [24] achieves an 85dBc SFDR and needs two 
multipliers. The DDFS of [25] reaches a 6 dB larger SFDR in 
comparison to our circuit, while requiring a larger ROM size and, 
again, the need of two multipliers. A comparison with the recently 
proposed Yang technique [21] shows that the proposed approach 
requires reduced memory size, while using higher phase and 
amplitude resolutions. 
 

Tab.2.2. Comparison between DDFS circuits designed by using the proposed algorithm and the faithful 
rounded approach of [23]. 

In all circuits R=13 and P=16; g is the number of guard bits. 
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Reference Approx. 
technique 

Phase 
Resolution

, P 

Amplitude 
Resolution, 

R 

SFDR 
(dBc) 

ROM 
(bits) Output Arithmetic 

Circuits 

Proposed [35] 

Multipartite 
Table with 
SFDR 
optimization, 
K=3 

16 13 90.2 1344 quadrature 
2 multi-
operand 
adders 

Madisetti [9] Modified 
CORDIC 22 16 100 572 quadrature 

π/4 multiplier, 
butterfly 
stages  

Song [11] 
Interpolation-
based 
angle rotation

18 16 100 270 quadrature 6 multipliers, 
6 adders 

De Caro [16] 

Third-order  
polynomial 
approximatio
n 

14 12 80 0 quadrature 
Partial 
products gen. 
and sum. 

Langlois [15] 
Piecewise 
linear 
interpolation 

18 14 96.2 1152 quadrature 

2 
multi-operand 
adders 
and 
multiplexers 

De Caro [18] 
Piecewise 
linear 
interpolation 

14 12 83.6 896 quadrature 
2 merged 
multiply-add 
units 

Nicholas [20] 

ROM 
compression: 
coarse-fine 
decompositio
n 

15 12 90.3 3072 single phase 
multi-operand 
adder 
(3 operands) 

Curticapean 
[24] 

ROM 
compression: 
sine addition 
formulas 

14 12 85 832 quadrature 2 multipliers,  
2 adders 

Curticapean 
[25] 

ROM 
compression: 
sine addition 
formulas 

16 16 96 2304 quadrature 2 multipliers,  
2 adders 

Yang [21] 

ROM 
compression: 
coarse-fine 
decompositio
n 

14 12 ~ 80 2176 single phase 
multi-operand 
adder 
(6 operands) 

Tab.2.3. Comparison between ROM size and arithmetic circuits in recently proposed DDFSs. 
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2.1.2 DDFS Architecture 
Some optimizations can be carried out when implementing MTM-
based DDFSs. As can be seen from the figures 2.2 and 2.3b, some of 
the address bits of the Tables of Offsets are computed through the 
cascade of two 1’s complementers. These two complementers can 
actually be replaced by a single modified 1’s complementer. 
Moreover, since our search algorithm imposes the same q0, q1, ..., qK 
values for the f and g decompositions, an unique modified 1’s 
complementer can be shared for the two blocks, with additional 
hardware saving. In the following we will focus on the 
implementation of the 90dBc DDFS, with K=3. The modified 1’s 
complementer for this design, and the detailed architecture of the sine 
calculation block, are shown in Fig.2.7. 
In the Multipartite Table approach the content of the tables of offsets 
(TOs) has to be conditionally added or subtracted from the value 
stored in the Table of Initial Values (TIV). The architecture of Fig.2.7 
implements this operation by using the sign-extension prevention 
(SEP) technique [26], in order to reduce the word length of the terms 
to be summed in the multi-operand adder. In the SEP technique the 
conditionally complemented offset values (stored in TOs tables) are 
extended by using a single bit, and suitable sign extension prevention 
constant (SEPC) is summed to the final result. The SEPC is known 
beforehand, therefore the SEP technique is implemented by using a 
modified Table of Initial Values, storing the sum of the “original” 
Table of Initial Values plus the SEPC. 
The SEP technique is also exploited in Fig.2.7 to conditionally 2’s 
complement the output of the sine generator. This is usually 
performed by firstly performing a 1’s complement and then adding 1 
LSB: 

1f f− = +  (2.5) 
However, it is also possible to compute the 2’s complement by firstly 
subtracting 1 LSB and then performing a 1’s complement: 

1f f− = −  (2.6) 
This is the approach employed in Fig.2.7. Subtracting 1 LSB from f is 
achieved by applying the SEP technique. Accordingly, the 
complement of the sin_compl signal is included in the final addition 
and the relevant SEPC is added to the modified Table of Initial 
Values. For this reason the output word length of the modified Table 
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of Initial Values is one bit larger than the original Table of Initial 
Values. This results in a slightly larger memory requirement with 
respect to the values reported in Tab.2.1 (for instance, the total sine 
ROM of the circuit in Fig.2.7 increases from 616 to 648 bit). This 
disadvantage is more than compensated by the simplification in the 
final multi-operand adder. 

2.1.3 Power-Driven Flip-Flop Selection 
The developed DDFS architecture can easily be pipelined to reach a 
high clock frequency. When a fine-grain pipeline is employed, the 
propagation delay of the few logic levels between the pipeline stages 
is comparable with the amount of clock cycle time taken by the flip-
flops. Therefore using a high performance flip-flop is of outmost 
importance to increase the maximum clock frequency or reduce the 
number of pipelining flip-flops. When ultimate speed performances 
are required, using a flip-flop topology with reduced D-Q delay is 
mandatory and the power dissipation of the large number of pipelining 
flip-flops represents the main portion of the overall power dissipation. 
Real designs often include many flip-flops that are not on the critical 
path. This timing slack can be exploited by using slower, more 
energy-efficient, flip-flops on the non-critical paths, improving the 
overall power dissipation [30],[31]. 

 
Fig.2.7. Schematic of the modified 1’s complementer and of the optimized 

sine generator using sign-extension prevention technique. 
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A number of novel flip-flop topologies have been recently proposed 
and figure of merit like Power-Delay (or Energy-Delay) product are 
often used to determine the “best” topology [29]. When a single flip-
flop topology is employed, the transistors sizing can be exploited to 
meet the timing requirements while optimizing the power dissipation. 
Unfortunately this approach is not optimal for several reasons. First of 
all, an aggressing transistor downsizing worsens the Power-Delay 
product [29]. Moreover cells with a very low transistors sizing show a 
large dependence of the D-Q delay on the output capacitance. This 
makes timing closure very hard, especially in a standard cell approach, 
since the exact output parasitics values are known only after the 
detailed routing. Finally, there is no flip-flop topology with minimal 
Power−Delay product for any value of the input switching activity. 
To overcome the limitation of the single flip-flop topology approach, 
in the design of our IC, we selected two different flip-flop topologies 
with different speed and power dissipation characteristics. The first 
flip-flop topology, shown in Fig.2.8a, is the improved Sense-
Amplifier based flip-flop (SAFF) introduced in [32], [33] and 
optimized for a single-ended output. This circuit is one of the fastest 

Fig.2.8. Schematic of the flip-flops used for the DDFS implementation. 
(a) Imporved Sense-Amplifier based Flip-flop (SAFF); 

(b) Static Ratio Insensitive Flip-flop (SRIS) 
The asterisk (*) indicates the minimum sized devices. 
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sequential elements available today thanks to the setup time close to 
zero, given by the Sense-Amplifier stage, and the reduced clock to 
output delay provided by the Latch stage. Another advantage of this 
topology is the self-timed sampling window closing mechanism which 
gives a reduced hold time and an intrinsic robustness against sizing, 
process, voltage, and temperature variations. In the flip-flop of 
Fig.2.8a, the S  and R  exhibits a switching activity close to that of the 
clock signal, providing a large power consumption, especially in the 
case of a D input with a low switching activity. 
The second flip-flop topology, shown in Fig.2.8b, is the Static Ratio 
Insensitive (SRIS) flip-flop of Yuan and Svensson [34]. This circuit 
presents very low power dissipation because of its non-precharged 
nature and the reduced clock load. The speed is the drawback of this 
topology because of the large setup time (due to the master/slave 
configuration), and the two delay stages of the slave latch. 
The Fig.2.9 compares the speed and the power dissipation of the two 
flip-flops considering different circuit sizing (2x, 1x, 0.5x) for a 
0.25µm technology. In this figure the switching activity α is defined 
as the ratio of the average D frequency and the clock frequency. For 
α=0.25 the SAFFs provide a Power-Delay product lower than the 
SRIS topologies. On the other hand, for α=0 the best Power-Delay 
product is obtained with the SRIS topology. 
We have implemented the proposed 90dBc DDFS with K=3 by using 
a standard cell approach, with a 0.25µm, 2.5V technology. The DDFS 

 
Fig.2.9. Flip-flop Power and D-Q Delay considering different sizing. SAFF is 

shown in Fig.8a, while SRIS is shown in Fig.8b. 
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includes a 32-bit accumulator, composed by four pipelined stages, 
each one of 8 bits. The circuit has been synthesized for a target clock 
frequency of 600MHz. 
The Tab.2.4 shows the performances achieved by synthesizing the 
proposed DDFS, with different flip-flops sizing and topologies. The 
required clock frequency is not achieved by using only SRIS 
flip-flops. By using only SAFFs, the target clock frequency is reached 
and a reduction of 27% in the power dissipation is observed when 
several flip-flop sizing are used. By using the two flip-flop topologies 
together a further 17% power reduction can be obtained without any 
speed penalty. 

2.1.4 VLSI Implementations Results 
The 90dBc DDFS circuit has been fabricated on a test chip, see 
Fig.2.10. The circuit includes a built-in self-test structure (BIST 
Logic) to make easier the measurements of DDFS maximum clock 
frequency and power dissipation.  
The Tab.2.5 reports the experimental performances of the circuit. The 
DDFS exhibits a maximum operating frequency of 630MHz, with a 

 
Tab.2.5. Experimental performances of the proposed IC. 

Tab.2.4. Simulation results for the proposed 90dBc DDFS 
by employing different flip-flop topologies. 
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total power dissipation of 76mW at 630MHz. By reducing the power 
supply at 1.8V, a maximum operating frequency of 430MHz was 
measured, with a total power dissipation of only 24.9mW. 
The Fig.2.11 shows the simulated power breakdown of the proposed 
DDFS. It is interesting to observe that the flip-flop power dissipation 
is close to the 60% of the total power. The power dissipation of the 
accumulator is not negligible, while the sine and cosine computation 
logic requires about the 56% of the total power. The power 
contribution of the lookup tables is very low (9%). 
The data shown in Tab.2.6 compare the performances of the 
developed DDFS with the ones of some recently published state of the 
art circuits, using CMOS technology, SFDR and clock frequency 
similar to the ones considered in this paper. The developed DDFS uses 
only a fraction of the area of previous circuits. Comparing with our 

 
Fig.2.10. Test chip micrograph. 

 
Fig.2.11. Power dissipation Breakdown. 
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previous implementation of [19], this novel IC allows maintaining 
about the same maximum clock frequency and power dissipation, 
while providing increased SFDR and a larger accumulator. The DDFS 
of [21] dissipates 25% more power and is faster than our IC. However, 
the output resolution and the SFDR of [21] are lower than our design. 
Moreover two parallel sine generators are used in [21] to increase the 
maximum clock frequency, with a large area penalty. The proposed IC 
exhibits a reduction of the power dissipation by a factor larger than 3 
and a substantial increase of the maximum clock frequency, with 
respect to the solutions proposed in [27]-[28]. 
The last row in Tab.2.6 corresponds to the DDFSM circuit that we 
have proposed in [14]. The Tab.2.6 highlights that a state of the art 
DDFSM provides significantly lower performances with respect to 
optimized DDFS circuits. This is the price to be paid to have both 
frequency and amplitude output modulations. 

2.1.5 Conclusions 
The implementation of a high performance DDFS IC based on a 
Multipartite Table Method has been described. The circuit has been 
optimized at the architectural and transistor levels. At the architectural 
level, for the first time, the Multipartite Table approach has been 
employed to implement a DDFS. At the transistor level two different 
flip-flop topologies with different power and delay characteristics are 
used to optimize the circuit performances. The implemented DDFS 
exhibits large clock frequency and reduced power dissipation. 

Tab.2.6. Comparison with recently proposed DDFS IC realizations. 
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2.2 Digital Mixer 

The Direct Digital Frequency Synthesizer/Mixer (DDFSM) is in 
ubiquitous use for many communication subsystems such as tuners, 
derotators, up and down frequency converters etc.. In addition, the 
quadrature mixer is the front-end of various modulation/demodulation 
schemes, such us BPSK (Binary Phase Shift Keying), QPSK 
(Quadrature Phase Shift Keying) and QAM (Quadrature Amplitude 
modulation). 
The inputs of a DDFSM are two signals Xin and Yin, and a frequency 
control word fCW. The outputs of the system are computed according 
to the following equations: 

[ ] [ ]
[ ] [ ]

( ) ( ) cos ( ) ( ) sin ( )

( ) ( ) sin ( ) ( ) cos ( )
out in in

out in in

X n X n n Y n n

Y n X n n Y n n

⎧ = ⋅ θ − ⋅ θ⎪
⎨

= ⋅ θ + ⋅ θ⎪⎩
 (2.7) 

where: 
( ) 2 CWn n f nθ = ω⋅ = π⋅ ⋅  (2.8) 

The equations (2.7),(2.8) correspond to a complex multiplication 
between an input vector in the complex plane, with coordinates 
[Xin(n), Yin(n)], and a unitary modulus vector je θ : 

( ) e j
out out in inX jY X jY θ+ = + . 

A first implementation for the DDFSM includes two distinct 
functional units [55], see Fig.2.12a. The first one is a Direct Digital 
Frequency Synthesizer (DDFS) [56], [57] that generates the sequences 
sin(2π⋅fCW⋅n) and cos(2π⋅fCW⋅n). The second one is a complex 
multiplier, which uses four real multipliers, one adder and one 
subtractor to generate the outputs Xout(n) and Yout(n) according to (2.7)
. This implementation is generally non-optimal [58], [62]. The DDFS 
is in fact a cumbersome circuit itself. Moreover, the complex 
multiplier does not exploit the property that the modulus of one of the 
inputs ( je θ ) is unitary. 
A second possible implementation [59], [60] employs a simple 
overflowing accumulator that generates the angle θ and a rotator using 
the CORDIC algorithm [61] to implement the equations (2.7), see 
Fig.2.12b. Unfortunately, the CORDIC algorithm in its standard 
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implementation is inherently slow, using many cascade computation 
stages. 
The recent approaches [62]-[65] overcome the limitations of the 
simple architecture of Fig.2.12 by implementing the 
Synthesizer/Mixer as the cascade of two stages: a “coarse angle 
rotation” followed by a “fine rotation stage”. In [62]-[64] both the 
coarse rotation and the fine rotation employ a multiplier based 
architecture, while the approach of [65] uses a CORDIC architecture 
for the coarse rotation and a multiplier based fine rotation. The IC 
implementations [62], [64] are very effective, with a high speed 
operation and reduced hardware complexity. Until now, no IC 
implementation exists of the mixed approach of [65]. 
This section ([66], [89]) introduces a novel combined approach, 
named Hybrid CORDIC, to realize a Synthesizer/Mixer. This 
approach splits the rotation required in the Synthesizer/Mixer circuit 
in three rotations. A first rotation is performed by employing a 
CORDIC datapath in which the rotation directions are computed in 
parallel, by employing a lookup table. The second rotation is also 
CORDIC based, with rotations directions computed in parallel 
analytically. The final (third rotation) is multiplier based. 
The parallel evaluation of the rotations directions allows an efficient 
use of the Carry Save arithmetic in the CORDIC datapath of the first 
two rotation blocks, without requiring additional Carry Propagate 
adders (as in [73],[74]) or the introduction of additional CORDIC 
sub-rotations (as in [75]). The final multiplier based rotation allows 

 
Fig.2.12. Synthesizer/Mixer non-optimal architectures: 

a) DDFS based architecture 
b) CORDIC based architecture 
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reducing the overall number of pipelining levels and the circuit 
complexity as well. 
At the transistor level, a novel approach, which combines full-CMOS 
and Double-Pass-Transistor logic (DPL) [84] design styles, is 
presented to implement the CORDIC datapath. 

2.2.1 Synthesizer/Mixer Basic Architecture 
The top-level architecture of the designed DDFSM IC is shown in 
Fig.2.13. The circuit is sized in order to exhibit a 90dBc Spurious Free 
Dynamic Range (SFDR). The input word-length is 12 bit while output 
word-length is 13 bit. The 32 bit phase accumulator generates the 
rotation angle θ∈[0,2π], represented with a binary fractional value in 
[0,1]. The rotation angle θ is truncated to 16 bit, introducing output 
spurs that are below the 90dBc SFDR constraint. The hearth of the 
circuit is the Hybrid CORDIC rotator block. This block is able to 
perform a rotation by an angle ϕ∈[0,π/4] represented with a binary 
fractional value in [0,1]: 

1 13
1 13

4 2 ... 2f f− −ϕ = ⋅ + + ⋅
π

 (2.9) 

The less significant bit of ϕ has a weight that will be indicated in the 
following as ϕLSB=(π/4)·2-13. 
The other minor subsystems in Fig.2.13 (1’s complementer, swappers 
and 2’s complementers controlled by control logic) employ the sine 
and cosine functions symmetries [62], [64] to perform the complete 
rotation in the full [0,2π] interval. It is worth to highlight that the 

Fig.2.13. Top-level architecture of the designed DDFSM IC. 
 ϕLSB is given by (π/4)·2-13. 
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introduction of a ϕLSB/2 phase shift in the rotator block, allows to 
completely eliminate [56], [57], [70] the error due to the employ of a 
simple 1’s complementer to evaluate the angle ϕ. 

2.2.2 Hybrid cordic rotator algorithm 
The architecture of the Hybrid Cordic rotator is shown in the Fig.2.14. 
The circuit rotates its input vector [X’in, Y’in] by the angle ϕ+ϕLSB/2. 
The rotation is performed in three steps. The first two steps are 
performed with a CORDIC datapath, while the final step is realized by 
using two multipliers. 

2.2.3 First rotation 
In the first step, the angle ϕ is divided in two sub-words: ϕ = α +β , 
where: 

( )1 3 4
1 32 ... 2 2

4
f f− − − π

α = ⋅ + + ⋅ + ⋅  (2.10) 

( )4 13
4 132 ... 2

4
f f− − π

β = − ⋅ + + ⋅ ⋅  (2.11) 

and 4f  is the complement of f4. 
The goal of the first stage is to perform a rotation by an angle close to 
α+ϕLSB/2. To that purpose, the first rotation block uses the CORDIC 
algorithm, described by the following equations: 

 
Fig.2.14. Hybrid CORDIC rotator architecture. 
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= −σ ⋅⎪⎩

 (2.12) 

where σi is equal to sign(Zi). The algorithm starts with: X1=X’in, 
Y1=Y’in and: Z1=α+ϕLSB/2. To simplify hardware implementation, only 
4 CORDIC sub-rotations are performed in (2.12), resulting in a 
rotation by an angle α’≠α+ϕLSB/2. From the CORDIC algorithm 
properties, it can be easily shown that the absolute value of the 
residual angle Zresidual=α+ϕLSB/2-α’ is upper bounded by 2-4. 
Therefore, by choosing four rotations in the first stage, we have about 
the same maximum absolute value for both Zresidual and β (see (2.11)). 
The direction σ1 of the first rotation in (2.12) is fixed (σ1=+1) since 
Z1>0. The directions of the remaining rotations (σ2,…,σ4) depend only 
on α. These directions, therefore, can be precomputed, by using (2.12)
, and stored in the lookup table shown in the Fig.2.14. The lookup 
table is very small, having 3 address bits (f1, f2, f3). The residual angle 
Zresidual, similarly to σi values, depends only on f1, f2, f3. Also Zresidual, 
therefore, can be stored in the lookup table. 
Finally, let us note that the four CORDIC sub-rotations (2.12) amplify 
the modulus of the input vector by a factor: 

4
2

1
1

1 2 1.16i

i

−

=

ρ = +∏  (2.13) 

The amplification is inconsequential in many applications [58], [59], 
[60], [65] and is not compensated in the proposed approach. 

2.2.4 Second rotation 
In order to complete their operation, the second and third stages of the 
Hybrid CORDIC architecture rotate the vector [XT1, YT1] (the output of 
the first stage) by an angle: 

residualZγ = +β  (2.14) 
The angle γ is computed by using the π/4 multiplier and the adder 
shown in the Fig.2.14. The π/4 multiplier is needed to calculate β 
from its scaled representation, see (2.11). Since, as we have observed 
before, the absolute values of β and Zresidual are both lower than 2-4, the 
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absolute value of γ is lower than 2-3. By representing γ with 11 bits, 
we have: 

( )3 1 10
0 1 102 2 ... 2g g g− − −γ = − + + + ⋅  (2.15) 

A phase quantization error in the range [-2-14, 2-14) is introduced in 
(2.15). This results in a maximum error at the X’out, Y’out outputs of the 
DDFSM equal to εq=1.16·2-14. This value is much lower than the 
weight of the less significant bit at the outputs of the DDFSM (2−11). 
The angle γ is then split as the sum of two sub-angles: 1 2γ = γ + γ , 
where: 

( )3 1 2 3
1 0 1 22 2 2 2g g g− − − −γ = − + ⋅ + ⋅ +  (2.16) 

( )3 3 4 10
2 3 4 102 2 2 ... 2g g g− − − −γ = − ⋅ + ⋅ + ⋅  (2.17) 

The second rotation block is aimed to perform the rotation by the 
angle γ1, whereas the rotation by the angle γ2 is assigned to the final 
rotation block. 
In the second rotation we employ a CORDIC algorithm without the Zi 
computation. The rotation directions τi are obtained directly by the 
bits of γ1 as follows: 

0 02 1, 2 1 for:  1, 2i ig g iτ = − τ = − =  (2.18) 
The corresponding CORDIC equations are: 

( 4)
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1
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X X Y
i

Y Y X

− +
+

− +
+

⎧ = − τ ⋅ ⋅⎪ =⎨
= + τ ⋅ ⋅⎪⎩

 (2.19) 

where [X’0, Y’0] is the output [XT1, YT1] of the first rotation stage, see 
Fig.2.14. 
The actual rotation angle obtained with (2.19) is not exactly the 
required angle γ1 but is instead an angle γ’1 ≈ γ1, given by: 

( ) ( )1 4 1 6
1 0 2' tan 2 ... tan 2− − − −γ = τ ⋅ + + τ ⋅  (2.20) 

From (2.16),(2.18) the angle γ1 can be written as: 
4 6

1 0 22 ... 2− −γ = τ ⋅ + + τ ⋅  (2.21) 
As a consequence the second rotation block introduces a phase error, 
ϕerr: 
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( ) ( )
1 1

1 4 4 1 6 6
0 2

'

tan (2 ) 2 ... tan (2 ) 2

err
− − − − − −

ϕ = γ − γ

= τ ⋅ − + + τ ⋅ −
 (2.22) 

With simple manipulations, it is possible to show that ϕerr is upper 
bounded by: 

13
err 0.77 2−ϕ < ⋅  (2.23) 

The phase error of the second rotation introduces an error ε0 on each 
component of the DDFSM output. From (2.23), ε0 is much lower than 
the weight of the output LSB (2−11). 
Like the first rotation block, also the CORDIC rotations (2.19) 
amplify the modulus of the input vector, by a factor: 

6
2

2
4

1 2 1.003i

i

−

=

ρ = +∏  (2.24) 

Therefore the total amplification factor ρ is: 
1 2 1.16ρ = ρ ⋅ρ  (2.25) 

2.2.5 Final (third) rotation 
The final rotation block in the Fig.2.14 implements the rotation by γ2. 
The operation to be performed by this block can be written as: 

2 2

2 2

' cos sin
' sin cos
out T2 T2

out T2 T2

X X Y
Y X Y

= ⋅ γ − ⋅ γ⎧
⎨ = ⋅ γ + ⋅ γ⎩

 (2.26) 

This final rotation could also be computed by using the CORDIC 
algorithm. However, as observed in [71], [72], when the rotation angle 
is small a complex multiplier is able to reduce the latency and improve 
the performances. 
In our case, the absolute value of γ2 is lower than 2−6. Therefore we 
can approximate sine and cosine functions in (2.26) as: 

2 2sin γ γ      ,     2cos 1γ  (2.27) 
In this way, the final rotation is realized without the need of lookup 
tables to store sine and cosine values. 
The approximation (2.27) introduces an error ε1 on the DDFSM 
outputs X’out and Y’out. It can be easily shown that this error 
component is upper bounded by: 13

1 1.16 2−ε < ⋅ . 
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As shown in the Fig.2.14, we have introduced two rounders in the 
final rotation stage, to reduce the wordlength of multipliers input. The 
two rounders introduce an additional error ε2 at the output. We have: 

7 13
2 2 2 2− −ε ≤ γ ⋅ ≤ . 

An analytical derivation of the joined effect of all algorithmic and 
quantization errors is not easy. We performed bit-level simulations, by 
operating the DDFSM in two modes. In DDS mode Xin=−1 and Yin=0 
so that the circuit generates two quadrature sine wave outputs. In SSB 
mode a sinusoidal input is applied to the DDFSM that operates as a 
digital up converter with image rejection. The Tab.2.7 summarizes the 
performances of the developed architecture. 

2.2.6 Comparison With State Of The Art Approaches 
The main advantage of the proposed Hybrid CORDIC architecture is 
the parallel computation of the rotations directions σi and τi. This 
computation is performed with a small look-up table, a multiplier by 
constant and an adder. Therefore simple and effective Carry Save [85] 
implementation for the datapaths can be used, avoiding the speed 
penalties due to carry propagation [59]. 
Previously proposed Carry Save CORDIC architectures require a Z 
datapath, and also additional carry propagate adders to determine 
rotations directions [73], [74]. Other techniques do not include carry 
propagate adders, but require the introduction of extra rotations [75]. 
The first two CORDIC rotation blocks in our architecture resemble the 
algorithms proposed in [76]. However, in the partitioned Hybrid 
CORDIC algorithm of [76] the partitioning and the handling of the 
rotation angle would require a huge look-up table for its 

TABLE 2.7 
PERFORMANCES OF THE PROPOSED ARCHITECTURE 
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implementation. On the other hand, the mixed Hybrid CORDIC 
algorithm, also proposed in [76], does not partition the rotation angle. 
Therefore its implementation requires in the first stage either a full Z 
datapath or a look-up table addressed by all the bits of the rotation 
angle. 
The solution of [65] uses two rotation stages. The first one is a 
CORDIC rotator, while the second one is multiplier based (as 
originally proposed in [71]). The CORDIC rotator of [65] uses a 
number of stages comparable to the overall stages used in the first and 
second block of our architecture. The use in [65] of a single CORDIC 
rotator, however, requires a lookup table much larger than the one 
used in our architecture. 
The recently proposed DDFSM implementations [62]-[64] use an 
architecture composed by two multiplier-based rotation stages. These 
architectures require a total of 8 small-width multipliers. The 
experimental results shown in the following demonstrate that the 
Hybrid CORDIC architecture is more effective, especially in terms of 
power and area occupation. 

2.2.7 Hybrid Cordic Implementation 
The most critical subsystem in the Hybrid CORDIC architecture of 
Fig.2.14 are the CORDIC stages. In fact the lookup table is very small 
and can be effectively be synthesized as a random logic. The π/4 
multiplier requires only the sum of few partial products that can easily 
be merged with the adder needed to compute γ in a single summation 
tree. 
The final rotation of the Hybrid CORDIC architecture of Fig.2.14 uses 
multiply-accumulate circuits also realized with a single summation 
tree. The sign-extension prevention technique [77] has been used to 
realize the subtraction needed to compute X’out. 

