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Two monks were arguing about a flag. One said:

"The flag is moving."

The other said:

"The wind is moving."

The sixth patriarch happened to be passing by. He told them:

“Not the wind, not the flag; mind is moving.”

Mumonkan - Case 29: Not the Wind, Not the Flag

“Swans”, 1956, wood engraving, Escher M.C.
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Abstract

The main aim of this thesis is to show the viability of Extended Theories of Gravity in substi-
tuting General Relativity-based cosmological models in the explanation of Universe Dynamics
and Origin.

After a brief review of all the questions posed by General Relativity and all the possible
solutions to these ones, we start to describe deeper one of the alternative approaches to Gravity
and Universe, namely the Extended Theories of Gravity.

In this context we have chosen to work with a particular class of these theories, the f(R-
gravity models, so named because of starting from a general gravitational lagrangian, where
the classical R term of the Hilbert-Einstein one is substituted by a general function f(R).

We will start with a brief review of history, motivations, pros and cons of these approaches.
We also review some results from literature about the cosmological mimicking of dark compo-
nents as a curvature (i.e. geometrical) effect of f(R) geometry and the possibility to explain
rotational curves of spiral galaxies.

Then we pass to the original works presented in these pages. We think that we can extract
three main characteristics of our work:

• We have never adopted a particular, well defined f(R) model, in contrast with other
works; we have always tried to work in the most general hypothesis it was possible.
When we will show results of our analysis on clusters of galaxies, it is important to un-
derline that they only rely on the assumption of an analytical Taylor expandable f(R),
without any other specification. In the case of cosmological applications, namely in
the Cosmography chapter, we could say that we have worked in an even more general
scenario: we chose Cosmography because it is a model independent approach to ob-
servational data, so we have no basic hypothesis not only on the mathematical form of
the f(R)- model, but even on the nature of the universe dynamics (General Relativity
or f(R) one);

• Starting from previous point we have tried to give constraints to the hypothetical form
of the f(R)-theories: we have derived values of some of the parameters that a viable
f(R)-model should have to explain some of the question we have explored (mass profile



ii

of clusters of galaxies). We have also explored connections between General Relativity-
based (dark energy ones) and f(R)-based models (in cosmography) studying their
mutual mimicking ability and the possibility of discriminate between them;

• Last, but not least, our analysis has the important merit of having a strong predictive
power, so that it can be confirmed or confuted by comparing with some tests. From the
Cosmography-based analysis, we are strongly dependent on the experimental possibili-
ties of future surveys: if we will not have measurements within a certain sensibility range
we were not be able (or we will have few possibilities) to discriminate what approach is
right and what one is wrong. On the contrary, in the case of clusters of galaxies, we are
able to do predicitions on results which could come from the application of f(R)-models
to different scales of gravitational systems (galaxies, solar system). If these predictions
were exact, then we would have a solid and well founded theoretical model of gravity
in alternative to General Relativity.

Even if many results we had make us confident to be on the right way, it is important to
underline also that our work is always built on a conservative hypothesis. We don’t think that
f(R) gravity is not the theory of gravity (like General Relativity is not), but it is an important
and interesting toy model which can take us nearer an effective and deeper comprehension of
gravity.
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CHAPTER 1

Introduction

1.1 Poetics of Gravity

Is there any man in the world who can affirm not knowing gravity? Surely not.
Gravity is probably the “most fundamental” of the fundamental forces we know to be in the
universe. Even if we were not be able to find words to define it, we would have the every-day
experience testifying its presence.
Why are we afraid to fall down when flying? Why cannot we touch sun and stars when
jumping? And now, let’s take a look to the nature: why are the highest branches of trees
thinner and shorter than the lowest ones? Why is mount Everest “only” 8848 meters high and
not 10000 or 100000? Why do rain drench our clothes instead of aliens’ ones?
We have experience of gravity for all our life starting from our birth; after primary school we
learn to say the word “gravity” and during college we learn to call with this name the hidden
cause of any of the events we have spoken before. . . and of many many many other things. . .
Moreover gravity is also the most enigmatic force we know: we are not able to understand it
in all its entirety just because we cannot study it from “outside”, we are inside it everywhere,
and probably without it man beings would not exist.
But we (who is writing) are not poets or philosophers: we are trying to be scientists.
So we need a definition for gravity; we need a mathematical description of gravity; we need to
imagine experiments or places or physics where there is no gravity.
In few words: we need and want to study and understand gravity.
And how can we do this? What are our instruments?
It is obvious we cannot go in any place of the universe we want with our Cavendish balance
to measure gravity. We could extrapolate our knowledge of gravity to any dimensional scale
out to border of universe.
But: would be this right? Can we use “now” and “here” as synonyms of “always” and
“everywhere”? What a boring universe would be if this was right! But we think that a
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negative answer would be considered a wise and conservative answer by many men (and many
scientists).
We will see that the story is not so linear. There are now two scientific “thinking schools”,
or two Zen monks (like the two ones in the starting epigraph) who explain the same things in
two completely different ways.
Who is right and who is wrong? Unfortunately nowadays nothing and nobody is able to
discriminate between the two monks. We agree that we can make all the possible technical
or theoretical disquisitions but the truth can be found only comparing theory with data from
reality.
For this reason in this thesis we will propose and describe a particular view of the question we
are going to face with giving also a strong correlation with what now we are able to found out
from what is around us.
To start we need to start thinking to the possible answer to these questions:

What we know about gravity in a scientific way?
What can we find out from reality?
What are the possible solutions?

1.2 Brief History of Gravitational Theory

The answer to the first question is a good reason to give a brief historical summary of the
evolution of gravity in science.
The XVII century was the starting milestone of gravitational theory greeting to Galileo and
Newton. Galileo was the first scientist to conceive an experiment to test gravity; his pendulum
and the spheres he threw down the Leaning tower of Pisa, are studied as the realization of his
idea of the experimental method, which is now one of the principles of our scientific way of
reasoning and investigating nature.
But Galileo only tested terrestrial gravity.
It was Newton who first formulated a theory of gravitation unifying terrestrial and celestial
worlds, the apple falling down the tree and the Moon going around the Earth. The summa of
its theoretical apparatus was the most famous law of inverse-square gravitational force: two
massive bodies, m1 and m2, located in the space at positions −→r1 and −→r2, attract mutually
each other with a gravitational force given by:

−→F =
Gm1 m2

|−→r2 −−→r1|3 (−→r2 −−→r1) (1.1)

where G is the notorius gravitational constant. All we know that any event requiring gravity
in our local world is very well described by this mathematical law. But now we are more
interested in the theoretical background of this formula: what were the key ideas of Newton?
He assumed:

• Space and Time are absolute entities;

• the Equivalence of Inertial and Gravitational mass (the now-called Weak Equivalence
Principle).

And we can also add another not explicit idea:

• the numerical factor G is a universal constant.
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How long did Newton’s conceptual basis of gravity stay untouched?
Answer to this question is historically related to another problem. We have before underlined
that Newton’s gravitational law is able to describe events in our local world.
But what does local mean? How large is this local world?
In this case Nature has joked us: in the XIX century it gave a triumph and a failure of New-
tonian theory at the same time.
Using Newton’s law, John Couch Adams and Urbain Le Verrier predicted the exact orbits and
position of planets in Solar System. From their calculations it was possible to explain the
particular motion of Uranus as depending on the presence of a new planet in the Solar System,
which was later discovered and named Neptune. But with the same calculations, precessional
perturbations in the orbit of Mercury were found. And these ones could not be described by
Newton’s gravitational theory without supposing another planet being in the system. But it
was never found (and it doesn’t exist!).

This was not the only hit to Newton’s theory. At the end of XIX century Ernst Mach
stated what was later called by Albert Einstein, “Mach’s principle”, which can be considered
the anti-formulation of Newton’s idea of Space and Time as absolute entities. Einstein stated
the principle saying: “. . . inertia originates in a kind of interaction between bodies. . . ”.
So the new idea is that the inertia of any system is given by the interaction of it with all the
universe and depends on its motion with respect to all the other bodies in the universe. We
have no more an inertia relative to the absolute frame of space; the local inertial frame is deter-
mined by some average of the motion of distant astronomical objects. Another interpretation
of Mach’s principle was given by Dicke and is related to the gravitational constant: if inertia
depends on the mass distribution on the universe, is G really a constant? The gravitational
coupling G can be scale-dependent and related to some scalar field. As a consequence, the
concept of “inertia” and the Equivalence Principle have to be revised.

All these questions found a new re-formulation in the mirabilis XX century, with Albert
Einstein and his Special Theory of Relativity and General Theory of Relativity. With the Special
Relativity Einstein was intended to face with the compatibility problem between mechanics and
electro-magnetism; clearly it was a non gravitational problem. But he obtained the definitive
formalization of space and time as non absolute entities (and more: they have to be considered
together as a unique coordinates system). The new question now was that Special Relativity
was able to describe all the inertial frames but not the accelerated systems (like a gravitational
one); the generalization of his ideas to these systems came with the General Relativity. At that
time we were in a world where no absolute concepts existed, where inertial and gravitational
mass were the same and data from observations were well fitted by the new theory. Mercury
precession (already observed) and the gravitational deflection of light by Sun (predicted for
the first time) were successfully verified and explained, solving the open questions of Newton’s
gravitational theory.

Let’s take a breath now and give a brief summary of the conceptual evolution of gravity.
We may say:

Newton build up the first complete theoretical apparatus of gravitational theory

⇓
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Comparing with observations there were some problems
We need a new formulation of gravity

⇓
Einstein formulated his Theory of General Relativity

⇓
General Relativity has solved previous problems

Are there other new questions fighting against General Relativity?

It is useful to remember that General Relativity contains Newton’s gravity as a limited
case: working in some range of gravitational field strength and velocities, General Relativity
reduces to Newton’s theory.
Then what is important to underline at this steps is that General Relativity is the complete
theory of gravity and any result from observation has to be compared with it. Any failure in
this context can be explained in two ways:

• Data are wrong, or our interpretation of data is wrong;

• General Relativity is wrong, or, in a conservative approach, it has to be modified.

Then we poses another dilemma:

General Relativity, or Not General Relativity: that is the question.

1.3 Shortcomings of General Relativity
Now we want to find an answer to the second question we posed in the preparatory section:
What can we find out from reality?
Without doubts the weight and influence of General Relativity on history of science and on
human approach to questions not only of scientific relevance but also more than scientific
(where does universe come from? what is the fate of the universe?) is extremely powerful.
But are we sure that the General Relativity is THE theory of gravitation? Is it possible that it
could come into problems like it happened for Newtonian formulation in the past?
The answer is positive and the found shortcomings are related both to many theoretical aspects
and to observational results. In this chapter we will try to summarize these problems. An
important issue has to be underlined: even if there are many problems, the reaction of scientific
community is not uniform. The two Zen monks we were speaking in previous section and in the
epigraph define very well the debate and the two possible answers to the breakout of General
Relativity. In a very simple scheme we can summarize the guide lines of these two views:

• There are problems with General Relativity: these ones depend on some unknown
and invisible ingredients which we have not yet discovered (the so called dark energy
and dark matter components). But the fundamental requirement is that the General
Relativity still remains the definitive gravitational theory. In this class of solutions is the
so-called Consensus Cosmological Model, the ΛCDM model, the Λ Cold Dark Matter
Model. It is interesting that this model is referred to as a consensus model, namely
the model which picks up the greatest number of agreements in scientific community
giving its greatest number of successes (with respect of other models) in comparing
with observational data;
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• There are problems with General Relativity: our knowledge of gravity is not complete
(this one sounds like a sort of declaration of ignorance). We don’t need to request
for the existence of some unknown ingredients in the dynamics of universe; instead
we investigate and study possible breakouts and extensions of General Relativity, even
in a wider theoretical apparatus which contains General Relativity as a limit, such as
Newton’s theory is a limit in General Relativity. Some of the most fruitful alternative
approaches to General Relativity are the Extended Theories of Gravity, which have
become a sort of paradigm in the study of gravitational interaction.

This classification is simple only at a first sight; inside each view there is a plethora of competing
theories and it is really difficult to orientate among them. Unfortunately we have not the
possibility to discriminate among them at the moment; but it is important and useful to
understand the war horses of anyone.

1.4 General Relativity and Quantum Field The-
ory

In the last thirty years, several shortcomings came out in the Einstein theory and people began
to investigate whether General Relativity is the only fundamental theory capable of explaining
the gravitational interaction. Such issues come, essentially, from cosmology and quantum field
theory.
What about Quantum Field Theory? General Relativity and Quantum Field are clearly the
two pillars of modern physics. Each one describing its range of physical phenomena: General
Relativity is for gravitational systems and non-inertial frames from a classical point of view or
on large scales, while Quantum Field Theory is valid in high energy regimes and smaller scales
where a classical description is no more possible.
What happens if we have a strong gravitational field at small quantum scales? Are the two
theories compatible? Of course there is no precise proof that gravity should have some quan-
tum representation at high energies or small scales. Then the gravitational interaction is so
weak that the scale where one expects non-classical behaviour of gravity is about 10−33 cm.
Clearly, this is a non-accessible scale by our experiments and instruments now and probably in
the future too.
The unification of these two pillars is expected and preferred for many reasons [52, 195]; but
the conceptual assumptions they are based on seem to be irreconcilable. Quantum Field The-
ory considers time a given entity and spacetime a fixed arena where phenomena take place;
for General Relativity time is dynamical and not such a relevant concept. Then in Quantum
Field Theory there is the Heisenberg’s uncertainty principle, which is not present in General
Relativity being this one a classical theory.
Finally: General Relativity is a classical theory which does not work as a fundamental theory
when one wants to achieve a full quantum description of spacetime (and then of gravity).
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1.5 The Standard Cosmological Model

1.5.1 Overview

While things on small scales are quite doubtful, on larger scale we expect that gravitational
interaction is the most important of the fundamental forces. So gravity should be the force
which drives the cosmological evolution.
From a phenomenological point of view, there are some minimal requirements that any relativis-
tic theory of gravity has to match. First of all, it has to explain the astrophysical observations
(e.g. the orbits of planets, the potential of self-gravitating structures). This means that it has
to reproduce the Newtonian dynamics in the weak-energy limit. Besides, it has to pass the
classical Solar System tests which are all experimentally well founded.
As second step, it should reproduce galactic dynamics considering the observed baryonic con-
stituents (e.g. luminous components as stars, sub-luminous components as planets, dust and
gas), radiation and Newtonian potential which is, by assumption, extrapolated to galactic
scales.
Thirdly, it should address the problem of large scale structure (e.g. clustering of galaxies)
and finally cosmological dynamics, which means to reproduce, in a self-consistent way, the
cosmological parameters as the expansion rate, the Hubble constant, the density parameter
and so on. Observations and experiments, essentially, probe the standard baryonic matter, the
radiation and an attractive overall interaction, acting at all scales and depending on distance:
the gravity.
The simplest theory which try to satisfies the above requirements is the Theory of General
Relativity. As we have said it is firstly based on the assumption that space and time have to
be entangled into a single spacetime structure, which, in the limit of no gravitational forces,
has to reproduce the Minkowski spacetime structure. Einstein profitted also of ideas earlier
put forward by Riemann, who stated that the Universe should be a curved manifold and that
its curvature should be established on the basis of astronomical observations.
In other words, the distribution of matter has to influence point by point the local curvature of
the spacetime structure. The theory, eventually formulated by Einstein in 1915, was strongly
based on three assumptions that the Physics of Gravitation has to satisfy.
The “Principle of Relativity”, that amounts to require all frames to be good frames for Physics,
so that no preferred inertial frame should be chosen a priori (if any exist).
The “Principle of Equivalence”, that amounts to require inertial effects to be locally indistin-
guishable from gravitational effects (in a sense, the equivalence between the inertial and the
gravitational mass).
The “Principle of General Covariance”, that requires field equations to be ”generally covari-
ant” (today, we would better say to be invariant under the action of the group of all spacetime
diffeomorphisms).
And - on the top of these three principles - the requirement that causality has to be preserved
(the “Principle of Causality”, i.e. that each point of spacetime should admit a universally valid
notion of past, present and future).
Let us also recall that the older Newtonian theory of spacetime and gravitation - that Einstein
wanted to reproduce at least in the limit of small gravitational forces (what is called today the
“post-Newtonian approximation”) - required space and time to be absolute entities, particles
moving in a preferred inertial frame following curved trajectories, the curvature of which (i.e.,
the acceleration) had to be determined as a function of the sources (i.e., the “forces”).
On these bases, Einstein was led to postulate that the gravitational forces have to be expressed
by the curvature of a metric tensor field ds2 = gµνdxµdxν on a four-dimensional spacetime
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manifold, having the same signature of Minkowski metric, i.e., the so-called “Lorentzian sig-
nature”, herewith assumed to be (+,−,−,−). He also postulated that spacetime is curved
in itself and that its curvature is locally determined by the distribution of the sources, i.e. -
being spacetime a continuum - by the four-dimensional generalization of what in Continuum
Mechanics is called the “matter stress-energy tensor”, i.e. a rank-two (symmetric) tensor Tm

µν .
Once a metric gµν is given, its curvature is expressed by the Riemann (curvature) tensor

Rα
βµν = Γα

βν,µ − Γα
βµ,ν + Γσ

βνΓα
σµ − Γσ

βµΓα
σν (1.2)

where the comas are partial derivatives. Its contraction

Rα
µαν = Rµν , (1.3)

is the “Ricci tensor” and the scalar

R = Rµ
µ = gµνRµν , (1.4)

is called the “scalar curvature” of gµν . Einstein was led to postulate the following equations
for the dynamics of gravitational forces

Rµν =
κ

2
Tm

µν (1.5)

where κ = 8πG, with c = 1, is a coupling constant. These equations turned out to be
physically and mathematically unsatisfactory.
As Hilbert pointed out, they were not of a variational origin, i.e. there was no Lagrangian
able to reproduce them exactly (this is slightly wrong, but this remark is unessential here).
Einstein replied that he knew that the equations were physically unsatisfactory, since they were
contrasting with the continuity equation of any reasonable kind of matter. Assuming that
matter is given as a perfect fluid, that is

Tm
µν = (p + ρ)uµuν − pgµν (1.6)

where uµuν is a comoving observer, p is the pressure and ρ the density of the fluid, then the
continuity equation requires Tm

µν to be covariantly constant, i.e. to satisfy the conservation
law

∇µTm
µν = 0 (1.7)

where ∇µ denotes the covariant derivative with respect to the metric.
In fact, it is not true that ∇µRµν vanishes (unless R = 0). Einstein and Hilbert reached
independently the conclusion that the wrong field equations had to be replaced by the correct
ones

Gµν = 8πG Tm
µν (1.8)

where

Gµν = Rµν − 1
2
gµνR (1.9)

that is currently called the “Einstein tensor” of gµν . These equations are both variational and
satisfy the conservation laws since the following relation holds

∇µGµν = 0 (1.10)

as a byproduct of the so-called “Bianchi identities” that the curvature tensor of gµν has to
satisfy.
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The Lagrangian that allows to obtain the field equations is the sum of a “matter Lagrangian”
Lm, the variational derivative of which is exactly Tm

µν , i.e.

Tm
µν =

δLm

δgµν
(1.11)

and of a “gravitational Lagrangian”, currently called the Hilbert-Einstein Lagrangian

LHE = gµνRµν

√−g = R
√−g (1.12)

where
√−g denotes the square root of the value of the determinant of the metric gµν .

Under the assumptions of homogeneity and isotropy, the metric can take the form

ds2 = −dt2 + a2(t)
[

dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

]
, (1.13)

known as the Friedmann-Lemâitre-Robertson-Walker metric (FLRW). k = −1, 0, 1 according
to whether the universe is hyperspherical (“closed”), spatially flat, or hyperbolic (“open”) and
a(t) is called scale factor. Inserting this metric in Eq.(1.9) and using Eq.(1.6) one gets the
following equations, the Friedmann equations:

(
ȧ

a

)2

=
8πG

3
ρ− k

a2
, (1.14)

ä

a
= −4πG

3
(ρ + 3p), (1.15)

where an overdot denotes differentiation with respect to coordinate time t. By imposing ho-
mogeneity and isotropy as unchanged characteristics of the universe, the evolution is affected
by the only remaining variable: the scale factor a(t). Friedmann equations are differential
equations in the scale factor and tell us about the velocity and the acceleration of the expan-
sion or contraction of the universe.
According to Big Bang theory the universe starts expanding with some initial velocity; modality
of expansions depends on the quantity of matter and on the geometric properties of the uni-
verse. If k = 0 the universe is spatially flat and from Eq.(1.14) implies that it has to become
infinite, with ρ approaching zero, in order for the expansion to halt. If k = 1 expansion can
halt at a finite density at which the matter contribution is balanced by the k-term; in this
case the universe will stop to expanding and will recollapse. For k = −1 even if matter is
completely dissolved, curvature will drive expansion which can never halt and lasts forever.
From Eq.(1.15) we see that the acceleration of expansion is not driven by curvature, but only
by matter content; it states an expected and simple intuition: gravitational interaction is al-
ways attractive (because of the ordinary matter pressure is positive).
We can say that Friedmann equations state well-defined conclusions:
If, according to Big Bang scenario, the universe is expanding, then, with General Rela-
tivity and ordinary matter considerations, the expansion should always be decelerated.

1.5.2 Problems

Are the hypothesis of homogeneity and isotropy valid for any time in cosmic evolution? Is the
description of the Universe with Big Bang and Friedmann equations self-consistent and able
to describe finely cosmic dynamics? There are no simple answer to these questions if even the
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idea that the expansion should always be decelerated is not so strong. Why?
Given that the speed of light and consequently of any signal carrying information is finite, in
the Big Bang scenario not every region of spacetime is accessible to us. If we define “particle
horizon” the maximum distance from which a point in space can receive information, we define
“universe” the part of the universe inside the particle horizon and which is causally connected
with us. It is possible to have two different regions in the universe which are both accessible
and causally-connected with us but are not causally-connected each other; they are inside our
particle horizon but they are out their reciprocal particle horizons.
It is also intuitive that region which are causally connected can be homogeneous having had
time to interact; at the same time homogeneity of regions which are not causally connected
can only derive from some initial homogeneity of the universe giving that they had not time
to interact.
Giving our knowledge of the age of the universe (giving the maximum distance that light could
have walked) and the notion of causality, the universe we observe is homogeneous on scales
larger than what we expect; this problem is known as the horizon problem. So it seems
that homogeneity should be considered as an initial condition in studying the evolution of the
universe. The problem is taken to points of extreme relevance if one considers also that actually
the microwave background is not perfectly isotropic, but instead exhibits small fluctuations.
These irregularities are thought to represent the seeds from which structures in the Universe
grow. For the same reason that one cannot have thermalize separated regions, one cannot also
create an irregularity; so in the standard Big Bang theory one cannot have a theory allowing
the generation of the seed perturbations, which have to be there already.
Another problem is the so called flatness problem. Consider the Eq.(1.14); the Hubble
parameter H is defined as

H ≡ ȧ/a . (1.16)

We can use it to define the critical density

ρc =
3H2

8πG
, (1.17)

which is the density which would make the 3-geometry flat. From critical density we can define
the dimensionless parameters

Ω =
ρ

ρc
, (1.18)

Ωk = − k

a2H2
. (1.19)

With these one Eq.(1.14) becomes
Ω + Ωk = 1 (1.20)

The dimensionless quantities Ω and Ωk are measurable, and it is known that Ω is very close to
1. Extrapolating in the past this means that Ω would have had to be even closer to 1, making
the contribution of Ωk (and k) exponentially small. The fact that Ω seems to be so close to 1
is not a dynamical consequence of evolution but it appears as a strange coincidence deriving
from some fine tuning of the initial conditions.
A possible solution to all these problems is the inflationary cosmology; it is not a replacement
of Big Bang cosmology but an add-on that occurs at very early times without disturbing any
of its successes and solving all its puzzles. The precise definition of inflation is simply an epoch
during which the scale factor of the Universe is accelerating

ä > 0 (1.21)
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or in a more physical definition
d

dt

1
aH

< 0 (1.22)

If inflation occurs then we solve the flatness problem, because from

Ω− 1 = Ωk =
k

a2H2
(1.23)

the condition for inflation is precisely the condition that Ω is driven toward 1 rather than away
from it. Also the horizon problem is solved: during inflation the comoving Hubble length (aH)
decreases dramatically allowing our entire present observable region to lie within a region that
was well inside the Hubble radius at the start of inflation. Any initial inhomogeneities finish
up on scales vastly larger than our observable universe.
Assuming that we work within General Relativity, the condition for inflation can be rewritten
as a requirement on the material driving the expansion. Directly from Eq.(1.15) we find

ρ + 3p < 0 (1.24)

Because we always assume ρ to be positive, it is necessary for p to be negative to satisfy
this condition, given that Eq.(1.15) is independent of the curvature of the Universe. But it
seems impossible for ordinary baryonic matter to satisfy this condition; so inflation can be only
achieved within the framework of General Relativity if some new form of matter field with
special characteristics is introduced.

1.5.3 Observations

While inflation gives a possible theoretical solution to some of the problems of Standard
Cosmological Model, we need to find proofs of this hypothesis. Nowadays we have different
independent instrument of investigation:

• Cosmic Microwave Background Radiation (CMBR): in the early universe, baryons,
photons and electrons formed a hot plasma, in which the mean free path of a photon
was very short due to constant interactions of the photons with the plasma through
Thompson scattering. However, due to the expansion of the universe and the sub-
sequent decrease of the temperature, it subsequently became energetically favourable
for electrons to combine with protons to form hydrogen (recombination epoch). This
allowed photons to travel freely through the space. This decoupling of photons from
matter is supposed to have taken place at a redshift z ≈ 1089, when the age of the
universe was about 380,000 years, or approximately 13.7 billion years ago. The photons
which left the last scattering surface at that time, then travelled freely through space
and have continued cooling since then. CMB was first detected in 1965 by Penzias
and Wilson: using a radiometer for radio astronomy observations and satellite commu-
nication experiments they found an excess of 3.5 K antenna temperature which they
could not explain. It was the CMBR theoretically predicted by Gamow in 1948. More
recent measurements of CMBR show that it has a black body spectrum correspond-
ing to approximately 2.7 K. In the first experiments (and until a good sensitivity was
not reached by instruments), CMBR appeared to be isotropous. However it was soon
realized that attention should be paid not to the overall isotropy, but on the small
fluctuations present in the CMBR, which reveal density fluctuations. The density fluc-
tuations indicated by the small anisotropies in the temperature of CMBR are believed to
act as seeds for gravitational collapse, leading to gravitationally bound systems which
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constitute the large scale matter structures of actual universe. This allows us to build
a coherent scenario about how these structure were formed and to explain the current
small inhomogeneities and anisotropies;

• Large Scale Structure (LSS): reading the standard evolutionary history of the universe
considering matter as the main character (and not photons just like in CMBR), one
obtains another observable quantity to understand universe: the Baryonic Acoustic
Oscillations (BAO). The key ingredients are: plasma (photons and gas-baryonic matter),
neutrinos and dark matter (non baryonic component). Let’s consider a small initial
perturbation (detectable as inhomogeneity in CMBR). Each one of the components has
a different behaviour with respect of perturbation:

– neutrinos don’t interact gravitationally so they are free to stream away from the
initial perturbation;

– dark matter moves only in response to gravity and has no intrinsic motion (it is
cold dark matter) so it sits in the perturbation location;

– photons and gas are mixed in plasma and are the dominant part of density per-
turbation.

While universe is expanding and cooling gas and photons are submitted to matter
oscillations: photons are hot and numerous, so the photon-gas fluid has a great internal
pressure; the initial perturbation is also an initial overpressure. This pressure tries to
equalize itself with the surroundings resulting in an expanding spherical wave. The
result is that gas and photons perturbation is carried outward. As time goes on, the
spherical shell of gas and photons continues to expand, neutrinos spread out and dark
matter collects in the overall density perturbation (attracting the background material
in that region), which is now considerably bigger because the photons and neutrinos
have left the center. Hence, the peak in the dark matter remains centrally concentrated
but with an increasing width. When we arrive at recombination epoch, photons begin
to slip past the gas particles: sound speed begins to drop and pressure wave slows down
and this continues until the photons have completely leaked out of the gas perturbation.
The photon perturbation begins to smooth itself out at the speed of light (just like the
neutrinos did). The photons travel (mostly) unimpeded until the present-day, where
we can record them as CMBR. At this point, the sound speed in the gas has dropped
to much less than the speed of light, so the pressure wave stalls. We are left with a
dark matter perturbation around the original center and a gas perturbation in a shell
about 150 Mpc (500 million light-years) in radius. As time goes on, however, these
two species gravitationally attract each other and both perturbations grow quickly in
response to the combined gravitational forces of both the dark matter and the gas.
At the end the spherical shell of the gas perturbation has imprinted itself in the dark
matter. This is known as the baryonic acoustic peak (BAO). At late times, galaxies
form in the regions that are overdense in gas and dark matter. For the most part, this
is driven by where the initial overdensities were, since we see that the dark matter has
clustered heavily around these initial locations. However, there is a 1% enhancement
in the regions 150 Mpc away from these initial overdensities. Currently there are many
surveys determining the distribution of galaxies and confirming the expected theoretical
peak;

• Type Ia Supernovae (SNeIa): these exploding stellar objects are believed to be ap-
proximately standard candles, namely astronomical objects with known luminosity and
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absolute magnitude. Therefore they can be used to reveal distances, leading to the
possibility of forming a redshift-distance relation and thereby measuring the expansion
of the universe at different redshifts. The Hubble diagram measured by both the Su-
pernova Cosmology Project and the High - z Team up to redshift z ∼ 1 ÷ 2, has been
the first evidence that the Universe is undergoing a phase of accelerated expansion.

What are the most important results coming from the mixed use of these observational
instruments of investigation? First of all the most recent CMBR data set coming from the
Five-Years WMAP (Wilkinson Microwave Anisotropy Prove experiment) observations gives a
95% confidence limit on deviation from the simple ΛCDM model (flat, gaussian, adiabatic,
power-law) on Ωk:

− 0.063 < Ωk < 0.017 (1.25)

while combining CMBR with BAO and SNeIa:

− 0.0728 < Ωk < 0.0087 (1.26)

From this we derive that Ω is very close to unity and the universe appears to be spatially flat,
Ωk ∼ 0,while the power spectrum of CMBR appears to be consistent with gaussianity and
adiabaticity. Both these results are in perfect agreement with the inflationary predictions.
But observational data take also other important results: even tough Ω is very close to unity,
the contribution of matter is only

Ωm ≈ 0.25 (1.27)

which means that matter contributes to universe for only the 25%. And the remaining 75%
what is made of? We need to introduce (in a General Relativity built model) an unknown
form of energy called dark energy. If one tries to model dark energy as a perfect fluid with
equation of state p = wρ then

wde = −0.972+0.061
−0.060 (68% limit), (1.28)

so that dark energy satisfies Eq.(1.23). Since it is the dominant energy component today, this
implies that the universe should be undergoing an accelerated expansion as well. This result
is also confirmed in an independent way by SNeIa surveys.
Between the two period of acceleration (inflation and the current one) there is the conven-
tional era of evolutionary cosmology: after inflation we have Big Bang nucleosynthesis with
the production of nuclei other than hydrogen. There are very strict bound on the abundances
of primordial light elements coming from observation and which don’t seem to allow signifi-
cant deviations from standard cosmology. Certainly nucleosynthesis took place during the so
called radiation dominated era, namely a period in which radiation was the most important
contribution to the energy of the universe. As it is well known the formation of structure, on
the contrary, requests the transition from a radiation-dominated to a matter-dominated era.
This transition is natural giving that matter density is inversely proportional to the volume, so
it is proportional to a−3, while radiation is proportional to a−4, so it decreases faster than the
matter energy density while universe expands.

At the end, we can summarize the current picture of evolution of universe giving the next
phases:

• Pre-Inflationary Era (probably a Quantum Gravity Era);

• Inflationary Era (we need it to solve some problems coming out the application of
Friedmann Equation, namely General Relativity, to the expansion of Universe);
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Figure 1.1: History of the Universe. In this schematic key events in the history of universe
and their associated time and energy scales are presented. There are also illustrated several
cosmological probes that provide us with information about the structure and the evolution
of the universe. Acronyms: BBN (Big Bang Nuclesynthesis), LSS (Large Scale Structure),
BAO (Baryonic Acoustic Oscillations), QSO (Quasi Stellar Objects; Quasars), Lyα (Lyman-
Alpha), CMB (Cosmic Microwave Background), Ia (Type Ia Supernovae), 21 cm (hydrogen
21 cm-transition).

• Radiation-dominated Era (for Nucleosynthesis);

• Matter-dominated Era (for the formation of gravitationally bound structures);

• Dark Energy Era (in the present the expansion of Universe is accelerating and not decel-
erating as we expect from General Relativity and the attractive nature of gravitational
interaction).

If at cosmological scales we have had to introduce dark energy, on astrophysical scales there
is a similar puzzle: even if the matter contribution is stated at 25%, observations indicate the
ordinary baryonic matter has a smaller contribute:

Ωb = 0.0462± 0.0015 (1.29)

which means that only the 4% of all the matter in the universe is made of our similar matter,
or the only known kind of matter, the baryonic one! This unknown kind of matter has been
defined dark matter; the definition dark comes from the possibility to detect it only via its
gravitational interaction with ordinary matter and not the electromagnetic one with photons,
so that it is optically invisible. So we cannot directly observe it and we can trace it only
analyzing dynamics of gravitational systems. It is interesting underline that this undetectable
component of the universe was already postulated, in an epoch were precision cosmological



16 1 Introduction

measurements were not possible: in 1933 Fritz Zwicky posed the “missing mass” question for
cluster of galaxies. Using the virial theorem he computed the mass of the Coma galaxy cluster
needed to account for the motion of galaxies near its edges, and compared it with the mass
obtained from galaxy counts and the total brightness of cluster. The virial mass turned out
to be larger by a factor of almost 400. And this was not the only case where the presence of
invisible matter was requested; the first compelling evidence for the existence of dark matter
came from the rotation curves of spiral galaxies. The velocity curves of stars as functions of
the radius did not appear to have the expected shapes: while from Newtonian dynamics we
expect to see them decreasing at large distances, they appear almost flat. Assuming Newton’s
gravitational theory right, this implies that there should be more matter than the luminous
one and this additional invisible matter has a different distribution within the galaxy (the dark
halo).

1.6 The ΛCDM model

What is the problem now? We have a cosmological scenario which has surely many strange
properties, but in our era of precision cosmology is also almost clear ; in a brief summary we
have that:

• The Universe is spatially flat (Ωk ≈ 0);

• The Universe is undergoing a phase of accelerated expansion (wde = −0.972);

• The Universe is now composed by a dominant unknown kind of energy, the dark energy
(ΩDE = 0.75), while matter is splitted in dark matter (non ordinary matter) (ΩDM ≈
0.25) and baryonic matter (Ωb = 0.0462).

What is the simplest model that agree with these data? It is defined ΛCDM model because
the key ingredient is the cosmological constant Λ which one needs to drive accelerated ex-
pansion.
The cosmological constant has an history longer than our knowledge of the previous param-
eters; it was first introduced by Einstein early after his formulation of General Relativity, for
deriving a solution of the field equations describing a static universe. The idea of a static
universe was later rapidly abandoned when Hubble discovered that the Universe is expanding.
Considering our actual necessities to explain the accelerated expansion, the cosmological con-
stant results to be extremely useful; if we allow the cosmological constant to be present in the
field equations, the Friedmann equations will be modified:

(
ȧ

a

)2

=
8πG

3
ρ +

Λ
3
− k

a2
, (1.30)

ä

a
=

Λ
3
− 4πG

3
(ρ + 3p). (1.31)

From Eq.(1.30) one infers that the universe can now enter a phase of accelerated expansion
once the cosmological constant term dominates over the matter term on the right side. On
the other hand if we define

Ωk =
Λ

3H2
(1.32)

than Eq.(1.19) now is
Ωm + Ωk + ΩΛ = 1 (1.33)
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In this sense the observations can be interpreted to mean that

ΩΛ ≈ 0.72 (1.34)

With these requirements and solutions the ΛCDM model is more than a phenomenological fit to
data: it is the simplest model that can fit the cosmic microwave background observations as well
the large scale structure observations and supernovae observations of accelerating expansion
of the universe with a remarkable agreement. As a phenomenological model, however, it gives
no insight about the nature of dark matter, or the reason of the presence of the cosmological
constant, neither does it justify the value of the latter. For a deeper inspection we can consider
the Eq.(1.8)

Gµν = 8πG Tm
µν ; (1.35)

the insertion of cosmological constant (and eventually dark matter) only modify the right
member but not the left one. So we add new ingredients but we still consider General Rel-
ativity as the right gravitational theory. Putting it into the form of a stress-energy tensor
Tµ

ν = diag(Λ,−Λ,−Λ,−Λ) it resembles a perfect fluid with equation of state p = −ρ, or
w = −1 which is in very good agreement with the value of wde = −0.972.
Once the cosmological term is considered to be a matter term, we could think of it as repre-
senting the vacuum energy associated with matter fields. From field theory one can effectively
associate cosmological constant to a non-vanishing vacuum density:

Λ = 8πG < ρ >, (1.36)

and using the standard model of particle physics it is possible estimate its value. Because of
some divergence problem from high-frequencies modes it is not possible to derive an exact
value for it. Considering as cutoff scale the Planck scale (MPlanck = 1018 Gev), which is a
typical scale at which the validity of classical gravity is becoming questionable, we have

ρΛ ≈ (1027 eV)4. (1.37)

On the other hand observations give

ρΛ ≈ (10−3 eV)4. (1.38)

There is a difference of 120 orders of magnitude which is too large to be attributed to a rough
approximation. This is the so called cosmological constant problem.
And this is not the only one. Another problem is defined as the coincidence problem. It is
apparent from data that ΩΛ ≈ 0.72 and Ωm ≈ 0.28 have comparable values today. However,
as the universe expands their fractional contributions change rapidly since

ΩΛ

Ωm
=

ρΛ

ρm
∝ a3. (1.39)

Since Λ is constant, ρΛ should once have been negligible compared to the energy densities of
matter and radiation and it will come to dominate completely at some point in the late time
universe. However, the striking fact is that the period of transition between matter domination
and cosmological constant domination is very short compared to cosmological time scales (in
the presence of a positive cosmological constant there is an infinite future in which Λ is
dominating). The problem is that we live exactly in this era; obviously the transition from
matter domination to cosmological constant domination, or, alternatively, from deceleration
to acceleration, would happen eventually. But why now?
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1.7 Solutions to ΛCDM model?
First of all let’s face with a problem: inflation solves many problems but how can we give a well
motivated theoretical background to it? This is an interesting question also because we know
that the inflation is characterized by an accelerated expansion; possible solutions to it could
be extended also to the actual acceleration and being substitutes of cosmological constant.
To obtain inflation, as long as one is convinced that gravity is well described by General
Relativity, we need material with the unusual property of a negative pressure. Such a material
is a scalar field, describing scalar particles. Although there has yet been no direct observation
of a fundamental scalar particle, such particles proliferate in modern particle physics.
A scalar field minimally coupled to gravity satisfies the Klein-Gordon equation

∇2φ + V ′(φ) = 0 (1.40)

The term V (φ) is the potential of the scalar field, which we might hope to derive from some
particle physics motivation. The prime denotes partial differentiation with respect the variable.
Assuming an homogeneous scalar field φ ≡ φ(t) we can derive expressions for the energy
density and pressure

ρφ =
1
2
φ̇2 + V (φ), (1.41)

pφ =
1
2
φ̇2 − V (φ). (1.42)

The equations of motion can be derived directly by substituting these relations into the Fried-
mann and continuity equations; assuming a spatially flat Universe, and that the scalar domi-
nates over both matter and radiation, we obtain

H2 ≈ 8πG

3

(
1
2
φ2 + V (φ)

)
(1.43)

and
φ̈ + 3Hφ̇ = −V ′(φ). (1.44)

From the forms of the effective energy density and pressure, the condition for inflation is
satisfied, provided that φ̇2 < V (φ); in fact wφ = pφ/ρφ approaches minus one when φ̇2 ¿
V (φ). The scalar field responsible for inflation is often called inflaton.
The standard approximation technique for analyzing inflation is the slow-roll approximation,
namely together with the condition φ̇2 < V (φ) we add φ̈ negligible. They are equivalent to
assess that the potential terms are dominant with respect to the kinetic terms, causing the
scalar to roll slowly from one value to another. With these conditions previous two relations
are

H2 ' 8πG

3
V (φ) , (1.45)

3Hφ̇ ' −V ′(φ) . (1.46)

For this approximation to be valid, it is necessary for two conditions to hold

ε(φ) ¿ 1 , (1.47)

|η(φ)| ¿ 1 , (1.48)

where the slow-roll parameters ε and ηare defined by

ε(φ) = 4πG

(
V ′

V

)2

, (1.49)
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η(φ) = 8πG
V ′′

V
. (1.50)

That these conditions are necessary for the slow-roll approximation to be valid can be found
easily by substitution; but they are not sufficient conditions because they only restrict the form
of the potential. What is important to note is that one can start with a scalar that initially
satisfies the slow-roll conditions but, after some period, φ can be driven to such a value so as to
violate them. For example, for V (φ) = m2φ2/2, they are satisfied provided that φ2 > 16πG.
For such a potential, inflation proceeds until the scalar field gets too close to the minimum for
the slow-roll conditions to be maintained, and inflation come to end. In definitive: an inflation
model consists of a potential and a way of ending inflation.

Now let’s face with the dark energy problems. There are two possible way of investigation:
one can try to find direct solutions to the cosmological constant and the coincidence problems
and consequently attempt to provide an appealing theoretical explanation for the presence and
value of the cosmological constant, or one can abandon the idea of cosmological constant
altogether and attempt to find alternative ways to explain acceleration.
The first approach resorts to High Energy Physics: for example from supersimmetry (SUSY)
one can derive a value for vacuum energy matter density which is “only” 60 orders of magnitude
smaller than the observed value. This is an improvement with respect to the 120 orders of
magnitude but it is still too different. Other approaches can come from string theory of loop
quantum gravity, but it is not possible to solve the cosmological constant problem without a
fine tuning of the initial conditions. Moreover the coincidence problem is not solved.
The second approach refers to “anthropic principle” which can be given in at least three
version. First, “our mere existence can potentially serve as an experimental tool”: this sounds
like a philosophical more than scientific solution, and is not very useful for answering our
questions. Second, “the laws of nature are by themselves incomplete and become complete
only if one adds the requirement that conditions should allow intelligence to arise, for only in the
presence of intelligent life does science become meaningful”: this looks like a new Ptolemaic
model, where is not the Earth at the center of the Universe, but Intelligent Life or Science.
Third, “observers will only observe condition which allow for observers”: this one is the most
discussed in scientific world and acquires meaning if one invokes probability theory. It states
that, since the existence of intelligent observers requires certain conditions, it is not possible
for them in practice to observe any other conditions, something that introduces a bias in any
probabilistic analysis. This requires an extra assumption: that parts of the universe, either in
space or time, might be in alternative conditions. Unfortunately we cannot conclude at this
point whether this statement is true or not. Assuming that it is, one could put constrains on
the value of the cosmological constant by requiring that it should be small enough for galaxies
to form and arrive at the conclusion that the currently observed value of the cosmological
constant is by no means unlikely. Some modern theories do allow such alternative states of
the universe to co-exist (multiverse), and for this reason it has recently been argued that the
anthropic principle could even be placed on firm ground by using the ideas of string theory.
However, admitting that there are limits on our ability to unambiguously and directly explain
the observable universe inevitably comes into disappointment.

As an indirect approach to solve the question of cosmological constant, one could dismiss
the constant at all and assume that there is some form of dynamical dark energy. In this
sense there is no more connection with the question of vacuum energy, and there are no more
problems of orders of magnitude. But, being the cosmological constant in great agreement
with data, we have a constraint on dynamical model: they have to be able to mimic precisely
a constant at present times. One of the simplest and probably the most common alternative
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to cosmological constant in this field is quintessence, a scalar field inspired by inflationary
model. It has an equation of state pq = wρq where w is equal to the equation of state of the
energy component dominating the universe (i.e. equal to 1/3 during radiation domination and
0 during matter domination) until w undergoes a transition to less than -1/3 which initiates
the accelerated expansion of the universe. Quintessence is dynamic, and generally has a density
and equation of state that varies through time and space.
If the scalar field is taken to be spatially homogeneous, its equation of motion in a Friedmann-
Lemâitre-Robertson-Walker spacetime will be given by Eq.(1.42) and its energy density and
pressure by Eqs.(1.39)-(1.40) respectively, just like inflaton. A viable candidate for dark energy
shoud have an effective equation of state with w very close to minus one. As we have seen for
inflation, this condition can be achieved if the condition φ̇2 ¿ V (φ) holds (this is intended to
be different from the slow-roll condition for inflaton field).
The value given in Eq.(1.36) for the energy density of the cosmological constant now becomes
the current value of the energy density of the scalar ρφ. Since we have asked that the potential
term should be very dominant with respect of the kinetic terms, this value for the energy density
effectively constrains the current value of the potential. What is more, the equation of motion
of the scalar field, Eq.(1.42), is that of a damped oscillator, 3Hφ̇ being the friction term. This
implies that, for φ to be rolling slowly enough so that φ̇2 ¿ V (φ) could be satisfied, then
H ≈

√
V ′′(φ). Consequently, this means that the current value of V ′′(φ) should be that of

the observed cosmological constant or, taking also into account that
√

V ′′(φ) represents the
effective mass of the scalar mφ, that

mφ ≈ 10−33 eV. (1.51)

Such a small value for the mass of the scalar field raises doubts about whether quintessence
really solves the cosmological constant problem; actually it only transfers the problem from the
domain of cosmology to the domain of particle physics: generally scalar fields usually present in
quantum field theory have masses many orders of magnitude larger than this value (Higgs field,
for example, should have a mass of 1011 eV). We have to consider also that the coincidence
problem remains unresolved.

About dark matter, even in this case if we accept that General Relativity describes gravity
correctly, then an explanation for the nature of dark matter as some form of matter yet to
be observed in the universe or laboratory should be given. The baryonic candidates for dark
matter are mostly quite conventional astrophysical objects such as brown dwarfs, massive black
holes and cold diffuse gas. However, there is a precise evidence from observations that only a
small fraction of dark matter can be baryonic. So the real problem is to find a candidate in
the non-baryonic particles family. Generally there are two major categories:

• hot dark matter, namely non baryonic ultra-relativistic particles, such as neutrinos. But
this kind of candidates are generally not preferred because of giving that dark matter
should have driven the formation of structures, it cannot consist of particles with too
high velocities, since there would be problems in clustering;

• cold dark matter, namely non baryonic non-relativistc particles. There are many candi-
dates for this family such as Weakly Interacted Massive Particles (WIMPS) predicted
by supersymmetry theories (neutralino, gravitino).

It is important to underline that to nowadays no valid candidate for dark matter has been
experimentally detected, even if there are many experiments realized for direct or indirect
detection of any kind of dark matter candidates. The most recent and ambitious is the Large
Hadronic Collider (LHC) which should give some answers to the high energy particle physics
phenomenology and, so, also for dark matter and cosmology.
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1.8 Final remarks on General Relativity

What is the main goal of this chapter?

We have first done a very brief and fast review of gravity theory and challenges it has to
face with during science history. We have seen that until now any theory of gravity has gone in
a systematic trend: first, someone has depicted a theoretical building, then data have proposed
problems and new challenges. After any step more and more general theories of gravity have
been defined.

What is the problem today? We could say that we have some difficulties to “objectively
analyze” General Relativity, the most recent and successful theory of gravity.

General Relativity is a comprehensive theory of spacetime, gravity and matter. Its for-
mulation implies that space and time are not “absolute” entities, as in Classical Mechanics,
but dynamical quantities strictly related to the distribution of matter and energy. As a conse-
quence, this approach gave rise to a new conception of the Universe itself which, for the first
time, was considered as a dynamical system. In other words, Cosmology has been enclosed in
the realm of Science and not only of Philosophy, as before the Einstein work. On the other
hand, the possibility of a scientific investigation of the Universe has led to the formulation of
the Standard Cosmological Model [386] which, quite nicely, has matched with observations.

Despite of these results, in the last thirty years, several shortcomings came out in the
Einstein theory and people began to investigate whether General Relativity is the only funda-
mental theory capable of explaining the gravitational interaction. Such issues come, essentially,
from quantum field theory and cosmology. In the first case, problems arise because of Gen-
eral Relativity is a classical theory which does not work as a fundamental theory, when one
wants to achieve a full quantum description of spacetime (and then of gravity). On the other
hand, the presence of the Big Bang singularity, the flatness and horizon problems [182] led
to the statement that Cosmological Standard Model, based on the General Relativity and the
Standard Model of Particle Physics, is inadequate to describe the Universe at extreme regimes.

As we have seen in previous pages, due to these facts, solutions have been searched.
An inflation era has been theoretically supposed to solve flatness and horizon problems, and it
seems to work good and some of its predictions are verified by recent observations (anisotropies
in the cosmic microwave background). As we have said, the extension of the Hubble diagram
of Type Ia Supernovae to redshifts higher than one [312] has been the first evidence that
the Universe is undergoing a phase of accelerated expansion; balloon born experiments, such
as BOOMERanG [119] and MAXIMA [356] and recent precise measurements of the CMBR
spectrum, due to the WMAP experiment [349, 351, 186, 350], determined the location of
the first and second peak in the anisotropy spectrum of the cosmic microwave background
radiation strongly pointing out that the geometry of the Universe is spatially flat. If combined
with constraints coming from galaxy clusters on the matter density parameter ΩM , these
data indicate that the Universe is dominated by a non-clustered fluid with negative pressure,
generically dubbed dark energy, which is able to drive the accelerated expansion.

After these observational evidences, an overwhelming flood of papers has appeared: they
present a great variety of models trying to explain this phenomenon. In any case, the simplest
explanation is claiming for the well known cosmological constant Λ [319]. Although it is the
best fit to most of the available astrophysical data [351], the ΛCDM model fails in explaining
why the inferred value of Λ is so tiny (120 orders of magnitude lower!) if compared with the
typical vacuum energy values predicted by particle physics and why its energy density is today
comparable to the matter density (the coincidence problem). As a tentative solution, many
authors have replaced the cosmological constant with a scalar field rolling down its potential
and giving rise to the model now referred to as quintessence [286, 112]. Even if successful in
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fitting the data, the quintessence approach to dark energy is still plagued by the coincidence
problem since the dark energy and matter densities evolve differently and reach comparable
values for a very limited portion of the Universe evolution coinciding at present era. To be
more precise, the quintessence dark energy is tracking matter and evolves in the same way for
a long time. But then, at late time, somehow it has to change its behavior into no longer
tracking the dark matter but starting to dominate as a cosmological constant. This is the
coincidence problem of quintessence. And many other theoretical problems are living now...
At the end we can say that Universe and Gravity are...under construction!



CHAPTER 2

Extended Theories of Gravity

As we have pointed out in the previous chapter, nowadays we can’t be more sure the General
Relativity is the only fundamental theory capable of explaining the gravitational interaction.
To be more exact, we can take a look to the field equations

Rµν − 1
2
gµνR = 8πG Tm

µν (2.1)

All the solutions to the shortcomings of Einstein theory we have shown starts from considering
General Relativity as the right gravity theory and modify the right member of these equations,
adding new and invisible (up to now) ingredients, such as dark energy, dark matter, scalar
fields, and so on.
But what happen if we consider only the known and visible components and change the visual
to the left member? Why can’t we modify General Relativity?
This is the approach of Alternative theories of gravity.

2.1 Dimensional considerations on General Rel-
ativity

Let’s start with some considerations on typical dimensions and scales where General Relativity is
applied. We want to underline that these considerations are approximate and only quantitative;
but they can be useful to show some misunderstandings in applying General Relativity which are
not generally considered with the right paying attention. Taking a review of all the necessary
ingredients in gravitational theory and their dimensional nature1, we have:

1We will use: L for length, M for mass and t for time
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• the metric:
ds2 = gµνdxµdxν ,

where:

gµν → adimensional ,
xµ → L ;

• the scalar curvature:
R = Rµ

ν → L−2 ;

• the gravitational Hilbert-Einstein action:

S =
∫

d4x
√−g

(
c3R

16πG
− 2c3Λ

16πG
+
Lm

c

)
,

where:

G → L3 M−1 t−2

Λ → L−2

Lm → L−1 M t−2 (matter energy density)
S → L2 M t−1

• Einstein’s equations:

Gµν + gµνΛ =
8πG

c4
Tµν ,

where
Tµν → L−1 M t−2

Now we can try to answer to this question:

Where does General Relativity is well tested?

Two situations where this happens are:

• Solar System and Binary Pulsars whose scale is tipically

r ≈ 109 ÷ 1012 m

• Nucleosynthesis; we can do some approximative quantitative considerations about it.
Typical temperatures of nucleosynthesis are

T ≈ 108 ÷ 109 K .

