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Introduction

Within a few years another new window on the universe will open up, with
the first direct detection of gravitational waves. There is keen interest in
observing gravitational waves directly, in order to test Einsteins theory of
general relativity and to observe some of the most exotic objects in nature,
particularly black holes. But, in addition, the potential of gravitational wave
observations to produce more surprises is very high.

The gravitational wave spectrum is completely distinct from, and com-
plementary to, the electromagnetic spectrum. The primary emitters of elec-
tromagnetic radiation are charged elementary particles, mainly electrons;
because of overall charge neutrality, electromagnetic radiation is typically
emitted in small regions, with short wavelengths, and conveys direct infor-
mation about the physical conditions of small portions of the astronomical
sources. By contrast, gravitational waves are emitted by the cumulative mass
and momentum of entire systems, so they have long wavelengths and convey
direct information about large-scale regions. Electromagnetic waves couple
strongly to charges and so are easy to detect but are also easily scattered or
absorbed by material between us and the source; gravitational waves couple
extremely weakly to matter, making them very hard to detect but also al-
lowing them to travel to us substantially unaffected by intervening matter,
even from the earliest moments of the Big Bang.

These contrasts, and the history of serendipitous discovery in astronomy,
all suggest that electromagnetic observations may be poor predictors of the
phenomena that gravitational wave detectors will eventually discover. Given
that 96% of the mass-energy of the universe carries no charge, gravitational
waves provide us with our first opportunity to observe directly a major part
of the universe. It might turn out to be as complex and interesting as the
charged minor component, the part that we call “normal” matter.

Thus, one of the longstanding problems of modern gravitational physics
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is the detection of gravitational waves, for which the standard theoretical
analysis relies upon the split of the space-time metric g4, into “background
plus perturbations”. However, the background needs not to be Minkowskian
in several cases of physical interest, nor it has to be always a solution of the
vacuum Einstein equations. As a consequence, we are therefore aiming to
investigate in more detail what happens if the background space-time has a
non-vanishing Riemann curvature.

This issue has to be seriously considered from an experimental point of
view since the gravitational wave detectors of new generation are designed
also to investigate strong-field regimes: this means that the physical situa-
tions, where only the standard Minkowski background is taken into account,
could be misleading in order to achieve self-consistent results.

In particular, several ground-based laser interferometers have been built
in the United States (LIGO) [1, 2], Europe (VIRGO and GEO) [3, 4], and
Japan (TAMA) [5] and are now in the data taking phase for frequency ranges
about 10715 H z. However, new advanced optical configurations allow to reach
sensitivities slightly above and below the standard quantum limit for free
test-particles, hence we are now approaching the epoch of second [6] and
third [7] generation of gravitational wave detectors. This fact, in principle,
allows to investigate wide ranges of frequencies where strong field regimes or
alternative theories of gravity can be considered [8, 9, 10].

Besides, the laser interferometer space antenna (LISA) [11] (which is
mainly devoted to work in the range 107 ~ 1072Hz) should fly within
the next decade principally aimed at investigating the stochastic background
of gravitational waves. At much lower frequencies (107'"Hz), cosmic mi-
crowave background (CMB) probes, like the forthcoming PLANCK satellite,
are designed to detect also gravitational waves by measuring the CMB polar-
ization [12] while millisecond pulsar timing can set interesting upper limits in
the frequency range between 107 ~ 1078 Hz [13]. At these frequencies, the
large number of millisecond pulsars detectable by the square kilometer array
would provide a natural ensemble of clocks which can be used as multiple
arms of a gravitational wave detector [14].

This forthcoming experimental situation is intriguing but deserves a se-
rious theoretical analysis which cannot leave aside the rigorous investigation
of strong-field regimes and the possibility that further polarization states of
gravitational waves could come out in such regimes. For example, if one
takes into account scalar-tensor theories of gravity [8] or higher-order the-



CONTENTS 7

ories [9], scalar-massive gravitons should be considered. This implies that
the standard approach where gravitational waves are assumed as small per-
turbations (coming only from Einsteins general relativity) on a Minkowski
background could be totally insufficient. On the other hand, the existence
of these further polarization modes could be a straightforward solution of
the dark matter problem since massive gravitons could be testable cold dark
matter candidates as discussed in [15, 16].

We want to face the issue of the rigorous formulation of gravitational
wave problem in curved backgrounds. In particular, we want to perform a
analysis of gravitational waves in the de Sitter space-time. Achieving solu-
tions in this maximally symmetric background could constitute the paradigm
to investigate any curved space-time by the same techniques and could have
interesting cosmological applications if a conformal analysis is undertaken
as, for example in [10], where it is shown how the amplitude of cosmological
gravitational waves strictly depends on the cosmological background.

Some important progress in the astronomical observations of the last ten
years [17, 18] have led in a progressively convincing way to the surprising
conclusion that the recent universe is dominated by an almost spatially ho-
mogeneous exotic form of energy density to which there corresponds an effec-
tive negative pressure. Such negative pressure acts repulsively at large scales,
opposing itself to the gravitational attraction. It has become customary to
characterize such energy density by the term “dark”.

The simplest and best known candidate for the “dark energy” is the cos-
mological constant. As of today, the ACDM (Cold Dark Matter) model,
which is obtained by adding a cosmological constant to the standard model,
is the one which is in better agreement with the cosmological observations,
the latter being progressively more precise. Recent data show that dark
energy behaves as a cosmological constant within a few percent error. In
addition, if the description provided by the ACDM model is correct, Fried-
mann’s equation shows that the remaining energy components must in the
future progressively thin out and eventually vanish thus letting the cosmo-
logical constant term alone survive.

In the above scenario the de Sitter geometry, which is the homogeneous
and isotropic solution of the vacuum FEinstein equations with cosmological
term, appears to take the double role of reference geometry of the universe,
namely the geometry of space-time deprived of its matter and radiation con-
tent and of geometry that the universe approaches asymptotically.
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It is by now well known that the problem of solving vector and tensor wave
equations in curved spacetime, motivated by physical problems such as those
occurring in gravitational wave theory and relativistic astrophysics, is in
general a challenge even for the modern computational resources. Within this
framework, a striking problem is the coupled nature of the set of hyperbolic
equations one arrives at.

The Maxwell equations for the electromagnetic potential, supplemented
by the Lorenz gauge condition, are decoupled and solved exactly in de Sitter
spacetime studied in static spherical coordinates. There is no source besides
the background. One component of the vector field is expressed, in its radial
part, through the solution of a fourth-order ordinary differential equation
obeying given initial conditions. The other components of the vector field are
then found by acting with lower-order differential operators on the solution of
the fourth-order equation (while the transverse part is decoupled and solved
exactly from the beginning). The whole four-vector potential is eventually
expressed through hypergeometric functions and spherical harmonics. Its
radial part is plotted for given choices of initial conditions.

We have thus completely succeeded in solving the homogeneous vector
wave equation for Maxwell theory in the Lorenz gauge when a de Sitter
spacetime is considered. The decoupling technique, analytic formulae and
plots are completely original [19].

Thus, we have extended this method to the wave equation of metric
perturbations on a de Sitter background. It is possible to show that, in
a covariant formulation, the supplementary condition for gravitational waves
can be described by a functional ®, acting on the space of symmetric rank-
two tensors hg, (metric perturbations). For any choice of ®,, one gets a
different realization of the invertible operator P,, @ (Lichnerowicz operator)
on metric perturbations. The basic equations of the theory read therefore as

P, “hg = 0,
d,(h) = 0,

where the Lichnerowicz operator P, results from the expansion of the
Einstein-Hilbert action to quadratic order in the metric perturbations, sub-
ject to ®,(h) = 0. Eventually, a numerical analysis of solutions is be per-
formed.

However, we want to solve explicitly the Einstein equations for metric
perturbations on a de Sitter background. Thus, one considers the vacuum
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Einstein equations with cosmological constant A
1
Rab - ERgab + Agab = 0. (1)

If one introduces g, = Yap + €hap, Where € is a parameter which controls
the perturbation, one has a coupled system of differential equations to first-
order in the metric perturbation hg,. At this stage, using the Regge-Wheeler
gauge, we solve this system exactly in terms of the Heun general functions
[20].
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Chapter 1

Gravitational waves in
de Sitter space-time

The non-linearity of the gravitational field in general relativity is one of
its most characteristic properties and it is likely that at least some of the
crucial properties of the field show themselves only through the non-linear
terms. Moreover, it is never entirely clear whether solutions derived by the
usual method of linear approximation necessarily correspond in every case
to exact solutions.

General relativity is a peculiarly complete theory and may not give sen-
sible solutions for situations too far removed from what is physically reason-
able. The simplest field due to a finite source is spherically symmetrical but
Birkhoff’s theorem shows that a spherically symmetrical empty-space field is
necessarily static.

Therefore there cannot be truly spherically symmetrical waves and thus
any description of radiation from a finite system must necessarily involve
three coordinates significantly. This enormously complicates the mathemat-
ical difficulties and thus one has to make use of methods of approximation.

The standard theoretical analysis relies upon the split of the space-time
metric g, into background plus perturbations, that is

Gab = Yab T haby (11)

where 7, is the background Lorentzian metric, often taken to be of the
Minkowski form 7,,, while the symmetric tensor field h,;, describes perturba-
tions about 7,,. The background ~,, needs not to be Minkowskian in several
cases of physical interest, nor it has to be always a solution of the vacuum

11
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Einstein equations. As a consequence, we are therefore aiming to investigate
in more detail what happens if the background space-time (M, ~,,) has a
non-vanishing Riemann curvature.

In this work, we want to perform a analysis of gravitational waves in de
Sitter space-time.