2.2.8 Implementation of the Cordic Stages 
An innovative architecture has been devised to implement the first and 
second CORDIC rotation stages. The basic equation to implement the 
CORDIC stages is: 

2 iO X Y−= −σ⋅ ⋅  (2.28) 
where σ is the direction of the CORDIC sub-rotation, while i 
represents the order of the sub-rotation. The equation (2.28) 
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implements the X computation in (2.12),(2.19). The Y computation 
can be easily obtained by swapping X and Y in (2.28) and changing the 
sign of σ. 
Since, in our architecture, the CORDIC rotations directions are 
efficiently evaluated in parallel, the implementation was performed by 
using Carry Save arithmetic. Rewriting the (2.28) in Carry Save [85] 
form, we obtain the main equation to be implemented: 

2 2s c s c i s i cO O X X Y Y− −+ = + −σ⋅ ⋅ −σ⋅ ⋅  (2.29) 
The Fig.2.15 shows the detailed Carry Save datapath of the seven 
CORDIC stages needed in the architecture of Fig.2.14. 
The X’in, Y’in inputs of the circuit of Fig.2.15, are in two’s complement 
representation. The first two blocks in Fig.2.15 implement the first 
CORDIC sub-rotation with a fixed direction (σ1=+1). These blocks 
are also in charge of the conversion from two’s complement to Carry 
Save representation and therefore can be realized by simple wiring 
and complementations, without additional logic. 
The six remaining CORDIC sub-rotations are implemented by using 
the elementary stages in Fig.2.15. Each elementary stage implements 
the equation (2.29). The wordlength of the X-Y signals inside the 
datapath of Fig.2.15 is increased by 2 LSBs (in order to reduce the 
overall error introduced by the CORDIC elaboration) and by 1 MSB 
(to avoid overflow). 
The two final vector merging adders (VMA), in Fig.2.15, convert the 
result to two’s complement representation. Rounding is also 
performed in the VMAs to provide the final XT2, YT2 signals with a 
wordlength of 13 bits. 

 
Fig. 2.15.  Detailed implementation of the first and second rotation 

blocks with Carry -Save arithmetic. 
The datapath is built by one wiring block and six CORDIC 

sub-rotations driven by the directions σ2...σ4,τ0...τ2. 
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The Fig.2.16 shows the terms to be added to implement (2.29) at the 
bit level. In this Figure, s is the binary value associated to σ (s=0 if 
σ=+1 and s=1 for σ=-1). The Fig.2.16 highlights the use of both the 
sign-extension prevention of [77] and the overflow prevention of [73]. 
Both techniques allow reducing the circuit complexity with respect to 
simpler Carry Save approaches [60].  
In order to implement the two subtractions of equation (2.29) the bits 
of Ys and Yc are XORed with s. Moreover a two’s complement 
constant (the bit equal to s in the column of weight 2⋅LSB) is also 
added. 
The rounding constant cR has been computed in order to minimize the 
rounding error. For all elementary stages, but the one marked with a 
star in Fig.2.15, the rounding error is minimized when: cR=+1 if s=0 
and cR=-1 if s=1. Therefore the sum of the two’s complement constant 
and cR is equal to 1⋅LSB. For the elementary stage indicated with a 
star in Fig.2.15, the optimal rounding constant is zero. 

2.2.9 Elementary stage implementation 

Fig.2.16.  Optimized bit-level implementation in Carry Save 
arithmetic of 

the elementary stage (eq. (2.29)); 
 i is the order of the elementary stage. 
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The Fig.2.17 shows that the terms of Fig.2.16 can be summed with a 
single row of 4-2 compressors [78]. Besides these blocks, the circuit 
requires half adders (ha0 and ha1 for the compression of the MSBs) 
and XOR gates (for conditional complementing). The ha0 circuits are 
the “traditional” half adders which compute A+B. The ha1 circuits, 
instead, compute A+B+1. These blocks allow the summation of the 
sign-extension prevention constant (see Fig.2.16) without requiring 
additional hardware. 
The ha0 circuit is well known [88]. An effective implementation in 
CMOS logic is shown in Fig.2.18a. The ha1 circuit is described by the 
following equations: 

Fig.2.17.  Implementation of the i-th order elementary stage by 
using 4-2 compressors 

and half-adders. 
For the elementary stage marked with a star in Fig.2.15, k1=s and 

k2=s. 
For the other elementary stages k1=0 and k2=1. 

 
Fig.2.18.  Implementation of ha0 (a) and ha1 (b) half-adder 

circuits. 
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;Sum A B Cout A B= ⊕ = +  (2.30) 
and is implemented as shown in Fig.7b. 
It is interesting to observe, in Fig.2.17, that the employ of the 
sign-extension prevention allows the use a couple of half adder 
circuits in place of a single 4-2 compressor, to compute the most 
significant bits. The most efficient realizations of the 4-2 compressor 
[79]-[82] requires about 60 MOS, while the couple of half adder 
circuits, realized as shown in Fig.2.18 require only a total of 28 
transistors. The sign-extension prevention technique is, therefore, able 
to provide a very low circuit complexity. The number of 4-2 
compressors decreases with the increase of the order i of the stage 
and, in our approach, this results in a substantial gain in area. 
The timing performances of the elementary stage shown in Fig.2.17 
are limited by two critical paths. 
The first timing critical circuit, shown in Fig.2.19a, is composed by a 
4-2 compressor with two inputs conditionally complemented. The best 
available implementations of the 4-2 compressor [81], [82] provide a 
delay of 3 XOR gates, and include a total of 4 XOR gates plus two 
multiplexers. Therefore, a straightforward implementation of the 
circuit of Fig.2.19a requires a maximum delay of four XOR gates. 
An optimized implementation of this first timing critical circuit can be 
obtained by embedding the two XOR gates driven by s in the 4-2 
compressor. This is not straightforward, since (due to redundancy of 
the Carry Save arithmetic) different Boolean equations sets exist 
which provide the same arithmetic function of a 4-2 compressor. We 
have found that an optimal solution can be obtained starting from the 
Boolean equations set of the 4-2 compressor introduced by Ghosh et 

 
Fig.2.19.  Optimal implementation of the first timing critical 

block in Fig.2.17. 
(a) logical function;    (b) detailed implementation with simple 

gates 
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al. [83], and embedding the XOR gates in the circuit, as shown in the 
following equations: 

( ) ( ) ( )

( ) ( )
Cout C D B C D C s

Carry A B C D Cin A B C D A

Sum A B C D Cin

′ ′ ′ ′ ′= ⊕ ⋅ + ⊕ ⋅ ⊕

′ ′ ′ ′= ⊕ ⊕ ⊕ ⋅ + ⊕ ⊕ ⊕ ⋅

′ ′= ⊕ ⊕ ⊕ ⊕

 (2.31) 

The Fig.2.19b shows the gate level implementation of (2.31). Our 
circuit exhibits only 3 XOR gates on the critical path, highlighting an 
evident advantage in terms of speed with respect to the 
implementation of Fig.2.19a. Moreover, the circuit of Fig.2.19b, 
requiring a total of 5 XOR gates plus 2 multiplexers, results in one 
less XOR gate with respect to the implementation of Fig.2.19a using 
the state of the art 4-2 compressor of Hsiao et al. [82]. 
Let us now consider the second timing critical circuit of Fig.2.20a, 
corresponding to the overflow prevention logic, on the left-hand side 
of Fig.2.17. A straightforward implementation of the circuit would 
present four gates on the critical path (by assuming the delay of a half 
adder comparable to the delay of an XOR gate). An optimized 
implementation, with a delay of three XOR gates can be obtained by 
exploiting the redundancy of Carry Save arithmetic. In fact, the two 
half adders surrounded by the dashed line in Fig.2.20a are described 
by the following Boolean equations: 

; ; S
L L L L LCout1 A B Cout2 X Cin O X Cin= + = ⋅ = ⊕  (2.32) 

 
Fig.2.20.  Optimal implementation of the second timing critical 

block in Fig.2.17. 
(a) logical function;    (b) detailed implementation with simple 

gates 
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where L L LX A B= ⊕ . By exploiting the redundancy of the Carry 
Save arithmetic, we can rewrite the Boolean equations of this block, 
preserving its arithmetic function, as follows: 

; ; S
L L L L L LCout1 B Cout2 X Cin X A O X Cin= = ⋅ + ⋅ = ⊕  

 (2.33) 
Proceeding in a similar way for the second column of half adders in 
Fig.2.20a, with some manipulations, we obtain for the whole circuit of 
Fig.2.20a the following equivalent equations: 

S
L L

S
H H H H L

C
H L L L

O X Cin

O X B X B

O X Cin X A ss

= ⊕

= ⋅ + ⋅

⎡ ⎤= ⋅ + ⋅ ⊕⎣ ⎦

 (2.34) 

where ( );H H H H L HX A B ss X B B= ⊕ = ⋅ ⊕ . 

The resulting circuit is shown in Fig.2.20b, where the critical path 
from all inputs to all outputs is composed by 3 gates (2 XOR and 1 
multiplexer or 2 XOR and 1 NAND gate). The delay from Cin to 
output is 2 gates (1 XOR and 1 multiplexer). Since the Cin input 
arrives with a delay of 1 gate (see Fig.2.17 and Fig.2.18b), this path 
results again in a total delay of 3 gates. 

2.2.10 Mixed CMOD-DPL Implementation 
In order to simplify IC design, the DDFSM has been implemented by 
using a standard cell approach, with automatic place and routing. To 
optimize performances special purpose cells were designed to 
implement the timing critical circuits of Fig.2.19b and Fig.2.20b. 
These circuits, being composed mainly by XOR gates and 
multiplexers, are well suited for a pass transistor logic 
implementation. Having high speed operation as our main target, we 
employed the Double-Pass-Transistor (DPL) logic style [84], as 
shown in Fig.2.21. 
DPL is a double-rail logic. In the developed cells, each input is 
converted from single to dual rail by using a couple of inverters. In 
this way passgate inputs, that are not suited for the timing models used 
by the timing analysis tools, are also avoided. The inverters 1-5 in the 
circuit of Fig.2.21b and the inverters 1-6 in Fig.2.21c increase the 
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circuit speed by limiting the maximum number of series transistors. 
Moreover, the inverters 1-2 in Fig.2.21b make the propagation delay 
of the Carry output independent from the capacitive load on the Sum 
output. A similar consideration applies to the inverters 1-2 and 3-4 in 
Fig.2.21c. In this way the developed DPL circuits are fully compatible 
with the other full-CMOS standard cells of the library. 
It is worth noting that not all gates have to be dual rail. The gates 
which drive the outputs, both in Fig.2.21b and c, can be single rail. 
Also the XOR gate which drives the single rail multiplexer that 
calculates Cout in Fig.2.21b can be implemented in a single rail style. 
The number of transistors, the propagation delay and the power 
dissipation obtained by employing the proposed DPL-CMOS design 
style are reported in the Tab.2.8. For comparison, the same table 
reports also the performances achievable by using a standard cell 
library with only full-CMOS logic, without special cells. All stages 
have been designed for a 0.25µm, 2.5V technology. The analysis of 
the Tab.2.8 reveals that proposed design style allows about a 35% 
reduction of the propagation delay by providing about the same 
number of transistors and power dissipation of the full-CMOS 
realization. 

Fig.2.21.  Transistor level implementation of the special cells of 
Fig.2.19b and Fig.2.20b; 

(a) Basic gates implementation;   (b) DPL implementation of the 
circuit of Fig.2.19b; 

(c) DPL implementation of the circuit of Fig.2.20b. 
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2.2.11 Experimental Results 
The DDFSM with the optimized Carry Save CORDIC architecture 
and the mixed CMOS-DPL design style has been fabricated on a test 
chip (see Fig.2.22) in a 2.5V, 0.25µm CMOS technology. The 
DDFSM has been synthesized from a VHDL description, and has 
been automatically placed and routed by using a commercial tool. The 
DDFSM accepts a 32 bit frequency control word, resulting in a 
frequency resolution of about 0.088Hz. The Tab.2.9 summarizes the 
main characteristics of the circuit. The Fig.2.23 reports the 
experimental digital output spectrum of the DDFSM when operated in 
DDS mode (Xin=-1, Yin=0), showing an SFDR larger than 93dBc. 

TABLE 2.8 
SIMULATED PERFORMANCES OF DIFFERENT CORDIC STAGES 

CONFIGURATIONS BY EMPLOYING PROPOSED DPL-CMOS AND 
FULL-CMOS STYLES 



 

 

42

 

TABLE 2.9 
EXPERIMENTAL PERFORMANCES OF THE SYNTHESIZER/MIXER 

 

 
Fig.2.22.  Test chip realized in CMOS 0.25µm technology. 

The chip includes our optimized Synthesizer/Mixer 
(“Synth/Mixer”) a DDFS, two ring-oscillators (“RO1” and 
“RO2”) and the built-in seft-test logic (“SA Mixer”) to easy 

circuit testing. 
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Besides the DDFSM the chip includes a built in self test structure 
(“SA Mixer”) and two programmable ring oscillators (“RO1” and 
“RO2”) to make easier the measurement of DDFSM maximum clock 
frequency and power dissipation. Also included in the chip it is a 
DDFS which can provide [Xin, Yin] inputs to the Synthesizer/Mixer to 
test the single and double sideband modulation functionality of the 
circuit. 
The Tab.2.9 also reports the experimental performances of the 
developed DDFSM. The circuit exhibits very low power dissipation 
with a maximum clock frequency slightly lower than 400MHz. 
The experimental performances of the proposed circuit are compared 
in the Tab.2.10 with the performances of the best DDFSMs available 
in Literature based on two stage multiplier architecture and 
implemented with the same 0.25µm technology. It can be observed 

 
Fig.2.23.  Output spectrum of the DDFSM in DDS mode 

(Xin=-1, Yin=0). fclk=380MHz 

TABLE 2.10 
COMPARISON WITH RECENTLY PROPOSED DESIGNS 
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that the developed architecture allows a more than three-fold 
reduction of power dissipation, with also a substantial reduction in the 
silicon area with respect to [62]. The circuit in [64], while able to 
reach a SFDR of 100dBc, requires about a 2.32 times larger area with 
respect to our implementation. The Tab.2.10 shows, moreover, that 
our circuit is able to work correctly up to 385MHz, whereas the best 
result obtained in Literature was of 330MHz. 

2.3 Rectangular to Polar 

2.3.1 Introduction 
A processor for the conversion of rectangular to polar coordinates 
accepts as inputs a complex number, represented with its real and 
imaginary components x, y, and produces as outputs the modulus ρ 
and the phase φ of the input: 

( )
2 2

arctan /
x y

y x
ρ
φ

= +
=

 (2.35) 

The relation between rectangular and polar coordinates is pictorially 
represented in Fig.2.24.  
Cartesian to polar coordinate conversion is required in many digital 
communication applications, including: AM and FM demodulation for 
digital radios [36]-[38], automatic gain control and carrier tracking in 
digital implementation of Costas loop [39], modem synchronizers 
[40], quadrature amplitude modulation [41] and so on. Polar 

( , )X Y
ρ

φ

 
Fig. 2.24 Cartesian to Polar coordinate conversion.  
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modulation, that offer the capability of achieving high linearity and 
high efficiency simultaneously in wireless transmitter, in its digital 
implementation also require Cartesian to polar coordinate conversion 
[42]-[43]. In addition, Cartesian to polar conversion is required in 
imaging systems [44]-[45] and other DSP algorithms [46]. In many 
applications the essential component of the algorithm is the extraction 
of the phase, and the computation of the modulus can be carried-out 
with limited accuracy or is not required altogether.  
The simplest and most popular approach to perform Cartesian to polar 
coordinate conversion uses the CORDIC algorithm in the so-called 
vectoring mode [47], [48]. The CORDIC algorithm is very simple to 
implement, requiring only shift and add operation. Unfortunately the 
algorithm is also inherently slow, requiring approximately N-stages 
for N-bit precision. Moreover, the internal word-lengths must be 
larger than the output precision to reduce truncation/rounding errors of 
CORDIC processors. Finally, efficient carry-save arithmetic can 
hardly be employed in vectoring mode, and slow carry-propagate 
adders are required instead. In [49] an improved hybrid vectoring 
CORDIC implementation is proposed to reduce the number of 
iteration. This approach, however, improves latency only, with minor 
advantages in terms of power and area, due to the requirements of 
look-up tables and multipliers for magnitude scaling. 
When the phase is the only parameter to be computed, a look-up table 
approach can be considered [37]. In this case, if N is the word-length 
of x and y, the required ROM size is in the order of 22N. Therefore this 
technique can be considered only for small word-length applications. 
An approach less memory-intensive uses a divider to compute y/x 
(possibly based on a reciprocal table and a multiplier), followed by a 
look-up table to compute φ.  
A more efficient approach has been recently proposed in [50]-[52]. 
The phase extraction is split in two stages. The first one computes a 
coarse estimate of the phase, φ1. The second stage computes the 
residual angle, φ2, and the final value of the phase: φ = φ1 + φ2. The 
magnitude is calculated, with a limited precision, by using the coarse 
estimate φ1. The approach of [50]-[52] requires only very small look-
up tables, with a total ROM size on the order of 2(N+1)/3. The additional 
hardware is limited to six small-width multipliers and a few adders. 
In this section we present a new architecture to realize the conversion 
of rectangular to polar coordinates. The input vector (x,y) is firstly 
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rotated, generating another vector (u,v) whose phase is in the range 
[arctan(1/3), π/4]. This initial rotation is multiplier-less and requires 
only swapping and additions/subtractions. The phase of the vector 
(u,v) is then computed by using a table-based approach and a 
logarithmic number system. The required phase φ is easily 
reconstructed by using a simple output formatting stage. The look-up 
tables use the recently proposed Multipartite Table Method [53]. This 
method is ideally suited for VLSI implementation, being characterized 
by a very good ROM-compression factor and requiring only a multi-
operand adder as additional arithmetic processing. Overall, the 
proposed technique for phase calculation does not require any 
multiplication, but only a few small tables and a few multi-operand 
additions. If needed, the modulus ρ is computed by including a 
multiplier by constant, a fourth table, and a final multiplier. 
Two test circuits have been designed and implemented on a test chip 
in 0.25µm technology. Both circuits accept two 14-bit input signals, in 
2’s complement format. The first circuit computes only the phase, 
represented on 15 bits. The second circuit includes the modulus 
calculation, also performed on 15-bits. The maximum error of the 
phase processor is slightly larger than 1LSB, while the maximum 
modulus error is about 3.5LSB.  
Experimentally, the phase processor operates correctly up to 526Mhz 
clock frequency, with a power dissipation of only 190mW@526Mhz. 
The second circuit (including both phase and modulus calculation) 
operates up to 476Mhz, with a power dissipation of 
290mW@476Mhz. These performances compare favorably with [52] 
that was the best design available to date. 

2.3.2 Phase Calculation 
The top level of the processor for phase calculation is shown in 
Fig. 2.25. The inputs are two 14-bit, 2’s complement values in the 

Fig.2.25 Top level of the processor for phase calculation. 
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range: −1 < x,y < 1, with one sign and thirteen fractional bits. The 
weight of the Lest Significant Bit (LSB) of x and y is 2−13.  
The input vector (x,y) is firstly processed in the input formatting stage, 
generating another vector (u,v). The phase of (u,v) is given by: 

( )arctan /v uβ =  (2.36) 
and β is bounded as follows: 

arctan(1/ 3) / 4β π< ≤  (2.37) 
The angle computation block uses a table-based approach and a 
logarithmic number system to compute the angle: 

4
πγ β= −  (2.38) 

The phase φ of the input vector (x,y) is finally reconstructed from γ , in 
the output formatting stage. 

2.3.3 Input Formatting 
The Input Formatting block is shown in Fig.2.26. The vector (x, y) is 
initially reported to the first quadrant, by computing the absolute 
values (x′, y′) of the two components2. Then, (x′, y′) is reported to the 
first octant. To that purpose, the vector (x″, y″) is calculated, by 

                                                 
2 As noted before, in order to reduce the wordlengths of the signals, the value −1 is excluded from the 

input range.  

 
 

Fig.2.26 Input formatting block. α′, α″ and β are the phases of the three vectors: 
(x′, y′), (x″, y″) and  (u, v) respectively.  
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conditionally swapping each other x′ and y′. The swapping is 
performed when x′ <  y′ and a comparator is required to check this 
condition.  
Finally, (x″, y″) is reported to the vector (u, v) with a phase bounded as 
shown in (2.37). As will be shown in the following, this allows using a 
logarithmic transformation in the angle computation block. In order to 
compute (u, v), the condition 2 y″ < x″  is checked with the comparator 
shown in Fig. 2.26.  
Let us indicate as α″ the phase of the vector (x″, y″). If: 2 y″ ≥ x″, then 
α″ is in the range (arctan(1/2), π/4). In this case no transformations are 
required (that is: u=x″, v=y″).  
Let us now consider the condition: 2 y″ < x″. In this case, 
α″ ∈[0, arctan(1/2)). The vector (x″, y″) is firstly rotated by an angle 
−π/4. Then, the sign of the y-component of the new vector is changed, 
obtaining: 

1 11
1 12

u x
v y

⎞⎛ ″⎞ ⎞⎛ ⎛=⎜ ⎟ ⎜ ⎟⎟⎜ ″−⎝ ⎝⎠ ⎠⎝ ⎠
 (2.39) 

 In this way we have: β=π/4−α″, and hence β∈(π/4−arctan(1/2), π/4]. 
Since it can easily be shown that: π/4−arctan(1/2)=arctan(1/3), the 
value of β satisfies (2.37). 
Instead of implementing (2.39) (that would require the use of 
multipliers), in the proposed architecture a pseudo-rotation is 
performed, by dropping the term 1/ 2 : 

1 1
1 1

u x
v y

⎞⎛ ″⎞ ⎞⎛ ⎛=⎜ ⎟ ⎜ ⎟⎟⎜ ″−⎝ ⎝⎠ ⎠⎝ ⎠
 (2.40) 

The phase of (u, v) is unchanged by using (2.40) instead of (2.39)
while the modulus is amplified by a factor 2 . The Fig.2.27 shows the 
mapping between (x″, y″) and (u, v) implemented by (2.40). Note that 

y” v

v=u/3
y =x /2
”

”

y
=x
”

”
v=

u

x” u1 1 3/2

1/2 1/2

1

 
Fig 2.27. The mapping between (x″, y″) and (u, v) implemented by (2.40).  
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u∈[0,3/2) and is hence represented with fourteen bits, while thirteen 
bits are used for  v∈[0,1). The weight of the LSB of u and v is 2−13. 
The operations performed in the input formatting block are encoded in 
the input_control signal, composed by four wires: the sign bits of x 
and y and the outputs of the two comparators of Fig.2.26. 

2.3.4 Angle Computation 
The angle computation block is the heart of the phase processor, and 
is in charge of computing the phase γ according to (2.38) and (2.36). 
Actually, a scaled representation G of γ  is calculated: 

1 1 1
4

G γ β
π π

= = −  (2.41) 

The internal architecture of the angle computation block is shown in 
Fig.2.28. The logarithms of u and v are firstly computed. Then, we 
calculate: 

2 2log ( ) log ( )Z u v= −  (2.42) 
Finally, the value of G is computed as: 

1 1( ) arctan(2 )
4

ZG f Z
π

−= = −  (2.43) 

2.3.4.a Normalization 
Let us focus on the computation of the logarithm of u (the 
computation of 2log ( )v  uses exactly the same technique). The 
normalized argument u* is firstly obtained as follows: 

1* 2 if: 2 2H H Hu u u− − += ⋅ ≤ <  (2.44) 
where the value of u* is in the range: 

1 * 2u≤ <  (2.45) 
The logarithm of u is then computed as: 
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2 2 2log ( ) log ( *) ; : 0 log ( *) 1u u H with u= − ≤ < (2.46) 
A leading zero counter is employed in Fig.2.28 to determine the 
number of leading 0’s in the u signal. The H signal encodes in binary 
format the number of leading zeroes, and is used to drive a left-shifter 
the computes the normalized argument u*. 
Let us consider in more detail the special case u=0. This condition 
occurs only when the input vector is zero (x=0, y=0) since, due to the 
pre-processing of the input formatting block, u=0 implies also v=0 
(see Fig. 2.27). When u=0, H reaches its maximum value 13 
(corresponding to the weight of the LSB of u), but the shifting yields 
u*=0, which is outside the range of equation (2.45). This is however 
inconsequential for the angle computation block, since the value of φ 
is undefined when the input vector is zero. In any case, the 
architecture of Fig.2.28 is symmetric and it will produce Z=0 when 
u=v. Therefore, from equation (2.43), G=0 will be computed when the 
input vector is zero. 

2.3.4.b Logarithm tables 
The value of 2log ( *)u  is obtained by using the Multipartite Table 
Method (MTM). In order to introduce the MTM, which is described in 
detail in [53], let us consider a generic function f(x), whose argument 
is represented on Q-bit. The input x is decomposed in K + 1 non 
overlapping sub-words: x0, x1,.., xK of lengths q0, q1... qK respectively. 
Hence the value of the input operand is: x = x0 + x1 +…+ xK and the 

Fig.2.28. Internal architecture of the angle computation block. 
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length is: Q = q0 + q1 + … + qK. Using a first-order Taylor 
approximation we have: 

0

0 0 1

0 0 1 0

( ) ( ... )
( ) '( ) ( ... )
( ) '( ) ... '( )

K

K

K

f x f x x
f x f x x x
f x f x x f x x

= + +

+ ⋅ + +

= + ⋅ + + ⋅

(2.47) 

The term 0'( ) if x x⋅  in (2.47) is approximated as '( )i if xξ ⋅ , where iξ  is 
a sub-word of 0x including its ip  most-significant bits, with: 1i ip p −≤  
and 1 0p q≤ . The equation (2.47) becomes: 

0
1

( ) ( ) '( )
K

i i
i

f x f x f xξ
=

≈ + ⋅∑  (2.48) 

In this equation, the term 0( )f x  is implemented with a ROM (named 
table of initial values, TIV) with 02q  entries. Similarly, the terms 

'( )i if x⋅ξ  (i=1,…,K) are implemented with K ROMs (table of offsets, 
TO) with 2 i ip q+  entries each. In [53] a better approximation is 
obtained by using a min-max approximation (instead of the Taylor 
expansion). Moreover, it is shown in [53] that the TOs can be made 
symmetric. In this way the TOs can be reduced in size by a factor of 
two, at the expense of a few XORs. 
The approximation error of the MTM depends on the amplitude of the 
second derivative of f(x). Hence, a direct implementation of the 
logarithm lookup using a simple multipartite table covering a range 
including zero is not feasible [54]. The derivative of the logarithm 
goes to infinity at x=0, so the error in the lookup becomes unbounded. 
Owing to the normalization (2.44), the argument of the logarithm is 
reported in the range [1,2) and this problem is avoided. 
The MTM is ideally suited for VLSI implementation, requiring only a 
few small tables and a multi-operand adder. Two TOs have been used 
in all the Multipartite Tables of our processor, as a result of the 

function 
input
word
length

output
word 
length

Number
of TOs,

K 

Total 
ROM

bit 

Guard 
bits 

out 
LSB 

Approx. 
Error 
(LSB) 

log2(u*) 13 13 2 2560 1 2−13 1.327 

1 1( ) arctan(2 )
4

Zf Z
π

−= − 14 12 2 3072 3 2−14 0.692 

2( ) 1 2 1Zg Z −= + −  14 13 2 4608 1 2−14 1.371 

 
Tab2.11. Parameters of Multipartite Table implemented in the circuit. 
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tradeoff between memory size and multi-operand adder complexity. 
The input word-length decomposition and the content of the tables 
have been obtained by using the algorithm presented in [53]. The 
Tab.2.11 shows the characteristics of the implemented Multipartite 
Tables. Please note that the input wordlength of the logarithm function 
is reported as thirteen bits. Actually, the arguments u* and v* are in 
the range [1,2). Therefore the Most Significant Bit of u* and v* is 
always one, and is not employed to perform function lookup. 
As it can be seen, the implementation of the logarithm requires a total 
ROM size as low as 2560 bit. This is only 2.4% of the memory (about 
106500 bits) that would be required by a brute-force look-up table. 
In order to keep the architecture symmetric, we have used the same 
multipartite approximation for both 2log ( *)u  and 2log ( *)v . Therefore, 
the wordlength of *v  is augmented with a least-significant bit fixed to 
zero (see Fig.2.28). 

