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(Abstract)

We present a generalization of Signorini’s method to the case of live loads which
allows us to derive approximate solutions to some pure traction-value problems
in finite elastostatics. The boundary value problems and the corresponding com-
patibility conditions are formulated in order to determine the displacement of the
system up to the second-order approximation. In particular, we consider the case
of homogeneous and isotropic elastic bodies and we solve the following two pure
traction-value problems with live loads: (i) a sphere subjected to the action of a uni-
form pressure field; (ii) a hollow circular cylinder whose inner and outer surfaces
are subjected to uniform pressures. Then, starting from these solutions, we sug-
gest experiments to determine the second-order constitutive constants of the elastic
body. Expressions of the second-order material constants in terms of displacements
and Lamé coefficients are determined. Further we apply the generalized Signorini’s
perturbation scheme to analyze radial expansion/contraction of an hollow cylinder
made of an isotropic functionally graded elastic material, whose material moduli
depend upon the radial coordinate only. We study the case of an hollow circular

cylinder under uniform internal and external pressure. The displacement of the sys-

il



tem and its state of stress are determined up to the second-order approximation. We

consider both compressible and incompressible functionally graded elastic bodies.

The quantitative analysis of all the described problems has been carried out with the
aid of the software Mathematica by Wolfram Research. The programs which have
allowed to find the solutions to these problems are presented and their characteris-

tics are discussed.
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Introduction

1.1 Preliminary Considerations

The nonlinear Theory of Elasticity presents many interesting problems both from mathe-
matical and physical points of view. The main issues are essentially related to the following

topics.

Equations governing the equilibrium and the motion of an elastic system are not
linear. This implies that, except for some cases of incompressible materials, it is not
possible to obtain an analytical solution to these equations. Then, it is necessary to
resort to procedures which allow us to determine approximate solutions, which are
extremely useful in practical applications. It is also common to turn to numerical
routines which are presently very effective thanks to the extraordinary developments

in modern computers.

A further complication of the theory for live loads is that boundary conditions can be

assigned only as a function of the unknown deformation.

Owing to the nonlinearity of the equations, the wave propagation problems are very

hard to study and may present blow-up phenomena.

4.  The determination of the response of a nonlinear elastic material is not an easy
task. For homogeneous and isotropic solid bodies it reduces to finding the form

of the specific strain energy. This situation is more complex than the one in the
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linear Theory of Elasticity. In the latter case the response of an isotropic material is
completely characterized by only two constants, the Lamé coefficients, which can be

experimentally determined by a simple tension test.

In this thesis we deal with points 1, 2, and 4. The study of wave propagation in

nonlinear materials represents the next step of the present work.

1.2 A Brief Historical Survey

In 1930, Signorini [1] suggested a perturbation method to find approximate solutions of
boundary-value problems of finite elasticity in the presence of dead loads (loads indepen-
dent of the deformation). This procedure is essentially an application of Poincaré’s pertur-
bation method (e.g., see [2] and [3]) to equations of finite elasticity. Furthermore, in [4]
and [5] Signorini’s method was used to investigate the uniqueness of solutions as well as
the position of the classical linear theory with respect to the nonlinear theory. Later, Stop-
pelli [6-10] proved a local theorem of existence, uniqueness, and analytic dependence on
a parameter for the solution to the traction-value problem, when the applied dead loads do
not have an axis of equilibrium, and the existence and analyticity of solutions when the
dead loads have an axis of equilibrium (see also Tolotti [11]). A discussion of Stoppelli’s
work can be found in [12-14]. In [15-19] Capriz and Podio-Guidugli investigate the com-
patibility of the linear and nonlinear elasticity theories and show that a very large class of
traction-value problems can be solved by perturbation methods of Signorini’s type. In par-

ticular, in [16], the authors provide a series expansion to construct an approximate solution
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to the static balance equations of elastic bodies under dead loads and discuss the meaning
and implication of the Fredholm-type conditions for the existence of such an expansion.
Furthermore, in [18] and [19] traction-value problems of finite elasticity are analyzed in
the presence of loads depending on the deformation (/ive loads). Although every realistic
load depends on the deformation, the introduction of live loads leads to difficult mathe-
matical problems. A crucial contribution in this framework, has been given by Valent in
many papers which are collected in [20]. In this book, Valent proves theorems of existence,
uniqueness, and analytic dependence on a parameter for boundary-value problems of place

and traction in finite elastostatics with dead loads and some special types of live loads.

1.3 Detailed Summary of the Work

This thesis is divided into six chapters.

The first chapter is devoted to the statement of the equilibrium problem in finite
elastostatics. First, the balance equations are written in the Eulerian and the Lagrangian
formulation for an arbitrary continuous system and then they are specialized to the case of
elastic systems, both in the linear and the nonlinear framework.

The second chapter is concerned with some issues regarding the formulation of the
equilibrium problem. We start from the classification of boundary-value problems of fi-
nite elastostatics and then discuss difficulties related to the pure traction-value problem. In
particular, we analyze the concept of live loads and describe the resulting mathematical

complications. Further, we discuss the nature of the global equilibrium conditions, observ-
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ing that in the pure traction problem and in the presence of live loads they are essentially
compatibility conditions for the data and the displacements.

The third chapter deals with the description of the classical Signorini’s method for
dead loads. In order to obtain conditions under which the perturbation method can be ap-
plied, the equilibrium equations, the boundary conditions and the corresponding compati-
bility conditions are written in a nondimensional form. Reference is made to the existence
and the uniqueness results obtained by Stoppelli [6, 7, 9, 10] and Van Buren [21].

In the fourth, starting from the results obtained by Valent in Chapter 6 of [20], we
provide a generalization of Signorini’s method to the case of live loads. In the framework of
second-order elasticity theory we solve two traction-value problems with live loads and de-
sign four experiments which allow us to determine the second-order constitutive constants
for the given material.

In order to investigate the effects of material inhomogeneity on the response of
isotropic elastic bodies, we apply the generalized Signorini’s perturbation technique to
study the equilibrium boundary value problem of functionally graded materials (FGMs),
whose material moduli depend on the radial coordinate only. Functionally graded com-
posite materials have been the subject of intense research in recent years. These materials
are special composites commonly made by ceramics and metals. The ceramic offers ther-
mal barrier effects and protects the metal from corrosion and oxidation, while the material
is toughened and strengthened by the metallic composition. The compositions and the
volume fractions of the constituents are varied gradually, thus giving a non-uniform micro-

structure in the material which results in continuously graded macroproperties, which are
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the most distinctive features of FGMs. Chapter 5 is devoted to a brief overview on design
and applications of these materials.

In the last chapter the generalized perturbation method obtained in Chapter 4 is used
to solve the traction-value problem of an hollow circular cylinder made of a functionally
graded material. In particular we analyze the case in which the inner and outer surface of
the hollow cylinder are loaded by a uniform pressure. We write the explicit solutions both

for compressible and incompressible FGMs.

1.4 Quantitative Analysis and the Software Mathematica

Even though the results described so far have a strict theoretical value, they would not have
been obtained without the aid of the software Mathematica by Wolfram Research. As we
have already remarked, the non linearity of the equations governing the equilibrium of an
elastic material usually prevents us from their explicit integration. Since the applications
require a quantitative descriptions of solutions (displacement and stress fields), we have to
resort to a perturbation method which allows us to obtain approximate solutions to the ex-
amined problems. As we shall see in the sequel, this scheme simplifies at some extent the
mathematical difficulties of the equilibrium boundary value problems of finite elasticity.
Its distinctive feature is that it transforms a non linear system of partial differential equa-
tions (PDEs) into a finite set of /inear PDEs. In spite of this, solving these linear PDE:s is
not an easy task. Scientific computing based on the software Mathematica has represented
a crucial support to overcome this difficulty. Indeed, it has contributed to the development

of analytic calculations by symbolic calculus, such as the integrations of differential equa-
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tions, the solutions of algebraic systems, the representation and the simplification of some
quantities of interest in the analyzed problems. Besides its scientific purposes, this research
work is based on the idea that mathematical methods and scientific computing should be
dealt jointly. At the end of Chapters 4 and 6 we present and discuss the programs which

have been written to solve the described problems.



Chapter 1
Equilibrium of an Elastic System

1.1 Introduction

In this chapter the local equilibrium equations are written for a continuous system, both
in the Eulerian and in the Lagrangian formulation. These equations are general relations,
that is, they are valid for all continuous systems and do not depend on the material of the
body. However, it is well known from experience that two bodies having the same geo-
metric characteristics react differently when subjected to the same mechanical loads and
thermal conditions. Thus it is necessary to introduce some criteria which allow us to distin-
guish between the macroscopic behaviors of different material bodies. The mathematical
description of different material behaviors is the object of the theory of constitutive equa-
tions. Even if these equations represent the material constitution of the body, they must
fulfill certain general principles, called constitutive axioms, which impose restrictions on
their forms.

In Section 5 of the present chapter the constitutive equations of a continuous elas-
tic system are derived. It is noted there that, although constitutive axioms impose severe
restrictions on the form of constitutive equations, they still allow the theory wide margin
of arbitrariness, which can be filled only by experimental data. This is due to the fact that

the macroscopic behavior of a continuous body is related to its molecular structure. Since
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this structure does not enter into the continuum description, the constitutive equation of a
particular material must be determined experimentally. The experimental determination of
the constitutive equations of an elastic material is an extremely complicated task. It can be
simplified by exploiting the symmetry of the material. After having introduced the concept
of isotropy group of a material, the constitutive equations of homogeneous and isotropic
elastic bodies are exhibited. In the last Section these equations are specialized to the case

of linear elastic materials.

1.2 Finite Deformations

We consider a three-dimensional continuous system S moving in an inertial reference frame
I in which is assigned a Cartesian coordinate system R = (O, e;), i = 1,2,3, where O is
the origin and e; the unit vectors. The region of space occupied by points of S at a certain
time instant ¢ is called the configuration of S at the instant ¢ and denoted by C(t). In order
to determine the motion of S, it is necessary in the first place to "label" all points of S and
then to follow them during the motion, assigning their position in R at every instant.

To this aim a reference configuration C\ is introduced, that is a possible configuration
of S, and we call material or Lagrangian coordinates the coordinates (X ), L = 1,2,3, in
R of a particle p € S in the configuration C,.

The configuration C' (t) of S at the instant ¢ is the actual or the present configuration
of S and the coordinates (x;) in R of the particle p € S in C are referred to as spatial

or Eulerian coordinates. Any quantity ¢ associated to the motion of S’ can be expressed
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in either the Lagrangian or the Eulerian form depending on whether it is intended as a
function of the variables (X)) or (z;), in other words depending on whether it is assumed
to be defined on C, oron C.

We call finite deformation from C, to C' the vectorial function

x = x (X) (1.1)

which maps any point X € C, onto the corresponding position in C', or equivalently, the

three scalar functions

The functions (1.2) are assumed to be

1. one-to-one, and

2. of class C! together with their inverse.

The first assumption assures that the system neither fractures during the motion nor
does a crack close; the second one translates into mathematical terms the basic property of
the matter that two particles cannot simultaneously occupy the same place (impenetrability
principle). In particular, we require that at any point X € C, functions (1.2) fulfill the

condition

aiEi
J = det (8XL) >0,

in order to guarantee the right-hand orientation of the frame of references. In other words

(1.2) are diffeomorphisms preserving the topological properties of the reference configura-
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tion. Differentiation of (1.2) yields

du; —
YT X,

(X) dXr. (13)

where we have used Einstein’s summation notation in which the summation over two re-
peated indices is understood. Equation (1.3) defines at any point X € () a linear trans-
formation which maps an infinitesimal vector dX coming from X onto the corresponding
infinitesimal vector dx coming from x (X). This transformation is called deformation gra-

dient at X and it is represented in the reference frame R by the matrix

oz,
F=(Fy)= (a)f,L). (1.4)

It is easy to realize that equation (1.3) contains all the information regarding the deforma-

tion of the volume element at X when passing from C\ to C'.

In the sequel we shall make use of the following formulae, which can be deduced
from (1.3) and relate the corresponding infinitesimal surface elements do . and do, as well
as the infinitesimal volume elements dc, and dc in C, and C' respectively (for their deriva-

tion see [23])

do = J(FYHde,, (1.5)
dc = Jdc,. (1.6)

From equation (1.5) we can write
do|* = doydo; = J* |do|* (F) 1iNer (F ™) ki Nk (1.7)

C=F"F, Cry = —omr
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since
(F Y (F Y = (C Y,

from (1.7) we obtain the following relation which will play an important role in the sequel

do = Jy/N,C-N,do.. (1.8)

The deformation of S when passing from C\ to C' can be described in a completely equiv-

alent way by resorting to the displacement field u (X) defined by the following relation
u(X)=x(X)—-X. (1.9)

Introducing the displacement gradient H by the definition

aul-

H = HZ = av
Vu, L aXL

from (1.9) it follows that
H=F -1, (1.10)

where 1 is the 3 x 3 identity matrix.

1.3 Mass Conservation Equation

The mass of a continuous system .S is assumed to be continuously distributed over the
whole region C' (¢) occupied by S at the instant ¢. In other words, we postulate the existence
of a function p (x,t) of class C, called mass density, such that, if c, is a part of S in C,

and c its image through the deformation x (X), the mass of ¢, at time ¢ is given by

m(c,) = /p(x,t) de. (1.11)
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Like every quantity associated with S, the mass density can be expressed in Lagrangian
form. In this case it will be denoted by the symbol p, to highlight that it is a function

assigned on C\, namely p, = p, (X, t). Hence, the following relation holds

m(c*):/c,o(x,t)dc:/ p, (X, 1) des,

Cx

from which, having in mind the rule of the variable change in the multiple integrals (equa-

tion (1.6)), it follows that

[ o). 7~ p. (X, 0)lde. = 0.

Cx

Since ¢, is an arbitrary volume, at any point of ¢, in which the integrand function is regular

we obtain the following local Lagrangian formulation of the mass conservation

pJ = p,. (1.12)

1.4 Eulerian Formulation of the Equilibrium Equation

In the Mechanics of the Continuous Systems loads acting on the material region ¢ C C'
from its exterior ¢¢ are divided into mass forces (or body forces), continuously distributed
over the region ¢ and contact forces (or surface loads) acting on the boundary dc. The
resultant force R and the resultant moment M, with respect to a fixed point O are given
by

R(c,ce):/pbdc+/ tdo, (1.13)
c dc

M (¢, %) = /(x — Xg) X pbdc+/8 (x — x¢) X tdo, (1.14)
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where X is the position vector of O, p is the mass density of S and the specific mass force
b and the traction t are defined on ¢ and Oc respectively.

The first integral in (1.13) takes into account all forces acting over ¢ from the exte-
rior of S. These actions are assumed to be known "a priori". They may be gravitational,
electromagnetic, thermal etc. and are expressed by the assigned specific force field b (x, ¢)
acting on the whole volume ¢ and whose values are not influenced by the motion of .S.

On the contrary, t represents a contact force field acting at the boundary dc of ¢; the
behavior of these forces is deeply related to the motion of S and therefore they are unknown
quantities.

We remark that the previous assumptions, although natural, are extremely restrictive.
First of all, the mass forces acting on ¢ can originate from the region outside of ¢ but not
necessarily from that outside of S. However, in this case they cannot be assumed as known
since they depend on the motion of the system. Further, the assumption regarding the
contact forces implies that the action of all bodies contacting Jc is equivalent to the vector
tdo. If one takes into account phenomena related to the inner structure of the medium,
then it can be assumed that these forces are better represented by a force tdo and a couple
mdo. This assumption gives rise to a branch of Continuum Mechanics referred to as the
theory of Cosserat (or micropolar) Continua'. Hence in a micropolar body, in addition to
body forces, the existence of an independent body couple density m is postulated. If it is

assumed, as we do in the sequel, that m = 0, S is called a simple continuum.

1 For a deteiled description of micropolar continua, see [24-27].



1.4 Eulerian Formulation of the Equilibrium Equation 14

We postulate that the force acting upon the surface element do is related to the de-
formation of particles close to do only, and depends on the orientation of do only through
its outward normal vector n. This is known as Cauchy’s postulate and can be expressed in

mathematical terms as
t=t(x,t,n). (1.15)

This is one of the fundamental assumptions in the Mechanics of Simple Continua.
We assume that at equilibrium for any arbitrary material volume ¢ C C' of S the

following conditions hold
R(c,c?) =0, M (¢, c?) =0,

which, from (1.13) and (1.14), become

/tda—l—/pbdc:o, (1.16)
Jc c

/ (x — xo) xtda—i—/(x—xo)prdc:o. (1.17)
oc c
A fundamental theorem due to Cauchy shows that, under proper regularity conditions, t is

a linear function of n, i.e.,
t =T (x,t)n, (1.18)

where T is a second order tensorial field independent of n known as the Cauchy stress

tensor®. Equation (1.18) allows us to write the local form of equation (1.16). In fact,

2 For a detailed treatment of the Cauchy theorem see [23].
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applying the Gauss theorem we can write the first integral as

/ tdo :/ Tndo = /Vx-Tdc, (1.19)
de de c

. T, I .
where Vi - T is a vector whose components in R are a—] Substituting equation (1.19)
Ly

into (1.16) we obtain

Since the integration domain is arbitrary, at all points of ¢ where the integrand functions
are regular, the relation written above implies the following local form of the equilibrium

of §
pb+ V- -T =0. (1.20)
In order to derive the local equation corresponding to equation (1.17), we remark that by

virtue of the Cauchy theorem, the second integral can be written as

/ €ijk (T — Toj) th = / €ij (2 — xoj) Tennp, =
oc

dc
o7,
/eijkaij+ /Q’jk (.’L’j — iﬁoj) azkhhdc

where ¢, 1s the Levi-Civita symbol. Then, substituting into (1.17) and taking into account

(1.20) we obtain

/Eijkaij = 0.

Since c is an arbitrary material volume, it follows that
€ijklr; = 0,
which implies that the Cauchy stress tensor is symmetric

T =T7. (1.21)
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We conclude that the local equilibrium equation of a continuous body in the Eulerian form

is given by equation (1.20) in which T is a symmetric tensor.

1.5 Lagrangian Formulation of the Equilibrium Equation

In the previous section the fields p and T have been written in Eulerian form. However

there are many physical problems of practical interest in which it is more convenient to

express these fields as functions of X in C.

From the mass conservation equation in Lagrangian form, p, = pJ, the following

identity follows

/pbdc:/ p,bdc,

(1.22)

for any region ¢, C C\, where c is the material volume corresponding to c, in the actual

configuration C'.

We define the first Piola-Kirchhoff stress tensor T, by the condition

/ T, -N.do, = / T - ndo,
Oy dc

where N, is the unit outward normal vector to the surface element do, of dc,
equation (1.5), 1. e.,

don; = J (F*I) N,pdo,,

Li

equation (1.23) becomes

/80* (Tuir = Ty J (F7') ,)Nupdo, =0, Ve, C C,

(1.23)

. Recalling
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from which we have

(1.24)
Equation (1.24) expresses the relation between Cauchy’s stress tensor T and the first Piola-
Kirchhoff stress tensor T,. From (1.22) and (1.23) it follows that the integral equilibrium

equation of S can be put in the form
/ T, - N.do, +/ p,bdc, =0, Ve, C C.. (1.25)
Ocx Cx

By employing the same arguments as those used in the previous section we conclude from
(1.25) that, if the involved fields are regular, then the local equilibrium equation in La-
grangian form is

Vx - T, + p,b =0, (1.26)

aT*iL

0Xy

where Vx - T\,is a vector whose i-th component in the reference frame R is given by

Equation (1.26) presents the following two advantages over equation (1.20):

1. the mass density p, is a known function of the point X;

2. the involved fields and the function x (X) are defined in the known and fixed region

C..

