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Introduction

There are several motivations to consider a non-commutative structure
of space-time. One of them is that at short distances that is, at distances of
the order of the Planck length:

lp = Cj—f ~ 107%cm

the geometry of space-time has to be described by a different theory because
its points become no longer localizable. Therefore, one is forced to deal with
a “pointless” geometry and this leads in a natural way to the introduction
of non-commutative geometry [1, 2, 3, 4]. A historical motivation [5, 6]
to consider a non-commutative structure of space-time was the hope that
a modification of the short distance properties of space-time, by means of a
deformation parameter, could resolve the problem of the infinities of quantum
field theory, like the introduction of the fundamental quantity A solved the
so-called ultraviolet catastrophe of the black-body radiation.

The simplest kind of non-commutativity is the so-called canonical one
which is characterized by the following commutation relation between the
coordinate functions on the space-time:

[zh, 2] = 0"

where (") is constant matrix i.e. it does not depend on the x’s. There are
several reasons to consider such a kind of non-commutativity, going from the
localizability of events in space-time [7, 8] to the string theory [9]. Moreover,
field theories on a space-time equipped with the canonical non-commutativity
have interesting renormalization properties [10, 11, 12]. What is generally
done to construct a non-commutative field theory [13, 14] is to deform the
ordinary pointwise commutative product among functions on space-time with
the introduction of a star product which is non-commutative and reduces to
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the usual one in certain limit. The choice of the star product compatible
with the canonical non-commutativity is not unique and throughout this
thesis we discuss two different products, the Moyal product [15, 16] and the
Wick-Voros one [17, 18, 19, 20] and investigate their ultraviolet behaviour
and compare their “physical predictions”.

In the case of a field theory with the Moyal product the hope that the
product resolve the problem of the infinities of quantum field theory is not
fulfilled. Indeed, in this case instead of the elimination (at least partial) of the
ultraviolet divergences, we encounter the phenomenon of ultraviolet /infrared
mixing [21], one of the novel features of a non-commutative field theory.
Therefore, while the ultraviolet properties of the theory are changed in the
sense of a mitigation of the infinities, the price paid is the appearance of new
kind of infinity. We show that the ultraviolet/infrared mixing persists in an
unchanged way as well as for a field theory with the Wick-Voros product [22]
which can be seen as a variant of the Moyal one. This is to be expected
because heuristically this is consequence of commutation relation which is,
of course, the same for both products. Our analysis is centered mainly on
the one-loop correction to the propagator which is the source of all mixing
and we discuss only the scalar ¢* theory, but the results are more general.
Moreover, we show that the ultraviolet /infrared mixing for the Moyal product
is a generic feature of any translation invariant associative product [23].

We have to note that the two field theories with the Moyal and Wick-
Voros products are not completely equivalent because their Green’s functions
are different and this leads to a contradiction. In fact, one can heuristically
reason as follows. What really counts is the non-commutative structure of
space-time and the star product is just a way to express such a structure
so that one can always choose the most convenient star product. As long
as one is describing the same field theory, the results should be the same as
already noted in [24]. We see that this contradiction is only apparent. Indeed,
Green’s functions are not observable quantities and what is observable is the
S-matrix.

Discussions of the properties of the S-matrix naturally go together with
the issue of Poincaré invariance. The canonical non-commutativity relation
is not Poincaré invariant and this can cast doubts on its being fundamental.
However, it is possible to preserve the Poincaré symmetry at a deformed level,
as a non-commutative and non-cocommutative Hopf algebra because both
the Moyal and Wick-voros products come from a Drinfeld twist [25, 26, 27].



In other words, the theory has a twisted Poincaré symmetry [28, 29, 30].
The presence of a twist forces us to reconsider all of the steps in a field
theory which has to be built in a coherent twisted way and we show that there
is equivalence between the Moyal and Wick-Voros field theories at the level
of S-matrix only if a consistent procedure of twisting all products is applied.
There can be some ambiguity in the issue of twisting and in an ideal context
one should let experiments resolve these ambiguities. However, the non-
commutative theory is not yet mature for a confrontation with experiments.
Thus what we do is just to use the field theories built with the Moyal and
Wick-Voros products to check each other. This gives us the indication on
the procedure to follow for non-commutative theories coming from a twist.

The thesis is organized as follows. In the first chapter we will introduce
the Moyal and Wick-Voros products and show that they are both coming from
a “Weyl map”. In particular, we will see that the Moyal product comes from
the usual Weyl map while the Wick-Voros one comes from a generalization
of Weyl map called a weighted Weyl map.

In the second chapter we will discuss that the Moyal and Wick-Voros
product can be set in a more general framework. Indeed, we will show that
both products can be derived from a general quantization scheme as well.
In particular, we will see that the Moyal product derives from the so-called
Weyl-Wigner quantization scheme.

In the third chapter we will investigate the ultraviolet behaviour of a
non-commutative field theory obtained from a commutative one replacing
the ordinary product with the Moyal one. To this end, we will discuss the
one-loop corrections to the two- and four-point Green’s functions and see that
in the non-planar cases the Moyal product softens the ultraviolet divergences,
but it is responsible for the infrared divergence. Therefore, the Moyal product
presents the phenomenon of ultraviolet/infrared mixing.

In the last three chapters we will present our original work. In the fourth
chapter we will investigate the ultraviolet behaviour of a non-commutative
field theory with the Wick-Voros product. We will show that the ultraviolet
properties in this case is the same as in the Moyal one and in particular
they present the same ultraviolet/infrared mixing as heuristically expected.
However, we will find that the two theories are not equivalent since their
Green’s functions are different.

In the fifth chapter we will proceed to the discussion of the relationship



between the translation invariance and the ultraviolet/infrared mixing and
show that the ultraviolet/infrared mixing found for the Moyal and Wick-
Voros products is not specific of the two products, but it is a generic feature
of any translation invariant associative product.

In the last chapter we will present a comparison of the non-commutative
field theories with the Moyal and Wick-Voros products in the framework of
the twisted non-commutativity and see that the two theories are equivalent at
level of S-matrix by means of a consistent procedure of twisting all products,
in agreement with our physical intuition, although the Green’s functions are
different.

Finally, there is an appendix in which we will recall the principal notions
of Hopf algebras that we will use throughout the thesis.



Chapter 1

The Moyal and Wick-Voros
products from a Weyl map

In this chapter we introduce the Moyal and Wick-Voros products and show
that the two products can be cast in the same general framework in that they
are both coming from a “Weyl map”. More precisely, we show that the Moyal
product comes from a map, called the Weyl map, which associates operators
to functions with symmetric ordering, while the Wick-Voros one comes from
a similar map, a weighted Weyl map, which associates operators to functions
with normal ordering. Furthermore, we exhibit the integral form of the two
products.

1.1 The Weyl map

For the sake of simplicity, we consider the Weyl map on the plane since its
generalization to a several dimension is straightforward. The Weyl map [31]
is the map which associates to a function on the plane an operator according

to
. 1 N o
Qur(f) = ﬁ/d%f(@)ewwm (1.1.1)
where 6 is a real constant parameter of dimensions of a square length,
N 1 o
fla) = ﬁ/d% f(x)e e’ (1.1.2)
is the symplectic Fourier transform of the function f,
-1
Hij = Q_lé-:ij with (Eij) = ( 2 0 ) (113)
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and the Z’s are operators which satisfy the commutation relation
(2", 27] = i6" (1.1.4)

where the matrix (67) is the inverse of the matrix (6;;). In general, it is
always possible to consider the operators Z’s in an abstract way and define
them as

P2 = — (1.1.5)

where @ and a' are two operators which satisfy the commutation relation
[a,a'] = . (1.1.6)

Therefore, the Weyl map can be explicitly written as

/de Qo fz)e 0inv'e gilia'el (1.1.7)

It can be equivalently written as

/ Az Paf (z)e P W (a) (1.1.8)
where o
W(a) = ei®'e’, (1.1.9)

This last formula has the advantage to involve the operators W («a) which
form a Weyl system [31, 32]. Indeed, by using the Baker-Campbell-Hausdorff
formulal, it is easy to verify that

W (@)W (3) = W(a+ B)ez?s™ (1.1.10)

If A and B are two operators such that [A, [A, B]] = [B,[A, B]] = 0, then

J— NP
eAeB — oA+B LA B]

from which follows that o o
edel = eBeAelA Bl



The Weyl map is linear and invertible and its inverse is given by the Wigner

map
QM(f)) = ;—Q/d%e”iﬂ”’” Tr (QM(f)WT(a)). (1.1.11)
In fact,

05 (1) = gz [ P Fak® T ()1 (9)

- / Cad®f f(a)e? 75 (o - 5)
_ /an Fla)ew ™ — f(z) (1.1.12)

since in the last line appears the symplectic Fourier antitransform of f ().
Moreover, it can be show that [33] the Weyl map is an isomorphism between

L?(R?) i.e the Hilbert space of square-integrable functions on the plane and
HS(L*(R)) i.e. the Hilbert space of Hilbert-Schmidt operators on L*(R).

1.2 The Moyal product from the Weyl map

The Moyal product [15, 16], often called the Grénewold-Moyal product,
is defined by the relation
Dr(f xar 9) = D ()2 (g). (1.2.1)

We can very easily obtain the integral form of the Moyal product. Indeed,
from (1.1.8) follows that the left-hand side of (1.2.1) can be written as

(27r16’)2 /de A (f %ur g)(x)e P57 W () (1.2.2)

and the right-hand side of (1.2.1) as

QM(f *M ) =

O () (g) =

1
gyt | Py o)
e~V =0V W (YW () (1.2.3)

which can be written because of (1.1.10) as

Qe (f)Q(g) =

/ Py d®Bd*zd*y f(y)g(2)

e—ieijyiﬁje—ieijzi’yje%eijﬁi'yjW(ﬁ +7). (1.2.4)

1
(2m0)4
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By means of the linear transformation

0 =a —2x+ 2y
v =2x — 2y (1.2.5)

with y constant, it takes the form

QM(f)QM(g) = %/dzxd%yd@d% f(w)g(2)

20 (¢ —y) (@ =) =i Tl 7 () - (1.2.6)
By confronting (1.2.2) with (1.2.6) we obtain the integral form of the Moyal
product

(f *m g)(x) = % / A2y A2z f(y)g(z)e 20—y =) (1.2.7)

)

Other integral expressions are possible some of which can be found in the
appendix of [34]. Note that the Moyal product can be expressed as well as in
a differential form which is an asymptotic expansion of the integral one [35].
However, the integral form has the advantage to be defined on a set wider
than the one on which is defined the differential form.

1.3 The Wick-Voros product from a weighted

Weyl map
A weighted Weyl map is a generalization of the Weyl map defined as
A 1 i
Q(f) = (270) /dzx dPaf(r)w(a)e ™ W (a) (1.3.1)

where w(«) is an invertible function, called weighted function. A general
weighted Weyl map is linear and invertible and its inverse is

Q-1 (Q( f)) - ﬁ / daw @) Ty (Q(f)wf(a)). (1.3.2)

Here we are interesting to the weighted Weyl map given by

() = (27:9)2

/de anf(x)e_ﬁaQG_w”’xiajW(a) (1.3.3)
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which leads to the Wick-Voros product. This weighted Weyl map can be
written in complex coordinates:

14 2
. x *ix

= 7 (1.3.4)
as
Qv(f) = (2730)2/d2xd2af(1:)e mota gmglateT T )y gy (1.3.5)
where

1 - 2
ot = % (1.3.6)

In these coordinates the Weyl system (1.1.9) takes the form
W (a) = es(@ a—atal) (1.3.7)
and the relation (1.1.10) is given by
Lo+ B —a- B+
W(a)W(8) = W(a+ B)eza(@ B~ (1.3.8)

The Wick-Voros product is then defined by the relation

A A

Qv (f*v g) = Q(f)Qv(9). (1.3.9)
and it is possible to show that it reads
PY ¢ o Valy e bE )
(frvg)a) = | —2f(a",y")gly™ a")e® : (1.3.10)

This product, like the Moyal one, can be expressed as well as in a differential
form which is an asymptotic expansion of the integral one as we will see in
the following.

12



Chapter 2

The Moyal and Wick-Voros
products from a quantization
scheme

In this second chapter we show how the Moyal and Wick-Voros products
can be derived from a general quantization scheme. To this end, we first
review a general quantization scheme for associating operators with functions
and vice versa and producing new star products. In particular, we describe
the duality symmetry of a quantization scheme and the notion of dual star
product. We finally introduce the Weyl-Wigner and Wick-Voros quantization
schemes for the Moyal and Wick-Voros products respectively.

2.1 Quantization schemes and star products

We begin with a review of a general scheme to associate operators with
functions and vice versa [36] and produce new star products [37] for operator
symbols. In this scheme the symbols of the operators are defined in terms of a
family of operators, called dequantizers, while the reconstruction of operators
in terms of their symbols is determined using another family of operators,
called quantizers.