2.3.4.c Arctangent table 
An adder is used to compute Z according to (2.42). Since 1≤ u/v <3, 
we have: 

( )20 log 3Z≤ <  (2.49) 
The value of Z is represented with fourteen bits and the weight of its 
LSB is 2−13. 
A multipartite table is employed to implement (2.43). From (2.37)and 
(2.41) we have: 

1 1 10 arctan 0.148
4 3

G
π

⎞⎛≤ < − ⎜ ⎟
⎝ ⎠

 (2.50) 

The value of G is represented with twelve bits, and the weight of its 
LSB is 2−14. 

2.3.5 Output Formatting 
The output formatting stage computes a scaled representation of the 
phase of the input vector (x,y) 

F φ
π

=  (2.51) 

The value of F is reconstructed from G according to Tab.2.12 (see 
also Fig.2.26 and equation (2.38)). Please note that the value of γ is 
reported in the range: [0,2π), while F is un unsigned number, with one 
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integer and fourteen fractional bits. A simple adder-subtractor is used 
to obtain the value of F in the output formatting block. 

2.3.6 Modulus Calculation 
Several architectures can be devised to exploit the tables used in the 
phase processor to compute the modulus of (x, y). In the developed 
circuit, we computed ρ starting from the vector (u, v). As described in 
the previous section, if 2 y″ < x″ this vector is obtained after a pseudo-
rotation. Therefore we can write: 

2

2

1 1 ( / )           if: 2 " "
2

1 ( / )                 if: 2 " "

u v u y x

u v u y x

ρ

⎧ + <⎪
= ⎨

⎪ + ≥⎩

 (2.52) 

The last equation can be rearranged as follows: 
1 ( )     if: 2 " "
2

( )          if: 2 " "

u h Z y x

u h Z y x
ρ

⎧ ⋅ <⎪= ⎨
⎪ ⋅ ≥⎩

 (2.53) 

where Z is given by (2.42) and: 

MSBx MSBy C1 
(x′<y′)

C2 
(2y″<x″) φ 

Range 
of φ F 

0 0 0 0 π/4−γ 1/4−G 
0 0 0 1 γ G 

0 0 1 0 π/4+γ 1/4+G 
0 0 1 1 π/2−γ 

0÷π/2 

1/2−G 

0 1 0 0 (7/4)π+γ 7/4+G 
0 1 0 1 2π−γ 2−G 
0 1 1 0 (7/4)π−γ 7/4−G 
0 1 1 1 (3/2)π+γ 

(3/2)π÷2π 

3/2+G 

1 0 0 0 (3/4)π+γ 3/4+G 
1 0 0 1 π−γ 1−G 
1 0 1 0 (3/4)π−γ 3/4−G 
1 0 1 1 π/2+γ 

π/2÷π 

1/2+G 

1 1 0 0 (5/4)π−γ 5/4−G 
1 1 0 1 π+γ 1+G 

1 1 1 0 (5/4)π+γ 5/4+G 
1 1 1 1 (3/2)π−γ 

π÷(3/2)π 

3/2−G 
 

Tab2.12. Operations implemented in the output formatting block. 
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2( ) 1 2 Zh Z −= +  (2.54) 
Therefore, to compute ρ we need a multiplier by constant (to take into 
account the factor 1/ 2 ), a multiplier and a lookup table for h(Z).  
From (2.49), the function h(Z) is bounded as follows: 

10 / 3 ( ) 2h Z< ≤ . In practice, it is more convenient to lookup the 
function: 

2( ) 1 2 1Zg Z −= + −  (2.55) 
which is bounded as: 0.0541 ( ) 0.414g Z≤ ≤ . The function g(Z) requires 
an output wordlength of thirteen bits, with a LSB of 2−14. The modulus 
ρ is finally computed as follows: 

[ ]

[ ]

1 ( ) 1      if: 2 " "
2

( ) 1              if: 2 " "

u g Z y x

u g Z y x
ρ

⎧ ⋅ ⋅ + <⎪= ⎨
⎪ ⋅ + ≥⎩

 (2.56) 

The Fig. 2.29 shows the elements to be added to the angle 
computation block of Fig.2.28 to implement (2.56). 

2.3.7 Error for phase calculation. 
The input and output formatting stages do not include any algorithmic 
error. The errors of the angle calculation block are due to the 
approximations involved in the multipartite tables for logarithm and 

 

 
 
Fig. 2.29 Architecture for modulus calculation.  
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for the function f(Z) in (2.43). Let us indicate these two sources of 
errors as εlog and εf. The actual values of the multipartite tables’ 
approximation errors are reported in Tab.2.11.  
From the schematic in Fig.2.28, the worst-case error for the signal Z is 
given by: εZ =2 εlog. The error at the output of the angle computation 
block can be bounded as follows: 

max '( )f Z f Zφε ε ε≤ + ⋅  (2.57) 
In the range (2.49), '( )f Z  has a global maximum for Z=0, given by: 

1'(0) log(2)
2

f
π

= . By substituting in (2.57) we obtain: 

log
log(2)

fφε ε ε
π

≤ +  (2.58) 

Using the numerical values reported in Tab.2.11 we obtain: 
141.278      with:  2LSB LSBφ φ φε −≤ ⋅ =  (2.59) 

The last equation gives an upper bound for the approximation error. 
We have performed an exhaustive bit-level simulation of our 
processor, considering all the 14 2(2 1)−  possible values of the input 
vector (x, y). The obtained results have been checked against the phase 
and modulus values computed by using the (non synthesizable) 
floating-point procedures compiled in the IEEE math_real VHDL 
package. The results of this exhaustive check are reported in Tab.2.13. 
As can be seen, the actual error is lower than the upper bound (2.59), 
and is slightly larger than 1LSB. 

2.3.8 Error for modulus calculation 
The largest source of error for the computation of ρ is given by the 
overall approximation in computing the function g(Z) in (2.55), εgTOT. 
This error component takes into account the approximation of the 
multipartite table that implements (2.55), εg, and the error εZ for the 
signal Z. After simple calculation one obtains:  

 

Function LSB 
Maximum 
Absolute 
Error 

Average 
Error 

Error 
Standard 
Deviation 

( )arctan /y xφ =  2−14 1.092 LSB 0.00 LSB 0.019 LSB 

2 2x yρ = +  2−14 3.545 LSB 0.06 LSB 0.034 LSB 

 
 

Tab.2.13. Approximation errors of proposed processor. 
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g
log(2)

2gTOT Zε ε ε≤ +  (2.60) 

The worst-case error for ρ is reached when the pseudo-rotation is 
performed in the input stage. In this case, the output of the multiplexer 
in Fig.2.29 has a maximum amplitude of: ( )3/ 2 2  and the error  εgTOT 
in (2.60) is amplified by this factor. Moreover, the rounding error of 
the multiplier by constant that computes  ( )1/ 2u ⋅  is amplified by 

h(Z), which has a maximum value of 2 . Taking also into account the 
rounding error of the final multiplier,  εMULT , one obtains: 

MULT gTOTMULT_ 2
32

2 2ρε ε ε ε≤ + ⋅ +  (2.61) 

From (2.60)-(2.61), using the error values in Tab.2.11 and assuming a 
0.5LSB rounding error for the two multipliers, we obtain a worst-case 
estimate of 4.605 LSB. The actual approximation error, reported in 
Tab. 3, is about 3.5 LSB.  

2.3.9 Experimental Results 
We have designed two circuits. The first includes only the processor 
for phase calculation while the second one includes the modulus 
calculation, as described in previous sections. 
Both circuits have been implemented starting from VHDL 
synthesizable description, followed by synthesis and standard-cell 

 
Fig.2.30 Test chip micrograph . 
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place and route. The ROMs have also been described in VHDL and 
synthesized into a gate-level representation. 
The test circuits have been implemented on a chip in TSMC 0.25µm 
technology, see Fig.2.30. The test chip includes a built-in self-test 
logic (BIST) to make easier the measurements of maximum clock 
frequency and power dissipation.  
A summary of the circuits’ specifications is given in Tab.2.14. The IC 
inputs are two 14 bit, 2’s complement values in the range: 1 < x,y < 1, 
with one sign and thirteen fractional bits. The IC outputs are two 15 
bits unsigned values. The modulus ρ is in the range 0 2ρ≤ <  while 
the normalized phase F=φ/π  is in the range: 0 2F≤ < .  
Experimentally, the phase processor operates correctly up to 526Mhz 
clock frequency, with a power dissipation of only 190mW@526Mhz. 
The second circuit (including both phase and modulus calculation) 

 

 This Work 
Phase Processor 

This Work  
CPC Processor 

JSSC 2003, [52] 
(Hwang, Fu, 

Willson) 
Technology TSMC 0.25µm, 5metal, 2.5V 

Transistor count 34.859 61.349 100.229 
Core Area 0.178 mm2 0.343 mm2 0.484 mm2 
x, y input 

wordlength 14 14 14 

Phase output 
wordlength 15 15 15 

Modulus output 
wordlength N.A. 15 15 

Phase  
maximum error 1.092 LSB  1.092 LSB  0.98 LSB  

Modulus 
maximum error N.A. 3.545 LSB  133 LSB  

Latency 11 cycles 13 cycles 19 cycles 
Maximum 
Frequency 

(2.5V) 
482 MHz 430 MHz 406 MHz 

Power 
Dissipation 

(2.5V) 

180 mW @  
482 MHz 

(0.37mW/MHz) 

276 mW @  
430 MHz 

(0.64mW/MHz) 

470 mW @  
406 MHz 

(1.16mW/MHz) 
Maximum 
Frequency 

(1.8V) 
330 MHz 300 MHz 260 MHz 

Power 
Dissipation 

(1.8V) 

61 mW @  
330 MHz 

(0.18mW/MHz) 

95 mW @  
300 MHz 

(0.32mW/MHz) 

140 mW @  
260 MHz 

(0.54mW/MHz) 
 
 

Tab.2.14. Circuits characteristics. 
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operates up to 476Mhz, with a power dissipation of 
290mW@476Mhz. 
The Tab.2.14 reports also, for comparison, the performances of the 
circuit proposed in [52], which was the best design available to date. 
As shown in Tab.2.14, the circuit of [52] (that performs only a rough 
estimation of the modulus) dissipates about two times the power of the 
developed Cartesian to polar processor (that computes the modulus 
with a good accuracy) and more than three times the power of the 
phase processor. The maximum frequency and the silicon area of the 
developed IC also compare favorably with [52]. 

2.4 Interpolator for Digital Modems 

2.4.1 Introduction 
A typical issue in the design of modems is the synchronization of the 
received symbols. In an analogue implemented modem 
synchronization is typically performed using a feed-back or 
feed-forward loop that adjusts the phase of a local oscillator. The local 
oscillator is then used to strobe the incoming stream once per symbol 
and its phase can be adjusted for optimal detection. 
In modems implemented by digital techniques the incoming data 
stream is sampled with a local Analogue-to-Digital converter (ADC). 
Although in some schemes the sampling frequency can be 
synchronized with the incoming symbols, there are circumstances in 
which the sampling frequency must be considered uncorrelated with 
the symbols frequency. Two examples of such circumstances are 
digital processing of unsynchronized frequency multiplexed signals 
and post-processing of previously captured signals ([90], [91]). 
When the processing data are not synchronized with received symbols 
the sample frequency must be modified for optimal detection in the 
digital domain. The operation in the digital domain equivalent to a 
change in the sampling frequency is the interpolation. 
The technical papers proposed in literature facing the issues related to 
the interpolation for digital modems can be split in two different 
categories. On one side there are the papers dealing with 
implementation aspects of the interpolators ([90], [91]). On the other 
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side new algorithms for the interpolation have been developed in [92] 
and [94]. 
The interpolators developed in [90] and [91] use low-precision 
algorithms and provide low complexity and high-speed circuits. 
On the other hand the algorithms developed in [92] and [94], while 
providing better approximation, have been considered too expensive 
in terms of hardware requirements and have been used for off-line 
post-processing applications. As a comparison, the piecewise 
parabolic interpolator proposed in [91] requires two multipliers and 
eight adders, whereas the techniques developed in [92] require two 
multipliers, twelve adders and twelve scalers, and the technique 
proposed in [94] requires one multiplier, one rotator and six adders. 
In the recent years the speed requirements for digital modems have 
increased the need of precision in the interpolation process 
highlighting the lacks of the techniques proposed in [90] and [91]. To 
the best of our knowledge no work facing the efficient implementation 
of high-precision interpolating techniques has been proposed in 
Literature so far. 
The purpose of our activity on this issue has been to develop a new 
circuital architecture for the implementation of high precision 
interpolating algorithms. 
The technique proposed in [92] is based on a polynomial approach. It 
can be implemented with the Farrow structure [93] and is a scalable 
technique, in that the precision of the interpolation can be increased 
increasing the hardware complexity. The error performances of the 
techniques for several precision requirements are studied in [92]. 
The technique proposed in [92] suffers for the need of using a large 
number of arithmetic circuits. The technique proposed in [94] exhibits 
a lower architecture complexity but still is scalable in its interpolation 
approximation. This technique uses a trigonometric polynomial to 
approximate the received waveform. In its simplest form the 
interpolator proposed in [94] requires one multiplier, one rotator and 
six adders. 
In this paragraph a new architecture for the implementation of the 
trigonometric interpolation technique developed in [94] is developed. 
The new architecture exploits the results obtained for the design of 
Digital Mixers for the implementation of the rotators. The 
architectural level design of the rotator is redesigned in order to take 
into account the precision requirement of the interpolator. Gate level 
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optimization is also exploited in order to further improve the 
performance of the circuit. 

2.4.2 Interpolation Algorithm 
The purpose of interpolation in a digital modem is the computation of 
new samples of the received continuous-time waveform. As shown in 
fig.2.31, starting by a continuous-time domain waveform y(t) the 
sequence yd(n) is computing with an ADC operating with a constant 
sampling frequency equal to 1/Tsample: 

sampled ( ) ( ) t n Ty n y t = ⋅=  (2.62) 

The interpolator approximates samples of the waveform y(t) in the 
times equal to (n+µ(n))·Tsamle: 

( ) sample( )( ) ( ) t n n Ty n y t µ= +  (2.63) 

It is worth to note that, in order to avoid aliasing in the sampling 
operation the bandwidth B of the waveform y(t) must be limited: 

( )sample1/ 2B T≤ ⋅  (2.64) 

The interpolation is hence equivalent to a re-sampling of the 
waveform y(t) and the operation performed by the interpolator can be 
modeled as depicted in Fig.2.32. In order to avoid the use of a DAC 
and of a continuous time filter, interpolation in digital modem 
computes an approximation ( )ny t  of y(t) in each interval 
[n·Tsample,(n+1)·Tsample] whose value in the instant (n+µ(n))·Tsamle can 
be easily computed with a sub-set of the samples of the sequence 
yd(n). 
In order to introduce the interpolating algorithm developed in [94] let 
us suppose, without3 loss of generality, that Tsample is equal to 1. 

                                                 
3 As a matter of fact, in the digital domain the value of Tsample is unknown adn it doesn’t affect the 

result of the computation. 

 
Fig. 2.31. Digital modem interpolation. 
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The waveform ( )ny t  can be computed by a sequence xn(l) obtained by 
N samples of yd(n): 

[ ]d( ) ( ) / 2 1, / 2nx l y l n l N N= + ∈ − +  (2.65) 

The interpolating function ( )ny t  is defined as the function having a 
bandwidth limited according to (2.64) crossing the samples xn(l) 
defined in (2.65). Furthermore the function ( )ny t  is supposed to be 
periodic with period N. 
The latter hypothesis eases the computation of ( )ny t , because a 
periodic function can be expressed as the Fourier Series: 

1
2

( / 2)
0 / 2

1

1( ) Re 2

N

kt N t
k N N Nn

k

y t c c W c W
N

−

− −

=

⎛ ⎞
⎜ ⎟= ⋅ + +⎜ ⎟⎜ ⎟
⎝ ⎠

∑  (2.66) 

In the equation (2.66) the coefficients ck for k greater than N/2 are 
equal to zero because they are proportional to the amplitude of the 
armonic of ( )ny t  at frequency k/N and, according to (2.64), the 

spectrum of ( )ny t  is zero for frequencies greater than 1/2. The values 
of the coefficients ck can be calculated with the following equation: 

( ) ( ) / 2 1,..., / 2nn t l
y t x l l N N

=
= = − +  (2.67) 

which brings to [94]: 
/ 2

1
2

( ) 0,..., / 2
N

k l
k n N

Nl

c x l W k N⋅

=− +

= ⋅ =∑  (2.68) 

The approximation of the value of y(t) for t=n+µ(n) can be computed 
as: 

 
 

Fig.2.32. Interpolator logical scheme. 
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( )( )

1
2 ( ) ( / 2) ( )

0 / 2
1

( ) ( ) ( ( ))

1 Re 2

nt n n

N

k n N n
k NN N

k

y t y n y n

c c W c W
N

µ

µ µ

µ= +

−
− −

=

= =

⎛ ⎞
⎜ ⎟

= ⋅ + +⎜ ⎟
⎜ ⎟
⎝ ⎠

∑
 (2.69) 

By looking at the (2.68) and the (2.69) it is evident that a 
straightforward implementation of the interpolator proposed in [94] 
would require several arithmetic circuits. In [94] it is shown that a 
reduction of the complexity of the computation (2.69) can be achieved 
interpolating with the waveform ( )ny t  the sequence: 

[ ]( ) ( ) / 2 1, / 2n nx l x l A l l N N= + ⋅ ∈ − +  (2.70) 
with: 

/ 2

/ 2 1
( 1) ( )

N
i

n
i N

A x l
=− +

= − ⋅∑  (2.71) 

With a procedure similar to the one shown previously it can be shown 
that the approximated value ( )y n  can be computed as: 

1
2 ( )

0
1

( ) ( ( )) ( )

1 Re 2 ( )

n
N

k n
k N

k

y n y n A n

c c W A n
N

µ

µ µ

µ
−

−

=

= − ⋅ =

⎛ ⎞
⎜ ⎟

= ⋅ + − ⋅⎜ ⎟
⎜ ⎟
⎝ ⎠

∑
 (2.72) 

with: 
/ 2

1
2

( ) 0,..., / 2 1
N

k l
nk N

Nl

c x l W k N⋅

=− +

= ⋅ = −∑  (2.73) 

Comparing equations (2.72) and (2.69) it is evident that the improved 
method eliminates the need of a rotation operation at the expense of a 
multiplication operation. 

2.4.3 Interpolator Architecture 
The interpolator developed in this section uses N=4 samples of the 
sequence yd(n) to compute the value of ( )y n . The choice of N=4 is a 
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typical choice ([91], [92], [94]) and is use here to compare achieved 
results with previously proposed solutions results. 
For N=4 the top-level architecture needed to implement equations 
(2.72) and (2.73) is depicted in fig.2.33. The registers store the values 
of xn(l). The computation of the value of c0/2, Real(c1) and Imag(c1) 
requires only multiplications by 2 and sums. The main blocks of the 
circuit are the multiplier and the rotator, which sizing must be 
carefully chosen in order to obtain a good accuracy while reducing the 
hardware complexity. Furthermore a higher performance architecture 
for the interpolator can be derived. 
The proposed architecture for the rotator is shown in fig.2.34. The 
most significant bit of µ is used to conditionally complement and 
invert the values of Real(c1) and Imag(c1). The remaining part of the 
circuit rotates the input vectors of an angle lower than π/4 whose 
scaled representation in the range [0,1] is indicated in the figure with 

 
Fig. 2.33. Architecture of the interpolator. 

 
Fig. 2.34. Architecture of the rotator. 
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the value φ. 
The two most significant bits of φ are used to drive a ROM that 
computes the directions of a first CORDIC based rotation phase. The 
remaining bits of φ are multiplied by π/4 and added to the value 
Zresidual computed by the ROM, in order to calculate the remaining 
angle γ. This is the angle used in the subsequent two phases to 
complete the rotation of the input vector. 
The second rotation phase is still based on the CORCIC algorithm, but 
the directions of the CORDIC rotation stages are derived directly by 
the values of the 2 most significant bits of γ. 
The final rotation phase is multiplier based. The complex vector 
(XT2+jYT2) is multiplied by ejγ2 to complete the rotation. Since the 
angle γ2 is small, the multiplication can be computed approximating 
the sine(γ2) with γ2 and the cosine(γ2) with 1. The multipliers by ρ are 
used to compensate for the module amplification introduced by the 
CORDIC algorithm. 
The architecture in fig.2.34 is based on the same scheme of the rotator 
used in the digital mixer of section 2.2. Nevertheless, comparing 
fig.2.34 and fig.2.14 some important differences can be noted. 
The first difference is in the number of CORDIC stages used. As 
shown in section 2.2 their number affects the maximum absolute error 
of the outputs. On the other hand for an interpolator the parameter that 
determines the precision of the circuit is the signal to noise ratio at the 
output of the interpolator. Since the signal to noise ratio is a 
cumulative value, the value of the maximum error at the output of the 
rotator can be a misleading parameter. Furthermore the output of the 
rotator is added to the terms c0/2 and –Aµ. Hence the maximum value 
of the error at the output of the interpolator can be greatly different by 
the maximum error at the output of the rotator. 
For these reasons, the sizing of the rotator has been based on a 
simulative approach and the choice of the maximum error at the 
output of the rotator can only be used as a starting point for the 
simulative search. 
The the number of CORDIC rotation stages, as well as the other 
parameters of the rotator, have been chosen in order to obtain a power 
of noise due to the rotator sensibly smaller than the power of error at 
the output of the interpolator. With this choice the amount of error 
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introduced by the rotator is kept lower than the intrinsic algorithmic 
error of the interpolator. 
The fig.2.35 shows the signal to noise ratio both at the output of the 
interpolator and at the output of the rotator. The values in fig.2.35 
have been computed feeding the interpolator with a raised cosine 
spectrum sequence, sampled at twice the symbol rate and with a 100% 
excess bandwidth. The Signal to Noise ratio of the algorithm proposed 
in [94] is only 0.3dB higher than the Signal to Noise ratio of the 
architecture in fig.2.33 and 2.34. The low difference of the two values 
is due to the very high Signal to Noise value of the rotator in fig.2.34. 
This value has been obtained dividing the power of the interpolated 
signal by the power of the error at the output of the rotator. As can be 
seen, with the parameter chosen in fig.2.34, the power of the noise 
introduced by the rotator is neglectable with respect to the noise 
introduced by the interpolating algorithm itself. 
Another important difference between the proposed rotator and the 
architecture developed in the section 2.2 is that there is no logic 
circuitry after the multiplier-based rotation phase. This is a very 
inportant difference, since the multipliers and the adder in the shaded 
box of fig.2.34 can be merged with the multiplier and the adder in the 
shaded box of fig.2.33, reducing both the delay and the architectural 
complexity of the whole interpolator. 

2.4.4 Gate-Level optimization 
As shown in section 2.2, the CORDIC datapath can be implemented 
with a chain of Carry-Save addition blocks each having a delay of 
three XOR gates. In order to preserve the speed of the circuit, a 
similar approach can be used to compute the signals X’in and Y’in in 
fig.2.34. 

Noise Source Signal to Noise Ratio 
(dB) 

Trigonometric Interpolator, Exact 
Rotation 

29,5 

Trigonometric Interpolator, 
CORDIC rotator 

29,2 

CORDIC rotator 37 
 

Fig.2.35. Interpolator function. 
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In order to explain the proposed approach let us recall the operation 
performed to compute Imag(c1): 

1Imag( ) (2) (0) 2 (1)n n nc x x x= + − ⋅  (2.74) 
If the value of MSBµ is equal to 1 the value of Imag(c1) must be 
inverted in order to compute Y’in (see fig.2.36.a)). The inversion of 
Imag(c1) can be implemented using a 1’s complementer and an adder. 
It is possible to avoid the need of having two subsequent sums to 
compute Y’in. Infact, when MSBµ is equal to 1 we can subtract 1 by 
Imag(c1) and use a single 1’s complementer to invert the result (see 
fig.2.36.b)). The advantage of the circuit in fig.2.36.b) is in its delay. 
The circuit of fig.2.36.a) uses the cascade of two vectors merging 
adders to compute the components of c1 and the outputs of the sign 
inverters. The circuit in fig.2.36.b) has a delay of only one vector 
merging adder to compute the sum. Furthermore, since the CORDIC 
datapath is a Carry-Save datapath, the sums in fig.6.b) can be 
computed in Carry-Save using the 4:2 compressors developed in 
section 2.2. With this topology, the computation of X’in and Y’in has a 
delay of one 4:2 compressor (3 XOR gates), one 1’s complementer (1 
XOR gate) and a swapper (one multiplexer). 
As a comparison, the topology of fig.2.36.a) has a delay of a full 
adder, a vector merging adder on 12 bits, an adder on 12 bits, one 
XOR gate (for the sign inverters) and a multiplexer (for the swapper). 
It is worth to highlight that the reduction of the delay for the 
computation of X’in and Y’in is due to the possibility to make Carry-
Save sums in the CORDIC datapath. 

Fig. 2.36. Optimization of the computation of X’in and Y’in. 
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2.4.5 Implementaition results 
The proposed interpolator has been implemented in a 0.18um 
technology. The circuit has been synthesized using a commercial 
library of standard cells. In fig.2.37 the layout of the chip is shown. At 
the moment this thesis is written, the chip has not yet been fabricated. 
Its run is scheduled for January 2007. Hence the performance of the 
chip reported in this paragraph is  based on the synthesis and place & 
route characterization of the circuit. 

 
Fig.2.37. Chip layout 

Input/Output bits 10 
Technology TSMC 0.18um 

Maximum clock speed 568MHz 
Area 0.134mm2 

SNR, raised cosine input sampled at 
twice the symbol rate, 100% excess 

bandwidth 

29,2dB 

SNR, raised cosine input sampled at 
twice the symbol rate, 40% excess 

bandwidth 

33,3dB 

 
Fig. 2.38Performance of the proposed interpolator. 
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The fig2.38 summarizes the performance of the circuit. As can be seen 
the architecture developed, together with the gate-level optimization, 
were able to provide a speed of more than 550MHz with a reduced 
area. The overall accuracy of the circuit is also very good. As a 
comparison, the piecewise parabolic interpolator proposed in [56] fed 
with an input raised cosine spectrum signal, sampled at twice the 
symbol rate and with a 40% excess bandwidth, provides an SNR of 
28dB, whereas the proposed circuit provide an SNR of 33dB. 



