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INTRODUCTION

This thesis is devoted to the study of boundary value problems for second order elliptic
and parabolic equations having measure data. In order to explain the motivations
of this study, let us begin by considering a class of Dirichlet problems for nonlinear

elliptic equations of the type

—div(a(z,u, Vu)) = in Q
(af ) = p (0.0.1)
u=0 on 01},

where 2 is a bounded open set of RN, N > 2, a : OxRxRY — R¥ is a Carathéodory

function such that

a(z, s, > alfl?, a>0, (0.0.2)
ja(z, 5,6 < [|E77 + s +ag (2)] . aolz) € L (%), (0.0.3)
(a(z,s,8) —alz,s,m),£—n) >0, {F#n (0.0.4)

a.e. x € Vs € R,VE, n e RV,

When the datum g belongs to the dual space of W, (), the notion of weak solu-
tion is well-defined and the assumptions (0.0.2) — (0.0.4) ensure both existence and
uniqueness results, as established by the classical theory due to Leray and Lions
([80]; we refer to Chapter I for some basic results).

If the datum p is a measure, the notion of weak solution is obviously not appropriate.
Moreover, if we consider the notion of solution in the sense of distribution the classical
counterexample due to Serrin ([104], see also [97], [2] shows that a “local” uniqueness
result for Dirichlet problem does not hold.

These drawbacks force to find extra conditions on the distributional solutions in order
to ensure both existence and uniqueness.

In the linear case, that is p = 2 and a(z, Vu) = A(z)Vu, where A is an uniformly



elliptic matrix with L>(2) coefficients, this problem has been studied by Stampac-
chia, who introduced and studied in [106] a notion defined by duality. This allowed
him to prove both existence and uniqueness results. Such a solution satisfies the
equation in distributional sense and moreover belongs to the Sobolev space VVO1 9(Q)
with ¢ < % Stampacchia’s framework can not be extended to nonlinear cases, ex-
cept when p = 2 and the operator a is strongly monotone and Lipschitz continuous
with respect to Vu ([88]). The first existence results in nonlinear case are due to
Boccardo and Gallouét. In [30] and [31] they proved the existence of a distributional
solution to (0.0.1) which belongs to W,(Q), for ¢ < % under the assumption
p>2— % Such a solution is found by a natural approximation method: the idea
consists in fixing the solution as the limit of a sequence of solutions to (0.0.1) which,

owing to the regularity of the right hand-side, are weak solutions. Such a solution is

known as “Solution Obtained as Limit of Approximations” ([43], see also [47]). The

N(p—1)
wb <

assumption on p is motivated by the fact that, if p < 2 — %, then
Other equivalent notion of solutions have been introduced such as “entropy solution”
in [48], [33], "renormalized solution” in [88], [87],[48]. These framework which con-
cerns to measure in L'(Q2) or in L' + W=7 allow to prove existence, uniqueness and
continuity with the respect to the datum of the solutions with respect to p. Finally
the notion of renormalized solution has been extended to the case of a general mea-
sure in [48], where existence and partial uniqueness result have been proved (see also
[69]).

We present all these solutions in Chapter III. We point out that, in spite of the
different notion of solutions used in literature, all the existence results are obtained
by constructing the solution u as the almost everywhere limit of the solutions u,
to problem (0.0.1) corresponding to smooth function f,, which converge to p in the
weak*-topology. This procedure can be semplified if a continuous dependence from

the data result is available. Such a result holds changing (0.0.4) into the following



"strong monotonicity” conditions

) — e (e v l€—nf
(a(z,§) —a(z,m) - (§—n) > 7 e 7 ) §F#m, (0.0.5)

ifl<p<2 or

(a(z,6) —alz,n) (€ —n) > (p_# €, e#£n, (0.0.6)

if p> 2.

Under such assumptions in [5] an existence result for “Solution Obtained as Limit of
Approximations” to problem (0.0.1) is proved.

Now let us explain the bound on p, 1 < p < N. If p is greater then N, then, by Sobolev
embedding and duality arguments, the space of measures with bounded variation on
Q is a subset of W~ (Q) therefore existence and uniqueness of a weak solution in
VVO1 () is a consequence of theory of monotone operators. Furthermore, the case
p = N has been studied in [58], [65], [68].

These approaches have been extended in various directions: for example to nonlinear
elliptic equations with lower order terms, nonlinear degenerate elliptic equations and
nonlinear parabolic equations.

Let us consider the case of Dirichlet problem for nonlinear uniformly elliptic equations

with lower order terms of the type

—div(a(z,u, Vu)) —div (®(z,u)) + H(z,Vu) =p in 0.0.7)
u=>0 on 0f2, -

where a(z, s,€) is a Carathéodory function such that (0.0.2) — (0.0.4) hold,
H: OxR—RY and & : O x R x RV — R are two Carathéodory functions such
that

|H(z, )] < b(z) |€[F,  bx) € LN(Q), (0.0.8)

B (2, )| < clx)|s]"", c(x) € L1 (Q). (0.0.9)



and finally p is a Radon measure with bounded variation on (2.

Existence and uniqueness for such type of problems have been widely studied in lit-
erature. In the linear case, Stampacchia proved in [106] the existence and uniqueness
of a solution by duality, if 0 is not in the spectrum of the operator, condition which
is verified for example, if ||CHL AP 1b]] v (g 1s small enough. Existence results for
problem (0.0.7) have been proved for example in [49] and [51] by using the classical
symmetrization methods, in [20], [72], [73], [11] and [12] for renormalized solutions,
in [28] for entropy solutions and in [5], [6] for SOLA

In Chapter III we present an existence result for SOLA’s to (0.0.7) with H = 0.

Precisely we consider the problem

—div(a(z,Vu)) = div(® (z,u)) =p in Q (0.0.10)
w—0 on 02,

where a : (z,2) € Q x RN — a(x,2) € RY is a Carathéodory function satisfying:
a(z,€)-E>XEP,  £eRY, A>0, (0.0.11)

la(z, &) <AIEP,  €eRNY, A>0, (0.0.12)

with 1 <p < N, and

(a(x,§) —a(z,n)-(E—n) >0,  &#mn, (0.0.13)

for almost every z € RY and for every &, n € RY. Furthermore ® (z,s) satisfies
assumption (0.0.9).

We present an existence result for SOLA contained in [56] and obtained by adapting
the techniques used in [5] and [6]. The first step of such approach consists in proving
some apriori estimates for the gradients of the weak solutions u,, to the approximated
problems having regular data in terms of L' —norm of the data. Such a proof is based
on the choice of a suitable test function, built on the level sets of u,,, and a comparison

result beetwen the sferically symmetric rearrangement of u, and the solution to a



suitable elliptic problem with symmetric data. The following step consists in showing
that it is possible to pass to the limit in the approximated problems. Such a procedure
is simplified by substituting the classical monotonicity assumption on a (0.0.2) with
the strong monotonicity conditions (0.0.5), (0.0.6). Such existence result is already
proved in [51]; however the approach used in [56] is different and simpler.

As far as uniqueness is concerned the presence of lower order terms does not allow us
to use heavily the strong monotonicity conditions to get a continuity with respect to
the data. However this can be obtained if we strenght the structural conditions of a,
we assume that @ is locally Lipschitz continuous and we impose further restrictions
on the index p. In Chapter III we present two uniqueness results, proved in [56], when
4 is not any more a measure but merely an L' function.

Other uniqueness results can be found in [37], [38] and [39]. These results are always
in the context of ”finite energy solutions”; this means that u is taken in L™ () with
m > ]3—% Finally the uniqueness of entropy solution has been obtained in [96] when
® is locally Lipschitz continuous and has at most an exponential growth at infinity,
while uniqueness results for renormalized solutions have been proved in [12] and in
[18].

Chapter IV is devoted to the study of nonlinear elliptic problems which satisfy a more

general ellipticity condition. More precisely we consider the following problem

—div(a(z,u,Vu)) + H(z,Vu) = in Q
(@l .V ) + H(z, Vo) = oons

u=>0 on 0f2,

where a :  x R x RY — R¥ is a Carathéodory function satisfying (0.0.4) and

az,s,£)¢ = v(z) [§], (0.0.15)

la(z,s,8)| <v(z) Uﬂp*l + || + ag ()], ao(z) € LY (v), (0.0.16)



a.e. for x € Q, for every s € R, for every ¢ € RY. Moreover v(z) is a nonnegative

function satisfying

v(z) € L"(Q),r > 1, (0.0.17)
v(x)"t e LY(Q), t>N/p, 1+1/t<p<N(1+1/t). (0.0.18)

Furthermore H : Q x RY — R is a Carathéodory function such that

|H(z,€)] < b(z) [Vul ", (0.0.19)

p'pt

b(x) € L™(2), T > P Y

(0.0.20)

where p is defined by

and

)t =pt A+ 1) - N7

In the linear case, if 4 is a Radon measure with bounded variation on €2, the existence
of a solution by duality method has been proved in [89]. In the nonlinear case,
existence results for degenerate elliptic equations have been proved in [101] and in
[16]. In the first paper the existence of ”generalized solution” has been proved, while
in the second one classical symmetrizated methods are used for operator with lower
order terms.

In Chapter IV we prove an existence result contained in [54] for renormalized
solutions to (0.0.14) . This result is obtained by adapting the technique developed in
[35] and used also in [18] for uniformly elliptic equations. The idea is to consider first a
sequence of approximated problems having regular data. When the norm of b is small
the operator is coercive, hence, by using T} (u) as test function in (0.0.14), we easily
obtain an a priori estimate for the solutions to the approximated problem. When the
norm of b is not small, we reduce in some sense the problem to a finite sequence of

problems with norm of b small. We obtain again the apriori estimate which allows us



to pass to the limit in the approximated problem. Finally, in Chapter V we study the

existence of solutions to Cauchy-Dirichlet problems for nonlinear parabolic equations

% div(a(w,t,u, V) =p in  Qr
u(z,t) =0 on 90 x (0,7T) (0.0.21)
u(z,0) = up(x) in Q,

where 2 is a bounded open set of RN, N > 2, Qr is the cylinder Q x (0,7) and T
is a real positive number. Furthermore a(z,t,£&) : Q x (0,7) x R x RY — R¥ is a

Carathéodory function such that

a(z,t,8,0) > alEl’, a>0, (0.0.22)
la(z,t,5,€)| < [h(z, )+ |sPF+ €71, h(z,t) € LP(Qr), (0.0.23)
(a(z,t,8,€) —a(wr,t,5,0,6—0) >0, £#0 (0.0.24)

for almost every x € Q, t € (0,T) and for every s € R, £, o € RY and yu is a Radon
measure with bounded variation on Q7. As in the elliptic case when p € L (Q7) and
ug € L*(€Q) the problem admits a unique solution that lies in the space C(0,T; L*(Q))
(see [81]). When the data are functions in L'(Qr) or, more in general, measures
we have to define a new notion of solution. The notion of SOLA, renormalized
solution, entropy solution have been extended to the parabolic case. In [23] and [99]
the existence of renormalized solutions and entropy solutions for nonlinear parabolic
equations without lower order terms have been proved respectively; while in [95] a
parabolic problem with a lower order term of the type b(z,t) |Vu|’ ~!is considered.

In Chapter V we also present an existence result, proved in [55], for renormalized

solution to nonlinear parabolic problem of the type:

5 —diva(z,t,u, Vu) = div (K(o,tu) =p in Qr
u(z,t) =0 on 99 x (0,7) (0.0.25)
u(z,0) = ug(x) in Q,



where a(z,t,5,€) : Q x (0,T) x R x RY — R¥ is a Carathéodory function such
(0.0.22) — (0.0.23) hold true.

Furthermore K : Q x (0,7) x R — R¥ is a Carathéodory function such

| K (2, t.n)] < ez, t) 0], (0.0.26)
where
(1) € (L7(Qr)", 7> ]X ‘e (0.0.27)
v = %—i;(p —1), (0.0.28)
pwe LYQr), (0.0.29)
ug € LY(Q). (0.0.30)

Such existence result is obtained by adapting the techniques used in [35] (see also [18])
in order to prove the apriori estimate, while we use the limit procedure introduced in

[24] for passing to limit in the approximated problems.
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CHAPTER 1

ELLIPTIC EQUATIONS WITH DATA IN

W—l,P’(Q)

In this chapter we give a review of some classical existence results for weak solutions
to Dirichlet problems concerning nonlinear elliptic operators ([81]). First of all, we
refer to some classical results involving the so-called monotone and pseudo-monotone
operators and then we show how these results can be applied to Dirichlet problems

for nonlinear elliptic operators with lower order terms.

1.1 FExistence results for monotone and pseudo-
monotone operators

In this section we start with a few definitions and properties about monotone and
pseudomonotone operators ([81]). From now on we will denote by V' a reflexive and

separable Banach space and by V' its dual space.

Definition 1.1.1 An operator A :V — V' is said to be monotone if it satisfies the

following condition
(A(w) = A(v),u —v)) >0, Vu veV

Definition 1.1.2 We say that A : V. — V' is hemicontinous operator if for every

u, v, w €V the function
AER — (A(u+ M), w) € R,

18 continuous.

12



Obviously if A is a continuous operator then A is also hemicontinuous, but the
contrary is not true in general. Neverthless, as showed by the following Lemma, hemi-

continuity plus monotonicity and boundedness of an operator yields the continuity.

Lemma 1.1.3 If A is bounded, hemicontinuous and monotone, then A is continuous

from'V to V' endowed with strongly and weakly topology respectively.

A bounded, hemicontinuous and monotone operator is not enough to get an exis-

tence theorem. This result may be proved by assuming that the operator is coercive.

Definition 1.1.4 An operator A :V — V' is coercive if

i (A@).0)

ol —oco |||

= +00.
Now we are able to prove a general existence result for monotone operators.

Theorem 1.1.5 Let be A : V. — V'a bounded, hemicontinuous, monotone and
coercive operator. Then A is surjective that is, for every f € V' there exists u € V
such that

Au) = f. (1.1.1)

Proof. The idea is to built a solution of the equation (1.1.1) by constructing solutions
of certain finite dimensional approximations to (1.1.1) and then passing to the limit.
Let be wy, wa, ..., wy, a basis of V; for each m € N, there exists u,, € {wy, ws, ..., wy,}
such that

(A(um)awm) = (f» wj)7 1< <m. (1.1.2)
In fact, we observe that

(A(um), um) = (f, um) 2 (Altm), tm) = ¢ |lum] -

This implies, thanks to the coercivity condition, that, for ||u,,|| sufficiently large,

(A(tm), Um) — ¢ ||um] > 0. On the other hand, by Lemma 1.1.3 , the function v —

13



(A(v),v) is continuous on {wi,ws, ..., wy,}. Now we recall a well-known result: if
P :R™ — R™ is a continuous functions such that P(z) -z > 0 when |z| = r, for
some r > 0 then there exists a point x € B,.(0) such that P(z) = 0. This result, applied
to the function P(n) = (Pi(n), ..., Pn(n)) where P;(n) = (A(f:l nw;),w;) — (f,w;),
1 < j < m, implies that there exists u,, € {wq,ws, ..., wy,} tll;at solves (1.1.2). By
(1.1.2), we get

(Alum), wy) = (f;w;) < [l l[umll -

By coercivity, being A bounded, it follows that
lumlly <€, [[A(um) v < C,

which implies that, up to a subsequence,

Uy — u  weakly in V]

(1.1.3)
A(uy,) = € weakly in V.
Passing to the limit, we get for any 1 < 7 <m
(fawj> = (fawj)7 (114)
that implies £ = f. Moreover, by (1.1.2) , we obtain
(A(um): um) = (f7 um) B (fa u)a
and by (1.1.4) we get
(A(tm), tm) — (&, u). (1.1.5)

Hence the result is proved if we show that

&= A(u).
By monotonicity condition we have
(A(um) - A(“)a Um — U) > 07 Vo eV,

14



Passing to the limit, by(1.1.3) and (1.1.5), we obtain
(€—Aw),u—v) >0, Yvel. (1.1.6)
Let w € V and t > 0. Applying (1.1.6) , with v = u + tw, we get
(€ — A(u+tw),w) > 0.

By hemicontinuity of the operator A, it follows that, for any w € V, ((—A(u), w) > 0,
which implies
(& —Au),w) =0, Ywel.

Hence £ = A(u) which completes the proof. m

A very simple example of monotone operator to which it is possible to apply
Theorem 1.1.5 is the so called p-Laplace operator A(u) = Apu, where Aju =
div(|Vu[’"*> Vu). More generally assume that @ C R" is an open bounded set,
1 <p< +ooand V = W,"(Q) and suppose also that F : RY — RV is a con-

tinuous monotone mapping which satisfies the following growth condition
[FOI<CAL+Ef™), veEeRY.
Then it is easy to verify that the operator
A:ueWiP(Q) — —div(F(Vu)) € W (Q)

is bounded, hemicontinuous and monotone. So, by Lemma 1.1.5., A is continuous
from W,"(Q) strongly to W17 (Q). Furthermore if we assume that F' satisfies the
condition

F)-&>alg’, YEeRY, a>0,

then A is also a coercive operator. We deduce, thanks to Theorem 1.1.5, that for

every f € W1 (Q) there exists u € W, ”(Q) such that
—div (F(Vu)) = f.

15



We refer to Section 1.2 for more details and examples.
We observe that the monotonicity assumption made in Theorem 1.1.5 is general

not easy to test; such a condition can be replaced by a weaker one:

Definition 1.1.6 An operator A .V — V' is pseudo-monotone if
(i) A is bounded,
(1) if u; — u weakly in V' and liminf(A(u;),u; —v) > (A(u),u —v) Yv € V.

Jj—00

The following Proposition establishes the relation between monotone and pseudo-

monotone operators.

Proposition 1.1.7 If A is a bounded, hemicontinuous and monotone operators then

it 1s pseudo-monotone .
By Theorem 1.1.5 and Proposition 1.1.9 it follows that

Theorem 1.1.8 If A: V — V' is a pseudo-monotone and coercive operator then,

for every f € V' there exists at least a function u € V' such that
Au) = f.

A very important example of pseudo-monotone operators to which Theorem 1.1.10
can be applied is the so called “operator of Calculus of Variation”, whose definition

is given below ([81])

Definition 1.1.9 An operator A : V. — V' is said to be an operator of the Calculus

of Variation type if it is bounded and it can be represented as
A(v) = A(v,v),
where the operator (u,v) € V x V — A(u,v) € V' satisfies the following conditions

YueV, veV — A(u,v) € V' is bounded and hemicontinuous, (11.7)

(A(u) = A(),u = v)) = 0,

16



VoeV, ueV — A(u,v) € V' is bounded and hemicontinuous, (1.1.8)

u; — w weakly in V' and if (A(uj, u;) — Auj,w),u; —u)) — 0 (1.19)

then Yv € V, A(uj,v) = A(u,v) weakly in V',

w; — u weakly in'V and if A(u;,v) — ¢ weakly in V'
j Y f Auj,v) = o Y (1.1.10)

then (A(uj,v),u;) — (Y, u).

Proposition 1.1.10 If A is an operator of Calculus of Variation then A is pseudo-

monotone.

By Proposition 1.1.12, Proposition 1.1.9 and Remark 1.1.7 it follows a general

existence result.

Proposition 1.1.11 Let be an operator A : V. — V' of Calculus of Variations type.

Then, for any f € V', the equation A(u) = f admits at least a solution.

1.2 Applications to nonlinear elliptic equations

In this section we prove an existence result for a general class of pseudo-monotone
operators: furthermore, we show how it is possible to get, thanks to the result proved
in the previous section, the existence of a solution for operators involving lower order
terms.

From now on we assume that €2 is a bounded open set of R" and we consider a class

of nonlinear problems of the type

— div(a(e, u, Vu) + H(z,u, Vu) = [ in © (1.2.1)

u=20 on 0f),

where a : QxR xRY — RN, H : QxR xRY — R are two Carathéodory functions

such that

la(z,5,€)| < C [blx) + s+ €771, b(x) € LP(Q), C >0, (1.2.2)

17



a(m73a§) g Z |§|p, (123)
(a(z,s,&) —alz,s,m) - (£—n) >0, {#n, (1.2.4)
|H(z,s,8)] < C [b(x) + s+ 16", C >0, (1.2.5)

ae. v €5, VscR,VE neRY and
few ().

Definition 1.2.1 Let p > 1, then if f € W= (Q), a function u € W,P(Q) is a

weak solution of problem (1.2.1) if

/ a(z,u, Vu)-Vgodx—i—/ H(x,u,Vu)pdr =< f,p > -1 (@), WP (@) Vo € WP (Q).
Q Q
(1.2.6)

If we denote by B : (u,v) € Wy*(Q) x WyP(Q) — B(u,v) € R the form defined

by
B(u,v) = / a(z,u, Vu) - Vvdx—i—/H(:c,u,Vu)vd:c,
Q 0
then
B
(v, ) — 400 when [[v[jy1rq) — +o0. (1.2.7)
[ollwar 0

The form v — B(u,v) is linear and continuous on W, (). So we can write
B(u,v) = (A(u),v),

where A(u) = —div(a(z,u, Vu)) + H(z,u, Vu).
In order to prove the existence result given by Theorem 1.2.3 below, we recall a lemma

which will be useful in the following ([81]). We omit the details for briefness.
Lemma 1.2.2 Let us assume a satisfies the conditions (1.2.2) — (1.2.4) . Let

wj, u € WyP(Q) such that u; — u weakly in Wy ().
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Put
‘Fj = (CL(CL’,U, VUJ> - a(x,u, vu)) . (Vuj — VU),

and suppose that

/ Fj(z)de — 0.
Q
Then, up to a subsequence,

Vu; — Vu a.e. in (),

and

H(z,uj, Vu;) = H(z,u, Vu) weakly in LP ().