Let us consider a Hilbert space H and two sets of operators U(x) and
V() on 'H parameterized by an n-dimensional vector = = (21, 3, ..., ¥,,) and
suppose they satisfy the consistency condition

A~

Tr (U(a:)V(x’)) = 5 (2 — ). (2.1.1)
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With these two families of operators we can construct an invertible map which
associates to each operator A on H a function f;(z), called the symbol of
the operator A, defined by

falw) =T (AV(2)) (2.1.2)

and to each function f;(x) an operator A on H defined by
A= / fa(x)U(z)d . (2.1.3)

Indeed, multiplying both sides of equation (2.1.3) by the operator V (z) and
taking the trace, we have

Tr (AV@:’)) — Ty / F1(2)U(2)V (@')d" (2.1.4)
and, assuming it is possible to exchange the trace with the integral, we have
Tr (AV(m')) = /fA(a:) Tr (U(x)V(x')) d"z = fi(a) (2.1.5)

where we have used (2.1.1). Therefore, the operators V(z) associate to
the operator A (quantum observable) a function f;(x) (classical observable)
i.e. they “dequantize” the quantum observable, while the role of the other
operators U (x) is opposite; they associate to the function f;(x) an operator
A ie. they “quantize” the classical observable. For this reason we call the
operators U () and V(z) quantizers and dequantizers respectively. However,
there is an ambiguity in defining the operators U(z) and V(). Indeed, we
can make a scaling transformation of the operators U(z) and V (z) without
violating the consistency of the quantization scheme i.e. the condition (2.1.1).
Moreover, if we require that the symbol of identity operator 1 is equal to the
constant function 1, this ambiguity is removed because the operators V(x)
have to satisfy the condition

TrV(z)=1 (2.1.6)

and the operators U(z) the condition
/U(a:)d":c = 1. (2.1.7)
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Now we can introduce the star product of the symbols f;(z) and fz(z)
of two operators A and B on H by the relationships

fa(@) = fp(z) = fip(z) (2.1.8)

that is,
fa(x)* fp(x) =Tr (AEV(@) : (2.1.9)

In other words, the star product of the symbols f;(x) and fz(x) of two
operators A and B on ‘H is the symbol of the their product. The star product
is associative due to the associativity of the operator product. Indeed,

(fa(@)* fa(z)) x fo(z) = fap(x) * fo(x) = flape(®) = fase (@

)
= fal@) % fpe(x) = fa(x) « (f5() * feo ().
(2.1.10)

However, it is not commutative. From the definition of the star product
follows that

fala) x fp(z) = Tr / fa(@) fp(a")U (") U ")V (2)d"a'd"a"  (2.1.11)

and, assuming once again it is possible to exchange the trace with the integral,
we have

Fa(o) < F(@) = [ 54015 T (D@0 W () s’ (2112
Therefore, we can rewritten the star product as
Fa@)x f5(0) = [ K@ a" o) fs@) o) Poda’ (2113)
where the kernel is given by
Kz 2" x) =Tr <U(:U’)U($”)V(:v)) : (2.1.14)
Note that the usual product is also of this kind for
K(x' 2" x) = 6™ (2 — 2)0™ (2" — x). (2.1.15)

Moreover, the expression (2.1.14) is quadratic with respect to U(z) and linear
with respect to V(z) and then there is an asymmetry in the kernel with
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respect to quantizers and dequantizers. Furthermore, thanks to the cyclical
property of the trace, the kernel and then the star product is invariant under
the transformation

U'(z) = SU(2)S™ (2.1.16)
V'(z) = SV(z)S™ (2.1.17)
where S is an invertible operator. Finally, the associativity condition for

the operator symbols imposes a strong constrain on the kernel K (2, 2", x).
Indeed, for associativity

(i) = £5la)) e folo) = [ K(ormao)(Fan) = Folon)) foloa)dard's

= /K(l’l,ZL‘Q,ZE)K(ZL‘g,ZE4,l’l)fA(.I3)fB(ZE4)fé($2)dn$1dn$2dn$3dn$4
(2.1.18)

must be equal to
FA(0) x (Tp(a) o fo) = [ K oroma,) £3(o0) () » folaa) s,
/ K Jfl, T, T (ZE3, Ty, (L’g)fA(l’l)fB (I‘g)fé(I‘4)dn$1dn$2dn$3dn$4

= / K(x3, 21, 2) K (24, 22, 1) f 4(23) f5(24) fo(x2)d"21d" 2od" w5d" 4.
(2.1.19)

Therefore, the kernel K (2, 2", x) must satisfy the equation

/K(az’l,:cg,x)K(:cg,x4,x1)d”:c1 = /K(:cg,xl,x)K(x4,x2,x1)d"x1
(2.1.20)
which is, of course, satisfied by (2.1.14). Observe that this equation has like
symmetry a scaling transform. That is, given a solution K (z', 2", z) of the
equation (2.1.20),

K'(2', 2", x) = AK(2', 2", x) (2.1.21)
is still a solution of (2.1.20), where A is a non-vanishing complex number.
Note that the scaling transform of the kernel can be induced transforming
the quantizers and dequantizers as

U'(z) = AU () (2.1.22)
V'(z) = A"V (). (2.1.23)



In the next section we will introduce the duality symmetry namely we will
show that the role of U(x) and V(z) can be exchanged without violating the
consistency of the quantization scheme. Furthermore, we will define dual
star products.

2.2 Dual quantization schemes

As we have already said, the duality symmetry is due to the fact that the
role of U(z) and V' (z) can be exchanged without violating the consistency of
the quantization scheme. The dual quantization scheme [38, 39] is defined
by

UD(z) = V() (2.2.1)

VD (z) = Ulx) (2.2.2)

and condition (2.1.1) is obviously satisfied. In the dual scheme, the Symbol
(d) (z) of an operator A on H, called the dual symbol of the operator A, is

glven by
1 (@) = T (A0 () (2.2.3)
and the reconstruction formula for the operator A is given by
_ (. \y n
= /f/x (x)V(z)d"x. (2.2.4)

Therefore, in the dual scheme the operators U () are used to dequantize,
while the operators V(:U) to quantize. In other words, the dual dequantizers
correspond to old quantizers, while the dual quantizers correspond to old
dequantizers.

In the dual scheme, the star product of the dual symbols f,Eid) () and

f gi) (x) of two operators A and B on H, called dual star product, is given by

£ (@)« 19 (2) = £ (x), (2.2.5)
that is,
PO () fD () = Tr (AéU(g;)) . (2.2.6)

Equivalently, we can rewritten the dual star product as
(d (d) /s N an  an
0@ 100 = [ KO@ 0 P f s (22)
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where the kernel, called the dual kernel, is given by

~

KDz’ 2" 2) = Tr (V(x’)V(x”)U(x)) . (2.2.8)

The dual kernel K@ (2/, 2", z), unlike the kernel K (2’2", ), is linear with
respect to U(z) and quadratic with respect to V(z). So, in general, the star
product and its dual are different to each other. We will call the quantization
scheme self-dual if

KD 2" x) = K(a' 2", x). (2.2.9)

In other words, a quantization scheme is self-dual if it and its dual scheme
produce the same star product.

2.3 The Moyal and Wick-Voros products from

a quantization scheme

The main quantization scheme known is the Weyl-Wigner quantization
scheme. This scheme is self-dual and the star product associated with it is
the Moyal product.

In order to introduce this scheme, let us consider a system with a single
degree of freedom. In this case, the Hilbert space H is identified with L?(R),
the Hilbert space of square-integrable functions on R, and the quantizers and
dequantizers [39] are given respectively by

() = %V()\) (2.3.1)
V(A) = 2D\ (=1 *D(=)) (2.3.2)

where A = x + 1p, with x and p representing respectively the position and
momentum, (—1)‘““ is the parity operator, with the annihilation and creation
operators a and a' given respectively by

L.
a= E(x +ip) (2.3.3)
al = i(:z — ip) (2.3.4)

V2

which satisfy the commutation relation (1.1.6) and the displacement operator

A

D()) given by

A

D(\) = -2 (2.3.5)
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which is unitary and obeys the relation
D'(\) = D7H\) = D(=\). (2.3.6)

As well-known, the displacement operator creates the coherent states namely,
the eigenstates of the annihilation operator a, from the vacuum state:

D(N)|0) = |A) (2.3.7)
for every complex number \ where the vacuum state is as usual defined by
al0) = 0. (2.3.8)

It is not difficult to show that [37, 39] the star product associated with the
Weyl-Wigner quantization scheme is the Moyal product (1.2.7). Moreover,
this scheme is self-dual and from (2.1.2) follows that:

fi(z,p) =1 (2.3.9)
filz,p) =z (2.3.10)
folz,p) = p. (2.3.11)

Eventually, consider the following quantization scheme [36, 39] described
by the two families of operators

U,0\) = —V_,(\) (2.3.12)

V) = - 2 -D( (zi) DO (2.3.13)

where s is a real parameter. It is possible to show that the Wick-Voros
product (1.3.10) is obtained in the limit s = 1. Moreover, it is easy to see
that the case s = 0 corresponds to the Weyl-Wigner scheme described above.
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Chapter 3

Non-commutative Moyal field
theory

In this chapter we briefly review a non-commutative field theory obtained
from a commutative one replacing the ordinary product with the Moyal one.
We show that the free case is the same as the ordinary one, but the interacting
case does not. In particular, we show that in the interacting case the Moyal
product softens the ultraviolet divergence, but it is responsible for the so-called

ultraviolet /infrared mizing.

3.1 The Moyal product

For the sake of simplicity, we consider a (1 4 2)-dimensional space-time
and consider exclusively spatial non-commutativity. Therefore, the canonical
non-commutative relation between the coordinate functions on the space-
time takes the form

(2", 27] = i6" (3.1.1)
where

07 =0 with (e9) = ( _01 (1) ) (3.1.2)

and 6 is a real constant parameter of dimensions of a square length which
can be seen as a deformation parameter. Consider now the differential form
of the Moyal product [35] which is given by

foarg= fes? 0i0ig (3.1.3)
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where 51 and 5]» act respectively on the left and on the right. More explicitly,
it can be written as

0(5152-5201)

M\N

frmg=fe g (3.1.4)

which reduces to the commutative product in the limit when 6 goes to 0,
namely it is a deformation of the commutative one. The Moyal product is
associative, but not commutative. In particular, we have

ot xy 2 = 2ta? +29 (3.1.5)

2wy ot = ata? — 56’ (3.1.6)

Hence the Moyal bracket of 2! and z? reads
(2!, 2%, = 2" xyr 2® — 2%y 2t =06 (3.1.7)

in agreement with the canonical non-commutative relation (3.1.1). More in
general, the Moyal bracket of two functions!

Lfs 9l = foar g —gxur f (3.1.8)
to first order in 6 reads
Lf, 9l = 0{f, g} + ... (3.1.9)
where as usual
{f,9} = (01f)0eg — (02f )19 (3.1.10)

Thus the Moyal bracket of two functions to first order in the deformation
parameter 6 is proportional to the Poisson bracket of the two functions.

ILike every commutator, the Moyal bracket is bilinear and antisymmetric. Moreover,
it satisfies the Jacobi identity

[fa [g’ h]*M]*M + [97 [h’ f]*M]*I\/I + [ha [fv g]*]\x[}*NI =0

and the Leibniz rule

[fvg*fw h]*M = [f’ g]*M *M h+g*M [f? h]*M'
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It is very useful to write the Moyal product in momentum space. Since

in Fourier transform &
_ Pz —ip-x

from (3.1.3) we have

d3p d3q r ~ _iQ9Wp.g. i .
([ g)(e) :/ @y np! (p)g(q)e20"Pisse!He)
dBp Bqg - e
- / @) 2rp? (p)g(g)e 2P i) (3.1.12)
where we have set
PAq=c"pg (3.1.13)

which is, of course, antisymmetric for the exchange of p and q. Therefore, the
Moyal product in momentum space is the standard convolution of Fourier
transforms twisted by a phase. For example, we can calculate the Moyal
product of two exponentials. Indeed, by using (3.1.12) we easily get

- . Br 43 o
g e = [ S = )i s — g

= ¢ 20PN T (3.1.14)
It is now easy to see that from (3.1.12) follows that the integral of the Moyal

product of two functions is equal to the integral of the ordinary product of
the two functions. Indeed,

d3p d3¢ , i ; -
f@araa= | Ca g | P3P e
d3p

TR 313 d’p ip-(z—y
- [ i = [ aedt gt fgmere

= /d?’xf(a:)g(x) (3.1.15)

This property is very important in non-commutative field theory since, as we
will show in the next section, it allows to state that the free non-commutative
field theory with the Moyal product is the same as the commutative one.
Finally, note that from (3.1.15) follows that the Moyal product has the trace
property

/d3xf*Mg = /d?’:pg*M f. (3.1.16)
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3.2 The Moyal field theory

At this point we proceed to the discussion of a non-commutative field
theory obtained from a commutative one replacing the ordinary product with
the Moyal one. To this end, consider the commutative field theory described
by the action

SO = g0 4 g0 (3.2.1)
where S(()O) is the free Klein-Gordon action given by
S = / d%% (0,0 0"¢ — m?¢?) (3.2.2)
and Si(ft) is the interacting action given by
SO = I [ 3zt (3.2.3)

int 4'

In order to construct a non-commutative field theory, we replace the ordinary
product with the Moyal one. This procedure is part of a general framework
called deformation quantization which consists in a modification of a theory
in such a way that it reduces to the undeformed one in a certain limit. So
the free non-commutative action is given by

S()M = /d3l’% (@ngb *M 6“(;5 — ngf) *M ¢) (324)

which, of course, is equal to the ordinary one (3.2.2) because of (3.1.15).
Then the free non-commutative field theory with the Moyal product is the
same as the commutative one. Instead, the interacting non-commutative
action is given by

SintM = %/dgxgb*M gb*M gb*M ¢ (325)

which is different from the commutative one.

We now move on to the quantum case, we calculate the Green’s functions
up to one-loop for the two- and four-point cases and discuss the ultraviolet
behaviour of the theory. Since the free non-commutative field theory with
the Moyal product is the same as the commutative one, the propagator that
is, the two-point Green’s function is as the usual one

~ 1

GPp) =

——. 3.2.6
P (3:2.6)
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To calculate the four-point Green’s function to the tree level in the Moyal
case, we first have to determine the vertex. In this case, the vertex is different
with respect to the usual one since it acquires a phase [40]. To determine the
vertex, let us write down the interacting action (3.2.5) in momentum space.
By using the relations (3.1.12) and (3.1.15) we have

o [ b b dky dy
Sintar = 4!/d (27)3 (2m)3 (27)3 (27 )3¢(k1)¢(k2)¢(’f3)¢(k4)

9(k1 Nko +k3/\k4) i(k1 +ko+ks +k4)~CE

6 2

g dky dky dks dky -, -, 5,
4l 4™ / (2m)3 (2m)3 (27)3 (27T)3¢(k1)¢(k2)¢(k3)¢(/€4)

e~ 30Nk tha bt (Ra bk ARt R §O) (k) 4 ky kg + ky)  (3.27)

which can be rewritten as

4
lntI\/{ = / H

@z

Vi (3.2.8)

where

V. = VeXa<s—30karky — 170X ach — 507 kaiks (3.2.9)

*M

is the Moyal vertex and

V= —z— 27r (Zk ) (3.2.10)

is the usual vertex which is proportional to the coupling constant multiplying
the ¢ of momentum conservation. Note that the presence of the phase in the
vertex (3.2.9) makes it non-invariant for a generic exchange of the momenta.
This is a consequence of non-commutativity and of the fact that the integral
of Moyal product of more than two functions is not invariant for an exchange
of the functions. However, it is invariant for a cyclic exchange of the factors.
Eventually, to determine the four-point Green’s function to the tree level, we
must attach to the vertex (3.2.9) four propagators (3.2.6). We have

_ ach — s0kaNky 4
GW — _ig2r)3E 5@ ky 3.2.11
v e\ et

which is different with respect the usual one.
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3.3 UV/IR mixing for the Moyal product

In order to discuss the ultraviolet behaviour of the theory in the Moyal
case, we calculate the one-loop corrections to the two- and four-point Green’s
functions. Because the vertex (3.2.9) is not invariant for a generic exchange
of the momenta, we must consider both the planar and non-planar diagrams
in the calculation of the corrections. To obtain the one-loop corrections to
the propagator, consider first the planar case in figure 3.1(a). The amplitude
is obtained using three propagators (3.2.6), two with momentum p, one with
momentum ¢, and the vertex (3.2.9) with assignments

kl = —]C4 =p and /{32 = —]{33 =q (331)

and the proper symmetry factor [41]. We have

R [ . —p

Figure 3.1: The planar (a) and non-planar (b) one-loop two-point diagrams.