1.1 Einstein’s equations and de Sitter space-
time
Any space-time metric satisfies Einstein’s field equations

1
Rab — §Rgab + Agab = 87TTab, (12)

where A is the cosmological constant. We shall use ¢ = 1 and units of mass in
which G = 1 (geometric units). Since both sides are symmetric, these form
a set of ten coupled non-linear partial differential equations in the metric
tensor components and its first and second-order derivatives. However, due to
the so-called Bianchi identity, the covariant divergence of each side vanishes
identically, that is,

1
v, (R“b ~ R+ Ag“b> ~0 (1.3)

and
VT =0, (1.4)

hold independent of the field equations. Thus the field equations really pro-
vide only six independent differential equations for the metric. This is in fact
the correct number of equations needed to determine the space-time, since
four of ten components of the metric can be given arbitrary values by use of
the four degrees of freedom associated with a coordinate transformation.

The space-time metrics of constant curvature are locally characterized by
the condition

1
Raped = ER<gacgbd - gadgbc)- (1-5)

and this equation is equivalent to

1
Rab - ZRgab = 07 (16>
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Thus, the Riemann tensor is determined by the Ricci scalar R alone and
the Einstein tensor becomes

Rab — —Rgab = __Rgab- (17)

One can therefore regard these spaces as solutions of the field equations
for an empty space with A = }lR. The space of constant curvature with
R = 0 is Minkowski space-time. The space for R > 0 is de Sitter space-time,
which has the topology R' x S®. It is easiest visualized as the hyperboloid
in five-dimensional Minkowski space given by

3
—(@")° + (@) + (@) + (2%) + () = 1, (1.8)
where A is related to Hubble’s constant, Hy, by
A
H} = 3 (1.9)

In the standard spherical coordinates, (t,r,6, ¢), one has

z' = rsinfcos o,
2 = rsinfsing,
x> = rcosé,

1
= \/ 7 r2 cosh(Ht),
0 1 :
v’ = |5 —r?sinh(Ht). (1.10)
Hy

Thus, the metric becomes
1
ds* = — fdt* + ?dﬂ + 72(d6* + sin” Od¢?), (1.11)
where
f=1-Hjr (1.12)

Now, consider de Sitter metric in Gaussian confomally flat umbilical co-
ordinates

ds® = —dt* + 2 da? + dy® + d2?] (1.13)
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This metric satisfies matter-free Einstein’s equations with a non-vanishing
cosmological constant A such that HZ = A/3. Moreover, the timelike unit
normal vector field to the ¢ =constant hypersurfaces

form a geodesic and irrotational congruence; the 3-metric induced on the
t =constant hypersurfaces results conformally flat:

G = €284, (a,b=1,2,3); (1.15)

finally the extrinsic curvature of these hypersurfaces is
K(n)w = —Hogap - (1.16)
An orthonormal frame associated with n is given by
n=20, e =ec™9, (a=1,23) (1.17)

For this metric the geodesic equations can be integrated exactly. In fact,
they reduce to:

dat
d\

dt
dA

2
= (Cle 2ot ( ) = —€+ O 2ot (1.18)
where the parameter ¢ = 0,1, —1 for null, spacelike (with proper length
parametrization, say A = s) and timelike (with proper time parametrization,
say A = 7) geodesics respectively, and C*, i = 1,2, 3 are constants with C? =
6;;C'C?. The physical components of the tangent vector to the geodesics
with respect to the frame (1.17) result then in

2,—2H Cle MMt

ey — \/_ —2Hot .

Uy = Ugy0a = V/ —e + C2e=2Hot |y 4 o (1.19)
It is convenient to discuss the three cases ¢ = —1, 0, 1 separately, denoting

the three different tangent vectors by Uiy = U, Uy = P and Uy = T,
respectively. For timelike geodesics we have

U = ~(Un)n+vU, n)z?(U,.n)]

= cosha(t)n + sinh a(t)geg,

cosha(t) = /14 C?e2Hot, (1.20)
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identifying the speed

Ce~Hot

v(U,n) = tanh a(t) = Niewer=rh (1.21)
as well as its direction (unit spacelike vector)
.
(U,n) = —. 1.22
WUy =2 (1.22)
For null geodesics we have
N —Hot c’ N i c’
P=E(Pn)[n+v(Pn)=Ce " n+ o6l v(P,n) = Yok (1.23)
identifying the relative energy
E(P,n) = Ce ot (1.24)

1.1.1 Null geodesics

Let us consider first the null case. The general solution of Eq. (1.18) is given
by
. ok 1 .
ot — HyC\ P=— 5 - 1.25
¢ AT T O H O o (1.25)

The integration constants c¢;, ¢, can be chosen in such a way that x*(\ =

0) = z§, whence
cy = efoto - ch =gl 4 & e~ Hoto (1.26)
HyC

so that the solution (1.25) becomes

1 , o 1 ,
t = — In[HyC\ + effoto t=— —e Hoto o ____— 0 -
T n[HoCA+ e | e | ¢ +HOC)\+€H0t0 +
(1.27)
The latter equation can also be cast in the form
) ) "
being
1
R(t, ty) = E}(e*HOt — ¢ Hoto) (1.29)
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1.1.2 Timelike geodesics

Let us consider now the timelike case. The general solution of Eq. (1.18) is
given by
Hot : i ! i
e = Csinh(Hor —¢1) , a'=———=coth(Hor — 1)+ ¢ .  (1.30)
HyC?
The integration constants c;, ¢, can be chosen in such a way that z%(\ =
0) = x§, whence

eH()t() ) ) CZ
¢; = —arcsinh ( ) ,  Ch=1 V 1+ C2e2Hoto | (1.31)

c T

so that the solution (1.30) becomes

eHoto
C'sinh (HOT + arcsinh ( c )) ,
6H()t()
coth (HOT + arcsinh < c )>

— 1+ C2e2Hoio

t = —1n
0

i

" HyC?2

+ z}). (1.32)

The latter equation can also be written as

o= xy— 0.0 (\/1 + C2e—2Hot — (/1 + C2e*2H0t0> . (1.33)

1.2 Conformal form of de Sitter metric

It is well known that the de Sitter metric can be written as conformal to the
Minkowski metric

2 —2

H
ds? = |1+ To(ac2 +y? + 22— 17| (—dP+da? +dy?+d2?) . (1.34)

However, the explicit coordinate transformation allowing to cast the metric
(1.13) in the previous form is somehow hidden in the literature. First of all
introduce standard polar coordinates

x = psinfcos ¢ , y = psinfsing , z=pcosh . (1.35)
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The line element (1.13) thus takes the form
ds? = —dt* + 2! [dp? + p*(dh* 4 sin? 0de?)] . (1.36)

Applying then the following coordinate transformation

po L { Hot\ [1 _ [ R2} Ry b=
= - 1nje - ) = ) = ) = )
Hy ’ P IR

(1.37)
gives
ds? = —(1 — H2R*)dr? + _dr + R*(d6? + sin” fd¢?) (1.38)
0 1— H3R? ' '
The further transformation
1 HZp? — (Hot — 2)? p
= 1 0 — R = =40 =
"7 2, H[H§ﬁ2—(Hot+2)2] ’ 1+ 32—y’ B
(1.39)

finally gets

2

-2
ds® = {1 + %@2 — >] [—df* + dp® + p*(d6” + sin® 6d$?)] ,  (1.40)

which reduces to the line element (1.34) once the cartesian coordinates are
restored by using standard relations as in Eq. (1.35).

By combining the transformations (1.37) and (1.39) we get

t L [E - -2 () H2p?
= n — —_
2H, | H3p? — (Hot + 2)? 1+ H_§<ﬁz —e)2 /]’

4

0 [H(% 7 — (Hot = 27 (1 _ )] o
r= 1+HT§(I52_{2) HZp? — (Hot + 2)? [1+HT3(p2_g2)]2 ’
0 = 0,

= 0, (1.41)

which allows to pass directly from the metric (1.36) to the conformal one

(1.40).
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1.3 Preservation of the de Donder supple-
mentary condition

In classical gauge theory with space-time metric of Lorentzian signature, the
gauge-fixing (also called “supplementary” condition) leads to a convenient
form of the field equation for the potential. For example, for classical elec-
trodynamics in the Lorenz gauge!, the wave equation reduces to equation
(see Chapter 2)

[ A, — RfA. = 0.

However, while Maxwell Lagrangian

1
Lpm = 1 wF®, (1.42)

is invariant under gauge transformations
Al = Ay + Vo f, (1.43)
where f is a freely specifiable function of class C*, the Lorenz gauge
d(A) =V'A, =0,

as well as any other admissible gauge, is not invariant under (1.43). Never-
theless, to achieve the desired wave equation on A, it is rather important
to make sure that both A, and the gauge-transformed potential A,{ obey the
same gauge-fixing condition, i.e. [21]

d(A) =0, dA)=0. (1.44)

A more general situation, here not considered, is instead the case when
only the gauge-transformed potential obeys the gauge-fixing condition, i.e.
[22]

d(A) £0, dA)=0. (1.45)

The counterpart of (1.44) for pure gravity is the well known problem of
imposing a gauge on metric perturbations and then requiring its invariance

n [23], the author L. Lorenz, who was studying the identity of the vibrations of light
with electrical currents, built a set of retarded potentials for electrodynamics which, with
hindsight, can be said to satisfy the gauge condition V®A, = 0, which therefore should
not be ascribed to H. Lorentz.
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under infinitesimal diffeomorphisms. It is straightforward to show that, in a
covariant formulation, the supplementary condition for gravitational waves
can be described by a functional ¢, acting on the space of symmetric rank-
two tensors h,, occurring in Eq. (1.1). For any choice of ®,, one gets a
different realization of the invertible operator P, on metric perturbations.
The basic equations of the theory read therefore as

P, “heg =0, (1.46)

a

d,(h) =0, (1.47)
where P, results from the expansion of the action functional to quadratic
order in the metric perturbations. In general relativity, if one wants to obtain
the standard covariant wave operator on metric perturbations, this is taken
to be of the de Donder type [24]

1
Dy(h) =V° (hab - §’Yabh) ; (1.48)

where h = v*““h.y and V° denotes covariant derivative with respect to the
background metric 7,,. Under infinitesimal space-time diffeomorphisms, the
metric perturbations suffer the variation (the round brackets denoting sym-
metrization)

Shas = Vi 91, (1.49)