Theorem 1.2.3 Let be A : v € WyP(Q) — —div(a(z,u, Vu)) € W (Q) and
assume that conditions (1.2.2) — (1.2.7) hold. Then, if f € W=7 (Q) then there
exists u € WyP(Q) such that A(u) = f in W=7 (Q), that is (1.2.6) holds true.

Proof. We will prove that the operator
A(u) = —div(a(x,u, Vu)) + H(x,u, Vu)

is an operator of Calculus of Variations type. Then the result follows from T heorem

1.1.12. Let us introduce the operator A(u,v). Let be

Aq(u,v,w) = /a(m,u, Vv) - Vwdz,

Q

As(u, w) = /H(:L',u, Vu)wdzx.
Q
The form w — By(u, v, w) + By(u, w) is continuous on Wy (). Hence
A (u,v,w) + Ay(u,w) = A(u,v,w) = (A(u,v),w),  Au,v) € W (Q).

So we have

A(u,u) = A(u).
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Proof of (1.1.7), (1.1.8). By (1.2.4), we have
(A(u,u) — A(u,v),u —v) = (A (u, u,u —v) — Ay (u,v,u —v)) > 0.

Moreover the function v — A(u,v) is bounded and hemicontinuous from V' to V.

Indeed for u, vy, vy € Wy*(Q) we have, for A — 0,
a(xz,u, V(vy + Avg)) = a(x,u, Vuy)  weakly in Lp/(Q),

H(z,u,V(v; + A\vg)) = H(x,u,Vvy) weakly in Lp,(Q),

hence for any w € W, () we have

Az, vy + Mg, w) — A(z,v1,w) if A — 0,

and this proves (1.1.7) . In a similar way we can prove (1.1.8).

Proof of (1.1.9). Using the notation of Lemma, we get

(A(uj,u;) — Aluj,u), u; —u) = /F(m)dm;
Q

then if u; — u weakly in WyP(Q) and (A(u;,u;) — A(u;, 1), u; —u) — 0, by Lemma

1.2.1, we get H(x,u;, Vu;) — H(z,u, Vu) weakly in LP'(€2); moreover, being
H(z,uj, Vu;) = H(z,u,Vu) weakly in LF'(Q),

we have

A(uy, v, w) — A(u,v,w) for any w € Wy*(Q);

hence A(u;,v) — A(u,v) weakly in W=17(Q).
Proof of (1.1.10). Let u; — u weakly in W,?(Q) and A(uj,v) — ¢ weakly in

WP (Q). So u; — u strongly in LP(Q), hence by Carathéodory theorem
A (uj,v,u;) — Ai(u, v, u).

Moreover, being

| Ao (uj, uj —u)| > cl|lu; —ull,, ,
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it follows that

Ay (uj,uj —u) — 0. (1.2.8)

But
A2(uj7u) - (A(uj7 U), u) - Al(ujv v, u) - <¢7 u) - Al(uvv7 u>>

so by (1.2.8) we get
A2(uj7uj) - (wvu) - Al(u,U,U)

and finally
(A(Uj,?]),Uj) = Al(uj7v>uj> + AQ(ujﬂuj) - (wau)

Remark 1.2.4 The result just proved here take places into a wide literature about
existence problems for elliptic equations with f € WP (Q). If we consider the
problem with the lower order term b(z) | with0 < A <p—1,be L"(Q), r > N and
—div(e(z) |s]"), with 0 < v <p—1, ¢(x) € L°(Q), o > z% the operator can fail to
be coercive if the norm of ||b||;, and ||c||;. are not small enough. The linear case has

been studied by Stampacchia in [106]; he proved an existence result assuming that the

norm of ||b|| ;. and ||c|| . with and are sufficiently small or in particular the measure
|| is small enough. The nonlinear case has been studied in [50] in the case ¢ = 0
and in [27) in the case b = 0. In [52] the effect of the two lower order terms are taking
into account: the authors proved existence result without smallness hypotheses on the

norm of ||b||;. and ||c||;. except naturally in the case X = v = p — 1. In this case ,

the existence result still hold only if the norm of ||b]| . or ||c|| ;. is sufficiently small.
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CHAPTER 11

NOTION OF SOLUTIONS

In this chapter we introduce some well-know notion of solutions for nonlinear elliptic
problem whose data are L' function or Radon measure with bounded total variation.

Let us consider the following Dirichlet problem:

—div(a(z,u, Vu)) = in
(af ) =1f (2.09)
u=>0 on 012,

where € is a bounded open subset of RV, N > 2, 1 < p < N. Furthermore a :

QxR x RY — R¥ is a Carathéodory function such that

a(z, s, > altl’, a>0, (2.0.10)
la(z, s, &) < [|EP7 + (5] +ao(z)], ao(z) € L¥ (), (2.0.11)
(a(z,s,8) —alz,s,n),{—n) >0, £#n, (2.0.12)

a.e.x € Q,Vs € R,VE, n € RY and
f is a bounded Radon measure with bounded total variation.

If p > N then, by Sobolev embedding theorems and duality arguments, the space
of measures with bounded variation on € is a subset of W~ (Q) so that a natural
notion of solution for problem (2.0.9) is that of weak solution. As pointed out in the

previous chapter a function u € W, ?(Q) is called a weak solution to (2.0.9) if

/ a(z,u, Vu) - Vo =< f,0 >y 10 qwirg), Y9 E€ Wy™(%).
0

The existence and uniqueness of weak solutions to (2.0.9) are consequence of the the-

ory of monotone operators ([80], [81]; see also Chapter I). However this framework
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can not be extended to the case p < N, since, as showed by the following simple

example, we can not expect that the solution belongs to I/VO1 Q).

Example 2.0.5 For N >2 and Q= B;(0) = {z € RV : |z| < 1}, let on_1 is (N —

1)—dimensional measure of 0B1(0), and let be v = %. Let us consider the function

u defined by
(=T =1) if 1<p<N
—log(|z]) if p=N,

belongs to L}, () if and only if v < N that is p > ]\Qf—ﬂ\:l

u(r) =

Therefore the notion of weak solution does not fit the case when f is not an
element of the dual space W~ (Q). Moreover the classical counterexample due to

Serrin shows that the solution in the sense of distribution is not unique.

Example 2.0.6 Let be @ = {z € RY : |z| < 1} and X > 1. Let us consider the prob-

lem
—div(A(z)Vu) =0 in
(2.0.13)
U= on OS2,
where
CLZ‘,J’ = ()\ — 1) 171_52] -+ 6i,j7
2]

It is easy to see that problem (2.0.13) admits two distributional solutions (see [104], [2])
a(w) = o3, () =@ fa]
but u(x) seems to have the features of a pathological one to be rejected.

The previous argument imply that in order to get both existence and unique-
ness results it is necessary to introduce new notions of solution. In this chapter we
report the notions of entropy solution ([13]), SOLA ([43]), renormalized solution
([87] and [88]) and ”generalized solution” ([100]).
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2.1 Solution defined by duality method

In this section we deal with the notion of solution introduced by Stampacchia in [106]
for linear operators. In that paper he defined a notion of solution by duality method
and he proved an existence and uniqueness theorem. In particular he proved that
the solution satisfies the equation (2.0.9) in the distributional sense and belongs to
Wy () for every ¢ < 2.

In order to explain the method introduced by Stampacchia, let us consider a

bounded open set  of RY, with N > 2 and the linear elliptic problem

—div(A(z)Vu)=f in
(A(2)Vu) = f (2.1.1)
u=0 on 01},
where A(x) = (a;;) is a matrix of coefficients belonging to L*(f2), satisfying the

ellipticity condition
a;;(0)6& > alé), VEER?, a>0,

and f is a Radon measure with bounded variation on 2.
If we define for every u € Hj(f2) the adjoint operator
L*(u) = — div(A*(z)Vu),
where A* denotes the transpose matrix of A, we consider the corresponding problem
L'v=f in €
(2.1.2)
u=0 on 019,
with f € W~ (Q) with p’ > N. This problem admits a solution belonging to C'(2)
so, since p’ > N.,the operator

Gy fe W (Q) — ueC()

is well defined. This function G; is linear and continuous so we can define the Green

operator

G*: U W (Q) — Cy(Q),

p'>N
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Wlth G* W_l’p/(Q) = G;;

Now we can give the definition of solution by duality to problem (2.1.1).

Definition 2.1.1 A function u € L*(Q) is a solution by duality to problem (2.1.1) if

me=4@@%

for every g € L*=(Q).
The following existence and uniqueness result hold true:

Theorem 2.1.2 Let be f a measure with bounded variation on 2. Then there exists

a unique solution by duality to problem (2.1.1) . Morerover u € Wy'(Q) with ¢ < 2.

Stampacchia also proved in [106] that such a solution is Hélder continuous when
p > N but this continuity can be lost if p < N. In this case, the solution is continuous

only if f € L(n,1) ([64], [1]). The continuity of the solution allows also to prove that

N

the unique solution to problem (2.0.9) belongs to L(+—,

o0) and improves the result
contained in [1] and in [106]. In [106] it is proven that u € Hy*(Q) with ¢ < g

while in [1] the author proved that u € L(525, 00).

2.2 Solution Obtained as Limit of Approxrima-
tions

Stampacchia’s framework, based on a duality argument, cannot be extended to the
case of a general nonlinear operator except when p = 2 (see [88]) when Stampacchia’s
ideas continue to work if the operator is strongly monotone and Lipschitz continuous
with respect to Vu. The first existence result in the nonlinear case is due to Boccardo
and Gallouét. In [31] they proved the existence of a solution in the sense of distribution
to problem (2.0.9) and they showed that such a solution belongs to the Sobolev

space W, () for every 1 < ¢ < %. This solution is found by an approximating
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method which consists in finding a solution as limit of a sequence of solutions that are
weak solution to (2.0.9) because of the regularity f the right hand-side.In particular
they proved some apriori estimates which are the critical point in the passage under
integral sign performed to define a solution known as Solution Obtained as Limit of

approximation (SOLA) [43].

Definition 2.2.1 A function u : Q@ — R is a SOLA to (2.0.9) if there ezist two
subsequences
fan€L®Q) f.— f strongly in L*(Q),

u, € Wo(Q) and — div(a(z, Vu,)) = f, in D'(12),

U, — u a.e. i .
The main result proved in [43] is the following existence result:

Theorem 2.2.2 Let f € L'(Q), then there exists a SOLA w of (2.0.9) which belongs

to Wy '(Q) for every 1 < q < %.

We point out that the procedure of passing to the limit under integral sign can
be simplified by a result of continuity from the data. In order to obtain this result,

hypothese (2.0.12) has to be replaced by more streghten conditions

(a(z,€) —alz,n) - (—n) 2 |{—nf" if2<p<N, (2.2.1)

€ —nl?
L+ [€] + |n[)*r

1
if2——<p<2 = (222)

(@(5’3'75)—@(3%77))'(5—77) 2041( N

where «, a1 and ( are positive constants.
Proposition 2.2.3 Let assumption (2.2.1) or (2.2.2) hold and let be
la(z, &) < A|EPT A>0. (2.2.3)
If f, g are two regular functions and u and v are the solutions of
—div(a(z,Vu)) = f, —div(a(z,Vv)) =g,
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N(p—1)

then, for every q < ——

= vl < % (If = gllirey)

if p > 2, where 1 is a positive function such that

lim (s) =

s—07F
and
Ju— UHWOl*q(Q) <A <Hf||L1(Q) ) ||9||L1(Q) = gHLl(Q)) )

if 1 <p <2, where A is a function that tends to zero when ||f — g|| 1) tends to zero

and all the other norms remain bounded.

The previous result has been improved by Alvino and Mercaldo in [43]. In this
paper the authors suggested a different and quick approach based on symmetrizzation
methods (see [86] and [108]) which allows to prove apriori estimates for SOLAs to
(2.0.9) and, under the stronger monotonicity assumption (2.2.1), (2.2.2) , also a result

of continuity from the data.

Proposition 2.2.4 Let assumptions (2.2.3), (2.2.1) or (2.2.2) hold and let be v and

v two weak solutions to (2.0.9) with reqular functions f and g. Then, for every q <

/ V(u—v)|"de <C|f — gHLl(Q

19t opds <€ (105G + 115 ) 1 - ol

if 1 < p <2, where C depends on N, p, ||, and q.
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2.3 FEntropy solution and renormalized solution

In this section we recall the equivalent notion of entropy solution ([48], [33]) and
renormalized solution ([88], [87] and [48]). In order to define this notions let us in-
troduce the truncature operator. For a given constant £ > 0 we define the function

T, :R— R as
s if |s| <k
Ti(s) =
ksign(s) if |s| > k.

Now we want to give a sense to the derivative of a function u € VVllocl(Q) generalizing

the usual concept of weak derivative in W1 (Q).

Definition 2.3.1 Let be 1 < p < 0o and let be u a measurable function defined on

Q which is almost everywhere finite and satisfies Tp(u) € WE1(Q) for every k > 0.

loc

Then there exists ([15]) a measurable function v : Q — RN such that
VT (u) = vX{u<ky a.e. inS), for everyk > 0. (2.3.1)
We defined the gradient Vu as this function v, and we denote Vu = v.

Remark 2.3.2 We remark that the gradient defined in (2.3.1) is not the gradient
used in the definition of Sobolev space, since it is possible that u does not belong to

L (Q) or v does not belong to (L% ()" . However, if v belongs to (L% _(Q))~, then

u belongs to W'llocl(Q) and v is the distributional gradient of u. On the other hand, if

1

loe(82), the function v is not in general the distributional gradient of w.

u belongs to L

In fact, if Q is the unit ball of RN and u(x) = ‘fﬁ then u € LU(Q), for every ¢ < 2=

and
0Ty (u) 1 x?
om Ul g
50
1 3
V=
1 ‘x’N ‘x|N+2
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does not belong to LL (), which implies that v is not in (LL ()" . On the contrary,

loc loc

we have in the distributional sense

du 1 3 1
— = - N1 —OoN-_10
e pv{mN |w|N+2} + N IN-1%;

where pv denotes the principal value, on_1 the (N-1)- dimensional measure of the

surface of the unit ball of RN and §y is the Dirac mass at the origin.
Now we are able to introduce the definition of entropy solution.

Definition 2.3.3 Let be f € L'(Q). A measurable function u : Q — R satisfying the
condition Tj,(u) € WyP(Q) for every k > 0 is an entropy solution to problem (2.0.9)

if it results

/Qa(x, Vu)VTi(u— p)de < / Ty(u — ) fdx, (2.3.2)

Q
for every k > 0 and o € WyP(Q) N L=(Q).

We underline that we did not assume that the entropy solution belongs to some
Sobolev space but only that u is a measurable function.
Now it is possible to prove the following existence and uniqueness result (see [13] and

33]).

Theorem 2.3.4 Let be f € L'(Q) and let us assume conditions (2.0.10) — (2.0.12).

Then there ezists a unique entropy solution to problem (2.0.9) .

An equivalent notion of solution to problem (2.0.9) is the so called renormalized
solution; such a notion has been introduced in [87] and [88] for nonlinear elliptic

equations when the datum f € L*(Q).

Definition 2.3.5 Let p > 1 and f € L*(Q). A function u is a renormalized solution

to (2.0.9) if it satisfies the following conditions:
u 1s a measurable function, almost everywhere finite in €,
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Ty (u) belongs to W, (), for every k,

1
— lim a(xz,Vu) - Vudz = 0,

=400 Jin<u|<2n}

/Q h(w)a(z, Vu)Vodz + /

h'(uw)a(z, Vu)Vu vdz = / fh(u)vdx,
Q Q

for every h € Wh*(R) with compact support in R and v € W, ?(Q) N L®(Q).

Thanks to this notion we are able to get an existence and uniqueness result:

Theorem 2.3.6 Let be f € L*(2) and let us assume conditions (2.0.10) — (2.0.12)

hold. Then there exists a unique renormalized solution to problem (2.0.9) .

This theorem has been improved in [48]; in this work the authors extended the
definition of renormalized solution to the general case where f is a Radon measure
with bounded variation on ).

Such definition needs the notion of p-capacity which we brifly recall here. The p-

capacity cap,(K, Q) of a compact set K C Q with respect to € is
capp(K,€2) = inf {/Q Vol" 1 e C2(Q), ¢ 2> XK} ,
where Yk is the characteristic function of k. If U C €) is an open set, we denote by
cap,(U, Q) = sup {cap,(K, ) : K compact, K C Q}.
Finally, the p-capacity of any subset B C () is defined by
cap,(B, Q) = sup {cap,(U,Q?) : B open, B C Q}.

We denote by M,(2) the space of all Radon measure with bounded variation on (2
and by CP(€2) the space of all bounded and continuous functions on Q so [, @dpu is
well defined for ¢ € CP(2). Finally we denote by p, 4~ and || the positive, negative
part and total variation of measure p in M, (2). We denote by My(€2) as the set of all

measures p in My(§2) which are absolutely continuous with respect to the p-capacity,
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i.e. which satisfy pu(B) = 0 for every Borel set B C Q such that cap,(B,2) = 0.
We denote by M,(€2) as the set of all the measures p in M, (€2) which are singular
with respect to the p-capacity, i.e. which are concentrated in a set £ C 2 such that

cap,(E, ) = 0. The following proposition shows an important decomposition result

(see [66] for the proof).

Proposition 2.3.7 For every Radon measure with bounded variation on ) there ex-
ists an unique pair of measures (o, fts) with po € Mo(Q) and ps € Ms(Q2) such that

1= Ho + Hs.

The measures o and us are called the absolutely continuous part and the sin-
gular part of p with respect to the p-capacity. For what concerns pg the following

decomposition result holds ([33]):

Proposition 2.3.8 Let ug be a a Radon measure with bounded variation on ). Then
to belongs to My(QQ) if it belongs to L' (Q) + W1 (Q). Thus if juy belongs to My(Q),
there exists f in L*(Q)) and g € (Lp’(Q))N such that

pio = f — div(g)
in the sense of distributions; moreover
/ vdpy = / fvdx + / g-Vodr, Yo e WyP(Q)N L®(Q).
Q Q Q

Now we are able to introduce the notion of renormalized solution to problem

(2.0.9) when f is a Radon measure with bounded variation on €.

Definition 2.3.9 Let be u a Radon measure with bounded variation on §2 and assume
that a satisfies (2.0.10) — (2.0.12) . A function u is a renormalized solution to problem

(2.0.9) if it satisfies the following conditions:

u s a measurable function, almost everywhere finite,
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Ty (u) belongs to W, (), for every k,

for every p € CY(Q) we have

1
lim— a(z, Vu) - Vupdr = / odu, (2.3.3)
n N Jin<u<2n} Q
and
1
lim— a(z, Vu) - Vupdr = / edu (2.3.4)
nN S _on<u<—n} Q

for every h € Wh°°(R) with compact support in R we have

/Q h(u)a(z, Vu)Veds + /

h'(u)a(x,Vu)Vugodx:/cph(u)duo, (2.3.5)
Q 0

for every p € WHP(Q) N L=(Q) such that h(u)e belongs to WP (Q).

Remark 2.3.10 We observe that conditions (2.3.3) and (2.3.4) are equivalent to say
that the sequences %a(m, Vu) - VuXn<u<can} and %a(x, V) - Vux{—on<uc—n} converge
to ut and p; respectively in the narrow topology. In other words, the measures -

and p; can be obtained through the energy of the solution.
The main result contained in [48] is the following existence result:

Theorem 2.3.11 Let be i a Radon measure with bounded variation on {2 and assume

that a satisfies (2.0.10)—(2.0.12) . Then there exists a renormalized solution to (2.0.9) .

We observe that the Radon measure with bounded variation on €2 is not the
general datum for problem (2.0.9) . Indeed, there exists elements in W~*'(Q) which

are not measures, such that the data
p— div(F), (2.3.6)

F e (LP/(Q))N can be considered. However, the new term — div(F'), does not give an

additional difficulty because of its "regularity” and the Theorem 2.3.11 still hold with
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the same proof whenever Definition 2.3.9 is modified as follows. The condition(2.3.3)

(similar consideration apply to (2.3.4)) have to be replaced by

1

E(t,s):t_s

/ a(z, Vu) - Vupdz,
{s<u<t}

and it is possible to prove that a subsequence E(t,, s, ), for some conveniently chosen

/ pdu.
Q

Solution 2.3.12 Remark 2.3.13 The result contained in this chapter can be ex-

t, e s,, converges to

tended to nonlinear elliptic Neumann problems in [3], [15], [62], [41], [63], [98].
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CHAPTER III

UNIFORMLY ELLIPTIC EQUATIONS WITH

LOWER ORDER TERMS

In this chapter we consider a class of nonlinear elliptic problems of the type

—div (o (z, Vu) = div (@ (z,w)) = [ in © (3.0.7)
w=0 on 02,

where Q is a bounded open subset of RY, N >2 1 <p< N, a: (r,2) € A x RN —

a(r,z) = (a; (z,2)) € RN is a Carathéodory function satisfying:

a(2,6)- €= A¢P,  £eRY, A>0, (3.0.8)

la(z,6)| <AEP', €eRNY, A>0, (3.0.9)

with 1 <p < N, and

(a(x,§) —a(z,n)-(E=n) >0,  &F#mn, (3.0.10)

for almost every x € RY and for every &, n € RV,
Furthermore

D (z,5)] < e(x) s (3.0.11)

where ¢ (x) € Lt (Q), ¢(z) >0 a. e. in Q.

