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Introduction

In the late 1950s and early 1960s, the work of De Giorgi [DG] and Nash [N], and then Moser
[Mos|, initiated the study of regularity of solutions to divergence form elliptic equations
with merely bounded measurable coefficients. Weak solutions in a domain 2, a priori only
in a Sobolev space VV;?(Q), were shown to be Holder continuous of some order depending
just on ellipticity, and maximum principles and Harnack inequalities were established. The
Dirichlet problem for such operators, with continuous data on the boundary, was established
in [LSW]. This in turn paved the way for a more systematic and detailed study of the
properties of the harmonic measures dw, associated to £ = div(AV) on a domain 2. The
classical properties of existence of non-tangential limits of solutions (Fatou type theorems)
and comparison principles appeared in [CFMS], but owed a great deal to the earlier work of
[HW2] on harmonic functions in Lipschitz domains.

The investigation into the solvability of LP boundary value problems, in the sense of
non-tangential convergence and L” estimates on the non-tangential maximal function of
solutions, really began with the study of harmonic functions in Lipschitz domains [D1], [D2].
In [D1], B. Dahlberg proved that, on any Lipschitz domain €2, the harmonic measure, dw,
and the surface measure do were mutually absolutely continuous, that dw, € Ay (do) (the
Muckenhoupt weight class A.,). He proved that there exists a constant C' such that for any

radius r and every surface ball A, C 0f2,

(/ m)é <cf v 0

where dw; = kdo. The estimate (1) will imply the L? solvability of Dirichlet problem
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in the domain 2. Until recently, most results proving solvability for those boundary value
problems were carried out for operators £ = div(AV) assuming the matrix A to be both
real and symmetric. On the other hand there are a variety of reason to studying the non
symmetric situation. These include the connections with non-divergence form equations,
and the broader issue of obtaining estimates on elliptic measure in the absence of special
L? identities which relate tangential and normal derivatives. In [KKPT] the study of non-
symmetric divergence form operators with bounded measurable coefficients was initiated.
In light of this we began to study the solvability of the Dirichlet problem for this class of
operators when the boundary data varies in an Orlicz functional space L?, extending the L?

situation.

We prove, in more than two dimensions, that the known condition (see [K], [KKPT])

we € By(do)

for the LP solvability, is a necessary and sufficient condition also for the L®-solvability of the
Dirichlet problem, whenever L® is in a suitable class of Orlicz space containing the Lebesgue

space LP.

Moreover, in dimension n = 2 we find a number of quantitative sharp results for the
L? Dirichlet problem. More precisely, assume that the elliptic operator £ = div(A(z)V) is
LP- resolutive, p > 1, on the unit disc D C R2 Then, there exists ¢ > 0 such that L is
L"-resolutive in the optimal range p — ¢ < r < oo (see after Theorem 1.4.1). We determine
the precise value of € in terms of p and of a natural “norm” of the harmonic measure w,.
In planar case we study also the following problem: given two operators in our class, say £
and L1, when the solvability of Ly guarantee solvability for the second operator £;7 We will
treat this subject for special couples of operators which are pull-back of the Laplacian via
quasiconformal mappings and we will obtain simultaneous solvability results for this couple

of operators.

Now, a few words about the organization of the thesis. It consists about seven chapters.
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First chapter is devoted to introduce the formulation of the LP Dirichlet problem, as
well as definitions and known results. Then, in Chapters 2 and 3 we recall definitions and
properties of Orlicz functional spaces and introduce the Hardy-Littlewood maximal operator
together with some of its most interesting properties. Apart from the usual estimates for
this operator we also obtain some new weighted inequalities, so that the results obtained in
the course of the Chapter 3 seems to be of independent interest.

In Chapter 4 we consider a Young’s function ® : R™ — R* satisfying the A, condition
together with its complementary function and we give a necessary and sufficient condition
for the L®-solvability of the Dirichlet problem, where L? is the Orlicz Space generated by
the function ® (see Section 4.1 for definitions). In last three chapters we confine ourself to
the two dimensional case to obtain a number of sharp quantitative results. In Chapter 6 we
consider sequences of operators and study the weak convergence of their harmonic measures.
Finally in Chapter 7 we show a relation between the solvability in Orlicz context of Dirichlet

and Neumann problem for a special class of operators.
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Chapter 1

Definitions and backgrounds

In this chapter we introduce the formulation of the Dirichlet problem with boundary data

in the Lebesgue space LP(do) and we report some of the known results.

1.1 The classical Dirichlet problem

Let © C R™ be a bounded open set. For K > 1 we consider the class £(K) of measurable

matrix field A(z) = (a;;(7))7;=; € L>(Q, R"xR") verifying the uniform ellipticity condition:

EL < (a6 < K¢ (1.1

a.e z € ) and for all £ € R™"\ {0}. The matrix A will not be assumed to be symmetric.
The space W,2(Q) denotes {f € L2.(Q) : of € WH(Q), Ve € C°(Q)} where W2(Q)

is the usual Sobolev space {f € L*(Q) : [, [fI*+ [ |V f]* < oo}

Consider the linear second order elliptic operator in divergence form

. 0 0
[, = le (AV) = %Clid‘(fﬂ)%
2 J

(the repeated indices summation convention is used).

1
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Definition 1.1.1. A function u € W2*(Q) is a solution to Lu = 0 in Q if

Ou Oy -
/Qa (@) 58 =0, Ve € CT@), (12)

Thanks to the pioneering work of [DG], [Mos| [N] and [LSW] we have local regularity,
Harnack’s principle, maximum principle, pointwise bounds for such solutions. It was ob-
served firstly by Morrey [Mo] that the symmetry of the matrix A is not needed to get these
results (see also [KKPT]). We report here some of these fundamental estimates. Here and

below, we denote by 7[ fdo the mean value of f € L'(0) over the o-measurable subset

E C 09). That is, ][ fdo = fg = (E) / fdo, where o(E) = [ do.
E

Lemma 1.1.1. (Caccioppoli) If u > 0 is an L-subsolution in 2 (i.e. the integral in (1.2)

is non-positive) and if r > 0 is such that By.(X) C Q. Then,

(Vu(z)|?dz < Chin u?(2)dz.
2
(X) " JBa(X)

The interior regularity estimates are as follows. Here, oscp,u = supp u —infp u denotes

the oscillation of u over the ball B,.

Lemma 1.1.2. If u is a nonnegative subsolution in 2 and B, (X) C Q then

1

p
sup u < Ckpn (7[ up) , Vp >0
BT‘(X) BQT(X)

Lemma 1.1.3. (Interior H6lder Continuity) If u is a solution to L in €, then

1

oscp,(x)u < Ckp (%) (7[ UQ)
BRr(X)

for some 0 <a <1, a=a(K,n) and 0 <r < R < dist(X,00).

It is worth to point out here that the Holder continuity rate of the solution only depends

on the ellipticity of the operator.
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Lemma 1.1.4. (Harnack’s inequality) Let u > 0 be a solution to the equation Lu = 0 in

Q, and assume that r > 0 is such that By.(X) C Q. Then,

sup u < Cg,, inf w (1.3)
Br(X) Br(X)

Moreover, it holds

Lemma 1.1.5. If u is a solution to Lu =0 in Q and r > 0 is such that By, (X) C 2, then

there exists a p > 2, p = p(K,n), such that

(][ |Vu|pdz) ’ <C (7[ |Vu|2dz) : (1.4)
T(X) BZT(X)

Lemma 1.1.6. (Maximum principle) If u is a solution to Lu = 0 in Q, which is contin-

uous in a neighborhood of 052, then

sup 4 < sup u.
Q a0

Now, let f € W,(Q)* (here W,*(Q) is the closure of C°(Q) in W2(Q)). By the Lax-
Milgram lemma, there exists a unique w € WO1 2(Q) such that Lw = f in , in the sense

that
ow 0
/Q = (o, f), VpeCTQ).

Ay s — —
" 8IZ 6xj

Consider g € Lipo(R™) such that G|,, = g, i.e. supp G is compact and
G(z) = G(y)| < Clz —y|, Vo,yeR™

and let f = LG = %ai,j(x)%(}' e Wy(Q)*. Hence, there exists w € W, () which solve
Lw = LG in the sense described above. Let u = G — w. Then, v € W?(Q) and Lu = 0.
Since w € W, *(Q), then Uy, = "g. Such u is called the generalized solution of the classical
Dirichlet problem with data g.

It is worth to point out that u is well defined since if Gy, G2 € Lipo(R™), Gy, = Gajpy =
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g, then Gy — Gy € W, (Q), and so uy — uy € Wy(Q), L(uy — uz) = 0 and hence u; = us.

Suppose that for all g € Lip(0f2), the generalized solution u € C'(£2), and consider now
f e C(09). We find a sequence g; € Lip(0f2), such that g; — f uniformly on 0. Denoting

by u; the corresponding solutions to the problems with data g;, by Lemma 1.1.6 we have
max [u; — ug| < max|g; — gl

Thus {u;} converges uniformly in Q to u € C(2). Noting that for such solution a Caccioppoli

inequality holds, for any j € N

7[ |Vu,|?dX < C(K, n)rzj[ u
r(X)

B, (X)

where 7 > 0 is such that By, C Q, we have u € W,2?(Q), Lu = 0in Q and u,, = f. Another

application of the maximum principle shows that u is independent of the choice of {g,} and

hence is unique.

Definition 1.1.2. A domain Q is said to be reqular for the operator L if for every boundary

data g € Lip(0Q) the generalized solution of the classical Dirichlet problem u € C(2).

no 92
i=10a2"

Theorem 1.1.7. § is reqular for L if and only if Q is reqular for the Laplacian

The notion of generalized solution, and of regular domain, come from the work of Littman,
Stampacchia and Weinberger [LSW], which also proves the following Wiener test to charac-
terize regular domains for our class of operators. It involves the notion of capacity that we

now recall. If £ C B = {|z| < 1} is a closed set, then,

cap(F) = inf/ Vl|?
B

where the infimum is taken over all ¢ € C§°(B), with ¢ > 1 on E.
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Theorem 1.1.8. Let Q2 CC B = {|z| < 1}. Then Q is reqular if and only if

/Ocap(CQ U B,(x)) = +o0

for all x € 0.

In particular any bounded Lipschitz domain 2 is regular.

We shall now recall a key notion of the theory, namely the ‘harmonic measure’ associated
with £. To this effect let Q2 be a regular domain in R™. Moreover, let f € C(992), X € Q

and let us consider the linear functional
f— u(X) (1.5)

on C(99Q) where u € W,2%(Q) N C() is the generalized solution of the classical Dirichlet
problem (1.32). By the maximum principle, (1.5) is a bounded, positive continuous linear
functional and u = 1 if f = 1. Therefore, by the Riesz representation theorem, there exists

a family of regular Borel probability measures

{wf}xm

such that u represents as

uX) = | f(Q)dwz(Q) (1.6)

o0
This family of measures is called £-harmonic measure. When no confusion arises, we
will omit the reference to £. Moreover, when €2 = B, the unit ball in R", we will simply
denote by wy = w? the harmonic measure of £ in B evaluated at the origin O of the unit

ball B. By abuse of notation we will sometimes refer to w as the harmonic measure of £ on €.

Next Lemma shows that the measures of the family w™, as X varies over 2, are mutually

absolutely continuous:
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Lemma 1.1.9. Let E C 09 be a Borel set. Then w*°(E) =0 if and only if w*(E) =0 for
any X € (.

Proof. By regularity of w®® and w¥ it is enough to establish the claim for the compact subset
of 9. So, let K C 99 be a compact set and suppose that wX°(K) = 0. Now, let £ > 0 be
given. We can find an open set U D K such that wX°(U) < e. Let g € C(99Q), 0 < g < 1,
g =1on K and let u(X) be the generalized solution of the classical Dirichlet problem with

data g. Clearly w™(K) < u(X). In fact by the non-negativity of g,

u(X) = / gdX > /K g™ = ¥ (K) (1.7)

Fix such an X and let I' C €2 be a compact set containing Xy and X. Hence we can recover
I' by a finite number m of balls B; = B(Xj,r;) C Q (J = 0,...,m), such that X,, = X,
B(X;,2r;) Cc Qand Bj_1NB; #0,j=1,...,m. So,let Y; € B;_yNB;, j=1,...,m. We

have, applying Lemma 1.1.4, C = C(K,n),

Thus,
w(X) < C(K,n, X, Xo)u(Xo) (1.8)

Therefore, by (1.7) and (1.8), it holds

WX (K) < u(X) < Cu(Xy) = C / gdw™ = CL¥ (1) < O
9]

and then wX(K) = 0.

As we will see, for the purpose of solving boundary value problems, it is necessary to
study the relationship between the harmonic measure dw, and the surface measure do for a

given domain ). To this aim we need to introduce the Green’s function and determine its
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relationship to harmonic measure. In [GW], Griiter and Widman made a systematic study

of the Green’s function, without assuming the symmetry of the matrix.

Theorem 1.1.10. [GW] There exists a unique function G : 2 x & — RU {400}, G > 0,

such that, for each’Y € Q) and r > 0,

i) G(Y) € WH(Q\ B,(Y)) N Wy ()

i) Vo € C§°(§2)

0

/wﬂ@j%GMﬂOEEMXMXZwW)

(i.e. 'LG(-,Y) = =by’).
i) G(Y,X) = G*(X,Y), where G* satisfies i) and ii) for A*, the adjoint of A.
i) G(X,Y) < CxlX —Y[*",  VX,Y €Q,
v G(X,Y) > Cx|X —Y]>™", VXY €Q, |X - Y| <} dist(Y,00)
vi) G(-,Y) € WyP(Q) for all 1 < p < -2, uniformly in Y.
vii) G(X,Y) < Cgdist(Y,00)%| X — Y|>7"*, where a = a(K, n).

viii) |G(X,Y) = G(Z,Y)| < Cie(1X = Z|7)(|X = Y[ 4 |2 = Y [2e)

Note that in dimension n = 2 the singularity in the bounds on the Green’s function

would be logarithmic.
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In a smooth domain like the unit ball B, if the coefficients matrix A € C*°(R™), Green’s

theorem shows that G € C*(B x B\ {(X,X) : X € B}). Green’s formula then shows that
Xo * * 7
dw™(Q) = A(Q)VoG™(Q, Xo) - N(Q)do

where N)(Q) is the outward unit normal at () € 0B. Moreover, by the Hopf maximum

principle we have that

(A"(Q)VaG (@, X0, N (@) = 6 >0

and hence log <A*(Q)VQG*(Q, Xo), ﬁ(@)> € C*(9B). Also since the generalized solution

of the classical Dirichlet problem with data g € C'(0B) is given by

u(X) = /a A (Q66"(Q.X0) N Q@@

it is obvious that the above expression still makes sense with g € L, 1 < p < oco. Moreover,

introducing the non-tangential approach regions
[p(Q)={X eB:|X-Q|<(1+0)dist(X,0B)} (1.9)
(6 > 0) and, for any @ € 9B, the non tangential maximal function,
Nu(Q) = sup [u(X)| (1.10)

XEFg(Q)

one has (see [K| and reference therein contained),

Nu(Q) < CsM(g)(Q) (1.11)

where Mg(Q) = supasg ﬁ JA lg(P)|do(P) is the Hardy-Littlewood maximal operator on
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O0B. Because of the known estimate for M (see for example [Ge-RdF]), one has
INul|roB.40) < Capllgllr@opar, 1 <p<oo (1.12)

U{Nu>t}<%/ lg|do
t Jom

This, combined with the fact that, for g € C(9B), u € C(B) allows one to conclude that,
for g € LP(0B,do), 1 < p < 00, u converges non-tangentially to g a.e. with respect to the

measure do, i.e.

for o-almost every Y € 0B.

In general, to establish the relationship between the Green’s function and harmonic
measure is more delicate. This was carried out in [CFMS] (owing a great deal to the estimates
in [HW2]) for symmetric elliptic operators £. However, a careful inspection of the proofs of
the results therein contained shows that all the estimates remain valid (with G replaced by
G* where appropriate) even in the non-symmetric case. This was observed by [KKPT]. We

summarize these below.

1.2 Properties of harmonic measure

For the convenience of the reader we list here some of the most useful properties of the
harmonic measure w, for an operator £ in our class. In any case we refer to [K] for more
details.

Here and below we will restrict our attention to the case when € is the unit ball B C R™.
Since our class of operators is invariant under bi-Lipschitzian transformations of R™, the

*

following results extend immediately to €2 bounded Lipschitz domain.

*In particular our argument depend only on certain geometric properties of B characterizing a special
class of domains, the so called Non-tangentially accessible domains, N.T.A. (see for example [JK] for more
details) useful in the study of regularity of free boundaries



10 CHAPTER 1. DEFINITIONS AND BACKGROUNDS

i) Let @ € 0B and let A,.(Q) = (1 —r)Q. Then, there exists a positive constant M such
that

w¥(A(Q)) = M.

for any X € B, /2(A,(Q)).

ii) For any point X € B\ B,/2(A,(Q)) it holds

M2G(X, A(Q)) < MwX (Mg (Q))

iii) For any point X € B\ By, ((Q) it holds

W (AN(Q)) < M2 G(X, A(Q)).

Hence, by ii), iii) and the Harnack’s inequality, we have
iv) For X € B\ B2,(Q),

X (A(Q)) = " G(X, A(Q)). (1.13)

In particular, for any X € B\ B4 (Q),

W (82:(Q)) < Mw™ (AL(Q)). (1.14)

Condition (1.14) is called doubling condition of the harmonic measure. In Chapter 5 we
will also investigate about this property (see Section 5.3).

Here and below, for any @ € 9B we assume 7,(Q) = B.(Q) N B.

v) (Comparison Principle) If u,v are nonnegative solutions in T5.(Q), continuous in

T5,(Q) and vanishing on Ay, (Q), then there exists a constant M > 0 such that for any
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X € T,(Q) it holds

(
S MA@

u(A(Q))

wWwAr @A)~ Z 22 (1.15)

for any X € B\ 15,(Q).

Definition 1.2.1. The Radon-Nykodym derivative of w™ with respect to w, i.e. the function

dwX

K(X.Q) =2 (Q).

15 defined to be the Kernel function of L.

Note that by the mutual absolute continuity of w* and w (see Theorem 1.1.9) K is well
defined. Moreover, by the doubling property of w (1.14) and the Lebesgue differentiation
theorem for doubling measures, for a.e. () € 9B with respect to w,

RN
K(X,Q) = lim, 25y

(1.16)

A priori K is defined for w-a.e. @ € dB. However it is shown that the limit in (1.16) exists
for o-a.e. () and that K is Holder continuous with respect to (). In particular it satisfies the

following two estimates

i) Let us fix a point )y on the boundary of B and assume A = A,(Qy), A; = Ay;,.(Qp) and
Rj = Aj \ Aj—17j > 0. Then,

2~ ja
ess sup K (A, <M )
Qe}% ( Q) W(Aj)

(1.17)
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where a = o(K,n) > 0. In particular, on A;; \ A; we have

2-J
K(X,Q)<C . 1.18
IS E )
ii) For any X € B,
[K(X,Q1) — K(X,Q2)| < Cx|Q1 — Qo
where « is a positive constant depending on L.
For f € L'(dw) define u(X) = [, fdw™ = [,o f(Q)K(X,Q)dw(Q), so that Lu = 0 in

B. More generally, if v is finite, signed, Borel measure on B since K (X, -) is continuous, we

can define u(X) = [,, K(X, Q)dv(Q), which is again a solution to Lu = 0. For f € L'(dw),

/ fld

and for v a finite Borel measure, with total variation |v|,

we let

M,f = sup

1
M, (v) = iggmM(A)

denote the Hardy-Littlewood maximal operator associated to w on 0B (see Chapter 3 for

more details). Since w verifies the doubling condition we have

Theorem 1.2.1. The following estimates are true:

) w{Q € 9B : M,(1)(Q) >t} < Y|v|(9B).

i) | My fllzr(aw) < Mp||fllze(awy, 1 <p < oo

Lemma 1.2.2. Let v be a finite Borel measure on OB and let

u(X) = . K(X,Q)dv
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Then

i) For any point P € 0B,

ii) If in additional v > 0 then

M, (v)(P) < CaNu(P)

Proof. Let us start by proving 7). To this aim, let P € 0B, X € I'3(P) and let r = | X — P| =~
dist(X, 0B). Moreover, assume A; = Ay;,.(P). Then,

)= [ KXQa@« [ KX Qw(@

Ar(P)

Now, by (1.18) we have

Z/A \A'K(X, Q)dv(Q) < CoM,(v)(P).