1.6 Elastic Bodies

The local equilibrium equations are general relations, that is, they are valid for all continu-
ous systems and do not depend on the material of the body. However, it is well known from

experience that two bodies having the same geometric characteristics may react differently
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when subjected to the same mechanical loads and thermal conditions. This means that for
a continuous system the knowledge of the equilibrium conditions and of the external forces
acting upon the body is not sufficient to determine the deformation field.

The above considerations can be expressed in a more formal way by noting that
equation (1.26) constitutes a system of three partial differential equations in the 6 unknown
components of T, (X)*. This means that the equilibrium equations do not form a closed
set of field equations, so we add additional relations connecting the stress tensor T, to the
the deformation x(X) or the displacement u(X). Thus it is necessary to introduce cri-
teria which allow us to distinguish between macroscopic behaviors of different material
bodies. These relations are called constitutive equations because they translate in mathe-
matical terms the material constitution of the body. In order to get these equations one can
start from the assumption that the macroscopic response of a body depends on its mole-
cular structure. This means that in principle the response functions can be obtained from
Statistical Mechanics in terms of the average of microscopic quantities. Such an investi-
gation is very stimulating both from theoretical and practical points of view. In this way,
we can improve material properties and create new materials that respond to technolog-
ical demands. But this approach is not straightforward if applied to complex materials,
which are of interest in applications. In Continuum Mechanics the basic assumption of a
continuously distributed matter cancels its discrete structure, so constitutive equations are
determined experimentally. Even if these equations translate the material constitution of

the body, they have to fulfill certain general principles, called constitutive axioms, which

3 Because T? = T, from (1.24) it can be seen that only 6 components of the first Piola-Kirchhoff stress

tensor are independent.
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impose restrictions on their form. For an exhaustive study of this subject see pages 134-155
of [13].

Here we only remark that constitutive equations are assumed to be objective, i.e., we
postulate that the material behavior is independent of the observer ( principle of material
frame indifference) and further that in any evolution of the system they satisfy the second
law of thermodynamics ( principle of dissipation of Coleman and Noll )*.

A material point X in a continuous system .S is elastic if the Cauchy stress tensor T
at the point X of S depends on the deformation which S has experienced in the neighbor-
hood of X when passing from the reference configuration C\ to the actual configuration C'.
Having in mind that the deformation at X € C is completely described by the deformation

gradient F, the material point X is said to be elastic if
T(X,t) =1 (F,X,t). (1.27)

It can be shown (see [13]) that equation (1.27) satisfies the principle of dissipation and the

material frame indifference principle if the Cauchy stress tensor has the following form

%

FT, (1.28)

where 1) = ¢ (F) is called the specific strain energy.
An elastic material point X is incompressible if it can undergo only volume preserv-

ing deformations,i.e.,

det C = 1. (1.29)

4 See the fundamental memoir [28].
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For an incompressible material equation (1.28) becomes

T =—pl+ p%FT, (1.30)

where the pressure p(x) = p(X) is an unknown function. In other words, the constitutive
equation for an incompressible elastic material contains a pressure which is unknown in
the problem. This is similar to the situation in the Dynamics of Rigid Bodies. There, the
assumption of material rigidity makes all components of stress tensor unknown.

From equation (1.28), having in mind the relation (1.24) and the mass conservation
equation in Lagrangian form (1.12), we obtain the following expression for the first Piola-

Kirchhoff stress tensor for an unconstrained elastic medium

d

(1.31)

We conclude that the Lagrangian equilibrium equations for an elastic system are given by

(1.26) in which the first Piola-Kirchhoff stress tensor is given by (1.31).

We point out that although constitutive axioms impose severe restrictions on the con-
stitutive equation (1.27), they still allow the theory a wide margin of arbitrariness, which
can be filled only by experimental data. The experimental determination of the constitutive
equations of an elastic material is an extremely complicated task. From equations (1.28)
and (1.31) it can be seen that it consists in the determination of the specific strain energy
function ¢ (F'). On the other hand the symmetry properties of the material can simplify it
to some extent. We recall that the material symmetry group or simply the isotropy group is

the group of unimodular transformations (i.e. whose determinant equals 1) of the material
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coordinates under which the constitutive equations are invariant.” In this sense, the sym-
metry group of an isotropic material, i.e., a material whose properties are independent of
the particular direction, is the whole group of orthogonal transformations. In mathematical

terms, for any orthogonal matrix Q the function f(F') must satisfy

£(F)= £(FQ).

It can be shown (see [23]) that an elastic material point, whose constitutive equations satisfy
the objectivity principle and the second principle of thermodynamics, is an isotropic solid

if and only if
W= (I ILIIT), T =@l +pB+pB (1.32)

where I, 11,111, are the three principal invariants of the left Cauchy-Green tensor B =

FF7 and functions ©;, 1 =0,1,2, are defined as follows

_ I

Yo = 2/)[[[0[[[,
B oY o

p1=2p (5 + Iﬁ) : (1.33)
_

A simple application of the Cayley-Hamilton theorem allows us to obtain the following

form of (1.32),

T = fol + fiB+ foB™, (1.34)

5 This form of the notion of symmetry group was introduced by W. Noll [29].
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where f;,7 = 0, 1,2, are related to the ¢, by the following relations:®

fo = 0o — L1y,

fi = o — 1y, (1.35)
fo = Illgp,.
Using (1.33) in (1.35), we obtain
fo = 2p(II%+HI%>,
fi = Zp%, (1.36)
fo = —2plll%.

For an incompressible isotropic solid, we have

_ _ Wp o 0
G=9(LII), T=-pl+2p-B-2- B (1.37)

For the proof of these results and a detailed description of the symmetry properties of a

continuum system we refer the reader to [13] and [23].

6 The Cayley-Hamilton theorem states that an n x n square matrix A satisfies the following identity

(—A)" "+ L(—A)" '+ .+ L1 (-A) + 1,1 =0,

where I, I5, ..., I,, are scalar functions depending on the components of A and are called principal invariants
of A. For n = 3 we have

A3 —TAA? + II4A — 11141 =0,

where
IA = Akk = t?“A,
1 1 2 1, 5
IIA = §(AkkAll — AklAlk) = §(tTA) — itTA s
11T, = detA.

In particular for the left Cauchy-Green tensor we obtain
B?® - IB*+1IB—II1=0.
Multiplying the preceding equation by B! and solving for B2 we get
B>=IB - II1+IIIB7 !,
which, substituted into (1.32), gives (1.34).
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1.7 Linear Elastic Bodies

The deformation x(X) is said to be infinitesimal if components of the displacement field
(1.9) and those of the displacement gradient (1.10) are first order quantities, that is, if their
powers or products can be neglected as compared to the quantities themselves. When the
deformation x(X) from C, to C is infinitesimal and C, represents a natural state (that is
T = 0in C,), from (1.32) we derive the constitutive equation for an isotropic linear elastic
material. We note that for an infinitesimal deformation we obtain the following expressions

for B and B?:

B=FF' =(1+H)(1+H") =1+2E+.., (1.38)

B?>=1+4E + ..,

where the symmetric tensor

E=-(H+H") (1.39)

1
2
is known as the infinitesimal strain tensor and plays a fundamental role in the theory of
infinitesimal deformations. If we assume that functions ¢,, 7 = 0, 1, 2, can be approximated

by their Taylor series expansions in the invariants of B in the neighborhood of B = 1

(absence of deformation), up to first order terms in H, we obtain
¢; =ai +b; (I —3) = a; +2b;1g, (1.40)

where [ is the first principal invariant of E. The condition T = 0 for B = 1 requires that

constants a; and b; satisfy the relation

a1+a2+a3:0.
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Hence, for small deformations of an elastic isotropic material, the stress tensor becomes
T = Mgl + 2uE, (1.41)

where coefficients A and p, which depend in a proper way on constants a; and b;, are called
Lameé coefficients of the elastic material.

From (1.41), it follows
trT = (3\ + 2p) rE,

so that, assuming (3\ 4+ 2u) # 0, combining with (1.41) we obtain the following inverse

relation

1 A
E=—T-—(t«T)1. 1.42
21 203X + 2u)(r ) (1.42)

In order to provide a physical interpretation to these coefficients, we assume that the elastic
body S is loaded by a uniform traction whose intesity is ¢ along the direction parallel to the

base unit vector e, so that
tel =T e = tel.

The only nonvanishing component of the stress tensor T, relative to the basis (e, ez, €3) ,

is T1; = t. From (1.42) we get the deformation components

g A+
" (3 +2p)
A
E. = L33 =— ta
2 % 201(3\ + 2p)

FEiyy = FEi3= FEy =0.
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The quantities

o p(3A+2p)
Eiy A+ p
By Es3 A

Y — = —

E33 E11 - 2()\ + [L)7

?

are called Young’s modulus and Poisson’s ratio, respectively and for a homogeneous body
are constants. Young’s modulus indicates the ratio between the traction per unit surface area
and the linear dilation produced in the same direction; Poisson’s ratio is the ratio between
the contraction, in the direction orthogonal to t, and the dilation along t.

The Cauchy stress tensor for infinitesimal deformations of an anisotropic elastic ma-

terial can be written as
T = CE, (1.43)

where the elasticity tensor C is a fourth order tensor characterized by the following sym-

metries

Cz’ jhk — (Ci'k:h =C jikh-
J J J

These properties can be proved starting from the symmetry properties of tensors T and E:

Tij = CijmEne = CijpnErn = CijrnEnr = Tji = Cjinp Ly,

In particular, for an isotropic linear elastic medium, from (1.41) and (1.43) it follows that

the elasticity tensor becomes

Cijnk = A0ijOnk + 11(0ind i + 0jn04k).
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In the Theory of Elasticity it is useful to consider the Green-Saint Venant strain ten-
sor
1

G=E+ 5HTH. (1.44)

It is easy to see that in an infinitesimal deformation
G- E, (1.45)

where the notation »» means that quantities on the left and the right-hand side of (1.45)

differ by an order greater than |u| and |H|. The following relations between the invariants

of G and B hold:
2lg = I-3,
Allg = II—2I+3, (1.46)
8lllg = IIT—11+1-1,
and

I = 2Ig+3,
II = 4l +4lg + 3, (1.47)

I = 8Illg+4llg +2Ig + 1.



Chapter 2
Nonlinear Elastostatics

2.1 Introduction

In this chapter we formulate the boundary-value problems of finite elastostatics. We study
in depth the meaning and the difficulties related to the assignment of the traction boundary
conditions. In fact, in the case of the pure traction-value problem the boundary condition
depends on the unknown deformation. In order to describe this, we discuss two examples.
The first example is concerned with an elastic system at equilibrium in an uniform pressure
field acting upon its boundary. The second example deals with an elastic system subjected
to the action of elastic surface forces.

A further complication is represented by the fact that, for the case of pure traction-

value problem, the global equilibrium conditions depend also on the unknown deformation.
2.2 The Local Equilibrium Equations

Let S be an elastic system at equilibrium in a reference configuration C,. Let us assume
that under the action of body forces and surface tractions acting on a part or on the whole

boundary 05, S reaches a new equilibrium configuration C'. The task of an elastostatic

problem is to determine the finite deformation x (X), or equivalently the displacement

27
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u (X), which S undergoes when passing from C, to C, under the action of the aforesaid
forces.

Since the function x = x (X) is defined on the reference configuration C,, it is
necessary to resort to the Lagrangian equilibrium equations. Also the traction acting upon
the boundary 9C of the equilibrium configuration C' can not be assigned since C' appears
among the unknowns of the problem. At the equilibrium the following equations hold (see

(1.24)):

{ Vx - -T,+p,b=0, VX € C,, (2.48)

T, N, =t,, vX € aCy,
where p, is the mass density in the reference configuration, T, the first Piola-Kirchhoff
stress tensor and N, the outward unit vector normal to the part dC”, of 0C, on which the
surface forces with density t, act. (If 9C., # 0C,, then boundary conditions on OC, — 9C,
need to be given).

For an elastic material, by virtue of (1.28), we have

%

FT, (2.49)

from which, remembering the definition (1.24) of the first Piola-Kirchhoff stress tensor,
the Lagrangian formulation of the mass equation pJ = p, and the definition (1.10) of the

displacement gradient H, we obtain

oy (F) 0y (H)
oF P oH

T, = p, (2.50)

Substitution of (2.50) into (2.48), yields the following system of three non linear second

order partial differential equations in the three scalar unknown functions x; (X) which are



2.3 Some Considerations about Boundary Conditions 29

regular in the domain Ci:

0%u;
where
aT*iL aQw aiZlkzL
MM 9y TOHL0H T \ 09X, 2:52)

In particular, when the body is homogeneous in the reference configuration, the coefficients
Arnij do not depend explicitly on X and r; = 0, Ve.
The main goal of the non linear elastostatics is to find the finite deformation x(X) of

S from equations (2.51), together with boundary conditions (2.48)s,.

2.3 Some Considerations about Boundary Conditions

In the boundary-value problem (2.48) there is no mention of conditions on the part 0C? =
0C — OC., of the boundary of S on which no surfaces forces are applied. Here, we assume

that this part is fixed or deformed in a known way by virtue of suitable constraints. That is
x (X) = x¢ (X), VX € aCy. (2.53)

If OC! = ¢, the boundary-value problem (2.48) is a pure displacement problem; it 0C? = ¢
we deal with a pure traction-value problem, and finally the problem is said to be mixed if
ocC! c oC,.

The following remarks can be made concerning the boundary-value problems.

1. In a boundary-value problem the data are usually assigned functions on the boundary

of the domain which is to be determined as a part of the solution. For instance, in the
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Dirichlet problem for the Laplace equation on the domain 2, we assign the value of
the unknown function on the boundary of 2. In the Neumann problem the value of
the normal derivative of the unknown function is given. Finally, in the mixed problem
we assign the value of the unknown function on a part of 9€2 and the value of the
normal derivative on the remaining part of 9€2. However, the assignment of the surface
traction on the boundary in a non linear elastostatic problem is not as easy as it may
appear.

Let us consider, for example, an elastic system S at equilibrium in the absence of
body forces (i.e., b = 0) under a uniform pressure py acting on the boundary 0C' of
the actual configuration. The corresponding Eulerian boundary-value problem is (see
(1.20))

{ V., -T=0, VxeC, 2.54)

T N = —pN, Vx € 0C".
This boundary-value problem can be formulated in the Lagrangian form. Having in
mind equation (1.5) and the definition of the first Piola-Kirchhoff stress tensor we

obtain

T;jNj = TyyJ (F7) , Nux
From (1.5) and (2.54),, it follows that

do
t;, = CTUNJ = _pONZ = —poJ (F_I)Li N*L%

Comparing the two preceding relations we obtain

TerNer, = —poJ (F71),. N,p.

Li
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Thus the Lagrangian formulation of the problem (2.54) becomes

T, =0, X e C,,
{ Vx 0 VX el (255)

T, N,=—poJ (FY) ' N,=t,, VXeaC.
It is easy to realize that t, is not a known function of the point X € 9C,. In fact it
contains the unknown deformation x (X) through its gradient F. In other words, the

function t, (X) can not be given.

Similarly, let us consider an elastic system S subjected to the action of the elastic
forces t (x) = —kh (x) i (where h (x) is the elongation of a linear spring at the point
X, k is a constant, and i is a unit vector) acting on the part dC” of the boundary 0C
of its present equilibrium configuration. Because of (1.8) and having in mind that the
relation between t, and t is

t.do, = tdo,

we obtain the following relation between t, and the actual stress vector t

t, = Jt\/N,C-IN,. (2.56)

Hence, the data to assign on the part 0C”, corresponding to the part C” is

t. (F,X) = tj" = —J/N,CIN, kh (x (X)), (2.57)

O «
which depends on the unknown deformation and, consequently, can not be assigned.
These two examples together with the fact that equations (2.51) are essentially non
linear make the boundary-value problems of elastostatics very complicated. Hence, it
is natural to attempt to simplify the problems described above by limiting the analysis
to those problems in which boundary conditions can be assigned. All loads, which

in C, depend on the deformation are called /ive loads; differently, loads which can
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be given as known functions of X € 9C, are called dead loads. These dead loads
have been widely studied in the literature. However, they are very difficult to realize

in practice. As a matter of the fact, from the condition

do
t

- do,

t. (X)

it follows that the traction t acting upon 0C” has to be assigned in such a way that t,

be independent of the deformation but depend only on X.

Equations (2.48) represent necessary conditions for the equilibrium of .S. Therefore,
together with (2.48), we have to consider the global equilibrium conditions which
express the vanishing of the resultant force and the resultant moment with respect to a
point O of all forces acting on S. In order to write them, we denote by ® the reaction
due to constraints which are necessary to realize the displacement (2.53). Then the

following global equilibrium conditions must hold

fo* p, bdc, + faci t.do, + fac; ®do, =0,
fc* p,r X bdc, + fac; r X t.,do, + fac; r x ®do, = 0.

(2.58)
It is plain that for a mixed-value and a displacement-value problem the constraints

have to satisfy these conditions. On the contrary, for the traction-value problem

conditions (2.58) reduce to the following

fc* p.bdc, + fac* t.do, =0,
Jo. px x bde. + [, r X t.do, = 0.

(2.59)
Since t. depends on x (X) and F on 9C, and owing to the presence of r = (x(X)—x)

in (2.59), it is not possible to establish if the data satisfy these conditions unless we

know the deformation corresponding to the force system (t., b). For this reason,
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Signorini [1] suggested to regard (2.59) as compatibility conditions, i.e., if there exists
no deformation satisfying equations (2.48) and (2.53), then the traction boundary-value
problem has no solution. In the particular case of dead loads, condition (2.59); is an

"a priori" restriction upon the traction data, while (2.59), still remains a compatibility

condition due to the presence of r.



Chapter 3
Signorini’s Method for Dead Loads

3.1 A Citation

In the footnote 1 at page 118 of the Non-Linear field Theories of Mechanics by C. Truesdell
and W. Noll [33] there is written:"In the period between the two great wars, knowledge of
the classical theory of finite elastic strain sank so far that "engineering" paper sprouted here
and there with "new" theories, all either pointlessly special or wrong. Only in Italy, due
to the teaching and writing of SIGNORINI, was the true theory still widely known. The
experts of the older generation, such as Hadamard, HILBERT, and HAMEL, seem to have

lost interest".

3.2 Dimensional Analysis of the Equilibrium Equations

In 1930, Signorini [1] suggested a perturbation method to find approximate solutions of
boundary-value problems of finite elasticity in the presence of dead loads. First the elastic
system S is assumed to be in equilibrium, in the absence of forces, in a homogeneous,
isotropic and unstressed configuration C',. Subsequently, under the action of a system of
mass forces b and surface tractions t, the continuum S deforms until it assumes a new
equilibrium configuration C'. The basic assumption of Signorini’s perturbation method is

that the response of S to applied loads is not so different from its response if the system

34
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behaved like a linear elastic material. Consequently, the first step in order to check if the
method can be applied is to write equations (2.48) in a nondimensional form. To this aim,

we introduce the following reference quantities

T, I, L, b & P (3.60)

where T has the dimension of stress and describes the internal state of the system in C,;
[ and L are lengths which represent measures for the displacements and the characteristic
dimensions of the body, respectively; b and { are reference mass and surface forces, and
finally p has the dimension of mass density. If we continue to use the same notations for

the nondimensional quantities, the pure traction boundary-value problem (2.48) becomes

V. - T, = —pp,bb, (3.61)

TT, N, = tt.