Finally

fisa L' () function or a Radon measure with bounded total variation.
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In this Chapter we prove the existence of a SOLA to problem (3.0.7) if f is a
Radon measure with bounded variation on () and some uniqueness results when f
is a L'— function. Such results are contained in [56]. Stampacchia in [106] stud-
ied problem (3.0.7) in the linear case under the assumption of smallness of ||cHL N
Furthermore many authors have proved existence results for problem (3.0.7) in the
nonlinear case (see [28] and [12]; see also [52], [72] and [73]). In [56] we prove the same
result with a different and quick approach. The same approach has been followed in
[5] for the nonlinear problem (3.0.7) with ® = 0 and in [6] when the lower order term
is of the type b(x)|Vul[’~". It is based on the choice of a timely test function and
a comparison result between the solution to problem (3.0.7) with regular data and
the solution of a suitable spherically symmetric problem (see [17]). This comparison
result has been obtained by classical symmetrizzation methods introduced by Talenti

and Maz’ja (see [108] and [86]).

For what concerns the uniqueness results, the first attempt for regular data is due
to Trudinger ([109]) . Then, the case f € H~' () has been studied in [10] when ® = 0
and in [33] when ® is a Lipschitz continuous function. Other uniqueness results can
be found in [37], [38] and [39],. These results are always in the context of finite energy
solutions; with respect to the datum f, this means that f is taken in L™ () with
m > ]\2,—172
On the other hand, assuming that f € L'(Q2), the uniqueness of entropy solution
has been obtained in [94] when ® is locally Lipschitz continuous and has at most an
exponential growth at infinity.
Other uniqueness results have been also proved for renormalized solutions in [12] and
in [19], (see also [70], [74]).
In this chapter we prove uniqueness results of SOLA’s when f € L'(Q) and @ is

locally Lipschitz continuous with respect to the second variable.
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The uniqueness can be proved if we get an estimate of the gradient of the difference
of two solutions in term of the L'— norm of the difference of data. Unfortunately,
the assumptions of existence are not enought to have this result even if ® =0 and f
is regular. To overcome this difficulty we have to modify the classical monotonicity

hypotheses on the structure of the operator.

3.1 Definitions and preliminary results

In this section we recall the definition of rearrangementes and some properties which
will be used throughout.
Let us consider a measurable function u : 2 — R, where () is a measurable subset

of RY. We denote by u the distribution function of u
p(t) = e e Q:fu(x)| = 83, 20,
and by u* the decreasing rearrangement of u
u* (s) =sup{t >0:pu(t) > s}, s € (0,9]).

The increasing rearrangement u, of u is defined as

us () =u* (|Q] —s), s € (0,]9]).

If wy denotes the measure of unit ball of RY and Q# the ball of RY centered in the
origin such that Q2| = }Qﬂ , the sferically decreasing and the sferically increasing

rearrangements of u are
u® (r) = u* (wN |J:|N> , Uy () = uy (wN \x|N) : r € OF.

If 1 <gqg<+ooand 1 <r < 400, the Lorentz space L2 () is the class of function

u such that

S

Jully, = ( / e <s>sé]7@)i < +oo, (3.11)
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lull} . = supu* (s) s7 < +o0. (3.1.2)
’ s>0

We remark that L%7(Q) = L (), and L2 () is the Marcinkiewicz space L?—weak;

moreover, if  is bounded, the following embeddings hold (see [76], [91])
L™ (Q) € L2 (Q), T < T2,

Lo (@) € L1(Q), g < g1
Here we just recall some inequalities which will be useful later down (for an ex-
haustive treatment of rearrangements see [40] and [77]). Here we just recall the

Hardy-Littlewood inequality
/ # (2) vy () dz < / () v ()| de < / o (2)v* () da, (3.1.3)
Q# Q#
with u, v measurable functions (see [75]), and a Sobolev-type inequality (see [8])

/Q# |2V [u# ()] do < wi® (my’/ﬂ 1 (Ju @] [VulP de, (3.1.4)

where u € VVO1 P(Q),p< N, a>0and u is the distribution function of u. Finally we
recall a comparison result between the solution of the nonlinear elliptic problem (3.0.7)
with regular datum and the solution of a suitable problem with radially symmetric

datum. The result, contained in [17], is

1 1 ¢ 1
u*(s) < 2”1/ - (/ 1 ( ) exp (/ %dr) dt,
s (NwX) ptp s Nwiri=w
for a.e. s € (0,]9]]. Here C (r) is defined as

/W c(z) dz = /0 " o sy

the following lemma shows that C'(r) can be obtained as weak limit of functions

having the same rearrangement of ¢(r)
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Lemma 3.1.1 If f € LP (), p > 1, there exists a sequence {fr} of functions such
that fi = f* and
fo—=F  in LP(0,19]), if p>1,

and

€2 1]
im [ i (s)g(s)ds = / F(s)g(s)ds,  geBV(0.|20), ifp=1L.

k—+o00 0

As conseguence of the previous result any Lebesgue or Lorentz norm of C' (1) can
be estimated from above with the same norm of ¢(r); this implies that C (r) and ¢(r)

have the same sommability and so (3.1.5) becomes
1 N-p
u* (s) < K|\ fll70" s 00, (3.1.6)

where K is a constant depending on ||, N, p, |[c||,» -
We explicitelly remark that analogous inequalities have been proved in the linear case

in [108], [86].

3.2 A priori estimates

In this section we prove a priori estimates for weak solutions to problem (3.0.7) in

terms of the L'— norm of the datum. From now on, we assume that

NP (3.2.1)
p N 2.

We underline that this condition is set only to avoid technicalities: the result, in fact,

can be proved also in the case 1 <p <2 — %

Theorem 3.2.1 Under assumptions (3.0.8) - (3.0.11), if u is a weak solution to
problem (3.0.7) with f € C* (), then we have:

([ 1vuras)” < wis1f (322)
Q

where ¢ < Y=Y 4nd K is a positive constant depending on N,p,q, A, 12, e .

N—-1 Lp—1
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Proof. Under hypotheses (3.0.8) - (3.0.11) there exists a unique weak solution u €
WyP () (see [81]).

So, let be i the distribution function of u; we define:

u()]
¢ (z) = sign [u(z)] /0 [ ()], a>0. (3.2.3)

We observe that ¢ is a valid test function because ¢ € I/VO1 P (Q) . Using the definition

of weak solution to problem (3.0.7) we have:

/Q la (2, V) - V] [p (Ju())]* de + / B(z,u) - Va [ (|u(z)])]° dz = / Jode.
324
From (3.0.8):
/Q la (2, V) - V] [ (Ju() )" d > A / IVl (1 (fu(z) )] dz. (3.2.5)

On the other hand, by (3.0.11) and by Hoélder inequality we have:

[ o) e Quto)”de < el v, ([ 19010 )
</ | %5 [ (|u()])] 75 ) - (3.2.6)

By coarea formula and by (3.1.6), (3.2.6) becomes:

L1

[ o) b u@) do < K Ul ([ 190 I Quto)de)

N—p

|Q‘ / No v
X / s Pt N5 ds : (3.2.7)
0

where K = K <|Q| , N, p, ||c||Lp%> ; for the rest of the paper K is a constant which

3 e

can vary from line to line.

Assuming that
N-p
P 3.2.8
N(p—1) (328)
the last integral in (3.2.7) is finite, so we obtain:

[ #0) Fulu (a1 do < K 1 ( [ 19 [u(|u<x>|>]“dx)p  (329)
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From (3.2.4), (3.2.5), (3.2.9) we get:

A 196 i (fu(a))*dis < K 1], ( [ 1w [M(IU(x)|)]“d$)p+ 1511l
(3.2.10)

Now we evaluate the L>— norm of ¢; since « satisfies condition (3.2.8) we have:

oo Il
sup i (2)] = / O dt = a / syt (s) ds.

By Hoélder inequality, (3.2.8) and by Sobolev-type inequality (3.1.4) we obtain:

it (N—1)p’ i it P %
suplo (@) < | [ W as) ([T b ras) <
Q 0 0

<K (/Q\wp [,u(]u(:v)|)]adx)p. (3.2.11)

Coming back to (3.2.10), by (3.2.11) we have:

A 196 i Qu(a)) d < K 1], ( [ 1w [u(\u(w)\)}adx)p. (3:212)

So
/Q Vul? [ ()" de < K (I (3.2.13)

where K = K (ym N, p, el A) .
LP=T
From (3.2.13) we can deduce a priori estimates for the gradient of weak solutions to

problem (3.0.7).

N(p—1)
N-1

For any fixed ¢ < we choose a such that ¢ < 2. By Hardy-Littlewood

1+

inequality (3.1.3) we get
IIVullye < KIVul?y,,

with a > 555 So by (3.2.13)

NIVl < K / IVl [ (u(@)))* de < K[| F
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3.3 FExistence result

In this section we prove the existence of a SOLA to problem (3.0.7). As pointed out
before, the SOLA is obtained as limit of approximations and the starting point of this
procedure is the estimate (3.2.2). The convergence of the gradients of approximated
solutions is obtained in a easily way since we prove a result which gives an estimate
of the difference of the gradients in terms of the difference of two solutions. To this

aim we substitute assumptions (3.0.8) and (3.0.10) by conditions

() — alm s (f— _lg=al®
(a(z,€) —a(z,n))- (€ n)2ﬁ<|£’+|n|)2_pa §#m, (3.3.1)
ifl<p<2 or
(a(z,§) —alz,n)-(E—n) =BIE—nl",  &#n, (3.3.2)

if p > 2. In order to avoid some technicalities, we suppose that c¢(z) € L> (), but
the same result is still valid if ¢(z) € L1 () under the hypotheses given in Remark
3.2.

Now we prove the following result

Proposition 3.3.1 Let us assume (3.0.9), (3.0.11) with c(z) € L® (), (3.5.1),
(3.3.2). Let be u, v weak solutions to problem (3.0.7) with data f, g € C*(Q)

. N(p—1 * N
respectively, q such that q < % and m < ¢* = N—_qq.
If p > 2, and
D (2,u) — @ (z,0)] < K (Ju| + [v])’*|u— ], (3.3.3)

then we have

p—2 p—2

P 12 )2 . :
IV (u=0)lllge < Klluw—ollg [LAIE + gl + 117+ Mgli7 |- (3.3.4)

If1<p<2and
D (z,u) — ® (z,0)] < K |u—ofP", (3.3.5)
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then we have:

2—0o

IV (w =)0 < K llw—=vllZm (LF 1o+ gl 2020+l = o[ Fo ([l 1 + gl ) 7@
(3.3.6)

with o a suitable constant such that 0 < ¢ < min {p -1, %} . The constant K depends

on N, 5, p,q, 19, |lc] ;e -

Proof.
Let be u and v the weak solutions to problem (3.0.7) with data f, g € C*(Q)
respectively. Denoted by p the distribution function of |u — v|, let us consider the

test function
lu—v|(z)
o) =sign(u—v) [ (o)
0

with a > 0. Taking ¢ in (3.0.7) with data f and g, and subtracting get
/Q [(a(z, Vu) = a(z,Vv)) -V (u—v)] [ (Ju =] ())]" do =
= /Q [ (z,u) = @ (z,0)] - V (u—0) [u(Ju— o] ()] dz + /Q (f —9)pdz.  (3.3.7)

Case p > 2.

From (3.3.2) the left-hand side of (3.3.7) satisfies
/Q [(a (2, V) —a(2,Vv)) - V (u—0)] [ (|u—v| (2))]" dv >

>5[ IV (a= 0 [n (ju o] (2))]" do. (3:38)

Now we evaluate the right-hand side. From (3.3.3) and Young inequality we deduce

/Q[@ (w,u) = @ (2,0)] - V (u =) [p(ju = o] (2))]" dw <

<K / 1V (4= )P [ (ju — o] (2))]" dc+

+K [le]l ;o / [l + [0 ®2 Ju — v [ (Ju — v] ()))* da. (3.3.9)

42



Now we get an estimate of the last integral in (3.3.9). From (3.1.3), Holder inequality
and (3.1.6) we have

[l Bl = o [ = @) <

p—2
p(p— 2) p(p— 2) 1 (N—p) p—1
<Kllu-ol 4 [nfnzﬁ 7y gl ] ( | )
Na7p+N’ 0
(3.3.10)

Since a > ( the last integral in (3.3.10) is finite. By (3.3.10), inequality (3.3.9)

1)’

becomes

[ ) = @ 0] 7 (=) (=] @) o <
<K [ 9= 0 (1ol (@) do+

|: p(p—2) p(p—2)

2 2
+K||u—v||” o I+ Dl (3.3.11)

—p+

Let us consider the last term in (3.3.7)

1 =sllelde < 1f = gl el (3:3.12)
Since « satisfies (3.2.8), then
+o0 1]
sup |¢ (x)]| = / [ (t)]adt:a/ s* Hu—v) (s)ds=alu—ov||s,. (3.3.13)
Q 0 0 o

Fixed m < ¢*, we choose « in such a way that

Np

TP o< 3.3.14
Na—pt+nN =4 (3.3.14)

Hence it results that £ < m. So using (3.3.8), (3.3.11) - (3.3.13) and condition (3.3.14),
by (3.3.7) we obtain

/ IV (= )P [ (ju — o] (2))] dx <
Q

p(p— 2) p(p— 2)
1 p—1
< Kllu— ol [||f||£”1 N P (33.15)
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_p_

From Hardy-Littlewood inequality, and choosing once again « so that ¢ < 1,

we get
/QIV (u = )" [ (Ju = vl (@)]" dw = K[V (u = 0)[[I"p_, = K[|V (u=0)|llZ, -

Therefore, by (3.3.15) and by last inequality we obtain (3.3.4).
Case 1 <p<2.
Let us consider the function

V—o)
(19ul +[0) 7

G(x) =

Coming back to (3.3.7), now we consider the hypotheses (3.3.1) on a and the assump-

tion (3.3.5) on ®,we get:

/Q G [ (ju— o] ()] de < K / @) |V (= o) fu— o™ 1 (fu — o] (2))]° dot
+ /Q |f — gl || dz. (3.3.16)

Fixed 0 < 0 < p—1, we set

f=/QIC(JI)IIV(U—U)I|u—v|”_1_"lu—v\"[u(|u—v|(I))]“dl"

Let be m < ¢*, we choose a such that é < m < q¢. Now let 0 be 0 < 0 <

min {p -1, %} Denoted by 6 the positive number such that % =1-2 -1 we

m q’

can apply Holder inequality and have

%
1< el ot = vl 1192 + 0]l ( / = 0] P [ (Ju = ] ()] dx) .

From the Hardy-Littlewood inequality, the comparison result (3.1.6) applied to u*

and v*, and by a priori estimate (3.2.2) on the gradient of u and v, we finally have:
I <K |lu=v|Tm (1l + gll) =" (3.3.17)
By (3.3.16) and (3.3.17) , we get

/Q G [ulfu— o) @) d < K ot — o]l (1l + llgll) F5F + / (F — 9)l ] do.
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The term [ |(f — g)||¢| dz is evolved as in the case p > 2. So we obtain:
Q

[ G bl = o))" do < K o= ol (17l + Dl )5 +

HE [Ju = ol g 1 f = 9ll 1 - (3.3.18)

Now we estimate from below the left-hand side of (3.3.18) by proceeding as in the

proof of Theorem 3.2.1. Indeed, by Hardy-Littlewood inequality:

/QG(:L“)” [p(lu = v (@) dae > |G]7,_,-

p

Tra» We have:

If we choose once again « in way that ¢ <

o p—ag
1GIZe < K lu = ollm (A1 + llgllp) == +

+ K lu = ol g [[f = gll 1 - (3.3.19)

Since
P
o (1 )
/Q|V(u — U)|qdl’ S K HGHqLI?;/ (Hf”Lll + ||g||L11) )

then

[MIS]

1 1\ -
IV (u—0)|l 0 < K ||GI[5 (Hf”ffl + \|9H£Tl> : (3.3.20)

From (3.3.19) and (3.3.20) we have:
IV (u =)l o < K flw=0llzm (1112 + ol )=+l = 0l (110 + gl 0) 0D
where K' = K(N, p, ¢, 8, 1], [[cl| ). =

Remark 3.3.2 The result of the Proposition 3.3.1 is still valid when c(z) belongs to

Loi: the only difference from our case is that o has to be choosen as

. Jm a—,%
0 < o0 < min _/’l—N—p .
m

- N(p-1)

Now we are ready to prove the following result:

45



Theorem 3.3.3 Letp > 2—+ and let us assume conditions (3.0.8), (3.0.11), (3.5.1),
(3.3.2). If f € LY(Q), or, more in general, if f is a Radon measure with bounded total
variation, there exists at least a SOLA for problem (3.0.7). Moreover such solution

belongs to W, 9(Q) for every q which satisfies

Np-1)

l<qg<
1=~7"N 71

Proof . Let be {f,},y @ sequence of functions in C'*°(£2) which weakly —* converges
to f in the sense of measures. By well-known results there exists a solution w, €

Wy (Q) to problem (3.0.7) with datum £, (see [52], [81]); so we have:

/(a(x, Vu,) - Ve)dr = / O(z,u,) - Vodr + / frpdz, Vo € C3°(2). (3.3.21)
Q 0 Q

The a priori estimate (3.2.2) ensurse that the sequence {u,} is bounded in W, %(2), ¥
q< % and so it is compact in L™ for every m < ¢*. By Proposition 3.3.1, we can
deduce that there exists a subsequence, denoted again with {u, }, which converges in
Wy 4(Q) to a function v.

Now we pass to the limit in (3.3.21) . Let us consider each term in (3.3.21) . Obviously

we have

n—-+40o

lim /angpdx:/ﬂgpdf Vo € C5°(92). (3.3.22)

For what concerns the terms on the left side, using growth conditons (3.0.9) on a and

(3.0.11) on @ and the properties of Nemytskii operators (see [78]) we arrive at

a(z, Vuy,) ] a(z, Vu), (3.3.23)
and
(LN
O(z,u,) — P(x,u). (3.3.24)

(see also [6] for a detailed discussion). Therefore, thanks to (3.3.22), (3.3.23),

(3.3.24) , we can pass to limit in (3.3.21) ; this ensures that u is a SOLA. =
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3.4 Uniqueness results

The previous result is not enough to get the continuity with respect to data. To this
aim, we first need an estimate of rearrangements of the difference of two solutions in
term of L' norm of the difference of data. To get this result, we have to strength
hypotheses on the structure of the operator; in particular choose as model of the lower
order term ®(z,u) = ¢(x) |u|”; it satisfies conditions (3.4.2) or (3.4.6) .

The range of variability of ~, specified in the following propositions, includes the

classical case ¥ = p — 1 under more restrictive assumptions on the value of p.

Lemma 3.4.1 Let p > 2, let us assume condition (3.0.9) and

(a(@,&) —a(@m) - (E—n) =6+ + )2 lE—n?, >0, &neRY,

(3.4.1)
D, (z,5)| < e(z)|s]"7", (3.4.2)

with
() >0, clx)el’(Q), r>N (3.4.3)

and

1§7<%:;—i\£§5:;;. (3.4.4)

If u and v are solutions to problem (3.0.7) with data f and g in L' (Q), then

* _N=2
(wu=—v)" () S K| f=gllps 7, (3.4.5)
where K is a constant which depends on N, 6, |Q|, p, || fll;1. gl 7

Lemma 3.4.2 Let 2 — + < p < 2. Let us assume conditions (3.0.9), (3.3.1) and

D, (z,5)| < e(z) (1+]s])", (3.4.6)
with
(@) >0, o) e L"(Q), r> % (3.4.7)
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and
(N-D(p-1) N@p-1)
v < N IN—p) (3.4.8)

If u and v are solutions to problem (3.0.7) with data f and g in L' (Q), then
(=) (5) S K [If = gllya s~ 50K, (3:4.9)

for some ¢ > %. The constant K depends on N, 3, Q] p, [[fll .1 gl 7 g

Proof of Lemma 3.4.1.

Set w =u—wv and h = f — g. For every fixed ¢, k, positive constants, we consider the

function
k signw if Jw|>t+k
V=4q (w—t)signw ift<|w <t+k
0 otherwise.

Using U as test function in equation (3.0.7) with f and g as data, subtracting and

dividing by k, we have

% / [a(xz,Vu) — a(z, Vv)] - Vwdr = % / (@ (z,u) — ® (x,v)] - Vwdx+
t<|w|<t+k t<lw|<t-+k
1
+ / h signw dx + % / h|(w —t) signw] dz. (3.4.10)
|w|>t+k t<|w|<t+k
We set
v(z) = (1 + |Vu| + |Vo|)P2 (3.4.11)

By using assumptions (3.4.1), (3.4.2) and the definition of v(x), (3.4.10) becomes

J t+k
% / v(z) [Vw|® de < (t+k) / c(@)(|u] + [v]))" ! | Vw| dz+
t<|w|<t+k t<|w|<t+k
1
+ / h signw dx + z / h{(w —t) signw]dx.
|w|>t+k t<|w|<t+k
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Now, since v(x) > 1, applying Hélder inequality and letting k go to zero in the

previous inequality, we obtain

d , t( d , o\ 2
—— v(z) |Vw|"de < - (——/ v(z) |[Vw| dx) X
dt ) O\ dt Jywpse
; 1
(<5 [ etePul plpovae) |+
|w|>t
1
+_/ |h| dz. (3.4.12)
0 |w|>t

If 1+ denotes the distribution function of w, proceeding as in [7], it is possible to define

a function 7T such that

T(u(t) (1) = ( /| el + |v|>2<v-1>dx) . (3.4.13)

The function defined in (3.4.13) is a weak limit of functions having the same rear-
rangement of c(z)?(|u| + |v])20~Y.
By Hardy-Littlewood inequality and by the definitions of T, we obtain

4
dt |w|>t

N

[T(p(1))]? x

d .\ 1 [
X ——/ v(z) |Vw|” dz +—/ h*(s)ds. (3.4.14)
dt |w|>t 0 0

On the other hand, denoted by ky = w]lV/NN , by isoperimetric and Schwarz inequali-

t !/
v(x) |Vwl* dr < 5 W)l

ties, since v(z) > 1, it follows (see [107])

d

1

d 2

% < =L [ | Vw|de < ——/ v(z) [Vl de ) @, (3.4.15)
dt Jyw|>t dt J |t

[NIES

that is

(3.4.16)

=
=
<
g
T
U
S
N———
|
=
—~
N
e

! d
<kt (4 f
N dt Jw|>t
By (3.4.14), (3.4.16) we obtain

i | vemeta < (<5 [ v ivata) ol ruen

+%k:g,1u(t)11f1 (_i / V(x)|Vw]2dx>§|//(t)|é /O”(t)h*(s)ds. (3.4.17)



Using the (3.4.15), (3.4.17) becomes

2 2(%-1) [,/ Ho
P ] [ e (s)ds
0

Integrating the previous inequality between 0 and ¢, and using the definition of w*(s),

<K/IQI dt+K/Q| (3~ (/th*( )dT)dt.