 

 

Chapter 3  
Forward Error Correction 

3.1 Galois field Multipliers 

Reed-Solomon encoding and decoding are based on Galois Field 
(GF(2m)) arithmetic [95],[109]-[111], mainly the field addition and 
multiplication. The addition operation in GF(2m) is equivalent to a 
simple bitwise XOR operation. On the other hand, the multiplication 
operation requires a larger and a slower hardware. Many GF(2m) 
multiplier architectures have been proposed for different 
representation of the field elements, such as representations in 
standard basis [96]-[105],[108], in normal basis [99],[106], in dual 
basis [100],[107],[108], and in other special basis [112]-[114]. A 
standard basis can be constructed by choosing one root α of an 
irreducible polynomial p(z) of degree m over GF(2). The most 
common representation used in Reed Solomon circuits is standard 
basis constructed with a polynomial p(z) which is primitive; this 
assures that α is a primitive element of GF(2m). In this case, in fact, it 
is possible to optimize hardware complexity by preserving the 
compatibility with many application standards (DVB, wireless, 
ADSL, CD, DVD). Dual basis representation is sometime used [110] 
when the conversions between dual and standard basis require only 
few XOR gates. In this thesis I will not consider the other basis since 
they are rarely used in Reed-Solomon applications. 
An efficient multiplication scheme for standard basis multipliers with 
fixed p(z) has been shown by Mastrovito in [103]. In this approach the 
multiplication C = A ⋅ B is performed with a matrix product c = M ⋅ b, 
where c and b are the components vectors of C and B, and M is a so 
called multiplication matrix, whose elements are obtained by XOR-
ing some of the components a of A. Therefore, Mastrovito 
multiplication scheme breaks the multiplication in two steps. In the 
first step the matrix M is calculated as a function of a and of the p(z) 
polynomial used to construct the standard basis. In the second step the 
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M matrix is multiplied by the components of B to calculate the 
multiplication result C. Sub-expression sharing can be used to 
substantially simplify the evaluation of M. The timing and silicon area 
occupation of Mastrovito multiplier strongly depends on the hardware 
sharing technique used to evaluate M. The performances that can be 
achieved depends moreover on the polynomial p(z). 
The best known performances with Mastrovito multipliers are 
obtained for the so called equally spaced polynomials (ESP) p(z). ESP 
have the form p(z)=zm + zt⋅∆ + ... + z ∆ + 1, where (t+1)⋅∆=m. 
Mastrovito techniques for this class of polynomials are developed in 
[98],[100],[102]. The best performances are achieved by using the 
technique proposed in [102] obtaining a total XOR gate count of (m2-
∆) with 21 log+ ⎡ ⎤⎢ ⎥m  XOR gates on the critical path. In [104] a 
systematic design approach for the technique proposed in [102] is 
developed by Zhang et al.. Note that the lowest area occupation is 
obtained in the case of the equally spaced trinomials (EST) for which 
∆=m/2. In [102] it is conjectured that m2-m/2 is the lowest XOR gates 
count to implement a Matrovito multiplication for any irreducible 
polynomial p(z). For ∆=1 we obtain the worse performances and, in 
this case, p(z) is also called all one polynomial (AOP). An architecture 
specifically developed for AOP, which re-obtains the performances of 
[102],[104], is shown in [99]. 
Unfortunately irreducible ESPs are rare; as an example there are only 
81 m values lower than 1024 such that an irreducible ESP exists. In 
Reed-Solomon applications m is generally lower than 12, and, in these 
cases, no primitive ESP exists. Moreover no irreducible ESP exists for 
m equal to 8, which is the most common value in Reed-Solomon 
applications. 
Apart from ESP, the best known performances are obtained for 
trinomials p(z)=zm+zn+1, with n<m. In [101] it is presented a 
Mastrovito technique which achieves a total XOR count of (m2-1) 

with 2
21 log⎛ ⎞−⎢ ⎥+ + ⎡ ⎤⎢ ⎥⎜ ⎟⎢ ⎥−⎣ ⎦⎝ ⎠

m m
m n

 XOR gates on the critical path. The 

same performances are achieved with the solution proposed by Zhang 
[104] for trinomials. It is apparent that the architecture complexity 
achievable with a trinomial is the same of the one achievable with an 
AOP. With respect to timing performances the best trinomial is the 
one with n equal to 1. In this case the timing performances of the 
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multiplier are the same of a multiplier based on an AOP. Primitive 
trinomials with n=1 exist for m equal to 4, 6 and 7. Hence, for Galois 
fields GF(24), GF(26) and GF(27) optimal multipliers for Reed-
Solomon circuits exist which achieve the best known performances. 
On the other hand, for m equal to 5, 9, 10 and 11 primitive non-
optimal (n>1) trinomials exist and they must be considered the 
preferred choice in Reed-Solomon application based on these fields. 
Unfortunately for m equal to 8 no irreducible trinomial exists. 
Similarly for m equal to 12 no primitive trinomial exists. For these 
fields the best choice for the polynomial p(z) is represented by 
pentanomials. 
Starting from this idea, in [108] Henriquez et al. developed a standard 
basis Mastrovito technique for a class of pentanomials, and, moreover 
they found another class of pentanomials which allows designing 
efficient dual basis multipliers. Unfortunately for m=8, only one 
primitive polynomial, belonging to Henriquez dual basis class, exists, 
whereas for m=12, neither standard basis nor dual basis Henriquez 
techniques are applicable. 
Considering dual basis multipliers an interesting solution applicable 
for every value of m is developed in [107] by Fenn et al.. The 
architecture complexity and the delay performances of this solution is 
the same of the Zhang solution for optimal and non-optimal 
trinomials. On the other hand, for some pentanomials Fenn solution 
results in better timing performances. The drawback of Fenn solution 
is the need of basis conversion between standard and dual basis. 
The multipliers proposed in [101],[104],[107],[108],[115] have a 
complexity proportional to m2 and a delay proportional to log2m. The 
realization of multipliers with an asymptotic sub-quadratic complexity 
is possible [116]. Unfortunately the multiplier of [116] provides a 
delay which, depending from the technique employed, is between 2.5 
times and 3 times larger than the delay of the approaches with 
quadratic complexity. Furthermore the technique proposed in [116] 
provides a reduction of the circuit complexity only for Galois Fields 
with large m values, rarely used for Reed-Solomon applications. 
In this section a new standard basis multiplier architecture based on 
Mastrovito multiplication scheme is developed. For each p(z), the 
proposed multiplier is able to implement the calculation of the M 
matrix exploiting as much as possible hardware sharing, thus 
achieving the minimum possible XOR gate count and the minimum 
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silicon area for the whole multiplier. This approach does not always 
result in the best possible delays for the signals of the M matrix. The 
non-optimal propagation delays of the first block are improved in the 
second block of the Mastrovito scheme in which a delay-driven 
summation technique able to compute M⋅b by compensating the 
different inputs delays is employed. Obtained overall speed compares 
favorably with other multipliers implementations. 
The architecture proposed is easily designable with a systematic 
approach for every Galois field GF(2m) and for every polynomial p(z). 
Its complexity and timing performances are calculated for many fields 
GF(2m) used in Reed-Solomon codes application and compared with 
state of the art techniques [104],[107],[108],[115]. For all considered 
GF(2m), proposed multiplier results in the lowest delay. 

3.1.1 Galois Fields Mastrovito Multipliers 
Reed-Solomon encoding and decoding circuits perform the Galois 
Field GF(2m) algebraic operations using a so called standard basis to 
represent the field elements. 
A standard basis can be constructed, given an irreducible polynomial 
p(z) of degree m over GF(2): 

1
1 1( ) ... 1 (2)m m

m ip z z p z p z p GF−
−= + ⋅ + + ⋅ + ∈  

 (3.1) 
and an element α∈GF(2m) which is a root of p(z). The standard basis s 
is thus defined as s=[1,α,α2,...,αm-1], and the polynomial p(z) is also 
called field generator polynomial. 
Since α is a root of p(z) we can write: 

1
1 1... 1−
−α = ⋅α + + ⋅α +m m

mp p  (3.2) 
Equation (3.2) is known as the reduction relationship since it allows to 
reduce powers αi with i≥m to the powers αi, with i<m, which appear 
in the standard basis s. 
If p(z) is chosen to be a primitive polynomial, the element α on which 
the standard basis is constructed is a primitive element of GF(2m). 
This property is of main relevance in Reed-Solomon applications 
since the roots of the code generator polynomial are powers of a 
GF(2m) primitive element. 
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In Reed-Solomon circuits the most critical operation is the 
multiplication in GF(2m). Given two elements A and B of GF(2m) 
represented in the standard basis as: 

1
0 1 -1... GF(2)Tm

m iA a a a s a a−= + α + + α = ⋅ ∈  (3.3) 
1

0 1 -1... GF(2)Tm
m iB b b b s b b−= + α + + α = ⋅ ∈  (3.4) 

the result C of the multiplication operation between A and B can be 
written as: 

1
0 1 1

1

 ...+

,  , ..., 

−
−

−

= + ⋅ ⋅α + ⋅ ⋅α =

⎡ ⎤= ⋅α ⋅α ⋅⎣ ⎦

m
m

Tm

C b A b A b A

A A A b
 (3.5) 

where b represent the vector [b0, b1, ..., bm-1]. Let us name Mi=[M0,i, 
M1,i, ..., Mm-1,i] the standard basis components of A⋅αi : 

i T
iA s M⋅α = ⋅  (3.6) 

Substituting (3.6) in (3.5) it follows: 
T

0 1 -1

0 1 1

C= [ , , ..., ]

, ,...,
m

TT T T
m

s c c c

s M M M b−

⋅ =

⎡ ⎤= ⋅ ⋅⎣ ⎦
 (3.7) 

Since the representation is unique, we can compute the components ci 
of the multiplication result by performing the following product: 

[ ]0 1 1 0 1 1, , ...,   ... T T TT T T
m mc c c M M M b b− −⎡ ⎤= ⋅ = ⋅⎣ ⎦ M  (3.8) 

Multiplier circuits which implements equation (3.7) use the so called 
Mastrovito multiplication scheme [103]. In this scheme the 
multiplication is realized by using two blocks as shown in Fig.3.1. The 
first block computes the matrix M from the ai components of the 
operand A and the pi coefficients of p(z), whereas the second block 
evaluates the output as follows: 

,0 0 ,1 1 , 1 1...j j j j m mc M b M b M b− −= ⋅ + ⋅ + + ⋅  (3.9) 
The implementation of (3.9) requires, for each cj output, m AND gates 
for the GF(2) multiplications and m-1 XOR gates for the additions. 

 
Fig.3.1 – Mastrovito Multiplier architecture 



 

 

74

Hence the complexity of the second block of Mastrovito multiplier of 
Fig.3,. is fixed and does not depend on the field generator polynomial. 
On the other hand the amount of hardware sharing used to calculate 
the M matrix deeply influences the complexity of the multiplier. 
The simplest way to compute M is proceeding by columns. From (3.6) 
the first column of M is given by the components of A: M0=a. 
Moreover, from (3.6) it follows that each column i can be computed 
multiplying in GF(2m) the column i-1 times α: 

1         1,..., -1T T
i is M s M i m−⋅ = α ⋅ ⋅ =  (3.10) 

Multiplication times α can easily be computed by using (3.2): 

( )
( )

2
1 0, 1 1, 1 1, 1

1, 1 0, 1 1, 1 1

1
2, 1 1, 1 1

...

...

...

T m
i i i m i

m i i m i

m
m i m i m

s M M M M

M M M p

M M p

− − − − −

− − − − −

−
− − − − −

α ⋅ ⋅ = ⋅α + ⋅α + + ⋅α =

= + + ⋅ ⋅α +

+ + ⋅ ⋅α

 (3.11) 

Therefore we have: 
, 1, 1

, 1, 1 1, 1

0; 1,..., 1

1,..., 1; 1,..., 1

− −

− − − −

= = = −

= + ⋅

= − = −

j i m i

j i j i m i j

M M j i m

M M M p

j m i m

 (3.12) 

Assuming to hardwire the values pj in the circuit, from (3.12) we have 
that each signal Mj,i is the result of the XOR operation among some 
components of the input A. The circuit complexity depends on the 
amount of hardware sharing among Mj,i functions which is related to 
the technique used to implement the first block of the Mastrovito 
multiplier. Implementing the Mastrovito multiplier by using directly 
(3.12), we note that some amount of hardware sharing is used, since 
the functions in column i are calculated from the functions of the 
previous i-1 column. Unfortunately this implementation does not 
always provide the minimum complexity circuit. Moreover we will 
show in the next section that, with respect to (3.12), it is possible to 
reduce the delay of the signals Mj,i without increasing the number of 
gates needed to implement the multiplier. 

3.1.2 Proposed Multiplier 
In this section we introduce a new technique to implement the 
Mastrovito multiplication scheme (3.8). More in detail we propose a 
new algorithm to implement the multiplication matrix M exploiting as 
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much as possible hardware sharing, obtaining the minimum area 
implementation of the Mastrovito multipliers for each pre-fixed field 
generator polynomial p(z). This approach does not always result in the 
best possible delays for the Mj,i signals. The non-optimal delays in the 
computation of M, are improved in the second block of the Mastrovito 
scheme, which computes (3.9). In this block a delay-driven 
summation technique able to compensate the different delays of the 
operands Mj,i·bi is employed obtaining a good overall speed. 
In order to explain the proposed technique we firstly note from (3.5) 
that each element Mj,i of the M matrix can be seen as a Boolean 
function of the ai inputs. Let us indicate with f1, f2, …, fL these 
functions, L being the total number of different functions in the M 
matrix (m<L<m2). Since M0=a, the first m functions are equal to the 
inputs a0, a1, ..., am-1. From (3.12) it follows that the remaining 
functions are the XOR of some of the components of the a vector 
(fi=ai1+...+ail); therefore the overall M matrix computation is realized 
in hardware with a network of XOR gates. It can be easily shown that 
the minimum gate count of this XOR network is: 

min = −XORN L m  (3.13) 
In fact the first m functions (fi with 1≤i≤m), being equal to a single a 
vector component, do not require any XOR gate for their 
implementation. The computation of the remaining L-m different 
functions (fi with i > m) requires a minimum of L-m XOR gates since 
a network with k XOR gates can have no more than k different output 
signals. 
A consequence of (3.13) is that every XOR network with the 
minimum complexity for the computation of the functions fi (i > m) 
must be able to evaluate each function by using only one XOR gate: 

1 2XOR ; 1and 2 lower than= >i i if f f i m i i i  (3.14) 
As it can be seen from (3.12), each function present in the M matrix is 
either equal to a previously calculated function or obtained with one 
2-input XOR gate. However, in (3.12) no check is done to verify if 
new calculated functions are equal to previously calculated ones. 
Therefore (3.12) does not always give the minimum XOR network. 
Our algorithm, reported in Fig.3.2, starts from (3.12) and adds two 
different checks on new calculated functions in order to reduce both 
the complexity and the delay for the computation of the M matrix. For 
each element Mrow,col the algorithm uses (3.12) to evaluate the new 
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function (new_func) to be added to the matrix. The first check (“check 
1” in Fig.3.2) is aimed to reduce the circuit complexity. This check 
compares new_func with all functions previously inserted in the 
matrix. If the function has already been inserted in the matrix, the 
XOR gate needed to compute the new function in (3.12) is avoided by 
simply hardwiring Mrow,col to the previously calculated function Mj,i 
(equal to new_func). The second check (“check 2” in Fig.3.2) is aimed 
to reduce the circuit delay without increasing the circuit complexity. 
This check is performed when the “check 1” fails. In this case a XOR 
gate has to be necessarily added to the XOR network. In the approach 
of (3.12) the XOR gate added to the network simply has Mrow-1,col-1 
and Mm-1,col-1 as inputs. The “check 2” considers all couples of 
previously calculated functions (Mj1,i1, Mj2,i2) which verify the 
relationship Mj1,i1 XOR Mj2,i2 = new_func. Among all these couples, 
the algorithm actually implements in the network the solution (Mj1’,i1’ 
XOR Mj2’,i2’) which presents the minimum delay. 
By considering the performances of this algorithm, we can do two 
observations. Since a single XOR gate is inserted in the network for 
each function different from previously calculated ones, the algorithm 
always obtains the minimum number of XOR gates, given by (3.13). 

initialize: Mi,0=ai  (i=0,...,m-1) 
for col=1,..,m-1 loop { 
  “connect M0,col to Mm-1,col-1” 
  for  row=1,..,m-1 loop { 
     if prow=0 then 
       “connect Mrow,col to Mrow-1,col-1” 
     else { 
        new_func= Mrow-1,col-1 XOR Mm-1,col-1 

        if ∃ (j,i) | previously calculated Mj,i=new_func then CHECK 1 
            “connect Mrow,col to Mj,i”     (comment: no XOR gate added) 

        else 
            D=Delay(Mrow-1,col-1 XOR Mm-1,col-1);  j1’=row-1; i1’=col-1; j2’=m-1; 
i2’=col-1 

            foreach (j1,i1),(j2,i2)   |   Mj1,i1 XOR Mj2,i2 = new_func    { 
                 if Delay(Mj1,i1 XOR Mj2,i2) < D  { CHECK 2 
                      D=Delay(Mj1,i1 XOR Mj2,i2) 
                      j1’=j1; i1’=i1; j2’=j2; i2’=i2 
                 } 
            } 

            “connect Mrow,col  to  Mj1’,i1’ XOR Mj2’,i2’”      (comment: one XOR added, 
                                                                                       delay is optimized choosing to 
                                                                                      connect to Mj1’,i1’ XOR Mj2’,i2’) 
}}} 

Fig3.2 – Minimum gate first step of Mastrovito multiplier. 
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Among all possible solutions with the minimum XOR gate number, 
the “check 2” allows to have the best possible delay on each Mj,i 
component. 
Let us introduce two examples to better describe the first and the 
second check in the algorithm of Fig.3.2. The Fig.3.3a shows the XOR 
gate network obtained by employing our algorithm to the GF(26) field 
with p(z)=z6+z3+1. Note that only 3 XOR gates are needed to compute 
M. The direct use of (3.12), in this case, would require 2 more XOR 
gates for the calculation of M3,4 and M3,5. The “check 1” in our 
algorithm discovers that these functions are equal to M2,0 and M1,0 
respectively, reducing the XOR gates count. 
The example of Fig.3.3b considers the GF(29) field with4 p(z)=z9+z6+1 
. In this case the “check 1” fails for all Mj,i terms and our algorithm 
gives the same XOR gates count (8) obtained when equation (3.12) is 
used to build the first block of Mastrovito multiplier. Nevertheless the 
“check 2” of our algorithm is able to improve the delay for the 
computation of the two signals M6,7 and M6,8. In fact, by using (3.12), 
the M6,7 signal would be computed as M6,7=M8,6 XOR M5,6, with a 
total delay of 3 XOR gates. By using the “check 2”, our algorithm 
discovers that M6,7 is also equal to M2,0 XOR M5,0, reducing the M6,7 
delay to only one XOR gate. 
Despite of the employ of the “check 2”, the algorithm of Fig.3.2, 
exploiting as much as possible hardware sharing, still evaluates the 
elements Mj,i by using a network made by long chains of XOR gates in 
which each internal node is connected to an Mj,i signal. The optimal 
delay network, on the other hand, would use a tree structure for each 
Mj,i signal with many internal nodes not connected to any output, and, 
therefore a substantially higher number of XOR gates. 
We have found that the non-optimal delays of the solution of Fig.3.2 
can be compensated by the second block of Mastrovito multiplier 
(which implements (3.9)) by using a delay-driven tree structure. Our 
algorithm to implement the second block of the Mastrovito scheme 
exploits the non equal delays of the elements inside the same row of 
M. The algorithm is shown in Fig.3.4. As it can be seen, firstly a set S, 
composed by Mj,i⋅bi signals, is defined. The algorithm proceeds by 
deleting from S the two elements s1 and s2 with the minimum delay, 
                                                 

4 It is worth to note that p(z)=z9+z6+1 is not irreducible in GF(2). This polynomial is considered here 
only in order to have a simple example. An irreducible polynomial having properties similar to z9+z6+1 
when implemented with our approach is z21+z14+1. 
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combining s1 and s2 with a XOR gate, and inserting the XOR output s3 
in the set S. The algorithms ends when only one signal remains in the 
set S. 
If we denote with di (i=0,...,m-1) the delays of Mj,i⋅bi signals, in the 
appendix B it is shown that, using the proposed algorithm of Fig.3.4, 
the delay t (defined as the number of XOR gates on the critical path) 
for the computation of cj is given by: 

1
2 0

log 2 i
m d
i

t
−

=
⎡ ⎤= ⎢ ⎥⎢ ⎥∑  (3.15) 

 
Fig.3.3a – Proposed first block of Mastrovito multiplier for GF(26) 

with p(z)=z6+z3+1. 

 
Fig.3.3b – Proposed first block of Mastrovito multiplier 

for p(z)=z9+z6+1. 
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In the appendix B it is also shown that this is the minimum possible 
delay given the delays di of the Mj,i⋅bi signals. Of course, the proposed 
technique re-obtains the standard tree architecture in the case of inputs 
with equal delays (di=d ∀i ⇒  D=d+log2(m)). Clearly the number of 
XOR gates needed by our delay-driven tree topology (generated with 
the algorithm of Fig.3.4) is the same (m-1) of the number of XOR 
gates needed in the ripple and balanced tree implementations of the 
network. 
As an example, the Fig.3.5 shows the delay-driven XOR network 
needed to calculate the slowest output c6 for a GF(29) multiplier with 
p(z)=z9+z6+1. This is the same field considered in Fig.3.3b. The 
network of Fig.3.5 is constructed starting from the delays of Mj,i 
signals obtained with our algorithm of Fig.3.2 (see Fig.3.3b). In 
Fig.3.5 the number of XOR gates on the critical path of each M6,i⋅bi 
signal obtained with the algorithm of Fig.3.2 is reported in 
parenthesis. The figure shows that a total delay of 5 XOR gates is 

For each row j=0,...,m-1 of the matrix M: 
1) let S be the set of Mj,i⋅bi signals to be added to obtain cj. 
2) among S signals choose the two signals s1 and s2 with the 

minimum delay 
3) remove s1 and s2 from S 
4) obtain a new signal s3 as s1 XOR s2 
5) compute the delay of s3 from the delays of s1 and s2, add s3 

to S  
6) repeat steps 2-4 until a single signal sL remains in S 
7) cj = sL  

Fig.3.4 – Delay-driven second step of Mastrovito multiplier. 

 
Fig.3.5 – Second block of Mastrovito multiplier for GF(29) with p(z)=z9+z6+1. 
The first block of Mastrovito multiplier is assumed to be implemented with the 

proposed algorithm (see Fig.3.3b). 
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needed to compute c6. It is worth to note that by using a balanced tree 
topology joined with the employ of our algorithm of Fig.3.2 to 
implement the first block of the Mastrovito multiplier, a total delay of 
6 XOR gates would be obtained. Moreover, the employ of the 
balanced tree topology and of (3.12) to build the first block of the 
Mastrovito multiplier leads to a total delay of 7. Therefore, in the case 
of the GF(29) field with p(z)=z9+z6+1, both our “check 2” (in the first 
block of Mastrovito multiplier) and the delay-driven tree topology 
(employed to build second block of Mastrovito multiplier) improves 
the multiplier speed without increasing the circuit complexity. A more 
detailed analysis of the performances achievable with the proposed 
approach is reported in the next sections. 
In conclusion the proposed method for the implementation of 
Mastrovito multiplier scheme of Fig.3.1 provides the minimum area 
implementation for the first block of the multiplier and the minimum 
delay for the second block given the delays of the first block. Since 
the complexity of the second block of the Mastrovito multiplication 
scheme is a constant, proposed technique achieves the minimum area 
for the whole multiplier. The critical path delay of the whole 
multiplier is not optimal because of the non-optimal delays of the 
solution found for the first block. However, our delay driven 
implementation of the second block is able to compensate for the 
non-optimal delays of the first block achieving a good overall speed 
when compared with other techniques. Our “check 2”, in the 
algorithm of Fig.3.2, helps in reducing the multiplier delay without 
increasing its complexity. In its entirety, our approach, while being 
much simpler to implement with respect to many recently proposed 
solutions [104],[115], provides moreover very good performances in 
comparison to the state of the art. The section 3.1.4 quantifies this 
claim. 

3.1.3 Computational complexity of the algorithms 
This section is devoted to study the computational complexity of the 
algorithms needed in our technique to construct the finite field 
multiplier (see Fig.3.2 and Fig.3.4). This study allows to estimate the 
maximum m value that can be treated with our approach. This aspect 
is relevant in cryptographic applications [117] where m is in the range 
[160, 521]. 
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Let us start our analysis by considering the algorithm of Fig.3.2, 
needed to construct the first block of Mastrovito multiplier. In this 
case we can observe that the algorithm computational complexity is 
dominated by the “check 2”. Let us name r the number of nonzero 
terms in p(z) and N=(m-1)(r-2) the total number of functions for which 
“check 2” is performed (in the worst case). By looking to Fig.3.2 we 
note that in “check 2” the generic i-th function (i=0,…,N-1) is 
compared with all couples of previously generated functions. 
Therefore, in the worst case, the “check 2” for the i-th function 

requires 
2
i⎛ ⎞

⎜ ⎟
⎝ ⎠

 functions comparisons. If we assume a computational 

complexity equal to m for each functions comparison, we can compute 
the total computational complexity (ρ1) of “check 2” as: 

-1 -1

1
2 2

( 1) ( 1)( 2)
2 2 6

N N

i i

i i i N N Nm m m
= =

⎛ ⎞ − − −
ρ = ⋅ = ⋅ = ⋅⎜ ⎟

⎝ ⎠∑ ∑  (3.16) 

Therefore the asymptotic computational complexity of the algorithm 
in Fig.3.2 can be estimated as: 

3 4
1

1
6

r mρ ≈  (3.17) 

Let us now consider the algorithm of Fig.3.4, which builds the second 
block of Mastrovito multiplier. This algorithm computes m XOR 
networks, one for each multiplier output. For each of these networks, 
at the generic i-th step of the algorithm (i=0,…,m-2), it is required an 
ordered insertion within a list of m-i elements. Assuming a complexity 
equal to m-i for the ordered insertion operation, we can write the 
computational complexity of the algorithm of Fig.3.4 as: 

m r p(z) computation time 
500 3 z500+z5+1 14sec 
500 3 z500+z250+1  (EST) 9sec 
501 3 z501+z334+1  (ESPm) 1min 
500 3 z500+z495+1 3min21sec 
500 5 z500+z375+z250+z125+1  (ESP) 10sec 
500 5 z500+z6+z5+z1+1 59min47sec 
500 5 z500+z495+z5+z1+1 1h26min50sec 
500 5 z500+z495+z494+z1+1 1h36min49sec 

Tab.3.1 – Computation times needed to build the proposed multiplier. 
Times have been obtained with a 64bit processor running at 2.4GHz. 
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2

2
0

1 ( 1) ( 2)
2

−

=

ρ = ⋅ − = − −∑
m

i

m m i m m m  (3.18) 

From this equation we conclude that the asymptotical computational 
complexity of our approach is dominated by the algorithm needed to 
build the first block of Mastrovito multiplier. The asymptotical 
computational complexity of the complete multiplier will therefore be 
given by (3.17). Tab.3.1 reports the computation times obtained on a 
2.4GHz, 64bit processor in the case of m=500 (or 501). It can be 
observed that, in spite of the large m value, a reasonable computation 
time is needed. This confirms the applicability of our technique not 
only in Reed-Solomon encoding/decoding (where m is never higher 
than 12) but also in cryptographic applications where m vales in the 
order of 500 are not unusual. 

3.1.4 Analytical derivation of the performances 
At the gate level, the building blocks for the implementation of our 
multiplier are the AND gates needed for the computation of Mj,i⋅bi 
signals and the XOR gates, needed both to implement the M matrix 
computation and the delay-driven tree in the second block of 
Mastrovito multiplier. The total number of AND gates needed by our 
approach is m2, while the critical path always include a single AND 
gate. Since these numbers are fixed and do not depend on the 
polynomial p(z), in the following we will describe the complexity and 
the delay of our approach by using the total number of XOR gates 
(NXOR) and the number of XOR gates on the critical path (DXOR). 
The number of XOR gates needed to implement the first block of the 
Mastrovito multiplier in our approach depends on the number of Mj,i 
signals for which the “check 1” succeeds. If the “check 1” always 
fails, the number of XOR gates needed for this block is (m-1)(r-2), 
where r is the number of nonzero terms in p(z). The XOR gates count 
for the second block of the Mastrovito multiplier does not depend on 
p(z) and is given by m(m-1). Therefore an upper bound for the total 
number of XOR gates of our multiplier is: 

( 2) ( 1)XORN m r m≤ + − ⋅ −  (3.19) 
where the equal signs holds when the “check 1” always fails. 
Giving a general upper bound for the delay of our topology is much 
more difficult. In the following paragraphs, starting from (3.15), we 
will evaluate DXOR for some specific field generator polynomials p(z). 