Jé)
oz

(having set ¢ = %y, which results from the isomorphism between tangent

where ¢y, is a covector, with associated one-form ,dx® and vector field ¢*

and cotangent space to the background space-time, that turns covectors into
vectors, or the other way around). The change suffered from the de Donder
gauge in (1.48) when metric perturbations are varied according to (1.49) is
then found to be

5Da(h) = — (520 + RY) ¢ (1.50)

where [ ] is the standard d’Alembert operator in curved space-time, i.e.
(] =9V V,. (1.51)

By virtue of Egs. (1.48) and (1.50), if the de Donder gauge was originally
satisfied, it is preserved under space-time diffeomorphisms if and only if ¢,
solves the equation 09, (h) = 0, that is

~Oea = Rl (1.52)
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At this stage, adding R? ¢, to both sides of (1.52), one has
P} o, =2R! o, (1.53)
where
Pt= -]+ R} (1.54)
is the standard gauge-field operator in the Lorenz gauge (see Chapter 2).
Thus, we can solve Eq. (1.53) in the form
e = ¢ +2P" R} o, (1.55)

where gpﬁo) is a solution of the homogeneous wave equation [25]

Pl =0, (1.56)
while ]SC“ is the inverse operator of P’ satisfying
PPl =50 (1.57)

The operator ﬁca is an integral operator with kernel given by the massless
spin-1 Green function Gu(z,2") = Gay. The latter can be chosen, for ex-
ample, to be of the Feynman type, i.e. that solution of the equation (see

Appendix A for the notation)

d(z,x")
PabG ¢ = Gac 7 ) 1.58
b \/—_’}/ ( )
having the asymptotic expansion as ¢ — 0 [26, 27]
Gy ~ —= [/ o log(o +ie) + Wy |,  (1.59)

82 (0 +ig)

where o(z, 2') is the Ruse-Synge world function [28, 29, 30], equal to half the
square of the geodesic distance p between the points  and .

1.4 Massless Green functions in de Sitter space-
time
This general scheme can be completely implemented in the relevant case [31]

of de Sitter space where, relying upon the work in [32], we know that the
massless spin-1 Green function reads as

Gay = a(pt)gay + B(1)nany, (1.60)
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where u(x,z') = \/20(x,2’) is the geodesic distance between z and 2/,
n(z,z') and n®(x,2') are the unit tangents to the geodesic at x and 2/,
respectively, for which

Na(, x/) = vaﬂ($7$,)>

na(x, ') = Vou(x, x'), (1.61)
while, in terms of the new variable
1
=3 <1 + cos %) : (1.62)
the coefficient functions o and (3 are given by [32]
1 3 1 2 1
- L L 1.
o) =g o ot ()0 )
1 1 1 1
SR Y L R 1.64
86) = g [1- 2+ (5 - ) lowt1 = ) (164)

Strictly speaking, the formulae (1.63)—(1.64) are first derived in the Euclidean
de Sitter space. In the Lorentzian de Sitter space-time M which is what we
are interested in, one can define the set [32]

J. = {2’ € M : 3 geodesic from z to x'} . (1.65)
Moreover, it is well-known that M can be viewed as an hyperboloid imbedded
in flat space, i.e. as the set of points Y* € R"™ such that
YY" 0 = p?, (1.66)
where n,, = diag(—1, 1,1, 1), so that its induced metric reads as
ds® = ngpdYdY?. (1.67)
As is stressed in Ref. [32], the relation
a bt
2(z,2') = % 1+ Y (zQ)Y (@)
is well defined both inside and outside J,, and it is an analytic function of

the coordinates Y. Thus, Eq. (1.68) makes it possible to define z(x,x’)
everywhere on de Sitter, and one can define the geodesic distance

p(z,2") = 2pcos™(V/2) (1.69)

as the limiting value [32] above the standard branch cut of cos™'.

(1.68)

Along
similar lines, the equations defining n,,n, and g, have right-hand sides
which are analytic functions of the coordinates Y*, and are hence well defined
everywhere on Lorentzian de Sitter space-time [32].
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1.5 Evaluation of the kernel

In a de Sitter background the Ricci tensor is proportional to the metric
through the cosmological constant: R, = Agw, and hence the formulae
(1.55), (1.60), (1.63) and (1.64) lead to the following explicit expression for
the solution of the inhomogeneous wave equation (1.53):

eula) = 0+ 28 [ [aCe(ute.a)o
+ B2 |pula) V= @)d',  (170)

where, from Eq. (1.69),

p(x, z') = 2pcos™ \/% (1 + nabY“(ls;)Yb(:L”)>’ (1.71)

while Egs. (1.63) and (1.64) should be exploited to express o and 3, bearing
in mind Eq. (2.6) jointly with

2(z,2') = % {1 + cos <“(xp’x/))] . (1.72)

Moreover, the bivector g in the integrand (1.70) is given by [32]

g9y = CHu)Vnt —nent,
1
C = . 1.73
(k) psin(u/p) (173)

The right-hand side of the formula expressing ¢ is an analytic function
of the coordinates Y* and is therefore well defined everywhere on de Sitter
[32]. The integral on the right-hand side of Eq. (1.70) can be conveniently
expressed the form

fo) = [[a)c@v.vs
+(B(=) — al)(Vett) (V1) | (@) =A@, (1.74)
with @ and 5 — a given by (cf. (1.63) and (1.64))

(1+22) [ 1
48m2p? | 2(1 — 2)

a(z) =

+ %log(l - z)} | (1.75)
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50 - () = s | ST - D= 0]

Equation (1.70) is therefore an integral equation reading as
pula) = el00) + A [ K pur/ A (1.77)
with unbounded kernel given by
K =2[a()07 (Vv it (B(2) = al2) (V) (V)] (178)

This kernel is indeed unbounded by virtue of the limits

4872 p? hm za(z) %, (1.79)

4872 p? lim(1 — 2)a(z) = 1, (1.80)

4872 p? hm 2(B(z) —a(z)) = —g, (1.81)
4872 p? llir%(l —2)(B(z) —a(z)) = —3. (1.82)

At this stage, we can exploit (1.68) and (1.78) to re-express the kernel in the
form
/ (Ve2)(V92) Vz 1
KY = YR Y F o0 (34 Y5142 + L iog(1 -
¢ 2472 p4(1 — 2) * * 2 (1+22) 2(1—z) 22 og(l —2)
(V.V2)

+ ET\/E(l + 22) {

- 1_ ) + %log(l — z)} . (1.83)

Note now that ¢{”(z) in Eq. (1.77), being a solution of the homogeneous
vector wave equation (1.56), admits the Huygens principle representation [26]

\/ |: cb' P -m! Gcb/;m/gp(o)bl} gm,l,dZ;,, (184)

where 1
Gcb’ = &(cy -+ ﬂ/ﬁ;cu;b’ = §ch/, (185)
1
Gcb’;m’ = Ech/;m/. (186)

Unlike the work in [26], we here advocate the use of the Green function
(1.60) rather than the sum, over all distinct geodesics between x and 2/, of
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the Hadamard functions. To lowest order in the cosmological constant A,
Eq. (1.84) may be used to approximate the desired solution of Eq. (1.77) in
the form

pe(z) = o0 () + A / K, %00/ =y (a)d'z’ + O(A?). (1.87)

Omitting indices for simplicity, the general algorithm for solving Eq. (1.77),
here re-written in the form

o=+ A/Kso, (1.88)

would be instead
o1 = 90(0) + A/Kgo(o), (1.89)

0y = O +A/Ksol = ¢© +A/Ks0(0) +A2//KK¢(0’, (1.90)

O = @ +ZAj/.../Kjgp(°), (1.91)
J=1

o = lim ,. (1.92)

In this Chapter, we have seen that when the de Donder gauge is imposed,
its preservation under infinitesimal space-time diffeomorphisms is guaranteed
if and only if the associated covector is ruled by a second-order hyperbolic
operator which is the classical counterpart of the ghost operator in quantum
gravity and the vector wave equation (1.52) is be studied by using an integral
representation.

However, a different approach is viable, that is, through a solution by
factorization of a hyperbolic equation. In fact, in the equation (1.52) the Ricci
term has opposite sign with respect to the wave equation for Maxwell theory,
in the Lorenz gauge. Thus, we are interested in the following generalized wave

equation:

—[ X, +eRlX, =0, (1.93)
where ¢ = £+1. In particular, ¢ = 1 corresponds to studying the Maxwell
vector wave equation, whereas ¢ = —1 provides our consistency equation
(1.52).

In the Chapter 2, by virtue of the spherical symmetry of de Sitter space-
time, these equations should be conveniently written by using the expansion
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of X in vector harmonics. In this way, we solve the Maxwell equation in de
Sitter space-time [19] and, at this stage, it is possible to relate the solutions
of the two problems [24].
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Chapter 2

The vector wave equation

It is by now well known that the problem of solving vector and tensor wave
equations in curved space-time is in general a challenge even for the modern
computational resources. Using the Maxwell action functional

1

S = ——/ FuF*\/—g d*x (2.1)
4 Jm

where F;, is the electromagnetic field tensor, one gets the wave operator P,
that is,
Pt=—61+ Rl +V,V°, (2.2)

but jointly with the Lorenz gauge condition

VP A, =0, (2.3)
we have
PPAy = (=02 ]+ R?.) Ay (2.4)
Thus, in vacuum, the coupled equations for the electromagnetic potential are
(=6, 1+ R Ay =0 (2.5)
and eventually
[ JA, — RFA. = 0. (2.6)

We note that in the quantum case, one has, even using the Lorenz gauge
condition, the wave operator

- 1
Pr=—61+ R+ <1 — 5) V.V, (2.7)

27
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but, following Feynman, we put a = 1 and one has
P =-5[J+R,, (2.8)

that is, at least formally, the same wave operator of the classical case.

A deep link exists between classical and quantum theory, since in the
latter, the one-loop analysis depends on the functional determinant of the
operator P.