Friedmann equations in this era are

3H2
N =

8πG

c2
ρN + Λ− k

a2
,

where the last two terms are supposed to be negligible so that we have

3H2
N =

8πG

c2

4
c
σT 4 ,
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with σ being Boltzmann’s equation. Hubble radius at nucleosynthesis can be estimated
to be

rN ≈ c

HN
=

√
3c5

32πσGT 4

which means:
rN ≈ 1011 m

And what about scalar curvature’s values in these two cases? We can try to estimate it:

• for Solar System and Binary Pulsars we have to consider the Schwartzchild metric:

ds2 =
(

1− 2GM

c2r

)
dt2 −

(
1− 2GM

c2r

)−1

dl2

from which we obtain
R = 0

• at Nucleosynthesis: we have a Friedmann-Robertson-Walker metric and we are in a
radiation-dominated epoch so that the scale factor a(t) ∝ t1/2. Using the definition of
the scalar curvature

R = − 6
c2

(2H2 + Ḣ)

we obtain
R = 0

So we can conclude that the only known examples where General Relativity works good,
namely Solar System and Nucleosynthesis, invoke the same scale (r ≈ 1011 m) and the same
value of scalar curvature (R ∼ 0).

Now let’s growing up in scale and consider galaxies and clusters, whose typical dimensional
distance scale are

r = 10÷ 100 kpc =
{

1019 m for galaxies
1021 ÷ 1022 m for clusters

We know that these ones are also the first scales where we need to consider the dark
matter ingredient to explain, for example, rotation curves of spiral galaxies, or discrepancies
in dynamics of clusters of galaxies. But dark matter is also needed for structures formation.
Given the equation for the evolution of the perturbations (i.e. seeds of gravitational structures)

δ̈k + 2Hδ̇k − 4πGρBδk = 0

where δk is the density contrast δρ/ρ. After the decoupling we have a ∝ t2/3 and baryon
density ρB ∝ a−3 so that the growing solution of perturbation equation is δk ∝ t2/3. At
decoupling we have δk ≈ 10−5 and adec/a0 ≈ 10−3, so there is no time for gravitational
structures to form with only baryonic matter.
While if we assume that dark matter is decoupled from radiation it can drive the evolution of
perturbations. If we consider this period pre-decoupling, between equivalence and decoupling,
we have

T ≈ 103 ÷ 104 K

which means
r ≈ 1019 ÷ 1022 m
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This is the same scale of galaxies and clusters.
What can we say about scalar curvature? While it is difficult to estimate it for galaxies and
clusters, we can estimate it for equivalence and decoupling time. From cosmology we can write
the scalar curvature as a redshift function

R = −3H2
0

c2
[4 + (z3 + 3z2 + 3z − 3)Ω0,M ]

At equivalence we have z ≈ 105 while at decoupling z ≈ 103 so that

R = −3H2
0

c2
z3Ω0,M ≈ z3

r2
H0

and estimating the Hubble radius, r2
H0

= 13 · 109 light years, at the end we have

R ≈ 10−37 ÷ 10−31 m−2

Let’s grow up in scale again reaching Hubble radius

r ≈ 100 Mpc ∼ 1024 ÷ 1026 m

At these scales we know we need something driving the accelerated expansion, the Cosmological
Constant, Λ, or Quintessence. Evaluating scalar curvature

R0 ≈ −9H2
0

c2
≈ 10−51 m−2

It is worthy to consider that the Cosmological Constant

Λ ≈ H2
0

c

2

so that Λ ∼ R0.

It is useful to consider also the smallest scales. If we consider the inflationary epoch, Hubble
factor is quite constant; we can consider it from the e-folding number, N ≈ 60 ≈ Hinf∆t:

Hinf ≈ 1034 ÷ 1035 s−1

so that
rinf =

c

H
≈ 10−27 m

While for the scalar curvature, being Ḣ = 0, we have

R = −12
H2

inf

c2
≈ 1055 m−2

Finally at Planck scale:
r ∼ lP ≈ 10−35 m

R ∼ r−2 ≈ 1070 m−2

What do we want to say with all these estimations? Clearly General Relativity can be
considered the right gravity theory only in a really narrow scale range (Solar System and Nu-
cleosynthesis). The tests span a range of four in scale; but we apply (or we are supposing to
apply in the right way) General Relativity on a range of scale of 60 orders of magnitude and a
range of curvature of 120.

Is it correct this kind of working?
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2.2 Tassonomy and Motivations

Due to the problems of Standard Cosmological Model and to the problems of the solution found
to solve them, and, first of all, to the lack of a definitive quantum gravity theory, alternative
theories have been considered in order to attempt, at least, a semi-classical scheme where Gen-
eral Relativity and its positive results could be recovered. One of the most fruitful approaches
has been that of Extended Theories of Gravity which have become a sort of paradigm in
the study of gravitational interaction. They are based on corrections and enlargements of the
Einstein theory. The paradigm consists, essentially, in adding higher-order curvature invariants
and minimally or non-minimally coupled scalar fields into dynamics which come out from the
effective action of quantum gravity [59].

Another motivation to modify General Relativity, and which we have not underlined well
in the previous sections, comes from the issue of a full recovering of the Mach principle which
leads to assume a varying gravitational coupling. As we have said, the principle states that
the local inertial frame is determined by some average of the motion of distant astronomical
objects [47]. This fact implies that the gravitational coupling can be scale-dependent and
related to some scalar field. As a consequence, the concept of “inertia” and the Equivalence
Principle have to be revised. For example, the Brans-Dicke theory [51] is a serious attempt to
define an alternative theory to the Einstein gravity: it takes into account a variable Newton
gravitational coupling, whose dynamics is governed by a scalar field non-minimally coupled to
the geometry. In such a way, Mach’s principle is better implemented [51, 67, 325].

Besides, every unification scheme as Superstrings, Supergravity or Grand Unified Theories,
takes into account effective actions where non-minimal couplings to the geometry or higher-
order terms in the curvature invariants are present. Such contributions are due to one-loop or
higher-loop corrections in the high-curvature regimes near the full (not yet available) quantum
gravity regime [59]. Specifically, this scheme was adopted in order to deal with the quantization
on curved spacetimes and the result was that the interactions among quantum scalar fields
and background geometry or the gravitational self-interactions yield corrective terms in the
Hilbert-Einstein Lagrangian [44]. Moreover, it has been realized that such corrective terms are
inescapable in order to obtain the effective action of quantum gravity at scales closed to the
Planck one [376]. All these approaches are not the “full quantum gravity” but are needed as
working schemes toward it.

In summary, higher-order terms in curvature invariants (such as R2, RµνRµν , RµναβRµναβ ,
R ¤R, or R ¤kR) or non-minimally coupled terms between scalar fields and geometry (such
as φ2R) have to be added to the effective Lagrangian of gravitational field when quantum
corrections are considered. For instance, one can notice that such terms occur in the effec-
tive Lagrangian of strings or in Kaluza-Klein theories, when the mechanism of dimensional
reduction is used [168].

On the other hand, from a conceptual viewpoint, there are no a priori reason to restrict
the gravitational Lagrangian to a linear function of the Ricci scalar R, minimally coupled with
matter [240]. Furthermore, the idea that there are no “exact” laws of physics could be taken
into serious account: in such a case, the effective Lagrangians of physical interactions are
“stochastic” functions. This feature means that the local gauge invariances (i.e. conservation
laws) are well approximated only in the low energy limit and the fundamental physical constants
can vary [31].

Besides fundamental physics motivations, all these theories have acquired a huge interest in
cosmology due to the fact that they “naturally” exhibit inflationary behaviors able to overcome
the shortcomings of Cosmological Standard Model (based on General Relativiy). The related
cosmological models seem realistic and capable of matching with the CMBR observations



28 2 Extended Theories of Gravity

[352, 139, 218]. Furthermore, it is possible to show that, via conformal transformations, the
higher-order and non-minimally coupled terms always correspond to the Einstein gravity plus
one or more than one minimally coupled scalar fields [362, 239, 383, 68, 174].

More precisely, higher-order terms appear always as contributions of order two in the field
equations. For example, a term like R2 gives fourth order equations [318], R ¤R gives sixth
order equations [174, 16], R ¤2R gives eighth order equations [33] and so on. By a conformal
transformation, any 2nd-order derivative term corresponds to a scalar field: for example, fourth-
order gravity gives Einstein plus one scalar field, sixth-order gravity gives Einstein plus two scalar
fields and so on [174, 326].

Furthermore, it is possible to show that the f(R)-gravity is equivalent not only to a
scalar-tensor one but also to the Einstein theory plus an ideal fluid [82]. This feature results
very interesting if we want to obtain multiple inflationary events since an early stage could
select “very” large-scale structures (clusters of galaxies today), while a late stage could select
“small” large-scale structures (galaxies today) [16]. The philosophy is that each inflationary
era is related to the dynamics of a scalar field. Finally, these extended schemes could naturally
solve the problem of “graceful exit” bypassing the shortcomings of former inflationary models
[218, 15].

In addition to the revision of Standard Cosmology at early epochs (leading to the Inflation),
a new approach is necessary also at late epochs. Extended Theories could play a fundamental
role also in this context. In fact, the increasing bulk of data that have been accumulated in
the last few years have paved the way to the emergence of a new cosmological model usually
referred to as the Concordance Model.

As we have said, to solve problems coming from observations (such as an accelerated
expansion), many candidates have been defined: a cosmological constant, or a scalar field like
quintessence which is in definitive a dynamical cosmological constant.

Moreover, it is not clear where this scalar field originates from, thus leaving a great
uncertainty on the choice of the scalar field potential. The subtle and elusive nature of
dark energy has led many authors to look for completely different scenarios able to give a
quintessential behavior without the need of exotic components. To this aim, it is worth
stressing that the acceleration of the Universe only claims for a negative pressure dominant
component, but does not tell anything about the nature and the number of cosmic fluids filling
the Universe.

This consideration suggests that it could be possible to explain the accelerated expansion
by introducing a single cosmic fluid with an equation of state causing it to act like dark matter
at high densities and dark energy at low densities. An attractive feature of these models,
usually referred to as Unified Dark Energy (UDE) or Unified Dark Matter (UDM) models, is
that such an approach naturally solves, al least phenomenologically, the coincidence problem.
Some interesting examples are the generalized Chaplygin gas [204], the tachyon field [285] and
the condensate cosmology [32]. A different class of UDE models has been proposed [91, 74]
where a single fluid is considered: its energy density scales with the redshift in such a way
that the radiation dominated era, the matter era and the accelerating phase can be naturally
achieved. It is worth noticing that such class of models are extremely versatile since they can
be interpreted both in the framework of UDE models and as a two-fluid scenario with dark
matter and scalar field dark energy. The main ingredient of the approach is that a generalized
equation of state can be always obtained and observational data can be fitted.

Actually, there is still a different way to face the problem of cosmic acceleration. As
stressed in [236], it is possible that the observed acceleration is not the manifestation of another
ingredient in the cosmic pie, but rather the first signal of a breakdown of our understanding
of the laws of gravitation (in the infra-red limit).
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From this point of view, it is thus tempting to modify the Friedmann equations to see
whether it is possible to fit the astrophysical data with models comprising only the standard
matter. Interesting examples of this kind are the Cardassian expansion [160] and the DGP
gravity [140]. Moving in this same framework, it is possible to find alternative schemes where
a quintessential behavior is obtained by taking into account effective models coming from
fundamental physics giving rise to generalized or higher-order gravity actions [69, 275, 96, 11],
[273].

For instance, a cosmological constant term may be recovered as a consequence of a non -
vanishing torsion field thus leading to a model which is consistent with both SNeIa Hubble
diagram and Sunyaev - Zel’dovich data coming from clusters of galaxies [70]. SNeIa data could
also be efficiently fitted including higher-order curvature invariants in the gravity Lagrangian
[72, 226, 276, 227]. It is worth noticing that these alternative models provide naturally a
cosmological component with negative pressure whose origin is related to the geometry of the
Universe thus overcoming the problems linked to the physical significance of the scalar field.

It is evident, from this short overview, the high number of cosmological models which are
viable candidates to explain the observed accelerated expansion. This abundance of models is,
from one hand, the signal of the fact that we have a limited number of cosmological tests to
discriminate among rival theories, and, from the other hand, that a urgent degeneracy problem
has to be faced. To this aim, it is useful to remark that both the SNeIa Hubble diagram and the
angular size - redshift relation of compact radio sources [102, 297] are distance based methods
to probe cosmological models so then systematic errors and biases could be iterated. From
this point of view, it is interesting to search for tests based on time-dependent observables.

For example, one can take into account the lookback time to distant objects since this
quantity can discriminate among different cosmological models. The lookback time is obser-
vationally estimated as the difference between the present day age of the Universe and the age
of a given object at redshift z. Such an estimate is possible if the object is a galaxy observed
in more than one photometric band since its color is determined by its age as a consequence
of stellar evolution. It is thus possible to get an estimate of the galaxy age by measuring its
magnitude in different bands and then using stellar evolutionary codes to choose the model
that reproduces the observed colors at best.

Coming to the weak-field-limit approximation, which essentially means considering Solar
System scales, Extended Theories are expected to reproduce General Relativity which, in any
case, is firmly tested only in this limit [388]. This fact is matter of debate since several relativis-
tic theories do not reproduce exactly the Einstein results in the Newtonian approximation but,
in some sense, generalize them. As it was firstly noticed by Stelle [355], a R2-theory gives rise
to Yukawa-like corrections in the Newtonian potential. Such a feature could have interesting
physical consequences. For example, some authors claim to explain the flat rotation curves of
galaxies by using such terms [322]. Others [242] have shown that a conformal theory of gravity
is nothing else but a fourth-order theory containing such terms in the Newtonian limit. Besides,
indications of an apparent, anomalous, long-range acceleration revealed from the data analysis
of Pioneer 10/11, Galileo, and Ulysses spacecrafts could be framed in a general theoretical
scheme by taking corrections to the Newtonian potential into account [19, 41].

In general, any relativistic theory of gravitation yields corrections to the Newton potential
(see for example [306]) which, in the post-Newtonian (PPN) formalism, could be a test for the
same theory [388]. Furthermore the newborn gravitational lensing astronomy [333] is giving
rise to additional tests of gravity over small, large, and very large scales which soon will provide
direct measurements for the variation of the Newton coupling [215], the potential of galaxies,
clusters of galaxies and several other features of self-gravitating systems.

Such data will be, very likely, capable of confirming or ruling out the physical consistency
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of General Relativity or of any Extended Theory. In summary, the general features of Ex-
tended Theories are that the Einstein field equations result to be modified in two senses: i)
geometry can be non-minimally coupled to some scalar field, and/or ii) higher than second
order derivative terms in the metric come out. In the former case, we generically deal with
scalar-tensor theories of gravity; in the latter, we deal with higher-order theories. However
combinations of non-minimally coupled and higher-order terms can emerge as contributions in
effective Lagrangians. In this case, we deal with higher-order-scalar-tensor theories of gravity.

Considering a mathematical viewpoint, the problem of reducing more general theories to
Einstein standard form has been extensively treated; one can see that, through a “Legendre”
transformation on the metric, higher-order theories, under suitable regularity conditions on the
Lagrangian, take the form of the Einstein one in which a scalar field (or more than one) is
the source of the gravitational field (see for example [240, 345, 153, 241]); on the other side,
as discussed above, it has been studied the mathematical equivalence between models with
variable gravitational coupling with the Einstein standard gravity through suitable conformal
transformations (see [132, 125]).

In any case, the debate on the physical meaning of conformal transformations is far to
be solved ([149]). Several authors claim for a true physical difference between Jordan frame
(higher-order theories and/or variable gravitational coupling) since there are experimental and
observational evidences which point out that the Jordan frame could be suitable to better
match solutions with data. Others state that the true physical frame is the Einstein one
according to the energy theorems [241]. However, the discussion is open and no definitive
statement has been formulated up to now.

The problem should be faced from a more general viewpoint and the Palatini approach
to gravity could be useful to this goal. The Palatini approach in gravitational theories was
firstly introduced and analyzed by Einstein himself [144]. It was, however, called the Palatini
approach as a consequence of an historical misunderstanding [60, 154].

The fundamental idea of the Palatini formalism is to consider the (usually torsion-less)
connection Γ, entering the definition of the Ricci tensor, to be independent of the metric
g defined on the spacetime M. The Palatini formulation for the standard Hilbert-Einstein
theory results to be equivalent to the purely metric theory: this follows from the fact that the
field equations for the connection Γ, firstly considered to be independent of the metric, give
the Levi-Civita connection of the metric g. As a consequence, there is no reason to impose
the Palatini variational principle in the standard Hilbert-Einstein theory instead of the metric
variational principle.

However, the situation completely changes if we consider the Extended Theories, depending
on functions of curvature invariants, as f(R), or non-minimally coupled to some scalar field.
In these cases, the Palatini and the metric variational principle provide different field equations
and the theories thus derived differ [241, 155]. The relevance of Palatini approach, in this
framework, has been recently proven in relation to cosmological applications [?, 273, 381, 228,
229].

It has also been studied the crucial problem of the Newtonian potential in alternative
theories of Gravity and its relations with the conformal factor [255]. From a physical viewpoint,
considering the metric g and the connection Γ as independent fields means to decouple the
metric structure of spacetime and its geodesic structure (being, in general, the connection Γ
not the Levi-Civita connection of g). The chronological structure of spacetime is governed by
g while the trajectories of particles, moving in the spacetime, are governed by Γ.

This decoupling enriches the geometric structure of spacetime and generalizes the purely
metric formalism. This metric-affine structure of spacetime is naturally translated, by means
of the same (Palatini) field equations, into a bi-metric structure of spacetime. Beside the
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physical metric g, another metric h is involved. This new metric is related, in the case of
f(R)-gravity, to the connection. As a matter of fact, the connection Γ results to be the
Levi-Civita connection of h and thus provides the geodesic structure of spacetime.

If we consider the case of non-minimally coupled interaction in the gravitational Lagrangian
(scalar-tensor theories), the new metric h is related to the non-minimal coupling. The new met-
ric h can be thus related to a different geometric and physical aspect of the gravitational theory.
Thanks to the Palatini formalism, the non-minimal coupling and the scalar field, entering the
evolution of the gravitational fields, are separated from the metric structure of spacetime.
The situation mixes when we consider the case of higher-order-scalar-tensor theories. Due to
these features, the Palatini approach could greatly contribute to clarify the physical meaning
of conformal transformation [13].

Let’s start our description of basic ideas of Extend Theories from the action of the General
Relativity:

A =
∫

d4x
√−g[R + Lm] (2.2)

where the gravitational part is given by Eq.(1.12)

Lg = gµνRµν

√−g = R
√−g (2.3)

The choice of Hilbert and Einstein for the gravitational lagrangian term was completely arbitrary
(as it became clear a few years later), but it was certainly the simplest one both from the
mathematical and the physical viewpoint. As it was later clarified by Levi-Civita in 1919,
curvature is not a “purely metric notion” but, rather, a notion related to the “linear connection”
to which “parallel transport” and “covariant derivation” refer [224].

In a sense, this is the precursor idea of what in the sequel would be called a “gauge
theoretical framework” [210], after the pioneering work by Cartan in 1925 [98]. But at the
time of Einstein, only metric concepts were at hands and his solution was the only viable.

It was later clarified that the three principles of relativity, equivalence and covariance,
together with causality, just require that the spacetime structure has to be determined by
either one or both of two fields, a Lorentzian metric g and a linear connection Γ, assumed to
be torsionless for the sake of simplicity.

The metric g fixes the causal structure of spacetime (the light cones) as well as its metric
relations (clocks and rods); the connection Γ fixes the free-fall, i.e. the locally inertial observers.
They have, of course, to satisfy a number of compatibility relations which amount to require
that photons follow null geodesics of Γ, so that Γ and g can be independent, a priori, but
constrained, a posteriori, by some physical restrictions. These, however, do not impose that Γ
has necessarily to be the Levi-Civita connection of g [288].

This justifies - at least on a purely theoretical basis - the fact that one can envisage the
so-called “Alternative Theories of Gravitation”, that we prefer to call “Extended Theories of
Gravitation” since their starting points are exactly those considered by Einstein and Hilbert:
theories in which gravitation is described by either a metric (the so-called “purely metric
theories”), or by a linear connection (the so-called “purely affine theories”) or by both fields
(the so-called “metric-affine theories”, also known as “first order formalism theories”). In these
theories, the Lagrangian is a scalar density of the curvature invariants constructed out of both
g and Γ.

The choice Eq.(2.3) is by no means unique and it turns out that the Hilbert-Einstein
Lagrangian is in fact the only choice that produces an invariant that is linear in second deriva-
tives of the metric (or first derivatives of the connection). A Lagrangian that, unfortunately, is



32 2 Extended Theories of Gravity

rather singular from the Hamiltonian viewpoint, in much than same way as Lagrangians, linear
in canonical momenta, are rather singular in Classical Mechanics (see e.g. [23]).

A number of attempts to generalize General Relativity (and unify it to Electromag-
netism) along these lines were followed by Einstein himself and many others (Eddington, Weyl,
Schrodinger, just to quote the main contributors; see, e.g., [20]) but they were eventually
given up in the fifties of XX Century, mainly because of a number of difficulties related to the
definitely more complicated structure of a non-linear theory (where by “non-linear” we mean
here a theory that is based on non-linear invariants of the curvature tensor), and also because
of the new understanding of Physics that is currently based on four fundamental forces and
requires the more general “gauge framework” to be adopted (see [203]).

Still a number of sporadic investigations about “alternative theories” continued even after
1960 (see [388] and refs. quoted therein for a short history). The search of a coherent quantum
theory of gravitation or the belief that gravity has to be considered as a sort of low-energy
limit of string theories (see, e.g., [180]) - something that we are not willing to enter here in
detail - has more or less recently revitalized the idea that there is no reason to follow the simple
prescription of Einstein and Hilbert and to assume that gravity should be classically governed
by a Lagrangian linear in the curvature.

Further curvature invariants or non-linear functions of them should be also considered,
especially in view of the fact that they have to be included in both the semi-classical expansion
of a quantum Lagrangian or in the low-energy limit of a string Lagrangian.

Moreover, it is clear from the recent astrophysical observations and from the current
cosmological hypotheses that Einstein equations are no longer a good test for gravitation at
Solar System, galactic, extra-galactic and cosmic scale, unless one does not admit that the
matter side of Eq.(1.8) contains some kind of exotic matter-energy which is the “dark matter”
and “dark energy” side of the Universe.

The idea which we propose here is much simpler and is what we have anticipated at the
beginning of this chapter. Instead of changing the matter side of Einstein Equations Eq.(1.8) in
order to fit the “missing matter-energy” content of the currently observed Universe (up to the
95% of the total amount!), by adding any sort of inexplicable and strangely behaving matter
and energy, we claim that it is simpler and more convenient to change the gravitational side of
the equations, admitting corrections coming from non-linearities in the Lagrangian. However,
this is nothing else but a matter of taste and, since it is possible, such an approach should be
explored. Of course, provided that the Lagrangian can be conveniently tuned up (i.e., chosen in
a huge family of allowed Lagrangians) on the basis of its best fit with all possible observational
tests, at all scales (solar, galactic, extragalactic and cosmic).

Something that - in spite of some commonly accepted but disguised opinion - can and
should be done before rejecting a priori a non-linear theory of gravitation (based on a non-
singular Lagrangian) and insisting that the Universe has to be necessarily described by a rather
singular gravitational Lagrangian (one that does not allow a coherent perturbation theory from
a good Hamiltonian viewpoint) accompanied by matter that does not follow the behavior that
standard baryonic matter, probed in our laboratories, usually satisfies.

2.3 Apparatus
With the above considerations in mind, let us start with a general class of higher-order-scalar-
tensor theories in four dimensions given by the action

A =
∫

d4x
√−g

[
F (R, ¤R, ¤2R, ..¤kR, φ)− ε

2
gµνφ;µφ;ν + Lm

]
, (2.4)
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where F is an unspecified function of curvature invariants and of a scalar field φ. The term
Lm, as above, is the minimally coupled ordinary matter contribution. We shall use physical
units 8πG = c = ~ = 1; ε is a constant which specifies the theory. Actually its values can
be ε = ±1, 0 fixing the nature and the dynamics of the scalar field which can be a standard
scalar field, a phantom field or a field without dynamics (see [150, 317] for details).

In the metric approach, the field equations are obtained by varying (2.4) with respect to
gµν . We get

Gµν =
1
G

[
Tµν +

1
2
gµν(F − GR) + (gµλgνσ − gµνgλσ)G;λσ

+
1
2

k∑

i=1

i∑

j=1

(gµνgλσ + gµλgνσ)(¤j−i);σ

(
¤i−j ∂F

∂¤iR

)

;λ

−gµνgλσ

(
(¤j−1R);σ¤i−j ∂F

∂¤iR

)

;λ

]
, (2.5)

where Gµν is the above Einstein tensor and

G ≡
n∑

j=0

¤j

(
∂F

∂¤jR

)
. (2.6)

The differential Eqs.(2.5) are of order (2k + 4). The stress-energy tensor is due to the kinetic
part of the scalar field and to the ordinary matter:

Tµν = Tm
µν +

ε

2
[φ;µφ;ν − 1

2
φα

; φ;α] . (2.7)

The (eventual) contribution of a potential V (φ) is contained in the definition of F . From now
on, we shall indicate by a capital F a Lagrangian density containing also the contribution of a
potential V (φ) and by F (φ), f(R), or f(R, ¤R) a function of such fields without potential.

By varying with respect to the scalar field φ, we obtain the Klein-Gordon equation

ε¤φ = −∂F

∂φ
. (2.8)

Several approaches can be used to deal with such equations. For example, as we said, by a
conformal transformation, it is possible to reduce an ETG to a (multi) scalar-tensor theory of
gravity [?, 383, 68, 174, ?].

The simplest extension of General Relativiy is achieved assuming

F = f(R) , ε = 0 , (2.9)

in the action (2.4); f(R) is an arbitrary (analytic) function of the Ricci curvature scalar R. We
are considering here the simplest case of fourth-order gravity but we could construct such kind
of theories also using other invariants in Rµν or Rα

βµν . The standard Hilbert-Einstein action
is, of course, recovered for f(R) = R. Varying with respect to gαβ , we get the field equations

f ′(R)Rαβ − 1
2
f(R)gαβ = f ′(R);

µν

(gαµgβν − gαβgµν) , (2.10)

which are fourth-order equations due to the term f ′(R);µν ; the prime indicates the derivative
with respect to R. Eq.(2.10) is also the equation for Tµν = 0 when the matter term is absent.
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By a suitable manipulation, the above equation can be rewritten as:

Gαβ =
1

f ′(R)

{
1
2
gαβ [f(R)−Rf ′(R)] + f ′(R);αβ − gαβ¤f ′(R)

}
, (2.11)

where the gravitational contribution due to higher-order terms can be simply reinterpreted as
a stress-energy tensor contribution. This means that additional and higher-order terms in the
gravitational action act, in principle, as a stress-energy tensor, related to the form of f(R).
Considering also the standard perfect-fluid matter contribution, we have

Gαβ =
1

f ′(R)

{
1
2
gαβ [f(R)−Rf ′(R)] + f ′(R);αβ − gαβ¤f ′(R)

}
+

Tm
αβ

f ′(R)
= T curv

αβ +
Tm

αβ

f ′(R)
,

(2.12)
where T curv

αβ is an effective stress-energy tensor constructed by the extra curvature terms. In
the case of General Relativity, T curv

αβ identically vanishes while the standard, minimal coupling
is recovered for the matter contribution. The peculiar behavior of f(R) = R is due to the
particular form of the Lagrangian itself which, even though it is a second order Lagrangian,
can be non-covariantly rewritten as the sum of a first order Lagrangian plus a pure divergence
term. The Hilbert-Einstein Lagrangian can be in fact recast as follows:

LHE = LHE

√−g =
[
pαβ(Γρ

ασΓσ
ρβ − Γρ

ρσΓσ
αβ) +∇σ(pαβuσ

αβ)
]

(2.13)

where:

pαβ =
√−ggαβ =

∂L
∂Rαβ

(2.14)

Γ is the Levi-Civita connection of g and uσ
αβ is a quantity constructed out with the variation

of Γ [?]. Since uσ
αβ is not a tensor, the above expression is not covariant; however a standard

procedure has been studied to recast covariance in the first order theories [?]. This clearly
shows that the field equations should consequently be second order and the Hilbert-Einstein
Lagrangian is thus degenerate.

From the action (2.4), it is possible to obtain another interesting case by choosing

F = F (φ)R− V (φ) , ε = −1 . (2.15)

In this case, we get

A =
∫

d4x
√−g

[
F (φ)R +

1
2
gµνφ;µφ;ν − V (φ)

]
(2.16)

V (φ) and F (φ) are generic functions describing respectively the potential and the coupling of
a scalar field φ. The Brans-Dicke theory of gravity is a particular case of the action (2.16) for
V (φ)=0 [?]. The variation with respect to gµν gives the second-order field equations

F (φ)Gµν = F (φ)
[
Rµν − 1

2
Rgµν

]
= −1

2
Tφ

µν − gµν¤gF (φ) + F (φ);µν , (2.17)

here ¤g is the d’Alembert operator with respect to the metric g The energy-momentum tensor
relative to the scalar field is

Tφ
µν = φ;µφ;ν − 1

2
gµνφ;αφα

; + gµνV (φ) (2.18)

The variation with respect to φ provides the Klein - Gordon equation, i.e. the field equation
for the scalar field:

¤gφ−RFφ(φ) + Vφ(φ) = 0 (2.19)

where Fφ = dF (φ)/dφ, Vφ = dV (φ)/dφ. This last equation is equivalent to the Bianchi
contracted identity [?]. Standard fluid matter can be treated as above.
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2.4 Extended Theories at cosmological scales

2.4.1 Dark Energy as a curvature effect

In [77], it is shown that the most popular quintessence (dark energy) models can be reproduced,
in principle, only considering ”curvature effects” i.e. only generalizing the theory of gravity
to some f(R) which is not supposed to be simply linear in R. From our point of view, this
approach seems ”economic” and ”conservative” and does not claim for unknown fundamental
ingredients, up to now not detected, in the cosmic fluid. As it is clear, from Eq.(2.12), the
curvature stress - energy tensor formally plays the role of a further source term in the field
equations so that its effect is the same as that of an effective fluid of purely geometric origin.
Let us rewrite it here for convenience:

T curv
αβ =

1
f ′(R)

{
1
2
gαβ [f(R)−Rf ′(R)] + f ′(R);µν(gαµgβν − gαβgµν)

}
. (2.20)

It is possible to show that such a quantity provides all the ingredients we need to tackle with
the dark side of the Universe. In fact, depending on the scales, such a curvature fluid can play,
in principle, the role of dark matter and dark energy. To be more precise, also the coupling
1/f ′(R) in front of the matter stress energy tensor, see Eqs.(2.12), plays a fundamental role in
the dynamics since it affects, in principle, all the physical processes (e.g. the nucleo- synthesis)
and the observable (luminous, clustered, baryonic) quantities. This means that the whole
problem of the dark side of the Universe could be addressed considering a comprehensive theory
where the interplay between the geometry and the matter has to be reconsidered assuming
non-linear contributions and non-minimal couplings in curvature invariants.

From the cosmological point of view, in the standard framework of a spatially flat homoge-
nous and isotropic Universe, the cosmological dynamics is determined by its energy budget
through the Friedmann equations. In particular, the cosmic acceleration is achieved when the
r.h.s. of the acceleration equation remains positive. Specifically the Friedmann equation, in
physical units, is

ä

a
= −1

6
(ρtot + 3ptot) . (2.21)

The subscript tot denotes the sum of the curvature fluid and the matter contribution to the
energy density and pressure. From the above relation, the acceleration condition, for a dust
dominated model, leads to :

ρcurv + ρm + 3pcurv < 0 → wcurv < − ρtot

3ρcurv
(2.22)

so that a key role is played by the effective quantities :

ρcurv =
1

f ′(R)

{
1
2

[f(R)−Rf ′(R)]− 3HṘf ′′(R)
}

, (2.23)

and

wcurv = −1 +
R̈f ′′(R) + Ṙ

[
Ṙf ′′′(R)−Hf ′′(R)

]

[f(R)−Rf ′(R)] /2− 3HṘf ′′(R)
, (2.24)

deduced from Eq.(2.20). As a first simple choice, one may neglect ordinary matter and assume
a power - law form f(R) = f0R

n, with n a real number, which represents a straightforward
generalization of Einstein GR in the limit n = 1. One can find power - law solutions for a(t)
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Figure 2.1: Best fit curve to the SNeIa Hubble diagram for the power law Lagrangian model.
Only data of “Gold” sample of SNeIa have been used.

providing a satisfactory fit to the SNeIa data and a good agreement with the estimated age
of the Universe in the range 1.366 < n < 1.376 [76, 72]. On the other side, one can develop
the same analysis in presence of the ordinary matter component, although in such a case, one
has to solve numerically the field equations. Then, it is still possible to confront the Hubble
flow described by such a model with the Hubble diagram of SNeIa using the above mentioned
methods. The data fit turns out to be significant (see Fig. 2.2) improving the χ2 value and it
fixes the best fit value at n = 3.46 when it is accounted only the baryon contribute Ωb ≈ 0.04
(according with BBN prescriptions). It has to be remarked that considering dark matter does
not modify the result of the fit, as it is evident from Fig. 2.2, in some sense positively supporting
the assumption of no need for dark matter in this model. A part the simplicity of the power
law model, the theoretical implications of the best fit values found for n are telling us that
dynamics related to cosmological constant (whose theoretical shortcomings are well known)
could be seriously addressed by finding a reliable f(R) gravity model (see also [353]).

From the evolution of the Hubble parameter in term of redshift, one can even calculate
the age of Universe. In Fig. 2.3, it is sketched the age of the Universe as a function of the
correlation between the deceleration parameter q0 and the model parameter n. The best fit
value n = 3.46 provides tuniv ≈ 12.41 Gyr.

It is worth noticing that considering f(R) = f0 Rn gravity is only the simplest generaliza-
tion of the Einstein theory. In other words, it has to be considered that Rn - gravity represents
just a working hypothesis as there is no overconfidence that such a model is the correct final
gravity theory. In a sense, we want only to suggest that several cosmological and astrophysical
results can be well interpreted in the realm of a power law extended gravity model.

As matter of fact, this approach gives no rigidity about the value of the power n, although
it would be preferable to determine a model capable of working at different scales. Furthermore,
one does not expect to be able to reproduce the whole cosmological phenomenology by means
of a simple power law model, which has been demonstrated to be not sufficiently versatile
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Figure 2.2: The Hubble diagram of 20 radio galaxies together with the “Gold” sample of
SNeIa, in term of the redshift as suggested in [124]. The best fit curve refers to the Rn - gravity
model without dark matter (left), while in the right panel it is shown the difference between
the luminosity distances calculated without dark matter and in presence of this component in
term of redshift. It is evident that the two behaviors are quite indistinguishable.

[83, 18, 17].

For example, it can be easily demonstrated that this model fails when it is analyzed with
respect to its capability of providing the correct evolutionary conditions for the perturbation
spectra of matter overdensity. This point is typically addressed as one of the most important
issues which suggest the need for dark matter. In fact, if one wants to discard this component,
it is crucial to match the experimental results related to the Large Scale Structure of the
Universe and the CMBR which show, respectively at late time and at early time, the signature
of the initial matter spectrum.

As important remark, we notice that the quantum spectrum of primordial perturbations,
which provides the seeds of matter perturbations, can be positively recovered in the framework
of Rn - gravity. In fact, f(R) ∝ R2 can represent a viable model with respect to CMBR data
and it is a good candidate for cosmological Inflation (see [192, 193] and references therein).

In order to develop the matter power spectrum suggested by this model, we resort to the
equation for the matter contrast obtained in [392] in the case of fourth order gravity (see
even [260] for a review on cosmological perturbations in f(R) - theories). This equation can
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Figure 2.3: Contour plot in the plane (q0 , n) describing the Universe age as induced by
Rn - gravity model without dark matter. The contours refer to age ranging from 11 Gyr to
16 Gyr from up to down. The dashed curves define the 1 − σ region relative to the best fit
Universe age suggested by the last WMAP release (13.73+0.13

−0.17 Gyr) in the case of Λ-CDM
model [350]. At the best fit n ' 3.5 for SNeIa, the measured q0 ' −0.5 gives a rather short
age (about 11.5 Gyr) with respect to the WMAP constraint. This is an indication that the
f(R) model has to be further improved.

be deduced considering the conformal Newtonian gauge for the perturbed metric [392] :

ds2 = (1 + 2ψ)dt2 − a2(1 + 2φ)Σ3
i =1(dxi) . (2.25)

where ψ and φ are now gravitational perturbation potentials. In GR, it is φ = −ψ, since there
is no anisotropic stress; in ETGs, this relation breaks, in general, and the i 6= j components
of field equations give new relations between φ and ψ.

In particular, for f(R) gravity, due to the non-vanishing derivatives fR;i;j (with i 6= j),
the φ − ψ relation becomes scale dependent. Instead of the perturbation equation for the
matter contrast δ, we provide here its evolution in term of the growth index F = d ln δ/d ln a,
which is the directly measured quantity at z ∼ 0.15 :

F ′(a)− F(a)2

a
+

[
2
a

+
1
a
E′(a)

]
F(a)− 1− 2Q

2− 3Q
· 3Ωm a−4

nE(a)2R̃n−1
= 0 , (2.26)

(the prime, in this case, means the derivative with respect to a, n is the model parameter,
being f(R) ∝ Rn), E(a) = H(a)/H0, R̃ is the dimensionless Ricci scalar, and

Q = −2fRR k2

fR a2
. (2.27)

For n = 1 the previous expression gives the ordinary growth index relation for the Cosmological
Standard Model. It is clear, from Eq.(2.26), that such a model suggests a scale dependence
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Figure 2.4: Scale factor evolution of the growth index : (left) modified gravity, in the case
Ωm = Ωbar ∼ 0.04, for the SNeIa best fit model with n = 3.46, (right) the same evolution
in the case of a ΛCDM model. In the case of Rn - gravity it is shown also the dependence on
the scale k. The three cases k = 0.01, 0.001, 0.0002 have been checked. Only the latter
case shows a very small deviation from the leading behavior. Clearly, the trend is that the
growth law saturates to F = 1 for higher redshifts (i.e. a ∼ 0.001 to 0.01). This behavior
agrees with observations since we know that comparing CMB anisotropies and LSS, we need
roughly δ ∝ a between recombination and z ∼ 5 to generate the present LSS from the small
fluctuations at recombination seen in the CMB.

of the growth index which is contained into the corrective term Q so that, when Q → 0, this
dependence can be reasonably neglected.

In the most general case, one can resort to the limit aH < k < 10−2hMpc−1, where
Eq.(2.26) is a good approximation, and non-linear effects on the matter power spectrum can be
neglected. Studying numerically Eq.(2.26), one obtains the growth index evolution in term of
the scale factor; for the sake of simplicity, one can assume the initial condition F(als) = 1 at
the last scattering surface as in the case of matter-like domination. The results are summarized
in Fig.(2.4) - (2.5), where they have been displayed, in parallel, the growth index evolution in
Rn - gravity and in the ΛCDM model. In the case of Ωm = Ωbar ∼ 0.04, one can observe a
strong disagreement between the expected rate of the growth index and the behavior induced
by power law fourth order gravity models.

This negative result is evidenced by the predicted value of F(az = 0.15), which has been
observationally estimated by the analysis of the correlation function for 220000 galaxies in
2dFGRS dataset sample at the survey effective depth z = 0.15. The observational result
suggests F = 0.58 ± 0.11 [222], while previous model gives F(az = 0.15) ∼ 0.117 (k =
0.01), 0.117 (k = 0.001), 0.122 (k = 0.0002).

Although this result seems frustrating with respect to the underlying idea to discard the
dark matter component from the cosmological dynamics, it does not give substantial improve-
ment in the case of Rn - gravity model plus dark matter. In fact, as it is possible to observe
from Fig.(2.5), even in this case the growth index prediction is far to be in agreement with
the ΛCDM model and again, at the observational scale z = 0.15, there is not enough growth
of perturbations to match the observed Large Scale Structure. In such a case one obtains :
F(az = 0.15) ∼ 0.29 (k = 0.01), 0.29 (k = 0.001), 0.31 (k = 0.0002), which are quite
increased with respect to the previous case but still very far from the experimental estimate.

It is worth noticing that no significant different results are obtained if one varies the power
n. Of course in the case of n → 1, one recovers the standard behavior if a cosmological
constant contribution is added. These results seem to suggest that an ETG model which
considers a simple power law of Ricci scalar, although cosmologically relevant at late times, is
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Figure 2.5: The evolution of the growth index in terms of the scale factor when dark matter is
included in the whole energy budget. Again, the left plot shows the modified gravity evolution
for the SNeIa best fit model with n = 3.46, while the right one refers to ΛCDM model.

not viable to describe the evolution of Universe at all scales.

In other words such a scheme seems too simple to give account of the whole cosmological
phenomenology. In fact, in [392] a gravity Lagrangian considering an exponential correction to
the Ricci scalar, f(R) = R + A exp(−B R) (with A, B two constants), gives a grow factor
rate which is in agreement with the observational results at least in the dark matter case. To
corroborate this point of view, one has to consider that when the choice of f(R) is performed
starting from observational data (pursuing an inverse approach) as in [77], the reconstructed
Lagrangian is a non - trivial polynomial in term of the Ricci scalar, as we shall see below.

A result which directly suggests that the whole cosmological phenomenology can be ac-
counted only by a suitable non - trivial function of the Ricci scalar rather than a simple power
law function. In this case, cosmological equations, coming from an f(R) action, can be re-
duced to a linear third order differential equation for the function f(R(z)), where z is the
redshift. The Hubble parameter H(z) inferred from the data and the relation between z and
R can be used to finally work out f(R).

This scheme provides even another interesting result. Indeed, one may consider the ex-
pression for H(z) in a given dark energy model as the input for the reconstruction of f(R)
and thus work out a f(R) theory giving rise to the same dynamics as the input model.

This suggests the intriguing possibility to consider observationally viable dark energy mod-
els (such as ΛCDM and quintessence) only as effective parameterizations of the curvature fluid
[77, 83]. As matter of fact, the results obtained with respect to the study of the matter power
spectra in the case of Rn - gravity do not invalidate the whole approach, since they can be
referred to the too simple form of the model. Similar considerations can be developed for
cosmological solutions derived in Palatini approach (see [75] for details).

An important remark is in order at this point. If the power n is not a natural number, Rn

models could be not analytic for R → 0. In this case, the Minkowski space is not a solution
and, in general, the post-Minkowskian limit of the theory could be bad defined. Actually
this is not a true shortcoming if we consider Rn-gravity as a toy model for a (still unknown)
self-consistent and comprehensive theory working at all scales.

However, the discussion is not definitely closed since some authors support the point of
view that no f(R) theories with f = R + αRn, n 6= 1 can evolve from a matter-dominated
epoch a(t) ∝ t2/3 to an accelerated phase [17]. This result could be the end of such theories,
if the phase space analysis of cosmological solutions is not correctly faced.

In [94], and recently in [95], it is shown that transient matter-dominated evolutions evolving
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Figure 2.6: Comparison between predicted and observed values of τ = tL(z) + ∆f for the
best fit ΛCDM model. Data in Table I have been used.
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Figure 2.7: Comparison between predicted and observed values of τ = tL(z) + ∆f for the
best fit f(R) power-law model as in Fig.2.2. Data in Table I have been used. Also for this
test, it is evident the strict concordance with ΛCDM model in Fig.2.6.

toward accelerated phases are actually possible and the lack of such solutions in [17] depends
on an incomplete parameterization of the phase space.

In general, by performing a conformal transformation on a generic f(R) gravity theory, it
is possible to achieve, in the Einstein frame, dust matter behaviors which are compatible with
observational prescriptions. In addition, by exploiting the analogy between the two frames and
between modified gravity and scalar-tensor gravity, one can realize that physical results, in the
two conformally related frames, could be completely different. In other words one can pass
from a non - phantom phase behavior (Einstein frame) to a phantom regime (Jordan frame)
[82].

Now, we can suppose to change completely the point of view. In fact, we can rely directly
with the Jordan frame and we can verify if a dust matter regime is intrinsically compatible
with modified gravity.

As a first example, one can cite the exact solution provided in [72], which has been deduced
working only in the Jordan Frame (FRW Universe). In particular, one is able to find a power
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law regime for the scale factor whose rate is connected with the power n of the Lagrangian
f(R) = f0R

n.

In other words, one has a(t) = a0t
α with α =

2n2 − 3n + 1
2− n

. Such an exact solution is

found out when only baryonic matter is considered [78, 84]. It is evident that such a solution
allows to obtain an ordinary matter behavior (α = 2/3) for given values of the parameter n
(i.e. n ∼ −0.13, n ∼ 1.29).

Such solutions are nevertheless stable and no transition to acceleration phase then occurs.
In general, it is possible to show that solutions of the type

a = a0(t− t0)
2n

3(1+w) , (2.28)

where w is the barotropic index of standard perfect fluid, arises as a transient phase, and this
phase evolves into an accelerated solution representing an attractor for the system [94]. In
any case, a single solution exactly matching, in sequence, radiation, matter and accelerated
phases is unrealistic to be found out in the framework of simple f(R)-power law theories. The
discussion can be further extended as follows.

2.4.2 Reconstructing f(R) model

Modified gravity can span a wide range of analytic functions of the Ricci scalar where f(R) =
f0R

n only represents the simplest choice. In general, one can reverse the perspective and try
to derive the form of gravity Lagrangian directly from the data or mimicking other cosmological
models.

Such an approach has been developed in [77], and allows to recover modified gravity
Lagrangians by the Hubble flow dynamics H(z): in particular, it is possible to show that wide
classes of dark energy models worked out in the Einstein frame can be consistently reproduced
by f(R)-gravity as quintessence models with exponential potential [71].

Clearly the approach works also for the case of coupled quintessence scalar fields. In other
words, the dynamics of H(z), considered in the Jordan frame, is reconstructed by observational
data considered in the Einstein frame then assuming one of the two frames as the ”physical
frame” could be misleading. Here we further develop this approach with the aim to show, in
general, the viability of f(R) gravity to recover a matter-dominated phase capable of evolving
in a late accelerating phase.

From a formal point of view, the reconstruction of the gravity Lagrangian from data is
based on the relation which expresses the Ricci scalar in terms of the Hubble parameter :

R = −6
(

Ḣ + 2H2 +
k

a2

)
. (2.29)

Now, starting from the above the f(R) field equations (2.12) one can reconstruct the form of
f(R) from the Hubble parameter as a function of the redshift z exploiting the relation (2.29)
after this expression has been rewritten in term of the redshift itself.

A key role in this discussion is played by the conservation equation for the curvature and
the matter fluids which, in the case of dust matter, (i.e. pm = 0) gives :

ρ̇curv + 3H(1 + wcurv)ρcurv = − 1
f ′(R)

(ρ̇m + 3Hρm)

−ρm
df ′(R)

dt
. (2.30)
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In particular, one may assume that the matter energy density is conserved :

ρm = ΩMρcrita
−3 = 3H2

0ΩM (1 + z)3 (2.31)

with z = 1/a− 1 the redshift (having set a(t0) = 1), ΩM the matter density parameter (also
here, quantities labelled with the subscript 0 refers to present day (z = 0) values). Eq.(2.31)
inserted into Eq.(2.30), allows to write a conservation equation for the effective curvature
fluid :

ρ̇curv + 3H(1 + wcurv)ρcurv = 3H2
0ΩM (1 + z)3

× Ṙf ′′(R)
[f ′(R)]2

. (2.32)

Actually, since the continuity equation and the field equations are not independent [77], one
can reduce to the following single equation

Ḣ = − 1
2f ′(R)

{
3H2

0ΩM (1 + z)3 + R̈f ′′(R)+

+Ṙ
[
Ṙf ′′′(R)−Hf ′′(R)

]}
, (2.33)

where all quantities can be expressed in term of redshift by means of the relation
d

dt
= −(1 + z)H

d

dz
.

In particular, for a flat FRW metric, one has :

R = −6
[
2H2 − (1 + z)H

dH

dz

]
, (2.34)

f ′(R) =
(

dR

dz

)−1
df

dz
, (2.35)

f ′′(R) =
(

dR

dz

)−2
d2f

dz2
−

(
dR

dz

)−3
d2R

dz2

df

dz
, (2.36)

f ′′′(R) =
(

dR

dz

)−3
d3f

dz3
+ 3

(
dR

dz

)−5 (
d2R

dz2

)2
df

dz
+

−
(

dR

dz

)−4 (
3
d2R

dz2

d2f

dz2
+

d3R

dz3

df

dz

)
. (2.37)

Now, one has all the ingredients to reconstruct the shape of f(R) by data or, in general, by
the definition of a suitable H(z) viable with respect to observational results. In particular, one
can show that a standard matter regime (necessary to cluster large scale structure) can arise,
in this scheme, before the accelerating phase arises as, for example, in the so called quiessence
model.

A quiessence model is based on an ordinary matter fluid plus a cosmological component
whose equation of state w is constant but can scatter from w = −1. This approach represents
the easiest generalization of the cosmological constant model, and it has been successfully
tested against the SNeIa Hubble diagram and the CMBR anisotropy spectrum so that it allows
to severely constraint the barotropic index w [183, 184, 253].
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It is worth noticing that these constraints extend into the region w < −1, therefore models
(phantom models) violating the weak energy condition are allowed. From the cosmological dy-
namics viewpoint, such a model, by definition, has to display an evolutionary rate of expansion
which moves from the standard matter regime to the accelerated behavior in relation to the
value of w. In particular, this quantity parameterizes the transition point to the accelerated
epoch.

Actually, if it is possible to find out a f(R)-gravity model compatible with the evolution
of the Hubble parameter of the quiessence model, this result suggests that modified gravity
is compatible with a phase of standard matter domination. To be precise, let us consider the
Hubble flow defined by this model, where, as above :

H(z) = H0

√
ΩM (1 + z)3 + ΩX(1 + z)3(1+w) (2.38)

with ΩX = (1−ΩM ) and w the constant parameter defining the dark energy barotropic index.
This definition of the Hubble parameter implies:

R = −3H2
0

[
ΩM (1 + z)3 + ΩX(1− 3w)(1 + z)3(1+w)

]
. (2.39)

The ansatz in Eq.(2.38) allows to obtain from Eq.(??) a differential relation for f(R(z)) which
can be solved numerically by choosing suitable boundary conditions. In particular we choose :

(
df

dz

)

z=0

=
(

dR

dz

)

z=0

, (2.40)

(
d2f

dz2

)

z=0

=
(

d2R

dz2

)

z=0

. (2.41)

f(z = 0) = f(R0) = 6H2
0 (1− ΩM ) + R0 . (2.42)

A comment is in order here. We have derived the present day values of df/dz and d2f/dz2

by imposing the consistency of the reconstructed f(R) theory with local Solar System tests.
One could wonder whether tests on local scales could be used to set the boundary conditions
for a cosmological problem. It is easy to see that this is indeed meaningful.

Actually, the isotropy and homogeneity of the Universe ensure that the present day value of
a whatever cosmological quantity does not depend on where the observer is. As a consequence,
hypothetical observers living in the Andromeda galaxy and testing gravity in his planetary
system should get the same results. As such, the present day values of df/dz and d2f/dz2

adopted by these hypothetical observers are the same as those we have used, based on our
Solar System experiments. Therefore, there is no systematic error induced by our method of
setting the boundary conditions.

Once one has obtained the numerical solution for f(z), inverting again numerically Eq.(2.39),
we may obtain z = z(R) and finally get f(R) for several values of w.

It turns out that f(R) is the same for different models for low values of R and hence of
z. This is a consequence of the well known degeneracy among different quiessence models at
low z that, in the standard analysis, leads to large uncertainties on w. This is reflected in the
shape of the reconstructed f(R) that is almost w - independent in this redshift range.

An analytic representation of the reconstructed fourth order gravity model, can be obtained
considering that the following empirical function

ln (−f) = l1 [ln (−R)]l2 [1 + ln (−R)]l3 + l4 (2.43)
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approximates very well the numerical solution, provided that the parameters (l1, l2, l3, l4) are
suitably chosen for a given value of w. For instance, for w = −1 (the cosmological constant)
it is :

(l1, l2, l3, l4) = (2.6693, 0.5950, 0.0719,−3.0099) .

At this point, one can wonder if it is possible to improve such a result considering even the
radiation, although energetically negligible. Rather than inserting radiation in the (2.38), a
more general approach in this sense is to consider the Hubble parameter descending from a
unified model like those discussed in [91]. In such a scheme one takes into account energy
density which scales as :

ρ(z) = A

(
1 +

1 + z

1 + zs

)β−α [
1 +

(
1 + z

1 + zb

)α]
(2.44)

having defined :
zs = 1/s− 1 , zb = 1/b− 1 . (2.45)

This model, with the choice (α, β) = (3, 4), is able to mimic a Universe undergoing first a
radiation dominated era (for z À zs), then a matter dominated phase (for zb ¿ z ¿ zs) and
finally approaching a de Sitter phase with constant energy.