Gy’ = 03 / 2n)F (7 = (g — i) (3.3.2)

which is the same as the ordinary one. Consider now the non-planar case in
figure 3.1(b). The structure is the same as in the planar case, but this time
the assignments are

]{31 = —k‘g =p and k?g = —k’4 =4dq. (333)
We have I on
—wpAq

G2 — _.g/ q ¢ . 3.3.4

W6 R ) .

Therefore, the ¢g-contribution does not cancel completely and the oscillating
factor in the integral softens the ultraviolet divergence because it dampens
the functions for high q. However, it is responsible for the infrared divergence.
Notice that the persistence of some divergences is more general than the
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present calculation and was noted in [42] in the general framework of Connes’
non-commutative geometry, while in [43] it is shown that not all divergences
can be eliminated in the presence of the commutation relation (3.1.1).
Finally, to get the one-loop correction to the four-point Green’s function,
consider first the planar case of figure 3.2. The one-loop correction to the
four-point Green’s function can easily be calculated by properly joining two

vertices (3.2.9). We have
Ky ky

Figure 3.2: The planar one-loop four-point diagram.

By (—ig)?, . [ d% eZac 30k 5(3) (T L)
(2m) (

2m)% (g2 — m?) [(k1 + ko — )2 — m?] T[,_, (k2 — m?)
(3.3.5)

Therefore, the internal momentum ¢ appears only in the denominator so that
also in this case the planar diagram has the same ultraviolet behaviour as
the ordinary one. Consider now the non-planar diagrams shown in figure 3.3.

We have

k1 ky k1 ky ky
1) 7@ (3)

Figure 3.3: The non-planar one-loop four-point diagrams.

~(4)
GNPa =

(—ig)2 5 d3q ezad—%eka/\kb-&-Eaé‘(B) (Zizl ka)
(2m) (

2m)3 (@2 —m?) (k1 + k2 — q) — m?] Hi:l(kg —m?)
(3.3.6)
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with

El = 29’{31 A q
EQZ —i@(kg/\q+k3/\q)
E3 = —if (kil Nq—+ kiz A q) . (337)

So in non-planar cases the one-loop correction to the two- and four-point
Green’s function have the same oscillating factor and then in both cases hold
similar considerations. In the next chapter we will introduce the Wick-Voros
product that is, a variant of the more studied Moyal product and compare
the Wick-Voros field theory with the Moyal one.

27



Chapter 4

Non-commutative Wick-Voros
field theory

In this chapter we describe another non-commutative field theory obtained
from the same commutative one of the previous chapter replacing the ordinary
product with the Wick-Voros one. We show that the free case is the same as
the Moyal one (and the ordinary one) while the interacting case is different
and, in fact, we find different Green’s functions. However, the interacting
case present the same kind of ultraviolet /infrared mizing as the Moyal one.

4.1 The Wick-Voros product

Let us consider the differential form of Wick-Voros product which is given
by
foy g = 30/0152-0251-i( 515143251 )|
v =fe g (4.1.1)
where 6 is still a real constant parameter of dimensions of a square length.
In this case is more natural working with complex coordinates than real ones
and in complex coordinates (1.3.4) the Wick-Voros product takes the form

Fayg= feb0-g (4.1.2)
where 5 | 5 9 1
Oy = Ot E (% :F@@) = E(al F i0y). (4.1.3)
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Note that the Moyal product (3.1.3) can be rewritten in these coordinates as

(o)

frug=fe’ g. (4.1.4)

Moreover, the Laplacian is
V2 =20,0_ (4.1.5)

and the d’Alembertian is as usual

O=0; - V2 (4.1.6)

The Wick-Voros product is associative and non-commutative. In particular,
we have

et xy T =zt +0 (4.1.7)

v xyat =ate. (4.1.8)

Hence the Wick-Voros bracket of 7 and 2~ reads

+

27,27y, =2t *p 2~ —a xpat =0 (4.1.9)

which gives the canonical non-commutative relation (3.1.1) going back to the
x’s. It is very easy to see that the Wick-Voros bracket, like the Moyal one,
of two functions:

gl = frvag—g*v f (4.1.10)

is proportional to the Poisson bracket of the two functions to first order in
0:
[f, 9ley = 0{f, 9} + ... (4.1.11)

Therefore, both products are a deformation of the ordinary one which reduce
to the ordinary one in the limit § — 0 and reproduce to first order in the
deformation parameter 6 the Poisson strutture.

Even in the Wick-Voros case, it is very useful to write the product in
momentum space. Since in complex coordinates the Fourier transform can
be expressed as

f(z) = / (;];3 f(p)eileretp-a?) (4.1.12)

with ,
_ piEip

b+ \/§
29

(4.1.13)



from (4.1.2) we have

(f*v g)(z) =/ @p__d% f( )3(q)e —Op—q+ i(p+q)®

(2m)% (2m)?
d3p d3q

2n) 2n)? ]F( )i(q)e” 5 (Pa+ipAg) gi(p+a)w (4.1.14)

since! )

§(p-q+2'p/\q). (4.1.15)
So the Wick-Voros product in momentum space is the standard convolution
of Fourier transforms twisted by a factor which is not just a phase like in the

pb-q+ =

Moyal case, but a phase multiplied by a real exponential. Furthermore, from
(4.1.14) follows that

(4.1.16)

Therefore, unlike for the Moyal case, the integral of the Wick-Voros product
of two functions is not equal to the integral of the ordinary product of the
two functions

/d?’xf*vg £ /d3:cfg. (4.1.17)

This has a precise interpretation in non-commutative field theory. It means
that also the free non-commutative field theory with the Wick-Voros product
could be different from the ordinary one. However, it has the trace property

/d?’a:f*vg: /d3xg*v f. (4.1.18)

Notice that the integral of the Wick-Voros product of two functions can be
written as well as

/d3xf*vg_/d3 Z a:f )(0"g) /d3 Z .

/d3:vfe_96+ag = /d%fe‘?wg (4.1.19)

8’”

In complex coordinates
P q=p-qi +q-py.
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where we have integrated by parts and neglected all the boundary terms.
We conclude this section by noting that at the algebraic level the Moyal

and Wick-Voros products are equivalent in sense that they define the same

deformed algebra, namely there exists an invertible map [44, 45] T such that

T(fxmg) =T(f)»v T(g) (4.1.20)

where
T=eiV’, (4.1.21)

Note that from invertibility of 7" follows that

T Y fxvrg) =T (f)»mu T (g). (4.1.22)

We can easily show that the Moyal and Wick-Voros products are algebraically
equivalent. In fact, by using (4.1.14) the left-hand side of (4.1.20) can be
written as

Ave d3p d3q r ~ -1 % T
T s g) = et / ) [y Wala)e 2P

dBp d3q 5, 0 i ; -
:/ @n) 2m)e! PI0e Bpraematphagitta e (4].23)

and the right-hand side of (4.1.20) can be written in the same way

fv2 &p = ; 072 d3q - A
L) wv T(9) = et / (QWI;sf(p)e‘W*v etV / (%zgf(Q)e—W

(2m) (2m)?

since from (4.1.14) follows immediately that the Wick-Voros product of the

two exponentials e=®* and e~"" is given by

e—ip~x *v7 e—iq-x _ /dg”/’ d38 6(3)<T i p>6(3)(8 . q)e—%(rvs—i-z’r/\s)ei(r—i-s)-x

— o s(PatipAg) ilpta) e (4.1.25)
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4.2 The Wick-Voros classical field theory

We now study a classical field theory with the Wick-Voros product and
we describe both the Lagrangian and the Hamiltonian formalisms.

4.2.1 Lagrangian formalism

At this point we proceed to the discussion of another non-commutative
field theory obtained from the commutative one described by the action
(3.2.1) substituting the ordinary product with the Wick-Voros one. So the
free non-commutative action (as well as the Lagrangian and the Lagrangian
density) is given by

So = [dtho, = [@rto, = [ @l @uow 90— niton o) (121)

which, unlike the Moyal one, does not reduce to the commutative one and
the interacting non-commutative action is given by

Sty = % Br b wy dry b xy 6. (4.2.2)

As we have already seen, the Moyal product and the Wick-Voros one are
algebraically equivalent. However, this does not mean that any deformation
of an action with the two products are the same. Indeed, mapping the free
action with the Wick-Voros product (4.2.1) to the corresponding action with
the Moyal one by means of (4.1.21)

So, — / PPz T 'Ly, (4.2.3)
we have
So, — / & % [(e—gv28u¢> .y (e—ﬁvzaw) —m? (e—%v2¢> .y (a%vgm
-4l 708) (1) o (175) (1)
- / B % (auqbe—%vzaw - m2§z§e—%vggb> (4.2.4)

which is not the free action with the Moyal product namely the ordinary one.
We begin with the discussion of the free case since the free action (4.2.1) is
different from the ordinary one. As well-known, the dynamical behaviour of
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a dynamical system is determined by the action principle which affirms that
the equation of motion, namely the field equation, is obtained demanding
that the variation of the action is vanishing under any infinitesimal variation
of the field. So given an infinitesimal variation of ¢:

¢— ¢+ (4.2.5)

the corresponding infinitesimal variation of the action Sy, is given by
650, = / Pz (0,0 v 00 — m P xy 60) . (4.2.6)
By integrating by parts we obtain, up to boundary terms,
550, = / E 56wy (04 m?) 6 (4.2.7)

and using the relation (4.1.19) we have
dSo, = —/dgx SpesV (O +m?) ¢. (4.2.8)

Since the variation of the action 65y has to vanish for any variation of the
field 0¢, we get the equation of motion

eV (@+m?)o=0 (4.2.9)
which is different from the ordinary Klein-Gordon equation given by
(B4+m?)¢=0. (4.2.10)

However, the two equations of motion have exactly the same solutions due
to the invertibility of the operator e~V Moreover, the on shell condition
is not deformed. That is, the dispersion relation is the same as the ordinary
one. In fact, in Fourier transform the equation of motion (4.2.9) becomes

3
e 2V (O +m?) ¢(z) = e 2V (O +m?) / (gwl;:?)(;(/{:)eik'z
d*k

= / Wew (=k* +m?) (k)e ** = 0. (4.2.11)
Hence on shell condition is given by

2% (K2 —m?) g(k) = 0 (4.2.12)
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which reduces to the ordinary one
(k* —m?) é(k) =0 (4.2.13)

because the exponential never vanishes. Therefore, at classical level the free
non-commutative field theory with the Wick-Voros product, like that with
the Moyal product, is the same as the commutative one.

4.2.2 Hamiltonian formalism

Before proceeding further in our analysis, we investigate the Hamiltonian
formalism in the free case. To begin with, let us find the field conjugate to
¢. As well-known, it is defined by

= Loy (4.2.14)

00

where we have set ¢ = 9y¢. To determine the functional derivative of the

Lagrangian Lg, with respect ®, consider an infinitesimal variation of qb

¢ — ¢+ 08¢. (4.2.15)
The corresponding infinitesimal variation of the Lagrangian Ly, is given by
§Lo, = / A%z 8¢ *y & (4.2.16)

and using the relation (4.1.19) we have
Lo, = /d% 5pe2V’ . (4.2.17)

So the field conjugate to ¢ is given by
m=c3V. (4.2.18)

We now assume that the free non-commutative Hamiltonian in the Wick-
Voros case is given by

Hy, = /d% Ho, = /d% (m&- £0V> (4.2.19)

expressing ng as a function of the conjugate field 7. The choice of Hamiltonian
can be justified thinking of our theory as just as a theory with infinitely many
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numbers of derivatives without any consideration about non-commutative
geometry. Therefore, by using the relation (4.1.19) the free Hamiltonian can
be written as

Hy, = /d2ac |:7Tegv2ﬂ' — % (€%V27T *yr esVir 4+ 0ip %y 0'd — m>d v ¢>}
2 1 o9v2 i 2
- d:c§<7re2 T — Oibxy o+ m mwp) (4.2.20)

which is different from the one that we would write if we started directly
from Hamiltonian formalism rather Lagrangian one?. We now are ready to
derive the Hamilton equations:

. O0H
. oH
P (4.2.22)

To evaluate the time evolution of ¢, consider an infinitesimal variation of 7:
T — T+ 0. (4.2.23)

The corresponding infinitesimal variation of the Hamiltonian is given by
1
0Hy, = /d2x 5 <7r eV 6m + b e%ww) . (4.2.24)

That is,

2

§H,, = /d% smerV'rn (4.2.25)

where we have integrated by parts and neglected all the boundary terms. So
the time evolution of ¢ is given by

bp=eV'n (4.2.26)

which is, of course, consistent with (4.2.18). Instead to calculate the time
evolution of 7, consider an infinitesimal variation of ¢:

O — O+ 0¢. (4.2.27)

2Indeed, in such a case we would write the free non-commutative Hamiltonian as

Hy, = /de% (mxv ™= 0ip xy 0’6+ m*Pxy ¢)

where the field conjugate to ¢ is easily seen to be m = e%VQQ.S.
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The corresponding infinitesimal variation of the Hamiltonian is given by
§Hy, = — / d*z (00 %y 06 — m*¢ >y 6¢) (4.2.28)
By integrating by parts we get, up to boundary terms,
6Hy, = — / P’z ¢+ (V2 —m?) ¢ (4.2.29)
and using the relation (4.1.19) we have
0Ho, = —/d2x o e 2V (V2= m?) ¢. (4.2.30)
So the time evolution of 7 is given by
i=e 2V (V2 —m?) 6. (4.2.31)

It is now easy to show that combining (4.2.26) with (4.2.31) we obtain the
ordinary equations of motion for ¢ and 7 fields. This result confirms that
at classical level the free non-commutative field theory with the Wick-Voros
product is the same as the commutative one.