On the other hand, if we use the Cauchy stress tensor of linear elasticity as a measure of

the state of stress of the body, from the constitutive equation (1.41)

T = A 51+24E,

in which [ is the trace of the infinitesimal deformation tensor E and A and x are the Lamé

coefficients, it follows that

~.
[2
’1

SIES
I
Q
=
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[ .
where I' = max{\, u} and a = T Substituting into (3.61) the preceding expression of T',

we obtain the following system

Lbp

V.- T. = 2Ly, (3.62)
al’

TN, —

* * - al—‘ bl

where all quantities are nondimensional. It is now easy to understand that if we want C to

be the unperturbed state of S', we must have
= — ~— << 1. (3.63)

This relation allows us to estimate the order of magnitude of the body forces and surface
tractions acting upon S starting from the material of the body (I'), its dimensions (L) and
the relative magnitude of displacements (ov = [/ L).

In terms of reference and nondimensional quantities, the compatibility condition

(2.59); can be written as

,55L3/ p*bdc*+fL2/ t.do, =0,
C. 80

which, dividing by aI'L? and having in mind the value of the small parameter € given by

(3.63) becomes

/ p.ebdc, +/ et do, = 0. (3.64)
Cs ac.,

In the same way, for the second compatibility condition (2.59); we have

pblL? / p,r X bde, + HL? / r X t,do, =0,
* 80*

and, dividing by aI'lL?, we obtain

/ p,I X ebdc, +/ r X et do, = 0. (3.65)
- 0Cx
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3.3 Signorini’s Method for Dead Loads

We note that the use of an approximation procedure makes no sense unless we have en-
sured that there exists at least a solution to the equilibrium problem. Consequently, the
existence and uniqueness results play a crucial role within the boundary-value problems of
finite elasticity. Unfortunately, the known existence and uniqueness theorems for solutions
to the partial differential equations are not general enough to include the boundary-value
problems we have described above. Van Buren [21] proved an existence and uniqueness
theorem for the solution of the mixed problem involving dead loads. This result starts from
the Banach-Caccioppoli theorem on the inverse functions and is local, i.e., it is valid for fi-
nite deformations which are not far from the linear deformations. Furthermore, it requires
that an existence and uniqueness theorem hold for the corresponding linear problem. For
a mixed boundary-value problem Van Buren showed that if the first Piola-Kirchhoff stress
tensor depends analytically on the displacement gradient and the applied body and surface
loads are analytical functions of the perturbation parameter € then there exists a unique so-
lution of the problem which is an analytical function of €. Hence, provided that ¢ < 1, the

perturbation method can be applied if the following main hypotheses are satisfied:

The first Piola-Kirchhoff stress tensor T, = JT (F_l)T depends analytically on the

displacement gradient H;

b(e, X) and t. (e, X) are analytical functions of e.
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In order to derive a sequence of linear problems to be solved, we write
T.=A(H) =) A,(H), A(0)=0, (3.66)
n=1

where functions A,, (H) are homogeneous polynomials of degree n in H’, and further

b= f: €"b,, t,= i €"tun, (3.68)
n=1 n=1
W= e, (3.69
n=1

where series (3.66), (3.68), and (3.69) are absolutely and uniformly convergent in a proper
radius of convergence.

Assuming that H,, = Vu,,, from (3.69) it follows that

H=) ¢H,. (3.70)
n=1
Substituting from (3.70) into (3.66), we have

Tz = Cyirim (EHle + e Hajpn + ) +
+Coyirjmnn (€Hijnr + € Hojnr + ...) (eHipn + € Hopy +...) + ..
= eCuyirjpHijn + € (C(l)iLjMHZjM + C(Q)iLthNHlethN) + ...

or equivalently

T, =) ¢ (CyH,+B, (Hy,..H,,)), (3.71)

n=1
where C) is a fourth order tensor and B,, (Hl, e Hn_l), n = 2,3, ..., are homogeneous

polynomial of degree n in variables Hy, ..., H while B; = 0. From (3.67) it follows

n—1»

7 Infact it is sufficient to note that

Teir = Air (H) = Cyirjm Hine + Coyirjpnn Hjpr Han + .. (3.67)
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also that Cy) has to be identified with the tensor C of the linear theory of elasticity (see
equation (1.43)), so that (3.71) becomes

T.=)» ¢"(C-E,+B,(H,. H,,)), (3.72)

n=1

(H, + HY) |

where E,, =
2

Substituting from (3.68) and (3.72) into (2.48) with homogeneous displacement bound-

ary condition, we obtain

V-(C-E,)+pb,=0, onC,,
(C-E,) N, =1%,,, ondC, (3.73)
u, =0, ondC’ n=1,2,
where the following definitions have been made
p.b, =p,b,+V-B, (Hl, s anl) ,
(3.74)

tin = tu, — B, (Hy, ..., H,_;) - N..

Whenn = 1, 61 = by, t., = t; and equations (3.73) coincide with those of the
mixed boundary-value problem in the linear theory of elasticity. More generally, if we
assume that fields uy, ..., u,,_; are solutions to the problems (3.73) forn = 1,...,m — 1;
then, equations (3.73) written for n = m define a new mixed boundary-value problem
for the same material and for the same domain C., but with loads b,,, £.,, depending in a
known way on uy, ..., u,, 1. In other words, the determination of the m — th term of series
(3.69) reduces to the solution of m mixed boundary-value problems for the same body in
C , but with different loads. The great advantage of using Signorini’s method lies in the

fact that it allows us to pass from a non linear problem to a set of /inear problems.
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Van Buren’s theorem can not be directly extended to the case of the pure traction-
value problem for the following two reasons. First, the linear and the nonlinear pure traction

boundary-value problems admit at least a solution if the applied loads are balanced , i.e.,

/p*de*+/ t.do, = 0, (3.75)
. aC.

/ r X bp,dC, —{—/ r X t,do, = 0, r=r,+u (3.76)
A aC.

Second, for the linear problem there does not exist a uniqueness theorem since the solution
is determined to within an arbitrary infinitesimal rigid displacement (see Theorem 10.4 of
[23]). This means that in order to obtain a unique solution to the linear pure traction-value
problem, we have to add further conditions to the displacement. For instance, we may

require that
u(0) =0, H(0) = H'(0), (3.77)

which exclude the translation and the infinitesimal rigid rotation respectively. Concerning
Signorini’s method for the pure traction-value problem with dead loads, Stoppelli [6-10]
proved a local existence and uniqueness theorem, and analytic dependence of the solution
on a parameter, when the applied dead loads do not have an axis of equilibrium, and the
existence and analyticity of solutions when the dead loads have an axis of equilibrium
(see also Tolotti [11]). As Van Buren’s theorem, Stoppelli’s theorem is an application of
Banach-Caccioppoli theorem on the inverse functions to the pure traction-value problem
and is local. A discussion of Stoppelli’s papers can be found in [12-14], and [33].

In [4] and [5] Signorini’s method was used to investigate the uniqueness of the above

solutions as well as the position of the classical linear theory with respect to the nonlinear
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theory. Later, Capriz and Podio-Guidugli [15-19] investigated the compatibility of the
linear and the nonlinear elasticity theories and showed that a very large class of traction-

value problems can be solved by perturbation methods of Signorini’s type.



Chapter 4
Signorini’s Method for Traction-Value
Problems with Live Loads

4.1 Introduction

Starting from the fundamental paper [1], the research relative to pure traction-value prob-
lems (see [4-17]) has essentially been developed only in the presence of dead loads b =
b(X) and t, = t.(X). Nevertheless, it is easy to realize that the physically meaningful
loads depend on the deformation. Further the hypothesis of live loads in the pure traction-

value problems introduces the following mathematical difficulties (see Section 2.3):

1. The boundary conditions depend on the unknown deformation.

2. The global equilibrium conditions represent compatibility conditions for the data and

the displacement and can not be verified a priori.

Only since the 80’s the research in finite elastostatics has been devoted to pure
traction-value problems with live loads. In fact, in [18], [19], and [30] Signorini’s method
has been extended to live traction-value problems by Grioli, Capriz and Podio-Guidugli. In
particular, in [30] Grioli studied an equilibrium problem for a heavy solid immersed in a
homogeneous incompressible fluid and, later, in [31] and [32] Grioli provided a new pertur-

bation procedure for the pure traction boundary-value problems introducing a convenient

42
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constitutive parameter. In [19], starting from two problems suggested by Grioli, Capriz and
Podio-Guidugli generalized the results of [18] and presented a perturbation method for the
pure traction-value problems with live loads for almost rigid hyperelastic bodies. An im-
portant contribution in the framework of non linear elasticity with live loads has been made
by Valent in many papers which are collected in [20]. In this book, Valent extended Stop-
pelli’s theorem to some pure traction-value problems with live loads. In particular, Valent
proved some local theorems of existence, uniqueness and analytic dependence on a para-
meter which allow us to use Signorini’s method for pure traction-value problem in which
the prescribed surface traction is parallel to the normal to the boundary of the body. More
precisely, within this class Valent considered the traction-value problem for loads invariant
under translations and rotations, and the case of a heavy body submerged in a homogeneous
liquid.

In this chapter, starting from the results of Valent [Chapter 6, 20], we study traction-
value problems for a body subjected to a uniform pressure. Besides the introduction, this
chapter is divided into five sections. In the second section, we provide a generalization of
Signorini’s method to the case of live loads. Furthermore, we formulate the boundary-value
problems and the corresponding compatibility conditions (global equilibrium conditions) in
order to determine the displacement of the system up to the second-order approximation.
In the third section, we solve two live traction-value problems for an elastic continuous
system of simple geometry (sphere and hollow cylinder) in a uniform pressure field. The
obtained solutions allow us to propose four experiments for determining the second-order

constitutive constants for the given material (Section 4.4). Finally, in the last two sections
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we present the programs Sphere and HollowCylinder which have been used to solve

the described problems.
4.2 A Generalization of Signorini’s Method to Live Loads

4.2.1 Dimensional Analysis

For the sake of clarity, here we reproduce briefly the same arguments as used earlier to de-
scribe the dimensional analysis for dead loads. We assume that the elastic system S is in
equilibrium in the absence of forces in a homogeneous, isotropic and unstressed configura-
tion C,. Then, by virtue of the action of a system of mass forces b and surface tractions t,
S assumes a new equilibrium configuration C'. We assume that the response of S' is close
to the linear elastic response. Consequently, the first step in order to check if Signorini’s
method can be applied is to write equations (2.48) in a nondimensional form. In order to

do that, we introduce the following reference quantities (see section 3.1)
oL Loobofp, (4.78)

and continue to use the same notations for the nondimensional quantities, the pure traction
boundary-value problem (2.48) and compatibility conditions (2.59) (see equations (3.64)

and (3.65)). We write them as

(4.79)

V., Ty, =—cb inC,,
T, N, =¢€t, ondC,,
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/ p.ebdc, +/ et do, =0,
C. ac,

/ p.Ir X ebdc, +/ r X et,do, =0,
C. aC.,

where, adopting the Cauchy stress tensor T of the linear theory to describe the stress state,

(4.80)

the perturbation parameter € is given by

t
— 4.81
al’ (4.81)

I -
= —pb~
‘ aF'O
in which I' = max{\, u}, A and u are the Lamé coefficients, and o = [/ L.

Provided that ¢ < 1, the perturbation method can be applied if the following hy-

potheses are satisfied:

1.  The first Piola-Kirchhoff stress tensor T, depends analytically on the displacement

gradient H;

2. b(e,X,u,H) and t.(¢, X, u, H) are analytical functions of e.

Note that in this case the body force and surface tractions depend on the displacement
field and its gradient.

Then, if local theorems of existence and uniqueness for the problem (4.79) hold and
the solution is an analytic function of ¢ which satisfies the compatibility conditions (4.80)
together with the assigned loads, problem (4.79)-(4.80) reduces to solving a set of linear

pure traction boundary-value problems with dead loads.
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4.2.2 Signorini’s Method for Live Traction-Value Problem

In view of the applications of Section 4.3 and 4.4, the aforesaid perturbation method will

be used to solve up to the second order of approximation the following problem

V.- T,=0 inC,,
{ T, N, =¢t, ondC,, (4.82)
/ et do, = 0, / r X et,do, =0, (4.83)

0C« 0Cx

where

t, = Jt\/N, - CIN,, (4.84)

(see equation (2.56)).
The first Piola-Kirchhoff stress tensor T, of an elastic, isotropic and homogeneous

body up to second order in H is given by (see [13])

A
T, = Mgl+2uE+ 3 (Igur +213) + Byl + Byl I | I

+B,I6E + B,E? — MgHT — ;1 (HT)?, (4.85)

where E :% (H + HT) is the infinitesimal strain tensor, 3,, i = 1,--- ,4, are the sec-
ond order constitutive constants, and Ig and [ Ig denote the first and the second principal
invariants of the tensor E, respectively.

The series expansion of the displacement u up to second-order terms in the small

parameter € is given by

u = eu; + €u,. (4.86)
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From (4.86) we can easily deduce the following relations:

H = €H1 + €2H2, E = €E1 + €2E2, [E = GIEl + €2IE27
Iyur = Elgur, Ig=ély, Ilg=¢llg, IwE=éIgE;, (487

E* = ¢€Ei, I[gH" =g H], (H)? =¢&(H))%

Substituting the second-order expansions (4.87) into (4.85) we obtain

T, = €T, + € (Thwo + B.), (4.88)
where
T, = Mg I+2uE; i=1,2, (4.89)
)\ 2 2
B, = §<%mf+ﬂﬂ>+ﬁﬂﬁ+ﬁﬂhlI+6J&E1 (4.90)

2
+6,E} — Mg, H] — 1 (H{) .

We now derive the form of the traction (4.84) up to second order terms. First, from (4.86)
we get the following expression for t = t (X, u (¢) , H (¢))

et = ety (X) + € [(Vut)gus + (Vat), Hyl . (4.91)
Furthermore, for a matrix A written as

A=1+8,

detA = 1+4+Ig+1ls+ 11]g, (4.92)

At = 1-S+S*+0(8?). (4.93)
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Therefore, for
F=1+H,

from (4.92) and (4.93), to within an error of third order in the components of H, we get

1
J:detF:1+]H+UH:1+IH+§[Il‘g—lm}, (4.94)

F'l=1-H+H*+o (H2) : (4.95)
! = (F'F) =F'(F) = (1-H+H) (1-H" + (H)") (496)
~ 1- (H+H") + (H")’ + HH" + H2.
From (4.87); it follows that
H? ~ ZH? (4.97)
Iy = elu, +Iu,, I =l (4.98)
Substituting relations (4.98) into (4.94) we obtain

1
J ~ 1+ely, + Iy, + 5 [(e[Hl + €2IH2)2 — 62]H%i|

1
~ 1t el + h, + 56 (Iﬁh - IHf)

and, since

1
I, =5 (th - IH§> ,

we finally come to the following second-order expression for .J

J=1+¢ly, +€ [Iu, + ] (4.99)
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By using equations (4.87)1, (4.87)19, and (4.97) we get
C' = 1—(eHy + @H, + eH! + @HY) + (eHT + HY) +

(H; + €Hy) (eHT + €HY) + (eH; + €H,)”

12

1 — (eH, + €H, + eH! + ¢HY) + (eHT)” + ¢H,H + H?
~ 1—¢(H,+H)+¢ <H§+ (HlT)2+H1H1T—H2—H2T>,
and remembering that
2E, = (H; +H]), i=12,
we have
Clol— 2E, — & (215:2 ~H?-HH - (HIT)2> . (4.100)

From (4.100) it follows that
N.-C7'N. =1-2N. - EN, - €N, - (2B, - B} - HiH] — (H])”) N..

Using the Taylor series expansion

2+
V1—2ac—be? =1—¢€a— <a2+ )62+0(€2)7

and introducing the following constants
a = N* . ElN*

b = N, (2E2 - H2-HH - (H{)2) N.,
we obtain

VN, -CIN, = V1-—2ae—€2b

2
~ 1—ea— (a ;b) e, (4.101)
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Thus from equations (4.91), (4.99), and (4.101) the relation (4.84) can be written as

et, = Jet\/N, -C-IN, ~ (14 ely, + € [Iu, + [Tn,])
24 b
(et1 (X) + €f) [1 —ea — (a 2+ ) 62:| ,

where
f = (Vut)o u; + (th)O Hl-

Retaining only the terms up to second order in € we obtain

2
+b
et, = (et1 + e + 62IH1t1) {1 —€a — (a 5 > 62:|
~ Etl — €2t1a + €2f + 62[H1t1

= ety + € [T, t1 — 6N, - BN, + (Vyut)ow + (Vat), Hyl .
Thus, the the traction (4.84) assumes the following form up to second order terms
et, = eto + tao, (4.102)
where

t, = ti, (4.103)

t*g = [Hltl — th* . ElN* + (Vut)o u; + (th)O Hl.

Finally, because of equations (4.88) and (4.102), problem (4.82) reduces to solving

the following two linear boundary-value problems with dead loads

V. T, =0 inC,,
{ T*l . N* - t*l on ac’*’ (4104)
V- (T*Z + B*l) =0 in C*,
{ (Ti2 +B.1) N, =t,, ondC,, (4.105)
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respectively with the following compatibility conditions

/t*ldo—* — 0, (4.106)
aC..
/(X—f—ul)xt*lda* = 0,
aC..
/t*ng'* = 0, (4.107)
aC.
/ (X 4+u;) X tio+ug X tyy|do, = 0.

0Cx

Here moments are taken with respect to the origin of the coordinate system.

In the next section, we solve the problem (4.82)-(4.83) only when S is subjected to
a uniform pressure. Furthermore, since the uniform pressure fields are live loads which
are invariant under translations, the theorems of existence, uniqueness, and continuous
dependence on a parameter, proved in [20], hold for the problem (4.82)-(4.83).

Equations (4.106) are compatibility conditions imposing restrictions both on the ap-
plied forces and on the corresponding displacement which is solution to the problem (4.104).
In other words, in (4.106) the following relations

/ t*ldO'* = 0, / X x t*ldO'* = 07

0Cx 0C«

representing a restriction on the applied forces, have to be verified a priori. However, the
condition which guarantees the physical meaning of the displacement u;
/ uy X tydo, =0,

0C

can only be verified a posteriori.

The inspection of the compatibility conditions (4.107) can only be made a posteriori.



4.3 Two Live Traction-Value Problems 52

4.3 Two Live Traction-Value Problems

In this section problems (4.104)-(4.107) are solved for the case of a continuum with spher-
ical and cylindrical geometry. Then, starting from the obtained solutions, some experimen-

tal procedures are suggested to determine the constitutive constants 3, of the body.

4.3.1 The First Traction-Value Problem: Sphere

Let S be a sphere of radius R made of an elastic, homogeneous, and isotropic material.
Suppose S be at equilibrium in a current configuration C' under the action of a uniform

pressure field

t = —poN, (4.108)

where pq is a positive constant and N is the unit outward normal vector to the boundary

0C of S (see Figure 4.1).