In other words, it works in the way we are asking for. In such a case, the Hubble parameter

can be written, in natural units, as H =
√

ρ(z)
3 and one can perform the same calculation as

in the quiessence case.
As a final result, it is again possible to find out a suitable f(R)-gravity model which, for

numerical reasons, it is preferable to interpolate as f(R)/R :

f(R)
R

= 1.02× R

R0

[
1 +

(
−0.04× (

R

R0
)0.31

+0.69× (
R

R0
)−0.53

)
× ln(

R

R0
)
]

, (2.46)

where R0 is a normalization constant. This result once more confutes issues addressing mod-
ified gravity as incompatible with structure formation prescriptions. In fact, also in this case,
it is straightforward to show that a phase of ordinary matter (radiation and dust) domination
can be obtained and it is followed by an accelerated phase.

Furthermore, several recent studies are pointing out that large scale structure and CMBR
anisotropy spectrum are compatible with f(R) gravity as discussed in details in [346, 366] for
the metric approach and in [214] for the Palatini approach.

In particular, in [346], it is shown that several classes of f(R) theories can tune the large-
angle CMB anisotropy, the shape of the linear matter power spectrum, and qualitatively change
the correlations between the CMB and galaxy surveys. All these phenomena are accessible with
current and future data and will soon provide stringent tests for such theories at cosmological
scales [48, 151, 281, 393].

2.5 Toy models
Are there some f(R) models which satisfies all the right requirements to be considered as
good starting point of an Extended Theory of Gravity? We are now going to consider some
f(R) models which don’t contain a cosmological constant and are explicitly designed to satisfy
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cosmological and Solar System constraints in given limits of the parameter space. Practically
we choose a class of functional forms of f(R) which are able to match, in principle, observational
data. In definitive:

• they have to reproduce CMBR constraints in the high redshift regime which agree with
the presence of a effective cosmological constant;

• they should give rise to an accelerated expansion, at low redshift, according to ΛCDM;

• they need to have a sufficient number of degrees of freedom in the parameterization in
order to encompass low redshift phenomena, as large scale structure, according to the
observations;

• small deviations from the General Relativity should be consistent with Solar System
tests.

All these requirements suggest that we can assume the limits

lim
R→∞

f(R) = constant (2.47)

and
lim
R→0

f(R) = 0 . (2.48)

Recently an interesting f(R) model has been proposed in [190]. Starting with a gravity
action

A =
∫

d4x
√−g

[
R + f(R)

16πG
+ Lm

]
(2.49)

in this model2 f(R) is given by

fHS(R) = −m2 c1

(
R/m2

)n

c1 (R/m2)n + 1
(2.50)

where n > 0, c1 and c2 are dimensionless parameters and m is a mass scale taken for conve-
nience being equal to

m2 ≡ 8πG

3
ρ0 = (8315 Mpc)−2

(
Ωmh2

0.13

)
(2.51)

where ρ0 is the average density today. The sign of f(R) is chosen so that its second derivative

fRR ≡ d2f(R)
dR2

> 0 (2.52)

for R ¿ m2 to ensure that, at high density, the solution is stable at high curvature. This
condition also implies that cosmological tests at high redshift remain the same as in General
Relativity. This model clearly satisfies the conditions

lim
R→∞

fHS(R) = constant (2.53)

lim
R→0

fHS(R) = 0 . (2.54)

2HS is for authors’ names, Hu and Sawicki
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The second condition means that there could be a flat spacetime solution, i.e. vanishing cos-
mological constant. There is no true cosmological constant introduced in this class; however,
at curvatures high compared with m2 (R is large even in the present universe), fHS(R) may
be expanded as

lim
m2/R→0

fHS(R) ≈ −c1

c2
m2 +

c1

c2
2

m2

(
m2

R

)n

. (2.55)

Thus the limiting case of c1/c2
2 → 0 at fixed c1/c2 is a cosmological constant in both cos-

mological and local tests of gravity. Moreover it shows an “effective” cosmological constant
−m2c1/c2 and generates late-time accelerating expansion. One can show that

H2 ∼ 8πGm2c1

c2
∼ (70 km/s · pc)2 ∼ (10−33 eV)2 (2.56)

At the intermediate epoch, where the matter density ρ is larger than the effective cosmological
constant,

ρ >
m2c1

c2
, (2.57)

there appears the matter dominated phase and the universe expands with deceleration. Hence,
the above model describes an effective ΛCDM cosmology.

Although the model from [190] is very successfull, the early time inflation is not included
there. But it is possible to modify the f(R) gravity model to treat the inflation and the late-time
accelerating expansion in a unified way. In order to include the inflation at the early universe,
the simplest extention may require

lim
R→∞

f(R) = −Λi. (2.58)

Here Λi is an effective cosmological constant at early universe and therefore we assume Λi ¿
(10−33 eV)2. For instance, it could be Λi ∼ 1020÷38.

In order that the accelerating expansion in the present universe could be generated, let us
consider that f(R) could be a small constant at present universe, that is,

f(R0) = −2R̃0 , f ′(R0) ∼ 0. (2.59)

Here R0 is the present curvature, R0 ∼ (10−33 eV)2. The last condition corresponding to the
second one in Eq.(2.54):

lim
R→0

f(R) = 0 . (2.60)

In the above class of models, the universe starts from the inflation driven by the effective
cosmological constant, Eq.(2.58) at the early stage, where curvature is very large. As curvature
becomes smaller, the effective cosmological constant also becomes smaller. After that the
radiation/matter dominates. When the density of the radiation and the matter becomes small
and the curvature goes to the value R0, there appears the small effective cosmological constant
Eq.(2.59). Hence, the current cosmic expansion could start. An example satisfying Eqs.(2.58)-
(2.59)-(2.60) is

f(R) = − (R−R0)2n+1 + R2n+1
0

f0 + f1

[
(R−R0)2n+1 + R2n+1

0

] = − 1
f1

+
f0/f1

f0 + f1

[
(R−R0)2n+1 + R2n+1

0

]
(2.61)
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Here n is a positive integer, and

R2n+1
0

f0 + f1R
2n+1
0

= 2R0 ,
1
f1

= Λi (2.62)

that is

f0 =
R2n

0

2
− R2n+1

0

Λi
∼ R2n

0

2
, f1 =

1
Λi

. (2.63)

By introducing the auxiliary field A in the gravitational part of the action Eq.(2.49), one
can rewrite

A} =
1

8πG

∫
d4x

√−g {(1 + f ′(A))(R−A) + A + f(A)} (2.64)

As it is clear, if F ′(R) = 1+f ′(R) < 0, the effective coupling (8πG)/F ′(A) becomes negative
and the theory enter the anti-gravity regime. This is not the case for General Relativity. The
action can be again recast in a scalar-tensor form by using the conformal scale transformation
gµν → eσgµν with the scalar field σ given as σ = − ln(1 + f ′(A)). In general, an effective
mass for the scalar field σ is defined as

m2
σ =

1
2

[
A

F ′(A)
− 4F (A)

(F ′(A))2
+

1
F ′′(A)

]
(2.65)

which, in the weak field limit, could introduce corrections to the Newton law. Naively, one
expect the order of mass mσ could be that of the Hubble rate, that is, mσ ∼ H ∼ 10−33 eV,
which is very light and the correction could be very large. We should note, however, that
the mass mσ depends on the curvature. The curvature on the earth, Rearth, is much larger
than the average curvature Rsolar in the solar system, and Rsolar is also much larger than
the average curvature in the universe, whose order whose order is given by the square of the
Hubble rate, H2, that is, Rearth À Rsolar À H2. Then if the mass becomes large when
the curvature is large, the correction to the Newton law could be small. In air on the earth,
the scalar curvature could be given by A = R ∼ 10−50 eV2. On the other hand, in the
solar system, we find A = R ∼ 10−61 eV2. In the model Eq.(2.61) if n ≤ 3 in the air or
n ≤ 10 ∼ 12 (if Λi ∼ 1020÷38) in the solar system, we find

f0 ¿ f1

{
(R−R0)2n+1 + R2n+1

0

} ∼ f1R
2n+1 (2.66)

and

F (R) = R + f(R) ∼ R− 1
f1

+
f0

f2
1 R2n+1

∼ 1
f1

. (2.67)

Furthermore, if n > 6 ∼ 7 (if Λi ∼ 1020÷38) in the air, we find F ′(R) ∼ 1 and

m2
σ ∼

F (A)
F ′(A)2

∼ 2
f1
∼ 1038÷56 eV2, (2.68)

which is very large and there is no observable correction to the Newton law. On the other
hand, in the Solar System, if n À 10 ∼ 12 (if Λi ∼ 1020÷38)

m2
σ ∼

1
2F ′′(A)

∼ f0

f1R2n+3
∼ 10239÷295−10n eV2, (2.69)

which is large enough since the radius of the earth is about 107 m ∼ 10−14 eV and there is
no visible correction to the Newton law.
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As condition that inflation occurs one may impose the condition

lim
R→∞

f(R) = αRm (2.70)

instead of Eq.(2.58). A simplest model which satisfies this condition and the Eqs.(2.59)-(2.60)
is

f(R) = αRm − βRn . (2.71)

Here α and β are positive constants and m and n are positive integers satisfying the condition
m > n. Since

f ′(R) = αmRm−1 − βnRn−1 , (2.72)

we find

R0 =
(

βn

αm

)1/(m−n)

, f(R0) = −β
(
1− n

m

)(
βn

αm

)n/(m−n)

< 0 (2.73)

Since
f(R0) = −2R̃0 ∼ R0 ∼ (10−33 eV2), (2.74)

one gets α ∼ R1−m
0 and β ∼ R1−n

0 . This show that f(R) becomes larger than R, f(R) À R,
even in the solar system where R ∼ 10−61 eV2, which could be inconsistent.

Another more realistic proposal is

f(R) =
αRm+l − βRn

1 + γRl
. (2.75)

Here α, β and γ are positive constants while n, m and l are positive integers satisfying the
condition m + l > n. For simplicity we now choose

n = m = l (2.76)

f(R) =
αR2n − βRn

1 + γRn
(2.77)

Then since

f ′(R) =
nRn−1(αγR2n − 2αRn − β)

(1 + γRn)2
(2.78)

one gets R0 satisfying Eq.(2.59) is given by

R0 =

{
1
γ

(
1 +

√
1 +

βγ

α

)}1/n

, (2.79)

and therefore

f(R0) ∼ −2R̃0 =
α

γ2

(
1 +

(1− βγ/α)
√

1 + βγ/α

2 +
√

1 + βγ/α

)
. (2.80)

Let us check if we can choose parameters to reproduce realistic cosmological evolution. As a
working hypothesis we assume βγ/α À 1, then

R0 ∼ (β/αγ)1/2n , f(R0) = −2R̃0 ∼ −β/γ (2.81)

We also assume
f(RI) ∼ (α/γ)Rn

I ∼ RI , (2.82)
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where RI is the curvature in the inflationary epoch which is RI ∼ (1015 GeV)2 = (1024 eV)2.
As a result one obtains

α ∼ 2R̃0R
−2n
0 , β ∼ 4R̃2

0R
−2n
0 Rn−1

I , γ ∼ 2R̃0R
−2n
0 Rn−1

I . (2.83)

Hence we can confirm the assumption βγ/α À 1 if n > 1 as

βγ

α
∼ 4R̃2

0R
−2n
0 R2n−2

I ∼ 10228(n−1) (2.84)

It is also possible to investigate the above correction to the Newton law in the model Eq.(2.77)
with conditions Eq.(2.83). In the Solar System where R ∼ (10−61 eV)2, or in the air on earth,
where R ∼ (10−50 eV)2, we find

F (R) = R + f(R) ∼ R− 2R0 ∼ R , (2.85)

F ′(R) = 1 + f ′(R) ∼ 1 +
nα

γ
Rn−1 ∼ 1 + n

(
R

RI

)n−1

∼ 1 , (2.86)

F ′′(R) = f ′′(R) ∼ n(n− 1)
RI

(
R

RI

)n−2

. (2.87)

Then in the solar system the mass mσ of the scalar field σ is given by m2
σ ∼ 10−160+109n eV2

and in the air on the earth, m2
σ ∼ 10−144+98n eV2. In both cases, the mass mσ is very large if

n ≥ 2 and the correction to the Newton law is very small. Thus, it is proposed a viable modified
gravity model which unifies curvature-induced Rm inflation with effective ΛCDM cosmology.
There is no violation of Newton law in such theory while the known universe expansion history
is reproduced.

2.6 Final lesson on Extended theories of Gravity
Astrophysical observations are pointing out huge amounts of “dark matter” and “dark energy”
needed to explain the observed large scale structure and cosmic dynamics. The emerging
picture is a spatially flat, homogeneous Universe undergoing the today observed accelerated
phase. Despite of the good quality of astrophysical surveys, commonly addressed as Precision
Cosmology, the nature and the nurture of dark energy and dark matter, which should con-
stitute the bulk of cosmological matter-energy, are still unknown. Furthermore, up to now,
no experimental evidence has been found, at fundamental level, to explain such mysterious
components.

The problem could be completely reversed considering dark matter and dark energy as
“shortcomings” of General Relativity in its simplest formulation (a linear theory in the Ricci
scalar R, minimally coupled to the standard perfect fluid matter) and claiming for the “correct”
theory of gravity as that derived by matching the largest number of observational data, without
imposing any theory a priori. As a working hypothesis, accelerating behavior of cosmic fluid,
large scale structure, potential of galaxy clusters, rotation curves of spiral galaxies could be
reproduced by means of extending the standard theory of General Relativity. In other words,
gravity could acts in different ways at different scales and the above “shortcomings” could be
due to incorrect extrapolations of the Einstein gravity, actually tested at short scales and low
energy regimes.

We have done an historical and technical survey of what is intended for Extended Theories
of Gravity in the so called “metric” approaches, and we have discussed some cosmological
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applications where the issues related to the dark components are addressed by enlarging the
Einstein theory to more general f(R) Lagrangians, where f(R) is a generic function of Ricci
scalar R, not assumed simply linear. Obviously, this is not the final answer to the problem of
“dark-components” but it can be considered as an operative scheme whose aim is to avoid the
addition of unknown exotic ingredients to the cosmic pie.





Part II
Gravitational systems in f(R)





CHAPTER 3

Galaxies without Dark Matter

3.1 Galaxies

In this chapter(based on [84, 162, 78]) we are now going to start our investigation on the
possibility to successfully applying the approach of Extended Theories of Gravity to gravitational
systems on different scales.
In a cosmological framework, such an approach lead to modified Friedmann equations that can
be formally written in the usual form by defining an effective curvature fluid giving rise to a
negative pressure which drives the cosmic acceleration [69, 87, 96, 272, 88]. Also referred to
as f(R) theories, this approach is recently extensively studied both from the theoretical and
the observational point of view (see e.g. [72, 75, 49]). Moreover, this same approach has been
also proposed, in early cosmology, as a mechanism giving rise to an inflationary era without
the need of any inflaton field [352].

All this amount of work has been, essentially, concentrated on the cosmological applications
and have convincingly demonstrated that extended theories of gravity (in particular f(R)
gravity) are indeed able to explain the cosmic speed up and fairly fit the available data-sets
and, hence, represents a viable alternative to the dark energy models [77].

Changing the gravity sector could have consequences not only at cosmological scales,
but also at the galactic and cluster scales so that it is mandatory to investigate the low
energy limit of such theories. A strong debate is open with different results arguing in favor
[131, 347, 101, 268, 12, 89] or against [135, 104, 284] such models. It is worth noting that,
as a general result, higher order theories of gravity cause the gravitational potential to deviate
from its Newtonian 1/r scaling [355, 212, 331, 107, 343, 254] even if such deviations may be
vanishing.

We are now going to focus on the problem of rotation curves of spiral galaxies, historically
considered one of the most important evidences for the existence of dark matter haloes; while
we are going to interpret it as a signal of the breakdown of General Relativity.
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W are first going to investigate the Newtonian limit of power law f(R) = f0R
n theories,

assuming that the metric in the low energy limit (Φ/c2 << 1) may be taken as Schwarzschild -
like. It turns out that a power law term (r/rc)β has to be added to the Newtonian 1/r term
in order to get the correct gravitational potential. While the parameter β may be expressed
analytically as a function of the slope n of the f(R) theory, rc sets the scale where the
correction term starts being significant. Nevertheless, the simple power law f(R) gravity is
nothing else but a toy-model which fail if one tries to achieve a comprehensive model for all
the cosmological dynamics, ranging from the early universe, to the large scale structure up to
the late accelerated era [78, 216].

We will consider spiral galaxies splitted in two families starting from their different physical
properties:

• Low Surface Brightness Galaxies (LSB). There are many photometric definitions for
them, the most general and qualitative being that they are galaxies in which the contrast
with respect to the background sky brightness is low (at least one magnitude fainter).
Tipically, LSB galaxies are described as having the morphology of late-type/irregular
spiral galaxies. This description certainly holds true for a significant percentage of
LSB galaxies, but there are also LSB systems which have diffuse yet well defined outer
disks and occasionally bulges. What we are more interested in is that LSB and dwarf
galaxies are supposed to be dark matter dominated at all radii so that the details of
the visible matter distribution are less important. In particular, LSB galaxies have an
unusually high gas content, representing up to 90% of their baryonic content [?, 334],
which makes it possible to measure the rotation curve well beyond the optical radius
Ropt ' 3.2Rd. Moreover, combining 21 - cm HI lines and optical emission lines such
as Hα and [NII] makes it possible to correct for possible systematic errors due to beam
smearing in the radio. As a result, LSB rotation curves are nowadays considered a
useful tool to put severe constraints on the properties of the dark matter haloes (see,
e.g., [121] and references therein). Then it becomes clear that being this family of
galaxies dark matter dominated, they are a greatly consistent test for the application
of Extended Theories;

• High Surface Brightness Galaxies (HSB): their photometric characterizing is clearly
opposite to the previous class one. But in the choice of samples what we were more
interested on are some other properties, for example:

– they have rotation curves which are smooth, symmetric and extended to large
radii;

– they have very small bulges so that these ones can be neglected in the mass
model to a good approximation;

– their luminosity profiles are well measured and present a smooth behaviour;

– data are uniform in quality up to maximal radii of each galaxy.

Their main importance is to expand to bigger and various elements of the same family
(spiral galaxies) the sample where we can apply our approach.
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3.2 Low energy limit of f (R) gravity
As just stated in the introduction, f(R) theories of gravity represent a straightforward gener-
alization of the Einstein General Relativity. To this aim, one considers the action :

A =
∫

d4x
√−g [f(R) + Lm] (3.1)

where f(R) is a generic analytic function of the Ricci scalar curvature R and Lm is the
standard matter Lagrangian. The choice f(R) = R+2Λ gives the General Relativity including
the contribution of the cosmological constant Λ. Varying the action with respect to the metric
components gµν , one gets the generalized Einstein equations that can be more expressively
recast as [69, 77] :

Gµν =
1

f ′(R)

{
1
2
gµν [f(R)−Rf ′(R)] + f ′(R);µν

− gµν¤f ′(R)

}
+

T
(m)
µν

f ′(R)
(3.2)

where Gµν = Rµν − (R/2)gµν is the Einstein tensor and the prime denotes derivative with
respect to R. The two terms f ′(R);µν and ¤f ′(R) imply fourth order derivatives of the metric
gµν so that these models are also referred to as fourth order gravity. Starting from Eq.(3.2) and
adopting the Robertson -Walker metric, it is possible to show that the Friedmann equations
may still be written in the usual form provided that an effective curvature fluid (hence the
name of curvature quintessence) is added to the matter term with energy density and pressure
depending on the choice of f(R). As a particular case, it is possible to consider power - law
f(R) theories, i.e. setting :

f(R) = f0R
n (3.3)

with n the slope of the gravity Lagrangian (n = 1 being the Einstein theory) and f0 a constant
with the dimensions chosen in such a way to give f(R) the right physical dimensions. It has
been shown that the choice (3.3), with n 6= 1 and standard matter, is able to properly fit the
Hubble diagram of Type Ia Supernovae without the need of dark energy [72, 94] and could
also be reconciled with the constraints on the PPN parameters [89].

Here we are going to review the study of the low energy limit1 of this class of f(R)
theories. Let us consider the gravitational field generated by a pointlike source and solve the
field equations (3.2) in the vacuum case. Under the hypothesis of weak gravitational fields
and slow motions, it is possible to write the spacetime metric as :

ds2 = A(r)dt2 −B(r)dr2 − r2dΩ2 (3.4)

where dΩ2 = dθ2 + sin2 θdϕ2 is the line element on the unit sphere. It is worth noting
that writing Eq.(3.4) for the weak field metric is the same as assuming implicitly that the
Jebsen - Birkhoff theorem holds. While this is true in standard General Relativity, it has never
been definitively proved for f(R) theories. Actually, since for a general f(R) theory the field
equations are fourth order, it is quite difficult to show that the only stationary spherically
symmetric vacuum solution is Schwarzschild like. However, that this is indeed the case has

1Although not rigourously correct, in the following we will use the terms low energy limit
and Newtonian limit as synonymous.
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been demonstrated for f(R) theories involving terms like R + R2 with R2 = Rα
β

µνR β
α µν

with torsion [307] and for the case of any invariant of the form R2 also in the case of null
torsion [270]. Moreover, the Jebsen - Birkhoff theorem has been shown to hold also for more
complicated theories as multidimensional gravity and Einstein - Yang -Mills theories [53, 54].
Therefore, although a rigorous demonstration is still absent, it is likely that this theorem is still
valid for power - law f(R) theories, at least in an approximated weak version2 that is enough
for our aims.

To find the two unknown functions A(r) and B(r), one first combines the 00 - vacuum
component and the trace of the field equations (3.2) in absence of matter :

3¤f ′(R) + Rf ′(R)− 2f(R) = 0 ,

to get a single equation :

f ′(R)
(

3
R00

g00
−R

)
+

1
2
f(R)− 3

f ′(R);00
g00

= 0 . (3.5)

Eq.(3.5) is completely general and holds whatever is f(R). It is worth stressing, in particular,
that, even if the metric is stationary so that ∂tgµν = 0, the term f ′(R);00 is not vanishing
because of the non-null Christoffel symbols entering the covariant derivative. Using Eq.(3.3),
Eq.(3.5) reduces to :

R00(r) =
2n− 1

6n
A(r)R(r)− n− 1

2B(r)
dA(r)

dr

d ln R(r)
dr

, (3.6)

while the trace equation reads :

¤Rn−1(r) =
2− n

3n
Rn(r) . (3.7)

Note that for n = 1, Eq.(3.7) reduces to R = 0, which, inserted into Eq.(3.6), gives R00 = 0
and the standard Schwarzschild solution is recovered. In general, expressing R00 and R in
terms of the metric (3.4), Eqs.(3.6) and (3.7) become a system of two nonlinear coupled
differential equations for the two functions A(r) and B(r). A physically motivated hypothesis
to search for solutions is

A(r) =
1

B(r)
= 1 +

2Φ(r)
c2

(3.8)

with Φ(r) the gravitational potential generated by a pointlike mass m at the distance r.
With the above hypothesis, the vacuum field equations reduce to a system of two differential
equations in the only unknown function Φ(r). To be more precise, one can solve Eq.(3.6) or
(3.7) to find out Φ(r) and then use the other relation as a constraint to find solutions of physical
interest. To this aim, let us remember that, as well known, f(R) theories induces modifications
to the gravitational potential altering the Newtonian 1/r scaling [?, 212, 331, 107]. We thus
look for a solution for the potential that may be written as :

Φ(r) = −Gm

2r

[
1 +

(
r

rc

)β
]

(3.9)

2It is, for instance, possible that the metric (3.4) solves the field equations only up to terms
of low order in Φ/c2 with Φ the gravitational potential. For the applications we are interested
in, Φ/c2 << 1, such weak version of the Jebsen - Birkhoff theorem should be verified.
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so that the gravitational potential deviates from the usual Newtonian one because of the
presence of the second term on the right hand side. Note that, when β = 0, the Newtonian
potential is recovered and the metric reduces to the classical Schwarzschild one. On the other
hand, as we will see, it is just this term that offers the intriguing possibility to fit galaxy rotation
curves without the need of dark matter.

In order to check whether Eq.(3.9) is indeed a viable solution, one first inserts the expression
for Φ(r) into Eqs.(3.6) and (3.7) which are both solved if :

(n− 1)(β − 3)
[−β(1 + β)V1η

β−3
]n−1

×
[
1 +

βV1P0

P1η

]
P1η = 0 (3.10)

with η = r/rc, V1 = Gm/c2rc and

P0 = 3(β − 3)2n3 − (5β2 − 31β + 48)n2

− (3β2 − 16β + 17)n− (β2 − 4β − 5) , (3.11)

P1 = 3(β − 3)2(1− β)n3 + (β − 3)2(5β − 7)n2

− (3β3 − 17β2 + 34β − 36)n + (β2 − 3β − 4)β . (3.12)

Eq.(3.10) is identically satisfied for particular values of n and β. However, there are some
simple considerations allow to exclude such values. First, n = 1 must be discarded since,
when deriving Eq.(3.6) from Eq.(3.5), we have assumed R 6= 0 which is not the case for
n = 1. Second, the case β = 3 may also be rejected since it gives rise to a correction to the
Newtonian potential scaling as η2 so that the total potential diverges quadratically which is
quite problematic. Finally, the case β = −1 provides a solution only if n > 1. Since we are
interested in a solution which works whatever n is, we discard also this case. However, in the
limit we are considering, it is V1 << 1. For instance, it is V1 ' v2

c/c2 ∼ 10−6 ÷ 10−3 ranging
from Solar System to galactic scales, with vc the circular velocity. As a consequence, we can
look for a further solution of Eq.(3.10) solving :

P1(n, β)η + βV1P0(n, β) ' P1(n, β)η = 0 . (3.13)

since the second term of Eq.(3.13) is always negligible for the values of n and β in which we
are interested. Eq.(3.13) is an algebraic equation for β as function of n with the following
three solutions :

β =





3n− 4
n− 1
12n2 − 7n− 1−

√
p(n)

q(n)
12n2 − 7n− 1 +

√
p(n)

q(n)

(3.14)

with :
p(n) = 36n4 + 12n3 − 83n2 + 50n + 1 ,

q(n) = 6n2 − 4n + 2 .

It is easy check that, for n = 1, the second expression gives β = 0, i.e. the approximate
solution reduces to the Newtonian one as expected. As a final check, one has to inserte back
into the vacuum field equations (3.5) and (3.7) the modified gravitational potential (3.9) with

β =
12n2 − 7n− 1−√36n4 + 12n3 − 83n2 + 50n + 1

6n2 − 4n + 2
(3.15)
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finding out that the approximated solution solve the field equations up to 10−6 which is more
than sufficient in all astrophysical applications which we are going to consider.

Armed with Eqs.(3.9) and (3.15), one can, in principle, set constraints on n by imposing
some physically motivated requirements to the modified gravitational potential. However,
given the nonlinear relation between n and β, in the following it is better to consider β and
use Eq.(3.15) to infer n from the estimated β.

As a first condition, it is reasonable to ask that the potential does not diverge at infinity.
To this aim, one imposes :

lim
r→∞

Φ(r) = 0

which constraints β − 1 to be negative. A further constraint can be obtained considering the
Newtonian potential 1/r as valid at Solar System scales. As a consequence, since the correction
to the potential scales as rβ−1, one must impose β − 1 > −1 in order to avoid increasing Φ
at the Solar System scales. In order to not evade these constraints, in the following, we will
only consider solutions with

0 < β < 1 (3.16)

that, using Eq.(3.15), gives n > 1 as lower limit on the slope n of the gravity Lagrangian.
While β controls the shape of the correction term, the parameter rc controls the scale

where deviations from the Newtonian potential sets in. Both β and rc have to be determined
by comparison with observations at galactic scales. An important remark is in order here.
Because of Eq.(3.15), β is related to n which enters the gravity Lagrangian. Since this is the
same for all gravitating systems, as a consequence, β must be the same for all galaxies. On the
other hand, the scale length parameter rc is related to the boundary conditions and the mass
of the system. In fact, considering the generalization of Eq.(3.9) to extended systems, one has
to take care of the mass distribution and the geometrical configurations which can differ from
one galaxy to another. As a consequence, rc turns out to be not a universal quantity, but its
value must be set on a case - by - case basis.

Before considering the generalization to extended systems, it is worth evaluating the rota-
tion curve for the pointlike case, i.e. the circular velocity vc(r) of a test particle in the potential
generated by the point mass m. For a central potential, it is v2

c = rdΦ/dr that, with Φ given
by Eq.(3.9), gives :

v2
c (r) =

Gm

2r

[
1 + (1− β)

(
r

rc

)β
]

. (3.17)

As it is apparent, the corrected rotation curve is the sum of two terms. While the first one
equals half the Newtonian curve Gm/r, the second one gives a contribution that may also be
higher than the half classical one. As expected, for β = 0, the two terms sum up to reproduce
the classical result. On the other hand, for β in the range (3.16), 1 − β > 0 so that the
the corrected rotation curve is higher than the Newtonian one. Since measurements of spiral
galaxies rotation curves signal a circular velocity higher than what is predicted on the basis of
the observed mass and the Newtonian potential, the result above suggests the possibility that
our modified gravitational potential may fill the gap between theory and observations without
the need of additional dark matter.

It is worth noting that the corrected rotation curve is asymptotically vanishing as in the
Newtonian case, while it is usually claimed that observed rotation curves are flat (i.e., asymp-
totically constant). However, such a statement should be not be taken literally. Actually,
observations do not probe vc up to infinity, but only up to a maximum radius Rmax showing
that the rotation curve is flat within the measurement uncertainties. However, this by no way
excludes the possibility that vc goes to zero at infinity. Considering Eq.(3.17), if the exponent
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of the correction term is quite small, the first term decreases in a Keplerian way, while the
second one approaches its asymptotically null value very slowly so that it can easily mimic an
approximately flat rotation curve in agreement with observations.

3.3 Extended systems
The solution (3.9) has been obtained in the case of a pointlike source, but may be easily
generalized to the case of extended systems. To this aim, we may simply divide the system
in infinitesimal elements with mass dm and add the different contributions. In the continuous
limit, the sum is replaced by an integral depending on the mass density and the symmetry
of the system spatial configuration. Once the gravitational potential has been obtained, the
rotation curve may be easily evaluated and then compared with observations.

3.3.1 Spherically symmetric systems

The generalization of Eq.(3.9) to a spherically symmetric system is less trivial than one would
expect. In the case of the Newtonian gravitational potential, the Gauss theorem ensures us
that the flux of the gravitational field generated by a point mass m through a closed surface
only depends on the mass m and not on the position of the mass inside the surface. Moreover,
the force on a point inside the surface due to sources outside the surface vanishes. As a result,
we may imagine that the whole mass of the system is concentrated in its center and, as a
consequence, the gravitational potential has the same formal expression as for the pointlike
case provided one replaces m with M(r), being this latter quantity the mass within a distance
r from the centre.

From a mathematical point of view, one can write in the Newtonian case :

ΦN (r) = −G

∫
ρ(x′)
|x− x′|d

3x′

= −4πG

r

∫ ∞

0

ρ(r′)r′2dr′

= −GM(r)
r

where, in the second row, it has been used the Gauss theorem to take the |x− x′|−1 outside
the integral sign (considering all the mass concentrated in the point x′ = 0) and then limited
the integral to r since points with r′ > r do not contribute to the gravitational force.

It is quite easy to show that the Gauss theorem for the gravitational field is a consequence
of the scaling 1/r2 of the Newtonian force. Since this scaling is lost in the case of the
modified potential (3.9), the Gauss theorem does not hold anymore. However, apart from the
multiplicative factor 1/2, one can split the modified gravitational potential as the sum of two
terms, the first one scaling as in the Newtonian case. For this term, the Gauss theorem holds
and we recover the classical results so that the total gravitational potential of a spherically
symmetric system may be written as :

Φ(r) =
ΦN (r) + Φc(r)

2
= −GM(r)

2r
+

Φc(r)
2

(3.18)

with :

Φc(r) = −G

∫ ∞

0

ρ(r′)r′2dr′
∫ π/2

−π/2

sin θ′dθ′
∫ 2π

0

ψcdφ′ (3.19)
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with ψc the non-Newtonian part of the modified gravitational potential for the pointlike case.
In order to be more general, one can consider the calculation for a generic modified potential
of the type :

ψ = −Gm

2r

[
1 + α

(
r

rc

)β
]

(3.20)

so that :

ψc(r) = −αGm

rc

(
r

rc

)β−1

(3.21)

with α and β two parameters depending on the particular theory of gravity one is considering.
While for Rn gravity α = 1, in general, α could also be negative. Inserting the above ψc into
Eq.(3.19), we replace r′ with

|x− x′| = (r2 + r′2 − 2rr′ cos θ′)1/2

where the spherical symmetry of the system has been used so that the potential in the point
x = (r, θ, φ) only depends on r and one can set θ = φ = 0. Integrating over the angular
variables (θ′, φ′), we finally get :

Φc(r) = −πGαr2
c

3
[I1(r) + I2(r)] (3.22)

with :

I1 = 3π

∫ ∞

0

(ξ2 + ξ′2)(β−1)/2ρ(ξ′)ξ′2dξ′

× 2F1

[{
1− β

4
,
3− β

4

}
, {2}, 4ξ2ξ′2

(ξ2 + ξ′2)2

]
, (3.23)

I2 = 4(1− β)ξ
∫ ∞

0

(ξ2 + ξ′2)(β−3)/2ρ(ξ′)ξ′2dξ′

× 3F2

[{
1,

3− β

4
,
5− β

4

}
,

{
3
2
,
5
2

}
,

4ξ2ξ′2

(ξ2 + ξ′2)2

]
, (3.24)

and we have generically defined ξ = r/rc and used the notation pF1[{a1, . . . , ap}, {b1, . . . , bq}, x]
for the hypergeometric functions.

Eqs.(3.23) and (3.24) must be evaluated numerically for a given expression of the mass
density ρ(r). Once Φc(r) has been evaluated, one can compute the rotation curve as :

v2
c (r) = r

∂Φ
∂r

=
v2

c,N (r)
2

+
r

2
∂Φc

∂r
(3.25)

with v2
c,N (r) = GM(r)/r the Newtonian rotation curve. Since we are mainly interested

in spiral galaxies without any spherical component, we only note that, since Φc has to be
evaluated numerically, in order to avoid numerical derivatives, it is better to first differentiate
analytically the expressions for I1 and I2 and then integrate numerically the corresponding
integrals. It is easy to check that the resulting rotation curve is typically slowly decreasing
so that it vanishes asymptotically as in the Newtonian case. However, the rate of decline is
slower than the Keplerian one so that the total rotation curve turns out to be higher than the
Newtonian one: this fact allows to fit galaxy rotation curves without the need of any dark
matter halo3.

3It is worth stressing, at this point, that general conservation laws are guaranteed by
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3.3.2 Thin disk

The case of a disk - like system is quite similar to the previous one and, indeed, the gravitational
potential may be determined following the same method as before simply taking care of the
cylindrical rather than spherical symmetry of the mass configuration. In order to simplify
computations, but still dealing with realistic systems, we will consider a circularly symmetric
and infinitesimally thin disk and denote by Σ(R) its surface mass density4 and by Rd its scale
length. Note that a thin circular disk is the standard choice in describing spiral galaxies so
that the model we consider is indeed the most realistic one.

Adopting cylindrical coordinates (R, φ, z), the gravitational potential may be evaluated
as :

Φ(R, z) =
∫ ∞

0

Σ(R′)R′dR′
∫ 2π

0

ψ(|x− x′|)dφ′ (3.26)

with ψ the pointlike potential and :

|x− x′|2 =
[
(R + R′)2 + z2

] [
1− k2 cos2 (φ′/2)

]
, (3.27)

k2 ≡ 4RR′

[(R + R′)2 + z2]
. (3.28)

Inserting Eq.(3.20) into Eq.(3.26), one gets an integral that can be split into two additive terms.
The first one is half the usual Newtonian one that can be solved using standard procedure [43]
and therefore will not be considered anymore. The second one is the correction term Φc that
reads5 :

Φc(R, z) = −αGΣ0rc

∫ ∞

0

Σ̃(ξ′)
[
(ξ + ξ′)2 + ζ2

] β−1
2 ξ′dξ′

×
∫ 2π

0

[
1− k2 cos2 (φ′/2)

] β−1
2 dφ′ (3.29)

with Σ0 = Σ(R = 0), Σ̃ = Σ/Σ0, ξ = R/rc and ζ = z/rc. Integrating over dφ′ and using
Eq.(4.20), one finally gets :

Φc(R, z) = −2β−2παGΣ0rcξ
β−1

2

∫ ∞

0

dξ′Σ̃(ξ′)ξ′
1+β
2

× 2F1

[{
1
2
,
1− β

2

}
, {1}, k2

]
k1−β . (3.30)

Eq.(3.30) makes it possible to evaluate the corrective term to the gravitational potential gen-
erated by an infinitely thin disk given its surface density Σ(ξ). As a useful application, we
consider the case of the exponential disk [?] :

Σ(R) = Σ0 exp (−R/Rd) (3.31)

Bianchi identities which hold for generic f(R), so the non-validity of Gauss theorem is not a
shortcoming since we are considering the low energy limit of the theory.

4Here, R is the cylindrical coordinate in the plane of the disk (i.e., R2 = x2 + y2) to be
not confused with the Ricci scalar curvature.

5As in the previous paragraph, it is convenient to let apart the multiplicative fac-
tor 1/2 and inser it only in the final result so that the total potential reads Φ(R, z) =
[ΦN (R, z) + Φc(R, z)] /2.
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with Rd the scale radius. With this expression for the surface density, the corrective term in
the gravitational potential may be conveniently written as :

Φc(R, z) = −2β−2η−β
c παGΣ0Rdη

β−1
2

∫ ∞

0

dη′e−η′ η′
β+1
2

× 2F1

[{
1
2
,
1− β

2

}
, {1}, k2

]
k1−β (3.32)

with η = R/Rd and ηc = rc/Rd and k is still given by Eq.(4.20) replacing (R, R′, z) with
(η, η′, z/Rd). The rotation curve for the disk may be easily computed starting from the usual
relation [43] :

v2
c (R) = R

∂Φ(R, z)
∂R

∣∣∣∣
z=0

= η
∂Φ(R, z)

∂η

∣∣∣∣
z/Rd=0

. (3.33)

Inserting the total gravitational potential into Eq.(3.33), one may still split the rotation curve
in two terms as :

v2
c (R) =

v2
c,N (R) + v2

c,corr(R)
2

(3.34)

where the first term is the Newtonian one, which for an exponential disk reads [?] :

v2
c,N (R) = 2πGΣ0Rd(η/2)2

× [I0(η/2)K0(η/2)− I1(η/2)K1(η/2)] (3.35)

with Il,Kl Bessel functions of order l of the first and second type respectively. The correction
term v2

c,corr may be evaluated inserting Eq.(3.32) into Eq.(3.33). Using :

∂k

∂η
=

k

2η

[
1− k2(η + η′)

2η′

]
,

we finally get :

v2
c,corr(η) = −2β−5η−β

c πα(β − 1)GΣ0Rdη
β−1

2 Idisk(η, β) (3.36)

where it has defined :

Idisk(η, β) =
∫ ∞

0

F(η, η′, β)k3−βη′
β−1

2 e−η′dη′ (3.37)

with :

F = 2(η + η′)2F1

[{
1
2
,
1− β

2

}
, {1}, k2

]

+
[
(k2 − 2)η′ + k2η

]
2F1

[{
3
2
,
3− β

2

}
, {2}, k2

]
. (3.38)

The function Idisk(η, β) may not be evaluated analytically, but it is straightforward to estimate
it numerically. Note that Eqs.(3.36) and (3.48) can be easily generalized to a different surface
density by replacing the term e−η′ with Σ̃(η′) and Rd with Rs, being this latter a typical scale
radius of the system, while the function F remains unaltered.
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Table 3.1: Properties of sample galaxies. Explanation of the columns : name of the galaxy,
distance in Mpc; disk central surface brightness in the R band (corrected for galactic extinc-
tion); disk scalelength in kpc; radius at which the gas surface density equals 1 M¯/pc2 in
arcsec; total HI gas mass in 108 M¯; Hubble type as reported in the NED database.

Id D µ0 Rd RHI MHI Type
UGC 1230 51 22.6 4.5 101 58.0 Sm
UGC 1281 5.5 22.7 1.7 206 3.2 Sdm
UGC 3137 18.4 23.2 2.0 297 43.6 Sbc
UGC 3371 12.8 23.3 3.1 188 12.2 Im
UGC 4173 16.8 24.3 4.5 178 21.2 Im
UGC 4325 10.1 21.6 1.6 142 7.5 SAm
NGC 2366 3.4 22.6 1.5 439 7.3 IB(s)m
IC 2233 10.5 22.5 2.3 193 13.6 SBd

NGC 3274 6.7 20.2 0.5 225 6.6 SABd
NGC 4395 3.5 22.2 2.3 527 9.7 SAm
NGC 4455 6.8 20.8 0.7 192 5.4 SBd
NGC 5023 4.8 20.9 0.8 256 3.5 Scd
DDO 185 5.1 23.2 1.2 136 1.6 IBm
DDO 189 12.6 22.6 1.2 167 10.5 Im

UGC 10310 15.6 22.0 1.9 130 12.6 SBm

3.4 Low Surface Brightness Spiral Galaxies

3.4.1 Rotation curves: the data

It is easy to understand why LSB rotation curves are ideal tools to test also modified gravity
theories. Indeed, successfully fitting the rotation curves of a whatever dark matter dominated
system, without resorting to dark matter, should represent a serious evidence arguing in favour
of modifications of the standard Newtonian potential. In order to test our model, it has
therefore considered a sample of 15 LSB galaxies with well measured HI and Hα rotation
curves extracted from a larger sample in [120]. The initial sample contains 26 galaxies, but
they have only been considered those galaxies for which data on the rotation curves, the surface
photometry in the R band and the gas mass surface density were available6. In Table 1, they
are reported the quantities one needs for evaluating the theoretical rotation curve referring the
reader to [120] for further details and references to retrieve the data7.

An important remark in in order here. For each LSB galaxy, both HI and Hα data on
the rotation curve are available. As yet discussed in [120], the raw data show some scatter
mainly due to residuals non circular motions that may lead to ambiguous rotational velocities.

6This initial selection reduced indeed the sample to 19 galaxies, but four of them were
rejected because of numerical problems when computing the gas rotation curve due to the
strong irregularities in the interpolated surface density.

7The data on the rotation curves may be also found in the SIMBAD database
(http://cdsweb.u-strasbg.fr).
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However, when deriving mass models from rotation curves, each galaxy is described as an
axisymmetric system so that non circular motions do not arise. In order to remove this scatter
from the data, it is recommended to use the smoothed rotation curve data derived by a local
regression method extensively discussed in [120] and refs. therein. Following these authors,
one will adopt the smooth data as input in the fitting procedure. The smoothing procedure
may in principle introduce correlations among the data so that it is worth investigating whether
this may bias somewhat the results on the model parameters. Moreover, the number of data
points on each single rotation curve is reduced and the errors on each point is estimated in a
different way than for raw data. As such, it is important to investigate also how this affects
the uncertainties on the final estimate of the model parameters.

3.4.2 Modelling LSB galaxies

Since we are interested in fitting rotation curves without any dark matter halo, our model for
a generic LSB galaxy is made out of the stellar and gaseous components only.

One can assume the stars are distributed in an infinitely thin and circularly symmetric disk.
The surface density Σ(R) may be derived from the surface brightness distribution :

µ(R) = −2.5 log I(R)

with I(R) = Σ(R)/Υ? the light distribution and Υ? the stellar mass - to - light (hereafter
M/L) ratio. The photometric data (in the R band) are fitted with an exponential model thus
allowing to determine the scale length Rd and the central surface brightness µ0 and hence
I0 = I(R = 0). The only unknown parameter is therefore Υ? that makes it possible to convert
the central luminosity density I0 into the central surface mass density Σ0 entering Eqs.(3.35)
and (3.36).

Modelling the gas distribution is quite complicated. Following the standard practice, one
assumes the gas is distributed in a infinitely thin and circularly symmetric disk assuming for
the surface density Σ(R) the profile that has been measured by the HI 21 - cm lines. Since
the measurements only cover the range Rmin ≤ R ≤ Rmax, one may use a third order
interpolation for R in this range, a linear extrapolation between Rmax and RHI , being this
latter a scaling radius defined by Σ(RHI) = 1 M¯/pc2, while assuming Σ(R) = Σ(Rmin) for
R ≤ Rmin. To check if the model works correctly, one can compute the total mass MHI and
normalize the model in such a way that this value is the same as that is measured by the total
HI 21 - cm emission. Finally, one increases the surface mass density by 1.4 to take into account
the helium contribution. It is worth noting that this model is only a crude approximation for
R outside the range (Rmin, Rmax), while, even in the range (Rmin, Rmax), Σ(R) gives only
an approximated description of the gas distribution since this latter may be quite clumpy and
therefore cannot be properly fitted by any analytical expression. However, that the details of
the gas distribution are rather unimportant since the rotation curve is dominated everywhere
by the stellar disk. The clumpiness of the gas distribution manifests itself in irregularities in
the rotation curve that may be easily masked in the fitting procedure, even if this is not strictly
needed for our aims.

3.4.3 Fitting the rotation curves

Having modelled a LSB galaxy, Eqs.(3.35) – (3.38) may be straightforwardly used to estimate
the theoretical rotation curve as function of three unknown quantities, namely the stellar M/L
ratio Υ? and the two theory parameters (β, rc). Actually, the fitting parameters will be log rc
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Figure 3.1: Contour plots for vc(Rd) in the planes (β, log rc), (left), (β, fg) (middle),
(log rc, fg) (right) with rc in kpc. The contours are plotted for vc(R) = k×vfid with k from 0.7
to 1.3 in steps of 0.1 and vfid = vc(Rd) for the model with (β, log rc, fg) = (0.61,−2.13, 0.65).
Upper panels refer to a pointlike system with total mass m = Υ?Ld +MHI , with Ld the total
disk luminosity, MHI the gas mass and Υ? given by Eq.(3.39). Lower panels refer to the
extended case using as default parameters those of UGC 10310. In each panel, the remaining
parameter is set to its fiducial value. Note that similar plots are obtained for values of R other
than Rd.

rather than rc (in kpc) since this is a more manageable quantity that makes it possible to
explore a larger range for this theoretically unconstrained parameter. Moreover, we use the gas
mass fraction fg rather than Υ? as fitting quantity since the range for fg is clearly defined,
while this is not for Υ?. The two quantities are easily related as follows :

fg =
Mg

Mg + Md
⇐⇒ Υ? =

(1− fg)Mg

fgLd
(3.39)

with Mg = 1.4MHI the gas (HI + He) mass, Md = Υ?Ld and Ld = 2πI0R
2
d the disk total

mass and luminosity.
We use Eq.(3.35) to compute the disk Newtonian rotation curve, while the vc,corr is

obtained by integrating numerically Eq.(3.48). For the gas, instead, authors resort to numerical
integrations for both the Newtonian rotation curve and the corrective term. The total rotation
curve is finally obtained by adding in quadrature these contributions.

To constrain the parameters (β, log rc, fg), they minimize the following merit function :

χ2(p) =
N∑

i=1

[
vc,th(ri)− vc,obs(ri)

σi

]2

(3.40)
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Figure 3.2: Some illustrative examples of simulated rotation curves (smoothing the data for
convenience) with overplotted the input theoretical rotation curve (solid line) and the best fit
one (short dashed line).

where the sum is over the N observed points. While using the smoothed data helps in better
adjusting the theoretical and observed rotation curves, the smoothing procedure implies that
the errors σi on each point are not Gaussian distributed since they also take into account
systematic misalignments between HI and Hα measurements and other effects leading to a
conservative overestimate of the true uncertainties (see the discussion in [120] for further
details). As a consequence, we do not expect that χ2/dof ' 1 for the best fit model (with
dof = N − 3 the number of degrees of freedom), but we can still compare different models
on the basis of the χ2 values. In particular, the uncertainties on the model parameters will be
estimated exploring the contours of equal ∆χ2 = χ2 − χ2

min in the parameter space.

3.5 LSB: testing the method

The method we have outlined above and the data on LSB galaxies are in principle all what we
need to test the viability of Rn gravity. However, there are some subtle issues that can affect
in an unpredictable way the outcome of the analysis.

Two main problems worth to be addressed. First, there are three parameters to be con-
strained, namely the gas mass fraction fg (related to the stellar M/L ratio Υ?) and the Rn

gravity quantities (β, log rc). However, although they do not affect the theoretical rotation
curve in the same way, there are still some remaining degeneracies hard to be broken. This
problem is well illustrated by Fig.,3.1 where they are shown the contours of equal vc(Rd) in
the planes (β, log rc), (β, fg) and (log rc, fg) for the pointlike and extended case. Looking, for
instance, at right panels, one sees that, for a given β, log rc and fg (and hence Υ?) have the
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same net effect on the rotation curve so that the same value for vc(Rd) may be obtained for a
lower fg provided one increases log rc. On the other hand, β and log rc have opposite effects
on vc(R) : the lower is β, the smaller is vc(R) for a given R. Since the opposite holds for
log rc, as a result, the same value of vc(Rd) may be obtained increasing log rc and decreasing
β. Moreover, while β drives the shape of the rotation curve in the outer region, its effect may
be better appreciated if rc is low so that a further degeneracy arises.

A second issue is related to the authors’ decision to use the smooth rather than the raw
data. Although [120] claim that this does not affect the results, their analysis is nevertheless
performed in the framework of standard theory of gravity with dark matter haloes. It is therefore
worth investigating whether this holds also in the case of the Rn gravity we are considering
here.

Both these issues may be better investigated through the analysis of simulated rotation
curves. To this aim, we take UGC 10310 as input model for the gas surface density and
the disk luminosity because its properties are typical of our sample. For given values of the
model parameters (β, log rc, fg), authors generate observed rotation curves using the same
radial sampling of the actual observations. For each ri, we randomly extract vc,obs(ri) from a
Gaussian distribution centered on the vc,th(ri). To this point, they attach an error extracted
from a second Gaussian distribution centered on the εi×vc,obs(ri) with εi the percentage error
on vc,obs(ri) in the real sample. The simulated rotation curves thus obtained are quite similar
to the raw data so that they use the same smoothing procedure to get simulated smooth data.
Both the simulated raw and smooth data are quite similar to the corresponding observed ones
so that they represent ideal tools to explore the issues quoted above.

3.5.1 The impact of the parameters degeneracy

As well known, the determination of N model parameters from the fit to a given data set may
be seriously compromised if strong degeneracies exist. Considering for simplicity the case of a
pointlike source, the rotation curve may be roughly approximated as :

v2
c (r) ' Gm

2r
×





1 for (r/rc)β << 1
1 + (1− β) for (r/rc)β ' 1
(1− β)(r/rc)β for (r/rc)β >> 1

. (3.41)

For the typical values of β (∼ 0.8) and rc (' 0.01 kpc) they qualitatively estimate from an
eyeball fit to the data, it is easy to check that most of the data in the rotation curves mainly
probe the region with (r/rc)β >> 1 so that v2

c ' Gm/2rc×(1−β)(r/rc)β−1. As a result, the
theoretical rotation curve mainly depends on the two effective parameters meff = m(1−β)/2
and rc,eff = rβ

c . Moreover, as a further complication, the lower is β, the less v2
c depends on

rc since the correction term is more and more negligible. A similar discussion (although less
intuitively) also holds in the extended case with the stellar M/L ratio Υ? playing the role of
the pointlike mass m. Both these problems may be better appreciated looking at Fig. 3.1 as
yet discussed above. It is therefore mandatory to explore whether the data are able to break
these degeneracies or how they affect the recovering of the model parameters (β, log rc, fg).

This task may be ideally tackled fitting the simulated rotation curves generated as de-
scribed above and comparing the best fit values with the input ones. Indeed, we find that
the degeneracy works in a quite dramatic way possibly leading to large discrepancies among
the input and best fit values. To better illustrate this point, some typical examples have been
reported in Fig. 3.2 where the input theoretical rotation curve (solid line) and the best fit
one (short dashed line) are superimposed to the simulated data. Note that we plot smoothed
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Figure 3.3: Contours of equal ∆χ2 = χ2 − χ2
min projected on the three planes (β, log rc),

(β, fg), (log rc, fg) for the case of the simulation in the top right panel of Fig. 3.2 with rc in
kpc. In each panel, the remaining parameter is set to its best fit value. The three contours
individuate the 1, 2 and 3σ confidence ranges. Open contours mean that no constraints may
be obtained.

rather than raw data in order to not clutter the graphic with too many points, but the raw data
have been used in the fit. Although the two lines in each panel are always remarkably close
so that they can be hardly discriminated by the data, the offset ∆p/p = |1− pfit/psim| may
be quite large. Considering, for instance, the parameter β, we get ∆β/β = 24%, 11%, 17%
and 16% from top left to bottom right clockwise respectively. Similar results are obtained for
the full set of simulations, while smaller values of ∆p/p come out for p = log rc and p = fg

(and hence for Υ?). It is also worth stressing that no significant correlation has been observed
between ∆p/p and p whatever is the parameter p considered.