At this point, we want to study the vector wave equation in de Sitter
space-time with static spherical coordinates, so that the line element is (1.11).
The vector field X solving the vector wave equation can be expanded in
spherical harmonics according to [33]

X = Vpu()e it-mo) [ fo(r)dt + fi (r)dr}

—t(wt—me) | _ mr v d%m
+ e [ Sinefg(r)Y}m(Q) + f3(r) 7] do
) Y, -
F ettt [—rsin 01T ()i (0)| o, (29)

where Y, (0) is the 6-dependent part of the spherical harmonics Y, (6, ¢),
solution of the equation

2 2
[% + coted% + (—852—29 + L)} Vi (0) = 0, (2.10)
with L = [(I+1). As one has shown in [24], these equations lead to a system
of coupled ordinary differential equations for the functions fy, fi, f3, besides
a decoupled equation for fy (f2 being related to the transverse part of X).
The equation for f5(r) can be easily integrated in terms of hypergeometric
functions. In fact, assuming

fa(r) = F74/CHy (), (2.11)
the resulting equation for 1 reads as

d 1
2il? it o) w2 — L — 2H>? + 3iwHr?| |
dr  r2f?

(2.12)

d*y 2
dr2 — rf
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Thus, the solution fa(r) is of the form

fa(r) = 2 {UlrlF (a_, a; g + 1 H2r2) +Uyr R (a+, a_; % — 1 H2T2>:| ,
(2.13)
where
W 1 .
Qzﬁ, aiE—Z(2zQ—3—2lj:1). (2.14)
At this stage, however, the problem remained of solving explicitly also for
fo(r), fi(r), f3(r) in the expansion (2.9). For this purpose, we derive the
decoupling procedure for such modes in de Sitter and we write explicitly the
decoupled equations. Eventually, we solve explicitly for fo, fi, f3 in terms
of hypergeometric functions and we plot such solutions for suitable initial

conditions.

2.1 Coupled modes

Unlike f5, the functions fy, fi and f3 obey instead a coupled set, given by
Eqgs. (54), (55), (57) of [24], which are here written, more conveniently, in
matrix form as (we set € = 1 in the Egs. of [24], which corresponds to
studying the vector wave equation (2.6))

PO (0% 0 fo
f_zOé P1 T’_2f_1L6 f1 = 07 (215)
0 B Py [
having defined
T2
0 = 2iwH 7“’ (2.16)
f
2
= - 2.1
g =2, (217)
2 d
P = w‘l‘@la"‘@Q, (2.18)
P = d—2 +Q 4 +Q (2.19)
LT Sdr b '
Py = d—2+Qi+Q (2.20)
’ dr? % dr o '
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2L
Q2 = % ~ (2.22)
6 21
Q = ¢ (1 - 5?) , (2.23)
2 L+2)\ 1
Q, = % (4H2 y > >) 7 (2.24)
2 1
%= 2(1-3). 2.29
2 L1
Qs = % -7 (2.26)
With our notation, the three equations resulting from (2.15) can be writ-
ten as
Pofo = —afi, (2.27)
Lp
Pf = —%fo ol (2.28)
Bfs = —Bh. (2.29)

2.2 Decoupled equations

We now express f from Eq. (2.27) and we insert it into Eq. (2.28), i.e.

P (-3fh) =~ fsh - Tarh (2.30

Next, we exploit the Lorenz gauge condition (2.3), i.e. [24]

2f 4 — QHr?
f3= %5 <—épofo> - M (—épof0> +1 Zr fo, (2.31)

and from Eqgs. (2.30) and (2.31) we obtain, on defining the new independent

variable x = rH, the following fourth-order equation for fy:

[% + /13(96)% + m(x)% + /ﬁ(x)% + ’“90(37)} folz) =0, (2.32)
where
o) = — ) (2.33)
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K(z) = L(L—2)+2L<2—L—92)x2+[Q4+492+L(L+2(Q2—1))]x4, (2.34)

402+ L — 2+ 622)

ki(z) = 1) , (2.35)
2[— L+ (0% + L —14)22 + 18354}
Kol(z) = 2o 1) : (2.36)
oy = A1+ 307)
s(z) = FCEE (2.37)

Eventually, f; and F3 = H f3 can be obtained from Eqs. (2.27) and (2.31),
ie.

R e T ICE )

Our f; and f3 are purely imaginary, which means we are eventually going
to take their imaginary part only. Moreover, as a consistency check, Eqs.
(2.38) and (2.39) have been found to agree with Eq. (2.29), i.e. (2.29) is
then identically satisfied.

2.3 Exact solutions

Equation (2.32) has four linearly independent integrals, so that its general
solution involves four coefficients of linear combination C4, Cs, Cs, Cy, accord-
ing to (hereafter, F' is the hypergeometric function already used in (2.13))

i ) l 7 1 [ 1

— —1—l1_ 2—7QF —ZQ————Q R

fo(z) Cix ( %) 2 5 5 "5 —1—2 55 l;x
1
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Regularity at the origin (recall that z = 0 should be included, since the event
horizon for an observer situated at = 0 is given by x = 1 [34]) implies that
C7 = Cy =0, and hence, on defining

i l i 3 3
=—=-0+= =—-Q4 -4+ = = - 2.41
a; 5 +2,bl 5 +2+2,d1 2—1—1, (2.41)

we now re-express the regular solution in the form (the points x = 0,+1
being regular singular points of the equation (2.32) satisfied by fo)

fo(l’) = .’El(l—lz)_%ﬂ C’3F(a1,bl;d1;$2)+C4F(a1+17b1—1;dl;a:2) s (242)

where the second term on the right-hand side of (2.42) can be obtained from
the first through the replacements

03—>C4, CL1—>CL1+17 b1—>b1—1

and the series expressing the two hypergeometric functions are conditionally
convergent, because they satisfy Re(c —a — b) = i), with

a=ay,a1+1;, b=>b,by —1; c=d;.

Last, we exploit the identity

d b
d—F(a,b;c;z):a—F(a—i—l,b—i—l;c—i—l;z) (2.43)
z c

to find, in the formula (2.38) for fi(x),

%fo(x) _ cg{x“u B [1(1 2+ mx?] F(a1, by di; 22)

2a1b i
+ %w”l(l — 252 (ay + 1,by + 1 dy + 1;x2)}
1
+ {03—>C4, a1—>a1—i—1, bl—>bl—1}. (244)

It is then straightforward, although tedious, to obtain the second derivative
of fo (see Eq. (B.1) of the Appendix B) in the equation for f; and the third
derivative of fy in the formula (2.39) for H f3. The results are exploited to
plot the solutions.

In general, for given initial conditions at Z € [0, 1[, one can evaluate Cj
and C, from

fo(z) =9, foz) =7,

Le. O3 =C3(5,7), Ca = Culy, 7).
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Figure 2.1: Regular solution (2.42) for fy, with C5 =0,Cy = 1,1 =2,...,10
with 2 = 2 (left figure) and @ = 4 (right figure). Increasing values of [
correspond to more peaked curves on the right part of the plots.

Figure 2.2: Regular solution (2.42) for fy, with C5 =1,Cy = 0,1 =2,...,10
with Q = 2 (left figure) and Q = 4 (right figure). Increasing values of [
correspond to more peaked curves on the right part of the plots.

2.4 Plot of the solutions

To plot the solutions, we begin with fj as given by (2.42), which is real-valued
despite the many ¢ factors occurring therein. Figures (2.1) to (2.3) describe
the solutions for the two choices C3 = 0, Cy = 1 or the other way around and
various values of [ and ().

We next plot f;/i and F3/i = H f3/i by relying upon (2.38) and (2.39).
As far as we can see, all solutions blow up at the event horizon, corresponding
to z = 1, since there are no static solutions of the wave equation which are
regular inside and on the event horizon other than the constant one [34].
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Figure 2.3: Regular solution (2.42) for fy with C3 = 0,C; = 1,1 = 2 and

Q = 10.
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Figure 2.4: Regular solution (2.38) for fi/i with C3 = 1,Cy = 0 (left figure)
and C5 = 0,Cy = 1 (right figure) for [ =2...,10 and Q = 4.
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Figure 2.5: Regular solution (2.39) for F3/i with C3 = 1,Cy = 0 (left figure)
and C3 = 0,Cy = 1 (right figure) for [ =4 and Q = 4.
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2.5 Special cases: [ =0 and [ =1

We list here the main equations for [ = 0,1 for completeness.

2.5.1 Thecasel=0,m=0

In this case we have Y (#) = (47)~"/? = constant and the only surviving
functions are fy and f;. The main equations reduce then to

Pfo  2dfy 9 —3e+ 3ex” + 3 — 3a? 2iQx

2 odr e fotm—sh (25

and the Lorenz gauge condition which now becomes

9 2
Ofy = i(2? — 1)22—];1 | 2l 1;(256 Yy (2.46)

These equations can be easily separated and explicitly solved in terms of
hypergeometric functions.

2.5.2 Thecasel=1m=0,1

Y = \/ECOSQ l=1,m=0,
47
3 .
Y = —y/-—sinf [=1m=1 (2.47)
8

However, due to the spherical symmetry of the background the equations for
both cases [ =1,m =0 and [ = 1, m = 1 do coincide. We have

In this case we have

d? f, 2dfy  Q%2% + 3ext + 5x? — 3zt — 3ex® — 2 2iQx

dz?2 ~  xdx (2% —1)? f0+x2—1f1’
d? fy 2(3z% —1)df;  3ex' + x* — 3ex® + 322 + Q22? — 4 2iQx
dzz w22 —1) do x2(2? — 1)2 fit (2% — 1)3f0
4F3
+:U3(x2 — 1)
Pfy 2222 -1)df, Q%2® — 2" - 3ex® — 2+ ez’ 4 327
dz? — z(a2—1) dz 22(22 —1)2 f2:
d’F; 20 dF3  Q%2? + 3ex* + 5% — 32 — 3ex® — 2

2
dz?2 22 —1dx 2(22 —1)2 B ;fl' (2.48)
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To this set one must add the Lorenz gauge condition, which now reads

Qfp = i(2? — 1)22_12 - %[F3 + fiz(22* — 1)) (2.49)

Once more, the detailed discussion of this case can be performed repeating

exactly the same steps done in the general case.