4.3 The Wick-Voros quantum field theory

We now move on to the quantum case and proceed to the determination
of Green’s functions in the Wick-Voros case. To calculate the propagator, we
can start from its general definition:

e (O m?) G —a) = =0 — o). (4.3.1)

In Fourier transform it becomes

2 2 d3 ~ . /
e~3V (O +m?) Gg)(x —1') = e~3V (O +m?) / B ]))3 Gg)(p)e_”"(”_x)
T
:/ d’p 5P (—p2+m2) é(z)(p)e—ip(x—x’)
(2m)3 v
dgp . /
S —ip-(z—a') 4.3.2
[ e (43.2)
from which follows that

e 2P’ (—p? +m?) G (p) = —1 (4.3.3)
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and then
_ 0,2
- e 2P

GP(p) =

— m. (4.3.4)

Note that to get the propagator, we can proceed as well as follows. The free
action (4.2.1) can be written as

So, = / & <8u¢ e 57°9,6 — m2¢e*%V2¢)
2
= /d3x %gb e 2V (—85 —m?) ¢ (4.3.5)

where we have used (4.1.19), integrated by parts and neglected the boundary
terms. So it can be rewritten as

So, = /d3x d*z’ ¢(2)K (v, 2")p(2) (4.3.6)
with
K(z,z') = e’gVQ(—ﬁfL —m?)6®) (z — o) (4.3.7)

—oy2 d3p —ip-(z—1’
K(z,2') =e2V (—05—m2)/<27r)36 p(a=a’)
d3p 9 p? —ip-(z—a’
= /Weﬂ’ (p* —m?)e p(z=a), (4.3.8)

Therefore, the propagator, the inverse of the operator K (x,z'), is

3y e3Pt

Gg) (z,2") = / ((;Tp;ghe’p'(x“} ), (4.3.9)
from which we can read off the propagator in momentum space (4.3.4). Since
the poles in the propagator (4.3.4) are the same as in the Moyal and ordinary
cases (3.2.6), the free field theory in the Wick-Voros case is the same as in the
two cases at the quantum level as well. Nevertheless, the two propagators
are not identical. Moreover, for infinite momentum there is an essential
singularity or a zero of the propagator according to the sign of 8. The meaning
of the essential singularity is not clear, but the oddity is that the sign of
has no physical meaning since it can be changed by the exchange of the two
coordinates.
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To calculate the four-point Green’s function to the tree level in the Wick-
Voros case, we first must determine the vertex. To this end, let us write down

the interacting action (4.2.2) in momentum space. By using the relations
(4.1.14) and (4.1.16) we have

. _9 T dk; dke dks dks -
Pty = / 12 s @ )P (2 2y ¢ 1O R) ks ) 0 k)

6—9(]61, kot +ka— k4+) ei(kl +k2)~$

Gy [ Ak dky dky dky oo oo
=@ / 2r)7 2 2m) (2m)a O k)9 (k) Olks) o ka)

e—G(klfk2++k37k4+—kfk+)5(3)(;{;1 + ko + k)5(3)(k3 +ky — k;)

_ 9 )3 dky dky dks dky -~ ~ ~ -
= 507 | s G a2k )

¢ Olka-hascthackapot(notho (s tbe g (4 ky + ky + k) (4.3.10)

*V 6Z(k3 +k4)~2

where
‘/*V — VeZa<b —Okq Ky — V€Za<b7%(ka'kb+ika/\kb) (4311)

is the Wick-Voros vertex and V' is the ordinary vertex (3.2.10). To calculate
the four-point Green’s function at the tree level, we have to attach to the
vertex (4.3.11) four propagators (4.3.4). We have

6—9(23l4kaka++za<bkakb+) 5 (24: ka)
, o~ 5[Zam ’:3+Za<b(ka-kb+ika/\kb)] © 4
Hazl (k:g - m2)

o[ R (T k) 20,y kak 4
4€ 4{ 1 4( 1 ) <b b} 5O (Z ka)
[, (k2 —m?)

(SR kb)) (A
= —ig2m)Pe - 5Ok, (4.3.12)
Ha:l (kg - m2) a=1

since the d of conservation of momentum Kkills the mid term in the exponential.

G\ = —ig(2m)?

= —ig(2n)

= —ig(2n)

The presence of a real exponent in the Green’s functions signifies that the
ultraviolet behaviour of the theory could be different from the Moyal and
ordinary ones. In order to investigate ultraviolet behaviour of the theory
in the Wick-Voros case, we will calculate in the next section the one-loop
correction to the two- and four-point Green’s functions.
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4.4 UV/IR mixing for the Wick-Voros prod-
uct

We now proceed to the calculation of the one-loop corrections to the two-
and four-point Green’s functions in the Wick-Voros case. In order to get
the one-loop corrections to the propagator, consider first the planar case
in figure 3.1(a). The amplitude is then obtained using three propagators
(4.3.4), two with momentum p, one with momentum ¢, the vertex (4.3.11)
with assignments (3.3.1) and the proper symmetry factor. We have

4@ g d3q e 0C@r-Pi+a-01) e=0(P—a+—P-Gt—P-P+ =40+ —4-P++4-Py)
P _Zg/ (27)3 2 — m2)2(@ — m?)
3 —bp_p+
_ _Z-Q/ d’g ¢ (4.4.1)
3. @2m)2 (p* —m?)*(¢* —m?)

where the first exponential is due to the propagators and the second one to
the vertex. Therefore, the g-contribution cancels completely that is, there is
no change in the convergence of the integral with respect the ordinary case.
Consider now the non-planar case in figure 3.1(b). The structure is the same
as in the planar case, but with assignments given by (3.3.3). We have

a® g d3q e 0@P-Pi+a-01) o= 0(P—a+—P-P+ P04 —4-P+—0- 0+ +P-0+)
=it oy 07 — (g = )

g d3q e_e(p—p++ip/\q)

— —/ (271')3 (p2 _ m2)2(q2 — mQ)

1
6

since

P-4+ —q-pr =ipAQ. (4.4.2)

Therefore, the g-contribution does not cancel completely. We can conclude
that the ultraviolet divergence of the planar diagram in both the Moyal and
Wick-Voros cases is unchanged with respect to the ordinary one. Instead, in
the non-planar diagram the presence of the oscillating factor in the integral
softens the ultraviolet divergence, because it dampens the functions for high
values of q. However, it is responsible for infrared divergences. Therefore,
the ultraviolet behaviour in both cases is exactly the same and this can be
seen like a consequence of the canonical non-commutative relation (3.1.1)
which is unchanged between the Moyal and Wick-Voros cases. Nevertheless,
the Green’s functions for the two cases are not the same.
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Finally, to get the one-loop correction to the four-point Green’s function,
consider first the planar case of figure 3.2. We have

S _ (_ig)z(%)g/ d3q o 0(Xamt kakar+ 4 cp koot ) 5(3) (Ziz1 ko)
(27)? (g2 = m?2) (k1 + ka2 — q)2 = m? T,y (K2 — m?)

(4.4.3)
Therefore, the internal momentum ¢ appears only in the denominator, like in
the Moyal case, that is, the planar diagram has the same ultraviolet behaviour
as the ordinary one. In the determination of the one-loop correction to the
four-point Green’s function we must consider the non-planar diagrams shown
in figure 3.3 as well. We have

_ 4
EORC Y I sl L >
a 8 (

a=1""a
2m) (2 = m?) [(ky + Kz — @) = m?) [Toy (k2 — m?)
(4.4.4)
where E,’s are still given by (3.3.7). We can conclude that the ultraviolet

properties in the Wick-Voros case remain unchanged with respect to the
Moyal case and, in particular, the ultraviolet/infrared mixing is unchanged.
This is to be expected since heuristically this is consequence of commutation
relation which is, of course, the same in both theories. However, the two
theories are not equivalent, despite the physical intuition, since the Green’s
functions differ for a factor can be considered as a momentum dependent
coupling constant. In the last chapter we will discuss this problem and show
that the Moyal and Wick-Voros field theories describe the same physics at
the level of S-matrix and in the framework of twisted non-commutativity.
Instead, in the next chapter we will introduce a general translation invariant
associative product and show that the ultraviolet /infrared mixing is still the
some as for the Moyal and Wick-Voros products.
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Chapter 5

UV /IR mixing for a general
translation invariant product

In this chapter we introduce a general translation invariant associative
product and describe a non-commutative field theory with such a product in
order to investigate the relationship between the translation invariance and
the ultraviolet/infrared mizing. We show that the ultraviolet/infrared mizing
for the Moyal and Wick-Voros products is a generic feature of any translation
invariant associative product.

5.1 A general translation invariant product

In this section we introduce a general associative star product! between
functions on R? and then we discuss the condition of translational invariance
in order to investigate the relationship between the translation invariance and
the ultraviolet/infrared mixing. Notice that we contemplate the possibility
that the star product be commutative although in general it is not so.

Consider a generalization of the Moyal product (3.1.12) given by

o)) = [ s i IO e (511)

where K is in general a distribution. Note that the ordinary product is also
of this kind for
K(p,q,r)=68"(r—p+q). (5.1.2)

!General star products were first introduced in [46, 47] in the framework of deformation
quantization of Poisson manifolds.
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In order to have an associative product, we have to impose

(201 = [ o (Fra)@h)K (g r)e

/ <§7§d <§7§d <§w§d <§7§d <§w§d F()gOh(r) K (p.a,7)K (g, 5, )™

- / (;fjd <§w§d <§w§d (Swjd <§w§d FgROK (p,a,)K (g7, )™

(5.1.3)

is equal to
(g xh)() = / (gﬂz;d (gﬂid (gwgd f(Q)(g/_;Tl)(T)K(p, g, T)eiw

B d%p diq d%r d?s d%t . . Ry . s 1)
o o s K (0,1 K 5.1

_ / (;T];d (;17:)7(1 (;17:;‘1 (gﬂjd (Qdﬂgd J?(T)g(S)iL(t)K(p’ r, q)K(q, s, t)eip-w'
(5.1.4)

In other words, we have to impose

/dqu(p,q,t)K(q,r, s) = /dqu(p, r,q)K(q,s,t). (5.1.5)

We can show that this condition is nothing but the usual cocycle condition
in the Hochschild cohomology. To this end, we recall that the 2-cochain
c € C*(A) is the map

c:ARA— A (5.1.6)
defined by

c(f,9)=1f*g (5.1.7)

where A is the non-commutative algebra of functions with the product (5.1.1)
and the coboundary operator is the map

0: C*(A) — C*(A) (5.1.8)

which transforms the k-cochain ¢(fi, ... fi) in the (k+ 1)-cochain defined by

x>
—

ac(an"'?fk) = fo*c(flu---7fk) =+ (_1)i+lc(f07'-'7fi*fi+17'--7fk)

i

+ (=1 e(fo, - -, fre1) * S (5.1.9)

i
o
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In order for the 2-cochain (5.1.7) to be a 2-cocycle, it has to be

0:8C<f7g7h) :f*C<g,h) —C(f*g,h)+6(f,g*h) _C(f7g)*h
=2(f*x(g*xh)—(fxg)~h) (5.1.10)

which gives (5.1.5). In general, the product (5.1.21) is non-commutative.
However, it becomes commutative if we impose a constraint on K. Indeed,
imposing
d d d
Fr0)@) = [ st 0K e
B d?p diq dr
N / (2m)e (2m)? (27)

= 3(0) f(r) K (p,r,q)e™™ = (g f)(x)
(5.1.11)

we get the commutativity condition

K(p,q,r) = K(p,r,q). (5.1.12)

This condition means that the 2-cochain ¢ given by (5.1.7) is a 2-coboundary.
That is,

c(f,g) = 0b(f,g) = fxb(g) +g*b(f) —b(f*g) (5.1.13)

where the 1-cochain b is simply given by the identity map. In other words, the
commutativity condition (5.1.12) is a coboundary condition in the Hochschild
cohomology.