On the other hand, by (1.16) and (1.15), for any @ € A,.(P),

1

RXQ =~ my

Then
Ammx@M@<@mwwx

so that 7) follows.

To prove ii), let v > 0. Then

wm>Awgu@mwnﬁmﬁwA®w,

so that observing that » > 0 is arbitrary, the thesis is completely proved. O]
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1.3 A brief review of the real variable theory of weights

To explain some of the known results on the LP- solvability we need to recall some facts about
the real variable theory of weights, which are the key ingredients in a number of important

papers [D1], [D2], [CFMS], [FKP], [K].

Definition 1.3.1. A function w : 0B — R will be called a weight if it is positive and if w

€ LY(0B,do), o being the surface measure on OB.

Let p be any non negative, Borel measure on 0B satisfying the doubling condition

1(A2(Q)) < Cp(An(Q)) (1.19)

where @ is a point on 0B, A,.(Q)= B,(Q) N IB, B,.(Q) the ball of R" with center @ and
radius r (for example y = w, the harmonic measure associated to any elliptic operator £, or
p=0).

Let us now introduce some definitions about the A..- class of measures on OB.

Definition 1.3.2. Let v be another non-negative measure on 0B. Then v belongs to A (dp),

if there exist constants 0 < 3 <1 < H < oo so that

WE) (B
) <H<M<A>) ’ (1.20)

™~

for any spherical ball A C OB and any measurable set E C A.

Condition (1.20) implies that v is absolutely continuous with respect to . For this reason
the Radon Nikodym derivative k = dv/du is viewed as a weight, which we will call an A..-
weight. We then sometimes will write & € A,.

Moreover (1.20) is a ’scale invariant’ version of absolute continuity, which unlike ordinary
absolute continuity, defines an equivalence relationship (see [Ge-RdF], [K], [Go], [R] for more

details).
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Definition 1.3.3. Let p and v be as before. We say that the measure p supported on
OB belongs to the Gehring class By(dv) (and we will write p € By(dv)), ¢ > 1, if du is
absolutely continuous with resect to dv, i.e. du = kdv, and the Radon-Nikodym derivative

k= g—: € Li(dv) and verifies the “reverse Hélder inequality”

(m /AT(Q) kqdl/) % s¢ (m /AT(Q) kdl/)

for all surface ball A,.(Q).

It is well known that A, is the union of Gehring classes Bj:
Aso = Ug=1B, (1.21)
Definition 1.3.4. For any As measure v on 0B we define

~ H
By (v) = inf {F :0< B8 <1< H and condition (1.20) holds} . (1.22)

If we switch the role of the measures o and v on 9B in (1.20) are preserved the properties

of the weights supported (see [CF]).

Theorem 1.3.1. The measure v supported on OB belongs to As, with respect to o if and

only if there exist constants 0 < o < 1 < M such that

o(F) v(F)\“
< () (123)

for any spherical ball A C OB and for any measurable set F' C A.

It is therefore natural to associate to weight v a constant defined as

~ M
A (v) = inf {— :0 <a <1< M and condition (1.23) holds} . (1.24)
a
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We emphasize explicitly that a measure v belongs to A, if and only if floo(y) < 00 or,

equivalently, B (v) < co. That is why we will call (1.22) and (1.24) A.- constants of v.

REMARK 1.3.1. If n = 2 and w is defined by % = o with o € (—1,0], then w € A and

The main properties of this class of measures are summarized in what follows.

Theorem 1.3.2. The following properties hold:

(1) v € Ax(dp) if and only if, given € > 0, there exists 6 = §(€) > 0 such that if E C A.(Q),
A (Q) any surface ball, then

(1) v € A (dp) if and only if there exist C > 0, n > 0, ¥ > 0, such that VE C A.(Q), we

have

and
0o (MY
v(A(Q) T \u(AQ))
(111) If v € By(du), ¢ > 1, then there exists € > 0 such that v € By (dpu).
() v € By(dp) if and only if

My f — supj[ \fldv,
A

QeA

verifies

11
1My fll oy < ClF N e an ;—i— p =1

Definition 1.3.5. For 1 < ¢ < oo, let v € By(du), and let k be as above. We define B,-
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constant of the measure v with respect to u, the quantities

1P

(L kid )q

eS) Ja Kdp 1 1

= T f 1 , —+-=1, (1.25)
A w(A) JA 1% q p

where the supremum is taken over all the surface ball A C 0B.

We report here the following sharp result on higher integrability for B, weights (see [S],
Theorem 2.1), which represents the quantitative form of the “self improvement” property of

Gehring classes which is optimal in one dimension.

Theorem 1.3.3. [S] Let ¢ > 1 and assume that w : [a,b] C R — [0,+o0[ satisfies the
condition

B,(w) = Byas(w) = B < o0. (1.26)

Let g1 > q be the unique solution to the equation:

. q
oly) =1— Br ! % <ny1) —0. (1.27)
Then, for q < 0 < q, 1
1 L q a
Bt < 5[] (1.2

G+7 =1, %—i—? = 1). The result is sharp, because there ezists w satisfying (1.26) not
belonging to L} ([a,b])

loc
The class of B, weights arises in connection with the Muckenhoupt weights, namely the

space A,.

Definition 1.3.6. Let 1 < p < oco. We say that the measure w belongs to the Muckenhoupt
class A, if w 1s absolutely continuous with respect to o and the Radon-Nikodym derivative

k = % satisfies the condition

Ap(w) = sup (7[A k;da) (7[A kllpda)pl < 00 (1.29)
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where the supremum is taken over all surface ball A C 0B.

The constant A,(w) > 1 is named A,- constant of w. It is well known that A, = U,>14,,
v € By(dp) if and only if p € Ay(dp), =+ ¢ = 1. see [Ge-RdF].

From the definition one can easily see that if p > r then A, C A, and A = U, A,. It
can also be proved that if w € A, then dw is a doubling measure (see [St1] Chapter 5, 1.5).
However, the converse is not true, as the function w(z) = |z|* is doubling if —n < « but
it is in A, only if in addition oo < n(p — 1). An even better example is given by the totally
singular doubling measure dy = I [1 + acos(3*2rx)]dz where —1 < a < 1 (see [St1],

Chapter 1 or [Zy], Chapter 5 for more details).
The following theorem provides a link between the classes A, and B,.

Following the proof of Theorem 1 in [C], one can see that it holds:

Proposition 1.3.4. Let w be a weight on OB such that the measure du = wdo is doubling.

Let dv = zdu, z >0 on B and z € L*(du). If there exist 0 < v < 1 and C > 0 such that

u(E) v(E)\"
A <C (V(A)) . VA, VECA (1.30)

then there exist 6 > 0, K > 0, such that

—— [ 2% p < K—— [ zdu, VA. 1.31
(mA) \ MESPA (1.31)

Moreover the constants K and 6 in (1.81) are dependent only upon the constants C' and

in (1.30) and upon the constant in the doubling condition of p.

For more details we refer the reader to the papers B. Muckenhoupt [M], R. R. Coifman
and C. Fefferman [CF], A. P. Calderén [C] where the theory of A, weights is extensively

studied.
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1.4 The LP-Dirichlet problem.

In the previous sections we described a series of results on the Dirichlet problem for general
second order elliptic, divergence form operators with bounded measurable coefficients. Also,
we pointed out (in the comments after Theorem 1.1.10, in particular inequalities (1.11) and
(1.12)) how, in the case when the coefficients are smooth, further results are possible. We will
now isolate several particularly interesting questions, which are well understood for smooth
coefficients, and formulate them for general operators £, in more general context. Deciding
to what extent these facts remain valid in this situation has been the subject of intense
investigation in the last twentyfive years.

Hence, let us consider the classical Dirichlet boundary value problem:

Lu=0 inDB
(1.32)
Ulop = /
where
L =div(A(z)V) (1.33)

is an elliptic operator with coefficient matrix A € £(K).

Definition 1.4.1. For 1 < p < oo, Problem (1.32) is called LP- solvable and the operator

(1.533) is said LP- resolutive, if there ezists a constant C,, > 0 for which the following holds:

For any f € C(0B) the unique solution u € W,-*(B)NC(B) to (1.32) satisfies the uniform

loc

estimate

||NUHLP(8IB,do) <G HfHLp(aIB,da) : (1.34)

Note that one can similarly define the Dirichlet problem in L”(du) where u is a general

measure on 0B.

Now, by Lemma 1.2.2 and Theorem 1.3.2, iv) we are in position to recall the following

key result:
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Theorem 1.4.1. [K] Let 1 < p < 00, ¢ = -£. The following are equivalent:

p—1

i) The Dirichlet problem (1.32) is LP-solvable;

it) The L-harmonic measure w is absolutely continuous with respect to o, and the Radon-

Nykodym derivative k = %2 € L(do) with

(ﬁ/ﬁ“) < (s L4) (1:33)

for any surface ball A C OB.

The maximum principle and interpolation show that if £ is LP-resolutive, then it is also
L"-resolutive in the range p < r < oo. Moreover (see Lemma 1.3.2; 7i7)) shows that if £ is

LP-resolutive, then there exists € > 0 such that £ is also LP~¢-resolutive.

REMARK 1.4.1. Suppose that we have two operators £y and £, whose respective coefficient
matrices Ag and A; coincide on a neighborhood of 0B. Then if Ly is LP-resolutive then also
Ly is LP-resolutive (see for example [FKP]). Thus we see that the LP-solvability is a property

that depends only on the behavior of the coefficients of £ near the boundary 9B.

Theorem 1.4.2. Let A € E(K) and suppose L = div(AV) be LP- resolutive. Then, for any
f € LP(OB,do) there exists a unique u € W,2>(B) N C(B) such that

loc
i) Lu =0 in B,
ii) Nu € LP(0B,do)

ii1) u converges non-tangentially to f for o-almost any P € 0B.

Proof. Let us start by the proof of the existence. Let £ be LP resolutive and let f €

LP(0B,do). Moreover, let {f;};en be a sequence of functions such that:

£, €C(OB), Vj €N
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Hf] - f||L7’(8B,da) — 0, as j — oo

and let u; € W?(B) N C(B) be the corresponding solution (i.e. such that Lu; = 0 in B

loc
and uj,, = f;, for any j € N). By the linearity of £, we have L(u; —u;) = 0 in B, and

ur, —u; = fr — f; on 0B. Hence,
IV (uy. — uj)HLp(aB,dU) <Ol fe — fjHLP(andg) —0 asjk— o0
Unless to consider a subsequence, we can suppose
1 : .
[N (ue — u;) || Lr(oB.do) < 5 Vi eN, Vk > .

and so we have

[ / ) (Z L By (X) - uj<X>|) da(Q)]

<) IN(uj1 = )l r@pae) <1 (1.36)
JEN
Hence, for o- almost every ) € 0B the first series in (1.36) is finite, i.e. there exists Fy C 0B

such that o(Fy) = 0 and

sup  |ujs1(X) —u;(X)] <00, VQ € 0B\ Ey

jGN XEFQ(Q)

i.e. the series

D (u (X) = uy(X)) (1.37)

jEN
is totally convergent in I'3(Q), VQ € 0B\ Ey. Let now 0 < r < 1, B, be the ball with radius r
and concentric with the unit ball B. Observing that B, is compact and that '5(Q) are open

set recovering B,, we have that there exists a finite number of points @1, @2, Qs,... € OB
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such that

B, CT5(Q1) UT5(Q2) UT's(Q3) U ...

By o(Es) = 0, we have that OB \ Fy is a subset dense of B, we can suppose that
Q1,Q2,Qs,... € OB\ Ey. Hence the series (1.37) is totally, and so uniformly, convergent

in B,, YO <r <1. So

Z(uj+1(X) — u;(X)) is locally uniformly convergent in B. (1.38)
jEN
Suppose now
u(X) = w(X) + Y (w5 (X) = uy(X)) = lim u;(X).
j=1

By Lu; =0 and by (1.38) we obtain Lu = 0 in B. To prove iii), let us assume

No(@Q)= sup  [v(X)],
XeB,Nls(Q)

for any @@ € dB. Obviously N,v(Q) < Nv(Q), lim, ;- N,v(Q) = Nv(Q), and N, increases

with r. Let us also observe that
fim fug, (X) = (X)] = [u(X) = u; (X))

uniformly in B, (0 < r < 1). Moreover, for any X € B, NT3(Q) we have |u(X) —u;(X)] <

N, (up — u;)(Q). Then,
[w(X) = u; (X)] = lim [ug (X) — u;(X)] < lim inf Ny (ug — ;)(Q)
for any X € B, NT3(Q), and so

No(u—u;)(Q) < limkinf Ny (u, —u;)(Q) < limkinf N(up — u;)(Q).
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Hence, using the Fatou’s lemma
1N (= uj)llp < liminf [N (ug =), < Clim || fi = fill, = ClLf = fillp-

On the other hand
lim N,(u—u;) = N(u— u;)

r—1-

increasing with respect to r, and then, by Beppo Levi’s theorem
1N (u =)l = Hm [[No(u = w)ll, < CNf = filly = 0, asj — o0
So, unless to consider a subsequence again, there exists £y C 0B, o(FEy) = 0 such that

im N(u—u;)(@) =0 and  lim f;(Q) = /(Q)

J

for any @ € OB\ Ey. Now, observing that

u(X) = Q)] < [ul(X) = u;(X)[ + [u; (X) = f3(Q)] + [/5(Q) = F(Q)]

for any X € B, Q) € 0B, we obtain the thesis. In fact, 1)VQ € B\ Ey, Ve > 0,3r € N such

that 7 > v implies

[u(X) = f(Q)] < 2e + [u;(X) — f;(Q)], for any X € I's(Q).

Moreover, by the assumption, for any j € N,

lim u;(X) = u;(Q) = f;(Q),

X—Q

and then
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for any Q € OB\ Ey, i.e. the non tangential convergence of u to f o—a.e.
To show uniqueness, let £ be LP- solvable, Nu € LP(0B) and that u converges non-
tangentially to 0 o-a.e. Let us show that w(0) = 0. To this aim, let G(Y") denote the Green’s

function for £ with pole at the origin, and let §(X') = dist(X,0B). Moreover let ¢; € C5°(B)

be a sequence of functions such that:

1) ¢;=1on {§(X) =1}

J
2) suppg; C {6(X) > 5:};

3) Vsl < Cj;

and let R; = {X : % <0(X) < %} Using Theorem 1.1.10, ii), we see that

) = u(0)61(0) = [ a1 2GSy =

B

oG ou
= ii(Y)=—=(Y) == (Y)(Y)dY
[ a5 Sy )may +
oG, 0oy,
ii(Y)=—=(Y)=—=(YV Y)dY.
+ [ oM GEOFEE
We first estimate last integral in last equality. In order to do so, we use Lemma 1.1.1 applied
to G on balls of size ¢, Lemma 1.1.2 applied to |u| and (1.13), to conclude that

[ astngg G| < [ @) vuy @)

w(d)

where m(Q) = supasq o) and

1@ = sup Ju(X)].
XGFQ(Q),XGB%(Q)

Note that, since L is LP- resolutive, then by Theorem 1.4.1, ii) we have m(Q) € LY(0B, do),
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% + % = 1. Also, our assumption on u implies that ||Nu% |L» — 0 as k — oo, and hence

/Bai,j(Y)g—g(Y)g;g(Y)(u)(Y)dY — 0.

In a similar way, applying Lemma 1.1.1 also to u on balls of size %, and integrating by parts

[ s FHO a0 maY = = 060 ZE T Wy

So the statement is completely proved. O]
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Chapter 2

Young functions and Orlicz spaces

The Orlicz functional spaces represent one of the most immediate generalization of the
Lebesgue spaces LP, (1 < p < o0). They are a class of Banach spaces of measurable
functions which play a primary role in many areas of mathematical analysis. We will collect

here some definitions and results related to it, many of which are contained in [KR], [RR].

2.1 Orlicz spaces

A Young’s function is a convex function of the type ® : [0, +00) — [0, +00) such that

where ¢ : [0, co[— R is nondecreasing, right-continuous and such that

©(s) >0 Vs>0, ¢0)=0, lim ¢(s)=+o0.

§—00

For example, the functions ®,(t) = % (p>1) and ®y(t) = e” — 1 are Young functions. The
Young’s function W(t), complementary to ®(t), is defined as
¢
W(t) = supfst ~ 0(s)} = [ 7 (s)ds.
>0 0

27
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where

o' (s) = sup{u: p(u) < s} (2.1)

is the inverse generalized of ¢. Note that whenever ¢ is continuous and strictly increasing

than (2.1) coincide with the classical inverse function of .

EXAMPLE 2.1.1. As we already pointed out, the function ®,(t) = %, p > 1, is a Young
function. We shall compute the complementary function to it. Clearly, ¢;(t) = t*~! and
o H(t) = 5771, %—l— % =1, and U,(t) = f; o1 t(s)ds = %.

As a second example, we shall compute the Young function complementary to the Young
function ®,(t) = €' —t — 1,t > 0. For this function we have that p,(t) = €' — 1, from which

it follows that ¢;'(s) = log(s + 1), s > 0 and

Uy (t) = /Ot 051 (s)ds = (1+t)log(1+1t) —t.

We note that it is impossible in many cases to find an explicit formula for the complementary
Young function. For example, if ®(t) = e’ — 1, then () = 2te!” and we cannot express

¢~ 1(s) in the explicit form.

Sometimes we will consider Orlicz functions, i.e. continuously increasing functions & :
[0, 00) — [0, 00) verifying
®(0) =0, lm®(t) = oco.

t—o0

From now on, € will denote a bounded domain in R™. If i is a measure supported on

Q, the Orlicz Space L*(du) = L*(€), du) consists of all measurable functions on € for which

/Q<I>(|—l‘];|>du<oo.

L*(Q) is a complete linear metric space with respect to the following distance function:

diste(f, 9) :inf{K>0 /CD (]f}—{g\) d,ugK}.
Q

there exists K > 0 such that
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If ® is a Young function, L® becomes a Banach space when equipped by the Luzemburg

| llpe = inf {k S0 (’—i') du < @(1)} 2.2)

It is easy to see that if we let ®(t) = %, 1 < p < oo then the norm defined in (2.2) is

norm

equivalent to the classical LP-norm

11l = ( / |f|pdu)"

so that in this case the space L*(Q) coincide with the usual Lebesgue space LP(2). Another
important example is the exponential class defined with the Orlicz function ®(t) = e* — 1.
A pair of Young complementary function (®, W) are also called Hélder conjugate couple. In

fact the following Hdélder's inequality holds,

\ / <f,g>‘ < Cow lflsllgllo

for any f € L*(Q2) and any g € LY(Q).

To define the dual space of L®, we will need the following doubling property

Definition 2.1.1. We say that a Young’s function ®(t) satisfies the Ay-condition (we will

write & € Ay) if there exists a constant | > 0 such that
O(2t) < IP(t), Vt=0. (2.3)

When ¢ € Ay, the smallest constant [ such that (2.3) is true, i.e.

is greater or equal than 2. In the sequel we will call it the doubling constant of ®.