Chapter 3

The tensor wave equation

3.1 Metric perturbations in de Sitter space-
time

One of the longstanding problems of modern gravitational physics is the
detection of gravitational waves, for which the standard theoretical analy-
sis relies upon the split of the space-time metric g, into “background plus
perturbations”; i.e.

Gab = Yab T hfab (31)

where 7, is the background Lorentzian metric, often taken to be of the
Minkowski form 7,,, while the symmetric tensor field h,, describes pertur-
bations about v,,. However, the background 7, need not be Minkowskian
in several cases of physical interest. As a consequence, we are therefore aim-
ing to investigate in more detail what happens if the background space-time
(M, ~qp) has a non-vanishing Riemann curvature. In particular, we perform
an analysis of gravitational waves on a de Sitter space-time.

It is straightforward to show that, in a covariant formulation, the supple-
mentary condition for gravitational waves can be described by a functional
®, acting on the space of symmetric rank-two tensors h,, occurring in Eq.
(3.1). For any choice of ®,, one gets a different realization of the invertible
operator P, (Lichnerowicz operator) on metric perturbations. The basic
equations of the theory read therefore as

P, “hg = 0,
D,(h) = 0, (3.2)

37
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where the Lichnerowicz operator P,,* results from the expansion of the
Einstein-Hilbert action to quadratic order in the metric perturbations, sub-
ject to ®,(h) = 0.

Consider de Sitter metric in standard spherical coordinates (1.11). It sat-
isfies the vacuum Einstein equations with non-vanishing cosmological con-
stant A such that H? = % Moreover, the time-like unit normal vector fields
n to the t = constant hypersurfaces,

n = ('3t, (33)

form a geodesic and irrotational congruence. The 3-metric induced on the
t = constant hypersurfaces turns out to be conformally flat and the mixed
form of the space-time Ricci tensor is simply given by

RY=3H%," (3.4)
The aim of the present chapter consists in studying the invertible wave oper-

ator P, on metric perturbations. On considering the DeWitt supermetric

1
Eabed = pale Adb §7ab76da (3.5)

the de Donder gauge in Eq. (3.5) can be re-expressed in the form
Dy (h) = E"Vihea, (3.6)

and the resulting Lichnerowicz operator on metric perturbations, obtained
by expansion of the Einstein—Hilbert action to quadratic order in Ay, subject
to ®,(h) = 0, reads as (see [35], [36], [37] and Appendix C)

P, =E,(-[J+R) - QEablfRClhﬂdh - K

a a

bldec — B

a

SRE(3.7)
A wave equation for metric perturbations is therefore given by
Py “heq = 0. (3.8)

In de Sitter space-time the Lichnerowicz operator becomes [37]

2 R
Py = B (— ]+ gR) + gVade, (3.9)

so that the wave equation then becomes

2 - R
0= Padeth = (—D + gR) hap + g'Yabh, (310)
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or
2 - R -
(—D + gR) hab — g’yabh = 0, (311)
implying also
2 -2 - -
(—D+§R>h—§Rh:—Dh:O, (3.12)

after contraction with 2.

3.1.1 Even metric perturbations

Metric perturbations of even parity can be written in the form

hoo = fe "' Hy(r)Y (6),
h()l = €_i(Wt_m¢)H1(T)Y(9),

: dY
h — —z(wt—md))h o
02 e o(r) a0’
hog = ime*i(“’t*m‘b) h() (T)Y(e),
1 .
hll = ?e*’(“’t*m‘b)HQ(T)Y(G),
: dY
h12 — G_Z(Wt_mqﬁ)hl(?“)%,
h13 = ime*i(“’t*m‘b)hl (T)Y(e),
2 —i(wt—ma) d’Y
h22 = Tr7e K(T)Y(@) + G(T>W s

, dy
hos = imr’G(r)e {@t=me) {% — cot, QY(Q)} :
hyy = rle iwt=me) {K(r)sin® Y (0)
ay

+G(r) [—mQY(G) + sin 6 cos 9%1 } (3.13)

and metric perturbations of odd parity are instead found to vanish identically.
It is convenient to introduce the notation

K(r) = Wi(r), Ho(r)=Wa(r), Hi(r)=Ws(r), Ha(r)=Wy(r),
G(r) = Ws(r), ho(r)=H *Ws(r), hi(r)=H "Ws(r), (3.14)

in place of standard Regge-Wheeler-Zerilli notation for metric perturbation
quantities. The wave equation (3.8), using the relations (3.13), (3.14) and



40 CHAPTER 3. THE TENSOR WAVE EQUATION

(2.10), leads to the following system of coupled differential equations:

W 21 —2f)dW, 1 2L
el (rf )mf‘qu““‘JJ‘QﬂQ‘”W“—7ﬂ“
2 2H?
—WW4 + TW%
EWa 29 gpny®a_ L o2 o0 pya—ag) - fLIWS

dr? rf dr r2f2
2H2T dW4 4H2’l“ dWl 2H27“L dW5

Far f dr | F

2HL AHL 2H%(1 — 6f) AH?
L iy
- “-2 - —Lf—2(2— AW
02 rf( f) o TQfQ[WT [ =22~ )W
2L 1 2iwrH?
2w &(W2+W4),

friHCf?

¢Wy _ 202-3f)dw, 1 W — Lf — 10+ 6f + 12(1 — £)2|W,

dr? rf dr — r2f?
2H?r dW, _ 4H?*r dW, . 2r LH? dWs
fodr [ ar [ dr
2L(3 — 2f) 4L 1 43 —2f) 2H?(1 —2f)
T Bt ey T
d*Ws 2 dWs 1 5, AW
- Z-on L+ 2f(3f —2)|Ws — T
d?“Q T'f< f) d?” T2f2 [w r f+ f(gf )]WE) H?”?”
d*Ws I 2iwr H? 2H
arz _TQ_fQ[WT —Lf—=4f(1 = f)]We — 7 W7—TW37
d>W- 6rH? dW. 1
W SN L L 00— 121,
H H(1+ f) 2H Hor
+r_f2[2 — (L4 f)LIW;5 — r—ﬁm + le + ?Wg.(3.15)
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To these equations one should add the de Donder gauge components

e~ S S o ) 22,
dgzg, _ (171—fgf)w4 - dZQ +2dgz1 - dell/[f - %Ws)

[_2[—’:2W7+ “Wy + 2[;2 WQ—QZT“’W?,,
dgf = (lr_fo) Wr + %f_mm - ;—ﬁwﬁ + %(m —Ws).  (3.16)

Solving these two systems of coupled differential equations is clearly a hard
task. A first progress can be done introducing a dimensionless radial variable

r = Hr, (3.17)
as well as a dimensionless frequency parameter
QO=H'w. (3.18)

A second step consists in reducing the set of second order differential equa-
tions to the normal form, i.e. considering the following rescalings:

1

(W, Wo, W3, Wy, W5) = ﬁ(fl,fmif&f%ﬁ),
(We, Wr) = (Z‘f&lf—?ﬁ)- (3.19)

It turns out that the system (3.15) can be cast in the form

d*f;
dz?

= A’ f;, (3.20)

where first order derivatives have been eliminated and with the only non-
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vanishing coefficients listed below

202+ 322+ La* —2—L 2 2
Alz—x A2 = Ad—- =
! 22(1 — 22)? ’ P ! 22(1 — 2?)’
2L
5 _
Al —F
FRE 2 20t + 22L — L + 2%Q? — 32 A8 4Qx
S L 2 22(1 — x2)? ’ T -2
2 2L
At = ——— b= — .
2T -2 ? 1 — 22
A2 = 2Qx ’ Ag?):_—:132+Q2a72+332L—L—27 At = 2Qx 7
(1—22)? 22(1 — 22)2 (1—22)?
2L
6 —t——
Ag” = 22(1 — 22)1/2°
4 2 40x
Al =————— A= —" - A= —
* 22(1 — 22)’ YT -2 YT -2
A44:_—2x4+$2L+x292+5x2—4—L A — 2L
22(1 — 22)? ’ 22(1 — 22)’
4L
7 = —-———
Ayt = 22(1 — 22)1/2
dat + 2L — ba? + 2?2 +2 - L 4

A55 = A57 = —

5132(1 _ $2)2 ’ $2<1 _ x2>1/2'

5 2 6__4x4—L+xQQ2+x2L—4:E2
Ag” = 2 2)1/2° Ag” = 2 2)2 ’
22(1 — 22) 22(1 — 22?)
2202
A’ = -
¢ (1—a2)?
2 2 2(L—1)
A 1 = A 4 - == A 2 — T
7 22(1 — 22)1/2’ 7 22(1 — 22)1/2’ 7 22(1 — 22)1/2’
2202 —L+2*L + 42 + 2?°Q* — 4
A= ———, A =- . 3.21
T =2 T 22(1 — 22)? (3.21)

The rescaling (3.19) also implies for the gauge equation the following form:

dfs -

Y3 _ pir

dr 3 fj7

dfs ; 2dfy  1dfs 1dfy

Y5 _ pagp 21—z 2 W4

dx 5f]+Ld:v Ldr Ldx’

d .

dv _ gy (3.22)

dx



3.1. METRIC PERTURBATIONS IN DE SITTER SPACE-TIME 43

with the only non-vanishing coefficients listed below

2 _

T e LR =)
B3t = —ﬁv By = %’ By® = W

9 1 2Q)
B;' = Ta(l—22)’ 50 = La(l—22) B’ = L(1 —a?)’