Now we apply the Gronwall’s Lemma. we get

) < K/Im {t2(1 </ h(r )dT> (exp/stTiflT(T)%dr)}dt. (3.4.18)

Now we have to impose the right conditions on + which ensure that the following

| =
Eon

1< R ()R O] D) +

we have

integral

1
/ T%_lT(T)%dT < 400
0

This happens if the function T belongs to some space L? with 9 > % But we
have already observed that 7" has the same sommability of ¢(z)? ([u| + |v])*7" ™", so
% = % + % Hence we have to impose that
N N(p—1)
U > — d ¢ <—"—"=.
5 and ¢ N

This conditions are verified if we choose v as in (3.4.4). Then, the (3.4.18) becomes

€2
(u—v)" <K/Q (/th*( )dT)dtSK||f—g||LlS_NN_27

where K depends on N, 6, [, p, [|f[lz: [lgllp: v m
Proof of Lemma 3.4.2.
The proof of Lemma 3.4.2 is similar to that of Lemma 3.4.1. Let us consider (3.4.10)

and (3.4.11). By (3.3.1), (3.4.6) , we get

2 [ P avelverae < Sl ol Wl des

t<|w|<t+k t<|w|<t+k
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1
+ / h signw dx + e / h(w —t) signw] dz.

lw|>t+k t<|w|<t+k

Since p < 2, we have (|Vu| + |Vv|)2_7p < (14 |Vu| + |Vv|)2%p, and so

P e (v vy <

t<|w|<t+k

(14 |Vu| + |Vo|) =" da+

(R RSV il 1

g 2—p
K (IVul +[Vo[) =
t<|w|<t+k
1
+ / h signw dx + Z / h|(w —t) signw] dz. (3.4.19)
|lw|>t+k t<|w|<t+k

By Holder inequality in (3.4.19) and letting k go to 0, we have

d d 1 oAv—1)  \ 2
—— \Vw|* (|Vul+|Vo|)P2de < Kt (——/ c(a:)2< + Jul + [vD) d:L‘) X
dt > At Jjw|>¢ v
d 3
X (——/ IVw|® (|Vu| + \Vv|)p2d:r;) + K |h| dx. (3.4.20)
dt |w|>t |w|>t
Arguing as in the previous proof, we introduce two functions T and v such that
- d 1+ Ju| + |v])20D
() )] = % [ ewp T D a0
|lw|>t
Sule) ol =~ [ S (3.4.22)
a a S dt v o
|w|>t
From (3.4.15) , we obtain
1
2
1 d — 1 1
Fap(t) Y < | == / VWl (IVul + [VolP~2de | w(u()? W07 (3.4.23)

|w|>t
Therefore, by (3.4.23) the (3.4.20) becomes

d

dt |w|>t

S

IVl (|Vu| + [Vo|)P-2de < KtT(u(t))? |1/ (£)]2 x

1
d 2 p—2 ?
X | —— |\Vw|” (|Vu| + |Vo|)P2dz | +
|w|>t
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R ()~ () ® [ (1)) x

3 pu(t)
« (_i / |Vw|2(|Vu|+|Vv|)p_2d:v) / W (7)dr (3.4.24)
dt |w|>t 0

Proceeding as in the case p > 2, we obtain

<K/IQ (ym)ﬁ+K/ ﬂw>U<EM@W>@

then, by Gronwall’s Lemma and integration by parts

) < K/lm {ﬂ )(/ W (T )dT) (exp/:wlv—lﬂr)éu(ﬂ%w)}dt.

(3.4.25)

Now, we want to impose the right conditions on ~ which ensure that

12 _
/ T%_IT(T)%I/(T)%dT < 400.
0

2% and v has the same sommability

1

2

T has the same sommability of ¢(z)

of ﬁ; recalling the expression of v and the estimate (3.2.2) , we deduce that <Z_’;)

belongs to L?(Q) with § = Vq—_*l + % + 1. So the integral is finite for every ~ such

that
N(p-1)
N—-1"~
which holds true if condition (3.4.8) is satisfied. Coming back to (3.4.25), we arrive

¥ > N, q*<—p) and ¢ <

at
o
uﬁ@)SJ(WMLi/ 2 =Vp(t)dt.

Using the sommability of v(¢) and the Holder inequality, we have

q—2+p

_ e ; a
oo [t
L7 |/,

* _N=2_(9_
(w=0)"(s) SK|f = gllps— 7 P,

w(s) < K|l

and then

for some ¢

( ) » Dy HfHLl HgHLl r,q. B

Thanks to Lemma 3.4.1 and 3.4.2, now we are able to prove the following unique-

ness results:
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Theorem 3.4.3 Let p > 2, let us assume hypotheses of Lemma 3.4.1. Then the

problem (3.0.7) has a unique SOLA.

Theorem 3.4.4 Let 2 — % < p < 2, let us assume hypotheses of Lemma 3.4.2. Then

the problem (3.0.7) has a unique SOLA.

Proof of Theorem 3.1.2. From (3.4.5) and (3.3.4) we get:

Io] =D
IV(u—=v)|, <K (/ (u— v)*mds> <
0

N o M=y
< K|If - gl / ) .
0

Np
Na—p+N

The last inequality holds for every m such that <m < q*. If we choose

N =2
N Y

a >

then

1

oL -1
/ s~ N (s
0

_1
IV(w =)l < KI[If—gll7",

is finite, and so we get

which ensures the uniqueness of the SOLA. =

Proof of Theorem 3.1.3. From (3.4.9) and (3.3.6) we obtain that:

1 a
IV(u =)l < Klu vl + Kflu—vlf. <

1
3 L 2 P 20 Noo . eope 2%
=Xl _9H21 (/ s a ds +K || f _gHil / s N 1 *%ds .
0 0

If 7 satisfies condition (3.4.8) the last integral is sommable, so we get:

1 o
IV(u =) <Kf—gllf + KIf —gllfi
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CHAPTER IV

NON-UNIFORMLY ELLIPTIC EQUATIONS

In this chapter we prove a class of Dirichlet problem for degenerate elliptic equations

of the type

—div(a(z,u,Vu)) + H(z,Vu) = in
(a(z,u, Vu)) + H(z, Vi) = p 026,

u=20 on 052,

where €2 is a bounded open subset of RY, N > 2. 1 <p< N,a: QxR xRV — R¥Y

is a Carathéodory function such that

a(z,s,£)¢ > v(x) S, (4.0.27)

la(z,s,8)| <v(z) “5‘;)4 + 5P + ag ()], ao(z) € LY (v), (4.0.28)

for almost every = € , for every s€ R, for every £ € RY | where v(z) is a nonnegative

function verifying

v(z) e L"(Q),r > 1, (4.0.29)
v(x) '€ LY(Q), t>N/p, 1+1/t<p< N(1+1/t). (4.0.30)

Morover we assume that a is monotone, that is
(a(x,s,&) —alz,s,m), & —n) >0, (4.0.31)

for a.e x € Q, for every s€ R, for every &, n € RN, & £ 1.

Furthermore H :  x RV — R is a Carathéodory function such that
|[H (z,€)| < b(x) €7 + bo(), (4.0.32)

with
bo(x) € L), (4.0.33)
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p'pt

b(z) € L7(Q), 7> : 4.0.34
(v) € L(Q), T t—(t+ 1) +p) ( )
where p is defined by
_ p*
= (4.0.35)

and let p* denote the number (p#)~! =p=1(1 +1/t) — N-L

The existence of a distributional solution for non-uniformly elliptic problem has also
been proved by Rakotoson in [101] when H = 0 and by Betta, Del Vecchio and
Posteraro in [16] by using classical symmetrization methods. Regularity results for
such a solution are proved in [42].

Here we prove an existence result for renormalized solutions contained in [55]. The
main features in studying this problem are the non-uniformly ellipticity condition and
the fact that the operator is not coercive. The proof of our result consists of several
steps. Firstly we introduce the ”approximated problems”, then we prove an apriori
estimate for the gradients of its solutions. This estimate can be easily done when b is
small enough since in this case the operator is coercive. When the norm of b is not
small ,we use Bottaro-Marina technique ([35]) which consists in decomposing b in a
finite sum of terms having norm small enough. Finally we pass to the limit in the
approximated problems by using a stability result which is an extention of a result
proved in [48] (see also [72]). The same approach has been used in [20] where a is an
uniformly elliptic operator (see also [72], [73] for uniformly elliptic operator with two

lower order terms).

4.1 Definitions and first properties

In this section we recall some properties of the measure ([48]), a few properties of
weighetd Sobolev spaces ([89]) and, finally, the definition of renormalized solution to

degenerate nonlinear elliptic equations with measure data ([48]).
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4.1.1 Weighted Sobolev spaces

Let be Q a bounded domain in RY, N > 2, and let v(z) be a nonnegative function
on  such that v(x) € L"(Q), r > 1, v(z)~t € L'(Q), t > N . We denote by L?(v),

p > 1, the space of measurable functions v such that

1/p
||u||Lp(,,) = (/Q |U’pV(l’)d£U> < 00, (4.1.1)
and by W'P(v) the completation of the space C*(Q) with respect to the norm
||u||W17P(V) = ||u||LP(V) + |||VU’|||LP(V) : (4.1.2)

Moreover we denote by Wy”(v) the closure of C3 () in W' (v) and by W1 (1/v)
the dual space of W, ?(v). The elements of the dual space W~ (1/v) are described

by the following Proposition ([89]).

Proposition 4.1.1 If T is a continuous linear functional on Wy *(v) then there exist

(N+1) functions fo, fi,..., fn on Q such that

foeP(w™), fell(v), 1<j<N (4.1.3)

and

T(u) = /(fguu2/p_1 + fjum].VZ/p_l)dx, for ue WyP(v). (4.1.4)
Q

Conversely, any set of functions fy, fi,..., [n satisfying (4.1.3) defines a continuous

linear functional by means of (4.1.4) on Wy (v).

Now we recall some Sobolev-type inequalities which will be used in the following

([89])-

Proposition 4.1.2 Let v be a nonnegative function on €2 such that

vel(Q),r>1, viel(Q), t>N, (4.1.5)
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Let p be a real number such that

t>N/p, 1+ 1/t <p< N(1+1/t). (4.1.6)

Then there exists a continuous linear imbedding of WP (v) in L (Q) and there exists

a constant Cy > 0 depending on N,p,v,t, such that
17
[ull o ) < CollVulll oy, Ve W (v). (4.1.7)

Proposition 4.1.3 Let v be a nonnegative function on § such that (4.1.5) holds true

and let p a real number such that (4.1.6) holds true. Let p denote the number

Then there exists a continuous linear imbedding of Wy (v) in LP(v) and a constant

C{ > 0 depending on N,p,v,t, such that

lull 5y < CNVUlll gy Yu € WeP (v). (4.1.8)

Finally we recall a Poincare-type inequality for weighted Sobolev spaces:

Proposition 4.1.4 Let v be a nonnegative function on §) such that (4.1.5) holds true
and let p a real number such that (4.1.6) holds true. Then Wy (v) is continuously

imbedded in LP(v).
4.1.2 Decomposition of measures

Now we recall the definition of (p, v)-capacity ([86]), which extends the notion of p-

capacity given in Chapter II.
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The (p, v)-capacity cap,, (K, ) of a compact set K C € with respect to €2 is defined
by

capy(K,2) = inf § [ v(a) [Vl 0 € CF (), 2 xc .
Q
where x i denotes the characteristic function of K . If U C 2 is a open set, we denote

capy,, (U, Q) = sup {cap, ,(K,Q) : K compact, K CU},
while the (p, v)-capacity of any subset B C € is defined as
capy,,(B, Q) = inf {cap, ,(U,Q) : U open, B C U} .

We denote by My, (€2) the set of all measures p in M, (§2) which are absolutely
continuous with respect to the (p,v)-capacity, that is pu(B) = 0 for every Borel set
B C Q such that cap,, (B,Q2) = 0. We define M, (2) the set of all measures p
in M, (2) which are singular with respect to the (p,v)-capacity that is which are
concentrated in a set £ C € such that cap, ,(E,Q) = 0.

The following proposition is analogous to Proposition 2.3.7 and it is a consequence of

the decomposition result proved in [66].

Proposition 4.1.5 For every measure in M, () there exists an unique pair of mea-

sures (fo, pts) with g € My, (Q2) and ps € M, (), such that p = pio + ps.

The measures jp and us are the absolutely continuous part and the singular part
of u with respect to the (p, v)-capacity. Moreover, by adapting the proof of the result

proved in [33], we obtain the following properties which states that

Proposition 4.1.6 Let ug be a measure in M, (2). Then uy belongs to My, () if
and only if it belongs to L'(Q) + WY (1/v). Then there exists f € L'() and
g€ (LP (1/vP~Y) )N such that

po = f — div(g), (4.1.9)
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in the sense of distributions.

By Proposition 4.1.5 and 4.1.6 we get
Proposition 4.1.7 Every measure j in My(S) can be decomposed as follows

= pio + prs = f—div(g) +pg — py, (4.1.10)

where py is a measure in My, () . It can be written as f — div(g), with f € L*(Q)
and g € (LY (1/vP= NNyt us are two nonnegative measures in M, (Q), which are

concentrated in two disjoint subset E*, E~ of zero (p,v)-capacity.
4.1.3 A technical result

In this section we prove a generalization of a result proved in [13] (see also [20]) which
allows us to obtain an a priori estimates for the gradients of the solutions. Here we

denote by
measl,E:/u(x)d:c,
E

for any measurable set £ C RV,
We will use the weigthed Lorentz spaces L™>*(v), 0 < r < oo which is the set of

measurable functions such that

1/r < 400.

[ull zroo () = sup ¢ meas, {x € Q: [u| >t}
>0

The main result of this section is the following:

Lemma 4.1.8 Assume that 2 is an open subset of RN with finite Lebesque measure
and let v be a function such that (4.1.5) and (4.1.6) hold true. Let u be a measurable

function such that Ty, (u) € WP (v) with k > 0 and such that

/ V(@) |VTp(w)]” < Mk + L, (4.1.11)
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where M and L are given constants. Then |ul’~" € LP/P>°(v), |[VulP~" € L%’oo(u)
and

[Juf!

< C(N,p) [M +|QM? LI/P’} , (4.1.12)

HL:E/;D’OO(V)

(157l ) < C(N,p) [ M+ 107 L] (4.1.13)

HL@’W(?%?J)@O(V

where C'(N,p) is a constant depending only on N and p .

Remark 4.1.9 Under the assumption of Lemma 4.1.8, the functions |u|p_1 and
|Vul"~" belong to the weighted Lorentz spaces LP/P>° (1) and L%’m(v) respectively.
By classical results ([89]) such spaces are imbedded in the weigthed spaces LY (v),
v < g and L1 (v), ¢ < %. Actually we will just use estimates of |ul"~" and |[Vu["~"

in L7 (v), and L7 (v) respectively.

Moreover we observe that, if v is a constant then % = —— and

Proof.

We begin by proving (4.1.12) . For any hy > 0, we have

[ful”™

-1 p/p
I oinceiey = sup homeas, {o € Q- u™ > n}™ < (4.1.14)

< sup h meas, {a: eN: \u|p*1 > h}p/ﬁ
0<h<hg

+ sup h meas, {v € Q: |ulf" > h}p/]5

h>hg

< ho |QP? + sup h meas, {z € Q: |[uf’”" > h}p/ﬁ.
h>ho

Now we observe that
WP meas, {ze) : |u| > h} < / TP (u)v(z)dx <
Q
p/p
< C(N,p) ( / |VTh(u)|pv(:c)d:c)
Q

< C(N,p)(Mh + Ly,
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that is for every h > 0
WP meas, {z € Q: jul’" > h} < C(N,p)(MAYP=t 4 L)P/P,
Then we obtain
meas, {z € Q: lufP~t > h} < C(N,p)(Mh™" + LhPP/P,
that is

hmeas, {z € Q: [uf’ ' > W} < O(N,p)(M + Lh™"), (4.1.15)

By (4.1.15), inequality (4.1.14) becomes

[ul!

o/ y < 0 Q7 + C(N,p)(M + Lh'7).

Taking hg = éﬁ—jl))%, we have (4.1.12).

Now we estimate the |Vu[P™"

For every o > 0 and every k£ > 0, we have

pP meas, {z € Q: |Vu| > p and |u| <k} < / |Vul? v(z)dx (4.1.16)

lul<k

_ /Q VT ()P v(2)de < (Mk + L),

_ (Mk + L)P/»
meas, {z € Q: |Vul’ "> pand |u| > k} < — (4.1.17)
By (4.1.16), (4.1.17) we have
_ (MK + L) (Mk + L)P/p
meas, {z € Q: |Vul’ b p} < o + C’(N,p)T. (4.1.18)
Now if we write k = a + b with @ > 0 and b > 0, (4.1.18) becomes
M MO M
meas, {z € Q: Vaul["~" > p} < ? +— + —+ (4.1.19)
lup Iu}’ MP

+ C(N, p)2P/P MPIP(q + b) 5 P4

+ C(N, p)2P/PLP/P(q + b) 7P,
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for every > 0 a > 0,0 > 0. Ifweobservethatg—ﬁ:ﬁ(%— ):—§<Owe

deduce

SAE

(@tb)i?<a v, (atb)?<bP,

By (4.1.18),(4.1.19) , we obtain

meas, {z € Q: |[Vu|"~ 1>,u}§7—|—

+ C(N, p)2p/pMp/pa I +C’( p)2P/PLP/PyP
< C(N,p) [@ L gt MO b‘ﬁLﬁ/p}
HP P

L

1

+ C(N, p)

- 2

If we take a = Mp+g<:—1>M(P—U[Piﬁ(ﬁ—lﬂ and b = (%) """ we obtain
M @)/ (p+p(p=1)
) +

meas, {z € Q: |VulP™' > u} < C(N,p) [(7

s

MLl/p 5/(5"’1) L
+0<N,p>[( =)

Since —22_ — 24P , we have
p+p(p—1) p'p

L‘tﬁ M o ! 15 _ /o~
meas,, {x eN: |Vu]p*1 > ,u} rr < C(N,p) {— + MP/?HPULP/;#UN é‘iﬁ]
1

P+ p’+5}
bl

+ C(N,p) |:Lp’ﬁu b

or equivantely

+

p p(p+1)
M+MP(P+1 (L p'p /Hﬁ)

24P
p meas, {zeQ : [VulfP™' > u} 77 < C(N,p)
p'+b

C(N,p) (L/ufﬁﬂ?) .
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By Young inequality we have

o5 i 5
p meas, {z € Q Vu[P™" > p} 7" < C(N,p) |M + (Lp)) M] (4.1.20)

i pp+1
i -~ I p'tﬁ
p p'p

+C(N,p) <mﬁ+ﬁj>(ﬂﬁyw%@>

r L p'tﬁ
+CON.p) <m)

r Lp’tﬁ
< C(N,p) + i

By (4.1.20) we deduce that

P tp
supp meas, {z € Q: [Vu'™' > pu} 77 <
n>0

24D
sup p meas, {x € Q: [Vul' ™' > u} 77 +
0<p<po

24P
+ supp meas, {z € Q: |[Vul' ™ > p} 7

M2 o
o' +p
p' 4P D
< o |2 77 + supc M+ ——| <
B> po pr ey
, [
' +p p'p
c Ql» " M —
MO' ’ T p'/p

1/p
By choosing py = (ﬁ) we have (4.1.13). =
4.1.4 Definition of renormalized solution

Now we recall the definition of renormalized solution to problem (4.0.26), which is

an extension of the Definition 2.3.9 given in Chapter II..
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Definition 4.1.10 We say that u is a renormalized solution of (4.0.26) if it satisfies

the following conditions

u is measurable on €, almost everywhere finite,

Ty (u) € WP (v), k>0

WPt e L' (v), v <L (4.1.21)
P
- P'p
VulPt e LI(v), g < _: 4.1.22
VP e L1w), g < L (4.1.22)
1
lim — a(x,u, Vu)Vup :/gpd,uj; (4.1.23)
n—0oo 71 nlu<2n Q
1
lim — a(z,u, Vu)Vup = / odpy ; (4.1.24)
n—oo 1} —2n<u<n Q

for every p € CY () and

/a (z,u, Vu) Vuh' (u)v + /a (x,u, Vu) Voh (u) + /H(x, Vu)h (u)v  (4.1.25)

Q Q Q
= / fh(u)v+ / gVuh' (u) v+ / gVuh (u);
Q Q Q
for every v € WP (v) N L>® (Q) and for every h € W1 (R) with compact support in

R, which are such that h(u)v € W, ” (v).

4.2 FExistence result

In this section we prove the existence of a renormalized solution to problem (4.0.26) .
The proof of our result consists of several steps. Firstly we introduce the ”approxi-
mated problems” and we prove an apriori estimate for the gradients of its solutions.

Finally we pass to the limit in the approximated problems by using a stability result.

Theorem 4.2.1 Assume that (4.0.27) — (4.0.35) hold. Then there ezists at least a

renormalized solution to problem (4.0.26) .