This exercise also teaches us an important lesson. As it is apparent, better quality data
could not be sufficient to break the degeneracy. An instructive example is represented by the
top right panel where the two curves almost perfectly overlap. It is clear that reducing the error
bars does not help at all so the input and the best fit models are impossible to discriminate
notwithstanding a remarkable ∆β/β = 11%. In some cases, the two curves start departing
from each other for large R so that one could expect that adding more points in this region
or extending the data to still higher R efficiently breaks the degeneracy. Unfortunately, the
simulated data extend up to ∼ 5Rd so that further increasing this coverage with real data is
somewhat unrealistic (especially using typical spiral galaxies rather than the gas rich LSBs).

The degeneracy hinted above among the model parameters also dramatically affects the
estimated errors on (β, log rc, fg). This can be seen in Fig. 3.3 where we report the contours
of equal ∆χ2 projected on the three planes (β, log rc), (β, fg), (log rc, fg) for the case of
the simulation in the top right panel of Fig. 3.2. As it is clearly seen, β remains essentially
unconstrained, while log rc and fg are only weakly constrained with the 3σ contours still
spanning almost the full physical range for fg. As suggested by the analysis of the pointlike case,
these discouraging results are an expected consequence of the dependence of the theoretical
rotation curve on the two degenerate quantities (meff , rc,eff ) preventing us to efficiently
constraint separately the three model parameters.

3.5.2 Breaking the degeneracy among (β, log rc, fg)

The analysis carried out convincingly shows that the degeneracy among the model parameters
can not be broken by the present data on the rotation curves alone. As a result, one has to add
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Figure 3.4: Top panels. Some illustrative examples of simulated rotation curves (smoothing
the data for convenience) with overplotted the input theoretical rotation curve (solid line) and
the best fit one from raw (short dashed line) and smooth (long dashed line) data. Bottom
panels. 1, 2 and 3σ confidence ranges in the plane (log rc, fg) from the fit to raw (solid line)
and smooth (short dashed line) data shown in the respective top panels (with rc in kpc). Note
that the two cases reported are representatives of the best (left) and worst (right) situations
we find in our sample of simulated rotation curves.

some more constraints coming from different sources in order to set one of the three parameters
above thus breaking the degeneracy and correctly recovering the values of the remaining two.
Again, the analysis of the simulated rotation curves may help in choosing the best strategy.

As a first possibility, one may resort to stellar population synthesis models in order to set
the M/L ratio Υ? and hence the gas mass fraction fg. Although this strategy is not free of
problems (see the discussion in Sect. 6), one can ideally correlate the observed colors of the
galaxy to the predicted M/L ratio and hence performing the fit to the data with the parameter
fg obtained by Eq.(3.39) so that (β, log rc) are the only unknown quantities. The fit results
to the full set of simulated rotation curves unequivocally show us that this strategy does not
work at all. Although we do not report any illustrative examples, we warn the reader that quite
similar plots to Fig. 3.2 are obtained. Actually, while |∆log rc/ log rc| is reduced to ∼ 10%,
we still have |∆β/β| ∼ 20% with values as high as 40%. Nevertheless, the input theoretical
and the best fit rotation curves overlaps quite well over the range probed by the data.
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As in the case with all the parameters free to vary, reducing the errors bars or extending the
radial coverage is typically not sufficient for lowering ∆β/β. Such a result may be anticipated
by considering again Eq.(3.41). Setting Υ? is the same as choosing m so that one could
argue that (β, log rc) may be determined by the effective quantities (meff , rc,eff ) that are
constrained by the data. Actually, the situation is much more involved. Indeed, for β << 1,
we are in a quasi Newtonian regime so that rc,eff is very weakly constrained and hence neither
β nor rc may be recovered. On the other hand, if β ' 1 the correction is small and again the
constraints on both parameters are weak.

The simple exercise discussed above shows us that also a perfect knowledge of Υ? is unable
to break the remaining degeneracy between β and log rc thus preventing the fit to recover their
correct value. As a second possibility, one may resort to the theory itself and decide to set
β from the beginning. Actually, this is the same as setting the slope n of the Rn gravity
Lagrangian. Since this latter must be the same from the galactic up to the cosmological
scales, one may determine n from a different test and then set β from Eq.(3.15). The fit
to the data may then be used to estimate (log rc, fg) which, on the contrary, depend on the
particular system under examination. Indeed, we find that this strategy works very well. Both
log rc and fg are recovered with great accuracy being |∆log rc/ log rc| ∼ |∆fg/fg| ∼ 5%
and never greater than ∼ 10%. Two cases representative of our best and worst situations are
shown in Fig. 3.4. In both cases, the input theoretical curve and the best fit one may be
hardly distinguished and indeed we get (∆ log rc/ log rc, ∆fg/fg) = (−2%,−3%) for the case
in the left panel and (3%, 5%) for the one in the right panel.

Considering the intrinsic errors induced by the displacement from the input rotation curve
induced by our procedure used to generate the simulated data, we can safely conclude that
both log rc and fg are exactly recovered within the expected precision.

It is also interesting to look at the bottom panels in Fig. 3.4 showing the iso - ∆χ2 contours
in the plane (log rc, fg). Although still covering a large region of the parameter space, the
confidence ranges are now closed so that it is possible to extract meaningful constraints on
the parameters. Following the usual approach (see, e.g., [120]), 1 and 2σ errors are obtained
by projecting on the axes the contours for ∆χ2 = 1 and ∆χ2 = 4 respectively8. A naive
propagation of errors on fg and the use of Eq.(3.39) makes it possible to infer constraints on
Υ?. It is remarkable that the uncertainty on log rc remains large (hence rendering rc known
only within an order of magnitude). Reducing the error on log rc is, however, quite difficult
with the data at hand. As can be easily checked, rc mainly determines the value of the
circular velocity in the outer region with vc being larger for smaller rc. For β ' 0.8 as we
will adopt later, (r/rc)β ' 1 − 50 for r ranging from 10−2 to 102rc where most of the data
are concentrated. In order to get smaller errors on log rc, one should increase the number
of points (and reducing the measurement uncertainties) in the region r > 103rc. For typical
values of log rc ' −2 and Rd ' 2 kpc, one then needs to measure the rotation curve beyond
r ∼ 5Rd which is quite unrealistic at the moment.

3.5.3 Raw vs smooth data

In the analysis of the simulated cases described above, we have up to now used the raw data
as input to the fitting procedure. Nevertheless, in Sect. 4, we have claimed that the smooth
rather than the raw data will be used in the analysis of the observed LSB galaxies rotation

8We caution the reader that the contours in Figs. 3.3 and 3.4 refer to 2D confidence ranges
so that ∆χ2 = 2.30, 6.17, 11.8 respectively. They do not must be confused with those reported
in the text which refer to constraints in a 1D parameter space.
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curves. As explained above and further discussed in de Blok & Bosma (2002) and references
therein, smooth data are better suited to recover constraints on a given theory since they are
less sensitive to non axisymmetric features and outliers affected by unpredictable errors.

Any smoothing procedure may potentially introduce some correlation among the data
points because of binning the data and averaging the measurements in a given bin. Although
the procedure adopted by de Blok & Bosma (2002) and briefly described in Appendix B is
quite efficient in reducing these problems, a residual correlation still remains so that it is worth
exploring whether this affects the results.

To this aim, we have fitted both the raw and the smooth data with the β parameter set
for the reasons discussed above. As a first qualitative test, we have checked that the results
are interchangeable, i.e. we may fit equally well the raw data with the best fit curve from the
fit to the smooth data and vice versa. This is clearly seen in the top panels of Fig. 3.4 where
the long dashed lines (representing the best fit to the smooth data) are hardly distinguished
by the short dashed ones (from the fit to the raw data). As a more rigorous test, we have
compared the best fit values from the two fits with those used to generate the simulated curve.
Indeed, we find a remarkable agreement between the three sets of (log rc, fg) values. What is
more interesting, in many cases, (∆p/p)smooth < (∆p/p)raw thus advocating in favor of the
use of the smooth rather than the raw data.

As a final test, we also explore whether the confidence ranges and hence the uncertainties
on the model parameters are affected. A nice visual result may be gained looking at the
bottom panels in Fig. 3.4 and comparing the solid with the short dashed lines. As it is clear,
the confidence regions quite well overlap with no visible offset from one another. Actually,
using smooth rather than raw data leads to wider confidence regions and hence larger errors
on (log rc, fg). However, this is expected since the smooth dataset contains a lower number of
points so that we can roughly expect that the error σp on a parameter p increases by a factor
ε ∝ (Nraw/Nsmooth)1/2. This is indeed the case when comparing the estimated errors from
projecting the 1D confidence regions on the (log rc, fg) axes.

A final comment is in order. Because of how the measurement uncertainties have been
computed, the best fit reduced χ2/d.o.f values are not expected to be close to 1. This is
indeed the case when dealing with the raw data. However, a further reduction is expected for
the smooth data because of the peculiarities of the smoothing procedure used. For instance,
we get (χ2/d.o.f.)raw = 0.29 vs (χ2/d.o.f.)smooth = 0.07 for the case in the right panel
of Fig. 3.4. There are two motivations concurring to the finding of such small reduced χ2.
First, the uncertainties have been conservatively estimated so that the true ones may also be
significantly smaller. Should this be indeed the case, χ2/d.o.f. turn out to be underestimated.
A second issue comes from an intrinsic feature of the smoothing procedure. As discussed
in Appendix B, the method we employ is designed to recover the best approximation of an
underlying model by a set of sparse data. Since the fit to the smooth data searches for the
best agreement between the model and the data, an obvious consequence is that the best fit
must be as close as possible to data that are by their own as close as possible to the model.
As such, if the best fit model reproduces the data, the χ2 is forced to be very small hence
originating the observed very small values of the reduced χ2. Note that both these effects
are systematics so that they work the same way over the full parameters space. Since we are
interested in ∆χ2 rather than χ2

min, these systematics cancel out thus not affecting anyway
the estimate of the uncertainties on the model parameters.
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Figure 3.5: Best fit curves superimposed to the data for the sample of 15 LSB galaxies
considered. See Table 1 for details on the galaxies and Table 2 for the values of the best fit
parameters. A case by case discussion is presented in the Appendix A.
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3.6 Low Surface Brightness Galaxies: Results

The extensive analysis of the previous section make it possible to draw two summarizing
conclusions. First, we have to set somewhat the slope n of the gravity Lagrangian in order
to break the degeneracy the model parameters. Second, we can rely on the smoothed data
without introducing any bias in the estimated parameters or on their uncertainties.

A key role is then played by how we set n and hence β. To this aim, one may resort to
cosmology. Indeed, Rn gravity has been introduced as a possible way to explain the observed
cosmic speed up without the need of any dark energy component. Motivated by the first
encouraging results, we have fitted the SNeIa Hubble diagram with a model comprising only
baryonic matter, but regulated by modified Friedmann equations derived from the Rn gravity
Lagrangian. Indeed, we find that the data are consistent with the hypothesis of no dark energy
and dark matter provided n 6= 1 is assumed [78]. Unfortunately, the constraints on n are quite
weak so that we have decided to set n to its best fit value without considering the large error.
This gives β = 0.817 that we will use throughout the rest of the work. Note that Eq.(3.15)
quickly saturates as function of n so that, even if n is weakly constrained, β turns out to be
less affected.

A comment is in order here. Setting β to the value derived from data probing cosmological
scales, we are implicitly assuming that the slope n of the gravity Lagrangian is the same on all
scales. From a theoretical point of view, this is an obvious consistency assumption. However,
it should be nicer to derive this result from the analysis of the LSB rotation curves since they
probe a different scale. Unfortunately, the parameters degeneracy discussed above prevents
us to efficiently perform this quite interesting test. Indeed, an accurate estimate of n from
β needs a well determined β since a small offset ∆β/β translates in a dramatically large
∆n/n. As a consequence, a possible inconsistency among the estimated β from different
galaxies could erroneously lead to the conclusion that the gravity theory is theoretically not
self consistent. To validate such a conclusion, however, one should reduce ∆β/β to less than
5%. Unfortunately, our analysis of the simulated rotation curves have shown us that this is not
possible with the data at hand. It is therefore wiser to opt for a more conservative strategy
and look for a consistency9 between the results from the cosmological and the galactic scales
exploring whether the value of β set above allows to fit all the rotation curves with physical
values of the remaining two parameters (log rc, fg). This is our aim in this work, while the
more ambitious task hinted above will need for a different dataset.

With this caveat in mind, all we need to fit the data is the modelling of LSB galaxies
described in Sect. 4.3 and the smoothed data available in literature. The best fit curves thus
obtained are shown in Fig. 3.5, while the constraints on (log rc, fg) and on the stellar M/L
ratio Υ? are reported in Table 2. As a preliminary remark, it is worth noting that three galaxies
(namely, NGC 2366, NGC 4395 and DDO 185) may be excluded by further discussion because
of problematic data.

Indeed, for NGC 2366 the lack of data in the intermediate region prevents from deriving
useful constraints, while the bump and the sink in NGC 4395 clearly signals the effect of local
clumps in the gas distribution. Finally, for DDO 185, we have only 8 points separated by a
large gap so that the fit is unable to converge. We stress that these cases are problematic

9A similar problem also arises when dealing with MOND where the critical acceleration
a0 plays a similar role as n for our theory. In principle, one should leave this quantity free
when fitting galactic rotation curves and then check whether the same value is recovered for
all galaxies. Unfortunately, model degeneracies prevent to perform such a test so that it is
common to set a0 to its fiducial value 1.2×10−10m/s2 from the beginning.
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whatever is the mass model and the gravity theory adopted so that we will not consider them
anymore in the following discussion. A detailed case - by - case analysis of the full sample is
presented in Appendix A, while here we mainly dedicate to some general lessons we can draw
from the fit results.

Fig. 3.5 shows that, for 11 over 12 cases (the only problematic one being UGC 3137),
there is an overall very good agreement between the data and the best fit curve thus suggesting
that our modified gravitational potential allows to fit the data without any dark matter halo.
Indeed, our model galaxies are based only on what is directly observed (the stellar mass and
the gas content) and no exotic component is added. Needless to say, this is not possible in the
standard Newtonian theory of gravity, while it is the presence of the additive power law term
in the modified gravitational potential that makes it possible to increase the rotation curve in
such a way to reproduce what is measured. In order to further substantiate this result, we can
compare the constraints on the galactic parameters fg and Υ? with what is expected from
astrophysical considerations.

First, we consider the gas mass fraction fg. Roughly averaging the best fit values for
the 11 successfully fitted galaxies, we get 〈fg〉 ' 0.51 with a standard deviation σg ' 0.18.
Both these values are typical of LSB galaxies thus suggesting that our model galaxies are
physically reasonable. As a further check, one could question whether the estimated values
of the M/L ratio Υ? are reasonable. The stellar M/L is usually obtained by fitting the
Newtonian rotation curve of the exponential disk to the observed data in the inner region.
However, such an estimate may be seriously biased. On the one hand, one usually add a dark
halo contributing also to the inner rotation curve so that less disk mass is needed and hence
the M/L ratio could be underestimated. On the other hand, being rc of order 10−2 kpc, using
the Newtonian gravitational potential significantly underestimates the true rotation curve for a
given disk mass so that more mass and hence an artificially higher M/L is needed if the halo is
neglected. As a consequence, we cannot rely on the estimates of M/L reported in literature if
they have been obtained by studying the inner rotation curve. A possible way out could be to
use the relation between broad band colors and M/L [35]. Unfortunately, this relation has been
obtained by considering stellar population models that are typical of high surface brightness
galaxies that have quite different properties. Moreover, such a relation has been calibrated by
fitting the Tully - Fisher law under the hypothesis of maximal disk and Newtonian gravitational
potential. Indeed, as a cross check, we have used the Bell & de Jong (2001) formulae with
the colors available in the NED database10 obtaining values of Υ? typically much smaller than
1. This is in contrast with the usual claim that M/L ' 1.4 for LSB galaxies [120], while some
suitably chosen population synthesis models predict Υ? between 0.5 and 2 [?].

Excluding the four problematic galaxies (UGC 3137, NGC 2366, NGC 4395, DDO 185),
a direct comparison of the values of Υ? in Table 2 with the fiducial range (0.5, 2.0) shows
that in 9 over 11 cases the fitted Υ? is consistent within 1σ with the fiducial range quoted
above. For UGC 1230 and DDO 189, the fitted M/L is unacceptably high so that a residual
matter component seems to be needed. Should this missing matter be indeed dark matter, our
proposed scenario would fail for these two galaxies. Deferring to Appendix A possible solutions
for each single case, we here note that our constraints on Υ? comes from those on fg through
Eq.(3.39). Here, an assumption on the helium fraction fHe has been assumed to convert
the measured HI mass MHI into the total gas mass Mg = fHeMHI . Although reasonable,

10Note that these colors are typically in a different photometric system than that used
by Bell & de Jong (2001). Although this introduces a systematic error, it is unlikely that
this causes a significant bias in the estimated M/L. For details see the NED database
(http://nedwww.ipac.caltech.edu).
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our choice for the constant conversion factor is affected by an unknown uncertainty that we
have not taken into account. Moreover, we have assumed the same fHe for all galaxies,
while it is conceivable that star evolution related phenomena could make fHe mildly galaxy
dependent. Should fHe be lower, than Υ? will be smaller thus lowering the disagreement
observed. Moreover, we have not included any molecular gas in the gas budget. Although
this is typically a good assumption, it is worth noting that our modified potential may increase
the contribution to the total rotation curve of any mass element so that it is possible that
the missing matter in UGC 1230 and DDO 189 is represented by unaccounted molecular gas.
However, even excluding these two galaxies, we end up with a conservative estimate of 10 over
12 successful fits with plausible astrophysical values of the fitted galactic parameters which is
a satisfactory considering the paucity of the sample.

Finally, let us consider the results on log rc. Different from the case of β, rc is not a
universal constant. Nevertheless, considering the conservative sample of 9 successfully fitted
galaxies (thus excluding UGC 1230, UGC 3137, NGC 2366, NGC 4395, DDO 185, DDO 189)
and roughly averaging the best fit values, we get 〈log rc〉 = −2.0±0.6. The reasonably low
scatter in log rc may be qualitatively explained considering that rc mainly determines the value
of the terminal velocity in the rotation curve. Since this quantity has a low scatter for the
sample of LSB galaxies we have used, it is expected that the same holds for log rc.

The constraints on (log rc, fg) summarized in Table 2 have been obtained for β = 0.817,
consistent with the best fit n from the fit to SNeIa Hubble diagram. However, since the
estimate of n is affected by a large uncertainty so that it is worth wondering how this impacts
the results presented here. To this aim, we have repeated the fit for UGC 10310 for n = 2.5
(β = 0.740) and n = 4.5 (β = 0.858). For the best fit values, we get :

(log rc, fg,Υ?) = (−1.85, 0.58, 1.42) for β = 0.740 ,

(log rc, fg,Υ?) = (−1.36, 0.41, 1.62) for β = 0.858 ,

to be compared with (log rc, fg, Υ?) = (−1.76, 0.56, 1.55). As expected, increasing β, log rc

and fg become smaller in order to give the same observed rotation curve, consistent with what
expected from Fig. 3.1. Although the shift in the best fit values is significant, the data do not
still allow to draw a definitive conclusion. For instance, the 2σ confidence ranges for log rc

turn out to be :

(−2.16,−1.39) for β = 0.740
(−2.05,−1.34) for β = 0.817
(−2.04,−1.35) for β = 0.858

(3.42)

which are consistent with each other. Note that further increasing n have no significant effect
on the estimate of the parameters since β quickly saturates towards its asymptotic value β = 1.
We are therefore confident that, although the constraints on (log rc, β) depend on β, our main
results are qualitatively unaltered by the choice of n (and hence β).

It is also worth noting that the three values of β considered above all provide quite good
fits to the observed rotation curve. This is not surprising given the data at hand and our
analysis parameters degeneracies presented in Sect. 5. In order to constrain β from rotation
curves leaving it as a free parameter in the fit, therefore, one could explore the possibility to
performed a combined χ2 analysis of the full set of rotation curves. This can eventually be
complemented by adding a prior on β, e.g., from the cosmological constraints on n. Exploring
this issue is outside our aims here, but should be addressed in a forthcoming work.



78 3 Galaxies without Dark Matter

Summarizing, the results from the fit and the reasonable agreement between the recovered
Υ? and that predicted from stellar population synthesis models make us confident that Rn

gravity is indeed a possible way to fit the rotation curves of LSB galaxies using only baryonic
components (namely, the stellar disk and the interstellar gas) thus escaping the need of any
putative dark matter halo.
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3.6.1 Details on fit results

In Sect. 6, we have discussed the main features of the fit results as a whole, while here we give
some few details on the comparison of the model with the rotation curve on a case - by - case
basis.

UGC 1230. This is a somewhat problematic case giving a best fit Υ? = 15.9±3.1 which
is hard to explain in terms of reasonable population synthesis models. High values of M/L
are also obtained in the case of maximum disk and dark halo models. For instance, de Blok &
Bosma (2002) find Υ? = 6.1 for both isothermal and NFW dark halo models. It is therefore
likely that a problem may reside in the data or in the modelling (e.g., an underestimate of
the gas content or a wrong measurement of the distance of the galaxy that could lead to
underestimate the total absolute luminosity and hence overestimating Υ?). Although such a
possibility exist, it is worth noting that the value of log rc is significantly larger than what is
found for the other galaxies thus enhancing the need for an unseen component at odds with
our working hypothesis of no dark matter. We have therefore decided to not consider UGC
1230 as a successful fits even if there is a good agreement between the data and the best fit
curve.

UGC 1281. This is a typical case with the model nicely reproducing the data and a value
of Υ? in agreement with population synthesis models. There is only a marginal overestimate
of the rotation curve for R ≤ 1 kpc, but it is well within the errors. To this aim, we remark
that a slight overestimate of the theoretical rotation curve for the innermost points is expected
for all galaxies since we have artificially assumed the gas surface density is flat in this region
where no data are available. Should this not be the actual situation, vc turns out to be slightly
biased high.

UGC 3137. This case is not satisfactory for our approach. Indeed, the reduced χ2 for
the best fit model is anomalously high (∼ 2) essentially due to the theoretical curve being
higher than the observed one for the innermost points and smaller in the intermediate region.
Moreover, the estimated Υ? = 12.0±1.9 is too large to be reconciled with population synthesis
models. The disagreement is hard to explain given that the data seem to be of good quality
and the curve is quite smooth. It is, however, worth noting that it is not possible to achieve
a good fit also in the dark matter case whatever is the halo model used (see, e.g., de Blok &
Bosma 2002). It has to be remarked that UGC 3137 is an edge - on galaxy so that deriving a
disk mass model from the surface brightness involves a series of assumptions that could have
introduced some unpredictable systematic error.

UGC 3371. The agreement between the data and the model is extremely good and the
estimated values of (log rc, fg) are typical of the sample we have considered. The best fit Υ?

is somewhat larger than expected on the basis of stellar population model, but the fiducial
Υ? = 1.4 typically used in dark matter fitting is only 1σ smaller. We can therefore consider
this fit successfull and physically reasonable.

UGC 4173. Although the agreement between the data and the best fit model is almost
perfect, this case is somewhat more problematic than UGC 3371 since we get an anomalously
high Υ?. As such, we could deem this galaxy as a failure for Rn gravity. However, examining
the 2D confidence regions in the plane (log rc, fg), it is easy to find out models with typical
values of log rc and lower Υ? that could still agree with the rotation curve within the errors.
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Moreover, the uncertainties on the data points are probably overestimated as could be inferred
noting that also dark halo models reproduce the observed curve with a very small χ2 which is
a typical signal of too high errors. Given these issues, we include this galaxy in the sample of
successful fits.

UGC 4325. The best fit model matches perfectly the observed rotation curve with a typical
value of log rc, but a somewhat small but still reasonable Υ?. However, since log rc and Υ?

are positively correlated, one could increase log rc and hence Υ? still achieving a very good fit
to the data, even if this is not our final choice.

NGC 2366. This curve is a challenge both for Rn gravity and dark matter models. The
very linear rise in the inner part rapidly changes in a flat part at larger radii. Moreover, there
are no points in the intermediate region that could give constraints on how the change takes
place. As de Blok & Bosma (2002) suggests, it is possible that the outermost points which
are based on the HI data alone are underestimated. Another possibility is the presence of non
circular motions due to the inner bar - like structure. These uncertainties on the data lead to
a very bad fit with large values for both log rc and Υ?. Given this situation, we have not
considered anymore this galaxy stressing, however, that this is not an evidence against Rn

gravity.

IC 2233. It is quite difficult to get a very good fit to this galaxy rotation curve since,
looking at the plot, one sees an abrupt change of concavity for R ≥ 3 kpc. As a consequence,
a perfect matching between the data and the model is not possible. Nevertheless, the best
fit model provides a quite good agreement with the data. Moreover, the best fit values of
(log rc, fg) are typical of our sample and the estimated Υ? nicely agrees with the fiducial one
suggested in previous literature. We can therefore consider this galaxy as one of the most
remarkable successes of Rn gravity.

NGC 3274. Although the general trend of the curve is well reproduced, there is a certain
disagreement in the region 1 kpc ≤ R ≤ 2 kpc where a change of concavity occurs that is
not reproduced by the model. Note that features like this could be related to a clumpiness
in the gas distribution that cannot be modeled analytically. Considering, moreover, that the
value of log rc is quite typical and the estimated M/L ratio is not too difficult to reconcile
with population synthesis models (although somewhat high), we conclude that Rn gravity
successfully reproduces this curve.

NGC 4395. The rotation curve of this galaxy is strongly affected by the presence of star
formation regions that cause an oscillating behaviour for 1.5 kpc ≤ R ≤ 4 kpc that is not
possible to reproduce by any analytical model. Indeed, the best fit model is unable to agree
reasonably well with the data so that the results on (log rc, fg) are significantly altered. Given
the problems with the modeling, we have therefore decided to exclude this galaxy from the
final sample since it is impossible to decide whether a bad fit is a signal of a breakdown for
Rn gravity.

NGC 4455. Both the fit and the estimated values of the model parameters are quite satis-
factory, although the low Υ? may argue in favour of a higher log rc. Note that there is a hole
in the observed rotation curve around ∼ 3 kpc. Adding some more data in this region could
help in better constraining the parameters with particular regard to Υ?. It is worth noting that
the best fit curve tends to be higher (but well within the measurement errors) in the outer
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region. Extending the measurement of this galaxy rotation curve to larger radii could therefore
be a crucial test for our paradigm in this particular case. Note, however, that it is also possible
that the parameters will be adjusted in such a way to still provide a good fit.

NGC 5023. This edge - on galaxy is, in a certain sense, an ameliorated version of UGC
3137. Indeed, the best fit model underestimates the rotation curve in the region between 2
and 3 kpc, but fits quite well the remaining data. Inspecting the rotation curve, a change of
concavity occurs at 2 kpc and it is, indeed, this feature the origin of the disagreement. The
similarity with the case of UGC 3137 could suggest to reject this galaxy considering also this fit
as an unsuccessful one. However, a closer look shows that, while in the case of UGC 3137 the
best fit model works bad both in the inner and the intermediate regions, here the disagreement
is limited to the zone where the change of concavity takes place. Moreover, in this case, the
best fit log rc is typical of our sample and the estimated M/L ratio is quite reasonable so that
we have finally decided to retain this galaxy.

DDO 185. This very linear curve is quite difficult to reproduce and, indeed, our best fit
model makes a poor job with a too small M/L ratio. However, the overall rotation curve
measurements are of very poor quality so that this galaxy can be discarded from further con-
siderations.

DDO 189. There is an almost perfect matching between the data and the best fit model.
The estimated values of (log rc, fg) are typical for the LSB galaxies in our sample, but Υ? is
unexpectedly large. Since fg takes a completely reasonable value, a possible problem could
arise with the conversion from fg to Υ?. For instance, should fHe be smaller than our fiducial
value, then Υ? should be revised towards lower values. In order to be conservative, we have
however decided to exclude this galaxy from the sample of successful fits even if nothing pre-
vents the reader to take the opposite decision.

UGC 10310. Everything works well for this galaxy. The best fit model provides a good fit
to the observed rotation curve with only a modest overestimate (still within the uncertainties)
in the innermost region that could be ascribed to our assumptions in the gas modelling. The
values of log rc and fg are typical of our sample, while the best fit Υ? may be easily reconciled
with the predictions from stellar population synthesis models.

3.7 High Surface Brightness Spiral Galaxies

Using the same formalism of the LSB galaxies, the analysis for HSB has done leading to the
results reported in Table(3.3).
The total HSB sample is made of two different subsamples:

• the first sample, with 15 galaxies, represents the best available rotation curves to study
the mass distribution of luminous and/or dark matter, and it has been used in works
concerning modifications of gravity and the core/cusp controversy. This sample includes
nearby galaxies of different Surface Brightness: DDO 47 [170]; ESO 116-G12, ESO 287-
G13, NGC 7339, NGC 1090 [169]; UGC 8017, UGC 10981, UGC 11455 [380]; M 31,
M 33 [114]; IC 2574 [245]; NGC 5585 [115]; NGC 6503 [387]; NGC 2403 [158]; NGC
55 [305];

• a second sample consists of 15 selected objects from [323] that has been used to test
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MOND. This sample consists of the following galaxies: UGC 6399, UGC 6983, UGC
6917, NGC 3972, NGC 4085, NGC 4183, NGC 3917, NGC 3949, NGC 4217, NGC 3877,
NGC 4157, NGC 3953, NGC 4100 [368, 374]; NGC 300 [304]; UGC 128 [371].

Table 3.3: Properties and parameters of the mass model of the analyzed sample (β = 0.7)
from [162]. From left to right, the columns read: name of the galaxy, Hubble Type as reported
in the NED database, adopted distance in Mpc, B-band luminosity in 109 LB¯, disk scale
length in kpc, gas mass in 109 M¯ until last measured point, gas fraction in %, disk mass in
109 M¯, scale length parameter in kpc, mass-to-light ratio in ΥB

¯, and chi-square χ2
red.

Id Type D LB RD Mgas fgas MD rc ΥB
? χ2

red

DDO 47 IB 4 0.1 0.5 2.2 96± 1 0.01 0.005 0.1 0.5
IC 2574 SABm 3 0.8 1.78 0.52 79± 12 0.14 0.017± 0.003 0.2 0.8

NGC 5585 SABc 6.2 1.5 1.26 1.45 58± 3 1 0.038± 0.004 0.7 1.4
NGC 55 SBm 1.6 4 1.6 1.3 84± 7 0.24 0.024± 0.004 0.06 0.14

ESO 116-G12 SBcd 15.3 4.6 1.7 21 50 2.1 0.05± 0.01 0.5 1.2
NGC 6503 Sc 6 5 1.74 2.3 18± 0.7 10.6 0.21± 0.014 2.1 18

M 33 Sc 0.84 5.7 1.4 3.7 53± 2 3.3 0.075± 0.004 0.58 25
NGC 7339 SABb 17.8 7.3 1.5 6.2 2.8± 0.2 22 0.41± 0.07 3 2.3
NGC 2403 Sc 3.25 8 2.08 4.46 27± 0.9 12.1 0.21± 0.015 1.5 19

M 31 Sb 0.78 20 4.5 − − 180± 70 1.53± 0.19 9 3.4
ESO 287-G13 Sbc 35.6 30 3.3 14 25± 1 41 0.48± 0.05 1.4 3.2

NGC 1090 Sbc 36.4 38 3.4 100 18± 1 47 0.59± 0.04 1.2 0.9
UGC 8017 Sab 102.7 40 2.1 − − 9.1± 0.3 0.01± 0.01 0.23 5.2
UGC 11455 Sc 75.4 45 5.3 − − 74± 3 0.14± 0.01 1.6 5
UGC 10981 Sbc 155 120 5.4 − − 460± 200 ∼ 1011 3.8 4.9
UGC 6399 Sm 18.6 1.6 2.4 1 23± 3 3.3 0.1± 0.03 2 0.1
NGC 300 Scd 1.9 2.3 1.7 1.3 39± 4 2 0.052± 0.010 0.87 0.43
UGC 6983 SBcd 18.6 4.2 2.7 4.1 24± 2 13 0.46± 0.1 3.1 0.88
UGC 6917 SBd 18.6 4.4 2.9 2.6 14± 1 16 0.71± 0.17 3.6 0.47
UGC 128 Sd 60 5.2 6.4 10.7 32± 5 23 0.39± 0.11 4.4 0.1
NGC 3972 Sbc 18.6 6.7 2 1.5 39± 3 2.5 0.025± 0.004 0.37 0.1
NGC 4085 Sc 18.6 6.9 1.6 1.3 44± 4 1.7 0.014± 0.003 0.25 1
NGC 4183 Scd 18.6 9.5 1.4 4.9 60± 6 3.2 0.09± 0.023 0.3 0.33
NGC 3917 Scd 18.6 11 3.1 2.6 22± 1.5 9.2± 0.9 0.098± 0.014 0.8 1
NGC 3949 Sbc 18.6 19 1.7 4.1 19± 2.2 17 0.22± 0.06 0.9 0.25
NGC 4217 Sb 18.6 21 2.9 3.3 6.1± 0.7 52 0.55± 0.15 2.5 0.38
NGC 4100 Sbc 18.6 25 2.5 4.4 13± 1.5 28 0.20± 0.03 1.1 1.52
NGC 3877 Sc 18.6 27 2.8 1.9 7.3± 0.8 24 0.2± 0.04 0.9 0.75
NGC 4157 Sb 18.6 30 2.6 12 26± 2.6 33 0.25± 0.04 1.1 0.53
NGC 3953 SBbc 18.6 41 3.8 4 2.8± 0.18 140 1.9± 0.5 3.4 0.78

Available photometry and radio observations show that the stars and the gas in the sample
of galaxies are distributed in an infinitesimal thin and circular symmetric disk. While the HI
surface luminosity density distribution Σgas(r) gives a direct measurement of the gas mass,
optical observations show that the stars have an exponential distribution:

ΣD(r) = (MD/2σR2
D)e−r/RD , (3.43)

where MD is the disk mass and RD is the scale length, the latter being measured directly
from the optical observations, while MD is kept as a free parameter of our analysis. The total
circular velocity is the sum of each squared contribution from stars and gas, and respectively
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Figure 3.6: The solid line represents the best-fit total circular velocity. The dashed and
dotted lines are the Newtonian contribution from gas and the stars, while the dot-dashed
represents their sum. The long dashed-line is the non Newtonian contribution of the gas and
the stars to the model. Below the rotation curves, we plot the residuals.
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Figure 3.7: Best fit curves superimposed to the data from selected objects from [323]. See
Fig.(3.6) for details.
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from the Newtonian and corrective term of the extended gravitational potential as given
in Eq.(3.34).

In a first step, rotation curves of HSB are χ2 best fitted with the following free parameters:
the slope (β) and the scale length (rc) of the theory, and the gas mass fraction (fgas) related
to the disk mass simply by MD = Mgas(1− fgas)/fgas. The errors for the best fit values of
the free parameters are calculated at one standard deviation with the χ2

red + 1 rule. From the
results of these fits it gets a mean value of

βHSB = 0.7± 0.25 (n ' 2.2) . (3.44)

In the second step it has redone the best-fit fixing the slope parameter at β = 0.7 keeping as
free parameters only rc and fgas. In the case of LSB a mean value of

βLSB = 0.58± 0.15 (n ' 1.7) , (3.45)

has been obtained, perfectly compatible with this result. This parameter, however, is well
constrained from SNeIa observations to be

βSN = 0.87 (n ' 3.5) , (3.46)

also compatible with these results.
Summarizing the results of this analysis, in general we have:

• the velocity model coming from modified gravitational potential well fits rotation curves;

• acceptable values for the mass-to-light ratios;

• too vast range for values of gas fraction (0% < fgas < 100%);

• not clear comprehension for the big variation of values for the scale length parameter
(0.005 kpc < rc < 1.53 kpc )

3.8 Burkert haloes

At this point, it is worth wondering whether a link may be found between Rn gravity and the
standard approach based on dark matter haloes since both theories fit equally well the same
data. The trait - de - union between these two different schemes can be found in the modified
gravitational potential which induces a correction to the rotation curve in a similar manner as
a dark matter halo does. As a matter of fact, it is possible to define an effective dark matter
halo by imposing that its rotation curve equals the correction term to the Newtonian curve
induced by Rn gravity. Mathematically, one can split the total rotation curve derived from Rn

gravity as v2
c (r) = v2

c,N (r) + v2
c,corr(r) where the second term is the correction. Considering,

for simplicity a spherical halo embedding a thin exponential disk, one may also write the total
rotation curve as v2

c (r) = v2
c,disk(r) + v2

c,DM (r) with v2
c,disk(r) the Newtonian disk rotation

curve and v2
c,DM (r) = GMDM (r)/r the dark matter one, MDM (r) being its mass distribution.

Equating the two expressions, one gets :

MDM (η) = Mvir

(
η

ηvir

)
2β−5η−β

c (1− β)η
β−5

2 I0(η)− Vd(η)

2β−5η−β
c (1− β)η

β−5
2 I0(ηvir)− Vd(ηvir)

. (3.47)
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with η = r/Rd, Σ0 = Υ?i0, Vd(η) = I0(η/2)K0(η/2)× I1(η/2)K1(η/2)11 and :

I0(η, β) =
∫ ∞

0

F0(η, η′, β)k3−βη′
β−1

2 e−η′dη′ (3.48)

with F0 only depending on the geometry of the system and “vir” indicating virial quantities.
Eq.(3.47) defines the mass profile of an effective spherically symmetric DM halo whose ordinary
rotation curve provides the part of the corrected disk rotation curve due to the addition of the
curvature corrective term to the gravitational potential. It is evident that, from an observational
viewpoint, there is no way to discriminate between this dark halo model and Rn gravity.
Having assumed spherical symmetry for the mass distribution, it is immediate to compute
the mass density for the effective dark halo as ρDM (r) = (1/4πr2)dMDM/dr. The most
interesting features of the density profile are its asymptotic behaviors that may be quantified
by the logarithmic slope αDM = d ln ρDM/d ln r which can be computed only numerically as
function of η for fixed values of β (or n). As expected, αDM depends explicitly on β, while
(rc, Σ0, Rd) enter indirectly through ηvir. The asymptotic values at the center and at infinity
denoted as α0 and α∞ result particularly interesting. It turns out that α0 almost vanishes so
that in the innermost regions the density is approximately constant. Indeed, α0 = 0 is the value
corresponding to models having an inner core such as the cored isothermal sphere [43] and the
Burkert model [62, 63, 50]. Moreover, it is well known that galactic rotation curves are typically
best fitted by cored dark halo models (see, e.g., [171] and references therein). On the other
hand, the outer asymptotic slope is between −3 and −2, that are values typical of most dark
halo models in literature. In particular, for β = 0.80 one finds (α0, α∞) = (−0.002,−2.41),
which are quite similar to the value for the Burkert model (0,−3). It is worth noting that
the Burkert model has been empirically proposed to provide a good fit to the LSB and dwarf
galaxies rotation curves. The values of (α0, α∞) that authors find for their best fit effective dark
halo therefore suggest a possible theoretical motivation for the Burkert - like models. Due to
the construction, the properties of the effective dark matter halo are closely related to the disk
one. As such, we do expect some correlation between the dark halo and the disk parameters.
To this aim, exploiting the relation between the virial mass and the disk parameters , one can
obtain a relation for the Newtonian virial velocity Vvir = GMvir/Rvir :

Md ∝ (3/4πδthΩmρcrit)
1−β

4 R
1+β
2

d ηβ
c

2β−6(1− β)G
5−β

4

V
5−β

2
vir

I0(Vvir, β)
. (3.49)

Authors have numerically checked that Eq.(3.49) may be well approximated as Md ∝ V a
vir

which has the same formal structure as the baryonic Tully - Fisher (BTF) relation Mb ∝ V a
flat

with Mb the total (gas + stars) baryonic mass and Vflat the circular velocity on the flat part
of the observed rotation curve. In order to test whether the BTF can be explained thanks to
the effective dark matter halo it has been proposing, one should look for a relation between
Vvir and Vflat. This is not analytically possible since the estimate of Vflat depends on the
peculiarities of the observed rotation curve such as how far it extends and the uncertainties
on the outermost points. For given values of the disk parameters, authors therefore simulate
theoretical rotation curves for some values of rc and measure Vflat finally choosing the fiducial
value for rc that gives a value of Vflat as similar as possible to the measured one. Inserting
the relation thus found between Vflat and Vvir into Eq.(3.49) and averaging over different
simulations, they finally get :

log Mb = (2.88± 0.04) log Vflat + (4.14± 0.09) (3.50)

11Here Il and Kl, with l = 1, 2 are the Bessel functions of first and second type.
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while a direct fit to the observed data gives [249] :

log Mb = (2.98± 0.29) log Vflat + (3.37± 0.13) . (3.51)

The slope of the predicted and observed BTF are in good agreement thus leading further
support to our approach. The zero point is markedly different with the predicted one being
significantly larger than the observed one, but it is worth stressing, however, that both relations
fit the data with similar scatter. A discrepancy in the zero point may be due to the approximate
treatment of the effective halo which does not take into account the gas component. Neglecting
this term, one should increase the effective halo mass and hence Vvir which affects the relation
with Vflat leading to a higher than observed zeropoint. Indeed, the larger is Mg/Md, the more
the point deviate from our predicted BTF thus confirming our hypothesis. Given this caveat,
one may therefore conclude with confidence that Rn gravity offers a theoretical foundation
even for the empirically found BTF relation.

3.9 What have we learnt from galaxies?

Rotation curves of spiral galaxies have been considered for a long time the strongest evidence
of the existence of dark matter haloes surrounding their luminous components. Notwithstand-
ing the great experimental efforts, up to now there has never been any firm detection of such
an exotic dark component that should make up these haloes. It is therefore worth wonder-
ing whether dark matter indeed exists or it is actually the signal of the need for a different
gravitational physics.

Motivated by these considerations, we have explored here the case of Rn gravity. Since
such theories have been demonstrated to be viable alternatives to the dark energy giving
rise to scenarios capable of explaining the observed cosmic speed up, it is highly interesting
to investigate their consequences also at galactic scales. To this aim, we have solved the
vacuum field equations for power - law f(R) theories in the low energy limit thus deriving the
gravitational potential of a pointlike source. It turns out that both the potential and the
rotation curve are corrected by an additive term scaling as (r/rc)β−1 with the scalelength rc

depending on the system physical features (e.g. the mass) and β a function of the slope n
of the gravity Lagrangian. In particular, for n = 1, our approximated solution reduces to the
standard Newtonian one. For 0 < β < 1, the potential is still asymptotically vanishing, but the
rotation curve is higher than the Newtonian one. These results still hold when we compute the
corrected potential for extended systems with spherical symmetry or thin disk configuration.
As a result, we have argued that the rotation curve of spiral galaxies could be fitted using the
luminous components only thus eliminating the need for dark matter.

In order to verify this hypothesis, we have considered a sample of 15 LSB galaxies with
well measured combined HI and Hα rotation curves extending far beyond the optical edge of
the disk. Since these systems are usually claimed to be dark matter dominated, reproducing
their rotation curves without the need of any dark matter halo would represent a significant
evidence in favour of Rn gravity. Moreover, fitting to rotation curves allows in principle to
constrain the theory parameters (β, rc) and determine the M/L ratio of the stellar component.
Unfortunately, extensive simulations have highlighted the need to set a strong prior on β (and
hence n) to break the degeneracy among the three fitting parameters (β, log rc, fg). To this
aim, we have resorted to the results of SNeIAa Hubble diagram fitting without dark matter
and dark energy which shows that n = 3.5 reproduces the data without the need of any dark
sector.
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Motivated by this consideration, we have set n = 3.5 giving β = 0.817 in order to check
whether Rn gravity may fit both the SNeIa Hubble diagram and the LSB rotation curves
without either dark energy on cosmological scales and dark matter on galactic scales with
the same value of the slope n. Indeed, we conservatively estimate that 10 of a sample of
12 usable galaxies can be properly fitted by the corrected rotation curves based only on the
baryonic components (stars and gas) of the galaxies with values of the M/L ratio which may be
reconciled with predictions from stellar population synthesis models. It is worth emphasizing
that all the LSB rotation curves have been successfully fitted using the same value of β.
Although β has been set from the beginning, this does not guarantee that the full set of curves
will be satisfactorily well fitted. Indeed, should we have found that a single rotation curve
demands for a different β, this could have been a decisive evidence against Rn gravity. On the
contrary, the same β leads to equally good fit for all the 10 successful galaxies. We therefore
conclude that the self consistency of the theory has been verified thus leading further support
to Rn gravity as a viable alternative to the dark sector on galactic and cosmological scales.

These encouraging results are a strong motivation for investigating Rn gravity further
from both observational and theoretical point of views. Still remaining on galactic scales,
it was mandatory to extend the analysis of the rotation curves to the case of high surface
brightness (HSB) galaxies. Although their structure is more complicated (since one has to
include also a bulge component), HSB galaxies are more numerous than LSB ones so that we
may perform our test on a larger sample thus increasing the significance of the results. To
this aim, it is important to carefully select the sample in order to include systems with well
measured and extended rotation curve and not affected by possible non circular motions due
to spiral arms or bar - like structures. While this could be a limitation, it is worth stressing that
in modeling HSB one may neglect the gas component which has been the most important
source of theoretical uncertainty in our study of LSB galaxies. Should the test on HSB be
successful as the present one, we could convincingly demonstrate that Rn gravity is a no dark
matter solution to the long standing problem of the rotation curves of spiral galaxies. As we
have verified, HSB galaxies give a positive answer to this question: we remark the relevance
of the used sample that contains objects in a large range of luminosity and with very accurate
and proper kinematic. At the end there was found in general a reasonable agreement, with
some discrepancies, between the HSB and LSB circular velocity model, encouraging further
investigations from the theoretical point of view.

Furthermore, if one considers the model parameters settled by the fit over the observa-
tional data on LSB rotation curves, it is possible to construct a phenomenological analogous
of Dark Matter halo whose shape is similar to the one of Burkert model. Since Burkert model
has been empirically introduced to give account of the DM distribution in the case of LSB
and dwarf galaxies, this result could represent an interesting achievement since it furnishes a
theoretical foundation to such a model. By investigating the relation among dark halo and
the disk parameters, we have deduced a relation between Md and Vflat which reproduces the
baryonic Tully - Fisher. In fact, exploiting the relation between the virial mass and the disk
parameters, one can obtain a relation for the virial velocity which can be satisfactory approx-
imated as Md ∝ V a

vir. Even such a result seems very intriguing since it furnishes again a
theoretical interpretation for a phenomenological relation. As a matter of fact, although not
definitive, these phenomenological issues regarding fourth order gravity can represent a viable
approach for future more exhaustive investigations and in particular support the quest for a
unified view of the dark side of the Universe.





CHAPTER 4

The Sersic Virial Hyperplane

After having showed how f(R) gravity models can be able to reproduce rotation curves of spiral
galaxies and the Tully-Fisher relation which holds for this morphological class of galaxies, we
can try to apply the same approach to elliptical galaxies. In this case, before to go to the them
dynamics properties (i.e. the dispersion velocity curve, which is their analogous of rotation
curves for spiral galaxies), we have found another useful results.

While working on the right way to approach this problem we have found another useful
scaling relation which holds for this kind of galaxies. We have called it, Sersic Virial Hyperplane
and, as we are going to show in this chapter, it is a four dimensional generalization of some more
famous and historical relations such as the Fundamental Plane and the Photometric Plane. As
we have reproduced the Tully-Fisher relation for spiral galaxies, we expect from future works
to reproduce also this relation in the framework of f(R) gravity models. At the same time its
importance goes above the gravity model which one applies to it, because it has two values
inside. It is a more general relation between the dynamical, cinematical and morphological
properties of an elliptical galaxy with respect usual relations, depicting a more comprehensive
picture where the evolution of these objects can be better understood. Moreover, giving its
narrow intrinsic dispersion respect to the Fundamental and Photometric Planes, it could be
used as a new high-sensitivity distance indicator.

4.1 General properties of Elliptical Galaxies

Elliptical and S0 galaxies (hereafter, collectively referred to as early - type galaxies, ETGs)
present a striking regularity in their luminosity distribution. The ETG surface brightness is
well fitted by the well known r1/4 profile [123], while considerable better results are obtained
using the Sersic r1/n law [338]. From the photometric point of view, therefore, ETG may
be considered as characterized by only three parameters, namely the slope n of the Sersic
profile, the effective radius Re containing half of the total luminosity, and the effective surface
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brightness µe defined as µe = µ(Re), or equivalently the average surface intensity 〈Ie〉 =
(LT /2)/(πR2

e).
The ETG kinematic may be schematically characterized through its central velocity disper-

sion σ0 which, under suitable assumptions on the mass profile, gives information on the mass
and hence the mass - to - light (hereafter M/L) ratio. Being a mass tracer, it is reasonable
to expect that σ0 is somewhat correlated to the total luminosity LT , even if it is difficult to
forecast an analytic form for such a correlation, given the subtleties of the luminous and dark
components modelling. It is therefore not surprising that empirical searches for such a correla-
tion were early undertaken. A remarkable success was represented by the Faber - Jackson (FJ)
LT ∝ σ4

0 relation [148]. The large scatter in the FJ law led to the need for higher dimensional
representations of ETGs. Considering n = 4, there remains just three parameters describing
an ETG so that one could wonder whether a relation exist among the photometric quantities
(Re, 〈Ie〉) and the kinematical one σ0. This relation were indeed found [133, 136] and, when
expressed in a logarithmic scale, is just a plane soon dubbed the fundamental plane (FP). It is
worth noting that such a plane was not unexpected. Indeed, a simple application of the virial
theorem gives Re ∝ σ2

0〈Ie〉−1, under the hypotheses of constant M/L ratio and structural
homology. The observed FP plane is however tilted, i.e. one indeed finds Re ∝ σα

0 〈Ie〉−β ,
but with (α, β) = (1.49, 0.75) rather than (2, 1) as forecasted before [38]. Such a tilt may be
easily explained introducing a power - law correlation M/L ∝ Lγ

T (with γ ' 0.27), but inter-
preting the origin of such a relation is a difficult and ambiguous task due to proposals ranging
from non - homology [303], to stellar populations effects [136], from systematic variations in
kinematical structure [372, 36, 64] to a combination of different terms [365].

Although the de Vaucouleurs profile is a satisfactory fit, it is well known that the Sersic
profile has to be preferred [65, 175, 303]. As such, forcing n = 4 in the fit may systematically
bias the estimate of Re and 〈Ie〉 and hence affect the FP. Introducing n increases the number
of parameters needed to describe ETGs leading to wonder whether scaling relations exist.
Actually, given the observational difficulties in measuring σ0, it is worth looking for empirical
correlations involving only the photometric parameters. Interesting examples are the Kormendy
relation (KR) between Re and µe [217] and the scalelength - shape relation between Re and n
[391]. However, just as the FJ relation is a projection of the FP, both the Re - µe and the Re - n
relations may be seen as projections of a more fundamental law among these three photometric
parameters. In logarithmic units, such a relation indeed exists and it is a plane referred to as
the photometric plane (PhP) recently detected in both near infrared [207] and optical [176].
While observationally the PhP is confirmed also at intermediate redshift (La Barbera et al.
2004, 2005), a definitive theoretical interpretation is still lacking. Modelling the stars in ETG
as a self - gravitating gas, Lima Neto et al. (1999) have recovered a PhP like relation (referred
to as the entropic plane) by assuming that the specific entropy (i.e., the entropy for mass
unit) is constant for all ETGs. Later, Márquez et al. (2001) derived an energy - entropy (or
mass - entropy) line giving a possible explanation for the structural relations among photometric
parameters. Moreover, they also find out that the specific entropy increases as a consequence
of merging processes so offering a possible way to test the model against the observed variation
of the PhP with redshift.

There are two general lessons to draw from the above short summary. First, two dimen-
sional scaling relations turn out to be projections of a more general three dimensional law.
It is therefore worth wondering whether this also holds for the FP and PhP being possible
projections of a four parameters law. It is worth noting that a first step towards this direction
has been attempted by Graham (2002) fitting a hyperplane (in logarithmic units) to the set of
parameters (n,Re, 〈Ie〉, σ0), but it was never prosecuted. On the other hand, from a theoreti-
cal point of view, both the entropic plane and the FP are tentatively explained on the implicit
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assumption that ETGs are in a state of dynamical equilibrium so that the virial theorem ap-
plies and the Boltzmann - Gibbs entropy may be evaluated. Motivated by these considerations,
here we investigate whether a four dimensional relation among photometric and kinematic
quantities may come out as consequence of the virial theorem and some assumptions on the
stellar M/L consistent with stellar population synthesis models. Should such a relation exist,
one could thus reconcile both the FP and the PhP under the same theoretical standard thus
representing a valid tool to investigate ETG formation theories.

4.2 Modelling Elliptical Galaxies
Although some recent results show the presence of thin discs in inner regions of elliptical
galaxies1, ETGs may be well described as a luminous stellar distribution embedded in a dark
matter halo dominating the outer mass profile. In the following, we will assume spherical
symmetry for both these components. While this is an acceptable hypothesis for the halo, it
is clearly an oversimplification for the elliptical luminous component. Nevertheless, this will
allow us to get analytical expressions for the main quantities we are interested in without
dramatically affecting the main results.