We now proceed to the discussion of translation invariance of the product
(5.1.1). We recall that the translation by a vector a is defined by

1.(f)(x) = f(z + a). (5.1.14)
Since in Fourier transform
d? T [ ip-T d 3 ip-(x+a
| G Thwer = [ G fmere. )
we have s ]
To(f)(p) = P f(p). (5.1.16)

By translation invariant product we mean as usual a product which satisfies
the property
To(f) * Talg) = Tolf * 9). (5.1.17)
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For the translational invariance of the product (5.1.1) we have to impose

T +9) = [ Gt " @i K ) (5119

is equal to

L)+ Tl9) = / (;IW])?d (gwcid (gwgd eip“m(q)m(r)f((p, q,7)

= /dpdq dr ePTe 9 f(q)e " G(r) K (p, q, 7). (5.1.19)
This is achieved by setting
K(p,q.r) = e*P05D (r — p + q) (5.1.20)

where « is a generic function. Therefore, because of translation invariance,
the product (5.1.1) takes the form

(f x9)(z) = / {;Tp;d (;;)Id F@)a(p — q)e* PP, (5.1.21)

The ordinary product is given by o = 0, the Moyal product (3.1.12) by

an(p,q) = =507a(p; — ;) = 500 A g (5.1.22)

and the Wick-Voros product (4.1.14) by

ov(p.0) = ~09_(p+ —4) = a(p.) ~ Sp—a) g (5129

We can express the associativity condition (5.1.5) in terms of «. Indeed,
from (5.1.5) and (5.1.20) follows that

/ddq e (P,9) 5(d) (t —p+ q)ea(q,r)(g(d)@ —q+ 7“) —
/ddq 2P D (g — p 4 r)e@)5D(t — g4 5) (5.1.24)
That is,

/ddp ea(p,r+s)+a(r+s,r)5(d) (7’—|—s+t—p) _ /ddp ea(p,r)Jra(pfr,s)(s(d) (T—i—S—i—t—p).
(5.1.25)
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Therefore, o has to satisfy the condition
alp,r+s)+a(r+s,r)=alp,r)+alp—r,s) (5.1.26)
which can be rewritten as
a(p,q) = a(p,r) —alq,r) + alp—r,qg—r). (5.1.27)

Note that we can get the associativity condition by starting directly from
(5.1.21). Indeed, imposing

(Fxg)x i) = / (ng))d (gwid (F % 9)(@h(p — q)e” @D

_/ dp diq dr
) (@2m)d(2n)d (27)

= [(n)d(q —r)h(p — g)etPOrelen e
(5.1.28)

is equal to

de¢ d¢ d¢ - - :
:/( p q r F(Q)a(r)hip—q— T)ea(p,q)+a(p—qm)ezpm

(r)glq — T)il(p — q)eo‘(f’v”)Jra(P—r,q—r)ez‘p.x

(5.1.29)

~~

we reobtain the condition (5.1.27). We also require

_ [ A Al g o) ive _ [P G ) e
Fei= [ it s qyerers = [ L fppeermers — g

(5.1.30)

and
_ dp d’ () f a(p,q) yipr _ dp - a(p,0) jipx _
11 = | Gitomy 1 @S a0 = [ 05 fo 06(51_33

That is, the identity of the algebra of functions with the product (5.1.21) is
the constant function with value 1. These conditions impose

a(p,p) =0 (5.1.32)
a(p,0) = 0. (5.1.33)
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In particular,
a(0,0) =0 (5.1.34)

Moreover, we require the algebra to be a x-algebra. That is, there must be a
map which satisfies the following conditions [48]:

(f)yr=1r (5.1.35)
(A + ng)" = A"+ fig" (5.1.36)
(fxg) =g * [ (5.1.37)

for any complex numbers A and p where the bar dentes complex conjugation.
In our case the involution * is given by complex conjugation and in particular
the last relation imposes a constrain on «. Indeed, since

dlp dig - o
(fxg)y = / (27r]))d (27301 F@)a(p — q) e e (5.1.38)

has to be equal to

dip diq ~ ~ .
7= / (27:;1 (27561 (@) f*(p — g)e™ e
dip d¢ _ A
- / (27:;’ (27551 3(=q)" flq = p) e Dere
ddp diq - ‘
- / (Qﬁz)jd (27Tq>d F@)glp — q)rexrameive (5.1.39)

then « has to satisfy the condition

a(p,q)" = a(=p,q —p). (5.1.40)

We can express the commutativity condition (5.1.12) in terms of «a as well.
Indeed, from (5.1.12) and (5.1.20) follows that

— ea(pvr)(s(d) (f," — p + q)
= ePP=05(r _ 4 ). (5.1.41)

That is,
a(p,q) = a(p,p — q). (5.1.42)
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Note that we can get the commutativity condition by starting directly from
(5.1.21). Indeed, imposing

(0@ = [ G @y - erder:

_ / T 20 50)fp - eerDere — (g f)(a)  (5.1.43)

we reobtain the condition (5.1.42). From the associativity condition (5.1.27),
we can derive some very useful relations. For ¢ = r = p we have

a(p,p) = a(0,0) (5.1.44)
and for ¢ = r = 0 we have
a(p,0) = «(0,0) (5.1.45)
in agreement with (5.1.32) and (5.1.33) respectively. For ¢ = 0 and r = p we
have
a(0,—p) = a(0,p). (5.1.46)
For r = p we have
a(p,q) = —a(q,p) +a(0,9 — p). (5.1.47)

Moreover, from (5.1.27) we have
a(0,9) = a(0,p) — alq,p) + a(=p,q — p) (5.1.48)
and by using (5.1.47) we obtain a very important relation
a(p,q) = —a(0,p) + a(0,q) + a(0,p — ¢) — a(=p,q — p). (5.1.49)

With a symbolic manipulation programme and a little work is not difficult to
construct polynomial expression for ae. For example, the following expression
in two-dimensions

a = Apsqi + Bpigo — (A4 B)quge + C (pzqi - P%CIQ)

2 2
D (pqu . Dy 4oy — quIQQ) (5.1.50)
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gives rise to an associative product for any complex numbers A, B, C' and D.
However, the condition (5.1.40) imposes some conditions on these coefficients.
Indeed, it is easy to see that

B*=A (C*"=-C and D"=-D. (5.1.51)

Note that the integral of the product of two functions can be written as

ddp diq - |
/ddm fro= / &' (27:))d (275(1 F@)3(p — q)e e
= / % F(@)g(—q)e9. (5.1.52)

Therefore, the integral of the product of two functions is not equal to the
integral of the ordinary product of the two functions. However, from (5.1.46)
follows the trace property

/dda:f*g: /ddmg*f. (5.1.53)

5.2 Cohomology

We now proceed to show that it is possible to define an “a-cohomology”
with respect to which « is a 2-cocycle in the associative case while it is a

2-coboundary in the commutative one. Let o € A%(A) be the map
a:(pg e A A — A (5.2.1)

with A the algebra of Fourier transforms (to be more precise « is defined on
translations, realised as linear functions in \A) and the coboundary operator

0 : AF(A) — AF(A) (5.2.2)
defined by
k
OV (pos - pr) = Z(—l)Z’Y(Pt); ce o Di15 D5 Pit1s -« -5 Pk)
i=0
- (—1)k7(P0 — Pk Di — Pky- -+ Pk—1 — pk). (5.2.3)

Note that a straightforward calculation verifies that
0* = 0. (5.2.4)

48



In order for v in (5.2.1) to be a 2-cocycle in the a-cohomology, it has to be

0= 0a(p,q,r) = alq,r) —alp,r) + a(p,q) —alp —7,9—7)
=2(fx(g*h) = (fxg)*h) (5.2.5)

that is (5.1.27). Therefore, the associativity condition (5.1.27) is a cocycle
condition in the a-cohomology. Analogously the commutativity condition
(5.1.42) is a coboundary condition. Indeed, for a to be a 2-coboundary in
the a-cohomology, it has to be

a(p,q) = 08(p,q) = B(q) — B(p) + B(p — q) (5.2.6)

which implies the commutativity condition (5.1.42). If « is a 2-coboundary
in the a-cohomology, then it is a 2-cocycle because of (5.2.4) so that the
product (5.1.21) is associative and commutative. However, the coboundary
condition in the a-cohomology (5.2.6) is not equivalent to the commutative
condition (5.1.42). Indeed, the function

a(p,q) = AB(p) + B(q) + B(p — q) (5.2.7)

with A a complex number and A # —1 is not a 2-coboundary, but it makes
the product (5.1.21) commutative and, of course, non-associative. As we have
already seen, the Moyal and Wick-Voros products, both non-commutative,
are respectively given by (5.1.22) and (5.1.23) which are both 2-cocycles in
the a-cohomology and more interestingly they differ by a term which is a
a-coboundary according to (5.2.6) with [ so defined

Bla) = ¢* (5.2.8)

Indeed, it is easy to verify that

av(p,q) = am(p, q) + Zﬁﬁ(n q). (5.2.9)

5.3 Differential form of a general product

Another way to get a general star product is generalizing the differential
form of the Moyal product (3.1.3). To this end, consider a product which is
a series in a deformation parameter which we call again 6:

frg=3 Culf 9)0" (53.1)
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where C’s are in general bidifferential operators i.e. bilinear maps which
are differential operators with respect to each argument of globally bounded
order. To recover the ordinary product in the limit # — 0 we need to impose

Co(f,9) = fg. (5.3.2)

Therefore, we can rewritten the product which we are considering as
frg="rfg+> Cif 90" (5.3.3)
r=1

Instead, in order to ensure associativity the remaining C)’s have to satisfy
the following conditions

fCu(g,h) = Co(fg, h) + Co(f, gh) — Co(f, )b =
= Y (Ci(Cilf.9),h) — Ci(f,Cr(g. 1)) (5.3.4)

jt+k=r

for all » > 0. Note that a problem with the product (5.3.1) is that it is
defined on the space of formal series in the coordinates and then there is
in general no control on the convergence of the series after the product has
been taken. This kind of product is considered in the very general framework
of deformation quantization [49, 50]. This approach consists in finding a
deformation of the algebra of functions on a Poisson manifold® with the
additional property that to first order in the deformation parameter 6 the
star commutator of two functions:

[fogle=f*g—g*f (5.3.5)

reduces, or better is proportional, to the Poisson bracket of the two functions.
This requires that

2In general, a Poisson manifold is a manifold endowed with a Poisson bracket that is,
a bilinear and antisymmetric map {-, -} which satisfies the Jacobi identity

and the Leibniz rule

{f,9h} ={f,g}h + g{f, h}.
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Since in general the Poisson bracket of two function can be written as

{f.g} = A0ifo;9 (5.3.7)

we have

A7 = Cy (2", 27) — Cy (27, ") (5.3.8)

which can be easily proved by setting f = 2* and ¢ = 2/. Note that if

Ci(f,9) = Cilg. f) (5.3.9)

then the product (5.3.1) is commutative. The proof is the following. First
consider (5.3.4) for r = 2, f = h = 2™ and g = 2™. Then relation (5.3.4)
becomes

fCZ(gaf) _02(fgvf)+c2<f7gf) _OQ(fag)f:
= 2" (Co(a", 2™) — Cy(x™, 2™)) — Co(a™ ™, ™) + Co(z™, 2™ ") =

= (C1(C1(f,9), f) — Ci(f,Ci(g, f))) =0 (5.3.10)

because of the symmetry of C;. The second line of the above equation has
to hold for all 2’s and therefore it must be

Co(x™t" ™) = Co(a™, ™) (5.3.11)
for generic m and n. This implies that

Ca(f.9) = Caly, f)- (5.3.12)

It is then possible to prove exactly in the same way that if

Ci(f,9) = Cilyg. f) (5.3.13)

for [ < r then all the terms in the right hand side of (5.3.4) pairwise cancel
and we are left to the equivalent of (5.3.10) with a generic r proving that

Ci(f,9) = Ci(g, f)- (5.3.14)

In general, given a Poisson manifold it is not easy to prove that it is always
possible to find a star product whose commutator reduces, to first order in
the deformation parameter 6, to the Poisson bracket because the associativity
conditions (5.3.4) are difficult to satisfy. A general result of Kontsevich [51] in
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the context of formal series solves this problem for a generic Poisson manifold.
Moreover, it proves that two products with the same Poisson structure are
equivalent in sense that there exists a map 7" such that

T(f*g)=T(f)*T(g)- (5.3.15)

We have seen an instance of such an equivalence for the Moyal and Wick-
Voros products for which the equivalence map is given by (4.1.21).

To conclude this section, we briefly discuss the translation invariance of
the product (5.3.1). Since the C,’s are bidifferential operators, the product
(5.3.1) becomes translation invariant if and only if the C,’s are combinations
of derivatives only. Therefore, it can be written as

Frg=Ffg+>_ > 0TI, 0, )05, ...059) (5.3.16)

r=111,...0r,j1,...Jr

where ¢’s are complex constant coefficients. By using (5.3.1) and the fact
that the C.’s are combinations of derivatives only, we easily get

[z, 2], = 2' x 2! — 2" %27 = C1(2", 27) — C1(27, ). (5.3.17)
That is, the commutator of coordinates reads
(2", 2], = AY. (5.3.18)

Therefore, it reproduces the Poisson structure of the underlying space.

5.4 Field theory with a general translation

invariant product

We now proceed to the discussion of a non-commutative field theory with
the general translation invariant product (5.1.21) in order to investigate its
ultraviolet behaviour. So let us consider a field theory described by the action

S = S0+ Sint (5.4.1)
where Sy is the free action given by
1
So = /ddx 3 (Oudp % 0" — m*¢ % §) (5.4.2)
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and Sjy is the interacting one given by

Sint = %/ddajgb*gb*gb*gb. (5.4.3)

To begin with, we calculate the equation of motion. To this end, we consider
an infinitesimal variation of ¢:

O — O+ 0¢. (5.4.4)

The corresponding infinitesimal variation of the action Sy is given by

0S5y = /ddx (6,@*8“&25 —m2px 5¢) : (5.4.5)

By integrating by parts we obtain, up to boundary terms,

0S5y = — /ddx (D + m2) Q%00 (5.4.6)

and using the relation (5.1.52) we have

30 = —/ddp O (—p? + m2)(p)dd(—p). (5.4.7)

Since the variation of the action 5y have to be vanishing for every variation
of the field d¢, we get the equation of motion in Fourier transform

O (2 — m)d(p) = 0 (5.4.8)

which reduces to the same ordinary equation of motion in Fourier transform
due to the invertibility of the exponential factor. Therefore, at classical level
the free non-commutative field theory with the general translation invariant
product (5.1.21) is the same as the commutative one.

We now move on to the quantum case and proceed to the calculation
of Green’s functions. The propagator can be easily obtained by solving the

equation
which gives
— e—a(0,p)
G2(p) o (5.4.10)

Note that in general the presence of the exponential in the propagator (5.4.10)
modifies its properties. In order to calculate the vertex, let us write down
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the interacting term of the action in momentum space. Using the relations
(5.1.21) and (5.1.52) we have

Sint = g

/ddxddkl d%k, dvks d¥ky -~ ~ ~ ~
4!