Let us explicitly observe that the As-condition (2.3) is equivalent to the more general
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property:
VA>0, 3B >0 : ®(At) < BO(t), V> 0. (2.4)

and

VB >0, JA>0 : ®(At) < BO(t), Vit > 0. (2.5)

Theorem 2.1.1. Let &,V be complementary Young functions with ® € As. Then every
bounded linear functional defined on L®(SY) is uniquely represented by a function g € LY ()

as

f—{f9

Without a doubling condition the dual of L®(€2) does not have a nice description.

If we consider the complementary functions
O(t) =tlogo(e+1t) W(t)=e"—1

with a > 0, we find that the dual to Llog® L(R2) is the exponential class Exp,(Q2) = LY(Q),

but not conversely.

Theorem 2.1.2. Let ® be an Orlicz function (not necessarily a Young function) satisfying

the Ay condition. Then the space C5°(Q) is dense in the metric space L*(€2).

In particular, if also the complementary W(t) obey the Ay condition, the Banach spaces
L?® and LY are mutually dual. We shall require that W satisfies Ay too. In this case we have
that ®(t) and W(t) are essentially equal to tp(t) and te~'(t) respectively, for all ¢ > 0, and

1

then ¢ and ¢~ also satisfy the Ay condition. Moreover, for the inverse functions of ® and

v, we have:

t<O Ut <2, V= 0. (2.6)

Sometimes, when the complementary Young functions ® and ¥ verify the Ay condition,

we will write for short ® € V,.
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If ® € A,, it is an easy computation to show that the following inequality holds true

O(t) < to(t) <IB(L), Vit = 0. (2.7)

Inequality (2.7) implies ([GIS], pag. 692) that

d(M) K NO(t), VE=0, YA>1. (2.8)

Let us observe that respectively from (2.7), (2.8) and (2.7) again, we have:

Mp(At) <IP(M) < INO(E) < INtp(t)  VE=0, YA=1,

from which,

o\ <INTlo(t), V=0, VA1 (2.9)

We note that, if ®(¢) is a Young function and W(¢) is its complementary function, the
Young’s inequality holds:
st < O(s)+W(t), Vs,t=0 (2.10)

and, from Lagrange theorem and the monotonicity of ¢, the following inequality

[@(|A]) — (IB])| < (4] +|B])|A - B (2.11)

holds for all A, B € R". Moreover, by the convexity of ® and by the A, condition, it holds

l

Dla+b) < 5((a) + B(B)),  Va,b>0. (2.12)

Here below we just recall some properties of a Young function & :

i) If ® € Ay, the inverse function ®~! of ® verifies

P a+b) <P (a) + (), Va,b=0. (2.13)
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Moreover @1 verifies (2.3) with @ replaced by ®~! and [ = 2.
ii) Let ¥ be the complementary function of ®. We have,

v (@) < (1), V> 0. (2.14)

iii) If ® € A, the following inequality holds true

M) K ADTH(E), V=0, VA1 (2.15)

iv) For any open cube @y in R" and F' measurable, we have (see e.g. [Zi]):

| #Fbde = [ ot o € Qo 1@ > 1) (2.16)

1

v) If the function ¢ is convex, clearly the inverse function ¢ =" of ¢ is concave and so the

complementary function ¥ of ® verifies (2.3).

The following proposition relates a Young function satisfies Ap-condition with power-like

functions.

Proposition 2.1.3. [KR] Let &,V be complementary Young functions, then
OV eAy<—=TIpq,l<p<g<oo:pd(t) <tp(t)<qd(t) Vi>D0. (2.17)

Definition 2.1.2. We say that the Young function ® verifies the A’ condition (and we will

write ®(t) € A’) if it is submultiplicative, i.e. if there exist a positive constant C' such that
O(st) < CO(s)D(1) Vst > 0. (2.18)

It is quite simply to prove that if a Young function ® € A’ then it also satisfies the Ay

condition.
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EXAMPLE 2.1.2. If ®y(t) = % (p > 1), then obviously ® € A’. A second example of Young
function which satisfy the A’ condition is given by ®4(t) = t?(|logt| + 1), p > 1,¢t > 0. In
fact an easy computation shows that ®qo(st) < Py(s)Py(t) for any s,t > 0.

If we consider the function ®3(t) =

Oy A

—log(t;t), then it is an easy to show that ®3 € Ay but

Let w be a weight and let ®, ¥ be complementary Young functions verifying As-condition.

We say that w € Ag — class if there exists A > 1 such that

Ve > 0, (j{mudx) © (7{901 (%ﬂ) d:r;) <A (2.19)

for all bounded intervals I in R, where ® = ¢. Whenever (2.19) holds, we will write for

short w € Ag.

The Ag-class of weights was introduced by Kerman and Torchinsky in [KT] and it extend
the definition of Muckenhoupt A, weight to the framework of the Orlicz spaces. We recall

indeed (see [M]) that a weight w belongs to A,-class, 1 < p < oo, if there exists A > 1 such

1 p=1
7[wdm <][ wPld:E) <A, (2.20)
I I

for all bounded intervals I in R.

that

We are going to characterize those weights for which a weighted inequality of strong type

for the Hilbert transform holds. Recall that the Hilbert transform in R is given by

Hf(y) = lim 1/_ | J@ g yer (2.21)

e—0t T y—x

Theorem 2.1.4. [KK] Let w be a weight on R™ and let ® be a Young function verifying

the Ag condition together with its complementary function. Then the inequality

/R U(H Fuly)dy < C / (| f)wy)dy
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holds for all f € L® if and only if w € Ag.

For more details see [KK].

2.2 Zygmund spaces

The Zygmund spaces, denoted by LPlog® L(f2), correspond to the Orlicz function ®(t) =
t?log®(a +t) with 1 < p < 0o, € R and suitable large constant a.
The defining function ®(t) = t?log®(e +t), 1 < p < oo is a Young function when o« > 1 —p

and there we have the following estimate

[ leriog—r < Il < I llzrios e

and

T [/ rf|%g(e+”'f|: )} 21 s

The non-linear functional

/]
£ 1l

nfnp,a:[ |f|ploga(e+ )} p>1 and a>0,
R?’L

is equivalent to the Luxemburg norm, given at (2.2), and the following estimates are true
I lrog1n < Mfllee < fllrioger < [ llpa < 20 llzp10ge 2 (2.22)
Whenever a,b > 1 and «, § € R are coupled by the relationships

1 1 «Q
— 4o, 122y

1
¢c a b ¢ a

the following Holder-type inequalities holds

1fgllzerog . < Cllfllzeros 2 - 19/l 20 10g0 1
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where C'is a positive constant depending on «, (3, a and b. Holder’s inequality for Zygmund

spaces takes the form

||901--.<PkHLplogaL < C||901HLP110g01L HsOkHLPklog%L

: 1_ 1, 1 1 a_ a1 a (7%
where p1,po, ...,pr > 15 aq, g, ..., € R and PR sl ST el el el SR N

The constant here does not depend on the functions p; € LPi log™ L.

If we take as Holder conjugate couple ®(t) = tlog(e +t) and ¥(¢) = e' — 1 defining the

Zygmund and exponential classes, respectively, we have the following estimate

’/Q<f’9>‘ ST P T

In view of the same homogeneities on each side we can assume Luxemburg norm equal 1.

From the definition of these norms we find

/Q |fllog(e + |]) = log(e + 1)

and

gé@m—nze—1

Then we have the elementary inequality

[fllgl < |flog(1+ [ f]) + € — 1 (2.23)

to conclude that [, |f||g] < 4 as desired.

Thus Ezp(Q) is the dual space to the Zygmund space Llog L(2). Llog L and Exp have

traditionally be regarded as more general Orlicz spaces.
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2.3 Indices of Orlicz spaces

The aim of this section is to introduce the so called indices of a Young function and to

establish connections between those indices and the growth conditions on Young functions.

Definition 2.3.1. Let

(1)
h(s) = su . 2.24
(5) = sup 5 1(st) (2.24)
The upper and lower Boyd indices p and 0 of L® are
1
p= inf _L09MS) oy losh(s) (2.25)
0<s<i  logs s—0t  logs
and
log h log h
o= it — 08P, losh(s) (2.26)
1<s<oo log s s—oo  log s
respectively.

The right wing equalities in (2.25) and (2.26) follow from known properties of subadditive
functions (since log h enjoys this property).

It is easy to see that in the case of Lebesgue spaces L® = LP one has p = 0 = p~!. We
list here some properties of these indices we will make use of below (see [KT] and reference

therein contained):

Proposition 2.3.1. Let ® and ¥V be Young complementary functions, both verifying the A

condition. The following properties hold:
i)0<O0<p<l;
ii) given a fived 0 < r < p~', there exists an sy, with 0 < sy < 1, such that
O(st) < (i)Td)(t), (2.27)

forallt>0,0<s<1;
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iii) For any s such that 0 < s < 1 we have h(s) = s *; so, for any fired 0 < s < 1 there is

at >0 such that

> (2.28)

Furthermore, under the above hypotheses, the following holds true:

Proposition 2.3.2. Let ® and ¥ be as in Proposition 2.53.1 and let s, 0 > 0 be such that

o) = (¢ ).

Then, the upper index p' of L* is greater than the upper index p of L?.

For the proof of last proposition we remaind the reader to [KT], Lemma 2. Moreover,
following the proof of the cited Lemma, it is possible to compute exactly the upper index of
L% that is p' = %, where 6y is the lower Boyd index of LY.

For a complete analysis of these properties we refer to [Bo], [MO] and to the results
obtained in [KT].

The definition of the Boyd indices is very simple, nevertheless, a particular computation
might be extremely difficult. Now we want to give an effective method of establishing their

values. In fact it is possible to estimate the Boyd indices of a Young function ® in terms of

the growth condition

p®(t) < te(t) < q@(1),
t > 0, giving birth to the Simonenko indices (see [Si]).

Definition 2.3.2. Let ® be a Young function, and let us consider the best p and q such that
p®(t) < tp(t) < qP(t) VvVt >0.
holds. We will assume

p(®) = inf @ and  q(P) = Stl;%) % (2.29)
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The numbers p(®) and q(P®) are called lower Simonenko and upper Simonenko index of ®

respectively.

In the same way we can define the Simonenko indices of the complementary function W,
p(¥) and ¢().

The following property, useful in the sequel, is contained in [RR]

Proposition 2.3.3. Let &,V € A,. Then, for any s such that 0 < s < 1 and for anyt > 0,

< q(®)~t 2.
51(1) s (2.30)
It is known ([KR], Theorem 5.1) that
O U e A,y = 1 < p(®) < q(P) < 0. (2.31)
Setting
O (M)
he(A) = su , A>0 2.32
<1>( ) t>g @(t) ( )
the numbers
log he () log he ()
®) = lim =27 — — 2.33
a(®) A—0t  log A oilid log A ( )
and
. loghe(A) . loghg(N)
a(®) = Ah—{go log\ 1<1£l<foo log A (2:34)

are called the fundamental lower index of ® and the fundamental upper index of ®, respec-
tively. The numbers a(®) and @(®) are reciprocals of the Boyd indices p and 6 respectively
(see Boyd [Bo]). Moreover, ® € A, if and only if @ < oo (see [KK]). Always 1 < o < @ and
it is @ > 1 if and only if the complementary function ¥ satisfies the A, condition. The cou-
ples (V) and @(®), and @(¥) and a(P) behave similarly as conjugate exponents of power
functions (see e.g. [Bo]), namely a(¥) = a(®)/(a(®) — 1) and a(¥) = a(P)/(a(P) — 1).
As observed above the definition of the Boyd (and then of the fundamental) indices does

not often represent an efficient tool for computation. The following theorem give an answer
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in this direction

Theorem 2.3.4. [FiK]| Let ® be a Young function. If there exist

o te() o te(l)
Ty = 151(1) W and Too = tlgélo W’
then,
a(P) = min{rg, re } and a(®) = max{ro, 7o}

EXAMPLE 2.3.1. Let us consider the Young function
®q(t) = tPlog*(e + 1),

1 < p<ooand a > 0. Applying Theorem 2.3.4 one can easily compute o(®) = a(P) = p
whenever « > 1 and a(®) =p, a(®) =p+a, if a = 1.

Let
t2 if 0<t<l1,

Doy(t) =<4 20—1 if 1<t<2,
?2/2+1 if 2<t
Then, ®, is a Young function and an easy computation gives p(®2) = 5 and ¢(®3) = 2. On
the other hand by Theorem 2.3.4, a(®3) = 2. This shows that, in general, a(®Ps) # p(P2).

As another example, let » > 1, s > 0 and let

0 it t=0

texp (v/1+slog™t) if ¢t>0

Os(t) =

(see Talenti [T]). Then, simply by applying Theorem 2.3.4 we obtain a(®3) = a(®;) = r.

Moreover, as to the Simonenko indices we have p(®3) = r and ¢(®3) =7 + 3.

Now, let &, ¥ € Ay. By (2.29) we have, for any ¢ > 0,
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Let us fix 6 > 0. By integrating over the interval [0, ¢], last inequality implies

o (1) <1 20 g (1)

Hence,
%t? < P(t) < (Déf) 14
so that
%ﬂ’l < p(t) < %tql, vt > 4. (2.35)
So we have
V>0, e, ca>0: et P <op(t) <ot V> 6. (2.36)

We have the following connections between growth condition on ® and fundamental

indices.
Lemma 2.3.5. [FiK] Let ® be a Young function satisfying the growth condition p®(t) <
to(t) < q®(t), YVt = 0. Then we have
p<p(?) < a(®) <a(®) < q(P) <g¢ (2.37)
Theorem 2.3.6. [KT] Let ® and V be a couple of Young function both satisfying the Aq
condition and w a weight on R™. The following conditions are equivalent
(i) w verifies the Ag condition (2.19)

(1)) w € A, where p = a(P).



Chapter 3

Maximal operator and weighted

inequality

The weighted norm inequalities have become one of the most dynamically developing parts
of harmonic analysis since the early 70’s and the pioneering result by B. Muckenhoupt [M].
Solutions of many important problems have been closely linked with weight problems. The
mentioned paper by B. Muckenhoupt triggerred a flood of results on weighted inequalities and
related topics; in this paper it was shown among others that the one weight norm inequality
for the (unweighted) maximal operator is true iff the weight satisfies the A, condition (see
Definition 1.3.6). The A, weights provide an extraordinary beautiful answer to a number of
challenging problems which had arisen already in the 30’s in connection with fundamental
results due to G. H. Hardy and J.E. Littlewood. Theorems on boundedness of weighted
maximal operator and of the Hilbert transform followed very soon (see R. A. Hunt, B.

Muckenhoupt and R. L. Wheeden [HMW], R. R. Coifman and C. Fefferman [CF]).

This chapter is intended to study weighted norm inequalities for the Hardy-Littlewood
maximal operator together with some of its most immediate and interesting properties.
Apart from the usual estimates for this operator we also obtain some new weighted inequal-
ities. In particular we will obtain a weighted integral inequality in the Orlicz context and we

will give a new characterization of the Gehring class of weight in connection with a special

41
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class of Orlicz functional spaces (see Theorem 3.2.1). Moreover, in Section 3.3 we will also
study the boundedness of the Hardy Littlewood maximal operator in the variable exponent
spaces WHP0) extending a result due to J. Kinnunen and P. Lindqvist, known in the classical
setting. Hence the results obtained in the course of the chapter seems to be of independent

interest.

In next chapters will be clear the importance of those weight problems. It stems not only
from the theory of functions itself, but it is also clear from the numerous applications to our

boundary value problems and imbedding theorems (see for example Theorem 4.1.1).

3.1 Maximal Operator on Lebesgue space

Let B C R™ be the unit ball and let f be a locally integrable function on 0B. For () € 0B

we define

MF(Q) = supfA Y)Y

ADQ

where the supremum is taken over all surface ball A containing Q.

M f will be called the Hardy-Littlewood maximal function of f and the operator M

sending f to M f, the Hardy-Littlewood maximal operator.

Theorem 3.1.1. The Hardy-Littlewood maximal operator is of “strong type” (p,p), i.e.,

there exists a positive constant C' such that for any function f € LP(0B,do), it holds

WM fllee < C|fllLe-

Moreover M is of "weak type” (1,1), i.e. for anyt > 0, there ezists a constant C' > 0 such

that

{Q € 0B : MF(Q) > t}] < %/ fdo
0B

We will consider also a more general version of the Hardy Littlewood operator. Let v be
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a positive measure. For any f € L'(dv) consider the operator defined by

M, (f)(Q) = sup ﬁ /A | du.

AdQV

It holds the following

Theorem 3.1.2. A doubling measure v belongs to the Gehring class By(dp) iff the weighted

Hardy-Littlewood maximal operator M, verifies

1 1
Moy < CM Wiy 5+ 5 =1 (3.1)

Combining Lemma 2.2 of [MS] and Theorem 2.5 of [Bu] with slight modification, we

have:

Proposition 3.1.3. Let 1 < ¢ < oo, and let v € B,(du). Then:
1 a 1 1
1Myl < C0p)? Bow@ W lpiay > 5+ 5 =1 (3:2)
and so, for all A\ > 0,
By, (v)]*
wltg > ) < Clup) 2 oy, (3.3

Finally, we want just recall the following version of the Marcinkiewicz theorem (cfr.
[StW]). Here and below, if v is a weight on 0B and A is a o-measurable set, we will write

v(A) = [, vdo.

Theorem 3.1.4. Let T be a sublinear operator, and let v be a weight on OB. Suppose that
T is simultaneously of restricted weak-types (p1,p1) and (p2,p2), 1 < p1 < p2 < o0, with

respect to the measure dv = vdo, 1i.e.
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E measurable subset of 0B, C independent on E and on the positive constant A\. Then T is

also of ‘strong type’ (r,r), for all p1 < r < ps, that is

1T AN o awy < BN 2y (3.5)

K independent on f.
If T'= M, then the restricted weak type can be characterized as follows:

Proposition 3.1.5. Let w, v be weights on OB, and let the measure dv be doubling. The
weighted Hardy-Littlewood maximal operator M, is of restricted weak-type (p, p) with respect

to dv, i.e.
C
/ dv < —
{MwXE>>\} )\p

with C independent on E and on the positive constant A, iff there exists K > 0 such that for

v(E), 1<p<x (3.6)

all A, and for all measurable E C A,

wB) _ o (vB)Y?
v < (i) 81)

Proof. .
(3.6) = (3.7)
Observing that, by the definition of the operator M,,, if E C A

w(F)
Moxe(P) > 225 [ p(@uas(Q) = Zgiva(P),

results from (3.6)

() < /{ iy 0 S CV(E) (m)p

w(A)

that is (3.7).
(3.7) = (3.6)
We have

Mos(P) = sup [ xa(@u(Qiao(@) = sup @(—g@
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and analogously for M,,. Then, by (3.7)

(MwXE)p < KpMUXEa

so that {M,xg > A} C {MUXE > %} Now, the measure dv doubling implies that the

operator M, is of weak-type (1,1) with respect to dv; in particular,

[ an@ <G
{Myxg>\}

and then (3.6) follows with C' = C1 KP. O

3.2 Maximal operator on Orlicz spaces

The following result gives necessary and sufficient conditions to ensure the boundedness of

the weighted maximal operator on Orlicz functional spaces.

Theorem 3.2.1. [Z2] Let w, v be weights on OB, such that the measures dv = vdo and
dw = wdo are doubling, and let ®(t) = f(f p(s)ds be a Young’s function which, together
with its complementary function V(t), satisfies the Ay condition. Then, the following are

equivalent:

i) There exists a constant C' > 0, independent on f, such that:

/aB@(wa)vda < o/ &(|f|)vdo:

0B

ii) w € Bg(dv), that is:

(s o) (s o ) e o

for all surface balls A and for all € > 0;
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iii) w € By, (dv), where pLO + qio =1, py' upper index of L®.