 

 

83

3.1.5 General Trinomial (p(z)=zm+zn+1): upper bound 
In this paragraph we study the case of the polynomial p(z)= zm+zn+1 
assuming that both “check 1” and “check 2” always fails. Clearly an 
upper bound for NXOR and DXOR will be obtained. 
By considering the multiplier complexity, the upper bound for NXOR is 
simply obtained by particularizing (3.19) for r=3: 

2 1XORN m≤ −  (3.20) 
The multiplier delay can be computed by evaluating the matrix D, 
whose elements Dj,i are the delays of Mj,i signals. This matrix is shown 
in Fig.3.6, where the quantity k is given by: 

1mk
m n
−⎡ ⎤= ⎢ ⎥−⎢ ⎥

 (3.21) 

From Fig.3.6 it can be observed that the row with j=n presents the 
highest delays, therefore the critical multiplier output will be cn. From 
Fig.3.6 and (3.15) it follows that the delay of cn, in terms of the 
number of XOR gates on the critical path, can be written as: 

( )0 1 1
2log 2 2 ( ) ... 2 ( ) 2 ( 1 ( 1)( ))k k

cnt m n m n m k m n−⎡ ⎤= + ⋅ − + + ⋅ − + ⋅ − − − −⎢ ⎥
 (3.22) 
Since cn is the critical output, this equation represents also an upper 
bound for DXOR. By simplifying the second term of (3.22), we can 
write: 

 
Fig.3.6 – D matrix for the trinomial p(z)=zm+zn+1, assuming that “check 1” and 

“check 2” always fail. k is given by (3.21). 
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( )( )2log 2 1 ( 2)( ) 2( ) 1k
XORD m k m n m n⎡ ⎤≤ − − − − − − +⎢ ⎥  (3.23) 

In (3.23) the equal sign holds when the “check 1” and “check 2” fails 
for all Mj,i signals. 
We have evaluated the performances of all possible trinomials with 
m≤128. This analysis has revealed that the upper bounds (3.20) and 
(3.23) result always verified with the equal sign, with the exception of 
two classes of trinomials (the equally spaced trinomials and the 
missed equally spaced trinomials). For these two classes, in fact, there 
are some Mj,i terms for which either “check 1” or “check 2” succeeds. 
The performances in these two special cases are studied in the 
following two sections. 

3.1.6 Equally Spaced Trinomial EST (p(z)=zm+zm/2+1) 
The general form of the M matrix for the equally spaced trinomial 
(p(z)=zm+zm/2+1) is shown in Fig.3.7. From this figure it can be 
observed that the “check 1” succeeds for Mm/2,i terms with 
i∈[m/2+1,m-1]. In fact, for example, the Mm/2,m/2+1 function is given by 
am-1 XOR (am/2-1 XOR am-1)=am/2-1. The “check 1” discovers that this 
function is equal to a previously calculated one (Mm/2-1,0) and avoids 
one XOR gate in the multiplier realization. From Fig.3.7 it follows 
that the overall M matrix computation requires only m/2 XOR gates. 
The total complexity of the multiplier is therefore: 

2
2XOR

mN m= −  (3.24) 

From the timing performances point of view, the critical multiplier 
output is cm/2. The computation of this signal, in fact, requires a delay-
driven tree in which m/2 input signals have a delay equal to 0 and m/2 
input signals have a delay equal to 1. The critical path delay of the 
multiplier is therefore (from (3.15)): 

( )2
3log 2XORD m⎡ ⎤=

⎢ ⎥
 (3.25) 
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3.1.7 Missed Equally Spaced Trinomial mEST 
(p(z)=z3n+z2n+1 with m=3n) 
This section is devoted to the study of the polynomial p(z)=z3n+z2n+1. 
This polynomial correspond to a trinomial constructed from an 
equally spaced quadrinomial (z3n+z2n+zn+1) in which the term zn is 
missing. We name this class missed equally spaced trinomial (mEST). 
The Fig.3.8 shows the general form of the M matrix corresponding to 
this class of polynomials. From the figure it can be noted that the 
“check 1” always fails, while the “check 2” succeeds for the M2n,i 
terms with i=2n+1, ...,m-1. Since “check 1” fails, the number of XOR 
gates required by the multiplier will be given by (3.20): 

2 1XORN m= −  (3.26) 
The multiplier delay will be lower than the upper bound (3.23) 
because of “check 2”. With more details, from Fig.3.8 it can be 
observed that the row with the highest delays is the one with j=2n. In 
this row there are 2n-1 signals with a delay equal to 1 (i=1,...,n and 
i=2n+1,...,m-1). n signals with a delay equal to 2 (i=n+1,...,2n) and 
one signal with a delay equal to 0 (i=0). By using (3.15) we can write 
the multiplier delay as: 

( )2log 8 1XORD n⎡ ⎤= −⎢ ⎥  (3.27) 

3.1.8 Equally Spaced Polynomial ESP 
(p(z)=zm+zt∆+...+z∆+1 with m=(t+1)∆) 
Fig.3.9 shows the general form of the M matrix corresponding to the 

 
Fig.3.7 – M matrix for the equally spaced trinomial (EST) p(z)=zm+zm/2+1. 

The symbol “(1)” denotes Mj,i terms for which “check 1” succeeds. The symbol “⊕” denotes XOR 
operation.
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case of the equally spaced polynomial p(z)=zm+zt∆+z(t-1)∆+...+z∆+1 
where m is assumed to be equal to (t+1)∆. In the figure the symbol 
“(1)” indicates the Mj,i elements for which “check 1” succeeds. 
Similarly the symbol “(2)” indicates the success of “check 2”. 
Let us start by counting the number of XOR gates needed to compute 
the M matrix. From Fig.3.9 it can be observed that no simplification is 
done in the columns from i=1 to i=∆. Therefore the number of XOR 
gates needed to compute these columns is t∆. In the columns from 
i=∆+1 to i=2∆, the “check 1” succeeds for cells M∆,i; in this case the 
number of needed XOR gates is (t-1)∆. In the columns from i=2∆+1 
to i=3∆ the “check 1” succeeds both for M∆,i and M2∆,i. The number of 
XOR gates is therefore (t-2)∆. In every successive ∆ columns the 
number of XOR gates decreases by ∆. Finally, in the columns from 
i=(t-1)∆+1 to i=t∆, only ∆ XOR gates are needed. No XOR gate is 
required for the remaining columns. In conclusion the total number of 
XOR gates needed to compute the M matrix with the proposed 
algorithm is: 

1

( 1)
2 2

t

XOR
i

t tN i t m
=

′ = ⋅∆ = + ⋅ ⋅∆ = ⋅∑  (3.28) 

The total number of XOR gates needed for the full multiplier is 
therefore: 

( 1)
2XOR

m tN m m ⋅
= ⋅ − +  (3.29) 

In order to evaluate the multiplier delay we can observe that all Mj,i 
terms in Fig.3.9 are either equal to a single variable or given by the 

 
Fig.3.8 – M matrix for the missed equally spaced trinomial (mEST) p(z)=z3n+z2n+1. 
The symbol “(2)” denotes Mj,i terms for which “check 2” succeeds. The symbol “⊕” 

denotes XOR operation. 
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XOR of two variables. Our “check 1” assures that all Mj,i terms equal 
to a single variable have a delay equal to 0. The “check 2” makes the 
delay of all remaining Mj,i terms (given by the XOR of two variables) 
equal to 1. By looking to Fig.3.9 it can be observed that the critical 
row is the one with j=t∆. In this case, in fact, ∆ terms have a delay of 0 
while the remaining t∆ terms Mt∆,i have a delay equal to 1. The critical 
multiplier output is therefore ct∆; the delay of this signal, using (3.15) 
is: 

( )2 2log 2 log 2
2XORD t m

⎡ ⎤⎛ ⎞∆⎛ ⎞⎡ ⎤= ⋅∆ ⋅ + ∆ = −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎢ ⎥
 (3.30) 

It is worth to note that the equally spaced polynomial reduces to the 
equally spaced trinomial when t=1. In this case, in fact, (3.29),(3.30) 
reduces to (3.24),(3.25). 

3.1.9 Pentanomial p(z)=zm+zn+1+zn+z+1  (with n≤m/2 1) 
The general form of the M matrix corresponding to the pentanomial 
zm+zn+1+zn+z+1 with n≤m/2-1 is shown in Fig.3.10. The figure reports 
all columns from i=1 to i=m-n; the final n columns are not shown. It 
can be observed that the “check 2” succeeds for all Mn+1,i elements 
with i=n+1,…,m-n-1. For example Mn+1,n+1 element, by using 
“check 2”, is calculated as M1,1 XOR M1,n+1, with a delay equal to 2. 
Without “check 2” this elements would be obtained as 
Mn,n XOR Mm-1,n with a total delay of 3. 

Fig.3.9 – M matrix for the equally spaced polynomial (ESP) p(z)=zm+zt∆+z(t-1)∆+...+z∆+1.
The symbols “(1)” and “(2)” denotes Mj,i terms for which “check 1” and “check 2” 

succeeds respectively. 
The symbol “⊕” denotes XOR operation. 
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Since “check 1” fails for all Mj,i elements, the number of XOR gates 
needed to implement the multiplier is simply obtained by 
particularizing (3.19) for r=5: 

( 3) ( 1)XORN m m= + ⋅ −  (3.31) 
The multiplier delay can be evaluated by considering the D matrix 
whose element Dj,i is the delay of the Mj,i element. Fig.3.11 reports 
this matrix for the considered pentanomial. The figure shows that the 
critical multiplier output is cn+1, corresponding to the D matrix row 
with j=n+1. This row contains one element with zero delay, one 
element with a delay equal to 1, m-n-2 elements with a delay equal to 
2, two elements with a delay of 3 and n-2 elements with a delay equal 
to 4. By using (3.15) the total multiplier delay can be computed as: 

( )2log 4 12 21XORD m n⎡ ⎤= + −⎢ ⎥  (3.32) 

 
Fig.3.10 – M matrix for the pentanomial zm+zn+1+zn+z+1  (with n≤m/2-1). Columns from i=1 to 

i=m-n are shown. 
The symbol “(2)” denotes Mj,i terms for which “check 2” succeeds. The symbol “⊕” denotes 

XOR operation. 

 
Fig.3.11 – D matrix for the pentanomial zm+zn+1+zn+z+1  (with n≤m/2-1). 
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3.1.10 Comparison with the state of the art 
A comparison between the proposed approach and the recently 
proposed most effective polynomial basis multipliers is shown in 
Tab.3.2 and Tab.3.3. Tab.3.2 considers the trinomial classes. It can be 
observed that the proposed approach results in the same complexity 
and in a better delay with respect to previously proposed techniques. 
As an example, in the case of the trinomials xm+xn+1 with 2≤n≤m/2, 

Technique Multiplier topology # XOR gates delay (# of XOR gates on the critical path) 
Trinomial   zm+z+1 

Koc [101] TCOMP 1999 
Koc [102] TCOMP 2000 
Zhang [104] TCOMP 2001 

Mastrovito ( )2log 2m⎡ ⎤⎢ ⎥  

Masoleh [115] TCOMP 2004 Modular Reduction ( )2log 4m⎡ ⎤⎢ ⎥  

Proposed Mastrovito 

m2-1 

( )2log 2 1m −⎡ ⎤⎢ ⎥  

Trinomial   zm+zn+1           2 ≤ n ≤ m/2 
Koc [101] TCOMP 1999 
Koc [102] TCOMP 2000 
Zhang [104] TCOMP 2001 

Mastrovito ( )2log 4m⎡ ⎤⎢ ⎥  

Masoleh [115] TCOMP 2004 Modular Reduction ( )2log 4( 1)m −⎡ ⎤⎢ ⎥  

Proposed Mastrovito 

m2-1 

( )2log 2 2 3m n+ −⎡ ⎤⎢ ⎥  

Equally Spaced Trinomial (EST)   zm+zm/2+1 
Koc [101] TCOMP 1999 
Koc [102] TCOMP 2000 
Zhang [104] TCOMP 2001 

Mastrovito 

Masoleh [115] TCOMP 2004 Modular Reduction 

( )2log 2m⎡ ⎤⎢ ⎥  

Proposed Mastrovito 

2
2

mm −  

( )2
3log 2 m⎡ ⎤

⎢ ⎥  

Trinomial zm+zn+1           m/2 < n ≤ m-1    1mk
m n
−⎡ ⎤= ⎢ ⎥−⎢ ⎥

 

Koc [101] TCOMP 1999 
Koc [102] TCOMP 2000 
Zhang [104] TCOMP 2001 

Mastrovito ( )2log 2k m⎡ ⎤
⎢ ⎥  

Masoleh [21 TCOMP 2004 Modular Reduction ( )( )2log 2 1 ( 2)( )k m k m n⎡ ⎤− − − −⎢ ⎥  

Proposed Mastrovito 

m2-1 

( )( )2log 2 1 ( 2)( ) 2( ) 1k m k m n m n⎡ ⎤− − − − − − +⎢ ⎥  

missed Equally Spaced Trinomial (mEST)    z3n+z2n+1    m=3n 
Koc [101] TCOMP 1999 
Koc [102] TCOMP 2000 
Zhang [104] TCOMP 2001 

Mastrovito ( )2log 24n⎡ ⎤⎢ ⎥  

Masoleh [21 TCOMP 2004 Modular Reduction ( )2log 16( 1/ 2)n −⎡ ⎤⎢ ⎥  

Proposed Mastrovito 

m2-1 

( )2log 8 1n −⎡ ⎤⎢ ⎥  

Tab.3.2 – Comparison with related polynomial basis multiplier for Trinomials. 
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our technique results in an asymptotical delay of log2(2m) while the 
other approaches presents an asymptotical delay of log2(4m). A 
significant delay improvement can also be noted for trinomials with 
m/2<n≤m-1, for the equally spaced trinomial and for the missed 
equally spaced trinomial. Remarkable is the delay obtained for EST 
which is the lowest delay reported in the Literature for a GF(2m) 
multiplier. 
The Tab.3.3 considers both the case of equally spaced polynomials 
and pentanomials zm+zn+1+zn+z+1 (with n≤m/2-1). It can be observed 
that the proposed technique results in the same complexity of 
previously proposed Mastrovito multipliers. When compared to non-
Mastrovito multiplier topologies (like “method II” proposed in [102] 
for equally spaced polynomials or Modular Reduction techniques) 
proposed approach result in an higher number of XOR gates. In all 
considered cases our technique results in a lower delay with respect to 
other approaches. As an example in the considered class of 
pentanomials the asymptotical delay of our solution is log2(4m), while 
the best available approach [115] results in an asymptotical delay of 
log2(8m). 
The Tab.3.4 reports a comparison considering some field generator 
polynomials p(z) better suited for Reed-Solomon encoding and 
decoding. In the table, we have considered the Mastrovito multiplier 
technique of [104], the non-Mastrovito technique of [115], and the 
dual basis GF(2m) multipliers of [107] and [108]. The multiplier of 
[107] has been employed in [110] for the implementation of a Reed-

Technique Multiplier topology # XOR gates delay (# of XOR gates on the critical path) 
Equally Spaced Polynomial (ESP)     zm+zt∆+...+z∆+1    m=(t+1)∆ 

Koc [102] (method II) TCOMP 2000 
Zhang [104] TCOMP 2001 non-Mastrovito 

Masoleh [115] TCOMP 2004 Modular Reduction 
m2-∆ 

Koc [102] (method I)  TCOMP 2000 Mastrovito 

( )2log 2m⎡ ⎤⎢ ⎥  

Proposed Mastrovito ( )1
2

m tm m ⋅
− +  ( )( )2log 2 2m⎡ ⎤∆−⎢ ⎥⎢ ⎥

 

Pentanomial    zm+zn+1+zn+z+1    n≤m/2-1 
Zhang [104] TCOMP 2001 Mastrovito m(m-1)+3(m-1) ( )2log 64m⎡ ⎤⎢ ⎥  

Henriquez [108] TCOMP 2003 m(m-1)+2n ( )2log 8m⎡ ⎤⎢ ⎥  

Masoleh [108] TCOMP 2004 
Modular Reduction 

m(m-1) ( )2log 8( 1)m −⎡ ⎤⎢ ⎥  

Proposed Mastrovito m(m-1)+3(m-1) ( )2log 4 12 21m n+ −⎡ ⎤⎢ ⎥  

Tab.3.3 – Comparison with related polynomial basis multiplier for 
Equally Spaced Polynomials and a class of Pentanomials. 
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Solomon decoder. For each Galois Field GF(2m) (with 4≤m≤12) the 
same p(z) polynomial has been used to compare all the techniques. 
Among all possible irreducible polynomials p(z), we restricted our 
attention to primitive polynomials since, in this case, the architecture 
complexity of Reed-Solomon circuits is sensibly reduced. For each 
field, p(z) is chosen as the primitive polynomial which gives best 
performances for all considered multipliers. The used p(z) are reported 
in Tab.3.4. 
Multipliers are compared in terms of the total number of XOR gates 
required to implement the circuit (NXOR) and the number of XOR gates 
on the critical path (DXOR). For dual basis ([107],[108]) two numbers 
are reported. The first number does not take into account the extra 
delay and gates needed for the dual to standard basis conversions at 
the multiplier inputs and outputs. In parenthesis the value of the delay 
and of the architecture complexity considering basis conversion is 
reported. 
The results of Tab.3.4 show that, neglecting the dual to standard basis 
conversion, in the fields GF(24), GF(26) and GF(27), where the 
trinomial p(z)=zm+z+1 can be employed, the proposed technique 
achieves exactly the same performances of [104],[107]. For all other 
considered GF(2m) the proposed architecture improves the timing 
performances with respect to Zhang [104], Fenn [107] and Masoleh 
[115] multipliers. In the case of GF(28), widely used for Reed-
Solomon coding, the proposed technique has a critical path with 3 
fewer XOR gates with respect to [104] and 1 fewer XOR gate with 
respect to [107]. Comparing with [108] we have the same critical path 
delay, with two less XOR gates required for circuit implementation. It 

DXOR NXOR DXOR NXOR DXO
R

NXOR

4 3 15 3 (3) 15 (15) 4 15 3 15 z4 + z1 + 1
5 5 24 5 (5) 24 (24) 4 24 4 24 z5 + z2 + 1
6 4 35 4 (4) 35 (35) 5 35 4 35 z6 + z1 + 1
7 4 48 4 (4) 48 (48) 5 48 4 48 z7 + z1 + 1
8 9 77 7 (9) 77 (81) 6 (7) 79 (81) 7 77 6 77 z8 + z4 + z3 + z2 + 1
9 6 80 6 (6) 80 (80) 5 80 5 80 z9 + z4 + 1

10 6 99 6 (6) 99 (99) 6 99 5 99 z10 + z3 + 1
11 6 120 6 (6) 120 (120) 6 120 5 120 z11 + z2 + 1
12 10 165 8 (10) 165 (171) 8 165 7 165 z12 + z6 + z5 + z3 + 1

m
primitive                 

polynomial p(z)
Zhang [104] Henriquez [108] proposedFenn [107]

NXORDXOR DXOR

-

-

-

-

-

-

-

-

Masoleh [115]

--

NXOR

-

-

-

-

-

-

 
Tab.3.4 – GF(2m) multipliers performances. DXOR is the number of XOR gates on the critical path 

and NXOR is the total number of XOR. 
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is worth to note that, if dual-to-standard basis conversion cannot be 
avoided, the solution of [108] requires four more XOR gates with one 
more XOR gate on the critical path with respect to the proposed 
solution. 

3.1.11 Key-Equation Solving Block For a RS(255,239) 
A t-error primitive Reed-Solomon (n,k) code with symbols in GF(2m) 
has codewords of length n=2m-1 and satisfies 2t=n-k. A widely used 
Reed-Solomon code is the RS(255,239) which is based on GF(28) and 
can correct up to 8 erroneous symbols. In a Reed-Solomon decoder 
circuit, the main block, which strongly influences circuit area and 
limits maximum speed, is the key-equation solver, which, given the 
syndromes [95] polynomial S(x), is able to find a solution for the 
following equation: 

( ) ( ) ( ) 2modΛ = Ωi tx S x x x  (3.33) 
where Λ(x), S(x) and Ω(x) are polynomials over GF(2m) of degree t, 

2t-1 and t-1 respectively. ( )
0=

Λ = λ∑
t

i
i

i

x x  is called error locator 

polynomial, whereas ( )
1

0

−

=

Ω = ω∑
t

i
i

i

x x  is the error evaluator 

polynomial. 
In order to highlight the effectiveness of the proposed multiplier in a 
typical application, in this section we investigate the performances 
achievable by using the proposed GF(2m) multiplier scheme to design 
a key equation solver block for RS(255,239). For comparison the 
same architecture is implemented with the Henriquez [108] multiplier 
which was the fastest known multiplier for GF(28). 
Many techniques can be used to solve the key-equation, in this section 
we consider the inversion-less ([95],[109],[110]) Berlekamp-Massey 
algorithm shown in Fig.3.12. This algorithm staring from the 
Syndromes Si is able to compute the error locator polynomial, given 
by Λ(2t)(x), in a 2t iterative cycle which involves additions and 
multiplications over GF(2m). Note that, in order to obtain the result, 

the algorithm introduces a new polynomial ( )
1

0

−

=

=∑
t

i
i

i

B x b x  over 

GF(28). 
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The well known implementation of the considered Berlekamp-Massey 
algorithm is shown in Fig.3.13. The architecture starts from the 
syndromes polynomial S(x) and computes in each clock cycle the new 
discrepancy value δ, updating Λ(x) and B(x) polynomials as required 
by the algorithm of Fig.3.12. After 2t clock cycles, the error locator 
polynomial will be stored in the registers λi. The blocks marked as BC 
are basis converter needed only if the Henriquez multipliers are used 
in the circuit. The need of basis conversion increases by two the 
number of XOR gates on the critical path, resulting in a slower circuit. 
As it can be seen the delay of the circuit in Fig.3.13 is equal to the 
time needed to calculate the discrepancy δ plus the delay of one 

Initialize: 
(0) (0) (0) (0)( ) ( ) 1;   1; 0Λ = = γ = =x B x k  

FOR r=0,..,2t-1 LOOP 

( ) ( ) ( )

0

0,−
=

δ = λ ⋅ λ = ∀ >∑
r

r r r
j r j j

j

S j t  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1+Λ = γ ⋅Λ + δ ⋅ ⋅r r r r rx x B x x  

IF δ(r)≠0 OR k(r)≥0 THEN { 
( ) ( ) ( ) ( )1+ = Λr rB x x  

( ) ( )1 1+ = − −r rk k ;   
( ) ( )1+γ = δr r

} 
ELSE { 

( ) ( ) ( ) ( )1+ = ⋅r rB x x B x  

( )1 ( ) 1+ = +r rk k ;   
( ) ( )1+γ = γr r

} 
 

END LOOP 
Fig.3.12 – Inversion-less BerlekampMassey algorithm equations. 

 
Fig.3.13 – BerlekampMassey algorithm implementation. 
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GF(28) multiplier, one GF(28) adder and two base converters. From 
Fig.3.12 it can be seen that the delay needed to calculate the 
discrepancy δ is equal to the sum of the delay of one GF(28) multiplier 
and one t+1 inputs GF(28) adder. In the architecture of Fig.3.13 the 
multipliers Mγi share the same operand γ. Considering this operand as 
the A input of the Mastrovito multiplier, because of (3.6),(3.7) the 
matrix M will be the same for all the multipliers Mγi. Hence all 
multipliers Mγi can share the same first block. The same technique can 
be also used for the multipliers Mδi which share the same operand δ. 
Please note that the same technique can be used with the Henriquez 
[108] multiplier. 
The architecture in Fig.3.13 has been implemented for a 2.5V 1P5M 
0.25µm technology, using either proposed multipliers or Henriquez 
[108] multipliers. This analysis has two objectives: determine the 
advantages obtainable by employing the proposed multiplier design in 
a real application; establish if starting from a previously proposed 
multiplier solution (like the solution of Henriquez [108]) the 
synthesizer is able by itself to find a circuit topology with a delay 
comparable with the one of our multiplier. To that purpose we have 
synthesized the circuits with the latest version of a state of the art 
commercial synthesizer by employing the highest-effort options. The 
implementation results are shown in Tab.3.5, where it is also reported 
the number of XOR gates on the critical path (DXOR) as determined 
from the data of Tab.3.4. It can be observed that the use of the 
proposed multiplier allows achieving a 9.6% increase in the maximum 
operating speed giving about the same area occupation of the 
Henriquez based implementation. It is worth to highlight that the 
delay results are in a perfect agreement with the DXOR values obtained 
from the simple analysis of Tab.3.4. Therefore the synthesizer is not 
able to re-obtain our speed-optimized implementation, starting from a 
non optimal description (like the one corresponding to the Henriquez 
approach). This can be explained with the observation that in a GF(2m) 
multiplier there is a strong correlation between the delays of the 
different paths in the circuit. 
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3.1.12 Conclusions 
In this section a new architecture for Galois fields GF(2m) multipliers 
has been developed. The proposed multiplier is based on the 
Mastrovito multiplication scheme and standard basis representation. 
Our multiplier can easily be designed with a systematic approach for 
any field GF(2m) and any field generator polynomial p(z). Our solution 
is extremely more simple to design and implement with respect to 
other recently proposed approaches (like the ones of [104] and [115]). 
In the section we have analytically derived the performances of our 
multiplier in the case of equally spaced trinomials, missed equally 
spaced trinomials, equally spaced polynomials and a class of 
pentanomials. An upper bound is also given for a general trinomial. 
The comparison with the state of the art shows that in the case of 
trinomials our solution provides the best performances in terms of 
both circuit complexity and speed. Remarkable is the delay obtained 
for equally spaced trinomials which is the lowest delay reported in the 
Literature for a GF(2m) multiplier. The comparison in the case of 
equally spaced polynomials and the considered class of pentanomials 
shows that the novel multiplier results in the lower delay. 
The section also considers a comparison for the GF(2m) fields better 
suited for Reed-Solomon encoding and decoding. In this case the new 
architecture always achieves the best performances. A sensible 
improvement in timing performances is shown for the widely used 
GF(28) field. 
We have demonstrated the effectiveness of the proposed approach in a 
real application by implementing the Berlekamp-Massey algorithm for 
a Reed-Solomon (255,239) decoder with respectively the proposed 
multiplier and the fastest previously proposed multiplier. The 
comparison shows that the proposed solution achieves about a 10% 
improvement in the circuit maximum clock frequency, as predicted by 
our simple, gate level, analysis. 

exploited multipier DXOR
Area

(mm2)
Delay
(ns)

Frequency 
(MHz)

Henriquez [108] 19 0,164 4,37 229

Proposed 17 0,164 3,99 251  
Tab.3.5 – Inversion-less Berlekamp-Massey algorithm implementation for 

RS(255,239) decoder. DXOR is the number of XOR gates on the critical path. 
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3.2 Reed-Solomon Decoder 

3.2.1 Introduction 
The need of portable circuits able to communicate with high 
bandwidths is pushing in the development of high-speed and low-
power Reed-Solomon decoders. 
Reed-Solomon decoding is based on Galois Field (GF(2m)) arithmetic. 
The most intensive procedure is the solution of so called key-equation 
which gives the error locator and error evaluator polynomials. The 
main techniques proposed to solve the key-equation are the Euclidean 
algorithm [118] and the Berlekamp-Massey algorithm [118],[119]. 
Standard Euclidean algorithm [118] requires the computation of finite-
field inversion which, due to the high computational complexity, 
degrade the maximum bit-rate of the decoder. In [120] an inversion-
free Euclidean algorithm method is proposed by improving timing 
performances with respect to standard Euclidean algorithm technique. 
A lower complexity with respect to Euclidean algorithm is obtained 
by Berlekamp-Massey algorithm, which, in its original form 
[118],[119], requires the computation of the finite-field inversion. 
Solution provided in [119], known as Berlekamp architecture, 
evaluates at the same time both the error locator and the error 
evaluator polynomials. On the other hand, Blahut [118] architecture 
calculates error evaluator polynomial in a second step slightly 
increasing latency with a substantial reduction in hardware 
complexity. Both solutions can be rearranged to avoid the finite-filed 
inversion. As an example, in [121], inversion-free Blahut architecture 
is presented. 
In [122] Chang et al introduce a decomposed solution for inversion-
free Berlekamp-Massey algorithm. The method greatly reduces 
hardware complexity and delay by substantially increasing circuit 
latency. In [123] Sarwate et al propose an high-speed and low latency 
architecture based on inversion-free Berlekamp-Massey algorithm. A 
drawback of this solution is the increased circuit complexity with 
respect to both Blahut and Berlekamp architectures. In [124] a 
decoder based on Berlekamp-Massey algorithm is shown which 
achieves good speed and silicon area occupation. 
In this section a novel technique has been used to design a 
high-performance Reed-Solomon decoder in 0.25µm CMOS 
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technology. The technique introduces a new architecture for the 
implementation of inversion-free Berlekamp-Massey algorithm. The 
architecture allows to improve operating speed of standard Blahut and 
Berlekamp solutions with a reduced complexity with respect to 
Sarwate architecture. 