Fig. 4.1. A sphere loaded by a uniform pressure.
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In order to write the Lagrangian equilibrium equations in a nondimensional form, it

is useful to introduce the following characteristic quantities (see (4.78))

t=p, Il=1u(R), (4.109)
T =max{\,pu} =T, L=R,

where p is a pressure which induces a linear response and @ (R) is the displacement of the
boundary of S in the linear approximation.

From (4.81) and (4.109), the perturbation parameter € is given by
p
= =—. 4.110
‘ al’ ( )

Owing to spherical symmetry, we search for the solution of pure traction-value problem

(4.79)-(4.80) in the following form
u(r) = [eur (r) + €uy (r)] a, (4.111)

where a, is the radial unit vector of the physical basis associated with the spherical coordi-
nates {7, ¢, 0}.

The first-order boundary-value problem (4.104) is

{ V.- Tyz1 =0 inC,, (4.112)

T*l . N* = t*l on 80*

In order to write the problem (4.112) in spherical coordinates we start by writing the metric

tensor (g;;) associated with the natural (or holonomic) basis (e;).

10 0 ) 1 0 0
(gs)={ 0 *sin®0 0 |, (¢")=(95)" = | 0 ;ogzg O (4.113)
0 0 g2 0o "0 1L



4.3 Two Live Traction-Value Problems 54

First, we recall that the relation between the unit vectors of the natural basis (e;) and the

unit vectors (a;) of the physical basis is®

a; = e; (no sum over 1), (4.114)

0

while the relation between the reciprocal basis is
a' = /g€’ (nosum over 7). (4.115)

The covariant components of the first-order displacement gradient H; in the basis e’ ® e’

are given by

aui

B 0mj

where the Christoffel symbols T'}; are related to the metric coefficients g;; and g*/ by the

(Hy)y

—Thuy, (4.116)

following formulae

1 ..
Fé’h = §glz(gij,h + Ghij — Gjni)- (4.117)

From (4.113) it follows that the non-zero Christoffel symbols are
1
sy, = I =13 =T}=-, TIy=-rsin®0, TIj=-r (4.118)
r
I3, = I3 =cotf, TI3,=—sindcosh. (4.119)

It is now an easy task to compute from (4.116), (4.118), and (4.119) the covariant compo-

nents of the first-order displacement gradient H; in the basis €’ ® €’

(Hl)l_] = Oa i 7£ ja

8 Note that from (4.113) and (4.114) it follows that

€2 €3
MTeL AT e BT
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where u} = d_l The non-zero contravariant components of H; are given by the relation
r
(H1)7 = g™ ¢’ (H1)wn

and, from (4.113), they assume the following values

Hence, we can write

Uy
!
Hi=ue®e +

Uy
————e; @ ey + —e3 @ es
r3sin® 0 r

and, from (4.114), we finally obtain
u u
H, = uja; ® a; + 7132 ®ag + ?133 ® ag,

or in matrix notation

wy 0 0
Uy
H=|0 -0 (4.120)
0 o0 2
.
From (4.120) we have
ey, = ) + 2%, E, = H,,
and from (4.89) we obtain
O\ + 2p0)u, + 222 0 0
r
T, = 0 Aug+2(A+u)% 0 L @121)

0 0 i, +2(A+u)%
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We recall that the physical components of the divergence of a symmetric tensor field T in

spherical coordinates are given by (see [33])

oT,, 10Ty 1 0T,
or +; 00 Jr7"si1r10 Op
1
-
0T,y 10Ty 1 0Ty,

(V-T)y = or +r 00 +rsin9 D * (4.122)

1
;[3T79 + cot 0(T99 — Ttptp)]a
0T, N 10Ty, 1 0T,
v or r 00 rsinf Op
1
(3T, + 2cot 0Tp,,).

r

(V-T), =

(2T7~,« — Tg@ — T%D + cot QTTQ),

It can be easily seen from (4.121) that the relations (4.122) assume the following form

d(Tu1)rr | 1
(V ’ T*1>r = (d—l) + _[Q(Tﬂ)rr - (T*1)99 - (T*l)gw]
r r
= (A+2u) [ uf + gu’ — 3u (4.123)
1 r 1 r2 1] :
(V- T.)y = 0, (V-Tu), =0
and, having in mind that N, = (1,0,0)7,
)N

Furthermore, from (4.108) and (4.103), it follows that
t.1 = —polN,. (4.125)

Hence, from (4.123) and (4.124), and (4.125), the boundary-value problem (4.112) be-

comes
r?uf + 2ru} — 2u; = 0,
2\ 4.126
(A +2p) uy + el = —Po. ( )
r=R
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The general integral of the differential equation (4.126); is
~ B
uy (r) = Ar + —. (4.127)
r

Substituting from (4.127) into the boundary condition (4.126); and due to the spherical

symmetry of the problem we must have

u (0) =0,
by routine calculations we get
— po —
A=-— B =0.
3A+2u’
Thus, the solution of system (4.126) is
Po
=— . 4.128
w(r) = 5t (4.128)
On the other hand, t,; = —poN,, so that from (4.128) we easily verify that the

first-order compatibility conditions (4.106) are satisfied.

The second-order boundary-value problem is

(0% e @)
From the first-order displacement (4.128) we obtain
H, = E, =A1, E?=(H")?=4%1, (4.130)
In, = Ig, =34, Iyur=34% IIg, =3A%
Substitution of expressions (4.130) into (4.90) and (4.103), yields
B, = AA%1, (4.131)

t*g = —2p0/_1N*,
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where
15

Since A and A are constants, equation (4.131); implies that
V.- B, =0. (4.132)

Using the same arguments as those used to derive the expression of the divergence of the

first-order stress tensor we obtain

0 T, rr 1
(v T, = 202 Lo, (T (1))
T T
2 2
= (A 2p) <u’2’ + ;u’z — T—2u2) : (4.133)

(V- Tw)y = 0, (V-T.), =0.

©
Furthermore
;02X
T - Nu= (A +2p) uy + —us. (4.134)
r
Therefore, from (4.133), (4.132) and (4.131), the second-order boundary-value problem

(4.105) becomes

r2uly + 2rul, — 2uy = 0,

2\ _ _
[()\ +2u) ) + —m] AR = —2poA, (4.135)
r r=R
and it admits the following solution
AR
ug (r) = [ 2A* 4+ — | r. (4.136)
Po

From (4.131), and (4.136), it is easy to verify that the second-order compatibility conditions
(4.107) are also satisfied.

In conclusion, the pure second-order traction-value problem has the solution

A3
u= [[le + (2212 + ﬂ) 621 ra,. (4.137)
Do
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It is influenced by the second-order elastic constants through the presence of A in (4.137).
Even if all the second-order elastic constants vanish, the second-order displacement field is

non-zero.

4.3.2 The Second Traction-Value Problem: Hollow Cylinder

We consider an infinite hollow cylinder S made of an elastic, homogeneous and isotropic
material. Let R; and R, be the internal and the external radii, respectively. Let S be at

equilibrium in the current configuration C' under the action of the uniform pressure field

(4.138)

£ — —piN;  on 9C;,
B _peNe Ol’laCe,

where p; and p, are positive constants, N; and N, are the unit outward normal vectors to

0C; and 0C,, respectively (see Figure 4.2).

Fig. 4.2. Schematic sketch of a circular hollow cylinder subjected to pressure on the inner
and outer surfaces.

Adopting the same arguments as in the previous section, assuming that L = R,,t = p

and | = u (R.), where @ (r) is an infinitesimal displacement, the parameter € can be written
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as

~

p

EZE.

Adopting the cylindrical coordinates {r, 0, z}, the following first-order pure traction-value

problem has to be solved

V*-T*l =0 inC’*,
T, N, =t ondC,, (4.139)
T, N,. = tiel) on 0C,.,

for the unknown displacement u; (1) = u; (r) a,, where a, is the radial unit vector of the
physical basis {a,, ag,a,} associated with the cylindrical coordinates. In order to write
the problem (4.139) in cylindrical coordinates we start by writing the metric tensor (g;;)

associated with the natural basis (e,, ey, e,)’

1 00 - 1 0 0
(g)=1{ 0 7 0 |,(¢")=1(g)"'=| 0 = O (4.140)
0 0 1 0 0 1
From (4.140) and (4.117) it follows that the non-zero Christoffel symbols are
1 2 2 1

It is now easy to see from (4.116) and (4.141) that the non-zero covariant components of

the first-order displacement gradient H in the basis e’ ® e’ are
<H1>11 = U/17 (H1)22 =Tus.
The corresponding contravariant components of H; are given by the relation

(H1)7 = g™ ¢’"(H1)wn

9 Note that from (4.140) and (4.114) it follows that

€9
ar =€r, a9 = 77 a, = e€;.
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and, from (4.140), they take the following values

Uy
(Hl)ll = Ulp (H1)22 = ﬁ

Hence, we can write
U
H, = uje; ®e; + r_3€2 ® ey,
and, from (4.114), we obtain

Uy
/
H1 = U ®a; + ?aQ X ag,

or in matrix notation

uy 0 0
H =] 0 % 0 (4.142)
0 0 O
From (4.142) we have
g, = u) + X B, =H,
T
and from (4.89) we get
O+ 200, + A2 0 0
r
T, — 0 iy + (A + 2@% 0 . (4.143)
0 0 A <u’1 + E)
,

We recall that the physical components of the divergence of a symmetric tensor field T in

cylindrical coordinates are given by (see [33])

aTrr 1 aTrG 8Trz Trr - T09
+= +

(V-T), = or r 00 0z r ’
. T,y 1 0T 0Ty, 2
(V-T)y = FE+- S+ e o, (4.144)
orT,, 10Ty, 0T1,, 1
VD). = -+ T, Tl
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It can be easily seen from (4.143) that quantities in (4.144) assume the following values

0 T* T T* e T*
(v . T*l)r _ ( 1) + ( 1) ( 1)99
or r
up o wg
= (AN +2p) (u'l’ + - ﬁ) , (4.145)
(V : T*l)e = 0, (V ) T*l)z =0,
and, since
N.; = (-1,0,0)", N,.=(1,0,0)", (4.146)
we have
, A
T Ny = —|(A+2p)u; + Sl
A
T Nee = (A+2p)u] + =uy. (4.147)
r
Furthermore from (4.138) and (4.103); we have
t%) = —pNL, Y = —p.N,.. (4.148)

Hence, from (4.145), (4.147) and (4.148), the boundary-value problem (4.139) becomes

r2uf + ruf —u; =0,

A
A 2 ! - = — Vi,
{( +2p) vy + rul] 7 (4.149)

A
{(A o)l + —ul] _—
r r=Re

The general solution of (4.149) is

uy (r) = Ar + E (4.150)
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Substituting (4.150) into boundary conditions (4.149), 3, we obtain following values of

constants A and B

_ Rip. — Rip; _ RZR? (pe — pi)
-2\ +p) (R} - R?) - 2u(RI-R?)

(4.151)

The second-order boundary-value problem is

V*' (T*2+B*1) =0 in C*,
(Tus + Bui) - No =t%  onadC.,, (4.152)
(T*Q + B*l) : N*e = tieg) on aC*ey

Adopting the same arguments that brought us to the expression of the first-order stress

tensor (4.143), we obtain

O\ + 2p)udy + A% 0 0
T, = 0 iy + (A + 2@% 0 , (4.153)
;U2
0 0 A <u2 + )

from which we get

(V- Tw), =

= (A +2up) (ug + % — —) , (4.154)

(V-Tw), = 0, (V-T.),=0.

From the first-order displacement (4.150) we obtain

BQ
Iy, = Is, = 24, Iyur =2 (A2 + F) C g, =AY — = (4.155)
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Substituting relations (4.155) into (4.90) we obtain

2AB (\ + B?(\ —
(B*l)u = A (3)‘ - :u) + 5,2 M) + (T4 M)

B? 2AB B\’
raatsy (-5 ) g+ (200 - 250 ) g+ (4= ) 8

2AB(\+p1) | B*(A—p)

(Bua)y = A*(BA—p)———3 = (4.156)
2AB B\’
+4A%8, + <A2 — —) By + <2A2 ) B3 + ( ﬁ> Bas
B2)\
(B*1)33 = AN+ — + 4A251 <A2 - _) Ba,
(B*l)z‘j = 0, 1 7é J-
It is now easy to compute from (4.144) components of the divergence of B,
8 B* T B* T B*
B, ~ 2Bl (B~ (Baw
or r
4B% (u— A —
_ (:UJ r:— ﬁQ 64)’ (4157)

(V-Bu), = 0, (V-B.),=0.

In order to write boundary conditions (4.152), 3 we start by noting that (4.153), (4.156),

and (4.146) give

A
(Tso+Bu) Ny = — [()\ + 20) uy + U + (B*l)n] a, (4.158)

A
(Ti2 + Bi1) - Nie = {(/\ + 241) Uy + U + (B. )H} a,. (4.159)
Further, from (4.138) and (4.103), it follows that

tl9 = pi(H] — I, 1) N,

tfé) = De (H{ - IH11) N,
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which, recalling (4.155) and (4.146), become

i B . B
tl) = pi (A + §> a, t9=-p <A + 72) a. (4.160)

Hence, from (4.154), (4.157), (4.158), (4.159), and (4.160) the second-order boundary-

value problem (4.152) becomes

( r2uly + rub — uy = _4pB? Qg;:é;frgg’_ 54>,
{— (A4 2p) uy — %Uz — (Ba1)yy - Dip;, (4.161)
{(/\ +2p) uh + —up + (B*1)11:| iy ; —Depe,
where N
Di:AJr]%, De:A+P%. (4.162)

It will be useful in the sequel to write (B, ), as follows (see (4.156))

4
(Bu)yy = Ao+ D> AifB;, (4.163)
i=1
where
2AB (A B?(\ —
Ao = A2 (3\ — 1) + 52 s (T4 24 (4.164)
B? 2AB
A = 4A2, AQ:AQ——4, Az =2A% — 5
r
B? 2AB
A4:A2+—4— — = A3 — A
r r
The problem (4.161) has the following solution
Cy C
up (r) =rCy + — + =2, (4.165)
r r

where

B* (A = p— By + By)
2(A+2p)

and the integration constants C; and C; have to be determined from the boundary condi-

Cs =

tions (4.161),;.
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In anticipation of the developments in the next section, it is useful to write constants
Ch, h = 1,2, 3, in such a way as to highlight their dependence on the second-order material

moduli. In particular, it is possible to write them as

4
Cp=An+Y Ay, h=123, (4.166)

Jj=1

where for h =1, 2,

Ao =g = A=A =g e =0l )
Ah3 = gh37 Ah4 = gh4 - fh’
and
A _m Aoy = Aaa =0, A ——B—2 Agy = —A (4.168)
30_2(/\+2#), 31 = Az = U, 32 = S+ 20) 34 = 32, )

where we have introduced the notations

R RZA;(R;) — R2A;(R.) . RZR2(A;(R;) — Aj(R.)) .
glj: > 5 s g2_]: D) 3 , j:O’...747
2()\+/J“)<Re _Rz) 2:“’ (Re _Rz)
(4.169)
B2(\ + 3u) —A(R?p; — R2p.) + B(pe — pi)

_ by — i e 4.170
=T o emrere ™ W mr-—ry G0
Lo BPOCBIR R AR~ p) + B (R~ Rep)

T u(A+2uR2RZ T 2u(R? — RY) '

Since A, = 4A2?, (4.167) gives Ay = 0.
Finally, it can be seen that, owing to the symmetry of the problem and the loads acting
on S, the compatibility conditions (4.106) and (4.107) are evidently satisfied.

For a solid cylinder with pressure applied on the outer surface, we must have

B=0, Cy=0, C3=0.



4.4 The Experimental Procedures 67

Thus the second-order traction boundary-value problem has the solution

u(r) = (eA+ &C))ray.

4.4 The Experimental Procedures

The analyses presented in the previous two sections suggest experiments to determine the
second-order constitutive constants ;. Consider a homogeneous and isotropic elastic ma-
terial S, whose Lamé coefficients are A and p. Let S and S. be two specimens of S of
spherical and cylindrical geometry, respectively, and assume that geometrical characteris-
tics and forces acting upon S, and S, be those described in the previous subsections (see
Figures 1 and 2). Then, the displacement fields for S and .S, are given by (4.137), (4.150),

and (4.165), which can be written in the following dimensional form

A3
u, = {A+2A2+ﬂ} ra,, 4.171)
Po

B+ C. C
w= o+ LA LG @172)
r r
We propose the following experiments:
For a sphere S, subjected to a uniform pressure t = —pyIN, we experimentally

measure the displacement u, (R) of the external surface. Then, (4.171) provides one

equation in the unknowns [3;:

[A + <2A2 + Ap—ﬂ)] R=us(R). (4.173)
0
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Consider a very long hollow cylinder S. and assume that p; = 0 and p. = 7. Then, if
we denote by u,.; (R.) the experimentally measured displacement of the outer surface,

from (4.172) we get the following equation in the unknowns j3;:

(B<1> v 02(”) ow

R + R33 = Uc1 (Re) ) (4174)

(A® 4+ ) R +

where AV = A and O = Cil for

(pi=0,pe=m1 (pi=0,pe=m1) ? pi=0,pe=m1)’

i=1,2,3.

Let the hollow cylinder S. be subjected to the pressures p; = w9 and p. = 0. Then,

instead of (4.174), we obtain

<B<2> + Cf)) o)

2 (2) 3 _
<A< el ) R. + i + g = e (R.), (4.175)
2
where A(2) = A‘(piZﬂ'Q,pezo) ) B(2) =B (pi=m2,pe=0)> and CZ( : - Ci|(pz‘=ﬂ2,pe=0)’ for
1=1,2,3.
Finally, let u 3 (R.) be the displacement corresponding to the pressures p; = p. = 7.
Then
(B9 +cf) o
(A9 + ) R + = + = = ua (R, (4.176)

3) _ 3) _ (3) _
where A®) = A|(pz'=ﬂ'3,pe=7r3) ’B( )= B|(Pi=7r3,pe=ﬂ'3) , and Oi o Cil(Pz‘=7T37pe=7r3)’ for

i=1,2,3.

It is now easy to verify that (4.173)-(4.176) provide an algebraic system of four equa-

tions in the unknowns 3, - - - , 8, which has a unique solution. In fact, the determinant of
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the coefficient matrix A given by

RR}Rip3minin?

det .A = 3
641t (A + 11)” (3X + 2p1)° (R2 — R2)

1S hon-zero.

In particular, the solution of the system (4.173)-(4.176) is

(A p) (R — R}) 1 (A + p) (R? — R?)