4.2.1 The Sersic profile

Under the hypothesis of constant M/L, the surface density of the luminous component may
be easily obtained as :

Σ(R) = Υ?I(R) (4.1)

with Υ? the M/L ratio and I(R) the surface luminosity density. As well known, the Sersic
r1/n law [338] is best suited to describe the surface brightness distribution of elliptical galaxies
[65, 175, 303]. Motivated by these evidences, we will therefore set :

I(R) = Ie exp

{
−bn

[(
R

Re

)1/n

− 1

]}
(4.2)

with Ie the luminosity density at the effective radius Re and bn a constant defined such that
the luminosity within Re is half the total luminosity. It is possible to show that bn may be
found by solving [106] :

Γ(2n, bn) = Γ(2n)/2 (4.3)

where Γ(a, z) is the incomplete Γ function and Γ(a) the actual Γ function. Useful approxi-
mating formulae may be found in Graham & Driver (2005) and references therein, but we will
exactly solve Eq.(4.3) in the following.

Assuming cylindrical symmetry, the luminosity profile within R is :

L(R) = 2π

∫ R

0

I(R′)R′dR′ = LT×γ(2n, bnx)
Γ(2n)

(4.4)

1S0 galaxies contain, by definition, a thin disc, so that, strictly speaking, our following
discussion applies only to the bulge component. However, neglecting this disc does not intro-
duce any significant systematic error. Moreover, our sample is mainly dominated by elliptical
galaxies so that we confidently neglect the disc component in S0 systems.
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with x ≡ R/Re and

LT = 2πnIeR
2
eb
−2n
n ebnΓ(2n) (4.5)

the total luminosity. The volume luminosity density j(s) may be easily obtained deprojecting
I(R). Defining s = r/Re (with r the radius in spherical coordinates), we get [246] :

ν(s) = − 1
π

∫ ∞

s

di

dx

dx√
x2 − s2

with i(x) = I(R)/Ie and ν(s) = (Re/Ie)j(s). Some algebra finally leads to the following
expressions for the mass density ρ?(s) and the mass profile M?(s) :

ρ?(s) =
MT

?

4πR3
e

× Iν(s)
IM (s)

, (4.6)

M?(s) = MT
? ×

IM (s)
IM (s)

, (4.7)

where we have denoted with MT
? the total stellar mass :

MT
? = 4(bn/n)Υ?IeR

2
eIM (∞) , (4.8)

having used the abuse of notation

f(∞) = lim
y→∞

f(y) .

Finally, to get Eqs.(4.6) and (4.7), we have used the auxiliary functions :

Iν(s) =
∫ ∞

s

x(1−n)/n exp
[−bn

(
x1/n − 1

)]

(x2 − s2)1/2
dx , (4.9)

IM (s) =
∫ s

0

Iν(s′)s′2ds′ . (4.10)

Both these functions cannot be analytically expressed, but are straightforward to be numerically
evaluated. Actually, imposing MT

? = Υ?LT , it is immediate to get :

IM (∞) =
πn2ebnΓ(2n)

2b2n+1
n

, (4.11)

so that we get an upper limit for IM (s).

4.2.2 The dark halo

Most of the kinematical tracers of the total gravitational potential are usually affected by
a severe degeneracy between the luminous component and the dark one so that there are
different dark halo models able to fit the same data for a given stellar mass profile. It is
therefore important to rely on a physical theory of halo formation to select models which are
both compatible with the data and also physically well motivated. From this point of view,
numerical simulations of galaxy formation in hierarchical CDM scenarios are very helpful since
they predict the initial shape of the dark matter distribution. Here, we assume a NFW profile
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[266] as initial dark matter halo and neglect the effect of the baryons gravitational collapse.
The main features of the NFW model are :

ρDM (r) ≡ ρs

x (1 + x)2
, x = r/rs (4.12)

MDM (r) = 4πρsr
3
s f(x) = Mvirf(x)/f(cNFW ) , (4.13)

f(x) ≡ ln (1 + x)− x

1 + x
, (4.14)

cNFW ≡ rvir/rs , (4.15)

Mvir =
4πδth

3
ρcritr

3
vir , (4.16)

where c is the concentration parameter, Mvir the virial mass and rvir the virial radius2. The
model is fully described by two independent parameters, which we assume to be cNFW and
Mvir. Numerical simulations, supported by observational data, motivate a correlation between
cNFW and Mvir so that the NFW model may be considered as a single parameter family. For
instance, Bullock et al. (2001) have found :

cNFW = 15− 3.3 log
(

Mvir

1012h−1 M¯

)
(4.17)

with a log normal scatter δ log c ' 0.11. An updated version of Eq.(4.17) has been obtained
by Napolitano et al. (2005) :

cNFW =
16.7
1 + z

(
Mvir

1011h−1 M¯

)−0.125

(4.18)

which is better suited for galaxy scale systems.
The NFW model is not the only model proposed to fit the results of numerical simulations.

Some authors [258, 172] have proposed models with a central slope steeper than the NFW
one. On the other hand, it is also possible that the inner slope does not reach any asymptotic
value with the logarithmic slope being a power - law function of the r [267, 92] or that the
deprojected Sersic profile also fits the numerical dark matter haloes [257, 178, 179]. However,
the difference between all these models and the NFW one is very small for radii larger than
0.5% - 1% the virial radius so that we will not consider models other than the NFW one.

4.3 The virial theorem

Elliptical galaxies are known to be characterized by scaling relations among their kinematic
and structural parameters. In an attempt to investigate whether such empirical laws may
be recovered under a single theoretical scheme, we can rely on the hypothesis of statistical
equilibrium. In such an assumption, the virial theorem holds :

2The virial radius is defined such that the mean density within rvir is δth times the critical
density ρcrit. According to the concordance ΛCDM model, we assume a flat universe with
(Ωm, ΩΛ, h) = (0.3, 0.7, 0.72) where δth = 337.
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2K + W = 0 (4.19)

with K and W the total kinetic and potential energy respectively. Both these quantities may
be evaluated given the assumed spherical symmetry as we sketch below, referring the interested
reader to Appendix A for further details.

4.3.1 Kinetic and gravitational energy

Neglecting the net rotation velocity of the system (which is reasonable, given the low values
of vc in elliptical galaxies), the total kinetic energy is given as [43] :

K = 3π

∫ ∞

0

Σ(R)σ2
los(R)RdR (4.20)

with Σ(R) the star surface density and σlos(R) the luminosity weighted velocity dispersion
projected along the line of sight. Following Mamon & Lokas (2005), for a spherically symmetric
system, it is :

σ2
los(R) =

2G

I(R)

∫ ∞

R

K(r/R)ρ?(r)M(r)r−1dr

=
2G

I(x)

∫ ∞

x

K(s/x)ρ?(s)M(s)s−1ds

with s = r/Re, x = R/Re, I(R) and ρ?(r) given by Eqs.(4.2) and (4.6) respectively, the total
mass profile reading :

M(s) =
MT

?

IM (∞)

[
IM (s) +

Mvir

MT
?

IM (∞)
f(cNFW )

f(s,Re/rs)
]

, (4.21)

and K(s/x) a kernel function depending on the assumed anisotropy profile. In order to not
increase too much the number of parameters, we will assume constant anisotropy so that it
is :

K(u) =
1
2
u2β−1

[(
3
2
− β

)√
π

Γ(β − 1/2)
Γ(β)

+ β B
(

1
u2

, β +
1
2
,
1
2

)
− B

(
1
u2

, β − 1
2
,
1
2

)]
(4.22)

with B(x, a, b) the Beta function. Some tedious algebra makes it possible to finally get :

σ2
los(x) =

GMT
?

Re

4b
2(1+n)
n

pi2n3ebnΓ(2n)
(4.23)

× I?
σ(x) + (Mvir/M

T
? )[IM (∞)/f(cNFW )]IDM

σ (x)
exp[−bn(x1/n − 1)]

having defined the auxiliary functions :

I?
σ(x, n, β) ≡

∫ ∞

x

K(s/x)
Iν(s)IM (s)

s

−1

ds ,
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IDM
σ (x, n,Re/rs, β) ≡

∫ ∞

x

K(s/x)Iν(s)f(s,Re/rs)
s

−1

ds .

As we will see later, σ2
los(R) does not enter the applications we are interested in. Actually,

the quantity of interest is rather σ2
0 , i.e. σ2

los(R) averaged within a circular aperture of radius
Re/8 which is what is measured by the galaxy spectrum. As a general rule, it is :

σ2
ap(Rap) =

∫ Rap

0
2πRI(R)σ2

los(R)dR
∫ Rap

0
2πRI(R)dR

=
2πR2

e

L2(xap)

∫ xap

0

I(x)σ2
los(x)xdx

with Rap the radius of the circular aperture, xap = Rap/Re and we have defined :

L2(xap) =
∫ Rap

0

2πRI(R)dR

= LT × γ(2n, bnx
1/n
ap )

Γ(2n)
. (4.24)

Following the usual notation, we denote with σ0 the central velocity dispersion obtained by
setting Rap = Re/8. Using then Eq.(4.24), it is easy to finally get :

σ2
0 =

GMT
?

Re

4b2+4n
n

π2n4e2bnΓ(2n)
(4.25)

× I?
0 + (Mvir/M

T
? )[IM (∞)/f(cNFW )]IDM

0

γ[2n, (1/8)1/n]

having defined :

I?
0 (n, β) =

∫ 1/8

0

I?
σ(x, n, β)xdx , (4.26)

IDM
0 (n,Re/rs, β) =

∫ 1/8

0

IDM
σ (x, n, Re/rs, β)xdx . (4.27)

As a next step, we insert Eq.(4.24) into Eq.(4.20) and, by using Eq.(4.25), we finally obtain :

K =
1
2
MT

? σ2
0×k(p) (4.28)

with p denoting the set of parameters

p = (n,Re, Ie, β, Υ?,Mvir, cNFW ) ,

and k(p) given explicitly in Appendix A. Note that, although Ie and Υ? do not explicitly enter
the above equations, they are however included as parameters since they determine the total
stellar mass MT

? because of Eq.(4.8). On the other hand, rs is not counted as an independent
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parameter since it is determined as function of Mvir and c. Should we use Eq.(4.17) or (4.18),
the virial mass Mvir would be the only parameter related to the dark halo properties.

The computation of W may be carried out in a similar way starting from the definition
[43] :

W = −4πG

∫ ∞

0

ρtot(r)Mtot(r)rdr . (4.29)

Splitting the total density and mass as the sum of the luminous and dark components, after
some algebra, one gets :

W = −GMT2
?

R2
e

×w(p) (4.30)

with p denoting the same set of parameters as above but dropping out β. The dimensionless
quantity w(p) is given in Appendix A. It is worth noting that, while n and Re directly enter the
integrals defining w(p), Υ? and Ie only work as scaling parameters through MT

? . Moreover,
a qualitative analysis shows that, for the stellar component, w(p) reduces to a function of n
only.

An important caveat is in order here. Eq.(4.29) refers to the total gravitational energy
taking care of the contributions coming from both the stellar component and the dark halo.
On the other hand, the kinetic energy computed above only refers to the stellar component as
it can be understood noting that the velocity term entering is the one of the stellar particles.
As such, when applying the virial theorem, we have to subtract from W the gravitational
energy of the dark halo. Although in the following we will still use W (and, in the Appendix,
for completeness we compute all the terms involved) to denote the gravitational energy, we
stress that we are actually referring to the stellar component only.

4.3.2 Scaling relations from the virial theorem

Inserting Eqs.(4.28) and (4.30) into Eq.(4.19) and solving with respect to σ0, we get :

σ2
0 =

GMT
?

Re

w(p)
k(p)

. (4.31)

It is then convenient to introduce :

〈Ie〉 ≡ LT /2
πR2

e

(4.32)

so that the total stellar mass is MT
? = Υ?LT = 2πΥ?〈Ie〉R2

e and the relation above can be
recast as :

2 log σ0 = log 〈Ie〉+ log Re + log
w(p)
k(p)

+ log (2πGΥ?) . (4.33)

Let us suppose for a while that it is possible to neglect the dark halo component. Should this
be the case, both k(p) and w(p) turn out to be a function of (n,Re, 〈Ie〉), where hereafter
we use 〈Ie〉 rather than Ie as a parameter3. Although determining how the ratio w(p)/k(p)
depends on (n,Re, 〈Ie〉) needs for a full computation of the integrals involved, we can, as

3See, e.g. Graham & Driver (2005), for the relation between Ie and 〈Ie〉 and other related
formulae.
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first approximation, suppose that w(p)/k(p) is linear in a logarithmic scale. It is possible,
therefore, to write :

log [w(p)/k(p)] ' a log 〈Ie〉+ b log Re + c log (n/4) + d . (4.34)

From stellar population synthesis models, we know that the stellar M/L ratio may be correlated
with the total stellar luminosity LT . Approximating this relation as a power - law, we can
therefore write :

log Υ? ' α? + β? log LT = α? + β? log (2π〈Ie〉R2
e) . (4.35)

Inserting Eqs.(4.34) and (4.35) into Eq.(4.33), one finally gets :

log σ0 = aT log 〈Ie〉+ bT log Re + cT log (n/4) + dT (4.36)

with





aT =
a + β? + 1

2

bT =
b + 2β? + 1

2

cT =
c

2

dT =
α?

2
+

β? + 1
2

log (2π) +
1
2

log G + d

. (4.37)

As a first remark, let us note that the exact value of d depends on the adopted units. In the
following, we will express σ0 in km/s, 〈Ie〉 in L¯/pc2 and Re in kpc. In particular, having
expressed Re in linear rather than angular units makes d dependent on the distance to the
galaxy. A second important caveat is related to our starting hypothesis of having neglected the
dark halo component. Actually, we do know that galaxies are embedded in their dark matter
haloes. As a consequence, w(p)/k(p) is a function of the halo parameters too. To take
into account this dependence, we still assume Eq.(4.34), but let d be an unknown function of
(c,Mvir) to be determined by the data.

With all these caveats in mind, Eq.(4.36) defines an hyperplane in the logarithmic space
allowing to express the kinematic quantity log σ0 as a function of the photometric parameters
log 〈Ie〉, log Re, log(n/4). Since we have recovered it for a Sersic model under the hypothesis
of virial equilibrium, we will call it the Sersic Virial Hyperplane.

Should our assumptions hold for real elliptical galaxies, the Sersic Virial Hyperplane (here-
after SVH) should represent a tight scaling relations among kinematic and photometric pa-
rameters. For an idealized sample of galaxies perfectly satisfying our working hypotheses and
all at the same distance, the scatter around this hyperplane should be generated by essentially
two terms. First, the halo parameters (cNFW ,Mvir) may differ on a case - by - case basis. This
is the same as saying that the dark matter content in the inner regions or, equivalently, the
global M/L ratio (defined as Mtot/LT rather than MT

? /LT ) is different from one galaxy to
another. On the other hand, dT in Eq.(4.37) may scatter from one galaxy to another because
of different values of the parameters (α, β) of the Υ?−LT relation because of different details
of the stellar evolution process. Note that this latter effect may also affect the coefficients
(aT , bT ) thus further increasing the scatter on the SVH.
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It is worth stressing that the SVH may be seen as a generalization of both the FP and PhP
which, from this point of view, reduce to particular cases of the SVH. Indeed, forcing the de
Vaucouleurs model to fit the galaxies surface brightness profiles is the same as setting n = 4
in Eq.(4.36). Solving with respect to log Re, we get :

log Re = aFP log σ0 + bFP log 〈Ie〉+ cFP (4.38)

which is indeed the FP with 



aFP = 1/bT

bFP = −aT /bT

cFP = −dT /bT

. (4.39)

Actually, we do not expect that the coefficients of the observed FP are equal to what is
predicted by Eq.(4.39) since, assuming n = 4 in the fit, can bias the estimate of (Re, 〈Ie〉) in
a way that depends on what the true value of n is. Moreover, the departure of n from n = 4
introduces a further scatter which is not included in the above expression for cFP . Although
these effects have to be carefully quantified, it is nevertheless worth stressing that the FP turns
out to be only a projection of the SVH on the plane log (n/4) = 0 so that its coefficients may
be (at least, in principle) predicted on the basis of physical considerations.

On the other hand, when solving Eq.(4.36) with respect to log Re, we can also neglect
the dependence on log σ0 assuming this latter is, in a very rough approximation, the same for
all galaxies. We thus get :

log Re = aPhP log 〈Ie〉+ bPhP log (n/4) + cPhP (4.40)

with





aPhP = −aT /bT

bPhP = −cT /bT

cPhP = (1/bT ) log σ0 − dT /bT

. (4.41)

which is indeed the PhP. Note that, since log σ0 is obviously not the same for all galaxies,
the scatter in the PhP may then be easily interpreted as a scatter in log σ0 and hence in the
kinematic structure of the galaxies.

4.3.3 Computing k and w

In previous paragraphs we have used the virial theorem to derive the SVH relation. Here, we
give some further details on the computation of the kinetic and gravitational potential energy
for the spherically symmetric and isotropic Sersic+ NFW model we are considering.

First, let us consider the kinetic energy term which we have finally written as in Eq.(4.28).
It is easy to derive the explicit expression for k(p) proceeding as follows. First, we Eq.(4.24)
into Eq.(4.20) and then split the integral in two terms, the first one originated by the product
Σ(s)×I?

σ(s), and the second one due to Σ(s)×IDM
σ (s). By using Eq.(4.25), after some

algebra, we finally obtain Eq.(4.28) with :
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k(p) =
3γ(2n, bnx

1/n
ap )

Γ(2n)

× k? + (Mvir/M
T
? )[IM (∞)/f(cNFW )]kDM

I?
0 + (Mvir/MT

? )[IM (∞)/f(cNFW )]IDM
0

(4.42)

with

k?(n, β) =
∫ ∞

0

I?
σ(x, n, β)xdx , (4.43)

kDM (n,Re/rs, β) =
∫ ∞

0

IDM
σ (x, Re/rs, β)xdx . (4.44)

Let us now reconsider the computation of W which may be carried out in a similar way
starting from Eq.(4.29). Splitting the total density and mass as the sum of the luminous and
dark components, after some algebra, one arrives at Eq.(4.30) where we have defined :

w(p) = w?(n)

+
(

Mvir

MT
?

)2 (
Re

rvir

)
wDM (cNFW )

+
(

Mvir

MT
?

)
wDM

? (cNFW , n, Re/rs) (4.45)

+
(

Mvir

MT
?

)
w?

DM (cNFW , n,Re/rs) .

It is then only a matter of algebra to demonstrate that :

w?(n) =
1

I2
M (∞)

∫ ∞

0

Iν(s)IM (s)sds , (4.46)

wDM (c) =
c2

f2(c)

∫ ∞

0

ln (1 + cy)− cy(1 + cy)−1

(1 + cy)2
dy , (4.47)

wDM
? (c, n, Re/rs) =

1
IM (∞)f(c)

×
∫ ∞

0

Iν(s)f(s,Re/rs)sds , (4.48)

w?
DM (c, n, Re/rs) =

1
IM (∞)f(c)

(
Re

rs

)2

×
∫ ∞

0

(
1 +

Re

rs
s

)
IM (s)sds , (4.49)

where we have dropped the subscript NFW from the concentration parameter to shorten the
notation. The analytic expression for w/k may then easily worked out.

We stress that, since we use the stellar velocity dispersion, the kinetic energy computed
above is the one of the stellar component only. As a consequence, when resorting to the virial
theorem, 2K + W = 0, we must include in the gravitational energy only the term related to
the stellar component, i.e. we must set w(p) = w?(p) + wDM

? (p).
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4.4 Testing the SVH assumptions

The derivation of the SVH in Eq.(4.36) relies on two main hypothesis which are analytically

formalized in Eqs.(4.34) and (4.35). While the relation Υ? ∝ Lβ
T may be tested resorting to

stellar population synthesis models, checking the validity of Eq.(4.34) needs for a detailed com-
putation of w(p)/k(p) as function of the photometric parameters (n, 〈Ie〉, Re), the anisotropy
constant β, the stellar M/L ratio Υ? and the halo parameters (cNFW ,Mvir). In principle,
we should therefore compute w(p)/k(p) over a grid in the seven dimensional space defined
by the model parameters and then fit Eq.(4.34) to this dataset in order to check its validity.
However, such an approach could be partially misleading. Indeed, not all the positions in
this seven dimensional space are physical, that is to say not all the set p do describe realis-
tic ETGs. It is, for instance, possible that a given p corresponds to a galaxy having a dark
matter mass fraction within Re unrealistically low or high. We are obviously not interested in
fitting a linear relation to unrealistic models so that we should cut out such unphysical regions
of the parameter space before doing the fit. Unfortunately, this is not analytically feasible
given the complexity of the parameter space. A more reasonable choice relies on using the
distribution of photometric parameters in the observed ETGs as a guidance and a physically
motivated recipe to choose the dark halo parameters to sample the physical region of the space
(n, 〈Ie〉, Re, β, Υ?, cNFW ,Mvir). We therefore compute w(p)/k(p) not over the full grid, but
only over the region of the parameter space spanned by realistic ETGs. Fitting Eq.(4.34) to
these physically viable values makes it possible to both check the validity of such a relation
and estimate its coefficients.

4.4.1 The data

As a first step to carry on the approach detailed above, one has to assemble a sample of ETGs
as large as possible. To this aim, we have started from the NYU Value - Added Galaxy Catalog
(hereafter, VAGC) which is a cross - matched collection of galaxy catalogs maintained for the
study of galaxy formation and evolution [45] and mainly based on the SDSS data release 6 [3].
Among the vast amount of available data, we use the low - redshift (hereafter, lowZ) catalog
of galaxies with estimated comoving distances in the range 10 < D < 150 h−1Mpc. We refer
the reader to Blanton et al. (2005) and the VACG website4 for details on the compilation of
the catalog5.

We shortcut the lowZ catalog only retaining those data we are mainly interested in and
rejecting all the galaxies with no measurements of σ0 leaving us with 43312 out of 49968
objects with magnitudes in the five SDSS filters u′g′r′i′z′. In order to select only ETGs, we
apply a set of criteria which we briefly details below.

1. A Sersic profile has been fitted to the surface brightness profile of each galaxy using
an automated pipeline retrieving the parameters (n,Re, A) with Re in arcsec and
A the total flux in nanomaggies. As a first criterium, we select only galaxies with
2.5 ≤ n ≤ 5.5, where the upper limit is dictated by the code limit n = 6.0. This
selection is performed using the fit in the i′ band since it is less affected by dust
without the reduced efficiency of the z′ band.

4http://cosmo.nyu.edu/blanton/vagc/
5Note that the version we are using is updated only to the fourth SDSS data release [2]

covering an effective survey area of 6670 square degrees.
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2. As a second criterium, we impose the cut R90/R50 > 2.6 [341] with R90 and R50

the Petrosian radii containing 90% and 50% of the total luminosity as estimated by
the data. Note that, although the Petrosian radii do non depend on any fitting, the
ratio R90/R50 is correlated with n so that the two criteria are somewhat redundant.
Removing one of them or changing the order does not alter in a significant way the
final sample.

3. We exclude all galaxies with σ0 < 70 km/s since the dispersion velocity measurements
for these systems may be problematic [40].

4. Elliptical galaxies are segregated in a well defined region of the color - magnitude plane.
In order to further restrict our sample, we therefore impose the cut (g− r)− ≤ g− r ≤
(g − r)+ with (g − r)± = pMr + q±δ. Here, Mr is the absolute magnitude in the
r filter and the parameters (p, q, δ) have been tailored from Fig. 2 in Bernardi et al.
(2005) where a different ETG sample has been extracted from the SDSS DR2 [1].

The final sample thus obtained contains 9046 galaxies out of an initial catalog containing
49968 objects. It is worth noting that most of the rejected objects have been excluded by
the first three cuts (retaining only 9105 entries), while the fourth cut only removes 59 further
galaxies. This is reassuring since the last cut is somewhat qualitative and based on a different
set of selection criteria6 [40].

We then use the data reported in the lowZ catalog for the galaxies in the above sample
to collect the quantities listed below.

• Photometric quantities. While the Sersic index n and the effective radius Re in arcsec
are directly available in the lowZ catalog, the average effective intensity 〈Ie〉 is not
present. To this aim, we first convert the total flux A (in nanomaggies) reported in the
catalog in the apparent total magnitude mt as [45] :

mt = 22.5− 2.5 log A .

We then use the assumed concordance cosmological model to estimate the total absolute
magnitude Mt as :

Mt = mt − 5 log DL(z) + 5 log h− 10 log (1 + z)
− K(z)−AG − 42.38

where z is the galaxy redshift, DL the luminosity distance, K(z) the K - correction, AG

the galactic extinction, and the term 10 log (1 + z) takes into account the cosmological
dimming. While K(z) and AG are reported in the catalog for each of the five SDSS
filters, our use of the luminosity distance makes the estimate of Mt cosmological model
dependent. However, for the values of z involved, the dependence on the cosmological
model is actually meaningless. We finally estimate :

〈Ie〉 = 10−6×dex[(Mt −M¯)/2.5]
2πR2

e

(4.50)

6It is worth noting that we cannot use these criteria since the lowZ catalog does not report
the parameters which the selection by Bernardi et al. (2005) are based on.
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with dex(x) ≡ 10x, M¯ the Sun absolute magnitude in the given filter7. We stress
that, in Eq.(4.50), Re is expressed in kpc rather than arcsec. To this aim, we simply
use :

Re(kpc) = Re(arcsec)×DA(z)/206265

with DA(z) the angular diameter distance in Mpc.

• Kinematic quantities. The lowZ catalog reports the velocity dispersion and its error
as determined from the SDSS spectrum of the galaxy. This is measured in a circular
aperture of fixed radius Rap = RSDSS = 1.5 arcsec, while σ0 in Eq.(4.25) has been
estimated for Rap = Re/8. To correct for this offset, we follow Jørgensen et al. (1995,
1996) setting :

σobs
0 = σlowZ

0 ×
(

RSDSS

Re/8

)0.04

(4.51)

with σlowZ
0 the value in the catalog and Re in arcsec here.

• Auxiliary quantities. The lowZ catalog contains a wealth of information on each object
that we really do not need for our analysis. We do, however, add to our catalog some
further quantities that we will use for check. In particular, we include the absolute
magnitude MSDSS as estimated from the image rather than the fit, and the average
effective surface brightness computed as [177] :

〈µe〉 = 〈µe〉abs + 10 log (1 + z) + K(z) + AG

with

〈µe〉abs = Mt + 2.5 log (2πR2
e) + 36.57

with Re in kpc. Note that 〈µe〉 rather than log 〈Ie〉 is often used in the FP and PhP
fit.

Although the Sersic law is known to well fit the surface brightness profile of ETGs, it is worth
noting that our derivation of 〈Ie〉 relies on extrapolating the fit results well beyond the visible
edge of the galaxy. As such, it is possible that Mt provides a biased estimate of the actual
total absolute magnitude of the galaxy which is better represented by MSDSS . A bias in the
estimate of Mt propagates on the estimates of the colors which may be related to the stellar
mass by population synthesis models. In order to reduce as more as possible such a bias, we
have studied the histogram of ∆col = colobs − colest, where colobs = MSDSS,j −MSDSS,k

and colest = Mt,j −Mt,k. In principle, all these histograms should be centered at the null
value with a small scatter. After removing few outliers, this is indeed the case for g′ − r′ and
r′ − i′ (with rms values of 0.08 and 0.06 mag respectively), while this is not for u′ − r′ and
i′−z′ (having rms values of 0.21 and 0.13 mag). Motivated by this bias, we will use only data
in g′r′i′ filters when fitting the SVH.

7We use M¯ = (5.82, 5.44, 4.52, 4.11, 3.89) for the u′g′r′i′z′ filters respectively as evalu-
ated from a detailed Sun model reported in www.ucolick.org/∼cnaw/sun.html
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4.4.2 Bayesian parameter estimation

Once a dataset has been assembled, we still have to decide a statistical methodology to
check the validity of our linear assumptions for the dependence of w(p)/k(p) on the model
parameters. As well known [152, 5, 219], fitting a linear relation in a multiparameter space may
seriously depend on the method adopted to get the estimate of the coefficients. Moreover, the
choice of the most suitable method also depends on the uncertainties on the model parameters.
The Bayesian probabilistic approach offers an ideal way out of these problems. We do not enter
in any detail here referring the interested reader to the vast literature available (see, e.g., D’
Agostini (2004) and refs. therein).

Let us suppose that a linear relation holds as :

y = ax1 + bx2 + cx3 + d (4.52)

and let σint be its intrinsic scatter. If the errors on the variables involved are statistically
independent, one can demonstrate that the best fit estimate of the parameters (a, b, c, d) and
of the scatter σint is obtained by minimizing the following merit function [118] :

− lnL =
1
2

N∑

i=1

ln
(
σ2

int + σ2
y,i + a2σ2

1,i + b2σ2
2,i + c2σ2

3,i

)

+
1
2

N∑

i=1

(yi − ax1,i − bx2,i − cx3,i − d)2

σ2
int + σ2

y,i + a2σ2
1,i + b2σ2

2,i + c2σ2
3,i

(4.53)

with σy,i and σj,i the errors on y and xj for the i - th object and the sum is over the N objects
in the sample. It is worth stressing that the minimization with respect to d may be performed
analytically, i.e., for given (a, b, c, σint), the best fit d is given by :

d =

∑N
i=1

yi−ax1,i−bx2,i−cx3,i

σ2
int+σ2

y,i+a2σ2
1,i+b2σ2

2,i+c2σ2
3,i∑N

i=1
1

σ2
int+σ2

y,i+a2σ2
1,i+b2σ2

2,i+c2σ2
3,i

. (4.54)

With this value of d, one can compute − lnL and then find the set of parameters (a, b, c, σint)
that minimizes it, therefore representing the best fit solution. It is worth stressing, however,
that Eqs.(4.53) and (4.54) strictly hold if the errors on the variables involved are uncorrelated,
i.e. their covariance matrix is diagonal. Actually, this is not the case for our problem because of
the correlation between n and Re introduced by the photometric fitting algorithm. Fortunately,
Eqs.(4.53) and (4.54) may be easily adapted to this more general situation by changing the
denominator to include a covariance term between the errors on n and Re.

The final expression depends on which fit one is considering.In our case, (n,Re, 〈Ie〉) are
obtained as a result of a fitting procedure which does introduce a correlation among the errors
on n and Re so that Eq.(4.53) does not strictly hold. Nevertheless, the generalization is quite
immediate. Indeed, since the errors are uncorrelated from one galaxy to another, it is easy to
show that Eq.(4.53) may be simply rewritten as :

− lnL =
1
2

N∑

i=1

ln
(
σ2

int + σ2
obs,i + σ2

th,i

)

+
1
2

N∑

i=1

(yi − ax1,i − bx2,i − cx3,i − d)2

σ2
int + σ2

obs,i + σ2
th,i

(4.55)
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where σint is the intrinsic scatter, while σobs,i and σth,i are the errors on y and yth = ax1 +
bx2 +cx3 +d respectively for the i - th galaxy. As a useful application, let us consider the SVH.
In this case, we have :

y = log σ0 , x1 = log 〈Ie〉 ,

x2 = log Re , x3 = log (n/4) .

Dropping for sake of notation the subscript i, the error on y simply reads :

σobs =
ε(σ0)

(ln 10)σ0

with ε(x) the measurement error on x. In order to compute σth, we have first to remember
that 〈Ie〉 is not directly measured, but rather computed using Eq.(4.50) so that its uncertainty
must be computed by propagating those on the total absolute magnitude Mt and the effective
radius Re. Taking also into account the correlation between n and Re introduced by the fitting
procedure, we finally get :

σ2
th = a2

[
4ε2(Re)

(ln 10)2R2
e

+
ε2(Mt)
(2.5)2

]
+

b2ε2(Re)
(ln 10)2 R2

e

+
c2ε2(n)

(ln 10)2 n2
+

2bc cov(Re, n)
(ln 10)2Re n

with cov(Re, n) the covariance between the parameters Re and n introduced by the code
fitting the observed surface brightness profile. Note that there is no covariance between the
total absolute magnitude Mt and the photometric parameters (n,Re) since Mt is directly
measured from the image and not the output of the fitting code.

Eq.(4.55) may easily be adapted to all the fit we have considered in the work provided
the quantities (y, x1, x2, x3) are correctly identified so that the computation of the errors
(σobs, σth) may be performed along the lines described above taking correctly into account the
covariance between n and Re when needed.

The general formulae (4.52) – (4.54) may be easily adapted to our problem. Eqs.(4.34)
and (4.52) may be identified setting :

y = log (w/k) , x1 = log 〈Ie〉 , x2 = log Re , x3 = log (n/4)

so that we can estimate the coefficients (a, b, c, d) by maximizing the likelihood function.
To this aim, we use a Markov Chain Monte Carlo (hereafter MCMC) approach in order to
efficiently explore the parameter space (a, b, c, σint) and estimate both the best fit values and
their errors (computed at the 68% and 95% confidence levels). In order to avoid any possible
bias in the determination of (a, b, c, σint), we test for the convergence of the chains using the
test proposed in Dunkley et al. (2005) and conservatively cutting out the initial values to skip
the burn - in period.

The Bayesian approach here described makes it possible not only to estimate the model
parameters, but also to meaningfully compare different models. To this aim, a quick tool is
represented by the so called Akaike Information Criterium (AIC) defined as [4] :

AIC = −2 lnLmax + 2Np (4.56)
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with Lmax the value of the likelihood at maximum and Np the number of model parameters.
The lower is the AIC value, the better is the model in reproducing the data with the minimal
number of parameters. Indeed, typically, models with too few parameters provide a poor fit
(i.e., a small value of Lmax), while the second term penalizes an unnecessary increase of Np.
An alternative tool is provided by the Bayesian Information Criterium (BIC) given as [335] :

BIC = −2 lnLmax +Np lnN (4.57)

which more strongly penalizes models with large Np. It is worth noting that, although be-
ing implemented for the same task (discriminating among models with different number of
parameters), the AIC and BIC have a diverse statistical foundation, which we do not discuss
here referring the interested reader to the literature (see, e.g., [230] and refs. therein). It is
customary to quantify how much a model is preferred over the other using the Jeffreys scale
according to which a value of ∆AIC or ∆BIC of 2 is considered as positive evidence and
a difference of 6 as a strong evidence against the model with the larger value [196]. We,
however, caution the reader to not trust too much the large values of ∆AIC and ∆BIC we
will get later. To understand this point, let us consider an idealized model fitting perfectly
the data, i.e. making the numerator in Eq.(4.53) equal to zero for each galaxy. Let us further
assume that the denominator in Eq.(4.53) is the same for all galaxies and call σc this quantity.
In this case, for the best fit model, we would get :

−2 lnLmax ' 2N× ln σc .

A second model also fitting perfectly the data, but more parameters will have approximately
the same value of Lmax so that we get :

∆AIC = 2∆Np , ∆BIC = ∆Np× lnN .

Since lnN ≥ 7, it is sufficient to have ∆Np = 1 to have a difference in BIC values larger than
the maximum value of the Jeffreys scale. Still retaining the idealized equality of the errors, we
can consider two models with a modest difference in the value of the following pseudo - χ2 :

χ2 =
N∑

i=1

(yi − ax1,i − bx2,i − cx3,i − d)2

σ2
c

.

The values of ∆AIC and ∆BIC will then read :

∆AIC = ∆χ2 + 2∆Np ,∆AIC = ∆χ2 + ∆Np× lnN .

Even if ∆Np = 1, the ∆BIC values will be quite high also in the idealized case ∆χ2 = 0,
while it is sufficient to have ∆χ2 ' 1 to get ∆AIC > 2, i.e. a positive evidence against
the model with the larger AIC value. Motivated by these considerations, we hereafter will
compare the models based on the AIC and BIC values still considering the one with the
lowest AIC and BIC as preferred, but we prefer to not rely on the Jeffreys scale to assess
any qualitative ranking.

4.4.3 Setting the model parameters

Even if we have assembled an ETG catalog and chosen the statistical method to deal with it,
we are still not able to test our assumption (4.34) since, in order to compute w/k, there are
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four further quantities we have to know, namely the anisotropy constant β, the stellar M/L
ratio Υ? and the NFW halo parameters (cNFW ,Mvir). To this aim, we can resort to two
different constraints. First, assuming the system is virialized, the central velocity dispersion
may be estimated both from Eq.(25) and from the virial theorem through Eq.(4.31) so that
we can impose the constraint :

w(p)
k(p)

=
4b2+4n

n

π2n4e2bnΓ(2n)

× I?
0 + (Mvir/M

T
? )[IM (∞)/f(cNFW )]IDM

0

γ[2n, (1/8)1/n]
. (4.58)

Moreover, in order to be reliable, the model must be able to predict a value for σ0 which
is in agreement (within the errors) with the observed one. Needless to say, with only two
constraints, it is not possible to set the two stellar quantities (β, Υ?) and the NFW parameters
(cNFW , Mvir) so that we have to further narrow the four dimensional parameter space to
explore. To this end, we use Eq.(4.18) to link cNFW to Mvir. Then, we determine a guess
for the stellar M/L ratio proceeding as follows. As a first step, for each observed galaxy, we
estimate [166] :

ΥV
? = 4.0 + 0.38 [t(z)− 10] (4.59)

with t(z) the age (in Gyr) of the galaxy at redshift z computed assuming a formation redshift
zF = 2. We then convert to the r′ band M/L as :

log Υ?,guess = log ΥV
? + 0.4

[
(V − r′)− (V − r′)¯

]

with V − r′ = 0.36 [165]. We further scale down this value by a factor 1.8 to change from
the Salpeter IMF used by Fukugita et al. (1998) to the Chabrier IMF. Note that, by using the
same value for V − r′ for all galaxies, we are neglecting the scatter of this quantity in our ETG
sample. Moreover, although reasonable, there is no definitive evidence that all the ETGs in our
sample have the same age, i.e. the same value of zF . Finally, Eq.(4.59) is based on population
synthesis models which provide estimates of ΥV

? affected by an uncertainty (dependent on the
different combinations of model ingredients) that can be as high as a factor 2. In order to
qualitatively take into account all these possible systematics, we therefore set :

Υ? = (η/1.8)×Υ?,guess

with η a new parameter (likely in the range 0.5 − 1.5) to be determined. To set the three
parameters (β, η,Mvir), we then use an approximate methodology schematically sketched
below.

i. We generate a grid in the space η−log Mvir with 0.5 ≤ η ≤ 1.5 and 10.5 ≤ log Mvir ≤
13.5 and, for each point of this grid, solve Eq.(4.58) with respect to β.

ii. For each triple (η, log Mvir, β) determined above, we compute the two following quan-
tities :

∆σ0

εσ0

=
σobs

0 − σth
0 (η, log Mvir, β)

εσ0

, (4.60)
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Table 4.1: Best fit coefficients, intrinsic scatter, AIC and BIC values for all the models
discussed in the text for the ln sample. We use the general fitting formula log (w/k) =
a log 〈Ie〉+ b log Re + c log (n/4) + d log Υ? + e log Mvir + f log cNFW + g. A - sign means
that parameter being set to 0 in the fit. For each model, we do not report the best fit zero
point g since it depends on the assumed filter and mean galaxy distance and has no interest
for our discussion.

a b c d e f σint AIC BIC
0.074 0.144 1.421 - - - 0.062 4374.48 4394.11
0.029 0.107 1.422 −0.020 - - 0.058 4533.92 4558.46
0.020 0.112 1.487 −0.075 - - 0.055 4595.62 4620.16
0.129 0.176 1.877 - −0.091 - 0.034 5296.96 5321.50
0.087 0.131 1.855 - −0.081 0.034 0.029 5616.50 5645.95

fe =
{

1 +
MT

?

Mvir

f(cNFW )
f(Re/rs)

IM (s = 1)
IM (∞)

}−1

, (4.61)

with εσ0 the measurement error on the observed velocity dispersion, σth
0 given by Eq.(25)

or (4.31) and fe the dark matter mass fraction within the effective radius Re.

iii. We choose the triple (η, log Mvir, β) giving the lowest value of |∆σ0/εσ0 | as our
best estimate of the model parameters finally retaining only those galaxies with both
|∆σ0/εσ0 | ≤ 5 and 0 ≤ fe ≤ 1.

It is worth stressing that this procedure, although not ideal, is able to provide realistic values
of the model parameters. Note that the cuts on |∆σ0/εσ0 | and fe have been left quite loose
to take into account possible systematic errors due to departure from spherical symmetry or
virialization. Indeed, the above procedure does not work for all the galaxies in our starting
catalog so that we end up with a subsample containing ' 75% of the initial sample. As
an encouraging result, we find that the median and rms values of ∆σ0/εσ0 are respectively
' −0.25 and ' 2.0 indicating that the modelling is quite satisfactory for most of the systems.
Moreover, for the selected subsample, we get fe ' 0.44±0.14 corresponding roughly to fe '
0.31 for a Salpeter IMF in good agreement with previous results in literature. We are therefore
confident that, although only approximated, our procedure gives reliable values for the model
parameters (η, log Mvir, β).

4.4.4 Results

Having setted all the model parameters, we are now able to compute w(p), k(p) and log (w/k)
for all the galaxies in our ETG sample surviving our selection cuts on ∆σ0/εσ0 and fe. Note
that such a constraints make us confident that the systems we are considering are described
reasonably well by our Sersic +NFW model. Should this not be the case, the computed values
of log (w/k) would sample a non physical region of the parameter space thus potentially biasing
the fitting in a incorrect way.

With all this staff, we are now able to test the validity of Eq.(4.34) running our MCMC
algorithm to determine the fit coefficients (a, b, c, d). As a preliminary step, it is, however,
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Table 4.2: Same as Table 1 for the hn sample.

a b c d e f σint AIC BIC
−0.003 0.099 0.655 - - - 0.122 3216.40 3236.03
−0.021 0.100 0.521 0.237 - - 0.098 3642.94 3667.47
−0.022 0.083 0.577 0.054 - - 0.106 3503.94 3528.48
0.094 0.182 0.630 - −0.082 - 0.092 3762.04 3787.98
0.021 0.108 1.298 - 0.017 0.439 0.189 3542.08 3571.53

worth splitting the sample in two datasets according to the value of n. Indeed, most of the
properties of the Sersic model change their correlation with n depending on n being smaller
or larger than the canonical n = 4 value (see, e.g., Graham & Driver 2005). As such, fitting
a single relation to galaxies with n ≤ 4 and n ≥ 4 is still possible, but the coefficient of the
log (n/4) term could turn out to be a kind of average of the two eventually different slopes thus
possibly biasing the later comparison betwenn the observed and the predicted SVH. In order to
investigate this issue, we therefore divide the sample in two subsamples hereafter referred to
as the low n (ln) and high n (hn) samples depending on n being smaller or larger than n = 4.
Note that, since n depends on the wavelength, the same galaxy will be included in the ln or
hn sample depending on the filter. However, in all cases, ∼ 80% of the galaxies belong to the
ln sample as expected since we include galaxies with n = 4 in the ln subset.

As a preliminary step to run the MCMC algorithm, we have to choose the range for each
of the fit coefficients. To this aim, we perform a direct fit to our dataset, i.e. we minimize
a χ2 merit function defined artifically setting to 1 the denominator in Eq.(4.53). We then
run the MCMC code with each parameter pi in the range (0.3, 3)×pi,df with pi,df the result
from the direct fit and check the chain convergence using the Dunkley test [138]. The best
fit parameters for the different fits we consider in the following are reported in Table 1 (2) for
the ln (hn) sample8 taking the r filter as the fiducial one9.

Let us first discuss the results for the ln sample. As a mandatory test, we start checking
the validity of Eq.(4.34). Fitting this relation to the data, we get :

(a, b, c, σint) = (0.074, 0.144, 1.421, 0.062) (4.62)

for the best fit parameters, while the median values and 68% confidence ranges after marginal-
ization read :

a = 0.071+0.009
−0.011 , b = 0.140+0.012

−0.013 ,

c = 1.428+0.034
−0.033 , σint = 0.062+0.002

−0.001 .

Note that, hereafter, we will not report the constraint on the zeropoint d since its value
depends on the adopted filter, the median distance of the galaxies and the physical units so

8Note that, to save computer time, we run the chains using 1000 random galaxies for each
subset having checked that the results are unaffected by increasing the sample up to 5000
objects.

9The choice of the r filter as fiducial one is motivated by the observation that it is the
nearest to the V band used in Eq.(4.59). It is worth stressing, however, that the conclusions
presented in this section do not depend at all on this choice.
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that it has no interest for our discussion. The small intrinsic scatter and the good fit to the
data are strong evidences confirming the validity of our assumption (4.34) thus motivating the
SVH approach. It is nevertheless worth investigating which is the effect of taking into account
the dependence on w/k on the other model quantities. As a first step, we add a logarithmic
term to include the stellar M/L ratio obtaining the results in the second row of Table 1. The
inclusion of this further term does not appreciably change the coefficients of the terms logRe

and log (n/4) having a larger effect on that of the log〈Ie〉. What is more important, however,
the intrinsic scatter is only modestly reduced thanks to the log Υ? term whose coefficients is
quite low. Indeed, both the AIC and BIC values are quite larger than for our reference model
thus arguing strongly against the inclusion of Υ? as a further parameter.

Up to now, we have only considered parameters related to the visible component, but we
know that the dark halo also plays a role. As a first attempt, we therefore try improving the
fit by replacing the stellar M/L ratio with the dynamical one defined as [205, 287] :

Υdyn =
Mdyn

L(Re)
=

(1.65)2Reσ
2
0

GLT /2
,

which thus estimate the global M/L ration within the effective radius also taking into account
the dark matter content. As it is evident from the third row in Table 1, although the coefficient
of the log Υdyn is higher than in the Υ? case, the intrinsic scatter is essentially the same so
that the same qualitative discussion holds. We can therefore again conclude that the inclusion
of this term is disfavoured.

1.8 2 2.2 2.4 2.6
a x1 + b x2 + c x3 + d

1.8

2

2.2

2.4

2.6

y

Figure 4.1: The observed SVH for the full ETG sample in the r′ filter. On the y - axis, we
report y = log σ0, while on the x - axis, the best fit ax1 + bx2 + cx3 + d with x1 = log 〈Ie〉,
x2 = log Re, x3 = log (n/4) and (a, b, c, d) set to their best fit values in Table 3. Note that,
to improve the figure readibility, we plot only 2000 randomly selected galaxies.
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As a next step, we try dropping out terms related to the (stellar or dynamical) M/L
ratio, but explicitly including the dark halo virial mass as a parameter obtaining the results
summarized in the fourth row of Table 1. Inserting such a term in the fitting relation have
a considerable effect on the coefficients of the log 〈Ie〉 and log Re also increasing the one of
log (n/4). Moreover, the intrinsic scatter is almost halved thus naively suggesting that such
a relation should be preferred. Actually, a reduction in the intrinsic scatter is expected since
the dark halo enters the ratio w/k through its effect on the kinetic energy. Although its
contribution is typically smaller than the stellar one, it is clear that neglecting it for all galaxies
unavoidably increase the scatter since its percentage contribution differs from one galaxy to
another. Nevertheless, the values of ∆AIC and ∆BIC are so large that, also not relying on
the Jeffreys scale, this relation is statistically disfavoured.

Finally, we try adding also a term related to the dark halo concentration cNFW although
this is somewhat redundant given that cNFW is a function of Mvir in our modelling procedure.
Not surprisingly, the scatter is only modestly reduced and similar considerations as above may
be done thus leading again to the exclusion of this model on the basis of the quite high ∆AIC
and ∆BIC values.

The same analysis presented for the ln sample has been repeated for the hn sample too
obtaining the results summarized in Table 2. We do not discuss them in detail here since most
of the comments above may be referred to this case too. There is, however, an important
difference. First, the coefficient of the log (n/4) term is smaller than the corresponding one
for the ln case, with typically c(n ≤ 4) ≥ 2c(n > 4). This may be considered as a posteriori
validation of our choice of dividing the galaxies in two subsets. Should we have fitted all the
galaxies with the same relation, the c coefficient should likely come out as an average of the
two values weighted by the different numbers of galaxies with n ≤ 4 and n > 4. As such, the
predicted SVH cT should be overestimated for the n > 4 galaxies thus possibly biasing the
later comparison between the predicted and observed SVH.

The extensive testing described make us confidently conclude that our assumption (4.34)
is indeed well founded thus furnishing a strong theoretical foundation for the SVH.

4.5 The observed SVH

The above analysis has convincingly shown the validity of Eq.(4.34) thus giving a first strong
argument in favour of the SVH given by Eq.(4.36). Motivated by this theoretical successful
result, we now look for the observed SVH in order to definitively validate our derivation. A
preliminary caveat is in order here. As we have seen, the best fit parameters of Eq.(4.34) are
different depending on n being smaller or larger than the canonical n = 4 value. It is worth
stressing, however, that using the parameters obtained for the ln sample to fit the hn sample
does not increase significantly the rms scatter so that we argue that joining the two samples
does not introduce any significant bias. There are also some observational motivations to
not divide the sample in two subsets. First, the parameter n is affected by its own statistical
uncertainty so that it could be difficult to decide whether a galaxy with n ' 4 should be added
to the ln or hn sample. Moreover, in applications to cluster samples, the number of galaxies
with reliable measurement of n is typically quite small (expecially at higher redshift) so that
such a splitting gives rise to a too small number to perform any statistical analysis. Motivated
by these considerations, we therefore fit the theoretical SVH in Eq.(4.36) to the full catalog
paying the price of likely increasing the intrinsic scatter to the advantage of working with a
larger dataset.
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Table 4.3: Results of the MCMC code for the SVH relation (4.36) using the full sample. (1)
Filter id. (2) Values of (a, b, c, d, σint) for the best fit relation. (3) - (6) Median value and
68% confidence range for each fit parameter (a, b, c, σint) obtained after marginalizing over
the remaining ones. (7) Root mean square of the best fit residuals.

(1) (2) (3) (4) (5) (6) (7)
Id (a, b, c, d, σint)bf a b c σint σrms

g′ (0.542, 0.618, 0.223, 0.674, 0.042) 0.545+0.008
−0.007 0.621+0.009

−0.008 0.226+0.013
−0.014 0.042+0.001

−0.001 0.065

r′ (0.518, 0.617, 0.211, 0.734, 0.048) 0.520+0.008
−0.008 0.617+0.011

−0.008 0.211+0.011
−0.018 0.048+0.001

−0.001 0.069

i′ (0.536, 0.610, 0.247, 0.694, 0.047) 0.536+0.006
−0.010 0.611+0.007

−0.009 0.242+0.015
−0.021 0.047+0.002

−0.001 0.068

4.5.1 The SVH coefficients

In order to determine the best fit parameters, we run our MCMC code fitting Eq.(4.36) to
the full dataset in the r′ filter thus getting the best fit curve superimposed to the data in
Fig. 4.1. Table 3 reports the best fit and median values and the 68% confidence range for each
fit parameter also giving the root mean square of the best fit residuals as a further check on
the quality of the fit. It is worth stressing that the best fit relation is obtained for values of
(a, b, c, σint) that do not necessarily coincide with the median values of each single parameter.
This is a typical consequence of the degeneracies occuring when fitting a multiparameter
relation. Since the full likelihood is not the product of the marginalized likelihoods, it is indeed
possible that the best fit relation does not coincide with the one obtained using the median
values. Actually, we find only a slight discrepancy among the two set of values and, moreover,
the 68% confidence ranges turn out to be quite symmetric around the median value. We
therefore argue that the marginalized likelihood functions can be well described by Gaussian
and employ in the following this approximation when propagating the errors.

Considering the best fit parameters, we get :

log σ0 = 0.518 log 〈Ie〉+ 0.617 log Re

+ 0.211 log (n/4) + 0.704

with an intrinsic scatter σint = 0.048 in the r′ filter. As Fig. 4.1 shows, there is a very
good one - to - one correspondence between the left and right hand side of Eq.(4.63) as it
is also confirmed by the low value of the root mean square of the best fit residuals, being
σrms = 0.069. Such a remarkable good fit may be considered as the first observational10

validation of the proposed SVH.