3.2.2 Reed-Solomon decoding 
In Reed-Solomon (RS) codes the bit stream to transmit is divided in 
symbols each formed by m bits assumed to be a Galois Field (GF(2m)) 
value. In a RS (n,k) code, symbols are organized in blocks each of a 
fixed length n. A block is made up with k data symbols, and n-k parity 
symbols, used to recover errors. RS codes can correct up to t wrong 
symbols in the block of n symbols; k being chosen so that n-k=2t and 
n being equal to 2m-1. 
RS decoding procedure can be divided in three steps: syndromes 
calculation, key-equation solution, error detection and correction 
(Forney algorithm), as shown in Fig.3.14. 
In the first step 2t syndromes are evaluated: 

( )
1

0

 0,..,2 1
n ji

i j
j

S V i t
−

=

= ⋅ α = −∑  (3.34) 

where Si is the i-th Syndrome, Vj is the j-th symbol of the received 
block, and α is the primitive element of GF(2m). Syndromes Si can be 
arranged in Syndromes polynomial: 

2 1

0

( )
t

i
i

i

S x S x
−

=

= ⋅∑  (3.35) 

In the second step the error locator polynomial Λ(x) and the error 
evaluator polynomial Ω(x) are calculated by solving the key-equation: 

2( ) ( ) ( ) mod tx S x x xΛ ⋅ = Ω  (3.36) 

The last step of the decoding procedure is the error detection and 
correction, which can be realized by using the Forney algorithm. 
Roots of Λ(x) are related to the position of the symbols affected by 

Syndromes key-equation Forney

+Vj

Ci

FIFO memory

S x( ) Λ( )x

Ω( )x

Vi

Y i

 
Fig.3.14 – Reed-Solomon decoding architecture. 
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error so that if Λ(α-w)=0 then the w-th symbol has to be corrected. 
Error magnitude is given by: 

( )
( )'

w

w w w
Y

−

− −

Ω α
=
α Λ α

 (3.37) 

where Λ’(x) is the formal derivative of the polynomial Λ(x), and is 
defined as 2 4

1 3 5( ) ...x x x′Λ = λ + λ ⋅ + λ ⋅ + . 
FIFO memory in Fig.3.14 is used to store received Vj symbols during 
the time needed to complete the three decoding steps. 

3.2.3 Key-equation block 
In this section we will introduce a novel architecture of inversion-free 
Berlekamp-Massey algorithm (BMA) for the implementation of key-
equation block. 
Inversion-free BMA uses four polynomials: 

( )( )

0
( )

t
rr i

i
i

x xλ
=

Λ =∑   ,  
1

( )( )

0
( )

t
rr i

i
i

x xβ
−

=
Β =∑  (3.38) 

1
( )( )

0
( )

t
rr i

i
i

x xω
−

=
Ω =∑   ,  

2
( )( )

0
( )

t
rr i

i
i

x xϑ
−

=
Θ =∑  (3.39) 

in a 2t iterative steps algorithm. The algorithm is shown in Fig.3.15, 
where multiplication and addition operations are defined in GF(2m). 
The value Λ(2t)(x) and Ω(2t)(x), obtained at the end of the cycle, are the 
error locator polynomial Λ(x) and the error evaluator polynomial Ω(x) 

Initialize: 
(0) (0) (0) (0) (0) (0)( ) ( ) 1;   1; 0; ( ) ( ) ( )x B x k x x S xΛ = = γ = = Ω = Θ =  

FOR r=0,..,2t-1 LOOP 
( ) ( ) ( )

0

0,
r

r r r
j r j j

j

S j t−
=

δ = λ ⋅ λ = ∀ >∑  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1r r r r rx x B x x+Λ = γ ⋅Λ + δ ⋅ ⋅  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1r r r r rx x x x+Ω = γ ⋅Ω + δ ⋅Θ ⋅  

IF δ(r)≠0 OR k(r)≥0 THEN { 
( ) ( ) ( ) ( )1r rB x B x+ = ;   ( ) ( ) ( ) ( )1r rx x+Θ = Θ  

( ) ( )1 1r rk k+ = − − ;   ( ) ( )1r r+γ = δ } 
ELSE { 

( ) ( ) ( ) ( )1r rB x x B x+ = ⋅ ;   ( ) ( ) ( ) ( )1r rx x x+Θ = ⋅Θ  

( )1 ( ) 1r rk k+ = + ;   ( ) ( )1r r+γ = γ } 
END LOOP 

Fig.3.15 – BerlekampMassey algorithm equations. 
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respectively. Please note that the algorithm shown in Fig.3.15 
calculates both the error locator polynomial and the error evaluator 
polynomial as proposed by Berlekamp [119],[123]. In recent years 
most researchers have used the formulation of BMA given by Blahut 
[118] in which only Λ(r)(x) and Β(r)(x) are calculated iteratively, the 
polynomial Ω(x) being calculated, according to key equation (3.36), as 
the terms of degree lower than t of the polynomial multiplication 
Λ(x)·S(x). 
The main steps in algorithm of Fig.3.15, are the evaluation of 
discrepancy δ(r), and the updating of Λ(r)(x) and Ω(r)(x) polynomials. 
As you can see, the discrepancy δ(r) is evaluated from Λ(r)(x) and 
syndromes Si with the following equation: 

( ) ( )

0

r
r r

j r j
j

S −
=

δ = λ ⋅∑  (3.40) 

where λ(r)
j is assumed to be equal to zero for j>t. 

Polynomials Λ(r)(x) and Ω(r)(x) polynomials are updated according to: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1r r r r rx x x x+Λ = γ ⋅Λ + δ ⋅Β ⋅  (3.41) 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1r r r r rx x x x+Ω = γ ⋅Ω + δ ⋅Θ ⋅  (3.42) 

Berlekamp [119],[123] architecture for the implementation of BMA 
directly use the algorithm described in Fig.3.15 by employing the 
feed-back loop based architecture shown in Fig.3.16. In this 
architecture, in each clock cycle, discrepancy δ(r) is evaluated with a 
delay of one multiplier and one t+1 input adder (see (3.40)), and 
subsequently, polynomial Λ(r+1)(x) and Ω(r+1)(x) are updated with 
another delay of one multiplier and one 2-input adder (see (3.41)
,(3.42)). Therefore the total critical path delay includes two multipliers 
and two adders. Blahut architecture [118] reduces circuit complexity 
with respect to Berlekamp solution by maintaining the same critical 
path delay. 
The number of clock cycles needed to implement the BMA directly 
influences the latency of the circuit. As shown in Fig.3.1 the higher 
the latency, the larger is the size of the memory needed for the 
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Fig.3.16 – Berlekamp architecture for BMA implementation. 



 

 

100

decoder. Berlekamp solutions provides the lowest latency (2t clock 
cycles) requiring the minimum memory size. 
The timing performances of BMA circuit can be improved introducing 
architectures in which the calculation of the discrepancy δ(r) and the 
calculation of Λ(r+1)(x) and Ω(r+1)(x) do not belong to the same 
combinatorial path. Two recently proposed techniques [122],[123] use 
this principle to achieve a delay of one multiplier and one 2-input 
adder. In the solution proposed by Chang et al [122] the discrepancy 
calculation is divided from the computation of Λ(r+1)(x) and Ω(r+1)(x) 
by decomposing BMA. Unfortunately decomposed technique 
substantially increases the latency for the key-equation solving, 
requiring a bigger FIFO memory in the structure of Fig.3.14. Sarwate 
et al [123] propose a low latency BMA implementation, but, in this 
case, the implementation itself requires a large area. 
In this section a trade-off solution for the BMA implementation is 
proposed which achieve low latency and reduced area with a high 
speed architecture. 
The main idea is to insert a register to break the loop between the 
discrepancy calculation and the updating of Λ(r+1)(x) and Ω(r+1)(x) 
polynomials, as shown in the architecture of Fig.3.17. Although this 
modification doubles elaboration latency, since each step of BMA 
now requires two clock cycles, it allows two significant 
improvements. First of all, with respect to solution of Fig.3.16, the 
critical path is broken and includes only the computation of the 
discrepancy δ(r), providing a minimum cycle time given by the delay 
of one multiplier and one t+1-input adder. Moreover the updating of 
Λ(r+1)(x) can share the same hardware with the updating of Ω(r+1)(x). In 

λt
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X

X
X
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+

+

+
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Fig.3.17 – proposed BMA implementation. 



 

 

101

fact, in the architecture of Fig.3.17 the circuits employs the same 
block, with 2t+1 GF(2m) multipliers (Mγ0-Mγt and Mδ1-Mδt) and t 
adders, to update Λ(r+1)(x) and Ω(r+1)(x). 
The operation of the architecture of Fig.3.17 is the following. In the 
first clock cycle, the first discrepancy δ(0) is evaluated and stored. In 
subsequently even clock cycles, multipliers are driven with Λ(r)(x) and 
Β(r)(x) coefficients, and Λ(r+1)(x) is updated according to (3.41). In odd 
clock cycles, while new discrepancy δ(r+1) is evaluated based on 
previously updated Λ(r+1)(x) coefficients, Ω(r+1)(x) is updated 
according to (3.42). In these clock cycles multipliers are driven with 
Ω(r)(x) and Θ(r)(x) coefficients. Tab.3.6 summarizes circuit operation, 
showing that the total latency for the join computation of Λ(x) and 
Ω(x) is 4t+1 clock cycles. 
It is worth to note that hardware complexity of the architecture of 
Fig.3.17 can be further reduced with an efficient use of Mastrovito 
multipliers developed in section 3.1. In fact all the multipliers Mγi 
(i=0,...,t) have the same operand γ. Considering γ as the A operand of 
Mastrovito multipliers, the matrix M will be the same for all 
multipliers. Hence all multipliers Mγi can share the same first block of 
Mastrovito scheme. The same technique can be also used for 
multipliers Mδi (i=1,...,t) which share the same operand δ. 
The comparison between proposed BMA implementation, and 

clock cycle circuit operations
1 from Λ(x) and S (x) initial values calculate δ(0)

2 calculate Λ(1)(x)
3 calculate Ω(1)(x); γ(1); δ(1)

… …
4t calculate Λ(2t)(x)

4t+1 calculate Ω(2t)(x)
 

Tab.3.6 – proposed BMA implementation circuit operations. 

BMA technique Multipliers Latency critical path

BMA Blahut [118,121] 3t+2 3t 2·Tmult + Tadd2 + Tadd(t+1)

BMA Berlekamp 
[119,124] 5t+1 2t 2·Tmult + Tadd2 + Tadd(t+1)

BMA decomposed [122] 3 1+2t+2t2 Tmult + Tadd2

BMA Sarwate [124] 6t+2 2t Tmult + Tadd2

BMA proposed 3t+2 4t Tmult + Tadd(t+1)  
Tab.3.7 – BMA implementations comparison. 
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previously proposed solutions [118],[119],[121],[122],[123] is shown 
in Tab.3.7. Comparing proposed technique with standard Blahut [118] 
and Berlekamp [119],[123] techniques we note that our solution about 
halves critical path delay. With respect to Blahut technique, we need t 
more latency clock cycles, which, can be compensated, with a little 
increase in circuit complexity, by inserting t pipeline registers in FIFO 
memory of Fig.1. On the other hand, comparing with Berlekamp 
technique, proposed solution results moreover in a substantially lower 
number of multipliers. The comparison with the solution of Sarwate et 
al, shows that our technique provides a slightly higher critical path 
delay, while requiring about the half of GF(2m) multipliers. Finally, 
decomposed technique, results in the minimum number of multiplier, 
with, unfortunately a quadratic increase of latency with respect to t, 
which could heavily increase the size of FIFO memory, especially for 
codes able to correct an high number of symbols. 

3.2.4 Circuit implementation 
A (255,239) Reed-Solomon decoder has been designed for a 0.25µm, 
1P5M, 2.5V, CMOS technology. The circuit implements novel 
developed BMA architecture employing high-speed GF(2m) multiplier 
scheme shown in section 3.1. The total latency is 288 clock cycles. 
This latency is compensated by a FIFO memory block which being 
designed using technique proposed in [124], uses two 128x8 SRAM 
memories and 17 pipeline registers. The circuit can operate with a 
maximum clock frequency of 200MHz for an input throughput of 
1.6Gbps. Due to the presence of parity symbols the output throughput 
results 1.5Gbps. The implementation of the proposed circuit requires 
84000 transistors with an area occupation of 0.38mm2. 

Tab.3.8 – Reed-Solomon decoder performances comparison. 
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Circuit performances are summarized and compared with recently 
proposed techniques in Tab.3.8. As you can see proposed circuit 
substantially improves both transistor count and maximum operating 
frequency by providing about the same latency. 
 



 

 

Chapter 4  
VLSI Design 

4.1 Sense Amplifier Flip-Flop 

High performance flip-flops are key elements in the design of 
contemporary high-speed integrated circuits. In these circuits high 
clock frequencies are generally gained by using a fine grain pipeline 
in which only few logic levels are inserted between pipeline stages. 
Because of the high number of pipeline stages, the power dissipation 
of the clock tree and the flip-flops is a substantial portion of the total 
power budget. Moreover, the amount of clock cycle time taken by the 
flip-flops (given by the sum of the clock-to-output and the setup times 
[130]) is today comparable with the propagation delay of the few logic 
levels between the pipeline stages. Finally, the ability to absorb clock 
skew and clock jitter is becoming more and more relevant 
[131],[132],[135]. Therefore the design of high performance flip-
flops, with reduced power dissipation, reduced clock-to-output time, 
near-zero or negative setup-time and clock skew absorption property 
(soft clock edge) is a major concern in modern high performance 
applications. 
Recently several high-speed flip-flops structures have been proposed. 
The topology developed in [133] by Partovi et al. uses a latch which is 
made transparent during a brief sampling window following clock 
rising edge. This structure (named Hybrid Latch Flip-flop - HLFF) is 
able to provide clock-skew absorption (soft clock edge). However, it 
suffers from sizing problems since a too large transparency window 
increases the hold-time and results in possible race problems, whereas 
a too small transparency window could not allow the latch to switch. 
Improved pulsed latch implementations are proposed in [134],[135]. 
The Itanium 2 pulsed latch, proposed by Naffziger et al. in [135], 
consists of a transparent passgate latch clocked with a local pulse 
generator that provides a relatively wide transparency window. The 
pulse generator can be shared among many passgate latches to reduce 
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the power dissipation. It is also shown in [135] that the Naffziger 
pulsed latch is faster than the HLFF. Like the HLFF, also the 
Naffziger pulsed latch suffers from conflicting requirements for the 
width of the clock pulse produced by the local pulse generator. 
In [136] Klass et al. reduce the sizing problems of the pulsed latches 
by employing a conditional shut off of the transparency window. The 
developed flip-flop (named Semidynamic flip-flop – SDFF), exhibits 
a shorter hold-time with respect to the pulsed latches and a reduced 
sensitivity to the sampling window duration. 
The sense amplifier based flip-flop (SAFF), initially proposed in 
[137]-[138], is composed by a fast differential sense amplifier stage, 
followed by a slave latch. The sense amplifier stage can be seen as a 
latch whose sampling window closes as soon as the stage switches. 
This guarantees that the circuit is able to switch independently on 
circuit sizing. In addition, the SAFF is characterized by a near-zero 
setup-time, a reduced hold-time, a low clock load and true single 
phase operation. These characteristics make the sense amplifier based 
flip-flops good candidates to substitute conventional transmission gate 
flip-flops in standard cells design approaches. 
The main drawback of the SAFF proposed in [137]-[138] is the slave 
element, composed by a SR NAND latch. While this circuit requires a 
minimum transistor number, it results in asymmetrical delays with a 
slow high-to-low clock-to-output delay. 
The SAFF proposed by Nikolic et al. in [139] yields improved 
performances by using a symmetric slave latch composed by two 
inverters and two complex CMOS gates. The performance gain is paid 
with an increased number of transistors in the output stage, composed 
by 16 MOS devices. 
In [140] Kim et al. propose a SAFF circuit that uses a slave latch 
realized with two N-C2MOS circuits and two cross-coupled weak 
inverter pairs, needed to make the flip-flop static. The Kim SAFF is 
very fast, with the output falling transition having a single gate delay 
with respect to the active clock edge, and requires 14 MOS in the 
output latch. The SAFF proposed in [140] still has some 
disadvantages. The first one is the glitching on the output nodes, 
which is more pronounced for lightly load condition. The second 
disadvantage is due to the use of cross-coupled inverter latches, that 
require an appropriate device sizing for a correct operation and suffer 
from crow-bar current that increases the power dissipation. 
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In this section we propose a new sense amplifier based flip-flop in 
which the slave latch overcomes the limitations of Kim design while 
keeping its advantages. The new slave latch requires 12 MOS and can 
be considered as a hybrid solution between the NAND-based SR latch 
[137]-[138] and the N-C2MOS approach [140]. 

4.1.1.a Sense Amplifier Based Flip-flops 
Fig.4.1 shows a schematic diagram of the conventional NAND-based 
SAFF [138]. The circuit is composed by a sense amplifier master 
stage followed by a NAND-based set-reset slave latch. The circuit 
operation is the following. When the clock signal CK is low, both S  
(set) and R  (reset) nodes are precharged to Vdd and the transistors N3 
and N5 are ON. In this phase the latch stage holds the flip-flop state. 
At the rising edge of CK, the sense amplifier senses the differential 
inputs (D, D ), and one of the precharged nodes ( S  or R ) is pulled 
down to 0, thorough either N3 or N5, while the other precharged node 
remains at Vdd. The output latch stores the new data acquired by sense 
amplifier. Note that as soon as the sense amplifier switches, one of N3 
or N5 switches off and, therefore, any subsequent transition of (D, D ) 
inputs is not able to modify the value of the set and reset nodes. The 
NMOS N6, driven by Vdd, provides fully static operation [138] by 
guarantying a pull-down path for either S  or R  if D changes while the 
clock is at the high level. 
In the Flip-flop of Fig.4.1, the differential inputs are sensed in a short 
transparency window which opens at clock rising edge and closes as 
soon as a new data sample is acquired by the sense amplifier stage 
when one of N3 or N5 switches off. Therefore we have a self-timed 
transparency window closing mechanism, that assures short hold-time 

 
Fig 4.1. Schematic of conventional Sense-Amplifier based flip-flop (SAFF) 

with NAND SR slave latch.
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and intrinsic insensitivity to process and temperature variations, 
making the flip-flop suitable for standard cells design approaches. 
A drawback of the conventional NAND-based SAFF is the high 
clock-to-output delay due to the slow output latch stage. Let us 
assume that, in Fig.4.1, D is high while the current Q value is zero. At 
the clock rising edge we have a first delay needed to drive S  low 
through N1,N2,N3. Once S  is gone low, we have a second gate delay 
due to the switching of G1, which drives Q high; and a third gate 
delay to switch Q  low through G2. Please note that the delay of Q  
depends not only on the capacitive load on Q , but also on the 
capacitive load on the other output Q. Hence, the delays of Q and Q  
are not independent. In general, for the conventional NAND-based 
SAFF of Fig.4.1, we have a two gate delay for the low-to-high output 
transition, and a three gate delay for the high-to-low output transition. 
Two high-speed slave latches have been proposed in the literature to 
make the speed of the SAFF comparable or higher than the speed of 
the HLFF and the SDFF. 
The first approach, shown in Fig.4.2a, has been proposed by Nikolic 
et al. in [139]. The circuit employs two inverters to evaluate the 
signals S and R. The four signals S, R, S  and R  are used to drive four 
devices N1, N2, P1 and P2 which are devoted to switch Q and Q  
output nodes. The remaining eight devices N3-N6, P3-P6 are 
minimum sized, and hold the latch state for CK=0, providing a fully 
static operation with a ratioless sizing. 
Let us examine with more detail the operation and the performances 
of the Nikolic slave latch. If S  and R  are high, the latch is in the hold 
state. In fact, S and R are both low, and the devices N1, N2, P1 and P2 

Fig 4.2. High-speed SAFF slave latches. a) Nikolic slave latch;   b) Kim slave latch. 
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are OFF. The devices N3, N5, P3, P5 are ON, and, consequently, N4, 
N6, P4 and P6 hold the latch state. Let us now assume that the 
flip-flop master stage switches, driving S  low. Device P1 is turned on, 
and node Q is quickly driven high. Note that this transition is ratioless 
and without crow-bar current since N1 is OFF (R=0) and S  also shuts 
off device N3 which opens the remaining pull-down path for Q node. 
Moreover signal S goes high, N2 turns on driving Q  low. This second 
transition is also ratioless and without crow-bar current owing to P5 
device. Hence, in addition to the sense amplifier delay, we have one 
gate delay for the low-to-high output transition, and two gates delay 
for the high-to-low output transition. 
The circuit in Fig.4.2a has the same number of delay stages as NAND-
based latch. However, it is worth to note that in the Nikolic circuit all 
the critical pull-down and pull-up networks are composed by a single 
device, providing significantly higher speed, especially in the case of 
high output capacitive loads. Moreover, the delays independence 
between Q and Q  is obtained. Unfortunately, the worst-case three 
stages delay still limit performances in the case of medium or low 
output capacitive loads. 
The output latch proposed by Kim et al. [140] is shown in Fig.4.2b. 
The circuit includes two N-C2MOS half-latches driven by S  and R  
and a couple of two cross-coupled inverters used to achieve a fully 
static operation. The circuit operation is the following. For CK=0, P1, 
P2, N1, N2 are OFF and Q and Q  hold their state because of the 
cross-coupled inverters. For CK=1 the slave stages are transparent, 
and the outputs Q and Q  become equal to S and R, respectively. In 
order to investigate the speed performances of the Kim latch, let us 
assume, without loss of generality, that D is high at the rising edge of 
CK. In this case S  is pulled down while R  remains high. Hence, P1 
turns on driving Q high. The other flip-flop output, Q , is quickly 
pulled down through N2 and N4. Note that the clock-to-output delay 
for a low-to-high output transition includes both the sense amplifier 
and the output stage delays. On the other hand, the high-to-low output 
transition is only one gate delay, because the output latch immediately 
catches the precharged value at the rising edge of CK. As a 
consequence we have a two stage delay for the low-to-high output 
transition and only a single stage delay for the high-to-low output 



 

 

109

transition. This characteristic makes the Kim SAFF faster than the 
Nikolic circuit [139]. 
Unfortunately the high-speed single stage delay of NC2MOS circuit of 
Fig.4.2b gives also an unwanted glitching on the output nodes. To 
explain this phenomenon, let us suppose, for example, that both Q and 
D are high when a clock rising edge occurs. In this condition, output 
Q should remain high. Immediately after CK rising edge, however, the 
S  node is high, and transistor N3 is ON. This device will remain ON 
until the sense amplifier fully discharges S . In this time interval, 
therefore, the pull-down path through N1 and N3 is active, and tries to 
pull down the value of Q. Hence, a glitch appears on the Q output, 
whose amplitude depends on both the Q output capacitive load and the 
device sizing. The glitch is unwanted in many applications and results 
in additional power dissipation. 
SPICE simulation of Fig.4.3 shows the glitching at the output of Kim 
SAFF. The simulation has been performed for a 2.5V, 0.25µm 
technology, assuming an output capacitance of 30fF (equivalent to a 
fanout of 11 symmetrical and minimum-area CMOS inverters). As 
you can see, the Q output of the Kim circuit exhibits a glitch of about 
700mV generated by the second clock rising edge. It should be noted 
that other single stage delay flip-flops, such as the SDFF [136], 
exhibit the same glitching behavior. 
A second disadvantage of N-C2MOS output stage of Fig.4.2b is due to 
the use of cross-coupled inverter latches on the output nodes. These 
inverters have to be ratio-sized with N-C2MOS structures to guarantee 
a correct circuit operation. Moreover, because of the cross-coupled 
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Fig 4.3. Transient SPICE simulation of Kim SAFF and Proposed SAFF. 
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inverter latches, both the low-to-high and the high-to-low output 
transitions exhibit crow-bar current that increases the power 
dissipation. 

4.1.2 Proposed SAFF 

4.1.2.a Circuit operation 
A schematic diagram of the proposed SAFF is shown in Fig.4.4. The 
sense amplifier is the same as in Fig.4.1. The output stage, instead, 
can be considered as a hybrid solution between the conventional 
NAND-based SR latch and the N-C2MOS circuit of Fig.4.2b. If we 
neglect the transistors N1-N4 (enclosed in the two dashed boxes in 
Fig.4.4) the new output stage reduces to the NAND-based SR latch. 
The transistors N1-N4 allow to speed-up the high-to-low output 
transition, similarly to what happens in the N-C2MOS SAFF of 
Fig.4.2b. To describe the circuit operation, let us assume that D is high 
at the rising edge of CK. The sense amplifier drives S  to zero, while 
R  remains high. In this way N5 turns off and P1 turns on, driving Q 
high. Note that the shut-off of N5 assures at the same time a ratioless 
design, without crow-bar current, and the independence of the 
transition delay from the capacitive load on the other Q  output. The 
output Q  is quickly pulled down through N3, N4 and N6. Hence the 
high-to-low output transition requires only one stage delay, because 
the output latch immediately catches the precharged value at the rising 
edge of CK. Note that, after pull-up of Q, N8 turns on, keeping Q  at 
zero even if input D changes after clock rising edge. Devices 

 
Fig 4.4. Proposed SAFF. Slave latch exhibits ratioless design with reduced power dissipation. 