1
fr=2 R Uer (Re) — 4 2R U (Re) — (4177
M) 2N +p) 2N+ p) R,
2 2 (R,
Rl 7 Ral | Rl ues (Re) +
3 OHwBR p(A ) A+t (11
2 28 - [ — - =)=
2M+ 2R2 + 7T3 + ILL 7-[-1 7T3
R A p (At p) R2 p2 R
Rimg  m R2my Ry’
2 4 4 2 2 2
WA+ p) (RE-RY)  p* (A +p) (R — RY)
62 = -2 |: R2R3ﬂ_ +2 R?Re’]'('% Uel (Re)+
2 2 2
i (N + ) (R2 — R?)
8 o (Re
RoRay Vel
Atw’ | At w) | e+ p) R (3) + 200)°
2 4 (R B2
YR TR |t Ty e (0
A3 QEmB A2t pO 2 ()
2 2“ (2R 0 p -
L_ 1N, iR pQ+w R LR
™ Rz2ﬂ-3 B! Rgﬂ—l R?ﬂ'l’

(4.178)
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2 4 4 2 2 2
A+ p) (Re = RY) | 2 (A +p) (R - RY)
bs =2 | 3 o pun2 A R R
2 2 59 © v
1 (A +p) (RZ — RY)
RZR,2 tez (Fe) +
g et
A+’ o) At Re
Reﬂ—g Reﬂ-g R?ﬂ'%
(3)\+2u)3u( )_3)\+5u_3(>\+u)R§+(3)\+2u)2_Q;L()\JFQM)_
Rpg 2 8 2 2 22Rg b0 2 27?
A 11 RZ A A R R
oA+ 1) _QMQ( 3 ) wRe M GpO ) R R

— += -3
T3 R?T(’g 1 Rgﬂ'l R?ﬂj?

MM&H

4

21-9

Ues (Re> +

1 T3

(4.179)

2 4 4 2 2 2
prA+p) (R — Ry p? (A +p) (RZ — RY)
= (O e 2 et (o) ¥
A+ p)? 2\ +p) R (3)\ 4 2p)° 3N+ Tu
Reﬂ'% + R?ﬂ'% Ue3 (Re) Rp% Ug (R) + > +
A 2 A+ 2u)? A 2 2R2 )\ A 2 2 32
A+ RE (BA+20)° A+ ) +3M2Re_3_ﬂ+3/~‘< + 1) R _3M2Re_
ZRE Po T3 Ri’ﬂ'g 1 RZTFl Riﬂ'l
(4.180)

63

3

It must be noted that expressions (4.177)-(4.180) of the second-order constitutive
constants just appear to be complicated. Indeed, once Lamé coefficients of the material
S together with its geometry and the forces acting on it are known, (4.177)-(4.180) only
depend on the displacements .y (Re) , ue2 (Re) , ues (Re), and ug (R) which are measured
in the experiments. Thus the four second-order elastic constants can be evaluated. Note
that loads applied must be such that ¢ << 1, otherwise the response of S to applied loads
may not be governed by the second-order elasticity theory used to derive equations (4.177)-

(4.180).
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4.5 The Program Sphere

Aim of the Program

The program Sphere finds the displacement of a homogeneous, isotropic, com-
pressible, second-order elastic sphere subjected to a live uniform pressure field on its sur-

face (see Section 4.3.1 for a detailed statement of the problem).

Description of the Algorithm

The program is based on the theoretical apparatus built in Section 4.2. First-order
displacement gradient, strain tensor, and Piola-Kirchhoff tensor are computed in a symbolic
way in order to formulate and solve the first-order equilibrium boundary value problem.
Then, starting from the knowledge of first-order displacement and stresses the second-order

equilibrium boundary value problem is obtained and solved.
Command Line of the Program Sphere
Sphere[N, fext]

Input Data

N = unit vector field normal to the spherical surface;
fext = hydrostatic pressure applied to the spherical surface.

Output Data

Metric tensor isthe metric tensor (g;;) in spherical coordinates;

. . . . —1
Inverse Metric Tensor is the inverse metric tensor (g;;) ;
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Non-zero Christoffel Symbols metheChﬁﬁoﬂbl&mﬂxﬂsFZ»ﬁﬂhmnt
from zero;

First-order Displacement Gradient Hjy;

First-order Strain Tensor Ej;

First-order First Piola-Kirchhoff Stress Tensor T,i;

First-order Equilibrium Boundary Value Problem;

First-order Displacement uy(r);

First Invariant of Displacement Gradient Iy;

First Invariant of Strain Tensor Ig,;

First Invariant of H;HY;

Second Invariant of Strain Tensor Ej;

Second-order Displacement Gradient Hoy;

Second-order Strain Tensor E;

Second-order Stress Tensor T,s;

Non-zero Components of Tensor Bi,;

Second-order Components of the applied loads t,o;

Second-order Equilibrium Boundary Value Problem;

Second-order Displacement uy(r).
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4.6 The Program HollowCylinder

Aim of the Program

The program Ho11lowCylinder finds the displacement of a homogeneous, isotropic,
compressible, second-order elastic, infinite hollow cylinder corresponding to a live uniform
pressure field applied to the inner and outer surface (see Section 4.3.2 for a complete de-

scription of the problem in exam).

Description of the Algorithm
The program has been written starting from the theoretical considerations made in
Section 4.2. It computes in a symbolic way all the relevant quantities to formulate and
solve the first-order equilibrium boundary value problem. Then, first-order deformation

and stresses are used to write the second-order equilibrium boundary value problem and to

obtain the corresponding solution.
Command Line of the Program HollowCylinder
HollowCylinder [Nint, Next, fint, fext]

Input Data

Nint = unit vector field normal to the inner surface of the hollow cylinder;

Next = unit vector field normal to the outer surface of the hollow cylinder;

fint = hydrostatic pressure applied to the inner surface of the hollow cylinder;

fext = hydrostatic pressure applied to the outer surface of the hollow cylinder.
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Output Data

Metric tensor is the metric tensor (g;;) in cylindrical coordinates;

Inverse Metric Tensor mtheﬁwmsenwuk:wnyx(gm)_%

Non-zero Christoffel Symbols metheChﬁﬁoﬂbl&mﬂxﬂng(ﬁﬂémnt
from zero;

First-order Displacement Gradient Hjy;

First-order Strain Tensor Ej;

First-order First Piola-Kirchhoff Stress Tensor T,

First-order Equilibrium Boundary Value Problem;

First-order Displacement wuy(r);

First Invariant of Displacement Gradient Iy,;

First Invariant of Strain Tensor Ig,;

First Invariant of H;HT;

Second Invariant of Strain Tensor Ej;

Second-order Displacement Gradient Hoy;

Second-order Strain Tensor E;

Second-order Stress Tensor T,o;

Non-zero Components of Tensor B.;

Second-order Components of the applied loads t,o;

Second-order Equilibrium Boundary Value Problem;

Second-order Displacement us(r);
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Expressions of Constants Cis are the integration constants appearing in

the second-order displacement.



Chapter 5
Functionally Graded Materials

5.1 Functionally Graded Materials. An Overview.

Composite materials are made by combining different materials in order to achieve specific
properties otherwise not available. However this simple approach may present many limi-
tations. These are essentially due to the presence of a discontinuity of the material structure
and/or composition at the interface between the different constituents, which may originate
undesirable effects such as residual stresses and lack of adhesion.

In order to overcome these limitations, the concept of Functionally Graded Materials
has been recently introduced. In a Functionally Graded Material (FGM) the composition
and the structure gradually change over the volume, resulting in corresponding smooth
variations in the properties of the material. The basic structural unit of an FGM is referred
to as an element [34] or a material ingredient [35, 36].

In the simplest case an FGM is made by two different material ingredients which
change gradually from one to the other. A nitrided steel, for instance, could be also regarded
as an FGM. The most familiar FGM is compositionally graded from a refractory ceramic
to a metal. It can achieve incompatible properties such as the heat, wear, and oxidation
resistance of ceramics with the high toughness, high strength, machinability, and bonding
capability of metals, avoiding severe internal thermal stress. Modern FGMs are constructed

for complex requirements, such as the heat shield of a space vehicle entering the earth

76
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atmosphere or implants for humans. The gradual transition between the heat or corrosion
resistant outer layer (often made of a ceramic material) and the tough metallic base material
increases in most cases the life time of the component.

Even if the gradation of the material ingredients does not extend to the whole volume
but is located at a specific part of the material such as the surface, an interface or a joint,
the material can be still considered an FGM.

The first general idea of structures whose properties vary continuously was intro-
duced for composites and polymeric materials in 1972 ([37, 38]). Various models were
suggested for gradients in compositions and concentration along with possible applications
for the resulting graded structures. However there was no investigation about how to de-
sign, fabricate and study the response of such a structure. In 1985, a new technique was
introduced to build a composite material with continuously varying structure (see [39]).
The designers recognized that this continuos control of a property could be applied to im-
part desired properties to any material. At this point the idea of FGMs was introduced to

design such materials [34].

5.2 Applications

FGMs can be usefully applied to many fields. Table 5.1 shows a variety of real and potential
applications of FGMs in transport system, cutting tools, machine parts, semiconductors,
optics and biosystem. Potential applications cover all those cases in which a combination

of incompatible functions is required.
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Aerospace space vehicle components, space plane body
Engineering Cutting tool, shaft, roller, turbine blade

Nuclear Energy Nuclear reactor components, first wall of fusion reactor
Biomaterials Implant, Artificial skin, drug delivery system

Optics Optical fibers, lens

Chemical Plants Heat exchanger, heat pipe, reaction vessel

Electronics graded band semiconductor, sensor

Energy Conversion | Thermoelectric generator, fuel cell, solar cell
Commodities Sport goods, car body, window glass

Table 5.1. Potentially applications for FGMs

In the present section we describe real applications of FGMs. In particular we deal
with space vehicle components, cutting tools, machine parts and applications to biomate-
rials for artificial joints. For an exhaustive treatment of this subject we refer the interested

reader to the Chapter 7 of [40].

5.2.1 The Problem of Reentry: Vehicle Protection

Space vehicles flying at hypersonic speed are subjected to extremely high temperatures due
to friction between the vehicle surface and the atmosphere. At the present time there exist
two type of space vehicles: vehicles which are launched vertically into space by a rocket
propulsion system '°; and fully reusable spacecraft which are based on a horizontal takeoff
either from a ground-based runway or from horizontally flying carrier''.

In the first case, during takeoff, after a sufficient acceleration, the space vehicle sep-
arates from the rocket system. During reentry at a velocity greater than 11 km/ s the space

vehicle is exposed to a rapid heating at altitudes between 120 and 50 km. The leading

10 This category include the U.S. space shuttle and the capsules used for the Apollo missions.

1 These spacecrafts have been planned during the late 1980s by the U.S. National Aerospace Plane, the

Japanese Single Stage to Orbit, and the German Sanger program.
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edge, where the protection shield is located, experiences a maximum temperature which is
above 2500 °C. Since the protection shield is exposed to the high reentry temperature only
for a few minutes and it is used only one time, it is made by a composite ablative material,
and there is no matter if its deterioration makes it unusable for an eventual future mission.'

Horizontally launched space vehicles fly in the atmosphere at hypersonic velocities
for a longer time than vertically launched vehicles. This means that these latter vehicles
are exposed to extreme heating during the takeoft. This is a crucial issue. As a matter
of fact, protection system must guarantee that all structural components remain unaltered
and work properly during the mission. Initially, the properties of FGMs processed by a
particular technique called chemical vapor deposition (see [41-45]") were investigated in
order to design and develop thermic shields for horizontally launched space vehicles.

In [47] a comparison test between classical C/C composites and FGMs was made
in order to establish the different responses to extreme heating exposure. Models of the
components of a nose cone made of an hemispherical C/C composites whose diameter
was 50 mm were coated with an ungraded 100 ym thick protective layer of SiC (Silicon
carbide). Similar C/C composite models were coated by 100 um thick Si/C FGM. All the
coated nose models were exposed for 1 minute at 1900 °C to a supersonic gas flow (at
Mach 3) containing an amount of oxygen approximately equal to a standard atmosphere.

The nose cones with the Si/C FGM layer showed no discernible change in structure even

12° The reentry velocity of the U.S. shuttle at an altitude of 120 km is about 8 km/ s and the maximum tem-

perature is about 1500 °C for few minutes. The structural components exposed to the maximum temperature
such as the nose cone or the leading edges are made by non metallic carbon/carbon composites (C/C). Nickel
and Titanium alloys are usually used for other parts which are subjected to lower temperatures. The only
problem here is represented by weight penalties.

13 Comprensive reviews on the processing of FGMs can be found in [34, 35, 40, 46]
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after 10 cycles. On the contrary, the classical C/C composites deteriorated after the first

cycle.

5.2.2 Cutting Tools

FGMs are also used in cutting tools for high speed cutting. One is a graded tungsten car-
bide/cobalt (WC/Co) throwaway chip [48]. It is designed with a decreasing Co concentra-
tion from the surface to the interior, which causes the hardness at the cutting tool’s surface
to be higher than its interior. A comparison between graded and ungraded cutting tools has
been made in [48]. This gradient in hardness result in both considerably higher damage
resistance and higher wear resistance than a cutting tool with homogeneous composition.

Tough FGM cutting tools based on this model were commercialized in 1996.

5.2.3 Machine parts

The major application of FGMs for machine parts is for joints, largely metal-ceramic joints
for gas and steam turbines [49, 50, 51]. The advantage of using an FGM joint is chiefly for
thermal stress relaxation and improving the strength and toughness of the joints. Because
the rupture strength of graded joints is 3 — 8 times higher than for directly bounded joints,

they are expected to provide longer service life at elevated temperature.
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5.2.4 Biomedical Applications

FGMs have been recently used to obtain biomaterials for artificial joints. Several of the
organs of animal such as skin, blood vessels, and bones are composed of multilayers that
have different properties. These layers constitute a functionally graded material. Therefore,
incompatibility and separation at the interface never occur under normal physiological con-
ditions. This implies that the ideal technique in biomedical applications would be to mimic
such natural bonding in order to obtain a fixation to bone that will be stable for many years.

Prostheses coated with a porous graded material have been used for fixation. In this
case, the prosthesis is expected to become mechanically fixed to the bone due to ingrowth
into the pores of the porous metal coating. Further several calcium phosphate ceramics
that can bond to a bone physicochemically, such as bioactive ceramic, have been studied
and their clinical applications has been rapidly adopted. The interested reader can refer to

[52-61].



Chapter 6
Second-Order effects for FG Elastic Materials

6.1 Introduction

The investigation of the mechanical and thermomechanical behavior of FGMs has created
a new field of study in Materials Engineering and Applied Mathematics. For example, an-
alyzing the equilibrium problem or the crack propagation in a non homogeneous material
that has a gradually changing composition and structure represents a challenging prob-
lem. Local structures and properties and the external thermal and mechanical loads are
correlated with FGM’s geometry. The profile of stress or strain is determined by this type
of correlation, which strongly affects an FGM’s thermomechanical stability. The role of
stress is essential for both the structural and the functional applications to FGMs.

The mechanical and mathematical modelling of FGMs is currently an active research
area. When a continuum mechanics approach is appropriate, the material has to be modeled
as a nonhomogeneous body with continuously varying properties. Fracture Mechanics of
FGMs using this viewpoint has been discussed in [62], [63], and [64]. Nonhomogeneous
theory of elasticity has been used to address some other problems like thick plate theory
[65], torsion [66, 67], elastic vibrations [68, 69], and the analysis of Saint-Venant end
effects [70 - 73].

In [74] Horgan and Chan have investigated the effects of material inhomogeneity in

another fundamental boundary-value problem of linear inhomogeneous isotropic elastosta-
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tics, that is the pressurized hollow cylinder (or disk problem). They have analyzed the case
of compressible elastic bodies. The solution to the analogous problem for homogeneous
isotropic materials (i.e. the classic Lamé problem) have been discussed in many books on
linear elasticity (see e.g. Sokolnikoff [75] and Love [76]). However little is known about
the corresponding problem for inhomogeneous materials. In the classical textbooks on lin-
ear elasticity of Southwell [77] and Timoshenko and Goodier [78], special inhomogeneous
configurations have been studied, for example, compound tubes composed of two different
homogeneous isotropic materials. Some aspects of the Lamé problem for inhomogeneous
materials with continuously varying properties have also been considered in [80 - 83].

A commonly used model is to assume that Poisson’s ratio is constant while Young’s
modulus has a power-law dependence on the radial coordinate'.

Froli [82] has considered the more complicated case in which both the young mod-
ulus and Poisson ratio depend on the spatial variable. When a power-law dependence is
taken for both these quantities, a perturbation technique is used to obtain solutions.

The idea of finding optimal values for the coefficients in order to minimize the hoop
stress at the inner surface is also considered in [82].

Further, there is a mathematical analogy between the problem of internally pressur-
ized hollow plates of variable thickness (see Vocke [83]) and the problem of pressurized
hollow cylinder. In fact, a power-law variation in the plate thickness leads to consideration

of an Euler ordinary differential equation of the type we shall consider in a next section.

14 Poisson’s ratio and Young’s modulus have been defined in Section 1.7.
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In this Chapter we apply the generalized Signorini’s perturbation method, presented
in Section 4.2, to analyze radial expansion/contraction of hollow cylinders made of elas-
tic and isotropic FGMs, whose material moduli depend upon the radial coordinate only.
In particular we consider a very long hollow cylinder whose inner and outer surfaces are
loaded by a uniform live pressure. As we have done for the case of homogeneous elastic
materials, we formulate the equilibrium boundary value problem in order to determine the
displacement of the system and its state of stress up to second-order of approximation. This
case has never been investigated before. We analyze both compressible and incompressible
hollow cylinders. In the case of compressible material the first-order approximation solu-
tion is the same as the solution of the nonhomogeneous linear problem solved in [74], [80
-83]. The second-order solution is completely new.

In most of earlier work the composite materials have assumed to be compressible.
However, with the increasing use of rubberlike materials in structural components, there
is increasing interest in analyzing deformations of FG incompressible materials. We also
note that biological materials are often modeled as incompressible. For this reason, we
have discussed the case of incompressible FG hollow cylinders too.

The purpose of this research is to investigate the effects of material inhomogeneity
on the nonlinear response of isotropic hollow cylinders or disks under uniform internal
and external pressure. This work is motivated by the recent research activity in FGMs as
well. It must be noted that mathematical problems arising from nonhomogeneous theory
of elasticity are more complicated than those concerning homogeneous theory, even in the

linear case. Thus it is easy to realize that when we pass to second-order elasticity we
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have to face very tough mathematical problems and the expressions of the solutions we
find are much more complicated than the classical ones. Further, these solutions, as their
analogous in the second-order homogeneous case, are expressed in terms of the material
moduli. This implies that we shall be able to appreciate the nonlinear effects only when a
proper experimental work will be carried out on FGMs. However the analytical solutions
presented here provide checks on the accuracy of eventual numerical schemes and allow for
widely applicable parametric studies. For instance, they might be of interest for the design
of a set of experiments to determine the second-order material moduli of compressible and

incompressible FGMs.

Besides this introduction, the present chapter is divided into eleven sections. In the
second section we obtain the constitutive equations for an isotropic FG incompressible
elastic material. The first Piola-Kirchhoff stress tensor is written up to the second order
of approximation. Next, in Section 6.3 and 6.4, we formulate the first and second-order
equilibrium equations, boundary conditions, and incompressibility conditions and we find
the corresponding solutions. These latter are then specialized to the case of homogeneous
elastic materials. It comes out that displacement, pressure, and stress fields present a sin-
gularity in two special cases. Section 6.5 and Section 6.6 are devoted to the computation
of displacements and pressure fields in these two cases. A particular dependence of elastic
moduli upon the radial coordinate is studied in Section 6.7. In many practical applica-
tions it is important to study the state of stress of a pressurized cylindrical cavity. This
problem has been addressed in Section 6.8. In the ninth section we consider a compress-

ible elastic FGM. The first Piola-Kirchhoff stress tensor (4.85) is properly written for a
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nonhomogeneous material and the displacement field is obtained up to the second-order
of approximation. In Section 6.10, we show that in the homogeneous limit the found dis-
placement field reduce to the solution (4.165) - (4.170). Finally, in the last section, we
present the features of the program FGHol 1lowCylinder whose use has been crucial for
the resolution of the equilibrium problem of a functionally graded, incompressible hollow

cylinder.