) 2m) 2y (2 PRtk = Ra)@(ka) (ks — k)

ea(kl,kg)ea(kg,k4)ezk1~r * ezkg-x

g g [ A%y d%y d¥ky d¥ky

= 500" | Goitamyi oy oy
ea(k1,k2)eo¢(k3,k4) ddk 6o;(O,k)(S(d) ki — k 5(d) k k
(2’/T)d ( 1 ) ( 3+ )
d?%, d%%y dks d%, - ~ ~ -

T 2 )d/ (2#)16[ (27T)2d (27T)3d (27T>4d Pk2)olhs = ko) (ka)olks = ka)

eolkuha)volhs k) taOk) 5@ (1 4 L) (5.4.11)

G(k2)p(ky — k2)p(ky)d(kz — ka)

4!

which can be rewritten as well as

9y [ A A%y A% ARy o o
s = o) | (2} (2)i (2m)e (am)d V()P (R)0(s) ()

ea(k1+k2,kl)+a(k3+k4,k3)+a(0,k1+k2)(5(d)(kl —|—/€2 —|—]€3 + /{74) (5412)

Therefore, the vertex is given by

V, = V e¥(k1tkz k) talkstha,ks)+a(0,ki+kz2) (5.4_ 13)

where

4
V= —z%(zw)d&d) (Z k:) (5.4.14)

a=1
is the ordinary d-dimensional vertex. It is possible to show that the vertex
loses the invariance for arbitrary exchanges of the external momenta, but it
maintains invariance for cyclic permutations. Finally, to calculate the four-
point Green’s function to the tree level, we must attach to the vertex (5.4.13)

four propagators (5.4.10). We have

_ 2
a=1 @ m

. ea(lﬁ+k2,k1)+o¢(k3—zk4,k3)+a(0,k1+k2)—Zila(O,ka)é(d) <i ka> |
Ha:l (kg - m2) a=1

4 —a(0,kq 4
GW — _ ig<27T)d e (k1tk2 k1) +a(ks+ka,ks)+a(0ki+k2) H ZQ ( )6(61) (Z ka)

a=1

= —ig(2m)

(5.4.15)
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5.5 UV/IR mixing for a general translation
invariant product

We now proceed to the calculation of the one-loop corrections to the
propagator in order to investigate the ultraviolet behaviour of the theory.
Consider then both diagrams of figure 3.1. The correction for the planar
case (a) is obtained using three propagators (5.4.10), one with momentum
p, one with momentum —p, one with momentum ¢ and the vertex (5.4.13)
with assignments given by (3.3.1) and the integration in ¢q. We have up to a
constant

—a(0,p)—a(0,—p)—a(0,
a® _ / g EXON T OTDTOOD o arrat-p-a—aa+)
g (p? —m?)*(¢* —m?)
e—22(0,p)—a(0,9)+a(p+q¢,p)+a(—p—¢,—q)+a(0,p+q)

(p? —m?)*(¢* —m?)

e G 5.5.1
- [ 51

since by using (5.1.49) we have

a(p+q,p) = —a(0,p+q) + a(0,p) + a(0,q) —a(-p—q,—q). (5.5.2)

We see that with respect to the commutative case the only correction is in

(0.r) which is the correction of the free propagator. Therefore,

the factor e~
the ultraviolet divergence of the planar diagram is the same as the ordinary
one. Consider now the non-planar case in figure 3.1(b). The structure is
the same as in the planar case, but this time the assignments are given by

(3.3.3). We have up to a constant
—a(O,p)—a(O,—p)—a(O,q)
2 (&
GEV}DZ/ddq 2 2)2( 2 2 €
(p* —m?)*(¢* —m?)
e—2a(0,p)—a(0,9)+a(p+q,p)+a(—p—¢,—p)+a(0,p+q)
(7 — (e — m?)
e—(0,p)+a(p+q,p)—a(p+q,9)
(p? = m?)*(¢* —m?)

since by using again (5.1.49) we have

a(p+q,p)+a(—p—q,—p)+a(0,p+q)

(5.5.3)

a(—p—¢q,—p) = —a(0,—p — q) + a(0, —p) + (0, —¢) — a(p + ¢,q)
= —a(0,p+q)+ a(0,p) + a(0,q) —alp+q,q). (5.5.4)
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The one-loop correction to the propagator in the non-planar case can be
rewritten as

—a(0,p)+w(p,q)
G® — /dd c 5.5.5
xe = | S e =) (5:5:)
where we have set
w(p,q) = alp+q,p) —a(p+q,9). (5.5.6)

Note that for both the Moyal and Wick-Voros products this term is given by

m(p,q) = wy(p,q) = —i07pip;. (5.5.7)

The function w has some important properties which will be useful in the
discussion of the ultraviolet behaviour of the non-planar diagram. Using
(5.1.49) it is easy to get the following relations:

w(p,p) =0 (5.5.8)
w(p,0) =0 (5.5.9)
w(0,¢) =0 (5.5.10)
w(p,q) = —w(q,p) antisymmetry (5.5.11)
w(=p,—q) = w(p,q) parity (5.5.12)
( ,q) = w(p, —q). (5.5.13)

Moreover, w satisfies the associativity condition (5.1.27) and then it satisfies
the condition (5.1.49) from which follows

w(p,q) = w(p — ¢, p), (5.5.14)

where we have used antisymmetry (5.5.11) and parity (5.5.12). It can be
written as well as

w(p,q) = w(q,q —p), (5.5.15)

where we have exchanged p and ¢ and used once again antisymmetry (5.5.11).
Finally, from (5.1.27) we have

alp+q,p)=alp+q,r)—alpr)+ap+qg—rp—r1) (5.5.16)

and by setting r = ¢ we get
w(p,q) = alp,p — q) — a(p,q). (5.5.17)
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This quantity vanishes if the product is commutative because of (5.1.42).
This means that the non-planar diagram captures the non-commutativity of
the product. In other words, no change in the ultraviolet can come from a
commutative product.

We now prove that the contribution to the correction to the non-planar
one-loop two-point diagram must necessarily be of the form

w(p, q) = —i0"p;p; (5.5.18)

exactly like in the Moyal and Wick-Voros cases. We only need the extra
assumption that o and so w can be expanded in a power series of p and q.
The parity relation (5.5.12) requires the series to be composed only of even
monomials. Let us express the function w with a multi-index notation as

q) = aip'e’ (5.5.19)
ij
with ¢ = (i1,49,...,14) and
pt=pip .. pl. (5.5.20)

Note that from (5.5.12) follows that
Y agp'd = =Y ayd'r = =Y ap'e’. (5.5.21)
ij i ij

That is,

j

Because of the independence of p and ¢, we have
A5 = —Qji- (5523)

Therefore, the coefficients a’s are antisymmetric for the exchange of the
multi-indices ¢ and j. Now from (5.5.15) follows that

Zawpq —Zamq q— p”—zaﬂq p)* Zamq p)*

(5.5.24)
That is,
> aily’ + (g - p)lg =0. (5.5.25)

j
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This condition implies, because of the independence of p and ¢, that the
coefficients a’s must vanish except in the case in which all of the j,’s but one
vanish. In this case the antisymmetry of the a’s ensures that (5.5.25) vanishes
without putting further constraints on the coefficients. Using antisymmetry
the same reasoning can be done for the first multi-index and this shows that
w is of the kind

w(p, q) = Ac7pip; (5.5.26)
where A is in general a complex number. Moreover, since from (5.1.40)
follows that A = —A, we can set A = —if with @ real number and this

concludes the proof. Therefore, like in the Moyal and Wick-Voros cases, the
non-planar diagram presents the phenomenon of ultraviolet /infrared mixing.
In other words, for high internal momentum the ultraviolet divergences are
damped by a phase, but these divergences reappear in the infrared namely
for low incoming momenta.

We now want to highlight that w is related to the commutator of the
coordinates. To this end, we must first derive the commutation relations and
for this it is more useful to rewrite (5.1.21) as

(00 = [ Gt fi@ererar (550

with a change of variables. We have

P dip diq 0 0 o i -
xgd = _/ i @ )d (apig(d)(p)> (8_%5(d( )) e (P+ap) Si(p+q)
_ / dp dd 0 [eotian) gitoraye]
(2’/T) 8171
dp dd e} ,
a(p+a.p) i(p+a)-=
/(27r o < )(apz(p—kqp)—l—m)e e

S
:_/(27r 7 [g “*’”) ”}

dq 0 O , 1.
= — (d) - ) <] iq-x
/(27)0!5 (q) [3}9 9 (¢,0) + (api(q,o) + iz ) i } e

,8_04 - O«
8Piaij

0,0). (5.5.28)
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In a similar way we get

Foate)
3293'3(1@

o xat =x'a — i—a(O, 0)z' — (0,0). (5.5.29)
8pj

Therefore, the commutator of the coordinates is given by

. O« . O« foRte)
0,0)x’+i—(0,0)x' —————(0,0)+=———(0,0). (5.5.30
0.0+ 550,00~ L 0.0+ 00.0). (5530

Oa
Op;

(2", 2], = —i

The first two terms of this expression vanish because o has no linear term
because of (5.1.33) and (5.1.46). So the commutator of the coordinates is
simply given by

fote) ot

2t 7], = ———(0,0) +
| ] 3p¢8qj< ) Op;0q;

(0,0). (5.5.31)

Expanded « in a power series of p and ¢ as®
a(p,q) = apig; + . .. (5.5.32)

we have
(2", 27], = —a" + o7 (5.5.33)

Moreover, from the definition of w we have

w(p,q) = a”(pi + @:)p; — & (pi + ¢:)q; = o (pi + ;) (p; — q;)  (5.5.34)

in which survive only the mixed terms because of (5.5.9) and (5.5.10). That
is,

w(p,q) = —ap,q; + o qp; = (—aij + ozji) Dig;- (5.5.35)
Therefore, the term appearing in the exponent of the one-loop correction
to the propagator in the non-planar case is just the commutator of the z’s
multiplied by the external and internal momenta like in the Moyal and Wick-
Voros cases. In other words, the Moyal and Wick-Voros cases are generic
and their behaviour is replicated by any translation invariant associative
product. More in general we can conclude that star products with the same
commutator and hence the same Poisson structure, which are equivalent
in the sense of Kontsevich, have the same structure of ultraviolet/infrared
mixing.

3Note that o has no constant term because of (5.1.34).
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Chapter 6

The Moyal and Wick-Voros
products as twisted products

In this chapter we present a comparison of the non-commutative field
theories built using the Moyal and Wick-Voros products in the context of the
twisted non-commutativity. The comparison is made at the level of Green’s
functions and S-matriz and we show that while the Green’s functions are
different for the two theories, the S-matrix is the same in both cases and is
different from the commutative case.

6.1 Towards twisted non-commutativity

We have seen that the vertex and Green’s functions of the Wick-Voros
field theory are different from the Moyal ones. This leads to a contradiction.
Indeed, with the introduction of another star product which gives the same
commutation relation, one can heuristically reason as follows. The presence
of the non-commutativity described by (3.1.1) gives the non-commutative
structure of space-time regardless of the realization of the product one uses.
Therefore, the star product is just a way to express the structure of space-
time and so the results should be the same.

The element that we need consider to solve this puzzle is symmetries.
The commutation relation (3.1.1) breaks the Poincaré symmetry and this is
not a desirable feature for a fundamental theory. In particular, it breaks the
Lorentz symmetry, but retain the translational one. However, the symmetry
can be reinstated at a deformed level since both products can be seen as
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coming from a Drinfeld twist [25, 26]. The non-commutativity described by
the two star products is therefore a twisted non-commutativity.

The presence of a twist forces us to reconsider all of the steps in a field
theory which has to be built in a coherent twisted way. We will see that there
is equivalence between the Moyal and Wick-Voros field theories at the level
of S-matrix. This is in agreement with our physical intuition since Green’s
functions are not observable quantities while S-matrix is. Furthermore, the
equivalence is only obtained if a consistent procedure of twisting all products
is applied. In this way the Poincaré symmetry, which appears to be broken
in (3.1.1), is preserved, though in a deformed way, as a non-commutative and
non-cocommutative Hopf algebra. However, there is some ambiguity in the
issue of twisting [52, 53, 54, 55, 56, 57, 58, 59, 60, 61] and what we do in this
chapter is just to use the field theories built with the Moyal and Wick-Voros
products to check each other. This gives us an indication on the procedure
to follow for non-commutative theories coming from a twist [28, 29, 30, 62].

6.2 The Moyal and Wick-Voros products as
twisted products

Given the Poincaré algebra P and its universal enveloping algebra U(P),
a twist F is an invertible element of U(P) ® U(P) such that

(e@id)F = (id® ) F =1 (6.2.2)
where
flg = f@ 1 and fgg =1® F. (623)

Observe that the condition (6.2.1) nothing other than a cocycle condition'.
Before to proceed further, we recall that the Poincaré algebra P describes
the symmetries of ordinary Minkowski space-time M and it is characterized
by the following commutation relations:

(M, Myo| = i(Mpe Myp — Moo Mup + Mo Mue — upMyo) (6.2.4)
(M, Bo) = i(0up Py — 1 Po) (6.2.5)
[P,,P,)] =0 (6.2.6)

1See appendix A.
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where M, and P, are respectively the Lorentz generators and translation
generators which are represented on the algebra of functions on Minkowski
space-time M by

P, = —i0, (6.2.7)
M,, = i(z,0, — x,0,). (6.2.8)
Moreover, its universal enveloping algebra U(P) has a non-commutative, but

cocommutative Hopf algebra structure with the coproduct, the counit and
the antipode given respectively by

A(X)=X®14+10X (6.2.9)
g0(X)=0 (6.2.10)
So(X) =-X (6.2.11)

where X stands for M, and P,. For the Moyal and Wick-Voros cases the
twist is given respectively by

Far = e 307089 (6.2.12)
Fy = e 00480 (6.2.13)

We now assume the following point of view in agreement with [29, 63, 64, 65].
The non-commutativity can be seen a consequence of twisting of all products.
Thus, for example, the ordinary commutative product between functions? on
space-time M

mp : Fun(M) ® Fun(M) — Fun(M) (6.2.14)
defined by
mo(f ®g) = fg (6.2.15)

is consistently deformed by composing it with the twist F which can be
viewed as well as a map

F : Fun(M) ® Fun(M) — Fun(M) @ Fun(M). (6.2.16)

obtaining a deformed version m, of the ordinary product mg. In other words,
the star product can be seen as the composition of the ordinary product my
with the twist F:

m, =mgo F ', (6.2.17)

2 At this level we need not specify which kind of algebra, of functions we are considering.
The algebra of formal series of the generators is adequate, but more restricted algebras
such as algebra of Schwarzian functions can also be considered.
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In particular, the Moyal and Wick-Voros products are given respectively by

frug=moF  (f®g) (6.2.18)

*M

fryg=moF M f®yg). (6.2.19)

Note the the associativity of the product is ensured by the cocycle condition
(6.2.1) [63, 64]. Moreover, notice that the twist F deforms the structure of
the universal enveloping algebra of Poincaré algebra U(P) which becomes a
non-cocommutative Hopf algebra. Indeed, the twist F changes the coproduct

of U(P) according to [26]
A (X) = FAo(X)F . (6.2.20)

Since the translation generators P, are commutative, their coproduct is not
deformed:

Ar(P,) = Ao(P,). (6.2.21)
However, the coproduct of the Lorentz generators is changed [28]:
1
A]:(le) = AO(M;W)_éepU [(pru - anPu) ®F,+P,® (n;wPu - nvopu)] .
(6.2.22)

In the untwisted case the action of the Poincaré generators X on the ordinary
product of two functions f and g is given by

X(fg)=(Xflg+ fXg (6.2.23)

which can be rewritten as

X(fg) = mo(AX)(f @ g)). (6.2.24)

In other words, their action is applied through the original coproduct (6.2.9).
Instead, in the twisted case their action has to be applied through the twisted
coproduct (6.2.20). That is,

X(f *9) = m(A(X)(f @ 9)). (6.2.25)

It is now possible to show that the Poincaré symmetry is retained as a twisted
symmetry (see [66] for a discussion of twisted conformal symmetry). Indeed,
it is not difficult to see that the canonical non-commutative relation (3.1.1)
is a twisted Poincaré invariant [28]:

X([z*,2"],) = 0. (6.2.26)
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Eventually, we also introduce the universal R-matrix which represents the
permutation group in non-commutative case

R =TFnF ! (6.2.27)
with
Fo(a®@b)=10oFor(a®Db) (6.2.28)

and 7 the usual exchange operator
T(a®b) =b® a. (6.2.29)
For the cases at hand, it is easy to see that

Ry =Ry, = Fo2 (6.2.30)

*M

Therefore, the exchange operator and so the statistics are the same in both
the Moyal and Wick-Voros cases.