Actually, such a successful test only shows that a SVH - like relation indeed exists. However,

10It is worth noting that a first attempt to fit a hyperplane to a small sample of Coma and
Fornax galaxies (collected from the literature available at that time) has yet been successfully
performed in Graham (2005). However, in that work, the fit was only empirically motivated
and the rest of the work gives off the dependence on σ0 concentrating on the PhP. We can
therefore consider the present work as the first theoretically motivated study of the SVH based
on a large and homogenous ETG sample.
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to fully validate our theoretical derivation, we have to check that the (a, b, c) values11 derived
from the fit are in agreement with the expectations in Eq.(4.37). Let us first start comparing
the values of (aobs, bobs) with the predicted ones (aT , bT ). To this end, one should assume a
value for the slope β? of the Υ? - LT relation. Although this can in principle be estimated from
population synthesis models, a simpler and less demanding test may be performed evaluating
it from the comparison itself. Solving Eq.(4.37) with respect to β?, we may get two different
values for this quantity depending on whether we use the couple (aobs, a) or (bobs, b). In
principle, these two estimates should agree if our assumptions are motivated. Employing
Gaussian statistics for the reasons explained above, we thus solve for β? using the median
values of (a, b) and (aobs, bobs) quoted above to get central values and use a naive propagation
of the errors to get an estimate of the uncertainty. This simple approach gives us the following
results :

β(a, aobs) = −0.03±0.02 , β(b, bobs) = 0.05±0.01 ,

which do not agree at all notwitstanding the quite large errors. It is worth stressing that the
values in Eq.(4.37) have been obtained under the simplifying hypothesis of spherical symmetry.
As well known [43], for a given total mass, the velocity dispersion may considerably differ be-
tween spherically and flattened systems. Quantifying this effect is not possible unless one takes
carefully into account the distribution in the intrinsic flattening q which is largely unknown.
We can, however, roughly quantify the impact of this systematic error by first writing the true
velocity dispersion as :

σ2
0,true = σ2

0 + σ2
0,sys = σ2

0×
[
1 +

(
σ0,sys

σ0

)2
]

with σ0,sys the term we are neglecting because of the above systematics. Using the SVH for
σ2

0 , we get :

log σ0,true = aT log 〈Ie〉+ bT log Re + cT log (n/4) + dT

+
1
2

log

[
1 +

(
σ0,sys

σ0

)2
]

. (4.63)

The fit to the real data is consistent with the existence of the SVH so that we can argue that
the last term on the r.h.s. is linear in logarithmic units. In particular, by writing

log

[
1 +

(
σ0,sys

σ0

)2
]
∝ δ log 〈Ie〉 (4.64)

the SVH is recovered provided that we replace aT with aT + δ/2. From the values of
(aobs, bobs, a, b) and using a similar procedure as above, we finally estimate :

β = 0.05±0.01 , δ = −0.08±0.02.

11Hereafter, we will only consider the values of (a, b, c) parameters since d also depends on
the galaxy distance. As such, its value is a kind of average distance of the galaxies in the
sample and can not be compared to the theoretical prediction. Finally, we remind the reader
that the values of (a, b, c, σint) obtained for the ln sample will be used as reference one in the
comparison between observed and predicted SVH coefficients.
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Although such an approach is only qualitative, a more conservative choice for the value of β
is indeed given by the one obtained by this procedure. Such a small value of β indicates a
quite weak correlation between Υ? and LT . This is qualitatively consistent with the finding
of Padmanabhan et al. (2004). Estimating the stellar M/L from the correlation with the
D4000 strength [205], these authors find Υ? to be almost constant with LT which compares
well with our estimated β. Moreover, these same authors also find Υdyn ∝ L0.17

T . Writing
Υdyn ∝ (Mdyn/MT

? )Υ? and considering that we find Mdyn/MT
? ∝ L0.09

T for our data, we
therefore predicts Υdyn ∝ Lγ

T with γ = 0.14±0.01 in qualitatively satisfactory agreement
with the Padmanabhan et al. value. Notwithstanding the encouraging result for β, it is
worth stressing that Eq.(4.64) is actually an unmotivated assumption. Nevertheless, we can
qualitatively assess whether such a hypothesis is reasonable by a qualitative analogy with spiral
galaxies. Some recent works [316, 282] indeed claims that the shape of the rotation curve is
determined not only by the total luminosity, but also weakly depends on the mean surface
density. Considering σ0 as the analog of vc for ETGs, we may qualitatively assume that the
power - law relation Υ?−LT describes the dependence of σ0,true on LT , while Eq.(4.64) takes
into account a possible effect related to 〈Ie〉. Although this interpretation is, strictly speaking,
unmotivated, the small δ value and the positive match with the Padmanabhan et al. finding
make us confident that Eq.(4.64) is not unrealistic.

Actually, there is a further problem when comparing the observed and theoretically ex-
pected value of the log (n/4) term. Indeed, we find cobs = 0.211 6= cT /2 = 0.714. In principle,
we can recover such a tilt by adding a term proportional to log (n/4) to Eq.(4.64). However,
a different route is possible by reconsidering our derivation of the theoretical SVH. Indeed, we
have computed the kinetic energy by assuming that the rotational contribution is negligible.
Including it, we should replace the log (w/k) term with a more general log [w/(k + kv)] having
denoted with kv the rotational contribute. Noting that

w

k + kv
=

(
k + kv

w

)−1

=
w

k

(
1 +

kv

k

)−1

,

and assuming as a first reasonable approximation that :

log
(

1 +
kv

k

)−1

= av log 〈Ie〉+ bv log Re + cv log (n/4) + dv , (4.65)

we still get the SVH with coefficients given as :





aT = (a + av + β? + δ + 1)/2

bT = (b + bv + 2β? + 1)/2

cT = (c + cv)/2

, (4.66)

where we have also separately included the term (4.64). The tilt of the observed SVH with
respect to the theoretical one predicted by Eqs.(4.36) and (4.37) may thus be explained assum-
ing that (β?, δ) ' (0.05,−0.08) and (av, bv, cv) ' (0, 0,−1). Actually, one can also neglect
the term (4.64) collectively including its effect in the av coefficient thus still obtaining for β?

a value leading to a satisfactory agreement with the Padmanabhan et al. results.
As a final remark, let us make some considerations on the observed scatter. Being

σint/σrms ' 0.7, we see that the intrinsic scatter accounts for most of the observed one.
While it is possible that the remaining 30% is simply due to measurement uncertainties, there
are also some theoretical hints suggesting why σrms is larger than σint. First, on one hand,
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σint only accounts for the scatter in Eq.(4.34), while other possible source of scatter (such as
that induced by the conversion from ΥV

? to Υ? and the one coming from the cNFW - Mvir

relation) are not considered. Moreover, it is likely that σint is actually underestimated since
we do have forced the galaxies with n > 4 to follow the same SVH as the ones with n ≤ 4
notwithstanding the small difference between their log (w/k) relations.
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Figure 4.2: The comparison between the standard SVH and its β version for a set of 2000
randomly selected galaxies. On the y - axis, we report the difference ySV H − yβ between the
values of y = log σ0 as predicted from the standard and β - SVH normalized with respect to
the observed value reported on x - axis.

Considering all these encouraging results, we therefore conclude that the theoretically
predicted SVH is observationally well founded showing a tilt that can be satisfactory explained
in terms of a power - law Υ? − LT relation and of the impact of rotational support.

4.5.2 A two parameter SVH

Although being a three parameter relation, Eq.(4.34) may be simplified noting that an equally
satisfactory fit to the log (w/k) data may be achieved also negleting the terms depending on
〈Ie〉 and Re. The SVH then simplifies to :

log σ0 =
β? + 1

2
log 〈Ie〉+

2β? + 1
2

log Re +
c

2
log (n/4) + d (4.67)

which we will refer to as the β - SVH. Using the same procedure as above, we have fitted this
relation to the full sample obtaining an equally good fit to the data as for the standard SVH.
Actually, although the coefficients of the different terms in Eqs.(4.36) and (4.67) differ, the
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Table 4.4: Results of the MCMC code for the β - SVH relation (4.67) using the full sample.
(1) Filter id. (2) Values of (β, c, d, σint) for the best fit relation. (3) - (5) Median value and
68% confidence range for the fit parameters. (6) Root mean square of the best fit residuals.

(1) (2) (3) (4) (5) (6)
Id (β, c, d, σint)bf β c σint σrms

g′ (0.118, 0.586, 0.635, 0.047) 0.115+0.013
−0.012 0.587+0.038

−0.040 0.047+0.001
−0.002 0.084

r′ (0.112, 0.469, 0.645, 0.050) 0.111+0.012
−0.04 0.463+0.048

−0.046 0.050+0.002
−0.002 0.084

i′ (0.098, 0.526, 0.667, 0.049) 0.095+0.011
−0.013 0.527+0.097

−0.048 0.049+0.002
−0.002 0.072

two relations predict quite similar values for log σ0 as we show in Fig. 4.2. In the r′ filter, we
get for the best fit relations :

(β?, c, d, σint) = (0.112, 0.469, 0.645, 0.050)

with however a notable increase in the rms scatter being now σrms = 0.084 instead of σrms =
0.064. Such an increase is, however, expected since we have dropped out one parameter. In
order to statistically compare the two fits, we resort to the AIC and BIC values finding (for a
sample of 2000 randomly extracted galaxies) :

AIC(SV H) = 8956.80 , AIC(β − SV H) = 8915.40 ,

BIC(SV H) = 8979.20 , AIC(β − SV H) = 8931.95 .

Both the AIC and BIC values indicate a strong preference of the β − SV H over the standard
SVH which is expected given that the reduction of σrms and σint is not so high to claim for
a further more parameter.

It is worth noting that using the estimated β? and the slope of the Mdyn/MT
? - LT relation,

we get Υdyn ∝ Lγ
T with γ ' 0.20 well in agreement with γ = 0.17 by Padmanabhan et

al. (2004). Notwithstanding this remarkable success, we remark that the β - SVH relies on
a somewhat unmotivated approximation having neglected the dependence of log (w/k) on
the parameters (log 〈Ie〉, log Re). We therefore conclude that, although being statistically
preferred, the β - SVH is less theoretically motivated so that the standard SVH should be
globally preferred.

4.5.3 The SVH in different filters

Although we have chosen the r′ band as the fiducial one, we have also fitted the SVH and
β - SVH relations in the g′ and i′ filters. The best fit values and the estimates for the fitting
parameters are reported in Tables 3 and 4 which the interested reader is referred to. Here we
do not discuss these results in details, but just highlight some general remarks.

First, it is worth stressing that, within the a given sample, both σint and σrms are almost
independent on the filter. Such a nice result is a further observational validation of the SVH
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since it shows that our theoretical assumptions are indeed verified in all the optical bands we
have considered. This is an important test since our derivation of the SVH relies only on
physical hypotheses that are not related to the wavelength the observations are taken.

Due to using only three filters, it is not possible to infer any trend of the fit parameters
with the wavelength. Actually, considering the best fit values, there is not a clear trend, but
rather (a, b, c) seem to be almost the same within the errors. Interpreting this result is not easy.
On the one hand, it is known that the photometric parameters (n, 〈Ie〉, Re) depend on the
central wavelength used in the fitting, but quantifying this effect is a quite difficult task since
one also has to take into account the different signal - to - noise ratio of the different filters. On
the other hand, our theoretical derivation rests on the kinetic and gravitational energy which
depends on the filter only through Υ? needed to conver the observed total luminosity in a
total stellar mass. According to our inferred β? values, Υ? is only weakly correlated so that
it is likely that the ratio w/k, for fixed values of (n, 〈Ie〉, Re), does not depend on the filter
thus giving SVH coefficients independent of the wavelength. Although these subtleties make
it difficult to draw a definitive conclusion, we tentatively argue that the nearly independence
of the observed SVH coefficients on the filter is a further evidence in favour of our modelling
and hypotheses.
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Figure 4.3: The observed inverse SVH for 2000 randomly selected galaxies in the r′ filter.
On the y - axis, we report log Re, while on the x - axis, the best fit aex1 + bex2 + cex3 + de

with x1 = log σ0, x2 = log 〈Ie〉, x3 = log (n/4) and (ae, be, ce, de) as reported in Table 4.

4.5.4 The inverse SVH vs the FP and PhP planes

Being an immediate consequence of the virial theorem and our assumptions (4.34) and (4.35),
we have up to now written the SVH as a relation giving the velocity dispersion as a function
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Table 4.5: Results of the MCMC code for the inverse - SVH relation (4.68). (1) Filter id.
(2) Values of (ae, be, ce, de, σint) for the best fit relation. (3) - (6) Median value and 68%
confidence range for the fit parameters. (7) Root mean square of the best fit residuals.

(1) (2) (3) (4) (5) (6) (7)
Id (ae, be, ce, de, σint)bf ae be ce σint σrms

g′ (1.159,−0.805,−0.157,−0.227, 0.068) 1.159+0.016
−0.023 −0.805+0.010

−0.006 −0.151+0.045
−0.018 0.068+0.001

−0.001 0.093

r′ (1.180,−0.791,−0.180,−0.319, 0.069) 1.178+0.014
−0.017 −0.791+0.009

−0.007 −0.180+0.019
−0.022 0.070+0.001

−0.002 0.094

i′ (1.175,−0.809,−0.166,−0.275, 0.069) 1.175+0.015
−0.015 −0.807+0.009

−0.007 −0.153+0.026
−0.023 0.069+0.001

−0.001 0.097

of the photometric parameters. However, we can solve Eq.(4.36) with respect to Re obtaining
what we term the inverse - SVH :

log Re = ae log σ0 + be log 〈Ie〉+ ce log (n/4) + d (4.68)

with :





ae = 1/b
be = −a/b
ce = −c/b
de = −d/b

(4.69)

which can be directly evaluated from the best fit values reported above. A most reliable
estimate is, however, obtained by fitting Eq.(4.68) to the data using the same MCMC procedure
thus obtaining also a value for the intrinsic scatter. The results are summarized in Table 5,
while Fig. 4.3 shows how well the data are fitted in the r′ band.

It is immediate to see that the values in Table 5 are in strong disagreement with the theo-
retical expectations based on Eq.(4.69). On the one hand, this is by no means a shortcoming of
the model, but rather an expected consequence of the problems with fitting an inverse relation
so that we do not discuss anymore this issue. On the other hand, one should worry about the
consistency of the inferred values of (ae, be, ce) with those that can be somewhat predicted
by our theoretical assumptions. To this aim, we should compute, for each observed galaxy,
the values of σ0 and its uncertainty and then fit Eq.(4.68) to this simulated measurements in
order to predict what values are expected neglecting the correlation Υ? - LT . The comparison
between such values and the observed ones should give us an estimate of β? as we have yet
done above from the SVH fit. We do not perform such a test here since the above discussion
has yet demonstrated that our theoretical assumptions leads to a SVH in agreement with the
observed one so that we do expect a similar conclusion for the inverse - SVH.

It is more interesting to note that both the intrinsic and rms scatter in log Re are practically
independent on the filter with σrms ' 0.10 and σint ' 0.07. As an intriguing result, we find
that σrms is almost the same as the intrinsic scatter in the cNFW - Mvir relation predicted
by numerical simulations (σc = 0.11). Indeed, while in the FP and the PhP the scatter must
be attributed to different causes (such as variation in the halo parameters, non homology
and stellar populations), in our model, the main source is just the cNFW - Mvir relation with
a residual contribution coming from the color based conversion from ΥV to Υ?. Actually,
our intrinsic scatter is smaller than σc since, in our modelling, we use Eq.(4.18) neglecting
its scatter so that σint does not take into account this effect. A more careful analysis is
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Table 4.6: Results of the MCMC code for the inverse - SVH relation (4.68) in the r′ filter
using different cuts on y = log σ0. (1) Cut on y. (2) Values of (ae, be, ce, de, σint) for the best
fit relation. (3) - (6) Median value and 68% confidence range for the fit parameters.

(1) (2) (3) (4) (5) (6)
y (ae, be, ce, de, σint)bf ae be ce σint

ylow
a (1.197,−0.784,−0.205,−0.398, 0.068) 1.203+0.068

−0.067 −0.784+0.010
−0.009 −0.207+0.028

−0.027 0.069+0.002
−0.002

ymed
b (1.039,−0.723, 0.003,−0.188, 0.068) 1.047+0.035

−0.041 −0.721+0.010
−0.011 0.005+0.002

−0.001 0.068+0.003
−0.003

yhigh
c (1.008,−0.832,−0.145, 0.206, 0.073) 0.998+0.046

−0.038 −0.835+0.012
−0.009 −0.142+0.030

−0.035 0.074+0.002
−0.002

a 1.84 ≤ y ≤ 2.06
b 2.06 ≤ y ≤ 2.18
c 2.18 ≤ y ≤ 2.58

therefore needed to understand whether the cNFW - Mvir scatter is indeed the driving term in
the determination of both the intrinsic and observational scatter.

It is worth wondering how the inverse SVH (4.68) works as distance indicator. To this
aim, we note that the rms scatter in log Re translates into a ln 10×σrms ' 22% scatter in
the distance estimates for the r′ filter. Table 4 in Bernardi et al. (2003) reports a collection
from literature of various FP determinations with the corresponding scatter on the distance
ranging from 13% to 22% so that, taken at face values, increasing the number of parameters
with respect to the FP (4 instead of 3 for the SVH vs the FP) does not ameliorate the
performances as distance indicator. However, it is worth stressing that different determinations
rely on different fitting methods. A meaningful comparison should be based on the same fitting
method and we advocate the use of our Bayesian approach in order to not underestimate the
intrinsic scatter. For the best fit FP relation in the r′ filter, we get :

log Re = 1.119 log σ0 − 0.769 log 〈Ie〉 − 0.236

with σint = 0.068 and σrms = 0.092, while the constraints on the parameters are as follows :

a = 1.115+0.016
−0.014 , b = −0.768+0.007

−0.006 , σint = 0.071+0.001
−0.002 .

The rms scatter in the distance is indeed now increased to 21%, i.e. almost the same as the
one obtained using the inverse - SVH. Such a result should suggest that the introduction of
a fourth parameter is meaningless. Nevertheless, both the AIC and BIC statistics indicate
that the inverse - SVH has to be preferred with :

AIC(inv − SV H) = 7818.70 < AIC(FP ) = 7868.90 ,

BIC(inv − SV H) = 7841.10 < BIC(FP ) = 7885.70 .

It is somewhat surprising that, although the inverse - SVH performs statistically better than the
FP, the rms scatter in distance determination and the intrinsic scatter in log Re are essentially
the same. However, one should also take into account that our sample is made out of all
ETGs in the lowZ catalog without any separation in field or clusters objects. It is therefore



4.5 The observed SVH 121

worth reconsidering the fit and hence the scatter using smaller subsamples separated according
to their environment. This is outside the aims of this introductory investigation and will be
presented elsewhere.

As we have demonstrated in Sect. 3.2, a different projection of the SVH is the PhP so that
it is worth comparing how the inverse - SVH performs as a distance indicator compared to the
PhP. To this aim, we run the MCMC code to determine the PhP parameters thus obtaining
for the best fit relation in the r′ filter :

log Re = −0.552 log 〈Ie〉+ 0.303 log (n/4) + 1.689 ,

with σint = 0.175 and σrms = 0.178, while the constraints after marginalization turn out to
be :

a = −0.552+0.013
−0.016 , b = 0.292+0.045

−0.050 , σint = 0.175+0.003
−0.002 .

Both the PhP intrinsic and rms scatter are significantly larger than the corresponding ones
for the inverse - SVH so that we can safely conclude that this latter is clearly preferred. Such
a result is not surprising at all. As we have seen in Sect. 3.2, the PhP is obtained from
the SVH by marginalizing over log σ0 which is the only dynamical quantity, while the FP is
obtained by neglecting the difference between the actual Sersic index n and the canonical de
Vaucouleurs value n = 4. Since n ' 4 indeed holds for most of ETGs, the term log (n/4) is
typically quite small so that neglecting it does no increase significantly either σint or σrms.
On the contrary, being σ0 a tracer of the total mass, neglecting it is the same as assuming
that the scaling properties of the system are independent of its mass which is clearly a quite
rough approximation leading to the strong increase in σint and σrms we find when forcing the
inverse - SVH to reduce to the PhP.

4.5.5 Impact of selection criteria

The ETG sample we are using is a subsample of the lowZ SDSS catalog assembled through
a set of selection criteria described in Sect. 4.1. Although well motivated, such criteria are
however somewhat subjective so that it is worth investigating how they affect the estimate of
the SVH coefficients. Actually, we will consider hereafter the inverse SVH since it is a more
interesting tool as a distance indicator. Moreover, we will only use the r′ filter as fiducial one
stressing that the main conclusions are unaffected by this choice.

As a first test, we investigate the impact on the parameter estimation of the selection
criteria on the velocity dispersion σ0. According to our default choice, we have included in
the sample all galaxies with σ0 ≥ 70 km/s. As a check, we divide the ETGs according to the
value of σ0 in three roughly equally populated subsamples. As it is apparent from the results
in Table 6, while it is possible to see a trend for the ae coefficient decreasing with increasing
σ0 range, this is not possible for the remaining two parameters (be, ce). In particular, we find
the quite unexplicable result that ce ' 0 in the middle σ0 range. Actually, predicting any
quantitative behaviour of the coefficients is quite complicated. It is, however, worth noting
that higher velocity dispersion systems are likely to be more massive. As such, it is expected
that their dark matter haloes play a major role in the dynamics of the system. Since no dark
halo parameters explicitly enter the inverse SVH, (cNFW ,Mvir) only indirectly affect such a
relation through their impact on log σ0. The larger is the cut on σ0, the higher is the total
mass and hence the halo mass. As a consequence, the larger will be the impact of the dark
halo on the dynamics thus making less important the value of the photometric quantities.
Indeed, a numerical analysis shows that the dominant term in the inverse - SVH is typically
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the first one, while the contribution of the other two terms decreases as σ0,min increases in
agreement with the qualitative trend we expect based on the above discussion. It is, however,
worth noting that the intrinsic scatter σint is, on the contrary, not dependent on the log σ0

range so that we cannot infer any preferred range in σ0 from the point of view of ameliorating
the performances of the inverse - SVH as distance indicator.

There is a more subtle issue worth to be discussed. Even if we have never quoted it, there
is an a priori selection criterium adopted by the SDSS collaboration. Actually, no galaxy with
mr > 17.77 (with mr the total apparent magnitude in the r′ filter) has been chosen as a
spectroscopic target. Since r′ can be expressed as function of the photometric parameters,
this selection may be considered as a prior on the model parameters space. The Bayesian
approach allows to include this effect by modifying the merit function as :

L = Ldata×H[rcut −mr(p)] (4.70)

with Ldata given by Eq.(4.53), H(x) the Heaviside step function, rcut the limiting value for
mr. In Eq.(4.70), mr is considered as a function of (σ0, 〈Ie〉, n) by first expressing the total
apparent magnitude as function of the photometric quantities (n, Re, 〈Ie〉) and then using the
inverse - SVH to get Re as function of σ0. The MCMC code is then runned as usual, but now
the parameter d may not be analitycally computed through Eq.(4.54), but must be estimated
from the fit. For the best fit relation, we get :

(ae, be, ce, de, σint)bf = (1.197,−0.784,−0.205, 0.310, 0.068) ,

with the median and 68% confidence ranges given as :

ae = 1.203+0.068
−0.067 , be = −0.7840.010

−0.009 ,

ce = −0.207+0.028
−0.027 , σint = 0.069+0.002

−0.002 .

Taken at face values, the best fit parameters do not agree with the ones in second row
of Table 4, obtained neglecting the prior on mr. However, the difference between the two
relations is actually quite small and, moreover, the median values of the (ae, be, ce) coefficients
are consistent within the errors. Finally, the intrinsic scatter σint is almost exactly the same.
We therefore conclude that the selection criterium mr < 17.77 has a meaningful impact on
the determination of the inverse - SVH.

4.6 Discussion and conclusions

Early type galaxies may be considered as a homogenous class of objects from many point of
views. A further support to this idea is represented by the existence of several interesting
scaling relations among their photometric and/or kinematic parameters, the most famous ones
being the FP (between log σ0, log 〈Ie〉 and log Re) and the PhP (where log σ0 is replaced
by the Sersic index log n). In an attempt to look for a unified description of both these
relations, we have presented here the Sersic Virial Hyperplane (SVH) expressing a kinematical
quantity, namely the velocity dispersion σ0, as a function of the Sersic photometric parameters
(n, , Re, 〈Ie〉). In the usual logarithmic units, such a relation reduces to a hyperplane (i.e., a
plane in four dimensions) where all ETGs lay with a small thickness as inferred from the low
intrinsic scatter σint. Just as the FJ relation is a projection of the FP and the KR a projection
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of the PhP, thus we find that both the FP and the PhP are projections of the SVH so that the
scatter in these well known relations can be ascribed to neglecting one of the SVH variables.

Our derivation of the SVH relies on very few assumptions. First, ETGs are postulated
to be in dynamical equilibrium so that the virial theorem applies. Given that ETGs are old
systems likely to have formed most of their stellar content and settled their main structural
properties at z ∼ 2 [256], this hypothesis seems to be well founded, at least as a first well
motivated approximation. Starting from this premise, the SVH comes out as a consequence of
the virial theorem and of Eqs.(4.34) and (4.35). The first one relies on an approximated log -
linear relation between the model dependent quantity w(p)/k(p) and the Sersic photometric
parameters, while the second one assumes the existence of a power - law relation between the
stellar M/L ratio Υ? and the total luminosity LT . Given mass models for the luminous and
dark components of a typical ETG, Eq.(4.34) has been verified by computing log (w/k) for a
large ETG sample selected from the low redshift version of the VAGC catalog based on SDSS
DR4. Moreover, we have also shown that such a relation is statistically preferred over other
possible approximating formulae. On the other hand, the relation Υ? ∝ Lβ

T is expected on
the basis of stellar populations synthesis models and is also invoked to explain the FP tilt. It
is worth stressing, however, that here the tilt of the SVH is due to the dependence of the
stellar M/L on LT , while, in the case of the FP, such a relation involve the global (stellar plus
dark) M/L ratio. As a consequence, one has to resort to a mechanism coupling the dark and

luminous mass density profiles in order to have Mdyn/LT ∝ Lβ
T , while here we only rely on

what is predicted by stellar population synthesis models. From this point of view, therefore,
the SVH relies only on known physics without the need of any unexplained interaction between
baryons and CDM particles.

The discussion in Sect. 5 have observationally validated the SVH and confidently demon-
strated that its parameters may be reconciled with our theoretical predictions provided the
contribute of the rotational support is taken into account. It is therefore worth wondering
how this derivation and the constraints on the fitting parameters can be ameliorated. We
have here used the Bayesian approach to infer the estimate of the SVH coefficients and its
intrinsic scatter from a dataset based on the lowZ catalog. Such a sample is however affected
by known problems. In particular, the automated code used by Blanton et al. (2005) to
estimate the Sersic parameters does not work very well. The recovered values of (n,Re, A)
and hence of log 〈Ie〉 are biased in a complicated way depending on the values of the param-
eters themselves. Modeling this bias and taking care of it in the fitting procedure is quite
difficult, but we have shown that the estimate of the inverse - SVH coefficients is likely to be
not significantly affected. A possible way out of this systematic uncertainty relies on resorting
to a different sample. The recently released Millenium Galaxy Catalog [234, 137] contains a
detailed bulge/disc decomposition of ∼ 10000 nearby galaxies with detailed fitting of the Sersic
law to the surface brightness profile [14]. The code is tested and shown not to be biased and
the errors on the photometric parameters togetger with their covariance matrix are available.
Cross - matching with the SDSS and selecting only the ETGs should provide an ideal sample
to test the SVH retrieving a more reliable estimate of its coefficients and scatter thus allowing
to reconsider it as a distance indicator.

From a theoretical point of view, it is worth reconsidering our basic assumptions. As
discussed above, the tilt of the SVH with respect to the virial theorem predictions may be fully
ascribed to a power - law relation between the stellar M/L ratio Υ? and the total luminosity
LT . Although estimating the slope β? from the tilt is, in principle, possible, confronting with
an expected value is welcome. To this aim, one can resort to stellar population synthesis
models [156, 58, 223, 243] by varying the different ingredients entering the codes and looking
(by trial and error) for the combination giving the slope β needed to reproduce the correct
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SVH tilt. Should these stellar models be able to reproduce the observed colors of ETG, our
derivation of the SVH could be further strengthened.

A fundamental role in the ETG modeling has been played by the choice of the dark
halo model. Although the NFW mass density profile is the standard one, it is nevertheless
well known that it encounters serious difficulties in explaining the inner rotation curves of
low surface brightness galaxies (see, e.g., de Blok 2005 and refs. therein). Moreover, some
recent evidences from the planetary nebulae dynamics have put into question the need for
a significative amount of dark matter in the inner regions of elliptical galaxies [314, 263].
To overcome this problem, one may resort to a phenomenological ETG model to smoothly
interpolate between a constant M/L ratio and a dark matter dominated system [364] thus
making it easier to study the impact of changing the dark mass content on the SVH coefficients.
A subtle effect, worth to be investigated, is the relation between the concentration cNFW and
the virial mass Mvir of the halo. Actually, the scatter of this relation concurs in determining
the scatter in the SVH. Said in another way, for given Mvir and stellar mass parameters,
the scatter in the cNFW − Mvir relation introduces a scatter on MDM (Re)/Mdyn(Re) thus
contributing to the total SVH scatter. Numerical N - body simulations and semi - analytical
galaxy formation models predict different halo models with its own cNFW − Mvir relation
and scatter. It should be tempting to investigate whether a large ETG sample could be used
to discriminate among these different possibilities on the basis of the SVH scatter they predict.

The aim of the present work was mainly to introduce the SVH as a unifying scenario for
the ETG scaling relations. If the encouraging results presented here will be further confirmed,
both observationally and theoretically, we are confident that the SVH could represent a valid
tool to investigate the ETG properties under a single picture.



CHAPTER 5

Modelling clusters of galaxies by
f (R)-gravity

5.1 Clusters of Galaxies as fundamental bundle
of Dark Matter at large scales

Since in previous chapter we have analyzed f(R) gravity applied to galactic system, we are now
going up in scale and considering clusters of galaxies. As for rotation curves of galaxies also
clusters can be considered as an historical remark for the need of dark components: since the
pioneering work by [394], the problem of high mass-to-light ratios of galaxy clusters has been
faced by asking for huge amounts of unseen matter in the framework of Newtonian theory of
gravity. It is interesting to stress the fact that Zwicky addressed such an issue dealing with
missing matter and not with dark matter.

A fundamental issue is related to clusters and superclusters of galaxies. Such structures,
essentially, rule the large scale structure, and are the intermediate step between galaxies and
cosmology. As the galaxies, they appear dark-matter dominated but the distribution of dark
matter component seems clustered and organized in a very different way with respect to
galaxies. It seems that dark matter is ruled by the scale and also its fundamental nature could
depend on the scale. For a comprehensive review see [27].

In the philosophy of Extended Theories of Gravity, the issue is now to reconstruct the mass
profile of clusters without dark matter, i.e. to find out corrections to the Newton potential
producing the same dynamics as dark matter but starting from a well motivated theory. This
is the goal of this work.

As we will see, the problem is very different with respect to that of galaxies and we need
different corrections to the gravitational potential in order to consistently fit the cluster mass
profiles.
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The Chapter is organized as follows. In Section 5.2, also referring to other results, we
discuss the weak field limit of f(R)-gravity showing that an f(R) theory is, in principle,
quite fair to address the cluster problem [235]. In Section 5.3, starting from the corrected
potential previously derived for a point-like masses, we generalize the results to extended
spherically symmetric systems as required for well shaped cluster models of the Bautz and
Morgan classification [34]. Section 5.4 is devoted to the description of the general properties
of galaxy clusters. In Section 5.5, the sample of galaxy clusters which we are going to fit is
discussed in details. Results are presented in Section 5.6, while Section 5.7 is devoted to the
discussion and the conclusions.

5.2 f (R)-gravity

Let us consider the general action :

A =
∫

d4x
√−g [f(R) + XLm] , (5.1)

where f(R) is an analytic function of the Ricci scalar R, g is the determinant of the metric

gµν , X =
16πG

c4
is the coupling constant and Lm is the standard perfect-fluid matter La-

grangian. Such an action is the straightforward generalization of the Hilbert-Einstein action
of GR obtained for f(R) = R. Since we are considering the metric approach, field equations
are obtained by varying (5.1) with respect to the metric :

f ′Rµν − 1
2
fgµν − f ′;µν + gµν¤f ′ =

X
2

Tµν . (5.2)

where Tµν = −2√−g
δ(
√−gLm)
δgµν is the energy momentum tensor of matter, the prime indicates

the derivative with respect to R and ¤ = ;σ
;σ. We adopt the signature (+,−,−,−).

As discussed in details in [86], we deal with the Newtonian and the post-Newtonian limit
of f(R) - gravity on a spherically symmetric background. Solutions for the field equations can
be obtained by imposing the spherical symmetry [85]:

ds2 = g00(x0, r)dx02
+ grr(x0, r)dr2 − r2dΩ (5.3)

where x0 = ct and dΩ is the angular element.
To develop the post-Newtonian limit of the theory, one can consider a perturbed metric

with respect to a Minkowski background gµν = ηµν + hµν . The metric coefficients can be
developed as:





gtt(t, r) ' 1 + g
(2)
tt (t, r) + g

(4)
tt (t, r)

grr(t, r) ' −1 + g
(2)
rr (t, r)

gθθ(t, r) = −r2

gφφ(t, r) = −r2 sin2 θ

, (5.4)
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where we put, for the sake of simplicity, c = 1 , x0 = ct → t. We want to obtain the most
general result without imposing particular forms for the f(R)-Lagrangian. We only consider
analytic Taylor expandable functions

f(R) ' f0 + f1R + f2R
2 + f3R

3 + ... . (5.5)

To obtain the post-Newtonian approximation of f(R) - gravity, one has to plug the expan-
sions (5.4) and (5.5) into the field equations (5.2) and then expand the system up to the
orders O(0), O(2) and O(4) . This approach provides general results and specific (analytic)
Lagrangians are selected by the coefficients fi in (5.5) [86].

If we now consider the O(2) - order of approximation, the field equations (5.2), in the
vacuum case, results to be





f1rR
(2) − 2f1g

(2)
tt,r + 8f2R

(2)
,r − f1rg

(2)
tt,rr + 4f2rR

(2) = 0

f1rR
(2) − 2f1g

(2)
rr,r + 8f2R

(2)
,r − f1rg

(2)
tt,rr = 0

2f1g
(2)
rr − r[f1rR

(2)

−f1g
(2)
tt,r − f1g

(2)
rr,r + 4f2R

(2)
,r + 4f2rR

(2)
,rr] = 0

f1rR
(2) + 6f2[2R

(2)
,r + rR

(2)
,rr] = 0

2g
(2)
rr + r[2g

(2)
tt,r − rR(2) + 2g

(2)
rr,r + rg

(2)
tt,rr] = 0

(5.6)

It is evident that the trace equation (the fourth in the system (5.6)), provides a differential
equation with respect to the Ricci scalar which allows to solve the system at O(2) - order.
One obtains the general solution :





g
(2)
tt = δ0 − 2GM

f1r − δ1(t)e
−r
√−ξ

3ξr + δ2(t)e
r
√−ξ

6(−ξ)3/2r

g
(2)
rr = − 2GM

f1r + δ1(t)[r
√−ξ+1]e−r

√−ξ

3ξr − δ2(t)[ξr+
√−ξ]er

√−ξ

6ξ2r

R(2) = δ1(t)e
−r
√−ξ

r − δ2(t)
√−ξer

√−ξ

2ξr

(5.7)

where ξ
.=

f1

6f2
, f1 and f2 are the expansion coefficients obtained by the f(R)-Taylor series.

In the limit f → R, for a point-like source of mass M we recover the standard Schwarzschild
solution. Let us notice that the integration constant δ0 is dimensionless, while the two arbitrary
time-functions δ1(t) and δ2(t) have respectively the dimensions of lenght−1 and lenght−2; ξ
has the dimension lenght−2. As extensively discussed in [86], the functions δi(t) (i = 1, 2)
are completely arbitrary since the differential equation system (5.6) depends only on spatial
derivatives. Besides, the integration constant δ0 can be set to zero, as in the standard theory
of potential, since it represents an unessential additive quantity. In order to obtain the physical
prescription of the asymptotic flatness at infinity, we can discard the Yukawa growing mode in
(5.7) and then the metric is :
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ds2 =
[
1− 2GM

f1r
− δ1(t)e−r

√−ξ

3ξr

]
dt2

−
[
1 +

2GM

f1r
− δ1(t)(r

√−ξ + 1)e−r
√−ξ

3ξr

]
dr2

− r2dΩ . (5.8)

The Ricci scalar curvature is

R =
δ1(t)e−r

√−ξ

r
. (5.9)

The solution can be given also in terms of gravitational potential. In particular, we have
an explicit Newtonian-like term into the definition. The first of (5.7) provides the second
order solution in term of the metric expansion (see the definition (5.4)). In particular, it is

gtt = 1 + 2φgrav = 1 + g
(2)
tt and then the gravitational potential of an analytic f(R)-theory

is

φgrav = −GM

f1r
− δ1(t)e−r

√−ξ

6ξr
. (5.10)

Among the possible analytic f(R)-models, let us consider the Taylor expansion where the
cosmological term (the above f0) and terms higher than second have been discarded. We
rewrite the Lagrangian (5.5) as

f(R) ∼ a1R + a2R
2 + ... (5.11)

and specify the above gravitational potential (5.10), generated by a point-like matter distribu-
tion, as: by a point-like matter distribution, as:

φ(r) = −3GM

4a1r

(
1 +

1
3
e−

r
L

)
, (5.12)

where

L ≡ L(a1, a2) =
(
−6a2

a1

)1/2

. (5.13)

L can be defined as the interaction length of the problem1 due to the correction to the
Newtonian potential. We have changed the notation to remark that we are doing only a
specific choice in the wide class of potentials (5.10), but the following considerations are
completely general.

5.3 Extended systems

The gravitational potential (5.12) is a point-like one. Now we have to generalize this solution
for extended systems. Let us describe galaxy clusters as spherically symmetric systems and

1Such a length is function of the series coefficients, a1 and a2, and it is not a free inde-
pendent parameter in the following fit procedure.
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then we have to extend the above considerations to this geometrical configuration. We simply
consider the system composed by many infinitesimal mass elements dm each one contributing
with a point-like gravitational potential. Then, summing up all terms, namely integrating
them on a spherical volume, we obtain a suitable potential. Specifically, we have to solve the
integral:

Φ(r) =
∫ ∞

0

r′2dr′
∫ π

0

sin θ′dθ′
∫ 2π

0

dω′ φ(r′) . (5.14)

The point-like potential (5.12)can be split in two terms. The Newtonian component is

φN (r) = −3GM

4a1r
(5.15)

The extended integral of such a part is the well-known (apart from the numerical constant
3

4a1
) expression. It is

ΦN (r) = − 3
4a1

GM(< r)
r

(5.16)

where M(< r) is the mass enclosed in a sphere with radius r. The correction term:

φC(r) = −GM

4a1

e−
r
L

r
(5.17)

considering some analytical steps in the integration of the angular part, gives the expression:

ΦC(r) = −2πG

4
· L

∫ ∞

0

dr′r′ρ(r′) · e−
|r−r′|

L − e−
|r+r′|

L

r
(5.18)

The radial integral is numerically estimated once the mass density is given. We underline a
fundamental difference between such a term and the Newtonian one: while in the latter, the
matter outside the spherical shell of radius r does not contribute to the potential, in the former
external matter takes part to the integration procedure. For this reason we split the corrective
potential in two terms:

• if r′ < r:

ΦC,int(r)=−2πG

4
· L

∫ r

0

dr′r′ρ(r′) · e−
|r−r′|

L − e−
|r+r′|

L

r

=−2πG

4
· L

∫ r

0

dr′r′ρ(r′) · e− r+r′
L

(
−1 + e

2r′
L

r

)

• if r′ > r:

ΦC,ext(r)=−2πG

4
· L

∫ ∞

r

dr′r′ρ(r′) · e−
|r−r′|

L − e−
|r+r′|

L

r
=

=−2πG

4
· L

∫ ∞

r

dr′r′ρ(r′) · e− r+r′
L

(
−1 + e

2r
L

r

)

The total potential of the spherical mass distribution will be

Φ(r) = ΦN (r) + ΦC,int(r) + ΦC,ext(r) (5.19)
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As we will show below, for our purpose, we need the gravitational potential derivative with
respect to the variable r; the two derivatives may not be evaluated analytically so we estimate
them numerically, once we have given an expression for the total mass density ρ(r). While the
Newtonian term gives the simple expression:

− dΦN

dr
(r) = − 3

4a1

GM(< r)
r2

(5.20)

The internal and external derivatives of the corrective potential terms are much longer. We
do not give them explicitly for sake of brevity, but they are integral-functions of the form

F(r, r′) =
∫ β(r)

α(r)

dr′ f(r, r′) (5.21)

from which one has:

dF(r, r′)
dr

=
∫ β(r)

α(r)

dr′
df(r, r′)

dr
+

−f(r, α(r))
dα

dr
(r) + f(r, β(r))

dβ

dr
(r) (5.22)

Such an expression is numerically derived once the integration extremes are given. A general
consideration is in order at this point. Clearly, the Gauss theorem holds only for the Newtonian
part since, for this term, the force law scales as 1/r2. For the total potential (5.12), it does
not hold anymore due to the correction. From a physical point of view, this is not a problem
because the full conservation laws are determined, for f(R)-gravity, by the contracted Bianchi
identities which assure the self-consistency. For a detailed discussion, see [84, 88, 149].

5.4 Cluster mass profiles
Clusters of galaxies are generally considered self-bound gravitational systems with spherical
symmetry and in hydrostatic equilibrium if virialized. The last two hypothesis are still widely
used, despite of the fact that it has been widely proved that most clusters show more com-
plex morphologies and/or signs of strong interactions or dynamical activity, especially in their
innermost regions ([?, 122]).
Under the hypothesis of spherical symmetry in hydrostatic equilibrium, the structure equation
can be derived from the collisionless Boltzmann equation

d

dr
(ρgas(r) σ2

r) +
2ρgas(r)

r
(σ2

r − σ2
θ,ω) = −ρgas(r) · dΦ(r)

dr
(5.23)

where Φ is the gravitational potential of the cluster, σr and σθ,ω are the mass-weighted velocity
dispersions in the radial and tangential directions, respectively, and ρ is gas mass-density. For
an isotropic system, it is

σr = σθ,ω (5.24)

The pressure profile can be related to these quantities by

P (r) = σ2
rρgas(r) (5.25)

Substituting Eqs. (5.24) and (5.25) into Eq. (5.23), we have, for an isotropic sphere,

dP (r)
dr

= −ρgas(r)
dΦ(r)

dr
(5.26)
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For a gas sphere with temperature profile T (r), the velocity dispersion becomes

σ2
r =

kT (r)
µmp

(5.27)

where k is the Boltzmann constant, µ ≈ 0.609 is the mean mass particle and mp is the proton
mass. Substituting Eqs. (5.25) and (5.27) into Eq. (5.26), we obtain

d

dr

(
kT (r)
µmp

ρgas(r)
)

= −ρgas(r)
dΦ
dr

or, equivalently,

− dΦ
dr

=
kT (r)
µmpr

[
d ln ρgas(r)

d ln r
+

d ln T (r)
d ln r

]
(5.28)

Now the total gravitational potential of the cluster is:

Φ(r) = ΦN (r) + ΦC(r) (5.29)

with

ΦC(r) = ΦC,int(r) + ΦC,ext(r) (5.30)

It is worth underlining that if we consider only the standard Newtonian potential, the total
cluster mass Mcl,N (r) is composed by gas mass + mass of galaxies + cD-galaxy mass + dark
matter and it is given by the expression:

Mcl,N (r)=Mgas(r) + Mgal(r) + MCDgal(r) + MDM (r)

=− kT (r)
µmpG

r

[
d ln ρgas(r)

d ln r
+

d ln T (r)
d ln r

]
(5.31)

Mcl,N means the standard estimated Newtonian mass. Generally the galaxy part contribution
is considered negligible with respect to the other two components so we have:

Mcl,N (r) ≈ Mgas(r) + MDM (r) ≈

≈ −kT (r)
µmp

r

[
d ln ρgas(r)

d ln r
+

d ln T (r)
d ln r

]

Since the gas-mass estimates are provided by X-ray observations, the equilibrium equation can
be used to derive the amount of dark matter present in a cluster of galaxies and its spatial
distribution.

Inserting the previously defined extended-corrected potential of Eq. (5.29) into Eq. (5.28),
we obtain:

− dΦN

dr
− dΦC

dr
=

kT (r)
µmpr

[
d ln ρgas(r)

d ln r
+

d ln T (r)
d ln r

]
(5.32)

from which the extended-corrected mass estimate follows:

Mcl,EC(r)+
4a1

3G
r2 dΦC

dr
(r) =

=
4a1

3

[
− kT (r)

µmpG
r

(
d ln ρgas(r)

d ln r
+

d ln T (r)
d ln r

)]
(5.33)
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Since the use of a corrected potential avoids, in principle, the additional requirement of dark
matter, the total cluster mass, in this case, is given by:

Mcl,EC(r) = Mgas(r) + Mgal(r) + MCDgal(r) (5.34)

and the mass density in the ΦC term is

ρcl,EC(r) = ρgas(r) + ρgal(r) + ρCDgal(r) (5.35)

with the density components derived from observations.
In this work, we will use Eq. (5.33) to compare the baryonic mass profile Mcl,EC(r),

estimated from observations, with the theoretical deviation from the Newtonian gravitational

potential, given by the expression −4a1

3G
r2 dΦC

dr
(r). Our goal is to reproduce the observed

mass profiles for a sample of galaxy clusters.

5.5 Galaxy Cluster Sample
The formalism described in § 5.4 can be applied to a sample of 12 galaxy clusters. We shall
use the cluster sample studied in [377, 378] which consists of 13 low-redshift clusters spanning
a temperature range 0.7 ÷ 9.0 keV derived from high quality Chandra archival data. In all
these clusters, the surface brightness and the gas temperature profiles are measured out to
large radii, so that mass estimates can be extended up to r500 or beyond.

5.5.1 Gas Density Model

The gas density distribution of the clusters in the sample is described by the analytic model
proposed in [378]. Such a model modifies the classical β−model to represent the characteristic
properties of the observed X-ray surface brightness profiles, i.e. the power-law-type cusps of
gas density in the cluster center, instead of a flat core and the steepening of the brightness
profiles at large radii. Eventually, a second β−model, with a small core radius, is added to
improve the model close to the cluster cores. The analytical form for the particle emission is
given by:

npne = n2
0 ·

(r/rc)−α

(1 + r2/r2
c )3β−α/2

· 1
(1 + rγ/rγ

s )ε/γ
+

+
n2

02

(1 + r2/r2
c2)3β2

(5.36)

which can be easily converted to a mass density using the relation:

ρgas = nT · µmp =
1.4
1.2

nemp (5.37)

where nT is the total number density of particles in the gas. The resulting model has a large
number of parameters, some of which do not have a direct physical interpretation. While this
can often be inappropriate and computationally inconvenient, it suits well our case, where the
main requirement is a detailed qualitative description of the cluster profiles.
In [378], Eq. (5.36) is applied to a restricted range of distances from the cluster center, i.e.
between an inner cutoff rmin, chosen to exclude the central temperature bin (≈ 10÷ 20 kpc)
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Table 5.1: Column 1: Cluster name. Column2: Richness. Column 3: cluster total mass.
Column 4: gas mass. Column 5: galaxy mass. Column 6: cD-galaxy mass. All mass values
are estimated at r = rmax. Column 7: ratio of total galaxy mass to gas mass. Column 8:
minimum radius. Column 9: maximum radius.

name R Mcl,N Mgas Mgal McDgal
gal
gas

rmin rmax

(M¯) (M¯) (M¯) (M¯) (kpc) (kpc)

A133 0 4.35874 · 1014 2.73866 · 1013 5.20269 · 1012 1.10568 · 1012 0.23 86 1060
A262 0 4.45081 · 1013 2.76659 · 1012 1.71305 · 1011 5.16382 · 1012 0.25 61 316
A383 2 2.79785 · 1014 2.82467 · 1013 5.88048 · 1012 1.09217 · 1012 0.25 52 751
A478 2 8.51832 · 1014 1.05583 · 1014 2.15567 · 1013 1.67513 · 1012 0.22 59 1580
A907 1 4.87657 · 1014 6.38070 · 1013 1.34129 · 1013 1.66533 · 1012 0.24 563 1226
A1413 3 1.09598 · 1015 9.32466 · 1013 2.30728 · 1013 1.67345 · 1012 0.26 57 1506
A1795 2 5.44761 · 1014 5.56245 · 1013 4.23211 · 1012 1.93957 · 1012 0.11 79 1151
A1991 1 1.24313 · 1014 1.00530 · 1013 1.24608 · 1012 1.08241 · 1012 0.23 55 618
A2029 2 8.92392 · 1014 1.24129 · 1014 3.21543 · 1013 1.11921 · 1012 0.27 62 1771
A2390 1 2.09710 · 1015 2.15726 · 1014 4.91580 · 1013 1.12141 · 1012 0.23 83 1984
MKW4 - 4.69503 · 1013 2.83207 · 1012 1.71153 · 1011 5.29855 · 1011 0.25 60 434

RXJ1159 - 8.97997 · 1013 4.33256 · 1012 7.34414 · 1011 5.38799 · 1011 0.29 64 568

where the ICM is likely to be multi-phase, and rdet, where the X-ray surface brightness is at
least 3σ significant. We have extrapolated the above function to values outside this restricted
range using the following criteria:

• for r < rmin, we have performed a linear extrapolation of the first three terms out to
r = 0 kpc;

• for r > rdet, we have performed a linear extrapolation of the last three terms out to a
distance r̄ for which ρgas(r̄) = ρc, ρc being the critical density of the Universe at the
cluster redshift: ρc = ρc,0 · (1 + z)3. For radii larger than r̄, the gas density is assumed
constant at ρgas(r̄).

We point out that, in Table 5.1, the radius limit rmin is almost the same as given in the
previous definition. When the value given by [378] is less than the cD-galaxy radius, which is
defined in the next section, we choose this last one as the lower limit. On the contrary, rmax

is quite different from rdet: it is fixed by considering the higher value of temperature profile
and not by imaging methods.
We then compute the gas mass Mgas(r) and the total mass Mcl,N (r), respectively, for all
clusters in our sample, substituting Eq. (5.36) into Eqs. (5.37) and (5.31), respectively; the
gas temperature profile has been described in details in § 5.5.2. The resulting mass values,
estimated at r = rmax, are listed in Table 5.1.

5.5.2 Temperature Profiles

As stressed in § 5.5.1, for the purpose of this work, we need an accurate qualitative description
of the radial behavior of the gas properties. Standard isothermal or polytropic models, or even
the more complex one proposed in [378], do not provide a good description of the data at
all radii and for all clusters in the present sample. We hence describe the gas temperature
profiles using the straightforward X-ray spectral analysis results, without the introduction of
any analytic model.



134 5 Modelling clusters of galaxies by f(R)-gravity

X-ray spectral values have been provided by A. Vikhlinin (private communication). A detailed
description of the relative spectral analysis can be found in [377].
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Figure 5.1: Matter components for A478: total Newtonian dynamical mass (continue line);
gas mass (dashed line); galactic mass (dotted-dashed line); cD-galaxy mass (dotted line).

5.5.3 Galaxy Distribution Model

The galaxy density can be modelled as proposed by [27]. Even if the galaxy distribution is a
point-distribution instead of a continuous function, assuming that galaxies are in equilibrium
with gas, we can use a β−model, ∝ r−3, for r < Rc from the cluster center, and a steeper
one, ∝ r−2.6, for r > Rc, where Rc is the cluster core radius (its value is taken from Vikhlinin
2006). Its final expression is:

ρgal(r) =





ρgal,1 ·
[
1 +

(
r

Rc

)2
]− 3

2

r < Rc

ρgal,2 ·
[
1 +

(
r

Rc

)2
]− 2.6

2

r > Rc

(5.38)

where the constants ρgal,1 and ρgal,2 are chosen in the following way:

• [27] provides the central number density of galaxies in rich compact clusters for galaxies
located within a 1.5 h−1Mpc radius from the cluster center and brighter than m3 +2m

(where m3 is the magnitude of the third brightest galaxy): ngal,0 ∼ 103h3 galaxies
Mpc−3. Then we fix ρgal,1 in the range ∼ 1034÷1036 kg/kpc3. For any cluster obeying
the condition chosen for the mass ratio gal-to-gas, we assume a typical elliptical and
cD galaxy mass in the range 1012 ÷ 1013M¯.
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• the constant ρgal,2 has been fixed with the only requirement that the galaxy density
function has to be continuous at Rc.

We have tested the effect of varying galaxy density in the above range ∼ 1034÷1036 kg/kpc3 on
the cluster with the lowest mass, namely A262. In this case, we would expect great variations
with respect to other clusters; the result is that the contribution due to galaxies and cD-galaxy
gives a variation ≤ 1% to the final estimate of fit parameters.
The cD galaxy density has been modelled as described in [332]; they use a Jaffe model of the
form:

ρCDgal =
ρ0,J(

r
rc

)2 (
1 + r

rc

)2 (5.39)

where rc is the core radius while the central density is obtained from MJ =
4
3
πR3

cρ0,J . The

mass of the cD galaxy has been fixed at 1.14 × 1012 M¯, with rc = Re/0.76, with Re = 25
kpc being the effective radius of the galaxy. The central galaxy for each cluster in the sample
is assumed to have approximately this stellar mass.

We have assumed that the total galaxy-component mass (galaxies plus cD galaxy masses)
is ≈ 20÷ 25% of the gas mass: in [328], the mean fraction of gas versus the total mass (with
dark matter) for a cluster is estimated to be 15÷ 20%, while the same quantity for galaxies is
3÷ 5%. This means that the relative mean mass ratio gal-to-gas in a cluster is ≈ 20÷ 25%.
We have varied the parameters ρgal,1, ρgal,2 and MJ in their previous defined ranges to obtain
a mass ratio between total galaxy mass and total gas mass which lies in this range. Resulting

galaxy mass values and ratios
gal
gas

, estimated at r = rmax, are listed in Table 5.1.