64



4.2.1 Approximated problems

According to (4.1.10) the bounded Radon measure p can be decomposed in

p=f—div(g) +p — .

where f € L'(Q), g € (L” (1/v*~)N, uf, us two nonnegative measures in M, ()
which are concentrated in two disjont subsets E* and E~ of zero (p, v)-capacity. The

measure 4 can be approximated by a sequence p. that is

e :fs_div(g)+)‘:__>‘s_v

where

. is a sequence of functions in L' (Q
4 () (4.2.1)

that converges to f in L' (Q) weakly,

Al is a sequence of nonnegative functions in L* (Q)

Npt

with o = S r

that converges to u} (4.2.2)

in the narrow topology of measures,

M- is a sequence of nonnegative functions in L“ (2)

™

with a = Npt )that converges to i (4.2.3)

PN+ —N(i+1

in the narrow topology of measures.

We observe that p. € W~ (1/v) by Propositions 4.1.7.

Let us denote by
He(z,8) = Tije(H(z,€)). (4.2.4)
By (4.0.32) we have

|H€(ZL‘,§)| < |H(CL’,§)| < b((L‘) |vu|p—1 + bo([E),

|H.(2,8)| < (4.2.5)

o | =
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Let us consider the following approximated problem:

—div(a(z,us, Vu,)) + H.(z,Vu,) = . in Q
(a( ) ( ) =p (42.6)

u, =0 on Of).

A function u. is a weak solution to such a problem if it satisfies the following condi-

tions:

(

Ue € W()Lp (V)v

/a (z,ue, Vue) Vo + /Ha@,vue)v = /fsv + /QVU+

J (4.2.7)

Q Q Q
//\:v + /)\E_U, Vo € W (v).
Q Q

The existence of a weak solution u. to problem (4.2.6) is obtained by adapting the
proof of classical results proved by Leray and Lions ([80]). Moreover it is easy to verify
that a weak solution to problem (4.2.6) is also a renormalized solution to problem

(4.2.6) .
4.2.2 A priori estimates

Now we prove a priori estimates in the weighted spaces L7 (v), v < g for the sequence

P~! and a priori estimate in the space L¢ (v), q ]}’;@7 for the sequence of the

|ue
gradients |Vu,|" ~!. The proof is divided in several steps. We begin by considering
the case where [|b[| o) is small enough for the sake of semplicity. Then, in the general

case, we adapt the technique of Bottaro and Marina ([35]).

Theorem 4.2.2 Under the hypotheses of Theorem 3.1 every solution u. to the prob-
lem (4.2.7) satisfies

H ’uslp_l

[P (4.2.8)

Vel oy < (4.2.9)

HL[I(U)
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P'p

s C is a positive constant which depends only on p, ||,

where v < g and q <
N, ||b(x)||LT(Q)7 sup, || f=ll 11y » supe (A2 () + A2 (2)), and on the rearrangement of
b(x).

Proof. The case where [|b(x)]| , o 18 small

Using Tk (u.), k > 0, as a test function in (4.2.7),we obtain

/a z, ue, Ve ) VT, (ue) /H x, Vu )Ty (ue) (4.2.10)

Q/QfaTk (u5)+/QgVTk (ug)+/Q>\E+Tk (Ua)_/QAa_Tk (ue) -

Now we estimate the single integrals in equality (4.2.10) . From the ellipticity condition
(4.0.27) we obtain

/a (x, ue, Vue) VT (ug) > / a(x,ue, Vue) Vue (4.2.11)
Q ‘UE‘SI‘?
> / v(z)|Vul’ = /1/ () VT, (u)]? .
lue|<k Q

By (4.0.32) and by Hélder inequality we have

H.(z, V)T, (ue)| < [ b(@) | V" Th (ue) + | bo(x)T (ue) < (4.2.12)
g / /

gklfmﬂv%w*+@/%@>

<k ||b($)||LT(Q) Hy_l Hl/q H|vu€|p71HLq(u)

+ k1ol 1@ »
Moreover it results:
[ 58 w) < g (12.13)
[ N ()| < /Q A (4.2.14)
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/QAnTk (ue) gk/QAn. (4.2.15)

Now we estimate the last integral in (4.2.10) . From Young inequality we obtain

Q

1 1 /
< - / v(z) VT (u) P + = / gP Ve, (4.2.16)
P Ja P Ja

By definition of the convergence of measures in the narrow topology, we have
Sup||fs||L1 + sup (A () + A2 () < +o0. (4.2.17)

By (4.2.10) — (4.2.17) we obtain

/Qv(x)IVTk(uEW’ kD | 0@ e I @)1 | Vel o) (4-2.18)
& bo(@) @) + 7' sup | fell o

+k p'sup ()\: (Q) + A7 (Q>) + Hg“ip/(l/,,p—l) :

Now we define

M = p’ |:||b(x)||LT(Q) Hy_l Hl/q Q) H|vue|pilHLq(Q)] (4219)

iy [ubo< sy 500 12l oy + 510 (OF () A7 <Q>)} ,

M= [||bo<:c>||L1(m T sup | ell sy + 5up (AF () + A m))] L (42.20)
||g||Lp l/l,p 1)' (4221>

Therefore (4.2.18) becomes

/ v (2) VT (u)]? < Mk + L. (4.2.22)

By Lemma 4.1.8 we obtain
|1Veel sy < e (N.p) [M+]007 L] (4.2.23)
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We have

1Vuel | gy < e NR) 10 o) 17 @) ey 11V gy +

LT (Q

11
+e(N,p) [ M+ 10 LY.
If the norm of the coefficient b is small enough, i.e.

1
e(N,p) 6@y 77 @)y < L.

LT(Q) }

we obtain

¢(N,p) [M* + |Q|%Li}

L= c(N.p) (@), o, 1710

|| ]Vu€|p_1

HL‘?(V) - ’

which is the a priori estimate (4.2.9).

General case

Now we want to decompose the term b(x) in a finite sum of terms. We will decompose

the term |Vu|’~" in a sum of term of type

p—1
|VU5| X{mip1<|ue|<m;}-

The values of the costant m; depend on m but not their number. I will vary between
0 and I < I * which is independent of V.

Now we define a new set Zy so that the measure of the set {x € Q : m; 11 < |us| < m;}
will be continuous respect to the parameter m for m; given. Since €2 is a bounded

open set, |{2| is finite and the set of constant ¢ such that
Hzx e Q:|u(x)|=¢c} >0

is at most countable.
Let be Z§ the union of all those sets and Zy = Q\Z§, the union of all the sets such

that [{z € Q: |u.(z)| = ¢}| = 0. Since
Vu. =0 a.e. on {ze€Q:|u(x) =c},
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we obtain that

Vu. =0 a.e. on Z;.

With this choice of m; we know that for m; fixed and 0 < m < m; the function
m — | Z, N {m < |uc| < m;}|

is continuous.
First step:

Define for m > 0 the function that is

0 ls| <m

S (s) = (4.2.24)
(|s| =m) sign(s)  |s| >m.

Using Ty, (Sm (ue)), with m to be specified, as a test function in (4.2.7), we obtain

/a x,ue, Vue) VT, (S (ue)) +/HE($,VU5)Tk (Sm (ue)) =

Q

_ /Q T (S (00)) + /Q VT (S (1)) + /Q ATy (S (1) (4.2.25)
—/)\;Tk (S (ue)) -
Q

Now we estimate the singular integrals in (4.2.25) .

By elliptic conditions (4.0.27), we have

/ 0 (2, e, Vi) VT (S (12)) > / v (@) [T (S (1)) (4.2.26)
Q Q
Moreover
JREICATHES A (42.27)
/ T (S (@)‘ <k / A (4.2.98)
/QA;Tk (Sm (ue))‘ < k:/QA;, (4.2.29)
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By Young inequality we obtain

[ VI (5, (ug))‘ <1 /Q o(2) VT (S, (us))|1’+$ /Q ¢ Ve (4.2.30)

p
Using the definition of S,, (u.) and that Vu. = VS, (u.) a.e. in Z. = Q — Z¢ we
have by (4.0.32)

/H 2, Vue )Ty, (Sm ( /‘b ) [VueP~ T, (S m(ua))l +/|bo($)Tk (S (ue))]
(4.2.31)

< 0@ | e zergutsmp 17 @ Ezantrucismy X

X1V (Sm @D gy + ElIboll 10

By (4.2.26) — (4.2.31) we have for & > 0

v @) VT (S, @l < M+ L (42.32)
0
where
My =P [16@) | 1z gruet s 177 @ L zenguasmy) ¥ (4.2.33)
X ||V (S ()P~ 1HLq + M*,

and where M*and L are defined by (4.2.20) — (4.2.21).

By Lemma 4.1.8 we have

1 —1 a
IV (S D) sy < ¢ N2 IB@ i oy 17 @) £ X
X1 (S )P |y + € (V) [M* 41007 L]

Now we observe that

o) we [T e s

b(x :/ b(x §/ b*(t). 4.2.34

LY (Zen{|ue|>m}) IZsﬁ{lus|>m}| 0
If
1 1
-1 P
(N D) IO, oy 1 @ ) < 55 (4.2.35)
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then we choose m = my = 0. If (4.2.35) is not true, we choose m = m; > 0 such

| ZeN{|ue|>m1} T U
de)(/ b ()7 dt (Ayt) -
0

The function m — |Z. N {|u:| > m}| is continuous, decreasing and goes to 0 when

that

m goes to oo . Now if we define § by

¢(N,p) ( /0 ’ b*(t)fau)i ( /Q yt) i % (4.2.36)

we have |Z. N {|uc| > m1}| = ¢ . With this choise of m, we obtain
11 (S @D gy < 2 (Vo) [M 4+ [0 17 ] (4.2.37)

Second step:

Define for 0 < m < m; the function

p
mp—m Ues > T

U — M m < u. <m
Sy (Ue) = ¢ 0 —m<u. <m (4.2.38)
U + M -mp <u. < —m

m — mq Ue < —MN

Using the test function T}, (Sy,m, (ue)) with m to be specified later we have

/a (@, ue, Vue) VI (Smm, (ue)) + /Hs(x, Vu) Ty (Smmy (ue)) = (4.2.39)

Q

/Q £ T (S (1)) + / VT (S (1)) + / N T (S (1))
- / ATy (S (122))
Q

Now as in the previous step we have

/ 0 (2, e, Vi) VT Sy (1)) > / v (2) [V Tk Sy ()P

Q Q
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Aﬁﬂm%mx%»SkWﬂﬂ@,

Axﬁu&mx%WSk[};

/Q AT (S, (ue))‘ <k /Q A

By Young inequality we have

1 1 /
/ gVTk (Sm,ml (ua)) < _/ I/(ZL‘) |kaSm,m1 (Ua)lp + - / gp I/_l/(p_l).
Q Q D Ja

p

Since Sy m, (1) = 0 when |u.| < m, we obtain

/ H (2, V)T (Spm; (u))| < k / b(x) |Vu /" +
Q

m<|ue|<mq

+/<:/ b(e) [Vu ! + k;/bo(:c)
[ue|>ma

Q

< klb (x)”LT(Zsﬂ{m<|ug|<m1}) HV_IHzt(Q) H|V (Smm (Ua))|p_1HLq(v)

1
+k |‘b($)HLT(Q) ||V_l||zt(9) ||’V(Sm1 (ue)) \p 1||Lq(v + k ”bO(-TC)HLl(Q)

Combining (4.2.39), (4.2.44) we have for k > 0

/ (2) |V Ty (Spmy (u))[P < Mok + L,
Q
where

(4.2.40)
(4.2.41)

(4.2.42)

(4.2.43)

(4.2.44)

(4.2.45)

M2 — p, ||b(l’)||LT(ng{m1<‘/u/g‘<m} HV_I(.T)Hzt Q) H |V (Sm’ml (U€)>|p_1 HL‘?(V) -+ (4246)

"‘Hb(x)HLT(Q) Hy_l”Lt H’V my (Ue)) ‘p 1HL<1 + M*,

where M* and L are defined in (4.2.20), (4.2.21).
By (4.2.9) we have

9 (S )
S C(N7 p) ||b<x)||L7-(|Z€n{m<|ua\<m1}\) ‘

+¢(N,p) [Hb@)ny(ﬂ) HV_IHzt(Q) H|V (S, (Ue))|p_1HLq(v)

||Lq(l/)

‘—1

+ (N, p) [M* Q7 Li] .
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If

1 1
-1 p
(N D) IO, s 177 @) < 5 (4.2.47)

then we choose m = mqy = 0. If (4.2.47) does not hold, we choose m = my > 0 so

that

1
C (N7p) ||b<x>HLT(|ng{m<|u5\<m1}\) Hyil<x)||zt(9) - )

N —

The function m — |Z. N {|us| > m}| is continuous, decreasing and goes to 0 when

m goes to oo . Now if we define § by

¢(N,p) ( /0 5 b*(t)fdt)i ( /Q y—t) " % (4.2.48)

we have |Z. N {m < |u| < my}| = ¢ . With this choice of m we obtain

1
119 S D™y < 2 €N ) [||b<w>uy(m Hv—luzm] X (12.49)

NV Sy @™ oy +

HL‘I(v)

+2¢(N, p) [M* 107 Lﬁ] .

Third step:

Now we define for 0 < m < my the function S, ., : R — R

(

mo — M Ue > Mo

Us — M m < u. < my
Smms (Us) =14 0 —m<u. <m (4.2.50)
Us +mM —mg < u: < —m

m — Mo Ue < —Mg.

As in the previous step we use T}, (Spm, (1)) with m to be specified later as test

function in the (4.2.7)

9@ 9Te (S (@ < M+ L.
Q
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where

My = P 10(2) | 1+ (2. <ot <y 17 @) gy 1Y (S @) | g,y +

Dl

+ b (= HLT(Q) H”AHU(Q) H\V m21 (e ) L4(v)

+ Hb(m)HLT(Q) HV_IH[E}(Q) H|V (Sml (uf ‘p 1||Lq(v) + M*7

where M* and L are defined in (4.2.20), (4.2.21).

As before we use Lemma 4.1.8, we choose m = mg = 0 in the case

1
-1 P
C (N7 p) ||b(x)||LT(\Zsﬁ{m<\u5|<m2}|) || HLt(Q) S 5 (4251)
and if (4.2.51) does not hold, we choose m = m3 > 0 so that
(V) [b(a)] I @l = 5 (4252)
P L7 (|Zen{m<|uc|<ma}|) L) — o° i
Now as in the previous step we observe that ms depends on n and
|Z. N {m < |ue| < mao}| =9
With this choice of m we obtain
1
19 S )P |y < 2 eN,) 1@ o0 Hy—l”;(m} (4.2.53)

H|V (sz,ml ( |P 1HL‘1 -
+2 ¢(N,p) ||b(l’)||y(ﬂ) H’/_luzt(ﬁ)]

117 (Suy @D | gy +

2o

+2¢(N,p) [M* + |07 Li] .

Final step

We repeat the procedure until i = I . If

<

[\DI»—t

e @, o T @) e
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then we choose m; = 0. Now we want to estimate I. We observe

Q] = [2n] = |Zn 0 {lue| > ma}| +|Zn 0 {my < Juc| <mi}|+

+ |ZN N {mg < |U5| < m2}| + ...+ + IZN N {m[_l < |U5| < m1_2}| .
By (4.2.36), (4.2.48) , we know that
1Zn N {|ue] > ma}| = [Zn 0 {me < |uc| <mu}| =
= |ZN N {m3 < |Ua| < m2}| = ...= |ZN N {m[_l < |U5| < m1_2}| = 57

with ¢ that does not depend on N. We realize that
Q] = (I = 1)o,

1< I, (4.2.54)
]

where I* = 1+ [T} . From (4.2.54) we deduce that I depends only on b(z) through
the definition of § but it does not depend on .

Now we define my = +00 , Siyme = Sy

Xo= |1V S @D, 1SS
1
a=2C(N,p) [[b(@) | 1) IV 7oy
b=2C(N,p) [M* ol Lﬂ .
By (4.2.37),(4.2.49), (4.2.53) , we deduce

X1§b X2§aX1+b X3§CLX2+CLX1+b

X;<aX; 14 ..+aXi+b  forI<I*

By induction we have

X;<(a+1)""b, for1<i<I,
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I I
— — -1
|Vug|p 1 = ; |VU,5|p ! X{mi<\ug|<mi,1} = ; }VSmi,mFl (U5)|p . (4255)

By (4.2.55) we have

I —
H|Vu5’p_1HLq(y) S Z H‘vsmi’mi—l <u5)|p ' S ZXZ S (4256>
=1 La(v) i=1
! -1, (a+ 1)I —1 b I*
Sizzl(a—i-l) b—b T Sa((&—i—l) —1).

In the same way we obtain the estimate for [u[’"". m
4.2.3 A stability result

In this section we prove a stability result which unsures that the solution u. converges
almost everywhere to renormalized solution u.The result is obtained by adapting the
technique developed in [48] and used also in [72]. A new proof of this stability result,
which does not need the strong convergence of the truncations of the solutions in the
energy space, has been proved in [84]

In order to prove the stability result, we consider the nonlinear problem

—div(a(z,u,Vu) = . in €
(al )= (4.2.57)

u=>0 on 0f),

where € is a sequence of positive numbers that converges to zero, a : @ x R x RN —
RY is a Carathéodory function such that (4.0.27),(4.0.28) are satisfied and p. is a
Radon measure with bounded total variation in (2.
Since . and p are measures in M, (€2), they can be decomposed as in the Proposition
4.1.7, as follows

pe = fo —div(ge) + A\ — A7, (4.2.58)

p=f—div(g) +u — py, (4.2.59)

7



where sequences f., AT, \_ satisfy (4.2.1) — (4.2.3) and g. is a sequence such that

g- is a sequence of functions in (Lp'(l/upfl))N (4.2.60)

J (Lp'(l/upfl))N strongly.

The following stability result holds true:

Theorem 4.2.3 Assume that (4.0.27), (4.0.28), (4.2.1) — (4.2.3), (4.2.60) hold. Let
ue be a renormalized solution of (4.2.57). Then u. converges almost everywhere to

renormalized solution u to the problem

—div(a(z,u, Vu) = m €
(al )= (4.2.61)
u=20 on Of).

According to Proposition 4.1.7 AT and AZ can be decomposed in the following
way

AT = Ao+ AL,
with Ay, AZp € Moo(Q), Ao, Aoy > 0 and A, | AZ, € M, ,(2), A5, , A, > 0. On

the other hand p. can be decomposed as follows

Me = Hep + Hes = Hep + /’L:s + Mz—:_,s7

where .o € Mo,(Q2) and pf,, pz, are two nonnegative measure in M, ,(Q2) which
are concentrated on two disjoint subset EX and E- of (p,v)-capacity. As in [48] we

have

0<pul, <Xy 0<pc, <A (4.2.62)

Sketch of the proof.

First step
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By using the same tecnique used in the previous, we obtain a priori estimate for Vu,
thanks to which we have that u, — u a.e. Now we want to prove that u is a solution
of (4.2.61) in the sense of distribution.

We know that w. is a renormalized solution of the problem (4.2.57) and so it is also

a solution in the sense of distribution that is

/ a(z, us, Vue )V = / edps, Yo € C5°(Q). (4.2.63)
Q Q
Otherwise by a result contained in [97] we have

a(x,us, Vu.) — a(z,u, Vu) in L' (Q) strongly (4.2.64)

and by passing to the limit in (4.2.63), we obtain that u is a distributional solution
of (4.2.61).
Second step

In this step we adapt the proof given in [72]. We prove that

1
limsuplimsup—/ a(a:,ua,Vug)Vuagpg/god,u:, (4.2.65)
n—soo0 €0 N J{n<u.<2n} Q
: : 1 _
hmsuphmsup—/ a(x,uE,VuE)Vuegpg/@d,us, (4.2.66)
n—so0 €0 n J{—2n<u.<n} Q

Vo € C* (ﬁ) with ¢ > 0.

Now we define forn > 1s, : R — R and h, : R — R by

sn(1) = Lin(r) T: T"(T), (4.2.67)

hy(r) =1 = [s,(r)] - (4.2.68)
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If we take hy,(u.)s,(ul)p as test function and with 7 — oo we have

1
/a(m,uE,Vug)sn(u:)Vgo—i——/ a(x, ue, Vue ) Vuep
Q N J{n<u.<2n}

n

/ Su(u? )ALy — / su(u?)pdAzp + / oy,

1
= / fasn(u:)90+ / gasn<u;—)v9@ + _/ gavu590+
Q Q {n<u-<2n}

Yo € C*(Q) non negative.
Since s, (ul) is bounded and s, (ul) — s,(u™) a.e , by Lebesgue convergence theo-

rem we have

lim lim [ a(z,u., Vu)s,(uf ) Ve = lim [ a(z,u, Vu)s,(u") Ve =0 (4.2.69)

n—so0e—0 Q n—oo [q

and by (4.2.62)
lim lim [ fosp(ul)p = lim fsn(u)p = 0. (4.2.70)

By Holder inequality we have

1 1 » 1/p
— v < o ’ _1y X — v .
n /{n<us<2n} geiew = HSOHL ) HgEHLP (1/v275) n </{n<u5<2n} V| u€| )

Since g. — g (Lp/(l/yp_l))N strongly,.we have

1
lim lim sup—/ g-Vu.p =0, (4.2.71)
o0 e—0 M J{n<u.<2n}
and finally by (4.2.62)
/sn(u:ypd)\zo—{—/goduzs§/god)\:. (4.2.72)
Q Q Q

By (4.2.69) — (4.2.72) we obtain Vo € C*(Q)

1
—/ a(z,us, Vue ) Vuep < w(e,n) + / wd\T, (4.2.73)
{n<us<2n} Q

n
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where w is a function such that lim limsup w(e,n) = 0. Since A\ converges to u7

n—maoo ¢ 0

in the narrow topology we have (4.2.65) .
Third step
Now we want to prove that w is a renormalized solution. As in [48] we consider for

§ > 0 two cut-off functions ¢f and ¢; € C§° () such that

0<yy <1 0<ey <1 supp(¢y)Nsupp (v5) =0, (4.2.74)
hm/‘VQﬁ(s }p— hm/|V¢5 |p—0
- T g
alino/ﬂ% dps = 511{10/9% dp; =0,

i, [ (1= v = Jim [ (1= 05 =0,

—0
hmo lim / Yy d\ = hmo lim / YidA\D = (4.2.75)
hmo hmO (1 — o)A\ = hrn0 hrn0 (1—¢H)d\F =0. (4.2.76)

Using hy, (ue)h(u)v(1 — pf — )5 ) as test function where h,, is defined in (4.2.68) we

have

>
N

<
o

Yh(uw)o(l —f —5) [a(z, ue, Vue)] Vu+ (4.2.77)

>=
3

N
™

VB (w)v(1 — ¢ —y) [a(x, ue, Vu,)] Vut

>
3

<
o

h(u)(1 — b5 —by) [alz, ue, V. )] Vot

>=
S

N
o

(v oz, ue, V)| V(L = ¥ = 1b5)

o
>
3
N
m

Vo(wyo(l —pf — ;) + / 0V [hn(u)h(w)o(1 — &F — )] +

S — T — S — o — o

>=
S

N
o

huot = v = v )Ny + [ halu)hlwpu(t - uf = 45)dxs

Q
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Now we pass to the limit in (4.2.77) for ¢ — 0,n — oo and § — 0.