2 _
e e L e
B = P m P
B — ﬁ BT — _%. (3.23)

By differentiating Eqs. (3.22) and using into the new system Eqs. (3.20)
as well as Egs. (3.22), gives a new system of first order equations

dfs : df

P By f; + C2_dac + Ds f1,

dfy : dfy

il By f; + C4_dx + Dy fi,

dfs : df

_dx — B6ij + Cﬁ_d{t —|— D6f1 . (324)

We list here the non-vanishing coefficients of this system. It is convenient to
introduce the quantity

A=20L —22% + 2220 +2— L. (3.25)
We have then
1
By’ = ——————(4a'L — 2+ 2% + 32 — 22°Q% — 2! — Q*°L + L — 52°L),
z(1—2%)A
By} = L(2 + 22%0% 4 22°L — L + 62" — 527%)
? (1—22)A ’
1
Byt = —————(—42?L 4+ 52" + 42" L — 2 — 92" + 112% + L),
z(1—22)A
5 _ xL 2072 4,2 4 2 4012
BS _ 20La*(1+ Q%)
2 (1 —22)324 >
22V (1 — 942
B — 6Lx(1 —2%)(1 —2x ) (3.26)

(1—22)324
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1
(22°L + 2* + L* — 2L — 2*L* — 2* — Q*¢*L + 2* L + 2*Q?),

z(l—22)A
_ 62%Q
(1—a2)A’

1 2 4 402 4 2 202

L
m(—zl + 927 — 2220 — 62* — 52°L + 2L + 42*Q% + 42 L
x(l—x
+ 2 Q2L + Qtat — 2502 — 2L — Q%2 L + 29),
2QL
m(—CE'Q + .ZU2L + 1'292 -+ 2 — L),
6x L
e (3.27)
Q 2
= x2)1/2A(3$ -2+ 1),

1

2 272 2 2.2 4 4 2
Lm_xz)l/zA(—L + 2L + 202 L% — 82°L + 20%0%L + 122°L — 122* + 122%),

m(QL + 33'2[1 —4 + 41;2),

Q

T
2x

(1 —:c2)A<
Q

(1 —x2)A<

2L — 22 + 32 L — L + 2+ Q%*2°L),
—L+2+22°L + 22%0? — 227 — 207 + L),

—L 4+ 122* 4+ 2 — 142? + 22°Q% 4 22°L). (3.28)

_ )

02 - 9 CY4 - A 9
_2(L—2)Qa(1 — 2?)?

Cs = T : (3.29)
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_ T 4 2 2 4 2 2072 2 2
—OL + 62*Q* + 20*2* — 3L),
1 6 2 4 2 2002 4 602
+ 62402 + 20% 2t — 30%2° L — 22° L + L? + 32*O°L + o' L* — 22°L),
Q 2 2 4 2 272
—L* — 8x* + 827). (3.30)

The final set of first order equations is then the union of Egs. (3.22) and
(3.24), implying for Egs. (3.22) the final form

dfs ;
— BJf
dx 3 fj7
dfs = df
PR R
dfz ;
20— BJIf. 3.31
d$ 7 f]v ( )
where
_ 32+ L —2
B 2 _ 2= T =
5 :EA )
_ 12022
B3 = —/—
5 LA )
B4 (5L +42%)
> LA 7
_ 1
5 2 2.4 4 2 2 9 4
_ 1
6 _ 3 2 2003
B¢ = _La:(l _$2)3/2A(—4Qa: L+ 4LQx — 2L°Qx + 2L°Qx”),
_ 2
7 _ 4 2002 2 2
BT = g 00!+ 200 200 — 80F — L4 2), (3.32)
22%(20% + L)
Ce =" = 3.33
=22 (3.33)
and
1
Di———" (20242 212 — 820 + 2L — 62°L + 22°L — L?).
5 xL(l—:BQ)A( ’L+x 810 + 62°L + 2 )

(3.34)
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0000000000000000000

Figure 3.1: Numerical solutions for fi(x) with f1(0.1) = 1, f{(0.1) = 10,
l=1,...,7and with Q = 5 (left figure) and Q = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.

Such a first-order set of equations, (3.24) and (3.31), with a second-order
equation for fi, that is

Cho_ ;{[L+2—(QQ+L+3)a:Q]f—2x2(x2—1)f
de?  22(z2 —1)2 ! 2

+2(2* — 1) fy — 2L(2* — 1)* f5}, (3.35)

once used to replace derivatives into the system (3.20), implies that the latter
system is identically satisfied.

At this stage, a numerical analysis of solutions can be performed easily,
using the set of equations (3.24),(3.31) and (3.35).

3.2 Plot of the solutions

We plot the solutions fi(z) — f7(x), beginning with f;(0.1) = 1, where i =
1,...,7, and f{(0.1) = 10. Figures from (3.1) to (3.7) describe the solutions
for various values of [ and €. Figures from (3.8) to (3.14) describe the

g e

solutions for various values of [ and €2, when f;(0.1) =1 withi=1,...,7, and
f1(0.1) = 100.

As far as we can see, all solutions blow up (as the electromagnetic waves
in Chapter 2) at the event horizon, corresponding to = = 1, since there are
no static solutions of the wave equation which are regular inside and on the
event horizon other than the constant one [34].
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-1000

Figure 3.2: Numerical solutions for fy(x) with f»(0.1) = 1, f{(0.1) = 10,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing

values of [ correspond to more peaked curves on the right part of the plots.
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Figure 3.3: Numerical solutions for f3(x) with f3(0.1) = 1, f{(0.1) = 10,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing

values of [ correspond to more peaked curves on the right part of the plots.

-1000

Figure 3.4: Numerical solutions for fy(z) with f,(0.1) = 1, f{(0.1) = 10,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing

values of [ correspond to more peaked curves on the right part of the plots.



48

CHAPTER 3. THE TENSOR WAVE EQUATION

77777
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Figure 3.5: Numerical solutions for fs5(x) with f5(0.1) = 1, f{(0.1) = 10,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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Figure 3.6: Numerical solutions for fg(x) with fs(0.1) = 1, f{(0.1) = 10,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.

uuuuu

Figure 3.7: Numerical solutions for f;(x) with f;(0.1) = 1, f;(0.1) = 10,
=1,...,7 and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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00000

-1000

Figure 3.8: Numerical solutions for fi(z) with f1(0.1) = 1, f/(0.1) = 100,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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Figure 3.9: Numerical solutions for fo(z) with f>(0.1) = 1, f{(0.1) = 100,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.

00000 02 04 06 08 1 ~1000 02 04 056

Figure 3.10: Numerical solutions for f3(z) with f3(0.1) = 1, f{(0.1) = 100,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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-1000
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Figure 3.11: Numerical solutions for fy(z) with f4(0.1) = 1, f{(0.1) = 100,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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Figure 3.12: Numerical solutions for f5(z) with f5(0.1) = 1, f{(0.1) = 100,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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Figure 3.13: Numerical solutions for fs(z) with fs(0.1) = 1, f{(0.1) = 100,
=1,...,7 and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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Figure 3.14: Numerical solutions for f7(z) with f7(0.1) =1, f{(0.1) = 100,
[=1,...,7and with Q = 5 (left figure) and 2 = 10 (right figure). Increasing
values of [ correspond to more peaked curves on the right part of the plots.
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Chapter 4

Exact solutions in a de Sitter
background

4.1 Metric perturbations using the Regge-
Wheeler gauge

In Chapter 3, we have used the Lichnerowicz operator to derive the cou-
pled system of differential equations for metric perturbations. However, it is
possible to proceed in a different way. One considers the vacuum Einstein
equations

1
Rab — §Rgab + Agab =0. (41)

If one introduces g, = Yap + €hap, Where € is a parameter which controls
the perturbation, one has

Gop + €Goy + A(ap + €hay) = 0, (4.2)

where G, is the Einstein tensor with respect to the background 7, and G,
takes the form

1
Gu = Ry, — 5(%le + hayRY), (4.3)

where R is the scalar curvature with respect to the metric 74, whereas R},
and R! are the Ricci tensor and the scalar curvature valuated to first-order
in the metric perturbation h,. Thus, one has

Gy + M + €(Gop + Aha) = 0 (4.4)
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and, since the background metric v, satisfies the vacuum Einstein equations,
we must solve only the following equations:

1
Ry — 5(%le + hay R) 4+ Ahay = 0. (4.5)

4.1.1 Regge-Wheeler gauge

Solving this system of coupled differential equations is clearly a hard task.
However, we can introduce the Regge-Wheeler gauge [38]. With the notation
used in (3.13), one has

Ho(r) = Wi(r), Hi(r)=Was(r), Ha(r)=W;s(r),
K(r) = Wy(r), G(r)=0, he(r)=0, hy(r)=0. (4.6)

Thus, on using the relations (2.10), (3.13), (3.17), (3.18) and (4.6), the
wave equation (4.5) leads to the following system of differential equations:

dWi(x) 22+ (L—4)2>+2— L 242

e 23— e
T 2ot 2_;(22)_1: 1)_ = LW4(x) (4.7)
WD) 2 Wia) 22 Wale) + W) (48)
i i ot T
Wi(r) = Wila) (4.10)
2L (L +29%)
0 = 223 Wi(x) 2 Qx? Wa(z)
(L+20%) 2?2 +2—-L

At this stage, we can solve this system exactly in terms of the Heun
general functions [20]. In fact, if we use the equation (4.11), we can isolate
Wi (z) and, by using the equations (4.9) and (4.10), we obtain a second-order
differential equation for Wy(z), that is

d2W4([L') dW4([L')

—a+ A(x)T + B(x)Wy(z) =0 (4.12)
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where A(z) and B(z) take this form

AL+ 2922 + 2L(L — 2)2% — L(L — 2)
2(22— )2(L +292)22 + L(L — 2)]
20%(L +202)a* + L(L — 2)(L + Q)22 — L2(L — 2)

Ble) = 22 — 1)?2(L + 202)2® + L(L — 2)] (4.13)

Eventually, we have

Wi(z) = (IQ_1)%Q[Cl$7lle€WLG(a1,(117061761771,51,952)

+ CQ.ZEIH@LLTLG(GQ,q27042752,’}/2,(52,33’2)] (414)
where
A 1(2+10)(1—17)
SO E I P
=)+ 2) (L4 1) (U — i + 4iQ + 31+ 212 — 1)
no= 8202 +12+1) ’
I
ap = 5(29—1),
I
B = 5(@9—[—1),
1
M= §_l7
6 = iQ+1, (4.15)
and
12+ =)
“2 T seerrtl)
. I(1 =114 1+iQ)(iQ0* + 3iQ + 62 + 41 + 51 + 1%)
2 = )

8202 + 12 +1)
1
Qo = §(ZQ + l),

1
= 24
Y2 = 9 )

5 = iQ+1. (4.16)
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The decoupling technique and analytic formulae are completely original
[20]. However, other powerful techniques are available for solving a tensor
wave equation in curved space-time. The interested reader is referred, for

example, to Appendix D.