Proof. i) = ii)

Let us consider:

1
||XA||L<I’(adv) = inf {k‘ >0: / P <X—A> evdo < 1} e (3.9)
aB k p-1 ( 1 )
ev(A)
and
T. = |22 :inf{k>0:/ w (222 cudo < 1} (3.10)
ev LY (edv) OB kev

We can immediately observe that T, > 0, unless o(A) = 0, which we exclude. Indeed, T, = 0
implies that the function “X2 is zero dv-a.e., but w,v > 0 implies 0 (A) = 0. On the other

hand, the converse of the Holder’s inequality implies the existence of a nonnegative function

[, supported by A, with norm || f{[;# (4, = 1 and such that Jx fwdo = [, f*X2edv = T,

gV

and then M, f(P) > %, VP € A; this implies, by i), T. < oo.

Now we claim that there exists a constant K; such that for all A and for all € > 0
IXallLo ey T < Kiw(A). (3.11)

Indeed, with the same f as before, we have

T:
w<A)XA

Q) < M, f(Q) VQedB. (3.12)

Being ®(t) an increasing function, yielding ¢) and integrating we have:

A@(%) 5vd0</aB(I)(wa)evdaéC’/aB<I>(|f|)5vd0<C (3.13)

that is
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Let us choose

Taking ¢ = %, (3.11) follows.

Now, since tp~1(t) < q(¥)¥(t) Vt > 0, we have:

wxa 1 (wWXxa wxa
— —— ) do < q(V¥ \\J do < q(¥
/GB Te 4 <U€Ts) ’ q( ) /BB <U8TE) e q( )

and then, by (3.11) we have

HXAHL‘I’(sdv) 1| W HXAHLCP(st)
LONN B SR P C DR B 14
Kiw(A) /Agp v Kjw(A) wdo < q(¥) (3.14)

Now, let us consider the function of e:

||XA||L‘I’(€dv)
%) = Kew(a)

Let us remark that, from (2.6), it follows that 6(¢) is essentially equal to the function

bi() = KZ}EUA()A)\PI <5v(1A))

and hence, lim. ,+ 0(¢) = 400, and lim._,, 6(¢) = 0. Moreover 6(¢) is continuous, and so

-1
there exists € > 0 such that 6(¢) = 1, essentially equal to [U(A)\D (K;EUA()A)H :

Now, applying these results to (3.14) we obtain

o (&) wao < magtwyeaye (SR < ol mway (SR,

Then,
P (ﬁ/xpl (%) da) < p(At) (3.16)

by assuming A = KQ;]%Kl and t = o~ ! (I%(LA()A)) Now, from the generalized A, condition
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for @, let B > 0 such that ®(At) < BP(t), t > 0. Then we have

from which the assertion ii) follows for ¢ = 1 with K = 42 _B

The same proof
applies to ev; for the constant K depends only on C, and so the assertion is proved in the

general case.

Now to prove that i) implies iii) we need some preliminary results:

Lemma 3.2.2. Let @, py, w, and v be as in Theorem 3.2.1. Then, w € Bg(dv) implies that
the weighted Hardy-Littlewood mazimal operator M, is bounded from L"(dv) to itself, for all

> Po.

Proof. By the interpolation criterion (Theorem 3.1.4) it is enough to prove that M, is of

restricted weak-type (po, po) that is (3.7) with p = py. We have, by duality between L® and

LY:
w(E) 1 XEw) 1 WXE
— AETN cdy < —— —AE :
wA) ~ w(d) /83 XE( co ) S0 < Gray ellisean | 27 L
We claim that
wXE‘ < Cwa)et [ 3.17
’ ev Npv(ea) w(A) ev(A) (347

Indeed, let us observe that (3.8) is equivalent to

[ () wio < wia) (K“Z(AA))) (3.18)

Observing that te=1(t) > ¥(t), we have:

‘ WXE
eV

< inf{k > 0|/ 1 (i> evdo < 1}
LY (edv) A kev

w w
<infdk >0 [ —pt(—)do <1},
ln{>|/Ak'(’D (k:sv)a }
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and from (3.18)

EV

< inf {k > 0|%w(A)<p_1 (Kw(A)) < 1}

LY (edv)

< inf {k > 0|€U[((A) <@ (ﬁ>}

= woy (55 ) < cme ()

(where C; = h(K 1)), i.e. the (3.17). So we obtain

5 _ " (&)
w(A) <O (1 v (3.19)
w -1
@ (zsv(E))
Then the statement follows from Proposition 2.3.1, (ii7), taking s = ZEE% <lande =
1
to(E)” O]

Lemma 3.2.3. Let @, pg, w and v be as in Theorem 3.2.1, and let ®5, 6 > 0 be such that

o3 (1) = (e )

Then, w € Bg(dv) implies w € Bg,(dv), for small d.

Proof. Suppose w € Bg(dv). We want to prove that w € Bg,(dv) for some § > 0, i.e.

(ol o () om

for all surface balls A and for all ¢ > 0. For this purpose, it is sufficient to prove, for

=9 (3);

1 s >w 1 /
—— [ 2 dw <C—= [ zdw Ve>0, VA 3.21
(o /. w(d) ) (3:21)
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Indeed, if (3.21) holds true, by ¢s(t) = gp(t%ﬂi), we have

1 (W +8 1 WAL
- - < (- __ -
(w(A) /ASO‘S <€v> dw) N Cw(A) /ASO (5@) dw
and than,

(e [ 2) <ol [+ )

cos(idy L (2)u) ems

i.e. (3.20). So let us prove (3.21). To begin, we prove (3.21) for ¢ = 1. Denote z = z; =

(%) and set

Now, for ¢ = 1 the inequality

(s f)elets L @) ex o

becomes, also by the Ay-condition for o1

sy oo < (s [ ) ) 029

that is

(ﬁ/Azwda) @ (ﬁ/f)l (%) wda) <K', VA. (3.24)

Now, we claim that (3.24) implies that for all A there exists A = Aa such that

< Cw(A)DdY( !

Xa
’ _‘ L¥ (Azdw) )\(zw)(A)) (3:25)

Az

(where A\zdw stays for the measure Azwdco). To prove (3.25) let us observe that ¢ and ¢!
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satisfy both the A,-condition, and then ® and W obey Ay too. Then, from (3.24)

(i Q) () <o (). om

for all A. Now, let A = Aa such that

= GO (). 520
We have
RV ((%ﬁ))
that is
a (Awtm) ~ <2’5§i>
and then
¢ (Aw@) oD
So,

Yo (A~ ™ (W) : (3.28)

We have, by (3.26),

then,

Hence,
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Then, by (2.8), there exists C' > 0 such that

/ ] (€> Azwdo <1
A z

and so, by (3.28), (3.25) follows.

Now, VE C A measurable set, by the equality

1
”XEHU%()\zdw) = (i)—l 1 s (329)
<()\zw)(E)>
and by (3.25), we have
H—1 1
w(E) o CCD (A(zw)(A))
w(A) H—1 1
( ) ® (A(zw)(E))
and then, by (2.30) with s = Ez:ﬁggig, we obtain
E E q(®)~!
wlB) o (EwlE) . VA, VECA. (3.30)
w(A) (zw)(A)

Now, observing that w € Bg(dv) implies that z. € L'(dw) for all € > 0, by Proposition 1.3.4

applied to du = wdo and dv = zwdo, we have that there exist 6 > 0 and K > 0 such that

(o low) exlds o) e

for any A, that is (3.21) with ¢ = 1. Now, let us observe that the constant K’ in (3.24) is
independent on ¢; then, the constants in (3.30) are independent on € too. So, by the last
assertion in Theorem 1.3.4, the constants ¢ and K in (3.31) are independent on ¢, and then

the proof holds true also in the general case. O

Now, we can conclude that i) = #iz). Indeed, we have that w € Bg(dv) implies
w € Bg,(dv) (Lemma 3.2.3); then the maximal operator M, is bounded from L"(dv) to
itself, for all r > /%, o’ upper index of L*5 (Lemma 3.2.2). In particular, (Proposition 2.3.2),

M,, is bounded from L (dv) to itself, that is w € By, (dv).
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Finally, i) = 1):

Let w € By, (dv), pio + qio = 1. Hence, by Theorem 1.3.2, (iv), there exists an £ > 0 such

that w € Byy+:(dv). Assume m = qg + ¢; from Proposition 3.1.3, we have, f measurable,

/aB O(M, f)vdo — /aB (/onf go(s)ds) dv

o ([0}
=a(®) /o+oo (/{PeaB:wa(P)>s} dv) cpis)ds

< zm’c(n,m>q(q>)3/0+oo (é) " <[{f|>3} Ifl’"’dv> q)(ss)ds,

where B = B,, ,(w)™. Then, by Fubini’s theorem

/BB B(M,, f)vdo < c(n, m)q(®)BC" /8B (/01 %{j‘”%) vdo

where C’ is the doubling constant of ®(¢). Let now m{ = @. So my < po, and then,

as already mentioned, there is an sp, 0 < sop < 1 such that ®(st) < (%) ’ o(t), t > 0,

0 < s < 1. Then,

o c(n, m)q(®)BC” < ! m)—(m/+1) ) o
/E)BQ)(wa)vd < " /anb(\fD /Os ds ) vd

S0

C(”’lmM@)iQ /8 _®(|fl)vdo

This completes the proof of Theorem 3.2.1. O
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3.3 Maximal operator on variable exponent spaces

Let €2 be an open subset of R" (often we will assume 2 be connected). For a measurable
function p : Q — [1,40oc], LPO(Q) is defined to be the set of all measurable functions

f 2 — R such that for some A > 0,

< 00,
p(:),00

0(p(), 2 /N = / @ /AP dz + 1)/ M g

N\Qp(),00

where Q)00 = {7 € Q: p(z) = oo}

The set LP() () becomes a Banach function space when equipped with the norm

I fllpey i=inf {A > 02 0 (p(), 2 f/3) < 1},

These spaces are referred to as variable Lebesgue spaces or, more simply, as variable LP

spaces.

They have been studied for long time, but only quite recently their important applications
have been found for example in the fluid dynamics, elasticity, and in particular in the study

of properties of electrorheological fluids (see for instance [Zh], [Ru]).

For more information on their basic properties, see Kovacik and Rakosnik [KoR] or Har-
julehto and Hésto [HaHa&l; for applications see [CUFN], [Di], [AM] and the references they

contain.

In this section we will investigate about the boundedness properties of the Maximal
operator between those spaces. To this aim, let us define ®(Q2) to be the set of all measurable

functions p: 2 — [1, 00] and

p- =essinfeq p(z), py = esssup,ecq p(r).
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In [PRu], M. Pick and M. Ruzicka proved that for the maximal operator

Mf(e)=swp— [ [fw)ldy

B>z ’B| BNQ

(where the supremum is taken over all balls B which contain x and for which |B N Q| > 0)
to be bounded on the space LP()(Q), where  is a bounded domain of R™, the uniform local

continuity condition

p(e) — pl)] < ——2 (3.32)

~ —lnfz —y
is "close” to be a necessary condition, in the sense that there are also counter-examples
where it is shown that (3.32) is not necessary (see for instance [Le]).

In [Di] it is proved that the condition is sufficient.

The following result was shown by D. Cruz-Uribe, A. Fiorenza and C. J. Neugebauer in

[CUFN] (see also A. Nekvinda [Ne| and C. Capone, D. Cruz-Uribe and A. Fiorenza [CCF]).

Theorem 3.3.1. Given an open set Q@ C R", let p € ®(Q), 1 < p_ < py < 00, satisfying

the following conditions

C 1
- X ) ) Q> - a .
Ip(z) — p(y)] Tlogli—y UV v =yl <3 (3.33)
and
Ip(z) — p(y)| C  iyeq [z (3.34)
p p y ~ 10g(€+ |.',C|)7 7y 9 y = . .

Then the Hardy-Littlewood mazimal operator M is bounded on LPO) ().

Conditions (3.33) and (3.34) are the so called log-Holder continuity conditions one locally
and one at infinity. Let us observe in fact that (3.34) is the natural analogue of (3.33) at
infinity. It implies that there is some number p, such that p(z) — ps as |z| — oo, and this
limit holds uniformly in all directions.

In the same spirit of the definition of variable LP spaces, we can consider the variable

Sobolev space WP (Q) consisting of all functions f : © — R such that Df € LPO)(Q)
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endowed with the norm

1 lloe) = 1Nl + 1D llocy

where Df is the weak gradient of f. It is easy to see that if p(x) = p is constant, then W ()
equals WP,
Now, for a locally integrable function f : Q@ — [—o00,400] let us consider the local

Hardy-Littlewood maximal function Mqf : Q — [0, 0] as

1
Maf(z) = sup B /B(m) |f(y)|dy

where the supremum is taken over all the balls centered at = with radius 0 < r < dist(x,0Q).
In other words, all open balls centered at x and contained in 2 are admissible. In the case
Q = R™ we simply write M. Obviously the uncentred maximal operator M is larger than
the local one Mg. Due to J. Kinnunen and P. Lindqvist [KiLi] is the following known result

about the boundedness of Mg in the Sobolev space WP,

Theorem 3.3.2. Let 1 < p < oo. Ifu € W' then Mqu € WP (Q) and
| DMqu(x)| < cMg|Du|(z), (3.35)

for almost every x € Q.

For related results see also [Ki], [HajOn], [KiSa].

The last part of this chapter will be devoted to extend this result to the context of

variable Sobolev spaces. More precisely we shall prove the following:

Theorem 3.3.3. [Z3] Let Q C R"™ be an open set, and let p € ®(Q) be such that 1 < p_ <
py < 00 and (3.33) holds true. Moreover let the mazimal operator Mg be bounded on LP®).
Then u € WHPO(Q) implies Mqu € WO (Q) and (3.35) holds true.

Let us notice that the main tool in order to prove Theorem 3.3.3 is a recent result

contained in [CUF] about the convergence of approximate identities in variable L spaces.
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This in particular gives criteria for smooth functions to be dense in the variable Sobolev
spaces.

In order to prove Theorem 3.3.3 we need some preliminary results, which may be of
independent interest.

Firstly, let us recall a recent result contained in [CUF].

We begin by recalling the definition of approximate identities. Let ¢ be an integrable
function defined on R™ such that [, ¢dx = 1. For each t > 0, define the function ¢,(z) =
=(%). Note that by a change of variables, [|¢]|; = [l¢|li. Define the radial majorant of
¢ to be the function ¢ = supy, 5, [¢(y)]. If ¢ is integrable, we will say that the sequence
{¢¢} is a potential-type approximate identity. This is the case for example of the bounded

functions ¢ of compact support.

Theorem 3.3.4. Given a set Q and p(-) € (), let ¢ be such that {p:} is a potential-type
approximate identity.

Then for all f € LPO(Q), {p, * f} converges to f pointwise almost everywhere.

We want also to recall the following result on the density of smooth functions in the

variable Sobolev spaces [CUF]:

Theorem 3.3.5. Given an open set Q, let p(-) € ®(Q) be such that p, < oo and (3.33)
holds. Then for k > 1, the set
C= N WO (Q)

is dense in Wkp()

Lemma 3.3.6. Let 0 < |Q| < oo. If p(+),q(-) € ®(Q) are such that p(x) < q(z), a. e

x € (), then

[ llpe.0 < (L4 1R2DI o). (3.36)

See [KoR] for more details.
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Lemma 3.3.7. Let Q C R™ be an open set and let p(-) € ®(Q) be such that p, < +oo.
If fj = f and g; — g weakly in LPY(Q) and fij(z) < g;(z), j=1,2,... a.e. in Q, then
f(z) < g(x) a.e. in Q.

Proof. Let p'(-) € () the conjugate exponent function of p(-), i.e. such that ﬁ—l—ﬁ =1

a.e. © € . By the hypothesis p; < +0o we have that the dual space of LP®) is LP'() and

that C$° is dense in L”() (see [KoR] Corollary 2.7 and Theorem 2.11). So we have:

fj — f weakly in L0 = / fi(2)h(x)dr — / f(x)h(z)dz, Vhe CF(Q).
Q Q

Analogously

g — g weakly in L?0) = / g (2)h()de — / g(2)h(x)de, Vh e C(Q).
Q Q

Moreover, if in particular h(x) > 0, we have

[ B < [ gne,

and so by passing to the limit,

/Q F@)h(z)ds < /Q g(2)h(x)dz. (3.37)

Now, let p(z) € CP(R™),o(x) > 0 so that (¢;) is a potential type approximate identity.
Let 0 > 0, and let us fix y € Qs = {y € Q : dist(y, Q) > §}. One can easily observe that if
supp ¢ C B(0, R), then supp ¢,(y—-) € B(y,tR), andsot € (0, %) implies supp @ (y—-) CC

Q. Next, by choosing in (3.37) h(z) = ¢:(y — z) we have,

[ s@hteyiz = [ @ty —a)de = £+ o0, (3.3%)

Analogously,

[ samt@rts = [ gty - ade =g+ o). (3.39)
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Then, by passing to the limit ¢t — 0, by (3.37), (3.38), (3.39), and Theorem 3.3.4, we obtain

fly) <gly) ae yeQs.

By the arbitrary choice of § > 0, the statement follows .

]

Lemma 3.3.8. If f, g € W'0(Q), then f* = max{f,0}, f~ = min{f,0}, | f|, max{f, g},

€ Wrh(Q).

Proof. Let us just observe that we can write h(z) = max{f,g}(x)= ((f —g¢)" +¢)(z). Then,

by Lemma 7.6 in [GT] the statement easily follows.

Note that, in particular,

i — Df if f>g9
Dg if f<g
and
Df if f>0
D|f] = 0 if f=0
—Df if f<0

so that |D|f|| = |Df].

Proposition 3.3.9. Let 0 <t <1,z € and

w(z) —7[ u(y)dy,
B(z,té(z))

O

(3.40)

where 6(x) = dist(z,0Q). Moreover, let p € () be as in the statement of Theorem 3.3.3.

Then if u € WYPO(Q), we get u, € WO (Q) and

|Duy(z)] < 2Mq|Du|(z), 0<t<1

for almost every x € Q.

(3.41)
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Proof. The proof falls naturally into two parts. The first step concerns the case u €
C* N WHPO(Q) since our assumptions imply that C*° N WHPO(Q) is dense in WO (Q).
The idea of the proof of this step goes back at least as far as [KiLi], but for the convenience

of the reader we repeat the relevant material.

Let 0 < ¢ < 1 be fixed. Thanks to Rademacher’s theorem the function § is differentiable

a.e. in 2. Moreover, |Dd(z)| =1 for a.e. x € Q. The Leibnitz rule gives

Diuie) = Dy (m) /B(:r,té(a:)) ulu)dy

+ (m) (/B(mé(z)) DiU(y)dy+t/83(x,t5(x)) u(y)dH"‘%y)Dﬁ(x)),

1=1,....n, for a.e. x € ). Thus

Duy() = (@f“)”)) ¢ ) - / ) @A)

+7[ Du(y)dy,
B(z,té(x))

for a.e. x € Q.

Now, our aim is to estimate the difference between the two integrals in Identity (3.42).

To this end, let us suppose that B(z, R) C €. By the Green’s formula we get

1
7[ u(y)dH" " (y) —][ u(y)dy = —][ Du(y)(y — x)dy.
OB(z,R) B(z,R) nJB(x,R)

Moreover

| Dt -aas] < =f  |Dutyldy < RMa|Dul (o)
B(x,R) B(z,R)

So we obtain

R
o uman o) - alwds] < MalDul(z). (3.4
dB(z,R) B(z,R) n
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Now we multiply (in the sense of the scalar product) bought sides of the vector Identity
(3.42) with an arbitrary unit vector e = (ey, ..., ;). By Schwarz inequality and taking into

account Identity (3.43) with R = t6(x) we have

leDuy(x)|
leDd(x)| to(x)
<n——————=Mqgl|Du|(z eDu(y)d
S MalDul@) 4| eDutay

< (t+ 1)Mgq|Du|(x)
for almost every z € Q0.