6.2 Second-Order Effects for Incompressible FG Elastic
Bodies

The constitutive equation of an incompressible, homogeneous, isotropic, elastic material

may be written as
T=—-p1+ fiB+ foLB7, (6.181)

where B = FF7 is the left Cauchy-Green tensor, F is the deformation gradient, f, and f,
are functions of the two invariants of B, [ and /7, and p = P(x) = p(X) is an undeter-
mined function.

To the second order in the displacement gradient H = F — 1 we have the following

expansions
B=1+2E+HH",
B !'=1-2E—-HH” +4E? + ..., 6 1%
fi =an + an(I —3) + aiz(I11 — 3) + an(L —3)..., (6.182)
f2 = a21 + a22<[ — 3) + CLQg(II — 3) + a24(I — 3)2...,
where

E=-(H+H").

1
2
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From (6.182); it results
I=Tr(B)=3+2Ig+ Iggr. (6.183)

Hence, up to second order terms in H, we have

Il = -(I§ — Ip2) = 3 + 4l + 2lgqgr + 41 Ig. (6.184)

N| —

Substituting (6.182) into (6.181) and taking into account relations (6.183) and (6.184), we

obtain the following expression for the second - order Cauchy stress tensor
T = —pl + 20,E + a5 IgE + o HHT + o(E?, (6.185)

where the three material constants o, a5, and g can be expressed in terms of some of the

eight constants a;;, ¢ = 1,2, j = 1,2, 3, 4, by means of the following relations

a1 = dai1 — aoi,

as = 4dajg + 8aiz — dagx — Bags, ap = 4as,
and the pressure p is given by
p=p—ay — an— |alg + %IHHT + asllg + aglg| |
where

g = 2a19 + 4a13 + 2a92 + 4ass,

as = 4(a13+ ags), g = 4(as + az).
We recall that the first Piola-Kirchhoff stress tensor is defined as follows
T,=JTF Y, (6.186)

where J = det F.
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For an incompressible material it results
J =1
Hence, having in mind that up to second-order terms in H we have
(FHT =1 - HT + (H)T,

from (6.186) and the incompressibility restriction (6.187) we obtain

HH”

T, = —p[l - H' + (H*)"] + 2a4 <E —~EH" +

88

(6.187)

) + asIgE + agE?. (6.188)

We assume that the pressure p, as well as the displacement field u, has a second order

expansion in the perturbation parameter e

p = ep1+€py,

u = €cu;+ 62112.
From (6.189) we easily come to the following relations
H = eH, +Hy, E=¢E; +Ey, Ig = elg, + g,
IgE = I E,, E*=¢E2, (H)? = &(HT)2
Substituting the second-order expansions (6.190) into (6.188) we obtain
T, = €T, + €(T,2 + B.1),

where

T =—pil+20E;, i=1,2,

B.. = —a; (2E; — H)) H +pH] + as5/g,E; + asET.

(6.189)

(6.190)

(6.191)

(6.192)

(6.193)
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If we interpret «v; as the classic shear modulus i, as we shall do, then

B.i = —pu(2E; — Hy) HY + piHY + o515, E1 + oE}.
For a matrix A written as

A=1+S,

detA = 1—|—Is—|—lls—|—I]IS
Therefore, for
F=1+H,

from (6.196), to within an error of third-order in the components of H, we get
thMF:1+m+LM:1+m+%U%—mﬂ.
From (6.190) it follows that
Iy = ely, + Eln,,  In2 = Ehp.
Substituting (6.198) into (6.197) we obtain

J: 1+€IH1 —|—€2 [IH2 +[IH1]7

&9

(6.194)

(6.195)

(6.196)

(6.197)

(6.198)

(6.199)

which yields the following incompressibility restrictions at the first and second-order of

approximation respectively

1

I, + Iy, = 0.

(6.200)
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Having in mind that Iy, = Ig,, (6.200); implies that
Ig, = 0. (6.201)
In view of (6.201) equations (6.194) and (6.195) become

B, = —u(2E; — H)) HT 4+ pHT + asE?. (6.203)

For a functionally graded material we assume that the material moduli iz and g depend on

the radial coordinate in the following way
w="br", «ag=0byr", (6.204)

where b; and b, are constants and n is an arbitrary dimensionless constant.

6.3 Hollow Cylinder

We consider a very long hollow cylinder S made of an incompressible, elastic, homoge-
neous and isotropic material. Let R; and R. be the internal and the external radii, re-
spectively. Let S be at equilibrium in the current configuration C' under the action of the

uniform pressure field

t _{ —p;N; on 9C;,

CoN. ondC. (6.205)

where p; and p. are positive constants, IN; and N, are the unit outward normal vectors to

0C; and 0C.,, respectively.
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Owing to cylindrical symmetry, we search for the solution of pure traction-value

problem in the following form

u(r) = [eu (r) + €us (r)] ay, (6.206)
p(r) = epi(r)+epa(r),

where a,. is the radial unit vector of the physical basis associated with the cylindrical coor-
dinates {r, ¢, z}.
The first-order boundary-value problem and the first-order incompressibility condi-
tion are
V., - T,y =0 inC,,

T.. N, =t onocC,, (6.207)
T, N, =t ondC.,

Iy, =0, (6.208)

for the unknown first-order displacement field u; () = u; (r) a,, and first-order pressure

p1(r).

The first-order displacement gradient assumes the following form

wy 0 0
U
H,=E, = 0 - 0 |, (6.209)
0 0 O
which implies that
/ Uy
]Hl :U1+—, E1 :Hl. (6210)
r

The first-order incompressibility condition reduces to the following first-order differential

equation

w4+ — =0, (6.211)
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whose solution is
uy(r) = —, (6.212)
in which B is a constant.

Once we know the form of the first-order displacement field, we derive the pressure

py from the equilibrium equation (6.207);. From (6.202);, (6.209), (6.210),, and (6.212),

it follows that
(T*l)ll = —231617"_2+n — D1,
(Ta1)yy = 2B1byr " — py, (6.213)
(T*1>33 = —D1, (T*l)ij = 07 { 7£ J

Substitution for T from (6.213) into (6.207); gives
2nr 3" Biby + pl(r) = 0.

Thus

2nB1b
D101 —24n

pi(r) = By — ; (6.214)

n—2
where Bs is a constant of integration which must be determined from the boundary condi-

tions. Since
N,; = (-1,0,0)", N,.=(1,0,0)", (6.215)
and
t%) = —pN,, % = —p.N,, (6.216)
boundary conditions (6.207), and (6.207)3 can be written as

4b1R;2+n
n—2

4b1R;2+n

B + By = p;, "

By — By = —p.,
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from which, if we assume n # 2, it results

_ RRX(pi — pe)(n —2) _ piRERY — pRIRY

B, = By = .
' 4b(ReR? - R2RP) T (RUR? - RERY)

(6.217)

It is easy to realize from the expressions of the first-order applied loads (6.216) and the
symmetry of the displacement (6.206) that the first-order compatibility conditions (4.106)
are verified.

The second-order boundary-value problem and the second-order incompressibility

condition become
V. (T +Ba)=0 inC.,
(Tus + Bu) - No =t%  onadC.;, (6.218)
(Tia +B.) - Noe = ti(;) on 9C,.,

1
T, + Iy, = Ty — 5Lz = 0. (6.219)

The second-order displacement gradient assumes the following form

uhy 0 0
Hy=| 0 % 0. (6.220)
0 0 O
while, from (6.212)
BQ
Iy, = —— . (6.221)
r
Owing to (6.220) and (6.221) equation (6.219) becomes
U2 Bz
vyt = =0,
and has the following solution
By B?

where Bs is a constant of integration.
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The second-order pressure ps(r) can be derived from the second-order equilibrium

equation (6.218);. From (6.222) it follows

By 3B
H = = -1
( 2)11 2 + oy
By B’
(Ha)z = — =% (Ha)su =0, (6.223)

(Hy);; = 0, i#j, E;=Ho,,
and

(Tu2)11 = —2byBsr 2" 4 30y Bir—*" — py,

(Thy2)22 201 B 2" — by Bir " —py, (Ta2)sz = —Do, (6.224)

(Tu2)ij = 0, i#].

From (6.209), (6.210), (6.212),and (6.214) we obtain the following components of B,

Bilbi(n+2)—b2(2—n)] _4y, DBiB»

(B*l)ll (n — 2) r 2
(Bi)e = B —(inz ;L>b2 (=2 reH —815_27 (6.225)

(B*1)33 = 0, (B*l)ij:0= i 7 J,

in which n must different from 2.
Owing to (6.224) and (6.225), the second-order equilibrium equation (6.218); be-
comes
—ply + Bi[4by (n — 1) + by (n — 4)]7"° — 2nBsbyr™ 3 = 0,
from which we obtain

B2 4 -1 —4 onB
po(r) = By + i [4b1 (n )+ b2 (n )]7“"_4— nBsby

n—2
o=y T (6.226)

where B, is a constant of integration and n # 2, 4.
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Constants B; and B, can be determined from boundary conditions (6.218), and

(6.218)3. First, we note that from (4.103),, (6.209), (6.210), and (6.216) we have

B 7 e B e

(6.227)

Then, from (6.224), (6.225) and (6.227) boundary conditions (6.218), and (6.218)3 can be

written as

eqy =0, p={ie},

where, assuming, as we have done above, that n # 2,4,

eqp = —4(n—4)bRI" B+ (8 — 6n +n*)RyBy +

from which, having in mind expressions (6.217) of constants B; and By,we get

B _ 30 =2(p — p)*RER}(RIR} — R RY) (6.228)
5 16(n — 4)b2(R2R" — R2Rn)3 ’ '
3(=2 +n)*(p. — p:)*RERI(R2 — RY)

4(n — 4)b(RZRY — IRy

B4:

We note that from (6.227) and (6.206) the second-order compatibility conditions (4.107)
are satisfied.

We conclude this section by writing the explicit form of the first and second-order
solutions to the equilibrium problem.

(n —2)RIR2(pi — pe) 1
pr— - .22
w(r) 4by(RMR2 — RP'R2) 1’ (6.229)

. leZJR? — peR?Rg . n(pz - pe)RizRg

= " 6.230
N R ey 7
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3(n —2)*(pe — pi)*RER}(RZR} — R R}) 1
16(n — 4)b2(R2R" — R2R")3 r
(n —2)*(pe — pi)?RiR. 1
3202(R2R" — R2R")? 13’

- (6.231)

3(=2 4+ n)%(pe — ps)?R¥"R¥™(R? — R?)
— e ) e i) 232
palr) 1(n — Db, (RERy — RPR0)? (6.232)
3(n —2)°n(p. — p;)?R2ZR2(RIR} — R/R?) . _, N
8(4 —n)by (R2R! — R?R7)3
(n—2)%[4by (n — 1) + by (n — 4)] (pe — pi)QR?Rﬁrn%
16(n — 4)b2(R2R" — R2R")? ‘

We point out again that the above expressions for the first and second order displacement
and pressure fields hold when n # 2,4. This implies that we need to work out these
solutions again for the cases n = 2 and n = 4, as we shall do in the next two sections.

If the material is homogeneous, then we have n = 0, and solutions (6.229)-(6.232)

reduce to the following ones

R2R2(pe - pl) 1
= = 233
pil} — pelie
pnr) = 75—

(R? — R2)
e — i) 2RZRY(R2+ R 1 (p. — pi)?R4RY 1
() = 3(p pg) : 1(26+ z)__(pg pi) e 1 (6.234)
8b2(R2 — R?)?2 r 8b2(R2 — R2)? r3

C3(pe — pi)2RERE (P — pi)*RiR, (b1 +by) 1
4by(R? — R?)? 4b3(R?R? — R?R?)?  r*

pa(r)

We note that in the homogeneous case the second-order displacement field us does not de-
pend on the second-order material modulus o, while the second-order pressure p, depends
on it. This implies that for the case of an hollow cylinder subjected to a uniform pressure,
the second-order effects on the displacement can be evaluated starting from its geometry,

loads acting upon it and the shear modulus .
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6.4 Radial and Hoop Stress

In this section we analyze the state of stress induced in .S by the applied tensions. In par-
ticular, we give the explicit forms and their variations through the thickness of the hollow
cylinder of the radial, tangential and axial components of the first Piola-Kirchhoff stress
tensor. It is clear that it is desirable to have a state of stress independent of the radial co-
ordinate and whose values are not too high. We remember that in literature the tangential
component of the stress tensor is often referred to as hoop stress'®. Substitution from equa-
tions (6.214) and (6.217) into (6.213) gives the following expressions for the first-order

stresses

pe(R?—Q _ 7"”_2) + pi(,rn—Z _ RZ—Z)

71— ’
N (Ry=> = R
. 1 — n—2 + Rn—Q + p; —1)ym2 Rn72
rp - pell=nr SRR L 1 (6239)
(Re=2 = RY™)
— E n—2 _ pn—2 . E n—2 _ pn—2
T pe<2r ki )+p1<2r 1t )
- (Re=2 = R™%)

It is clear from equation (6.235), that for n = 1, the hoop stress is uniform throughout the

cylinder thickness, and

peRe — Di Rz

T(l) _
60 (Re . Rz)

Thus Té; ) =0 throughout the cylinder thickness for p. k. = p; R;.

15 In order to lighten the notation, we shall make use of the following symbology

(Te)n = T, (Ta)w = Tg(;)7 (Ta1)2e = TV,
(Taz +Bi1)11 = T7§T2), (Tu2 +Bii)2o = Ta(;)v (Tw2 + Bua)ss = Tz(-z)'
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For a solid circular cylinder subjected to pressure p. on the outer surface, the constant
B; into equation (6.212) must vanish in order for the displacement to be finite at the center.

Equation (6.212) and (6.214) imply that u; = 0 and p; = Bs. From the boundary condition

T*l . N*e - t(e)

*1

having in mind that, if u; = 0, T,; = —p;1, we obtain By = p. and

T(l) = T9(91) = Tz(;) = —Pe-

rr

The radial displacement of every point is zero, the cylinder does not deform, and the state
of stress at any point is that of hydrostatic pressure.
We now consider the case when the hollow cylinder is subjected to internal pressure

only, i.e., p. = 0. Thus

T (r"? =Ry D
T (RQ_Q _ R:‘L,Q) %9
n—1)r"2— R
my = L ( Rn)_2 Y b, (6.236)
E n—2 _ pn—2
71— ( 2 " [ ) s
=T meem)

For n = 0, i.e., a cylinder made of a homogeneous material, we recover the classical
expressions for stresses given in a linear elasticity book even when the cylinder material is
incompressible; e.g. see [84]. Note that most linear elasticity books consider the cylinder
material to be compressible.

Forn =1
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and is uniform throughout the cylinder.
We now investigate the sign of T and T, 9(; ) for n # 1,2, 4 and limit our analysis to

the case n € Z. We start by noting that the function
fry=r""? R;<r<R., (6.237)

is always positive and, since f'(r) = (n — 2) x r™73, it is monotonically increasing when
n > 2, and monotonically decreasing when n < 2. Its absolute minimum and maximum

are summarized in the following table together with the sign of the difference R"~2 — R 2

Mazx min R2 — R 2
n>2| (R, R"2) | (R, R?) | positive
n<2|(R,R" % | (R, R"?) | negative

We first study the case n > 2.

From (6.236); and the values of the table it can be easily seen that for n > 2 the
radial stress is everywhere compressive, 1.e. 7Y <0 throughout the thickness of the
hollow cylinder.

From (6.236), we derive that
Too >0 <= (1 —n)r" 2+ R"2 <0,

which implies that

(AL guaCa— (6.238)

We define

and note that «(3) = 2, and, since



6.4 Radial and Hoop Stress

then

lim In(n—2)

. 1 e
lim (n —1)n2 =er—>x =1
n—>00

This means that

1 <an) <2

Hence from (6.236),, (6.238) and (6.239) we can conclude that, if

e i 1
Ri<i<R6:>£<—,
a(n) R.  «a(n)
then
R,
Tpe > 0 when <r<R.,
a(n)
R,
Togey < 0 when R;<7r< .
a(n)
If
fie SRi:>L§&<17
a(n) an) = R.
then

Too >0 forall R, <r <R,.

Now we study the case n < 2.

100

(6.239)

(6.240)

(6.241)

(6.242)

(6.243)

From (6.236); and the table written above it results that the radial stress is again

compressive. Further from (6.236); we derive that
Toe >0 <= (1 —n)r" 24+ R"2>0,

which implies that

(6.244)
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Since the quantity - Z__i is negative when n < 2, then
Too >0 forall R, <r < R.. (6.245)
We note that
T = P

which is positive for all » when n > 2 and negative for all » when n < 2.
From the analysis made above we can conclude that the inhomogeneity in the shear
modulus p strongly affects the through-the-thickness variation of hoop stress.

Further, if we write (6.236), as

Tog = —pi

it is easy to recognize that if r # R,

lim Ty = —p;, lim Thy = +o0.

n—-+00 n——oo

If r = R,, then
lim ng = +OO, lim ng = 0.

n—-+4o0o

Substituting equations (6.228) and (6.232) into (6.224), we obtain the following expres-

sions for second-order radial and hoop stresses

T® = ¢4 cenr 24 cpr 4 crgr 4, (6.246)
Te(ez) = C9 -+ 0217“72 -+ 6227'72+n + 023T74+n,

2 —2 —4
T® = a0 + Ca1r 2T A+ cgor ™,



6.4 Radial and Hoop Stress 102

where constants ¢;; are given by

3(n — 2)%(pe — pi)*RIT"RZ™(R? — R?)
4(n — 4)by(R?R? — R2R!)? ’
(n —2)(pe — pi) RZR2(—p; Rl R? + p.RR})
oy = — TR — R : (6.247)
3(n — 2)*(pe — pi)*RZR2(R.R} — RIR})
4(n — 4)by(R2R? — R2R!)? ’
(n—2)(n—1)(pe — pi)*RIRE
2(n — 4)bi (R R? — R2R})?

C10

C12

Ciz = —

3(n = 2)*(pe — pi)* Ry RET(RE — RY)
C = =
? 4(n — 4)b(Ry R? — R2R;)?
(n — 2)(}?6 — pl)Rng(—sz"RQ —|—peR2Rn)
= ¢ i e i 6.248
= 1b,(RrR? — R2R")? ! (6.248)

3(n —2)*(n — 1)(p. — pi)* R R2(R: R} — RR})

T 4(n — )by (R2R? — R2Ry)? |
(n —2)(n? —4n + 3)(p. — p;)*RIR:
C f— J—
“ 2(n —4)by (B2 R — RZRY)?
and
C30 = C20 = C10,
) 2 1 \2R2R2 4pn n 4
031 — _ 3(” ) n (pe pl) RzZRe (ReRz Re Rz ) 7 (6249)
8(n — 4)by (RLR; — RZRY)?
. (n—2)%n (p. — pi)?RIR[4by (n — 1) + by (n — 4)]
32 = — .

16(n — 4) b? (R*R? — R2R")?