Chapter 5

Conclusions

Gravitational waves are be considered as metric perturbations about a curved
background, rather than the flat Minkowski metric, since several situations
of physical interest can be discussed by this generalization.

In Chapter 1, we have seen that, in this case, when the de Donder gauge
is imposed, its preservation under infinitesimal space-time diffeomorphisms
is guaranteed if and only if the associated covector is ruled by a second-order
hyperbolic operator and since in such a wave equation, the Ricci term has
opposite sign with respect to the wave equation for Maxwell theory (in the
Lorenz gauge), it is possible to relate the solutions of the two problems [24].

In Chapter 2, we have thus completely succeeded in solving the homo-
geneous vector wave equation for Maxwell theory in the Lorenz gauge when
a de Sitter spacetime is considered. One component of the vector field is
expressed, in its radial part, through the solution of a fourth-order ordinary
differential equation obeying given initial conditions. The other components
of the vector field are then found by acting with lower-order differential oper-
ators on the solution of the fourth-order equation. The whole four-vector po-
tential is eventually expressed through hypergeometric functions and spher-
ical harmonics. The decoupling technique, analytic formulae and plots are
completely original [19].

In Chapter 3, we have extended this method to the wave equation of
metric perturbations in the de Sitter space-time and we have written the
Lichnerowicz operator P, “? which results from the expansion of the action
functional to quadratic order in the metric perturbations.
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The basic equations of the theory read therefore as

P,“heqg = 0,
d,(h) = 0,

where Phi, is the supplementary condition for gravitational waves. Eventu-
ally, a numerical analysis of solutions is be performed.

In Chapter 4, we have solved explicitly the Einstein equations for metric
perturbations on a de Sitter background. Using the Regge-Wheeler gauge,
the coupled system of differential equations to first-order in the metric per-
turbation hg is be solved in terms of the Heun general functions [20].
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Appendix A

Bivectors and biscalars

In Eq. (1.58), g% is the geodesic parallel displacement bivector (in general,
bitensors behave as a tensor both at x and at z’) which effects parallel dis-
placement of vectors along the geodesic from 2z’ to x. In general, it is defined
by the differential equations

U;b gaé/;b — O';b/ gac/;b/ — 0, (Al)

jointly with the coincidence limit

' —x

lim ¢, :[g‘z,} = 5o (A.2)

The bivector g%, when acting on a vector B¢ at ', gives therefore the vector
B which is obtained by parallel transport of B¢ to x along the geodesic
connecting x and 2/, i.e.

B = ¢% B°. (A.3)

In Eq. (1.59), A(z,2') is a biscalar built from the Van Vleck-Morette
determinant

D(I‘, l'/) = det(a;ab/) (A4)
according to
1 1
Az, 2') = —=D(z,2)) ——. (A.5)
—() V=)
The biscalar A(z,2’) has unit coincidence limit: [A] = 1; as a function

of x (resp. '), it becomes infinite on any caustic formed by the geodesics
emanating from 2’ (resp. z). When A diverges in this way, = and =" are said
to be conjugate points [39].
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Appendix B

Derivatives of f

The higher-order derivatives of f; in Chapter 2 get increasingly cumbersome,
but for completeness we write hereafter the result for f{(z), i.e.

40/1(@1 —+ 1>b1(b1 + 1)ajl+1

& Z.
g fol) = 03{ (1—2?)"2%F(ar + 2,by + 2;dy + 2;27)

dy(dy + 1)
+ :L’l_l(l _ x2)—%ﬂ—12a1b1x
dy
x [(20+1)(1 — 2?) + 2iQa2?| F(a; + 1,0y + 1;dy + 1;27)
+ 2721 — 2?) 7202 {l(l —1)(z* - 1)* - %(mZ — 1)(lx +2(1 + 1)2?)
+ (20 — QQ)x"L} F(ay,by;dy; xQ)}
+ {03—>C4, a1—>a1+1, b1—>b1—1}. (Bl)
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Appendix C

Lichnerowicz operator

The Lichnerowicz operator on metric perturbations is obtained by expansion
of the Einstein-Hilbert action to quadratic order, i.e.

528
—09"" =0 C.1
6guy(sgpo. g Y ( )
where
and g = —det(g,,). The first functlonal derivative of the action is

0Gpo 100 ORP?
5gw / \/_R+/d4 5 e e /dﬂt;g\/—gm(S —,  (C3)

where the first two integrals can be written as

09po rpo 1
drx 6\{;R+ d*x \/_5 ZuRp :/d4$\/§ {RW—?WR] (C.4)

Thus, the first functional derivative provides the vacuum Einstein equa-
tions. In fact, the integrand of the third integral of (C.3) is a total derivative,
that is

oRre 1 ) , ) , p ,
gpgw = avp[éuvyé(x,x )+ 60V, 0(z, ") — 9, VPO (x, 7). (C.5)

At this stage, it’s possible to write the second functional derivative of the

Einstein-Hilbert action, i.e.

2 5 5 po
6—5 /d \/_ d4 \/_59;20R +/ \/_ (5R

g 0gh S greog (59“” g7 Cogm I e
4 \/_ 6gp0 pg 4 gpa Rro / 4 (Sgpo' ORP°
/d R /d T B [ A (C6)
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and if we note that

)
0g7e

1 1 1
|:_§\/§gw/:| = Z\/Eg'ysg;w - ZL\/E(gu’ygus + gusgu'y)a (07)

one has the expression for the first integral, i.e.

2§ 1
WR = Z\/E(g;wgus + GueGv~y — g’yeg,uu)R7 (C8>

moreover, one has

5\/§ 5gpg oo _ 1 PO __ 1
5g/“/ WR = —Z—l\/gg;w(g/ﬂgos + gpsgd’y)R - _5\/§gHVR'YE (C9)

and similarly, the fourth integral is

0v/9 9950 oo 1 oo 1
Sqe WR = _Z\/ggvs(gpugau + gpvgau)R = _5\/5976}%/“/' (C.10)

At this stage, we note that the variation of the Ricci tensor respect to
the metric can be written as

oRr?

dge

1 1
= (8587 4 0209)Va VP + (8508 + 0208) VoV
1 1
— (007 4 0L85) VLV = g, VIV, (C.11)

Thus, the third integral is

0\/g ORe

1 1 N
ngaw = _5\/.5 {éguu(v'yve + vav'y) - gWg%VaV } (ClQ)

and for the fifth integral, if we note that

82,0 1 1
W = égau(gp’ygua + gpag;w) + Egp,u(gcmgua + go’agy'y)
1 1
+ §gau(gpwgua-%ghmguy)-+ §gpu(gavgus4—gasguv), (C.13)

one has the expression

0%Gpor
dg’ﬁ 6gﬁ“j

1
\/§ R = 5\/5 [QMERW + ngau + gVER’yM + gu’yRua]' (014)
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Moreover, for the last integral, one has

09, ORP? 1 ORP
\/g £ = _\/E (gupgau + gpugo,u)

Sgrv Sgre 2 0g7e
1
= Zl\/ﬁ 94V V) + 9, V-V, + 9.,V VYV, + 9,,V.V,

— (9yuev + Gepgyw)VaV® = 6,(Vu YV, + V, V)] (C.15)
At this point, adding the terms obtained, one has the following operator:

625

1 «
Sy = e = VA0t 0 2000V

+ 9w (V,Ve+V. V) +0.(V,V, +V,V,)

= 9euVAVy = 9 VeV — 40V Vy — 1, VeV,

+ 2(9wRre + 9y Ry — 9ueRoy — gy Rev — Gue Ry — G Ryuc)
—  (9uyGve + GGy — GreGuw) R (C.16)

However, P, is a singular operator. One has a supplementary condition
for the dg,,, that is

P69, = 0. (C.17)
Thus, using the supermetric G*”??, one has
1403 1 vpo (03
pre = —§G“ P7(N) Q0" (C.18)
with

Qpo” = =0, Vo +05V) (C.19)

and 1
G (N) = (g0 + 7"+ g ), (C.20)

where, however, not all the values of A € R are acceptable. In fact, the
supermetric G**?(\) must be invertible, that is

G (N) Goer (F(N) = 5(8187 + 515Y), (C.21)
with .
Goer (f(N) = 5[90eGor + GorGoe + F(N)gporel- (C.22)

Thus, using (C.20) and (C.22) into (C.21), one has

1 A A Af(A
G (0) G (V) = 50232 + 8265) + g, |5 + L) o PATAL]
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where n is the dimension of the space-time. Now, if we want that (C.23) is
equal to (C.21), we must impose that
A FQ) A

§+ 9 + 1 =0. (C.24)

Thus, solving this equation for f(\), one has

2\

) = BTSN (C.25)

which is the coefficient of the inverse supermetric. Eventually, we note that
the supermetric is invertible if

\ £ _%, (C.26)

At this stage, using (C.19) and (C.20), one has

1 vVpo (6% 1 vo S g U (6% 14 g SO
—5 @G = 119797V + ¢ PV  + Ag g0V ]
1
+ 11979705V, + 90TV, + A g7 05V, ](C.2T)

and, eventually, the supplementary condition becomes
1
PHY(N) = é[g“"‘V” + g"VH + A\g" V. (C.28)

Now, we compute the supplementary condition applied on the metric

perturbations, i.e.
QY (hyy, A) = P**(N)hy, (C.29)
where h,,, = dg,,. Thus, using (C.28), &* becomes
1
O*(hy, N) = é[g““V”hW + ¢"*V"h,, + Ag"V |
1 1 2 N6 (0% o 14 1 « (6% g
é[V hy + VFRG, + AV g h, | = §V“[2hu + 295 9" Mo |
A