Since (1 — ¢ — ¢35 )a(x, ue, Vu:)Vu, is positive, letting 6 — 0 we have

1
lim lim suplim sup—/ \h(u)v| (1 =5 =5 )a(x, ue, Vue ) Vu, = 0. (4.2.78)
{n<|uc|<2n}

—0 p—s00 e—0 N

By [97] we know that Ty, (u.) — T, (u) a.e so we have
a(x, Top(ue), VIon(ue)) — a(x, Ton(u), VI, (u)).

Since |hy, (ue)| < 1and hy,(u:) — hy,(u) a.e, replacing a(z, u, Vu) by a(z, Ty (u), VT (u))

and letting n — oo , 6 — 0 we have

lim lim lim [ A, (u)h (w)v(l —of —¢5) [a(z, ue, V)] Vu (4.2.79)

d—0n—o00e—0 Q

= / W (w)v (a(x, u, Vu)) V.
Q

In the same way

lim lim lim [ A,(uo)h(u)(l — o —5) (a(z, ue, Vu.)) Vo (4.2.80)

d—0n—00e—0 Q

:/Qh(u) (a(x,u, Vu)) Vo,

lim lim lim [ A, (uo)h(u)v [a(z, ue, Vue)] V(1 —f — 5 ) = 0. (4.2.81)

6 —0n—o00e—0 Q

Using the point-wise convergence of u. and the definition of h,, and the definition of

Y3, 15 we obtain

lim lim hm/fa (ue)h(uw)v(1 —f —5) /fh (4.2.82)

§—0n—00e—0

To conclude that u is a renormalized solution we have to prove

1
lim — a(x,u, Vu)Vup = / pdut, (4.2.83)
Q

n—0oo7l n<u<2n
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1
lim — a(x,u, Vu)Vup = / wdp (4.2.84)
NN J _opn<u<—n Q

Vi € CP().

By the pointwise convergence of u. and by Fatou Lemma it follows

1
hmsup—/ a(x,u,Vu)Vugog/goduj, (4.2.85)
n—oo M Jpcy<on Q
1 _
lim — a(x,u, Vu)VugoS/gpd,us, (4.2.86)
NN J _on<u<—n Q

Vi € CHQ) with ¢ > 0.
Since w is a solution in the sense of distribution, taking h,(u)v as test function where

h,, is defined in (4.2.68) and ¢ € C§°(Q2), letting n — oo, & — 0 we obtain

1
liminf—/ a(z,u, Vu)prz/gpduj, (4.2.87)
n<u<2n Q

n—oo 1

Y € CH(Q) with ¢ > 0.

If we take (1 — 95 )15 as test function we have (4.2.84)

Fourth step

Now we want to prove that Ty (u.) converges to T, (u) strongly in H}(Q2) for any k > 0.

By (4.0.27), the point-wise convergence of u., Vu. we have

e—0

/Q a(z, To(u), V() VTi(u) < limint /Q o, To(us), VT (1)) V Tk (u2).

If we take hy,(u:)Ti(u:) as test function and letting n — oo,e — 0 we have

limsup/ﬂa(x,Tk(ug),VTk(ug))VTk(ua) S/a(x,u,Vu)VTk(u), (4.2.88)

e—0 )
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so we conclude that

im [ a(e, T(us), VT(u))VTi(12) < / a(z, To(u), VTR()VTa().  (4.2.89)

e—0 Q Q

By (4.2.89) we have

lim a(x,Tk(us),VTk(us))VTk(ue):/Qa(x,Tk(u),VTk(u))VTk(u). (4.2.90)

e—0 Q

Because of (4.0.27) and the point-wise convergence of VT (u.) [101] VTi(u:) —
VT (u) in (LP(2))Y strongly. =m

4.2.4 Passage to the limit

The weak solution u. to approximated problem (4.2.6) satisfies

—div(a(x,u., Vu)) = ¢, —div(g) in Q

(4.2.91)
u. € Wy? (v) on 09,
where ®. = f. — H.(z,Vu.) + I — \_.
Using Tk (u.) as test function in (4.2.91) we have for some M and L
/ v (2) VT (u)|P < Mk + L, (4.2.92)
Q

for every k > 0 and every € > 0.
We know that there exists a function u such that u. converges to u a.e., Vu exists
a.e., Ty (u) € Wy (v) and Vu. converges to Vu almost everywhere [101] By Fatou

Lemma and by (4.2.92) we deduce that

/ v () |VT, (W) < Mk + L. (4.2.93)
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From (4.2.93) and by Lemma 4.1.8 we deduce that [Vul'™" € L4 (v) and |ul/™" €
LY (v). By a result proved in [101] we know that a(z,u., Vu.) — a(x,u, Vu) in
L' (Q) strongly.

Therefore b(z) |Vu. """ — b(z) |[Vu|’~" almost everywhere in Q and for every mea-

surable set £ C ()

1
/E|b(a:)\ V™ < ellb@) g [ ey -

By Vitali-Lebesgue theorem we have b(z) |[Vue [’ — b(x) |Vu[’~" in L' (Q) strongly.

Thanks to these results the weak solution wu, of

—div(a(z, ue, Vue)) = fo — Ho(x, Vu.) — div(g) + A\ — AZ
(a( ) =1 ( ) (9) (4.2.04)

u. € Wy (v)

is also a renormalized solution to (4.2.94) and the stability results (Theorem 4.2.3)

asserts that w is also a renormalized solution to the problem

—div(a(z,u, Vu)) + H(z,Vu) = f —div(g) + uf —p; in Q

S

u=20 on 01,

which proves the theorem.
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CHAPTER V

PARABOLIC EQUATIONS

This chapter is devoted to the study of nonlinear parabolic problems when tha data
are L'—function or more in general a Radon measure with bounded variation. In the
first section we recall the definition of functional spaces which are essential to study
of parabolic problems and the different notion of solutions. In Section II we prove
the existence of a renormalized solution for a class of nonlinear parabolic equations

having lower order terms.
5.0.5 Spaces of functions and notion of solutions

In this section we recall some feature about spaces of functions with values in a Banach
space. Let be V' a real Banach space, for 1 < p < oo, let us denote by L?((a,b);V)

the space of measurable functions u : [a,b] — V such that

1
b v
[l ey = </ [[ullf dt) < o0,

and L>((a,b); V') the space of measurable functions such that:
||| oo ((a,0):v) = €ss s{u;}) lu|ly < oc.
a,b

Let us recall that, for 1 < p < oo, L?((a,b); V) is a Banach space. Moreover if
for 1 < p < oo and V', the dual space of V', is separable, then the dual space of
LP((a,b); V) can be identified with L¥ (a, b; V").

For our purpose V' will mainly be either the Lebesgue space LP(2) or the Sobolev
space W, P(Q), with 1 < p < co. We denote by LP((a,b); Wy () the space of all

functions u : ©Q X [a,b] — R which belong to LP(2 x (a,b)) and such that Vu =
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(Ugy s -y gy ) belongs to (LP(2 x (a,b))™ (often, for simplicity, we will indicate this

space only by LP(2 X (a,b)). Moreover,

b »
(/ |Vul? dxdt)

defines an equivalent norm by Poincaré’s inequality.
Given a function in LP((a,b); V) it is possible to define a time derivative of u
in the space of vector valued distributions D’((a, b); V') which is the space of linear

continuous functions from C§°(a,b) into V. In fact, the definition is the following:

b
(ut,¢>——/ uy dt, ¥V e Ci(a,b),

where the equality is meant in V. In the following, we will also use sometimes the

notation g—? instead of u;. We recall the following classical embedding result (see [46]

for the proof)
Theorem 5.0.4 Let H be an Hilbert space such that:

V — H—=V".

dense

Let w € LP((a,b);V) be such that u;, defined as above in the distributional sense,

belongs to L ((a,b); V'). Then u belongs to C([a,b]; H).

This result also allows us to deduce, for functions u and v enjoying these properties,

the integration by parts formula:

b b
/ (v, ug) dt +/ (u,v) dt = (u(b),v(b)) — (u(a),v(a)), (5.0.95)

where (-, -) is the duality between V and V"’ and (-, -) the scalar product in H. Notice
that (5.0.95) makes sense thanks to Theorem 5.0.4. Its proof relies on the fact that
Cs°((a,b); V) is dense in the space of functions u € LP((a,b); V) such that u; €

L¥ ((a,b); V") endowed with the norm |ju| = ||ul|Lo((ap)v) + [well o ((a,);v7)» together

i
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with the fact that (5.0.95) is true for u, v € C§°((a, b); V') by the theory of integration
and derivation in Banach spaces.

Now we recall some further results that will be very useful in what follows. The
first one contains a generalization of the integration by parts formula (5.0.95) where

the time derivative of a function is less regular, and its proof can be found in [61].

Lemma 5.0.5 Let f : R — R be a continuous piecewise C function such that f(0) =
0 and f" is zero away from a compact set of R. Let us denote F(s fo r)dr. If
w € LP((0,T); WyP(Q)) is such that u, € L”((0,T); W*Lp’(Q)) + LYQr) and if
Y € C*(Q), then we have

T

| st dt = [Fmy) do- [Fu©)uo) do - / Ui Flu) dodt.
0 Q Q
Now we state an embedding theorem, well-known Gagliardo-Nirenberg embedding

theorem, that will play a central role in our work ([90]).

Theorem 5.0.6 (Gagliardo-Nirenberg) Let v be a function in W,*(2) N LP(Q)
with ¢ > 1, p > 1. Then there exists a positive constant C, depending on N, q and
p, such that

[l 2 @) < CIVOlI{ @y 10l
for every 6 and v satisfying

1 1 1 1-06
0<h<1, 1<y<+x, _:9<___)+_,
g qg N p

An immediate consequence of the previous result is the following embedding result:

Corollary 5.0.7 Let v € L((0,7); L%(Q)) N L>((0,T); L (RQ)), with ¢ > 1, p > 1.

o . N
Then v € L7 () with o = ¢=52 and

//|v|ff drdt < cnvugmmm(m)/ Vot dudt

Qr Qr
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Now we give some basic result about nonlinear parabolic problems and we intro-
duce the relative notion of solutions.

Let be Q a bounded open set of RN, N > 2, Qr is the cylinder Q x (0,T), where T'

is a real positive number. Let us consider the nonlinear parabolic problem

% div(a(e,t,u,Vu)) = f in Qp
u(z,t) =0 on 90 x (0,T) (5.0.96)
u(z,0) = uo(x) in Q,

where a(z,t,5,€) : Q2 x (0,T) x R x RY — RY is a Carathéodory function such that
a(z,t,8,8) > alfl’, a>0, (5.0.97)

la(z,t,5,8)| <vlh(z,t)+ s+ €7, v>0, h(z,t) € LP(Qr),  (5.0.98)

(a($?t>s>£) - CL(.%',t,S, Q>>5 - Q) >0, {#o0 (5-0-99)

for almost every x € Q, t € (0,T) and for every s € R, £, p € RY.
If f € LP(Qr) and uy € L?*(Q) then problem (5.0.96) admits a unique solution
u e C(0,T; L*(Q)) N LP(0, T; Wy () in the weak sense, that is

T T
—/uogo(())dm—/ < o, U > dt+// a(x,t,u, Vu)-Vodrdt :/ < f,p >t (), WP () dt,
Q 0 T 0

for all ¢ € LP(0,T; Wy P(Q) and ¢, € L¥ (0, T; W% (Q) such that ¢(T) = 0 ([81]).
When the datum is not in the dual space it is not possible to use a variational
framework ([81]). For this reason in [45] (see also [30]) the following notion of solution

have been introduced :

Definition 5.0.8 Let be f a bounded Borel measure. A function u is a solution to

(5.0.96) in the sense of distribution if
we L0, T; Wi (),
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and u satisfies the equation (5.0.96) in the following weak sense:

// dxdt+// (z,t,u, Vu) - Vidzdt = //cpdf

for every p € C=(Qr) such that ¢ = 0 in a neighborhood of O x (0, T)U (Q x {T}).

The authors proved the existence of at least a solution of (5.0.96) in L9(0, T; W, (),

N(p—1)+p
N+1

2N+1
N+1

with ¢ < and p real number such that p > . Existence results have been
also given in [30] where the sommability of the solution with respect to the space and

time is more precise. In particular the solution belongs to the space L"(0, T’; VVO1 (),

where r and ¢ are two real number such that 1 < ¢ < min{N(p 11), p} 1< r<p
and w + % > N + 1. Other existence result for this kind of problem have also
been proved in [95] where a lower order term is considered. Unfortunately, as in the
elliptic case, the sommability is not enough to get uniqueness result. These difficulties
are overcame in the linear case [106] by duality method. To be more explicit let us

consider the following linear parabolic problem

—div(M(z,t)Vu)) = f in Qr
u(z,t) =0 on 09 x (0,T) (5.0.100)
u(z,0) =0 in Q,
where f € L*(Qr) and M is a matrix with bounded, measurable coefficients satisfying

the condition (5.0.97) with p = 2. Let be

—div(M*(z,t)Vw)) =g in Qr
w(x,t) =0 on 092 x (0,T)
w(xz,0) =0 in €,
the adjoint problem where M* is the adjoint matrix and g € L*(Q7). A function u

is said to be a "solution by duality” if

// ugdxdt:/ fwdxdt.
T Qr
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When f € L' (Qr) e up € L'(Q) problem (5.0.100) admits a unique solution by
duality. In the nonlinear case, with f € L'(Qr), the problem is not well defined
and uniqueness is not always guaranteed so the equivalent notion of entropy and

renormalized solutions have been introduced [99] and [23], [61].

Definition 5.0.9 Let be f € L' (Qr) andug € L*(Q2). A functionu € C ([0, T]; L*(Q))

1s said to be an entropy solution if
Ti(u) € LP((0,T); Wy (), k>0

and

/@k(u—gb)(T)da:—/Q@k(uo ¢)(T)dx+/ < g, T(u — ) > dt+

// (x,t,u, Vu)VTi(u — ¢ dmdt</ /kau— ¢)dxdt,

for all k > 0 and ¢ € LP((0,T); Wy P (Q)) N L>(Qz) N C ([0,T]; LY(Q)) such that
¢ € LV ((0,T); W=1#(Q)) + L'(2), where Oy(s) = [ Ti(o)do.

Definition 5.0.10 A real function u defined in Qr is a renormalized solution of

(5.0.96) if it satisfies the following conditions:
u: Qp — R is a measurable function on Qr and u € L*=((0,T); L*(Q)),

Ti(u) € LP((0,T); Wy P(Q)), for any k > 0,

— lim |Vul” =0,

Nn=+00 Jin<ju|<2n}

and if for every function S € W% (R) which is piecewise C' and such that S’ has a

compact support

0S(u)
ot

— div(a(z, t,u, Vu)S (u)) + 8" (uw)a(z, t,u, Vu)Vu+ = fS'(u) in D'(Q),

and

S(u)(t =0) = S(ug) in Q.
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5.1 FExistence results for operators with lower or-
der terms

In this section we prove existence results for nonlinear parabolic problems with lower
order terms. In particular we consider a nonlinear parabolic problem which can be

formally written as
% —div(a(z,t,u, Vu)) + div (K (z,t,u)) = f in Qr
u(z,t) =0 on 90 x (0,7) (5.1.1)
u(z,0) = up(x) in Q,

where a(x,t,5,6) : Q2 x (0,T) x Rx RN — RN K(z,t,5) : Q x (0,7) x R — RN

are Carathéodory functions satisfying (5.0.97), (5.0.99),

la(z,t,5,8)] <vlh(z,t)+ 7], v >0, h(z,t) € LF(Qr), (5.1.2)
|K (2, t,n)] < c(z,t)|n]", (5.1.3)
N
c(z,t) € (LT(Qr)Y, 7> pff, (5.1.4)
N +2

= v, -w—1), 5.1.5
=N P (5.1.5)

for almost every z € 2, t € (0,T), for every s € R and for every £ € RV,

Moreover

f e LYQr), (5.1.6)
ug € L*(Q). (5.1.7)

Under these assumptions, the above problem does not admit, in general, a weak
solution since the field a(x,t,u, Vu) and K(z,t,u) do not belong to (LPI(Q))N. To
overcome this difficulty we refer to the notion of renormalized solution (see [30], [25],
[48]). The existence of a renormalized solution to problem (5.1.1) with ¢(z,t) = 0
has been proved in [22], [23] where a(x,t,s,&) is indipendent of s and in [25] where

a lower order term div (®(u)), with ® continuous function in RY is considered. Here
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we prove the existence of a renormalized solution for problem (5.1.1); this result
is contained in [55]. The proof consists of several steps. First of all we introduce
the approximated problem, then we prove an apriori estimate for the gradient of its
solution following an idea contained in [77]. The estimate can be easily obtained if
we consider a subcylinder € x (0,t), ¢t € (0,7"). For this reason we decompose the
entire cylinder ()7 into a finite number of subcylinder. Finally we pass to the limit

using the same procedure followed in [25].

Definition 5.1.1 A real function u defined in Qr is a renormalized solution of (5.1.1)

if it satisfies the following conditions:

u € L®((0,T); L*(Q)), (5.1.8)
Ti(u) € LP((0,T); Wy P(Q)), for any k > 0, (5.1.9)
lim a(xz,t,u, Vu)Vu = 0, (5.1.10)

=0 n<ul<n+1}

and if for every function S € W*>(R) which is piecewise C' and such that S’ has a

compact support

8%—(:) — div(a(z, t,u, Vu)S' (u)) + 8" (uw)a(x, t,u, Vu) Vu+

+div(K(z, t,u)S (u)) — S"(u) K (z,t,u)Vu + H(z,t,Vu)S (u) = fS(u) in D'(Q)
(5.1.11)

and

S(u)(t =0) = S(ug) in Q. (5.1.12)

We observe that this equation can be formally obtained through pointwise multi-
plication of (5.1.1) by S’(u) and all terms in (5.1.11) have a meaning since Ty (u) €
LP((0,T); Wy P(2)), for any k > 0 and S’ has a compact support. In particular, there

exists M > 0 such that suppS’ C [-M, M| and
/ K (8, 1) () Vi = / K (2, ¢, Ty (w)) S (1) VTt (1),
Qr Qr
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and such integral is well defined thanks to the assumptions (5.1.3) — (5.1.14) and the
fact that Ty (u) € LP((0,T); WyP(Q)) and S € W>®(R).

In this section we also study the following nonlinear parabolic problem

% —diva(z,t,u,Vu) + H(x,t,u) = f in Qr
u(z,t) =0 on 90 x (0,T) (5.1.13)
u(z,0) = ug(x) in Q,
a(z,t,s,€) : 2 x (0,T) x R x RY — RY is a Carathéodory function satisfying
(5.0.97), (5.0.99) and (5.1.2), H(x,t,€) : 2 x (0,T) x RY — R is a Carathéodory

function such that

|H (z,t,n)| < bz, t)|Vul, (5.1.14)
b, t) € L(Qr). mmr>57$aﬂﬁ; (5.1.15)
g PN D =N (5.1.16)

- N +2
Finally f and ug are two functions satisfying (5.1.6), (5.1.7).

In [77], under the assumption p > 2 — ﬁ, Porzio proved the existence of a solution
in the sense of distribution to problem (5.1.13) which belongs to L™((0,T); W, ™ ()

(N+1)—N

for m < L ~+1 - Let us explicitly remark that the assumption on p assures that

p(N+1)—N

~+1— > 1. To overcome this assumption on p we refer again to the notion of

renormalized solution.

Definition 5.1.2 A real function u defined in Qr is a renormalized solution of
(5.1.13) if it satisfyies the following conditions (5.1.8) — (5.1.10)and if for every func-

tion S € W2(R) which is piecewise C' and such that S’ has a compact support

858_(:) — div(a(z,t,u, Vu)S (u)) + 8" (uw)a(z, t,u, Vu) Vu+
+H(z,t,Vu)S' (u) = fS'(u) in D'(Q) (5.1.17)
and
S(u)(t =0) = S(ug) in Q. (5.1.18)
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In this section we prove the existence of a renormalized solution respectively to
problem (5.1.1) and (5.1.13); such result is contained in [55]. We think that the
existence of a renormalized solution could be shown also for a nonlinear parabolic
problem involving both lower order term -div K (x,¢,u) and H (z,t,u). This question
is analized in [71].