Since 0 <t < 1 and e is arbitrary, (3.41) is proved for smooth functions.

The second step concerns the case u € W0)(Q). By density arguments, there is a
sequence ; of functions in in C*° N WP()(Q) such that ¢; — u in WHO(Q). Fix 0 <t <

1.We can see that

ww) = lm
B(z,té(x))

J
Since p; — u in LPO(Q) and p(z) > p_ > 1 ae. then, by Lemma 3.3.6, ¢; — u in
LY(B(z,td(x))). Thus

w(w) = lim(py)i(a).

pointwise in €2. Now

|mmm<f o3()ldy < Mag; ()

B(z,té(x))
j=1,2.. for all z € Q. Since the estimate (3.41) is true for C*° functions we have

[D(@)e(2)| < 2Ma|Dej|(x) (3.44)

j=1,2. forae z €.
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These inequalities and Theorem 3.3.1 imply that

1(@5)ell1p0),0

= [[()ellper + [1D(s)ellpe).0

< [Malg))llpe).e + 2[Mal Dejlllpe 0
< e(n,p(), Q) (eilloer0 + 1Dwillp0),0)

= c(n, p(+), Dll@;jll1p0).0 < oo.

Thus (¢;); is a bounded sequence in W'P()(Q) that converges pointwise to u;. Moreover
in our assumption is 1 < p_ and p, < 400, so we have that WP() is reflexive (see [KoR],
Theorem 3.1). Then by the weak compacteness of W()(Q) there exists a subsequence
of () (we will omit the explicit passage to it) which converges weakly in W) (Q). In

particular we have u;, € W) (Q) and

D(p;); — Du;  weakly in LP0)(Q). (3.45)

Moreover, by the sublinearity of the maximal function we obtain

(Ma|Dgjl(x) = MalDul(2)] < |[Ma(|Dp;| = [Dul) ()]

for every x € Q2. Using again Theorem 3.3.1 we get

M| Deg;|(x) — Ma|Dul(2)]l).0
< [IMa(|Des| = [Dul) (@) lp).0

< e, p(), DN De;| = [Dulllp().0-

Thus
Mq|Dy;| — Mgq|Du| strongly in LPO(9). (3.46)
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By (3.45), (3.46) and (3.44), to complete the proof we have to apply Lemma 3.3.7 using
strong convergence instead of weak convergence for one of the sequences.

The rest of this section is devoted to the proof of Theorem 3.3.3 (see [Z3]).

Proof. (of Theorem 3.3.3) Let u € WP (Q). Let us observe that, by Lemma 3.3.8, |u| €
The idea is to observe that the maximal function Mg can be expressed as the supremum
of a suitable increasing sequencen ([KiLi]). Let ¢;, j = 1,2,.... be a sequence of rational

numbers such that 0 < ¢; < 1 and let us denote u; = |ul;,. From Lemma 3.3.8 and

Proposition 3.3.9 u; € W0 (Q) and
[ Du;(z)] < 2Ma|D|ul|(x) = 2Ma|Dul(z)

j=1,2... for a.e. x € Q.
Thus let us define vy, : Q — [—o00, +00] as

vk(2) = max u;(z),

k=1,2,... for a.e. x € €.

Let us observe that for a locally integrable function f the function

f o
B(z,ré(x))

is continuous with respect to r, 0 < r < 1. Indeed the integral is a function absolutely

continuous with respect to the integration set and then, for all fixed x € Q, [ Blars(y [/ )|y

is continuous with respect to the radius r. So the same holds true for the mean value

][( . |f(y)|dy. Then the supremum taken on the set (0,1) is the same as the one taken
B(z,ré(x

on a subset dense. In particular we have (3.40)

Ma(z) = sup vg(z).

k
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Moreover, by Lemma 3.3.8, v, € W'P()(Q). So v, is an increasing sequence converging

pointwise to Mqu and

|Dug(z)| = |D max uj(x)| < max |Du;(z)| < 2Mgq|Du|(z)

1<j<k 1<j<k

k=1,2.. for a.e. x € ().

Since vg(x) < Mou(z) k = 1,2... for a.e. x € Q) we obtain

[0k l1,p0.0

= [lvkllpe),2 + [[Dvkllpe.0

< [Ma(w)lpe).0 + 2[MealDully).0
< c(n,p(-), Q) ([ullpe.0 + [1Dullpe) )

= c(n, p(-), Dlull1pe).0-

Since the weak compactness it follows Mq(u) € WP (Q) with v, — Mgq(u) and Dvy —

DMg(u) weakly in LP()(€)). Therefore from Lemma 3.3.7

|IDMgq(u)(x)| < 2Mgq|Dul(z).

REMARK 3.3.1. Let us observe that in case {2 = R", the proof can be obtained more easily

by considering a slight modification of the ones contained in [Ki].

3.4 Some remarks

Let us say a few words about the inequality (1.34) for the nontangential maximal operator

N, as defined by (1.10). The heart of the matter is the weighted norm inequality for the
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Hardy-Littlewood (unweighted) maximal function of f € L} .(R)

loc

M(x) = pf )|y (3.47)

I>z

Here we have confined ourselves to the one dimensional case, not only for the sake of simplic-
ity but also because it suffices to express out ideas in reasonable generality. A well known

result of B. Muckenhoupt asserts that for a measure w in R we have

/R M f(@)Pu(z)dr < ¢ / ) Pwle)da (3.48)

if and only if A,(w) < co. S. Buckley [Bu] noted that

p

¢p = c(p,n) Ay ()77 (3.49)
This constant exhibits the best possible dependence on A,(w).

Here we deal with somewhat dual situation where we have the weighted maximal function

of g € L, .(R) defined by

loc

Mag(t) = swp o [ lorlutr)ar (3.50)

J>t

where v € Ay, on R. As already mentioned (see Lemma 1.2.2) the following estimate
Nu(o) < ¢ M,g(o), a.e. 0 € 0D (3.51)

with w being the harmonic measure associated with an operator £ and its coefficients matrix

A € £(K), while u is the solution to

Lu=0 inD
(3.52)

Ul = g € C(OD)
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This problem involves a weighted maximal operator which satisfies the norm inequality

[ gteyar <c [ lotorar, (3.53)
R R
We wish to give a short proof of such an inequality in case ¢ = 2. Let us begin with the

following

Lemma 3.4.1. Let f, g,€ L} (R) be coupled by the relation g(t) = f(h™'(t)), for almost

loc

every t € R, where h : R — R is an increasing homeomorphism. Then
M yg(t) = MF(h™ (1)) (3.54)

for a.e. t € R.

Proof. We first prove the inequality < in (3.54). Fix ¢t € R to show that for any interval

(a,b) containing ¢t we have

m / FRH ) (Y (r)dr < Mf(RTHE). (3.55)

Inequality (3.55) follows by the change of variables: h™1(7) = o:

I
r\
—
—
S
QL
Q
w
o
=

1 ’ —1 —1v/
o ), SO O =

where its should be noted that h™'(a) < h™'(t) < h71(b).

The opposite inequality is proved similarly. Indeed, fix ¢ and consider any interval (¢, d) >

h=1(t). In order to prove that

d
dic / f(o)do < sup (3.57)
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we perform the change of variables h(o) = 7,

h(d)
/ f(o ) (7YY (7). (3.58)

- ¢ h(c)

Introducing the end points a = h(c), b = h(d), we see that ¢t € (a,b) and

— / flo yn / f(h 1Y (r)dr. (3.59)

This completes the proof of the Lemma. m

Corollary 3.4.2. Let h : R — R be an increasing homeomorphism. Define two weights on

R:

Assume that there exists a constant co > 1 such that

/ M,g(t)*dt < co / g(t)2dt (3.60)

for any g € L*(R,dz). Then, the inequality

/RMf(x)Zw(x)dx < co/Rf@)Qw(x)dx, (3.61)

holds for any f € L*(R,w(z)dx). Conversely, (3.61) yields (3.60).

Proof. Assume (3.61) holds, for any f € L?*(R,wdz). For g € L*(R,dz), we set f(z) =

g(h(x)) and compute

/f da:—/f V2R (x dx—/f /g(t)2dt. (3.62)

Similarly, in view of (3.54)
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/Mf(x)Qw(:p)dx = /Mf(x)Qh’(x)dx = /Mf(h_l(t))th: /Mvg(t)th. (3.63)
Now, from (3.61), (3.62) and (3.63) we deduce that
/Mvg(t)zdt < Co/g(t)th. (3.64)

Similarly the reader may verify that (3.60) for g € L*(R, dz) implies (3.61) for f € L*(R, w(x)dx).
[



Chapter 4

On the Dirichlet problem with Orlicz

boundary data

Let us consider a Young’s function ® : R™ — R* satisfying the A, condition together with
its complementary function ¥, and let us consider the Dirichlet problem for a second order

elliptic operator in divergence form £ = div(AVu):

Lu=0 in B

Ulpp = e

where A € £(K) and B is the unit ball of R”. In this chapter we give a necessary and
sufficient condition for the L?®-solvability of the problem, where L® is the Orlicz Space

generated by the function .

4.1 The L®-solvability

Let ® : R™ — R* be a Young’s function that satisfies the A, -condition together with its
complementary function W. The Dirichlet problem (1.32) is said to be L®-solvable if for

any f € C°(0B) there exists a unique solution u € W,"*(B)NC°(B) to (1.32) which satisfies

loc

69
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the uniform estimate

/83 *(Nupdr < C [ @(|fl)do (4.1)

Let us observe that for L® = LP the integral inequality (4.1) corresponds to the norm
inequalities (1.34). We will show that condition (ii) of Theorem 1.4.1 is a necessary and
sufficient condition also for the L®-solvability of the problem (1.32), where ® is a given
Young’s function such that the upper index of L? is p;* (see Definition 2.3.1).

As a corollary of Theorem 3.2.1 we have the following extension of Theorem 1.4.1.

Namely:

Theorem 4.1.1. [Z2] Let B be the unit ball of R™ and let ®(t) = f(f o(T)dT be a Young’s
function that satisfies the As -condition together with its complementary function V(s) =
fos 0 Y7)dT, and let py' be the upper index of the Orlicz Space L®(OB,do). Then the

following are equivalent:
i) The Dirichlet problem (1.32) is L®-solvable.

ii) The L-harmonic measure w is absolutely continuous with respect to o, and k = % €

Bg(do), that is:

()l o @)

for all surface balls A and for all € > 0.

iii) The L-harmonic measure w belongs to By, (do), pio + qio =1, i.e. w is absolutely contin-

uous with respect to o, and k = 2—;’ € L®(do), with

(a<1A> /A’“) s¢ (a<1A> A’“) S

REMARK 4.1.1. Tt is worth to point out that in case ®(t) = t*, 1 < p < 1, condition i)

is exactly the reverse Hélder condition iii). Hence, last theorem extends Theorem 1.4.1 in
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the sense that we obtain that condition w; € By, characterize solvability of the Dirichlet
problem also when the boundary data is in a suitable class of Orlicz space, containing L%,

and this class is identified by the upper Boyd index p = pio.

Proof. The equivalence (ii) < (i7i) follows directly by Theorem 3.2.1 applied to the weight
functions v(z) = 1 and w(x) = k(z). Moreover (iii) = (i). In fact, using Theorem 3.2.1

again, we have that there exists a constant C' > 0, such that for any f € C(0B):

/ (M, f)do < C / &(|f)do. (4.3)
0B

oB

Hence, by the pointwise estimates
Nu(P) < CgM,f(P), VP € 0B,

contained in Lemma 1.2.2 the L®- solvability directly follows.

To prove (i) = (iii) we firstly need to show that L®-solvability of the Problem (1.32)
implies that the harmonic measure w is absolutely continuous with respect to the surface
measure o. To this aim, let us observe that w and ¢ are Borel positive regular probability

measures on 0B.

Now, let K be a compact set on dB. By the regularity of o it holds

Ve > 0, 3 an open set A C 9B such that K C A and 0(A\ K) < e.

Moreover, by the Uryson Lemma

3f € C°(0B) such that: 0 < f<1ondB, f=1 on K, f=00n 0B\ A.

For such function f we have (for any point on 0B)
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1

M,f > (0D 8dew = /Afdw > /dew = w(K),
so that
/8 B(MLf)do > w(K))(0B) (4.4)
Moreover,
/ (| f])do = / (f)do < D(1)o(A) < B(1)(0(K) + &), (4.5)
OB A

Hence, by (4.4), (4.5) and by ), we have

w(K) < 97N (do(K)). (4.6)

Now, by the regularity of w and of o, (4.6) holds for any Borel set and then for any

Lebesgue set E on 0B. In fact,

w(FE) = sup{w(K) | K compact set, K C E}
< d7 (¢ sup{o(K) | K compact set, K C E})

=& (do(E)).

Hence the absolute continuity of w with respect to o,

Ve>0,30>0:0(F)<d=w(F)<e (4.7)

d(e)

c

holds true. Indeed one can choose in (4.7), § =

Now to complete our proof we need to show that w € B,. Let us start by observing
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that the weighted maximal operator M, is pointwise subadditive. In fact, let f, g € L'(dw).

Obviously we have

/!f+g\k:da</ ]f|l<:do+/ lglkdo
A A A

for any surface ball A C 0B, so that
My(f +9)(P) < My, f(P) + M.g(P)

for any P € OB. Hence, for any f € L*(do), let us consider f* and f~ be the positive and

negative part of f respectively, i.e.

L5z
0 iof f<0
fo 0 +f f=20
—f if f<0
so that
f=f—=f

Obviously f € L*(do) implies that also f* and f~ are in L*(do). Then, let u;, uy be the
solution of the L®- problem with boundary data f* and f~ respectively. By the subadditivity

of M, and by the second part of Lemma 1.2.2, we have

wa g wa+ + wa_ < Cﬁ(Nul + NUQ)

On the other hand, by the A, condition and the convexity of ®, by (2.12) and by the
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assumption of L®-solvability, we obtain

/@(wa)dag/ B(Cy(Nuy + Nu))do

0B

< C(3,D) (/aB B(Nur)do + /aB CID(NUQ)da>

< C(3,9) ( | ot [ B@(f)do)
< C(5,9) ( / B<I><|f|>do>

Hence, we obtain that for any f € L*(do):

/63@(Mkf)da < c/anp(m)da.

Using again Theorem 3.2.1 the thesis follows.

(4.8)

]

It is worth to point out that in general the integral inequality (4.1) is stronger than the

norm inequality (1.34). Indeed it holds the following

Proposition 4.1.2. Let ® € Ay be a Young function. Then

/{)B B(M, f)dz < c/aB &(||)dx

implies

[Mufllze < K[ fllL2(aa)

Proof. Assume (4.9). Then, in particular, for any h > 0,

M, f /]
o (uce o (4)s
k:f:||f||Lq»:inf{k:/83®<%)dx<1},

Let

(4.9)

(4.10)
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and let B = %. There exists A > 0 such that ®(At) < B®(t). Then, for any h = £ > %f we

have

ky

Hence, the infimum of h such that [, ® (M“f) dr < 1, verifies inf h < = = L[| f]| e, e

h

1
[ Mo fllze < ZHfHL‘I’(dx)

as we claimed. ]

Note that from the openness’ of the condition w € B,(do) (Theorem 1.3.2, iv)), it follows
that the L®-solvability implies also the L®3-solvability of the Problem (1.32), with suitable
d > 0, and the upper index of L®s is bigger than the one of L®.

Moreover, we observe that, in the case ®(t) = tlg*(e+1), 0 < @ < 1, Theorem 1.4.1 does

not hold (see Section 4.3).
In what follows we will show same examples of Young function & such that Theorem

4.1.1 can be applied.

4.2 Examples

Let

O(t) = tPlog™*(e + t) (4.11)
Obviously ®(t) verifies the Ay condition. Moreover, ® is a Young function

i) when p > 2 and a > 2 — p. In particular, choosing a < 0, we have ®(t) < ¢?. This
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implies LP C L2,

ii) when p > % and «a > 3 — 2p so that it can be a < 0, and hence ®(¢) < ¢?. This implies

again LP C L?.

Once that @, , is a Young function, using [FiK] we have p < 1 (or equivalently a(®) > 1)
so that ® and its complementary function ¥ verify the A, condition. Hence, Theorem 4.1.1

can be applied for example when

3
O(t) = tPlog*(e + 1), Vp > 3@ > 3 — 2p.

Note that thanks to [FiK]| we can exactly compute the upper index p of ®. Indeed by easy

computation we have
to(t)

1m
5 (1)

Analogously,

Hence the upper and lower Boyd index of ® are p =19 = %.

4.3 The L(lgL)“-unsolvability. A counterexample

In this section we will show, with an example, the unsolvability of the Dirichlet problem
with L(lgL)* boundary data. To be more precise, we will show that in case f € L(lgL)®,

0 < a < 1, an analogue inequality to (1.34)

INull 1108400 < C Il Lgrye(o8,d0)

does not hold.
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EXAMPLE 4.3.1. Let B be the unit ball in R?, f € L(lgL)*(dB, do) and let u be the solution

to the Dirichlet problem for the Laplacian

Au=0 inB
(4.12)

U = f

We recall that a solution of the problem (4.12) is given by the Poisson integral formula.

, 1—0* [T f(cos ssin s)
u(ocosd, psindd) = 5 /W1+92—2gcos(19—s)d5 (4.13)

Let now consider the function @ : [0, +o00[— [0, 00| defined by
O =d(t) =tlg*(e +t).

When a > 0, ¢ is a convex, continuous, strictly increasing function with ®(0) = 0, lim; . ®(¢) =

“+o0.

For small § > 0, let v = 7(d) be the (unique) positive solution to the equation:
lg*(e+7) =1lg%(e+1) = ®(1) (4.14)
(Note that for a =0, v = %) and, for Q) € 0B, ) = (cos s,sin s) define:

v if0<s<d
fs = f5(Q) = f5(s) =

0 elsewhere

These functions fs, 6 > 0 belong to L(lgL)*(0B, do) with unit norm. Indeed, for A > 0,

we have

| 0Qr(@ = [ g+ s = Bratge +A) 2 0(1)
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(the equivalence follows by (4.14), being ® a strictly increasing function) and then, recalling

that, by definition:

Ifillnrom =it {3+ [ a0@an@) < 2,

(4.15)

we have
I fsl|lLagryeomy = 1, V6.

If for any ¢, us = P[fs] is the Poisson solution to the problem (4.12) with f = f5, we have:

Nus(W) = sup u(oW), YW = (cos?,sind) € 9B,

0<o<1
that is:
1 J 1—0°
Nusg(W) > — su ds,
5(W) 2 KQEI/O 1+ 0% —2pcos(V — 3)’y
and, if 6 <UJ < 3,
0y < oy

N > > )
us(W) 2rsind T 2w

Hence, for the norms we have:
21 - 1
21 || Nusl| L1 om) = 0y Edﬁ = 0v(lgd]y = évlg 5 (4.16)
5

On the other hand, by (4.14) it follows that:

and then
g =
g*(y+e) 5

Consequently:
lglg®(y+e)=1g (
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that is

Ig (%) =lgvy +alglg(y +e) —lg(®(1));

we also obtain that, when § — 07,
Ylg*(v+e) — +oo

and so 7 — +o00 too. By the above considerations and by (4.16), we have:

27
d(1)

élg(r)gr | Nus||1 o8y =

1 1
li le—= | =
(1) ot (57 8 5)

i 87 alglg(y +e) —1g(@(1) _
1= 1g%(y +e)

Hence, by the last inequality and by (4.15), follows that, if 0 < o < 1, then there is no

constant C' > 0 satisfying:

INull 108,400 < C I f 1 Lo £ya0B.d0)

with u = P[f], for any f € L>(0B) (C L(lg L)*(0B, do)).