In Fig. (1), we show how each component is spatially distributed. The CD-galaxy is
dominant with respect to the other galaxies only in the inner region (below 100 kpc). As
already stated in § 5.5.1, cluster innermost regions have been excluded from our analysis and
so the contribution due to the cD-galaxy is practically negligible in our analysis. The gas is, as
a consequence, clearly the dominant visible component, starting from innermost regions out
to large radii, being galaxy mass only 20 ÷ 25% of gas mass. A similar behavior is shown by
all the clusters considered in our sample.

5.5.4 Uncertainties on mass profiles

Uncertainties on the cluster total mass profiles have been estimated performing Monte-Carlo
simulations [271]. We proceed to simulate temperature profiles and choose random radius-
temperature values couples for each bin which we have in our temperature data given by [377].
Random temperature values have been extracted from a Gaussian distribution centered on
the spectral values, and with a dispersion fixed to its 68% confidence level. For the radius,
we choose a random value inside each bin. We have performed 2000 simulations for each
cluster and perform two cuts on the simulated profile. First, we exclude those profiles that
give an unphysical negative estimate of the mass: this is possible when our simulated couples
of quantities give rise to too high temperature-gradient. After this cut, we have ≈ 1500
simulations for any cluster. Then we have ordered the resulting mass values for increasing
radius values. Extreme mass estimates (outside the 10 ÷ 90% range) are excluded from the
obtained distribution, in order to avoid other high mass gradients which give rise to masses too
different from real data. The resulting limits provide the errors on the total mass. Uncertainties
on the electron-density profiles has not been included in the simulations, being them negligible
with respect to those of the gas-temperature profiles.
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Table 5.2: Column 1: Cluster name. Column 2: first derivative coefficient, a1, of f(R) series.
Column3: 1σ confidence interval for a1. Column 4: second derivative coefficient, a2, of f(R)
series. Column 5: 1σ confidence interval for a2. Column 6: characteristic length, L, of the
modified gravitational potential, derived from a1 and a2. Column 7 : 1σ confidence interval
for L.

name a1 [a1 − 1σ, a1 + 1σ] a2 [a2 − 1σ, a2 + 1σ] L [L− 1σ, L + 1σ]
(kpc2) (kpc2) (kpc) (kpc)

A133 0.085 [0.078, 0.091] −4.98 · 103 [−2.38 · 104, −1.38 · 103] 591.78 [323.34, 1259.50]
A262 0.065 [0.061, 0.071] −10.63 [−57.65, −3.17] 31.40 [17.28, 71.10]
A383 0.099 [0.093, 0.108] −9.01 · 102 [−4.10 · 103, −3.14 · 102] 234.13 [142.10, 478.06]
A478 0.117 [0.114, 0.122] −4.61 · 103 [−1.01 · 104, −2.51 · 103] 484.83 [363.29, 707.73]
A907 0.129 [0.125, 0.136] −5.77 · 103 [−1.54 · 104, −2.83 · 103] 517.30 [368.84, 825.00]
A1413 0.115 [0.110, 0.119] −9.45 · 104 [−4.26 · 105, −3.46 · 104] 2224.57 [1365.40, 4681.21]
A1795 0.093 [0.084, 0.103] −1.54 · 103 [−1.01 · 104, −2.49 · 102] 315.44 [133.31, 769.17]
A1991 0.074 [0.072, 0.081] −50.69 [−3.42 · 102, −13] 64.00 [32.63, 159.40]
A2029 0.129 [0.123, 0.134] −2.10 · 104 [−7.95 · 104, −8.44 · 103] 988.85 [637.71, 1890.07]
A2390 0.149 [0.146, 0.152] −1.40 · 106 [−5.71 · 106, −4.46 · 105] 7490.80 [4245.74, 15715.60]
MKW4 0.054 [0.049, 0.060] −23.63 [−1.15 · 102, −8.13] 51.31 [30.44, 110.68]

RXJ1159 0.048 [0.047, 0.052] −18.33 [−1.35 · 102, −4.18] 47.72 [22.86, 125.96]

5.5.5 Fitting the mass profiles

In the above sections, we have shown that, with the aid of X-ray observations, modelling
theoretically the galaxy distribution and using Eq. (5.33), we obtain an estimate of the baryonic
content of clusters.
We have hence performed a best-fit analysis of the theoretical Eq. (5.33)

Mbar,th(r)=
4a1

3

[
− kT (r)

µmpG
r

(
d ln ρgas(r)

d ln r
+

d ln T (r)
d ln r

)]
+

− 4a1

3G
r2 dΦC

dr
(r) (5.40)

versus the observed mass contributions

Mbar,obs(r) = Mgas(r) + Mgal(r) + MCDgal(r) (5.41)

Since not all the data involved in the above estimate have measurable errors, we cannot perform
an exact χ-square minimization: Actually, we can minimize the quantity:

χ2 =
1

N − np − 1
·

N∑

i=1

(Mbar,obs −Mbar,theo)2

Mbar,theo
(5.42)

where N is the number of data and np = 2 the free parameters of the model. We minimize the
χ-square using the Markov Chain Monte Carlo Method (MCMC). For each cluster, we have
run various chains to set the best parameters of the used algorithm, the Metropolis-Hastings
one: starting from an initial parameter vector p (in our case p = (a1, a2)), we generate a
new trial point p′ from a tested proposal density q(p′,p), which represents the conditional
probability to get p′, given p. This new point is accepted with probability

α(p,p′) = min

{
1,

L(d|p′)P (p′)q(p′,p)
L(d|p)P (p)q(p,p′)

}
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where d are the data, L(d|p′) ∝ exp(−χ2/2) is the likelihood function, P (p) is the prior on
the parameters. In our case, the prior on the fit parameters is related to Eq. (5.13): being L
a length, we need to force the ratio a1/a2 to be positive. The proposal density is Gaussian
symmetric with respect of the two vectors p and p′, namely q(p,p′) ∝ exp(−∆p2/2σ2), with
∆p = p − p′; we decide to fix the dispersion σ of any trial distribution of parameters equal
to 20% of trial a1 and a2 at any step. This means that the parameter α reduces to the ratio
between the likelihood functions.
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Figure 5.2: Left panel: histogram of the sample points for parameter a1 in Abell 383 coming
out the MCMC implementation used to estimate best fit values and errors for our fitting
procedure as described in § 5.5.5. Binning (horizontal axis) and relative frequencies (vertical
axis) are given by automatic procedure from Mathematica6.0. Right panel: power spectrum
test on sample chain for parameter a1 using the method described in § 5.5.5. Black line is the
logarithm of the analytical template Eq. (5.45) for power spectrum; gray line is the discrete
power spectrum obtained using Eq. (5.43) - (5.44).

We have run one chain of 105 points for every cluster; the convergence of the chains has
been tested using the power spectrum analysis from [138]. The key idea of this method is,
at the same time, simple and powerful: if we take the power spectra of the MCMC samples,
we will have a great correlation on small scales but, when the chain reaches convergence, the
spectrum becomes flat (like a white noise spectrum); so that, by checking the spectrum of
just one chain (instead of many parallel chains as in Gelmann-Rubin test) will be sufficient
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Figure 5.3: Abell 383: histogram (left) and power spectrum test (right) on sample chain for
parameter a2.
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Figure 5.4: Abell 383: histogram (left) and power spectrum test (right) on sample chain for
parameter L.

to assess the reached convergence. Remanding to [138] for a detailed discussion of all the
mathematical steps. Here we calculate the discrete power spectrum of the chains:

Pj = |aj
N |2 (5.43)

with

aj
N =

1√
N

N−1∑
n=0

xn exp
[
i
2πj

N
n

]
(5.44)

where N and xn are the length and the element of the sample from the MCMC, respectively,
j = 1, . . . , N

2 −1. The wavenumber kj of the spectrum is related to the index j by the relation

kj = 2πj
N . Then we fit it with the analytical template:

P (k) = P0
(k∗/k)α

1 + (k∗/k)α
(5.45)

or in the equivalent logarithmic form:

ln Pj = ln P0 + ln
[

(k∗/kj)α

1 + (k∗/kj)α

]
− γ + rj (5.46)

where γ = 0.57216 is the Euler-Mascheroni number and rj are random measurement errors
with < rj >= 0 and < rirj >= δijπ

2/6. From the fit, we estimate the two fundamental
parameters, P0 and j∗ (the index corresponding to k∗). The first one is the value of the
power spectrum extrapolated for k → 0 and, from it, we can derive the convergence ratio from

r ≈ P0

N
; if r < 0.01, we can assume that the convergence is reached. The second parameter

is related to the turning point from a power-law to a flat spectrum. It has to be > 20 in order
to be sure that the number of points in the sample, coming from the convergence region, are
more than the noise points. If these two conditions are verified for all the parameters, then
the chain has reached the convergence and the statistics derived from MCMC well describes
the underlying probability distribution (typical results are shown in Figs. (2)-(3)). Following
[138] prescriptions, we perform the fit over the range 1 ≤ j ≤ jmax, with jmax ∼ 10j∗, where
a first estimation of j∗ can be obtained from a fit with jmax = 1000, and then performing a
second iteration in order to have a better estimation of it. Even if the convergence is achieved
after few thousand steps of the chain, we have decided to run longer chains of 105 points
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to reduce the noise from the histograms and avoid under- or over- estimations of errors on
the parameters. The i− σ confidence levels are easily estimated deriving them from the final
sample the 15.87-th and 84.13-th quantiles (which define the 68% confidence interval) for
i = 1, the 2.28-th and 97.72-th quantiles (which define the 95% confidence interval) for i = 2
and the 0.13-th and 99.87-th quantiles (which define the 99% confidence interval) for i = 3.

After the description of the method, let us now comment on the achieved results.

5.6 Results

The numerical results of our fitting analysis are summarized in Table 2; we give the best fit
values of the independent fitting parameters a1 and a2, and of the gravitational length L,
considered as a function of the previous two quantities. In Figs. (3)- (5), we give the typical
results of fitting, with histograms and power spectrum of samples derived by the MCMC, to
assess the reached convergence (flat spectrum at large scales).

The goodness and the properties of the fits are shown in Figs. (6)- (17). The main property
of our results is the presence of a typical scale for each cluster above which our model works
really good (typical relative differences are less than 5%), while for lower scale there is a great
difference. It is possible to see, by a rapid inspection, that this turning-point is located at a
radius ≈ 150 kpc. Except for very large clusters, it is clear that this value is independent of
the cluster, being approximately the same for any member of the considered sample.

There are two main independent explanations that could justify this trend: limits due to
a break in the state of hydrostatic equilibrium or limits in the series expansion of the f(R)-
models.

If the hypothesis of hydrostatic equilibrium is not correct, then we are in a regime where
the fundamental relations Eqs. (5.23)- (5.28), are not working. As discussed in [377], the
central (70 kpc) region of every cluster is strongly affected by radiative cooling and thus it
cannot directly be related to the depth of the cluster potential well. This means that, in this
region, the gas is not in hydrostatic equilibrium but in a multi-phase, turbulent state, mainly
driven by some astrophysical, non-gravitational interaction. In this case, the gas cannot be
used as a good standard tracer.

We have also to consider another limit of our modelling: the requirement that the f(R)-
function is Taylor expandable. The corrected gravitational potential which we have considered
is derived in the weak field limit, which means

R−R0 <<
a1

a2
(5.47)

where R0 is the background value of the curvature. If this condition is not satisfied, the
approach does not work (see [86] for a detailed discussion of this point). Considering that
a1/a2 has the dimension of length−2 this condition defines the length scale where our series
approximation can work. In other words, this indicates the limit in which the model can be
compared with data.

For the considered sample, the fit of the parameters a1 and a2, spans the length range
{19; 200} kpc (except for the biggest cluster). It is evident that every galaxy cluster has a
proper gravitational length scale. It is worth noticing that a similar situation, but at completely
different scales, has been found out for low surface brightness galaxies modelled by f(R)-gravity
[84].

Considering the data at our disposal and the analysis which we have performed, it is not
possible to quantify exactly the quantitative amount of these two different phenomena (i.e.
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the radiative cooling and the validity of the weak field limit). However, they are not mutually
exclusive but should be considered in details in view of a more refined modelling 2.

Similar issues are present also in [56]: they use the the Metric - Skew - Tensor - Gravity
(MSTG) as a generalization of the Einstein General Relativity and derive the gas mass profile of
a sample of clusters with gas being the only baryonic component of the clusters. They consider
some clusters included in our sample (in particular, A133, A262, A478, A1413, A1795, A2029,
MKW4) and they find the same different trend for r ≤ 200 kpc, even if with a different
behavior with respect of us: our model gives lower values than X-ray gas mass data while their
model gives higher values with respect to X-ray gas mass data. This stresses the need for a
more accurate modelling of the gravitational potential.

However, our goal is to show that potential (5.12) is suitable to fit the mass profile of
galaxy clusters and that it comes from a self-consistent theory.

In general, it can be shown that the weak field limit of extended theories of gravity has
Yukawa-like corrections [355, 206]. Specifically, given theory of gravity of order (2n + 2), the
Yukawa corrections to the Newtonian potential are n [306]. This means that if the effective
Lagrangian of the theory is

L = f(R, ¤R, ..¤kR, ..¤nR)
√−g (5.48)

we have

φ(r) = −GM

r

[
1 +

n∑

k=1

αke−r/Lk

]
. (5.49)

Standard General Relativity, where Yukawa corrections are not present, is recovered for n = 0
(second order theory) while the f(R)-gravity is obtained for n = 1 (fourth-order theory).
Any ¤ operator introduces two further derivation orders in the field equations. This kind of
Lagrangian comes out when quantum field theory is formulated on curved spacetime [44]. In
the series (5.49), G is the value of the gravitational constant considered at infinity, Lk is the
interaction length of the k-th component of the non-Newtonian corrections. The amplitude
αk of each component is normalized to the standard Newtonian term; the sign of αk tells us
if the corrections are attractive or repulsive (see [388] for details). Moreover, the variation of
the gravitational coupling is involved. In our case, we are taking into account only the first
term of the series. It is the the leading term. Let us rewrite (5.12) as

φ(r) = −GM

r

[
1 + α1e

−r/L1

]
. (5.50)

The effect of non-Newtonian term can be parameterized by {α1, L1} which could be a useful
parameterisation which respect to our previous {a1, a2} or {Geff , L} with Geff = 3G/(4a1).
For large distances, where r À L1, the exponential term vanishes and the gravitational coupling
is G. If r ¿ L1, the exponential becomes 1 and, by differentiating Eq.(5.50) and comparing
with the gravitational force measured in laboratory, we get

Glab = G

[
1 + α1

(
1 +

r

L1

)
e−r/L1

]
' G(1 + α1) , (5.51)

2Other secondary phenomena as cooling flows, merger and asymmetric shapes have to be
considered in view of a detailed modelling of clusters. However, in this work, we are only
interested to show that extended gravity could be a valid alternative to dark matter in order
to explain the cluster dynamics.
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where Glab = 6.67× 10−8 g−1cm3s−2 is the usual Newton constant measured by Cavendish-
like experiments. Of course, G and Glab coincide in the standard Newtonian gravity. It is worth
noticing that, asymptotically, the inverse square law holds but the measured coupling constant
differs by a factor (1 + α1). In general, any correction introduces a characteristic length that
acts at a certain scale for the self-gravitating systems as in the case of galaxy cluster which
we are examining here. The range of Lk of the kth-component of non-Newtonian force can
be identified with the mass mk of a pseudo-particle whose effective Compton’s length can be
defined as

Lk =
~

mkc
. (5.52)

The interpretation of this fact is that, in the weak energy limit, fundamental theories which
attempt to unify gravity with the other forces introduce, in addition to the massless graviton,
particles with mass which also carry the gravitational interaction [173]. See, in particular, [90]
for f(R)-gravity. These masses are related to effective length scales which can be parameterized
as

Lk = 2× 10−5

(
1 eV

mk

)
cm . (5.53)

There have been several attempts to experimentally constrain Lk and αk (and then mk) by
experiments on scales in the range 1 cm < r < 1000 km, using different techniques [157,
348, 143]. In this case, the expected masses of particles which should carry the additional
gravitational force are in the range 10−13eV < mk < 10−5 eV. The general outcome of these
experiments, even retaining only the term k = 1, is that geophysical window between the
laboratory and the astronomical scales has to be taken into account. In fact, the range

|α1| ∼ 10−2 , L1 ∼ 102 ÷ 103 m , (5.54)

is not excluded at all in this window. An interesting suggestion has been given by Fujii [163],
which proposed that the exponential deviation from the Newtonian standard potential could
arise from the microscopic interaction which couples the nuclear isospin and the baryon number.

The astrophysical counterparts of these non-Newtonian corrections seemed ruled out till
some years ago due to the fact that experimental tests of General Relativity seemed to predict
the Newtonian potential in the weak energy limit, ”inside” the Solar System. However, as it
has been shown, several alternative theories seem to evade the Solar System constraints (see
[90] and the reference therein for recent results) and, furthermore, indications of an anoma-
lous, long–range acceleration revealed from the data analysis of Pioneer 10/11, Galileo, and
Ulysses spacecrafts (which are now almost outside the Solar System) makes these Yukawa–like
corrections come again into play [19]. Besides, it is possible to reproduce phenomenologically
the flat rotation curves of spiral galaxies considering the values

α1 = −0.92 , L1 ∼ 40 kpc . (5.55)

The main hypothesis of this approach is that the additional gravitational interaction is carried
by some ultra-soft boson whose range of mass is m1 ∼ 10−27 ÷ 10−28eV. The action of this
boson becomes efficient at galactic scales without the request of enormous amounts of dark
matter to stabilize the systems [322].

Furthermore, it is possible to use a combination of two exponential correction terms and
give a detailed explanation of the kinematics of galaxies and galaxy clusters, again without
dark matter model [143].

It is worthwhile to note that both the spacecrafts measurements and galactic rotation
curves indications come from ”outside” the usual Solar System boundaries used up to now
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Figure 5.5: Density vs a1: predictions on the behavior of a1. The horizontal black bold line
indicates the Newtonian-limit, a1 → 3/4 which we expect to be realized on scales comparable
with Solar System. Vertical lines indicate typical approximated values of matter density (with-
out dark matter) for different gravitational structures: universe (large dashed) with critical
density ρcrit ≈ 10−26 kg/m3; galaxy clusters (short dashed) with ρcl ≈ 10−23 kg/m3; galax-
ies (dot-dashed) with ρgal ≈ 10−11 kg/m3; sun (dotted) with ρsun ≈ 103 kg/m3. Arrows and
boxes show the predicted trend for a1.

to test General Relativity. However, the above results do not come from any fundamental
theory to explain the outcome of Yukawa corrections. In their contexts, these terms are
phenomenological.

Another important remark in this direction deserves the fact that some authors [248] inter-
pret also the experiments on cosmic microwave background like the experiment BOOMERANG
and WMAP [119, 349] in the framework of modified Newtonian dynamics again without in-
voking any dark matter model.

All these facts point towards the line of thinking that also corrections to the standard
gravity have to be seriously taken into account beside dark matter searches.

In our case, the parameters a1,2, which determine the gravitational correction and the
gravitational coupling, come out ”directly” from a field theory with the only requirement that
the effective action of gravity could be more general than the Hilbert-Einstein theory f(R) = R.
This main hypothesis comes from fundamental physics motivations due to the fact that any
unification scheme or quantum field theory on curved space have to take into account higher
order terms in curvature invariants [44]. Besides, several recent results point out that such
corrections have a main role also at astrophysical and cosmological scales. For a detailed
discussion, see [273, 88, 149].

With this philosophy in mind, we have plotted the trend of a1 as a function of the density in



5.7 What have we learnt from clusters? 143

Fig.5.5. As one can see, its values are strongly constrained in a narrow region of the parameter
space, so that a1 can be considered a ”tracer” for the size of gravitational structures. The
value of a1 range between {0.8÷0.12} for larger clusters and {0.4÷0.6} for poorer structures
(i.e. galaxy groups like MKW4 and RXJ1159). We expect a particular trend when applying the
model to different gravitational structures. In Fig. 5.5, we give characteristic values of density
which range from the biggest structure, the observed Universe (large dashed vertical line),
to the smallest one, the Sun (vertical dotted line), through intermediate steps like clusters
(vertical short dashed line) and galaxies (vertical dot-dashed line). The bold black horizontal
line represents the Newtonian limit a1 = 3/4 and the boxes indicate the possible values of a1

that we obtain by applying our theoretical model to different structures.
Similar considerations hold also for the characteristic gravitational length L directly related

to both a1 and a2. The parameter a2 shows a very large range of variation {−106 ÷ −10}
with respect to the density (and the mass) of the clusters. The value of L changes with the
sizes of gravitational structure (see Fig. 5.6), so it can be considered, beside the Schwarzschild
radius, a sort of additional gravitational radius. Particular care must be taken when considering
Abell 2390, which shows large cavities in the X-ray surface brightness distribution, and whose
central region, highly asymmetric, is not expected to be in hydrostatic equilibrium. All results
at small and medium radii for this cluster could hence be strongly biased by these effects [378];
the same will hold for the resulting exceptionally high value of L. Fig. 5.6 shows how obser-
vational properties of the cluster, which well characterize its gravitational potential (such as
the average temperature and the total cluster mass within r500, plotted in the left and right
panel, respectively), well correlate with the characteristic gravitational length L.

For clusters, we can define a gas-density-weighted and a gas-mass-weighted mean, both
depending on the series parameters a1,2. We have:

< L >ρ = 318 kpc < a2 >ρ= −3.40 · 104

< L >M = 2738 kpc < a2 >M= −4.15 · 105 (5.56)

It is straightforward to note the correlation with the sizes of the cluster cD-dominated-central
region and the ”gravitational” interaction length of the whole cluster. In other words, the
parameters a1,2, directly related to the first and second derivative of a given analytic f(R)-
model determine the characteristic sizes of the self gravitating structures.

5.7 What have we learnt from clusters?

In this work we have investigated the possibility that the high observational mass-to-light ratio
of galaxy clusters could be addressed by f(R)- gravity without assuming huge amounts of dark
matter. We point out that this proposal comes out from the fact that, up to now, no definitive
candidate for dark-matter has been observed at fundamental level and then alternative solutions
to the problem should be viable. Furthermore, several results in f(R)-gravity seem to confirm
that valid alternatives to ΛCDM can be achieved in cosmology. Besides, as discussed in the
Introduction, the rotation curves of spiral galaxies can be explained in the weak field limit of
f(R)-gravity. Results of our analysis go in this direction.

We have chosen a sample of relaxed galaxy clusters for which accurate spectroscopic tem-
perature measurements and gas mass profiles are available. For the sake of simplicity, and
considered the sample at our disposal, every cluster has been modelled as a self bound gravi-
tational system with spherical symmetry and in hydrostatic equilibrium. The mass distribution
has been described by a corrected gravitational potential obtained from a generic analytic
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Figure 5.6: Single temperature fit to the total cluster spectrum (left panel) and total cluster
mass within r500 (given as a function of M¯) (right panel) are plotted as a function of the
characteristic gravitational length L. Temperature and mass values are from [378].
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f(R)-theory. In fact, as soon as f(R) 6= R, Yukawa-like exponential corrections emerge in the
weak field limit while the standard Newtonian potential is recovered only for f(R) = R, the
Hilbert-Einstein theory.

Our goal has been to analyze if the dark-matter content of clusters can be addressed by
these correction potential terms. As discussed in detail in the previous section and how it is
possible to see by a rapid inspection of Figs. ??- ??, all the clusters of the sample are consistent
with the proposed model at 1σ confidence level. This shows, at least qualitatively, that the
high mass-to-light ratio of clusters can be explained by using a modified gravitational potential.
The good agreement is achieved on distance scales starting from 150 kpc up to 1000 kpc. The
differences observed at smaller scales can be ascribed to non-gravitational phenomena, such
as cooling flows, or to the fact that the gas mass is not a good tracer at this scales. The
remarkable result is that we have obtained a consistent agreement with data only using the
corrected gravitational potential in a large range of radii. In order to put in evidence this trend,
we have plotted the baryonic mass vs radii considering, for each cluster, the scale where the
trend is clearly evident.

In our knowledge, the fact that f(R)-gravity could work at these scales has been only
supposed but never achieved by a direct fitting with data (see [235] for a review). Starting
from the series coefficients a1 and a2, it is possible to state that, at cluster scales, two
characteristic sizes emerge from the weak field limit of the theory. However, at smaller scales,
e.g. Solar System scales, standard Newtonian gravity has to be dominant in agreement with
observations.

In conclusion, if our considerations are right, gravitational interaction depends on the scale
and the infrared limit is led by the series coefficient of the considered effective gravitational
Lagrangian. Roughly speaking, we expect that starting from cluster scale to galaxy scale,
and then down to smaller scales as Solar System or Earth, the terms of the series lead the
clustering of self-gravitating systems beside other non-gravitational phenomena. In our case,
the Newtonian limit is recovered for a1 → 3/4 and L(a1, a2) À r at small scales and for
L(a1, a2) ¿ r at large scales. In the first case, the gravitational coupling has to be redifined,
in the second G∞ ' G. In these limits, the linear Ricci term is dominant in the gravitational
Lagrangian and the Newtonian gravity is restored [306]. Reversing the argument, this could be
the starting point to achieve a theory capable of explaining the strong segregation in masses
and sizes of gravitationally-bound systems.
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Figure 5.7: Baryonic mass vs radii for Abell A133. Dashed line is the experimental-observed
estimation Eq. (5.41) of baryonic matter component (i.e. gas, galaxies and cD-galaxy); solid
line is the theoretical estimation Eq. (5.40) for baryonic matter component. Dotted lines are
the 1-σ confidence levels given by errors on fitting parameters in the left panel; and from fitting
parameter plus statistical errors on mass profiles as discussed in § 5.5.4 in the right panel.
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Figure 5.8: Same of Fig.2 but for cluster Abell 262.
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Figure 5.9: Same of Fig.2 but for cluster Abell 383.
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Figure 5.10: Same of Fig.2 but for cluster Abell 478.
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Figure 5.11: Same of Fig.2 but for cluster Abell 907.
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Figure 5.12: Same of Fig.2 but for cluster Abell 1413.
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Figure 5.13: Same of Fig.2 but for cluster Abell 1795.
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Figure 5.14: Same of Fig.2 but for cluster Abell 1991.
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Figure 5.15: Same of Fig.2 but for cluster Abell 2029.
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Figure 5.16: Same of Fig.2 but for cluster Abell 2390.
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Figure 5.17: Same of Fig.2 but for cluster MKW4.
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Figure 5.18: Same of Fig.2 but for cluster RXJ1159.





Part III
Cosmography





CHAPTER 6

Cosmography vs f (R)

As soon as astrophysicists realized that Type Ia Supernovae (SNeIa) were standard candles, it
appeared evident that their high luminosity should make it possible to build a Hubble diagram,
i.e. a plot of the distance - redshift relation, over some cosmologically interesting distance
ranges. Motivated by this attractive consideration, two independent teams started SNeIa
surveys leading to the unexpected discovery that the universe expansion is speeding up rather
than decelerating [291, 292, 311, 329, 167]. This surprising result has now been strengthened
by more recent data coming from SNeIa surveys [213, 363, 30, 312, 313, 24, 390, 126], large
scale structure [134, 290, 357, 185, 298] and cosmic microwave background (CMBR) anisotropy
spectrum [119, 356, 269, 308, 37, 349, 351]. This large dataset coherently points toward the
picture of a spatially flat universe undergoing an accelerated expansion driven by a dominant
negative pressure fluid, typically referred to as dark energy [112].

While there is a wide consensus on the above scenario depicted by such good quality
data, there is a similarly wide range of contrasting proposals to solve the dark energy puzzle.
Surprisingly, the simplest explanation, namely the cosmological constant Λ [97, 319], is also
the best one from a statistical point of view [360, 361, 336]. Unfortunately, the well known
coincidence and 120 orders of magnitude problems render Λ a rather unattractive solution from
a theoretical point of view. Inspired by the analogy with inflation, a scalar field φ, dubbed
quintessence [289, 286], has then been proposed to give a dynamical Λ term in order to both fit
the data and avoid the above problems. However, such models are still plagued by difficulties
on their own, such as the almost complete freedom in the choice of the scalar field potential
and the fine tuning of the initial conditions. Needless to say, a plethora of alternative models
are now on the market all sharing the main property to be in agreement with observations, but
relying on completely different physics.

Notwithstanding their differences, all the dark energy based theories assume that the
observed acceleration is the outcome of the action of an up to now undetected ingredient to
be added to the cosmic pie. In terms of the Einstein equations, Gµν = χTµν , such models
are simply modifying the right hand side including in the stress - energy tensor something more
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than the usual matter and radiation components.

As a radically different approach, one can also try to leave unchanged the source side,
but rather modifying the left hand side. In a sense, one is therefore interpreting cosmic speed
up as a first signal of the breakdown of the laws of physics as described by the standard
General Relativity (GR). Since this theory has been experimentally tested only up to the Solar
System scale, there is no a priori theoretical motivation to extend its validity to extraordinarily
larger scales such as the cosmological ones (e.g. the last scattering surface!). Extending GR,
not giving up to its positive results, opens the way to a large class of alternative theories
of gravity ranging from extra - dimensions [140, 141, 142, 236, 237] to nonminimally coupled
scalar fields [164, 93, 294, 130]. In particular, we will be interested here in fourth order theories
[69, 87, 72, 77, 94, 211, 272, 274, 275, 96, 11] based on replacing the scalar curvature R in the
Hilbert–Einstein action with a generic analytic function f(R) which should be reconstructed
starting from data and physically motivated issues. Also referred to as f(R) gravity, these
models have been shown to be able to both fit the cosmological data and evade the Solar
System constraints in several physically interesting cases [190, 354, 21, 277, 367].

It is worth noting that both dark energy models and modified gravity theories have shown
to be in agreement with the data. As a consequence, unless higher precision probes of the ex-
pansion rate and the growth of structure will be available, these two rival approaches could not
be discriminated. This confusion about the theoretical background suggests that a more con-
servative approach to the problem of cosmic acceleration, relying on as less model dependent
quantities as possible, is welcome. A possible solution could be to come back to the cosmog-
raphy [386] rather than finding out solutions of the Friedmann equations and testing them.
Being only related to the derivatives of the scale factor, the cosmographic parameters make it
possible to fit the data on the distance - redshift relation without any a priori assumption on
the underlying cosmological model: in this case, the only assumption is that the metric is the
Robertson - Walker one (and hence not relying on the solution of cosmic equations). Almost
a century after Hubble discovery of the expansion of the universe, we could now extend cos-
mography beyond the search for the value of the Hubble constant. The SNeIa Hubble diagram
extends up to z = 1.7 thus invoking the need for, at least, a fifth order Taylor expansion of
the scale factor in order to give a reliable approximation of the distance - redshift relation. As
a consequence, it could be, in principle, possible to estimate up to five cosmographic parame-
ters, although the still too small dataset available does not allow to get a precise and realistic
determination of all of them.

Once these quantities have been determined, one could use them to put constraints on the
models. In a sense, we are reverting the usual approach consisting in deriving the cosmographic
parameters as a sort of byproduct of an assumed theory. Here, we follow the other way around
expressing the model characterizing quantities as a function of the cosmographic parameters.
Such a program is particularly suited for the study of fourth order theories of gravity. As is
well known, the mathematical difficulties entering the solution of fourth order field equations
make it quite problematic to find out analytical expressions for the scale factor and hence
predict the values of the cosmographic parameters. A key role in f(R) gravity is played by the
choice of the f(R) function. Under quite general hypotheses, we will derive useful relations
among the cosmographic parameters and the present day value of f (n)(R) = dnf/dRn, with
n = 0, . . . , 3, whatever f(R) is1. Once the cosmographic parameters will be determined, this
method will allow us to investigate the cosmography of f(R) theories.

1As an important remark, we stress that our derivation will rely on the metric formulation
of f(R) theories, while we refer the reader to [299, 300] for a similar work in the Palatini
approach.
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It is worth stressing that the definition of the cosmographic parameters only relies on
the assumption of the Robertson -Walker metric. As such, it is however difficult to state
a priori to what extent the fifth order expansion provides an accurate enough description
of the quantities of interest. Actually, the number of cosmographic parameters to be used
depends on the problem one is interested in. As we will see later, we are here concerned only
with the SNeIa Hubble diagram so that we have to check that the distance modulus µcp(z)
obtained using the fifth order expansion of the scale factor is the same (within the errors) as
the one µDE(z) of the underlying physical model. Being such a model of course unknown,
one can adopt a phenomenological parameterization for the dark energy2 EoS and look at
the percentage deviation ∆µ/µDE as function of the EoS parameters. We have carried out
such exercise using the CPL model introduced later and verified that ∆µ/µDE is an increasing
function of z (as expected), but still remains smaller than 2% up to z ∼ 2 over a wide range
of the CPL parameter space. On the other hand, halting the Taylor expansion to a lower
order may introduce significant deviation for z > 1 that can potentially bias the analysis if the
measurement errors are as small as those predicted for future SNeIa surveys. We are therefore
confident that our fifth order expansion is both sufficient to get an accurate distance modulus
over the redshift range probed by SNeIa and necessary to avoid dangerous biases.

6.1 Apparatus
The key rule in cosmography is the Taylor series expansion of the scale factor with respect to
the cosmic time. To this aim, it is convenient to introduce the following functions:

H(t)≡+
1
a

da

dt
, (6.1)

q(t)≡−1
a

d2a

dt2
1

H2
, (6.2)

j(t)≡+
1
a

d3a

dt3
1

H3
, (6.3)

s(t)≡+
1
a

d4a

dt4
1

H4
, (6.4)

l(t)≡+
1
a

d5a

dt5
1

H5
, (6.5)

which are usually referred to as the Hubble, deceleration, jerk, snap and lerk parameters,
respectively. It is then a matter of algebra to demonstrate the following useful relations :

Ḣ=−H2(1 + q) , (6.6)

Ḧ=H3(j + 3q + 2) , (6.7)

d3H/dt3=H4 [s− 4j − 3q(q + 4)− 6] , (6.8)

d4H/dt4=H5 [l − 5s + 10(q + 2)j + 30(q + 2)q + 24] , (6.9)

where a dot denotes derivative with respect to the cosmic time t. Eqs.(6.6) - (6.9) make it
possible to relate the derivative of the Hubble parameter to the other cosmographic parameters.
The distance - redshift relation may then be obtained starting from the Taylor expansion of a(t)
along the lines described in [379, 385, 100].

2Note that one can always use a phenomenological dark energy model to get a reliable
estimate of the scale factor evolution even if the correct model is a fourth order one.
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6.1.1 Scale factor series

With these definitions the series expansion to the 5th order in time of the scale factor will be:

a(t)=a(t0)
{

H0(t− t0)− q0

2
H2

0 (t− t0)2 +
j0
3!

H3
0 (t− t0)3 +

s0

4!
H4

0 (t− t0)4+

+
l0
5!

H5
0 (t− t0)5 + O[(t− t0)6]

}
(6.10)

a(t)
a(t0)

=1 + H0(t− t0)− q0

2
H2

0 (t− t0)2 +
j0
3!

H3
0 (t− t0)3 +

s0

4!
H4

0 (t− t0)4

+
l0
5!

H5
0 (t− t0)5 + O[(t− t0)6] (6.11)

It’s easy to see that Eq.(6.11) is the inverse of redshift z, being the redshift defined by:

1 + z =
a(t0)
a(t)

The physical distance travelled by a photon that is emitted at time t∗ and absorbed at the
current epoch t0 is

D = c

∫
dt = c(t0 − t∗)

Assuming t∗ = t0 − D
c and inserting in Eq.(6.11) we have:

1 + z =
a(t0)

a(t0 − D
c )

=

=
1

1− H0
c D − q0

2

(
H0
c

)2
D2 − j0

6

(
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c

)3
D3 + s0

24

(
H0
c

)4
D4 − l0

120

(
H0
c

)5
D5 + O[(H0D

c )6]
(6.12)

The inverse of this expression will be:

1 + z = 1 +
H0

c
D +

(
1 +

q0

2

) (
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)2
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(
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6
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2
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12
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(6.13)

Then we reverse the series z(D) → D(z) to have the physical distance D expressed as function
of redshift z:

z(D)=Z1
D

(
H0D

c

)
+ Z2

D

(
H0D

c

)2

+ Z3
D

(
H0D

c

)3

+ Z4
D

(
H0D

c

)4

+ Z5
D

(
H0D

c

)5

+

+O

[(
H0D

c

)6
]

(6.14)
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with:

Z1
D=1 (6.15)

Z2
D=1 +

q0

2
(6.16)

Z3
D=1 + q0 +

j0
6

(6.17)

Z4
D=1 +

3
2
q0 +

q2
0

4
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3
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24
(6.18)
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3
4
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0 +
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6

+
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2
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12
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From this we have:

D(z) =
cz

H0

{D0
z +D1

z z +D2
z z2 +D3

z z3 +D4
z z4 + O(z5)

}
(6.20)

with:

D0
z=1 (6.21)
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2
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6
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(6.26)

In typical applications, one is not interested in the physical distance D(z), but other definitions:

• the luminosity distance:

dL =
a(t0)

a(t0 − D
c )

(a(t0)r0) (6.27)

• the angular-diameter distance:

dA =
a(t0 − D

c )
a(t0)

(a(t0)r0) (6.28)

where r0(D) is:

r0(D) =





sin(
∫ t0

t0−D
c

c dt
a(t) ) k = +1;

∫ t0
t0−D

c

c dt
a(t) k = 0;

sinh(
∫ t0

t0−D
c

c dt
a(t) ) k = −1.

(6.29)

If we make the expansion for short distances, namely if we insert the series expansion of a(t)
in r0(D), we have:

r0(D)=
∫ t0

t0−D
c

c dt

a(t)
=

∫ t0

t0−D
c

c dt

a0

{
1 + H0(t0 − t) +

(
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2

)
H2

0 (t0 − t)2+
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(6.30)

To convert from physical distance travelled to r coordinate traversed we have to consider that
the Taylor series expansion of sin-sinh functions is:

r0(D) =
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c dt
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]
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so that Eq.(6.11) with curvature k term becomes:
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with:
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D=1 (6.33)
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Using these one for luminosity distance we have:

dL(z) =
cz

H0

{D0
L +D1

L z +D2
L z2 +D3

L z3 +D4
L z4 + O(z5)

}
(6.39)
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with:
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0j0 − 15q0s0+ (6.44)

− 27j0 + 10j2 − 11s0 − l0 − 5kc2(1 + 8q0 + 9q2
0 − 2j0)

a2
0H

2
0

]
(6.45)

While for the angular diameter distance it is:

dA(z) =
cz

H0

{D0
A +D1

A z +D2
A z2 +D3

A z3 +D4
A z4 + O(z5)

}
(6.46)

with:

D0
A=1 (6.47)

D1
A=−1

2
(3 + q0) (6.48)

D2
A=

1
6

[
11 + 7q0 + 3q2

0 − j0 − kc2

H2
0a2

0

]
(6.49)

D3
A=− 1

24

[
50 + 46q0 + 39q2

0 + 15q3
0 − 13j0 − 10q0j0 − s0 − 2kc2(5 + 3q0)

H2
0a2

0

]
(6.50)

D4
A=

1
120

[
274 + 326q0 + 411q2

0 + 315q3
0 + 105q4

0 − 210q0j0 − 105q2
0j0 − 15q0s0+(6.51)

− 137j0 + 10j2 − 21s0 − l0 − 5kc2(17 + 20q0 + 9q2
0 − 2j0)

a2
0H

2
0

]
(6.52)

If we want to use the same notation of [100], we define Ω0 = 1 + kc2

H2
0a2

0
, which can be

considered a purely cosmographic parameter, or Ω0 = 1 − Ωk = Ωm,0 + Ωr,0 + ΩX,0 if we
consider the dynamics of the universe. With this parameter Eqs.(26)-(28) become:

D0
L,y=1 (6.53)

D1
L,y=−1

2
(−3 + q0) (6.54)

D2
L,y=−1

6
(
12− 5q0 + 3q2

0 − j0 − Ω0

)
(6.55)

D3
L,y=

1
24

[
52− 20q0 + 21q2

0 − 15q3
0 − 7j0 + 10q0j0 + s0 − 2Ω0(1 + 3q0)

]
(6.56)

D4
L,y=

1
120

[
359− 184q0 + 186q2

0 − 135q3
0 + 105q4

0 + 90q0j0 − 105q2
0j0 − 15q0s0+(6.57)

− 57j0 + 10j2 + 9s0 − l0 − 5Ω0(17− 6q0 + 9q2
0 − 2j0)

]
(6.58)
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and

D0
A,y=1 (6.59)

D1
A,y=−1

2
(1 + q0) (6.60)

D2
A,y=−1

6
[−q0 − 3q2

0 + j0 + Ω0

]
(6.61)

D3
A,y=− 1

24
[−2q0 + 3q2

0 + 15q3
0 − j0 − 10q0j0 − s0 + 2Ω0

]
(6.62)

D4
A,y=− 1

120
[
1− 6q0 + 9q2

0 − 15q3
0 − 105q4

0 + 10q0j0 + 105q2
0j0 + 15q0s0+ (6.63)

− 3j0 − 10j2 + s0 + l0 + 5Ω0

]
(6.64)

Previous relations in this section have been derived for any value of the curvature parame-
ter; but since in the following we will assume a flat universe, we will used the simplified versions
for k = 0. Now, since we are going to use supernovae data, it will be useful to give as well
the Taylor series of the expansion of the luminosity distance at it enters the modulus distance,
which is the quantity about which those observational data inform. The final expression for
the modulus distance based on the Hubble free luminosity distance, µ(z) = 5 log10 dL(z), is:

µ(z) =
5

log 10
· (log z +M1z +M2z2 +M3z3 +M4z4

)
, (6.65)

with

M1=−1
2

[−1 + q0] , (6.66)

M2=− 1
24

[
7− 10q0 − 9q2

0 + 4j0
]

, (6.67)

M3=
1
24

[
5− 9q0 − 16q2

0 − 10q3
0 + 7j0 + 8q0j0 + s0

]
, (6.68)

M4=
1

2880
[−469 + 1004q0 + 2654q2

0 + 3300q3
0 + 1575q4

0 + 200j2
0 − 1148j0+

−−2620q0j0 − 1800q2
0j0 − 300q0s0 − 324s0 − 24l0

]
. (6.69)

6.1.2 Redshift series

Now we want to derive a different approach to data analysis. If we consider the definition of
the luminosity distance, Eq.(6.27), and of the angular-diameter distance, Eq.(6.28), we can
rearrange them in the alternative way::

dL(z) = c (1 + z)
∫ z

0

dz′
1

H(z′)
(6.70)

dL(z) =
c

1 + z

∫ z

0

dz′
1

H(z′)
(6.71)
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It is interesting to study the possibility to obtain the same final expressions for the two defined
distances starting from a Taylor series expansion od the Hubble factor instead of the scale
factor, namely:

H(z) = H0 +
dH

dz

∣∣∣∣∣
z=0

z +
1
2!

d2H

dz2

∣∣∣∣∣
z=0

z2 +
1
3!

d3H

dz3

∣∣∣∣∣
z=0

z3 +
1
4!

d4H

dz4

∣∣∣∣∣
z=0

z4 + O(z5) (6.72)

To derive all the terms of this series we have to take in mind the derivation rules (for a more
clear notation we will suppress redshift dependence of Hubble factor using H ≡ H(z)):

d

dt
=−(1 + z)H

d

dz
(6.73)

d2

dt2
=(1 + z)H

[
H + (1 + z)

dH

dz

]
d

dz
+ (1 + z)2H2 d2

dz2
(6.74)

d3

dt3
=−(1 + z)H

{
H2 + (1 + z)2

(
dH

dz

)2

+ (1 + z)H
[
4
dH

dz
+ (1 + z)

d2H

dz2

]}
d

dz
+

−3(1 + z)2H2

[
H + (1 + z)

dH

dz

]
d2

dz2
− (1 + z)3H3 d3

dz3
(6.75)

d4

dt4
=(1 + z)H

[
H2 + 11(1 + z)H2 dH

dz
+ 11(1 + z)H

dH

dz
+ (1 + z)3

(
dH

dz

)3

+

+7(1 + z)2H
d2H

dz2
+ 4(1 + z)3H

dH

dz

d2H

d2z
+ (1 + z)3H2 d3H

d3z

]
d

dz
+

+(1 + z)2H2

[
7H2 + 22H

dH

dz
+ 7(1 + z)2

(
dH

dz

)2

+ 4H
d2H

dz2

]
d2

dz2
+

+6(1 + z)3H3

[
H + (1 + z)

dH

dz

]
d3

dz3
+ (1 + z)4H4 d4

dz4
(6.76)

Finally using these ones with Eqs.(6.6)-(6.9) we obtain:

dH

dz
=

H

1 + z
(1 + q) (6.77)

d2H

dz2
=

H

(1 + z)2
(−q2 + j) (6.78)

d3H

dz3
=

H

(1 + z)3
(3q2 + 3q3 − 4qj − 3j − s) (6.79)

d4H

dz4
=

H

(1 + z)4
(−12q2 − 24q3 − 15q4 + 32qj + 25q2j + 7qs + 12j − 4j2 + 8s + l)(6.80)

Starting from the definition of luminosity distance, after integrating, and Taylor expanding
the final result, we obtain the luminosity distance formula given by Eq.(6.39). And the same
is verified for the angular-diameter distance.

It will be useful also the expansion series of the square Hubble factor, H2. It is a simple
and only long matter of algebra to derive its derivatives so that final results are:

d(H2)
dz

=
2H2

1 + z
(1 + q) (6.81)
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d2(H2)
dz2

=
2H2

(1 + z)2
(1 + 2q + j) (6.82)

d3(H2)
dz3

=
2H2

(1 + z)3
(−qj − s) (6.83)

d4(H2)
dz4

=
2H2

(1 + z)4
(4qj + 3qs + 3q2j − j2 + 4s + l) (6.84)

6.2 f (R) derivatives vs Cosmography

6.2.1 f(R) preliminaries

Much interest has been recently devoted to a form of quintessence induced by curvature
according to which the present universe is filled by pressureless dust matter only and the
acceleration is the result of the modified Friedmann equations obtained by replacing the Ricci
curvature scalar R with a generic function f(R) in the gravity action [?, ?]. Under the
assumption of a flat universe, the Hubble parameter is therefore determined by3 :

H2 =
1
3

[
ρm

f ′(R)
+ ρcurv

]
(6.85)

where the prime denotes derivative with respect to R and ρcurv is the energy density of an
effective curvature fluid4 :

ρcurv =
1

f ′(R)

{
1
2

[f(R)−Rf ′(R)]− 3HṘf ′′(R)
}

. (6.86)

Assuming there is no interaction between the matter and the curvature terms (we are in the
so-called Jordan frame), the matter continuity equation gives the usual scaling ρM = ρM (t =
t0)a−3 = 3H2

0ΩMa−3, with ΩM the present day matter density parameter. The continuity
equation for ρcurv then reads :

ρ̇curv + 3H(1 + wcurv)ρcurv =
3H2

0ΩM Ṙf ′′(R)
[f ′(R)]2

a−3 (6.87)

with

wcurv = −1 +
R̈f ′′(R) + Ṙ

[
Ṙf ′′′(R)−Hf ′′(R)

]

[f(R)−Rf ′(R)] /2− 3HṘf ′′(R)
(6.88)

the barotropic factor of the curvature fluid. It is worth noticing that the curvature fluid
quantities ρcurv and wcurv only depends on f(R) and its derivatives up to the third order.
As a consequence, considering only their present day values (which may be naively obtained

3We use here natural units such that 8πG = 1.
4Note that the name curvature fluid does not refer to the FRW curvature parameter k, but

only takes into account that such a term is a geometrical one related to the scalar curvature
R.
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by replacing R with R0 everywhere), two f(R) theories sharing the same values of f(R0),
f ′(R0), f ′′(R0), f ′′′(R0) will be degenerate from this point of view5.

Combining Eq.(6.87) with Eq.(6.85), one finally gets the following master equation for the
Hubble parameter :

Ḣ=− 1
2f ′(R)

{
3H2

0ΩMa−3 + R̈f ′′(R)+

+Ṙ
[
Ṙf ′′′(R)−Hf ′′(R)

]}
. (6.89)

Expressing the scalar curvature R as function of the Hubble parameter as :

R = −6
(
Ḣ + 2H2

)
(6.90)

and inserting the result into Eq.(6.89), one ends with a fourth order nonlinear differential
equation for the scale factor a(t) that cannot be easily solved also for the simplest cases
(for instance, f(R) ∝ Rn). Moreover, although technically feasible, a numerical solution of
Eq.(6.89) is plagued by the large uncertainties on the boundary conditions (i.e., the present
day values of the scale factor and its derivatives up to the third order) that have to be set to
find out the scale factor.

6.2.2 f(R) derivatives with Cosmography

Motivated by these difficulties, we approach now the problem from a different viewpoint.
Rather than choosing a parameterized expression for f(R) and then numerically solving Eq.(6.89)
for given values of the boundary conditions, we try to relate the present day values of its deriva-
tives to the cosmographic parameters (q0, j0, s0, l0) so that constraining them in a model in-
dependent way gives us a hint for what kind of f(R) theory could be able to fit the observed
Hubble diagram6.

As a preliminary step, it is worth considering again the constraint equation (6.90). Differ-
entiating with respect to t, we easily get the following relations :

Ṙ = −6
(
Ḧ + 4HḢ

)

R̈ = −6
(
d3H/dt3 + 4HḦ + 4Ḣ2

)

d3R/dt3R = −6
(
d4H/dt4 + 4Hd3H/dt3 + 12ḢḦ

)
. (6.91)

Evaluating these at the present time and using Eqs.(6.6) - (6.9), one finally gets :

5One can argue that this is not strictly true since different f(R) theories will lead to different
expansion rate H(t) and hence different present day values of R and its derivatives. However, it
is likely that two f(R) functions that exactly match each other up to the third order derivative
today will give rise to the same H(t) at least for t ' t0 so that (R0, Ṙ0, R̈0) will be almost
the same.