We conclude this section by nothing that it is possible to introduce an
unified notation for the Moyal and Wick-Voros products which will be very
useful in the following. Indeed, we can write the vertex in both cases as

V. =V ][ (6.2.31)

a<b

and the four-point Green’s functions as

~(4) 3 ezaSb kaoky 3) 4
Gy = —ig(27 ) k, 06.2.32
O NIl DS (6:2.32)

a=1
where

_iQL .
kaokb:{ 36" Kaiky;  Moyal (6.2.33)

—0ky_kyr  Wick-Voros.

The one-loop corrections to the propagator can be written for the planar case

as
~ d3q PP
G = _.g/ 6.2.34
=) P O e ) (0234
and for the non-planar one as
~ d3q ePep+peg—qep
G = _.g/ . 6.2.35
N =G | @y (P — P =) (6:2:39)
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Furthermore, one-loop correction to the four-point Green’s function can be
written for the planar case as

6(4) _ (_ig)z (2%)3/ d’q e2azo kot 5(3) (Zi:l ka)
8 (27)° (g2 —m?) [(ky + ks — )2 = m?| [[o_y (k2 —m?)
(6.2.36)
and for the non-planar one as
é(‘l) — (_29)2 (271_)3/ d3q eZagb ka.kb+Ea6(3) (22:1 ka)
e 8 (2m)? (g2 — m2) [(kx + ko — @)% = m?] [[,_, (k2 — m?)
(6.2.37)
where in unified notation
Ey=qeki—kieq
Ey=kyeq—qeky+kseq—qeks;
Es=kieq—qek +koeq—qeks. (6.2.38)

6.3 Twist-deformed products

We have now the necessary ingredients to calculate a physical process,
like the S-matrix for the elastic scattering of two particles. We recall that
one of the crucial ingredients in the study of the S-matrix is the issue of
Poincaré invariance. If we naively insert the Green’s functions found for the
Moyal and Wick-Voros cases into the calculation of the S-matrix, we find a
dependence of it from the external momenta, something like a momentum
dependence of the coupling constant. Furthermore, we find that the result
is different for the two cases in contradiction with the heuristic reasoning we
made in the introduction. We also find a breaking of Poincaré invariance.
The reason for the breaking of Poincaré invariance is that the commutator
(3.1.1) breaks this invariance?®.

The invariance can be reinstated considering it as a twisted symmetry
i.e. as a symmetry described by a non-commutative and non-cocommutative
Hopf algebra [28, 29, 30]. Our purpose is therefore to show, with an explicit
calculation of scattering amplitudes, that the naive procedure which leads
to a difference among the two cases can be corrected by a coherent twisting

3We are considering 6% to be constant. Another possibility which preserves Poincaré
invariance is to have it a tensor [7, 67] or to have it transform together with the product [68].
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procedure. We see that if the twisted symmetry is properly implemented,
then the final “physical” result will be the same in the Wick-Voros and Moyal
cases, despite the presence of different propagators and vertices.

Consider the elastic scattering of two particles as described in figure 6.1.
The first consequence of non-commutativity is that, since the vertex is not

N

]{2 k4

Figure 6.1: The two-particles elastic scattering.

invariant for noncyclic exchange of the particles, we have to twist-symmetrize
the incoming and outgoing states using the R-matrix. Several aspects of
this twist-symmetrization and the consequences for spin and statistics have
been discussed in [53, 69, 70]. In the commutative case the order of the
propagators into the vertex is irrelevant, but in our case there are several
twists at work and we must be careful in considering all of them. Therefore,
let us become with the definition of multiparticle states as twisted tensor
products. Consider first the one-particle state. It is defined as usual as

k) = al. |0) (6.3.1)

where the operators a; and a,t can be expressed in terms of the free field of
Klein-Gordon equation

—iko | aZeik'“’> (6.3.2)

d3k
o(z) :/—\/m <ake

respectively as

_ : 3, ikz o
ak—\/m/d xe™T 0y ¢(x)
f_ l 3 —ik-x Py
ay = —\/W /d xe O () (6.3.3)
with -
f009=fog—(0f)g. (6.3.4)
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Since a; and ali may be regarded, for any fixed k, as functionals of the fields,
their star product can be obtained as in [65] obtaining in the Moyal case

/

a(k) *xar a(k') = e~ 2% ¥ g (k)a(k') (6.3.5)
a(k) #ar a' (k) = e3”"**5 a(k)al (') (6.3.6)
a (k) xar a(k') = e2?"¥%at (k)a(k) (6.3.7)
al (k) sy af (K) = e 2% at (k)al () (6.3.8)

and in the Wick-Voros one

a(k) xy a(k') = e **q(k)a(k') (6.3.9)
a(k) *y al (k') = e™*ea(k)a (k) (6.3.10)
al (k) %y a(K') = e™*eal (k)a(k) (6.3.11)

at (k) xy al (k') = e7 %ol (k)at (K. (6.3.12)

Consider now the two-particle state. In the ordinary case it is defined by
oy k) = |ka) ® [Kp) (6.3.13)
and the symmetrized state, which is an eigenstate of the exchange operator
7 ko) @ |Ks) = ko) @ [ka) (6.3.14)

with eigenvalue 1, is

_ka) @ [ky) + k) ® |k‘a>'

simm ~ 2

|Kas o) (6.3.15)
Note however that for the comparison we are going to make later we will
not actually use the fact that the state has to be symmetrized. In fact,
inserting the two expressions (6.3.13) or (6.3.15) in the calculation of the
S-matrix does not make a difference (for the connected diagrams) because of
the invariance for exchange on the incoming momenta and we are discussing
the issue of symmetrization of states just for completeness. The symmetries
for identical particles change for the non-commutative case [53, 69, 70] and
we must take into account the fact that the tensor product is twisted as well
as the exchange of particles. Therefore, we define

ko, ki), = F 1 ko) @ |ky) = F 1 ka, ks) (6.3.16)
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where by F we indicate the twist acting in momentum space:

j——l ’ka> R |kb> — e*%eijkai®kbj ’ka> ® V%) (6.3.17)

*M

Fil ko) @ ) = om0t 6,) @ [fy) (6.3.18)

This is not the only change we have to make to the state (6.3.13). Indeed, it
has to be eigenstate of the twist-exchange, given by the R-matrix acting in
momentum space. The properly symmetrized state is

1/~ - -
s ko), = 5 (7 ko) © [k + F R k) [k )

simmy 2

1/~ L
= (FH ko) @ ) + FFF k) @ ) . (6.3.19)

We can reexpress equation (6.3.16) as
|ka, ko), = aj, *af, |0) (6.3.20)

and equation (6.3.19) as

T t t
ag, *ap +a, *a

simm = 9

;
ko 10) . (6.3.21)

|ka7 kb)

The next step is to twist the inner product among one-particle states. In the
commutative case we have

(k)K" = (0] agal, [0) = 6© (k — &). (6.3.22)
We twist this product in the usual way composing it with the twist

<k1 T k> = ([YoF (KY@IKY) = F(k, ) (kIK) = (0] apxal, [0) (6.3.23)

where we have set

Fol (k) = e 307k (6.3.24)
f*_vl(kf’ k/) — e—ekfk’;‘ (6325)

for the Moyal and Wick-Voros products respectively. We finally have to twist
the inner product among two-particle states. In the commutative case:

(k1, kolks, k) = 0@ (ky — k3)6®) (ky — ky). (6.3.26)
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Instead, in the non-commutative case we have to twist the two-particle state
according to (6.3.16) and then we have to twist the inner product according to
the two-particle generalization of (6.3.23). To this end, we must consider the
action of the twist on two-particle states which is given by the coproduct of
the Hope algebra. Given a representation of an element of the Hope algebra
on a space, the representation of the element on the product of states is given
in the undeformed case by

Ao(uw)(fRg)=1ut+ux1l)(f®g) (6.3.27)

For the twisted Hope algebra the coproduct is deformed according to the fact
that it is the R-matrix which realizes the permutations:

Aw)(fog=1u+R ' (uel)(fog) (6.3.28)

However, the twists we are considering are built out of translations whose
coproduct is undeformed

A, (0) = A0 (05) = Ao(0;) =1® 0+ 0; @ 1. (6.3.29)
Since we are acting on two-particle states we need to define also
A0 ®0;) =Ap(0;®0;)=101R0;®0;,+0;®0;, 1 ®1. (6.3.30)
Therefore, the twisted inner product among two-particle states
<k1,k2 | ks, k:4> = (-]) o A, (f_l) (|k1, k2) @ | ks, ka)) (6.3.31)
may be easily computed to be
*M o
<k51, ko | ks, k?4> = 2" (huithad)(kajthag) () koo kos Ky
*v
<l{?1, /{32 ‘ ]{53, ]{Z4> = €€(k17+k27)(k3++k4+)<k1, ]{?2“{53, k‘4> (6332)

We can now calculate the twisted inner product of twisted states. Combining
(6.3.32) with (6.3.16) we obtain the simple expressions

*M .
<k1,k2 | kg,k4> = 29" Laco kaikos (|1 Kolks, k) (6.3.33)
* M *M

*v
<k317 ko ‘ k?37 k’4> = 662“<b ka— ko <k’1, k’2|]€3, l{?4> (6334)
*Vv *v
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That is, in unified notation

<k1,k2 | kg,k4> = e~ Za<vka®ke (L) Kolks, k) (6.3.35)

* *

which can be cast in the form

<k1, ko | ks, k4> = (0] ax, * ax, x a}, *aj, |0). (6.3.36)

* *

This is in some sense also a consistency check. We could have started with
the commutative expression

(k1. ks |ks, ka) = (0| ag, ar,a], af, 0) (6.3.37)

and twisted the product among the creation and annihilation operators ay
and a,‘; obtaining the above result. We decided to follow a longer procedure
to highlight the appearance of the various twists.

6.4 The twisted S-matrix

Let |f) and |i) denote a collection of free asymptotic states at t = oo
respectively. We also assume that we can define in some way the one-particle
incoming and outgoing states. This is a very nontrivial assumption since in
a theory in which localization is impossible, the concept of asymptotic state
may not be well defined. Nevertheless, is it reasonable to expect that also
in this theory for small ¢ and for large distances and times, it is possible
to talk on incoming and outgoing states expandable in terms of momentum
eigenstates |k).

As in standard books in quantum field theory, we define the S-matrix
as the matrix which describes the scattering of the initial |7) states into the
final |f) states

S = <f|z’> _ <f\s}z~> _ <f|S|z’>.
inx *out outx *out inx *in

(6.4.1)
The one-particle asymptotic state is defined as in (6.3.1) to be

|k>in = N*(k‘)al |O>in =

. i 3 —ik-x 5 .
Nkt [ et ay oua) o),

(6.4.2)
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for the in states and an analogous formula for the out states where N, (k)
is a normalization factor to be determined for the Moyal and Wick-Voros
cases separately. Moreover, we assume, as in the commutative case, that
the matrix elements of the interacting field ¢(x) approaches those of the free
asymptotic field as time goes to +£oo. That is,

lim (flp(x)]i) = Z'72(f|dou()li) (6.4.3)

20 —400

with Z a renormalization factor. To be definite, let us consider an elastic
process of two particles in two particles. According to the previous section
we have

Sti (ki ... ka) = <k’1, ko | ks, k4> = eZacpkashy o (K1 ko |Fs, ka) o
Inx 1nx (6‘4‘4)

which can be expressed in terms of Green’s functions following the same
procedure as in the commutative case [41]. On repeatedly using (6.4.2) and
(6.4.3) we arrive at

Sy = <k1, ko | ks, k4> = disconnected graphs
inx outx
+ N, (k1) N, (kz)N (ks)Na(ka) (i127Y/2)" &= Tacokasky

et (92 1 m?) G (1y, 29, T3, 4 6.4.5
/H\/ (27)32wy, (” )“ ( ) ( )
where G (21, 29, 23, 24) is the four-point Green’s function. In order to fix
the normalization of the asymptotic states, let us compute the scattering
amplitude for one particle going into one particle at zeroth order. Up to the
undeformed normalization factors N(p,), this has to give a delta function

NIk -p) = NN (kTp)

= N:(k)N.(p)e ** (K |p)

out

— NZ(k)Na(p)e 75k — p) (6.4.6)

from which follows
N*M (p) - N(p) (647)
N, (p) = e~ 17" N(p). (6.4.8)
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Let us now compute the scattering amplitude for the process above that is,
the scattering of two-particles in two particles at one loop. We have two
kinds of contribution to (6.4.5), one coming from the planar term (6.2.36)
which in spatial coordinates reads

4
Bhy e s
Gy (w1, 22,73, 24) = / [T e ™ G (ko s, k) (6.4.9)

-V @m)R2w,

and the other coming from non-planar terms (6.2.37)

G (21, 22, w3, 14) /H iz e* o GO (ky, ko, ks, ka). (6.4.10)

v (2m)3 2wy,

In the planar case we find the same result in the Moyal and Wick-Voros cases
which coincide with the ordinary result:

—ig)2 _ ~ 4
Spiplhrs e k) = ;9) (27)3 N (ke )V () N (Fes) N (k) H 42

—zk -

zpa-x“ (_pg + m2)

4
5 ey haoks / H H
TV (2m 32wk L/ (2m) 32wpa
/’ d3q ezagbpa pb5 (Za:lpa)

(2m)% (¢ — m2) [(p1 + p2 — @)2 — M| [[o, (02 — m2)

(6.4.11)

The integration over the z¢ variables yields factors of (27)30®® (k, — p,) and
so the propagators of the external legs cancel as in the standard case; as well
as the factor

H €0k2 a<bk“'kbezaﬁbp“.pb(s(g)(k]a — pa) — 1 (6412)

we are left with the usual commutative expression so that

Stip(ki, .. ka) = Spi(krs ..o Fa). (6.4.13)
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In the non-planar case instead we find

Sfi*NP(kl’ oo k) = (—;g) (QW)SNUQ)N(kQ)N(ks)N(k‘OHe%kg

a=1

a< kqoky 77,ka 'Lpa-m“ 2 2
b /H\/ 27)32wy, /H\/ 2m) 32wp (=p %)
/ d3q ezagb Pa®pytEa 5(3 (Za:l pa)

(2m)% (g2 = m?) [(p1 + p2 — @)2 = m?| [[oey (92 — m?)’