The reported numbers are transistors widths in µm for a 0.25µm technology. 
The minimum sized devices, indicated with an asterisk (*), have a width of 0.58µm. 
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P3,P4,N5,N6,N7,N8, hold the previous Q and Q  values during the 
sense amplifier precharge, making the proposed flip-flop fully static. 
It is worth highlight that the inclusion of transistors N2 and N4 is able 
to avoid the glitch problem shown before for the N-C2MOS output 
stage of Fig.4.2b. Let us suppose that a clock rising edge occurs with 
both Q and D high. Immediately after the CK rising edge the S  node 
is still high, and transistor N5 is ON. However, the pull-down through 
the speed-up network N1-N2 does not take place, since N2 is OFF. As 
a consequence, the output Q is stable at Vdd, without glitch. The 
absence of glitching at the flip-flop outputs gives a safe operation and 
reduces the power dissipation. The SPICE simulation of Fig.4.3 
confirms that the proposed circuit is completely glitch-free. 
The characteristic of the proposed SAFF are summarized and 
compared with the previously proposed SAFF circuits in Tab.4.1. As 
can be seen, the proposed circuit is able to keep the fast operation of 
the Kim SAFF while avoiding its drawbacks. The best-case high-to-
low transition is slower in the proposed SAFF with respect to the 
N-C2MOS SAFF. In fact, the proposed circuit uses three series NMOS 
to pull-down Q and Q , whereas the N-C2MOS SAFF shows only two 
series NMOS in the output latch. However, considering the worst-case 
low-to-high output transition, the proposed SAFF is slightly faster 
than the N-C2MOS SAFF, owing to absence of crow-bar current. 

4.1.2.b Circuit sizing 
The circuit shown in Fig.4.4 has been implemented in a 0.25µm, 2.5V 
technology. The transistor sizing has been obtained by optimizing the 
power-delay product, as proposed in [142], for a load capacitance of 
40 fF. The device widths are reported in Fig.4.4. 
In the sense-amplifier stage, the width of the two clock driven PMOS 
are chosen in order to allow the complete precharge of S  and R  nodes 
during the low clock phase. The other two PMOS devices, needed to 
guarantee a fully static operation, are minimum sized. The sizing of 

 
Tab 4.1. Summary of the characteristic of different sense amplifier flip-flops. 
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the devices in the pull-down network of the sense-amplifier stage is 
critical to reduce the low-to-high output delay. Therefore, these 
devices are substantially larger than the PMOS of the pull-up network. 
The two most critical devices of the latch stage are P1 and P2, that 
determine the low-to-high output delay. The devices N1-N6 can be 
made substantially smaller than P1 and P2, since they determine the 
high-to-low output delay which is less critical in the proposed SAFF. 
Finally, devices N7, N8, P3, P4 act as keeper for the Q and Q  state 
during the low clock phase. As show in Fig.4.4, these devices are 
minimum sized to optimize power-delay product. It is worthwhile to 
note that using weak keeper transistors in the output stage reduces the 
noise immunity, since the coupling noise on the output could change 
the state of the flip-flop. This potential failure mode is common to all 
topologies where an outputs node is directly connected to a keeper. 
This happens in the HLFF, the SDFF and the SAFF topologies. These 
clocking elements, therefore, should be employed when the output 
fanout is limited and the cross coupling noise is carefully considered 
during the design flow. Most general purpose standard cell libraries 
forbid flip-flops that can be “back-driven” from the noise on the 
output nodes. The proposed flip-flop can be made safer by inserting an 
output isolation inverter on Q and Q  at the expense of another stage of 
delay. In this case, the different number of delay stages between the 
low-to-high and the high-to-low transitions can be compensated by 
employing slightly asymmetrical output inverters. 

4.1.2.c Optimized circuit for single output flip-flop 
In many applications, using a single output flip-flop suffices, and 
having both Q and Q  outputs is redundant. 
The Fig.4.5 shows the proposed SAFF circuit optimized for the single 
output configuration. 
In this case we can substantially reduce the power dissipation by 
eliminating the speed-up network for Q , and reducing the sizing of P2 
and N6. This results in a reduction of the capacitive load on R , which, 
in turn allows reducing the sizing of the devices driving R  in the 
sense-amplifier stage. The PMOS P5 in the output stage is introduced 
to reduce the crow-bar current during high-to-low transition of Q, 
improving both delay and power dissipation. Please note that the 
clocked PMOS P5 in the output stage could also be included in the 
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dual output circuit of Fig.4.4. However, in the dual output circuit, the 
device P2 is not minimum sized and quickly pulls-up node Q , 
shutting down P3. Hence, in the circuit of Fig.4.4, the introduction of 
PMOS P5 would provide a minimal improvement, that would be more 
than compensated by the increased clock load. 

4.1.2.d Proposed SAFF with asynchronous clear and 
preset 
The circuit schematic of Fig.4.6 shows how asynchronous clear (CLR) 
and preset (PST) signals can be added to the proposed SAFF circuit of 
Fig.4.4. The same approach can be employed to introduce 
asynchronous clear and preset to the single output SAFF of Fig.4.5. 

 
Fig 4.5. Optimized SAFF considering single output (Q) case. The reported numbers are 

transistors widths in µm for a 0.25µm technology. 
The minimum sized devices, indicated with an asterisk (*), have a width of 0.58µm. 

 
Fig 4.6. Proposed SAFF with asynchronous clear and preset. 

The dashed transistors are optional devices which reduce clear and preset delay times. 
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The dashed devices (N11,N12,P11,P12) are optional devices which 
can be added to the circuit in order to speed-up the clear-to-output and 
the preset-to-output propagation delays. The insertion of the speed-up 
devices P11 and P12 requires the addition of two inverters, not shown 
in Fig.4.6, needed to evaluate CLR  and PST  signals. 
If both CLR and PST are low, then N9-N12,P11,P12 devices are OFF, 
whereas P9 and P10 are ON and the circuit reduces to the flip-flop of 
Fig.4.4. Note that the addition of clear and preset devices does not 
increase the number of series devices on timing critical pull-up and 
pull-down networks. Let us neglect, for the time being, the speed-up 
(dashed) transistors. For CLR=1 (PST=0), in the sense amplifier stage, 
R  is pulled-down by N10. This transition is ratioless, without crow-
bar current, since CLR=1 also turns off P10; moreover the turn off of 
P10 assures that the CK signal is unable to change the R  logic level 
through P6. After R  goes to 0, the MOS P2 in output latch turns on, 
driving Q  high. Note that, the shut-off of the N6 device (driven by 
R =0) guarantees at the same time a ratioless transition, without crow-
bar current, and the independence of Q  output level from CK and D 
logic values. In the sense amplifier P7 and P9 are ON, pulling-up S . 
Once S  is gone high, Q is pulled down through N5 and N7. The time 
needed to clear the flip-flop state is hence two stages delay for Q  
transition and three stages delay for Q transition. A similar operation 
is obtained for the preset condition (PST=1, CLR=0). 
Please note that the slowest high-to-low propagation delay depends on 
two minimum sized devices: P7 (which pulls-up S ) and N7 (which 
pulls-down Q). Therefore, without speed-up devices (dashed devices 
of Fig.4.6), it takes a long time to clear or preset the flip-flop. The 
speed-up devices can be inserted in the circuit to reduce the clear and 
preset times. The device N11 in the latch stage speeds-up the high-to-
low transitions of Q. In fact, as soon as CLR goes high, N11 starts 
pulling down Q. Since, in this phase, S  could be still high, P1 could 
be ON, slowing Q transition due to the presence of crow-bar current. 
The device P11 in the sense amplifier stage avoids this problem by 
quickly pulling-up S  turning off P1. The devices N12 and P12 play a 
similar role for the preset operation. 



 

 

115

4.1.3 Comparison with High Speed Flip-flops 
The new SAFF flip-flops, both with and without output isolation 
inverters, have been designed for a 2.5V, 1P5M, 0.25µm technology 
(FO4 delay in considered technology is 85ps). To evaluate the 
effectiveness of the proposed SAFF we have also designed, for the 
same technology, the following circuits: conventional SAFF 
[137],[138], transmission gate flip-flop in PowerPC topology [141], 
SDFF [136], Naffziger pulsed latch [135], Nikolic SAFF [139], Kim 
SAFF [140]. In order to perform a fair comparison, we eliminated the 
scan logic from both the transmission gate PowerPC and the Naffziger 
circuits. The pulsed latch with inverter isolated D input was selected 
between the two pulsed latch topologies proposed in [135]. Similarly, 
we added an inverter to the transmission gate PowerPC flip-flop, to 
eliminate the passgate input on D signal. All investigated SAFF 
topologies include the inverter needed to evaluate D . 
A comparison between circuit performances is not easy, due to 
different flip-flop fundamental characteristic, like the immunity to the 
cross coupling noise and the glitch free operation. To make a fair 
comparison, we decided first of all to divide the flip-flop circuits in 
two main categories. The circuits belonging to the “general purpose” 
category are better suited for general purpose standard cell 
applications. Three attributes identify a flip-flop circuit belonging to 
this category: the immunity to the output coupling noise, the glitching 
free output operation and the capability to switch the flip-flop 
independently from circuit sizing, process, voltage and temperature 
(PVT) variations. The “high performance” category includes the 
flip-flop circuits which, lacking of at least one of the above attributes, 
should be employed only when ultimate performances are needed. The 
increased performances are generally paid with a more careful design 
flow, which may require full system transistor level simulations to 
guarantee the correct circuit operation. 
The flip-flop structures considered in our comparison are shown in 
Tab.4.2. It can be observed that the general purpose category includes 
the PowerPC transmission gate flip-flop and the proposed SAFF 
circuits (both with one and two outputs) with output isolation 
inverters, needed to increase the output noise immunity. The high 
performances category includes remaining flip-flops and proposed 
SAFF without output inverters. 
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The transistor sizing for all considered flip-flops has been obtained by 
optimizing the power-delay product, as proposed in [142], for a load 
capacitance of 40fF. The transistor sizing summary is reported in 
Tab.4.2. The reported values reveal that, among the general purpose 
flip-flops, the lower silicon area is obtained with the transmission gate 
flip-flop. The proposed single output SAFF is only a 12% larger than 
the transmission gate flip-flop. Considering the high performance 
circuits with complementary outputs, the circuit proposed in this paper 
requires less silicon area than the Nikolic SAFF, while is larger than 
the Kim SAFF due to the presence of two more NMOS on the critical 
path, that require an adequate sizing. The SDFF topology requires the 
minimum area among the single output topologies. The proposed high 
performance single output SAFF is slightly smaller than the 
transmission gate flip-flop, but requires a significant larger area when 
compared with the SDFF and the Naffziger pulsed latch. 
The timing performances are shown in Tab.4.3, where the setup-time 
values have been obtained by employing the optimal setup-time 
definition proposed in [142]. Since the sum of the setup-time and the 
clock-to-output delay is the real amount of clock cycle time taken by 
the flip-flop, the speed-up shown in Tab.4.3, is defined as the inverse 
of the sum between the worst case clock-to-output delay plus the 
setup-time, normalized to the transmission gate flip-flop. 

 
Tab 4.2. Flip-flops characteristics and area occupation parameters. The areas are normalized to the 

transmission gate flip-flop. 
The grayed background distinguishes complementary outputs flip-flops. 
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The Tab.4.3 shows that the conventional SAFF and the transmission 
gate flip-flops are the slowest circuits. The timing performances of the 
conventional SAFF are limited by the ineffective NAND-based output 
latch, whereas the transmission gate flip-flop pays for the large setup 
time due to the propagation delay of the master latch. The analysis of 
general purpose flip-flops reveals that the proposed SAFF circuits 
with output isolation inverters are between 50% and 60% faster than 
the PowerPC transmission gate flip-flop. This speed advantage can be 
mainly attributed to the reduced setup time. 
Considering the high performance circuits, it can be noted that the 
SDFF is slower than the Kim and the proposed SAFF solutions. This 
is due to both the sizing constrains, needed to guarantee the correct 
transparency window duration, and the crow-bar current during 
transitions. The Naffziger pulsed latch is, in turn, slightly slower than 
the SDFF. The Nikolic SAFF has three stages on the critical path, like 
the conventional SAFF. However, the final stages of Nikolic SAFF 
are very fast, without stacked transistors; this gives a speed advantage, 
especially when driving heavy output loads. For low output loads, the 
Kim SAFF reveals faster than the Nikolic flip-flop, owing to the 
reduced number of stages. The proposed SAFFs are the fastest 
circuits, having only a two stages delays without crow-bar current 
during the output transition and a reduced setup time. Proposed 
solutions appear also interesting because they join the high speed 
performances with the absence of output glitching and the robustness 
against sizing and PVT variations. It is worthwhile to note that both 
the SDFF and the Kim SAFF are affected by output glitching. 
Moreover, among the high performance flip-flops, the Naffziger 

Tab 4.3. Flip-flops timing performances. The grayed background distinguishes complementary 
outputs flip-flops. 

The speed-up refers to the inverse of normalized sum of the setup-time plus the worst case clock-
to-output time. 
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pulsed latch is the only immune to the output coupling noise. 
The race immunity parameters are reported in Tab.4.4. In this table the 
internal race immunity [143] is given by the difference between the 
best-case clock-to-output delay and the hold-time. This quantity 
represents the maximum clock skew that can be tolerated by a 
shift-register structure. By examining the Tab.4.4, it can be noted that 
the highest race immunity is obtained with the general purpose flip-
flops. The transmission gate flip-flop benefits from the negative hold 
time, while in the proposed SAFF circuits the propagation delay 
introduced by the output inverters leads to a race immunity of about 
100 ps. Among high performance flip-flops, the SDFF exhibits a fast 
best-case clock-to-output transition and a large hold-time. This results 
in a slightly negative internal race immunity, which could constraint 
the insertion of buffers to prevent race conditions. The Naffziger 
pulsed latch structure appears also to be critical from the point of view 
of hold time violations, with an internal race immunity as low as 
20 ps. The Nikolic SAFF shows a good trade-off between the setup 
and the hold times, with a good internal race immunity. 
The average energy dissipation per clock cycle (Ed) and Energy-delay 
product (EDP) are reported in Tab.4.5. In this table different flip-flop 
input switching activities (α) have been considered for an output load 
of 40fF. The switching activity is defined here as the ratio between the 
average D input frequency and the clock frequency. 

 
Tab 4.4. Race immunity performances. The grayed background distinguishes complementary 

outputs flip-flops. 
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Considering the general purpose flip-flops, it is interesting to note that 
the power dissipation of the proposed single output SAFF is 
comparable with the power dissipation of the PowerPC transmission 
gate flip-flop. The increased speed of the proposed circuit leads to an 
EDP about 35% lower than the transmission gate flip-flop. 
Considering the high performance circuits, the lowest power 
dissipation is obtained with the proposed single output SAFF. The 
Naffziger pulsed latch and the conventional SAFF also reveal 
attractive for low power applications. It is worthwhile to note that, in 
the Naffziger pulsed latch, the pulse generator can be shared among 
many passgate latches to further reduce the power dissipation. 
The power dissipation of the proposed two outputs SAFF is 15% 
lower than the power dissipation of the Kim SAFF, for α=0. Since the 
input is constant for α=0, this improvement is due to the glitch-free 
operation of proposed circuit. The power saving reduces for larger α 
values and is about 7% for α=0.5. In this latter case the input D 
changes every clock period, and no glitching is exhibited in the Kim 
SAFF. In this case the power reduction can hence be attributed to the 
ratioless output stage of the proposed SAFF. Among the 
complementary outputs circuits, the proposed SAFF provides the 
lowest EDP. 
The results reported in Tab.4.3 and Tab.4.5 for the proposed SAFF 
flip-flops, show that the single output circuits are able to achieve the 
same speed of the double outputs circuits with a substantially lower 
power dissipation. 

Tab 4.5. Energy dissipation performances. The grayed background distinguishes complementary 
outputs flip-flops. 
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The Tab.4.6 reports the performances of the proposed SAFF with 
asynchronous clear and preset, shown in Fig.4.6. In this table both the 
clock-to-output and the clear-to-output delays have been reported for 
different configuration of the speed-up devices. Let us start by 
examining the clear-to-output delays. Without speed-up devices the 
high-to-low delay is very high (835ps). The addition of N11 and N12 
speed-up devices is able to substantially decrease this delay, up to 
265ps. Finally, the inclusion of P11, P12 and the inverters for the 
computation of CLR  and PST  reduces the crow-bar current for the 
high-to-low output switching, making the high-to-low delay 
comparable with the low-to-high delay. Comparing the data in Tab.6 
with the performances of the proposed SAFF without clear and preset 
devices (see Tab.4.3-4.5) it is worth to note that the inclusion of clear 
and preset devices does not influence significantly the flip-flop 
performances. 

4.1.4 Experimental Verification 
The proposed SAFF flip-flops have been used in the design of a high-
speed Direct Digital Frequency Synthesizer (DDFS) and of a 
Signature Analyzer (SA), used for the built-in-self test of the DDFS. 
The chip micrograph is shown in Fig.4.7. The system has been 
realized in 0.25µm, 1P5M, 2.5V technology by using a standard cell 

 
Tab 4.6. Performances of proposed SAFF with asynchronous clear and preset 

considering different speed-up devices configurations. 

 
Fig 4.7. Direct-Digital-Frequency Synthesizer (DDFS) and 

Signature-Analyzer (SA) designed by using new SAFF. 
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approach with automatic placement and routing of synthesized netlist. 
In order to achieve better performances, both the single output and the 
dual output SAFF without output isolation inverters have been 
employed. The standard cell library does not include any other flip-
flop. During circuit synthesis freedom is given to the synthesizer to 
choose between the two flip-flop cells. 
Before to proceed with the fabrication, many DDFS versions (with 
different internal wordlengths and clock frequencies) were simulated 
at the transistor level. Owing to the low flip-flop fanout and to the 
reduced circuit area (about 0.1 mm2), all versions showed correct 
operation, despite of the potential output coupling noise problem 
previously discussed. 
Experimentally, fabricated prototypes resulted in a correct operation. 
This let us believe that the proposed safer flip-flops with output 
isolation inverters, should have no problems to substitute transmission 
gate flip-flops in general purpose standard cell libraries. 
It is worthwhile to note that the use of proposed SAFF has been a key 
element in the design of the DDFS, allowing reaching a measured 
600 MHz maximum clock frequency with only six pipeline levels in 
the circuit. 
The Signature Analyzer is able to reach an higher clock frequency 
with respect to the DDFS. In particular, the Signature Analyzer 
includes a frequency divider which employs a 14 bit LFSR and a 
pipelined comparator to divide the input clock frequency by 16383. 
Experimentally, the circuit exhibits correct behavior up to 1.2 GHz 
clock frequency, highlighting the effectiveness of the proposed 
flip-flops in high speed standard cells based applications. 

4.1.5 Conclusions 
The section introduces a new sense amplifier based flip-flop. The 
slave latch of the new flip-flop is able to keep the advantages of the 
state of the art N-C2MOS approach [140] while avoiding its 
disadvantages. 
A fast asynchronous clear and preset functionality can be achieved 
without compromising the flip-flop performances. 
The proposed flip-flop gives a very good power-delay product with 
glitch-free operation, and is useful in high performance applications. 
As an example, the use of the new flip-flop in a 0.25µm technology 
allowed to reach a 600 MHz operation in the DDFS circuit proposed 



 

 

122

in [144]. A 14 bit LFSR designed with a standard-cell approach in the 
same technology experimentally shows correct operation up to 
1.2GHz. 

4.2 Truncated Multipliers 

Multiplication is the main operation in many signal processing 
algorithms (filtering, convolution, Euclidean distance, FFT, ...). As a 
consequence low complexity parallel multipliers are desirable both in 
general purpose DSP processors and application specific architectures 
for digital signal processing. 
Let X and Y be two n bit unsigned fractional numbers: 

1 1
2 2

n n
i i

i i
i i

X x Y y− −

= =

= ⋅ = ⋅∑ ∑  (4.1) 

A multiplier calculates the product P=X⋅Y as follows: 
2

1 1 1
2 2

n n n
k i j

k i j
k j i

P p x y− − −

= = =

= ⋅ = ⋅∑ ∑∑  (4.2) 

The multiplier partial products matrix is shown in Fig.4.8. 
Many applications require a multiplier output that is also fractional 
with n bit precision [145]-[147]. A “fixed-width” multiplier can be 
easily realized by using only p1...pn outputs of a full multiplier. In 
order to reduce the truncation error, output rounding is often carried-
out. Rounding is obtained [148] by adding 2−(n+1) to the full-width 
multiplier output before truncation: 
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2 2
( 1)

1 1
2 2 2

n n
n k k

round k n k
k kn

P p Round p− + − −

= =

⎢ ⎥ ⎛ ⎞
⎜ ⎟⎢ ⎥= + ⋅ = ⋅
⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

∑ ∑  (4.3) 

where we indicated with the symbol n⎢ ⎥⎣ ⎦  the truncation to n most-
significant bits and with Roundn() the n-bit rounding operator. 
Many techniques have been proposed which exploit “fixed-width” 
property to reduce hardware complexity with respect to rounded full-
width multiplier [146],[149]-[152]. In order to simplify the review and 
the comparison of these techniques, let us divide the partial product 
matrix in the three subsets MSP, IC and LSP shown in Fig.4.8. 
In [149], Kidambi et. al simplify the multiplier partial product matrix 
by deleting both IC and LSP parts. A pre-computed constant is added 
to the final multiplier output in order to compensate for the introduced 
error. The fixed-width multiplication is hence approximated as 
follows: 

1

1 1
2 2

n jn
j i

Kidambi j i
j i

P y x K
−−

− −

= =

= +∑ ∑  (4.4) 

This technique provides a hardware complexity about halved with 
respect to a full multiplier. However, the introduced error is high, 
reducing practical applications. 
The approximation error of fixed bias correction (4.4) is investigated 
in [150] by Lim. It is shown that the error rapidly increases with 
multiplier size n. The error can be reduced by deleting the less partial 
products (for instance, retaining the partial products belonging to the 
IC subset) before adding the fixed bias K. Obviously, this results in a 
trade-off between precision and hardware complexity. 
An improved fixed-witdh multiplication algorithm, named partial 
product “conditional correction”, is also proposed in [150]. This 
algorithm, basically, exploits a correlation between the sums of partial 
products in columns belonging to the IC or LSP subsets. Neither 
hardware implementation nor performance analysis of the algorithm is 
given in [150]. 
The conditional correction algorithm is further developed in [151] by 
Jou et. al, where a multiplier architecture is proposed in which only 
the LSP subset of partial products is discarded. The partial products in 
the IC subset are summed to compute an intermediate quantity SIC: 
SIC = x1⋅yn + x2⋅yn-1 +.... + xn⋅y1 (4.5) 
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The sum SIC is then used to calculate a correction factor that estimates 
the sum of dropped partial products. The correction factor is then 
added to the MSP subset of the partial products matrix, to obtain 
multiplier output: 

( )
1

1 1
2 2

n jn
j i

Jou j i IC
j i

P y x h S
−−

− −

= =

= +∑ ∑  (4.6) 

The function h(SIC) is implemented in [151] with reduced hardware 
complexity. It is worthwhile to note, however, that the technique [151] 
still suffers from large errors and, moreover, it uses ripple a 
architecture to calculate the correction function. This results in low 
speed and increased glitching, giving large power dissipation. 
In [152] Van et. al propose a more accurate fixed-width multiplier 
architecture. Also in this case the LSP subset of partial products is 
neglected and the result is computed by adding a correction factor to 
the MSP part of the partial products matrix. The correction factor, 
however, is computed as a function of the single partial products of IC 
subset (and not as a function of their sum SIC): 

( )
1

1 2 1 2 1
1 1

2 2 , , ....  ,
n jn

j i
t j i n n-1 n- n

j i
P y x f x y x y x y  x y

−−
− −

= =

= +∑ ∑  (4.7) 

Please note that this approach was developed in [152] only for signed 
multipliers. Moreover, the error compensation circuit that implements 
the function f() still has a ripple architecture with poor delay and 
power performances. 
In the following we will name “fixed-width multipliers with multiple-
input error compensation” the architecture based on equation (4.7). 
The partial products of IC subset will be named as “input correction 
vector” I=(x1yn,…,y1xn), while the function f(I)  will be named as 
“error compensation function”. 
Curticapean et al. [146] use the same multiple-input error 
compensation architecture proposed in [152]. An improved error 
compensation function is discovered in [146], giving better error 
performances with respect to previously proposed architectures. It is 
worthwhile to note that in the paper [146] no motivation is given 
about improved error performances. Moreover, the error 
compensation network remains based on a slow and power hungry 
ripple architecture. 
In this section a new approach to design high-performance unsigned 
fixed-width multipliers is proposed. The multiplier architecture is still 
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based on (4.7), like [146],[152]. A new error compensation function is 
developed, that can be optimized in order to minimize either the 
maximum absolute error or the mean square error. The proposed error 
compensation function gives better accuracy with respect to 
previously published approaches. Our error compensation function, 
moreover, requires few gates and is easily implemented with a tree 
architecture, ideally suited for implementation with fast tree-based 
multipliers [148]. As a consequence, proposed approach improves 
speed, power and accuracy with respect to previously proposed fixed-
width unsigned multipliers. Results for circuit implementation in 
0.35µm technology and a comprehensive comparison with previously 
proposed techniques are also reported in the paper. The paper, in 
addition, investigates more in general the error performances 
achievable using multiple-input error compensation architecture (4.7), 
giving lower bounds for both maximum absolute error and mean 
square error. 

4.2.1 Fixed-Width Multipliers Errors 

4.2.1.a Error metric 
The accuracy of a fixed-width multiplier can be evaluated considering 
the introduced error ε with respect to the output of the 2⋅n bit complete 
multiplier. 
ε = P – Pt (4.8) 
Where P=X⋅Y is the output of the complete multiplier, given by (4.1), 
and Pt is the output of the fixed-width multiplier. As error metric we 
consider either the normalized maximum absolute error (εmax) or the 
normalized mean square error (εms) defined as: 

( )maxmax LSBε ε=  (4.9) 

{ }2 2Ems LSBε ε=  (4.10) 

Where E{} is the average operator, while LSB=2-n. Another parameter 
useful to characterize fixed-width multiplier accuracy is the 
normalized mean error (εm), given by: 

{ }Em LSBε ε=  (4.11) 
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4.2.1.b Errors in full-width Rounded Multipliers 
The simplest way to obtain a fixed-width multiplier is through a 
rounded, full-width multiplier (see (4.3)). Rounding introduces a 
quantization error, that is well known to provide εmax=1/2 and 
εms=1/12 [150]. These values are a lower bound for the errors 
achievable with any fixed width multiplier, since full-width multiplier 
rounding is the most accurate fixed-width technique. On the other 
hand, since the full set of partial products shown in Fig.4.8 has to be 
calculated and summed, full-width rounded multiplier provides the 
same circuit complexity of  a standard multiplier and no gain is 
obtained by using an n-bit output width. 