4.4 On the case a=1

In this section we establish a maximal inequality which could be useful in view of sufficient
conditions for the L(lg L)-solvability of the Dirichlet problem (1.32). It corresponds to a

limit case, as ¢ — oo, of the B,-condition. To this purpose, we recall the main result of B.
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Muckenhoupt [M] about a weighted maximal function. Given a measure m on an interval

J, define:
)=

where the quotient is to be taken as 0 if the numerator and the denominator are both oo.

It holds the following;:

Theorem 4.4.1. Let m be a Borel measure on an interval J which 1s 0 on sets consisting
of single points. Let U(x) and V(x) be nonnegative functions on J, assume that 1 < p < oo,
0 < a < oo and given f(x) on J let E, be the subset of J where M,,(f) > a. Then, there is

a constant, B, independent on f and a such that

/ U(z)dm(x) <Ba‘p[]|f(x)|pV($)dm(x) (4.17)

a

iff there is a constant K such that for any subinterval I of J,

[vwan] | [ [V(x)]pﬂdmmr_l < Kfm(D)P. (118)

I

In particular we have the next

Corollary 4.4.2. Let v > 0 be a weight on J. Then, if 1 < p < oo and 0 < a < oo, there

1s a constant B such that

(M, > a}l < & / (@)Pdz (4.19)

for all f iff there is a constant K such that for every subinterval I of J,

1| [/vallvdxrl <K [/Ivdx)]p. (4.20)

(Note that if v is a weight on the interval J we can choose in the last theorem U(x) =

V(z) = ﬁ and so Udm = Vdm = dzx, m = vdx).
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Hence, we have (4.19), p = 1 iff there is a constant K such that:

1
esssup < Km /vdm
I

zel

for all subinterval I of J (that is the well known Gehring condition v € G (dx)).
With trivial changes the results hold also for maximal operator where the interval J is

taken with both extremal points variable and so we obtain the following result

Theorem 4.4.3. [Z1] Let B be the unit circle in R? and let v be a weight, v € Go. Then

the weighted Hardy-Littlewood maximal operator

1
M, f(x) =su vdx
) =sw o [ 1

18 such that

M, : f € LlgL(dx) — M, f € L*(dz) (4.21)

Proof. We preliminary observe that the following equality, which is an immediate conse-

quence of Fubini’s theorem, holds:

/aB|f\dx =/0 e

If v € Gy (dz) there exists a constant C' > 0 (independent on f) such that, x > 0,
C
{Mof > o} <— [ [flde
T JoB
for any function f € L'(dx). Now, fix z > 0,and define f = g, + h, where

foatlfl >3

0 elsewhere

9z

It is hy = [ — g, and then [|h,|[z~ < 5, so [[Myhs]|z~ < §; by the subadditivity of the

maximal operator M,, M,f < M,g, + 5, and then {M,f > z} C {M,f > 5}. Applying
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Muckenoupt’s result to g, we have

C

S > 2} < [ > 5 < 5 [ Hlad > tlar

Observe that

{Ifl >t} ift>35
{lgal >t} = 2
H{Ifl > 5} elsewhere

and then

C [z C [
0 > 2l < S [T Hlael > tHat+ & [ ool > ehiae =

C [z x C [
o s> S St > =

C

C oo
Sl 3 5 s> ol

Obviously, we have

2 o]
vad:c:/o \{va>x}\dx+/2 (M, f > 2}|de.

0B

The first term of the last is bounded by

2 2
/ {M,f > a}|de = / / didz < 2|0B]|
0 0 { vf>.7}}

and for the second one we have

| Hns > aas < [ ORIl > GHar v o [T 1[I > s

But
| elusn=par<c ["[an>3|de = Clition

and
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/Qw%/:"”ﬂ >t}|dtd$:/looi/;l{|f\ > t}| dtde =

/100 % [/OO ( /{| ot dﬁ) dt] do =

00 1 [ 1£(e)]
/ E / / dtdd | dv <
1 T | Nf>a} Ja
o 1 [ ()]
< / - / / dtdy | dx =
1T J{fl>a} Jo

_ /100 é {/{lm} |f(e“9)|d19} dr =

by Fubini’s theorem

By integrating

by Fubini’s theorem again

)]

- W —dxdd =
/{f|>1}'f<€ ) / da

and by integrating

- / (@) 1g | £(c)|dd = / Flig* £1d0 < oo,
{If1>1} OB

that is

1MoLy < 2108+ Cll sy + C / £ | flav.

This completes our proof.

83
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Chapter 5

LP-solvability in dimension n = 2.

Sharp results

In this chapter we will concentring our attention to the case n = 2. This will give us the
possibility to obtain a number of quantitative results, many of which sharp.

So, let us denote by D the unit disc in R? and assume that the elliptic operator £ =
div(A(x)V) is LP- resolutive, p > 1 on D). One of our results is Proposition 5.4.1 in which we
explore the “self improving” property of Gehring classes (w € B, = w € B,.), see Theorem
1.3.3. Thanks to Theorem 1.4.1, we are able to answer in the same vain the LP- solvability
question; LP- solvability = LP~"- solvability). The point to make here is that we found the
supremum of such 1 in terms of the B, constant of w. For the sake of readibility we formulate

here the following particular case of Proposition 5.4.1

Theorem 5.0.4. Assume that Problem (1.32) is L*- solvable and set B = By(w). Then this

problem is also L"- solvable, whenever

B-1
> 1 _— 5.1
r + B ( )

This lower bound for r in terms of B is best possible.
It is worth pointing out that 1+ 4/ % — 1 as B — 1, which is the case of the Laplacian.

85
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Indeed, let £ = A be the Laplace operator. We have w, = %da and then B = 1. So we
re-obtain the known fact (see for example [F]) that the Laplacian “tends” to have its LP-
Dirichlet problem solvable in the full range 1 < p < o0.

From now on we will denote by £°(K) the subclass of £(K) of symmetric matrices. In
Section 5.3 we will specify the precise doubling property of w as a function of the ellipticity
constant K, at least for harmonic measures w relative to the operators £ = div(A(z)V') on

the half plane R? with A € £°(K) verifying det. 4 = 1 a.e. We notice that in this case w

dh
1-+h?

turns out to be equal to for certain homeomorphism h : R — R with

Dy(dh) < eCE-D, (5.2)

where C' turns out to be an absolute constant, Theorem 5.3.1.

Let us denote by & (K) the subclass of £%(K) of symmetric matrix functions satisfying
the condition

det A(z) =1 ae zeD.

The restriction to coefficient matrices A € & (K) poses any loss of generality. For this
we recall [IS] that, if u € W,2% solves div(A(x)Vu) = 0 for some A € £5(K) then there is a

correction A € & (K) such that div(AVu) = 0.

Now let £y = div(A¢V ) and £1 = div(A,V ) be two (elliptic) operators and suppose that
we know that the Dirichlet problem is solvable for the first operator £y. A natural question
arises as to whether one can easily verify that the second operator has its Dirichlet problem
solvable as well?

For example, consider the two operators Lo = A and £, = div(A; V) with A; € & (K).
It is well known that £y is L2 resolutive and there are a number of interesting results in

order £; to be L9 resolutive, many of which require the coefficients of £; to be uniformly

close to those of A (i.e. §;;) as we approach the boundary of D (see e.g. [D3], [FKP], [F]).

Here we present a different point of view: an elliptic operator is thought of as a pertur-

bation of the Laplacian after a suitable change of variables.
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Actually, all matrices in & (K) generate pull-back of Laplacian via K- quasiconformal
mappings. More precisely, let F': R? — R?, F' = («, 3) be K- quasiconformal; that is, F is

a homeomorphism of class W, (R?; R?) such that

IDF(@)P < (K + %) Je(z)  ac. (5.3)

Here |DF(x)| stands for the Hilbert-Schmidt norm of the differential matrix DF(z) and
Jr(z) for the Jacobian determinant of F. Then, with R2 denoting the half-plane x5 > 0,
we have F(R?) = R? and F(R) = R. Moreover, if u satisfies Au = 0, then v = uo F is a

solution to Lv = div(AVv) = 0 where A = A(xy, z5) is given by

6;%1 + 552 _aCtl/Bx1 - aa:zﬁmz

2
_aw1ﬁ$1 - Oémﬁ:m Aoy + Ay

and verifies (1.1), see [IS]. Hence £ = Ap is the pull-back under F' of the Laplacian. It is

well known that A belongs to & (K), see [IS] e.g.

In Section 5.2 we will prove the following theorem which enlights a quantitative version
of the solvability for couples of special elliptic operators £y and L. It reveals a kind of
duality between the associated harmonic measures w,, and w,,, expressed by equality of the
respective A constants (for the definitions of the constants A, (1) or Bi(r) see Section

1.3).

Theorem 5.0.5. Let F': D — D be a K- quasiconformal mapping. Then, the operator
Lo=Ap (5.5)

15 resolutive if and only iof

£1 - AF—I (56)
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is resolutive. Actually, for the harmonic measures we, and wg, we have

As(wey) = Bi(we,)  and Ax(we,) = Bi(wg,)- (5.7)

Moreover, if Ly is LP- resolutive for a p > 1 and let B = By(wg,) < 0o with ¢ = 1%’ then

Ly is L"- resolutive for

p—x
T>m (58)

where x = x(B,p) € (0,1) is the unique solution to the equation

<1 . f)p = B(1 - 2). (5.9)

p

The result is sharp.

We point out that under the definitions (5.5) and (5.6) it is not really meaningful to
speak of the “distance” between Ly and £;. Indeed the underlying domains of operators L,
and £, are D and F (D) respectively. Nevertheless, even after composition with most natural
map F, the coefficient matrix A; o F' is not close to Aj in the sense of any natural distance
between coefficients as it is shown in Example 5.2.1.

In Section 5.2 we also show that the solvability of the problem for a matrix A in our
class is equivalent, up to a rotation of 7 of the unit disc D, to the solvability of the problem
for the inverse matrix A~! (see Theorem 5.2.2). In this case, the integrability exponent for

solvability is the same.

As a corollary of Theorem 5.0.5 we obtain the following

Theorem 5.0.6. Let FF : D — D be K- quasiconformal, Lo = Ap, L1 = Ap-1, and
the operator Lo be L2- resolutive. Then also the operator Ly is L*- resolutive, provided

Bz(&)ﬁo) < %1

Another sharp LP- solvability result pertains to Serrin’s type operator

L = div(A(z)V)



5.1. QUASICONFORMAL MAPPINGS AND BELTRAMI EQUATIONS 89

where A(z) € & (K) takes the form

1 1\r®x
A(J/‘) — g—}— (K—E> W for xr = (.'];1,1‘2) GRi,

for some K > 1, as in [IS]. We notice that the Radon-Nikodym derivative k = d(‘l"—; of the

associated harmonic measure w, belongs to the Gehring class B, if and only if 1 < ¢ < %

5.1 Quasiconformal mappings and Beltrami equations

For the convenience of the reader, we recall basic feature of quasiconformal mappings which
are relevant to our results.
Let €1 and €y be planar domains and £’ : ; — €2y be a homeomorphism. F' is said to

be quasiconformal if:
i) F belongs to Sobolev class W,2(Q),

ii) F satisfies the complex Beltrami equation:
OF (2) = w(2)0F (z),  where |||z~ < 1. (5.10)

Here we have used the Cauchy-Rieman derivatives 0 = 3(8, +i9,) and 8 = (9, —i0,)

with respect to the complex variable z = x + 1y.

The function p is called the Beltrami coefficient or complex dilatation of F. It determines
F', unique up to a (post) composition with a conformal transformation.

Expressing the directional derivatives 9, F(z) in terms of OF and OF, (5.10) is equivalent
to the distortion inequality

max |0, F| < K min |0, F|. (5.11)

Here the smallest possible choice of the constant K is
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1l

K —
1 — [|pllpe

€ [1,00).

Obviously, the condition ||p|| L~ < 1is equivalent to K < co. When p = 0, or equivalently
K =1, we obtain the usual Cauchy-Riemann system, and F'is conformal in {2 in the classical
sense, i. e. it is an analytical one-to-one map. That is why the constant K in (5.11) gives us
the degree of nonconformality of F'. Traditionally we refer to such F' as K-quasiconformal
mappings.

Next, we us define a 2 X 2 measurable matrix function

tDF(x)DF(:v)} - (5.12)

Ale) = { Jr(x)

where DF stands for the Jacobian matrix of ' and Jp(z) = det DF(z) its Jacobian deter-
minant which is almost everywhere positive. A simple computation shows that det A = 1,

A is symmetric, and, using (5.11), we can prove the uniform ellipticity
1
€7 S (AW < KIEP, (e R (5.13)

An important point here is that a converse statement is also true. More precisely, given
any measurable symmetric matrix A(x) on the unit disc D C R? with det.A = 1 that
satisfies (5.13), there exists a K-quasiconformal mapping F' : D — D for which (5.12) holds
a.e. x € . For this we recall the measurable Riemann mapping theorem, see the seminal

work of Morrey [Mo], and [IM] for most recent account.

Theorem 5.1.1. Let 1 be a measurable function defined in D C C such that ||p||p=~ < 1.
Then there is a K-quasiconformal mapping g : D — C whose Beltrami coefficient equals p
almost everywhere. Moreover, every WLQ(D,(C) solution F' to the Beltrami equation takes

loc

the form

where H : g(D) — C is a holomorphic function.
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We shall confront this result with the classical Riemann mapping theorem

Theorem 5.1.2. Let € be a proper simply connected open subset of C. Then, there exists a

conformal mapping n : 2 — D.

In particular, combining Theorem 5.1.1 and Theorem 5.1.2, we see that for every u as

before there exists a K quasiconformal F': D — D, K = Ll o [1,00), such that

T—||pl| oo

———= =u(2), ae zeD, (5.14)

In addition to that we have uniqueness of homeomorphic solutions F' : D — I which are

“normalized” by fixing the values F'(0,0) = (0,0) and F'(1,0) = (1,0).

Theorem 5.1.3. Given a 2 x 2 matriz A(x) = [a;;(x)] defined on the unit disc, such that
a;j = aj;, det A =1 and (??) holds. Then there exists a unique normalized K -quasiconformal

mapping F : D — D satisfying (5.12).

In fact equation (5.12) is equivalent to a complex Beltrami equation with

a2 — a11 — 21012

xXr) = 5 o < 1
ple) = By

For more details see [IM].

5.2 Some cases of simultaneous solvability for two dif-
ferent operators

In this section we consider two elliptic operators which arise as pull-back of the Laplacian:
Lo = Ap and £; = Ap-1. We prove the solvability of Dirichlet problem for £; knowing it for
Ly (and conversely). Moreover, we show that the A,.- constants of the respective harmonic
measures wg, and wg, agree in a suitable way (Theorem 5.0.5).

Let Lo and £ be operators as in Theorem 5.0.5. As we already mentioned, it is not

meaningful to speak about the “distance” between Ly and £;. Indeed, the operators Ly and
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Ly are defined on D and on F'(D), respectively. On the other hand, even after composition
with most natural map F', the coefficient matrix A; o F' is not close to Ap in the sense of

natural distance between the coefficients as it is shown in the following example

EXAMPLE 5.2.1. Let @ = [0,1] x [0,1] be the unit cube of R? (analogous result can be
obtained by replacing @ with the unit disc D C R? with just technical adjustments). Let
F : @Q — @ be defined by the rule

F(z,y) = (/Oxa(x)dx, /Oy b(n)dn) , (5.15)

where a, b are non negative measurable functions defined for (x,y) € Q. We assume that

N a(z)

so that F' is K-quasiconformal. Now, let Ay be the pull-back of the Laplacian defined by

o) = [22 2T G o

x’ _— B —— g

oLy Jr(z,y) 0 %
y

The reader may wish to observe that writing F(x,y) = (h(z),k(y)) = (s,t), we have the

following formula for the inverse map

We then compute,

a(h=1(s)
CRIC

tDF-*DF™! ]

Ails ) = { Ty

Composing A;(s,t) with F(x,y) we are able to compute the gap function e(x,y) (see

[FKP]) between matrices Ay and A; o F'. (In this case A; o I is also equal to the inverse
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matrix Ay ! because DF is a symmetric matrix). More precisely, we have

My) _ alz) 0
) = Aoy) = Ao Flag) = | 00T
0 by  alx)

N
~

Assuming “closeness” between coefficients, as in [FKP], Theorems 2.3 - 2.5, we find that

£(-) = 0 on the boundary. So let us consider points (z,0) € 0Q,

£(z,0) =0« (% — %) =0<a(x)=0b(0), ae x€][0,1].

This occurs iff a(x) is a constant function. In particular, it must be that a(z) = 1. Analo-
gously, b(y) = a(0),; that is, b(y) = 1, for almost every y € [0, 1]. Then, unless F'(z,y) is the

identity map, the closeness hypotheses fails.

Let us proceed to the proof of the Theorem 5.0.5:

Proof. of Theorem 5.0.5 Let Lo = Ap = div(A¢V), where F': D — D is a K-quasiconformal

mapping and Ay is defined by

tDF@gDF@qf (5.16)

ane) = [ PO

Moreover, let h : 0D — JD be the orientation preserving homeomorphism on 0D induced
by F, h(0) = Flan(0).

To see the harmonic measure wg, of the operator £, (following an idea contained in
[CFK]), let us choose and fix an arbitrary continuous function f defined on dD. We solve

the Dirichlet problem

div(4oVu) =0 inD
(5.17)

Ulpp = f

Let us observe that w is the solution to problem (5.17) if and only if the function v =
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uwo F~1 is a solution of the Dirichlet problem

Av=0 inD
(5.18)
Vlgp = 9
where g = f o F71. Indeed, assuming F = (F}, ), x = (21, 23), we have,
oF oF OF _on
o1 02 1 Ox2 Ox2
DF = . (DF)'=—
Jr
oF, o _om oR
oz Ozo Oz O0x1
and then
(9231 _ 90
1 Oxzo o0z
(‘DF)™!' = — : (5.19)
Jr
_90n oF
81‘2 8:)31
So we can compute
|V Fy|? —(VF,VF,)

Je(DF)Y('DF)™ ! = Ji

F

—(VF,VF,) |V |?
Assuming y = F(x) and uw = v o F' we have

(990,- N 8y1 8xz 8y2 (‘)xz

and

V.u= ("DF)V,v (5.20)
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Combining (5.16), (5.19) and (5.20) we have

OFy v _ 9Fy Jv.
Oxz Oy1 Oxa Oy2

AoVou = Jp(DF)'V,u =

OF) v | OFy v

Ox1 0y1 Ox1 Oy2

and then it holds
Lu = div, (AgV,u) = Jp - Ay,

Hence,

div,(AgV,u) =0 = Ayjv =0.

So, by the Poisson integral formula for the unit disc, we have (see [K])

v(z) =uo Fl(x) = / L fof” g(o)do

ap 27|x — o?
Then, for all z € }Io) it holds

u(z) =vo F(z) = /aD %g(a)da.

95

We now change variables, o = F(7), and recall that h(oc) = F(o) on 0D to obtain,

u\z) = - |F(z)|2 T T
)= J 37~ ! )

Since F(0,0) = (0,0) and |h(c)| =1 on D, we have

w(z) = %dh(z).

Combining (5.21), Theorem 1.4.1 and (1.21) we have that L, resolutive implies

dh € Ax.

(5.21)

(5.22)
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Moreover, the measure dh is absolutely continuous with respect to the arc length do, so
we have the Radon-Nikodym derivative ky = dh/do.