We note that the second-order elastic constant b, appears only in the pressure field but not
in the expressions for the radial and hoop stress. Whereas the first-order stresses are inde-
pendent of the elastic moduli, b; appears in the expressions for the second-order stresses.
Even though stresses (except for the axial stress) and the radial displacement do not explic-
itly depend upon b, their values for the first-order and second-order elastic materials are

different.
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For n = 1, from (6.248)3 4 it follows that coy = cp3 = 0. Thus, from (6.246),, it
is easily seen that the second-order hoop stress is constant throughout the thickness of the

cylinder if the constant ¢y, evaluated for n = 1, is equal to zero, i.e. if it results
szz - peRe- (6250)

If the relation written above holds then we have

(e~ )

T(z):_( pi)*(R? —
L by (R; — R.)?

For a homogeneous second-order isotropic, incompressible elastic material the first-order
state of stress is obtained putting n = 0 into (6.235) and is described by the quantities
written below

s _ Bl )R+ p (R )R

- PR
pi (r*+ R?)R? — p.R%(r* + R?)

(1)
Tgy (R~ 1) : (6.251)
W _ pR: — pilR;

” (R? — R2)

In the same way the second-order stresses for a homogeneous body can be written from

(6.246), (6.247), (6.248) and (6.249)

T(Q) = dm + d117’_2 + d127“_4,

T0(¢92) = d20 + d217’72 + d227"74,

TE = dgo+ dsr™,

zz
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where

3(pe — Pi)2R$R3 dio — (Pe — Pi)2R§R§

by (R2 — B2 7 T dby(R2 — R2)?

g~ RERE[=Apepi (B + RBY) +p7 (3 B + RY) + pe (Re + 3R7)]

o 4y (R2 — R7)? 7
3(pe — pi)zR?Ri

- Ab(R2 - RY)?

le = d20 = d30 =

(by + b2)(pe — pi)* R} R}

21 11, 22 4b%<R£ _ RZQ)Q

iy = —

We conclude this section giving an experimental procedure to measure the second-
order constant b,. Recalling that the axial force, Fj,, acting on a cross-section of the
cylinder is given by

Re
Fax:27r/ T,, rdr,
R;
and that the axial stress depends upon by, an accurate measure of this force can be used to

estimate the value of the second-order elastic constant.

6.5 The Casen = 2

From equations (6.225), (6.231), and (6.232) it can be easily seen that the case when n = 2
must be treated separately. Hence we assume that the material moduli ¢ and g depend on

the radial coordinate r as follows
w="br:  ag= by, (6.252)

where b; and b, are constants'®.

16 We note that only for the sake of simplicity we have denoted the material constants b; and by using the

same notation adopted in (6.204). However we must take into account that the nature of these constants
depend on the constitutive equations (6.204), that is on the choice of n. For instance, once we pass to
dimensional quantities, the physical dimensions of b; and b, depend on n.
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First we note that the first-order incompressibility condition (6.208) remains un-

changed, so that the first-order displacement field can be still written as

ui(r) = —, (6.253)

where B is a constant.
By the same arguments we have used in the previous section, we obtain the pres-

sure field p; from the equilibrium equation (6.207);. From (6.202), (6.209), and (6.253), it

follows that
(T*1>11 = -2 Blbl — D1,
(Tu1)gy = 2 Biby —py, (6.254)
(T*1>33 = D1 (T*I)ZJ = 07 1 §é j

Substitution for T from (6.254) into (6.207), gives

4 Byb
= ph(r) =0,

whose solution is
P1 (7") = BQ —4 Blbl In T, (6255)
where B, is a constant of integration.

From (6.254), boundary conditions (6.207), and (6.207)3 become
2(1 — 21n Rl)blgl + BQ = Ps, 2(2 h'l Re — 1)[)131 — B2 = —Pe,

from which we can derive the values of the constants B, and B,

5 - (Pe—pi) B, _ _Pe2I(R) — 1]~ pi[2In(Re) — 1]
"7 U 4bn(R/R) T 2In(R./R;)

(6.256)
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The second-order incompressibility condition (6.219) yields the following second-order
displacement field
us(r) = % — %, (6.257)
in which the constant 55 must be determined from boundary conditions.
The second-order pressure ps(r) can be derived from the second-order equilibrium
equation (6.218);. We note that the expression of the second-order displacement gradient

H; has the same shape we found in the previous section (see (6.223)) while the second-

order Piola-Kirchhoff stress tensor T, becomes

_ 3b, B?
(Te2)in = —201B3 —pa2 + 12 o
r
_ b1 B?
(Tyo)oz = 20:B3 —py — %> (Ty2)33 = —po, (6.258)

(Tu2)ij = 0, i#j,

which coincides with (6.224) for n = 2. Substituting equations (6.209), (6.212), and

(6.255) into (6.203), we obtain the following components of B,

Bi{=Bs+ By [(4Inr — 1) by + by)}
T2

By Bl{Bg—l—Bl[(—41nr—1)b1+62]}7 (6.259)

(Bu1)u1

?

(Bia)ss = 0, (Ba); =0, i#j.

From (6.258) and (6.259), the second-order equilibrium equation (6.218); becomes

J_ABih | 2B —by)

=0
r r3 ’

from which we obtain

B2(2b, — by)

3 — 4 Bsby In, (6.260)

— B, —
P2(7°) 4 .
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where By is a constant of integration.
From (6.258), (6.259) and (6.227) boundary conditions (6.218), and (6.218)3 can be

written as

2R2by [1 — 2In(R,)] Bs + R? By 4[1 +In(R.)] Biby + Bi(p. — Bs)

from which, having in mind expressions (6.217) of constants B; and By, we get

Bg _ 3(pe - pi)2 (Rg — R?) =) (6261)
32 b7 R? R} [In(Re/R;)]
3 p? [2(R) - DR - (2In(R) - DR

B p—
4 16 b, R2 R2 [In(R./R,)]°

Hence, from (6.256), the first-order displacement and pressure fields (6.253), (6.255) as-

sume the following form

(pe - pz’) 1

= — - 262
w(r) = -3 In(R./R)] 7’ (6.262)

Pe 2In(R;) — 1] — p; [2In(R,) — 1] (pe — i)
= — Inr. 6.263
pi(r) 2 n(R./R,) TR Ry (6.263)

In the same way, substituting (6.261) into (6.257) and (6.260) we get

2 2 2
_ _ R: 1

s (1) (pe — i) 3 (R — Fi) (6.264)

T 3202 n(R./R))r | B2 R2In(R.JR;) 2]’

p (7‘) _ 3(pe - pi)2 [(2 hl(Re) _ I)Rg B (2 ln(RZ) _ 1)Rz2] . (6 265)
? 16 b, R2 [2 [In(R.) — In(R;))° '
(pe — pi)*(2b1 — by) 1
1602 [In(R;) — In(R,)]* 2
3(pe — pi)? (R — R}) 0y
8 by R? R2 [In(R,) — In(R,)]*
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Substitution from equations (6.263) and (6.256) into (6.254) gives the following expres-

sions for the first-order stresses

piln(r/R.) — pe In(r/R;)

T n(R/R)
rp = it ln(”ﬁf]}{/ﬁ? UL (6.266)
T _ Pi 142 In(r/R.)] — pe [l +2 In(r/R;)] |

2 In (Re/Rz>

Having in mind equations (6.265) and (6.261), from (6.258) and (6.259) we derive the

following expressions for the second-order stresses

Tr(f) = e(r) +enl(r) 7”_2,
Tys = exlr)+en(r)r 2, (6.267)

TZ(ZQ) = es(r) +es(r)r 2,

where

o _ 3 —p)® In(r/R) B~ In(r/R) R

8 by [In(R./R,)]* R? R?
(e —pi) [(B+2 In(r/Ri))pe — (342 In(r/R.)) pi]

‘= 8 by [In (R./R;)] 7
o B3e=p) [+ (r/Re)) B — (1+1In(r/Ry)) R (6.268)
20 8by [In(R./R;))* R? R? ’ |

(e —pi) [(A+21In(r/Ri))pe — (142 In(r/Re)) pi]

or T 8 by [In (Re/Ry)P? !

o Bpe- p)’ (142 In(r/R.)) R> — (1+2 In(r/R;)) R?|
. 16 b, [In (R./R;)|° R2 R? ’

S (2b1 — bo) (pe — pi)°

16 b2 [In(R./R)]*
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As for the problem studied in Section 6.3, it can be seen from (6.265) that only the second-
order pressure depends upon b,. The stress distribution in this case has a more complicated

variation through the thickness as compared to that when n # {2,4}

6.6 The Casen — 4

Equations (6.231), and (6.232) present another singularity for n = 4. This implies that
the case n = 4 must be treated separately as well. The material moduli 1 and ag have to

depend on the radial coordinate 7 in the following way

pw=ubrt,  ag=borl. (6.269)

The first-order displacement field is still given by

ur(r) = —, (6.270)

where B is a constant.

From (6.202), (6.209), and (6.270), it follows that

(T*1>11 = -2 BIbﬂ’2 — P,
(T*l)gz = 2 B1b1T2 — Py, (6.271)
(T*1)33 = —p1, (T*l)zj — 07 Z 7£ j7

and equation (6.207); becomes

8r Blbl +p/1(7") = 0,
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whose solution is
pi(r) = By — 4 Bibyr?, (6.272)
where B, is a constant of integration.

From (6.271), boundary conditions (6.207), and (6.207)3 become
_2b1RZ231 + Bg = pi, 251R§B1 _ B2 = —p.,

from which we can derive the values of the constants B; and B

2 2
= =
The second-order displacement field is
B, B
up(r) = —= = 53 (6.274)
in which the constant Bs; must be determined from boundary conditions.
The second-order Piola-Kirchhoff stress tensor T',» becomes
(Two)u = 3 Biby — 2b1Byr? — py,
(Th2)22 = _blé% + 2, Byr? — po, (T.2)33 = —po, (6.275)

(Ty2)ij = 0, i#j,

which coincides with (6.224) for n = 4. Substituting equations (6.209), (6.212), and

(6.272) into (6.203), we obtain the following components of B,

Bl |:—B2 + T2B1 (3[)1 + bg)i|

(Ba)u = 2 )
Bl |:BQ + T2B1 (—5[)1 + bg)i|
(Bi1)2z = - : (6.276)

(Bii)ss = 0, (Ba)y =0, i#j]
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From (6.275) and (6.276), the second-order equilibrium equation (6.218); becomes

- 12 B2
—pI2—8B3b1T+ e

=0,
from which we obtain
pa(r) = By — 4 By byr® +12 Bb Inr, (6.277)

where 34 is a constant of integration.
Substituting equations (6.275), (6.276) and (6.227) into boundary conditions (6.218),

and (6.218)3, and having in mind expressions (6.273) of constants By and B, , we finally

obtain
B3 _ 3(pe - pi)2 [ln(Re) B lgn(Rz)] : (6278)
20 (R2— RY)
B~ (e =p)? (bR} — BY) + 451 [(3In(R:) — V) RE — (3In(R,) — 1) R}
4 = .

46} (R? — R2)’
Hence, from (6.273), the first-order displacement and pressure fields (6.270), (6.272) as-

sume the following form

_ (pe - pi) 1
Uy (7') = m;, (6279)

peRZ —p;R2 2(p. — pi)
pi(r) = (RP—R2)  (RP— RZ)T2 (6.280)

In the same way, substituting (6.278) into (6.274) and (6.277) we get

wo(r) = =P’ In(Re) —In(R)|1 (6.281)
2\ = 20F (R2— R |
(pe - pi)2 i
803 (R? — R2)* 1%’
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_ (P —pi)* {ba2(R7 — RZ) + 4by [(3In(R ) —DRZ - 3In(R.) - DR}
P = 1B (R
6(pe _ p1)2 [ln(Re) —3IH(R1)] T2 ‘l’ 3(p€ pl)2 - (6282)
b (RZ — R}) by (R} — R?)

If we substitute equations (6.273) and (6.273) into (6.271), we obtain the following expres-

sions for the first-order stresses

pi (r? — R2) — pe(r® — R?)

1 _
Trgr) - R2 . R2 )
pi (31 — R?) — p.(37r* — R?
T _ P (272 — R?) —p.(27r* — R?)
W = R

Substitution of equations (6.282) and (6.278) into (6.275) and (6.276) yields the second-

order stresses

TP = lLig(r)+hir 2+ hor?,
Te(92) = oo (1) 4l 7% + lpr®, (6.284)

Tz(,g) = lgo(T)—f-ngT'Q,

where

pi)* [(6 In(r/R;)) —1) R2 = (6 In(r/R.) — 1) R]
2b; (R2 — R?)’

p? R? + p?R? — p. p; (R2 — R?)
20, (R? — R?)?
3[In(Re/R;)] (pe — pi)2
by (Rz — R?)’

llO(T) - _ (pe -

)

l11:—

, (6.285)

Y
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oo () = — (Pe —pi)” [(6 In(r/ 121%2)1 J(r 352) f%ﬁR;) 26 In (r/R.) +5) Rj] ’ (6.286)
9[n (Re/Ri)] (pe — Pz‘)Q
b (R2 — R)”
() = (pe — pi)? [ba (R2 — R2) +4by (1 +3In (r/R;)) R2 — (1 + 31n (r/R.)) R
N 40} (R? - R?)’ |
6 [In (Re/Ry)| (pe — p)°

bi(R2—R)®

121 = _llla 122 = )

6.7 Affine Variations of Elastic Moduli

In this section we present analytical solutions of the pressurized cylinder problem for an
affine variation of elastic molduli + and ag upon the non-dimensional radial coordinate r,

1.e. when

p(r)y=b(14+nr), as(r)=b(l+nr) (6.287)

Adopting the same scheme presented in the previous sections, we obtain the following form

for the first-order displacement and pressure fields

(pi - pe) Rg R22

6.288

() 271 by (Ro — Ry) [Ri + Re (L+2n Ry’ (6.288)
p(r) = pR2(1+2nR;)—p;R?2(1+2n R,) n (p; — pe) R* R? .
(Re_Rz) [RZ—FRG (1+27’LR,)] T (Re _Rz) [RZ+R6 (1+271RZ)]

Further, at the second-order of approximation, it results
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(pz' - pe) Rlel R;l

() = g (R~ RIR+ Re(lt2n R)P
(pi — pe)? R2 R?[3 R} 4 (R} + R2R; + R.R?) 3+ 4n R;)| (6.289)
8102 (Re — Ry)’ [Ri + R (1+ 20 R,)’ ’ '
p(t) (pi — pe)” R2R2[3R; (1 + 2nR;) + 2nR% (3 + 4nR;) + R, (8n2R2 + 10nR; + 3)] N

4by (Re — R))* [R; + R. (1 + 2nR,))°

n(p; — pe)” R2R?[BR}+ (R} + R2R, + R.R?) (3+4n R;)] n

A4rb (R — R)*[Ri+R.(1+2nR,))

n by (p; — pe)” RARY

372 2 2 +
47' bl (RG—R,L) [RZ+R€(1+27LRZ)]
(b1 + b) (pe — ps)* R*R?

47402 (R, — R)?[Ri + R. (1+2n R)]?

The first-order radial and hoop stresses are given by

pi(r—R)[r+(1+2nr)R])R? —p.(r—Ry)[r+(1+2nr)R; R?

T —

rr T2(R6—Rl)[Rl+Re(1+2an)] ’
(219 2 2\ P2 _ 24902 R, 2\ 12

Te(el) _ pi(r*+2nr* Re+ R2)R; —p. (r*+2nr* R —I—Rz)Re7 (6.290)

r2(R. — R;)[R; + Re (1 4+ 2n R;)]

while these quantities at the second-order of approximation assume the following expres-

sions

Tr(?) = 4d1o + 9117"71 + 9127“72 + g137“*4, (6291)

Te(;) = g+ gnr "+ gaar 2+ gaar Y,
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where
_ (pe—p)’R2R?[3R; (1 +2nR;) + 2nR? (3 + 4nR;) + R, (8n>R? + 10nR; + 3)]
o 4by (R, — R;)* [R; + R. (1 + 2nR,)]? ’
) n(p. — p;)° R2R2[3R? + (R? + R’R; + R.R?) (3 + 4nR,)]
1 = - ,

2y (R, — R)* [R; + R. (1+ 2nR;)]*
. —RgRi — 3R§3 — ReR? 3+4nR;) + RZ? 8712Ri2 +4nR; — 1
4b1 (Re — Rz) [Rl + Re (1 + QHRZ)]
i [Rf’ + Rg (3+4nR;) + R, (Rf — 4nR§) + Rg (BR; — 8n2Rf’)] }
4by (R, — Ry)*[R; + R. (1 + 2nR,))° ’
2 P44
e Mi ReRi
g13 = (v 5 ) 35 (6.292)
461 (Re - Rz) [Rz + Re (1 + QRRZ)]

and

920 = G10, g21 = 0, 922 = —0g12, 923 = —3 13- (6.293)

6.8 Pressurized Cylindrical Hole in an Infinite Space

In the present section we analyze the response of an elastic body with a cylindrical hole
subjected to a uniform pressure on the inner surface. It is clear that, in order to study this

problem, we have to assume that
pe =0, R — oo. (6.294)

Before passing to explicit results, we want to underline that the analysis of the state of stress
of an elastic solid with a cylindrical cavity under applied tractions is a topic of considerable
interest in both practical and theoretical mechanics. As a matter of fact this study can be
usefully applied to foundation drilling, oil wells, in situ geotechnical testing, structural and

mechanical designs, and borehole technology.
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6.8.1 Power law Variation of the Elastic Moduli

For elastic moduli given by equation (6.204), the first-order radial and hoop stress for a
pressurized cylindrical hole for n # 2,4 are obtained from (6.235); » letting p. = 0 and

taking the limit as R, goes to infinity. For the radial stress it results

—Di, n > 27
TW = RAZT (6.295)
—Di (_Z) , N < 2a
r
while for the hoop stress we have
—Di, n > 27
T = R (6.296)
pi(l—n)(—l) , n<2.
r

From (6.295) and (6.296) it follows that in the case of a homogeneous material (n = 0) the

first-order radial and hoop stress reduce to

R\’ R\’
Tr(i) =P <7) ) Tg(el) = Di <7) .

Further, we note that the first-order hoop stress vanishes for n = 1.

For the second-order radial stress from (6.247) we obtain the following results

li = li =
RELI?—OO C10 07 RELIEOO C11 07 v n,
(0, n>2,
im ¢ = 2 9 nH2-2n
oo 3(n—2 © R
Re—+ (n )" pi R, Cn<2,
L 4(n — 4)61
(0, n > 2,
PGS T ) (=D m—2) pRET
2(n — 4)b1 ’ ’
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which imply that
0, n > 2,
2) —
S R -2 (8- (n-) R
— n < 2.
2(n —4)b; 2 2 ’
Finally, since from (6.248) it is
Relim+C>O coo = 0, Relim—&—oo co1 =0, Y n,
(0, n > 2,
PR T 32 DR R
L 4(TL - 4)b1 ’ 7
( 0, n > 2,
RILB T (= 3) (n—2) pP R
— , n<2,
L 2(’/’L — 4)b1
we get the following expression for the second-order hoop stress
0, n > 2,

(2) _
Too' = pRZ"(n—2)(n— 1)r=2 [3(n—2) (n—3) R?