(6.4.14)

After integrating over x® the propagators of the external legs cancel and the
simplification (6.4.12) continues to hold, but we are left with the exponential
of E, which does not simplify. This factor is an imaginary phase and it has
the same expression in the Moyal and Wick-Voros cases. It depends on the ¢
so that it gets integrated and modifies the ultraviolet behaviour of the loop.
Furthermore, it is responsible for the UV /IR mixing [21]. Therefore, we can
conclude that

Sfi*MNP(kb ey k4) - Sfi*VNP<k17 PN ,k4> 7£ Sfl<k17 ey ]{]4) (6415)
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Conclusions

Throughout this thesis we have investigated the ultraviolet behaviour of a
non-commutative field theory obtained from an ordinary one substituting the
commutative product with a non-commutative one that is, a star product. In
particular, we have considered the scalar ¢* field theory deformed with the
Wick-Voros product, a variant of the well-known Moyal product. We have
discussed both the classical and the quantum field theory and calculated the
vertex, the two- and four-point Green’s functions and their corrections up
to one-loop. We have found that the vertex, like in the Moyal case, is not
anymore invariant for the exchange of the external momenta, but it maintains
invariance for cyclic permutations. Thus the planar and non-planar diagrams
for the calculation of the one-loop corrections to the Green’s functions behave
differently. Indeed, the planar diagrams have the same behaviour as the
commutative ones, while the non-planar diagrams present the phenomenon
of ultraviolet/infrared mixing, like in the Moyal case [21]. That is, for high
internal momentum the ultraviolet divergences are damped by a phase, but
these divergences reappear in the infrared (for low incoming momenta). This
is to be expected because heuristically this is consequence of commutation
relation which is, of course, the same in both theories.

More in general, we have shown that the ultraviolet /infrared mixing found
for the Moyal and Wick-Voros products is a generic feature of any translation
invariant associative product. To this end, we have introduced a general
associative product and then discussed its translational invariance properties.
We have found that the vertex is changed by an exponential which maintains
invariance for cyclic permutation of the external momenta, but not for any
arbitrary exchange. So, like in the Moyal and Wick-Voros cases, the planar
and non-planar diagrams behave differently. In particular, the non-planar
diagram present the same kind of ultraviolet/infrared mixing. Moreover, we
have showed that the phase appearing in the exponent in the non-planar
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diagram is related to the commutator of the coordinates so that we can state
that the mixing is given by the Poisson structure of the underlying space.

Going back to the discussion about the Moyal product versus the Wick-
Voros one, the two products are not equivalent at first sight. Indeed, we have
found different Green’s functions despite both the physical intuition and the
fact that the two star products are algebraically equivalent, in the sense that
they define exactly the same deformed algebra [44, 45] and as such describe
the same non-commutative geometry.

The element we have used in order to solve this puzzle is symmetries.
Indeed, the commutation relation (3.1.1) breaks the Poincaré symmetry, but
it can be easily reinstated at a deformed level, as a non-commutative and
non-cocommutative Hopf algebra as described in [28, 29, 30], since both
products can be seen as coming from a Drinfeld twist [25, 26]. We have
showed how the presence of a twist forces us to reconsider all of the steps in
a field theory which has to be built in a coherent twisted way. We have found
that there is equivalence between the Moyal and Wick-Voros field theories at
the level of S-matrix in agreement with our physical intuition, since Green’s
functions are not observable quantities while S-matrix is. Moreover, this
equivalence is obtained only if a consistent procedure of twisting all products
is applied. Therefore, we have used the field theories built with the Moyal
and Wick-Voros products to check each other and to obtain an indication on
the procedure to follow for non-commutative theories coming from a twist.
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Appendix A

An elementary introduction to
the Hopf algebras

In the following appendiz we present a very elementary introduction to
the theory of Hopf algebras. We just collect some very essential definitions
of Hopf algebras [71] that we have used throughout the thesis, mainly in the
last chapter.

A.1 Algebras and coalgebras

We begin with the notion of algebra for completeness. A complex algebra
is a complex vector space A equipped with a linear map called multiplication

m:a®@be AR A—->ma®b) =abe A
associative namely which satisfies the condition
mo (m®id) =mo (id ® m) (A.1.1)
or equivalently the condition
(ab)c = a(be) (A.1.2)

for any a, b, c € A, where id denotes the identity map of A. An algebra A is

commutative if
moT=m (A.1.3)

or equivalently if
ab = ba (A.1.4)
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for any a,b € A, where
TARA—-A®A

defined by
T(a®b)=b®a (A.1.5)

for any a,b € A is the exchange map. An algebra A is unitary if there exists
a linear map called unit

n:C—A
which satisfies the condition
mo(n®id) =mo (id®n) =id (A.1.6)
or equivalently the condition
n(l)a=an(l) =a (A.1.7)

for any a € A. In what follows we set
n(1) = 1. (A.1.8)

Finally, a homomorphisms between two algebras A and A’ is a linear map

f: A=A
such that
fom=m'o(f®f) (A.1.9)
or equivalently such that
f(ab) = f(a) f(b) (A.1.10)
for any a,b € A. Moreover, if 4 and A" are unitary algebras, we assume that
fon=1n (A.1.11)
or equivalently that
F(1)=1". (A.1.12)

A complex coalgebra is a complex vector space A equipped with a linear
map called comultiplication

A:A—-ARA
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coassociative namely which satisfies the condition
(A®id)c A= (ld® A)o A (A.1.13)
or equivalently the condition
a@)1) @ anye2) ® a@) = aq) ® a@)(1) @ a)(2) (A.1.14)
for any a € A, where we have used the generalized Sweedler’s notation®:
Ala) = apy ® a) (A.1.15)

for any a € A. A coalgebra A is cocommutative if

ToA=A (A.1.16)
or equivalently if
a1y @ ag) = a2) ® an) (All?)
for any a € A. A coalgebra A is counitary if there exists a linear map called
counit
e: A—-C
which satisfies the condition
(e®id)oA=(id®e)oA=id (A.1.18)
or equivalently the condition
£ (a(l)) a(g) = a(l)s (a@)) =a (A.l.lg)

for any a € A. Finally, a homomorphism between two coalgebras A and A’
is a linear map

fA—-A

'For any a € A, the Sweedler’s notation consists of writing

Ala) =) afy) ® afy,

with a%l), azé) € A or more simply

Aa) = Za(l) ® a(g)-
(a)
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such that
ANof=(fof)oA (A.1.20)

or equivalently such that

A'(f(a)) = [ (a@) © f (a@) (A.1.21)

for any a € A. Moreover, if A and A’ are counitary coalgebras, we assume
as well
gof=e. (A.1.22)

A.2 Bialgebras and Hopf algebras

A complex bialgebra is a complex vector space A that is at the same time
a complex unitary algebra and a complex counitary coalgebra in a compatible
way namely the multiplication, the comultiplication, the unit and the counit
satisfy the conditions

Aom=(m®m)o(id®7®id)o (A® A)
ceom=ecQ®¢€
Aon=n®mn
eon=idc (A.2.1)

where id¢ denotes the identity map of C. Equivalently the compatibility
relations between the two structures can be written as®

A(ab) = A(a)A(b)
e(ab) = e(a)e(b)
Al)=1®1
e(l)=1 (A.2.2)

for any a,b € A. A bialgebra A is commutative if it is commutative like
an algebra and it is cocommutative if it is cocommutative like a coalgebra.
Finally, a homomorphism between two bialgebras A and A’ is linear map

f: A=A

which is both an unitary algebra and counitary coalgebra homomorphism.

2A(Q)A(b) = a(l)b(l) X a(g)b(g) for any a,b € A.
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A complex Hopf algebra is a complex bialgebra A equipped with a linear
map called antipode

S:A—-A
such that
mo(S®id)oA=mo(id®S)oA=noce (A.2.3)
or equivalently such that
S (a(l)) a2y = (L(l)S (a@)) = 6(&)1 (A24)

for any a € A. The role of the antipode is like that of an inverse. However,
we do not demand that S? = id. The antipode is unique and satisfies the
conditions

Som=moto(S®59)

AoS=(S®S)oToA

Son=1

coS=c¢ (A.2.5)

or equivalently the conditions

S(ab) = S(b)S(a)

A(S(a)) =S (Wm)®5(WU)

S(1) =

e(S(a)) = () (A.2.6)

for any a,b € A. Therefore, the antipode is an unitary algebra and couni-

tary coalgebra antihomomorphism. Like for bialgebras, a Hopf algebra is
commutative if it is commutative like an algebra and it is cocommutative if
it is cocommutative like a coalgebra. Notice that if A is a commutative or
cocommutative Hopf algebra, then

S? =id. (A.2.7)
Moreover, a bialgebra homomorphism between two Hopf algebras A e A’
f: A=A
is automatically a Hopf algebra homomorphism i.e it satisfies the condition

foS=50of (A.2.8)
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An example of Hopf algebra is given by universal enveloping algebra U(g) of
a Lie algebra g, where the comultiplication is defined by

A€)=€E@1+1®¢ (A.2.9)

the counit is defined by
e(€)=0 (A.2.10)

and the antipode is defined by
S(€) =—¢ (A.2.11)

for any ¢ € U(g). Furthermore, the comultiplication and the counit are
extended as unitary algebra homomorphisms while the antipode is extended
as a counitary coalgebra antihomomorphism.

A.3 Cocycles and twists

Let A be a Hopf algebra. Consider the maps

A ARA . .9 A—-ARA. .. .QA (A.3.1)
nfgi,mes (n+1;:times
defined by
A=1d®id.. @ dA®Id®Id...®id (A.3.2)
with A is in the ith position and ¢ = 1,2, ...,n. Moreover, we define

An n-cochain is an invertible element

XEARA..®A (A.3.4)

n—times

and its coboundary as the (n + 1)-cochain

ox = (H Aix) (H Aix> (A.3.5)

and the products are each taken in increasing order. An n-cochain yx is an
n-cocycle if
ox =1 (A.3.6)
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and it is counitary if
ex =1 (A.3.7)

for all
g=1d®id..dR:cRidRid...®id (A.3.8)

with ¢ is in the ith position. For example, a 1-cocycle is an invertible element
x € A such that
X®x =Ayx (A.3.9)

and it is automatically counitary. Instead, a 2-cocycle is an invertible element
x € A® A such that

(1®x)([id®A)x = (y® 1)(A®id)y (A.3.10)
and it is counitary if
(e®id)xy = (id®e)y = 1. (A.3.11)

A twist is a counitary 2-cocycle which is usually denoted by F and with the
generalized Sweedler’s notation it can be written as

F =Fa) @ F). (A.3.12)

A.4 Quasi-triangular Hopf algebras

A Hopf algebra A is quasi-triangular if there exists an invertible element
R € A® A called a quasi-triangular structure or universal R-matrix which
satisfies the following conditions:

(A®id)R = Ri3Ras (A.4.1)
(id ® A)R = Ri3Ra (A.4.2)
70A(a) =RA(@)R™' Vae A (A.4.3)

where with the generalized Sweedler’s notation

R = R(l) X R(g) (A.4.4)

and
Ri2=R1@Rp &1 (A.4.5)
Roz =1 R(l) ® R(g). (A.4.7)
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Note that it is possible to show that

(e®id)R = (id®e)R = 1. (A.4.8)

Moreover,
(S®id)R=R"" (A.4.9)
deS)R'=R (A.4.10)

and hence
(S®S)R =TR. (A.4.11)

Finally, it is easy to see that R obeys the abstract Yang-Baxter equation:
R12R13R23 - R23R13R12. (A412)

To conclude this section, we recall that given a Hopf algebra A, we can get a
new Hopf algebra by means of a twist F that is, by twisting the initial Hopf
algebra A. Indeed, it is not difficult to see that there is a new Hopf algebra
Ar with the same algebra structure and counit of A and the comultiplication,
the antipode and the universal R-matrix given respectively by

Ar(a) = FA(a)F* (A.4.13)
Sr(a) =US(a)U™! (A.4.14)
Rr=FuRF* (A.4.15)

for any a € Az where U is invertible and given by
U=> Fs(Fr®) (A.4.16)

and
Fo = F) @ Fy. (A.4.17)

Notice that if A is just a Hopf algebra, then so is Af.
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