Now, let us consider the operator £; = Ap-1 = div(A;V ), where

‘DF-'(y)DF~'(y)]™" '

Al (y) = :]F*l(y)

The orientation preserving homeomorphism on 9D, induced by F~!, coincides with h~*
and, by similar considerations as before, the harmonic measure of the divergence form of
the uniformly elliptic operator £; is equivalent to d(h™!). Now, we are ready to prove that
(5.22) implies

d(h™) € Ay (5.23)

This is a consequence of equations between the various A.- constants defined in (1.22),

(1.24). Namely, we prove now (5.7), i.e

Ao(wey) = Bi(we,), (5.24)

As(we,) = Bi(we,)- (5.25)

In fact, by Definition 1.3.2, (5.22) implies that there exist 0 < a < 1 < M such that

(F) fF k’odO’ @
oa) <M <fA koda) ’ (5:26)

Q

for any rectifiable set F' C A arc on 0D.

For any rectifiable set F' C D we have

/koda—/—da—a 7))

where h(F') stands for the image of the set F' C 0D under the mapping h : D — 0D. Then

(5.26) can be rewritten as

o(F) _  (o(h(F)°
o ><M(a<h<A>>> ' (5.27)
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for arbitrary rectifiable set contained in the arbitrary arc A C 0D.

Since h : D — ID is a homeomorphism, inequality (5.27) can be reformulated as

o U(E) . (o(B)\"
2 T(D) <M(am) ’ (5.28)

(where h™!(E) denotes the inverse image of E via h) for any rectifiable set E contained in an
arc I' C dD. Hence, by (5.28) the measure p, defined by p1(E) = 0 o h™'(E), is absolutely
continuous with respect to o. If we introduce its Radon-Nikodym derivative ky = du;/do,

then (5.28) can be restated as

fE kido a(E)\“
—fr Tndo <M (U(F)) ) (5.29)

Hence (5.24) and (5.25) follow directly from (1.24) and (1.22). In fact (5.26) holds for
arbitrary rectifiable subset F' of the arbitrary arc A, if and only if (5.29) holds for arbitrary
rectifiable subset E of the arbitrary arc I' C 0D. Combining (5.24), (5.25), Theorem 1.4.1

and (1.21), the simultaneous solvability of Dirichlet problems for £y and £; follows.

In order to obtain more precise information about the LP- solvability for £, and L'-

solvability for £;, let us preliminary observe that
W, € Bq = we, € Ap (530)

where ¢ = p/(p — 1), and that
BQ(WE()) = Ap(wﬁl)‘ (531)

In fact, by (5.21) w, is equivalent to dh, where h = Fj, is the trace on D of the K-
quasiconformal mapping F : D — I and, as already mentioned, w,, is equivalent to d(h™1).

Then, according to Lemma 2.3 [JN], we deduce that

dhe B, & dh')eA,
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and

By(dh) = A(d(h™"))

establishing (5.30) and (5.31).

Now, assume Lj to be LP- resolutive for an exponent p > 1, and B = B,(wy,). By (5.31)
we obtain A,(wr,) = B. Combining Theorem 1 in [V] about the optimal connection between
the A, and B,—classes, and Theorem 1.3.3 we are able to determine the sharp By in the
Gehring class pertaining to wy, as a function of B and p. More precisely, let us denote by

r =xz(B,p) € (0,1), the (unique) solution to the algebraic equation

<1 - f)p = B(1-x) (5.32)

p

and use Theorem 1 in [V] and Theorem 1.3.3 to conclude that for 1 < 0 < G- it holds

o1 (1 — )7
B <B5 LY
o(wr,) T

where v = (pf — 0 + 1) /p. By Theorem 1.4.1 we deduce that L; is L"- resolutive, whenever

r satisfies

p—x
> T (5.33)

To see that the result is sharp, we bound ourselves to the case p = ¢ = 2. Let us consider

the mappings (1 < K < 2)

z
F(Z): —L1° Z:(x,y)ERi,
|2
w
G(w) = Wk w = (s,t) € R%.

These are the standard radial stretchings and they arise as extremals in many problems for

K- quasiconformal mappings and planar PDE’s. We notice that

G=F"'
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Let Ay be the coefficient matrix (5.4) of the pull-back under F' of the Laplacian:

Ao(z) = L+ (K— l) 9z

K K ) |z)?

z = (x,t), where we have used the shorthand notation

x? xt

2Rz =
xt 2

and let A; be the coefficient matrix (5.4) of the pull-back under G = F~! of the Laplacian

1 w R w

The harmonic measures w4, and w4, are given by

1
1
w.Al(s) |S|17K

and we assume

By(wy,) = B < 0.

An elementary calculation shows that

- K(2-K)
/| B _ _1
and that for 1 < ¢ < /577 = w5

BQ(w«‘h) < 00,
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while

B _1 (WA1> = 00,

K—-1

hence L"- solvability fails for £, if r verifies equality in (5.33). O

Corollary 5.2.1. Let Ay be a matriz in E(K) and let Lo = div(AgV ). Then there exists
a K- quasiconformal mapping F : D — D such that Ly is resolutive iff L1 = div(A;V) is

resolutive, where
DF 'DF

A = |25

Jor

Proof. Let A € £(K). By the measurable Riemann mappings theorem (see Theorem 5.1.1)

we can find a K- quasiconformal mapping F': D — D such that

tDFDF} -t

Ao |22

so that £y = Ap. The statement follows by observing that £; = Ap-1.

Let Ay € & (K); our goal is to find a connection between the solvability of the Dirichlet
problem for the operator £y = div(A4yV ) and the operator £; = div(A;V ), where A; =
Ayt (iz). We have the following

Theorem 5.2.2. Let Ay € £ (K). Then the problem

div(AoVu) =0 inD

(5.34)
Uy =
18 LP- solvable, p > 1, if and only if the problem
div(A4,Vu) =0 D
(5.35)

Ulpp = f
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1s LP- solvable, where

Ai(y) = Ayl (iy)  ae. yeD.

Proof. Let us observe that the hypothesis Ay € & (K) implies that (see Theorem 5.1.3) there

exists a K-quasiconformal mapping F': D — D such that

tDFDF]! a2
A=170 T
E a2 G22
So, let us search for T" such that,
‘DG DG an  —a
AoloT:{J—} = * . oT, where G=FoT.
a

—ai2 a1

Notice that the Beltrami coefficient of F' is given by (see Section 5.1)

a2 — a11 — 21012
Ao + ayp + 2

HF =

Then, analogously,

a1l — Qg2 + 2ia
pe = oT.
a1 + 929 + 2

So, for all z € D, it must be that

pa(z) = —pr(T(2)). (5.36)

Now, let G(z) = F(iz). Taking into account that d(iz) = 0, 9(—iz) = —i, d(iz) = i and

J0(—1iz) = 0, we obtain

0G(2) = (0F)(i2)0(iz) + (OF)(i2)0(—iz) = —i(OF)(i2)

and

9G(2) = (OF)(i2)d(iz) + (OF)(i2)d(—iz) = i(dF)(iz).
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This means that the Beltrami coefficient of GG is given by

o) = 5a(2) =~ = —nr(iz)

so that (5.36) is true.
Now following the proof of Theorem 5.0.5, one can see that the harmonic measures of
the operators Ly = div(A4V ) = Ap and £ = div(A;V) = Ag are dh(z) and d(h(iz)),

respectively. Then by Theorem 1.4.1 we complete the proof. Il

Notice that Theorem 5.2.2 states that, up to a rotation of the unit disc I by 7, the
solvability of the Dirichlet problem for a matrix A € & (K) is equivalent to the solvability

of the Dirichlet problem for the inverse matrix A~!.

We point out that, in this case, the exponent of LP- solvability for problems (5.34) and
(5.35) is the same.

As an application of Theorem 5.0.5 we have a sufficient condition for both operators £,
and £, to be L* resolutive. In other words we see that it is possible to deduce from Theorem

5.0.5 that B, condition is preserved for a fixed ¢ > 1. Namely, we give now the

Proof. (of Theorem 5.0.6). By Theorem 1.4.1, we have that Bs(wg,) < 0o. So, let B =
Bs(wg,). We find the unique solution z = z(B,2) € (0,1) to the equation (5.32). We have
r=2vB -1 <\/§ — VB - 1) and then, by Theorem 5.0.5, £, is L% resolutive if the right
hand side in (5.33) is less than 2; that is

2—zx B

" 717 (5.37)

Elementary calculation reveals that B < % yields (5.37), thus Theorem 5.0.6 follows. Il
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5.3 Sharp estimates for harmonic measures on ]Ri

A classical theorem of Beurling and Ahlfors (see [FKP]) states that, given a homeomorphism
h from the real line R onto itself (or from the unit circle 9D onto itself), a necessary and
sufficient condition for the existence of a quasiconformal mapping from the upper half plane
in itself F' : RZ — R? such that Flg = h (or F' : D — D such that F|op = h) is that the

distributional derivative dh is a doubling measure i.e. there is a constant D > 1 such that

1<f9;c+tCZ]7J<D Ve e RVt >0 (5.38)
DS " dn S e | '

S

x—1

We will refer to the infimum of constants D such that (5.38) holds as doubling constant

Ds(w) of the measure w = dh. Consider the set
F = {F : R? — R? K-quasiconformal, F|g : R — R fixes the points — 1,0, oo}
see [L]. We introduce the distortion function

MK) = max F(1).

Then, it is possible to evaluate the sharp doubling constant of dh for all such traces

h = F,,, as F runs through the class W(K) of all K- quasiconformal mappings. Namely,
Da(dh) < MK). (5.39)

Conversely, we are able to obtain an explicit estimate for the doubling constant Ds(w) of

the harmonic measure w of any elliptic operator whose coefficients matrix belongs to £ (K).

Theorem 5.3.1. Let A € &(K) be defined on R% and let £ = div(AV ). Then the harmonic

measure w of L has the form

_dh
YT IR
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where the homeomorphism h : R — R wverifies:

Dy(dh) < ?ED,

Proof. Let us observe that by analogous computations as in the proof of Theorem 5.0.5 (see
also [K]), the form of the harmonic measure for an operator £ = div(AV), where A € & (K)
in RQ, can be recognized. Namely, let us denote by F' = (a, ) the K- quasiconformal
mapping such that £ = Ap, and let h : R — R, h = Fj, be the trace of F' on the real axis R.
We have that if Av =0 in R%, then u = v o F satisfies the equation Lu = 0 in R2. Hence,
if g € Cy(R) (the set of all continuous functions with compact support) and f = go F™!,

then, by the Poisson integral formula,

({E t /mf( )dy, SO that

z,8) _
/|a et
z,8)
/ la(z, s) )|2 + (=, s)29(£)df'

Hence, the harmonic measure w, of the operator £ evaluated at the point F~1(0,1) is

given by
dh

— 4
1+ h2 (5.40)

We =

Moreover, by the Beurling Ahlfors Theorem, the distributional derivative dh is a doubling
measure. It satisfies (5.39). The result follows by the estimate on the distortion function

A(K) (see formula (2.6) in [L]). O

The last estimate shows that when K tends to 1, the doubling constant of £ tends to 1,
i.e. to the doubling constant of the Laplacian. So, we re-obtain a well known result contained

in [CFMS], where (5.38) is proved in the general case but with slight more complicated proof.
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5.4 The self-improving property of the LP- solvability
for a single operator, a sharp result

As we already mentioned, the so called “openess” property of the reverse Holder inequality
(see after Theorem 1.4.1) imply that if Problem (1.32) is LP- solvable, then automatically it
is also L'- solvable, for all r € (p — 1, p], with sufficiently small positive 7.

In this section we want to determine the infimum of exponents r» < p such that the LP-
solvability = L"- solvability as a function of p, and find the constant B,(w) (see (1.25)) of
the measure w, in the case of the unit disc D C R2.

Let us emphasize that here the hypotheses det A = 1 and A = 'A are not necessary,
because we will not use quasiconformal mappings. In the following proposition we will
adapt a result of L. D’Apuzzo and C. Sbordone [DAS], A. A. Korenovskii [Ko|, C. Sbordone

([S], Theorem 2.1) to our needs (Theorem 1.3.3).

Proposition 5.4.1. Let A € E(K) and the operator L = div(AV ) be LP- resolutive, 1 < p <
co. Moreover, let B = By(w,) be the By- constant of the harmonic measure we (¢ = J55)

and q, > q the unique solution y of:

g ¥—af y \'_
ply) =1-B J <y_1) 0. (5.41)

Then the operator L is also L"- resolutive, for all v € (p1,p|, where prgy = p1 + q1. The

result is sharp.

Proof. Let w, be the harmonic measure of the operator £. By the hypothesis and Theorem
1.4.1, we know that w; € B,. So, let us start by proving that for all ¢ < 6 < ¢;, we have

wr € By with:

1
o7

v < B

»a\‘,_.

[Bo(we)] [L} LR (5.42)

To this aim, let k = dc‘l"—f, and let
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v:R — [0, +00)

be defined by
v(o) = k(e).

Thus v is defined on the whole R, periodic with period 27. For any I' C 0D let o, 5 € R,

B — a < 27 be such that T' = (e, ). Then, by (1.25) we have

(ﬁ i o /f Uq(O')dO') _ (%/qu@da(z))é

< BT (%ﬁk(z)da(z))

Q=

By Theorem 2.1, [S], applied to the weight function v restricted to any interval [a,b] C R
with (b — a) = 27, we obtain that (5.42) holds. Moreover w € B, implies w € By, for all
q < 0 < q. The result is sharp. Notice that, by the periodicity of v, the result does not
depend by the particular choice of the interval [a, b].

Combining (5.42) and Theorem 1.4.1 completes the proof of Proposition 5.4.1 . ]

Let us observe that in case p = 2, we can give an explicit value of exponents r < 2 for

which the L?- solvability = L"- solvability as a function of the constant By(w,).

Corollary 5.4.2. Let A € £(K) and let problem (1.32) be L*- solvable, and B = Bo(w,) be
the By- constant of the harmonic measure wy. Then problem (1.32) is also L"- solvable for
all v > 1 such that

B—-1

1
* B

<. (5.43)

The result is sharp.

Proof. For ¢ = 2 equation (5.41) admits the solution ¢; = 1+ /225; hence By(w;) < oo for

2<0<1+ @/%. By Theorem 1.4.1 we deduce L"- solvability for r > qlq—il =1+ \/%.
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In order to verify that the result is sharp, fix K > 1 and consider the K-quasiconformal

mapping on R? (see [FKP])
F(z,t) = (2® + £2) % (2,t) = (o, 1), B(x, 1)). (5.44)

Let A = A(F') be the coefficient matrix (5.4) of the pull-back under F' of the Laplacian.

We know that A belongs to £ (K), and has the following expression ([IS]), z = (z,t) :

A() = % 4 (K - %) ij. (5.45)

The harmonic measure w4 is locally equivalent to h'(x)dx, where h : R — R is the increasing
homeomorphism defined by

F(z,0) = (h(x),0), (5.46)

hence h(z) = |z|"z and wa ~ |2|7, with v = = —1 > —1. An elementary calculation shows

that

By(|a] %) = ﬁ = B.

The self improving property of Gehring’s classes implies that for 2 < ¢ < 1 + ,/%,

V2B(q —1)
Val(g—1)> = Bq(q —2)]

(see [S]) and the value gy = 1 + /25 cannot be attained. O

By(jz| %) <

Proposition 5.4.3. Let K > 1 and let A be defined by (5.45). Then the operator

L = div(AVu)

15 LP- resolutive if and only if p > K. Moreover

Bi(wa) = K. (5.47)
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Proof. We begin by observing that (see [IS], pag. 532) z = (x,t)

I 1Y\ = z
A(F)(z) = — K-——|—®—
=g (K- ) Gon
and that locally wy ~ dh ~ d <%|x|%’1> On the other hand we have

1
By(wa) = PSR (5.48)

In fact, for w(E) = || pt 7, an elementary calculation gives,

B,(w) = (1_—7)(];, for ¢ < 1
(1 —~q)o1 7
In our case we have v = 1 — &, hence (5.48) holds. Then, B,(wa) < +00 < ¢ < 2. But
q=p <25 & p> K and then Proposition 5.4.3 follows. The equality (5.47) follows by
Remark 1.3.1.
[

We end this section by observing that all the results contained in this chapter can be
easily extended in the context of the Orlicz functional spaces by similar arguments as in

Section 4.1.



Chapter 6

Sequences of Dirichlet problems

In this chapter, we examine a sequence of operators £; = div.A;V where A; € & (K). We
formulate a necessary and sufficient condition in order to ensure that the harmonic measures
w4, converge weakly to w4 with some A € & (K). These conditions are formulated in terms
of G- convergence, if A; in a certain subclass of £ (K). Here G- convergence is understood

in the sense of De Giorgi and Spagnolo [DGS], [MT].

6.1 Harmonic measures and the G- convergence

Let us consider a sequence A; € £°(K) and denote by wy, (or wg,;) the harmonic measures

associated with the operators

In [K], [KP1] it is proved that if
Ai(z) — A(x) (6.2)
a.e. for A € £°(K), then
wa, = w weakly (6.3)

in the sense of measures.

The converse statement (6.3) = (6.2) is not true. Moreover, if we replace the a.e.

109
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convergence in (6.2) by the weak convergence:

A

J

— A weakly in o(L>®, L") (6.4)

then (6.3) may fail, as the following example shows. It is convenient to construct examples

in R? rather than in the unit disc D.

EXAMPLE 6.1.1. Consider, for = (z1,x2) € R%, the sequence of matrix fields

1
0
Ay = | 7
O CLJ’(SL’1>
with
1
— <a;(t) < VK a.e. t € R
K
such that
1 1
a; — a, a— — a— O'(LOO, Ll) (65)
J 00

Now define:
hy(1) = /ﬂ Cay(n)dr, hwy) = jg Ca(r)dr. (6.6)

Then we know that the harmonic measures for Ri associated with the operators
ﬁj == le(AJV)

and

£ = div(AV)
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where A(z) is the matrix

1
0
A) = | @
0 a(z)
are, respectively, given by
h; ()
dwa,(t) = —L5—~dt
4,0 = 1
and
(1)
dwa(t) = dt.
wall) = T2
Hence, by (6.5), (6.6) we deduce
dwy, — dwy weakly in the sense of measures (6.7)

while the sequence A;(x) does not converge a.e. to A(x). It nevertheless weakly converges

to Aw() # A(x). Notice that det Ao, > 1.

The above example suggests to consider another type of convergence of operators to
compare with the weak convergence (6.7) of harmonic measures. To this effect, let 2 be an
open set in R%. Here and below we will denote by £%(K’;2) the class of symmetric matrices
A= A(x), x € Q, satisfying (1.1) a.e. x € , and by & (K; Q) the subset of £°(K;2) whose
elements satisfy the condition det A(z) =1 a.e. x € Q.

Let us recall now the definition and properties of G- convergence of elliptic operators in

ES(K;R?). According to De Giorgi- Spagnolo ([DGS], [MT]) we write

Definition 6.1.1. Given A;, A € E5(K,R?), we say that A; G- converges to A and denote

LA

A

J

if for every bounded open subset Q of R? and for every f € L*(Q) one has

uj —u  weakly in Wy*(Q),
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where u; and w are defined by

—div(4;(z)Vu;) =f inD
u; € Wo*(Q)

—div(A(x)Vu) =f inD
uwe Wy2(Q)

The fundamental compactness theorem of S. Spagnolo asserts that
Theorem 6.1.1. The class £°(K;R?) is sequentially compact with respect to G- convergence.

It is interesting to note that & (K; R?) is a G- closed (and G- compact) subset of £*( K ; R?)
[FM].
The following result provides another sufficient condition for the weak convergence of

harmonic measures in (6.7).

Theorem 6.1.2. Let A; and A be matrices from the class £°(K;D). Assume that
— A.

Then

wa; —wa  weakly in the sense of measures.