= V, (h“o‘ + Eg“agp”hpo> (C.30)

where if we put A = —1, one has the de Donder’s gauge.
At this stage, we can to compute the invertible operator F,,.., that is

gr,uuya = ‘:P;uwye - P agaﬁp ﬁ- (031)
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Thus, if we note that

1 o
P, = 5(53% + 60V, + A9, V), (C.32)
one has
1
PWagaBP%ﬁ = —Z(QMV,,VE +9uVoVy+ 9V, Ve + 6.V, V)
1 1
— Z—lxgw(vyvu +V,V,) - Z—l)\g,u,(VAYVE +V.V,)
1
_ Z)ﬁgwg%vava_ (C.33)

Now, using (C.16) and (C.33), the operator J,,,. becomes

TureN) =~ 1 Vi 00 + Gt — (2~ W), Va0
+ 1+ X9V Ve + VoV,) + (14 X)g5(VuVy + V, V)
- 9 (VuVe=V.V,) = 9. (V,V, =V, V,)
= 9 (ViVe = VeV, = 6,(V,V, =V, V,)
+ 2(gwRye + gyeRuw — GueRuy — GunRev — Gue Ry — Gur Ryuc)
— (GurGve + GucGoy — Gy ) R} (C.34)

At this stage, we note the following relations:

— 9 (VoVe =V.V,) = e (VL V, =V, V) = 6, (V. Ve = V.V,
_gl’5<vﬂv'¥ - v’*{vﬂ> = gT'Y(R;I/E + RZ,U,E) + gMT(R";Vs + RZI/’y)
+gre (BT, + RD,) + Gur (R + RL) = 2Rye + 2Ryie0. (C.35)

vy vy Ve

Eventually, with A\ = —1 and using (C.35), one has

1 a
?,u,l/’yé' = _Zl\/g{[g'yugsz/ + Gep Gy — g;wg'ys](vav - R) + QRM'YVE + ZRMEVV
+ Q(Q[LVR’YE + ng—:Rw/ - gueRV“/ - gu’yReu - gustu - gV'yRuE)}'(C'36)
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Appendix D

Wald’s method on a de Sitter
background

Depending on the coordinate system used, there are many ways of viewing
de Sitter space. It is has been studied largely because of the central role
it plays in almost all inflationary scenarios of the early universe. Roughly
speaking, the expansion is driven by a large cosmological constant which
appears due to the energy density of a false vacuum. In this regard the
description of de Sitter space by Robertson-Walker (RW) coordinates has
tended to be the natural choice for most workers because of their obvious
cosmological significance. In this coordinate system, constant time surfaces
appear homogeneous and isotropic.

However, yet another picture of de Sitter space time is provided by static
coordinates. Here homogenity of constant time surfaces is lost but space-
time appears static within a horizon distance, a very different state of affairs
from that prevailing in the RW description. Gal'tsov and Nunez [40] have
studied gravitational field perturbations in a de Sitter background described
by static coordinates. To accomplish this its have employed the technique
of Debye potentials introduced by Wald [41]. This treatment is particularly
attractive because it reduces the problem of solving the sourceless equations
for fields of different spin s to that of solving a single differential equation
for the Debye potentials with free parameter s.

71
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D.1 Wald’s technique for the Debye poten-
tials

Wald has described [41] a remarkable technique for solving field equations.
This technique requires writing the differential equations in two ways, which
are related to obtain a third equation for the so-called Debye potential. The
solution of the original field equations are expressed as operators acting upon
this potential.
Explicitly, Wald’s method takes the field equations as its point of depar-
ture
151€ape” = 45| fa, (D.1)

where s is the spin weight, €4 are field operators, ¢’ is the “middle”
potential and |5, is the source for the field. Next Teukolsky’s work [42],
which makes use of the Newman-Penrose formalism [43] to express the field
equations, is then incorporated and the field variables 1 are expressed as
operators M, acting upon the middle potentials

s = {Myp". (D.2)

Wald went on to obtain a second way of writing the field equations

1
Pp

*SDSMGQOG = 47T5Ta|s‘ja, (D3)

where p is a spinor coefficient, ;| | is a Teukolsky operator, ;7 is a source
projection operator and the other quantities are defined as in Egs. (D.1) and
(D.2).

By operating on Eq. (D.1) with 7%, it is possible to equate the projected
left-hand side of Eq. (D.1) with that of Eq. (D.3)

1

pp*stMbwb' (D4>

a b
sT |s|8ab90 =

From here Wald proceeds to the operator identity,

1
pp*’

sTa|s|8ab = DsMb- (D5)

However, this step needs some justification. For example, in the case
of the scalar function, V,¢ = 0,¢ does not imply the operator identity
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V, = 0,. The validity of equation Eq. (D.5) has, however, been established
for a wide class of space-time which includes the de Sitter space [44].

The adjoint tilde of the operator identity (D.5) is now taken. By making
use of the fact that the operator €, is self-adjoint for the fields of physical
interest, we obtain

o =1
E 7 = oy ] ( ) (D.6)
Pp
If the function .=, satisfying
=71\ _
8[]( *)_8::(), (D.7)
PP

is introduced, then on account of Eq. (D.6), ;= also satisfy the equation
\s\gab s%a == 07 (DS)

sZ is known as the Debye potential. For integer spin fields, the operator |54
is real, in which case (,7* _,Z)* also satisfies Eq. (D.8). For the spin # field,
however, this is not so.

In the integer spin case, we define
p™® = i{s%a LEE (D)) (D.9)
200 ’
where v = 1 for (+) and a =i for (—). So
s1€ab 50" =0, (D.10)

(+) satisfy the sourceless fields equations (D.1). For

that is, the function ;¢*
the spin % field, the solutions are given by (D.9) without taking the complex-
conjugate. Thus, the problem of solving the field equations reduces simply

to solving Eq. (D.7), for the Debye potential.

D.2 Wald’s method in de Sitter space

In a cosmological context it is natural to describe de Sitter space in Robertson-
Walker (flat) coordinates

ds* = dt* — e**(dr® + r*d6* + r* sin® 0 dp?). (D.11)
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However, Wald’s method is most directly applied in static coordinates
(1, X, 0, @), where formally de Sitter can be treated as a member of the Kerr
family. These are related by

1
T=1-— o In(1 — a?r?e®*™); y=re; 0=0; ©=oqp. (D.12)
«a
In this coordinates the line element takes the form
A X2
ds® = =dr? — S=dx® — X*(d6? + sin® 0 di®), (D.13)
X A
where
A = *(1 - a?\?) (D.14)

and « is related to the cosmological constant A by o? = 5. The de Sitter
horizon is given by x% = a2

We now introduce the Kinnersley null tetrad given by

2
o= (%,1,0,0),

A X2
P= —— ([=21.00
n 2X2 ( 2 ) b b )7

1
mt = ——(0,0,1,icsch). (D.15)
V2x

With respect to this choice of tetrad the nonzero spin coefficients are

_ L = A = 1+ A (D.16)
p= X7 M_QXQpa Y=H 4X2 :
and ‘9
=7 4=_3, (D.17)

2v/2x
where the prime represents differentiation whit respect to x. We notice also
that the Weyl tensor vanishes; thus in the Petrov classification, de Sitter
space is a type N space (a particular case of type D space).

We work with the operators D, DS, Ly and L}, which where introduced
by Chandrasekhar [45] in the black hole context. In the case of de Sitter
space, they are related to the Newman-Penrose operators D, A, § and 6*, in
the following way

/ 2 !/

Ap
4y?

A
D,=D+p ———DF=A—-2p
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and

L =628 —LoL, =6 + 245,

V2 V2

or, more explicitly,

A/ 2
D, = 3X+pX+XX8T,
N / X2
Dp = @ﬁ—px—x&,
L, = 0p+qcottd—icsch,,

L= L

With respect to the adjoint operation,

V,=-V,,

so that the adjoint Chandrasekhar operators are

D, = _p2D—pP27
Dy = —p*Dip
L, = —Lf,
Lr = L1,

5

(D.19)

(D.20)

(D.21)

(D.22)

The derivation of the Debye’s potential has been already done for a large
class of type D and type N space-times, which include the de Sitter space as

a particular case of type N space [46], so we give just the results for the field

perturbations in the absence of sources in terms of the corresponding Debye

potential 4 =.

For the gravitational case s = £2, the field perturbations 4oh*” are given

by

1 iy —
igh’wj(i) = %{igTM :FQ“: :|: C.C.},

where

2
o™ = l“ll/%ﬁqﬁa + l(”m*y)\/épil'&?DOiOQ

+ m*m™ pDop~*Dyp?,
yAp~*
V2

-2
~ P
T = n“n”—ﬁfﬁg—n(“m”
2

A2
+ m“m”pTDgp_‘lD;p?’.

L33 p?

(D.23)

(D.24)



T6APPENDIX D. WALD’S METHOD ON A DE SITTER BACKGROUND

For the electromagnetic case s = £1, the vector potential L A* is given

by
1

L A = g™ uEtcel, (D.25)
where
(Tt = —l“%ﬁl —m*p~ Dop,
T = n“p—_lﬁf — mh Ap~ Dip. (D.26)

2

V2

The Debye potentials for each field satisfy a second-order differential equa-
tion, which leaving the spin projection s as a parameter can be written as a
single master equation, obtained from the Teukolsky equation

J1rE=0, (D.27)

on account of the identity

—_~—

e =p? L1, (D.28)
where the Teukolsky operator, ;[ |, is given, for s > 0, by
[ ] =ADDf + L7 L, —2(25 —1)x0, —2(25 — 1)(s — 1)a*x* (D.29)
and, for s < 0, by
sL1=AD{ Do+ L1 LT, — 225+ 1)x0, — 2(25 + 1)a*x*.  (D.30)

The explicit form of the operators ;7¢ and (M, needed in these derivations,
are given in [40].
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