— <2
2(n —4)b; 2 2 R

which vanishes when n = 1. Thus, letting

ng = ETG(;)+€2T9(92)

Trr = eTT(})-FeQT(z)

rr o)

we reach the following conclusions
To9 = 0, n=1,

Tog = Tr = —pi, n > 2,

117

(6.297)

(6.298)

while the values for n < 2 can be obtained combining (6.295),, (6.296),, (6.297),, and

(6.298),.
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For a homogeneous cylindrical cavity at the second-order of approximation we have

4

T _ PR (—3T2+Ri2>

" 4b1 r
@ _ PR (R
TS )

We conclude this section noting that for n = 2 and n = 4, from (6.266)-(6.268) and

(6.283)-(6.286), in the limiting case (6.294) it results

TV =Tp) = —ps,

while the corresponding second-order quantities vanish, i.e.

T® =72 =0.

rr

Thus we finally have

6.8.2 Affine Variation of Elastic Moduli

If the elastic moduli have the form given in (6.287), the first-order radial and hoop stress

can be obtained in the pressurized hole limiting case (6.294) from (6.290):

(1+2nr)p; R?
(I+2nR) 2’
pi R}

(1+2nR;)r?

9 = -

1
Te(a) =
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Further, if we note that taking the limit as R, goes to infinity into constants (6.292) and

(6.293), we get

li =
R g1 0,
, np? R? (3+4nR;)
lim g = — 3
Re—+00 2 bl (]_ + 2n Rz)
. P} R} (3+4nR)
m gig = — 3
Re—o0 40 (1+2nR;)
lim g3 = p? R? ok
Re—+o00 4 bl (]. -+ 2n Rl)
and
R}g{g@ goo = 0,
. PR (3+4nR)
1 = goy = 3
Re—o00 4b; (1+2nR;)
I 3p? R
im = — ,
Remboo U2 4b, (14+2nR;)’

the second-order radial and hoop stresses (6.291) assume the following expressions

7@ _ pi B} 1[(34—4”31‘) (_ _i>+ R?]
" 2 by (1—|—2nRZ~)2T (1+2n R;) ’ 2r 2r3 |’
T(Q) _ p?R? l |:(3+4an) B 3 RZQ:|
O 4 (1420 R [(1+2nRy) r2 |’

6.9 Second-Order Effects for an FG Isotropic Compressible
Hollow Cylinder

In the present section we solve the problem of the pressurized hollow cylinder presented
above for a functionally graded, isotropic, compressible material. In this case the second

order expansion of the first Piola-Kirchhoff stress tensor assumes the following form (see
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(4.88)-(4.90))
T, =T, + € (Thwy + B,1), (6.299)
where

T*i = al(T)IEi]. + 2&2(7’)Ei 1= ]., 2, (6300)

Boy = |4 (Iygyy + 213, ) + as(r) I3, + aa(r) [Ts, | 1+ a5(r) I, By

2 (6.301)
+ag(r)E2 — a1 (r) g, H — as(r) (HlT) )

Here we assume, like in [74], that the material moduli depend on the radial coordinate in

the following way
a;(r) = a;r", (6.302)

where a; are constants and n is a dimensionless arbitrary constant.

We consider a very long hollow cylinder S made of a compressible, elastic, function-
ally graded, and isotropic material. Let R; and R, be the internal and the external radii,
respectively. Let S be at equilibrium in the current configuration C' under the action of the

uniform pressure field

t = { —piNi - on 9C;, (6.303)

—peNe ondC;,
where p; and p. are positive constants, N; and N, are the unit outward normal vectors to
0C; and 0C,, respectively.

As we have already done, owing to cylindrical symmetry, we search for the solution

of pure traction-value problem in the following form

u(r) = [eu (r) + €us ()] a, (6.304)
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where a, is the radial unit vector of the physical basis associated with the cylindrical coor-
dinates {r, ¢, z}.

The first-order boundary-value problem (4.104) can be written as

v*‘T*l :0 inC*,
T, N, =t ondC,, (6.305)
T, N,. = tiel) on 0C,.,

where from (4.138) and (4.103), the applied loads are given by

tl) = —pNu, tl{ = —p.N... (6.306)

Equations (6.305) lead to the following problem

1
uy + (n+ >u’1(7’) + (nv — 1)u—; =0,
’ " 6.307)
[(a1 4 2a9)r™u) +r~ " ayu],_p = —pi, ©.
[(a1 4 2a2)r™u) + 7~ ayu],_p = —pe,
where
a1
= — 6.308
v a1 + 2as ( )
The solution to equation (6.307) is
u(r) = A17“_(n;k) + A27’(7"2+k)7 (6.309)

in which
k=+vn?—4nv + 4, (6.310)

and A, and A, are constants which have to determined from boundary conditions (6.307)2 3.

It results

9 [piR%(Hk—n)Rk B peRkRé(Hk_n)]
A — Z ‘ : , 6.311
! [(=2+k+n)a; +2(k+n)ag) (RE — RF) ( )

(2+k) n n  (2+k)
2 |:le1 2 Re2 _peRZ’Z Re 2 ‘|

(24 k—n)a; +2(k —n)ay] (RF — RF)
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The resulting stresses are

Lo ki) p- s -5 [ pip% (L k _ pk 550k k
r R.*R;* |piR;* R (1" — RE) + p.RZR.* (—r* 4+ RY)

(T*1>rr = Rk _ Rk s
(6.312)
2tk n n 24k
T r%(*2fk+n)R;%R;% <piRi 2 Ré (r* — RF) — p.R? R.* ) k(2 + vk — nv)
(Tt)er = RE— RF (k —n+2v) *
k_k ntk ntk
R? R? <peRi " R, — piRR.? ) (=2 + vk + nv)
6.313
(it n—2v) ’ (6:313)
24+k—n 24+k—n
r%(—Q—k‘i‘”) (szz — peRe 2 ) Tk(2 +k— n)
T* zz
(T0) R —RF " (k—n+2v) *
2+k—n 24+k—mn
(peRERST = piRER, 7 ) (<24 K +n)
(6.314)

(k+n—2v)
which are in accordance with those found in [74], [80 - 83].

The second-order boundary-value problem is

V* . (T*2+B*1> =0 1 C*,
(Tys + Bu) - Ny =t onadC,,, (6.315)
(Tus + Bui) N =t'9  onaC.,

where

t) = —pNy (I, — Nu-E\N,), (6.316)
tS«GQ) = —pelNie ([Hl — N, - EIN*z’) .

From (6.300), (6.301), and (6.309) the second-order equilibrium equation (6.315); be-

comes

uy + “‘j Ditr) + v = 12 = 1), (6.317)
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where

_ 1 —3—k—n —3—n —3+k—n
f(r) - 8(a1 + 2(12) (f17“ +hor + far ) ) (6.318)
and f; are given by
6
fo= fuaj, p=12.3 (6.319)
j=1

in which

f11 — [k?)+2k2n+k‘(2—|—’n)2+4(4—2n+n2)] Ai

fio = —2 [4 + k4 n?+kn(24n)+ K21+ 2”)} A3,
fis = 224 k)24 k4 n)2A2, (6.320)
fie = —42+k)(k+n)A2

fis = 2[E*+ (n—2)" + k*(—1+2n) + k(n® — 4)] A},

fis = 2[4+E +n*+kn(2+n)+ k(14 2n)] A3,

f21 = -8 (—4 + ]C2 + 2n — TLQ) A1A2,

f22 = 4 (—4 + k2 — n2) A1A2,

fos = =8[k — (n—2)] 414, (6.321)
foa = —16nA;A;,
f25 = —4 [k2 — (n — 2)2] AlAQ,

foo = —4(—4+k —n?) AA,,
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and

fa = _[k3_2k2n+/g(2+n)2—4(4—2n—|—n2)} Ag,

fi2 = 2[4+ —n*+kn(2+n)— K (1+2n)] A3,

fiz = —2(=2+k)(2+k—n)*A3,

fas = —4(=2+k)(k—n)*43,

fis = —2[K*+ k(1 —2n) — (n—2)° + k(n? — 4)] A2,
fis = —2[-4+K —n’+kn(2+n)— k(14 2n)] A3.

The solution to equation (6.312) is given by

_ (ntk) (=n-+k)

ug = Agr~ 2+ Agr 2z 4 y(r),

where Az and A4 are constants,

y(r) = Cyr 77" 4 Cor™ 17" 4 Cyr =1,

and
Cq = Zcqjaja q=12,3,
j=1
in which
c1; = J;‘_11j7 C1 :2(2+k+n)(2+3k+n)<a1"‘2@2)7
6 — J;_%‘; Cy = —2(~2+k —n)(2+ k +n)(ar + 2a2),
e = 1B G = 2(=24 k—n)(=2 + 3k — n)(as + 202).

(6.322)

(6.323)

(6.324)

(6.325)

(6.326)
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Constants A3 and A4 must be determined from boundary conditions (6.315); 3, which

from (6.300), (??), and (6.316) can be written as

(6.327)

[(a1 + 2ag)r™uly + 1~ ayuy + (Bit)l,—p, = —Dipi,
[(al + 2@2)7’nu,2 + 7“_1+nalu2 + (]3*1)11],:]{‘3 = —Dcpe,

where

—2—k—n) (

D; =R (A, + R¥A,), D, = RE A+ REAS) (6.328)

and

(Bu)u = Y _ Aj(r) = aj. (6.329)

in which

1
A(r) = < [12+k2+2k(n—2)—4n+n2} A% 2k

8

1

3 [12+ k* — 2k (n — 2) — dn + n®] A3 rtF +

(12 — k* — dn + n?)

4r2 A1A27
1 2 2
Mo(r) = =7 [(k+n)® AT r2F 4 (k= n)® A3 r204] + (kz—f)thz,
r

1
As(r) = =2+ k+n)" ALr* 4+ 24+ b —n)" A5y + (6.330)

[(n —2)* — k7]

1
Ay(r) = —3 [(k+n) A} r=2% — (k —n) A3 r—2™F] — nAleQ,
r

1
As(r) = 1 [k +2k(n—1) +n(n—2)] A} r > %+

1

1 [* — 2k (n— 1) +n(n—2)] A3 r > +

[—kz + (n — 2)77,] AlAQ

272 ’

1 2 _ 1.2

Ag(r) = 1 [(k+ n)? A2 =27k 4 (K —n)? A2 r ] 4 Gt i 2k )A1A2.
r
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It results
6 2
Z ngaj + Z ngA]
Ao — i=1 =1 6.331
3 [(—2+ & + 1) ar + 2(k + n)as] (R — RF)’ (@330
6 2
> Fujaj+ 3 GujA;
A = = =
b @+ k—n)a +2(k — n)ag] (RE— RE)’
where

L -n n
Fy = 2(3’;35(“’“ A (R — REFTIRRA (R ) Zb O, (6.332)

Fy = 2<R’§Rf(2+k " No(Ry) — 2T REAL(R ) Zd o,

in which
by = —2(k+ )Rz( 2—k— nRg( 2—k—n) [RQ (2+3k-+n) R2 2+3k+n)},
l_ —n 1/ _n
by = 2n[ 3 (-2t )Rf—RSRf( 2+k )}’
_ _n _n n _k k n
by = 20k+mR RS RIRY - AR (6333)
dy = _4<1+k+n)R§(727k7n)R%(72 k—n) [Rz (2+3k+n) R%(2+3k+n)]’
d2 — _4(1_’_n)R§(*2+k7n)R%(*2+k n) [ 6%(ZJrkJrn) _R%(2+k+n)}7
— n o _ _n n k k n
dy = A(-1+k—mRERCE RETR - R
3
Fa = 2 (RPN R) - BECRIAR)) £ 3050, (633
j=1
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in which
b, — ok +n)R§(fon)R§(727kfn) [Re%(2+k+n) B R§(2+k+n)] 7
by — 2n R%(—%—k—n) B R%(—Q-l—k—n)]
_ _1_n __q1_n n 3k 3k n
by = 2(k+n)R. R ? [Ri*? 2 _ R2 Ri“ﬂ, (6.335)
671 _ _4(1 . n)R§(727k7n)Ri%(f2fkfn) [Re%(2+k+n) B R?(Hkm)} ’
- _1-n __q1_n n _k kE n
dy = —4(1+n)R. PR ? [Ri“R; - gR}*?] ,
_ _1_n __q1_n n 3k 3k n
dy = 4(-1+k—n)R. R [Ri*?R} R R,
Fy = 2 [R‘;RE(”’“ ARy — Rg‘“’“*”’RfAl(Re)] , (6.336)
F4l — 9 |:RZ§(2+/€7H)AZ(RZ) . Reg(QJrkfn)Al(Re)} 7 ] — 3’ 6,
and
Gsi = 2(piRFR;™ — p.R;™RF), (6.337)
Gs2 = 2RERI(piR;™ —peR."™),
Gn = 2(piR" —p.R.™), (6.338)

G = 2(pRI™™ —p.RET™).

It is possible to verify from the expressions of the applied first and second-order loads
(6.306) and (6.316) and the symmetry of the displacement (6.304) that the compatibility

conditions (4.106) and (4.107) are satisfied.
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6.10 Homogeneous Isotropic Solutions

The homogeneous isotropic displacements are recovered from (6.309) and (6.323) on let-
ting n — 0 (so that, owing to (6.310), & — 2). Moreover, functions (6.302) reduce to

classic material moduli of homogeneous elastic bodies, i.e.

a; = )\7 G = [,
A;+o = 61-, 1= ]_, 4,

where \ and p are the Lamé coefficients and constants [3.s are the second-order elastic-
ities of the material. Thus, from (6.309) and (6.311) the first-order displacement u, (r)

becomes

A _
uy(r) = 71 + Ayr, (6.339)

where

~ RR’(pe—pi) - pR2 — p; R?
1, = ikt A, = e — Pitti 6.340
LT (B T 30 o) (- ) (6.340)

and coincides with the first-order solution found in [?].
In order to find the expression of the homogeneous second-order displacement uy(r),
we start from noting that as n — 0, from (6.325) and (6.326), we obtain

~ (a1 —ag— a4+ ag)

B 2(a1 + 2as) v

- laf —2a3 (2a5 + as + as5) + ay (—3az — a4 + ag)]
B 2(ay + ag)(a; + 2a2)

~ [a3 + 2ay (—ay + a5 + ag) + a1 (—bag + 4az + ag + 4as + 3ag)]

Oy — — A3,
3 2(a1 + as)(ar + 2as) 2

A, Ay, (6.341)

in which we have used the notation

n—0
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In fact, as n — 0, from (6.321), (6.322), and (6.326) 3 it can be seen that while

f?j:f3j:07 ]:1a6a 62263:0’

their ratios

S Sa
— b) —_ )

Co C3

tend to a finite value.
Therefore, from (6.323) and (6.324) it follows that the homogeneous second order

displacement assumes the following form

Dy, C
U2:D17’+72+r—31>

where
D, = Ay + C4 Dy = As + Cs.

and As, A, are the values of constants A; and A, in the limit as n — 0. From (6.331)-

(6.338) and (6.341), it can be seen that constants D, and D, can be written as

4
Dy =Dy + Y _ Dyaja, q=1,2, (6.342)
j=1
where
DqO :f?qo— (al _a%)fq_hqa Dql :gqu Dq2 :gq2+fqa (6343)
Dys = gg3, Dga = Gga — fq
in which we have introduced the notations
. RIT(Ry) — RIT(R.) . RIRZ[T;(R) —Ty(R.)] .
i — 925 = ]:07"'749

= 5y + ag)(R2 — R?) a5 (R2 — R2)

(6.344)
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o= A} (ar + 3a,) By — —Ay(R2pi — R2pe) + Ai(pe — pi)
1 ! 2(&1 + CLQ)(R? - Rzz) ’

2((11 + ag)(al + 2@2)R3RZ-2’
A}(ay + 3a,) (R} + R?) _ AR2R%(p. — pi) + A1 (R?pe — R?p;)
B 2a5(R? — R?) ’

= h
f2 2a2(a1 + 2@2)R§R22 ’ 2

and

FO = A% (3&1 - CLQ) +

r? r4 ’
_ ., A2 _, 24,A
_ 2 ) 1 o A2 1A
. A? 24,A
o 2 1 1412
Ly = A+ -—3—

which coincides with the second-order solution found in.(4.165) - (4.170).
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6.11 The Program FGHollowCylinder

Aim of the Program

The program FGHollowCylinder provides analytical expressions for displace-
ments and stresses induced in a functionally graded hollow cylinder by uniform pressures
applied to its inner and outer surfaces. The cylinder material is isotropic second-order elas-
tic with all material moduli having similar variation in the radial direction (see Section
6.3 for an exhaustive description of the problem). The results obtained using the program
FGHollowCylinder allow a complete analysis of the first and second-order state of
deformation and stress of the cylinder. Further they can be specialized to the case of the
pressurized cylindrical cavity in an infinite space and can be used to design an experimental

procedure to measure the second order elastic constant b,.

Description of the Algorithm

Theoretical bases of the program are provided in Sections 4.2 and 6.2. The program
allows to obtain a symbolic form of first and second-order quantities which characterize
the response of the cylinder to the applied loads. In particular first and second-order dis-
placements are obtained together with radial, hoop, and axial stresses. The algorithm is
structured in such a way to obtain the cylinder response for different material constitutions.
In other words it is possible to vary in input the dependence of the elastic moduli upon the
radial coordinate and the grade n of the nonhomogeneous material (see equations (6.204)

and (6.287)). This means that the program can be usefully used to make a comparison be-
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tween two different nonhomogeneous material responses and between a homogeneous and

a nonhomogeneous material response.
Command Line of the Program FGHollowCylinder

FGHollowCylinder [Nint, Next, fint, fext, matmod, grad]

Input Data

Nint = unit vector field normal to the inner surface of the hollow cylinder;

Next = unit vector field normal to the outer surface of the hollow cylinder;

fint = hydrostatic pressure applied to the inner surface of the hollow cylinder;

fext = hydrostatic pressure applied to the outer surface of the hollow cylinder;

matmod = constitutive relations giving the dependence of the elastic moduli upon

the radial coordinate r;

grad = grade of the functionally graded material.

Output Data

Metric tensor is the metric tensor (g;;) in cylindrical coordinates;
. . . . -1
Inverse Metric Tensor is the inverse metric tensor (g;;) ;

Non-zero Christoffel Symbols are the Christoffel symbols Ffj different

from zero;

First-order Displacement Gradient Hjy;



6.11 The Program FGHollowCylinder 133

First-order Strain Tensor Ej;

First-order Incompressibility Condition;
First-order Displacement uy(r);

First-order First Piola-Kirchhoff Stress Tensor T,
First-order Equilibrium Boundary Value Problem;
First-order pressure pi(r);

First-order Radial Stress ﬂg%

First-order Hoop Stress Z%%

First-order Axial Stress TS%

Second-order Displacement Gradient Hoy;
Second-order Strain Tensor E;

First Invariant of the Second-order Displacement Gradient

Second Invariant of the Fisrt-Order Deformation Gradient Hj;
Second-order Incompressibility Condition;

Second-order Displacement us(r);

Second-order Stress Tensor T,o;

Non-zero Components of Tensor B.;

Second-order Components of the applied loads t,o;
Second-order Equilibrium Boundary Value Problem;

Second-order Pressure po(r);
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First-order Fields: is a synthetic list of first-order relevant quantities (dis-
placement and pressure fields);

Second-order Fields: second-order displacement and pressure fields;

Second-order Radial Stress T,n(f);

Second-order Hoop Stress Te(g);

Second-order Axial Stress Tz(f).
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