4.2.1.c Error bounds for fixed-width multipliers with 
multiple-input error compensation 
Let us consider a fixed-width multiplier designed according to 
equation (4.7). In this case the approximation error, form equations 
(4.2),(4.7), can be written as: 

1 1( ,..., ; ,..., ) ( )t n nP P S x x y y f Iε = − = −  (4.12) 

where S(x1,…,xn;y1,…,yn)=S(X;Y) is the sum of the partial products of 
the IC and LSP subsets: 

1 1
S 2 2

n n
j i

j i
j i n j

y x− −

= = − +

= ⋅ ⋅∑ ∑  (4.13) 

From (4.12) we note that the introduced error depends on the choice 
of the error compensation function f(I). In previous papers different 
error compensation functions have been proposed to easily implement 
fixed-width multipliers, but no analysis has been carried out to 
investigate the lower errors bound achievable by using equation (4.7). 
To find error lower bounds, let us indicate as fmax and fms the two 
error compensation functions which minimize error metrics εmax and 
εms respectively. To obtain fmax and fms let us note that every value I0 
of the input correction vector I can be obtained with different values 
of X and Y. As an example, for n=4, I=(x1y4, x2y3, x3y2, x4y1) and the 
value I0=(0,1,1,1) can be obtained with three different input values: 
(X;Y)=(0,1,1,1;1,1,1,0), (X;Y)=(1,1,1,1;1,1,1,0), 
(X;Y)=(0,1,1,1;1,1,1,1). We will indicate in the following as Ω(I0) the 
set of X and Y values for which I=I0, and as N(I0) the number of 
elements in Ω(I0) set. 
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Let us consider, for a given input correction vector I0, all the X and Y 
values belonging to Ω(I0). The maximum, minimum and average 
values of S(X,Y) when X and Y assume all possible values in Ω(I0) are 
given by: 

0
0

( , ) ( )
Smax( ) max (S( , ))

X Y I
I X Y

∈Ω
=  (4.14) 

0
0

( , ) ( )
Smin( ) min (S( , ))

X Y I
I X Y

∈Ω
=  (4.15) 

0

0
0 ( , ) ( )

1Savg( ) S( , )
( ) X Y I

I X Y
N I

∈Ω

= ∑  (4.16) 

The function fmax can be obtained by minimizing the absolute error 
for each value I0 of input correction vector. From this consideration it 
follows that fmax(I0) should be chosen as close as possible to 
(Smax(I0)+Smin(I0))/2. Since the error compensation function should 
have the same n bit precision of the fixed-width multiplier output, the 
best choice for fmax(I0) is obtained by rounding the previous value to 
n bit: 

0 0
0

Smax( ) Smin( )
( )

2n
I I

fmax I Round
+⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 (4.17) 

A lower bound for the maximum absolute error is given by: 

0

0 0Smax( ) Smin( )
max

2max
I

I I
ε

−⎡ ⎤
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⎣ ⎦
 (4.18) 

If the error correction function is designed according to (4.17), then 
εmax can be larger than the lower bound (4.18) due to quantization 
error, for a maximum amount of LSB/2. 
To obtain fms function, let us consider the mean square error when X 
and Y inputs belong to Ω(I0): 

2

( ; ) ( )

1( ) (S( ; ) ( ))
N( )

0

ms 0 0
0 X Y I

I X Y f I
I

ε
∈Ω

= −∑  (4.19) 

The overall mean square error can easily be obtained as a sum of the 
εms(I0) values, weighted by the number of elements in Ω(I0): 

0

0
0 2

N( )
( )

2
ms ms n

I

I
ε ε I= ⋅∑  (4.20) 

Equation (4.20) shows that εms is the sum of positive quantities 
(εms(I0)). Hence the minimum value of εms is obtained if, for any input 
correction vector I0, f(I0) minimizes εms(I0). 
With simple algebra, equation (4.19) can be rewritten as: 



 

 

128

2 2
0 0

( , ) ( )

1( ) [Savg( ) ( )] [S( ; ) Savg( )]
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ms 0 0
0 X Y I

I I f I X Y I
I

ε
∈Ω

= − + −∑  (4.21) 

From equation (4.21) it follows that εms(I0) is minimized if 
f(I0)=Savg(I0). Since f(I) should be rounded to n bit, the function 
fms(I) is calculated as: 

( ) [Savg( )]0 n 0fms I Round I=  (4.22) 

A lower bound for the mean square error is given by: 
2 2

( ; ) ( )
2 [S( ; ) Savg( )]

0 0

n
ms 0

I X Y I
X Y Iε −

∈Ω

≥ ⋅ −∑ ∑  (4.23) 

Again, if the error compensation function is designed according to 
(4.22)  then εms can be larger than the lower bound (4.23) due to 
quantization error, for a maximum amount of (LSB/2)2. 

4.2.2 Fixed-Width Multipliers with Multiple-Input 
Error Compensation 

4.2.2.a Multiplier architecture 
The architecture of proposed fixed width multiplier is shown in 
Fig.4.9. The PP Generation block evaluates all partial products 
belonging to MSP and IC subsets of Fig.4.8 using simple AND gates. 
The partial products of the input correction vector feed the error 
compensation block that evaluates error compensation function. The 
output of error compensation block is given by m bits: c1, …,cm  all 
having the weight LSB=2-n. The Carry-save Addition Tree sums the 
partial products of the MSP subset and the outputs of the Error 
compensation block, according to the partial product matrix shown in 
Fig.4.9b. The Carry-save Addition Tree can be implemented using any 
one of the well known multi-operand addition techniques [148],[153]. 
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4.2.2.b Error compensation function 
The accuracy of fixed-width multipliers with multiple-input error 
correction depends on the choice of error compensation function. On 
the other hand electrical performances (speed, power, silicon area) 
depend on implementation of error compensation function. 
Designing the error compensation function according to either (4.17) 
or (4.22), the best possible accuracy is obtained. This solution, 
however, calls for a lookup table to implement either the fmax or fms 
functions. Lookup table complexity grows exponentially with n, 
rapidly becoming an impractical solution. Therefore the effective 
fixed-width multiplier implementations ([146],[151],[152]) employ 
error compensation functions which approximate fmax or fms, with 
worse error performances, giving a substantially lower complexity 
which linearly increases with n. However the techniques 
[146],[151],[152] require a ripple architecture for the implementation 
of the error compensation function, with poor delay and power 
performances. 
In this section we propose the use of an architecture, denoted as dual-
tree in the following, that is faster and less power hungry, while 
keeping the linear complexity of previously proposed approaches. 
Moreover our architecture gives a better approximation of fms and 
fmax. 
In order to introduce our approach let us examine with more details 
the peculiarities of fms and fmax. With this purpose let us recall that 
the error compensation function has to approximate the sum of the 
partial products in the IC and LSP subsets. Since the inputs of the 
error compensation block of Fig.4.9 are the partial products of the IC 
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Fig.4.9. a) Architecture of proposed fixed-width multiplier with multiple-input error compensation; b) Partial product 
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subsets (having a weight of LSB/2) we expect that the weight of each 
element of the input correction vector on the fms and fmax functions 
values is higher than LSB/2. As an example let us consider a 6-bit 
fixed-width multiplier, with optimized mean square error. Tab.4.7 
reports the ideal correction factors Savg(I), given by (4.16), and the 
rounded value fms(I) given by (4.22), both normalized to LSB. 
As can be seen, when all bits of input correction vector are zero, a 
small bias (Savg=0.224 LSB) should be ideally calculated by error 
compensation block (note that the bias, however, is smaller that LSB/2 
and is hence rounded to zero). The bias takes into account the 
probability that some partial products of the LSP subset could be high, 
even if the input correction vector is zero. When the input correction 
vector becomes I=(0,0,0,0,0,1), with only partial product  x6y1 high, 
the correction factor increases up to 0.8136 LSB, which is rounded to 
1 LSB. The “effective” weight  of partial product x6y1, defined as the 
difference between the correction factors corresponding to 
I=(0,0,0,0,0,1) and I=(0,0,0,0,0,0), is 0.5896 LSB. Note that this 
“effective” weight is higher than the weight of the partial product x6y1 
(given by LSB/2) due to the correlation between x6y1 and the partial 
products including either x6 or y1 in the LSP subset (see [150]). This 
phenomenon is even more evident if we consider the third row in 
Table 4.7, when only the partial product x4y3 is high. Here the 
“effective” weight (0.6805 LSB) is higher than the “effective” weight 
of x6y1 since the partial products, in the LSP subset, correlated with 
x4y3 have a weight higher than the partial products correlated to x6y1. 
From the above discussion we can conclude that, in the calculation of 
optimal error compensation function, different weights should be 
attributed to each partial product. In particular, “inner” partial 
products (like x4y3 and x3y4 in our 6-bits example) should have a larger 
weight with respect to “outer” partial products (like x6y1 and x1y6). 
Therefore the use of only the sum SIC to calculate the compensation 
factor, as proposed in [150],[151], give only a first order 

I=(x1y6, x2y5, x3y4, x4y3, x5y2, x6y1) Savg(I) fms(I) 
(0, 0, 0, 0, 0, 0) 0.224 0 
(0, 0, 0, 0, 0, 1) 0.8136 1 
(0, 0, 0, 1, 0, 0) 0.9045 1 
(0, 0, 1, 1, 0, 0) 1.6962 2 

Table4.7. Input correction vector I, ideal correction factor Savg(I) and 
rounded value fms(I) for a 6-bit fixed-width multiplier using multiple-input 

error compensation, optimized to reduce mean-square error. Savg(I) and 
fms(I) are normalized to LSB=2−n.
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approximation of the best possible error compensation, because equal 
weights are assumed for all the input correction vector elements. 
It is worthwhile to note that fms isn’t simply a linear function of the 
input correction vector partial products. In fact, as shown in the forth 
row of Table 4.7, the Savg value corresponding to the case in which 
x4y3 and x3y4 are both high, is higher than the sum of the bias plus the 
“effective” weights of the two partial products. 

4.2.2.c Dual tree architecture 
The architecture of proposed error Compensation block, shown in 
Fig.4.10, takes into account the different weights of the input 
correction vector elements by using two different addition trees. The 
input correction vector partial products are subdivided in two 
disjoined sets: a so called “standard addition” set and a “modified 
addition” set. The elements of the standard addition set, are added by 
using a standard one-counter [148], implemented with common full 
adders (FA) and half adders (HA). Since the weight of added partial 
products is LSB/2, the carries of the tree, having a weight of LSB, are 
considered as the first c1, …, cm’ outputs of the error compensation 
block of Fig.2 (m’ < m). 
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The cm’+1, …, cm-2 error compensation elements are obtained as the 
carries at the output of the second addition tree. This tree receives as 
inputs the elements of the modified addition set and uses modified 
half adder (mHA) cells to evaluated error compensation elements. As 
shown in Fig.4.11, modified half-adders are realized by using one 
AND gate and one OR gate and hence correspond to the so-called AO 
gate introduced in [151] and then used also in [146]. By looking to the 
truth table of Fig.4.11, it can be seen that the modified half adder is 
similar to the common half adder, except when both A and B inputs 
are one; in this case the result computed by the modified half adder is 
3 (Sum=1 and Cout=1) whereas a common half adder would provide 
the standard sum between A and B equal to 2. It can easily be seen that 
the modified half-adder operator is associative (and also 
commutative). As a consequence multi-operand addition with 
modified half adders can be implemented with tree architectures 
[148],[153] (like standard addition) as opposed as the ripple 
architecture used in previous papers. From this consideration it simply 
follows that, if we sum k input bits using a modified half adder tree 
the result Sm = 2·(cm’+1 + … + cm-2) + S2 is given by: 

-------- --------

Input Correction vector - 1st set Input Correction vector - 2nd set

 
Fig.4.10. Architecture of dual-tree error compensation block. The Tree 1 sums 
lower weight partial products using standard full adders FA. The Tree 2 uses 

modified half adders mHA to take into account the contribution of partial 
products with higher weights. The sums of the two trees are merged in a “mixing 

block” in order to obtain one or two (see text) additional outputs. 
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2 1, if >0
0, if =0 m

U U
S

U
⋅ −⎧

= ⎨
⎩

 (4.24) 

where U is the number of input bits equal to 1. Hence, we have a 
“modified one counter” that sums the input bits, giving them weight 2. 
The S1 and S2 sum outputs of the two trees, having a weight of LSB/2, 
cannot be directly considered as error compensation elements. 
Therefore S1 and S2 are elaborated by a “mixing block” (see Fig.4.10) 
which further correct multiplier output by using cm-1 and cm elements. 
We consider three possible “mixing block” addition schemes. First 
solution adds S1 and S2 by using standard addition and truncates the 
result. In this case S1 and S2 are mixed with an AND gate providing a 
single additional output at the error compensation block: 
cm-1=S1 AND S2 (cm=0 in Fig.4.10). In second solution S1 and S2 are 
still added by using standard addition, but the result is rounded. It can 
be easily shown that this results in mixing S1 and S2 by using an OR 
gate (cm-1=S1 OR S2, cm=0). The third solution adds S1 and S2 with a 
modified half-adder and rounds the result. In this case the mixing 
block evaluates both cm-1=S1 OR S2 and cm=S1 AND S2. 

4.2.2 c.1 Dual tree architecture optimization and error 
performances 
Exhaustive search has been used to obtain, for a given multiplier size 
n, the optimal subdivision of input correction vector partial products 
(between standard and modified summation trees) and the optimal 
mixing block configuration. We realized two optimizations. In the 

A
B Cout

Sum A
0 0 0 0

1 0 1
0 0 1
1 1 1

0
1
1

B Cout Sum

 
Fig.4.11. Modified half-adder. 

x y1 n x y2 n-1 x y3 n-2 x yn-2 3 x yn-1 2 x yn 1

modified addition

standard addition

x y1 n x y2 n-1 x y3 n-2 x yn-2 3 x yn-1 2 x yn 1

modified addition

standard addition(a) (b)

Fig.4.12. Optimal subdivision of input correction vector partial products, resulted from exhaustive search. 
a) “Type 1” architecture that optimizes maximum absolute error. This subdivision is also optimal for the mean-

square error when n≤5. 
The optimal mixing block is an OR gate. 

b) “Type 2” architecture that optimizes mean-square error for n≥6. The optimal mixing block is a modified half-
adder. 
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first one we assumed as a goal function the absolute error (εmax), 
whereas the second optimization was carried-out to minimize the 
mean square error (εms). Since the search space grows exponentially 
with n, a maximum value of n=12 has been considered. 
The optimizations resulted in the two solutions highlighted in 
Fig.4.12. In “type 1” solution, the standard addition set contains only 
the two partial products x1 yn and xn y1, and the mixing block is an OR 
gate. In “type 2” solution the standard addition set is {x1 yn, x2 yn-1, xn-

1 y2, xn y1}, and a modified half adder is used as mixing block. Type 1 
resulted the best architecture to optimize εmax for all the values of n 
investigated; in addition this is also the architecture that achieves the 
best mean square error for n<6. For 6≤n≤12, and assuming εms as error 
metric, type 2 is the best architecture. As expected, in both type 1 and 
type 2 solutions, “outer” partial products are assigned to the standard 
addition tree, whereas “inner” partial products, which should have a 
higher weight on output correction, are assigned to the modified 
addition tree. 
The error performances of the multipliers proposed in this paper are 
compared in Table 4.8a and Table 4.8b with the full-width rounded 
multiplier, the recently proposed fixed-width multipliers of 
[146],[151] and the ROM lookup table approach (coefficients of 
ROM_max have been found according to (4.17) to minimize absolute 
error, whereas ROM_ms is calculated from (4.22) and minimizes the 
mean square error). In Table 4.8a the comparison is based on the 
normalized absolute error metric, while Table 4.8b compares the 
normalized mean-square errors. 
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From Table 4.8 we note that the rounded multipliers, using the 
complete partial products matrix of Fig. 4.8, provide the best 
achievable error performances, with constant maximum and mean 
square errors. In ROM-based approach, on the other hand, both εms 
and εmax increase with n. As a consequence, multiple-input error 
compensation appears to be a useful approach only for reduced n 
values. 
Results of Table 4.8 show that error performances of proposed circuits 
are near to the ROM lower bounds. For n=12, only a 21% absolute 
error increase and a 23% mean square error increase is found. 
Comparing proposed approaches with previously proposed ones, we 
note a substantial decrease of the error with respect to Jou solution 
[151]. On the other hand, the improvement with respect to 
Curticapean solution [146] is smaller, and is more noticeable in terms 
of εms. 
In the last rows of Table 4.8 we compare 16-bit fixed-width 
multipliers. Extending the results found from optimization, we used 
“type 1” architecture when maximum absolute error was considered as 
error metric, and “type 2“ architecture to optimize  εms. You can see 
that also for n=16 proposed multipliers provide reduced εms and εmax 
values with respect to Jou and Curticapean solutions. 

Table 4.8. Error performances of fixed-width multipliers: a) assumes maximum absolute error εmax as error metric; b) 
assumes mean-square error εms as error metric. 

∆εmax is the percentage increase of εmax with respect to ROM max, ∆εms is the percentage increase of εms with respect to 
ROM ms. εm is the mean error. 

Note that εms is normalized to LSB2, while εmax and εm are normalized to LSB. 
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4.2.3 Dual Tree Architecture Implementation 
Proposed dual-tree approach can be seen as an extension of the error 
compensation solutions proposed in [146] and [151]. As an example, 
Fig.4.13a shows that the error compensation circuit proposed in [146], 
for n=6. This circuit is equal to a dual-tree circuit in which ripple 
architecture is used to sum n-1 partial products with modified 
addition. Only one partial product is included in standard addition set, 
using an OR gate as “mixing block”. Similar considerations can be 
done for the error compensation circuit provided in [151]. 
Our “type 1” dual-tree compensation block is shown in Fig.4.13b. 
Comparing Fig.4.13b with Fig.4.13a, it can be observed that dual-tree 
approach, while not requiring additional hardware, is significantly 
faster with only three OR gates on the critical path. Similar 
considerations apply to “type 2” dual-tree compensation block, 
displayed in Fig.4.13c. 
The actual implementation of our dual-tree architecture, however, can 
be further simplified. From (4.24) you can see that the one could 
obtain the result of the modified tree by using a standard one-counter 
(based on full and half adders), multiplying the result by two and then 
subtracting one. Hence (neglecting for the time being both one 
subtraction and mixing block), we can eliminate the modified tree 
altogether, by sending the partial products originally assigned to the 
modified tree directly to the carry-save adder, with a weight LSB. For 
“type 1” architecture, it can be demonstrated that final subtraction and 
mixing block correspond to the inclusion of a NOR and an AND gate, 

mHA

x y52 x y43

c2

mHA mHA

x y25 x y34

c3

mHA

mHAmHA
c4

x y61 x y16

c1

HA

c5
mixing block

modified
addition

part

standard
addition

part
x y61

x y43
c2

x y34
c3

x y25
c4

x y16

c5

x y52
c1

mHA

mHA

mHA

mHA

standard
addition

part

mixing block

modified
addition

part

a)
b)

S2 S1

Fig.4.13. Error compensation circuits in 6-bit fixed-width multipliers. 
a) Error compensation circuit proposed in [2]; 

b) Dual-tree “type 1” architecture, that minimizes maximum absolute error.
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as shown in Fig.4.14a. For “type 2” architecture, Fig.4.14b highlights 
that the effect of final subtraction and mixing block simply correspond 
to send the sum bit of the standard tree directly to the output of the 
error compensation block. 
By comparing Fig.4.14 with Fig.4.10 it can be seen that optimized 
implementation of dual-tree architectures results in a substantial 
hardware saving. This is clearly shown in Fig.4.14, where optimized 
“type 1” and “type 2” architectures are reported, for n=6. Optimized 
“type 1” dual-tree architecture (Fig.4.14a) requires an half-adder, a 
four-input NOR gate and a two-input AND gate. Optimized “type 2” 
dual-tree architecture (Fig.4.14b) is even simpler, and is actually 
composed by just a single half-adder. 

4.2.3.a Circuits Performances 
We implemented rounded full-width multipliers, Jou [151], 
Curticapean [146], and the optimized dual-tree fixed width multipliers 
proposed in this paper using a three metal 0.35µm technology with 
3.3V supply voltage. Multiplier size for n equal to 4, 8, 12 and 16 has 
been considered. 
In order to have a realistic and accurate indication of architecture 
performances, we implemented the carry-save tree of all multipliers 
using the three-dimensional reduction method (TDM) proposed in 
[153]. TDM is a state of the art technique to add elements of partial 
products matrix with a tree based carry-save approach, compensating 
for different delays in partial products generation, and exploiting 
delays asymmetries in full-adders to improve overall timing. 
The obtained results are shown in Table 4.9. As you can see, we have 
that proposed circuits are faster than complete rounded multiplier for 
every value of n, whereas Jou and Curticapean ripple error 
compensation architectures produces multipliers slower than the 
complete one for n≥12. As an example, proposed circuit with “type 2” 

x yn1 x y1n

c1

HA

standard addition

S1

modified addition
x yn-12 x y3n-2 x y2n-1x yn-23

c2 c3 cn-2 cn-1

cn (a)

x yn1 x y1n

c2 HA

standard addition modified addition
x yn-12 x y3n-2x y2n-1 x yn-23

c3 cn-2

(b)

FA
c1

cn-1  
Fig.4.14. Optimized implementation of dual-tree error compensation blocks: 

a) “type 1” architecture; b) “type 2” architecture. 
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architecture for n=16 provides 9.8% decrease in propagation delay 
with respect to complete rounded multiplier and more than 20% 
improvement with respect [146],[151]. 
Considering area occupation, the developed dual-tree multipliers 
result slightly more efficient than Jou and Curicapean solutions, with 
silicon area reduction of about 6% for n=16. Obviously, the advantage 
with respect to complete rounded multiplier is much more evident, 
with area reduction of about 50%. 
Finally, because of reduced glitching in partial products generation, 
proposed circuits exhibit a lower power dissipation with respect to Jou 
and Curticapean solutions for n>4. For instance, power saving is about 
11% for n equal to 16. Power dissipation is almost halved with respect 
to complete rounded multiplier. 

4.2.4 Conclusion 
The section introduces a new technique to design unsigned fixed-
width multipliers. New approach improves accuracy, silicon area, 
timing performances and power dissipation with respect to previously 
proposed techniques. Simulation results for a 0.35µm technology 
show a decrease of the propagation delay up to 20%, with more than 
10% power dissipation reduction and a substantial improvement of 
mean square error. 

 
Table 4.9. Performances of fixed-width implemented in 

0.35 µm CMOS technology. 



 

 

Appendix A: DDFS 

Let us focus our attention on the approximation of the sine function 
f(x) (see (2.2)). To that purpose let us rewrite the MTM approximation 
(2.4) for the symmetric case of Fig.2.3b: 

1
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2 2
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Following [23], the 0( )A x  and Bi(ξi) coefficients are computed by 

minimizing the maximum approximation error in (A.1) as: 
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The equation (A.4) defines directly the content of the Table of Initial 
Values ( 0 0( ) ( )TIV x A x= ). The content of each TOi in Fig.2.3b can be 
easily computed by starting from (A.5): 

( )1TO ( , ) ( ) 2 is
i i i i i ix B x − −ξ = ξ ⋅ +  (A.8) 

The MTM approximation error depends on the second derivative of 
f(x). Consequently, following [23], the worst case error εi, due to the i-
th Table of Offsets, can be evaluated as: 

1 2

( ) ( ) ( ) ( )
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i i i i i i i i
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ξ + δ − ξ − ξ + δ + σ + ξ + σ
ε =  (A.9) 
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A upper bound for the total approximation error can be obtained by 
summing the errors due to the single Tables of Offsets 
(εappr=ε1+...+εK). In addition to this algorithmic error, we have to 
consider the rounding error of each table. By using g guard bits the 
total rounding error εrnd is: 

( 1) 2 2 (1 2 )R g R g
rnd K − − − −ε = + ⋅ + ⋅ −   (A.10) 

where 2-R+1 is the weight of the output LSB, and the rounding 
technique of Das Sarma and Matula is used for g>0 [23]. 
The total error ε can be estimated as: 

appr rndε ε + ε  (A.11) 
The ROM size for each table in Fig.2.3b can be evaluated as follows: 

0_ ( 1 ) 2qROMsize TIV R g= − + ⋅  (A.12) 
1_ 2 i ip q

i iROMsize TO w + −= ⋅  (A.13) 
In (A.13) wi represents the output wordlength of the i-th Table of 
Offsets, given by: 

2
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12 logi
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B

⎢ ⎥⎛ ⎞
= + − − ⎢ ⎥⎜ ⎟⎜ ⎟⋅δ⎢ ⎥⎝ ⎠⎣ ⎦
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where Bi_max is the maximum slope of the i-th Table of Offsets. Since 
the slopes Bi(ξi) are related to the first derivative of f(x), in our case 
we have: 

0( )
ii_max i iB B

ξ =
= ξ  (A.15) 



 

 

Appendix B: GF 

This section is aimed to demonstrate that, given the delays of Mj,i⋅bi 
signals, the algorithm of Fig.3.4 achieves the minimum possible delay. 
Without loss of generality let us assume that the delay of an XOR gate 
is equal to one and that Mj,i⋅bi signals have integer delays. 
LEMMA 1. Let N(t) be the maximum number of zero delay inputs for a 
XOR network with output delay t. We state that N(t) is equal to 2t. 
PROOF: The proof is by mathematical induction. Since a network with 
delay 0 contains no XOR gate, the initial step of the induction 
(N(0)=1) is straightforward. Let us demonstrate the induction 
hypothesis N(t)=2⋅N(t-1). Consider a XOR network with delay t. The 
final XOR of this network splits the network in two sub-networks 
each of delay t-1. The maximum number of inputs of such networks is 
N(t-1), and therefore it remains demonstrated that the total XOR 
network with delay t has a maximum of 2⋅N(t-1) inputs. 
THEOREM 1. Given n inputs s1, …, sn with delays d1, …, dn, for any 
XOR network which sums all si signals it holds true the following 
inequality: 

1
2 2

=
≥∑ i

n dt
i

 (B.1) 

where t is the delay of the XOR network. 
PROOF: Let us assume that it is possible to build a XOR network 
which sums s1, …, sn with a delay t such that: 

1
2 2 i

n dt
i=

<∑  (B.2) 

Since the input si of this network has a delay di, we can imagine that si 
is obtained from a XOR network with 2 id  inputs with a zero delay. 
Let us assume to build a new XOR network by joining the original 
network and the XOR network which computes si. Applying this 
transformation for all the si signals, we obtain a new network with 

1
2

=∑ i
n d
i

 inputs, all having zero delay. By looking to (B.2) we note 

that we have built a XOR network with a delay equal to t and more 
than 2t inputs. Since this is in contrast with the lemma 1, the equation 
(B.1) remains demonstrated. 
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Please note that a consequence of (B.1) is that the minimum delay tmin 
to sum n inputs s1, …, sn with delays d1, …, dn is given by: 

2 1
log 2

=
⎡ ⎤= ⎢ ⎥⎢ ⎥∑ i

n d
min i

t  (B.3) 

where ⎡ ⎤⎢ ⎥a  represent the lowest integer higher than a. 
The algorithm of Fig.3.4, which construct the XOR network for the 
summation of Mj,i⋅bi signals, starts by building a set S, composed by 
Mj,i⋅bi signals, and proceeds in iterative steps by deleting from S the 
two elements s1 and s2 with the minimum delay, combining s1 and s2 
with a XOR gate, and inserting the XOR output s3 in the set S. We 
will show that this algorithm achieves exactly the minimum delay 
given by (B.3). To that purpose let us introduce the following 
theorem: 
THEOREM 2. Let δi be the delays of the signals in the set S at a given k-
th step of the algorithm of Fig.3.4, and assume that: 

1
2 2δ

=
≤∑ i

n t
i

 (B.4) 

for a given value t. 
The delays χi of the S signals at the k+1-th step will verify the same 
inequality: 

1

1
2 2

− χ
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n t
i

 (B.5) 

PROOF: Let us assume to order δi delays in non decreasing order 
(δi≤δi+1). We can rewrite the (B.4) in the following way: 

22 1 2
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2 2 1 2 0δ −δ−δ δ −δ
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− − ≥ >∑ i
nt
i

 (B.6) 

Since t and δi with i≥3 are all greater than or equal to δ2, the first 
member of (B.6) is integer, and as a consequence we can rewrite (B.6) 
in the following way: 

22
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2 2 1 1δ −δ−δ
=

− − ≥∑ i
nt
i

 (B.7) 

Rearranging (B.7) we obtain: 
2

3
2 2 2 2δδ

=
⋅ + ≤∑ i

n t
i

 (B.8) 

The algorithm of Fig.3.4 deletes form S the signals with delays δ1 and 
δ2 and inserts a new signal with delay δ2+1. Let χ1 be the delay of the 
new added signal, we can therefore write: 
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2
1 1
1 3

2 2 2
− χ δδ +
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= +∑ ∑i i
n n

i i
 (B.9) 

From (B.9) and (B.8) it follows the (B.5). 
From theorems 1 and 2 it follows that the optimal delay for summing 
the initial signals Mj,i⋅bi is the same of the optimal delay for summing 
the signals in the set S at a generic step of the algorithm of Fig.3.4. 
Since this remains true also for the last step of the algorithm, in which 
S contains only one element, it is clear that the proposed solution 
achieves exactly the minimum delay given by (B.3). 
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