Proof. Assume A; Y, A. Since

/ dej =1, Vj e N, / dwoyg =1,
oD oD

in order to obtain the condition wa; — w4 weakly in the sense of measures, that is

lim [ fdwa, = [ fdwa, V f€C(OD) (6.8)
J Job oD

it will be sufficient to prove (6.8) for every f € C>(D).
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Let f € C®(D) and u; be the unique solution in W2 (D) NC(D) to the Dirichlet problem

loc

le(A]VU]) =0 inD

Yo = f
Similarly, let u be the unique solution in W,>*(D) N C(D) of the Dirichlet problem

div(AVu) =0 inD

Ujpy = f
: G
In view of G- convergence A; — A we have

Therefore, by the definition of harmonic measures w Ajy WA We conclude that

u;(0) = fdwa,,
oD

u(0) = fdwa.

oD

Thus (6.8) follows (see [DGS]). O

The converse implication (w4; — wa) = (4; <, A) also holds under some restrictions.

Let us denote by S(K) the subset of & (K, R%) consisting of matrices of the form

e [(tDF}PEDF)} !

where F' = BA(h) is the Beurling-Ahlfors extension to R of a normalized homeomorphism

h : R — R (i.e. such that h(0) = 0, A(1) = 1, h(co) = oo) with dh doubling. Namely
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F = F(z) is defined for x = (21,22) € R% by

F(x) = 5 ((a) + A(z).a(x) - B(z)). (6.10)

where
a(x) = a(xy, x9) ][1 2 (6.11)
B(x) = B(w1,22) ][ (6.12)

Then

F =BA(h) € Qy(K) ={F : F is K-quasiconformal; F'(0,0) = (0,0),
F(1,0) = (1,0), F(o0) =00}
Theorem 6.1.3. Let A; and A belong to S(K). Then

G
wa ~wa = A — A

Proof. Assume wy, — wyq. We know that

_ [(DE)(DFE)]™

A = T] , (6.13)
_ [¢DR)(DF)]

A= [E2EEE)

and that (see (7.5)) the corresponding expressions of the harmonic measures are

dh; dh

]_—f—h?’ WA:1+h27

wAj =

where F; = BA(h;), F = BA(h), F;(z,0) = (hj(x),0) and F(z,0) = (h(x),0).

Since wy; — w4 in the sense of the measures, then dh; — dh in the sense of measures as
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well. Moreover, h;(0) = 0 and h;(1) = 1. Then, we have
hj — h locally uniformly. (6.14)

Since the K- quasiconformal mappings F}; are normalized with the condition F;(0,0) = (0, 0),
F;(1,0) = (1,0), then by a Montel’s theorem {F;} is a normal family; that is, it contains
a subsequence {Fj, } converging locally uniformly to a mapping Fj € Wo(K). According to

(6.10)-(6.14) we deduce for the whole sequence that
Fj — F() =F

locally uniformly, and weakly in I/Vll’Q(Ri, R3).

oc

Let us now give a direct proof of the following G- convergence result (for a proof which

uses the G- compactness theorem see [Sp))
A — A (6.15)

Let u; € Wl’Q(Q) be a weak solution in a bounded open set Q C R2 to the equation

loc
divA;(2)Vu; =0 in Q (6.16)

and assume that

u

i—u o WEHA(Q). (6.17)

loc

It is plain, in view of the G- convergence, that (6.15) will follows once we obtain the equation
divA(z)Vu=0 in Q. (6.18)

Denote by v; € W,2(2) the stream function defined via the following relation between the
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gradients

ij = A](lL‘)VU] (619)

and set

Gj = Uj + in. (620)

We may assume, passing to a subsequence if necessary, that

v = Wl (Q) (6.21)
The mapping G; is K-quasiregular, that is

1
|DG,|* < <K + E) Ja, ae xc (6.22)

as one can easily check. Hence by Stoilow Factorization Theorem [IM] there exists Hj,

holomorphic on Fj;(€2), such that
G;(z) = H; o Fj(x). (6.23)
We need the equicontinuity properties of both factors in (6.23). For the factor H; note that

| ipHwldw = [ 1DH(E @)1 ds <
Fj(Q) Q

<( [ipmmepon@ee) ([ 1prwke) -

-(/ rDGj<w>\2dw)%( / rDFj<x>\2dx)§

Let B = B(z,r) be a fixed disk containing €2, then

1

(/B \DFj(Z)sz> C < E(B)]

=

<, <0
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Consequently

sup/ | DH;(w)|dw < oo
F()

JEN

Quasiconformality is equivalent to the uniform quasisymmetry [LV], meaning that

\P}(y)—ﬂ@f)! <7(!y—w!) (6.24)

|2 — x|

for distinct points z, y, 2 € R% Here 7 is an increasing homeomorphism of [0, 00) onto
itself, we deduce that domains F;(§2) converge in the Hausdorff metric to the domain F'(2).
Since H;(0) = 0 by (6.24) we obtain that {H; : F;(2) — R?} is a normal family. Hence
by choosing a further subsequence we can assume H; — H and H; — H', uniformly on
compact sets of F'(Q2), where H is analytic on F'(2). Then H}(F(z)) — H'(F(z)) uniformly

in compact subsets of (2. It follows that

DG(z) = D(H o F(z)) in L*(Q) (6.25)

Moreover,

Gj=HjoF; — G=HoF (6.26)

and so, by (6.17), (6.20), (6.21) and (6.26), we infer

Gi— G=HoF =u+iv (6.27)
and
DG =D(HoF)
This last equality implies that
Ag=Ar=A (6.28)

because the holomorphic function H does not affect the pullback of the Laplacian Ap.
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A simple computation reveals that (6.28) is equivalent to

div A(2)Vu =0

Vv A(z)Vu

and the proof is complete.

]

In the following, we give also a sufficient condition in order that the G- limit of a sequence

of resolutive operators be resolutive as well.

Definition 6.1.2. Let A; € & (K). We say that A; are L*- equiresolutive if there exists
Co > 0 such that

[Nl 2oy < CollFll L2omy (6.29)
for any f € C(OD).
We conclude this chapter with the following

Theorem 6.1.4. Let A;, A € &(K), A, 5 A and A; be L?- equiresolutive. Then, A is

L2- resolutive.

Proof. The uniform bound (6.29) induces a similar bound for the weighted maximal operator

M,,;, where w; is the harmonic measure of A; relative to I: for any j € N

Hijf”m(aD,da) < Cu 1l r2om ao) (6.30)

on the unweighted L? space.
From (6.30) one can deduce a uniform bound for the Bs- constants of all harmonic

measures wj:

B2(wj) < Cg, VJ € N. (631)



6.1. HARMONIC MEASURES AND THE G- CONVERGENCE 119

By Theorem 6.1.2 we know that
wj = w =wy, in the sense of measures. (6.32)
Now, fix an open arc I' C 9D and use (6.31) to write

2
][wj2-<02<][wj') )
r r

Passing to the weak limit in the right-hand side, yields

2
liminfj[wjz- < Oy (][ w) .
It Jr r

By lower semicontinuity of L?- norms with respect to weak convergence we find

free(f)

and this inequality holds for any open arc I'. Hence
By (w) < Oy

and A is L?- resolutive. O]
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Chapter 7

Neumann and Dirichlet problems

with Orlicz data

In this chapter we prove in the Orlicz context, a relation between the solvability of Dirichlet
and Neumann problems in the half-plane for special class of operators £ = div (AV) where

A is a real, symmetric, 2 X 2 uniformly elliptic matrix and det A = 1.

7.1 Neumann problem: definitions and preliminary re-

sults

Let D denote the unit disc in R?. As usual, we will denote

W22(5D) = {u € L*(0D) /BD/&D |P Q|2 |2do(P)do(Q) < oo}.

Throughout this section we will assume A € £(K, D). Now our purpose is to introduce
the Neumann problem for an operator £ = div(AV). To this aim, let g € W~ 22(dD) =

(W22(8D))* with (1, g) = 0. A Sobolev function u € W12(D) is said the variational solution

121
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to the Neumann problem

Lu =div AVu =0, in D
(7.1)

AV - Nlop = g

if, given any ¢ € WH?(D), [, ¢ =0, it holds
[ Avu- Vo= (T

(Here for any @ € 0D, ]T/' (@) denotes the unit normal at ) on 0D).

Clearly, the Lax Milgram lemma shows that given g € W’%Q(@]D)), (1,g9) = 0, there exists
a unique (modulo constants) v € W2?(D) which solves (7.1). For more details we refer the

reader to [K].

Let u € L} (D) and let us introduce a modified non non-tangential maximal function

1/2
N(u)(Q) = XSE%I(DQ) <7{9 () lu(2)| dz) .

2

where @ € 9D and T'(Q) C D is the non-tangential approach region (see formula (1.9)) with
vertex at @) and §(X) = dist(X, oD).

In analogy with (4.1) we have the following (see [KP1])

Definition 7.1.1. Let 1 < p < oo. We say that the Neumann problem (7.1) is LP-solvable

if, whenever g € L*(0D,do) N LP(OD,do), and [, gdo = 0, the solution u to (7.1), verifies
IN (V)| zo@w.ao) < Clifllzr(oD,d0) (7.2)

Roughly speaking, the LP-solvability of the Neumann problem (7.1) says that, for solu-
tions, the whole gradient is controlled by the “conormal derivative” aiyj(Q)g—;(‘inj(Q), Q € 0D,
where ﬁ(Q) = n;(Q) denotes the inward unit normal to JD.

One of the first natural questions is whether the condition N (Vu) € LP(0D, do) has any

bearing on the existence of “boundary values” of Vu. An answer is provided in the following
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Theorem 7.1.1. [KP1] Assume that Lu = 0 in D and let u € LP(D), N(Vu) € LP(0D, do),

1 <p<oo. Then,

i) u converges non-tangentially to f € WP(9D,do), and (Vru).(Q) :7[ Vu(X)-
B(rQ,(1-r)/2
?(Q)dX converges weakly in LP to Vrf (here ?(Q) denotes a basis of tangential

vectors on D, and Vrf = VF(Q) - ?(Q), where F|, |, = f).

i) There exists a unique g € LP(OD,do), [, g =0 such that

/AVquo:/ gpdo, Vo € Lip(D)
D

oD

and

(AVu- V), = 7[ A(X)Vu(X) - N(Q)dX,
B(rQ,(1-r)/2

converges weakly in LP to g.
iii) If f =0, u=0.

w) If there exists {u;} C WD), Lu; = 0 in D for any j € N, with u; — u uniformly
on compact sets, with HKT(VU)HP < C, then u(X) = [,p N(X,Q)g(Q)do(Q) + C, and

hence, if g =0, u=C.

Let now F' : D — I be a quasiconformal map and let £ be the pull-back of the Laplacian
under F'| i.e. £ = Ap. For this special class of operators the following result holds true (see

[KP1], Section 4 )

Theorem 7.1.2. Let L = Ap. If Neumann problem (7.1) is LP-solvable then Dirichlet

problem (1.32) is Li-solvable, i + é =1.

REMARK 7.1.1. As observed in [KP1], it can be shown that, in Theorem 7.1.2, the converse
is also true. That is, by the special geometric properties of quasiconformal mappings one
can see that the Neumann problem is LP-solvable if and only if the Dirichlet problem is
Li-solvable (% + é = 1) for operators which arise as the pull-back of the Laplacian under a

quasiconformal change of variables ( see Remark 4.3, [KP1]).
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In this chapter, we extend Theorem 7.1.2 in the context of Orlicz spaces (see Theorem
7.2.1). Moreover, as we will see, we partially give an answer to a question contained in [K]

about planar operators of the type £ = div(AV) with A € & (K) (see Problem 3.2.6, [K]).

In analogy with LP-case, we give the following

Definition 7.1.2. The Neumann problem (7.1) is LY -solvable if, whenever g € L*(0D, do)N
LY(0D,do), and [, gdo =0, there exists a unique solution u € WL2(D) to (7.1), verifying

the uniform estimate

/ BN (Va)]do < 0/ ||g|ldo. (7.3)
oD oD

where N is the non-tangential maximal function.

Previous definitions require obvious modifications in case the underlying space (9D, o) is
replaced by RY = {(z,t) : ¢ > 0}, the arc length o by Lebesgue area and arcs I' by intervals

I contained in R.

7.2 A relation between Dirichlet and Neumann prob-
lem

Let A € &(K) and let us consider the following Neumann problem with LY data

div AVu =0, in R?

- (7.4)
We have the following

Theorem 7.2.1. [CZ] Let L = div (AV), A € &(K) and let 1 < p < oo. Moreover, let

U € Vy be a Young function verifying

i)a(V) =p
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ii)3c1, ¢y such that citP~1 < U/(t) < cotP™L, for any t > 0.

If Neumann problem (7.4) is LY-solvable then Dirichlet problem (1.32) is L®-solvable,

for any Young function © € Va such that a(©) = q, ]% + é = 1.

REMARK 7.2.1. It is worth to point out that in last Theorem if we assume W(t) = t9,

1 < ¢ < o0, then we get Theorem 7.1.2.

Proof. Let A € £(K). By the measurable Riemann mappings theorem (see Theorem 5.1.1)
we can find a K- quasiconformal mapping F' : ]R2+ — ]R2+ such that

tpFDF] !
A= [J—] '

By Theorem 5.3.1, we have that the form of the harmonic measure of the operator

L = div (AV) can be recognized. Namely, let h : R — R, h = Fj, be the trace of F' on

the real axis R. Hence, the harmonic measure w, of the operator £ evaluated at the point
F~1(0,1) verifies

wg ~ dh. (7.5)

Now, let us consider the Neumann problem (7.4) and let v be the solution to the problem

Av =0, inR?

e =f.

(7.6)

We get a solution to (7.4) by composing v and F. Now we want compute the Neumann data

for w. To this aim, let (y,t) = F(x,s). We have, by the chain rule formula

Vu=V(voF)=("DF)[(Vv) o F]

so that

AVu = Jp(DF) ' ('DF)'(*DF)[(Vv) o F] = Jp(DF)'[(Vv) o F].
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Moreover,

DF|g =

where a(x) and b(z) are functions depending only on z. Denoting by ey the vertical unit

vector, eo = (0, 1) it holds

oo h
(AV0) - exls = [(e(DF) Ia(V0) 0 Fle] - e2 = | (T (DF) e | o

ov
ailroh

and then, by (7.6) we have

b(x)g—ZhR oh—a(z)foh(x)
W (x)f o h(x)

(AVu) - es|r = e = B (z)(f o h(x)).

By definition of LY-solvability, we know that g = (f o h)h' € L¥(R), i.e.

/R\I/[(f o h)h]|dr < .

Changing variables y = h(z), we get

Jutcsonmas = [ w1 | 0 < o (77)

Now, let us observe that by hypothesis ii) we have that there exists a constant C' > 0
such that

U(st) = CU(s)U(t), Vs, t > 0. (7.8)

Then, by (7.7) and (7.8) we get
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and, by the second inequality in (2.17), we get

1 / —1\7
s ] K
<c [ {m} (Y (y)dy < o

which yields

[ oo s v < o

On the other hand [, W[f(y)] ¥’ [4} dy < oo if and only if f € LY (wdy), where w(y) =

W
/ 1
v [(frl)'_(y)} :

Since Neumann problem (7.4) is L¥-solvable, then we have that all derivatives of u,
restricted to R, have to be in LY (see Theorem 7.1.1 ).

Now, let us observe that v = v(y, t) is harmonic in R2. Hence there exists the conjugate

harmonic function v. on R such that

ov  Ov. ov B ov,

ay o’ oty

i.e. the function V = v + iv. is holomorphic on Ri respect to z = y + it. Then, also the

function
ov .Ov

V= —+i—
ot oy

is holomorphic. Hence, %hg = f implies %hR = H f where H f denotes the classical Hilbert

transform of f (see (2.21)).

o f()
Hily) = lim /mdl"

This implies, in particular, that if f € LY(wdy), then

ov
— =HfelL"
o f e L (wdy),
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and

/R Y(H fw(y)dy < C / (|| (y)dy.

(7.9)

To prove (7.9) let us start by observing that u(z,s) = v(F(z,s)) = v(y,t). By considering

the restriction of u to R, we have u(x,0) = v(F(x,0)) = v(h(z),0). Hence, the derivative of

u with respect to  on R is given by,

Ju v ,
%(%0) = a_y(h('r>’ O)h (l‘),
so that
/R\If(%(x,O))dx—/R\I/(g—Z(h(x),O)h'(a:))dx.

Now, changing variables © = h(y), dy = h/(z)dz, by (2.17) and (7.8) we have

/IR\II(%(x,O))dx _

ov 171,—1 ;
:/R\I:(a—y(yvo)h(h (y)))h/(lrl(y))

e / w<§—§<y,o>>\1ﬂ<h’<h-1<y>>>dy.

dy

This means

[ e w oty < [ v w0

Now, by the LY solvability of the Neumann problem it holds in particular

/R W 2, 0))dr < € / (| f)wly)dy.

so that, by (7.10) inequality (7.9) follows.

By a classical result (see Theorem 2.1.4), (7.9) holds if and only if w € Ay.

(7.10)

Then, by
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Theorem 2.3.6, w € A,-class, where p = a(¥). Hence, there exists A > 1 such that

¢ () o (v (o) ") <

Changing variables y = h(z) we have

(ﬁ /1 \I/’(h’(ac))h’(x)dx) (ﬁ /I (W (1 ()7 h’(z)dm)p_l <A

for all bounded interval I C R.

By the assumption ii) we get

<ﬁ /I h’(m)pdx> (ﬁ /I h’(m)‘lh’(x)dx>pl <A,
(i Joerras) (ay) <
(7{ (h’@))%)i < A7{ W (2)da

and then, by (7.5) and (7.11) we obtain that w, € B,,.

so that,

Hence

129

(7.11)

In conclusion by Theorem 4.1.1 the L®-solvability of the Dirichlet problem follows, for

any © € Vy with O(®) = q.

7.3 Examples

In this section we present some examples of Young functions verifying the hypotheses of

Theorem 7.2.1.

EXAMPLE 7.3.1. Let a,b € Ry and let 1 < p,q < oo. Let us consider the following Young
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function:
tP, 0<t<a
\Pl(t) = ap—qlfq7 a<t< b

(%)p*qtp’ t>b

By Theorem 2.3.4 [FK2| we can easily compute the fundamental indices of ;. More

precisely we have
a(¥y) =a(¥,)=p
so that by (2.31) we have ¥; € V.

In order to see that W, satisfies condition ii) of Theorem 7.2.1 let us observe that the

derivative ¥/ of Wy is given by

ptP~1 0<t<a

Ui(t) =4 qaP~97l, a<t<b

A\

p(g)P-ur=t. t>b.

Then, when 0 < ¢t < a or t > b, condition ii) is obvious. On the other hand, whenever

a <t <bwe have

b q—p
U (t) = qaP 119! < ept?™! <= ¢y > gmax {1, (5) } 7

and

b q—p
\Il’l(t) = qap—‘th—l >ttt = ¢ < g min {1, (5) } )

Hence, W, verifies the hypotheses of Theorem 7.2.1.

EXAMPLE 7.3.2. Let us consider (see [FS])

et?, 0<t<e
\Ifg(t) — 754—&-sinloglogt7 e<t<ef

(ee-l—e sin 1)t3,

~
WV
Cbm
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By Theorem 2.3.4 we have
a(Vy) =a(V,) = 3,

and by (2.31) we have ¥y € V.

The derivative of Wy is given by

3et?, 0<t<e
Wy(t) = § 3tsinloslost (cosloglogt + 4 + sinloglogt), e <t < e

3(€e+esin1)t27 t > et

so that when 0 < ¢ < e or t > e° condition ii) is simply verified. On the other hand, if
e <t < e® we can choose ¢; < 2¢¢ and ¢y > 6e“T°*"! and condition ii) of Theorem 7.2.1 is

verified.
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