In order to prove the existence results, we prove a technical lemma (we follow the same
method used in [13]), that yields two estimates for [uc[’"" and |Vu.|[’"" in the Lorentz
spaces LG (Qr) and et (Qr) respectively. Moreover by imbedding
theorems, these apriori bounds imply two estimates in the Lebesgue spaces L™ (Qr)

s ) N+1)—N N4+1)—N
and L*(Qr) with m < p—(NE;_)l) and s < (pszJrJlr)(;;—l)‘

Lemma 5.1.3 Assume that Q is an open set of RN of finite measure and 1 <
p < 4oo. Let be u a measurable function satisfying Ti(u) € LP((0,T); WyP(2))N
L>((0,T); L*(Q))for every positive k and such that

sup /|Tk )| —I—/ VT (u)|P < Mk, Vk >0, (5.1.19)
te(0,T) /
T

where M s a positive constant. Then

[l s < OMEIR Qe (51.20)
T
(N+2)(p—1)
[[VulP || povinon < OM R (5.1.21)

LT (@)

where C' is a constant which depends only on N and p.

Proof. By Gagliardo - Niremberg and by (5.1.19) we have

p(N+2 %
R )meas{(x t) € Qr:|ul >k} <C sup (/ | T (u ) (5.1.22)
t€(0,T)
></ VT ()P < C (ME)V (5.1.23)
Qr

that is

meas{(x ) eQr: |uP > k‘} < OM¥ -, (5.1.24)
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p(N+1)-N

By (5.1.24) we deduce that |u|*™" € L ~¥o-0 °(Qr). Furthermore, by (5.1.24) we

get
N
H|u|p71H pvin-n _ =supk [meas {(:r,t) €Qr: |[u/" > k:}] <
L Ne-D "(Qr) k>0
N
< sup k meas {(x,t) €Qr:|u)P > k}Nﬂ +
0<k<ko
N
N N+p’
+supk meas {(x,t) €Qr:|uP > /{:} <
k>ko

, N+p/
< ko |Qz| 77 +C {Mﬁﬂkow(pl)} .

. a(F) o
Taking kg = *—x—— we have (5.1.20).

|Qr| P N+e'

Now we prove the estimate involving the gradient of u. For every A > 0 and for every

k > 0 we have

meas {(x,t) € Qr : |Vu| > A\} < meas{(z,t) € Qr : |Vu| > X and |u| <k} +

meas {(x,t) € Qp : |Vu| > X and |u| > k}.
By (5.1.19) we know that

Nmeas{(x,t) € Qr: |Vu| > X and |u] <k} < // NP < / VT (uw)|” < ME,

lue|<k Qr
that is
meas {(a:,t) €Qr:|Vu|" > Xand |u| < k} < Aj—f. (5.1.25)
Thanks to (5.1.23) we obtain
meas {(x,t) €Qr:|Vu|"" > Xand |u| > k:} < OMFH R (5.1.26)
From (5.1.25), (5.1.26) we deduce that
meas {(x,t) €Qr:|VuPV > )\} < % + OMEH R (5.1.27)
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If we take k = M N ATET (5.1.27) becomes

N42
) My

meas {(l‘,t) € QT . |VU|(p b > )\} S CW (5128)

AN G—1)

By (5.1.28) we have
Oty
H|Vu]p_1H p(N+D-N_ = sup A [meas {(x,t) €Qr: |Vu"™V > )\H e
LIN+D -1 (Qr) A>0
(5.1.2)
(N1 (-1
< sup \ meas {(x,t) € Qr: ]Vu](p_l) > )\} P
0<A< Ao
(N+1)(p—1)
p(N+1)—N

+sup A meas {(x,t) €Qr: |Vu|"V > /\}
A> Ao
(N+2)(p=1)

(N+1)(p=1)
<N |QT| p(N+)-N 4 CO'M pP(NF1)—N |

(N+2)(p=1) _ VD (p=1)
If we choose A\g = M »™+D=F |Qp|  P™+D=~ we have (5.1.21). =

5.1.1 Existence result for problem (5.1.1)

The main result of this section is the following existence result which proof is contained

in [55].

Theorem 5.1.4 Under the assumptions (5.0.97), (5.0.99), (5.1.2), (5.1.3) — (5.1.7)

there exists at least renormalized solution to problem (5.1.1).

Proof
The proof consists of several steps. In the first step we consider the approximated
problem. In the second step we obtain apriori estimates for the solutions and its gra-
dient. In Step 3 we followed the idea contained in [25] and we show that the limit of
the solution of the approximated problem belongs to L>°((0,T); L*(€2)). In Step 4 we
define a time regularization of Ty (u). In Step 5 we prove a lemma that is essential in
order to develop in Step 6 the monotonicity method. In Step 7 we show that the limit

of the solution of the approximated problem satisfyies conditions (5.1.10), (5.1.11),
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(5.1.12) .

Step 1. For € > 0 let us consider the following approximated problem

aazf — div(ae(z, t,ue, Vue)) + div (K. (z, t,u.)) = f- in Qr

us(x,t) =0 on 02 x (0,7T)
us(z,0) = (uo), (z) in €,
where

ac(z,t,5,&) = a(x,t,T1(s),£) ae. in Qr, s €R, £ € RY,

f- is a sequence of function in L” (Qr)

such that f. — f a.e. and strongly in L'(Qr),

(up). is a sequences of function in L*(€2) such
that (ug). — o a.e. and strongly in L'(Q),

and
| Ko (x,t,m)] < [K(x,t,m)] < c(x,t)n]”

and |K.(z,t,n)| < c(z,t) (1)

(5.1.30)

(5.1.31)

(5.1.32)

(5.1.33)

(5.1.34)

By well-known result (e. g. [81]) there exists at least a weak solution to (5.1.30) which

belongs to L>(0,T; L*(Q)) N LP(0, T; Wy P ().

Step 2 1f we take Tp(u.) as test function in (5.1.30) and we integrate between

(0,t) where t € (0,t;) is arbitrary fixed and ¢; € (0,7) will be choosen later, using

condition (5.1.34) we have

//(ua)tTk(ug) + // ae(z,t,ue, Vue ) VT (u:) <
Qt Qt

//c(a:,t) lu|" [V Ty (us)) +// fTh(ue).
Qt Qt
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On the other hand, if we denote by

2

s 5 if |r] <k
Vi(s) =/ Ty(0)do = . : (5.1.36)
0 k|r|—% if |r| >k
we have
Z / (ue)eTh(ue) = / (e (8)) — / e ((u0)e) (5.1.37)

Moreover it results

1
5 1 T0(s)[ < u(s) < kl|s|, Vk>O0. (5.1.38)

Using (5.1.38), by(5.1.37) we get

//(ua )Tk (ue) > /ITk u:)|* — /|u0 : (5.1.39)

Qt

By (5.1.35), (5.1.39) , (5.0.97) we obtain

3 [ mtor o [[Tir < [ de o 97001+
Qt Qt
+k/Q|(u0)a|+k://f8. (5.1.40)
ot

If we take the supremum for t € (0,¢;) and we define

M = HUOHLl(Q) + sup ||fa||L1(QT) ) (5.1.41)
€

inequality (5.1.40) becomes

5 sup /IT;c u.)[’ +a//|VTk; Ue |p<Mk+// c(z,t) |u|” |VT(u)|. (5.1.42)

2t€ 0,t1)
Qt1

By Gagliardo-Niremberg and Young inequalities we have

// c(@ ) |u] [VTi(uo)| < C

Qt1

c(x,t)||LT(Qtl)ts(lg]?)/Q\Tk(u5)|2—|—
€(0,t1

(1+L)&
p ' (N+2)p/) N+2—v

e, )l o, /WTk )| C 513)
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Since v = (%jﬁ) (p— 1), using (5.1.42) and (5.1.43) we obtain
5 sup /|Tk ue)| +a/ VT (u.) c(x,t)”LT( sup /|Tk ue)|
te(0,t1) €(0,t1)
Qe
N+2-
T T € )
02 el )l //\v ()
Qy

that is equivalent to

1

- —C z, )|~ su / T (u)|” +

5O e | s [ imr

N+2—v
+[a— N1 l|le(x, t) ||LTQt }//|VTkuE < Mk.
Qy
If we choose t; such that
1 gl
and
N+2—v
R VSR le(@, Ol - (., (5.1.45)

are positive. Let us denote by C' the minimum between (5.1.44) and (5.1.45), we

have

sup /|T;€ ug)|? —|—/ VT (u.)|? < CME. (5.1.46)

te(0,t1)
Q¢
The last inequality allows us to deduce apriori bounds for the solutions wu. and its
gradient Vu.. In fact, by Lemma 5.1.3 we obtain apriori estimates for u. and Vu,
on the cylinder @y, in term of M. Here we use the same technique used in [77]. If we

consider a partition of the entire interval [0, 7] into a finite number of intervals [0, ¢4],

[t1, 2], ..., [tn—1,T] such that for each interval [t;_1,?;] the condition (5.1.45) holds we
deduce that
p—1 m : p(N + 1) - N
. L thm < 2T~ 5.1.47
and
_ . N+1)—-N
Vu "t e Lf ths< 2 . 5.1.48
V| (Qr) with s (N+1)(p—1) (5.1.48)
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Step 3. Now we proceed as in [25]; we report the proof for sake of completeness.

By (5.1.46) it follows that
Ty (ue) is bounded in LP((0,T); Wy (Q)), (5.1.49)

and

Ty (u. ) is bounded in L>®((0,7); L*(Q)), (5.1.50)

indipendently of € for any k£ > 0 so there exists a subsequence still denoted by wu,
Ti(ue) = Ti(uw) in LP((0,T); WE(2)). (5.1.51)

Moreover, proceeding as in [23], [26] is possible to prove that for any S € W?2>(R)

with S’ compact the term

0S(ue)

o is bounded in LYQr) + L7 ((0,T); W=+ (Q)), (5.1.52)

indipendently of €. In fact, by pointwise moltiplication of S’(u.) in the equation

(5.1.30) we have

0S(u.)
ot

—div(ac(x, t,ue, Vu)S" (u:)) + 8" (ue)ac(z, t, us, Vue ) Vu+

+ div(Ke(z, t,u) S (ue)) — 8" (ue) Ko (x, t,us ) Vue = f.5"(ue) in D'(Q).  (5.1.53)

Now each term in (5.1.53) is taking into account. Because of (5.1.2), (5.1.31), and
(5.1.50) the term —div(a(x,t, ue, Vue)S' (ue))+ 5" (ue)a(z, t, ue, Vue ) Vue + fo5' (u) is
bounded in L*(Qr)+ L” ((0,T); W~#'(Q)) indipendently of . If we recall that S’(u.)

has a compact support contained in [—k, k], by (5.1.34) it follows that for 0 < e < %

/Kactug”S'uE //a:t,
//C(%t)p/ [T ()77 18" ()7

lue| <k

IS ) =

T1 UE)
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Furthermore, by Holder and Gagliardo- Niremberg inequality, it results

[[etw.r mr s @) <

|ue|<k

le(e, )17+ g, (S(up /|Tk ue) ) / IVTk(ue)[” | < cx
te(0,T

where ¢ is a constant indipendently of € which will vary from line to line.

In the same way, by (5.1.34) we have

//S"ue xtuEVu€ //S"usp\xtﬂ

Furthermore, for 0 < ¢ < , by Holder and Gagliardo-Niremberg inequality we deduce

gl /
Ti(us)|  |Vuel".

(5.1.54)
that

J[s7wy e
Qr

Now we want to prove an estimate which will be useful to prove (5.1.10). For any

Ty ()|

pW%W:/fTwww@wW|ﬂ@wwwnwmﬁs%

integer n > 1 let us consider the function

0 if Ir| <n
On(r) = Toga(r) = Tn(r) = (7] = n) sign(r) if n<|r|<n+1 (5.1.55)
signr it |r|>n+1.

We observe that [|T,41(r) — T (7)|| poo(g) < 1 for any n > 1 and for any r, Thi1(r) —
T,(r) — 0 when n — +o0. Using 6,,(u.) as test function in (5.1.30), by (5.1.34)

and Young inequality we get

/Q B, (1) (T) + / /Q a0, V) V0, () <
/| |z a]

|V<9n(ua)l+/90~n(uo)g+/Q Fo0n(ue), (5.1.56)
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for almost ¢ € (0,7), where

Since 0,, > 0 and for € < n%l
ac(z,t,ue, Vue ) VO, (us) = a(z, t,ue, Vus ) VO, (u:) ae. in Qy,

inequality (5.1.56) implies that

//t a(x,t,u., Vu) VO, (u.) < //th(x,t)

i / o).+ | [ outu), (5.1.57)

On the other hand, the boundedness of T (u.) (5.1.49),

V0, ()] +

Té (ue)

1
ae. t € (0,T), fore < —5.
(5.1.52) and the apriori estimate of u., in the the Lorentz spaces imply that there

exists a subsequence, still denoted by wu,., such that
us: — u a.e. in Qr, (5.1.58)

where u is a measurable function defined on Q)7 (we follow the same procedure used

in [23], [26]). Furthermore, by definition of 6,,, we get
O (us) — 0, (u) weakly in LP((0,T); Wl(Q)). (5.1.59)

Since a(x,t, T (ue), VTg(u:) is bounded in (Lp/(QT))N indipendently of ¢ for 0 <

€< %, it follows that
) N
ac(z,t, Tp(ue), VIg(u.)) — of weakly in (Lp (QT)> ) (5.1.60)

when e goes to zero for any k£ > 0 and n > 1 and o, belongs to (Lp'(QT))Nfor any
k> 0.
Let us prove that u belongs to L°°(0,T; L' (Q2)). If we take Tj(u.) as test function in

(5.1.30) , by (5.1.34) we have

/Q (e () + / /Q o, V) VT < / [ Jetr) [ 19730)

103



—|—\/Q¢k(U0)E+/Qt ngk(ua) (5161)

for almost ¢ € (0,7) and 0 < ¢ < % By Holder and Gagliardo-Niremberg inequality

we have
p—1
N+p
.
[ et 72| 1970001 < e Ol | 50 [T ) (5162)
Qt te(0,7)
Q
p(N+1)

X VT (ue)ll oy < Cn- (5.1.63)

Howevere, by (5.1.38) it follows that

1}%wk+/@ﬂﬂwasﬁymﬁ+k/@ﬂ. (5.1.64)

Using (5.1.62), (5.1.64) in (5.1.61) , we have

lém@%®§%+[ﬂ%M+k/@ﬁ-

Finally, by (5.1.32), (5.1.33) it is possible to pass to the lim inf in the previous

inequality as € goes to 0 and to obtain

o) ® <k (1o + ol o) +

Thanks to the definition of vy, the last inequality becomes

3
b a0 < 581904 & (1 s + uolusan] +

for almost any ¢ € (0,7T), which shows that u € L>(0,T; L*(2)).

Now, coming back to (5.1.57), for 0 < & < 15 we have

[[atw o vuyvonw < [[ (1) [T ()] [Vits] +
) n<ue|<n+1

+ [+ [[ routu)
QT
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Using the weakly convergence of T (u.) and the pointwise convergence of u, it follows

that

lim// (2,1, 1o, V) VO, () <hm// (@ 8) | Toa () V00 (uc)| +
e—0 €20 Jn<luc|<nt1

+ [ Gutun)+ [ 10,00, (5.1.65)
Qr

On the other hand, since VO, (u:) = X {n<ju.|<n+1} Ve a.e. in Qr, by Young inequality

J[ o cwn|nw)|
n<|us|<n+1 :

’
_p
o P

' / / o, ) T ()P +
D n<|ue|<n+1

; Q/ V0, (u.)[? . (5.1.66)

Vu, <

Using (5.1.66) in (5.1.65), the weak convergence of 6,,(u.) and (??) imply that

/

%Q/T/Iven(uﬂp < Q/T/fen(u)+/gén(u0)+ ap,i //ngusgnﬂc(x’t) | V6, ().

(5.1.67)

The last inequality, together with the assumptions (5.1.6), (5.1.7), show that 6,,(u)
is bounded in LP((0,7); W (€2)) indipendently of n. Thanks to the pointwise conver-

gence of 6, (u) to 0 when n — 400, 0,(u) goes to zero weakly in L?((0,7); W (Q2))

li =
i o
Qr
lim // oz, t)? |u|p/'y =0,
=0 ) Jn<luc|<nt1

when n — 400. Moreover 6,,(ug) — 0 a.e in © when n — +o00 and

as n — +00. As a consequence

and

~n(u0)’ < |ug| ave.

in Q. Since ug € L'(Q), by Lebesgue’s convergence Theorem we obtain for n — +oo

/Qén(uo) — 0.
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Therefore,

i //|V9n(u)|p20
Qr

Finally, passing to the limit as n — 400 in (5.1.65) and (5.1.67) we get

lim M// a(x,t,ue, Vue)Vu. = 0, (5.1.68)
n—-+ooe—0 n<|ue|<n+1
and
0,(u) — 0 strongly in LP((0,T); W, (Q)) (5.1.69)

as n — +o0.

Step 4 In this step we introduce a time reguralitazion of the Ty (u) for £ > 0
in order to performe the monotonicity method. This kind of regularization has been
introduced at the first time by R. Landes in [43] and can be defined as follows. Let

be v§ a sequence of functions defined on  such that
vh e L®(Q) N WP (Q) for all 4> 0, (5.1.70)
||vg||L°°(Q) <k Vu>0, (5.1.71)

1
vy — Tk(up) a.e. in Q and — ||va||’£p(ﬂ) — 0, as u tends to + oo. (5.1.72)
i

Existence of such subsequence (vf) is easy to establish [40]. For fixed ¥ > 0 and

4 > 0, the monotone problem

ATl 4 1y (Ty(w)) — To(u) =0 i D'(Qr)
(Th(u))u(t = 0) = vy in Q.

(5.1.73)

admits a unique solution (Tj(u)), € L®(Qr) N LP((0,T); Wy (Q)). We observe that

a(Tka(tu))u e LP((0,T); WiP(Q)). (5.1.74)
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The behavior of (T)(u)), as u — oo has been proved in [43], [40], [33]. Here we just
recall that from (5.1.70) — (5.1.73), it follows that

(T(w)), — Ti(u) ae. in Qr, in L®(Qr) weakly-* and (5.1.75)

strongly in LP((0,T); Wy*(R2)) as p — +oo,

Tl ey < 005 (T g [l ey ) < (5.1.76)

for any 4 > 0 and any k& > 0. This definition of (7}(u)), allows us to prove the

following lemma whose proof can be found in [25]

Lemma 5.1.5 Let k > 0 be fized. Let S be an increasing C*(R)— function such

that S(r) =r for |r| <k and sup pS’ is compact. Then

T t a(s
p—+00e—0 ot
00

where < .,. > denotes the duality pairing between L'(Q) + W12 (Q) and L=() N

(Te(uz) = (Te(w)u) > 20,

W ().

Step 5. In this step we prove a lemma which is the critical point in the development

of the monotonicity method .

Lemma 5.1.6 The subsequence of u. satisfies for any k > 0

T t

yg]]/wam@VEwmvnmas///%vnw»
0 0 Q

00 Q
where oy, is defined in (5.1.60).

Proof

Let be S, a sequence of increasing C*°(R)—function such that
Sn(r)=r for |r| <n, (5.1.77)
suppS,, C [—(n+1),(n+1)], (5.1.78)
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190l ooy < 1 (5.1.79)
for any n > 1. By pointwise multiplication of S, (u.) in we have

S, (u.)
ot

— div(ac(x, t,ue, Vu)S! (us)) + SI (us)a-(z, t, ue, Vuo ) Vu+

+div(K (z, t,u.)S) (ue)) — SV (u) Ko (2, t, us ) Vu, = f.S) (u:) in D'(Q).

We observe that 88’5—5{”5) € LY(Qr) + L¥(0,T); W17 (Q)).

For k£ > 0, let us consider
Wi = Ti(ue) — (Th(ue)), (5.1.80)

where (7} (u)), has been defined in (5.1.73) . If we integrate over (0,¢) and (0,7) we

T t T ¢

A(S (u. / E

//< (8(:),I/V;j>+///ag(gc,t,ug,vug)sn(ua)vwlﬂL
0 0 Q

00

T t T ¢
—i—///ST'Z’(uE)aE(:c,t,uE,VuE)VuEWE—///Kg(x,t,us)S;(us)VWlf
00 Q 000

Tt T t
_!O/SZSx(ug)Ka(x,t,ua)WEW[;=O/O/Q/f53;(ua)W§. (5.1.81)

Now we pass to the limit in (5.1.81) as € tends to 0, u tends to +o00 and then n tends

have

to 400 for k real number fixed. In particular we want to prove that for any fixed

k>0
T ¢ oS
lim lim// < ( (ue),We > >0 foranyn >k, (5.1.82)
p——400t—0 ot a
00
Tt
lirf lin%///KE(a:,t,ug)S;L(ug)VWj =0 foranyn>1, (5.1.83)
' 00 Q
Tt
lirf lirr(l]///S;’(uE)KE(x,t,uS)VUEWl‘f =0 foranyn>1, (5.1.84)
H——+ooe—
00 Q

108



n—-—4oopu—-+ooe—0

T
lim lim lim ///SZ(uE)as(x,t,uE,Vue)VUEWj =0, (5.1.85)
00 0

p——+ooe—0

Tt
lim lim///fES;(ua)Wlf =0 forany n > 1. (5.1.86)
00 Q

The proof of (5.1.82) can be easily obtained by appling Lemma 5.1.5 to the function
Sy, for any fixed n > k. Let us recall the main properties of W7. In view of (5.1.58),

(5.1.80), (5.1.51), for any fixed p > 0
Wi = Ti(ue) — (Ti(uz)), weakly in L7((0,7); Wy (%)),
as € goes to 0. Then by (5.1.75), (5.1.76) we have

HW; <2k, for any € > 0 and for any p > 0. (5.1.87)

||L°°(QT)

From (5.1.80), (5.1.87) we deduce that for fixed p > 0
W5 — Ti(u) — (Ti(u)), ae. in Qr and in L>(Qr) weakly-*, (5.1.88)

when ¢ — 0.