6Note that a similar analysis, but in the context of the energy conditions in f(R), has yet
been presented in [39]. However, in that work, the author give an expression for f(R) and
then compute the snap parameter to be compared to the observed one. On the contrary, our
analysis does not depend on any assumed functional expression for f(R).
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R0 = −6H2
0 (1− q0) , (6.92)

Ṙ0 = −6H3
0 (j0 − q0 − 2) , (6.93)

R̈0 = −6H4
0

(
s0 + q2

0 + 8q0 + 6
)

, (6.94)

d3R0/dt3 = −6H5
0 [l0 − s0 + 2(q0 + 4)j0 − 6(3q0 + 8)q0 − 24] , (6.95)

which will turn out to be useful in the following.
Let us now come back to the expansion rate and master equations (6.85) and (6.89). Since

they have to hold along the full evolutionary history of the universe, they naively hold also at
the present day. As a consequence, we may evaluate them in t = t0 thus easily obtaining :

H2
0 =

H2
0ΩM

f ′(R0)
+

f(R0)−R0f
′(R0)− 6H0Ṙ0f

′′(R0)
6f ′(R0)

, (6.96)

− Ḣ0 =
3H2

0ΩM

2f ′(R0)
+

Ṙ2
0f
′′′(R0) +

(
R̈0 −H0Ṙ0

)
f ′′(R0)

2f ′(R0)
. (6.97)

Using Eqs.(6.6) - (6.9) and (6.92) - (6.95), we can rearrange Eqs.(6.96) and (6.97) as two
relations among the Hubble constant H0 and the cosmographic parameters (q0, j0, s0), on
one hand, and the present day values of f(R) and its derivatives up to third order. However,
two further relations are needed in order to close the system and determine the four unknown
quantities f(R0), f ′(R0), f ′′(R0), f ′′′(R0). A first one may be easily obtained by noting that,
inserting back the physical units, the rate expansion equation reads :

H2 =
8πG

3f ′(R)
[ρm + ρcurvf ′(R)]

which clearly shows that, in f(R) gravity, the Newtonian gravitational constant G is replaced
by an effective (time dependent) Geff = G/f ′(R). On the other hand, it is reasonable to
assume that the present day value of Geff is the same as the Newtonian one so that we get
the simple constraint :

Geff (z = 0) = G → f ′(R0) = 1 . (6.98)

In order to get the fourth relation we need to close the system, we first differentiate both sides
of Eq.(6.89) with respect to t. We thus get :

Ḧ=
Ṙ2f ′′′(R) +

(
R̈−HṘ

)
f ′′(R) + 3H2

0ΩMa−3

2
[
Ṙf ′′(R)

]−1

[f ′(R)]2
−

Ṙ3f (iv)(R) +
(
3ṘR̈−HṘ2

)
f ′′′(R)

2f ′(R)

−

(
d3R/dt3 −HR̈ + ḢṘ

)
f ′′(R)− 9H2

0ΩMHa−3

2f ′(R)
, (6.99)
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with f (iv)(R) = d4f/dR4. Let us now suppose that f(R) may be well approximated by its
third order Taylor expansion in R−R0, i.e. we set :

f(R) = f(R0) + f ′(R0)(R−R0) +
1
2
f ′′(R0)(R−R0)2 +

1
6
f ′′′(R0)(R−R0)3 .(6.100)

In such an approximation, it is f (n)(R) = dnf/Rn = 0 for n ≥ 4 so that naively f (iv)(R0) = 0.
Evaluating then Eq.(6.99) at the present day, we get :

Ḧ0=
Ṙ2

0f
′′′(R0) +

(
R̈0 −H0Ṙ0

)
f ′′(R0) + 3H2

0ΩM

2
[
Ṙ0f ′′(R0)

]−1

[f ′(R0)]
2

−

(
3Ṙ0R̈0 −HṘ2

0

)
f ′′′(R0)

2f ′(R0)

−

(
d3R0/dt3 −H0R̈0 + Ḣ0Ṙ0

)
f ′′(R0)− 9H3

0ΩM

2f ′(R0)
. (6.101)

We can now schematically proceed as follows. Evaluate Eqs.(6.6) - (6.9) at z = 0 and plug
these relations into the left hand sides of Eqs.(6.96), (6.97), (6.101). Insert Eqs.(6.92) - (6.95)
into the right hand sides of these same equations so that only the cosmographic parameters
(q0, j0, s0, l0) and the f(R) related quantities enter both sides of these relations. Finally,
solve them under the constraint (6.98) with respect to the present day values of f(R) and its
derivatives up to the third order. After some algebra, one ends up with the desired result :

f(R0)
6H2

0

= −P0(q0, j0, s0, l0)ΩM +Q0(q0, j0, s0, l0)
R(q0, j0, s0, l0)

, (6.102)

f ′(R0) = 1 , (6.103)

f ′′(R0)

(6H2
0 )−1 = −P2(q0, j0, s0)ΩM +Q2(q0, j0, s0)

R(q0, j0, s0, l0)
, (6.104)

f ′′′(R0)

(6H2
0 )−2 = −P3(q0, j0, s0, l0)ΩM +Q3(q0, j0, s0, l0)

(j0 − q0 − 2)R(q0, j0, s0, l0)
, (6.105)

where we have defined :

P0=(j0 − q0 − 2)l0 − (3s0 + 7j0 + 6q2
0 + 41q0 + 22)s0 −

[
(3q0 + 16)j0 + 20q2

0 + 64q0+

+12] j0 −
(
3q4

0 + 25q3
0 + 96q2

0 + 72q0 + 20
)

, (6.106)

Q0=(q2
0 − j0q0 + 2q0)l0 +

[
3q0s0 + (4q0 + 6)j0 + 6q3

0 + 44q2
0 + 22q0 − 12

]
s0

+
[
2j2

0 + (3q2
0 + 10q0 − 6)j0 + 17q3

0 + 52q2
0 + 54q0 + 36

]
j0 + 3q5

0 + 28q4
0 + 118q3

0 +

+72q2
0 − 76q0 − 64 , (6.107)

P2 = 9s0 + 6j0 + 9q2
0 + 66q0 + 42 , (6.108)
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Q2=−{
6(q0 + 1)s0 + [2j0 − 2(1− q0)] j0 + 6q3

0 + 50q2
0 + 74q0 + 32

}
, (6.109)

P3 = 3l0 + 3s0 − 9(q0 + 4)j0 − (45q2
0 + 78q0 + 12) , (6.110)

Q3=−{
2(1 + q0)l0 + 2(j0 + q0)s0 − (2j0 + 4q2

0 + 12q0 + 6
)
j0

− (30q3
0 + 84q2

0 + 78q0 + 24)
}

, (6.111)

R=(j0 − q0 − 2)l0 − (3s0 − 2j0 + 6q2
0 + 50q0 + 40)s0 +

[
(3q0 + 10)j0 + 11q2

0 + 4q0+

− 18] j0 − (3q4
0 + 34q3

0 + 246q0 + 104) . (6.112)

Eqs.(6.102) - (6.112) make it possible to estimate the present day values of f(R) and its first
three derivatives as function of the Hubble constant H0 and the cosmographic parameters
(q0, j0, s0, l0) provided a value for the matter density parameter ΩM is given. This is a
somewhat problematic point. Indeed, while the cosmographic parameters may be estimated in
a model independent way, the fiducial value for ΩM is usually the outcome of fitting a given
dataset in the framework of an assumed dark energy scenario. However, it is worth noting
that different models all converge towards the concordance value ΩM ' 0.25 which is also
in agreement with astrophysical (model independent) estimates from the gas mass fraction
in galaxy clusters. On the other hand, it has been proposed that f(R) theories may avoid
the need for dark matter in galaxies and galaxy clusters [73, 78, 84, 162, 343, 254, 46]. In
such a case, the total matter content of the universe is essentially equal to the baryonic one.
According to the primordial elements abundance and the standard BBN scenario, we therefore
get ΩM ' ωb/h2 with ωb = Ωbh

2 ' 0.0214 [209] and h the Hubble constant in units of
100km/s/Mpc. Setting h = 0.72 in agreement with the results of the HST Key project [159],
we thus get ΩM = 0.041 for a baryons only universe. We will therefore consider in the following
both cases when numerical estimates are needed.

It is worth noticing that H0 only plays the role of a scaling parameter giving the correct
physical dimensions to f(R) and its derivatives. As such, it is not surprising that we need four
cosmographic parameters, namely (q0, j0, s0, l0), to fix the four f(R) related quantities f(R0),
f ′(R0), f ′′(R0), f ′′′(R0). It is also worth stressing that Eqs.(6.102) - (6.105) are linear in the
f(R) quantities so that (q0, j0, s0, l0) uniquely determine the former ones. On the contrary,
inverting them to get the cosmographic parameters as function of the f(R) ones, we do not
get linear relations. Indeed, the field equations in f(R) theories are nonlinear fourth order
differential equations in the scale factor a(t) so that fixing the derivatives of f(R) up to third
order makes it possible to find out a class of solutions, not a single one. Each one of these
solutions will be characterized by a different set of cosmographic parameters thus explaining
why the inversion of Eqs.(6.102) - (6.112) does not give a unique result for (q0, j0, s0, l0).

As a final comment, we reconsider the underlying assumptions leading to the above derived
relations. While Eqs.(6.96) and (6.97) are exact relations deriving from a rigorous application
of the field equations, Eq.(6.101) heavily relies on having approximated f(R) with its third
order Taylor expansion (6.100). If this assumption fails, the system should not be closed since
a fifth unknown parameter enters the game, namely f (iv)(R0). Actually, replacing f(R) with
its Taylor expansion is not possible for all class of f(R) theories. As such, the above results
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only hold in those cases where such an expansion is possible. Moreover, by truncating the
expansion to the third order, we are implicitly assuming that higher order terms are negligible
over the redshift range probed by the data. That is to say, we are assuming that :

f (n)(R0)(R−R0)n <<

3∑
m=0

f (m)(R0)
m!

(R−R0)m for n ≥ 4 (6.113)

over the redshift range probed by the data. Checking the validity of this assumption is not
possible without explicitly solving the field equations, but we can guess an order of magnitude
estimate considering that, for all viable models, the background dynamics should not differ
too much from the ΛCDM one at least up to z ' 2. Using then the expression of H(z) for
the ΛCDM model, it is easily to see that R/R0 is a quickly increasing function of the redshift
so that, in order Eq.(6.113) holds, we have to assume that f (n)(R0) << f ′′′(R0) for n ≥ 4.
This condition is easier to check for many analytical f(R) models.

Once such a relation is verified, we have still to worry about Eq.(6.98) relying on the
assumption that the cosmological gravitational constant is exactly the same as the local one.
Although reasonable, this requirement is not absolutely demonstrated. Actually, the numerical
value usually adopted for the Newton constant GN is obtained from laboratory experiments
in settings that can hardly be considered homogenous and isotropic. As such, the spacetime
metric in such conditions has nothing to do with the cosmological one so that matching the
two values of G is strictly speaking an extrapolation. Although commonly accepted and quite
reasonable, the condition Glocal = Gcosmo could (at least, in principle) be violated so that
Eq.(6.98) could be reconsidered. Indeed, as we will see, the condition f ′(R0) = 1 may not be
verified for some popular f(R) models recently proposed in literature. However, it is reasonable
to assume that Geff (z = 0) = G(1+ε) with ε << 1. When this be the case, we should repeat
the derivation of Eqs.(6.102) - (6.105) now using the condition f ′(R0) = (1 + ε)−1. Taylor
expanding the results in ε to the first order and comparing with the above derived equations,
we can estimate the error induced by our assumption ε = 0. The resulting expressions are
too lengthy to be reported and depend in a complicated way on the values of the matter
density parameter ΩM , the cosmographic parameters (q0, j0, s0, l0) and ε. However, we have
numerically checked that the error induced on f(R0), f ′′(R0), f ′′′(R0) are much lower than
10% for value of ε as high as an unrealistic ε ∼ 0.1. We are confident that our results are
reliable also for these cases.

6.3 f (R) derivatives and CPL models

A determination of f(R) and its derivatives in terms of the cosmographic parameters need for
an estimate of these latter from the data in a model independent way. Unfortunately, even in
the nowadays era of precision cosmology, such a program is still too ambitious to give useful
constraints on the f(R) derivatives, as we will see later. On the other hand, the cosmographic
parameters may also be expressed in terms of the dark energy density and EoS parameters so
that we can work out what are the present day values of f(R) and its derivatives giving the
same (q0, j0, s0, l0) of the given dark energy model. To this aim, it is convenient to adopt a
parameterized expression for the dark energy EoS in order to reduce the dependence of the
results on any underlying theoretical scenario. Following the prescription of the Dark Energy
Task Force [9], we will use the Chevallier - Polarski - Linder (CPL) parameterization for the EoS
setting [103, 233] :
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w = w0 + wa(1− a) = w0 + waz(1 + z)−1 (6.114)

so that, in a flat universe filled by dust matter and dark energy, the dimensionless Hubble
parameter E(z) = H/H0 reads :

E2(z) = ΩM (1 + z)3 + ΩX(1 + z)3(1+w0+wa)e−
3waz
1+z (6.115)

with ΩX = 1−ΩM because of the flatness assumption. In order to determine the cosmographic
parameters for such a model, we avoid integrating H(z) to get a(t) by noting that d/dt =
−(1 + z)H(z)d/dz. We can use such a relation to evaluate (Ḣ, Ḧ, d3H/dt3, d4H/dt4) and
then solve Eqs.(6.6) - (6.9), evaluated in z = 0, with respect to the parameters of interest.
Some algebra finally gives :

q0 =
1
2

+
3
2
(1− ΩM )w0 , (6.116)

j0 = 1 +
3
2
(1− ΩM ) [3w0(1 + w0) + wa] , (6.117)

s0=−7
2
− 33

4
(1− ΩM )wa − 9

4
(1− ΩM ) [9 + (7− ΩM )wa]w0

− 9
4
(1− ΩM )(16− 3ΩM )w2

0 −
27
4

(1− ΩM )(3− ΩM )w3
0 , (6.118)

l0=
35
2

+
1− ΩM

4
[213 + (7− ΩM )wa]wa +

1− ΩM )
4

[489 + 9(82− 21ΩM )wa] w0 +

+
9
2
(1− ΩM )

[
67− 21ΩM +

3
2
(23− 11ΩM )wa

]
w2

0 +
27
4

(1− ΩM )(47− 24ΩM )w3
0 +

+
81
2

(1− ΩM )(3− 2ΩM )w4
0 . (6.119)

Inserting Eqs.(6.116) - (6.119) into Eqs.(6.102) - (6.112), we get lengthy expressions (which
we do not report here) giving the present day values of f(R) and its first three derivatives
as function of (ΩM , w0, wa). It is worth noting that the f(R) model thus obtained is not
dynamically equivalent to the starting CPL one. Indeed, the two models have the same
cosmographic parameters only today. As such, for instance, the scale factor is the same between
the two theories only over the time period during which the fifth order Taylor expansion is a
good approximation of the actual a(t). It is also worth stressing that such a procedure does
not select a unique f(R) model, but rather a class of fourth order theories all sharing the same
third order Taylor expansion of f(R).

6.3.1 The ΛCDM case

With these caveats in mind, it is worth considering first the ΛCDM model which is obtained
by setting (w0, wa) = (−1, 0) in the above expressions thus giving :
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q0=
1
2
− 3

2
ΩM

j0=1

s0=1− 9
2
ΩM

l0 =1 + 3ΩM +
27
2

Ω2
M

. (6.120)

When inserted into the expressions for the f(R) quantities, these relations give the remarkable
result :

f(R0) = R0 + 2Λ , f ′′(R0) = f ′′′(R0) = 0 , (6.121)

so that we obviously conclude that the only f(R) theory having exactly the same cosmographic
parameters as the ΛCDM model is just f(R) ∝ R, i.e. GR. It is worth noticing that such
a result comes out as a consequence of the values of (q0, j0) in the ΛCDM model. Indeed,
should we have left (s0, l0) undetermined and only fixed (q0, j0) to the values in (6.120), we
should have got the same result in (6.121). Since the ΛCDM model fits well a large set of
different data, we do expect that the actual values of (q0, j0, s0, l0) do not differ too much
from the ΛCDM ones. Therefore, we plug into Eqs.(6.102) - (6.112) the following expressions :

q0 = qΛ
0 ×(1 + εq) , j0 = jΛ

0 ×(1 + εj) ,

s0 = sΛ
0×(1 + εs) , l0 = lΛ0×(1 + εl) ,

with (qΛ
0 , jΛ

0 , sΛ
0 , lΛ0 ) given by Eqs.(6.120) and (εq, εj , εs, εl) quantifyin the deviations from the

ΛCDM values allowed by the data. A numerical estimate of these quantities may be obtained,
e.g., from a Markov chain analysis, but this is outside our aims. Since we are here interested in
a theoretical examination, we prefer to consider an idealized situation where the four quantities
above all share the same value ε << 1. In such a case, we can easily investigate how much
the corresponding f(R) deviates from the GR one considering the two ratios f ′′(R0)/f(R0)
and f ′′′(R0)/f(R0). Inserting the above expressions for the cosmographic parameters into the
exact (not reported) formulae for f(R0), f ′′(R0) and f ′′′(R0), taking their ratios and then
expanding to first order in ε, we finally get :

η20 =
64− 6ΩM (9ΩM + 8)

[3(9ΩM + 74)ΩM − 556] Ω2
M + 16

× ε

27
, (6.122)

η30 =
6 [(81ΩM − 110)ΩM + 40] ΩM + 16
[3(9ΩM + 74)ΩM − 556]Ω2

M + 16
× ε

243Ω2
M

, (6.123)

having defined η20 = f ′′(R0)/f(R0)×H4
0 and η30 = f ′′′(R0)/f(R0)×H6

0 which, being di-
mensionless quantities, are more suited to estimate the order of magnitudes of the different
terms. Inserting our fiducial values for ΩM , we get :





η20 ' 0.15 × ε for ΩM = 0.041

η20 ' −0.12 × εfor ΩM = 0.250
,
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η30 ' 4 × ε for ΩM = 0.041

η30 ' −0.18 × εfor ΩM = 0.250
.

For values of ε up to 0.1, the above relations show that the second and third derivatives are
at most two orders of magnitude smaller than the zeroth order term f(R0). Actually, the
values of η30 for a baryon only model (first row) seems to argue in favor of a larger importance
of the third order term. However, we have numerically checked that the above relations
approximates very well the exact expressions up to ε ' 0.1 with an accuracy depending on the
value of ΩM , being smaller for smaller matter density parameters. Using the exact expressions
for η20 and η30, our conclusion on the negligible effect of the second and third order derivatives
are significantly strengthened.

Such a result holds under the hypotheses that the narrower are the constraints on the va-
lidity of the ΛCDM model, the smaller are the deviations of the cosmographic parameters from
the ΛCDM ones. It is possible to show that this indeed the case for the CPL parametrization
we are considering. On the other hand, we have also assumed that the deviations (εq, εj , εs, εl)
take the same values. Although such hypothesis is somewhat ad hoc, we argue that the main
results are not affected by giving it away. Indeed, although different from each other, we can
still assume that all of them are very small so that Taylor expanding to the first order should
lead to additional terms into Eqs.(6.122) - (6.123) which are likely of the same order of mag-
nitude. We may therefore conclude that, if the observations confirm that the values of the
cosmographic parameters agree within ∼ 10% with those predicted for the ΛCDM model, we
must conclude that the deviations of f(R) from the GR case, f(R) ∝ R, should be vanishingly
small.

It is worth stressing, however, that such a conclusion only holds for those f(R) models
satisfying the constraint (6.113). It is indeed possible to work out a model having f(R0) ∝ R0,
f ′′(R0) = f ′′′(R0) = 0, but f (n)(R0) 6= 0 for some n. For such a (somewhat ad hoc) model,
Eq.(6.113) is clearly not satisfied so that the cosmographic parameters have to be evaluated
from the solution of the field equations. For such a model, the conclusion above does not
hold so that one cannot exclude that the resulting (q0, j0, s0, l0) are within 10% of the ΛCDM
ones.

6.3.2 The constant EoS model

Let us now take into account the condition w = −1, but still retains wa = 0 thus obtaining
the so called quiessence models. In such a case, some problems arise because both the terms
(j0−q0−2) and R may vanish for some combinations of the two model parameters (ΩM , w0).
For instance, we find that j0 − q0 − 2 = 0 for w0 = (w1, w2) with :

w1 =
1

1− ΩM +
√

(1− ΩM )(4− ΩM )
,

w2 = −1
3

[
1 +

4− ΩM√
(1− ΩM )(4− ΩM )

]
.

On the other hand, the equation R(ΩM , w0) = 0 may have different real roots for w depending
on the adopted value of ΩM . Denoting collectively with wnull the values of w0 that, for a given
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Figure 6.1: The dimensionless ratio between the present day values of f ′′(R)
and f(R) as function of the constant EoS w0 of the corresponding quiessence
model. Short dashed and solid lines refer to models with ΩM = 0.041 and 0.250
respectively.

ΩM , make (j0 − q0 − 2)R(ΩM , w0) taking the null value, we individuate a set of quiessence
models whose cosmographic parameters give rise to divergent values of f(R0, f ′′(R0) and
f ′′′(R0). For such models, f(R) is clearly not defined so that we have to exclude these cases
from further consideration. We only note that it is still possible to work out a f(R) theory
reproducing the same background dynamics of such models, but a different route has to be
used.

Since both q0 and j0 now deviate from the ΛCDM values, it is not surprising that both
f ′′(R0) and f ′′′(R0) take finite non null values. However, it is more interesting to study the
two quantities η20 and η30 defined above to investigate the deviations of f(R) from the GR
case. These are plotted in Figs. 6.1 and 6.2 for the two fiducial ΩM values. Note that the
range of w0 in these plots have been chosen in order to avoid divergences, but the lessons we
will draw also hold for the other w0 values.

As a general comment, it is clear that, even in this case, f ′′(R0) and f ′′′(R0) are from
two to three orders of magnitude smaller that the zeroth order term f(R0). Such a result
could be yet guessed from the previous discussion for the ΛCDM case. Actually, relaxing the
hypothesis w0 = −1 is the same as allowing the cosmographic parameters to deviate from the
ΛCDM values. Although a direct mapping between the two cases cannot be established, it is
nonetheless evident that such a relation can be argued thus making the outcome of the above
plots not fully surprising. It is nevertheless worth noting that, while in the ΛCDM case, η20

and η30 always have opposite signs, this is not the case for quiessence models with w > −1.
Indeed, depending on the value of ΩM , we can have f(R) theories with both η20 and η30

positive. Moreover, the lower is ΩM , the higher are the ratios η20 and η30 for a given value of
w0. This can be explained qualitatively noticing that, for a lower ΩM , the density parameter of
the curvature fluid (playing the role of an effective dark energy) must be larger thus claiming
for higher values of the second and third derivatives (see also [74] for a different approach to
the problem).
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Figure 6.2: The dimensionless ratio between the present day values of f ′′′(R)
and f(R) as function of the constant EoS w0 of the corresponding quiessence
model. Short dashed and solid lines refer to models with ΩM = 0.041 and 0.250
respectively.

6.3.3 The general case

Finally, we consider evolving dark energy models with wa 6= 0. Needless to say, varying three
parameters allows to get a wide range of models that cannot be discussed in detail. Therefore,
we only concentrate on evolving dark energy models with w0 = −1 in agreement with some
most recent analysis. The results on η20 and η30 are plotted in Figs. 6.3 and 6.4 where these
quantities as functions of wa. Note that we are considering models with positive wa so that
w(z) tends to w0 +wa > w0 for z →∞ so that the EoS dark energy can eventually approach
the dust value w = 0. Actually, this is also the range favored by the data. We have, however,
excluded values where η20 or η30 diverge. Considering how they are defined, it is clear that
these two quantities diverge when f(R0) = 0 so that the values of (w0, wa) making (η20, η30)
to diverge may be found solving :

P0(w0, wa)ΩM +Q0(w0, wa) = 0

where P0(w0, wa) and Q0(w0, wa) are obtained by inserting Eqs.(6.116) - (6.119) into the
defintions (6.106) - (6.107). For such CPL models, there is no any f(R) model having the
same cosmographic parameters and, at the same time, satisfying all the criteria needed for
the validity of our procedure. Actually, if f(R0) = 0, the condition (6.113) is likely to be
violated so that higher than third order must be included in the Taylor expansion of f(R) thus
invalidating the derivation of Eqs.(6.102) - (6.105).

Under these caveats, Figs. 6.3 and 6.4 demonstrate that allowing the dark energy EoS to
evolve does not change significantly our conclusions. Indeed, the second and third derivatives,
although being not null, are nevertheless negligible with respect to the zeroth order term thus
arguing in favour of a GR - like f(R) with only very small corrections. Such a result is, however,
not fully unexpected. From Eqs.(6.116) and (6.117), we see that, having setted w0 = −1, the
q0 parameter is the same as for the ΛCDM model, while j0 reads jΛ

0 + (3/2)(1−ΩM )wa. As
we have stressed above, the Hilbert - Einstein Lagrangian f(R) = R + 2Λ is recovered when
(q0, j0) = (qΛ

0 , jΛ
0 ) whatever the values of (s0, l0) are. Introducing a wa 6= 0 makes (s0, l0)

to differ from the ΛCDM values, but the first two cosmographic parameters are only mildly
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Figure 6.3: The dimensionless ratio between the present day values of f ′′(R) and
f(R) as function of the wa parameter for models with w0 = −1. Short dashed
and solid lines refer to models with ΩM = 0.041 and 0.250 respectively.

affected. Such deviations are then partially washed out by the complicated way they enter in
the determination of the present day values of f(R) and its first three derivatives.

6.4 Constraining f (R) parameters

In the previous section, we have worked an alternative method to estimate f(R0), f ′′(R0),
f ′′′(R0) resorting to a model independent parameterization of the dark energy EoS. However,
in the ideal case, the cosmographic parameters are directly estimated from the data so that
Eqs.(6.102) - (6.112) can be used to infer the values of the f(R) related quantities. These latter
can then be used to put constraints on the parameters entering an assumed fourth order theory
assigned by a f(R) function characterized by a set of parameters p = (p1, . . . , pn) provided
that the hypotheses underlying the derivation of Eqs.(6.102) - (6.112) are indeed satisfied. We
show below two interesting cases which clearly highlight the potentiality and the limitations of
such an analysis.

6.4.1 Double power law Lagrangian

As a first interesting example, we set :

f(R) = R
(
1 + αRn + βR−m

)
(6.124)

with n and m two positive real numbers (see, for example, [280] for some physical motivations).
The following expressions are immediately obtained :
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Figure 6.4: The dimensionless ratio between the present day values of f ′′′(R)
and f(R) as function of the wa parameter for models with w0 = −1. Short
dashed and solid lines refer to models with ΩM = 0.041 and 0.250 respectively.





f(R0) =R0

(
1 + αRn

0 + βR−m
0

)

f ′(R0) =1 + α(n + 1)Rn
0 − β(m− 1)R−m

0

f ′′(R0) =αn(n + 1)Rn−1
0 + βm(m− 1)R−(1+m)

0

f ′′′(R0)=αn(n + 1)(n− 1)Rn−2
0

−βm(m + 1)(m− 1)R−(2+m)
0

.

Denoting by φi (with i = 0, . . . , 3) the values of f (i)(R0) determined through Eqs.(6.102) -
(6.112), we can solve :





f(R0) =φ0

f ′(R0) =φ1

f ′′(R0) =φ2

f ′′′(R0)=φ3

which is a system of four equations in the four unknowns (α, β, n, m) that can be analytically
solved proceeding as follows. First, we solve the first and second equation with respect to
(α, β) obtaining :





α=
1−m

n + m

(
1− φ0

R0

)
R−n

0

β=− 1 + n

n + m

(
1− φ0

R0

)
Rm

0

, (6.125)

while, solving the third and fourth equations, we get :
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α=
φ2R

1−n
0 [1 + m + (φ3/φ2)R0]

n(n + 1)(n + m)

β=
φ2R

1+n
0 [1− n + (φ3/φ2)R0]
m(1−m)(n + m)

. (6.126)

Equating the two solutions, we get a systems of two equations in the two unknowns (n,m),
namely :





n(n + 1)(1−m) (1− φ0/R0)
φ2R0 [1 + m + (φ3/φ2)R0]

=1

m(n + 1)(m− 1) (1− φ0/R0)
φ2R0 [1− n + (φ3/φ2)R0]

=1

. (6.127)

Solving with respect to m, we get two solutions, the first one being m = −n which has to be
discarded since makes (α, β) goes to infinity. The only acceptable solution is :

m = − [1− n + (φ3/φ2)R0] (6.128)

which, inserted back into the above system, leads to a second order polynomial equation for
n with solutions :

n =
1
2

[
1 +

φ3

φ2
R0±

√
N (φ0, φ2, φ3)

φ2R0(1 + φ0/R0)

]
(6.129)

where we have defined :

N (φ0, φ2, φ3)=
(
R2

0φ
2
0 − 2R3

0φ0 + R4
0

)
φ2

3

+6
(
R0φ

2
0 − 2R2

0φ0 + R3
0

)
φ2φ3

+9
(
φ2

0 − 2R0φ0 + R2
0

)
φ2

2

+4
(
R2

0φ0 −R3
0

)
φ3

2 . (6.130)

Depending on the values of (q0, j0, s0, l0), Eq.(6.129) may lead to one, two or any acceptable
solution, i.e. real positive values of n. This solution has then to be inserted back into
Eq.(6.128) to determine m and then into Eqs.(6.125) or (6.126) to estimate (α, β). If the
final values of (α, β, n, m) are physically viable, we can conclude that the model in Eq.(6.124)
is in agreement with the data giving the same cosmographic parameters inferred from the data
themselves. Exploring analytically what is the region of the (q0, j0, s0, l0) parameter space
which leads to acceptable (α, β, n, m) solutions is a daunting task far outside the aim of the
present work.

6.4.2 HS model

One of the most pressing problems of f(R) theories is the need to escape the severe constraints
imposed by the Solar System tests. A successful model has been recently proposed by Hu and
Sawicki [190] (HS) setting7 :

7Note that such a model does not pass the matter instability test so that some viable
generalizations [278, 109, 279] have been proposed.
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f(R) = R−Rc
α(R/Rc)n

1 + β(R/Rc)n
. (6.131)

As for the double power law model discussed above, there are four parameters which we can
be expressed in terms of the cosmographic parameters (q0, j0, s0, l0).

As a first step, it is trivial to get :





f(R0) =R0 −Rc
αRn

0c

1 + βRn
0c

f ′(R0) =1− αnRcR
n
0c

R0(1 + βRn
0c)2

f ′′(R0) =
αnRcR

n
0c [(1− n) + β(1 + n)Rn

0c]
R2

0(1 + βRn
0c)3

f ′′′(R0)=
αnRcR

n
0c(An2 + Bn + C)

R3
0(1 + βRn

0c)4

(6.132)

with R0c = R0/Rc and :





A=−β2R2n
0c + 4βRn

0c − 1

B=3(1− β2R2n
0c )

C=−2(1− βRn
0c)

2

. (6.133)

Equating Eqs.(6.132) to the four quantities (φ0, φ1, φ2, φ3) defined as above, we could, in
principle, solve this system of four equations in four unknowns to get (α, β, Rc, n) in terms
of (φ0, φ1, φ2, φ3) and then, using Eqs.(6.102) - (6.112) as functions of the cosmographic pa-
rameters. However, setting φ1 = 1 as required by Eq.(6.103) gives the only trivial solution
αnRc = 0 so that the HS model reduces to the Einstein - Hilbert Lagrangian f(R) = R. In
order to escape this problem, we can relax the condition f ′(R0) = 1 to f ′(R0) = (1 + ε)−1.
As we have discussed in Sect. IV, this is the same as assuming that the present day effective
gravitational constant Geff,0 = GN/f ′(R0) only slightly differs from the usual Newtonian one
which seems to be a quite reasonable assumption. Under this hypothesis, we can analytically
solve for (α, β,Rc, n) in terms of (φ0, ε, φ2, φ3). The actual values of (φ0, φ2, φ3) will be
no more given by Eqs.(6.102) - (6.105), but we have checked that they deviate from those
expressions8 much less than 10% for ε up to 10% well below any realistic expectation.

With this caveat in mind, we first solve

f(R0) = φ0 , f ′′(R0) = (1 + ε)−1

to get :

α=
n(1 + ε)

ε

(
R0

Rc

)1−n (
1− φ0

R0

)2

,

8Note that the correct expressions for (phi0, φ2, φ3) may still formally be written as
Eqs.(6.102) - (6.105), but the polynomials entering them are now different and also depend
on powers of ε.



6.5 Constraints on f(R) derivatives from the data 185

β=
n(1 + ε)

ε

(
R0

Rc

)−n [
1− φ0

R0
− ε

n(1 + ε)

]
.

Inserting these expressions in Eqs.(6.132), it is easy to check that Rc cancels out so that we
can no more determine its value. Such a result is, however, not unexpected. Indeed, Eq.(6.131)
can trivially be rewritten as :

f(R) = R− α̃Rn

1 + β̃Rn

with α̃ = αR1−n
c and β̃ = βR−n

c which are indeed the quantities that are determined by
the above expressions for (α, β). Reversing the discussion, the present day values of f (i)(R)
depend on (α, β, Rc) only through the two parameters (α̃, β̃). As such, the use of cosmographic
parameters is unable to break this degeneracy. However, since Rc only plays the role of a scaling
parameter, we can arbitrarily set its value without loss of generality.

On the other hand, this degeneracy allows us to get a consistency relation to immediately
check whether the HS model is viable or not. Indeed, solving the equation f ′′(R0) = φ2, we
get :

n =
(φ0/R0) + [(1 + ε)/ε](1− φ2R0)− (1− ε)/(1 + ε)

1− φ0/R0
,

which can then be inserted into the equations f ′′′(R0) = φ3 to obtain a complicated relation
among (φ0, φ2, φ3) which we do not report for sake of shortness. Solving such a relation with
respect to φ3/φ0 and Taylor expanding to first order in ε, the constraint we get reads :

φ3

φ0
' −1 + ε

ε

φ2

R0

[
R0

(
φ2

φ0

)
+

εφ−1
0

1 + ε

(
1− 2ε

1− φ0/R0

)]
.

If the cosmographic parameters (q0, j0, s0, l0) are known with sufficient accuracy, one could
compute the values of (R0, φ0, φ2.φ3) for a given ε (eventually using the expressions obtained
for ε = 0) and then check if they satisfied this relation. If this is not the case, one can
immediately give off the HS model also without the need of solving the field equations and
fitting the data. Actually, given the still large errors on the cosmographic parameters, such a
test only remains in the realm of (quite distant) future applications. However, the HS model
works for other tests as shown in [190] and so a consistent cosmography analysis has to be
combined with them.

6.5 Constraints on f (R) derivatives from the data

Eqs.(6.102) - (6.112) relate the present day values of f(R) and its first three derivatives to the
cosmographic parameters (q0, j0, s0, l0) and the matter density ΩM . In principle, therefore, a
measurement of these latter quantities makes it possible to put constraints on f (i)(R0), with
i = {0, . . . , 3}, and hence on the parameters of a given fourth order theory through the method
shown in the previous section. Actually, the cosmographic parameters are affected by errors
which obviously propagate onto the f(R) quantities. Actually, the covariance matrix for the
cosmographic parameters is not diagonal so that one has also take care of this to estimate the
final errors on f (i)(R0). A similar discussion also holds for the errors on the dimensionless ratios
η20 and η30 introduced above. As a general rule, indicating with g(ΩM ,p) a generic f(R)
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related quantity depending on ΩM and the set of cosmographic parameters p, its uncertainty
reads :

σ2
g =

∣∣∣∣
∂g

∂ΩM

∣∣∣∣
2

σ2
M +

i=4∑

i=1

∣∣∣∣
∂g

∂pi

∣∣∣∣
2

σ2
pi

+
∑

i 6=j

2
∂g

∂pi

∂g

∂pj
Cij (6.134)

where Cij are the elements of the covariance matrix (being Cii = σ2
pi

), we have set (p1, p2, p3, p4) =
(q0, j0, s0, l0). and assumed that the error σM on ΩM is uncorrelated with those on p. Note
that this latter assumption strictly holds if the matter density parameter is estimated from
an astrophysical method (such as estimating the total matter in the universe from the es-
timated halo mass function). Alternatively, we will assume that ΩM is constrained by the
CMBR related experiments. Since these latter mainly probes the very high redshift universe
(z ' zlss ' 1089), while the cosmographic parameters are concerned with the present day
cosmo, one can argue that the determination of ΩM is not affected by the details of the model
adopted for describing the late universe. Indeed, we can reasonably assume that, whatever is
the dark energy candidate or f(R) theory, the CMBR era is well approximated by the standard
GR with a model comprising only dust matter. As such, we will make the simplifying (but well
motivated) assumption that σM may be reduced to very small values and is uncorrelated with
the cosmographic parameters.

Under this assumption, the problem of estimating the errors on g(ΩM ,p) reduces to
estimating the covariance matrix for the cosmographic parameters given the details of the
data set used as observational constraints. We address this issue by computing the Fisher
information matrix (see, e.g., [359] and references therein) defined as :

Fij =
〈

∂2L

∂θi∂θj

〉
(6.135)

with L = −2 lnL(θ1, . . . , θn), L(θ1, . . . , θn) the likelihood of the experiment, (θ1, . . . , θn) the
set of parameters to be constrained, and 〈. . .〉 denotes the expectation value. Actually, the
expectation value is computed by evaluating the Fisher matrix elements for fiducial values of
the model parameters (θ1, . . . , θn), while the covariance matrix C is finally obtained as the
inverse of F.

A key ingredient in the computation of F is the definition of the likelihood which depends,
of course, of what experimental constraint one is using. To this aim, it is worth remembering
that our analysis is based on fifth order Taylor expansion of the scale factor a(t) so that we
can only rely on observational tests probing quantities that are well described by this truncated
series. Moreover, since we do not assume any particular model, we can only characterize
the background evolution of the universe, but not its dynamics which, being related to the
evolution of perturbations, unavoidably need the specification of a physical model. As a result,
the SNeIa Hubble diagram is the ideal test9 to constrain the cosmographic parameters. We
therefore defined the likelihood as :

L(H0,p) ∝ exp−χ2(H0,p)/2

χ2(H0,p) =
∑NSNeIa

n=1

[
µobs(zi)− µth(zn,H0,p)

σi(zi)

]2 , (6.136)

where the distance modulus to redshift z reads :

9See the conclusions for further discussion on this issue.
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µth(z, H0,p) = 25 + 5 log (c/H0) + 5 log dL(z,p) , (6.137)

and dL(z) is the Hubble free luminosity distance :

dL(z) = (1 + z)
∫ z

0

dz

H(z)/H0
. (6.138)

Using the fifth order Taylor expansion of the scale factor, we get for dL(z,p) an analytical
expression (reported in Appendix A) so that the computation of Fij does not need any nu-
merical integration (which makes the estimate faster). As a last ingredient, we need to specify
the details of the SNeIa survey giving the redshift distribution of the sample and the error on
each measurement. Following [208], we adopt10 :

σ(z) =

√
σ2

sys +
(

z

zmax

)2

σ2
m

with zmax the maximum redshift of the survey, σsys an irreducible scatter in the SNeIa distance
modulus and σm to be assigned depending on the photometric accuracy.

In order to run the Fisher matrix calculation, we have to set a fiducial model which we
set according to the ΛCDM predictions for the cosmographic parameters. For ΩM = 0.3 and
h = 0.72 (with h the Hubble constant in units of 100km/s/Mpc), we get :

(q0, j0, s0, l0) = (−0.55, 1.0,−0.35, 3.11) .

As a first consistency check, we compute the Fisher matrix for a survey mimicking the recent
database in [126] thus setting (NSNeIa, σm) = (192, 0.33). After marginalizing over h (which,
as well known, is fully degenerate with the SNeIa absolute magnitude M), we get for the
uncertainties :

(σ1, σ2, σ3, σ4) = (0.38, 5.4, 28.1, 74.0)

where we are still using the indexing introduced above for the cosmographic parameters. These
values compare reasonably well with those obtained from a cosmographic fitting of the Gold
SNeIa dataset11 [197, 198] :

q0 = −0.90±0.65 , j0 = 2.7±6.7 ,

s0 = 36.5±52.9 , l0 = 142.7±320 .

10Note that, in [208], the authors assume the data are separated in redshift bins so that the
error becomes σ2 = σ2

sys/Nbin +Nbin(z/zmax)2σ2
m with Nbin the number of SNeIa in a bin.

However, we prefer to not bin the data so that Nbin = 1.
11Actually, such estimates have been obtained computing the mean and the standard devi-

ation from the marginalized likelihoods of the cosmographic parameters. As such, the central
values do not represent exactly the best fit model, while the standard deviations do not give
a rigorous description of the error because the marginalized likelihoods are manifestly non -
Gaussian. Nevertheless, we are mainly interested in an order of magnitude estimate so that
we do not care about such statistical details.
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Because of the Gaussian assumptions it relies on, the Fisher matrix forecasts are known to be
lower limits to the accuracy a given experiment can attain on the determination of a set of
parameters. This is indeed the case with the comparison suggesting that our predictions are
quite optimistic. It is worth stressing, however, that the analysis in [197, 198] used the Gold
SNeIa dataset which is poorer in high redshift SNeIa than the [126] one we are mimicking so
that larger errors on the higher order parameters (s0, l0) are expected.

Rather than computing the errors on f(R0) and its first three derivatives, it is more
interesting to look at the precision attainable on the dimensionless ratios (η20, η30 introduced
above since they quantify how much deviations from the linear order are present. For the
fiducial model we are considering, both η20 and η30 vanish, while, using the covariance matrix
for a present day survey and setting σM/ΩM ' 10%, their uncertainties read :

(σ20, σ30) = (0.04, 0.04) .

As an application, we can look at Figs. 6.1 and 6.2 showing how (η20, η30) depend on the
present day EoS w0 for f(R) models sharing the same cosmographic parameters of a dark
energy model with constant EoS. As it is clear, also considering only the 1σ range, the full
region plotted is allowed by such large constraints on (η20, η30) thus meaning that the full class
of corresponding f(R) theories is viable. As a consequence, we may conclude that the present
day SNeIa data are unable to discriminate between a Λ dominated universe and this class of
fourth order gravity theories.

As a next step, we consider a SNAP - like survey [10] thus setting (NSNeIa, σm) =
(2000, 0.02). We use the same redshift distribution in Table 1 of [208] and add 300 nearby
SNeIa in the redshift range (0.03, 0.08). The Fisher matrix calculation gives for the uncertain-
ties on the cosmographic parameters :

(σ1, σ2, σ3, σ4) = (0.08, 1.0, 4.8, 13.7) .

The significant improvement of the accuracy in the determination of (q0, j0, s0, l0) translates
in a reduction of the errors on (η20, η30) which now read :

(σ20, σ30) = (0.007, 0.008)

having assumed that, when SNAP data will be available, the matter density parameter ΩM

has been determined with a precision σM/ΩM ∼ 1%. Looking again at Figs. 6.1 and 6.2, it
is clear that the situation is improved. Indeed, the constraints on η20 makes it possible to
narrow the range of allowed models with low matter content (the dashed line), while models
with typical values of ΩM are still viable for w0 covering almost the full horizontal axis. On
the other hand, the constraint on η30 is still too weak so that almost the full region plotted is
allowed.

Finally, we consider an hypothetical future SNeIa survey working at the same photometric
accuracy as SNAP and with the same redshift distribution, but increasing the number of SNeIa
up to NSNeIa = 6×104 as expected from, e.g., DES [358], PanSTARRS [202], SKYMAPPER
[330], while still larger numbers may potentially be achieved by ALPACA [113] and LSST [370].
Such a survey can achieve :

(σ1, σ2, σ3, σ4) = (0.02, 0.2, 0.9, 2.7)

so that, with σM/ΩM ∼ 0.1%, we get :

(σ20, σ30) = (0.0015, 0.0016) .
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Fig. 6.1 shows that, with such a precision on η20, the region of w0 values allowed essentially
reduces to the ΛCDM value, while, from Fig. 6.2, it is clear that the constraint on η30 defini-
tively excludes models with low matter content further reducing the range of w0 values to quite
small deviations from the w0 = −1. We can therefore conclude that such a survey will be able
to discriminate between the concordance ΛCDM model and all the f(R) theories giving the
same cosmographic parameters as quiessence models other than the ΛCDM itself.

A similar discussion may be repeated for f(R) models sharing the same (q0, j0, s0, l0)
values as the CPL model even if it is less intuitive to grasp the efficacy of the survey being the
parameter space multivalued. For the same reason, we have not explored what is the accuracy
on the double power - law or HS models, even if this is technically possible. Actually, one
should first estimate the errors on the present day value of f(R) and its three time derivatives
and then propagate them on the model parameters using the expressions obtained in Sect. VI.
The multiparameter space to be explored makes this exercise quite cumbersome so that we
leave it for a furthcoming work where we will explore in detail how these models compare to
the present and future data.

6.6 Conclusions

The recent amount of good quality data have given a new input to the observational cosmology.
As often in science, new and better data lead to unexpected discoveries as in the case of the
nowadays accepted evidence for cosmic acceleration. However, a fierce and strong debate
is still open on what this cosmic speed up implies for theoretical cosmology. The equally
impressive amount of different (more or less) viable candidates have also generated a great
confusion so that model independent analyses are welcome. A possible solution could come
from the cosmography of the universe rather than assuming ad hoc solutions of the cosmological
Friedmann equations. Present day and future SNeIa surveys have renewed the interest in the
determination of the cosmographic parameters so that it is worth investigating how these
quantities can constrain cosmological models.

Motivated by this consideration, in the framework of metric formulation of f(R) gravity,
we have here derived the expressions of the present day values of f(R) and its first three
derivatives as function of the matter density parameter ΩM , the Hubble constant H0 and the
cosmographic parameters (q0, j0, s0, l0). Although based on a third order Taylor expansion of
f(R), we have shown that such relations hold for a quite large class of models so that they
are valid tools to look for viable f(R) models without the need of solving the mathematically
difficult nonlinear fourth order differential field equations.

Notwithstanding the common claim that we live in the era of precision cosmology, the
constraints on (q0, j0, s0, l0) are still too weak to efficiently apply the program we have outlined
above. As such, we have shown how it is possible to establish a link between the popular CPL
parameterization of the dark energy equation of state and the derivatives of f(R), imposing
that they share the same values of the cosmographic parameters. This analysis has lead to
the quite interesting conclusion that the only f(R) function able to give the same values of
(q0, j0, s0, l0) as the ΛCDM model is indeed f(R) = R+2Λ. If future observations will tell us
that the cosmographic parameters are those of the ΛCDM model, we can therefore rule out
all f(R) theories satisfying the hypotheses underlying our derivation of Eqs.(6.102) - (6.105).
Actually, such a result should not be considered as a no way out for higher order gravity.
Indeed, one could still work out a model with null values of f ′′(R0) and f ′′′(R0) as required
by the above constraints, but non - vanishing higher order derivatives. One could well argue
that such a contrived model could be rejected on the basis of the Occam’s razor, but nothing
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prevents from still taking it into account if it turns out to be both in agreement with the data
and theoretically well founded.

If new SNeIa surveys will determine the cosmographic parameters with good accuracy,
acceptable constraints on the two dimensionless ratios η20 ∝ f ′′(R0)/f(R0) and η30 ∝
f ′′′(R0)/f(R0) could be obtained thus allowing to discriminate among rival f(R) theories.
To investigate whether such a program is feasible, we have pursued a Fisher matrix based
forecasts of the accuracy future SNeIa surveys can achieve on the cosmographic parameters
and hence on (η20, η30). It turns out that a SNAP - like survey can start giving interesting
(yet still weak) constraints allowing to reject f(R) models with low matter content, while a
definitive improvement is achievable with future SNeIa survey observing ∼ 104 objects thus
making it possible to discriminate between ΛCDM and a large class of fourth order theories.
It is worth stressing, however, that the measurement of ΩM should come out as the result of
a model independent probe such as the gas mass fraction in galaxy clusters which, at present,
is still far from the 1% requested precision. On the other hand, one can also rely on the ΩM

estimate from the CMBR anisotropy and polarization spectra even if this comes to the price
of assuming that the physics at recombination is strictly described by GR so that one has to
limit its attention to f(R) models reducing to f(R) ∝ R during that epoch. However, such
an assumption is quite common in many f(R) models available in literature so that it is not
a too restrictive limitation.

A further remark is in order concerning what kind of data can be used to constrain the
cosmographic parameters. The use of the fifth order Taylor expansion of the scale factor
makes it possible to not specify any underlying physical model thus relying on the minimalist
assumption that the universe is described by the flat Robertson - Walker metric. While useful
from a theoretical perspective, such a generality puts severe limitations to the dataset one can
use. Actually, we can only resort to observational tests depending only on the background
evolution so that the range of astrophysical probes reduces to standard candles (such as SNeIa
and possibly Gamma Ray Bursts) and standard rods (such as the angular size - redshift relation
for compact radiosources). Moreover, pushing the Hubble diagram to z ∼ 2 may rise the
question of the impact of gravitational lensing amplification on the apparent magnitude of
the adopted standard candle. The magnification probability distribution function depends on
the growth of perturbations [187, 188, 191, 161, 111] so that one should worry about the
underlying physical model in order to estimate whether this effect biases the estimate of the
cosmographic parameters. However, it has been shown [313, 199, 181, 283, 324] that the
gravitational lensing amplification does not alter significantly the measured distance modulus
for z ∼ 1 SNeIa. Although such an analysis has been done for GR based models, we can argue
that, whatever is the f(R) model, the growth of perturbations finally leads to a distribution
of structures along the line of sight that is as similar as possible to the observed one so
that the lensing amplification is approximately the same. We can therefore argue that the
systematic error made by neglecting lensing magnification is lower than the statistical ones
expected by the future SNeIa surveys. On the other hand, one can also try further reducing
this possible bias using the method of flux averaging [384] even if, in such a case, our Fisher
matrix calculation should be repeated accordingly. It is also worth noting that the constraints
on the cosmographic parameters may be tigthened by imposing some physically motivated
priors in the parameter space. For instance, we can impose that the Hubble parameter H(z)
stays always positive over the full range probed by the data or that the transition from past
deceleation to present acceleration takes place over the range probed by the data (so that we
can detect it). Such priors should be included in the likelihood definition so that the Fisher
matrix should be recomputed which is left for a forthcoming work.

Although the present day data are still too limited to efficiently discriminate among rival
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f(R) models, we are confident that an aggressive strategy aiming at a very precise determina-
tion of the cosmographic parameters could offer stringent constraints on higher order gravity
without the need of solving the field equations or addressing the complicated problems related
to the growth of perturbations. Almost 80 years after the pioneering distance - redshift diagram
by Hubble, the old cosmographic approach appears nowadays as a precious observational tool
to investigate the new developments of cosmology.





CHAPTER 7

Conclusions and Perspectives

What is the main lesson we can derive from this dissertation?
At the present stage we think that there is one irrefutable reality: the Standard Cosmo-

logical Model based on General Relativity has some clearly evident difficulties. These ones
first of all rely on a theoretical background; but then they convert in difficulties in interpreting
observational data. We could say that we have a book, but not the alphabet.

We think it is also clear that nowadays there two big blocks in science which are confronting
each other. On a side there are scientists which solve difficulties in the Standard Cosmological
Model assuming that General Relativity is right, but then we need some new, exotic, invisible
kinds of energy and matter to explain all its problematics. On the other side there are scientists
which think that probably the question is that General Relativity is not the most general theory
of Gravity, and that we can’t extend our limited knowledge of it to ranges which we are not
able (and probably we will not be able ever) to reach, so that it may be that we need an
extension of General Relativity to a more comprehensive gravity theory.

Unfortunately, in this case there is not a Sixth Patriarch (as in the epigraph of this thesis)
which comes and solves (if it solves...) the debate. To some extent this could be seen as
a philosophical or even a metaphysical debate. Instead there are possibilities to move the
question to a mathematical and physical (in one word: scientific) point of view.

We think that it is probably useless to underline and discuss what is the approach we have
chosen to explore and which we believe in.

But it surely important to underline some useful points.
It is not important if f(R)-gravity models are the solution to all the problems. We don’t

think they are. But they are surely one of the most easy and fruitful approaches (toy models)
to understand something more about gravity. As we have shown in the previous pages, in the
same years Einstein formulated his General Relativity, many authors (and Einstein himself)
started to explore other possibilities. At the beginning these explorations were made only for
mathematical reasons. But when observations showed some interesting and puzzling properties
of universe dynamics (i.e. accelerating expansion), these explorations also acquired strong
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physical motivations.
At the end: what have we shown in these pages?
As we have just said it seems impossible, or, better, nowadays we have not the right

instrumental possibilities to discriminate between alternative gravity models and traditional
ones (dark energy, dark matter).

But is there a way to do this? In this vein we have started to work and study cosmography
with deeper attention with respect past works. Cosmography may be a useful instrument in
discriminating gravity theories because of it is a model independent approach: anyone of its
parameters can be estimated without giving any cosmological model. So it is possible to use
them in two ways:

• We can use them to discriminate between general relativity and f(R) models. But we
have seen that in this case its potentiality depends very much on our technical and
instrumental possibilities. We need some minimum sensibility and errors requirements
on data survey (such as SNeIa ones) to expect to solve this question. At the moment
we have not them and we are not able to do this;

• We can use the cosmographic parameters as constraints one any cosmological model
without regarding to its original theoretical background. Being these parameters model
independent, their estimations are unavoidable milestones that any theory has to satisfy.

Of course the application of Cosmography is not so simple. In our works we have explored
what is the better way to use it and its limits.

Because of we think that it can be a useful instrument in exploring universe dynamics we
are just now working trying to extend it in such a way we can use many different data (not
only SNeIa which we have used intensively, but also CMB, BAO and gamma ray bursts). This
also means that we are studying a way to evade its main limitation (it is founded on a Taylor
series of scale factor with respect of cosmic time, or redshift), to make it a more general probe.

Then we have also shown that extended theories of gravity (in particular we have worked
with f(R) models) can be successfully applied to a wide range of cosmological and astrophysical
fields: they can reproduce SNeIa Hubble diagram, rotation curves of spiral galaxies and (one
of the original parts of this thesis) to clusters of galaxies.

In this last case we have found out two important results.
We were able to define a scale-dependent gravity, where any gravitational scale as its own

gravitational length. In this way we could successfully explain the problem of dark matter on
astrophysical scales and its different profiles when passing from galaxies to clusters of galaxies.
But it is matter of future works to understand on what theoretical ground this dependence can
be established.

But what is more important is that we were able to extract a strong predictive power from
this sketch. We have now some hypothetical results ranging from small scale gravitational
systems (solar system), to biggest astrophysical scales (galaxies), to the smallest cosmological
scales (clusters of galaxies), up to the entire universe. We have only checked one of these
ranges. Future works will be devoted to verify our predicitions on galaxies’s scale and first of
all on solar system, which give more stringent and important constraint on the gravity theory.
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[174] Gottlöber, S., Schmidt, H.-J., Starobinsky, A.A., Class. Quantum Grav. 7, 893 (1990)

[175] Graham, A.W., Colless, M. 1997, MNRAS, 287, 221

[176] Graham, A.W. 2002, MNRAS, 334, 859

[177] Graham, A.W., Driver, S.P. 2005, PASA, 22, 118

[178] Graham, A.W., Merritt, D., Moore, B., Diemand, J., Terzic, B. 2006a, AJ, 132, 2701

[179] Graham, A.W., Merritt, D., Moore, B., Diemand, J., Terzic, B. 2006b, AJ, 132, 2711

[180] Green, M.B., Schwarz, J.H., Witten, E., Superstring Theory, Cambridge Univ. Press,
Cambridge (1987)

[181] Gunnarsson, C., Dahlen, T., Goobar, A., Jönsson, J., Mörtsell, E., 2006, ApJ, 640, 417
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