Let us prove (5.1.83). For any fixed n > 1 and 0 < ¢ < n+r1 it results
Sy (ue) Ko (, t,ue VW, = S) (ue) Ko (2,1, Topa (ue) )V ace. in Qr,
since suppS’ C [—(n+ 1),n + 1]. On the other hand,
S (ue)Ke(x,t, Thy1(ue)) — Sh(w) K (x,t, Thy1(u)) ae. in Qr,

and

|S) (ue) Ko, t, Thyr(ue))] < ez, t)(n+ 1) for n > 1.

By (5.1.77) and the strongly convergence of (Tj(u.)), in LP((0,T); Wy *(Q)) we obtain
(5.1.83)

Proof (5.1.84) . For any fixed n > 1 and 0 < ¢ < n+r1

Sh(ue) Ko, t,ue ) Vu Wy = S (ue) Ke (2, t, Toga (ue)) VT (ue )W ace. in Qr,
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as in the previous step it is possible to pass to the limit for £ — 0 since, by (5.1.87),

(5.1.58), (5.1.88)
Sp(ue) Ke(2,t, Ty (ue) )Wy, — Sp(u) K (2, t, Tyy1 (u)) W, ace. in Qr,

and

[S0(u) K (2, t, Ty () W] < 2 |e(a, )] (n + 1)7.

Finally by (5.1.77) we obtain (5.1.84).
Let us prove (5.1.85). Due to (5.1.77), (5.1.78) suppS’ C [-(n+ 1), —n] U [n,n + 1]

for any n > 1, as a consequence

///S” u)ac(z,t, uz, Vue )Vu W5 | <

THS;Kue)“LOO(R) HW;HLOO(QT) / a(l‘,t,UE,VUE)VUE,

{n<|ue|<n+1}

for any n > 1, any ¢ < #1 and any pu > 0. The above inequality together with

(5.1.79) and (5.1.87) make it possible to obtain

lim lim ///S” ue)ae (v, t, ue, Vue ) Vu Wi | < Clim / a(z,t,ue, Vue ) Vue|

p——+ooe—0 e—0
n<|ue|[<n+1}

for any n > 1, where C' is indipendently of e.
By (5.1.68) it is possible to pass to the limit as n tends to +oo and to establish
(5.1.85).

Proof of (5.1.86). By (5.1.32), the pointwise convergence of u. and W and its

boundness it is possible to pass to the limit for ¢ — 0 for any p > 0 and any n > 1

i [ [ [ stz = [ [ [ sime -z,

Now for fixed n > 1, using (5.1.76) it possible to pass to the limit as p tends to +o00

in the above equality.
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Now we turn back to the proof of Lemma 5.2.4. Due to (5.1.82) — (5.1.86) we can to
pass to the limit-sup when ¢ tends to zero, then to the limit-sup when p tends to +o00
and to the limit as n tends to +oc in (5.1.81). Using the definiton of W7 we deduce

that for any k£ > 0

i i T [ [ St Ve (V) - VTG0, <o

n—-+00 p—+4oopu—400 0

Since S, (u.)a-(z,t, ue, Vu. ) VT (u.) = a(x,t, ue, Vue)V(Ti(u) for k < 1 and k < n,

using the properties of S/, the above inequality implies that for £k < n

Tt
m/ / /ae(x,t,us,Vus)VTk(us) <
=0Jo Jo Ja

Tt
lim lim M/ / /(S;(ug)as(a:,t,ug,Vua)(VTk(ug))u (5.1.89)
n—-+4o0o p—+ooe—0 0 Q

On the other hand, for € < n+r1
S (u)ac(z,t, ue, Vue) = S, (u)a(x, t, Toyr (ue), Vi (us)) ace. in Qr.
Furthermore by (5.1.60) it follows that for fixed n > 1
S, (ue)ac(z,t,ue, V) — S, (us)opy1 weakly in LPI(QT)

when ¢ tends to 0. Finally, using the strong convergence of (Tj(uw)), to Ti(u) in
LP(0,T; WyP(Q)) as i tends to +o0, we get

liIJqu lir%/ / / (ug)as(x, t ue, Vue ) (VT (ue)) / / /S U )01 VT (u)
p——+ooe—

(5.1.90)
as soon as k < n since (5.1.77) implies that S, (r) = 1 for|r| < n. Now for k < n we

have

CL(ZL', t, Tn-i—l(ua)a an+1(u£))X{|ug|§k} - a(x, ta Tk(ua)y VTk(ua))X{|uE|§k} a.e. in QTa
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which implies that , by (5.1.58), (5.1.60), passing to the limit when e tends to 0,
Tn 1 X{Jul<k} = OkX{ju<k} a-€. in Qp — {|u| =k} for k < n. (5.1.91)

Finally, by (5.1.91) and (5.1.60) we have for k < n,

On1 VT (u) = 0, VTi(u) a.e. in Qr.

Recalling (5.1.89), (5.1.90) the proof of lemma is complete.
Step 6. In this step we prove that u satisfies the equation (5.1.11). First of all
we prove that the weak limit oy of a(z,t, Ti(u.), VI(us)) can be identified with

a(x,t, Ty(u), VT (u)). In order to prove this result we recall the following lemma:

Lemma 5.1.7 The subsequence satisfies the following condition for any k > 0

lii%/o /Ot/Q [a(x,t, Ty (us), VT (ue)) — a(z, t, Te(ue ), VT(uw)] X [VTi(u:) — VTi(u)] = 0.
(5.1.92)

Proof
Let k > 0 be fixed. By (5.0.97) we have

}:ig(l)/o /0 /Q[a(x,t,Tk(ug),VTk(us)) —a(x,t, T (ue), VT (u)| x[VT(u:) — VTg(u)] > 0.
(5.1.93)
Furthermore, by (5.1.2) (5.1.58) we have

a(x, ta Tk’(us)v VTk(u» - a(a:, t, Tk<u)’ VTk(u)) a.e. in QTa

and

’a(x7thk(uE)7ka(u€))| é v [h(.’l?,t) + ‘VTk(ua)’pil} a.e. in QTa

uniformly with respect to . As a consequence
a(z,t, Tp(us), V() — alx, t, Tr(u), VT, (u)) strongly in (LP (Qr))YN. (5.1.94)

Finally, by Lemma 5.2.4, (5.1.58), (5.1.60) and (5.1.94) make it possible to pass to

the limit-sup as € tends to 0 in (5.1.93) and we have (5.1.92).
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Lemma 5.1.8 For fized k > 0, we have
or = a(x,t, Tp(u), VI(u)) a.e. in Qr, (5.1.95)
and as € tends to 0
a(x,t, Ty (ue), VTg(u:)) VT (us) = a(x,t, T (u), VI (u)) VT (u) (5.1.96)
weakly in L*((0,T) x Q).
Proof. We observe that for any k£ > 0, any 0 < ¢ < % and any £ € RY

ac(z,t, Tp(ue), &) = alx, t, T (ue), &) = ar(x, t, Ti(ue), &) a.e. in Qr.

ar
k

By (5.1.51), (5.1.92)

lin%/ // %m t, Ti(ue), VT (u:)) VT (ue) / //O'kVTk (5.1.97)

Since, for fixed £ > 0, the function a %(x,t,s,ﬁ) is continuous and bounded with
respect to s, the usual Minty’s argument applies in view of (5.1.51), (5.1.60), and
(5.1.97) . It follows that (5.1.95) holds true (the case k = 0 being trivial). In order to
prove (5.1.96), by (5.0.97) and (5.1.92) give that for any £ > 0 and any 7" < T

la(x,t, Ty (us), VT (u:)) — a(z, t, Tp(ue ), VIg(w))] x [VTi(us) — VT (u)] — 0

strongly in L'((0,T) x Q) as € tends to 0. Moreover by (5.1.51), (5.1.60), (5.1.94),
and (5.1.95) we have

a(x,t, Tr(ue), VI (ue)) VT (u) = a(z,t, Tp(u), VI (u)) VT (u) weakly in L' (Qr),
and
a(z,t, Ti(us), VIe(u))VTi(u) — a(z,t, Ti(u), VT (u)) VT (u) strongly in L*(Qr),

as ¢ tends to 0.
Using the above convergence result in (5.1.97) shows that for any & > 0 and any

T <T
a(x,t, Tp(ue), VIi(u)) VT (u) = a(x, t, Tp(u), VIi(uw))VIk(u) (5.1.98)
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weakly in L'((0,7”) x Q) as ¢ tends to 0.

In order to extend the functions a(z,t, s, &), f on a time interval (0, 7) with 7' > T in
such a way that (5.0.97), (5.0.99), 5.1.2 — (5.1.7) hold true with T in place of T', we
can show that the convergence result (5.1.98) is still valid in L!'(Q7)— weak, namely
that (5.1.98) holds true.

Now we prove that u satisfies (5.1.10) . To this end we remark that for any fixed n > 0

we have

// a(x,t,ue, Vu)Vu, = //a(:x,t,ua, Vue) (VT4 (u:) — VT, (u)) =
Qr

{n<|ue|<n+1}

- / / (£, Ty (1), VT () (VT (112) — VT (1))

—//a(a:,t,TnH(ug),VTn+1(Us))VTn<u€)'

According to (5.1.96), one is at liberty to pass to the limit as ¢ tends to 0 for fixed

n > 0 and to obtain

lim // ot e, Vi)V, — // a(,t, Tos1 (1), Va1 (1)) V T (1)

e—0
{n<luc|<n+1}

//:vtT ), VT, (1) VT (u // a(ztu, Vo) Vi, (5.1.99)

{n<Ju|<n+1}

Taking the limit as n tends to +oo in (5.1.99) and using the estimate (5.1.68) show
that u satisfies (5.1.10) . Our aim is to prove that u satisfies (5.1.11) and (5.1.12) .Now
we want to prove that w satisfies the equation (5.1.11). Let be S a function in
W2>(R) such that suppS’ C [—k, k| where k is a real positive number. In the
following we show how it is possible to pass to the limit in (5.1.53). Since u. — u

a.e. in Qr and in L>®(Qr) weak-*, using the boundness of S(u.) it follows that

98 (u:) a5 (u
ot ’ 6t

in D'(©2). We observe that the term a.(z,t,u. Vu.) can be iden-

tified with a.(x,¢, Ty(u.), VTi(u.)) for e < 1, so using the pointwise convergence of
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u. — u in Qr, the weakly convergence of Ty (u. ) — Ti(u) in LP((0,7T); W{(Q2)) we
get
ac(z,t,ue, Vue) S (us) — a(z,t, Te(ue), VIk(w)S"(w) in LP (Qr),

and
S"(ug)as(z,t, ue, Vu ) Vue — S"(w)a(z, t, Ty (u), VI (u))VTi(v) in LY(Qr).
Furthermore, since
K. (z,t,u.)S (u.) = K. (x,t, T (u:))S (us) a.e. in Qr,

by (5.1.34)
K (2, Ti(02)) S (1) < Je(, D) K7,

it follows that
Ko(,t, T(u))S (us) — K(,t, To(u))S'(u) strongly in L (Qr).
In a similar way, it results
S"(u) Ko, t,ue)Vue = S"(Ti(u)) Ko (2, t, T (ue) ) VTk(ue) ae. in Qr,

and

S"(ue)Ke(x,t,u.) — S"(u)K (2, t,u) a.e. in Qr,

so, using the weakly convergence of Ty (u.) in LP((0,T); W[ (Q)) it is possible to prove
that
S (ue) K (2, t, ue ) Vue — S"(u)K(z,t,u)Vu in L (Qr).

Finally by (5.1.32) we deduce that
faSl(ua) - fS,<u) in Ll(QT)'

It remains to prove that S(u)(t = 0) = S(up) in . By (5.1.53) the term %

is bounded in L*(Qr) + LP ((0,T); W=7 (Q)) so by Aubin’s type lemma it follows
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that S(u.) belongs to C° ([0, T]; W1%(Q)) where s < inf(p/, i25) and S(u.)(t =
0) = S(up). converges to S(u)(t = 0) strongly in W~14(Q). Using (5.1.33) and the

boundeness of S we have
S(ug). — S(ug) strongly in L4(Q), d < oo,

and then S(ug) = S(u)(t = 0).

u
5.1.2 Existence result for problem (5.1.13)

In this section we prove the existence of a renormalized solution to problem (5.1.13).

The result contained in [55] is the following:

Theorem 5.1.9 Under the hypotheses (5.0.97), (5.0.99), (5.1.2), (5.1.6),(5.1.7),

(5.1.14) — (5.1.16) there ezists a renormalized solution of (5.1.13) .

Proof
Here we follow the same technique used in the previous section. We divide the proof
into several steps.

Proof. Step 1 Let us consider the approximated problem

% - diV(CLE(.Z', t7 Ue, Vua)) + Hg(l‘, t, VUE) = fa in QT

ue(x,t) =0 on 00 x (0,7)  (5.1.100)
us(z,0) = (uo), (x) in Qr,
where
H.(z,t,n) = T%(x,t,n), (5.1.101)
|H.(z,t,n)| < b(x,t)|n]°, and |H.(x,t,n)| <e, (5.1.102)

and a.(z,t, Vu.), f. and (ug). have been defined in (5.1.31), (5.1.32), (5.1.33).
Under the assumptions (5.1.32), (5.1.33), (5.1.102), (5.1.101) the problem (5.1.100)
admits a unique solution u. € L>(0,T; L*(Q)) N LP(0,T; Wy (Q)).
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Step 2 In this step we obtain the apriori estimates for the solution u. and its
gradient Vu,.. To this end, let us consider T (u.) as test function in (5.1.100) and we

integrate between (0,t), where ¢t € (0,¢;) and ¢; € (0,7) will be choosen later, by

//(Ua)tTk(Ua) + // a(x, t,ue, Vue ) VT (u:)
Q1 Qt

// x,t) |VT(u. | Ty (ue) / feTy(us). (5.1.103)

(5.1.102) we have

Using (5.0.97), (5.1.39) and Holder inequality we have

%/Q|Tk(ua>|2+a//|vmua>lpék/QKuo)EI%
Qt

e
+k HbHLT(Qt) HWT’C(UE)’I; ’ 25(1@)

+ k[ fell g, - (5.1.104)

Taking the supremum for ¢ € (0,¢;) inequality (5.1.104) becomes

— sup /|Tk u.)|? +a/ VT (u)|” < Mk, (5.1.105)
2t€ (0,t1)
Qty
where
1
My = |0l g,y IV Telue) P77 (1 ot llfellen + ol
for s < % By Lemma 5.1.3 we get
2y
1 p -
190 gy < € [sup il + il
3
(N+2)(p—1) gp(](\71\—7--’1_)21N
N —N S
40 (W) ™ ([ 192w 41 ,
Qty
for some constant C. Since § < % it results
2y
1 p -
190 gy < € [sup s+l +
€
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(N+2)(p— 1
¢ (10l ) ™ ([é|vnusp”u4>. (5.1.106)

If we choose ¢; such that

iy
= Clbll g,y >0, (5.1.107)
inequality (5.1.106) becomes
p(N+1)—N

7] .

<C, s< ,
"(@Qu) = (N+1)(p—1)

for some constant C'. Our aim is to obtain two apriori estimates for u. and its gradient
on the entire cylinder. The technique that here we follow is the same method used
in the previous section: we consider a partition of the entire interval [0,7] into a
finite number of intervals [0,¢y],..., [tn—1, 7] and for each of them we assume that a
condition like (5.1.107) holds. In this way we obtain the apriori bounds (5.1.47) . The
estimate for the solution u. is a natural consequence of the last inequality. In fact,

by Lemma 5.1.2, we know that

N
< oM FFT oy

I Ju”™! HLm(Qtl)

where M is now indipendetly on ¢.

Step 3 Now we proceed as in Step 3 of the first section (see also [25]) . By (5.1.105)
Ty (ue) is bounded indipendently of e for any positive k, so (5.1.51) hold.
Moreover, if we multiplicate by S’(u.) in the equation (5.1.100), for any S € W2>(R)

such that S’ is compact we have

0S(u.)

5 div(ac(z,t, ue, Vue) S (ue)) + 5" (ue)ac (x, ¢, ue, Vue ) Vue+

+S5"(u)Ho(x,t, Vu,) = f.5(u:) in D'(Q). (5.1.108)
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As in the first section we observe that asgf) is bounded in L' (Q7)+L¥ ((0,T); W= (Q))

indipendently of ¢. In fact, the term S'(u.)H.(z,t, Vu.) is bounded in L¥ (Qr) in-

dipendently of € since by

/ 6 /
/ |8 (ue) He(, t, VT (u))I” < N0(2, )| 1 IV T(ue) 0y < -
Qr

Let us prove that u € L>((0,T); L' (Q)). If we take T}, (u. ) as test function in (5.1.100) ,

by (5.1.102) ,we have

zyuwxw+/yfumawv%ﬁmu%>s//fuxﬂv%ﬁnwa

i /Q n(u)- + / [ ), (5.1.109)

for almost t € (0,T) and 0 < ¢ < +

-, where 9 (s) is defined by (5.1.36). If we take

the lim inf in the previous inequality, by (5.1.47) we have

Lémm%ﬂs@+lﬂwM+k/@ﬁ,

which implies (5.1.8).

The next step is to prove that 6, (u) — 0 strongly in LP((0,T); W, (). To this end
let us Let us consider 6, (u.) where 6, (u.) is defined by (5.1.55). Arguing as in the
first section, there exists a subsequence, still denoted by u., such that (5.1.58) hold.
Furthermore, (5.1.59), (5.1.60) are valid too. If we take 6, (u.) as test function in

(5.1.100), for e < -5, by (5.1.102) we have

/Q . (u)(T) + / /Q b, Vu) V0, (0 <

+//tb(a:,t)IVue|6en(ua)+/Q§n(u0)5+/Qt fo0n(u.). (5.1.110)
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We observe that, by Holder and Young inequality

//T b(@,t) [Vue|* 0 (uz) = /AMH b(x,t) [VO,(us)|’ O, (us)+  (5.1.111)

+// b(x,t) [Vue|® 0, (us) < // V0, (u:) " +
\u5\>n+1 T

(] o)

! 1/r
\ b(x,t)r) :

‘ L2@n) (//ug|>n+l

+ H|Vu6|p_1

By (5.1.110) and (5.1.111) we have

1

= o < ([ wamorr)
() s e

Finally, letting ¢ — 0 and n — +00 we have

~ P
i foncr-
QT

As in the first section, this result imply that (5.1.68) and (5.1.69) hold.

Step 4 In this step we prove a lemma which is useful to develop the monotonicity
method.

Lemma 5.1.10 The subsequence of u. satisfies for any k >0

T ¢t T t
@///a(:ﬂ,t,ug,VTk(ua))VTk(ue) < ///akVTk(u),
00 Q 00 Q

where oy, is defined in (5.1.60).
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Proof. Let be S, a sequence of increasing C*°(R)—function such that (5.1.77) —

(5.1.79) hold for any n > 1. By pointwise multiplication of S/, (u.) in we have

S, (ue)
ot

— div(a(z, t,us, Vu.)S) (u.)) + S)(ue)a(x, t, ue, Vue ) Vu~+

+H.(z,t,Vu.)S, (u:)) = foSh(ue) in D'(Q).

For k > 0, let us consider W¢ = T (u.) — (Ty(uc)),, as test function, where (Ty(u)),

has been defined in (5.1.73) and we integrate over (0,t) and (0,7)

T 4 a(S T t
<252 o et misicrmns
00 00 Q

Tt Tt
+///S,’;(ua)a5(:v,t, uz, Vue ) Vu W, —///Hg(x,t, VUE)S;(uE)Wj =
00 Q 00 Q
T ¢
:///fssgmg)wg. (5.1.112)
000

Thanks to (5.1.82), (5.1.85), (5.1.86) proved in the previous section we only have to

prove that

lim lim///H x,t,Vuc)S, (u)W; =0 for any n > 1. (5.1.113)

p——+o0e—0

This result can be easily obtained if we observe that for n > 1
H.(2,t,Vu.)S, (u. )Wy = H.(2,t, VT, 41(uc)) S, (u) Wy a.e. in Qr,
since suppS’ C [—(n+ 1), (n+ 1)]. Furthermore, by (5.1.88) and (5.1.58) we have
Sy (u )Wy — S (u)W, a.e. in Qr, (5.1.114)
which implies, thanks to the boundness character of S (u.)Wy, that

Sy (u )Wy — S (w)W, strongly in LF(Qr). (5.1.115)
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On the other hand, by (5.1.51)
H.(z,t,VT,1(us)) = H(x,t,VT,1(u)) in LP((0,T); Wol’p(Q)). (5.1.116)
Finally, by (5.1.115), (5.1.116) we obtain (5.1.113).
Step 5 It remains to prove that u satisfies the equation (5.1.11). To this end let’s
go back to (5.1.108). The scheme that we use to pass to the limit in the previous

equation is the same used in (5.1.53) except for the lower order term. Using the

boundness of S, the condition (5.1.101), the pointwise convergence of u. we have
S'(u.) — S'(u) strongly in LP(Qr). (5.1.117)
On the other hand, for e < 1,
H.(x,t,Vu.) = H.(x,t,VTi(u:)) a.e. in Qr,

and

H.(z,t,VT(u.)) = H(x,t,VT(u)) in LP((0,T); Wy " (). (5.1.118)

By (5.1.118), (5.1.117) we obtain

H.(z,t,Vu.)S (u.) — H(z,t,Vu)S' (u) in L'(Qr).
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